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Abstract 

 

Supervisory Committee 
Dr. Rustom Bhiladvala, Supervisor 

(Department of Mechanical Engineering) 

Dr. Keivan Ahmadi, Committee member 
(Department of Mechanical Engineering) 

 

 

Nanomechanical resonators (NR) are cantilevers or doubly clamped nanowires (NW) 

which vibrate at their resonance frequency. These nanowires with picogram-level mass and 

frequencies of the order of MHz can resolve added mass in the attogram (10-18 g) range, 

enabling detection of a few molecules of cancer biomarkers based on the shift in resonance 

frequency. Such biomarker detection can help in the early stage detection of cancer and 

also aid in monitoring the treatment procedure in a more advanced stage. 

Optical transduction is one of the methods to measure the resonance frequency of the 

cantilever. However, there is a dependence of measured resonance frequency on the 

polarization of light and the laser power coupled as thermal energy into the cantilever 

during the measurement. This thesis presents a numerical model of the nanocantilever and 

shows the variation in resonance frequency and amplitude due to varied amounts of energy 

absorption by the NW from the laser during resonance measurements. 

This thesis answers questions on the effects of laser heating by calculating the 

temperature distribution in the NW, which changes the Young’s modulus and stiffness, 

causing a resonance downshift. It also shows the variation of resonance amplitude, 

affecting signal strength in measurements, by considering the effects of structural damping. 

In this work, a numerical model of the nanowire was analyzed to determine the 

temperature rise of the NW due to laser heating. The maximum temperature was calculated 

to be about 500 K with 1 mW of laser power absorbed in Silicon NWs and it is shown that 

the nanowire tip would reach its melting point for about 2.6 mW of laser power absorbed 

by it. 

The resonance shift due to attained temperature of the NW was calculated. The frequency 

is predicted to decrease by 24 kHz for a 11.6 MHz resonator, when 2mW of laser power is 

absorbed. However, the frequency shift is mode-dependent and is larger for higher modes.  



 iv 

The variation in vibration amplitude around the resonance peaks is calculated based on 

the effects of structural damping. This can be used to decide on the suspension height of 

the NW above the substrate, before fabrication. This calculation also provides a method to 

study the variation in material damping due to temperature. 

Finally, a semi-analytical method for calculating the frequency of a cantilever beam with 

varying Young’s modulus is derived to examine the validity of the results calculated above. 

An effective Young’s modulus value for the laser heated NW is given, which serves as a 

correction factor for the resonance shift.  The derivation is then extended to calculate the 

resonance shift with an addition of a mass to the beam of varying Young’s modulus. 
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Chapter 1: Introduction 

1.1  Overview 

 

Mechanical structures with small masses that vibrate at high frequencies have many 

applications in mass sensing [1]–[6], force sensing [7], biological [8], [9] and chemical sensing 

[10], [11]. These structures are referred to as resonators with promising applications in micro 

and nanotechnology [12].  

A nanowire (NW) is a one-dimensional nanostructure with diameter in the range of 

nanometers and length in the range of nanometers to microns. Single nanowires have 

several applications in thermoelectrics [13], and field-effect transistors [14], [15]. Chained 

nanowires are used as transparent electrodes [16].  

One of the most significant applications of nanowires as nanoresonators (NR) are 

considered in this thesis. A nanoresonator is a nanoscale object such as a beam, rod, or 

hollow tube, clamped at one or both ends. It is set to vibrate in a frequency range centered 

at one of its resonant frequencies. These resonant frequencies are also known as the normal 

modes of the resonator with a maximum vibration amplitude at resonance. Nanoresonators 

with picogram mass can attain a mass resolution in the attogram range. 

A key element that is to be addressed in nanoresonators is the detection of their 

displacement. There are many experimental techniques for actuation and detection of a 

vibrating structures such as capacitive [17]–[20], piezo-electric [21]–[23] and electromagnetic [24] 

methods. Transduction is generally defined as the conversion of a signal from one form of 

energy to another. Transduction mechanism in nanoresonators is to be fully understood as 

the NRs vibrate at frequencies in MHz range, with small oscillation amplitudes in the range 

of nanometres. Optical transduction is the most widely used method that translates 

vibration of a nanoresonator into a measurable electric signal. However, detection by an 

optical method could influence the motion of the NR if energy from the laser beam focused 

on it for measurement causes a temperature increase in the NR. This thesis addresses the 

problem of the influence of laser light on the NR during resonance measurements. 

The part of the effect of the laser on the mechanical properties of NR, known as the 

bolometric effect [25], includes the dependence of Young’s modulus on temperature of the 
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resonator. Temperature distribution causes a frequency shift in the kHz range, which could 

reduce the mass resolution of NRs. In this thesis, we derive a method to first calculate the 

resonance frequency of a nanobeam with varying Young’s modulus, and then use it to 

determine an effective Young’s modulus for the NR beam.  

1.2  Research Contributions  

In mass sensing applications, the resonance frequencies are first measured for a bare 

beam and then again after mass addition. The added mass is calculated from the change in 

measured resonance frequency. The generated frequency signal should ideally depend only 

on the NW and the added mass. However, the influence of energy from the laser, coupled 

into the NR as thermal energy, could produce a significant error in resonance 

measurements. This requires an understanding of the effect of input laser power on 

resonance measurements.  

 

The main objective of this research is to help obtain accurate conclusions from 

frequency measurements by quantifying and correcting for the effects of laser heating. This 

requires an understanding of factors influencing heat transfer, due to the small size of NWs 

and the resonance shift caused due to the laser heating effects. 

The main contributions of this thesis are as follows: 

1. The influence of laser power on temperature of the NW was studied. Using the heat 

equation, the temperature distribution in the NW was calculated for a range of 

fractions of laser power absorbed by the NW. It is shown from the calculations that 

0.5 mW of laser power is enough to produce 200 K of temperature difference in the 

NW. Silicon NW tips could reach melting point with a few mW of laser power 

absorbed as heat.  

2. Temperature distribution in the NW will influence its mechanical properties. This 

causes a downshift in resonant frequencies of the NW. Resonance calculations are 

made using numerical analysis in this thesis. Through our calculations, we quantify 

the resonance shift for the fundamental frequency and higher harmonics. 

3. The analytical method to calculate the resonance frequency of a beam with constant 

stiffness is well-established. In this thesis, we derive a semi-analytical method to 
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calculate the resonance frequency of a beam with varying stiffness due to laser 

heating. The method is then extended to calculate the resonance frequency of the 

NR with a mass attached to the tip. The derived method is compared against four 

other methods of frequency calculations: Modal analysis, Euler-Bernoulli 

equation, Blevins fundamental frequency equation, and the 1DOF equation  

1.3  Thesis Structure 

Chapter 2 consists of a review of the fabrication of NRs, actuation and detection 

techniques (transduction mechanisms) available in the literature, and an introduction of 

associated problems. It gives an overview of numerical modelling and finite difference 

methods used in the thesis. 

Chapter 3 focuses on the effect of laser heating on nanowire. Finite difference 

simulations were carried out using MATLAB to calculate the temperature difference in 

Silicon nanowires for various fractions of laser power absorbed. This chapter presents the 

simulation results for temperature profiles based on convective and/or radiative losses, the 

effects of geometry and surrounding fluid on the behaviour of NW, and finally the 

maximum amount of laser power that can be absorbed by the NW. These are validated 

using the analytical results. 

Chapter 4 focuses on resonance frequency shift due to laser heating. The amplitude of 

the resonance peak depends on the internal damping which is dependant on stiffness of the 

nanowire. This is calculated by considering assumed values of damping factor and its 

variation due to increase in temperature. This chapter presents the simulation results for 

resonance shift with varied amounts of laser power absorbed, amplitude with varying 

damping ratios and compare a stiff (unheated) and soft (heated) NWs.  

Chapter 5 focuses on deriving a semi-analytical expression from Euler-Bernoulli 

framework to calculate the frequency of the heated nanowire with varying stiffness along 

its length. An effective Young’s modulus value will be presented to serve as a correction 

factor for a given input laser power. This will be followed by the extension of the method 

derived to calculate resonance shift based on a mass attached to the nanowire. 

Chapter 6 highlights the main conclusions of this thesis and recommendations for 

future work.  
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Chapter 2: Background and Literature Review 

 

2.1  Overview 

As mentioned in chapter 1, nanoresonators have many applications as mass sensors [1]–[6], 

force sensors [7], biological [8], [9] and chemical sensors [10], [11]. This chapter reviews the use 

of NRs in biological/mass sensing, and how they are fabricated in our lab to allow 

multiplexing (explained in 2.2.1). Another key element of NRs is the actuation and 

detection techniques which are reviewed, and the problems caused due to transduction 

mechanism involved are introduced. Chapter ends with the review of the numerical 

methods used in this thesis. 

2.2  Role of NRs in biological sensing 

 

NRs play a key role as biological sensors, which are used to detect Circulating tumor 

cells (CTCs) [26]–[28]. CTCs are cells that shed into the blood vessels from a 

primary tumor and are carried around the body during blood circulation. CTCs can 

potentially help in early detection of cancer. CTCs are captured using antibody-based 

methods targeting an epithelial cell adhesion molecule (EpCAM) [26]. However, EpCAM is 

not expressed by common types of cancer like breast cancer [27], [28]. In the research by Sioss 

et al [28], to detect diseases like cancer in early stages, they developed chips of metal or 

silica coated NWs to which antisense oligonucleotides are attached to detect RNA (purified 

by enrichment of CTCs from white blood cells) of various kinds of cancer. These RNA 

biomarkers are detected by measuring the resonance shift of the nanocantilever resonator 

due to added mass. 

2.3  Fabrication of nanomechanical resonators 

My colleague Dr. Mahshid Sam fabricated the nanoresonators in our research laboratory 

by developing a cost-effective field-directed assembly technique, to position the nanowires 

(NWs) on a large surface area. This fabrication technique is seen in the following sub-

section.  
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2.3.1 Field-directed assembly of Nanoresonators (NR) 

 

Top-down and bottom-up are two lithography techniques for micro and nanofabrication. 

Top-down methods are used to fabricate devices starting with larger dimensions etched to 

smaller desired structures. Photolithography, electron beam lithography, soft and 

nanoimprint lithography techniques come under top-down fabrication methods. Using 

these methods, devices with controlled shape and size can be fabricated [29], [30]. These 

methods require the removal of sacrificial area causing undercuts and underetching 

increasing compliance in nanoresonators [29], [30]. It also causes shape deterioration in 

cantilevers during its release while etching the sacrificial layer [29], [31]. Stress gradients in 

the device layer will result in the development of residual axial stresses in the doubly-

clamped resonators [29], [32]. It is limited to the use of resonator material same as the 

clamping material.  

 

Bottom-up methods corresponds to using of atoms or molecules for building multi-level 

structures. Atomic layer deposition and molecular self assembly are examples of these 

methods. Synthesizing the nanowires separately will have the benefits of preserving its 

reaction conditions without compromising other materials in the assembled device [33].  

 

Figure 2.1 (a) Array of nanoresonators on the substrate fabricated by Field-directed 

method (b) Closer picture of one of the resonators on the substrate [16]    
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However, making larger arrays using self-assembly methods are very difficult in terms of 

clamping and addressing the nanowires individually [22]. 

 

Hybrid technique of field-directed assembly of nanowires combines the advantages of 

using photolithography from top-down and synthesis of nanowires off-the-chip by VLS 

method [21] from bottom-up methods [22]. This has the advantages of functionalizing NWs 

off-the-chip which has the ability of multiplexing, i.e., detection of various biomarkers by 

nanoresonators on the same chip [22], [29]. 

2.3.2 Other applications of Nanoresonators: 

 

Nanoresonators are used as fluid damping sensors in the research by Bhiladvala et al [29], 

where the fluid damping and its effect on Q-factor of micro and nanoscale beams is studied 

by relating the Q-factor values in fluid and vacuum. Flow rarefaction regime was 

determined prior to calculating the fluid forces as the mean free path of gas molecules is 

larger than the beam’s size. Fluid damping measurements with NWs can provide data for 

work in the transition regime where equations for continuum region or the free-molecular 

regime are no longer valid. 

2.4  Nanoresonators (NR) for mass sensing 

 

Nanomechanical resonators used in mass spectroscopy are crucial tools in chemical and 

biological industry. These nanoresonators with picogram masses are very sensitive to any 

mass attached to it. On adsorption of a mass to the resonator, its frequency downshifts 

accordingly (Figure 2.2), depending on the position of mass attached and geometry of the 

resonator [34]. And the relation between the frequency shift with change in effective mass 

is given as: 

 ∆𝑓

𝑓𝑜
= −

1

2

∆𝑚

𝑚𝑜
 

[2.1] 

Where 𝑓𝑜
 and 𝑚𝑜 are the resonance frequency and mass of the nanowire before the added 

mass; ∆𝑚 is the added mass and ∆𝑓 is the frequency shift caused by the added mass. 
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Figure 2.2 Resonance downshift due to attached mass 

 

Different techniques can be used for nanowire actuation which is seen in the following sub-

section. 

2.4.1 Actuation and detection techniques 

Micro/Nano electromechanical devices are actuated based on various mechanisms such as 

electrostatic (capacitive) [17]–[20], electromagnetic [24], thermal [17], [35] and piezo-electric 

effects [21]–[23]. 

Magnetomotive actuation: Sensor is placed in a magnetic field and an alternating current 

(AC) field is driven across it. This generates Lorentz force actuating the sensor. This is 

detected by the variation in flux with time which induces an electromotive force (EMF) in 

the loop [17]. Depending on the nanowire orientation with respect to the magnetic field, 

vibration can be in-plane or out-of-plane direction. 

Capacitive actuation: The basic principle of this method operates by considering an elastic 

conductive resonator on top of a rigid perfect conductor. When an AC voltage is applied 

to the resonator, it imposes variation of charge in both the conductors and are attracted to 

each other. It is detected by the change in capacitance, when the distance between the two 

conductors change. 
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Piezoelectric actuation: It works on the principle of inverse piezoelectric effect, i.e., when 

an electric voltage applied to the piezoelectric material, it generates stress. Contraction and 

expansion of the piezoelectric material under an applied AC signal, generates a vibrational 

force to the actuator. In our lab, indirect method is used, where a commercial piezoelectric 

disk is bonded to the substrate of resonators which move with each other. 

Thermal actuation: In this method, bilayer structures with different thermal expansion 

coefficients are considered. When the structure is heated, it is subjected to stress due to 

varied thermal expansion in them, causing an actuating force. 

Magnetostrictive actuation: This is caused by a dimensional change in the magnetic 

material due to change in the magnetic state of the sensor.  

For detection of cantilever deflection, optical method [36]is the most widely used method 

and interferometric methods [7] are used in precise measurements. Optical transduction 

works on the principle that the intensity of reflected light varies with vibration of the 

resonator and is explained by Favero et al [37], using two mirrors attached by a spring and 

the cavity being probed by a laser. Measurement setup in our lab for optical transduction 

is explained in the following section. 

 

2.4.1.1 Optical transduction method for resonance measurement 

In this method, nanoresonators are placed in a vacuum chamber and is secured on an 

inverted optical microscope. A spectrum analyzer is used to generate an RF electric signal 

to drive the piezo disk underneath the chip, making it vibrate at its resonant frequencies. 

