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Abstract
This thesis deals with design algorithms for filter banks based on optimization. The design
specifications consist of the perfect reconstruction and frequency response specifications
for finite impulse response (FIR) analysis and synthesis filters. The perfect reconstruction
conditions are formulated as a set of linear equations with respect to the analysis filters’
coefficients and the synthesis filters’ coefficients. Five design algorithms are presented.
The first three are based on an unconstrained optimization of performance indices, which
include the perfect reconstruction error and the error in the frequency specifications. The
last two algorithms are formulated as constrained optimization problems with the perfect
reconstruction error as the performance index and the frequency specifications as
constraints. The performance of the five algorithms is evaluated and compared using six
examples; these examples include uniform filter bank, compatible non-uniform filter bank
and incompatible non-uniform filter bank designs. The evaluation criteria are based on
distortion and aliasing errors, the magnitude response characteristics of analysis and
synthesis filters, the computation time required for the optimization, and the convergence
of the performance index with respect to the number of iterations. The results show that
the five algorithms can achieve almost perfect reconstruction and can meet the frequency
response specifications at an acceptable level. In the case of incompatible non-uniform
filter banks, the algorithms have challenges to achieve almost perfect reconstruction.
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CHAPTER 1
1 Introduction
1.1 Introduction
Digital signal processing (DSP) has become one of the most important means of modern
technology in many fields of science, i.e. telecommunications, medicine, radars, sonar,
music and the oil and gas industry. The development of DSP technology combines
mathematical principles, physical theories and technical methods, making them into
complex systems that can be used to deliver specific functions [1].

Figure 1-1 DSP applications as listed by Smith in [1].
There are numerous applications in the field of modern technology and science where DSP
plays a significant role. Many of these applications include one of the fundamental
elements in DSP, which is the multirate system. A multirate system is a system that deals
with different sampling rates. This helps to reduce the cost of practical implementations

2
and also enhance the performance of the implementations[2, 3]. The multirate systems
have different structures, and one of the commonly used structures is the multirate filter
banks. The main idea of using multirate is the system’s ability to split a signal into two
or more signals or to compose two or more different signals into a single signal. The
process of splitting a signal and subsampling it with certain factors can be seen in many
applications such as digital communications, speech and image compression, beamforming,
etc. [4].

1.2 Filter Banks in Digital Signal Processing
In DSP, filter banks are used to divide a signal into frequency sub-bands with analysis
filters, and then reconstruct this signal with a set of synthesis filters. Such a process may
occur in sub-band coding, noise cancellation, signal transmission, or any signal operation
in the frequency domain [5-8]. Figure 1-2 shows the types of a filter bank, which also is
referred to as analysis-synthesis system.

Figure 1-2 General structure of filter bank [9].
Multirate filter bank divides (Analysis) an original input signal in the frequency domain
into multiple signals; and it reconstructs (Synthesize) these signals in the frequency
domain into one signal in order to be the same as the original input [7, 8, 10]. This process
may cause the signal to suffer from errors, e.g. aliasing distortion and magnitude
distortion. Therefore, the following features in the reconstructed signal are desired: first,
cancellation of aliasing error, therefor the signal in the output appears as a delayed version
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of the original signal and, second, not to have any distortion. These two conditions are
called Perfect Reconstruction (PR) conditions [11]. In many DSP applications’
requirements, designing a filter bank has to deal with PR. Designing filter banks has been
a subject of research for several years, and various types of approaches and methods have
been proposed. A recent survey by N. Subbulaakshmi and R. Manimegalai shows some of
the different approaches and methods of filter banks (Figure 1-3) [12].

Figure 1-3 Some of filter bank types [12].

On the one hand, a Uniform Filter Bank (UFB) consists of a group of filters that partition
the frequency spectrum into equal widths. As an example, the two-channel UFB consists
of low-pass and high-pass filters, and down-samplers at the analysis end, up-samplers, and
low-pass and high-pass filters at the synthesis end. The M-channel UFB has the same
structure with extra band-pass filters, down-samplers, and up-samplers for the middle
channels. [13]. On the other hand, a Non-Uniform Filter Bank (NUFB) consists of a group
of filters that partition the frequency spectrum into unequal widths, and the samplers in
the channels are not the same.
Many papers in the literature discuss different designs for the filter banks listed in Figure
1-3. The following section is a short review of several selected papers that are relevant to
the work presented in this thesis.
One of the first designs for the maximally decimated Finite Impulse Response (FIR) filter
bank is adapted by Hoang and Vaidyanathan in [14]. The design presented is based on
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the Quadrature Mirror Filter (QMF). The interest in that design was to achieve the PR
property and meet frequency responses characteristics as well. Nayebi and Barnwel also
suggest another two approaches: first, design for incompatible NUFB. The authors stated
that aliasing cancellation could be achieved by introducing enough freedom to the design
filters, and filtering performance can be improved by appropriate selection for passbands.
Second, design for a UFB that carried out with a set of procedures in the time-domain
analysis. The proposed algorithm is based on an iterative process in which the
reconstruction error is reduced to the desired value [15-17]. In another design by Li et al.,
a method for non-uniform integer-decimated filter banks is proposed [18]; the NearlyPerfect-Reconstruction (NPR) filter bank is based on uniform Cosine Modulated Filter
Banks (CMFBs). The results show that the overall distortion and aliasing are small and
comparable with the stopband attenuation of the prototype filter. Later, the general linear
dual-rate system is studied by Chen et al. in [19]; the used scheme is applied to the
synthesis part of the NUFB to improve the performance of this type. If the synthesis
subsystems are replaced by appropriate dual-rate structures, incompatibility and
structural dependency disappear; and PR is always possible.
Further, as introduced by Ho et al. in [20-22], a semi-infinite programming (SIP)
optimization algorithm was utilized. The non-uniform FIR transmultiplexer is formulated
as a quadratic function subject to improve the magnitude response in every filter by
minimizing the stopband ripples. These algorithms have to maintain PR conditions such
as the amplitude and aliasing distortions. As suggested by Xie et al. in [23], another idea
is also based on direct determination of the realizable NUFB, by choosing the analysis
filters to be the exact corresponding sub-bands’ locations of the system input. Also using
an optimization algorithm, Zhong et al. in [24] illustrate a structure with block decimation
transformation to rationalize the decimation criteria CMFB. The reason behind this
principle is used to achieve a linear-phase and cancel aliasing distortion in NUFB. The
aliasing distortion cancellation is based on the assumption that the stopband attenuation
is high enough. Likewise, a method is studied to accomplish a highly desired linear-phase
for the oversampled NUFB; this method is based on an efficient modulation technique.
This helps to reduce the complexity of such a design. It was also commented that, by
employing the Parks-McClellan algorithm for filter design, the expected magnitude
response of each filter in the design could be ensured [25].
According to Kumar et al. in [26], adjacent filters of uniform CMFB can be merged to
form a NUFB, and the frequency specifications are modified, therefore the error in the
PR is minimized. As they also argue in [27], the complex objective functions in a linear
optimization procedure can be omitted to design an NPR NUFB. The frequency
specifications are optimized to be equiripple when the filter coefficients are specified.
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Moazzen and Agathoklis present two optimization techniques for UFB and NUFB using
unconstrained objective functions [28, 29]. These techniques are unlike the one used by
Naybi in[15-17]. On the one hand, Moazzen and Agathoklis implement their design in the
z-domain and minimize one PR objective function that includes all analysis and synthesis
filters as one set of linear equations. They also include both passband and stopband
magnitude specifications in their first suggested algorithm. Later, this algorithm is
improved as a fast optimization technique by modifying the cost function presented in
[28]. This cost function is formulated as an unconstrained quadratic objective function by
not including the passband response characteristics [29]. On the other hand, Naybi
implements his design in the time domain and minimizes the number of sets of linear
equations to satisfy the PR conditions in the filter bank design.

1.3 Outlines and Objective of this Thesis
Chapter 1 introduces different types of DSP applications, and highlights the general
structure of filter banks Then it illustrates some of the common types of these filter banks.
The first chapter also reviews relevant literature and the background of filter bank design.
The chapter outlines the main sections and describes the objective of this thesis.

In Chapter 2, part of the theoretical concepts of DSP are reviewed, such as the essential
terms in multirate systems: decimation, interpolation and the Nobel identities. The
chapter also defines the types of sampling operations and shows the general structure of
filter banks. After the PR conditions are presented, and three fundamental lemmas from
[28, 29] are reviewed, these lemmas are considered as the core of this thesis. They are also
used in the following chapter to introduce five optimization algorithms for UFBs and
compatible and incompatible NUFBs. The chapter concludes with a summary.
Optimization techniques for filter bank designs are introduced in Chapter 3. These
techniques include five unconstrained and constrained optimization algorithms. In
algorithms 1 and 2 from [28, 29], and the proposed algorithms 3, unconstrained
optimization approaches are used. However, in the proposed algorithms 4 and 5,
constrained ones are adapted. Furthermore, Algorithm 3 is a modified version of algorithm
1, algorithm 4 uses SIP optimization, and algorithm 5 uses constrained least square
optimization. Chapter 3 also highlights the main steps in each algorithm and ends with a
brief conclusion for the work presented.
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In Chapter 4 numerous designs are presented using the algorithms outlined in Chapter 3.
These designs are evaluated based on the PR conditions, the magnitude response of the
analysis and synthesis filters, and the computation time taken by each algorithm. These
results are illustrated in figures and tables and, after that, extensively examined. For each
group of examples, results are also summarized in a tabular comparison and followed by
a discussion. Later, a conclusion for the chapter is included.
Chapter 5 summarizes the work completed in this thesis and discusses the findings. After
that, it draws conclusions and provides recommendations for future work. The proposed
future work suggests further implementations may be used to improve the algorithms and
the designed filter banks.
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CHAPTER 2
2 Fundamentals of Multirate DSP
2.1 Introduction
In this chapter, some of the fundamentals for multirate DSP systems are introduced.
These include upsampling, downsampling, decimation and interpolation. Also, Noble
identities, critical sampling, under-sampling, and over-sampling are defined. Following
that, the chapter outlines filter bank structures and defines the PR conditions. Three
lemmas for filter bank PR, and magnitude response characteristics are reviewed from [28,
29], and then used for the algorithms in Chapter 3.

2.2 Fundamental Building Blocks
Multirate DSP systems consist of fundamental building blocks such as digital filters,
upsamplers, and downsampler. Thus, downsampling and upsampling operations are
essential parts [30].
Downsampling and Upsampling

Processing elements which perform these operations are called downsampler and
upsamplers, respectively.

Figure 2-1 M-fold downsampler input/output: a) Block diagram, b) Example for M= 3 [9].
On the one hand, processing elements which decrease the sampling rate of the input signal
)[*] by a factor of M are called downsamplers. Downsampling mathematically is defined
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in equation (2-1), where B ≥ 2. The downsampling process retains only every Mth sample
of the input signal ) [*]. Figure 2-1 shows downsampling when M=3.
+/ [*] = [)(*)]↓â = )[B*]

( 2-1 )

On the other hand, processing elements which increase the sampling rate of the input
signal ) [*] by a factor of M are called upsamplers. Upsampling mathematically is defined
in equation (2-2), where B ≥ 2. The upsampling process inserts M − 1 zeros between the
original samples of the input signal ) [*]. Figure 2-2 shows the upsampling when M=2.
ã

) , * = jçéukÜée vR B
+, [*] = [)(*)]↑â = ä å
0,
vuℎeêxkÖe

( 2-2 )

Figure 2-2 M-fold upsampler input/output: (a) Block diagram, (b) Example for M= 2 [9].
Decimation and Interpolation

Decimation is the process of filtering and downsampling a signal when decreasing its
effective sampling rate, and this is done by adding a filter H(z) that is employed before
the downsampler. If a signal is only downsampled by just throwing away the intermediate
samples, this produces aliasing. Building a decimation structure as the one illustrated in
Figure 2-3 prevents aliasing.
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Figure 2-3 Decimator consisting of filter H(z) and a downsampler.
Interpolation is the process of upsampling and filtering a signal. Interpolation is done by
adding a filter &($) that is employed after the upsampler [31]. Building an interpolation
structure as the one illustrated in Figure 2-4 prevents the extra spectral copies that might
result from upsampling.

Figure 2-4 Interpolator consisting of an upsampler and filter F(z).

2.3 Noble Identities
There are two noble identities in digital signal processing. These identities describe the
property of reversing the order of the filters and the samplers in the multirate system. In
a typical multirate system such as the ones presented in Figure 2-6, the input signal is
being first filtered and then downsampled. This approach is computationally inefficient
because it calculates samples that will be eventually discarded [30] It would be much
better to perform downsampling in the first place and then apply filtering on the reduced
number of samples Figure 2-5-a and Figure 2-5-b illustrate equivalent block diagrams for
the first and the second Noble identities of decimation and interpolation, respectively.

Figure 2-5-a First noble identity.
Figure 2-5-b – Second noble identity.
Figure 2-5 Interchanging between filtering and sampling.
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Over-sampling, Under-sampling, and Critical sampling

According to the overall sampling rates {*1 , *3 *5 , . . . , 7*8 *9 } of the sub-band signals in
the filter bank presented in Figure 2-6 , special names are given depending on the nature
of the employed samplers values *" at the inputs. It is important to mention that the
1

overall rate of the sub-band signals is simply ë∑9
"î1 ã ï times the input rate [9] , therefor:
ì

filter banks are said to be critically sampling systems if
1

ë∑9
"î1 ã ï = 1.
ì

( 2-3)

It is also common to refer to such types of filter banks as maximally decimated filter
banks. In such a system, the output );(*) may not have a loss of information.
Filter banks are said to be under-sampling systems if
1

ë∑9
"î1 ã ï < 1.
ì

( 2-4)

These filter banks incur a loss of information, and it is common to refer to them as overdecimated filter banks.
Filter banks are said to be over-sampling systems if
1

ë∑9
"î1 ã ï > 1.
ì

( 2-5)

In this case, the filter bank systems have redundancy, and it is common to refer to them
as under-decimated filter banks [9, 32].

2.4 Filter Banks
In the filter banks, a K-channel (or K-band) analysis filter bank is a structure that
transforms an input signal to a set of K sub-band signals. A corresponding K-channel
synthesis filter bank transforms these K sub-band signals to a full band signal; in other
words, the inverse operation. The common filter banks structures are the tree structure
and the parallel structure [33]. The parallel structure is more general and favourable
because of its simplicity. Figure 2-6 shows the analysis and synthesis filters for such filter
bank.
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In the case of the structure shown in Figure 2-6, a uniform filter bank has K subbands with equal bandwidths, and each sub-band must be decimated by a K factor [34].
On the other hand, a non-uniform filter bank has K sub-bands and these sub-bands have
unequal bandwidths. In the non-uniform filter-bank, decimation factors *" are not
necessarily equal [30, 35].
In a non-uniform filter bank design, there are two types of sampling rates sets. These
types are compatible set or incompatible set. The definition of a compatible sampling rate
set is introduced in [14, 36]. From the definition of the compatibility presented in [14].
Let the sampling rates in

Figure 2-6 defined as a set ò = {*1 , *3 *5 , . . . , 7*8 *9 } and

arranged as following *1 ≤ *3 ≤ *5 ≤, . . . , ≤ *9 . The sampling rate set ò is compatible
if it satisfies equation (2-3), and pairing up the alias components in the aliasing matrix is
possible [14, 37, 38].

Figure 2-6 Filter bank structure with K sub-bands [9].

2.5 Perfect Reconstruction Filter Banks
Perfect reconstruction conditions are desirable properties for many DSP applications.
These conditions are discussed explicitly in [35, 36, 39]. Generally speaking, for a filter
bank illustrated as in Figure 2-6, it is said to have a perfect reconstruction if the output
);(*) of the synthesis bank is a delayed and possibly scaled version of the input )(*), i.e.
);(*) = ö)(* − *@ )

( 2-6 )
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For some c ≠ 0 and some integer *@ . Such a filter bank is referred to as a PR filter bank,
and this means that )(*) can be perfectly reconstructed using a proper synthesis filter
bank without any aliasing, amplitude, and phase distortions.
Consider a filter bank with integer sampling rates {*1 , *3 *5 , . . . , 7*8 *9 } shown in Figure
2-6, where K is the number of total sub-bands, assume also that this filter structure design
satisfies the critically sampling condition presented in equation (2-3) [35].
The output of this filter bank in the z-domain can be expressed by:
†°ℓ

†°ℓ

Oü
Oü
ù O1
=(z) = ∑TLî1 1 FL (z) ∑úℓî@
X
X(ze ¢ù ) H(ze ¢ù )
ú

( 2-7 )

ù

†°ℓ

†°ℓ

=(z) = ∑TLî1 1 FL (z) X(z) HL (z) + ∑TLî1 1 FL (z) X(zeOü ¢ù ) H(zeOü ¢ù )
X
ú
ú
ù

ù

( 2-8 )

†°ℓ

Oü
úù O1
=
X(z) = X(z)T@ + ∑ℓî1
X(ze ¢ù ) Tℓ (z)

( 2-9 )

where
1

T@ (z) = ∑TLî1 ú FL (z) HL (z)

( 2-10 )

ù

Tℓ (z) =

1
∑TLî1
ú

ù

Oü

FL (z)HL £ze

†°ℓ
¢ù

§

( 2-11 )

T@ (z) is called overall distortion transfer function, and Tℓ (z)
Oü

aliasing transfer function corresponding to X (ze

†°ℓ
¢ù

ℓ ≠ 0 is called overall

).

Therefore, PR is achieved when T@ (z) is a pure delay, and Tℓ (z) is zero, and this leads to
the following two conditions for PR:
Distortion Cancellation Condition:

∑TLî1 βL,@ FL (z) HL (z) = z O∆

( 2-12 )

Aliasing Cancellation Condition:
Oü

∑TLî1 ¶L,ℓ FL (z)HL £ze
where

†°ℓ
¢ù

§ = 0,

for ℓ = 1,2,3, … , M − 1

( 2-13 )
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M is the Least Common Multiple (LCM) between {*1 , *3 *5 , . . . , 7*8 *9 }
αL,ℓ for k = 1,2,3, … , K, and ℓ = 1,2,3, … , M − 1 can be expressed as follows:

αL,ℓ

= Ø1,

if

0,

ü

†°

(1)

ü

†°

, e ¢ù

(3)

ü

†°

, e ¢ù

(5)

ü

†°

, … , e ¢ù

(úù O1)

≥

( 2-14 )

Otherwise

1

¶L,ℓ =

†°ℓ

eü ± ∈ ≤e ¢ù

⎧úù, ,
⎪
⎨ ºù,ℓ
⎪
,
⎩ úù,

ℓ=0
( 2-15 )
ℓ≠0
Oü

The use of αL,ℓ indicates that for αL,ℓ = 0 the analysis aliasing terms H(ze

†°ℓ
¢ù

) are not

included in the equation (2-13).
The next section reviews two lemmas for the PR conditions. The perfect reconstruction
condition equations represented in [28] are formulated in the z-domain as one set of linear
equations for all sub-bands.
Lemma 1 [28]: Giving FIR analysis and synthesis filters of the same length N, the perfect
reconstruction conditions in equations (2-12) and (2-13) can be expressed as one set of
linear equations as follows:

!R = p

( 2-16 )

where

! â(3NO1)ΩTN

β1,@ Γ(h1 )
⎡
⎢
β1,1 Γ(h1 ⊗ Λ1 )
⎢
⎢
β1,3 Γ(h1 ⊗ Λ3 )
= ⎢
⎢
⋮
⎢
⎢
⎣β1,âO1 Γ(h1 ⊗ ΛâO1 )

the Γ operator is defined as follows:

β3,@ Γ(h3 )

⋯

βT,@ Γ(hT )

⎤
⎥
β3,1 Γ(h3 ⊗ Λ1 )
…
βT,1 Γ(hT ⊗ Λ1 )
⎥
⎥
β3,3 Γ(h3 ⊗ Λ3 )
…
βT,3 Γ(hT ⊗ Λ3 ) ⎥
⎥
⋮
⋱
⋮
⎥
⎥
β3,âO1 Γ(h3 ⊗ ΛâO1 ) ⋯ βT,âO1 Γ(hT ⊗ ΛâO1 )⎦

( 2-17 )
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a1
⎡
⎢a
⎢ 3
⎢
⎢ a5
⎢
⎢⋮
⎢
P
Γ([a1 , a3 , a5 , . .. aN ] ) = ⎢aN
⎢
⎢0
⎢
⎢
⎢0
⎢
⎢0
⎢
⎣0

0

0

…

a1

0

…

a3

a1

…

⋮

⋮

⋯

aNO1

aNO3

…

aN

aNO1

⋯

0

aN

…

0

0

⋱

0

0

0

0

⎤
0⎥
⎥
⎥
0⎥
⎥
⋮⎥
⎥
a1 ⎥
⎥
a3 ⎥
⎥
⎥
a5 ⎥
⎥
⋮⎥
⎥
aN ⎦

( 2-18 )

and hL for (k= 1,2,3, …, K ) is a vector containing analysis filters’ coefficients of the kth
sub-band, i.e. hL = [hL,@ , hL,1 , hL,3 , … , hL,NO1 ]P , T is the transpose operator, ¶ is defined in
equation (2-15), M is the LCM of the sampling rates {*1 , *3 *5 , . . . , 7*8 *9 }.
The symbol ⨂ represents element-wise product, and ∧ is defined as follows:
ü

∧ = Àe

†°
¢ù

(@)

ü

,e

†°
¢ù

(1)

ü

,e

†°
¢ù

(3)

ü

,…,e

†°
¢ù

(NO1)

P

Ã for i = 1,2,3, … , M − 1

( 2-19 )

and
U

R = Õf1P , f3P , f5P , … , fTP Œ .

