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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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The highly flexible structure of industrial robots introduces new challenges to modeling vibrations during robotic milling processes. This paper
studies the contribution of the axial vibrations of the milling end-effector to regenerative chatter in robotic milling. While axial vibrations of the
tool are usually neglected in standard CNC machines, in industrial robots, they may significantly affect the stability of the process. The numerical
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1. Introduction

Compared to traditional CNC machine tools, industrial
robots offer a larger workspace and higher versatility at a
lower price. These advantages of robots are undermined by
their higher structural flexibility causing excessive static deflec-
tions and structural vibrations during machining applications
[1, 2, 3, 4].

The primary focus of the vibration modeling research in
robotic milling has been on adopting the chatter analysis meth-
ods that are commonly used for traditional machining systems
[5]. Wang et al. [6] showed that mode coupling mechanism,
caused by flexible low frequency modes of the robot structure,
is the dominant source of vibrations in robotic milling. They
applied the method developed by Gasparetto [7] to obtain a cri-
teria for mode coupling chatter stability based on principal stiff-
ness values and directions of the robot. Cen et al. [8] presented
a mode coupling chatter avoidance technique by considering
the conservative congruence transformation (CCT) for mapping
of stiffness matrices between joint and Cartesian spaces. They
showed that the principal stiffness directions of the robot can
vary by changing the end-effector feedrate; hence, the process
can be stabilized through controlling the feedrate. Huynh et al.
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[9] developed a Multi-Body Dynamic (MBD) model of an artic-
ulated robot which was then used in a numerical milling simula-
tion environment to predict stability limits. Mousavi et al. [10]
developed a MBD model of robot using beam elements as flex-
ible links. Then, they obtained the stability diagrams through
the frequency domain regenerative chatter analysis method de-
veloped by Budak and Altintas [11]. It should be noted that this
chatter analysis method inherently covers both mode coupling
as well as the regenerative chatter mechanisms [12].

The complex structural dynamics of articulated robotic ma-
nipulators, compared to traditional machine tools, calls for
major modifications to the existing chatter analysis methods.
Cordes et al. [13] showed that the strong coupling between
the dynamics of the articulated robotic arm in feed, normal,
and axial directions must be considered in modeling chatter in
robotic milling. Such coupling is usually neglected in conven-
tional machine tools. They also showed a strong non-symmetry
in the Frequency Response Functions (FRF) matrix, which is
not observed in machine tools. In this paper, we highlight an-
other influential feature in robotic machining which is usually
neglected in conventional machine tools. Although the dynamic
deflections of the tool in the axial direction was considered in
[13], its effect on the modulation of the axial depth of cut was
neglected. In this work, chatter in robotic milling is modelled
by considering the modulation of the nominal axial depth of cut
due to the vibrations in the axial direction. The numerical exam-
ples presented in this work show that the modulation of nomi-
nal axial depth of cut results in the feed and edge forces altering
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the stability of vibrations. Also the modulation of nominal axial
depth of cut leads to nonlinearities in the cutting forces, which
affects the stability of vibrations as well.

2. Milling forces model

A Multi-Degree-Of-Freedom (MDOF) milling system with
a round-end tool (e.g. ball end or bull nose) having N teeth is
considered as shown in Fig. 1 . Assuming a small axial depth
of cut, a, in robotic milling, the cutting forces on each tooth j
( j = 1, ...,N) are assumed to be concentrated at the midpoint of
its engaged length. The forces acting on each tooth are functions
of axial depth of cut a, and chip thickness h j. The total chip
thickness consists of the portion generated by feed motion of
the tool, h f , j, and the portion generated by the vibrations of the
tool, hv, j [12]:

h j(ϕ j) = h f , j(ϕ j) + hv, j(ϕ j);
h f , j(ϕ j) = ft sinϕ j sin γ
hv, j(ϕ j) = ∆x sinϕ j sin γ + ∆y cosϕ j sin γ − ∆z cos γ

