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ABSTRACT

In this dissertation, we consider a generalization of the historically significant

problem posed in 1850 by Reverend Thomas Kirkman which asked whether it was

possible for 15 schoolgirls to walk in lines of three to school for seven days so that no

two of them appear in the same line on multiple days. This puzzle spawned the study

of what we now call resolvable pairwise balanced designs, which balance pair coverage

of points within blocks while also demanding that the blocks can be grouped in such

a way that each group partitions the point-set. Our generalization aims to relax

this condition slightly, so that each group of blocks balances point-wise coverage but

each point occurs in each group σ times (instead of just once). We call these objects

thickly-resolvable designs. Here we show that the necessary divisibility conditions for

the existence of thickly-resolvable designs are also sufficient when the size of the point

set is large enough. A few variations of this problem are considered as well.
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Chapter 1

Introduction

In 1844 the following question was posed by W. S. B. Woolhouse in the Lady’s

and Gentlemen’s Diary:

How many triads can be made out of n symbols, so that no pair of symbols

shall be comprised more than once amongst them? [49]

A solution to this problem was published by Reverend Thomas Kirkman in 1847 in

[28] which showed how to construct an example of such a system whenever n ≡ 1, 3

(mod 6). He also noticed in some cases that the 3-sets of symbols could be grouped so

that each grouping partitioned the n symbols; and so, in 1850, he decided to submit

the following puzzle, a version of this problem for the case when n = 15:

Fifteen young ladies in a school walk out three abreast for seven days in

succession: it is required to arrange them daily, so that no two shall walk

twice abreast. [29]

This puzzle, known as the Kirkman Schoolgirl Problem, generated much interest, es-

pecially within the mathematical community, and is thought to be the origin of the

study of what we now call resolvable designs. We will now define these objects in

more generality.

A pairwise balanced design with parameters v,K, and λ, or PBDλ(v,K), is a pair

(V,B), where V is a v-set of points, K is a set of positive integers, B is a collection

of subsets of V whose cardinalities belong to K (the subsets are called blocks), and

such that every pair of distinct points occur together in exactly λ blocks of B. Notice

that we refer to B as a collection of blocks rather than a set because blocks may be

repeated. The parameters v, k, λ are often called the order, block size, and index,
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respectively. When K = {k}, we write PBDλ(v, k) or BIBD(v, k, λ) since these are

also known as balanced incomplete block designs when the block size is constant. Also,

we will often omit the index λ when it equals 1. Throughout this dissertation, we

will mainly be interested in designs with constant block size.

Independent of Kirkman’s earlier work, in 1853 in [40] Jacob Steiner also intro-

duced and studied designs with constant block size 3 and index 1 and, as his work

was better known at the time, these objects were named in his honour. Thus, a

PBD(v, 3) is more commonly referred to as a Steiner triple system of order v and

denoted STS(v).

Example 1.1. Here we present a PBD(7, 3), also known as an STS(7), which (up to

isomorphism) is unique and is the smallest non-trivial PBD:

V = {0, 1, 2, 3, 4, 5, 6} and

B = {{0, 2, 6}, {1, 2, 4}, {1, 3, 6}, {2, 3, 5}, {0, 1, 5}, {0, 3, 4}, {4, 5, 6}}.

There is a useful representation of this PBD called the Fano Plane or the projective

plane of order 2; see Figure 1.1. The blocks are the lines (including the circle) of the

diagram.

1 36

2

54 0

Figure 1.1: The Fano Plane: A PBD(7, 3)

Since Kirkman’s first work in this area, people have wondered for what values

of v does a PBDλ(v, k) exist. As Kirkman (and Steiner) proved, this question is

completely settled when k = 3 and λ = 1.

Theorem 1.2. An STS(v) exists if and only if v ≡ 1 or 3 (mod 6), v ≥ 1.
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We now turn our attention to more general block sizes.

Example 1.3. Below is an example of a PBD(11, {3, 5}) with two different block

sizes, 3 and 5. In fact, since this PBD has exactly one block of size 5, it is often

denoted as a PBD(11, {3, 5∗}).

A PBD(11, {3, 5})
{1,6,7} {1,8,11} {1,9,10}
{2,6,8} {2,7,9} {2,10,11}
{3,6,9} {3,7,11} {3,8,10}
{4,6,10} {4,7,8} {4,9,11}
{5,6,11} {5,7,10} {5,8,9}

{1,2,3,4,5}

Table 1.1: A PBD(11, {3, 5∗})

The existence question for a set of block sizes K (or even just a general block size

k) is much more challenging. There has been quite a lot of work done here, but with

the exception of various small or special (sets of) block sizes, in general there are no

necessary and sufficient conditions that guarantee PBDs exist.

There are necessary conditions on v however that must be satisfied in order for a

PBDλ(v,K) to exist.

First, each block of size k covers
(
k
2

)
pairs of points and since we need to cover

each of the
(
v
2

)
pairs exactly λ times each, we must demand that

λv(v − 1) ≡ 0 (mod β(K)), (1.1)

where β(K) = gcd{k(k−1) : k ∈ K}. This condition is often referred to as the global

condition since it guarantees the overall average number of blocks covering each pair

of points is an integer.

We also need to ensure that it is possible for a point to appear within some block

with all v − 1 other points exactly λ times each. Since each time a point is included

within a block of size k, it appears with k − 1 other points, we need

λ(v − 1) ≡ 0 (mod α(K)), (1.2)

where α(K) = gcd{k − 1 : k ∈ K}. This is usually referred to as the local condition
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since it focusses on pair coverage at a particular point.

Notice when K = {k}, these conditions simplify to λv(v− 1) ≡ 0 (mod k(k− 1))

and λ(v − 1) ≡ 0 (mod k − 1), respectively.

As done in Theorem 1.2 for k = 3, Hanani proved in [23] that the congruences

given in (1.1) and (1.2) are not only necessary, but also sufficient for k = 4. He was

also able to prove the congruences are sufficient for k = 5 for all admissible values

except (v, k, λ) = (15, 5, 2) in [24]. The non-existence of a PBD2(15, 5) was a fact

discovered in 1945 by Nandi in [34].

Although these two conditions are not in general sufficient for the existence of a

PBDλ(v,K), they are known to be ‘asymptotically’ sufficient. In other words, when v

is large enough (bigger than some constant v0(K,λ)) these designs exist for all values

of v satisfying the necessary arithmetic conditions. Richard M. Wilson was the first

to carefully consider the question of asymptotic existence of designs and has since

settled asymptotic existence for many types of designs. Wilson’s Theorem 1 in [45]

was a monumental result of this type.

Theorem 1.4. [45] Given a set K of positive integers and a positive integer λ, there

exists a PBD(v,K, λ) for all sufficiently large integers v satisfying (1.1) and (1.2).

Another important necessary condition for the existence of a PBDλ(v, k) is known

as Fisher’s Inequality and is stated below in Theorem 1.5.

Theorem 1.5. In any PBDλ(v, k) we must have b ≥ v, where b = λv(v−1)
k(k−1)

is the

number of blocks in the design.

We would like to note that it is possible for parameters v, k, and λ to satisfy the

global and local conditions, while failing the one given in Theorem 1.5. For example

see Example 1.6.

Example 1.6. Consider the parameters (v, k, λ) = (16, 6, 1). It seems possible from

(1.1) and (1.2) for a PBD(16, 6) to exist, since

λ(v − 1) = 15 ≡ 0 (mod 5) and λv(v − 1) = 240 ≡ 0 (mod 30);

however,

b =
λv(v − 1)

k(k − 1)
=

240

30
= 8.

Thus, Theorem 1.5 is not satisfied so there does not exist a PBD(16, 6).
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In general, the necessary conditions given in (1.1), (1.2), and Theorem 1.5 are not

also sufficient (although Fisher’s inequality is always satisfied when v is sufficiently

large).

We would like to mention that there are numerous ways to extend the idea of pair-

wise balanced designs, some of which will be discussed in detail in Chapter 2. One

particular extension, beyond what is needed in this dissertation, is that of a t-design.

Here we ask that every t-set of elements occur exactly λ times (so pairwise balanced

designs are equivalent to 2-designs). Not much was known about this extension until

2014 when Keevash proved a generalization of the existence result given in Theorem

1.4 for constant block size k and higher values of t using randomized algorithms and

probabilistic algebraic constructions. In this dissertation, we will only be concerned

with the t = 2 case.

Many designs have additional structure. Even the problem that Kirkman posed

in 1844 asked for more than just balanced pair coverage; the solution had to be able

to partition the girls into groups of 3 each day. The designs given in Example 1.1 and

Example 1.3 do not boast the extra structure that Kirkman asked for in his schoolgirl

problem; namely, the blocks cannot be grouped in such a way that each group parti-

tions the point set. This can be seen easily in Example 1.1 by noting that each block

intersects every other block in exactly one point and in Example 1.3 that the block of

size 5 intersects all other blocks. A design satisfying Kirkman’s schoolgirl property is

called resolvable and a grouping of blocks partitioning the point set is called a parallel

class or resolution class. This concept is also studied in finite geometries, especially

in 3-dimensional projective space. In this context, resolvability is studied under the

term parallelism and resolution classes of lines are known as spreads.

Kirkman’s schoolgirl problem is an example of a resolvable PBD(15, 3), or equiv-

alently a resolvable STS(15), and in [28] he exhibited a solution for the 15 girls.

However, the problem remained open for v girls until 1971 when Ray-Chaudhuri and

Wilson showed that resolvable triple systems exist whenever v ≡ 3 (mod 6) (stated

below). Resolvable Steiner triple systems are now often referred to as Kirkman triple

systems.

Theorem 1.7. [35] A resolvable STS(v) exists if and only if v ≡ 3 (mod 6), v ≥ 3.
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Example 1.8. Here we present an example of a resolvable STS(9) (or Kirkman Triple

System of order 9), which we know exists by Theoreom 1.7.

V = {1, 2, 3, 4, 5, 6, 7, 8, 9} and

B =

{
{1, 2, 3}, {1, 4, 7}, {1, 5, 9}, {1, 6, 8}, {2, 4, 9}, {2, 5, 8},
{2, 6, 7}, {3, 4, 8}, {3, 5, 7}, {3, 6, 9}, {4, 5, 6}, {7, 8, 9}

}
.

As in Example 1.1, this PBD can also be represented diagrammatically; see Figure

1.2. The blocks of each parallel class are drawn in the same colour. Despite having

Figure 1.2: The Affine Plane of order 3: A PBD(9, 3)

a complete existence result for the k = 3 and λ = 1 case, the existence question for

larger values of k and λ remained open until 1973, when D.K. Ray-Chaudhuri and

R.M. Wilson made some progress by proving the necessary conditions were asymp-

totically sufficient in v for arbitrary values of k with λ = 1; their result is stated

below as Theorem 1.9. Since resolvable designs are simply designs containing extra

structure, the parameters must still satisfy (1.1) and (1.2); however, to ensure we are

able to partition the v points into blocks of size k we must also require that

v ≡ 0 (mod k). (1.3)

This congruence is referred to as the resolvabilty condition. Notice, in the K = {k}
case, the local condition, λ(v − 1) ≡ 0 (mod k − 1), and the resolvability condition,

v ≡ 0 (mod k), together imply the global condition; and so, the global condition is

often omitted. Also, when λ = 1, the local and resolvability conditions can be more

succinctly written as v ≡ k (mod k(k − 1)).
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Theorem 1.9. [36] Let k ≥ 2 be an integer. For sufficiently large v, there exists a

resolvable PBD(v, k) if and only if v ≡ k (mod k(k − 1)).

In 1984, J.X. Lu extended this result in [32] to allow for arbitrary values of the

index λ.

Another necessary condition, which is similar to Fisher’s Inequality (Theorem

1.5), was found in 1942 by Bose.

Theorem 1.10. If there exists a resolvable PBDλ(v, k), then b ≥ v + r − 1.

We again note that these necessary conditions for the existence of a resolvable

PBD are not in general sufficient. However, Theorem 1.12 gives a necessary and

sufficient condition for the existence of a resolvable PBD(v, 2).

Remark 1.11. A PBD(v, 2) could be constructed trivially by taking each of the
(
v
2

)
pairs as its own block. However, the extra resolvability condition results in a more

difficult and interesting concept, namely that of a 1-factorization.

Theorem 1.12. A resolvable PBD(v, 2) exists if and only if v is an even integer and

v ≥ 2.

The resolvable PBDs in Theorem 1.12 can be constructed for all even values of

v = 2n by using the patterned starter {0,∞}, {1,−1}, {2,−2}, . . . , {n− 1, n} on the

points of Z2n−1

⋃
{∞} and developing modulo 2n− 1. This can be seen in Figure 1.3

for v = 10.

0

1

2

3

4 5

6

7

8

∞

K10

Figure 1.3: A Resolvable PBD(10, 2)
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The k = 3 case was settled by Ray-Chaudhuri and Wilson, stated above as Theo-

rem 1.7. Later, in [25], Hanani et al. settled the k = 4 case and showed that resolvable

PBD(v, 4)s exist whenever v ≡ 4 (mod 12).

In this dissertation, we will be interested in a parameterized weakening of resolv-

ability. Here we will focus on designs with the additional property that blocks can be

resolved so that each class covers every point of V exactly σ times. More precisely, we

say that a σ-parallel class in a PBD (V,B) is a sub-collection of blocks A such that

every point of V belongs to exactly σ blocks in A and we refer to σ as the thickness

of the class. Then, a PBDλ(v, k) (V,B) is σ-resolvable if B admits a partition into

σ-parallel classes. We will also refer to σ-resolvable designs more generally as thickly

resolvable designs.

In the spirit of Kirkman’s schoolgirl problem, a scenario where thickly resolvable

designs would be useful is a meeting where v countries each send σ delegates. In each

time slot, each representative must attend a caucus meeting containing k delegates

and each country must have a representative attend a caucus meeting with a repre-

sentative from each other country exactly λ times. A σ-resolvable design on v points,

block size k, and index λ would give such a schedule.

Before we discuss the necessary conditions and results for σ-resolvable designs, we

would like to note that most authors on this topic use the parameter α in place of

σ to denote the thickness of each class. We have chosen to use σ instead to avoid

conflict with the standard parameter α(K) = gcd{k− 1 : k ∈ K}, first introduced in

[43] within the necessary conditions of PBDs with multiple block sizes from a set K.

Since we chose to make use of this meaning for α, we have elected to use σ for the

class thickness.

The necessary divisibility conditions for the existence of a σ-resolvable design are

given in (1.4) and (1.5), and are easy extensions of the necessary conditions for re-

solvable designs (where σ = 1) given above. For the resolvability condition here we

need to ensure that we can cover, counting multiplicity, σv points (each point in V σ

times) using blocks of size k, yielding the condition

σv ≡ 0 (mod k). (1.4)

This can also be thought of as counting the number of blocks in each σ-parallel class,

which obviously must be an integer.

For the local condition, we want to make sure that it is (numerically) possible for
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a point v to occur with each other point in V within exactly λ blocks. Each point

v ∈ V must occur with exactly λ(v − 1) other points (including multiplicity) and in

each σ-parallel class v will appear within a block with σ(k − 1) other vertices (k − 1

vertices in each of the σ blocks containing v); thus, λ(v−1)
σ(k−1)

counts the σ-parallel classes

and we must demand that

λ(v − 1) ≡ 0 (mod σ(k − 1)), (1.5)

so that the number of σ-parallel classes is an integer. Or equivalently, we must have

that σ divides the replication number r = λ(v−1)
k−1

, the number of blocks containing a

specific point.

As in the σ = 1 case, these two conditions together imply the third (global)

condition, λv(v − 1) ≡ 0 (mod k(k − 1)), which results from the fact that we need

to cover each of the
(
v
2

)
pairs of points using only blocks that each cover

(
k
2

)
pairs of

points.

Example 1.13. One Thick-Parallel Class.

Our first example is not particularly enlightening, but we would like to note that all

designs are r-resolvable; that is, if we put all the blocks into one class, each point will

occur r times (since r is the replication number of the design).

