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Abstract 

Continuing efforts to establish a more continual human presence in the deep ocean are 

requiring a drastic increase in the number of remotely operated vehicle (ROV) 

deployments to the ocean floor.  Through real-time telemetry afforded by the ROV tether, 

a human operator can control the ROV, and the vehicle’s robotic manipulators, through 

haptic and visual interfaces.  Given the need for a human presence in the control loop, 

and the lack of any wireless alternative, the tether is a necessity for ROV operation.  

While the tether generally maintains a slack or low-tension state, environmental forces 

that accumulate over the tether can significantly affect ROV motion and complicate the 

job of the human pilot.  The focus of the work presented in this dissertation is the 

development of a low-tension tether dynamics model for application in the simulation of 

ROVs. 

Two methods for modelling the low-tension ROV tether are presented.  Both 

developments include representations of bending and torsional stiffness and are based on 

a lumped mass approximation to the tether continuum, an approach that has been widely 

applied in the simulation of taut underwater cables.  The first approach appends a 

bending model to the standard linear lumped mass formulation by applying a 

discretization scheme to only the bending terms of the governing motion equations.  The 

resulting discrete bending effects are then inserted into the classical linear lumped mass 

model.  Simulated results and an experimental validation showed that the revised linear 

model captures planar low-tension tether motion very well.  In the second approach, a 

higher-order element geometry is applied that allows the full continuous equations of 

motion to be discretized producing a new lumped mass formulation.  By using a higher-

order geometric form for the tether element, a better approximation to the bending terms 

and a new representation of torsional effects are achieved. The improved bending model 

is shown to allow element size increases of 35% to 50% over the revised linear lumped 

mass method.  While existing higher-order finite elements could be used to model the 
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ROV tether, it is shown that the choice of element form introduced in this second 

approach halves the number of variables required to define the tether state as compared to 

these existing techniques.   

Applying the higher-order lumped mass model to the simulation of a typical three-

dimensional ROV maneuver, the importance of torsional effects in the discrete motion 

equations is evident.  Inclusion of a non-zero torsional stiffness produced a resolution of 

significant tether motions and disturbances on a small ROV that, previous to this work, 

was not possible with existing cable models.  In addition to providing improved bending 

effects and new torsional considerations, the higher-order element was shown to be an 

important prerequisite for shorter simulation execution times.  Small bends that develop 

during ROV operation require relatively small elements compared to other marine cable 

applications.  The smaller elements, regardless of the integration technique adopted, 

constrain allowable time step sizes.  By allowing for slightly longer element sizes, the 

higher-order approach mitigates this negative characteristic of the low-tension tether 

dynamics.  Execution times were reduced by up to 70% over the times incurred when 

using the element sizes necessary in the linear approach. 
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κ  curvature 

,i jφ  jth shape function evaluated over the ith tether element 

Cρ  tether density 

Wρ  fluid density 

τ  twist 

ψ , θ , φ   yaw pitch and roll angles of the tether local reference frame 

  

( )
�

 differentiation of ( )  with respects to t. 

( )′  differentiation of ( )  with respects to s. 

( )( )i  evaluation of ( )  at the ith node point 

( ) ( ) or 
i

i
 evaluation of ( )  within the ith element 
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Chapter 1  

Introduction 

1.1 Background 

As technology evolves, the human race continues to probe deeper into realms that 

have, until recently, remained beyond reach.  A particular frontier of exploration that 

continues to capture the attention of the international scientific community is the deep 

regions of the ocean.  The evolution of the human race has always been intertwined with 

the ocean: the ocean regulates global atmospheric changes; the ocean is a source of vital 

resources; the social, political, religious, and cultural regions of the modern world were 

determined in part by the ability of different races to master navigation and travel across 

the surface of the ocean.  Our inability to travel beneath the surface layer resulted in a 

fascination with the mysterious deep ocean environment that manifested itself in 

mythology, song, and folklore.  The pervasion of this fascination throughout society, and 

its continuing existence, is evidenced by the popularity of the classics of literature which 

it inspired [1,2].   

As technological capabilities expand, this fascination continues to drive the 

application of new undersea technologies that help people travel, or look, deeper beneath 

the waves.  This technological development has been a precursor to discoveries in a 

myriad of research areas including the discovery and utilization of new resources, new 

knowledge about the planet’s evolution, and realizations of how ocean cycles pervade 

ecosystems all across the planet.  New resources include conventional sources such as 

offshore oil and gas fields, which are accessed by delivering extraction technology to the 



Chapter 1 - Introduction  2 

 

ocean floor [3,4], and new materials with high energy density that could prove to be 

viable energy alternatives in the near future [5,6].  Ecosystems on the ocean floor have 

been found that thrive despite harsh environmental conditions [7].  The microbial life 

forms being discovered on the seafloor are believed to be similar to the earliest life forms 

on Earth and study of these ecosystems is furthering the understanding of the habitability 

of other planets [8]. 

Currently, forays to the ocean depths are made on an intermittent basis, but there are 

efforts to establish a more continual human presence in the deep ocean, whether in the 

first person, through the development of manned submersibles, or through the delivery of 

sensory devices to the ocean floor.  A example of the latter is the NEPTUNE project 

which aims to construct an underwater observatory on the Juan de Fuca plate of the 

northeastern Pacific Ocean [9].  The installation and maintenance of such underwater 

networks will drive further improvements in existing means of underwater intervention.      

Tethered undersea systems have been the predominant means for ocean exploration.  

Tethers are a means for real time telemetry and continuous power delivery between a 

surface station and a deployed undersea vehicle.  By establishing a physical link with the 

deployed vehicle, the tether affords a degree of reliability that partially compensates the 

risks associated with rapid vehicle prototyping, construction, and deployment.  For these 

reasons, it is foreseeable that tethers will continue to be used extensively in future 

undersea vehicle systems.  Because of the scale of their implementation and/or the 

inability to thoroughly test and debug in-situ, the development of new undersea 

technologies relies heavily on predictive assessments for the success of the final deployed 

technology.  Accurate numerical simulations are the predominant means for this 

assessment.  Thus, complete and accurate tether dynamics models will continue to be 

critical in the design and development of undersea vehicle systems.  The focus of the 

research presented in this dissertation is the development of tether dynamics modelling 

for the simulation of undersea tethered systems in general. 
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1.2 Motivation 

In most tethered undersea systems, the hydrodynamic forces distributed over the tether 

dominate the response of the system to motive forces.  An early application of marine 

tethers, or cable, is the mooring of surface vessels or buoys.  Knowledge of the cable 

dynamics is crucial in ensuring the moored platform responds properly to wave motion 

[10].  With the advent of towed undersea vehicles through the 1970’s and early 1980’s, 

knowledge of the cable dynamics was needed to assist in delivering the towed vehicle to 

a targeted point in the water column despite the hydrodynamic and inertial effects 

introduced by the long lengths of towcable [11-14].  For some offshore platforms, heavily 

armoured cables, referred to as tendons, tie the structure to the ocean floor.  Knowledge 

of the cables’ response to wave induced motions is necessary to ensure the stability of the 

structure [15].  In each of these applications, the cables are structural members in the 

dynamic system: they transmit motive forces, whether the thrust of a surface vessel or 

wave forces, between bodies. 

 
(a) 

 
(b) 

 
(c) 

Figure 1.1. Various tethered undersea systems: (a) a mooring line constrains the motion of an 

instrumented buoy [16]; (b) an undersea vehicle towed via armoured towcable [17]; (c) a tension 

leg platform tethered to a foundation on the ocean floor [15].  
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For modern remotely operated vehicles (ROVs), the primary function of the tether is 

entirely different.  Tethered ROVs equipped with robotic appendages are used for many 

tasks such as extraction of specimens, repair of underwater structures, and the inspection 

of submerged phenomena.  The success of an ROV mission is contingent on the ability of 

the human pilot(s) to control the many vehicle degrees of freedom, which include the 

vehicle motion and the motion of the robotic manipulators, through haptic and visual 

interfaces.  Through the electrical conductors and fibre optics that are bundled within the 

ROV tether, communication between the pilot and vehicle can occur in real time, and 

scientific data can also be transmitted to the surface.  Currently are no wireless 

alternatives for undersea application that can match the bandwidth provided by the tether.  

A typical ROV includes numerous thrusters that allow it to move equally well in 

longitudinal and lateral directions and thus complete tasks that require the ROV to 

frequently change orientations and positions within small workspaces.  An example 

application for ROV technology is the bathymetric mapping of the seafloor, depicted in 

Figure 1.3.  An on-board navigation system employing long baseline acoustic 

positioning, depth sensing, and Doppler velocimeters is used to position the ROV such 

that high resolution sonar and still visual images can be made of the seafloor [18].  In 

order to properly interpret the feedback of the navigation sensors, a simplified model of 

the ROV platform is used to predict adequate thruster inputs [19].  However, the accuracy 

of the ROV dynamic model, and the navigation of the ROV, is dependent on there being 

minimal disturbances from the tether.  Some vehicle controllers approximate the tether 

disturbance as a constant minimal disturbance [19]. 
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(a) 

 

(b) 

 

(c) 

Figure 1.2. ROV technology deployed from a surface vessel. (a) A depiction of the ROPOS ROV 

system operated out of Sidney, BC.  During operation the ROV is connected to a weighted cage 

by the flexible neutrally buoyant tether (figure taken from [20]).  The power and communication 

lines continue through to the surface through a taut armoured cable. (b) The 50 HP ROV 

HYSUB.  (c) a MAGNUM 7 DOF manipulator that is operated by the ROV pilot based on 

telemetry via the tether.  Photos courtesy of International Submarine Engineering. 
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Figure 1.3. The JASON ROV mapping the seafloor through visual still and sonar imaging.  

Figure taken from [18]. 

In an attempt to ensure the tether forces transmitted to the ROV are minimal, the tether 

design is such that it retains relatively high flexibility (in comparison to armoured 

towcables) and neutral buoyancy.  In addition, extra tether is deployed, creating a 

curvilinear complex tether lay, to ensure a low-tension, or slack, state.  A typical ROV 

tether state is shown in Figure 1.4 which shows a small inspection class ROV operating 

in a test pool.  However, it has been documented that the hydrodynamic and gravitational 

forces acting over the tether do create, in many circumstances, internal forces within the 

tether that significantly disturb the motion of the ROV [21].   
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Figure 1.4.  A small inspection class ROV undergoing trial maneuvers.  During operation of the 

ROV the tether will transit extended periods of low tension.  Picture courtesy of the Robotic 

Systems Laboratory, Santa Clara University.  

Thus, to accurately simulate the motion of an ROV, an ROV simulation must 

accurately model the tether dynamics including both the taut and low-tension states.  By 

accurately modelling the extensive low-tension instances, the subsequent re-tensioning of 

the tether, and the resulting ROV motion, will be accurately captured.  When reviewing 

the existing literature in cable or tether dynamics modelling, it becomes readily apparent 

that the simulation of the extensive slack states of the ROV tether in the time domain 

constitutes a challenging problem. 

1.3 Literature review 

The dynamics of continuous, flexible marine cables are governed by non-linear partial 

differential equations in terms of a spatial coordinate, s, that defines location along the 

tether and time, t.  Because of the non-linear cable geometry and the dominance of the 

non-linear hydrodynamic forces, a solution to these equations must be obtained by either 

linearizing the dynamics equations about an equilibrium condition or employing 

numerical models to approximate the governing non-linear differential equations.  The 
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numerical approximations are obtained by spatially discretizing the cable to form a set of 

ordinary differential equations which can then be integrated in time.   

During general operation, an ROV will not move at constant velocity for any 

significant period of time.  The vehicle will move from point to point within its 

workspace performing various duties, and at each station will likely experience many 

changes in orientation.  For such ROV motion, the tether dynamics are dominated by 

large transient motions, and linearization of the governing motion equations about a 

single operating condition, as in [22,23], will not provide a useful solution.  The 

limitations of a linear solution have been demonstrated in past works by comparing 

numerical model output and solutions to linearized continuum equations [24].  

Consequently, numerical models must be used to solve the non-linear tether dynamics.  

The use of numerical models for mission planning and system design in tethered 

undersea applications is prevalent in existing literature.  The models that have been 

developed have followed a few general methodologies: lumped parameter, finite 

segment, finite differencing, and higher-order finite element approaches. 

1.3.1 Lumped parameter and finite segment methods 

As early as 1960, cable models were being developed to predict the response of 

moored surface vessels to extreme surface wave excitation.  In [10], Walton and 

Polacheck presented one of the earliest numerical analyses of the non-linear dynamics of 

undersea cables.  This work developed a two dimensional simulation of mooring cables 

that was based on a heuristic spatial discretization of the cable.  The model, shown 

graphically in Figure 1.5, considered the towcable to be a series of finite, massless, and 

inextensible segments connected by frictionless pin joints at specified node positions. The 

use of pin joints made the representation of the cable perfectly flexible: no bending or 

torsional stiffness was considered.   
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Figure 1.5. The lumped parameter model as applied to the simulation of a single point mooring.  

The dynamics of the moored body are superimposed at the boundary node. 

Concentrating the hydrodynamic, gravitational, and buoyant forces and the mass of the 

cable at the node points, Walton and Polacheck formulated Newton’s second law at each 

node point to obtain a series of ordinary differential equations governing the motion of 

each node.  This system of equations was augmented by geometric constraints to form a 

system of homogeneous non-linear equations. The model was advanced in time by using 

finite differences to approximate all time differentials and establish a system of 

homogeneous equations in terms of the node positions and the segment tensions.  The 

Newton-Raphson approach was then used to iteratively solve this sub-problem.  The 

lumping of the external forces and masses at the node points has led to models of this 

type being referred to as lumped parameter or lumped mass models.  With regards to 

mooring line dynamics, the approach has remained extremely popular since its inception 

by Walton and Polacheck.  Hicks and Clark used the approach to study the response of 

buoy suspended cables and pipelines in three dimensions to cross currents and wave 
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motion [25].  Nath and Felix [26] and Merchant and Kelf [27] applied lumped mass 

discretization schemes in the dynamic analysis of single point moorings.  Kelf and 

Merchant later extended their analysis to consider various configurations of multiple 

submerged buoys along the single mooring line [28].  In these approaches the buoy 

dynamics, including wave and gravitational forces, were superimposed over the motion 

equations for the boundary node of the cable.  More recently, Matsubara et al. applied the 

lumped mass technique to simulate the two dimensional motion of a buoy-cable system 

for aquaculture applications [29].  A series of shell-fish baskets suspended between two 

single point moorings was discretized by again superimposing the non-linear dynamics of 

the baskets at the node points of the cable model.  Khan and Ansari have examined the 

role of multi-component mooring lines in the dynamic response of a station keeping 

vessel [30].  In this case, linear lumped mass elements of differing material properties are 

concatenated to represent the serial assembly of anchor chain, cable, and synthetic rope 

that made up each mooring line.  The flexibility to simulate such assemblies of mooring 

line components makes the lumped mass method a favoured approach in some recent 

texts in offshore engineering [31].         

With the advent of towed undersea vehicles through the 1970’s and early 1980’s, a 

variety of cable dynamics models were used to determine the configuration of a towcable 

and the towed vehicle for various towship maneuvers. For relatively steady towship 

motion, the transient motions of the cable during straight or broad turning maneuvers are 

not significant.  Thus, the problem was often formulated as a simpler quasi-static problem 

in which the inertial terms (including added mass effects) in the cable equations of 

motion were ignored (the cable was assumed to respond instantly to any external 

disturbances).  Paul and Soler solved this quasi-static problem in two-dimensions using a 

lumped parameter model as described in [11]. Other simplifications in this work were the 

assumption of negligible tangential drag and ideal flexibility of the cable in bending and 

torsion.  The assumptions made led to a series of equations that explicitly defined the 

nodal velocities, which were integrated using a fourth order Runge-Kutta integrator to 
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produce a history of cable motion.  In [32], Steiner and Polvani presented a three 

dimensional extension of this model which used Euler’s method to produce the node 

positions at the next time step.   

In similar studies, Chapman presented the behaviour of towed cables during turning 

maneuvers [13].  Also using a quasi-static approximation to the tether dynamics, 

Chapman determined the equilibrium states of a towed vehicle during straight tows and 

turns of varying diameters at constant ship speeds.  The model was also used to examine 

the sensitivity of a towed vehicle to perturbations in the towed vehicle design and surface 

vessel motion [12].  In [33], Sanders presented an analysis of the quasi-static dynamics of 

a slender towed array of acoustic sensors in three dimensions.  Similar to the lumped 

mass approach, these works treated the tether as a series of finite, linear, inextensible 

segments.  However, the modelling strategy applied considered the mass of the tether 

segments to be distributed evenly over the length of the finite linear segments giving rise 

to the inclusion of rotational inertia terms, and coordinates specific to the orientation of 

the tether segments.  Approaches of this type have been referred to as finite segment 

models.  In [24], Huston and Kamman validated a finite segment formulation against 

experimental data describing the motion of an anchor cable. Kamman and Huston also 

present the use of this model in simulating buoy motion in three dimensions in [34]. 

In the finite segment and lumped parameter models mentioned above, the tether 

elasticity is neglected and the elements are considered to be rigid.  The tension within 

each of the elements is considered as an additional state variable and geometric 

constraints, that ensure constant element length, are used to iteratively solve for these 

tension values.  Another subset of the lumped parameter group of models is formed by 

those models which account for cable elasticity.   In these models the linear elements are 

considered to be visco-elastic and a constitutive relation, Hooke’s law, defines the 

element tensions in terms of the node motions explicitly.  For example, in [35], 

Yamamoto et al. presented a two dimensional lumped parameter approach in which the 

cable is modelled as a series of point masses connected by visco-elastic elements.  The 
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stiffness and damping coefficients of the elements were representative of the cable’s 

mechanical properties.  Huang [36] presented a three dimensional lumped parameter and 

spring formulation and demonstrated that, in the limit of differential element size, this 

discrete representation approaches the continuum dynamics of an elastic cable.  He also 

found that the size of the finite elements produces a cutoff frequency for the propagation 

of transverse waves over the discretized cable.  Transverse waves existing above this 

cutoff frequency could produce an instability in the discretized cable.  However, he 

hypothesized that the viscous medium of a submerged cable would help to damp out this 

numerical phenomenon. 

To date, the lumped parameter and finite segment methods are still popular for the 

analysis of towed cable systems and mooring lines.  Vaz & Patel applied a finite segment 

model in the simulation of cable deployment maneuvers in both two and three 

dimensions, [37,38] respectively.  A lumped mass and spring scheme similar to that of 

Huang [36] was used as the core component of a simulation of a semi-autonomous towed 

vehicle system described by Buckham et al. [39] and a suspended instrumentation 

platform presented by Driscoll et al. [40].  Lambert et al. applied the model in the design 

of controllers and turning strategies for an actively controlled towed vehicle [41]. 

1.3.2 Finite difference method 

Referring back to Figure 1.5, the lumped parameter and finite segment models defined 

above are derived on a physical basis: the cable is envisioned as a series of constrained 

simple linear elements, whether tether elasticity is considered or not, and the equations of 

motion are derived for this discrete approximation.  A family of undersea cable models 

distinct from this physical development, are those built on a more mathematical 

foundation.  In [42] Ablow and Schechter derived the equations of motion for a 

differential segment of a tether in a body fixed frame of reference, and introduced 

compatibility relations that constrained the flexible continuous tether to a smooth profile.  

The expansion of these relations into a system of non-linear equations was represented in 
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a matrix form with the non-linearities contained in coefficient matrices.  The solution 

scheme employs a finite difference approximation to both the spatial and time derivatives 

to form a system of coupled algebraic equations.  The Newton-Raphson technique was 

used to iteratively solve for the velocity, orientation, and tension experienced at the mesh 

points, or knots, of the spatial discretization.  The solution scheme was implicit in time 

and the stability of the implicit differencing was found to increase the maximum 

allowable time step. 

The study of cable being deployed from surface ships, an instance that is of interest in 

cable laying operations, was a primary motivation for the furthering of the finite 

difference approach.  During cable deployment, the touch down of the cable on the sea 

bottom leads to sections of tether with zero internal tension.  Howell noted that in an 

instant of zero tension, a numerical singularity existed in the finite difference approach 

[43,44].  Using analytical means, Triantafyllou and Howell showed that the inclusion of 

the cable’s bending stiffness in the motion equations prevented this instability [45,46].  

The physical interpretation of this finding is based in the fact that, in low tension or 

compressive situations, bending stiffness is the mechanism within a solid that ensures a 

smooth profile.  This smooth profile is a fundamental requirement of the governing 

differential equations of cable motion that form the core of the finite-difference approach.  

Within the frame work of a finite difference model formulation, Howell and Triantafyllou 

demonstrated how numerical simulation of low-tension cable, or chain, motion was 

possible with the incorporation of a non-zero bending stiffness [47].  In regards to the 

dynamics of submerged cables, Burgess [48-50] presented the development of a similar 

finite difference model with bending stiffness for cable laying applications.  Using 

Howell’s approach, the internal moments were explicitly defined in terms of the higher-

order shape information, curvature and twist.  By assuming negligible rotational inertia 

for the tether, additional transverse internal forces, that were representative of the 

dynamic effects of the internal moments, were defined in terms of the cable curvature and 

twist and included in the translational motion equations.  In more recent work, Sun and 
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Leonard [50] applied a very similar approach but added a means to segment the modelled 

cable near the boundaries.  By doing so, the modelling of the higher-order shape effects 

could be constrained to the boundary regions of the cable, where the zero tensions 

occurred, simplifying the analysis in the interior regions of the cable.  This work and 

others [51,52] implemented a revised solution scheme in which a finite difference scheme 

was applied in time and direct numerical integration was used in the spatial domain as 

described in [53,54]. 

1.3.3 Higher-order finite element methods 

The lumped mass and finite segment modelling strategies are examples of linear finite 

element representations of an underwater cable.  In these techniques, the discrete model 

of the cable is created by assembling a series of smaller elements for which the dynamics 

are more easily evaluated.  The choice of element has consequences on the completeness 

of the solution that is obtained.  For applications where knowledge of the bending and 

torsional moments is of consequence, linear elements are not adequate since the linear 

lumped mass elements do not exhibit any curvature or twist.  For undersea pipelines 

connecting wellheads on the ocean floor to floating surface stations, significant bends and 

torsional deformations are experienced.  To model these effects, Malahy applied a finite 

element technique to derive the motion equations for third order spatial pipeline elements 

[55].  Malahy included rotational equations of motion and thus the bending and torsional 

moments were calculated and applied directly in the dynamics evaluation.  In [56], 

McNamara et al. discussed how the system matrices in Malahy’s solution were subject to 

numerical ill-conditioning due to the severely high ratio of axial to bending stiffnesses.  

To avoid conditioning problems, the calculation of axial and bending effects were 

decoupled in the formulation of a two dimensional model, which was later extended to 

three dimensions in [57] and [58].  The use of this three-dimensional pipeline model in a 

simulation of a floating offshore production facility, and validation against scale model 

experiments, was later given in [59].  Zueck and Karnoski presented a numerical 
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simulation of a towed seafloor plow that was based on a finite cable element similar to 

the riser elements of Malahy and McNamara [60].  By accounting for the bending 

stiffness of the towcable, Zueck and Karnoski were able to capture the low-tension cable 

dynamics that existed in the vicinity of the towcable’s termination at the underwater 

plow. 

1.4 Issues in low-tension cable modelling 

With the advent of ROV technology that employs slack neutrally buoyant tethers, the 

need for tether models that accurately capture low-tension tether dynamics has become 

apparent.  The majority of cable dynamics research has been motivated by moored and 

towed applications that do not experience extensive sections of slack tether.  In these 

applications, the cable dynamics include one or more of: large hydrodynamic loads (in 

the case of towed vehicles), gravitational forces due to the cables self-weight or clump 

weights located along the cable (as in the case of mooring designs), or large tensions due 

to motions incurred at the boundaries (as when the top of a mooring line reaches the limit 

of its travel).  The existence of any of these three conditions will develop internal tensile 

forces that dominate the dynamics of the submerged cable.  However, in the absence of 

all three over a significant length of tether, the internal bending and torsional effects 

become of equal importance.   

Each of the cable modelling methodologies described in section §1.3 has been applied 

to the slack tether problem.  However, each of the existing attempts is compromised by at 

least one of: an inability to capture all of the mechanisms for slack tether motion in three 

dimensions – namely bending or torsional effects; poor computational inefficiency due to 

large model sizes; and/or difficulty incorporating the tether representation within a 

system model due to the non-linear boundary conditions posed by other system 

component models. 
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1.4.1 Torsional effects  

Grosenbaugh et al. [61] simulated the low tension tether motion of a ROV in two 

dimensions using a finite difference tether model with bending effects following 

Howell’s approach [43,46].  When extending the approach to three dimensions it is 

necessary to include torsional effects for completeness.  While the three-dimensional 

finite difference formulations of Howell [46] and Burgess [48] makes provision for 

torsional stiffness in the continuous equations of motion, there have been no instances 

where torsional effects have been considered in the formation of the discrete systems.  

Rather, the continuous equations are simplified by assuming the torsional rigidity is 

insignificant.  This simplification results in the local frame of reference attached to the 

cable cross section having an arbitrary orientation about the tangent axis of the tether at 

the mesh points of the model.  It remains to include any effects of a non-zero torsional 

stiffness within a low-tension cable model and then use this model to determine if these 

effects are indeed insignificant. 

In contrast to the finite difference technique, the lumped mass and spring method is 

numerically stable during low-tension instances and thus seems a likely candidate for 

low-tension simulations.  Huang and Vassalos presented a bi-linear approximation to the 

tether axial stiffness for application in low-tension simulations using the lumped mass 

and spring method [62].  This approximation eliminates the tether stiffness in 

compressive situations and was applied in instances where the tether alternated between 

short periods of taut and slack states [63].  However, for extended periods of low tension, 

the author has shown in a series of works that the results of the lumped mass and spring 

approach suffer dramatically despite this modified representation of the axial stiffness 

[64-66].  To provide a low-tension capability in such extended periods of simulations, a 

representation of the tether’s bending stiffness was applied within the three-dimensional 

lumped-mass formulation by Banerjee and Do [67].  Their heuristic development placed 

conceptualized rotational springs between the linear lumped mass elements and used 

Kane’s equations to formulate the governing discrete motion equations.  The rotational 
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springs provided the effect of bending stiffness by generating internal forces that 

constrained the tether node motion in slack situations.  While Banerjee and Do’s 

formulation provides bending effects within the lumped mass and spring approach, this 

heuristic formulation does not make provision for torsional effects.  While the tether’s 

physical bending stiffness can be translated into the rotational spring concept with 

minimal interpretation, it is not as easy to envision the form torsional effects would adopt 

within Banerjee and Do’s framework. 

1.4.2 Computational efficiency 

An additional complication in applying the finite difference approach to slack tether 

modelling is the limits on the mesh size that result due to the first-order finite 

differencing procedure.  With this approach, the curvilinear cable profiles that are 

expected with the slack tether motion are described with straight line segments.  In [49], 

Burgess noted that cable elements that were 1% of the total cable scope had to be applied 

in order to capture curvature variations at the touch down point of a deployed cable.  

Burgess suggested that increases in the spatial grid size during extensive periods of low-

tensions could lead to instabilities in the dynamics since the curvatures generate 

significant internal forces.  Since curvilinear cable profiles can develop anywhere in the 

ROV tether, such fine discretizations need to be applied throughout an ROV tether 

model, which adversely affects the model execution speed and memory requirements.  In 

[61] the use of the finite difference approach in modelling a ROV system required 

uniformly spaced knot points that were also spaced at intervals of 1% of the total tether 

scope.  In this work, the authors stated that larger grid sizes could be used but a limiting 

knot spacing was not mentioned.  Regardless of the knot spacing that can be achieved, a 

discretization scheme that uses fewer discrete elements will be advantageous.    

As shown by Zueck and Karnoski [60], the higher-order finite element approach of 

McNamara et al. [57-59] is directly applicable to the low-tension cable dynamics 

problem.  The higher-order geometric elements of this approach can approximate the 
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curvilinear tether profiles that occur in slack situations at relatively larger element sizes.  

In addition, the extra geometric information provided by the non-linear elements allows 

computation of bending and torsional moments which can be applied within the dynamics 

to improve the accuracy at low tensions.  However, the increased order of the elements is 

accompanied by additional state variables which must be specified in order to fully define 

the more complex element shape.  This rapidly expands the dimension of the resulting 

discrete motion equations for the assembled tether model.  For example, the method of 

McNamara et al. requires thirteen state variables to define the motion of a single element.  

This is a marked increase on the six state variables (the three dimensional position of the 

two end nodes) required in the lumped mass and spring approach. 

While it does not include low-tension bending and torsional effects, the lumped mass 

and spring approach has demonstrated good accuracy in hydrodynamic applications while 

requiring significantly less computational expense than the similar finite segment 

approach.  Ketchman [68] and Kaman and Huston [69] compared the performance of the 

lumped mass models to more complex representations in which the continuous 

distribution of mass in the tether elements is accounted for and thus rotational motion 

equations are included in the governing dynamics.  Eliminating the additional equations 

and state variables associated with the rotational degrees of freedom, the lumped mass 

approach was found to yield equivalent accuracy at significant computational savings.  

Kamman and Huston postulated that this was due to the large ratio of hydrodynamic to 

inertial terms in undersea applications, which rendered the effects of the mass 

redistribution insignificant [70].  In the development of a low-tension tether model, the 

lumped mass strategy is seen as a way of minimizing computational overhead.   

1.4.3 Numerical integration 

In the lumped mass approach, the spatial discretization of the cable produces a series 

of ordinary differential equations which are advanced in time using any number of 

numerical means.  A body of work has been published that focuses on the selection of 
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stable, accurate and efficient numerical integration schemes.  Sanders employed a fourth 

order Runge-Kutta integrator and presented a stability criterion for the selection of a 

stable time step [33].  Sanders noted that the numerical stability of the time integration 

does not guarantee accurate results.  As is outlined in any text on numerical analysis [71], 

this is due to the accumulation of truncation errors incurred by the integrator at each time 

step.  The issue of stability of numerical cable models was further addressed by Delmer 

et. al. in [72].  Delmer used a finite element method to derive a lumped mass model 

which was applied in the simulation of fishing nets.  To advance the model in time, the 

authors chose to implement a variable step size integrator with error control.  Hearn and 

Thomas presented further investigations into the influence of various time integration 

schemes on the dynamic analysis of submerged cables [73].  Their study reviewed the 

performance of various integrators designed specifically for structural dynamics 

problems.  It was shown that the damping inherent in these numerical integration 

schemes attenuated the high frequency components of the cable motion that were not of 

interest in the analysis.  Their comparison of the implicit multi-step Wilson-θ , Houbolt, 

and Newmark- β  methods led to the use of a lumped mass formulation applying a 

Houbolt type integrator being applied in a study of mooring line dynamics [74].  Most 

recently, an implicit integration scheme, the Generalized-α  method has been applied to 

the integration of the lumped mass and spring model by Radonovic and Driscoll [75].    

Radanovic and Driscoll noted that the α  method produced execution times that were a 

fifth of those incurred when using a popular Runge-Kutta method. 

In regards to finite difference methods, improvements to the temporal finite 

differencing schemes employed by Ablow and Schechter [42], Triantafyllou and Howell 

[76], and Burgess [49] have been proposed in recent works.  Koh et al [77] presented a 

modified box scheme to approximate the time differentials in the finite difference model.  

Applying the revised method to the simulation of a cable in free fall, Koh et al. showed 

how the improved stability of the new finite differences attenuated higher frequency 

oscillations in the simulated cable tension.  Through experimental validation of the 



Chapter 1 - Introduction  20 

 

simulated tension history, it was shown that these high frequency solution components 

were a product of the numerical solution method.  Also motivated by instabilities 

observed in the simulation of low-tension cables and chains when using the box scheme 

[78], Gobat and Grosenbaugh [79] and Gobat et al. [80] applied the Generalized-α 

method for the time integration of the motion equations produced using the spatial finite 

differencing strategy common to [43,46,49,61].  In comparison to backwards temporal 

finite differences and trapezoidal rule integration, the Generalized-α method was found 

to posses more algorithmic damping and was the only integration routine that produced a 

bounded solution for the hanging chain problem. 

1.4.4 Implementation issues 

Given that challenges exist in adapting both the finite difference and finite element 

cable modelling techniques to the simulation of low tension tether, it is important to 

consider other factors.  A feature of the finite element technique is the ability to easily 

specify complex non-linear boundary conditions when evaluating the discrete equations.  

In the context of an ROV system model, this correlates to the ability to easily integrate 

the tether and the tethered vehicle states within a single set of governing motion 

equations for the system.  An example of the coupling between lumped mass tether 

models and vehicle models is described in detail in by Buckham et al. in [39].  In the 

finite difference technique, non-linear boundary conditions of the tether model must be 

approximated by finite differences of the state variables.  This can make it is more 

difficult to “attach” the tether to the vehicle for simulation of a vehicle maneuver. 

Another benefit of the finite element technique is the concept of assembly.  Through 

the assembly process, general cable configurations can be generated from single tether 

elements and combinations of non-linear models of other system components (vehicles, 

buoys, cable terminuses, etc.).  The assembly process allows some freedom for the 

structuring of the inter-connections in the discrete model such that the organization of the 

element nodes ensures a minimal bandwidth in the resulting discrete system equations.  
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Such banded structure of the system matrices greatly simplifies the numerical processes 

that are applied to solve these matrix equations.  An example is the simulation of towed 

networks of cables presented by Delmer [81].  The towed structure considered had many 

branches and interconnections as well as models of the towed acoustic devices.  This 

flexibility is not present with the finite difference method.  The differencing of the model 

state variables must take place between physically adjacent nodes.  This can lead to 

system equations that have large bandwidths when intermediate bodies are introduced or 

networks of cables are analyzed.  This is observed in the work of Chwang who modelled 

a two part towed system [82,83].  The resulting system equations, while sparse, contained 

significant terms in the outer regions of the matrices destroying the otherwise mostly 

banded structure.   

1.4.5 Evaluation of existing methods 

The lumped mass and spring approach is the predominant method for existing 

submerged cable modeling, and is believed to be a good basis for this work for the 

following reasons: 

1. Being an element method, lumped parameter models are extremely modular: they can 

easily accommodate the insertion of other elements (vehicles, buoyancy or depressor 

elements) at interior points or boundary locations of the discretization scheme.   

2. The use of the visco-elastic elements is more consistent with the elastic nature of an 

actual cable.  By including this consideration, the model’s potential for a broader 

range of studies is improved. 

3. Comparing the surveyed lumped parameter and higher-order finite element models, 

the simplicity of the lumped parameter approach is evident.  In the lumped parameter 

model presented by Huang [36], the state of any element is described by six 

parameters (the positions of the end nodes in three-dimensional space).  In the finite 

element methods of O'Brien and McNamara [58], thirteen state variables are required 

per element. 
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4. The stability of the lumped mass model is dependent only on the choice of the 

numerical integration technique.  As is demonstrated in the literature, there are a 

variety of methods for solving the initial value problem in time that remains after the 

spatial discretization of the tether through the lumped mass approximation.  These 

include one step techniques such as the Runge-Kutta methods, implicit multi-step 

techniques, and integrators with error control.  Existing results have demonstrated a 

variety of integration methods can improve the execution speed of any lumped mass 

and spring model. 

