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ABSTRACT

Let G = (V,A,E) be a mixed graph and co : V → {1, 2, . . . , λ} a function such
that co is a proper colouring of the underlying graph, Und(G), and co(u) 6= co(y)
when co(v) = co(x), for every pair of arcs (u, v) and (x, y). Such a function is called
a proper oriented λ−colouring of G. The number of proper oriented λ−colourings
of G, denoted fo(G, λ), is a polynomial in λ. We call fo(G, λ) the mixed-chromatic
polynomial of G.

In this thesis we will first present the basic theory of the mixed-chromatic poly-
nomial. This theory will include computational tools and results concerning the
coefficients of fo(G, λ). Next, we will consider the question of chromatic uniqueness
and invariance of mixed graphs. Lastly, we reformulate a contract-delete recurrence
for chromatic polynomials in order to enumerate various colourings, such as k−frugal
λ−colourings.
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Chapter 1

Overview

We will consider mixed graphs and their associated mixed-chromatic polynomial

fo(G, λ), which enumerates the proper oriented λ−colourings of the mixed graph G.

First introduced in [5] by Courcelle, oriented colourings and the oriented chromatic

number have garnered the attention of many mathematicians. A recent survey paper

on the subject was published in 2016 by Sopena [20]. In addition to [20], Sopena

maintains an up to date website on oriented colourings [18].

The mixed-chromatic polynomial, first introduced by Sopena in [19] as a method

for computing the oriented chromatic polynomial of oriented graphs, is a generaliza-

tion of the chromatic polynomial. The chromatic polynomial was first studied in [1]

by Birkhoff, and his intent was to use it as a tool to prove the four colour conjec-

ture. Although Birkhoff was unsuccessful in doing so, the chromatic polynomial has

become a topic of interest for its own sake, and the study of chromatic polynomials

has resulted in thousands of subsequent papers. Most of the results concerning the

chromatic polynomial which we will discuss in this thesis can be found in [7], [8], [10],

and [17].
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In [6] Cox and Duffy examine the coefficients of the mixed chromatic polynomial,

and give expressions for the coefficients of λn−1 and λn−2. In [6] Cox and Duffy also

use the mixed-chromatic polynomial as a tool for analysing the oriented chromatic

polynomial, and answer the question of when an oriented graph, G, and its underlying

graph, Und(G), share the same chromatic polynomial. We will further explore these

two topics for mixed graphs.

In this thesis we will focus on three main topics:

1. The coefficients of the mixed-chromatic polynomial.

2. Chromatic uniqueness and chromatic invariance of mixed graphs.

3. Reformulating the contract-delete recurrence of chromatic polynomials, and

finding chromatic polynomials for other types of colourings.

After establishing the basic terminology and theory for mixed-chromatic polyno-

mials in Sections 3.1 and 3.2, we will then examine their coefficients. In Section 3.3

we present a new proof for the expressions of the coefficient of λn−2 and, using the

same method, we derive an expression for the coefficient of λn−3. In Section 3.4 we

show that the same classification presented in [6] for chromatically invariant oriented

graphs, with a nearly identical proof, extends to mixed graphs.

In Chapter 4 we turn our attention to chromatic uniqueness of mixed graphs.

Unlike in the case of simple graphs, there is very little general theory for chromatic

uniqueness of mixed graphs, and therefore we will focus on three specific classes of

mixed graphs, namely, trees with exactly two arcs, and 2−colourable orientations of

paths and cycles.
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Lastly, in Chapter 5 we will give a reformulation of the contract-delete recurrence

for computing the chromatic polynomial of simple graphs. The main reason for this

reformulation is to enumerate the k−frugal λ−colourings of a simple graph. We will

then conclude with a short summary and potential directions for future research.
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Chapter 2

Background

The purpose of this section is to give a brief overview of the chromatic polynomial of

simple graphs. Much of the content of this section can be found in Read’s classic paper

An introduction to chromatic polynomials [17]. For a more modern reference on the

chromatic polynomial of simple graphs, including topics on: chromatic equivalence

and uniqueness, the coefficients and roots of the chromatic polynomial, one should

see [7]. As we will see there are many similarities, and stark differences, between the

chromatic polynomial of a simple graph and the mixed-chromatic polynomial (defined

in Chapter 3). For notation and terminology which is not explicitly defined, one can

assume it to be standard and refer to [4]. For definitions of particular importance,

they will be presented in the LaTeX definition environment. One piece of notation

which we define to avoid any confusion is Pn, which denotes a path on n vertices.

2.1 The Chromatic Polynomial

For a simple graphG, a proper λ−colouring of G is a function c : V (G)→ {1, 2, . . . , λ}

such that c(u) 6= c(v) for all uv ∈ E(G). According to the definition, two colourings

c1 and c2 of a graph G are considered different if there exists a vertex v ∈ V (G) such

that c1(v) 6= c2(v). Let P (G, λ) denote the number of proper λ−colourings of G.
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It is known that P (G, λ) is a polynomial in λ and hence it is called the chromatic

polynomial of G.

Two graphs for which computing the chromatic polynomial is straight forward

are a complete graph on n vertices, which has chromatic polynomial P (Kn, λ) =

λ(λ−1) . . . (λ−n+1) = λ(n), and an edgeless graph on n vertices, which has chromatic

polynomial P (Kn, λ) = λn. The following proposition shows that the chromatic

polynomial of any simple graph may be expressed as a linear combination of chromatic

polynomials of complete graphs, which justifies that P (G, λ) is a polynomial in λ.

Proposition 2.1.1. [17] Let G = (V,E) be a simple graph and let N(G, r) denote

the number proper λ−colourings of G with exactly r ≤ λ colours used. Then P (G, λ)

can be expressed as the following polynomial in λ:

P (G, λ) =
λ∑
r=1

λ(r)N(G, r).

We refer to the above expression of P (G, λ) as the factorial form of P (G, λ).

Determining N(G, r) is in general a difficult problem, as it requires enumerating

independent sets of G. To overcome this difficulty we introduce the following graph

operations. Let G be a simple graph and let u and v be vertices of G. If uv ∈ E(G)

then we will let G−uv denote the graph obtained from G by deleting the edge uv. If

uv /∈ E(G) then will let G+ uv denote the graph obtained for G by adding the edge

uv. For any pair of vertices u and v, the graph G/uv will denote the simple graph

obtained from G by identifying vertices u and v, and deleting any loops that may

occur. With this notation we have the following fundamental theorem.
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Theorem 2.1.1. [17] Let G be a simple graph with non-adjacent vertices u and v.

Then

P (G, λ) = P (G+ uv, λ) + P (G/uv, λ).

for all λ ∈ R.

By iteratively repeating this process of adding edges and identifying vertices we

may express P (G, λ) in its factorial form. Alternately we may reformulate the above

theorem for the case where u and v are adjacent vertices.

Theorem 2.1.2. [17] Let G be a graph with adjacent vertices u and v. Then

P (G, λ) = P (G− uv, λ)− P (G/uv, λ).

for all λ ∈ R.

By iteratively repeating this process of deleting edges and identifying vertices, we

may express P (G, λ) as the linear combination of chromatic polynomials of edgeless

graphs. When expressed as such a linear combination, we say P (G, λ) is in standard

form. When expressed in standard form the coefficients of P (G, λ) gives structural

information about the graph G. For a polynomial p(λ), let [λk]p(λ) denote the co-

efficient of λk in p(λ). The following theorem gives an exact expression for certain

coefficients of P (G, λ) and the degree of P (G, λ), for any simple graph G.

Theorem 2.1.3. [7] Let G be a simple graph on n vertices and m edges. If IG(H)

denotes the number of induced subgraphs of G isomorphic to H, then we have the

following expressions:
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(i) deg(P (G, λ)) = n;

(ii) [λn]P (G, λ) = 1;

(iii) [λn−1]P (G, λ) = −m;

(iv) [λn−2]P (G, λ) =
(
m
2

)
− IG(K3);

(v) [λn−3]P (G, λ) = −
(
m
3

)
+ (m− 2)IG(K3) + IG(C4)− 2IG(K4); and

(vi) [λ0]P (G, λ) = 0.

From (vi) of Theorem 2.1.3 we have that λ = 0 is always a root of P (G, λ).

In [17] Read shows that the multiplicity of the root λ = 0 is equal to the number

of components of G. Two other important property concerning the coefficients of

P (G, λ) are, the coefficients alternate in sign [17], and are unimodel. Unimodality

was only recently proven by Huh in [11]. In addition to the recurrences of Theorem

2.1.1 and 2.1.2, the following two propositions can be useful when calculating the

chromatic polynomial.

Proposition 2.1.2. [17] Let G be a graph with components G1, G2, . . . , Gk. Then the

chromatic polynomial of G is given by

P (G, λ) =
k∏
i=1

P (Gi, λ).

Proposition 2.1.3. [17] Let G be a graph with subgraphs F and H such that the

subgraph induced by V (F )∩V (H) form a clique of size k, and V (F )∪V (H) = V (G).

Then

P (G, λ) = P (F, λ)P (H, λ)
λ(k) .
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2.2 Chromatic Equivalence and Uniqueness

If two graphs G and H have the same chromatic polynomial we say that G and H are

chromatically equivalent. For a given graph G, if the only graphs which chromatically

equivalent to G are those which are also isomorphic to G, then we say that G is

chromatically unique (See [13], [14] for survey papers on chromatic uniqueness.)

In this section we give a brief summary of several graph classes which are uniquely

determined by chromatic polynomials.

In [17], Read shows that a graphG on n vertices is a tree if and only if its chromatic

polynomial is P (G, λ) = λ(λ− 1)n−1. Therefore, all trees on n vertices are chromati-

cally equivalent. A similar result, which was given by Lazuka in [15], pertains to uni-

cyclic graphs. A graph G is said to be unicyclic if G contains a unique cycle. Lazuka

showed that a connected graph G on n vertices is a unicyclic graph on n vertices with

a p−cycle, where 3 ≤ p ≤ n, if and only if P (G, λ) = (λ − 1)n + (−1)p(λ − 1)n−p+1.

This generalizes Chao and Whitehead’s result from [3] which shows that Cn chromat-

ically unique for any n ≥ 3.

Figure 2.1: Two non-isomorphic chromatically equivalent graphs

To summarize, the classes of graphs we have mentioned in this chapter: com-

plete graphs, edgeless graphs, and cycles are all chromatically unique, while unicyclic
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graphs with a p−cycle, where 3 ≤ p ≤ n−1, and trees are not in general chromatically

unique. In Chapter 3 and 4 we will consider the problem of chromatic uniqueness

and equivalence of mixed graphs.
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Chapter 3

The Mixed Chromatic Polynomial

3.1 Oriented Colourings of Mixed Graphs

A mixed graph G = (V (G), A(G), E(G)) is a graph with a set E(G) of edges, and a

set A(G) of arcs. We will denote an edge incident with vertices u and v by uv ∈ E(G).

An arc, with tail x and head y, will be denoted by (x, y) ∈ A(G). If E(G) = ∅ then

we will call G an oriented graph. If there is no ambiguity in the graph G, we will

simply denote the sets V (G), A(G), and E(G), with V,A, and E, respectively. For a

mixed graph G, we define the underlying graph of G, denoted by Und(G), to be the

simple graph with the following vertex set and edge set:

V (Und(G)) = V (G), and

E(Und(G)) = E(G) ∪
{
uv

∣∣∣ (u, v) ∈ A(G), or (v, u) ∈ A(G)
}
.

Definition 3.1.1. LetG = (V,A,E) be a mixed graph. A proper oriented λ−colouring

of G is a function co : V → {1, 2, . . . , λ} such that:

(i) co(u) 6= co(v) for all uv ∈ E;

(ii) co(u) 6= co(v) for every arc (u, v) in A; and

(iii) co(u) 6= co(y) for every two arcs (u, v) and (x, y) with co(v) = co(x).
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Note that if (u, v) and (v, u) are both arcs of a mixed graph G, then G has no

proper oriented λ−colouring for any value of λ. Two proper oriented λ−colourings, co

and c′o, of a mixed graph G are considered different if there exists a vertex v ∈ V (G)

such that co(v) 6= c′o(v).

Example 3.1.1. To demonstrate how proper oriented λ−colouring differs from a

proper λ−colouring consider the following graph G in Figure 3.1.

x

v

y

z
u

Figure 3.1: An example of a colouring which is not a proper oriented colouring

This colouring is indeed a proper 3−colouring of Und(G), but there are two

pairs of arcs with vertices coloured in violation of condition (iii), {(x, y), (y, z)} and

{(u, v), (y, z)}. Therefore, this colouring is not a proper oriented 3−colouring of G.

A proper oriented λ−colouring is therefore a proper λ−colouring of Und(G) with

the additional constraint of condition (iii). Due to the importance of condition (iii) in

Definition 3.1.1, we will simply refer to this condition as condition (iii) through out

this thesis. We will call a pair of arcs {(u, v), (x, y)} which could be coloured in viola-

tion of condition (iii) a pair of violating arcs. For any proper oriented λ−colouring, co,

and any pair of arcs of the form {(u, v), (v, w)}, co(u) 6= co(w) regardless of whether u

and w are adjacent. We will refer to such a set of arcs as a directed path of length 2 or

a 2−dipath for short. Sets of arcs that induce a 2−dipath play an important role in
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enumerating proper oriented λ−colourings of mixed graphs, therefore we define the

following set. Let D(G) denote the set of unordered pairs of arcs {(u, v), (v, w)} such

that u and w are not adjacent by either an arc or an edge, i.e. the set of induced

2−dipaths in G.