(1)

where ft is the feed per tooth, ϕ j = ( j − 1) 2π
N + Ωt is the instan-

taneous immersion angle of tooth j at the spindle speed Ω, and
∆x = x(t)− x(t − τ), ∆y = y(t)− y(t − τ) and ∆z = z(t)− z(t − τ)
are the regeneration terms with the tooth passing period τ = 2π

NΩ .
The milling forces in tangential, radial and axial directions act-
ing on tooth j can be obtained as follows [12]:

Ft, j(t) = Kte s + Ktch j (ϕ j)a
Fr, j(t) = Kre s + Krch j (ϕ j)a
Fa, j(t) = Kae s + Kach j (ϕ j)a

(2)

where s = a
sin γ , and γ is the cutting edge angle at the midpoint

of the axial engagement, as shown in Fig. 1. The constants,
Kmn,m = t, r, a; n = e, c, represnt the edge and cutting force
coefficients [12] .The total forces in Cartesian coordinates are
obtained by adding the contribution of the cutting forces gener-
ated by each one of the N flutes:

F(t) =
[

Fx Fy Fz

]T

=
N∑

j=1
R(ϕ j)g(ϕ j)

[
Ft, j(t) Fr, j(t) Fa, j(t)

]T

g(ϕ j) = H(ϕ j − ϕst) − H(ϕ j − ϕex)

(3)
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Fig. 1. Three dimensional milling forces model.

In Eq. 3, H is a unit step function and g(ϕ j) is a Heaviside
function that determines if tooth j is engaged with the work-
piece. The start and exit angles, ϕst and ϕex, respectively, are
illustrated in Fig. 1. Matrix R(ϕ j) projects the tangential, radial,
and axial forces on the x, y, and z directions:

R(ϕ j) =


− cosϕ j − sinϕ j sin γ − sinϕ j cos γ
sinϕ j − cosϕ j sin γ − cosϕ j cos γ

0 cos γ − sin γ

 (4)

In machining with conventional machine tools, the system
is much more stiff in axial direction compared to lateral direc-
tions; hence, the axial depth of cut is assumed to be constant
a = ao. However, in robotic machining systems, the structure
in axial direction can be as flexible as the lateral directions; or
even more flexible depending on the robot posture. Therefore,
axial vibrations become significant and cause the actual depth
of cut to vary. In this paper, the actual depth of cut is assumed
to be modulated by the axial vibration:

a(t) = ao − z(t) (5)

Substituting a(t) and h j from Eqs. 5 and 1, respectively, in
Eq. 2, and then the resulting tangential, radial, and axial force
components in Eq. 3, leads to the following expression of the
total cutting forces applied on the milling tool:

F(t) = Fe(t) + F f (t) + Fr(t);

Fe(t) =
N∑

j=1
R(ϕ j)g(ϕ j)

[
Kte Kre Kae

]T
(ao − z) / sin γ

F f (t) =
N∑

j=1
R(ϕ j)g(ϕ j)

[
Ktc Krc Kac

]T
sinϕ j sin γ

ft (ao − z)

Fr(t) =
N∑

j=1
R(ϕ j)g(ϕ j)

[
Ktc Krc Kac

]T
sin γ

(
∆x sinϕ j + ∆y cosϕ j − ∆z cot γ

)
(ao − z)

(6)

As shown in Eq. 6, the total milling forces, F, consist of the
forces generated by the feedrate F f (will be referred to as feed
forces in this paper), edge forces Fe and regenerative forces Fr.
In conventional machine tools, due to their high stiffness in ax-
ial direction, depth of cut is assumed to be constant at ao and
thus the terms that depend on the axial deflection (z) are dis-
appeared from Eq. 6. As a result, the edge and feed forces do
not influence the stability of the system and are neglected in
chatter analysis. In robotic milling, as shown in Eq. 6, the mod-
ulation of depth of cut results in new displacement dependent
terms in the edge and feed forces, and a nonlinear term in the
regenerative force. In the following two sections, the effect of
these additional components on the stability of vibrations will
be studied.