Example 1.14. Resolvable PBDs.

One way to construct examples of thickly-resolvable designs for σ > 1 (perhaps

uninterestingly) is to use resolvable designs in which the number of parallel classes

is a multiple of our desired thickness. Here we can merge the parallel classes so that

each aggregate has σ of the classes. Each original parallel class will contribute one

occurrence of each point; and hence, this will result in a σ-resolvable design

For instance, we can group the 4 parallel classes of the resolvable PBD(9, 3) given

in Example 1.8 so that each group contains the blocks of 2 of the classes to obtain a

2-resolvable PBD(9, 3). In Figure 1.4, we show the 2-resolvable PBD(9, 3) that results

by converting the four parallel classes of the resolvable PBD(9, 3) in Example 1.8 into

two 2-parallel classes (so that each point appears in exactly 2 blocks of each 2-class).

We would like to note that despite the construction method used in Example

1.14, σ-resolvable designs cannot always be constructed using a resolvable design

with the same parameters. In fact, thickly-resolvable designs might be most useful

for parameter choices in which a resolvable design is not arithmetically possible.
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Thick-resolvability enables us to generalize resolvability and obtain designs that are

‘close’ to resolvable.

Remark 1.15. Another possible weakening of resolvability is to consider the chro-

matic index of designs. A design is said to be s-block-colourable if it is possible to

colour the blocks using s colours so that no two intersecting blocks receive the same

colour. Then, all blocks of a common colour would form a partial resolution class

(usually referred to as a chromatic class). The minimum number of colours required

to colour all the blocks in this way is referred to as the chromatic index and the de-

sign would be resolvable if and only if the chromatic index is equal to the replication

number of the design (the number of parallel classes). For Steiner triple systems,

partial colour classes of nontrivial thickness have been considered in the literature as

‘block colourings of type π’, where π is an integer partition of the replication number;

see [10] for details.

Example 1.16. Resolvable Cycle Decompositions.

A 2-resolvable PBDλ(v, 2) is equivalent to a resolvable decomposition of the complete

graph on v vertices with λ edges between every pair of vertices, Kλ
v , into cycles. We

use each edge of a cycle in the decomposition as a block of the design and we group all

the edges resulting from cycles in each parallel class of the decomposition together to

make our 2-parallel classes. Figure 1.5 shows a decomposition of K7 into Hamiltonian

cycles (cycles passing through every vertex exactly once). The edges of each coloured

cycle in Figure 1.5 make up a 2-parallel class in a 2-resolvable PBD(7, 2).

Figure 1.4: 2-Resolvable PBD(9, 3)
constructed using the method out-
lined in Example 1.14

Figure 1.5: 2-Resolvable PBD(7, 2)
constructed using the method out-
lined in Example 1.16
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Resolvable cycle decompositions are also related to the famous Oberwolfach Prob-

lem, which asks whether it is possible to seat an odd number m of mathematicians at

n round tables in m−1
2

meals so that each mathematician sits next to everyone else ex-

actly once if the n round tables are of sizes k1, k2, . . . , kn (with k1 +k2 + · · ·+kn = m).

A resolvable cycle decomposition would be equivalent to such a seating arrangement

where we decompose Km into cycles of length k1, k2, . . . , kn in which one cycle of each

length is used in each parallel class. The cycle decomposition given in Figure 1.5

gives a solution to the Oberwolfach Problem when there are seven mathematicians

and one round table for them all to sit at.

Example 1.17. Cyclic PBDs.

A k-resolvable PBD(v, k) can be obtained from a cyclic PBD(v, k) (that is, one pos-

sessing a transitive cyclic automorphism) in which no base block has a short orbit.

In other words, there are k unique translate blocks for each base block. We develop

each of the base blocks additively modulo v with each resulting in a k-parallel class

since each point is a translate of each of the k elements of the base block and so will

appear in exactly k of the developed blocks.

For example, we could start with the cyclic PBD(13, 3) with two generator blocks:

{1, 3, 9} and {2, 5, 6}. When we additively develop these base blocks modulo 13, each

one results in a 3-parallel class. So this will yield a 3-resolvable PBD(13, 3) that has

two 3-parallel classes. To see this more explicitly, in Table 1.2 we have written out

the blocks grouped in their 3-classes.

Blocks of a cyclic PBD(13, 3)

{1,3,9} {2,4,10} {2,5,6} {3,6,7}
{3,5,11} {4,6,12} {4,7,8} {5,8,9}
{5,7,0} {6,8,1} {6,9,10} {7,10,11}
{7,9,2} {8,10,3} {8,11,12} {9,12,0}
{9,11,4} {10,12,5} {10,0,1} {11,1,2}
{11,0,6} {12,1,7} {12,2,3} {0,3,4}

{0,2,8} {1,4,5}

Table 1.2: A 3-Resolvable PBD(13, 3)
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Example 1.18. Computer Generated.

Table 1.3 gives the blocks of a PBD2(10, 3) found by Royle (and presented in [26]),

where the groups of two columns partition the blocks into 3-parallel classes, making

this design 3-resolvable. In fact, Royle showed that each of the 960 two-fold triple

systems on 10 points (i.e. PBD2(10, 3)s) are 3-resolvable!

Blocks of a PBD2(10, 3)

{0,1,2} {2,6,7} {0,2,3} {3,4,8} {0,3,1} {1,5,9}
{0,4,5} {3,5,9} {0,5,6} {1,6,7} {0,6,4} {2,4,8}
{0,7,8} {3,6,8} {0,8,9} {1,4,9} {0,9,7} {2,5,7}
{1,2,4} {3,7,9} {2,3,5} {1,8,7} {3,1,6} {2,9,8}
{1,5,8} {4,6,9} {2,6,9} {5,4,7} {3,4,7} {6,5,8}

Table 1.3: A 3-Resolvable PBD2(10, 3)

There has not been a lot of progress made on the existence question for thickly-

resolvable designs with σ > 1. Analogous to the σ = 1 case, the first results in this

area were for designs with block sizes three and four.

In 1991, Jungnickel, Mullin, and Vanstone showed in [26] that there exists a σ-

resolvable PBDλ(v, 3) for all choices of v, σ, and λ that satisfy (1.4) and (1.5) except

when v = 6, σ = 1 and λ ≡ 2 (mod 4).

A similar result was proved by Vasiga, Furino, and Ling in [42] for thickly-

resolvable designs with blocksize 4, except this time with only one exception: v = 10

where λ = σ = 2. Both the results in [26] and [42] were proved using frames and

some small constructed examples. We will discuss frames in Chapter 2 and use them

throughout the dissertation.

The main goal of this dissertation is to prove that σ-resolvable designs exist asymp-

totically in v whenever it is admissible for a given choice of k, λ, and σ. Here is the

statement of our main result. This work has appeared as published work with Dukes

and Ling in [15].

Theorem 1.19. [15] Let k ≥ 2, σ ≥ 1, and λ ≥ 0 be integers. There exists a σ-

resolvable PBDλ(v, k) for all sufficiently large v satisfying (1.4) and (1.5); that is,

σv ≡ 0 (mod k) and λ(v − 1) ≡ 0 (mod σ(k − 1)).

We say that the integers v satisfying (1.4) and (1.5) are admissible for the par-

ticular choice of σ, k, and λ. Also, for convenience, we will use the variables
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a = σ(k−1)
gcd(σ(k−1),λ)

and b = k
gcd(k,σ)

so that our necessary conditions can be written

more succinctly as

v ≡ 1 (mod a) and

v ≡ 0 (mod b).

Taking advantage of this rephrasing, we can assume that a and b are relatively prime

integers, since otherwise there are no admissible v values for that choice of parameters.

Thus, the admissible orders v will be periodic with least period π = ab.

Our proof of Theorem 1.19 uses asymptotic existence theories for combinatorial

configurations, resolvable graph decompositions, and frames. The background for

these structures will be discussed in Chapter 2. Then in Chapter 3 we focus on one

very powerful result by Lamken and Wilson in [30] on coloured graph decompositions,

which we apply in order to prove the asymptotic existence of σ-frames (a very crucial

component within the proof of Theorem 1.19). In Chapter 4 we discuss non-uniform

σ-frames and adapt a couple of classical constructions within design theory to include

the parameter σ. Chapter 5 is where the proof of Theorem 1.19 can be found. We

begin by constructing our first examples of thickly-resolvable designs using resolvable

graph decompositions with a graph cleverly constructed making use of combinatorial

configurations. In Section 5.2 we use σ-frames to obtain examples in each admissible

congruence classes modulo a large period. These are extended in Section 5.3 to close

out each congruence class, making use of non-uniform σ-frames, and obtain eventual

periodicity modulo ab. In Section 5.4, we put all these pieces together to prove

Theorem 1.19. Finally, in Chapter 6 we discuss a few applications and extensions of

Theorem 1.19, including an application to incomplete designs as well as extending to

group divisible designs and graph designs.
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Chapter 2

Background

In this chapter we will consider some generalizations of pairwise balanced designs;

specifically, we will focus on the ones that we will use within the proof of Theorem

1.19.

2.1 Graph Decompositions

In this section, we present our first generalization of pairwise balanced designs,

where we allow blocks to cover only some of the pairs of points they contain. We

make use of graphs to show which pairs will be covered (and which will not) for each

block.

Definition 2.1. A G-decomposition (or G-design) of order v and index λ is a pair

(V,B), where V is a set of points, B is a collection of graphs on vertices in V , where

each is isomorphic to G, and such that every unordered pair of points in V is an edge

of exactly λ graphs in B. The members of B are called G-blocks.

In other words, a G-decomposition is an edge-decomposition of Kλ
v (the λ-fold

complete graph on v vertices) into graphs each isomorphic to G. In a G-block, only

pairs of vertices with an edge between them will be ‘covered’. Consequently, when

G = Kk, a G-decomposition is a equivalent to a PBDλ(v, k) and because of this

connection we will abbreviate a G-design of order v and index λ to a PBDλ(v,G). In

this context, we can also interpret a PBDλ(v,K) as a partition of the edge set of Kλ
v

into k-cliques where k ∈ K.

Notice that Example 1.1 is an example of a K3-decomposition of K7 and this can

be seen pictorially as in Figure 1.1 except with triangles instead of the lines.
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Example 2.2. When v is odd, Kv admits an Eulerian trail. If additionally,
(
v
2

)
is

even, then such a trail can be cut up into copies of P3, the path on two edges, resulting

in a PBD(v, P3).

Example 2.3. If we think of a PBD(v, 4) as an edge-decomposition of Kv into copies

of K4, then we can break up the K4-blocks into 2 copies of the path P4 on three edges,

as can be seen in Figure 2.1.

Figure 2.1: K4 edge-decomposed into two paths P4

Example 2.4. Walecki Hamiltonian Decompositions.

In a classical result of graph theory, Walecki showed when v is odd that Kv can be

decomposed into Hamiltonian cycles. See [1] for details into the construction Walecki

used. Figure 1.5 is an example of such a decomposition. In Example 1.16, Figure 1.5

is an example of a 2-resolvable PBD(7, 2) where the blocks are the edges. Here, we

use each Hamilton cycle as a C7-block, so this is also a PBD(7, C7).

The arithmetic necessary conditions for a PBDλ(v, k) can be derived using this

framework. First, for the global condition (given in (1.1) but with K = {k}), we note

that there are λ
(
v
2

)
edges in Kλ

v which must be partitioned into blocks each containing(
k
2

)
edges. To obtain the local condition in (1.2), we note that we must be able to

write the degree at a vertex in Kλ
v , λ(v − 1), using blocks each using k − 1 edges at

a vertex.

For general graphs, these necessary conditions are a bit more complicated. Sup-

pose we want a G-decomposition for a simple graph G with k vertices, e edges, and

vertex degrees d1, d2, . . . , dk. First, because we need to partition the number of edges

of Kλ
v into graphs isomorphic to G (so each having e edges), we must demand that

λv(v − 1) ≡ 0 (mod 2e); (2.1)
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thus, obtaining our global condition.

Second, for the local condition, we need to make sure that the degree of a vertex

in Kλ
v can be comprised of degrees in G; and so, we need to be able to write λ(v− 1)

as a positive integral linear combination of degrees in G. In other words, we need

λ(v − 1) ≡ 0 (mod g) (2.2)

where g is the greatest common divisor of the degrees in G. We would like to point

out that when G is d-regular, (2.2) simplifies to λ(v − 1) ≡ 0 (mod d); thus, when

G = Kk this is equivalent to (1.2) for constant block size k.

Example 2.5. In contrast to Example 2.4, for v even (and λ = 1) there cannot be a

Hamiltonian decomposition of Kv since (2.2) demands that v ≡ 1 (mod 2).

Example 2.6. Consider G = K4 \ {e}, the complete graph on 4 vertices minus an

edge. For this G we have k = 4, e = 5 and degrees 2 and 3. Thus, the necessary

conditions for this graph become

λv(v − 1) ≡ 0 (mod 10) and λ(v − 1) ≡ 0 (mod 1).

Notice that the local condition here is satisfied trivially for all v (whereas, in the

clique case, we would need to ensure 3 | λ(v − 1)).

There are some known results for particular graphs G, especially when G is a

cycle, path or tree.

Theorem 2.7. [2, 38] For λ = 1, 2 and m ≥ 3, there exists a PBDλ(v, Cm) if and

only if v satisfies (2.1) and (2.2).

Theorem 2.7 was proved in two papers. In order to decompose into cycles, the

necessary conditions demand that v be odd (since cycles are 2-regular graphs). It

was shown by Alspach and Gavlas that such decompositions exist whenever the cycle

length is odd in [2] and the even length cycle case was completed by Šajna in [38].

Wilson considered this connection between designs and graph decompositions and

wondered if it was possible to get an asymptotic existence theory of graph decompo-

sitions for any graph G. It did not take him long to prove Theorem 2.8, and settle

the asymptotic existence of G-decompositions with λ = 1. This is among Wilson’s

most famous results.
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Theorem 2.8. [48] Given a graph G with k vertices, e edges, and degrees d1, d2, . . . , dk,

there exists a G-decomposition of Kv for all sufficiently large values of v satisfying

(2.1) and (2.2) with λ = 1.

We would like to point out when G has no edges (e = 0) that (2.1) forces either

v = 1 or λ = 0. Also, Theorem 2.8 for the case of a general index λ was settled by

very similar methods, although not explicitly contained in [48].

We can also define resolvability in this context: a G-decomposition of Kλ
v is said to

be resolvable when the G-blocks can be grouped so that each set of blocks partitions

the vertices of Kλ
v . Analogously, each set of vertex-disjoint G-blocks that span the

vertices of Kλ
v is called a parallel class.

As in the PBD case, this extra structure adds an extra necessary condition. The

resolvability condition here is that the number of vertices of G must divide the number

of vertices in Kλ
v so that a single parallel class is possible; hence, we must have that

v ≡ 0 (mod k). (2.3)

However, in addition to this extra divisibility constraint, there is a new phe-

nomenon that occurs with the local condition. We must ensure that the design is

equireplicate; that is, each vertex must be incident with the same number of G-blocks

in the design. We will refer to this number as the replication number. The number

of parallel classes must equal the replication number, since a vertex will appear in

exactly one G-block within each parallel class.

There are λ
(
v
2

)
edges in Kλ

v and each G-block accounts for e of them; thus, a G-

decomposition has λ
e

(
v
2

)
G-blocks in total. Now, the number of G-blocks per parallel

class is v
k
, so, by dividing, there must be λ(v−1)k

2e
parallel classes. Since this necessarily

equals the replication number of the design, we need this many vertex degrees in G

to make up λ(v − 1), the degree in Kλ
v . This means we need

d1x1 + d2x2 + · · ·+ dkxk = λ(v − 1)

and x1 + x2 + · · ·+ xk =
λ(v − 1)k

2e

to have simultaneous integer solutions xi. Or equivalently, we must demand that

λ(v − 1) ≡ 0 (mod α∗), (2.4)
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where α∗ is the least positive integer A such that

A

[
1
k
2e

]
=

[
d1

1

]
Z +

[
d2

1

]
Z + · · ·+

[
dk

1

]
Z. (2.5)

Observe that, for d-regular graphs, we will have α∗ = d since the sum of the degrees

is kd = 2e, so taking A = d is the smallest integer in which kA
2e

is an integer and (2.5)

is satisfied. Thus, when G = Kk, (2.4) simplifies to the congruence given in (1.2) for

PBDs.