( 2-20 )

R is the KN x 1 vector that contains all the synthesis filters’ coefficient, where each fL for
(k= 1,2,3, …, K) is a vector contains synthesis filters’ coefficients of a kth sub-band fLP =
ÕfL,@ , fL,1 , fL,3 , … , fL,NO1 Œ.
p is a vector whose elements are all zeros except the (∆ + 1)œ– element, which equals 1,
and it follows the right side from equation (2-12).
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Proof of Lemma 1 [28]: Given the kth FIR analysis and synthesis filters in he z-domain
with equations (2-21) and (2-22), and by assuming N is an even number which represents

the number of the filters’ coefficients.
Oã
!" ($) = ∑—O1
ãî@ ℎ(*)$

( 2-21 )

and
Oã
&" ($) = ∑—O1
ãî@ R(*)$

( 2-22 )

The perfect reconstruction equations in (2-12) and (2-13) are analyzed in the z-domain,
and a proof in the z-domain for equation (2-23) is obtained in the next section.
A(z)B(z) = c(z)

( 2-23 )
†°ℓ

To form A(z), αL,ℓ introduced in equation (2-14) implies that the aliasing term from eü ±

is present at the kth sub-band and zero otherwise, and the term βL,ℓ in equation (2-15)
represents the sampling rate for each bank. i.e. The Aliasing Component (AC) matrix in
the z-domain [37, 40-42], and it can be depicted as follows:

A(z)â(3NO1)ΩTN

β1,@ H1 (z)
⎡
†°
⎢
β1,1 H1 (zeOü ± )
⎢
†°
⎢
β1,3 H1 (zeOü ± (3) )
= ⎢
⎢
⋮
⎢
⎢
†°
Oü (âO1)
)
⎣β1,âO1 H1 (ze ±

β3,@ H3 (z)

⋯

βT,@ HT (z)

⎤
β3,1 H3 (ze
)
…
βT,1 HT (ze
) ⎥
⎥
†°
†°
⎥
Oü (3)
Oü (3)
β3,3 H3 (ze ± )
…
βT,3 HT (ze ± ) ⎥ ( 2-24 )
⎥
⋮
⋱
⋮
⎥
⎥
†°
†°
β3,âO1 H3 (zeOü ± (âO1) ) ⋯ βT,âO1 HT (zeOü ± (âO1) )⎦

F (z)
z O∆
⎡ 1 ⎤
⎡ ⎤
⎢
⎥
⎢ ⎥
F3 (z)
⎢
⎥
⎢ 0 ⎥
⎢ ⎥
⎢
⎥
B(z) = ⎢ F5 (z) ⎥
, and c(z) = ⎢ 0 ⎥
⎢ ⎥
⎢
⎥
⋮
⎢ ⋮ ⎥
⎢
⎥
⎢ ⎥
⎢
⎥
⎣ 0 ⎦TN Ω1
⎣FT (z)⎦TN Ω1

Oü

†°
±

Oü

†°
±

( 2-25), ( 2-26)
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Assume the Z[ operator is

Z[ â Ω

p
⎡
⎢ P
⎢0
⎢ P
âN ⎢ 0
⎢
⎢ ⋯
⎢
⎣0P

0P

0P

⋯

p

0P

…

0P

p

…

⋯

⋯

⋱

0P

0P

⋯

0P

⎤
⎥
0P ⎥
⎥
0P ⎥
⎥
⋯⎥
⎥
p⎦

( 2-27 )

where the Z[ operator is described by the following:
p1 Ω N = Õ1, z O1 , z O3 , … , z O(NO1) Œ , 0NΩ1 = [0,0,0, … , 0]P , and eâ Ω 1 [1, 1, 1, … , 1]P .
Therefore, equation (2-23) can be rewritten as follows:
] F_‘Z[ P e = Z[(U)Z[ P e
Z[”H

( 2-28 )

where

] âN Ω T
H

β1,@ h1
⎡
⎢
β1,1 h1 ⊗ Λ1
⎢
⎢
β1,3 h1 ⊗ Λ3
=⎢
⎢
⋮
⎢
⎢
⎣β1,âO1 h1 ⊗ ΛâO1

β3,@ h3

⋯

β3,1 h3 ⊗ Λ1

…

β3,3 h3 ⊗ Λ3

…

⋮
β3,âO1 h3 ⊗ ΛâO1

⋱
⋯

βT,@ hL

⎤
βT,1 hL ⊗ Λ1 ⎥
⎥
⎥
βT,3 hT ⊗ Λ3 ⎥
⎥
⋮
⎥
⎥
βT,âO1 hT ⊗ ΛâO1 ⎦

( 2-29 )

and

F_

T Ω âN

fP
⎡ 1
⎢ P
⎢0
⎢
= ⎢ 0P
⎢
⎢ ⋯
⎢
⎣0P

0P

0P

⋯

f3P

0P

…

0P

f5P

…

⋯

⋯

⋱

0P

0P

⋯

0P

⎤
⎥
0P ⎥
⎥
0P ⎥
⎥
⋯⎥
⎥
fTP ⎦

( 2-30 )
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U is the MN x MN matrix whose elements are all zeros except the one located on the first
column (∆ + 1)bc . This element follows the right side of equation (2-12).
Therefore, from equation (2-28)
] F_ − U‘’[e = 0å÷1
’[”H

( 2-31 )

and equation (2-31) can be expressed as follows:
’[G$ U = 0å÷1

( 2-32 )

where
$1 ÷ å— = e U ’[ = [Ü, Ü, Ü, … , Ü]

( 2-33 )

] F_ − U
Gå— ÷ å— = H

( 2-34 )

Due to the structure of $ and ’[, equation (2-32) can be simplified further. In order to do
that, matrix ÿ needs to be split into 1 ) Ÿ vectors as follows:
(1)

⎡ ⁄1
⎢ (3)
⎢ ⁄1
⎢
G = ⎢ ⁄1(5)
⎢
⎢
⎢ ⋯
⎢ (å—)
⎣⁄å

(1)

⁄5

(3)

⁄5

⁄3

(5)

⋯

⁄3
⁄3

(å—)

⁄å

(1)

⋯

(3)

…

⁄5

(5)

…

⋯

⋱

(å—)

⋯

⁄å

(1)

⁄å ⎤
(3) ⎥
⁄å ⎥
⎥
(5) ⎥
⁄å
⎥
⎥
⋯ ⎥
⎥
(å—)
⁄å ⎦

( 2-35 )

(s)
⁄f corresponds to the elements of matrix G located on the kuℎ êvx ( k = 1,2, . . . , BŸ )

and ( € − 1)Ÿ + 1uℎ uv €Ÿ uℎ columns ( j =1,2,...,M ).
Equation (2-34) can be replaced by:
= ÜU = 0å÷1
’[G
where

(2-36 )
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⁄;(1)
⎡
⎤
⎢ (3) ⎥
⎢ ⁄; ⎥
⎢
⎥
= = ⁄;(5)
G
⎢
⎥
⎢
⎥
⎢ ⋮ ⎥
⎢
⎥
(å—)
⎣⁄;
⎦
By using

( 2-37 )

(s)
(s)
(s)
(s)
= can be
⁄;(s) = ⁄1 + ⁄3 + ⁄5 + ⋯ + ⁄å for k = 1,2, . . . , BŸ, the matrix G

split into N x N sub-matrixes as follows:

= å— ÷ —
G

‹1
⎡ ⎤
⎢ ‹3 ⎥
⎢ ⎥
⎢ ⎥
= ⎢ ‹5 ⎥ ,where ‹s(— ÷ —)î
⎢ ⎥
⎢ ⋮ ⎥
⎢ ⎥
⎣‹å ⎦

⁄;((sO1)—›1)
⎡
⎤
⎢ ((sO1)—›3) ⎥
⎢⁄;
⎥
⎢ ((sO1)—›5) ⎥
⎢⁄;
⎥ for k = 1,2, . . . , BŸ,
⎢
⎥
⋮
⎢
⎥
⎢
⎥
⎣ ⁄;(s—) ⎦

( 2-38 )

it can be shown that equation (2-39) means that the summation of all elements in every
single off-diagonal of ‹s ( k = 1, 2, . . . , B ) is equal to zero.
‹1,1
⎡
⎢ ‹3,1
⎢
⎢
‹s = ⎢ ‹5,1
⎢
⎢ ⋯
⎢
⎣‹q,1

‹1,3

‹1,5

⋯

‹3,3

‹3,5

…

‹5,3

‹5,5

…

⋯

⋯

⋱

‹q,3

‹q,5

⋯

‹1,ã

⎤
‹3,ã ⎥
⎥
⎥
‹5,ã ⎥
⎥
⋯ ⎥
⎥
‹q,ã ⎦

where
j = * = Ÿ the number of coefficients.

( 2-39 )
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In equation (2-39), the off-diagonal of each sub-matrix ‹s generates the summation of all
coefficients ‹q,ã when they have the same order z. If this element ‹q,ã is not a zero, it
is cancelled by a conjugate in the off-diagonal at the summation. Equation (2-39) can be
formulated as a set of linear equations, as shown in equation (2-16).

End of proof.

This approach in Lemma 1 is similar to the approach introduced in [16]. However, the
one in [16] is based on the time-domain analysis for the filter bank design, and it is also
formulated as a number of sets conditions for the exact reconstruction, instead of having
one set of linear equations.

In Lemma 2, the perfect reconstruction conditions are formulated using a similar
approach. The difference in Lemma 2 is that the equations are formulated in terms of
filter coefficients. Also, the approach is based on generating a matrix from the synthesis
synthesis filters coefficients as it will be shown in equation (2-41). This matrix is similar
to a matrix called Cross-talk Component (CC) matrix used in transmultiplexers, and it
is introduced in detail in the literature [37, 40-42].

Lemma 2 [29]: Giving the same conditions in Lemma 1, the perfect reconstruction error
with respect to synthesis filters coefficients can also be formulated as one set of linear
equations, and this can be expressed as follows:
&ℎ = p

( 2-40 )

where

&å(3—O1)÷9—

¶1,@ ﬁ(R1 )
⎡
⎢
¶1,1 ﬁ(R1 ⊗ ﬂ1 )
⎢
⎢
¶1,3 ﬁ(R1 ⊗ ﬂ3 )
⎢
⎢
⋮
⎢
⎢
⎣¶1,åO1 ﬁ(R1 ⊗ ﬂåO1 )

¶3,@ ﬁ(R3 )

⋯

¶9,@ ﬁ(R9 )

⎤
⎥
¶3,1 ﬁ(R3 ⊗ ﬂ1 )
…
¶9,1 ﬁ(R9 ⊗ ﬂ1 )
⎥
⎥
¶3,3 ﬁ(R3 ⊗ ﬂ3 )
…
¶9,3 ﬁ(R9 ⊗ ﬂ3 ) ⎥
⎥
⋮
⋱
⋮
⎥
⎥
¶3,åO1 ﬁ(R3 ⊗ ﬂåO1 ) ⋯ ¶9,åO1 ﬁ(R9 ⊗ ﬂåO1 )⎦

( 2-41 )
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The above matrix & in equation (2-41) is structured the same as the matrix ! in equation
(2-17). It includes the synthesis filters’ coefficients instead of analysis filters’ coefficients,
and p is defined as a vector whose elements are all zeros except the (∆ + 1)bc element
which is 1, [28, 29, 43].
R" for (k= 1,2,3, …, K) is vector which contains synthesis filters’ coefficients of the kth
sub-band, i.e. R" = [R",@ , R",1 , R",3 , … , R",—O1 ]U , where T is the transpose operator. The ⨂
represents the element-wise product, and ∧s is defined as follows:

∧s = Àe

Of

†‡
s(@)
·ì

,e

Of

†‡
s(1)
·ì

,e

Of

†‡
s(3)
·ì

,…,e

Of

†‡
s(—O1)
·ì

U

Ã Rvê k = 1,2,3, … , B − 1

( 2-42 )

and
U

ℎ = Õh1P , hP3 , hP5 , … , hPT Œ .

( 2-43 )

ℎ is the KN x 1 vector that contains all the analysis filters’ coefficient, where each hL for
(k= 1,2,3, …, K) is a vector contains analysis filters’ coefficients of a kth sub-band hPL =
ÕhL,@ , hL,1 , hL,3 , … , hL,NO1 Œ, and p is a vector whose elements are all zeros except the (∆ +
1)œ– which equals 1, and it follows the right side of equation (2-12).

In addition, to achieve the perfect reconstruction in the analysis-synthesis system, it is
also necessary to have a design that satisfies some prescribed requirement for the
magnitude response of the analysis and synthesis filters. For our design , only the
passband and stopband energies and considered and formulated as in [43]. It is assumed
that the linear phase response of the total system is guaranteed as the perfect
reconstruction is attained. For the magnitude response, the next lemma is presented.

Lemma 3 [28]: Giving a kth analysis FIR filter with hPL = ÕhL,@ , hL,1 , hL,3 , … , hL,NO1 Œ, where

N is the number of coefficients . The magnitude response of this filter at the frequency
i can be expressed as the square root of a quadratic function:
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Of(sg) d
d!" ”e fg ‘d = d∑—O1
= ‚hPL ℛ(i)hL
sî@ ℎ",s e

( 2-44 )

where
1
⎡
⎢
⎢ övÖ i
⎢
ℛ(i) = ⎢ övÖ 2i
⎢
⋮
⎢
⎢
⎣övÖ(Ÿ − 1)i

övÖ i

övÖ 2i

⋯

1

övÖ i

⋯

övÖ i

1

⋯

⋮

⋮

⋱

övÖ(Ÿ − 2)i

övÖ(Ÿ − 3)i

⋯

övÖ(Ÿ − 1)i

⎤
⎥
övÖ(Ÿ − 2)i⎥
⎥
övÖ(Ÿ − 3)i⎥
⎥
⋮
⎥
⎥
1
⎦— ÷ —

( 2-45 )

Proof of Lemma 3 [28]: Using Euler equation, the magnitude response of the kth analysis
filter can be written as:
3

—O1
d!" ”e fg ‘d = ‚”∑—O1
sî@ hL, övÖ(ki)‘ + ”∑sî@ hL, Ök*(ki)‘

3

( 2-46 )

The equation in (2-46) can be formulated as:
U
U (i)h + hP „
d!" ”e fg ‘d = ‚hPL „‰Â} (i)„‰Â}
"
L }sã (i)„}sã (i)h"

( 2-47 )

where
„‰Â} = [ 1 övÖ(i) övÖ(2i) … övÖ”(Ÿ − 1)i‘ ]U
„}sã = [ 1 Ök*(i) Ök*(2i) … Ök*((Ÿ − 1)i)]U
U
U (i)
(i).
Considering ℛÊÁË (i) = „‰Â} (i) „‰Â}
and ℛ}sã (i) = „}sã (i) „}sã

therefore,
dℎ" ”e fg ‘d = ‚hPL ℛÊÁË (i)hL + hPL ℛ}sã (i)hL

( 2-48 )
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Finally, by introducing ℜ(i) = ℛÊÁË (i) + ℛ}sã (i), and using trigonometric identity
övÖ(7 + p) = övÖ(7) övÖ(p) − Ök*(7) Ök*(p) equation (2-45) can be obtained,
End of proof.

Consider the sub-band kth synthesis filter coefficients fLP = ÕfL,@ , fL,1 , fL,3 , … , fL,NO1 Œ. The
magnitude response for this synthesis filter is represented by:
Of(sg)
d&" ”e fg ‘d = d∑—O1
d = ‚fLP ℛ(i)fL
sî@ R",s e

( 2-49 )

The proof can be done similarly for the magnitude response a kth synthesis FIR filter.

2.6 Conclusion
In this chapter, some main concepts of multirate DSP are reviewed, namely
decimation and interpolation, types of sampling rates and structure of filter
banks. The PR in the filter bank is defined and demonstrated by equations, and
the distortion and aliasing errors are highlighted. Later in the chapter, lemmas
1, 2, and 3 are reviewed. Lemmas 1 and 2 are formulated as one set of linear
equations. First, with respect to analysis filters and, second, with respect to
synthesis filters. Further, lemma 3 shows the magnitude responses formulation
of analysis and synthesis filters. These lemmas are used in Chapter 3 to formulate
five optimization algorithms.
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CHAPTER 3
3 Filter Bank Design Using Optimization Techniques.
3.1 Introduction
In this chapter, several optimization design schemes are introduced for designing UFBs
and NUFBs. The five optimization algorithms are mainly based on lemmas 1, 2, and 3
presented in Chapter 2. Using these various optimization techniques, the objective is to
find filter bank analysis and synthesis filters’ coefficients that satisfy the PR or NPR, and
also meet the magnitude response design specifications. The first three methods presented
in this section use unconstrained optimization to minimize the performance index, while
the last two methods use constrained optimization. In Chapter 3, the optimization
problem for each algorithm is defined, as well as any constraints involved.

3.2 Filter banks design by optimization
There are different optimization techniques for filter bank design. In this chapter, the
focus is on an optimization approach, where the optimization algorithm is applied to an
objective function that involves both synthesis and analysis filters coefficients [44]. This
filter bank optimization method either employs an unconstrained optimization algorithm
where the objective function includes the PR error and the magnitude response error with
respect to design specifications, or it employs a constrained optimization approach where
the objective function includes the PR error subject to equality and/or inequality
constraints related to the magnitude response design specifications. [45, 46].
In Chapter 2, the PR conditions are formulated as a one set of linear equations, as shown
in Lemma 1. This implies that to satisfy these conditions, the distortion and aliasing errors
in this lemma can be minimized as follows:
jk*
l

mno1 = ‖!R − p‖3

( 3-1 )

where
-

mno is the perfect reconstruction error with respect to synthesis filters coefficients.

-

‖ ‖3 is l2-norm.

-

! is a matrix which includes the analysis filters and formed with equation (2-17).

-

R is a KN vector which includes all synthesis filters’ coefficients .

-

p is a KN zeros vector except for the Nth element =1 which implies the delay.

24
Similarly, from lemma 2 in Chapter 2, the reconstruction error with respect to analysis
filters coefficients can be minimized as follows:
jk*
c

mno3 = ‖&ℎ − p‖3

( 3-2 )

where
-

mno is the perfect reconstruction error with respect to analysis filters coefficients.