1.5 Experimental validation 

Although numerical simulations have been used to generate histories of tether 

positions for specific ROV maneuvers [61,67,84], these simulation results have not been 

experimentally validated and cannot be used for a conclusive validation of our own low-

tension tether model.  A search of the literature revealed a void of experimental data that 

would be suitable for validation of slack tether models.  Ideally, a time history of the 

tether motion could be compared against simulated motions to test the implementation of 

the low-tension cable dynamics.  Such a history must describe the continuously changing 

lay of the tether.  Such in-situ monitoring of tether, or cable, motion remains an intriguing 

problem.  Often, the desire of such a description of cable motion is abandoned in favour 

of more readily available field data.  For example McLain and Rock monitored tether 

state in-situ by acquiring a history of tensions developed at the vehicle termination [21].  

Measurement of line tension has also been used in the validation of anchor line 

simulations [85] and in the low-tension dynamics of falling cables [77].  Howard and 

Syck [86] and Park [20] present methods for monitoring cable motion based on 

interpolation of acoustically sampled positions along a deployed cable.  However, such 

experimental descriptions of cable motion are generally based on sparse point data and 

are only useful when the cable geometry is relatively simple.  For example, in [37], Vaz 

and Patel present acoustically acquired position data for four locations along a 300 m 
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towed cable.  Driscoll et al. [40] monitored the motion of a caged deep-sea ROV platform 

based on motion recorded at the platform and surface vessel.  A one-dimensional cable 

model was used to describe the cable dynamics based on this boundary data.  For vehicles 

towed in three dimensions, such a sampling of the boundary motion is often used as the 

best available definition of the towed system state [41,87].  

In a controlled laboratory environment, cable state has been monitored through video 

footage.  Gobat and Grosenbaugh [88] investigated the contact dynamics of catenary 

moorings by analyzing video frames of a small length of actuated chain coming in 

contact with a scale model of the seabed.  Sterndorff and O’Brien [59] presented the use 

of a vision based system to monitor the motion of a scale model of a marine riser.  While 

these experiments described the motion of flexible bodies in low-tension states, the 

results were dependent on several other model components including contact dynamics, 

specific environmental conditions, a ship model, and buoyancy elements distributed 

along the riser.  To properly validate a low-tension tether model with no other elements, 

it is necessary to acquire data for a maneuver in which the tether is the only entity.  In 

addition, it is appropriate to focus on an experimental tether maneuver that generates 

bending and torsional forces that rival or eclipse the magnitude of the internal tension and 

damping forces. 

1.6 Thesis overview 

This dissertation will address the need for a computational tether dynamics model that 

can capture the motion of slack tether in three dimensions using an approach that seeks to 

minimize computational overhead.  To avoid the growth of the model dimension, and the 

negative consequences on the model efficiency, these provisions will be made within a 

standard lumped mass and spring framework.  In Chapter 2, the lumped mass and spring 

framework will be developed and applied to the simulation of unsteady tows and turning 

maneuvers of a towed cable. 
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The extension of this model to slack tether simulations will be accomplished using two 

techniques.  In Chapter 3 a representation of a true tether’s bending stiffness will be 

incorporated into the lumped mass and spring model as an additional term in the motion 

equations presented in Chapter 2.  The incorporation of bending effects in Chapter 3 will 

begin with the theoretical definition of the bending terms and demonstrate the 

discretization of these additional effects.  These additional effects will be defined strictly 

in terms of the node positions, the current state variables of the lumped mass and spring 

approach, which facilitates their direct insertion into the discrete motion equations 

developed in Chapter 2.  The revised lumped mass and spring model will be applied in a 

slack tether maneuver and compared to numerical results generated for the same 

maneuver without bending effects.  In addition, an experimental validation will be 

presented that includes the measurement of a tether profile in low-tension circumstances.  

Comparison of simulated and experimental data from the low-tension maneuver will 

demonstrate the accuracy of the revised lumped mass model in low-tension situations and 

illustrate the importance of bending effects in the absence of taut tether states. 

To facilitate the inclusion of torsional rigidity in the evaluation of the cable response, 

the governing equations of motion will be revisited in Chapter 4.  Using a higher-order 

representation of the tether geometry, a classical finite element technique will be applied 

over the complete continuous equations of cable motion to present an alternative 

formulation for the bending forces and a new representation of torsional effects.  By 

basing the development of the discrete bending and torsional effects on the mechanics of 

the continuous tether, the interpretation that exists when modelling the cables bending 

and torsional stiffnesses with idealized rotational springs is eliminated.  To conclude 

Chapter 4, the higher-order lumped mass model is compared to the revised linear 

approach of Chapter 3 on the basis of simulation results for a common low-tension tether 

maneuver.  In addition, the response of a bent and twisted cable to initial conditions is 

given to prove the effectiveness of the new implementation. 
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In Chapter 5, the higher-order model will be applied in the simulation of tether motion 

during a three-dimensional ROV maneuver.  An experimental apparatus is presented 

which is used to acquire a description of the small ROV’s motion and the initial profile of 

the vehicle’s tether.  By using this data to drive the higher-order model, an objective 

evaluation about the importance of bending and torsional considerations in ROV system 

modelling is made.  The topic of numerical integration will also be addressed in Chapter 

5.  The merits of both explicit and implicit integration schemes will be outlined and 

methods of both types will be applied to the simulation of the captured ROV maneuver.  

Also, using this realistic ROV maneuver as a benchmark case, the computational savings 

that can be achieved through the use of the higher-order model over the revised linear 

method of Chapter 2, are quantified. 

In Chapter 6, the major developments of the thesis are revisited, a summary of 

intended additions to the lumped mass models’ capabilities is given, and an accounting of 

the applications that are seen to require these future initiatives is listed. 

1.7 Thesis contributions 

While models have been developed which describe bending and torsional forces, their 

utility is tarnished by either the complexity of the model development (inflated system 

equations), difficulty integrating other non-linear models (through non-linear boundary 

conditions), or incompleteness (no torsional effects).  This thesis looks to address these 

shortcomings by providing a formulation that includes the requisite higher-order effects 

without introducing unnecessary growth in the dimension or complexity of the final 

model.   The present work will promote the understanding of the physical mechanisms 

within the tether that influence the motion of the ROV platform through: 

1. a clear, and physically justified, development and implementation of a discrete 

representation for bending and torsional forces that is applicable within a standard 

lumped mass and spring approach. 
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2. generation of simulated results and acquisition of experimental data that define a 

benchmark test(s) for the performance of slack ROV tether models. 

3. the use of the validated model in the simulation of sample ROV maneuvers to clarify 

the importance of the bending and torsional rigidity in the ROV system dynamics.  
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Chapter 2  

Lumped Mass Cable Modelling 

2.1 Overview 

As outlined in the previous chapter, the use of towed cable systems has precipitated 

extensive research into the behaviour of marine cables.  Over the last thirty years, a 

significant body of research has been produced that demonstrates the proficiency of a 

variety of dynamic models at capturing the behaviour of underwater cables subjected to 

relatively large dynamic tensions.  Of these existing methods, the lumped mass approach 

has been widely applied due to its ease of implementation and the accuracy of the 

numerical results it produces. 

In this chapter we will present the development and validation of a lumped mass 

strategy for the dynamics modelling of towed undersea cables.  In §2.2 the theoretical 

development of the model will be outlined.  The development includes the discretization 

scheme for the cable geometry and the prevalent methodology for the calculation of the 

internal and external forces acting over the cable.  In §2.3 an implementation of the 

model is used to simulate two types of towed maneuvers in the time domain.  First the 

response of the towed cable to unsteady towship motion during straight tows is presented.  

Second, the motion of a long towed cable during continuous turn maneuvers is 

considered.  In the study of turning maneuvers, both the transient motion of the cable 

during the initial stages of the turn and the final steady state turn profile of the towed 

cable are reported.  Comparisons are made with the results of Chapman [13] who 

tabulated the equilibrium configuration for towed vehicles during turning maneuvers.  In 
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§2.4 it will be shown that, despite claims that the lumped mass strategy can be applied to 

the analysis of slack cable dynamics [62,63], the methodology fails when the modelled 

cable remains slack for more than brief periods of time because of an inability to capture 

the effects of internal bending and torsional stiffnesses. 

The cable modeling methodology presented in this chapter will provide the foundation 

for the subsequent developments of this dissertation: the adaptation of the strategy for the 

simulation of the slack cable motion that occurs during operation of remotely operated 

vehicles.   

2.2 Theoretical development 

To aid in the cable modelling, an inertial reference frame and a sequence of moving 

frames attached at points along the cable are introduced. Referring to Figure 2.1, which 

illustrates the towed system, the inertial reference frame (X, Y, Z) is fixed at the surface. 

A horizontal direction, X, is defined positive to the right, the vertical direction, Z, is 

defined positive downward, and the Y direction completes this right-handed coordinate 

system. The armoured cable is discretized into an assembly of N linear elements.  The 

mass of the cable is lumped at the 1N +  node points, 0 to N.  To model the elasticity of 

the true cable, each visco-elastic cable element is idealized as a parallel combination of 

an ideal spring and viscous damper.  This representation is referred to as the Voigt model 

and is discussed in more detail in Appendix C.  Using this approach, each node can 

translate in all three spatial dimensions subject to hydrodynamic and gravitational forces, 

but this node motion is constrained by restitutional forces created through the application 

of Hooke’s Law over the visco-elastic elements.  The calculation of the elastic tension, 

damping, and hydrodynamic drag forces generated over the element assembly is 

performed in terms of a body fixed, or local, frames attached to each element.  For the ith 

element the local frame is defined by the orthonormal 1ˆ ip , 2ˆ ip , and ˆ iq  axes where 1ˆ ip  is 

normal to the ith visco-elastic element, ˆ iq  is tangent to the ith cable element, and 2ˆ ip  

completes the right-handed system. 
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Figure 2.1. An illustration of the discrete representation of the marine cable.  The cable is 

modeled by an assembly of N visco-elastic elements that extend between nodes 0 and N, the 

boundary nodes.  The mechanical properties of the individual cable elements are approximated 

using the Voigt model.  

2.2.1 Kinematics 

The orientation of each discrete cable element is represented using a Z-Y-X ( iψ , iθ , 

iφ ) Euler angle set [89]. These successive rotations align the inertial frame with the ith 

local frame. At this time the twist incurred within a cable element is not considered in the 

analysis and as a result, the orientation of the tether cross section about the tangent 

direction is arbitrary.  To specify a particular orientation for the local frame, the initial iψ  

rotation about the inertial Z axis is constrained to zero and the remaining two Euler 

angles are calculated based on the observed lay of the linear element in space.  This 

approach is consistent with a wide body of works [42,48,50]. The orthogonal rotation 

matrix, i
IBR , describes the mapping from the local frame of the ith cable element to the 
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inertial frame.  Applying the specified Euler angle set, the rotation matrix from the ith 

local frame to the inertial frame becomes: 
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0 cos sin

sin cos sin cos cos

i i i i i

i i i
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i i i i i

θ θ φ θ φ
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 = − 
 − 

R  (2.1) 

The Euler angles can be calculated at any instant in the simulation provided that the 

endpoints of the cable element are known.  For example, consider the ith element of the 

cable, shown in Figure 1, that is bounded by nodes i-1 and i.  When expressed in terms of 

the body fixed frame, the only non-zero component of the vector quantity ( )( ) ( 1)i i−−r r  is 

in the tangential direction. Therefore we have: 
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where iL , the length of the ith element, at any instant in time is given by, 

 ( ) ( 1) 2 ( ) ( 1) 2 ( ) ( 1) 2( ) ( ) ( )i i i i i i i
X X Y Y Z ZL r r r r r r− − −= − + − + −  (2.3) 

and ( )ir  is the position vector, with components ( )i
Xr , ( )i

Yr , ( )i
Zr , describing the location of 

the ith node in the inertial frame. Substitution of (2.1) into (2.2) results in the following 

set of non-linear equations: 

 ( ) ( 1)sin cos ( )i i i i i
X XL r rθ φ −= −  (2.4) 

 ( ) ( 1)sin ( )i i i i
Y YL r rφ −− = −  (2.5) 

 ( ) ( 1)cos cos ( )i i i i i
Z ZL r rθ φ −= −  (2.6) 

Combining equations (2.4) and (2.6), 

 ( ) ( 1) ( ) ( 1)atan2( , )i i i i i
X X Z Zr r r rθ − −= − −  (2.7) 
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The solution for iφ  can now be found from equation (2.5) and either of (2.4) or (2.6). 

We therefore choose to use the combination that leads to the best numerical stability as 

follows: 
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, if cos sini iθ θ<  (2.9) 

Thus, equations (2.7), (2.8), and (2.9) are our desired relations which allow us to find 

the Euler angles from the node positions of the discretized cable. 

2.2.2 Internal forces 

Internal forces are generated by the elasticity of the cable elements which permits 

stretch of the elements in the tangent direction. The methodology for calculating these 

forces in three dimensional cable modelling applications has been presented by Huang 

[36].  With this approach, the tension within the ith cable element, iT , acts in the 

tangential direction ˆ iq  of the element, and is modeled as a linear function of the 

tangential strain of the discrete cable element, iε : 

 i iT EAε=  , 
i i

i u
i
u

L L

L
ε −=  (2.10) 

where i
uL  is the unstretched length of the ith cable element, A  is the cross sectional area 

of the cable element, and E  is the effective Young’s modulus of the cable.  The friction 

between the braids of the cable, along with the polymer coatings that protect the 

conductors contained in the cable core, will dissipate energy within the cable structure.  

This dissipation is modeled as a linear viscous damping effect.  The axial force in the ith 

element generated by the damping effect is defined as a linear function of the tangential 

strain rate: 
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where IDC is an internal viscous damping coefficient for the cable construction.   The 

application of a uniform stiffness and damping coefficient within the Voigt model has 

been applied in the analysis of many vibrating systems [90] including submarine cables 

[27,28].  However, in the Voigt approximation the mechanical properties are often taken 

as a stiffness i i
uK EA L=  and viscous damping coefficient i i

V ID uC C L=  that are specific 

to the length of the element.  In this work, the mechanical properties of the cable cross 

section are distinguished from the choice of element size. 

Using this length independent description of the stiffness and damping characteristics, 

the effects of the discretization are contained in the calculation of a uniform strain and 

strain rate, in (2.10) and (2.11) respectively, for the ith element.  The axial strain rate for 

the linear elements is approximated using the tangential velocities of the node that bound 

the ith element.  In terms of the axes of the ith local frame, the node velocities are given by 

{ }
1 2

( ) ( ) ( ) ( )
i i i

T
i i i i

p p q
v v v=v  where ( )

i

i

q
v  is the component of the ith node velocity in the 

tangential direction ˆ iq . 

2.2.3 External forces 

The external forces acting on a cable element consist of forces generated by the 

interaction of the cable element with the surrounding environment including 

hydrodynamic drag, weight, and buoyancy effects.  Applied loads include any forces that 

can be defined explicitly in terms of time.  Application within the model is accomplished 

simply by specifying the applied force, ( )i
af , as components in the X, Y, and Z axes. 

The drag forces on the ith cable element can be calculated according to: 
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where 
1

i
ph , 

2

i
ph and i

qh  are the components of the hydrodynamic drag when represented in 

the body-fixed frame; Wρ  is the density of the water; cd  is the cable diameter; DC  is the 

normal drag coefficient of the cable; and iv  is the velocity of the geometric center of the 

ith cable element with respect to the surrounding fluid, with components 
1
i

i

p
v , 

2
i

i

p
v , and i

i

q
v  

in the local frame. The drag coefficient is modified by loading functions pf  and qf , 

which are functions of η , the incidence angle of the relative fluid flow on the ith cable 

element.  The loading functions account for the non-linear breakup of drag between the 

normal and tangential directions as discussed by Driscoll and Nahon [91]. 
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where η  is expressed in radians and 0
2

πη≤ ≤ . The velocity of the element’s geometric 

center, iv  is found by averaging the velocities of the nodes that bound the element.  This 

velocity can also be obtained by ignoring the strain rate of the element and applying the 

equations of relative motion for a rigid body.  Linear interpolation of the end node 

velocities yields the midpoint velocity, iv , which is taken as a characteristic velocity for 

the element. 
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The calculation of the incident fluid flow is shown graphically in Figure 2.2. 
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Figure 2.2. The hydrodynamic force acting on the ith element is calculated based on an estimation 

of the velocity of the element’s geometric center.  

Once the drag force acting through the centers of the ith and i+1th element are 

calculated, half of each value is applied, or lumped, at the ith node that joins the two 

elements. 

The mass and buoyancy of the ith cable element are given by, 

 Vi i
c c cm ρ=    ,   Vi i

W cρ=b g  (2.13) 

where cρ  is density of the cable, { }0 0
T

g=g  is the acceleration due to gravity given 

in terms of the inertial frame, ib  is the buoyancy force on the ith element expressed in the 

inertial frame, and Vi
c  is the volume of the ith cable element. 

The effects of added mass are accounted for in the cable element mass matrix.  

Assuming there are no added mass effects in the tangential direction, the mass matrix for 

the ith cable element, expressed in terms of the ith body frame, becomes: 
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M    ,   Vi i
a W cm ρ=  (2.14) 

where i
am  is the added mass of the cylindrical cable element as given by Newman [92] 

and King [93]. In the governing equations of motion, we require a representation with 

respect to the inertial frame.  The mass matrix is therefore transformed using the rotation 

matrix i
IBR .  The mass attributed to the ith node is formed from contributions of elements 

above and below the node.  Thus, the ith nodal mass matrix, expressed in terms of the 

inertial frame, becomes: 

 1 1 11 1

2 2
i i i i T i i i T
I IB A IB IB A IB

+ + += +M R M R R M R  (2.15) 

2.2.4 Assembly of forces 

Applying Newton’s second law to the nodes of the lumped mass representation yields 

a series of 3(N+1) second-order differential equations which govern the motion of the 

nodes in the X, Y, and Z directions.  To evaluate this equation of motion, the vector 

quantities described above are resolved into inertial representation for use in the 

equations of motion of the cable element. For the ith node of the tether (0 ≤ i ≤ N), the 

translational motion equation becomes, 

 

( ) 1 1 1 1

1 1

1 1
[( ) ] [( ) ]

2 2
1 1

( ) ( )
2 2

i i i i i i i i i i
I IB IB

i i i i i
c c am m

+ + + +

+ +

= + + − + − +

+ + + +

r R t p h R t p h

g b g b f

M ��
 (2.16) 

where ih  is the hydrodynamic drag on the ith element expressed in the body-fixed frame, 

ˆi i iT q=t  is the elastic tension force generated in the ith element, and ˆi i iP q=p  is the 

internal damping force generated in the ith element. 
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2.2.5 Solution procedure 

The N+1 instances of (2.16) form a combination initial and boundary value problem.  

In order to evaluate the cable dynamics in the time domain, it is necessary to provide both 

the requisite boundary conditions and an initial system state from which the model can be 

advanced in time. 

2.2.5.a Numerical integration 

To evaluate the motion of the towed cable in the time domain any one of a number of 

numerical integration schemes can be applied. While the selection of an optimal 

integration method will be addressed in Chapter 5, for now the N+1 instances of (2.16) 

are rewritten as a system of 6( 1)N +  first-order differential equations to afford the use of 

a 4th order Runge-Kutta approach.  The time dependent state vector, ( )tY , that defines 

the cable profile at any instant in the simulation is then: 

 ( ) { }(0) (0) (1) ( 1) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )T T T N T N T N T T
t t t t t t t−=Y r r r r r r� � ��  

Given an initial state of the tether, ( )0tY , the integration scheme produces ( )1tY , 

( )2tY , …, ( )ktY , ( )1kt +Y ,…, ( )ftY , where ft  is the duration of the simulation.  To 

advance the model each time step an explicit approach is used. For the kth step advancing 

the model from  kt  to 1kt + , the following sequence of calculations produces the next state, 

( )1kt +Y : 

1. Using the node positions of the current tether state, ( )

0

Ni

i=
r , the orientation of each 

element is calculated and the series of rotational transforms, i
IBR  for 1 i N≤ ≤ , are 

formed according to (2.1). 

2. The internal axial forces, it  and ip , within the linear elastic elements are calculated 

according to (2.10) and (2.11) respectively. 
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3. Specify any external applied loads, ( )i
af , acting at the node points of the discrete 

cable. 

4. Using the known node velocities, ( )

0

Ni

i=
r� , the hydrodynamic loads distributed over 

each of the elements, ih  for 1 i N≤ ≤ , are calculated using (2.12). 

5. The element mass matrices, iM  for 1 i N≤ ≤ , are calculated according to (2.15).  

6. The 3( 1)N + instances of (2.16) are solved to produce the set of node accelerations, 

( )

0
( )

Ni
k i

t
=

r�� . 

7. The node accelerations are augmented with the velocities of the current tether state to 

form the first time differential of the state vector, ( )ktY� . This vector is then passed to 

the chosen integration scheme to produce the next state of the cable, 1( )kt +Y . 

Assembly of the first-order differential equations, and implementation of a fourth 

order Runge-Kutta integration scheme presented in [94] was completed in C/C++ on a 

Pentium III 700Mhz desktop computer. 

2.2.5.b Boundary conditions 

To numerically evaluate the series of node accelerations, ( )

0

Ni

i=
r�� , according to (2.16), it 

is necessary to define the conditions at the cable boundaries, nodes 0 and N.  At each 

bounding node these conditions consist of either: 

1. a dynamic constraint: the value of the applied force at the boundary node, (0)
af  or 

( )N
af . 

2. a kinematic constraint: the specification of the bounding nodes motion defined by 

{ }(0) (0)( ) ( )
TT Tt tr r�  or { }( ) ( )( ) ( )

TN T N Tt tr r� .  In the case where a kinematic boundary 

condition is provided, the position and velocity of the boundary node are dropped 

from the state vector ( )tY .   
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2.3 Simulation of towed cable maneuvers 

Using the three dimensional lumped mass formulation presented in §2.2, it is possible 

to capture the motion of a deployed marine cable subject to general kinematic or dynamic 

boundary conditions.  In this section we will examine the performance of the lumped 

mass model during a variety of cable maneuvers.  The maneuvers considered are all 

instances of surface vessels towing armoured towcables.   

2.3.1 Straight unsteady tows 

The first test case considered was that of a straight tow of an armoured towcable.  This 

case has been examined extensively in the body of existing literature and thus both 

experimental and numerical results are available for comparison[37].  For the purposes of 

validating the lumped mass model, simulations of towship maneuvers presented by Vaz 

and Patel [37] are repeated here and the results compared against experimental data also 

provided in the work by Vaz and Patel. 

When considering the towing of cables by surface vessels, a common assumption is 

that the inertia of the towing vessel dwarfs any internal or external forces accumulated 

over the towcable length [33,36,70].  In this case, it is reasonable to assume that the 

deployed cable will not affect the dynamics of the vessel itself.  Following this reasoning, 

the towing vessel can easily be coupled to the cable model through the application of a 

kinematic constraint at the towpoint, located at node 0 of the cable model.  For the 

straight tow considered here, the motion of the towpoint is constrained to the X axis of 

the inertial frame and is defined by the piecewise function given in Table 2.1. 
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Time (s) (0)
Xr�  (m/s) (0)

Xr  (m) 

0.0 120.0t< ≤  0.566  0.566 t⋅  

120.0 180.0t< ≤  0.566 0.0112 ( 120)t+ ⋅ −  267.92 0.566 ( -120) 0.006 ( -120)t t+ ⋅ + ⋅  

180.0 t<  1.235  123.48 1.235 ( -180)t+ ⋅  

Table 2.1. The kinematic boundary conditions describing the acceleration of the cable towpoint. 

The towpoint motion corresponds to a cruise at 0.566 m/s for a 120 s period. During 

this time the towcable achieves an equilibrium profile. Since the material properties are 

uniform over the entire scope of the towcable, the equilibrium profile is expected to be a 

straight line inclined to the free surface.  In the third minute of the maneuver, the 

towpoint is accelerated at a constant rate over a 60 s interval to achieve a towing speed of 

1.286m/s.  During this time, the towcable is subjected to changing hydrodynamic loads 

which drive the cable towards a new equilibrium configuration.  During the ship 

acceleration, the relative flow of the surrounding fluid is unsteady, and proper modeling 

of both the cable’s mass distribution and added mass forces on the cable is critical to the 

accuracy of the simulation.  To reduce transient cable motions at the start of the 

simulation, a suitable initial condition for the cable was calculated by executing a 

separate dynamic simulation in which a stationary cable hanging vertical in the water 

column was brought up to speed through a constant acceleration of the towpoint.    

The physical properties of the towcable were taken from the description of the heavily 

armoured (HA) cable considered in [37].  Since Vaz and Patel applied a finite segment 

approach, and thus considered the cable to be composed of inextensible rods, a value had 

to be determined for the axial stiffness of the HA cable.  Referring to the experimental 

testing completed by Laura et al. in [95], an effective modulus of elasticity of 77.5GPa 

was applied over the entire cross section of the armoured cable.  As discussed by Laura et 

al., this modulus value held across a variety of cable constructions with only minor 

changes attributed to changing cable core types.  As such, it was believed to be suitable 

for use in the current case studies.  The 300 m length of the HA cable was modeled using 

six 50 m elements. 
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Parameter Symbol Value 

Cable diameter 
cd  0.0332 m 

Cable density 
cρ  3121 kg/m3 

Cable drag coefficient 
dC  1.649 

Cable damping coefficient 
IDC  10 Ns 

Effective modulus of elasticity E  77.5 GPa 

Total cable length L  300 m 

Cable nodes N 6 

Table 2.2. Summary of the HA cable mechanical properties. 

Referring to Figure 2.3, it is apparent that the output of the lumped mass model fits the 

experimentally recorded towcable profiles very well.  It should be noted that the 

simulated profile seems consistent with the straight line cable configuration that is 

expected at the 120 s mark.      
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Figure 2.3. HA towcable profiles during acceleration from 0.566 m/s to 1.235 m/s. The triangular 

markers indicate cable node positions obtained experimentally by Vaz and Patel. 

A second maneuver involving unsteady ship motion was also compared against 

experimental data provided by Vaz and Patel.  Table 2.3 outlines the kinematic towpoint 

conditions for this second maneuver: a deceleration of the towing vessel from 1.286 m/s 

to 0.514 m/s.  Once again, the initial conditions for this simulation were established by 

running a separate simulation that produced the steady state towcable profile for the 

cruising speed of 1.286 m/s.   

Time (s) (0)
Xr�  (m/s) (0)

Xr  (m) 

0.0 60.0t≤ ≤  1.286  1.286 t⋅  

60.0 120.0t< ≤  1.286 (0.0129) ( - 60)t− ⋅  277.16 1.286 ( - 60) (-0.0065) ( - 60)t t+ ⋅ + ⋅  

120.0 t>  0.514  131.2 0.514 ( -120)t+ ⋅  

Table 2.3. The kinematic boundary conditions defining the deceleration of the cable towpoint. 
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Referring to the sequence of cable profiles shown in Figure 2.4, the accuracy of the 

lumped mass approach, for two dimensional towed cable motion, is again confirmed.  In 

the case of the deceleration of the towpoint, the transient response of the towcable must 

be calculated over a longer duration since the motivating force in this case is the 

gravitational force rather than the thrust of the surface vessel.  
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Figure 2.4. HA towcable profiles during ship deceleration from 1.286 m/s to 0.514 m/s. 

2.3.2 Turning maneuvers 

In a series of works by Chapman, a finite segment cable model was used to predict the 

two and three dimensional response of towed vehicles to ship motion [12-14].  The 

results of this numerical modeling were also validated against experimental data collected 

from a scale model of a towed vehicle system [96].  One of the focuses of Chapman’s 

work was the quantification of the disturbances in the straight-tow cable configuration 

incurred as the towing vessel leaves a trackline and performs a circular turn.  During the 
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turn cross flow is induced over the deployed cable and the towed assembly moves 

towards a new equilibrium state in response to this cross flow.  In order to predict the 

behaviour of towed platforms in a circular turn of any radius, Chapman presented a 

tabulation of the steady state profiles of the towcable during continual circular ship 

motion of varying radius.  Comparison of these steady state profiles to the straight tow 

configuration provided a means of estimating the magnitude of the transient motions that 

would be observed in an actual finite turn.  

The towed vehicle considered was a cannonball depressor mass.  Assuming large 

vehicle in-situ weight, the vehicle drag was neglected.  In addition the stretch of the cable 

was neglected.  With these simplifications Chapman was able to present the quasi-static 

equations of motion in a non-dimensional form which could be solved for the steady state 

towcable profile.  The solution was obtained using an iterative shooting method in which 

the relative towfish position was first estimated and a numerical integration scheme was 

applied in the spatial coordinate, s, upwards along the towcable to extract the cable 

profile towards the termination at the surface vessel.  The subsequent iterations adjusted 

the assumed conditions at the towfish termination to ensure that the cable towpoint 

intersected the specified circular path of the surface vessel.  Although Chapman’s 

analysis was limited (the towfish model was not as realistic as that of more recent works 

[39,41]), the tabulated turn profiles he generated provide another means for the validation 

of the lumped mass model in general three-dimensional motion.   

Chapman’s non-dimensional scheme allows the steady state turn profile for any towed 

system to be estimated based on certain parameters including the towcable density, cable 

diameter, cable normal drag coefficient, the total in-situ weight of the depressor like 

towfish (W), the total deployed cable length ( TOTL ), the speed of the surface vessel, and 

the radius of the surface vessel’s turn.  For this analysis a 357 m length of the previously 

described HA cable is towed behind a surface vessel cruising at 1.78 m/s.  A variety of 

separate circular turns are executed by the surface vessel with a range of turn radii 

between 59 m and 714 m being considered.  In each simulated turning maneuver, the 



Chapter 2 - Lumped Mass Cable Modelling  44 

 

towship maintains a circular path until the towed cable and depressor settle to a new 

equilibrium state, at which point the simulation is stopped.  By extracting the steady state 

values achieved at the end of the simulations, it is possible to compare the lumped mass 

results against Chapman’s predictions. 

As before, the initial configuration of the towed cable is calculated by using the 

simulation to accelerate the towpoint of a vertical, stationary cable to the desired towing 

speed of 1.78 m/s.  In addition to the properties of the towcable, given in Table 2.2, and 

the specified 357 m cable length, the following parameters complete the specification of 

the towed system considered. 

Parameter Symbol Value 

Depressor in-situ weight 
FISHW  423.1 N 

Depressor diameter 
sd  0.20 m 

Depressor density 
sρ  11320 kg/m3 

Depressor drag coefficient 
DS

C  0.30 

Cable nodes N 10 

Table 2.4. Additional properties of the towed cable system considered in the simulated turning 

maneuvers. 

The history of towfish and towship motion during a single simulated turn of 71 m 

radius is given in Figure 2.5.  In the case shown, the towpoint undergoes a straight 

approach to the turn for 20 s at the cruising speed of 1.78 m/s and then enters a 

continuous turn of radius 71 m while maintaining the original cruising speed.  From this 

plot it is apparent that, even during smooth maneuvering of the surface vessel, the 

hydrodynamic forces accumulated over the cable scope cause tremendous fluctuation in 

the towfish motion. Consistent with Chapman’s predictions, it can be observed that the 

towfish progresses towards a circular path at an increased depth.  The significant drop of 

the depressor, referred to as “drop-down”, is attributed to a decrease in the speed of the 

towcable and depressor during the turn.  As the speed of the towed assembly decreases, 



Chapter 2 - Lumped Mass Cable Modelling  45 

 

the drag forces accumulated over the cable length also drop causing the towed cable to 

both drop in the water column and surge forward towards the center of the ship’s circular 

path.  A series of cable profiles during the maneuver are also shown in Figure 2.5, with 

the final, equilibrium profile shown as a solid bold line. 
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Figure 2.5. Towfish motion during a continuous ship turn of 71 m radius. 

The steady state values of three non-dimensional quantities were compared to the 

corresponding values reported by Chapman in [13]: the non-dimensional tow-off tension 

( SHIPT ), the non-dimensional towfish radius ( FISHR ), and the non-dimensional towfish 

depth ( FISHZ ).  The definition of these terms is given in Table 2.5 and the results of the 

comparison are shown in Figure 2.6.  For each non-dimensional quantity, Figure 2.6 

shows the variation with the ratio of cable scope to ship turning radius, FISHR . 



Chapter 2 - Lumped Mass Cable Modelling  46 

 

Quantity Definition 

SHIPT  SHIP

FISH

T

W
 

FISHR  
21

4FISH c c

FISH

R d g

W

π ρ ⋅ ⋅    

FISHD  
21

4FISH c c

FISH

Z d g

W

π ρ ⋅ ⋅    

Table 2.5. The non-dimensional values that define the equilibrium state of the towed system 

during continuous turning maneuvers. 

For each turn maneuver simulated, a very favourable comparison can be made 

between the predictions of the lumped mass dynamic model and Chapman’s steady state 

estimations.  As the ratio of the deployed cable length to the ship turning radius increases 

from a theoretical limit of 0 (corresponding to an infinite turn radius or straight tow) there 

is initially very little change in the towfish depth and cable tow-off tension, while the 

equilibrium towfish radius experiences large changes.  The minor deviations in the 

towoff tension and towfish depth continue until the scope to turn radius ratio reaches a 

value of approximately 1.25.  At this point marked changes in the towfish cable profile 

are noted with small changes in the ship turning radius and this regime of rapidly 

changing cable turn profile continues until the scope to radius ratio is approximately 4.0.  

Eventually the turn radius becomes small enough that the weight of the depressor causes 

the towed system to collapse to a sharp turn profile, such as that shown in Figure 2.5 for 

the 71 m turn.  This sharp turn profile asymptotically approaches a theoretical limit of a 

vertical line as the turn radius drops to zero. 

The three regimes of turning maneuvers, referred to as gradual, transition, and sharp 

respectively, were identified by Chapman. Chapman proposed a formula to predict the 

critical ship turning radius (the radius that corresponded to the onset of the transition turn 
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regime) in terms of the towed system parameters.  For the HA cable, towing speed, and 

depressor considered in this work, Chapman’s critical value of the scope to turn radius 

ratio is 1.264, which matches the observed onset of the transition range very well. 
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Figure 2.6. The variation of the towfish equilibrium state over a range of ship turning radii: 

(a) SHIPT , (b) FISHR , (c) FISHD .  Notable differences exist in the towoff tensions reported here and 

by Chapman – the difference for the 71 m turn is shown. 

While the trends with changing ship turn radius are consistent between the two 

approaches, notable differences exist in the magnitudes of the towoff tension values 

reported in Figure 2.6, most notably in the towoff tension.  The differences in magnitude 

are likely due to inconsistencies between the two modelling strategies.  Chapman’s 

simplified numerical model formulated the quasi-static motion equations of the towed 

system as an initial value problem in terms of a set of non-dimensional variables, 

including the three values listed in Table 2.5.  The initial condition in the formulation was 
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the state of the towcable at the depressor mass.  By eliminating the hydrodynamic forces 

acting on the depressor, Chapman specified the orientation of the cable and magnitude of 

the tension at the bottom boundary.  A variable step size spatial integration scheme was 

used to march up the cable and calculate the cable profile.  This method differs 

significantly from the lumped mass dynamic model.  While Chapman’s model relies on 

error control methods embedded in the spatial integration to determine the spatial 

discretization of the cable, the accuracy of the lumped mass approach is controlled by the 

choice of element size.  While the ten 35.7 m long elements used in the generation of 

Figure 2.6 produce good agreement in the position of the towcable, the cable tension is 

more sensitive to the number of elements used.  The tension reported by the lumped mass 

approach is calculated as an average value over each element based on the calculation of 

a uniform strain and strain rate within each of the cable elements.  Decreasing the 

element sizes, a more precise representation of the tension variation along the cable is 

produced.   