We would also like to note that A = 2e satisfies (2.5) since the sum of the degrees

in a graph is equal to twice the number of edges; thus, we have that α∗ | 2e. Now,

since 2e is a solution, we know that the ideal of solutions generated by α∗ is nonempty.

In addition, since 2e can be written as an integral linear combination of the degrees

in G, we must have that the gcd{di : i = 1, 2, . . . , k} | 2e. Also, since it is an integral

span in (2.5), the equation resulting from the first coordinate implies that α∗ must be

an integral linear combination of the degrees in G; and hence, α∗ must be divisible by

the greatest common divisor of the degrees. The equation resulting from the second

coordinate in (2.5) guarantees that 2e | α∗k. This divisibility clearly implies that

(2.1) be satisfied since α∗ | λ(v − 1) and k | v.

Example 2.9. A Resolvable PBD(9, P3).

There is a resolvable decomposition of K9 into paths P3 on two edges. In Figure 2.2,

we give two parallel classes each consisting of three copies of P3. We can develop

each of them horizontally twice to obtain two other parallel classes. Together these

six parallel classes account for all edges of K9.

Figure 2.2: A Resolvable K9 edge-decomposed into paths P3
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Example 2.10. No Resolvable PBD(v, C4).

Notice C4 has k = 4 vertices, e = 4 edges, and is regular of degree 2. Thus the

necessary conditions are

v ≡ 0 (mod 4) and v − 1 ≡ 0 (mod 2).

The first condition implies that v must be even, while the second gives v odd; thus,

there are no values of v that satisfy both congruences. Note that this is not the case

for other values of λ, and in fact, there is a resolvable PBD2(4, C4) and a resolvable

PBD2(8, C4). In Figure 2.3 we exhibit an example of a resolvable PBD2(4, C4) with

each of the three resolution classes depicted in their own colour. Figure 2.4 shows the

C4 blocks of one parallel class of a resolvable PBD2(8, C4). The other parallel classes

are simply translates modulo 7 of the one shown.

Figure 2.3: A Resolvable PBD2(4, C4)

0

1

2

3 4

5

6

∞

Figure 2.4: A Resolvable PBD2(8, C4)

Example 2.11. We refer to Example 2.6 and see how resolvability affects the neces-

sary conditions when G = K4 \ {e}. Here we need v ≡ 0 (mod 4) and λ(v − 1) ≡ 0

(mod α∗) where α∗ is the least positive integer A so that

A

[
1
2
5

]
=

[
2

1

]
Z +

[
3

1

]
Z.

Since this is an integral span, we must have A ≥ 5. And since[
2

1

]
+

[
3

1

]
=

[
5

2

]
= 5

[
1
2
5

]
,
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A = 5 is the smallest such solution; thus, α∗ = 5. So, in order for a resolvable

PBDλ(v,G) to possibly exist we must have λv(v − 1) ≡ 0 (mod 20).

Asymptotic existence of resolvable graph designs remained open until 2007 when

Dukes and Ling were able to show that (2.3) and (2.4) were asymptoticly sufficient

conditions.

Theorem 2.12. [14] Let λ ∈ Z, λ ≥ 0. Suppose G is a graph with k vertices, e

edges with no multiple edges and degree sequence d1, d2, . . . , dk. Then there exists a

resolvable G-decomposition for all sufficiently large values of v satisfying (2.3) and

(2.4).

The proof of Theorem 2.12 used the existence theory of equireplicate G-designs

proved in [16] and also adapted a clever construction idea of Rolf Rees from [37].

Another important result in the area of graph decompositions is that of Lamken

and Wilson in [30]. We will wait to discuss this result in more detail in Chapter 3,

where we will also use it to prove the asymptotic existence of σ-frames (defined in

Section 2.3) which will be crucial in the proof of Theorem 1.19.

2.2 Combinatorial Configurations

In this section, we allow for non-complete pair-coverage. In other words, every

pair of points is covered by at most one block (but may not be covered at all). These

are called combinatorial configurations, which we now define formally.

Definition 2.13. An (nr,mk)-configuration is a triple (U,A, ι), where U is an n-set

of points, A is an m-set of lines, and ι ⊆ U × A is a relation called incidence such

that

• every line is incident with exactly k points,

• every point is incident with exactly r lines, and

• every pair of distinct points are together incident with at most one line.

Figure 2.5 shows a (103, 103)-configuration. Notice that each (straight) line is on

precisely three points, each point is on precisely three lines, but not all pairs appear

together on a line, as in PBDs.
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Figure 2.5: A (103, 103)-Configuation - A Non-Desargues Configuration

One of the most famous (103, 103)-configuations is known as the Desargues Config-

uration, named after Girard Desargues who is considered to be a founder of projective

geometry. The example given in Figure 2.5 is called Non-Desargues since it is not

isomorphic to the Desargues Configuration. In the example given here, each point has

three other points that are not collinear with it and form a triangle of three straight

lines; whereas, in the Desargues Configuration, the three non-collinear points are al-

ways collinear with each other.

We would like to note that both the Desargues configuration and the one given in

Figure 2.5 have geometric realizations with straight lines, however we do not require

this for our purposes. For more information on geometric configurations please refer

to [18].

Within the proof of Theorem 1.19, we would like to make use of the following

asymptotic existence result for combinatorial configurations. We will use this result

to construct a graph we will use as a graph block within a graph decomposition in

order to obtain our first examples of thickly-resolvable designs.

Theorem 2.14. [4] Given integers k ≥ 2 and r ≥ 1, there exists a combinatorial

(nr,mk)-configuration for all sufficiently large integers n ≡ 0 (mod k
gcd(k,r)

).

We would like to comment briefly that the n in Theorem 2.14 need not be ex-

tremely large as in Wilson’s asymptotic results (for instance the main result in [48]

stated here as Theorem 2.8). The n here is at worst a mild polynomial in k and r.
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2.3 Group Divisible Designs and Frames

In this section, we consider a generalization of PBDs in which some pairs of points

are never covered by a block. Here there are groups of points that never occur together

while all others are still covered exactly λ times. We now present the formal definition

of a group divisible design.

Definition 2.15. Let v and λ be positive integers and let K be a set of positive

integers. A group divisible design of order v and index λ, denoted GDDλ(v,K), is a

triple (X,G,B), where

• X is a set of v elements,

• G = {G1, G2, . . . , Gu} is a set of subsets of X which partition X called groups,

• B is a family of subsets of X each of cardinality from K called blocks, and

• every pair of elements from X is in exactly λ blocks if they are from different

groups or 0 blocks if they are from the same group.

We say the GDD has type gu11 g
u2
2 · · · g

ul
l when there are u1 groups of size g1, u2

groups of size g2, . . . , ul groups of size gl, where u1 + u2 + · · · + ul = u. This is the

exponential notation for the group type. And when |Gi| = g for some g ∈ N and all

1 ≤ i ≤ u, we call the GDD uniform of type gu.

Example 2.16. A GDD(10, {3, 4}) of type 3311.

Here there are three groups of size 3, so none of those 9 pairs of points appear within

a block together, while all other pairs appear together in exactly one block. The

groups and blocks are shown in Table 2.1.

A GDD(10, {3, 4}) of type 3311

Groups Blocks

{1, 2, 3} {4, 5, 6} {1, 4, 7, 10} {2, 5, 8, 10} {3, 6, 9, 10}
{7, 8, 9} {10} {1, 5, 9} {2, 6, 7} {3, 4, 8}

{1, 6, 8} {2, 4, 9} {3, 5, 7}

Table 2.1: A GDD(10, {3, 4}) of type 3311
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Notice a uniform GDDλ(v,K) of type 1v is equivalent to a PBDλ(v,K) since in

this case, all pairs will occur together in exactly λ blocks. GDDs can also be viewed

from a graph decomposition perspective as well. A GDDλ(v,K) is equivalent to an

edge-decomposition of the complete multipartite graph in which the partite set sizes

are determined by the group sizes and we decompose into cliques Kk for k ∈ K.

In this dissertation, we will mainly be concerned with uniform GDDs of type gu

with constant block size K = {k}, so we will restrict our attention to this case. We

now take some time to discuss how this generalization affects the necessary conditions.

First the global condition, there are λ
(
u
2

)
g2 pairs (or edges) to cover with blocks

(or cliques) of size k. Since each block covers
(
k
2

)
pairs we have

λu(u− 1)g2 ≡ 0 (mod k(k − 1)). (2.6)

For the local condition, we notice that the degree of each vertex in the complete

multipartite graph to be decomposed is λg(u − 1) since there are g vertices in each

of the other u − 1 groups that need to be covered with a given vertex λ times each.

Each Kk-block that includes the given vertex accounts for k− 1 edges at that vertex;

hence,

λ(u− 1)g ≡ 0 (mod k − 1). (2.7)

We also must have u ≥ k since each block (of size k) can take at most one

point from each of the u groups. When u = k, we get a special GDD that we

call a transversal design and use the notation TDλ(k, n), which is equivalent to a

GDDλ(nk, {k}) of type nk (so there are k groups of size n with block size k). In this

case, (2.6) and (2.7) are trivially satisfied, so transversal designs are possible on any

number of points. In fact, Chowla, Erdős, and Straus, proved in 1960 that transversal

designs exist asymptotically for all v values.

Theorem 2.17. [8] For any positive integer k, there exists a TD(k, n) whenever n is

sufficiently large.

For u > k, in his thesis in 1976, Chang showed that GDDs exist whenever u is

large enough and satisfies (2.6) and (2.7). Chang’s thesis was never published and

his result follows as an application of the main result in [30].

Theorem 2.18. [7, 30] Let integers g, k, λ be given with g, k ≥ 2 and λ ≥ 1. A

GDDλ(gu, k) of type gu exists for all sufficiently large values u satisfying (2.6) and

(2.7).
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Theorem 2.18 was extended by Liu in [31] to include multiple block sizes from a

set K.

We now give a well-known recursive construction by Wilson that we will adapt in

Chapter 4 to include the parameter σ.

Theorem 2.19. [43] (Wilson’s Fundamental Construction) Let (V,G,B) be a GDD

with index λ1 and groups G1, G2, . . . , Gt. Suppose there exists a function w : V →
Z+
⋃
{0} so that for each block B = {x1, x2, . . . , xk} ∈ B there exists a GDDλ2 with

block sizes from K of type [w(x1), w(x2), . . . , w(xk)]. Then there exists a GDDλ1λ2

with block sizes from K of type[∑
x∈G1

w(x),
∑
x∈G2

w(x), . . . ,
∑
x∈Gt

w(x)

]
.

Analogous to pairwise balanced designs, when the blocks of a group divisible design

of type gu can be partitioned into parallel classes so that each point occurs exactly

once in each class, we call the GDD resolvable and denote it as RGDDλ(v,K) of type

gu. We would like to note that non-uniform GDDs have no hope of being resolvable,

since the replication numbers of points in different-sized groups are different (this is

an issue since each parallel class will cover all points exactly once). As with PBDs,

this adds the necessary condition that

gu ≡ 0 (mod k) (2.8)

since in order for a single parallel class to exist we must be able to partition the gu

vertices into Kk-blocks. Notice that (2.7) and (2.8) clearly imply that (2.6) is also

satisfied.

Example 2.20. RGDD(v, k) of type k
v
k from a RPBD(v, k)

We can construct a resolvable GDD on v points with blocksize k from a resolvable

PBD with the same parameters by taking the blocks from one parallel class to be the

groups of the GDD. Since λ = 1 in the PBD, the pairs of points in these groups will no

longer be covered by a block (since we are using the only block that covered them as

a group instead). Below we give the groups and blocks of a RGDD(9, 3) constructed

in this way from the RPBD(9, 3) given in Example 1.8 and seen in Figure 1.2. The

parallel classes are listed as rows in Table 2.2.
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A uniform RGDD(9, 3) of type 33

Groups Blocks

{1, 2, 3} {1, 4, 7} {2, 5, 8} {3, 6, 9}
{4, 5, 6} {1, 5, 9} {2, 6, 7} {3, 4, 8}
{7, 8, 9} {1, 6, 8} {2, 4, 9} {3, 5, 7}

Table 2.2: A RGDD(9, 3) of type 33

It was first shown in [31] by Liu, that (2.7) and (2.8) were asymptotically sufficient

when the number of groups u was large enough and the group size g was also large

enough, but he conjectured that the conditions were asymptotically sufficient for a

fixed group size where only u needs to be large.

Theorem 2.21. [31] Given integers k ≥ 2 and λ ≥ 1, there exists an RGDDλ(gu, k)

of type gu for all sufficiently large integers g and u satisfying (2.7) and (2.8).

Liu’s conjecture was later proved by Chan, Dukes, Lamken, and Ling in [6].

Theorem 2.22. [6] Given integers k ≥ 2 and g, λ ≥ 1, there exists an RGDDλ(gu, k)

of type gu for all sufficiently large integers u satisfying (2.7) and (2.8).

If we relax this condition slightly so the blocks can be partitioned into classes with

each class missing precisely one group each, we have a (K,λ)-frame, defined formally

below in Definition 2.23.

Definition 2.23. Let X be a set of v elements and G = {G1, G2, . . . , Gu} be a

partition of X. Let λ ≥ 1 and K be a set of positive integers. A (K,λ)-frame is

a group divisible design (X,G,B) whose blocks are subsets of X each of cardinality

k for some k ∈ K where pairs of points from different groups are covered precisely

λ times each (points from the same group are not covered at all) and blocks can be

partitioned into partial parallel classes so that each partial parallel class partitions

X −Gi, for some Gi ∈ G.

Since frames are simply GDDs with a special partial resolution condition, we are

able to refer to their type and whether or not they are uniform in the same way as we

did for GDDs. We would also like to note that a ({k}, k− 1)-frame of type 1v is also

know as a near-resolvable design, where exactly one point is missed in each parallel

class.
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Example 2.24. A ({3}, 1)-Frame of type 24.

In Table 2.3 is an example of a frame on 8 points with groups of size 2 and blocks

of size 3. As in Table 2.2, the frame partial classes are displayed in the rows of the

table (with the group they miss in the same row).

A ({3}, 1)-Frame of type 24

Groups Blocks

{1, 5} {2, 6, 7} {3, 4, 8}
{2, 4} {1, 6, 8} {3, 4, 7}
{3, 6} {1, 4, 7} {2, 5, 8}
{7, 8} {1, 2, 3} {4, 5, 6}

Table 2.3: A ({3}, 1)-Frame of type 24

As with GDDs, we will mainly be concerned with uniform frames with constant

block size here unless otherwise stated (in Chapter 5 we will use non-uniform frames

and in Chapter 6 we will discuss frames with graph blocks). The necessary conditions

for frames are very similar to those for GDDs. Here we need u ≥ k + 1 instead of

u ≥ k since we need to able to miss a group in each partial parallel class. Now in

order to have a partial parallel class that misses a single group we must be able to

partition the g(u− 1) points into blocks of size k; thus, we need

g(u− 1) ≡ 0 (mod k). (2.9)

Notice that each group must be missed by the same number of partial parallel

classes. In what follows, we will refer to this number as m. Each time a group is not

missed, there are an equal number of pairs (one point in the group) covered since we

have a uniform frame and so all groups have the same number of points. Now since

each point in the design needs to occur with the same number of other points, we

must have that each group is missed m times each. We would now like to calculate

m, because we will need an arithmetic condition to ensure that m is integral.

First, we note that each group is touched by precisely m(u − 1) frame classes.

