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ABSTRACT

In this work, we use the recently developed equilibrium generating functional

and systematic derivative expansion approach to hydrodynamics to explore three

new regimes of relativistic hydrodynamics. First, we derive the equations of motion

and write the constitutive relations to first order in derivatives for relativistic fluids

coupled to an external vector field. Next, for relativistic fluids in strong magnetic

fields Bµ ∼ O(1), we derive the equations of motion and present the constitutive

relations to first order in derivatives. From the resulting system of equations, we

find the hydrodynamic modes for these systems. We also find the constraints on

the transport coefficients due to the entropy production argument and derive the

corresponding Kubo formulas. Finally, we repeat the same analysis for relativistic

fluids coupled to dynamical electromagnetic fields with 〈Bµ〉 ∼ O(1).
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Chapter 1

Introduction

Hydrodynamics is an effective low energy macroscopic description for many-body

systems that are in local thermal equilibrium. The “classical” formulation of hydro-

dynamics has been known for over a century and consists of a set of conservation

equations supplemented with constitutive relations relating the conserved currents to

the hydrodynamic variables inherited from thermodynamics [1]. The fact that hydro-

dynamics is a relatively old subject by no means implies that it is yet fully under-

stood, and formal studies of the hydrodynamic framework remain an active research

area. In the formulation of non-relativistic hydrodynamics, the effects of thermal

fluctuations were taken into account by adding stochastic currents and integrating

over their fluctuations with a given weight function, in a way that is reminiscent of

statistical/quantum field theory [2, 3]. Recent interest in relativistic hydrodynam-

ics [4] has spiked due to it’s recent connection with a variety of areas such grav-

itational dynamics via the AdS/CFT correspondence [5, 6, 7], and as an effective

description of the quark-gluon plasma generated in heavy-ion collisions [8, 9] and

for recently discovered strange metals [10, 11, 12, 13, 14]. With increased interest

have come many advances in the formal studies of hydrodynamics. Some of these

advancements include the systematic derivative expansion [15], the manifestation of

chiral anomalies in the hydrodynamic framework [16], the derivation of the parity

breaking terms in 2+1 dimensional hydrodynamics [17], the formulation of hydro-

statics/thermodynamics from equilibrium partition functions [18, 19], studies of the

convergence and resurgence properties of the hydrodynamic expansion [20, 21, 22, 23],

elucidation of the role of the entropy current [24, 25], the classification of hydrody-

namic coefficients [26], the search for a hydrodynamic generating functional for out

of equilibrium systems [27, 28] and the emergence of supersymmetry in effective hy-
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drodynamic actions [29, 30, 31, 32]. The purpose of this thesis is to employ some

of these recent advancements to study relatively unexplored regimes of relativistic

hydrodynamics.

1.1 Introduction to hydrodynamics

We now present a quick overview of the classical approach to hydrodynamics as pre-

sented in [1]. Traditionally, hydrodynamics was mainly used to describe liquids and

gases at scales much larger than their microscopic constituents. Relativistic hydrody-

namics has also widely been used to study astrophysical processes [33] for quite some

time, and has recently expanded into descriptions of quark-gluon plasmas [8, 9] and

strange metals [10, 11, 12, 13, 14].

Let us begin by reviewing the standard non-relativistic hydrodynamic framework.

The mathematical description of normal non-relativistic fluids in 3+1 dimensions is

contained in five functions which give the fluid’s velocity v(t,x) and any two thermo-

dynamic quantities, such as pressure p(t,x) and mass density ρ(t,x). An important

assumption is the conservation of fluid mass, stated in integral form

∂

∂t

∫
V0

ρdV = −
∮
∂V0

ρv·dA , (1.1)

that is, the change in total fluid mass enclosed in an volume V0 changes only by

the fluid entering or leaving the volume through it’s boundary ∂V0. Using Green’s

theorem, the right hand side can be turned into a volume integral of the divergence

of ρv, leading to the continuity equation

∂ρ

∂t
+∇·(ρv) =

∂ρ

∂t
+∇·j = 0 , (1.2)

where j = ρv is the mass flux density.

Now let’s consider the force felt by the fluid inside V0

F = −
∮
∂V0

pdA = −
∫
V0

∇pdV =

∫
V0

fdV , (1.3)

where f = −∇p is the force density felt by the fluid. Equating this force density to

the fluid acceleration dv
dt

= ∂v
∂t

+ ∂xi

∂t
∂v
∂xi

= ∂v
∂t

+ (v·∇) v times its mass density ρ, we

find Euler’s equation
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ρ

(
∂v

∂t
+ vi

∂v

∂xi

)
= −∇p . (1.4)

Euler’s equation can be interpreted as a momentum conservation equation by

defining the momentum flux density tensor Πij = pδij+ρvivj, and using the continuity

equation (1.2) to write

∂

∂t
(ρvi) = −∂Πij

∂xj
. (1.5)

The interpretation of the momentum flux density comes from integrating (1.5)

∂

∂t

∫
V0

ρvidV = −
∮
∂V0

ΠijdAj , (1.6)

so Πij gives the i-th component of momentum flux through the j-th unit area element.

For adiabatic flows, we demand a local version of the second law

ds̃

dt
=
∂s̃

∂t
+ vi

∂s̃

∂xi
= 0 , (1.7)

where s̃(p, ρ) is the entropy density per unit mass. Using the continuity equation (1.2),

the adiabatic equation (1.7) can be written as an entropy continuity equation

∂s

∂t
+∇·(sv) = 0 , (1.8)

where s = ρs̃ is the entropy density per unit volume. Fluid flows that preserve entropy

are called non-dissipative, or adiabatic.

For adiabatic fluids, the five equations (1.2), (1.5) and (1.8) together with an

equation of state s(p, ρ) relating the three thermodynamic functions p , ρ and s give

a full set of equations to describe the fluid flow. Alternatively, the continuity equation,

the Euler equation and the energy density per unit volume ε = ρε̃ can be used to

turn the entropy conservation equation (1.8) into an energy conservation equation

∂

∂t

(
ε+ 1

2
ρv2
)

+∇·
(
(w + 1

2
ρv2)v

)
=

∂

∂t

(
ε+ 1

2
ρv2
)

+∇·jε = 0 , (1.9)

where w = ε+ p is the enthalpy density per unit volume and jε = (w+ 1
2
ρv2)v is the

energy flux density per unit volume.

As a straightforward example we can consider an incompressible fluid ρ = constant.

The energy per unit mass ε̃ satisfies the thermodynamic relation dε̃ = Tds̃− pdṼ =
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Tds̃+ p/ρ2dρ, where Ṽ = 1/ρ is the volume per unit mass. The continuity equation

leads to ∇·v = 0, from which the energy conservation equation reads

∂

∂t

(
ε+ 1

2
ρv2
)

+ (v·∇)
(
w + 1

2
ρv2
)

=
d

dt

(
w + 1

2
ρv2
)
− ∂p

∂t
= 0 . (1.10)

In the presence of a gravitational field g, the fluid energy density is ρgh+ internal

energy density. The internal energy density depends on the fluid’s temperature and

is therefore constant for a fluid in a static flow. For a static flow ∂p
∂t

= 0 in a system

where the fluid temperature is uniform, we find Bernoulli’s equation

1
2
ρv2 + ρgh+ p = constant . (1.11)

When the fluid is in a dissipative flow, we add the viscous stress tensor Π′ij to the

momentum flux density tensor [1]:

Πij = pδij + ρvivj − Π′ij = (p− ζ∇·v) δij + ρvivj − ησij , (1.12)

where σij = ∂vi
∂xj

+
∂vj
∂xi
− 2

3
δij∇·v. The transport coefficients η and ζ are called

viscosity coefficients and are functions of the thermodynamic variables (T , µ , v).

The viscous stress tensor Π′ij vanishes in adiabatic flows. With these modifications

Euler’s equation (1.4) turns into the Navier-Stokes equation

ρ

(
∂v

∂t
+ vi

∂v

∂xi

)
= −∇p+ η

∂2v

∂xk∂xk
+
(
ζ + 1

3
η
)
∇ (∇·v) . (1.13)

Similarly, we add a viscous and a heat vector to the energy flux density [1]

jiε = (w + 1
2
ρv2)vi − Π′ijvj − κ

∂T

∂xi
, (1.14)

where T is the local temperature of the fluid and κ is another transport coefficient

called the heat conductivity. The modified energy conservation equation is

∂

∂t

(
ε+ ρv2

)
+

∂

∂xi

(
(w + 1

2
ρv2)vi − Π′ijvj − κ

∂T

∂xi

)
= 0 . (1.15)

Using the Navier-Stokes equation and the thermodynamic relation dε = Tds+ w−sT
ρ
dρ

the modified energy conservation can be written as the general equation for heat

transfer
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T

(
∂s

∂t
+

∂

∂xi
(svi)

)
= Π′ij

∂vi

∂xj
+

∂

∂xi

(
κ
∂T

∂xi

)
. (1.16)

This equation reduces to the entropy continuity equation (1.8) when there is no

viscosity and no heat transfer. The fact that the continuity equation (1.2) doesn’t

receive modifications in non-adiabatic flows comes from the particular choice of out-

of equilibrium definition of the fluid velocity v. We implicitly picked v to be the

velocity of the fluid particles carrying mass, which leaves the continuity equation

intact. This is related to the concept of frame transformations, which will be explained

in section 2.2.1.

Magnetohydrodynamics

The field of magnetohydrodynamics was born when Hannes Alfv́en proposed to link

Maxwell’s equations with those of hydrodynamics to study the dynamics of electri-

cally conducting fluids in the presence of magnetic fields [34]. To have a classical

hydrodynamic description of these fluids, the magnetic field must be small compared

to the temperature, B � T 2. We now summarize how the hydrodynamic framework

gets modified as presented in [35]. Maxwell’s equations are

∇·E =
ρc
ε0

, ∇× E = −∂B

∂t
, (1.17a)

∇·B = 0 , ∇×B = µ0je + ε0µ0
∂E

∂t
, (1.17b)

where ρc is the charge density, je the electric current density, ε0 the permittivity of

free space and µ0 the permeability of free space. In most cases the fluid is electri-

cally neutral so ρc = 0. Electric and magnetic polarization are also ignored. In the

non-relativistic limit, the electric displacement term in Ampère’s law (1.17b) can be

neglected.

The Navier-Stokes equation (1.13) receive a new contribution due to the Lorentz

force law

fe = ρcE + je ×B . (1.18)

The Coulomb force term is negligible in the electrically neutral fluid approximation

(ρc = 0). Using Ampère’s law (1.17b) and the identity B × (∇×B) = 1
2
∇B2 −
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(B·∇) B, the Navier-Stokes equation (1.13) turns to

ρ

(
∂v

∂t
+ vi

∂v

∂xi

)
= −∇

(
p+

1

2µ0

B2

)
− 1

µ0

(B·∇) B+η
∂2v

∂xk∂xk
+
(
ζ + 1

3
η
)
∇ (∇·v) .

(1.19)

This can be written in the form of the momentum conservation equation (1.5) with

a modified momentum flux density tensor

Πij =
(
p+ 1

2µ0
B2 − ζ∇·v

)
δij − 1

µ0
BiBj + ρvivj − ησij . (1.20)

The energy conservation equation (1.15) receives a modification due to the magnetic

field energy and the Poynting vector P = E×B
µ0

which carries the electromagnetic

momentum density.

∂

∂t

(
ε+ ρv2 + 1

2µ0
B2
)

+
∂

∂xi

(
(w + 1

2
ρv2)vi + P i − Π′ijvj − κ

∂T

∂xi

)
= 0 . (1.21)

The continuity equation (1.2) doesn’t receive modifications from the magnetic fields.

A consequence of Maxwell’s equations is the charge conservation equation

∂ρc
∂t

+∇·je = 0 . (1.22)

The equations of magnetohydrodynamics consist of the modified hydrodynamic

equations (1.2) (1.19) and (1.21), Maxwell’s equations (1.17) and the generalized form

of Ohm’s law

je = σ (E + v ×B) . (1.23)

Relativistic hydrodynamics

In his elegant 6 page paper [36] in 1940, Carl Eckart unified the frameworks of hydro-

dynamics and special relativity, giving a relativistic formulation of hydrodynamics.

For relativistic fluids in flat space-time, the fluid velocity v is promoted to a covariant

four-vector uµ = γ(1,v/c), where γ = 1/
√

1− v2/c2. The momentum flux density

tensor Πij, the momentum density ρv and the energy density ε + 1
2
ρv2 defined in

section 1.1 are replaced by their relativistic counterparts and form part of the co-

variant energy-momentum tensor T µν . In the frame of reference where the fluid is at

rest (uµ = (1,0)), we have T µν = diag(ε, p, p, p), where ε = nc2 + ε is the relativistic

energy per unit volume, n = ρ/γ is the relativistic mass per unit proper volume and
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p is the relativistic pressure, which is the same as the non-relativistic pressure. We

can therefore write

T µν = (ε+ p)uµuν + pηµν . (1.24)

Note that in the non-relativistic limit v2 � c2 we get the corresponding non-

relativistic versions of energy, momentum and momentum flux densities

T 00 =
ε+ p

1− v2/c2
− p ≈ ρc2 + ε+ 1

2
ρv2 , (1.25a)

cT 0i =
(ε+ p)vi

1− v2/c2
≈ (ρc2 + ε+ p+ 1

2
ρv2)vi , (1.25b)

T ij =
(ε+ p)vivj

c2(1− v2/c2)
+ pδij ≈ ρvivj + pδij . (1.25c)

The non-relativistic energy density ε+ 1
2
ρv2 in the energy conservation equation (1.9)

corresponds to the non-relativistic limit of T 00 minus the non-relativistic rest en-

ergy ρc2. The non-relativistic momentum flux density tensor Πij used in the non-

relativistic momentum conservation equation (1.5) agrees with the non-relativistic

limit of T ij. The momentum flux density ρvi appearing in the momentum conser-

vation equation (1.5) agrees with the non-relativistic limit of T 0i/c, while the non-

relativistic energy flux
(
w + 1

2
ρv2
)
vi appearing in the non-relativistic energy con-

servation equation (1.9) corresponds to the non-relativistic limit of cT 0i minus the

non-relativistic rest energy density flux ρc2vi. Finally, two of the non-relativistic hy-

drodynamic equations (momentum conservation (1.5) and energy conservation (1.9))

appear as the non-relativistic limit of the energy-momentum conservation equation

∂µT
µν = 0 , (1.26)

keeping in mind that the relativistic derivatives are taken with respect to the coor-

dinates (ct, x, y, z). The continuity equation (1.2) is found by imposing a fluid flux

conservation equation

∂µ(nuµ) = 0 . (1.27)

When out of equilibrium, the particular out of equilibrium choice of fluid variables

which keeps the continuity equation (1.27) and the energy density T 00 intact in the

fluid rest frame is known as the Eckart hydrodynamic frame (not to be confused with

inertial frames used relativity). See section 2.2.1 for an introduction to hydrodynamic
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frames. In this hydrodynamic frame, the current/fluid flux remains the same (nuµ)

while the energy-momentum tensor receives contributions to the pressure, momentum

density and shears

T µν = εuµuν + (p− ζ∂λuλ)∆µν − ησµν + κ(uµ∆να∂αT + uν∆µα∂αT ) , (1.28)

where ∆µν = ηµν +uµuν and σµν = ∆µα∆νβ(∂αuβ +∂βuα− 2
3
ηαβ∂λu

λ) is the covariant

tensor version of σij introduced above the Navier-Stokes equation (1.13).

1.2 Outline

In this thesis, we rely on the philosophy presented in [18, 19] of hydrodynamics as a

generalization of (local) equilibrium thermodynamics to systems out of equilibrium

in order to study the hydrodynamic framework under three relatively unexplored

regimes:

1. Relativistic hydrodynamics in the presence of an external vector field,

2. Relativistic hydrodynamics in the presence of strong magnetic fields,

3. Relativistic hydrodynamics for dynamical electromagnetic fields.

The structure of this work is as follows.

In chapter 2 we give a summary of the construction of the relativistic hydro-

dynamic framework from equilibrium partition functions. The central concepts to

hydrodynamics (derivative expansion, transport coefficients, frame transformations,

Kubo formulas, etc.) are first introduced here, and the general idea of how these pieces

fit together is elucidated step by step using the “normal” hydrodynamic regime as an

example. Section 2.1 sets up the equilibrium/thermodynamic terms in the derivative

expansion. The non-equilibrium terms are added and constrained in section 2.2.

Chapter 3 focuses on the framework of anisotropic hydrodynamics in the presence

of an external vector field. Several of the concepts introduced in chapter 2 will

require some modifications but the overall structure remains the same. Some of these

modifications are summarized in section 3.3. The chapter ends with the constitutive

relations for anisotropic hydrodynamics to first order in derivatives. Constraints
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on the non-equilibrium dissipative transport coefficients and derivation of the Kubo

formulas are left for later work.

Chapter 4 can be broadly broken down into two parts:

• Hydrodynamics in the presence of strong external magnetic fields. These mag-

netic fields are assumed small compared to the temperature to avoid the emer-

gence of non-hydrodynamical degrees of freedom. The construction in sec-

tions 4.2 and 4.3 follows the structure of chapter 2 with the addition of an

analysis of the eigenmodes of the resulting set of equations in section 4.3.5. The

modifications required for parity-violating systems are studied in section 4.3.9.

• Hydrodynamics with dynamical electromagnetic fields. Section 4.4 sets up the

new formalism, connects it with the covariant formulation of Maxwell’s equa-

tions in matter and proceeds to a similar analysis of this formalism. Section 4.5

summarizes a recent construction of magnetohydrodynamics in a dual formula-

tion [37] which uses the Hodge dual of the field strength as conserved current,

and compares it with the results of section 4.4.
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Chapter 2

Relativistic hydrodynamic

framework

Hydrodynamics is an effective low energy macroscopic description for many-body

systems that are in local thermal equilibrium [1]. The structure of the hydrodynamic

equations will be sensitive to the symmetries of the microscopic system, but not to its

precise details. The low energy information of the particular microscopic system will

be captured by the transport coefficients in the constitutive relations, which can be

expressed as small frequency and small wavelength limits of the correlation functions

of conserved currents. These conserved currents will provide the relevant description

for systems after coarse graining, since they are protected by the symmetries of the

theory. On length scales much larger than the mean free path of the microscopic

excitations or quasiparticles, the description in terms of these quasiparticles is not

adequate. On the other hand, because they are conserved, the currents will still be

there long after the quasiparticles have scattered or decayed. The relevant degrees

of freedom in hydrodynamics are inherited from thermodynamics. In this chapter,

we explain the generating functional and systematic derivative expansion approach

to hydrodynamics and follow the construction of the hydrodynamic framework of

normal fluids as a useful example.

2.1 Thermodynamics

Let us start with equilibrium thermodynamics. For a diffeomorphism and U(1) gauge

invariant system in equilibrium subject to an external non-dynamical gauge field Aµ
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and an external non-dynamical metric gµν , we write the logarithm of the partition

function Ws = −i lnZ as

Ws[g, A] =

∫
dd+1x

√
−g F , (2.1)

and we will call F the free energy density1. [Conventions: metric is mostly plus,

ε0123=1/
√
−g.] For a system with short-range correlations in equilibrium and for

external sources A and g which only vary on scales much longer than the correlation

length, F is a local function of the external sources, and Ws is extensive in the

thermodynamic limit. It is only when the external sources vary slowly that the

system can be described by the hydrostatic framework. The density F may then be

written as an expansion in derivatives of the external sources [19, 18]. The current

Jµ and the energy-momentum tensor T µν are defined by varying Ws with respect to

the external sources

δWs =

∫
dd+1x

√
−g

(
1
2
T µνδgµν + JµδAµ

)
, (2.2)

and automatically satisfy

∇µT µν = F νλJλ , (2.3a)

∇µJµ = 0 , (2.3b)

due to gauge- and diffeomorphism-invariance of Ws[g, A]. See the derivation of the

conservation equations in appendix A. The object Ws[g, A] is the generating func-

tional of static (zero frequency) correlation functions of T µν and Jµ in equilibrium.

Of course, the conservation laws (2.3) are also true out of equilibrium, being a con-

sequence of gauge- and diffeomorphism-invariance in the microscopic theory. The

equations relating T µν and Jµ to the hydrodynamic variables are called the constitu-

tive relations.

Being in equilibrium means that there exists a timelike Killing vector V such

that the Lie derivative of the sources with respect to V vanishes. The equilibrium

temperature T , velocity uα and the chemical potential µ are functions of the Killing

1Note that we are working in the grand canonical ensemble, so this energy density is a local
version of the grand canonical potential.
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vector and the external sources [19, 18]

T =
1

β0

√
−V 2

, uµ =
V µ

√
−V 2

, µ =
V µAµ + ΛV√
−V 2

. (2.4)

Here β0 is a constant setting the normalization of temperature, and ΛV is a gauge

parameter which ensures that µ is gauge-invariant [38]. Note that this gives a local

thermodynamic theory, since the thermodynamic variables can be space dependent.

The Killing vector field defines the notion of time, and the static sources are assumed

to vary slowly in space, so that O(∂n+1)� O(∂n). The temperature sets the relevant

dimension for the derivative expansion: ∂T/T 2 , ∂µ/T 2 � 1. It is important that

the fluid rest frame is aligned with the Killing vector field; otherwise the system is

not in equilibrium but instead in a steady state. We will write the energy-momentum

tensor using the decomposition with respect to the timelike velocity vector uµ,

T µν = Euµuν + P∆µν +Qµuν +Qνuµ + T µν , (2.5)

where ∆µν ≡ gµν + uµuν is the transverse projector, Qµ is transverse to uµ, and

T µν is transverse to uµ, symmetric, and traceless. Explicitly, the coefficients are

E ≡ uµuνT
µν , P ≡ 1

3
∆µνT

µν , Qµ ≡ −∆µαuβT
αβ and Tµν ≡ 1

2
(∆µα∆νβ + ∆να∆µβ −

2
3
∆µν∆αβ)Tαβ. Similarly, we will write the current as

Jµ = Nuµ + J µ (2.6)

where the charge density is N ≡ −uµJµ, and the spatial current is Jµ ≡ ∆µλJ
λ. The

decompositions (2.5) and (2.6) are just identities, true for any symmetric T µν and

any vector Jµ. This decomposition will remain true for systems out of equilibrium.

The derivative of the fluid velocity can be decomposed even out of equilibrium in

3+1 dimensions as

∇µuν = −uµaν − 1
2
εµνρσu

ρΩσ + 1
2
σµν + 1

3
∆µν∇·u , (2.7)

where Ωµ ≡ εµναβuν∇αuβ is the vorticity, aµ ≡ uλ∇λuµ is the acceleration and

σµν ≡ ∆µα∆νβ
(
∇αuβ +∇βuα − 2

3
∆αβ∇·u

)
is the shear viscosity tensor. The de-

composition (2.7) is an identity, true for any timelike unit vector uµ. As we will see

soon, σµν and ∇·u vanish in equilibrium. The electromagnetic field strength tensor
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Fµν = ∂µAν − ∂νAµ can also be decomposed in 3+1 dimensions as

Fµν = uµEν − uνEµ − εµνρσuρBσ , (2.8)

where Eµ ≡ Fµνu
ν is the electric field, and Bµ ≡ 1

2
εµναβuνFαβ is the magnetic field,

satisfying u·E = u·B = 0. The decomposition (2.8) is just an identity, true for any

antisymmetric Fµν and any timelike unit uµ. Electric and magnetic fields are not

independent, but are related by the “Bianchi identity” εµναβ∇νFαβ = 0, which in

equilibrium becomes

∇·B = B·a− E·Ω , (2.9a)

uµε
µνρσ∇ρEσ = uµε

µνρσEρaσ . (2.9b)

Relations (2.9) are curved-space versions of the familiar flat-space equilibrium iden-

tities ∇·B = 0 and ∇×E = 0.

2.1.1 Equilibrium constraints

The condition of static external sources imposes constraints on certain thermody-

namic parameters. The requirement that LV g = 0 gives one symmetric tensor equa-

tion. Decomposing this equation with respect to the fluid velocity uµ in a similar way

to (2.5) gives two scalar equations, one transverse vector equation and one transverse

traceless equation

uλ∂λT = 0 , ∇·u = 0 , aµ + ∆µν∂νT/T = 0 , σµν = 0 . (2.10)

Similarly, the vector equation coming from LVA = 0 can be decomposed similarly

to (2.6) into

uλ∂λµ = 0 , Eµ − T∆µν∂ν
µ

T
= 0 . (2.11)

These will restrict the number of terms that can appear in the derivative expan-

sion of the free energy density F and in the equilibrium constitutive relations. The

coefficients appearing in the equilibrium constitutive relations will be called the ther-

modynamic coefficients. These coefficients are fully fixed by the equilibrium generat-

ing functional Ws and, if the microscopic theory has chiral anomalies, the anomaly

coefficients.
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2.1.2 Derivative expansion

In order to write down the density F in the derivative expansion, we need to specify

the derivative counting of the external sources A and g. The possible choices for these

derivative countings are determined by the equilibrium conditions

aµ = −∆µν∂νT/T, Eµ = T∆µν∂ν
µ

T
. (2.12)

Since finite temperature is required in order to have a classical description of the

theory, we always require aµ ∼ O(∂). The concept of chemical potential is not relevant

when there are no free conserved charges in the theory, in which case we can have

Eµ ∼ O(1). This would amount to a hydrostatic description of an insulator. If we

want to describe a theory with free charges, the chemical potential µ is again a relevant

variable and we find E ∼ O(∂) because of equation (2.12), reflecting the charge

screening present in these theories. These correspond to hydrostatic descriptions of

conductors. For normal fluids, no equation requires Bµ or Ωµ to be small, and these

may freely be taken at eitherO(1) orO(∂). The framework of fluids in strong magnetic

fields is explored in chapter 4. Non-relativistic fluids in magnetic fields and with finite

vorticity have been simulated in [39, 40]. In superfluids, the covariant derivative of

the Goldstone boson ξµ ≡ −∂µψ+Aµ, is a new hydrodynamic variable known as the

superfluid velocity [41]. In these fluids, there is an additional hydrodynamic equation

∂µξν − ∂νξµ = Fµν , leading to Bµ , Eµ ∼ O(∂). This electromagnetic screening is a

consequence of the spontaneous U(1) symmetry breaking required to form superfluids,

much like the Meissner effect in superconductors [42]. Recent work on relativistic

superfluid hydrodynamics includes [43, 44, 45]. For the remainder of this chapter, we

take the traditional derivative counting Eµ , Bµ , Ωµ ∼ O(∂).