For the 71 m radius turn, a better estimation of the tow-off tension was obtained by 

simulating the circular turn using additional discretization schemes of 20, 40, 80, and 160 

elements.  An exponential fit to the steady state data calculated using each of these 

discretization schemes allowed the extrapolation of the towoff tension that would be 

achieved in the limit of differential element sizes.  As shown in Figure 2.7(a), this 

extrapolated “true” towoff tension is 6253 N, which corresponds to a non-dimensional 

value of 14.78, for the 71 m turn.  This compares fairly well with Chapman’s value of 

6346 N, or 15.0 in non-dimensional form.  The convergence of the model towards a 

consistent tension profile shown in Figure 2.7(a) is an indication, but not a guarantee, that 

the model is indeed consistent with the actual towcable [97].  That is, one expects that a 

correctly formulated discrete model will approach the true solution through the addition 

of node points.  Conversely, observation of such convergence as node points are added is 

a positive indication of the model’s accuracy. 
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Figure 2.7. (a) The convergence of the lumped mass model on an estimate of the “true” towoff 

tension value during the 71.4 m turn. (b) The tension profile along the towcable is significantly 

refined through the use of smaller elements.  

Figure 2.7(b) demonstrates the improvements in the resolution of the tension profile 

obtained with the smaller elements.  The horizontal segments in each of the three plots 

represent the constant tension that is observed over the elements in the 10, 40, and 160 

element simulations.  Further differences between the “true” value predicted by the 

lumped mass model and Chapman’s solution could be explained by dynamic effects that 

Chapman disregarded in his analysis, such as the hydrodynamic drag of the depressor.  

Chapman applied the depressor in-situ weight, 423 N, as an initial condition on the cable 

tension at the bottom boundary.  Accounting for the depressor hydrodynamics, the 

lumped mass solution produces a bottom towcable tension of 442 N.  Therefore, while 

the depressor hydrodynamics do not entirely explain the differences observed in the 
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towoff tension, it is an indication of the types of inconsistencies that can exist between 

the approaches, and suggests that there are limits to the agreement that can be expected in 

this comparison.    

2.4 Preliminary low-tension results 

One of the distinguishing features of the lumped mass approach is that the problem 

formulation casts the cable tension as an explicit function of the node positions.  This 

constitutive relationship, defined by equations (2.3) and (2.10), constrains the node 

motion in a manner that represents the effects of the cable’s axial stiffness.  Given this 

explicit dependence of the cable tension on the state of the discrete cable (the state being 

defined by the node positions), the evaluation of the motion equations is not affected by 

the onset of zero tension.  In this instance the calculated tension is simply zero and no 

constraint forces are applied to the nodes.  This methodology is in direct contrast to 

existing finite difference schemes, such as that presented by Ablow and Schechter [42], 

Howell [43], Burgess [47], and Grosenbaugh et al. [61]. In the finite difference approach, 

the equations of motion for the cable are written in terms of a local frame of reference 

and the cable tension is treated as an unknown.  When the cable enters a slack regime of 

motion and the cable tension goes to zero, the algebraic equations that result from the 

finite differencing procedure become singular.   

As it circumvents such numerical difficulties, it has been proposed that the lumped 

mass method provides a means for the simulation of slack cables.  In [62] and [63], the 

use of the lumped mass approach, as described here, in the simulation of cable motion 

with alternating taut-slack conditions is presented by Huang and Vassalos.  It was found 

that the use of a bi-linear approximation to the cable elasticity was suitable for the 

analysis of the cable dynamics in situations where slack cable or compressive stresses 

were incurred.  The bi-linear approximation modifies the calculation of the internal cable 

tension such that no compressive axial forces are considered due to the cables elasticity.  

Thus, 
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A similar approach was implemented by Ma et al. in which the stress-strain 

relationship of the cable was divided into three linear regimes.  Two followed the 

piecewise definition of (2.17) while the third was used to model the plastic axial 

deformation of the cable [98].  While the results of the approach presented by Huang and 

Vassalos were validated through experimental data, a major restriction on the application 

of (2.17) needs mentioning.  When the periods of slack cable motion exist for more than a 

few moments, the model’s ability to accurately capture the dynamics of the re-tensioning, 

even with provision for a bi-linear stiffness model, are compromised.  This can easily be 

illustrated by considering a sample cable maneuver during which sections of slack cable 

develop and persist. 

We consider a cable with one boundary, the towpoint, fixed to a vehicle and the other 

end free in the water column.  Rather than consider the dynamics of the vehicle, for the 

purposes of this example we once again specify the motion of the vehicle with kinematic 

conditions.  The motion of the vehicle, shown in Figure 2.8, is contained in the XY plane 

of the inertial reference frame.  Table 2.6 outlines the properties of the cable attached to 

the vehicle.   

Property Symbol Value 

Effective modulus of elasticity E 7.0 GPa 

Total Cable Length LTOT 300 m 

Cable Diameter 
cd  0.025 m 

Cable drag coefficient 
DC  2.5 

Cable density 
Cρ  1025 kg/m3 

Cable damping coefficient 
IDC  1000 Ns 

Cable Nodes N 54 

Table 2.6. Cable properties for the sample slack cable maneuver. 
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To help induce slack states, the tether material properties were set to represent the 

structure of typical ROV tethers that operate in slack conditions: the tether is neutrally 

buoyant (which ensures that the towed system remains contained in the XY plane); the 

effective modulus of elasticity has been reduced to compensate for the lack of an 

armoured layer on the ROV tether; and the damping coefficient has been significantly 

raised to account for the polymer sheath that typically encloses the tether conductors and 

fibers.  To ensure that the linear elements captured any curvilinear profiles that were 

produced in the low-tension test case, a large number of elements was used.  This ensures 

that the discretization scheme does not adversely effect the model performance, and 

isolates the low-tension performance of the lumped mass strategy as the target of this 

investigation. 

The towpoint is harmonically oscillated over an elliptic arc with a period of 

oscillation, Pτ .  The path of the leading end of the tether is described in Table 2.7 and 

Figure 2.8.  In the description of the maneuver, A  is the amplitude of the harmonic 

oscillation and 0t  is an initial interval in which the leading end of the tether is linearly 

accelerated to a speed of 
2

P

Aπ
τ

m/s, in order to avoid transients in the simulated results.  

The specification of the boundary conditions is completed by derivating the towpoint 

position, (0)r , to obtain a history of the towpoint velocity, (0)r� . 
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 0

2
cos ( )

10 10 P

A A
t t

π
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− − 

 
 0  

Table 2.7. The kinematic conditions defining the harmonic oscillation of the cable towpoint. 
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For this dynamic evaluation, the initial tether profile was with the tether forming a 

straight line in the horizontal plane.  The period of the elliptical oscillation was 

400sPτ =  with an amplitude of 75mA =  and an initial acceleration period of 

s 0.300 =t .  The tether profile is plotted in Figure 2.9 for two instants in the elliptic path: 

230 s and 430 s into the maneuver.  These points correspond to the towpoint passing 

through the apex of its path before and after the initial reversal of the towpoint motion at 

t=330 s.  

Apex

First reversal of 
the towpoint

A/10

A

30 st =

130 st =
230 st =

430 st =

330 st = Apex

First reversal of 
the towpoint

A/10

A

30 st =

130 st =
230 st =

430 st =

330 st =

 

Figure 2.8. A graphical depiction of the towpoint motion in the sample slack cable maneuver. 

The right-hand plot of Figure 2.9 illustrates how the cable coils up behind the towpoint 

after the towpoint reverses its direction of motion.  By the 430 s mark, it is obvious that 

the cable model output is not accurately simulating actual cable dynamics.  This is 

evidenced by the enlarged view of the top 100 m of cable shown in the right hand side of 

Figure 2.9 which shows how the linear lumped mass elements have become disjointed 

forming a very irregular cable profile.  These modeling errors are compounded as the 

simulation of the maneuver progresses and the towpoint continues to oscillate.  With 

every reversal of the towpoint motion, additional sections of cable adopt the irregular, 

misshapen profile shown in Figure 2.9. 
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Figure 2.9. Cable profiles during slack instances. 

2.5 Comments 

Similar to the singularities that develop in the finite difference approach, the inability 

of the lumped mass approach to accurately capture slack cable motion can be explained 

by considering the continuity conditions that are inherent within the modeling strategy.  

Continuity of the cable node points is enforced in the lumped mass strategy through the 

calculation and application of internal tensile forces. These forces constrain the motion of 

the node points such that, at any time, the nodes remain connected by the linear lumped 

mass elements. However, since these forces only act along the tangent line of the 

elements, they are decoupled from the transverse motion of the node points.  In slack 

situations, relatively large transverse node displacements can occur before the tensile 

forces become large enough to constrain further displacement of the nodes.  As is shown 

in Figure 2.9, the node displacements produced in slack instances lead to a disjointed 

cable profile.  Once these displacements have occurred, any subsequent dynamics 

calculations are corrupted by these incorrect node positions, and thus the model accuracy 

can not be assured.  Therefore, to develop the lumped mass approach with the goal of 

simulating slack ROV umbilicals, it is necessary to develop a model of the physical 
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mechanisms within an actual cable that ensure a smooth profile.  These mechanisms are 

the cable’s bending and torsional rigidity. 

Inclusion of the cable’s  bending stiffness has already been proven as a means for the 

correction of the singularity in the finite difference approach [43-45,48,78].  In terms of 

the lumped mass approach, one expects that implementation of bending and torsional 

stiffness models will introduce new terms in the motion equation, (2.16), that accurately 

replicate the internal effects that prevent the cable profile of Figure 2.9, and thus improve 

the accuracy of the model in slack situations.  In the majority of past works, the effects of 

torsional and bending stiffness have been assumed to be negligible in comparison to the 

tensile forces developed within the cable, and thus do not appear in the formation of the 

governing motion equation.  However, when looking at the internal tensions that are 

generated in this sample maneuver, it is apparent that this assumption is no longer valid.  

Figure 2.10 shows the variation of the internal tensile forces along the cable length at the 

430 s mark of the sample slack cable maneuver.  The missing data points for the eighth 

and tenth elements indicate a zero, or compressive, tension in those elements.  The 

significant drop in the internal tensile force in the eighth, ninth, and tenth elements (the 

section of cable extending between the 38 m to 55 m points as measured from the 

towpoint) corresponds to the three disjointed elements shown in the enlarged plot at the 

right of Figure 2.9.  In the following chapters we will examine two ways in which a low-

tension capability can be added to the conventional lumped mass approach to improve on 

its already substantial utility. 
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Figure 2.10. Tension variation along the cable at the 430 s mark of the sample maneuver. 
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Chapter 3  

Incorporation of Bending Effects 

3.1 Objective 

The objective of this chapter is to augment the equations of motion of the standard 

lumped mass approach with additional terms that represent the ROV tether’s bending 

stiffness.  As has been demonstrated within finite difference cable model formulations 

[48,49] and in closed-form analytic studies [76], the bending effects can be expected to 

constrain the transverse motion of the tether nodes and prevent the unrealistic tether 

profiles that were shown in Figure 2.9.  To incorporate the bending terms in the existing 

strategy it is necessary to develop these additional dynamic effects exclusively in terms 

of the current state variables of the lumped mass approach, the node positions.  The 

inherent challenge in this task is the definition of the higher-order shape information, 

namely curvature, that defines the internal bending moments in terms of this limited set 

of variables.  This chapter will outline a solution to this problem based on twisted spline 

interpolation.  The effectiveness of the approach will be demonstrated by examining 

bending test cases and by revisiting the dynamic maneuver presented in §2.4.   Finally, 

simulated low-tension tether motion is compared against experimental data to validate the 

new formulation.  The development of the bending effects is the first step in the 

adaptation of the lumped mass strategy for low-tension applications.  In Chapter 4, the 

formulation of torsional effects will be introduced to complement the developments of 

this chapter.  
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3.2 Including three-dimensional bending effects 

Figure 3.1 provides a graphical depiction of the lumped mass representation of the 

ROV tether, the X, Y, and Z axes of the inertial reference frame, and the ip1ˆ , ip2ˆ , and 

iq̂ axes of a local reference frame attached to the ith linear visco-elastic element. 
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Figure 3.1. An illustration of the discretized ROV tether. The distance along the unstretched 

curvilinear cable is given by the Lagrangian coordinate s.  

It has been demonstrated in Chapter 2 that application of Newton’s second law to the 

ith lumped mass nodes yields the set of three coupled second-order differential equations 

given in equation (2.16).  These coupled equations govern the motion of the node point in 

the X, Y, and Z directions.  In developing the motion equation, the internal axial forces 

were calculated based on the linear element structure: Hooke’s law was applied to each of 

the linear elements and restitutional forces were applied to the nodes based on the 

calculated internal tensions and the orientations of the local reference frames.  The 

implementation of bending effects presented in this chapter follows a similar strategy: 

given the state of the ith cable element, as defined by the i-1th and ith node positions, an 
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internal bending moment distribution is calculated over the linear element and is applied 

at the end nodes in a manner consistent with the element geometry.  Since the motion of 

the discrete tether is defined strictly by the translation of the node points, the bending 

moments must be transformed into an equivalent system of internal forces applied at the 

node locations, ( )i
BF .  Given the linear form of the elements already adopted in Chapter 

2, the additional forces will be applied perpendicular to the element within the plane 

formed by 1ˆ ip  and 2ˆ ip  and thus constrain the transverse motion of the node points.  

Inclusion of these additional bending forces will result in the revision of the motion 

equation for the ith node point to include the additional ( )i
BF  term: 

 

( ) 1 1 1 1

1 1 ( ) ( )

1 1
[( ) ] [( ) ]

2 2
1 1

( ) ( )
2 2

i i i i i i i i i i
I IB IB

i i i i i i
c c a Bm m

+ + + +

+ +

= + + − + − +

+ + + + +

r R t p h R t p h

g b g b f F

��M
 (3.1) 

The development of the bending force term for application in the lumped mass 

representation takes the following steps: 

1. Definition of the bending effects in a continuous tether.  The equations of motion of a 

real cable continuum are presented and the bending effects are identified within the 

continuous relations. 

2. Discretization of the continuous bending forces.  Given that the existing motion 

equation includes a discretization of the hydrodynamic, gravitational, and internal 

tensile forces, it remains to discretize only the targeted bending terms using a 

technique that is consistent with the existing lumped mass discretization. 

3. Application of the discrete bending forces within the lumped mass tether model.  The 

bending force at the ith node, ( )i
BF , is assembled from the contributions of bending 

effects observed over all of the model node points.  The resulting force is expressed in 

terms of the inertial reference frame such that it can be directly superimposed over the 

existing internal, drag, and gravitational forces at each node point. 
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3.2.1 Bending in the continuous tether 

To include the desired bending effects, it is necessary to derive the dynamics 

equations for a continuous tether, considering the tortuous space curve, or profile, that the 

strained tether centerline forms in three-dimensional space.  The formulation of the three-

dimensional dynamics equations for a continuous cable has been presented extensively in 

existing literature [42,43,46,48,50,99-101]. In general, the cable is modeled as a slender 

flexible rod that sustains environmental, gravitational and buoyancy forces.  Of particular 

relevance to this work are the developments of  Nordgren [99,100] and Garret [101].  

Referring to these previous works, and to Figure 3.2 below, the translational and 

rotational vector equations of motion for a differential segment of tether, in terms of the 

local frame, are given by:  

 I
′ + + =F h w r��M  (3.2) 

 ′ ′+ × + =N r F n J �  (3.3) 

where ( , )s tr  is the position vector describing the space curve formed by the tether 

centerline in terms of the inertial frame, h  is the hydrodynamic load distributed over a 

unit length of the tether, w is the vector of applied gravitational and buoyancy forces per 

unit length, n  represents the applied moment per unit length, F  is the vector of internal 

forces, N  is the vector of internal moments, IM  is the 3 3×  mass matrix including 

added mass terms, J  is the rotational inertia tensor, n  is a distributed applied moment 

per unit length, and  is the angular velocity of the tether element.  The two vector 

equations are written in terms of the independent variables s and t, with the superscript (´) 

denoting absolute differentiation with respect to s , the unstretched curvilinear coordinate 

along the cable, and the superscript (⋅) denoting absolute differentiation with respect to 

time t . 
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Figure 3.2. A differential segment of a continuous tether.  The segment is subject to internal 

forces and moments as well as distributed hydrodynamic and gravitational loads. 

When considering the local reference frame of the continuous cable, shown in Figure 

3.2, a tangent direction is defined by q̂ , 1p̂  is a unit vector normal to the tether, and 2p̂  is 

a binormal direction that completes the right-handed coordinate system. For the actual 

cable, the orientation of the local reference frame in three-dimensional space varies 

continuously with changing location along the cable and time. 
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To expand equation (3.2) into the component scalar equations, one must recognize that 

the absolute temporal and spatial differentials have two components: one due to the 

change of the vector quantity with respects to the axes of the local frame and the other 

due to the changing orientation of the local frame itself.  Bliek demonstrated that it is the 

vector of curvatures that defines the changing orientation of the local frame with the 

spatial coordinate s [103].  The differentials of (3.2) and (3.3) thus follow:  

 ( ) ( ) ( )
t

∂⋅ = ⋅ + × ⋅
∂

�

 (3.4) 

 ( ) ( ) ( )
s

∂′⋅ = ⋅ + × ⋅
∂

 (3.5) 

where { }
1 2

T

p pκ κ τ= , is referred to as the local vector of the curvatures, or as the 

Darboux vector when applied in the analysis of curved surfaces [104].  The local vector 

of curvatures was also discussed in detail by Burgess in [49].  The quantities 
1pκ  and 

2pκ  are the curvatures observed about the 1p̂  and 2p̂  axes respectively and τ  is the twist 

about the q̂  axes .  While equation (3.4) will be very familiar to anyone with knowledge 

of rigid body dynamics, it is necessary at this point to convey the physical meaning of the 

local vector of curvatures, with reference to Figure 3.3 and to the material of Appendix 

A. 
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Figure 3.3. The relationship between the vector of curvatures, curvature,  and twist of the tether.  

Both the local and Frenet frames of reference are shown.  

Considering an instant in the tether maneuver, a slack tether with a curvilinear profile 

( )sr  exhibits a curvature κ  and twist τ  exist: scalar parameters that quantify the bend of 

the tether profile within the osculating plane and the changing orientation of the normal 

and binormal axes of the local frame about the tangent direction, respectively.  The 

curvature and twist are rotation rates measured in terms of radians per meter of travel 

along the curvilinear tether profile.  If the axial strain at the point considered, ε , is small, 

the osculating plane is defined by the first, ( )s′r , and second spatial derivatives, ( )s′′r , of 

the path, as shown in Figure 3.3.  Travelling from the point considered, s, to a point a 

differential distance sδ  away, the curvature of the tether profile induces a change in the 

orientation of the local frame tangent and normal directions within the osculating plane 
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through a finite rotation sκδ  about the binormal axis, b̂ , of the Frenet frame.  Likewise, 

the twist of the tether cross section induces a change in orientation of the 1p̂  and 2p̂  

directions of the local frame through a finite rotation of sτδ  about the tangent direction.  

In the limit, summation of these two infinitesimal rotations produces a vector quantity in 

terms of the Frenet frame of reference.  If this overall rotation is projected onto the axes 

of the local reference frame and the result divided through by the constant sδ  factor, the 

local vector of curvatures, , results.   

Therefore, relative to the axes of the local frame, the translational vector equation of 

motion for the differential tether element becomes: 

 

( ) ( )

1 1 1

2 2 2

B p p B p

B p p B p I

F F

F F
s

T P T P

κ
κ
τ

    
    ∂ + × + + =     ∂      + +    

h w rM �� (3.6) 

where the internal force vector F  has been broken down into components in the local 

frame where T  and P  are the magnitudes of internal tensile, t , and damping, p , forces, 

introduced in equations and (2.11) respectively, as applied in the continuous tether. We 

note that (3.6) is the continuous analogy of the discrete motion equation (2.16).  In 

comparison to equation (2.16) a new  internal force vector BF , with components 
1B pF  

and 
2B pF  in the local frame, and a cross product term that results from the changing 

orientation of the local reference frame along the continuous tether are included in 

equation (3.6).  These terms constitute the bending effects.  At this point the linear shape 

of the visco-elastic elements is taken into consideration.  Since the local frame attached to 

the ith visco-elastic element maintains a constant orientation over the element length, the 

bending terms that are to be extracted from (3.6) need not include contributions due to the 

changing orientation of the local frame.  Therefore to simplify the discretization process 

we eliminate the cross product of equation (3.6) from any further consideration in this 

chapter.  This reduces the translational equations of motion to: 
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 ∂ + + ≈ ∂  + 
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Using the rotational equations of motion, the transverse force, BF , can be defined in 

terms of the tether profile, or shape.  Following Love’s ordinary approximation theorem, 

the internal bending moment, N , is related to the curvature and twist of the local frame.  

In terms of the axes of the local reference frame, the internal bending moment is given by 

[103]: 

 { } { }
1 2 1 2

T T

p p q p pN N N EI EI GJκ κ τ= =N  (3.8) 

where EI defines the bending stiffness of the tether and GJ is referred to as the torsional 

stiffness or torsional rigidity. 

At this point two assumptions are made which simplify the rotational equations of 

motion (3.3).  First, no applied moments are considered in the analysis, 0=n , consistent 

with the suspension of the neutrally buoyant tether in the water column.  Secondly, it is 

well known that the high ratio of normal to tangential drag forces acts to produce motion 

of the tether strictly in the tangential direction.  This phenomenon has been referred to as 

the 'Bowden cable' [12] or 'water pulley' [81] effect, and limits the rotational 

accelerations experienced by an element of the ROV tether.  Couple this factor with the 

very slender geometry of the cable and it is assumed that the rotational inertia terms of 

(3.3) are small [43,46,48-50,61,99-101].  Recognizing that ( ){ }0 0 1
Tε′ = +r , 

substitution of equation (3.8) into (3.3) produces the following component equations:  
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where constant material properties, EI  and GJ , have been assumed.  The first two 

equations of (3.9) are static relationships between the new transverse internal forces and 

the tether curvature.  At this time, some important observations are made.  First, the 

tether’s torsional stiffness is neglected.  This simplification makes the third equation of 

(3.9) trivial: the tangential component of the vector of curvatures, the twist, can adopt any 

value.  Physically, this translates to a degree of freedom that makes the orientation of the 

1p̂  and 2p̂  axes about q̂  arbitrary.  In the lumped mass model, the kinematic scheme 

applied eliminates this degree of freedom by constraining one of the rotations in the Euler 

angle scheme that defines the orientation of the local frame of reference.  Secondly, 

maintaining consistency with the linear visco-elastic elements, only the changing 

magnitudes of the curvature components are to be considered in the discretization 

process.  Thus, a suitable approximate form of the bending force in a continuous tether is 

given by: 
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F  (3.10) 

Equation (3.10) defines the new bending effects and can be substituted directly into the 

translational equation of motion (3.7). 

To this stage we have applied a priori knowledge of the discrete cable form to apply 

simplifications to the continuous equations.  This has produced an analytic form for the 

new bending terms which must now be discretized.  The discretization procedure need 

only be applied to the new bending force term given by (3.10) to give the approximate 

discrete form of the bending force at the node locations, ( )i
BF .  Discrete forms of the 

remaining terms of equation (3.7) have already been realized by the developments 

outlined in §2.2 and embodied by equation (2.16). 
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3.2.2 Discretization of the bending effects 

To complete the discrete numerical model, a finite element technique is to be used to 

define discrete bending effects in terms of the curvatures observed at the nodes.  Once 

this is accomplished, all of the internal and external forces acting on the discretized tether 

are explicitly determined by the tether profile.  For example, internal tensions are 

calculated from the node positions, internal damping and hydrodynamic forces are 

determined from the time rate of change of the node positions, and bending forces are 

calculated from the tether curvatures. However, a refined estimation of the tether profile 

is required in order to facilitate estimation of the tether curvatures at the node points. A 

twisted cubic spline provides this refinement. 

3.2.2.a The vector of curvatures 

The profile of the real continuous tether at any instant is defined by three parametric 

functions of the Lagrangian coordinate, s, i.e.: { }( ) ( ) ( ) ( )
T

X Y Zs r s r s r s=r .  Howard 

and Syck [86] described how, given a set of node locations along the tether profile, 

{ }( ) ( ) ( ) ( )

0

NTi i i i
X Y Z

i
r r r

=
=r , a twisted spline of finite degree, 

{ }( ) ( ) ( ) ( )
T

X Y Zs r s r s r s=r� � � � , can be formed which approximates the space curve ( )sr .  

Each component of ( )sr�  is a concatenation of nth order polynomials that form a spline fit 

to the node coordinates.     

In selecting the geometric order of the twisted spline, there are a few important 

observations to consider: 

1. It has been assumed that there are no external moments applied to the ROV tether 

between the tether boundaries.  This is consistent with standard ROV operating 

conditions: the tether moves freely in the water column subject to the motive forces of 

the vehicles/platforms at the terminations. 
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2. In the absence of applied moments, the bending moment within the tether should be 

continuous function of the Lagrangian coordinate, s.  According to Love’s ordinary 

approximation theorem, equation (3.8), this corresponds to a continuous variation of 

the curvature.  

3. As discussed in §1.6, a goal of this research is to avoid the addition of state variables 

in the revision of the lumped mass modelling strategy.  Thus, the twisted spline fit 

through the tether node points should be of minimal order. 

The minimum degree of the twisted spline fit which provides continuity in curvature, 

and thus realistically captures the continuous bending moment distribution, is three [86].  

Thus, a cubic polynomial form, 3n = , is adopted for each of the spline segments.  The 

cubic spline interpolation algorithm used was presented by Press et al. [94].  The section 

of the twisted spline, r� , between the i-1th and ith nodes is given by ir : 

 ( )( ) ( )( )

( 1) ( 1) ( ) ( )
,1 ,2 ,3 ,4

( ) ( 1)
2 23 3

,1 ,2 ,1 ,1 ,3 ,4 ,3 ,3

( )

1 1

6 6

i i i i
i i i i i

i i
i i

i i i i u i i i i ui i
u u

s

s s s s
L L

L L

φ φ φ φ

φ φ φ φ φ φ φ φ

− −

−

′′ ′′= + + +

− −= = − = = −

r r r r r

   

where ( )is  specifies the location of the ith node point along the tether profile.  Examining 

equation (3.11), it is apparent that the  ith segment of the twisted spline, ir , is formed 

from a superposition of a linear component that interpolates the node positions and a 

cubic refinement that interpolates the second derivatives, or curvatures, at the node points 

and thus ensures second-order continuity, 2 ( )C s , between the elements.  Of course, it 

remains to ensure that a concatenation of the elements exhibits smoothness, or first-order 

continuity.  Press et al. demonstrated that the second spatial derivatives, referred to as 

curvature vectors, at the node points, ( )

0

Ni

i=
′′r , must satisfy a series of constraint equations 

defined over the scope of the concatenated twisted spline elements.  For a cable with N 

elements that are concatenated to extend between nodes 0 and N, these inter-element 

constraint equations take the form: 
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 (3.12) 

where (0)′r  and ( )N′r  are boundary conditions that define the orientation and strain of the 

tether at nodes 0 and N respectively.  The solution of equation (3.12) requires the 

specification of a boundary condition at either end.  If the orientation of the tether at 

nodes 0 or N is constrained by a clamped termination to a vehicle or a stationary 

platform, this orientation must be specified by (0)′r  or ( )N′r  respectively. Conversely, in 

the case of a boundary idealized as a spherical joint, or a free boundary, at node 0 or N, 

(0)′′ =r 0  or ( )N′′ =r 0 . 

Equation (3.12) defines the ( )i′′r  values directly in terms of the node positions, ( )ir , 

and the element unstretched lengths, i
uL . Thus, for any given set of node positions and 

prescribed boundary conditions, there is a unique set of curvature vectors that produce a 

smooth 2 ( )C s  continuous tether between the tether ends.  Thus, an assembly of the 

twisted cubic spline elements only requires specification of the node positions to fully 
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define the profile of the cubic elements, a capacity that exists within the existing lumped 

mass strategy. 

We choose to use the unstretched element lengths in the coefficient matrix of equation 

(3.12) to calculate the curvature vectors, ( )

0

Ni

i=
′′r .  This approximation allows for the 

coefficient matrix to be calculated once, prior to the simulation.  Using the unstretched 

element lengths introduces an error factor of ( ) 2(1 )iε+  in the calculated curvature 

vectors, a factor which is significant only with flexible tethers in high tension situations.  

However, in such circumstances, the magnitude of the tensile forces dominates the tether 

dynamics and dwarfs any bending effects that are based upon the calculated curvature 

values. Thus, the use of the unstretched lengths in equation (3.12) is expected to be 

acceptable in instances of both slack and taut tether.  Another consequence of the low-

tension assumption in (3.12) is that the boundary conditions are completely specified by 

the orientations, (0)q̂  and ( )ˆ Nq  since ( ) ( )ˆi iq′ ≈r  when the axial strain is very small.  

The specification of the curvature vectors completes the definition of the twisted cubic 

spline segments given in (3.11).  The tether curvature at any point along the twisted 

spline fit can then be calculated in terms of the spatial derivatives of the twisted spline fit 

[104]: 

 ( )
1

2κ ′′ ′′= ⋅r r� �  (3.13) 

The components of the local vector of curvatures can then be calculated following: 

 

( )
( )

1

2

1

2

ˆ ˆ

ˆ ˆ

p

p

b p

b p

κ κ

κ κ

= ⋅

= ⋅
 (3.14) 

Equations (3.12) through (3.14) outline the calculation of the curvature components that 

define the bending forces of equation (3.10).  It remains to produce the discrete form of 

(3.10). 
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3.2.2.b Galerkin’s method 

Given the twisted cubic spline approximation to the tether profile, an estimation of the 

curvature components can be made at any point along the tether profile.  Considering the 

section of tether between the i-1th and ith node locations, the curvature variation across the 

interior of the element is approximated by the linearly varying quantities, 
1

i
pκ  and 

2

i
pκ , 

that interpolate the calculated node values: 
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where the linear shape functions ,1iφ  and ,3iφ  have been defined earlier in (3.11), and 
1

( )
i

i

p
κ  

and 
2

( )
i

i

p
κ  are the estimations of the curvature components at the ith node point about the 

1ˆ ip  and 2ˆ ip  axes respectively.  In evaluating the node curvatures, equations (3.13) and 

(3.14) have been applied at nodes i-1 and i with the normal directions taken as the 1ˆ ip  and 

2ˆ ip  directions that are attributed to the ith visco-elastic element extending between these 

nodes.  Therefore, the curvatures at the ith node are calculated using:   

 
( ) { }( )

( ) { }( )
1

2

( ) ( ) ( ) ( ) ( )
1

( ) ( ) ( ) ( ) ( )
2

ˆ ˆˆ 0
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i

i

Ti i i i i i i i

p

Ti i i i i i i i i i i

p

b p b c s

b p b s s c c s

κ κ κ θ θ

κ κ κ θ φ φ θ φ

= ⋅ = ⋅ −

= ⋅ = ⋅
 (3.16) 

where ( )iκ  is the curvature of the twisted spline at the ith node location, ( )ˆ ib  is the 

binormal direction of the twisted cubic spline at the ith node point in terms of the inertial 

frame of reference, and the columns of the rotation matrix ( )i
IBR  introduced in equation 

(2.1) have been used to define the 1ˆ ip  and 2ˆ ip  axes in terms of the inertial frame.  With 

reference to Appendix A, the curvature and binormal direction at the ith node are 

calculated following: 
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Substituting the approximate form of the curvature variation given by (3.15) into the 

expression for the bending forces (3.10) produces an approximation to the variation of the 

bending forces over the ith element: 
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Application of Galerkin’s criterion over the spatial domain of the ith element, 

( 1) ( )i is s s− ≤ ≤ , yields the form of the discrete forces that are applied at the nodes 

bounding the element, the i-1th and ith nodes: 
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 (3.17) 

3.2.3 Model assembly 

Having applied the twisted cubic spline approximation to define the vector of 

curvatures at the nodes of the ith tether element, equation (3.17) defines the resulting 
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bending forces at nodes i-1 and i in the ip1
ˆ  and ip2

ˆ  directions of the ith local frame of 

reference. Repeating the development of equations (3.15) through (3.17) for the i+1th 

element of the tether produces expressions for bending forces applied at the ith and i+1th 

node points in the 1
1

ˆ +ip  and 1
2

ˆ +ip  directions of the i+1th local frame of reference.  The 

total bending force at the ith node is a superposition of the effects generated within the 

elements on either side of the node.  For the interior nodes of the lumped mass tether 

model, 1 1i N≤ ≤ − , the bending force, in terms of the inertial axes, takes the form: 
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 (3.18) 

Equation (3.18) shows that the bending force at the ith node is a summation of four 

vector quantities that are functions of the curvatures at the i-1th, ith and i+1th nodes.  This 

assembly of forces is shown graphically in Figure 3.4 for a planar section of tether. 
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Figure 3.4. An illustration of the forces that are produced at the i-1th, ith, and i+1th nodes by the 

estimated curvatures 1iκ − , iκ , and 1+iκ for a planar tether profile. 

At the boundaries of the tether the bending forces are created by the curvature 

observed over the boundary elements only.  This results in the following expressions for 

the bending force at nodes 0 and N:  

 ( ) ( )
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Equations (3.18) through (3.20) constitute the bending forces that are appended to 

each of the N+1 motion equations.  To evaluate the bending model, two stages of 
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validation should be considered.  First, since the model makes use of a static assumption 

in the original rotational equations of motion, the model performance should first be 

checked in tether maneuvers where transient motions are minimal.  This allows for an 

evaluation of the model implementation and the convergence behaviour of the model 

without factoring in the validity of the governing assumptions.  Given a favourable 

evaluation in such relatively static test cases, the dynamic behaviour of the model can be 

evaluated by considering the sample tether maneuver first presented in §2.4. 

3.3 Static evaluation 

To test the low-tension tether model, it was first attempted to reproduce known, 

planar, analytic results for the flexure of a homogeneous, axisymmetric, slender beam 

under the application of a constant bending moment.  The model evaluation is based on 

the static equilibrium configuration of the slender beam under the applied loading and is 

hence referred to as a static test case.  The beam considered was a 150 m length of the HA 

cable first discussed in §2.3.1.  A minor modification to the HA cable properties was an 

artificial increase in the effective Young’s modulus.  As outlined in Table 3.1, the value 

of the effective Young’s modulus, E, was increased to 200 GPa in order to increase the 

magnitude of the bending forces and amplify any errors contained in the bending force 

calculations.  In addition the cable, or slender beam, was made neutrally buoyant to 

remove the effects of gravity and the bi-linear approximation to the cable axial stiffness 

was removed to better match the cable behaviour to that of an idealized homogeneous 

beam with a constant modulus of elasticity in both tensile and compressive regimes.   