This is because there are u− 1 other groups missed (uniquely) by each of m classes.

Thus, we must have the replication number r = m(u − 1), since a point will appear

within exactly one block in each partial class that does not miss its group. We need

gu points to occur r times each within the λu(u−1)g2

k(k−1)
blocks each containing k points;
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thus,

rgu =
λu(u− 1)g2

k − 1
.

Plugging in r = m(u− 1) and solving for m gives

m =
λg

k − 1
;

and hence, to ensure that m is integral we need

λg ≡ 0 (mod k − 1). (2.10)

We would like to point out that (2.9) and (2.10) guarantee that (2.6) and (2.7) will

also be satisfied.

The asymptotic existence of uniform frames of index λ is simply an application of

the main result by Lamken and Wilson in [30] on edge-coloured graph decompositions,

which we will discuss in more detail in the next chapter. Details on how to apply the

result in [30] to uniform frames can be found in [5] and a similar method will be used

in Chapter 3 when we apply the results of [30] to prove the asymptotic existence of

σ-frames.

Theorem 2.25. [5] Let k, g, λ be positive integers with k ≥ 2 satisfying (2.10). There

exists a ({k}, λ)-frame of type gu for all sufficiently large integers u satisfying (2.9).

Before we discuss σ-frames, we give a well-known construction of resolvable PBDs

that makes use of frames. In Chapter 4 we will extend this construction to obtain

σ-resolvable PBDs using σ-frames, defined below.

Theorem 2.26. (Filling in groups) Suppose there is a frame with group sizes gi

for i = 1, 2, . . . , u. Suppose also that there exists a resolvable PBDλ(gi + h, k) with a

resolvable subdesign of order h for i = 1, 2, . . . , u−1, and a resolvable PBDλ(gu+h, k)

with no condition needed on subdesigns. Then there exists a resolvable PBDλ(g1 +

g2 + · · ·+ gu + h, k). Furthermore, each ingredient PBD occurs as a subdesign in the

resultant design.

We would like to relax the resolvability condition even further so that classes cover

points exactly σ times in all but one group of the GDD and call this a σ-resolvable

(K,λ)-frame, or simply a σ-frame.
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Definition 2.27. Let X be a set of v elements and G = {G1, G2, . . . , Gu} be a

partition of X. Let λ ≥ 1 and K be a set of positive integers. A σ-resolvable (K,λ)-

frame is a group divisible design (X,G,B) whose blocks are subsets of X each of

cardinality k for some k ∈ K where pairs of points from different groups are covered

precisely λ times each (points from the same group are not covered at all) and blocks

can be partitioned into classes so that each class contains the points in X − Gi, for

some Gi ∈ G exactly σ times each (and none of the points of Gi).

Clearly, a 1-frame is simply a frame, since each of the classes will cover the points

in every group except one exactly once.

We will discuss σ-frames in more detail in the next chapters; in particular, the

necessary conditions required for the existence of σ-frames will be given in Section

3.2 and a proof of their asymptotic existence will be given in Section 3.3. The proof

will apply the result by Lamken and Wilson on graph decompositions in [30].
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Chapter 3

Coloured Graph Decompositions

and σ-Frames

3.1 The Lamken-Wilson Theorem

In 2000, a very important extension to Wilson’s earlier work was published by

Lamken and Wilson in [30]. They were able to extend the main result in [48] to

allow arcs of different colours as well as the ability to choose G-blocks from a family

of directed graphs G. In other words, they wanted to decompose the edge-r-coloured

complete digraph, K
(r)
v , (the directed complete graph on v vertices that has all possible

arcs for each of r distinct colours) into subgraphs isomorphic to graphs in G, a family

of edge-r-coloured subdigraphs. All the previous results focussed on decomposing

into a single graph. These variations require more complicated necessary conditions

than Wilson needed in Theorem 2.8 that we will now discuss in detail.

We begin with some necessary notation. Akin to what Wilson did with one colour

in [48], we need the number of arcs of each colour in E(G) (for all G ∈ G) to divide

the total number of arcs of each colour in K
(r)
v , namely v(v − 1). So, define κ(G) =

(m1,m2, . . . ,mr) for each G ∈ G, where mi is the number of arcs of colour i in G, and

let β(G) be the greatest common divisor of the integers m such that (m,m, . . . ,m)

is in the integer span of the vectors κ(G) for G ∈ G. Since we need (v(v − 1), v(v −
1), . . . , v(v − 1)) to be in this integer span, we must demand that

v(v − 1) ≡ 0 (mod β(G)).
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Next, we need to ensure that the analogous local condition is satisfied. Since

Lamken and Wilson were considering directed graphs, the greatest common divisor

of the degrees in G (or the family of subgraphs G) must be calculated using the in

and out degrees at each vertex for each colour, so we let deg−i (x) be the in-degree and

deg+
i (x) the out-degree of colour i at vertex x. We will also need

τ(x) = (deg+
1 (x), deg−1 (x), deg+

2 (x), deg−2 (x), . . . , deg+
r (x), deg−r (x))

to represent the degree vector for vertex x. Then we define α(G) to be the greatest

common divisor of the integers t such that the 2r-vector (t, t, . . . , t) is in the integer

span of the degree vectors τ(x) for all x ∈ V (K
(r)
v ). This gives the second congruence

in Theorem 3.2 and ensures v−1 can be written as a linear combination of the degrees

of the vertices in G for each of the r colours.

Now we have established the necessary conditions for the extra edge-colour con-

straint, we also need to make sure that the family G of subgraphs is ‘admissible’.

Lamken and Wilson call G an admissible family if there exists a positive rational

linear relation

(1, 1, . . . , 1) =
∑
G∈G

cGκ(G) with all cG > 0.

This condition guarantees that there are no graphs in G that cannot be used in the

decomposition.

Example 3.1. Non-Admissible Family of Graphs.

Consider a family of graphs each coloured with two colours (say, red and blue) occur-

ring in an equal number of edges. Then, if in addition, we also include a single extra

graph with more red edges than blue edges, this extra graph will be useless in the

family. It will never be able to be used within the decomposition, since there will be

no way to ‘catch-up’ the number of blue edges used. Figure 3.1 shows such a family

of graphs with the right-most graph being useless within the family.

Note, though, that having both a graph with more red edges than blue and a

graph with more blue edges than red is possibly admissible.

We are now able to state the theorem that gives asymptotic existence of G-

decompositions of K
(r)
v .
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Figure 3.1: A Non-Admissible Family of Graphs

Theorem 3.2. [30] Let G be an admissible family of edge-r-coloured digraphs with

no multiple arcs in any of the r colours. Then there exists a G-decomposition of K
(r)
v

for all sufficiently large v satisfying the congruences

v(v − 1) ≡ 0 (mod β(G))

v − 1 ≡ 0 (mod α(G)).

Remark 3.3. Theorem 3.2 is stated here for λ = 1, but was proved for a vector of

possible λ values (allowing a different λ for each colour) in [30] using this result and

an extension involving only elementary techniques.

We will apply this very important theorem in Section 3.3 to prove the asymptotic

existence of uniform thick-frames (or σ-frames); however, before this is possible, we

must determine the necessary arithmetic conditions.

3.2 Necessary Conditions for σ-Frames

Consider a uniform σ-frame F of type gu with points fromX, groupsG1, G2, . . . , Gu

and blocks of size k.

Since F is a σ-frame, the blocks can be partitioned into partial σ-parallel classes;

that is, each class covers all points exactly σ times in all but one particular group

(for which it does not cover the points at all). Thus, since F is uniform, each class

must cover g(u − 1) points σ times each using only blocks of size k and hence, we

must have

σg(u− 1) ≡ 0 (mod k). (3.1)

As we did in the σ = 1 case, we let m be the number of partial parallel classes

that miss a Gi and as usual, r is the number of times a point is covered in the design.
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Note, as before, when the frame is uniform m is the same for each group. In Chapter

4 we will calculate m(G) in the non-uniform case, where groups of different sizes will

be missed a different number of times.

Now, consider x ∈ X, and in particular let x ∈ Gi. In each class that does not

miss Gi, x is covered exactly σ times. The number of classes in which Gi is not missed

must be m(u− 1), since Gi is not missed whenever another Gj is missed and each of

the other u− 1 groups is missed in exactly m classes; and hence,

r = σm(u− 1). (3.2)

Notice that F must have

b =
λ
(
u
2

)
g2(

k
2

)
blocks in order to cover all the pairs exactly λ times. Since b must be an integer, we

obtain our global necessary condition:

λg2u(u− 1) ≡ 0 (mod k(k − 1)). (3.3)

Also, we would like to ensure we can cover each of the gu points exactly r times

overall, with each block covering k points, yielding

rgu =
λu(u− 1)g2

k(k − 1)
k,

and thus, after solving for r, we have that

r =
λg(u− 1)

k − 1
. (3.4)

Putting (3.2) and (3.4) together and solving for m we see that

m =
λg

σ(k − 1)
; (3.5)

and so, in order for a uniform σ-frame to exist we have the following condition on our

parameters:

λg ≡ 0 (mod σ(k − 1)). (3.6)
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Notice that this congruence does not depend on u and so only restricts our choice of

initial parameters.

In order for the frame to exist, we must be able to cover the pairs containing a

particular point x ∈ X using blocks of size k, which cover k − 1 pairs containing x

whenever x appears within a block. Notice that for each x ∈ X, we would like to

pair x with precisely g(u − 1) other points (every point in a different group from x)

λ times each using blocks that cover k − 1 of the pairs each time x occurs within a

block; hence

λg(u− 1) ≡ 0 (mod k − 1).

However, we need to also be able to group the blocks containing x into σ-partial classes

where x will appear in σ blocks. Thus, we obtain our local necessary condition:

λg(u− 1) ≡ 0 (mod σ(k − 1)). (3.7)

We would like to point out that knowing (3.1) and (3.6) are satisfied implies

that (3.3) and (3.7) are also satisfied. Clearly, (3.7) follows directly from (3.6), since

λg(u − 1) is simply a multiple of λg. Now, (3.3) follows from the fact that (3.1)

and (3.6) imply λσg2(u − 1) ≡ 0 (mod σk(k − 1)), or equivalently λg2(u − 1) ≡ 0

(mod k(k − 1)). In the following section, we will prove that if (3.1) and (3.6) are

satisfied and u is large enough, then a σ-frame of type gu exists whenever possible.

This result is written more formally below.

Theorem 3.4. Let λ, g, k be positive integers where λg ≡ 0 (mod σ(k − 1)). Then

there exists a σ-frame of type gu, block size k, and index λ for all sufficiently large u

satisfying

σg(u− 1) ≡ 0 (mod k).

We will prove Theorem 3.4 in Section 3.3 by showing it is implied by the existence

of a particular graph decomposition and using the main result by Lamken and Wilson

in [30].

3.3 Graph Decompositions and σ-Frames

We begin this section, and the proof of Theorem 3.4, by defining a family of

directed coloured graphs involved in the decomposition that we claim is equivalent

to a σ-frame. Once we have described the decomposition and demonstrated that the
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two are equivalent, we will then show that the decomposition exists by verifying that

it satisfies the necessary conditions given in Theorem 3.2.

Suppose we have positive integers λ, σ, g and k with λg ≡ 0 (mod σ(k − 1)).

Define m = λg
σ(k−1)

, S = {1, 2, . . . , g} and M = {1∗, 2∗, . . . ,m∗} (we use * notation

only to differentiate the elements of S from the elements of M). Let f : V (Kk)→ S

be a vertex-labelling of Kk using labels from S and let l∗ ∈M . Now for each labelling

f and element l∗ ∈ M , define an edge-coloured directed graph, Gfl∗ , isomorphic to

Kk with an extra vertex, denoted ∞, where for each x, y ∈ V (Kk) the directed edge

(x, y) ∈ E(Gfl∗) and is coloured (f(x), f(y)) ∈ S × S and for each x ∈ V (Kk) the

directed edge (x,∞) ∈ E(Gfl∗) and is coloured (f(x), l∗) ∈ S ×M .

Let G be the collection of all the Gfl∗ over all possible labellings f and elements

l∗ of M . Now, for u large enough and satisfying the necessary conditions (3.1), we

wish to decompose Kλλλ
u , where λλλ = (λjg2 , σjgm), into graphs from G. Here λλλ gives the

number of arcs of each colour at each vertex in the

Fact 3.5. The existence of a decomposition of Kλλλ
u , where λλλ = (λjg2 , σjgm), into graphs

from G is equivalent to the existence of a σ-frame of type gu, block size k and index

λ.

To see the equivalence we let

• the vertices of Kλλλ
u represent the groups of the frame,

• the arcs of Kλλλ
u with colours in S×S represent edges from one group to another

in the frame, with the colours indicating exactly which vertices within each

group the edge connects,

• the arcs of Kλλλ
u with colours in S ×M are used to distinguish which group each

partial parallel class misses.

In other words, an edge in Kλλλ
u coloured (f(x), f(y)) represents an edge from level

f(x) of group x to level f(y) in group y.

Now we would like to show that there exists a decomposition of Kλλλ
u into graphs

from G. To do this we will apply Lamken and Wilson’s main result from [30], so we

need to ensure that u satisfies the necessary conditions for this choice of λλλ and G.

Thus, we need to show

1. that the chosen family of graphs G is admissible (i.e. λλλ can be written as a

positive rational linear combination of µ(G) for G ∈ G),
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2. that u satisifies the global condition (i.e. µ(Kλλλ
u ) = u(u− 1)λλλ can be written as

an integral linear combination of the vectors µ(G) for G ∈ G),

3. that u satisfies the local condition (i.e. τ(Kλ
u ) = (u− 1)(λλλ,λλλ) can be written as

an integral linear combination of the vectors τ(G, x) for G ∈ G and x ∈ V (G)).

3.3.1 Admissibility

In order to show that µ(Kλλλ
u ) can be written as a positive rational linear combi-

nation of the µ(Gfl∗)’s, we will begin by computing
∑

f,l∗ µ(Gfl∗). We first count

how many of the Gkl∗ have a fixed edge (x, y) coloured (i, j) ∈ S × S. If we know

that (x, y) is coloured (i, j), then we know that f(x) = i and f(y) = j; there are

gk−2 functions f with x and y labelled this way (since we can label the other k − 2

vertices with any of the g possible labels). We can also label the ∞ vertex using one

of the m options. Doing this over all k(k − 1) (directed) edges, we get that there are

k(k − 1)mgk−2 edges with colour (i, j) ∈ S × S within all the Gfl∗ ’s.

Now we focus our attention on the colours in S ×M that are used to colour the

(x,∞) edges. We use a similar count as before, so let’s fix colour (i, l∗) on edge (x,∞).

Thus, we know that f(x) = i and that the ∞ vertex is labelled l∗. There are gk−1

ways to label the other k − 1 vertices; and so, when we sum over all k edges (x,∞),

we find that the colour (i, l∗) ∈ S ×M is used kgk−1 on edges over all the Gfl∗ ’s.

Given the two counts above, we know that∑
f,l∗

µ(Gfl∗) = (k(k − 1)mgk−2jg2 , kg
k−1jgm)

= kgk−1

(
(k − 1)m

g
jg2 , jgm

)
.

And after plugging in m = λg
σ(k−1)

we have

∑
f,l∗

µ(Gfl∗) = kgk−1

(
λ

σ
jg2 , jgm

)
=

kgk−1

σ
(λjg2 , σjjjgm)

=
kgk−1

σ
λλλ.
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This proves that λλλ can be written as a positive rational linear combination of the

µ(Gfl∗)’s (since k, g, σ ∈ N).

3.3.2 The Global Condition

Here our goal is to show that µ(Kλλλ
u ) = u(u−1)λλλ can be written as an integral linear

combination of the vectors µ(G) for G ∈ G, which we will do by taking advantage of

the following lemma, see [39] for a proof.

Lemma 3.6. Given an m×n rational matrix M and a rational vector ccc of length m,

the equation Mxxx = ccc has an integral solution xxx if and only if for all rational vectors

yyy such that yyyᵀM is integral whenever yyyᵀ · ccc is integral.

