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Abstract

Let G be a directed graph with a total labeling. The additive arc-weight

of an arc xy is the sum of the label on xy and the label on y. The additive

directed vertex-weight of a vertex x is the sum of the label on x and the labels

on all arcs with head at x. The graph is additive arc magic if all additive arc-

weights are equal, and is additive directed vertex magic if all vertex-weights

are equal. We provide a complete characterization of all graphs which permit

an additive arc magic labeling. A complete characterization of all regular

graphs which may be oriented to permit an additive directed vertex magic

labeling is provided. The definition of the subtractive arc-weight of an arc xy

is proposed, and a correspondence between graceful labelings and subtractive

arc magic labelings is shown.
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Chapter 1

Preliminaries

1.1 Introduction

Magic squares are well-known and well-studied objects. Simply put, it is

an n × n array filled with the numbers 1, 2, 3, . . . , n2 such that all rows and

columns have a constant sum. In recent years, graph theorists have extended

this basic idea to graphs. For basic graph theory, we follow [26].

Given a graph G = (V, E) with |V | = n and |E| = m, we call the

bijection λ : V ∪ E → {1, 2, 3, . . . ,m + n} a total labeling of G. To continue

with the analogy with magic squares, we must define some sort of sum. In

undirected graphs, researchers have focused on sums along edges, called the

edge-weights, and sums along vertices, called the vertex-weights. In a natural

way, we define the weight of an edge xy to be wt(xy) = λ(x) + λ(xy) +

λ(y). If all edge-weights are equal, then we call the labeling an edge-magic

total labeling, or simply an edge-magic labeling, with magic constant wt(xy).

Similarly, we can define the weight of a vertex x to be wt(x) = λ(x)+
∑

λ(xy),



where the sum is over all edges which have x as an end. If all vertex-weights

are equal, then we call the labeling an vertex-magic total labeling, or simply

a vertex-magic labeling, with magic constant wt(x).

1.1.1 Edge-magic total labelings

Edge-magic total labelings were introduced in [13], however with somewhat

different terminology; M-valuation was used to mean an edge-magic total

labeling. In this paper, the authors introduce the idea of duality in magic

labelings, and prove that several classes of graphs, including all complete

bipartite graphs, all cycles, and any finite union of disjoint edges allow an

edge-magic total labeling. Other papers continued in this vein, investigating

various classes of graphs, including cycles with chords [18], other graphs

derived from cycles, wheels, and complete graphs [25], and graphs produced

by a special type of product [4].

Using a basic counting argument, it is possible to establish a set of feasi-

ble magic constants for a graph. If a magic labeling exists with a particular

constant, we say that this constant is realizable. The set of all realizable con-

stants is called the graph’s spectrum. In [25], the authors determine which

of the feasible constants of the complete graphs and the cycles C4 and C5

are realizable. In [11], the authors investigate the minimum and maximum

realizable magic constant for stars, bistars, cycles, paths, and other derived

graphs. In addition to this work, other papers focused on structural proper-

ties of graphs which have edge-magic total labelings. For graphs containing
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a clique of size k, a lower bound on |V | + |E| is given in terms of k in [2],

below which no such graph can permit an edge-magic total labeling.

1.1.2 Vertex-magic total labelings

Vertex-magic total labelings were introduced in [20]. Similar to [13], the

authors introduce the idea of duality, and use a simple counting argument

to give upper and lower bounds on the magic constant. As well, they prove

that all cycles and paths have vertex-magic total labelings, as do complete

graphs on an odd number of vertices. A complete enumeration of all vertex-

magic labelings is provided for all cycles and paths of length less than six,

as well as an examination of the spectra of theses graphs. In [19], wheel

graphs, fan graphs, t-fold wheels, and friendship graphs are all investigated,

and in all cases an upper limit is found for the size of such graphs which

permit a vertex-magic total labeling. As well, the spectrum of all wheels is

investigated, and a complete enumeration of all distinct labelings of wheels

with less than six rim vertices is provided.

Other papers continued this investigation of various classes of graphs. In

[15], it is shown that every member of a certain class of cubic graphs, which

includes all generalized Petersen graphs, has a vertex-magic total labeling.

It is shown in [6] that Km,n has a vertex-magic total labeling if and only if m

and n differ by at most one. Constructions are provided, and the spectrum

problem is investigated for 1 ≤ n ≤ m ≤ 3. In [9], it is shown that all

complete graphs have a vertex magic total labeling.
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It had been conjectured in [20] that for all complete graphs, the set of

feasible constants is equal to the spectrum. The work in [16] has shown the

conjecture to be true for all complete graphs on an odd number of vertices.

As well, the results of [16] provided a partial solution to a second conjecture.

A total labeling where the smallest labels are on the vertices is called

strong. It had been conjectured that Kn has a strong vertex-magic total

labeling if n 6≡ 2 (mod 4). The results of [16] show that all Kn has a strong

vertex-magic total labeling when n is odd, and [10] proved the conjecture for

the remaining case.

1.1.3 Other Related Labeling Problems

A total labeling on a graph which is simultaneously a vertex-magic and an

edge-magic labeling is called a totally magic labeling. This idea is introduced

in [3]. In this paper, a host of forbidden configurations is given. As well, it

is shown that the only totally magic complete graphs are K1 and K3, that

the only totally magic cycle is C3, and that the only totally magic complete

bipartite graph is K1,2.

We might choose to relax the restriction that the image set of the labeling

λ is {1, 2, 3, . . . ,m + n}. If we only require that λ is an injective function

from V ∪E → to {1, 2, 3, . . . , x} where x ≥ m+n, and if λ satisfies the edge,

vertex, or totally magic property described earlier, than we say that λ is an

edge, vertex, or totally magic total injection. Such injections were studied in

[27] and [21].

4



In addition to labeling vertices and edges, in the case of plane graphs

faces can also be labeled. One can then define the face-weight to be the sum

of the label on the face and the labels on all vertices and edges surrounding

that face. If under such a labeling all faces with the same number of edges

have the same weight, then the labeling is said to be face-magic. This idea

is introduced in [14], who shows that the idea for such a labeling originated

in thirteenth-century China.

1.1.4 Overview

Much work has been done on both vertex-magic and edge-magic labelings for

undirected graphs, which has largely been summarized in [24] and [5] . What

has yet to be studied in detail are analogous definitions for magic labelings for

directed graphs. In this thesis, we propose some definitions for edge-weight

and for vertex-weight in a directed graph, and will present some results with

respect to these definitions. In chapter two, additive arc-magic labelings are

defined, and a complete characterization of all graphs which can be oriented

to permit such a labeling, as well as a complete characterization of all directed

graphs which permit such a labeling is provided. In chapter three, additive

directed vertex-magic labelings are defined, and both necessary and sufficient

conditions under which a regular graph can be oriented to permit such a

labeling is provided. In the last chapter, define both subtractive arc-magic

labelings and subtractive directed vertex-magic labelings are defined. Upper

and lower bounds on the magic constant are given, and we an equivalence
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between graceful labelings of trees and strong subtractive arc-magic labelings

of trees is shown. Throughout the thesis, n is used to represent the number

of vertices, m represents the number of edges, and µ represents the magic

constant.
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Chapter 2

Additive Arc-Magic Labelings

2.1 Overview

Given a directed graph G = (V, E) and a total labeling λ, we propose the

following as one type of arc-weight. We use wt+(xy) to represent the additive

arc-weight of an arc xy, and let wt+(xy) = λ(xy)+λ(y). Under this scheme,

if we find a labeling where the additive arc-weights are equal, then we will

call it an additive arc-magic labeling.

In this chapter, the graphs which can be oriented to permit an additive

arc-magic labeling are completely characterized. As well, both necessary and

sufficient conditions for a directed graph to permit an additive arc-magic

labeling are provided. In both cases, an additive arc-magic labeling is pro-

vided whenever one exists.
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2.2 Preliminary Observations

First, we make some simple observations about a directed graph D which

permits an additive arc-magic labeling. The first observation pertains to the

in-degree of each vertex in a graph with an additive arc-magic labeling.

Proposition 2.2.1 If a multidigraph D permits an additive arc-magic label-

ing, then each vertex of D has in-degree at most one.

