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ABSTRACT

The goal of this thesis is to give an introduction to the geometric picture of
bivariant K-theory developed by Emerson and Meyer in [11] building on the ideas
Connes and Skandalis, and then to apply this machinery to give a geometric proof of
a result of Emerson stated in a recent article [8]. We begin by giving an overview of
topological K-theory, necessary for developing bivariant K-theory. Then we discuss
Kasparov’s analytic bivariant K-theory, and from there develop topological bivariant
K-theory. In the final chapter we state and prove the result of Emerson.
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Chapter 1
Introduction

Algebraic topology is an area of mathematics which attempts to classify topological

spaces by assigning to them certain algebraic objects, such as groups, in order to

distinguish them. More specifically, the basic method of algebraic topology is to define

a family of functors {Fi}i∈N, either covariant or contravariant, from a subcategory of

the category of topological spaces to the category of abelian groups or vector spaces.

Such a family is called a homology or cohomology theory, depending on whether the Fi

are covariant or contravariant respectively. One usually requires that Fi(X) ≅ Fi(Y )

whenever X and Y are equivalent in some sense, for instance if they are of the same

homotopy type. Thus, if Fi(X) ≇ Fi(Y ) for some i then X and Y are not equivalent.

Another useful feature of this idea is that functoriality gives us information about

maps between topological spaces. For instance, suppose you have spaces X, Y , and

Z, with maps f ∶X → Y and g ∶X → Z, and suppose you’d like to know if there was

a map f̃ ∶ Y → Z making the following diagram commute

Y
f̃

  
X

f

OO

g
// Z.
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If such a map existed, then functoriality tells us that for every i ∈ N there exists a

map Fi(f̃) making the following diagram commute

Fi(Y )
Fi(f̃)

$$
Fi(X)

Fi(f)

OO

Fi(g)
// Fi(Z).

Therefore, if you could show that such a map does not exist for any specific i, then

you can conclude that no such f̃ exists. The motivation for this general method

is that equivalence or existence problems in algebra are typically easier than their

counterparts in topology.

There are several ways of defining such a family of functors, but the one we will

focus on in this thesis is K-theory. Given a topological space X, the K-theory of X

is defined by considering how one can assign a vector space to each point x ∈ X in a

“continuous” way. Such an assignment is called a vector bundle. In Chapter 2 we give

a more or less self contained introduction to topological K-theory, starting with the

definition of a vector bundle. We conclude the chapter by summarizing the Atiyah-

Singer index theorem, one of the crowning achievements of modern mathematics.

K-theory is a contravariant functor, meaning that a given map f ∶X → Y induces

a map f∗ ∶ K∗(Y )→ K∗(X). However, the index map of Atiyah and Singer (discussed

at the end of Chapter 2) gives an example of how certain maps f ∶ X → Y induce

a “wrong-way map” f! ∶ K∗(X) → K∗(Y ). The goal of Chapter 3 is to develop the

appropriate condition, called “K-orientability”, for a function to induce a wrong-way

map. We conclude Chapter 3 by constructing wrong-way maps for K-oriented maps.

The main usefulness of the wrong-way construction is that it gives us more ways

to tell K-groups, and elements in the K-groups, apart. In order for a cohomology

theory (or homology theory) to be successful, one must be able to tell the associated
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algebraic structures apart. Therefore, having many ways to construct maps between

the resulting algebraic objects is crucial for the success of a cohomology theory. In his

paper “Equivariant KK-theory and the Novikov Conjecture” ([16]), G.G. Kasparov

defined his bivariant K-groups in such a way that any class η ∈ KK(X,Y ) induces

a map from the K-theory of X to the K-theory of Y . Moreover, there is a way

to compose classes in the bivariant K-groups in a way not dissimilar to how one

composes functions. Thus, one can think of KK-theory as being a generalization of

group homomorphism between K-groups. In fact, one can show that, most of the

time, every map between K-groups arises from a class in KK-theory.

Kasparov’s theory is defined at the level of C*-algebras and has the disadvantage

that the composition of two classes can be hard to compute. Building on the ideas

of Baum, and Connes and Skandalis, Emerson and Meyer have shown how one can

define bivariant K-theory for smooth manifolds geometrically using correspondences

and in this setting the composition of classes can be computed using geometric con-

siderations. In Chapter 4, we build the theory of topological correspondences, define

geometric bivariant K-theory, and then define a natural transformation from the ge-

ometric theory of Emerson and Meyer to the analytic theory of Kasparov.

The purpose of these three chapters is to give a self-contained introduction to the

subject of geometric bivariant K-theory, which could be understood by a graduate

student in a (hopefully) relatively short amount of time. Although all of this material

is known, it has not been well documented. For instance, certain authors use different

definitions of K-orientations which are not obviously equivalent and results such as

the 2 out of 3 lemma for K-orientations were proved using non-constructive methods.

In Chapter 5, we use the tools developed in the previous chapters to prove a

theorem of Emerson stated in [8]. Specifically, Emerson considers the class [DRd] ∈

KKZd
−d(C0(Rd),C) of the Dirac operator on Rd. Using a process called descent, one
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can map this to a class jZd([DRd]) = KK−d(C(Td),C(Ẑd)) which can be represented

geometrically as the Fourier-Mukai Correspondence

[Fd] = [Td pr1←Ð (Td × Ẑd,Pd)
pr2Ð→ Ẑd],

where Pd is a certain line bundle over Td × Ẑd. This correspondence defines a map

K∗(Ẑd) → K∗(Td) and one of the main results of Chapter 5 computes the action of

this map on certain canonical classes in K∗(Ẑd). We define the dual Fourier-Mukai

correspondence

[Fd] = [Ẑd pr2←Ð (Td × Ẑd,Pd)
pr1Ð→ Td]],

and the main theorem of Chapter 5 is that [Fd] and [Fd] are inverses of one another.

That is,

Theorem 1.0.1. For any d, we have

[Fd]⊗ [Fd] = idk̂k∗(Td,Td) and [Fd]⊗ [Fd] = idk̂k∗(Ẑd,Ẑd).

The action of the Fourier-Mukai transform bears striking resemblance to the

Fourier-Mukai transform from algebraic geometry, and this is the reason it bears

its name.
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Chapter 2
K-Theory

K-theory was created by Alexander Grothendieck using locally free sheaves over an

algebraic variety in order to state the Grothendieck-Riemann-Roch Theorem. Michael

Atiyah and Friedrich Hirzebruch modified this idea and defined the K-theory of a

space X by using vector bundles over X. The point of this chapter is to develop

topological K-theory, as defined by Atiyah and Hirzebruch.

In Section 2.1 we define vector bundles, which are the basic cocycles of K-theory,

exhibit some of their properties, and discuss some constructions one can do with

vector bundles. In Section 2.2 we define K-theory, first for compact Hausdorff spaces

and then for locally compact Hausdorff spaces. We then discuss higher K-theory and

the long exact sequence, which makes K-theory a cohomology theory. In Section 2.3

we show how K-theory can be described in terms of complexes of vector bundles over

a space, and use this description to define the Thom homomorphism. Following this,

in Section 2.4, we compute the K-theory groups of some basic topological spaces.

Finally in Section 2.5 we discuss one of the crowning achievements of K-theory, the

Atiyah-Singer Index theorem.
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2.1 Vector Bundles

2.1.1 Definition of a Vector Bundle

Definition 2.1.1. Let X be a topological space. A real (resp. complex) family of

vector spaces over X is a topological space V together with a continuous surjection

πV ∶ V → X such that, for all x ∈ X, each fibre Vx ∶= π−1({x}) is a finite dimensional

vector space over R (resp. C) whose structure is compatible with the topology on Vx

inherited as a subspace of V . We call the map πV the projection.

Example 2.1.1. If X is a topological space, then X ×Cn and X ×Rn are families of

vector spaces over X. These families are called the product bundles of rank n.

Morphisms of families combine linear maps and continuous maps.

Definition 2.1.2. If πV ∶ V → X and πW ∶W → X are families of vector spaces over

a topological space X, we say that a continuous map ϕ ∶ V →W is a homomorphism

of families (or just homomorphism, for short) if

1. The following diagram commutes:

V
ϕ //

πV   

W

πW~~
X

2. for all x ∈X, the map ϕx ∶= ϕ∣Vx ∶ Vx →Wx is a linear map of vector spaces.

If ϕ is a homeomorphism, then we call ϕ an isomorphism, and we write V ≅W .

Note that if ϕ is an isomorphism of families, then each ϕx is a linear isomorphism

of the fibres. For simplicity, we mostly take our families to be complex, although he

discussion works for both real and complex families.
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In general, families are too wild for one to reasonably study. To mend this, we

include an additional local assumption, which leads us to the definition of a vector

bundle.

Definition 2.1.3. If a family πV ∶ V → X is isomorphic to X × Cn for some n, the

we call V trivial. We call V locally trivial if, for all x ∈ X, there exists an open

neighbourhood U ⊂ X containing x such that V ∣U ∶= π−1(U) ≅ U × Cn for some n

(which depends on U). A locally trivial family πV ∶ V →X is called a vector bundle.

The additional assumption of local triviality immediately yields that if V is a

vector bundle over X, then the rank of V is constant over the connected components

of X. This is because local triviality implies that the map x ↦ dim(Vx) is locally

constant. If it is globally constant (for instance, if X is connected) then we define

the rank of V to be the common dimension of the fibres.

A common way to show that a family of vector spaces is a vector bundle is by

using certain functions, called sections, from the base space X to the family V .

Definition 2.1.4. A section of a family πV ∶ V → X is a continuous map s ∶ X → V

such that πV ○ s = idX . The collection of all sections of a family V is denoted Γ(V ).

Thus, a section is a continuous choice of a vector in each vector space Vx.

Example 2.1.2. There is always at least one section, namely the zero section. That

is the function s ∶X → V defined by s(x) = 0 ∈ Vx for all x ∈X.

Using sections, we have an equivalent condition for a family of vector spaces to

be a vector bundle.

Proposition 2.1.1. A family πV ∶ V → X is a vector bundle if and only if for each

x ∈X there exists an open neighbourhood U containing x and sections {s1, . . . , sn} on

U such that {s1(y), . . . , sn(y)} is a basis of Vy for each y ∈ U . In particular, a vector

bundle V is trivial if and only if we can find such sections defined globally.
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Proof. Suppose that ϕ ∶ U × Cn → V ∣U is an isomorphism and let e1, . . . , en be the

standard basis of Cn. Then we can define sections {s1, . . . , sn} on U by si(x) = ϕ(x, ei),

and these clearly have the desired properties.

Conversely, if we have such a collection of sections {s1, . . . , sn} on U with the

desired properties, then we can define an isomorphism φ ∶ U ×Cn → E∣U by

si ∶ (u, (v1, . . . , vn))↦
n

∑
i=1
visi(u).

Swan’s theorem [21] says that vector bundles are classified up to isomorphism by

the finitely generated projective module comprised of their sections. That is, V ≅W

if and only if Γ(V ) ≅ Γ(W ) as C(X)-modules.

It is important to see some examples of vector bundles to make them seem not so

unfamiliar. Thus, we give several examples of real and complex vector bundles.

Example 2.1.3. The tangent bundle to a smooth manifold is always a vector bundle.

Example 2.1.4. The tangent space to the circle, TS1, is a trivial bundle. Indeed, it

has a global non-vanishing section given by

x↦ (x, ∂
∂θ

∣
x
) .

The tangent bundle to the 2-sphere is a non-trivial vector bundle, since, by the

Hairy Ball theorem, there are no non-vanishing global sections.

Example 2.1.5. Consider the strip [0,1]×R and consider the relation (0, t) ∼ (1,−t).

Then M̈∶= [0,1] ×R/ ∼ is a vector bundle over the circle [0,1]/{0} ∼ {1}. Indeed, to

show this we just need to show local triviality. On (0,1) we can take s(x) = (x,1)
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and on [0, 1
2) ∪ (1

2 ,1] we take

s(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(x,1) if x ∈ [0, 1
2)

(x,−1) if x ∈ (1
2 ,1].

This bundle is called the Möbius bundle. It is homeomorphic to the open Möbius

band. By the intermediate value theorem, it is another example of a non-trivial vector

bundle.

Example 2.1.6. We will define a canonical line bundle on CPn, the complex projec-

tive space. Define

H ∶= {(L, z) ∈ CPn ×Cn+1 ∶ z is a point in the line L}.

We giveH the topology inherited as a subspace of CPn×Cn+1 and define the projection

π ∶ H → CPn to be projection onto the first coordinate. Then the inverse image of

each point L ∈ CPn is that line as a subspace of Cn+1, which carries an obvious vector

space structure. In particular, the fibers are one dimensional. Thus, to see that H is

locally trivial we have to find a section which is locally non-vanishing. Consider the

sets

Ui ∶= {[z0, . . . , zn] ∈ CPn ∶ zi ≠ 0};

here we are using homogeneous coordinates: [z1, . . . , zn] = [w1, . . . ,wn] if and only if

(z1, . . . , zn) = λ(w1, . . . ,wn) for some λ ∈ C ∖ {0}. The Ui cover CPn, and on each Ui

we define the map

s([z0, . . . , zn]) = ([z0, . . . , zn],(
z0

zi
, . . . ,

zn
zi

)) ∈H[z0,...,zn].

Since the i-th coordinate of ( z0
zi
, . . . , znzi ) is 1, we have that s is non-vanishing on Ui,
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hence gives a local trivialization of H. Thus, H is a vector bundle.

Example 2.1.7. More generally, if X is compact Hausdorff and P ∶X →Mn(C) is a

continuous projection valued map, then

Im(P ) ∶= {(x, v) ∈X ×Cn ∶ v ∈ P (x)Cn}

is a vector bundle. This is proved as a part of Swan’s Theorem.

Example 2.1.8. The point of this example is to show that every complex vector

bundle over the circle and unit interval is trivial.

Lemma 2.1.1. Let p, q ∈ [0,1] and let {vi} and {wi} be bases for Cn. Then there

exists everywhere linearly independent sections si ∶ [p, q]→ [p, q]×Cn such that si(p) =

vi and si(q) = wi, i = 1, . . . , n.

Proof. Let A ∈ GLn(C) be such that Avi = wi. Since GLn(C) is path connected,

there exists a path A(t) ∶ [p, q] → GLn(C) such that A(p) = Id and A(q) = A. Then

si(t) ∶= (t,A(t)vi) are the required sections.

This implies the following fact.

Proposition 2.1.2. Every complex vector bundle over the closed interval [0,1] is

trivial.

This, in turn, implies the following

Proposition 2.1.3. Every (complex) vector bundle over S1 is trivial.

Proof. Let E be a complex vector bundle over the circle. By the previous proposition,

E is trivial over two open sets U and V , homeomorphic to the unit interval. Let sUi
and sVi be trivializing sections. Connecting the sections via a path in GLn(C) over the

overlaps using Lemma 2.1.1 yields globally defined everywhere linearly independent

sections si, so the E is trivial.
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Note that this is in stark contrast with the real vector bundles over the circle: the

Möbius bundle is not trivial. Of course, this is a consequence of GL1(R) = R∗ failing

to be path connected.

Example 2.1.9. Suppose that G is a Lie group, H is a closed subgroup (hence itself

a Lie group, see [18]), and M is a finite dimensional representation of H. From

this data we can form a vector bundle over the coset space G/H, called the bundle

associated to the representation M .

We define G ×H M to be the quotient of the product space G ×M modulo the

action (g,m) ∼ (gh, h−1m). The projection is given by the map π ∶ (g,m) ↦ gH. To

prove that it is locally trivial we must prove the following lemma:

Lemma 2.1.2. Suppose that f ∶ M → N is a submersion at x ∈ M . Then there is

an open subset U ⊆ N containing f(x) and a smooth function g ∶ U → M such that

f ○ g = idU .

Proof. By the Implicit Function Theorem (see [15]) there exist charts (ϕ,V ) and

(φ,U) centered at x and f(x) respectively such that the following diagram commutes

V
f //

ϕ
��

U

φ
��

Rn+k // Rn,

where the bottom map is deletion of the last k coordinates. Thus, we take g to be

the map given by ϕ−1 ○ in ○ φ, where in(x1, . . . , xn) = (x1, . . . , xn,0, . . . ,0).

Since the quotient map π ∶ G → G/H is a submersion, we conclude that there

exists an open set U and a section s ∶ U ⊆ G/H → π−1(U) ⊆ G. Thus, we have that
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U ×H ≅ π−1(U) by the map (u,h)↦ s(u)h, which has inverse

π−1(U)→ U ×H

u↦ (π(u), u ⋅ (s(π(k)))−1).

Since U ×M ≅ (U ×H) ×H M by the map (u,m)↦ ((u, e),m), the result follows.

Remark. This construction is important in representation theory, as it defines in-

duction. Indeed, if H is a closed subgroup of a Lie group G andM is a representation

of H, then the sections of the bundle G ×H M form a representation of G, and we

denote

IndGH(M) = Γ(G ×H M).

See [4] for more details.

Example 2.1.10. The following example plays a major role in Chapter 5. Let Ẑd

denote the group of continuous group homomorphisms1 Zd → T. The Poincaré bundle

over Td × Ẑd is the bundle Pd defined to be the trivial bundle (Rd × Ẑd) ×C modulo

the relation

(x,χ, λ) ∼ (x + n,χ,χ(n)λ) for n ∈ Zd.

To see that this is actually a vector bundle, let z ∈ Td and let exp ∶ Rd → Td denote the

exponential map. Choose a neighbourhood U ⊆ Td containing z such that exp−1(U) is

a countable disjoint union of open sets, each containing a point in the integer lattice.
1In general, for a group G the group Ĝ ∶= Hom(G,T) of continuous group homomorphisms is

called the Pontryagin dual of G.
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Let Uk denote the open set which contains k ∈ Zd. Define the map

σ ∶ ⊔
k∈Zd

(Uk × Ẑd)→ Pd∣U

(x,χ)↦ [(x,χ,χ(k))] for x ∈ Uk;

this is continuous since the Uk are disjoint. Now, observe that if x ∈ Uk and n ∈ Zd

then x + n ∈ Uk+n so that

σ(x + n,χ) = [(x + n,χ,χ(k + n))] = [(x + n,χ,χ(n)χ(k))]

= [(x,χ,χ(k))] = σ(x,χ),

for any χ ∈ Ẑd because of the relation put on Pd. Thus, σ defines a non-vanishing

section σ ∶ U × Ẑd → Pd∣U×Ẑd , which shows that Pd∣U×Ẑd is trivial and therefore that

Pd is a vector bundle.

2.1.2 Operations on Vector Bundles

Several of the constructions from linear algebra carry over to the setting of vector

bundles, and we outline a couple of such constructions here.

Direct Sum. If V and W are vector bundles over X then we define their direct

sum, V ⊕W , as follows. The total space (that is, the topological space without the

vector bundle structure) is the set

{(ξ, η) ∈ V ×W ∶ πV (ξ) = πW (η)} ⊆ V ×W,

given the subspace topology. The projection map and fibrewise vector space structures

are clear. We thus have that (V ⊕W )x = Vx⊕Wx and V ⊕W locally is U ×(Cn⊕Cm).
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Tensor Product. As one might expect, we can also take the tensor product of

vector bundles over a common space. As a set, we define

V ⊗W ∶= ⊔
x∈X

Vx ⊗Wx.

To topologize V ⊗W , take U ⊂ X such that V ∣U and W ∣U are trivial. This yields a

set bijection

ϕU ∶ ⊔
x∈U

Vx ⊗Wx → U × [Cn ⊗Cm]

which is a linear isomorphism on each fiber. We topologize V ⊗W so that each ϕU is

a homeomorphism. Considering all such U ⊂ X determines a basis for a topology on

V ⊗W , making it a vector bundle.

Other Constructions from Linear Algebra. Following this trend, we can also

form the following bundles:

1. Hom(E,F ), the bundle whose fibre at x ∈X is Hom(Ex, Fx),

2. E∗ ∶= Hom(E,C), the dual bundle of E,

3. Λ∗(E), the exterior algebra of E. This is actually a bundle of algebras,

4. Cl(E), the complex Clifford bundle of a real vector bundle E; see Section 3.1.

For more information on a general set up for these constructions, see Section 1.2

of [1]. We note the difference between Hom(E,F ) and HOM(E,F ): HOM(E,F ) is,

by definition, the collection of vector bundle homomorphisms E → F . The two are

related by HOM(E,F ) = Γ(Hom(E,F )).

Metrics on Vector Bundles. A metric on a vector bundle is just a continuous

choice of inner product on each fibre. More specifically,
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Definition 2.1.5. For a real vector bundle V over X, a (Euclidean) metric on V

is a vector bundle homomorphism V ⊗ V → X ×R whose restriction to each fibre is

symmetric and positive definite.

For a complex vector bundle E over X, a (Hermitian) metric on E is a vector

homomorphism E ⊗ E → X × C whose restriction to each fibre is symmetric and

positive definite; here we are denoting by E the conjugate bundle of E, that is the

bundle whose total space is the same as E, but whose complex scalar multiplication

is given by

(x + iy).ξ ∶= (x − iy)ξ.

Morally, a metric on a vector bundle is a continuous choice of inner product on

each fibre.

If the base space X is paracompact2 Hausdorff, then using a partition of unity

one can show that every vector bundle over X can be given a metric. Thus, we have,

for instance,

Proposition 2.1.4. Every exact sequence of vector bundles over a paracompact base

space splits.

Proposition 2.1.5. If V is a vector bundle over a compact space X, then there is a

vector bundle V ⊥ such that V ⊕ V ⊥ ≅X ×Cn for some n.

Quotient Bundles. Suppose that V is a sub-bundle of the vector bundle W ,

that is a subspace of W that is itself a vector bundle; for instance, the Hopf bundle

is a sub-bundle of the trivial bundle CP 1 ×C2.

Definition 2.1.6. The quotient bundle W /V is the union of all the vector space

Wx/Vx given the quotient topology.
2A space is called paracompact if there is a countable basis for the topology. Every compact

space is paracompact, and every smooth manifold is paracompact, by definition. Paracompactness
is a technical assumption which, together with Hausdorffness, ensures the existence of a partition of
unity.
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The only difficult part of showing that this is actually a vector bundle is the

question of local triviality. To do this we show that any local frame for V can be

(locally) extended to a frame for W . This follows from proceeding lemma about

isomorphisms on vector bundles. For a proof, see Lemma 1.4.2 on p. 16 of [1].

Lemma 2.1.3. Let Y be a closed subspace of a compact Hausdorff space X, and let

V , W , be vector bundles over X. If ϕ ∶ V ∣Y → W ∣Y is an isomorphism, then there

exists an open set U containing Y and an extention ϕ̃ ∶ V ∣U → W ∣U which is an

isomorphism.

Let {s1, . . . , sk} be a local frame for V over U ⊆X. Then, for x0 ∈ U , {s1(x0), . . . , sk(x0)}

is a linearly independent set in Wx0 , which can thus be extended to a basis

{s1(x0), . . . sk(x0), tk+1(x0), . . . tn(x0)} for Wx.

By Lemma 2.1.3 this frame can be extended to an open set Ũ containing x0, so that

ti ∶X →W /V ∣Ũ , i = k + 1, . . . , n is a local frame for W /V .

Example 2.1.11. An important consequence of this is the following special case.

Suppose that ϕ ∶ X → Y is an embedding of smooth manifolds. The normal bundle

of X in Y is defined as the quotient bundle with fibre Tϕ(x)Y /TxX. This will be

very important in defining the index map of Atiyah and Singer, and more generally

defining wrong way functoriality for K-oriented maps. See Sections 2.5 and 3.3.

