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ABSTRACT

The simplest model for superconductor electrodynamics are the London equations,

which treats the impact of electromagnetic fields on the current density as a localized

phenomenon. However, the charge carriers of superconductivity are quantum me-

chanical objects, and their wavefunctions are delocalized within the superconductor,

leading to non-local effects. The Pippard equation is the generalization of London

electrodynamics which incorporates this intrinsic non-locality through the introduc-

tion of a new superconducting characteristic length, ξ0, called the Pippard coherence

length. When building nano-scale superconducting devices, the inclusion of the coher-

ence length into electrodynamics calculations becomes paramount. In this thesis, we

provide numerical calculations of various electrodynamic quantities of interest in the

non-local regime, and discuss their implications for building superconducting devices.

We place special emphasis on Superconducting QUantum Inteference Devices

(SQUIDs), and their usage as flux quantum bits (qubits) in quantum computation.

One of the main limitations of these flux qubits is the presence of intrinsic flux noise,

which leads to decoherence of the qubits. Although the origin of this flux noise is

not known, there is evidence that it is related to spin impurities within the super-

conducting material. We present calculations which show that the flux noise in the

non-local regime is significantly different from the local case. We also demonstrate

that non-local electrodynamics greatly affect the self-inductance of the qubit.
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Chapter 1

Introduction

Superconducting QUantum Interference Devices (SQUIDs) are high sensitivity mag-

netometers, composed of a superconducting loop interrupted by thin, insulating bar-

riers known as Josephson junctions, which are capable of detecting magnetic flux of

the order 10−17 T [1]. Due to their extreme sensitivity, SQUIDs are used in wide

variety of fields —in medicine to detect biomagnetism from neural activity and the

heart [2]; in physics for tests of general relativity, and probing semiconductor and

metal properties; in geology for natural resource prospecting and mineral characteri-

zation etc [1, 3]. In addition to these areas, they are also used in quantum computing

applications as flux qubits, in particular by D-Wave Systems in their quantum anneal-

ing processor. However, the flux noise of the SQUIDs need to be reduced for them to

become robust qubits. This is necessary as a reduction in flux noise would not only

increase the speed and the accuracy of current calculations [4], but is required for

building a reliable quantum computer, which must have an error correction threshold

of 10−4 errors per quantum gate [5]. To achieve this limit, a 100× reduction in flux

noise power at low frequencies must be attained.

SQUIDs are affected by intrinsic flux noise due to the magnetic fluctuation of

impurities at the device surfaces and interfaces [6, 7]. Recently, a flux-vector model

based on local London electrodynamics was proposed [8, 9], predicting that the flux

caused by a spin si located at position Ri produces a flux Φi = −Fi · si, where Fi is

directly proportional to the magnetic field generated by the supercurrent at location

Ri. Such a model is therefore local, in the sense that the spin only “talks” to the

supercurrent at Ri. The hallmark of superconductivity is that the supercurrent is a

very “quantum” object; it is carried by Cooper-pairs that are delocalized by a length

scale ξ, the superconducting (SC) coherence length. This means that the Cooper-

pairs are located within a region of the size of ξ. The local London electrodynamics
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used in [8, 9] are only valid in the limit that ξ is small compared to the penetration

depth λ, i.e. in the regime ξ/λ � 1. For many superconducting materials, this

condition does not always hold true, see Table 1.1.

Superconductor λ (nm) ξ0 (nm)

Al 50 1600
Pb 39 83
Sn 51 230
In 64 440
Nb 45 38
Cd 130 760

Table 1.1: Penetration depth λ, and coherence length ξ0 for some pure, elemental
superconductors (Values taken from Tables 2.1 and 2.2 of [10]). For impure super-
conductors, ξ is reduced according to 1

ξ
= 1

ξ0
+ 1

l
, where l is the mean free path

for electrons in the normal state (l < ∞ due to effects such as electron-impurity
scattering)

In this thesis, I use Pippard’s theory for non-local electrodynamics in supercon-

ductors to calculate the supercurrent distribution in cylindrical superconducting wires

with arbitrary radius. I use these results to calculate and discuss the impact of non-

locality on flux noise and inductance of superconducting wires.

The thesis is structured in the following manner:

Chapter 2 provides the background to the results presented in this thesis, separated

into two sections. The first is a phenomenological introduction to superconduc-

tivity and some historical detail. The second is an introduction to the rf-SQUID

and its usage as a flux qubit.

Chapter 3 presents my original calculations of the non-local electrodynamics of su-

perconductors. The results are calculated for two geometries: the infinite su-

perconducting sheet and the infinite superconducting cylinder. The differences

from the local solution are discussed, and various electrodynamic properties are

presented.

Chapter 4 connects the non-local electrodynamic properties of the superconductor

to the SQUID. The consequences for the flux noise are presented and discussed.

Chapter 5 presents my conclusions and an overview of my most important results.
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Chapter 2

Background: Superconductivity and SQUIDs

An understanding of both the general principles of superconductivity and the struc-

ture of a SQUID are essential to understand the calculations herein. In this chapter,

I present an overview of the physics of superconductivity and an outline of how to

use SQUIDs as qubits.

2.1 History of Superconductivity

Superconductivity had a humble inception as an offshoot of a larger scientific effort

- the race to liquefy the known gases. Developments in techniques of liquefaction

of gases in the late 1800s led to most of the commonly known gases at the time

being liquefied by scientists such as William Hampson, Carl von Linde and James

Dewar [11]. Helium, only discovered on Earth in 1895, was liquefied after much effort

by Dutch Physicist Kamerlingh Onnes in 1908. With liquid Helium at his disposal,

Onnes was the only experimental physicist of his time with the capacity to reach

temperatures as low as 1 K. Upon investigating the material properties of mercury at

low temperatures, Onnes discovered superconductivity [12]; the phenomenon in which

the resistivity of certain metals drops sharply to zero when cooled below a critical

temperature, Tc. This temperature dependence is illustrated in Figure 2.1.
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 T
c

Resistivity: Normal metal vs Superconductor

Superconductor
Normal Metal

Figure 2.1: Temperature dependence of the resistivity of a normal metal versus a
superconductor

Onnes confirmed this observation was not an aberration by finding similar be-

haviour in lead and tin, thus establishing the first hallmark of superconductivity:

perfect conductivity below a material dependent temperature Tc. In other words,

current could flow in a superconductor without energy being lost as heat.

The second hallmark of superconductivity was discovered by Meissner and Ochsen-

feld in 1933 [13] - the expulsion of magnetic flux from within a superconductor as it

is cooled from a normal state to the superconducting state. This phenomenon cannot

be understood as originating from the perfect conductivity of the superconductor, as

a perfect conductor would trap flux within when it passed into a perfect conduct-

ing state. This perfect diamagnetism was then established as a separate defining

characteristic of the superconducting state, and is referred to as the Meissner Effect.

Figure 2.2 illustrates this effect.
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Figure 2.2: The Meissner Effect, or flux expulsion, in a superconductor when cooled
below Tc

As these experimental observations of the superconducting state were being made,

many attempts were made to build a coherent theory of superconductivity, but

progress proved slow. The first phenomenological theory to describe superconduc-

tivity was posited by the brothers F. and H. London in 1935. This theory was put

onto firmer theoretical foundations by the work of V.L. Ginzburg and L.D. Lan-

dau, through the eponymous Ginzburg-Landau (GL) theory in 1950 [14]. Their ap-

proach, using a free energy expansion in powers of a complex pseudo-wavefunction,

has since been established as a versatile tool in many areas outside of superconduc-

tivity. Though both the GL theory and London theory were able to explain many

aspects of superconductivity, they did not provide a mechanism at the microscopic

scale. That description had to wait until 1957, when Bardeen, Cooper and Schrieffer

(BCS) published their theory of superconductivity [15], which has stood as the best

model for conventional superconductivity1 since. BCS theory showed that supercon-

ductivity could be explained through the pairing of electrons to form a composite

particle known as a Cooper pair. Thus the charge carriers of superconductivity have

twice the charge of an ordinary electron.

1This model is insufficient to explain high temperature superconductivity found in certain metal
oxides. In fact, a complete description of the origin of high temperature superconductivity has not
been found to this day.
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2.1.1 Ginzburg-Landau Theory

Ginzburg and Landau approached the problem of superconductivity through the gen-

eral theory of second order phase transitions; the transition from the normal state to

the superconducting state can be considered a transition from a disordered state to

an ordered state, and can be distinguished through an order parameter. This order

parameter is defined to take a value of zero in the disordered (normal metal) state

and a non-zero value in the ordered (superconducting) state. For this purpose, they

introduced a complex-valued pseudo-wavefunction Ψ(r) within the superconductor.

The density of charge super-carriers, ns, functions as the order parameter for the su-

perconducting state and is related to the pseudo-wavefunction through the relation,

ns = |Ψ(r)|2. (2.1)

Ginzburg and Landau then wrote the free energy density of the superconductor in

a magnetic field as a truncated Taylor series expansion in powers of |Ψ(r)|2. This

means that this theory is valid only near Tc, when |Ψ(r)|2 (or super-carrier density) is

small. To allow Ψ(r) to vary in space, this expression had to include the gradient, and

due to gauge invariance the gradient operator must be changed to ∇→∇+ e∗

i~A(r).

And finally, as the magnetic field contains energy, the magnetic energy must be taken

into account, which culminates in the GL expression for the free energy density in

the superconducting state:

FSC = FN +α|Ψ(r)|2 +
β

2
|Ψ(r)|4 +

1

2m∗
∣∣(−i~∇− e∗A(r))Ψ(r)

∣∣2 +
1

2µ0

B(r)2, (2.2)

where FN is the energy density of the normal metal state. The charge and mass in

the above equation are specially marked as they correspond to the charge and mass

of a Cooper pair. The Cooper pair charge is related to the electron charge through

e∗ = 2e < 0. Taking the functional derivative of this equation with respect to Ψ(r)

produces the differential equation,

1

2m∗
(
− i~∇− e∗A(r)

)2
Ψ(r) + β|Ψ(r)|2Ψ(r) = −αΨ(r). (2.3)

This equation is reminiscent of the Schrödinger equation with the addition of a non-

linear term. From this equation, we can derive the two defining characteristic length

scales of superconductivity: λ, the penetration depth and ξGL, the GL coherence
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length. In this section we will derive the ξGL and leave λ for discussion in the following

section. Consider a 1-dimensional version of the above equation in the absence of any

external fields:

− ~2

2m∗
∂2

∂x2
Ψ(x) + β|Ψ(x)|2Ψ(x) + αΨ(x) = 0. (2.4)

Let f(x) = Ψ(x)
Ψ∞

, and Ψ2
∞ = −α

β
. This produces an equation which has a coefficient

with units of length squared in front of ∂2

∂x2
Ψ(x),

− ~2

2m∗α

∂2

∂x2
f(x)− f(x)3 + f(x) = 0. (2.5)

We define this to be the Ginzburg-Landau characteristic coherence length ξGL,

ξGL =

(
~2

2m∗α(T )

) 1
2

. (2.6)

ξGL can be thought of as the length scale characterizing the variation of the Cooper-

pair density throughout the superconductor; the density of supercarriers is not allowed

to change abruptly, but must vary smoothly over this length scale.