We now proceed to expand the free energy density in a derivative expansion,

starting with the O(1) term

F = p(T, µ) +O(∂) , (2.13)

which corresponds to the equilibrium pressure2. The ideal constitutive relations are

then found by varying the generating functional (2.1) with respect to the sources as

2The fact that the O(1) part of the free energy density corresponds to the equilibrum pressure
follows from taking the limit where the thermodynamic fields are constant everywhere. In the grand
canonical ensemble, −Ws is, up to a factor of T, the grand canonical potential, which is equal to
−pV . See e.g. chapters 2 and 3 of [46].
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in (2.2), which gives

T µν = εuµuν + p∆µν , Jµ = nuµ . (2.14)

The equilibrium charge density n and the equilibrium energy density ε are func-

tions of temperature and chemical potential and are related to the equilibrium pres-

sure by dp = sdT + ndµ and ε = sT + nµ − p. The equilibrium entropy density

is important to find constraints on non-equilibrium transport coefficients (see sec-

tion 2.2.3). Looking at the energy-momentum tensor and current in the frame where

uµ = (1,0), we get T µν = diag(ε, p, p, p) and Jµ = (n,0). One can proceed expanding

the free energy density order by order in derivatives to define the thermodynamic

terms at higher derivative orders

F = p(T, µ) +
k∑

m=1

Nm∑
n=1

M (m)

n (T, µ) s(m)

n +O(∂k+1), (2.15)

where s(m)
n are O(∂m) gauge and diffeomorphism invariant functions of gµν , Aµ and V µ

that don’t vanish in equilibrium, which we will refer to O(∂m) equilibrium scalars. For

every derivative order m, Nm is the number of independent gauge and diffeomorphism

invariant terms that don’t vanish in equilibrium. For normal fluids, there are three

possible O(∂) scalars: ∇·u , uλ∂λT , uλ∂λµ all of which vanish in equilibrium. Thus,

there are no O(∂) equilibrium scalars, and N1 = 0. Examples of O(∂2) equilibrium

scalars are gµν∂µT∂νT and gµν∂µ∂νT . The M (m)
n are independent thermodynamic

functions of temperature and chemical potential which will appear as thermodynamic

coefficients in the equilibrium constitutive relations. For the derivative counting we

have picked (Bµ , Eµ , Ωµ ∼ O(∂)), varying the generating functional then gives

the equilibrium constitutive relations to O(∂k). As we will see in chapter 4, picking a

different derivative counting can lead to terms of O(∂m) in the derivative expansion of

the free energy density (2.15) giving terms of O(∂m+1) in the equilibrium constitutive

relations. As an example of O(∂) equilibrium constitutive relations, we turn to a 2+1

dimensional parity violating system with a U(1) conserved current. This was first

studied without the use of equilibrium generating functionals in [17] and later with

the use of this formalism in [18, 19]. For this system there are two equilibrium first

order scalars:

Ω = −εµνρuµ∂νuρ , B = −1
2
εµνρuµFνρ ,
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which are the two-dimensional vorticity and magnetic field, so the free energy density

up to O(∂) is

F = p(T, µ) +MΩ(T, µ) Ω +MB(T, µ)B +O(∂2) . (2.16)

Varying the generating functional with respect to the metric and the gauge field gives

the first order equilibrium constitutive relations

E = ε+ (TMΩ,T + µMΩ,µ − 2MΩ) Ω + (TMB,T + µMB,µ −MB)B , (2.17a)

P = p , (2.17b)

N = n+ (MΩ,µ −MB) Ω +MB,µB , (2.17c)

Qµ = (MΩ,µ −MB) εµνρuνEρ + (TMΩ,T + µMΩ,µ − 2MΩ) εµνρuν∂ρT/T , (2.17d)

J µ = MΩ,µε
µνρuνEρ + (TMB,T + µMB,µ −MB) εµνρuν∂ρT/T . (2.17e)

These were derived in [18, 19], and are related to the equilibrium expression found

in [17] by a frame transformation. Frame transformations will be explained in Sec-

tion 2.2.1.

2.2 Hydrodynamics

Hydrodynamics is an extension of thermodynamics to fluids that are out of equilib-

rium, keeping variations in space-time slow. Schematically, this means ∂ � 1/`MFP

where `MFP is the mean free path of the microscopic particles. The relevant di-

mension for the derivative expansion is set by the temperature. To have a well

defined derivative expansion we require ∂T/T 2 , ∂µ/T 2 � 1. Convergence proper-

ties of the hydrodynamic expansion has been a subject of recent interest, studied

in [20, 21, 22, 23]. The energy-momentum tensor T µν and conserved current Jµ come

from the variation of an, in general, non-local generating functional W = −i lnZ,

similarly to (2.2). Then the conservation equations (2.3) will remain valid due to

gauge and diffeomorphism invariance of the out-of equilibrium generating functional

W . We will also call these the hydrodynamic equations. Being an extension of ther-

modynamics, it is not a surprise that the degrees of freedom in hydrodynamics are

inherited from thermodynamics. That is, the hydrodynamic variables will be the

temperature, chemical potential and fluid velocity, which are now promoted to be
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time dependent. These hydrodynamic variables don’t have a unique definition out of

equilibrium. This is because one can in principle add any non-equilibrium scalars or

vectors to their equilibrium definition (2.4) and these different definition will agree in

equilibrium. This ambiguity in the definition of the hydrodynamic variables leads to

the concept of hydrodynamic frames and frame transformations.

2.2.1 Frame transformations

The ambiguity in the out of equilibrium definition of hydrodynamic variables is related

to the fact that these are auxiliary variables useful to describe the hydrodynamic limit

of the microscopic theories. They are not inherited from the microscopic theory, but

rather from the equilibrium thermodynamic description of the theory. In other words,

there are no “thermodynamic operators” in the microscopic theory whose expectation

values give the local definitions of temperature, chemical potential and fluid velocity.

In contrast, the hydrodynamic energy-momentum tensor and conserved current do

arise as expectation values of the microscopic energy-momentum tensor and conserved

current operators. Thus, when out of equilibrium, we can redefine the hydrodynamic

variables T → T + δT , µ → µ + δµ and uµ → uµ + δuµ where δT , δµ and δuµ

are made of non-equilibrium terms (such as ∇·u, etc.) so that, in equilibrium, the

new definitions coincide with the thermodynamic definition (2.4). Note that the

normalization condition of uµ imposes δuµ to be transverse (uµδuµ = 0). These

redefinitions of the hydrodynamic variables are known as frame transformations. In

principle, one can consider redefinitions by terms that don’t vanish in equilibrium (like

δuµ = aµ) but this will make the equilibrium constraints found in Section 2.1.1 true in

equilibrium only up to O(∂2). If we restrict frame transformations to non-equilibrium

terms, the equilibrium constraints are exact.

These frame transformations will change the way the out of equilibrium consti-

tutive relations will look, but since the energy-momentum and current have a mi-

croscopic description, these are independent of frame choice. We describe this by

writing δT µν = 0 and δJµ = 0. This is a shorthand way of saying T µν(T, µ, uµ) =

T µν(T + δT, µ+ δµ, uµ + δuµ) and similarly for Jµ. Linearising in the variable redef-
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initions and using the ideal constitutive relations, we find

δE = 0 , δP = 0 , δN = 0 , (2.18a)

δQµ = − (E + P) δuµ , δJ µ = −N δuµ , (2.18b)

δT µν = 0 . (2.18c)

Isolating the O(1) parts of the out of equilibrium energy, pressure and charge

densities we can define the O(∂) scalars in the contitutive relations fE , fP , fN by

E = ε + fE , P = p + fP , N = n + fN . The transformation of these O(∂) scalars can

then be found from (2.18):

δfE =

(
∂ε

∂T

)
µ

δT +

(
∂ε

∂µ

)
T

δµ , (2.19a)

δfP =

(
∂p

∂T

)
µ

δT +

(
∂p

∂µ

)
T

δµ , (2.19b)

δfN =

(
∂n

∂T

)
µ

δT +

(
∂n

∂µ

)
T

δµ . (2.19c)

Since there are three first order scalars and two possible hydrodynamic scalar varia-

tions (i.e., δT and δµ), we find one frame independent combination

f = fP −
(
∂p

∂ε

)
n

fE −
(
∂p

∂n

)
ε

fN . (2.20)

Similarly, since we have one possible transverse hydrodynamic vector variation (δuµ)

we find one frame independent transverse vector

`µ = J µ − n

ε+ p
Qµ , (2.21)

and one frame independent transverse traceless tensor T µν . In order to fix the frame

ambiguity when writing the constitutive relations, we must specify the frame choice

in which they will be written. Two popular conventions are the Landau-Lifshitz

frame [1] fE = fN = Qµ = 0 and the Eckart frame [36] fE = fN = J µ = 0.

Given our preference of restricting to definitions of the hydrodynamic variables that

coincide with (2.4) in equilibrium, we will be using the thermodynamic Landau-

Lifshitz frame used in [47] where the equilibrium terms are left in the thermodynamic
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frame of [18, 19] while the non-equilibrium terms are in the Landau-Lifshitz frame

fE = f̄E , fP = f̄P + fnon−eq. , fN = f̄N , (2.22a)

Qµ = Q̄µ , J µ = J̄ µ + `µnon−eq. , (2.22b)

T µν = T̄ µν + T µνnon−eq. . (2.22c)

Here the barred terms are the ones derived from the variation of the equilibrium

generating functional and the “non-eq.” subscript indicates the non-equilibrium terms

of the frame invariants f , `µ and T µν . With this in mind, we can proceed to add the

non-equilibrium terms in the derivative expansion of the constitutive relations.

2.2.2 Constitutive relations

For a system out of equilibrium, the terms that vanish in equilibrium can appear in

the out of equilibrium constitutive relations. The O(1) functions in front of them

are called the non-equilibrium transport coefficients. Two familiar examples of non-

equilibrium transport coefficients are shear viscosity and charge conductivity. The

non-equilibrium transport coefficients may or may not be constrained by the require-

ment of local entropy production, allowing for a further classification of dissipative

vs adiabatic non-equilibrium transport coefficients. All thermodynamic coefficients

are adiabatic, while non-equilibrium transport coefficients can be either dissipative

or adiabatic. A more detailed classification of transport coefficient is done in [26], in

which dissipative vs adiabatic is taken as the first differentiator. Adiabatic transport

coefficients are then further classified into seven classes, which include the hydro-

static (thermodynamic) transport coefficients and hydrodynamic (non-equilibrium

adiabatic) transport coefficients discussed in this work.

For a parity-preserving theory with the traditional derivative counting, there are

three non-equilibrium first order scalars uλ∂λT uλ∂λµ , and ∇·u. These are related by

the ideal hydrodynamic equations ∇·J = 0 , uµ∇νT
µν = E·J , so only one is indepen-

dent up to O(∂2). Similarly, there are two transverse non-equilibrium one derivative

vectors aµ+∆µν∂νT/T and Eµ−T∆µν∂ν
µ
T

which are related by one transverse vector

equation ∆µν∇ρT
ρν = 0, so only one is independent up to O(∂2). Finally, there is one

independent transverse traceless tensor σµν . Picking ∇·u and V µ = Eµ−T∆µν∂ν
µ
T

as

the independent first order scalar and vector and using the thermodynamic Landau-

Lifshitz frame (which coincides with the Landau-Lifshitz frame in this case) we get
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the out of equilibrium constitutive relations

T µν = εuµuν + (p− ζ∇·u) ∆µν − ησµν , Jµ = nuµ + σV µ . (2.23)

This defines the bulk viscosity ζ, shear viscosity η and charge conductivity σ,

which are the non-equilibrium transport coefficients. The exact functional form

ζ(T, µ) , η(T, µ) and σ(T, µ) depends on the details of the microscopic theory. These

three non-equilibrium transport coefficients are dissipative, meaning they will sat-

isfy some inequality constraints due to the requirement of the positivity of entropy

production.

2.2.3 Entropy production

One method to find constraints on transport coefficients is to impose a local version

of the second law of thermodynamics: the existence of a local entropy current with

positive semi-definite divergence for every non-equilibrium configuration consistent

with the hydrodynamic equations. It was shown in [24, 25] that the constraints on

transport coefficients derived from the entropy current are the same as the equality

constraints derived from the equilibrium generating functional, plus the inequality

constraints on dissipative transport coefficients. We now review how these inequality

constraints are found.

We take the entropy current to be

Sµ = Sµcanon + Sµeq. ,

where the canonical part of the entropy current is

Sµcanon =
1

T
(puµ − T µνuν − µJµ) , (2.24)

and Sµeq. is found from the equilibrium partition function, as described in [24, 25].

The constraints on transport coefficients follow by demanding ∇µSµ > 0. Using

hydrodynamic equations (2.3a),(2.3b), the divergence of the canonical entropy current

is

∇µSµcanon = ∇µ
( p
T
uµ
)
− T µν∇µ

uν
T

+ Jµ
(
Eµ
T
− ∂µ

µ

T

)
.

The Sµeq. part of the entropy current is explicitly built to cancel out the part of∇µSµcanon

that arises from the equilibrium terms in the constitutive relations, i.e. the terms in
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T µν and Jµ derived from the equilibrium generating functional. For parity-preserving

normal fluids to O(∂), Sµeq. is zero. We thus focus on the non-equilibrium terms, and

write the thermodynamic frame constitutive relations (2.23) as T µν = T µνeq. + T µνnon-eq.

and Jµ = Jµeq. + Jµnon-eq.. The divergence of the entropy current is then

∇µSµ =
1

T
Jµnon-eq.

(
Eµ − T∂µ

µ

T

)
− T µνnon-eq.∇µ

uν
T

=
1

T
`µnon−eq.Vµ −

1

T
fnon-eq.∇·u−

1

2T
T µνnon-eq.σµν ,

where the frame invariants were defined in (2.20) and (2.21). Using the constitutive

relations (2.23), this leads to

T∇µSµ = σV 2 + 1
2
η(σµν)2 + ζ(∇·u)2 . (2.25)

Demanding ∇µSµ > 0 now gives

σ > 0 , η > 0 , ζ > 0 . (2.26)

2.2.4 Kubo formulas

When the microscopic system is time-reversal invariant, transport coefficients can be

further constrained by the Onsager relations. The retarded two-point functions of

operators Oa and Ob in a time-reversal invariant theory in equilibrium obey

GR
ab(ω,k) = εaεbG

R
ba(ω,−k) , (2.27)

where εa and εb are the time-reversal eigenvalues of the operators Oa and Ob. Equa-

tion (2.27) is given in Fourier space GR
ab(ω,k) =

∫
dd+1xe−ik·xGR

ab(x) where kµ =

(ω,k).

More generally, if there are some time-reversal symmetry breaking parameters χ

(such as an external magnetic field), the two-point functions of operators Oa and Ob

in a time-reversal invariant microscopic theory in equilibrium obey

GR
ab(ω,k, χ) = εaεbG

R
ba(ω,−k,−χ) . (2.28)

We take our operators to be various components of T µν and Jµ, and evaluate

the retarded two-point functions by varying one-point functions in the presence of
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the external source with respect to the source. Namely, we solve the hydrody-

namic equations in the presence of fluctuating external sources δA, δg (proportional

to exp(−iωt+ ik·x)) to find δT [A, g], δµ[A, g], δuα[A, g], and then vary the resulting

hydrodynamic expressions T µν [A, g] and Jµ[A, g] with respect to gαβ, Aα to find the

retarded functions. Specifically,

GR
TµνTαβ = 2

δ

δgαβ

(√
−g T µνon-shell[A, g]

)
, GR

JµTαβ = 2
δ

δgαβ

(√
−g Jµon-shell[A, g]

)
,

(2.29a)

GR
TµνJα =

δ

δAα
T µνon-shell[A, g] , GR

JµJα =
δ

δAα
Jµon-shell[A, g] , (2.29b)

where the subscript “on-shell” signifies that the corresponding hydrodynamic T µν [A, g]

and Jµ[A, g] are evaluated on the solutions to (2.3), and the sources δA, δg are set to

zero after the variation is taken. The expressions (2.29) are to be understood as

δ(
√
−g T µνon-shell) = 1

2
GR
TµνTαβ(ω,k) δgαβ(ω,k) ,

etc. This provides a direct method to evaluate the retarded functions, and allows both

to check the Onsager relations and to derive Kubo formulas for transport coefficients.

In the hydrodynamic regime we are working in, the Onsager relations don’t impose

any constraints on the transport coefficients. We will see in Chapter 4 that the

Onsager relations do impose constraints on first order transport coefficients in the

presence of strong magentic fields.

We next list the expressions for transport coefficients in terms of retarded func-

tions evaluated in flat-space equilibrium. These expressions are known as the Kubo

formulas for the transport coefficients [48]. In the limit k→ 0 first, ω → 0 second we

find the following Kubo formulas. For normal fluids in 3+1 dimension, the two-point

function of the current J i gives the conductivity,

1
3ω
δijImGR

JiJj(ω,k=0) = σ , (2.30)

the shear viscositiy is given by

1
ω

ImGR
TxyTxy(ω,k=0) = η , (2.31)
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while the “bulk” viscosity may be expressed as

1
9ω
δijδklImGR

T ijTkl(ω,k=0) = ζ , (2.32)

Correlation functions at non-zero momentum may be obtained in a straightforward

way from the variational procedure described earlier.

2.2.5 Inequality constraints on transport coefficients

Finally, let us show that the inequality constraints on transport coefficients (2.26)

derived from demanding that the entropy production is non-negative can also be

obtained from hydrodynamic correlation functions, without using the entropy current.

The argument is based on the fact that the imaginary part of the retarded function

GR
OO(ω,k) must be positive for any Hermitean operator O and ω > 0,

ImGR
OO(ω,k) > 0 . (2.33)

See appendix D.4 for details. Then, using O = Jx, T xx and T xy together with the

Kubo formulas (2.30), (2.31) and (2.32) give the inequality constraints (2.26) derived

by the entropy production argument. Now consider the operator O = aO1 + bO2,

with real coefficients a and b, and Hermitean operators O1, O2. The inequality (2.33)

implies

Im
[
a2GR

O1O1
+ abGR

O1O2
+ abGR

O2O1
+ b2GR

O2O2

]
> 0 ,

for ω > 0. This quadratic form in a, b must be non-negative for all a, b which implies

ImGR
O1O1

> 0, ImGR
O2O2

> 0 together with

(
ImGR

O1O1

) (
ImGR

O2O2

)
> 1

4

(
ImGR

O1O2
+ ImGR

O2O1

)2
. (2.34)

The two terms in the right-hand side of (2.34) can be related by the Onsager relation

(2.28). This argument can be expanded toO =
∑
anOn to give more constraints when

more transport coefficients appear in the correlation functions. The constraints found

using this method are the same as the constraints found by the entropy production

requirement for all systems studied thus far. If this is true in general, and the reason

behind it remain an open question to this day.
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Chapter 3

Anisotropic hydrodynamics

3.1 Introduction

The study of non-Fermi liquids is an area of great interest in recent years [49, 50,

51, 52]. Many new materials show behaviour uncharacteristic of Fermi liquid theory,

and the search for appropriate descriptions of these materials without quasi-particle

descriptions is a subject of great interest. High temperature cuprate superconductors

are arguably the most famous example of these “strange metals” where the quasi-

particle description of Fermi liquid theory breaks down. For the most part, quantum

criticality has become a central avenue in the search of appropriate descriptions of

these non-Fermi liquids [53, 10, 54, 52]. Studies of graphene have shown the formation

of a Dirac fluid in which the quasi-particle description breaks down, exhibiting non-

Fermi liquid behaviour [55]. The low energy description of graphene exhibits a pseudo-

Lorentzian symmetry with an effective speed of light veff ≈ c/300. This effective

speed of light appears in the Coulomb coupling αeff = α/veff ≈ 2.2. Further studies

into Dirac fluids have pointed towards the possibility of a hydrodynamic description

of these systems [56, 57, 13].

Recent hydrodynamic descriptions have also been constructed for other exotic

materials such a Weyl semi-metals [14]. An important aspect of Weyl semi-metals

is the separation of the Fermi points for excitations of different chirality, connected

through the boundary of the crystal by the exotic boundary states named Fermi

arcs [58, 59, 60]. This makes the Weyl semi-metal an example of a topologically non-

trivial phase of matter. In Weyl semi-metals, the Fermi points are commonly named

Weyl nodes, as the quasi-particle excitations in those nodes are Weyl fermions. Be-
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ing a theory of chiral fermions, the hydrodynamic description for Weyl semi-metals

is that of hydrodynamics in the presence of anomalies, an active subject of re-

search [16, 38, 61, 62] . Aside from both being examples of strange metals for which

hydrodynamic descriptions have recently been studied, Weyl semi-metals and Dirac

fluids in graphene have another thing in common. Namely, the low energy effective

theory for both of these materials is not Lorentz invariant. To make this point clear,

we write down their effective actions, first in the usual way and then in a manifestly

covariant way.

The low energy effective description for graphene is that of massless fermions

coupled to an electric potential with an effective speed of light veff ≈ c/300. The low

energy effective action for graphene is [63, 64]

Sgraph. =

∫
dtd2xψ̄

(
1

veff
iγ0(∂t + ieA0) + iγi∂i

)
ψ , (3.1)

where γµ = (γ0, γ1, γ2) obeys {γµ, γν} = ηµν2+1. This effective action exhibits an

emergent Lorentz symmetry with the effective speed of light veff . Consider coupling

this theory to a dynamical electromagnetic field with Lagrangian LEM = −1
4
F 2. The

electromagnetic action is invariant under the true Lorentz group with speed of light

c. To write this in a Lorentz covariant way, we introduce a unit vector pointing in

the “time” direction nµ = (1,0). We can then write

Stot. =

∫
d3xψ̄

(
iγµDµ + iγνnν(1− 1

veff
)nµDµ

)
ψ −

∫
d4x1

4
F 2 = Stot.[ψ,A, n] ,

(3.2)

where Dµ = ∂µ + ieAµ is the gauge covariant derivative. The last equality is there

to emphasise that the effective action for graphene depends on the Dirac fields, the

gauge field and a vector field nµ, which roughly speaking corresponds to the velocity of

the graphene lattice. The effective action for Weyl semi-metals has a similar Lorentz

breaking term [65, 66, 67], which will require a space-like vector bµ = (0, 0, 0, b) to be

written in a Lorentz covariant way

SWeyl =

∫
d4x
√
−gψ̄ (iγµDµ − γzγ5b+M)ψ

=

∫
d4x
√
−gψ̄ (iγµ(Dµ + ibµγ5) +M)ψ = SWeyl[ψ, g, A, b] .

(3.3)

In this case, the vector bµ parametrizes the separation of the Weyl nodes in momentum

space.
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Roughly speaking, what is happening in these effective descriptions is that the

full theory is Lorentz invariant, and in some particular cases (like the formation of a

lattice) some degrees of freedom (the ones forming the lattice) can be integrated out,

giving a new effective theory

Z =

∫
DψDχeiS[ψ,χ] =

∫
Dψ′eiSeff [ψ′,n] , (3.4)

where χ are the degrees of freedom that were integrated out and ψ′ is some possible

field redefinition of the degrees of freedom ψ that were not integrated out. The new

vector nµ = nµ[〈χ〉] can be a function of the expectation values of the χ degrees of

freedom. Explicitly,

Seff [ψ′, n] = −i log

∫
DχeiS[ψ,χ] . (3.5)

This raised an interesting theoretical question. How does the hydrodynamic frame-

work change, when the generating functional depends not only on the external metric

and gauge fields, but also on a new external vector? This is the question that will be

addressed in this chapter.

3.2 Thermodynamics with an external vector n

Let us start with equilibrium thermodynamics of anisotropic theories, as the ones

mentioned in the introduction of this chapter. To do this, we assume the equilibrium

generating functional introduced in section 2.1 is now a function of the external metric

gµν , gauge field Aµ and vector nµ

Ws = Ws[g, A, n], LV = 0 . (3.6)

Recall that static equilibrium implies the existence of a timelike Killing vector field

V µ. With the extra external vector nµ, there is a new auxiliary vector Xµ. The

variation of the generating functional is then

δW =

∫
ddx
√
−g
[1

2
T µνδgµν + JµδAµ +Xµδn

µ
]
, (3.7)

which defines Xµ. We also assume the external vector is gauge independent. This

ensures the current conservation equation (2.3b) remains unaffected. On the other

hand, the energy-momentum non-conservation (2.3a) receives corrections coming from
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the action of diffeomorphisms on the external vector

∇µT
µν = F νµJµ +Xµ∇νnµ +∇µ

(
Xνnµ

)
, ∇µJ

µ = 0 . (3.8)

See appendix A for a derivation of the equations of motion. Note that the auxiliary

vector doesn’t come with a new conservation equation. As was discussed in section 2.1,

we can expand the free energy density F (defined in (2.1)) order by order in derivatives

and take variations with respect to the sources to get the equilibrium constitutive

relations. Note that there will be a third constitutive relation for the auxiliary vector

Xµ =
1√
−g

δWs

δnµ
. (3.9)

The O(1) part of the free energy density F , the equilibrium pressure p, can now

be a function of three scalars

T =
β−1

0√
−V 2

, µ = uµAµ +
ΛV√
−V 2

, n·u = nµuνgµν , (3.10)

where ΛV is a gauge parameter which ensures that µ is gauge-invariant [38]. Explicitly,

F = p(T, µ, n·u) +O(∂) , (3.11)

from which we find the O(1) constitutive relations

T µν =
(
ε− gn·u

)
uµuν + p∆µν + g(uµnν⊥ + uνnµ⊥) , (3.12a)

Jµ = ρuµ , Xµ = guµ , (3.12b)

where nµ⊥ = ∆µνnν , the part of nµ orthogonal to uµ. We also have dp = sdT + ρdµ+

gdn·u and ε = sT+ρµ−p. As in chapter 2, s is the entropy density. Note the different

notation for charge density ρ to avoid confusion with the external vector nµ. We also

have a new thermodynamic function g, which contains the pressure’s dependence on

the new scalar n·u. In the fluid’s rest frame (i.e. where uµ = (1,0)), the new term

gives a non-zero momentum density along the nν⊥ direction. As for normal fluids, p

correspond to the pressure in this reference frame, while the energy density receives

a new contribution gn·u.

We now turn to the O(∂) equilibrium scalars in the derivative expansion. There

are 11 O(∂) scalars, but LV = 0 imposes 7 constrains between them, leaving only four
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independent O(∂) equilibrium scalars. The 11 O(∂) scalars are listed in table 3.1.

The equilibrium constraints can be found in appendix B.1. In 3+1 dimensions, there

are 3 O(∂) equilibrium pseudo-scalars, while in 2+1 dimensions there are 6. The

O(∂) equilibrium scalars and pseudo-scalars in 3+1 dimensions and 2+1 dimensions

are listed in tables 3.2 and 3.3 respectively.

First order scalars

1 2 3 4 5 6 7 8 9 10 11

∂nT ∂n
µ
T

∂n
n·u
T
∇µn

µ n · (E − T∂ µ
T

) n · (a+ ∂T
T

) Nµν∇µuν ∂uT ∂u
µ
T

∂u
n·u
T
∇µu

µ

Table 3.1: First order scalars in d+1 dimensions. The first four will correspond to
the equilibrium scalars, the last seven vanish in equilibrium. We have used Nµν =
∆µν − nµ⊥nν⊥/n2

⊥ and ∂n = nµ∂µ.

Zero order equilibrium terms

1 2 3

scalars (s0,i) T µ n · u

First order equilibrium terms

1 2 3 4

scalars (s1,i) ∂nT ∂n
µ
T

∂n
n·u
T
∇µn

µ

pseudoscalars (s̃1,i) B · n ω · n ω̃ · n

Table 3.2: Zero and first order independent scalars and pseudoscalars in 3+1 dimen-
sions. We have defined Bµ = 1

2
εµνρσuνFρσ, ωµ = εµνρσuν∇ρuσ and ω̃µ = εµνρσuν∇ρnσ.

Zero order equilibrium terms

1 2 3
scalars (s0,i) T µ n · u
First order equilibrium terms

1 2 3 4 5 6
scalars (s1,i) ∂nT ∂n

µ
T

∂n
n·u
T
∇µn

µ

pseudoscalars (s̃1,i) B ω ω̃ ω̃n εn·u
T

εµνρnµuν∇nuρ

Table 3.3: Zero and first order independent scalars and pseudoscalars in 2+1 di-
mensions. We have defined B = 1

2
ενρσuνFρσ, ω = ενρσuν∂ρuσ, ω̃ = εµνρuµ∂νnρ,

ω̃n = εµνρnµ∂νnρ and εs = εµνρnνuν∂ρ.