3. Effect of feed and edge forces

The existing chatter stability prediction methods, such as the
frequency domain solution [11] and the time domain semidis-
cretization method [14], are applied to linear milling systems.
As it was shown in the previous section, the dynamic feed and
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piece. The start and exit angles, ϕst and ϕex, respectively, are
illustrated in Fig. 1. Matrix R(ϕ j) projects the tangential, radial,
and axial forces on the x, y, and z directions:

R(ϕ j) =


− cosϕ j − sinϕ j sin γ − sinϕ j cos γ
sinϕ j − cosϕ j sin γ − cosϕ j cos γ

0 cos γ − sin γ

 (4)

In machining with conventional machine tools, the system
is much more stiff in axial direction compared to lateral direc-
tions; hence, the axial depth of cut is assumed to be constant
a = ao. However, in robotic machining systems, the structure
in axial direction can be as flexible as the lateral directions; or
even more flexible depending on the robot posture. Therefore,
axial vibrations become significant and cause the actual depth
of cut to vary. In this paper, the actual depth of cut is assumed
to be modulated by the axial vibration:

a(t) = ao − z(t) (5)

Substituting a(t) and h j from Eqs. 5 and 1, respectively, in
Eq. 2, and then the resulting tangential, radial, and axial force
components in Eq. 3, leads to the following expression of the
total cutting forces applied on the milling tool:

F(t) = Fe(t) + F f (t) + Fr(t);

Fe(t) =
N∑

j=1
R(ϕ j)g(ϕ j)

[
Kte Kre Kae

]T
(ao − z) / sin γ

F f (t) =
N∑

j=1
R(ϕ j)g(ϕ j)

[
Ktc Krc Kac

]T
sinϕ j sin γ

ft (ao − z)

Fr(t) =
N∑

j=1
R(ϕ j)g(ϕ j)

[
Ktc Krc Kac

]T
sin γ

(
∆x sinϕ j + ∆y cosϕ j − ∆z cot γ

)
(ao − z)

(6)

As shown in Eq. 6, the total milling forces, F, consist of the
forces generated by the feedrate F f (will be referred to as feed
forces in this paper), edge forces Fe and regenerative forces Fr.
In conventional machine tools, due to their high stiffness in ax-
ial direction, depth of cut is assumed to be constant at ao and
thus the terms that depend on the axial deflection (z) are dis-
appeared from Eq. 6. As a result, the edge and feed forces do
not influence the stability of the system and are neglected in
chatter analysis. In robotic milling, as shown in Eq. 6, the mod-
ulation of depth of cut results in new displacement dependent
terms in the edge and feed forces, and a nonlinear term in the
regenerative force. In the following two sections, the effect of
these additional components on the stability of vibrations will
be studied.

3. Effect of feed and edge forces

The existing chatter stability prediction methods, such as the
frequency domain solution [11] and the time domain semidis-
cretization method [14], are applied to linear milling systems.
As it was shown in the previous section, the dynamic feed and

2

Author name / Procedia CIRP 00 (2019) 000–000 3

0 100 200 300
Immersion angle   (degrees)

-6

-4

-2

0

2

4

6

8

[
f] 

(N
/m

)

104

xz

yz

zz

0 100 200 300

Immersion angle (degrees)

-3

-2

-1

0

1

2

3

[
e
] 

(N
/m

)

104

xz

yz

zz

Fig. 2. Variation of the additional coefficients
[
βe
]

and
[
β f
]
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cutting tool.

edge forces are linear functions of axial vibrations (Eq. 6).
Hence, by ignoring the nonlinear term of the regenerative
forces, the effect of dynamic feed and edge forces on stability of
the system can be investigated through the existing linear meth-
ods. In this section, Zero Order Approximation (ZOA) method
is used to determine the stability limit of the system considering
the effect of axial vibrations on feed and edge forces.