Proof. Suppose that D permits an additive arc-magic labeling, and that

there is a vertex x, such that the in-degree of x is at least two. That is,

there exist vertices y and z, possibly with y = z, such that yx and zx are

both arcs in D. Label the vertices and edges of D with an additive arc-magic

labeling. Since we have an additive arc-magic labeling, wt+(yx) = wt+(zx),

which gives

wt+(yx) = λ(yx) + λ(x) = λ(zx) + λ(x) = wt+(zx).

That two distinct arcs have the same label is a contradiction, as λ is a

bijection.

The above proposition yields a necessary condition that must be satisfied

by any graph that can be oriented to permit an additive arc-magic labeling.

Proposition 2.2.2 A graph G can be oriented to permit an additive arc-

magic labeling only if it has an orientation with the property that each vertex

has in-degree at most one.

8



Proof. This proposition follows from Proposition 2.2.1 .

2.3 Structure of the Underlying Graph

We investigate some of the consequences of Proposition 2.2.1. Specifically,

we investigate the orientation of paths and cycles, as well as determine the

maximum number of cycles allowed in any component of a graph which can

be oriented to permit an additive arc-magic labeling. This leads to a complete

characterization of all graphs G which can be oriented to permit an additive

arc-magic labeling.

Theorem 2.3.1 Suppose that D is a directed graph which permits an addi-

tive arc-magic labeling. If v1, v2, . . . , vk is a path in the underlying graph G,

and v1v2 is an arc in D then v1, v2, . . . , vk is a directed path in D.

Proof. If v1, v2, . . . , vk is not a directed path in D, then for some 2 ≤ i ≤ k−1

we have that the edges vi−1vi, vivi+1 are oriented in opposite directions. If

both edges have their head at vi, then vi has in-degree two. If both edges

have their tail at vi, then for some 1 ≤ j ≤ i−1, we have that vi has in-degree

two. In either case, D does not permit an additive arc-magic labeling, by

Proposition 2.2.1.

An immediate consequence of Theorem 2.3.1 is as follows:

Corollary 2.3.2 Suppose that D is a directed graph which permits an addi-

tive arc-magic labeling. If v1, v2, . . . , vk, v1 is a cycle in the underlying graph

G, then v1, v2, . . . , vk, v1 is a directed cycle in D.
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Proof. Suppose that v1, v2, . . . , vk, v1 is a cycle in the underlying graph G.

Without loss of generality, suppose that v1v2 is an arc in D. Then we have

that v1, v2, . . . , vk is a path in the underlying graph G, and by Theorem 2.3.1,

we have that v1, v2, . . . , vk is a directed path in D. By Proposition 2.2.1, vkv1

must be an arc in D, otherwise vertex vk would have in-degree two. The

result follows.

At this point, we can characterize the underlying graph G of any directed

graph D which permits an additive arc-magic labeling.

Theorem 2.3.3 Suppose D is a directed graph which permits an additive

arc-magic labeling. Then for the underlying graph G, no component contains

more than one cycle.

Proof. Suppose that D permits an additive arc-magic labeling, and that

the underlying graph G had a component containing at least two cycles. By

Corollary 2.3.2, these are directed cycles in D. If two cycles share an edge

or a vertex, then the component contains a vertex which has in-degree two.

If two cycles in a component are disjoint, then there is a path connecting

them. Since this is a directed path, by Theorem 2.3.1, D contains a vertex

of in-degree two where the path joins one of the cycles. Both cases lead to a

contradiction of Proposition 2.2.1, and the result follows.
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2.4 Constructions for Labelings

In this section, we will show that any graph that satisfies the conclusion

of Theorem 2.3.3 can be oriented to permit an additive arc-magic labeling.

Moreover, we will characterize all such orientations, and provide a construc-

tion for an additive arc-magic labeling for any graph which permits one. We

will first begin by considering the problem of orienting and labeling a con-

nected graph such that the resulting directed graph has an additive arc-magic

labeling.

Theorem 2.4.1 Every tree T can be oriented to permit an additive arc-

magic labeling.

Proof. Let T be a tree. Select an arbitrary vertex x to serve as the root,

and orient the tree as an upbranching. As the upbranching has n vertices

and n− 1 arcs, for a total labeling, we must label the arcs and vertices with

the numbers 1, 2, . . . , 2n− 1.

Let λ(x) = 2n− 1.

Arbitrarily label each arc with the numbers 1, 2, . . . , n − 1. Label the

remaining vertices v in the following way. Let λ(v) = (2n− 1)−λ(uv) where

uv is the arc which has v as its head. As each vertex other than x has

in-degree one, this assignment is well-defined, and all remaining vertices are

labeled with the numbers n, n+1, . . . , 2n−2. Then, the upbranching has been

totally labeled, and for each arc uv we have wt+(uv) = λ(uv)+λ(v) = 2n−1.

This labeling is an additive arc-magic labeling.
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By Proposition 2.2.1, any orientation that permits an additive arc-magic

labeling has no vertices with in-degree greater than one. The orientations

generated in the above proof are all the possible orientations with in-degree

at most one, and so they are all the possible orientations that permit an

additive arc-magic labeling.

We use a variant of the labeling used in Theorem 2.4.1 in the proof of the

following theorem.

Theorem 2.4.2 Let G be a connected graph with only one cycle. Then G

can be oriented to permit an additive arc-magic labeling.

Proof.

Let C = v1, v2, . . . , vk, v1 be the cycle in G. Consider the graph derived

from G by removing the edges v1v2, v2v3, . . . vkv1. What remains is a forest

of k trees. Now, orient each of the k trees as upbranchings, with the vertices

v1, v2, . . . , vk as the roots. To this forest of upbranchings, add the following

arcs: v1v2, v2v3, . . . vkv1. Let G′ be the name for this orientation of G.

By this method, we now have an orientation of G such that the in-degree

of every vertex is one. As G′ has n vertices and n arcs, for a total labeling,

we must label the arcs and vertices with the numbers 1, 2, . . . , 2n.

Arbitrarily label each arc with the numbers 1, 2, . . . , n. Label the vertices

v in the following way. Let λ(v) = (2n + 1) − λ(uv) where uv is the arc

which has v as its head. As each vertex has in-degree 1, this assignment is

well-defined, and all vertices are labeled with the numbers n+1, n+2, . . . , 2n.
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Then, G′ has been totally labeled, and for each arc uv, we have wt+(uv) =

λ(uv) + λ(v) = 2n + 1. This labeling is an additive arc-magic labeling.

As with the proof of Theorem 2.4.1, the orientations generated in the

above proof are all the possible orientations with in-degree at most one,

and thus are all the possible orientations that permit an additive arc-magic

labeling. We will now use the constructions in Theorems 2.4.1 and 2.4.2 in

the proof of the following.

Theorem 2.4.3 If G is a graph such that each component of G has at most

one cycle, then G has an orientation which permits an additive arc-magic

labeling.

Proof. Suppose that G has a components. Further, suppose that b compo-

nents are trees and that a − b components contain exactly one cycle. If G

has n vertices then it has n− b edges.

Orient each acyclic component as an upbranching, as described in Theo-

rem 2.4.1. Let v1, v2, . . . , vb be the roots of these b upbranchings.

Orient each unicyclic component as described in Theorem 2.4.2.

For a total labeling, the arcs and vertices must be labeled with with the

numbers 1, 2, . . . , 2n− b.

Label the roots of the upbranchings with the numbers 2n − b, 2n − b −

1, 2n− b− 2, . . . , 2n− 2b + 1.

Arbitrarily label each arc with the numbers 1, 2, . . . , n − b. Label the

remaining vertices v in the following way. Let λ(v) = (2n− 2b + 1)− λ(uv)

13



where uv is the arc which has v as its head. As the remaining vertices

each have in-degree 1, this assignment is well-defined, and all remaining

vertices are labeled with the numbers n− b + 1, n− b + 2, . . . , 2n− 2b. Then

the orientation of G has been totally labeled, and for each arc uv we have

wt+(uv) = λ(uv)+λ(v) = 2n−2b+1. This labeling is an additive arc-magic

labeling.