The cable was placed in a straight vertical configuration, with the 0 boundary node 

clamped, and a moment of magnitude ( )N
BM  applied at the other, free boundary as shown 

in Figure 3.5.  Since the lumped mass model is formulated only in terms of node 

translations, external disturbances, including boundary conditions, can only be 

incorporated through the specification of applied forces, ( )i
af , at the model node points.  

Thus, the bending moment must be synthesized through the application of a statically 
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equivalent force couple over the nodes of the last element.  Figure 3.5 illustrates the 

discrete representation of the slender cable and the applied bending moment.  The 

necessary modification of the loading to fit the model formulation has consequences on 

the accuracy of the simulation.  If one considers an actual continuous beam, such a 

change in the loading causes a change in the distribution of internal shear and bending 

moments within the beam.  In particular, the use of the force couple in place of an ideal 

couple moment causes an artificial decay of the internal bending moment across the 

domain of the last element and introduces a constant shearing stress over this same 

section of the cable.  In the actual system, the internal bending moment should be 

constant across the entire cable scope with magnitude, ( )N
BM , and no shear should be 

observed.  As this source of error is a consequence of the model development it must be 

considered as a part of the overall modelling error.  By including this source of modelling 

error, this particular test case provides a robust test on the feasibility of the approach. 

When considering the inter-element constraint equations (3.12), the changes in the 

loading are reflected in the application of the model boundary conditions.  In this test 

case the twisted cubic spline profile is calculated based on the boundary conditions: 

  { } { }(0) ( )Node 0:  0 0 1   and   Node :  0 0 0
T TNN′ ′′= =r r  

So at the bottom boundary, the bending moment in the discretized cable is observed to be 

zero, which is consistent with the application of only a transverse force at the cable 

boundary. 
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Figure 3.5. The discrete armoured cable used in the static evaluation. Case shown is for a 4 

element model.  One end, node 0, is clamped while a moment, (4)
BM , is applied to the free end, 

node 4, in the form of a force couple over the nodes of the 4th element. 

A variety of simulations were executed with various magnitudes of the applied 

moment, ( )N
BM , and various discretization schemes for each value of the applied moment.  

The dynamic simulation was allowed to progress to an equilibrium at which point the 

final cable configuration was compared to the exact, analytical solution for the deflection 

of a beam under such loading.  When subject to a pure bending moment, the actual cable 

is bent into a circular arc.  The radius of the circular arc, Bρ , is directly proportional to 

the applied moment:   

 
( ) 1N
B

B

M

EI ρ
=  
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The radius of the bend can be related to the length of the slender beam considered, 

TOTL , through the angular deflection of the endpoint, as shown in Figure 3.6. 

Bλ π

(0)s s=

( )Ns s=
Bρ

Z

X

( )TOT B BL λ π ρ=

Bλ π

Bλ π

(0)s s=

( )Ns s=
Bρ

Z

X

( )TOT B BL λ π ρ=

Bλ π

 

Figure 3.6.  The circular arc profile of the slender beam subjected to an applied moment ( )N
BM .   

Thus, the strength of the applied moment, relative to the bending stiffness of the beam, 

is quantified by the load factor, Bλ : 

 ( )N
B B

TOT

EI
M

L

πλ
 

=  
 

 

The true location of the end point, ( )N
Xr  and ( )N

Zr , is in turn parametrized by the 

applied bending moment.  As reported by Sharf [105]: 

 
( ) ( )

( ) ( )
( ) ( )

(1 cos ), sin
N N

N NTOT B TOT B
X ZN N

B B

L M L MEI EI
r r

M EI M EI
= − =  

Repeating the simulations for various element sizes and applied moments, the 

sensitivity of the model to the number of elements and the convergence of the model for 

increasing endpoint deflections were evaluated.  Table 3.1 gives the physical properties 

of the slender beam considered. 
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Cable Property Symbol Value 

Effective modulus of elasticity E  200 GPa 

Total cable length 
TOTL  150 m 

Damping coefficient 
IDC  10 Ns 

Cable diameter 
Cd  0.0332 m 

Cable density 
Cρ  1025kg/m3 

Cross section moment of inertia  I  5.96x10-8  m4 

Table 3.1. Properties of the slender beam considered in the bending tests. 

Table 3.2 outlines the various simulations completed and the exact analytical solution 

for each of the applied bending moments.  Figure 3.7 shows the final equilibrium cable 

profiles for each of the conducted simulations.  From Figure 3.7, one can see that the use 

of larger elements tends to stiffen the discrete cable. As smaller elements are used the end 

displacement of the cable tends to increase.  At the scale of the plot, the profiles 

generated using 12 and 24 elements are indistinguishable.  The simulated results compare 

very favourably to the exact analytical solution for the breadth of the load factors 

considered.  In comparison to other previously published results, the range of load factors 

that can be modeled with the lumped mass method is relatively large.  In [105], 

modelling of beam deformation under load factors of less than 0.6 were considered 

feasible.  Earlier beam models provided good agreement with the analytical solution up to 

load factors of 0.5 [106].  Figure 3.8 presents the modelling error incurred by the lumped 

mass approach, for each of the discretization schemes outlined in the simulations given in 

Table 3.2.  The modelling error was evaluated based on a relative error measure of the 

final endpoint position, Bδ : 

 
( ) ( )2 2( ) ( ) ( ) ( )N N N N

X X Z Z

B
TOT

r r r r

L
δ

− + −
=        

Referring to Figure 3.8, one observes that as the load factor is increased, there is 

increasing modelling error which is expected.  However, for the simulations completed 
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using 12 elements, this error is less than 2%.  Increasing to 24 elements drives the 

modelling error beneath 1%.  The gaps between each of the lines of Figure 3.8 illustrate 

the convergence behaviour of the model.  The relatively constant gaps between the lines 

demonstrate that there is an approximate order of magnitude reduction in the error Bδ  

when the element size is doubled, and that this rule of thumb holds over the Bλ  domain 

analyzed. 

 

Simulation #’s BM  Bλ  N Sharf  ( N
Xr , N

Zr ) 

1-4 8 Nm 0.032 3, 6, 12, & 24 (7.544 m, 149.747 m) 

5-8 24 Nm 0.096 3, 6, 12, & 24 (22.450 m, 147.730 m) 

9-12 48 Nm 0.192 3, 6, 12, & 24 (43.941 m, 141.044 m) 

13-16 72 Nm 0.288 3, 6, 12, & 24 (63.430 m, 130.303 m) 

17-20 100 Nm 0.401 3, 6, 12, & 24 (82.5644 m, 113.430 m) 

21-24 150 Nm 0.601 3, 6, 12, & 24 (104.222 m, 75.512 m) 

25-28 200 Nm 0.801 3, 6, 12, & 24 (107.94 m, 34.863 m) 

29-32 250 Nm 1.001 3, 6, 12, & 24 (95.36 m, -0.209 m) 

33-36 300 Nm 1.202 3, 6, 12, & 24 (71.755 m, -23.523 m) 

37-40 350 Nm 1.402 3, 6, 12, & 24 (44.383 m , -32.45 m) 

41-44 400 Nm 1.602 3, 6, 12, & 24 (20.393 m, -28.276 m) 

Table 3.2. Loading and discretization schemes used in the slender beam deflection tests. 
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Figure 3.7. The equilibrium configurations of the HA cable when subjected to an applied bending 

moment. 

Figure 3.9 presents a graphical comparison of the performance of the revised lumped 

mass approach and two other disseminated beam modelling techniques: one by Sharf 

[105] and the other by Lo [107].  To afford a quantitative comparison between the results 

of the independent studies, Figure 3.9 is plotted over a region of non-dimensional 

element size, u TOTL L , and non-dimensional beam curvature, uL κ , thus removing the 

differences in scale between the systems modeled in each work.  The individual lines of 

Figure 3.9 represent lines of constant error Bδ  plotted over a range of relative element 

sizes. 
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Figure 3.8.  The convergence of the lumped mass model observed during the bending tests.  Each 

line indicates an increasing error in the endpoint displacement as the load factor is increased.  The 

convergence of the model on the true solution with decreasing element size is quantified by the 

vertical gaps between the plotted lines.  

Since Lo only considered a single discretization scheme in modelling a cantilever 

beam, only point data can be presented.  The horizontal lines attributed to Sharf’s results 

represent the fact that no change in the model accuracy, to two significant figures, was 

noted with decreasing element size.  At this point, a benchmark is suggested for the 

evaluation of the bending models.  Indicated on Figure 3.9 is the locus of a one to one 

ratio between the non-dimensional element length and the non-dimensional radius of the 

circular beam profile, B TOTLρ : that is, the line represents an equality between the 
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element size and the radius of the bend incurred in the simulation.  The placement of the 

0.05Bδ = , 0.02Bδ = , and 0.01Bδ =  lines relative to this benchmark gives an indication 

of the model’s ability to model large curvatures (tight bends) with any of a range of 

element sizes.  Examining Figure 3.9, the 0.05Bδ = , 0.02Bδ = , and 0.01Bδ =  lines are 

seen to lie below Lo’s results.  This indicates that Lo’s method provides better 

approximation to the beam geometry for larger u TOTL L  ratios.  This difference is likely 

due to the inaccuracies introduced by the force couple application with larger Nth element 

size.  However, given the succinctness of Lo’s results, it is unclear whether this trend 

would be maintained towards the left hand side of the plotted region, for smaller 

elements.  

Figure 3.9 also provides a means to generate a rough estimate of the required element 

size for a low-tension tether simulation.  For example, to maintain less than 5% error in a 

simulated maneuver where the maximum expected non-dimensional curvature is 5.0, the 

non-dimensional element size must be less than 0.133.  Or, inverting the non-dimensional 

curvature, the element length can be compared directly to the bend radius.  In this 

hypothetical case, the element length should be less than 66% of the radius of the tightest 

bend.  Given the static nature of the beam test, however, this estimate must be considered 

as a guideline for a first pass simulation of a dynamic maneuver.  For any dynamic 

simulation, the accuracy must be judged by repeated simulations and an observation of 

the convergence onto a consistent solution.  
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Figure 3.9. The pointwise convergence of the revised lumped mass model and the models of 

Sharf and Lo for the slender cantilever beam test.  

3.4 Dynamic evaluation 

3.4.1 Bending model evaluation 

Having validated the implementation of the bending forces within the lumped mass 

model, the performance of the revised model in simulating the dynamic tether maneuver 

of §2.4 is now considered.  The cable properties and the parameters for the towpoint 

motion are kept as presented originally in Table 2.6 and Table 2.7 respectively.  To 

ensure a fair comparison, the number of elements considered in the simulations of §2.4 is 

maintained: 54N = .  The only change from the original lumped mass simulation 
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conducted in §2.4 is the inclusion of a non-zero bending stiffness, EI .  For the 

hypothetical tether, the bending stiffness is evaluated as the product of the tether’s 

effective  modulus of elasticity and the tether cross section’s moment of inertia.  For the 

ROV tether presented in Table 2.6, this evaluates to 2134.2 NmEI = .  This application 

of the effective modulus of elasticity uniformly across the cross section assumes that the 

tether’s internal construction behaves as a homogeneous material when subjected to 

bending stresses.  However, given that an ROV tether construction is formed from 

layered winding of conductors, fibres and polymer sheathes, it is likely that there is 

slipping between the concentric layers of the tether.  As such, the bending stiffness, EI , 

should be treated as a single entity and measured directly from static or dynamic tests of a 

tether sample to ensure the accuracy of any dynamic simulations.  Such parameter 

identification will be introduced in §3.5.3.  For the purposes of this qualitative evaluation, 

the bending stiffness is left as a derived quantity. 

Figure 3.10 shows the tether profiles at six instants in the test maneuver, 430 s, 530 s, 

630 s, 730 s, 830 s, and 930 s for the two cases of zero and non-zero bending stiffness.  A 

quick glance at the plots reveals that the addition of bending stiffness has produced more 

realistic results.  The series of plots focuses only on the tether motion near the leading 

end of the tether.  In the first window of Figure 3.10, a significant length of tether exists 

below the bounds of the plotted region. 
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Figure 3.10. A series of plots showing the ROV tether profile at 430 s, 530 s, 630 s, 730 s, 830 s, 

and 930 s of the 1000 s duration maneuver. 

The dissipation of the tether coils between the 730 s and 830 s marks is shown in 

Figure 3.11.  Approximate circular paths have been fit through the node points that form 
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each distinct bend profile in each window.  The center points and radii of these 

approximated bend shapes are tabulated in Table 3.3.  The bends are numbered in the 

chronological order of formation and are identified as such in Figure 3.11. 

 Time Bend # Center ( Xr , Yr ) Radius 

2 (30.38 m, 13.6 m) 4.2 m 
730 s 

1 (19.53 m, 6.32 m) 6.8 m 

3 (-17.35 m, 10.97 m) 3.75 m 

2 (28.2 m, 15.31 m) 6.15 m 830 s 

1 (24.21 m, -1.9 m) 9.45 m 

Table 3.3. The locations and magnitudes of the bends observed at the 730 s and 830 s marks of 

the simulated ROV tether maneuver. 

As the towpoint passes through the limits of its side to side travel, the tether coils up 

behind the towpoint and greater lengths of the tether become visible in the plotted region.  

For the model with bending stiffness, one can see how each towpoint oscillation 

produced a new coil of tether.  After initial formation, it is also apparent that each coil 

does tend to dissipate due to the tether’s bending stiffness.  Table 3.3 and Figure 3.11 

reinforce the existence of the water pulley effect.  Between the 730 s and 830 s instances 

the towpoint traverses a path of roughly 50 m in arc length.  However, the locations of 

bend 1 and bend 2 have changed location by less than a fifth of this distance.  The 

tendency of the tether that is pulled into the plotted region by the towpoint motion to 

adopt the existing curvilinear profile reinforces the assumption of limited rotational 

accelerations contained in the governing equations (3.2) and (3.3). 
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Figure 3.11. The tether profile at the 730 s and 830 marks.  The bottom portions of the tether are 

drawn upwards by the towpoint oscillation and tend to follow the path formed by the tether 

profile. 

The tether profiles generated by the lumped mass approach without bending stiffness 

are extremely disjointed by the 930 s mark and are not representative of a real tether’s 

motion.  To further illustrate the importance of the new bending terms, the magnitudes of 

the tensile and bending forces can be compared.  Figure 3.12 shows the tensile and 
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bending force profiles along the tether for times surrounding the first two reversals from 

left to right. 
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Figure 3.12. The tension and bending force profiles at four instants within the ROV tether 

maneuver.  The bending forces are seen to dominate during the motion reversals and at the lower 

locations along the tether where the tension remains low throughout the maneuver. 



Chapter 3 - Incorporation of Bending Effects  90 

 

In the plots of Figure 3.12 compressive internal forces do not appear using the 

logarithmic scale.  At 330 s, the significant bending forces seen near the towpoint, at the 

first node of the tether, are the mechanism for the creation of bend #1 shown earlier in 

Figure 3.11.  At 430 s, the velocity of the towpoint as it moves through the apex of its 

path creates a distributed hydrodynamic load that induces larger tensile forces over the 

entire tether scope.  However, significant bend forces are still seen near the 44 m location 

which can be attributed to bend #1.  The third and fourth plots are for a similar reversal of 

towpoint motion from left to right one period of the oscillation later.  At 730 s, the larger 

bending forces near the towpoint are the origins of bend #3.  The significant bending 

forces located near the 125 m and 100 m locations are the remnants of bend 1, created 

around the 330 s mark, and bend 2, which was formed during the reversal from right to 

left at the 530 s mark, respectively.  As the towpoint accelerates back through the apex at 

830 s, larger tensions are again observed near the leading end.  However, farther down 

the tether, bends 1 through 3 induce bending forces that are of significant order and have 

a noticeable affect on the resulting tether motion.  Figure 3.12 shows how the inclusion of 

bending effects is warranted even when the ROV achieves speeds that induce significant 

tether tensions: the slack sections of tether produced during ROV maneuvering tend to 

exist for long periods after the initial generation of the slack profile.  In these sections, the 

bending forces rival, if not eclipse, the tensile effects within the tether. 

3.4.2 Convergence analysis 

Figure 3.10 illustrates the drastic improvement in the realism of the simulated results 

that results from the inclusion of the bending stiffness.  As was done at the end of §2.3.2, 

the convergence onto a consistent solution was verified in order to partially validate the 

consistency of the bending model with the mechanics of the actual tether continuum.  

Figure 3.13 demonstrates the favourable convergence behaviour of the revised approach.  

In this case, the convergence is evaluated by comparing the variation of the X coordinates 

along the simulated tether at the 830 s mark of the maneuver for spatial discretizations of 
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30 to 108 elements.  The 108 element solution corresponds to an element size that is one 

half that applied in the first simulations of the low-tension maneuver in Chapter 2.  The 

results of Figure 3.13 also justify the selection of 54N =  in the simulations of the 

previous section: at the scale of Figure 3.13 it is apparent that simulations of the low-

tension maneuver conducted using 50 or more elements yield reasonable solutions. 
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Figure 3.13. The convergence of the revised lumped mass approach onto a consistent solution for 

the node X coordinates at the 830 s mark of the low-tension maneuver first introduced in §2.4. 

However, while the 50 element solution is reasonable, changes that are on the order of 

meters in the simulated location of the apex of bend 3 persist as the number of elements 

is doubled to 108.  Figure 3.14 shows a detailed view of the X coordinate variation in the 

region of bend 3, the tightest bend described in Table 3.3.  Given the sub-meter changes 

between the 70 and 108 element solutions, the simulation is considered to have 

converged using 70 elements.  
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Figure 3.14. The variation of the X coordinate of the tether profile in the region of bend 3 at the 

830 s mark.  Taking the 108 element solution as the best estimate of the true solution, the 70 

element discretization provides sub-meter accuracy and matches the apex of the bend adequately. 

3.5 Experimental validation 

To validate the performance of the slack tether model, data is needed that allows for a 

direct comparison between the motions and internal forces of real and simulated tethers 

undergoing a slack maneuver.  Here we describe how the manipulation of a tether in two-

dimensions is recorded and how this record is used to drive our numerical simulation of 

the tether maneuver.  The tether motion is recorded on videotape, and compared to 

simulated results. 

3.5.1 Test apparatus 

A floating apparatus was constructed which allowed for controlled, planar 

manipulation of a section of tether.  The apparatus is a positively buoyant network of 
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sealed PVC pipe that is easily affixed to one side of a swimming pool.  A 3.65 m section 

of the rigid PVC frame constrains a table to slide along a straight line over the water 

surface.  A 3.70 m section of 0.014 m diameter tether is suspended from the bottom of the 

table.  The termination of the tether at the table creates a clamped boundary condition at 

the top of the tether.  While the table is manipulated across the PVC frame, the motion of 

the tether can be recorded from an underwater viewing window.  Figure 3.15(a) shows a 

view of the tether from the submerged viewing location, and Figure 3.15(b) shows a 

single frame of the video data acquired in the experiment.  

 
(a) (b) 

Figure 3.15. (a) The vantage point provided by the underwater viewing area.  The PVC frame and 

the sliding table are visible at the top of the frame. (b) The discretization of a video frame used to 

quantify the tether profile at an instant of the maneuver.  Distinguishable points in the background 

and foreground were used to determine the scale of the image within the plane of tether motion. 

Given the results of the dynamic numerical evaluation of §3.4, we expected that a 

harmonic oscillation of the leading end of the tether would produce the desired slack 

sections of tether. Within these sections, significant bends would produce bending forces 

of a magnitude rivaling the other internal and external forces acting on the tether. 
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To accurately reproduce the real tether maneuver in a simulation, a Litek Vscope 

110/Pro position sensing device was used to track and record the motion of the table and 

the leading end of the tether with sub-millimeter resolution. The V-scope transducers 

were mounted on the PVC framework and connected to a laptop computer via a RS-232 

serial connection.  The Vscope system was limited to a sampling rate of 67 Hz. 

3.5.2 Data analysis 

After the experiment, the position, velocity, and orientation of the tether’s leading end 

is supplied as an input to the tether simulation.  Figure 3.16 shows a time history of the 

raw data provided by the Vscope for the X coordinate of the top node during the planar 

tether maneuver, as well as that same signal after conditioning.  The conspicuous spikes 

in the original signal are believed to be due to refraction of the infra-red signals as they 

passed through water spray surrounding the Vscope sensor.  The signal conditioning 

consisted of a despiking procedure, in which the spikes in the time series were replaced 

using an extrapolation of a second-order least squares fit to previous data values, and a 

low pass filter to remove the remaining noise.  Referring to Figure 3.16, the period of the 

table oscillation was approximately 9.5 s. 
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Figure 3.16. The motion of the top node of the tether as recorded by the Vscope. 

Figure 3.17. shows just the conditioned Y and Z position of the top of the tether for the 

maneuver.  The correlation between the X and Y data reflects a misalignment of the PVC 

rig with the inertial reference frame such that motions in the longitudinal direction of the 

rig resulted produced small lateral motions with respects to the inertial frame.  The minor 

fluctuations in the Z data were attributed to the parasitic pitch, roll, and heave motions of 

the sliding table and fluctuations on the free surface due to waves generated by the 

sliding table.   For the sake of completeness, all three coordinates were used to describe 

the motion of the top of the simulated tether. 
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Figure 3.17.  The motion of the top of the tether in the Y and Z directions.  The correlation 

between the X and Y data is due to misalignment between the longitudinal axis of the PVC rig and 

the Vscope coordinate frame.  Motion of the rig on the free surface produces the small Z motions. 

3.5.3 Tether characterization 

The accuracy of any tether model is largely dependent on the estimation of the tether 

physical parameters.  Two procedures were developed to determine the axial rigidity 

( )EA  and the flexural rigidity ( )EI  of the tether.  Subjecting a tether sample to an axial 

load, aF , the displacement, x∆ , is linearly related to the applied axial load: 

 
( )

       a
u

EA
F K x K

L

 
= ⋅∆ =  

 
  

where uL  is the length of the tether sample.  It can also be shown that the transverse 

deflection of a tether sample is linearly related to an applied transverse load, tF : 
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where *)(EI is a modified bending stiffness that accounts for the axial load, aF , that is 

created by the boundary conditions shown in Figure 3.18. 
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Figure 3.18. The deflection of the tether sample under a transverse load.  

Using a tensile test machine manufactured by Adelaide Testing Machines Inc., three 

tether samples were subjected to a sequence of axial and transverse loads.  Figure 3.19 

shows the results of the testing procedure for both the axial and transverse stiffnesses.  

Measuring the resulting displacements, load lines for each type of loading were produced 

for the three samples. First-order least squares fits to the data were used to obtain the 

axial and bending stiffnesses of the three samples. The average axial and bending 

stiffnesses were found to be 23.5 kN  and 20.124 Nm , respectively. 
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Figure 3.19. The results of the (a) axial and (b) bending stiffness measurements on the tether used 

in the low-tension manipulation. 

The experimental video recorded during the tether oscillation was used to determine 

the tether’s drag coefficient.  Frames extracted from the video provided numerical 

descriptions of the tether profile at various instants in the experiment.  Figure 3.15(b) 

shows a single extracted video frame of the tether profile.  Reproducing the tether 

maneuver with the numerical simulation, a series of corresponding simulated tether 

profiles was generated.  An optimization routine was used to select the drag coefficient, 

1.25DC = , which minimized the disparity between the series of experimental and 

simulated tether profiles.  It should be noted, however, that changes of DC  between 1.0 

and 2.0 produced minimal variation in the simulation results.  The physical properties of 

the tether are summarized in Table 3.4. 
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Property Symbol Value 

Length TOTL  3.70 m 

Cable Diameter Cd  0.0136 m 

Cable Density Cρ  1643 kg/m3 

Normal Drag Coefficient DC  1.25 

Axial Stiffness EA 23.5 kN 

Bending Stiffness EI 0.1241 Nm2 

Table 3.4. Tether properties for the low-tension manipulation.  

3.5.4 Results 

The 3.70 m long tether was discretized into 15 point masses (or nodes) connected by 

14 linear visco-elastic elements.  To capture the clamped boundary condition, smaller 

elements (0.2 m) were placed at the leading end of the tether, while larger elements (0.29 

m) were used towards the trailing end.  The numerical simulation takes 129 s of CPU 

time to complete the 60 s maneuver using a time step of 0.4 ms on a PIII 700 MHz 

processor. The small time step was necessary in order to capture the entire bandwidth of 

node motion produced by the high stiffness of the shortest tether elements. 

In order to generate a first, qualitative comparison of the simulation output and the 

observed experimental tether motion, the tether profile was extracted from the frames of 

the experimental video. Figure 3.20 shows that the motion observed at the trailing end, at 

2 s intervals, matches the simulation output very well throughout the duration of the 

maneuver. 
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Figure 3.20. A history of the vertical and horizontal motion at the bottom boundaries of the real 

and simulated tethers. 

Further evaluation of the model was made by a detailed comparison of the real and 

simulated tether profiles at specific instants in the maneuver.  Since the most dramatic 

curvatures are generated at the limits of the harmonic oscillation, we chose to focus on 

the period between 9 s and 13 s.  During this period the direction of the table motion 

reverses, from the left to the right.  Figure 3.21 shows the simulated and the observed 

tether profiles at 9.14s (as the table traverses the PVC frame from right to left), 10.54 s 

(just prior to the change of direction), and at 12.82 s (after the reversal from left to right). 
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Figure 3.21. The real and simulated tether profiles at three instants surrounding a reversal in the 

direction of the table motion.  

When examining the real tether profile at 12.82 s, one of the difficulties in modelling 

slack ROV tethers becomes apparent.  Because of the manner in which the tether was 

stored and transported, a permanent bend developed 0.6 m from the bottom end.  Since 

this deformation can not be captured in the model, it leads to errors of 0.1 m to 0.15 m in 

the positions of the trailing end. 

3.6 Comments 

Referring to the bottom window of Figure 3.11, in particular the profile of the discrete 

tether in bend 3, it is apparent that the element size used to model the ROV tether was 

barely adequate to capture some of the generated curvatures.  Given the results of Figure 

3.9, which showed that the requisite element size is expected to be less than the radius of 

the bends experienced, one could argue that more elements are required to better capture 

these larger curvatures that are formed in the reversal instances.  Since it has also been 

shown through Figure 3.12, that the water pulley effect allows bends in the tether to 
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propagate throughout the tether scope, it is hard to predict where low-tension states, or 

the most significant curvatures, will occur along the tether.  Therefore, for simulation of 

completely general ROV maneuvers, and with no a priori knowledge of the maneuver 

dynamics, smaller elements could be placed anywhere along the tether with similar 

potential for improving simulation results.  As such, slack tether simulations will require 

greater spatial resolution of the model and thus place greater demands on the 

computational resources due to the additional state variables that accompany the 

additional elements.  

One way to reduce the requirement for greater spatial resolution is to use higher-order 

lumped mass elements which better approximate the curvilinear tether lay.  Curvilinear 

cable elements have been presented by Ma et al. [98] and Lo and Leonard [54].  

However, these works applied an isoparametric cubic element form that required 

specification of four node positions along the tether to define the cubic element form.  

The finite element approach of McNamara and O’Brien also applies a cubic element 

form.  Again, additional state variables, in the form of the element orientation at the 

boundaries, were also required in this case.  It therefore remains to present a curvilinear 

element type that could be applied in the lumped mass strategy without requiring the 

specification of additional state variables.   

A higher-order lumped mass element will also be necessary in addressing an important 

consideration of this thesis: the role of torsional rigidity in slack tether dynamics.  In the 

derivation of the bending effects within a continuous cable a constraint equation on the 

twist observed throughout the cable was presented in the final equation of (3.9).  

Neglecting the torsional rigidity of the tether, this dynamic constraint on the twist was 

replaced with a kinematic constraint enforced through the choice of the Euler angle set 

used in defining the local reference frame.  For the planar test cases of this chapter, this 

has no consequence since no out of plane tether motion occurs and no boundary torques 

are applied.  Subsequently no twist develops in the tether.  If the torsional rigidity is 

included in the model, the orientation of the local reference frame must satisfy the third 
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equation of (3.9).  That is, the lumped mass representation must correctly capture the 

uniform rate of rotation of the local 1p̂  and 2p̂  axes about the tangent direction 

throughout the entire tether scope rather than apply a kinematic scheme to specify the 

orientation of the frame.  Although the means for curvature estimation outlined in this 

chapter provides the higher-order shape information necessary for the calculation of the 

tether twist, it is not clear at this point how the collective knowledge of the node 

positions, the calculated curvatures, and specified torsional boundary conditions can be 

used to determine the tether twist, through the third equation of (3.9).  Subsequent to a 

proper calculation of the twist is the application of the twist to create forces at the node 

points that are representative of the tether’s torsional stiffness. 

In the next chapter, the development of a higher-order lumped mass element will be 

presented.  By revisiting the governing equations of motion, an ability to determine the 

tether twist, through the knowledge of the higher-order lumped mass element state and 

specified boundary conditions, will be achieved.  A discrete form of the torsional forces 

will be generated and added to the capabilities of the lumped mass method. 
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Chapter 4  

Higher-order Lumped Mass Modelling 

4.1 Overview 

The results of Chapter 3 have shown it is necessary to capture the effects of the cable’s 

bending stiffness to accurately simulate the motion of slack marine cables in two 

dimensions.  The work of this chapter will develop a novel third order lumped mass 

element that furthers the capabilities of the lumped mass strategy in two ways. 

First, it will afford the calculation of the torsional effects within slack tether dynamics 

by providing a means to correctly calculate the overall twist of the tether cross section.  

Second, it will accelerate the convergence of the model at relatively large element 

sizes and thus improve the efficiency of the model by reducing the number of state 

variables required in the computations.  In developing the higher-order lumped mass 

element, the governing equations of motion originally presented in §3.2.1 will be 

revisited in §4.2.  Introducing a Frenet frame of reference attached the tether profile, and 

again using a local frame attached to the tether cross section, the role of the tether 

curvature, torsion, and torsional deformation within the continuous governing motion 

equations will be distinguished.  In §4.3, Galerkin’s method of weighted residuals is 

applied to the resulting continuous motion equations to produce the system of ordinary 

differential equations, element equations, that govern the motion of the higher-order 

element.  In §4.4, the particular choice of trial solution for the element shape, which 

replaces the standard linear lumped mass elements is used to reduce the dimension of the 

discretized motion equations to match the size of the standard lumped mass model of 
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Chapter 3.  In §4.5, the new higher-order elements are assembled to form the tether 

model and the solution of the assembled equations is discussed.  In §4.6 and §4.7 it will 

be demonstrated how an assembly of these novel, geometrically non-linear, lumped mass 

elements can allow for evaluation of the cable dynamics in either taut or low-tension 

situations while both preventing the growth of the system equations normally associated 

with such higher-order elements, and providing representation of the tether’s torsional 

stiffness. 

4.2 Equations of motion 

The vector equations of motion for the continuous tether were given in (3.2) and (3.3).   

In the following sections, and with reference to Figure 4.1 and Figure 4.2 below, these 

equations of motion will be expanded to yield expressions for axial, bending, and 

torsional effects defined in terms of the tether shape. 

4.2.1 Kinematics 

The tether dynamics equations given above are to be expanded in terms of the inertial 

axes through the use of two frames of reference that are used to define the higher-order 

tether shape: a Frenet frame attached to the curvilinear path formed by the tether 

centerline, and a local frame of reference oriented with the principal axes of inertia of the 

tether, as shown in Figure 4.1 and Figure 4.2.  Unlike the model developments of 

Chapters 2 and 3, the local frame is now attached to the tether cross section and must 

follow the twisting of the tether continuum.  Before proceeding, the reader is encouraged 

to review the material of Appendix A which outlines the relationship between the Frenet 

frame and the tether profile, ( , )s tr . 
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Figure 4.1. The curvilinear, tortuous profile of the ROV tether.  The tether is represented by a 

concatenation of geometrically non-linear elements strung between the boundary nodes 0 and N.   

The Frenet frame ( )ˆˆ ˆt n b  is oriented with the space curve described by, ( , )s tr .  As 

the curve ( , )s tr  is traced, the changing orientation of the Frenet frame is quantified by 

two parameters: the curvature, κ , and the torsion, γ .  The curvature defines the 

magnitude of the bend in the tether that is contained within the osculating plane formed 

by the t̂  and n̂  unit vectors at the point considered. The torsion of the curve is the spatial 

rate of change of this osculating plane’s orientation about the tangent vector. Both of 

these scalar quantities can be defined in terms of the spatial derivatives of the space curve 

r  [104].  Referring again to Appendix A: 

 ( )
1

2κ ′′ ′′= ⋅r r  (4.1) 

 
( ) γ

′ ′′ ′′′⋅ ×
=

′′ ′′⋅
r r r

r r
 (4.2) 
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Considering the tether continuum, the torsion, γ , quantifies the rate of rotation, or 

twist, of the tether’s local frame about the tangent direction that is induced by the 

changing orientation of the osculating plane.  As such, the torsion represents the twist 

experienced within the tether due to the curvilinear shape of the tether profile. 
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Figure 4.2. A differential segment of the ROV tether.  The distributed load ( )h + w  contains 

hydrodynamic and gravitational loads.  An additional degree of freedom, α , defines the 

orientation of the local reference frame relative to the Frenet frame. 

However, twist of the local frame is also generated through boundary effects.  Applied 

torques or kinematic conditions at the boundaries can induce torsional deformations 

within the tether that produce an angular separation between the Frenet and local 

reference frame, as shown in Figure 4.1 and Figure 4.2.  The orientation of the local 

frame differs from the Frenet frame at any location by a torsional deformation, α : a 

finite rotation about the tangent vector, q̂ .  As proved by Love [103], the total twist of 

the tether’s principal axes of inertia about the tangent direction is given by a 

superposition of the torsion and the spatial rate of change of the torsional deformation:  

 τ γ α ′= +  (4.3) 
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Figure 4.3 summarizes the changing orientations of the local and Frenet frames, with 

changing location s, due to the curvature, torsion, and torsional deformation. 
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Figure 4.3. The changing orientation of the Frenet and local frames of reference due to the 

curvature, torsion, and torsional deformation of the cross section.  

4.2.2 Internal forces 

As discussed by Love, the internal moment, N , generated at any point removed from 

the tether boundaries is proportional to the curvature and the overall twist [103]: 

 ˆ ˆEI b GJ tκ τ= +N  (4.4) 

In comparison to (3.8), the internal bending moment is here defined in terms of the Frenet 

axes.  As was the case in §3.2.1, the rotational equations of motion are approximated by a 

static balance between the internal moment and the moments due to the internal forces.  