3.1. Stability lobe diagrams

As shown in Eq. 6, the feed and edge forces consist of a
term that depends on the nominal depth ao, and another term
that depends on axial vibrations z(t). While the former term
does not affect the stability of the system [12, 11] and can be
dropped from equations, the latter terms must be considered in
the stability analysis. Also, the nonlinear terms in the regener-
ative component of the forces are neglected in this section. As
a result, the total milling forces in Eq. 3 can be re-written as
follows:

F(t) = ao [α] (X − Xτ) −
([
βe
]
+
[
β f

])
X (7)

where [α] is the directional coefficient as given in [11]
and the non-zero elements of

[
βe
]

and
[
β f

]
are as follows:

βe,xz =
N∑

j=1
g(ϕ j)

(
−Kte cosϕ j − (Kre sin γ + Kae cos γ) sinϕ j

)
/ sin γ

βe,yz =
N∑

j=1
g(ϕ j)

(
Kte sinϕ j − (Kre sin γ + Kae cos γ) cosϕ j

)
/ sin γ

βe,zz =
N∑

j=1
g(ϕ j) (Kre cos γ − Kae sin γ)/ sin γ

β f ,xz =
N∑

j=1
g(ϕ j)

(
−Ktc sinϕ j cosϕ j − (Krc sin γ + Kac cos γ)sin2ϕ j

)
ft sin γ

β f ,yz =
N∑

j=1
g(ϕ j)

(
Ktcsin2ϕ j − (Krc sin γ + Kac cos γ) sinϕ j cosϕ j

)
ft sin γ

β f ,zz =
N∑

j=1
g(ϕ j) (Krc cos γ − Kac sin γ) ft sinϕ j sin γ

Figure 2 shows the variation of the additional coefficients[
βe
]

and
[
β f

]
with the immersion angle. Similar to directional

coefficients [α], they vary periodically with the rotation of the
cutting tool; hence, they can be expressed as Fourier series. Fol-
lowing the ZOA method, the average term of the Fourier series
is used for stability analysis [11]:

[A0] =
1
T

∫ T

0
[A(t)] dt ; A = α , βe , β f (8)
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In Eq. 7, X and Xτ are the current displacement and delayed
displacement vectors, respectively:

X(t) =
[
x(t) y(t) z(t)

]T
Xτ(t) =

[
x(t − τ) y(t − τ) z(t − τ)]T (9)

The current and delayed displacement vectors can be
mapped to the force vectors using the Frequency Response
Function (FRF) matrix G:

X(iω) = G(iω) F(iω)
Xτ(iω) = e−iωτG(iω) F(iω) (10)

By substituting the deflection terms from Eq. 10, Eq. 7 can
be re-written as the following eigenvalue equation:

F =
{
ao [α0]

(
1 − e−iωτ

)
−
([
βe0
]
+
[
β f 0

])}
GF (11)

The nontrivial solution of the above equation leads to the
characteristic equation of the system:

det
{
I −
(
ao [α0]

(
1 − e−iωτ

)
−
([
βe0
]
+
[
β f 0

]))
G
}
= 0 (12)

The stability of vibrations at any combination of spindle
speed and axial depth of cut is determined by applying Nyquist
criterion on the roots of the above characteristic equation [15].

3.2. Case study

A numerical example is presented to study the effect of the
feed and edge forces on chatter stability limits. In order to use
a realistic representation of the robot flexibility in this example,
the direct and cross FRFs of a KUKA KR 90 robotic arm at
its wrist are measured using impulse hammer tests. The mea-
sured FRFs are shown in Fig. 3. Note that the FRFs at the tool
tip, and not the wrist, are to be used in chatter analysis; how-
ever, because the available robotic arm did not include a milling
end-effector, the FRFs were measured at the wrist to obtain the
closest representation of the FRFs at the tool tip.

