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. A bstract

Nonstandard cosmological models of two broad classes are examined: those in which 

there are more than four spetcetime dimensions, and those in which there is a variable 

cosmological “constant” A. We test cla im s that a number of higher-dimensioned models 

give rise to inflation. New constraints eire placed on such models, and a number of them 

are ruled out. We then investigate the potential of variable-A theories to address the 

problem of the initial singularity. We consider a number of diflTerent phenomenological 

representations for this parameter, zissessing their implications for the evolution of the 

cosmological scade factor as well as a range of observational data. In several cases we 

And nonsingular models which are compatible with observation.
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C hapter 1

Introduction

The standard model of cosmology is extremely successful as it stands. Among other 

things it explains why the sky is dark at night, why galaxies recede according to Hubble’s 

Law, why we are im m ersed  in an isotropic bath of microwave radiation, and why the 

light elements exist in the ratios that they do.

However, there are still pieces missing from the puzzle. Some of these will be common 

to any theory that has to straddle the gulf between classical and quantum physics; 

the relic abundance problem, the cosmological constaint problem, and the problem of 

explaining the observed asymmetry between matter and antimatter in the universe. 

Other defects of the standard model are classical in origin: the horizon and flatness 

problems, the problems of explaining structure formation and discerning the identity 

of the dark matter, and — perhaps most troubling of all — the existence of the big 

bang singularity, which in any field other than cosmology would be generally regzirded 

as proof that the theory was fundamentally incomplete.

In this thesis, we will be concerned with three subsets of the issues just mentioned: 

those related to inflation (the horizon, flatness, relic abundance and structure formation 

problems), those related to the cosmological “constant” A, atnd those related to the 

initial singulatrity. In addressing them, we will consider two kinds of departures from 

the standard model: theories in which spacetime has more than four dimensions, and 

theories in which A is actually variable.
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To begin with, we will assess the ability of higher-dimensional theories to give rise 

to inflation, thereby solving the first class of problems. This is not to say that inflation 

is the only way to accomplish this. The relic problem could, for instance, resolve itself 

within particle physics (eg. Dvali et al 1997), or might not actually arise at all if our un

derstanding of grand unified theories is incorrect. Nonsingular "oscillating" models like 

those discussed later in this thesis can provide alternative explanations for the flatness 

(Landsberg et al 1992) and smoothness (Durrer and Laukenmann 1996) of the universe; 

and structure formation can be successfully attributed to topological defects instead 

of preinflationary quantum fluctuations (Brandenberger 1994). Inflation has defects of 

its own, too, including questions of initial conditions (Penrose 1989) and falsiflability 

(Brandenberger 1996). Nevertheless the inflationary scenario, or something very close 

to it, remains a t present the simplest way to address all four problems simultaneously 

(Hu et al 1994, Liddle 1994).

In the second part of the thesis, we will investigate the impact of a variable cosmolog

ical term on the question of the initial singularity. The A-term has a venerable history 

in cosmology; excellent reviews are found in Zel’dovich (1968), Rindler (1977, §§ 9.2, 

9.9) and Weinberg (1989). The “cosmological constant problem” is the problem of ex

plaining why the effective value of this parameter is over a hundred orders of magnitude 

smaller than one would expect based on the energy density in the vacuum “zero-point” 

field (Weinberg 1989, 1996; Wesson 1991, Dolgov 1997). A proper explanation of this 

discrepancy will undoubtedly be of central importance in any future union of general 

relativity and queintum theory. The cosmological constant problem will not, however, 

be the primary focus of our investigation here, entering the discussion only indirectly. 

Rather than asking why A has the value it does, we wish to determine how large it can 

be, within empirical constraints.

It has long been known that the initial singularity can be averted with a suflSciently 

large cosmological constant (Robertson 1933, Harrison 1967). The required values of A 

have traditionally been thought incompatible with observation (Ellis 1984, Felten and 

Isaacman 1986, Bomer amd Ehlers 1988, Lahav et al 1991). It has however recently been
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suggested in the context of the cosmological constant problem that A might vary rather 

than being a constant of nature (eg., Adler 1982, Hawking 1984, Barr 1987, Weinberg 

1989, Dolgov 1997). This opens up the possibility, so far largely unmentioned even 

by the authors just listed, of avoiding the initial singularity with a A-term which was 

large a t early times but has subsequently decayed down to more modest levels. We will 

confirm that the prospects for nonsingular cosmology are greatly improved in a wide 

variety of variable-A scenarios.

Our two main themes are connected in many ways. Besides giving rise to inflation, 

extra dimensions are also firequently invoked to solve the cosmological constant problem, 

and indeed we will find on severed occasions that they are helpful in this regard. Similarly, 

nonsingular oscillating models have been found in higher-dimensional theories by several 

authors (eg., Yoshimura 1984, Sato 1984, Tomimatsu and Ishihara 1986, Deruelle and 

Madore 1987). The cosmological constant, of course, provided the original mechanism for 

inflation, in de Sitter’s model. More recently, inflationary theories have been proposed 

as solutions to the cosmological constant problem (eg. Tsamis and Woodard 1996, 

Bramdenberger and Zhitnitsky 1997). And the possibility of an "inflationary equation 

of state” itself is intimately bound up with the question of singularity avoidance.

In the course of constructing and evaluating the viability of a number of nonstandard 

cosmological models, we will take care to stay within sight of observational constraints at 

all times. Despite the relative wealth of experimental data currently becoming available 

to cosmologists, it appears that many choose to focus on theories which are not and may 

never be falsiflable. We avoid this by concentrating on models which, though occasionally 

speculative, can also be tied to specific predictions. In some cases we find surprising 

new connections between theory and experiment — models, for example, in which data 

from the Cosmic Background Explorer (COBE) satellite can set useful limits on the 

dimensionality of spacetime. In other cases we find that seemingly well-established 

constraints (as, for instance, th a t a large cosmological term cannot simultaneously be 

reconciled with both the observed matter density and quasar redshifts) turn out to be 

a good deal less compelling than commonly thought.
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The remainder of the thesis is organized as follows: In chapter 2 we show th a t a 

simple five-dimensional cosmology with conformai rescaling and a cosmological term 

can be ruled out on observational grounds. This is extended to higher dimensions in 

chapter 3, where we examine the more sophisticated models proposed by Berezin et al 

(1989), Cho (1990, 1992), Cho and Yoon (1993), and Yoon and Brill (1990). Broadly 

speaking we find that it is more difiScult to build viable inflation into these models 

than their authors have appreciated. We then turn to variaible-A cosmology, which has 

so far been studied comprehensively only as a means of addressing the cosmological 

constant problem. In chapter 4 we show that it can also provide a basis for singularity- 

free cosmology, and introduce the relevant equations and definitions. These are then 

applied to four different classes of variable-A models in chapters 5 through 8, and it 

is discovered that in several cases the big bang singularity can be removed without 

excessive fine-tuning, in a manner that does not come into conflict with any known 

observational constraints. We make some predictions about the present values of A smd 

O (the matter density of the universe) that would be necessary to achieve this. Our 

conclusions are summatized in chapter 9.
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Cosmology in  Five D im ensions

2.1 K aluza-K lein C osm ology

Kaluza-KIein theory is the extension of Einstein’s general theory of relativity to higher 

dimensions. The primary motivation for this is aesthetic, for it can be shown that 

Maxwell’s laws of electrodynamics, together with the Klein-Gordon equation for a  mass- 

less scalar field, are all contained in Einstein’s field equations, if these are assumed to 

hold in a manifold of 4 +  1, instead of 3 4-1 dimensions (Kaluza 1921). When extended 

even further, the same procedure can in principle encompass all the interactions of the 

standard model of particle physics. This led in the 1980s to D =  11 supergravity (Duff 

et al 1986) and D = 10 superstrings (Green et al 1987). Today it forms the basis of 

the latest candidate “theory of everything,” Af-theory (Witten 1995). The experimental 

fact that we do not perceive the extra dimensions is usually explained by assuming that 

they are very small (Klein 1926) — on the order of the Planck length — although other 

mechanisms have been explored too (Schmutzer 1988, Wesson et al 1996). Kaluza-Klein 

theories have been reviewed by Bailin and Love (1987) and Collins et al (1989).

We are interested here in Kaluza-Klein cosmology, tha t is, those higher-dimensional 

models in which the universe is Robertson-Walker-like on four-dimensional spacetime 

sections. Solutions of this form were first found by Chodos and Detweiler (1980) and 

FVeund (1982); reviews of the field may be found in Coley (1994) and Overduin and 

Wesson (1997a). Among other things, we want to see whether such models can help
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resolve the problems of the standard model (as mentioned in Chapter 1), such as the 

cosmological constant problem and the problems of relic abundance, flatness, smoothness 

and structure formation. The latter four in particular imply that we are interested in 

models which give rise to inflation in 40  spacetime (although, as noted in Chapter 1, 

there are also other ways to address these issues).

2.2  The F ield  Equations

Let us begin by concentrating on the simplest five-dimensional case, with metric:

^ ) ,  (2 1 )

where we have neglected off-diagonal (vector) terms, partly because these would effec

tively pick out preferred directions, in contreuiiction to our hypothesis of isotropy, and 

partly because we assume that in the context of cosmology, dynamics can be taken to be 

largely dominated by the influence of gravity and the scalar field. In all the calculations 

that follow, we will use the conventions {A, B , ...) =  (0,1, 2,3,4), (p, v , ...) =  (0,1,2,3),

and (t, y ,...) =  (1,2 ,3). The hat refers to five-dimensional (5D) quantities. It is crucial to

note that, although we work in five dimensions, we assume that all physical quantities 

are functions only of the standard 34-1 space-time variables, with no x*-dependence. 

In other words we assume that the fifth dimension itself does not actually enter into 

the physics. This was called the “cylinder condition” by Kaluza (1921), who imposed 

it a priori. Klein (1926) showed that a plausible justification for it could be found 

in compactification of the extra dimension, and this is still standard practice in most 

Kaluza-Klein theories today (Bailin and Love 1987, Collins et al 1989, Overduin and 

Wesson 1997a).

We can define the 5D Christoffel symbol and Ricci tensor:

fSB =  +  (:- :)

R a b  =  (fx B ).c  -  (rx c ) .B  +  (2.3)
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exactly as in Einstein’s theory, simply replacing all the usual (4D) quantities with hatted 

ones. After some work, we find (imposing the cylinder condition dfdx*  =  0) that:

= Kx
r Î 4 = r i ^ „ ( l n ^ )

t'U = J-e-4^

t'U = rtx =  rU
RfUf =

2 0

Rft4 = 0

Â 4 4 =

+ T- ^4 ^

1
4 <i>

The 5D Ricci curvature scalar is found as usual by contracting R ab  with g ^ :

(2.4)

R  = R  + —Ê44. (2.5)
<P

Finally, the 5D Einstein tensor — \g ^ R ,  turns out to be:

A /-< 9itvR** 1 1
G ^  = G ^   ------ 2 " T “  +  4 ? "  •

The next step is to interpret these expressions physically; ie., in four dimensions.

2.3 Radiation-Like E quation  o f  State

Let us make the economical assumption that the universe in higher dimensions (here 

five) is empty. In other words, we begin with the vacuum field equations in 5D, and 

sees what happens in 4D as a result. In the 5D vacuum, both G a b  and R a b  vanish; 

therefore, G ^  =  0 and Ê44 =  0. Let us call these the and “44” components of the 

5D field equations, respectively. In eq. (2.6), they imply:

=  (2.7)

FVom Einstein’s field equations, G ^  =  SxGT^, we therefore infer the existence of an 

effective 4 D energy momentum tensor (even though the 5D universe is empty), given
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by:

(2.8)

To understand what kind of matter 2 ^  represents, we have to choose a particular set 

of coordinates. We make the traditional cosmological assumptions of homogeneity and 

isotropy; this means using a Robertson-Walker (RW) metric:

ds* =  g^dx'^dz'" =  -d t^  +  a*(f) sin* , (2.9)

where a(t) is the scale factor. The convenient transformation dx  =  d r /s /l — kr^ allows 

us to write in the form:

(  - 1

a*/*
(2.10)

sin* 6 /

where /  is defined by:

sin X if t  =  4-1 
/  =  r(%) = { X if fe =  0 

sinhx iffc =  —1.
(2.11)

The covariant derivatives V^V„^ = dft{dv<f>) — T^d\<l> in eq. (2.8) can be computed in 

terms of the Christoffel symbols for this metric:

r&) = r& =  r? = o

■<0 
11r?, =  aà

r °2 = aâ/*

=  où/* sin* 6, (2.12)

where a dot means djdx^  (note that isotropy implies d/dx^ =  0). The results are:

(2.13)

To* = Tio =  0

Tij =  - ._ L  ( ^ i \
I6ir 9ij-
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These can be identified with the elements of the energy-momentum tensor of a perfect 

fluid with pressure p, density p, and comoving fluid velocity u** =

=  P9tw +  (p +  (2.14)

Since one obtains the relations =  p, =  0, and = pgtj.

Therefore the m atter “induced” by the presence of the extra dimension x* behaves like 

a perfect fluid of pressure and density given by:

-  îëW (ÿ -
16xG \0 ’4>)

(2.15)

To find the equation of state obtzuned by this fluid, we make use of the “44” component 

of the 5D Einstein equations (Â44 =  0), which, with the definition of eq. (2.4), gives:

^ +  3—̂  — 7\ ~7’ ~  (2.16)a £ <p

Together with eqs. (2.15) this differential equation reveals that:

P =  I . (2.17)

This simple model, then, can only be useful — if it is useful at all — to describe 

radiation-dominated conditions, such as those thought to have prevailed in the ezuly 

universe. Others have reached the same conclusion (Mann and Vincent 1985).

2.4 R elationsh ip  to  Brans-Dicke T heory

Let us see what constraints can be placed on the model so far. The action of 5D Kaluza-

Klein theory is exactly the same as the one that leads to Einstein’s equations in four

dimensions, except that all quantities take hats and the integration is over one extra 

dimension y  =

S =  -  J  R y f l  d*x dy, (2.18)
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where g is the determinant of g ^ .  E!q. (2.1) tells us that g =  g<f>, and eq. (2.5) (with 

the “44” equation again) implies that R  = R. Therefore eq. (2.18) reduces to:

s = j  (2.19)

where we have pulled the dy out of the integral, absorbed it into a new constemt Go = 

G / J  dy, and defined a new scalar ip = y/p for convenience.

Eq. (2.19) is a special case (w = 0) of the well-known Brans-Dicke action (Brans and 

Dicke 1961):

= ' î à a j  H  " “ i r ^ ) \
where w is the Brans-Dicke parameter, and Go is the present value of Newton’s gravi

tational “constant” (which varies with time in this theory). Brans-Dicke theory reduces 

to standard genered relativity in the limit as w —̂ oo, and Viking radar ranging observa

tions to Mars currently require w > 500 (Will 1981), so our simple model cannot describe 

the universe at present. (This could have been expected anyway since it is thought by 

most cosmologists that we live in matter-, not radiation-dominated conditions.) One 

can however evade the lower bound on w by adding a nonzero potential to the

above action, as in extended inflation (La et al 1989) and other theories (Wetterich 

1988a, Soleng 1991), or by allowing the Brans-Dicke peirameter w to vary as a function 

of 0, as in hyper extended (Steinheirdt and Accetta 1990) and other inflationeiry models 

(McDonald 1993). Could our model apply to the earlier radiation-dominated era?

The best constraint on the theory a t early times comes from looking at the variation 

of G with time. The ratio G /G  has been experimentally determined to be very nearly 

constant; if it has been varying with time as since the time of primordial nucleosyn

thesis, then X lies in the range -0.009 < % < 0.008 (Accetta et al 1990). In Brans-Dicke 

theory, G{t) oc l/ip{t), so we have:

i =

Einstein’s field equations with a RW metric produce this well-known diflerential equation



2.5 Conformai Rescaling o f  the Metric_______________________________ 11

(Weinberg 1972, p. 472) for the scale factor o(t):

a* +  fe =  y p a * .  (2 .2 2 )

If we insert into eq. (2.22) the fact that p = Zp where p  is defined by eq. (2.15), and 

take t  =  0 for simplicity, then we find that:

^  = - 2 - .  (2.23)<p a

Since <%(() oc under radiation-dominated conditions (if fc =  0), we have:

G ~  f
(2.24)

Therefore our model predicts % =  1, which is ruled out by experiment.

The simple D = 5 Kaluza-Klein model is thus of limited usefulness, even during 

the radiation-dominated era. We would like to generalize the model, to see if other 

equations of state for the induced matter are possible. One option might be to add 

in explicit higher-dimensioned matter fields, as is done in most Kaluza-Klein theories 

in order to induce “spontaneous compactification” of the extra dimensions (Cremmer 

and Scherk 1976, Bailin find Love 1987). Another idea might be to relax the cylinder 

condition, introducing a limited dependence on the fifth coordinate; this can lead to  a 

wide variety of equations of state without upsetting the experimental successes of 4D 

generéd relativity (Overduin and Wesson 1997a). We would prefer here, however, to stay 

with traditional thinking on the nature of extra dimensions. A third possibility is to 

carry out a conformed (or Weyl) rescaling of the 4D metric.

2.5 Conform ai R escalin g  o f  the M etric

A number of authors, going back to Pauli, have commented on the “conformai ambigu

ity” in the process of dimensional reduction (ie., in choosing how to define the physical, 

4D metric in terms of the higher-dimensional one). In our metric, eq. (2.1) above, 

we implicitly set It would have been equally valid, however, to consider a
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conformally rescaled 4D metric:

9 $ti> — (2-25)

where > 0 is the rescaling factor. Sokdowski and Golda (1987) and Cho (1987) 

have argued that without such a rescaling any Kaluza-Klein cosmology with more than 

five dimensions is unstable, because the kinetic energies of the scalar fields could be 

negative and unbounded from below. Cho (1992) claims in addition that the rescafing 

is necessary if one wants to identify the metric responsible for gravitation as that c i  a 

massless spin-2 graviton.

Many aspects of effective (4D) physics are not affected by the conformai rescaling. 

For instance, it does not affect the gravitational energy of the 5D analogue of a  black 

hole, the “Kaluza-Klein soliton” (Bombelli et al 1987), or the form of the matter-fiee 

Brans-Dicke Lagrangian (Cho 1992). In general, though, physics is dependent on choice 

of conformai frame. When matter fields are included in the Brzms-Dicke Lagrangian, for 

example, their couplings to the metric depend on the rescaling factor. Such nonstandard 

couplings constitute violations of the weak equivalence principle that could manifest 

themselves as a “fifth force” of nature. These effects would be small, however, and at 

any rate, the coupling of ordinary matter to the metric may be unimportant compared 

to the coupling of the field, if in fact tf> does comprise the bulk of the dzirk m atter in 

the universe, as discussed by Damour et al (1990) and Cho (1990, 1992). [The earliest 

suggestion we have found of scalar fields as dark matter czindidates was made by Ratra 

and Peebles (1988).]

A recent review of the conformai question is found in Magnano and Sokolowski 

(1994). For our purposes, the important issue is whether or not it will lead, in general, 

to a different equation of state. The question arises: is there a preferred choice for 

the rescaling factor? And if so, what is it? Sokolowski (1989) has proved that there 

is a  unique choice of which will guarantee positivity of 4D kinetic energy for any 

number of extra dimensions. The factor depends in general on the number of extra 

dimensions and the Ricci curvature of the compact extra-dimensional space. For one
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extra dimension, which gives rise to  one scalar field it takes the simple form:

n* =  y /4>. (2.26)

This is the same as the factor singled out by Cho (1987).

We therefore transform our 4D metric according to:

9tiv  ̂Qfof ~  y/^9ttv- (2.27)

The old (unrescaled) metric Qfu, =  is often referred to in the literature as the “Jordan 

metric.” It is to be emphasized that the physical metric (ie., the one responsible for 

Einstein’s gravitation), often called the “Pauli metric,” is the rescaled metric g'^.

The Lagrangian density corresponding to the action of our theory, eq. (2.19), is:

The conformed transformation will change this Lagrangian in two ways. Firstly, —*■

y/~g' =  <f> y / ^ .  Secondly, the Ricci scalar transforms (Wald 1984, p. 446) as:

(2.29)

With 0^ =  y/^, one can show (using the “44” field equation) that this means:

5 =  (2.30)

Noting that we can then

rewrite the Leigrangian density, eq. (2.28), in terms of the transformed quantities:

Now, this Lagrangian does not have the correct form for the kinetic energy of the scalar 

field <l>, but that is easily remedied by redefining the scalar field as follows:

< r = ^ l n ^ .  (2.32)

This new scalar field <r is often termed the “dilaton.” The Lagrangian density becomes:

= (2-33)

This has the correct form for the kinetic energy of the scalar field.
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2.6 “Sti£T* Equation o f  S tate

We are interested in finding the equation of state that governs this new, conformally 

transformed situation. Pressure and density can be found in terms of the field equations 

and the equation of energy conservation. The first has already been given; it is eq. (2.22), 

which reads (for fc =  0):

3 (!) '

Energy conservation for perfect fluids can be expressed (Weinberg 1972, p. 472):

da

Inserting eq. (2.34), we get:

A  (po®) =  -3po:. (2.35)

1 f s  1 / Ô ' * (2.36)

Density and pressure are thus known in terms of the ratios à /a and à/a. It remains to 

find the time-dependence of the scale factor. In the radiation-dominated case this was 

proportional to but that is no longer necessarily the cetse.

With the conformai factor, the metric (2.9) can be written:

d s ^ ^ d s ' ^  = (-<&: + a*d*2) , (2.37)

where x  is shorthand for the spatied peut of the metric. From eq. (2.23), we know that 

<f> <x a~^, which means we can write this metric as:

ds'^ =  na~^ (— + a^dx^) , (2.38)

where k  is some constant. To cast this back into RW form, {ds^ = —dt^ 4- o '* </*'*), we 

need to rescale the quantities dx, dt, and a as follows:

(2.39)
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(Only two out of the three need to be rescaled; we have chosen di and a.) Since a oc 

we have dif oc t~^^*dt, so that tf oc Also, since a! oc we have of oc

Therefore a' oc In other words, the conformally rescaled scale factor varies as time 

to the power one-third, rather than one-half as before. This implies:

?  =  B  ?  =
These results into eqs. (2.34) and (2.36) above then yield:

'  = 2 ^ -

The conformai transformation has thus led to a new equation of state, as desired, but 

the change is not a welcome one — it is doubtful that this “stiff” equation of state is 

relevant to any epoch in the history of the universe (see § 4.7 for discussion). There 

is only one way, short of adding higher-dimensional matter or relaxing the cylinder 

condition, to obtain a more realistic equation of state, and that is to graft a higher- 

dimensional cosmological term Â onto the theory.

2.7 A ddition  o f  a Cosm ological Term

A positive cosmological term behaves like a repulsive force between the elements of the 

cosmological fluid, eicting against their mutual gravitational attraction and thus adtering 

the prevailing equation of state. It has to be added to the theory carefully, however, 

beginning again at the stage of dimensional reduction. We assume as before that the 

five-dimensional universe is empty {fjis =  0), so eqs. (2.4), (2.5), amd (2.6) for f ^ ,  

•ffitBi Â, and are not altered. However, eq. (2.7) no longer holds because the 5D 

vacuum field equations no longer imply that and R4 4  vanish. Instead the “/ti/” 

components now read +  kg^a, — 0 or, with eq. (2.6):

=  ^  g ^ .  (2.42)

To find the new expression for Â44, we begin with the full 5D field equations:

R xb  -  ^§a b R  +  ÂÿxB =  0. (2.43)
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Contracting with gives:

R = j L  (2.44)

This expression, back into eq. (2.43), gives:

Rjib = jÂ.9 ab- (2.45)

Therefore the “44” field equation is now:

Â44 =  (2.46)

Inserting this result into eq. (2.42) gives the replacement for eq. (2.7):

^  -  \  . (2.47)

By comparing this with the field equations in four dimensions, Gfo> +  Ay î, =  SirT^, we

can see that the effective 4D energy-momentum tensor is just as before, eq. (2.8). 

In addition, however, there is now an effective 2̂7 cosmological term A, given by:

A = ^ A .  (2.48)

To find the new equation of state, we make use of the “44” component of the 5D field 

equations, as before. Because is unchanged, eqs. (2.9) through (2.15) are still valid.

But eq. (2.16) must change to reflect the fact that Â44 no longer vanishes. The new

“44” equation, eq. (2.46), with the definition (2.4), gives:

1 /Â2
ÿ +  3—̂  — —— =  4A0. (2.49)

a 2  <f>

This result, together with the expressions for p and p in eq. (2.15), gives:

This equation of state appears more general. Besides radiation-dominated conditions 

(A p), one could attempt to model matter-dominated ones (p 0) with A AirGp, 

and inflationary ones (p < —p/3) with A > SirGp (see |  4.7 for discussion). However,
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assuming that A =  constant, differentiation gives dpfdp =  1/3, which implies that the 

fluid under consideration remains radiation-like in adl cases.

As in § 2.4, we consider also the action of the theory. In the presence of a cosmological 

term, eq. (2.18) is modified (Landau and Lifshitz 1975, p. 358) to read:

5  = -----^  f  ( R -  2a) dy, (2.51)
iôttg y '  '

ftom  eq. (2.1), g = g<f>, as before. However, eq. (2.5), with the new “44” eq. (2.46), now 

no longer gives R = R. Instead we get (with Â = 3A):

R  = R + ^ ^ ^ k < P ^  = R  + 4A. (2.52)

If we then define the 4D gravitational constant by Go = G/  J  dy = G f 2 irr4 , where is

the radius of the compact extra dimension, then the action in 4D reads:

S  =  — (A — 2A) d*x. (2.53)

As we found before in eq. (2.19), the 4D action has exactly the same form as the 5D 

one, except for the factor of y/^. It is, as before, a w =  0 version of the Brans-Dicke 

action, eq. (2.20), except that the Ricci curvature R  is modified by the 2A-term. There 

is no kinetic energy term  for the scalar field.

2.8 Conform ai R escaling o f  th e  M etric

To get a more interesting theory, we again introduce the conformai rescaling, eq. (2.27). 

As before, this means y/—g' =  4>y/^ and R  R’ = +  6 0 0 /0 ], where

0* =  V?" However, eq. (2.30) (which depends on the “44” equation of state) becomes:

R = ^ I f +  +  6A. (2.54)

The Lagrangian density corresponding to the action (2.53) is given by:

£  =  (2.55)
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where we have put Gq G for convenience. In terms of the conformally rescaled 

quantities g' and R \  this reads;

£  =  —

This equation is the A ^  0 version of eq. (2.31). As before, the kinetic energy of the 

scalar field <f> is not in standard form. Re-introducing the dilaton a  via ^  In we 

find that the Lagrangian density becomes:

£ =  — :

which has the correct form for kinetic energy, and is the A 7̂  0 version of eq. (2.33).