The Pullback of a Vector Bundle. For a given map f ∶ Y → X and a vector

bundle V over X, define

f∗V ∶= {(y, ξ) ∈ Y × V ∶ ξ ∈ Vf(y)} ⊆ Y × V.

Give f∗V the subspace topology, and let the projection πf∗V ∶ f∗V → Y be projection
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onto the first coordinate. Since V was a vector bundle, it is clear that each fiber has

the structure of a vector space. To see that it is locally trivial, let {si} be a collection

of sections which trivialize V on U . Then s′ ∶= s ○ f are sections of Y which trivialize

f∗V on f−1(U). The bundle f∗V is called the pullback of V , and we record the

following properties of the pullback

1. f∗(V ⊕W ) ≅ f∗V ⊕ f∗W ,

2. (f ○ g)∗(V ) ≅ g∗f∗(V ), and

3. (idX)∗(V ) ≅ V .

Remark. Since (idX)∗(V ) ≅ V , there is no harm in denoting points in a vector

bundle V over X as pairs (x, ξ) where ξ ∈ Vx. This is often a useful book-keeping

tool.

Orientations of Vector Bundles. Recall that any two frames for a vector space

V are related by an element of GL(V ). We deem two frames equivalent if they are

related by an element in GL(V ) with positive determinant. A choice of equivalence

class is an orientation for the vector space V . An automorphism A ∈ Aut(V ) is

called orientation preserving if it has positive determinant. Equivalently, if A maps

a positively oriented frame to a positively oriented frame.

An orientation of a vector bundle is defined in a similar manner, but one has to

take into account that frames are now only available locally.

Definition 2.1.7. A vector bundle V is called orientable if there exists a trivializing

cover {Uλ, ϕλ} such that each transition function

(Uλ ∩Uη) ×Cn

ϕ−1
λ

≅

''

// (Uλ ∩Uη) ×Cn

V ∣Uλ∩Uη
ϕη

≅

77
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is orientation preserving for all Uλ, Uη ∈ {Uλ}. A choice of such cover (if one exists)

is called an orientation for V .

Example 2.1.12. The Möbius bundle is not orientable. Indeed, since GL+(Rn), the

collection of n × n matrices with positive determinant, is path connected, a choice of

orientation would yield a non-vanishing section, none of which exist.

Clutching Vector Bundles. A property of vector bundles that will be useful for

topological K-theory is that they can be glued over sets in which they are isomorphic.

We will describe this construction now. Let X = X0 ∪X1 with X0, X1 open, and

set A = X0 ∩X1. Suppose that E0 is a vector bundle over X0, E1 is a vector bundle

over X0, and ϕ ∶ E0∣A → E1∣A is an isomorphism. On E0 ⊔ E1, define e ∼ f if

(x, f) = (x,ϕ(x)e). We define

E0 ∪ϕ E1 ∶= E0 ⊔E1/ ∼

equipped with the quotient topology.

Proposition 2.1.6. As defined, E0 ∪ϕ E1 is a vector bundle over X.

Proof. The projection map π ∶ E0 ∪ϕ E1 → X comes from splicing together the two

projection maps π0 ∶ E0 → X and π1 ∶ E1 → X. It is well defined on A because the

following diagram commutes

E0∣A

π0
!!

ϕ // E1∣A

π1
}}

A

Furthermore, since ϕ is linear on each fiber, each fibre of E0 ∪ϕE1 has a well defined

vector space structure.
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It remains to show that E0 ∪ϕ E1 is locally trivial. For x ∈ X ∖A this is clear, so

suppose that x ∈ A. Since A is open we may choose an open set U ⊆ A containing x

for which E0 is trivial. Since U ⊆ A and E0 ∪ϕ E1∣U ≅ E0∣U , the result follows.

It can be shown (see [1]) that if ϕ0 and ϕ1 are homotopic isomorphisms, then

E0 ∪ϕ0 E1 ≅ E0 ∪ϕ1 E1. Thus, the isomorphism class of E0 ∪ϕE1 depends only on the

homotopy class of the clutching function ϕ.

Remark. With only a bit more work, it can be shown that one can clutch vector

bundles over closed sets as well.

2.2 Topological K-Theory

2.2.1 K0(X) for Compact X

We are now able to define the K-theory of a compact Hausdorff space X. In what

follows we will only consider complex K-theory, that is, all the vector bundles we will

consider will be complex. In preperation, let Vect(X) denote isomorphism classes of

complex vector bundles over X. Equipping Vect(X) with the direct sum operation

makes it into an abelian monoid.

Definition 2.2.1. LetX be a compact Hausdorff space. The K-theory ofX is defined

as the Grothendieck completion of Vect(X). That is, K0(X) is the abelian group of

formal differences of isomorphism classes of (complex) vector bundles over X such

that [E0] − [E1] = [F 0] − [F 1] if and only if there is a bundle G over X such that

E0 ⊕ F 1 ⊕G ≅ F 0 ⊕E1 ⊕G.

Remark. In general, is is not the case that the canonical map Vect(X)→ K0(X) is

an embedding. For instance, it can be the case the non-trivial bundles are equal to

trivial bundles in K-theory. Indeed, since the sphere S2 is the boundary of the unit
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ball D3, we have that TD3 ≅ TS2 ⊕ νi, where νi is the inward facing normal bundle.

Since TD3 and νi are trivial, we have in (real) K-Theory,

[TS2] = [TD3] − [νi] = [S2 ×R2].

Let us begin by computing the K-theory of some basic compact spaces.

Example 2.2.1. Vector bundles over the one point space correspond to vector spaces

(they are vector bundles with only one fiber). Thus, Vect(∗) ≅ N so K0(∗) ≅ Z.

Example 2.2.2. Since every complex bundle over S1 and [0,1] is trivial, they are in

1-1 correspondence with the positive integers, so we have that K0(S1) = K0([0,1]) = Z.

In order to compute the K-theory of more complicated spaces we need to note

the following functorial property of K-theory. Given a map f ∶ Y → X, the pullback

operation V ↦ f∗V induces a map Vect(X) → Vect(Y ) which respects direct sums.

Thus, f ∶ Y → X induces a homomorphism f∗ ∶ K0(X) → K0(Y ). This operation is

functorial by the previously noted properties of the pullback.

Example 2.2.3. Let X be a locally compact space and let X+ denote the one point

compactification of X. Let εX ∶ ∗ → X+ denote the map which sends a point to the

point at infinity in X+. The induced map

ε∗X ∶ K0(X+)→ Z

is the map defined by V ↦ dim(V∞). This is called the augmentation map for X.

We have to following homotopy invariance property for K-theory, which is proved

in [1].
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Proposition 2.2.1. Suppose that X is a compact Hausdorff space, and suppose that

f0, f1 ∶ Y → X are homotopic maps. Then f∗0E = f∗1E for all vector bundles E over

X. In particular, f∗0 = f∗1 ∶ K0(X)→ K0(Y ).

Corollary 2.2.1. If f ∶ Y → X is a homotopy equivalence3 of compact spaces, then

f∗ is an isomorphism.

Example 2.2.4. Any contractible space has the same K-theory as a point, which is

Z.

Example 2.2.5. The closed Möbius bandM is homotopy equivalent to its boundary,

which is the circle. Thus,

K0(M) ≅ K0(S1) ≅ Z.

Although we haven’t defined K-theory for locally compact spaces, it will be the case

that the open Mobius band has different K-theory.

2.2.2 K0(X) for Locally Compact X

So far we have only defined K-theory for compact Hausdorff spaces. In order to turn

K-theory into a cohomology theory with a long exact sequence we need to define the

higher K-groups. In order to do this we must introduce K-theory for locally compact

spaces.

IfX is locally compact Hausdorff recall that its one point compactification, denoted

X+, is the unique (up to homeomorphism) compact Hausdorff space comprised of X

and a distinct point at infinity such that open sets in X are also open in X+ and

neighbourhoods of infinity are complements of compact subsets of X. K-theory for

locally compact spaces is defined as the kernel of the augmentation map discussed in

Example 2.2.3.
3A homotopy equivalence is a continuous map which is invertible up to homotopy.
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Definition 2.2.2. If X is locally compact, then we define

K0(X) ∶= ker[ε∗X ∶ K0(X+)→ Z].

Not that for any X we have, by definition, a short exact sequence

0Ð→ K0(X)Ð→ K0(X+)
ε∗XÐ→ ZÐ→ 0.

If X is compact, then X+ =X ⊔ {∞}, so that K0(X+) = K0(X)⊕K0(∗), which shows

that we recover the original definition of K-theory for compact X.

Example 2.2.6. We have that R+ = S1, so that by definition

K0(R) ∶= ker[ε∗R ∶ K0(S1)→ Z].

We have seen that the augmentation map is injective (indeed, it is an isomorphism),

so K0(R) = 0.

Example 2.2.7. The one point compactification of [0,1) is [0,1], so as in the previous

example we have K0([0,1)) = 0.

Remark. One reason why we don’t define K-theory for locally compact spaces in

terms of vector bundles over the space is for the purposes of exact sequences. For

instance, later on we are going to show that we always have an exact sequence

0Ð→ K0(X ∖A)Ð→ K0(X)Ð→ K0(A)Ð→ 0

whenever A is a closed retract of X. For the case of X = [0,1], A = {1}, this gives
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the exact sequence

0Ð→ K0([0,1))Ð→ K0([0,1])Ð→ K0({1})Ð→ 0.

Since K0([0,1]) = K0({1}) = Z, this sequence would fail to be exact if we took the

standard vector bundle definition of K-theory for locally compact spaces, since in this

case we would have K0([0,1)) = Z by homotopy invariance.

Recall that if X and Y are compact Hausdorff spaces then any map f ∶ Y → X

induces a map f∗ ∶ K0(X) → K0(Y ). In order for us to get a similar property for

locally compact spaces, we need to restrict ourselves to proper maps, that is maps

f ∶ Y → X such that f−1(K) is compact whenever K is. In this case, f may be

extended to a continuous map f ∶ Y + → X+ by sending the point at infinity to the

point at infinity. In this case f ○ εY = εX , hence, by functoriality of K0, we have the

following commutative diagram

K0(X+) f∗ //

ε∗X ##

K0(Y +)

ε∗Y{{
Z

which shows that f∗ maps ker(ε∗X) into ker(ε∗Y ). Thus, the restriction of f∗ defines a

map K0(X)→ K0(Y ).

Example 2.2.8. If A is a closed subspace of a locally compact space X, then the

inclusion A↪X induces a map j∗ ∶ K0(X)→ K0(A). Indeed, the inclusion is proper

if A is closed since j−1(K) =K ∩A.

K-theory for locally compact spaces is no longer a homotopy invariant, but rather

a proper homotopy invariant.

Proposition 2.2.2. If f0, f1 ∶ Y → X are properly homotopic, that is if there is a
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homotopy F ∶ Y × [0,1]→X between f0 and f1 which is a proper map, then f∗0 = f∗1 ∶

K0(X)→ K0(Y ).

Proof. We must show that a proper homotopy induces a homotopy between the ex-

tensions f+0 and f+1 . This is not immediately obvious, since (Y ×[0,1])+ is not equal to

Y +×[0,1] in general. Instead, we have that (Y ×[0,1])+ = Y +∧[0,1]+, where ∧ denotes

the smash product4. This is, by definition, a quotient of Y +×[0,1]+ = (Y +×[0,1])⊔Y +

by a certain subspace Y +∨ [0,1]+. Define F ∨ ∶ Y +× [0,1]→X+ to be the composition

Y + × [0,1]↪ Y + × [0,1] ⊔ Y + → (Y × [0,1])+ F+Ð→X+,

where we are using F + to denote the extension of F to the one point compactification

(which exists, since F is proper). One can then check that F ∨ defines a homotopy

between f+0 and f+1 , as required.

Thus, K0 is a contravariant functor for proper maps between locally compact

spaces, which is invariant with respect to proper homotopy. It turns out that K0 is

covariant for open inclusions, as we will now explain. Let U ⊂X be open and consider

the inclusion ι ∶ U ↪X. We define the map ι+ ∶X+ → U+ by

ι+(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x if x ∈ U,

∞ else.

Then ι+ is continuous and therefore induces a map ι∗+ ∶ K0(U+)→ K0(X+). We claim

that ι∗+ ∶ K0(U)→ K0(X). Indeed, this follows by noting that ι+ ○ εX = εU so that, by
4See, for instance, [1].
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functoriality, we have the commuting diagram

K0(X+)

ε∗X ##

K0(U+)ι∗+oo

ε∗U{{
Z

Definition 2.2.3. We let ι! denote the restriction of ι∗+ to K0(U).

It is instructive to see what the map ι! does to vector bundles. Recall that if

f ∶ Y → X is continuous and V is vector bundle over X which is trivial over U , then

f∗E is trivial over f−1(U). Any vector bundle V over U+ is trivial in a neighbourhood

of infinity, which is the complement of a compact subset in U , say K. Since K ⊂ U ,

[ι+]−1(K) =K ⊂X+, so that ι!(V ) will be trivial outside of K. Therefore, in a sense,

ι! extends vector bundles V over U+ trivially to vector bundles over X+.

We are now in a position to get our first result towards computing K-theory of

more complicated spaces.

Theorem 2.2.1. Let X be a locally compact Hausdorff space, let A ⊆ X be closed,

and let j ∶ A↪X be the inclusion. Then the following sequence is exact

K0(U) ι!Ð→ K0(X) j∗Ð→ K0(A),

where U =X −A =X+ −A+.

Proof. Since A is closed, the inclusion is proper so that j∗ ∶ K0(X) → K0(A) is well

defined. The composition ι+j maps everything in A+ to the point at infinity in U+,

so that we have a commutative diagram

A+ //

""

U+

{∞}
εU

<<
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which, by functoriality, yields the commutative diagram

K0(A+) K0(U+)j∗○ι∗+oo

ε∗U{{

K0(U)oo

j∗○ι!

vv

0ooZ

cc

This shows, in particular, that j∗ ○ ι! is the zero map in K-theory. Thus, Im(ι!) ⊆

ker(j∗).

To prove the reverse inclusion, suppose that j∗([E] − [1n]) = 0. This says that

[E∣A+] − [1n] = 0, so that, by definition of the Grothendieck completion, E∣A+ ⊕ 1m ≅

1n+m. In particular, E∣A+ ⊕ 1m = (E ⊕ 1m)∣A+ is trivial. By Lemma 2.1.3, there exists

an open subset V of X+ which contains A+, such that (E ⊕ 1m)∣V is trivial. We

observe that X+ ∖ V is a compact subset of U , whence defines a neighbourhood of

infinity in U+. Using the isomorphism E∣X+∖V ⊕ 1m ≅ 1n+m, we can clutch (E ⊕ 1m)∣U

with 1n+m to define an element K0(U), which we denote [(E ⊕ 1m)∣U] − [1n+m]. One

has that ι!([E ⊕ 1m]∣U − [1n+m]) = [E] − [1n], whence the claim is proved.

2.2.3 Higher K-theory and the Long Exact Sequence

We can now define the higher K-groups.

Definition 2.2.4. For X locally compact and n ≥ 1, define

K−n(X) ∶= K0(X ×Rn).

Example 2.2.9. K−1(∗) = K0(R) = 0.

Since Theorem 2.2.1 holds for all locally compact spaces, it is readily observed
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that for each n we have an exact sequence

K−n(U) ι!Ð→ K−n(X) j∗Ð→ K−n(A).

It is shown in [22] (and [1]) that there is a connecting morphism which gives us a long

exact sequence.

Theorem 2.2.2. There is a natural map δ ∶ K−n(A) → K−n+1(U) which fits into the

following sequence, making it exact.

⋯Ð→ K−n(X)Ð→ K−n(A) δÐ→ K−n+1(U)Ð→ K−n+1(X)Ð→ ⋯

We will collect some facts which readily follow from this exact sequence.

Corollary 2.2.2 (Split Exactness of K-Theory). Let A be a closed subspace of the

locally compact space X. Suppose that there is a proper map ψ ∶ X → A such that

j ○ ψ = idA. Then

0 // K−n(X −A) ι! // K−n(X)
j∗ // K−n(A)
ψ∗
oo // 0

is split exact.

Proof. Since j ○ ψ = idA it follows that j∗ is surjective, so it remains to show that ι!

is injective. By the same argument, we have that j∗ ∶ K−n−1(X) → K−n−1(A) is also

surjective, so that the connecting map δ ∶ K−n−1(A) → K−n(X ∖ A) is the zero map

by exactness. Since the sequence is exact, ker(ι!) = Im(δ) = {0} which completes the

proof.

Corollary 2.2.3. If X is a locally compact space, then K−1(X) = K−1(X+).
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Proof. The map X+ → {∞} is a retract so by the split exactness of K-theory we have

0 // K−1(X) ι! // K−1(X+)
j∗ // K−1(∗)
ψ∗
oo // 0.

Since K−1(∗) = 0, the result follows.

2.2.4 The Unitary Picture of K−1

Before we move on we want to give an alternative description of K−1(X) for compact

spaces X that is nice for computation purposes.

Let [X,GLn(C)] denote the collection of homotopy classes of maps X → GLn(C).

Observe that we have a sequence

[X,GL1(C)]Ð→ [X,GL2(C)]Ð→ [X,GL3(C)]Ð→ ⋯Ð→ [X,GLn(C)]Ð→ ⋯,

induced by the maps

GLn(C)→ GLn+1(C)

a↦ a⊕ 1,

so we define [X,GL∞(C)] ∶= limn→∞[X,GLn(C)]. Then, [X,GL∞(C)] has the struc-

ture of an abelian group under the operations

1. [idn] = 0 for any n, and

2. [ϕ] + [φ] = [ϕ⊕ φ].

To see that this is actually an abelian group we need to record the following

lemma; for a proof see [20].
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Lemma 2.2.1. For and A,B ∈ GLn(C) the matrices

⎛
⎜⎜
⎝

A 0

0 B

⎞
⎟⎟
⎠
,

⎛
⎜⎜
⎝

B 0

0 A

⎞
⎟⎟
⎠
,

⎛
⎜⎜
⎝

BA 0

0 1n

⎞
⎟⎟
⎠
, and

⎛
⎜⎜
⎝

AB 0

0 1n

⎞
⎟⎟
⎠

are connected by a path in GLn(C).

We have the following characterization of K−1(X), for compact X.

Theorem 2.2.3. For compact X, K−1(X) ≅ [X,GL∞(C)].

The main idea of the proof we will give is due to Atiyah, see [1].

Proof. Write [X ×R]+ = [X × (−1,1)]+ = C+(X) ∪C−(X), where

C+(X) ∶= [X × (−1,0]]+ =X × [−1,0]/X × {−1} and

C−(X) ∶= [X × [0,1)]+ =X × [0,1]/X × {1}.

Then, C+(X)∩C−(X) =X⊔{∞} =X+. Note that since X is compact [X,GL∞(C)] =

[X+,GL∞(C)], so that ϕ ∈ [X,GLn(C)] may be used to clutch the product bun-

dles C+(X) × Cn and C−(X) × Cn over X+. Since homotopic clutching functions

yield isomorphic vector bundles, this determines a well defined map [X,GL∞(C)]→

K−1(X) =K0(X ×R) by

ϕ↦ [C+(X) ×Cn] ∪ϕ [C−(X) ×Cn] − 1n.

We will now construct an inverse to this map. Let E be a vector bundle over

[X×R]+. Since C±(X) are contractible we have that E∣C±(X) are trivial with the same

rank (since [X × R]+ is connected, being the union of two non-disjoint contractible

subspaces). Let α± ∶ E∣C±(X) → C±(X)×Cn be an isomorphism. We may think of the
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α± as maps C±(X) → GLn(C), so that since C±(X) are contractible and GLn(C)

is path connected, the α± are unique up to homotopy. Thus, (α+∣X)−1(α−∣X) ∶

X → GLn(C) is unique up to homotopy, which defines a map Vect([X × R]+) →

[X,GL∞(C)]. By the universal property of the Grothendieck completion this induces

a map on K-theory, which is readily seen to be inverse to the clutching construction.

Remark. It would be desirable to extend this result to the locally compact case, but

unfortunately it is not true. Indeed, if the result held for non-compact spaces, then

since R is contractible and GL∞(C) is path connected, 0 = [R,GL∞(C)] = K−1(R),

which is bogus since K−1(R) = Z by Bott Periodicity, as we shall see.

For the purpose of interest, we will now give an explicit description of the con-

necting map in certain situations. First, we need the following extension result.

Lemma 2.2.2. Let f0, f1 ∶ A+ → GLn(C) be homotopic maps. Then there exist

homotopic extensions f0, f1 ∶X+ →Mn(C) and an open subset V ⊂X+ containing A+

such that f0, f1 ∶ V → GLn(C).

Proof. Let f ∶ A+ × [0,1] → GLn(C) ⊂Mn(C) be a homotopy between f0 and f1. By

the Tietze Extension Theorem we may extend f to a map f̃ ∶ X+ × [0,1] → Mn(C).

Thus, f̃0 and f̃1 provide the homotopic extensions.

We now show the existence of V . Since GLn(C) is open in Mn(C) and f is con-

tinuous, for each (x, t) ∈ X+ × [0,1] such that f(x, t) ∈ GLn(C) there exists a neigh-

bourhood U(x,t) of (x, t) such that f(U(x,t)) ⊆ GLn(C). Because f(x, t) ∈ GLn(C) for

all (x, t) ∈ A+ × [0,1] it follows that

⋃
(x,t)∈f−1(GLn(C))

U(x,t)

is open and contains A+ × [0,1].
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Now, let X be locally compact and A ⊆X be closed. Let ϕ ∈ K−1(A) ≅K−1(A+) ≅

[A+,GL∞(C)]. Then ϕ ∶ A+ → GLn(C) for some n and by the previous Lemma,

we may extend ϕ to a map ϕ ∶ X+ → Mn(C) in a way which depends only on the

homotopy class of ϕ. We may consider ϕ as a vector bundle map X+ ×Cn →X+ ×Cn

by (x, v)↦ (x,ϕ(x)v). Furthermore, by the previous Lemma again, there is an open

subset V such that ϕ∣V is an isomorphism. Using this, we are going to define an

element of K0(U).

Let K = X+ − V ⊆ U , let T = U+ − K, and let B = U ⊆ U+. Then, ϕ∣T∩B ∶

(T ∩B) ×Cn → (T ∩B) ×Cn is an isomorphism since T ∩B = V ∩ U ⊆ V . Thus, we

may use ϕ to clutch T ×Cn with B ×Cn over T ∩B. This yields an element of K0(U)

given by (T ×Cn) ∪ϕ (B ×Cn) − 1n.

Proposition 2.2.3. The connecting map ∂ ∶ K1(A)→ K0(X −A) from the long exact

sequence agrees with the map

∂(ϕ) = (T ×Cn) ∪ϕ (B ×Cn) − 1n,

where T and B are as above.

For a reference, see [9].

2.3 Complexes and the Thom Isomorphism

In this section we develop another description of K-theory using complexes of vector

bundles over a space X. This is a more natural definition for K-theory of locally

compact spaces, as the definition using complexes is the same for compact and locally

compact spaces. Also, complexes of vector bundles arise naturally in practice, an

instance of this being seen in Section 2.5. Finally, another benefit of using complexes
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to define K-theory is that it allows us to define an exterior product

K−n(X) ×K−m(Y )→ K−n−m(X × Y ),

and therefore a graded ring structure on K∗(X).

For certain vector bundles there will be a distinguished class in their K-theory,

and exterior multiplication by this element defines a homomorphism called the Thom

Homomorphism. The fundamental theorem of K-theory says that this map is actually

an isomorphism. Let’s begin.