Again, the orientations generated in the above proof are all the possi-

ble orientations with in-degree at most one, and thus are all the possible

orientations that permit an additive arc-magic labeling.

If we consider a loop to be a cycle of length one, and a pair of arcs xy

and yx to be a cycle of length two, we can apply the above theorem to any

graph G. Moreover, if a directed graph D has every vertex with in-degree at

most one, then the labeling given in the above proof is an additive arc-magic

labeling for D. This, together with Proposition 2.2.1, gives the final result.

Theorem 2.4.4 A directed graph D permits an additive arc-magic labeling

if and only if every vertex has in-degree either zero or one.
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Chapter 3

Additive Directed

Vertex-Magic Labelings

3.1 Definitions

Given a directed graph, possibly with loops or multiple arcs G = (V, E) and

a total labeling λ, we propose the following as one type of vertex-weight. We

define the additive directed vertex-weight of a vertex x to be λ(x)+
∑

λ(yx),

where the summation is over all arcs which have their head at x. We use

wt+(x) as the notation for the additive directed vertex-weight of a vertex

x in a directed graph. Under this scheme, if we find a labeling where the

additive directed vertex-weights are equal, then we will call it an additive

directed vertex-magic labeling. In this chapter, the main result is the complete

characterization of all regular graphs which can be oriented to permit such
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a labeling. Moreover, we shall also provide an algorithm for both orienting

and labeling such graphs.

3.2 Preliminary Results

Before we begin investigating additive directed vertex-magic labeling in gen-

eral, we notice that many of the graphs which can be oriented to permit

an additive arc-magic labeling also have an additive directed vertex-magic

labeling.

Theorem 3.2.1 Suppose G is a graph such that either all components have

are unicyclic, or that exactly one component is a tree and all other com-

ponents are unicyclic. Then G has an orientation which permits both an

additive arc-magic labeling and an additive directed vertex-magic labeling.

Moreover, the same labeling which is an additive arc-magic labeling is also

an additive directed vertex-magic labeling, with the same magic constant.

Proof.

By Theorem 2.4.3, G can be oriented to permit an additive arc-magic

labeling. We follow the method of orienting and labeling the graph G as laid

out in the proof of this theorem. We need only check that for each of the

following two cases, the additive directed vertex-weights are equal for each

of the vertices under this same orientation and labeling.

Case 1: Suppose that each component of G contains exactly one cycle.

Recall that G is oriented so that every vertex has in-degree one. Accordingly,

16



the additive directed vertex-weight of any vertex is equal to the additive arc-

weight of the arc which has its head at the vertex. The results then follow.

Case 2: Suppose that exactly one component of G is a tree, and that

every other component of G contains exactly one cycle. Recall that G is

oriented so that one vertex has in-degree zero, and all other vertices have

in-degree one. Let a be the vertex with in-degree zero. For each vertex with

in-degree one, we have as before that the additive directed vertex-weight of

the vertex is equal to the additive arc-weight of the arc which has its head

at the vertex. As for the labeling given in Theorem 2.4.3, this weight is

n + m + 1. For vertex a, we also have that λ(a) = n + m + 1. Thus, the

orientation and labeling which gives G an additive arc-magic labeling also

gives G an additive directed vertex-magic labeling, and the magic constant

is the same for both types of magic labelings.

The condition that at most one component can be a tree is unavoidable,

as we shall see in the proof of the following proposition.

Proposition 3.2.2 Suppose that G is a graph which has at least two compo-

nents which are trees. Then G cannot be oriented so as to permit an additive

directed vertex-magic labeling.

Proof. In any orientation of a tree, there is at least one vertex of in-degree

zero. If G has at least two components which are trees, then any orientation

of G will contain at least two vertices of in-degree zero. As the weight of any

17



vertex of in-degree zero is equal to the label on the vertex, the result follows.

3.3 A Necessary Condition

Consider the sum of the additive directe vertex-weights of the vertices of a

totally labeled graph G. It is not difficult to see that λ(x) is counted exactly

once for each x ∈ V (G), and that λ(xy) is counted exactly once for each

xy ∈ E(G). This gives us the following:

∑
x∈V (G)

wt+(x) =
∑

x∈V (G)

λ(x) +
∑

xy∈E(G)

λ(xy).

If the labeling is an additive directed vertex-magic labeling with magic

constant µ then
∑

x∈V (G) wt+(x) = nµ. The sum of the labels on all vertices

and arcs is simply the sum of the first n + m positive integers. This gives us

the following:

nµ =
n+m∑
i=1

i =

 n + m + 1

2

 .

From this, the exact value of the magic constant µ for a graph G which

permits an additive directed vertex-magic labeling can be calculated:

µ =
(n + m + 1)(n + m)

2n
.
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It is obvious that µ ∈ Z+, which gives us an easily checked necessary con-

dition for a directed graph to have a additive directed vertex-magic labeling,

or for an undirected graph to have an orientation which permits an additive

directed vertex-magic labeling. The above is the rationale for the following

proposition.

Proposition 3.3.1 Suppose a graph G with |V | = n and |E| = m has an

orientation which permits an additive directed vertex-magic labeling. Then

the following expression is a positive integer:

(n + m + 1)(n + m)

2n
.

Using this proposition, we can easily show that several classes of graphs

cannot be oriented so as to permit an additive directed vertex-magic labeling.

The proof of the following corollary is omitted, as it follows easily from

Proposition 3.3.1.

Let a be at least three, and let Wa denote the wheel graph with a rim

vertices. From the wheel graph, we can derive three other classes of graphs.

The fan graph, Fa is formed by deleting one of the rim edges from Wa. The

helm graph, Ha is formed by attaching a pendant vertex to each of the a rim

vertices of Wa. The flower graph, Fla is formed by adding an edge between

each pendant vertex and the hub vertex in Ha.

Corollary 3.3.2 No wheel, fan, helm, or flower graph permits an additive

directed vertex-magic labeling.
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3.3.1 Regular graphs

Proposition 3.3.1 can be used to rule out a large number of regular graphs.

Later, we shall see that the following necessary conditions are also sufficient.

Theorem 3.3.3 Suppose that G is an r−regular graph with n vertices which

permits an additive directed vertex-magic labeling. Then for a, b ∈ N,

a) if r = 4b then n is odd,

b) if r = 4b + 1 and n = 2a then a ≡ 1 (mod 4), and

c) if r = 4b + 3 and n = 2a then a ≡ 3 (mod 4).

Proof.

For an r−regular graph with n vertices,

µ =
(n + nr

2
+ 1)(n + nr

2
)

2n
=

(n + nr
2

+ 1)(1 + r
2
)

2
.

a) If r = 4b, then

µ =
(n + 2bn + 1)(1 + 2b)

2
.

We have that (n+2bn+1)(1+2b) ≡ 0 (mod 2) only when n is odd. The

result then follows.

b) If r = 4b + 1 and n = 2a, then

µ =
(2a + 2a(4b+1)

2
+ 1)(1 + (4b+1)

2
)

2
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=
(2a + a(4b + 1) + 1)(2 + (4b + 1))

4

=
(a(4b + 3) + 1)(4b + 3)

4
.

As µ is be an integer, and as (4b + 3) is odd, then (a(4b + 3) + 1) ≡

0 (mod 4), from which we conclude that a ≡ 1 (mod 4).

c) If r = 4b + 3 and n = 2a, then

µ =
(2a + 2a(4b+3)

2
+ 1)(1 + (4b+3)

2
)

2

=
(2a + a(4b + 3) + 1)(2 + (4b + 3))

4

=
(a(4b + 5) + 1)(4b + 5)

4
.

As µ is an integer, and as (4b+5) is odd, then (a(4b+5)+1) ≡ 0 (mod 4),

from which we conclude that a ≡ 3 (mod 4).

Corollary 3.3.4 If a 6≡ 1 (mod 4), then the complete graph K2a cannot be

oriented so as to permit an additive directed vertex-magic labeling.

Proof. The proof is divided into two cases, depending on the parity of a.
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Case 1: Suppose a = 2b, b ∈ N. The graph K2(2b) has |V | = 2(2b), and

each vertex has degree 4b−1. Since 4b−1 ≡ 3 (mod 4), Theorem 3.3.3 states

that 2b ≡ 3 (mod 4). This equivalence has no solution, and so K2a cannot

be oriented to permit an additive directed vertex-magic labeling if a = 2b.