Similar to the decompositions of the energy-momentum tensor (2.5) and the cur-

rent (2.6) with respect to the fluid velocity

T µν = Euµuν + P∆µν + uµQν +Qµuν + T µν , (3.13a)

Jµ = Nuµ + J µ , (3.13b)
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we can decompose the auxiliary vector

Xµ = Guµ + X µ , (3.14)

where G ≡ −uµXµ and X µ ≡ ∆µνXν . Just like equations (3.13), the decomposi-

tion (3.14) is an identity. These decmopositions will also be used when studying the

out-of equilibrium energy-momentum tensor, conserved current and auxiliary vector.

With the addition of the external vector nµ, it is useful to further decompose Qµ

Qµ = gnµ⊥ + qµ, (3.15)

where nµ⊥ = ∆µνnν . Equation (3.15) defines qµ, which contains the O(∂) part of Qµ.

Compared to the hydrodynamic framework for normal fluids introduced in chapter 2,

the facts that there is a new auxiliary vector Xµ and that the momentum current Qµ

has an O(1) component require a careful treatment of frame transformations and the

entropy current. These will be the focus of the next section.

3.3 Consequences of anisotropy

3.3.1 Frame transformations

As was mentioned in chapter 2, the out of equilibrium definition of the hydrody-

namic variables is not unique. These redefinitions of fluid variables are known as

hydrodynamic frame transformations. Refer to section 2.2.1 for an introduction to

hydrodynamic frame transformations. In this discussion, we focus on decomposing

the O(∂) structures that appear in the constitutive relations of anisotropic relativis-

tic hydrodynamics in terms of the SO(d) rotation subgroup of SO(d,1) that leaves

the fluid velocity uµ invariant. In the constitutive relations for a fluid coupled to an

external vector field in d+1 dimensions, there are four SO(d) scalars E , P , N and

G, three transverse vectors Qµ , J µ and X µ and one transverse traceless symmetric

tensor T µν . We will be interested in the O(∂) parts of these terms, and how they

vary under frame transformations (T → T + δT , µ → µ + δµ and uµ → uµ + δuµ).

As we will soon see, the scalar and vector variations under frame transformations

will get coupled because the transformation of n·u will depend on the transformation

of uµ. There are three hydrodynamic variables to redefine (temperature, chemical

potential and fluid velocity), so we can recover 4 + 3 + 1−3 = 5 frame invariant O(∂)
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terms that transform under a representation of SO(d). In comparison, for normal

fluids we have three O(∂) frame invariants, as was shown in section 2.2.1. Since there

are no tensor variables to transform, one of these invariants is expected to be a ten-

sor. By the same reasoning, we can expect to have two linearly independent frame

invariant vectors. This means there will be two frame invariant scalars. However,

because of the coupling of vector and scalar variation, at least one of these scalars

will depend on the first order vectors as well. Using the ideal constitutive relations

and requiring that T µν , Jµ , Xµ remain invariant to O(∂) under a change of frame

T → T + δT , µ→ µ+ δµ , uµ → uµ + δuµ leads to

δE = −2gnµδu
µ, δP = − 2

d− 1
gnµδu

µ, δN = δG = 0 (3.16)

We define the O(∂) functions fE , fP , fN and fG by

E = ε− gn · u+ fE , P = p+ fP , N = ρ+ fN , G = g + fG , (3.17)

Equation (3.16) implies the following transformation of the O(∂) functions

f ′E = fE −
( ∂ε
∂T
− n·u ∂g

∂T

)
δT −

( ∂ε
∂µ
− n·u∂g

∂µ

)
δµ−

( ∂ε

∂n·u
− n·u ∂g

∂n·u
+ g
)
nµδu

µ ,

f ′P = fP − sδT − ρδµ−
d+ 1

d− 1
gnµδu

µ ,

f ′N = fN −
∂ρ

∂T
δT − ∂ρ

∂µ
δµ− ∂ρ

∂n·u
nµδu

µ ,

f ′G = fG −
∂g

∂T
δT − ∂g

∂µ
δµ− ∂g

∂n·u
nµδu

µ ,

(3.18)

where the thermodynamic variables are T , µ and n·u. That is, ∂ε
∂T

=
(
∂ε
∂T

)
µ,n·u, and

so on. The frame invariant scalar made out of these is

finv = fP − αEfE − αNfN − αGfG , (3.19)
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where1

αE =
1

T

((∂p
∂s

)
ρ,g

+
2g

d− 1

(∂n·u
∂s

)
ρ,g

)
,

αN =
(∂p
∂ρ

)
s,g

+
2g

d− 1

(∂n·u
∂ρ

)
s,g
− µ

T

((∂p
∂s

)
ρ,g

+
2g

d− 1

(∂n·u
∂s

)
ρ,g

)
,

αG =
(∂p
∂g

)
s,ρ

+
2g

d− 1

(∂n·u
∂g

)
s,ρ

+
n·u
T

((∂p
∂s

)
ρ,g

+
2g

d− 1

(∂n·u
∂s

)
ρ,g

)
.

(3.20)

The linear combination

f = fP −
(∂p
∂ε

)
ρ,g

(fE + n·ufG)−
(∂p
∂ρ

)
ε,g
fN −

(∂p
∂g

)
ε,ρ
fG

≡ fP − βEfE − βNfN − βGfG
(3.21)

transforms by

δf =
(∂P
∂ε
− 2

d− 1

)
gnµδu

µ , (3.22)

and will need to be mixed with some vector to give a frame invariant scalar. We will

return to this below. The vectors transform as

δQµ = −(E + P)δuµ + Guµnλδuλ, δJ µ = −N δuµ, δX µ = −Gδuµ,

δqµ = −(E + P + Gn·u)δuµ −
( ∂g
∂T

δT +
∂g

∂µ
δµ+

∂g

∂n·u
nλδu

λ
)
nµ⊥ ,

(3.23)

so that

δ(qµ − fGnµ⊥) = −(E + P + Gn·u)δuµ . (3.24)

We can thus find two linearly independent frame invariant vectors

`µ = J µ − ρ

ε+ p
(qµ − fGnµ⊥), kµ = J µ − ρ

g
X µ . (3.25)

Of course, a linear combination of the two will also be frame invariant. One par-

ticularly useful combination of these for a neutral fluid coupled to an external field

1The thermodynamic derivatives appearing in equations (3.20) and (3.21) can be related to the

derivatives using (T , µ , n·u) as the thermodynamic variables using the mnemonic
(
∂p
∂s

)
ρ,g

=

∂(p ,ρ ,g)
∂(s ,ρ ,g) =

( ∂(p ,ρ ,g)
∂(T ,µ ,n·u) )

( ∂(s ,ρ ,g)
∂(T ,µ ,n·u) )

, etc., where
∂(x1 ,x2 ,x3)
∂(y1 ,y2 ,y3) = det

(
∂xi

∂yj

)
.
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is

mµ = X µ − g

ε+ p
(qµ − fGnµ⊥) . (3.26)

Finally, the transverse symmetric tensor T µν will change by

δT µν = −g
(
δuµnν⊥ + δuνnµ⊥ −

2

d− 1
∆µνnλδu

λ

)
. (3.27)

Using the transformation rules for the first order vectors, we can form three in-

variant scalar and three tensors

f +
(∂p
∂ε
− 2

d− 1

) g
V
nµv

µ, T µν − g

V
(vµnν⊥ + vνnµ⊥ −

2

d
∆µνnλv

λ) , (3.28)

where (vµ,V) ∈ {(X µ, g), (J µ, ρ), (qµ − fGn
µ
⊥, ε + p)}. From here on, we will label

these scalars and tensors fV and τµνV . As an example, we have

fρ = f +
(∂p
∂ε
− 2

d− 1

)g
ρ
J ·n . (3.29)

Only one of the three scalars in (3.28) and only one of the three tensors in (3.28) will

be linearly independent from the rest of the frame invariants. For example, we have

fρ = fg +
(
∂p
∂ε
− 2

d−1

)
g
ρ
k·n.

In this discussion we relied on the SO(d) subgroup of the Lorentz group that

leaves uµ invariant to keep track of our frame invariants. Decomposing only with re-

spect to uµ gives the frame invariants in the SO(d) basis: finv, fε+p, `
µ,mµ, τµνε+p. This

decomposition has two scalars, two transverse vectors and one transverse symmetric

traceless tensor of SO(d) for a total of 2 + 2d + (d+2)(d-1)/2 = d+ (d+1)(d+2)/2

degrees of freedom. Due to the presence a new vector nµ, we can choose instead to

decompose objects with respect to both uµ and nµ⊥. We can thus rewrite the frame

invariants in terms of the scalars, vectors and tensors of a smaller group SO(d-1) that

leaves both uµ and nµ invariant by using the projector Nµν = ∆µν − nµ⊥nν⊥/n2
⊥. This

basis has five SO(d− 1) scalars, three transverse vectors and one transverse symmet-

ric traceless tensor for a total of 5 + 3(d-1) + (d+1)(d-2)/2 = d + (d+1)(d+2)/2

degrees of freedom. These two choices of basis appear in table 3.4. Moving forward,

we will continue to use the thermodynamic Landau-Lifshitz frame as explained in

section 2.2.1, some information on how to go from any frame to the Landau-Lifshitz

frame can be found in appendix B.2.
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First order frame invariants

SO(d) finv fε+p `µ mµ τµνε+p

SO(d-1) finv fε+p ` m τε+p `µ⊥ mµ
⊥ τµε+p τµνε+p,⊥

Table 3.4: First order independent scalars decomposed in terms of two different
Lorentz subgroups. Here, we defined τµνε+p,⊥ = Nµ

αNν
βτ

αβ
ε+p, τ

µ
ε+p = Nµ

ντ
νσ
ε+pnσ, ` = n·`,

`µ⊥ = Nµν`ν and similarly for mµ and τµε+p. The degrees of freedom for both decompo-
sitions will be the same. The only difference is the way we decided to collect them.
For example, `µ = `nµ⊥/n

2
⊥ + `µ⊥.

3.3.2 Entropy current

When the effective action (and hence the generating functional W ) depends on an

external vector nµ, the canonical entropy current discussed in section 2.2.3 will need

to be modified. Using the conservation equations (3.8) and the O(1) constitutive

relations (3.12) we find

∇µ

[(
ε+ p

)
uµ
]

= ∇up− g∇un·u , ∇µ

(
ρuµ
)

= 0 , (3.30a)

E · n = n2∇µ(guµ) + n·u∇µ

[(
ε+ p+ gn·u

)
uµ
]

+∇np

− guλ∇nnλ + (ε+ p+ gn·u)nλ∇uuλ . (3.30b)

Together with the thermodynamic definitions dp = sdT + ρdµ + gd(n·u) and ε =

sT + ρµ− p, these lead to

∇µ

(
suµ
)

= 0 . (3.31)

Thus, as expected, the entropy current is conserved in ideal (O(1)) hydrodynamics.

The canonical entropy current (2.24) however, gives Scanon. = suµ + g
T
nµ. To amend

this, we need a modified entropy current

Sµanisotropic =
1

T

(
puµ − T µνuν − µJµ + uνXνn

µ
)
, (3.32)

so that Sµanisotropic = suµ at leading order in derivatives. Direct calculation shows this

modified form of the canonical entropy current is frame invariant. This is no longer

the case for the usual form of the canonical entropy current which doesn’t include the

last term.
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3.4 First order constitutive relation

3.4.1 Equilibirum terms

We now proceed to find the equilibrium constitutive relations to O(∂) in derivatives.

For a system in equilibrium in the thermodynamic frame, we can expand the consti-

tutive relations to O(∂)

f̄E =
4∑

n=1

ε̄nsn , f̄P =
4∑

n=1

π̄nsn , f̄N =
4∑

n=1

φ̄nsn , f̄G =
4∑

n=1

χ̄nsn ,

q̄µ =
7∑

n=1

γ̄nv
µ
n , J̄ µ =

7∑
n=1

δ̄nv
µ
n , X̄ µ =

7∑
n=1

ξ̄nv
µ
n , T̄ µν =

m∑
n=1

Nn∑
i=1

θ̄n,it
µν
n,i .

(3.33)

The coefficients ε̄n, etc. are given below in equation (3.35). The first order scalars,

vectors and tensors relevant for hydrostatics are listed in table 3.5.

First order

1 2 3 4 5 6 7

scalars (sn) ∂nT ∂n
µ
T

∂n
n·u
T

∇µn
µ

vectors (vµn) ∂nTn
µ
⊥ ∂n

µ
T
nµ⊥ ∂n

n·u
T
nµ⊥ ∇λn

λnµ⊥ ∆µν∂νT ∆µν∂ν
µ
T

∆µν∂ν
n·u
T

tensors (tµνn ) ∂nTσ
µν
n ∂n

µ
T
σµνn ∂n

n·u
T
σµνn ∇λn

λσµνn σµνT σµνµ
T

σµνn·u
T

Table 3.5: Equilibrium first order independent scalars, vectors and tensors in a parity
invariant hydrodynamic theory. Here, we defined ∂v = vµ∂µ for any vector vµ, σµνn =
(nµ⊥n

ν
⊥ − 1

d
∆µνn2

⊥) and σµνs = (nµ⊥∂
νs+ nν⊥∂

µs− 2
d
∆µν∂n⊥s) for any scalar s.

For a parity invariant theory in arbitrary dimensions, the free energy density can

be expanded to O(∂)

F = p(T, µ, n·u) +
4∑

n=1

Mn(T, µ, n·u)sn +O(∂2) , (3.34)

from which we can get the O(∂) equilibrium constitutive relations in the thermody-

namic frame by varying the generating functional (3.6) with respect to the sources.
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The resulting constitutive relations using the expansion (3.33) are

π̄1 = ξ̄5 = M1 −M4,T −
µ

T
M4,µ −

n·u
T
M4,n·u , π̄2 = ξ̄6 = M2 − TM4,µ ,

π̄3 = ξ̄7 = M3 − TM4,n·u , φ̄1 = M1,µ −
1

T

(
M2,T +

µ

T
M2,µ +

n·u
T
M2,n·u

)
,

φ̄2 = M2,µ , φ̄3 = −χ̄2 = −γ̄2 = M3,µ −M2,n·u , φ̄4 = M4,µ −
M2

T
,

χ̄1 = γ̄1 = M1,n·u −
1

T

(
M3,T +

µ

T
M3,µ +

n·u
T
M3,n·u

)
,

χ̄4 = γ̄4 = M4,n·u −
M3

T
, ε̄1 = −2n·uχ̄1 − π̄1 , ε̄2 = 2n·uφ̄3 − T 2φ̄1 − π̄2 ,

ε̄3 = −T 2χ̄1 − π̄3 , ε̄4 = −T π̄1 + 2
n·u
T
π̄3 , π̄4 = χ̄3 = γ̄3 = δ̄i = θ̄i = 0 .

(3.35)

The comma denotes a thermodynamic derivative with respect to the following ar-

gument i.e., M,T = ∂M
∂T

. The constitutive relations have 20 non vanishing coefficients,

from which only 9 are linearly independent (for example, π̄1 and ξ̄5 are not linearly

independent) and are related through 4 functions and their derivatives. The bar is

used to specify that these are thermodynamic frame coefficients. The constraints

in (3.35) can be brought to the Landau frame using (B.11).

3.4.2 Non-equilibrium terms

We have found the equilibrium constitutive relations to O(∂) in the previous section.

The next step is to find the non-equilibrium terms appearing in the constitutive rela-

tions to first order in derivatives. This amounts to including all possible contributions

to the energy-momentum, current and auxiliary vector made up of independent terms

appearing in Table B.1. Although there are 7 scalars, 4 vectors and two tensors in

Table B.1, these are related by three scalar equations (∇µT
µν + F µνJµ −Xµ∇νnµ −

∇µ(Xνnµ) = 0 contracted with uµ and with nµ⊥, as well as ∇µJ
µ = 0) and one

transverse vector equation (Nρν(∇µT
µν + F µνJµ − Xµ∇νnµ − ∇µ(Xνnµ)) = 0). We

can therefore include only 4 scalars, 3 vectors and two tensors from Table B.1 in the

constitutive relations.

To fix the frame ambiguities in the constitutive relations, we pick the thermody-
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namic Landau-Lifshitz frame, that is

fE = f̄E , fP = f̄P + fP,non-eq. , fN = f̄E , fG = f̄G + fG,non-eq. ,

qµ = q̄µ , J µ = J̄ µ + J µ
non-eq., X µ = X̄ µ + X µ

non-eq. ,

T µν = T̄ µν + T µνnon-eq. .

(3.36)

The non-equilibrium terms in this frame can be related to the non-equilibrium terms

in any frame by (B.10). They can also be related to the non-equilibrium part of the

frame invariants fP+ε, finv, `
µ,mµ and τµνP+ε by the equations preceding (B.10). With

these things in mind, the non-equilibrium terms in the constitutive relations take the

form

fP,non-eq. = c1s1,non-eq. + c2s3,non-eq. + c3s4,non-eq. + c4s7,non-eq. , (3.37a)

fG,non-eq. = c5s1,non-eq. + c6s3,non-eq. + c7s4,non-eq. + c8s7,non-eq. , (3.37b)

J µ
non-eq. = (c9s1,non-eq. + c10s3,non-eq. + c11s4,non-eq. + c12s7,non-eq.)n

µ
⊥

+ c13v
µ
1,non-eq. + c14v

µ
3,non-eq. + c15v

µ
4,non-eq. + c16ṽ

µ
1,non-eq.

+ c17ṽ
µ
3,non-eq. + c18ṽ

µ
4,non-eq. , (3.37c)

X µ
non-eq. = (c19s1,non-eq. + c20s3,non-eq. + c21s

(1)
4,non-eq. + c22s7,non-eq.)n

µ
⊥

+ c23v
µ
1,non-eq. + c24v

µ
3,non-eq. + c25v

µ
4,non-eq. + c26ṽ

µ
1,non-eq.

+ c27ṽ
µ
3,non-eq. + c28ṽ

µ
4,non-eq. , (3.37d)

T µνnon-eq. = (c29s1,non-eq. + c30s3,non-eq. + c31s4,non-eq. + c32s7,non-eq.)σ
µν
n

+ c33v
(µ
1,non-eq.n

ν)
⊥ + c34v

(µ
3,non-eq.n

ν)
⊥ + c35v

(µ
4,non-eq.n

ν)
⊥ + c36σ

µν
⊥

+ c37ṽ
(µ
1,non-eq.n

ν)
⊥ + c38ṽ

(µ
3,non-eq.n

ν)
⊥ + c39ṽ

(µ
4,non-eq.n

ν)
⊥ + c40σ̃

µν
⊥ . (3.37e)

To further restrict these non-equilibrium transport coefficients, the transformation

properties of nµ have to be specified. If nµ behaves as a regular vector under C , P
and T , parity invariance of the microscopic theory fixes c16 = c17 = c18 = c26 =

c27 = c28 = c37 = c38 = c39 = c40 = 0. In a conformal theory, the tracelessness of

the energy-momentum tensor imposes c1 = c2 = c3 = c3 = c4 = 0. A natural step

from here would be to find the constraints on these coefficients due to the positivity

of entropy production and the corresponding Kubo formulas. This would amount

to following the procedures outlined in sections 2.2.3 and 2.2.4 with the modified

anisotropic entropy current (3.32), the modified hydrodynamic equations (3.8) and
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the anisotropic constitutive relations (3.12), (3.35) and (3.37).
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Chapter 4

Relativistic

magnetohydrodynamics

4.1 Introduction

In a macroscopic system, near-equilibrium phenomena can often be described by

classical hydrodynamics. When the microscopic theory contains weakly coupled U(1)

gauge fields, long-range correlations mediated by those fields are possible. Maxwell’s

equations in matter give an effective description of such correlations in terms of clas-

sical gauge fields. These equations are useful when the coupling between electro-

magnetic and thermal/mechanical degrees of freedom can be neglected. We would

like to understand the effective description of relativistic systems in which macro-

scopic electromagnetic degrees of freedom are coupled to the macroscopic thermal

and mechanical degrees of freedom. This amounts to coupling Maxwell’s equations in

matter to hydrodynamic equations. When the matter is electrically conducting and

electric fields are neglected, such classical effective theory is usually called magneto-

hydrodynamics (MHD).

Our motivation it two-fold. From a fundamental point of view, a number of recent

developments in relativistic hydrodynamics have pushed the boundaries of the “tra-

ditional” theory, as described for example in the classic textbook [1]. These include:

a systematic derivative expansion in hydrodynamics [15], an equivalence between hy-

drodynamics and black hole dynamics [68], the manifestation of chiral anomalies in

hydrodynamic equations [16], the relevance of partition functions [19, 18], elucidation

of the role of the entropy current [24, 25], new insights into relativistic hydrodynamic
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turbulence [69], convergence properties of the hydrodynamic expansion [20], and a

classification of hydrodynamic transport coefficients [26]. It is reasonable to expect

that the above insights will also lead to an improved understanding of the “tradi-

tional” MHD. For example, there does not appear to be an agreement in the current

literature on such basic question as the number of transport coefficients in MHD.

From an applied point of view, recent years have seen relativistic hydrodynamics

expand from its traditional areas of astrophysical plasmas and hot subnuclear matter

into the domain of condensed matter physics. Examples include transport near rela-

tivistic quantum critical points [10], in graphene [57, 13] and in Weyl semi-metals [14].

For conducting matter, MHD is a natural extension of such hydrodynamic models.

In what follows, we will outline the construction of classical relativistic hydrody-

namics with dynamical electromagnetic fields, starting from equilibrium thermody-

namics. In order to write down the hydrodynamic equations, we will assume that the

system is locally in thermal equilibrium. We will further assume that the departures

from local equilibrium may be implemented through a derivative expansion such that

the parameters which characterize the equilibrium (temperature, chemical potential,

magnetic field, fluid velocity) vary slowly in space and time. At one-derivative order,

transport coefficients such as viscosity and electrical conductivity appear in the con-

stitutive relations. We are not aware of previous treatments that list all one-derivative

terms in the constitutive relations of magnetohydrodynamics.

For parity-preserving conducting fluids in magnetic field, we find eleven trans-

port coefficients at one-derivative order. One transport coefficient is thermodynamic,

and determines the angular momentum of charged fluid induced by the magnetic

field. Three transport coefficients are non-equilibrium and non-dissipative: these

are the two Hall viscosities (transverse and longitudinal), and one Hall conductivity.

There are also seven non-equilibrium dissipative transport coefficients: two electri-

cal conductivities (transverse and longitudinal), two shear viscosities (transverse and

longitudinal), and three bulk viscosities. The constitutive relations for the energy-

momentum tensor are given in eqs. (4.9), (4.19), and for the current in eqs. (4.10),

(4.20). The dissipative coefficients have to satisfy the inequalities in eq. (4.27) im-

posed by the positivity of entropy production, or alternatively by the positivity of the

spectral function. As a simple application of the hydrodynamic equations, we study

eigenmodes of small oscillations near thermal equilibrium in constant magnetic field.

We start in Section 4.2 with a discussion of equilibrium thermodynamics in the

presence of external electromagnetic and gravitational fields. In Section 4.3, we will
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discuss hydrodynamics, again when electromagnetic and gravitational fields are ex-

ternal. The magnetic fields are taken as “large” and electric fields as “small” in the

sense of the derivative expansion. The smallness of the electric field is due to electric

screening. We expect the hydrodynamic description only to be valid for B � T 2,

otherwise new non-hydrodynamic degrees of freedom (such as those associated with

Landau levels) must be taken into account. Our procedure will improve on exist-

ing studies by taking into account the effects of polarization (magnetic, electric, or

both), electric fields, and by enumerating all transport coefficients at leading order

in derivatives. In Section 4.4 we discuss hydrodynamics with dynamical electromag-

netic fields, as an extension of hydrodynamics with fixed electromagnetic fields. As

a simple example, one can study Alfvén and magnetosonic waves in a neutral state

(including their damping and polarization), and waves in a dynamically charged (but

overall electrically neutral) state. We compare our results with the recent “dual” for-

mulation of MHD in Section 4.5, and with some of the previous studies of transport

coefficients of relativistic fluids in magnetic field in the Appendix.

4.2 Thermodynamics

Let us start with equilibrium thermodynamics. For a system in equilibrium subject

to an external non-dynamical gauge field Aµ and an external non-dynamical metric

gµν , we write the logarithm of the partition function Ws = −i lnZ as

Ws[g, A] =

∫
dd+1x

√
−g F , (4.1)

and we will call F the free energy density. [Conventions: metric is mostly plus,

ε0123=1/
√
−g.] For a system with short-range correlations in equilibrium and for ex-

ternal sources A and g which only vary on scales much longer than the correlation

length, F is a local function of the external sources, and Ws is extensive in the ther-

modynamic limit. The density F may then be written as an expansion in derivatives

of the external sources [19, 18]. The current Jµ (defined by varying Ws with respect

to the gauge field) and the energy-momentum tensor T µν (defined by varying Ws with
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respect to the metric) automatically satisfy

∇µT µν = F νλJλ , (4.2a)

∇µJµ = 0 . (4.2b)

owing to gauge- and diffeomorphism-invariance of Ws[g, A]. The object Ws[g, A] is

the generating functional of static (zero frequency) correlation functions of T µν and

Jµ in equilibrium. Of course, the conservation laws (4.2) are also true out of equilib-

rium, being a consequence of gauge- and diffeomorphism-invariance in the microscopic

theory.

Being in equilibrium means that there exists a timelike Killing vector V such

that the Lie derivative of the sources with respect to V vanishes. The equilibrium

temperature T , velocity uα and the chemical potential µ are functions of the Killing

vector and the external sources [19, 18]

T =
1

β0

√
−V 2

, uµ =
V µ

√
−V 2

, µ =
V µAµ + ΛV√
−V 2

. (4.3)

Here β0 is a constant setting the normalization of temperature, and ΛV is a gauge

parameter which ensures that µ is gauge-invariant [38]. The electromagnetic field

strength tensor Fµν = ∂µAν − ∂νAµ can be decomposed in 3+1 dimensions as

Fµν = uµEν − uνEµ − εµνρσuρBσ , (4.4)

where Eµ ≡ Fµνu
ν is the electric field, and Bµ ≡ 1

2
εµναβuνFαβ is the magnetic field,

satisfying u·E = u·B = 0. The decomposition (4.4) is just an identity, true for any

antisymmetric Fµν and any timelike unit uµ. Electric and magnetic fields are not

independent, but are related by the “Bianchi identity” εµναβ∇νFαβ = 0, which in

equilibrium becomes

∇·B = B·a− E·Ω , (4.5a)

uµε
µνρσ∇ρEσ = uµε

µνρσEρaσ . (4.5b)

Here Ωµ ≡ εµναβuν∇αuβ is the vorticity and aµ ≡ uλ∇λuµ is the acceleration. In

equilibrium, the acceleration is related to temperature by ∂λT = −Taλ. Relations

(4.5) are curved-space versions of the familiar flat-space equilibrium identities ∇·B =
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0 and ∇×E = 0.

In order to write down the density F in the derivative expansion, we need to spec-

ify the derivative counting of the external sources A and g. The natural derivative

counting for the metric is g ∼ O(1) (assuming we are interested in transport phe-

nomena in flat space), while the derivative counting for A depends on the physical

system under consideration.