The stability diagrams are obtained by applying Nyquist cri-
terion on the characteristic equation obtained at each point on a
grid of spindle speeds and nominal axial depth of cut ao. Note
that the robot compliance is posture-dependent and can be sig-
nificantly high in a flexible postures. As shown in Eq. 7,

[
βe
]

and
3
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[
β f

]
matrices also act as stiffness matrices and can cause con-

siderable variation in stability limit. The contribution of
[
β f

]
to

the (un)stability of the system is magnified by increasing feed
rate as it proportionally increase by feedrate.

Figure 4 shows the stability diagrams obtained for machin-
ing of Aluminum workpiece. As shown in this figure, stability
limit at low speed region (< 500rev/min) increases by increas-
ing feedrate. However, the discrepancies between the stability
limits with and without the effect of feed and edge forces are
even more pronounced at higher cutting speeds. For example,
the stability limit at 7000 rev/min increases from 0.74 mm to
0.91 mm for feedrate of 0.3 mm/tooth which corresponds to
22% increase while 17% reduction is observed at 2500 rev/min.
Another aspect of the effect of the edge and feed forces on chat-
ter stability can be understood by investigating the chatter fre-
quency shown in Fig. 4. At higher cutting speeds, i.e. approxi-
mately above 4000 rev/min, chatter mode shifts from the mode
at 10 Hz to the mode around 24 Hz. Figure. 3 shows that the
mode at 24Hz is the most flexible in z direction. It can be con-
cluded that by taking into account the effect of axial vibrations
on modulation of depth of cut, and consequently on the feed
and edge forces, the chatter mode shifts to the mode at 24 Hz.

Stability diagram for low speed milling of Titanium alloy
(TiAl6V4) is also shown in Fig. 5. As shown in this figure, the
variations of stability limits at lower speeds are more signifi-
cant. For example, the stability limit around 200 rev/min in-
creases from 0.12 mm to 0.17 mm, a 40% increase in stability
limit.

4. Nonlinearity in regenerative forces

The effect of the nonlinear terms that emerge in the regener-
ative portion of the cutting forces (Eq. 6) is studied by develop-
ing numerical simulations in Simulink/MATLAB. The follow-

ing system of equations is numerically solved to simulate vibra-
tions of the end-effector subjected to nonlinear milling forces:

MẌ(t) + CẊ(t) +KX(t) = F(t) (13)

Because the typical feed speed in robotic machining appli-
cations is much slower than cutting speed, the effect of inertial
forces (i.e. Coriolis and Centrifugal forces) can be neglected
[6, 8, 10, 13].The effect of nonlinear inertial forces is neglected
in this simulation as well, and the dynamics of the robot struc-
ture is assumed to be linear as described on the left hand side
of Eq.13. The matrices M, C and K are the mass, damping and
stiffness matrices of the robot in Cartesian space. These matri-
ces are obtained from the corresponding matrices in joint space
(Mq, Cq and Kq) using the Jacobian of the robot, J [16]:

M = J−T MqJ−1 , C = J−T CqJ−1 , K = J−T KqJ−1 (14)

The stiffness and damping matrices in joint space are consid-
ered as diagonal matrices of joint stiffness and damping values,
respectively. The mass matrix is a function of the inertia of the
robot links and joint coordinates [16]. It is assumed that the
robot vibrates in a small range of joint angles, so that the robot
posture is invariant. Hence, the mass matrix can be considered
as a constant matrix.

4.1. Numerical simulation results

Down-milling of Titanium alloy with Staubli TX200 robot
is considered. Six degrees of freedom are considered to model
the dynamics of the robot as it has six revolute joints. The iner-
tial parameters of the links are derived from the CAD model of
the robot to calculate the mass matrix in joint space [16]. Then,
the stiffness and damping matrices in joint space are identified
in two steps. First, the joint stiffness values are selected such
that the square roots of the eigenvalues of M−1

q Kq match with
4
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[
β f

]
matrices also act as stiffness matrices and can cause con-

siderable variation in stability limit. The contribution of
[
β f

]
to

the (un)stability of the system is magnified by increasing feed
rate as it proportionally increase by feedrate.