Once again no applied moments are considered.  Following the developments of [99] and 

[101], substitution of (4.4) into (3.3) yields: 

  ˆˆ ˆˆ( ) ( ) ( )t GJ b EI n GJ tτ κ κ τ ′ ′× − + + + = F 0  (4.5) 

Equation (4.5) provides a relationship between the internal forces that develop within 

the tether and the changing orientation of the local frame as defined by the curvature and 

twist.  It remains to clarify the components of the internal force vector, F .  With the 

knowledge that the net transverse internal force acting on the differential segment of 
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tether in Figure 4.2 will produce internal moments perpendicular to the tether centerline, 

the tangential component of (4.5) is removed by taking the outer product of this equation 

with the tangent direction.  This yields: 

 ( ) 2ˆ ˆ ˆ ˆˆ( )GJ b EI n t t EI tτκ κ κ ′− + × × − = F 0  (4.6) 

Referring to [108], the triple vector product within the second term of (4.6) can be 

expanded according to: 

 ( ) ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ( )t t t t t t T P t× × = ⋅ − ⋅ = + −F F F F  (4.7) 

where T and P are the magnitudes of the internal axial elastic and damping forces, 

respectively, introduced in §2.2.2 and together are known to constitute the tangential 

component of the internal force vector and are still defined according to (2.10) and (2.11) 

respectively.   Substituting (4.7) into (4.6) produces an explicit definition of the internal 

force vector at any location along the tether: 

 ( ) ( )( )2 ˆˆˆEI n T P EI t GJ bκ κ τκ′= − + + − +F  (4.8) 

Equation (4.8) defines the total internal force within the tether as an explicit function 

of the tether’s elastic deformation as defined by the axial strain, strain rate, curvature and 

twist.  Since t̂ , n̂ , and b̂  are explicit functions of the tether profile ( , )s tr , the use of the 

Frenet axes in (4.4) allows the internal force vector to be easily defined in terms of the 

inertial reference frame.  

4.2.3 External forces 

It remains to quantify the distributed hydrodynamic and gravitational forces, h  and w  

respectively, over the unit length of tether.  Consistent with the developments of §2.2.3, 

the distributed hydrodynamic, weight, and buoyancy forces acting over a unit length are: 
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In equation (4.9), IHR  is a transformation matrix relating the axes of a hydrodynamic 

frame of reference, to be described shortly, attached to the tether at the point in question 

to the inertial frame of reference, v  is again the velocity of the tether through the water 

column, and x̂v , ŷv , and ẑv  are the components of this velocity in the hydrodynamic 

frame of reference. 

The hydrodynamic frame ( )ˆ ˆ ˆx y z  attached to the cable segment is composed of a 

ẑ  axis that is tangent to the cable, an x̂  axis that is normal to the segment and a ŷ  axis 

that completes the right-handed coordinate system.  The hydrodynamic frame is only 

used to resolve the relative fluid velocity into components normal and tangential to the 

tether such that the hydrodynamic loads can be calculated based on the loading 

coefficients pf  and qf .  Since the calculated hydrodynamic load is transformed back into 

inertial representation, the particular orientation of the x̂  and ŷ  axes about the tangent 

direction is inconsequential.  As such the orientation of the hydrodynamic frame can be 

calculated in the same manner as the body fixed frame of reference described in §2.2.1: 

Z-Y-X ( )ψ θ φ  Euler angles are used to bring the inertial Z axis into alignment with 

the tangent direction to the cable segment, and the orientation of the x̂  and ŷ  axes is 

constrained by setting one of the Euler angles, the initial ψ rotation about the inertial Z 

direction, to zero.  This establishes a set of kinematic relations that parallel equations 

(2.1) through (2.9).  The rotation matrix IHR  is thus defined at any point on the 

continuous tether by: 
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where the tangent direction in the inertial frame is { }ˆ ˆ ˆ ˆ
T

X Y Zz z z z= .  The two Euler 

angles θ  and φ  are calculated following: 

 ˆ ˆatan2( , )X Zz zθ =  

and, 

 
ˆ( )

ˆatan2 ( ),
cos

Z
Y

z
zφ

θ
 = −  

, if cos sinθ θ>  

 
ˆ( )

ˆatan2 ( ),
sin

X
Y

z
zφ

θ
 = −  

, if cos sinθ θ<  

The added mass effects of Morison’s well-known approximation are again included 

with the inertia of the cable segment as was done in the derivation of the lumped mass 

model of Chapter 2.  For the unit length of tether considered in the motion equation 

(4.13), the total inertia can be determined by again applying the hydrodynamic frame to 

resolve the normal and tangential components of the added mass forces: 

 21

4
T

I C C IH A IHdπ ρ =   
M I + R M R  (4.11) 

where, similar to §2.2.3, the added mass matrix per unit length, AM , is taken as that for a 

cylindrical element of unit length: 

 2

1 0 0
1

0 1 0
4

0 0 0
A C Wdπ ρ

 
 =  
  

M  

4.2.4 Torsional effects 

As discussed in §3.2.1, the tether twist is subject to a constraint equation produced by 

the assumption of negligible rotational inertia.  The second term of (4.5) is seen to 
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represent the net torque acting on the tether segment.  The scalar constraint equation that 

defines the variation of this torque along the cable can be obtained by projecting (4.5) 

onto the tangent direction t̂ : 

 ( ) 0GJτ ′ =  (4.12) 

4.2.5 Governing equations 

Substituting (4.8) into the translational motion equation  produces a single vector 

equation that defines the tether’s translational motion in terms of the three elastic 

deformations ε , κ , and τ : 

 ( ) ( )( ) ( )2
IEI T P EI GJκ τ′ ′′′  ′′ ′ ′ ′′ − + + − + × + + =  r r r r h w r��M  (4.13) 

Equation (4.13) is the governing equation of motion for the segment of tether 

expressed in terms of the inertial axes.  The first three terms on the left hand side of 

(4.13) represent bending, axial, and torsional forces acting on the tether to affect the 

tether profile, ( , )s tr .  Unlike the developments of §3.2.1, the higher-order components of 

the motion equation that encompass the effects of the changing local frame orientation 

have been retained and are embedded within all three of the internal forces expressions.  

In the following sections, equation (4.13), will be discretized to produce the discrete 

equations that govern the motion of the geometrically non-linear lumped mass elements.  

A significant component of (4.13) is the torsional force that is based on the tether twist, 

τ .  Substituting (4.3) into the twist constraint (4.12) distinguishes the contributions of the 

profile torsion and torsional deformation to the existing twist: 

 ( ) 0GJ γ α ′′ + =   (4.14) 

The torsion of the tether profile, γ , is an explicit non-linear function of the tether 

profile defined by equation (4.2).  Given a tether profile that satisfies the governing 

motion equation (4.13), equation (4.14) defines the torsional deformation, ( , )s tα , that 

exists in conjunction with ( , )s tr  to ensure constant twist within the tether.  In 



Chapter 4 - Higher-order Lumped Mass Modelling 113 

 

combination with the Frenet frame orientation, which is also an explicit function of 

( , )s tr , a solution for ( , )s tα  extracted from equation (4.14) completes the specification 

of the local frame orientation.  That is, it locates the 1p̂  and 2p̂  axes about the tangent 

direction at any point along the tether.  In the discretization process to follow it is thus 

necessary to find suitable approximations to both ( , )s tr  and ( , )s tα .   

4.3 Finite element discretization 

Together, equations (4.13) and (4.14) define the motion of a continuous tether in terms 

of space, s, and time, t.  The true solution to this system of equations is a vector function 

( , )s tr  and a scalar function ( , )s tα  that are defined over the entire tether scope and the 

time domain of the modelled ROV maneuver.  The calculation of this approximate 

solution, or trial solution, using a finite element approach is accomplished in two stages: 

1. We consider a small section, or element, of the tether that lies between two node 

points, the i-1th and ith nodes, and construct two trial solutions, ( ),i s tr  and ( , )i s tα , 

that are formed from interpolating polynomials in terms of the spatial coordinate s.  

These trial solutions exist over the length of the single element, and the coefficients 

of these polynomials are chosen as the values and spatial derivatives of ( , )s tr  and 

( , )s tα  at the node points of the element. 

2. We substitute these trial solutions into (4.13) and (4.14) and apply an optimization 

criterion that transforms the continuous differential equations into a series of 

algebraic equations that defines the optimum coefficients of these two polynomial 

approximations. 

4.3.1 Selecting the trial solution 

As shown in Figure 4.1, we consider the tether to be a contiguous set of N  non-linear 

segments, or elements, which have the same physical properties as the continuous cable.  
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The trial solution, ( ),i s tr , defines the three-dimensional profile of the ith tether element 

which extends between the nodes i-1 and i of the discrete tether: 
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The coefficients ,i j  are time-dependent generalized displacements, ,i jφ  is a shape 

function that defines how the jth generalized displacement contributes to the profile, or 

shape, of the ith tether element, and n  is the geometric order of the trial solution. In order 

to ensure that the concatenation of the elements maintains first-order, 1( )C s , continuity 

or smoothness across the node points, ir is often chosen as a cubic Hermite interpolating 

polynomial [56,58,101,105,107].  The generalized displacements in such formulations 

become the position, ( 1)i−r and 
( )ir , and tangent vectors, ( 1)i−′r  and 

( )i′r , observed at the   

i-1 and i node points.  In this case, twelve state variables are required to fully define the 

ith element: the components of 
( 1)i−r , ( 1)i−′r , ( )ir , and 

( )i′r . 

In choosing the order of the new lumped mass element, the observations of §3.2.2.a 

are reviewed: 

1. We assume that there are no external couple moments applied to the ROV tether 

between the tether boundaries. 

2. In the absence of applied couple moments, there should be a continuous variation of 

the tether profile’s curvature.  

3. The element should be of minimal order to prevent unnecessary growth of the 

resulting discrete equations. 

To replicate the expected 2 ( )C s  behaviour of the tether within the lumped mass 

model, it is necessary to model the tether with an assembly of finite elements that possess 

an additional degree of continuity relative to the cubic Hermite element.  As was 

presented by Howard and Syck in [86] and in §3.2.2.a of this thesis, the twisted cubic 
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spline element provides this level of continuity.  Therefore, the tether path between the   

i-1th and ith node points, ir , is modelled as the twisted cubic spline segment defined 

already in equation (3.11) and repeated here for completeness: 

 ( ) ( )

( 1) ( 1) ( ) ( )
,1 ,2 ,3 ,4

( ) ( 1)
3 2 3 2

,1 ,2 ,1 ,1 ,3 ,4 ,3 ,3

1 1

6 6

i i i i
i i i i

i i
i i

i i i i u i i i i ui i
u u

s s s s
L L

L L
φ φ φ φ φ φ φ φ

− −

−

′′ ′′= = = =

− −
= = − = = −

� � � �

 

  (4.15) 

where ( )( 1)i−⋅  and ( )( )i⋅  represent evaluation at the upper and lower end nodes of element 

i, respectively, ( ) ( 1)i i i
uL s s −= −  is the unstretched length of the ith element.  Once again we 

state that the trial solution, ir , is formed from a superposition of a linear component that 

interpolates the node positions and a cubic refinement that interpolates the curvatures at 

the node points and thus ensures second-order continuity between the elements.  To 

ensure smoothness, or first-order continuity, of a concatenation of elements, the 

curvatures must again be calculated using the inter-element constraint equations of (3.12)

. 

To complete the trial solution, we model the torsional deformation within the element 

as a linearly varying quantity.  This approach is a standard, and widely accepted, practice 

in structural finite element analysis that relies on the premise that the torsional 

deformations are limited and not fluctuating rapidly over the body [109,110]. Thus, we 

use the ,1 ( )i sφ  and ,3 ( )i sφ  shape functions to approximate the torsional deformation 

within the ith element, iα : 

 ( 1) ( )
,1 ,3( ) ( )i i

i i is sα α φ α φ−= +  

4.3.2 Application of the Galerkin criterion 

Given the trial solution, composed of both ir  and iα , the solution of the dynamics 

equations given in (4.13) and (4.14) over the domain of the ith element is reduced to the 
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problem of defining the coefficients of these two polynomials at any given instant in 

time.  To transform the partial differential equation of (4.13) and (4.14) into a series of 

algebraic equations that define these coefficients, we apply Galerkin’s method of 

weighted residuals [97,109].  At this point it is important to outline how the choice of the 

twisted spline element affects this discretization process. 

Referring to the vector equation of motion (4.13), one can see that the highest order 

differential of ( , )s tr  is of order four.  As is discussed by Burnett in [97], the almost 

universal approach to the discretization of such a system is to integrate this differential 

equation by parts twice.  This procedure ensures that the natural boundary conditions (the 

conditions on the highest derivatives of the element profile ′′r  and ′′′r ) remain 

unconstrained, and that the essential boundary conditions (the conditions on r  and ′r ) 

are constrained by the element’s mathematical definition.  The benefit of this approach is 

that only 1( )C s  continuity is required of the trial solution ir , leading to the use of the 

cubic Hermite element in prior developments.  In these more conventional developments, 

the second integration by parts step introduces boundary conditions that are expressed in 

terms of the internal moments.   It is the explicit specification of these moments at the 

element boundaries that provides the unconstrained conditions on the ′′r  derivatives. 

The premise of this work is to take advantage of the fact that the visco-elastic body 

being modeled should demonstrate a continuous second derivative due to the type of 

loading it is subjected to (distributed environmental loads with no externally applied 

moments along the tether length).  For this reason, an element with 2 ( )C s  continuity has 

been introduced which, through its definition given in (4.15), provides a constraint on the 

curvature vector, or second derivative ′′r , observed at the element nodes.  Therefore, in 

applying Galerkin’s criterion with this new element type, only the value of the third 

derivative at the element boundaries, ′′′r ,  must remain unconstrained.  Thus, the residual 

equations are formulated by integrating by parts only one time.  This produces the 

following 14 scalar residual equations:     
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where ( )i
⋅  indicates evaluation of a quantity within the domain of the ith element, and it 

has been assumed that the material properties are uniform over the element length.  

Referring back to equation (4.8), which defines the internal force in terms of the 

curvature and twist, and again to Frenet’s equations given in Appendix A, it can be 

shown that the boundary term in (4.16) evaluates to:  

 ( ) ( )( ) ( )( )( ) ( ) ( ) ( )

( ) ( )

11

2
, , -

i i

iii i i i i j i i j

s s

ss
EI T P EI GJκ τ φ φ −−

 ′′′ ′ ′ ′′  − + − − × =  r r r r F (4.18) 

From (4.17) and (4.18) it is apparent that enforcing 2 ( )C s  continuity of the element, 

and thus eliminating the second integration by parts step, has eliminated any boundary 

terms involving moments from the analysis.  Rather, we are left with boundary conditions 

that are defined strictly in terms of the internal forces at the node points.  This is a direct 

consequence of the chosen element type and reflects the assumption of a continuous 

bending moment distribution within the tether: the continuous distribution of internal 

bending stresses can only occur when forces are applied at the node points. 

4.3.3 Evaluation of the residual equations 

In order to evaluate equations (4.16) and (4.17) numerically, it remains to evaluate the 

integrals of these two equations over the spatial domain of the ith tether element to 

produce the algebraic form of the residual equations.  These integrals contain non-linear 

terms including the hydrodynamic and added mass forces, the overall axial force term 

( )( )2

i
T P EIκ+ − , and the twist, iτ , within the element. To complete the integration, it is 
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necessary to approximate these non-linear terms with integrable functions.  Suitable 

approximations to each quantity can be determined by considering the accuracy of the 

corresponding approximations made in existing cable models.  

The success of linear finite segment and lumped mass methods in modelling the 

dynamics of towed undersea vehicles and deep ocean moorings has been well 

documented [10-13,33,34,37-41,70,91]. Because the towing speeds achieved in the towed 

cable and vehicle maneuvers of [11,12,33,39,41,70] are much greater than the speeds 

achieved by an ROV, we expect the hydrodynamic and added mass loads to be less 

prominent in the slack instances considered in this work.  In addition, the axial tensions 

that are produced in the analyses of [10,40,91] are much larger than in the case of slack 

cable maneuvers.  Given the success of simple linear models in these cases, we choose to 

follow the approach of these simpler methods to the approximation of the hydrodynamic, 

added mass, and axial forces acting over the tether element. 

Therefore, similar to the model development of Chapter 2, we approximate the axial 

force within the ith element as a constant quantity, ( )i sλ :  

 ( )( ) ( ) ( )
1

( )2 2( )
ii i

ii
T P EI s T P EIκ λ − ′′ ′′+ − ≈ = + − ⋅  

r r  (4.19) 

where ( )
1

( )
2

i−⋅  indicates evaluation at the midpoint of the ith element, and the internal 

elastic tension and damping forces within the ith element are calculated following (2.10) 

and (2.11).  To evaluate the stretched length of the curvilinear element, a Romberg 

integration algorithm presented in [94] is adapted to approximate the integral: 

 

( )

( 1)

i

i

i
i

s

s

L ds
−

′= ⋅∫ r  (4.20) 

The Romberg method applies the trapezoidal rule in repeated evaluations of (4.20) 

with an increasing number of discrete regions in each successive evaluation.  For a single 

evaluation of (4.20) with the element domain divided into n intervals: 
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∫ r r r r r r�  (1.21) 

where 
( )

n k
i

n

−−
′r  is the value of the first derivative at the point ( )1i i

u

k
s L

n
− +  for 1..k n= .  

The Romberg routine looks to shorten the computation time required to evaluate the 

element length by extrapolating the results of subsequent evaluations of (1.21), using 

increasing numbers of sub-intervals, to a solution corresponding to an infinitesimal 

region size. 

To complete the calculation of the internal damping effects, the time rate of change of 

the element strain is calculated using the two end node velocities.  The average element 

velocity, i
RBv , is subtracted from the velocities at the i-1th and ith node points leaving only 

the components which create change in the element shape.  The quantity ε�  is calculated 

by finding the portion of the remaining velocity vectors that lie in the tangential direction 

at each node and determining the net axial stretch that is induced.  That is: 

 
( ) ( )( ) ( ) ( 1) ( 1)ˆ ˆi i i i i i

RB RB

i
u

t t

L
ε

− −− ⋅ − − ⋅
=

v v v v
�  

The hydrodynamic load vector over the ith element, ih , is approximated by a linearly 

varying function:  

 

( )
2 2

ˆ ˆ ˆ

( 1) ( ) ( ) 2 2
ˆ ˆ ˆ,1 ,3

ˆ ˆ

+    ,    1/ 2

j

p D x x y

i i j
i i i W C IH p D y x y

q D z z

f C v v v

d f C v v v

f C v v

φ φ ρ−

  +  
  ≈ = − +  
  
    

h h h h R  (4.22) 

Following the approach of Huang [36], Buckham et al. [39], and the method presented 

in §2.2.3, the added mass per unit length is modelled as a constant quantity over the ith 

element based on an average tether orientation following: 

 ( )( 1) ( )1

2
i i i
I I I

−= +M M M  (4.23) 
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where ( )i
IM  is given by the evaluation of (4.10) and (4.11) at the ith node point of the 

model. 

To facilitate evaluation of the twist constraint (4.17), we must approximate the non-

linear torsion over the ith element, iγ .  Having selected a linear form for the trial solution 

iα , we recognize that the α ′  term in (4.17) will evaluate to a constant quantity over the 

element.  To maintain this level of precision within the integrand of (4.17) we model the 

torsion of the element as a constant quantity: 

 
( )

1
( )1 2( )

2
 

i
i i i i

i
i i

γ γ
−

− ′ ′′ ′′′⋅ × 
≈ =  ′′ ′′⋅ 

r r r

r r
 (4.24) 

Equation (4.24) completes the approximation to the twist within the ith element: 

 i i iτ γ α ′= +  

Substituting (4.19) through (4.24) into (4.16) and (4.17), we evaluate the residuals and 

produce the following system of differential equations governing the motion of the ith 

element: 

 [ ] [ ] [ ]( ) [ ]B A i i i i ii i i ieτ+ + + + + =X W H B XK K K M ��  (4.25) 

The 12 12×  system matrices [ ]B i
K , [ ]A i

K , and [ ]iτK  embody generalized bending, 

axial, and torsional forces, respectively, that are applied at the element nodes and result 

from the curvature, axial strain and twist experienced throughout the cable element.  The 

generalized load vectors iW , iH , and iB  define the gravitational, hydrodynamic, and 

boundary forces respectively, and the 12 1×  vector, { }( 1) ( 1) ( ) ( )
TTi T i T i T i

i i i i i
− −′′ ′′=X r r r r , 

defines the element trial solution, ir .  The symmetric element mass matrix, [ ]e i
M , is a 

full 12 12×  matrix constructed from multiples of the 3 3×  mass matrix, i
IM : 
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The stiffness matrices [ ]B i
K and [ ]A i

K  are the following symmetric 12 12×  element 

matrices: 

 [ ]  B ii
u

EI

L

 
 
 =
 
 
 

0 I 0 -I

0 0 0 0

0 -I 0 I

0 0 0 0

K  (4.26) 
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 (4.27) 

where I  is a 3 3×  identity matrix.  Due to the cross product within the torsional term of 

the residual equation, the generalized forces produced by the twist of the element are 

non-linear expressions.  To express the torsional effects in first-order form, we choose the 

following factorization for [ ]iτK : 
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where ( )iQ  represents the 3 3×  skew symmetric cross product matrix constructed from 

the components of the vector 
( )i′′r . The load vectors iW , iH , and iB  take the following 

form:  
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Evaluation of the twist constraint residual produces an additional 2 2×  system of 

equations that defines the torsional deformation, iα , over the element.  Since the torsion 

of the tether profile has been approximated by a constant value calculated according to 

(4.24), this 2 2×  system does not include the ( 1)i−r , ( 1)i−′′r , ( )ir , and ( )i′′r  generalized 

displacements and is thus decoupled from the discrete motion equations. 
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The boundary terms ( 1)i
iGJτ − and ( )i

iGJτ  represent the internal restoring torque at the 

boundaries of the element. 

4.4 Forming the reduced element equations 

The element equations given by (4.25) and (4.30) provide relationships between the 

observed state of a tether element, defined by iX  and iα , and the resulting motion of that 

element, as defined by, iX��  a 6 1×  vector.  The components of i
��X  are the acceleration of 

the i-1th and ith node points, which quantify the temporal change of the linear portion of 

the element shape, and the temporal change of the node curvatures, which quantify the 

changing curvilinear profile of the element between the i-1 and i node points.  Applying 

the explicit solution scheme of §2.2.5 to this higher-order formulation, the model will be 

advanced in time by solving for the node accelerations, ( )ir�� , and the second-order time 

differentials of the curvature vectors, ( )i′′r�� .  Thus, the discrete element equations are a 

12 12×  linear system and are double the size of the original lumped mass element 

equations given in §2.2.4.  However, the explicit dependence of the nodal curvatures on 

the node positions given by the inter-element continuity conditions, equation (3.12), 

implies that the motion of an assembly of twisted spline elements should be defined 

strictly in terms of the acceleration of the node points.  By expressing the element motion 

equations strictly in terms of the node positions and accelerations, the dimension of the 

assembled global system would be reduced by a factor of two.  Also, eliminating the use 

of the ( )i′′��r  quantities, a description of the tether motion in the time domain is calculated 

by integrating only the node accelerations, providing additional computational savings. 

4.4.1 Reducing the elemental motion equations 

At this point, we place a strategic restriction on the discretization scheme.  We assume 

that, over a long duration maneuver, any particular region of the tether scope may 

become slack.  This assumption is born of the results of section §3.4 which showed that 

slack tether lay can occur throughout the tether scope in an ROV maneuver.  To maintain 
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accuracy throughout the duration of the ROV maneuver, an element size has to be set 

based on the maximum expected tortuosity of the tether profile and then applied over the 

entire tether model to capture tortuous, convoluted tether profiles wherever they occur.  

Therefore, from this point on, a nominal element size uL  is established for all N elements. 

To complete the reduction, we first compress the element motion equations down to 

two vector equations by pre-multiplying both sides of (4.25) by P  where:  
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The result is a reduced form of the motion equation for the ith element: 
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  (4.31) 

The term in parentheses on the right hand side of (4.31) describes how the mass of the 

tether element has been associated with the possible modes of element motion.  The first 

matrix in the parentheses of (4.31) quantifies the mass of the element, consisting of both 

tether mass and added mass, that must be accelerated as the i-1th and ith nodes accelerate 

to produce translation or rotation of the element in the water column.  The second matrix 

in the parentheses quantifies mass within the ith element that is accelerated as curvature 

changes at nodes i-1 and i produce a temporal variation of the higher-order component of 

the element profile between the node locations. 

4.4.2 The lumped mass assumption 

Drawing on the results of previous developments in the area of cable dynamics 

modelling, one can argue that the added degree of complexity posed by the inclusion of 
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the ( 1)i−′′r��  and ( )i′′r��  terms in (4.31) is not warranted.  Since its introduction by Walton and 

Polacheck [10] the success of the lumped mass approximation in the study of various 

underwater cable dynamics problems has been well documented [34,36,39-41,66,67,72-

74].  Kamman and Huston [24,70] rationalized the use of the lumped approximation to a 

cable’s mass distribution through its equivalent accuracy and superior computational 

performance to more complicated methods that used a more realistic representation of the 

distributed tether mass. 

The premise of the lumped mass approach is a redistribution of the tether element’s 

mass such that it is concentrated at the node points.  In this higher-order approach, the 

consequence of this approximation is that changes in the higher-order shape of the 

element profile, caused by changing curvature at the element end nodes, do not accelerate 

any tether mass.  Only rectilinear acceleration of the node points is subject to inertial 

resistance.  The justification for this redistribution of the tether inertia is based on 

physical reasoning and logistical implementation concerns.  Since the ROV tether is a 

slender body, there is a limit to the amount of mass that is being shifted by any realistic 

temporal change in the curvilinear profile between two node points.  Hence, the error 

incurred by ignoring this inertia must be limited as well.  Secondly, the lumped mass 

approximation serves to decouple the motion of the node points.  This ensures 

computational simplicity in the model by introducing sparsity in the governing motion 

equations that are to be assembled from (4.31). 

The lumped mass approximation can be derived from the reduced element motion 

equations of (4.31) by removing the inertial terms associated with the changing cubic 

profile such that: 
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  (4.32) 
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4.5 Solution procedure 

The motion equations, given by (4.32), and the torsional constraint equations for the 

element (4.30), form the final element equations that are to be used in calculating the 

dynamic response of the ROV tether to changing boundary conditions.  The tether is 

approximated by a series of N twisted cubic spline elements and a global system of 

discrete motion equations is assembled from the N instances of (4.32). 

4.5.1 Model assembly 

The assembly process concatenates a series of the twisted cubic spline elements and is 

represented mathematically by the application of (4.30) and (4.32) for 0,1, ,i N= � .  

Rewriting the (N+1) instances of (4.32) as a single set of differential equations produces 

the global system of motion equations: 

 [ ] [ ] [ ]( ){ }(0) (0) (1) ( )   
TT T T N T

A B G G G GG G Gτ ′′ ′′+ + + + + =r r r r W H B RK K K M ���  

  (4.33) 

where [ ]B G
K , [ ]A G

K , and [ ]
GτK  are the global bending, axial, and torsional stiffness 

matrices, respectively; GH  is the global vector of hydrodynamic forces acting at the node 

points of the assembled model; GW  is the assembly of weight and buoyancy forces; and 

GB  defines the boundary loads applied over the assembled tether.  For example, referring 

to (4.29) and accounting for the pre-multiplication of each elemental hydrodynamic force 

vector by P , the global vector of hydrodynamic forces is given by: 
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Previously, in (4.29), we expressed the boundary loads for the ith element in terms of 

the internal forces experienced at the boundaries of the element.  To define the global 

vector of boundary loads, the forces applied at the node points are related to 

instantaneous changes of the internal force across the node points.  Referring to Figure 

4.2: 

 ( ) ( ) ( )
1

i i i
i i a+− =F F f  

where, as in §2.2.3, ( )i
af  is an external applied point load at node i of the assembled 

tether, (0)
0 0F = , and ( )

1 0N
NF + = .  Using these substitutions, the global vector of boundary 

loads is given by: 

 { }(0) (1) ( ) TT T N T
G a a a=B f f f�  

The global boundary load vector thus makes provision for the application of external 

forces at any node point of the assembled system.  These applied loads create 

discontinuities in the internal shearing force and act as unconstrained boundary 

conditions on the third derivative of the tether profile, ′′′r , which is understood to be 

directly related to the internal shearing force [109,111]. 

The right hand side of equation (4.33) includes the global mass matrix that is formed 

by tiling the N instances of the element mass matrices.  Using the lumped mass 

assumption, the global mass matrix takes the form: 
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In addition to the global system of motion equations, the torsional constraint equations 

for the general ith element given by (4.30) are assembled to produce a global system of 

constraint equations that define the torsional deformation throughout the tether, ( )sα : 

( )
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(1 ) ( )(1)

( 1) ( ) ( 1 )
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1 1 1
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  (4.34) 

where (0) (0)
1GJτΤ = −  and ( ) ( )N N

NGJτΤ =  are torques applied at the boundaries of the 

assembled tether.  The zero entries in the boundary load vector on the right hand side of 

(4.34) result from the assumption of no applied moments, including torques, between the 

tether boundaries.   

The assumption of negligible rotational inertia in the derivation of the continuous twist 

constraint (4.12) places some restrictions on the combinations of boundary conditions 

which can be implemented within (4.34).  By inspection, the ( ) ( )1 1N N+ × +  coefficient 

matrix on the left hand side of the equation is seen to be singular.  Thus, for particular 
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combinations of tether torsions, given by iγ  for 1, 2, ,i N= � , and boundary torques, 

(0)T  and (N)T , an infinity of solutions, the torsional deformations ( )iα  for 0,1, ,i N= � , 

exist.  For other combinations of torsions and boundary terms no solution exists.  An 

example of the latter is a straight tether with a torque applied at the 0 boundary node and 

a spherical joint termination ensuring a zero torque at the N boundary.  For the actual 

tether, the applied torque, (0)T , would produce rotation of the tether about its centerline.  

For the simulated tether subject to the constant twist constraint, in the first instant of the 

dynamic simulation, prior to the development of any rigid body rotation, the combination 

of specified boundary torques violates the constant twist condition, and no solution to 

(4.34) exists in this case.   

Therefore, by neglecting the rotational inertia in the model formulation, any torque 

applied at a boundary must be balanced by a reaction torque at the other tether boundary.  

One way to guarantee the existence of the reaction torque is to constrain the orientation 

of the local frame at one end of the tether.  Thus, in solving (4.34) one of (0)α  or ( )Nα  

must be specified.  By specifying the local frame orientation in this way, the tether 

becomes a structure in the torsional degree of freedom, and the torsional deformation 

throughout the tether can be calculated.  For example, specifying (0)α , the first row and 

column are eliminated from consideration leaving a submatrix of the original coefficient 

matrix.  It can be shown that the submatrices resulting from specification of either (0)α  or 

( )Nα , or both of these values simultaneously, are of full rank and thus the resulting twist 

constraint equations are well posed. 

An advantage to this particular twist model is that no additional state variables are 

required to deduce the existing tether twist: the torsional deformations required for this 

calculation are deduced from the assembled set of node positions and the resulting cubic 

profile.  In addition, the strategy for coupling the tether model to a non-linear vehicle 

model, a salient feature of the lumped mass approach mentioned in §1.4.5, is maintained.  

In addition to the tether termination location and velocity, the boundary conditions must 
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now also include a vehicle orientation such that the (0)α  and/or ( )Nα  values can be 

calculated.  Particulars in the calculation of these kinematic boundary conditions, such as 

handling inflection points occurring within the tether profile, are addressed in     

Appendix C.       

4.5.2 Solution procedure 

Recalling that the node curvatures are an explicit function of the node positions, the 

left hand side of (4.33) is seen to be an explicit function of the node positions and, 

through the hydrodynamic terms, node velocities.  The global motion equations in (4.33) 

thus form a combination boundary-initial value problem that defines the motion of the 

assembled tether nodes, { }(0) (1) ( ) TT T N T=R r r r� , during a ROV maneuver.  The 

form of the assembled equations is given by: 

 ( , , ) Gt =F R R RM� ��  (4.35) 

Equation (4.35) is a series of 3( 1)N +  second-order differential equations.  The 

solution procedure remains very similar to that outlined in §2.2.5:  it includes a means to 

advance the model in time from an initial condition and the specification of boundary 

conditions that facilitate evaluation of (4.35) for the node accelerations at each time step. 

4.5.2.a Numerical integration 

Following the methodology outlined in §2.2.5.a, the initial value problem is recast as a 

series of 6( 1)N +  first-order differential equations by introducing the node velocities, R� , 

as additional state variables to be included in the integration process. To advance the 

model in time, a fourth order Runge-Kutta integration scheme is again applied.  Thus, 

given an initial state of the tether, ( )0tY : 

 ( ) { }(0) (0) (1) ( 1) ( ) ( )
0 0 0 0 0 0 0( ) ( ) ( ) ( ) ( ) ( )T T T N T N T N T T

t t t t t t t−=Y r r r r r r� � ��  
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The integration scheme produces ( )1tY , ( )2tY , …, ( )ktY , ( )1kt +Y ,…, ( )ftY , where 

ft  is the duration of the simulation.  The explicit approach outlined in §2.2.5.a is again 

applied to advance the model in time. For the kth step advancing the model from the state 

( )ktY  at time kt  to 1kt + , the following sequence of calculations produces the next state, 

( )1kt +Y : 

1. Using the node positions of the current tether state, ( )

0

Ni

i=
r , and given conditions 

defining the tether orientation at the boundaries, one of (0)′r  or (0)′′r  and one of 

( )N′r or ( )N′′r , the inter-element constraints (3.12) are evaluated to produce the set of 

curvature vectors, ( )

0

Ni

i=
′′r .  This defines the profile of each element in the assembly. 

2. Using the element profiles, the torsion within each of the elements, 
1

N

i i
γ

=
, is 

calculated according to (4.24).  Applying the torsion values and the given boundary 

conditions, one of (0)α  or (0)Τ  and one of ( )Nα or ( )NΤ , as outlined in Appendix B, 

the local frame of reference is located by calculating the torsional deformations 

throughout the discrete tether, ( )

0

Ni

i
α

=
, via (4.34). 

3. The axial internal forces at the node points, 
0

N

i i
λ

=
, are calculated using (4.19), and the 

element stiffness matrices [ ]B i
K , [ ]A i

K , and [ ]iτK  are calculated according to 

equations (4.26) to (4.28) respectively, and then premultiplied by P . 

4. The element mass matrices, 
1

Ni
I i=

M , are calculated according to (4.23).  

5. The hydrodynamic loads at the node points ( )

0

Ni

i=
h are calculated using the 

hydrodynamic frames to evaluate (4.22).  The generalized load vectors 
1

N

i i=
W  and 

1

N

i i=
H  are calculated according to (4.29), and premultiplied by P . 
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6. The global system of equations is assembled.  Specifying the boundary conditions, 

one of (0)
af  or { }(0) (0)( ) ( )

TT T
k kt tr r�  and one of ( )N

af  or { }( ) ( )( ) ( )
TN T N T

k kt tr r� , 

(4.35) is solved for the node accelerations, ( )

0

Ni

i=
r�� . 

7. The node accelerations are augmented with the velocities of the current tether state to 

form the time derivative of the state vector ( )ktY� , which is integrated to generate the 

next state of the cable, ( )1kt +Y . 

4.5.2.b Boundary conditions 

In §2.2.5.b the boundary conditions for the standard lumped mass approach were 

given as either the applied force, (0)
af  or ( )N

af , or the motion of the boundary nodes 

{ }(0) (0)( ) ( )
TT Tt tr r�  or { }( ) ( )( ) ( )

TN T N Tt tr r� .  In Chapter 3 the addition of the twisted 

cubic spline representation to facilitate bending effects required the specification of the 

tether’s orientation at both boundaries.  By again applying the cubic spline element type 

in this chapter, these additional boundary conditions are retained in the higher-order 

methodology.  That is, either of (0)′r  and (0)′′r  and either of ( )N′r  and ( )N′′r  must still be 

specified throughout the duration of the maneuver.  In addition, a specification of the 

orientation of the tether’s local reference frame must be provided at the tether boundaries.  