-

& is a matrix which includes the synthesis filters and formed with equation (2-41).

-

ℎ is a KN vector which includes all analysis filters’ coefficients.

-

p is a KN zeros vector except for the Nth element =1 which implies the delay.

In addition, the error function for the squared magnitude response specifications for the
analysis filter bank can be obtained using lemma 3 from Chapter 2 by:
9

Ì

mq1 = Î Î ëhPL ℛ(is )hL − Ï" (i s )ï

3

( 3-3 )

"î1 sî1

In a similar way, the error for the squared magnitude response in synthesis filter bank
can be obtained by:
9

Ì

3

mq3 = Î Î ëfLP ℛ(is )fL − Ï" (i s )ï

( 3-4 )

"î1 sî1

where
-

mq1 = The sum of the squared magnitude response errors of the analysis filters.

-

mq3 = The sum of the squared magnitude response errors of the synthesis filters.

-

ℛ(is ) the magnitude response that defined in equation (2-45).

-

r is the frequency resolution for is Î [0 uv p] for each kth filter.
1

-

kR

is , xkuℎk* uℎe Ü7ÖÖp7*8 7êe7 vR !" (e fg ), vê &" (e fg )

( 3-5 )

Ï" (i s ) = 
0

kR

is , xkuℎk* uℎe ÖuvÜp7*8 7êe7 vR !"

(e fg ),

vê &"

(e fg )

Equation (3-5) denotes the square of the desired magnitude response for the analysis and
synthesis filters.
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The equations defined in (3-1), (3-2), (3-3) and (3-4) will be used in the optimization
techniques introduced in the next section in this chapter.

3.3 Perfect reconstruction error and magnitude response errors
formulation.
This section highlights five different practical optimization schemes. The purpose of these
optimization schemes is to design filter banks subject to a given allowable aliasing and
distortion errors, and also taking into consideration the magnitude response design
specifications of the analysis and synthesis filters. These optimization algorithms are used
to find the optimum FIR analysis and synthesis filters’ coefficients for a filter bank.[47].
Algorithm 1: Filter bank design as unconstrained nonlinear optimization problem

In the first algorithm, the motivation is to design a filter bank that achieves almost perfect
reconstruction and satisfies the required specifications for the Magnitude Response of the
Analysis Filters (MRAF). The phase response of each individual filter is not considered
in the design; thus, it may not have a linear phase. However, it is assumed that the PR
conditions guarantee the linear phase of the whole filter bank design.[28].
Consider the design of filter bank as in Figure 2-6 with sampling rates {*1 , *3 *5 , . . . , 7*8 *9 }
that satisfy the critical sampling condition in equation (2-10). Each kth sub-band analysis
filter is defined as ℎ" = [hL,@ , hL,1 , hL,3 , … , hL,NO1 ]P and each kth sub-band synthesis filter is
defined as R"U = [R",@ , R",1 , R",3 , … , R",—O1 ]. It is Assumed that each synthesis filter has the
same frequency specifications as the corresponding analysis filter.
Designing such a filter bank can be carried out using the two error functions introduced
in equations ( 3-1 ) and ( 3-3 ). As a result, the total performance index is the summation
of these two error functions [28]:
w = xno mno1 + xq mq1

( 3-6 )

The performance index w consists of two terms, one term depends on the perfect
reconstruction mno , and the second term depends on the Magnitude Response of the
Analysis Filters (MRAF), which is mq1 .
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By defining
mno1 = ‖!R − p‖3
9

Ì

3

mq1 = Î Î ëhPL ℛ(is )hL − Ï" (i s )ï
"î1 sî1

equation (3-6) can be expanded as:
Ì

P
w = xno ‖!R − p‖3 + xq ∑9
"î1 ∑sî1 ëhL ℛ(is )hL − Ï" (i s )ï

3

( 3-7 )

-

w is the performance index for the sum of PR and MRAF.

-

xno is the weight cost function for perfect reconstruction error.

-

xq is the cost function weight for the magnate response specification error.

-

ℛ(i) and Ï" (i s ) are defined in equations (2-45), and (3-5), respectively.

-

r is the frequency resolution of is ∈ [0 uv p], and used for the kth sub-band filter.

The PR conditions for the FIR analysis and synthesis filters are expressed as a one set of
linear equations, and the MRAF is formulated as a quadratic function. In this algorithm,
the optimization variables are the analysis filters’ coefficients. However, the synthesis
filters’ coefficients are also optimized as the least square solution of equation (3-1) [28].
Figure 3-1 shows the main steps for algorithm 1, which are used iteratively to minimize
the performance index w.
Algorithm 1 [48] is implemented using MATLAB function fminunc; this function solves
an unconstrained nonlinear optimization problem using BFGS Quasi-Newton method [49].
The performance of this algorithm is evaluated in Chapter 4.
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Design specifications:
-

N is the number of coefficients of the analysis filters.
The set of sampling rates, all sampling rates are integers.
Ratio is the frequency ratio occupied by each individual analysis filter over the
normalized frequency [0 to p].
r is the number of frequency grid points with a uniform distribution within stopband
and passband areas over the normalized frequency [0 to p], and it is used in Eq. (3-3).
Set weights for perfect reconstruction and magnitude response characteristics.
Maximum number of iterations, or performance index error tolerance.
1- Initialize the
design specifications.

2- Generate initial analysis filters.

3- Generate the magnitude response matrix for the
passband and stopband using Eq. (2-45).

4- Generate the matrix

!

using Eq. (2-17).

5- Find synthesis filters’ coefficients by minimizing Eq. (3-1).

6- -Minimize the performance index

"

using MATLAB function

fminunc.

" = perfect reconstruction error + Magnitude Response of the Analysis Filters using error, using Eq. (3-7).

7- Obtain the analysis filters as a result of minimizing the performance index

No

" in step 6.

8- Check if the performance
index error within tolerance or
if # of iterations reached max.

Yes
9- Find the final synthesis filters’ coefficients by solving of Eq. (2-16).

10- End.

Figure 3-1 Main steps of algorithms 1, and 3.
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Algorithm 2: Filter bank design using quadratic optimization problem

The motivation in the second algorithm is to design a filter bank that achieves NPR and
meets the required magnitude response specifications. However, in this algorithm only the
stopband magnitude responses in all sub-bands’ filters are considered, and the passband
magnitude responses are not included in the design procedures. Based on this, the
performance index introduced earlier in equation (3-7) can be formulated as unconstrained
convex quadratic objective functions. These quadratic objective functions are two
performance indices, the first is with respect to the synthesis filters’ coefficients while the
analysis filters are fixed, and the second with respect to the synthesis filters’ coefficients
while the analysis filters are fixed [29].
Ì

P
wl = xno1 ‖!R − p‖3 + xq1 ∑9
"î1 ∑sî1 ëfL ℛ(is )fL − Ï" (i s )ï

3

( 3-8 )

and
Ì

P
wc = xno3 ‖&ℎ − p‖3 + xq3 ∑9
"î1 ∑sî1 ëhL ℛ(is )hL − Ï" (i s )ï

3

( 3-9 )

where
-

wl is the performance index with respect to the synthesis filters.

-

wc is the performance index with respect to the analysis filters.

-

! is a B(2Ÿ − 1))ÚŸ matrix which includes the analysis filters formed with
equation (2-17).

-

& is a B(2Ÿ − 1))ÚŸ matrix which includes the synthesis filters formed with
equation (2-41).

-

R is a KN column vector which includes all synthesis filter coefficients .

-

ℎ is a KN column vector which includes all analysis filter coefficients.

-

p is a KN zeros column vector, except for the Nth element =1.

-

Ï" (i s ) is defined in equation (3-5).

From Equation (3-5) and the performance index introduced in equation (3-8). The square
of the desired passband magnitude response is Ï" (i s ) ≈ 1 in the kth filter when is ∈
{"n| , and square of desired stopband magnitude response is Ï" (i s ) ≈ 0 when is ∈ {"}| .
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where
n|

{"

is the passband area of the kth sub-band filter

{"}|

is the stopband area of the kth sub-band filter

By neglecting the magnitude response of the passband, the term Ï" (i s ) ≈ 1 disappears
from the performance index in equations (3-8), and the squared stopbands magnitude
response characteristics for all filters remains present [29]. This leads to introducing the
new two performance indices as follows:
Ì

P
wl = xno1 ‖!R − p‖3 + xq1 ∑9
"î1 ∑sî1 fL ℛ(is )fL

( 3-10 )

and by expanding the PR least square as:
‖!R − p‖3 =

1
3

R U !U !R − 2 R U !U p + p U p

( 3-11 )

the performance index in equation (3-10) becomes:
1

Ì

P
wl = xno1 (3 R U !U !R − 2 R U !U p + p U p) + xq1 ∑9
9î1 ∑sî1 fL ℛ(is )fL

( 3-12 )

Moreover, the two summations in equation (3-12) represent the summation of the
stopband magnitude response for the kth sub-band filter, and it can be expressed using
one KN x KN matrix using the following two steps:
Step 1 - Let fLP = [fL,@ , fL,1 , fL,3 , … , fL,NO1 ] represents the kth sub-band synthesis filter’s

coefficients, and the square of its stopband magnitude response at is is defined as follows:

~(")

fL,@ , U
⎡
⎤
⎢ f
⎥
⎢ L,1 ⎥
⎢
⎥
= ⎢ fL,3 ⎥
⎢
⎥
⎢ ⋮ ⎥
⎢
⎥
⎣fL,NO1 ⎦

1
⎡
⎢
övÖ is
⎢
⎢
⎢ övÖ 2is
⎢
⋮
⎢
⎢
⎣övÖ(Ÿ − 1)is

övÖ is

övÖ 2is

1

övÖ is

övÖ is

1

⋮

⋮

övÖ(Ÿ − 2)is

övÖ(Ÿ − 3)is

fL,@ ,
⎤
⎡
⎤
⎥
⎢ f ⎥
⋯ övÖ(Ÿ − 2)is
⎥
⎢ L,1 ⎥
⎥
⎢
⎥
⋯ övÖ(Ÿ − 3)is ⎥
⎢ fL,3 ⎥
⎥
⎢
⎥
⋱
⋮
⎥
⎢ ⋮ ⎥
⎥
⎢
⎥
⋯
1
⎦— ÷ — ⎣fL,NO1 ⎦
⋯ övÖ(Ÿ − 1)is

( 3-13 )
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where is ∈ {"}n , {"}n is the stopband area of the kth sub-and filter over the normalized
frequency [0 to p], and ℛ(is ) is defined in (2-45).
For all is ∈ {"}n , the sum of ℛ(is ) matrices can be introduced as one matrix ~ (")

~ (")

1
⎡
⎢
⎢ övÖ is
Ì ⎢
= ∑sî1 ⎢ övÖ 2is
⎢
⋮
⎢
⎢
⎣övÖ(Ÿ − 1)is

övÖ is

övÖ 2is

⋯

1

övÖ is

⋯

övÖ is

1

⋯

⋮

⋮

⋱

övÖ(Ÿ − 2)is

övÖ(Ÿ − 3)is

⋯

övÖ(Ÿ − 1)is

⎤
⎥
övÖ(Ÿ − 2)is ⎥
⎥
övÖ(Ÿ − 3)is ⎥
⎥
⋮
⎥
⎥
1
⎦

( 3-14 )

where
k = 1, 2,3 … r represents the number of frequency grid points at this kth sub-band
stopband area. r also is introduced in equations (3-3) and (3-4) as the frequency
resolution.
Therefore, for all is ∈ {"}n , it can be shown that the square of the magnitude response
for each kth sub-band can be obtained as follows:
fLP ~ (") fL

( 3-15 )

Step 2 - The square of the stopband magnitude responses for all sub-band filters can be
obtained using the following matrix:

~ (1)
⎡
⎢ —÷—
⎢0
== ⎢
Å
⎢ ⋮
⎢
⎣0— ÷ —

0— ÷ —

⋯

~ (3)

…

⋮

⋱

0— ÷ —

⋯

0— ÷ —

⎤
⎥
0— ÷ — ⎥
⎥
⋮ ⎥
⎥
(9) ⎦

~
9— ÷ 9—

( 3-16 )

where
-

~ ("bc) is the sum of ℛ(is ) matrices for all is ∈ {"}n in the kth sub-band filter.
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-

0— ÷ — is a sub-matrix which all its elements are zeros, and it appears when the kth
sub-band filter’s stopband magnitude response is not present.

Thus, the magnitude response of all synthesis filters stopband can be represented as:
~ (1)
⎡
⎢ —÷—
⎢0
⎢
Ål = Õf1P , f3P , f5P , … , fTP Œ ⎢ 0— ÷ —
⎢
⎢ ⋮
⎢
⎣0— ÷ —

0— ÷ —

⋯

0— ÷ —

~ (3)

…

0— ÷ —

0— ÷ —

~ (5)

0— ÷ —

⋮

⋮

⋱

0— ÷ —

⋯

⋯

0— ÷ —

⎤
⎥
0— ÷ — ⎥
⎥
0— ÷ — ⎥
⎥
⋮ ⎥
⎥
(9)
⎦9— ÷ 9—
~

f
⎡ 1⎤
⎢ ⎥
f
⎢ 3⎥
⎢ ⎥
⎢f5 ⎥
⎢ ⎥
⎢⋮⎥
⎢ ⎥
⎣fL ⎦

( 3-17 )

U

Using R = Õf1P , f3P , f5P , … , fTP Œ , the total squared stopband responses for all synthesis filters
can be rewritten as:
=R
Ål = R U Å

( 3-18 )

After, formulating the stopband magnitude response of the synthesis filter bank as a
quadratic term, equation (3-12) can be rewritten as follows:
1

=R
wl = xno1 (3 R U !U !R − 2 R U !U p + p U p) + xq1 R U Å

( 3-19 )

Defining:
=‘
Çc = 2”xno1 !U ! + xq1 Å

( 3-20 )

Üc = −2 xno1 !U p

( 3-21 )

ö = xno1 p U p

( 3-22 )

equation (3-19) can be simplified and expressed as an unconstrained quadratic problem
with respect to synthesis filters coefficients
jk*
l

1

wl = 3 R U Çc R + R U Üc + ö

( 3-23 )
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and a global minimizer can be found with:
R = −ÇcO1 Üc

( 3-24 )

The lower subscript (ℎ) in equations (3-20) and (3-21) means that the analysis filter
coefficients used in these terms are obtained from the previous iteration of minimizing the
error with respect to analysis filters coefficients.
Similarly, for equation (3-9), by following the same steps in equations from (3-11) to (322), the three terms Çl , Ül , and Åc can be defined as follows:
=ℎ
Åc = ℎU Å

( 3-25 )

=‘
Çl = 2”xno3 & U & + xq3 Å

( 3-26 )

Ül = −2 xno3 & U p

( 3-27 )

Using the same constant c defined in equation (3-22), and the 1x KN vector
ℎ = Õh1P , hP3 , hP5 , … , hPT Œ

U

which includes all sub-band analysis filters’ coefficients. The

performance index in equation (3-9) with respect to analysis filters coefficients can be
rewritten as an unconstrained quadratic objective function wc
1

jk* wc = 3 ℎU Çl ℎ + ℎU Ül + ö
c

( 3-28 )

and the minimizer can be found with
ℎ = −ÇlO1 Ül

( 3-29 )

This concludes that designing a filter bank that meets specific design requirements can be
completed using equations (3-23) and (3-28) iteratively. Algorithm 2 [50] minimizes these
two performance indices following the main steps introduced in Figure 3-2.The solutions
are global minimizers, since Q is symmetric positive semidefinite matrix and the problem
is solved as Quadratic Programming (QP) [49].
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Design Specifications:
-

N is the number of coefficients of the analysis filters.
The set of sampling rates, all sampling rates are integers
Ratio is the frequency ratio occupied by each individual analysis filter over the
normalized frequency [0 to p].
!"# is the number of frequency grid points with a uniform distribution within each
filter’s stopband area for k = 1,2, 3, …, K used in equation (3-14).
Set weights for perfect reconstructions and magnitude responses characteristics.
Maximum number of iterations, or performance index error tolerance.
1- Initialize the
design specifications.

2- Generate initial analysis filters.

3 - Generate the stopband response matrix using Eq. (3-14).

4- Generate the

5- Minimize the performance index

$ matrix using Eq. (2-17).

&'

with respect to synthesis filters. in Eq. (3-23).

Synthesis filters’ coefficients = −9;<
: =:

6- Generate the matrix

7- Minimize the performance index

&>

% using Eq.

(2-41).

with respect to synthesis filters in Eq. (3-28).

Analysis filters’ coefficients = −9;<
A =A

8- Check if the performance
index error within tolerance or
if # of iterations reached. max.

Yes
9- Find the final synthesis filters’ coefficients by solving of Eq. (2-16).

10- End.

Figure 3-2 Main steps of Algorithms 2.

No
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Algorithm 3: Filter bank design as an unconstrained nonlinear optimization
problem (Modified version of Algorithm 1)

The third algorithm is a modified version of Algorithm 1. The motivation behind
Algorithm 3 is to improve the stopband response characteristics of the synthesis filters,
which are not included in the performance index in Algorithm 1. This is done by replacing
the PR error function mno in the performance index in equation (3-7) with the performance
index wl introduced in equation (3-23). As shown in section 3.3.2, equation (3-23) is an
objective function which includes the PR error for the filter bank, and the stopband
Magnitude Responses of the Synthesis Filters (MRSF) formed as quadratic function.
Therefore, the new modified performance index in Algorithm 3 is defined as follows:

ıÜê1 + xq mq1
w ̅ = xno m

( 3-30 )

where
mzno1 is a modified PR error presented in equation (3-1), the synthesis filters
coefficients are obtained as a result of minimizing the performance index in
equation (3-23).
Ì

3

P
mq1 = ∑9
"î1 ∑sî1 ëhL ℛ(is )hL − Ï" (i s )ï , and it is defined in equation (3-3).

xno and xq are the optimization weights for the perfect reconstruction error and
magnitude response error, respectively.
The main optimization steps in algorithm 3 are the same steps for algorithm 1 shown in
Figure 3-1. However, the two differences are replacing equation (3-1) in step 5 with
equation (3-23) and replacing equation (3-7) in step 6 with equation (3-30).
Minimizing the error in the stopband magnitude response for the synthesis filters, and
MRAF may yield improvement the magnitude responses in the designed sub-band filters,
and possible in PR.
Similar to algorithm 1, algorithm 3 is implemented by using the MATLAB function

fminunc. This function is used to minimize the modified performance index error w ̅ and
find the optimum analysis and synthesis filters’ coefficients. The performance of Algorithm
3 will be evaluated and compared to the other algorithms in the next Chapter.
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The next two algorithms use constrained optimization to design the filter bank shown in
Figure 2-6. The purpose is to design a filter bank that achieves almost perfect
reconstruction and meet the magnitude response design specifications.
Algorithm 4: Filter bank design using semi-infinite optimization problem

The motivation in the fourth algorithm is to design a filter bank that meets the same
design requirements as in algorithms 1, 2, and 3. In this section, Algorithm 4 minimizes
an objective function that includes the perfect reconstruction conditions subject to two
types of constraints. These constraints are formulated for the analysis and synthesis as
following, the passband magnitude response for each kth sub-band filter is formulated as
semi-infinite quadratic constraints [21, 22], and the stopband magnitude responses of the
filter banks are formulated as quadratic constraints. The Semi-infinite programming is
discussed broadly in [51-54]
In algorithms 4 the stopband magnitude responses for the analysis and synthesis filter
banks in equations (3-18) and (3-25) are introduced as quadratic constraints instead of
being included in the performance index as in Algorithms 2, and this can be implied from
equations (3-8) and (3-9) in algorithms 2.
For the kth sub-band synthesis filter fLP , and passband area {"n| over the normalized
frequency [0 to p]. This synthesis filter has a squared passband magnitude response at is ∈
{"n| as shown in equation (3-31). Using the semi-infinite discretization method mentioned

above, the passband magnitude responses of this kth sub-band synthesis filter can be
introduced as a function of two variables, i and the filter coefficients. Further, the kth
passband area {"n| is discretized uniformly with the number of frequency grid points.
The number of pointes is defined as r and named as frequency resolution in equation (34). In this algorithm r is the same for all passband magnitude responses for analysis and

synthesis filters [55].
Therefore, the square of the passband magnitude response for the kth sub-band synthesis
filters at each is is defined as follows:
____
Él (fL , is ) = fLP ℛ(is )fL ≈ 1

( 3-31 )
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likewise, the square of the passband magnitude response for the kth sub-band analysis
filters at each is is defined as follows:
____
Éc (hL , is ) = hPL ℛ(is ) hL ≈ 1

( 3-32 )

Consider ÑÜ and ÑÖ implies the maximum passband and stopband constraints tolerance,
respectively. As result, using the two performance indices for the perfect reconstruction
conditions introduced in equations (3-1) and (3-2), the proposed optimization technique
(algorithm 4) can be formulated as a constrained least square SIP.
Algorithm 4 uses two steps. First, it minimizes the cost function of the perfect
reconstruction with respect to the synthesis filters coefficients, and subject to the square
of synthesis filters magnitude response characteristics constraints as follows:
‖!R − p‖3

jk*
l

Öçp€eöu uv ∶

( 3-33 )

= R ≤ ÑÖ
RUÅ
____
Él (f1 , is ) = 1 − ÑÜ ≤ f1P ℛ(is )f1 ≤ 1+ ÑÜ

is ∈ {1n|

____
Él (f3 , is ) = 1 − ÑÜ ≤ f3P ℛ(is )f3 ≤ 1+ ÑÜ

is ∈ {3n|

⋮
____
Él (fT , is ) = 1 − ÑÜ ≤ fTP ℛ(is )fT ≤ 1+ ÑÜ

is ∈ {9n|

where
-

! a matrix that includes the analysis filters formed with equation (2-17).