As an example, consider an insulator, such as a system made out of particles which

carry electric/magnetic dipole moments, but no electric charges. In such a system,

there is no conserved electric charge, and the above µ is not a relevant thermodynamic

variable. If we are interested in thermodynamics of such a system subject to external

electric and magnetic fields, we are free to choose B ∼ O(1) and E ∼ O(1) in the

derivative expansion. The free energy density is then

F = p(T,E2, E·B,B2) +O(∂) . (4.6)

The leading-order term is the pressure [46], whose dependence on E and B encodes

the electric, magnetic, and mixed susceptibilities. For the list of O(∂) contributions

to F , see ref. [70].

As another example, consider a system that has electrically charged degrees of

freedom (a conductor), such that µ gives a non-negligible contribution to thermody-

namics. In equilibrium, ∂λµ = Eλ − µaλ is satisfied identically, which suggests that

counting µ ∼ O(1) leads to E ∼ O(∂). This is a manifestation of electric screening.

The magnetic field, on the other hand, may still be counted as O(1). The counting

B ∼ O(1) and E ∼ O(∂) is the relevant derivative counting for MHD. The free energy

density is then

F = p(T, µ,B2) +
5∑

n=1

Mn(T, µ,B2)s(1)
n +O(∂2) , (4.7)

where s
(1)
n are O(∂) gauge- and diffeomorphism-invariants, and the coefficients Mn

need to be determined by the microscopic theory, just like the pressure p. Following

ref. [70], we list the invariants s
(1)
n in Table 4.1. The rows labeled C, P, T indicate the

eigenvalue of the invariant under charge conjugation, parity, and time reversal. The

last row shows the weight w of the invariant under a local rescaling of the metric:

gµν → g̃µν = e−2ϕgµν , and sn → s̃n = ewϕsn. The invariant s
(1)
3 does not transform

homogeneously under the rescaling, and can not appear in a conformally invariant
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generating functional. Hence, we expect that in a conformal theory M3 = 0.

n 1 2 3 4 5

s(1)
n Bµ∂µ(B

2

T 4 ) εµνρσuµBν∇ρBσ B·a B·Ω B·E

C − + − − +

P − − − + −

T − + − + −

W 3 5 n/a 3 4

Table 4.1: Independent non-zero O(∂) invariants in equilibrium in 3+1 dimensions.

The coefficient M5 is the usual magneto-electric (or electro-magnetic) suscepti-

bility; similarly M4 may be termed magneto-vortical susceptibility. For the rest of

this chapter, we will adopt the derivative counting B ∼ O(1) and E ∼ O(∂), as is

appropriate for MHD.

As an example, consider a parity-invariant theory in magnetic field. The only O(∂)

thermodynamic coefficient is the magneto-vortical susceptibility MΩ ≡ M4, which

affects 〈T µν〉 and 〈Jµ〉 when there is non-zero vorticity, and higher-point equilibrium

correlation functions of T µν and Jµ when there is no vorticity. We define static (zero

frequency) correlation functions of T µν and Jµ by varying the generating functional

(4.1) with respect to gµν and Aµ in the standard fashion. For example, in flat space

at constant temperature T0, constant chemical potential µ0, and constant magnetic

field B0 in the z-direction, one finds the following static correlation functions at small

momentum

〈T txJz〉 = −kxkzMΩ , 〈T txT yz〉 = −iB0kzMΩ . (4.8)

The first expression may be used to evaluate the magneto-vortical susceptibility MΩ

in a system that is not subject to magnetic field, and is not rotating.
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4.3 Hydrodynamics with external electromagnetic

fields

4.3.1 Constitutive relations

Hydrodynamics is conventionally formulated as an extension of thermodynamics, in

the sense that hydrodynamic variables are inherited from the thermodynamic param-

eters. This is a strong assumption, and we expect the hydrodynamic description only

to be valid for B � T 2, otherwise new non-hydrodynamic degrees of freedom (such

as those associated with Landau levels) must be taken into account. Let us start by

taking E and B fields as external and non-dynamical. In hydrodynamics, the ther-

modynamic variables T , uα, and µ are promoted to time-dependent quantities. Out

of equilibrium, they no longer have a microscopic definition, but are merely auxiliary

variables used to build the non-equilibrium energy-momentum tensor and the current.

The expressions of T µν and Jµ in terms of the auxiliary variables T , uα, and µ are

called constitutive relations; they contain both thermodynamic contributions (coming

from the variation of F), and non-equilibrium contributions (such as the viscosity). It

is worth noting that thermodynamic contributions and non-equilibrium contributions

to the constitutive relations may appear at the same order in the derivative expan-

sion. The constitutive relations are then used together with the conservation laws

(4.2) to find the energy-momentum tensor and the current. While in thermodynam-

ics Eqs. (4.2) are mere identities reflecting the symmetries of Ws, solving Eqs. (4.2)

in hydrodynamics can be a challenging endeavour leading to rich physics.

We will write the energy-momentum tensor using the decomposition with respect

to the timelike velocity vector uµ,

T µν = Euµuν + P∆µν +Qµuν +Qνuµ + T µν , (4.9)

where ∆µν ≡ gµν + uµuν is the transverse projector, Qµ is transverse to uµ, and

T µν is transverse to uµ, symmetric, and traceless. Explicitly, the coefficients are

E ≡ uµuνT
µν , P ≡ 1

3
∆µνT

µν , Qµ ≡ −∆µαuβT
αβ and Tµν ≡ 1

2
(∆µα∆νβ + ∆να∆µβ −

2
3
∆µν∆αβ)Tαβ. Similarly, we will write the current as

Jµ = Nuµ + J µ , (4.10)

where the charge density is N ≡ −uµJµ, and the spatial current is Jµ ≡ ∆µλJ
λ.
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Using the equilibrium free energy (4.7), one can isolate O(1) and O(∂) contribu-

tions to the energy-momentum tensor and the current:

E = ε(T, µ,B2) + fE ,

P = Π(T, µ,B2) + fP ,

N = n(T, µ,B2) + fN ,

T µν = αBB(T, µ,B2)
(
BµBν − 1

3
∆µνB2

)
+ fµνT ,

where ε = −p+T (∂p/∂T )+µ(∂p/∂µ), Π = p− 2
3
αBBB

2, n = ∂p/∂µ, and the magnetic

susceptibility is αBB = 2∂p/∂B2. The terms fE , fP , fN , fµνT , Qµ, and J µ are all O(∂),

and contain both equilibrium and non-equilibrium contributions, fE = f̄E + fnon-eq.
E

etc, where the bar denotes O(∂) contributions coming from the variation of Ws.

4.3.2 Field redefinitions

Out of equilibrium, the variables T , uα, and µ may be redefined. Such a redefinition is

often referred to as a choice of “frame”, see section 2.2.1 for an introduction to frame

transformations. Consider changing the hydrodynamic variables to T ′ = T + δT ,

u′α = uα + δuα, µ′ = µ + δµ, where δT , δuα, and δµ are O(∂). The same energy-

momentum tensor and the current may be expressed either in terms of T , uα, µ, or

in terms of T ′, u′α, µ′ (note that B2 = B′2 + O(∂2)). Physical transport coefficients

must be derived from O(∂) quantities which are invariant under such changes of

hydrodynamic variables. A direct evaluation shows that the following combinations

are invariant under “frame” transformations:

f ≡ fP −
(
∂Π

∂ε

)
n

fE −
(
∂Π

∂n

)
ε

fN , (4.11a)

` ≡ Bα

B

(
Jα −

n

ε+ p
Qα
)
, (4.11b)

`µ⊥ ≡ Bµα
(
Jα −

n

ε+ p− αBBB2
Qα
)
, (4.11c)

tµν ≡ fµνT −
(
BµBν − 1

3
∆µνB2

) [(∂αBB

∂ε

)
n

fE +

(
∂αBB

∂n

)
ε

fN

]
. (4.11d)
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Here Bµν ≡ ∆µν − BµBν/B2 is the projector onto a plane orthogonal to both uµ

and Bµ, all thermodynamic derivatives are evaluated at fixed B2, and B ≡
√
B2.

When the magnetic susceptibility αBB is T - and µ-independent, the stress fµνT is

frame-invariant.

As an example, one can choose δT and δµ such that E ′ = ε(T ′, µ′, B′2), N ′ =

n(T ′, µ′, B′2), and further choose δuα such that Q′α = 0. This corresponds to the

Landau-Lifshitz frame [1]. The components of energy-momentum tensor and the

current take the following form in the Landau-Lifshitz frame:

P ′ = Π(T ′, µ′, B′2) + f , (4.12a)

J ′µ = `µ⊥ +
B′µ

B′
` , (4.12b)

T ′µν = αBB(T ′, µ′, B′2)
(
B′µB′ν − 1

3
∆′µνB′2

)
+ tµν , (4.12c)

where the frame invariants are given by eq. (4.11). In the Landau-Lifshitz frame,

a non-zero value of the pseudoscalar frame-invariant ` indicates a current flowing

along the magnetic field. In a constant external magnetic field such currents arise as

consequences of chiral anomalies [16]; in an inhomogeneous external field, an electric

current flowing along the magnetic field can arise without chiral anomalies, owing to

a non-zero magnetic susceptibility.

4.3.3 Thermodynamic frame

The energy-momentum tensor and the current derived from the static generating

functional Ws correspond to a different frame, termed in [18] the thermodynamic

frame. Taking the variation of the free energy (4.7), one finds the following equilibrium

O(∂) contributions in the thermodynamic frame:

f̄E =
5∑

n=1

εns
(1)

n , f̄P =
5∑

n=1

πns
(1)

n , f̄N =
5∑

n=1

φns
(1)

n ,

Q̄µ =
4∑

n=1

γnv
(1)µ
n , J̄ µ =

4∑
n=1

δnv
(1)µ
n , f̄µνT =

10∑
n=1

θnt
(1)µν
n , (4.13)

where the bar signifies equilibrium contributions, and the coefficients εn, πn, φn, γn,

δn, θn are all O(1) functions of the five thermodynamic coefficients Mn(T, µ,B2) and
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n 1 2 3 4

v(1)µ
n εµνρσuν∂σBρ εµνρσuνBρ∂σT/T εµνρσuνBρ∂σB

2 εµνρσuνEρBσ

n 1− 5 6 7 8 9 10

t(1)µν
n s(1)

n B
〈µBν〉 v(1)

1
〈µBν〉 v(1)

2
〈µBν〉 v(1)

3
〈µBν〉 v(1)

4
〈µBν〉 Ω〈µBν〉

Table 4.2: Top: Non-zero transverse O(∂) vectors that appear in the equilibrium
energy flux Qµ and in the equilibrium spatial current J µ. The vector v(1)µ

4 is the
Poynting vector. Bottom: Non-zero symmetric transverse traceless O(∂) tensors that
appear in the equilibrium stress T µν . For any two transverse vectors Xµ and Y µ, the
angular brackets stand for X〈µY ν〉 ≡ XµY ν +XνY µ − 2

3
∆µνX·Y .

of the magnetic susceptibility αBB = 2∂p/∂B2. The explicit expressions are given

in Appendix C.1. The one-derivative scalars s(1)
n are given in Table 4.1. The one-

derivative vectors v(1)µ
n and tensors t(1)µν

n are listed in Table 4.2. The table does not

list all O(∂) vectors and tensors, but only those that appear in the equilibrium Qµ

and T µν . The frame invariants (4.11) then become

f =
5∑

n=1

Φns
(1)

n + fnon-eq. , ` =
5∑

n=1

Λns
(1)

n + `non-eq. , (4.14a)

`µ⊥ =
5∑

n=1

Γnv
(1)µ
n + `µ⊥non-eq. , tµν =

10∑
n=1

Θnt
(1)µν
n + tµνnon-eq. (4.14b)

In the vector invariant, we have defined v(1)µ
5 ≡ s(1)

2 B
µ. The subscript “non-eq”

denotes non-equilibrium contributions which by definition vanish in equilibrium. The

functions Φn(T, µ,B2), Λn(T, µ,B2), Γn(T, µ,B2), Θn(T, µ,B2) are non-dissipative

thermodynamic transport coefficients. Explicitly,

Φn = πn − εn
(
∂Π

∂ε

)
n

− φn
(
∂Π

∂n

)
ε

, Λn6=2 = 0 , Λ2 =
1

B

(
δ1 −

n

ε+ p
γ1

)
,

Γn64 = δn −
n

ε+p−αBBB2
γn , Γ5 = − 1

B2

(
δ1 −

n

ε+p−αBBB2
γ1

)
,

Θn65 = θn − 1
2
εn

(
∂αBB

∂ε

)
n

− 1
2
φn

(
∂αBB

∂n

)
ε

, Θn>6 = θn .
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We see that the constitutive relations for energy-momentum tensor and the current

contain twenty-one thermodynamic transport coefficients Φn, Λ2, Γn, Θn. These

twenty-one coefficients are not independent, but can all be expressed in terms of only

five parameters Mn of the equilibrium generating functional.

Let us now write down the constitutive relations in the thermodynamic frame

that is a natural generalization of the Landau-Lifshitz frame. We will define the

thermodynamic frame (primed variables) by redefinitions of T , µ, and uα that give

E ′ = ε(T ′, µ′, B′2) + f̄E , (4.15a)

N ′ = n(T ′, µ′, B′2) + f̄N , (4.15b)

Q′α = Q̄α . (4.15c)

In other words, in this thermodynamic frame the coefficients E , N , and Qα in the

decompositions (4.9), (4.10) take their equilibrium values, derived from the equilib-

rium generating functional Ws. The other coefficients take the following form in the

thermodynamic frame:

P ′ = Π(T ′, µ′, B′2) + f̄P + fnon-eq. , (4.15d)

J ′µ = J̄ µ + `µ⊥non-eq. +
B′µ

B′
`non-eq. , (4.15e)

T ′µν = αBB(T ′, µ′, B′2)
(
B′µB′ν − 1

3
∆′µνB′2

)
+ f̄µνT + tµνnon-eq. . (4.15f)

4.3.4 Non-equilibrium contributions

With the equilibrium contributions out of the way, the next task is to find the non-

equilibrium terms in the constitutive relations (4.14). This amounts to finding one-

derivative scalars, vectors (orthogonal both to Bµ and to uµ), and transverse traceless

symmetric tensors that vanish in equilibrium. Note that non-equilibrium contribu-

tions (those that vanish in equilibrium) are not the same as dissipative contributions

(those that contribute to hydrodynamic entropy production). Every dissipative con-

tribution is non-equilibrium, but not every non-equilibrium contribution is dissipative.

The six independent non-equilibrium one-derivative scalars are given in Table 4.3.

The scalar uλ∂λB
2 is not independent as a consequence of the electromagnetic Bianchi

identity, and can be expressed as a combination of ∇·u and BµBν∇µuν . Three scalar
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n 1 2 3 4 5 6

s(1)
n non-eq. uλ∂λT uλ∂λµ ∇·u bµbν∇µuν bλEλ − Tbλ∂λ(µ/T ) bλaλ + bλ∂λT/T

P + + + + − −

n 1 2 3

v(1)µ
n non-eq. Eµ − T∆µν∂ν(µ/T ) aµ + ∆µν∂νT/T σµνbν

P − − +

Table 4.3: Non-equilibrium scalars and transverse non-equilibrium vectors at O(∂),
written in terms of bµ ≡ Bµ/B. In addition to the vectors listed in the table, there are
corresponding transverse non-equilibrium vectors ṽ(1)µ

non-eq. ≡ εµνρσuνbρv
(1)
non-eq.σ. The

table also shows the parity of non-equilibrium scalars and vectors. Under time-
reversal, the scalars s(1)

n non-eq. are T-odd, the vectors v(1)µ
n non-eq. are T-even, and the

vectors ṽ(1)µ
n non-eq. are T-odd.
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equations of motion ∇µJµ = 0, uν∇µT µν +EµJ
µ = 0, and Bν∇µT µν +(E·B)(u·J) = 0

taken at zeroth order provide three relations among the scalars. We choose to elimi-

nate s(1)

1 non-eq., s
(1)

2 non-eq., and s(1)

6 non-eq. and write the scalar and pseudo-scalar constitu-

tive relations as

fnon-eq. = c1s
(1)

3 non-eq. + c2s
(1)

4 non-eq. + c3s
(1)

5 non-eq. ,

`non-eq. = c4s
(1)

3 non-eq. + c5s
(1)

4 non-eq. + c6s
(1)

5 non-eq. ,

with some undetermined transport coefficients cn.

The independent non-equilibrium transverse one-derivative vectors are given in

Table 4.3, where the shear tensor is σµν ≡ ∆µα∆νβ(∇αuβ+∇βuα− 2
3
∆αβ∇·u). We use

the vector equation of motion (4.2a) projected with Bµν at zeroth order to eliminate

one of the vectors,1 and write the vector constitutive relation as

`µ⊥non-eq. = c7 Bµν v
(1)ν
1 non-eq. + c8 Bµν v

(1)ν
3 non-eq. + c9 ṽ

(1)µ
1 non-eq. + c10 ṽ

(1)µ
3 non-eq. ,

The tilded vectors are defined as ṽµ ≡ εµνρσuνBρvσ/B.

There is a number of symmetric transverse traceless non-equilibrium one-derivative

tensors besides the shear tensor σµν . One such tensor is

σ̃µν ≡ 1

2B

(
εµλαβuλBασ

ν
β + ενλαβuλBασ

µ
β

)
. (4.16)

Other tensors can be formed by B〈µBν〉s(1)
n non-eq., or by symmetrizing Bµ with a trans-

verse non-equilibrium vector. Again, we eliminate three scalars and one vector by the

zeroth order equations of motion and write the tensor constitutive relation in terms

of bµ ≡ Bµ/B as

tµνnon-eq. = c11σ
µν + b〈µbν〉

(
c12s

(1)

3 non-eq. + c13s
(1)

4 non-eq. + (c14 − c15)s(1)

5 non-eq.

)
+ c15b

〈µv
(1)ν〉
1 non-eq. + c16b

〈µv
(1)ν〉
3 non-eq. + c17b

〈µṽ
(1)ν〉
1 non-eq. + c18b

〈µṽ
(1)ν〉
3 non-eq. + c19 σ̃

µν ,

with some undetermined transport coefficients cn. Thus there are five equilibrium

functions Mn(T, µ,B2), and nineteen non-equilibrium functions cn(T, µ,B2) that de-

termine one-derivative contributions to the energy-momentum tensor and the current

1 Namely, using the equation of motion (4.2a) with the constitutive relations for Tµν and Jµ

derived from the generating functional W =
∫√
−g p(T, µ,B2) + O(∂). The relation among the

vectors that one finds is v(1)µ
2 non-eq. = v(1)µ

1 non-eq.n/(ε+ p) +O(∂2).
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in strong magnetic field. If the microscopic system is parity-invariant, all thermody-

namic coefficients Mn vanish except for M4. In addition, the dynamical coefficients

c3, c4, c5, c8, c10, c14, c15, c17 must vanish by parity invariance. Thus a conducting

parity-invariant system in magnetic field has one thermodynamic coefficient M4, three

“electrical conductivities” c6, c7, and c9, and eight “viscosities” c1, c2, c11, c12, c13, c16,

c18, and c19. We will see later that the Onsager relations impose a relation between

c2, c12, and c13, plus four more relations among the parity-violating coefficients. This

leaves eleven transport coefficients (one thermodynamic and ten non-equilibrium)

for a conducting parity-invariant system in magnetic field in 3+1 dimensions. In a

conformal theory, the tracelessness condition2 will in addition impose c1 = c2 = 0.

The constitutive relations may be simplified further if we note that the shear

tensor can be decomposed with respect to the magnetic field as

σµν = σµν⊥ + (bµΣν + bνΣµ) + 1
2
b〈µbν〉 (3S4 − S3) . (4.17)

Here σµν⊥ ≡ 1
2

(
BµαBνβ + BναBµβ − BµνBαβ

)
σαβ is traceless, Σµ ≡ Bµλσλρbρ, and both

are orthogonal to the magnetic field Bµ. The scalars are S3 ≡ ∇·u and S4 ≡ bµbν∇µuν .
The tensor (4.16) then becomes

σ̃µν = σ̃µν⊥ + 1
2

(
bµΣ̃ν + bνΣ̃µ

)
, (4.18)

where σ̃µν⊥ is transverse to both uµ and Bµ, symmetric, and traceless.

For completeness, let us summarize the constitutive relations for a parity-invariant

theory in the thermodynamic frame. Defining MΩ ≡ M4, the energy-momentum

2 In a conformal theory subject to external fields gµν and Aµ, the trace of the energy-momentum
tensor receives an anomalous contribution Tµµ = κF 2 + O(∂4), where κ is a theory-dependent
constant that counts the number of charged degrees of freedom, and the terms O(∂4) are due to
curvature invariants. It was shown in ref. [61] that the conformal anomaly may be captured by a
certain local term in the hydrostatic generating functional, which for our purposes amounts to a
term in p(T, µ,B2) proportional to κ.
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tensor is given by eq. (4.9) with the following coefficients:

E = −p+ T p,T + µ p,µ +
(
TMΩ,T + µMΩ,µ − 2MΩ

)
B·Ω , (4.19a)

P = p− 4
3
p,B2B2 − 1

3
(MΩ + 4MΩ,B2B2)B·Ω− ζ1∇·u− ζ2b

µbν∇µuν , (4.19b)

Qµ = −MΩε
µνρσuν∂σBρ + (2MΩ − TMΩ,T − µMΩ,µ)εµνρσuνBρ∂σT/T

−MΩ,B2εµνρσuνBρ∂σB
2 + (−2p,B2 +MΩ,µ − 2MΩ,B2B·Ω)εµνρσuνEρBσ

+MΩε
µνρσΩνEρuσ , (4.19c)

T µν = 2p,B2

(
BµBν − 1

3
∆µνB2

)
+MΩ,B2B〈µBν〉B·Ω +MΩB

〈µΩν〉

− η⊥σµν⊥ − η‖(b
µΣν + bνΣµ)− b〈µbν〉

(
η1∇·u+ η2b

αbβ∇αuβ
)

− η̃⊥σ̃µν⊥ − η̃‖(b
µΣ̃ν + bνΣ̃µ) , (4.19d)

and the current is given by eq. (4.10) with the following coefficients:

N = p,µ +MΩ,µB·Ω−m·Ω , (4.20a)

J µ = εµνρσuν∇ρmσ + εµνρσuνaρmσ +

(
σ⊥Bµν + σ‖

BµBν

B2

)
Vν + σ̃ Ṽ µ . (4.20b)

The current is written in terms of the magnetic polarization vector

mµ =
(
2 p,B2 + 2MΩ,B2B·Ω

)
Bµ +MΩΩµ , (4.21)

while the electric polarization vector vanishes at leading order in a parity-invariant

system. The comma subscript denotes the derivative with respect to the argument

that follows. Note that we are keeping O(∂2) thermodynamic terms in the constitu-

tive relations (coming from the variation of M4s
(1)

4 ) that are needed to ensure that

the conservation laws (4.2) are satisfied identically for time-independent background

fields. In writing down the constitutive relations (4.19), (4.20), we have relabeled

the non-equilibrium transport coefficients as ζ1 ≡ −c1, ζ2 ≡ −c2, σ‖ ≡ c6, σ⊥ ≡ c7,

σ̃ ≡ c9, η⊥ ≡ −c11, η‖ ≡ −c11 − c16, η1 ≡ −c12 + 1
2
c11 + 2

3
c16, η2 ≡ −c13 − 3

2
c11 − 2c16,

η̃‖ ≡ −c18 − 1
2
c19, η̃⊥ ≡ −c19, and defined V µ ≡ Eµ − T∆µν∂ν(µ/T ). The coefficients

σ⊥, σ‖ are the transverse and longitudinal conductivities, and η⊥, η‖ are the transverse

and longitudinal shear viscosities. The coefficients ζ1, ζ2, η1 and η2 may all be called

“bulk viscosities”, of which only three are independent due to the Onsager relation.
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The coefficients η̃⊥, η̃‖ are the two Hall viscosities, and σ̃ is the Hall conductivity.3

When the external electromagnetic field vanishes, the system becomes isotropic,

and we expect to recover the constitutive relations of the standard isotropic hydrody-

namics, with shear viscosity η, bulk viscosity ζ, and electrical conductivity σ. Thus

as B → 0 we expect η⊥ = η‖ = −2η1 = 2
3
η2 = η, η̃⊥ = η̃‖ = 0, ζ1 = ζ, ζ2 = 0,

σ⊥ = σ‖ = σ, σ̃ = 0.

4.3.5 Eigenmodes

As a simple application of the hydrodynamic equations (4.2) together with the con-

stitutive relations (4.19), (4.20), one can study the eigenmodes of small oscillations

about the thermal equilibrium state. We set the external sources to zero, and lin-

earize the hydrodynamic equations near the flat-space equilibrium state with constant

T = T0, µ = µ0, uα = (1,0), and Bα = (0, 0, 0, B0). Taking the fluctuating hydro-

dynamic variables proportional to exp(−iωt + ik·x), the source-free system admits

five eigenmodes, two gapped (ω(k→0) 6= 0), and three gapless (ω(k→0) = 0). The

frequencies of the gapped eigenmodes are

ω = ±B0n0

w0

− iB2
0

w0

(σ⊥ ± iσ̃)− iDck
2 , (4.22)

where w0 ≡ ε0 + p0 is the equilibrium enthalpy density, and we have taken αBBB
2
0 �

w0, MΩ,µB
2
0 � w0 in the hydrodynamic regime B0 � T 2

0 . As the imaginary part of

the eigenfrequency must be negative for stability, this implies σ⊥ > 0. The mode

has a circular polarization (at k = 0), with δux and δuy oscillating with a π/2 phase

difference. The analogous mode in 2+1 dimensional hydrodynamics was christened

the hydrodynamic cyclotron mode in ref. [10], which also explored its implications for

transport near two-dimensional quantum critical points.

For momenta k ‖ B0, the three gapless eigenmodes are the two sound waves, and

3 The actual Hall conductivity, measured as a response to external electric field, must be obtained
after the hydrodynamic equations with the constitutive relations (4.19), (4.20) have been solved.
Doing so in a state with constant charge density n0 and magnetic field B0 gives the Hall conductivity
n0/B0, as expected from elementary considerations of boosting the state in the plane transverse to
B0. See eq. (4.32c) below.
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one diffusive mode. The eigenfrequencies in the small momentum limit are

ω = ±kvs − i
Γs,‖
2
k2 , (4.23a)

ω = −iD‖k2 , (4.23b)

where vs is the speed of sound. As in ref. [4], we can write the coefficients in terms of

the elements of the susceptibility matrix in the grand canonical ensemble. The non-

zero elements of the 3× 3 susceptibility matrix are χ11 = T (∂ε/∂T )µ/T , χ13 = χ31 =

(∂ε/∂µ)T , χ33 = (∂n/∂µ)T , and χ22 = w0, with derivatives evaluated at constant B2

in equilibrium. The longitudinal diffusion constant is

D‖ =
σ‖w

2
0

n2
0χ11 + w2

0χ33 − 2n0w0χ13

.

The positivity of the diffusion constant implies σ‖ > 0. The speed of sound squared

expressed in terms of the elements of the susceptibility matrix is given by

v2
s =

n2
0χ11 + w2

0χ33 − 2n0w0χ13

det(χ)
,

and the damping coefficient is

Γs,‖ =
1

w0

(
4
3
(η1 + η2) + ζ1 + ζ2

)
+

σ‖w0

det(χ)

(n0χ11 − w0χ13)2

n2
0χ11 + w2

0χ33 − 2n0w0χ13

.

The expression for vs and D‖ in terms of the thermodynamic functions formally look

the same as in hydrodynamics without external O(1) magnetic fields [4]. All of vs,

Γs,‖, and D‖ depend on B0 through p = p(T, µ,B2) and the transport coefficients.