Definition 2.3.1. A complex (of complex vector bundles) over a spaceX is a sequence

V ● ∶ ⋯ dÐ→ V i−1 dÐ→ V i dÐ→ V i+1 dÐ→ ⋯

of complex vector bundles V i over X such that

1. d2 = 0, and

2. at most finitely many of the V i are non-zero.

A morphism f ∶ V ● →W ● between complexes is a sequence of vector bundle maps

f i ∶ V i →W i which commute with the differential maps; that is, df i+1 = f id for all i.

The support of a complex is the closure of the set of points x ∈ X such that the

sequence

⋯ dxÐ→ V i−1
x

dxÐ→ V i
x

dxÐ→ V i+1
x

dÐ→ ⋯

of vector spaces is not exact. A complex V ● is called acyclic if its support is empty.

In the notation of Segal [22], let L(X) denote compactly supported complexes

over X. We may add complexes together in the obvious way, and this endows L(X)

with the structure of an abelian monoid. A homotopy between compactly supported
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complexes V ●
0 and V ●

1 over X is an compactly supported complex V ● over X × [0,1]

such that

V ●
0 = V ●∣X×{0} and V ●

1 = V ●∣X×{1}.

We write V ●
0 ≃ V ●

1 if there exists a homotopy between V ●
0 and V ●

1 . We define compactly

supported complexes V ●
0 and V ●

1 to be equivalent if there exist acyclic complexes W ●
0

and W ●
1 such that V ●

0 ⊕W ●
0 ≃ V ●

1 ⊕W ●
1 .

In [22], it is proved that

Theorem 2.3.1. If X is a locally compact Hausdorff space, the quotient L(X)/ ∼ is

an abelian group naturally isomorphic to K0(X). Thus, L(X ×Rn)/ ∼≅ K−n(X) for

all n ∈ N.

It is clear that the direct sum of complexes gives L(X)/ ∼ the structure of an

abelian monoid. Every acyclic complex defines the class of the identity, and the

inverse of a complex V ● is given by the complex TV ● defined by (TV )i = V i+1.

We don’t prove Theorem 2.3.1, but we will describe the map. It can be shown

that it suffices to consider complexes of only two vector bundles, so we restrict our

attention to this case. If X is compact, then the map is simply

V ● ↦ [V 0] − [V 1] ∈ K0(X).

For locally compact X, let V ● be a compactly supported complex over X. Find an

open set U which contains supp(V ●) and has compact closure. Since U is compact,

there is a bundle V 1
⊥ such that V 1 ⊕ V 1

⊥ is trivial. Since

0Ð→ V 1
⊥

idÐ→ V 1
⊥ Ð→ 0

is an acyclic, we may add it to V ● to get a two-term complex whose second term is
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trivial.

We are going to show how V ●∣U determines a class in K0(U), and then use wrong

way functoriality to push the class forward into K0(X). Since V ●∣U is of the form

0→ V 0∣U
ϕÐ→ 1n Ð→ 0,

it follows that ϕ is an isomorphism outside of a compact set. Using this isomorphism

we can extend V 0∣U to a vector bundle over U+ by clutching over the complement of

the support. Thus defines a complex V ●∣U+ over U+, and therefore a class in K0(U+).

It is readily observed that the class is in the kernel of the augmentation map for U .

This defines a class in K0(U), and we push it forward to get a class in K0(X). Since

the following diagram commutes

K0(W ) ι! // K0(X)

K0(U)

ι!

OO

ι!

99

for any U ⊆W ⊆X open, it follows that the choice of U does not matter.

2.3.1 The Exterior Product and Bott Periodicity

As mentioned, we can use complexes to define an exterior multiplication in K-theory.

Define the tensor product of complexes E● and F ● to be the complex E● ⊗ F ● with

(E● ⊗ F ●)k = ⊕
p+q=k

Ep ⊗ F q,
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and differential is given by

di = ⊕
p+q=k

((dEp ⊗ 1F q) + (−1)p (1Ep ⊗ dFq )) ;

the (−1)p is needed so that it squares to zero.

We define the exterior product in K-theory as follows. Let X and Y be locally

compact spaces and let prX ∶X ×Y →X and prY ∶X ×Y → Y denote the projections

onto X and Y , respectively. Exterior multiplication is defined to be the map defined

on complexes by

⊗̂ ∶ K−n(X) ×K−m(Y )→ K−n−m(X × Y )

(E●, F ●)↦ π∗X(E●)⊗ π∗Y (F ●).

We have that supp(E● ⊗F ●) = supp(E●)∩ supp(F ●), whence this yields a compactly

supported complex over X × Y ×Rn+m.

If δ ∶X →X ×X is the diagonal map, then the composition

K−n(X)⊗K−m(X) ⊗̂Ð→ K−n−m(X ×X) δ∗Ð→ K−n−m(X)

defines a graded ring structure on K-theory. If X is compact, then it is observed that

it extends the ring structure on K0 coming from tensor products of vector bundles.

One important feature of topological K-theory is that it is periodic in the sense

that for all locally compact spaces there is a natural isomorphism K−n(X)→ K−n−2(X)

given by exterior multiplication by a certain class β ∈ K0(R2) called the Bott class.

Definition 2.3.2. The class of the complex

β ∶ 0Ð→ R2 ×C cÐ→ R2 ×CÐ→ 0,



36

where c((x, y), z) = (x + iy)z is called the Bott class. The map given by

β ∶ K−n(X)→ K−n−2(X)

η ↦ η⊗̂β

is called the Bott map.

Example 2.3.1. The Bott class can be represented by the formal difference [H]−[1] ∈

K0(R2), where H is the Hopf bundle on CP 1 = S2 = (R2)+, defined in Example 2.1.6.

With this in hand, the Bott Periodicity Theorem is the following.

Theorem 2.3.2 (Bott Periodicity). The Bott homomorphism

β ∶K−n(X)→K−n−2(X)

is an isomorphism.

Example 2.3.2. Bott Periodicity shows that K0(R2) = Z generated by β and K−1(R2) =

K−2(R) ≅ K0(R) = 0. Since S2 = (R2)+, we have, by definition, the exact sequence

0Ð→ K0(R2)Ð→ K0(S2)Ð→ ZÐ→ 0,

whence K0(S2) = Z⊕Z, generated by the trivial bundle of rank 1 and the class of the

Hopf Bundle [H].

It can be shown that the Bott map commutes with all the maps in the long exact

sequence, so that it truncates to a six term exact sequence

K0(X −A) ι! // K0(X) j∗ // K0(A)
∂β
��

K−1(A)
∂

OO

K−1(X)
j∗

oo K−1(X −A)
ι!
oo
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which is a powerful tool that allows K-theory to be computed.

In the next section we give a sort of generalization of Bott periodicity.

2.3.2 The Thom Isomorphism

We will now give another very important theorem, called the Thom isomorphism

theorem.

Theorem 2.3.3 (Thom Isomorphism Theorem I). Suppose that V is a complex vector

bundle over X. Then there is a complex τ ●V over V such that exterior multiplication

by τ ●V induces an isomorphism

τV∗ ∶ K∗(X) ≅ K∗(V ).

One sees this to be a generalization of Bott periodicity when one considers X ×R2

to be a complex vector bundle over X of complex rank 1.

We will sketch a proof of this result (in fact, a slightly more general result) later,

but for now we will describe the complex τV . Let V be a complex vector bundle and

let s be some section of V . Consider the complex5

0Ð→ C ∧sÐ→ Λ1
CV

∧sÐ→ Λ2
CV

∧sÐ→ ⋯,

where ξ ∧ s ∶= ξ ∧ s(x) for ξ ∈ Λi
CVx. The support of this complex is precisely the

zero set of s. If πV ∶ V → X denotes the bundle projection, then the diagonal map

δV ∶ V → π∗V V is a section whose set of zeros is precisely the zero section of V . We let

τ ●V denote the complex formed above with π∗V V and δV . Its support is isomorphic to

X, so only defines a class in K0(V ) when X is compact. However, even when X is
5for a vector bundle V , Λ∗CV denotes the bundle of exterior algebras of the fibres of V .
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not compact, τV may be exterior multiplied with classes in K∗(X) to give compactly

supported complexes in K∗(V ).

2.4 Computation of Some K-Groups

Example 2.4.1 (Rn). All of the groups K0(Rn) can be computed by Bott periodicity

and depend only on the parity of n. We have

K0(Rn) = K−n(∗) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Z if n = 2k

0 if n = 2k + 1.

and

K−1(Rn) = K−n−1(∗) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Z if n = 2k + 1

0 if n = 2k.

Example 2.4.2 (Sn). Since Sn = (Rn)+ we have, by definition, an exact sequence

0Ð→ K0(Rn)Ð→ K0(Sn)Ð→ ZÐ→ 0.

Thus we have K0(Sn) = K0(Rn)⊕Z. Furthermore, since K−1(X) = K−1(X+), we have

K−1(Sn) = K0(Rn+1).

Example 2.4.3 (Tn). Let X be compact Hausdorff and consider the space X × S1.

Let j ∶ X × {1} ↪ X × S1 be the inclusion. Then the map pr1 ∶ X × S1 → X × {1}

induces a splitting

0 // K0(X ×R) ι! // K0(X × S1)
j∗ // K0(X)
ψ∗
oo // 0

by the split exactness of K0. Hence K0(X × S1) = K0(X ×R) ⊕ K0(X) = K−1(X) ⊕
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K0(X). Replacing X with X ×R we obtain

K−1(X × S1) = K0(X ×R × S1) = K0(X ×R2)⊕K0(X ×R) = K0(X)⊕K−1(X).

Putting this together, we see that K∗(X ×S1) = K0(X)⊕K0(X)⊕K−1(X)⊕K−1(X).

As a consequence of this, we see by induction that K∗(Tn) = Z2n , where Tn is the

n-torus.

In what follows, we use the notation [V,W,ϕ] to denote the class of the complex

0Ð→ V
ϕÐ→W Ð→ 0

in K-theory.

Example 2.4.4 (RP 2). Think of RP 2 as the closed disk in R2 with antipodal points

on the boundary identified. In particular, we may think of RP 1 as a subspace of RP 2

whose complement in RP 2 is the open disk D. The six term exact sequence is then

K0(D) ι! // K0(RP 2) j∗ // K0(RP 1)
∂β

��
K−1(RP 1)

∂

OO

K−1(RP 2)
j∗
oo K−1(D)

ι!
oo

We begin by making some preliminary calculations.

1. First, D ≅ R2, so K−1(D) = 0 and K0(D) is generated by the triple [1,1, z], as

this represents the Bott class for R2.

2. The map [z] ↦ z2 provides a homeomorphism between RP 1 and S1 hence

induces an isomorphism K0(S1) → K0(RP 1) and [S1,GL∞(C)] = K−1(S1) →

K−1(RP 1) = [RP 1,GL∞(C)]. In particular, since [z] generates [S1,GL∞(C)],

[z2] generates [RP 1,GL∞(C)].
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With this is mind, the six term exact sequence reduces to

Z ι! // K0(RP 2) j∗ // Z
∂β

��
Z

∂

OO

K−1(RP 2)
j∗
oo 0

ι!
oo

We must compute the map ∂ ∶ Z → Z, which we can do by seeing where it sends

[z2]. We compute

∂([z2]) = [1,1, z2] = [1,1, z2] + [1,1, id] since [1,1, id] is acyclic,

= [12,12, z
2 ⊕ id] = [12,12, z ⊕ z] homotopy invariance,

= [1,1, z] + [1,1, z].

Thus, ∂ maps a generator of K−1(RP 1) to twice a generator of K0(D) so, at the

level of the integers, ∂ is multiplication by 2 and is in particular injective. Thus,

K−1(RP 1) = 0. Since ker(ι) = 2Z we get the short exact sequence

0Ð→ Z/2ZÐ→ K0(RP 2)Ð→ ZÐ→ 0,

whence K0(RP 2) = Z⊕Z2.

Example 2.4.5. Declare two points z,w ∈ ∂D = S1 equivalent is there exists α such

that αn + 1 = 0 and z = αw. Then by an analogous calculation as above we see that

K0(D/ ∼) = Z⊕Zn and K1(D/ ∼) = 0.

Example 2.4.6. The real projective plane RP 2 is the one point compactification of

the open Möbius band M̈. Thus, K0(M̈ ) = Z2 and K−1(M̈ )=0.

Example 2.4.7 (The Klein Bottle). Let K denote the Klein Bottle. Topologically,

K is the union of a circle and an open Möbius band, so we obtain the six term exact
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sequence

Z2 // K0(K) // Z
∂β

��
Z

∂

OO

K−1(K)oo 0oo

We claim that the boundary map on the left hand side is the zero map. Indeed, the

canonical map M → K from the closed Möbius band M to the Klein bottle induces a

commuting diagram

=0
³¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹µ
K−1(M̈) 0 //

=Z
³¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹µ
K−1(M) ×2 //

=Z
³¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹µ
K−1(S1) 1↦[1] //

=Z2³¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹µ
K0(M̈) 0 //

=Z
³¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹µ
K0(M)

K−1(M̈) // K−1(K) //

OO

K−1(S1)
∂
//

×2

OO

K0(M̈) 0 // K0(K),

OO

from which it is clear that ∂ = 0. Thus, from the six term exact sequence

K0(K) = Z⊕Z2 and K−1(K) = Z.

2.5 The Atiyah-Singer Index Theorem

One of the great triumphs of topological K-theory is the Atiyah-Singer Index theorem,

which asserts that the index of an elliptic differential operator on a compact manifold

can be computed purely from K-theory considerations. In this section, we spell out

what this theorem says, omitting many details.
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2.5.1 Differential Operators

Definition 2.5.1. A differential operator of order m on Rn is a linear operator

L ∶ C∞
c (Rn)→ C∞

c (Rn) which acts on functions as

(Lf)(x) = ∑
∣α∣≤m

aα(x)Dαf(x).

Here α ∈ Nn is a multi-index, with ∣α∣ = ∑αi, and

Dα = (−i)∣α∣ ∂
α1

∂xα1
1

∂α2

∂xα2
2
⋯ ∂αn

∂xαnn
.

Closely related to a differential operator L is its symbol. To motivate the defini-

tion, recall the Fourier inversion formula: for f ∈ C∞
c (Rn) we have

f(x) = ∫
Rn
eix⋅ξf̂(ξ)dξ.

Recall as well that D̂αf(ξ) = ξαf̂(ξ). With this, we have

(Lf)(x) = ∑
∣α∣≤m

aα(x)Dαf(x) = ∑
∣α∣≤m

aα(x)∫
Rn
eix⋅ξD̂αf(ξ)dξ

= ∫
Rn
eix⋅ξ

⎛
⎝ ∑∣α∣≤m

aα(x)ξα
⎞
⎠
f̂(ξ)dξ

Definition 2.5.2. Let L = ∑∣α∣≤m aα(x)Dα be a differential operator on Rn. Its symbol

is the polynomial function on Rn ×Rn given by

σL(x, ξ) = ∑
∣α∣≤m

aα(x)ξα;



43

the principal symbol is the top order terms of the symbol, that is,

σpL(x, ξ) = ∑
∣α∣=m

aα(x)ξα.

A differential operator L is called elliptic if the principal symbol is non-zero for all

(x, ξ) with ξ ≠ 0.

We interpret the principal symbol as a map σpL ∶ Rn × Rn → End(C). Ellipticity

says that the symbol lands in the invertible linear maps for all (x, ξ) with ξ ≠ 0.

More generally, if V is any finite dimensional vector space, then the partial dif-

ferential operators ∂j are defined using the usual limit definition. If V0 and V1 are

finite dimensional complex vector spaces then, as before, we call a linear operator

L ∶ C∞
c (Rn, V0)→ C∞

c (Rn, V1) a differential operator of order m if it has the form

(Lf)(x) = ∑
∣α∣≤m

aα(x)Dαf(x),

where the aα ∶ Rn → Hom(V0, V1) are smooth. The principal symbol, as before, is

defined to be function

σpL(x, ξ) = ∑
∣α∣≤m

aα(x)ξα ∈ Hom(V0, V1).

A differential operator L ∶ C∞
c (Rn, V0) → C∞

c (Rn, V1) is called elliptic if σpL(x, ξ) is

invertible for all (x, ξ) with ξ ≠ 0.

We now want to extend this discussion to the case the Rn is replaced with an

arbitrary smooth manifold M and the vector spaces V0, V1 are replaced with vector

bundles S0 and S1 over M . In this setting, the principal symbol of a differential

operator will be a section σp ∶ T ∗M → Hom(π∗S0, π∗S1), where π ∶ T ∗M → M is

the vector bundle projection. In what follows, if S is a vector bundle over M , we
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let Γ∞
c (S) denote the compactly supported smooth sections of S, that is, the smooth

sections which are zero outside of a compact set.

Definition 2.5.3. A linear operator

L ∶ Γ∞
c (S0)→ Γ∞

c (S1),

where S0 and S1 are smooth vector bundles over a smooth manifold M , is called a

differential operator of order m if

i. L is a local operator: L ∶ Γ∞
c (S0∣U)→ Γ∞

c (S1∣U) for all open U ⊆M , and

ii. for every chart U with S0∣U and S1∣U trivial, there is a differential

operator L̃ ∶ C∞
c (U,Cn) → C∞

c (U,Ck) of order m such that the following

diagram commutes

C∞
c (U,Cn) L̃ // C∞

c (U,Ck)

Γ∞
c (S0∣U)

≅

OO

L
// Γ∞
c (S1∣U),

≅

OO

where the vertical arrows are induced by the trivializations for S0,1∣U .

In order to define the principal symbol of a differential operator, we need to recall

some facts about the cotangent bundle. We say that a germ of functions f at a point

p ∈ M vanishes of order k if it can be written as the product of k functions which

vanish at p. Letting Jkp denote the vector space of germs of smooth functions which

vanish to order k at p. Then, by definition, T ∗
pM = J1

p /J2
p , and for f ∈ C∞(M), df

denotes the equivalence class of f − f(p) in T ∗
pM . Let π ∶ T ∗M → M denote the

projection.

Definition 2.5.4. Let L ∶ Γ∞
c (S0) → Γ∞

c (S1) be a differential operator. For (x, ξ) =
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(x, df) ∈ T ∗
x (M) and e = s(x) ∈ S0

x for s ∈ Γ∞
c (S0), we define

σpL(x, ξ)(e) ∶=
im

m!L((f − f(x))
ms)(x) ∈ S1

x.

The principal symbol of L is defined as the section

σpL ∶ T ∗M → Hom(π∗(S0), π∗(S1))

given by (x, ξ)↦ σpL(x, ξ). We say that L is elliptic if σpL(x, ξ) is invertible outside of

the zero section of T ∗M .

2.5.2 The Index Map and the Index Theorem

Given an elliptic differential operator L ∈ Γ∞(S0) → Γ∞(S1) between vector bundles

over a compact manifold M , we want to associate an integer called that topological

index of L. We will do this by assigning to L a class [σpL] ∈ K0(T ∗M). We will

then define a map indt ∶ K0(T ∗M) → Z called the topological index map, and the

topological index of L is defined as indt([σpL]) ∈ Z.

First, we define the class [σpL] ∈ K0(T ∗M). The symbol defines a complex

[σpL] ∶ 0Ð→ π∗S0 σpLÐ→ π∗S1 Ð→ 0,

where σpL(x, ξ, e) = σ
p
L(x, ξ)(e). If L is elliptic, then by definition the support of this

complex is contained in the zero section of T ∗M . Since this is homeomorphic to M

and M is compact, we conclude that [σpL] ∈ K0(T ∗M).

We will now define the topological index map. Let ϕ ∶X → Rn be an embedding,

for some n sufficiently large. We may extend this to an embedding (v, dϕ) ∶ TX →

TRn. If N is the normal bundle of X in Rn, then we note that π∗N ⊕π∗N ≅ π∗N ⊗C
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is the normal bundle of TX in TRn. In particular, it is complex, whence we have the

Thom isomorphism

K∗(TX) ≅ K∗(π∗N ⊗C).

Identifying π∗N ⊗ C with a tubular neighbourhood of TX in TRn gives the wrong

way map K∗(π∗N ⊗ C) → K∗(TRn). Since TRn ≅ R2n, Bott periodicity identifies

K∗(TRn) ≅ K∗(∗) = Z.

Definition 2.5.5. The topological index map is defined to be the composition

indt ∶ K∗(T ∗X) ≅ K∗(π∗N ⊗C)→ K∗(TRn) ≅ Z.

It can be shown that this map is independent of choice of embedding and of tubular

neighbourhood. We are finally ready to state the Atiyah-Singer Index Theorem.

Theorem 2.5.1 (Atiyah-Singer Index Theorem). Let L ∶ Γ∞(S0) → Γ∞(S1) be an

elliptic differential operator between smooth vector bundles S0, S1, over a compact,

smooth manifold M . Then

i. both the kernel and cokernel of L are finite dimensional and,

ii. indt([σpL]) = dim(ker(L)) − dim(coker(L)).
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Chapter 3
Wrong Way Functoriality

Motivated by the topological index construction of Atiyah and Singer, we are going

to define “wrong way maps" for certain smooth maps between smooth manifolds. The

correct condition for a map to define a wrong way map in K-theory is the requirement

that it admit a K-orientation. A K-orientation for a map f ∶ X → Y is defined as a

K-orientation of the tangent bundle of f , that is the bundle TX ⊕ f∗TY .

A K-orientation of a vector bundle is a condition involving its Clifford bundle

and the representation theory of the fibres of this bundle. In Section 3.1 we define

the Clifford algebra of a Euclidean vector space, and talk about its representation

theory. We then discuss K-orientations of vector bundles, and their relationship with

orientations, in Section 3.2. Armed with this background, we then construct wrong

way maps for K-oriented maps in Section 3.3

3.1 Clifford Algebras

Clifford algebras and their representation theory play a major role in topological K-

theory and bivariant K-theory. In this section we will define the Clifford algebras and

discuss their representation theory. This section follows the wonderful book [17].
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Definition 3.1.1. Let (V, ⟨⋅, ⋅⟩) be a Euclidean1 vector space; the (real) Clifford

Algebra of V is defined as

Cl(V ) ∶= T (V )/I(V ),

where T (V ) = ∑n≥0 V
⊗n is the tensor algebra2 of V and I(V ) is the (two-sided) ideal

generated by v ⊗ v + ∥v∥2, for v ∈ V . The complex Clifford algebra of V is defined as

Cl(V ) ∶= Cl(V )⊗R C.

Example 3.1.1. The Clifford algebra Cl(R) is the algebra generated by 1 and e,

where e2 = −1. Thus, Cl(R) ≅ C. Since C⊗RC ≅ C⊕C, it follows that Cl(R) ≅ C⊕C.

Clifford algebras are the universal associative, unital, complex algebra associated

to V satisfying v ⋅ v = −∥v∥21 in the following sense.

Proposition 3.1.1. Let A be an associative, unital, complex algebra and ϕ ∶ V → A be

a real linear map such that ϕ(v)2 = −∥v∥21 for all v ∈ V . There is a unique C-algebra

homomorphism ϕ̃ ∶ Cl(V )→ A such that the following diagram commutes

Cl(V )
ϕ̃

""
V

OO

ϕ
// A,

where the map V → Cl(V ) is the canonical embedding.

This universal property implies a Z2-grading Cl(V ) = Cl0(V ) ⊕ Cl1(V ) coming

from the +1 and −1 eigenspaces of the automorphism induced by v ↦ −v. This grading

is seen to be fundamental by the following proposition
1a finite dimensional, real vector space equipped with an inner product ⟨⋅, ⋅⟩
2by convention, we take V ⊗0 ∶= R
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Proposition 3.1.2. There is a natural isomorphism

Cl(V ⊕W ) ≅ Cl(V )⊗̂Cl(W ),

where ⊗̂ denotes the Z2-graded tensor product of Z2-graded algebras.

