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A bstract

This dissertation presents a numerical analysis of the separated flow and convective 

heat transfer around a bluff' rectangular plate. This geometrically simple "prototype" 

configuration exhibits all the important features of complex separated and reattaching 

flow and has the advantage of well defined upstream conditions. The main objective of 

this work is the investigation of three-dimensional, high Reynolds number, unsteady 

separated flow using the large eddy simulation technique. However, two-dimensional 

and three-dimensional low and moderate Reynolds number simulations leading up to 

this are also of interest.

staggered grid, finite volume method is used in conjunction with a third order 

Runge-Kutta temporal algorithm. The linear system for pressure is solved by, de

pending on the case, either a direct method or an efficient conjugate gradient with 

preconditioning. Two spatial discretizations are used, QUICK and CDS. In order to 

avoid the numerical diffusion effect from QUICK and dispersive effect from CDS, a 

mixed discretization is also introduced at high Reynolds number {Re^ =  50,000).

The two-dimensional steady and unsteady simulations are first presented. The 

predicted flow characteristics are in agreement with those reported in previous nu

merical studies. The two-dimensional unsteady simulations {Re^ =  1,000) provide 

good insight into the overall dynamic features of separation process, onset of insta

bilities and pseudo-periodic pattern of vortex formation, pairing and shedding. The 

realism of the simulation is however constrained by the artificially high coherence of 

the flow imposed by two-dimensionality.



Ill

The three-dimensional simulations provide a much improved representation of the 

flow. Three-dimensional instabilities are found to appear soon after the onset of the 

shear layer roll-up, and result in the rapid break-up of spanwise vortices. Convective 

heat transfer simulations highlighting the important role of large scale structures in 

enhancing turbulent transport are also presented.

.A.t high Reynolds number, Re .̂ =  50,000, simulations are performed with three 

subgrid scale models. The selective structure function model, which allows improved 

localization, yields excellent agreement of the mean flow statistics with available ex

perimental data. The dynamics of the flow is investigated using wavelet transform 

analysis and coherent structure identification. Characteristic frequencies related to 

shear layer instability, flapping and vortex shedding are identified consistent with ex

perimental observation. The flow in the reattachment region is highly intermittent 

and characterized by a complex quasi-cyclic growth and bursting of the separation 

bubble, and horseshoe structures are identified in the recovery region of the flow.
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Chapter 1

IN T R O D U C T IO N

Flows with large regions of separated and reattaching flows occur in a large variety of 

environments and engineering situations. These flows have a  significant effect on the 

performance of, for example, heat exchangers, turbine blades, airfoils a t higher angles 

of attack, microelectronic circuit boards and road vehicles. For instance, road vehicles 

must meet stringent fuel-consumption requirements which translate into a need for 

reduced aerodynamic drag, heat exchangers need to be designed and developed in 

order to operate more eflSciently, i.e. provide higher heat flux and lower pressure drop. 

Several two-dimensional laboratory geometries have been devised to isolate particular 

parameters and investigate flow separation and reattachment. These include the 

backward and forward facing step, the rib, the fence and the bluff rectangular plate.

These complex flows are characterized by the large scale unsteadiness, complex 

turbulent structure, curvature effects and large pressure gradients. These features 

have been challenging to predict using many tools in experimental and numerical 

predictions including turbulence models. In order to study the main characteristics
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©

Inxxationai flow 

Boundary layer flow 

( l ^  Mean separation streamline

Recirculation flow region 

( v )  Mean Rcanachment point 

Recovery region

Figure 1.1: Schematic of the mean flow around a two-dimensional rectangular bluff
plate

of separated and reattaching flows, the bluff rectangular plate was selected as a “pro

totype” geometry. This flow configuration simplifies the study of complex separated 

and reattaching flow. It has the advantage of some fixed and well defined param e

ters: the location of separation is fixed; the shear layer at separation is thin; and the 

upstream boundary conditions are simple and unambiguous.

The mean flow features of the flow around a bluff rectangular plate are sketched 

in Figure 1.1. As the uniform (irrotational) flow approaches the front of the plate, a 

boundary layer develops above and below the stagnation point, S. These boundary 

layers remain thin, due to the favourable (or negative) pressure gradient from the 

stagnation point to both sharp corners. Eventually, the flow separates from both 

corners, forming separated shear layers on the upper and lower sides of the  plate. 

Due to the high curvature and spread rate of the separated shear layers, the  flow 

eventually reattaches to the surfaces of the plate, forming a closed recirculating flow 

region or “separation bubble” . Downstream of the mean reattachm ent point (Xr), 

the flow recovers and forms a new boundary layer. For a sufficiently long plate, there
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is no interaction between the upper and lower sides of the plate. Therefore, it is only- 

necessary to consider half of the plate for numerical calculations.

1.1 L iterature R eview

1.1.1 F low  O ver a  B luff R ectan gu lar P la te

Previous experimental studies have shown that the flow over a bluff rectangular plate 

is strongly influenced by the following parameters: Reynolds number, nose shape, 

blockage ratio, aspect ratio, free stream turbulence intensity and length scale. The 

effect of Reynolds number and nose shapes were investigated by O ta et al. [1], using 

flow visualization in a water channel. They classified the flow into three regimes 

depending on the characteristic behaxiors of the separated shear layer:

(i) The laminar separation and laminar reattachment regime, in which, in agree

ment with Lane and Loehrke [2], the reattachm ent length increases with the 

Reynolds number up to Rej  ~  325. This result was subsequently reproduced 

by two-dimensional steady numerical calculations [3].

(ii) The laminar separation and turbulent reattachment regime characterized by the 

appearance of shear layer instabilities (Kelvin-Helmholtz type instability) near 

separation, and transition to turbulence prior to reattachment, with the forma

tion and shedding of large scale vortices. This regime was later reproduced in the 

numerical simulations of Tafti and Vanka [4], who performed two-dimensional 

simulations at Rea =  1,000, and found that the reattachm ent point is not fixed 

but rather fluctuates about the mean value.
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(iii) The turbulent separation and turbulent reattachment regime (/le^ > 22,000), in 

which the shear layer becomes turbulent almost immediately after separation. 

Reynolds number is found to have no effect on the mean reattachment length. 

To date, most experimental work has focused on this regime.

The effects of free stream turbulence and length scale were investigated experi

mentally by Hillier and Cherry [5]. They found that the mean flow characteristics 

such as the mean reattachment length (Xr), the mean pressure etc. strongly depend 

on the turbulence intensity. The effect of turbulence length scale on mean pressure 

distribution and X r  in the separation bubble was negligible. However, an increase in 

turbulence length scale caused the pressure fluctuations to increase in the separation 

bubble. Similar results were obtained later by Kiya and Sasaki [6] and Saathoff and 

Melbourne [7]. Djilai and Gartshore [8] studied the effect of leading edge geometry 

(nose shape) on both mean pressure distribution and Xr and found that a decrease 

of separation angle induces an earlier pressure recovery and a shift of mean pressure 

distribution toward the leading edge with a corresponding shortening of Xr.

A  number of studies had examined the unsteady structure of the separation bubble 

formed on a bluff rectangular plate in a low turbulence stream [9, 10, 11, 12]. Re

sults of these studies observed tha t the unsteady flow is dominated by the following 

phenomena:

•  Throughout the separation bubble, the separated shear layer exhibits a low 

frequency flapping motion. This low frequency unsteadiness is most significant 

close to the separation point and appears to be an inherent feature of most 

separated and reattaching flow, (e.g., the backward facing step flow [13]). The
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characteristic frequency ( /  % 0.125-0.2f/o/Xr) is lower than those associated 

with the Kelvin-Helmholtz and the shear layer roll-up frequencies.

• In the reattachment region, the flow is characterized by large scale unsteadiness, 

pseudo-periodic bursting of the separation bubble, and irregular shedding of 

large scale vorticity. The average shedding frequency around the reattachment 

region was measured to be around 0.6-0.Tf/g/ X r

The structure of the large scale vortices in the reattachment zone was investigated 

by Kiya and Sasaki [14], who used a conditional sampling of the velocity field with 

surface pressure fluctuation as a conditioning signal. They concluded that these 

vortices have a hairpin shape with its ends lying in the x  — y  plane and each end 

rotating in opposite direction.

Numerical simulations of this flow have also been performed and analyzed. An 

earlier two-dimensional simulation at Reynolds number of 1,000 [4], corresponding to 

the transitional regime, provided insight into the unsteady flow patterns which are 

difficult to observe experimentally. A  subsequent three-dimensional direct numerical 

simulation (DNS) of the same case [15] clearly showed the importance of intrinsic 

three-dimensionality and successfully reproduced many aspects of the dynamic of the 

flow observed experimentally.

The only numerical prediction of the high Reynolds number flow (turbulent regime) 

was the Reynolds-Averaged Navier-Stokes (RANS) computation performed with a 

modified k — e turbulence model [16]. These computations provided an adequate 

representation of the mean flow characteristics within the separation bubble, but 

a marked deterioration in the predictions was reported in the recovery region down

stream of reattachment. The discrepancies were attributed to the complex turbulence
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dynamics of the reattachment process and the associated large scale unsteadiness.

1.1.2 H eat Transfer Over a  B lu ff R ectan gu lar P la te

The development and design of more eflBcient compact heat transfer devices has re

ceived much attention in recent years. Most investigations have focused on rect

angular fins, which are commonly used in compact heat exchangers found in many 

applications, including electronic cooling modules, air conditioners, aircrafts and au

tomobiles. Rectangular fins can be arranged in a variety of ways [17, 18, 19]. Most 

arrangements are affected by the complex formation of vortex patterns and their in

teractions, which significantly influence the prediction of heat transfer coefficients. 

Consequently, the long rectangular bluff plate has been preferred as a configuration 

for the understanding of the convection mechanisms and the prediction of heat trans

fer performance on rectangular fins.

O ta and Kon [20, 21] experimentally investigated heat transfer from a bluff rect

angular plate, and found a 30-50% increase in the time averaged heat transfer rate in 

comparison with a turbulent boundary layer on a flat plate. Additionally, they found 

that the heat transfer coefficient drops from a sharp peak a t the point of separation 

and then increases gradually, reaching a maximum near the time mean reattachment 

point. They concluded th a t the nose shape has a strong effect on the heat trans

fer characteristics in the separated and reattaching flow regions, but a correlation 

between the reattachment Nusselt number and the Reynolds number based on the 

reattachment length could be obtained independently of the nose shape.

Several experimental investigations have shown that enhanced heat (mass) transfer 

rates in the separated flow around a bluff rectangular plate could be obtained by
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acoustic excitation or periodic perturbation of the flow field [22, 23, 24]. Substantial 

heat (mass) tramsfer augmentation was reported particularly around the reattachment 

region.