This specification can be direct, as a prescription of the (0)
IBR  and ( )N

IBR  matrices, or 

indirect, through the specification of torques at the boundaries.  Provided one of the 

boundaries is properly constrained to prevent axial rotation of the tether, the twist 

constraint equations will locate the local frame throughout the tether.  

4.6 Model evaluation 

To evaluate the higher-order model implementation the beam bending test introduced 

in §3.3 will be revisited.  Performing the same tests as were conducted in §3.3, the 

convergence of the higher-order approach at larger element sizes can be compared 
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against that for the revised lumped mass approach of Chapter 3.  In addition, the low 

tension maneuver that has been looked at in §2.4 and §3.4 is again used to evaluate the 

higher-order formulation in a dynamic case.  Having experimentally validated the revised 

linear lumped mass approach in §3.5, comparison of the higher-order results against the 

revised linear findings of §3.4 will provide some confidence in the higher-order 

implementation.  Finally, the implementation of the twist restitutional forces is tested by 

considering the dynamic response of an axisymmetric slender beam, or cable, to a 

tortuous initial profile. 

4.6.1 Static evaluation 

The set of simulations outlined in Table 3.2 were conducted using the beam properties 

given in Table 3.1.  Referring to Figure 4.4 and Figure 4.5, it is apparent that the higher-

order representation of the cable geometry has improved the representation of the cable 

mechanics during the bending tests. 

Figure 4.4 illustrates an attenuation of the relative endpoint position error through the 

use of the twisted cubic spline elements.  The error reduction is greatest for the larger 

load factors, Bλ , corresponding to the ability of the twisted spline elements to better 

model the beam profile in cases of large deformations.  For smaller load factors and beam 

deflections, it is evident that the linear lumped mass approach provides an accuracy 

roughly equivalent to that of the higher-order approach.  In fact, the improvements 

garnered via the higher-order approach are not extensive, in part due to the already 

adequate performance of the linear lumped mass approach demonstrated in Figure 3.8.  

For example, the relative error incurred using 12 higher-order elements is bounded by 

0.006 over the domain of considered load factors as opposed to a bound of 0.02 for the 

linear lumped mass elements.  This drop in the modelling error is seen to hold in each of 

the 3, 6, 12, and 24 element analyses. 
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Figure 4.4. A comparison between the errors in the simulated beam endpoint position incurred 

with the linear and higher-order lumped mass approaches. 

Based on projections of the curves in Figure 4.4 over a wider range of relative 

endpoint errors, Figure 4.5 shows the requisite element sizes required to maintain relative 

errors of 0.05Bδ = , 0.02Bδ = , and 0.01Bδ =  in the beam endpoint location.  The 

higher-order elements have pushed the lines of constant Bδ  towards, and in the case of 

0.05Bδ =  past, the benchmark curve of a one to one ratio of element size to bend radius.  

Using the twisted spline elements, Figure 4.5 suggests that setting the element length to 

match the tightest bend radius can produce fairly accurate results (<5% error as 

quantified by Bδ ).  The horizontal separation between the corresponding constant Bδ  
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lines for the linear and higher-order approaches is indicative of the increase in the 

element sizes that can be tolerated through the addition of the cubic element geometry.  

For example, for TOTL κ  products between 2 and 7, and considering a 0.02Bδ =  error 

level, the ratio of element size to total tether length can increase from 0.19 for the revised 

linear lumped mass approach to 0.28 for the higher-order lumped mass method.  This 

equates to an increase in element length of roughly 50% - a value that holds across the 

range of curvatures considered in Figure 4.5. 
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Figure 4.5. The pointwise convergence of the revised lumped mass, higher-order lumped mass, 

and Lo approaches.  The higher-order approximation to the cable geometry has improved the 

accuracy of the lumped mass method at larger element sizes. 
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4.6.2 Dynamic evaluation 

Considering the results of §4.6.1, it is expected that the low-tension tether maneuver 

discussed in §2.4 and §3.4, and defined by the parameters of Table 2.6, could be repeated 

with larger twisted spline elements and maintain equivalent accuracy.  The series of 

discretization schemes given in Table 4.1 were applied to the simulation of the low-

tension maneuver to test for any improved accuracy in the higher-order implementation.  

Table 4.1 also provides the ratio between the number of higher-order elements used and 

the 70 revised linear elements that were deemed necessary for the simulation of the 

maneuver in §3.4.2.  

Simulation # N 70 / N  

1 20 3.50 

2 25 2.80 

3 30 2.33 

4 35 2.00 

5 40 1.75 

6 45 1.56 

7 50 1.40 

8 55 1.27 

Table 4.1. Discretization schemes applied in modelling the slack tether maneuver. 

The results of the simulations listed in Table 4.1 also provided a means to check the 

convergence of the higher-order model.  Similar to the convergence analysis of §3.4.2, 

Figure 4.6 shows the variation of the X coordinate and the bending force magnitudes 

recorded at the node locations at the 830 s instant.  In the plots, the lines corresponding to 

the application of 20 and 25 higher-order elements have been omitted.  It was found that 

they deviated greatly from the remainder of the simulation results due to their inability to 

resolve the tight bends incurred at the motion reversals.  Also shown in Figure 4.6 is the 

108 element solution computed using the revised linear method. 
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Figure 4.6. The convergence of the higher-order lumped mass model on an estimate of the tether 

profile at 830 s of the low-tension maneuver.  The top plot shows the variation of the node X 

coordinates over the tether scope while the bottom plot shows the magnitude of the bending force.  

The bending force peaks at the 40 m, 104 m, and 131 m marks correspond to the center of the 

three bends nearest the leading end of the tether. 
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As in §3.4.2, the tight bend at 40 ms =  was used to judge the convergence of the 

model.  Figure 4.7 presents a more detailed view of the X coordinate variation in the 

vicinity of this bend.  From Figure 4.7 it is apparent that the higher-order model 

converges on a consistent estimate of the tether profile, to meter level precision, using 50 

elements.  The decrease from the 70 elements required for the convergence of the revised 

linear approach to 50 requisite elements for the higher-order approach corresponds to an 

increase in the allowable element size of 40% - slightly less than the 50% estimate 

produced through the static tests of §4.6.1.  Also evident from the plots of Figure 4.6 and 

Figure 4.7 is that the solutions obtained using the revised linear and higher-order methods 

are slightly different.  However, these differences are very small.  For example, the X 

coordinate of the bend 3 apex at the 830 s mark is seen to shift by one meter in Figure 

4.7.  This distance is 0.3% of the 300 m tether scope.  Figure 4.8 shows the comparison 

of the tether profiles at the same key instants as the plots of Figure 3.10.  Figure 4.9 

provides a more detailed view of the two tether profiles at the 830 s mark that has been 

considered previously in analyzing the convergence of both modelling approaches. 

The results from the two models are not expected to be identical due to differing 

representations of internal and external forces in the higher-order implementation.  For 

example, unlike the linear lumped mass approach which uses the element orientation to 

calculate a concentrated hydrodynamic load at the element center, the higher-order 

approach accounts for a linear variation of the hydrodynamic force vector, ih , 

components over the twisted spline element.  Such differences are likely the cause of the 

small discrepancies between the two model implementations. 
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Figure 4.7. The variation of the X coordinate in the area of the tight bend near the leading end of 

the tether at the 830 s mark of the low-tension maneuver.  The higher order approach converges 

to a consistent solution with sub-meter resolution at the 50 element discretization.
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Figure 4.8. The tether profiles at various instants in the low-tension maneuver generated using 

108 revised linear lumped mass elements and 50 higher-order lumped mass elements. 
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Figure 4.9. A close-up view of the tether profiles generated using the revised linear lumped mass 

approach using 108 elements and the higher-order approach using 50 elements. 

4.6.3 Response of a tortuous beam 

In this test case, a slender beam, or cable, of 10 m length is held in a quarter circular 

arc of 6.37 m radius.  The 0 node of the cable is held clamped pointing in the X direction 

of the inertial frame, and the other boundary, node N, is free when released.  The physical 

properties of the beam and surrounding fluid are given in Table 4.2.  For this idealized 

slender beam, the bending stiffness is derived from the product of a modulus of elasticity 

and the cross sectional moment of inertia, I .  A shear modulus, G, that holds over the 

cable cross section is also now provided.  Figure 4.10 and Figure 4.11 show the cable 

profile in the seconds following its release for two loading scenarios.  In Figure 4.10, the 

cable is not subjected to any applied load or torque at the N boundary.  In this case, the 

cable motion is overdamped, due to the strong hydrodynamic forces, and the cable profile 

asymptotically approaches a straight line along the inertial X axis.  In Figure 4.11, a 
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constant 300 Nm torque is applied at the end of the cable.  This couple moment follows 

the cable endpoint and remains aligned with the cable tangent vector throughout the beam 

response.  Comparing these two cases it is obvious that the torque contributes 

significantly to the results. 

Parameter Symbol Value 

Water density ρ  1025 kg/m3 

Cable diameter 
cd  0.0254 m 

Cable density 
cρ  1025 kg/m3 

Cable drag coefficient 
dC  1.649 

Cable damping coefficient 
IDC  100 Ns 

Effective modulus of elasticity E  5. GPa 

Effective shear modulus  G 37 MPa 

Total cable length 
TOTL  10 m 

Cable elements N 6 

Table 4.2. Properties of the tortuous slender beam. 

To illustrate how the non-zero torsional stiffness and the applied torque create the 

conical traces of Figure 4.11, the forces created through the non-zero GJ value, as 

defined by the [ ]GτK  stiffness matrix given in (4.28), are plotted in Figure 4.12 for three 

instants, 0.2 st = , 5.0 st = , and 10.0 st = .  The arrows indicate the direction and 

relative strength of the forces.  To give an indication of scale, the maximum twist forces 

at the 0.2 s, 5.0 s, and 10.0 s marks are 140 N, 55 N, and 16 N respectively.  The traces of 

the node motion have also been provided in Figure 4.12.  The effects of the twist forces 

can be visualized by imagining a chord connecting the two boundary nodes, nodes 0 and 

6, at each instant.  Consistent with the positive torque applied at node 6 (measured about 

the tangent vector extending from node 6), the twist forces tend to create a counter 

clockwise rotation of the cable profile about this chord line throughout the simulation. 
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Figure 4.10. The response of the slender, bent beam when no torque is applied at the free 

boundary. 
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Figure 4.11. The response of the slender, bent beam subject to a constant applied torque of 300 

Nm at the free boundary. 
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Figure 4.12. The forces created at the node points of the slender, bent beam due to the non-zero 

torsional rigidity.  The magnitude of the largest torsional forces at the three instants considered 

are 140 N at 0.2 s, 55 N at 5.0 s, and 16 N at 10.0 s. 
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4.7 Comments  

The static and dynamic test cases of §4.6 have shown that the higher-order 

implementation does present improvements over the accuracy and completeness of the 

revised linear lumped mass approach.  While the improved accuracy is of benefit, the 

fundamental reason for the inclusion of the higher-order terms in the governing motion 

equation is the ability to describe the twist of the cable or tether, discerning between the 

effects of the tether profile’s torsion and boundary influences.  The final test case of this 

chapter considered the non-zero torsional rigidity of the cable and was able to 

demonstrate the dynamics resulting from application of a pure torque at the cable 

endpoint.  More relevant to the simulation of ROV tether motion is the influence of 

kinematic conditions at the tether endpoints.  In a typical system the boundary 

orientations of the tether’s local frame are established by the orientation and motion of 

the vehicles or platforms to which the tether is kinematically coupled.  It is evident from 

the boundary calculations outlined in Appendix C that this is a slightly more challenging 

case to model.  In the next chapter, the ability of the higher-order approach to simulate 

such realistic systems will be presented through the simulation of a small ROV system. 

In addition to the more realistic ROV maneuver, Chapter 5 will examine the 

computational efficiency of the higher-order lumped mass methodology.  In regards to 

the ROV maneuver conducted, which requires the full capabilities of the higher-order 

approach, the required execution times will be determined.  By clarifying the 

computational power required by the model, the computational savings afforded by using 

longer higher-order elements can be quantified.  
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Chapter 5  

Simulation of Three-Dimensional ROV Maneuvers 

5.1 Overview 

To fully evaluate the implementation of the bending and torsional effects introduced 

with the higher-order lumped mass element in Chapter 4, it is necessary to simulate tether 

motion in a low-tension, three dimensional ROV maneuver.  While a set of waypoints, 

defining the towpoint motion, and tether properties could be synthesized, the level of 

conjecture in the evaluation of the simulation is reduced when a realistic system 

description and towpoint motion are applied.  To that end, the assembly of a small ROV 

platform is presented that includes an identification of the platform’s mechanical 

properties, a means to monitor the towpoint motion, and description of an attempt to 

measure the overall tether motion in-situ.  In addition to the characterization and 

simulation of the maneuver, the computational savings that are possible through the use 

of the higher-order lumped mass element will be quantified for the specific problem of 

ROV simulation.  Using both explicit and implicit numerical integration techniques to 

advance the model in time, the execution speed of the simulation incurred using a variety 

of discretization schemes will be presented.  Relating the change in execution times to 

changes in the number of elements used in the discretization process, the importance of 

reducing the required number of elements through the use of the higher-order formulation 

will be clearly illustrated.  
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5.2 ROV platform 

A small ROV, shown in Figure 5.1(a)., using two fore mounted thrusters to provide 

surge and yaw motions and two thrusters mounted amidships to generate heave was the 

platform for the experimental tether maneuver.  The neutrally buoyant tether was 

manufactured by FALMAT Inc.  Contained within a 0.019m diameter casing of 

thermoelastic polymer were kevlar strength members, 8 control lines for the thruster 

controls, and two lines dedicated for power supply. 

  

Figure 5.1. The small ROV used to collect a sample of three-dimensional vehicle maneuvering.  

The emitter used to track the tether termination point is mounted at the rear of the vehicle. 

For the purposes of the numerical simulation, it was necessary to acquire estimates of 

effective axial, bending, and torsional stiffnesses of the tether.  To this end, sections of 

the FALMAT tether were used as the visco-elastic body in a single degree of freedom 

oscillator.  Subjecting a 35 kg sprung mass to various impulses, a history of tether 

tensions was produced from which estimates of the axial stiffness, 217 kNEA = , and 

internal damping coefficient, 437 NsIDC = , were drawn.  The values were obtained 

using a logarithmic decrement technique over several tension records and averaging the 

results, as outlined in Appendix C. 

Inspection of the tether samples showed that the conductors were packed loosely 

within the thermoplastic sheathing.  As such, when the tether was subjected to bending 

and torsional couples, the conductors moved relatively freely within the sheath.  Thus, the 
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bending and torsional stiffness values were calculated based on quoted Young’s and 

shear modulus for the TPE material of the sheath itself and the values of the moment of 

inertia and polar moment of inertia for the tubular sheath cross section.  Table 5.1 

summarizes the tether material properties used. 

Property Symbol Value 

Tether Diameter 
Cd  0.019m 

Tether Length TOTL  6.55 m 

Axial Stiffness EA  217 kN 

Bending Stiffness EI  0.25 Nm2 

Torsional Rigidity GJ  0.11 Nm2 

Viscous Damping  
IDC  437 Ns 

Table 5.1. Mechanical properties of the tether used in the ROV simulations. 

5.3 Experimental acquisition of the ROV maneuver 

To record the motion of the ROV system two devices were employed: a PILOT ultra-

short baseline ROV tracking system, produced by Desert Star Inc., recorded the motion 

of the towpoint, and a 6.8 m length of ShapeTape, produced by Measurand Inc., 

attempted to monitor the tether motion in-situ. 

5.3.1 Tracking vehicle motion 

The trial maneuver was conducted in a diving pool with a rectangular plan view of 

dimension 12.7 m × 9.0 m  and a depth of 4.6 m.  The PILOT system triangulated the 

position of an emitter mounted at the towpoint using three transponders suspended near 

corners of the workspace.  Despite the ultra-short baseline capability of the device, the 

persistence of echoes in the pool only allowed for a sampling frequency of approximately 

0.23 Hz.  Maintaining low vehicle speeds, the vehicle motion could be resolved despite 

this restriction.  A listing of the acquired waypoints is given in Appendix D.  
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To drive the numerical simulation, the PILOT data was interpolated over a finer mesh 

of time intervals.  This interpolation was subject to a condition of zero acceleration at the 

initial and final instants.  The ROV waypoint times were indexed against the start of the 

ShapeTape data acquisition.  Due to a delay between the start of the PILOT and 

ShapeTape devices, the first waypoint was reported before the initialization of the 

ShapeTape.  Figure 5.2 shows the recorded waypoints and the interpolated path of the 

ROV.  The final interpolated ROV path, is also given quantitatively in Appendix D which 

lists both simulated tether motion at interior node points and the experimentally 

determined boundary motion at 2.0 s intervals. 
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Figure 5.2. The path of the ROV during the trial maneuver.  The dots indicate the recorded 

waypoints and the solid line is the interpolated fit to the PILOT data. 
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5.3.2 Capturing the tether initial conditions 

An original objective of the experimental apparatus was the experimental acquisition 

of a time history of the tether motion.  In a controlled laboratory environment cable state 

has been monitored by recording the motion of node locations [59,88].  To record three-

dimensional motion, a vision based system requires the installation of multiple cameras, 

four in [59], strobe lights which illuminate reflective markers attached to the body in 

question, and a sensitive calibration process.  For application in a non-dedicated facility 

such as the pool used in this work, this level of infrastructure presented a serious 

challenge. 

An alternative approach to define the tether path is the direct measurement of the 

tether shape – that is the quantification of the bends and twists incurred between the 

surface and the vehicle.  O’Neill [104] showed that a complete sampling of curvature and 

twist defines a unique family of curves. To distinguish a single curve in the family, it is 

only necessary to position the curve origin and original heading in three-dimensional 

space.  For the ROV system, the boundary specification can be set through the 

construction of the tether’s surface termination, and a device that provides the necessary 

shape information is ShapeTape produced by Measurand Inc.  

Shape Tape is a thin (1.5 mm thick) spring steel ribbon (20 mm wide), shown in 

Figure 5.3, that supports a series of optical circuits.  A plastic coating hermetically seals 

the tape making it suitable for use underwater.  Each fibre circuit sealed within the plastic 

substrate contains a fibre sensor which, when bent into a circular profile, attenuates the 

intensity of the optical throughput.  The mechanism for this loss is the construction of the 

cladding surrounding the fibre core.  By using distinct cladding materials on either side of 

the individual fibres a single sensor is able to distinguish bends to either side of the 

ribbon.  By arranging two fibre sensors at the same location along the tape, a pair of 

readings can be used to resolve the bend and twist that occurs at the sensing location. 

Unlike, a vision based apparatus, ShapeTape leaves a small footprint on the 

experimental workspace. All of the sensory devices are contained within the ribbon.  At 
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one end of the tape a termination box houses the electronics, optics, and a serial PC 

connection.  The calibration process at the beginning of any shape measurement trial only 

involves the acquisition of a series of data frames while the tape is held flat.  Averaging 

these measurements, the offsets of the individual sensors are initialized for the 

environmental conditions of the trial, including the temperature of the water. 

However, the application of tracking the ROV tether in-situ presented a departure 

from the typical applications of the tape.  The length of the ROV umbilical tether in the 

trial maneuvers was 6.55 m.  A typical tape construction uses bend and twist sensing 

zones that are 7 cm in length.  In the typical construction, the 7cm sensing intervals are 

placed immediately next to each other.  At the time of purchase, only 24 sensing zones 

could be accommodated by the system electronics and the data acquisition software that 

was purchased with the device.  As such, the length of a typical tape length is 1.80 m 

with the first 12 cm being an inactive, or non-sensing, lead separating the electronics box 

from the active remainder of the tape.  Thus, to measure shape information from a tether 

substantially longer than 1.80 m, it was necessary to introduce gaps between the sensor 

locations.  Given a minimum safe bend diameter of 35 cm for the tether, supplied by 

FALMAT, the maximum sensor gap was limited to 35 cm.  Near the ROV, the gap was 

reduced to 20cm.  This sensor spacing determined the 6.55 m length of tether that could 

be deployed.    
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Figure 5.3. The ShapeTape device affixed to a spare length of the FALMAT tether in a laboratory 

trial.  Neutrally buoyant collars were constructed that were intended to conform the tape to the 

tether profile. 

Referring to Figure 5.4, The formation of the tape path is accomplished by forming 

separate Frenet approximations to the true tape path between the sensor locations.  Each 

Frenet approximation, i , and its spatial derivatives are defined explicitly in terms of the 

curvature and torsion of the path at the originating point of the segment, ( 1)iκ −  and ( 1)iγ −  

respectively, and the orientation of the Frenet frame at the i-1th sensor location. The ith 

Frenet approximation extending from the i-1th sensor location to the ith sensor point is 

given by: 
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where ( )( 1) ( 1)i is s− −∆ = −  [104].  Recalling from §4.1.1 that the twist of the cross section 

is a summation of the torsion incurred at the center line of the tape and the additional 
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torsional deformation of the cross section, the torsion of the tape path must be separated 

from the sampled twist before it can be applied in (5.1).  For each frame of shape tape 

data, this is accomplished in an iterative manner: 

1. The twist measures, ( )iτ , are applied in place of the torsions in the N instances of 

(5.1).  This produces a first estimate for the sequence of Frenet segments, i  for 

1 i N≤ ≤ . 

2. Given a definition of the path by (5.1), the torsion of the estimated path can be 

calculated by assuming small axial strains and following the approach of §4.1.1.  That 

is: 

 
( )( ) ( ) ( )

1 1 1( )
( ) ( )

1 1

i i i
i i ii

i i
i i

γ + + +

+ +

′ ′′ ′′′⋅ ×
=

′′ ′′⋅
 

3. Since 
0

lim 0
κ

γ
→

= , the torsional deformations of the tape, ( )iα ′ , can be resolved from 

the sampled twist signal by a linear interpolation of the ShapeTape’s twist data at 

points where 0κ = . 

4. The series of vector equations of (5.1) is reevaluated with new estimates of the 

torsion, ( ) ( ) ( )i i iγ τ α ′= − .  At the end of each interval, the orientation of the normal, 

( )ˆ in , and binormal, ( )ˆ ib , axes are rotated by a fixed angle about the tangent direction 

to account for the pure rotation of the tape cross section over the segment i . 

5. Steps 2 through 4 are repeated until convergence on a consistent set of sensor 

locations i .  Two to three iterations were usually required. 

In addition to the shape data and the known origin conditions which fixed the profile 

location and orientation in space, the sampled ROV location provided a means to adjust 

the sampled shape information during post-processing to ensure the sampled path 

terminated at the ROV location. 



Chapter 5 - Simulation of Three-Dimensional ROV Maneuvers 154 

 

(0)n̂

(0)t̂

(0)b̂
(0)κ (1)κ

(2)κ
(2)γ

(1)γ

(0)n̂

(0)t̂

(0)b̂
(0)κ (1)κ

(2)κ
(2)γ

(1)γ

 

Figure 5.4.  A graphical illustration of the construction of a tether profile using a series of Frenet 

approximations . 

Referring to Figure 5.3, a series of neutrally buoyant collars were used to affix the 

ShapeTape to the ROV tether.  Due to the rectangular cross section of the ShapeTape, 

and a very large ratio of tape width to thickness, bends always develop normal to the 

wider surface of the tape.  When using the tape on its own, or when sampling a planar 

profile such as that shown in Figure 5.5 this characteristic is of no consequence.  

However, in order to follow the tether lay in three-dimensional space, the tape must be 

free to twist about the axis of the tether such that the flat face of the tape remains 

perpendicular to the Frenet normals that develop along the tether.  The intent of the 

collars was to conform the tape to the tether configuration while providing this freedom. 

Despite various collar designs and several attempts at recording the tether motion in-

situ, problems with the cable - tape interface could not be resolved.  Stresses generated in 

the cross section caused warping of the cross section and these rapid shape fluctuations 

swamped the true curvature and twist information.  The problem was exacerbated by the 

gaps between the sensing points.  Incorrect shape information sensed within a warped 

sensing zone affected the Frenet approximation generated over the following 35cm gap.  

By carefully manipulating the tether by hand to avoid the onset of the warps, the author 

was only able to capture a series of ShapeTape data frames that described a single static 
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tether configuration at the start of the ROV maneuver.  While this data set fell far short of 

the original goal, it did provide a measure of the tether’s initial condition.  The recorded 

initial condition is tabulated in Appendix D.  
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Figure 5.5. (a) The ShapeTape wound around a cylindrical test fixture.  The known diameter of 

the turntable provides a means to check the sensor calibration.  (b) The results of the projection of 

shape information into a three dimensional tether lay.  Experimental error produced a drift out of 

the plane of 0.06 m over the 6.55 m tape length.  The tighter bends at the boundaries of the 

computed profile were remnants of an interpolation to the sensed bend and twist data that was 

being tested in this trial. 

5.4 Integrator selection 

In Chapters 2 through 4, a Runge-Kutta technique was applied to advance the global 

system of motion equations, given by (4.36) for the higher-order formulation, in time.  

Provided a suitable time step is chosen, the Runge-Kutta method has been observed to be 

suitable for a wide variety of differential equations [71,94,112].  However, a variety of 

integration techniques are available including both explicit and implicit methods for 

either first or second-order differential equations. 
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5.4.1 Spectral radius 

Methods for first-order differential equations encompass single step techniques such 

as the Runge-Kutta family, explicit multi-step techniques such as the Adams-Bashforth, 

implicit predictor corrector techniques such as the Adams-Moulton family of integrators, 

multi-value formulations, and extrapolation techniques [71].   As described in §4.4.2.a, 

and in [39,40,66], the 3( 1)N +  second-order equations of (4.36) are recast as 6( 1)N +  

first-order equations in order to apply this type of integration approach.  While the 

Runge-Kutta scheme has demonstrated robust behaviour, its performance is limited by 

the requisite time step size.  As detailed in [73,75], the tether dynamics problem poses a 

stiff system of equations.  The challenge posed by the stiff system of equations is that the 

variation of the solution component with the shortest time scale must be captured, even 

though it may not contribute significantly to the solution of interest.  One approach to 

circumvent the problem is to employ implicit integration techniques that possess 

algorithmic damping to attenuate the higher frequency components of the true solution.  

However, when implementing an implicit approach, there is a tradeoff to the larger 

step sizes that can be achieved.  Since the recurrence relationship in an implicit technique 

includes the state at the next time, an iterative technique must be used to calculate the 

next tether state.  As discussed in [94], the predominant means for the solution is the use 

of Newton iteration as this avoids convergence problems associated with functional 

iteration.  However, a necessary component of Newton iteration is the calculation of a 

Jacobian matrix which requires a number of additional tether dynamics evaluations, 

directly proportional to N, at every time step.  Compounding this additional cost for 

implicit methods tailored to first-order equations is the dimension of the Jacobian linear 

system.  By recasting the second-order differential equation as a first-order system of 

equations, the Jacobian grows from a 3 3N N×  matrix to a 6 6N N×  matrix.  Thus, it is 

believed that when considering implicit integrators, a technique tailored to second-order 

differential equations will be preferable. 
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Implicit integration techniques for second-order differential equations include the 

single step Newmark-β [113] and Wilson-θ [114] methods and the multi-step Houbolt 

formulation [115].  The basis of each approach is an approximation of the solution’s 

timewise variation as a polynomial form called an update equation.  Recently, the 

structure of the update equation of these classic techniques has been modified to tune the 

algorithmic damping to desired levels culminating in the Alpha technique [116] and, 

most recently, the Generalized-α approach [117].  The Houbolt technique has been 

applied to integration of cable dynamics by Thomas and Hearn [74] while the 

Generalized-a technique has been used by Gobat and Grosenbaugh [79,80].  

To evaluate the potential improvements in run-time that can be expected from any 

integrator, we adopt the spectral radius measure introduced by Bathe and Wilson [118].  

The spectral radius acts as a barometer for an integrator’s ability to attenuate higher 

frequency modes, allow for larger time steps, and decrease execution times.  In short, the 

method considers the impulse response of an undamped, linear, single degree of freedom 

system as calculated using the specific integration technique.  The calculated solution, a 

series of states at discrete time intervals, is expressed using a recurrence matrix, A , and 

the maximum eigenvalue of A , called the spectral radius ( )ρ A , illustrates the 

attenuation/amplification of initial conditions strictly due to the integration method.  The 

spectral radius is only dependent on the form of the update equation and the ratio of the 

chosen time step size, t∆ , to the natural period of the single degree of freedom test case, 

PT .  By plotting the variation of the spectral radius over a range of Pt T∆  values, one can 

examine the stability of the integrator as the time step becomes larger than the system’s 

natural period.   

Figure 5.6 shows the spectral radius variation calculated for the Wilson-θ, Houbolt, 

4th order explicit Runge-Kutta, Generalized-α, and an implicit midpoint rule for first-

order differential equations presented in [94].  Presumably the time step is chosen to 

capture any modes which occur on the scale of the chosen step, and therefore it is 
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desirable to eliminate any algorithmic damping to the left of 1.0Pt T∆ =  while still 

attenuating any motions occurring over shorter time scales.  Figure 5.6 shows that the 

spectral radius of the explicit 4th order Runge-Kutta scheme approaches infinity as 

1.0Pt T∆ → , while all of the implicit methods demonstrate stability well beyond the 

1.0Pt T∆ =  limit.  Of the four implicit approaches studied, the Generalized-α method 

has the most desirable damping properties as it does not unduly damp desired motions 

provided 0.3Pt T∆ ≤  
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Figure 5.6. The spectral radius of integration techniques designed for both first and second-order 

differential equations. 

Although the integrator characteristics shown in Figure 5.6 can not be assumed in a 

strongly non-linear problem, such as the dynamics of the submerged tether, the plots are 

an indication of the Generalized-α method’s potential to shorten run times.  In the results 
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to follow, a Generalized-α method is applied to advance the higher-order lumped mass 

formulation in time, and the results are compared against the benchmark 4th order Runge-

Kutta technique established in Chapters 2, 3, and 4. 

5.4.2 Generalized-� method 

Applying the Generalized-α approach, the governing motion equations are the series 

of 3( 1)N +  second-order differential equations first presented in §4.5.2: 

 ( , , ) Gt =F R R RM� ��  (5.2) 

Given a set of initial conditions, 0 0( )t=R R  and 0 0( )t=R R� � , the model can be 

advanced in time, given specified boundary conditions and a suitable integration routine.  

Referring to [117], the update equations for the profile and velocity of the ROV tether 

are, respectively: 

 2
1 1

1

2k k k k kt t β β+ +
  = + ∆ + ∆ − +    

R R R R R� �� ��  (5.3) 

 ( )( )1 11k k k kt γ γ+ += + ∆ − +R R R R� � �� ��  (5.4) 

To control the low frequency attenuation and optimize the high frequency damping, 

Chung and Hulbert [117] suggest that a variant of the non-linear dynamics equations in 

(5.2) be solved on each time step: 

 1 1 1 1( , , )
F F F MGk k k kt α α α α+ − + − + − + −=F R R RM� ��  (5.5) 

where, 

 ( ) ( )( ) ( )1 1
1

F
F Fk k kα α α

+ − +
⋅ = − ⋅ + ⋅  (5.6) 

 ( ) ( )( ) ( )1 1
1

M
M Mk k kα α α

+ − +
⋅ = − ⋅ + ⋅  (5.7) 

Therefore, given a state of the tether at time kt , ( kR�� , kR� , and kR ), and an initial guess 

for 1k +R�� , equations (5.3) and (5.6) can be substituted into (5.5) to allow for calculation of 

1 Mk α+ −R�� .  A refined estimate of 1k +R��  can then be obtained by application of  (5.7).  A 
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Newton type iteration was used to converge on the final 1k +R��  value.  To try to improve 

the rate of convergence, by avoiding additional Jacobian evaluations, at each Newton step 

a line search is applied in the Newton step direction to find the likeliest set of 1k +R��  

values.  Table 5.2 presents the integrator parameters that were selected based on the 

integrator design constraints of Chung and Hulbert [117], and a trial and error evaluation.  

The trial and error process involved varying the values of the parameters in Table 5.3 

between simulations and evaluating the parameter combinations using the execution time 

of the simulations as a gauge.  The starting point for the search was based strictly on the 

design constraints of Chung and Hulbert with a desired algorithmic damping level 

defined by ( )lim 0.75
P

t
T

ρ
∆ →∞

=A  [117].    

Mα  Fα  β  γ  

0.35  0.45  0.3  0.6  

Table 5.2. The integrator parameters applied in the Generalized-α implementation. 

5.5 Numerical results 

A series of numerical simulations of the ROV maneuver shown in Figure 5.2, and the 

tether initial condition captured via the ShapeTape, were conducted for various twisted 

cubic spline element sizes and using both the Runge-Kutta and Generalized-α integration 

schemes.  Table 5.3 provides the model parameters adopted in the simulation.  
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Property Symbol Value 

Tether density 
Cρ  1000 kg/m3 

Water density 
Wρ  1000 kg/m3 

Normal Drag Coefficient 
DC  1.649 

Number of Elements N 5,10,15,20,25,30 

Maneuver duration 
Ft  57.0 s 

Table 5.3. Model parameters used in the ROV simulations. 

The boundary conditions adopted in each simulation were a clamped termination of 

the ROV tether at the surface with the orientation of the tether being straight down in the 

inertial Z direction.  This clamped termination also kinematically constrains the axes of 

the local frame at the surface holding the local frame at node 0 in line with the inertial 

axes.  At the bottom end, two different boundary conditions were applied.  First, an 

idealized spherical joint was placed at the ROV to assure that ( ) 0NΤ =  and thus that no 

torsional effects existed – a condition totally equivalent to specifying 0GJ = .  Given the 

significant flexibility of the tether termination at the ROV, including flexibility in twist, 

this condition is the more realistic of the two considered.  However, to gauge the 

importance of the torsional effects in low-tension tether dynamics, a separate kinematic 

condition was also used in which the orientation of the tether’s local reference frame at 

the ROV was prescribed throughout the maneuver.  Following the observed stable flight 

of the small ROV, this condition was defined by setting the roll angle of the local frame 

at the boundary node N to zero for the duration of the maneuver.  The specification of the 

local frame orientation at the bottom boundary for this case is outlined completely in 

Appendix D. 

5.5.1 Significance of torsional stiffness 

To evaluate the importance of the non-zero torsional stiffness, we first consider the 

twist that develops within the tether during the course of the maneuver when both 

boundaries of the tether are kinematically constrained.  The results considered in this 
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section are generated using the 4th order Runge-Kutta scheme with 20 tether elements.  

Figure 5.7 shows that at 25.4 s and 33.0 s there are distinguishable peaks in the simulated 

twist.  The transition in the sense of the twist between these instances is due to a rapid 

change in the orientation of the tether local frame at the boundary node N that is induced 

by the synthesized boundary condition. 

0 10 20 30 40 50 60
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

Time (s)

τ  (
ra

d/
m

)

Time = 25.4 s 

Time = 33.0 s 

 

Figure 5.7. The twist incurred in the tether during the 57.0 s ROV maneuver when the orientation 

of the tether local frame at node N is governed by kinematic boundary conditions. 