For momenta k ⊥ B0, the three gapless eigenmodes include two diffusive modes,

and one “subdiffusive” mode with a quartic dispersion relation,

ω = −iD⊥k2 , (4.24a)

ω = −i
η‖k

2

w0

, (4.24b)

ω = −i η⊥k
4

B2
0 χ33

. (4.24c)

The transverse diffusion constant is determined by the transverse resistivity. We
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define the 2 × 2 conductivity matrix in the plane transverse to B0 as σab ≡ σ⊥δab +(
n0

|B0| + σ̃
)
εab, and the corresponding resistivity matrix as ρab ≡ (σ−1)ab = ρ⊥δab +

ρ̃⊥ εab, which defines ρ⊥ and ρ̃⊥. The transverse diffusion constant is then

D⊥ =
w3

0χ33

det(χ)B2
0

ρ⊥ ,

again using MΩ,µB
2
0 � w0. Stability of the equilibrium state now implies η⊥ > 0,

η‖ > 0.

For modes propagating at an angle θ with respect to B0, the gapless modes include

sound waves (unless θ = π/2), and a diffusive mode. For a fixed value of θ, the small-

momentum eigenfrequencies are ω = ±kvs cos θ− i
2
Γs(θ)k

2, and ω = −iD(θ)k2, where

D(θ) = D‖ cos2 θ +
n2

0

v2
sw0χ33

D⊥ sin2 θ ,

Γs(θ) = Γs,‖ cos2 θ +

(
η‖
w0

+
(n0χ13 − w0χ33)2

χ33 v2
s det(χ)

D⊥

)
sin2 θ .

The coefficient Dc in the cyclotron mode eigenfrequency (4.22) at small B0 is

Dc =

(
± iv

2
sw0

2n0B0

+
(n2

0χ11−w2
0χ33)w0

2n2
0 det(χ)

σ +
3ζ+7η

6w0

)
sin2 θ +

η

w0

cos2 θ +O(B0) .

Note that the limits θ → π/2 and k → 0 in the eigenfrequencies do not commute.

4.3.6 Entropy production

The simple flat-space eigenfrequency analysis in the previous subsection imposes cer-

tain constraints on non-equilibrium transport coefficients. In order to find more

general constraints, one method is to impose a local version of the second law of

thermodynamics: the existence of a local entropy current with positive semi-definite

divergence for every non-equilibrium configuration consistent with the hydrodynamic

equations. We will not attempt to construct the most general entropy current from

scratch. Rather, we will use the result of [24, 25] saying that the constraints on trans-

port coefficients derived from the entropy current are the same as those derived from

the equilibrium generating functional, plus the inequality constraints on dissipative
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transport coefficients. We take the entropy current to be

Sµ = Sµcanon + Sµeq. ,

where the canonical part of the entropy current is

Sµcanon =
1

T
(puµ − T µνuν − µJµ) , (4.25)

and Sµeq. is found from the equilibrium partition function, as described in [24, 25].

The constraints on transport coefficients follow by demanding ∇µSµ > 0. Using

conservation laws (4.2), the divergence of the canonical entropy current is

∇µSµcanon = ∇µ
( p
T
uµ
)
− T µν∇µ

uν
T

+ Jµ
(
Eµ
T
− ∂µ

µ

T

)
.

The Sµeq. part of the entropy current is explicitly built to cancel out the part of

∇µSµcanon that arises from the equilibrium terms in the constitutive relations, i.e. the

terms in T µν and Jµ derived from the equilibrium generating functional. In fact,

ref. [25] has already found Sµeq. in the case when the generating functional contains

a contribution proportional to B·Ω. We thus focus on non-equilibrium terms, and

write the thermodynamic frame constitutive relations (4.15) as T µν = T µνeq. + T µνnon-eq.

and Jµ = Jµeq. + Jµnon-eq.. The divergence of the entropy current is then

∇µSµ =
1

T
Jµnon-eq.

(
Eµ − T∂µ

µ

T

)
− T µνnon-eq.∇µ

uν
T

=
1

T

(
`µ⊥non-eq. +

Bµ

B
`non-eq.

)
Vµ −

1

T
fnon-eq.∇·u−

1

2T
tµνnon-eq.σµν .

Using the constitutive relations (4.19), (4.20), this leads to

T∇µSµ = σ‖
(B·V )2

B2
+ σ⊥(BµνVν)2 + 1

2
η⊥(σµν⊥ )2 + η‖Σ

2

+ (ζ1 − 2
3
η1)S2

3 + 2η2S
2
4 + (2η1 + ζ2 − 2

3
η2)S3S4 , (4.26)

where again S3 ≡ ∇·u and S4 ≡ bµbν∇µuν . Demanding ∇µSµ > 0 now gives

σ‖ > 0 , σ⊥ > 0 , η⊥ > 0 , η‖ > 0 , (4.27a)
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together with the condition that the quadratic form made out of S3, S4 in the second

line of eq. (4.26) is non-negative, which implies

η2 > 0 , ζ1 − 2
3
η1 > 0 , (4.27b)

2η2(ζ1 − 2
3
η1) > 1

4
(2η1 + ζ2 − 2

3
η2)2 . (4.27c)

The coefficients η̃⊥, η̃‖, and σ̃ do not contribute to entropy production, and are not

constrained by the above analysis. Thus, η̃⊥, η̃‖, and σ̃ are non-equilibrium non-

dissipative coefficients.

4.3.7 Kubo formulas

We now follow the argument presented in section 2.2.4. When the microscopic system

is time-reversal invariant (i.e. the only source of time-reversal breaking is due to

the external magnetic field), transport coefficients can be further constrained by the

Onsager relations. The retarded two-point functions of operators Oa and Ob in a

time-reversal invariant theory in equilibrium obey

GR
ab(ω,k, B) = εaεbG

R
ba(ω,−k,−B) , (4.28)

where εa and εb are time-reversal eigenvalues of the operators Oa and Ob. We take

our operators to be various components of T µν and Jµ, and evaluate the retarded

two-point functions by varying one-point functions in the presence of the external

source with respect to the source, as explained in section 2.2.4, to find

GR
TµνTαβ = 2

δ

δgαβ

(√
−g T µνon-shell[A, g]

)
, GR

JµTαβ = 2
δ

δgαβ

(√
−g Jµon-shell[A, g]

)
,

(4.29a)

GR
TµνJα =

δ

δAα
T µνon-shell[A, g] , GR

JµJα =
δ

δAα
Jµon-shell[A, g] , (4.29b)

where the subscript “on-shell” signifies that the corresponding hydrodynamic T µν [A, g]

and Jµ[A, g] are evaluated on the solutions to (4.2), and the sources δA, δg are set to

zero after the variation is taken. The expressions (4.29) are to be understood as

δ(
√
−g T µνon-shell) = 1

2
GR
TµνTαβ(ω,k) δgαβ(ω,k) ,
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etc. This provides a direct method to evaluate the retarded functions, and allows both

to check the Onsager relations and to derive Kubo formulas for transport coefficients.4

The constraint on transport coefficients we find by demanding that eq. (4.28) holds

is

3ζ2 − 6η1 − 2η2 = 0 . (4.30)

For the rest of this chapter, we will assume that (4.30) holds, which leaves us with

ten non-equilibrium transport coefficients for a parity-invariant microscopic system.

Using eq. (4.30) to eliminate ζ2, the inequality constraint in eq. (4.27c) turns into

2η2(ζ1 − 2
3
η1) > 4η2

1 . (4.31)

We next list the expressions for transport coefficients in terms of retarded functions

evaluated in flat-space equilibrium with external magnetic field in the z direction,

as in sec. 4.3.5. In the limit k → 0 first, ω → 0 second we find the following Kubo

formulas. The two-point function of the longitudinal current Jz gives the longitudinal

conductivity,

1
ω

ImGR
JzJz(ω,k=0) = σ‖ , (4.32a)

while the two-point functions of the transverse currents Jx, Jy give the transverse

resistivities,

1
ω

ImGR
JxJx(ω,k=0) = ω2ρ⊥

w2
0

B4
0

, (4.32b)

1
ω

ImGR
JxJy(ω,k=0) =

n0

B0

− ω2ρ̃⊥
w2

0

B4
0

sign(B0) , (4.32c)

where the resistivities ρ⊥ and ρ̃⊥ were defined below eq. (4.24). Alternatively, the

resistivities can be found from correlation functions of momentum density,

1
ω

ImGR
T0xT0x

(ω,k=0) = ρ⊥
w2

0

B2
0

, (4.33a)

1
ω

ImGR
T0xT0y

(ω,k=0) = −ρ̃⊥sign(B0)
w2

0

B2
0

, (4.33b)

4 Taken at face value, hydrodynamic correlation functions violate Onsager relations at non-zero
ω and non-zero k. However these violations do not affect the Kubo formulas and disappear in the
limit B � T 2, which corresponds to the validity regime of hydrodynamics.
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assuming B2
0 � w0. The shear viscosities are given by

1
ω

ImGR
TxyTxy(ω,k=0) = η⊥ , (4.34a)

1
ω

ImGR
TxyTxx(ω,k=0) = η̃⊥ sign(B0) , (4.34b)

1
ω

ImGR
TxzTxz(ω,k=0) = η‖ , (4.34c)

1
ω

ImGR
T yzTxz(ω,k=0) = η̃‖ sign(B0) , (4.34d)

while the “bulk” viscosities may be expressed as

1
ω
δijImGR

T ijTxx(ω,k=0) = 3ζ1 , (4.34e)

1
3ω
δijδkl ImGR

T ijTkl(ω,k=0) = 3ζ1 + ζ2 , (4.34f)

1
ω

ImGR
O1O1

= ζ1 − 2
3
η1 , (4.34g)

1
ω

ImGR
O2O2

= 2η2 , (4.34h)

where O1 = 1
2
(T xx + T yy), and O2 = T zz − 1

2
(T xx + T yy). Correlation functions at

non-zero momentum may be obtained in a straightforward way from the variational

procedure described earlier.

4.3.8 Inequality constraints on transport coefficients

Let us show that the inequality constraints on transport coefficients derived from

demanding that the entropy production is non-negative can also be obtained from

hydrodynamic correlation functions as outlined in section 2.2.5, without using the

entropy current. The argument is based on the fact that the imaginary part of the

retarded function GR
OO(ω,k) must be positive for any Hermitean operator O and

ω > 0,

ImGR
OO(ω,k) > 0 . (4.35)

See appendix D.4 for details. Now consider the operator O = aO1 + bO2, with real

coefficients a and b, and Hermitean operators O1, O2. The inequality (4.35) implies

Im
[
a2GR

O1O1
+ abGR

O1O2
+ abGR

O2O1
+ b2GR

O2O2

]
> 0 ,
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for ω > 0. This quadratic form in a, b must be non-negative for all a, b which implies

ImGR
O1O1

> 0, ImGR
O2O2

> 0 together with

(
ImGR

O1O1

) (
ImGR

O2O2

)
> 1

4

(
ImGR

O1O2
+ ImGR

O2O1

)2
. (4.36)

The two terms in the right-hand side of (4.36) can be related by the Onsager relation

(4.28). As an example, take O1 = 1
2
(T xx + T yy), and O2 = T zz − 1

2
(T xx + T yy). Eval-

uating the correlation functions at k = 0 and ω → 0, the inequalities (4.35), (4.36)

immediately imply the entropy current constraint (4.27c). The constraints (4.27a),

(4.27b) follow directly from the Kubo formulas given in the previous subsection.

4.3.9 Parity violating sector

For a theory that breaks parity microscopically, new terms appear in the hydrody-

namic description. A study of parity violating fluids in 2+1 dimensions was done in

[17]. We now turn to the study of hydrodynamics of parity-violating hydrodynamics

in 3+1 dimensions in the presence of a strong magnetic field.

Constitutive relations

The parity-violating equilibrium terms come from the variation of the parity-violating

terms in the generating functional, Mi(T, µ,B
2)s

(1)
i for i 6= 4 and appear in Appendix

C.1. The spatial current and heat vector do not receive parity-violating contributions

to O(∂).

The hydrodynamic equations take the same form as (4.2), (4.2a) due to gauge and

diffeomorphism invariance of the generating functional. The definition of the equilib-

rium energy-momentum tensor and conserved currents ensure that the equations of

motion are satisfied in equilibrium.

For convenience, we rewrite the non-equilibrium parity-violating terms appearing

in the constitutive relations

fnon-eq. PV = c3b · V , (4.37a)

`non-eq. PV = c4∇ · u+ c5b
µbν∇µuν , (4.37b)

`µ⊥,non-eq. PV = c8Σµ + c10Σ̃µ , (4.37c)

τµνnon-eq. PV = c14b
〈µbν〉b · V + c15b

(µV
ν)
⊥ + c17b

(µṼ ν) , (4.37d)
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where A(µBν) = AµBν+AνBµ and V µ
⊥ = BµνVν where [[equation]] . These coefficients

will be subject to four equality constraints coming from the Onsager relations, as

well as some inequality constraints coming from the entropy and correlation function

arguments. Let us summarize the constitutive relations for a parity-violating theory

in the thermodynamic frame

E = −p+ T p,T + µ p,µ +
(
TMΩ,T + µMΩ,µ − 2MΩ

)
B·Ω

+
(
TM1,T + µM1,µ + 4B2M1,B2 + T 4M3,B2 −M1

)
s1

+ (TM2,T + µM2,µ −M2) s2

+
4B2

T 4

(
M1 − TM1,T − µM1,µ − 4B2M1,B2 − T 4M3,B2

)
s3

+

(
TM5,T + µM5,µ +

4B2

T 4
M1,µ +M3,µ

)
s5 ,

(4.38)

P = p− 4
3
p,B2B2 − 1

3
(MΩ + 4MΩ,B2B2)B·Ω− 2

3

(
M2 + 2B2M2,B2

)
s2

+
4B2

3T 4

(
M1 − TM1,T − µM1,µ − 4B2M1,B2 − T 4M3,B2

)
s3

+
4B2

3T 4

(
M1,µ − T 4M5,B2

)
s5 − ζ1∇·u− ζ2b

µbν∇µuν + c3b · V ,

(4.39)

Qµ = −MΩε
µνρσuν∂σBρ + (2MΩ − TMΩ,T − µMΩ,µ)εµνρσuνBρ∂σT/T

−MΩ,B2εµνρσuνBρ∂σB
2 + (MΩ,µ − 2p,B2)εµνρσuνEρBσ ,

(4.40)

T µν = 2p,B2

(
BµBν − 1

3
∆µνB2

)
+B〈µBν〉 (MΩ,B2B·Ω +M2,B2s2 + (M5,B2 − 1

T
M1,µ)s5

)
+B〈µBν〉 1

T 4

(
TM1,T + µM1,µ + 4B2M1,B2 −M1 + T 4M3,B2

)
s3 +MΩB

〈µΩν〉

+ 2M2B
〈µεν〉ρσαuρ∂σBα + (TM2,T + µM2,µ −M2)B〈µεν〉ρσαuρ∂σT/T

+M2,B2B〈µεν〉ρσαuρ∂σB
2 −M2,µB

〈µεν〉ρσαuρEσBα

− η⊥σµν⊥ − η‖(b
µΣν + bνΣµ)− b〈µbν〉

(
η1∇·u+ η2b

αbβ∇αuβ − c14b · V
)

− η̃⊥σ̃µν⊥ − η̃‖(b
µΣ̃ν + bνΣ̃µ) + c15(bµV ν

⊥ + bνV µ) + c17(bµṼ ν + bνṼ µ) ,

(4.41)
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and the current is given by

N = p,µ +∇·p− p·a−m·Ω +MΩ,µB·Ω +
(
M1,µ − T 4M5,B2

)
s1 +M2,µs2(

M3,µ + TM5,T + µM5,µ + 4B2M5,B2

)
s3 , (4.42a)

J µ = εµνρσuν∇ρmσ + εµνρσuνaρmσ + 1
2
εµνρσuνΩρpσ −∆µνuρ∇ρpν + σ⊥V

µ
⊥ + σ̃ Ṽ µ

+ bµ(σ||b · V + c4∇ · u+ c5b
µbν∇µuν) + c8Σµ + c10Σ̃µ . (4.42b)

The current is written in terms of the magnetic polarization vector mµ = 1√
−g

δWs

δBµ

mµ =

(
2 p,B2 + 2

5∑
n=2

Mn,B2sn +
2

T 4

(
M1 − TM1,T − µM1,µ − 4B2M1,B2

)
B·∂T/T

)
Bµ

+MΩΩµ +M3a
µ +M5E

µ +M1∆µν∂ν
B2

T 4
+M2,µε

µνρσuνBρEσ

+M2,B2εµνρσuνBρ∂σB
2 + (TM2,T + µM2,µ −M2) εµνρσuνBρ∂σT/T

+ 2M2ε
µνρσuν∂ρBσ ,

(4.43)

and the electric polarization vector pµ = 1√
−g

δWs

δEµ
= M5Bµ. The comma subscript

denotes the derivative with respect to the argument that follows. Note that we are

keeping O(∂2) thermodynamic terms in the current (coming from the variation of∑5
n=1Mnsn in the generating functional) that are needed to ensure that the con-

servation laws (2.2) are satisfied to O(∂2) for time-independent background fields.

Including the O(∂2) thermodynamic terms in the energy-momentum tensor will en-

sure these are satisfied identically, but we omit them here for simplicity.

Kubo formulas

The two point correlation functions of energy-momentum and conserved currents can

be found by varying the one-point functions given by the constitutive relations in

the presence of external sources with respect to the external sources, as was outlined

in 4.3.7. This provides a direct method to evaluate the retarded functions, and allows

both to find constrains due to the Onsager relations and to derive Kubo formulas for

transport coefficients.

The Kubo fomulas can be found by evaluating the zero spatial momentum, low fre-

quency limit of the retarded functions in flat space equilibrium. The parity violating
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coefficients are given by

1
ω

ImGR
T txTxz(ω,k=0) =

w0

B0

(c8ρ̃⊥ + c10ρ⊥) , (4.44a)

1
ω

ImGR
T txT yz(ω,k=0) =

w0

|B0|
(c8ρ⊥ − c10ρ̃⊥) , (4.44b)

1
ω

ImGR
TxzT tx(ω,k=0) =

w0

B0

(c15ρ̃⊥ + c17ρ⊥) , (4.44c)

1
ω

ImGR
T yzT tx(ω,k=0) =

w0

|B0|
(c15ρ⊥ − c17ρ̃⊥) , (4.44d)

1
ω

ImGR
JzTxx(ω,k=0) = c4 sign(B0) , (4.44e)

1
ω

ImGR
JzT zz(ω,k=0) = (c4 + c5) sign(B0) (4.44f)

1
ω
δijImGR

T ijJz(ω,k=0) = −3c3 sign(B0) , (4.44g)

1
ω

ImGR
O2Jz

(ω,k=0) = −2c14 sign(B0) . (4.44h)

The Onsager relations give constraints on the transport coefficients. The con-

straints on the parity-violating coefficients depend on whether the microscopic theory

is T or PT symmetric. Here, T refers to time-reversal and P to parity. For a T
preserving theory, the constraints are the following

c3 = −c4 − 1
3
c5 , c14 = −1

2
c5 , c15 = −c8 , c17 = −c10 , (4.45)

while for a PT preserving theory, we find

c3 = c4 + 1
3
c5 , c14 = 1

2
c5 , c15 = c8 , c17 = c10 . (4.46)

As one might expect, with a given theory preserves T and PT , it follows that it

preserves parity and therefore all parity-violating transport coefficients vanish.

Entropy constraints

To find constraints on the transport coefficients, one method is to impose a local

version of the second law of thermodynamics: the existence of a local entropy current

with positive semi-definite divergence for every non-equilibrium configuration consis-

tent with the hydrodynamic equations. As was shown in [24, 25], the constraints

on transport coefficients derived from the entropy current are the same as those de-
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rived from the equilibrium generating functional, plus the inequality constraints on

dissipative transport coefficients. We take the entropy current to be

Sµ = Sµcanon + Sµeq. ,

where the canonical part of the entropy current is

Sµcanon =
1

T
(puµ − T µνuν − µJµ) , (4.47)

and Sµeq. is found from the equilibrium partition function, as described in [24, 25].

The constraints on transport coefficients follow by demanding ∇µSµ > 0. Using

the hydrodynamic equations (4.2), the divergence of the modified canonical entropy

current is

∇µSµcanon = ∇µ
( p
T
uµ
)
− T µν∇µ

uν
T

+ Jµ
(
Eµ
T
− ∂µ

µ

T

)
.

The Sµeq. part of the entropy current is explicitly built to cancel out the part of∇µSµcanon

that arises from the equilibrium terms in the constitutive relations, i.e. the terms in

T µν and Jµ derived from the equilibrium generating functional. We thus focus on

non-equilibrium terms, and write the thermodynamic frame constitutive relations as

T µν = T µνeq. + T µνnon-eq. and Jµ = Jµeq. + Jµnon-eq.. The divergence of the entropy current

is then

∇µSµ =
1

T
Jµnon-eq.

(
Eµ − T∂µ

µ

T

)
− T µνnon-eq.∇µ

uν
T

=
1

T

(
`µ⊥non-eq. +

Bµ

B
`non-eq.

)
Vµ −

1

T
fnon-eq.∇·u−

1

2T
tµνnon-eq.σµν .

Using the constitutive relations (4.19), (4.42), this leads to

T∇µSµ = 1
2
η⊥(σµν⊥ )2 + σ⊥V

2
⊥ + η‖Σ

2 + (c8 − c15) Σ·V⊥

+ (ζ1 − 2
3
η1)S2

3 + 2η2S
2
4 + σ‖S

2
5 + (2η1 + ζ2 − 2

3
η2)S3S4

+
(
c4 − c3 + 2

3
c14

)
S3S5 + (c5 − 2c14)S4S5 , (4.48)

where S3 ≡ ∇·u, S4 ≡ bµbν∇µuν and S5 ≡ b·V . Demanding ∇µSµ > 0 now gives

η⊥ > 0 together with the condition that the quadratic forms made out of V⊥, and Σ
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and S3, S4 and S5 are non-negative, which implies

σ⊥ > 0 , η‖ > 0 η2 > 0 , ζ1 − 2
3
η1 > 0 , σ‖ > 0 , (4.49a)

σ⊥η‖ > 1
4

(c8 − c15)2 , 2η2(ζ1 − 2
3
η1) > 1

4
(2η1 + ζ2 − 2

3
η2)2 ,

σ‖(ζ1 − 2
3
η1) > 1

4
(c4 − c3 + 2

3
c14)2 , 2η2σ‖ > 1

4
(c5 − 2c14)2 , (4.49b)

det(M) > 0 , (4.49c)

where

M =

 ζ1 − 2
3
η1 η1 + 1

2
ζ2 − 1

3
η2

1
2
c4 − 1

2
c3 + 1

3
c14

η1 + 1
2
ζ2 − 1

3
η2 2η2

1
2
c5 − c14

1
2
c4 − 1

2
c3 + 1

3
c14

1
2
c5 − c14 σ‖

 .

The coefficients η̃⊥, η̃‖, σ̃, c10 and c17 do not contribute to entropy production,

and are not constrained by the above analysis. Thus, η̃⊥, η̃‖, σ̃ c10 and c17 are non-

equilibrium non-dissipative coefficients. Note that using the PT symmetry Onsager

relations these constraints reduce to the ones for a parity preserving theory (4.27)

η⊥ > 0 , σ⊥ > 0 , η‖ > 0 , σ‖ > 0 , η2 > 0 ,

ζ1 − 2
3
η1 > 0 , 2η2(ζ1 − 2

3
η1) > 4η2

1 .
(4.50)

Alternatively, if the theory is time reversal invariant, we have

η⊥ > 0 , σ⊥ > 0 , η‖ > 0 η2 > 0 , ζ1 − 2
3
η1 > 0 , σ‖ > 0 ,

σ⊥η‖ > c2
8 , 2η2(ζ1 − 2

3
η1) > 4η2

1 , σ‖(ζ1 − 2
3
η1) > c2

4 , 2η2σ‖ > c2
5 ,

det(M) > 0 ,

(4.51)

where now

M =

ζ1 − 2
3
η1 2η1 c4

2η1 2η2 c5

c4 c5 σ‖

 .
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4.4 Hydrodynamics with dynamical electromagnetic

fields

4.4.1 Dynamical gauge field

We now move on to systems where the gauge field Aµ is dynamical rather than ex-

ternal, which will lead us to MHD. In external metric g, the (microscopic) generating

functional is

Z[g] =

∫
DA eiS[g,A] ,

where S is the action. Let us couple the gauge field to an external conserved current

Jµext. We do this so that the new generating functional is

Z[g, Jext] =

∫
DADϕ eiS[g,A]+i

∫√
−g (Aµ−∂µϕ)Jµext , (4.52)

and W ≡ −i lnZ. The new field ϕ is a Lagrange multiplier which shifts under gauge

transformations and ensures that the external current is conserved. We define the

energy-momentum tensor and the current by the variation of the action:

δgS[g, A] = 1
2

∫ √
−g T µνδgµν , δAS[g, A] =

∫ √
−g JµδAµ .

Diffeomorphism invariance of W [g, Jext] implies ∇µ〈T µν〉 = 〈F λν〉Jextλ . In what fol-

lows, we will omit the angular brackets, writing the (non)-conservation of the energy-

momentum tensor simply as

∇µT µν = F λνJextλ . (4.53)

In the standard hydrodynamic approach, T µν and Fµν will then be taken as dynamical

variables in the classical hydrodynamic theory. Note that the sign in the right-hand

side of eq. (4.53) is opposite compared to eq. (4.2a), owing to the fact that the current,

rather than the gauge field, is now external. In order to proceed with hydrodynamics,

we need to specify a) the constitutive relations for the energy-momentum tensor to

be used in eq. (4.53), and b) the equations which determine the evolution of the

dynamical gauge field Fµν .
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4.4.2 Maxwell’s equations in matter

Classical equations specifying the dynamics of electric and magnetic fields are usually

referred to as Maxwell’s equations in matter. While we don’t have a recipe of deriving

them in a most general form in a model-independent way, a useful starting point

is provided by matter in thermal equilibrium. Maxwell’s equations for equilibrium

matter may be then amended to include the non-equilibrium and dissipative effects,

such as the electrical conductivity. To this end, as advocated in [71], we take the static

generating functional Ws[g, A] to be the effective action for gauge fields in equilibrium,

Seff [g, A] =

∫
d4x
√
−gF , (4.54)

where F is a local gauge-invariant function of the sources gµν and Aµ, and we have

ignored the surface terms. To leading order in the derivative expansion, F is simply

the pressure. We can always write F = −1
4
FµνF

µν +Fm, where the vacuum action is

−1
4
FµνF

µν = 1
2
(E2 − B2), and Fm is the “matter” contribution. The isolation of the

vacuum term is arbitrary, but it will allow us to make contact with the textbook form

of Maxwell’s equations in matter. Our (equilibrium) effective theory is then given by

the partition function (4.52), with S replaced by Seff , and the total action is

Stot[A,ϕ] = Ws[g, A] +

∫ √
−g (Aµ−∂µϕ)Jµext .