The convective heat and mass transport has also been the subject of several nu

merical studies. Djilali [3] performed two-dimensional simulations of the convective 

heat transfer over a stacked array of rectangular plates with difierent blockage ratios 

at low Reynolds number (laminar regime). The location of the maximum heat trans

fer coefficient was predicted to  occur slightly downstream of the reattachment point 

and found to be strongly dependent on the blockage ratios. Tafti [25] performed a 

simulation of the transport of a  passive scalar a t =  1,000. The location of the 

maximum heat transfer coefficient was in agreement with [20, 26]. He analyzed the 

effect of coherent structures on scalar transport and concluded th a t these structures 

act as “large scale mixers” .

Calculations of wall heat transfer coefficient in a high Reynolds number turbulent 

separation bubble (20,000 <  Rea < 75,000) were reported by Djilali et al. [27]. They 

examined the performance of seven near-wall turbulence models, and found that a 

three-layer wall function in conjunction with modified k — e equations gave the best 

overall performance. This study showed that though flow field predictions are not very 

sensitive to the near-wall treatm ent, the accurate prediction of wall heat transfer rate 

is critically dependent on the representation of the low Reynolds number turbulence 

near the wall.



CHAPTER 1. INTRODUCTION  8

1.2 Turbulence and C oherent S tructu res

Most flows occurring in natural environments and in engineering practice are tur

bulent. Turbulent motion can be found in many applications such as meteorology, 

aerodynamics, oceanography, shipbuilding, and combustion, etc. The study of the 

complex and fascinating phenomena associated with turbulence has occupied many 

engineers and scientists for over a century since the pioneering work of Osborne 

Reynolds in 1883. Turbulence, however, is not a simple phenomena to be solved. 

Complete understanding and “universal” modelling of turbulence remain elusive, and 

this still remains the most difficult and important problem in fluid mechanics [28, 29].

From a computational view point, the most problematic aspect of turbulence is 

the wide range of turbulent eddy sizes. As in all fluid dynamic processes, the character 

of the flow is determined by the ratio between the inertial and viscous forces, i.e. the 

Reynolds number. As the Reynolds number increases, increasingly small turbulent 

eddies appear in the flow. This occurs via the energy cascade process in which the 

associated turbulent kinetic energy is extracted via the large eddies from the mean 

flow. This energy is gradually cascaded to smaller and smaller eddies due to the non

linear interactions in the flow. Eventually, the turbulent kinetic energy is dissipated 

at the small scales (high frequencies) due to viscosity. A  typical turbulent energy 

spectrum is shown in Figure 1.2.

The size and structure of the largest eddies depend on the flow condition and con

figuration (geometry). The medium-size eddies which contain the bulk of the total 

kinetic energy of turbulence are sometimes called “energy-containing eddies”. The 

characteristic wavenumber for this range is denoted by /Cg. In the range k »  k ,̂ the 

eddies gain their energy by inertial transfer from the larger eddies and the amount
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Figure 1.2: Schematic of three-dimensional spectrum  in the various eddies (wavenum
ber) sizes

of energy transferred in this range is large compared with the rate of change of tur

bulent kinetic energy. So these eddies may consider to be in statistical equilibrium 

where the energy transferred is equivalent to the energy dissipated. This range is 

called “universal equilibrium range”. In the universal equilibrium range, the dissipa

tion increases strongly as the wavenumber increases. Therefore, at some subranges 

of equilibrium, the dissipation is considerably small and can be neglected when com

pared with the energy transferred by inertial effect. This subrange is called “inertial 

subrange” , and it is statistically independent of the energy-containing eddies and the 

strong dissipation ranges (Kg < <  k < <  kj).

The characteristic of turbulence in the “universal equilibrium range” are deter

mined by the parameters e and u, which can be used to construct the Kolmogorov
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(dissipation) length (77) and velocity (v) scales.

L ength scale:

V elocity  scale:

V =  (1.2 )

The smallest eddies (77) are very much smaller than the largest eddies, integral 

scale (/). The separation in both scales widens as the  Reynolds number (based on the 

integral scale) increases, 77/ /  ~  [30]. For a flow with the same integral scale, the

size of the smallest eddies for low Reynolds number flow is relatively coarse compared 

with the size in higher Reynolds number flow.

It has been shown that turbulent flows contain a coherent structure, repeatable 

and essentially quasi-deterministic events which are responsible for a large part of 

mixing. Such structures can be visualized in many turbulent flows such as the mix

ing layer, turbulent jet, wakes and boundary layers [31]. A distinction can be make 

between near-wall and core structures. An example of core structures are the large 

eddies usually associated with shear layer instability such as Kelvin-Helmholtz type 

instability [32], or “shedding” type instability. In near-wall region, the concept of 

coherent structures had lead to a detailed description and mechanism of the phenom

ena responsible for the production and the transport of turbulence. Typical coherent 

structures in near-wall region include hairpin (horseshoe) vortices, bursts and streaks. 

-A. conceptual model of near-wall structures is shown in Figure 1.3.

Hairpin vortices are generated by the U-shaped distortion of span wise rolls peri

odically created by shear in the wall region. By self-induction, the leading edge of the
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Figure 1.3: Conceptual model of near-wall turbulence structure; after Hinze [33]

U-shaped vortices tends to leave the wall. This in turn brings it into an outer (higher 

speed) region, resulting in a stretching of the vortex along the flow direction. The 

deformation proceeds until a breakdown of the vortex line occurs. This is associated 

with the sudden release of mechanical energy (turbulence burst) which is responsible 

for most of turbulence production at the wall. In the region confined between the two 

branches of a hairpin vortex, the streamwise velocity is relatively low and the fluid 

moves away from the wall. A  classical review of this wall turbulence is given by Hinze 

[33]. In a real wall-bounded turbulent flow, several parallel hairpin vortices exist at 

any instant on a wall and a pattern of alternating high and low speed region (streak) 

is established. The existence of these structures had been experimentally confirmed 

by Kline [34].
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1.3 T urbulence m odelling, D irect and Large E d d y  

Sim ulations

The use of computational methods for predicting turbulent flows started in the six

ties. The methods were based on the solution of the Reynolds-Averaged Navier-Stokes 

(RANS) equations in conjunction with turbulence models. The deficiencies of the tur

bulence models have however hampered progress in the application of computational 

methods to complex flows. Furthermore, RANS based methods can not be used as a 

tool for investigating the physics of complex turbulent flows. With increasing compu

tational power and the development of efficient algorithms, researchers have turned 

to Direct Numerical Simulation (DNS) and Large Eddy Simulation (LES) in recent 

years. These computational methods are increasingly being used to investigate fun

damental transport processes in turbulence, means of controlling it [35], and finally 

to help derive more accurate engineering turbulence models that are less costly and 

that can be used for routine engineering design and analysis.

1.3.1 D irect N um erical S im ulation  (D N S )

The most exact approach to turbulence simulation is to solve the continuity, Navier- 

Stokes, and energy equations directly in three-dimensional, time-dependent fashion 

without averaging or approximation to any turbulence transport process. In such 

simulations, all scales of motions contained in the flow, ranging from the smallest to 

largest scales, are resolved numerically. This is the direct numerical simulation (DNS) 

approach.

In order to solve the field equations directly, the computational domain has to
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be at least as large as a few times the integral scale, in order to capture the largest 

eddies in the flows. The grid size has to be sufficiently small to capture the smallest 

eddies, which are of the order of Kolmogorov scale (77). As an example, DNS of a 

plane channel flow requires A i  =  7 .5 t7, Ay =  O.OSt;, and Az =  4.4y [36]. As a rule of 

thumb, the number of grid points required by DNS has been estimated by Tennekes 

and Lumley [30] to be proportional to Re^^^, where Rei is the Reynolds number based 

on the integral scale and the r.m.s. velocit}' fluctuation.

The number of grid points for a simulation are limited by the processing speed, 

memory capacity, and data  transmission of the machine, and DNS is hence only 

currently possible at low Reynolds number. The rapid development of computers 

has made it possible to perform DNS with (512)^ grid points on massively parallel 

Connection Machine-5 [37]. However, the simulation is limited to simple flows. As 

the flow geometries become more complex, the requirement of computer capacities 

are necessary. Even with a sustained growth in computational speed and memory, 

DNS will not be a practical tool for high Reynolds number complex turbulent flow in 

the near future. An alternative that lies between DNS and classical RANS methods 

is large eddy simulation.

1.3.2 Large E ddy S im ulation  (LES)

LES basically consists of resolving directly the three-dimensional, time dependent 

turbulent motion associated with the larger eddies, while eddies of the order of the 

grid size and smaller are taken into account using a subgrid scale model.

The rationale for LES [38, 39, 40] is th a t the large eddies dominate the physics 

of any turbulent flow. They extract energj^ from the mean flow and are responsible
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Figure 1.4: Turbulent signal subjected to filtering processes

for most of the transport of mass, momentum and energ}% The structure of large 

eddies is strongly dependent on the geometry and nature of the flows. On the other 

hand, the small eddies carry' a small portion of the to tal turbulent kinetic energy 

and are much more universal and nearly isotropic. This leads to the concept of large 

eddy simulation. Since the small eddies have less impact on the flow, they are less 

important and it should be possible to represent their effect by simple subgrid scale 

models, while the large eddies are simulated directly.

The separation of large and small eddies is done by filtering. As mentioned earlier 

in Figure 1 .2 , a t high Reynolds number, the turbulent energy spectrum contains an 

inertial subrange, in which there is no turbulence production or viscous dissipation. 

The concept of filtering in LES is to separate both scales and make the cut-off lie in 

this subrange. This filtering process is illustrated in Figure 1.4.

LES has been used in various areas of turbulence such as three-dimensional tran
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sitional flow [41, 42], turbulent channel flow [43, 44, 45], and has been found to work 

well for turbulent free shear flow and homogeneous turbulent flows. O ther numerical 

studies dealing with complex turbulent flows including separation, reattachment and 

recirculation have been performed in recent years, on the backward facing step flow 

[46, 47, 48, 49], the surface mounted cube flow [50, 51, 52], the surface square cylinder 

flow [53], and the circular cylinder flow [54]. In terms of industrial applications, LES 

is not mature enough, due to the lack of robustness of the subgrid scale models, high 

computational cost, the difficulty in implementing realistic boundary conditions and 

stable nondissipate numerical schemes. However, there has been an attem pt to apply 

large eddy simulation to flows encountered in nuclear reactors [55].

Several problems need to be resolved before LES can be applied to engineering 

flows [56]. The treatment of wall boundary conditions, is a particularly difficult 

problem since resolution of the flow there almost negates the advantage of LES over 

DNS, while use of wall functions to circumvent this are known to be inadequate. The 

other problem is subgrid scale modelling. The potential inadequacies of subgrid scale 

models become more critical as the proportion of turbulent energj' contained in the 

subgrid scale becomes more important [57]. To address this problem, the dynamic 

subgrid scale modelling approach was developed [58] and later modified by Lilly [59]. 

However, Speziale [60] argued recently that the dynamic subgrid scale model is not 

suitable for turbulent flows in complex geometries, due to the unreliability of the test 

filtering procedure required for dynamic models. He proposed a Reynolds stress based 

model for "Very Large Eddy Simulation” (VLES).