-

R is a KN column vector which includes all synthesis filter coefficients.

-

p is a KN zeros column vector, except for the Nth element =1 which for the delay.

-

K is the number of sub-bands for (k= 1,2,3, …, K), and fL kth synthesis filter.

-

= is KN x KN matrix defined in equation (3-16), and ℛ(is ) is N x N matrix
Å
defined in (2-45).

-

{Ln| is the passband magnitude responses for the kth sub-band filter over the
normalized frequency [0 to p].

-

ÑÖ

is the stopband constraints tolerance.

-

ÑÜ

is the passband constraints tolerance and it is the same for all sub-bands.
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After that, the obtained synthesis filters coefficients are used to construct the matrix in
equation in the (2-41), and the performance index in equation (3-2) can be formulated.
The second step in algorithm 4, it minimizes this performance index of perfect
reconstruction with respect to the analysis filters coefficients subject to the square of
analysis magnitude response characteristics constraints as follows:
jk*
c

Öçp€eöu uv:

‖&ℎ − p‖3

( 3-34 )

= ℎ ≤ ÑÖ
ℎU Å
____
Éc (h1 , is ) = 1 − ÑÜ ≤ h1P ℛ(is )h1 ≤ 1+ÑÜ

is ∈ {1n|

____
Éc (h3 , is ) = 1 − ÑÜ ≤ hP3 ℛ(is )h3 ≤ 1 + ÑÜ

is ∈ {3n|

⋮
____
Éc (hT , is ) = 1 − ÑÜ ≤ hPT ℛ(is )hT ≤ 1 + ÑÜ

is ∈ {9n|

where
-

& a matrix that includes the synthesis filters formed with equation (2-41).

-

ℎ is a KN column vector which includes all analysis filter coefficients.

-

ℎ" is the kth sub-bands analysis filter.

-

The rest of the variables are in equation (3-33)

The fourth algorithm is implemented using the MATLAB function fseminf. This function
performs semi-infinite programming method and minimizes constrained problem with
Sequential Quadratic Programming (SQP). The main steps for algorithm 4 are introduced
in Figure 3-3., In in the flowchart for algorithm 5, step 5 refers to the optimization problem
in equation (3-33), and step 7 refers to an optimization problem in equation (3-34). The
performance of this algorithm will be evaluated in the next chapter.
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Design Specifications:
-

N is the number of coefficients of the analysis filters.
The set of sampling rates, all sampling rates are integers
Ratio is the frequency ratio occupied by each individual analysis filter over the
normalized frequency [0 to p].
!"# is the number of frequency grid points with a uniform distribution within the each
filter’s stopband area for k = 1,2, 3, …, K used in equation (3-14).
!#$ is the number of frequency grid points with a uniform distribution within the each
filter’s passband area for k = 1,2, 3, …, K in equations (3-31) and (3-32).
Maximum number of iterations, or performance index error tolerance.
1- Initialize the
design specifications.

2- Generate initial analysis filters.

3- Generate the passband response matrix using Eq. (2-45) and the
stopband response matrix using Eq. (3-14).

4- Generate the matrix

% using Eq. (2-17).

5- Solve the constrained optimization problem to obtain the synthesis filters’ coefficients.

Use MATLAB functions:

6- Generate the matrix

fseminf.

& using Eq.

(2-41).

7- Solve the constrained optimization problem to obtain the analysis filters coefficients.

Use MATLAB functions:

fseminf .

8- Check if the performance
index error within tolerance or
if # of iterations reached max.

Yes
9- Find the final synthesis filters’ coefficients as by solving of Eq. (2-16).

10- End.

Figure 3-3 Main steps of Algorithms 4.

No
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Filter bank design using constrained least squares optimization problem
(Algorithm 5).

In this section, the objective is also to minimize the PR error and meet the magnitude
response characteristic in the stopband for the same designs in the previous algorithms.
In more detail, algorithm 5 minimizes two performance indices that include only the
perfect reconstruction conditions subject to stopband magnitude response of the analysis
or the synthesis filters constraints. The performance of algorithm 5 can be compared to
the performance of algorithm 2, since both do not include the passband magnitude
response characteristics in the optimization design.
The two performance indices introduced in equations (3-1) and (3-2) are minimized in
two steps, first optimizing the performance index with respect to the synthesis filters’
coefficients subject to the constraints of the stopband magnitude responses of these
synthesis filters as follows:
jk*
l

Öçp€eöu uv ∶

‖!R − p‖3

( 3-35 )

= R ≤ ÑÖ
RUÅ

After that, the obtained synthesis filters’ coefficients from this optimization process are
used to construct the performance index and the stopband constraints.
Second, this performance index is minimized with respect to the analysis filters’
coefficients subject to the constraints of the stopband magnitude responses of these
analysis filters as follows:
jk*
c

Öçp€eöu uv:

‖&ℎ − p‖3

( 3-36 )

= ℎ ≤ ÑÖ
ℎU Å

The stopband magnitude specifications for synthesis and analysis filters are defined using
equations (3-13) and (3-21), respectively. The difference between the equations (3-35) and
(3-36) in algorithm 5 and the equations (3-33) and (3-34) in algorithm 4 is the semiinfinite constraints for the passband magnitude response characteristics are not included.
Therefore, this method can be solved as constraints least square programing CLS.
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Design Specifications:
-

N is the number of coefficients of the analysis filters.
The set of sampling rates, all sampling rates are integers
Ratio is the frequency ratio occupied by each individual analysis filter over the
normalized frequency [0 to p].
!"# is the number of frequency grid points with a uniform distribution within the each
filter’s stopband area for k = 1,2, 3, …, K used in equation (3-14).
Maximum number of iterations, or performance index error tolerance.
1- Initialize the
design specifications.

2- Generate the initial analysis filters.

3- Generate the stopband response matrix using Eq. (3-14).

4- Generate the matrix

$ using Eq. (2-17).

5- Solve the constrained optimization problem to obtain the synthesis filters coefficients.

Use MATLAB functions

fmincon

6- Generate the matrix

% using Eq.

(2-41).

7- Solve the constrained optimization problem to obtain the analysis filters coefficients.

Use MATLAB functions

fmincon

8- Check if the performance
index error within tolerance or
if # of iterations reached max.

Yes
9- Find the final synthesis filters’ coefficients by solving of Eq. (2-16).

10- End.

Figure 3-4 Main steps of Algorithms 5.

No
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The fifth algorithm can be implemented using a MATLAB function called fmincon. This
function is used to optimize an objective function subject to a set of constraints, and it
uses SQP technique. The performance of this algorithm will also be evaluated in the next
chapter.
In addition, Figure 3-4 shows the main steps in same steps. Algorithm 5 does not include
the passband magnitude response in the filter bank design specifications. The other
differences between algorithm 4 and algorithm 5 can be seen in step 5 and 7.
Algorithms 1, 2 and 3 have a similarity in the sense that the three algorithms deal with
the perfect reconstruction conditions and magnitude response characteristics as part of
the performance indices. However the difference is that algorithm 1 includes only the
magnitude response of the analysis filters, algorithm 2 includes only the stopband
magnitude response of both analysis filters and synthesis filters, and algorithm 3 includes
the magnitude response of the analysis filters and only the stopband magnitude response
of synthesis filters in the performance index. On the other hand, in algorithm 4, the
performance index is the perfect reconstruction conditions minimized subject to the
passband and stopband magnitude response characteristics, as constraints. Algorithm 5 is
the same the fourth algorithm without the passband response constraints.
Also, the similarity between algorithm 2 and algorithm 5 is that consider only the
stopband of the magnitude response characteristics of both analysis filters and synthesis
filters. In algorithm 2, it includes stopband response for the filter banks in the performance
index, while Algorithm 5 deals with them as constraints.
Figure 3-5 summarizes the five optimization techniques which are introduced in this
chapter.
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Algorithms’ Structure for Filter Bank Design by Optimization

Algorithm 1.
<

2
! = #$% ‖'( − *‖+ + #- ∑?
:=> ∑6=> /h1 ℛ(56 )h1 − 9: (5 6 );

Algorithm 2.

Unconstrained
Optimization

>

`ab !U = + ( O cd ( + ( O Zd + K
U
&
>
`ab !d = + ℎO cU ℎ + ℎO ZU + K

+

Eq. (3-7)

Eq. (3-23)
Eq. (3-28)

d

Algorithm 3. (Modified ver. of algorithm 1.)

jZk1 + #- i->
! ̅ = #$% i
Filter Bank Design
Using Optimization
Techniques

Algorithm 4

@AB
C

Eq. (3-30)

‖DC − E‖F

Eq. (3-33)

Q ( ≤ SG
GH*IJKL LM ∶ ( O P
VVVV
TU (f> , 56 ) = 1 − SZ ≤ f>2 ℛ(56 )f> ≤ 1+ SZ
VVVVU (f+ , 56 ) = 1 − SZ ≤ f+O ℛ(56 )f+ ≤ 1+ SZ
T
⋮
VVVV
TU (f? , 56 ) = 1 − SZ ≤ f_2 ℛ(56 )f_ ≤ 1+ SZ

Constrained
Optimization

56 ∈ \>$]
56 ∈ \+$]
56 ∈ \?$]

Solve the analogues optimization problem given in

Eq. (3-34)

Algorithm 5

‖DC − E‖F

@AB
C

Eq. (3-35)

Q ( ≤ SG
GH*IJKL LM ( O P

&
`AB
d

‖fg − E‖+

GH*IJKL LM

Q ℎ ≤ SG
ℎO P

Figure 3-5 Algorithms for filter bank design by optimization.

Eq. (3-36)
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3.4 Conclusion
In this chapter, five optimization algorithms for filter bank design are introduced, the first
two algorithms reviewed from the proposed work introduced in [28, 29]. The approach is
based on minimizing unconstrained nonlinear and quadratic optimization problems.
Further, algorithm 3 is presented as a modified version of algorithms 1 and 2. By using a
nested version that includes magnitude response of the analysis filters and the stopband
response synthesis filters in the minimized performance index. As it will be shown in
Chapter 4, this method helps to improve the stopband response characteristics in the final
analysis and synthesis filters. Later in sections 3.3.4 and 3.3.5, constrained optimization
techniques are presented. As shown, algorithm 4 uses semi-infinite constraints for the
passband magnitude response specification of the filters, and quadratic constraints for the
stopband magnitude response of the analysis and synthesis filter banks. The 5th algorithm
is similar to algorithm 2 and 4. As in algorithm 2, It deals with the PR conditions and
only the stopband response and, similar to algorithm 4, it minimizes performance index
subject to constraints. The performance evaluation for these five algorithms will be shown
and studied in Chapter 4, using different examples for uniform and compatible and
incompatible NUFBs.
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CHAPTER 4
4 Filter Banks Design and Results.
4.1 Introduction
In this chapter, the performance of the five algorithms presented in Chapter 3 is evaluated
by designing various filter banks examples. These examples include UFBs, compatible
NUFBs, and incompatible NUFBs. The criteria used for the evaluation are as follows: PR
errors, stopband and passband magnitude response characteristics, convergence to the
final results of the performance indices, and the computation time required for each
optimization method.

4.2 Design Examples and Performance Analysis
The implementations of the five algorithms were completed using MATLAB (R2017a)
Version: 9.2.0., and the results obtained using these five algorithms are presented with
examples. For each example, the initial design specifications variables are outlined below:
1- N is the number of coefficients of the analysis filters. Analysis and synthesis filters
have the same number of coefficients.
2- The set of sampling rates of the filter banks, all sampling rates used in this chapter
are integers.
3- Transition factors are the areas of the transition bands in the analysis filters over
the normalized frequency [0 to p], and these factors are used to define the passband
and stopband cut-off frequencies for these sub-band filters.
4- Ratio is the frequency ratio occupied by each individual analysis filter over the
normalized frequency [0 to p].
Consider a 4-band filter bank with a sampling rate set S = [4 4 4 4], ratios defined as
1 1 1 1

¯˘ , ˘ , ˘ , ˘ ˙, and transition factors defined as [0.08 0.08 0.08 0.08]. The magnitude cut-off
frequencies for the first filter are f˚1 and f˚3 , the area from 0 to f˚1 is the passband region,
the area from f˚1 and f˚3 is the transition region, and the area from f˚3 to ¸ is the
stopband region. Thus, f˚1 and f˚3 are obtained by the following:
-

f˚1 = (0.25 - 0.08) × ¸ = 0.5341.
f˚3 = (0.25 + 0.08) × ¸ = 1.0367.
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Similarly, the magnitude cut-off frequencies for the other sub-band filters for this
particular design are defined as:
Table 4-1: Example for magnitude cut-off frequencies design specification.
Filter Type

Passband

Transition band/s

Stopband/s

Low pass

[0 0.5341]

[0.5341 1.0367]

[1.0367 ¸]

Band pass

[1.0367 1.3195]

[0.5341 1.0367], and [1.3195 1.8221]

[0 0.5341], and [1.8221 ¸]

Band Pass

[1.8221 2.1049]

[1.3195 1.8221], and [2.1049 2.6075]

[0 1.3195], and [2.6075 ¸]

High pass

[2.6075

¸]

[2.1049

2.6075]

[0

2.1049]

5- In the obtained results, it is assumed that each synthesis filter has the same
frequency specifications of the corresponding analysis filter.
6- Frequency resolution is the frequency grid points distributed within the filters’
stopband and/or passband areas.
a. r is the number of frequency grid points with a uniform distribution within
all stopband and passband areas over the normalized frequency [0 to p]. r
is used in algorithms 1 and 3.
b. r}n is the number of frequency grid points with a uniform distribution within
the filter’s stopband area. r}n is used in algorithm 2, 4, and 5.
c. rn| is the number of frequency grid points with a uniform distribution
within the filter’s passband area. rn| is used in algorithm 4.
7- Maximum number of iterations or the acceptable error tolerance.
8- Optional weights for the perfect reconstruction and magnitude response of analysis
and synthesis filters. For our design in this chapter, all weights are set to 1.
The initial analysis FIR filters are designed using Parks-McClellan optimal equiripple
method with a MATLAB function called firpm. The results for each design are FIR
analysis and synthesis filters’ coefficients. These results are presented with the
following figures:
1. Filter banks’ magnitude responses which are plotted over the normalized
frequency spectrum [0 to p].
2. The distortion and aliasing errors introduced in equations (2-12) and (2-13).
These errors are measured in dB and plotted over the normalized frequency
spectrum [0 to p].
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3. The values of the performance index with respect to the number of iterations
for each algorithm. These five performance indices are defined in Chapter 3
with the following equations:
§

See equation (3-7) for algorithm 1.

§

See equation (3-23) and (3-28) for algorithm 2.

§

See equation (3-30) for algorithm 3.

§

See equation (3-33) and (3-34) algorithm 4.

§

See equation (3-35) and (3-36) algorithm 5.

The complete results from the five algorithms for each example are presented. For each
example, the design specifications and some numerical results are summarized in a tabular
form with the following:
1. Design specifications include Number of filter coefficients N, Transition factors,
Ratio, and Frequency resolution/s.
2. Computation time for each design. The time presented in Red means that
optimization is completed using Westgrid computer, and the time presented in
Black means optimization is completed using a workstation with i7-7700 CPU
@ 3.60 GHz, 16 GB RAM, and Linux 3.10.0 operating system.
3. Maximum initial and final aliasing and distortion errors. These errors are
defined as the largest dB values over the normalized frequency [0 to p].
4. As is the minimum stopband attenuation measured in dB.
5. Ap is the passband ripple measured in dB.
Further, after each group of examples, the results are summarized in a table to facilitate
comparisons.
Uniform filter bank design examples

In this section, UFB examples for the sampling rates sets [2 2] and [4 4 4 4] are designed
using the five algorithms introduced in Chapter 3. The results of these designs are also
compared with well-known and efficient algorithms presented in [56, 57] and [58, 59].
These UFB examples are included to show that the five algorithms can be used for such
types of designs and to provide a good understanding of the performance of the five
algorithms.
For the design of uniform filter banks, there are many existing methods in the literature.
As an example, a method is suggested by Nguyen to design an M-channel pseudoquadrature mirror filter bank [56, 57]. This method is based on finding a prototype filter
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subject to a number of quadratic constraints. As a result, the minimization process yields
a small aliasing error. Another recent method is a fast approach that projected in [58].
This method solves a quadratic programming problem subject to linear equality
constraints. Using an optimization technique based on QR or SVD decomposition, this
algorithm is able to achieve the PR for a uniform filter bank. Unlike the algorithms
presented in Chapter 3, the two mentioned algorithms in [56] and [58] use cosine
modulated filter banks to design uniform filter banks.
Example 4-1 UFB [2 2] using algorithms 1 to 5

-

Algorithm 1

Table 4-2: UFB [2 2] using algorithm 1.
Number of Filter Coefficients

64

Transition Factors

[0.1 0.1]

Ratio

[ 0.5 0.5]

Frequency Resolution r

60

Computation Time

40.82 sec

Max. Initial Distortion error

-16.98 dB

Max. Initial Aliasing error

-16.85 dB

Max. Final Distortion error

- 89.57 dB

Max. Final Aliasing error

- 84.73 dB

Figure 4-1-a

Figure 4-1-b

Figure 4-1-c

Figure 4-1 UFB [2 2] using algorithm 1. a – Final analysis and synthesis filters. b – Initial
and final distortion and aliasing errors c – Performance index value at each iteration.
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-

Algorithm 2

Table 4-3: UFB [2 2] using algorithm 2.
Number of Filter Coefficients

64

Transition Factors

[0.1 0.1]

Ratio

[ 0.5 0.5]

Frequency Resolution r}n

60

Computation Time

1.62 sec

Max. Initial Distortion error

-16.98 dB

Max. Initial Aliasing error

-16.85 dB

Max. Final Distortion error

- 63.48 dB

Max. Final Aliasing error

- 64.53 dB

Figure 4-2-a

Figure 4-2-b

Figure 4-2-c

Figure 4-2 UFB [ 2 2] using algorithm 2. a – Final analysis and synthesis filters. b – Initial
and final distortion and aliasing errors. c – Performance index value at each iteration.
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Algorithm 3

Table 4-4: UFB [2 2] using algorithm 3.
Number of Filter Coefficients

64

Transition Factors

[0.1 0.1]

Ratio

[ 0.5 0.5]

Frequency Resolution r

60

Computation Time

2:33 min

Max. Initial Distortion error

-16.98 dB

Max. Initial Aliasing error

-16.85 dB

Max. Final Distortion error

- 52.78 dB

Max. Final Aliasing error

- 47.73 dB

Figure 4-3-a

Figure 4-3-b

Figure 4-3-c

Figure 4-3 UFB [ 2 2] using algorithm 3. a – Final analysis and synthesis filters. b – Initial
and final distortion and aliasing errors. c – Performance index value at each iteration.
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Algorithm 4

Table 4-5: UFB [2 2] using algorithm 4.
Number of Filter Coefficients

64

Transition Factors

[0.1 0.1]

Ratio

[ 0.5 0.5]

Frequency Resolution r}n

30

Frequency Resolution rn|

60

Computation Time

2:57 hr

Max. Initial Distortion error

-16.98 dB

Max. Initial Aliasing error

-16.85 dB

Max. Final Distortion error

- 40.38 dB

Max. Final Aliasing error

- 36.15 dB

Figure 4-4-a

Figure 4-4-b

Figure 4-4-c

Figure 4-4 UFB [ 2 2] using algorithm 4. a – Final analysis and synthesis filters. b – Initial
and final distortion and aliasing errors. c – Performance index value at each iteration.
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Algorithm 5

Table 4-6: UFB [2 2] using algorithm 5.
Number of Filter Coefficients

64

Transition Factors

[0.1 0.1]

Ratio

[ 0.5 0.5]

Frequency Resolution r}n

60

Computation Time

45.98 sec

Max. Initial Distortion error

-16.98 dB

Max. Initial Aliasing error

-16.85 dB

Max. Final Distortion error

- 51.93 dB

Max. Final Aliasing error

- 47.42 dB

Figure 4-5-a

Figure 4-5-b

Figure 4-5-c

Figure 4-5 UFB [ 2 2] using algorithm 5. a – Final analysis and synthesis filters. b – Initial
and final distortion and aliasing errors. c – Performance index value at each iteration.