We apply the lemma by letting M be a matrix that contains the vectors µ(Gfl∗)

as columns (so M has size (g2 + gm)× (gkm)) and ccc = u(u− 1)λλλ. Now suppose that

there is a yyy ∈ Qg2+gm with yyyᵀM ∈ Zgkm. For notational convenience we will denote

yyy as the concatenation of two vectors: www of length g2 with entries wij indexed by the

colours in S×S and zzz of length gm with entries zil∗ indexed by the colours in S×M ,

so yyy = (www, zzz). Notice that yyyᵀM integral means that yyyᵀ · µ(Gfl∗) ∈ Z for all Gfl∗ ∈ G.

So in other words, for each particular Gfl∗ we have that∑
(i,j)∈S×S

|{(b, c) : f(b) = i, f(c) = j}|wij +
∑
i∈S

|{b : f(b) = i}| zil∗ ≡ 0 (3.8)

where b, c ∈ V (Kk), (b, c) ∈ E(Gfl∗) and the congruence is taken modulo 1 and should

be considered as such unless otherwise stated.

Notice that for a particular Gfl∗ , f and l∗ are determined, so the second sum

above does not need to sum over all (i, j∗) ∈ S×M since there are no edges coloured

(i, j∗) in Gfl∗ for j∗ 6= l∗ so those entries in µ(Gfl∗) will be zero.

Now we would like to show that yyyᵀ · ccc ∈ Z. In other words, we need to show that

yyyᵀ · ccc = λu(u− 1)
∑

(i,j)∈S×S

wij + σu(u− 1)
∑

(i,l∗)∈S×M

zil∗ ≡ 0.

We begin by choosing particular labellings, that use only two labels i and j, and

let l∗ ∈M vary. First, we consider the labelling f1 where f1(x) = i for all x ∈ V (Kk).
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Applying the equivalence in (3.8) to graphs in G that use this labelling we obtain

k(k − 1)wii + kzil∗ ≡ 0 (3.9)

since all k(k− 1) directed edges between vertices in V (Kk) will be coloured (i, i) and

arcs from each of the k vertices in Kk to the ∞ vertex will all be coloured (i, l∗).

Before we move on to our next labelling, we would like to note that by varying

our choice of l∗ ∈M in (3.9) and subtracting, we obtain that

kzil∗ ≡ kzir∗ . (3.10)

Now, the next labelling we consider has only one vertex labelled j. Let x0 ∈ V (Kk)

and consider the labelling f2 that labels all vertices in Kk with i except x0 which is

labelled j. Then, we apply (3.8) to Gf2l∗ noticing that there will be k − 1 (the

indegree/outdegree at each vertex in Kk) edges with colour (i, j) and (j, i), with the

remaining k(k − 1)− 2(k − 1) = (k − 1)(k − 2) edges in Kk getting the colour (i, i);

thus, yielding the following equivalence

(k − 1)(wij + wji) + (k − 1)(k − 2)wii + (k − 1)zil∗ + zjl∗ ≡ 0. (3.11)

When exactly two vertices of Kk are labelled j (with the rest labelled i), there will

be 2k− 4 edges coloured (i, j) and (j, i), two edges coloured (j, j), and (k− 2)(k− 3)

edges (between the remaining k − 2 vertices) coloured (i, i). Thus,

(2k − 4)(wij + wji) + 2wjj + (k − 2)(k − 3)wii + (k − 2)zil∗ + 2zjl∗ ≡ 0. (3.12)

Notice that if we add (3.9) to (3.12) and subtract twice (3.11) we obtain

2(wii + wjj) ≡ 2(wij + wji). (3.13)

Also, (3.11) minus (3.9) yields

(k − 1)(wij + wji) + zjl∗ ≡ 2(k − 1)wii + zil∗ . (3.14)

Note that σmu(u − 1) = λgu(u−1)
k−1

∈ Z; and hence, we know that k − 1 divides

λgu(u− 1). Also, since λgu(u−1)
k−1

is a multiple of m and we can choose whatever label

l∗ ∈ M we desire, we can evenly distribute our selection so that each label l∗ occurs
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equally often (σu(u − 1) times each). In other words, we can add (3.14) to itself
λgu(u−1)
k−1

times varying l∗ ∈M so that each one occurs σu(u− 1) times each; thus,

λgu(u− 1)(wij + wji) + σu(u− 1)
∑
l∗∈M

zjl∗ ≡ 2λgu(u− 1)wii + σu(u− 1)
∑
l∗∈M

zil∗ .

Now, since u(u−1) is necessarily even, we can apply (3.13) to the above equivalence

and obtain

λgu(u− 1)(wii + wjj) + σu(u− 1)
∑
l∗∈M

zjl∗ ≡ 2λgu(u− 1)wii + σu(u− 1)
∑
l∗∈M

zil∗ ,

which implies that

λgu(u− 1)wjj + σu(u− 1)
∑
l∗∈M

zjl∗ ≡ λgu(u− 1)wii + σu(u− 1)
∑
l∗∈M

zil∗ . (3.15)

Now we turn our focus back to yyyᵀ · ccc.

yyyᵀ · ccc = λu(u− 1)
∑

(i,j)∈S×S

wij + σu(u− 1)
∑

(i,l∗)∈S×M

zil∗

=
λu(u− 1)

2

∑
(i,j)∈S×S

2wij + σu(u− 1)
∑

(i,l∗)∈S×M

zil∗ .

We pair up the terms 2wij and 2wji in the first sum above and apply (3.13). Notice

that each i ∈ S will appear in exactly g − 1 such pairs with another label in S, so

after applying (3.13), wii will occur in the subsequent sum g times each. Therefore,

we have

yyyᵀ · ccc ≡ λu(u− 1)

2

∑
i∈S

2gwii + σu(u− 1)
∑

(i,l∗)∈S×M

zil∗

= λgu(u− 1)
∑
i∈S

wii + σu(u− 1)
∑

(i,l∗)∈S×M

zil∗

=
∑
i∈S

(
λgu(u− 1)wii + σu(u− 1)

∑
l∗∈M

zil∗

)
(3.16)

Now, given (3.15), we know that (3.16) is equivalent (modulo 1) for each i ∈ S
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and so can be simplified using a specific label in S, say 1. Thus,

yyyᵀ · ccc ≡ λg2u(u− 1)w11 + σgu(u− 1)
∑
l∗∈M

z1l∗ . (3.17)

Using a similar argument we can further simplify (3.17) by combining the fact

that k divides σg(u−1) (due to the necessary condition (3.1)) with (3.10) we see that

the integrality of kz1l∗ does not depend on the choice of l∗, so again we may use any

label from M , say 1∗ and obtain

yyyᵀ · ccc = λg2u(u− 1)w11 +
σgu(u− 1)

k

∑
l∗∈M

kz1l∗

≡ λg2u(u− 1)w11 + σgmu(u− 1)z11∗ . (3.18)

Finally, if we take i = 1 and l∗ = 1∗ in (3.9) we have k(k−1)w11 +kz11∗ ≡ 0. Now

combining this with the fact that k divides σgu(u − 1) (required by the necessary

condition (3.1)), we know that

σmgu(u− 1)

k
(k(k − 1)w11 + kz11∗) ≡ 0;

and hence,

λg2u(u− 1)w11 + σmgu(u− 1)z11∗ ≡ 0.

Therefore, given the expression for yyyᵀ·ccc in (3.18), we can finally conclude that yyyᵀ·ccc ≡ 0

(mod 1) and hence yyyᵀ · ccc ∈ Z. And thus, given Lemma 3.6, there exists an integer

solution xxx in Mxxx = ccc, so u(u− 1)λλλ ∈ spanZ {µ(G) | G ∈ G}.

3.3.3 The Local Condition

In this section we will again take of advantage of Lemma 3.6 in order to show

that the vector (u − 1)(λλλ,λλλ) can be written as an integer linear combination of the

vectors τ(Gfl∗ , x), where Gfl∗ ∈ G, x ∈ V (Gfl∗), and (λλλ,λλλ) is the concatenation of λλλ

with itself.

Here we let M be the 2(g2 + gm) × m(k + 1)gk matrix that contains all the

τ(G, x) vectors as its columns, ccc = (u − 1)(λλλ,λλλ), and let yyy ∈ Q2(g2+gm) such that

yyyᵀ · M ∈ Zm(k+1)gk . As we did when proving the global condition, for notational

convenience we will denote yyy as the concatenation of the vectors www− and www+, each of
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length g2 with entries w−ij and w+
ij respectively, indexed by the colours in S × S, and

zzz− and zzz+, each of length gm with entries z−il∗ and z+
il∗ respectively, indexed by the

colours in S ×M , so yyy = (www−, zzz−, www+, zzz+).

Now yyyᵀ ·M being integral implies that yyyᵀ · τ(Gfl∗ , x) is an integer for all Gfl∗ ∈ G
and all x ∈ V (Gfl∗). So in other words, when x is not the infinity vertex of Gfl∗ and

is labelled with j ∈ S, we must have∑
i∈S

|{b : f(b) = i}|(w−ij + w+
ij) + z+

jl∗ ≡ 0. (3.19)

Notice that in τ(Gfl∗ , x) the only colour in S×M present at x is (j, l∗) and hence all

the terms indexed by other colours in S ×M will be 0.

Also, when x is the infinity vertex of Gfl∗ , we have∑
i∈S

|{b : f(b) = i}|z−il∗ ≡ 0. (3.20)

Now, as we did for the global condition, we will consider particular labellings and

therefore particular graphs in G. First we take the labelling f1 that gives all vertices

of Kk label i, so (3.19) and (3.20) with Gf1l∗ tells us that

(k − 1)(w−ii + w+
ii ) + z+

il∗ ≡ 0 and (3.21)

kz−il∗ ≡ 0. (3.22)

If we instead use the labelling f2 where exactly one vertex x is labelled j and all

others are labelled i we obtain

(k − 1)(w−ij + w+
ij) + z+

jl∗ ≡ 0 and (3.23)

(k − 1)z−il∗ + z−jl∗ ≡ 0. (3.24)

And lastly, let f3 label exactly two vertices with j and all others with i; then

(k − 2)(w−ij + w+
ij) + (w−jj + w+

jj) + z+
jl∗ ≡ 0. (3.25)

Before we begin to consider yyyᵀ · ccc we will combine these integral conditions con-

taining the entries of yyy in various ways to be used later. First, we subtract (3.23)
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from (3.25) which yields

w−ij + w+
ij ≡ w−jj + w+

jj (3.26)

and subtract (3.22) from (3.24) to obtain

z−jl∗ ≡ z−il∗ . (3.27)

Next we subtract two versions of (3.21) for different choices l∗, r∗ ∈M to obtain

z+
il∗ ≡ z+

ir∗ . (3.28)

Now if we turn our attention to yyyᵀ · ccc, we obtain

yyyᵀ · ccc = λ(u− 1)
∑

(i,j)∈S×S

(w−ij + w+
ij) + σ(u− 1)

∑
(i,l∗)∈S×M

z+
il∗ + σ(u− 1)

∑
(i,l∗)∈S×M

z−il∗

≡ λg(u− 1)
∑
i∈S

(w−ii + w+
ii ) + σ(u− 1)

∑
(i,l∗)∈S×M

z+
il∗ + σ(u− 1)

∑
(i,l∗)∈S×M

z−il∗ ,

where the equivalence follows from (3.26) and the fact that each label i will occur in

the initial sum g times in total (once with itself and once with each of the g− 1 other

labels). Next, we apply (3.28) and (3.27) which gives

yyyᵀ · ccc ≡ λg(u− 1)
∑
i∈S

(w−ii + w+
ii ) + σm(u− 1)

∑
i∈S

z+
i1∗ + σg(u− 1)

∑
l∗∈M

z−1l∗ ,

=
∑
i∈S

(
λg(u− 1)(w−ii + w+

ii ) + σm(u− 1)z+
i1∗

)
+ σg(u− 1)

∑
l∗∈M

z−1l∗ .

Now, since we have that k | σg(u− 1), we can write

yyyᵀ · ccc =
∑
i∈S

(
λg(u− 1)(w−ii + w+

ii ) + σm(u− 1)z+
i1∗

)
+
σg(u− 1)

k

∑
l∗∈M

kz−1l∗

≡
∑
i∈S

(
λg(u− 1)(w−ii + w+

ii ) + σm(u− 1)z+
i1∗

)
, (3.29)

where the congruence follows from (3.22).

If we take (3.25) minus (3.21) and use the fact given in (3.26) we obtain

(k − 1)(w−jj + w+
jj) + zjl∗ ≡ (k − 1)(w−ii + w+

ii ) + zil∗ . (3.30)
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Applying the congruence given in (3.30) to (3.29) we are able to simplify the sum by

selecting any label for i, say 1; thus,

yyyᵀ · ccc ≡ g
(
λg(u− 1)(w−11 + w+

11) + σm(u− 1)z+
11∗

)
. (3.31)

Finally, if we take i = 1 and l∗ = 1∗ in (3.21), we have (k−1)(w−11 +w+
11)+z+

11∗ ≡ 0.

Multiplying this by the integer σm(u− 1) gives

σm(u− 1)(k − 1)(w−11 + w+
11) + σm(u− 1)z+

11∗ ≡ 0

σ

(
λg

σ(k − 1)

)
(u− 1)(k − 1)(w−11 + w+

11) + σm(u− 1)z+
11∗ ≡ 0

λg(u− 1)(w−11 + w+
11) + σm(u− 1)z+

11∗ ≡ 0;

and hence, we must have that yyyᵀ · ccc ≡ 0 (mod 1) or in other words, yyyᵀ · ccc ∈ Z. And

thus, given Lemma 3.6, we can conclude that the local condition is satisfied.
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Chapter 4

Thickly Resolvable Constructions

This chapter is devoted to proving facts about thickly-resolvable designs as well

as adapting some famous constructions to include thick-resolvability.

In Section 3.2 we saw in a uniform σ-frame that each group is missed by partial

σ-classes an equal number of times, in particular, each group will be missed exactly

m = λg
σ(k−1)

times. We begin this chapter by generalizing this result to include the

case of non-uniform frames. In order to do this, we define m(G) to be the number of

partial σ-classes that miss the group G of a σ-frame.

Lemma 4.1. Consider a σ-resolvable ({k}, λ)-frame (X,Π,B), where |X| = v. For

each G ∈ Π,

m(G) =
λ|G|

σ(k − 1)
.

Proof. We begin our proof by counting the number of blocks in the frame in two

ways. First, there are σ(v−|G|)
k

blocks in each partial σ-class that misses G since each

of the v − |G| points is covered σ times each by blocks of size k; thus,

b =
∑
G∈Π

m(G)
σ(v − |G|)

k
. (4.1)

We can also count the number of blocks by considering how many times each

point occurs. Let rx be the number of blocks containing x ∈ X. Now, in any GDD,

we know that each point not in G must occur in exactly λ blocks with x and in each

block that x occurs, it occurs with k − 1 other points, giving us

rx(k − 1) = λ(v − |G|). (4.2)
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Thus,

bk =
∑
G∈Π

∑
x∈G

rx.

=
∑
G∈Π

|G|λ(v − |G|)
k − 1

;

and so, we also have that

b =
∑
G∈Π

|G|λ(v − |G|)
k(k − 1)

. (4.3)

Putting (4.1) and (4.3) together and moving everything to one side, we obtain

∑
G∈Π

v − |G|
k

(
σ ·m(G)− λ|G|

k − 1

)
= 0. (4.4)

Also, since each x ∈ G occurs σ times in each partial σ-class except those that miss

G, we must have that rx =
(∑

H∈Π σ ·m(H)
)
− σ ·m(G). Now, using (4.2), we have

λ(v − |G|)
k − 1

=

(∑
H∈Π

σ ·m(H)

)
− σ ·m(G),

which implies (∑
H∈Π

σ ·m(H)

)
− λv

k − 1
= σ ·m(G)− λ|G|

k − 1
. (4.5)

Plugging (4.5) into (4.4), we get

∑
G∈Π

v − |G|
k

(∑
H∈Π

σ ·m(H)− λv

k − 1

)
= 0.