With a mind to the significance of the additional disturbances induced by the non-zero 

GJ value, Figure 5.7 suggests that the rolling moment on the vehicle will be minimal 

since the twist and torsional stiffness are quite small.  However, examination of the tether 

tension that develops at the ROV shows that the torsional rigidity creates significant 

changes in the disturbances exerted on the vehicle through the tether.  Figure 5.8 shows 

that at both instances of maximum twist, and especially at the 33.0 s mark, that 

significant forces are exerted on the ROV by the tether only when a non-zero torsional 

stiffness exists.  The increasing tensions observed at the ROV near the end of the 

maneuver were created by the movement of the ROV to the limits of the tether scope. 
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To help hypothesize the correlation between the twist and tension peaks, Figure 5.9 

shows the tether profiles at the 33.0 s mark for both the 0GJ = and 0.11GJ =  cases.  In 

Figure 5.9, the ROV is moving in the positive Y direction.  Both of the tether profiles 

shown demonstrate a coiled shape.  For the 0.11GJ =  case, the motion of the 

termination point and the specified orientation of the tether’s principal axes at the 

boundary create additional restitutional forces at the tether node points that are complex 

functions of the tether profile and the negative twist that exists throughout the tether at 

this instant.   
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Figure 5.8. The history of tensions that develop at the ROV for both the case of an ideal spherical 

joint termination (solid line) and the kinematic boundary conditions on the local frame orientation 

(dashed line).  The increasing tension past 52.0 s is due to the travel of the ROV to the limits of 

the tether scope.  

The effects of the non-zero torsional rigidity can be visualized in Figure 5.9 as a 

clockwise rotation of the 0GJ =  profile about a chord extending from the top boundary 

to the ROV termination point.  This rotation is consistent with the negative twist 

experienced within the cable.  The twist forces at the tether nodes are shown in Figure 

5.10 for the 30.0 s and 31.0 s marks. 
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Figure 5.9. The ROV tether profile at 33.0 s for both the case of 0.0GJ =  and 0.11GJ = .  At the 

33.0 s mark, the towpoint is moving in the positive Y direction. 
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Figure 5.10. The torsional forces developed at the 30.0 s and 31.0 s marks of the simulation for 

which 0.11GJ = .  The maximum twist restitutional force at 30.0 s is 0.225 N at node 16 and at 

31.0 s the maximum is 0.6 N at node 13. 
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At these times the tension at the ROV is growing towards a peak value of 3.7 N at 33.0 s.  

As the termination point moves in the positive Y direction, the twist restitutional forces 

are seen tend to hold the tether profile such that the bottom of the coiled form remains 

normal to the oncoming flow.  This leads to increased drag on the tether and the 

increasing tensile forces exerted on the vehicle. 

5.5.2 Effect of numerical integrators 

The convergence of the model on an estimated solution is shown in Figure 5.11, for 

the 0.11GJ =  case using the 4th order Runge-Kutta method.  Plotted is the variation in 

the inertial X coordinate of the tether nodes for the 33.0 s instant.  It is apparent that once 

the discretization reaches 20 elements, an element size of 0.3275 m, only marginal 

changes are observed in the solution.  A similar rate of convergence was noted for the 

0GJ =  case. 
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Figure 5.11. The convergence of the tether model towards a single estimate of the node X 

coordinates at 33.0 s.  
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The evaluation of the two integration schemes was based upon the ratio of execution 

time to the actual time of the simulated maneuver.  Provided accuracy is at least held 

constant, measuring execution speed is a suitable means for evaluating the merits of an 

integrator.  Computationally efficient algorithms allow for saved computational expenses 

to be reallocated to the use of smaller elements or more complete representations of 

simulated systems.  For each of the discretizations listed in Table 5.3, and for both the 

0GJ =  and 0.11GJ =  cases, the 4th order Runge-Kutta and Generalized−α routines 

were applied.  A time step was selected for each combination of integrator and element 

size through a trial and error process.  To ensure a fair comparison of the routines, the 

time steps were set such that an equivalent accuracy was produced.  The measure of 

accuracy was the convergence, with decreasing t∆ , to the time history of simulated 

tensions at the ROV, shown earlier in Figure 5.8.  Table 5.4 lists the step sizes that were 

selected. 

N 4th order Runge-Kutta Generalized-α 

5 0.001 s 0.0225 s 

10 0.0005 s 0.0200 s 

15 0.0004 s 0.015 s 

20 0.00025 s 0.0125 s 

25 0.0002 s 0.010 s 

30 0.0001 s 0.005 s 

Table 5.4. The time step sizes applied in the conducted simulations. 

Figure 5.12 shows the ratio of execution to actual time for each run as recorded on a 

1.0 GHz Athlon processor. For the instances where 0GJ =  and considering 

discretizations of up to the necessary 20 elements, the run times of the Generalized-α 

technique were, in general, half those of the Runge-Kutta scheme.  However, as the 

number of elements was increased to 30, the cost of evaluating the Jacobian matrix began 

to overshadow any computational saving created through the larger step sizes of the α 
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approach.  At the 30 element discretization, the execution times were within a half second 

of each other. 

Using the results shown in Figure 5.12, the benefit of introducing longer elements, 

through the higher-order formulation, to the computational efficiency can be quantified.  

This evaluation is based on the recorded execution times for the higher-order approach in 

only the 0.0GJ =  case.  As will be discussed shortly, the inclusion of the torsional 

effects presents an additional challenge for the simulation and adds to the computational 

expense.  In evaluating any improvements in efficiency afforded by the higher-order 

element geometry, it would be unfair to include these new expenses. 
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Figure 5.12. The execution time of the numerical simulation as a function of the integration 

method and the number of elements. 

Of primary interest is the drop in execution time that is achieved when longer higher-

order elements are applied rather than the shorter linear elements discussed in Chapter 3.  

The static and dynamic evaluations of Chapter 4 suggested that the magnitude of this 

increase is on the order of 40% to 50%.  The 20 0.3275 m long higher-order elements 

required for convergence in the ROV simulation represent a 40% length increase over a 
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28 element discretization, and a 50% increase over a 30 element discretization.  Table 5.5 

gives the change in execution times for the 20, 28, and 30 element solutions for both the 

4th order Runge-Kutta and Generalized-α integrators.  Table 5.5 shows that the reduction 

in N achieved with a 40% to 50% increase in element length allows for much quicker 

execution time, especially in combination with the use of the implicit Generalized-α 

integrator.  Using the implicit integration approach, the 20 element solution executes at 

nearly three times the speed of the 28 element solution.  By maintaining fewer elements 

in a simulation, the model operates towards the left hand side of Figure 5.12 where the 

run times recorded with the implicit scheme drop away fairly quickly compared with 

those recorded with the explicit Runge-Kutta approach.  Thus, the longer higher-order 

elements are seen to be an important pre-requisite for the reduction of simulation 

execution times through the use of the Generalized-α integrator.  Summarizing the results 

of Table 5.5, the increased element length affords a 42% to 48% drop in execution time 

using an explicit Runge-Kutta method and a 63% to 70% drop when employing the 

implicit Generalized-α method. 

N Generalized-α 4th order Runge-Kutta 

20 4.4 : 1.0 7.8 : 1.0 

28 12.1 : 1.0 13.5 : 1.0 

30 14.9 : 1.0 14.9 : 1.0 

Table 5.5. The execution speeds for the 20, 27 and 30 element simulations of the three-

dimensional ROV maneuver. 

An interesting finding was degradation in the performance of the Generalized-

α scheme when torsional stiffness was included in the tether dynamics.  A marked 

increase in the execution times was noted and is evident in Figure 5.12.  It is important to 

realize that there was no difference in the number, or types, of calculations included in 

the tether dynamics between the zero and non-zero GJ cases.  Rather, the drop in 

efficiency was seen to be due to a larger number of missed steps in the Generalized-α 
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technique.  A missed step is one in which the attempted step has to be temporarily 

reduced, possibly due to a poor starting point for the Newton search, to converge on the 

next cable state.  In this situation, the number of Jacobian evaluations increases markedly.   

Given the assumption of negligible rotational inertia in the tether cross section, the 

tether twist has no direct time dependence, but rather depends on other time dependent 

variables such as the tether profile itself and the boundary conditions.  As such, it is 

believed that restitutional forces due to twist can potentially vary significantly over a 

single time step.  We have shown already that the forces developed through torsional 

stiffness are significant in comparison to other effects, and thus it is a possibility that fast 

variations of these torsional effects could present a difficulty for the Newton solver. 

The speeds achieved by the Generalized-α method in the conducted simulations, 

especially in the case of 0.11GJ = , show how numerical modelling of low-tension tether 

dynamics is a challenging computational problem.  Figure 4.5 showed a prudent rule-of-

thumb is the selection of an element length roughly equivalent to the radii of the smallest 

bend that develops in the tether.  For the tortuous tether profiles induced by ROV 

operation in this trial, this forced the use of 20 0.3275 m elements.  This generates two 

sinks for computing power: the growth of the cable dynamics calculations including the 

larger Jacobian size, and a reduction in time step size that is incurred with the smaller 

elements.  Although the implicit Generalized-α routine is unconditionally stable for the 

linear problem, it was observed that for the strongly non-linear cable dynamics that a 

practical limit on time step size existed.  A suitable time step had to be found through a 

trial and error process to converge on the tension history of Figure 5.8.  Table 5.4 shows 

how the allowable time step size in the Generalized-α approach, although consistently 

greater than the Runge-Kutta time steps, does drop with decreasing element length.  

In other cable dynamics problems that do not involve the tortuous cable profiles 

considered in this thesis, larger elements can be applied, larger time steps can be 

achieved, and greater improvement on the 4th order Runge-Kutta execution speeds can be 

realized.  For example, in [75] Radanovic and Driscoll present the use of the Generalized-
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α method in the simulation of a towed undersea vehicle.  Using elements ranging from 

2.0 to 10.0 m in length, they found that the Generalized-a technique produced execution 

times that were a fifth of those incurred when using a Runge-Kutta-Fehlberg method.  

Radanovic and Driscoll found that real time execution could be obtained for 

discretizations of up to 27 elements of this length range as opposed to the limit of the ten 

0.655 m elements seen in this work. 

5.6 Comments 

The impact of the non-zero torsional stiffness on the cable dynamics is evident in the 

motion of tether and the disturbances incurred at the ROV and these differences have 

been shown in Figure 5.8 and Figure 5.9.  The changes in the tether dynamics seen to 

accompany the inclusion of a non-zero GJ  were obtained with a reasonable value of 

torsional stiffness. The applied stiffness was calculated as a product of a shear modulus, 

G , taken from the middle of the published range of values for the tether’s sheath 

material, and a polar moment of inertia, J, calculated based on the sheath dimensions.  

Not included in the calculated estimate, are any contributions from the conducting 

channels within the sheath.  This omission was intentional as the internal portion of the 

tether was observed to slip within the sheath.  This is not always the case with tether 

constructions. In addition to the FALMAT tether, a cable from Hydrocable was evaluated 

which demonstrated a much tighter packing of the internal conductors.  This indicates 

that the actual torsional stiffness could be greater for other ROV platforms. 

In the actual ROV platform, the tether motion observed was more akin to the 

0.0GJ =  simulated motions.  This was due to the construction of the tether’s termination 

at the ROV.  In initial pool trials, the Seacon watertight connector that bridged the tether 

conductors and the ROV’s motor and control leads was held clamped in place.  When 

trying to pilot the ROV during these trials, it was very difficult to manipulate the tether 

extensively in three-dimensions.  The vehicle used in the tests was very small and could 

only generate a few pounds of forward thrust.  The initial hypothesis was that the internal 
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forces generated within the tether impeded the maneuverability of the vehicle.  In order to 

increase the vehicle mobility, the clamp was removed freeing a very flexible section of 

tether on the ROV side of the Seacon connector.  This boundary condition relaxed the 

bending moment at the ROV and the twist developed within the tether.  The fact that this 

modification greatly improved the ROV mobility is an indicator of the importance of the 

bending and torsional effects in the overall system dynamics, a point that was also 

apparent from the simulation results. 

For larger remotely operated vehicles, the 50 Hp to 150 Hp models manufactured by 

International Submarine Engineering for example, there is an additional motivation for 

correctly simulating the low-tension tether dynamics.  For these more powerful 

platforms, the disturbance forces developed at the ROV can reach larger magnitudes, 

relative to the 5 N disturbances observed in the trials conducted in this Chapter, before 

they rival the forces generated by the vehicle thrusters.  As such, the tether can be pulled 

into extremely tortuous configurations.  In conversation with Keith Sheppard, the general 

manager and chief pilot of the ROPOS vehicle, the Remotely Operated Platform for 

Ocean Science at the Canadian Scientific Submersible Facility, twists that develop within 

the ROPOS tether pose a hazard during any deployment of this larger vehicle.  Because 

of the non-homogeneous tether construction, significant twists in the tether have been 

observed to cause kinks to develop along the tether lay.  Because of the non-

homogeneous tether construction, twist may not be equally distributed over the tether 

length, as is assumed in this thesis through the application of a constant GJ product over 

the entire tether scope, but will be trapped within a region of lower torsional rigidity 

forming a kink.  As a vehicle surges forward these kinks can be pulled tight and the 

curvatures and twist that develop can rupture the tether.  As such, great care is taken 

during a ROV deployment to prevent complete turns of the vehicle since each turn 

induces a complete twisting revolution.  If a vehicle is to transit many different work sites 

during a single dive, this preventative measure complicates the vehicle navigation.  While 

the dynamics of the kinks are heavily dependent on the internal construction of the tether, 
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a topic not within the scope of this work, the low-tension model presented in this Chapter 

provides a means to predict the twists which would lead to such tether failure. 
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Chapter 6  

Conclusions 

Over the course of Chapters 2 through 5, a discrete representation of a low-tension 

ROV umbilical tether has been developed.  The foundation of the low-tension model, a 

standard lumped mass formulation, was developed in Chapter 2.  Using a linear element 

geometry and a Voigt approximation to the axial stiffness and damping of the tether, the 

linear lumped mass elements were applied in the simulation of towed cable maneuvers in 

two and three dimensions.  Despite the accuracy of the lumped mass model in these 

towed cable applications, it was shown that the standard lumped mass approach is 

insufficient for the simulation of slack tether.  

Referring to existing literature, modelling of the tether’s bending stiffness was 

believed to be a means to accurately capture low-tension tether motion.  To this end, an 

additional force was synthesized at each node point of the standard lumped mass 

representation.  The new force captured the effects of the tether’s bending stiffness and 

was derived by defining the bending effects within the continuous cable motion equations 

and discretizing only these bending terms.  To evaluate the new bending forces within the 

model, an approximation to the tether’s curvilinear profile was obtained from the existing 

state variables of the lumped mass method, the node positions, using twisted cubic spline 

interpolation.  To verify the validity of the model implementation, a static test was 

developed in which the deflection of a slender beam under an applied bending moment 

was simulated.  Comparison of the simulated results to the analytical solution showed 

good agreement with relative errors of less than 10% in the beam endpoint position being 

achieved for moderate numbers of elements.  Application of the revised linear lumped 
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mass model in the simulation of planar tether manipulations was shown to yield logical 

and accurate results for qualitative tests.  In the simulated results, the tether demonstrated 

a strong tendency to conform to the existing curvilinear profile.  This evidence of the 

water-pulley effect confirmed the assumption of small rotational accelerations and 

negligible rotational inertia terms in the governing equations of Chapter 3.  An 

experimental validation of a two-dimensional tether maneuver confirmed the accuracy of 

the modelling approach in low-tension circumstances.   

In Chapter 4, two improvements on the revised linear lumped mass approach were 

made: the rate of convergence of the model with decreasing element size was improved 

and an ability to capture the effects of non-zero torsional stiffness was added.  To develop 

these two capabilities, a new cubic geometry was introduced for the lumped mass 

element.  Using this new element form, the complete equations of motion for the 

continuous tether were discretized, using a method of weighted residuals, to form a more 

complete representation of the cable mechanics.  In the discretization process, the Voigt 

approximation to the tether mechanical properties and the approximation of the 

hydrodynamic forces introduced in Chapter 2 were again applied.  Using the twisted 

cubic spline geometry introduced in Chapter 3 for the tether element form, the discrete 

bending and torsional effects were derived as explicit functions of the node positions thus 

avoiding the introduction of new state variables in the tether representation. 

Repeating the static bending tests of Chapter 3, the higher-order lumped mass model 

was shown to drop the errors in the beam endpoint position below 2% for a moderate 

number of elements.  Using a criteria of 5% relative error in the static deflection tests, it 

was established that the higher-order element lengths should be chosen to match the 

radius of the tightest bends expected in the simulated tether.  This constraint represented 

a 50% increase in the allowable element length over that achieved with the linear 

elements of Chapter 3.  Applying the higher-order elements in a low-tension dynamics 

simulation, the tether profiles produced with the new formulation compared very 
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favourably to those generated with the experimentally validated linear element developed 

in Chapter 3.     

The motivation for the inclusion of torsional effects was completeness of the model in 

three-dimensional applications.  After testing the implementation of the torsional effects 

in the simulation of a tortuous beam subjected to boundary torques, a three-dimensional 

manipulation of tether was modelled using experimentally acquired boundary and initial 

conditions to drive the numerical model.  It was shown that the torsional effects do play a 

significant role in the low-tension tether dynamics.  Applying a realistic estimate of the 

tether’s torsional stiffness in the new model, significant disturbances at the ROV were 

discovered.  These disturbances were manifested as larger tensions experienced at the 

vehicle rather than as reaction torques imparted to the vehicle by the tether.  For accurate 

simulation of ROV platforms, the simulated results thus suggested that consideration of 

the torsional stiffness in the tether dynamics is equally as important as inclusion of 

bending stiffness.   

By recording the execution times for the various discretization schemes used in 

simulating the ROV maneuver, it was shown that the growth in allowable element sizes 

afforded by the higher-order model development is an important step towards 

computationally efficient low-tension tether models.  Drops in execution time of 

anywhere between 42% and 70%, depending on the type of integration scheme applied, 

were found to be possible with element length increases of up to 50%. When applying an 

implicit integration scheme, a sharper reduction in execution speed was noted with the 

increased element size as the larger elements were found to allow the implementation of 

much larger time steps.  The larger time steps offset the added Jacobian expense of the 

implicit methodology. 
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6.1 Future work 

In developing the contributions of this thesis, other areas for future work have been 

identified which, when appended to the current model state, could yield an even more 

complete numerical model of an ROV platform.    

6.1.1 Variable scope tethers 

In Chapter 5 it was shown that the higher-order model resolves ROV disturbances that 

were not detected prior to the introduction of the bending and torsional considerations.  

Given this increased resolution, the higher-order model seems to be well suited to future 

studies on how to minimize tether induced vehicle disturbances.  Outside of the ROV 

thruster control, a possible means to alleviate these disturbances is the control of the 

tether payout.  Simulation of variable length marine cables has been limited to the 

modelling of towed underwater vehicles [67,70,119] and the deployment of cable from a 

surface ship [35,49,52].  Through other existing numerical simulations, control strategies 

have been developed for the deployment of space tethers that are based on tether tension 

or deployment rate [120-122].  Through simulation of the payin and payout of the low-

tension ROV tether, new methods for the active control of the tether length could be 

determined which help to minimize the tether induced disturbances at the vehicle.  

Incorporating a variable length capability into the higher-order methodology would 

provide a non-linear model that can assist in such a determination.  

6.1.2 Contact dynamics models 

The contact of a cable with its surroundings has been treated for the problem of a 

cable touching down on the ocean floor.  This instance occurs in mooring line analysis 

when the line goes slack and contacts the ocean floor [74,88,123] and in the simulation of 

cable installations [49,50].  The problem of handling contact with the ocean floor is 

simplified by the fact that the ocean floor can be defined by a static quantitative 

numerical representation that in turn allows the touchdown effect to be synthesized by 
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simple heuristic methods.  When considering cable contact with other dynamic bodies, 

the added complication of a changing contact point arises.  The challenge is to model the 

contact forces at the dynamic contact point and apply these forces accurately within the 

confines of an existing discretization, or node layout, or efficiently regenerating the node 

breakup such that the application of the forces at the new node points better represents 

the effects of the actual contact.  To the author’s knowledge, only one technical note 

exists which deals with this more challenging problem of a cable in contact with a 

moving body [49], and no work has been found which handles the possibility of cable to 

cable contact. 

6.1.3 Non-axisymmetric slender bodies 

Through the inclusion of the torsional effects, the local frame attached to the tether 

cross section is located at the node points in the discrete tether model.  The orientation of 

the local frame is derived in two steps: the Frenet frame is defined at the node locations 

based on the observed tether profile, and the local frame is oriented relative to the Frenet 

frame at each node point based on the constraint of uniform twist throughout the tether 

scope. 

Other than the twist that is also calculated through this process, this information was 

not utilized in the ROV simulations since the tether was considered to be axisymmetric 

and thus the orientation of the primary and secondary inertia axes was of no consequence.  

However, the available additional information suggests that the higher-order lumped 

mass method could be revised to model asymmetry in the tether construction including 

different bending characteristics about each of the primary and secondary axes.  Such 

differences could be created by the packing of conductors within the tether, or a less than 

perfect circular cross section in the tether construction. 
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Appendix A  

Frenet’s Equations 

At any instant in a dynamics simulation, the centerline of the ROV tether forms a 

curvilinear path in three-dimensional space, called a space curve.  Both the revised linear 

and higher-order lumped mass model formulations use an intrinsic coordinate system in 

describing this curvilinear tether profile.  The intrinsic coordinate system is defined at 

any location along the space curve by the shape of the curve itself.  The intrinsic frame is 

sometimes referred to as a moving frame, [104], in that it can be considered to travel 

along the arc length of the space curve formed at the instant of the analysis.  As the origin 

of the system translates over the arc length, the resulting changes in the frame orientation 

are given as functions of the axes of the intrinsic frame itself and two scalar parameters, 

the curvature and torsion.  The method for specifying the frame orientation at any point 

and describing the changing frame orientation was given by Frenet in 1847, and thus the 

intrinsic frame is most often referred to as the Frenet frame and the equations that define 

the movement of the frame along the path as Frenet’s equations.  The following 

derivation of Frenet’s equations is taken from [124], and the reader is referred to this 

source, and to [104], for more information. 

Given a Cartesian definition of the space curve ( )sr , defined in terms of the axes of 

an inertial frame, a straight line distance between two points in the curve can be given by 

( ) ( )s s sδ δ= + −r r r .  In the limit, the vector δ r  becomes tangent to the curve at s.  If 

the axial strain along the centerline is negligible, the chord length 
2

δr  approaches the 
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true arc length sδ  in the limit and the changing position at any location on the curve is 

defined by a tangent vector, t̂ , of unit magnitude: 

 ˆ d
t

ds
= r

 (A.1) 

Since t̂  is a unit vector, and thus ˆ ˆ 1t t⋅ = , it is possible to define the changing 

direction of  the tangent vector following: 

 
( )ˆ ˆ 0

ˆ
ˆ 0

d
t t

ds

dt
t

ds

∴ ⋅ =

∴ ⋅ =
 (A.2) 

The direction of the changing tangent vector is defined as the normal direction, n̂ , 

given the guaranteed orthogonality of the tangent vector and the direction of its spatial 

rate of change.  Since the spatial rate of change of the tangent direction is not guaranteed 

to be unitary, a constant of proportionality called the curvature is factored out to yield the 

unit normal direction: 

 
ˆ

ˆ
dt

n
ds

κ= ⋅  (A.3) 

where, 

 
2

ˆdt

ds
κ =  

The orthogonal tangent and normal unit vectors form two axes of the Frenet frame.  

Together they define a plane in three dimensional space referred to as the osculating 

plane.  To complete the definition of the Frenet frame, a third axis, the binormal b̂ , is 

given by: 

 ˆ ˆ ˆb t n= ×  

Since the tangent vector is dimensionless, the curvature has a physical dimension of 

inverted length.  Referring to Figure A.1, the curvature can be equated to the inverse of a 

length value, ρ , that defines the radius of a circle which approximates the shape of the 



Appendix A - Frenet’s Equations  189 

 

space curve between the points s and s sδ+ .  Figure A.1(b) and (c) show a view of the 

space curve taken normal to the osculating plane.  Given the circular approximation to 

the path between s  and s sδ+ , the angular travel δθ  of the tangent vector within the 

osculating plane is given by: 

 
1

sδθ δ
ρ

=  

  Considering the vector difference ( ) ( ) ( )ˆ ˆ ˆs s s st t tδδ += −  given in Figure A.1(c), in the 

limit the change in tangent direction ( )ˆ stδ  becomes orthogonal to the tangent direction 

( )ˆ st , and the tip displacement of ( )ˆ st  is thus given by: 

 
( )

( )

0

ˆ 1
ˆlim

s
s

s

t
n

sδ

δ
δ ρ→

=  (A.4) 

which demonstrates that the physical definition of the curvature as the inverse of the 

radius of the circular arc that approximates the curve.   

 

 
(a) 

 

(b) 

 
 

 
 

(c) 

Figure A.1. (a) The Frenet frame at two locations two locations, s  and s sδ+ , on the tether 

profile at some instant in a dynamics simulation. (b) A view normal to the ocsulating plane. (c) 

The changing tangent direction within the osculating plane.  

For a spatial tether profile, the motion of the Frenet frame through the arc length is 

obviously not contained within a single common osculating plane.  Thus, the orientation 

of the curves, or bends, in the tether must change and thus there must be a changing 

ρ
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( )ˆ sn

( )ˆ s st δ+

( )ˆ s sn δ+

( )ˆ s sb δ+

( )ˆ st

sκ δ⋅

( )ˆ sb

( )ˆ s st δ+

( )ˆ stδ



Appendix A - Frenet’s Equations  190 

 

orientation of n̂ .  Following (A.2), the changes in the normal direction must be 

orthogonal to the normal direction itself.  Thus, the spatial rate of change of the normal 

vector can be given by: 

 
ˆ ˆ ˆ ˆ ˆˆ ˆdn dn dn

t t b b
ds ds ds

   = ⋅ + ⋅      
 (A.5) 

Given (A.3), and the orthogonality of the tangent and normal directions, ˆ ˆ 0t n⋅ = , the 

first term in parentheses on the right hand side of (A.5) can be defined in terms of the 

curvature: 

 

ˆ ˆˆˆ 0

ˆ ˆ ˆ ˆ

dt dn
n t

ds ds
dn

t n n
ds

κ κ

⋅ + ⋅ =

 ∴ ⋅ = − ⋅ = −  

 (A.6) 

The second term in parentheses is defined through the introduction of a new 

parameter, γ , the torsion of the space curve.  By definition: 

 
ˆ ˆdn

b
ds

γ = ⋅  (A.7) 

Similar to curvature, the torsion is physically a measure of inverted length.  

Substituting (A.7) and the result of (A.6) into (A.5), the spatial change of the normal 

vector becomes: 

 
ˆ ˆˆdn

t b
ds

κ γ= − +  (A.8) 

Using Figure A.1, the significance of the torsion can be understood through analogy to 

the curvature.  As the Frenet frame traverses the path between s  and s sδ+ , there is a 

rotation of the frame about the tangent direction.  The corresponding rotation of the 

osculating plane produces a displacement of the tip of the binormal vector.  Since the 

binormal vector always remains normal to the osculating plane, the changing binormal 

orientation must be perpendicular to the binormal direction itself.  Therefore: 
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ˆ ˆ ˆ

ˆ ˆ ˆ ˆ
db db db

t t n n
ds ds ds

   
= ⋅ + ⋅         

 (A.9) 

where, 

 

( )

ˆ
ˆ ˆˆ ˆ ˆ0    0

ˆ
ˆ ˆ ˆˆˆ ˆ0    

db
b t t b n

ds

db
b n n b t b

ds

κ

κ γ γ

⋅ = ∴ ⋅ = − ⋅ =

⋅ = ∴ ⋅ = − ⋅ − + = −

 (A.10) 

Substituting the results of (A.10) into (A.9) shows that the changing orientation of the 

binormal is only due to the torsion of the path.  Thus, the torsion is seen to be a rate of 

rotation of the osculating plane about the tangent direction with changing location, s. 

 ˆ
db

n
ds

γ= −  (A.11) 

Together, equations (A.3), (A.8), and (A.11) constitute the Frenet equations.  These 

equations provide a means to deduce the orientation of the Frenet frame attached to the 

curve at any point through spatial differentiation of the Cartesian vector ( )sr .  The 

intrinsic parameters κ  and γ  define the curvilinear shape of the space curve by 

quantifying the magnitude of the bends and how quickly these bends change orientation 

along the path. 
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Appendix B   

Calculating Torsional Deformation 

The calculation of the tether twist is dependent on a correct specification of the 

torsional deformation at the boundaries.  In §4.2, the torsional deformation was defined 

as the angular separation between the Frenet frame’s normal and binormal axes and the 

principal axes of the tether cross section.  Until the developments of Chapter 4, the actual 

orientation of the local frame over the tether scope remained an unnecessary detail.  

However, in order to apply the kinematic boundary conditions, (0)α  and ( )Nα , in the 

calculation of tether twist, it is now necessary to define the orientation of the tether’s 

local frame of reference. 

B.1 Kinematic conditions at a single boundary 

A situation where the rotation of the local frame is constrained at the 0 boundary and a 

torque is applied at node N is considered first to illustrate the calculation of the tether’s 

twist based on a single kinematic condition,.  At any point in time and at any point along 

the tether, an orthonormal rotation matrix, IBR , describes the mapping from the local, 

body-fixed frame at the boundaries to the inertial frame.  For the work of Chapter 4, the 

orientation of the local frame is defined using a Z-Y-X ( )ψ θ φ  Euler angle set.  The 

rotations bring the X axis into alignment with the tangent direction.  This method differs 

from the approach of Chapter 2 in which the inertial Z axis was brought into alignment 

with the tangent direction.  Regardless of the methodology applied to form the entries of 
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IBR , the columns of this matrix are the projections of the local frame axes onto the 

inertial X, Y, and Z directions.  For example, at the 0 boundary node: 

 

(0) (0) (0)
1 2

(0) (0) (0) (0)
1 2

(0) (0) (0)
1 2

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ
IB

q X p X p X

q Y p Y p Y

q Z p Z p Z

 ⋅ ⋅ ⋅
 = ⋅ ⋅ ⋅ 
 ⋅ ⋅ ⋅ 

R  (B.1) 

The tangent direction at node 0, (0)q̂ , is determined in the generation of the twisted 

cubic spline through application of the inter-element boundary conditions.  If the tether is 

clamped at node 0, the tangent direction has been specified explicitly, whereas 

specification of (0)′′ =r 0 , results in the tangent direction being derived through 

differentiation of the first spline element, 1r .  Provided the other two columns of (0)
IBR  are 

given as a boundary condition, the angular separation of the Frenet and local frames at 

the 0 boundary, (0)α , can be determined.  Referring to Figure 4.1, the orthonormal 

rotation matrix that describes the mapping between the Frenet and local frames at the 0 

boundary is given by: 

 

(0) (0) (0) (0) (0) (0)

(0) (0) (0) (0) (0) (0) (0) (0) (0)
1 1 1

(0) (0)(0) (0) (0) (0) (0) (0)
2 2 2

ˆˆ ˆ ˆ ˆ ˆ 1 0 0
ˆˆ ˆ ˆ ˆ ˆ 0 cos sin

ˆ 0 sin cosˆ ˆ ˆ ˆ ˆ

BF

t q n q b q

t p n p b p

t p n p b p

α α
α α

 ⋅ ⋅ ⋅     = ⋅ ⋅ ⋅ =      −⋅ ⋅ ⋅    

R  

Therefore, the torsional deformation at the 0 boundary can be calculated according to: 

 (0) (0) (0) (0) (0)
2 1ˆ ˆatan2( ( ), )n p n pα = − ⋅ ⋅  (B.2) 

The normal direction, (0)n̂ , is a property of the twisted spline tether profile and, assuming 

small axial strain, is calculated according to: 

 
(0)

(0)
(0)

n̂
κ
′′

= r
  (B.3) 

Examination of (B.3) reveals an obvious singularity in the calculation of the Frenet 

Frame orientation at the 0 boundary.  In cases where the termination at node 0 ensures a 

zero curvature, the tether profile becomes a straight line, the second spatial derivative of 
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the path vanishes, and the Frenet frame orientation at the 0 boundary can not be defined 

through direct application of (B.3).  However, referring to Figure B.1, it is possible to 

determine the Frenet frame orientation at node 0 by considering the variation in the 

Frenet frame orientation in the limit as 0s
+→ .   
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Figure B.1. The changing orientation of the Frenet frame as the curvature approaches zero at the 

boundary.  For the cubic spline element, a zero curvature at an element node point guarantees a 

planar profile throughout the element.  Thus, the first calculable binormal vector in the interior of 

the tether can be applied at the boundary.   

A non-zero curvature is assumed to exist at the first inboard node, node 1.  Given the 

form of the cubic spline element between nodes 0 and 1, the torsion within the first spline 

element is given by evaluation of (4.2) within the domain (0) (1),s s s ∈   : 

 (0) (1)1 1 1

1 1

( )
  ,  ,s s sγ

′ ′′ ′′′⋅ ×  = ∈  ′′ ′′⋅
r r r

r r
 (B.4) 

Considering all points in the domain of the first element where the curvature is non zero, 

that is 1 1 0′′ ′′⋅ >r r , the cross product in the numerator is expanded by applying the known 

geometry of the twisted cubic spline element (4.15): 
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 ( )
(1)

(1)
1 1 ,3( ) 0i

uL
φ

 ′′′′ ′′′ ′′× = × = 
 

r
r r r  (B.5) 

At the 0 boundary where 1
′′ =r 0 , it is necessary to determine the torsion in the limit as 

1 0κ → .  Applying L’Hopitals rule one time to (B.4) results in: 

 

( ) ( )

( ) ( ) ( )

1 1

1

1 1 1 1 1 1
1 1

10 0 0
1 1

1 1 1 1 1 1 1 1

10
1 1

1
( ) ( )

lim lim lim
2 2

1
( ) ( ) ( ) 0

lim
2 2

d d

d ds
κ κ κ

κ

κ κγ
κ κ

κγ
κ κ

→ → →

→

′ ′′ ′′′ ′ ′′ ′′′⋅ × ⋅ × ⋅
′

= =

′′ ′′ ′′′ ′ ′′′ ′′′ ′ ′′′⋅ × + ⋅ × + ⋅ × ⋅   ′∴ = =

r r r r r r

r r r r r r r r 0

  

since the fourth spatial derivative of the cubic spline element is zero.  A second 

application of L’Hopitals rule shows that the torsion must be zero at the boundary itself: 

 ( )
1 1

10 0
1

1
lim lim 0 0

2

d

dκ κ
γ

κ→ →
== =  (B.6) 

Recalling the material of Appendix A, equations (B.5) and (B.6) demonstrate that 

there can be no rotation of the osculating plane about the tangent direction at any point 

within the first element when the curvature is zero at the boundary node 0.  Therefore, 

since the osculating plane does not change orientation over the domain of the first 

element, the binormal direction of the Frenet frame at the boundary can be equated to the 

binormal at node 1.  Thus, the normal vector at the boundary is calculated in the case of 
(0)κ  as: 

 (0) (1) (0)ˆ ˆn̂ b t= ×  

In the event that the curvature at node 1 is also zero, the logic of (B.4) through (B.6) can 

be repeated over the domain of successive elements 1, 2, ...,i k=  until a non-zero curvature 

( )kκ  is encountered and ( )ˆ kb  is applied in the calculation of (0)n̂ . 
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In the event that the single kinematic constraint exists at the bottom boundary, ( )N
IBR  is 

specified throughout the maneuver, and the calculation of ( )Nα  follows a consistent same 

approach: 

 ( ) ( ) ( ) ( ) ( )
2 1ˆ ˆatan2( ( ), )N N N N Nn p n pα = − ⋅ ⋅  (B.7) 

If ( ) 0Nκ =  due to the termination type at node N, the first non-zero curvature 

encountered searching back over the interior node points defines an osculating plane 

orientation which is applied in the definition of ( )ˆ Nn . 