Then, a 10 mW He-Ne laser of wavelength 633 nm is focused on to the tip of the vibrating 

nanowire on the chip, providing about 4 mW of input power for the measurement purpose. 

Light reflected off the vibrating nanowire passes back through the photodetector and is 

analyzed by the spectrum analyzer to generate a frequency signal.  

 

Optical transduction method is used for measuring the resonance frequency of cantilever 

resonators by Belov et al [38], and doubly-clamped resonators by Ekinci et al [3] in the 

literature. 
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Figure 2.3 Optical measurement setup [30] displaying a frequency signal on spectrum 

analyser when laser is focused on the NW 

2.4.2 Resonance shift due to laser heating 

 

The sensitivity of optical measurement setup is limited by the noise sources. Photodiode 

shot noise and the Johnson noise are the two major noise sources in the optical 

measurement setup which can be reduced by increasing the output power of the laser diode 

[39]. Therefore, it is appealing to use higher powers of laser using a neutral density filter to 

improve the signal-to-noise ratio (SNR).  Schematic of optical measurement setup is shown 

in Figure 2.4. 

 

In the experiments conducted by Weng Fan [23] in our lab, using this optical measurement 

setup shown in Figure 2.3, he generated a frequency signal with varying inputs of laser 
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power and has observed a downshift in the resonance frequency as the laser power is 

increased (Figure 2.5).  

 

 

 

Figure 2.4 schematic of optical measurement setup  

 

Similar effects of resonance shift due to increase in laser power has been observed in 

experiments by several researchers in their experiments [40]–[42]. This shift in the resonance 

is due to absorption of light focused on tip of the nanowire (NW) by the NW itself which 

is explained in chapter 3. 

F.A. Sandoval et al [42] have presented an experimental evidence on micro cantilevers for 

resonance downshift due to increase in laser power. They reported values of tip 

temperatures of the NW based on resonance shifts. They also reported cantilevers reaching 

its melting point for a few mW of laser power with conduction as the only thermal transfer 

process in vacuum, as the NW softens with increase in temperature, i.e. decrease in 

Young’s modulus. 
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Figure 2.5 Downshift of resonance frequency with increase in laser power [30] with A-

21 and E-76 in the sub plot showing different Rhodium resonators on the same 

substrate 

However, T. Sahai et al [43] conducted experiments on doubly-clamped micro oscillators 

and observed a softening-hardening transition behaviour as the laser power is increased in 

the process of improving the SNR of the frequency signal. 

 

2.5  Finite difference Methods (FDM) 

This thesis considers the finite difference model of the nanowire to numerically calculate 

the temperature of the nanowire with given amount of laser absorbed by the nanowire. For 

a 4 mW of total input power focused on the NW, it is assumed that a 40% of the input laser 

(from 0 to 4 mW) is absorbed by the NW, based on the ratio of NW diameter to the laser 

beam spot size. This thesis does not present calculations of thermal energy laser absorbed 

by the NW, as its dependence on several factors like diameter of NW, optical properties of 

Silicon, plane of polarization and wavelength of laser are not well understood.  

After the temperature calculations, a numerical model of the NR is considered to calculate 

the change in resonance frequency of the NW due to the temperature attained by it, which 

causes a change in Young’s modulus of the NW. The derived semi-analytical Euler-

Bernoulli method for a beam of varying Young’s modulus is used to validate the resonance 
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shift results. This method is further extended to calculate the resonant frequency of a beam 

with a lumped mass attached to the tip of the NW.    
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Chapter 3: Numerical Model for Temperature Analysis 

of a Laser Heated Nanowire  

 

As discussed in optical transduction setup in Chapter 2, laser is focused on NW 

during frequency measurements. The light reflected off the NW is guided to photodetector 

where an electric signal is generated and analyzed by spectrum analyzer to generate a 

frequency curve. However, the sensitivity of the optical setup depends on the shot-noise of 

photodetectors. Photodiode shot noise is a major noise source in the optical measurement 

setup which can be reduced by increasing the output power of the laser [39]. So higher 

intensities of light are appealing to obtain a better signal-to-noise ratio. 

However, a part of the laser power is absorbed by the NW as heat. This can reduce 

the mass resolution of NWs and may also cause permanent deformation.  The heating of 

NWs depends on many factors, such as the intensity of light, fraction of light absorbed as 

thermal energy, the thermal conductivity of NW, the dimensions of the NW and the heat 

dissipated through the NW. Silicon nanowires have a large absorption efficiency with only 

37% of reflection [44]. Absorption depends on wavelength of light [45], diameter of NW [45], 

[46], angle of incident light [46], and plane of polarization of light [46], [47]. Therefore, thermal 

transport in NWs is a critical issue which needs to be studied. 

This chapter focuses on the numerical study of interaction between laser and SiNWs to 

calculate the temperature distribution using a heat equation. The analysis is carried out by 

solving a Fourier heat equation inside a laser heated NW. NW temperature is determined 

by different factors: Intensity of laser, assumed fraction of laser absorption, dimensions of 

NW, thermal conductivity as a function of temperature. The calculations are done for a 

NW in vacuum. 

3.1  Computational analysis for determining the temperature profile of 

nanowire 

3.1.1 Theoretical modelling of heat transport in SiNWs 

One-dimensional cylindrical Silicon nanowire (SiNW) which is 6 microns in 

length, and 400 nanometers in diameter, is analyzed using a model in which some 
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assumptions of fin heat transfer are applicable. All the calculations in this thesis are made 

using the same dimensions mentioned, unless otherwise mentioned. 

 The SiNW is initially at room temperature, clamped to the substrate at one end and 

free at other (cantilever). As seen in Figure 2.1(b), the gold mounting pedestal for our NWs 

made by field-directed assembly has a large thermal mass, high thermal conductivity and 

makes intimate contact around the NW periphery. The pedestal temperature is therefore 

assumed to be a heat sink or reservoir at close to room temperature. The temperature of the 

surroundings is assumed to be 298 K. In experiments, a Helium-Neon laser (=633.2 nm 

and 4mW max power) is used, with controllable power setting, with the laser focused on 

the tip of the nanowire as shown in the Figure 3.1.  

 

 

Figure 3.1 Silicon Nanowire description 

For our calculations, we consider a range of values, from 0 to 2.6 mW, for thermal energy 

injected into the free tip of the NW.  

3.1.2 Governing equations for Heat Transfer inside the Nanowire 

Considering a NW in a vacuum chamber and the laser beam as a heat source supplying 

heat at the tip of the NW, the equation governing heat transfer is derived from the energy 

balance shown in the Figure 3.2 below. Heat is dissipated in the NW by conduction and 

radiation. However, calculations for convection are also shown for a wire assumed to have 

a convection co-efficient of 25 W/m2K to compare the effects of convection and radiation.  
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Figure 3.2 Energy Balance in NW 

 

To analyze conduction of heat through the NW, we can calculate the heat transfer rate from 

Fourier’s law [68] as shown below:  

 
𝑞𝑥 = −𝑘𝐴𝑐  

𝑑𝑇

𝑑𝑥
 

[3.1] 

Where, ′𝑞𝑥′ is the rate of heat transfer in x-direction. ′𝑘′ is the thermal conductivity of 

Silicon at room temperature which is 148 W/mK. ′𝐴𝑐′ is the cross-sectional area of SiNW 

and ′𝑇′ is the surface temperature.  

 𝑞𝑐𝑜𝑛𝑣 = ℎ𝐴𝑠  (𝑇 − 𝑇∞) [3.2] 

′𝑞𝑐𝑜𝑛𝑣′ is the convective heat transfer rate. ′ℎ′ is the coefficient of convective heat transfer. 

′𝐴𝑠′ is the surface area of the NW. ′𝑇∞′ is the surrounding temperature [68]. 

 𝑞𝑟𝑎𝑑 = 𝜖𝜎𝐴𝑠(𝑇
4 − 𝑇∞

4) 

 

[3.3] 

′𝑞𝑟𝑎𝑑′ is the radiative heat transfer rate.  ′𝑇∞′ is the surrounding temperature.′𝜖′ is the 

emissivity. ′𝜎′ is the Stefan Boltzmann’s constant which is equal to [68]: 

 

 𝜎 = 5.67 ∗ 10−8 𝑊/𝑚2𝐾4 [3.4] 

From the energy balance: 

 𝑞𝑥 = 𝑞𝑥+𝑑𝑥 + 𝑑𝑞𝑐𝑜𝑛𝑣 + 𝑑𝑞𝑟𝑎𝑑 

 

[3.5] 

From Taylor’s series expansion, we have: 

 
𝑞𝑥+𝑑𝑥 = 𝑞𝑥 +

𝑑𝑥

1!

𝑑𝑞𝑥

𝑑𝑥
+

𝑑𝑥2

2!

𝑑2𝑞𝑥

𝑑𝑥2
+

𝑑𝑥3

3!

𝑑3𝑞𝑥

𝑑𝑥3
+ ⋯ , −∞ < 𝑥 < ∞ 

[3.6] 
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By substituting Eq. (3.6) in Eqns. (3.1), (3.2), (3.3) & (3.5), we get the heat equation as: 

 𝑑

𝑑𝑥
{𝑘𝐴𝑐

𝑑𝑇

𝑑𝑥
} − ℎ

𝑑𝐴𝑠

𝑑𝑥
 (𝑇 − 𝑇∞) − 𝜖𝜎

𝑑𝐴𝑠

𝑑𝑥
(𝑇4 − 𝑇∞

4) = 0 
[3.7] 

By dividing the whole equation with k and taking 𝐴𝑐  as a constant, we get: 

 𝑑2𝑇

𝑑𝑥2
+ (

1

𝑘

𝑑𝑘

𝑑𝑥
)
𝑑𝑇

𝑑𝑥
−

ℎ𝑃

𝑘𝐴𝑐

(𝑇 − 𝑇∞) −
𝜖𝜎𝑃

𝑘𝐴𝑐

(𝑇4 − 𝑇∞
4) = 0 

[3.8] 

Introducing the dimensionless parameters and the fin parameter m: 

 
𝑇(𝑥 = 0) = 𝑇𝑏 ,          𝑌 =

𝑇(𝑥) − 𝑇∞

𝑇𝑏 − 𝑇∞
,        𝜉 =

𝑥

𝐿
       

𝐹𝑖𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟, 𝑚 = √
ℎ𝑃

𝑘𝐴𝑐
 (𝑢𝑛𝑖𝑡𝑠 𝑚−1)  

 

[3.9] 

 

The final equation in the non-dimensional form is given by: 

 𝑑2𝑌

𝑑𝜉2
+ (

1

𝑘

𝑑𝑘

𝑑𝜉
)
𝑑𝑌

𝑑𝜉
+ [(−

ℎ𝑃𝐿2

𝑘𝐴𝑐
) + (−

𝜖𝜎𝑃𝐿2𝑇∞
3

𝑘𝐴𝑐
 {(

𝑇

𝑇∞
)
3

+ (
𝑇

𝑇∞
)
2

+ (
𝑇

𝑇∞
) + 1 })]𝑌 = 0 

[3.10] 

 

This equation is simplified as: 

 

 𝑑2𝑌

𝑑𝜉2
+ (

1

𝑘

𝑑𝐾

𝑑𝜉
)
𝑑𝑌

𝑑𝜉
+ [(−

ℎ𝑃𝐿2

𝑘𝐴𝑐
) + (−

ℎ𝑟𝑎𝑑𝑃𝐿2

𝑘𝐴𝑐
 )] 𝑌 = 0 

[3.11] 

Where,  

 
ℎ𝑟𝑎𝑑 = 𝜖𝜎𝑇∞

3  {(
𝑇

𝑇∞
)
3

+ (
𝑇

𝑇∞
)
2

+ (
𝑇

𝑇∞
) + 1 } 

[3.12] 

 

′ℎ𝑟𝑎𝑑′ is an equivalent radiative heat transfer coefficient which is strongly dependant on 

temperature. 

 𝑑2𝑌

𝑑𝜉2
+ (𝐻(𝜉))

𝑑𝑌

𝑑𝜉
+ 𝑟(𝜉)𝑌 = 0 

[3.13] 

Where, 

 
𝐻(𝜉) =

1

𝑘

𝑑𝐾

𝑑𝜉
 

[3.14] 
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𝑟(𝜉) = −

ℎ𝑃𝐿2

𝑘𝐴𝑐
 −

𝜖𝜎𝑃𝐿2𝑇∞
3

𝑘𝐴𝑐
 {(

𝑇

𝑇∞
)
3

+ (
𝑇

𝑇∞
)
2

+ (
𝑇

𝑇∞
) + 1 } 

[3.15] 

3.1.3 Discretization of governing equations and boundary conditions: 

The mesh implemented consists of N intervals with N+1 nodes and length of each interval 

is given by 𝛥𝜉 =
1

𝑁
. A description of the domain with N intervals is given as: 

 

Figure 3.4 Discretization of mesh in to N intervals 

In order to solve the governing equations numerically, derivatives of y in Equation 3.13 

are represented using the central differences as: 

 𝑑2𝑌

𝑑𝜉2
=

𝑌𝑗+1 − 2𝑌𝑗 + 𝑌𝑗−1

∆𝜉2
 

[3.16] 

 𝑑𝑌

𝑑𝜉
=

𝑌𝑗+1 − 𝑌𝑗−1

2∆𝜉
 

[3.17] 

Finite difference expression method (FDM) is used to compute the temperature distribution 

across the NW. Equation (3.13) is expanded using central difference approximation as: 

 𝑌𝑗+1 − 2𝑌𝑗 + 𝑌𝑗−1

∆𝜉2
+ 𝐻𝑗 

𝑌𝑗+1 − 𝑌𝑗−1

2∆𝜉
+ 𝑟𝑗𝑌𝑗 = 0 

[3.18] 

𝐻𝑗  & 𝑟𝑗  are calculated using Eqns. (3.14) & (3.15). By re-arranging the coefficients, we 

get the following equation: 

 
(1 − 𝐻𝑗  

∆𝜉

2
)𝑌𝑗−1 + (−2 + 𝑟𝑗∆𝜉2)𝑌𝑗 + (1 + 𝐻𝑗 

∆𝜉

2
)𝑌𝑗+1 = 0 

[3.19] 

This can be written as: 

 𝑐𝑗𝑌𝑗−1 + 𝑎𝑗𝑌𝑗 + 𝑏𝑗𝑌𝑗+1 = 𝑑𝑗 [3.20] 

 

Where, 

 𝑐𝑗 = 1 − 𝐻𝑗  
∆𝜉

2
; 

 𝑎𝑗 = −2 + 𝑟𝑗∆𝜉2  

 𝑏𝑗 = 1 + 𝐻𝑗 
∆𝜉

2
; &  𝑑𝑗 = 0 
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Figure 3.3 Laser focused on tip of the NW showing BC’s 

As discussed in earlier sections, one end of the nanowire is considered to be at 299K and 

temperature on the other end depends on intensity of the laser or the heat flux (as shown 

in (Figure 3.3). 