The mathematical formulations of LES and subgrid scale models used in the 

present research, are presented in the next chapter.
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1.3.3 R eynolds-A veraged  N avier-S tokes (R A N S )

Due to the lack of maturity of LES and their prohibitive computational cost, engi

neering methods still rely on the numerical solution of the Reynolds-Averaged Navier- 

Stokes (RANS) equations in conjunction with turbulence models. In this approach, 

all equations of motion are averaged over time and coordinate in which the mean 

flow does not vary. The time averaged equations are obtained using the statistical 

approach, first suggested by Reynolds [61]. The averaging process gives rise to ad

ditional unknown terms (the averages of products of fluctuating velocities) usually 

referred to as “Reynolds or turbulent stresses” . In order to have a “closed” set of 

equations, the Reynolds stresses have to be modelled by correlations, algebraic or 

differential equations, known as “turbulence models” [62].

These models var\' in degree of complexity ranging from algebraic eddy viscosity 

models (EVM) to Reynolds stress models (RSM). EVM ’s provide adequate predictions 

of some features of complex flows, but require ad-hoc adjustment th a t restrict their 

reliability and generality [63]. The most widely used engineering models for computing 

turbulent flows have been the classical two-equation k - c model and its variants. 

RSM’s [64] are more complex and computationally intensive, but they provide a 

conceptually more correct representation of turbulence characteristics than EVMs. 

However, both EVM’s and RSM’s exhibit deficiencies in complex flows primarily 

due to the assumption that turbulent transport is based on a single characteristic 

length and time scale. Additionally, these models do not account for departures from 

equilibrium and the effects of streamline curvature.

A  more satisfactory representation of turbulent transport and dynamics in this 

approach can be achieved via the Multiple Scale (MS) approach [65], which accounts
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for non-equilibrium conditions and in which more than one characteristic length and 

time scales are used. Such models have been applied to several complex flows include 

the backward facing step [6 6 ] and prismatic obstacles [67].

1.4 Scope o f th e  D isserta tion

The main objectives of this research are: (i) to investigate the characteristics of the 

flow and convective heat transfer for a “prototype” separated flow (bluff rectangular 

plate) at high Reynolds number, where the flow is completely turbulent using the 

large eddy simulation (LES) technique, (ii) to gain further insight into the dynamics 

and structures of the flow, and (iii) to evaluate the performance of the subgrid scale 

models.

The investigation has been divided into two major parts, flow dynamics and 

convective heat transfer. The flow is investigated in two-dimensional and three- 

dimensional simulations covering all three ranges of Reynolds number. Direct numer

ical simulation is used to simulate the flows a t low and moderate Reynolds number. 

The high Reynolds number case of 50,000, for which reliable mean flow, turbulence 

statistics and wall data is available, is seleted for comparison and assessment. Con

vective heat transfer simulations are performed in both two and three dimensions at 

low and moderate Reynolds number.

The outline of the dissertation is as follows. The mathematical description of 

large eddy simulation and the subgrid scale models are presented in Chapter 2 . The 

wall treatment for the high Reynolds number flows is also reviewed. In Chapter 3, 

the computational procedures used in the CFD code are discussed. The two and
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three-dimensional flow simulations presented and discussed in Chapters 4 and 5 re

spectively. Chapter 6  presents the results and the discussions of the convective heat 

transfer calculations. Finally, in Chapter 7, the conclusions of this investigation are 

summarized and recommendations for further work are proposed.
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Chapter 2

LARGE E D D Y  SIM ULATION

2.1 Introduction

In this chapter, the large eddy simulation methodology is described and the governing 

equations are presented. These include the filtered flow field equations, the three 

subgrid scale models used in this study: Smagorinsky (SM), structure function (SFM) 

and selective structure function (SSFM) models, and the details of the near-wall 

treatment.

2.2 G overning E quations

Fluid motion is governed by three basic conservations laws: conservation of mass, 

conservation of momentum and conservation of energy. In this research, the fluid is 

taken as an incompressible Newtonian fluid with constant fluid properties (p and p). 

In flows accompanied by heat transfer, the fluid properties are normally functions
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of temperature. W ith the assumption of small tem perature variation in the  forced 

convection regime, one can also treat these properties as constant. This allows the 

decoupling of the hydrodynamic equations from the energy equation.

With these assumptions, the three conservation relations are expressed as [6 8 ],

Continuity equations:

dxi

M om entum  equations:

"■  . 0  « I I

Energy equations:

where Ui is the instantaneous velocity in the Xi direction (f and j  =  1 , 2, 3), p is the 

static pressure and T  is the temperature of the fluid.

In large eddy simulation, a  filter operation is used to decompose each field of the 

general variable $  (where ^  = U,V, W, p and T)  into a large scale (resolved or filtered) 

component denoted by a bar, $ , and a small scale (subgrid) component denoted by

$  =  0  4- <6 (2.4)

This decomposition follows an approach similar to the Reynolds-decomposition of 

a generic field into an average and a fluctuating component, which is the basis for all 

RANS approaches. In LES, however the large scale component (0) is time-dependent 

and is completely resolved on the computational grid, while the small scale component
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(6) is unresolved and must be modeled.

Following the general approach described by Leonard [69], the large scale compo

nent is the result of applying a filter to the instantaneous variables,

^{Xi, t)  =  f  G{xi — x 'i )^ (x 'i , t )  dv'i (2.5)
J v

where G is a filter function with a characteristic length of A and x'i is a dummy 

variable representing x,. Several filter functions have been used in LES, including

Gaussian, box (top hat) and cut-off filters. For finite difference and finite volume

methods, a simple box filter has been commonly used [43]. This box filter function is 

expressed as,
1 /A  for \xi — i ', |  <  A /2

G{xi — x'i) = (2.6)
0 elsewhere

.Applying the filter operation to equations (2.1), (2.2) and (2.3), yields the filtered 

(large scale) governing equations.

0 (2.7)
dxi

a r  d{u.

These equations include additional subgrid terms which quantify the interaction 

between the grid (resolved) scales and subgrid (unresolved) scales. These subgrid

terms arise due to the non-linearity of the filtering operation applied to UjU^ in (2.8).
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Using (2.4), the product of UjU- expands to,

UjU^ =  {Uj +  Uj){Ui + iLi) = UjU- +  UjC/j. +  UjUi +  UjUi (2.10)

An important difference for the kind of filtering defined by (2.5) compared to 

Reynolds averaging is that a second filtering does not reproduce the result of the first

filtering, i.e. 7  ̂ <î>. Consequently, UjU^ ^  UjUi. Equation 2 . 1 0  can be rearranged

as.

UjU^ — UjUi — ( ^ j ^ i  — jU t) 4“ ( uyU  ̂4- UjUi UjUi (2.11)

The first term  on the RHS, usually called the “Leonard stress term” after Leonard 

[69]. represents interactions between eddies within the resolved part of the turbulence 

spectrum. The second term is a “cross stress term ” which quantifies the interaction 

between the resolved scales and the subgrid scales. The last term  is the “true subgrid 

scale stress term ” and represents the interaction among the subgrid scales.

The Leonard stress term is dependent on the large scale component and can be 

computed in term s of the filtered field. The small scale component of the velocity 

field is unknown and needs to be modeled in terms of resolved quantities. Several 

approaches [44, 70, 71] has been made to model each RHS term of (2 .1 1 ) separately, 

since they represent different physical phenomena. In recent years, one argues that 

since SGS modelling is far from exact [39], it seems preferable to model (2 .1 1 ) as a 

whole, without splitting it into parts [39, 40]. This approach is to combine all such 

terms and model them as a single subgrid scale stress tensor , Tij. The models used to 

approximate this subgrid scale stress tensor are called “subgrid scale” (SGS) models.
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Tij — —{Lij +  Cij 4- Rij) (2-12)

where r,j =  UjUi — UjUi. Lij, Cij and Rij represent the Leonard stresses, cross stresses 

and true subgrid scale Reynolds stresses, respectively.

Substituting the subgrid scale stress tensor, Ty into (2.8), yields the filtered Navier- 

Stokes equations.

)
Similarly, the filtered energy equation takes the form,

~dt

2.3 Subgrid Scale M odels

The subgrid scale model is based on a gradient-diffusion hypothesis, similar to the 

Boussinesq hypothesis of conventional turbulence models. It consists of assuming the 

deviatoric part of the stress tensor, r ,j , to be proportional to the resolved strain rate 

tensor, Sy.

Tij — -Tkk^ij — 2i/(S'y (2.15)

in which.
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where Ut is the eddy viscosity, which has to be expressed by the appropriate model, 

and Sij is the Kronecker delta. For simplicity the trace ^Tkk is lumped with the 

pressure to form a “modified pressure” , P  = p — \pTkk- The filtered Navier-Stokes 

equations become,

dU
a ( ' +  J "

The same approach can be applied to the filtered energy equation. The last two terms 

of (2.14) are modeled with an eddy diffusivity (aj) to yield.

Equations (2.7), (2.17) and (2.18) are formally identical to the time-dependent 

version of the governing equations for turbulent flow based on conventional eddy 

viscosity models such as the k — e model. In order to solve this set of equations, both 

i/t and at need to be computed as functions of resolved quantities.

2.3.1 Sm agorinsky M odel

The first and most widely used subgrid scale model was proposed by Smagorinsky 

[72]. In this model, a mixing-length type of assumption is made, whereby the eddy 

viscosity is assumed to be proportional to the characteristic length scale associated 

with the filter width (A) and to the characteristic turbulent velocity based on the 

second invariant of the resolved strain rate tensor, i.e.

Ut = (C,A)2|51 (2.19)
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where.

|5 | =  ^J2SiJSiJ (2.20)

The model parameter (C ,), sometimes called the “Smagorinsky constant” , ranges 

from 0.065 to 0.23 depending on the flow conditions, the grid sizes and the numerical 

methods used. For homogeneous isotropic turbulence where the filter cutoff is in the 

inertial subrange, the optim al value is found to be around 0.23 [73]. However, in 

applications where the mean shear is dominant such as free shear flow and channel 

flow [44], a smaller value of C,  is necessar}' to avoid excessive dissipation [40] and 

value of Cs on the order of 0.1.

The parameter A is a length scale and it is generally related to the width of the 

filter used. In finite difference and finite volume simulations, the common choice of 

A is the average local cell size [43].

A =  (AxAyA^)^/^ (2.21)

where Ai, Aj, and Aj are the mesh sizes along the three directions.

In the vicinity of solid boundaries (walls), the subgrid scale eddy viscosity should 

become vanishingly small. One of the approaches used to ensure the correct asymp

totic behaviour near walls is to introduce a Van Driest type damping function [74]

similar to the approach used in conventional low Reynolds number turbulence mod

eling. The damping function is given by,

D =  1 -  (2.22)

where y'^ is the distance from the wall in “wall units” , =  yurju, and A~̂  is a
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constant usually taken to be approximately 25. The Smagorinsky subgrid scale eddy 

viscosity becomes:

Ut =  iCsDAf{2SijSijŸ^^  (2.23)

Despite its simplicity, there are many diflBculties with Smagorinsky model such

as its performance in near-wall regions and transitional flow. Previous LES showed

that the Smagorinsky model is too dissipative and does not allow the transition from 

laminar to turbulent to proceed [75]. In addition, the Smagorinsky model does not 

account for the energy flow from small scales to large scales which can be significant 

[41]. Further development has been proposed to overcome these difficulties by locally 

calculating the eddy viscosity coefficient. This model is known as the dynamic subgrid 

scale model [58]. Due to the complexity and stability of the model, the present work 

will focus solely on the Smagorinsky model.