In the next examples, 4-2 and 4-3, the results obtained from the 5 algorithms in example
4-1 are compared with results using the algorithms presented in [56] and [58].
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Example 4-2 UFB [ 2 2] using CMFB [56].

Table 4-7: UFB [2 2] using algorithm in [56].
Number of Filter Coefficients

64

Transition Factors

[0.1 0.1]

Ratio

[ 0.5 0.5]

Computation Time

1:52 min

Ap

0.056 dB

As

-18.94 dB

Max. Final Distortion error

1.02 * e-12 dB

Max. Final Aliasing error

-280.23 dB

Figure 4-6-b

Figure 4-6-a

Figure 4-6-c

Figure 4-6 UFB [2 2] using algorithm in [56]. a – Final analysis and synthesis filters. b –
Final distortion and aliasing errors c – Performance index value at each iteration.
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Example 4-3 UFB [ 2 2] using CMFB [58].

Table 4-8: UFB [2 2] using algorithm in [58]
Number of Filter Coefficients

64

Transition Factors

[0.1 0.1]

Ratio

[ 0.5 0.5]

Computation Time

0.16 sec

Ap

6.81 * e-5 dB

As

- 45.03 dB

Max. Final Distortion error

- 274.83 dB

Max. Final Aliasing error

- 286.09 dB

Figure 4-7-a

Figure 4-7-b

Figure 4-7-c

Figure 4-7 UFB [2 2] using algorithm in [58]. a – Final analysis and synthesis filters. b –
Final distortion and aliasing errors c – Performance index value at each iteration.
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In the next Example 4-4, a uniform filter bank with 4 sub-bands is designed.
Example 4-4 UFB [4 4 4 4] using algorithms 1 to 5

-

Algorithm 1

Table 4-9: UFB [4 4 4 4] using algorithm 1.
Number of Filter Coefficients

56

Transition Factors

[0.08 0.08 0.08 0.08]

Ratio

[0.25 0.25 0.25 0.25]

Frequency Resolution r

64

Computation Time

2:36 min

Max. Initial Distortion error

-5.79 dB

Max. Initial Aliasing error

-6.21 dB

Max. Final Distortion error

- 47.24 dB

Max. Final Aliasing error

- 42.70 dB

Figure 4-8-a

Figure 4-8-b

Figure 4-8-c

Figure 4-8 UFB [4 4 4 4] using algorithm 1. a – Final analysis and synthesis filters. b –
Initial and final distortion and aliasing errors c – Performance index value at each
iteration.
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Algorithm 2

Table 4-10:UFB [4 4 4 4] using algorithm 2.
Number of Filter Coefficients

56

Transition Factors

[0.08 0.08 0.08 0.08]

Ratio

[0.25 0.25 0.25 0.25]

Frequency Resolution r}|

64

Computation Time

3.97 sec

Max. Initial Distortion error

- 5.79 dB

Max. Initial Aliasing error

- 6.21 dB

Max. Final Distortion error

- 42.77 dB

Max. Final Aliasing error

- 38.50 dB

Figure 4-9-a

Figure 4-9-b

Figure 4-9-c

Figure 4-9 UFB [4 4 4 4] using algorithm 2. a– Final analysis and synthesis filters. b –
Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.

56
-

Algorithm 3.

Table 4-11: UFB [4 4 4 4] using algorithm 3.
Number of Filter Coefficients

56

Transition Factors

[0.08 0.08 0.08 0.08]

Ratio

[0.25 0.25 0.25 0.25]

Frequency Resolution r

60

Computation Time

9:18 min

Max. Initial Distortion error

-5.79 dB

Max. Initial Aliasing error

-6.21 dB

Max. Final Distortion error

- 27.80 dB

Max. Final Aliasing error

- 23.71 dB

Figure 4-10-b

Figure 4-10-a

Figure 4-10-c

Figure 4-10 UFB [4 4 4 4] using algorithm 3. a – Final analysis and synthesis filters. b – Initial
and final distortion and aliasing errors. c – Performance index value at each iteration.
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Algorithm 4.

Table 4-12:UFB [4 4 4 4] using algorithm 4.
Number of Filter Coefficients
Transition Factors

56
[0.08 0.08 0.08 0.08]

Ratio

[0.25 0.25 0.25 0.25]

Frequency Resolution r}n

30

Frequency Resolution rn|

60

Computation Time

5:11 hr

Max. Initial Distortion error

-5.79 dB

Max. Initial Aliasing error

-6.21 dB

Max. Final Distortion error

- 36.75 dB

Max. Final Aliasing error

- 35.22 dB

Figure 4-11-b

Figure 4-11-a

Figure 4-11-c

Figure 4-11 UFB [4 4 4 4] using algorithm 4. a – Final analysis and synthesis filters. b – Initial
and final distortion and aliasing errors. c – Performance index value at each iteration.
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Algorithm 5.

Table 4-13:UFB [4 4 4 4] using algorithm 5.
Number of Filter Coefficients
Transition Factors

56
[0.08 0.08 0.08 0.08]

Ratio

[0.25 0.25 0.25 0.25]

Frequency Resolution r}n

30

Computation Time

2:16 min

Max. Initial Distortion error

-5.76 dB

Max. Initial Aliasing error

-6.21 dB

Max. Final Distortion error

- 32.23 dB

Max. Final Aliasing error

- 27.35 dB

Figure 4-12-a

Figure 4-12-b

Figure 4-12-c

Figure 4-12 UFB [4 4 4 4] using algorithm 5. a – Final analysis and synthesis filters. b – Initial
and final distortion and aliasing errors. c – Performance index value at each iteration.

In the next two examples, 4-5 and 4-6, the results obtained from the 5 algorithms in
example 4-4 are compared with results using the algorithms presented in [56] and [58].
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Example 4-5 UFB [ 4 4 4 4] using CMFB [56].

Table 4-14: UFB [4 4 4 4] using algorithm in [56].
Number of Filter Coefficients

64

Transition Factors

[0.08 0.08 0.08 0.08]

Ratio

[0.25 0.25 0.25 0.25]

Computation Time

1:37 min

Ap

0.006 dB

As

- 28.23 dB

Max. Final Distortion error

- 176.14 dB

Max. Final Aliasing error

- 68.56 dB

Figure 4-13-b

Figure 4-13-a

Figure 4-13-c

Figure 4-13 UFB [2 2] using algorithm in [56]. a – Final analysis and synthesis filters. b
– Final and aliasing errors c – Performance index value at each iteration.
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Example 4-6 UFB [ 4 4 4 4] using CMFB [58].

Table 4-15: UFB [4 4 4 4] using algorithm in [58]
Number of Filter Coefficients

64

Transition Factors

[0.08 0.08 0.08 0.08]

Ratio

[0.25 0.25 0.25 0.25]

Computation Time

0.16 sec

Ap

8.23 * e-4 dB

As

- 31.30 dB

Max. Final Distortion error

- 278.82 dB

Max. Final Aliasing error

- 282.78 dB

Figure 4-14-a

Figure 4-14-b

Figure 4-14-c

Figure 4-14 UFB [2 2] using algorithm in [58]. a – Final analysis and synthesis filters. b –
Final distortion and aliasing errors c – Performance index value at each iteration.
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Table 4-16: Uniform filter bank designs comparison.
Design
Specifications
Sub-bands (K)

Algorithms

Analysis filters

Synthesis filters

As (dB)

Ap (dB)

Max.
Distortion
error (dB)

Max.
Aliasing
error (dB)

Time

As (dB)

Ap (dB)

Algorithm 1

30.48

0.046

24.40

0.037

- 89.57

- 84.73

40.82 sec

Algorithm 2

73.08

0.037

71.26

0.36

- 63.48

- 64.53

1.62 sec

Algorithm 3

49.76

0.013

51.29

0.043

- 52.78

- 47.73

2:33 min

Algorithm 4

65.72

0.019

70.86

0.049

- 40.38

- 36.15

2:57 hr

Algorithm 5

74.27

0.21

73.42

0.22

-51.93

-47.42

45.98 sec

Algorithm 1

17.23

0.11

5.23

0.12

- 47.24

-42.70

2:36 min

Algorithm 2

53.62

1.30

49.71

1.29

-42.77

-38.50

3.97 sec

Algorithm 3

-20.93

0.16

12.23

0.5

- 27.80

- 23.71

9:18 min

Algorithm 4

25.90

0.10

31.37

0.40

- 36.75

- 35.22

5:11 hr

Algorithm 5

57.02

0.72

51.12

0.65

- 32.23

- 27.35

2:16 min

S= [2 2]
Filter Coefficients (N)

64
Transition Factors

[0.1 0.1]
Ratio

[0.5 0.5]
Sub-bands (K)

S = [4 4 4 4]
Filter Coefficients (N)

56
Transition Factors

[ 0.08 0.08 0.08 0.08]]
Ratio

[0.25 0.25 0.25 0.25]

As is the minimum stopband attenuation measured in dB.
Ap is the passband ripple measured in dB.

62

From the observation of the previous UFB examples, it is apparent that the five
algorithms can be used for such types of filter banks. In the designs presented, the
computation time in these five algorithms is different, and it increases as the number of
sub-band filters increases. Algorithm 1 provides the smallest distortion and aliasing errors
in the two UFB designs. For example, in the design with the S= [2 2], the distortion error
is - 89.57 dB and aliasing error is - 84.73, and for the design with the S = [4 4 4 4], the
distortion error is - 47.24 dB and the aliasing error is - 42.70. Algorithms 2, 3, 4 and 5
report distortion and aliasing errors larger than - 65 dB for both examples. Another
observation from Figure 4-5-b and Figure 4-12-b is that algorithm 5 shows there are larger
aliasing and distortion errors in the transition bands than the rest of the normalized
frequency spectrum. Accepting this error in these areas for such designs depends on the
application.
From Table 4-16, it is clear that the stopband attenuation in algorithm 1 has the most
significant values, while algorithm 5 achieves the smallest values. The stopband
attenuation As in Algorithm 5 for the uniform set [2 2] is equal to 76 dB, and for the
uniform set [ 4 4 4 4] is equal to 54 dB. By comparison, algorithm 2 also achieves high
stopband attenuation, and this is expected. Further, the results also show that the
modified version of algorithm 1 (algorithm 3) introduces an improvement in the stopband
attenuation in the analysis and synthesis filters.
In addition, it can be noticed that algorithms 1, 2 and 4 offer smaller passband ripples Ap
in both examples, compared with algorithms 2 and 5. E.g. in algorithm 4 the largest
passband ripple is equal to 0.019 dB in the analysis filters, and 0.049 in the synthesis
filters for the UFB set [2 2]. On the other hand, the results from algorithm 2 show that
the largest passband ripples for the UFB set [ 4 4 4 4] are 1.30 dB and 1.29 in the analysis
and synthesis filters respectively.
Table 4-16 also shows that algorithm 2 requires less computation time compared with its
counterparts, and this can be anticipated. As an example, the computation time for
algorithm 1 is 1.62 sec and 45.98 sec for the sampling rate sets [2 2] and [ 4 4 4 4],
respectively. In contrast, the computation times for the same designs using algorithm 5
are 3.97 sec and 2:16 min for the same sets. On the other hand, algorithm 4 requires longer
optimization time than the other algorithms, which can be expected. This algorithm deals
with a large number of constraints for the stopband and the passband areas in each subband filter.
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Furthermore, the performance index-Iteration figures show that algorithms 2 and 4 require
a smaller number of iterations than algorithms 1 and 3, which can be expected because
the former deal with quadratic objective functions, whereas the latter minimize nonlinear
objective functions.

Comparing the results with the ones obtained using the two methods presented in [56]
and [58], it is clear that these two methods are faster and provide smaller passband
ripples when using the same design specifications. From the results shown in Table 4-8,
and Table 4-15, it can be noticed that the method in [58] offers significant small aliasing
and distortion errors up to -270 dB. In contrast, among the introduced five algorithms
for the same UFB sets, the smallest distortion and aliasing errors are - 89.57 and - 84.73
in algorithm 1. However, it can be noted that algorithms 2, 4 and 5 offer smaller stopband
attenuation As than the method in [58]. In the two-channel UFB design, As is 45.03
dB by using the technique in [58], and for the same set, the stopband attenuations are
73.08 dB, 65.72 dB, and 74.27 dB using algorithms 2, 4 and 5, respectively. Table 4-7 and
Table 4-14 also present the results from the algorithm offered in [56].

Compatible non-uniform filter bank design examples

After illustrating UFB examples using the five algorithms and comparing these examples
with CMFB methods, in this section, two compatible NUFB designs are presented. These
two examples are demonstrated using the same manner of the previous examples.
For the first design, a three-channel filter bank with a S = [2 4 4], and for second a fourchannel filter bank with a S = [2 4 8 8], are considered. These two designs are maximally
decimated filter banks, and the number of filter coefficients N is the same for each FIR
analysis and synthesis filters.
As a start, from the previous work for designing compatible NUFBs, it is shown that this
topic was a subject of interest in DSP for a few years, and many results for different
NUFB sets have been presented. For example, work in [18, 26, 27, 60-64] include results
for two designs used in this section, particularly the designs for the sampling rate sets [2
4 4] and [2 4 8 8]. The results obtained with the five algorithms are compared with some
of the results from these existing methods at the end of this section.
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Example 4-7 Compatible NUFB [ 2 4 4] using algorithms 1 to 5

-

Algorithm 1.

Table 4-17: Compatible NUFB [2 4 4]
using algorithm 1.
Number of Filter Coefficients

48

Transition Factors

[0.1 0.1 0.1]

Ratio

[0.5 0.25 0.25]

Frequency Resolution "

60

Computation Time

1:03 min

Max. Initial Distortion error

-6.23 dB

Max. Initial Aliasing error

-5.92 dB

Max. Final Distortion error

- 56.02 dB

Max. Final Aliasing error

- 53.91 dB

Figure 4-15-a

Figure 4-15-b

Figure 4-15-c

Figure 4-15 Compatible NUFB [2 4 4] using algorithm 1. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at
each iteration.
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Algorithm 2.
Table 4-18: Compatible NUFB [2 4 4] using
algorithm 2.
Number of Filter Coefficients

48

Transition Factors

[0.1 0.1 0.1]

Ratio

[0.5 0.25 0.25]

Frequency Resolution "#$

60

Computation Time

2.04 sec

Max. Initial Distortion error

-6.23 dB

Max. Initial Aliasing error

-5.92 dB

Max. Final Distortion error

- 47.94 dB

Max. Final Aliasing error

- 44.00 dB

Figure 4-16-a

Figure 4-16-b

Figure 4-16-c

Figure 4-16 Compatible NUFB [ 2 4 4] using algorithm 2. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.

66

-

Algorithm 3.

Table 4-19: Compatible NUFB [2 4 4] using
algorithm 3.
Number of Filter Coefficients

48

Transition Factors

[0.1 0.1 0.1]

Ratio

[0.5 0.25 0.25]

Frequency Resolution "

60

Computation Time

3:02 min

Max. Initial Distortion error

-6.23 dB

Max. Initial Aliasing error

-5.92 dB

Max. Final Distortion error

- 37.92 dB

Max. Final Aliasing error

- 38.21 dB

Figure 4-17-a

Figure 4-17-b

Figure 4-17-c

Figure 4-17: Compatible NUFB [2 4 4] using algorithm 3. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 4.

Table 4-20: Compatible NUFB [2 4 4] using
algorithm 4.
Number of Filter Coefficients

48

Transition Factors

[0.1 0.1 0.1]

Ratio

[0.5 0.25 0.25]

Frequency Resolution "#$

30

Frequency Resolution "$%

60

Computation Time

1:15 hr

Max. Initial Distortion error

- 6.23 dB

Max. Initial Aliasing error

-5.92dB

Max. Final Distortion error

- 28.06 dB

Max. Final Aliasing error

- 28.66 dB

Figure 4-18-a

Figure 4-18-b

Figure 4-18-c

Figure 4-18: Compatible NUFB [2 4 4] using algorithm 4. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 5.

Table 4-21: Compatible NUFB [2 4 4]
using algorithm 5.
Number of Filter Coefficients

48

Transition Factors

[0.1 0.1 0.1]

Ratio

[0.5 0.25 0.25]

Frequency Resolution "#$

60

Computation Time

1:09 min

Max. Initial Distortion error

-6.23 dB

Max. Initial Aliasing error

-5.92 dB

Max. Final Distortion error

- 38.66 dB

Max. Final Aliasing error

- 33:21 dB

Figure 4-19-a

Figure 4-19-b

Figure 4-19-c

Figure 4-19: compatible NUFB [ 2 4 4] using algorithm 5. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.

In the next Example 4-4, a compatible non-uniform filter bank with 4 sub-bands is
designed.
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Example 4-8 Compatible NUFB [ 2 4 8 8] using algorithms 1 to 5

-

Algorithm 1

Table 4-22: Compatible NUFB [2 4 8 8] using
algorithm 1.
Number of Filter Coefficients

76

Transition Factors

[0.09 0.08 0.062 0.062]

Ratio

[[0.5 0.25 0.125 0.125]

Frequency Resolution "

100

Computation Time

22:01 min

Max. Initial Distortion error

-5.91dB

Max. Initial Aliasing error

-6.02 dB

Max. Final Distortion error

- 66.87 dB

Max. Final Aliasing error

- 59.1 dB

Figure 4-20-a

Figure 4-20-b

Figure 4-20-c

Figure 4-20: Compatible NUFB [2 4 8 8] using algorithm 1. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 2.
Table 4-23: Compatible NUFB [2 4 8 8] using
algorithm 2.
Number of Filter Coefficients

76

Transition Factors

[0.09 0.08 0.062 0.062]

Ratio

[0.5 0.25 0.125 0.125]

Frequency Resolution "#$

100

Computation Time

10.05 sec

Max. Initial Distortion error

-5.91 dB

Max. Initial Aliasing error

-6.02 dB

Max. Final Distortion error

- 42.77 dB

Max. Final Aliasing error

-38.50 dB

Figure 4-21-a

Figure 4-21-b

Figure 4-21-c

Figure 4-21 Compatible NUFB [ 2 4 8 8] using algorithm 2. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 3.