We can go further zmd compare this expression with the general form of the La

grangian density for a minimally coupled scalar field <f> (Madsen 1988):

.16jtC? 2

Comparison reveals that if we make one trivial additional rescaling:

(2.58)

then eq. (2.57) becomes: 

£  =
A \  I  /167T V \

(2.60)

where we have chosen units so that fi =  c = 1, so tha t =  G~^^^ {nipi being the 

Planck mass). By introducing a cosmological term into the theory, we have endowed 

the scalair field with an effective potential:

= - {éa) (■
In fact, apart from giving rise to this potential, the cosmological term does not appear 

in the theory. This might be explored further as a means to address the cosmological 

constant problem, as mentioned in Chapter 1. Higher-dimensional models appear to 

offer several ways to approach this problem (§§ 3.1.2, 3.2.6).
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2.9 Inflationary Equation o f  S ta te

To find the equation of state for the theory, we can appeal to work that has been done 

already by Starkovich and Cooperstock (1992). These authors assumed a cosmological 

equation of state of the form:

P = (t  -  1)P. (2.62)

where the value of 7 is positive and constant in any given epoch, but can change dis- 

continuously between epochs; eg., at the transition from radiation-dominated (7 =  4/3) 

to matter-dominated (7 =  1) conditions. Inflation (ie., ü > 0) arises for any value of 

7 between 0 and 2/3. (We will return to this equation of state in later chapters; see 

§ 4.7 for discussion.) Starkovich and Cooperstock (1992) found that this equation of 

state implied the existence of a  minimally coupled scalar field 0 with a potential of the 

following form:

1/6
V'.c(0) = c ( e -“^ -H , (2.63)

where:

and where C  and ^  are pzirameters that can, like 7 , take different constant values in 

each era of cosmic history.

Our potential, is a special case of Vic with ^  =  0 and C =  -A /4jtG . By 

comparing eq. (2.61) to eqs. (2.63) and (2.64), we can see immediately that 7* =  2/9. 

This value lies between 0 and 2/3, which means that the theory describes inflationary 

conditions, such as those often thought to precede the radiation-dominated era.

Inflationary models can be tested by considering the spectrum of density perturba

tions that they produce; these will show up as anisotropies in the cosmic microwave 

background (CMB) and can be constrained by observations such as those of the Cosmic 

Background Explorer (COBB) or the radio telescopes a t Tenerife. For example, pertur

bations of the density p(«, t) can be expanded as a series of Fourier modes Pj^(t) of wave
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vector fc. The “density contrast” 5 = obeys oc at the moment when

the perturbations enter the horizon after inflation. The parameter n is known as the 

“spectral index” of the density perturbations.

Our potential Va(^) turns out to belong to the class of “power-law inflationary” 

(PLI) potentials, whose general form can be written (Lucchin and Matarrese 1985):

= Voexp ( ~ J ^ - ^ )  , (2.65)
\  V P

where p  is related to the expansion of the scale factor via a{t) oc (hence the term 

“power-law”), and must be greater than unity for inflation. By comparing eqs. (2.61) 

and (2.65) we see that, in our theory, =  2/37a =  3. The PLI parameter p  is simply 

related to the spectral index of density perturbations (Liddle and Lyth 1993) by:

n =  I  , (2.66)
P

which means that in our theory we have =  1/3. This is far from a flat spectrum 

of density perturbations (n =  1). In fact, current l a  lower limits on n  from combined 

COBE and Tenerife observations (Hancock et al 1994, Bennett et al 1996) are:

«06.  > 0.9. (2.67)

Our model, based on 5D Kaluza-Klein theory with a cosmological term amd a conformai 

transformation, is thus ruled out by observation.

It is of some interest to determine whether the general Starkovich-Cooperstock po

tential, eq. (2.63), can be constrained in the same manner. We have carried out a 

preliminary study of this, but it lies somewhat out of the main line of development of 

the thesis, so we present the results separately in Appendix A. The main results are as 

follows: while a potentisd of this form appears to be compatible with the observational 

limits on n, the density contrast itself is several orders of magnitude larger than that 

observed by COBE, and the theory also violates certain constraints on the “energy at 

the end of inflation” (Liddle and Lyth 1993). We conclude that the model of Starkovich 

and Cooperstock (1992) is probably not viable as a theory of inflation. [We cannot
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make any definite statements about the modified version of this theory proposed by 

Bayin et al (1994).] Prospects for improving the model are briefly discussed at the end 

of Appendix A.
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C hapter 3

Cosm ology in Higher D im ensions

3.1 E xtension to  H igher D im ensions

3 .1 .1  M odel o f  C ho

It is natural to wonder whether the negative result of the last chapter continues to hold 

for generalizations of our simple model to more than five dimensions. Do they give 

rise to inflation? If so, is it compatible with observations from COBE and Tenerife? 

Cho’s new “unified cosmology” (Cho 1990, 1992) is essentially an extension to (4 +  d) 

dimensions of our simple 5D model, and it is claimed to solve the same problems that 

inflation does (Cho 1990), so it makes a perfect candidate for analysis^. In this theory 

the metric of eq. (2.1) is repleiced by:

where the indices (a, 6) run over 4 ,5 ,. . . ,  (4 +  d), <f>ab is a d-dimensional Riemannian 

metric with all its dimensions spacelike, and hatted quamtities are now understood to 

be (4 -H d)-dimensional. We have dropped Cho’s off-diagonal gauge field in eq. (3.1), 

both for simplicity’s sake and because we expect that during inflation the universe is 

dominated by the scalar field. This field is introduced via:

0 =  ld e t ( ^ o i ) | .  (3 .2 )

*§§ 3.1 and 3.2 are baaed in part on work pubHshed in Faraoni, Cooperstock and Orerduin (1995) 
and presented by J . M. Overdinn a t the 6th Canadian Conference on General Relativity and Relativiatic 
Astrophysics in Fredericton (Faraoni, Coopcrstodt and Overdmn 1997).
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Then, assuming (as we did in our 5D model) vacuum general relativity in the higher

dimensional universe, we have the Lagrangian density:

£  =  v^-det(ÿxB). (3.3)

where R  and A are the Ricci curvature and cosmological term of the (4 +  d)-dimensional 

space respectively (Here A is defined slightly differently than the one in our 5D the

ory, the two being related by kcho =  —2Âsg). Cho then makes the same conformai 

transformation as in eq. (2.27), and defines the dilaton via:

(3.4)d

The Lagrangian density in terms of 4D quantities then turns out to be:

16t
R  +  4- Vc(<r) +  A(|det(p,^)| -  1) \ /^ >  (3.5)

where A is a Lagrange multiplier [to enforce |det(pg&)| =  1] and:

Vc{<r) = R^exp -l-Àexp (3 6)

is Cho’s potential, with Rp corresponding to the Ricci curvature of pab.

3.1.2 R enorm alization  o f  th e  D ilaton

This Lagrangian has the required kinetic term for a. But — as we noticed in our 5D 

theory — it is still not in the proper form for the Lagrangian of a massless scalar field 

coupled minimally to general relativity, eq. (2.58). To make this interpretation, one has 

to renormalize the dilaton according to:

We will find shortly that this seemingly modest point is crucial because it modifies 

the arguments of the exponentials in the potential, eq. (3.6). Introducing several more 

renormalized quantities:

_  Rp A - A
^  -  16irG ’ ^  ”  16xG ' ^ “  16xG’
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we find that the Lagrangiztn becomes:

+  Vc{â) +  Â (I det(po6)| -  1) V~^i (3-9)

where the correct form for the Cho potential — ie., the one consistent with tr as a 

massless, minimedly coupled scalar field — reads:

Vfc(») =  +  i e x p

It is interesting to note that, as in the 5D theory, the cosmological term has been 

absorbed into the inflationary potential. This is a result of the conformai transformation, 

and it means that A =  0 in the observed (4D) universe. We now use the potential to 

constrain the model in each of seven possible cases.

3 .1 .3  C oasting M odels

Let us consider first the case d 1. This limit, although it may seem somewhat 

inelegzmt, is of interest since some Kaluza-Klein theorists (Alvarez and Gavela 1983, 

Abbott et al 1984) have proposed that a  large number 40) of extra dimensions could 

help explain the high degree of entropy in the observed four-dimensional universe. With 

d 1 eq. (3.10) becomes:

Vc(^) w (Æ +  Â) exp . (3.11)

This potential has a power-law form, eq. (2.65). Comparison of Vc with V pn , how

ever, reveals immediately that the power-law parameter p  =  1, which corresponds to a 

“coasting universe,” aoct, and not an inflationary one as desired.

3 .1 .4  N egative or V anishing P oten tia l

We now return to general d and consider all possible values for the other free parameters 

of the theory, R  and Â. To begin with, if both these quantities are negative, or if either 

one is negative while the other vanishes, then Vc(^) < 0. This is incompatible with
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inflation, as we now prove. The “canonical energy-momentum tensor” may be 

defined (Wald 1984, p. 457) by:

We have C =  -  V(^), so that:

Tfo, =  — gpyZ, (3.13)

which may be compared with the perfect-fluid expression for T ^ , eq. (2.14), to yield:

/> =

P = (314)

Now, in eiddition to the two central equations of RW cosmology, eqs. (2.22) and (2.35),

one sometimes finds the third one (Weinberg 1972, p. 472):

-  =  - ^ ( / >  +  3p). (3.15)a o

(This is not functionally independent of the other two, but related to them via the 

Bianchi identities.) Putting the expressions (3.14) into eq. (3.15), one obtains:

(3.16)

Since inflation requires positive 5, the present case (with Vc < 0 at all times) cannot be 

inflationary.

3.1 .5  Pow er-Law  Expansion w ith  p  < 1

If, on the other hand, Ë  is positive while Â vanishes, then Cho’s potential reduces to the 

PLI one, eq. (2.65). Comparison of Vc with V p u  shows immediately that the power-law 

parameter is given in this case by:

PC = (3.17)

This is also incompatible with inflation, as can be simply shown by twice difierentiating 

o oc to obtain 5 oc p(p — l)t*^*. The present case has (for all finite d > 1) p c  < 1 

and consequently â < 0.



3.1 Extension to H igher D im ensions___________________________________ M

3.1 .6  Power-Law Inflation w ith  n <  0.9

If it is Æ that vanishes, while Â is positive, then we again find a potential of the PLI form. 

(When d =  I, this case reduces to our 5D model, since a one-dimensional metric <f>ab 

must have vanishing Ricci curvature.) Comparison of Vc with VpLi shows immediately 

that the power-law parameter for this theory is:

PC  =  (3-18)

and hence, from eq. (2.66), that its spectral index of inOationary perturbations is:

nc  =  l - ^ .  (3.19)

When d = 1 we get nc  =  1/3 (as expected from our 5D result). With more than one

extra dimension, d > 1 and nc  drops below 1/3. Hence this version of the theory is

incompatible with the COBE and Tenerife constraint (n > 0.9).

3.1 .7  E asther M odels w ith  >  0.15

The combination R <Q with Â > 0 turns out to be a special case of the scenario studied 

by Easther (1994), with a potential of the form:

Vg(^) =  .4 exp -B e x p  , (3.20)

where A, B, (  > 0, and m > 1 are all free parameters. Comparison with V c(^) gives:

.4. =  Â , S  = —R
=  V î T 2 ■

Easther combines observations of CMB anisotropy from the COBE satellite with con

straints on the dark m atter biasing parameter 6,  from the QDOT survey (assuming 

“standard cold dark matter,” ie., t  =  0) to infer that any viable model must satisfy 

< 0.15 (see Appendix B). The present case is therefore ruled out, since > 2/3 

(assuming d > 1).
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3 .1 .8  M odified  E asther M odels w ith  > 0.15

The opposite combination, where Â > 0 and Â < 0, is not eliminated quite as easily. 

Comparison of Vc with Vb  produces:

A  = R  , B = -K  , (  =  - - I

This case is not covered by Easther (1994), on account of his restriction m > 1. However 

it is not too difficult to extend Easther’s procedure so that it includes values in the range 

0 < m < 1. When this is done (see Appendix B, § B.l) we find that observation requires 

< 0.15. Assuming that d > 1, we have > 2/3, so this scenario does not work 

either.

3 .1 .9  N oncom pact E xtra  D im ensions

The final possibility, where both R  and Â are positive, turns out to have exactly the same 

form as a special case discussed by Berezin et al (1989, § 4.1). These authors argue that, 

given a potential of this form, the system will tend to “decompactify” regzirdless of initial 

conditions; that is, the extra dimensions will begin to appear in low-energy physics as 

inflation progresses. Most Kaluza-Klein theorists would consider this grounds for ruling 

out this model as firmly as the others.

3.1 .10 Sum m ary o f  C onstraints

In no case, then, does Cho’s theory (1990, 1992) lead to inflation compatible with ob

servation. It should be emphztsized that, without the renormalization given by eq. (3.7) 

this would not have been noticed, and in fact several of the above scenarios would have 

appeared viable. These pessimistic results are summarized in Table 3.1, where we have 

switched from R  and Â back to the original Rp and Â for ease of reference.

The lesson to be drawn is probably that a more sophisticated model is needed to 

obtain realistic inflation from extra dimensions. Sim ila r  conclusions have been reached in 

other theories based on a higher-dimensional vacuum (Levin 1995). One could attempt
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Table 3.1: Constraints on the Model of Cho

Rp< Q Æp =  0 fip > 0

À < 0 No Inflation 
( V < 0 )

No Inflation 
( V < 0 )

Inflation Violates 
COBE-hQDOT (mod. 
Easther; > 0.15)

Â = 0 No Inflation 
( V < 0 )

No Inflation 
(V =  0)

No Inflation 
(P <  1)

Â >  0 Inflation Violates 
COBE+QDOT 

(Easther; > 0.15)

Inflation Violates 
COBE 

(n < 0.9)

Decompactification 
(Berezin et al)

to overcome this by inducing inflationary behaviour with an appropriately defined (4+d)- 

dimensional energy-momentum tensor. In fact, this was the first mecheinism suggested 

for Kaluza-Klein inflation (Dereli and Tucker 1983) and it is still the one used most 

widely today. Various species of matter that have been pressed into service this way 

include higher-dimensional perfect fluids (Sahdev 1984, Ishihara 1984, Szydlowski and 

Biesiada 1990, Beloborodov et al 1994, Fabris and Sakellariadou 1995), tensor fields 

derived from super gravity (Moorhouse and Nixon 1985), non-minimally coupled scalar 

fields (Sunahara et al 1990), strings (Gasperini et al 1991), and others (Chatterjee and 

Sil 1993, Burakovsky and Horwitz 1995, Carugno et al 1995).
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3.2 Inclusion o f  Torsion

3.2.1 M odel o f Cho and Yoon

One difficulty with higher-dimensioned matter is that there is no consensus on how 

it should be defined (as the number of candidates listed above amply demonstrates). 

An alternative idea is to modify the action of general relativity in higher dimensions. 

Inflation was obtained early on with the addition of extra terms in the curvature, for 

example (Shafi and Wetterich 1983,1985, 1987; Linde 1990 § 9.5).

In an interesting recent development, Yoon and Brill (1990) and Cho and Yoon 

(1993) have reported that the introduction of torsion can accomplish the same thing. 

We do not concern ourselves with the details of their procedure; for our purposes the 

important thing is that a number of new terms appear in the potential. We focus in 

particular on the model of Cho and Yoon (1993), in which in which a new scalar field 

<p appears (essentially as part of the definition of the metric of the compact subspace) 

in addition to the dilaton <r already discussed in the context of Cho’s theory. There is 

no higher-dimensional matter, apart from the À-term. After dimensional reduction and 

a conformai rescaling, as in Cho’s theory, the Lagrangian density is given by:

,2

16ir R  4- -I- Vcvi/r, <p) (3.23)
2 ** ^  2

where the Cho-Yoon "cosmological potential” V’cy(o’i^ )  is in general a complicated 

function of many parameters. We concentrate here on one model discussed at some 

length by Cho and Yoon (1993), in which it simplifies to:

Vcy(<r,¥») =  j e x p  jexp - ( d - f -  l ) i d ( d - l )

-  (d -H )ex p d ( d - l )
j - A e x p ^ - ^ ^ a j ,  (3.24)

where A is a coefficient of the theory (with the same dimensions ais Vcy and A). This 

potential is of interest since it is said to give rise to inflation in the case where y  =  0, and 

possibly also in the case where o' =  0. We will examine these two cases separately. But
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first we note that, as in Cho’s theory, the Lagrangian density (3.23) does not have the 

canonical form for a massless, m inim ally  coupled scalar field. To interpret the theory 

this way we first have to renormalize both of the scalar fields, as in eq. (3.7):

â = ■ Z : , ÿ  =  —  (3.25)
>/Ï6ÎrG y / Ï 6 i^

Introducing also the renormalized quantities:

we find that the correct form for the Cho-Yoon potential is:

I 32ir <3
Vcy(o-,v?) = À exp j (< f +l ) exp d{d - 1 )  rripi

-  (3.27)

We now consider the two special cases ÿ  =  0 and â  =  0 in turn.

3 .2 .2  T he Case ÿ  =  0 

When ÿ  =  0, we obtain:

V M » .0 )  = +  Aexp

This is exactly the same as Cho’s potential, eq. (3.10), except R  — >• Àd. Consequently 

we can bring over all the results of §§ 3.1.4 -  3.1.9, concluding immediately that this 

model cannot be both inflationary and compatible with observation. Results are sum

marized in Table 3.2, where we have switched from À  and Â back to the original A  and 

A for ease of reference.

3 .2 .3  T he Case ÿ  =  0

The second case, when ÿ =  0, proves to be more interesting:

Vcy(0, ^) =  Â < ( d + l ) e x p
32w

d { d - I )  rripi

-  e x p \ - { d + l ) J - ^ ^ ^ ^ \ } + Â .  (3.29)
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Table 3.2: Constraints on the Model of Cho and Yoon with ÿ = 0

A >  0 A =  0 A < 0

Â > 0 No Inflation
iv<o)

No Inflation 
( V < 0 )

Inflation Violates 
COBE+QDOT (mod. 
Easther; > 0.15)

Â =  0 No Inflation 
(V<Q)

No Inflation 
(V =  0)

No Inflation 
(p < 1)

A <  0 Inflation Violates 
COBE+QDOT 

(Easther; > 0.15)

Inflation Violates 
COBE 

(n < 0.9)

Decompactification 
(Berezin et al)

For one thing, we see that the cosmological term Â is no longer absorbed into the 

potential, but now gives rise in general to an effective four-dimensional cosmological 

term A =  16irGA = -Â . This distinguishes it from the other models studied so far.

We now proceed, as in §§ 3.1.4 -  3.1.9, to consider all possible values for the free 

parameters of the theory, À  emd Â. To begin with, we notice that if Â =  0 and Â < 0, 

or if Â =  0 and Â < 0, then Vcy (0, ÿ) < 0 and there can be no inflation (§ 3.1.4).

3 .2 .4  de S itter E xpansion

If Â =  0 and Â > 0, on the other hand, then we have the very simple potential:

^ ( 0 , ÿ )  =  Â. (3.30)

Neglecting <p̂  in comparison with Vcy (0, ÿ) (this is known in inflationary theory as the 

“slow roll” approximation), eq. (3.14) gives:

p =  Vcy(0, ÿ) = Â  = |A|
16irG'

(3.31)
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(Note that Â is negative in this case.) Then, assuming t  =  0 (which, although not 

required per se by inflation, is the most natural way to implement it), we obtain from 

eq. (2.22):

3

(3.32)
\ o /  o 

Integration yields:

a(t) =  (3.33)

which we recognize as a case of de Sitter expansion (Weinberg 1972, p. 615).

3 .2 .5  COBE  C on stra in ts on D im ensionality

The richest case is the one in which Â > 0 and Â = 0. This results in a potential which 

has the Easther form, § 3.1.7. Comparing eqs. (3.20) and (3.29), we find for the Easther 

parameters:

A = À { d + l )  , B = A  , (  =  /—===  , m = ( d + l ) .
V -  1) (3.34)

Easther’s (1994) constraints (see Appendix B) lead to the following necessary and suf

ficient conditions for viability, respectively:

< 0.15 d >  29. (3.35)

Combining these two results, we see that the model is certainly viable for d > 29, ernd 

it may additionally be viable for 6 < d < 28. For models with d in this range, each case 

must be evaluated individually. Details are given in § B.2 of Appendix B. It turns out 

that all of them (except d =  6) are viable, but only when the scalar field <p exceeds a 

certain minimum value <p*(d), values of which are listed in § B.2.

To summarize, then, this scenario cannot be viable if d < 7. It is viable (for suffi

ciently large values of ÿ) when 7 < d < 28, and for d > 29 it is viable for all values of ip.
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It is remarkable that we can put limits on the d im ensionality  of spacetime in this way. 

While connections have previously been made between the number of compact dimen

sions and the amount of entropy in the universe (Alvarez and Gavela 1983, Abbott et 

al 1984), this appears to be the first time that they have actually been constrained by 

satellite and radio telescope observations.

3 .2 .6  R adiation-D om inated  M odels

For all other cases, Â ^  0 and Â ^  0, the potential (3.29) is a combination of two 

exponentials and a cosmological term, and cannot be simply constrained. We can, 

however, test the model using the approximation d »  1 discussed in § 3.1.3. We find;

Vcr (0, ÿ) % (Âd +  Â) -  Âexp ^-V327t ■ (3.36)

In these models an effective cosmological term:

A =  16irG (Âd +  Â) =  — (3.37)

is induced in 4D spacetime. This is interesting because it implies that in a universe with 

the right number of dimensions:

d =  — (3. 38)

the higher dimensional Â-term would be exactly cancelled by the A-term, so that we 

would be left with no 4D cosmological constant at all — a possible resolution of the 

“cosmological constant problem.” Using the special value Â = —8 favoured on indepen

dent grounds by Cho and Yoon (1993), for example, and assuming that A is of order 

unity, we find that the right number of dimensions is d 32, which is not only consis

tent with the assumption d ^  1, but agrees almost exactly with the number picked out 

by Kaluza-Klein theorists attempting to explain the origin of entropy on dimensional 

grounds (Alvarez and Gavela 1983, Abbott et al 1984).

Pursuing this case further, however, we note that if d does take on this special value, 

then the universe cannot be inflationary. This can be seen by considering the possible
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Table 3.3: Constraints on the Model of Cho and Yoon with d = 0

A > 0 A =  0 A < 0

Â > 0 Inconclusive (No 
Inflation if d 1 

and A = 0)

No Inflation 
( V < 0 )

Inconclusive (No 
Inflation if d >  1 

and A =  0)

Â =  0 No Inflation 
{V< 0)

No Inflation 
(V =  0)

Inflation if d > 29 
(or d > 7 and <p > y«)

A <  0 Inconclusive (No 
Inflation if d >  1 

and A = 0)

de Sitter 
Ebcpansion

Inconclusive (No 
Inflation if d >  1 

and A =  0)

values of A. If A < 0 then Vcr(0, <p) < 0, which rules out inflation (§ 3.1.4). If A > 0, 

on the other hand, then the potential (3.36) reduces to a simple PLI form, eq. (2.65), 

with power-law parameter p  =  1/2. This is also incompatible with inflation (§ 3.1.5); 

in fact, it implies a{t) oc y/t, which describes a radiation-dominated universe.

3.2 .7  Sum m ary o f Constraints

The model of Cho and Yoon (1993) fares slightly better than that of Cho (1990, 1992) 

— at least in the case where the dilaton â  vanishes, leaving the second scalar field (p 

to act as the inflaton instead. Inflation is possible and, in at least one case (A < 0 

with A =  0), explicitly compatible with observation. (In several other cases, it cannot 

be ruled out.) These findings are summarized in Table 3.3, where we have once again 

switched from Â and Â back to A and Â for ease of comparison with the original paper.
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3.3 M ultiple C om pact Subspaces

3.3 .1  M odel o f  B erezin  et al

As an alternative to higher-dimensional matter, extra curvature terms, zmd torsion, 

one can also consider generalizing the vacuum Kaluza-Klein cosmology to incorporate 

multiple compact subspaces. Ezawa et al (1991) have calculated that the probability 

of inflation (defined in this case as an expansion of the scale factor in the macroscopic 

4D spacetime by at least a factor of 10^) is significantly enhatnced when there are two 

compact subspaces. However these authors did not address the question of observational 

constraints.

We examine here the theory of Berezin et al (1989), in which the d extra dimensions 

are divided funong m compact subspaces of dimension d/, where d< =  d. This is 

essentially a generzdization of the metric (3.1), but with ^ab broken up as follows:

/  \

(gAs) = (3.39)

/
where (o/, bi, ...) =  (1, . . . ,  dt), and and hi are the metric and scale factor of the f 

th  submanifold respectively. Dimensional reduction and a  conformai rescaling (as usual) 

then lead to the “Einstein firame” in which the 4D metric is a solution of the field 

equations with a series of m in im a lly  coupled dilatons (pt defined by:

ht =  In(vJr), (3.40)

as the only material sources. The resulting Lagrangian is quite complex, as may be 

imagined, and in fact Berezin et al (1989) were compelled to focus on two special cases 

in studying the dynamics of the theory: the cases of one and two dilaton fields. Of 

these, they concluded that the latter was quaditatively the same as the former, as far as 

the behaviour of the potential was concerned. So it sufllces here to evaluate the case of 

a single dilaton <p.
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The energy-momentum tensor of this dilaton is given by Berezin et al (1989) as:

w ]  +  Vb {<p)9 ^ .  (3.41)

with the potential:

yB{<p) =  exp[-(d 4- 2)y;] 4- Â exp(-dy), (3.42)

where is the Ricci curvature of the compact submanifold.

Berezin et al (1989) go on to draw a number of conclusions from the form of the 

potential (3.42). However, this procedure is invalidated by two deceptively trivial mis

takes in eq. (3.41). Firstly, it is missing a factor of \/%irG\ and secondly, it is not in 

the canonical form (3.13) for a minimally coupled scalar field. To put it in this form we 

once again have to renormalize, as follows:

’ ^ ^ 3^  '
In terms of (p, R  and A we obtain the correct dilaton potential:

w^)=6=xp(-yii5H±ir^j+Aexp(-y^^).

This is exactly the same as Cho’s potential, eq. (3.10), which is perhaps not surprising 

since they are both higher-dimensional vacuum theories with a single conformai scalar 

field.

3 .3 .2  Sum m ary o f C onstraints

Bringing over all the results of §§ 3.1.4 -  3.1.9, we conclude immediately that this model 

cannot give rise to inflation in a m a n n e r  compatible with observation. Results are 

summarized in Table 3.4, where we have switched from R  and A back to the original 

and A as usual.

This completes our survey of higher-dimensioned vacuum cosmologies. Among other 

things we have looked particularly at the potential for some models to provide a natu

ral mechanism for inflation, thereby solving the horizon, flatness, and relic abundance
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Tkbie 3.4: Constraints on the  M odel o f Berexin et al

> 0 =  0 R ^ < 0

Â <  0 No Inflation 
( Y < 0)

No Inflation 
( V < 0 )

Inflation Violates 
COBE-hQDOT (mod. 
Easther; >0.15)

Â =  0 No Inflation 
( Y < 0)

No Inflation 
(V = 0)

No Inflation 
(P< 1)

À > 0 Inflation Violates 
COBE-hQDOT 

(Easther; > 0.15)

Inflation Violates 
COBE 

(n < 0.9)

Decompactification 
(Berezin et al)

problems. Contrary to the impression one receives firom the literature, this turns out to 

be difficult. Of the models we have examined, only one — the torsion-based theory of 

Cho and Yoon (1993) — explicitly gave rise to inflation in a manner compatible with 

observation, and this occurred only for certain (generally large) numbers of compact 

dimensions.

We have however found that in some cases the extra dimensions appezir to pro

vide a framework for addressing the cosmological constant problem (§ 3.2.6). We now 

leave Kaluza-Klein cosmology behind and turn our attention fully to the cosmological 

“constant” in the remainder of the thesis.
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C hapter 4

Cosm ology W ith  a C osm ological 
Term A

4.1 T he Singularity Problem

Among the shortcomings of the standard model described in Chapter 1, the problems 

of smoothness, flatness, structure formation and dark matter have received the most 

attention. The fact that the theory predicts its own demise in a singularity, which would 

generally be regarded as catastrophic in any other field, has met with comparatively little 

resistance firom most cosmologists^. Many have become so accustomed to the big bang 

singularity that they no longer think of it as a liability. Some have even come to regard 

it as essential, dismissing a priori any nonsingular cosmology as unphysical (Olson and 

Jordam 1987, Gott et al 1989, Martel and Wasserman 1990, Perlmutter et al 1997).