The current derived by varying the total action with respect to Aµ is Jµtot = Jµ+Jµext,

or

Jµtot = −∇ν(F µν −Mµν
m ) + nuµ + Jµext ,

where the polarization tensorMµν
m is defined by δF

∫
d4x
√
−gFm = 1

2

∫
d4x
√
−gMµν

m δFµν ,

and the density of “free” charges is n ≡ ∂Fm/∂µ. The equation of motion for the

gauge field follows from δAStot = 0, or equivalently Jµtot = 0, and becomes

∇νHµν = nuµ + Jµext , (4.55)

where Hµν ≡ F µν − Mµν
m . This is the desired equation that must be satisfied by

electromagnetic fields in equilibrium. Following the standard hydrodynamic lore and

assuming that eq. (4.55) also holds for small departures away from equilibrium, one

obtains hydrodynamics of “perfect fluids”, now with dynamical electric and magnetic
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fields. For these perfect fluids, equations (4.55) have to be solved together with

the stress tensor (non)-conservation (4.53), where T µν is derived from the effective

action (4.54).

In fact, eq. (4.55) is nothing but the standard Maxwell’s equations in matter. The

polarization tensor Mµν
m defines electric and magnetic polarization vectors P µ and

Mµ through the decomposition

Mµν
m = P µuν − P νuµ − εµνρσuρMσ . (4.56)

The antisymmetric tensor Hµν can be decomposed in the same way as the field

strength Fµν ,

Hµν = uµDν − uνDµ − εµνρσuρHσ ,

which defines Dµ ≡ Hµνu
ν and Hµ ≡ 1

2
εµναβuνHαβ, so that

Dµ = Eµ + P µ ,

Hµ = Bµ −Mµ .

It is then clear that eq. (4.55) is the covariant form of Maxwell’s equations in matter:

the currents of ‘free charges’ are in the right-hand side, while the effects of polarization

appear in the left-hand side through the substitution Eµ → Dµ, Bµ → Hµ in the

vacuum Maxwell’s equations. Action (4.54) is the action for Maxwell’s equations in

matter.

As an example, consider the following “matter” contribution: Fm = pm(T, µ,E2, B2, E·B),

where pm is the “matter” pressure. The polarization tensor is then Mµν
m = 2∂pm/∂Fµν ,

and the polarization vectors are

P µ = χEEE
µ + χEBB

µ , (4.57a)

Mµ = χEBE
µ + χBBB

µ , (4.57b)

where the susceptibilities χEE ≡ 2∂pm/∂E
2, χEB ≡ ∂pm/∂(E·B), and χBB ≡ 2∂pm/∂B

2

all depend on T , µ, E2, B2, and E·B. This gives the standard constitutive relations,
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expressing D and B in terms of E and H,

Dµ = εmE
µ + βmH

µ ,

Bµ = βmE
µ + µmH

µ ,

where εm ≡ 1 +χEE +χ2
EB/(1−χBB) is the electric permittivity, µm ≡ 1/(1−χBB) is the

magnetic permeability, and βm ≡ χEB/(1−χBB). We will also use εe ≡ 1+χEE, which

coincides with the electric permittivity if χEB = 0.

4.4.3 Hydrodynamics

We take the MHD equations to be as follows:

∇µT µν = F λνJextλ , (4.58a)

Jµ + Jµext = 0 , (4.58b)

εµναβ∇νFαβ = 0 . (4.58c)

The last equation is the electromagnetic “Bianchi identity”, expressing the fact that

the electric and magnetic fields are derived from the vector potential Aµ. The second

equation (Maxwell’s equations in matter) can be rewritten as ∇ν(F µν−Mµν
m ) = Jµfree +

Jµext which defines Jµfree, the current of “free charges”. While eqs. (4.58a) and (4.58c)

are true microscopically, the Maxwell’s equations in matter (4.58b) are written based

on the above intuition of the equilibrium effective action. Note that ∇µJµfree = 0 is

a consequence of (4.58b), and is not an independent equation. The hydrodynamic

variables are T , uα, µ, as well as the electric and magnetic fields which satisfy uαE
α =

0, uαB
α = 0. Hydrodynamic equations (4.58) must be supplemented by constitutive

relations, which express T µν , Jµ (or Jµfree and Mµν
m ) in terms of the hydrodynamic

variables. These constitutive relations will contain equilibrium contributions coming

from the equilibrium effective action (4.54). In addition, the constitutive relations

will contain non-equilibrium contributions, such as the electrical conductivity and the

shear viscosity.
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Taking the divergence of eq. (4.58b) and using Jµext = −Jµ gives

∇µT µν = F νλJλ ,

∇µJµ = 0 ,

which shows that the variables T , uα, and µ satisfy exactly the same equations

(4.2) as they did in the theory with a non-dynamical, external Aµ. Thus in or-

der to “solve” the MHD theory (4.58) one can i) solve the hydrodynamic equa-

tions with an external gauge field (4.58) to find T [A, g], uα[A, g], µ[A, g], and ii)

solve Jµ[T [A, g], uα[A, g], µ[A, g], A, g] + Jµext = 0 in order to find Aµ[Jext, g], and

iii) use the constitutive relations to find the energy-momentum tensor T µν [Jext, g] =

T µν [T [A[Jext, g], g], uα[A[Jext, g], g], µ[A[Jext, g], g], A[Jext, g], g]. MHD correlation func-

tions may then be obtained through variations with respect to the external sources

Jλext and gµν .

An equivalent way to understand the classical effective theory (4.58) is to promote

the real-time generating functional to the non-equilibrium effective action [71], i.e. to

write

Stot[A,ϕ] = Wr[A, g] +

∫ √
−g (Aµ−∂µϕ)Jµext ,

where Wr[A, g] is low-energy, real-time generating functional for retarded correlation

functions in the theory with a non-dynamical Aµ. The functional Wr[g, A] is non-

local due to the gapless low-energy degrees of freedom (sound waves etc). However,

for the purposes of MHD we do not need the actual generating functional, but only

the equations of motion for the effective action Stot. These equations of motion are

Jµ[A, g] + Jµext = 0, where Jµ[A, g] is the on-shell current in the theory with a non-

dynamical Aµ. One can then solve the theory as described in the previous paragraph.

We will thus adopt the simplest hydrodynamic effective theory (4.58) where the

constitutive relations for T µν and Jµ are the same as in the case of external non-

dynamical electromagnetic fields. Under this “mean-field” assumption, transport

coefficients which are naively independent would still be related by the conditions

originating from the static generating functional.

Further, any solution T [A, g], uα[A, g], µ[A, g] to the MHD equations is also a

solution to the hydrodynamic equations (4.2) in the theory with a non-dynamical

Aµ. Thus the entropy current with a non-negative divergence on the solutions to

(4.2) will also have non-negative divergence when evaluated on the solutions to the
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MHD equations (4.58). This means that the entropy current in MHD may be taken

the same as the entropy current in the theory with a non-dynamical gauge field [71],

and we do not need to perform a separate entropy current analysis beyond what was

already done in sec. 4.3.

To sum up, with the MHD scaling B ∼ O(1), E ∼ O(∂), the equilibrium effective

action is given by eq. (4.7),

Seff =

∫ √
−g

(
−1

2
B2 + pm(T, µ,B2) +

5∑
n=1

Mn(T, µ,B2)s(1)
n +O(∂2)

)
. (4.59)

For a parity-invariant theory, only the M4 term in the sum contributes. The con-

stitutive relations for the energy-momentum tensor and the current were already

found in the previous section, where now we have p(T, µ,B2) = −1
2
B2 + pm(T, µ,B2).

The energy-momentum tensor appearing in eq. (4.58) and the current Jµ satisfy-

ing Jµ + Jµext = 0 take the form (4.9), (4.10), and the constitutive relations for a

parity-invariant theory in the thermodynamic frame are given by Eqs. (4.19), (4.20).

We will find it useful to modify the above effective theory by giving dynamics to

the electric field. To do so, we add an O(∂2) term 1
2
εeE

2 to the effective action (4.59),

where εe is the electric permittivity which we take constant. This term is one of

the many O(∂2) terms, and we add it as a “ultraviolet regulator” which improves

the high-frequency behaviour of the theory. When studying the near-equilibrium

eigenmodes of the system, this term will affect the frequency gaps, but not the leading-

order dispersion relations of the gapless modes. With this new term, the following

contributions have to be added to the constitutive relations (4.19), (4.20):

T µνEl. = εe

(
1
2
E2gµν + E2uµuν − EµEν

)
,

JµEl. = −εe∇λ

(
Eλuµ − Eµuλ

)
.

The current JµEl. contains the kinetic term for the electric field in Maxwell’s equations,

as well as the “bound” current due to electric polarization.

4.4.4 Eigenmodes

As a simple application of the above MHD theory, one can study the eigenmodes of

small oscillations about the thermal equilibrium state. As we did earlier, we set the

external sources to zero, and linearize the hydrodynamic equations near the flat-space
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equilibrium state with constant T = T0, µ = µ0, uα = (1,0), and Bα = (0, 0, 0, B0).

For simplicity, we will take the magnetic permeability µm constant, though it is

straightforward to find how the eigenfrequencies below are modified for non-constant

µm = µm(T, µ,B2).

Neutral state

We begin with the neutral state at µ0 = 0 and n0 = 0. The system admits nine

eigenmodes, three gapped, and six gapless.

Let us start with the familiar case of vanishing magnetic field in equilibrium. The

system is then isotropic, with shear viscosity η, bulk viscosity ζ, and conductivity

σ ≡ σ⊥ = σ‖. The fluctuations of δT , δui decouple from the fluctuations of δµ,

δEi, δBi. The eigenmodes include two transverse shear modes with eigenfrequency

ω = −iηk2/(ε0+p0), and longitudinal sound waves with v2
s = ∂p/∂ε and Γs = (4

3
η +

ζ)/(ε0 +p0). In addition, there is a longitudinal charge diffusion mode which becomes

gapped because of non-zero electrical conductivity,

ω = −iσ
εe

− i
(

σ

∂n/∂µ

)
k2 .

Thus, charge fluctuations in a neutral conducting medium do not diffuse. Instead,

what diffuses are the transverse magnetic and electric fields: there are two sets of

transverse conductor modes whose eigenfrequencies are determined by

ω

(
ω +

iσ

εe

)
=

k2

εeµm

.

Recall that εe is the electric permittivity and µm = 1/(1−2∂pm/∂B
2) is the magnetic

permeability, so
√
εeµm is the elementary index of refraction. The conductor modes

have the following frequencies at small momenta:

ω = −iσ
εe

+
ik2

σµm

, ω = − ik2

σµm

.

The gapless conductor mode is responsible for the skin effect in metals.

We now turn on a non-zero magnetic field and consider modes propagating at

an angle θ with respect to B0. Thermal and mechanical fluctuations now no longer

decouple from electromagnetic fluctuations. There is one longitudinal gapped mode,
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and two transverse gapped modes,

ω = −
iσ‖
εe

+O(k2) , ω = −iσ⊥ ± σ̃
εe

+O(k2) .

In writing down the transverse eigenfrequencies, we have assumed B2
0 � ε0 + p0.

All six gapless modes have linear dispersion relation at small momenta. Two of

the gapless modes are the Alfvén waves,

ω = ±vAk cos θ − iΓA

2
k2 , (4.60a)

whose speed and damping are determined by

v2
A =

B2
0

µm(ε0+p0) +B2
0

, ΓA =
1

ε0+p0

(
η⊥ sin2 θ + η‖ cos2 θ

)
+

1

µm

(
ρ⊥ cos2 θ + ρ‖ sin2 θ

)
,

(4.60b)

where ρ‖ ≡ 1/σ‖, and ρ⊥ was defined below eq. (4.24). In writing down the damp-

ing coefficient, we have taken B2
0 � ε0+p0, the corrections of order B2

0/(ε0+p0) are

straightforward to write down. The other four gapless modes are the two branches of

magnetosonic waves,

ω = ±vmsk −
iΓms

2
k2 , (4.61a)

whose speed is determined by the quadratic equation

(v2
ms)

2 − v2
ms(v

2
A + v2

s − v2
Av

2
s sin2 θ) + v2

Av
2
s cos2 θ = 0 , (4.61b)

where v2
s = (s/T )/(∂s/∂T ) = ∂p/∂ε is the speed of sound at n0 = 0. The two

solutions of (4.61b) correspond to the sound-type (or “fast”) branch, and the Alfvén-

type (or “slow”) branch. At θ = 0, the slow branch turns into a second set of

Alfvén waves, while the fast branch becomes the sound wave. See e.g. ref. [72] for an

early derivation of vA and vms in relativistic MHD. The damping coefficients of the

magnetosonic waves are straightforward to evaluate, but are quite lengthy to write

down in general, and we will only present them in the limits of small B0 and small θ.
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As B0 → 0, the damping coefficients become

slow: Γms =
η

ε0+p0

+
1

σµm

, (4.61c)

fast: Γms =
1

ε0+p0

(
4
3
η + ζ

)
. (4.61d)

On the other hand, as θ → 0, the damping coefficients become

slow: Γms =
η‖

ε0+p0

+
ρ⊥
µm

, (4.61e)

fast: Γms =
1

ε0+p0

(
10
3
η1 + 2η2 + ζ1

)
. (4.61f)

We have again taken B2
0 � ε0 + p0, the corrections of order B2

0/(ε0+p0) are straight-

forward to write down. At θ = 0, both polarizations of Alfvén waves have the same

damping.

Let us now consider the gapless modes propagating perpendicularly to the mag-

netic field, i.e. taking θ → π/2 first, k → 0 second. These include sound waves

ω = ±kvπ/2 −
iΓπ/2

2
k2 , (4.62a)

where vπ/2 is the non-zero solution of eq. (4.61b) at θ = π/2. In the limit of small

B0 it reduces to v2
π/2 = v2

s = (s/T )/(∂s/∂T ) = ∂p/∂ε, in equilibrium. The damping

coefficient is

Γπ/2 =
1

ε0+p0

(
ζ1 − 2

3
η1 + η⊥

)
, (4.62b)

assuming B2
0 � ε0+p0. The other four gapless modes at θ = π/2 are purely diffusive,
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ω = −
iη‖
ε0+p0

k2 , (4.63a)

ω = −
iρ‖
µm

k2 , (4.63b)

ω = − iη⊥
ε0+p0

k2 , (4.63c)

ω = −iρ⊥
µm

k2 . (4.63d)

In writing down (4.63c) and (4.63d) we have again taken B2
0 � ε0+p0.

Charged state offset by background charge

We now consider a state with a non-zero value of µ0, which gives rise to a constant

non-zero charge density n0. In order to ensure that the equilibrium state is stable, we

will offset this equilibrium value of the dynamical charge density by a constant non-

dynamical external background charge density −n0. This can be achieved by choosing

the external current in the hydrodynamic equations (4.58) as Jµext = (−n0,0). In the

particle language, this would correspond to a state where the excess of electrically

charged particles over antiparticles (or vice versa) is compensated by a constant charge

density of immobile background “ions”. Even though the system is overall electrically

neutral, its dynamics is not equivalent to that of the system with µ0 = 0, n0 = 0: for

example, the fluctuation of the spatial electric current has a convective contribution

n0 δui. More formally, when analyzing hydrodynamic modes, the limits n0 → 0 and

k → 0 do not commute. We now find six gapped modes and three gapless modes.

To get some intuition about the gapped modes, let us set all transport coefficients

to zero, as well as set B0 = 0. Then at small momenta there are two longitudinal

gapped modes whose frequencies are determined by

ω2 = Ω2
p + v2

sk
2 ,

where Ω2
p ≡ n2

0/[(ε0+p0)εe], and vs is the speed of sound that the charged fluid would

have, if the electromagnetic fields were not dynamical, see Sec 4.3.5. These modes are

the relativistic analogues of Langmuir oscillations, and Ωp is the relativistic “plasma

frequency” which gaps out the sound waves. In addition, there are four transverse
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gapped modes whose frequencies are determined by

ω2 = Ω2
p +

k2

εeµm

.

These are electromagnetic waves in the fluid, gapped by the same plasma frequency

Ωp as the sound waves. If we now turn on the transport coefficients, the gaps are

determined by

ω

(
ω +

iσ‖
εe

)
= Ω2

p , ω

(
ω +

i(σ⊥ ± iσ̃)

εe

)
= Ω2

p ,

indicating the damping of plasma oscillations. At non-zero B2
0 � ε0 + p0, the gaps

will receive dependence on the magnetic field.

At B0 = 0 the system is isotropic. The gapless modes (B0 → 0 first, k → 0

second) include two transverse shear modes with quartic dispersion relation, and one

longitudinal diffusive mode,

ω = − iηk
4

n2
0µm

, ω = − iσχ33w
3
0

n2
0 det(χ)

k2 ,

where again w0 ≡ T0s0 + µ0n0, and the susceptibility matrix χ was defined below

eq. (4.23).

At non-zero B0, the three gapless modes all have quadratic dispersion relation at

small momenta. There are two propagating waves with real frequencies

ω = ±B0 cos θ

n0µm

k2 , (4.64)

where θ is the angle between k and B0, and one diffusive mode. For B2
0MΩ,µ � ε0+p0,

the diffusive frequency is

ω = −i χ33w
3
0

det(χ)

(
σ‖ cos2 θ

n2
0

+
ρ⊥ sin2 θ

B2
0

)
k2 . (4.65)

For gapless modes propagating at θ = π/2 at small momenta (θ → π/2 first, k → 0

second), we again find the diffusive mode ω = −iD⊥k2, with the same coefficient D⊥

as in sec. 4.3.5. In addition, at θ = π/2 there are two “subdiffusive” modes with
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quartic dispersion relation,

ω = −i η⊥k
4

n2
0µm

, ω = −i
η‖k

4

n2
0µm

.

The eigenfrequencies are noticeably different from the ones in a theory with fixed,

non-dynamical electromagnetic field discussed in sec. 4.3.5. Compared to the case

of n0 = 0 earlier in this section, one can say that non-vanishing dynamical charge

density gaps out the magnetosonic waves, and turns Alfvén waves into waves whose

frequency is quadratic in momentum.

4.4.5 Kubo formulas

We can find MHD correlation functions following the same variational procedure

outlined in sec. 4.3.7. As the total current vanishes by the equations of motion,

the objects whose correlation functions it makes sense to evaluate in MHD are the

energy-momentum tensor T µν and the electromagnetic field strength tensor Fµν . It

is straightforward to evaluate retarded functions in flat space, in an equilibrium state

with constant T = T0, µ = µ0, uα = (1,0), and constant magnetic field. We solve the

hydrodynamic equations in the presence of fluctuating external sources δJext, δg (pro-

portional to exp(−iωt+ ik·x)) to find δT [Jext, g], δµ[Jext, g], δuα[Jext, g], δFµν [Jext, g]

and then vary the resulting hydrodynamic expressions T µν [Jext, g] and Fµν [Jext, g]

with respect to gαβ, Jαext to find the retarded functions. The metric variations are

performed as usual,

GR
TµνTαβ = 2

δ

δgαβ

(√
−g T µνon-shell[Jext, g]

)
, GR

FµνTαβ
= 2

δ

δgαβ

(√
−g F on-shell

µν [Jext, g]
)
.

The subscript “on-shell” signifies that T µν and Fµν are evaluated on the solutions

to (4.58) with the constitutive relations (4.19), (4.20). Further, recall that the ex-

ternal current must be conserved, which can be implemented by choosing δJ0
ext =

ki δJ
i
ext/ω+ 1

2
n0δg

µ
µ . The coupling AµJ

µ
ext then implies that iω δ/δJ lext(k) produces an

insertion of F0l(−k), while ikmε
nmlδ/δJ lext(k) produces an insertion of 1

2
εnmlFlm(−k).

For example, for electric field correlation functions we have

GR
TµνF0l

= iω
δ

δJ lext

T µνon-shell[Jext, g] , GR
FµνF0l

= iω
δ

δJ lext

F on-shell
µν [Jext, g] ,
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and similarly for the magnetic field.5

Choosing the external magnetic field in the z-direction, we find the same Kubo

formulas (4.33) and (4.34). The electrical resistivities may also be expressed in terms

of correlation functions of the electric field. In the zero-density state with µ0 = 0,

n0 = 0 we find

1
ω

ImGR
Fz0Fz0

(ω,k=0) = ρ‖ , (4.66a)

at small frequency, where ρ‖ ≡ 1/σ‖. Similarly, for the transverse resistivities we find

1
ω

ImGR
Fx0Fx0

(ω,k=0) = ρ⊥ , (4.66b)

1
ω

ImGR
Fx0Fy0

(ω,k=0) = −ρ̃⊥ sign(B0) , (4.66c)

where again w0 ≡ ε0+p0, and ρ⊥, ρ̃⊥ were defined below eq. (4.24). We have taken

B2
0 � w0, otherwise there is a multiplicative factor of w0(w0−B2

0MΩ,µ)µ2
m/(w0µm+B2

0)2

in the right-hand side of (4.66b), (4.66c). In a charged state (offset by non-dynamical

−n0), the correlation functions change, for example GR
Fx0Fy0

(ω,k=0) = iωB0

n0
, while

σ‖ can be found from

1
ω

ImGR
T0zT0z

(ω,k=0) = σ‖ . (4.67)

Retarded functions at non-zero momentum may be found from the above variational

procedure. For example, the function GR
Fx0Fx0

(ω,k) in a state with n0 = 0 and with

k ‖ B0 has singularities at the eigenfrequencies of Alfvén waves for small momenta.

4.5 A dual formulation

As this work was being completed, an interesting article [37] (abbreviated below as

GHI) came out which approached magnetohydrodynamics from a different perspec-

tive. The dual electromagnetic field strength tensor Jµν ≡ 1
2
εµναβFαβ was taken as a

conserved current, and the constitutive relations were written down for Jµν , rather

than for the electric current Jµ as was done in MHD historically. This “dual” con-

struction follows the earlier work of ref. [73] which studied a similar MHD-like setup

5Alternatively, one can introduce an antisymmetric “polarization source” Mµν
ext, by taking the

conserved current as Jµext = ∇νMµν
ext. The coupling AµJ

µ
ext then becomes 1

2M
µν
extFµν upon integration

by parts, and correlation functions of Fµν may be obtained as variations with respect to Mµν
ext.
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for “string fluids”. The paper [37] identifies six transport coefficients in MHD, com-

pared to eleven transport coefficients (in a parity-preserving system) found here. In

this section we revisit the analysis of GHI, and show that the dual formulation allows

for the same eleven transport coefficients we described earlier in Sections 4.3 and 4.4.

4.5.1 Constitutive relations

The conservation laws are taken as follows:

∇µT µν = Hν
ρσJ

ρσ , ∇µJµν = 0 . (4.68)

These are the same equations (4.58a), (4.58c) we had earlier. The conserved external

current is taken as Jµext = 1
2
εµνρσ∂νΠ

ext
ρσ , where Πext

µν may be viewed as the dual of the

external polarization tensor Mµν
ext. The coupling AµJ

µ
ext then becomes 1

2
Πext
µν J

µν upon

integration by parts, and correlation functions of Jµν may be obtained as variations

with respect to Πext
µν . The tensor H in (4.68) is H = 1

2
dΠext, or in components

Hαβγ = 1
4
∂αΠext

βγ + (signed permutations).

In order to relate the GHI thermodynamic parameters to ours, we can compare

equilibrium currents. The currents at zeroth order in derivatives are given by

T µν = (εd + pd)u
µuν + pd g

µν − µd ρd h
µhν +O(∂) , (4.69a)

Jµν = ρd(u
µhν − uνhµ) +O(∂) . (4.69b)

The subscript “d” for “dual” is used to differentiate the parameters from those used

earlier in this chapter. The currents can be compared with our eq. (4.19) and the

dual of eq. (4.4) at zeroth order:

T µν =

(
wm +

B2

µm

)
uµuν +

(
−1

2
B2 + pm +

B2

µm

)
gµν − BµBν

µm

+O(∂) , (4.70a)

Jµν = uµBν − uνBµ +O(∂) , (4.70b)

where wm ≡ Tpm,T + µpm,µ = Ts + µn is the enthalpy density, and µm = 1/(1 −
2∂pm/∂B

2) is the magnetic permeability. Using h2 = 1, we can identify ρd = B, µd =

B/µm, hµ = Bµ/B, pd = −1
2
B2 + pm +B2/µm, up to O(∂) terms. Out of equilibrium,

hµ and µd are auxiliary dynamical variables (without a unique microscopic definition)

designed to capture the dynamics of the magnetic field. The entropy density is sd =
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pm,T + µ
T
pm,µ, as follows from εd + pd = Tsd + µdρd. The energy densities coincide,

εd = −p+ Ts+ µn = ε, again with p = −1
2
B2 + pm(T, µ,B2).

At order O(∂), our constitutive relations can not be directly compared to those

of GHI because of different hydrodynamic variables. However, we can compare the

number of transport coefficients. The comparison may be done based on the entropy

current argument which we review below.

In a particular hydrodynamic “frame”, the one-derivative contributions to the

GHI constitutive relations are given in eq. (3.4), (3.5) of ref. [37],

T µν(1) = δfd ∆µν
d + δτd h

µhν + `µdh
ν + `νdh

µ + tµνd , (4.71a)

Jµν(1) = mµ
dh

ν −mν
dh

µ + sµνd , (4.71b)

where ∆µν
d = gµν + uµuν − hµhν , and the coefficients δfd, δτd, `

µ
d , tµνd , mµ

d , sµνd are all

O(∂). The quantities `µd , tµνd , mµ
d , sµνd are all transverse to both uµ and hµ, the tensor

tµνd is symmetric and traceless, and the tensor sµνd is anti-symmetric. We do not write

the subscript on the temperature and fluid velocity, even though the GHI’s T and uµ

differ from ours at O(∂). Further, GHI impose charge conjugation as a constraint on

the dynamics.

4.5.2 Entropy production

The “canonical” entropy current in the GHI formulation is analogous to eq. (4.25),

Sµd =
1

T
(pdu

µ − T µνuν − µdJ
µνhν) . (4.72)

This does not take into account the O(∂) contributions to thermodynamics: as we

have seen earlier, the only non-trivial thermodynamic susceptibility in a parity-

invariant theory is odd under charge charge conjugation C, and gets eliminated if

C is imposed as a symmetry of hydrodynamics.

Upon using the conservation equations (4.68) together with the zeroth-order con-

stitutive relations (4.69), the divergence of the entropy current (4.72) is

∇µSµd = −T µν(1) ∇µ
(uν
T

)
− Jµν(1)

[
∇µ
(
µdhν
T

)
+
uαH

α
µν

T

]
.
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Substituting the first-order constitutive relations (4.71), we find

T∇µSµd = −δfd (S3 − S4)− δτdS4 − `µd Σµ − 1
2
tdµνσ

µν
⊥ −m

d

α Y
α − 1

2
sd

ρσZ
ρσ . (4.73)

Using the notation similar to sec. 4.3.6, we have the scalars S3 ≡ ∇·u, S4 ≡ hµhν∇µuν ,
as well as σµν⊥ ≡ 1

2

(
∆µα

d ∆νβ
d + ∆να

d ∆µβ
d −∆µν

d ∆αβ
d

)
σαβ and Σµ ≡ ∆µλ

d σλρh
ρ. We have

further defined

Y λ ≡ ∆λρ
d

[
T∂ρ(µd/T ) + 2uαH

α
ρσh

σ − µdh
α∇αhρ

]
,

Zαβ ≡ ∆αρ
d ∆βσ

d

[
µd(∇ρhσ −∇σhρ) + 2uαH

α
ρσ

]
.

In order to ensure that the entropy production in eq. (4.73) is non-negative, GHI

demand
δfd = −ζ⊥(S3 − S4) , δτd = −2ζ‖S4 , `µd = −η‖Σµ ,

tµνd = −η⊥σµν⊥ , mα
d = −r⊥Y α , sρσd = −r‖Zρσ ,

(4.74)

with six non-negative coefficients ζ⊥, ζ‖, η⊥, η‖, r⊥, r‖. This clearly gives ∇µSµd > 0.