Non-dimensional temperature at 𝜉 = 0 is given by: 

 𝑌(0) = 𝑌(𝜉 = 0) = 1 [3.21] 

Since the laser power is being conducted through the NW, non-dimensional temperature 

gradient at 𝜉 = 1 is given by the conduction equation: 

 𝑑𝑌

 𝑑𝜉
|
𝜉=1

=
−𝑞

𝑘𝐴𝑐
∗

𝐿

𝑇𝑏 − 𝑇∞
 

[3.22] 

Using the backward differences with fourth degree accuracy (∆𝜉4), we can write by 

expanding Taylor’s series as: 

 𝑑𝑌

 𝑑𝜉
|
𝜉=1

=
11𝑌𝑁+1 − 18𝑌𝑁 + 9𝑌𝑁−1 − 2𝑌𝑁−2

6∆𝜉
 

[3.23] 

 

From Equations (3.22) & (3.23), we have: 

 −𝑞

𝑘𝐴𝑐
∗

𝐿

𝑇𝑏 − 𝑇∞
=

11𝑌𝑁+1 − 18𝑌𝑁 + 9𝑌𝑁−1 − 2𝑌𝑁−2

6∆𝜉
 

[3.24] 

Heat transfer rate, q depends on the input laser power and the fraction of it being 

absorbed by the NW which can be given as:  

 𝑞 = 𝐼 ∗ 𝑓 [3.25] 
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where, 𝐼 is the intensity of laser power and f is the fraction of laser power absorbed by the 

NW. f depends on the factors like wavelength of light, material and diameter of the 

nanowire, diameter of laser spot, angle of incident light and plane of polarization. However, 

in this case it is assumed that 40% of it is assumed by the NW based on diameters of laser 

spot and NW of 1μm and 400nm respectively. 

3.1.3.1 Temperature distribution in case of Radiation and its 

dependence on mesh size 

To calculate the temperature distribution of the NW in the radiative environment, 

temperatures (𝑌𝑗) calculated in the case of convection are taken as a first guess to solve for 

final temperatures 𝑌𝑗
(1)

. Then the coefficients 𝑐𝑗 , 𝑎, 𝑏𝑗  & 𝑑𝑗 are re-evaluated to solve for 

temperatures 𝑌𝑗
(2)

 and the process is repeated until the values of temperature converge, i.e. 

|1 −
𝑦𝑗

(𝑘)

𝑦
𝑗
(𝑘+1)| ≤ 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒. Where the 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 = 10−𝑛 and the value of n depends on 

∆𝜉. If ∆𝜉 = 10−𝑛, then 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 = 10−4. 

 

Since radiation has a 4th degree temperature term, it is highly non-linear and when we try 

to linearize it using a difference method, results are highly unstable with a large mesh size. 

The mesh should be refined and checked for instability. In this simulation, the mesh size is 

at least 20 times smaller in the case of radiation compared to convection for lower laser 

intensities.   

3.1.4 Thomas Algorithm 

Equation (3.20) was solved using the Thomas algorithm. This is a Tri-diagonal matrix 

algorithm which is a simplified form of Gauss elimination. This algorithm starts with 

forward elimination, getting rid of one of the unknowns from each equation and ends with 

backward substitution to calculate the vector of unknowns.  

3.2  Simulation Results and Discussion 

The aforementioned expressions are implemented using MATLAB (programs are listed in 

the appendices). Results discussed below show the effects of variation of thermal 

conductivity as a function of temperature, as well as convection and radiation from the NW 
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surface. As mentioned earlier, the absorption of laser power is assumed in this thesis, from 

zero to the maximum, where a part of the NW reaches its melting point. 

3.2.1 Linear profile of the NW with constant conductivity in the case of 

convective losses 

Figure 3.4 is the temperature profile of the NW for a 2mW rate of thermal energy input 

from the laser. The profile was generated in MATLAB using a Neumann boundary 

condition (constant heat flux BC). Conduction and convection are the thermal processes 

considered in this simulation. Thermal conductivity is taken as constant in this case. We 

note that, this is done only to compare the effects of convection and radiation later in the 

chapter, but there is no convection acting when the NWs are in a vacuum (MATLAB code 

for this simulation is given in Appendix A). 

 

Figure 3.4 Linear temperature profile of SiNW with convective losses 

 

This simulation was checked and found to be in agreement with simulations and 

analytical solution (given in Appendix B) using a Dirichlet BC (specified temperature 

value at tip). For these checks, the temperature at the tip was taken from the earlier 

Neumann BC simulation. 
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In Figure 3.5 (a), the radius of the NW is reduced to increase the surface area over 

the cross-section. It is seen that the effect of convection becomes pronounced for values of 

mL ≥ 2. The term mL is defined in Equation (3.9).  

 

  

 

 

Figure 3.5 Varying the values of mL to make the profile non-linear by: (a) Increasing 

the h/k ratio (b) Increasing the surface area by reducing radius of the NW (c) 

Enhancing the aspect ratio by increasing length of the nanowire 

  

This plot is generated to show the dominance of conduction over convection at 

nanoscale and the importance of mL acting as a stretching factor. Similarly, in Figure 3.5  

(a) 

 

(b) 

(c) 



 

 

22 

(b) & (c) convective coefficient and length of the NW are increased respectively until the 

mL reaches a value of 2, to see the effects of convection.   

 

3.2.2 Variation in thermal conductivity of Si with temperature 

Thermal conductivity decreases with temperature for any material. Values in Figure 3.6 

are taken from the literature [53], [54] from room temperature to the melting point of silicon 

and plotted to find the equation for the best fit curve. There will be a significant 

difference in heat transfer when the thermal conductivity is not taken to be a function of 

temperature, as will be shown in the Section 3.2.4.  

 

 

Figure 3.6 Variation of Thermal conductivity with temperature 

The best fit equation to the data for variation of thermal conductivity (k, in W/m.K) of 

Silicon with temperature (T, in K) is given as: 

 𝑘 = 115598 ∗ 𝑇−1⋅177 [3.26] 
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3.2.3 Non-linear temperature profile with variable thermal conductivity for cases 

of convection and radiation 

Figure 3.7 (a) and (b) allow comparison of temperature profiles with convective 

losses and radiative losses, respectively, from the NW, for 2mW of absorbed laser power.  

Although the equivalent heat transfer coefficient value for convection is less than half that 

for radiation (after convergence of the non-linear temperature-dependent solution) we 

observe that the effects of radiation and convection are almost indistinguishable in the 

temperature profile plots. This suggests that the non-linearity in profile is due primarily to 

the thermal conductivity variation with temperature. The radiative or convective loss was 

found to be about 1% of heat transport by conduction, by comparing tip temperatures for:   

(1) conduction only 

(2) conduction & convection  

(3) conduction & radiation. 

 

 

Figure 3.7 Temperature profile with: (a) convective losses at 2mW of power absorption 

(b) radiative losses at 2mW of power absorption by Si NW 
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3.2.4 Maximum power that could be absorbed by the NW 

As discussed earlier in the chapter, the fraction of laser power absorbed as heat by 

the NW determines the temperature reached by the NW.  

 

Figure 3.8 Tip temperatures vs absorbed laser power by SiNW with radiative/convective 

losses showing maximum power that can be absorbed by the NW 

Figure 3.8 shows the tip temperatures of the NW calculated for the following conditions: 

(1) Convection and radiation with varying thermal conductivity and (2) Convection with constant 

thermal conductivity. This figure conclusively shows that there is a significant difference in profiles 

with and without considering the variation of thermal conductivity as a function of temperature.  

It is also seen that the effect of radiation and convection are nearly equal which can be 

explained in terms of equivalent 𝒉𝒓𝒂𝒅, i.e., 𝒉𝒓𝒂𝒅 = (𝝐𝝈𝑻∞
𝟑  {(

𝑻

𝑻∞
)
𝟑
+ (

𝑻

𝑻∞
)
𝟐
+ (

𝑻

𝑻∞
) + 𝟏 }). This 

value represents radiation using an equivalent temperature-dependent heat transfer coefficient. As 

shown in figure 3.5, the value of (h/k) should be at least be 𝟏. 𝟔 ∗ 𝟏𝟎𝟒 m-1 to see the effects of 

convection. With free convection heat transfer values  h =25 W/m2K and radiation-equivalent value 

(after convergence) hrad = 64 W/m2K  will yield values of h/k far smaller than 𝟏. 𝟔 ∗ 𝟏𝟎𝟒. With all 

these factors considered, the maximum amount of laser power that can be absorbed by the NW 

before it melts, is calculated to be 2.6 mW as seen in Figure 3.8. 
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3.2.5 Other thermal considerations at nanoscale 

              Natural convection depends on buoyant force due to temperature difference and 

on the viscosity of surrounding air [48], [49]. However, buoyancy is negligible at nanoscale, 

as the interaction of air with the NW is based on a few individual interactions of the 

molecules in the air with the surface of the NW [50]. Knudsen number defined as the ratio 

of mean free path over characteristic length, influences the convective heat transfer at 

nanoscale. At high Knudsen numbers, viscous shear stress and convection are both greatly 

reduced, as there are far fewer molecules colliding with each other [51], [52]. 

             Radiation at nanoscale is also a focus of current research. When NW diameters are 

much smaller than the wavelength of blackbody radiation estimated from Wien’s Law, 

there will be significant deviations in view-factor dependent radiation calcuations [55]. For 

instance, if there are NWs at a distance of 1-2 microns, the thermal link between them can 

be quite strong because there is a coupling of the evanescent EM waves (near-field effects) 

[55], [56]. 

            However, the size effect dominates if the surface area of the NW is too small and 

the thermal transport is then dominated by conduction. 

3.3 Conclusions and Recommendations 

This chapter dealt with the heat equation to determine the temperature profile of a laser 

heated NW. All the equations were implemented in MATLAB using finite difference 

methods and are validated using numerical and analytical equations for Dirichlet BC.  

It is seen in the chapter that the conduction is dominant over convection/radiation at 

nanoscale and thermal conductivity variation with temperature is an important factor to be 

considered. The linear temperature profile is explained in terms of the value of the non-

dimensional term, mL, which serves as a stretching factor and should at least be equal to 2 

for the temperature profile to be non-linear. With these factors considered, the maximum 

laser power that can be absorbed by the NW before a part of it melts, is calculated to be 2.6 

mW. These calculations could help in determining the optical absorption in NWs.  

Since the laser beam exhibits a Gaussian power profile, excitation will depend on the 

position of the NW inside the laser spot. Hence, it is recommended to study the effects of 

position of NW within the laser spot, in future studies.  
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Chapter 4: Resonance Shift due to Laser Heating 

 

This chapter deals with resonance calculations by solving equations of motion based on 

spring-mass-damper system. This gives an overview of vibrational analysis which 

progresses in three phases [57]: 

i. Spatial model: Describes the structure’s physical properties such as mass 

M, stiffness K and damping properties. 

ii. Modal model: Gives a set of natural frequencies (�̅�𝑟
2) with corresponding 

modal damping ratios and vibration mode shapes(ψ). 

iii. frequency response functions (FRF): Analyses how structures respond 

under given harmonic excitation conditions and with what amplitudes. 

This begins with calculating eigenvalues and eigenvectors of an undamped model followed 

by similar calculations of a structurally damped model. These are done, first, to calculate 

the change in resonance frequency of laser heated nanowires, and second, to see how 

damping affects vibration amplitude of the NW. At the end, initial stiffer (unheated) NWs 

will be compared with laser heated (softer) NWs to show how laser heating influences 

resonance measurements. 

4.1  Undamped multi degrees of freedom (MDOF) system: 

Equation of motion for an undamped MDOF system, with N degrees of freedom, is solved 

to determine eigenvalues and eigenvectors: 

 [𝑀]{�̈�(𝑡)} + [𝐾]{𝑥(𝑡)} = {𝑓(𝑡)} [4.1] 

where [M] and [K] are NxN DOF mass and stiffness matrices; {𝑥(𝑡)} & {𝑓(𝑡)} are Nx1 

vectors of time-varying displacements and forces. Let us consider a beam finite element 

model, with 1 element and 2 nodes, having 2 DOF (displacement and slope) on each side 

of the node as seen in the Figure 4.1: 
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Figure 4.1 An element with 2 nodes and 4 DOF 

The consistent stiffness matrix [K] for translational inertia in a prismatic beam shown in 

the Figure 4.1 is given by: 

 

𝐾 =
2𝐸𝐼

𝐿3

[
 
 
 
 

22

22

233

3636

323

3636

LLLL

LL

LLLL

LL

−

−−−

−

−

]
 
 
 
 

 

 

[4.2] 

where E is the Young’s modulus of the material being used, I is the moment of inertia and 

L is the length of the beam. 

Similarly, the consistent mass matrix [M] for translational inertia in a prismatic beam is 

given by: 

 

𝑀 =
𝜌𝐴𝐿

420

[
 
 
 
 

22

22

422313

221561354

313422

135422156

LLLL

LL

LLLL

LL

−−−

−

−

−

]
 
 
 
 

 

[4.3] 

 

Here, 𝜌 is the density, and A is the cross-sectional area. 

Similarly, for a beam with 3 elements/4 nodes having 8 DOF, the assembled stiffness and 

mass matrices are given by: 

 

Figure 4.2 A beam with 3 elements/4 nodes and DOF 

 

The assembled stiffness matrix is obtained by summing up DOF at respective nodes where 

the elements are attached to each other showing a continuity which is given below (8x8): 
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𝐾 =
2𝐸𝐼

𝐿3

[
 
 
 
 
 
 
 
 
 
 

22

222

222

22

2330000

36360000

340300

03600123600

003403

003601236

0000323

00003636

LLLL

LL

LLLLL

LL

LLLLL

LL

LLLL

LL

−

−−−

−

−−−

−

−−−

−

−

]
 
 
 
 
 
 
 
 
 
 

 

 

[4.4] 

 

The assembled mass matrix is given by (8x8): 

 

𝑀 =
𝜌𝐴𝐿

420

[
 
 
 
 
 
 
 
 
 
 

22

222

222

22

4L22L3130000

2215613540000

L313L80L31300

13540312135400

00L313L80L313

00135403121354

0000313422

0000135422156

LL

LL

LL

LL

LL

LL

LLLL

LL

−−−

−

−−−

−

−−−

−

−

−

]
 
 
 
 
 
 
 
 
 
 

 

[4.5] 

 

 

4.1.1 Boundary conditions of nanocantilever: 

For a cantilever beam, since one end is clamped, and the other is free, motion is constrained 

at the clamped end and therefore, DOF at the clamped end are eliminated as shown in the 

Figure 4.3: 

 

Figure 4.3 A cantilever beam with eliminated DOF at the clamped end 
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4.1.2 Eigenvalues (ωr
2) and Eigenvectors (ψr) of cantilever beam: 

 

The Eigenvalue equation is written as: (𝐾 − 𝑀𝜔𝑟
2)𝜑𝑟 = 0, where, 𝜔𝑟

2 represents the 

Eigenvalues and 𝜑𝑟 represents the Eigenmodes. 