Case 2: Suppose a = 2b+1, b ∈ N. The graph K2(2b+1) has |V | = 2(2b+1),

and each vertex has degree 4b + 1. Since 4b + 1 ≡ 1 (mod 4), Theorem 3.3.3

states that 2b + 1 ≡ 1 (mod 4). The solutions to this equivalence are b = 0

and b = 2. In either case, a ≡ 1 (mod 4).

In the next section, we shall see that the inverse of Corollary 3.3.4 is also

true.

Corollary 3.3.5 If a ≡ 0 (mod 4), then the complete balanced bipartite

graph Ka,a cannot be oriented so as to permit an additive directed vertex-

magic labeling.

Proof. Suppose that a = 4b, b ∈ N, and that the graph Ka,a can be oriented

so as to permit an additive directed vertex-magic labeling. The graph Ka,a

has |V | = 2(4b), and each vertex has degree 4b. By Theorem 3.3.3, 4b is odd,

which is an obvious contradiction.

The generalized Petersen graph Pa,b is defined as follows. Pa,b has 2a

vertices v1, v2, . . . , va, w1, w2, . . . , wa. For 1 ≤ i ≤ a, with all indices modulo

a, we have that vivi+1, viwi, and wiwi+b are the edges of Pa,b. The commonly
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known Petersen graph then is P5,2.

Corollary 3.3.6 If a 6≡ 3 (mod 4), then the generalized Petersen graph Pa,b

does not permit an additive directed vertex-magic labeling.

Proof. The generalized Petersen graph Pa,b is 3−regular with 2a vertices.

If Pa,b can be oriented to permit an additive directed vertex-magic labeling,

then by Theorem 3.3.3, a ≡ 3 (mod 4).

Another family of regular graphs is Qr, the family of hypercubes. We

have already seen that Q1, as it is a path with two vertices, and Q2, as it

is a four-cycle, can be oriented to permit an additive directed vertex-magic

labeling. However, we shall see that not all hypercubes have an orientation

which permits such a labeling.

Corollary 3.3.7 For r ≥ 3, the r-dimensional hypercube Qr cannot be ori-

ented to permit an additive directed vertex-magic labeling if r 6≡ 2 (mod 4).

Proof. Let r ≥ 3. The r-dimensional hypercube has 2(2r−1) vertices and

is r-regular. We now apply Theorem 3.3.3 in each of the following three

cases. If r ≡ 0 (mod 4), then Qr cannot be oriented to permit an additive

directed vertex-magic labeling, as 2r−1 is not odd. If r ≡ 1 (mod 4), then Qr

cannot be oriented to permit an additive directed vertex-magic labeling, as

2r−1 6≡ 1 (mod 4). If r ≡ 3 (mod 4), then Qr cannot be oriented to permit

an additive directed vertex-magic labeling, as 2r−1 6≡ 3 (mod 4).
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In the next section, we shall see that when r ≡ 2 (mod 4), there is

indeed an orientation of Qr which permits an additive directed vertex-magic

labeling.

3.4 Constant Column Sum Arrays

In this section, we show some positive results through the use of an auxiliary

structure, the constant column sum array. Before we present the main result

of this section, we present the following lemma.

Lemma 3.4.1 Suppose G is a 2k−regular graph, k ∈ Z+. Then G can be

oriented so that each vertex has in-degree k.

Proof. Without loss of generality, suppose that G is a connected graph.

Since every vertex has even degree, G has an Euler circuit. Orient the edges

of G so that the Euler circuit is a directed circuit. Then for each vertex, the

in-degree is equal to the out-degree, and the result follows.

Suppose that a directed graph G has vertices v1, v2, . . . , vn. Further, sup-

pose that G has been given a total labeling. Consider an array A, possibly

non-rectangular, with n columns, such that the entries in the jth column are

the labels on vj and the labels on all arcs with head at vj.

As the entries in the array are the labels of the graph, the array has

entries 1, 2, 3, . . . , n + m. If the total labeling that G has been given is an

additive directed vertex-magic labeling with magic constant µ, then the sum

of the entries in each column is µ.
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Consequently, determining whether or not G permits an additive directed

vertex-magic labeling is equivalent to determining whether an array A exists

with constant column sums. The above discussion motivates the following

proposition.

Proposition 3.4.2 Suppose G is a directed graph with vertices v1, v2, . . . , vn

whose in-degrees are α1, α2, . . . , αn. Then there exists an array A with n

columns whose entries are the first n+m positive integers, such that column i

has αi+1 entries for 1 ≤ i ≤ n, and such that the columns of A have constant

sum if and only if G permits an additive directed vertex-magic labeling.

From [1], we have the following lemma.

Lemma 3.4.3 [1]

If k and n are both odd, or if k is even and n is of either parity, then there

exists a k×n array whose entries are the first nk positive integers which has

constant column sum.

If we interpret this lemma in terms the labeling problem at hand, we have

the following result.

Corollary 3.4.4 Suppose G is a graph with n vertices and m edges. If G

can be oriented so that each vertex has in-degree 2a + 1, a ∈ Z+, or if n

is odd and G can be oriented so that each vertex has in-degree 2a, a ∈ Z+,

then such an orientation of G can be given an additive directed vertex-magic

labeling.
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Proof. Case 1: Suppose n is odd, and G has been oriented such that each

vertex has in-degree 2a, a ∈ Z+. Consider the (2a + 1) × n array A. As

both 2a + 1 and n are odd, Lemma 3.4.3 states that A can be filled with the

entries 1, 2, 3, . . . , n + m so that the columns of A have constant sum.

Case 2: Suppose G has been oriented such that each vertex has in-degree

2a + 1, a ∈ Z+. Consider the (2a + 2) × n array A. As 2a + 2 is even,

Lemma 3.4.3 states that A can be filled with the entries 1, 2, 3, . . . , n + m so

that the columns of A have constant sum.

In either of the two cases, let the labels on vertex vj and all arcs with

head at vj be chosen in any order from the jth column of j, for 1 ≤ j ≤ n. As

the columns have constant sum, so do the additive directed vertex weights

on the vertices of G. In either of the two cases, the orientation of G permits

an additive directed vertex-magic labeling.

It was was shown in the previous section that if the 2k−regular graph G

has an orientation that permits an additive directed vertex-magic labeling,

then either G has an odd number of vertices and k is of any parity, or

G has an even number of vertices and k is odd. Combining Lemma 3.4.1

with Corollary 3.4.4, we see that the converse of this statement is also true.

Moreover, we have a means of actually constructing the labelings.

The following construction from [1] creates a k×n array A with constant

column sum when k is even:

For i odd, let ai,j = (i− 1)n + j. For i even, let ai,j = in− j + 1.
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The following construction from [1] creates a 3×n array A∗ with constant

column sum.

Let a∗1,j = j.

Let a∗2,j = n+k where k = 1
2
(n+2−j) when j is odd, and k = 1

2
(2n+2−j)

when j is even.

Let a∗2,j = 2n+k where k = 1
2
(2n+1−j) when j is odd, and k = 1

2
(n+1−j)

when j is even.

We use the above constructions to create a k × n array B with constant

column sum where k and n are both odd, and where k ≥ 5 in the following

way:

Let bi,j = a∗i,j for 1 ≤ i ≤ 3, and let bi,j = ai−3,j + 3n for 4 ≤ i ≤ k.

From these results taken from [1], we not only show that several infinite

classes of graphs can be oriented to permit an additive directed vertex-magic

labeling, but also give a construction for the labeling.

Proposition 3.4.5 The complete graph K2a+1 can be oriented such that it

permits an additive directed vertex-magic labeling, ∀a ∈ Z+.

Proof. The graph K2a+1 is 2a−regular. By Lemma 3.4.1, K2a+1 has an

orientation in which every vertex has in-degree a. Since K2a+1 has an odd

number of vertices, it permits an additive directed vertex-magic labeling, by

Corollary 3.4.4.
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Proposition 3.4.6 If a is odd, then the complete bipartite graph K2a,2a can

be oriented to permit an additive directed vertex-magic labeling.