For mixed graphs G and H, a homomorphism from G to H is a function

ϕ : V (G) → V (H) such that if uv ∈ E(G) then ϕ(u)ϕ(v) ∈ E(H) or (ϕ(u), ϕ(u))

∈ A(H), and if (x, y) ∈ A(G) then (ϕ(x), ϕ(y)) ∈ A(H). Informally, the mapping of

A(G) ∪ E(G) induced by ϕ preserves adjacency and orientation; arcs must map to

arcs, but edges can map to edges or arcs. It is clear, from comparing the definitions,

that a proper oriented λ−colouring of a mixed graph G with k colours is equivalent

to a homomorphism to some mixed graph on k vertices; all vertices in a single colour

class of G are mapped to a single vertex of H.

Definition 3.1.2. The mixed oriented chromatic number, denoted χm(G), of a mixed

graph G is defined as the smallest integer k for which there exists a homomorphism

ϕ : V (G)→ V (H), where |V (H)| = k.

If G is a mixed graph on n vertices such that Und(G) = Kn, we call G a

complete mixed graph, and denote G by MKn. If H is a subgraph of a mixed

graph G such that Und(H) = Kk, for some k, then we call H a mixed-clique. If

ϕ : V (G) → V (H) is a homomorphism from G to H, then H is a subgraph of a

complete mixed graph, and so ϕ is also a homomorphism from G to MKk, for some

positive integer k. Moreover, since edges can map to arcs, we can always assume that

the target graph H is a tournament. Therefore, a mixed graph G is 2−colourable if

and only if there is a homomorphism from G to a tournament on two vertices. An

equivalent classification of 2−colourable mixed graphs is the following.



13

Proposition 3.1.1. A mixed graph G is 2−colourable if and only if there exists

a bipartition (X, Y ) of G into independent sets such that there is no pair of arcs

(x1, y1), (y2, x2) such that x1, x2 ∈ X and y1, y2 ∈ Y .

Proof. It suffices to consider the case when Und(G) is connected. If Und(G) is bi-

partite and there exists a bipartition (X, Y ) of G with no pair of arcs (x1, y1), (y2, x2)

in G such that x1, x2 ∈ X and y1, y2 ∈ Y then, without loss of generality, all arcs are

oriented from X to Y . By assigning all vertices in X the colour 1 and all vertices in Y

the colour 2 we have a proper 2−colouring of Und(G) and furthermore this is a proper

oriented 2−colouring of G, since condition (iii) has not been violated. Therefore, G

is 2−colourable.

Now assume that G is a 2−colourable mixed graph. Then certainly Und(G) must

be bipartite. Let (X, Y ) be a bipartition of Und(G) and suppose there exists a pair

of arcs (x1, y1), (y2, x2) in G such that x1, x2 ∈ X and y1, y2 ∈ Y . Up to permuting

the colour classes, there is exactly one 2−colouring of Und(G). Such a 2−colouring

is obtained by assigning all vertices in X the colour 1 and all vertices in Y the colour

2. However this colouring is not a proper oriented 2−colouring, since the pair of arcs

(x1, y1), (y2, x2) violate condition (iii). Therefore, no such pair of arcs can exist if G

is 2−colourable.

3.2 Enumerating Oriented λ−Colourings

For a mixed graph G = (V,A,E) we define the mixed-chromatic polynomial, fo(G, λ),

to be the number of proper oriented λ−colourings of G. In Proposition 3.2.1 we

will show that fo(G, λ) is a polynomial in λ, hence we will call fo(G, λ) the mixed-

chromatic polynomial of G. Since all vertices of MKn must receive a different colour
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in any proper oriented λ−colouring, fo(MKn, λ) = λ(n). As with the chromatic

polynomial of simple graphs, fo(G, λ) may be expressed as the linear combination of

mixed-chromatic polynomials of mixed complete graphs, as the following proposition

shows.

Proposition 3.2.1. Let G be a mixed graph and let No(G, r) denote the number of

proper oriented λ−colourings of G with exactly r ≤ λ colours. Then fo(G, λ) can be

expressed as the following polynomial in λ:

fo(G, λ) =
λ∑
r=1

λ(r)No(G, r).

Proof. The number of proper oriented λ−colourings of a mixed graph G can be

counted in the following way. For each of the No(G, r) colourings of G we may

choose r of the λ colours to assign to the vertices of G, there are
(
λ
r

)
ways to do this.

Then we may permute the r colours among the r colour classes, for which there are

r! ways to do so. Summing over all r, where 1 ≤ r ≤ λ, we have

fo(G, λ) =
λ∑
r=1

(
λ

r

)
r!No(G, r)

=
λ∑
r=1

λ(r)No(G, r).

Similarly to Theorem 2.1.1, we have the following recurrence which allows us to

express fo(G, λ) in its factorial form.

Theorem 3.2.1. Let G be a mixed graph. If u and v are non-adjacent vertices then

fo(G, λ) = fo(G+ uv, λ) + fo(G/uv, λ)

for all λ ∈ R.
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Proof. First we will show for all positive integers λ, the number of proper oriented

λ−colourings of G is counted by fo(G, λ), and by fo(G+ uv, λ) + fo(G/uv, λ).

Firstly, fo(G, λ) counts the number of proper oriented λ−colourings of G. We may

also enumerate the number of proper oriented λ−colourings of G by considering the

following two disjoint cases. There are fo(G+ uv, λ) ways in which we can colour G

with λ colours such that u and v receive a different colour, and there are fo(G/uv, λ)

ways in which we can colour G with λ colours such that u and v receive the same

colour. Since these two cases are disjoint and exhaust all possible colourings, we have

that

fo(G, λ) = fo(G+ uv, λ) + fo(G/uv, λ),

for all positive integers λ. Since fo(G, λ) and fo(G + uv, λ) + fo(G/uv, λ) are both

polynomials, and are equal for all positive integers λ, they are also equal for all real

values of λ.

If u and v are joined by a directed path of length two, then by condition (iii) we

must have co(u) 6= co(v) for any proper oriented λ−colouring of G. For such a pair

of vertices fo(G, λ) = fo(G + uv, λ) and fo(G/uv, λ) = 0 for all values of λ, so it

is not advantageous to choose such a pair of vertices when computing fo(G, λ) via

Theorem 3.2.1. As with the chromatic polynomial of simple graphs, we have the

following contract-delete recurrence for computing fo(G, λ).

Theorem 3.2.2. Let G be a mixed graph. If uv is an edge in G then

fo(G, λ) = fo(G− uv, λ)− fo(G/uv, λ).

for all λ ∈ R.
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If u and v are joined by a directed path of length two in G − uv then

fo(G, λ) = fo(G − uv, λ) and fo(G/uv, λ) = 0 for all values of λ. So again, it

is not advantageous to choose such a pair of vertices when computing fo(G, λ) via

Theorem 3.2.2. Unlike in the case of simple graphs, this contract-delete recurrence

for mixed graphs does not allow us to compute fo(G, λ) as the linear combination of

mixed-chromatic polynomials of edgeless graphs, since we will eventually reduce G to

an oriented graph. Nonetheless, Theorem 3.2.2 will be useful in allowing us to prove

certain properties concerning mixed graphs.

An alternative method for computing the mixed-chromatic polynomial is via an

inclusion-exclusion argument, which allows one to express fo(G, λ) as the sum of chro-

matic polynomials of simple graphs. This idea was first introduced by Sopena in [19]

for oriented graphs.

To do this we first introduce the following notation. Let D(G) be as defined in

Section 3.1. Let O(G) be the set of distinct unordered pairs of arcs {(u1, v1), (u2, v2)}

such that: u1 and v2 are connected by neither an arc nor an edge, u2 and v1 are

connected by neither an arc nor an edge, u1 and u2 are not connected by an arc, and

v1 and v2 are not connected by an arc. In the case that G is an oriented graph the

set O(G) represent the set of induced copies of 2K2 in Und(G). The sets D(G) and

O(G) are precisely the additional obstructions which differentiate a proper oriented

λ−colouring from a proper λ−colouring. Let F(G) = D(G) ∪ O(G). For a subset

Z ⊆ F(G) let Id(G,Z) denote the simple graph obtained from Und(G) by identifying

the vertices u1, v2 and u2, v1 for all pairs {(u1, v1), (u2, v2)} in Z. A standard inclusion-

exclusion argument gives us the following proposition.
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Proposition 3.2.2. Let G be a mixed graph. Then the mixed-chromatic polynomial

of G can be expressed as the following sum of chromatic polynomials:

fo(G, λ) =
∑

Z⊆F(G)
(−1)|Z|P (Id(G,Z), λ).

When expressed in this form, we will say that fo(G, λ) is in inclusion-exclusion

form. The following example shows how Proposition 3.2.2 can be used to compute

the mixed-chromatic polynomial of a graph. This example also demonstrates that

some results concerning the coefficients and roots of the chromatic polynomial do not

necessarily hold for the mixed-chromatic polynomial.

Example 3.2.1. Consider the following mixed graph G. The graph G has two pairs

of violating arcs, {(u, v), (x, y)}, and {(u, v), (y, z)}.

w

v

u

y z

x

Therefore, F(G) =
{
{(u, v), (x, y)}, {(u, v), (y, z)}

}
. Let Z1 =

{
{(u, v), (x, y)}

}
and Z2 =

{
{(u, v), (y, z)}

}
. Since the simple graph Id(G,F(G)) has a loop, and

therefore no proper colourings, by Proposition 3.2.2 we have that

fo(G, λ) = P (Id(G, ∅), λ)− P (Id(G,Z1), λ)− P (Id(G,Z2), λ)

fo(G, λ) = λ2(λ− 1)3(λ− 3) + 2
[
(λ− 1)2 + (λ− 1)4

]
fo(G, λ) = λ6 − 5λ5 + 7λ4 + λ3 − 8λ2 + 4λ.

This example demonstrates that the coefficients of fo(G, λ) do not necessarily

alternate in sign, nor are they necessarily unimodal. Additionally the number of
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components of G is two and λ = 0 is a root of multiplicity one. Therefore, the

multiplicity of the root λ = 0 of fo(G, λ) does not necessarily equal the number of

components of Und(G). Lastly, λ = −1 is a root of this polynomial, but it is well

known that the chromatic polynomial of simple graphs has no negative real roots.

Other properties which do not directly carry over from simple graphs to mixed

graphs are Propositions 2.1.2 and 2.1.3. This is due to condition (iii), which can

be viewed as a global restriction for oriented λ−colourings. Under some additional

hypothesis we have the following analogous propositions.

Proposition 3.2.3. Let G be a mixed graph with components G1, G2, . . . , Gk, such

that |A(G)| ≥ 2. Then the following equality holds if and only if all arcs of G are

contained in a single component,

fo(G, λ) =
k∏
i=1

fo(Gi, λ).

Proof. If G is the disjoint union of k−1 simple graphs, G1, G2, . . . , Gk−1, and a single

mixed graph, Gk, containing at least two arcs, then from Proposition 2.1.2 we have

fo
( k−1⋃
i=1

Gi, λ
)

=
k−1∏
i=1

fo(Gi, λ).

Therefore it suffices to show that for a simple graph H and a mixed graph F , such

that V (H) ∩ V (F ) = ∅,

fo(H ∪ F, λ) = fo(H,λ)fo(F, λ).

First note that because H is a simple graph, the only possible oriented λ−colourings

of H ∪ F which violate condition (iii) occur when colouring F . Therefore, we may

colour the vertices of H and F independently of each other, and so fo(H ∪ F, λ) is
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equal to fo(H,λ)fo(F, λ).

Now assume that fo(G, λ) = ∏k
i=1 fo(Gi, λ) and suppose there exist two arcs in

different components of G. Say (u1, v1) is an arc of Gi and (u2, v2) is an arc of

Gj, where i 6= j. Consider colouring Gi and Gj independently of each other. By

condition (iii) any proper oriented λ−colouring co such that co(u1) = co(v2) and

co(u2) = co(v1) is not a proper oriented λ−colouring of Gi ∪Gj. Therefore, it follows

that fo(Gi, λ)fo(Gj, λ) > fo(Gi ∪Gj, λ) and so fo(G, λ) 6= ∏k
i=1 fo(Gi, λ).

Proposition 3.2.4. Let G be a mixed graph with subgraphs H and F such that

V (H)∪V (F ) = V (G) and the subgraph induced by the vertices in V (H)∩V (F ) form

a mixed-clique of size k. If the graph induced by the vertices V (H) \V (F ) is a simple

graph, then

fo(G, λ) = fo(H,λ)fo(F, λ)
λ(k) .