Proof. The isomorphism is induced by the map

V ⊕W → Cl(V )⊗̂Cl(W )

(v,w)↦ v⊗̂1 + 1⊗̂w;

this satisfies the universal property since

(v⊗̂1 + 1⊗̂w)2 = (v⊗̂1)2 + (v⊗̂1)(1⊗̂w) + (1⊗̂w)(v⊗̂1) + (1⊗̂w)2

= v1⊗̂1 + v⊗̂w − v⊗̂w + 1⊗̂w2 = −∥(v,w)∥2(1⊗̂1).

Just as an orientation of a vector space V determines a volume form in the ex-

terior algebra of V , and orientation of V defines a volume element in the complex

Clifford algebra Cl(V ). This element will play an important role in studying the

representation theory of Cl(V ), so we take some time now to record some facts.

Definition 3.1.2. Let V be an oriented Euclidean vector space of dimension n. The

(oriented) volume element for Cl(V ) is defined as

ωV ∶= i⌊n+1
2 ⌋e1⋯en,

where {e1, . . . , en} is any positively oriented3 orthonormal basis for V and ⌊⋅⌋ denotes
3Any two orthonormal bases of a vector space V are related by an orthogonal matrix. Two bases

are in the same orientation class if they are related by a special orthogonal matrix. An orientation
of a vector space is a choice of orientation class, and a frame is called positively oriented if it is in
this chosen orientation class.
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the floor function.

Proposition 3.1.3. The volume element ωV ∈ Cl(V ) is well defined by a choice of

orientation for V and satisfies the following properties

i. ω2
V = 1,

ii. ωV ξ = −ξωV for all ξ ∈ V if dimV is even,

iii. ωV ξ = ξωV for all ξ ∈ V if dimV is odd, and

iv. under the isomorphism Cl(V )→ Cl0(V ⊕R) induced by the map

V → Cl0(V ⊕R)

ξ ↦ ξe,

where e is the canonical basis element for R, the volume element for V maps to

the volume element for V ⊕R if V is odd dimensional, and −i times the volume

element for V ⊕R if V is even dimensional. Here we are giving V ⊕R the product

orientation.

Proof. See [17].

3.1.1 Representation Theory of Cl(Rn)

The representation theory of Cl(Rn) plays a major role in K-theory in the sense

that it gives us Thom Isomorphisms. Indeed, suppose that V is a real vector bundle

over a space X, and associated to V is a complex vector bundle S over X such

that for all x ∈ X, the fibre Sx is an irreducible representation of Cl(Vx). Then the

Thom Isomorphism Theorem says that there is a natural isomorphism λV∗ ∶ K∗(X)→

K∗−dimV (V ) induced by the action of V on S. We therefore devote this section to
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understanding the irreducible representations of Cl(Rn). They turn out to be quite

simple, because of the following classification theorem.

Theorem 3.1.1. For all n ∈ N there is an isomorphism Cl(Rn+2)→ Cl(Rn)⊗Cl(R2).

Thus, one has the following table computing Cl(Rn) up to isomorphism:

n = 1 n = 2 ⋯ n = 2k n = 2k + 1

Cl(Rn) C⊕C M2(C) ⋯ M2k(C) M2k(C)⊕M2k(C)

In particular, if vn denotes the number of inequivalent irreducible representations of

Cl(Rn), and dn denotes the complex dimension, then we have

v2n = 1, d2n = 2n,

v2n+1 = 2, d2n+1 = 2n.

Proof. See [17].

It will be useful to have a bit of a handle on what these irreducible representa-

tions are, so we will take some time to understand them. Representations of Cl(Rn)

always split into the direct sum of irreducible representations, so if we can find a

representation of minimal dimension, it must be irreducible.

The unique irreducible representation of the Clifford algebras of even dimensional

spaces is quite easy to describe, so we start there. Suppose that n = 2k, and let

Λ∗
CCk denote the complex exterior algebra of Ck. There is a canonical map c ∶ R2k →

End(Λ∗
CCk) given by

ξ ↦ c(ξ) ∶= λξ − λ∗ξ ,

where

λξ(w) = ξ ∧w and λ∗ξ(w1 ∧⋯ ∧wm) =
m

∑
j=1

(−1)j+1⟨wj, ξ⟩Cw1 ∧⋯ ∧ ŵj ∧⋯ ∧wm,
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and ⟨⋅, ⋅⟩C is the standard inner product on Ck. We have that λ2
ξ = 0, (λ∗ξ)2 = 0, and

λ∗ξ(λξ) = ∥ξ∥2 ⋅ 1 − λξ(λ∗ξ),

whence the map ξ ↦ c(ξ) extends to a (skew self-adjoint) representation of Cl(R2k).

A dimension count shows that this is the irreducible representation. Furthermore, we

note that Λ∗
CCk has a natural Z2-grading induced by the volume element ω2k. Indeed,

Λ∗
CCk splits as (1+c(ω2k))Λ∗

CCk⊕(1−c(ω2k))Λ∗
CCk, i.e. into the ±1-eigenspaces for ω2k.

We note as well that, for each ξ ∈ Rn, the operator c(ξ) is odd, since ξω2k = −ω2kξ.

Observe that switching the orientation of R2k has the effect of reversing the Z2-

grading.

To find the irreducible representations of Cl(R2k−1), let S be an irreducible rep-

resentation of Cl(R2k). Then, as before, S splits into the direct sum of the ±1-

eigenspaces of the volume element ω2k. Note that the inclusion of the first 2k − 1

coordinates R2k−1 → R2k induces the map

R2k−1 → End(S),

v ↦ c(ve2k),

where e2k is the standard basis vector not in R2k−1. This map satisfies the universal

property, whence extends to give a representation Cl(R2k−1) → End(S). Since each

element of R2k acts as an odd operator, it follows that R2k−1 acts as even operators,

and therefore leaves each eigenspace of ω2k invariant. Thus, each summand is a rep-

resentation of Cl(R2k−1) and a dimension count shows that it is irreducible. Since the

volume element for Cl(R2k−1) maps to the volume element of Cl(R2k), it follows that

it acts as +1 on one summand, and -1 on the other. Thus, these two representations

are inequivalent.
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3.1.2 The Spin Group

We motivate this section by posing the following question. First, note that O(n) acts

on representations of Cl(Rn) as follows. Indeed, suppose that (S, c) is a representation

of Cl(Rn) and A ∈ O(n). Then A induces a new representation of Cl(Rn) via

Rn → End(S)

ξ ↦ A.c(ξ) ∶= c(Aξ);

since A ∈ O(n) this map extends by the universal property. We let A.S denote the

new representation. When are S and A.S equivalent?

The answer lies in understanding a certain subgroup of the invertible elements of

Cl(V ), called the spin group. First, we make the following observation.

Proposition 3.1.4. For any non-zero vector v ∈ V and any w ∈ V , we have that

−Adv(w) = −vwv−1 = w − 2⟨v,w⟩
∥v∥2 v.

In other words, −Adv reflects w across v⊥.

We note that

∥Adv(w)∥2 = ⟨w − 2⟨v,w⟩
∥v∥2 v,w − 2⟨v,w⟩

∥v∥2 v⟩ = ∥w∥2. (3.1)

At this point we are interested in a certain subgroup of Cl(V ) called the spin

group. This group is (apparently) important in physics, but for our purposes it will

be a useful tool in determining when two representations of Cl(V ) are equivalent.

Definition 3.1.3. Let V be a Euclidean vector space, and let S(V ) denote the unit
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sphere in V . We define the group Spin(V ) as

Spin(V ) ∶= {v1⋯v2k ∈ Cl(V ) ∶ v1, . . . , v2k ∈ S(V )}.

Proposition 3.1.4 and Equation (3.1) say that the adjoint representation Ad ∶

Spin(V )→ O(V ). In fact, since −Adv is a reflection across v⊥, and each such reflection

has determinant -1, we see that Ad yields a representation Spin(V )→ SO(V ), being

the product of an even number of such reflections. It is shown in [17] that the adjoint

representation is surjective, and moreover that we have the following exact sequence.

0Ð→ Z2 Ð→ Spin(V ) AdÐ→ SO(V )Ð→ 0. (3.2)

This says that Spin(V ) is the double cover of SO(V ). The important point for

us, though, is the surjection Spin(V )Ð→ SO(V ), as it provides us with an answer to

our original question.

Proposition 3.1.5. If A ∈ SO(Rn), and S is any representation of Cl(Rn), then S

and A.S are equivalent. If A ∈ O(n)∖SO(n), then A.S. is equivalent to the opposite

representation of S.

By opposite representation we mean the following: If n is even, then it is the

same representation but with the Z2-grading reversed, and if n is odd then it is the

representation induced by

Rn → End(S)

ξ ↦ −c(ξ),

where c is Clifford multiplication.

Proof. Observe that by the exact sequence (3.2), it follows that A lifts to some element
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w ∈ Spin(n). It follows that Clifford multiplication by w yields the needed equivalence,

since, by definition, for all v ∈ V , Av = wvw−1 so that, for all s ∈ S,

c(Aξ)c(w) = c(wξw−1)c(w) = c(wξ) = c(w)c(ξ),

i.e. the following diagram commutes

S
c(w) //

c(ξ)
��

S

a(ξ)
��

A
c(w)

// S.

Now, suppose that A is orientation reversing. If n is odd, then −A is orientation

preserving, so S and (−A).S are equivalent. Thus, it suffices to show this when

A = −1, but this gives the opposite representation, by definition.

If n is even, then there is an element w ∈ Cl(Rn) such that α(w)ξ = Aξ for all

ξ ∈ Rn, where α is the grading operator (see [17]). If w is even, then S and A.S are

equivalent and if w is odd then S and (−A).S are equivalent, and since −1 ∈ SO(n),

it follows that S and A.S are equivalent, as ungraded representations in both cases.

To see that the grading is reversed, we note that if a(ω2k) = −c(ω2k).

3.2 K-Orientations of Vector Bundles

A K-orientation is, as the name suggests, an “orientation class" for K-theory in the

sense that it gives a Thom isomorphism. A K-orientation of a vector bundle V

can be given explicitly as a complex vector bundle S, called the spinor, of irreducible

representations of the Clifford bundle Cl(V ). More specifically, we make the following

definition, which is a combination of the definitions due to Connes and Skandalis, [5],

and Higson and Roe, [14].
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Definition 3.2.1. Let X be a space and let V be a real vector bundle over X. A

spinor triple for V is a triple (q, SV , c), where

i. q is a metric on V (see Definition 2.1.5),

ii. SV is a complex, Hermitian vector bundle over X, and

iii. c ∶ V → End(S) is an R-linear vector bundle map such that

a. c(ξ) = −c(ξ)∗ and c(ξ)2 = −q(v, v)2 ⋅ 1 for all ξ ∈ V ,

b. (SV )x is an irreducible Cl(Vx, qx)-module for all x ∈X, and

c. if V is of even rank, then SV is Z2-graded and c(ξ) is an odd

operator for all ξ ∈ V , that is SV = S0
V ⊕ S1

V and

c(ξ)(S0
V ) ⊆ S1

V and c(ξ)(S1
V ) ⊆ S0

V for all ξ ∈ V .

In order to compare spinor triples we introduce the notion of concordance.

Definition 3.2.2. Suppose that S0 = (q0, S0, c0) and S1 = (q1, S1, c1) are spinors for

a vector bundle V over X. We say that S0 and S1 are concordant if there is a vector

bundle W over X × [0,1] equipped with a spinor S such that

W ∣X×{0} ≅ V, with S∣X×0 ≅ S0 and W ∣X×{1} ≅ V with S∣X×1 ≅ S1

Definition 3.2.3. Let V be a real vector bundle over X. A K-orientation for V is a

choice of concordance class of spinor triple for V . A manifoldM is called K-orientable

if its tangent bundle admits a K-orientation.

Because of the notion of concordance, the metric plays a minor role in the defini-

tion of a K-orientation. Thus, unless we need to be specific about the metric we are

using, we usually drop it from the notation.
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Example 3.2.1. An almost complex structure on a real vector bundle V is an en-

domorphism J ∶ V → V such that J2 = −1; using J we can define complex scalar

multiplication on the fibres of V by

(x + iy).ξ ∶= xξ + yJ(ξ) for x, y ∈ R and ξ ∈ V .

Any almost complex Euclidean vector bundle V over a space X, in particular the real

vector bundle TX⊕TX, is canonically K-oriented, by taking SV = Λ∗
CV , where we are

viewing V as a complex vector bundle using the complex structure, and c(ξ) = λξ−λ∗ξ ,

as above. We give SV a Z2-grading as in the previous section. We note that if X is

compact, then the complexes

0Ð→ CÐ→ Λ1
CV

dÐ→ Λ2
CV

dÐ→ ⋯ and 0Ð→∑
k

Λ2k
C V

cÐ→∑
k

Λ2k+1
C V Ð→ 0

determine the same class in K∗(V ). More generally, if X is any space then these

complexes define equivalent classes in RK0
X(V ), the representable K-theory of V with

X-compact support, defined in Section 4.2. It is called the Thom class.

Example 3.2.2. Every trivial bundle is K-orientable, and any choice of global frame

yields a K-orientation by deeming that frame to be orthonormal. If two frames are re-

lated by an SO(n)-valued function A, and if A lifts continuously to a Spin(n)-valued

function, then the two frames yield equivalent K-orientations as seen by Proposi-

tion 3.1.5. We remark that although there are only (up to equivalence) two irreducible

Z2-graded modules for Cl(Rn), the irreducible Z2-graded modules for Cl(X ×Rn) are

parametrized by the line bundles over X. Indeed, if S is a spinor for X ×Rn and L

is a line bundle over X, then we may form another spinor for X × Rn using S ⊗ L;

see [14] for more details.

Example 3.2.3. The trivial bundle X×R has two canonical K-orientations, given by
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multiplication by x and −x, respectively. These are called the positive and negative

K-orientations of X ×R respectively.

Example 3.2.4. If f ∶ X → Y is a map and V is a K-oriented vector bundle over

Y , then f∗V obtains a K-orientation in an obvious way. If X and Y are smooth and

f ∶X → Y is a diffeomorphism, then since f∗(TY ) ≅ TX, we see that K-orientability

is a diffeomorphism invariant.

Example 3.2.5. Every Lie group is K-orientable since the tangent bundle of a Lie

group is trivial. In fact, an orientation of a Lie group induces a K-orienation of the

Lie group; see Lemma 3.2.2.

3.2.1 K-Orientations and Orientations

As the name might suggest, a choice of K-orientation for a vector bundle V determines

an orientation for V . Indeed, one can think of a K-orientation as an orientation

“with a slight bit of extra structure"4. With this in mind, we devote this section to

comparing the two concepts.

Lemma 3.2.1. There is a 1-1 correspondence between K-orientations of V and K-

orientations of V ⊕R.

Proof. First assume that V is of odd rank. If V is K-oriented with spinor (SV , cV )

then we K-orient V ⊕ R using the bundle SV ⊕R ∶= SV ⊕ SV and the action given by

the extension of

cV ⊕R(ξ, x) =
⎛
⎜⎜
⎝

0 cV (ξ) − x

cV (ξ) + x 0

⎞
⎟⎟
⎠
.

The bundle SV ⊕R is obviously Z2-graded, and each (ξ, x) ∈ V ⊕ R acts as an odd

operator.
4This remark is due to Paul Baum and Ronald Douglas, see [3]
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On the other hand, suppose that V ⊕R is K-oriented with spinor S = S0⊕S1. If e

denotes the canonical basis element of R, then V acts on S0 via the extension of the

map

ξ ↦ cV ⊕R(ξe).

Let us verify that these two constructions are inverse. Starting with a K-orientation

for V , inducing one on V ⊕R, and then inducing back on V we see that the vector

spaces agree, so we must verify that the actions are the same. We have

cV ⊕R(ξe) =
⎛
⎜⎜
⎝

0 cV (ξ)

cV (ξ) 0

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

0 −1

1 0

⎞
⎟⎟
⎠
=
⎛
⎜⎜
⎝

cV (ξ) 0

0 −cV (ξ)

⎞
⎟⎟
⎠
,

so, after projection onto the first coordinate, that these actions agree. Conversely, to

show the two K-orientations on V ⊕R agree we must show that the following diagram

commutes

S0 ⊕ S1
(

1 0
0 −c(e) )

//

c(ξ,x)
��

S0 ⊕ S0

(
0 c(ξe)−x

c(ξe)+x 0 )

��
S0 ⊕ S1

(
1 0
0 −c(e) )

// S0 ⊕ S0.

(3.3)

If s0 ∈ S0 then traversing down and right we have

s0 ↦ −c(e)c(ξ, x)s0 = −c(e)(c(ξ) + xc(e))s0 = (c(ξe) + x)s0,

which is the same as if one traverses right and then down. Similarly, if s1 ∈ S1 then

traversing right then down gives

s1 ↦ −(c(ξe) − x)c(e)s1 = (c(ξ) + xc(e))s1 = c(ξ, x)s1,

which is what one gets if they transverse down and then right. Thus, (3.3) commutes.
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Now suppose that V is of even rank. Then, if V is K-oriented with spinor S we

define the action of V ⊕R on S to be the extension of

cV ⊕R(ξ, x) = cV (ξ) − ixcV (ωV ). (3.4)

If V ⊕R is K-oriented with spinor S, then V acts on S via ξ ↦ cV ⊕R(ξ). We Z2-

grade S as S = (1+ cV ⊕R(ωV ))S⊕ (1− cV ⊕R(ωV ))S. To show that these constructions

are inverse, we must show that

cV ⊕R(ξ, x) = cV ⊕R(ξ) − ixcV ⊕R(ωV ).

Since S is an irreducible Cl(V ⊕R)-module, the properties of ωV ⊕R imply that it acts

as +1 or -1, and by choosing the appropriate orientation on V , we may assume that

it acts as +1. Next, we observe that, by definition, eωV = ωV e = −iωV ⊕R. Thus,

cV ⊕R(ξ, x) = cV ⊕R(ξ) + cV ⊕R(x) = cV ⊕R(ξ) + xcV ⊕R(eωV ⊕R) = cV ⊕R(ξ) − ixcV ⊕R(ωV ),

as needed. An irreducibility arguement shows that if S = S0 ⊕ S1 is a Z2 grading for

a spinor of V , then we may orient V so that S0 is the +1-eigenspace of ωV and S1 is

the −1-eigenspace of ωV , which completes the proof.

Remark. There are two seemingly distinct ways one can K-orient V ⊕ R given a

K-orientation for V . We compare the two in Appendix B.

Proposition 3.2.1. A K-orientation on a vector bundle V induces an orientation of

V .

Proof. First suppose that n = 2k, so that SV = S0
V ⊕ S1

V . If e = {e1, . . . en} is an

orthonormal frame for V , then irreducibility and local considerations show that ωe ∶=
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ike1⋯en acts as +1 or −1 on S0
v . If it acts as +1, we deem this frame to be positively

oriented, and if it acts as -1, we deem it to be negatively oriented.

If V is of rank n = 2k − 1, then irreducibility implies that ωe acts as +1 or -1. As

before, we deem a frame e positive if ωe acts as +1, and negatively oriented if it acts

as -1.

Although a converse to this theorem is in general false, see Example 3.2.7, we do

have the following partial converse.

Lemma 3.2.2. Suppose that M is a parallelizable manifold, i.e. its tangent bundle

is trivial. Then, an orientation of M induces a K-orientation of M . Moreover, if

M and N are both parallelizable and f ∶ M → N is orientation preserving, then f

is K-orientation preserving when M and N are K-oriented as above. In particular,

when M and N are K-oriented as above, any diffeomorphism is either K-orientation

preserving or reversing, and this is detectable by computing the determinant of the

Jacobian at any point of m ∈M .

Proof. Suppose that {e1, . . . , en} is a positively oriented global frame for TM . We

declare this frame to be orthonormal, and therefore may identify TM isometrically

with M ×Rn, which gives a K-orientation for M . Different positively oriented frames

yield concordant spinor triples, so this is well defined.

The second statement is clear, since df maps a postively oriented frame {e1 . . . , en}

for TM to a positively oriented frame {f1, . . . , fn} for TN via the following commuting

diagram

TN TM
dfoo

N

fi

OO

f−1
//M.

ei

OO
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Example 3.2.6. The Möbius bundle is not K-orientable, since it is not orientable.

Example 3.2.7. The manifold SU(3)/SO(3) is orientable but not K-orientable,

see [17], p. 393. Thus, K-orientability is strictly finer than orientability.

Thus, one can think of a K-orientation as an orientation “with a slight bit of extra

structure5". Using this train of thought we define the “opposite K-orientation" as well

as state and prove a 2-out-of-3 lemma for K-orientations.

Definition 3.2.4. Suppose that V is a K-oriented vector bundle with K-orientation

(SV , c). We define the opposite K-orientation in the following way:

i. if V is of even rank, then (S0
V ⊕ S1

V , c)op ∶= (S1
V ⊕ S0

V , c) and

ii. if V is of odd rank, then (SV , c)op ∶= (SV , c−), where c− is the map

induced by

ξ ↦ −c(ξ).

Remark. Observe that reversing the K-orientation reverses the corresponding orien-

tation, and vice versa.

The fundamental lemma for constructing K-orientations from given ones is the

2-out-of-3 lemma, which we now state and prove.

Theorem 3.2.1 (The 2-Out-Of-3 Lemma for K-Orientations). Suppose that

0Ð→ V Ð→ U Ð→W Ð→ 0

is a short exact sequence of vector bundles. If any two of them are K-oriented, then

the third receives a canonical K-orientation.
5This remark is due to Paul Baum and Ronald Douglas, see [3]
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If a splitting W → U (resp. U → V ) is given, then the K-orientation that W

(resp. V ) receives induces the original K-orientation on U when paired with the given

K-orientation on V (resp. W ). Furthermore, this K-orientation is unique.

Proof. Since any short exact sequence of vector bundles splits, we may assume that

U = V ⊕W ; we will show at the end that the choice of splitting makes no difference,

up to concordance. Also, by Lemma 3.2.1 we may assume that all bundles are of even

rank, hence the spinors are Z2-graded.

If V andW are K-oriented via (SV , cV ) and (SW , cW ) respectively, then V obtains

a K-orientation using SV ⊗̂SW , where ⊗̂ denotes the Z2-graded tensor product, and

the action induced by

(ξ, η)↦ cV (ξ)⊗̂1 + 1⊗̂cW (ξ).

Conversely, if V ⊕W and W are K-oriented, let Homg
Cl(W )

(SW , SV ⊕W ) denote the

bundle of linear maps which graded commute with the action of Cl(W ). The bundle

Cl(W ) acts on Homg
Cl(W )

(SW , SV ⊕W ) by composition, and since the evaluation map

Homg
Cl(W )

(SW , SV ⊕W )⊗̂SW → SV ⊕W

is an equivalence as SW is irreducible, it follows that SV ∶= Homg
Cl(W )

(SW , SV ⊕W ) is

a spinor for V satisfying the conclusion of the theorem.

We now show that any two choices of splitting yield the same K-orientation. If

φ and φ′ are two different splittings W → U , then they induce an automorphism of

V ⊕W given by the matrix
⎛
⎜⎜
⎝

1 φ + φ′

0 1

⎞
⎟⎟
⎠
.

This matrix is connected by a path (namely the path obtained by multiplying φ + φ′

by t) in SO(n) to the identity, which shows that the corresponding K-orientations
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are concordant.