Proof. By Lemma 3.4.1, this graph has an orientation in which every vertex

has in-degree a. Since a is odd, this orientation permits an additive directed

vertex-magic labeling, by Corollary 3.4.4.

It was shown earlier that Qk, k ≥ 3, could not be oriented so as to permit

an additive directed vertex-magic labeling if k 6≡ 2 (mod 4). We will now

show that the inverse of this statement is also true.

Proposition 3.4.7 For any k ≡ 2 (mod 4), the hypercube Qk can be oriented

so as to permit an additive directed vertex-magic labeling.

Proof. Let k ≥ 0. By Lemma 3.4.1, there exists an orientation of Q4k+2 such

that each vertex has in-degree 2k + 1. As 2k + 1 is odd, this orientation of

Q4k+2 permits an additive directed vertex-magic labeling, by Corollary 3.4.4.

3.4.1 Derived and Disconnected Graphs

It was shown earlier that if a is even then K2a,2a does not permit an additive

directed vertex-magic labeling. We can however derive a graph, which does

permit an additive directed vertex-magic labeling, from two copies of such

complete bipartite graphs.
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Proposition 3.4.8 Let a be even, G ∼= H ∼= K2a,2a, V (G) = {v1, v2, . . . , v2a,

w1, w2, . . . , w2a} and V (H) = {v∗1, v∗2, . . . , v∗2a, w
∗
1, w

∗
2, . . . , w

∗
2a}. Let I be the

multigraph formed by taking the union of G and H, and adding two edges

between vi and w∗
i for 1 ≤ i ≤ 2a, and by adding two edges between v∗i and

wi for 1 ≤ i ≤ 2a. The graph I can be oriented to permit an additive directed

vertex-magic labeling.

Proof.

Orient G and H as in Lemma 3.4.1. The union of G and H is a directed

graph with an even number of vertices, and with each vertex having in-degree

a, which is even.

Let I be the union of G and H with the following arcs added: viw
∗
i , w∗

i vi,

v∗i wi, and wiv
∗
i for 1 ≤ i ≤ 2a.

The digraph I has an even number of vertices, and each vertex has in-

degree a + 1, which is odd. By Corollary 3.4.4, this graph has an additive

directed vertex-magic labeling.

Similarly, although K2a does not have an additive directed vertex-magic

labeling, we can derive a graph from it which does.

Proposition 3.4.9 Let G ∼= H ∼= K2a, where a is odd. Let V (G) =

{v1, v2, . . . , v2a} and V (H) = {w1, w2, . . . , w2a}. Form the multigraph I

by taking the union of G and H and adding edges va+iwi and wa+ivi for

1 ≤ i ≤ a. Then I can be oriented to permit an additive directed vertex-

magic labeling.
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Proof.

For 1 ≤ i ≤ 2a, let the following edges be oriented to have tail at vi:

vivi+1, vivi+2, vivi+3, . . . , vivi+a−1. For 1 ≤ i ≤ a, let the following edges be

oriented to have tail at vi: vivi+a. Let all remaining edges incident with vi

be oriented to have head at vi. All indices are modulo 2a.

Orient H similarly. Then each of v1, v2, . . . , va, w1, w2, . . . , wa has in-

degree a− 1, and each of va+1, va+2, . . . v2a, wa+1, wa+2, . . . , w2a has in-degree

a.

Let I be formed by taking the union of G and H and adding the following

arcs: va+iwi and wa+ivi for 1 ≤ i ≤ a.

Each vertex of I has in-degree a, which is odd. By Corollary 3.4.4, this

graph has an additive directed vertex-magic labeling.

Proposition 3.4.10 Let W2a (with a ≥ 2) be a wheel graph with rim vertices

v1, v2, . . . , v2a and hub vertex x. Let W2b+1 (with b ≥ 1) be a wheel graph with

rim vertices w1, w2, . . . , w2b+1 and hub vertex y. Let G be the graph formed by

taking the union of W2a and W2b+1, and adding the edges xw1, xw2, yv1, yv2.

Then G can be oriented so as to permit an additive directed vertex-magic

labeling.

Proof. Begin by orienting the edges of W2a. For 1 ≤ i ≤ 2a, orient the

edges xvi to have head at vi. Orient the edges v1v2, v2v3, . . . , v2a−1v2a, v2av1

so that they form a directed cycle. At this point, all rim vertices of W2a have
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in-degree two, and the hub vertex has in-degree zero.

Now, orient the edges of W2b+1. For 1 ≤ i ≤ 2b + 1, orient the edges ywi

to have head at wi. Orient the edges w1w2, w2w3, . . . , w2bw2b+1, w2b+1w1 so

that they form a directed cycle. At this point, the rim vertices of W2b+1 have

in-degree 2, and the hub vertex has in-degree 0.

Let G be formed by taking the union of W2a and W2b+1, and adding the

arcs w1x, w2x, v1y, v2y. All vertices of G have in-degree two. As W2a has an

odd number of vertices, and W2b+1 has an even number of vertices, then G

has an odd number of vertices.

The graph G has an odd number of vertices, and each vertex has in-degree

two. By Corollary 3.4.4, this graph has an additive directed vertex-magic

labeling.

At this point, we read Corollary 3.4.4 a second time, and note that there

is no requirement that the graph G is connected. We will now look at certain

classes of graphs with more than one component.

Proposition 3.4.11 Suppose that G1, G2, . . . , Gk are any graphs which can

be oriented so that each vertex has in-degree 2a + 1. Then the graph H =

G1∪G2∪· · ·∪Gk can be oriented to permit an additive directed vertex-magic

labeling.

Proof. As each of the k graphs can be oriented so that each vertex has

in-degree 2a + 1, the union of these graphs can be oriented so that every
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vertex of H has in-degree 2a + 1. By Corollary 3.4.4, this orientation of kG

permits an additive directed vertex-magic labeling.

Proposition 3.4.12 Suppose that G1, G2, . . . , G2k+1 are graphs, each hav-

ing an odd number of vertices, and each with the property that they can be

oriented so that each vertex has in-degree 2a. Then H = G1∪G2∪· · ·∪G2k+1

can be oriented so as to permit an additive directed vertex-magic labeling.

Proof. As each of the 2k + 1 graphs can be oriented so that each vertex has

in-degree 2a, the union of these graphs can also be oriented so that every

vertex of H has in-degree 2a. Also, as each component of H has an odd

number of vertices, and as H has an odd number of components, H will have

an odd number of vertices. By Corollary 3.4.4, this orientation of (2k + 1)G

permits an additive directed vertex-magic labeling.

Corollary 3.4.13 Suppose that G is a graph which can be oriented so that

each vertex has in-degree 2a + 1. Then for any k ∈ Z+, kG can be oriented

to permit an additive directed vertex-magic labeling.

Proof. If G can be oriented so that each vertex has in-degree 2a + 1, then

by applying this orientation to each component of kG, every vertex of kG

has in-degree 2a + 1. By Proposition 3.4.11, this orientation of kG permits

an additive directed vertex-magic labeling.

Corollary 3.4.14 Suppose that G is a graph with 2a+1 vertices which can be

oriented so that each vertex has in-degree 2b. Then for any k ∈ Z+, (2k+1)G

can be oriented to permit an additive directed vertex-magic labeling.
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Proof. If G can be oriented so that each vertex has in-degree 2b, then by

applying this orientation to each component of (2k + 1)G, every vertex of

(2k+1)G has in-degree 2b. Also, as G has an odd number of vertices, then the

union of an odd number of copies of G also has an odd number of vertices. By

Proposition 3.4.12, this orientation of (2k +1)G permits an additive directed

vertex-magic labeling.

Throughout this section, we have seen that there are many graphs with

an even number of vertices which can be oriented so that each vertex has

equal, even in-degree. Some such graphs are the hypercubes Q2k, when

k ≡ 0 (mod 4), and the complete bipartite graphs K2a,2a, when a is even. As

a result, Corollary 3.4.4 does not apply to these graphs. However, the union

of such graphs with an appropriately chosen complete graph will permit an

additive directed vertex-magic labeling.