Proof. The number of proper oriented λ−colourings of the mixed-clique induced by

V (H) ∩ V (F ) is λ(k). For a fixed proper oriented λ−colouring of the mixed-clique,

there are fo(F, λ)/λ(k) proper oriented λ−colourings of F . Similarly, for the same fixed

λ−colouring of the mixed-clique, there are fo(H,λ)/λ(k) proper oriented λ−colourings

of H. Since the graph induced by the vertices V (G) \ V (F ) is a simple graph, the

graphs induced by V (H) \V (F ) and V (F ) \V (H) may be coloured independently of

each other. Therefore,

fo(G, λ) =
(
fo(H, λ)
λ(k)

)(
fo(F, λ)
λ(k)

)
λ(k)

= fo(H, λ)fo(F, λ)
λ(k) .
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3.3 Coefficients of the Oriented Chromatic Poly-

nomial

When expressed in standard form, the coefficients of the mixed-chromatic polynomial

are of particular interest. From the definition of fo(G, λ) and Proposition 3.2.1, it is

easy to show the following proposition.

Proposition 3.3.1. Let G be a mixed graph on n vertices. Then we have the following

expressions:

(i) deg(fo(G, λ)) = n;

(ii) [λn]fo(G, λ) = 1; and

(iii) [λ0]fo(G, λ) = 0.

In [6] Cox and Duffy give the following expressions for the coefficients of λn−1 and

λn−2.

Theorem 3.3.1. [6] Let G be a mixed graph, and let T (G) denote the set of induced

subgraphs isomorphic to K3 in Und(G). Then we have the following expressions:

(i) [λn−1]fo(G, λ) = −(|A(G)|+ |E(G)|+ |D(G)|), and

(ii) [λn−2]fo(G, λ) =
(
|A(G)|+|E(G)|+|D(G)|

2

)
− |T (G)| − |D(G)| − |O(G)|.

The expression for [λn−1]fo(G, λ) can be derived from Proposition 3.2.1 without

much trouble, however finding an expression for [λn−2]fo(G, λ) requires some extra

work. We will now present a proof, different from the original proof given in [6],

for the expression of [λn−2]fo(G, λ) by using the inclusion-exclusion representation of

fo(G, λ).
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Proof. Let G be a mixed graph. Expressing fo(G, λ) in its inclusion-exclusion form

we have

fo(G, λ) =
∑

Z⊆F(G)
(−1)|Z|P (Id(G,Z), λ).

If |Z| ≥ 3 the graph Id(G,Z) will have at most n− 3 vertices, and hence

deg(P (Id(G,Z), λ)) ≤ n− 3. Therefore,

[λn−2]fo(G, λ) = [λn−2]
∑

Z⊆F(G)
|Z|≤2

(−1)|Z|P (Id(G,Z), λ).

If |Z| = 0, then Z = ∅ and so the only term in the sum is P (Und(G), λ). This gives

a contribution of

[λn−2]P (Und(G), λ) =
(
|A(G)|+ |E(G)|

2

)
− |T (G)|

to [λn−2]fo(G, λ).

For |Z| = 1 there are two cases to consider. Either Z is of the form Z ={
{(x, y), (u, v)}

}
for distinct x, y, u, v, or Z =

{
{(x, y), (y, z)}

}
for distinct x, y, z. In

the first case Id(G,Z) is a graph on n− 2 vertices and therefore [λn−2]Id(G,Z) = 1.

There are |O(G)| terms of this form in the sum and so we have a contribution of

|O(G)| to [λn−2]fo(G, λ).

In the case where Z is of the form Z =
{
{(x, y), (y, z)}

}
, Id(G,Z) is a graph on

n− 1 vertices and |A(G)|+ |E(G)| − 1 edges. Since Id(G,Z) is a simple graph,

[λn−2]P (Id(G,Z), λ) = −(|A(G)|+ |E(G)| − 1).
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Since there are |D(G)| sets of this form in the sum, we have a contribution of

−(|A(G)|+ |E(G)| − 1)|D(G)|

to [λn−2]fo(G, λ).

Lastly, we need to consider the case when |Z| = 2. The only case we need to

consider is when Z is of the form

Z =
{
{(x1, y1), (y1, z1)}, {(x2, y2), (y2, z2)}

}
.

Otherwise, Id(G,Z) would be a graph on at most n− 3 vertices, and hence

deg(P (Id(G,Z), λ)) ≤ n− 3. For such a set Z, Id(G,Z) is a graph on n− 2 vertices,

and so [λn−2]P (Id(G,Z), λ) = 1. There are
(
|D(G)|

2

)
such sets Z. Therefore,

[λn−2]
∑

Z⊆F(G)
|Z|=2

P (Id(G,Z), λ) =
(
|D(G)|

2

)
.

Putting together the above results, we have that [λn−2]fo(G, λ) is equal to

(
|A(G)|+ |E(G)|

2

)
− |T (G)| − |O(G)| − (|A(G)|+ |E(G)| − 1)|D(G)|+

(
|D(G)|

2

)

=
(
|A(G)|+ |E(G)|+ |D(G)|

2

)
− |T (G)| − |D(G)| − |O(G)|.

Given a mixed graph with no induced 2−dipath we can also explicitly express

[λn−3]fo(G, λ) in terms of structural properties of G. To do so we need to introduce

the following sets.
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Definition 3.3.1. Let G be a mixed graph and O1(G) be the set of all pairs of the

following form:

(i)
{
{(x, y), (a, b)}, {(z, y), (a, b)}

}
such that {(x, y), (a, b)}, {(z, y), (a, b)} ∈ O(G),

(ii)
{
{(y, x), (a, b)}, {(y, z), (a, b)}

}
such that {(y, x), (a, b)}, {(y, z), (a, b)} ∈ O(G).

x y z

a b

x y z

a b

Figure 3.2: The two possible types of elements in O1(G)

Let O2(G) be the set of all pairs of the following form:

(i)
{
{(y, x), (a, b)}, {(y, z), (c, b)}

}
such that {(y, x), (a, b)}, {(y, z), (c, b)} ∈ O(G),

(ii)
{
{(x, y), (b, c)}, {(y, z), (a, b)}

}
such that {(x, y), (b, c)}, {(y, z), (a, b)} ∈ O(G).

x y z

a b c

x y z

a b c

Figure 3.3: The two possible types of elements in O2(G)

Let O3(G) be the set of all pairs of the following form:

(i)
{
{(x, y), (b, a)}, {(y, z), (c, b)}, {(z, x), (a, c)}

}
such that {(x, y), (b, a)},

{(y, z), (c, b)}, and {(z, x), (a, c)} ∈ O(G),

(ii)
{
{(x, y), (b, a)}, {(y, z), (c, b)}, {(x, z), (c, a)}

}
such that {(x, y), (b, a)},

{(y, z), (c, b)}, and {(x, z), (c, a)} ∈ O(G).
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y z

x

b c

a

y z

x

b c

a

Figure 3.4: The two possible types of elements in O3(G)

Theorem 3.3.2. If G is a mixed graph on n vertices with no induced 2−dipath, then

[λn−3]fo(G, λ) is given by

−
(
|A|+ |E|

3

)
+ (|A|+ |E| − 2)I(K3) + I(C4)− 2I(K4)

+ (|A|+ |E| − 1)|O|+ |O1|+ |O2|+ |O3|.

Where A,E,O,O1,O2, and O3 are computed with respect to G, while I(K3), I(C4),

and I(K4) are computed with respect to Und(G).

Proof. Let G be a mixed graph. Expressing fo(G, λ) in its inclusion-exclusion form

we have

fo(G, λ) =
∑

Z⊆F(G)
(−1)|Z|P (Id(G,Z), λ).

Since G has no induced 2−dipath if |Z| ≥ 4, the resulting graph Id(G,Z) will have

at most n− 4 vertices, and hence deg(P (Id(G,Z), λ)) ≤ n− 4. Therefore,

[λn−3]fo(G, λ) = [λn−3]
∑

Z⊆F(G)
|Z|≤3

(−1)|Z|P (Id(G,Z), λ).

If |Z| = 0, then Z = ∅ and so the only term in the sum is P (Und(G), λ). Since Und(G)
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is a simple graph on n vertices and |A(G)|+ |E(G)| edges this gives a contribution of

[λn−3]P (Und(G), λ) = −
(
|A|+ |E|

3

)
+ (|A|+ |E| − 2)I(K3) + I(C4)− 2I(K4).

If |Z| = 1 then Z =
{
{(x, y), (u, v)}

}
for some {(x, y), (u, v)} ∈ O(G). The graph

Id(G,Z) is a simple graph on n− 2 vertices and |A|+ |E| − 1 edges. Therefore,

[λn−3]P (Id(G,Z), λ) = −(|A|+ |E| − 1),

and since there are |O(G)| sets Z such that |Z| = 1 we get a contribution of

−(|A|+ |E| − 1)|O|

to [λn−3]fo(G, λ).

When |Z| = 2 there are two cases to consider. The first case is if Z ∈ O1, and

the second case is if Z ∈ O2. In either of these two cases Id(G,Z) is a graph on

n− 3 vertices, and therefore the coefficient of λn−3 in P (Id(G,Z), λ) is 1. The total

number of such sets from these cases is |O1|, and |O2|, respectively. Any other set Z

with |Z| = 2 will result in a graph, Id(G,Z), on at most n − 4 vertices. Therefore,

from these two cases we get a contribution of |O1|+|O2| to [λn−3]fo(G, λ).

When |Z| = 3 there is only one case to consider, and that is when Z ∈ O3. Any

other set Z with |Z| = 3 will result in a graph, Id(G,Z), on at most n − 4 vertices.

Therefore, we get a contribution of |O3| to [λn−3]fo(G, λ).
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We have now exhausted all possible sets Z which contribute a non-zero amount to

[λn−3]fo(G, λ). Putting this all together we have that [λn−3]fo(G, λ) can be expressed

as

−
(
|A|+ |E|

3

)
+ (|A|+ |E| − 2)I(K3) + I(C4)− 2I(K4)

+ (|A|+ |E| − 1)|O|+ |O1|+ |O2|+ |O3|,

as claimed.

By introducing the auxiliary graph defined below, Theorem 3.3.2 gives us an

expression for [λn−3]fo(G, λ) for all mixed graphs, not just those with no induced

2−dipath.

Definition 3.3.2. Let G be a mixed graph and let G? be the graph obtained from

G by adding in the edge xz whenever (x, y), (y, z) is an induced 2−dipath. We call

G? the closure of G.

The concept of a graph closure was first introduced by Sopena [19] as a means

of computing the chromatic polynomial of oriented graphs. Cox and Duffy in [6]

showed that fo(G, λ) = fo(G?, λ). Therefore, we have the following expression for

[λn−3]fo(G, λ) for any mixed graph.

Corollary 3.3.1. Let G be a mixed graph on n vertices. Then [λn−3]fo(G, λ) is given

by

−
(
|A|+ |E|

3

)
+ (|A|+ |E| − 2)I(K3) + I(C4)− 2I(K4)

+ (|A|+ |E| − 1)|O|+ |O1|+ |O2|+ |O3|.
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Where A,E,O,O1,O2, and O3 are computed with respect to G?, while I(K3), I(C4),

and I(K4) are computed with respect to Und(G?).

Having an expression for the coefficients in terms of structural properties of a

mixed graph will be useful in determining whether two mixed graphs have the same

chromatic polynomial. This topic will be addressed in Sections 3.4 and 3.5.

3.4 Chromatic Invariance and Uniqueness

Similarly to the chromatic polynomial of simple graphs, we can define chromatic

equivalence, and chromatic uniqueness for mixed graphs. However, we must first

define the following graph in order to avoid a small nuance.

Definition 3.4.1. Let G be a mixed graph. We define the converse of G, denoted

G−1, to be the mixed graph with the following vertex set, arc set, and edge set.

V (G−1) = V (G);

A(G−1) =
{
(u, v)

∣∣∣ (v, u) ∈ A(G)
}
; and

E(G−1) = E(G).

Note that G and G−1 are not usually isomorphic, but any proper oriented

λ−colouring of G is also a proper oriented λ−colouring of G−1, and vice-versa. There-

fore, fo(G, λ) = fo(G−1, λ). With this technicality out of the way, we may define

chromatic equivalence, and chromatic uniqueness for mixed graphs.
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Definition 3.4.2. Let G and H be two mixed graphs. If fo(G, λ) = fo(H,λ) then we

say G and H are chromatically equivalent. If the only graphs which are chromatically

equivalent to G are those which are isomorphic to G or to G−1 then we say G is

chromatically unique.

Note that no simple graph is chromatically unique as a mixed graph since orient-

ing any single edge of G imposes no additional restriction on an oriented λ−colouring

of G. Another simple observation is that no mixed graph with an induced 2−dipath

u, v, w, is chromatically unique since fo(G, λ) = fo(G+uw, λ), and G+uw is isomor-

phic to neither G nor G−1.

Definition 3.4.3. A mixed graph G is chromatically invariant if

fo(G, λ) = P (Und(G), λ).

In [6] Cox and Duffy show that an oriented graph G is chromatically invariant if

and only if G contains no induced 2−dipath and Und(G) is 2K2−free. In the case of

oriented graphs this is equivalent to D(G) = ∅ and O(G) = ∅. As we will show, these

two conditions are also necessary and sufficient for a mixed graph to be chromatically

invariant. The proof given in Theorem 3.4.2 is essentially the same proof given in [6]

for chromatic invariance of oriented graphs with some minor changes.

Lemma 3.4.1. Let G be a mixed graph with non-adjacent vertices u and v, such that

u and v are not joined by a 2−dipath. Then G is chromatically invariant if and only

if the graphs G+ uv, and G/uv are both chromatically invariant.