Table 4-24: Compatible NUFB [2 4 8 8] using
algorithm 3.
Number of Filter Coefficients

76

Transition Factors

[0.09 0.08 0.062 0.062]

Ratio

[0.5 0.25 0.125 0.125]

Frequency Resolution "

100

Computation Time

42:13 min

Max. Initial Distortion error

- 5.91 dB

Max. Initial Aliasing error

- 6.02 dB

Max. Final Distortion error

- 43.85 dB

Max. Final Aliasing error

- 38:13 dB

Figure 4-22-a

Figure 4-22-b

Figure 4-22-c

Figure 4-22 Compatible NUFB [2 4 8 8] using algorithm 3. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 4.

The number of filter coefficients in this part is set to 48 instead of 64 because it gives
better results. However, the results obtained are still used to evaluate and compare this
algorithm with its counterparts.
Table 4-25: Compatible NUFB [2 4 8 8] using
algorithm 4.
Number of Filter Coefficients

48

Transition Factors

[0.09 0.08 0.062 0.062]

Ratio

[0.5 0.25 0.125 0.125]

Frequency Resolution "#$

50

Frequency Resolution "$%

100

Computation Time

2:39 hr

Max. Initial Distortion error

- 5.49 dB

Max. Initial Aliasing error

- 5.80 dB

Max. Final Distortion error

- 10.61 dB

Max. Final Aliasing error

- 4.63 dB

Figure 4-23-a

Figure 4-23-b

Figure 4-23-c

Figure 4-23 Compatible NUFB [ 2 4 8 8] using algorithm 4. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 5.

Table 4-26: Compatible NUFB [2 4 8 8] using
algorithm 5.
Number of Filter Coefficients

76

Transition Factors

[0.09 0.08 0.062 0.062]

Ratio

[0.5 0.25 0.125 0.125]

Frequency Resolution "#$

100

Computation Time

8:10 min

Max. Initial Distortion error

- 5.91 dB

Max. Initial Aliasing error

- 6.02 dB

Max. Final Distortion error

- 30.29 dB

Max. Final Aliasing error

- 30.45 dB

Figure 4-24-a

Figure 4-24-b

Figure 4-24-c

Figure 4-24 Compatible NUFB [ 2 4 8 8] using algorithm 5. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.

74

Table 4-27: Compatible NUFB designs comparison
Design
Specifications
Sub-bands (K)

Algorithms

Analysis filters

As (dB)

Ap (dB)

Synthesis filters

As (dB)

Ap (dB)

Max.
Distortion
error (dB)

Max.
Aliasing
error (dB)

Time

Algorithm 1

24.73

0.075

15.62

0.089

- 56.02

- 53.91

1:03 min

Algorithm 2

59.80

0.59

54.73

0.52

- 47.94

- 44.00

2.04 sec

Algorithm 3

39.51

0.056

36.38

0.17

- 37.92

- 38.21

3:02 min

Algorithm 4

45.53

0.093

50.66

0.05

- 28.06

- 28. 66

2:57 hr

Algorithm 5

62.55

0.89

55.16

0.72

- 38.66

- 33:21

1:09 min

Algorithm 1

25.81

0.028

6.93

0.026

- 66.87

- 59:13

22:01 min

Algorithm 2

53.53

2.27

46.52

2.30

- 42.77

- 38.50

10.05 sec

Algorithm 3

31:93

0.071

28.43

0.12

- 43.85

- 38:13

42:13 min

Algorithm 4

22.54

0.19

17.06

0.57

- 10.61

- 4.63

5:11 hr

Algorithm 5

50.38

1.02

43.09

1.01

- 30.29

- 30.45

8:10 min

S = [2 4 4]
Filter Coefficients (N)

48
Transition Factors

[0.1 0.1 0.1]
Ratio

[0.5 0.25 0.25]
Sub-bands (K)

S= [2 4 8 8]
Filter Coefficients (N)

76,
Transition Factors

[0.09 0.08 0.062 0.062]
Ratio

[0.5 0.25 0.125 0.125]

As is the minimum stopband attenuation measured in dB.
Ap is the passband ripple measured in dB.
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From the presented examples of the two compatible NUFB sets, it can be observed that
among the five algorithms, algorithm 1 offers the smallest distortion and aliasing errors.
For instance, for the S = [2 4 4], the maximum distortion error is - 55.40 dB, and the
maximum aliasing error is - 52.60 dB, and for the S = [2 4 8 8], the maximum distortion
error is - 66.87 dB and the maximum aliasing error is - 59.24 dB. On the other hand,
algorithm 4 leads to the largest distortion and aliasing errors among the five algorithms.
Also, it can be seen from Table 4-27 that algorithms, 2, 3 and 5 achieve distortion and
aliasing errors between - 30 dB and - 47 dB for the same designs.
For the magnitude response, it is shown that algorithms 2 and 5 still offer the smallest
stopband attenuation in the presented examples. For instance, in the analysis filters for
NUFB [2 4 4], the stopband attenuation As is 59.80 dB using algorithm 2, and it is 62.55
using algorithm 5. Similarly, in the NUFB [2 4 8 8], As is 53.53 dB using algorithm 2, and
it is 50.38 dB when using algorithm 5. The results show that algorithm 3 improves the
stopband attenuation obtained in algorithm 1. In more detail, Table 4-27 shows that the
synthesis filters stopband attenuation improved from 15.62 dB in algorithm 1 to 36.38 dB
using algorithm 3 for the S = [2 4 4] design, and it is improved from 6.93 dB using
algorithm 1 to 28.43 dB using algorithm 3 for the S = [2 4 8 8] design.
For the passband ripple Ap, the results show that algorithms 2 and 5 have the most
considerable passband ripples with more than 0.5 dB in the analysis filters. On the other
hand, algorithms 1, 3 and 4 offer smaller passband ripples, and this is expected, e.g. in [2
4 4] design, the passband ripples are 0.089 dB, 0.17 dB, and 0.05 dB in these algorithms
respectively.
For the computation time, algorithm 2 still requires less computation time compared with
the other four algorithms, and algorithm 4 is still the slowest one. Table 4-27 also shows
that algorithm 3 takes longer time than algorithm 1, and this can be anticipated. Overall
from the five algorithms, a trade-off is required to select between smaller distortion and
aliasing errors, better passband and stopband magnitude responses, or less computation
time for the design, and this choice depends on what is required for any particular
application.
Comparing the results with the ones obtained in the existing methods, Djokovic and
Vaidyanathan present a three-channel NUFB design with the S = [2 4 4] in [60]. The
results show that the stopband attenuation in the analysis filters is less than 20 dB,
whereas the results from the five algorithms show that the largest stopband attenuation
for the analysis filters is 24.73 dB in algorithm 1. In another design by Li et al. in [18], a
simple approach to design an NPR for the same set is implemented using uniform CMFB.
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Their results show that the distortion and aliasing errors are comparable to the stopband
attenuation of the prototype filter at about 60 dB. Table 4-27 show better results for the
same sampling rate set design specifications. Similar designs for the same compatible
NUFB set are implemented with different CMFB approaches in [26, 61]. Another NPR
NUFB design that uses constrained equiripple FIR technique is presented in [27]. In this
fast design, using 48 filter coefficients for a porotype filter to design a filter bank with S
= [2 4 4], the results show that the stopband attenuation in this design is As is 0.00050
dB, and the reconstruction error is also minimized. On the other hand, using the same
design specification, algorithm 1 leads to distortion and aliasing errors less than – 53.91
dB, and the stopband attenuations in the analysis and synthesis filter banks are 24.73 dB
and 15.62 dB, respectively. Algorithms 2 and 5 offer stopband attenuations more than 40
dB in both analysis and synthesis filter banks.
For the compatible NUFB set [ 2 4 8 8], a design technique using modified window
functions is presented by Anurag and Kumar in [62]. The method is an improvement of
previous window design for NUFB presented in [63]. For this particular compatible
sampling rate set, it is shown that the stopband attenuations are less than 70 dB in the
suggested methods. It is also reported that the reconstruction error is minimized. Likewise,
in another recent approach, a design of CMFB using Particle Swarm Optimization (PSO)
is suggested in [64]. The proposed technique is based on an optimization scheme that
minimizes the passband and stopband energy for a prototype filter and, by using this
prototype low pass filter, a uniform CMFB is designed first. Then a combination of the
adjacent channels of the UFB yields to the NUFBs. For designs with 144 and 160 filter
coefficients, it was reported that this method offers a small stopband attenuation and
small reconstruction errors. In [27] also, where a filter bank design uses 72 filter coefficients
for a prototype filter to design a filter bank with S = [2 4 8 8], the results show that the
stopband attenuation in this design is As is 0.00016 dB, and the reconstruction error is
also minimized. For the same sampling rate set and with 76 filter coefficients, algorithm
1 leads to distortion and aliasing errors less than - 59 dB, and the stopband attenuations
in the synthesis and analysis filter banks are 25.8 dB and 6.93 dB, respectively. Algorithms
2 and 5 offer stopband attenuations more than 40 dB in both analysis and synthesis filter
banks.
The results obtained from the five algorithms are compared with the results from previous
work. The comparison includes magnitude response and PR errors. However, due to the
different ways of presenting these results in the other papers, sometimes it is not possible
to compare all performance parameters, such as the magnitude responses of synthesis
filters and the distortion and aliasing errors over the whole normalized frequency [0 to !].
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Incompatible non-uniform filter bank design examples

In this section, two incompatible NUFB designs with sampling rate sets, [2 3 6] and [8 8
4 2 1], are presented. In these two filter bank designs, it is not possible to obtain PR, since
an aliasing free condition cannot be achieved in incompatible NUFB systems [65].
However, the goal is to minimize the PR errors as much as possible and present acceptable
magnitude responses for the analysis and possibly synthesis filters.
Several researchers have tried to propose different methodologies to design incompatible
NUFB systems with almost PR. One of the earlier designs for the incompatible NUFBs is
projected by Nayebi and Barnwel in [15], this method is extended from the work proposed
in [17]. Another design is offered in [66] for an incompatible non-uniform transmultiplexer.
This method includes minimization of the "# norm of the error system to achieve NPR
error. Later in [67], it is shown by Ho et al. that the incompatible NUFB can be designed
using FIR CMFB subject to a number of constraints. The authors stated that the
optimization method in [68] is used for such a filter bank design. Recently, Chandra,
Sharma, and Singha offer a CMFB design for ECG signal compression in [69]; their
method is carried out by optimizing an interpolated finite impulse response (IFIR)
prototype filter. The results include three NUFBs designs and offer small stopband
attenuation and small passband ripple for the analysis filters, and a small reconstruction
error.
In the next example 4-9, an incompatible NUFB with 3 sub-bands is designed using the
five algorithms.
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Example 4-9 Incompatible NUFB [ 2 3 6] using algorithms 1 to 5

-

Algorithm 1.

Table 4-28: Incompatible NUFB [2 3 6]
using algorithm 1.
Number of Filter Coefficients

64

Transition Factors

[0.08 0.08 0.06]

Ratio

& 0.16&]
[0.5 0.33

Frequency Resolution (

512

Computation Time

4:8 min

Max. Initial Distortion error

- 6 dB

Max. Initial Aliasing error

- 3.31 dB

Max. Final Distortion error
Max. Final Aliasing error

- 5.83 dB
- 3.15 dB

Figure 4-25-a

Figure 4-25-b

Figure 4-25-c

Figure 4-25 Incompatible NUFB [ 2 3 6] using algorithm 3. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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-

Algorithm 2.

Table 4-29: Incompatible NUFB [2 3 6]
using algorithm 2.
Number of Filter Coefficients

64

Transition Factors

[0.08 0.08 0.06]

Ratio

& 0.16
&]
[0.5 0.33

Frequency Resolution (

512

Computation Time

4.1 sec

Max. Initial Distortion error

- 6 dB

Max. Initial Aliasing error

- 3.31 dB

Max. Final Distortion error

- 0.15 dB

Max. Final Aliasing error

- 5.88 dB

Figure 4-26-a

Figure 4-26-b

Figure 4-26-c

Figure 4-26 Incompatible NUFB [ 2 3 6] using algorithm 3. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 3.

Table 4-30: Incompatible NUFB [2 3 6]
using algorithm 3.
Number of Filter Coefficients

64

Transition Factors

[0.08 0.08 0.06]

Ratio

& 0.16
&]
[0.5 0.33

Frequency Resolution (

512

Computation Time

30.36 min

Max. Initial Distortion error

- 6 dB

Max. Initial Aliasing error

- 3.31dB

Max. Final Distortion error

- 5.94 dB

Max. Final Aliasing error

- 3.07 dB

Figure 4-27-a

Figure 4-27-b

Figure 4-27-c

Figure 4-27 Incompatible NUFB [ 2 3 6] using algorithm 3. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 4.

Table 4-31: Incompatible NUFB [2 3 6]
using algorithm 4.
Number of Filter Coefficients

64

Transition Factors

[0.08 0.08 0.06]

Ratio

[0.5 0.33& 0.16&]

Frequency Resolution ()*

30

Frequency Resolution (*+

60

Computation Time

6:36 hr

Max. Initial Distortion error

- 6 dB

Max. Initial Aliasing error

- 3.06 dB

Max. Final Distortion error

- 5.66 dB

Max. Final Aliasing error

- 2.93 dB

Figure 4-28-b

Figure 4-28-a

Figure 4-28-c

Figure 4-28 Incompatible NUFB [ 2 3 6] using algorithm 4. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Algorithm 5.

Table 4-32: Incompatible NUFB [2 3 6]
using algorithm 5.
Number of Filter Coefficients

64

Transition Factors

[0.08 0.08 0.06]

Ratio

& 0.16&]
[0.5 0.33

Frequency Resolution ()*

512

Computation Time

1:54 min

Max. Initial Distortion error

- 6 dB

Max. Initial Aliasing error

- 3.31 dB

Max. Final Distortion error

- 0.49 dB

Max. Final Aliasing error

- 5.85 dB

Figure 4-29-a

Figure 4-29-b

Figure 4-29-c

Figure 4-29 Incompatible NUFB [ 2 3 6] using algorithm 4. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Example 4-10 Incompatible NUFB [ 8 8 4 2 1] using Algorithms 1, 2, 3, and 5.

In example 4-10, four algorithms are used to design the incompatible NUFB with the S =
[ 8 8 4 2 1]. This set is introduced in [28, 43] to design a beamforming system with a
nested array. The optimization approach proposed in [28] is able to design a NPR filter
bank for this set with a good analysis filters. However, the synthesis filters have poor
magnitude response as shown in Figure 4-30-a. In this example, results from algorithms 1,
2, 3, and 5 for this special set are shown. However, the results from algorithms 4 are not
presented, because this algorithm is unable to offer acceptable results.
Due to the complexity of this example, it could not be possible to use the same number
of filter coefficients in all algorithms. Sine the focus was to show the best performance of
each algorithm in this example. The better results are presented with the best number of
filter coefficients choice after trying different filter lengths.
-

Algorithm 1.

Table 4-33: Incompatible NUFB [8 8 4 2 1] using
algorithm 1.
Number of Filter
Coefficients(N)

64

Transition Factors

[0.015 0.015 0.02 0.025 0.05]

Ratio

[0.0625 0.0625 0.125 0.25 0.5]

Frequency Resolution (

256

Computation Time

4:25 min

Max. Initial Distortion error

- 30.48 dB

Max. Initial Aliasing error

- 10.91 dB

Max. Final Distortion error
Max. Final Aliasing error

- 68.06 dB
- 58.97 dB

Figure 4-30-a
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Figure 4-30-b

Figure 4-30-c

Figure 4-30 Incompatible NUFB [8 8 4 2 1] using algorithm 1. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.

-

Algorithm 2.

Table 4-34: Incompatible NUFB [8 8 4 2 1] using
algorithm 2.
Number of Filter Coefficients

256

Transition Factors

[0.015 0.015 0.02 0.025 0.05]

Ratio

[0.0625 0.0625 0.125 0.25
0.5]

Frequency Resolution (

512

Computation Time

13:1 min

Max. Initial Distortion error

- 47.51 dB

Max. Initial Aliasing error

- 40.67 dB

Max. Final Distortion error
Max. Final Aliasing error

- 67.01 dB
- 62.90 dB

Figure 4-31-a
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Figure 4-31-b

Figure 4-31-c

Figure 4-31 Incompatible NUFB [8 8 4 2 1] using algorithm 2. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.

-

Algorithm 3.

Table 4-35: Incompatible NUFB [8 8 4 2 1] using
algorithm 3.
Number of Filter Coefficients

64

Transition Factors

[0.015 0.015 0.02 0.025 0.05]

Ratio

[0.0625 0.0625 0.125 0.25 0.5]

Frequency Resolution (

256

Computation Time

54:40 min

Max. Initial Distortion error

- 21.67 dB

Max. Initial Aliasing error

- 10.27 dB

Max. Final Distortion error

- 28.77 dB

Max. Final Aliasing error

- 10.24 dB

Figure 4-32-a
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Figure 4-32-b

Figure 4-32-c

Figure 4-32 Incompatible NUFB [8 8 4 2 1] using algorithm 3. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.

-

Algorithm 5.

Table 4-36: Incompatible NUFB [8 8 4 2 1] using
algorithm 5.
Number of Filter Coefficients

128

Transition Factors

[0.015 0.015 0.02 0.025 0.05]

Ratio

[0.0625 0.0625 0.125 0.25 0.5]

Frequency Resolution (

256

Computation Time

1:13 hr

Max. Initial Distortion error

- 37.76 dB

Max. Initial Aliasing error

- 23.24 dB

Max. Final Distortion error

- 4.68 dB

Max. Final Aliasing error

- 13.98 dB

Figure 4-33-a
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Figure 4-33-b

Figure 4-33-c

Figure 4-33 Incompatible NUFB [8 8 4 2 1] using algorithm 5. a – Final analysis and synthesis
filters. b – Initial and final distortion and aliasing errors. c – Performance index value at each
iteration.
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Table 4-37: Incompatible NUFB designs comparison
Design
Specifications

Analysis filters

Algorithms

Synthesis filters

Ap (dB)

Max.
Aliasing
error (dB)

Time

As (dB)

Ap (dB)

Algorithm 1

22.23

0.011

23.56 +

0.98

- 5.83

- 3.15

4:8 min

Algorithm 2

50.25

4.85

49.74

4.53

- 0.15

- 5.88

4.1 sec

Algorithm 3

24.98

0.005

12.74 +

0.31

- 5.94

- 3.07

30:36 min

Algorithm 4

21.03

0.44

22.61

0.37

- 5.66

-2.93

6:36 hr

Algorithm 5

44.81

2.05

47.89

1.74

- 0.49

- 5.85

1:54 min

Algorithm 1

10.59

0.34

29.23 +

22.35

- 68.06

- 58.97

4:25 min

256

Algorithm 2

52.01

4.16

53.68

22.73

- 67.01

- 62.90

13:1 min

64

Algorithm 3

10.83

0.32

48.05+

13.14

- 28.77

- 10:24

54:40 min

-

Algorithm 4

-

-

-

-

-

-

-

128

Algorithm 5

29.97

11.24

30.26

10.87

- 4.98

- 13.98

1:13 hr

Sub-bands (K)

As (dB)

Max.
Distortion
error (dB)

S = [2 3 6]
Filter Coefficients (N)

64
Transition Factors

[0.5 0.33" 0.16"]
Ratio

[0.5 0.33 0.16]
Sub-bands (K)

N

64

S = [8 8 4 2 1]
Filter Coefficients

N
Transition Factors
[0.015 0.015 0.02 0.025 0.05]

Ratio
[0.0625 0.0625 0.125 0.25 0.5]

As is the minimum stopband attenuation measured in dB.
Ap is the passband ripple measured in dB.
+ Indicates the stopband attenuation As is above the 0 dB.
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For the incompatible NUFB example with the S = [2 3 6], the first observation is that,
the PR errors are not entirely eliminated over the normalized frequency [0 to p],
particularly in the second sub-band. Therefore, evaluating the five algorithms is made by
examining and comparing the magnitude response characteristics of the analysis and
possibly synthesis filters. The second observation is the use of a greater number of filter
coefficients and frequency grid points in this set since this offers more freedom in the
design to obtain better results. It is important to mention that an increasing number of
filter coefficients and frequency grid points affect the computation time noticeably
compared with the time required for UFB and compatible NUFB designs.
In Example 4-9, first, from Figure 4-25-a in algorithm 1, the synthesis filters have poor
passband and stopband magnitude response, and this magnitude response is improved
slightly by using the modified version (algorithm 3) as shown in Figure 4-27-a.
On the one hand, algorithm 2 provides better synthesis filters, and the passband ripple is
equal to 4.53 dB. A large passband ripple also can be noticed in all sub-band filters in
algorithm 5, which equals 2.05 dB. This can be expected since the passband response
characteristics are not considered in the optimization design in these two algorithms. On
the other hand, the stopband attenuation is larger than 44 dB in both analysis and
synthesis filters. Moreover, it can be noticed in the filter bank design with the S = [2 3
6], Algorithm 4 takes more than six hours for the computation time. Although this time
is considered significantly long, this algorithm gives better magnitude response
characteristics than the other four algorithms for both analysis and synthesis filters.