Corollary 3.4.15 Suppose that G is a graph with an even number of vertices

which can be oriented so that each vertex has in-degree 2k. The union of

G with K4k+1 can be oriented to permit an additive directed vertex-magic

labeling.

Proof. By Proposition 3.4.5, K4k+1 can be oriented to that each vertex

has in-degree 2k. Thus, G ∪K4k+1 can be oriented so that each vertex has

in-degree 2k. As G has an even number of vertices and K4k+1 has an odd

number of vertices, the union has an odd number of vertices.
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By Proposition 3.4.12, G ∪K4k+1 can be oriented to permit an additive

directed vertex-magic labeling.

3.4.2 Regular Graphs of Odd Degree

Previously, we have shown how the use of rectangular constant column-sum

arrays can be used to label graphs which can be oriented to be in-degree-

regular. Now, we will use nonrectangular constant column-sum arrays to

label k−regular graphs when k is odd. Specifically, we show that the nec-

essary conditions of Theorem 3.3.3 are also sufficient for regular graphs of

odd degree. We begin with the following lemma regarding the orientation of

k−regular graphs.

Lemma 3.4.16 For odd k, any k−regular graph G can be oriented so that

each vertex has in-degree bk
2
c or bk

2
c+ 1.

Proof. Given a k−regular graph G, the following algorithm will terminate

with an orientation of G such that each vertex has in-degree bk
2
c or bk

2
c+ 1:

Begin with any orientation of G. If a vertex x in this orientation has in-

degree less than bk
2
c, then find a directed trail of maximal length originating

at x and reverse the direction of all arcs on this trail. If there is a vertex y in

this orientation that has in-degree greater than bk
2
c+ 1, then find a directed

trail of maximal length terminating at y, and reverse the directions of all
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arcs on this trail. Continue in this way until all vertices have in-degree bk
2
c

or bk
2
c+ 1.

We now show that this algorithm works. Suppose we have an orientation

of G, and that there is a vertex x with in-degree less than bk
2
c. Suppose

that a maximal directed trail originating at vertex x terminates at vertex z.

There are two cases to consider.

Case 1: There are no arcs with head or tail at z which are not in the

trail. In this case, the in-degree of z is bk
2
c + 1. When the direction of all

arcs is reversed, z has in-degree bk
2
c. The in-degree of x increases by one.

The in-degrees of all other vertices along the trail remain unchanged.

Case 2: There are arcs with head or tail at z which are not in the trail.

None of these arcs can have a tail at z, or the trail would be extendable.

Thus, the in-degree of z is greater than bk
2
c+ 1. By reversing the directions

of all arcs on the trail, the in-degree of z is reduced by one, the in-degree of

x is increased by one, and the in-degrees of all other vertices along the trail

remain unchanged.

In either case, only vertices with in-degrees less than bk
2
c or greater than

bk
2
c + 1 will have the in-degree changed by the algorithm’s operation, and

the in-degree will be brought closer to bk
2
c and bk

2
c+ 1. A similar argument

can be used for the case of a vertex y with in-degree greater than bk
2
c.

We now modify the ideas of the previous section. If we have oriented a

k−regular graph G with n vertices so that each vertex has in-degree bk
2
c or
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bk
2
c + 1, then we need only find an array with n columns, half with bk

2
c + 1

entries, half with bk
2
c+ 2 entries, and all with constant column-sum.

In the following theorems, we show that such an array exists which can

be used to label 3−regular and 5−regular graphs which meet the necessary

conditions of Theorem 3.3.3.

Proposition 3.4.17 Let G be a 3−regular graph. Then G can be oriented to

permit an additive directed vertex-magic labeling if and only if n ≡ 6 (mod 8).

Proof. Suppose that G is 3−regular and permits an additive directed vertex-

magic labeling. By Theorem 3.3.3, n ≡ 6 (mod 8).

Suppose that G has n = 8k +6 vertices, k ∈ N, and is cubic. Then G has

m = 12k + 9 edges, and the magic constant is µ = 25k + 20. The following

method can be used to construct an array with 8k + 6 columns, half with

two entries, the other half with three entries. The array is constructed from

four sub-arrays, A, B, C, and D, which are are given in Figure 3.1.

The entries in A, B, C, and D are 1, 2, 3, . . . , 20k +15 = n+m. For each

of A, B, C, D, the sum of the entries in each column is 25k +20 = µ. Orient

G as per Lemma 3.4.16 so that half the vertices have in-degree one, and half

have in-degree two, then label as in the previous section.

The above construction is illustrated by Figure 3.2, which gives the sub-

arrays which can be used to label a 3−regular graph with 38 vertices.

Theorem 3.4.18 Let G be a (4l + 3)−regular graph. Then G can be ori-

ented to permit an additive directed vertex-magic labeling if and only if n ≡
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20k + 15 20k + 14 20k + 13 . . . 18k + 17 18k + 16 18k + 15
4k + 3 3k + 3 4k + 4 . . . 5k + 2 4k + 2 5k + 3
k + 2 2k + 3 k + 3 . . . 2k + 1 3k + 2 2k + 2

18k + 14 18k + 13 18k + 12 . . . 17k + 16 17k + 15 17k + 14
6k + 5 6k + 7 6k + 9 . . . 8k + 1 8k + 3 8k + 5
k + 1 k k − 1 . . . 3 2 1

17k + 13 17k + 12 17k + 11 . . . 13k + 13 13k + 12 13k + 11
8k + 7 8k + 8 8k + 9 . . . 12k + 7 12k + 8 12k + 9

13k + 10 13k + 9 13k + 8 . . . 12k + 12 12k + 11 12k + 10
6k + 6 6k + 8 6k + 10 . . . 8k + 2 8k + 4 8k + 6
6k + 4 6k + 3 6k + 2 . . . 5k + 6 5k + 5 5k + 4

Figure 3.1: Subarrays A, B, C, D (from top to bottom) generated using the
method of Proposition 3.4.17.

6 (mod 8).

Proof. Suppose that G is (4l +3)−regular and permits an additive directed

vertex-magic labeling. By Theorem 3.3.3, n ≡ 6 (mod 8).

Let G be a (4l+3)−regular graph with 8k+6 vertices. By Lemma 3.4.16,

we can orient G so that half of the vertices have in-degree 2l + 1 and half

have in-degree 2l + 2. Then n + m = 16kl + 20k + 12l + 15. It is sufficient

to show that for k, l ∈ N, there exists an array with constant column sum,

with 8k + 6 columns, half with 2l + 2 entries, half with 2l + 3 entries, and

such that the entries are from 1, 2, 3, . . . , 16kl + 20k + 12l + 15.
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95 94 93 92 91 90 89 88 87
19 15 20 16 21 17 22 18 23
6 11 7 12 8 13 9 14 10

86 85 84 83 82
29 31 33 35 37
5 4 3 2 1

81 80 79 78 . . . 66 65 64 63
39 40 41 42 . . . 54 55 56 57

62 61 60 59 58
30 32 34 36 38
28 27 26 25 24

Figure 3.2: Subarrays A, B, D, C (clockwise from top left), generated using
the method of Proposition 3.4.17.

We show that such an array exists by induction. Suppose that for some

b ∈ N there is a constant column sum array with 8k + 6 columns, half with

2b + 2 entries, half with 2b + 3 entries, and such that the entries are from

1, 2, 3, . . . , 16kb + 20k + 12b + 15. For such an array, the column sum is

(4b + 5)(5k + 4 + 4kb + 3b). To this array, add two rows, each with 8k + 6

entries. For one row, let the entries be 16kb+20k+12b+16, 16kb+20k+12b+

17, 16kb+20k+12b+18, . . . , 16kb+28k+12b+21. For the second row, let the

entries be 16kb+36k+12b+27, 16kb+36k+12b+26, . . . , 16kb+28k+12b+21.

Each column sum has now been increased by 32kb + 56k + 24b + 43. Thus,

we have an array with constant column sum, with 8k + 6 columns, half with

2b + 4 entries, half with 2b + 5 entries, and such that the entries are from

1, 2, 3, . . . , 16kb + 36k + 12b + 27.