Proof. If there exists a pair of non-adjacent vertices u, v which are not joined by

a 2−dipath then fo(G/uv, λ) is not identically zero. Now assume that the graphs
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G+ uv, and G/uv are both chromatically invariant. Since u and v are not joined by

a 2−dipath then u and v are also non-adjacent in Und(G). Therefore, we have

fo(G, λ) = fo(G+ uv, λ) + fo(G/uv, λ)

= P (Und(G+ uv), λ) + P (Und(G/uv), λ)

= P (Und(G) + uv, λ) + P (Und(G)/uv, λ)

= P (Und(G), λ).

Therefore, G is chromatically invariant.

Now assume that G is chromatically invariant. Then fo(G, λ) = P (Und(G), λ),

which gives us

fo(G+ uv, λ) + fo(G/uv, λ) = P (Und(G+ uv), λ) + P (Und(G/uv), λ).

Combining the above equality with the (trivial) upper bounds

fo(G+ uv, λ) ≤ P (Und(G+ uv), λ), and

fo(G/uv, λ) ≤ P (Und(G/uv), λ),

gives us that fo(G+uv, λ) = P (Und(G+uv), λ) and fo(G/uv, λ) = P (Und(G/uv), λ),

as required.

Theorem 3.4.2. A mixed graph G is chromatically invariant if and only if D(G) = ∅

and O(G) = ∅.

Proof. If either D(G) or O(G) are non-empty, then there exist a pair of arcs (u, v),

(x, y) ∈ D(G) ∪ O(G) and a proper λ−colouring c of Und(G) such that c(u) = c(y)
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and c(v) = c(x). Since c is not a proper oriented λ−colouring of G, it follows that

fo(G, λ) < fo(Und(G), λ) = P (Und(G), λ). Therefore, if G is chromatically invariant,

then D(G) = ∅ and O(G) = ∅.

Now assume that D(G) = ∅ and O(G) = ∅. Let n, a,m denote the number of

vertices, arcs, and edges, respectively, ofG. We now proceed by induction on n+a+m.

The base case follows trivially. Assume the result holds for all mixed graphs with

k = |V | + |A| + |E| < n + a + m. Consider a mixed graph G with D(G) = ∅ and

O(G) = ∅ on n vertices, a arcs, and m edges. We now consider two cases. In both

cases we will assume that G is not a complete mixed graph, otherwise the result

follows immediately. We will also assume that E(G) 6= ∅, otherwise by Cox and

Duffy’s classification of chromatically invariant oriented graphs in [6], the result fol-

lows. Thus, assume that G is neither a complete mixed graph, nor is E(G) 6= ∅.

Case 1: There exists an edge uv such that u and v are not joined by a 2−dipath in

G− uv.

Then,

fo(G, λ) = fo(G− uv, λ)− fo(G/uv, λ).

By the induction hypothesis, both G − uv and G/uv are chromatically invariant.

Moreover, since uv is an edge in Und(G), by Theorem 2.1.2 we have
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P (Und(G), λ) = P (Und(G)− uv, λ)− P (Und(G)/uv, λ)

= P (Und(G− uv), λ)− P (Und(G/uv), λ)

= fo(G− uv, λ)− fo(G/uv, λ)

= fo(G, λ).

Therefore, G chromatically invariant.

Case 2: There does not exist an edge uv such that u and v are not joined by a

2−dipath in G− uv.

Since we assume that neither is G a complete mixed graph, nor is E(G) 6= ∅

there must exist vertices u and v such that uv /∈ E(G) and (u, v), (v, u) /∈ A(G).

Furthermore since G has no induced 2−dipath, we have

fo(G, λ) = fo(G+ uv, λ) + fo(G/uv, λ).

In the graph G + uv, u and v are connected by an edge, and in (G + uv) − uv =

G, vertices u and v are not joined by a 2−dipath, since G is assumed to contain

no induced 2−dipath. By Case 1, G + uv is chromatically invariant, and by the

induction hypothesis G/uv is chromatically invariant. Therefore, by Lemma 3.4.1, G

is chromatically invariant.
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3.5 Mixed Trees

In this section we restrict our attention to the class of mixed graphs obtained by

orienting exactly two edges of a tree. We give an explicit formula for the mixed-

chromatic polynomial of such a mixed graph, and in doing so we determine which of

these mixed graphs are chromatically unique.

Proposition 3.5.1. Let T be a mixed graph on n ≥ 5 vertices obtained by orienting

exactly two edges of a tree. Let P = v1, v2, . . . vk be a path containing the two arcs a1

and a2. If a1 = (vi, vi+1) and a2 = (vj, vj+1), where 3 ≤ j − i − 1 ≤ n − 2, then the

chromatic polynomial of T is given by

fo(T, λ) = λ(λ− 1)n−1 − [(λ− 1)n−2 + (−1)j−i−1(λ− 1)n−j+i+2]. (3.1)

If a1 = (vi, vi+1) and a2 = (vj+1, vj), where 3 ≤ j − i ≤ n − 2, then the chromatic

polynomial of T is given by

fo(T, λ) = λ(λ− 1)n−1 − [(λ− 1)n−2 + (−1)j−i(λ− 1)n−j+i+1]. (3.2)

Proof. Since there is only one pair of violating arcs, by Proposition 3.2.2

fo(T, λ) = P (Und(T ), λ)− P (Id(T, {a1, a2}), λ),

where Id(T, {a1, a2}) is the simple graph obtained from Und(T ) by identifying the

tail of a1 with the head of a2 and the head of a1 with the tail of a2. The resulting

graph is a connected unicyclic graph on n− 2 vertices with a cycle of length j− i+ 1

in Equation 3.1 and a cycle of length j − i in Equation 3.2. From [15] we know that

a connected graph G on n vertices has a unique cycle of length p, where 3 ≤ p ≤ n,
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if and only if its chromatic polynomial is given by

P (G, λ) = (λ− 1)n + (−1)p(λ− 1)n−p+1.

Therefore, if a1 = (vi, vi+1) and a2 = (vj, vj+1), where 3 ≤ j − i− 1 ≤ n− 2, then

fo(T, λ) = λ(λ− 1)n−1 − [(λ− 1)n−2 + (−1)j−i−1(λ− 1)n−j+i+2].

If a1 = (vi, vi+1) and a2 = (vj+1, vj), where for 3 ≤ j − i ≤ n− 2, then

fo(T, λ) = λ(λ− 1)n−1 − [(λ− 1)n−2 + (−1)j−i(λ− 1)n−j+i+1].

Proposition 3.5.2. Let T be a mixed graph on n ≥ 5 vertices obtained by orienting

exactly two edges of a tree.

(i) If Und(T ) is not a path, then T is not chromatically unique,

(ii) If Und(T ) is a path on n vertices with E(Und(T )) = {v1v2, v2v3, . . . , vn−1vn},

where a1 = (v1, v2) and a2 = (vn−1, vn) are the two arcs in T , then T is not

chromatically unique.

Proof. (i) If Und(T ) is not a path, then T contains a the edge uv, where u is a

leaf, then by removing the leaf u and making it adjacent to any other vertex,

by Proposition 3.5.1, the mixed-chromatic polynomial of the resulting graph is

the same as fo(T, λ). Therefore, T is not chromatically unique.

(ii) If T is a mixed tree with arcs a1 = (v1, v2) and a2 = (vn−1, vn) such that

Und(T ) = Pn then T is chromatically equivalent to a mixed tree T ′ with arcs

a1 = (v1, v2) and a2 = (vn−1, vn−2) such that Und(T ′) = Pn.
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If T is a mixed tree with exactly two arcs such that O(T ) = ∅ then, by Theorem

3.4.2, T is chromatically invariant, and hence not chromatically unique. Therefore,

between Theorem 3.4.2, Proposition 3.5.1, and Proposition 3.5.2 we have classified

all mixed trees with exactly two arcs, expect for when Und(T ) = Pn and a1 = (v1, v2)

and a2 = (vn, vn−1). We will now show that this mixed tree is in fact chromatically

unique.

Proposition 3.5.3. Let T be a mixed graph on n ≥ 4 vertices obtained by orienting

exactly two edges of Pn. Let E(Und(T )) = {v1v2, v2v3, . . . , vn−1vn} be the edge set of

Und(T ), and let a1 = (v1, v2) and a2 = (vn, vn−1) be the two arcs of T . Then T is

chromatically unique with mixed-chromatic polynomial

fo(T, λ) = λ(λ− 1)n−1 − (λ− 1)n−2 + (−1)n−2(λ− 1).

Proof. Let T be a mixed graph on n ≥ 5 vertices obtained by orienting exactly two

edges of Pn. Let E(Und(T )) = {v1v2, v2v3, . . . , vn−1vn} be the edge set of Und(T ),

and let a1 = (v1, v2) and a2 = (vn, vn−1) be the two arcs of T . The underling graph

we obtain by identifying v1 with vn−1 and v2 with vn is a cycle on n− 2 vertices. By

Proposition 3.2.2 we have that

fo(T, λ) = P (Und(T ), λ)− P (Id(T, {a1, a2}), λ)

= λ(λ− 1)n−1 − (λ− 1)n−2 + (−1)n−2(λ− 1),

where the second equality follows from the fact that P (Und(T ), λ) is the chromatic

polynomial of a tree, and P (Id(T, {a1, a2}), λ) is the chromatic polynomial of a cycle

on n− 2 vertices.
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To prove that T is chromatically unique we will first we show that no simple graph

is chromatically equivalent to T . Suppose G is a simple graph which is chromatically

equivalent to T . The coefficients of λn, λn−1, and λn−2 in the mixed-chromatic poly-

nomial of any mixed graph are given by:

(i) [λn]fo(G, λ) = 1;

(ii) [λn−1]fo(G, λ) = −(|A(G)|+ |E(G)|+ |D(G)|); and

(iii) [λn−2]fo(G, λ) =
(
|A(G)|+|E(G)|+|D(G)|

2

)
− |O(G)| − |D(G)| − |T (G)|.

Since G is simple |A(G)| = |D(G)| = |O(G)| = 0, and by equating the coefficients of

fo(T, λ) and fo(G, λ) we have that G must be a graph on n vertices, n− 1 edges and

|T (G)| = 1. Thus, G must be disconnected and hence λ = 0 is a root of multiplicity

at least two of P (G, λ). However,

d

dλ
fo(T, λ) = (λ− 1)n−1 + (n− 1)λ(λ− 1)n−2 − (n− 2)(λ− 1)n−3 + (−1)n−2.

So λ = 0 is not a root of d
dλ
fo(T, λ), and thus λ = 0 is a root of multiplicity 1 of

fo(T, λ). Therefore, P (G, λ) 6= fo(T, λ).

Since fo(T, 2) = 2 if n is odd and fo(T, 2) = 0 if n is even, we will consider two

separate cases depending on the parity of n.

Case 1: n is odd.

If n is odd then fo(T, 2) = 2 and so |D(G)| = |T (G)| = 0. Therefore, if G is

a chromatically equivalent mixed graph we must have |O(G)| = 1 in order for the

coefficients of λn−2 to be equal. Let α1 and α2 be the unique pair of violating arcs.
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If G is connected then Und(G) is a tree and hence

fo(G, λ) = P (Und(G), λ)− P (Id(G, {α1, α2}), λ),

fo(G, λ) = λ(λ− 1)n−1 − P (Id(G, {α1, α2}), λ).

Since fo(G, λ) = fo(T, λ) we must have that P (Id(G, {a1, a2}), λ) = (λ − 1)n−2 +

(−1)n−2(λ−1). From [3] a graph G has chromatic polynomial (λ−1)n+(−1)n(λ−1)

if and only it is a cycle on n vertices. Thus, P (Id(G, {α1, α2}), λ) is a cycle on n− 2

vertices. Since Und(G) is a tree the only way Id(G, {α1, α2}) could be a cycle on

n− 2 vertices would be if G was fact isomorphic to T or T−1. Therefore, G must be

disconnected.

By using the same λ = 0 multiplicity argument as when G is a simple graph, we

can rule out the cases in which G is composed of three or more components, and the

case in which G is composed of exactly two components where α1 and α2 are con-

tained in the same component. Therefore, we only need to consider the case where G

is composed of exactly two components with α1 and α2 being in different components.

If G has exactly two components with |V (Und(G))| = n and |E(Und(G))| = n−1,

then Und(G) must be the union of a tree and a unicyclic graph. Let H1 and H2 be

the two components of G where H1 is a tree on n1 vertices and H2 is a unicyclic graph

on n2 vertices with a unique cycle of length p, where 3 ≤ p ≤ n2. Writing fo(G, λ) in
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its inclusion-exclusion form we have

fo(G, λ) = P (Und(G), λ)− P (Id(G, {α1, α2}), λ)

= P (Und(H1), λ)P (Und(H2), λ)− P (Id(G, {α1, α2}), λ)

=
[
λ(λ− 1)n1−1

][
(λ− 1)n2 + (−1p(λ− 1)n2−p+1)

]
−
[
(λ− 1)n−2 + (−1)p(λ− 1)n−1−p

]
= λ(λ− 1)n−1 + λ(−1)p(λ− 1)n−p − (λ− 1)n−2 + (−1)p(λ− 1)n−1−p

The third equality follows from the fact that P (Und(G), λ) is the product of the chro-

matic polynomial of its components, and P (Id(G, {α1, α2}), λ) is a unicyclic graph

on n− 2 vertices. Now if fo(G, λ) = fo(T, λ) we must have that

(−1)n−1(λ− 1) = (−1)p(λ− 1)n−1−p(λ2 − λ+ 1)

for all λ, but this is not true for any p. Hence, T is chromatically unique for n odd.