To prove uniqueness, suppose that SV is another K-orientation such that SV ⊗̂SW

and SV ⊕W are equivalent. Consider the map

SV → HomCl(W )(SW , SV ⊗̂SW ) = HomCl(W )(SW , SV ⊕W )

x↦ (Tx ∶ y ↦ x⊗̂y).

First, observe that for each x ∈ SV the map Tx graded commutes with the action of

Cl(W ). Indeed, note that ∂(Tx) = ∂x and for ξ ∈W and y ∈ SW we have

Tx(cW (ξ)y) = x⊗̂(cW (ξ)y) = (−1)∂x(1⊗̂cW (ξ))(x⊗̂y) = (−1)∂xcV ⊕W (ξ)Tx(y).

The map x ↦ Tx is an injection, hence an isomorphism by dimension consideration,

so it remains to show that it intertwines the Clifford multiplications, that is show

that the following diagram commutes

SV //

cV (η)

��

Homg
Cl(W )

(SW , SV ⊗̂SW )

c̃V (η)

��
SV // Homg

Cl(W )
(SW , SV ⊗̂SW ),

for η ∈ V . For x ∈ SV this amounts to showing that

c̃V (η)Tx = TcV (η)x,

which we do pointwise. For y ∈ SW we compute

(c̃V (η)Tx)(y) = (cV (η)⊗ 1)(x⊗̂y) = (cV (η)x)⊗̂y = TcV (η)x(y),
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as needed. This completes the proof.

Example 3.2.8. Suppose that V and W are complex vector bundles. Then V ⊕W

is complex, and the K-orientation that W obtains from V ⊕W and V from the 2 out

of 3 lemma is equivalent to the one coming from its complex structure.

Example 3.2.9. If V is an odd dimensional K-oriented vector bundle with K-

orientation (SV , cV ), then the K-orientation that V ⊕ V receives is given by

⎛
⎜⎜
⎝
(SV ⊗ SV )⊕ (SV ⊗ SV ),

⎛
⎜⎜
⎝

0 cV ⊗ 1 + i⊗ cV

cV ⊗ 1 + i⊗ cV 0

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
.

3.3 WrongWay Functoriality for K-Oriented Maps

The main tool in construction wrong way maps is the Thom isomorphism, which we

are now in a position to discuss in full generality.

3.3.1 The Thom Isomorphism Revisited

Now that we have developed the theory of K-orientations, we can now explain the

relevance to topological K-theory. Recall that an orientation of a vector bundle E

over a manifold M is a class in the cohomology of E which induces an isomorphism

H∗(M)→H∗(E). A K-orientation of a vector bundle V turns out to be an orientation

class for K-theory.

We discuss the class. Let π ∶ V → X be a K-oriented vector bundle. If V is of

rank d, then the direct sum V ⊕ Rd is given a canonical K-orientation coming from

V by the 2-out-of-3 lemma and, furthermore, is of even rank. Let SV ⊕Rd denote the

spinor bundle, and let SV ⊕Rd = S0
V ⊕Rd ⊕ S1

V ⊕Rd , which is Z2-graded. We thus have a



66

complex over V ⊕Rd given by

λV ∶ 0Ð→ π∗S0
V ⊕Rd

cVÐ→ π∗S1
V ⊕Rd Ð→ 0,

where cV (ξ, η) = cV (ξ)(η) denotes Clifford multiplication. Since cV (ξ)2 = −∥ξ∥2, it

follows that the support of this complex is the zero section of V , which is homeo-

morphic to X. Thus, λV defines a class in K0(V ⊕ Rd) = K−dimV (V ) only when X

is compact. In this case, it is called the Thom class. Nevertheless, observe that if

η ∈ K0(X) is represented by a compactly supported complex over X, then π∗(η)⊗λV

is compactly supported. Thus, π∗(η) ⊗ λV ∈ K−dimV (V ). Replacing X and V with

X ×Rn and V ×Rn respectively, we have defined a map

λV∗ ∶ K∗(X)→ K∗−dimV (V ).

Definition 3.3.1. Let V be a K-oriented vector bundle over a space X. The Thom

homomorphism corresponding to the K-orientation on V is the map

λV∗ ∶ K∗(X)→ K∗−dimV (X)

The main theorem in K-theory is the following

Theorem 3.3.1 (Thom Isomorphism Theorem II). For any K-oriented vector bun-

dle V over a locally compact space X, the Thom homomorphism λ∗V ∶ K∗(X) →

K∗−dimV (V ) is an isomorphism.

This can be proved, for smooth manifolds X and assuming Bott Periodicity, as

follows. Following [22], it is sufficient, using the continuity of K-theory, to prove that

the Thom homomorphism K0(X) → K−dimV (V ) is an isomorphism for X compact.

Once this reduction is made, one can use induction on the number of trivializations
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for V is needed to cover X. If X is a smooth manifold, then the base case is Bott

periodicity, and the inductive step is achieved by the long exact sequence, or the

Mayer-Vietoris sequence.

We record the following useful fact about the Thom isomorphism. Recall that if E

and F are K-oriented vector bundles then their direct sum E⊕F obtains a canonical

K-orientation by the 2 out of 3 lemma and we have the following.

Proposition 3.3.1 (Transitivity of the Thom Isomorphism). The following diagram

commutes

K∗(X) λE⊕F∗ //

λE∗ &&

K∗−dim(E⊕F )(E ⊕ F )

K∗−dimE(E)
λ
π∗E(F )∗

55

3.3.2 K-Orientations of Maps

We showed in Chapter 2 that K-theory is contravariant for continuous maps and

covariant for open embeddings. Open embeddings are examples of a family of maps

with the property that their tangent bundle is K-oriented, and K-theory is covariant

for such maps. In this section we discuss K-oriented maps and show how they induce

wrong-way maps in K-theory.

Definition 3.3.2. A K-orientation on a smooth map f ∶ X → Y is a K-orientation

of the real vector bundle TX ⊕ f∗TY . We call the bundle TX ⊕ f∗TY the tangent

bundle of f .

Example 3.3.1. Any smooth map between K-oriented manifolds is canonically K-

oriented using the 2 out of 3 lemma.

Example 3.3.2. An obvious, but important, example is the identity map idX ∶X →

X, where X is any smooth manifold. This map is canonically K-oriented since TX ⊕
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i∗TX has a canonical complex structure. More generally, if i ∶ U ↪ X is an open

embedding of U into X, then i is K-oriented.

Example 3.3.3. The vector bundle projection π ∶ V →X is K-orientable if and only

if V is. Indeed we have that TV = π∗V ⊕π∗TX; this follows from the exact sequence

0Ð→ π∗(V ) cÐ→ TV
dπÐ→ π∗TM Ð→ 0,

where c(η, ξ) = c′η,ξ(0) is the derivative of the curve cη,ξ(t) = η + tξ evaluated at zero.

We therefore have that TV ⊕ π∗TX = π∗V ⊕ π∗(TX ⊕ TX), which shows that π is

K-orientable if V is by the 2-out-of-3 lemma.

Conversely, if π is K-orientable, then so is π∗V by the 2-out-of-3 lemma. Conse-

quently, so is V = (π ○ ζ0)∗V = ζ∗0π∗V , where ζ0 ∶X → V is the zero section.

Example 3.3.4. If V is a K-orientable vector bundle, then the zero section ζ0 is

K-orientable. Indeed, we have

TX ⊕ ζ∗0TV ≅ TX ⊕ TX ⊕ V.

Example 3.3.5. If f ∶ X → Y and g ∶ Y → Z are K-oriented maps, then so is

(g ○ f) ∶X → Z. Indeed, we observe that

TX ⊕ (g ○ f)∗TZ ⊕ f∗TY ⊕ f∗TY = TX ⊕ f∗TY ⊕ f∗(TY ⊕ g∗TZ),

is K-oriented since f and g are, hence so is TX⊕(g ○f)∗TZ by the 2-out-of-3 lemma.

Example 3.3.6. Suppose that ϕ ∶ X → Y is an immersion. Then ϕ is K-orientable

if and only if the normal bundle of X in Y is K-orientable. Indeed, let NϕX denote
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the normal bundle of X in Y . We have the equality

TX ⊕ ϕ∗TY = TX ⊕ TX ⊕NϕX,

from which the result follows by the 2-out-of-3 lemma.

Example 3.3.7. IfX is a K-orientable manifold and f ∶X → Y is a smooth map, then

K-orientations of f are in 1-1 correspondence with K-orientations of Y . Indeed, this

follows from the 2 out of 3 lemma. In particular, the diagonal map δ ∶ X → X ×X

is K-oriented if and only if X is K-oriented, where X × X is K-oriented using the

complex structure on T (X ×X).

Example 3.3.8. Suppose that f0 ∶M0 → X, f1 ∶M1 → X, and there is a diffeomor-

phism ϕ ∶M0 →M1 making the following diagram commute:

M0

ϕ

��

f0
&&
X.

M1
f1

88

If f1 is K-oriented, then f0 obtains a canonical K-orientation coming from f1 and ϕ.

Indeed, the result follows by the isomorphism ϕ∗(TM1 ⊕ f∗1 TX) = TM0 ⊕ f∗0 TX.

3.3.3 The Wrong-Way Construction

Using the Thom isomorphism, we will now explain how K-theory is covariant for

K-oriented maps using a construction much akin to the topological index map con-

struction of Atiyah and Signer. This construction is studied in detail in [10].

First, we recall how to construct wrong way maps for open embeddings. Sup-

pose that ϕ ∶ X → Y is an open embedding, that is ϕ(X) is an open subset of Y
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diffeomorphic to X. There is a canonical map ϕ+ ∶ Y + →X+ given by

ϕ+(y) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x if ϕ(x) = y,

∞ else.

We define ϕ! ∶ K∗(X) → K∗(Y ) to be the restriction of the map ϕ∗+ ∶ K∗(X+) →

K∗(Y +) to the kernel of the augmentation map.

Example 3.3.9. If ϕ ∶X → Y is a homeomorphism, then we observe that ϕ! = (ϕ∗)−1.

Indeed, this follows directly from the definition and the fact that (ϕ∗)−1 = (ϕ−1)∗ by

functoriality.

Now, suppose that ϕ ∶ X → Y is any embedding, and assume further that ϕ is

K-oriented. This, by Example 3.3.6, is equivalent to a K-orientation on the normal

bundle NϕX of X in Y . Let τ ∶ V → Y be a tubular neighbourhood of X in Y .

If dim(X) = n and dim(Y ) = m, then the K-orientation assumption implies that

there is a Thom isomorphism λV∗ ∶ K∗(X)→ K∗−(m−n)(V ), and we define ϕ! to be the

composition

K∗−(m−n)(V ) τ! // K∗−(m−n)(Y )

K∗(X)
λV∗

OO

ϕ!

66

In order to show that this definition is independent of choice of tubular neigh-

bourhood, we need the following lemma which we cite from [15].

Lemma 3.3.1. Tubular neighbourhoods of embedded submanifolds are unique in the

following sense. If τ0, τ1 ∶ NϕX → Y are tubular neighbourhoods of X in Y , then the

is a one parameter family {τt ∶ NϕX → Y } of tubular neighbourhoods from τ0 to τ1.

Such a family is called an isotopy.

If τ0 and τ1 are tubular neighbourhoods of X in Y , then we want to use this
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theorem to construct a homotopy between the two maps at the level of the one point

compactifications of X and Y . Let τt be an isotopy between τ0 and τ1, and let

ιt ∶ τt(NϕX)↪ Y denote the inclusion. The maps (τt)+ then factor as

Y +
(ιt)+Ð→ (NϕX)+

(τ−1
t )+Ð→ X+,

which shows that (τ0)+ and (τ1)+ are homotopic. Thus, in particular, (τ0)! = (τ1)!,

which shows that the definition of ϕ! is independent of choice of tubular neighbour-

hood.

Proposition 3.3.2. We have the following functorial properties:

1. (idX)! = idK∗(X) and

2. if f and g are K-oriented embeddings, then (f ○ g)! = f! ○ g!.

To prove this, we first need a lemma about vector spaces.

Lemma 3.3.2. If U ⊂ V ⊂ W is an increasing sequence of finite dimensional Eu-

clidean vector spaces, then W /U is naturally isomorphic to W /V ⊕ V /U .

Proof. There is an exact sequence

0Ð→ V /U Ð→W /U Ð→W /V Ð→ 0,

which has a natural splitting using the Euclidean structure.

Proof of Proposition 3.3.2. The first statement is clear. To prove the second, we first

note that if NgX is the normal bundle for g ∶ X → Y and NfY is the normal bundle

for f ∶ Y → Z, then the normal bundle for f ○ g is given by NgX ⊕ g∗(NfY ) by
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Lemma 3.3.2. Thus, our goal is too show that the following diagram commutes

K∗(NgX ⊕ g∗(NfY )) // K∗(Z)

K∗(NgX) //

OO

K∗(Y ) //

OO

K∗(NfY )

ff

K∗(X)

OO

;;

66

<<

The vertical arrows on the left commute because of the transitivity of the Thom

isomorphism, and the bottom triangle commutes by definition. We therefore want to

show that the following diagram commutes

K∗(NgX ⊕ g∗(NfY )) // K∗(Z)

K∗(NgX) //

OO

K∗(Y ) //

OO

K∗(NfY )

ff

Using tubular neighbourhoods, we may think of NgX as an open subspace of Y , and

NgX⊕g∗(NfY ) as an open subspace of NfY . With this point of view, we can “factor"

the above diagram into the following two diagrams:

K∗(NgX ⊕ g∗(NfY )) // K∗(NfY )

K∗(NgX)

OO

// K∗(Y ),

OO
K∗(Z)

K∗(NgX ⊕ g∗(NfY ))

55

// K∗(NfY ).

OO

The diagram on the left commutes because of the naturality of the Thom isomorphism

with respect to open inclusions, and the diagram on the right commutes because of

functoriality with respect to open inclusions.

Let us record the following homotopy invariance property of wrong way functori-

ality for K-oriented embeddings.
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Lemma 3.3.3. Suppose that f0 and f1 are K-oriented embeddings from X to Y such

that there is a K-oriented homotopy F ∶X × [0,1]→ Y between f0 and f1 which is an

embedding for each fixed t ∈ [0,1]. Then (f0)! = (f1)!.

Such a homotopy is called a K-oriented regular homotopy.

Proof. Let V0 and V1 denote the normal bundles ofX in Y using f0 and f1 respectively.

The definition of wrong-way maps gives rise to the following diagram, which we wish

to show commutes:

K∗(V0)
τ0

!

%%
K∗(X)

λ0∗
99

λ1∗ %%

K∗(Y ),

K∗(V1)
τ1

!

99

where λi∗ are the Thom isomorphisms, and τi are tubular neighbourhoods. We will do

this by defining a map K∗(V0)→ K0(V1) which makes each of the triangles commute.

Since F is a regular homotopy, it follows from homotopy invariance of vector

bundles that there exists an isomorphism ϕ ∶ V1 → V0. We claim that ϕ∗ ∶ K∗(V 0) →

K∗(V 1) is the map we want, so we set about showing this.

Let τ 0 ∶ V0 → Y be a tubular neighbourhood. Since the choice of tubular neigh-

bourhood does not matter, we may choose τ 1 to be the composition

τ 1 ∶ V 1 ϕ−1

Ð→ V 0 τ0
Ð→ Y.

Since ϕ! = (ϕ∗)−1, we have that (τ 0 ○ϕ−1)! = τ 0
! ○ϕ−1

! = τ 0
! ○ϕ∗. It therefore remains to

show that ϕ∗λ0
∗ = λ1

∗.

Recall that the Thom isomorphism is given by multiplication by the Thom class

for a given K-orientation. Using ϕ we obtain two different K-orientations for V0, and
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we must show that the are equivalent. Since F is a K-oriented regular homotopy, the

two K-orientations are concordant whence equivalent. This completes the proof.

Finally, let f ∶ X → Y be any K-oriented map. Choose an embedding ϕ ∶ X → Rk

for sufficiently large k. Then (f,ϕ) is a K-oriented embedding and we define f! ∶

K∗(X)→ K∗−(m−n)(Y ) to be the composition

K∗−(m−n)−k(Y ×Rk)
β−1
k // K∗−(m−n)(Y )

K∗(X)

(f,ϕ)!

OO

f!

55

where β−1
k denotes the inverse to the Bott map. To see that this is independent of

embedding, let ϕ0 ∶ X → Rn and ϕ1 ∶ X → Rm be embeddings. Then (f,ϕ0, ϕ) ∶ X →

Y ×Rn ×Rm is an embedding, and we will show that using (f,ϕ0, ϕ1) to construct f!

gives the same map as if we used (f,ϕ0) or (f,ϕ1).

Note that the map

F ∶X × [0,1]→ Y ×Rn ×Rm

(x, t)↦ (f(x), ϕ0(x), tϕ1(x))

is a K-oriented regular homotopy from (f,ϕ0, ϕ1) to (f,ϕ0,0). Thus (f,ϕ0, ϕ1)! =

(f,ϕ0,0)! by Lemma 3.3.3.

Since (f,ϕ0,0) = ζ0 ○ (f,ϕ0), where ζ0 ∶ Y ×Rn → Y ×Rn ×Rm is the zero section,

the following diagram commutes

K∗(Y ×Rn) (ζ0)! // K∗(Y ×Rn ×Rm)

K∗(X)

(f,ϕ0)!

OO

(f,ϕ0,0)!

55
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We note that (ζ0)! is equal to the Bott map βm ∶ K∗(Y ×Rn)→ K∗(Y ×Rn ×Rm), so

that the following diagram commutes

K∗(X) (f,ϕ0,0)! //

(f,ϕ0)!
��

K∗(Y ×Rn ×Rm)
β−1
n+m
��

K∗(Y ×Rn)
βm

55

β−1
n

// K∗(Y ).

This shows that using (f,ϕ0) or (f,ϕ0, ϕ1) to construct f! gives the same map, which

shows, by symmetry, that the choice of embedding ϕ is irrelevant. Thus, we have

proved the following theorem.

Theorem 3.3.2. Suppose that f ∶ X → Y is a smooth, K-oriented map between

smooth manifolds X and Y of dimensions n and m, respectively. Then there is a

well-defined wrong way map

f! ∶ K∗(X)→ K∗−(m−n)(Y ).

We now show that if f was already an embedding, then these two constructions

give the same map. For notational clarity, let fem! denote the wrong way construction

for embeddings.

Proposition 3.3.3. If f ∶X → Y is a K-oriented embedding, then f! = fem!.

Proof. Let ϕ ∶X → Rn be an embedding. Since f is an embedding, it follows that the

map

F ∶X × [0,1]→ Y ×Rn

(x, t)↦ (f(x), tϕ(x))

is a K-oriented regular homotopy between the maps (f,ϕ) and (f,0). Thus, by
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Lemma 3.3.3 we have that (f,ϕ)! = (f,0)!. It follows from our previous calculations

that β−1(f,0)! = f!, which completes the proof.
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Chapter 4
Bivariant K-Theory

Bivariant K-theory is a bifunctor defined on the category of C*-algebras by G.G.

Kasparov for his work on the Novikov Conjecture in [16]. In Section 4.1 we give

a brief survey of C*-algebras and Kasparov’s bivariant K-theory. In Section 4.2 we

define a group related to KK-theory that will be used in the following section.

The key feature of Kasparov’s bivariant K-theory is the existence of the inter-

section product. Because of this, we can define a new category whose objects are

C*-algebras and whose morphisms are given by classes in the bivariant K-group. One

can hope that when one restricts the objects to commutative C*-algebras, the groups

can be defined using a more geometric construction and the intersection product

can be computed using geometric considerations. In Section 4.3 we define geometric

bivariant K-theory using topological correspondences, and define a geometric inter-

section product. Finally, we show the two categories agree in Section 4.4. All of the

work in this Chapter is based heavily on the work of Emerson and Meyer in [11],

building on the ideas of Connes and Skandalis [5] and Baum [3].
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4.1 C*-Algebras and Analytic KK-Theory

C*-algebras are a natural generalization of locally compact Hausdorff spaces, and

K-theory extends rather easily to the category of C*-algebras. Building on the ideas

of Atiyah, G.G. Kasparov extended K-theory to a bifunctor on C*-algebras in [16].

The point of this section is to give a brief introduction to C*-algebras and Kasparov’s

KK-theory, in order to motivate the rest of this thesis. We begin with the definition

of a C*-algebra.

Definition 4.1.1. A C*-algebra is a Banach algebra A equipped with a conjugate

linear anti-involution a↦ a∗ which satisfies the following identity:

∥a∗a∥ = ∥a∥2. (4.1)

This involution map is called the adjoint, and Equation (4.1) is called the C* identity.

There are several good resources that one can use to learn about C*-algebras,

including [9], [12], [14], [20], and [23]. The definition of a C*-algebra is very robust

in the sense that given some data, it is very often the case that one can associate

to it a C*-algebra1. The most important example for the purposes of this thesis is

Example 4.1.3. The two other basic examples are as follows.

Example 4.1.1. The complex numbers C are a C*-algebra, with the standard norm

and adjoint given by complex conjugation. More generally, the matrix algebrasMn(C)

form a C*-algebra, with the adjoint given by the conjugate transpose.

Example 4.1.2. Let H be a Hilbert space and let B(H) denote the bounded oper-

ators on H. By the Riesz representation theorem, given any T ∈ B(H), there is a
1This is an intentionally vague statement.
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unique operator T ∗ ∈ B(H) such that ⟨ξ, Tη⟩ = ⟨T ∗ξ, η⟩; T ∗ is called the adjoint of T

and the mapping T ↦ T ∗, together with the operator norm ∥T ∥ = sup∥x∥=1 ∥Tx∥ makes

B(H) into a C*-algebra. More generally, if A is any ∗-closed (that is, a∗ ∈ A whenever

a ∈ A), norm closed subalgebra of B(H), then A is a C*-algebra. A remarkable fact

(due the Gelfand-Naimark-Segal) is that every C*-algebra can be realized in this way.

The main example for the purposes of non-commutative geometry is the following.

Example 4.1.3. Suppose that X is a locally compact Hausdorff space. Then C0(X),

the collection of functions which vanish at infinity, is a (commutative) C*-algebra

when equipped with the sup norm ∥f∥∞ = supX ∣f(x)∣. This C*-algebra is unital if

and only if X is compact.

We are now going to describe how every unital commutative C*-algebra is isomor-

phic (as a C*-algebra) to C(X) for some space compact Hausdorff space X.

Definition 4.1.2. Let A be a unital, commutative C*-algebra. We define the spec-

trum of A to be Â ∶= Hom(A,C), endowed with the topology of pointwise convergence.

The Gelfand transform is the map A→ C(Â) given by a↦ â, where

â(χ) ∶= χ(a).

Gelfand’s theorem is the following.

Theorem 4.1.1 (Gelfand). If A is a commutative, unital C*-algebra, then Â is a

compact Hausdorff space and the Gelfand transformation

A→ C(Â)

a↦ â

is an isomorphism of C*-algebras.
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This result suggests that C*-algebras “extend” the notion of spaces, and is why

C*-algebras are sometimes referred to a “non-commutative spaces”. One can therefore

ask whether or not K-theory can be extended to the category of C*-algebras in such

a way that K0(C(X)) ≅ K0(X) when X is compact Hausdorff2. The answer is yes,

and the proper definition is motivated by Swan’s Theorem.

Theorem 4.1.2 (Swan). Suppose that X is a compact Hausdorff space. There is a

1-1 correspondence between vector bundles over X and finitely generated, projective

modules over C(X) given by

V ↦ Γ(V ).