2.3.2 S tru ctu re F u nction  M odel

In this model, the eddy viscosity is evaluated with the aid of a local kinetic energy 

spectrum which can be calculated in terms of the local second order velocity structure 

function, F 2 (x,-,A ,t) [40].

F 2 {xi ,A , t)  =  (II U{xi + r,t) - U { x i , t )  ll^),|^||^^ (2.24)

and

Ut =  0.105 C;^^^A[F2 {xi, A, t)]'/2 (2.25)

where A is the average cell size, as in equation (2.21), and Ck is typically taken to be

approximately 1.4 [40]. From (2.24), Fg is calculated from a local statistical average
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of the square velocity differences between Xi and the six closest points surrounding 

Xi on the computational grid. In order to minimize the sensitivity of the model to 

the mean flow gradients and to avoid difficulties with large grid aspect ratios, F 2 is 

evaluated using only four neighbouring points in the given plane following [40]. For 

a.n X ~ z plane, the equivalent average cell size is then defined as A  =  (AiA-)^/^.

Similar to Smagorinsky model, the structure function model is still too dissipative, 

especially for transition in a boundary layer and channel flow [40]. To overcome this 

difficulty, an improved version of the structure function is developed, and presented 

in the next section.

2.3.3 S elective  S tructure Function  M odel

The selective structure function model refers to the localization of the subgrid scale 

dissipation to the small scale turbulence only. The idea is to switch off the eddy 

viscosity when the flow is not sufficiently three-dimensional. The three-dimensionality 

criterion is based on the angle, i3, between the local vorticity and the average vorticity 

at the six closest neighbouring points (or optionally the four neighbouring points). 

The eddy viscosity is set to zero when this angle is less than 20° [40].

Ut =  0.1638 Cfc ^/"^CA[F2(xi, A, (2.26)

where Q is the selectivity option. In the present study rather than using an abrupt 

cut-off, C is evaluated using a smooth function defined as.
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0 (or 0  < 10°

g-(d^/3)2 foj. 2 0 ° > 0  > 10° and d0 = \0 -  20| (2-27)

1 for 0  > 20°

2.4 W all T reatm ent

One of the most difficult problems in LES is the correct formulation of boundary con

ditions for the resolved fields a t a solid surface. Near the solid surface, the turbulent 

structures are small compared to the overall flow dimensions and yet they play an 

important role in the dynamics of turbulent boundary- layers. In order to compute 

the velocity gradients and to compute the wall shear stress, the grid distribution in 

the direction normal to the surface needs to  be sufficiently small as to extend into 

the viscous sublayer (y*" < 5) [44]. This dramatically increases the cost of large eddy 

simulation, and in eSect entails a direct numerical simulation of the near-wall region.

In order to avoid large computational efforts for resolving the wall layer directly, 

several approximate wall boundary conditions have been developed. Further reviews 

can be found in [76]. One way to overcome this problem is to use approximate wall 

boundary conditions [77] in which the wall shear stress (r„;) and the velocity gradient 

i§ ^ )  are not computed directly, but rather are specified in terms of the resolved 

velocity in the core of the flow. This approach allows the first grid point to be placed 

in the logarithmic region and saves simulating the wall layer entirely. Nevertheless, 

the approximate wall boundary conditions have been only applied to the flat wall with 

mild pressure gradient and they are not adequate for the flows which include complex 

separated and reattaching flows [39]. Recently, a two-layer approximate boundary 

condition has been proposed [76] in which the outer layer is solved with LES and the
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inner layer is solved with a simple set of boundary layer equations.

Most near-wall calculations are formulated in terms of a universal velocity profile 

described with non-dimensional “wall units”, y'^ =  yur/u  and u"*" =  Uju-r. The wall 

shear stress is defined as,

Tu, =  (2.28)

In the present research, the instantaneous velocity profiles near the wall are as

sumed to follow a classical three layer distributions including inner layer, buffer and

logarithmic layer and outer layer [68]. These layers are summarized below and their

profiles are represented in Figure 2.1.

Inner layer law: y"*" < 5

y+ =  (2.29)

Buffer/Log layer law: 5 < y"*" < 200

(2.30)

O u te r  layer law: y"*" > 200

+  B  (2.31)

where K  is the von Karm an constant {K  % 0.41) and B  is an empirical constant 

related to the thickness of the viscous sublayer {B % 5.0).
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Figure 2.1: Velocity profile over three layers of the near-wall region

2.5 Sum m ary o f G overning E quations

To summarize, the three fundamental governing equations expressing mass, momen

tum and energy consenation and the various subgrid scale models are presented. 

These equations will be discretized in the next chapter.

2.5.1 F iltered  (Large Scale) G overning E quations  

C ontinuity equations:
dUi
dxi =  0 (2.32)
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M om entum  equations:

^  ^  3 ( 6 ^  ^  ^  } (2.33)

Energy equations:

a , =  ^  (2.35)

2.5.2 Subgrid S ca le  M odels

Sm agorinsky M odel (SM ):

ut =  ( C , D A ) \ 2 S i j S i j )  (2.36)

Structure Function M odel (SFM ):

=  0.105 A , f)]'/? (2.37)

F i i x i ,  A, t) =  (|| U ( x i  + r , t )  -  U { x i ,  t ) (2.38)

Selective Structure Function M odel (SSFM ):

ut =  0.1638 Cfc^^\A[F2(a:i, A, t)]'/2 (2.39)
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Chapter 3 

C O M PU TA TIO N A L  

PR O C E D U R E

3.1 In trod u ction

The governing equations presented in the previous chapter are discretized using a 

finite volume method and the resulting set of algebraic equations are solved using 

a modified version of the Unsteady Turbulent Flow (UTF) code [78]. The code 

was originally developed for multi-dimensional turbulent flows in complex geometries 

using RANS and LES and incorporated the structure function (SFM) and selective 

structure function (SSFM) subgrid scale models. Modifications included the addition 

of the Smagorinsky (SM) model and the energy equation for modeling convective heat 

transfer.

In this chapter, an overview of the computational procedure is presented. First, 

the finite volume discretization of all governing equations is discussed. This is fol-
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Equations $ r$ S<t

Continuity 1 0 0

Momentum Ui U ->r Ut

Energy T a + at 0

Table 3.1: Summary" of the diffusion coeflScients and the source terms for the governing 
equations

lowed by the spatial discretization for the convective and the diffusive term , and the 

temporal discretization for the unsteady term. Finally, the fractional step method 

for the solution of the Navier-Stokes equation and the direct and conjugate gradient 

method used for solving the linear system arising from the discretization of pressure 

(Poisson) equation are discussed.

3.2 F in ite  V olum e D iscretization

The governing equations for momentum and energy transport were summarized in 

section 2.5.1 and can be represented by a general transport equation,

. d m j )  d  d ^ \  _ ^
(3.1)
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P(I-U,K) U(If.K) 
♦

V (U + l.K )

POUJC)

h

U,K)
dy

dyp

h
dx

H
dxp

Figure 3.1: Finite volumes on a staggered grid arrangement for a Cartesian two- 
dimensional grid: solid line for P  control volume; dotted line for U control volume; 
and dashed line for V  control volume

where 0  =  (C/, V, W  and T), F* is a diffusion coefficient and 5* is a general source 

term. The diffusion coefficient and source term, corresponding to each equation are 

given in Table 3.1. For simplicity, the b a r ($) denoting the filtered component in 

Section 2.5.1 is dropped hereafter.

These equations are discretized using a finite volume formulation in which the 

computational domain is divided into a number of overlapping control volumes. The 

input grid defines the control volumes for scalar fields (pressure, temperature, etc.). 

The velocities’ control volumes are offset such that their centers are located a t the face 

of the scalar control volumes. This staggered grid/volume arrangement is employed 

in order to avoid the decoupling of velocity and pressure fields or “checkerboard 

problem” [79].

A typical arrangement of a staggered grid is illustrated in Figure 3.1 for a two-
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dz

W (M JJC )

V (M JJC )

Figure 3.2: Three-dimensional control volume for U { I ,J ,K )

dimensional case. In this arrangement, the node for P{I, J, K )  is midway between the 

nodes for C/(/, J, K),  and U (I  + 1, J, K),  and V{I,  J, K), and V{I ,J - \ -  1, K ).  Figure 

3.2 illustrates a three-dimensional U velocity control volume centered at location 

{I, J ,K ) ,  (indicated by a bold —+). The faces of a control volume are identified by 

the terms w est, east, sou th , north, b o tto m  and top, as indicated in the figure.

The discretized equations are derived by integrating the appropriate transport 

equation (3.1) over each control volume.

/// ^  d { W j )  
dt dxj dx j  \  dxj (3.2)
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Using Gauss’s divergence theorem,

the volume integral of term F in equation (3.2) is transformed into a surface integral,

§ i l l  j ^ d v - / l  f s ^ d v  =

Jwest dXj

+ / L .  - / L a

The integral equation (3.4) is exact, however some approximation (discretization) 

must be used to reduce the equation to algrebraic form. The simplest second order 

accurate approximation is to represent the volume integral by the product of the 

volume-averaged (0 ) and its volume (Au) [80],

J j  j  ̂  dv = $Aü ~  <^Au (3.5)

The volume-averaged (0) value needs to be determined in order to represent the 

volume integral in (3.5). This is done by introducing an approximation for 0 . Several 

approximations can be obtained by interpolating nodal values or by using shape 

functions; for example, a forth order approximation can be obtained by using the bi

quadratic shape function [80]. Higher order approximations of the volume-averaged 

value are very complex. For simplicity, the present work approximates the volume-
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average with the value at the center of the control volume, 0  % since all variables 

are available at the nodal value and interpolation is unnecessary. This approximation 

becomes exact when 0  is constant or 0  varies linearly within the control volume.

The right hand side terms in (3.4) represent the diffusive and the convective 

fluxes. The approximation of these fluxes through a given face of the control volume 

is represented by,

j  j {Flux)i dsi =  [Flux]i Asi  % Flux\i  As, (3.6)

To compute the surface-averaged flux in (3.6), [Flvx] term, the averaged value of 

0 , Uj and ^  on the surface As, need to be determined. Again, some approximations 

must be introduced in order to obtain the averaged value. The simplest approximation 

is to approximate at the cell face center which is equivalent to the mean value over 

the surface. Further details will be discussed in the next section.

To complete the discretization procedure, the source term needs to be approxi

mated. From Table 3.1, a non-zero source term appears only in the momentum equa

tions and contains a pressure gradient ( ^§^)  and an additional diffusion ( ^ ( ^ t | ^ ) )  

term. Using the procedure outlined above, these two terms are discretized and sum

marized in Table 3.2.