Now, since v−|G|
k

is positive for each G ∈ Π and the bracketed portion is a constant,

we must have that ∑
H∈Π

σ ·m(H)− λv

k − 1
= 0,

which implies that ∑
H∈Π

m(H) =
λv

σ(k − 1)
.
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Thus, returning to (4.5) and solving for m(G) we have

m(G) =
1

σ

∑
H∈Π

σ ·m(H)− λv

σ(k − 1)
+

λ|G|
σ(k − 1)

=
λv

σ(k − 1)
− λv

σ(k − 1)
+

λ|G|
σ(k − 1)

=
λ|G|

σ(k − 1)
.

The next result is an extension of a famous and extremely useful construction of

Richard Wilson in [46], stated as Theorem 2.19 in Chapter 2. We will make use of

this extension in Section 5.3 to prove the existence of certain non-uniform σ-frames

that are crucial within the proof of Theorem 1.19.

Lemma 4.2. (Wilson’s Fundamental Construction) Let (X,Π,B) be a GDD with

block sizes from K and index λ = 1, and let w : X → N ∪ {0} be a weight function

on X. Suppose, for each block B ∈ B, that there exists a σ-resolvable ({k}, λ)-frame

with group sizes w(x) for x ∈ B. Then there exists a σ-resolvable ({k}, λ)-frame with

group sizes
∑

x∈Gw(x) for each group G ∈ Π.

Proof. We will construct the new σ-frame (X ′,Π′,B′). We begin by defining the

new point set: for each x ∈ X, let S(x) = {x1, x2, . . . , xw(x)} and let

X ′ =
⋃
x∈X

S(x),

so |X ′| =
∑

x∈X w(x). Now, we define the new group set to be

Π′ =

{⋃
x∈G

S(x) : G ∈ Π

}
.

It is clear that these groups have the desired sizes and so the frame will have the

desired type. Finally, the more difficult part, we must form the new block set and

check that it is pairwise-balanced and partitions into partial σ-classes. For each block

B ∈ B of the initial GDD, we consider the σ-frame to be on the point set ∪x∈BS(x)

with groups S(x) for each x ∈ B and block set B(B). Then we set

B′ =
⋃
B∈B

B(B).
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In order to show that B′ is pairwise-balanced, we need to show that pairs of points

from different groups of Π′ occur in exactly λ blocks and pairs of points from the same

group do not occur together in any block. We would like to point out that it is well-

known that this type of construction will result in a pairwise-balanced GDD, but we

include a brief discussion for completeness.

So, let’s consider any pair {xi, yj}, where xi ∈ S(x) and yj ∈ S(y) for x, y ∈ X.

• Suppose xi and yj are from different groups of Π′: In this case, x and y must

have been from different groups of Π. Thus, there is exactly one block B ∈ B
containing {x, y} and within the σ-frame on ∪x∈BS(x) the pair {xi, yj} will be

in exactly λ blocks of B(B) and hence in exactly λ blocks of B′.

• Suppose xi and yj are from the same group of Π′: In this case, either x and y

were from the same group of Π (and hence there is no block in B containing

{x, y}) or yj = xl for some l 6= i ∈ {1, 2, . . . , w(x)}. In the latter case, we note

that in all blocks of B containing x, xi, xl ∈ S(x) will occur in the same group

in all the frames associated with each block on x and hence will never occur

together within a block.

Now, it only remains to show that the blocks of B′ resolve into partial σ-parallel

classes; in other words, we wish to show that the blocks can be partitioned so that

each point in X ′ \G, for some G ∈ Π′, occurs exactly σ times.

We first note that, according to Lemma 4.1 and the fact that |S(x)| = w(x), there

are exactly m(x) = λ·w(x)
σ(k−1)

partial σ-classes in each of the ingredient σ-frames that

miss the group S(x). We label each of these partial resolution classes arbitrarily from

1 to m(x) and define RB
x,i to be the i-th partial σ-resolution class missing the group

S(x) in the ingredient σ-frame associated with block B.

Now, for each x ∈ Gi, we consider
⋃
B3xR

B
x,p for 1 ≤ p ≤ m(x). Notice that x will

appear with each other point y ∈ Gj (for i 6= j) in exactly one block B of B. Therefore,

each yl ∈ S(y) will occur in RB
x,p exactly σ times for each p ∈ {1, 2, . . . ,m(x)} and will

not appear in any other RB′

x,p′ (since B is the only block in the original GDD containing

both x and y). Thus, for each x ∈ Gi ∈ Π and each 1 ≤ p ≤ m(x),
⋃
B3xR

B
x,p forms

a partial σ-parallel class that misses the group G′i = {
⋃
x∈Gi S(x)} ∈ Π′. So, for each

x ∈ Gi, there are m(x) partial σ-resolution classes that miss G′i ∈ Π′. Finally, for
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each G′ ∈ Π′,

m(G′i) =
∑
x∈Gi

m(x)

=
λ
∑

x∈Gi w(x)

σ(k − 1)

=
λ|G′i|

σ(k − 1)
,

as desired.

Clearly the blocks have been partitioned so that each block belongs to exactly one

of the frame classes. Thus, (X ′,Π′,B′) is a σ-(k, λ)-frame.

We conclude this chapter with a construction that will be used frequently through-

out Chapters 5 and 6, mainly with subdesigns of order 1. For a PBD (V,B) we say

that the PBD (V0,B0) (with index λ) is a subdesign if V0 ⊆ V , B0 ⊆ B, and some

partition of B into σ-parallel classes induces a partition of B0 into σ-parallel classes.

This construction is an adaptation of a widely-used construction within the field of

asymptotic design theory that now handles the σ parameter (for any σ ≥ 1).

Lemma 4.3. (Filling in groups) Suppose there is a σ-frame with group sizes gi

for i = 1, 2, . . . , u. Suppose also that there exist a σ-resolvable PBDλ(gi + h, k)

with a σ-resolvable subdesign of order h for i = 1, 2, . . . , u − 1, and a σ-resolvable

PBDλ(gu + h, k) with no condition needed on subdesigns. Then there exists a σ-

resolvable PBDλ(g1 + g2 + · · ·+ gu + h, k). Furthermore, each ingredient PBD occurs

as a subdesign in the resultant design.

Proof. We begin by establishing some notation. We let (X,Π,B) be the ingredient

σ-frame, where Π = {Gi : |Gi| = gi and 1 ≤ i ≤ u} and X =
⋃u
i=1Gi. We also

define a new set of points H so that |H| = h and H ∩Gi = ∅ for all i.

Now to form the σ-resolvable PBD of order g1 + · · · + gu + h, for each 1 ≤ i ≤ u

we place the σ-resolvable PBD(gi +h, k, λ) onto Gi∪H and identify each of the u−1

ingredient σ-resolvable subdesigns of order h to H. Notice that in the PBDs with

subdesigns on H, blocks covering two points of H must cover only points of H, so we

will denote the set of blocks for the subdesign as B(H) and the set of remaining blocks

of the PBD (which will each contain at most one point of H) as Bi. We will now show

that the set of points X ′ = X∪H together with the block set B′ = B∪B1∪B2∪· · ·∪Bu
forms the desired σ-resolvable PBD.
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Clearly X ′ and blocks in B′ have the desired sizes, so we just need to show that

the pairs are each covered λ times and that the blocks can be resolved. It is not

difficult to show that pairs of points are covered λ times each, so we will only briefly

discuss it. Pairs from different groups will only be covered by the frame blocks in B,

pairs from the same group Gi will only be covered by blocks in Bi, pairs with one

point in Gi and one in H will also only be covered by blocks in Bi, and pairs from H

will only be covered by blocks in Bu (since blocks containing more than one point of

H were removed from Bi for 1 ≤ i ≤ u− 1). Thus, so far, we know that (X ′,B′) is a

PBD, but it remains to show that it is also σ-resolvable.

We would first like to note that the subdesigns in each of the u − 1 ingredient

PBDs are themselves also σ-resolvable; and so, we know that each subdesign has
λ(h−1)
σ(k−1)

σ-parallel classes.

Thus, in the PBD on Gi ∪ H for 1 ≤ i ≤ u − 1, since the blocks in B(H) were

removed, there are precisely λ(h−1)
σ(k−1

σ-parallel classes that are missing blocks and

containing only points of Gi. Thus, we can conclude there are λ((gi+h)−1)
σ(k−1)

− λ(h−1)
σ(k−1)

=
λgi

σ(k−1)
complete σ-parallel classes (that contain points of Gi ∪ H exactly σ times

each). Now to begin constructing σ-resolvable parallel classes we first take the partial

σ classes guaranteed by the σ-frame. We pair each of the λgi
σ(k−1)

partial σ-classes

missing the group Gi (for 1 ≤ i ≤ u − 1) with one of the λgi
σ(k−1)

complete σ-parallel

classes of the PBD on Gi ∪H, which we can do arbitrarily. We also pair each of the
λgu

σ(k−1)
partial σ classes missing the group Gu with a σ-parallel class from the PBD on

Gu ∪H. This we can do completely arbitrarily and will leave λ(h−1)
σ(k−1)

σ-parallel classes

unpaired. Finally, we pair each of these leftover classes on Gu ∪ H with one of the
λ(h−1)
σ(k−1)

reduced classes from each of the ingredient PBDs. Each of these pairings will

form a σ-parallel class on X ′. Thus, we have formed exactly

λg1

σ(k − 1)
+

λg2

σ(k − 1)
+ · · ·+ λgu

σ(k − 1)
+
λ(h− 1)

σ(k − 1)
=
λ(v + h− 1)

σ(k − 1)

σ-parallel classes using the blocks of B′.
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Chapter 5

Main Proof

The proof of Theorem 1.19 will be accomplished by first proving the necessary

tools in each of three broad steps. In Section 5.1 we will make use of the existence of

combinatorial configurations and apply a trick to construct one example of a thickly-

resolvable design. Then, in Section 5.2, we will make use of the existence of σ-frames,

proved in Chapter 3, to construct instances of thickly-resolvable designs (with the

required parameters) in each admissible congruence class, but modulo a larger period

than the desired period ab, where, as defined in Chapter 1, a = σ(k−1)
gcd(σ(k−1),λ)

and

b = k
gcd(k,σ)

. We will then, in Section 5.3, make use of non-uniform σ-frames with a

recursion similar to that in [6] to close out each congruence class and obtain eventual

periodicity modulo ab. Finally, we will put all these pieces together and complete the

proof in Section 5.4.

5.1 A First Example

We begin by using combinatorial configurations together with resolvable graph

designs to construct our first example of a general thickly-resolvable design with

parameters σ, k, and λ.

We first take an (nr,mk) configuration with r = σ and n =
pk,σk

gcd(k,σ)
= pk,σb, where

pk,σ is a prime chosen greater than a and b (guaranteeing that gcd(pk,σ, b) = 1) and

large enough to satisfy Theorem 2.14. We then construct a graph, which we will

denote as Gk,σ, by replacing each line of this configuration with a clique Kk on the

same set of points. Notice that this graph will be regular of degree σ(k − 1).

Now, using Theorem 2.12, we know that there exists a resolvable PBDλ(z,Gk,σ) for
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all sufficiently large integers z satisfying

z ≡ 0 (mod pk,σb) and z ≡ 1 (mod a). (5.1)

This follows since Gk,σ has pk,σb vertices and the regularity of Gk,σ implies that

the α∗ of Theorem 2.12 is σ(k − 1), yielding the necessary condition λ(z − 1) ≡ 0

(mod σ(k − 1)), which simplifies to the second congruence in (5.1).

Once we have this resolvable Gk,σ-decomposition, we can break up the Gk,σ-blocks

into Kk-blocks; this yields a Kk-decomposition of Kz, or alternatively, a PBDλ(z, k).

In fact, this design is also σ-resolvable since a parallel class in the Gk,σ-decomposition

becomes a σ-parallel class of cliques Kk. Each point of Kz occurs in exactly one

Gk,σ-block in each parallel class and hence it appears in exactly σ Kk cliques (since

we took r = σ in the configuration). Thus, it follows that there exists a σ-resolvable

PBDλ(z, k) when z is sufficiently large and satisfies the congruences given in (5.1).

Using this method, we have obtained an example of a σ-resolvable PBDλ(z, k),

our first thickly-resolvable design with the required parameters.

Figure 5.1 shows an example of a (152, 103)-configuration, drawn on a cylinder.

This configuration can be turned into a graph G3,2 by replacing lines with triangles,

or by extending adjacencies vertically to the torus. Figure 5.2 shows the configuration

given in Figure 5.1 as a graph with the lines replaced by triangles.

Figure 5.1: A (152, 103)-Configuration Figure 5.2: G3,2
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5.2 Constructions in Each Congruence Class

Now that we have an example of a σ-resolvable design, we use σ-frames to con-

struct instances of σ-resolvable designs in each admissible congruence class modulo

arbitrarily large periods. This result is stated as Proposition 5.2.

In order to prove Proposition 5.2, we will use a uniform σ-frame with group size

z − 1 and make use of Lemma 4.3 to fill in the groups with the thickly-resolvable

design obtained in the previous section on z points. We will also need the following

fact to complete the number theory involved.

Fact 5.1. gcd(k, σ(z − 1)) = gcd(k, σ)

Proof. Clearly gcd(k, σ) ≤ gcd(k, σ(z − 1)) since any number dividing σ must also

divide σ(z − 1). Now suppose g = gcd(k, σ(z − 1)). Then g | k and g | σ(z − 1)

and g is the largest such integer. First we notice that here we have a σ-resolvable

PBDλ(z, k), thus we must have that k | σz (since the necessary conditions must be

satisfied) and therefore g | σz. Now, writing σ = σz− σ(z− 1) we can easily see that

we must have g | σ. Therefore, gcd(k, σ(z − 1)) = gcd(k, σ).

The following proposition guarantees that for any admissible value x (satisfying

both necessary conditions), there is a thickly-resolvable design on some number of

points that is congruent to x modulo some larger period (that is divisible by the

desired period).

Proposition 5.2. Suppose x ≡ 1 (mod a) and x ≡ 0 (mod b). Let P be given with

ab | P . There exists a σ-resolvable PBDλ(v, k) for some integer v ≡ x (mod P ).

Proof. Write P = AB, where all prime factors of b occur in B and all other prime

factors occur in A, so that gcd(A,B) = gcd(b, A) = 1.

Using the method in Section 5.1, we start with a σ-resolvable PBDλ(z, k) where

z satisfies both conditions in (5.1). We now take a uniform σ-frame of type (z − 1)u

and index λ for u satisfying the frame condition given in (3.6) with g = z− 1. Notice

that z ≡ 1 (mod a) is equivalent to the condition λ(z−1) ≡ 0 (mod σ(k−1)), so the

group size satisfies the necessary condition on the parameters given in (3.6). Now we

make use of Lemma 4.3 to construct a σ-resolvable PBDλ(v, k) for v = u(z − 1) + 1.

To the σ-frame we add one point and fill each group together with the extra point,

using Lemma 4.3, with the σ-resolvable PBD of order z, identifying subdesigns of

order 1. This procedure results in a σ-resolvable PBDλ(v, k), so all that remains is
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to analyze the constructible values of v, which we do separately modulo A and B.

Recall that the only condition we have on our choice of u is σ(z − 1)(u − 1) ≡ 0

(mod k) or equivalently u ≡ 1 (mod k
gcd(k,σ(z−1))

), which, given Fact 5.1, reduces to

u ≡ 1 (mod k
gcd(k,σ)

). Thus, constructible values of u are u ≡ 1 (mod b). Also, as

given in (5.1), constructible values of z are precisely the values that are 0 (mod pk,σb)

and 1 (mod a).