Taking the functional derivative of the free energy with respect to A(r) produces

the equation for current density,

J(r) = − ie
∗~

2m∗
(Ψ∗∇Ψ−Ψ∇Ψ∗)− e∗2

m∗
|Ψ(r)|2A(r). (2.7)

We will use this equation to develop the electrodynamics of superconductors in the

‘local’ London regime and the ‘non-local’ Pippard regime.

2.1.2 London’s Local Electrodynamics

In the approximation of London local electrodynamics, we assume the pseudo-wavefunction

does not have any spatial variation (i.e. the Cooper-pair density ns is assumed con-

stant throughout the superconductor), which reduces the current density equation

to,

J(r) = −e
∗2

m∗
nsA(r). (2.8)

Setting m∗

µ0e∗2ns
= λ2, the London penetration depth, we arrive at the London equation:
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J(r) = − 1

µ0λ2
A(r). (2.9)

It must be noted that this equation is only valid in the London gauge, which is defined

as,

∇ ·A(r) = 0, (2.10)

A(r) · n̂ = 0, (2.11)

where n̂ is the unit vector that is perpendicular to the boundary of the superconduc-

tor. For a gauge other than London’s we cannot assume ∇Ψ = 0 in Equation 2.7.

We can use the two magnetostatic Maxwell equations,

∇ ·B(r) = 0, (2.12)

∇×B(r) = µ0J(r), (2.13)

to derive some useful relations from the London equation. We substitute the 2nd

relation directly into the London equation to obtain,

∇×B(r) = − 1

λ2
A(r). (2.14)

Taking the cross product of both sides of this equation yields,

∇×∇×B(r) = − 1

λ2
∇×A(r), (2.15)

= − 1

λ2
B(r). (2.16)

And finally we use the vector calculus identity ∇ ×∇ × F = ∇(∇ · F ) −∇2F

and Equation 2.12 to arrive at:

∇2B(r) =
1

λ2
B(r). (2.17)

This equation describes the Meissner Effect - the magnetic field is exponentially

screened from the interior of the superconductor by a length scale λ. We can produce
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similar relations for J(r) and A(r) using the Maxwell equations and working in the

London gauge:

∇2J(r) =
1

λ2
J(r), (2.18)

∇2A(r) =
1

λ2
A(r). (2.19)

From the entirety of the London theory, we glean a couple of salient points:

1. London electrodynamics is inherently local. This can be seen from Equation 2.9,

as it ties the current density at any given point to the vector potential at that

point.

2. The current density is a maximum at the boundary of the superconductor, and

is exponentially screened over the same length scale as the magnetic field. This

is analogous to the skin effect in normal metals at high frequencies; therefore,

the supercurrent exhibits a ‘DC skin-effect’.

3. There will be no electric fields within the superconductor when the supercurrent

density is static, i.e. ∇ · J(r) = −∂ns

∂t
= 0.

2.1.3 Analogy with Screening in Electrostatics

The London electrodynamics of a superconductor has a direct mathematical analogy

in classical electrostatics. This analogy can provide a framework with which to derive

qualitative solutions of difficult problems in superconductivity. We can observe this

analogy through considering injecting a normal conductor with a charge density, ρ. As

we know the electric field inside a conductor is zero in equilibrium, this charge density

must redistribute itself within the conductor to screen out the electric field. In doing

this, the charge will come to reside on the surface of the conductor. However, they

are not distributed precisely on the surface, but instead occupy a region characterized

by the screening length. The screening length for a Fermi gas at T << TF is given by

Thomas-Fermi theory, while for a classical gas with T >> TF , it is given by Debye-

Hückel theory. The equations derived from those theories when taken in conjunction

with the Maxwell equations become:
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∇2Φe = −ρe
ε0
,

Φe = −λ2
e

ρe
ε0
.

(2.20)

The latter equation describes the screening of the electrostatic potential Φe over

the screening length λa. We can immediately see that these are remarkably similar

to the equations derived in the previous section:

∇2A = −µ0J ,

A = −λ2µ0J .
(2.21)

For most problems, J can be assumed to point along a single direction within a

cross-section of the wire, J = Jẑ. In this case we also have A = Aẑ in the London

gauge, and the analogy with electrostatics becomes exact. The correspondence is

given by,

µ0J ↔
ρe
ε0

A↔ Φe

(2.22)

In the next section, I will outline the non-local generalization to the London

equation. I am not aware of an analogous “non-local screening” in electrostatics.

2.1.4 Pippard’s Non-Local Electrodynamics

Brian Pippard’s generalization of London electrodynamics was spurred by his exper-

imental observations that could not be adequately explained by the local electrody-

namic theory [16, 17]; the penetration depth of tin, λ, was found to increase with

the addition of indium impurities, while other thermodynamics properties such as

the critical temperature, Tc remained the relatively unchanged. As described in the

previous section, in the London theory λ =
(

m∗

µ0e∗2ns

) 1
2 , which contains constants of

the superconducting material as parameters - if Tc remains the same, then these must

also be unchanged. Thus the London theory is unable to account for the change in

the penetration depth with the addition of impurities. Pippard proposed a new phe-

nomenological model to account for this fact by borrowing from the theory of the
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anomalous skin-effect in the conductivity of (non-superconducting) metals [18]. In a

normal metal, the relation between current density and electric field can be expressed

using Ohm’s Law:

J(r) = σE(r). (2.23)

However, this relation only holds when the mean free path of the metal, l, is small

enough that the electric field can be considered to be constant over a region l. As

the mean free path gets larger, the conduction electrons move through a region of

space in which the electric field varies, and the linear relationship of Ohm’s Law

no longer holds. Thus the current density must take into account the non-local

interactions of the conduction electrons with the electric field, which leads to the

non-local generalization of Ohm’s Law:

J(r) = − 3σ

4πl

∫
(r− r′)[(r− r′) ·E(r′)]

(r− r′)4
exp

(
−| r− r

′ |
l

)
d3r′. (2.24)

As l → 0, the integrand in the above equation approaches a Dirac delta times the

electric field, and the local Ohm relation is recovered. Equation 2.24 above describes

the anomalous skin-effect, a phenomenon observed in high purity metals at low tem-

peratures, in which the high frequency oscillations of the current and electric field

are localized along the surface of the metal within a “non-local” length scale that is

different from the local one obtained with the usual Ohm’s Law.

Using Equation 2.24 as inspiration, Pippard put forward a similar expression for

the electrodynamics of superconductors, in which he proposed a new phenomenolog-

ical parameter, the superconducting coherence length ξ0, in place of the mean free

path in metals,

J(r) = − 3

4πµ0ξ0λ2

∫
(r− r′)[(r− r′) ·A(r′)]

(r− r′)4
exp

(
−| r− r

′ |
ξ

)
d3r′. (2.25)

In the above equation ξ0 is a material parameter, while ξ is related to the purity of

the material through the relation:

1

ξ
=

1

l
+

1

ξ0

. (2.26)

Pippard arrived at this coherence length through an argument based on the Heisen-
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berg uncertainty principle [19]. In a superconductor, only electrons that lie within

∼ kBTc of the Fermi energy can be in a superconducting state. The momentum range

of these electrons is then ∆p ≈ kBTc
vF

, where vF is the Fermi velocity. Thus we get

that the range of position is given by,

∆x >
~

∆p
≈ ~vF
kBTc

. (2.27)

Pippard related this to ξ up to a numerical constant, a:

ξ0 = a
~vF
kBTc

. (2.28)

Using experimental data Pippard determined a = 0.15 [20] and this finding was

later validated by the microscopic theory of BCS, which predicted a = 0.18 [15]. The

Pippard kernel itself can be derived from BCS theory and is remarkably similar to

the phenomenological kernel proposed by Pippard (See Section 3.10.3 of [19]).

The Pippard equation can be interpreted in the same manner as the non-local

Ohm’s Law - as the superconducting electrons (Cooper pairs) move through the su-

perconductor, they move coherently through regions in which A(r) is not a constant,

and thus the current density at any point within the superconductor is dependent on

the vector potential in a volume surrounding that point, characterized by the length

scale ξ.

NOTE: The Pippard coherence lengths, ξ and ξ0, and the Ginzburg-Landau

coherence length, ξGL, - though they share the same name and notation - are not the

same quantity. ξ0 describes the effective size of the Cooper pair and ξGL describes

the characteristic length scale over which variations of the Cooper-pair density occur.

The latter diverges as T → Tc, while ξ0 is temperature independent. However, at

T = 0, the two quantities are the same and ξGL(T = 0) = ξ0. When 0 < T < Tc,

ξ0 < ξGL(T ). For an extended discussion on the differences between these coherence

lengths, see Section 2.3.5 of [10].

The calculations performed in this thesis incorporate the Pippard coherence length,

but not the Ginzburg-Landau coherence length into the superconductor electrody-

namics. In a physical sense, this means that we consider that the number density

of supercarriers is the same as in the London regime (it is constant throughout the

superconductor), but the response of the current density is non-local. The results

of this thesis are only valid for homogeneous superconductors; for an inhomoge-

neous superconducting structure such as a Josephson junction, a quantum version
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of Ginzburg-Landau theory would have to be used instead of the Pippard equation

[21].

2.2 The rf-SQUID as a Qubit

The foundation of all modern computation and digital communication is the bit - the

most basic unit of information. In conceptual form it is simply a binary digit which

take on one of two values, typically represented by 0 or 1, but it can be physically

represented by any system that has two distinct states. This could be a punch card,

which either has a hole punched in it or not; a switch, which is either on or off; a

digital circuit, which outputs above or below a set voltage, or even a coin, which

lands either heads or tails. Thus any system which is sufficiently malleable (can be

manipulated from one state to the other), and is robust in its ability to remain in one

state over the period of computation can be used as the basis for a computer.