3.3 Spatial D iscretization  Schem e

The determination of the surface-averaged fluxes in (3.6) involves the product of 

several variables and their gradients at those locations: ^Ui  for the convective flux
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1
Equations 0 S f f S ^ d v

x-momentum U

f  feoit(p^ ~  -  f  fwestip^ ~

+ f  fnorth(~‘̂ t^)dSy -  !  !southi~^t%)dSy 

A f  — f  fbottom(~‘̂ t ^ ) d S :

y-momentum V

f  feo3t(-^ t^)dSx  -  f  fujesl(-‘̂ t ^ )d S x

A f  fnorthCp-P -  ^ t ^ )d S y  -  f  fsouthip^ ~  ‘̂ t ^ )dSy

A f  f t o p ( - ^ t ^ ) d S :  -  f  fbottomi-‘̂ t ^ ) d s ~

z-momentum w

S feasti~^t^)d'Sx -  f  Swe9t(~‘̂ t ^ ) ^ ^ x  

A I  Snorth(~^t^)dSy -  i  Ssouthi.-^t%)dSy

+;

Table 3.2: Summary of the source terms for the momentum equations
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and r ( ^ )  or T ( ^ )  for the diffusive flux, as shown in (A.1)-(A.4). These terms are 

computed by interpolating from the available nodal values of velocity, tem perature 

etc.

3.3.1 E va lu ation  o f th e C on vective F lu x

The discretization scheme for the convective fluxes is critical to both accuracy and 

numerical stability. The values of both 0  and Ui a t each face, are estimated by inter

polating one or more of the neighboring nodal values. The convective flux through 

the face is then approximated using these interpolated values. A conventional way of 

dealing with the convective flux is to separate it into the product of a convected value 

($) and the transport v e l o c i t y F o r  example, the flux through the east face of 

$p 's  control volume in Figure 3.3 is approximated as,

«  [ « U .  [UiU„ i-e. [f£/]*“ ‘ «  !$ ] %  (3.7)

where the superscript east refers to the interpolated value on the east face. The 

transport velocity, is evaluated using a second order linear interpolation,

which accounts for grid non-uniformity. The determination of the convected value, 

or $e, depends on the discretization scheme.

U pw ind  D isc re tiz a tio n  Schem e (U D S)

This scheme approximates the value of by its value at the node upstream or down

stream of the control volume face, depending on the flow direction. This method is 

equivalent to the forward or backward difference approximation for the first derivative.
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e

Î
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Figure 3.3: Convective and diffusive fluxes on the east face of control volume P  in 
two-dimensional configuration

Using a Taylor series expansion between and and and we obtains,

p
+  (T g  -  X p ) { — ----- ) +  h . O . t .

T . E .

(3.8)

and

^ g  =  4 -  { X e  —  X e ) { — — ) 4 -  h . O . t .

T . E .

(3.9)

where h . o . t .  is the higher order trunscation term. UDS is a first order accurate since 

the leading truncation error term {T.E.) is proportional to the grid spacing. In UDS, 

$e is approximated as.

I (3.10)
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The UDS approximation is unconditionally stable. However, since the leading 

truncation error term is large, the approximation can be highly diffusive. This is 

sometimes known as false diffusion [79, 80].

Linear Interpolation

This approximation is equivalent to the central difference scheme (CDS) used in the 

finite difference method. It involves a linear interpolation between the two nearest 

nodes. .\t  the east face , we have,

m ' S i  =  * ,  =  +  (1 -  A . ,p )« p  (3.11)

where the interpolation factor Ae,p which accounts for non-uniform grids is defined as 

Ae,p =  ■ This approximation is second order accurate with a leading truncation

error of T .E. =  ( ^ ) .

The CDS is dispersive, and may lead to numerical instability and oscillatory so

lutions if the grid spacing is not fine enough. Such oscillations may occur when the 

value of the local Peclet number, Pe  =  U ^ x f u ,  exceeds 2 [79].

Quadratic U pw ind Interpolation (Q UIC K )

QUICK (Quadratic Upwind Interpolation for Convective Kinematics) [81], approxi

mates the value of a variable using a quadratic interpolation. It uses 3  nodal points, 

with 2 points upstream and 1 point downstream of the control volume face. A general
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formulation for the QUICK scheme written for the east face is given by,

[ $ i : z  = * . =
9 i ^ E  — 9 2 ^ \V  +  ( 1  — +  9 2 ) ^ P  i f  [UYtrin >  0

— g ^ ^ E E  +  ( 1  — 5 3  +  9 a ) ^ E  i f  [UYtrih <  0

(3.12)

where the coefficients 5 , can be expressed in term of the interpolation factors defined 

earlier:

  (2 — \ e , W _  (1 — Ae,p)(l — AeH:)^
1 +  Ag P — Ae,vv̂  I +  Ag p — Ae,lV

The expression above is valid on both uniform and non-uniform grids. A Taylor 

series expansion for 0^ on a uniform grid with >  0 yields,

=  +h.o . t .  (3.14)
'  " V  '

T.E.

which corresponds to  (3.12) with 9 1  =  3/8  and 9 2  =  -1/8 and shows that QUICK 

is a third order accurate. In practice QUICK is slightly more accurate than a lin

ear interpolation, however both schemes converge asymptotically in a second order 

manner [80, 82]. T he leading truncation error term {T.E.) is diffusive. It is therefore 

much more stable than  the linear interpolation, but the numerical dissipation it intro

duces damps the smaller scales of motion in LES and DNS and removes substantial 

turbulent kinetic energy [83].
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3.3.2 E valuation  o f  th e  D iffusive F lu x

The discretization of the diffusive flux is based on the second order linear interpolation 

scheme. The approximation of the face averaged velocity or temperature gradients 

uses 2  points, with each point on either side of the interface. The approximation of 

the gradient is given by,

(3.15)
d x \  J  ^ X E - x p

The truncation error term (T.E.) for the above approximation is,

^  r  (^e -  -  {Xe -  , {X̂  -  X p f  -  (Xe -   ̂ ^
—  ( W .  "  — 6 ( x e - T p ) —

(3.16)

This approximation is truly second order on a uniform grid only; the leading 

truncation error term is proportional to the product of grid spacing and the grid 

expansion rate on non-uniform grids [80].

3.4 Tem poral D iscretization  Schem e

The left hand side of the governing equations (A.I)-(A.4) contains the unsteady term 

( ^ ) .  The discretization of the temporal term  is similar to the spatial discretization, 

except that a forward time stepping or “marching” procedure is used. This unsteady 

term is characterized by a “parabolic” behaviour, whereas the spatial terms exhibit 

an “elliptic” behaviour.

Two classes of methods, explicit and implicit, can be distinguished when the
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unsteady term is discretized in conjunction with spatial fluxes. Explicit methods 

require nodal values at the previous (known) time step only and allow the direct 

calculation of each nodal value at the new time step. The implicit method requires 

values of surrounding nodes at the new time step and the solution requires an iterative 

method. For simplicity, the explicit method is used for calculating the velocity field at 

the new time step (further details will be given in the next section), since it requires 

less storage and generally less computational time. However, explicit methods impose 

constraints on the largest allowable time step in order to ensure stability. Several 

explicit schemes have been developed. In the present work, the Runge-Kutta method 

is used.

The Runge-Kutta scheme is a multi-point method. It uses points between 

and and is a self-starting scheme, since it does not require any data  other than 

the initial condition. To define an order Runge-Kutta scheme, we consider an 

equation of the form,

(3.17)

Given the initial conditions 6 " and F (0 " ) , the order Runge-Kutta scheme with 

a step of A t  from is given by,

N 

J = 1

kj =  F  -h ^  (3.18)

In order for the Runge-Kutta scheme to be accurate to the appropriate order, the
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parameters wj are constrained by,

' ^ W j  = l  (3.19)

and a constraint param eter is defined by,

j - i
<7 = (3.20)

1 = 1

with ,3ji selected according to the order of the scheme.

3.4.1 F irst O rder R unge-K utta  Schem e (R K l)

For -V =  1 , the Runge-Kutta scheme reduces to the explicit forward Euler scheme, 

which is first order accurate:

$"+1 _  =  A t F (é " )  (3.21)

3.4.2 Second O rder R u nge-K utta  Schem e (R K 2)

The second order scheme must satisfy the conditions wi =  1—O.ocr^  ̂ and W2 = 0.5cr^\ 

Since there are three unknowns and only two equations, there is more than one 

solution. For example,

Improved Euler m ethod —> =  1/2 ,1 0 2  =  1/2 and <72 =  1

^n+i _  0 "  = ^  (F (é " )  H- F ($ "  -t- A t F (0 " ))  (3.22)
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Figure 3.4: Location of the sub-step for the low-storage Runge-Kutta multi-order
scheme

Modified Euler method —y w i = 0 ,W2 = l  and era =  1/2

^  (3.23)

3.4.3 L ow -storage Third O rder R u n g e-K u tta  Schem e (R K 33)

The Runge-Kutta method is considered to be more accurate and stable than other 

methods of the same order. The disadvantages of this scheme are th a t storage is 

required for each points between and (iV times per one time step). A “low- 

storage” Runge-Kutta scheme [84], which requires the same storage as the first order 

Euler scheme and th a t can be applied to any order Runge-Kutta scheme (see Figure 

3.4) is given as follows, with the appropriate choice of Wj, aj and /3ji:

9j =  Oj-Çj-i +  A t F($*_i)



CHAPTER 3. COM PUTATIONAL PROCEDURE  47

$ ; = $ ; _ ! + 6;% (3.24)

where j  = 1 , N and ai =  0. For the case of RK33, and =  4»"^  ̂ as shown

in Figure 3.4 . Successive values of gj and overwrite the previous sub-step. So at 

any stage, only 2 N  storage locations of q and are required. The parameters aj 

and bj can be determined by appropriately setting the coefficients wj, Oj and 3 ji  ̂ as 

follows,

— 0j+\ i 3 N

6/v =

Wj

ûj =  \  —̂ — U 7̂  1, Wj = 0)

For a low-storage scheme, the necessary conditions for the third order Runge- 

Kutta are wi =  6 i 4- ugAg -t- 0 2 0 3 6 3 , wo = b2 + 0 3 6 3  and 103 =  6 3 . One set of coefficients 

satisfying these conditions corresponds to [84]: 0 2  =  5/9, 0 3  =  -153/128, 6 % =  1/3, 62  

= 15/16 and 6 3  =  8/15. This low-storage scheme uses 10 less storage locations than 

the Leapfrog method and reduces the computational effort by a factor of 4 [84].