Case 2: n is even

Let G be a mixed graph which is chromatically equivalent to T . If n is even

then fo(T, 2) = 0. Since the coefficients of fo(G, λ) and fo(T, λ) must be equal, by

considering the coefficients of λn, λn−1, and λn−2, we must have that exactly one of

the following: |O(G)| = 1, |D(G)| = 1, or |T (G)| = 1. If either |D(G)| = 1 or

|T (G)| = 1 is true, then by Theorem 3.4.2 G is chromatically equivalent to a simple

graph, but we have already show that this is not possible. Therefore we must have

that |O(G)| = 1. Using the multiplicity argument for the root λ = 0 we may rule out

the case in which G is composed of three or more components, and the case in which

G is composed of exactly two components with arcs α1 and α2 contained in the same
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component. This leaves one case; G has exactly two components such that Und(G) is

the union of a tree and a unicyclic graph. The same argument used in Case 1 shows

that no such graph is chromatically equivalent to T . Therefore, T is chromatically

unique.
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Chapter 4

Oriented Graph Polynomials

4.1 Oriented Trees

As a special case of mixed graphs, oriented graphs and their chromatic polynomials

will now be examined. In this chapter we will be particularly interested in chromatic

uniqueness of oriented graphs.

We have seen that, in the case of simple graphs, a graph G on n vertices is a tree

if and only if P (G, λ) = λ(λ−1)n−1. Therefore, no tree on n vertices is chromatically

unique, for n ≥ 3. In the case of oriented graphs this is not the case. For n = 8, up

to taking the converse, there are 23 non-isomorphic trees. Orienting each of the 23

trees to have no 2−dipath, 17 are not chromatically equivalent to their underlying

graph, since O(T ) 6= ∅ in those cases. In a brute force calculation we have computed

the oriented chromatic polynomial for each of these 17 trees. We found that no two

trees shared the same chromatic polynomial. Below is a table with all 17 oriented

trees along with the oriented chromatic polynomial of each.
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T1 T2 T3

T4 T5 T6

T7 T8 T9

T10 T11 T12

T13 T14 T15

T16 T17

Figure 4.1: All 17 non-isomorphic oriented trees with no induced 2−dipath
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This stark different between the chromatic polynomial of trees and the oriented

chromatic polynomial of oriented trees leads us to believe that many of these oriented

trees are in fact chromatically unique. We examine the specific case of oriented paths

in Section 4.2.

G fo(G, λ)
T1 λ8 − 7λ7 + 17λ6 − 5λ5 − 55λ4 + 114λ3 − 94λ2 + 29λ
T2 λ8 − 7λ7 + 15λ6 + 10λ5 − 99λ4 + 177λ3 − 138λ2 + 41λ
T3 λ8 − 7λ7 + 18λ6 − 14λ5 − 23λ4 + 58λ3 − 46λ2 + 13λ
T4 λ8 − 7λ7 + 14λ6 + 28λ5 − 197λ4 + 411λ3 − 393λ2 + 143λ
T5 λ8 − 7λ7 + 16λ6 + λ5 − 66λ4 + 117λ3 − 85λ2 + 23λ
T6 λ8 − 7λ7 + 13λ6 + 41λ5 − 264λ4 + 578λ3 − 589λ2 + 227λ
T7 λ8 − 7λ7 + 14λ6 + 20λ5 − 136λ4 + 240λ3 − 187λ2 + 55λ
T8 λ8 − 7λ7 + 12λ6 + 37λ5 − 194λ4 + 339λ3 − 271λ2 + 83λ
T9 λ8 − 7λ7 + 13λ6 + 23λ5 − 122λ4 + 166λ3 − 77λ2 + 3λ
T10 λ8 − 7λ7 + 15λ6 + 12λ5 − 111λ4 + 202λ3 − 159λ2 + 47λ
T11 λ8 − 7λ7 + 17λ6 − 7λ5 − 42λ4 + 83λ3 − 62λ2 + 17λ
T12 λ8 − 7λ7 + 18λ6 − 17λ5 − 4λ4 + 15λ3 − 5λ2 − λ
T13 λ8 − 7λ7 + 16λ6 − 59λ4 + 98λ3 − 62λ2 + 13λ
T14 λ8 − 7λ7 + 13λ6 + 28λ5 − 161λ4 + 278λ3 − 215λ2 + 63λ
T15 λ8 − 7λ7 + 14λ6 + 14λ5 − 88λ4 + 99λ3 − 10λ2 − 23λ
T16 λ8 − 7λ7 + 16λ6 − 3λ5 − 37λ4 + 38λ3 + 9λ2 − 17λ
T17 λ8 − 7λ7 + 11λ6 + 42λ5 − 190λ4 + 279λ3 − 163λ2 + 27λ
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4.2 Oriented Paths and Cycles

In this section we consider two specific classes of oriented graphs, and the problem of

chromatic uniqueness of these two classes of graphs. The main tools we will use for

studying chromatic uniqueness involve the examination of the coefficients of fo(G, λ).

The following lemma will be useful in our study of chromatic uniqueness.

Lemma 4.2.1. Let G and H be chromatically equivalent oriented graphs such that

|T (G)| = |T (H)| = 0 and |D(G)| = |D(H)| = 0. Then |O(G)| = |O(H)|.

Proof. If G and H are chromatically equivalent, then [λk]fo(G, λ) = [λk]fo(H,λ) for

0 ≤ k ≤ n. The coefficient of λn−1 gives us that

−(|A(G)|+ |D(G)|) = −(|A(H)|+ |D(H)|).

Given that |D(G)| = |D(H)| = 0, we have that |A(G)| = |A(H)|. Equating the

coefficients of λn−2, and using the fact that |T (G)| = |T (H)| = 0 and |D(G)| =

|D(H)| = 0, we have

(
|A(G)|

2

)
− |O(G)| =

(
|A(H)|

2

)
− |O(H)|.

Since |A(G)| = |A(H)|, we have |O(G)| = |O(H)|.

The first class of oriented graphs we will consider are 2−colourable orientations

of paths. .

Definition 4.2.1. An alternating path, denoted APn, is an oriented graph obtained

by orienting all edges of Pn such that APn contains no induced 2-dipath.

Note that because APn has no induced 2−dipath, the only obstruction which

prevents a proper λ−colouring of Pn from also being a proper oriented λ−colouring
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of APn is the presence of an induced 2K2 in Pn. This observation will allow us to

prove that APn, for n ≥ 5, is chromatically unique among all connected oriented

graphs. Before we prove this claim we need the following lemma.

Lemma 4.2.2. For all trees T on n ≥ 5 vertices, Pn maximizes IT (2K2) with

IPn(2K2) =
(
n− 3

2

)
.

Proof. Let T be tree on n ≥ 5 vertices with diameter d. Assume that T is not a path,

and consider a longest path D = v0, v1, . . . , vd in T . Let j be the minimum index such

that degT (vj) > 2. Let `0 be a leaf of maximum distance from vj such that the path

from `0 to vj does not contain any vertices from D other than vj (Figure 4.2 on the

following page illustrates this situation). Without loss of generality we may assume

that j ≤ bd2c.

Consider the case when j = 1. In T the edge e` incident with `0 does not induce

a 2K2 with at least degT (v1) + degT (v2)− 2 other edges. By removing `0 and adding

the new edge `0v0, the edge `0v0 does not induce a 2K2 in this new graph with at

least degT (v1)− 1 edges, and all other induced copies of 2K2 from T are still present

in this new tree. Call this new tree T ′. Since degT (v1)− 1 < degT (v1) + degT (v2)− 2,

we have IT (2K2) < IT ′(2K2).

Now assume j 6= 1 and let P = `0, `1, `2, . . . , `L = vj be the path from `0 to vj

such that L = dist(`0, vj). We will consider two cases.
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Case 1: L = 1

v0 v1
. . .

vj vj+1
. . .

`0

(a) T

v0 v1
. . .

vj vj+1
. . .

`0

(b) T ′

Figure 4.2: T and T ′ in Case 1

In T the edge e` incident with `0 does not induce a 2K2 with at least degT (vj) +

degT (vj+1) + degT (vj−1) − 3 edges. By removing `0 and adding the new edge `0v0,

the edge `v0 does not induce a 2K2 in this new graph, T ′, with at least degT (v1)− 1

edges and all other induced copies of 2K2 from T are still present in T ′. Therefore,

IT (2K2) < IT ′(2K2) if degT (v1)− 1 < degT (vj) + degT (vj+1) + degT (vj−1)− 3.

Since j 6= 1 we have degT (v1) = 2, degT (vj−1) = 2, degT (vj) ≥ 3, and degT (vj+1) ≥

2. Therefore, the above inequality is true, and so IT (2K2) < IT ′(2K2).

Case 2: L ≥ 2

v0 v1
. . .

vj vj+1
. . .

`L−1

...

`1

`0

(a) T

v0 v1
. . .

vj vj+1
. . .

vL−1

...

`1

`0

(b) T ′

Figure 4.3: T and T ′ in Case 2
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In T the edge e` incident with `0 does not induce a 2K2 with at least degT (`1) +

degT (`2) − 2 edges. By removing `0 and adding the new edge `0v0, the edge `0v0

does not induce a 2K2 in this new graph, T ′ with at least degT (v1) − 1 edges,

and all other induced copies of 2K2 from T are still present in T ′. Therefore,

IT (2K2) < IT ′(2K2) if degT (v1) − 1 < degT (`1) + degT (`2) − 2. Since j 6= 1 we

have that degT (v1) = 2, degT (`1) ≥ 2, and degT (`2) ≥ 2. Therefore, the inequality is

true, and so IT (2K2) ≤ IT ′(2K2).

After we have finished this process for vertices vj, 1 ≤ j ≤ bd2c we repeat for

vertices vj bd2c ≤ j ≤ n, this time appending the leaves to vd. This process will even-

tually end with the graph Pn. Since IT (2K2) is strictly increasing at each step of the

process, we have that Pn is the unique tree which maximizes IT (2K2) over all trees T .

To see that IPn(2K2) =
(
n−3

2

)
we count the complement. There are

(
n−1

2

)
pairs

of edges of Pn. The number of pairs of edges which do not induce a copy of 2K2 are

those which incident or separated by a single edge. There are n − 2, and n − 3 of

these pairs, respectively. Therefore,

IPn(2K2) =
(
n− 1

2

)
− (n− 2)− (n− 3),

=
(
n− 3

2

)
.

Now we have the following theorem regarding chromatic uniqueness of APn.

Theorem 4.2.3. For all n ≥, 5 APn is chromatically unique among connected ori-

ented graphs.
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Proof. If G is a connected oriented graph which is chromatically equivalent to APn

then |D(G)| = |T (G)| = 0, since APn is 2−colourable.

Moreover, since fo(G, λ) = fo(APn, λ) we have that [λk]fo(G, λ) = [λk]fo(APn, λ) for

all k, 0 ≤ k ≤ n. Therefore, by Lemma 4.2.1 we have the following conditions on G

|V (G)| = n;

|A(G)| = n− 1; and

|O(G)| =
(
n− 3

2

)
.

By the above conditions G is a tree and, by Lemma 4.2.3, Und(G) must be a

path. It therefore follows that G is isomorphic to either APn or AP−1
n . Thus, APn is

chromatically unique among connected oriented graphs.

The next class of oriented graph we will consider are 2−colourable orientations of

even cycles.

Definition 4.2.2. An alternating cycle, denoted AC2n, is an oriented graph obtained

by orienting all edges of C2n such that AC2n contains no induced 2−dipath.

We will prove that AC2n is in fact chromatically unique among all connected

oriented graphs.

Lemma 4.2.4. For even n ≥ 6, Cn is the unique graph which maximizes IG(2K2)

over all connected bipartite graphs on n vertices and n edges with

ICn(2K2) =
(
n

2

)
− 2n.

Proof. First we count the number of induced 2K2s in Cn. There are
(
n
2

)
total pairs

of edges. The pairs of edges which do not induce a 2K2 are those which are incident
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with one another, or are separated by a single edge. Therefore, there are
(
n
2

)
− 2n

induced copies of 2K2 in Cn for n ≥ 6.

Now let G be a connected graph on n vertices and n edges. Since G is connected

it contains a unique cycle. Let this cycle be of length k, 4 ≤ k ≤ n. To maximize

the number of induced copies of 2K2 in G we may use our result that Pn maximizes

IT (2K2) over all trees T , and so G must contain a Hamiltonian path. Therefore, G

has the following form:

u1v1
v2v3

. . .
vx−1vx u2 u3

. . .
uy−1 uy

G

That is, G is formed by appending two paths to a cycle. Let the cycle be of

length k and the paths be on x and y vertices, respectively. Furthermore assume that

2 ≤ x ≤ y. Note that if dist(v1, u1) = 1 then the edges v1v2 and u1u2 do not induce

a 2K2, and if v1 = u1 we further reduce IG(2K2) by two. Therefore, we may assume

that dist(v1, u1) ≥ 2. Since k ≥ 4, every set of two edges {e, f} where e ∈ E(Px) and

f ∈ E(Py) induce a 2K2 in G. Now consider the operation of deleting the edge v1v2

and appending Px to the vertex uy. Let the resulting graph be denoted by G′.

u1v1
u2 u3

. . .
uy−1 uy v2 v3

. . .
vx−1 vx

G′

In doing this, the following pairs of edges no longer induce a 2K2: {v2uy, uy−1uy},

{v2uy, uy−2uy−1}, {v2u3, uy−1uy}. However, in G the edge v1v2 does not induce a 2K2
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with four edges in the cycle, and the edge v2v3 does not induce a 2K2 with two edges

in the cycle. In G′ the edges uyv2 and v2v3 now induce a 2K2 with every edge in the

cycle. Since all other induced copies of 2K2 from G are still present in G′ we have,

IG(2K2) = IG′(2K2)− 3

IG(2K2) < IG′(2K2).