In the same manner that the above classical objects have two states that can

be manipulated, quantum mechanics provides many simple examples of two state

systems: an electron can be spin up, |↑〉, or spin down, |↓〉; a photon can be in

a right circular polarized state, or a left circular polarized state etc. However, the

difference lies in the fact that in a classical system the states are always a single array

of bits, while in a quantum system, the system can be put into a superposition of

many different bit arrays. As a result, a logical operation acts on many superposition

states at the same time. This “quantum parrallelism” can be exploited to provide a

quantum speedup effect in certain types of computational problems.

One architecture for a quantum computer is to use a SQUID as a flux qubit. The

world’s first commercial quantum computer manufacturer, D-Wave systems in Burn-

aby, BC, uses this architecture in their quantum computer design. In the following

sections we will outline the physical principles underlying a flux qubit.

2.2.1 Flux Quantization in a Superconducting Loop

Consider a superconducting loop containing some current density in an external field.
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Figure 2.3: Superconducting Loop

The definition of the current density is,

J(r) =
1

2m∗
[Ψ∗(r)(−i~∇− e∗A(r))Ψ(r)−Ψ(r)(−i~∇− e∗A(r))Ψ∗(r)]. (2.29)

Assume that the Ψ(r) = |Ψ|eiθ(r). Then we get,

J(r) =
nse
∗

m∗
(~∇θ(r)− e∗A(r)). (2.30)

Now consider a contour C deep within the superconductor, such that J(r) = 0

along that contour. If we perform a contour integral of the above equation, we obtain:∮
C

~
e∗
∇θ(r) · dl =

∮
C

A(r) · dl. (2.31)

As the wavefunction must be single-valued, the change in θ after a loop around the

superconductor must be 2πn where n ∈ Z. We can use Stoke’s theorem on the right

side of the above equation to get,
∮
C
A(r) ·dl =

∫
(∇×A(r)) ·dS =

∫
B(r) ·dS = Φ.

Thus we can rearrange to obtain,

Φ = n
2π~
e∗

, n ∈ Z. (2.32)

We see that the flux enclosed by a superconducting loop is quantized in integer

multiples of the flux quantum, Φ0,

Φ0 =
h

e∗
=

h

2e
. (2.33)
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2.2.2 The Josephson Effect

The Josephson Effect describes the tunneling of Cooper pairs across a thin, insulating

barrier sandwiched between two superconductors, as shown in the figure below. This

thin barrier is known as a Josephson junction, and in general, the barrier could also

be made of a normal metal or simply be a physical constriction of the superconductor.

Superconductor Insulator

ISC

Ψ = |Ψ∞|eiθ1 Ψ = |Ψ∞|eiθ2

Superconductor

Figure 2.4: Josephson Effect

Josephson predicted in 1962 [22] that a current should flow across this barrier due

to the phase difference between the wavefunctions of the two superconductors. We

can derive this effect through Ginzburg-Landau theory.

Assume that the wavefunction inside the superconductors are given by,

Ψ(r) = |Ψ|eiθ, (2.34)

where θ is the superconducting phase. When the size of the insulator L << ξGL, the

GL equation can be approximated by [19],

− ~2

2m∗
∇2Ψ(r) ≈ 0. (2.35)

This Laplace equation has a solution in 1D of the form,

Ψ(z) = a+ bz. (2.36)

When both the superconductors are in equilibrium, we must have |Ψ(z = 0)| =
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|Ψ(z = L)| = |Ψ∞|, where |Ψ∞| is
√
ns far from the insulating junction. Since the

phase can differ, we can define the boundary conditions as,

Ψ(z = 0) = |Ψ∞|eiθ1 ,

Ψ(z = L) = |Ψ∞|eiθ2 .
(2.37)

Thus the solution to the Laplace equation is,

Ψ(z) = |Ψ∞|
[(

1− z

L

)
eiθ1 +

z

L
eiθ2
]
. (2.38)

The supercurrent density in the absence of electromagnetic fields is given by,

J(r) =
e∗~

2m∗i
[Ψ(r)∗∇Ψ(r)−Ψ(r)∇Ψ(r)∗]

=
e∗~
m∗

Im
(
Ψ(r)∗∇Ψ(r)

)
.

(2.39)

Thus we get,

Jz =
e∗~
m∗
|Ψ∞|2Im

([(
1− z

L

)
exp−iθ1 +

z

L
exp−iθ2

][
− 1

L
expiθ1 +

1

L
expiθ2

])
=
e∗~
m∗
|Ψ∞|2

(
1

L
(1− z

L
) sin(θ2 − θ1) +

z

L2
sin(θ2 − θ1)

)
=
e∗~
m∗
|Ψ∞|2 sin(θ2 − θ1).

(2.40)

Therefore, the supercurrent is given by,

ISC = IC sin(θ2 − θ1), (2.41)

with IC = Ae∗~ns

m∗L
in the above equation, where A is the cross-sectional area of the

insulating junction. As it is only the phase difference that is observable, we can set

θ = θ2 − θ1.

The Josephson energy can be calculated by considering the dynamics of Ψ(r, t).

Interpreting Ψ(r, t) as the wavefunction of the center of mass of the Cooper-pair, we

can separate it into Ψ(r, t) = Ψ(r, 0)e−i
ECP t

~ . As the energy of the Cooper-pairs are

close to the Fermi energy, we can set ECP = 2εF . In equilibrium, the Cooper-pair
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density does not depend on time, and since nS = |Ψ(r, t)|2, the time-dependence

must be within the phase θ.

θ(r, t) = θ(r, t)− 2εF t

~
,

∴
∂θ(r, t)

∂t
= −2εF

~
= −2

~
[εF (V = 0)− eV (r)],

(2.42)

where V (r) is the voltage at the point r and e < 0 is the electron charge. At the

junction, we get the relations,

∂θ1(r, t)

∂t
= −2

~
[εF (V = 0)− eV1],

∂θ2(r, t)

∂t
= −2

~
[εF (V = 0)− eV2].

(2.43)

As θ = θ2 − θ1, and using the definition of the flux quantum from Equation 2.33, we

get:

∂θ(r, t)

∂t
= −2πV

Φ0

, (2.44)

where V = V2 − V1. The energy stored in the Josephson junction is given by,

EJJ =

∫
ISCV dt

= −
∫
IC sin(θ)

Φ0

2π

dθ

dt
dt

= −Φ0IC
2π

∫
sin(θ)dθ

=
Φ0IC
2π

cos(θ)

= EJ cos(θ).

(2.45)

2.2.3 The rf-SQUID

The rf-SQUID is a superconducting loop interrupted by a single Josephson junction.

Through the application of an external flux, an effective two state system is formed in

the SQUID at low temperatures. This can be thought of as one state with a clockwise



18

rotating current and the other with an anti-clockwise current. This two state system

forms the basis of its usage as a flux qubit [23].

Figure 2.5: Schematic of rf-SQUID in an external flux

The energy of the SQUID can be split into the Josephson energy, magnetostatic

energy and electrostatic energy.

HSQUID = −EJ cos(θ) +
1

2
LI2 +

1

2
CV 2. (2.46)

We can relate all three of these quantities to the flux enclosed by the SQUID. In

the earlier section, we showed that the flux is quantized due to the change in the

phase θ having to be to 2πn when we travel around the loop. We can now invert this

relationship to write θ in terms of the flux:

θ = 2π
( Φ

Φ0

+ n
)
, n ∈ Z. (2.47)

The definition of inductance is Φ = Φext+LI. And finally, V = Q
C

= e∗nS

C
. The charge

Q can be considered the conjugate operator of the flux with, Q = i~ ∂
∂Φ

. Putting all

this together:

HSQUID = −EJ cos

(
2π

Φ

Φ0

)
+

(Φ− Φext)
2

2L
− ~2

2C

d2

dΦ2
. (2.48)
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Define x = 2π Φ
Φ0

, xext = 2πΦext

Φ0
, E0 = 1

L

(
Φ0

2π

)2
, βL = 2πEJL

Φ2
0

and m = C
L

(
Φ0

2π

)4
. Thus

we get,

HSQUID

E0

= −βL cos(x) +
1

2
(x− xext)2 − ~2

2m

d2

dx2
= V (x)− ~2

2m

d2

dx2
. (2.49)

When Φext = Φ0

2
,

V (x) = βL cos(x− π) +
1

2
(x− π)2. (2.50)

For x′ = (x− π) << 1, we can expand this as,

V (x′) = βL
[
1− x′2

2
+
x′4

4!
+O(x′6)

]
+

1

2
x′2,

= βL −
1

2
(βL − 1)x′2 +

x′4

4!
+O(x′6).

(2.51)

Thus for βL ≥ 1 the rf-SQUID forms a double well potential near x ≈ π (Φ = Φ0

2
).

The state in each well can be thought of as the current in the SQUID circulating

clockwise, |�〉, or counter-clockwise, |	〉.

Figure 2.6: Double well potential in an rf-SQUID

The energy eigenstates of this system are,
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|0〉 =
1√
2

(|�〉+ |	〉), (2.52)

|1〉 =
1√
2

(|�〉 − |	〉). (2.53)

These two states form the basis for quantum computation using the rf-SQUID.

2.3 Flux, Inductance and Magnetic Energy

Flux and inductance play a large part in the behaviour of a SQUID qubit, and thus

must be rigorously defined. In this section, we will present an overview of how we

define these quantities in a superconducting loop.

2.3.1 Flux

The flux produced by a loop C of infinitesimal cross-section is given by,

ΦC =

∫
SC

B(r) · n̂ dA =

∮
C

A(r) · dl. (2.54)

This flux can be interpreted as the flux threading the internal area SC bounded

by the curve C, or as the flux picked up by an electron as it loops around the wire.

I

a) b)

Figure 2.7: a) Infinitesimal wire loop with current I flowing through it. b) A loop
formed by an infinite set of infinitesimal loops, with a current density J(r).