Note however that while demanding eq. (4.74) is sufficient to ensure non-negative

entropy production, there are more ways besides eq. (4.74) to make the right-hand

side of eq. (4.73) non-negative. These other options will give rise to extra trans-

port coefficients. Indeed, consider the following coefficients of the O(∂) constitutive

relations:

δfd = −f1S3 − f2S4 , (4.75a)

δτd = −τ1S3 − τ2S4 , (4.75b)

`µd = −η‖Σµ − η̃‖Σ̃µ , (4.75c)

tµνd = −η⊥σµν⊥ − η̃⊥σ̃
µν
⊥ , (4.75d)

mα
d = −r⊥Y α − r̃⊥Ỹ α , (4.75e)

sρσd = −r‖Zρσ . (4.75f)

The tilded vectors are defined as Ṽ µ = εµναβuνhαVβ, and the tilded shear tensor is

σ̃µν⊥ ≡ 1
2

(
εµλαβuλhασ

βν
⊥ + ενλαβuλhασ

βµ
⊥

)
,

as in eq. (4.16). The tensor sρσd has only one degree of freedom, hence it contains only
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one transport coefficient. The divergence of the entropy current (4.73) is then

T∇µSµd = f1S
2
3 + (τ1+f2−f1)S3S4 + (τ2−f2)S2

4

+ η‖ΣµΣµ + 1
2
η⊥(σµν⊥ )2 + r⊥YµY

µ + 1
2
r‖(Z

ρσ)2 . (4.76)

The three tilded coefficients do not contribute to entropy production in eq. (4.73) due

to Ṽ µVµ = 0 and σ⊥µν σ̃
µν
⊥ = 0, and can take any real values,

η̃‖ ∈ R , η̃⊥ ∈ R , r̃⊥ ∈ R . (4.77)

Demanding that ∇µSµd in eq. (4.76) is non-negative now implies

η⊥ > 0 , η‖ > 0 , r⊥ > 0 , r‖ > 0 , (4.78a)

together with the condition that the quadratic form in the first line of eq. (4.76) is

positive semi-definite. The latter gives

f1 > 0 , τ2 − f2 > 0 , f1(τ2 − f2) > 1
4
(τ1 − f1 + f2)2 . (4.78b)

Thus there are eleven apriori independent non-equilibrium transport coefficients listed

in Eqs. (4.75) that are consistent with non-negative entropy production, provided the

constraints (4.78) are satisfied. The coefficients r̃⊥, η̃⊥, η̃‖ are odd under charge

conjugation C, and can be eliminated if one demands C-invariance of hydrodynamics.

An implicit assumption of ref. [37] amounts to choosing f1 = −f2 = ζ⊥, τ1 = 0,

τ2 = 2ζ‖.

4.5.3 Kubo formulas

Assuming time-reversal covariance, the above transport coefficients can be further

constrained by the Onsager relation (4.28). In order to find the retarded functions,

we can use exactly the same variational procedure as in sec. 4.4.5:

GR
TµνTαβ =

2 δ

δgαβ

(√
−g T µνon-shell[Π

ext, g]
)
, GR

JµνTαβ =
2 δ

δgαβ

(√
−g Jµνon-shell[Π

ext, g]
)
,

(4.79a)
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as well as

GR
TµνJαβ = 2

δ

δΠext
αβ

T µνon-shell[Π
ext, g] , GR

JµνJαβ = 2
δ

δΠext
αβ

Jµνon-shell[Π
ext, g] . (4.79b)

Again, the subscript “on-shell” signifies that T µν and Jµν are evaluated on the solu-

tions to the conservation equations (4.68) with the constitutive relations (4.75). We

use the above prescription to evaluate correlation functions at zero spatial momen-

tum, which gives rise to Kubo formulas. Demanding that the correlation functions

satisfy (4.28) now gives the Onsager relation

τ1 = f1 + f2 . (4.80)

We further find the following Kubo formulas for transport coefficients in the consti-

tutive relations (4.75). The resistivities are given by

1
ω

ImGR
JxyJxy(ω,k=0) = r‖ , (4.81a)

1
ω

ImGR
JxzJxz(ω,k=0) = r⊥ , (4.81b)

1
ω

ImGR
JyzJxz(ω,k=0) = r̃⊥ sign(B0) , (4.81c)

the “shear viscosities” are given by

1
ω

ImGR
TxzTxz(ω,k=0) = η‖ ,

1
ω

ImGR
TxyTxy(ω,k=0) = η⊥ , (4.81d)

1
ω

ImGR
T yzTxz(ω,k=0) = η̃‖ sign(B0) , 1

ω
ImGR

TxyTxx(ω,k=0) = η̃⊥ sign(B0) ,

(4.81e)

and the “bulk viscosities” are given by

1
ω

ImGR
TxxTxx(ω,k=0) = f1 + η⊥ , (4.81f)

1
ω

ImGR
TxxT zz(ω,k=0) = f1 + f2 , (4.81g)

1
ω

ImGR
T zzT zz(ω,k=0) = τ1 + τ2 . (4.81h)

Correlation functions at non-zero momentum may also be found by using the above

variational procedure.
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4.5.4 Mapping of transport coefficients

We can compare the correlation functions of T µν and Jµν evaluated using (4.79)

with the correlation functions found in sec. 4.4.5. If the two approaches to MHD

(section 4.4 and section 4.5) compute the same physical objects GR
TµνTαβ

etc, the

results should agree. Comparing correlation functions at zero spatial momentum

allows one to relate the transport coefficients in the constitutive relations (4.75) to

transport coefficients introduced in section 4.3, see eq. (4.19), (4.20). Doing so in the

(dynamically) neutral state with n0 = 0 gives the following relations. The resistivities

are related by

r‖ =
1

σ‖
, r⊥ =

σ⊥
σ2
⊥ + σ̃2

, r̃⊥ = − σ̃

σ2
⊥ + σ̃2

, (4.82a)

the “shear viscosities” η⊥, η̃⊥, η‖, η̃‖ agree, and the “bulk viscosities” are related by

f1 = ζ1 − 2
3
η1 , f2 = ζ2 − 2

3
η2 , (4.82b)

τ1 = ζ1 + 4
3
η1 , τ2 = ζ2 + 4

3
η2 . (4.82c)

The Onsager relation (4.30) maps to the Onsager relation (4.80), as expected. The

entropy current constraints (4.27) map to the entropy current constraints (4.78), as

expected.

Finally, the mapping of transport coefficients (4.82) can be used to compare

the eigenfrequencies of small oscillations of the (dynamically) neutral state found

in eq. (4.60), (4.61) to those found in ref. [37]. Using the map of thermodynamic pa-

rameters spelled out below eq. (4.70), the speed of Alfvén waves agrees with ref. [37].

The damping coefficient of Alfvén waves in eq. (4.60) agrees with ref. [37] when

B2/µm � ε+ p. The speed of magnetosonic waves in eq. (4.61b) agrees with ref. [37]:

in order to see this, note that the assumption of constant magnetic permeability

amounts to assuming that the equation of state takes the form pd = 1
2
µmµ

2
d + F (T ),

or p = − 1
2µm

B2 + F (T ), with some F (T ). In general, the speed of magnetosonic

waves derived from the formalisms of sec. 4.4 and sec. 4.5 will not agree, except when

B2/µm � (ε+ p). One reason is that the chemical potential for the electric charge is

treated as a thermodynamic variable in sec. 4.4, hence the magnetosonic wave speed

will in general depend on the charge susceptibility (∂n/∂µ)µ=0. This thermodynamic

derivative is not present in the formalism of sec. 4.5. Finally, note that the transport

coefficient τ1 contributes to damping of fast magnetosonic waves, for example at θ = 0
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we have Γms = (τ1 + τ2)/(Tsd), in agreement with eq. (4.61f).

4.6 Discussion

In this chapter we have presented the equations of relativistic magnetohydrodynam-

ics, by which we mean the hydrodynamics of a conducting fluid in local thermal

equilibrium, with dynamical electromagnetic fields. MHD is naturally formulated in

a derivative expansion with magnetic field B ∼ O(1). Electric screening does not

imply that the electric field vanishes: rather, it implies E ∼ O(∂) is subleading in

the derivative expansion. We have adopted the simplest “mean-field” formulation in

which the constitutive relations in the theory with dynamical electromagnetic fields

are inherited from the theory with external electromagnetic fields. Our main focus was

on transport coefficients. For a parity-symmetric microscopic system, we find eleven

transport coefficients at one-derivative order. One transport coefficient is thermo-

dynamic: it is a part of the equation of state in curved space, and contributes to

flat-space correlations. Transport coefficients of this type in relativistic hydrodynam-

ics were first identified in [15] where they appeared at second order in derivatives. In

2+1 dimensional hydrodynamics, thermodynamic transport coefficients can already

appear at first order in derivatives [17]. Of the remaining ten transport coefficients,

three are non-equilibrium and non-dissipative, and seven are non-equilibrium and dis-

sipative. There are more transport coefficients for parity-violating fluids, as listed in

sec. 4.3. We now comment on questions not discussed in detail in the main body of

the chapter.

Angular momentum generated by the magnetic field.— The thermodynamic

transport coefficient MΩ determines the response of equilibrium magnetic po-

larization to vorticity, as can be seen from eq. (4.21). One way to view MΩ is

to note that a system of charged particles in external magnetic field will de-

velop angular momentum. One can see this in the thermodynamic framework

of sec. 4.2. For a bounded system, the equilibrium energy-momentum tensor

obtained by varying the equilibrium free energy (4.1), (4.7) with respect to the

metric will have a boundary contribution after the variation MΩB·δgΩ is in-

tegrated by parts [70]. The surface momentum density Qαs = MΩε
αµνρuµBνnρ

(where nµ is the unit spacelike normal vector to the boundary) will give rise to

angular momentum induced by the magnetic field. Consider a system at rest in
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flat space at constant temperature, charge density, and constant magnetic field

B. The angular momentum L derived from the energy-momentum tensor only

receives a boundary contribution, and one finds

L

V
= 2MΩB ,

where V is the spatial volume. In this sense MΩ determines “angular momen-

tum density”. As the coefficient MΩ is odd under charge conjugation C, this

generation of angular momentum only happens in a C-invariant theory if the

equilibrium state has non-zero charge density. Similarly, for a system not sub-

ject to the magnetic field, in flat space, which rotates uniformly with small

(namely |ω|R � 1 where R is the size of the system) angular velocity ω, the

magnetization density is m = 2MΩ ω. More generally, the susceptibility MΩ

provides a macroscopic parametrization of gyromagnetic phenomena such as

the Barnett and Einstein-de Haas effects.

Previous work on transport coefficients.— Papers [74, 75] studied transport

coefficients for relativistic fluids subject to an external magnetic field. While

this does not correspond to MHD in the sense described in this chapter (we

define MHD as a theory in which magnetic field or its auxiliary is a dynamical

degree of freedom), a fluid in external field is a fundamental building block for

MHD. Parts of Refs. [74, 75] overlap with our Section 4.3. Some of our results

differ from those in Refs. [74, 75]: the analysis of thermodynamics, the number

of transport coefficients, constraints on transport coefficients imposed by the

positivity of entropy production, and some of the Kubo formulas. The details

are given in Appendix C.2.

Dual formulation of magneto-hydrodynamics.— In sec. 4.5 we compared our re-

sults with the recent “dual” formulation of MHD in ref. [37]. We found the same

number of transport coefficients in the two approaches, provided the bulk vis-

cosity missed in ref. [37] is restored, and the constraint of C-invariance imposed

in ref. [37] is lifted. It would be interesting to investigate the relation between

the “dual” and “conventional” formulations of MHD further, in particular with

regard to the description of electric charge fluctuations.

Applicability regime.— The MHD described in this chapter treats electromag-

netic fields classically. This means that the electromagnetic coupling constant
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must be small so that quantum fluctuations of the electromagnetic field can be

ignored. The applicability regime of MHD also includes B � T 2 (or restoring

the fundamental constants ~ceB � (kBT )2), as is necessary to restrict the hy-

drodynamic degrees of freedom to those inherited from thermodynamics. We do

not have a method to systematically incorporate the effects of larger magnetic

fields within the MHD description of sec. 4.4. A possible way to approach this

problem would be to study the hydrodynamic description for the D’Hoker-Kraus

magnetic brane [76] in the B > T 2 regime. These magnetic branes solutions

in AdS5 are dual to 4-dimensional gauge theories in the presence of constant

background magnetic fields. The classical hydrodynamic theory also ignores

statistical fluctuations, which are known to invalidate classical second-order hy-

drodynamics in 3+1 dimensions (and classical first-order hydrodynamics in 2+1

dimensions). Understanding the effects of statistical fluctuations in magnetic

field requires further work.

Transport coefficients at strong coupling.— While the small electromagnetic

coupling allows one to treat magnetic fields classically, other interactions in the

theory do not have to be small. For strongly interacting non-abelian gauge the-

ories in external U(1) magnetic field, methods of gauge-gravity duality provide

a window into non-equilibrium physics, both within and outside the hydrody-

namic regime. Some of the hydrodynamic transport coefficients discussed in

this chapter were evaluated in holographic models in refs. [77, 75]. The full set

of transport coefficients for fluids in external magnetic field has not yet been

explored holographically.

Higher-order terms.— We have not taken into account the terms beyond first

order in the derivative expansion. In conventional hydrodynamics, higher-order

terms are required to render the theory causal [78] (see e.g. [15, 79] for more

recent discussions). We expect that a causal formulation of MHD will involve

higher-order relaxation times as well as the electric field dynamics.
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Chapter 5

Conclusion

In this work, we employed the equilibrium generating functional formulation of rela-

tivistic hydrodynamics postulated in [18, 19] to explore three new regimes of relativis-

tic hydrodynamics: relativistic hydrodynamics in the presence of an external vector

field, relativistic hydrodynamics in strong external magnetic fields and relativistic

hydrodynamics in strong dynamical magnetic fields.

Previous approaches to anisotropic hydrodynamics have consisted of modifications

to the isotropic hydrodynamic framework by the use of Boltzmann’s equation with

an anisotropic distribution function and the addition of new hydrodynamic variables

characterizing the anisotropy [80, 81, 82, 83]. The derivation presented in chap-

ter 3 is the first to start from a generating functional that depends on an external

vector field characterizing the anisotropy. Consequently, the anisotropic constitu-

tive relations (3.35) and (3.37), the modified equations of motions (3.8) and entropy

current (3.32) and the use of the auxiliary vector Xµ are all new to the approach pre-

sented here. We assumed that the external vector nµ has a microscopic description

and thus is not a hydrodynamic variable subject to frame transformations. This for-

mulation of anisotropic hydrodynamics presents several directions for further studies.

An eigenmode analysis similar to the ones presented in sections 4.3.5 and 4.4.4 for

the new system of equations can provide experimentally testable departures of this

framework from an isotropic hydrodynamic description of the materials introduced

in section 3.1. Following the prescription of chapter 2, the modified entropy current

of section 3.3.2 can be found to O(∂), from which the constraints on transport coef-

ficients due to entropy production can be derived. Similarly, the Onsager relations

coming from hydrodynamic correlation functions can impose further constraints on

the transport coefficients. The Kubo formulas for these transport coefficients can also
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be derived following the prescription presented in 2.2.4.

We presented the constitutive relations for relativistic fluids in strong magnetic

fields to first order in derivatives including the effects of polarization , and derived

the constraints on transport coefficients as well as their corresponding Kubo formulas

in chapter 4. For parity preserving systems, these include one thermodynamic trans-

port coefficient MΩ and eleven non-equilibrium transport coefficients: three charge

conductivities, four bulk viscosities and four shear viscosities. Prior to [70], the

magnetovortical susceptibility MΩ doesn’t appear in previous literature of relativistic

magnetohydrodynamics. This thermodynamic function determines the response of

the magnetic polarization to vorticity and as well as the angular momentum gen-

erated due to an external magnetic field. Ten of the eleven non-equilibrium trans-

port coeffieients were known for some time [74]. The combination of bulk viscosities

3ζ2−6η1−2η2 doesn’t appear in the literature, and can be non-zero for hydrodynamic

descriptions of systems that don’t preserve time reversal invariance. The eight parity

violating transport coefficients studied in section 4.3.9 and the four parity-violating

thermodynamic functions Mn , n = 1, 2, 3, 5 coming from the generating functional

as outlined in section 4.2 are also new. The Kubo formulas for the complete set of

transport coefficients for relativistic fluids subject to a constant magnetic field was

presented in sections 4.3.7, 4.4.5 and 4.3.9, and includes the ones presented earlier

in [75] and [37] respectively. The full set of Kubo formulas for parity-respecting rela-

tivistic fluids in a constant magnetic first appeared in [47]. See appendix C.2.2 for a

comparison with [75] and section 4.5 for a comparison with [37]. The Kubo formulas

for parity violating transport coefficients can be used to calculate them explicitly for

theories that break parity.

We also studied the hydrodynamic fluctuations of fluids in strong external mag-

netic fields as well as for fluids in strong dynamical magnetic fields. The analysis

of hydrodynamic fluctuations in strong dynamical magnetic fields is new, and was

presented in section 4.4.4. For the neutral state in a magnetic field, we find three

gapped modes and six gapless modes. Two gapped modes are transverse and one

is longitudinal. The gapless modes include Alfvén waves and two branches of mag-

netosonic waves. For fluctuations parallel to the magnetic field, the fast branch of

magnetosonic waves turn into sound waves and the slow branch into a second set of

Alfvén waves. For fluctuations perpendicular to the magnetic field, Alfvén waves and

the slow branch of magnetosonic waves become diffusive and the fast magnetosonic

waves turn to sound waves. For the state with a non-zero dynamical charge density
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in a magnetic field, plasma oscillations gap out the magnetosonic waves, and the

Alfvén waves get a quadratic dispersion relation. We thus find 6 gapped modes and

three gapless modes. For fluctuations perpendicular to the magnetic field, the gapless

modes are all diffusive. For fluctuations parallel to the magnetic field, we find two

Alfvén-like modes with quadratic dispersion relation and one diffusive mode. The

dispersion relations for these hydrodynamic fluctuations may in principle provide a

way to experimentally measure the transport coefficients presented in this thesis.

With new insights into effective actions for out of equilibrium hydrodynamicss [27,

28, 29, 30, 31, 32], it would be interesting to see if the new transport coefficients

presented in this work naturally arise in the derivative expansion of such an effective

action if strong magnetic fields are assumed. If that were the case, one might consider

the constraints that such a formalism would impose on the transport coefficients, and

compare them with the ones derived here.

An important open question in hydrodynamics is the relation between the, in gen-

eral, out of equilibrium generating functional and the entropy current. It was shown

in [24, 25] that the constraints on transport coefficients derived from the entropy

current are the same as those derived from the equilibrium generating functional

up to a frame transformation from the thermodynamic frame, plus the inequality

constraints on dissipative transport coefficients. These inequality constraints can be

found through the demand of entropy production, as outlined in 2.2.3 or by the posi-

tivity constraints on hydrodynamic correlation functions, as outlined in 2.2.5. These

inequality constraints on dissipative transpot coefficients have so far been the same

for all systems studied, though the connection between these two is still not well

understood. This connection has been studied in the language of non-relativistic hy-

drodynamics in flat space [2, 84] but a proper generalization to relativistic fluids in

curved space-time is still lacking. This question could be explored in the effective ac-

tion approach to hydrodynamics of [27, 28, 29, 30, 31, 32]. This question has recently

been tackled in [85, 86].
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Appendix A

Deriving the equations of motion

We want to show how gauge and diffeomorphism invariance of the generating func-

tional W [g, A] lead to the conservation equations (2.3):

∇µT µν = F νλJλ , ∇µJµ = 0 .

Under a gauge transformation Aµ → Aµ − ∂µα, the generating functional remains

invariant. That is

δW = −
∫
dd+1x

√
−gJµ∂µα =

∫
dd+1x

√
−gα∇µJ

µ = 0 .

Since α is arbitrary, it follows that the current is conserved, ∇µJ
µ = 0. To find

the other equation we consider diffeomorphisms xµ → xµ − ξµ. The external metric

and gauge field change by δgµν = gµλ∂νξ
λ + gνλ∂µξ

λ + ξλ∂λgµν = ∇µξν + ∇νξµ and

δAµ = Aλ∂µξ
λ + ξλ∂λAµ = Aλ∇µξ

λ + ξλ∇λAµ. Again, the fact that the generating

functional is invariant under this transformation leads to

0 =

∫
dd+1x

√
−g (T µν∇µξν + Jµ (Aν∂µξ

ν + ξν∂νAµ))

=

∫
dd+1x

√
−g (F νµJµ −∇µT

µν −∇µJ
µAν) ξν ,

and since ξµ is arbitrary, the energy-momentum is conserved up to the influx term

∇µT
µν = F νµJµ.

Now let’s assume that the generating functional depends on a gauge invariant

external vector nµ, and we define Xµ as the auxiliary vector that couples to this

external vector. The variation of the generating functional is then
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δW =

∫
dd+1x

√
−g
(

1
2
T µνδgµν + JµδAµ +Xµδn

µ
)
.

This defines Xµ. For a gauge transformation δnµ = 0 and the current conservation

equation remains unchanged, ∇µJ
µ = 0. For a diffeomorphism, however, we have

δnµ = ξν∂νn
µ − nν∂νξ

µ = ξν∇νn
µ − nν∇νξ

µ. Diffeomorphism invariance of the

generating functional then implies

0 =

∫
dd+1x

√
−g [(F νµJµ −∇µT

µν −∇µJ
µAν) ξν +Xµ (ξν∇νn

µ − nν∇νξ
µ)] ,

=

∫
dd+1x

√
−g (F νµJµ −∇µT

µν −∇µJ
µAν +Xµ∇νnµ +∇µ (nµXν)) ξν

from which we get the anisotropic equations of motion (3.8)

∇µT
µν = F νµJµ +Xµ∇νnµ +∇µ

(
Xνnµ

)
, ∇µJ

µ = 0 .
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Appendix B

More on anisotropic

hydrodynamics

B.1 Equilibrium constraints

The requirement that LV g = 0 gives one symmetric SO(d, 1) tensor equation. Since

we now have two O(1) vectors uµ and nµ in the hydrodynamic description, we can

use the projector Nµν = ∆µν−nµ⊥nν⊥/n2
⊥ and the two vectors uµ and nµ⊥ to decompose

this equation into one SO(d − 1) tensor equation, two SO(d − 1) vector equations

and four SO(d− 1) scalar equations

σµν⊥ ≡ NµαNνβ
(
∇αuβ +∇βuα −

2

d− 1
gαβNρσ∇ρuσ

)
= 0 , (B.1a)

Nµν (∂νT + Taν) = 0, Nµνσνρn
ρ = 0 , (B.1b)

∂uT = 0, ∇µu
µ = 0, ∂nT = −Tn · a, Nµν∇µuν = 0. (B.1c)

We use the shorthand ∂v = vµ∂v for any vector vµ. Similarly, the requirement LVA =

0 gives one SO(d− 1) vector equation and two SO(d− 1) scalar equations

Nµν
(
Eµ − T∂ν

µ

T

)
= 0 , (B.2a)

∂u
µ

T
= 0, ∂n

µ

T
=

1

T
E · n. (B.2b)



94

Finally, LV n = 0 gives one SO(d − 1) vector equation and two SO(d − 1) scalar

equations. One scalar equation is similar to that found by LV g = 0

∇nuµ = ∆µν∇un
ν , (B.3a)

∂u
n·u
T

= 0, Nµν∇µuν = 0. (B.3b)

We have sued the shorthand∇v = vµ∇µ for any vector vµ. Equations (B.1), (B.2) and

(B.3) give in total 7 scalar constraints, 4 vector constraints and 1 tensor constraint.

Using the Levi-Civita tensor εµνρσ and the constraints (B.1), (B.2) and (B.3), we

can form 4 new vectors and 1 new tensor that must vanish in equilibrium. The

scalars, vectors and tensors that vanish in equilibrium but can in principle appear

in the constitutive relations when we allow our system to be time dependent are the

non-equilibrium structures. These are listed listed in table B.1.

First order non-equilibrium structures

1 2 3 4 5 6 7

scalars (si,non-eq.) n · (E − T∂ µT ) n · (a+ ∂T
T ) Nµν∇µuν ∂uT ∂u

µ
T ∂u

n·u
T ∇µuµ

vectors (vµi,non-eq.) Nµν(Eν − T∂ν µT ) Nµν(aν − ∂νT
T ) Nµνσνρnρ Nµν(∇unν −∇nuµ)

tensors (tµνi,non-eq.) σµν⊥ σ̃µν⊥

Table B.1: Non-equilibrium first order independent scalars, vectors and tensors in
a parity invariant hydrodynamic theory. We have decomposed them in terms of
the SO(d-1) subgroup of the Lorentz group leaving uµ and nµ invariant. We have
defined σµν⊥ = NµαNνβ(∇αuβ +∇βuα− 2

d−1
gαβNρσ∇ρuσ) and σ̃µν⊥ = 1

2
(εµρσαuρnσσ

ν
⊥α +

ενρσαuρnσσ
µ
⊥α). For every vector there is an additional ṽ

(1)µ
i,non-eq. = εµνρσuνnρv

(1)
i,non-eq.σ.

B.2 More on frame transformations

In this appendix, we look at frame invariants and frame transformations for anisotropic

hydrodynamics. The first order scalars, vectors and tensors appearing in the consti-

tutive relations were defined in sections 3.2 and 3.3.1. For an arbitrary frame, these

O(∂) terms have the expansion
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fE =
m∑
n=1

Nn∑
i=1

εn,isn,i, fP =
m∑
n=1

Nn∑
i=1

πn,isn,i, fN =
m∑
n=1

Nn∑
i=1

φn,isn,i,

fG =
m∑
n=1

Nn∑
i=1

χn,isn,i, qµ =
m∑
n=1

Nn∑
i=1

γn,iv
µ
n,i, J µ =

m∑
n=1

Nn∑
i=1

δn,iv
µ
n,i,

X µ =
m∑
n=1

Nn∑
i=1

ξn,iv
µ
n,i, T µν =

m∑
n=1

Nn∑
i=1

θn,it
µν
n,i ,

(B.4)

where sn,i are the independent scalars of O(∂n), vµn,i are the independent vectors of

O(∂n) and tµνn,i are the independent tensors of O(∂n). The first order scalars, vectors

and tensors relevant for hydrostatics are listed in table 3.5.

The closest thing to a Landau-Lifshitz frame is E = ε − gn·u, N = ρ, Qµ =

gnµ⊥. Which implies fE = 0, fN = 0, qµ = 0. In this frame, using the definition

of the frame invariants (3.19) and (3.28) we find

fε+p = fLP − γGfLG ,

finv = fLP − αGfLG ,
(B.5)

where the superscript L is used to specify that these are the Landau-Lifshitz terms

fLP , etc. Here, γG = βG + g n
2+(n·u)2

ε+p

(
∂p
∂ε
− 2

d−1

)
and αG and βG were defined in (3.20)

and (3.21). Inverting these, we get

fLP =
αGfε+p − γGfinv

αG − γG
,

fLG =
fε+p − finv
αG − γG

.

(B.6)

From the definitions of `µ (3.25) and mµ (3.26), and substituting fLG we get

J µ
L = `µ − ρ

ε+ p

fε+p − finv
αG − γG

∆µνnν ,

X µ
L = mµ − g

ε+ p

fε+p − finv
αG − γG

∆µνnν .