Eigenvalues represent the square of natural frequencies and eigenvectors represent the 

corresponding mode shapes. Angular frequency, ω𝑟  is given in rad/sec and the frequency, 

𝑓𝑟 = 
ω𝑟

2𝜋
 (in hertz) 

Eigenvalue matrix has a unique value, whereas the multiples of eigenvector matrix 

represent the same mode shape but with different amplitudes, i.e., 

[
1
3
2
] is the same as [

3
9
6
] 

To account for this indeterminate scaling factor, modal mass and modal stiffness are 

considered which are shown in the following section. 

4.1.3 Modal Mass (mr) and Modal Stiffness (kr): 

 

Modal model has orthogonal properties stated as: 

[𝜓]𝑇[𝑀][𝜓] = [𝑚𝑟] 

[𝜓]𝑇[𝐾][𝜓] = [𝑘𝑟] 

 𝜓 is the mode shape vector (eigenvector). 𝑚𝑟 & 𝑘𝑟 are referred to as modal mass and 

modal stiffness respectively. These values are not unique as they are directly related to 

eigenvector matrix which is subjected to scaling factor. However, the ratio, 
𝑘𝑟

𝑚𝑟
 is unique 

and is equal to its eigenvalue, ωr
2; i.e.,  

 
 ω𝑟

2 =
𝑘𝑟

𝑚𝑟
 

 

[4.6] 

Natural frequency, f in hertz, is given by the equation: 

 

 

𝑓 =
1

2𝜋
√

𝑘𝑟

𝑚𝑟
 

[4.7] 
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4.1.4 Mass-normalised mode shape for mode r (∅𝒓): 

Modal mass is used to convert the original eigenvector (𝜓) to mass-normalized eigenvector 

(∅𝑟) for mode r which has a unique value. Mass-normalized eigenvector, ∅𝑟 is given by: 

 
∅𝑟 =

[𝜓]

√𝑚𝑟

 
[4.8] 

𝜓𝑟   has no units, i.e., dimensionless; while ∅𝑟 has units of mass-1/2. This value is used in 

the frequency response function to analyse the response of the system for given excitation 

conditions. Now that the eigenvalues and eigenvectors of an undamped model are 

determined, we add damping and see how it affects the frequency and amplitude of the NR.  

4.2  Damping: 

Damping is a process of energy dissipation that is stored in oscillations. It influences the 

number of oscillations, as well as the vibration amplitude of the resonator. Dissipation can 

be due to several causes like clamping loss, thermoelastic loss [58], and gas friction [48]. 

Damping is classified into structural and viscous damping as shown in the Figure 4.4. 

 For the nanocantilever in our case, it is placed in a vacuum chamber where there is 

no viscous damping. Therefore, in these NRs, energy is dissipated only due to structural 

damping. However, these nanocantilevers are single NWs with no connections between 

them, which shows that damping is only caused due to internal material which is dependent 

on the stiffness of the material.  

 

 

Figure 4.4 Classification of damping 
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However, as shown in Figure 4.4, damping proportional to stiffness or mass matrices is 

only used for theoretical analysis, but not for real structures. Mode shapes and natural 

frequencies of proportional damping models are identical to those of the undamped models. 

This is generally not applied to real structures, as proportional damping overestimates the 

damping forces and underestimates the vibration amplitudes of the structures. 

4.2.1 Internal damping: 

Internal damping due to structural material is caused by microstructural defects, 

dislocations in metals, crystal grain slip, chain movements in polymers, eddy currents. It 

could also be caused by the hysteresis loop that represents the energy dissipated by unit 

volume of material per stress cycle. 

4.2.2 Thermoelastic damping  

When a cantilever is flexurally vibrating, the surface in tension is cooler than the 

opposite surface in compression, resulting in a heat flow and we must account for 

thermoelastic damping as a non-recoverable loss of energy [9].  

4.2.3 Gas friction damping 

This is defined as the dissipation of energy in a material due to fluid friction [58]. 

Quality factor (explained in Section 4.3) of Si nanocantilevers is high, in the range of 103 

to 104 in high vacuum and starts to decrease when going to higher pressures [48]. However, 

as we are interested in sharp resonance peaks for high mass sensitivity of cantilevers, it is 

important to see the effects of damping.  

4.3  Measurement of damping: 

Damping can be represented using various terms like damping ratio, loss factor, and quality 

factor/amplification factor. Viscous damping is generally represented using the damping 

ratio. This is a material-dependent property that can be calculated from experiments. 

Damping ratio is given by: 

 
ζ =

𝐶

𝐶0
=

𝐶

2√𝐾𝑀
 

[4.9] 
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However, in structural damping, damping ratio, ζ is replaced by loss factor, 𝜂 at resonance. 

the relation between them can be approximated as:   

 𝜂 = 2ζ [4.10] 

Another measure of damping is the ‘Amplification factor’ or ‘Quality factor’. This is the 

reciprocal of loss factor and is defined by material properties alone as: 

 
𝑄 =

1

2ζ
=

√𝑀𝐾

𝐶
 

[4.11] 

 

 Damping ratio is presented as a fraction and describes systems in one of four states: 

i. Undamped: If ζ = 0, it is referred to an undamped model. The system vibrates 

without any decay in its vibration amplitude. 

ii. Underdamped: The system vibrates with its amplitude exponentially decreasing to 

zero. If 0 < ζ < 1, it is referred to an underdamped model.   

iii. Critically damped: This damping is just sufficient to prevent oscillations. If ζ = 1, 

it lies between underdamped and overdamped conditions and referred as critically 

damped model.  

iv. Overdamped: Here the system returns to equilibrium without any oscillations. If 

ζ > 1, it is referred to overdamped model. 

For continuous forced NR oscillations to occur, it has to be in the underdamped state. 

Therefore, simulations on damping of the nanowire would consider values in the range of  

0 < ζ < 1. 

4.4  Calculation of damping matrix 

 

Equation of motion for a structurally damped MDOF system, with N degrees of freedom, 

is given by: 

  
[𝑀]{�̈�(𝑡)} + 𝑖[𝐷}{𝑥(𝑡)} + [𝐾}{𝑥(𝑡)} = {𝑓(𝑡)} 

[4.12] 
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The only unknown value in the equation above is the damping matrix, [D]. A simple 

general way of calculating the damping matrix is ‘proportional damping’. This matrix is a 

linear combination of mass and stiffness matrices given as 

  

𝐷 = 𝛽[𝐾] + ϒ[𝑀] 
 

[4.13] 

The loss factor (η) of the material is a measure of damping [59] which is independent of the 

geometrical parameters of the structure and just depends on the material. 𝜂𝑟 is the structural 

damping loss factor for mode r for any selected vibrational frequency, ω𝑟 ,  and is related 

to 𝛽 & ϒ as: 

 
𝜂𝑟  = 𝛽 +

ϒ

�̅�𝑟
2
 

 

[4.141] 

For damping proportional to mass only, 𝛽 = 0 and the damping ratio becomes: 

 
𝜂𝑟  =

ϒ

�̅�𝑟
2
 

[4.15] 

 

For damping proportional to stiffness only, ϒ = 0 and the damping ratio becomes: 

 𝜂𝑟  = 𝛽 [4.16] 

�̅�𝑟
2 is the natural frequency of the undamped system and is given by: 

 
�̅�𝑟

2 =
𝑘𝑟

𝑚𝑟
 

[4.17] 

The rth eigen value of the damped system is given by: 

 𝜆𝑟
2 = �̅�𝑟

2(1 + 𝑖𝜂𝑟) [4.18] 

As discussed under the Section 4.2. that the damping in NRs dealt in this thesis depend 

only the stiffness matrix, Equation (4.16) is used in calculating the loss factor which is 

used to determine the damping ratio from Equation (4.10). Since the NR is in underdamped 

stage, 0 < ζ < 1 is considered to generate a frequency response function explained in 

Section 4.5. 
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4.5  Frequency response function (FRF) analysis 

Frequency response functions are generated to analyze how the system responds under 

given harmonic excitation conditions, i.e., the vibration frequency and amplitude of the 

system. 

Displacement (x(t)) and force vectors (f(t)) which are functions of space and time can 

be written as: 

 𝑥(𝑡) = 𝑋𝑒𝑖𝜔𝑡 [4.19] 

 𝑓(𝑡) = 𝐹𝑒𝑖𝜔𝑡 [4.20] 

The general equation of motion for damped MDOF system becomes: 

 ([𝐾] + 𝑖[𝐷] − 𝜔2[𝑀])𝑋𝑒𝑖𝜔𝑡 = 𝐹𝑒𝑖𝜔𝑡 [4.21] 

 
𝛼(𝜔) =

𝑋

𝐹
= ([𝐾] + 𝑖[𝐷] − 𝜔2[𝑀])−1 

[4.22] 

 

α(ω) is the FRF parameter and is called ‘Receptance.’ This is given by the ratio of 

amplitude and the force.  

For any DOF, j,k, and for any mode, r from 1 to N:  

 

𝛼𝑗𝑘(𝜔) = ∑
𝜑𝑗𝑟𝜑𝑘𝑟

(𝑘𝑟 − 𝜔2𝑚𝑟) + 𝑖(𝜂𝑟𝑘𝑟)

𝑁

𝑟=1

 

[4.23] 

 

The above equation can be mass-normalized and written as: 

 

𝛼𝑗𝑘(𝜔) = ∑
∅𝑗𝑟∅𝑘𝑟

𝜔𝑟
2 − 𝜔2 + 𝑖(𝜂𝑟𝜔𝑟

2)

𝑁

𝑟=1

 

[4.24] 

 

By plotting a curve using Equation (4.24), frequency and amplitude of the nanocantilever 

can be determined. Verification of Amplitude is discussed in the Section 4.6.  

4.6  Verification of values for amplitude 

FRF’s are generated for a unit force on the beam. For a 1N static force acting on the tip of 

the beam, i.e., = 1𝑒𝑖𝜔𝑡 & 𝜔 = 0 , the deflection, X is given by:  

  

X =
𝐿3

3𝐸𝐼
 

[4.25] 
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4.7  Simulation results and discussion 

The aforementioned expressions are implemented on MATLAB (code shown in 

Appendix D). In Chapter 3, the temperature profile is generated for 0 to 2.6mW of laser 

power absorbed by the NW.   

In the results below, first, the variation in Young’s modulus with respect to temperature 

is plotted to get the best fit curve equations for each of those temperature profiles generated. 

With this, distributed Young’s modulus in a NW for varying laser powers is determined. 

This is then used to calculate the change in resonance of the nanocantilever due to laser 

heating.  

Second, loss factors 𝜂 are assumed based on the underdamped condition where 

damping factor ζ should be in the range of 0 < ζ < 1, i.e., 0 < 𝜂 < 2. This is used to 

generate FRFs of NWs with both constant and distributed Young’s modulus. This focuses 

on the change in vibration amplitude of the NW due to damping. 

Finally, comparison of initial stiffer NWs with the laser heated softer NWs in terms of 

resonance frequency and amplitude is shown.  

4.7.1 Variation in Young’s modulus of the nanowire due to its temperature 

distribution 

Young’s modulus impacts the stiffness of the beam. Variation in Young’s modulus with 

respect to temperature is an important factor to be considered to calculate change in 

resonance of the beam due to laser heating. Young’s modulus values are taken from 

literature [60] for a range of temperatures between room and melting point. These values are 

used to plot variation of Young’s modulus in the temperature range of our interest for 

various laser power fractions. This is then used to find a best fit equation for Young’s 

modulus as a function of length of the NR.  
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Figure 4.5 (a) Variation of Young’s modulus with temperature; (b)Young’s modulus, 

E (in Pa) along the non-dimensional length (ξ) of SiNW 

 

Figure 4.5(a) shows the variation of Young’s modulus as a function of temperature for 

1.6 mW of laser power absorbed by the SiNW with a temperature difference of 819 K. 

Figure 4.5(b) shows the variation of Young’s modulus as a function of non-dimensional 

length, 𝜉 for conditions similar to those mentioned in Figure 4.5(a). 

The best fit curve equation for Young’s modulus, E, for 1.6 mW of laser power 

absorbed by the silicon NW along the non-dimensional length, ξ, is given by: 

  

𝐸 = −7.8𝑒 + 09𝜉4 + 6.1𝑒9𝜉3 − 5.3𝑒9𝜉2 − 1.2𝑒9𝜉 + 1.3𝑒11 

 

[4.26] 

4.7.2 Comparison of numerically calculated resonance with constant Young’s modulus 

and a distributed Young’s modulus 

Eigenvalues for both NW with constant E and NW with distributed E are calculated using 

Equation (4.7). These are plotted for varying values of 𝐷/𝐿2 to validate the results of 

calculated resonances. The generated profile is expected to be linear as the frequency 

equation of cantilever beams from Euler-Bernoulli derivation is expressed as [63]: 
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𝑓 =
𝛽𝑛

2

8𝜋
√

𝐸

𝜌

𝐷

𝐿2
 

[4.27] 

 

Where, 𝑓 is the frequency, 𝜌 is the density, 𝐷 is the diameter and 𝐿 is the length of the NW. 

𝛽𝑛 is the eigenvalue coefficient derived from the characteristic cantilever equation: 

𝑐𝑜𝑠ℎ(𝛽𝑛)𝑐𝑜𝑠(𝛽𝑛) + 1 = 0. It is seen from the equation that frequency should be linearly 

increasing with the ratio 𝐷/𝐿2. 

 

Figure 4.6 Variation of frequency with D/L2 for stiffer (unheated NW with constant E) 

and softer (heated NW with distributed E) nanowires 

 

Figure 4.6 is the plot describing how the frequency varies with 𝐷/𝐿2 for a stiffer nanowire 

(in red) compared to softer NW (in blue). This is plotted as a part of validating the results 

to show that frequency is linearly increasing with 𝐷/𝐿2 ratio for both the nanowires. It can 

also be shown that the frequency of a softer NW is less than that of a stiffer NW. 
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4.7.3 Calculation of resonance shift caused due to laser power   

Figure 4.7 clearly shows a frequency downshift with increasing laser heating (softening) 

of the NW. In this section, temperature profiles for various fractions of laser power 

absorbed are first taken from the calculations in Section 3.2.1. Then the variation in E of 

these NWs are calculated as shown in Section 4.7.1. With these results, the change in 

frequency of NWs due to laser heating is calculated and plotted against various fractions 

of laser power. Based on the data available for the temperature dependence of E, laser 

power absorbed in the range of 0 mW to 2 mW is considered. However, the exact amount 

of light absorbed by the nanowire during measurements is unknown and depends on the 

optical properties of the material and wavelength of laser.   

 

Figure 4.7 Shift in Resonance frequency with amount of light absorbed by the SiNW 

 

From the Figure 4.7, it is seen that there is 0.22% of frequency shift (1st mode) for 2mW 

of laser power absorbed, that is when the temperature difference will be approximately 

1069 K. This shift is mode dependent and increases with higher harmonics.   

 
∆𝐹% = (

𝐹𝐷𝐸 − 𝐹𝐶𝐸

𝐹𝐶𝐸
) ∗ 100 

[4.28] 
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Where, ΔF is the shift in frequency, 𝐹𝐷𝐸 is the numerically calculated frequency with 

distributed Young’s modulus and 𝐹𝐶𝐸 is the frequency with constant Young’s modulus. 