For a thick wire loop with a current density J(r) flowing through it, through
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dividing the wire into infinitesimal loops and summing over the paths through, dl =
J(r)
I
d3r, a weighting factor that represents the fraction of current flowing through

each path:

ΦC =
1

I

∫
A(r) · J(r) d3r. (2.55)

As defined above, this flux is a general definition and serves as a means to compute

the flux measured by a SQUID. We can also use this to define the self-flux of the

circuit. The self-flux is defined as the flux produced by the current density of the

wire itself:

Φ11 =
1

I

∫
AJ1(r) · J1(r) d3r, (2.56)

where the ’11’ stands for the flux that circuit 1 applies on itself. The vector po-

tential here is defined using the Green’s function solution for the Maxwell relation

∇2AJ1(r) = µ0J1(r):

AJ1(r) =
µ0

4π

∫
J1(r)

|r − r′|
d3r′. (2.57)

The second Maxwell’s equation for magnetostatics relates this magnetic field and the

current density,

∇×BJ1(r) = µ0J1(r). (2.58)

We can insert this relation into equation into Equation 2.56 to get,

Φ11 =
1

µ0I

∫
AJ1(r) ·∇×BJ1(r) d3r, (2.59)

Using the fact the magnetic field also obeys the relation is BJ1(r) = ∇ × AJ1(r),

and the vector calculus identity X · [∇× Y ] = Y · [∇×X]−∇ · [X × Y ], we can

rewrite this as,

Φ11 =
1

µ0I

∫ [
BJ1(r) ·

(
∇×AJ1(r)

)
−∇ ·

(
AJ1(r)×BJ1(r)

)]
d3r,

=
1

µ0I

∫
B2
J1

(r) d3r − 1

µ0I

∫ (
AJ1(r)×BJ1(r)

)
· n̂ d2r.

(2.60)

In the above, we used the divergence theorem to convert the second integral into a
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surface integral. As the surface of integration is arbitrary, we can consider the surface

at infinity. We can see then that the terms in the bracket vanishes and thus the second

term is zero. Thus the self-flux can also be written as,

Φ11 =
1

µ0I

∫
B2
J1

(r) d3r. (2.61)

In the above, the integration must be performed over all space, and thus can be

broken up into two parts corresponding to the integral inside the superconductor and

outside the superconductor:

Φ11 =
1

µ0I

∫
Int

B2
J1

(r) d3r +
1

µ0I

∫
Ext

B2
J1

(r) d3r,

= Φ11,Int + Φ11,Ext.

(2.62)

2.3.2 Inductance

The kinetic energy density inside a superconductor is given by,

Ek(r) =
1

2
m∗v2

s(r)ns, (2.63)

where vs(r) and ns are the velocity and the number density of the supercurrent

carriers, and m∗ is the mass. As we know J(r) = nse
∗vs(r) and λ2 = m∗

µ0nse∗2
, we can

rewrite this as,

Ek =
1

2
µ0λ

2J2(r). (2.64)

The magnetic energy density inside a superconductor is given by,

Em(r) =
1

2µ0

B2(r). (2.65)

We can relate both these to inductance through the relation,

1

2
LI2 =

∫
SC

E(r) d3r, (2.66)

where the integral is performed within the superconductor. Thus we obtain ex-

pressions for the kinetic inductance, Lk, and the internal magnetic inductance, Lint:
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Lk =

∫
SC

µ0λ
2J2(r)

I2
d3r, (2.67)

Lint =

∫
SC

B2(r)

µ0I2
d3r. (2.68)

We note that Lint is equivalent to the inductance which can be calculated using

the Flux-Inductance Theorem, Φ = LI, and the internal flux of Equation 2.62.
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Chapter 3

Pippard Non-Local Electrodynamics

In this chapter we will present calculations of the current density and vector potential

in two simple geometries, using an approximation to the Pippard Equation. For the

entirety of this thesis, we will be working in the London gauge, defined by:

∇ ·A(r) = 0, (3.1)

A(r) · n̂ = 0, (3.2)

where the n̂ is the unit vector that is perpendicular to the surface of the supercon-

ductor.

3.1 Approximations and Analogues

The Pippard equation as originally developed has the form:

J(r) = − 3

4πµ0ξλ2

∫
(r− r′)[(r− r′) ·A(r′)]

(r− r′)4
exp

(
−| r− r

′ |
ξ

)
d3r′. (3.3)

In the physical geometries we explore within this thesis, we always constrain A(r)

and J(r) to only have one non-zero component. Namely,

A(r) = A(r)ẑ, (3.4)

J(r) = J(r)ẑ, (3.5)
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where r = (x, y) = (ρ cos(θ), ρ sin(θ)). The spatial extent of our geometry in the

z-direction is also taken to extend from −∞ to ∞. With these constraints, we can

simplify the above Pippard equation to a scalar equation:

J(r) =
−3

4πµ0ξλ2

∫ ∫ ∞
−∞

(z − z′)2A(r)

[(z − z′)2 + |r − r′|2]2
exp

[
−
√

(z − z′)2 + |r − r′|2
ξ

]
dz′d2r.

(3.6)

Although we can theoretically integrate the z-dependence out of the above equation,

this turns out be analytically intractable and has to be done numerically. However, in

many superconductor geometries, a full calculation of the 3D integral either has neg-

ligible contributions along one spatial dimension, or is numerically impractical. Due

to these reasons, it is useful to derive lower dimensional Pippard equation analogues

and approximations to the 3D Pippard equation respectively.

3.1.1 Approximation to the 3D Pippard Kernel

We will first look at deriving an approximation for the integral over z in the above

equation. The integral we must then do is,

f(r) =

∫ ∞
−∞

(z − z′)2

[(z − z′)2 + |r − r′|2]2
exp

[
−
√

(z − z′)2 + |r − r′|2
ξ

]
dz′. (3.7)

Since our final result will have no z-dependence, our choice of z is arbitrary, and we

can set z = 0. We can also make this a dimensionless integration by absorbing the ξ

into our variables. That is z′

ξ
→ υ and |r−r′|

ξ
→ τ .

f(r) =
1

ξ

∫ ∞
−∞

υ2

[υ2 + τ 2]2
exp

[
−
√
υ2 + τ 2

]
dυ. (3.8)

By using Mathematica to perform the numerical integration, we obtained a base-

line to compare expressions which approximate the integral.
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Figure 3.1: Numerical Integration vs Approximated Function

The function f(τ) is the numerically integrated function and π
exp
[
−
√

3τ2+1.8τ
]

2τ
is

the approximating function. By inspection, we see that the functions are very similar

over the plotted domain, and thus we can substitute it into the Pippard equation.

For a cylindrical wire we get,

J(ρ) = − 3

8µ0ξλ2

∫ R

0

∫ 2π

0

A(ρ′)
exp

[
−
√

1.8 |r−r
′|

ξ
+ 3 |r−r

′|2
ξ2

]
| r − r′ |

ρ′dθ′dρ′

=

∫ R

0

[ ∫ 2π

0

K3DApproxP ipp(θ, θ
′, ρ, ρ′)dθ′

]
A(ρ′)ρ′dρ′

=

∫ R

0

K3DAP (ρ, ρ′)A(ρ′)ρ′dρ′.

(3.9)

The second line in the above equation has an integration over θ′ that must be per-

formed numerically to obtain the final kernel K3DAP (ρ, ρ′). We will refer to this kernel

as the 3D approximation to the Pippard kernel.

3.1.2 2D and 1D Analogues to the Pippard Kernel

Having obtained an approximation to the full 3D Pippard kernel, we will now derive

an exact Pippard kernel in 2D and 1D. The Pippard equation must always satisfy the

condition that it must reduce to the London relation as ξ → 0. If we set the vector

potential to only have radial dependence, A(r′) = A(r′), within the integral in the
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original Pippard equation1, and perform the trivial angular integrations in spherical

coordinates, the integral will take the form of the exponential representation of the

Dirac delta function.

J(r) = − 1

µ0λ2

∫
A(r′)

exp
(
− |r−r

′|
ξ

)
2ξ

dr′

=
ξ→ 0
−A(r)

µ0λ2
.

(3.10)

Thus we see that the London equation is a limiting case of the Pippard equation.

Using this as our guiding principle, we can develop 2D and 1D analogues to the Pip-

pard equation.

J(ρ) = − 1

2πµ0ξλ2

∫
A(ρ′)

exp
(
− |r−r

′|
ξ

)
| r − r′ |

d2r′

=

∫ R

0

[ ∫ 2π

0

K2DPipp(θ, θ
′, ρ, ρ′)dθ′

]
A(ρ′)ρ′dρ′

=

∫ R

0

K2DP (ρ, ρ′)A(ρ′)ρ′dρ′.

(3.11)

and in 1D, we will revert to simple Cartesian coordinates, where the extent of the

superconductor is from x ∈ [−w
2
, w

2
]:

J(x) = − 1

2µ0ξλ2

∫ w
2

−w
2

A(x′) exp
(
− | x− x

′ |
ξ

)
dx′

=

∫ w
2

−w
2

K1DP (x, x′)A(x′)dx′.

(3.12)

3.2 Superconducting Infinite Sheet

The superconducting infinite sheet serves both as good testing ground for the ideas

that we will develop further in this chapter and as a model for a ground plane in

1which is valid as the vector potential will not have any angular dependence as ξ → 0
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superconducting devices.

3.2.1 Geometry

The infinite sheet is taken to have a width, w, in the ŷ direction while extending

infinitely in the x̂ and ẑ directions. A current I is being transported along the wire

in the ẑ direction per unit length in the x̂ direction.

(a) 3D view

(b) Edge-on view

Figure 3.2: Geometry of the Superconducting Infinite Sheet

The penetration depth for this superconductor was chosen to be λ = 70 nm, and

two values of the width were chosen: W = 500 nm and W = 2000 nm. As this

geometry is infinite in both the x̂ and ẑ directions, by translation invariance there

cannot be any variation of either the current density or the vector potential in those

directions. That is, J(r) = J(y) and A(r) = A(y). This effectively makes the

problem a 1-dimensional calculation.

We remark that the infinite sheet is a useful approximation for the shielding plane

used in superconducting devices (See Chapter 3.09 of [24]).

3.2.2 Local London Electrodynamics

The current density and the vector potential are taken to be parallel to the z-axis.

J(r) = J(y)ẑ. (3.13)
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A(r) = A(y)ẑ. (3.14)

Note that the last equation satisfies the London gauge. The London equation relates

these two quantities:

J(r) = − 1

λ2µ0

A(r). (3.15)

Inside the superconductor, the current density satisfies:

∇2J(r) =
J(r)

λ2
. (3.16)

As this is a 1-dimensional problem, ∇2 = ∂2

∂y2
. Collating the above information, we

have the simple differential equation,

∂2

∂y2
J(y) =

J(y)

λ2
. (3.17)

Using the fact that the solution must be even due to reflection symmetry across the

y-axis, the solution is:

J(y) = J0 cosh
(y
λ

)
. (3.18)

We can normalize this across the y-axis to find out J0.