Comparing the results from [67] for the incompatible NUFB design with S = [ 2 3 6], it
can be seen that algorithm 2, 4 and 5 all give better results in the aliasing and distortion
errors, and the stopband attenuation in the analysis and synthesis filters. For example,
algorithm 4 offers stopband attenuation As equals 21.033 dB. However, the method
proposed in [67] offers smaller maximum passband ripple Ap than Algorithm 4, which
equals 0.2068 dB. The technique proposed in [69] shows results for the same design that
reports -48.87 dB for the distortion error and -130.69 dB for the aliasing error. The
stopband attenuation for the 3- channel NUFB is about 100 dB as shown in the results.

In example 4-10 for the incompatible NUFB set [8 8 4 2 1], it can be seen that algorithm
1 provides small distortion and aliasing errors, which are less than - 58 dB. However, the
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synthesis filters have poor magnitude response. Also the stopband attenuation is larger
than 0 dB. From Table 4-37, algorithm 3 shows similar results and takes a longer time
than algorithm 1. By contrast, increasing the number of filter coefficients to 256 for the
same design, algorithm 2 offers better results. The incompatible NUFB still achieves PR
errors with - 67.01 for the distortion and - 62.90 dB for the aliasing. However, this design
has significant large passband ripples with 4.16 dB and 22.73 dB in the analysis and
synthesis filters, respectively. In algorithm 5, the PR errors are far from the efficient, and
they are considerably large. Even though the PR errors that are presented in Table 4-37
are the largest PR errors over the normalized frequency [0 to p], the distortion error - 4.98
dB still at the transition band. As shown in Table 4-37, algorithm 5 still has a significant
large passband ripple, which is more than 10 dB in both analysis and synthesis filter
banks.

4.3 Conclusion
In Chapter 4, an extensive study is made by demonstrating various designs for UFBs,
compatible NUFBs, and incompatible NUFBs. The results show that the five algorithms
presented in Chapter 3 are able to offer satisfactory designs for such types of filter banks.
Results show that algorithm 2 tends to be the fastest algorithm among the five, and
algorithm 4 is the slowest one. It can also be seen that algorithm 1 leads to the smallest
distortion and aliasing errors in the UFBs and compatible NUFBs. However, in the
incompatible non-uniform filter bank examples, this algorithm offers unsatisfactory
magnitude responses for the synthesis filters. On the other hand, the magnitude response
results show that modifying the performance index in algorithm 1 from [28] improves the
stopband attenuation. Also, algorithms 2 and 5 offer larger stopband attenuation
compared with the other algorithms and offer better magnitude responses for the synthesis
filters in the incompatible NUFBs, particularly, the design with S = [ 8 8 4 2 1].
Additionally, in this chapter the results show that the CMFB methods from the literature
lead to better results compared with the five algorithms, and in many times, they require
less computation. However, using the five methods still offer satisfactory results with small
number of analysis and synthesis filters’ coefficients, particularly in the incompatible filter
bank cases. Also, a trade-off is required between having smaller PR errors, and acceptable
magnitude response characteristics in the analysis and synthesis filters.
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CHAPTER 5
5 Conclusions and Future Research
5.1 Conclusions
This thesis started with a brief introduction to multirate systems applications and
highlighted the importance of these particular systems in our life. The type of filter banks
is also illustrated, and some of selected papers that are related to this thesis are reviewed.
Following that, the second chapter reviews the main building blocks for multirate systems
and shows the differences between sampling rates for the filter bank. The different types
of filter banks are defined, and the perfect reconstruction (PR) is introduced. The PR is
defined intuitively, and mathematically using a set of equations. Then the discussion about
PR conditions is expanded by presenting two errors, distortion and aliasing. Later, three
lemmas that contribute to this work enormously are presented. Two of these lemmas
consider PR errors, and the third lemma deals with magnitude response design
specifications. The five optimization algorithms generated from these lemmas are
presented. Different examples of filter bank types such as uniform filter banks (UFBs),
compatible non-uniform filter banks (NUFBs) and incompatible NUFBs are designed
using these five algorithms. For the presented examples, the conclusions from the
evaluated results are:
-

Algorithm 1 gives acceptable results for UFBs and compatible NUFBs.
Compared with other algorithms, it provides the smallest aliasing and distortion
errors with a considerable number of iterations. Algorithm 1 leads to a
satisfactory magnitude response for both analysis and synthesis filters. The
drawback of this method that the stopband attenuation is reactively small
compared to the other presented algorithms.

-

Algorithm 2 shows that it has a significant fast computation time compared
with the other algorithms because it deals with the quadratic objective function.
Even though the passband magnitude response characteristics are not included,
this algorithm offers an acceptable passband ripple in the filter banks. The
examples show also that algorithm 2 gives satisfactory results for incompatible
NUFB designs.

-

Algorithm 3 provides better stopband attenuation results than algorithm 1 since
this algorithm is a modified version of the first algorithm. Algorithm 1 incudes
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the PR error, and the magnitude response characteristic error, of the analysis
filters, whereas in algorithm 3 includes these two errors in addition to the
stopband magnitude response characteristic of the synthesis filters. The
performance of algorithm 3 is similar to the optimization scheme in algorithm
1 in terms of optimization computation time and the values of the PR errors.
-

Algorithm 4, the magnitude response characteristics are not included in the
performance index and treated as constraints instead. These constraints are
implemented for both analysis and synthesis filters. The results show that using
these constraints in this method improves the passband in both analysis and
synthesis significantly. The PR conditions and stopband responses
characteristics also give satisfactory results in many cases. The method
introduced a level of time complexity even though it uses fewer numbers
iterations compared with other algorithms in this work.

-

Algorithm 5 is also a constrained optimization approach, and it deals only with
the PR, and the stopband magnitude response characteristics for both analysis
and synthesis filters as constraints. In terms of time complexity, this algorithm
requires less time for computation compared with algorithm 4, and it is
comparable to algorithm 2. This method can still provide satisfactory small PR
errors. However, these PR errors are considerably higher in the transition areas.
Algorithm 5 also gives good stopband magnitude responses; it works with a
satisfactory level for the incompatible NUFB designs.

In this work, the five algorithms show that they can achieve NPR and meet the magnitude
responses design specifications at an acceptable level. The results from these algorithms
are comparable with the results from the literature in many cases and sometimes better,
particularly the cosine modulated filter bank (CMFB) method. The trade-off is between
the design specifications required when choosing between these algorithms presented in
this work. This trade-off deponed on what is the application of the designed filter bank
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5.2 Future Research
In this thesis, filter bank design using optimization techniques considers the PR conditions
and the stopband and passband magnitude response characteristics. The work might be
extended to include other specifications, such as the transition band areas.
It might be interesting to investigate in more depth the performance index introduced in
equation (3-7). Instead of not including the passband response characteristic as in
algorithm 2, or using the magnitude response characteristic as constraints as in algorithms
4 and 5. Better results might be obtained if this performance index reformulated as a
convex problem following the optimization methods presented in [49]
Since the relevant weights for the PR and the frequency specifications are not used in this
thesis, it would be useful to use these weights and examine how they contribute to the
filter bank designs results.
Finding a criterion for dealing with the number of FIR filters’ coefficients for filter bank
design might be an area of study since it was noticed that this number of coefficients
affects the results. Reducing the number of FIR filters’ coefficients is also considered when
hardware implementation is involved.
The literature shows several attempts to design an IIR filter bank; it would be an
interesting research area to design an IIR filter bank using one of the introduced
optimization algorithms in this work.
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6 Appendix A
MATLAB Functions Calls of the Algorithms
A.1 – Algorithm 1 Function’s Call and Description [28]
%[h,f]=algorithm_1(nk,ratio,transition_factor,L,ro,iteration_max,function_eva
luation_max,cost_function_weights,initial_filters);
% This function can be used to design all types of filter banks (critically
sampled uniform filter banks, compatible non-uniform filter banks, and
incompatible non-uniform filter banks).
% By using optimization based on the algorithm presented in ref. [1].
% Problem Description: Design K analysis and synthesis FIR filters so that
% the analysis filters satisfy some frequency specifications and the filter
bank
% (almost) meets the perfect reconstruction (PR) conditions. Both goals are
achieved by minimizing
% the performance index in equation (3-7) for Algorithm 1 in ref. [2].
% The optional weights are not used in the provided examples, so they are set
to (1)
% MATLAB Requirements: To run this function, the used MATLAB needs to have
the following toolboxes:
% 1- signal processing toolbox, 2- filter design toolbox
%
% --------------------------------------------------------------% Function inputs:
% 1- nk: an M-element vector which includes the set of sampling rates.
% 2- ratio: the frequency ratio occupied by each individual analysis filter.
% e.g. 0.5 means half of the whole normalized frequency spectrum is occupied
by the filter.
% 3- transition_factor: a vector with the same length as the "ratio" vector,
and it is used to define passband & stopband cut-off frequencies. Smaller
transition_factor results in sharper transition band.
% Note: All elements in the "transition_factor" vector must be less than half
of the smallest element in the "ratio" vector.
%
% Usin g the "ratio" vector and the "transition_factor" vector, the analysis
filters' frequency specifications are given as:First filter- lowpass filter
with the following normalized cut-off frequencies:
%
a) passband cut-off frequency: [ratio(1)-transition_factor(1)]*pi
%
b) stopband cut-off frequency: [ratio(1)+transition_factor(1)]*pi
%
Last filter- highpass filer with the following cut-off frequencies:
%
a) passband cut-off frequency: pi-[ratio(end)-transition_factor(end)]*pi
%
b) stopband cut-off frequency: pi-[ratio(end)+transition_factor(end)]*pi
%
Other filers- bandpass filters with the following cut-off frequencies:
%
a) first stopband cut-off frequency: [sum(ratio(1:i-1))transition_factor(i)]*pi
%
b) first passband cut-off frequency: [sum(ratio(1:I
1))+transition_factor(i)]*pi
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%
c) second passband cut-off frequency:[sum(ratio(1:i-1))+ratio(i)transition_factor(i)]*pi
%
d) second stopband cut-off frequency:[sum(ratio(1:i1))+ratio(i)+transition_factor(i)]*pi
%
% 4- L: filter length which is the same for both FIR analysis and synthesis
filters.
% 5- ro: frequency resolution, i.e. "ro" points with a uniform distribution
from 0 to pi (positive part of the
%
normalized frequencies) are used to compute the frequency response of
the analysis filters(see Eq.(29) in [1]).
% 6- iteration_max: Maximum number of iterations allowed by the optimization
algorithm (see "optimset" in Matlab).
% 7- function_evaluation_max: Maximum number of function evaluations allowed
by the optimization algorithm (see "optimset" in Matlab).
% 8- cost_function_weights: a 2-element vector consisting of optional weights
to compute cost function.
%
The first element is the weight for PR error (w1 in the performance
%
index defined above) and the second element is the weight for frequency
specification error (w2)
% 9- initial_filters: Initial analysis filters for the optimization algorithm
which can be defined by user or automatically
%
generated by the function (set the parameter to "[]")
% ---------------------------------------------------------------% Function outputs:
% 1- h: is a matrix in which each row is corresponding to one of the analysis
filters
%
e.g. if the sampling set (nk) is [2 4 4], the first row of h contains
the coefficients
%
of the analysis filter on the branch with subsampling of 2.
% 2- f: is a matrix in which each row is corresponding to one of the
synthesis filters
%
Note: "distortion" and "aliasing" are calculated for 512 frequencies
distributed uniformly over the normalized frequency [0 to pi]
% This MATLAB code presents the following after completion:
% - Computation time for each design
% - Maximum initial and final aliasing and distortion errors. These errors
are defined as the largest dB values over the normalized frequency [0 to pi]
% - Analysis and Synthesis filters' minimum stopband attenuation among all
filters measured in dB among all filters.
% - Analysis and Synthesis filters' largest passband ripple among all filters
measured in dB.
% ----------------------------- Examples ---------------------------------% Example 1: Critically Sampled Uniform Filter Bank - Sampling set is {2,2}
% [h,f]=algorithm_1([2 2],[0.5 0.5],[0.1 0.1],64,64,50,20000,[1 1],[]);
% Example 2: Critically Sampled Uniform Filter Bank - Sampling set is
{4,4,4,4}
% [h,f]=algorithm_1([4 4 4 4],[0.25 0.25 0.25 0.25],[0.08 0.08 0.08
0.08],56,64,50,20000,[1 1],[]);

% Example 3: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,4}
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% [h,f]=algorithm_1([2 4 4],[0.5 0.25 0.25],[0.1 0.1 0.1],48,60,50,80000,[1
1],[]);
% Example 4: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,8,8}
% [h,f]=algorithm_1([2 4 8 8],[0.5 0.25 0.125 0.125],[0.09 0.08 0.062
0.062],76,100,100,80000,[1 1],[]);

% Example 5: Incompatible Non-Uniform Filter Bank - Sampling set is {2,3,6}
% [h,f]=algorithm_1([2 3 6],[1/2 1/3 1/6],[0.08 0.08 0.06],64,512,50,80000,[1
1],[]);

% Example 6: Incompatible Non-Uniform Filter Bank - Sampling set is
{8,8,4,2,1}
% [h,f]=algorithm_1([8 8 4 2 1],[0.0625 0.0625 0.125 0.25 0.5],[0.015 0.015
0.02 0.025 0.05],64,256,50,80000,[1 1],[]);
% Notes ---------------------------------------------------------------% [1] Moazzen I., Agathoklis P., "A General Approach for Filter Bank Design
Using Optimization",
% Technical Report, 2014.
%
% Written By:
Iman Moazzen
2014
%
Under supervision of Prof. Panajotis Agathoklis
%
Dept. of Electrical Engineering
%
University of Victoria
%
% [2] ElGarewi A., Agathoklis P., "Analysis of Algorithms for Filter Bank
Design Optimization",
% MASc. thesis, 2019.
% Modified By: Ahmed ElGarewi
May 30, 2018
%
Under supervision of Prof. Panajotis Agathoklis
%
Dept. of Electrical Engineering
%
University of Victoria
%****************************************************************************
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A.2 – Algorithm 2 Function’s Call and Description [29]
%[h,f]=algorithm_2(N,nk,ratio,transition_factor,wf,wh,ro,iter)
% This function can be used to design all types of filter banks (critically
sampled uniform filter banks, compatible non-uniform filter banks, and
incompatible non-uniform filter banks).
%By using optimization based on the algorithm presented in ref. [1].
% Problem Description: Design K analysis and synthesis FIR filters so that
% the perfect reconstruction (PR) conditions are satisfied (or almost
satisfied) and the energy
% in the analysis and synthesis filters' stopband areas is minimized (strong
stopband attenuation).
% By minimizing the performance indices in equations (3-23) and (3-28) for
Algorithm 2 ref. [2].
% The optional weights are not used in the provided examples, so they are set
to (1)
%
% MATLAB Requirements: To run this function, the used MATLAB needs to have
the following toolboxes:
% 1- signal processing toolbox, 2- filter design toolbox
%
% --------------------------------------------------------------% Function inputs:
% 1- N: filter length which is the same for both FIR analysis and synthesis
filters.
% 2- nk: an M-element vector which includes the set of sampling rates.
% 3- ratio: the frequency ratio occupied by each individual
analysis/synthesis filter.
%
e.g. 0.5 means half of the whole normalized frequency spectrum is
occupied by the filter.
% 4- transition_factor: a vector with the same length as the "ratio" vector.
It is used to define
%
passband & stopband cut-off frequencies. Smaller transition_factor
results in sharper transition band.
%
Note: Each element in the "transition_factor" vector must be less than
half of the smallest element
%
of the corresponding "ratio" vector entry.
%
%
Using the "ratio" vector and the "transition_factor" vector, the
analysis/synthesis filters' frequency
%
specifications are given as:
%
First filter- lowpass filter with the following normalized cut-off
frequencies:
%
a) passband cut-off frequency: [ratio(1)-transition_factor(1)]*pi
%
b) stopband cut-off frequency: [ratio(1)+transition_factor(1)]*pi
%
Last filter- highpass filer with the following cut-off frequencies:
%
a) passband cut-off frequency: pi-[ratio(end)-transition_factor(end)]*pi
%
b) stopband cut-off frequency: pi-[ratio(end)+transition_factor(end)]*pi
%
Other filers- bandpass filters with the following cut-off frequencies:
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%
a) first stopband cut-off frequency: [sum(ratio(1:i-1))transition_factor(i)]*pi
%
b) first passband cut-off frequency: [sum (ratio (1:I
1))+transition_factor(i)]*pi
%
c) second passband cut-off frequency: [sum(ratio(1:i-1))+ratio(i)transition_factor(i)]*pi
%
d) second stopband cut-off frequency: [sum(ratio(1:i1))+ratio(i)+transition_factor(i)]*pi
%
% 5- wf: a 2-element vector consisting of optional weights defined in J1.
%
The first element is the weight for the PR error (wf_1 in J1 defined
above) and the
%
second element is the weight for the energy in stopband area (wf_2)
% 6- wh: a 2-element vector consisting of optional weights defined in J2.
%
The first element is the weight for the PR error (wh_1 in J2 defined
above) and the
%
second element is the weight for the energy in stopband area (wh_2)
%
% 7- ro: frequency resolution, i.e. "ro" points with a uniform distribution
within the filters' stop-band area
%
are considered to compute the energy (see [1]). "ro" must be an even
number.
% 8- iter: Maximum number of iterations allowed.
% ---------------------------------------------------------------% Function outputs:
% 1- h: is a matrix in which each row is corresponding to one of the analysis
filters
%
e.g. if the sampling set (nk) is [2 4 4], the first row of h contains
the coefficients
%
of the analysis filter on the branch with subsampling of 2.
% 2- f: is a matrix in which each row is corresponding to one of the
synthesis filters
% Note: "distortion" and "aliasing" are calculated for 512 frequencies
distributed uniformly over the normalized frequency [0 to pi]
% This MATLAB code presents the following after completion:
% - Computation time for each design
% - Maximum initial and final aliasing and distortion errors. These errors
are defined as the largest dB values over the normalized frequency [0 to pi]
% - Analysis and Synthesis filters' minimum stopband attenuation among all
filters measured in dB among all filters.
% - Analysis and Synthesis filters' largest passband ripple among all filters
measured in dB.
% ----------------------------- Examples ---------------------------------%
% Example 1: Critically Sampled Uniform Filter Bank - Sampling set is {2,2}
% [h,f]=algorithm_2(64,[2 2],[0.5 0.5],[0.1 0.1],[1 1],[1 1],64,50);
% Example 2: Critically Sampled Uniform Filter Bank - Sampling set is
{4,4,4,4}
% [h,f]=algorithm_2(56,[4 4 4 4],[0.25 0.25 0.25 0.25],[0.08 0.08 0.08
0.08],[1 1],[1 1],64,50);
%
% Example 3: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,4}
% [h,f]=algorithm_2(48,[2 4 4],[0.5 0.25 0.25],[0.1 0.1 0.1],[1 1],[1
1],64,50);
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% Example 4: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,8,8}
% [h,f]=algorithm_2(76,[2 4 8 8],[0.5 0.25 0.125 0.125],[0.09 0.08 0.062
0.062]],[1 1],[1 1],64,50);
% Example 5: Incompatible Non-Uniform Filter Bank - Sampling set is {2,3,6}
%[h,f]=algorithm_2(64,[2 3 6],[1/2 1/3 1/6],[0.08 0.08 0.06],[1 1],[1
1],512,50);
% Example 6: Incompatible Non-Uniform Filter Bank - Sampling set is
{8,8,4,2,1}
% [h,f]=algorithm_2(64,[8 8 4 2 1],[0.0625 0.0625 0.125 0.25 0.5],[0.015
0.015 0.02 0.025 0.05],[1 1],[1 1],256,200);
% Notes ----------------------------------------------------------------