This widespread acceptance may stem partly from the success of the singularity 

theorems (Hawking and Ellis 1973). As these authors acknowledge, however, there are 

important caveats in the application of their arguments to cosmology. Firstly, gen

eral relativity may go over to  some more complete theory of quantum gravity at early 

times, and this could well turn out to be nonsingular (eg., Lund 1973, Starobinsky 1980, 

de Barros et al 1997). Secondly, Einstein’s theory may itself be incomplete. The initial 

singularity can be removed by considering extra terms in the curvature (Ruzmaikina

* With tome exceptions, as related for example in the popular account by Lemer (1992). A balancing 
(and more mainstream) popular treatment may be found in Gribbin (1986).
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and Ruzmaikin 1970, Barrow and Ottewill 1983, Page 1987, Brandenbe^er et al 1993), 

torsion (Kopczynski 1972, Trautman 1973, Yu 1989), a  nonsymmetric metric (Moffat 

1979), or two metrics (Rosen 1979).

Thirdly, even within general relativity, non-Robertson-Walker solutions of the field 

equations can be nonsingular. This is true, for example, of certain inhomogeneous 

models (Senovilla 1990, 1996). Finally, relaxation of the energy conditions assumed 

by Hawking and Ellis can lead to singularity avoidance. This is the route taken, for 

example (either explicitly, or implicitly via an unconventional equation of state), in 

nonsingular theories based on %acuum-like” m atter (Gliner 1970, Blome and Priester 

1991), properties of matter a t high densities (Bahcall and FVantschi 1971; Markov 1982, 

1983), scalar fields (Bekenstein 1974, Rosen 1985, Israelit and Rosen 1989, Starkovich 

and Cooperstock 1992, Abreu et al 1994, Bayin et al 1994, Mimoso zmd Wands 1995, 

Rama 1997a), matter creation (Brout et al 1978, Wesson 1985, Gunzig et al 1987, 

Prigogine et al 1989, Petry 1990, Lima and Abrsuno 1996), tensor fields (Petry 1981, 

Tangherlini 1993), inflation (Vilenkin 1982, Dymnikova 1986, Linde et al 1994, Borde 

and Vilenkin 1997, Garriga and Vilenkin 1997), particle interactions (Rose 1986, Parker 

1991), supergravity (Barrow and Deruelle 1988, Balbinot et al 1990), textures (Hacyan 

and Sarmiento 1993), strings (Behmdt and Forste 1994, Gregory 1996, Jain 1997, Larsen 

and Wilczek 1997, Rama 1997b, Maggiore 1997), and walls (D^browski 1996).

The same energy conditions are violated by something arguably much simpler: a 

sufficiently lairge cosmological term A. In fact, it has long been known tha t high-A 

universes have no big bang singularity (Robertson 1933, Harrison 1967). These models 

have, however, been ruled out as incompatible with observation (Ellis 1984, Felten and 

Isaacman 1986, Lahav et al 1991). We will return to  the observational constraints 

later on, merely noting here that proofs of this incompatibility have so far assumed 

A =  constant (Crilly 1968, Bomer and Ehlers 1988, Ehlers and Rindler 1989). W hat if 

A were allowed to vary? Could one postulate a cosmological term which was initially 

very large — perhaps even large enough to avert the big bang singularity — but which 

has subsequently decayed down to some observationally acceptable size? As we will
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see, precisely this type of behaviour has been proposed in recent years in the context of 

another of the problems described in Chapter 1, the cosmological constant problem. As 

far as we are aware, however, there has not been a comprehensive effort to assess the 

impact of such decaying-A models on the question of the initial singularity. This will be 

our objective in the remainder of the thesis.

4.2  T he C osm ological “C onstant”

To begin with, we remind ourselves why the cosmological term has often been treated 

as a constant of nature. This approsich has its roots in the structure of the Einstein field 

equations, which read (with the A-term):

h. gfo, =  (4.1)

where G ^  =  — Rg,u,l2 is the Einstein tensor and is the energy-momentum

tensor of matter. (We will use units such that c =  1, but retain G throughout the rest 

of the thesis.) Taking the covariant divergence of eq. (4.1), recalling that the vanishing 

covariant divergence of the Einstein tensor is guaranteed by the Bianchi identities, and 

assuming that the energy-momentum tensor satisfies the conservation law =  0, we 

see that the covariant divergence of A ^^ must vanish also. Since A is a scalar, and 

the metric tensor has a vanishing covariant derivative, it follows that dS.fdx*^ =  0, or 

A =  constant. This argument, which situates A firmly on the left-hand side of the field 

equations, constitutes a “geometrical interpretation” of the cosmological term.

By contrast, in modem formulations of general relativity (eg. Weinberg 1972, p. 613,

Misner et al 1973, p. 411; Peebles 1993, p. 65) it is increasingly common to move the

cosmological term to the r^ht-hand side of eq. (4.1):

G ^  = (4.2)

where:

gfo,', (4.3)
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that is, to interpret A as part of the matter content of the universe, rather than a  purely 

geometrical entity [this idea goes back at least to Gliner (1966) and Zel’dovich (1968)]. 

Once this is done, there are no a priori reasons why A should not vary as it likes — as 

long as the effective energy-momentum tensor satisfies energy conservation. This 

possibility seems first to have been noticed by Linde (1974). The first explicit functional 

form for a variable A term was put forward by Kazan as (1980), who suggested (before 

the advent of inflation) that a power-law dependence of A on temperature below some 

criticed phase transition temperature Tc [ie., A oc (T/Te)^, with 0  =  constant] could lead 

to exponential expansion of the scale factor and help explain the observed isotropy of 

the universe.

4 .3  Variable-A T heories

Mzmy have seen in such variation the potential for resolving the cosmological constant 

problem, by means of a negative counter-term A« which could grow with time and even

tually “screen” or even cancel out the large positive cosmological constant A , expected 

from zero-point quantum fluctuations of the vacuum (Adler 1982, Hawking 1984, Barr 

1987, Weinberg 1989, Moflfat 1995, Dolgov 1997). The sum of these two terms would be 

driven toward zero at late times (or low energies):

A = (Ac + Ac) -> 0. (4.4)

The first actual mechzinism for Ac (based on a nonminimally coupled scalar field) was 

proposed by Dolgov (1983), who suggested a decay rate Â of order (where H  = à f a 

is the Hubble parameter)^. Perhaps the best-known descendant of this work is the

’The reader may have noticed that the pioneering p ^er*  in this field appear to have been written 
almost entirely by Soviet scientists: from Gliner’s (1966) suggestion that the vacuum be treated as 
physical m atter with p =  —p, to Zel’dovich’s (1968) extension of this treatment to "A-matter," to 
Linde’s (1974) idea of allowing A to vary, and finally to the medianism of Dolgov (1983). It is hard not 
to draw a  connection with dialeetieal mtUerialUm, the official state philosophy of the Soviet Union, two 
fundamental premises of which may be rendered as follows: (1) that basic reality is material; and (2) 
tha t it is in a state of eternal change or variability. (The term "(fialectic’’ refers to the endless Hegelian 
cycle of evolution from thesis through antithesis to synthesis, and back to thesis again.) Pezbaps this is 
an example of the oft-unappredated way in whidi societal beliefs influence scientific ones, even in those
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model of Peebles and Ratra (1988) and Ratra and Peebles (1988), in which the universe 

is permeated by a self-interacting sczdar field y, coupled only weakly to matter, that 

“roUs” continuously down a potential gradient toward some minimum. (This could be 

the same field as that responsible for inflation, and/or the dark matter.) The role of 

the cosmological term is played by the total energy density of the scalar field, A oc 

(ÿ^ +  which drops as its potential energy is converted to kinetic energy {k and d

are constants). The case A =  constant is recovered as —> 0. Observational constrednts 

have been plaiced on models of this kind from number counts of faint galaxies (Yoshii 

and Sato 1992), CMB anisotropies (Sugiyama and Sato 1992), and gravitational lensing 

(Ratra and Quillen 1992). They tend to favour small values of (of order unity), 

whereas large values (̂ x, 10) are required to solve the cosmological constant problem. 

Variations on the scalzir field theme have been explored by a number of subsequent 

workers (Wetterich 1988b, Fujii and Nishioka 1991, Frieman et al 1995, Moflat 1995, Fujii 

1997). In particular, the observationally important question of density perturbatûms in 

the presence of a decaying cosmological term of this kind is the subject of recent studies 

by Coble et al (1997) and Viana and Liddle (1997).

These models illustrate that variation in the cosmological term can be etssociated 

quite generically with the existence of scalar fields, and — by extension — with most 

versions of inflation. It is therefore somewhat surprising that the large majority of 

cosmologists who have embraced the inflationary scenario should continue to treat A 

as constant. It should be noted, however, that while A may decay in these theories, it

realms of inquiry which seem furthest from human affairs, by delineating the scope of the questions that 
may be asked.

One could go further and speculate whether western scientists, perhaps under the sway of German 
idealism, may have been unconsciously reluctant to  dislodge A from its place on the left-hand side of 
the field equations [the ‘̂ u re  marble of geometry," as Ehutein is said to have called it (Salam 1980)] 
and join it to the "base wood of m atter,” there to be subject to diange and decay. In this cormection it 
should be mentioned that some authors have followed the mathematically equivalent but philosophically 
very different p a th  of letting A vary while keeping it on the left-hand tide of the field equations. Eq. (4.1) 
then implies th a t m atter satisfies the usual conservation law =  0. However, the resulting theory is 
not general relativity, since the Efinstein tensor can no longer have a vanishing covariant divergence. 
In fact one obtains what is best described as a "modified Brans-Dicke” theory. This possibility was first 
considered in the context of the cosmological constant problem by End5 and Fukui (1977), and it has 
subsequently been studied by Bertolami (1986a,b), Berman et al (1989) and Berman (1990a,b;1991a).
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does not usually do so quickly enough to solve the cosmological constant problem, pn 

one early model (Abbott 1985) the relaxation process was estimated to require at least 

I 04so years.] Weinberg (1989, 1996) has in fact argued on general grounds that this 

problem cannot be solved by any mechanism which relies solely on scalar fields.

Tensor (eg. Hawking 1984) and vector fields (Dolgov 1997) can also contribute 

nontrivially to the vacuum energy, and hence to the effective value of A, reinforcing the 

point that the case in which this quantity is exactly constant is a special one. Similar 

effects have been obtained with a wide variety of other mechanisms. Some give rise to 

simple decay laws, such as Hiscock’s (1986) model based on the effective stress-energy 

of quantum fields in de Sitter space, for which Â oc (jS =  constant). Others, like the 

model of Tsamis and Woodard (1996) bstsed on infrared processes in quantum gravity, 

are more complicated. In most variable-A papers, specific decay laws for A are not 

actually derived at all; the intent is merely to demonstrate that decay (and preferably 

near-cancellation) of the effective cosmological term is possible in principle. New matter 

fields and quantum effects zire not necessary; even cosmological perturhations can drive 

the effective value of the cosmological term toward zero (during inflation; Abramo et al 

1997).

4 .4  P henom enological A -D ecay Laws

Inspired by these ideas, a number of other authors have constructed purely phenomeno

logical models, in which some specific decay law is postulated for A and investigated for 

its cosmological consequences. Those proposed so far may be divided into four classes: 

(1) theories in which À =  À(A, H); (2) theories in which A =  A(t); (3) theories in which 

A =  A(a); and (4) theories in which A =  A(a, H). The following is intended as a brief 

but reasonably comprehensive review of these theories.

The first class consists of decay laws with forms similar to those of the Dolgov (1983) 

and Hiscock (1986) mechanisms mentioned above. Specific examples include the case 

Â oc discussed at some length by Reuter and Wetterich (1987), and the model with
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Â oc )9A — A* proposed by Moffat (1996a,b).

The second class of theories appears to have been introduced by Lau (1985), who 

presented a variable-G model with A oc The same time-dependence has been

assumed by Berman (1991b), who adds the supplementary conditions p oc and 

q =  constant in his theory (where q = —aajd^ is the deceleration pzirameter); and also 

by Lopez and Nanopoulos (1996), who assume in addition tha t A oc a~^ (so that a oc t). 

These latter authors make the important claim that a A-decay ansatz of this kind could 

follow from certain versions of string theory. Other, more complicated decay laws of 

the form A =  A(t) have been obtained by Barr (1987), Kalligas et al (1992), Beesham 

(1993) and Elizalde and Odintsov (1994).

Theories of the third class originate with a paper of Rajeev (1983), who argued that 

a decay law with the interesting form A oc could follow from certain versions of 

quantum gravity. Power-law decay in a was first proposed by Ôzer and Taha (1986, 

1987), who described a universe with criticed density p = Pcrit o f (ordinary) matter 

along with a cosmological term decaying as A oc a~^. This has been investigated further 

by Abdel-Rahman (1990, 1992, 1995), John and Joseph (1996, 1997) and Ôzer (1997). 

A t  =  0 variant of the idea, in which the two components together make up the critical 

density, was proposed by Chen and Wu (1990), and generalized to include dissipative 

terms by Calvao et al (1992). Freese et al (1987) proposed a different scheme in which 

A scales with a at nearly the same rate as radiation, A oc where e 1. The

implications of this law for nucleosynthesis were studied by Sato et al (1990) in the limit 

6 —̂0, and Overduin et al (1993) used the CMB intensity to constrain e.

The generalization to arbitrary powers of the scale factor, A oc a"*” , was considered 

briefly by Gasperini (1987), who argued on thermal grounds tha t this is a plausible way 

to model the vacuum; and also by Olson and Jordan (1987), who confined themselves to 

calculating the age of the universe. Pavon (1991) has examined the models of Ôzer and 

Taha (1986,1987), Freese et al (1987), Gasperini (1987) and Chen and Wu (1990) from 

a thermodynamical standpoint. Decays of this kind have been studied in the context 

of higher-dimensional embedded models by Maia and Silva (1994). Several kinds of
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observational constraints have been considered, including those from CMB anisotropies 

(Silveira and Waga 1994,1997) and lensing statistics (Torres and Waga 1996). The class 

has also been extended by the introduction of a second free parameter (A oc Ao +  a~"*) 

in a variable-G theory of SLsterô (1991) and a survey of observation^ constraints by 

Matyjasek (1995).

The fourth class, finally, was ushered in by Carvalho et al (1992), who postulated 

A oc where ^  is an adjustable constant. This has been investigated further

by Arbab eind Abdel Rahmam (1994), and extended (Waga 1993) to flat models with an 

additional free parameter, A «  Ao +  0a,~  ̂+  Pavon’s method of thermodynamical

analysis, meanwhile, has been applied to models with A oc yflo""* +  by Salim and 

Waga (1993). There was also a variable-G theory of Lima and Carvalho (1994) in which 

A depended solely on H  via A oc this has been studied further by Arbab (1997). 

[The same H-dependence also appears in a scalar field-based model of Wetterich (1995).] 

More complicated decay laws in which A depends on both a and H  have been discussed 

by Lima and Maia (1994), Lima and Trodden (1996) and Nesteruk et al (1997).

The primary defect of these phenomenological proposals (besides the somewhat ad 

hoc form of the decay laws) lies in accounting physically for the energy lost in the de

cay process. In some models (Ôzer and Taha 1986, 1987; Reuter and Wetterich 1987) 

this is not addressed at all; in others the energy is channelled into what is effectively 

“spontaneous” production of baryonic matter (eg., Chen and Wu 1990, Lima and Car

valho 1994), radiation (eg., fVeese et al 1987, Gasperini 1987, Lima 1996) or both 

(Abdel-Rahman 1992, 1995; Calvao et al 1992, Carvalho et al 1992, Lima and M aia 

1994, Matyjasek 1995). The former case can be constrained by observations of the dif

fuse gamma-ray background, since (assuming the decay process does not violate baryon 

number) one would expect equal amounts of matter and antimatter to be formed (Fkeese 

et al 1987). The latter case can be constrained by limits on CMB anisotropies, assuming 

the spectrum of the created radiation is non-Planckian (FVeese et al 1987); or if th a t 

fails, simply by the absolute CMB intensity (Overduin et al 1993).

In any case, the fact that that no explicit physical mechanism is included to  mediate
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the conversion of vacuum energy into its decay products is a drawback. [This is not 

true of theories such as that of Peebles and Ratra (1988), in which the desired mecha

nism is provided by the scalar field as it rolls down the potential gradient, picking up 

kinetic energy.] Ultimately the difiSculty can be traced to the fact that these theories 

have not been derived from complete Lagrangians of their own, but are simply a pos

teriori modifications of general relativity. [Thus, as pointed out by Ratra and Peebles 

(1988), while they all involve a variable A-term, there are no derivatives of A in their 

Lagrangians, which are identical to the Lagrangian of Einstein’s theory.] Nevertheless, 

until it is proved that a self-consistent (and observationally acceptable) decay mecha

nism is impossible, they remain feasible in principle. We take the point of view here 

that they are worth examining, in light of their potential to address some of the most 

pressing problems in cosmology.

4.5 N onsingiilar C osm ology w ith  A D ecay

All the authors discussed in the previous section cite the cosmological constant problem 

as the primary motivation for A decay. Very few of them, by contrast, consider the 

potential relevance of their models to the question of the initial singvdarity. Exceptions 

are Ôzer and Taha (1986, 1987), Abdel-Rahman (1990, 1992,1995), Arbab and Abdel- 

Rahman (1994), Lima and Maia (1994), Lima and Trodden (1996), and John and Joseph 

(1996, 1997), who claim explicitly nonsingular solutions. Three other authors mention 

that nonsingular solutions are possible in their models under certain circumstances (Sis- 

terô 1991, Beesham 1993, Matyjasek 1995). The others either do not comment on the 

issue at all, or — as in one case (Olson and Jordzm 1987) — go out of their way to state 

explicitly that no singularity-free cases will be considered. This constitutes a large and 

tempting gap in variable-A theory as it stands. We will attempt to close part of the gap 

in this thesis.

One way to do this would be to evaluate the above-mentioned theories one by one. As 

we have seen, however, these are based on decay laws which tend to suffer not only from



4.6 D ynam ical Equations_____________________________________________  47

a lack of physical motivation, but generality as well. Most are of very specific power-law 

forms, with the exponents (and sometimes even the coefficients) specified firom within 

the theory. Even then additional conditions (such q =  constant, p = pcriu or k =  0) are 

often assumed. We would like to take a slightly more broadminded approach, but one 

that is still simple enough to be tractable. To this end, we will consider scenarios of the 

following four types:

A = At~^ (4.5)

A = (4.6)

A = C H " (4.7)

A = V q \ (4.8)

where t is a (suitably defined) time variable, a, H, q are the usual sczde factor, Hubble 

and deceleration parameters respectively, and A, B, C, V, f, m, n and r serve as adjustable 

constants. These decay laws and their cosmological consequences will be the subjects of 

Chapters 5 - 8 .  For each scenario we will attempt to determine (1) whether nonsingular 

homogeneous and isotropic solutions are possible; and (2) whether they are compatible 

with observation.

Of course, eqs. (4.5) -  (4.8) still suffer from a lack of physical motivation. However, 

they are more general than most of the A-decay laws proposed so far, and one may 

therefore hope that they will be more likely to accommodate a realistic decay mecha

nism, should one be found. One might also argue that any scheme which alleviates the 

abovementioned problems of the standard model and agrees with observations would be 

a strong basis for picking out some physical mechanisms over other ones. We will return 

to this issue at the end of Chapter 8.

4.6  D ynam ical Equations

Let us begin by assembling the required dynamical equations. We will continue to 

assume a Robertson-Walker line element (ie., a homogeneous and isotropic universe).
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which means that we can bring over the relevant equations from Chapters 2 and 3, 

merely modifying them to incorporate a new (and, in general, variable) cosmological 

term. Since we are regarding this term as part of the matter content of the universe 

(§ 4.2), the required modifications will involve only the source terms p and p.

We will also continue to assume that the matter contents of the universe in the 

absence of the cosmological term are well-described by a perfect fluid; ie., that the 

energy-momentum tensor in eq (4.3) has the form (2.14). Eq. (4.3) then implies 

that the effective energy-momentum tensor (including both ordinary and A-matter) cUso 

has the perfect fluid form. In particular we find:

ffo, =  p g ^  +  (p +  p)«^«v, (4.9)

where:

We can therefore employ the same dynamical equations as in Chapters 2 and 3, provided 

that we replace the quantities p and p with the modified pressure and density given by 

eq. (4.10). [This argument is due to Weinberg (1972), p. 614.]

The first things we need are the field equation (2.22) and the energy conservation 

equation (2.35). Replacing p and p in these equations, as specified above, we find that 

the first one takes the form:

^2 _  +  ya* -  k, (4.11)

while the second is written:

é  [('’ + i^ ) “i  =-’(?- 8^) (■'•12)
E!q. (4.11) is sometimes misnamed the “Einstein equation,” although Einstein did not 

derive it (Felten and Isaacman 1986).

We also require an equation of state relating p and p, the pressure and density of 

ordinary matter. For this we can bring over eq. (2.62) from Chapter 2:

p =  (7 -  l)p, (4.13)
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where 7 is the adiabatic index, possible values for which will be discussed in the fol

lowing section. Note that we do not replace p and p in eq. (4.13) with their modified 

expressions (4.10). This is because we want ordinary matter, not the “effective m atter” 

obtained by including the A-term, to obey this simple equation of state. Some authors 

(eg. Madsen and Ellis 1988, Madsen et al 1992) take the opposite approach and absorb 

A into their equation of state; we prefer to keep it separate so that its effects on the 

dynamics can be more readily distinguished.

Cosmological models derived using the fimdamental equations (4.11) -  (4.13) are 

often called “Friedmann-Robertson-Walker” (FRW) or “Friedmann models” (eg. Wein

berg 1972, p. 473). This term, however, is misleading because Friedmann solved only 

the special case 7 =  1. In fact it was Lemaltre who first derived eqs. (4.11) and (4.12), 

so these are properly termed the Lemaitre equations, and models based adl three equa

tions (4.11) -  (4.13) with a general value of 7 should be called Lemmtre models. Fried

mann models form the subset of Lemaitre models with 7 = 1, and the appellation 

“Robertson-Walker” (RW) should be reserved for the line element (2.9). [These clarifi

cations of terminology have been emphasized by Felten and Isaacman (1986).] 

Substituting eq. (4.13) into eq. (4.12), we find:

This is a generalized energy conservation equation, valid whether A varies or not. When 

A =  constant, eq. (4.14) returns the well-known result that density p scales as in a 

pressure-free universe (7 =  1) and o~^ in a radiation-dominated universe (7 =  4/3).

Differentiating eq. (4.11) with respect to time and inserting the energy conservation 

equation (4.14) produces the following expression for the acceleration of the scale factor:

8xG ^1 — pa+  — a. (4.15)

When A =  0 this reduces [with the help of the equation of state (4.13)] to  eq. (3.15), as 

one would expect. ESqs. (4.11) and (4.15), which can be derived directly from the field 

equations (4.1), are sometimes presented as a pair of independent differentisd equations.
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As we have shown here, they can be derived from each other using the equation of energy 

conservation. [This is a consequence of the fact th a t the field equations are related to 

the conservation equation via the Bianchi identities (Weinberg 1972, p. 473).]

Eq. (4.15) already tells us a great deal about cosmic evolution. From it we can 

confirm, for example, that a positive density p acts to decelerate the expansion, as 

expected — but only i f  y  > 2/3. If, on the other h«md, the cosmological fluid is sudi 

th a t 7  < 2/3, then its density can actually accelerate the expansion, d > 0. This is 

the phenomenon commonly known as inflation. Eq. (4.15) also confirms th a t a  positive 

cosmological term will always contribute positively to acceleration, "propping up” the 

scale factor against the deceleration caused by the m atter term p (when 7 > 2/3). This, 

of course, is why a positive cosmological term helps to  extend the lifetime of the universe. 

A negative A-term, on the other hand, always acts in the opposite direction amd brings 

about recollapse more quickly.

Combining eqs. (4.11) and (4.15), finally, we can eliminate p and obtain a diflerential 

equation for the scale factor in terms of the cosmological term alone:

To find the behaviour of a{t) in an "extended Lemaitre” model characterized by some 

expression for A(t, a, a, 5), one need only substitute it into eq. (4.16) and solve. This 

differential equation will therefore be of central importance in the chapters that follow.

4 .7  E quation o f  S tate

We digress in this section to discuss possible values for 7 in eq. (4.13). As we have noted, 

F ried m a n n  assumed that 7 =  1, corresponding to a  dust-like universe with zero pressure. 

The majority of cosmologists since FNedmann's tim e have retained this assumption, at 

least in anzdytical and numerical studies of the evolution of the scale factor with time 

(Stabell and Refrdal 1966, Refsdal et al 1967, Robertson and Noonan 1968, Edwards 

1972, Campusano et al 1975, Rindler 1977, Heidmann 1980, Felten and Isaacman 1986). 

Felten and Isaacman (1986), for example, argue th a t pressure is negligible for nearly
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the entire history of the universe, becoming significant only just after the big bang (on 

cosmic scales), and can therefore be neglected in numerical approximations. It is true 

that the present universe is probably well-described as dust-like. It should also be borne 

in mind, however, that this perception is not based on a  lack of observed higher-pressure 

m atter — after all, some ninety percent of the mass density of the universe has not been 

identified, and could well be composed of light neutrinos (Sciama 1994, Overduin and 

Wesson 1997b) — but simply on the fact that higher pressures lead to lifetimes too short 

to be reconciled with observations (Peebles 1993, p. 312). This means that it would be 

prudent to consider at least the case of radiation-dominated conditions (7 =  4/3, viz. 

§ 2.3), as has been done by severed authors (McIntosh 1968, Agnese et al 1970).

We would also like to be able to model a variety of physical situations besides dust 

and radiation. Inflation (ie., ü > 0), for example, occurs for any 7 < 2/3, as noted above. 

In particular, we saw in § 2.9 that 7 takes the value 2/Zp  in power-law inflation, where 

p  is the power-law parameter, which can in principle tedce any value greater than one. 

(In § 2.9, Pa =  3 meant that 7a =  2/9. The limiting case p  — > 00 would correspond 

to pure de Sitter expansion, 7 =  0.) During inflation of other kinds, 7 does not stay 

strictly constemt — but it does stay nearly constant whenever the slow-roU ccmditions 

V{<p) hold (that is, in nearly all realistic models of inflation), since eqs. (3.14) 

then imply that p % —p, or 7 »  0. [This equation of state was appears to have been 

suggested initially by Gliner (1966) as a means of modelling vacuum-like matter.]

The same equations also show that a “fast-rolling” scalar field would behave like 

stiff matter (7 »  2, viz. § 2.6), as discussed by Matdsen et al (1992). [The stiff equation 

of state was already used in a cosmological context by Zel’dovich (1972), to describe a 

universe filled with “cold baryons.”]

Caldwell et al (1997), meanwhile, have proposed a  new type of cosmological matter, 

the “Q-component” (or “quintessence”), with 7 between zero and one (the cases 7 =  5/6 

and 2/3 are cited as specific examples). A fluid with 7 =  2/3 (p =  —p/3) would have 

special properties since, from eq. (4.15), it would not contribute to the deceleration; 

this has been used elsewhere to model string-dominated conditions (Gott and Rees
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1987), so-called “üT-matter” (Kolb 1989), and m atter in low-density closed universes 

(Kamionkowski and Toumbas 1996). In a simila r  vein. Turner and White (1997) have 

speculated on the possible existence of a new “s-component” of cold dark matter with 

7 % 0.4.