3.5 Solu tion  M eth od s

A semi-implicit fractional step is used for solving the Navier-Stokes equations. The 

continuity equation and the pressure terms of the momentum equations are cast 

in implicit form (at new time Both convective and diffusive fluxes in the

momentum and energy equations are treated explicitly.
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3.5.1  Sem i-Im plicit Fractional S tep  M eth ods

The current method is modified from the original fractional step method of Kim 

and Moin [85]. These methods provide an approach that does not use pressure in the 

predictor step as in the pressure corrector methods (such as the well-known SIMPLE- 

family of algorithms). The pressure is treated explicitly in the first step of computing 

the velocity field. In the second step, the pressure is used to enforce the continuity 

equation. To demonstrate the method clearly, consider the simplest case of first order 

Euler time stepping of the Navier-Stokes equations written symbolically as:

=  6 ? +  {SUT +  Pp-^^)At (3.25)

where û, represents the velocity fields, SU{ represents the balance of convective and

diffusive fluxes at every control volume face and Pi represents the pressure term,

which is expressed impÜcitly.

Step 1 : Calculate the intermediate velocity field, i.e. û* = + SUJ^At, of

(3.25). Where the first and second terms on RHS of (3.25) are explicit. The pressure 

term is negleted in this step.

Step 2: This step yields an appropriate pressure field implicitly using the

continuity equation. The continuity equation is cast in implicit form and written as,

- t r = “ (3.26)

Substituting from (3.25) into the continuity equation results in a  Poisson equa

tion for pressure. The pressure field (PP'^^) is obtained by solving this Poisson equa

tion using one of the methods described in the next section.
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Step 3: Calculate the divergence free velocity field, i.e. using equation

(3.25) and the pressure obtained in step 2. Once the divergence free velocity field has 

been calculated, scalar fields (temperature etc.) can be computed as required.

3.5.2 S o lu tion  o f L inear E q u ation  S ystem

The discretization of the pressure term in step  2, described above, leads to a  very

large system of linear equations (Poisson equation) having the general form.

A x  =  6  (3.27)

The m atrix ^  is a sparse matrix, containing 7 diagonal terms, or more if the 

periodicity condition is used. The structure of the matrix A  is shown in Figure 3.5. If 

the boundary conditions are treated appropriately, then v4 is symmetric tmd positive 

definite. Two distinct methods, depending on the size of .4 have been used to solve 

(3.27).

Direct M ethod: LU Factorization

For relatively small size problems (usually two-dimensional simulations), storage is 

not a problem and a direct method is preferable. In the present calculation, LU 

factorization is used [8 6 ]. The sparse m atrix A  can be factored into the product of a 

lower triangular matrix L  and upper triangular m atrix U, i.e. A = LU. The solution

to the original problem is then found by a two stage process;

First stage: Ly  =  b

Second stage: Ux  =  y
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e.

I  additional diagonals for periodic boundary conditions

Figure 3.5: Structure of the m atrix for natural ordering

LU factorization differs from Gaussian elimination since the factorization can be 

performed independently of b. The direct method, however, requires storage of all 

elements of the matrix. For computational problems with a  large number of nodes, 

this method is prohibitive in term  of memory, therefore iterative methods have to be 

considered.

Iterative M ethod: C onjugate Gradient M ethod

With the iterative approach, the original m atrix A  is decomposed into A  = M  — N . 

Equation (3.27) can be written as.
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M x  = N x  + b (3.28)

Ai iteration level A: +  1,

Mxk+i =  Nxk  +  6  (3.29)

The residual of each iteration is defined as,

Tk = b — Axk (3.30)

After a given number of iterations, an approximate solution (xk+i) is obtained as 

the residual (r^) becomes smaller than the required tolerance. This residual can be 

conveniently written as (by subtracting Mxk  from each side of (3.30)).

rk = M 6 k (3.31)

where 6 k =  i t+ i  — Xk is the correction after each iteration.

For an iterative method to be effective, the method must converge rapidly, which 

means that the iteration matrix M  must be well conditioned. From the view point 

of m atrix properties, the conjugate gradient (CG) method is one of the best choices. 

Preconditioning is also available to speed up the convergence.

The conjugate gradient method is restricted in tha t A  must be symmetric and 

its eigenvalues must be positive (positive definite). The idea behind this method is 

to convert the original equation (3.27) into a minimization problem. The residual 

(r), where r = b — Ax,  is minimized and expressed in term of the gradient of the 

minimization function. W ith the search direction function (p), the minimizing process
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is guided in the right direction. Further details are provided in Ref. [86].

The conjugate gradient algorithm requires only the computation of scalar products 

and of matrix-vector products. A convergence criterion is based on the residual norm 

or on an iteration maximum The convergence is, however, generally very

slow, since the matrix A  is not well conditioned. The number of iterations required 

is of order 0{n) ,  where n is the number of nodes, n =  x ri2 x 7 1 3 . This represents 

an unacceptable amount of work. The convergence rate of the conjugate gradient 

is determined by the spectrum of the eigenvalue of the matrix A  [87]. It is then 

necessary to introduce a preconditioning of the system in order to  achieve a more 

desirable distribution and improve convergence.

This is done by initially multiplying (3.27) by a preconditoner C . The precondi

tioned equation becomes C~^Ax =  C~^b. The matrix C  must be symmetric positive 

definite, and must be carefully chosen so tha t C~^ A is well conditioned or has a more 

favorable spectrum of eigenvalues than A. Since C  is symmetric positive definite, 

there is a nonsingular m atrix A' E %, such that C = KK^.  The preconditioned con

jugate gradient method is equivalent to the ordinary conjugate gradient method and 

is defined as,

K - ^ A K ~ \ K^x = K~^b (3.32)
À ^ h

The derivation and implementation procedure of the preconditioned conjugate 

gradient method are documented in [86, 87, 88].

The selection of a good preconditioner C  can have a dramatic effect on the rate of 

convergence and the CPU time. Details of each preconditioner are summarized in [87, 

88]. However, numerical solutions indicate tha t in many situations the construction of 

C by a suitable incomplete Cholesky factorization (IC) of A is a good choice [88]. This
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Figure 3.6: Typical convergence of the conjugate gradient method with various pre
conditioners [48]

factorization method can be modified to suit many different types of preconditioners, 

such as ICO, IC3, MICO and MIC3. Figure 3.6 shows the effect of convergence caused 

by various types of preconditioners. This result was obtained from the backward 

facing step flow [48] on a 114 x 32 x 24 mesh with a convergence criterion of 10"^^.
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C hapter 4

T W O -D IM E N SIO N A L  

SIM ULATIO NS

4 .1  Introduction

In this chapter, two-dimensional simulations of both steady and unsteady flows over 

a bluff rectangular plate are presented at low and moderate Reynolds numbers.

The low Reynolds number simulations, which correspond to the steady laminar 

flow regime, were performed primarily to validate the computational procedure and 

determine the suitability of the spatial, temporal discretization and the linear equa

tions solver. This, in turn, facilitated the optimization of the code for the subsequent 

complex flow simulations. The grid and computational domain specifications were 

also examined in the preliminary investigation. The second part of this chapter is 

devoted to two-dimensional unsteady flow at m oderate Reynolds numbers. In this 

regime, the influence of flow dynamics and large scale unsteadiness is of greater in-
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Figure 4.1: Computational domain for the two-dimensional simulations

terest, since they strongly affect momentum and scalar transport [4]. The results 

are compared with available experimental and numerical data, and the realism and 

validity of the two-dimensional assumption is assessed.

In the present investigation, the bluff rectangular plate is assumed sufficiently 

long so that there is no interaction between the upper and lower parts of the flow. 

Therefore it is only necessary to  consider half of the flow field for the numerical 

simulations as shown in Figure 4.1. For the flow over a bluff rectangular plate, it is 

convenient to define a Reynolds number. Red =  Uodjv, based on the thickness of the 

plate (d) and the upstream uniform velocity (Uo). The other important parameter is 

the blockage ratio, defined as the ratio of the thickness of the plate to the height of 

the computational domain, B r  =  d /H .  The origin of the Cartesian coordinates is on 

the leading edge of the plate. The distances from the leading edge to the inlet and 

outlet boundaries are defined as and T j, respectively.
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Grid size 100 X 65 135 X 70 175 X 70 200 X 75

dxc and dye ~0.025d ~0.02d ~0.01d ~0.01d

Table 4.1: Summary of the grid size and the grid spacing around the leading edge 
corner

4.2 P relim inary C om putations

The two-dimensional simulations were initially performed a t B t  = 10% and Rej. of 

250 and 1000. These simulations were performed in order to determine computational 

parameters, such as grid size and distribution, and the effect of the location of the 

inlet {Lu) and outlet (Lj) boundaries. A uniform flow velocity field was specified 

at the inlet (west) boundary. At the outlet (east) boundary, a zero-gradient boundary 

condition was specified for the Lj, =  20d case and an advective condition, ^  =

0, was specified for the Ld < 20d. At the south and north boundaries, a  symmetry 

condition was used. A no-slip condition was applied along the surface of the plate. 

The simulations were performed on a non-uniform grid and central differencing scheme 

(CDS) was used to discretize both convective and diffusive fluxes.

4.2.1 C om p u tation a l Grid

A number of different types of grid distributions were investigated. The grid size used 

ranged from 100 x 65 to 200 x 75 grid points with and Ld being 10.5d and 20d, 

respectively. The grid expansion factor used for generating the non-uniform grids was
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Figure 4.4: Effect of grid refinement on the (mean) reattachment length

kept close to one in both directions in order to avoid deterioration in the discretization 

scheme accuracy. .A.t the leading edge comer, a cluster of fine, equally spaced grids 

was generated. A typical grid is shown in Figure 4.2 for part of the domain. The grid 

size and grid spacing around the leading edge are summarized in Table 4.1, and the 

grid distributions in the x  and y directions are shown for one of the grids in Figure 

4.3.

The effect of grid refinement on the predicted (mean) reattachment length (Xr or 

%r) is shown in Figure 4.4 for both steady laminar flow a t Re^ = 250 and unsteady 

transitional flow at Red =  1,000. In this calculation the predicted (mean) reattach

ment length is measured from the leading edge corner to the downstream location 

where the wall shear stress is zero. For the steady laminar flows, increasing the grid
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Figure 4.5: Numerical oscillations of stream wise velocity for various grid sizes of Re^ 
=  1.000

size from 100 x 65 to 175 x 70 results in a 9.5% difference. Further investigation 

with a 200 x 75 grid point shows a change of approximately less than 1% in the  reat

tachment length. For the unsteady transitional flows, the mean reattachment length 

{Xr)  is obtained from the time-averaged value after the flow had become statistically 

stationar}'. The time-averaging was performed over 250 time units, where a  time 

unit is defined as tUo/d. A large difference in X r  of approximately 39% is obtained 

between the 100 x 65 and 175 x 70 grid sizes. However, the difference is very small 

between 175 x 70 and 200 x 75 grid sizes.

Due to the dispersive characteristic of the CDS, numerical oscillations are present 

in the coarser grid simulations. Such oscillations are predominant in the irrotational 

part of the flow immediately upstream of the plate where high gradients occur. Such 

oscillations become more evident with coarser grids at the higher Reynolds number
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of 1,000 as shown in Figure 4.5, and a ver>' fine grid, of approximately 1 % thickness 

of the plate, is required to eliminate the numerical oscillations.