4.7.4 FRF for a constant Young’s modulus, E, having a constant loss factor, η: 

As discussed in previous chapters, the mass attached to the resonator will lower the 

resonance frequency of the NR. However, the frequency shift depends not only on the 

attached mass, but also on the position of attached particles and the vibration amplitude of 

the resonator [34]. Therefore, it is important to accurately know the position of the particle 

and amplitude of the resonator.  

Also, during the frequency measurements, if the vibration amplitude of the resonator is  

 

Figure 4.8 FRF of a NW at room temperature with different values of constant loss 

factor 

too small, the resonance peak cannot be detected. In this section, we show how the 

frequency and amplitude change with the increase of damping.  

     The loss factor is varied from (0.2% to 0.9%) *2 (for the underdamped case) and the 

variation of amplitude is seen. Loss factor value less than 0.2% *2 is not shown in the plot 

(Figure 4.8) due to large variation in amplitude (which cannot be captured properly in the 

graph). The relation of the amplitude to the loss factor is seen in Figure 4.9, in which we 

see that the reduction in amplitude decreases with increase in loss factor. 
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Figure 4.9 Variation of amplitude with increase in loss factor (Q-1). 

 

Amplitude A decreases with increase in loss factor , with a steeper curve in the beginning 

than at the end. A power-law with exponent -1 provides an excellent fit, as seen in Figure 

4.9. The curve is thus seen to be the hyperbola: 

 𝐴 = 21.86/𝜂 [4.29] 

 

For force measured in nano-Newtons, amplitude is measured in nanometres, as shown.  

4.7.5 FRF for a distributed Young’s modulus, E, and distributed loss factor, η: 

It is reported in the literature that the quality factor (Q) of silicon resonators 

decreases with increase in temperature [56], [61]. Therefore, the loss factor which is inversely 

proportional to Q (shown in Equation (4.11)) increases with increase in temperature of the 

NW. A laser-heated nanowire will have a distributed Young’s modulus as well as a 

distributed loss factor. Since the exact value of loss factor is unknown, a variation in loss 

factor according to variation in temperature of the laser heated NW is considered.  
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Figure 4.10, values of loss factor  for the laser heated NW are higher than for the 

unheated NW, and have a temperature-dependent distribution along the NW; i.e. if a NW  

of constant E has a η value of 0.2% *2, then the NW of varying E may have a η value of 

(0.2 to 0.3 %) *2. We observe from the graph that the amplitude decreases for higher 

average loss factor. Despite the fact that the graph looks similar to the Figure 4.9, we note 

that the resonance frequency is shifted from its natural frequency by kHz due to laser 

heating. 

 

 

Figure 4.10 FRF of NW with varying E and a distributed loss factor 

 

Measurement of internal material damping is crucial in studying the dynamic properties of 

a structure. This analysis can be used during nanoresonator design, to decide on the 

minimum gap between the substrate and the NR. This can also potentially serve as a method 

to determine material damping in resonators due to variation in temperatures, for a known 

value of resonant amplitude from experiments. 
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4.7.6 Comparison of FRF for a distributed Young’s modulus, E, with both 

constant and a distributed loss factor, η 

What would be the difference if a constant loss factor (η) is considered instead of a 

distributed η? In this section, variation of amplitude in terms of both constant loss factor 

and a distributed loss factor for a heated nanowire whose stiffness is varying along its 

length is seen in the Figure 4.11 

 

 

Figure 4.11 FRF showing the difference between a constant and varying loss factors 

for nanowire with distributed Young’s modulus 

4.7.7 Comparison of FRF of a stiffer nanowire with a softer nanowire:  

In Figure 4.12, a NW at room temperature with constant Young’s modulus and damping 

coefficient, is compared with a heated nanowire whose stiffness and damping coefficient 

is varying along its length. 
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We see that the softer nanowire has a lower resonance frequency and a reduction in 

amplitude due to increased damping with increase in temperature. 

  

 

Figure 4.12 Comparison of stiffer NW with Softer NW 

 

One might argue that the amplitude of a softer wire is always higher than the stiffer wire. 

It is certainly true that as the stiffness of the structure decreases, the amplitude increases. 

However, we are not considering two NWs with a large difference in the E value. E of laser 

heated NW varies along the length of it, however, it is still the same at the clamped end. 

Figure 4.13 shows how the amplitude varies for NWs with different values of E. In the 

Figure 4.12, amplitude of the relatively soft nanowire due to laser heating is less than the 

unheated nanowire because of the effect of internal damping. 
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Figure 4.13 Change in amplitude of NWs with different Young’s modulus E 

 

This is to show that the variation in frequency and amplitude will be due to both stiffness 

and damping of the NR.  
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Chapter 5: Euler-Bernoulli Derivation for a beam of 

varying Young’s Modulus and a mass added at the tip 

 

As discussed in previous chapters, absorption of laser power produces a temperature 

distribution inside the NW. This causes the Young’s modulus to vary along the length of 

the NW. Euler-Bernoulli framework gives an analytical beam equation to calculate the 

frequency of a beam with uniform Young’s modulus. However, as shown in Chapter 4, 

modal analysis based on discretizing the beam into elements is the only method to calculate 

frequencies of a beam with non-uniform Young’s modulus. So, in this chapter, a method 

using a Semi-analytical Equation is derived to enable calculation of frequencies of a beam 

with empirical information on the variation of Young’s modulus.  

The method derived is compared, initially, with three other methods which are: Modal 

analysis (Equation 4.1 in chapter 4), Euler-Bernoulli Equation (E-B) (Equation 5.38), 

and the Blevins fundamental frequency equation [62] (Equation5.41). We show that the 

Semi-analytical method derived in this chapter is the most accurate among these methods. 

 Second, this derivation is extended to calculate the frequency of a beam with a mass 

attached at its tip. This is shown to be a reliable method to calculate the frequency shift of 

a heated NR (varying E) due to an attached mass. A single-degree-of freedom (1DOF) 

model (Equation 5.43) which is the simplest and most frequently used model in literature, 

implicitly assumes the mass to be uniformly distributed along the length of the beam. The 

Semi-analytical Method is compared with each of the three other methods as well as with 

the 1DOF equation for calculating the attached mass based on frequency shift. This 

quantifies why Semi-analytical method should be used instead of other methods for 

accurate mass measurements.  

5.1  Derivation of general form of theoretical resonance frequency 

Consider the transverse vibrations of a beam in the x-y plane as shown in the Figure (5.1) 

of length L, which is subjected to transverse loading. The general equation of motion for 

transverse vibrations of a beam is given by [63]: 
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Figure 5.1 Transverse vibrations of a beam in the x-y plane 

 

 

 

 

𝜕2

𝜕𝑥2
[𝐸(𝑥)𝐼(𝑥)

𝜕2𝜗

𝜕𝑥2
] 𝑑𝑥 + 𝑚(𝑥)𝑑𝑥

𝜕2𝜗

𝜕𝑡2
= 𝑓(𝑥, 𝑡) 

 

[5.1] 

 

E is the Young’s modulus of the beam, I is moment of inertia, and product 𝐸(𝑥)𝐼(𝑥) gives 

the flexural rigidity of the beam. 𝜗 is the deflection and f being the force acting on the beam 

along the x direction in time t. 𝑚(𝑥) = ρ(x)A(x) represents the mass per unit length of the 

beam which is equal to the density times cross-sectional area of the beam. 

For free vibrations, the force, 𝑓(𝑥, 𝑡) = 0 and the deflection, which is a function of space 

and time can be written as [63]: 

 𝜗(𝑥, 𝑡) = 𝑋(𝑥)𝑒𝑖𝜔𝑡 [5.2] 

where, ω is the angular frequency in radians/second and X(x) is the mode shape. By 

substituting this in the Eq. (5.1), we can write: 

 𝑑2

𝑑𝑥2
[𝐸(𝑥)𝐼(𝑥)

𝑑2𝑋

𝑑𝑥2
] − 𝑚(𝑥)𝜔2𝑋 = 0; 0 ≤ 𝑥 ≤ 𝐿 

[5.3] 

 

By introducing non-dimensional lengths, 𝜉, and a parameter 𝑘 for a later convenience: 

 

 𝜉 =
𝑥

𝐿
 𝑎𝑛𝑑 𝑘 = 𝜔2𝐿4 [5.4] 

With these parameters, Eq. (5.3) can be written as: 
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 𝑑2

𝑑𝜉2
[𝐸(𝜉)𝐼(𝜉)

𝑑2𝑋

𝑑𝜉2
] − 𝑘𝑚(𝜉)𝑋 = 0; 0 ≤ 𝜉 ≤ 1 

[5.5] 

 

For a beam of uniform stiffness, this equation becomes: 

 

 
𝐸𝐼 [ 

𝑑4𝑋

𝑑𝜉4
] − 𝑘𝑚(𝜉)𝑋 = 0; 0 ≤ 𝜉 ≤ 1 

[5.6] 

 

However, for a beam whose temperature is rising due to induced laser power, mechanical 

properties such as the Young’s modulus vary along the beam and hence the equation must 

be re-written accordingly and is shown in Section 5.2. 

Variation in Young’s modulus of the Silicon nanocantilever for a laser power of 1.6mW is 

given by Equation 4.26.: 

𝐸 = −7.8𝑒9𝜉4 + 6.1𝑒9𝜉3 − 5.3𝑒9𝜉2 − 1.2𝑒9𝜉 + 1.3𝑒11 

5.2  Derivation of theoretical resonance frequency with varying stiffness 

 

For a beam with a constant moment of inertia and a mass density but with varying 

Young’s modulus, we write the equation as: 

 
𝐼

𝑑2

𝑑𝜉2
[𝐸(𝜉)

𝑑2𝑋

𝑑𝜉2
] − 𝑘𝑚𝑋 = 0; 0 ≤ 𝜉 ≤ 1 

[5.7] 

 

Several researchers have worked on various methods using closed form solution [64], non-

uniform power series [65], Fredholm integrals [65], for isotropic beams with varying cross-

sections [66], non-uniform beams with varying material density and elastic modulus [64], [65]. 

This work follows the numerical procedure using Fredholm integrals [65], and is built on it 

to find the frequency of a beam with varying stiffness and a mass attached at the tip.  

 

The above Eq. (5.7) is integrated 4 times with respect to 𝜉 from 0 𝑡𝑜 𝜉 using Fredholm 

integral equations and the resulting equation is written as: 
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𝑬(𝝃)𝑰𝑿(𝝃) + 𝑰(𝒔) ∫ [𝑬′′(𝒔)(𝝃 − 𝒔) − 𝟐𝑬′(𝒔) −

𝟏

𝟔
𝒌𝒎(𝝃 − 𝒔)𝟑]

𝝃

𝟎

𝑿(𝒔)𝒅𝒔 =
𝒄𝟏

𝟔
𝝃𝟑 +

𝒄𝟐

𝟐
𝝃𝟐 + 𝒄𝟑𝝃 + 𝒄𝟒 

 

[5.8] 

To calculate the four constants in the Eq. (5.8), four boundary conditions of the cantilever 

beam are required which is shown in the following section. 

5.2.1 Boundary conditions of the nanocantilever 

 

For a beam clamped at one end, 𝜉 = 0, and free at the other end 𝜉 = 1, we have, 

Deflection (X), slope (ϴ), Bending Moment (M) and the shear force (Q) as: 

 𝐴𝑡 𝜉 = 0;  𝑋 = 0 & ϴ = 0 [5.9] 

  𝐴𝑡 𝜉 = 1;  𝑀 = 0 & Q = 0 [5.10] 

Based on the equations (5.9) and (5.10), we can calculate the coefficients c1, c2, c3, and c4 

as: 

 
𝐶1 = −𝑘 ∫ 𝑚(𝑠)

1

0

𝑋(𝑠)𝑑𝑠 
[5.11] 

 
𝐶2 = −𝑘 ∫ (1 − 𝑠)𝑚(𝑠)

1

0

𝑊(𝑠)𝑑𝑠 + 𝑘 ∫ 𝑚(𝑠)
1

0

𝑋(𝑠)𝑑𝑠 
[5.12] 

 𝐶3 = 𝐶4 = 0 [5.13] 

By using these conditions in the Eq. (5.8), we get the integral equation: 

 
𝐸(𝜉)𝐼𝑋(𝜉) + ∫ 𝐾1(𝜉, 𝑠)

𝜉

0

𝑋(𝑠)𝑑𝑠 + 𝑘 ∫ 𝐾2(𝜉, 𝑠)
1

0

𝑋(𝑠)𝑑𝑠 = 0 
[5.14] 

 

Where K1 & K2 are given by: 

 𝐾1(𝜉, 𝑠) = 𝐼𝐸′′(𝑠)(𝜉 − 𝑠) − 2𝐼𝐸′(𝑠) [5.15] 

 

𝐾2(𝜉, 𝑠) = {

1

6
𝑚𝑠2(𝑠 − 3𝜉) ; 0 ≤ 𝑠 ≤ 𝜉

1

6
𝑚𝜉2(𝜉 − 3𝑠) ; 𝜉 < 𝑠 ≤ 1

 

 

[5.16] 
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By substituting Equations.  (5.15) & (5.16) in the above Eq. (5.12), natural frequencies 

of the beam can be obtained. However, the mode shapes 𝑋(𝜉) are unknown and can be 

obtained by expanding it as power series: 

 

𝑋(𝜉) = ∑ 𝑐𝑁𝜉𝑁

𝑛+1

𝑁=1

 

[5.17] 

Where, 𝑐𝑁 are the unknown coefficients with n as a positive number chosen large enough 

to have a negligible error. By substituting this in the Eq. (5.14), we get: 

 

∑ 𝑐𝑁𝜉𝑁

𝑛+1

𝑁=1

𝐸(𝜉)𝐼 + ∑ 𝑐𝑁

𝑛+1

𝑁=1

∫ 𝐾1(𝜉, 𝑠)
1

0

𝑠𝑁𝑑𝑠 + 𝑘 ∑ 𝑐𝑁

𝑛+1

𝑁=1

∫ 𝐾2(𝜉, 𝑠)
1

0

𝑠𝑁𝑑𝑠 = 0 
[5.18] 

 

If this equation is multiplied by 𝜉𝑀and integrated with respect to 𝜉 𝑓𝑟𝑜𝑚 0 𝑡𝑜 1, we get, 

 

∑(𝑒𝑀𝑁 +

𝑛+1

𝑁=1

𝐾1𝑀𝑁 + 𝑘𝐾2𝑀𝑁)𝑐𝑁 = 0;𝑤ℎ𝑒𝑟𝑒,𝑀 = 1,2… . (𝑛 + 1) 

[5.19] 

 Where, 

 
𝑒𝑀𝑁 = 𝐼 ∫ 𝜉𝑀+𝑁𝐸(𝜉)𝑑𝜉

1

0

 
[5.20] 

 

 
𝐾𝑗𝑀𝑁 = ∫ ∫ 𝐾𝑗(

1

0

𝜉, 𝑠)𝜉𝑀𝑠𝑁𝑑𝑠𝑑𝜉;      𝑗 = 1,2
1

0

 

 

[5.21] 

Natural frequencies from k, can be obtained by substituting Eqns. (5.20) & (5.21) in Eq. 