With all these possible applications in mind, we will relax Friedmann’s assumption in 

this thesis and consider any (constant) value o f j  in  the range 0 < 7 < 2. (These limits 

come from the fact that the speed of sound in the fluid is given by u, =  yfpfp — y /j  — 1, 

which we require to be both real and less than c, or one in our units.) It is worth pointing 

out that negative values of 7 have also been contemplated in cosmology (Harrison 1967). 

An interesting discussion of the implications of dlfierent values of 7 for astrophysical 

problems such as galaxy formation is given in Visser (1997).

4.8  G eneralizations

A generalization of this treatment could include multiple fluids. If, for example, radiation 

and dust-like matter were present with comparable energy densities, then one might 

want to “average over” both their contributions to  the total pressure and density of the 

cosmological fluid. This is discussed by Madsen et al (1992), who show that the eflfective 

adiabatic index is then:

y = P ~ ^ ^ 7 iP i ,  (4.17)
%

where 7,- and pi are the adiabatic index and density of the t-th matter component, and p 

is the combined density of all the components. Strictly speaking, this equation eissumes 

that the various fluid components are noninteracting\ that is, not exchanging energy 

at a  significant rate. We will not adopt eq. (4.17) here, leaving this for future work. 

In practice this means we assume the matter of the universe is well-approximated by a 

single fluid component at any given time in its history.

One could in principle go further and generalize to variable 7 . This might allow for 

smooth modelling of the evolution of the universe as it moves from, say, an inflationary
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to a radiation-dominated stage. In their study of density evolution as a function of the 

scale factor, for instance, Madsen et al (1992) used the expressions:

— n f e  -  | r  . . . . .

to model the transitions from retdiation-dominated to inflationary conditions (in the very 

early universe) and radiation- to matter-dominated conditions (at decoupling) respec

tively. Similarly, Caldwell (1996) used an expression of the form:

_  { o _
1 -I- CirO.* I  4/3 for a  »

to track metric perturbations across the inflation-to-radiation transition. (Here Cri, C«r 

and Crm are constants, with subscripts ‘*r,” “i” and “m” denoting radiation, inflation 

and m atter respectively). Other authors have expressed 7 as a function of density 

or time instead of the scale factor: via a polytropic equation of state p = for 

example (McVittie 1965, p. 154), or more complicated relationships such as those given 

by McIntosh (1968), Rosen (1985), Israelit and Rosen (1989) Stomaiolo (1994), Mangano 

et al (1995), or CapozzieUo et al (1995).

In theory, any or all of these expressions for variable 7 could be used in eqs. (4.11) 

through (4.15) to solve for the scale factor as a function of time. This would cer

tainly oblige us to “resort at once to numerical integration,” as McVittie (1965) puts 

it. For most purposes, however, it is probably adequate to adopt the simplifying as

sumption that the transition periods between the diflerent epochs of cosmic evolution 

are unimportant in comparison to the epochs themselves. One can then make a “multi

stage” approximation in which 7 takes on a succession of diflerent (constant) values; 

eg., from 7 ss 0 during inflation, to 7 =  4/3 during the radiation era, to 7  =  1 at 

present. (The discontinuous changes in 7 would presumably correspond to phase tran

sitions in the fluid.) This is the approaich taken by Starkovich and Cooperstock (1992) 

in their classical scalar fluid model of the universe. It is supported by at least two in

dependent arguments. Firstly, the transitions between the inflationary, radiation- and
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matter-dominated eras are believed on theoretical grounds to have been very short. The 

time-scale characterizing the transition from inflationary to radiation-dominated condi

tions (commonly known as “reheating”), for example, is usually taken to be much less 

than the expansion time-scale H~^ in both standard (Kolb and Turner 1990, p. 274) 

and chaotic (Ko&nan 1996) inflationary scenarios. And the transition from radiation- to 

matter-dominated conditions, which occurred between the epochs of matter-radiation 

equality (at ~  10^  ̂s) and recombination (free ~  10^  ̂s; Kolb and Turner 1990, p. 74) 

was also very short in relative terms. The second piece of support is the fact that Mad

sen et al (1992) obtained the same qualitative results using eqs. (4.17) -  (4.19) as they 

had in a similar study of density evolution four years earlier (Madsen and Ellis 1988) 

employing the multi-stage approximation. We have, therefore, both theoretical and “ex

perimental” grounds for believing that our assumption 7 =  constant is not unreasonably 

restrictive.

4.9 D efinitions

We conclude this chapter by introducing the terms and definitions which will be needed 

to connect our solutions to observation. Chief among these are the “lambda” and density 

parameters given by:

We will be particularly interested in the values of these parameters at the present time:

These will constitute our primary free peirameters throughout the following chapters.

The value of the quantity Ao, which is widely used in numerical (Campusano ef cU 

1975) and observational studies of the cosmological term (Loh 1986, Lahav et al 1991, 

Moles 1991, Futamase 1992, Kochanek 1992, Krauss and Schramm 1993, Hoell ef al 

1994, Kochanek 1996, Totani ef al 1997), rests in the fact that it is the hreqaivalent of
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the more familiar Oo> This can be verified by using the definitions (4.21) to rewrite the 

Lemaitre equation (4.11) in the shorthand form:

= H liSl +  A) -  fe/a*, (4.23)

or, at the present time r  =  tq:

h = agfr|(no +  A o - l) , (4.24)

The parameter Aq is sometimes denoted (eg. Perlmutter et al 1997), for obvious 

reasons. fYom the form of eq. (4.24) it is clear that:

fîo +  Ao >  1 = >  k >  0

fîo +  Ac =  1 = >  k =  0

flo +  Ao < 1 = >  fe < 0. (4.25)

Most cosmologists implicitly choose units for oq such that the value of t  is normalized 

to either 0 or ±1. We will follow Felten and Isaacman (1986) in refraining firom this, 

because it is more convenient for our purposes to choose units such that oq =  1. In the 

remainder of this thesis, then, the value of t  is specified by eq. (4.24) and should not be 

assumed to be 0 or ± 1.

Finally, we mention that some authors (eg. Stabell and Refsdal 1966, Refsdal et

al 1967) employ the quantities qo and <rq, rather than Aq and Oq. We give here the

relationships between them. The density parameter <r is defined by:

(4.26)

so we have (at the present time):

ao = iOq. (4.27)

The deceleration parameter q is defined by:

q =  — (4. 28)
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If we substitute this into eq. (4.15) along with the definitions (4.21), we obtain the 

relation q =  (3"y/2 — 1)0 — A, or (at the present time):

90 =  (  Y  ~  ^ )  ^0  -  Ao. (4.29)

From this result we can confirm the well-known rule that a large (positive) cosmological 

term tends to drive go toward negative values. In the case 7 =  1, these expressions 

reduce to those given by Felten and Isaacman (1986).
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C hapter 5

M odels W ith  A oc

5.1 Interpretation  o f the T im e C o-ordinate

We begin with what is probably the most straightforward implementation of the variable- 

A idea; namely, one in which the cosmological term is a simple power-law function of 

time t, as set out in eq. (4.5):

A =  A t - ',  (5.1)

where A  and £ are, for the time being, arbitrary constants. As mentioned in § 4.3, the 

case t  = 2 has previously been considered by several authors. In each case, however, 

supplementary conditions are present as well. Lau (1985) assumes a time-varying grav

itational ''constant" G. Berman (1991b) imposes the requirements that the density p 

of ordinary matter also scale as t~^, and that the deceleration parameter g be a con

stant. Lopez and Nanopoulos (1996) take A to have the same dependence on the scale 

factor as on time (A oc a~^), for late times a t least. None of these authors address the 

question of singularity avoidance. We wish to study the properties of models with the 

property (5.1) in a more comprehensive way.

Several conceptual issues should be dealt with before we proceed. Firstly, we are at 

least as interested in nonsingular models as we are in those which began in a singularity. 

Therefore we are obliged to broaden the traditional definition of cosmic time, in which it 

is set to zero at the moment when a =  0; ie., a t the big bang (eg. Weinberg, p. 473). We
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choose here to measure t from the point where a =  0 in singular universes (the big bang, 

as usual), or from the point where da/dt =  0 m nonsingular ones (the “big bounce”). 

(Strictly speaking, in the latter case we choose the most recent past event da/dt =  0.) 

In either case we refer to this as the “initisd moment” and denote it by t =  t ,  =  0. We 

reserve the subscript “0” for the present epoch, t = to > 9.6 x 10® yr (Chaboyer et al 

1997). Similar conventions have been adopted by others in working with nonsingular 

models (Ôzer and Taha 1987, Abdel-Rahman 1990, 1992; Starkovich and Cooperstock 

1992, Bayin et al 1994).

Secondly, it should not necessarily be assumed that the parameter t in eq. (5.1) is 

in fact cosmic time, as defined in the standard model of cosmology (eg. Weinberg 1972, 

p. 410; Narlikar 1983, p. 94; Wald 1984, p. 95). For example, eq. (5.1) implies that 

A —»■ oo in the limit f 0, which may not be realistic. A may go to infinity at some 

other time (too, say) than the initial moment. Or, more likely, its divergent behaviour 

may be cut off at some critical temperature (at time tg, say) by a phase transition or 

similatr mechanism, above which A is effectively constant (Kazanas 1980). So a more 

plausible formulation of eq. (5.1) in terms of cosmic time t would take the form:

Ac when t < tg /_ „v
when t > tc ’=  {

where continuity across the cutoff time tc implies that Ac =  A (te — too)

EJq. (5.2) for A(t) could, if desired, be substituted into eq. (4.16) and the other 

dynaunical equations of § 4.6, which could then be solved for the scale factor a(t). All 

these equations now use the same time coordinate t. However, we can save ourselves a 

great deal of unnecessary work by noting that the dynamical equations in themselves 

contain no explicit t-dependence, but only derivatives with respect to t. We can therefore 

shift our time co-ordinate as follows:

t i  = {t — tgo), (5.3)

without changing their form. E!qs. (4.11) -  (4.16) remain valid, with the overdot now 

signifying differentiation with respect to t instead of t. And the decay law (5.2) goes
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back to its originad, simpler form:

A =  At~^, (5.4)

for all t > tc — too (ie., t > tg). In practice we will assume that eq. (5.4) holds at all times 

of interest. For earlier times, t < (tc — too), the standard (Lemaitre) solution holds, with 

A =  constant =  Ag. If tg % too, then eq. (5.4) holds all the way down to f =s 0.

It is interesting to note that according to some accounts (eg. Weinberg 1972, p. 409), 

expressions of the form (5.4), in which some cosmic scaletr field decays monotonically 

everywhere, are essential in attaching physical significance to the definition of cosmic 

time. One assumes in the standard model of cosmology that four-dimensional spacetime 

can be "foliated" into a series of spacelike hypersurfaces, each a surface of simultaneity 

with respect to cosmic time. [This is part of what is known as Weyl’s postulate; Narlikar 

(1983), p. 91.] But the concept remains largely esoteric until these surfaces are “tagged" 

with successive values of some physiczd quantity such as proper density or black-body 

radiation temperature. In the theory we are considering here, this role could equally 

well be played by successive values of the cosmological “constant. ”

5.2 R icca ti’s Equation

For later convenience, we will make one last change to our independent veiriable, choosing 

to meeisure it in units of Hubble times where Hq is the current value of Hubble’s 

parzuneter. In other words we define a dimensionless new parameter:

T =  Hot, (5.5)

whereupon the decay law (5.4) takes its final form:

A =  Xr~^, (5.6)

for all T > Ho{tc — too), where we have absorbed a factor of Hq into the proportionality 

constant A .
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We are now in a position to study the evolution of the scale factor. This is governed 

by the differential equation (4.16), which can be written as follows in terms of r:

=  (5'^)

where primes denote differentiation with respect to r , and we have used the defini

tion (5.5) to put à-i- Hq a'.

Elq. (5.7) is a nonlinear first-order differentizd equation in a\ with variable coefficients 

in a. Let us try changing dependent variables via:

=  <*■*>

whereupon:

Eq. (5.7) then takes the form:

^ = (îE) + (2%) " T)
If we restrict ourselves to spatially flat universes (k =  0), then the last term drops off

and we are left with a special case of Riccati’s equation-.

H ‘ = V{t )H ^-\-Q {t)H  + TI{t ), (5.11)

where:

We will adopt this restriction for the remainder of Chapter 5. The same thing was done 

by Lau (1985), Berman (1991b), and Lopez and Nanopoulos (1997) in their solutions.

Riccati’s equation is solved (Spiegel 1981, p. 217) by changing dependent variables 

from H  to z  via:
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Milking this change, we find th a t eq. (5.10) with k = 0 takes the form:

=  (&) (%)
Substituting eq. (5.6) for A(r) into this result, we finally obtain:

dr* 

where:

37=.A

— o e = 0, (5.15)

a  = (5.16)

This is now a linear second-order differential equation, albeit still one with a variable 

coefficient. We will solve for * (r)  in the cases f  =  1,2,3,4.

Once z ( r )  is found, the Hubble parameter H ( t )  is given immediately from the 

definition (5.13). Moreover, the scale factor a(r) is also given to us, as may be verified 

by comparing eqs. (5.13) and (5.8) to yield:

a(r) =  [z (t)]2/»t. (5.17)

The constant a  given by eq. (5.16) can be fixed in terms of observational quantities

as follows. Applying the decay law (5.6) to the present epoch r  =  tq, and using the

definition (4.22) of Ao, we find that:

A  =  3HiXo4, (5.18)

which can be substituted into eq. (5.16) to yield:

a = ( ^ ) \ r o ' .  (5.19)

It should be mentioned that, since we are operating under the assumption that k = Q 

in this chapter, fio is always given by (1 -  Aq).
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5.3 T he Case /  =  1

We now proceed to the first case. When /  =  1 the dififerential equation (5.15) reads;

d^x
T — "T — ct X = 0, (5.20)dr^

where a  is given by eq. (5.19):

a = ( y ) \ r o .  (5.21)

The general solution can be obtained (Murphy 1960, p. 329) by changing independent 

variables from x to z, defined by:

z = 2y/—ar. (5.22)

In terms of the new variable z, the differential equation (5.20) takes the form:

-  z ^  +  z* z =  0. (5.23)az^ dz

This is transformable to Bessel’s equation, with general solution (Spiegel 1974, p. 125):

z(z) =  CizJi(z) +  C2zYi(z), (5.24)

where J\{z) and I^i(z) are Bessel and Neumann functions of order one. E!q. (5.17) then

gives us the scale factor:

a(r) =  r : / ^  M W  +  Czl^(^)] , (5.25)

where we have absorbed a factor of y/—Aa into c%, cg, and ^ ( r )  is defined by:

rti{r) = v - 4 a r .  (5.26)

The Hubble parameter is found by putting z(z) into eq. (5.13), which yields:

’C1J0 W  + C2 Y0 W ]
ff( r )  =  ffo ( 1̂ ) Lci^i(^)+C 2n (v » )j’

where Jo(z) and Yq{z ) are Bessel and Neumann functions of order zero. We note from 

the definition (5.21) that ^ ( r ) ,  and hence o ( t )  and H {r), can only be real (for positive
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times) if Ao < 0, which would imply a negative cosmological constant. While it is true

that some authors have discussed such a possibility (Banks 1984, Galicki 1991, Fujiwara 

et al 1991, Guendelman and Kaganovich 1994, Coussaert et al 1995, Patemoga and 

Graham 1996, Gibbons 1996), we will see shortly that it can probably be ruled out, 

in this model at least, because it implies an unrealistically short age for the universe 

(Fig. 5.1). Therefore, since eq. (5.24) represents the general solution for the differential 

equation (5.20), the case f =  1 is probably not realized in nature.

We also note from the expressions (5.25) and (5.27) that, as r  — 0, the scale factor

a —̂ 0 and the Hubble parameter H  -¥ oo. So it appears that a decaying cosmological 

term of the form (5.6) with f  =  1 does not lead to singularity avoidance in a flat universe. 

Let us make this more precise by considering the boundary conditions on the theory.

If the age tq of the universe is given to us, then we can impose the following boundary 

conditions at the present epoch:

a ( ro )  =  1 , H { to) =  H q. (5 .2 8 )

Substituting these expressions into eqs. (5.25) and (5.27), it is strmghtforward to solve 

for Cl and c;:

_  yo(V>o) -  yi (V'o)______  /g 29)
v̂ —\)To [ J i i ‘4 > o )Y o i ' l> o )  — ‘Io(^o)i^i(V’o)]

_  ________-y Z - A p  Jo(V>o) +

 ̂ y = Â ^ [^ i ( V 'o ) W o ) - /o ( ^ o )W o ) ] ’ ^

where:

V’o =  S'yTpv^—Ap. (5 .3 1 )

Unfortunately, rp is not given to us. In fact, in a sense this is precisely what we are 

trying to determine; a  nonsingular model by definition would have rp oo.

We require an additional boundary condition to specify the value of rp along with ci 

and C]. According to the discussion in § 5.1, a nonsingular model should satisfy ff'(O) = 

0. Is this possible in the present case? We cam show that it is impossible, as follows.
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F^omeq. (5.27), the Hubble parameter H'(r) oc ci JoCV—̂ orr)+C2Yo{y/—4ctr). We must 

have C2 =  0 in order to keep this finite at r  =  0, since Yq{x ) diverges logarithmically at 

z =  0. Then, in order to satisfy the condition H(0) =  0, we are obliged to set ci =  0 

as well, since Jb(0) = 1. W ith ci = cj =  0, however, a(r) =  0 for all r ,  which is 

unacceptable. The only way to  avoid this conclusion is to lift the cmidition H (0) =  0, 

which is another way of saying that the model is necessarily singular at r  =  0.

We turn next to the scale factor, which according to eq. (5.25) goes as a (r) oc

ciJi(V -4orr ) +  C2> i(V -4aT ). In order to keep this finite at r  =  0, we must have:

C2 =  0, (5.32)

since Y^(z) also diverges logarithmically at z =  0. This then constitutes our third 

boundary condition. In conjunction with eq. (5.30) it implies:

*fi(V’o) ~ Ao Jo{^o) — 0* (5.33)

This equation can be solved numerically for tq [with the help of the definition (5.31)], 

which can then be substituted back into eq. (5.29) to fix the value of ci. W ith ci and 

C2 both known, a(r) and H (t ) are given by eqs. (5.25) and (5.27) respectively. This 

completes our solution for the case t  = 1.

The evolution of the scale factor for 7 =  1 and various values of Aq is illustrated in 

Fig. 5.1, which is modelled after similar diagrams in the review of Felten and Isaacman 

(1986). In particular, we have followed these authors in plotting the scale factor a as a 

function of ( r  — tq), rather than r  for each curve. [Note that tq depends on the choice 

of Ao via eqs. (5.33) and (5.31) above.] This has the effect of shifting all the curves so 

that they intersect at (0,1), which marks the present epoch. [Recall that we have chosen 

units such that oo = 1, eq. (4.24).]

We have plotted for four Hubble times into the future, and one Hubble time into 

the past. It may be seen th a t the Ao =  0 curve (solid line) intersects the time axis at 

( r  — Tq) =  —2/ 3, which confirms the well-known rule that the age of a  flat universe 

with no cosmological constant is tq =  2/3. The models with Aq < 0 (dashed lines) are
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- 1

Time t - t©  (units Ho"*)

Figure 5.1: Evolution o f  the scale factor for flat models w ith A oc and 7 = 1. 
Values o f A© are labelled beside each curve, and Oq =  1 — A© in each case.

younger than this, which considerably diminishes their attractiveness. The A© =  — 1 

model, for instance, has r© =  0.48, while the A© =  -3  model has r© =  0.35. If we 

use a current widely-accepted value of fl© =  73 ±  10 km s~^ Mpc”  ̂ (Freedman 1996) 

for the Hubble parameter, then (recalling that t =  r/Ho) we see that the age of the 

universe in these models can be no more than 7.4 and 5.4 billion years old respectively. 

This conflicts badly with estimated globular cluster ages, which are thought to be at 

least 9.6 billion years old in some cases (Chaboyer et al 1997). The situation improves 

slightly if one switches to the lower values for Hq which are reported by some authors. 

If fi'© =  55 ±  10 km s~^ Mpc“  ̂ (Sandage zmd Tammann 1996), then the maximum 

possible age for these two models increases to 10.4 and 7.6 billion yeais respectively. 

One can safely rule out models with A© < —1 on this basis, while models in the range 

—1 < A© < 0 remain marginally viable at best.

Fig. 5.1 tells us that, while flat models with A© = 0 will continue to expand in

definitely as usual, those with negative values of A© will experience eventual recollapse. 

This can be understood by looking once again at eq. (4.15), which shows that there are
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two contributions to the deceleration: one (which goes as pa) due to ordinary matter 

and the other (which goes as |A|a) due to the negative cosmological constant. Because 

the density p of matter rapidly thins out with expansion, the first contribution alone 

is not enough to close the universe when 6 = 0 .  The second contribution, however, is 

diluted much more slowly (|A| drops oflTas only in this case), and is therefore enough 

to bring about eventual recollapse, no matter how small its value at the present time. 

Thus, models with Ao = —1 and Ao =  —3 encounter the “big crunch” after only 2.94 

and 1.21 Hubble times respectively.

Note that we have not plotted any curves for positive values of Ao since (as discussed

above) the scale factor is imaginary in these cases.

5 .4  The Case 1 =  2

We proceed next to the second case, 1 = 2, for which the differential equation (5.15) 

takes the form:

r * ^ - ^ - a *  =  0, (5.34)
dr*

with Or given by eq. (5.19) as follows:

a = ( ^ y A o T * .  (5.35)

This is a special case of Euler’s differential equation. The genered solution (Spiegel 1981, 

p. 212) can be obtained by changing independent variables from r  to y, defined by:

y =  In r, (5.36)

whereupon eq. (5.34) takes the form:

^  — orz =  0. (5.37)
dy* dy

This now has constant coefiicients, as desired. The roots of the “auxiliary equation”

m* — m — a  =  0 are given by m =  [1 ±  y /l  + (3y?b)^Ao]/2, so there are three subcases 

to consider, according as Ao is greater than, equal to, or less than —l/(3y7b)^-
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5.4.1 T h e S u b case Ao >  —l/(3 7 r o )*

Since we expect on observational grounds that Ao is probably positive, this is the most 

physical of the subcases. The general solution of eq. (5.37) is:

*(y) =  cie'"»>' +  C2e"*«, (5.38)

where ci, c; are arbitrary constants and:

=  « [ l  +  - \ / l  +  (3 7 To)*Ao 1 , ii»2 =  r  -  \ / l  +  (37Tb)*Ao] .
^ ^ ■' (5.39)

Using the definition (5.36), we obtain:

x ( t )  =  Cir"“ +  C2r"**. (5.40)

The scale factor and Hubble parameter are then found from eqs. (5.17) and (5.13):

a(r) =  + C2T-”̂ Ÿ ^ ^  (5.41)
miCir”*® +  m2C2T”̂H^r) =  ^ (5.42)

where:

ttiq =  — \ / l  +  (3'y7b)^Ao. (5.43)

In this form it is seen that a(r) diverges at r  =  0 for Aq > 0, unless:

C2 =  0, (5.44)

which we consequently adopt as our first boundary condition. [This is the same as our

earlier argument in the f  =  1 case, eq. (5.32).] The scale factor (5.41) and Hubble

parameter (5.42) simplify to:

a(r) =  (c ir'" ' ) ' / ^  (5.45)

^  [v]'
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We then apply the boundary conditions (5.28) at r  =  tq. Eq. (5.46) with H{tq) =  Hq 

implies that:

7b =  (5.47)

Substituting this result into eq. (5.45), with a(ro) =  1, we obtain:

C =  ( ^ )  , (5.48)

which can be put back into eq. (5.45) to yield this expression for o(r):
/  _  \  2 n » i/3 ir

«(r) = ( - j  . (5.49)

The scale factor expands as a simple power-law function of time. This is consistent with 

the special solutions a oc a oc and a act obtained respectively by Lau (1985), 

Berman (1991b) and Lopez zind Nanopoulos (1996) in their 1 = 2 models.

In conjunction with the definition (5.39), eq. (5.47) fixes the age of the universe at:

= 3t ('i -A o) '
from which we draw two important conclusions: Firstly, that all models satisfying the 

boundary conditions obey:

Ao < 1; (5.51)

and secondly, that the age of the universe tq -)■ oo as Xq 1. The initial singularity 

can thus be pushed back arbitrarily far into the past. This is reminiscent of models 

proposed by Lima and Maia (1994) and Lima and Trodden (1996), which also have 

a 0 as r  —> 0. Interestingly, these authors term their solutions nonsingular, even 

though a vanishes, because p —̂ 0 in the same limit (de Sitter-like initial conditions). 

This is accomplished by having A decay in such a way that the Hubble parameter H 

rises to a finite maximum value H i in the early universe^. In the present case, by
^In a similar spirit, Israelit and Rosen (1993) use a special equation of state to keep p finite even 

as o —» 0, arguing that the resulting singularity is not physical but merely "geometrical.” This how
ever is an uncertain argument a t best, since density is conventionally defined as a limit of the form 
limav-»o (A m /A K ), and it is difiScult to make sense of the concept of a volume element if a =  0. Ultk 
mately it is probably safest to  rely on the notion of geodetie ineompletenett in dedcfing whether to call 
a given solution singular or no t (Wald 1984, § 9.1).



5.4 The C ase £ — 2 69

contrast, eq. (5.46) shows that fT —̂ oo a t r  —̂ 0. (Refinements of the model, such as 

the introduction of the cutoff value of A mentioned in § 5.1, might alter the situation.)

We also find a lower limit on the age of the universe in these models by noting that 

m i = (mo +  1/2) > 1/2. Inserting this into eq. (5.47) produces the result:

To > — . (5.52)

In other words, assuming zero pressure (7 =  1), all models in this case have survived

for at least one-third of a Hubble time. Adopting the upper limit of 83 km s~  ̂Mpc~^

reported by Freedman (1996), this implies a minimum age of a t least 3.9 billion years. 

Finally, putting eq. (5.52) back into the expression (5.50) for ro, we find that:

Ao > — 1, (5.53)

which defines the critical value of Ao sepeirating this subcase from the other two.

5.4.2 T he  S ubcase  Ao =  —l/(3-)rTb)’

For this subcase the auxiliary equation of Euler’s differential equation (5.37) has only 

one root m =  1/ 2, and the general solution is:

z(y) =  (C3 +  C4 y) e (5.54)

where C3, c< are arbitrary constants. Using the definition (5.36), we obtain:

z(r) =  \ / r  (c3 -f c tln r). (5.55)

The scale factor and Hubble parameter are then found from eqs. (5.17) and (5.13):

a(r) =  (C3 4- C4 In r )^ /^  (5.56)
2Ho r(c, +  2c,) +  c l n r l  p . ; , )

2t(c3 -I- C4 In r)

We can see from the form of eq. (5.56) that a(r) diverges a t t  =  0 unless:

C4 =  0, (5.58)
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which we consequently assume. E)qs. (5.56) and (5.57) then simplify to:

a(r) =  (cV ?)'/»^ (5.59)

H { t ) =  (5 .60 )
37T

Inserting H{tq) =  Hq into eq. (5.60), we find for the age of the universe in this model:

TO =  (5 .61 )

which is exactly the limit Aq —̂ -1  in eq. (5.50), confirming th a t the two subcases are 

separated by this value for the current value of the cosmological term. Eq. (5.61) also 

corresponds to the lower limit allowed by eq. (5.52), as one might expect.

Substituting the age (5.61) into eq. (5.59), meanwhile, and imposing a(ro) =  1 as

usuzd, we find:

C3 =  (5.62)

Inserted back into eq. (5.59), this leads to the following expression for the scale factor:

/  _  \  i /3 n r

a(r) =  , (5.63)

which joins smoothly onto the result (5.49) from the previous subcase.