4.2 .2  T he C om p u ta tion a l D om ain  E ffect

The location of the inlet and outlet boundaries is an im portant consideration. A large 

computational domain results in unnecessarily large arrays, however a small domain 

can affect the accuracy of the solution in the region of interest. In this preliminary 

test, the location of the inlet boundary was investigated at Rea =  250, on a non- 

uniform grid w hich had a fine grid spacing of l%d  a t  the leading edge corner and a 

grid expansion close to one. A small difference of approximately 3% is found for the 

reattachment length if Lu was decreased from 10.5d to Ad.

The location of the outlet boundary was also subjected to a preliminary test. The 

advective condition was applied to simulations with Ld < 20d. A difference of less 

than 0.25% is found for the reattachment length when Ld was shortened from 20d to 

\2d. Several two-dimensional simulations were performed with the advective condi

tion and the location of the outlet boundary was found to have no noticeable effect 

on the flow (typically less than 1%), provided L d  > 2 . 5 X r  (or 2 . 5 X r ) .  This advec

tive condition will be extensively used in future unsteady two and three-dimensional 

fiow simulations, since it permits a smaller computational domain downstream of the 

leading edge.
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4.3 S teady Lam inar Flows

The steady laminar flow has been previously investigated both experimentally [1, 2] 

and numerically [3, 4]. The present simulations were performed over a range of 

Reynolds number, Rea =  150-500 and blockage ratio, B r  =  8.3 to 33%.

The computational domain was extended by Lu =  5.5d upstream  of the leading 

edge and Ld % 2.5%r downstream from the leading edge corner (the value of Xr  was 

based on a previous numerical investigation by Djilali [3]). A non-uniform grid of 

175 X 70 was used and two different discretization schemes were employed for the 

convective fluxes: QUICK and CDS. The following boundary conditions were used.

• Inlet (West): Uniform flow condition; {Uo ).

•  Outlet(East): Advective boundary condition; ( ^  +  =  0 ).

• North and South: Free-slip condition for velocity.

•  Bluff plate: No-slip condition for velocity.

4.3 .1  R esu lts an d  D iscussions

The expected quasi-linear variation of the reattachm ent length with the Reynolds 

number is clearly reproduced in Figure 4.6a, which shows both CDS and QUICK 

simulation results compared to the flow visualization experiment of Lane and Loehrke 

[2] and previous numerical results [3]. The variation of reattachment length with the 

Reynolds number is represented by Xr  0.0236i2e<i for the CDS, with a slightly 

accentuated slope for the QUICK simulation {Xr — 0.0252Aej). These slopes are 

comparable to the value of ~  0.024 obtained in [2]. The small difference between



CHAPTER 4. TWO-DIMENSIONAL SIM ULATIONS  62

numerical simulations and experiments can be attributed to the effective increase in 

blockage caused by the boundary layers on the solid walls of the experimental channel.

The effect of blockage ratio on the reattachment length is shown in Figure 4.6b. 

Increasing the blockage ratio reduces the size of the separation bubble and reattach

ment length. The reattachment length varies like Xr/Rea  ~  0.0066, 0.0117 and 0.0246 

for blockage ratios of 33%, 20% and 10%, respectively, for the QUICK simulations. 

Typical streamline patterns are shown in Figure 4.7 for B r  = 10%. The simulations 

show that the maximum backflow streamwise velocities, which correspond to a mini

mum value of the stream function, are located in the first half and close to the middle 

of the separation bubble.

The pressure coefficient distribution along the surface of the plate is shown in 

Figure 4.8a for several Reynolds number a t B r  =  10%. For a steady flow solution 

{Red < 500), a sharp drop of Cp a t the leading edge corner is followed by an immediate 

pressure recovery. With increasing Reynolds number, the recovery is spread out 

over a larger distance as a result of the elongation of the separation bubble. .A.fter 

the maxima have been reached, the flow recovers and behaves like fully developed 

channel flow with a linear drop in Cp. At higher Reynolds number {Red =  750 and 

800), the distribution is radically altered due to the onset of unsteadiness, as shown by 

instantaneous pressure distribution along the streamwise direction in Figure 4.8b. The 

pressure does not recover after separation and interestingly, the pressure distribution 

is first perturbed near the outlet boundary. As the Reynolds number is increased, 

this unsteadiness gradually propagates upstream until, eventually, the shear layer 

becomes unstable soon after separation. Unsteadiness is first observed around Red 

of 750 in the CDS simulations, but is delayed until Red around 950 in the QUICK 

simulations.
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Figure 4.8c shows the effect of blockage on the predicted pressure distribution 

along the surface. Note that the streamwise distance was normalized by the reat

tachment length. Increasing the blockage reduces the pressure distribution in the 

flow field. This is due to the higher acceleration of the fluid in the higher blockage 

domain. The trends of Cp for different blockage ratios are similar and the maxima 

are located around x / X r  =  1.75 for Rea =  250.

4.4 U n stead y  Transitional F low s

The unsteady two-dimensional flow simulations were performed at a Reynolds number 

of 1,000 for a blockage ratio of 5.6%. This blockage corresponds to the high Reynolds 

number experiment in [12]. The computational domain was extended 5.5d upstream 

and Ibd  downstream of the leading edge corner. Both distances were found to be 

sufficient to simulate the unsteady flow with the advective outlet condition. Two 

non-uniform grids of 111 x 61 and 141 x 81 with a refinement of 1% around the 

leading edge were used. One of the purposes of the coarse grid simulations was to 

assess the adequacy of this resolution in the x — y plane for the subsequent three- 

dimensional simulations. The boundary conditions are similar to the steady flow case 

except for the n o rth  boundary, which is set here as a no-slip wall to correspond with 

experimental conditions where a flow channel or wind tunnel wall is presented.

The pressure (Poisson) equation was solved using the direct method. For spatial 

discretization, the QUICK scheme despite its third order accuracy does not, in the 

context of unsteady flow simulations, perform as well as the second order CDS. It 

results in over-damping of the unsteadiness due to numerical dissipation [80]. The 

unsteady flow simulations presented in this section are therefore all performed using
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the CDS.

The unsteady simulations yield instantaneous fields a t each time step. In order to 

interpret and analyze these results and compare them to available experimental data, 

it is necessary to calculate statistical mean and fluctuating flow components. Let Q 

be any instantaneous local value,

Q = Q + Q' (4.1)

where Q is a local time average over the integration time, defined as,

and Q' is a local fluctuation component. The root mean square (r.m.s.) of the 

fluctuating component is obtained from.

QL. =< «' >= \/ (<3 -  Q V

< O' > =  \ /  Q Q - Q Q  (4.3)

4.4.1 R esu lts an d  D iscu ssions  

Tim e-Averaged F ields

The simulations were initialized for a period of lOQtUo/d in order to allow initial 

transients to convect out of the domain. Statistical sampling of the mean flows 

and r.m.s. values was then performed for l\00tUo/d. A time mean reattachment 

length (ATr) of 6.29d was obtained for a grid size of 141 x 81 and a  difference of
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Figure 4.9: Time-averaged streamline pattern for the 141 x 81 mesh sizes

approximately 3% in X r  was found for the 111 x 61 mesh size. Both values were 

found to be consistent with previous numerical values obtained by Tafti and Vanka

[4].

The time averaged streamline pattern is shown in Figure 4.9 for the 141 x 81 

mesh size. It clearly shows that inside the main primary separation bubble, a small 

secondary separation bubble exists and is located in the first half of the primary 

separation bubble (extending from about x j d  = 1.52 to 3.4). This unusual feature 

shows a small layer with positive mean velocity that corresponds to the positive shear 

stress shown in Figure 4.10.

The time averaged pressure distribution is shown in Figure 4.11 together with 

available high Reynolds number experimental data at Re^. =  50,000 [12]. This pressure 

distribution is defined in terms of the mean pressure coefficient (Cp) as.

c:= \̂!2pU\ 04.4)

where Po is the free stream  pressure.
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The distributions are remarkably different from the steady case; a much larger low 

pressure region is maintained downstream of separation, and recovery is not initiated 

until x / X r  % 0.6. The predicted Cp follows the same trends as the experiments, 

but with a much more pronounced minimum around the middle of the mean separa

tion bubble. This strong suction peak is located close to the center of the primary 

recirculating flow region shown in the mean flow pattern.

Figure 4.12a shows the mean streamwise velocity profiles {U/Uo) at several sta

tions along the plate obtained with the two grids. The distributions are almost iden

tical, indicating that a practically grid independent solution is achieved even with the 

coarser grid. In the recovery region, the mean velocity profiles show the distinctive 

boundary' layer retardation characteristic of reattaching flows [16]. Both simulations 

predict a mean negative streamwise (backflow) velocity of U/Uo % 0.39, a t x / d  =  

4.2, which is about 18% higher than the value reported from high Reynolds number
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measurement [12]. The mean streamwise intensity is shown in Figure 4.12b and the 

maximum occurs slightly upstream of the mean reattachment point.

U nsteady F low  D ynam ics

Downstream of separation, the separated shear layer is subjected to the Kelvin- 

Helmholtz type of instabilities and eventually rolls up into a spanwise vortex. A 

typical cycle of vortex formation, merging, pairing and shedding is illustrated in Fig

ure 4.13. At A t =  0, the shear layer rolls up a t about x / d  =  3, while the previous 

vortex shed in the previous cycle is located a.t x j d  = 4.5. At A t =  2, the spanwise vor

tex becomes larger and extends close to x / d  = 4. The pairing and merging is clearly 

shown at A t =  4. The previous vortex begins to detach from the separation bubble 

and is shed into the faster moving flow. The coalescence process is completed at At 

=  6 , while the previous vortex moves further downstream with a much higher advec

tive velocity. A new cycle is started at A t =  8 , and is repeated in a pseudo-periodic 

fashion, with some cycles not exhibiting coalescing vortices.

The vortex fields can be clearly detected from the pressure signals. The strong 

correlation between the pressure and spanwise vorticity fields, illustrated in Figure 

4.14, make it possible to identify the passage of the coherent vortical structures. The 

passage of a vortex at a given streamwise location can be identified by the suction 

peak of the pressure occurring at the same streamwise location. These pressure signals 

are used next for further analysis of the vortex dynamics.

The flow patterns and large scale unsteadiness of the flow are interm ittent and it is 

useful to obtain information about scales and characteristic frequencies of the events 

while localizing these events in time. This is achieved by using wavelet transform
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analysis. This technique offers the advantage over classical (Fourier) spectral analysis 

of retaining temporal information and allows localization of intermittent events in 

time. .A.n overview of the one-dimensional continuous wavelet transform is provided 

in Appendix B. Further details on the mathematical development of the method and 

its applications are available in [89]. The wavelet transform was applied to fluctuating 

pressure signals recorded at several locations downstream of the leading edge.