(5.19) and equating the determinant of the co-efficient matrix to 0. 

 det(𝑒𝑀𝑁 + 𝐾1𝑀𝑁 + 𝑘𝐾2𝑀𝑁) = 0 

 

[5.22] 

The k obtained from this equation is substituted back in the Eq. (5.19) to obtain mode 

shapes of the beam. With this, frequency of a beam with varying Young’s modulus can be 

determined. In the next section, a mass is attached to the tip of the beam, and the equations 

are derived to calculate the frequency of it. 



 

 

50 

5.3  Calculation of resonance with an attached mass 

Consider a mass attached at the tip of the sensor, whose frequency is to be calculated. The 

boundary conditions of the cantilever sensor will be as follows: 

5.3.1 Boundary conditions of the nanocantilever with an attached mass  

For a beam clamped at one end, 𝜉 = 0, and free at the other end 𝜉 = 1, we have, 

Deflection (W), slope (ϴ), Bending Moment (M) and the shear force (Q) as: 

 

 𝐴𝑡 𝜉 = 0;  𝑋 = 0 & ϴ = 0 

 

[5.23] 

  𝐴𝑡 𝜉 = 1;  𝑀 = 0  &  Q = 𝐿3𝑚0𝜔
2𝑋(𝜉) [5.24] 

   

Based on the equations (5.23) and (5.24), we can calculate the coefficients C1, to C4 of 

equation (5.8) as: 

 
𝐶1 = 𝐿3𝑚0𝜔

2𝑋(𝜉 = 1) − 𝑘 ∫ 𝑚(𝑠)
1

0

𝑋(𝑠)𝑑𝑠 
[5.25] 

   

 
𝐶2 = 𝑘 ∫ (𝑠)𝑚(𝑠)

1

0

𝑊(𝑠)𝑑𝑠 − 𝐿3𝑚0𝜔
2𝑋(𝜉 = 1) 

[5.26] 

 𝐶3 = 𝐶4 = 0 [5.27] 

By using these conditions in the Eq. (5.8), we get the integral equation as: 

 
𝐸(𝜉)𝐼𝑋(𝜉) + ∫ 𝐾1(𝜉, 𝑠)

𝜉

0

𝑋(𝑠)𝑑𝑠 + 𝑘 ∫ 𝐾2(𝜉, 𝑠)
1

0

𝑋(𝑠)𝑑𝑠 + 𝑘𝐾3(𝜉) = 0 
[5.28] 

 

Where K1 & K2 are given by: 

 𝐾1(𝜉, 𝑠) = 𝐼𝐸′′(𝑠)(𝜉 − 𝑠) − 2𝐼𝐸′(𝑠) [5.29] 

 

𝐾2(𝜉, 𝑠) = {

1

6
𝑚𝑠2(𝑠 − 3𝜉) ; 0 ≤ 𝑠 ≤ 𝜉

1

6
𝑚𝜉2(𝜉 − 3𝑠) ; 𝜉 < 𝑠 ≤ 1

 

 

[5.30] 
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𝐾3(𝜉) =

1

6𝐿
𝜉2(3 − 𝜉)𝑚0𝑋 

[5.31] 

By substituting the coefficients in the Eq. (5.8), natural frequencies of the beam can be 

obtained. However, the mode shapes 𝑋(𝜉) are unknown and can be obtained by expanding 

it as power series: 

 

𝑋(𝜉) = ∑ 𝑐𝑁𝜉𝑁

𝑛+1

𝑁=1

 

[5.32] 

 

By substituting this in the Eq. (5.28), we get: 

 

∑ 𝑐𝑁𝜉𝑁

𝑛+1

𝑁=1

𝐸(𝜉)𝐼 + ∑ 𝑐𝑁

𝑛+1

𝑁=1

∫ 𝐾1(𝜉, 𝑠)
1

0

𝑠𝑁𝑑𝑠 + 𝑘 ∑ 𝑐𝑁

𝑛+1

𝑁=1

∫ 𝐾2(𝜉, 𝑠)
1

0

𝑠𝑁𝑑𝑠

= 𝑘𝑐𝑁+1𝜉
𝑁+1

1

6𝐿
𝜉2(3 − 𝜉)𝑚0 

[5.33] 

 

If this equation is multiplied by 𝜉𝑀and integrated with respect to 𝜉 𝑓𝑟𝑜𝑚 0 𝑡𝑜 1, we 

get,  

 

∑(𝑒𝑀𝑁 +

𝑛+1

𝑁=1

𝐾1𝑀𝑁 + 𝑘(𝐾
2𝑀𝑁

+ 𝑚0𝐾3𝑀𝑁))𝑐𝑁 = 0;   𝑀 = 1,2… . (𝑛 + 1) 

[5.34] 

 

Where, 

 
𝑒𝑀𝑁 = 𝐼 ∫ 𝜉𝑀+𝑁𝐸(𝜉)𝑑𝜉

1

0

 
[5.35] 

 

 
𝐾𝑗𝑀𝑁 = ∫ ∫ 𝐾𝑗(

1

0

𝜉, 𝑠)𝜉𝑀𝑠𝑁𝑑𝑠𝑑𝜉;      𝑗 = 1,2
1

0

 
[5.36] 

 

 
𝐾3𝑀 = ∫

1

6𝐿
𝜉2(3 − 𝜉)

1

0

𝜉𝑀+𝑁𝑑𝜉 

 

[5.37] 

Natural frequencies can be obtained by finding a non-trivial solution for the Eq. (5.34)  
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5.4  Simulation results and discussion 

In this section, Equations from the Semi-analytical method above are implemented in 

MATLAB (shown in Appendix E) to generate frequencies of beams with both uniform and 

non-uniform E. 

5.4.1 Comparison of non-dimensional natural frequencies for a beam of uniform 

Young’s modulus 

 

In this sub-section, results for beams of uniform E are considered to which the 

Euler-Bernoulli equations are applicable. This is done to validate the current results against 

already proven Euler-Bernoulli equation and modal analysis results. Natural frequencies 

of a homogenous (uniform Young’s modulus) silicon cantilever can be calculated using 

the Euler-Bernoulli  equation [63]: 

 

𝑓 =
𝛽𝑛

2

8𝜋
√

𝐸

𝜌

𝐷

𝐿2
 

[5.38] 

Table 1: Comparing the non-dimensional natural frequencies, ωND, of Semi-

analytical simulation results against Modal analysis, Euler-Bernoulli and 

Fundamental frequency Equation for a beam of uniform stiffness  

 

Modes 

Semi-analytical 

simulation 

Modal analysis 

simulation 

(Equation 4.1) 

Euler-Bernoulli 

equation  

(Equation 5.38) 

Fundamental 

frequency Eqn. 

(Equation5.41) 

1 3.51601 3.51601 3.51601 3.53553 

2 22.0345 22.0345 22.0345 - 

3 61.6972 61.6972 61.6972 - 

4 120.9020 120.9020 120.9020 - 

 

Non-dimensional natural frequencies of this silicon cantilever with uniform stiffness were 

calculated for the first four modes using the above equations from Semi-analytical method 

in this chapter. Semi-analytical method expands the modes shapes using power series with 

10th order of polynomial (Equation 5.32); Modal analysis simulation was carried out by 

discretizing the beam into 100 elements. However, lower modes require lower orders of 
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polynomial or fewer elements for Semi-analytical method, and Modal analysis respectively 

to get the same accuracy. These results are compared against modal analysis simulation 

(using equation 4.1), Euler-Bernoulli  equation (using equation 5.38), and fundamental 

frequency Eqn. [62] (Equation5.41) and shown in Table 1. The non-dimensional natural 

frequencies (𝜔𝑁𝐷) are calculated as: 

 

𝜔𝑁𝐷 = 𝜔𝐿2√
𝜌𝐴𝑐

𝐸𝐼
 

[5.39] 

5.4.2 Relative frequency shift for varying fractions of laser power due to 

distributed Young’s modulus, E  

As the laser power is absorbed by the nanowire during its resonance measurements, we see 

a distributed temperature along its length. With these values of temperatures, Young’s  

 

 

Figure 5.2 Relative frequency shift due to absorption of laser power 

 

modulus E is calculated as a function of length for varying fractions of laser power from 

0.2 mW to 2 mW and the resonance is calculated accordingly. The effect of laser heating 
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on the resonance shift of Si cantilever is shown in Section 4.7.3. Here the results are 

validated by showing resonance shift for the first are second modes due to laser absorption. 

It is plotted in the Figure 5.2. 

Relative resonance shift percentage is calculated as: 

 
∆𝐹% = (

𝐹𝐷𝐸 − 𝐹𝐶𝐸

𝐹𝐶𝐸
) ∗ 100 

[5.40] 

5.4.3 Effective stiffness of the laser heated beam 

When a SiNW with a uniform Young’s modulus E of 130 GPa [67] is heated by various 

fractions of laser power, its stiffness decreases, and the NW will have a distributed Young’s 

modulus along its length, based on which the resonance shifts. However, correction factor 

can be given by calculating the effective modulus, 𝐸𝑒𝑓𝑓 given in the Table 2 below: 

 

Table 2: Effective Young’s modulus E value for varying fractions of laser power 

Sl. Num laser power (mW) 

Effective E for heated SiNW 

(in Pa) 

1 0.2 1.29918E+11 

2 0.4 1.29840E+11 

3 0.6 1.29771E+11 

4 0.8 1.29686E+11 

5 1 1.29632E+11 

6 1.2 1.29568E+11 

7 1.4 1.29532E+11 

8 1.6 1.29499E+11 

9 1.8 1.29463E+11 

10 2 1.29448E+11 

 

To calculate the effective modulus, 𝐸𝑒𝑓𝑓 frequency of a beam with varying E, generated 

using Semi-analytical method is substituted in the Euler-Bernoulli equation (Equation 

5.38). The temperature difference between the clamped and free tips of the NW at 2mW  
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Figure 5.3 For 2mW of laser power absorbed, (a) Variation in temperature of the NW and 

(b) Variation in E of the NW  

 

is 1068K. However, in the Table 2, we see that the deviation in effective E is very small 

from the E at room temperature (130 GPa) even for the highest laser power of 2mW. Does 

a given length of beam near the rigidly clamped end contribute more to the overall stiffness 

than the same length near the free tip?  To answer this question, we considered the stiffness 

dependence on distance of the NW Section from the clamped end.  As shown Table 3 

shows calculated frequencies for three test distributions of Young’s modulus E(x). A NW 

with base temperature 1000C greater than the surrounding temperature and which absorbs 
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2mW of laser power is considered (Figure 5.3 (a)). Variation of E along its length is plotted 

in (Figure 5.3 (b)). Columns in Table 3 show frequencies calculated for: 

E1(x): E(x) calculated at each NW section, from the temperature distribution. (shown by 

the curve through points 1-2-3 (Figure 5.3(b)). 

E2(x): E(x) taken as in E1, from clamped end to the mid point, and then set to a constant 

value from mid point of the beam (so as to test the effect of making half of the beam close 

to the free end have a higher modulus than the true value), shown by the curve 1-2-3’ 

(Figure 5.3(b)) 

E3(x): E(x) values are made constant along the length of the nanobeam using the value of 

E from the midpoint of the NW (so as to test the effect of make E lower for the first half 

between clamped end and mid point, and higher as in the second case from mid point to 

free end). shown by the curve 1’-2-3’(Figure 5.3(b)) 

Table 3: Calculated frequencies (Hz) of NW with assumed modulus distributions E1(x), E2(x) 

and E3 (x) as described in the text. 

S. No. Laser power (mW) f (E1(x))  f (E2(x)) f (E3(x)) 

1 0.2 1.14546e+07 1.14548e+07 1.14454e+07 

2 0.4 1.14493e+07 1.14497e+07 1.14301e+07 

3 0.6 1.14441e+07 1.14447e+07 1.14140e+07 

4 0.8 1.14390e+07 1.14399e+07 1.13973e+07 

5 1 1.14342e+07 1.14355e+07 1.13806e+07 

6 1.2 1.14300e+07 1.14317e+07 1.13649e+07 

7 1.4 1.14266e+07 1.14289e+07 1.13513e+07 

8 1.6 1.14244e+07 1.14271e+07 1.13409e+07 

9 1.8 1.14234e+07 1.14265e+07 1.13345e+07 

10 2 1.14236e+07 1.14271e+07 1.13324e+07 

Comparing values for 2 mW (last row, #10 in Table 3), the effect of artificially increasing 

the modulus for the unclamped half of the beam (Case E2) is overshadowed by the effect 

of artificially decreasing the modulus for the clamped half. This shows that the change in 
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overall stiffness (frequency) is dominated by stiffness at the clamped end rather than the 

free end.   

5.4.4 Resonance shift due to attached mass at tip of the cantilever 

 

A cantilever with different masses (∆m) of 0, 3e-18 Kg and 3e-17 kg attached at its tip is 

considered and below is the image (Figure 5.4) showing how the resonance downshifts 

with the mass attached at the tip of the cantilever. However, a decrease in amplitude is also 

observed with an addition of mass. 

 

Figure 5.4 Resonance shift due to attached mass at the tip of the cantilever 
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Frequency downshifts with an addition of a mass as shown in the Figure 5.4. However, 

this value does not match with the frequency shift calculated using the 1DOF equation 

(Equation 5.43), which will be discussed in the Section 5.4.6. 

5.4.5 Resonance shift due to mass attached at different locations of the cantilever 

Resonance shift for a mass attached at different locations compared to a beam with no 

mass attached is seen in the picture below (Figure 5.5).  We observe that the frequency 

shift is larger when the mass is attached close to the tip and decreases as it is attached away 

from the tip. 

 

Figure 5.5 Resonance shift due to mass attached at different locations of the cantilever 
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Using the 1DOF equation is equivalent to assuming that the mass is uniformly distributed 

along the length of the NR. Considering the position of the mass attached can give accurate 

calculations. 

5.4.6 Comparison of frequency shift between Euler-Bernoulli, Semi-analytical, 

and the modal analysis models  

 

Resonance frequency of a beam with a mass attached at the tip is compared for four 

methods listed below: 

  

1. An equation for the fundamental frequency of uniform beams with concentrated 

masses at the tip is given by [47]: 

 
𝑓 =

1

2𝜋
[

3𝐸𝐼

𝐿3(𝑚 + 0.24𝑚0
]

1
2⁄

 
[5.41] 

 

2. Semi-analytical method is the method derived in this chapter.  

3. The equation solved using modal analysis is given by  

 
𝑓 =

1

2𝜋
[
𝐾

𝑚
]

1
2⁄

 

 

[5.42] 

where, K is the stiffness of the beam. 

4. A general expression relating frequency shift to added mass is obtained  by taking 

the derivative of Eq. (5.42) and is given by: 

 Δf

𝑓
= −

1

2

Δ𝑚

𝑚
 

[5.43] 

This 1 DOF expression considers the mass to be uniformly distributed along the cross-

Section of the beam. 