Therefore, this operation produces a graph with a strictly greater number of induced

copies of 2K2.

In the case when x = 1 and y ≥ 2 then this operation increases I(2K2) by two.

In the case that both x = y = 1, this operation also increases I(2K2) by two. Thus

we may assume G has the following form:

. . .

That is, G is a graph on n vertices formed by appending a path to a cycle of length

k. We will now enumerate IG(2K2) and show that it is strictly less than ICn(2K2).

In the case that k ≥ 6 and n − k + 1 ≥ 5 we may compute IG(2K2) in the

following way. There is a contribution of
(
k
2

)
− 2k from the cycle on k vertices, and a

contribution of
(
n−k−2

2

)
from the path on n−k+1 vertices. Then the number induced

copies of 2K2 with one edge from the cycle and one edge from the path is given by
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k(n−k)
2 − 6. This gives us

IG(2K2) =
(
k

2

)
− 2k +

(
n− k − 2

2

)
+ k(n− k)

2 − 6

= 1
2(k2 − kn+ n2 − 5n− 6).

Comparing this quantity to ICn(2K2) we have IG(2K2) < ICn(2K2) if and only if

1
2(k2 − kn+ n2 − 5n− 6) < n2 − 5n

2 .

Which is true if and only if k(k − n) < 6, and because we assumed that G is not

a cycle k < n. Therefore, the left hand side of the inequality is negative and the

inequality is true.

Now we must consider the two cases k = 4 and k = n− 2. When k = 4 we have

IG(2K2) =
(
n− 5

2

)
+ (n− 5) + (n− 5) + (n− 6)

=
(
n

2

)
− 2n− 1

<

(
n

2

)
− 2n

= ICn(2K2).
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When k = n− 2 we have

IG(2K2) =
(
n− 2

2

)
− 2(n− 2) + (n− 6) + (n− 4)

=
(
n

2

)
− 2n− 3

<

(
n

2

)
− 2n

= ICn(2K2).

This concludes all possible cases, and so Cn is the unique connected bipartite graph

on n vertices and n edges which maximizes IG(2K2).

Theorem 4.2.5. AC2n is chromatically unique among connected oriented graphs.

Proof. If G is a connected oriented graph such that fo(G, λ) = fo(C2n, λ) then G must

be 2−colourable, and so |D(G)| = |T (G)| = 0. By equating the coefficients of the

mixed-chromatic polynomials of G and C2n we have that |V (G)| = 2n, |A(G)| = 2n,

and |O(G)| =
(

2n
2

)
−4n. Thus, by Lemma 4.2.4, G must be isomorphic to either AC2n

or AC−1
2n , and so AC2n is chromatically unique among connected oriented graphs.

4.3 Enumerating Oriented 3-Colourings of Paths

and Cycles

In an attempt to prove that APn and AC2n are chromatically unique among all

oriented graphs, computational data shows that for small values of n, fo(APn, 3) 6=

fo(G, 3) and fo(AC2n, 3) 6= fo(G, 3) for all oriented graphs G on n vertices. This leads

to the task of finding a precise formula for the number of oriented 3-colourings of al-

ternating paths and alternating even cycles in hopes of proving chromatic uniqueness.
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In [2] Callan, Georgiadis, and Hou enumerate the number of 3-balanced binary

strings (defined below). Rather than considering binary strings over the alphabet

{0, 1} we will instead consider binary strings over the alphabet {−1, 1}. The reason

for doing so is that the sum of the digits of a contiguous substring has an interpretation

in terms of a walk on an oriented multigraph. For the remainder of this section, when

we use the term substring, we will always be referring to a contiguous substring.

Definition 4.3.1. Let S be a binary string over the alphabet {−1, 1} and let S ′ be a

substring of S. We define the weight function of S ′, denoted W (S ′), to be the sum of

the digits of S ′. A binary string S of length n is said to be k−balanced, for 0 ≤ k ≤ n,

if |W (S ′)| ≤ k for all substrings S ′ of S. Otherwise we say that S is k−unbalanced.

Lemma 4.3.1. Let V (APn) = {v1, v2, . . . , vn−1, vn}, and let c : V (APn) → {1, 2, 3}

be a 3-colouring of APn, such that c is a proper 3-colouring of Und(APn) but not a

proper oriented 3-colouring of APn. If the vertices v1, v2, vn−1, vn are coloured such

that c(v1) = c(vn), and c(v2) = c(vn−1), and no other set of four vertices are coloured

in violation of condition (iii), then n must be odd.

Proof. Assume for contradiction that APn is of even order with vertex set V (APn) =

{v1, v2, . . . , vn−1, vn} and the vertices v1, v2, vn−1, vn are coloured such that c(v1) =

c(vn), and c(v2) = c(vn−1) and no other set of four vertices are coloured in violation

of condition (iii) of a proper oriented 3-colouring. Without loss of generality assume

that v1 and vn are coloured 1, and v2 and vn−1 are coloured 2.

We claim that, in order to avoid a set of vertices which violate condition (iii), v3

must be coloured 3. If v3 is coloured 1 we would have c(v3) = c(vn) and c(v2) = c(vn−1)

violate condition (iii). Similarly vn−2 must be coloured 3.
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v1

1

v2

2

v3

3
. . .

vn−2

3

vn−1

2

vn

1

But now we have the set of vertices {v2, v3, vn−2, vn−1} such that c(v2) = c(vn−1)

and c(v3) = c(vn−2), which violates condition (iii). This proves the claim.

Theorem 4.3.2. Let V (APn) = {v1, v2, . . . , vn}. Then the number of oriented 3-

colourings of APn, such that v1 is coloured 1, is in one-to-one correspondence with

the number of 3-balanced binary strings of length n− 1.

In order to prove Theorem 4.3.2 we first will discuss a correspondence between

binary strings and walks on the following multigraph D.

1

23

Multigraph D

A binary string of length n−1 can be realized as a walk on D of length n−1 where

a clockwise transition on the i−th transition means the i−th digit in the binary string

is a 1, and a counter-clockwise transition on the i−th transition means the i−th digit

in the binary string is a -1. Therefore, in the proof of Theorem 4.3.2 when we consider

a walk w on D we will also consider it’s corresponding binary string, which we will

denote by w(B).

We say a walk w is 3−balanced (3−unbalanced) if it’s corresponding binary string

w(B) is 3−balanced (3−unbalanced). The walks on D of length n − 1 are in one-



53

to-one correspondence with the number of proper 3-colourings of Und(APn). The

correspondence being, if w = w0, w1, w2, . . . , wn−1 is a walk of length n− 1 on D then

vi, where 1 ≤ i ≤ n, is coloured wi−1. So, if w is a walk of length n − 1 on D, then

we will let cw denote the corresponding colouring of APn.

Proof of Theorem 4.3.2. Let V (APn) = {v1, v2, . . . , vn} be the vertex set of APn and

let A(APn) = {a1, a2, . . . , an−1} be arc set of APn such that vertices vi and vi+1 are

joined by the arc ai. We first show that, given a 3−unbalanced walk of length n− 1

on D, which starts at the vertex 1, the corresponding colouring of APn is not a proper

oriented 3-colouring, and given a 3−balanced walk of length n−1 on D, which starts

at the vertex 1, the corresponding colouring of APn is a proper oriented 3-colouring

We will first show the former. Let w be a 3−unbalanced walk on D, then there

must exist a subwalk w′ of weight 4 or −4. Let w′ be a of minimum length, that is w′

is of length 4. In the case that W (w′) = 4 there exists some i, where 1 ≤ i ≤ n− 4,

such that the subgraph induced by the vertices {vi, vi+1, vi+2, vi+3, vi+4} is coloured

in one of the three following ways:

vi

1

vi+1

2

vi+2

3

vi+3

1

vi+4

2
vi

2

vi+1

3

vi+2

1

vi+3

2

vi+4

3
vi

3

vi+1

1

vi+2

2

vi+3

3

vi+4

1

Figure 4.4: The three possible colourings corresponding to W (w′) = 4

In the case that W (w′) = −4 there exists some i, where 1 ≤ i ≤ n− 4, such that

the subgraph induced by the vertices {vi, vi+1, vi+2, vi+3, vi+4} is coloured in one of
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the three following ways:

vi

1

vi+1

3

vi+2

2

vi+3

1

vi+4

3
vi

2

vi+1

1

vi+2

3

vi+3

2

vi+4

1
vi

3

vi+1

2

vi+2

1

vi+3

3

vi+4

2

Figure 4.5: The three possible colourings corresponding to W (w′) = −4

Up to reversing the orientation of all arcs, these are all the possible colourings

induced by the walk w′. Since all six of these possible cases contain a pair of arcs

coloured in violation of condition (iii), it follows that if w is a 3−unbalanced walk

of length n− 1 then the corresponding colouring cw of APn is not a proper oriented

3−colouring.

To prove to converse we proceed by induction on n. Any 3−balanced walk on D of

length n = 1, 2, 3 produces a proper oriented 3−colouring of APn. Therefore, assume

that given a 3−balanced walk of length k − 1 the corresponding colouring of APk

is a proper oriented 3−colouring. Now consider a 3−balanced walk on D of length

k, which starts at the vertex 1. Let this walk be denoted by w. By the induction

hypothesis any proper subwalk w′ of w, corresponds to a proper oriented 3−colouring

of a connected induced subgraph of APk+1. Therefore, if w is a 3−balanced walk

of length k which does not correspond to a proper oriented 3−colouring of APk+1,

it must be the case that the vertices v1, v2, and vk, vk+1 are coloured in violation of

condition (iii). By Lemma 4.3.1, k + 1 must be odd, and so we have the arcs (v1, v2)

and (vk+1, vk) such that cw(v1) = cw(vk) and cw(v2) = cw(vk+1).
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There are two cases to consider. Either v2 and vk are both coloured 2, or both

coloured 3. We will present the case when both vertices are coloured 2, the other case

follows by an identical argument.

If v1 and vk are coloured 1, and v2 and vk+1 are coloured 2 then v3 and vk−1 must be

coloured 3, otherwise cw would not be a proper oriented 3−colouring of the subgraph

induced by the vertices v2, v3, . . . , vk, contradicting the induction hypothesis. Now

consider the walk w′ corresponding to the vertices v3, v4, . . . , vk−1. Since both vertices

v3 and vk−1 must be coloured 3 the corresponding walk is either of weight -3,0, or 3.

In the case of -3, and 3 we have that the path is therefore of even length and hence

k + 1 is even, a contradiction. Therefore, W (w′) = 0. But since the vertices v1 and

vk and coloured 1, and v2 and vk+1 and coloured 2, this implies the walk w is then

of weight 4, and hence not a 3−balanced walk. Thus, the vertices incident with the

arcs (v1, v2) and (vk+1, vk) can not possibly be coloured such that cw(v1) = cw(vk)

and cw(v2) = cw(vk+1). Therefore, the colouring cw of APk+1 is a proper oriented

3−colouring and so by induction the claim is proven.

For a proper oriented 3−colourings of APn, v1 can be assigned any one of the

three possible colours. Therefore, we have the following corollary.

Corollary 4.3.1. Let an denote the number of 3−balanced binary strings of length

n. Then

fo(APn, 3) = 3an−1.
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In [2] Callan, Georgiadis, and Hou consider the matrix Ak, which is the adjacency

matrix of a cycle on k vertices.

Ak =



0 1 0 · · · 0

1 0 1 · · · 0

0 1 0 . . . ...
... ... ... . . . 1

0 · · · 0 1 0



Letting Sk(z) denote the sum of all entries in (Ik − zAk)−1 the authors then use the

transfer-matrix method (see [2]) to derive the following generating function for the

number of k−balanced strings:

Gk(z) = Sk+1(z)− Sk(z).

Setting k = 3 gives the following generating function for fo(APn, 3).

Corollary 4.3.2. The generating function for fo(APn, 3) is given by

G(z) = 3z + 3z2 − 3z3

(1− z − z2)(1− 2z2) .

Extracting the coefficient from the generating function G(z) gives us the following

expression for fo(APn, 3).

Corollary 4.3.3. For any positive integer n, fo(APn, 3) has the following expression,

fo(APn, 3) = 3
(

2fn+3 − 2b(n+2)/2)c − 2b(n+1)/2)c
)
,

where fn+3 is the (n+ 3)rd Fibonacci number.
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We can use a similar method to enumerate fo(AC2n, 3). First note the following

observation. For be a proper oriented 3−colouring, co, of AP2n+1 such that co(v1) =

co(v2n+1), we have that fo(AC2n, 3) = fo(AP2n+1, 3). Thus we are interested in the

closed walks on D corresponding to 3−balanced binary strings. Therefore, rather

than taking the sum of all the entries in (Ik − zAk)−1 we only need to consider the

trace. This gives us the following theorem.