Now, since constructible values of u only depend on b and gcd(A, b) = 1, they

must exhaust all possibilities modulo A. Notice, if we choose u and z so that u ≡ 1

(mod A) and z ≡ x (mod A), we guarantee that u ≡ 1 (mod a) and z ≡ x ≡ 1

(mod a). Using this selection of u and z we have

v = uz − u+ 1 ≡ (1)(x)− 1 + 1 ≡ x (mod A).

Modulo B, we can take u ≡ 1 (mod B) and by the selection of pk,σ we know

gcd(pk,σ, B) = 1 so we can take z ≡ x (mod B). Therefore, we have

v = uz − u+ 1 ≡ (1)(x)− 1 + 1 ≡ x (mod B).

Thus, using the Chinese Remainder Theorem, we know there exists a selection for u

and z with v ≡ x (mod P ).

5.3 Recursion

In this section we give two constructions that will enable us to close out each ad-

missible congruence class and obtain eventual periodicity modulo ab, where remember

a = σ(k−1)
gcd(σ(k−1),λ)

and b = k
gcd(k,σ)

.

Lemma 5.3. Suppose that there exists a σ-resolvable PBD(P + z, k, λ) containing a

σ-resolvable PBDλ(z, k) as a subdesign. Then for some s0 and all integers s ≥ s0,

there exists a σ-resolvable PBD(sP + z, k, λ) containing a σ-resolvable PBD(z, k, λ)

as a subdesign.

Proof. To prove this lemma we will apply Lemma 4.3. We first note that since

P = AB and a = σ(k−1)
gcd(σ(k−1),λ)

| A we know λP ≡ 0 (mod σ(k − 1)). Now since P

satisfies the necessary condition for the group size, we can appeal to Theorem 3.4

and conclude that there exists a σ-frame of type P s for sufficiently large s satisfying
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σP (s− 1) ≡ 0 (mod k) and since k necessarily divides σP already (since k | σb) the

equivalence is satisfied for all values of s.

We now take this σ-frame, add z additional points and apply Lemma 4.3 using

our ingredient PBD as the s ingredient PBDs of Lemma 4.3.

Lemma 5.4. For some positive integer m, there exists a σ-frame of type gmh1
1h

1
2 for

all sufficiently large integers g and any integers h1, h2 ≤ g with π | g, h1, h2.

Proof. We begin the proof by selecting an m such that there exist σ-frames of types

πm, πm+1, and πm+2. We know such a selection exists because σπ ≡ 0 (mod k); thus

the necessary condition in Theorem 3.4 is satisfied for any number of groups. So if

we select m large enough Theorem 3.4 guarantees the existence of σ-frames of type

πm and if m is large enough m+ 1 and m+ 2 must also be large enough.

We also take a TD(m + 2, g
π
), which exists by Theorem 2.17. We truncate the

last two groups of the TD down to sizes h1
π

and h2
π

. This will truncate some of the

blocks of the TD and so we now have blocks of sizes m, m + 1, and m + 2. Now we

apply the fundamental construction, Lemma 4.2, by giving a weight of π to all the

remaining points of the TD and use the appropriate σ-frame (depending on the block

size). This yields the desired σ-frame.

5.4 Proof of Theorem 1.19

We are now ready to prove our main result, Theorem 1.19, which is restated below

for convenience. Suppose in what follows that we are given parameters k, σ, and λ

for thickly resolvable designs.

Theorem 1.19. Let k ≥ 2, σ ≥ 1, and λ ≥ 0 be integers. There exists a σ-resolvable

PBDλ(v, k) for all sufficiently large v satisfying (1.4) and (1.5); that is, σv ≡ 0

(mod k) and λ(v − 1) ≡ 0 (mod σ(k − 1)).

Proof. We begin by using the method described in Section 5.1 with the graph Gk,σ

to construct a σ-resolvable PBDλ(z, k). In doing this, we know that z must satisfy

the two congruences given in (5.1). Now we take t large enough so that there exists a

σ-frame of type (z − 1)t. Notice that the second congruence in (5.1) guarantees that

z−1 satisfies the necessary condition on the groups of the frame given in (3.6) and we

will need to take a t satisfying σ(z − 1)(t− 1) ≡ 0 (mod k), the necessary condition

in (3.1). We take this σ-frame, add a new point and use Lemma 4.3 to fill each group
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(with the added point) with the σ-resolvable PBDλ(z, k) identifying subdesigns of

order 1. This yields a σ-resolvable PBDλ(P + z, k), where P = (z − 1)(t − 1), that

contains a subdesign of order z.

Now we consider an admissible integer x, so suppose x ≡ 1 (mod a) and x ≡ 0

(mod b). Notice that since we chose z satisfying (5.1), we must have a | (z − 1) and

our selection of t guarantees that b | (z − 1)(t− 1). Both of these facts together with

the assumption that gcd(a, b) = 1 imply that ab | P . Therefore, given Proposition

5.2, there must exist a σ-resolvable PBDλ(w, k) for some w ≡ x (mod P ). We may

assume that w � x. Thus, it suffices to close the congruence class x (mod P ); for

this, we construct a σ-resolvable PBDλ(nP +w, k) for all sufficiently large integers n.

This gives us asymptotic existence modulo P and since we can do this for any

admissible x and take the greatest n that occurs, we in fact get asymptotic existence

modulo π.

We apply Lemma 5.3, to get σ-resolvable PBDs of order sP + z for all integers

s ≥ s0. We select one of order sP + z and tP + z where s ≥ t ≥ s0 and sP ≥ w − z.

We need s and t larger than s0 in order to apply Lemma 5.3 for both, but we also

require sP to be larger than w − z in order to utilize a non-uniform frame given in

Lemma 5.4.

Notice, by the definition of P , that we must have π | P , so π | sP and π | tP . Also,

since z and x are both admissible orders for σ-resolvable PBDs, we must have z ≡ x

(mod π) and we have that x and w are congruent modulo P (and hence modulo π);

therefore, we conclude that z ≡ w (mod π). So, we are able to apply Lemma 5.4 and

for a large enough selection of m we obtain a σ-frame of type (sP )m(tP )1(w − z)1.

To this frame, we add z new points and apply Lemma 4.3, filling all but the last

group with the examples of order sP +z or tP +z (each of which contains a subdesign

of order z that we identify) and on the last group we include the example of order w.

The resultant design is a σ-resolvable PBDλ((sm+ t)P + w, k).
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Chapter 6

Applications, Extensions and

Conclusion

6.1 Designs with Holes

We first discuss an application of our main result in Theorem 1.19. We consider

designs in which some pairs of points do not occur together in any blocks of the

design.

Definition 6.1. An incomplete pairwise balanced design, IPBDλ((v;w), {k}), is a

triple (V,W,B) where

• V is a set of v points and W ⊂ V is a hole of size w;

• B is a collection of k-subsets of V called blocks;

• no two distinct points of W appear together in a block of B; and

• any two distinct points, not both in W , appear together in exactly λ blocks of

B.

As before, we will omit the subscript whenever λ = 1.

We would like to note when w 6= k, an IPBD((v;w), {k}) is equivalent to a

PBD(v, {k, w∗}), which is a PBD that has all blocks of size k except one of size

w (when w = k it is equivalent to a PBD(v, k) with one block removed). An

IPBDλ((v;w), {k}) can be thought of as a PBDλ(v, k) with the blocks of a PBDλ(w, k)

removed for some w-set that is a subset of the initial v-set; however, the existence of
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the IPBDλ((v;w), {k}) does not imply the existence of either PBD of order v or w.

In the language of graph decompositions, an IPBDλ((v;w), {k}) is equivalent to

a Kk-(edge) decomposition of Kλ
v − Kλ

w and to a Kk-(edge) decomposition of the

complete multipartite graph with v−w
k−1

partite sets of size k− 1 and one of size w− 1.

The necessary conditions for an IPBD are obtained in a similar fashion as other

combinatorial objects discussed so far. First, the λ(
(
v
2

)
−
(
w
2

)
) pairs need to be covered

by blocks, each of which covers
(
k
2

)
pairs; hence, we must have

λ(v(v − 1)− w(w − 1)) ≡ 0 (mod k(k − 1)). (6.1)

Also, all v − w non-hole points need to occur in exactly λ blocks with all v − 1

other points, so we need λ(v − 1) ≡ 0 (mod k − 1). Each of the w hole points is

covered exactly λ times with the v − w non-hole points (and never with the other

w− 1 hole points), so λ(v−w) ≡ 0 (mod k− 1); which is equivalent to λ(w− 1) ≡ 0

(mod k − 1), given the previous necessary condition on v. Therefore, we write our

local condition as the dual equivalence

λ(v − 1) ≡ λ(w − 1) ≡ 0 (mod k − 1). (6.2)

For IPBDs we get a third necessary condition, which can be thought of as a

generalized version of Fisher’s Inequality (stated in Chapter 2 as Theorem 2.19).

This extra condition gives a lower bound on the number of points, v, in terms of the

hole size, w.

Each non-hole point x must be in exactly λ(v−1)
k−1

blocks of the design and each

of these blocks covers at most one hole point (since no two hole points can occur

together). Since x must occur within exacly λ blocks with each hole point, we must

have that λ(v−1)
k−1

≥ λw; and hence,

v ≥ (k − 1)w + 1, (6.3)

where equality in the bound is achieved precisely when every block of the design

contains exactly one hole point.

It is interesting to note that (6.1) and (6.2) depend on λ whereas the inequality

in (6.3) does not weaken for λ values larger than one.

Something approximating an asymptotic existence theory for λ = 1 can be found

in [12], with the main theorem stated below.
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Theorem 6.2. [12] Let k ≥ 2 be a positive integer. For every real number ε ≥ 0,

there exists an IPBD((v;w), {k}) for all sufficiently large v and w satisfying (6.1)

and (6.2) with v ≥ (k − 1 + ε)w.

An important starting point for the proof of Theorem 6.2 is the existence of

examples with equality in (6.3).

Proposition 6.3. Let k ≥ 3 and w ≥ 1 with v = (k − 1)w + 1. There exists an

IPBD((v;w), {k}) if and only if there exists a resolvable PBD(v − w, k − 1).

We omit the proof of Proposition 6.3 as the proof is similar to the one we give for

Proposition 6.4 for higher λ values. We would like to comment that this is reminiscent

of the equivalence between projective and affine planes and reveals the difficulty in

constructing IPBDs with mixed block sizes K, since resolvable designs in this general

context are presently not well understood.

Our main purpose here is to motivate σ-resolvable designs as the needed general-

ization in Proposition 6.3 to construct IPBDs with arbitrary index λ, so we now give

the generalized equivalence.

Proposition 6.4. Let k ≥ 3 and w ≥ 1 with v = (k − 1)w + 1. There exists an

IPBDλ((v;w), {k}) if and only if there exists a λ-resolvable PBDλ(v − w, k − 1).

Proof. First consider such an IPBD. Recall since we have equality in the bound

given in (6.3) we know that every point of the hole touches exactly λ blocks and

every block intersects the hole in exactly one point. Thus, it follows that truncating

all hole points will reduce each block in size by one and induce parallel classes of

thickness λ. The result of this truncation is then a λ-resolvable PBDλ(v − w, k − 1).

Conversely, given such a PBD, we compute that it has λ(v−w−1)
λ(k−2)

= v−w−1
k−2

parallel

classes of thickness λ. When v = (k − 1)w + 1, we see there are precisely w parallel

classes of thickness λ. We extend each class with the addition of a new point, one

new point per class. Now, every pair of points, old with new, appears in exactly λ

blocks, as desired. So we obtain an IPBDλ((v;w), {k}) for v = (k − 1)w + 1.

We can now apply our main result, Theorem 1.19, together with Proposition 6.4

to construct an example of an IPBDλ((v;w), k) where w, k and λ are given with

λ(w − 1) ≡ 0 (mod k − 1). First, we put n = (k − 2)w + 1 and observe that n ≡ 1

(mod k− 2) and also λn ≡ λ(1−w) ≡ 0 (mod k− 1). Thus, n satisfies the necessary

conditions (1.4) and (1.5) of our main result; and so, Theorem 1.19 guarantees that

we have a λ-resolvable PBDλ(n, k − 1) for such n, provided it is large enough.
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Now, we put v = n + w = (k − 1)w + 1 and obtain an IPBDλ((v;w), {k}) using

Proposition 6.4.

6.2 Thickly Resolvable GDDs

In this section, we will consider the extension of Theorem 1.19 to uniform GDDs

with constant block size.

We begin by generalizing the definition of group divisible design given in Defini-

tion 2.15 to allow for graph blocks. We will however restrict our definition to the

uniform case with only one type of graph block (instead of a family of possible graph

blocks), since that is the most general instance we will need.

First, recall that in the language of graph decompositions, a GDDλ(g
u, k) is equiv-

alent to an edge-decomposition of the complete λ-fold multipartite graph Kλ
g,g,...,g (u

partite sets each of size g) into copies of Kk. We utilize this interpretation to allow

for non-complete G-blocks.

We define a group divisible G-design of type gu and index λ, denoted GDDλ(g
u, G)

as an edge-decomposition, as before, but here we decompose the edges into (isomor-

phic) copies of G so that every pair of vertices from different groups appear in exactly

λ G-blocks and pairs of points from the same group never occur together in any G-

blocks.

Asymptotic existence of uniform GDDs with graph block G was established in

Chan’s thesis [5] in 2010 and is stated below. The requisite necessary conditions are

obtained using similar counting arguments as those in Wilson’s paper [48].

Theorem 6.5. [5] Let G be a simple graph with e > 0 edges and gcd of degrees

equal to d. There exists u0 such that a GDD(gu, G) exists for all u ≥ u0 satisfying

λg2u(u− 1) ≡ 0 (mod 2e) and λg(u− 1) ≡ 0 (mod d).

Not surprisingly, here we are interested in GDDλ(g
u, k) that are σ-resolvable,

namely, the Kk-blocks can be partitioned into σ-parallel classes each containing every

vertex in exactly σ of the Kk-blocks (the graph version will be useful within the proof

of Theorem 6.6, but it is not our goal here to generalize to that extent).

The necessary divisibility conditions which mirror (1.4) and (1.5) are

σgu ≡ 0 (mod k) and (6.4)

λg(u− 1) ≡ 0 (mod σ(k − 1)). (6.5)
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For this adaptation, we let a := σ(k− 1)/ gcd(σ(k− 1), λg) and b := k/ gcd(k, σg)

so that our necessary conditions can be written as u ≡ 1 (mod a) and u ≡ 0 (mod b),

as before. Note that gcd(a, b) = 1, otherwise there are no solutions u.

It may be of interest to consider the existence question for σ-resolvable GDDs

with a large number of equal-sized groups. This extends our main result, since a

GDD of type 1v with block size k and index λ is equivalent to a PBDλ(v, k). As

before, the first work in this area has been done beginning with block size k = 3 by

Du and Zhang in [11] in which they are able to show that the necessary conditions

are also sufficient with some exceptions (all of which occur when σ = 1). We are

able to show that the necessary conditions for a general k are in fact asymptotically

sufficient, stated below.

Theorem 6.6. Let k ≥ 2, σ, g ≥ 1 and λ ≥ 0 be integers. There exists a σ-resolvable

GDD of type gu with block size k and index λ for all sufficiently large integers u

satisfying (6.4) and (6.5).

To prove Theorem 6.6, we follow the same proof template as in the case σ = 1

(the resolvable case), which is the main result of [6]. Now that we have proved The-

orem 1.19, the necessary steps to extend the result closely follow those in [6], so we

discuss only the key differences here.

The key construction in [6] generates a resolvable GDD from a resolvable PBD

with constant block size k, a resolvable TD, and an ordinary (not necessarily resolv-

able) uniform GDD. To extend this to a construction for σ-resolvable GDDs, some

adaptation is needed. Most notably, we replace the ordinary GDD by one whose

blocks are the graphs Gk,σ, constructed in Section 5.1.

Lemma 6.7. Suppose there exists a σ-resolvable PBDλ(v, k), a resolvable TD(k, gu),

and a GDDλ(g
u, Gk,σ) (with a condition on block colouring). Then there exists a

σ-resolvable GDD of type guv, block size k and index λ.