∫ w
2

−w
2

J0 cosh
(y
λ

)
dy =

I

L
(3.19)

=⇒ J0 =
I

2λ sinh
(
W
2λ

)
L
, (3.20)

where I is the total current and L is the length of the sheet in the x-direction. Thus

the normalized current density is,

J(y) =
I cosh

(
y
λ

)
2λ sinh

(
W
2λ

)
L
, −w

2
≤ y ≤ w

2
, (3.21)

and zero otherwise. Using the London equation, the vector potential inside the su-

perconductor is given by,

A(y) = − µ0Iλ

2L sinh
(
W
2λ

) cosh
(y
λ

)
, −w

2
≤ y ≤ w

2
. (3.22)
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3.2.3 Non-Local Electrodynamics

To solve for the vector potential and current density in a non-local scenario, we first

consider the Maxwell relation,

∇×B(r) = µ0J(r). (3.23)

We can use B(r) =∇×A(r) and the vector calculus identity ∇×∇×A(r) =

∇(∇ ·A(r))−∇2A(r) to simplify this equation. As we are working in the London

gauge, the first term disappears and we are left with,

∇2A(r) = −µ0J(r). (3.24)

As we took A(r) = A(y)ẑ and ∇2 = ∂2

∂y2
in 1D, we arrive at a Poisson equation

with Dirichlet boundary conditions:

∂2

∂y2
A(y) = −µ0J(y), (3.25)

A
(
y = −w

2

)
= A

(
y =

w

2

)
= A0. (3.26)

In Appendix A, we developed the tools to solve this problem, thus we can simply

write down the solution:

A(y) = h(y) + µ0

∫ w
2

−w
2

G(y, y′)J(y′)dy′. (3.27)

Where h(y) = ∂G(y,y′)
∂y′

∣∣∣∣
−w

2

A0− ∂G(y,y′)
∂y′

∣∣∣∣
w
2

A0. The Green’s function for the operator

∇2 = ∂2

∂y2
with the above boundary conditions was calculated to be,

G(y, y′) =

1
2
(y − y′ + yy′ − 1) y′ 6 y,

1
2
(y + 1)(y′ − 1) y 6 y′.

We obtain a Fredholm integral equation by substituting the Pippard equation,

which has the form:

J(y′) =

∫ w
2

−w
2

KPipp(y
′, y′′)A(y′′)dy′′. (3.28)
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=⇒ A(y) = h(y) + µ0

∫ w
2

−w
2

∫ w
2

−w
2

G(y, y′)KPipp(y
′, y′′)A(y′)dy′dy′. (3.29)

We solve the above Fredholm integral equation using the tools developed in Ap-

pendix A. As described in Section 3.1, we have three Pippard kernels at our disposal:

the 1D Pippard kernel K1DP , the 2D Pippard kernel K2DP , and the 3D approximated

Pippard kernel K3DAP (with K2DP and K3DAP converted to Cartesian coordinates).

To illustrate the differences between these three kernels, we showcase the results using

all three below. Once A(y) was calculated, J(y) was calculated using the respective

Pippard equation.

3.2.4 Results

As Pippard electrodynamics must converge to London in the limit ξ → 0, we first

show results for A(y) for an infinite sheet with width W = 500 nm and W = 2000

nm, with ξ = 10 nm. (For lower values of ξ, a finer mesh would have had to be used

for the numerical calculations.)
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Figure 3.3: Normalized vector potential for infinite sheet with W = 500 nm and
ξ = 10 nm
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Figure 3.4: Normalized vector potential for infinite sheet with W = 2000 nm and
ξ = 10 nm

From the above plots, it can be seen that all 3 kernels closely follow the local result.

However, we can see that the 3D approximated Pippard kernel is computationally

costly and thus has numerical oscillations which affect the accuracy of the results. The

numerical oscillations are seen to increase as the ratio ξ
W

becomes smaller. This is not

a significant concern however, as the results of interest are when ξ is large compared

to the geometry - the small ξ values are shown to verify that the calculations are

working as expected.

If we calculate J(y) from the above results, we obtain the following plots:
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Figure 3.5: Normalized current density for infinite sheet with W = 500 nm and ξ = 10
nm
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Figure 3.6: Normalized current density for infinite sheet with W = 2000 nm and
ξ = 10 nm

The main features of the above plots are that while they all are compatible with

the local London distribution, the peak of the current is off the edge of the supercon-

ductor. Due to the numerical oscillations, it’s difficult to put any significance into the
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observation that 1D Pippard kernel produces the highest peaked J(y) for W = 2000

nm, then the 2D Pippard and lastly the 3D Approximated Pippard.

To make any conclusions in that regard, we must obtain results that are more

numerically stable. We can achieve that by looking at large values of ξ. The below

plots show results for A(y) for an infinite sheet with widths W = 500 nm and W =

2000 nm, and with ξ = 200 nm and ξ = 1000 nm.
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Figure 3.7: Normalized vector potential for infinite sheet with W = 500 nm and
ξ = 200 nm
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Figure 3.8: Normalized vector potential for infinite sheet with W = 500 nm and
ξ = 1000 nm
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Figure 3.9: Normalized vector potential for infinite sheet with W = 2000 nm and
ξ = 200 nm
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Figure 3.10: Normalized vector potential for infinite sheet with W = 2000 nm and
ξ = 1000 nm

These figures show that A(y) is highest for the 3D Approximated Pippard Kernel,

then 2D and lastly 1D for both widths. In the W = 500 nm case, the vector potentials

for all the non-local cases deviate significantly from the local case and show a flattened

distribution. The current density plots show similar features:
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Figure 3.11: Normalized current density for infinite sheet with W = 500 nm and
ξ = 200 nm
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Figure 3.12: Normalized current density for infinite sheet with W = 500 nm and
ξ = 1000 nm
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Figure 3.13: Normalized current density for infinite sheet with W = 2000 nm and
ξ = 200 nm
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Figure 3.14: Normalized current density for infinite sheet with W = 2000 nm and
ξ = 1000 nm

Interestingly, for large values of ξ, the off-edge peak seem to disappear and we

have J(y) having its maximum value at the edge just as in the local case. However,
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unlike the local case, the majority of the current does not flow at the edge, but has

a significant amount being transported in the bulk.

The trend of the 3D approximated Pippard kernel having the largest peak, the 2D

kernel the next largest peak and the 1D kernel having the lowest peak is confirmed

across different widths and values of ξ. This can be understood through a simple

geometrical argument which is elucidated in Appendix B.

3.3 Superconducting Cylindrical Wire

3.3.1 Geometry

We consider an infinitely long, straight, cylindrical, superconducting wire, with a

total current I being transported along the wire in the ẑ direction. The penetration

depth is λ = 70 nm, and we consider wire radii between R = 500 nm and R = 5000

nm.

Figure 3.15: Infinite Superconducting Cylinder Geometry

3.3.2 Local London Electrodynamics

The current density and the vector potential are taken to be parallel to the z-axis,

J(r) = J(ρ)ẑ, (3.30)

A(r) = A(ρ)ẑ, (3.31)

leading to the London equation for the current in cylindrical coordinates,
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1

ρ

ρ∂

∂ρ

(
∂J(ρ)

∂ρ

)
=
J(ρ)

λ2
. (3.32)

The solutions to this differential equation can expressed in the form of modified

Bessel functions.2

J(ρ) = c0I0

(ρ
λ

)
+ c1K0

(
−ρ
λ

)
. (3.33)

At ρ = 0, K0 diverges, so c1 = 0. Thus we get,

J(ρ) = c0I0

(ρ
λ

)
. (3.34)

c0 can be determined from the total current I,

I =
x

R

J(ρ)dA = 2πc0

∫ R

0

I0

(ρ
λ

)
ρdρ = 2πc0λRI1

(
R

λ

)
. (3.35)

Thus:

J(ρ) =
I

2πλR

I0(ρ/λ)

I1(R/λ)
, 0 ≤ ρ ≤ R. (3.36)

And then using the London equation, we can write down the expression for A(ρ) as

well.

A(ρ) = −λµ0I

2πR

I0(ρ/λ)

I1(R/λ)
, 0 ≤ ρ ≤ R. (3.37)

3.3.3 Non-Local Pippard Electrodynamics

To solve for the vector potential and current density in a non-local scenario, we will

proceed in the same manner as the previous section and use the Maxwell relation for

A(r) = A(ρ) ẑ,

∇2A(ρ) = −µ0J(ρ), (3.38)

A(ρ = R) = A0. (3.39)

The boundary conditions are due to the fact that we have rotational symmetry in our

problem, thus the value of A(ρ) must be the same on the boundary. As developed in

2I0 and K0 are modified Bessel functions of the zeroth order and first, second kinds respectively.
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Appendix A, the solution for such an equation is given by,

A(ρ) = −µ0R
2

∫ ∫
Ω

G(r′ − r)J(ρ′)ρ′dρ′dθ′ −
∮
∂Ω

[
A(ρ′)∇x′G(r′ − r)

]
.n̂dS. (3.40)

In the above equation, we have factored out the radius R so that we can work with

dimensionless variables. Thus the geometry we are working with is the unit disk, and

the Green’s function for the Laplacian on the unit disk has the form:

G(r′ − r) =
1

4π
ln

[
ρ2 + .ρ′2 − 2ρρ′ cos(θ − θ′)
ρ2ρ′2 + 1− 2ρρ′ cos(θ − θ′)

]
. (3.41)

The unit vector perpendicular to the surface of the superconductor points out radially,

n̂ = r̂. Thus we can simplify the 2nd term in Equation 3.40:

∮
∂Ω

[
A(ρ′)∇x′G(r′ − r)

]
.n̂dS =

∫ 2π

0

A0

(
∂

∂ρ′
G(r′ − r)

)
ρ′dθ′

∣∣
ρ′=1

(3.42)

= A0

∫ 2π

0

1

2π
ln

[
1− ρ2

ρ2 + 1− 2ρ cos(θ − θ′)

]
dθ′ (3.43)

= A0. (3.44)

Therefore our equation for A(ρ) is,

A(ρ) = A0 − µ0R
2

∫ 2π

0

∫ 1

0

G(r′ − r)J(ρ′)ρ′dρ′dθ′. (3.45)

As J(ρ′) has no angular dependence, the integration over θ′ can be performed. How-

ever, this integration is analytically intractable and must be performed numerically,

which results in:

A(ρ) = A0 − µ0R
2

∫ 1

0

Gρ(ρ, ρ
′)J(ρ′)ρ′dρ′. (3.46)

Within the integral, we can substitute the Pippard equation for non-local electrody-

namics in the place of J(ρ′). Both the 3D approximated Pippard kernel and the 2D

Pippard kernel described in Section 3.1 were used to investigate the different solutions

they produced. In the below equation we use KPipp(ρ
′, ρ′) as a placeholder for either

kernel, and work with dimensionless variables.
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A(ρ) = A0 − µ0R
2

∫ 1

0

∫ 1

0

Gρ(ρ, ρ
′)KPipp(ρ

′, ρ′′)A(ρ′′)ρ′′dρ′′ρ′dρ′dθ′. (3.47)

This is a Fredholm Integral Equation, and we can find a solution to this equation

as discussed in Appendix A. Upon obtaining A(ρ), we can then use the respective

Pippard equation to obtain a result for J(ρ). The MATLAB program FIE was used

to calculate A(ρ) for various values of ξ and R. The numerical integrations required

to produce the Pippard kernels and the Green’s function kernels were done using

MATLAB’s inbuilt trapezoidal integration function. The mesh for the numerical cal-

culations was limited to 512 subdivisions, due to limitations in the computational

resources. For ease of plotting, A(ρ) was normalized before plotting using A(ρ)πR2

2π
∫R
0 A(ρ)dρ

.