Replacing C(X) with an arbitrary unital C*-algebra A motivates the following

definition.

Definition 4.1.3. For a unital C*-algebra A, we define K0(A) to be the Grothendieck

completion of the semi-group of finitely generated projective modules over A. If A is

non-unital, then we define

K0(A) ∶= ker{ε∗+ ∶ K0(A+)→ Z},

where A+ is the unitization of A, and ε+ ∶ A+ → A+/A ≅ C is the quotient map.

If A = C0(X), then A+ ≅ C(X+), so this definition coincides with our previous

one.

Remark. Definition 4.1.3 is the definition of K-theory for general rings. A remarkable

feature of C*-algebras is that their K-theory satisfies Bott periodicity, whereas the

algebraic K-theory of rings in general does not. This is further evidence that C*-

algebras are a generalization of spaces.
2Since X ↦ C(X) is contravariant and X ↦ K0(X) is contravariant, it follows that X ↦ K(C(X))

would be covariant, and this is why the dimension appears at the foot of the K
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In Atiyah’s paper [2], it became apparent that elliptic operators on a smooth

manifold X could be used to give maps K∗(X) → Z. Thus, Atiyah postulated that

a dual theory to K-theory, called K-homology, should be built from “abstract elliptic

operators”. Inspired by this, Kasparov defined K-homology groups using Fredholm

modules modulo the appropriate equivalence relation. For a wonderful exposition on

K-homology, see [7].

By only a slight generalization of the definitions used to build K-homology, Kas-

parov then defined his bivariant K-functor called KK-theory. Just as K-homology

classes give rise to maps K∗(A) → Z, a class in KK∗(A,B) gives rise to a map

K∗(A) → K∗(B). The rest of this section we work towards defining KK∗(A,B) for

(separable3) C*-algebras A and B. For a nice introduction to KK-theory, we recom-

mend [13].

Definition 4.1.4. Let A be a C*-algebra. A Hilbert A-module is a right A-module

E equipped with an A-valued form ⟨−,−⟩ ∶ E × E → A such that

i. ⟨η, aξ1 + bξ2⟩ = a⟨η, ξ1⟩ + b⟨η, ξ2⟩ for a, b ∈ C,

ii. ⟨η, ξa⟩ = ⟨η, ξ⟩a,

iii. ⟨η, ξ⟩∗ = ⟨ξ, η⟩,

iv. spec(⟨η, η⟩) ⊆ [0,∞) where spec(a) denotes the spectrum of a ∈ A4,

v. ⟨η, η⟩ = 0⇔ η = 0, and

vi. E is complete with respect to the norm ∥η∥ = ∥⟨η, η⟩∥1/2.

Example 4.1.4. A Hilbert C-module is precisely a Hilbert space.
3The separability assumption is needed for some technical reasons.
4This is the notion of positivity in a C*-algebra.
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Example 4.1.5. Any C*-algebra A is a Hilbert A-module with inner product given

by ⟨a, b⟩ = a∗b. For simplicity assume that A is unital; the non-unital case follows

because A is closed in its unitization. Completeness follows because the norm given

by the A-module structure is the same as the C*-norm:

∥η∥A = ∥η∗η∥1/2 = (∥η∥2)1/2 = ∥η∥.

Hilbert A-Module maps differ from linear maps between Hilbert spaces in that it

is not automatic that an adjoint exists. For this, we make the following definition.

Definition 4.1.5. A module map T ∶ E0 → E1 between Hilbert A-modules E0 and E1

is called an operator if there exists a map T ∗ ∶ E1 → E0 such that

⟨T ∗η, ξ⟩ = ⟨η, T ξ⟩.

The collection of all operators between Hilbert A-modules E0 and E1 is denoted

B(E0,E1).

We now need the appropriate notion of compact and Fredholm operators. Note

that B(E) is a C*-algebra for any Hilbert A-module E .

Definition 4.1.6. An operator T ∈ B(E0,E1) is called finite rank if it is of the form

T (η) =
n

∑
k=1

ξk⟨ηk, η⟩

for some vectors η1, . . . , ηk ∈ E0 and ξ1, . . . , ξn ∈ E1. An operator T ∈ B(E0,E1) is

called compact if it is in the norm closure of the finite rank operators. The compact

operators are denoted K(E0,E1).

The operator T is called Fredholm if there exists an operator S ∈ B(E1,E0) such

that 1 − ST and 1 − TS are compact. The operator S is called a separatrix for T .
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With these definitions, we are finally able to define the bicycles which make up

Kasparov’s KK-groups.

Definition 4.1.7. Let A and B be (separable) C*-algebras. A Fredholm (A,B)-

bimodule is a triple (E , π,F ) where

1. E is a Hilbert B-module,

2. π ∶ A→ B(E) is a *-homomorphism (that is, a representation of A by operators

on the Hilbert B-module E),

3. F ∈ B(E) is a Fredholm operator such that

π(a)(F − F ∗), π(a)(F 2 − 1), and [π(a), F ] (4.2)

are compact for all a ∈ A.

The bimodule (E , π,F ) is called even if E splits as the direct sum E = E0 ⊕ E1 or

orthogonal submodules on which the elements of A act as even operators and F acts

as an odd operator; we also say that (E , π,F ) is Z2-graded. If (E , π,F ) has no such

Z2-grading, we say it is odd. A Fredholm (A,B)-module is called degenerate if all the

operators in (4.2) are equal to 0.

Example 4.1.6. Any *-homomorphism ϕ ∶ A→ B yields a Fredholm (A,B)-module.

Indeed, we let B be our Hilbert B-module with left action of A defined as

πϕ(a)b ∶= ϕ(a)b.

By considering an approximate unit in B, we see that A acts as compact operators

whence [ϕ] = [B,πϕ,0] is a Fredholm (A,B)-module, as needed.
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Kasparov’s bivariant K-theory is defined as homotopy classes of Fredholm (A,B)-

modules, which we now define.

Definition 4.1.8. A homotopy of Fredholm (A,B)-bimodules (E0, π0, F0) and (E1, π1, F1)

is a (A,B ⊗C([0,1]))-bimodule which restricts to (Ei, πi, Fi) for i = 0,1.

Definition 4.1.9. We let KK0(A,B) denote homotopy classes of even Fredholm

(A,B)-bimodules, and KK1(A,B) denote homotopy classes of odd Fredholm (A,B)-

bimodules. We define

KK∗(A,B) ∶= KK0(A,B)⊕KK1(A,B).

Classes in KK∗(A,B) are called Kasparov morphisms.

Example 4.1.7. Any K-oriented map f ∶ X → Y between smooth manifolds X and

Y determines a wrong way class [f!] ∈ KK∗(C0(X),C0(Y )) via a process which we

now describe.

First, assume that f is an embedding. Let Nf denote the normal bundle of X in Y

using f , and let τ ∶ Nf → Y be a tubular neighbourhood. The tubular neighbourhood

identifies C0(Nf) as an ideal in C0(Y ), thus gives a class [τ] ∈ KK∗(C0(Nf),C0(Y )),

by Example 4.1.6. Next, the K-orientation on f determines a K-orientation on Nf by

the 2-out-of-3 lemma. Let π ∶ Nf →X be the vector bundle projection, and let (S, c)

be the spinor for Nf . Define F ∈ B(Γ(π∗S)) and ρπ ∶ C0(X)→ B(Γ(π∗S)) by

F (ξ, η) = c(ξ)η
(1 + ∣ξ∣2)1/2 and ρπ(f)(s) =mf○πs,

respectively, where mf○π denotes multiplication by f ○ π. This determines a class

[Γ(π∗S), ρπ, F ] ∈ KK∗(C0(X),C0(Nf)). We define

[f!] = [Γ(π∗S), ρπ, F ]⊗C0(Nf ) [τ] ∈ KK∗(C0(X),C0(Y )).
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If f is not an embedding, then choose an embedding ϕ ∶X → Rn. We define [f!] the be

the composition of [(f,ϕ)!] ∈ KK∗(C0(X),C0(Y ×Rn)) with the Thom isomorphism

KK∗(C0(X),C0(Y ×Rn)) ≅ KK∗(C0(X),C0(Y )).

KK0(A,B) turns out to be an abelian group via the direct sum, with inverses

given by reversing the Z2-grading. The most important feature of Kasparov theory

is the category structure. That is, Kasparov morphisms can be composed.

Theorem 4.1.3. For any separable C*-algebras A, B, and C, there is a bilinear

pairing

KK∗(A,B) ×KK∗(B,C)→ KK∗(A,C),

called the intersection product, which maps Kasparov morphisms f ∈ KKi(A,B) and

g ∈ KKj(B,C) to a morphism f ⊗̂Bg ∈ KKi+j(A,C).

The existence of the Kasparov product allows us to define a new category.

Definition 4.1.10. The category KK∗ is defined to be the category whose objects

are separable C*-algebras and whose morphisms are given by Kasparov morphisms.

It can be shown that for any C*-algebra A, KK∗(C,A) ≅ K∗(A). Thus, bivariant

K-theory truely extends K-theory. Furthermore, because of the intersection product

any class η ∈ KK(A,B) determines a groups homomorphism K∗(A) → K∗(B) as

follows:

K∗(A) ≅ KK∗(C,A) ⊗̂ηÐ→ KK∗(C,B) ≅ K∗(B).

In fact, for a large class of C*-algebras, every map between K-groups arises in this

way (see [13], for instance).

The existence of the intersection product is a technical result due to Kasparov,

and it is not constructive. In the case when A and B are continuous functions on

smooth manifolds, one could hope to be able to compute the intersection product
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using geometric considerations. This turns out to be the case, and the remainder of

this chapter is devoted to developing a topological description of bivariant K-theory.

Topological bivariant K-theory is defined using topological correspondences, an idea

originally due to Connes and Skandalis in [5]. The theory of correspondences was then

fully developed by Emerson and Meyer in [11] and [10], and this is the description

that we follow.

4.2 Representable K-Theory

One of the ingredients in a correspondence will be a class in the representable K-theory

of a space, defined in [10].

Definition 4.2.1. Suppose that b ∶M → X is a smooth map. The representable K-

theory ofM withX-compact support, denoted by RK−n
X (M), is defined as equivalence

classes of Fredholm (C0(X × Rn),C0(M × Rn))-modules where C0(X × Rn) acts by

first pulling back to Cb(M ×Rn) (bounded continuous functions on M ×Rn) using b.

We define RK∗
X(M) = ⊕n≥0 RK−n

X (M). If ξ ∈ RK∗
X(M), then deg ξ is defined as the

number n such that ξ ∈ RK−n
X (M), if such an n exists.

The data coming from RK∗
X(M) will act as a multiplier for K-theory and there-

fore, motivated by the Thom homomorphism, it would be nice to describe classes in

RK∗
X(M) as certain complexes overM . The rest of this section is devoted to showing

that such complexes (to be defined) always give classes in RK∗
X(M).

Definition 4.2.2. Let M and X be manifolds and let b ∶M → X be a map. We say

a set N ⊆ M is X-compact if b−1(Y ) ∩N is a compact subset of M for all compact

subsets Y ⊆X. A complex of vector bundles V ● over M is X-compactly supported if

its support

supp(V ●) = {m ∈M ∶ V ●
m is not exact}
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is X-compact.

Example 4.2.1. If b ∶ M → X is proper then every closed set is X-compact. Since

the support of any complex of vector bundles is automatically closed (see [22]), every

complex is therefore X-compactly supported.

Example 4.2.2. If X is compact, then the onlyX-compact sets are the compact sets.

Indeed, if X is compact then N ⊆M is X-compact only if b−1(X) ∩N =M ∩N = N

is compact. Thus, the only X-compactly supported complexes are the compactly

supported complexes.

Example 4.2.3 (The Thom Class). Let V be an even rank vector bundle over X

with spinor SV = S0
V ⊕ S1

V . Then the complex

0Ð→ π∗V (S0
V )

cÐ→ π∗V (S1
V )Ð→ 0,

c(v, ξ) = c(v)ξ, is X-compactly supported. Indeed, its support is the zero section.

An X-compactly supported complex V ● is said to be acyclic if its support is

empty. A homotopy between X-compactly supported complexes V ●
0 and V ●

1 over M

is an X-compactly supported complex V ● over M × [0,1] such that

V ●
0 = V ●∣X×{0} and V ●

1 = V ●∣X×{1}.

We write V ●
0 ≃ V ●

1 if there exists a homotopy between V ●
0 and V ●

1 . We define X-

compactly supported complexes V ●
0 and V ●

1 to be equivalent if there exist acyclic

complexes W ●
0 and W ●

1 such that V ●
0 ⊕W ●

0 ≃ V ●
1 ⊕W ●

1 .

Definition 4.2.3. We define VK0
X(M) to be the collection of equivalence classes of

X-compactly supported complexes overM . It is an abelian group with respect to the
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direct sum. We extend VK0
X(M) to a graded theory by defining

VK−n
X (M) = VK0

X(M ×Rn).

Example 4.2.4. IfX is compact, then VK∗
X(M) = K∗(M), since the onlyX-compact

sets are compact sets.

We will now show that every X-compactly supported complex over M defines a

class in RK0
X(M).

Proposition 4.2.1. There is a natural map

VK0
X(M)→ RK0

X(M).

Proof. For a given class ξ ∈ VK0
X(M), we are going to construct a class [(b, ξ)∗] ∈

RK0
X(M); we use this notation to denote the dependence on b. For simplicity, we

assume that ξ is given by a complex

ξ ∶ 0Ð→ ξ0 uÐ→ ξ1 Ð→ 0

with u a unitary outside an X-compact subset of M . We let L2(M,ξ0 ⊕ ξ1) be the

required Hilbert C0(M)-module, with the action being multiplication. Let

F ∶=
⎡⎢⎢⎢⎢⎢⎢⎣

0 u∗

u 0

⎤⎥⎥⎥⎥⎥⎥⎦
,

and define

[(b, ξ)∗] ∶= [L2(M,ξ0 ⊕ ξ1), πb, F ],

where πb(f) denotes multiplication by f ○ b. We claim that [(b, ξ)∗] is a Fredholm
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(C0(X),C0(M))-module. Indeed, since πb(f)(F − F ∗) = [πb(f), F ] = 0 for all f ∈

C0(X) we need only show that πb(f)(F 2 − 1) is compact. If f ∈ Cc(X), then observe

that the support of πb(f)(F 2−1) is a compact subset of M , since its support is given

by b−1(supp(f)) ∩ supp(ξ), which is compact since ξ is X-compactly supported. If f

is not compactly supported, then we can find a sequence {fn} ⊆ C0(X) converging to

f , and therefore, since the compact operators are closed,

πb(f)(F 2 − 1) = lim
n→∞

πb(fn)(F 2 − 1) ∈ K(L2(M,ξ0 ⊕ ξ1)).

Thus, [(b, ξ)∗] ∈ RK0
X(M).

To see that this map is well-defined we note that an acyclic complex maps to a

degenerate Kasparov module, and that a homotopy of complexed maps to a homotopy

of Kasparov modules.

Example 4.2.5. If b ∶M → X is proper, then any vector bundle over M determines

a class on RK0
X(M)

4.2.1 The Thom Homomorphism

Let πV ∶ V → X be a K-oriented vector bundle. Since the K-orientation uniquely

determines a K-orientation for V ⊕R we assume, for simplicity, that V is even rank.

In this case the spinor SV is Z2-graded and we have the Thom class

λV = [0Ð→ π∗V (S0
V )

cÐ→ π∗V (S1
V )Ð→ 0] ∈ RK0

X(V ).

We want to show that λV induces a map λ∗V ∶ RK0
X(X)→ RK0

X(V ) by η ↦ λV ⊗π∗V (η).

This, of course, amounts to showing that it has X-compact support. For any η ∈
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RK∗
X(X) we have that

supp(λV ⊗ π∗V (η)) = supp(λV ) ∩ π−1
V (supp(η)),

which is a closed subset of the zero section in V . It follows that supp(λV ⊗ π∗V (η))

is X-compact, whence the map λ∗V ∶ RK0
X(V ) → RK0

X(V ) is well defined. This map

is called the Thom homomorphism. By replacing X and V with X ×Rn and V ×Rn

respectively, we get a Thom homomorphism

λ∗V ∶ RK−n
X (X)→ RK−n

X (V )

for all n ∈ N.

Example 4.2.6. For compact X, this is the familiar Thom isomorphism.

4.3 K-Theory Correspondences

4.3.1 Definition and Examples of Correspondences

Definition 4.3.1. A (smooth) correspondence between smooth manifolds X and Y

is a quadruple

Φ =X b←Ð (M,ξ) fÐ→ Y,

where

● M is a smooth manifold,

● ξ ∈ RK∗
X(M),

● b ∶M →X is a smooth map, and

● f ∶M → Y is smooth and K-oriented.
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We sometimes refer to f as the forward map and b the backward map of Φ. The sum

of two correspondences is given by their disjoint union:

[X b0←Ð (M0, ξ0)
f0Ð→ Y ]+[X b1←Ð (M1, ξ1)

f1Ð→ Y ] ∶= [X b0⊔b1←Ð (M0⊔M1, ξ0⊔ξ1)
f0⊔f1Ð→ Y ],

where f0 ⊔ f1 is K-oriented in the obvious way. The degree of a correspondence is

defined to be dimY + deg ξ − dimM , if this is defined.

In practice, it is often the case that ξ is represented by an element in VK0
X(M).

Example 4.3.1. For any smooth manifold X, we have the “identity correspondence”

given by

[idX] = [X id←Ð (X,1) idÐ→X].

Example 4.3.2. If Y is compact, then any map b ∶ Y →X induces a correspondence

[b∗] ∶= [X b←Ð (Y,1) idYÐ→ Y ].

Example 4.3.3. If f ∶X → Y is K-oriented, then f induces a correspondence

[f!] ∶= [X idX←Ð (X,1) fÐ→ Y ].

In particular, since R2 is a K-oriented vector bundle over a point, we have a corre-

spondence

[∗←Ð (∗,1)Ð→ R2],

which will turn out to represent the Bott element in K0(R2), see Theorem 4.4.2.

Example 4.3.4. If X is a compact, K-orientable manifold then we have two corre-
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spondences

[σX] = [∗←Ð (X,1) ∆Ð→X ×X]

[ρX] = [X ×X ∆←Ð (X,1)Ð→ ∗],

where ∆ is the diagonal map, K-oriented in the obvious way. These will be the unit

and counit in Poincaré duality, discussed in Section 5.2.

More generally, if X is compact then we have correspondences

[σ̃X] = [∗←Ð (X,1) (ζ,id)Ð→ TX ×X]

[ρ̃X] = [X × TX (π,id)←Ð (TX,1)Ð→ ∗],

where ζ ∶X → TX is the zero section and π ∶ TX →X is the vector bundle projection.

These give a more general statement of Poincaré duality, see for instance [5].

Example 4.3.5. Let Ẑd denote the Pontryagin dual of Zd. Recall the Poincaré bundle

Pd defined in Example 2.1.10. It is the line bundle Pd = [Rd × Ẑd] ×Zd C over Td × Ẑd

defined by the relation

(x,χ, λ) ∼ (x + n,χ,χ(n)λ), for n ∈ Zd.

The Fourier-Mukai correspondence is defined as

Td
pr1←Ð (Td × Ẑd,Pd)

pr2Ð→ Ẑd,

where Td is K-oriented as a product of circles, and Ẑd is K-oriented using the canonical

diffeomorphism Ẑd → Td. This correspondence plays a major role in the latter part

of this article.
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Definition 4.3.2. If Ψ = (M,ξ, b, f) is a correspondence between X and Y then we

define −Ψ ∶= (M,ξ, b,−f) where −f means the same map as f but with the opposite

K-orientation.

4.3.2 Equivalence of Correspondences

Equivalence of correspondences is generated by three steps:

● Isomorphism,

● Thom modification, and

● Bordism.

The notion of isomorphism is rather clear, but because of its importance in Chap-

ter 5 we give an explicit definition.

Definition 4.3.3. We deem two correspondences

(M0, ξ0)b0
tt

f0
))X Y

(M1, ξ1)b1

jj

f1

55

(4.3)

to be isomorphic if there is a diffeomorphism ϕ ∶M0 →M1 which fits into (4.3) making

it commute such that

● ξ0 = ϕ∗(ξ1) and

● the K-orientations on ϕ∗(TM1 ⊕ f∗1 TY ) ≅ TM0 ⊕ f∗0 TY agree.

Next, we need to take into account Thom isomorphisms.

Definition 4.3.4. If V is a K-oriented vector bundle over M , and λV∗ ∶ RK∗
X(M) →

RK∗
X(V ) is the Thom Isomorphism, then we define the Thom modification of

Φ = [X b←Ð (M,ξ) fÐ→ Y ]
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along V to be the correspondence

ΦV = [X b○πv←Ð (V,λV∗ (ξ))
f○πvÐ→ Y ].

Here we are K-orienting f ○ πv as the composition of K-oriented maps (see Exam-

ples 3.3.3 and 3.3.5). If Φ is a Thom modification of Ψ along some vector bundle,

then we write Ψ ∼Tm Φ.

Finally, we take bordism into account. A correspondence with boundary, or ∂-

correspondence, is a correspondence

X
b←Ð (M,ξ) fÐ→ Y,

where M is a manifold with boundary. Suppose that ∂M = ∂0M ⊔ ∂1M . Give the

inward facing normal bundle at ∂0M the positive K-orientation and the inward facing

normal bundle at ∂1M the negative K-orientation. Such a ∂-correspondence Φ induces

a correspondence on its boundary as

∂iΦ ∶= [X
b∣∂iM←Ð (∂iM,ξ0∂iM)

f ∣∂iMÐ→ Y ].

Here we give f ∣∂iM the K-orientation coming from the 2-out-of-3 Lemma.

Definition 4.3.5. Two smooth correspondences Φ0 and Φ1 are called bordant if there

is a ∂-correspondence Φ such that

(−1)iΦi = ∂iΦ for i = 0,1.

If Φ and Ψ are bordant correspondences we write Φ ∼b Ψ.

Putting isomorphism, Thom modification, and bordism together yields equiva-
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lence of correspondences. We are finally in a position to define k̂k∗(X,Y ) for smooth

manifolds X and Y .

Definition 4.3.6. For smooth manifolds X and Y , we define k̂k∗(X,Y ) to be the set

of equivalence classes of correspondences from X to Y , where equivalence is generated

by isomorphism, Thom modification, and bordism.

4.3.3 Examples of Equivalence

In this section we will give some examples of equivalent correspondences which we

shall use throughout this article.

Example 4.3.6. For any correspondence Φ = (M,ξ, b, f) from X to Y , Φ ⊔ −Φ

bordant to the zero correspondence. Indeed, to show this we have to cook up a

∂-correspondence is Φ ⊔ −Φ. This is achieved by the correspondence

ΦI = [X b○pr1←Ð (M × I,pr∗1ξ)
f○pr1Ð→ Y ],

where I = [0,1] is the unit interval K-oriented using the positive K-orientation, and

f ○ pr1 is the composition of K-oriented maps.

Example 4.3.7. Let Φ = (M,ξ, b, f) be a correspondence from X to Y . Let N ⊆M

be an open subset and suppose there is some η ∈ RK∗
X(N) which maps to ξ under the

canonical mapping. Then

[X b←Ð (M,ξ) fÐ→ Y ] ∼b [X
b∣N←Ð (N,η) f ∣NÐ→ Y ].