% [1] Moazzen I., Agathoklis P., "Design of Filterbanks Using a Fast
Optimization Approach",
% IEEE Sixth Latin American Symposium on Circuits and Systems (LASCAS), 2015.
% Written By:
Iman Moazzen
2014
%
Under supervision of Prof. Panajotis Agathoklis
%
Dept. of Electrical Engineering
%
University of Victoria
%
% [2] ElGarewi A., Agathoklis P., "Analysis of Algorithms for Filter Bank
Design Optimization",
% MASc. thesis, 2019.
% Modified By: Ahmed ElGarewi
May 30, 2018
%
Under supervision of Prof. Panajotis Agathoklis
%
Dept. of Electrical Engineering
%
University of Victoria
%****************************************************************************
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A.3 – Algorithm 3 Function’s Call and Description
%[h,f]=algorithm_3(nk,ratio,transition_factor,L,ro,iteration_max,function_eva
luation_max,cost_function_weights,wf,initial_filters);
% This function can be used to design all types of filter banks (critically
sampled uniform filter banks, compatible non-uniform filter banks, and
incompatible non-uniform filter banks).
%
% Problem Description: Design K analysis and synthesis FIR filters so that
% the analysis filters satisfy some frequency specifications and the filter
bank
% (almost) meets the perfect reconstruction (PR) conditions. Both goals are
achieved by minimizing
% the performance index in equation (3-30) for Algorithm 3 in ref. [2].
% This algorithm is a modified version of algorithm prsneted in ref. [1]. The
modified function is used to improve the
% stopband response characteristics of the synthesis filters, the analysis
filters and possibly the perfect reconstruction (PR).

% The optional weights are not used in the provided examples, so they are set
to (1)
% MATLAB Requirements: To run this function, the used MATLAB needs to have
the following toolboxes:
% 1- signal processing toolbox, 2- filter design toolbox
%
% --------------------------------------------------------------% Function inputs:
% 1- nk: an M-element vector which includes the set of sampling rates.
% 2- ratio: the frequency ratio occupied by each individual analysis filter.
%
e.g. 0.5 means half of the whole normalized frequency spectrum is
occupied by the filter.
% 3- transition_factor: a vector with the same length as the "ratio" vector,
and it is used to define
%
passband & stopband cut-off frequencies. Smaller transition_factor
results in sharper transition band.
%
Note: All elements in the "transition_factor" vector must be less than
half of the smallest element in the "ratio" vector.
%
%
Using the "ratio" vector and the "transition_factor" vector,
%
the analysis filters' frequency specifications are given as:
%
First filter- lowpass filter with the following normalized cut-off
frequencies:
% a) passband cut-off frequency: [ratio(1)-transition_factor(1)]*pi
% b) stopband cut-off frequency: [ratio(1)+transition_factor(1)]*pi
%
Last filter- highpass filer with the following cut-off frequencies:
% a) passband cut-off frequency: pi-[ratio(end)-transition_factor(end)]*pi
% b) stopband cut-off frequency: pi-[ratio(end)+transition_factor(end)]*pi
%
Other filers- bandpass filters with the following cut-off frequencies:
%
a) first stopband cut-off frequency: [sum(ratio(1:i-1))transition_factor(i)]*pi
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%
b) first passband cut-off frequency: [sum(ratio(1:i1))+transition_factor(i)]*pi
%
c) second passband cut-off frequency: [sum(ratio(1:i-1))+ratio(i)transition_factor(i)]*pi
%
d) second stopband cut-off frequency: [sum(ratio(1:i1))+ratio(i)+transition_factor(i)]*pi
%
% 4- L: filter length which is the same for both FIR analysis and synthesis
filters.
% 5- ro: frequency resolution, i.e. "ro" points with a uniform distribution
from 0 to pi (positive part of the
%
normalized frequencies) are used to compute the frequency response of
the analysis filters(see Eq.(29) in [1]).
% 6- iteration_max: Maximum number of iterations allowed by the optimization
algorithm (see "optimset" in Matlab).
% 7- function_evaluation_max: Maximum number of function evaluations allowed
by the optimization algorithm (see "optimset" in Matlab).
% 8- cost_function_weights: a 2-element vector consisting of optional weights
to compute cost function.
%
The first element is the weight for PR error (w1 in the performance
%
index defined above) and the second element is the weight for frequency
specification error (w2)
% 9- wf: a 2-element vector consisting of optional weights for the modified
objective function. These optional weights are used for the PR and MRSF.
% 10- initial_filters: Initial analysis filters for the optimization
algorithm which can be defined by user or automatically
%
generated by the function (set the parameter to "[]")
% ---------------------------------------------------------------% Function outputs:
% 1- h: is a matrix in which each row is corresponding to one of the analysis
filters
%
e.g. if the sampling set (nk) is [2 4 4], the first row of h contains
the coefficients
%
of the analysis filter on the branch with subsampling of 2.
% 2- f: is a matrix in which each row is corresponding to one of the
synthesis filters
%
Note: "distortion" and "aliasing" are calculated for 512 frequencies
distributed uniformly over the normalized frequency [0 to pi]
% This MATLAB code presents the following after completion :
% - Computation time for each design
% - Maximum initial and final aliasing and distortion errors. These errors
are defined as the largest dB values over the normalized frequency [0 to pi]
% - Analysis and Synthesis filters' minimum stopband attenuation among all
filters measured in dB among all filters.
% - Analysis and Synthesis filters' largest passband ripple among all filters
measured in dB.
% ----------------------------- Examples ---------------------------------% Example 1: Critically Sampled Uniform Filter Bank - Sampling set is {2,2}
% [h,f]=algorithm_3([2 2],[0.5 0.5],[0.1 0.1],64,64,50,80000,[1 1],[1 1],[]);
% Example 2: Critically Sampled Uniform Filter Bank - Sampling set is
{4,4,4,4}
% [h,f]=algorithm_3([4 4 4 4],[0.25 0.25 0.25 0.25],[0.08 0.08 0.08
0.08],56,64,50,80000,[1 1],[1 1],[]);
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% Example 3: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,4}
% [h,f]=algorithm_3([2 4 4],[0.5 0.25 0.25],[0.1 0.1 0.1],48,60,50,80000,[1
1],[1 1],[]);
% Example 4: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,8,8}
% [h,f]=algorithm_3([2 4 8 8],[0.5 0.25 0.125 0.125],[0.09 0.08 0.062
0.062],76,100,100,80000,[1 1],[1 1],[]);

% Example 5: Incompatible Non-Uniform Filter Bank - Sampling set is {2,3,6}
% [h,f]=algorithm_3([2 3 6],[1/2 1/3 1/6],[0.08 0.08 0.06],64,512,50,80000,[1
1],[1 1],[]);

% Example 6: Incompatible Non-Uniform Filter Bank - Sampling set is {1,2, 4,
8, 8}
% [h,f]=algorithm_3([8 8 4 2 1],[0.0625 0.0625 0.125 0.25 0.5],[0.015 0.015
0.02 0.025 0.05],64,256,50,80000,[1 1],[1 1],[]);
% ---------------------------------------------------------------% [1] Moazzen I., Agathoklis P., "A General Approach for Filter Bank Design
Using Optimization",
% Technical Report, 2014.
%
% Written By:
Iman Moazzen
2014
%
Under supervision of Prof. Panajotis Agathoklis
%
Dept. of Electrical Engineering
%
University of Victoria
%
% [2] ElGarewi A., Agathoklis P., "Analysis of Algorithms for Filter Bank
Design Optimization",
% MASc. thesis, 2019.
% Modified By: Ahmed ElGarewi
May 30, 2018
%
Under supervision of Prof. Panajotis Agathoklis
%
Dept. of Electrical Engineering
%
University of Victoria
%****************************************************************************
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A.4 – Algorithm 4 Function’s Call and Description
% [h,f]=algorithm_4(L,nk,ratio,transition_factor,ro_1,ro,iter);
% This function can be used to design all types of filter banks (critically
sampled uniform filter banks, compatible non-uniform filter banks, and
incompatible non-uniform filter banks).
%By using optimization based on the algorithm presented in ref. [1].
% Problem Description: Design K analysis and synthesis FIR filters so that
% the perfect reconstruction (PR) conditions are satisfied (or almost
satisfied). The perfect reconstruction conditions are formulated as a set of
linear equations.
% The analysis and synthesis filters' stopband and passband characteristics
are formulated as constraints for the performance indices in equation (3-33)
and (3-34) Algorithm 4 in ref. [1].
% MATLAB Requirements: To run this function, the used MATLAB needs to have
the following toolboxes:
% 1- signal processing toolbox, 2- filter design toolbox
%
% --------------------------------------------------------------% Function inputs:
% 1- N: filter length which is the same for both FIR analysis and synthesis
filters.
% 2- nk: an M-element vector which includes the set of sampling rates.
% 3- ratio: the frequency ratio occupied by each individual
analysis/synthesis filter.
%
e.g. 0.5 means half of the whole normalized frequency spectrum is
occupied by the filter.
% 4- transition_factor: a vector with the same length as the "ratio" vector.
It is used to define
%
passband & stopband cut-off frequencies. Smaller transition_factor
results in sharper transition band.
%
Note: Each element in the "transition_factor" vector must be less than
half of the smallest element
%
of the corresponding "ratio" vector entry.
%
%
Using the "ratio" vector and the "transition_factor" vector, the
analysis/synthesis filters' frequency
%
specifications are given as:
%
First filter- lowpass filter with the following normalized cut-off
frequencies:
%
a) passband cut-off frequency: [ratio(1)transition_factor(1)]*pi
%
b) stopband cut-off frequency:
[ratio(1)+transition_factor(1)]*pi
%
Last filter- highpass filer with the following cut-off frequencies:
%
a) passband cut-off frequency: pi-[ratio(end)transition_factor(end)]*pi
%
b) stopband cut-off frequency: pi[ratio(end)+transition_factor(end)]*pi
%
Other filers- bandpass filters with the following cut-off frequencies:
%
a) first stopband cut-off frequency: [sum(ratio(1:i-1))transition_factor(i)]*pi
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%
b) first passband cut-off frequency: [sum(ratio(1:i1))+transition_factor(i)]*pi
%
c) second passband cut-off frequency: [sum(ratio(1:i1))+ratio(i)-transition_factor(i)]*pi
%
d) second stopband cut-off frequency: [sum(ratio(1:i1))+ratio(i)+transition_factor(i)]*pi
% 5- ro_1: Passband frequency resolution, i.e. "ro" points with a uniform
distribution within the filters' passband-band area
%
are considered to compute the energy (see [1], Ch3.).
% 6- ro: Stopband frequency resolution, i.e. "ro" points with a uniform
distribution within the filters' stop-band area
%
are considered to compute the energy (see [1], Ch3.).
% 7- iter: Maximum number of iterations allowed.
% ---------------------------------------------------------------% Function outputs:
% 1- h: is a matrix in which each row is corresponding to one of the analysis
filters
%
e.g. if the sampling set (nk) is [2 4 4], the first row of h contains
the coefficients
%
of the analysis filter on the branch with subsampling of 2.
% 2- f: is a matrix in which each row is corresponding to one of the
synthesis filters.
% Note: "distortion" and "aliasing" are calculated for 512 frequencies
distributed uniformly over the normalized frequency [0 to pi]
% This MATLAB code presents the following after completion:
% - Computation time for the design.
% - Maximum initial and final aliasing and distortion errors. These errors
are defined as the largest dB values over the normalized frequency [0 to pi].
% - Analysis and Synthesis filters' minimum stopband attenuation among all
filters measured in dB among all filters.
% - Analysis and Synthesis filters' largest passband ripple among all filters
measured in dB.
% ----------------------------- Examples ---------------------------------%
% Example 1: Critically Sampled Uniform Filter Bank - Sampling set is {2,2}
% [h,f]=algorithm_4(64,[2 2],[0.5 0.5],[0.1 0.1],60,30,23);
% Example 2: Critically Sampled Uniform Filter Bank - Sampling set is
{4,4,4,4}
% [h,f]=algorithm_4(56,[4 4 4 4],[0.25 0.25 0.25 0.25],[0.08 0.08 0.08
0.08],60,30,10);
%
% Example 3: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,4}
% [h,f]=algorithm_4(48,[2 4 4],[0.5 0.25 0.25],[0.1 0.1 0.1],60,30,10);
% Example 4: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,8,8}
% [h,f]=algorithm_4(48,[2 4 8 8],[0.5 0.25 0.125 0.125],[0.09 0.08 0.062
0.062],100,50,10);
% Example 5: Incompatible Non-Uniform Filter Bank - Sampling set is {2,3,6}
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% [h,f]=algorithm_4(64,[2 3 6],[1/2 1/3 1/6],[0.08 0.08 0.06],60,30,10);
% Notes ---------------------------------------------------------------% [1] ElGarewi A., Agathoklis P., "Analysis of Algorithms for Filter Bank
Design Optimization",
% MASc. thesis, 2019. Ver 0.0.1
% Developed By: Ahmed ElGarewi
January 17, 2019
%
Under supervision of Prof. Panajotis Agathoklis
%
Dept. of Electrical Engineering
%
University of Victoria
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A.5 – Algorithm 5 Function’s Call and Description
% [h,f]=algorithm_4(L,nk,ratio,transition_factor,ro_1,ro,iter);
% This function can be used to design all types of filter banks (critically
sampled uniform filter banks, compatible non-uniform filter banks, and
incompatible non-uniform filter banks).
%By using optimization based on the algorithm presented in ref. [1].
% Problem Description: Design K analysis and synthesis FIR filters so that
% the perfect reconstruction (PR) conditions are satisfied (or almost
satisfied). The perfect reconstruction conditions are formulated as a set of
linear equations.
% The analysis and synthesis filters' stopband characteristics are formulated
as constraints for the performance indices in equations equation (3-35) and
(3-36) Algorithm 5 in ref. [1].
% MATLAB Requirements: To run this function, the used MATLAB needs to have
the following toolboxes:
% 1- signal processing toolbox, 2- filter design toolbox
%
% --------------------------------------------------------------% Function inputs:
% 1- N: filter length which is the same for both FIR analysis and synthesis
filters.
% 2- nk: an M-element vector which includes the set of sampling rates.
% 3- ratio: the frequency ratio occupied by each individual
analysis/synthesis filter.
%
e.g. 0.5 means half of the whole normalized frequency spectrum is
occupied by the filter.
% 4- transition_factor: a vector with the same length as the "ratio" vector.
It is used to define
%
passband & stopband cut-off frequencies. Smaller transition_factor
results in sharper transition band.
%
Note: Each element in the "transition_factor" vector must be less than
half of the smallest element
%
of the corresponding "ratio" vector entry.
%
%
Using the "ratio" vector and the "transition_factor" vector, the
analysis/synthesis filters' frequency
%
specifications are given as:
%
First filter- lowpass filter with the following normalized cut-off
frequencies:
%
a) passband cut-off frequency: [ratio(1)-transition_factor(1)]*pi
%
b) stopband cut-off frequency: [ratio(1)+transition_factor(1)]*pi
%
Last filter- highpass filer with the following cut-off frequencies:
%
a) passband cut-off frequency: pi-[ratio(end)-transition_factor(end)]*pi
%
b) stopband cut-off frequency: pi-[ratio(end)+transition_factor(end)]*pi
%
Other filers- bandpass filters with the following cut-off frequencies:
%
a) first stopband cut-off frequency: [sum(ratio(1:i-1))transition_factor(i)]*pi
%
b) first passband cut-off frequency: [sum(ratio(1:i1))+transition_factor(i)]*pi
%
c) second passband cut-off frequency: [sum(ratio(1:i-1))+ratio(i)transition_factor(i)]*pi
%
d) second stopband cut-off frequency: [sum(ratio(1:i1))+ratio(i)+transition_factor(i)]*pi

112

% 5- ro: Stopband frequency resolution, i.e. "ro" points with a uniform
distribution within the filters' stop-band area
%
are considered to compute the energy (see [1], Ch3.).
% 6- iter: Maximum number of iterations allowed.
% ---------------------------------------------------------------% Function outputs:
% 1- h: is a matrix in which each row is corresponding to one of the analysis
filters
%
e.g. if the sampling set (nk) is [2 4 4], the first row of h contains
the coefficients
%
of the analysis filter on the branch with subsampling of 2.
% 2- f: is a matrix in which each row is corresponding to one of the
synthesis filters.
% Note: "distortion" and "aliasing" are calculated for 512 frequencies
distributed uniformly over the normalized frequency [0 to pi]
% This MATLAB code presents the following after completion:
% - Computation time for the design.
% - Maximum initial and final aliasing and distortion errors. These errors
are defined as the largest dB values over the normalized frequency [0 to pi].
% - Analysis and Synthesis filters' minimum stopband attenuation among all
filters measured in dB among all filters.
% - Analysis and Synthesis filters' largest passband ripple among all filters
measured in d.
% ----------------------------- Examples --------------------------------%
% Example 1: Critically Sampled Uniform Filter Bank - Sampling set is {2,2}
% [h,f]=algorithm_5(64,[2 2],[0.5 0.5],[0.1 0.1],60,50);
% Example 2: Critically Sampled Uniform Filter Bank - Sampling set is
{4,4,4,4}
% [h,f]=algorithm_5(56,[4 4 4 4],[0.25 0.25 0.25 0.25],[0.08 0.08 0.08
0.08],30,50);
%
% Example 3: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,4}
% [h,f]=algorithm_5(48,[2 4 4],[0.5 0.25 0.25],[0.1 0.1 0.1],60,50);
% Example 4: Compatible Non-Uniform Filter Bank - Sampling set is {2,4,8,8}
% [h,f]=algorithm_5(76,[2 4 8 8],[0.5 0.25 0.125 0.125],[0.09 0.08 0.062
0.062],100,85);
% Example 5: Incompatible Non-Uniform Filter Bank - Sampling set is {2,3,6}
% [h,f]=algorithm_5(64,[2 3 6],[1/2 1/3 1/6],[0.08 0.08 0.06],512,50);
% Example 6: Incompatible Non-Uniform Filter Bank - Sampling set is
{8,8,4,2,1}
% [h,f]=algorithm_5(128,[8 8 4 2 1],[0.0625 0.0625 0.125 0.25 0.5],[0.015
0.015 0.02 0.025 0.05],256,50);
% Notes ----------------------------------------------------------------
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