3.3.4 Non-local Vector Potential and Current Density using the 2D Pip-

pard Kernel

The following are the results using the 2D Pippard kernel:

J(ρ) = − 1

2πµ0ξλ2

∫
A(ρ′)

exp
(
− |r−r

′|
ξ

)
| r − r′ |

d2r′ (3.48)

=

∫ R

0

[ ∫ 2π

0

K2DPipp(θ, θ
′, ρ, ρ′)dθ′

]
A(ρ′)ρ′dρ′ (3.49)

=

∫ R

0

K2DP (ρ, ρ′)A(ρ′)ρ′dρ′. (3.50)
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Figure 3.16: Plot of A(ρ) for different values of the non-local parameter ξ for a
superconducting cylinder with radius R = 500 nm using the 2D Pippard kernel
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Figure 3.17: Plot of A(ρ) for different values of the non-local parameter ξ for a
superconducting cylinder with radius R = 1000 nm using the 2D Pippard kernel
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Figure 3.18: Plot of A(ρ) for different values of the non-local parameter ξ for a
superconducting cylinder with radius R = 2000 nm using the 2D Pippard kernel

The trends seen in the Infinite Sheet calculations can be see here as well:

• The non-local results show the expected convergence to the local solution as

ξ → 0

• Numerical oscillations can be seen as the ratio ξ
R

decreases

• As ξ increases, it flattens the distribution of A(ρ).

If we run these results through the Pippard kernel, we obtain J(ρ) for each case.
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Figure 3.19: Plot of J(ρ) for different values of the non-local parameter ξ for a
superconducting cylinder with radius R = 500 nm using the 2D Pippard kernel

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

8
Non-Local Current Density Cylindrical Wire 2D Pippard, R = 1000 nm

Non-Local,  = 10 nm
Non-Local,  = 100 nm
Non-Local,  = 500 nm
Non-Local,  = 1000 nm
Local

Figure 3.20: Plot of J(ρ) for different values of the non-local parameter ξ for a
superconducting cylinder with radius R = 1000 nm using the 2D Pippard kernel
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Figure 3.21: Plot of J(ρ) for different values of the non-local parameter ξ for a
superconducting cylinder with radius R = 2000 nm using the 2D Pippard kernel

These results show that non-local electrodynamics show significantly behaviour

from the local case. In the local regime, J(ρ) is always peaked at the edge of the

superconductor and it falls of exponentially within the interior. In the non-local

regime, both these qualities are not present. The peak in J(ρ) is off the edge of the

superconductor in this regime, and it moves inwards with increasing ξ. The current

distribution is also significantly flattened, and does not display the exponential fall-

off present in the local regime. Under London electrodynamics, it was assumed that

the current in superconductors always flowed along the boundary; however, as all

superconductors have a degree of non-locality, we can see that this does not always

hold true, and a significant portion of the current can flow through the bulk.

3.3.5 Non-local Vector Potential and Current Density using the 3D Ap-

proximated Pippard Kernel

The following are the results using the 3D Approximated Pippard kernel:
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J(ρ) = − 3

8µ0ξλ2

∫ R

0

∫ 2π

0

A(ρ′)
exp

[
−
√

1.8 |r−r
′|

ξ
+ 3 |r−r

′|2
ξ2

]
| r − r′ |

ρ′dθ′dρ′

=

∫ R

0

[ ∫ 2π

0

K3DApproxP ipp(θ, θ
′, ρ, ρ′)dθ′

]
A(ρ′)ρ′dρ′

=

∫ R

0

K3DAP (ρ, ρ′)A(ρ′)ρ′dρ′.

(3.51)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4
Non-Local Vector Potential Cylindrical Wire 3D Pippard, R = 500 nm

Non-Local,  = 10 nm
Non-Local,  = 100 nm
Non-Local,  = 500 nm
Non-Local,  = 1000 nm
Local

Figure 3.22: Plot of A(ρ) for different values of the non-local parameter ξ for a su-
perconducting cylinder with radius R = 500 nm using the 3D approximated Pippard
kernel
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Figure 3.23: Plot of A(ρ) for different values of the non-local parameter ξ for a super-
conducting cylinder with radius R = 1000 nm using the 3D approximated Pippard
kernel
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Figure 3.24: Plot of A(ρ) for different values of the non-local parameter ξ for a super-
conducting cylinder with radius R = 2000 nm using the 3D approximated Pippard
kernel

We can run the above results through the Pippard kernel to obtain J(ρ).
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Figure 3.25: Plot of J(ρ) for different values of the non-local parameter ξ for a su-
perconducting cylinder with radius R = 500 nm using the 3D approximated Pippard
kernel
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Figure 3.26: Plot of J(ρ) for different values of the non-local parameter ξ for a super-
conducting cylinder with radius R = 1000 nm using the 3D approximated Pippard
kernel
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Figure 3.27: Plot of J(ρ) for different values of the non-local parameter ξ for a super-
conducting cylinder with radius R = 2000 nm using the 3D approximated Pippard
kernel

3.3.6 Internal Inductance and Kinetic Inductance

The expressions for the kinetic inductance, Lk, and the internal magnetic inductance,

Lint were found in Chapter 2 to be:

Lk =

∫
SC

µ0λ
2J2(r)

I2
d3r, (3.52)

Lint =

∫
SC

B2(r)

µ0I2
d3r. (3.53)

Using Ampere’s law, we can derive the magnetic field inside the wire:

∮
B(r) · dl = µ0Ienc, (3.54)

B(ρ)2πρ = µ02π

∫ ρ

0

J(ρ′)ρ′dρ′, (3.55)

B(ρ) = µ0

∫ ρ
0
J(ρ′)ρ′dρ′

ρ
. (3.56)
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Performing the integral with the expression for the local J(ρ) from Equation 3.36

gives,

B(ρ) =
µ0

2πR

I1(ρ/λ)

I1(R/λ)
. (3.57)

Therefore, the inductances per unit length in the ẑ direction for the local case have

the form,

Lk
l

=
µ0

2πR2

1

I2
1 (ρ/λ)

∫ R

0

I2
1 (ρ/λ) dρ, (3.58)

Lint
l

=
µ0

2πR2

1

I2
1 (ρ/λ)

∫ R

0

I2
0 (ρ/λ) dρ. (3.59)

With these expressions in hand, we can investigate the non-local effects on these

quantities. We first present the results using the 2D Pippard kernel.
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Figure 3.28: Effect of non-locality on the kinetic inductance using the 2D Pippard
kernel
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Figure 3.29: Effect of non-locality on the internal magnetic inductance using the 2D
Pippard kernel

From these plots it’s clear that kinetic inductance decreases as ξ increases, while

the internal inductance increases.
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Figure 3.30: Effect of non-locality on the ratio of inductances using the 2D Pippard
kernel

In the local regime, the kinetic inductance is higher than the internal magnetic
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inductance for small wire radii, and approaches unity as the radius is increased. This

is consistent with similar calculations performed on superconducting thin films [24].

In the non-local regime, this no longer is true; the internal magnetic inductance is

always larger than the kinetic inductance, and this disparity increases as ξ increases.

The results with the 3D approximated Pippard kernel show the same trends, how-

ever the results at larger wire radii become unreliable due to numerical oscillations.

The cross-over seen in the ξ = 100 nm and ξ = 200 nm case are a consequence of this

numerical error and are not a physical effect.
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Figure 3.31: Effect of non-locality on the kinetic inductance using the 3D Pippard
kernel
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Figure 3.32: Effect of non-locality on the internal magnetic inductance using the 3D
Pippard kernel
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Figure 3.33: Effect of non-locality on the ratio of inductances using the 3D Pippard
kernel

As a summary of this chapter, we presented a numerical method for calculations

of current densities, magnetic fields, and inductances based on numerical integration
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of the Fredholm equation emerging from the Pippard relation. When ξ is comparable

to the length scale of the problem (thickness W for the infinite sheet or wire radius R

for the cylindrical wire) the system approaches the non-local regime, where it shows

magnetic properties that are qualitatively different from the local one. For example,

in the non-local regime the wire’s energy becomes dominated by internal inductance

as opposed to kinetic inductance.

Our calculations also show the benefit of using a 2D Pippard kernel for numerical

accuracy and stability. At small ξ our results using the 2D and approximate 3D

Pippard kernels agree with each other and the local theory, but the 3D approximate

kernel shows numerical oscillations. Thus for calculations where ξ is comparable to

λ, the 2D kernel must be used for numerical accuracy. For large ξ, the approximate

3D kernel shows stable results and can be used instead of the 2D kernel.
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Chapter 4

Flux Noise in SQUIDs

The flux noise in SQUIDs is believed to originate from impurities on the surface and

in bulk of the superconductor. Stephanie LaForest et al. [9] have developed a model

for this noise, in the form of a Hamiltonian which ties the spin of the impurity to

the flux produced by the SQUID. In this chapter, we elucidate the relevant details

of this theory, and then calculate the impact of non-local electrodynamics on the

flux noise produced by impurities with spin located in the surface and the bulk of

superconducting wires.