 

Resonant frequencies of a beam with a mass of 3E-18 Kg attached at the tip are compared 

against 4 methods shown in Table 4, for three modes.. Resonance shift is given by the 

difference between the frequency of a beam with no mass attached and a beam with a mass 

attached. 
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 ∆𝑓 = 𝑓1 − 𝑓2 [5.44] 

𝑓1 - frequency of a beam with no mass attached 

𝑓2 - frequency of a beam with a mass of 3E-18 (Kg) attached at the tip of the cantilever 

 

Table 4: Resonance frequency of a beam with a mass of 3E-18 Kg attached at the tip 

of the cantilever 

Methods Mode 1 Mode 2 Mode 3 

Blevins fundamental frequency 

Eqn. (Equation 5.41) 

1.163E+07 - - 

Semi-analytical (Section 5.3) 1.158E+07 6.58E+07 1.36E+08 

Modal analysis (Equation 5.42) 1.157E+07 7.25E+07 2.03E+08 

1DOF equation (Equation 5.43) 1.160E+07 - - 

 

 

Figure 5.6 Comparison of frequency shift due to attached mass using 4 methods 

 

Frequency shift of the NR due to a mass (3E-18 Kg) attached is compared for the 4 methods 

explained (Table 4: Resonance frequency of a beam with a mass of 3E-18 Kg attached at 
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the tip of the cantilever. Similarly, it is plotted for varying masses attached at the tip of the 

NR in the Figure 5.6. 

This clearly shows that frequency shifts linearly with the attached mass. However, the 

shifts calculated using various methods are different and therefore, a method that is closely 

comparable to the Euler-Bernoulli equation (Equation 5.38) should be considered. This is 

very important for accurate mass measurements in mass sensing applications.  

The 1DOF model, which is a well-established method, considers the mass to be uniformly 

distributed along the length of the NR. Consideration of location of the mass on the NR is 

important and is shown in the Figure 5.5. Blevins fundamental frequency equation shows 

a deviation of 1% from the E-B equation, when it is used to calculate the frequency of a 

beam without an attached mass. Enhanced E-B equation is more accurate than the modal 

analysis as shown in Table 1, when compared with the E-B equation. It quantifies the use 

of Enhanced E-B method over other methods. 

5.5  Conclusion: 

 

This chapter presents a derivation of a semi-analytical method to calculate frequencies of 

a nanobeam with varying Young’s modulus (E) along its length. The results are compared 

against modal analysis and Euler-Bernoulli methods and the derived method is proved to 

be more accurate than the other methods described in the chapter and is very closely 

comparable to the Euler-Bernoulli equation for a beam of uniform E. 

 

This derivation is further extended to calculate frequency of the nanocantilever with a mass 

attached at the tip of it. The frequency shifts due to different masses attached at the tip are 

calculated and compared against the other 4 methods described in the chapter. Using modal 

analysis, the resonance shift for masses attached at various points along the beam is 

presented. This shows that the assumption of a mass as uniformly distributed along the 

beam (based on 1DOF equation explained in the chapter) is a very rough approximation. 

The results for 4 different methods (Semi-analytical method, modal analysis, Blevins 

fundamental frequency equation and the 1DOF equation) are compared against the Euler-
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Bernoulli method and the results for the Semi-analytical method are closest to those from 

the Euler-Bernoulli calculated values, for a beam of uniform stiffness and no attached mass.  
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Chapter 6: Conclusions and Future work 

 

Nanocantilevers, with picogram level mass and resonance frequency in the MHz range, 

allow detection of added mass in the attogram range. Resonance frequency measurement 

is therefore an attractive method for molecular mass sensing. Ideally, for a given cantilever, 

the measured resonance frequency shift should depend solely on the attached mass without 

the influence of measurement method or other factors. Softening of the nanowire due to 

laser heating will lead to reduction in mass resolution and may also deform the nanowire. 

This thesis quantifies the frequency shift due to thermal laser-nanowire interaction.   

 

In this thesis, the finite difference method is employed to calculate the temperature 

distribution of the nanowire, with convective and radiative boundary conditions. A semi-

analytical method as an extension to Euler-Bernoulli framework for simple beam theory is 

derived to calculate the mass attached to a beam of varying stiffness.  

 

The main conclusions of this thesis are: 

1. For the NWs considered (made of Si, with length L = 6μm, diameter d = 400nm), 

the rate of thermal energy coupled into the NW (q) was varied and the temperature 

distribution calculated using a radiative boundary condition. The calculation 

predicts tip temperature would exceed the melting point for q = 2.6 mW.  

2. The temperature distribution due to laser heating can cause a significant shift in the 

resonance frequency of NWs. As an example, for the NWs studied, results show 

that thermal energy rate, q = 2 mW can cause a relative frequency shift of 2400 

ppm compared to 1-10 ppm or less due to minimum resolvable added mass. Small 

fluctuations in laser power could therefore create significant noise in frequency-

based instruments.  

3. Resonance amplitude calculations based on structural damping show that there can 

be about 77% reduction in amplitude between the least (0.1) and the highest (0.9) 

damping values. These values can help select the gap between the NR and the 

substrate, if the applied force is known. 
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4. This work includes the derivation of a Semi-analytical method, the only one known 

to the author that enables calculation of the resonance frequency of a cantilever 

beam of varying stiffness with a mass attached to its tip. Results obtained from this 

method for an unloaded, constant stiffness beam, are closely comparable to the 

value from the Euler-Bernoulli equation. 

5.  An effective Young’s modulus value is calculated based on the derived Semi-

analytical method, to obtain the frequency of the NW for a given laser power. 

6. The capabilities listed in points 4 and 5 above could allow for correction to added 

mass calculated from measured resonant frequency. 

 

Future work: 

 

The investigations that would be useful to pursue in future are listed below: 

1. Although the temperatures were calculated by assuming various values of coupled 

laser power, there is a need to measure and quantify the coupled laser power. A 

model to do so would likely use the wavelength of light and spot size of the laser, 

camera sensitivity, polarization of light, angle between incident light and the NW, 

optical properties of silicon etc. Knowledge of Maxwell’s equations and Mie 

theory could be useful in calculating the thermal energy input to the NW. 

2. Temperature distribution of the NW were calculated only for the case where the 

laser is focused on the end. Different points on the nanowire may be considered 

for the laser to be focused on and the variation in temperature profile should be 

studied.  

3. Since the laser intensity presents a ‘Gaussian power profile’, the part of the NW 

intercepting the laser beam is to be considered for an accurate estimate of 

temperature profile. Experimental validation of frequency shift based on variation 

in laser power should be used to compare results that are calculated numerically. 

4. Damping factor in this work was assumed in the range of 0.1 to 0.9 so as to be in 

the underdamped state. However, the exact value is unknown and could benefit 

from modeling of the internal dissipation regarded as phonon-phonon interactions. 
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Such models should include the time-dependent local stress field and thermoelastic 

damping.  

5. For values of nanowire temperature far below the melting point, the temperature 

dependence of Young’s modulus could be experimentally determined based on the 

measured frequency.  
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Appendix A: 

1. MATLAB code for temperature profile of NW considering 

conduction and/or convection  

clear; 

close all; 

format long 

n = 100;          %no. of sections , where no. of nodes is n+1 

L =6*(10^-6);    %length of NW in m 

r= 2*(10^-7);    %radius of NW in m 

h=25;             %convective co-eff W/m2K 

k=148;            %thermal conductivity of silver W/mK 

p=2*pi*r;            %perimeter in m 

Ac=pi*(r^2);         %cross-sectional area in m2 

Ts=298;              %surrounding temp in kelvin 

Tb=299;              %Base temp in kelvin 

deltax = L/n;    

deltaksi=1/n;        %Non-dimensional length ksi=x/L 

Bi=h*L/ k;           %Biot number (dimensionless) 

P=0.005;             %Heat input in W 

F=0.4;               %Fraction of laser power being absorbed 

q=-P*F;              %Heat transfer rate W 

alpha=-(q*L)/(k*Ac*(Tb-Ts));     %dy/dksi at tip which = conduction heat transfer rate 

beta=-6*deltaksi*alpha;              %denominator of dy/dksi taken to Rhs 

m=sqrt((h*p)/(k*Ac));              %fin parameter 

for i=1:n+1 

    ksi(i,1)=deltaksi*(i-1);          %Non-dimensional length ksi=x/L 

    gamma(i,1)=(-Bi*p*L)/Ac;       %co-efficient y(i) 

end 

for i=1:n 

    a(i,1)=-2+ (gamma(i)*(deltaksi^2)); %c(i)y(i-1) + a(i)y(i) + b(i)y(i+1) 

    b(i,1)=1; 

    c(i,1)=1; 

    d(i,1)=0; 

end 

a(n+1)=18; 

b(n+1)=-11; 

c(n+1)=-9; 

d(n+1)=beta; 

%% Neumann BC tip condition after eliminating y(n-2) & y(n-1) 

star1 = a(n+1) - 2 - a(n)*c(n+1) + 2*a(n)*a(n-1); 

star2 = b(n+1) - b(n)*c(n+1) + 2*b(n)*a(n-1); 

%% creating the problem matrices %l-c,di-a,u-b;rhs-v 
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l(1,1) = 0; l(n+1,1) = star1;  

u(1,1) = 0; u(n+1,1) = 0; 

di(1,1) = 1; di(n+1,1) = star2; 

v(1,1) = 1;  

v(n+1,1) = d(n+1); 

  

for i=2:n 

l(i,1) =  c(i); 

u(i,1) = b(i); 

di(i,1) = a(i); 

v(i,1) = 0; 

end 

  

%% thomas algorithm 

for i = 1:n     

    % normalize by dividing with d(i) 

    u(i) = u(i)/di(i);     

    v(i) = v(i)/di(i);    

    di(i) = 1;         

    % using pivot element for elimination    

    smt = l(i+1);    l(i+1) = 0;    di(i+1) = di(i+1) - smt*u(i);     

    v(i+1) = v(i+1) - smt*v(i); 

end 

%% back-substitution  

y = zeros(n+1,1); 

y(n+1,1) = v(n+1)/di(n+1); 

for i = n:-1:1     

    y(i) = v(i) - u(i)*y(i+1); 

end 

T = zeros(n+1,1); 

for i=1:n+1 

     x(i,1)=deltax*(i-1); 

    T(i)=((Tb-Ts)*y(i))+Ts; 

    theta(i,1)=T(i,1)-Ts;  

    thetab=Tb-Ts; 

    y(i)=theta(i)/thetab; 

end 

  M=(sqrt(h*p*k*Ac)) * thetab; 

%% proof sinh 

 ym=zeros(n+1,1); 

 for i=1:n+1 

 ym(i,1)=(((theta(n+1)/thetab)*sinh(m*x(i)))+sinh(m*(L-x(i))))/sinh(m*L); 

end 

%ym 

%% Dirichlet BC for comparison of data 

alpha1= (h*p*(deltax^2))/(k*Ac);%co-efficient during discretization 
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beta1 = -alpha1*Ts;             %co-eff in discretization 

e=2.71;                 %logarithmic e 

%% creating the problem matrices 

ln(1,1) = 0; ln(n+1,1) = 0;    

un(1,1) = 0; un(n+1,1) = 0; 

din(1,1) = 1; din(n+1,1) = 1; 

vn(1,1) = 299; %technically tells T1=600 

vn(n+1,1) = T(n+1) ;%310; %technically Tn+1=298 

  

ln(2:n,1) =  1; 

un(2:n,1) = 1; 

din(2:n,1) = -(2+alpha1); 

vn(2:n,1) = beta1; 

%% thomas algorithm 

for i = 1:n     

    % normalize by dividing with d(i) 

    un(i) = un(i)/din(i);     

    vn(i) = vn(i)/din(i);    din(i) = 1;         

    % using pivot element for elimination    

    smtn = ln(i+1);    ln(i+1) = 0;    din(i+1) = din(i+1) - smtn*un(i);     

    vn(i+1) = vn(i+1) - smtn*vn(i); 

end 

%% back-substitution 

Tn = zeros(n+1,1);Tn(n+1) = vn(n+1)/din(n+1); 

for i = n:-1:1     

    Tn(i) = vn(i) - un(i)*Tn(i+1); 

end 

y1n=zeros(n+1,1); 

y1n(n+1,1)=0; 

 for i=1:n+1 

 thetan(i,1)=Tn(i,1)-Ts;  

 thetab=Tb-Ts; 

 y1n(i)=thetan(i)/thetab; 

 end 

 %% non-dimensional nodes 

 deltaksi=1/n; 

for i=1:n+1 

ksi(i,1)=deltaksi*(i-1); 

end  

  

 %% proof sinh 

 ym1=zeros(n+1,1); 

 for i=1:n+1 

 ym1(i,1)=(((theta(n+1)/thetab)*sinh(m*x(i)))+sinh(m*(L-x(i))))/sinh(m*L); 

 end 

Incr = 11; 
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Indices = 1:Incr:length(ksi); 

PointPlot=plot(ksi(Indices), y(Indices), 'R-',ksi(Indices), ym(Indices), 

'bo','LineWidth',1.1); 

legend(PointPlot, 'y (CFD code-Neumann)', 'ym (Euler-Bernoulli solution-Neumann)'); 

hold on 

Incrn = 7; 

Indicesn = 1:Incrn:length(ksi); 

Incrn1 = 17; 

Indicesn1 = 1:Incrn1:length(ksi); 

PointPlot=plot(ksi(Indicesn), y1n(Indicesn), 'ks',ksi(Indicesn1), ym1(Indicesn1), 

'g*','LineWidth',1.1); 

legend(PointPlot, 'y1n (CFD code-dirichlet)', 'ym1 (Euler-Bernoulli solution-dirichlet)'); 

legend('Location','southeast');  

title('Temperature at \xi=0 and flux at \xi=1','FontSize',12,'FontWeight','bold') 

xlabel('Non-dimensional length of the NW, \xi=x/L','FontSize',12,'FontWeight','bold')  

ylabel('Non-dimensional Temperature, y = \theta / 

\thetab','FontSize',12,'FontWeight','bold')  

grid on 
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Appendix B: 
 
Analytical equation used to validate the convection process 
 

Analytical equation used[68]: 

𝜃

𝜃𝑏
=

(
𝜃𝐿

𝜃𝑏
⁄ ) sinh𝑚𝑥 + sinh𝑚(𝐿 − 𝑥)

sinh𝑚𝐿
 

where 𝜃 = 𝑇 − 𝑇𝑠, 𝜃𝑏 = 𝑇𝑏 − 𝑇𝑠  and  𝜃𝐿 = 𝜃(𝐿). 