Indeed, for our manifold with boundary we take

M̃ = N × {0} ∪M × (0,1] ⊆M × [0,1];
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this is an open subset of M × [0,1] whence is itself a smooth manifold. The forward

and backward maps, f̃ and b̃ respectively, are defined via the commuting diagram

M × [0,1]
b○pr1

zz

f○pr1

$$
X M̃

b̃

oo

OO

f̃

// Y

Since the inclusion M̃ → M × [0,1] is a local diffeomorphism, it is canonically K-

oriented, which K-orients f̃ . It remains to specify the K-theory data. The map

pr1 ∶ N × [0,1] → N is proper, hence pr∗1(η) ∈ RK∗
X(N × [0,1]). Since N × [0,1] is

open in M̃ , it extends to a class ξ̃ ∈ RK∗
X(M̃) with the desired properties. Thus

[X b̃←Ð (M̃, ξ̃) f̃Ð→ Y ]

is the required ∂-correspondence.

Example 4.3.8. If Φ = (M,ξ, b, f) and Ψ = (M,η, b, f) are two correspondences from

X to Y which differ only in their K-theory data, then

[X b←Ð (M,ξ) fÐ→ Y ] + [X b←Ð (M,η) fÐ→ Y ] = [X b←Ð (M,ξ + η) fÐ→ Y ]

in k̂k∗(X,Y ). Proving this requires some cohomological properties of RK∗
X(M),

so we cite [11]. Note that, in particular, this implies that any equivalence class or

correspondence is the sum of correspondences with well defined degree. Equivalence

preserves the degree and sum of correspondence, so k̂k∗(X,Y ) is a graded monoid.

By Example 4.3.6, we see that it is, in fact, a graded Abelian group.

Example 4.3.9. If Φ = (M,ξ, b, f) is any correspondence from Y to Y , then Φ is

equivalent to a correspondence Φ̃ whose forward map is a submersion.
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Indeed, choose an embedding ϕ ∶ M → Rn for some n and let V be the normal

bundle to the embedding (f,ϕ) ∶M → Y ×Rn. Since f is K-oriented, the map (f,ϕ)

is K-oriented by the 2-out-of-3 lemma, whence V is too. Let τ ∶ V → Y × Rn be a

tubular neighbourhood. We will show that we can take

Ψ̃ = [X b○πv←Ð (V,λV∗ (ξ))
pr1○τÐ→ Y ],

where πV ∶ V →M is the vector bundle projection.

First, by a Thom modification along V we have that

[X b←Ð (M,ξ) fÐ→ Y ] ∼Tm [X b○πv←Ð (V,λV∗ (ξ))
f○πVÐ→ Y ].

Now, consider the homotopy F ∶ ((x, ξ), t)↦ pr1 ○ τ(x, tξ) between f ○πV and pr1 ○ τ .

We claim that there is a K-orientation on F so that

[X ←Ð (V × [0,1], λV∗ (ξ))
FÐ→ Y ]

provides a bordism between (V, τV∗ (ξ), b ○ πV , f ○ πV ) and (V, τV∗ (ξ), b ○ πV ,prY ○ τ).

Indeed, first note that F factors as

V × [0,1] mÐ→ V
prY ○τÐ→ Y,

where m((x, ξ), t) = (x, tξ), so that it is sufficient to give a K-orientation to m. Since

πV ○m = πV ○ prV we have

T (V × [0,1])⊕m∗(TV ) = T (V × [0,1])⊕ pr∗V (TV ),
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which is canonically K-oriented. We conclude that

[X b←Ð (M,ξ) fÐ→ Y ] = [X b○πv←Ð (V,λV∗ (ξ))
prY ○τÐ→ Y ]

in k̂k∗(X,Y ).

4.3.4 Composition of Correspondences

We will now discuss how to compose correspondences, assuming first a transversality

condition.

Definition 4.3.7. Correspondences Φ = (M,ξ, bM , fM) and Ψ = (N,η, bN , fN) from

X to Y and from Y to Z, respectively, are transverse if the map

dfM − dbN ∶ TmM ⊕ TnN → TfM (m)Y

is surjective for all (m,n) ∈M ×Y N ∶= {(x, y) ∈M ×N ∶ fM(x) = bN(y)}.

Transversality ensures that the fibered productM ×Y N is a smooth manifold. Let

prM ∶M ×Y N →M (resp. prN) is the projection onto M (resp. N).

Definition 4.3.8. If Φ = (M,ξ, bM , fM) and Ψ = (N,η, bN , fN) are transverse corre-

spondences from X to Y and from Y to Z respectively, then their intersection product

is the correspondence

Φ⊗Ψ ∶= [X bM○prM←Ð (M ×Y N,pr∗M(ξ)⊗̂pr∗N(η)) fN○prNÐ→ Z] ∈ k̂k∗(X,Z),

where fN ○ prN is given the K-orientation discussed below.

In order for this to make sense, we must give fN ○ prN a K-orientation. Since fN

is K-oriented, it is sufficient to K-orient prN as the composition of K-oriented maps
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is K-oriented. To do this, first observe that transversality implies that we have an

exact sequence

0Ð→ T (M ×Y N)Ð→ T (M ×N)∣M×Y N
dfM−dbNÐ→ (fM ○ prM)∗TY Ð→ 0.

In particular, we have an isomorphism T (M ×Y N) ⊕ (fM ○ prM)∗TY ≅ pr∗MTM ⊕

pr∗NTN . This implies the equality

T (M ×Y N)⊕ pr∗N(TN)⊕ (fM ○ prM)∗(TY ⊕ TY )

≅ pr∗M(TM ⊕ f∗MTY )⊕ pr∗N(TN ⊕ TN)
(4.4)

which, since fM is K-oriented, gives a K-orientation to prN by the 2 out of 3 lemma.

Two different choices of splitting will yield isomorphisms which are connected by a

path, whence give the same K-orientation.

Now, given any two correspondences Φ = (M,ξ, bM , fM) and Ψ = (N,η, bN , fN), it

need not be the case that they are transverse. However, Example 4.3.9 shows that

Φ is equivalent to a correspondence Φ̃ whose forward map is a submersion. Since

any map is transverse to a submersion, we may compose these correspondences. It

is shown in [11] that this is well defined on equivalence classes of correspondences

whence the composition product is defined for all (Φ,Ψ) ∈ k̂k∗(X,Y ) × k̂k∗(Y,Z).

Proposition 4.3.1. If Φ is any correspondence for X to Y , then

[idX]⊗Φ = Φ⊗ [idY ] = Φ.

Proof. Let Φ = [X b←Ð (M,ξ) fÐ→ Y ]. Since idX is a submersion, it is transverse to b

so we can compose these correspondences using the composition product. The fibred
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product of X and M is M , and the composition diagram is

M
b

~~

idM

!!
X

idX   

idX

~~

M

b}}

f

  
X X Y.

The K-orientation that idM receives is the standard one, whence f ○ idM is K-oriented

in the same was as f . Thus, [idX]⊗Φ = Φ, as claimed. The fact that Φ⊗ [idY ] = Φ

follows by the same argument.

Proposition 4.3.2. If b1 ∶ Y →X and b2 ∶ Z → Y are proper maps, then [b∗1]⊗ [b∗2] =

[(b1 ○ b2)∗].

Proof. The fibred product of Y and Z is Z, and the composition diagram is given by

Z
b2

��

idZ

��
Y

idY   

b1

~~

Z

b2��

idZ

  
X Y Z.

The K-orientation the idZ receives is the standard one, whence the result follows.

Proposition 4.3.3. If f1 ∶X → Y and f2 ∶ Y → Z are K-oriented maps then [(f1)!]⊗

[(f2)!] = [(f2 ○ f1)!].
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Proof. The fibred product of X and Y is X and the composition diagram

X
idX

~~

f1

  
X

f1   

idX

~~

Y

idY~~

f2

  
X Y Z.

By checking the spinors, it follows from the uniqueness property of the 2 out of 3

lemma that f2○f1 is K-oriented as in Example 3.3.5, from which the result follows.

These results show that composition of correspondences is a generalization of

function composition.

There is another product, the exterior product, which we now define.

Definition 4.3.9. Let Φ = (M,ξ, bM , fM) ∈ k̂k∗(X1, Y1) and Ψ = (N,η, bN , fN) ∈

k̂k∗(X2, Y2). The exterior product of Φ and Ψ is defined as

Φ ×Ψ ∶= [X1 ×X2
bM×bN←Ð (M ×N,pr∗M(ξ)⊗̂pr∗N(η)) fM×fNÐ→ Y1 × Y2],

where fM × fN is given the K-orientation coming from the equality

T (M ×N)⊕ (fM × fN)∗T (Y1 × Y2) = pr∗M(TM ⊕ f∗MTY1)⊕ pr∗N(TN ⊕ f∗NTY2).

Combining the intersection product with the exterior product we may compose

two correspondences “over” an auxiliary space U as follows.

⊗̂U ∶ k̂k∗(X1, Y1 ×U) × k̂k∗(U ×X2, Y2)→ k̂k∗(X1 ×X2, Y1 × Y2)

(Φ,Ψ)↦ (Φ × idX2)⊗ (idY1 ×Ψ).
(4.5)

This product will be used in Section 5.2.1 to define Poincaré duality.
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4.4 Comparison with Kasparov’s KK-Theory

We define k̂k∗ to be the category whose objects are smooth manifolds and whose mor-

phisms are given by k̂k∗(X,Y ), with composition given by the intersection product.

The main theorem to do with the category k̂k∗ is the following.

Theorem 4.4.1. There is a natural transformation

k̂k∗ → KK∗.

Proof. The map is given on objects of k̂k∗ by X ↦ C0(X) and on morphisms by

k̂k∗(X,Y )→ KK∗(C0(X),C0(Y ))

[X b←Ð (M,ξ) fÐ→ Y ]↦ [(b, ξ)∗]⊗C0(M) [f!].

It is well defined by Theorem 4.2, combined with Corollary 2.38 and Example 2.12

of [11]. See [10] for how a K-oriented map f ∶ X → Y gives a normally non-singular

map.

It is not a concern for us whether this transformation is an equivalence, or even

injective. The main idea behind k̂k∗ is that it is simple to understand and that

the intersection product, which corresponds to the Kasparov product in the analytic

picture, is easily computable. Moreover, our definitions are robust enough to capture

K-theory, as the following theorem shows.

Theorem 4.4.2. The canonical map

K∗(X)→ k̂k∗(∗,X)

ξ ↦ [(X,ξ) idÐ→X]
(4.6)
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is an isomorphism for all smooth manifolds X.

Proof. We will show that the map

k̂k∗(∗,X)→ K∗(X)

[(M,ξ) fÐ→X]→ f!(ξ)

is the inverse to (4.6); it is shown in [5] that this map is well defined.

Since (idX)! = idK∗(X) by Corollary 3.3.2, it follows that the composition K∗(X)→

k̂k∗(∗,X)→ K∗(X) is the identity.

We now show that the composition k̂k∗(∗,X) → K∗(X) → k̂k∗(∗,X) is the

identity. This amounts to showing that [(M,ξ) fÐ→ X] = [(X,f!(ξ)) Ð→ X] in

k̂k∗(∗,X).

Recall that f! is defined to fit into the commuting diagram

K∗(V ) τ! // K∗(X ×Rn)
β−1
n

��
K∗(M)
ϕV∗

OO

f!
// K∗(X)

Thus, a Thom modification of [(X,f!(ξ))
idÐ→X] along X ×Rn gives

[(X,f!(ξ))
idÐ→X] = [(X ×Rn, τ!ϕ

V
∗ (ξ))

pr1Ð→X].

Using the tubular neighbourhood to view V as an open subset of X × Rn, we have

that

[(X ×Rn, τ!ϕ
V
∗ (ξ))

pr1Ð→X] = [(V,ϕV∗ (ξ))
pr1○τÐ→ X].
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By Example 4.3.9, we have that

[(V,ϕV∗ (ξ))
pr1○τÐ→ X] = [(V,ϕV∗ (ξ))

f○πvÐ→ X]

Since (V,ϕV∗ (ξ), f ○ πv) is the Thom modification of (M,ξ, f) along V we have

[(V,ϕV∗ (ξ))
f○πVÐ→ X] = [(M,ξ) fÐ→X],

which completes the proof.

Definition 4.4.1. We define the K-Homology of a smooth manifold X to be the

group

K∗(X) ∶= k̂k∗(X,∗).

By the theorems in this section we see that K-homology acts on K-theory as maps

to the integers, hence the name. It is the dual theory to K-theory. In Section 5.2, we

shall see that K-theory coincides with K-homology for K-orientable manifolds.
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Chapter 5
Fourier-Mukai Duality

5.1 The Baum-Connes-Dirac Equivalence

Bivariant K-theory can be extended to an equivariant theory which takes into account

the action of a group. The Baum-Connes conjecture is a statement in Kasparov’s

equivariant bivariant K-theory which helps compute the K-theory of certain crossed

products. Certain positive results have been shown, including the following (see [8]).

Theorem 5.1.1. Let A be a Zd-C*-algebra. Then the class

[DRd] ∈ KKZd
−d(C0(Rd),C)

of the Dirac operator on Rd induces an isomorphism

K∗−d(C0(Rd,A) ⋊Zd) ≅ K∗(A ⋊Zd) (5.1)

More precisely, the class [DRd] induces an invertible morphism in the non-equivariant

bivariant K-group KK∗(C0(Rd,A) ⋊ Zd,A ⋊ Zd), which acts as the isomorphism be-

tween the respective K-groups, shifting degree by d. This is the Baum-Connes-Dirac
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Equivalence.

Our goal is to investigate this equivalence in the basic case that A = C with the

trivial action of Zd. There is a canonical map

jZd ∶ KKZd
−d(C0(Rd),C)→ KK−d(C0(Rd) ⋊Zd,C ⋊Zd),

called descent, and jZd([DRd]) is the invertible class in KK−d(C0(Rd) ⋊ Zd,C ⋊ Zd).

We have that C0(Rd)⋊Zd is equivalent, in some precise sense1 to C(Td), and C⋊Zd =

C∗(Zd) ≅ C(Ẑd), so that jZd([DRd]) is an invertible element in KK−d(C(Td),C(Ẑd)).

Since

k̂k−d(Td, Ẑd) maps to KK−d(C(Td),C(Ẑd)),

we can ask whether jZd([DRd]) can be represented by a correspondence and, if so,

can we understand the induced map K∗(Td)→ K∗(Ẑd) geometrically. More precisely,

suppose that jZd([DRd]) can be represented by a correspondence, say [Fd]; every

toral subgroup T ⊆ Td gives a class [T ] ∈ K∗(Td), and we would like to know what

the image of [T ] under the morphism [Fd] in K∗(Ẑd) is.

It is shown in [8] that the equivalence (5.1) is represented geometrically by the

correspondence

jZd([DRd]) = [Td pr1←Ð (Td × Ẑd,Pd)
pr2Ð→ Ẑd] =∶ [Fd],

defined in Example 4.3.5, so the goal of this chapter is to compute

[Fd]⊗ [Td ϕ←Ð (Tk,1)] ∈ K∗(Ẑd),
1What this means is not relevant for the work here. The equivalence is Strong Morita Equivalence,

and the important point is that a strong Morita equivalence induces a KK-equivalence, so C0(Rd)⋊Zd

is the same as C(Td) as far as K-theory is concerned.
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where ϕ ∶ Tk → Td is an embedding of Lie groups.

Remark. The action of [Fd] bears striking resemblance to the Fourier-Mukai Trans-

form in algebraic geometry, a point which we will now elaborate on.

In the article [19], Mukai proved that if X is an abelian variety (for instance, a

torus) and X̂ is the dual torus (for instance, Ẑd) then there is a canonical equivalence

of categories of sheaves on X and X̂ even though X and X̂ are not equivalent as

varieties. The equivanlence, which is the Fourier-Mukai transform is constructed as

follows.

Let prX ∶ X × X̂ → X and prX̂ ∶ X × X̂ → X̂ be the coordinate projections. Using

a certain sheaf, β, the Fourier-Mukai is roughly the composition

S ↦ p∗X(S)↦ (pX̂)∗(p∗X(S)⊗ β).

By identifying a vector bundle V with its sheaf of sections, this is exactly how the

Fourier-Mukai correspondence acts on V . This was observed by Emerson in [8] and

the work in this chapter is devoted to proving Theorem 3.11 in that article.

5.2 Poincaré Duality

A key ingredient in one of the arguments in the next section is an explicit computation

of the Poincaré duality isomorphism. Therefore, the purpose of this section is to prove

the following theorem.

Theorem 5.2.1 (Poincaré Duality). Let X be a compact, K-oriented smooth man-

ifold of dimension n. Then for all smooth manifolds Y and Z there is a natural

isomorphism

PD ∶ k̂k∗(X × Y,Z)→ k̂k∗+n(Y,X ×Z)
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given on correspondences by

[X × Y b1×b2←Ð (M,ξ) fÐ→ Z]↦ [Y b2←Ð (M,ξ) b1×fÐ→ X ×Z] (5.2)

where b1 × f is K-oriented using the isomorphism

TM ⊕ (b1, f)∗T (X ×Z) ≅ b∗1TX ⊕ (TM ⊕ f∗TZ).

We show that this map is well defined by showing that it is given by “composing

over X” with a specific element [σX] ∈ k̂k0(∗,X ×X) ≅ K0(X ×X), using the map

defined in Equation (4.5) of Section 4.3.4.

Definition 5.2.1. Let X be a compact, K-oriented manifold and define the corre-

spondences

[σX] ∶= [∗←ÐX
∆Ð→X ×X] ∈ K0(X ×X)

[ρX] ∶= [X ×X ∆←ÐX Ð→ ∗] ∈ K0(X ×X),

where ∆ ∶X →X ×X is the diagonal map, K-oriented using the isomorphism

TX ⊕∆∗T (X ×X) ≅ TX ⊕ (TX ⊕ TX)

where TX is K-oriented by assumption, and TX⊕TX is K-oriented using the complex

structure.

The correspondences [σX] and [ρX] will be the unit and counit for Poincaré

duality (see [6] for this terminology). Before we proceed, we declare the following

notation: if V is a real vector bundle over a space X, then we will use the notation

VC ∶= V ⊕ V = V ⊗R C to denote the complexification of V .
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We now show that the map (5.2) is given by composing with [σX] on the right

over X.

Proposition 5.2.1. For a compact, K-oriented manifold X and any smooth mani-

folds Y and Z, we have

[σX]⊗X [X × Y b1×b2←Ð (M,ξ) fÐ→ Z] = [Y b2←Ð (M,ξ) b1×fÐ→ X ×Z].

In particular, the map (5.2) is well defined.

Proof. This is just a computation, the main point being that the K-orientation that

(b1, f) receives from the composition product is the right one. By definition

[σX]⊗X [X × Y b←Ð (M,ξ) fÐ→ Z]

= [Y pr2←ÐX × Y ∆×idYÐ→ X ×X × Y ]⊗ [X ×X × Y idX×b←Ð (X ×M,ξ) idX×fÐ→ X ×Z]

which gives rise to the composition diagram

M
b

ww

b1×idM

''
X × Y

∆×idY ''

pr2

{{

X ×M

idX×bww

idX×f

&&
Y X ×X × Y X ×Z.

We claim that the K-orientation that b1 × idM receives is given by the spinor bundle

SX⊗Λ∗(TMC). According to equation (4.4) the map b1× idM is K-oriented according

to the equality

[TM ⊕ (b1 × id)∗T (X ×M)]⊕ ((∆ × idY ) ○ b)∗(T (X ×X × Y )C)

= b∗(T (X × Y )⊕ (∆ × idY )∗T (X ×X × Y ))⊕ (b1 × id)∗(T (X ×M)C).
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The spinor bundle for the right hand side is given fibrewise by SX⊗Λ∗
C(T (X ×Y )C)⊗

Λ∗
C(T (X×M)C), and the spinor bundle for (∆×id) is given by Λ∗

C(T (X×X×Y )C). By

the uniqueness property of the 2-out-of-3 lemma, it follows that b1 × id is K-oriented

using SX ⊗Λ∗(TMC) because of the following equality

SX ⊗Λ∗
C(TMC)⊗Λ∗

C(T (X ×X × Y )C) = SX ⊗Λ∗
C(T (X × Y )C)⊗Λ∗

C(T (X ×M)C).

A similar argument shows that the composition (b1, f) = (id, f) ○ (b1, id) receives the

correct K-orientation, which completes the proof.

By a completely analogous argument one can show that

⊗X[ρX] ∶k̂k∗(Y,X ×Z)→ k̂k∗(X × Y,Z)

[Y b←Ð (M,ξ) fÐ→X ×Z]↦ [X × Y f1×bÐ→ (M,ξ) f2Ð→ Z],

where f2 = prZ ○ f ∶M → Z is K-oriented via the equality

TM ⊕ f∗T (X ×Z) = f∗1 TX ⊕ (TM ⊕ f∗2 TZ)

and the 2-out-of-3 lemma. This proves that 5.2 is indeed an isomorphism and we

have therefore proved Theorem 5.2.1. This, in particular, implies that K-theory and

K-homology agree on compact, K-oriented manifolds, up to a dimension shift.

Corollary 5.2.1. For any compact, K-oriented manifold X of dimension n, the map

PD ∶ k̂k∗(∗,X)→ k̂k∗+n(X,∗)

[(M,ξ) fÐ→X]↦ [X f←Ð (M,ξ)]

is an isomorphism.



111

Remark. This is a special instance of a more general version of Poincaré duality

shown in [5], which reads as follows:

Theorem 5.2.2. Let X be a compact manifold and define

[σ̃X] ∶=[∗←ÐX
(ζ,id)Ð→ TX ×X] ∈ K0(TX ×X)

[ρ̃X] ∶=[X × TX (π,id)←Ð TX Ð→ ∗] ∈ K0(TX ×X),

where ζ ∶X → TX is the zero section and π ∶ TX →X is the projection. Then

(i) [σ̃X] ⊗X [ρ̃X] = 1TX ∈ k̂k∗(TX,TX) and [σ̃X] ⊗TX [ρ̃X] = 1X ∈

k̂k∗(X,X) and

(ii) For any smooth manifolds A and B, [σ̃X] induces natural isomor-

phisms

k̂k∗(X ×A,B)→ k̂k∗(A,TX ×B)

k̂k∗(TX ×A,B)→ k̂k∗(A,X ×B).

The main point of Theorem 5.2.1 is that we have an explicit description of the

map, which we will need in the following section.

5.3 The Action of [Fd] on K-Homology

In what follows we declare that, when there is a choice, we K-orient our Lie groups

by specifying an orientation on the Lie algebra.

Suppose that ϕ̂ ∶ Ẑk → Ẑd is an embedding of Lie groups. The purpose of this

section is to compute

[Fd]⊗ [Ẑd ϕ̂←Ð (Ẑk,1)] ∈ K∗(Td).
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This computation is the content of Theorem 5.3.1, which we now set up. By Pon-

tryagin duality, there is a unique morphism ϕ ∶ Zd → Zk whose Pontryagin dual is ϕ̂.

The morphism ϕ extends to an R-linear map ϕ ∶ Rd → Rk which preserves the integer

lattice, hence descends to a map ϕ̃ ∶ Td → Tk. This gives rise to an exact sequence

0 // ker(ϕ̃) // Td ϕ̃ //// Tk // 0,

which lifts to an exact sequence of Lie algebras

0 // T (ker(ϕ̃)) // T (Td)∣ker(ϕ̃)
d(ϕ̃) //// ϕ̂∗T (Tk) // 0, (5.3)

which endows ker(ϕ̃) with a K-orientation such that the map φ ∶ ker(ϕ̃) ×Tk → Td is

K-orientation preserving. If ϕ̃ is injective, then it is an isomorphism of Lie groups,

and we declare ker(ϕ̃) to be positively K-oriented if ϕ̃ is K-orientation preserving and

negatively K-oriented otherwise.