Using the construction from Proposition 3.4.17 as a base case, we have

that for any k, l ∈ N, there exists an array with constant column sum, with

8k + 6 columns, half with 2l + 2 entries, half with 2l + 3 entries, and such

that the entries are from 1, 2, 3, . . . , 16kl + 20k + 12l + 15.

38



Proposition 3.4.19 Let G be a 5−regular graph. Then G can be oriented to

permit an additive directed vertex-magic labeling if and only if n ≡ 2 (mod 8).

Proof. Suppose that G is 5−regular and permits an additive directed vertex-

magic labeling. By Theorem 3.3.3, n ≡ 2 (mod 8).

Suppose that G has n = 8k + 2 vertices, k ∈ N, and is 5−regular. Then

G has m = 28k + 7 edges, and the magic constant is µ = 49k + 14. The

following method can be used to construct an array with 8k+2 columns, half

with three entries, the other half with four entries. The array is constructed

from three sub-arrays, A, B, C, which are are given in Figure 3.3.

The entries in A, B, and C are 1, 2, 3, . . . , 28k + 7 = n + m. For each of

A, B, C, the sum of the entries in each column is µ = 49k + 14. Orient G as

per Lemma 3.4.16 so that half the vertices have in-degree two, and half have

in-degree three, then label as in the previous section.

The above construction is illustrated by figure 3.4, which gives the sub-

arrays which can be used to label a 5−regular graph with 34 vertices.

Theorem 3.4.20 Let G be a (4l + 1)−regular graph. Then G can be ori-

ented to permit an additive directed vertex-magic labeling if and only if n ≡

2 (mod 8).

Proof. Suppose that G is (4l +1)−regular and permits an additive directed

vertex-magic labeling. By Theorem 3.3.3, n ≡ 2 (mod 8).
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28k + 7 28k + 6 28k + 5 . . . 27k + 10 27k + 9 27k + 8
12k + 4 12k + 5 12k + 6 . . . 13k + 1 13k + 2 13k + 3
8k + 3 8k + 4 8k + 5 . . . 9k 9k + 1 9k + 2

k k − 1 k − 2 . . . 3 2 1

27k + 7 27k + 6 27k + 5 . . . 23k + 9 23k + 8 23k + 7
18k + 5 16k + 5 18k + 6 . . . 20k + 4 18k + 4 20k + 5
4k + 2 6k + 3 4k + 3 . . . 6k + 1 8k + 2 6k + 2

23k + 6 23k + 5 23k + 4 . . . 20k + 8 20k + 7 20k + 6
13k + 4 13k + 5 13k + 6 . . . 16k + 2 16k + 3 16k + 4
9k + 3 9k + 4 9k + 5 . . . 12k + 1 12k + 2 12k + 3
4k + 1 4k 4k − 1 . . . k + 3 k + 2 k + 1

Figure 3.3: Subarrays A, B, C (from top to bottom) generated using the
method of Proposition 3.4.19.

If G is a (4l+1)−regular graph with n = 8k+2 vertices. By Lemma 3.4.16,

G can be oriented so that half of the vertices have in-degree 2l and half have

in-degree 2l+1. For such a graph G, we have that n+m = 16kl+12k+4l+3.

It is sufficient to show that for k, l ∈ N, there exists an array with constant

column sum, with 8k+2 columns, half with 2l entries, half with 2l+1 entries,

and such that the entries are from 1, 2, 3, . . . , 16kl + 12k + 4l + 3.

We show that such an array exists by induction. Suppose that for some

b ∈ N there exists an array with constant column sum, with 8k + 2 columns,

half with 2b entries, half with 2b + 1 entries, and such that the entries are

from 1, 2, 3, . . . , 16kb + 12k + 4b + 3. For such an array, the column sum will

be (4b + 3)(3k + b + 4kb + 1). To this array, add two rows, each with 8k + 1

entries. For one row, let the entries be 16kb+12k +4b+4, 16kb+12k +4b+

5, 16kb + 12k + 4b + 6, . . . , 16kb + 20k + 4b + 5. For the second row, let the
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119 118 117 116
52 53 54 55
35 36 37 38
4 3 2 1

115 114 113 112 111 110 . . . 104 103 102 101 100 99
77 69 78 70 79 71 . . . 74 83 75 84 76 85
18 27 19 28 20 29 . . . 32 24 33 25 34 26

98 97 96 95 94 93 92 91 90 89 88 87 86
56 57 58 59 60 61 62 63 64 65 66 67 68
39 40 41 42 43 44 45 46 47 48 49 50 51
17 16 15 14 13 12 11 10 9 8 7 6 5

Figure 3.4: Subarrays A, B, C (from top to bottom), generated using the
method of Proposition 3.4.19.

entries be 16kb + 28k + 4b + 7, 16kb + 28k + 4b + 6, . . . , 16kb + 20k + 4b + 6.

Each column sum has now been increased by 32kb + 40k + 8b + 11. Thus,

we have an array with constant column sum, with 8k + 2 columns, half with

2b + 2 entries, half with 2b + 3 entries, and such that the entries are from

1, 2, 3, . . . , 32kb + 40k + 8b + 11.

Using the construction from Proposition 3.4.19 as a base case, we have

that for any k, l ∈ N, there exists an array with constant column sum, with

8k + 6 columns, half with 2l + 2 entries, half with 2l + 3 entries, and such

that the entries are from 1, 2, 3, . . . , 16kl + 20k + 12l + 15.

We now summarize the main result of this chapter in the following theo-

rem.
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Theorem 3.4.21 Suppose that G is an r−regular graph, r > 0, with n

vertices. Then G can be oriented to permit an additive directed vertex-magic

labeling if and only if one of the following four conditions on r and n hold.

a) r ≡ 0 (mod 4), and n ≡ 1 (mod 2).

b) r ≡ 1 (mod 4) and n ≡ 2 (mod 8).

c) r ≡ 3 (mod 4) and n ≡ 6 (mod 8).

d) r ≡ 2 (mod 4).

Proof. The necessity of the conditions follows from Proposition 3.3.1. The

sufficiency of conditions a) and d) follow from orienting G so that each vertex

has equal in-degree and then applying Corollary 3.4.4. The sufficiency of

condition b) follows from Theorem 3.4.20. The sufficiency of condition c)

follows from Theorem 3.4.20.
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Chapter 4

Subtractive Labelings

4.1 Overview

Given a directed graph, possibly with loops or multiple arcs G = (V, E) and

a total labeling λ, we propose a second type of arc-weight, and a second type

of vertex-weight.

We define the subtractive arc-weight of an arc xy to be λ(xy)+λ(y)−λ(x).

We use wt−(xy) as the notation for the subtractive arc-weight on a directed

graph. Under this scheme, if we find a labeling where the subtractive arc-

weights are equal, then we will call it a subtractive arc-magic labeling.

We use wt−(x) as the notation for the subtractive vertex-weight of a vertex

x on a directed graph. We define the subtractive vertex-weight as follows:

wt−(x) = λ(x) +
∑

y∈V,yx∈E

λ(yx)−
∑

y∈V,xy∈E

λ(xy)
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Under this scheme, if we find a labeling where the subtractive arc-weights

are equal, then we will call it a subtractive directed vertex-magic labeling.

In this chapter, we will present results pertaining to these types of magic

labelings. Specifically, we shall place upper and lower bounds on the magic

constant µ, in the case of subtractive arc-magic labelings. As well, we shall

show how a subtractive arc-magic labeling for a tree can be derived from a

graceful labeling of T .

4.2 Some Small Results

A few results are immediately apparent.

Proposition 4.2.1 Suppose G is a graph with two or more isolated vertices.

Then G cannot be oriented to permit a subtractive directed vertex-magic la-

beling.

Proof. Suppose that u and v are isolated vertices, and suppose that G has

been oriented and given a subtractive directed vertex-magic labeling. Since

wt−(u) = wt−(v), we have that λ(u) = λ(v). Thus, λ is not a total labeling,

contradicting our hypothesis.

Proposition 4.2.2 Suppose G is a directed cycle. G has a subtractive arc-

magic labeling if and only if G has a subtractive directed vertex-magic labeling.

Proof. Let V (G1) = {v1, v2, . . . , vn} and let E(G1) = {v1v2, v2v3, . . . , vnv1}.