In the event that the tether is straight, the Frenet frame is assigned a constant 

orientation about the tangent direction.  This orientation is chosen to match the last 

known Frenet frame orientation at the kinematically constrained boundary.  This choice 

reflects the fact that the disappearance of the Frenet frame is not indicative of sudden 

changes in the tether state but rather just a temporary consequence of a changing bend at 

the boundary.  In the instants that follow the straightening of the tether, one would expect 

bends to develop within a plane that is close to the last observed bend orientation.  Thus, 

by using this convention in straight instants, it is believed that the gap of information 

created by the straight tether profile will be properly bridged. 

B.2 Kinematic conditions at both boundaries 

In the event that the tether terminations at the surface and the vehicle constrain the 

local frame orientation, the vehicle motion will determine the incurred twist within the 

tether.  In this case, both (0)α  and ( )Nα  boundary values must be determined.  However, 

in calculating the two boundary terms an additional difficulty created by the occurrence 

of inflection points within the tether scope must be addressed. 

Figure B.2 depicts a planar tether profile, the Frenet frame and the first principal 

normal, 1p̂ , at the node locations.  At the 0 boundary, a non-zero curvature exists and 

thus the (0)n̂  unit vector can be located.  In this hypothetical case (0) 0α = .  Near the 



Appendix B - Calculating Torsional Deformation 197 

 

midpoint of the tether scope, node 4, an inflection point is encountered.  Approaching the 

inflection point, the curvature decreases as the tether straightens.  At the inflection point 

itself the tether profile is approximated by a straight line, the second derivative (4)′′ =r 0 , 

and no curvature or torsion exist.  At node 4 two possible orientations for the Frenet 

frame could be adopted.  A common osculating plane exists across the inflection point, 

however the binormal has two possible orientations reflecting the opposing bends that 

exist on either side of the inflection point.  This instantaneous reflection of the binormal 

and normal directions propagates through to the N boundary.  Applying the solution 

scheme outlined in §B.1, a boundary value of ( )Nα π=  would result despite the fact that 

the tether profile is planar and that no twist has been induced by boundary effects.  The 

inflection point is thus seen to effect a change of π  radians in the datum position of the 

normal vector relative to the local axes.  By calculating the (0)α  and ( )Nα  values against 

different datum orientations, the evaluation of the global twist constraints (4.34) will 

create an artificial twist within the tether profile that will distort the tether lay in 

subsequent time steps.  Thus, in order to properly apply the solution procedure of §B.1 in 

the case of multiple kinematic boundary conditions on the tether twist, it is necessary to 

incorporate some knowledge of the tether profile and detect inflection points.  The 

information necessary for the correction of the kinematic boundary term calculation is 

contained within the calculated torsion of the tether profile and the boundary conditions 

(0)
IBR  and ( )N

IBR .  
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Figure B.2. At an inflection point, the Frenet frame experiences an instant rotation of π  radians 

about the tangent direction due to the changing direction of the bend.  When examining only the 

tether boundaries, the inflection of the tether profile appears as a torsional deformation within the 

tether.   

At any point along the tether, the orthonormal rotation matrix IBR  is given by: 

 IB

c c s s c c s s c c s s

c s s s s c c c s s s c

s c s c c

θ ψ θ φ ψ φ ψ θ φ ψ φ ψ
θ ψ θ φ ψ φ ψ φ θ ψ φ ψ

θ θ φ θ φ

− + 
 = + − 
 − 

R  (B.8) 

where the shorthand ( ) cos( )c ⋅ = ⋅  and ( ) sin( )s ⋅ = ⋅  have been introduced.  The curvature 

and torsion of a smooth tether profile can be equated to the changing local frame 

orientation along the tether scope as defined by the continuous Euler angle functions 

( )sψ , ( )sθ , and ( )sφ .  To do so, it is necessary to first locate the Frenet frame axes, 
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about which the bending and twisting occur.  The rotation matrix, IFR , that defines the 

mapping of the Frenet frame orientation within the inertial frame is given by the product 

of the IBR  matrix and an additional rotation about the local frame’s tangent, x, axis.: 

 
1 2 3

1 2 3

1 2 3

ˆˆ ˆ1 0 0
ˆˆ ˆ0

ˆ0 ˆ ˆ

IF IB

t X n X b X l l l

c s t Y n Y b Y m m m

s c n n nt Z n Z b Z

α α
α α

 ⋅ ⋅ ⋅       = = ⋅ ⋅ ⋅ =        − ⋅ ⋅ ⋅     

R R  (B.9) 

where kl , km , and kn  ( 1,2,3k = ) are the direction cosines of the Frenet axes and are 

functions of α , ψ , θ , and φ .  Using (B.9) and referring to the definition of Frenet’s 

equations given in Appendix A, the changing orientation of the Frenet frame is defined 

by: 

 
ˆˆ ˆ ˆˆˆ ˆ

dt dn db
n t b n

ds ds ds
κ κ γ γ= = − + = −  

Or, in terms of the direction cosines of the Frenet axes: 

 
1 2 2 1 3 3 2

1 2 2 1 3 3 2

1 2 2 1 3 3 2

l l l l l l l

m m m m m m m

n n n n n n n

κ κ γ γ
κ κ γ γ
κ κ γ γ

′ ′ ′= = − + = −
′ ′ ′= = − + = −
′ ′ ′= = − + = −

 (B.10) 

The nine scalar equations of (B.10) provide a means of relating the torsional deformation, 

the torsion and the local frame orientation over the curvilinear tether profile.  Inspection 

of (B.9) and (B.10) shows that the torsion of the Frenet frame can be defined as: 

 ( )
2 3

2 3

2 3

sin

l l

m m

n n

γ φ α ψ θ
′   

    ′ ′ ′ ′= − ⋅ = − −   
   ′   

  (B.11) 

To resolve the ambiguity contained in the evaluation of equation (B.7), equation 

(B.11) can be integrated over the scope of the tether to garner an expression relating the 

torsional deformations at the boundaries in terms of boundary values of the local frame 

Euler angles: 
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 ( )
( ) ( )

(0) (0)

sin

N Ns s

s s

ds dsα φ γ ψ θ′ ′ ′= − −∫ ∫  (B.12) 

An approximation to the integral on the right hand side of (B.12) can be obtained by 

applying the element torsions calculated over the twisted spline representation of the 

tether. 

 ( )( ) (0) ( ) (0)

1

N
N N

i u
i

Lα α φ φ γ
=

≈ + − −∑�  (B.13) 

where ( )Nα�  is the estimator of the true solution ( )Nα  and it has been assumed that the 

second-order product on the right hand side of (B.12) is negligible in comparison to the 

orientation changes incurred by variation of the roll angle, φ .  The roll angles at the 

boundaries required to evaluate (B.13) can be obtained from the existing boundary 

conditions (0)
IBR  and ( )N

IBR .  For example, applying (B.8) at the 0 boundary:  

 

(0) (0) (0)
1 2

(0) (0) (0) (0)
1 2

(0) (0) (0)
1 2

(0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0)

(0) (0) (0) (0) (0) (0) (0) (0) (0

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

         

IB

q X p X p X

q Y p Y p Y

q Z p Z p Z

c c s s c c s s c c s s

c s s s s c c c s

θ ψ θ φ ψ φ ψ θ φ ψ φ ψ
θ ψ θ φ ψ φ ψ φ θ

 ⋅ ⋅ ⋅
 = ⋅ ⋅ ⋅ 
 ⋅ ⋅ ⋅ 

− +
= +

R

) (0) (0) (0)

(0) (0) (0) (0) (0)

s s c

s c s c c

ψ φ ψ
θ θ φ θ φ

 
 − 
 − 

 

and thus, 

 ( )(0) (0) (0)
1 2ˆ ˆatan2 ,p Z p Zφ = ⋅ ⋅  (B.14) 

and similarly at the N boundary: 

 ( )( ) ( ) ( )
1 2ˆ ˆatan2 ,N N Mp Z p Zφ = ⋅ ⋅  (B.15) 

However, the roll angles extracted using (B.14) and (B.15) will satisfy π φ π− ≤ ≤ .  

Thus, if the vehicle or platform at either boundary moves such that the tether termination 

completely rotates about the tangent direction, the vehicle model must include a means of 
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tracking such motion and appending this knowledge to the (0)
IBR  and ( )N

IBR  boundary 

conditions. 

For a value ( )*Nα  calculated based on the observed ( )ˆ Nn  and specified ( )
1ˆ Np  and ( )

2ˆ Np  

directions, the actual solution for ( )Nα  could be any of the following four values due to 

the possibility of inflections within the tether: 

 

( )
( )

( )
( )

( ) ( ) ( )*

( ) ( ) ( )*

( ) ( )* ( )*

( ) ( ) ( )*

( ) sgn( ) 2

( ) sgn( ) 2

( ) sgn( ) 2 2

( ) sgn( ) 2

N N N
I

N N N
II

N N N
III

N N N
IV

k k

k k

k k

k k

α α π α

α α π π α

α α π π α

α α π π α

= +

 = + + 
 = − + − 
 = − + − 

 (B.16) 

The integer value 0,1,...,k = ∞  account for possible complete revolutions of the local 

frame about the tangent direction.  Figure B.3 illustrates the possible ( )Nα  solutions that 

can be derived from any single boundary condition ( )N
IBR  and observed normal direction 

( )ˆ Nn .  Equation (B.13) provides a benchmark value that can assist in the calculation of 

the actual kinematic constraint, ( )Nα .  Beginning with a guess that 0k = , the best of the 

possible solutions, ( ) ( )N kα , is selected as that which is closest to the estimator provided 

by (B.13).  Figure B.3 shows that the true solution is separated from the nearest of the 

other possible solution by π  radians.  Therefore, stepping through the integer values of k, 

the true solution is identified by: 

  ( ) ( ) ( ) ( )( ) : ( )N N N Nk k TOLαα α α α= − ≤�  

where a suitable stopping tolerance was found to be 2TOLα π= . 
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Figure B.3.  Given the possibility of inflections within the tether profile, there are four possible 

( )Nα  values that can be drawn from a single ( )ˆ Nn  orientation.  The correct value is consistent with 

the known boundary conditions and the torsion that is calculated throughout the cable. 
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Appendix C  

Voigt Model Parameter Identification 

In application to cable dynamics, the Voigt model represents a cable segment using an 

idealized spring and damper combination.  By applying constant spring stiffness and 

damping coefficients over the segment length, the Voigt approximation assumes uniform 

material properties over the segment domain.  As introduced in §1.1.2, the Voigt model 

represents internal tension and damping force as: 

 T EAε=  (C.1) 

 IDP C ε= �  (C.2) 

Equations (C.1) and (C.2) can be applied in either the linear or higher-order lumped 

mass formulations introduced in Chapters 2 and 4 respectively.  The material dependent 

properties, EA  and IDC  quantify the elasticity and damping characteristics of the cable 

cross-section and are not specific to the length of the segment over which they are 

applied.  In applying, (C.1) and (C.2) to either of the discrete elements discussed in this 

thesis, the effect of the particular discretization is contained within the calculation of an 

approximate ε  and ε�  value for either the linear or curvilinear segment.  Thus, regardless 

of the type of lumped mass formulation applied, an estimate of the cable dependent 

properties EA  and IDC  is required. 

As discussed by Kelf and Merchant [27,28], very little data exists that quantifies the 

damping behaviour of a typical cable cross section.  When considering ROV tethers, with 

the additional windings of fibre optic, conductors, and polymer coatings, it is logical to 

expect additional friction between the many layers of the tether construction and, 
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consequently, a more predominant damping effect.  Thus, it is even more imperative to 

gather empirical data that quantifies this behaviour.  For the purposes of the ROV 

simulations conducted in Chapter 5, the axial mechanics of the FALMAT tether were 

characterized using a logarithmic decrement technique that was discussed by Hamilton in 

[125,126]. 

C.1 Logarithmic decrement technique 

For the conceptual spring-mass-damper shown in Figure C.1, and for an underdamped 

case, the response of the sprung mass M to initial disturbances is given by: [90]: 

 ( ) ( )2 20 0
0 2

( ) cos 1 sin 1
1

Nt N
N N

N

y y
y t e y t tζω ζωζ ω ζ ω

ζ ω
−

 + = − + − − 

�
 (C.3) 

where ( )y t  is the location of the mass relative to its equilibrium position, 0y  is the initial 

displacement of the end node at 0t = , and 0y�  is the initial velocity of the end node.  

Relative to the fixed termination at the left of Figure C.1, the equilibrium position is 

defined by the unstretched length of the ideal spring and damper, uL , plus the stretch 

incurred due to the weight of the mass M, 0
yδ .  The natural frequency of the axial 

elongation is Nω  and the energy dissipation is quantified by the damping ratio, ζ . 

EA

IDC

M

uL
0
yδ

y

g

EA

IDC

M

uL
0
yδ

y

g

 
Figure C.1. A conceptual representation of a single degree of freedom spring-mass-damper. 
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The damping ratio defines the level of viscous damping, defined as VC , relative to a 

critical level of viscous damping, C
VC , that prevents oscillations in the system’s response 

to any possible combination of initial conditions.  The critical level of damping is thus a 

function of the other system characteristics – namely the total end mass and the stiffness.  

Assuming the ideal spring and damper to possess relatively insignificant mass compared 

to the sprung mass M: 

    ,   2MCV
V NC

V

C
C

C
ζ ω= =  (C.4) 

When the idealized spring and damper are replaced by a visco-elastic material, such as 

a section of cable, the stiffness of the spring-mass-damper system of Figure C.1 can be 

given in terms of the estimate of the materials elasticity [127]: 

 
u

EA
K

L
=  (C.5) 

By definition, VC  is a constant of proportionality that relates the velocity of the sprung 

mass to the internal damping force generated within the material sample.  Expressing the 

damping force in terms of both the strain rate within the cable and the velocity of the 

mass produces the relationship between the internal damping coefficient and the viscous 

damping level observed in the sprung mass response. 

 
V ID ID

u

ID
V

u

y
P C y C C

L

C
C

L

ε= = =

∴ =

�
��

 (C.6) 

Applying (C.5) the natural frequency can be expressed in terms of the effective 

Young’s modulus of the material cross section [90].  

 N
u

EA

ML
ω =  (C.7) 
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Examining (C.3), the attenuation of the oscillatory motion of the sprung mass is 

bounded by a multiple of the exponential function ( ) Ntb t e ζω−= .  Given that the peaks of 

the displacement response lie on this curve and that the time derivative of the response is 

also bounded by a multiple of ( )b t , the tension within the line must also be bounded by a 

multiple of the exponential decay, ( ).b t   Therefore, considering the tension response well 

removed from the initial impulse applied at 0t t= , the successive tension peaks of the 

damped response lie on a curve given by: 

 
*( )* N t tT T e ζω− −=  

where *T  is a peak tension occurring at time *t  where *
0t t> .  Defining the natural 

frequency of the cable segment in terms of the damped frequency of oscillation, 

 
21

D
N

ωω
ζ

=
−

, (C.8) 

the natural logarithm of the tension can expressed as: 

 *

2
ln( ) ( )

1
DT t t

ζ ω
ζ

 
 = Ω − −
 − 

 (C.9) 

where Ω  is a constant value.  Thus, given a tension history obtained during an impulse 

response of the sprung mass, an estimate of the material dependent parameters EA  and 

IDC  can be obtained in the following steps: 

1. From the complete tension history, the frequency of vibration can be calculated by 

averaging the period of the tension oscillations yielding an estimate of Dω .   

2. Generating a linear fit through the natural logarithm of the peak tension values, the 

damping ratio can be obtained from (C.9). 

3. The natural frequency of the system can be extracted according to (C.8), and an 

estimate of EA  is then obtained according to (C.7). 
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4. The viscous damping coefficient for the system, VC , is calculated based on the 

estimated damping ratio and natural frequency via (C.4) and the internal damping 

coefficient of the elastic material, IDC , is  obtained from the second of equations 

(C.6).  

C.2 Experimental characterization 

A section of the FALMAT tether, used in the small ROV system described in §5.2, 

was used as the elastic body in the spring-mass-damper oscillator shown in Figure C.2.  

The test mass used was 35 kg and lengths of 1.56 m, 1.76 m, and 2.12 m were inserted 

between the mass and an overhead fixture. 

 

  

Figure C.2. The tensile testing apparatus used to characterize the FALMAT tether. 
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For each sample length, a series of impulses were applied to the sprung mass.  Figure 

C.3 shows a history of the recorded tension, sampled at 200Hz, over the course of four 

separate impulses.  Figure C.4 shows the tension between the instants of 19.05 s and 

19.55 s.   Following the four steps presented, the internal damping coefficient, IDC , and 

effective EA  value were calculated for each of the impulse responses recorded for the 

three sample lengths.  Averaging results computed for like sample lengths, the points of 

Figure C.5 are produced.   

10 15 20 25 30 35
0

100

200

300

400

500

600

700

800

T
 (

N
)

Time (s)

19.05 - 19.55 s 

 

Figure C.3. The tension recorded during four impulse responses of the sprung mass with a 1.80 m 

tether sample. 

Reviewing (C.5) and (C.6), the system spring stiffness and viscous damping level 

were expected to vary deterministically with the element length while the material 

properties EA  and IDC  values were expected to be independent of uL .  Since the tether is 

not perfectly homogenous along its length, there is a possibility of introducing different 

axial characteristics into the spring-mass-damper system whenever the sample length is 
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changed.  The results obtained with the few sample lengths tested do not contradict 

assumed independence of EA  and IDC  from the sample length.  Although there is some 

seemingly linear variation of EA , it was believed that the decrease in the stiffness at 

shorter lengths might be due to slippage that occurred at the tether terminations over the 

course of the tests.  The tests were conducted in order of the longest to shortest samples 

and it was seen at the completion of the tests that the internal core of conductors had 

begun to slip within the elastomer sheath.  This movement of the wires within the sheath 

might have decreased the stiffness of the tether over the course of the testing period.  As 

such, average values of 217 kNEA =  and 437 NsIDC =  were taken as the best available 

estimates.   
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Figure C.4.  The tension recorded between 19.05 s and 19.55 s for a sample length of 1.80 m.  

The dots indicate the raw tension record, the dashed line a smoothed fit to this raw data, and the 

solid line the theoretical response of the conceptual spring-mass-damper system.  The parameter 

values used to generate the theoretical curve were 0 113 NT = , -163.0 sNω = , 0.05ζ = , and 

-162.8 sDω = . 
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There is an additional assumption made in the application of a constant IDC  value 

within the dynamic simulation worth noting.  If a primary mechanism for damping in the 

cable is friction between the layers of material, then one may expect the value of IDC  to 

vary directly with the cable tension.  For instance, an increase in the cable tension is 

expected to produce compression in the radial direction, squeezing the tether layers 

together.  Poisson’s ratios of up to 0.5 have been observed for stranded wire rope [95].  

The magnitude of this reported value is an indication that large lateral strains should be 

expected in cables or tethers of a variable cross-sectional composition .  Given the 

existence of polymer materials and kevlar braids which contract radially when subjected 

to axial stresses, it is believed that such values are not unreasonable for typical ROV 

tether constructions.  Large compressive radial stresses within the cross section will 

certainly increase any frictional forces between layers of the tether cross section, and thus 

a tension dependent IDC  is seen as a possibility. 
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Figure C.5. The results of the EA  and IDC  calculations for the tether sample lengths considered.  

The few tests that were conducted were not sufficient to establish a length dependence for EA  or 

IDC . 
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Appendix D  

Three-Dimensional ROV Simulation Results  

Given the lack of published data, whether simulated or experimental, that describes 

low-tension tether motion, it is worthwhile to ensure that the ROV maneuver presented in 

Chapter 5 is defined in adequate detail to allow the reader to reproduce the maneuver.  By 

defining the boundary and initial conditions of the maneuver and presenting the 

numerical output of the simulations, a benchmark is created that can be a basis for the 

evaluation of future modelling techniques and advancements.     

D.1 Towpoint motion 

The PILOT system produces an estimation of the emitter position based on the 

acoustically acquired slant ranges and a discrete depth signal obtained from a pressure 

transducer embedded within the emitter.  Given known depths for the three transducers 

and the sampled emitter depth, the slant ranges are projected into horizontal separations 

between the emitter and the three transducers.  This reduces the triangulation problem 

from an intersection of three-dimensional spheres to a planar problem of intersecting 

three circles.  The planar triangulation locates the vehicle in the horizontal plane and the 

depth is recaptured directly from the depth sensor.  However, given the depths for which 

the PILOT system is normally applied (>50 m), the accuracy of the depth sensor proved a 

limiting factor in the accuracy of the PILOT data.  The depth sensor uses an 8 bit A/D 

converter to discretize the depth signal before it is relayed to the surface station within 

the return signal of the emitter.  This quantization yields a bin width that is ~0.5% of the 

full scale measurement.  For the PILOT package purchased, the minimum depth rating 
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available was a 100 psi (~70 m depth in fresh water) unit which results in a discretization 

error of ~0.3 m, and this discretization effect is seen in the inertial Z coordinates of Table 

D.1.  The initial negative time value is indicative of the delay between the start of the 

PILOT and Shape Tape data streams.  

Time (s) XROV (m) YROV (m) ZROV (m) 

-3.00 3.77 1.58 1.17 

1.33 4.35 -0.50 1.47 

5.41 4.38 -0.06 1.47 

9.61 4.63 -1.25 1.78 

13.80 3.44 -0.87 2.08 

19.14 2.78 -0.89 2.08 

23.52 2.78 -1.26 2.08 

28.40 2.67 -0.22 2.08 

32.67 2.86 1.36 3.0 

36.96 3.06 2.17 3.0 

41.02 2.90 2.75 3.0 

45.34 3.82 3.47 3.0 

50.45 4.02 3.70 2.69 

54.85 4.74 3.32 2.69 

59.59 4.94 3.16 2.69 

Table D.1. The waypoints of the ROV maneuver. 

D.2 Kinematic conditions at the ROV 

As presented in Appendix B, the axes of the tether’s local frame of reference are 

oriented in space using a Z-Y-X ( )ψ θ φ  Euler angle set.  For the case where the twist 

of the tether is kinematically constrained at both boundaries, the 0.11GJ =  case, it was 

necessary to synthesize an orientation of the local frame at the bottom boundary, node N.  

Since only the location of the termination point could be captured from the PILOT data 

shown in §5.3.1 , it was necessary to apply a synthesized condition on the local frame 
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orientation.  Since the structure of the actual termination allowed for bending of the tether 

in any direction, the tangent direction at the vehicle was not fixed but rather was 

dependent on the cable dynamics.  As such, the orientation of the local frame could not 

be synthesized a priori, but had to be calculated within the course of the simulation.  At 

node N, the orientation of the local axes is defined by ( )N
IBR : 

 

( ) ( ) ( )
1 2

( ) ( ) ( ) ( )
1 2

( ) ( ) ( )
1 2

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) (

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

         

N N N

N N N N
IB

N N N

N N N N N N N N N N N

N N N N N N N N N

q X p X p X

q Y p Y p Y

q Z p Z p Z

c c s s c c s s c c s s

c s s s s c c c s

θ ψ θ φ ψ φ ψ θ φ ψ φ ψ
θ ψ θ φ ψ φ ψ φ θ

 ⋅ ⋅ ⋅
 = ⋅ ⋅ ⋅ 
 ⋅ ⋅ ⋅ 

− +
= +

R

) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

N N N

N N N N N

s s c

s c s c c

ψ φ ψ
θ θ φ θ φ

 
 − 
 − 

   

To specify the ( )
1ˆ Np  and ( )

2ˆ Np  axes, the yaw ( )Nψ , pitch ( )Nθ , and roll ( )Nφ  angles at 

the vehicle boundary are required.  Given a tangent direction at the bottom boundary, 

( )ˆ Nq , at any instant in the simulation,  The yaw, ( )Nψ , and pitch, ( )Nθ , angles can be 

extracted following: 

 ( )( ) ( ) ( )ˆ ˆatan2 ,N N N
Y Xq qψ =  (D.1) 

and 

 
( )

( ) ( )
( )

ˆ
ˆatan2 ,

cos

N
N N X

Z N

q
qθ

ψ
 

= − 
 

, if  ( ) ( )cos sinN Nψ ψ>  (D.2) 

 
( )

( ) ( )
( )

ˆ
ˆatan2 ,

sin

N
N N Y

Z N

q
qθ

ψ
 

= − 
 

, if  ( ) ( )cos sinN Nψ ψ<  (D.3) 

similar to the kinematics outlined in §2.2.1.  Since the vehicle was observed to 

demonstrate very level flight, due to a high center of buoyancy, a reasonable constraint 

on the local frame orientation at N was taken as, 

 ( ) 0Nφ =  (D.4) 
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Together, (D.1), either of (D.2) or (D.3), and (D.4) provide the requisite detail to 

resolve the ( )
1ˆ Np  and ( )

2ˆ Np  axes and thus facilitate the calculation of the twist in the tether 

through the method outlined in §B.2. 

D.3 Tether initial conditions 

The initial condition, derived from ShapeTape data, for the 20 element case is given in 

Table D.2.  The top boundary, node 0, was located at the origin of the inertial frame. 

Node 1 2 3 4 5 6 7 8 9 10 

s 0.3275 0.655 0.983 1.310 1.638 1.965 2.293 2.620 2.948 3.275 

X -0.01 -0.02 0.0 0.057 0.18 0.35 0.58 0.83 1.10 1.40 

Y 0.07 0.25 0.49 0.73 0.96 1.13 1.25 1.32 1.36 1.39 

Z 0.31 0.57 0.78 0.97 1.16 1.36 1.56 1.76 1.93 2.07 

           Node 11 12 13 14 15 16 17 18 19 20 

s 3.6025 3.930 4.258 4.585 4.913 5.240 5.568 5.895 6.223 6.550 

X 1.71 2.03 2.35 2.66 2.97 3.25 3.53 3.78 4.01 4.24 

Y 1.44 1.49 1.55 1.59 1.59 1.54 1.44 1.28 1.08 0.85 

Z 2.16 2.20 2.17 2.09 1.97 1.82 1.67 1.54 1.45 1.38 

Table D.2. The initial node locations for the three-dimensional ROV maneuver examined in 

Chapter 5.  The tether was at rest when the profile was recorded with the ShapeTape. 

D.4 Time history of tether motion 

Table D.3 and Table D.4 provide the history of simulated inertial X, Y, and Z 

coordinates for the indicated node locations for the 0.0GJ =  and 0.11GJ =  cases 

respectively.  The coordinate histories of the vehicle termination point, node 20, are the 

boundary conditions generated from an interpolation of the PILOT data given earlier in 

Table D.1. 
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 Node 5 Node 10 Node 15 Node 20 

t (s) X Y Z X Y Z X Y Z X Y Z 

2.0 0.31 0.73 0.73 1.50 1.54 1.54 3.09 1.44 1.44 4.35 0.53 0.53 

4.0 0.35 0.63 0.63 1.55 1.48 1.48 3.13 1.34 1.34 4.33 0.33 0.33 

6.0 0.42 0.62 0.62 1.68 1.38 1.38 3.24 1.15 1.15 4.36 0.02 0.02 

8.0 0.64 0.65 0.65 2.03 1.19 1.19 3.53 0.67 0.67 4.56 -0.58 -0.58 

10.0 0.83 0.58 0.58 2.32 0.90 0.90 3.76 0.18 0.18 4.68 -1.17 -1.17 

12.0 0.74 0.48 0.48 2.27 0.81 0.81 3.75 0.20 0.20 4.33 -1.27 -1.27 

14.0 0.67 0.43 0.43 2.16 0.88 0.88 3.68 0.44 0.44 3.67 -0.99 -0.99 

16.0 0.69 0.40 0.40 2.14 0.98 0.98 3.62 0.56 0.56 3.14 -0.74 -0.74 

18.0 0.69 0.45 0.45 2.11 1.12 1.12 3.50 0.62 0.62 2.88 -0.71 -0.71 

20.0 0.66 0.52 0.52 2.04 1.25 1.25 3.33 0.57 0.57 2.78 -0.86 -0.86 

22.0 0.62 0.63 0.63 2.02 1.27 1.27 3.18 0.37 0.37 2.77 -1.15 -1.15 

24.0 0.56 0.68 0.68 1.97 1.24 1.24 3.10 0.26 0.26 2.78 -1.29 -1.29 

26.0 0.46 0.66 0.66 1.82 1.31 1.31 3.10 0.54 0.54 2.75 -0.95 -0.95 

28.0 0.35 0.61 0.61 1.62 1.43 1.43 3.08 1.05 1.05 2.69 -0.27 -0.27 

30.0 0.30 0.58 0.58 1.46 1.50 1.50 2.99 1.56 1.56 2.68 0.43 0.43 

32.0 0.37 0.56 0.56 1.39 1.59 1.59 2.83 1.81 1.81 2.75 0.99 0.99 

34.0 0.32 0.51 0.51 1.25 1.67 1.67 2.69 1.76 1.76 2.89 1.44 1.44 

36.0 0.16 0.48 0.48 1.10 1.63 1.63 2.58 1.77 1.77 3.03 1.85 1.85 

38.0 0.02 0.48 0.48 1.00 1.58 1.58 2.48 1.81 1.81 3.06 2.19 2.19 

40.0 -0.06 0.51 0.51 0.96 1.53 1.53 2.43 1.86 1.86 2.91 2.47 2.47 

42.0 -0.05 0.50 0.50 0.99 1.48 1.48 2.41 1.95 1.95 2.91 2.76 2.76 

44.0 0.08 0.55 0.55 1.20 1.48 1.48 2.47 2.19 2.19 3.30 3.11 3.11 

46.0 0.44 0.69 0.69 1.51 1.62 1.62 2.67 2.52 2.52 3.77 3.43 3.43 

48.0 0.66 0.72 0.72 1.67 1.71 1.71 2.80 2.67 2.67 3.97 3.65 3.65 

50.0 0.65 0.65 0.65 1.72 1.68 1.68 2.82 2.70 2.70 3.98 3.72 3.72 

52.0 0.65 0.62 0.62 1.72 1.65 1.65 2.85 2.71 2.71 4.08 3.67 3.67 

54.0 0.74 0.71 0.71 1.81 1.73 1.73 3.02 2.73 2.73 4.40 3.50 3.50 

56.0 0.91 0.84 0.84 2.04 1.78 1.78 3.33 2.63 2.63 4.77 3.30 3.30 

Table D.3. The locus of nodes 5, 10, 15, and 20 of the simulated tether during the ROV maneuver 

with 0.0GJ = . 
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 Node 5 Node 10 Node 15 Node 20 

t (s) X Y Z X Y Z X Y Z X Y Z 

2.0 0.29 0.69 0.69 1.49 1.44 1.44 3.09 1.40 1.40 4.35 0.53 0.53 

4.0 0.37 0.48 0.48 1.51 1.25 1.25 3.10 1.19 1.19 4.33 0.33 0.33 

6.0 0.44 0.34 0.34 1.61 0.99 0.99 3.18 0.92 0.92 4.36 0.02 0.02 

8.0 0.60 0.29 0.29 1.89 0.72 0.72 3.45 0.49 0.49 4.56 -0.58 -0.58 

10.0 0.73 0.21 0.21 2.13 0.47 0.47 3.67 0.06 0.06 4.68 -1.17 -1.17 

12.0 0.60 0.10 0.10 2.01 0.33 0.33 3.58 0.06 0.06 4.33 -1.27 -1.27 

14.0 0.46 0.03 0.03 1.79 0.33 0.33 3.36 0.31 0.31 3.67 -0.99 -0.99 

16.0 0.45 0.03 0.03 1.68 0.40 0.40 3.21 0.50 0.50 3.14 -0.74 -0.74 

18.0 0.46 0.02 0.02 1.54 0.48 0.48 3.01 0.55 0.55 2.88 -0.71 -0.71 

20.0 0.43 0.03 0.03 1.35 0.46 0.46 2.77 0.44 0.44 2.78 -0.86 -0.86 

22.0 0.34 0.06 0.06 1.18 0.38 0.38 2.60 0.19 0.19 2.77 -1.15 -1.15 

24.0 0.21 0.05 0.05 1.04 0.32 0.32 2.47 0.00 0.00 2.78 -1.29 -1.29 

26.0 0.10 -0.01 -0.01 0.83 0.25 0.25 2.23 0.01 0.01 2.75 -0.95 -0.95 

28.0 0.08 -0.15 -0.15 0.56 -0.06 -0.06 1.95 -0.09 -0.09 2.69 -0.27 -0.27 

30.0 -0.02 -0.06 -0.06 0.49 0.03 0.03 1.85 -0.21 -0.21 2.68 0.43 0.43 

32.0 -0.10 0.20 0.20 0.50 0.46 0.46 1.72 0.12 0.12 2.75 0.99 0.99 

34.0 -0.10 0.53 0.53 0.48 0.90 0.90 1.63 0.89 0.89 2.89 1.44 1.44 

36.0 0.06 0.66 0.66 0.48 1.29 1.29 1.57 1.45 1.45 3.03 1.85 1.85 

38.0 0.13 0.65 0.65 0.60 1.55 1.55 1.55 1.97 1.97 3.06 2.19 2.19 

40.0 0.04 0.63 0.63 0.56 1.67 1.67 1.40 2.36 2.36 2.91 2.47 2.47 

42.0 0.06 0.60 0.60 0.39 1.70 1.70 1.35 2.44 2.44 2.91 2.76 2.76 

44.0 0.11 0.77 0.77 0.64 1.79 1.79 1.78 2.55 2.55 3.30 3.11 3.11 

46.0 0.34 0.88 0.88 1.10 1.92 1.92 2.32 2.72 2.72 3.77 3.43 3.43 

48.0 0.47 0.87 0.87 1.36 1.98 1.98 2.55 2.87 2.87 3.97 3.65 3.65 

50.0 0.49 0.79 0.79 1.41 1.95 1.95 2.58 2.92 2.92 3.98 3.72 3.72 

52.0 0.56 0.72 0.72 1.47 1.85 1.85 2.68 2.84 2.84 4.08 3.67 3.67 

54.0 0.72 0.77 0.77 1.72 1.78 1.78 2.95 2.75 2.75 4.40 3.50 3.50 

56.0 0.93 0.84 0.84 2.04 1.76 1.76 3.34 2.60 2.60 4.77 3.30 3.30 

Table D.4. The locus of nodes 5, 10, 15, and 20 of the simulated tether during the ROV maneuver 

with 0.11GJ = .   