The goal of this section is to prove the following theorem.

Theorem 5.3.1. Suppose that ϕ̂ ∶ Ẑk → Ẑd is a Lie embedding. Then, in the notation

above,

[Fd]⊗ [Ẑd ϕ̂←Ð (Ẑk,1)] = (−1)dk+
k(k−1)

2 [ker(ϕ̃)],

where ker(ϕ̃) is given the K-orientation coming from (5.3).

In order to prove this theorem we need to make several observations about the

ingredients in the correspondences above. Let us begin by making a fundamental

observation about the Poincaré bundle.

Let exp ∶ (0,1) → T be the exponential map x ↦ e2πix and let êxp ∶ (0,1) → Ẑ
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denote the map θ ↦ [n↦ e2πinθ]. Let e ∶ (0,1)2 → T × Ẑ be the map

e(x, y) = (exp(x), êxp(y)),

Lemma 5.3.1. The map e! ∶ K0((0,1)2) → K0(T × Ẑ) induced by the embedding

e ∶ (0,1)2 → T × Ẑ maps the Bott class β ∈ K0((0,1)2) to P1 − 1 ∈ K0(T × Ẑ).

Proof. Let ev1 ∶ Ẑ → T denote evaluation of a character at 1. We note that we have

a commutative diagram

Ẑ ev1 // T

(0,1)

êxp

OO

exp

==

which yields a commutative diagram

K−1(T) ev∗1 // K−1(Ẑ)

K−1((0,1)),

exp!

OO

êxp!

88

because (ev1)−1
! = ev∗1; see Example 3.3.9. Since exp!(β) = [z] ∈ K−1(T) and ev∗1([z]) =

[χ] ∈ K−1(Ẑ), where β is the Bott class and [χ] denotes the class of multiplication by

χ(1), it follows that êxp!(β) = [χ]. Because the following diagram commutes

(0,1) × Ẑ
exp×idẐ // T × Ẑ

(0,1)2,

idT×êxp

OO

exp×êxp

77

it is sufficient to show that (exp×id)!([χ]) = P1 − 1 in order to prove the claim.

We identify the 1-point compactification of (0,1)×Ẑ with the space (T×Ẑ)/({1}×

Ẑ). It follows then that the map (exp×idẐ)! is given the map induced by the quotient
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map

q ∶ T × Ẑ→ (T × Ẑ)/({1} × Ẑ).

The class of [χ] ∈ K0((0,1) × Ẑ) is represented in K0((T × Ẑ)/({1} × Ẑ)) by the class

[Eχ] − [1], where Eχ is the trivial line bundle modulo the relation

(0, χ, λ) ∼ (1, χ,χ(1)λ).

It follows that q∗(Eχ) = [[0,1]×Ẑ]×C/ ∼, where ∼ is the relation above, so we conclude

the proof by noting that the inclusion

[[0,1] × Ẑ] ×C/ ∼→ P1

is an isomorphism.

Lemma 5.3.2. The class [T pr1←Ð (T×Ẑ,P1)] is equivalent to [T←Ð (∗,1)] in K∗(T).

Proof. Since T × Ẑ is a boundary we have that [T pr1←Ð (T × Ẑ,1)] = 0, whence

[T pr1←Ð (T × Ẑ,P1)] = [T pr1←Ð (T × Ẑ,P1)] − [T←Ð (T × Ẑ,1)]

= [T pr1←Ð (T × Ẑ,P1 − 1)],

by Example 4.3.8. By Lemma 5.3.1 and Example 4.3.7

[T pr1←Ð (T × Ẑ,P1 − 1)] = [T exp ○pr1←Ð ((0,1)2, β)] in K∗(T).

Next, we note that the correspondence with boundary [T F←Ð ((0,1)2 × [0,1], β⊗̂1)],

with F ((x, y), t) = exp(tx), provides a cobordism between

[T pr1←Ð ((0,1)2, β)] and [T 1←Ð ((0,1)2, β)],
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where 1 denotes the constant map at 1. Since (0,1)2 is a tubular neighbourhood of

(1
2 ,

1
2) in R2 and β is the Thom class, Thom modification along the trivial rank 2

bundle shows that

[T 1←Ð ((0,1)2, β)] ∼Tm [T 1←Ð (∗,1)],

as claimed.

An immediate corollary of this result is

Lemma 5.3.3. For any d,

[Td pr1←Ð (Td × Ẑd,Pd)] = (−1)
d(d−1)

2 [Td ←Ð (∗,1)].

Proof. One can prove using induction that the isomorphism

θ ∶ Td × Ẑd → (T × Ẑ)d

(z1, . . . , zd, χ1, . . . , χd)↦ (z1, χ1, . . . , zd, χd)

has determinant (−1) d(d−1)
2 , so that

[Td pr1←Ð (Td × Ẑd,Pd)] = (−1)
d(d−1)

2 [Td ←Ð ((T × Ẑ)d, (θ−1)∗(Pd)].

Next, one observes that (θ−1)∗(Pd) is the bundle over (T × Ẑ)d given by the relation

(x1, χ1, . . . , xd, χd, λ) ∼ (x1 + n1, χ1, . . . , xd + nd, χd,(
d

∏
i=1
χi(ni))λ) ,

which is readily seen to be equal the external product of P1 with itself d times. That

is, (θ−1)∗(Pd) = P ⊗̂d1 whence

[Td pr1←Ð (Td × Ẑd,Pd)] = (−1)
d(d−1)

2 [Td ←Ð ((T × Ẑ)d,P ⊗̂d1 ].
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Finally, we note that [Td ←Ð ((T × Ẑ)d,P ⊗̂d1 )] is the exterior product of d copies

of [T←Ð (T×Z,P1)], each of which is equivalent to a point correspondence, whence

the result follows.

We can now prove Theorem 5.3.1.

Proof of Theorem 5.3.1. The spirit of the proof is to decompose Td into the product

ker(ϕ̃) ×Tk, and apply Lemma 5.3.3 to the Tk factor.

The composition diagram for [Fd]⊗ [Ẑd ϕ̂←Ð (Ẑk,1)] is

Td × Ẑk
(id,ϕ̂)

yy
id

##
Td × Ẑd

pr2
%%

pr1

{{

Ẑk

ϕ̂{{ ��
Td Ẑd ∗.

The K-orientation Td× Ẑk receives from the intersection product is given by the short

exact sequence

0 // T (Td × Ẑk)
[

1 0
0 dϕ̂
0 1

]

// T (Td × Ẑd × Ẑk) [0 1 −dϕ̂ ] // T (Ẑd) // 0.

It canonically splits, yielding an isomorphism T (Td × Ẑk) × T (Ẑd)→ T (Td × Ẑd × Ẑk)

given by the matrix
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1d 0 0

0 dϕ̂ 1d

0 1k 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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The path

t↦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1d 0 0

0 tdϕ̂ 1d

0 1k 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

connects

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1d 0 0

0 dϕ̂ 1d

0 1k 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

to

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1d 0 0

0 0 1d

0 1k 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

in O(dk),

whence the K-orientation that Td×Ẑk receives is (−1)dk times the one it had originally,

since these matrices have determinant (−1)dk. Thus,

Fd ⊗ [Ẑd ϕ̂←Ð (Ẑk,1)] = (−1)dk[Td pr1←Ð Td ×Zk,Pd∣ϕ̂)],

where Pd∣ϕ̂ is the line bundle over Td × Ẑk given by the relation

(x,χ, λ) ∼ (x + n,χ, ϕ̂(n)λ), for x ∈ Rd and n ∈ Zd.

Using our orientation preserving isomorphism φ ∶ ker(ϕ̃)×Tk → Td, this is equivalent

to

[Td φ←Ð (ker(ϕ̃) ×Tk × Ẑk, φ∗(Pd∣ϕ̂))],

and one can check that φ∗(Pd∣ϕ̂) = 1⊗̂Pk. Applying the correspondence [(φ−1)∗] and

using Lemma 5.3.3 we have

[φ−1]⊗ [Td φ←Ð (ker(ϕ̃) ×Tk × Ẑk, φ∗(Pd∣ϕ̂))] = (−1)d[ker(ϕ̃) ×Tk ← (ker(ϕ̃) ×Tk × Ẑk,1⊗̂Pd)]

= (−1)d([ker(ϕ̃)← (ker(ϕ̃),1)] × [Tk pr1←Ð (Tk × Ẑk,Pk)])

= (−1)d([ker(ϕ̃)← (ker(ϕ̃),1)] × [Tk ←Ð (∗, (−1)
k(k−1)

2 1)])

= (−1)d+
k(k−1)

2 [ker(ϕ̃) ×Tk ←Ð (ker(ϕ̃),1)].
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Applying [φ] to (−1)d[ker(ϕ̃) ×Tk ←Ð (ker(ϕ̃),1)] gives [Td ←Ð (ker(ϕ̃),1)], hence

Fd ⊗ [Ẑd ϕ̂←Ð (Ẑk,1)] = (−1)dk+
k(k−1)

2 [Td ←Ð (ker(ϕ̃),1)],

which was to be shown.

Example 5.3.1. If ϕ̂ ∶ ∗→ Ẑd is the embedding of a point, then ker(ϕ̃) = Td oriented

as a product of circles so that

[Fd]⊗ [Ẑd ←Ð (∗,1)] = [Td id←Ð (Td,1)].

Example 5.3.2. If ϕ ∶ Ẑd → Ẑd is an isomorphism, then

[Fd]⊗ [Ẑd ϕ̂←Ð (Ẑd,1)] = ε(ϕ̃)(−1)d[Td ←Ð (∗,1)],

where ε(ϕ̃) is ±1 if ϕ̃ orientation preserving or not. In particular,

[Fd]⊗ [Ẑd id←Ð (Ẑd,1)] = (−1)d[Td ←Ð (∗,1)].

Since Td and Ẑd are both K-orientable manifolds, Poincaré duality provides an

isomorphism k̂k∗(Td, Ẑd) ≅ k̂k∗(Ẑd,Td). The Poincaré dual of the Fourier-Mukai

transform is

[Ẑd pr2←Ð (Td × Ẑd,Pd)
pr1Ð→ Td] ∈ k̂k∗(Ẑd,Td),

which, abusing notation, we also denote by [Fd]. Given a Lie embedding ϕ ∶ Tk → Td,

we would like to compute [Fd]⊗ [Td ϕ←Ð (Tk,1)] as in Theorem 5.3.1, which we are

now going to do.

The map ϕ lifts to a linear injection ϕ ∶ Rk → Rd which maps Zk into Zd. Its

Pontryagin dual ϕ̂ ∶ R̂d → R̂k is then a surjection which maps Ẑd⊥ to Ẑk⊥, where
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Ẑd⊥ denotes the characters which vanish on Zd. Thus, ϕ̂ descends to a surjection

ϕ̂ ∶ Ẑd → Ẑk, which gives rise to an exact sequence

0Ð→ ker(ϕ̂)Ð→ Ẑd ϕ̂Ð→ Ẑk Ð→ 0,

which endows ker(ϕ̂) with a K-orientation. With this set-up we have, as before, the

following theorem.

Theorem 5.3.2. Suppose that ϕ ∶ Tk → Td is a Lie embedding. Then

[Fd]⊗ [Td ϕ←Ð (Tk,1)] = (−1)dk+
k(k−1)

2 [ker(ϕ̂)].

In order to prove this theorem, it will be advantageous to introduce the Pontryagin

dual of the Fourier-Mukai Transform.

Definition 5.3.1. The Pontryagin dual of the Fourier-Mukai transform is the corre-

spondence

[F̂d] = [Ẑd pr2←Ð (Ẑd ×Td, P̂d)
pr2Ð→ Td],

where P̂d is the line bundle [R̂d ×Td] ×C modulo the relation

(χ, z, λ) ∼ (χ + η, z, η(z)λ) for η ∈ Ẑd⊥;

note that Ẑd⊥ ≅ T̂d, so that η(z) makes sense.

The proof of Theorem 5.3.1 works verbatim to show that

[F̂d]⊗ [Td ϕ←Ð (Tk,1)] = (−1)dk+
k(k−1)

2 [ker(ϕ̂)],

so in order to prove 5.3.2 it suffices to prove the the following lemma.
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Lemma 5.3.4. [Fd] = [F̂d] in k̂k∗(Ẑd,Td).

Proof. For simplicity we take d = 1, the general case being completely analogous.

Consider the map

θ ∶ Ẑ ×T→ T × Ẑ

(χ, z)↦ (χ(1), χz),

where χz(1) ∶= z. Then θ provides an isomorphism of correspondences between [Fd]

and

[Ẑ θT←Ð (Ẑ ×T, θ∗(Pd))
θẐÐ→ T] = [Ẑ θT←Ð (Ẑ ×T, P̂d)

θẐÐ→ T],

where θT(χ, z) = χz and θẐ(χ, z) = χ(1).

Now, consider then embeddings êxp ∶ (0,1) → Ẑ and exp ∶ (0,1) → T given in the

proof of Lemma 5.3.1. Using the embedding êxp × exp ∶ (0,1)2 → Ẑ × T, it follows

from Examples 4.3.7 and 4.3.8 that

[Ẑ θT←Ð (Ẑ ×T, P̂1)
θẐÐ→ T] = [Ẑ θT←Ð (Ẑ ×T, P̂1 − 1)

θẐÐ→ T]

= [Ẑ êxp←Ð ((0,1)2, P̂1 − 1) expÐ→ T],

where β ∈ K0((0,1)2) is the Bott class, as before. Define F ∶ (0,1)2 × [0,1] → T and

F̂ ∶ (0,1)2 × [0,1]→ Ẑ by

F ((x, y), t) = exp(ty + (1 − t)x) and F̂ ((x, y), t) = êxp(tx + (1 − t)y),

respectively. Then ∂-correspondence

[Ẑ F̂←Ð ((0,1)2 × [0,1], P̂1 − 1) FÐ→ T]
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shows that

[Ẑ êxp←Ð ((0,1)2, P̂1 − 1) expÐ→ T] ∼b [Ẑ
êxp←Ð ((0,1)2, P̂d − 1) expÐ→ T].

Since

[Ẑ êxp←Ð ((0,1)2, P̂1 − 1) expÐ→ T] = [F̂d]

by Examples 4.3.7 and 4.3.8 again, we are done.

Remark. We phrase Theorem 5.3.2 in more geometric terms as follows. Suppose

that T ⊆ Td is a toral subgroup. Then T lifts to a linear subspace L ⊆ Rd. Let L̂⊥

denote the characters of Rd which vanish on L. If T ⊥ ⊆ R̂d/Ẑd⊥ is the image of L̂⊥

under the quotient map, then Theorem 5.3.2 says that [Fd] maps the class of T in

K∗(Td) to the class of T ⊥ in K∗(Ẑd), up to a sign.

5.4 Invertibility of [Fd]

By combining Theorems 5.3.1 and 5.3.2 with Poincaré duality, we can show that [Fd]

is invertible, can we can give an explicit inverse. Define

[Fd] = [Ẑd pr1←Ð (Ẑd ×Td,Pd)
pr2Ð→ Td],

where Pd is the line bundle over Ẑd ×Td given by the relation

(χ,x, λ) ∼ (χ,x + n,χ(n)λ) for x ∈ Rd and n ∈ Zd.

Then we have the following.
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Theorem 5.4.1. For any d, we have

[Fd]⊗ [Fd] = idk̂k∗(Td,Td) and [Fd]⊗ [Fd] = idk̂k∗(Ẑd,Ẑd).

Thus, the class [Fd] is an invertible element of k̂k∗(Td, Ẑd)

Proof. We compute directly that

[Fd]⊗ [Fd] = [Td pr1←Ð (Td × Ẑd ×Td,Pd ⊗Pd)
pr3Ð→ Td].

The Poincaré dual of [Fd]⊗ [Fd] is the class

[T2d pr1←Ð (T2d × Ẑd,Pd∣δ)] ∈ K∗(T2d),

where Pd∣δ is the line bundle over T2d × Ẑd determined by the relation

(x, y,χ, λ) ∼ (x + n, y +m,χ,χ(m − n)λ) for x, y ∈ Rd and n,m ∈ Zd.

One observes that this is equal to [F2d]⊗ [δ], where δ ∶ Ẑd → Ẑ2d is the map which

sends χ to (χ,χ).

We observe that the Pontryagin dual of δ is the map

∆ ∶ R2d → Rd

(x, y)↦ y − x.

We identify the kernel of ∆ with Rd using the diagonal map ∆ ∶ Rd → R2d. Thus, by

Theorem 5.3.1, the Poincare Dual of [Fd]⊗ [Fd] is

[T2d ∆←Ð (T,1)].
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The Poincaré dual of this element is the unit in k̂k∗(Td,Td), which concludes the

proof.
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Appendix A
Z2-Graded Algebras

Since we do so much in this thesis to do with Z2-graded algebras, we would like to

give a brief account of what they are.

Definition A.0.1. A Z2-graded vector space V is a vector space equipped with a

direct sum decomposition V = V0 ⊕ V1.

A Z2-graded algebra over a field K is an algebra A over K equipped with a direct

sum decomposition A = A0 ⊕A1 such that

Ai ⋅Aj ⊆ Ai+j,

where the subscripts are read modulo 2.

As was shown in Section 3.1, the Clifford algebras are examples of Z2-graded

algebras. We define the Z2-graded tensor product as follows.

Definition A.0.2. Suppose that A and B are Z2-graded algebras. Their Z2-graded

tensor product, denoted A⊗̂B, is the algebra whose underlying vector space is A⊗B

(the regular tensor product), endowed with the multiplication

(a0 ⊗ b0) ⋅ (a1 ⊗ b1) = (−1)∂(a1)∂(b0)(a0a1 ⊗ b0b1).
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Other than the Clifford algebras, the main example of a Z2-graded algebra is the

collection of endomorphisms of a Z2-graded vector space. If V = V0⊕V1 is a Z2-graded

vector space, then a map T ∈ End(V ) is called even if T (V0) ⊆ V0 and T (V1) ⊆ V1;

T is called odd if T (V0) ⊆ V1 and T (V1) ⊆ V0. Two maps T and S are said to graded

commute if TS = (−1)∂(T )∂(S)ST .
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Appendix B
Comparison of Induced K-Orientations

Let V be a (real) vector bundle and suppose that we are given a K-orientation on the

direct sum V ⊕ R. There are two seemingly distinct ways that we can give V a K-

orientation, and the point of this section is to show that they are, in fact, equivalent.

The way we induce a K-orientation on V depends on the rank of V , so we split the

section into two subsections.

B.1 V is of Even Rank

Suppose that dimV = 2k and let SV ⊕R be the given spinor for V ⊕R. Let e ∈ Cl(R)

denote the generator. The two bundles on which we let Cl(V ) act are:

1. SV ⊕R itself, with action of V given by

c̃ ∶ ξ ↦ cV ⊕R(ξe)

and SV ⊕R is Z2-graded into the ±i-eigenspaces of cV ⊕R(e), i.e.

SV ⊕R = (1 − icV ⊕R(e))SV ⊕R ⊕ (1 + icV ⊕R(e))SV ⊕R
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2. Hom(C, SV ⊕R), with the action of V given by

(cV (ξ)T )(x) ∶= cV ⊕R(ξ)T (x)

and Z2-graded using the subspaces

Hom±
Cl(R)(C, SV ⊕R) ∶= {T ∶ T (cR(e)x) = ±cV ⊕R(e)T (x)}.

Proposition B.1.1. These two K-orientations on V are equivalent.

Proof. The map T ↦ T (1) is a grading preserving isomorphism Hom(C, SV ⊕R) →

SV ⊕R which induces the following action of V on SV ⊕R:

cV (ξ)x ∶= cV ⊕R(ξ)x.

Thus we are reduced to showing that these two actions on SV ⊕R are equivalent. This

is achieved by observing that the following diagram commutes

SV ⊕R
1−cV ⊕R(e) //

c̃V (ξ)

��

SV ⊕R

cV (ξ)

��
SV ⊕R 1−cV ⊕R(e)

// SV ⊕R;

indeed, for x ∈ SV ⊕R we have

(1 − cV ⊕R(e))c̃V (ξ)x = (1 − cV ⊕R(e))cV ⊕R(ξe)x = cV ⊕R(ξ)(1 − cV ⊕R(e))x

= cV (ξ)(1 − cV ⊕R(e)).
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B.2 V is of Odd Rank

Let V be an odd rank vector bundle, and suppose that you are given a K-orientation

on V ⊕R. There are two canonical ways that one can give a K-orientation from this

data:

1. V acts on S0
V ⊕R (the even part of SV ⊕R) by

c̃V ∶ ξ ↦ cV ⊕R(ξe),

where e is the canonical generator for Cl(R), and

2. V acts on HomCl(R)(C, SV ⊕R) by

[cV (ξ)T ](x) ∶= iωcV ⊕R(ξ)T (x),

where ω is the volume element in Cl(V ⊕R).

Proposition B.2.1. These two K-orientations are equivalent.

For the sake of clarity we break the proof into three parts. We first define the

equivalence and show that it is well defined, then show that it intertwines the actions,

and finally we show that it is indeed an isomorphism.

Our equivalence is defined as follows

S0
V ⊕R → HomCl(R)(C, SV ⊕R)

x↦ [Tx ∶ 1↦ (1 − icV ⊕R(e))x].

Claim. This map is well defined.
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Proof. We have to show that Tx, as defined above, is in HomCl(R)(C, SV ⊕R) for all

x ∈ S0
V ⊕R. This is equivalent to showing that (1 − icV ⊕R(e))x is in the +i-eigenspace

of cV ⊕R(e) for all x ∈ S0
V ⊕R. We compute

cV ⊕R(e)(1 − icV ⊕R(e))x = (cV ⊕R(e) + i)x = i(1 − icV ⊕R(e))x,

as needed.

Claim. The following diagram commutes

S0
V ⊕R

(1−icV ⊕R(e)) //

c̃V (ξ)

��

HomCl(R)(C, SV ⊕R)
cV (ξ)

��
S0
V ⊕R (1−icV ⊕R(e))

// HomCl(R)(C, SV ⊕R),

where the horizontal arrows are the map given above.

Proof. If we first traverse right and then down we see that

x↦ (1 − icV ⊕R(e))x↦ iωcV ⊕R(ξ)(1 − icV ⊕R(e))x;

on the other hand if we first go down and then right we get

x↦ cV ⊕R(ξe)x↦ (1 − icV ⊕R(e))cV ⊕R(ξe)x.

We mush show they are equal. Recall that ωx = x since x ∈ S0
V ⊕R, and that cV ⊕R(e)(1−
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icV ⊕R(e))x = i(1 − icV ⊕R(e))x by design. With this in mind we compute

iωcV ⊕R(ξ)(1 − icV ⊕R(e))x = ωcV ⊕R(ξe)(1 − icV ⊕R(e))x

= cV ⊕R(ξe)(1 + icV ⊕R(e))x

= (1 − icV ⊕R(e))cV ⊕R(ξe)x,

as needed.

Claim. The map defined above is an isomorphism.

Proof. A dimension count shows that it is sufficient to show that it is injective. Sup-

pose that

(1 − icV ⊕R(e))x = 0.

Let ωV be the volume element for Cl(V ); note that ωV is an odd operator. Then we

have that

0 = ωV (1 − icV ⊕R(e))x = (ωV − iω)x = ωV x − ix,

since x ∈ S0
V ⊕R. This says that ωV x = ix, which implies that x = 0 since ix ∈ S0

V ⊕R and

ωV x ∈ S1
V ⊕R as ωV is odd. This completes the proof.
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