4.1 Flux Vector Model

In Chapter 2 Equation 2.55, we considered the flux in a superconducting loop. If we

consider the flux from a spin impurity, the equation has a similar form,

Φi =
1

I

∫
Ai(r) · J(r) d3r, (4.1)

where Ai(r) is the vector potential from the spin si located at r′ and J(r) is

the current density in the superconductor. Jackson’s Classical Electrodynamics [25]

provides an expression for the vector potential from a dipole:

Ai(r) = −gµsµ0

4π

si × (r − r′)
|r − r′|3

, (4.2)

where µs is the Bohr magneton and g is the g-factor for the electron which is ≈ 2.

Plugging the above expression into Equation 4.1, we can write Φi = −F (r′) ·si with,

F (r′) =
gµsµ0

4π

∫
(r − r′)× J(r)

|r − r′|3I
d3r. (4.3)
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F (r′) is called the flux vector, and is simply the Biot-Savart equation for the

magnetic field multiplied by gµs,

F (r′) = gµsB(r′). (4.4)

For the infinite cylinder geometry we consider, the magnetic field is B(r′) =

B(ρ′) θ̂, and can be expressed using Ampère’s Law as,

B(ρ′) = µ0

∫ ρ′
0
J(ρ)ρdρ

ρ′
. (4.5)

Therefore the flux vector can be simplified to:

F (r′) = Fθ(ρ
′) = gµsB(ρ′) θ̂. (4.6)

4.2 Effect of Non-Locality

Here we present calculations of various quantities relevant for flux noise, using the

non-local current density and vector potential calculations of the superconducting

cylindrical wire with the 2D Pippard kernel. The results using the 3D approximated

Pippard kernel are similar to the results obtained using the 2D Pippard kernel. The

figures resulting from the 3D approximated Pippard can be found in Appendix C

4.2.1 Flux Vector

In the local regime, the flux vector inside a cylindrical wire becomes,

Fθ(ρ) =
gµsµ0I

2πR

I1(ρ/λ)

I1(R/λ)
, 0 ≤ ρ ≤ R, (4.7)

where we used our analytical expression for the magnetic field, Equation 3.57. For

the non-local flux vector, we use the numerically computed J(ρ) in the equation:

Fθ(ρ) =
gµsµ0

I

∫ ρ
0
J(ρ′)ρ′dρ′

ρ
, 0 ≤ ρ ≤ R. (4.8)
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Figure 4.1: Flux Vector in the Non-Local versus Local regime for R = 500 nm using
the 2D Pippard kernel
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Figure 4.2: Flux Vector in the Non-Local versus Local regime for R = 1000 nm using
the 2D Pippard kernel
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Figure 4.3: Flux Vector in the Non-Local versus Local regime for R = 2000 nm using
the 2D Pippard kernel

The above results show that the flux vector can have non-zero value even when

the spin is located near the center of the cylinder, when ξ is large in comparison to

the radius. The non-local flux vector shows convergence towards the local value as

ξ → 0.

4.2.2 Flux Noise Power

We can use the flux vector to calculate the total flux noise power. The flux noise

power per unit length for surface spins is:

〈Φ2〉
L

=
s(s+ 1)

3
σ2

∫ 2π

0

|F (ρ)|2ρdθ|ρ=R =
s(s+ 1)

3
2πRσ2|F (R)|2, (4.9)

and for bulk spins is:

〈Φ2〉
L

=
s(s+ 1)

3
σ3

∫ R

0

∫ 2π

0

|F (ρ)|2ρdθdρ =
s(s+ 1)

3
2πσ3

∫ R

0

|F (ρ)|2ρdρ, (4.10)

where s is the total spin quantum number of the impurity (taken to be s = 1
2

in explicit numerical results) and σ2 is the density of spins on the surface of the

superconductor and σ3 is the density of spins in the bulk of the superconductor. We
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use values of σ2 = 5× 1016m−2 and σ3 = 1024m−3 in our calculations.

As the surface flux noise power depends on the value of the flux vector at the

surface, the noise in the local and non-local regimes are identical. However, the bulk

flux noise power is proportional to the integral of the flux vector over the volume of

the superconductor, thus the non-local regime will have larger bulk noise.
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Figure 4.4: Flux Noise Power for 2D Pippard with increasing non-locality

From the above plot it is clear that the bulk noise power increases as ξ increases.

As the radius increases, the non-local bulk noise power approaches the local result

asymptotically.
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Chapter 5

Conclusions

The aim of this thesis was twofold: to determine the non-local electrodynamic be-

haviour of a superconducting wire, and to investigate the impact of non-locality on

the inductance and flux noise of a SQUID. The first aim was fulfilled through devel-

oping a Green’s function approach to form the non-local electrodynamic equations,

and using MATLAB to obtain explicit numerical results. In pursuing these goals, we

developed a 1D and 2D analogue to the Pippard equations, and an approximation to

the 3D Pippard equation. Through comparing the results from these three equations,

we determined that the 2D Pippard equation should be used when ξ is smaller than

or comparable to λ and the superconductor length scale. The 3D approximation was

found to be numerically stable for large values of ξ.

We obtained results using these equations for 2 geometries; the infinite supercon-

ducting sheet and the cylindrical wire. The sheet can serve as an idealized model of

the ground plane used in many superconducting devices, and the cylinder serves as a

model of a coaxial cable.

Our calculations of the non-local vector potential (See Figures in Chapter 3 Sec-

tion 3.3) showed that the distribution was flattened with increasing non-locality. This

is in qualitative agreement with simple models of non-local electrodynamics (See [19]

Equation 3-13) in which the effect of the Pippard equation is given as a modification

of the penetration depth, λNL = 0.58(λ2ξ0)
1
3 . However this does not give a good

qualitative description of how the current density behaves inside the wire. Notably,

the calculations in this thesis show that the peak of the current density distribution

is off the edge of the superconductor in the non-local regime, and is significantly

distributed within the bulk of the superconductor.

In satisfying the second aim of this thesis, it was found that the bulk noise power

and the internal inductance of the superconducting cylinder increased with increas-
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ing non-locality. The kinetic inductance was found to decrease with increasing non-

locality, and the surface flux noise power was found to be the same as in the local

regime. For all radii investigated in the local regime the surface flux noise power dom-

inated the bulk flux noise power, and the kinetic inductance dominated the internal

inductance. In contrast, these relationships were inverted in the non-local regime;

the bulk noise power and the internal inductance were the dominant quantities for

all cylinder radii.

The results found in this thesis show that the electrodynamics of non-local su-

perconductors differ markedly from local superconductors, and in building nano-scale

devices, care must be taken to incorporate these effects into the design. As flux noise

is a persistent problem encountered in SQUIDs, we hope our results can be used in

improving SQUID design in the future.
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Appendix A

Mathematical Tools

Performing calculations on the non-local electrodynamics of superconductors requires

many different sophisticated mathematical tools. In this appendix, we will introduce

the two main tools that were instrumental in producing the results herein:

1. Nyström Method for solving Fredholm Integral Equations

2. Green’s Function Method for solving Poisson’s equation boundary value prob-

lems

A.1 Fredholm Integral Equations

A Fredholm Integral Equation of the 2nd kind is an equation of the form,

λF (x) =

∫ b

a

K(x, x′)F (x′)dx′ +G(x). (A.1)

Here, F (x) is the desired function and we see that it has a self-consistent relation

- F (x) is equal to the convolution of itself with some specified kernel K(x, x′) plus a

given function G(x).

This can be written symbolically as,

λF = KF +G, (A.2)

or (A.3)

(λ−K)F = G. (A.4)

This equation can be solved on the interval [a, b] through discretizing x into n− 1

parts:
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x = a, a+ h, a+ 2h, ..., b (A.5)

= x1, x2, ..., xn, (A.6)

where h = b−a
n−1

.

The integral can then be turned into a sum through a quadrature scheme, with

appropriate weighting, wj:∫ b

a

K(x, x′)F (x′)dx′ ≈
n∑
j=1

wjK(x, x′j)F (x′j). (A.7)

Thus the value of F (xi) at any xi is,

λF (xi) =
n∑
j=1

wjK(xi, x
′
j)F (x′j) +G(xi). (A.8)

We now have n equations and n unknowns, which can solved through inverting

the matrix (λ−K):

F = (λ−K)−1G. (A.9)

This method of solving Fredholm integral equations is known as the Nyström

method. FIE, a MATLAB program implementing a sophisticated version of the above

Nyström scheme, has been developed by K.E. Atkinson and L. F. Shapine [26]. This

program was used to solve all Fredholm integral equations in this thesis.

A.2 Green’s Functions

An equation of the form ∇2
xφ(x) = f(x) is known as Poisson’s equation, which is

simply a generalization of Laplace’s equation with the addition of the source term on

the right hand side, f . The Laplace operator has the form ∇2 = ∂2

∂x21
+ ∂2

∂x22
+ ...+ ∂2

∂x2n

in n dimensions. In Poisson’s equation, we are attempting to find the value of φ(x)

in some domain Ω, when given some information about φ(x) on the boundary of this

domain, ∂Ω. If the information is about the value of φ(x) itself on the boundary, this

is known as a Dirichlet boundary condition. If the information is about the value of

(∇xφ(x)) · n̂ on the boundary, where n̂ is the unit vector normal to the boundary

∂Ω, it is known as a Neumann boundary condition.
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For the purposes of this thesis we will be focusing on solving Poisson’s equation

in 1D and 2D, with Dirchlet boundary conditions. To see how Green’s functions can

be employed to obtain a solution, we first define the Green’s function in a Dirchlet

boundary condition setting:

∇2
xG(x− x′) = δ(x− x′), (A.10)

G(x− x′)
∣∣
x,x′∈∂Ω

= 0. (A.11)

The Green’s function is a function that yields a Dirac-delta when operated upon by

the Laplacian, and has a value of 0 on the boundary of the domain 1. In general, this

can be defined for any operator - not just the Laplacian. We will now illustrate the

utility of this function in solving Poisson’s equation in 1D and 2D setting.