Let V (G2) = {u1, u2, . . . , un} and E(G2) = {u1u2, u2u3, . . . , un−1un, unu1}.

44



Let λ be a total labeling on G1. We define the total labeling λ1 on G2

as follows. Let λ1(ui) = λ(vi−1vi), and let λ1(uiui+1) = λ(vi) for 1 ≤ i ≤ n,

with all indices modulo n.

We have the following for 1 ≤ i ≤ n, with indices modulo n:

wt−vi = λ(vi) + λ(vi−1vi)− λ(vivi+1)

= λ1(uiui+1) + λ1(ui)− λ1(ui+1) = wt−(uiui+1)

Thus, the subtractive vertex weights of G1 are all equal if and only if the

subtractive arc weights of G2 are all equal, and the result follows.

4.2.1 Dual Labelings

If λ is a total labeling on a directed graph G with n vertices and m arcs,

then we define the dual of this labeling, λ′ as in [13]. For each vertex x, let

λ′(x) = n + m + 1− λ(x). For each arc uv, let λ′(uv) = n + m + 1− λ(uv).

It is clear from this definition that if λ is a total labeling, then so is its dual.

Proposition 4.2.3 Suppose G is a directed graph with n vertices and m

arcs, and that λ is a subtractive arc-magic labeling of G. Then λ′ also is a

subtractive arc-magic labeling.
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Proof. Suppose that λ gives a subtractive arc-magic labeling with magic

constant µ. Under the labeling λ′, we have the following, for any arc xy.

wt−(xy) = λ′(xy) + λ′(y)− λ′(x)

= λ(xy) + λ(y)− λ(x) + n + m + 1

= µ + n + m + 1

Thus, the subtractive arc weights are all equal, and the result follows.

Proposition 4.2.4 Let G be a directed graph with n vertices and m arcs,

and that λ is a subtractive directed vertex-magic labeling of G. If each vertex

v of G satisfies deg+(v) − deg−(v) = a, a ∈ Z, then λ′ also is a subtractive

directed vertex-magic labeling.

Proof. Suppose that λ gives a subtractive directed vertex-magic labeling

with magic constant µ. Under the labeling λ′, we have the following, for any

vertex x.

wt−(x) = λ′(x) +
∑

y∈V,yx∈E

λ′(yx)−
∑

y∈V,xy∈E

λ′(xy)

= (a + 1)(n + m + 1) + λ(x) +
∑

y∈V,yx∈E

λ(yx)−
∑

y∈V,xy∈E

λ(xy)

= (a + 1)(n + m + 1) + µ
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Thus, the subtractive vertex weights are all equal, and the result follows.

4.2.2 Bounds on the Magic Constant

Proposition 4.2.5 Suppose that G is a directed graph with n vertices and

m arcs. Suppose the length of a longest directed circuit of G is a. If G has a

subtractive arc-magic labeling with magic constant µ then

a + 1

2
≤ µ ≤ 2n + 2m− a + 1

2

Proof. Suppose that G has a subtractive arc-magic labeling with magic

constant µ, and the length of a longest directed circuit is a. The sum of the

arc weights of all of the arcs on such a circuit is equal to aµ.

For any vertex x on the circuit, the label on x is added once for each

arc in the circuit with head at x, and is subtracted once for each arc in the

circuit with tail at x. Since the number of arcs entering x is equal to the

number of arcs leaving x, the label on x contributes nothing to the sum of

the subtractive arc weights. Thus, the sum of the subtractive arc weights

is equal to the sum of the arc labels. This sum is at least the sum of the

smallest a labels, and no more than the sum of the largest a labels. Thus

1+2+· · ·+a ≤ aµ ≤ (n+m−a+1)+(n+m−a+2)+· · ·+(n+m−1)+(n−m).
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The result follows upon simplifying the above inequality.

Corollary 4.2.6 Suppose that G is a directed graph with n vertices and m

arcs, and with a directed Eulerian circuit. If G has a subtractive arc-magic

labeling with magic constant µ, then

m + 1

2
≤ µ ≤ 2n + m + 1

2
.

Proof. If G has a directed Eulerian circuit, then the length of a longest

directed circuit is m. The result follows from the inequality in the previous

proposition.

4.3 Graceful Labelings

Let G = (V, E) be a connected graph with |V | = n, |E| = m. Consider the

injective mapping φ : V → {1, 2, 3, . . . ,m + 1}. If {|φ(x) − φ(y)| : xy ∈

E} = {1, 2, 3, . . . ,m}, then we say that φ is a graceful labeling on G. In

this section, we show how graceful labelings of trees can be transformed into

a subtractive arc-magic labeling. As in [24], we say that a total labeling is

strong if the vertices are labeled with the first n positive integers.

Theorem 4.3.1 Let T be a tree with n vertices. Then T can be oriented so

as to permit a strong subtractive arc-magic labeling if and only if T has a

graceful labeling.
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Proof. Let φ be a graceful labeling on T . Label each edge xy of T with

|φ(x) − φ(y)|. The vertices of T are labeled with 1, 2, . . . , n and the edges

are labeled with 1, 2, . . . , n− 1. Orient the edges of T as follows. If xy is an

edge of T , and φ(x) < φ(y) then orient xy so that the head is at x. If xy is

an edge of T , and φ(x) > φ(y) then orient xy so that the head is at y. With

this orientation, we have the following for any arc xy:

wt−(xy) = φ(xy) + φ(x)− φ(y) = (φ(y)− φ(x)) + φ(x)− φ(y) = 0

We define the following labeling λ on the vertices and edges of T . Let

λ(x) = φ(x) for every vertex x of T . Let λ(xy) = φ(xy) + n for every arc xy

of T .

With this labeling, we have that for any arc xy of T that wt−(xy) = n.

The vertices are labeled with 1, 2, . . . n, and the arcs are labeled with n+1, n+

2, . . . 2n−1. Thus, λ is a bijection from V (T )∪E(T ) to {1, 2, . . . , |V |+ |E|}.

We can conclude that λ is a strong subtractive arc-magic labeling.

If T is a tree that has been oriented and given a strong subtractive arc-

magic labeling, simply reverse the above procedure to recover the graceful

labeling φ of the underlying graph.

Many papers have been published showing that trees with certain prop-

erties have graceful labelings. We refer the reader to [5] for both summary

of, and a bibliography for the current research in this area. As any tree with

a graceful labeling can also be oriented to permit a strong subtractive arc-
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magic labeling, we have the following conjecture whose validity would follow

from an affirmative proof of the Graceful Tree Conjecture.

Conjecture 4.3.2 Every tree T can be oriented so as to permit a strong

subtractive arc-magic labeling.
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[10] J. Gómez, Solution of the conjecture: If n ≡ 0 (mod 4), n ≥ 4, then

Kn has a super vertex-magic total labeling. Discrete Mathematics 307

(2007), 2525-2543.

[11] S.M. Hegde and S. Shetty, On magic graphs. Australas. J. Combin. 27

(2003), 277-284.
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[17] M. Miller, M. Bača, J.A. MacDougall, Vertex-magic total labeling of

generalized Petersen graphs and convex polytopes. JCMCC 59 (2006),

89-99.

[18] J.A. MacDougall, W.D. Wallis, Strong edge-magic labelling of a cycle

with a chord. Austalas. J. Combin. 28 (2003), 245-255.

[19] J.A. MacDougall, M. Miller, W.D. Wallis, Vertex-magic total labelings

of wheels and related graphs. Utilitas Mathematica 62 (2002), 175-183.

[20] J.A. MacDougall, M. Miller, Slamin, W.D. Wallis, Vertex-magic total

labelings graphs. Utilitas Mathematica 61 (2002), 3-21.

[21] J.P. McSorley, Totally magic injections of graphs. JCMCC 56 (2006),

65-81.

[22] F.A. Muntaner-Batle, Special super edge magic labelings of bipartite

graphs. JCMCC 39 (2001), 107-120.

[23] M.T. Rahim, I. Tomescu, Slamin, On vertex-magic total labelings of

some wheel related graphs. Utilitas Mathematica 73 (2007), 97-104.

[24] W.D. Wallis, Magic Graphs. Birkhäuser, Boston, (2001).
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