Theorem 4.3.3. The generating function for fo(AC2n, 3) is given by

G(z) = 3
[
tr
(

(I4 − zA4)−1
)
− tr

(
(I3 − zA3)−1

)]

= 3
 4− 6z2

1− 3z2 + z4 −
3− 2z2

1− 2z2

.
Extracting the coefficient from the generating function G(z) gives us an expression

for fo(AC2n, 3).

Corollary 4.3.4. For any positive integer n ≥ 2, fo(AC2n, 3) has the following ex-

pression,

fo(AC2n, 3) = 3(1 + (−1)n)((1 +
√

5)n + (−1 +
√

5)n − 2(3n)/2)
2n .

Given the generating function for fo(APn, 3) we can quickly eliminate potential

chromatically equivalent oriented graphs, G, by computing fo(G, 3) and comparing it

to fo(APn, 3). We can also use the generating function for fo(AC2n, 3) to eliminate

possible chromatically equivalent oriented graphs. In doing so we have determined

chromatic uniqueness for the following oriented graphs.

Theorem 4.3.4. For 5 ≤ n ≤ 10, APn is chromatically unique among all oriented

graphs, and for 2 ≤ n ≤ 5, AC2n is chromatically unique among all oriented graphs.
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Chapter 5

Polynomials for Various Colouring

Problems

5.1 The mixed Red-Blue Polynomial

In this section we reformulate proper oriented λ−colourings along with the method

of computing the mixed-chromatic polynomial in order to tackle the problem of enu-

merating a broader class of colourings.

For enumerating the oriented λ−colourings of a mixed graph we may perform a

sequence of operations on non-adjacent u and v vertices by joining them with an edge

or identifying them, as per Theorem 3.2.1. The limitation of this method comes when

attempting to count other variations of colourings, such as k−frugal colourings, (see

Section 5.2). To address this shortcoming of Theorem 3.2.1 we first define a mixed

red-blue graph.
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Definition 5.1.1. A mixed red-blue graph is an 4−tuple

G = (V (G), A(G), R(G), B(G)),

where

1. V (G) is a set of objects called vertices;

2. A(G) is a set of ordered pairs of distinct vertices called arcs;

3. R(G) is a set of unordered pairs of distinct vertices called the red edges; and

4. B(G) is a set of unordered pairs of distinct vertices called the blue edges.

With the properties that

(i) if (u, v) ∈ A(G) then uv /∈ R(G) ∪B(G);

(ii) if uv ∈ R(G) ∪B(G) then neither (u, v), (v, u) /∈ A(G); and

(iii) R(G) ∩B(G) = ∅.

If there is no ambiguity regarding which mixed red-blue graph we are discussing, we

will use the shorter notation G = (V,A,R,B).

Similar to the definition of a neighbourhood of a vertex for simple graphs, we

define the following sets for mixed red-blue graphs.

Definition 5.1.2. Let G = (V,A,R,B) be a mixed red-blue graph. For a vertex v

define RN(v) = {u ∈ V | uv ∈ R}. Similarity, define BN(v) = {u ∈ V | uv ∈ B}.

We will refer to theses sets as the red neighbourhood and blue neighbourhood of v,

respectively.
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We define a proper λ−colouring of a mixed red-blue graph as follows.

Definition 5.1.3. Let G = (V,A,R,B) be a mixed red-blue graph. A proper λ-

colouring of G is a function c : V → {1, 2, . . . , λ} such that:

(i) c(u) 6= c(v) for all uv ∈ R; and

(ii) c(x) = c(y) for all xy ∈ B.

(iii) c(u) 6= c(v) for every arc (u, v) in A;

(iv) c(u) 6= c(y) for every two arcs (u, v) and (x, y) with c(v) = c(x);

Figure 5.1: A proper 3−colouring of a mixed red-blue graph

Example 5.1.1.

Let G = (V,A,R,B) be a mixed red-blue graph and let M(G, λ) denote the num-

ber of proper λ−colourings of G. We first show that M(G, λ) is in fact a polynomial

in λ, which justifies calling it the red-blue chromatic polynomial of G.

Proposition 5.1.1. Let G be a mixed red-blue graph on n vertices. Then M(G, λ)

is a polynomial in λ.

Proof. Let Nm(G, r) denote the number of proper λ−colourings of G with exactly

r ≤ λ colours. Using the same argument as in the case of the chromatic polynomial,
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and the mixed-chromatic polynomial, we have the following expression for M(G, λ):

M(G, λ) =
λ∑
r=1

λ(r)Nm(G, r).

Therefore, M(G, λ) is a polynomial in λ, as required.

We will use the term RB-chromatic polynomial for a short form of red-blue chro-

matic polynomial. As in the case with the chromatic polynomial of simple graphs,

M(G, λ) may be computed recursively. To do this, we define the following two graphs.

If G is a mixed red-blue graph with non-adjacent vertices u and v, then GR(uv) denotes

the graph obtained from G by adding a red edge between u and v, and let GB(uv)

denote the graph obtained from G by adding a blue edge between u and v. With

the graphs GR(uv) and GB(uv), we have the following recursive theorem for computing

M(G, λ)

Theorem 5.1.1. Let G = (V,A,R,B) be a mixed red-blue graph, and let u and v be

non-adjacent vertices. Then

M(G, λ) = M(GR(uv), λ) +M(GB(uv), λ),

for all λ ∈ R.

Proof. First we will show that, for any positive integer λ, the number of proper

λ−colourings of G is counted by M(G, λ), and by M(GR(uv), λ) +M(GB(uv), λ).

Firstly, M(G, λ) counts the number of proper λ−colourings of the mixed red-

blue graph G. We may also enumerate the number of proper λ−colourings of G by

considering the following two disjoint cases. There are M(GR(uv), λ) ways in which

we can colour G with λ colours such that u and v are assigned different colours, and
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there are M(GB(uv), λ) ways in which we can colour G with λ colours such that u

and v are assigned the same colour. Since these two cases are disjoint and exhaust

all possible colourings, we have that

M(G, λ) = M(GR(uv), λ) +M(GB(uv), λ),

for all positive integers λ. Since M(G, λ) and M(GR(uv), λ) + M(GB(uv), λ) are both

polynomials, and are equal for all positive integers λ, they are also equal for all real

values of λ.

We define the underlying graph of a mixed red-blue graph, G = (V,A,R,B), to

be the following simple graph:

V (Und(G)) = V (G), and

E(Und(G)) = R(G) ∪B(G) ∪
{
uv

∣∣∣ (u, v) ∈ A(G), or (v, u) ∈ A(G)
}
.

If G is a mixed red-blue graph on n vertices such that Und(G) = Kn, we call G

a complete mixed red-blue graph. If the context is understood to be mixed red-blue

graphs, we will simply call G a complete graph. Similarly, if H is a subgraph of the

mixed red-blue graph G, such that Und(H) = Kk, for some 1 ≤ k ≤ n, and all the

edges of H are red (blue), then we call H a red (blue) clique. Theorem 5.1.1 therefore

provides a recurrence for computing the RB-chromatic polynomial of any mixed red-

blue graph as a linear combination of RB-chromatic polynomials of complete graphs.

Theorem 5.1.1 can also be reformulated so the recursion is in terms of non-adjacent

vertices.
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Theorem 5.1.2. Let G be a mixed graph. If uv ∈ R(G), then

M(G, λ) = M(G− uv, λ)−M((G− uv)B(uv), λ).

Theorem 5.1.1 can be used to compute the mixed chromatic polynomial of a mixed

graph G = (V,A,E) by computing M(H, λ), where H = (V (G), A(G), E(G), ∅).

Therefore, as a consequence to Theorem 5.1.1, we have following corollary.

Corollary 5.1.1. Let G = (V,E) be a simple graph, then

P (G, λ) = M(HR(uv), λ) +M(HB(uv), λ),

where H = (V (G), A(G), E(G), ∅).

As in the case of Theorem 3.2.1 if u and v are non-adjacent and are joined by

a 2−dipath then M(GB(uv), λ) = 0. Similarly, if uv ∈ R(G) and u and v are also

joined by a 2−dipath in G − uv, then M((G − uv)B(uv), λ) = 0. Therefore, it is not

advantageous to chose such a pair of vertices when applying the recursion.

There are also two other situations where computing M(G, λ) via Theorem 5.1.1

may be simplified. Consider the set of vertices {u, v, w} in G such that uv ∈ B, either

vw ∈ R, (v, w) ∈ A, or (w, v) ∈ A, and u and w are not adjacent. We will call a such

set a set of Type 1. Since adding the blue edge uw ∈ B to G would result in a graph

with no proper λ−colourings we have that

M(G, λ) = M(GR(uw), λ)

for all sets {u, v, w} of Type 1. Similarly, consider the set of vertices {x, y, z}, such

that xy ∈ B, yz ∈ B, and x and z are not adjacent. We will call such a set a set
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of Type 2. For any proper λ−colouring of G the vertices x, y, z all must receive the

same colour. Therefore,

M(G, λ) = M(GB(xz), λ)

for all sets {x, y, z} of Type 2. These observations bring us to the following definition

of the closure of a mixed red-blue graph.

Definition 5.1.4. Let G = (V,A,R,B) be a mixed red-blue graph. The closure of G,

denoted G?, is the graph obtained for G by performing the following three operations:

(i) If {a, b, c} is a set of Type 1 in G, then ac ∈ R(G?);

(ii) If {u, v, w} is a set of Type 2 in G, then uw ∈ B(G?); and

(iii) If (x, y), (y, z) ∈ A(G) and x and z are not connected by either a red edge or

an arc, then xz ∈ R(G?).

Since any proper colouring of G is also a proper colouring of G?, and vice-versa, it

follows that for any mixed graph G, M(G, λ) = M(G?, λ), for all λ. Because of this

observation, we will often work with the closure in order to prove results pertaining

to mixed red-blue graphs.

Proposition 5.1.2. Let G be a mixed red-blue graph on n vertices, and let

B(G?) = {C1, C2, . . . , Ck} is the set of all maximal vertex disjoint induced blue cliques

in G?, then

deg(M(G?, λ)) = n+ k −
k∑
i=1
|Ci|.

Proof. We proceed by induction on |B(G?)|. If |B(G?)| = 0, then we are in the case

of an oriented λ−colouring of a mixed graph. From Proposition 3.3.1 we know that
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deg(M(G?, λ)) = n. Thus the statement holds for the base case of k = 0. Assume

the statement holds for all graphs on n vertices with k − 1 blue cliques and consider

a graph G on n vertices with |B(G?)| = k. Recall the factorial form of M(G?, λ)

M(G?, λ) =
λ∑
r=1

λ(r)Nm(G, r).

In colouring G? with exactly r colurs for any blue clique Cj ∈ B(G?) all |Cj| vertices

must receive the same colour. The remaining vertices of G? may be coloured with any

of the r− 1 remaining colours. However, by our induction hypothesis, the maximum

number of colours which can be used to colour G? \ Cj is

deg(M(G? \ Cj, λ)) = (n− |Cj|) + (k − 1)−
k∑
i 6=j
|Ci|.

Thus, the maximum number of colours which can be used to colour G? is 1 +

deg(M(G? \ Cj, λ)) = n + k −∑k
i=1 |Ci|, and so deg(M(G?, λ)) = n + k −∑k

i=1 |Ci|.

Therefore, the result follows from induction.

Proposition 5.1.3. Let G be a mixed red-blue graph on n vertices, and let

B(G?) = {C1, C2, . . . , Ck} be the set of all maximal induced vertex disjoint blue cliques,

and M(G?, λ) is expressed in standard form

M(G?, λ) =
N∑
i=0

aiλ
i,

where N = n+ k −∑k
i=1 |Ci|, then,

(i) aN = 1;

(ii) aN−1 =
(
k
2

)
− |A(G?)| − |R(G?)| − |D(G?)|; and

(iii) a0 = 0.
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Proof. There are zero ways to colour a mixed red-blue graph with r = 0 colours,

therefore aN = 0. To find an expression for aN and aN−1, we write M(G?, λ) in its

factorial form.

M(G?, λ) =
N∑
r=1

λ(r)Nm(G?, r),

= λ(N)Nm(G?, N) + λ(N−1)Nm(G?, N − 1) +
N−2∑
r=1

λ(r)Nm(G?, r).

There is one one way to colour the mixed red-blue graph G? on n vertices with exactly

N colours (as shown in Proposition 5.1.2), thus N(G?, N) = 1. The coefficient of λr

in the expansion of λ(N) is given by

λ(N) =
N∑
i=0

(−1)N−i
[
n

m

]
λi

=
N∑
i=0

s(N, i)λi,

where s(N, i) and
[
n
m

]
are the signed and unsigned Stirling numbers of the first kind,

respectively. If i = N , then s(N,N) = 1. Therefore, aN = 1.