5 .4 .3  T h e  S u b c a s e  Ac <  —l / ( 3 ^ ? b ) '

For this final subcase Euler’s differential equation (5.37) has the generzd solution:

*(y) =  g"/'[cs sin(m3ÿ) +  eg cos(m3y)], (5.64)

where cg, cg are arbitrary constants and:

m3 =  —̂ —(37To)*Ao — 1. (5.65)

Using the definition (5.36), we obtain:

*(r) =  \ / f  [c5sin(m3 lnr) +  cgcos(m3ln r)], (5.66)
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The scale factor and Hubble parameter are then found from eqs. (5.17) and (5.13):

a(r) =  [c5 sin(m3 In r) +  c® cos(m3 In r)]*^®^, (5.67)
= 2^  /  (gs -  2T7%3Cg) sin(m3 In r) +  (eg +  277*305) cos(m3 In r )  1

87 \  2r[cs sin(m3 Inr) +  eg cos(m3 In r)] J

Application of the boundary conditions (5.28) gives cg aind in terms of ro:

cos(m3lnro) (5.69)

sin(m3lnro). (5.70)

As usual, we need a third boundary condition to fix the value of tq. This subcase, 

however, is not like the other two, for both terms in the scale factor diverge a t r  =  0. 

We cannot keep a(r) finite by setting either of cg or cg to zero. It may appear that it is 

possible to keep a(r) finite by setting m3 =  0. This, however, is too strong a condition, 

since putting m3 =  0 into eqs. (5.67) and (5.68) gives:

u(r) =  (cg \/f) '^^  (5.71)

g(T) =  (5.72)

which is exactly the same as the solution of the previous subcase, eqs. (5.59) and (5.60). 

In conjunction with the boundary condition H (tq) = Hq, this result would imply that 

To =  1/87 = constant for all Xq < —1, which is unrealistic.

In fact, numerical experiments with different values of tq demonstrate that the shape 

of a(r) does depend on the value of Aq, and furthermore that a (r)  does approach zero 

smoothly as r  0. As the quickest route to solving for ro for a given value of Aq, 

therefore, we have opted for a simple iterative procedure, as follows. We know that 

for this subcase, the age ro will be less than the lower limit  1/87 given by eq. (5.61), 

because larger negative values of Ao lead to faster recoUapse. Let us therefore define:

=  1/87 (5.78)

as our zeroth-order approximation to the true age. Setting ro =  we then solve 

(numerically) for the roots of the equation a(r) =  0 using eq. (5.67). We select the
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largest root which is less than and denote it by The first-order approximation 

to the true age tq is then given by:

=  (5.74)

We then repeat the process, with tq = This produces a new root, which we denote 

The procedure is repeated k  times:

(5.75)

until the solution eventually converges onto the correct value of tq. This occurs when:

(5.76)

to within some specified tolerance. At this point we conclude that tq % is the age 

of the universe for the model in question. The values of cg and cg then follow from 

eqs. (5.70) and (5.70) respectively. This completes our solution for the case i  = 2.

The evolution of the scale factor for 7 =  1 and various values of Aq is illustrated in

Fig. 5.2, which has exactly the same format as Fig. 5.1, except that we have plotted for

three Hubble times into the past instead of one. Fig. 5.2 exhibits a considerably richer 

variety of solutions than Fig. 5.1. The most noticeable difference is the existence of 

solutions for positive Ao (short-dashed lines). Of particulatr interest is the limiting case 

Ao =  1, which levels off in the infinite past, putting off the initial singularity indefinitely. 

This case is not very realistic, however, as it has zero density (since fîo =  1 — Ao). It is 

in fact the empty de Sitter model. The same solution is found for these values of Aq and 

Oo in conventional Lemmtre cosmology with A =  constant (Felten eind Isaacman 1986).

Fig. 5.2 therefore shows that we cannot remove the initial singularity in a  theory with 

A oc r~*. We can, however, significantly extend the age of the universe. Suppose we 

choose Ao =  0.5, for example; a  value compatible with the tightest observational bounds 

so far (Perlmutter et al 1997). Fig. 5.2 shows that this model would have come into 

being 1.33 Hubble times ago [see also eq. (5.50) above]. Even if we adopt the upper limit 

of 83 km s~^ Mpc“  ̂ reported by Freedman (1996) for Ho, this translates into an age
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Figure 5.2: Evolution of the scale factor for flat models with A oc and  7  
Values o f A© are labelled beside each curve, and fl© =  i  ~  A© in each case.

=  1 .

of 15.7 billion years — more than enough time for the oldest globular clusters to form 

(Chaboyer et al 1997). By way of comparison, a constant-A model with A© =  fl© =  0.5 

hzis an age of only 0.83 Hubble times. [We will show how to calculate this quantity in 

the next chapter (§ 6.4.2).]

Flat models with no cosmological constant, meanwhile, are represented in Fig. 5.2 

by the curve labelled A© = 0 (solid line). As in the /  =  1 case, these have an age of 

2/3 Hubble times. Models with a negative A© (long-dashed lines) all have shorter ages, 

as in the i  = 1 case. The difference is that they are now even shorter, because the 

negative cosmological term is driven to high negative values more quickly in the past 

direction when t  = 2. Thus, the age of the A© = -1  model has dropped &om 0.48 to 

0.33 Hubble times, while that of the A© =  —3 model is now only r© =  0.30, down from 

0.35 in Fig. 5.1.

Fig. 5.2 indicates that the A© < 0 models tend toward eventual recollapse, as they 

did in the f  =  1 case. However, this process now takes much longer. In other words, 

while the 1 = 2 models are younger, their life expectancies are considerably greater.
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This can be understood by means of the same argument as before ( | 5.3). The fact that 

i  is now larger means that the contribution of the cosmological term to the deceleration 

drops off more quickly in the future direction, thereby postponing recollapse for a longer 

period of time. Thus, models with Ao =  —1 and Ac =  —3 now survive for t »  5 and 

t = 3.37 Hubble times respectively.

5.5 T he Case Z =  3

We proceed to the third case. When f  =  3 the differential equation (5.15) reads:

d^x
r ® ^ - a a r  =  0, (5.77)

where a  is given by eq. (5.19):

Aot̂ . (5.78)

The solution can be obtained (Murphy 1960, p. 368) by changing independent variables 

from T to z, defined by:

z =  1 /r. (5.79)

In terms of the new variable z, the differential equation (5.77) takes the form:

z -z +  2 — a  z =  0. (5.80)az* az

This is now in a similatr form to the starting equation for the t = l  case, eq. (5.20), and

it can be solved in the same manner (Murphy 1960, p. 329). We change independent

variables from z to y, defined by:

y =  2y/—az, (5.81)

whereupon eq. (5.80) takes the form [cf. eq. (5.23)]:

+  =  (5.82)
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This is again transformable to Bessel’s equation, but with a different general solution 

(Spiegel 1974, p. 101) given by:

*(y) =  +  cz^lCy)], (5.83)

where ci, cg are arbitrary consteints, as before. Eq. (5.17) then gives a(r), as usual:

a(r) =  [ciA(V') +  , (5.84)

where we have absorbed a factor of -\/~4a into ci, C2, and 0 (t)  is now defined by:

(5.85)^ (r)  =

The Hubble parameter is found by putting z{y) into eq. (5.13), as usual: 

H ( t )  =  %  y - A .  ( 5 ) ’ (5.86)

where and y j(^ ) are Bessel eind Neumann functions of order two. As for the case 

f  =  1, these solutions are in general real only if the cosmological term is negative. The 

same comments we made in that case apply here; this model is probably interesting 

only in an academic sense. It might however be worth speculating on why this property 

appears to characterize only models in which A goes as an odd power of time.

Let us follow our usued procedure and impose the boundary conditions (5.28). In 

conjunction with eqs. (5.84) and (5.86), this yields for ci and c%:

_  ^ (^ o )  -  ^ 1(^0)______  /g oy\
[*fl(^o)^(^o) — «f2(^ o )ll(^ )]

_   - \ / - A o 72(V>o) +  Ji(^o)_ ,g gg\
AoTb [Jl(^)I^(lAo) — /2(l^o))l(^)] 

where ^0 is given exactly as before, eq. (5.31). We require one additional boundary 

condition to fix tq. Unfortunately, as in the last subcase to be considered, the procedure 

is complicated by the fact that both terms in eq. (5.84) diverge at r  =  0, whereas we 

expect that the scale factor as a whole should behave smoothly there.
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We can make this more precise by employing the asymptotic expressions for J \{^ )  

and ii(V’) at large which read (Spiegel 1974, p. 101):

/i(V>) ~  - ^ ( s i n ^ - c o s ^ )  ( ^ > 1)

Yi{tj)) ~  -r=i= (sin +  cos V») (V»>1)- (5.89)y/wxl;

If we define two new quantities wo and Bq via:

u/o =  3jTQy/-XQTQ , Bo =  1/VttwÔ, (5.90)

then eqs. (5.89) take the form:

Ji{ijj) ~  [sin(u;or“ ^/*) — cos(a;or~ '̂^*)j ( t  <  1)

^ i(^ )  ~  ^sin(woT"^/^) +  cos(woT"^/^)j ( r  <  1), (5.91)

where we have used eqs. (5.19) and (5.85) for a and ip. Substituting these expressions 

into eq.(5.84) for the scale factor, we find (for r  <  1):

a(r) ~  |^Cisin(u;or“ ^''*)+ C2Cos(u;oT"^/*)j  ̂ , (5.92)

where:

Cl =  Bo^*^(ci — cj) , Cj = —Bq̂ ^ (ci +  cj). (5.93)

As r  —f 0, we expect that eq. (5.92) should become exact. Therefore, since sind and 

cosd remain finite as 0 —> oo, we can see that in fact the scale factor does go smoothly 

to zero as r  0, as expected. However, these expressions do not help us to fix the 

value of To in conjunction with eqs. (5.87) and (5.88). We have therefore opted to use 

the same numerical method described in the t  = 2 case, eqs. (5.73) -  (5.75). The only 

thing we do differently this time is to tailor our zeroth-order estimate so that:

=  2/37, (5.94)

corresponding to the age of the longest-lived models in the present case (those with 

Ao — 0). [We know that models with zero cosmological constant must have am age of
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2/3 Hubble times.] Once ro is found from the numerical procedure, the values of ci and 

C2 follow from eqs. (5.87) and (5.88) respectively. This completes our solution for the 

case f  =  3.

The evolution of the scale factor for 7 =  1 and various values of Aq is illustrated in 

Fig. 5.3, which has exactly the same format as Fig. 5.1. The Ao =  0 model (solid line) 

has an age of 2/3 Hubble times, while those with negative values of Aq (long-dashed 

lines) all have shorter ages, as usual. The age of the Ac =  —3 model, for example, hzis 

dropped from 0.30 to just 0.27 Hubble times. It is unlikely that any of these models 

could describe the real universe, given the observational constraints on Hq and tq (§ 5.3).

The main difference between Fig. 5.3 and its predecessors occurs at large times, 

where we observe that the curves all straighten out, and show no sign of leading to a 

recollapse of the scale factor. The explanation for this is that the cosmological term  is 

now decaying so quickly with time that it is, like ordinary matter, no longer sufficient 

to turn the expansion around.
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5.6 T h e Case /  =  4

We proceed finally to the fourth case, for which the differential equation (5.15) takes 

the form:

T * ^ ^ - a x  = 0, (5.95)

with a  given by eq. (5.19) as follows:

a = ( ^ y \ o r * .  (5.96)

As in the previous case, this equation can be solved (Murphy 1960, p. 371) by changing 

independent variables from t  to z via z =  1/ r ,  whereupon eq. (5.95) tedces a form similar 

to eq. (5.80):

z ^ -7  +  2-r a z z  = 0. (5.97)
oz* az

If we then make a change of dependent variables from z to  y, where:

^  = z z(z), (5.98)

then it may be verified by differentiation that y(z) satisfies the familiar equation:

y  =  ay . (5.99)

The solutions of eq. (5.99) are well-known; there are three subcases to consider, according 

as Q [and hence A©, eq. (5.96)] is positive, zero, or negative.

5.6.1 The Subcase A© >  0

Since we expect on observational grounds that A© is probably positive, this is the most 

physical of the three. The general solution of eq. (5.99) is:

y(z) =  c ie x p iV â z )+C2 exp(~ ^/âz), (5.100)

where cx,cs are constants as usual. Differentiating and applying eq. (5.98), we find:

*(r) =  v ^ T  l^ciexp 4-C2exp . (5.101)
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This into eqs. (5.17) and (5.13) gives for the scale factor and Hubble parameter:

a(r) =  j^ciexp +C2exp (5.102)

2Ho fc i(l -  -v/a/r) exp(^/a/r) +  c j(l +  y/El/r) e x p ( - ) /â / r ) l
=  1 7  I c ,rex p (V 5 /r) +  C2rexp(-V 5/r) J

where we have absorbed a factor of y/a into ci and c;. From eq. (5.102) it can be seen 

that a(r) diverges a t r  =  0 unless:

Cl =  0, (5.104)

which we consequently assume. Eqs. (5.102) and (5.103) then simplify:

“ W  = (S.105)

fl-W =  ^  ( l  +  ^ )  ;■ (5-106)

We then apply the boundary conditions (5.28) at r  = tq, as usual. Eq. (5.106) with 

H{to) = Hq fixes the age at:

Substituting this result into eq. (5.105) with a(ro) =  1, we obtain:

c% =  — exp . (5.108)
Tq V ^0 /

Putting this back into eq. (5.105) produces this simple expression for the scale factor:

= [(̂ ) “P (^ ■ ̂ )]
This differs in two ways from the power-law expansion we obtained in the case f  =  2,

eq. (5.49). Firstly, it is modified by the exponential factor, which acts primarily to

flatten out the expansion at small times r  < tq; and secondly, the exponent is now 

independent of Aq.

We can draw a number of conclusions from eq. (5.107). Firstly, we infer that:

Ao < 1; (5.110)
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and secondly, that the age of the universe ro —»• oo as Ao 1. This is reminiscent of the 

case 1 = 2 and, in fact, eq. (5.107) is almost identical to eq. (5.47), the only difference 

being that Aq in the denominator has been replaced by -vAo. Therefore, for the same 

value of Ao, the f  =  4 models are longer-lived, by a factor of (1 — Ao)/(l -  \Ao)- This

is due to the fact that, for positive A, the higher value of I  mezins that the cosmological

term exerts a greater repulsive force in the past direction, zmd is consequently able to 

push the big bang back more effectively. As in the 1 = 2 case, we also find a lower limit 

on the age of these models. From eq. (5.107) we see that:

To > — (5.111)

This is twice as long as in the £ = 2 case, but here the reason is simply that this lower 

limit corresponds to the case Aq =  0 (not Aq =  — 1 as before). W ith dust-like conditions 

(7 =  1) and the upper bound Hq < 83 km s”  ̂ Mpc“  ̂ from Freedman (1996), we now 

find a minimum zige of at least 7.9 billion years.

5 .6 .2  The Subcase Aq =  0

For this subceise the solution of eq. (5.99) is trivial; we see immediately that:

*(t) = C3 +  C4T, (5.112)

with C3, C4 arbitrary constants ets usual. This in eqs. (5.17) and (5.13) gives:

a(r) =  (c3 4- C4r)^ /^  (5.113)

=  W ( ^ )  •

For the first time we have a scale factor with the potential to go to smoothly to some finite 

value other than zero at r  =  0. Let us pursue this possibility and see if a nonsingular 

solution is possible. Instead of the boundary condition a(rq) =  1, we impose:

a(0) =  a ,, (5.115)

where a . is the minimum value of the scale factor. In eq. (5.113) this implies:

C3 =  (5.116)
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Inserting this back into eq. (5.113) and applying the usual condition a ( ro )  =  1, we find:

C4 =  L l EI, (5.117)

Substituting this into eq. (5.114) and applying the third boundary condition H(ro) =  H q, 

we obtain for the age of the universe:

ro =  | - ( l - C 3). (5.118)

At this point we note that the present subcase only matches onto the previous one, 

eq. (5.107), if:

C3 =  0, (5.119)

which from eq. (5.116) implies that:

a . =  0. (5.120)

The present case is therefore singular at r  =  0, like all the others studied in this chapter. 

The age of the universe is given by eq. (5.118) as:

ro =  (5.121)

Putting these results back into eq. (5.113), we find:
2/3nr

M  =

This is just the standard 6 =  0 solution with no cosmological term, as might have been 

expected.

5.6.3 The Subcase Aq <  0

For our final subcase, eq. (5.99) has the general solution:

y(z) =  c s c o s ( y /^ z ) + c e s in { y /^  2 ), (5.123)

where C5,c@ are constants as usuad. Differentiating and applying eq. (5.98), we find:

*(r) = cssin 4- eg cos • (5.124)
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This into eqs. (5.17) and (5.13) gives for the scale factor and Hubble parameter:

o(t) =  l^cgsin^^^^^ 4-eg cos (5.125)

H ( t )  =  —  r [cs +  ( y / ^ / T ) c e ]  s i n ( y ^ / r )  +  [cg -  ( • / = a / r ) c s ]  c o s ( v / ^ / t )  \

37 I c s r s in ( \ / ^ / r )  4- c@ rc o s(\/^ /r)  j '

where we have absorbed a factor of y '—q into cg and c*. Application of the boundary 

conditions (5.28) fixes these constants in terms of tq:

C5 =  1̂0 s:n +  cos/3o ^1 -  ^  j (5.126)

C6 =  |^ocos/3o -  sinjSo ' (5.127)

where:

00 =  (^~2^ roy/—Xo. (5.128)

As usual, we require one additional boundary condition to fix the value of t q . The 

situation is agziin complicated by the fact that both terms in eq. (5.125) diverge at 

r  =  0, whereas a(r) itself goes smoothly to zero there. [In fact, it is interesting to see 

that eq. (5.125) has exactly the same form as the asymptotic expression (5.92) in the 

/  =  3 case, except that the exponent on r  outside the square brackets has increased from 

1/27 to 2/ 37.] We therefore solve the problem numerically once again, using eqs. (5.73) 

-  (5.75), with =  2/37 as in the case f  =  3. Once tq is obtained in this way, the 

values of cg and cg are fixed by eqs. (5.126) and (5.127). This completes our solution 

for the case f  =  4.

The evolution of the scale factor for 7 =  1 and various values of Ag is illustrated in 

Fig. 5.4, which has exactly the same format as Fig. 5.2. Several features may be noted. 

To begin with, we see that models with A oc r~* are qualitatively the same as those with 

A oc r~* for positive Ag, and qualitatively similar to those with A oc for negative Ag.

There are important quantitative differences, however. Models with positive Ag have 

become significantly older. With Ag =  0.5, for example, rg is now 2.28 Hubble times — 

older by a factor of 1.71 times than the equivalent f  = 2 model, exactly as predicted
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in the discussion following eq. (5.107). This is once again due to the fact that, with 

f  =  4, a positive A-term increases in size very rapidly in the past direction. Negative-A@ 

models, on the other hand, have once again become younger. The age of the A© =  —3 

model, for instance, has dropped from 0.27 to just 0.25 Hubble times. And finally, in 

the future direction, we see that there is no longer very much distinction between the 

Aq < 0 and A© =  0 models, compared to Fig. 5.3. This is because the contribution of the 

cosmologiceJ term to the deceleration of the scale factor now drops off so quickly that 

it rapidly becomes irrelevant.
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C hapter 6

M odels w ith A oc o ~ ”^

6.1 Previous Work

We have seen in Chapter 5 that veiriable-A theories in which A oc do not give rise 

to singularity avoidance, at least for & = 0 models with / =  1,2 ,3  or 4. In this chapter^ 

we move on to consider decay laws of the form set out in eq. (4.6):

K = B a -^ ,  (6.1)

where B and m are, for the time being, arbitrary constants. The scale factor may be 

more natural than time as an independent variable, to the extent that many physical 

quantities (such as temperature) depend more simply on a than t (Chen zmd Wu 1990, 

Madsen et al 1992). As discussed in § 4.3, most variable-A theories to date have been 

based on laws of the form (6.1). The case m = 2 has been singled out for the most 

attention (Ôzer and Taha 1986, 1987; Abdel-Rahman 1990, Chen and Wu 1990, Abdel- 

Rahman 1992, Calvao et al 1992, Abdel-Rahman 1995; John and Joseph 1996, 1997). 

Chen and Wu (1990) have offered some interesting dimensional arguments in support 

of this value; otherwise its choice appears to be more or less ad hoc in these models. A 

second group of papers has concentrated on values of m ss 4 (ïYeese et al 1987, Sato 

et al 1990, Overduin et al 1993), for which the A-term behaves like ordinary radiation.

^Chapter 6 is based in part on a presentation by J . M. Overduin at the 7th Canadian Conference on 
General Relativity and Relativistic Astrophysics in Calgary (to be published in Overduin and Cooper- 
stock 1997).
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Pavôn (1991) has shown that, for certain kinds of A decay, the lower of these two values 

of m is thermodynamically more stable.

There are zdso some studies in which the value of m is not fixed a priori. Gasperini 

(1987) was concerned with establishing the plausibility of a  thermal interpretation of 

A, and found that m should satisfy 3.6 < m < 4 on this basis. Olson and Jordan 

(1987) czdculated the ages of models with general m, and concluded that observations 

require m < 3. Silveira and Waga (1994) found that the evolution of matter density 

perturbations is not strongly affected by the decaying A-term, at least for 0 < m < 2. 

The same authors have since expanded their investigation to include constraints from 

supemovae zmd lensing statistics, and recently reported that these observational data 

are best-fit by values of m > 1.6 for flat models (Silveira and Waga 1997). Lensing 

statistics have also been employed in a study by Torres and Waga (1996), who find that 

models with m > 1 are best able to reproduce the observations. Phenomena such as 

age, lensing probability and background radiation intensity have been discussed in the 

context of models with A oc Ao-Ho"*" by Matyjasek (1995), who however did not obtsdn 

specific numerical bounds on m.

Of the authors mentioned above, only Ôzer and Taha (1986, 1987), Abdel-Rahman 

(1990, 1992, 1995), Matyjzisek (1995) and John and Joseph (1996, 1997) have drawn 

a connection between the variable-A scenario and the singularity problem. All but 

Matyjasek (1995) have confined their attention to specific variants of the m = 2 case, 

while the latter has merely noted that, in some circumstances, the presence of an initial 

singularity would require 0 < m < 4. We wish to take the opposite approach here 

and determine the conditions under which it is realistically possible to have no initial 

singularity. Moreover we will extend the discussion, not only to general m, but to general 

7 as well [where 7 is the adiabatic index characterizing the equation of state of matter, 

eq. (4.13).]

If m and 7 are thought of as defining a parameter space, then we wish to discover, 

firstly, how much of the space is &ee of the initial singularity; and secondly, how much 

of it is observationally viable. As we have emphasized, previous studies of nonsingular
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models have been restricted to the points defined by m =  0,2 and 7 =  1,4/3. We will 

find that, contrary to the prevailing view in this subject, there is significant overlap 

between the two regions.

6.2 E volution  o f  th e  Scale Factor

We begin by bringing over the dynamical equations (4.11) -  (4.16) derived in Chapter 4. 

In particular, we are interested in the energy conservation law (4.14), which, with the 

decay law (6.1), becomes:

Integrating, we find for the matter energy density:

p(a) =  p o « " ^ /(a ) i  (6 3)

where we have chosen units such that o(to) =  oo =  I (§ 4.9), applied the boundary 

condition p(oo) =  Po, and defined:

When m =  0, then f(a) =  1 and eq. (6.3) returns the well-known result that p scales 

as o“® in a pressure-free universe (7 =  1) amd a~* in a radiation-dominated umverse

(7 =  4 /3 ).

The new parameter ko is defined by:

This can be fixed in terms of observable quantities as follows. Since we choose umts 

such that oq =  1, it follows from the decay law (6.1) that:

B = Ao = 3£T|Ao, (6-6)

where Ao is defined as usual by eq. (4.22). Substituting this result into eq. (6.5), together 

with the definition (4.22) of fl©, we find:

«0 =  ^  (6 7)
»*o
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The parzuneter kq is simply the ratio of energy density in the cosmological term  to that 

in ordinary m atter at the present epoch.

Substitution of eqs. (6.1) and (6.3) into the Lemmtre equation (4.11) yields:

If we introduce the Hubble time r  =  H q t (§ 5.2) then:

à _  Ho da 
a a dr '

(6.9)

so that eq. (6.8) takes the simple form:

2 ^  “  Û [ f l o o " ^ / ( a )  — (fio  +  Ao — l ) o  * +  Aflfl ™]  ̂ , (6 .10)

where we have made use of the definitions (4.22) and (6.6). [Note that we have chosen 

the positive root of eq. (6.8), corresponding to the fact that redshifts, not blueshifts, are 

observed.]

Eq. (6.10) is essentially a definition of the Hubble parameter in these models. At this 

point we could choose integer values of m and integrate this expression to obtain analytic 

solutions for a (r) , as we did in the previous chapter. Analyses of this kind have been 

carried out already for the case when the cosmological term is constant, m =  0. McVittie 

(1965) and Heidmann (1980), for instance, have shown how to express some special cases 

(with 7 =  1) as elliptic integrals. Agnese et al (1970) have included radiation-like, as 

well as dust-like matter, and obtained solutions in terms of hypergeometric functions 

by expanding in powers of A (assumed to be small). Edwards (1972) derived exact 

expressions for general values of A by meeuis of Jacobian elliptic functions, but restricted 

himself to singular solutions with 7 =  1.

It is doubtful that analytic approaches such as these can be usefully extended to the 

general situation in which m ^  0. On the other hand, values in the range 0 < m < 4 

have now been considered by a number of authors (§ 6.1), so it is clearly of interest to 

obtain solutions for this case. We opt here to solve the problem ntunericedly, following
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(6.11)

the lead of Felten and Isaacman (1986). The time-derivative of eq. (6.10) is:

=  ^1 — ”*•

[This could equally well have been obtained from eq. (4.15).] We then substitute 

eqs. (6.10) and (6.11) into a Taylor expansion for the scale factor:

(6.12)

This can be integrated numerically backwairds in time to determine whether or not a 

model with given values of {m, 7 , fioi Ao} eventually reaches o =  0 or not; ie., whether 

it is nonsingular. We have tested the procedure for the case of a constant cosmological 

term (m =  0) and dust-like equation of state (7 =  1), and our results in this case 

confirm those of Felten and Isaacman (1986). Fig. 6.1 depicts a group of examples with 

Qo =  0 34 (typical of large-scale observations, eg. Bahcall et al 1997). and w ious 

values of Aq (labelled beside each curve). Note tha t the difference between this figure 

and the ones in the previous chapter is that we now show models of all three kinds:
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closed (long-dashed lines), flat (dash-dotted lines) and open (short dashes). (To keep 

the diagraun from being too crowded, we show only models with the same value Qq of 

the m atter density.) Fig. 6.1 shows that negative values of Ao can leeui to recollapse 

even in open universes {cf. Chapter 5). Of greater interest in Fig. 6.1, however, is the 

fact that models with Ao greater than a critical value A« (=1.774 605 in this case) avoid 

the big bang singularity, undergoing a finite “big bounce” instead. Models with slightly 

less than this critical value (eg., Ao =  1.76 in this case) are of the “coasting Lemaitre” 

kind; they begin in a singular state but go through an extended phase in which the scale 

factor is nearly constant. Models with exactly Ao =  A. (shown in Fig. 6.1 with a solid 

line) are perhaps the most interesting of all. As time r  —oo, they neither plunge 

to zero size nor bounce back up to infinite size; instead, they level ofiT indefinitely at 

some value a , (=0.46 in this case). These are nonsingular Eddington-Lemaitre models, 

asymptotic to the static Einstein universe in the infinite past.