Proof Sketch. We begin constructing the resultant GDD by taking gu copies of

the ingredient resolvable PBD. We then place a copy of the ingredient GDD on each

of the v-levels. Now, for each block of the PBD, we place a copy of the resolvable

TD (using the same placement within each copy of the PBD). The blocks of the TD

covers pairs from different v-levels. We also break up the Gk,σ blocks of the GDD to

obtain blocks of size k that cover pairs from within the same v-levels.

To resolve the blocks obtained using the TD, we use the σ-classes of the PBD
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together with the parallel classes of the TD. We will need to break up some of these

σ-classes in order to also resolve the Gk,σ blocks of the GDD. To do this, we assume

that the blocks of the TD are resolved in such a way so that one class contains only

blocks in the same “level” of the GDD (we refer to these as “flat” classes). Note that

there are λ(v−1)
σ(k−1)

σ-classes of the PBD and each one has one “flat” class from the TD;

thus, there are λ(v−1)
σ(k−1)

“flat” σ-classes of this type.

Now, we turn our attention to the Gk,σ blocks from the GDD. We will be taking

them v at a time (the same one from each of the v GDD). When we do this, we would

like to know how many points have been missed, so we can mix these blocks with the

flat σ-classes to obtain a full σ class. Notice that points that occur in the Gk,σ block

will appear exactly σ times (once the Gk,σ block is broken up) and all other points

appear 0 times. There are λg2u(u−1)
σn(k−1)

Gk,σ blocks in the GDD with λg(u−1)
σ(k−1)

occurring at

a particular point; thus, each point is absent from λg2u(u−1)
σn(k−1)

− λg(u−1)
σ(k−1)

= λg(u−1)
σ(k−1)

[
u
n
− 1
]

of the Gk,σ blocks. Since each point is missed equally often, we will need to break up

this many flat classes, so we just need to ensure that we have enough classes to do so.

Since we can take v to be large (much larger than u), we can guarantee that λ(v−1)
σ(k−1)

,

the number of flat σ classes, is larger than λg(u−1)
σ(k−1)

[
u
n
− 1
]
, the number of flat classes

we need to break up.

Once these first examples are obtained, the next step is to combine them with

frames. Here, these frames are of course σ-frames.

The following construction fills the groups of a σ-frame by σ-resolvable designs.

The block sizes in what follows are all equal to k.

Lemma 6.8. Suppose there exists a σ-resolvable GDD of type gw and index λ and

a σ-frame of type [g(w − 1)]t and index λ. Then there exists a σ-resolvable GDD of

type gt(w−1)+1 and index λ which contains as a subdesign a σ-resolvable GDD of type

gw and index λ.

Remark. The proof is almost identical to [6, Lemma 2.3], except that parallel

classes are replaced by σ-parallel classes (and λ is introduced).

As in [6], we show that, given a period P (divisible by ab) and an admissible

congruence class x, there exists a σ-resolvable GDD in which the number of groups

is congruent to x modulo P .

Lemma 6.9. Suppose P and x are given with ab | P and x ≡ 1 (mod a), x ≡ 0

mod b. Then there exists a σ-resolvable GDD of type gU and index λ, where U ≡ x

(mod P ).
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Proof Sketch. As we did within the proof of Theorem 1.19, we sort the prime

factors of P = AB so that all primes factors common with b occur in B and all others

occur in A. This guarantees that gcd(A,B) = 1, thus we can use the Chinese Re-

mainder Theorem on A and B separately. Below is a table summarizing our various

selections modulo A and B for t, u, and v. We need to ensure that a selection is

possible that gives t(uv − 1) + 1 ≡ x (mod P ) (which is true whenever there is a

selection so that t(uv − 1) + 1 is x mod A and mod B).

mod A mod B mod P = AB

t 1 1− x ∃! choice

u x pk,σx ∃! choice

v 1 0 ∃! choice

Notice that these choices satisfy the required necessary conditions.

Now, given the above selection, we examine U = t(uv − 1) + 1 modulo A and B.

U = t(uv − 1) + 1 ≡ 1((x)(1)− 1) + 1 ≡ x (mod A)

U = t(uv − 1) + 1 ≡ (1− x)((pk,σx)(0)− 1) + 1 ≡ x (mod B)

Thus, we can finally apply the Chinese Remainder Theorem and conclude that

this selection for t, u, and v, constructs an example of a σ-resolvable GDDλ of type

gU with U ≡ x (mod P ).

6.3 Thickly Resolvable Graph Designs

In this section, we would like to extend our main result to allow for graph blocks.

We will be using a simple graph G with vertex set V having k vertices with degrees

D = {d1, d2, . . . , dk} and e edges. We begin this extension by discussing the necessary

conditions for this case.

The resolvability condition is the same as in (1.4); we are required to cover each

vertex exactly σ times using blocks of k vertices in each σ-class, hence we need

σv ≡ 0 (mod k). (6.6)

The local condition becomes much more complicated than it was in (1.5). Here

we need to be able to write λ(v− 1) (the degree at each vertex in the large complete
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graph) using degrees of G in groups of σ. In each σ-class, every vertex appears in

exactly σ G-blocks and so there will be σ degrees of G used at each vertex. Since we

need to make up λ(v− 1) using these σ-fold sums of degrees from D, we define σ ∗D
to be the set of all possible sums of degrees in D using exactly σ summands. Then

we need to be able to write λ(v− 1) as a positive integer combination of the terms in

σ ∗D. More particularly, we need to use exactly λ(v−1)k
2eσ

terms in σ ∗D since that is

the number of σ-classes. In order to satisfy both of these conditions simultaneously

we need to ensure that

λ(v − 1) ≡ 0 (mod α∗σ(G)) (6.7)

where α∗σ(G) is the least positive integer c such that

c

[
1
k

2eσ

]
∈ spanZ

{[
d

1

]
: d ∈ σ ∗D

}
. (6.8)

First we would like to point out that c = 2eσ is a solution to (6.8) since we can

take coefficients of 1 for the k vectors with first coordinate equal to a σ multiple of a

degree in D and coefficients of 0 everywhere else.

As before, when we discussed graph designs in Chapter 2, (6.6) and (6.7) imply the

global condition that λv(v − 1) ≡ 0 (mod 2e). The second coordinate in the vector

equation given in (6.8) implies that 2eσ | α∗σk; and thus, we must have 2e | λv(v− 1)

since k | σv and α∗σ | λ(v − 1).

Again, first work on this began with specific small graphs. The necessary condi-

tions have been shown to be sufficient (with no exceptions) when the graph blocks

are cycles of length 4 in [33] and for graph blocks of K4 − e in [20]. As mentioned in

Remark 1.15, a related concept is that of equitable specialized block colourings and

in [3] Bonacini and Marino consider the case of 4-cycles.

Our goal here is to prove that there exists a σ-resolvable PBDλ(v,G) for large

enough v satisfying (6.6) and (6.7), stated formally below.

Theorem 6.10. Let k ≥ 2, σ ≥ 1 be integers and let G be a simple graph with k

vertices. There exists a σ-resolvable PBDλ(v,G) for all sufficiently large v satisfying

(6.6) and (6.7).

We follow the same proof template as we did in Chapter 5 for PBDs (with complete

blocks), and again we define a = α∗σ(G)
gcd(α∗σ(G),λ)

and b = k
gcd(k,σ)

so that the necessary
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conditions can be easily stated as v ≡ 1 (mod a) and v ≡ 0 (mod b). However,

here some extra care must be taken in the first step in which the auxiliary graph

is constructed. Instead of replacing lines of a configuration by cliques, we carefully

replace lines by copies of our given G so as to realize all possible σ-fold combinations

of degrees. The following lemma and proof outline how we will construct the auxiliary

graph, which we call Gσ, in this case.

Lemma 6.11. Given a simple graph G with k vertices and degrees in D and an

(nσ, bk)-configuration with n > σ(k− 1)
(
σ+k−1
k−1

)
, there exists a graph Gσ on n vertices

that can be decomposed into edge-disjoint copies of G (each vertex belonging to exactly

σ of the copies of G) and having each σ-fold sum in σ ∗D as a degree of at least one

vertex.

Proof. We begin our proof by noting that |σ∗D| ≤
(
σ+k−1
k−1

)
, the number of different

σ-fold sums of k summands.

Now, we greedily label the points of the configuration using |σ∗D| different labels.

So, start by choosing a point x1 at random and label it with one of the |σ ∗D| labels.

Now we select another point x2 that is not one of the σ(k−1) other points that occur

on a line with x1 and label it with a different label. Now since n > σ(k − 1)
(
σ+k−1
k−1

)
,

we can continue this process until all of the |σ ∗D| labels are used up.

To construct Gσ, we replace the lines of the configuration with G-blocks beginning

with the labelled points. The label on a point will tell us how to place the σ copies

of G onto each line incident with that point and ensure that the appropriate σ-fold

sum occurs as the degree of the labelled point. Once we have placed copies of G on

the lines incident with a labelled point, we can place copies of G on the remaining

lines randomly. The placements of G on the labelled points ensure that each of the

σ-fold degree sums occur as a degree in Gσ at least once each.

When constructing Gσ we take a configuration with n > σ(k−1)
(
σ+k−1
k−1

)
to satisfy

the hypothesis of Lemma 6.11, but in order to satisfy Theorem 2.14 and ensure the

existence of the required configuration we also take n = pσk
gcd (k,σ)

, where pσ is a large

prime.

As we did in Section 5.1, we now employ the result of Dukes and Ling in [14],

stated as Theorem 2.12, on resolvable graph decompositions to obtain a resolvable

PBDλ(z,Gσ) for sufficiently large z satisfying

z ≡ 0 (mod n) and λ(z − 1) ≡ 0 (mod α∗(Gσ)),
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where α∗(Gσ) is the least positive integer c such that

c

[
1
n

2|E(Gσ)|

]
= c

[
1
k

2eσ

]
∈ spanZ

{[
deg(vi)

1

]
: vi ∈ V (Gσ), i = 1, . . . , n

}
.

Notice the necessary conditions of Theorem 2.12 are more complicated than they

were when we applied this result in Section 5.1 since Gσ is not necessarily a regular

graph (whereas Gk,σ was regular of degree σ(k−1)). Now, once we have the resolvable

graph design, we can break up the Gσ-blocks (as we did in Section 5.1) into its edge-

disjoint copies of G and obtain a σ-resolvable PBDλ(z,G) (again, a resolution class in

the resolvable PBD becomes a σ-parallel class once the Gσ blocks are broken down).

Before we move on with the proof, we would like to point out that the calculation of

α∗(Gσ) is actually the same as for α∗σ(G). We have stated this as the following fact

and included a brief proof below.

Fact 6.12. α∗(Gσ) = α∗σ(G).

Proof. This is true because of the careful way in which we constructed the Gσ

graph. We made sure to guarantee that every possible σ-fold sum of degrees in G

occurs as a degree in Gσ at least once and since every point of the configuration was

in σ lines and each line was replaced with a copy of G the vertex degrees in Gσ must

be σ-fold sums of degrees in G. Therefore, we must have that σ ∗ D = {deg(vi) :

vi ∈ V (Gσ), i = 1, . . . , n}, making the computations for α∗(Gσ) the same as those for

α∗σ(G).

As in Section 5.1, we have constructed our first example of a general thickly

resolvable design by using combinatorial configurations to construct a special auxiliary

graph and taking advantage of the existence of resolvable graph designs.

Now, as we did in the proof of Theorem 1.19, we wish to use σ-frames to construct

instances of σ-resolvable PBDs in each admissible congruence class modulo a large

period; although, we need to use the existence of a more general σ-frame than is

provided by Theorem 3.4. Here, we require the existence of σ-frame with (non-

complete) graph blocks. We present the extension of Theorem 3.4 here (including

the slightly more intricate necessary conditions) with a proof sketch that omits the

obligatory calculations.

Lemma 6.13. Let λ and g > 0 ∈ Z and G be a simple graph with k vertices, e

edges, and degrees in D with λg ≡ 0 (mod 2eσ). Then for sufficiently large integers
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u satisfying

σg(u− 1) ≡ 0 (mod k) and λg(u− 1) ≡ 0 (mod γ),

where γ is the least positive integer c such that

c

[
1
k

2eσ

]
∈ spanZ

{[
di

1

]
: di ∈ D, i = 1, . . . , k

}
,

a σ-frame of type gu with G-blocks and index λ exists.

Proof Sketch. As in the proof of Theorem 3.4 for complete blocks, this is an

application of the main result in [30] on edge-coloured graph decompositions. Here

we will avoid repeating the calculations done in the proof of Theorem 3.4 as they are

simply a blend of what is given in Section 3.3 and the proof of Theorem 6.1 in [5]

which handles the graph case when σ = 1.

The family of coloured graphs used in the decomposition is constructed similarly

as well. We replace each (undirected) edge of G with a directed arc in each direction,

add an extra vertex ∞ and arcs from each vertex of G to ∞ (so ∞ has indegree k

and outdegree 0). We also still use g2 +mg colours to colour the arcs where the first

g2 colours are induced from a labelling of the vertices of G with g labels and the

remaining gm labels are used on the arcs involving∞, induced from the vertex labels

and a choice of m possible labels for ∞. However, here m, the number of partial

σ-classes that miss a given group, is a bit different: m = λg
2eσ

.

The colours on the arcs (resulting from the edges of G) ensure that we can “lift”

blocks of the edge-coloured decomposition to a uniform GDD with group size g. The

colours on the arcs to∞ correspond to the missed group of a partial σ-class and since

they occur σ times each in the decomposition, each results in a partial σ-class.

The remainder of the proof of Theorem 6.10, is almost identical to the proof of

Theorem 1.19 with Kk blocks being replaced with G-blocks.

6.4 Conclusion and Future Directions

In this dissertation we generalized the concept of resolvability in designs to allow

for multiple point-coverage within thick-resolution classes and showed that the neces-

sary divisibility conditions for the existence of these thickly-resolvable designs are in
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fact asymptotically sufficient. As an important corollary, we obtained an asymptotic

existence theory for incomplete pairwise balanced designs with maximal holes and

an arbitrary index λ. This could play an important role in obtaining a full theory

for IPBDs (where maximal holes are not required). We were also able to extend this

concept to group divisible designs as well as graph designs.

Here we have settled the asymptotic existence question for thickly-resolvable de-

signs with constant block size, graph blocks and for group divisible designs for general

parameters. Perhaps it would now be interesting to consider some explicit param-

eters. It is possible the trick of using configurations together with resolvable graph

decompositions could play a role in computer search for the challenging small exam-

ples.

There are also many ways to extend our results. It would be nice to obtain a full

existence theory for incomplete pairwise balanced designs, discussed in Section 6.1,

for general λ without the condition of a maximal hole. It would also be satisfying to

be able to handle multiple blocks sizes, a family of graph blocks, and edge-colours.

We could also consider a list Σ of positive integers summing to the replication

number, where we would like the blocks to resolve into thick parallel classes whose

thickness is governed by the list Σ. A related notion is that of uniformly resolvable

designs and class uniformly resolvable designs when block sizes are from a set K.

In a uniformly resolvable design we ask that each parallel class has only blocks of a

common size; whereas, in a class uniformly resolvable design each class has the same

profile of block sizes. Class uniformly resolvable designs with a family of cycle blocks

could be useful in context of the full Oberwolfach Problem (discussed in Example

1.16).

Another interesting extension would be to combine the work in [16] on loopy de-

compositions with thick resolvability. Here we could allow h vertices within a block

to have a loop (of a given colour) and we would desire that the blocks be partitioned

into classes such that h-subsets of the blocks partition the point set V for each class.

In other words, each class would have one loop of each colour per vertex (but ver-

tices could appear more times as a non-looped vertex as well). We suspect that this

extension could be handled using similar methods as in the proof of Theorem 1.19,

but with a weaker notion of configuration for the construction of the auxiliary graph

used to obtain our first example.
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