When colouring G? with exactly N − 1 colours, either two disjoint blue cliques

Cx and Cy are assigned the same colour, or two non-adjacent vertices (which are

not incident with any blue edges) are assigned the same colour. In both cases, all

remaining vertices are assigned different colours. If the number of disjoint induced

blue cliques is k, there are
(
k
2

)
ways to colour two such cliques. In the second case,

since the colouring is proper, the vertices must not be joined by a red edges, arcs, or

directed paths of length 2. Thus, N(G?, N − 1) =
(
k
2

)
+
(
N
2

)
− |A(G?)| − |R(G?)| −

|D(G?)|. Setting i = N − 1, we have s(N,N − 1) = −
(
N
2

)
. The coefficient of λN−1 in

λ(N) is −
(
N
2

)
, and so aN−1 =

(
k
2

)
− |A(G?)| − |R(G?)| − |D(G?)|.
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5.2 The Frugal Colouring Polynomial

A k−frugal λ−colouring of a simple graph G is a proper λ−colouring with the addi-

tional restriction that for all vertices v ∈ V (G), no colour appears more than k times

in the neighbourhood of v. Frugal colourings were first introduced in [9] by Hind,

Molloy, and Reed, and since then several mathematicians have studied frugal colour-

ings and the associated optimization problems [12], [16]. Using similar ideas to those

developed in Section 5.1, we wish to find a way to enumerate k−frugal λ−colourings.

For a simple graph G, let Fk(G, λ) denote the number of k−frugal λ−colourings

of G. As the following proposition shows, Fk(G, λ) is a polynomial in λ, and so we

will call Fk(G, λ) the k−frugal polynomial of G.

Proposition 5.2.1. If G be a simple graph, then Fk(G, λ) is a polynomial in λ.

Proof. Let Nf,k(G, r) denote the number of proper k−frugal λ−colourings of G with

exactly r ≤ λ colours. Using the same argument as in the case of the three previous

chromatic polynomials, we have the following expression for Fk(G, λ):

Fk(G, λ) =
λ∑
r=1

(
λ

r

)
r!Nf,k(G, r),

=
λ∑
r=1

λ(r)Nf,k(G, r).

Therefore, Fk(G, λ) is a polynomial in λ, as required.

Unfortunately, the familiar recurrence used to compute the chromatic polynomial

not allow us to compute Fk(G, λ). By identifying two non-adjacent vertices u and

v we have that |N(u)G| + |N(v)G| = |N({u, u})G/uv|, where {u, v} is the vertex

in G/uv obtained by identifying u and v. Moreover by adding the edge uv, we have
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|N(u)G+uv| = |N(u)G|+1 and |N(v)G+uv| = |N(v)G|+1. Therefore, a proper k−frugal

λ−colouring of G may not necessarily be a proper k−frugal λ−colouring of either

G/uv or G + uv. A similar problem holds when attempting to apply the contract-

delete recurrence of chromatic polynomials. We demonstrate these shortcomings with

the following example.

Example 5.2.1. Consider enumerating the 2−frugal 3−colourings of the graph K1,4.

u

w x y z

K1,4

Naively applying the contract-delete recurrence to vertices u and w, one gets the

following two graphs:

K1,4 − uw K1,4/uw

Thus one might expect F2(K1,4, 3) to be equal to

F2(K1,4, 3) = F2(K1,4 − uw, 3)− F2(K1,4/uw, 3)

F2(K1,4, 3) = 36− 12

F2(K1,4, 3) = 24

which is incorrect, and we will later show that F2(K1,4, 3) = 18. To overcome these

hurdles, we will use similar ideas to those developed in Section 5.1, and introduce the

following auxiliary graph.
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Definition 5.2.1. A 3−edge coloured graph is a 4−tuple G = (V,R,B, Y ) where

(i) V is a set of objects called vertices;

(ii) R is a set of unordered pairs of distinct vertices called the red edges;

(iii) B is a set of unordered pairs of distinct vertices called the blue edges;

(iv) B is a set of unordered pairs of distinct vertices called the yellow edges; and

(v) The sets R,B, Y are pair-wise disjoint.

In addition to being coloured, we will denote a red edge by a edge of standard

thickness, a blue edge by a dotted edge, and a yellow edge by a thick edge.

Definition 5.2.2. Let G = (V,R,B, Y ) be a triple-edge graph. For a vertex v define

the sets RN(v) = {u ∈ V | uv ∈ R}, BN(v) = {u ∈ V | uv ∈ B}, and Y N(v) =

{u ∈ V | uv ∈ Y }. We call these sets the red neighbourhood, blue neighbourhood, and

yellow neighbourhood of v, respectively.

Definition 5.2.3. Let G = (V,R,B, Y ) be a triple-edge graph. A proper λ−colouring

of G is a function c : V (G)→ {1, 2, . . . , λ} such that:

(i) c(u) 6= c(v) for all uv ∈ R(G) and for all uv ∈ Y (G), and

(ii) c(x) = c(y) for all xy ∈ B(G).

We will now reformulate k−frugal colourings for triple-edge graphs in order to

solve the problem of computing Fk(G, λ). A k−frugal colouring of a tripled-edge

graph G is a proper colouring of G with the additional restriction that for all ver-

tices v, no colour appears more than k times in RN(v). For a simple graph G, to

compute Fk(G, λ) we will consider the triple-edge graph r(G) = (V (G), R(G), ∅, ∅).

Clearly Fk(G, λ) = Fk(r(G), λ). This allows us to compute Fk(G, λ) via the following

recurrence.
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Theorem 5.2.1. Let G be a simple graph, and let u and v be a pair of non-adjacent

vertices. Then

Fk(r(G), λ) = Fk(r(G)Y (uv), λ) + Fk(r(G)B(uv), λ),

for all λ ∈ R, where r(G)Y (uv) is the graph obtained from r(G) by adding the yellow

edge uv and r(G)B(uv) is the graph obtained from r(G) by adding the blue edge uv .

Proof. First we will show that, for any positive integer λ, the number of k−frugal

λ−colourings ofG is counted by Fk(r(G), λ), and by Fk(r(G)Y (uv), λ)+Fk(r(G)B(uv), λ).

Firstly, Fk(r(G), λ) counts the number of proper k−frugal λ−colourings of r(G).

We may also enumerate the number of proper k-frugal λ−colourings of r(G) by con-

sidering the following two disjoint cases. There are Fk(r(G)Y (uv), λ) ways in which

we can assign a k−frugal λ−colouring to r(G) such that u and v are assigned dif-

ferent colours, and there are Fk(r(G)B(uv), λ) ways n which we can assign a k−frugal

λ−colouring to r(G) such that u and v are assigned the same colour. Since these two

cases are disjoint and exhaust all possible colourings, we have that

Fk(r(G), λ) = Fk(r(G)R(uv), λ) + Fk(r(G)B(uv), λ),

for all positive integers λ. Since Fk(r(G), λ) and Fk(r(G)Y (uv), λ) + Fk(r(G)B(uv), λ)

are both polynomials, and are equal for all positive integers λ, they are also equal for

all real values of λ.

The purpose of adding the yellow edge, rather than a red edge, in Theorem 5.2.1

is to ensure that the condition for all vertices v, no colour appears more than k times

in RN(v) is maintained. Moreover, if at any point while computing Fk(G, λ) one
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encounters an induced subgraph, H, with the following vertex and edge sets:

V (H) = {u, v1, v2, . . . , vk+1},

B(H) = {vivj|i 6= j, vi, vj ∈ V (H)}, and

R(H) = {uvi|ui ∈ V (H)},

then the corresponding graph has no proper k−frugal colourings and can therefore

be discarded. We illustrate Theorem 5.2.1 with the following example.

Example 5.2.2. We will now compute F2(K1,4, λ) via Theorem 5.2.1 by computing

F2(r(K1,4), λ).

u

v1 v2 v3 v4

K1,4

G1 G2 G3 G4

We have that F2(K1,4, λ) = F2(G1, λ) + 2F2(G2, λ) + F2(G3, λ) + F2(G4, λ), since

any other combination of yellow and blue edges between v1v2, v2v3, and v3v4 would

lead to either a path with two blue edges and a yellow edge, or a blue clique of size

3 or greater. In both of these case there are no proper 2−frugal λ−colourings of

the respective graphs. In calculating F2(G1, λ) we see that at most two blue edges

(which must be vertex disjoint) can be added to form a proper 2−frugal λ−colourable

graph. This gives us F2(G1, λ) = λ(5) + 3λ(4) + λ(3). No blue edge can be added to
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G2, therefore F2(G2, λ) = λ(4). In the graph G3, v1v3 and v2v4 must be yellow. This

gives two possibilities for v1v4. Thus F2(G3, λ) = λ(4) +λ(3). Lastly, no blue edge can

be added to G4, and so F2(G4, λ) = λ(3). Therefore, we have

F2(K1,4, λ) = λ(5) + 6λ(4) + 3λ(3)

= λ5 − 4λ4 + 2λ3 + 7λ2 − 6λ.

Setting λ = 3 we have F2(K1,4, 3) = 18, as previously claimed.

Unlike the ordinary chromatic polynomial, the coefficients on Fk(G, λ) do not nec-

essarily alternate in sign, nor are they necessarily unimodal, as shown in the previous

example.

While Theorem 5.2.1 does give a recursive way of computing the k−frugal poly-

nomial, in some cases counting Fk(G, λ) from first principles is much simpler.

Proposition 5.2.2. Consider the simple graph K1,n. Then

Fk(K1,n, λ) = λ
∑(

n

n1, n2, . . . , nλ−1

)
,

where the sum is taken over all n1, n2, . . . , nλ−1 such that, 0 ≤ ni ≤ k and
λ−1∑
i=1

ni = n.

Proof. Let V (K1,n) = {u, v1, v2, . . . , vn}, where u is the universal vertex. u can

be assigned any of the λ colours. The colours assigned to the remaining vertices

v1, v2, . . . , vn are restricted by the k−frugality of the colouring. The problem is thus

equivalent to counting the number of functions f : {v1, v2, . . . , vn} → {1, 2, . . . , λ−1}

such that, for all j ∈ {1, 2, . . . , λ − 1} we have |f−1(j)| ≤ k. The number of such
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functions is given by the sum of multinomial coefficients

∑(
n

n1, n2, . . . , nλ−1

)
,

where the sum is taken over all n1, n2, . . . , nλ−1 such that, 0 ≤ ni ≤ k and
λ−1∑
i=1

ni = n.

Therefore,

Fk(K1,n, λ) = λ
∑(

n

n1, n2, . . . , nλ−1

)
.

For k = 2 we can also find a closed form of F2(Kn,m, λ).

Proposition 5.2.3. The 2−frugal polynomial of Kn,m is given by

bn
2 c∑
j=0

bm
2 c∑

k=0

(
m

2k

)
(2k)!
2kk! λ

(m−k)
(
n

2j

)
(2j)!
2jj! (λ−m− k)(n−j).

Proof. Let N = {u1, u2, . . . , un} and M = {v1, v2, . . . , vm} be the two partite sets of

Kn,m. The number of ways to partition M into sets of size one and two is given by

the telephone number T (n) =
bm

2 c∑
k=0

(
m
2k

)
(2k)!
2kk! . For any fixed value of k there are λ(m−k)

ways to colour the k sets which partition M . Colouring N in a similar way, and

taking all possible partitions of N and M gives us the desired result:

bn
2 c∑
j=0

bm
2 c∑

k=0

(
m

2k

)
(2k)!
2kk! λ

(m−k)
(
n

2j

)
(2j)!
2jj! (λ−m− k)(n−j).
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Chapter 6

Conclusion and Open Problems

In this thesis we have studied the mixed-chromatic polynomial fo(G, λ), which gen-

eralize the chromatic polynomial, and the oriented chromatic polynomial. The focus

was on finding expressions for the coefficients of fo(G, λ) in terms of structural prop-

erties of G, and chromatic uniqueness of mixed graphs. From the inclusion-exclusion

representation we were able to derive expressions for the coefficients of λn−2 and

λn−3 in fo(G, λ). Given that there exists an expression for the coefficient of λn−4 for

simple graphs, using this same approach it does seem feasible to find a closed from

[λn−4]fo(G, λ), at least in the case that the mixed graph G has no induced 2−dipath.

Some suggestions for further research follow.

1. Even for uncomplicated classes of mixed graphs, a closed form for fo(G, λ) re-

mains unknown. A catalogue of certain classes of mixed-chromatic polynomials

or oriented polynomials would therefore be of interest, and of particular use for

proving chromatic uniqueness.

2. Many of the proof techniques used to show chromatic uniqueness for mixed

graphs were ad-hoc in nature, and so it would be of great interest to develop
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a more general theory of chromatic uniqueness. For example, in the case of

simple graphs if two graphs G and H are chromatically equivalent, then G and

H have the same number of components. A similar general theory for mixed,

or oriented graphs, may help prove chromatic uniqueness for alternating paths

and alternating even cycles among all oriented graphs.

3. In the cases of both mixed graphs and mixed red-blue graphs a closure graph

G? was defined in order to overcome some implicit restrictions. Since all of the

results presented in this thesis concerning G? were theoretical, it would there-

fore be worthwhile developing and analysing algorithms for computing G?.

4. Lastly, in Chapter 5 a reformulation of the contract-delete relation for chro-

matic polynomials was developed in order to tackle the problem of enumer-

ating k−frugal λ−colourings. This reformulation is not confined to k−frugal

λ−colourings, and therefore a potential direction of future research would be

exploring the various colouring problems which can be enumerated with this

method.
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