Figure 4 shows the stability diagrams obtained for machin-
ing of Aluminum workpiece. As shown in this figure, stability
limit at low speed region (< 500rev/min) increases by increas-
ing feedrate. However, the discrepancies between the stability
limits with and without the effect of feed and edge forces are
even more pronounced at higher cutting speeds. For example,
the stability limit at 7000 rev/min increases from 0.74 mm to
0.91 mm for feedrate of 0.3 mm/tooth which corresponds to
22% increase while 17% reduction is observed at 2500 rev/min.
Another aspect of the effect of the edge and feed forces on chat-
ter stability can be understood by investigating the chatter fre-
quency shown in Fig. 4. At higher cutting speeds, i.e. approxi-
mately above 4000 rev/min, chatter mode shifts from the mode
at 10 Hz to the mode around 24 Hz. Figure. 3 shows that the
mode at 24Hz is the most flexible in z direction. It can be con-
cluded that by taking into account the effect of axial vibrations
on modulation of depth of cut, and consequently on the feed
and edge forces, the chatter mode shifts to the mode at 24 Hz.

Stability diagram for low speed milling of Titanium alloy
(TiAl6V4) is also shown in Fig. 5. As shown in this figure, the
variations of stability limits at lower speeds are more signifi-
cant. For example, the stability limit around 200 rev/min in-
creases from 0.12 mm to 0.17 mm, a 40% increase in stability
limit.

4. Nonlinearity in regenerative forces

The effect of the nonlinear terms that emerge in the regener-
ative portion of the cutting forces (Eq. 6) is studied by develop-
ing numerical simulations in Simulink/MATLAB. The follow-

ing system of equations is numerically solved to simulate vibra-
tions of the end-effector subjected to nonlinear milling forces:

MẌ(t) + CẊ(t) +KX(t) = F(t) (13)

Because the typical feed speed in robotic machining appli-
cations is much slower than cutting speed, the effect of inertial
forces (i.e. Coriolis and Centrifugal forces) can be neglected
[6, 8, 10, 13].The effect of nonlinear inertial forces is neglected
in this simulation as well, and the dynamics of the robot struc-
ture is assumed to be linear as described on the left hand side
of Eq.13. The matrices M, C and K are the mass, damping and
stiffness matrices of the robot in Cartesian space. These matri-
ces are obtained from the corresponding matrices in joint space
(Mq, Cq and Kq) using the Jacobian of the robot, J [16]:

M = J−T MqJ−1 , C = J−T CqJ−1 , K = J−T KqJ−1 (14)

The stiffness and damping matrices in joint space are consid-
ered as diagonal matrices of joint stiffness and damping values,
respectively. The mass matrix is a function of the inertia of the
robot links and joint coordinates [16]. It is assumed that the
robot vibrates in a small range of joint angles, so that the robot
posture is invariant. Hence, the mass matrix can be considered
as a constant matrix.

4.1. Numerical simulation results

Down-milling of Titanium alloy with Staubli TX200 robot
is considered. Six degrees of freedom are considered to model
the dynamics of the robot as it has six revolute joints. The iner-
tial parameters of the links are derived from the CAD model of
the robot to calculate the mass matrix in joint space [16]. Then,
the stiffness and damping matrices in joint space are identified
in two steps. First, the joint stiffness values are selected such
that the square roots of the eigenvalues of M−1

q Kq match with
4
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the measured natural frequencies of the system. The natural fre-
quencies are identified by performing experimental modal anal-
ysis. The FRFs are measured using impulse hammer test and the
peaks of the measured FRFs are selected as natural frequencies.
In the second step, the damping matrix is identified through
the comparison of the magnitudes of the measured and simu-
lated FRFs. Since the measured FRFs are defined in Cartesian
space, the simulated FRFs need to be calculated in this space
as well. Therefore, the identified system matrices in joint space
are transformed to the Cartesian space using the relations in
Eq. 14. Then, the simulated FRF for a given damping matrix is
calculated as follows:

G(ω) =
(
K −Mω2 + iωC

)−1
(15)

The joint damping values are obtained such that the simu-
lated FRFs using Eq. 15 fit the measured FRFs. Using the full
Jacobian matrix, the system matrices in Cartesian space are ob-
tained as follows:

M =



415.9 30.8 15.2 1.7 42.6 −129.7
30.8 1571 330.8 −17.9 −0.4 2.1
15.2 330.8 397.4 36.2 0.5 −3.9
1.7 −17.9 36.2 16.6 0.3 −1.7

42.6 −0.4 0.5 0.3 22.1 −56.1
−129.7 2.1 −3.9 −1.7 −56.1 175.8



(kg)

K =



329.9 46.5 5.1 0.2 193.2 435
46.5 2895 281.8 −182.3 −0.2 7.8
5.1 281.8 345.8 108.2 −2 0.01
0.2 −182.3 108.2 124.8 1.3 −6.3

193.2 −0.2 −2 1.3 197.4 −351.4
435 7.8 0.01 −6.3 −351.4 778



× 104(N/m)

C =



4713 134 20 17 2004 4616
134 12075 1147 −1061 −17 83
20 1147 1716 696 12 0.1
17 −1061 696 12 19 −63

2004 −17 12 19 1978 −3527
4616 83 0.1 −63 −3527 7830



(N.s/m)

The simulated FRFs are presented in Fig. 6. Note that sub-
stituting the above 6×6 system matrices into Eq. 15 results in
a 6×6 transfer function matrix which includes FRFs between
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Fig. 6. Simulated direct and cross FRFs of the Staubli TX200 robot.

torques and angular displacements as well. In Fig. 6, only the
force-displacement FRFs are shown. Assuming 20% radial im-
mersion down milling using a 4-tooth milling tool, stability lobe
diagrams without considering the nonlinear term is constructed
using the method described in Section 3.1 and FRFs shown in
Fig. 6. The resulting diagram is presented in Fig. 7. As it can be
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seen in this figure, the effect of feed and edge forces are negligi-
ble in this case, due to low values of feed rate (0.05 mm/tooth)
and edge force coefficients. The end-effector vibrations are sim-
ulated considering the nonlinear term by numerically solving
Eq. 13 at different spindle speeds and nominal axial depth of
cuts. Stable vibrations are shown with green circles while the
black cross marks stand for unstable vibrations.

As shown in Fig. 7, the nonlinear term of cutting forces can
have both stabilizing and destabilizing effects at different spin-
dle speeds. For example, at spindle speed of 500 rev/min, the
stability limit increases from 0.66 mm to 0.70 mm, which is
about 6% increase in stability limit, while 9% reduction is ob-
served at 280 rev/min. Figure 8 shows the simulated vibrations
in X-direction of the end-effector when subjected to linear and
nonlinear cutting forces at 0.67 mm nominal depth of cut. The
system is unstable if the nonlinear terms are neglected and the
vibration amplitude grows with time. The nonlinear term has
damping effect and stabilizes the system. Similar stabilizing
effect has been observed at 1000 rev/min and 2800 rev/min.
However, the amplitude of simulated vibrations increases when
considering the nonlinear term at spindle speed of 280 rev/min
and nominal cutting depth of 0.92 mm; as shown in Fig. 9.

5. Conclusions

The effect of depth of cut modulation due to axial vibrations
in robotic milling was investigated. It was shown that the mod-
ulation of depth of cut leads to additional stiffness-like terms
in the equation of chatter. These terms arise from the edge and
feed-generated forces. In addition, nonlinearities emerge in the
regenerative cutting forces model. The effect of edge and feed-

generated forces as well as nonlinear regenerative terms on the
vibrations stability during robotic milling was studied using nu-
merical examples. Both of the additional stiffness-like and non-
linear terms were shown to have significant effect on stability of
the process, particularly when the robot is in its flexible posture.
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