All these features are discussed a t greater length by Felten and Isaacman (1986). (It 

should be noted that these authors employ a slightly different free parameter than we 

do; namely, Ao/^o =  3Ao ) Our purpose here is to generalize the problem to arbitrary 

values of m  aind 7 .

6.3 C ritical Values o f  Aq

In particular, we wish to obtain a general expression for the critical value A, of the 

Izimbda parameter Aq (and the limiting size a ,  of the scale factor a ) ,  given any class 

of models {m ,7 , Oo}- As discussed in § 5.1, we are interested in models for which 

da/dr ^  0 at some time in the peist. This occurs, for example, at the moment of the 

“bounce” in all the oscillating models shown in Fig. 6.1. The critical case is distinguished 

by that fact that not only dafdr, but also d^o/dr^ vanishes a t this point (Felten and 

Isaacman 1986, Borner and Ehlers 1988). We therefore set do /d r =  d*o/d-r* =  0 in 

eqs. (6.10) and (6.11). This yields:

= ------ ( 3 T - 2 ) ( ^ - m ) n . ------  (6.13)
37(2 -  m )o ^ -" ‘ +  (87 -  2)m
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where o«, the m in im u m  value of the scede factor, is found by solving:

37(37 -  m )Q oal +  87(2 -  m )(l -  -  (87 -  2)(37flo -  m)o|^ =  0 .
(6.14)

In general eq. (6.14) has to be solved numerically, but in the case m =  0,7 =  1 it reduces 

to the cubic equation given by Felten and Isaewzman (1986). Fig. 6.2 is a phase space 

portrait of this case, with each point on the diagrzun corresponding to a choice of Qo 

and Ao (after Lahav et al 1991). The critical values A, are represented in this figure 

by a heavy solid line. The region to the right of this curve corresponds to universes 

with Ao > A«; that is, with no big bang singularity. Also shown in Fig. 6.2 is a straight 

dash-dotted line representing the boundary between open and closed universes; models 

on this line have 6 =  0 (Ho =  1 — Ao) while those on the left and right have k < 0 and 

fc > 0 respectively (§ 4.9).

We now have the tools we need to investigate models with arbitrary values of m  and 

7 . The idea will be to use phase space diagrams like Fig. 6.2 in order to determine how 

much parameter space is available for nonsingular models. We can then focus on specific
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values of Oq and Aq inside the nonsingular region, carry out the numerical integration 

described in § 6.2, and check our results with evolution digram s like Fig. 6.1.

6 .4  Observational C onstraints

6.4.1 Upper Bounds on Aq

We pause first to take stock of some of the observation^ constraints that have been 

placed on nonsingular zmd nonzero-A models. Most immediate are direct upper bounds 

on Aq from a variety of methods, most of them assuming that flq  +  Aq =  1. Until 

recently, these have typically been of order ~  1 (Lahav ef <d 1991). An exception was 

that of Loh (1986), who found Aq < 0.3 based on number counts of faint galaxies, but 

this result is now thought to be unreliable due to the fact that it neglected the possible 

effects of the A-term on galaxy evolution (Martel 1994). Additional methods have since 

become available. Cosmic microwave background (CMB) fluctuations, for instzmce, have 

produced upper limit of Aq < 0.86 (Bunn and Sugiyama 1995). Gravitational lens 

statistics give a tighter bound of Aq < 0.66 (Kochzmek 1996), and observations of Type 

la supernovzte appear to reduce this still further, to Aq < 0.51 (Ferlmutter et al 1997). 

All of the above are described us 95% confidence level measurements. On the other 

hzmd, a lower limit of Aq > 0.53 has been obtained from the galactic luminosity density 

— also at 95% confidence (Totzmi et al 1997).

Complicating the picture somewhat is the fact that severzil other observationzd data 

(including the lack of observed small-sczde dark matter, the expectation that inflation 

should lead to nezu-flatness, zmd especially the high age of the universe inferred from 

models of stellzir evolution) axe well-explained by Izirge vzdues of Aq. This “cosmic 

concordzmce" (Kochzinek 1996) at one time led to calls for Aq ~  0.8 (Efstathiou et al 

1990, Krauss zmd Schramm 1993). The vzdue has since dropped to 0.5 — 0.7 (Krauss zmd 

Turner 1995, Turner 1997), largely under pressure from the constraints quoted above, 

but there zire still occasionzd estimates as high as Aq =  0.87 ±  0.13 (Moles 1991), or even 

1.08 ±  0.02 (Hoell et al 1994).
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So the observational situation is not yet settled. It is clear, however, that the non- 

singular models in Fig. 6.1, which require Aq > 1.77, are almost certainly unphysical. It 

remains to be seen if the same conclusion applies when m ^  0 and/or 7 1.

6.4.2 Age of the Universe

A  lower limit on Aq comes from the age of the universe, which can be calculated as 

follows;

Ja 0.
(6.15)

Vo »

or, in our units of Hubble times:

If we use the Freedman (1996) value of 73 ±  10 km s  ̂ Mpc~^ for Hq in conjunction 

with Chaboyer ef o/’s (1997) oldest globular cluster age of > 9.6 Gyr for fq , then:

Tq > 0.62; (6.17)

that is, the universe is at least 0.62 Hubble times old. Of course, as noted in § 5.3, the 

true status of these two parauneters (especially H q) is still a subject of some controversy. 

However, even if we use a lower value of 55 ±  10 km s~^ Mpc"*’ (Sandage and Tammann 

1996), we still obtain a minimum of:

To > 0.44, (6.18)

or about half a Hubble time. We will use an intermediate lower limit; in conjunction 

with our expression (6.10) for dafdr, this implies:

da
i:/O [nqoZ-3?/(o) -  (Oq +  Aq -  1) 4- AqU*-"»]"

This expression agrees with the standard results (Lahav ef al 1991, Peebles 1993, p. 

102) in the case when m =  0 and 7 =  1.
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We have found that the integral (6.19) is more easily evaluated in practice with a 

change of independent variables from a to:

V = =  1 +  z, (6.20)

where z is the redshift. This produces:

> 0.5, (6.21)
[nov*+®T^/(w) -  (Ho +  Ao -  1)*4 +  Aoa2+"*]^/* 

where, from eq. (6.4):

/ ( . )  .  1 ^  ^  X { W (S7 - m )  (6.22,

This reduces to the expression given by Refsdal et al (1967) when m =  0 and 7 =  1. 

Numerical solution of eq. (6.21) produces a lower limit on Aq as a function of {m, 7 , flo}. 

This age constraint is shown in Fig. 6.2 (for the case m = 0,7 =  1) as a long-dashed 

line. Its position matches that in a similar plot by Ladiav et al (1991). The region to the 

left of this curve corresponds to universes younger tham half a Hubble time. Nonsingulair 

models, of course, are not constrained by this; they are infinitely old (by definition), the 

heavy solid line being precisely the boundary where tq 00. The main impact of the 

age constraint is to rule out models with a negative cosmologicad term.

We show in Fig. 6.3 the effects of varying the parameters m and 7 respectively on this 

age constraint. It may be seen that altering the value of m changes the slope of the curve, 

but does not otherwise greatly affect the age, even over the range — 1 < m < 3. Altering 

the value of 7 , on the other hemd, has a larger effect. In particular', the “harder” the 

equation of state (ie., the larger the value of 7), the further this constraint encroaches 

on the available parauneter spare. This is in arcord with the well-known fact that a 

radiation-dominated universe (7 = 4/3), for example, is a short-lived one.

6 .4 .3  G ravitation al Leasing and th e  ‘̂ Antipode”

For closed models, the most stringent constraint on Ao comes from gravitational lensii^, 

which requires that the “amtipode” be further away tham the most distant normadly
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lensed object (Gott et al 1989, Lahav et al 1991). (It is thought difficult to form more 

than one very faint image of a source beyond this point.) The antipode is the point 

where the radial coordinate w, defined by:

r*» dt
w

takes the value jr (McVittie 1965, p. 158). Using our expression (6.10) for da/dr, 

together with eq. (4.24), we obtain (taking oq =  1 as usual):

___________  fl+Z Jy
w =  y/ilo +  Aq — 1 I -------------------------------------  77;  ,

Ji [now®^/(v) — (Go +  Ao — l)v +  Aou"*] (6.24)

where we have again switched variables from o to u via (6.20) above. Eq. (6.24) differs 

from eq. (6.21) in three ways: an extra term in front (which is guaranteed to be real 

for closed models), one less power of v in the denominator, zmd a finite upper limit of 

integration (1 +  2). We recover the formula of Refsdal ef al (1967) when m = 0 and

7  =  1.

When w =  w, the redshift z in eq. (6.24) refers to the redshift zx of the antipode. 

The lensing constraint requires that this be larger than the redshift z/ of the furthest 

known normally lensed object (Gott et al 1989). The current holder of this distinction 

is a pair of lensed galaxies at z/ = 4.92 (Franx ef al 1997). We therefore require:

ZA(Oo, Ao, m, 7 ) > 4.92, (6.25)

where zx(Go, Aq, m, 7 ) is defined by eq. (6.24) with u  = ir. Numerical solution of this 

equation yields an upper limit on Aq as a function of {m, 7 , Go} This lensing constraint 

is shown in Fig. 6.2 (for the case m =  0,7  =  1) as a short-dashed line. Its position is 

close to that in similar plots by Gott ef al (1989) and Lahav ef al (1991), who used a 

smaller value zi = 3.27. (Our constraints are slightly stronger.) The region to the right 

of this curve corresponds to universes incompatible with the lensing observations. Since 

this includes the entirety of nonsingular parameter space, we can see that nonsingular 

pressure-free models with constant A are ruled out, as noted previously by these authors.
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We show in Fig. 6.4 the effects of varying the parameters m  and 7 respectively on 

this lensing constraint. As before, it is seen that harder values of 7 lead to tighter 

constraints on the available parameter space. However, the situation with regard to m 

is altered quite drzunatically. In particular, the higher the value of m, the weaker the 

lensing constraint becomes. As we will see, this significantly improves the prospects for 

viable nonsingular models.

6 .4 .4  T h e M axim um  R edshift C onstrain t

A fourth observational constraint, which must be satisfied only by nonsingular models, 

concerns the maximum observable redshift:

z. =  a-^  -  I, (6.26)

prevailing in a  universe with a minimum scale factor a». This must obviously be 

larger than the greatest redshift Zo6« actually observed. Thus the nonsingular mod

els in Fig. 6.1, which never get smaller than a , =  0.46, cannot accommodate redshifts 

greater than z, =  1.2. This disagrees with observations such as those of the lensed 

galaxies mentioned above.

Crilly (1968), Bomer eind Ehlers (1988) amd Ehlers and Rindler (1989) have refor

mulated the condition z, > Zgbt as an upper limit on the matter density of the universe, 

as follows. Assuming that da/dr = 0 and d  ̂ 0/ dr^ >  0 at z =  z, for nonsingular models, 

eqs. (6.10) and (6.11) can be combined to read (assuming m  ^  87);

o  2 - m  +  (m /3 T )(3 T -2 )(l +  ».)»^-"
2 - m - ( 3 T - n > ) ( l  +  z,)»i'-2 +  ( 3 T - 2 ) ( l  +  ».)»»-” - '

[This reduces to an earlier expression of Crilly (1968) when m =  0 and 7 — 1; and to 

the formulae of Borner and Ehlers (1988) and Ehlers and Rindler (1989) when m  =  0 

and 7 =  1,4/3.] The Bomer-Ehlers argument then runs as follows: given that quasar 

redshifts have been observed out to Zgb» > 4, we know that the universe has z. > 4. This 

into eq. (6.27) then implies (assuming that m =  0 and 7 =  1 or 4/3) that Qq < 0.018, 

which is contrary to observation. Therefore we do not live in a nonsingular universe.
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T able 6.1: Bomer-Ehlers-type upper limits ou m atte r density Oo for various values 
o f  m  and  7 , assuming z . >  6.

7 = 2/3 5/6 1 7/6 4/3 5/3 2

m =  0 CO 0.033 0.006 0.002 0.000 0.000 0.000
1/4 00 0.16 0.10 0.079 0.067 0.053 0.044
1 /2 00 0.31 0.20 0.16 0.14 0.11 0.090
3/4 00 0.49 0.33 0.26 0.22 0.17 0.14

1 00 0.75 0.48 0.38 0.32 0.25 0.20
5/4 00 1.1 0.71 0.55 0.46 0.35 0.29
3/2 00 1.9 1.1 0.87 0.71 0.54 0.44
7/4 00 4.2 2.4 1.8 1.4 1.0 0.84

2 00 00 00 00 CO 00 CO

Let us see how this conclusion changes when we generalize the situation to values of 

m ^  0. To make things more interesting, we will strengthen the argument by noting that 

some distant galaxies have now been assigned photometric redshifts as high as Zob» > 6 

(Lanzetta et al 1996), implying that z. > 6. The resulting upper limits on density flo 

are listed in Table 6.1 for vzirious values of m and 7 . From this table we see that the 

new photometric redshifts tighten the Bomer-Ehlers constraint noticeably: as long as 

m =  0, a nonsingular universe requires Qq < 0.006 (if 7 =  1) or flo < 0.001 (if 7  =  4/3). 

These numbers, of course, are too low to describe the real universe. However, Table 6.1 

demonstrates that much higher densities are possible in singularity-free models with 

variable A. For exéunple, staying with pressure-free conditions (7  =  1), we see that if 

m =  I, then the matter density in a nonsingular universe must satisfy do < 0.48. This 

value is not unreasonable at all; in fact it is well above most dynamical measurements, 

which suggest (Iq % 0.3 (Beihcall et al 1997). The constraint is similarly loosened if we 

move toward softer equations of state, such as the 7  =  5/6 suggested by Caldwell et al 

(1997), or the 7  w 0.4 considered by Turner and White (1997).

6.5 R ealistic  Nonsingular M odels

]Ve now demonstrate that models with m ^  0 are capable o f satisfying all the constraints
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Figure 6.5: Enlarged view of the phase space diagram, Fig. 6.2, now plotted for 
various values of m between 0 and 2 (labelled beside each pair of curves), assuming 
7  =  1.

discussed above. Fig. 6.5 is a phase space diagram like Fig. 6.2, but plotted for a range 

of nonzero values of m. We have assumed 7 =  1 as before, but there is now a different 

line of critical values A,(m, 7 , fio) for each value of m. Like Fig. 6.2, Fig. 6.5 shows that 

much of the nonsingular parameter space (below and to the right of the heavy solid 

lines) is eliminated because it does not overlap with the region allowed by the lensing 

constraint (above and to the left of the lighter dashed lines). This is especially true for 

small values of m. With increasing m, however, significant triangle-shaped regions of 

parameter space appear near k = 0. Thus for m =  1, there are allowed models with 

Oo 0.3 and Aq between about 0.7 and 0.9. These are very close to the values favoured 

by observation (Bahcall et al 1997), so we focus on this case. The lensing constraint 

imposes the lower bound Oo > 0.31. If we take Oo =  0.34 as a specific exaunple (as 

before), then we find by tracing across Fig. 6.5 horizontally that lensing also places an 

upper bound Ao < 0.72 on the cosmological term. The critical value for this case turns 

out from eq. (6.13) to be A, =  0.68, which is marginally consistent with the upper limits
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on Ao mentioned earlier. Therefore m =  1 models with Hq =  0.34 and 0.68 < Ao < 0.72 

are both realistic and singularity-free.

For larger values of m, the range of acceptable Ao-values is broader, but one is 

also driven to higher values of Oo W ith m = 3/2, for example, we find that viable 

nonsingular models occur only for Oo > 0.46, and that at Oo =  0.51 they lie in the 

range 0.51 < Ao < 0.57. At m =  7/4 and Qq =  0.59 this broadens to 0.42 < Ao < 0.50 

— low enough to satisfy even the supernova constraint. As m ^  2, we find th a t a , —*■ 0, 

so that nonsingularity is lost. The ssune thing happens in the limit 7 —¥ 2/3 and, 

interestingly, as A* 1 — Qq. (It is for this latter reason that all the nonsingular 

solutions in Fig. 6.5 have k > 0.)

Unusual values of 7 , although interesting and possibly relevant at early times, are not 

required to establish our claim. In practice we find that the parameter space allowed by 

observation shrinks slightly for harder values of 7 , like 7/6 or 4/3, but grows significantly 

for softer values such as those in the range 2/3 < 7 < 1 proposed by Caldwell et al (1997), 

or the 7 »  0.4 of Turner and White (1997).

To verify that models with the properties described above can in fact avoid the 

initial singulzirity, Fig. 6.6 shows the evolution of the scale factor when m  =  1,7  =  1 

and flo =  0.34, obtained as usual from the Taylor expansion (6.12). Various values of 

Ao are labelled beside the appropriate curves. This plot has exactly the same format 

as Fig. 6.1, with long dashes corresponding to ib > 0, short ones to t  < 0, and the 

dash-dotted line corresponding to & =  0.

Fig. 6.6 confirms that when Aq takes on the critical value A, (=0.679 807 621 in 

this case), the scale factor a evolves back to a constant value o«, as expected (solid 

line). More importantly, the small size of this minimum value, a, =  0.0097, means that 

we can now accommodate observed redshifts up to z* =  102, well beyond the furthest 

objects yet seen. The model is thus compatible with all observational data. It cannot, 

however, accommodate larger redshifts like that attributed to the last scattering surface 

(zfw 1100), let alone the era of nucleosynthesis, which occurred at temperatures 

Inue ~  10̂ ® K, or — since T oc (1 -f- z) — redshifts Znue ~  10̂ ® (Kolb and Turner
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1 and

1990, p. 73). In fact, with z. =  102 the m  =  1 model heats up to no more than 

about T, =  1037b =  281 K, which is just under room temperature (where the measured 

temperature of the CMB at zero redshift is 7b = 2.73 K, Bennet et al 1996). That 

is to say, if the universe is described by a  nonsingular variable-A theory with m =  1, 

then the CMB and the abundance of the light elements cannot be accounted for in the 

conventional way.

Alternative explanations have been proposed for both light element synthesis (eg., 

Hoyle 1992) and the isotropic microwave background (eg., Lemer 1995). These propos

als, however, eire not widely accepted (Peebles 1993, § 7). The traditional explanation 

in terms of a  hot, dense early phase can be retained in the context of variable-A theory 

by moving to larger values of m. As discussed above, this leads to smaller values of 

o. and hence larger values of z, and 7',. In this picture the high temperature of the 

early universe is a  result, not of an initial big bang singularity, but of a very deep “big 

bounce.” With m =  1.5 and Oq =  0.51, for instance, we find that a, =  1.7 x 10~^, 

corresponding to a  maximum redshift of 5900 and a “bounce temperature” of 16,000 K
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— more than sufficient for recombination. At m =  1.8, this latter number climbs to 

5.7 X10® K — hot enough for nucleosynthesis. (An analysis like that below Fig. 6.5 shows 

that models with m  =  1.8 and flo =  0.61 are obserrationally viable if 0.41 < Aq < 0.49.) 

With m = 1.9, it is possible to entertain bounce temperatures as high as 2.9 x 10̂ ® K 

(2.5 GeV), approaching the realm of electroweak unification. (Models with m =  1.9 and 

Go =  0.67 agree with observation if 0.39 < Ao < 0.48.) As m -4 2, in fact, one finds 

that a* —»• 0 and T, oo. (Nonsingularity is lost if m =  2 exactly.) As remarked above, 

however, these higher values of m come at the modest observational price of higher 

matter densities. The lensing constraint sets a limit  of Oo > 0.54 for m =  1.8 models, 

for example, and Oo > 0.57 for m =  1.9 models.
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C hapter 7

M odels w ith A oc iif ”

7.1 Previous W ork

We have seen in Chapter 6 that variable-A theories in which A oc a "”* appear to offer 

the possibility of avoiding the initizd singularity without violating any observational 

constraints. The parameter space occupied by viable models, however, remains rather 

small. One reason for this is that, as discussed in § 6.5, the nonsingular solutions are all 

closed, whereas observational evidence tends to favour an open universe (Peebles 1993, 

§ 26). In this chapter we will shift our attention to decay laws of the form set out in 

eq. (4.7):

A = C H ^ ,  (7.1)

where H  is the Hubble parameter and C and n are, for the time being, arbitrary con- 

stzints. Among other things we will find that a cosmological term of this kind appears 

to lead to singularity avoidance in open models.

Decay laws of the form (7.1) were introduced by Carvalho et al (1992), who used a 

dimensional ugument similar to that of Chen and Wu (1990) to argue that n should 

take the value two. This value, in fact, has subsequently been adopted by nearly every 

author who has considered -dependence in the cosmological term (§ 4.4). Most of these 

authors have incorporated a-dependence into their models as well (Carvalho et al 1992, 

Salim and Waga 1993, Waga 1993, Arbab and Abdel-Rahman 1994), so their decay laws
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are not strictly of the form (7.1). As far as we are aware, the only models in which A has 

exactly this form aue the variable-G theories of Lima and Carvalho (1994) and Arbab 

(1997), and the scalar field theory of Wetterich (1995). The first two authors introduced 

some new arguments in favour of n =  2 based on Dirac’s large number hypothesis.

Phenomenological A-decay laws have become considerably more sophisticated with 

time. One example is the theory of Lima and Maia (1994) and Lima and Trodden (1996), 

who have set the cosmological term equal to the total energy density of the universe, 

multiplied by a factor of (a  4- fiH):

A = {a + 0 H ) ( H ^  + ^ y  (7.2)

where a  and p  are adjustable parameters. In effect this is a third-order polynomial

expansion of A in powers of H.  Another example is furnished by the matter creation

theory of Nesteruk et al (1997), in which:

A o c H  { a ^  + 2h J . (7.3)

We will restrict ourselves here to the shorter expression (7.1), reasoning that, as long as 

we are in the realm of purely phenomenological scenarios, simpler is probably better.

7.2 R iccati's E quation

We can rewrite the left-hand side of the differential equation (4.16) in terms of H  by 

recalling that H  =  à/a and differentiating, whereupon:

-  = a H ^  + H \  (7.4)a da

Substituting this into eq. (4.16) along with the decay law (7.1), we obtain the following 

differential equation:

This is nonlinear, but bears some resemblance to the Riccati equation (5.11). Let us 

make a change of dependent variables from H  to x, defined by:

z 5  (7.6)
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where r  is an arbitrary constant, whose value we will choose in a moment. In terms of 

*, eq. (7.5) takes the form:

• ( 3 7 - 2 ) k l

2o3 

where:

(7.7)

( 7 , 8 )

Choosing n =  4 eind r  =  2, we find that f  =  2 and m =  0, whereupon eq. (7.7) can be 

written:

^  = V{a) +  Q(a) « +  H{a), (7.9)

where:

P ( a ) = ^  . 2 ( « ) = - ^  . (7.10)

This is precisely the form of Riccati’s equation (5.11). So it should be possible to obtain 

analytic solutions for the Hubble parameter in the case n = 4.

On the other hand, choosing n =  2 and r  =  2, we find that i  = 1 and m =  0,

whereupon eq. (7.7) reduces to:

^ + J ( o ) z  =  T(o), (7.11)

where:

5 (a) =  , r ( a ) = £^- J ^ * . (7.12)

This is an ordinary linear first-order differential equation. So it is also possible to solve 

analytically for H  when n =  2.

A check reveals that no other combinations of n  and r  will put eq. (7.7) into a simply- 

integrable form. We therefore concentrate on the cases n = 2 and n =  4, leaving other 

choices for future numerical work. Even with this restriction we will find considerable 

richness in the theory.
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(7.13)

(7.14)

7.3 The Case n  — 2

Let us begin with the linear case first. Eq. (7.11) is put into exact form with the 

multiplying factor;

exp ^y* 5(a)rfa =

whereupon:

^  [* a^(3-c)J ^  a (̂3-< )̂.

This can be integrated to yield:

where Co is a constant of integration. The Hubble parameter is then found from eq. (7.6), 

which (with r =  2) yields:

. (7.16)

We can fix the constant Cq by imposing the boundary condition ff(oo) = H{1) = Ho- 

This produces:

c„ = i a -
® 7 ( 3 - C ) - 2 '

Two other new quantities will become useful:

2 - 3 7

(7.17)

^  Lt(3 -  C) -  2
a  =  1 - ^ .

In terms of these parameters, eq. (7.16) becomes:

1 /2

(7.18)

(7.19)

We can fix a,/9 and C in terms of observable quantities at the present time t =  to, 

follows. Firstly, the decay law (7.1) gives (with n =  2):

C =  ^  =  3A„. (7.20)



7.4 Evolution o f the Scale Factor ____   107

where we have used the definition (4.22). Substituting this result into eqs. (7.18), to

gether with the expression (4.24) for the curvature parameter k, we find (setting oq = 1):

r (37/2 — l)fîo — ^0
a  = -------rr—rrm --- r-i rL (3 7 /2 )(1 -A o )-1 J  
0  =  I - a .  (7.21)

In fact, it is interesting to see that the numerator in this expression for a  is exactly go, 

eq. (4.29).

Switching to Hubble time r  = Hot {I 5.2) as usual, we note that:

a or

so that eq. (7.19) takes the simple form:

^  =  [o 4- p] , (7.23)

where we have used eq. (7.20) for C.

7.4 E volution o f  the Scale Factor

At this stage, one could attempt to solve exactly for the scale factor a(r) via:

^  =  dr, (7.24)
y/a a* +13 

where:

s =  2 — 37(1 — Ao). (7.25)

This might be soluble in terms of elliptic (or simpler) integrals if Ao takes special values

such that 5 =  7 (where 7 is an integer); this would require:

Ao =  (7.26)

Rather than depending on a coincidence of this form, we will instead take the same 

approach as in Chapter 6 and evolve the scale factor numerically in terms of its first 

and second derivatives. The latter of these takes the form:

^  =  a  1̂1 -  ^ ( 1  -  Ao) (7.27)



7.5 M inim um  V alues o f  th e  Scale Factor______________________________ 108

It remains to substitute this result, together with eq. (7.23), into the Taylor expan

sion (6.12), integrating backward in time to determine the behaviour of the scale factor.

7.5 M inim um  V alues o f the Scale Factor

In order to have some idea of the best values of Oo and Ao to use in this procedure, we

do as in the previous chapter and begin by identifying the viable regions of parameter

space. As discussed in § 6.3, the nonsingular models of interest evolve backward to some 

point where a = o« and da/dr  =  0. Some have d^a/dr^ =  0 there in addition; these are 

the Eiddington-Lemaitre solutions. But as a  TninîTnnTn requirement, we can impose:

^  =  0 (at a =  a ,) . (7.28)

In conjunction with our solution (7.23), this implies:

(7.29)

It is convenient to distinguish two cases, aiccording to whether the exponent on a, is 

positive or negative. Using eqs. (7.21), we obtadn:

l/[a7(l-Ao)-2l

a, =
2Ao - ( 3 7 — 2)Oo

( 3 7 - 2 )(1 - Oo — Ao)
( 3 7 - 2 )(1 - Oo — Ao)

2Ao - (3 7 — 2)Oo

1/(2—37(1—■̂ )]
if Ao < Ac

(7.30)
if Ao > Ac,

where we have defined:

Ac =  1 — — , (7-31)

%md left the case Ao =  Ac aside for the time being. From eq. (7.30) we draw a number 

of important conclusions. Firstly, (1) that spatially flat solutions (Oo +  Ao = 1) have 

either o , =  00 (if Ao < A«) or a, =  0 (if A© > Ac). The former case is not interesting. 