The non-dimensional temperature, 'Y' is given by: 

  𝑌 =
𝜃

𝜃𝑏
=

𝑇 − 𝑇𝑠

𝑇𝑏 − 𝑇𝑠
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Appendix C: 

MATLAB code for temperature profile of NW considering 

Radiation 

 

clear; 

close all; 

format long 

n = 1000;            %no. of sections , where no. of nodes is n+1 

L =6*(10^-6);        %length of NW in m 

r= 2*(10^-7);        %radius of NW in m 

p=2*pi*r;            %perimeter in m 

Ac=pi*(r^2);         %cross-sectional area in m2 

As=p*L;              %Surface area 

Ts=298;              %surrounding temp in kelvin 

Tb=299;              %Base temp in kelvin 

deltax = L/n; 

deltaksi=1/n;        %Non-dimensional length ksi=x/L 

P=0.004;             %Heat input in W 

F=0.4;               %Fraction of laser power being absorbed 

q=-P*F;              %Heat transfer rate W 

sigma=5.67*(10^-8);     % stefan-boltzmann constant 

e=0.6;                  %epsilon 

tol= 1.0e-08;           %tolerance error 

for i=1:n+1 

    x(i,1)=deltax*(i-1); 

    ksi(i,1)=deltaksi*(i-1); 

end 

  

    %% ****************Assumption temperatures (T(i,1) & y(i,1))*********** 

    for i=1:n+1 

        T(i,1) = 0.98*(x(i)^6) + 2*(x(i)^5) + 12*(x(i)^4) + 36*(x(i)^3) + 92*(x(i)^2) + 

1.5e+02*(x(i)) + 1; 

    end 

    %% iteration starts! 

iter=5000; 

for j=1:iter 

    for i=1:n+1 

        theta(i,1)=T(i,1)-Ts; 

        thetab=Tb-Ts; 

        y(i,1)=theta(i,1)/thetab; 

        %% addition of T dependant k of silicon 
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        k(i,1)=115598*(T(i)^-1.177);%thermal conductivity of silicon W/mK 

       dkdt(i,1)=-1.36058846e+05* (T(i)^-2.177); 

       alpha(i)=-(q*L)/(k(i)*Ac*(Tb-Ts)); %gradiant dy/dksi(instead of dt/dx) at tip 

which=conduction heat transfer rate (Neumann BC) 

        beta(i)=6*deltaksi*alpha(i);      %denominator of dy/dksi taken to Rhs  

    end 

    %% Code with only radiation 

    %% defining co-effs [gamma(ksi), H(ksi)] 

    for i=1:n+1 

        gamma(i,1)=(-(e*sigma*(L^2)*(Ts^3)*p)/(k(i)*Ac))*((T(i)/Ts)^3 + (T(i)/Ts)^2 

+(T(i)/Ts) + 1);%y*gamma(ksi) 

    end 

    H(1,1)=(dkdt(i)/k(i))*L*(T(2)-T(1))/(deltax);      %dy/dksi *(h(ksi)) 

    H(n+1,1)=(dkdt(i)/k(i))*L*(T(n+1)-T(n))/(deltax); 

    for i=2:n 

        H(i,1)=(dkdt(i)/k(i))*L*(T(i+1)-T(i-1))/(2*deltax); 

    end 

    %% defining co-effs b,a,c - from taylor's series %ci*y(i-1) +  ai*y(i) + bi*y(i+1) 

    for i=1:n     

        a(i,1)=-2+((deltaksi^2)*gamma(i)); 

        b(i,1)=1+((deltaksi/2)*H(i)); 

        c(i,1)=1-((deltaksi/2)*H(i)); 

        d(i,1)=0; 

    end 

    a(n+1)=18; 

    b(n+1)=-11; 

    c(n+1)=-9; 

    d(n+1)=-beta(i); 

  %% Neumann BC tip condition after eliminating y(n-2) & y(n-1) terms 

    star1 = a(n+1)*c(n-1) - 2*b(n-1) - a(n)*c(n+1)*c(n-1) + 2*a(n)*a(n-1); 

    star2 = b(n+1)*c(n-1) - b(n)*c(n+1)*c(n-1) + 2*b(n)*a(n-1); 

%% creating the problem matrices 

    %sub-diaganol, diagonal, super-diaganol represented by l,di,u,v 

    l(1,1) = 0; l(n+1,1) = star1; 

    u(1,1) = 0; u(n+1,1) = 0; 

    di(1,1) = 1; di(n+1,1)=star2; 

    v(1,1) = 1; 

    v(n+1,1) = d(n+1)*c(n-1); 

     

    l(2:n,1) = c(i); 

    u(2:n,1) = b(i); 

    di(2:n,1) = a(i); 

    v(2:n,1) = 0; 

    %% thomas algorithm, smt - Forward elimination starts 

    for i = 1:n 

        % normalize by dividing with dn(i) 
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        u(i) = u(i)/di(i); 

        v(i) = v(i)/di(i); 

        di(i) = 1; 

        % using pivot element for elimination 

        smt = l(i+1);    l(i+1) = 0;    di(i+1) = di(i+1) - smt*u(i); 

        v(i+1) = v(i+1) - smt*v(i); 

    end 

    %% back-substitution to get non-dimensional temperature y(i,2) 

    y(n+1,2) = v(n+1)/di(n+1); 

    for i = n:-1:1 

        y(i,2) = v(i) - u(i)*y(i+1,2); 

    end 

    %% dimensional temperature in a loop for convergence T(i,2) 

    for i=1:n+1 

        T(i,2)= (y(i,2)*(Tb-Ts))+Ts; 

    end 

    %% convergence criteria % relative convergence test 

    SumErr=0; 

    for i=2:n+1 

        

       Err(i,1)=(abs( (T(i,2)-T(i,1)) / T(i,2) ) );    

       SumErr= SumErr + Err(i);  

    end 

    AvgErr=SumErr/n; 

    maxErr=max(Err); 

        if maxErr > tol   

            T(:,1)=T(:,2); 

            y(:,1)=y(:,2); 

        else 

            L2=2; 

            break 

        end 

end 

T(n+1,1) 

%% comparison with analytical solution 

const=e*sigma*(Ts^3); 

h1(i,1)=const*((T(i,1)/Ts)^3 + (T(i,1)/Ts)^2 +(T(i,1)/Ts) + 1); 

Incr = 10; 

Indices = 1:Incr:length(ksi); 

PointPlot=plot(ksi(Indices), y(Indices));%, 'b-', 'R-',ksi(Indices), ym(Indices), 'bo'); 

legend(PointPlot, 'y (Neumann CFD code)');%, 'ym (Analytical solution)'); 

legend('Location','southeast'); 

grid on 

title('Neumann radiation for 3mW of laser power and 40% being absorbed by SiNW') 

%title 

xlabel('Non-dimensional length of the NW, \xi= x/L') % x-axis label 
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ylabel('Non-dimensional Temperature, y = \theta / \thetab') % y-axis label 
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Appendix D: 

MATLAB code for frequency response functions 

clear; 

close all; 

hold on 

format long 

n=100;               %no. of elements 

N=n+1;               %no. of nodes 

dof=2*N;             %degrees of freedom 

L=6*(10^-6);         %length of NW in m 

r=2*(10^-7);         %radius of NW in m 

Ac=pi*(r^2);         %cross-sectional area in m2 

deltax = L/n;    

rho=2330;            %material density in [kg/m^3] of Si 

for i=1:n+1 

    x(i,1)= deltax*(i-1); 

end 

% min=0.2*2*0.01; 

% max=.3*2*0.01; 

% eta_r=min+rand(n,1)*(max-min); 

% eta = sort(eta_r,'descend'); 

eta=0.2*2*0.01; %Loss factor % 

% E_r=-7.8e9*(ksi.^4) + 6.1e9*(ksi.^3) - 5.3e9*(ksi.^2) - 1.2e9*ksi + 1.3e11; %in Pa 

  

% for j=1:n 

% E(j,1)=(1+1i*eta(j))*E_r(j); 

% % E(j,1)=(1+1i*eta)*E_r(j); 

% end 

% E=127.33975e9*(1+1i*eta) ;          %Young’s modulus in [Pa] of Si 

E=123.33975e9*(1+1i*eta) ;  

I= pi*(r^4)/4; 

%% stiffness matrix 

  

KG=[6 3*deltax -6 3*deltax; 

    3*deltax 2*(deltax^2) -3*deltax deltax^2; 

    -6 -3*deltax 6 -3*deltax; 

    3*deltax deltax^2 -3*deltax 2*(deltax^2)]; 

  

Ke=zeros(4,4*n); 

for i=1:1:n 

    Ke(:,4*i-3:4*i)= ((2*E* I)/(deltax^3))* KG; 

%     Ke(:,4*i-3:4*i)= ((2*E(i)* I)/(deltax^3)) * KG; 

end 

K = zeros(2*N,2*N); 
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for i=1:n 

    K(2*i-1:2*i+2,2*i-1:2*i+2)=K(2*i-1:2*i+2,2*i-1:2*i+2)+Ke(:,4*i-3:4*i); 

end 

%% Consistent mass-matrix 

  

MG=[156 22*deltax 54 -13*deltax; 

    22*deltax 4*(deltax^2) 13*deltax -3*(deltax^2); 

    54 13*deltax 156 -22*deltax; 

    -13*deltax -3*(deltax^2) -22*deltax 4*(deltax^2)];  

  

Me = (rho*Ac*deltax/420) * MG; 

  

M = zeros(2*N,2*N); 

for i=1:2:(2*N)-3 

    M(i:(3+i),i:(3+i))= M(i:(3+i),i:(3+i)) + Me; 

end 

%% Calculation of Damping Matrix 

% C=zeta*2*sqrt(K*M); 

%% Boundary Conditions 

K=K(3:2*N,3:2*N); 

M=M(3:2*N,3:2*N); 

% C=C(3:2*N,3:2*N); 

%% Solving Eigen Problem  

% [v,d] = eig(K,M);    % v-eigenvectors;d-eigenvalues 

[v,d] = eig(M\K);  

omegar=sqrt(d);      %in rad/sec 

f=omegar/(2*pi);     %Get frequencies in hertz or cycles/sec 

f(1) 

%% Modal mass and stiffness 

mr=v'*M*v;           % Reduced mass 

kr=v'*K*v;           % stiffness matrix 

% cr=v'*C*v;           % Damping matrix 

phi=zeros(2*n,2*n); 

for i=1:(2*n) 

    for j=1:(2*n) 

        phi(i,j)= v(i,j)/sqrt(mr(j,j));    % mass-normalised eigenvectors for mode shape 

    end 

end 

  

%% FRF 

  

Counter=1; 

f1=9e6:1e3:13e6; 

omega=f1*2*pi; 

  

for i_omega=1:length(omega) 
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    a=0; 

    for i=1:2*n 

        a=a+((phi(2*n-1,i)^2)/(omegar(i,i)^2 - omega(i_omega)^2 + 1i*0*(omegar(i,i)^2)  

)); 

    end 

    alpha(Counter)=a; 

    Counter=Counter+1; 

end 

plot(omega/2/pi,abs(alpha)) 

grid on 

hold on 

title('Frequency response analysis for stiff or soft cantilever','FontSize',12) %title 

xlabel('frequency (Hz)','FontSize',12,'FontWeight','bold') % x-axis label 

ylabel('Amplitude (m)','FontSize',12,'FontWeight','bold') % y-axis label 
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Appendix E: 

MATLAB code for Semi-analytical method to calculate frequency 

of a beam with varying E and an attached mass 

clear 

close all 

format long 

n=10; 

L=6*(10^-6);         %length of NW in m 

r=2*(10^-7);         %radius of NW in m 

I= pi*(r^4)/4; 

E0=1.3e+11; 

Ac=pi*(r^2);         %cross-sectional area in m2 

rho=2330;            %density in kg/m3 

mass=rho*Ac;            %mass in kg 

N=n+1; 

deltaksi=1/n; 

ksi=zeros(N,1); 

s=zeros(N,1); 

emn=zeros(N,N); 

K1mn=zeros(N,N); 

K2mn=zeros(N,N); 

K3m=zeros(N,N); 

%% emn 

  

for m=1:N 

    for n=1:N 

       syms ksi 

        E= E0; 

        %E=E0*(- 0.06125*ksi.^4 + 0.0479*ksi.^3 - 0.04162*ksi.^2 - 0.009423*ksi + 

1.02089); 

        D=E*I; 

        emn(m,n)=int((ksi.^(m+n))*D,ksi,0,1); 

    end 

end 

  

%% K1mn 

  

for m=1:N 

    for n=1:N 

        syms s ksi  

        E= E0; 

        %E=E0*(- 0.06125*s.^4 + 0.0479*s.^3 - 0.04162*s.^2 - 0.009423*s + 1.02089); 
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        D=E*I; 

        K1=(diff(diff(D,s),s)*(ksi-s))-(2*(diff(D,s))); 

        K1mn(m,n)=double(int(int(K1*(ksi^m)*(s^n),s,0,ksi),ksi,0,1)); 

    end 

end 

%% K2mn 

  

for m=1:N 

    for n=1:N 

        syms s ksi  

        E= E0; 

%         E=E0*(- 0.06125*s.^4 + 0.0479*s.^3 - 0.04162*s.^2 - 0.009423*s + 1.02089); 

        D=E*I; 

        A11=int(s^2*(s-(3*ksi))*s.^n,s,0,ksi); 

        A12=int(ksi^2*(ksi-(3*s))*s.^n,s,ksi,1); 

        A1=A11+A12; 

        K2=((mass*ksi.^m)/6)*A1; 

        K2mn(m,n)=int(K2,ksi,0,1); 

    end 

end 

%% K3m 

  

for m=1:N 

    for n=1:N 

       syms ksi 

        E= E0; 

        %E=E0*(- 0.06125*ksi.^4 + 0.0479*ksi.^3 - 0.04162*ksi.^2 - 0.009423*ksi + 

1.02089); 

        D=E*I; 

        K3m(m,n)=int(((-3*ksi.^2) + (ksi.^3))*(ksi.^(m+n)),ksi,0,1); 

    end 

end 

  

%% solve 'k' 

m0=1e-16;           % attached mass 

cf=(m0/6/L);        %coefficien]]AAAA=(K2mn+(cf*K3m)); 

syms k 

solk=det(emn + K1mn + (k*(K2mn+(cf*K3m))))==0;  

solk1=det(emn + K1mn + (k*(K2mn)))==0; % no mass attached 

k=double(abs((solve(solk,k)))); 

k = sort(k,'ascend'); 

k(3)=[]; 

  

%% natural frequencies 
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f1=[11581390.0057507;65780498.8759194;136191297.469645;143140178.788834;1556

34402.724176;179398494.042475;225404455.728853;324034104.537805;584096627.65

0773;1651895268.86361]; 

omega=sqrt(k/L^4);                          % k = omega^2 * L^4 

f=double(omega/2/pi); 
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Appendix G: 

MATLAB code for analytical equation to calculate frequency of a 

beam with uniform E  

clear 

close all; 

format long 

L=6*(10^-6);         %length of SiNW in m 

R=2*(10^-7);        %radius of SiNW in m 

D=2*R; 

A=pi*(R^2);          %cross-sectional area in m2 

Ix= pi*(R^4)/4; 

E=1.3e+11; 

rho=2330;             %material density in [kg/m^3] of Si 

  

  

mb=rho*A*L;      % mass of beam 

modes=10;   %number of modes and mode shapes to be computed: 

    Nm=3*modes; 

    jj=1; 

   while jj<=Nm 

               betaNL(jj)=fzero(@(betaNL)cosh(betaNL)*cos(betaNL)+1,[jj jj+3]); 

         jj=jj+3;  

   end 

  

    index=(betaNL~=0); 

    betaN=(betaNL(index))'; 

    for k=1:length(betaN) 

        wn(k,1)=((betaN(k)^2)*D*sqrt(E))/(4*(L^2)*sqrt(rho));  %angular frequency (rad/s) 

        fn(k,1)=wn(k,1)/(2*pi); 

    end 

 

 