A.2.1 1D Poisson equation

We are seeking the solution for a function φ(x) over some domain x ∈ [a, b]. In 1D,

the Laplacian is simply the double derivative: ∇2 = ∂2

∂x2
. Thus Poisson’s equation is,

∂2

∂x2
φ(x) = f(x). (A.12)

As we are considering Dirichlet boundary conditions, we know the value of φ(x) on

∂Ω : x = {a, b},

φ(a) = φa, φ(b) = φb. (A.13)

The Green’s function is defined as,

∂2

∂x2
G(x− x′) = δ(x− x′), (A.14)

G(x− x′)
∣∣
x,x′∈∂Ω

= 0. (A.15)

Using the product rule of differentiation, we can take the Laplacian of the product

of the Green’s function and φ(x′) (the primed and unprimed coordinates are switched

1For a Neumann problem, we would have a similar condition: that (∇x,x′G(x − x′) · n̂ = 0
but the general solution to the Poisson equation has a subtle difference which is not present in the
Dirichlet picture.
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for clarity of notation in the final solution).

∂2

∂x′2
(G(x′ − x)φ(x′)) =

∂2G(x′ − x)

∂x′2
φ(x′) +G(x′ − x)

∂2φ(x′)

∂x′2
+ 2

∂G(x′ − x)

∂x′
∂φ(x′)

∂x′
(A.16)

We can now make use of the fact that,

∂G(x′ − x)

∂x′
∂φ(x′)

∂x′
=

∂

∂x′

(
G(x′ − x)

∂φ(x′)

∂x′

)
−G(x′ − x)

∂2φ(x′)

∂x′2
(A.17)

This gives,

∂2

∂x′2
(G(x′ − x)φ(x′)) =

∂2G(x′ − x)

∂x′2
φ(x′)−G(x′ − x)

∂2φ(x′)

∂x′2
+ 2

∂

∂x′

(
G(x′ − x)

∂φ(x′)

∂x′

)
= δ(x′ − x)φ(x′)−G(x′ − x)f(x′) + 2

∂

∂x′

(
G(x′ − x)

∂φ(x′)

∂x′

)
.

(A.18)

In the last line, we’ve used Equation A.14 to insert the delta function and Equa-

tion A.12 to insert f(x′).

We can now integrate over the domain x′ ∈ [a, b].∫ b

a

∂2

∂x′2
(G(x′ − x)φ(x′))dx′ =

∫ b

a

δ(x′ − x)φ(x′)dx′ −
∫ b

a

G(x′ − x)f(x′)dx′

+ 2

∫ b

a

∂

∂x′

(
G(x′ − x)

∂φ(x′)

∂x′

)
dx,

(A.19)

=⇒ ∂

∂x′
(G(x′ − x)φ(x′))

∣∣∣∣b
a

= φ(x)−
∫ b

a

G(x′ − x)f(x′)dx′ + 2G(x′ − x)
∂φ(x′)

∂x′

∣∣∣∣b
a

.

(A.20)

The 3rd term in the above equation will disappear as we defined the Green’s function

to vanish on the boundary.

=⇒ ∂G(x′ − x)

∂x′
φ(x′)

∣∣∣∣b
a

+G(x′ − x)
∂φ(x′)

∂x′

∣∣∣∣b
a

= φ(x)−
∫ b

a

G(x′ − x)f(x′)dx′. (A.21)
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We can see that the first term is some function with x-dependence which can be

calculated from the Green’s function, thus we replace it with h(x) = ∂G(x′−x)
∂x′

∣∣∣∣
b

φb −

∂G(x′−x)
∂x′

∣∣∣∣
a

φa. The second term on the left hand side vanishes as we stipulated that

the Green’s function is 0 on the boundary in Equation A.15. Thus the solution is,

φ(x) = h(x) +

∫ b

a

G(x′ − x)f(x′)dx′. (A.22)

Thus we have arrived at a solution for φ(x) without reference to the actual form of

the function G(x′ − x). For many problems, the most difficult aspect of the solution

is in finding a Green’s function which satisfies the conditions in Equation A.15 for

the geometry of the problem. In fact, a simple, closed form for the Green’s function

can only be found in a few highly idealized geometries.

A.2.2 2D Poisson equation

We are seeking the solution for a function φ(x) over some domain Ω : x = (x, y) with

boundary ∂Ω. In 2D, the Laplacian is s ∇2
x = ∂2

∂x2
+ ∂2

∂y2
. Assuming the value of φ(x)

on the boundary is constant 2, the problem to be solved is:

∇2
xφ(x) = f(x), (A.23)

φ(x)
∣∣
∂Ω

= c. (A.24)

2This does not have to be the case, but makes the problem easier to solve. The derivation still
holds for a case where the boundary value of φ(x) has coordinate dependence.
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 ∂

Figure A.1: Schematic diagram of the space on which Poisson’s equation is being
solved

The Green’s function is defined as,

∇2
xG(x− x′) = δ(x− x′), (A.25)

G(x− x′)
∣∣
x,x′∈∂Ω

= 0. (A.26)

To solve the problem in 2D, we must apply Green’s theorem3. For some vector

F , this can be written as,∫ ∫
Ω

(∇ · F )dxdy =

∮
∂Ω

(F · n̂)ds. (A.27)

As this holds for any vector function, choose F = φ(x′)∇x′G(x′ − x). Thus

Equation A.27 becomes,

∫ ∫
Ω

[
(∇x′φ(x′)).(∇x′G(x′−x))−φ(x′)∇2

x′G(x′−x)
]
d2x′ =

∮
∂Ω

((φ(x′)∇x′G(x′−x))·n̂)ds.

(A.28)

3Equivalent to divergence theorem or Stoke’s theorem in 2D space
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With this in hand, let’s repeat the process with F = G(x′ − x)∇x′φ(x′). This

produces,

∫ ∫
Ω

[
(∇x′G(x′−x)).(∇x′φ(x′))−G(x′−x)∇2

x′φ(x′)
]
d2x′d2x′ =

∮
∂Ω

(G(x′−x)∇x′φ(x′))·n̂)ds.

(A.29)

Now if we subtract Equation A.28 from Equation A.29, the first terms of both equa-

tions disappear as (∇x′G(x′ − x)) · (∇x′φ(x′)) = (∇x′φ(x′)) · (∇x′G(x′ − x)). The

second terms of each equation can also be reduced using the definitions of the Green’s

function and Poisson’s equation respectively. Rearranging the resultant equation we

arrive at the solution:

φ(x) =

∫ ∫
Ω

[
G(x′−x)f(x′)

]
d2x′+

∮
∂Ω

[
G(x′−x)∇x′φ(x′)−φ(x′)∇x′G(x′−x)

]
·n̂ds.

(A.30)

As we chose the Green’s function to have a value of zero at the boundary, this

can be simplified further. With this, we finally arrive at the solution to Poisson’s

equation in 2D with Dirichlet boundary conditions:

φ(x) =

∫ ∫
Ω

G(x′ − x)f(x′)d2x′ −
∮
∂Ω

[
φ(x′)∇x′G(x′ − x)

]
· n̂ds. (A.31)
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Appendix B

1D vs 2D vs 3D Pippard Kernel: Geometrical

Argument

The differences between using the 1D, 2D or 3D Pippard kernel can be understood by

considering the physical situation described by the Pippard equation. The Pippard

equation describes the current density inside a superconductor at a given point, being

dependent on the convolution of the vector potential around that point with a given

kernel. The kernel can be thought of as being Gaussian; the highest contribution

to the current density is the vector potential at the point in question, and then the

contributions fall of exponentially with the radial distance from that point.

The off-edge peaks of the current density is a consequence of this; as the integral is

confined to the interior of the superconductor, when calculating the current density

at the edge versus the middle, a larger part of the kernel is located outside the

superconductor. However, the vector potential is also peaked higher at the edge than

at the middle, therefore the off-edge peak for the current density is a result of the

competition between these two factors.

When considering the effect of the 2D versus 3D Pippard equation in this context,

we can consider a simpler kernel to illustrate its effects. Instead of a 2D or 3D

Gaussian, consider kernels of uniform 1D, 2D and 3D unit-radii spheres (A 1D sphere

is a line, and a 2D sphere is a circle). As we move these objects towards the edge

(intersection of the d-dimensional sphere with a (d-1)-dimensional plane), a portion of

the kernel moves outside the superconductor. Taking the ratio of the volume outside

the superconductor to the total volume illustrates the differences between each kernel.
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Figure B.1: Simplified spherical kernels in each dimension. Moving each kernel to the
right causes it to intersect with the edge of the superconductor, and only the volume
inside the superconductor contributes to the current density.

Let x be the distance perpendicular to the edge to which the kernel extends

outside. The ratios for the volume outside to the total volume for the 1D, 2D and

3D kernels are given by,

R1D(x) =
x

2
,

R2D(x) =
arccos(1− x)− sin(arccos(1− x))

2π
,

R3D(x) =
x2(3− x)

4
.

Plotting this for x = 0 to x = 1 corresponds to to moving the kernels from

touching the edge till the center of the kernels are on the edge.
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Figure B.2: Ratio of volume outside to total volume of the kernels in 1D, 2D and 3D

This plot illustrates that the 3D kernel has the largest volume inside the super-

conductor, thus leading to a larger peak of the current density.
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Appendix C

Supplementary Plots of Infinite Superconducting

Wire

Here we have supplementary plots for of all the different electrodynamic quantities

plotted for the infinite superconducting wire, using both the 2D and 3D Approximated

Pippard kernel. A penetration depth of λ = 70 nm was used for all the calculations.

C.1 Current Density and Vector Potential using 2D Pippard
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Figure C.1: A(ρ) and J(ρ) for different values of ξ for a superconducting cylinder
with radius R = 5000 nm
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Figure C.2: A(ρ) and J(ρ) for different values of ξ for a superconducting cylinder
with radius R = 10000 nm

C.2 Current Density and Vector Potential using 3D Approximated Pip-

pard
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Figure C.3: A(ρ) and J(ρ) for different values of ξ for a superconducting cylinder
with radius R = 5000 nm
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Figure C.4: A(ρ) and J(ρ) for different values of ξ for a superconducting cylinder
with radius R = 10000 nm
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The last figures show the complete breakdown of the numerical scheme used in this

thesis.

C.3 Flux Vector and Flux Noise Power using 3D Approximated Pippard

These are the are the quantities discussed in Chapter 4:
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Figure C.5: Flux Vector in the Non-Local versus Local regime for R = 500 nm using
the 3D Pippard kernel
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Figure C.6: Flux Vector in the Non-Local versus Local regime for R = 1000 nm using
the 3D Pippard kernel

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1
Flux vector, R = 2000 nm

Figure C.7: Flux Vector in the Non-Local versus Local regime for R = 2000 nm using
the 3D Pippard kernel
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