The latter case is singular, with the initial singularity pushed back into the infinite past. 

We have encountered this kind of solution before (§ 5.4.3).
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(2) Secondly, if we make the modest assumption that y  > 2/3 (ie., normal, non- 

inflationary matter), then we notice that closed solutions (Aq > 1 — Hq) must satisfy:

Ao < fîo» (7.32)

while open ones (ie., Ao < 1 — Qo) obey:

Ao > Oo; (7.33)

These conclusions follow from requiring that the terms in square brackets be positive;

ie., from the requirement that a« be a real number.

[The only possible exceptions to this consist of the cases in which the exponent is an 

even integer:

3V(l^Xo) -  2 =  (7.34)

which occur only for the special values:

While these are possible in principle, we will ignore them for the moment and concentrate 

on the more generzd case.]

(3) Thirdly, requiring that a , lie in the range 0 < o* < 1, we leam tha t both the

numerators and denominators in eq. (7.30) must be positive. This may be verified as fol

lows. Comparing their relative absolute magnitudes, we distinguish two possibilities: (a) 

if Ao < Ac, then both the numerator and denominator must be positive, since otherwise:

{Zy — 2)(1 — Qq — Aq) < 2Aq — (3^ 2)fîoi or

Ao > A., (7.36)

which is contrairy to the hypothesis. On the other hand, (b) if Aq > Ac, then we also 

find that both numerator and denominator must be positive, since otherwise:

(37 — 2)(1 — flq “  Aq) > 2Aq — (3y — 2)0q; or

Aq < Ac, (7.37)



7.5 M inimum Values o f the Scale Factor______________________________110

which is again contrary to the hypothesis. Therefore both the numerators and denomi

nators are positive in all cases.

(4) Fourthly, it follows from the conclusion (3), in conjunction with the assumption 

y > 2/3, that we must have:

Aq < 1 — Og. (7.38)

In other words, to realistically describe the present universe, nonsingular models in the 

present theory must be open.

While open solutions have previously been found in some nonsingular theories in

volving involving scalar fields (Bekenstein 1974) and higher-order curvature terms (Page 

1987), we are not aware of precedents for this in theories based on a cosmological term. 

Lima and Maia (1994) and Lima and Trodden (1996) describe their vairiable-A theory 

(which can be either open, flat or closed) as nonsingular, but this is true only in the sense 

of de Sitter; the initial singuleirity is pushed back into the infinite past {cf. § 5.4.3). We 

are referring here to models, like those of Bekenstein (1974) and Page (1987), in which 

there is a finite and nonzero minimum scale factor. Besides these, aind one other which 

is flat in both space and time (Petry 1981), all the singularity-free cosmological mod

els of which we are aware are closed (see § 4.1). The reason for this is that singularity

avoidance in most of these cases requires a large amount of special matter (in particular,

matter which violates the energy conditions). Whether this is in the form of A-matter 

or something else, it will in any case contribute to the total energy density of the uni

verse, usually closing it in the process. A cosmological term decaying like eq. (7.1), by 

contrast, need not (and in fact cannot) contribute this much.

(5) Fifthly, we infer by combining (2) and (4) that:

Ao > -  1^ flo, (7.39)

which sets a lower limit on the size of the cosmological term.

(6) Finally, (4) and (5) together impose an upper limit:

f!o < ^ ,  (7.40)
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Figure 7.1: Phase space diagram for the case n  =  2 with 7  =  1| showing contours 
of equal TniniTnnm sise a . .

on the matter density of the universe.

7.6 R ealistic  Nonsingular M odels

The information contained in eqs. (7.30) -  (7.40) is summarized in Fig. (7.1), which is 

a phase space plot like Fig. 6.5, but enlarged to show only the range of interest to us 

here, 0 < Oo < 1 and 0 < Ao < 1. Models with (Ao, fio) are represented by points on 

this diagraun, as usual. The critical values of Ao in this theory define the upper edges of 

the triangulau^ region at the base of the diagram; ie., the region bounded by the curves 

flo +  Ao < 1 (dash-dotted line) and Oo 4- Ao > (37/2)fîo (dashed line). All models 

between these curves are nonsingular, with real values of a , in the range 0 < a , < 1, as 

we have stipulated. Fig. 7.1 is plotted for 7 =  1.

Using eq. (7.30), we have plotted contours of equal minimum scale factor o« in 

this region. Any point along one of the heavy solid lines corresponds to a nonsingular 

model with the labelled value of a,. Following the discussion in § 6.5, we would like to 

find models in which o. is as small as possible, in order to obtain the largest possible
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maximum observable redshift Zofr«>

Zo6« <  I. (7.41)
a*

For instance, to be compatible with observations of quasars (zo6« % 10), a« must be less 

than about 0.1. If we want to explain the CMB as relic radiation from the last scattering 

surface at Z(„ % 1100, then we need a smaller minimum scale factor, a, < 0.001. And if 

we want the early universe to heat up to the temperatures required for nucleosynthesis:

Tnuc «  To % 10 ®̂ K , (7.42)

then (taking To = 2.73 K along with oo =  1 as usual), our model must satisfy:

a, < 10-'. (7.43)

Fig. 7.1 demonstrates that the present theory, based on a cosmological term decaying 

as A oc has no trouble meeting this constraint. Any model lying along the curve 

labelled 10~ ' will be capable, in principle, of reaching these temperatures near the “big 

bounce.” This confirms the remark matde by Blome and Priester (1991) and D§browski 

(1996) that there is no reason in principle why the oscillations in a nonsingular model 

cannot be deep enough to account for all the evidence which is usually taken as proof 

that the universe began in a singularity. Moreover, the only observational constreiint 

which seriously limited the variable-A models in the last chapter — the lensing constreiint 

— does not apply in this chapter because there is no antipode in an open universe.

It is true that, to meet the condition (7.43), models in this theory must lie very near 

the upper edge of the triamgular region in Fig. 7.1. In a sense this is “fine-tuning.” In 

another sense, however, it is an advantage, because (as in Chapter 6), it allows us to 

predict the values of Ao that would be required in a realistic singularity-free theory. As 

an example, let us consider the observationally favoured value of flo =  0.3 (Bahcall et al 

1997), and let us assume 7 =  1 as usual. Tracing horizontailly across the line defined by 

flo =  0.3 in Fig. 7.1, we can see that the nucleosynthesis condition (7.43) is met by only 

two values of the cosmological term: Ao % 0.15 and Aq »  0.7. Of these, the larger value
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is only marginally viable, being very close to the observational upper bounds described 

in § 6.4.1. The smaller value, however, is perfectly acceptable from an observational 

standpoint. (Note that the larger value corresponds to a nearly flat model with (Iq +  Ao 

just under unity, while the smzdler value corresponds to Qq +  Ao < 0.5.)

In general, the theory predicts that the most likely value of Ao is either fast above:

(7.44)

(which is to say, just above fto/2  in a dust-like universe with 7 =  1); or else just below:

1 -  flo- (7.45)

The former situation is in better agreement with the increasingly stringent observa

tional upper limits on Ao (§ 6.4.1), while the latter one might be preferable to some on 

theoretical grounds (eg., Krauss and Turner 1995).

To confirm tha t models with the features we have outlined here really do avoid the 

initial singularity, we can do as in Chapter 6 and integrate numerically back in time 

using eqs. (7.23) zmd (7.27) with the Taylor series expansion (6.12). We have done this 

in Fig. 7.2 for the case flo = 0.3 and 7 =  1. This diagram is an enlarged version of the 

evolution plots in Chapter 6 (Figs. 6.1 and 6.6), showing only the past three Hubble 

times and none of the future. Values of Ao are marked beside the appropriate curves. 

Several features can be noted.

Firstly, the initial singularity is avoided for any value of Ao between 0.15 and 0.7, as 

expected on the basis of the phase space diagram. Fig. 7.1. In the limiting czise where 

Ao = 0.7 exactly, which is spatially flat, we see that o, =  0 (de Sitter-like behaviour), as 

expected based on the discussion following eq. (7.30). It is important to note that models 

with larger values of Aq than this (eg., 1, 2, 10) no longer avoid the initial singularity 

with progressively steeper bounces, as they did in the previous chapter, but instead 

become singular again, as the diagram clearly shows. [Models with smaller values of Ao 

(eg., 0, -0.5, -1) are also singular, as usual.]

Secondly, Fig. 7.2 confirms that the value of a , is smallest near the critical values 

of Ao: 0.064 for the Ao = 0.6 case (just below 0.7), and 0.018 for the Ao = 0.2 case
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Figure 7.2: Evolution o f the  scale factor for models with n  =  2, 7  =  1, flo =  0.3, 
and values o f A© labelled beside each curve.

(just above 0.15). [These numbers have been chosen for illustrative purposes; smaller 

values of a, (with consequently larger bounce temperatures) are obtained by letting A© 

approach the critical vedues more closely.]

Thirdly, this evolution plot gives us some information about the ages of the models; 

that is, the elapsed time from the big bang — or the big bounce, as appropriate — 

to the present epoch, denoted zis usual by r  =  r©. It may be seen that higher values 

of A© correspond to older universes, as usual: 1.10 Hubble times for A© =  0.2, and 

1.70 Hubble times for A© =  0.6. (Strictly speaking, this now applies only for A© less 

than the critical value 0.7.) Both these numbers are in excellent agreement with the 

observational requirements discussed in § 6.4.2. Even if H© takes on the largest value 

83 km s”  ̂ Mpc"^ allowed by Freedman (1996), the ages of the two models are 13.0 

and 20.1 billion years respectively — well above Chaboyer et al's (1997) lower limit of

9.6 Gyr on the age of the oldest globular clusters.
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7.7 T h e Case n  =  4

We proceed to the other case of interest, n =  4, which consists of the Riccati equa

tion (7.9) for x{a). This can be solved (Spiegel 1981, p. 217) by changing dependent 

variables from x  to y, where:

The differential equation then takes the new form:

4- o(o) ^  +  0{a) y =  0, (7.47)

where:

0{a) =  (7.49)

and we have made use of eqs. (7.10). This is now linear as desired, but with variable 

coefficients. The second of these can be connected to observation as follows. FVom the 

decay law (7.1), with n =  4:

Substituting this result into eq. (7.49), together with the expression (4.24) for the cur

vature parameter k, we find (with oo =  1):

flia) =  3 T (2 -3 T )A jn . +  A<i-l) (7,51)

Let us summarize the situation by writing the differential equation (7.47) in the form:

^  +  0oo>~* y = 0, (7.52)

where the constants oo,0o are defined by:

do =  1 4- 3*7 (7.53)

00 = 3T(2-37)Ao(fio +  A o - l ) .  (7.54)
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This is a nontrivial problem. We can however put the difierentiai equation in “normal 

form” (Murphy 1960, p. 90) by changing independent variables from o to z, defined by:

z = J  g-^=)do, (7.55)

where:

4>{a) = J {aoa~^)da =  aolna.  (7.56)

We find that:

In terms of z, eq. (7.52) becomes:

z“‘ 0 + ^ i y  =  O, (7.58)

where:

c ,  =  (7.59)
I  — Oto

01 =  ^ o ( l - a o ) ~ “‘ . (7.60)

This is now in normal form, as desired. Somewhat surprisingly, it has the same form as 

the difierentiai equation (5.15) which described all the main solutions of the A oc 

case in Chapter 5. (In fact, the two are identical if we put z  -¥ r, y -¥ x, a i t, and 

01 - f  —a.) So we could in principle bring over all the results of Chapter 5. However, 

inspection of the exponent q i using eq. (7.53) reveals that it is given by:

ûi =  ^ ( 3 t - 1 ) .  (7.61)

In Chapter 5 we were able to solve only for the special values 1,2,3,4 of this exponent. 

As we can see by inverting eq. (7.61):

=  3 (1  -  a , / 2 ) ’
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this corresponds to values of 7 =  | ,  oo, — |  and — |  respectively. None of these are 

reasonable values for the adiabatic index of ordinary matter, at least not in the present 

universe (see § 4.7). Conversely, values of 7 that are reasonable (such as 7 =  1 or | )  

correspond to non-integral values of a i (such as |  and |  respectively). It is doubtful that 

eq. (7.58) can be solved analytically in these cases. We therefore leave the possibility 

that n =  4 for future numerical attention.
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Chapter 8

M odels w ith  A  oc q

8.1 Evolution o f  th e  Scale Factor

We turn finally to the last of our phenomenological decay laws, eq. (4.8), which we write 

in the form:

(8.1)

where V  and r  are, for the time being, arbitreiry constants. As far as we are aware, no 

such dependence has previously been considered for the cosmological term. However, 

it is a natural extension of the other decay scenarios considered so far. There is no 

fundamental difference between the first and second derivatives of the scale factor that 

would preclude the latter from acting as an independent variable if the former is accept

able. We discuss several interesting analogies and a possible physical interpretation of 

the cosmological term a t the end of this chapter (§ 8.3).

If we substitute the decay law (8.1) into our central differential equation (4.16), along 

with the relationship (7.4) between â and H, then we obtain:

from which it is immediately clear that no analytic solution for H  will be forthcoming 

unless:

r =  1. (8.3)
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We will adopt this value for r  for the remainder of the chapter, since we require the 

Hubble parameter in analytic form in order to make use of of the Taylor expansion (6.12). 

Elq. (8.2) then takes the form:

da

As in § 7.2, let us make a change of dependent variables from H  to z, defined by:

z =  f f ' ,  (8.5)

where s is an arbitrary constant. Eq. (8.4) takes the form:

If we choose:

5 =  2, (8.7)

then we obtziin a linear first-order differential equation:

^ - h 5 ( a ) z  =  r (o ),  (8.8)

where:

Multiplying through by a factor of:

exp 5(a)da =  (8.10)

and solving exactly as in § 7.3, we obtain;

z =  -  to - : ,  (8.11)

where Co is a constant of integration. This is very reminiscent of the situation in the last 

chapter, eq. (7.15). [The similarity is probably related to the fact that A contributes to



8.1 Evolution o f the Scale Factor_____________________________________ 120

both (ô/a)^ and {a/a) in exactly the same manner, eqs. (4.11) and (4.15).] The Hubble 

parameter is found from eq. (8.5), which yields (with s =  2);

H(o) =  -  6*-:] . (8.12)

The boundary condition H{oq) =  ff(l)  =  Hq produces:

Co =  H i +  fe, (8.13)

or, applying eq. (4.24) with oq =  1:

Co =  ff|(no  +  Ao). (8.14)

We can also fix X> in terms of observable quantities, as follows. The decay law (8.1) 

gives (with r  = 1):

where go is the present value of the deceleration peirameter, and we have used the 

definitions (4.22) and (4.28). Substituting this result into eq. (8.12), along with the 

expression (4.24) for fc, we find:

H{a) = Hq [aa-M«+Ao)/[*+(&Y/2)Ao] ^  ̂  * -:] , (8.16)

where:

a  — (flo +  ^ )  1 /3 = 1 — a. (8.17)

This is very similar to eq. (7.19) in the last chapter.

Changing once again to units of Hubble times (§ 5.2) we obtain:

^  =  1̂0 (%( +  j  ̂ , (8.18)

where we have defined:

This expression, together with its time derivative:

=  ^(Oo +  Ao)a^~^, (8.20)

is now ready to be substituted into the Taylor expansion (6.12).
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8.2 M inim um  Values o f  th e  Scale Factor

As in the previous chapter (§ 7.5), we require that nonsingular models satisfy:

^  =  0 (at a =  a,) . (8.21)
d r

In conjunction with eq. (8.18), this implies:

■ <*•“ >

Let us write this out explicitly using eq. (8.19). Results depend on the sign of the 

exponent, as in the last chapter. As with eq. (7.30), we will find it convenient to 

distinguish two possible cases:

:::: -

where we have defined:

?c =  -  (8-24)

and left the case go =  gc aside for the time being. We can draw a number of useful 

conclusions from the form of eq. (8.23). Firstly, (1) that spatially jW  solutions (fîo+Ao = 

1) again have either a, =  oo (if go > gc) or a, =  0 (if go < gc) This is just as in the 

previous chapter (§ 7.5).

(2) Secondly, requiring real values for a , (subject to the same proviso about even- 

numbered integer exponents as in § 7.5), we can conclude that closed solutions (Ao > 

1 -  Oo) must satisfy:

Ao > —floi (8.25)

while open ones (ie., Ao < 1 — fio) obey:

Ao < —flo (8.26)
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It follows that, if Ao is a positive quantity, as observations almost certainly indicate 

(§ 6.4.2), then nonsingular models in the present theory must be closed. (We will 

assume that both these conditions hold in the following.)

(3) Thirdly, requiring that o« lie in the range 0 < o, < 1 as before, we leam that 

the deceleration parameter % satisfies;

?o < ?c- (8.27)

This follows from the fact that |0o +  Ao - 1| cannot be greater than \Qq +  Agj (assuming 

both quantities are positive).

(4) Finally, combining the conclusion (4) with-the definition (8.24), we infer that:

go < — ^  (8.28)

Assuming as we are that the cosmologiced term is positive, this implies that the decel

eration parameter must be negative for a universe filled with normal matter (7 > 2/3).

The deceleration parameter go is unfortunately among the most poorly-constrained 

quantities in observational cosmology (Carroll and Ostlie 1996, p. 1278). Some authors 

have in fact claimed negative measurements [eg., go = —0.37 ±  0.13 (Moles 1991); or 

even -1.07 ±  0.02 (Hoell et al 1994)]. Nevertheless, it is fair to say that the majority 

opinion among cosmologists holds that go is probably positive (Kolb and "Dimer 1990, 

p. 6; Carroll and Ostlie 1996, p. 1278). Loh (1986), for instance, measured a value of 

go =  0.351̂ *4 using number counts of faint galaxies, although it has since been argued 

that evolutionary effects were not properly taken into account (Martel 1994). Gurvits 

(1994) has obtained a  value of 0.16 ±0.71 from a study of active gWactic nuclei at radio 

wavelengths.

The most recent, and probably most reliable value can be inferred from Perlmutter 

et al's (1997) determination of Ao. Assuming a flat universe, these authors obtained 

Ao =  O.OfitoiM" Making the same assumption (flo +  Ao =  1) for simplicity, and also 

using 7 =  1, we find from eq. (4.29) that:

go =  -  — -A o . (8.29)
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The result reported by Perlmutter et al (1997) therefore implies that % =  0.46 ±  0.47. 

This is (barely) compatible with a negative deceleration, as are all the other limits 

quoted above. However, the present theory is somewhat disfavoured in comparison with 

the one studied in Chapter 7 (A oc H^),  and we judge that this is a reasonable place to 

halt our investigation for the time being.

8.3 A nalogies and Interpretations

We close this chapter, and the main part of the thesis, with some speculations concerning 

the possible physical interpretations of the decay laws (4.5) -  (4.8).

To begin with, we observe from the form of eq. (4.15) that, for normal m atter (ie., 

7 > 2/3), the A-term acts like a “brake” on the deceleration of the cosmic scale factor, 

resisting the tendency of spacetime to shrink under the influence of its own gravity. 

Could one push this analogy further and think of a decaying cosmological term as a 

kind of global friction force? At first sight this idea is attractive in the light of a  number 

of suggestive parallels that one can draw between the A-decay laws we have considered 

and the more familiar laws of ordinary mechanics.

In the case of decays like A oc n"*", for example, we determined in Chapter 6 that, in 

order to accommodate bounce temperatures high enough for nucleosynthesis, the value 

of m had to be very close to two. This brings to mind the classic force laws of Newton and 

Coulomb, in which F  oc r~^ (here F  is the magnitude of the force between two objects 

separated by distance r). In Chapter 7 we learned that cosmological observations are 

perhaps most compatible with nonsingular models in which A oc â^. This is reminiscent 

of the phenomenon of otr resistance in projectile motion (“Newtonian damping"), for 

which F  oc (where t; =  f  is the velocity). Finally, we have noticed in the present 

chapter that nonsingulu models are also possible for A oc 5, which has the form of an 

inertial force law, F  oc dv/dt.

We do not suggest, of course, that the universe is filled with an air-like ether. The 

ideas in this section are put forward as possible Newtonian analogs for the processes
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which must ultimately govern the behaviour of the cosmological term in the context 

of some more fundamental quantum field theory. They may possibly stimulate new 

thought as to the reasons for A-decay, or motivate the form of what are otherwise 

purely phenomenological decay laws. It may be, for instance, that the correct coupling 

of A (and its derivatives) to gravity in the Lagrangian of general relativity would give 

rise to behaviour of this kind in the Newtonian limit.

A somewhat different interpretation of the variable-A idea can be made if we ap

proach it from a dimensional standpoint. The cosmological term, after all, influences 

cosmic dynamics primarily via its energy density =  A/8irG, so it may be inappropri

ate to draw analogies with force laws. With this in mind, it is intriguing to note that 

perhaps our most successful decay law (that of Chapter 7) had the form A oc â^. This is 

anailogous to the ordineiry expression for kinetic energy, Ek oc u* (where v = r). In the 

spirit of the foregoing discussion, one could speculate about whether the variable A-term 

might represent a kind of “kinetic energy of the universe,” locked up in the “motion” 

of the sczde factor and opposite in sign to its gravitational potential energy. To what 

would such motion be relative? How could it be defined? We are straying into the realm 

of metaphysics, and content ourselves with letting matters rest here.
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Conclusions

We have surveyed two kinds of non-stauidard cosmological models: those in which there 

are more than four dimensions, and those in which there is a  cosmological term A which 

is not constant, but varies with time.

In five dimensions, it wzis necessary to perform a conformai rescaling of the metric in 

order to describe anything more interesting than pure radiation in four dimensions. The 

extra dimension also led to a Brans-Dicke-type scalar field and it was necessary to 

assume a nonzero five-dimensional cosmological term A in order to evade the stringent 

constraints on this quantity. (This essentially worked because it led to a nontrivial 

potential for <f>.) With both a conformai rescaling and a cosmologiczd term, the theory 

did turn out to be inflationary — in fact it was a special case of a nonsingular inflationary 

model developed previously by Starkovich and Cooperstock (1992) — but it also turned 

out to violate COBE and Tenerife constraints on the index of density perturbations.

In higher dimensions, the situation was not much improved. The model of Cho 

(1990, 1992), with an arbitrary number of compact extra dimensions, was ruled out 

by COBE-type observations in the few cases where it was inflationary in principle. 

The same thing applied to the model of Berezin et al (1989), in which the compact 

dimensions were further subdivided into multiple compact subspaces. Only the model 

of Cho and Yoon (1993), incorporating torsion into higher-dimensional general relativity, 

was successful in accounting for inflation. In this case we had the remarkable result that
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the dimensionality of spacetime could be constrained by COBE-tjpe experimental data.

In general, we have found that higher-dimensional cosmological models do not lend 

themselves to inflation (in four dimensions) as easily as their authors have sometimes 

claimed. We have, however, noticed that higher dimensions might be of help in the 

cosmological constant problem. In severed cases, including the five-dimensional one, the 

cosmological term (in higher dimensions) eflTectively vanished in four dimensions, being 

absorbed into the potential of the scalar field instead. We have not investigated this in 

depth, and it remedns to be seen how generic this behaviour is.

Our survey of models with a variable cosmological “constant” began with a review of 

the specific models that have been proposed so far. Most of these are phenomenological 

in character. We have carried on in the same spirit, and considered A-dependency of 

four possible kinds: power-law in time, in the scale factor, or in the first or second 

derivative of the scale factor with respect to time. We have also extended the existing 

treatments by adopting a fairly genered equation of state for matter, in contrast to the 

assumption of dust-like (or sometimes radiation-like) matter that is usually made.

In the case of a time-dependent A-term, we have obtained a number of explicit 

solutions for the scale factor, most of which appear not to have been noticed before. 

Among other things it was surprising to find Bessel functions appearing in a  cosmological 

context. We have concentrated on the case of spatiedly fiat models in which A scales as 

a power-law function of time. While they do not solve the problem of the singularity, 

these models can significantly lengthen the age of the universe in comparison to the case 

where A =  constant. We have determined that, if A scales as an odd power of time, then 

it must be negative (or zero) if the scale factor is to be real-valued. Our conclusions may 

not extend to cases in which & ^  0; this will require more detailed numerical analysis.

For a cosmological term that scales as an arbitrary power of the scale factor, we 

have found that it is possible to obtain closed models which satisfy all the observational 

constraints and contain no initial singularity. This is in sharp contrast to the situation 

where A =  constant, for which observational evidence points very strongly to the exis

tence of a  big bang singularity. (The variation effectively allows one to obtain a large
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A-term where it is most important — neeir the “big bounce” — without the price of 

a lauge cosmological constant at present times.) This appears not to have been widely 

appreciated, probably because variable cosmological terms have so far been studied al

most exclusively as a mechanism to address the cosmological constaint problem within 

the context of particle physics. We have focused on constraints imposed by measured 

upper limits on A at the present time, and by requirements of sufScient age, high-redshift 

gravitationéd lensing, and the density of matter in the universe. As specific numerical 

examples we have shown that closed dust-like models with Qq =  {0.34,0.51,0.61} and 

Ao in the ranges {0.68 -  0.72,0.51 — 0.57,0.41 -  0.49} are both nonsingular and obser- 

vationally viable if m =  1,1.5, and 1.8 respectively, where A oc o"”'.  If nucleosynthesis 

is to be attributed to high temperatures near the big bounce, then m > 1.8.

In the cases where A varies as a power-law function of the first or second derivative of 

the scale factor with respect to time, we have been able to obtain nonsingulzir solutions 

for even integer powers (other cases will require more detailed investigation). These 

models were distinguished from the ones in the previous chapter, both by the fact 

that they were not necessarily closed, and by the relative ease with which they could 

accommodate very high redshifts (and hence phenomena such as nucleosynthesis). In 

particular, we have shown that open dust-like models with Aq either just below 1 — CIq 

or just above CIq/2  are both nonsingular and viable if A oc

Broadly speaking, our results indicate that extra dimensions are perhaps not as useful 

in awidressing the problems of the standard model as has sometimes been thought. The 

idea of a variable cosmological term, by contrast, appears to warrant far more attention 

than it has so far received.
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A ppendix  A

C onstraints on the  
Starkovich-Cooperstock Potential

A .l  M odel o f  Starkovich and C ooperstock

Starkovich and Cooperstock (1992; hereafter “SC”) presented a simple but surprisingly 

rich classical held theory of the universe, inspired by an earlier singularity-free model of 

Israelit and Rosen (1989). A single cosmological fluid, represented by the scalar fleld 

describes all matter. This fleld begins in a cold “prematter” state chuaM:terized by the 

Planck density; there is no initial singularity. The scalar fleld then passes through three 

successive phases, corresponding to inflationary, radiation-like, and dust-like conditions. 

During inflation, a proper choice of the equation of state heats the universe rather than 

cooling it — thus removing the need for the complicated re-heating mechanisms of tra

ditional inflationary theory. When the Planck temperature is attained, a discontinuous 

change in equation of state (presumably corresponding to a phase transition) occurs, 

ushering in the radiation era and the rest of the standard model of cosmology (with 

continued expansion now cooling the cosmological fluid). Besides the idea of a limiting 

density and temperature [this is due to Markov (1982)], the theory makes only standard 

assumptions: general relativity with spatial homogeneity, isotropy and no cosmological 

term. The rest is accomplished by identifying and fitting together the equations of state 

appropriate to eewdi epoch.