(B.7)

We also have, from (3.28)

τµνε+p = T µνL + 2
g

ε+ p
fLG σ

µν
n , (B.8)

where σµνn = (nµ⊥n
ν
⊥ − 1

d
∆µνn2

⊥), so that
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T µνL = τµνε+p − 2
g

ε+ p

fε+p − finv
αG − γG

σµνn . (B.9)

Using the definition of these frame invariants, we can find the Landau frame

structures in terms of those in an arbitrary frame

fLP = fP −
αGβE − γGαE
αG − γG

fE −
αGβN − γGαN

αG − γG
fN +

αG
n2
t

γG − βG
αG − γG

g

ε+ p
q·n

fLG = fG +
αE − βE
αG − γG

fE +
αN − βN
αG − γG

fN +
γG − βG
αG − γG

g

ε+ p

q·n
n2
t

J µ
L = J µ − ρ

ε+ p

(
qµ +

(αE − βE
αG − γG

fE +
αN − βN
αG − γG

fN +
γG − βG
αG − γG

g

ε+ p

q·n
n2
t

)
nµ⊥

)
X µ
L = X µ − g

ε+ p

(
qµ +

(αE − βE
αG − γG

fE +
αN − βN
αG − γG

fN +
γG − βG
αG − γG

g

ε+ p

q·n
n2
t

)
nµ⊥

)
T µνL = T µν − 2

g

ε+ p

(1

2
σµνq +

(αE − βE
αG − γG

fE +
αN − βN
αG − γG

fN +
γG − βG
αG − γG

g

ε+ p

q·n
n2
t

)
σµνn

)
(B.10)

where σµνq = (nµ⊥q
ν + nν⊥q

µ − 2
d
∆µνn·q) Now, using (B.4) and the definition of these

frame invariants, we can find the expansion coefficients in the Landau frame in terms
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of those in an arbitrary frame

πL1,i = π1,i −
αGβE − γGαE
αG − γG

ε1,i −
αGβN − γGαN

αG − γG
φ1,i

+
αG

αG − γG
g

ε+ p

(
γG − βG

)(
n2
tγ1,i + γ1,i+4

)
, (B.11a)

χL1,i = χ1,i +
αE − βE
αG − γG

ε1,i +
αN − βN
αG − γG

φ1,i +
γG − βG
αG − γG

(
n2
tγ1,i + γ1,i+4

)
, (B.11b)

δL1,i = δ1,i −
ρ

ε+ p

(αE − βE
αG − γG

ε1,i +
αN − βN
αG − γG

φ1,i

+
γG − βG
αG − γG

((
n2
t +

αG − γG
γG − βG

)
γ1,i + γ1,i+4

))
, i = 1, 2, 3, 4 , (B.11c)

δL1,i = δ1,i −
ρ

ε+ p
γ1,i, i = 5, 6, 7 , (B.11d)

ξL1,i = ξ1,i −
g

ε+ p

(αE − βE
αG − γG

ε1,i +
αN − βN
αG − γG

φ1,i

+
γG − βG
αG − γG

((
n2
t +

αG − γG
γG − βG

)
γ1,i + γ1,i+4

))
, i = 1, 2, 3, 4 , (B.11e)

ξL1,i = ξ1,i −
g

ε+ p
γ1,i, i = 5, 6, 7 , (B.11f)

θL1,i = θ1,i − 2
g

ε+ p

(αE − βE
αG − γG

ε1,i +
αN − βN
αG − γG

φ1,i

+
γG − βG
αG − γG

(αG − βG
γG − βG

γ1,i + γ1,i+4

))
, i = 1, 2, 3, 4 , (B.11g)

θL1,i = θ1,i −
g

ε+ p
γ1,i, i = 5, 6, 7 . (B.11h)

Can be used to bring the thermodynamic frame equilibrium constraints to the

Landau frame.
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Appendix C

More on relativistic

magnetohydrodynamics

C.1 Equilibrium T µν and Jµ

The coefficients εn, πn, φn, γn, δn, θn in the equilibrium energy-momentum tensor

and the current (4.13) have the following expressions in terms of the five parameters

Mn(T, µ,B2) of the generating functional (4.7). The O(∂) correction to the energy

density is determined by

ε1 = −M1 + TM1,T + µM1,µ + 4B2M1,B2 + T 4M3,B2 ,

ε2 = −M2 + TM2,T + µM2,µ ,

ε3 =
4B2

T 4

(
M1 − TM1,T − µM1,µ − 4B2M1,B2

)
− 4B2M3,B2 ,

ε4 = −2M4 + TM4,T + µM4,µ ,

ε5 = TM5,T + µM5,µ +
4B2

T 4
M1,µ +M3,µ ,
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where the comma denotes the partial derivative: M1,T ≡ (∂M1/∂T ) evaluated at

fixed µ and B2, etc. The O(∂) correction to the pressure is determined by

π1 = 0 ,

π2 = −2
3
M2 − 4

3
B2M2,B2 ,

π3 = −4
3
B2M3,B2 +

4B2

3T 4

(
M1 − TM1,T − µM1,µ − 4B2M1,B2

)
,

π4 = −1
3
M4 − 4

3
B2M4,B2 ,

π5 = −4
3
B2M5,B2 +

4B2

3T 4
M1,µ .

The O(∂) correction to the charge density is determined by

φ1 = M1,µ − T 4M5,B2 ,

φ2 = M2,µ ,

φ3 = M3,µ + TM5,T + µM5,µ + 4B2M5,B2 ,

φ4 = −αBB +M4,µ ,

φ5 = 0 .

The O(∂) correction to the energy flux is determined by

γ1 = −M4 ,

γ2 = 2M4 − TM4,T − µM4,µ ,

γ3 = −M4,B2 ,

γ4 = −αBB +M4,µ .

The O(∂) correction to the spatial current is determined by the magnetic suscepti-

bility,

δ1 = −αBB ,

δ2 = αBB − TαBB,T − µαBB,µ ,

δ3 = −αBB,B2 ,

δ4 = αBB,µ .
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The O(∂) correction to the stress is determined by

θ1 = 0 ,

θ2 = M2,B2 ,

θ3 = M3,B2 − 1

T 4

(
M1 − TM1,T − µM1,µ − 4B2M1,B2

)
,

θ4 = M4,B2 ,

θ5 = M5,B2 − 1

T 4
M1,µ ,

θ6 = 2M2 ,

θ7 = −M2 + TM2,T + µM2,µ ,

θ8 = M2,B2 ,

θ9 = −M2,µ ,

θ10 = M4 .

C.2 Comparison with previous work

C.2.1 Comparison with Huang et al

In this appendix we will comment on how our work relates to some earlier studies

of transport coefficients, for the benefit of the reader who might want to compare

different approaches. Ref. [74], abbreviated below as HSR, studied relativistic hydro-

dynamics of parity-invariant fluids in external non-dynamical magnetic field. HSR

enumerated the transport coefficients, giving a relativistic version of the classification

in the book [84], §13, and derived the Kubo formulas for transport coefficients in an

operator formalism. Parts of the HSR paper overlap with our Section 4.3.

Our counting of non-equilibrium transport coefficients for parity-invariant systems

agrees with HSR. Denoting the transport coefficients in ref. [74] with the subscript

HSR, the relations to our transport coefficients are as follows:

η⊥ = η0,HSR , η̃⊥ = −2η3,HSR , η‖ = η0,HSR + η2,HSR , η̃‖ = −η4,HSR ,

η1 = −1
2
η0,HSR − 3

8
η1,HSR − 3

4
ζ⊥,HSR , ζ1 = ζ⊥,HSR ,

η2 = 3
2
η0,HSR + 9

8
η1,HSR + 3

4
ζ⊥,HSR + 3

2
ζ‖,HSR , ζ2 = ζ‖,HSR − ζ⊥,HSR ,

σ⊥ = κ⊥,HSR , σ‖ = κ‖,HSR , σ̃ = −κ×,HSR ,

(C.1)
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assuming the convention ε0123 = 1. This lists eleven transport coefficients compared

to ten HSR coefficients, hence under this mapping the eleven transport coefficients

are not independent. Indeed, the comparison (C.1) implies ζ2 = 2η1 + 2
3
η2, which

is precisely our Onsager constraint (4.30). Thus our counting of non-equilibrium

transport coefficients in Section 4.3 agrees with that of HSR.

There are also some differences between our Section 4.3 and HSR. In terms of the

setup, the HSR treatment neglects electric fields, while we include them and explain

how to do so systematically. Related to that, the treatment of polarization effects

in HSR was incomplete. A direct way to obtain the equilibrium energy-momentum

tensor and the current in the presence of external fields is by varying the corre-

sponding generating functional with respect to the metric and the gauge field, as was

done for example in ref. [70]. As a result, HSR did not include the thermodynamic

transport coefficient, denoted in Section 4.3 as MΩ, and did not distinguish between

the Landau-Lifshitz and thermodynamic frames. In the Landau-Lifshitz frame, MΩ

would contribute to all frame invariants in eq. (4.14) inducing O(∂) contributions to

pressure, electric current, and spatial stress.

We also find that our constraints on transport coefficients imposed by the posi-

tivity of entropy production differ somewhat from those presented in HSR. Rewriting

our constraints (4.27) in terms of the HSR coefficients, we find

η0,HSR > 0 , η0,HSR + η2,HSR > 0 , 1
3
η0,HSR + 1

4
η1,HSR + 3

2
ζ⊥,HSR > 0 ,

3η0,HSR + 9
4
η1,HSR + 3

2
ζ⊥,HSR + 3ζ‖,HSR > 0 ,

18ζ‖,HSRζ⊥,HSR + 4ζ‖,HSRη0,HSR + 3ζ‖,HSRη1,HSR + 8ζ⊥,HSRη0,HSR + 6ζ⊥,HSRη1,HSR > 0 ,

κ⊥,HSR > 0 , κ‖,HSR > 0 .

(C.2)

On the other hand, the constraints coming from the second law in ref. [74] state

that all the dissipative HSR transport coefficients must be positive. We find that

the constraints on dissipative transport coefficients (C.2) are in fact weaker. In other

words, the constraints of ref. [74] are too restrictive: some of the dissipative transport

coefficients in the HSR notation can be negative, while still satisfying (C.2), and

therefore still leading to positive entropy production.

Finally, there are differences between our Kubo formulas and those of HSR. In

particular our Kubo formulas for conductivities transverse to the external magnetic

field are markedly different. Comparing the correlation functions in the neutral state

(n0 = 0), the HSR Kubo formulas give the conductivities κ⊥,HSR and κ×,HSR in terms of
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the iω coefficient of the retarded current-current correlation functions at zero momen-

tum. On the other hand, our Kubo formulas (4.32b), (4.32c) show that the coefficient

of iω vanishes, while the subleading coefficient in the small-ω expansion is determined

by the resistivity rather than the conductivity. In the charged state, the term n0/B0

in our eq. (4.32c) describes the standard Hall effect in the plane transverse to the

magnetic field. The Hall effect appears to be missing from correlation functions in

ref. [74].

C.2.2 Comparison with Finazzo et al

In ref. [75] (abbreviated below as FCRN), the authors considered hydrodynamics with

fixed non-dynamical magnetic field, and derived Kubo formulas for transport coef-

ficients that appear in the energy-momentum tensor in the Landau-Lifshitz frame.

FCRN use a variational approach to find the retarded functions of the energy-momentum

tensor, and Appendix B of FCRN overlaps with our Section 4.3. FCRN follow ref. [74]

in their constitutive relations for the energy-momentum tensor, so the comments in

Section C.2.1 apply to FCRN as well, where FCRN agree with ref. [74]. In particular,

FCRN did not include the thermodynamic transport coefficient MΩ that appears in

the equilibrium free energy at one-derivative order.

FCRN use mostly the same convention for transport coefficients as HSR: η0,FCRN =

η0,HSR, η1,FCRN = η1,HSR, η4,FCRN = η4,HSR, ζ⊥,FCRN = ζ⊥,HSR, ζ‖,FCRN = ζ‖,HSR, while

η2,FCRN = −η2,HSR, η3,FCRN = −2η3,HSR, assuming the convention ε0123 = 1. The trans-

lation to our convention for transport coefficients can be done through eq. (C.1). The

convention for the variational retarded correlation functions used by FCRN differs

from ours by an overall minus sign.

We agree with FCRN’s Kubo formulas for η0,FCRN, ζ⊥,FCRN, and ζ‖,FCRN. Our Kubo

formulas for η2,FCRN and η3,FCRN differ from those in ref. [75] by a minus sign. Our

Kubo formula for η4,FCRN differs from that in ref. [75] by a factor of 1/4. Our Kubo

formula for η1,FCRN + 4
3
η0,FCRN differs from that in ref. [75] by a factor of 2. Ref. [75]

does not derive Kubo formulas for electrical conductivities in external magnetic field,

so we can not compare those.
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Appendix D

Green’s functions

We are interested in the symmetries of the retarded two point correlation functions of

conserved currents in Poincare invariant theories. We use the mostly plus flat metric

for this discussion. Let’s begin with the non-mixed Green functions

GR
JµJν (x− y) = −iθ(x0 − y0)〈[Jµ(x), Jν(y)]〉 (D.1)

GR
TµνT ρσ(x− y) = −iθ(x0 − y0)〈[Tµν(x), Tρσ(y)]〉 (D.2)

Or, in Fourier space

GR
JµJν (k) =

∫
dDxe−ik(x−y)GR

JµJν (x− y) (D.3)

GR
TµνT ρσ(k) =

∫
dDxe−ik(x−y)GR

TµνT ρσ(x− y) (D.4)

Then, CPT invariance of density operator leads to the symmetry relations

GR
JµJν (k) = GR

JνJµ(k) (D.5)

GR
TµνT ρσ(k) = GR

T ρσTµν (k) (D.6)

And the current conservation relations ∇µJ
µ = 0 and ∇µT

µν = 0 lead to the

Ward identites

kµGR
JµJν (k) = 0 (D.7)

kµGR
TµνT ρσ(k) = 0 (D.8)
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Symmetry Momentum-Momentum Current-Current Mixed

CPT GR
TµνT ρσ(t,x) = θ(µν)θ(ρσ)G

R
T ρσTµν (t,−x̃) GR

JµJρ(t,x) = θ(µ)θ(ρ)G
R
JρJµ(t,−x̃) GR

TµνJρ(t,x) = −θ(µν)θ(ρ)G
R
JρTµν (t,−x̃)

PT GR
TµνT ρσ(t,x) = θ(µν)θ(ρσ)G

R
T ρσTµν (t,−x̃) GR

Jµ,Jρ(t,x) = θ(µ)θ(ρ)G
R
Jρ,Jµ(t,−x̃) GR

TµνJρ(t,x) = θ(µν)θ(ρ)G
R
JρTµν (t,−x̃)

C GR
TµνT ρσ(t,x) = GR

TµνT ρσ(t,x) GR
Jµ,Jρ(t,x) = GR

Jµ,Jρ(t,x) GR
Tµν ,Jρ(t,x) = GR

JρTµν (t,x) = 0

T GR
TµνT ρσ(t,x) = ε(µν)ε(ρσ)G

R
T ρσTµν (t,−x) GR

JµJρ(t,x) = ε(µ)ε(ρ)G
R
JρJµ(t,−x) GR

TµνJρ(t,x) = ε(µν)ε(ρ)G
R
JρTµν (t,−x)

P GR
TµνT ρσ(t,x) = η(µν)η(ρσ)G

R
TµνT ρσ(t, x̃) GR

JµJρ(t,x) = η(µ)η(ρ)G
R
JµJρ(t, x̃) GR

TµνJρ(t,x) = η(µν)η(ρ)G
R
TµνJρ(t, x̃)

CT GR
TµνT ρσ(t,x) = ε(µν)ε(ρσ)G

R
T ρσTµν (t,−x) GR

JµJρ(t,x) = ε(µ)ε(ρ)G
R
JρJµ(t,−x) GR

TµνJρ(t,x) = −ε(µν)ε(ρ)G
R
JρTµν (t,−x)

CP GR
TµνT ρσ(t,x) = η(µν)ε(ρσ)G

R
TµνT ρσ(t, x̃) GR

JµJρ(t,x) = η(µ)η(ρ)G
R
JµJρ(t, x̃) GR

TµνJρ(t,x) = −η(µν)η(ρ)G
R
TµνJρ(t, x̃)

Table D.1: Constraints of the retarded Green functions for different symmetries of
the equilibrium state.

Furthermore, the symmetry of the energy-momentum tensor leads to

GR
TµνT ρσ(k) = GR

T νµT ρσ(k) (D.9)

D.1 Symmetries and constraints

The symmetry of the state in which the expectation value is taken will restrict the

form of the Green functions. The constraints that follows from 〈O〉 = 〈θOθ−1〉 for

unitary θ satisfying [θ, ρ] = 0, or 〈O〉 = 〈θO†θ−1〉 for antiunitary θ satisfying [θ, ρ] = 0,

are given in table D.1.

Here, x̃ = PxP−1, and the coefficients ε, η and θ are given by

TT µν(t,x)T−1 = ε(µν)T
µν(−t,x) (D.10)

TJµ(t,x)T−1 = ε(µ)J
µ(−t,x) (D.11)

PT µν(t,x)P−1 = η(µν)T
µν(t, x̃) (D.12)

PJµ(t,x)P−1 = η(µ)J
µ(t, x̃) (D.13)

and

θ = εη (D.14)

These coefficients are ε = (−1)n where n is the number indices taking spatial

values, η = (−1)n where n is the number of indices taking the spatial values that

are being reversed by P, and θ = (−1)n where n is the number of indices taking the

spatial values that are not being reversed by P.

Note that for an odd number of spatial dimensions, θ = 1 and x̃ = −x. Fur-
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Symmetry Momentum-Momentum Current-Current Mixed

RCT GR
TµνT ρσ(t,x) = GR

T ρσTµν (t,x) GR
JµJρ(t,x) = GR

JρJµ(t,x) GR
TµνJρ(t,x) = −GR

JρTµν (t,x)
RT GR

Tµν ,T ρσ(t,x) = GR
T ρσ ,Tµν (t,x) GR

JµJρ(t,x) = GR
JρJµ(t,x) GR

TµνJρ(t,x) = GR
JρTµν (t,x)

RC GR
Tµν ,T ρσ(t,x) = ε(µν)ε(ρσ)G

R
Tµν ,T ρσ(t,−x) GR

JµJρ(t,x) = ε(µ)ε(ρ)G
R
JµJρ(t,−x) GR

TµνJρ(t,x) = −ε(µν)ε(ρ)G
R
TµνJρ(t,−x)

RCPT GR
Tµν ,T ρσ(t,x) = η(µν)η(ρσ)G

R
T ρσ ,Tµν (t, x̃) GR

JµJρ(t,x) = η(µ)η(ρ)G
R
JρJµ(t, x̃) GR

TµνJρ(t,x) = −η(µν)η(ρ)G
R
JρTµν (t, x̃)

RPT GR
Tµν ,T ρσ(t,x) = η(µν)η(ρσ)G

R
T ρσ ,Tµν (t, x̃) GR

JµJρ(t,x) = η(µ)η(ρ)G
R
JρJµ(t, x̃) GR

TµνJρ(t,x) = η(µν)η(ρ)G
R
JρTµν (t, x̃)

RP GR
Tµν ,T ρσ(t,x) = θ(µν)θ(ρσ)G

R
Tµν ,T ρσ(t,−x̃) GR

JµJρ(t,x) = θ(µ)θ(ρ)G
R
JµJρ(t,−x̃) GR

TµνJρ(t,x) = θ(µν)θ(ρ)G
R
TµνJρ(t,−x̃)

RCP GR
Tµν ,T ρσ(t,x) = θ(µν)θ(ρσ)G

R
Tµν ,T ρσ(t,−x̃) GR

JµJρ(t,x) = θ(µ)θ(ρ)G
R
JµJρ(t,−x̃) GR

TµνJρ(t,x) = −θ(µν)θ(ρ)G
R
TµνJρ(t,−x̃)

Table D.2: Constraints of the retarded Green functions for different symmetries of
the equilibrium state in even spatial dimensions.

thermore, for an even number of spatial dimensions, there is a rotation R such that

RxR−1 = −x. So that

RT µν(t,x)R−1 = ε(µν)T
µν(t,−x) (D.15)

RJµ(t,x)R−1 = ε(µ)J
µ(t,−x) (D.16)

Then for a rotationally symmetric state, we have the constraints in table D.2.

Note that R in even spatial dimensions plays the same role as P in odd spatial

dimensions for the constraints of the retarded Green function.

D.2 Linear response theory

Here we outline how to use linear response theory to find the hydrodynamic correlation

functions from the equations of motion. These follow section 2 of ref. [4], with an

overall minus sign in the definition of the retarded Green’s function to keep the same

convention as the body of the thesis. Adding sources to the Hamiltonian by

δH(t) = −
∫
ddxλa(t,x)ϕa(t,x) , (D.17)

yields a change in the expectation value of ϕa given by

δ〈ϕa(t,x)〉 = −i
∫ t

−∞
dt′〈[ϕa(t,x), δH(t′)]〉 =

∫
dd+1x′GR

ab(t− t′,x− x′)λb(t
′,x′) ,

(D.18)

where

GR
ab(t− t′,x− x′) = iθ(t− t′)〈[ϕa(t,x), ϕ†b(t

′,x′)]〉 , (D.19)
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is the retarded Green’s function. In fourier basis this is

δ〈ϕa(ω,k)〉 = GR
ab(ω,k)λb(ω,k) . (D.20)

The hydrodynamical variables ϕa obey some set of equations. For small fluctuations,

these equation can be linearised

(
∂tδab +Mab(k)

)
ϕb(t,k) = 0 . (D.21)

Laplace transforming these equations yields

Kabϕb(z,k) ≡
(
− izδab +Mab(k)

)
ϕb(z,k) = ϕa(t,k)|t=0 ≡ ϕ0

a(k) . (D.22)

Then, using ϕ0
a(k) = χab(k)λb(k) for k → 0, where χab(k) =

(
∂ϕa
∂λb

)
= GR

ab(z,k)|z=0,

together with ϕa(z,k) = 1
iz

(
GR
ab(z,k)−GR

ab(z,k)|z=0

)
λ0
b(k) yields

GR(z,k) = (1 + izK−1)χ . (D.23)

The second equation comes from taking λb(t,k) = θ(−t)eεtλ0
b(k) and Laplace trans-

forming ϕa(t,k) =
∫ 0

−∞ dt
′GR

ab(t− t′,k)λb(t
′,k).

D.3 Green’s function identities

In real time, there are several definitions of Green’s functions. Let’s look at some

general identities of the Green’s functions. These can all be found in chapter 8

of [87]. First we define the advanced, symmetric and time ordered Green’s functions,

GA
ab(x) = −iθ(−t)〈[Oa(x),O†b(0)]〉 , (D.24a)

Gab(x) =
1

2
〈{Oa(x),O†b(0)}〉 , (D.24b)

GF
ab(x) = i〈T Oa(x)O†b(0)〉 =

1

2
(GR

ab(x) +GA
ab(x)) + iGab(x) . (D.24c)

Using Gα(k) =
∫
dDxe−ik·xGα(x), we find

(GR
ab(k))∗ = GR

ab(−k) = GA
ab(k) , (D.25)
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from which we find

ImGR
ab(k) = 1

2
ρab(k), (D.26)

where ρab(x) = 〈[Oa(x),O†b(0)]〉 is the antisymmetric Green’s function. The Fourier

transform ρab(k) of the antisymmetric Green’s function is called the spectral function.

In a thermal state, using 〈O〉 = Tr (ρO) with ρ = e−βH and inserting a set of energy

eigenstates I =
∑

n |n〉〈n| we can get

ρab(k) = 2 tanh(
βω

2
)Gab(k) , (D.27)

or equivalently, ImGR
ab(k) = tanh(βω

2
)Gab(k). We can then write

GF
ab(k) = ReGR

ab(k) + i coth(
βω

2
)ImGR

ab(k), (D.28)

and any real-time Green function can be found from the retarded Green function in

a thermal state. Explicitly, we have

GA
ab(k) =

(
GR
ab(k)

)∗
, (D.29a)

Gab(k) = coth (βω/2) ImGR
ab , (D.29b)

ρab(k) = 2ImGR
ab(k) , (D.29c)

GF
ab(k) = ReGR

ab(k) + i coth(
βω

2
)ImGR

ab(k) . (D.29d)

These real-time Green’s functions can also be related to the Euclidean Green’s

function

GE
ab(τ,x) = 〈Oa(τ,x)O†b(0)〉E (D.30)

evaluated on the Wick rotated statistical field theory 〈...〉E =
∫
O(τ,x)=O(τ+β,x)

DO[...]e−SE

via

GR
ab(k) = GE

ab(k
0
E → −i(k0 − i0+),k) . (D.31)

This provides a useful way to derive real-time correlation functions from the Euclidean

correlation function, which is often easier to find.
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D.4 Spectral decomposition

The spectral decomposition of the two point functions leads to a positivity constraint

on some Green’s functions in a thermal ensemble. Here, we review how these con-

straints arise. We follow a generalized version of the argument presented in chapter

2 of ref. [88]. We use P µ = (H,P) as the generator of space-time translations. The

energy eigenstates are labelled by energy and momentum numbers |Ep,p〉.
We begin by defining the following out of time order Green’s functions

G>
ab(t,x) = 〈Oa(t,x)O†b(0)〉β , (D.32a)

G<
ab(t,x) = 〈O†b(0)Oa(t,x)〉β , (D.32b)

where 〈[...]〉β = 1
Z(β)

tr
(
e−βH [...]

)
. Z(β) = tr

(
e−βH

)
is the thermal partition function.

From the definition of the antisymmetric Green’s function ρab, it is clear that

ρab(x) = G>
ab(x)−G<

ab(x) . (D.33)

Now, using the cyclic property of the trace and the Heisenberg picture identity

O(t,x) = eiHtO(0,x)e−iHt, we find

G<(t,x) = G>(t− iβ,x) . (D.34)

Looking at the Fourier transforms of these Green’s functions, we find

G<
ab(ω,k) = e−βωG>

ab(ω,k) . (D.35)

Now, from the trace definition of G>
ab(t,x), using O(0,x) = eix·PO(0, 0)e−ix·P and

inserting I =
∑

Eq ,q
|Eq,q〉〈Eq,q| we can write

G>
ab(t,x) =

1

Z(β)

∑
Ep ,p

∑
Eq ,q

e−βEpeit(Ep−Eq)eix·(q−p)〈Ep,p|Oa(0)|Eq,q〉〈Eq,q|O†b(0)|Ep,p〉

(D.36)

or, in Fourier basis
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G>
ab(ω,k) =

1

Z(β)

∑
Ep ,p

∑
Eq ,q

e−βEpδ(4)(k + p− q)〈Ep,p|Oa(0)|Eq,q〉〈Eq,q|O†b(0)|Ep,p〉

(D.37)

where pµ = (Ep,p) and similarly for qµ, and kµ = (ω,k). Note that the diagonal

elements of G>(ω,k) are positive

G>
aa(ω,k) =

1

Z(β)

∑
Ep ,p

∑
Eq ,q

e−βEpδ(4)(k + p− q)|〈Ep,p|Oa(0)|Eq,q〉|2 . (D.38)

From (D.35) we see that the diagonal elements of G<(ω,k) are also positive.

Furthermore, from (D.33) we see that

ρab(ω,k) = (1− e−βω)G>
ab(ω,k) , (D.39)

from which we find the positivity condition on the spectral function

sign(ω)ρaa(ω,k) ≥ 0 . (D.40)

Finally, relating the spectral function to the retarded Green’s function in Fourier

space by (D.26), we get the positivity condition used in the hydrodynamic correlation

functions

sign(ω)ImGR
aa(ω,k) ≥ 0 . (D.41)
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