SC theory makes several testable predictions. Firstly, it postulates a closed universe
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[This is required by the Lemaitre equation (2.22), since there is no cosmological term 

A *md the universe begins with a positive density po a t the moment of the big bounce, 

when â =  0.] Secondly, it predicts the present value of the Hubble parameter, which 

turns out to lie between 33 and 44 km s"^ Mpc“  ̂ (SC, Table 8). [This is obteiined 

by solving the field equations of the theory for the scale factor a and density p, and 

substituting into eq. (2.22).] Both these predictions go somewhat against the grain of 

current observational work, which favours an open (or possibly flat) universe (Peebles 

1993, § 26) and a value of in the range (73±10) km s~^ Mpc~^ (EVeedman 1996). The 

possibility that the universe might be closed is, however, not ruled out observationally 

by any means (eg.. White and Scott 1995, Kamionkowski and Toumbas 1996); and some 

observers continue to report lower values of Ho in the range (55 ±  10) km s”  ̂ Mpc”  ̂

(Sandage and Tammann 1996). It should also be mentioned that Bayin et al (1994) 

have modified the SC theory by including a non-minimal coupling of the scadar fleld to 

gravity, with one result being a slightly higher prediction of 47 km s“  ̂ Mpc~^ for the 

current value of Hubble’s parameter. So it is probably premature to dismiss the theory 

on these grounds alone.

In this appendix, we take up a suggestion by SC (p. 10) to test the theory based on 

its inflationary properties. In particular, we will look at the predicted spectral index 

of density perturbations, density contrast, and energy scale at the end of inflation. To 

begin with, however, we perform a consistency check of the theory, integrating the 

Klein-Gordon equation manually to see if the values of the scaJar field reported in SC 

(Tables 2-7) are reasonable. Along the way we will introduce the various terms and 

definitions that will be needed in subsequent sections.

A .2 K lein-G ordon E quation

For a minimally-coupled scalar field in a  homogeneous and isotropic spacetime, the 

Klein-Gordon equation reads;

^ +  =  (A .l)
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where H  is the Hubble parameter, is the scalar field, and V{<f>) is its potential, which 

is given by eq. (2.63) in the case of SC theory. Eq. (A.l) is identical to eq. (2.13) of 80 , 

and may be found in standard texts, eg. Kolb and Turner (1990, p. 271). [We have also 

encountered examples of this equation in our five-dimensional theory: eq. (2.16) when 

A =  0, and eq. (2.49) when A ^  0.]

The Hubble parameter may be written:

In SC theory, the scale factor a{4>) is related to the potential V{<t>) by the following 

equation [SC eq. (3.18)]:

d ln a  1 din y  . .  .

where 7 is a  constant parameter characterizing the equation of state of the cosmological 

fluid, eq. (2.62). This parameter takes on very small values during the inflationary era, 

1.85 X  1Q-® < 7 < 2.0153 x 10"® (SC, Table 1).

Putting eqs. (A.2) and (A.3) into the Klein-Gordon equation (A.l), we obtain:

^ 4 -  I 1  -  ZTF I -  0 -  ( A . 4 )

We can make further progress by noting from eq. (2.12a) of SC that:

so that:

i l  - 2
7V ~  2 -  7 

Putting this into eq. (A.4) we obtain:

=  constant . (A.6)

<i>

This is the most convenient formulation of the Klein-Gordon equation for SC theory. It 

remains to  insert the potential V(^) and solve for 0(t).
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The SC potential (2.63) may be rewritten in the form:

( l  +  , (A.8)

where a,/3, b and C  are pareuneters to be specified within the theory. [This is equivalent 

to eq. (3.17) of SC]. Difierentiation with respect to ^  yields:

( l  -  . (A.9)

Substitution into the Klein-Gordon equation (A.7) produces this differential equation:

à \ 2 - y J  \  /V  /  (A.10)

Fortunately this can be simplified considerably with some knowledge of the values taken 

by the various free parameters in the theory.

Our treatment up to this point is applicable to any point in the history of the uni

verse; we have not assumed an infiationary equation of state. We now focus specifically 

on the prematter era, during which inflation takes place in SC theory. Eqs. (2.16), 

(3.10b), (3.14b), (4.7e) and (4.11/) of SC combine in this case to give:

a  = b y/2Airy , 6 = ^ —- ,  (A l l )
TTÏpi 6 7

where 4>o is the value of the scalar field at the moment when inflation begins. In SC 

theory, (f>{t) is a monotonically decreasing function of time, so ^ at all times.

Inserting these expressions into eq. (A. 10), we find:

J l _ g 2a(*.-«)j J i-j.g2a(0.-«)j ^  (A.12)

where:

and the subscript p  denotes the prematter era. With 1.85 x 10~® < 7 < 2.0153 x 

10~^ during this time, as noted above, it follows that a  falls between —67/mpf and
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—64/mfi. Therefore the exponential terms inside the square brackets in eq. (A.12), 

become insignificant almost immediately after the onset of inflation. [The value of the 

scalar field (j> drops by more than a Planck mass during inflation in SC theory (SC, 

Table 1)]. Neglecting these terms, the Klein-Gordon equation (A.12) simplifies to:

^ =  (A.14)

where, since y ■^2:

(A.15)

It turns out that the same simplification can be made during the radiation- and matter- 

dominated eras, with Ap replaced by A, =  2BC0* and An =  BC0^ respectively, B  

given by eq. (A.13) as usual, and C,0  and 7 taking the values specified in SC for these 

two periods. We will not make further use of these expressions, as we are interested here 

in the inflationary prematter era.

To solve the Klein-Gordon equation (A.14), we try defining two new variables:

* = , y =  i ,  (A.16)

whereupon:

^  ^  (A.17)
dz zy

After some experimentation we find that switching to a new dependent variable:

z =  y/z,  (A.18)

reduces this to separable form:

ÿ  (A.19)
dz z

The general solution is:

z =  ± y / 2 A p B z ^ E ,  (A.20)
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where ^  is a  constant of integration. Using the definitions (A.16) amd (A.18), we obtain:

i  =  - *  y / 2 A f B z  + E,  (A.21)

selecting a negative sign in order to reflect the fact that <f> decreases with time. If we

follow SC and impose the boundary condition ^  =  0 at ^  =  0 (ie., z =  0 at z =  1), then

the value of E  is given by:

E  =  -2A pS. (A.22)

Proceeding on this assumption, the general solution of eq. (A.21) is:

tan“  ̂>/z -  1 = F  — y j (, (A.23)

where F  is amother integration constant. Inverting atnd using eq. (A.16), we obtain:

(A.24)

where the value of P  is fixed by the boundary condition ^ (0) =

^(0  =

F  =  tan"^ -  1. (A.25)

This amalytic expression for ^(t) may be employed to estimate the vadue of <f> at the end 

of inflation, and thereby test the self-consistency of SC theory. We have done this using 

the vailues o f t,<t>o and t (the duration of the prematter era) given in Tables 1-7 of SC. 

Results aire summarized in Table A .l atnd compatred to the published SC vailues for this 

quamtity (denoted 4> )̂. It may be seen from this table that our cailculated results diflfer 

from those of SC by less thain one percent in all catses. The small différences may be 

attributed to  the fact that we have replaced the full Klein-Gordon equation (A.IO) with 

the approximation (A.14). Table A.l thus establishes to within reasonable certaiinty 

that the SC theory is self-consistent.

A .3 Spectral Index o f  D en sity  P ertu rb ations

We proceed to calculate the spectral index n  of density perturbations generated during 

inflation in SC theory. As we saw in § 2.9, the speciatl case ^  =  0 gives rise to power-law
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Table A.1: Comparison o f  scalar field values a t  the  end of inflation w ith those 
reported by Starkovich an d  Cooperstock

7 X 10® = 1.85 1.90 1.95 2.00 2.0153
4>olrrLgi 34.29 32.90 31.59 30.34 29.97

(/(pf 26.34 25.60 24.86 24.30 24.11
^(t)/mp/ 33.26 31.89 30.59 29.35 28.99
<t>vrlrripi 33.16 31.79 30.49 29.25 28.88

% Difierence +0.30 +0.31 +0.33 +0.34 +0.38

inflation (PLI) in a manner inconsistent with the COBE and Tenerife observations. In 

the general case, 13 is given by eq. (A .ll), and the SC potential (A.8) takes the form:

11/6
(A.26)

The results of the last section give us some confidence that the exponential term in

side the square brackets may be safely neglected during inflation. This approximation, 

moreover, becomes increasingly exact as inflation progresses and the difierence between 

<f) and grows. Selecting a typical value of 7 =  1.95 x I0~®, for example, one finds from 

eq. (A.24) that the term in question drops to 0.003 after a single Planck time has 

elapsed (note from Table A.l that inflation lasts for neetrly 25 Piamck times in this case). 

Similar results apply for zmy value of 7 in the range allowed by SC theory. Eq. (A.26) 

may therefore be well-approximated (especially at late times) by:

where:

Vo = Ce~ .

(A.27)

(A.28)

This is useful because we are particularly interested in the later stages of the inflationary 

era, when the "observable universe leaves the horizon,” setting the scale for the density 

perturbations we observe today. [This happens near the end of inflation in most models 

of inflation (Liddle and Lyth 1993, p. 45)].
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The potential (A.27) is of the kind that gives rise to power-law expansion, eq. (2.65), 

but with the important distinction that its exponent is positive. The initial value of 

the scalar field, in other words, does not correspond to the minimum of its potential, 

as is the case in standard inflationary scenzirios. Eq. (A.27) is in fact an example of a  

chaotic power-law potential (Linde 1985, Ellis and Madsen 1991, § 4.4; Liddle and Lyth 

1992, § 5.4.3).

The idea behind chaotic inflation is that, rather than starting off in a local minimum 

of its potential, the scalar field might initially have taücen any value. (Table A .l shows 

that varies between about 30 and 34 Planck masses in SC theory.) Presumably, in 

an ensemble of many universes, a  wide variety of initial values would be found. In each 

universe with sufficiently large ^oi inflation would occur as <f> began to roll down its 

potential gradient. Of course, only some of these universes — those in which this rolling 

behaviour was neither too fast nor too slow — would evolve into ones that resemble our 

own. Chaotic inflation is simpler than the older "standard" scenario, in that it requires 

no pre-inflationary era, with the potential arranged so that the initial high-temperature 

local minimum at <f> = <f>o gives way at lower temperatures to a lower-temperature 

“effective” m inim um somewhere else (thus explaining why inflation begins in the first 

place). The price for this simplicity is the inherently indeterminate (hence “chaotic”) 

nature of the initial conditions. [Chaotic inflation was first proposed by Linde (1983), 

emd recent reviews by the same author may be found in Linde (1994,1996).]

The power-law behaviour of the scale factor, a oc t**, depends only on the size of 

the PLI pareuneter p in eq. (2.65), and does not distinguish between the standard and 

chaotic versions of the potential. Viable inflation is obtained as long eis two conditions 

are met (Linde 1985): firstly that grow more slowly than gvTsir*/mp,. secondly 

that the initial value <f>o of the scalar field be greater than about a Planck mass (although 

this latter constraint can be relaxed in some cases). We have already noted that the 

<t>o 30mp{ in SC theory, and it is straightforward to show that eq. (A.27) meets the 

first of these criteria, since y ~  2 x 10~* in all cases (Table A .l), implying that the

potential goes as ~  gVo.04S**/m,,
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The value of p in SC theory is therefore obtained by simple comparison of eqs. (2.65) 

and (A.27), as in § 2.9. This yields:

p$e = 2/3-y, (A.29)

which, from eq. (2.66), implies a spectral index of density perturbations:

n«. =  0.994, (A.30)

for all values of 7 in the allowed reuige. SC theory therefore satisfies the COBE and 

Tenerife constraint on the spectral index of density perturbations (t»o6* > 0.9).

It is interesting to note that in many versions of power-law inflation, the strongest

constraints on the theory come from demanding that the universe “re-heat” to suffi

ciently high temperatures for baryogenesis after inflation (Burd and Barrow 1988). This 

typically requires p  > 10 (Lucchin and Matarrese 1985), a constraint which would easily 

be met by SC theory since eq. (A.29) shows that p,g > 330 at all times. This constraint, 

however, is not relevzmt to the SC case since the universe heats during inflation in this 

theory, removing the need for reheating mechanisms.

A .4  D en sity  C ontrast

We turn next to the magnitude of the density perturbations, as defined in § 2.9 [and 

standard texts, eg. Kolb and Turner (1990, § 9.2); Peebles (1993, § 17)]. According to 

Liddle and Lyth (1993, § 5.2), this quantity can be specified in terms of the inflationary 

potential as follows:

= (A.31)75

where the asterisk denotes a  quantity evaluated at the “epoch of horizon crossing;” that 

is, at the time when the scale of interest left the horizon during inflation.

E!q. (A.31) applies if three aUm-roll conditions are met (Liddle and Lyth 1993). We 

now give these constraints and demonstrate that each one is satisfied in SC theory. The
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first is:

If we rewrite the Klein-Gordon equation (A.l) in the form: 

and replace ^  using eq. (A.7), then we obtain:

 ̂= " 3 5  0  " 2 ^ ) ^ '

which satisfies the required condition since 7 <C 1.

The second condition reads:

Using eqs. (A.8), (A.9) and (A .ll) it is straightforward to show that:

■  (Ï)
where:

(A.36)

1 _

Recalling that —67/m ^ < a  < -6 4 /m ^  in SC theory, it is clear that 0 < ^ < 1 at all 

times, since inflation begins with <f> = <f>o (ie., Ç = 0) and stops at or before the limit in 

which </> —yO (ie., Ç -> 1). Eq. (A.35) is therefore satisfied since 7 1.

The third and final slow-roU condition is given by:

Differentiating eq. (A.9) and using eqs. (A.8) and (A .ll) as above, we find that:



A .4 D ensity Contrast____________________________  152

Since 7 '<C 1 this can be approximated by:

(A.40)

As inflation begins, (  =  0 and eq. (A.38) is not satisfied. However, as argued in the pre

vious section, the exponential terms in eq. (A.37) rapidly become negligible as inflation 

progresses, so that (  «  1 for all but the first moments of the prematter era. After <t> has 

dropped by one Planck mass from its initial value of for example, we find that:

1 - (A.41)

to very high precision, so that |q| 1 as required.

Having satisfied ourselves that SC inflation meets the slow-roll criteria, we return to 

the density contrast (A.31). With eqs. (A.26) and (A.36), this reads:

— I I g —a(2^ o-^ «)/fc  N  _  g 2 o (^ o -0 )1 *  N  g 2 = (* o -^ ) l   ̂ ^
L J L J ’ ( ^  42)

where <f>̂ is the value of the scalar field at the epoch of horizon crossing. We have argued 

above that the exponential terms inside the square brackets can be neglected throughout 

most of the infiationary period, and in particular near the end of inflation. Fortunately, 

it is precisely this regime which is of interest to us, since we would like to find the size of 

the perturbations that were frozen into the CMB when the currently observable universe 

left the horizon (Liddle emd Lyth 1993, p. 45). We therefore write:

j  g-a(2*.-«.)/fc^ (A.43)

to very good precision. Let us assume for the moment tha t the the observable universe 

crossed the horizon at precisely the end of inflation. In this case <j>̂ — <f>pr where 

values of are given by SC. Since these authors also list the values of 7 , C  and <f>o 

(SC, Table 1), it is simple to compute the size of the density contrast using eq. (A.43) 

with the definitions (A .ll) . We have summarized the somewhat surprising results in 

Table A.2. The predicted m atter density contrast is 0.53 for all cases. The magnitude
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Table A.2; Sise of the density contrast in Starkovich-Cooperstock inflation

7  X 10  ̂ = 1.85 1.90 1.95 2.00 2.0153
afrnji

b
(C /m J) X 10-® 

<fprlmpl

-67.11
-179.7
3.66
34.29
33.16

-66.21
-174.9
2.57

32.90
31.79

-65.35
-170.4

1.83
31.59
30.49

-64.53
-166.2
1.31

30.34
29.25

-64.28
-164.9

1.19
29.97
28.88

S 0.53 0.53 0.53 0.53 0.53

of the corresponding temperature fluctuations in the CMB may be found (Kolb and 

Turner 1990, p. 338) from:

ST 1 . (A.44)

which follows from the fact that density p goes as a~* while temperature T  oc a ^. The 

SC prediction is therefore:

ST
Y  ~  018, (A.45)

which is some 17,000 times larger than the actual fluctuations detected by the COBE 

satellite. [These are reported as being of magnitude (1.06 ±  0.04) x 10~^ on ten degree 

scales, Bennett et al 1996.] This raises doubts about the viability of the SC inflationary 

scenario.

One could attem pt to evade this constraint by supposing that the observable universe 

left the horizon some time before the end of inflation in SC theory. However, since <f[t) is 

a monotonically decreasing function of time, this will push ^  closer to and worsen the 

discrepany between theory and experiment. Indeed, in the limit <j> —¥ tf>o, one obtains:

=  ( § ) (A.46)

which yields S =  0.65 for all cases, disagreeing with the COBE data by a factor of more 

than 20,000 times.
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A .5 Value o f  7

Another suggestion might be to let 7 take values outside the range permitted in SC 

theory. Let us attempt to estimate the value of 7 that would be required to bring the 

theory into line with observation. W ith the help of the definitions (A .ll), eq. (A.43) 

shows that;

S oc (A.47)

In SC theory, the values of C, <^0 and are dependent on the value of 7 . If we never

theless ignore this dependence for simplicity, we can take the ratio:

^  , (A.48)

where the subscript denotes the SC values, and:

(A .4„

Inverting this expression, we see that the desired value of 7 is given by:

Inserting the numerical values for 4>o and ^ ,(=  <ppr) corresponding to the typical case 

7,c = 1.95 X 10~®, as usual, and imposing S =  f^ /1 6 ,000, we obtmn:

7 s s  1.26 X lQ - \  (A.51)

which is almost seven times the original SC value. With this value of 7 , the PLI 

parameter p  given by eq. (A.29) drops from 330 to 53. (This, by the way, indicates 

that the problem with SC theory in its original form is that it inflates too quickly.) The 

drop in p in  turn affects the spectrad index n of density perturbations via eq. (2.66), with 

the result that n =  0.96. Although this is lower than the original SC value, n,c =  0.994, 

it is still safely above the observational lower limit {nob, > 0.9). So it might appear 

feasible to improve the agreement with observation by moving to higher values of 7 .
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There is, however, a serious side effect to this remedy. The small values of 7 in SC 

are not chosen arbitrarily, but are required in order to lead to realistic values of p and H  

in the present day, subject to the boundary conditions of the theory. If 7 is increased by 

the amount suggested above, then the theory will no longer describe present conditions. 

The only way to avoid this would be to alter some of the other boundary conditions in 

the theory, such as the requirement that it begin with precisely the Plzmck density.

A .6 Energy at th e  End o f  Inflation

The results of the previous section indicate that the difficulties with SC theory are, in 

a sense, inherent in its boundary conditions, and this can be confirmed by looking at

the energy bound up in the scalar field potential at the end of inflation. According to

Liddle and Lyth (1993, § 5.2.4) this cannot exceed:

Ver^ < 1.6 X 10̂ * GeV . (A.52)

To check whether inflation in the SC scenario satisfies this requirement, we could evaluate 

the SC potential directly, using 0 The approximate expression (A.27) will be

nearly exact a t the end of inflation, as we have remarked.

However, we can do better in this case by noting from eq. (2.12b) of SC that the 

potential energy of the scalar field is directly related to the density o f matter in the 

universe, according to:

V W  = ( 1 ^ )  p. (A.53)

The boundary conditions of the SC model require that the energy density p a t the end 

of the prematter period be given by:

p(tend) =  ^  rn^- (A.54)

Therefore it is not necessary to  evaluate the potential of the theory at all; we conclude 

immediately from eqs. (A.53) and (A.54) that the potential energy of the scalar field at
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the end of inflation must be (with 7 <C 2):

=  0.90 TTip/ =  1.1 X 10̂ ® GeV . (A.55)

This violates the Liddle-Lyth bound by some 690 times.

One way to repair the problem may be to  adopt a different set of boundary conditions 

at the phase transition between the prematter and radiation era. This is reminiscent, 

however, of the situation encountered by Israelit (1991, 1994) and Israelit emd Rosen 

(1991) in a similar singularity-free inflationary theory. These authors have also found 

that initial fluctuations grow too large to  be reconciled with observation unless the 

boundary conditions are fine-tuned. As an alternative remedy, they have introduced 

intervening transition periods with special equations of state between the original pre

matter and radiation eras. The density fluctuations are then assumed to begin only 

after inflation has ended. It may be that a  similar approach is necessary in SC theory.

Another possibility, which we have not studied here, is that the modified version of 

SC theory proposed by Bayin et al (1994) might prove to be in better agreement with 

observational data. This theory, however, is considerably harder to work with, as the 

inflationary potential is given only in numerical form. We leave this task for future work.
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A ppendix  B  

Constraints on 
D ouble-Exponential Potentials

B .l  G eneralization o f  Easther’s M ethod

In this appendix we study inflationary potentials with two exponential terms, of the 

form introduced by Easther (1994):

V^(^) =  A e - '^  -  (B.l)

where we have defined k = Vsir^/mpi for convenience, and where (  > 0 and 0 < ^  < oo. 

Our first objective is to extend Easther’s analysis, which treated only cases in which 

m > 1, to  values of m in the range 0 < m < 1.

To begin with, we note that the two cases m = 0 and m  =  1 are trivial:

I:::;; -

The second case is of pure power-law form, eq. (2.65), while the first one just combines 

a power-law potential with a  de Sitter-like A-term.

Rrom now on we restrict ourselves to the more interesting cases in which 0 < m  < 1 

and m > 1. We rewrite eq. (B .l) in the form:

«« - 1 "’-‘.V  " ■ w>
Note that if >1 < 0 and B > 0 then Vg < 0 and there can be no inflation (§ 3.1.4). In 

all other cases, inflation is possible depending on the values of A ,B ,m ,Ç  and We
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assume (with Easther 1994) that A, B are positive, but relax Easther’s condition on m, 

considering values in the range 0 < m < 1 as well as m > 1.

Let us follow Easther (1994) in parametrizing ^ by a new variable y:

r y< =  I  -  (if 0 < m  < 1) .
* I »> =  1 -  (if m  > 1 )  ' '  ' '

chosen specifically so that the global maximum of the potential is located at y =  0 (with 

y =  1 corresponding to the limit ÿ — + 00). We can verify this behaviour (for both 

ranges of m) by noting that:

r -  m (l -  y<)l (if 0 <  m  <  1) , ,
"  1 A c - * [ l  -  (1 -  »>)/m] (if m  >  1) ' '  '

and differentiating to obtain:

_  f m/cBe~’~^y< (if 0 < m <  1)
^  ~  \  -KAe~'^y>  (if m > 1)
„ _  r -m*«*Be-"*'^[l -  (1 -  y<)/2] (if 0 < m <  1) .

~  \  / c U e - '^ [ l - m ( l - y > ) ]  ( i f m > l )  ’

where the primes denote derivatives with respect to (f>.

We are then in a position to compute the two infiationary slow roll parameters e and 

T) (Liddle and Lyth 1993):

e =  ^ ( Y k V
~  16% {Vb J
-  V /  (0 < m < 1)

2 I  [y > /(m -H -y > )]*  ( m > l )

’ - # 0
-  y T (m -  1 +  y < )/( l -  m +  my<) (0 < m < 1) , ̂

\  ( l - m  +  m y > ) / ( m - l  +  y>) (m > 1)

The spectral index of density perturbations is given (Liddle and Lyth 1993, p. 28) by:

n  =  1 +  2»/ — 6e (B.8)
/ ( I  -  m +  my<)*
/ ( m -  l  +  y>)

(B.9)
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At y =  0, when the field point is beginning to roll ofiT the global maximum of the 

potential, we find:

n =  l  — (y =  0, both cases), (B.IO)

while at y =  1, ^  is large and the potential is dominated by one of the two terms in 

eq. (B.3) — the first term if m > 1 (as in Easther 1994), or the second term if 0 < m < 1. 

These limiting cases therefore reduce to PLI driven by a single exponential potential.

Assuming the slow roll conditions hold (as is nearly universal in realistic theories of

inflation; Liddle and Lyth 1993, p. 42), we can write:

(B .ll)-  (y =  1,0 < m < 1)
(y =  l , m > l )

We then follow Easther (1994) in using experimental data from COBE and the QDOT 

survey to infer that n > 0.7 (for y =  0) and n  > 0.85 (for y =  1; contributions from 

tensor perturbations provide a tighter limit). Inserting these numbers into eqs. (B.IO) 

and (B .ll) respectively, we obtain the constraints:

< 0.15 ( any m) (B.12)

m V  < 0.15 (0 < m < 1) (B.13)

< 0.15 ( m > l )  (B.14)

Of these, the first is a sufficient condition for viable inflation. That is, any model that 

satisfies eq. (B.12) is automatically compatible with the COBE and QDOT observations. 

The second and third, however, are weaker conditions (as can be seen from the ranges of 

values of m involved), and are therefore merely necessary conditions for viability. That 

is, any model th a t does not satisfy eq. (B.13) or (B.14) (as appropriate for the value of 

m at hand) is necessarily incompatÿtle with the observations. These are our generalized 

Easther-type constraints on two-termed infiationary potentials of the form (B.l).

B.2 COBE  and the Dimensionality o f Spacetime

We address here the question of whether the Easther-type infiationary potentials are 

observationally viable when they satisfy the necessary condition (B.13) or (B.14) as
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appropriate, but not the sufficient condition (B.12). Our discussion is specific to the 

particular model in § 3.2.5, but the same method could be applied to any other potential 

of the Easther form (3.20). We essentially evaluate the quantities in § B.l on a case-by- 

case basis, computing the spectral index n  of density perturbations and requiring that 

n  > 0.9, as implied by COBE and Tenerife observations, eq. (2.67).

Let us parametrize <p by the new variable y, as defined in eq. (B.4). Using the 

Easther parameters A, B, m and (  for the model at hand, as listed in eq. (3.34), we find:

It is clear that y lies in the range 0 < y < 1. Substitution into eqs. (B.7) gives us the 

slow roll parameters for this model:

2y:(d + l):
d ( d - l ) d  +  y)*

These in turn can be inserted into eq. (B.8) to obtain the spectral index of density 

perturbations:

„ _ , 4M+ !)[('(+1)»' -  -  I))

For any given value of the dimensionality d  we require n(y) > 0.9. For all d > 4, n(y) is 

a monotonically increasing function of y over the interval 0 < y < 1. Therefore it takes 

on a maximum at y =  1, and this must certainly be greater than 0.9, or there will be 

no viable models at all. We therefore have the necessary condition:

n (l) =  1 -  5 5̂^  > 0.9 = >  d > 7 .  (B.18)

This rules out the models with d =  6. For the remaining cases, those with 7 < d < 28, 

we solve for the roots y, (between 0 and 1) of the equation:

n(y.) > 0.9. (B.19)
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Table B .l: Minimum values of ÿ  compatible w ith COBE  constraints, as a  function 
o f the  num ber of com pact dimensions

d < 6 7 8 9 10 11 12 13
CO 0.494 0.322 0.273 0.245 0.225 0.210 0.198

d 14 15 16 17 18 19 20 21
0.187 0.178 0.170 0.162 0.156 0.149 0.144 0.138

d 22 23 24 25 26 27 28 > 29
ÿ./nW 0.133 0.128 0.124 0.119 0.115 0.111 0.108 0

Since n{y) increases monotonically over this interval, all y > y, will then satisfy the 

same constraint. The value of y, can be converted to a lower limit ÿ , on the value of 

the scalar field by means of eq. (B.15). Results are presented in Table B.l. The model 

of Cho and Yoon (1993) discussed in § 3.2.5 is compatible with the COBE and Tenerife 

limits if spacetime has d dimensions, as indicated, but only i f  <p ><p,. To our knowledge 

this the first use of observations of the cosmic microwave background to put constraints 

on the dimensionality of spacetime.