Figures 4.15a shows a pressure trace at x / d  =  2.0 between 450-6o0tU/d. The 

energ}' distribution among the various frequencies can be visualized on the wavelet 

map in Figure 4.15b and 4.15c. The contour lines on both figures represent the 

high value of the wavelet coefficients. The resolution of the scales/ frequencies and 

of time localization vary depending on the basis or mother function used in the 

wavelet transform. Here the Mexican wavelet, which provides good time localization 

and the Morlet wavelet, which provides good spectral resolution are used. W ith the
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Figure 4.15; (a) Pressure signal at i /r f  =  2 .0 , y fd  = 0.5, (b) Mexican wavelet map, 
(c) Morlet wavelet map

Mexican wavelet, the peak and the valley (the core of vortex) of the pressure signal 

are identified. The periodic pattern  is clearly illustrated by a  continuous contour line 

in Figure 4.15c.

The analysis of pressure signal in the reattachment region (x/cZ =  6.0) is presented 

in Figure 4.16. The concentration of energy is mainly around the non-dimensional 

frequency {fd/Uo) of 0.08-0.25 (or fXr jUo  =  0.5-1.57). This frequency range corre

sponds to the dominant frequency characterising the large scale shedding from the 

reattachment region illustrated in Figure 4.13. This range of values is in agreement 

with those obtained from Tafti and Vanka’s autocorrelation analysis [4]. The corre-
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Figure 4.16: (a) Pressure signal at x /d  = 6.0, y /d  =  0.5, (b) Mexican wavelet map, 
(c) Morlet wavelet map

spending Fourier and wavelet transform spectra are compared in Figure 4.17. The 

frequency peak obtained from both transforms is identical and is centered around the 

non-dimensional frequency {fd/Uo) of 0.15 (or fXr /Uo  =  0.94).

4.5 C losing R em arks

The two-dimensional steady flow simulations reproduce well the reattachm ent lengths 

and the pressure distributions compared to previous experimental and numerical stud

ies. The flow is altered by unsteadiness associated with the increasing Reynolds num-
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Figure 4.17: Mean power spectrum of pressure signal a t x / d  =  2, y /d  =  0.5; (a) 
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her. Despite its third order accuracy, the QUICK scheme does not, in the context of 

unsteady flow simulations, perform as well as the second order CDS.

In unsteady flow simulations, the coarse grid of 111 x 61 provides an adequate 

resolution with small differences in Xj. and almost identical mean streamwise velocity 

and fluctuating velocity profiles compared to the finer grid. Accordingly, the coarse 

grid will be used in future three-dimensional simulations.

The unsteady flow simulations provide an insight into the unsteady flow patterns 

which are difficult to observe experimentally, particularly in the complex and pseudo- 

periodic patterns of vortex formation, merging and shedding in the separated and 

reattaching flow region. The breakdown of the initial two-dimensional spanwise vor

tices, which is inherent to a turbulent field, is prevented. Hence, higher levels of mean
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vorticity axe likely to occur. This artificially strong vorticity would result in stronger 

suction peaks of the pressure distribution upstream of the reattachment region.

The two-dimensional simulations provide valuable insights into the dynamics of 

the flow. However it is unrealistic to expect more than qualitative agreement since in

herently three-dimensional turbulent processes are not simulated. The three-dimensional 

simulations are promising and can provide valuable data and insights into the dynam

ics of the flow and the turbulent transport processes. Therefore, the three-dimensional 

numerical simulations will be investigated in the next chapter.
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Chapter 5

T H R E E -D IM E N SIO N A L  

SIM ULATIO NS

5.1 In trod u ction

The two-dimensional results presented in the previous chapter provide some valuable 

insight into the dynamics of the flow, but their scope and  realism is clearly limited 

due to the inherent three-dimensionality of the flow. In this chapter, we present, 

assess and analyze three-dimensional simulations using the  direct as well as large eddy 

simulation approaches. As discussed in the introduction, DNS requires the resolution 

of all scales of motion and is therefore confined to m oderate Reynolds number {Re^ 

=  1,000) corresponding to  the unsteady transitional regime. LES’s are presented 

first for moderate Reynolds numbers and then for the high Reynolds number flow 

case {Red =  50,000) corresponding to the experiments o f Djilali and Gartshore [12]. 

The performance of three subgrid scale models namely the  structure function model
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W

Figure 5.1: Computational domain for the  three-dimensional simulations

(SFM), selective structure function model (SSFM) and the Smagorinsky model (SM) 

is examined in term s of mean flow statistics and dynamic features, and further analysis 

is performed using coherent structure identification tools and wavelet transforms.

5.2 C om putational D om ain

A schematic of the three-dimensional flow domain is shown in Figure 5.1. As in the 

two-dimensional case, the origin of the Cartesian coordinates is defined on the leading 

edge and the top surface of the plate. The distances from the leading edge of the 

plate to the inlet and outlet boundaries, and and the spanwise dimension of 

the domain, L-, are given in Table 5.1 together with the grid sizes employed for the 

two Reynolds numbers.

In both regimes, the extent of the domain downstream of the leading edge (L^), is
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Red Ld L, B r grid

1,000 5.5d lAd 6 d 5.6% 111 X 61 X 31

50,000 Ad I 2 d 5.2d 5.6% 108 X 61 X 27

Table 5.1: Summary of computational domain parameters for the three-dimensional 
simulations

more than 2.5 times the mean reattachment length, based on previous experiments of 

O ta et. al. [1], for Rcd =  1,000, and Djilali and Gartshore [12], for Rcd =  50,000. The 

spanwise dimension (L^) is also a very important parameter. W ith periodic bound

ary conditions in the spanwise direction, the movement of the large scale structures 

present in the flow can be artificially limited and eventually lead to a large devia

tion in the mean reattachment length [90]. Accordingly, the present value for Lj is 

set to over twice the spanwise correlation length obtained from the measurements of 

Saathoff and Melbourne [7].

The blockage ratio was selected to be identical with [12]. Due to the lim itation of 

computer resources, the grid sizes were limited, and non-uniform mesh distributions 

were applied in the x and y directions with grid spacings of the order of 0.0Id  in the 

vicinity of the leading edge. A uniform mesh was applied in the z direction with a 

spacing of A z  =  0.2d. The mesh distributions used in the x  — y  plane are similar 

to those for which “grid-independent” simulations were obtained in two-dimensional 

cases.
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5.3 B oundary C onditions

The boundary conditions are summarized below,

• Inlet (West): Uniform flow condition; {Ug).

•  Outlet (East): Advective boundary condition; ( ^  +  =  0 ).

•  South: Free-slip condition for velocity (upstream of the plate).

•  Top and Bottom (spanwise direction): Periodic conditions.

•  North and Bins’ plate: No-slip velocity (moderate Reynolds num

ber) and wall function conditions (high Reynolds number).

-A-pproximate wall functions, as described in Section 2.4, are used on all solid 

boundaries for the LES at high Reynolds number. Though known to  be inadequate 

for separated flows, this kind of treatm ent is currently unavoidable a t high Revmolds 

numbers.

5.4 N um erical P aram eters

The second order central differencing scheme (CDS) has been shown to be more ef

fective than upwind biased schemes for DNS and LES type computations [15] since 

the use of upwind methods introduces dissipation into the simulations [91]. At high 

Reynolds numbers, however, CDS can generate spurious oscillations in the high gra

dient region immediately upstream of the leading comer of the plate if the mesh is 

not fine enough. Accordingly, a mixed discretization is adopted for the convective 

fluxes whereby: CDS is used downstream of the leading edge of the plate to ensure 

that the simulations in the zone of interest are free from numerical dissipation; and
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H/2 QUICK

Figure 5.2: Mixed spatial discretization in two-dimensional configurations

a quadratic upwind scheme (QUICK) is used in the region upstream of the plate 

to avoid the aforementioned numerical oscillations. This discretization procedure is 

illustrated in Figure 5.2 and used for the high Reynolds number case only (Section 

5.6). Testing of this procedure at moderate Reynolds number (Red =  1,000) has 

shown that it does not alter the dynamics and statistics of the simulations.

The efficient preconditioned conjugate gradient method is used in all three-dimensional 

simulations for the solution of the Poisson equation.

5.5 U n stea d y  Transitional F low s: Rea =  1,000

The flow at Rcd =  1,000, corresponds to the unsteady, transitional regime observed 

experimentally by O ta et al. [1]. The simulations were performed using both DNS 

and LES approaches. In LES, the SSFM subgrid scale model was used. This model 

has the advantage of being able to localize small scale turbulence and is shown in 

Section 5.6 to have better performance than the two other models investigated in this 

study.
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Simulations SGS model Sampling times X r / d
(tUo/d)

DNS - 1100 6.85

LES SSFM 600 6.16

Table 5.2: Mean reattachment length and sampling time for both direct numerical 
and large eddy simulations

5.5.1 M ean  Flow  S ta tistic s

The mean quantities are obtained by averaging in both time and spanwise direction. 

The mean reattachment lengths (Xr/d)  obtained from both simulations are given 

in Table 5.2, together w ith the corresponding sampling times. Initial conditions for 

both simulations were generated from stationary two-dimensional simulations a t the 

same Reynolds number. The instantaneous two-dimensional fields {U and V)  were 

used for each plane in the spanwise direction while the spanwise velocity {W)  was set 

to zero everywhere. Statistical sampling of the mean flow field and mean turbulent 

quantities was not started until r  =  \OQtUo/d in order to allow the passage of initial 

transients to be convected out of the domain. The integration times presented here are 

exceptionally long and correspond to about 78 and 42 “flow-through” times for DNS 

and LES, respectively. The time step for both simulations is varied and constrained 

with the CFL condition, resulting in time steps of the order of 0.008iC/o/d for DNS 

and Q.QQQtUo/d for LES.

In the case of DNS, a value of 6.85 is obtained for X r / d  and while this is higher
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Figure 5.3: The mean reattachment length variations with seimpling time

than the value of 6.36 reported by Tafti and Vanka [15] from their DNS, their inte

gration time was much shorter. Figure 5.3 shows that about the same value of X r  is 

obtained at r  =  200, but that X r  does not actually stabilize before r  =  400, when 

it reaches a value of 6.85. This shows the need for long periods of integration, corre

sponding to about 30 flow-through times, for the simulations to attain stationary flow 

conditions. The persistence of initial transients is probably due to the long residency 

time of flow particles in the recirculating flow region. Various measurements compiled 

by Ota et al. [1] show values of X r / d  in the range of 4.0-5.0 a t Red =  1,000. A mean 

reattachment length of 6.16 is obtained from the LES and is in better agreement with 

[1] than the DNS, although is still high. In addition to large experimental uncertain

ties, other factors that may have contributed to the difference are blockage ratio and 

levels of free-stream turbulence.



CHAPTER 5. THREE-DIMENSIONAL SIM ULATIONS 85

-0.1

o//
o  / .-0.3

f  -0.4

-0.5

- 0.6

-0.7

DJtaHand Gartshoi* (1991) 
DNSo- 0.8

 LES-0.9

0 0.5 1.51 2
X / X ,

Figure 5.4: Distribution of mean surface pressure coefiBcient; high Reynolds number 
measurements are also plotted for reference

The distribution of the mean surface pressure coefficient is shown in Figure 5.4. 

Both DNS and LES distributions exhibit similar behavior, with an approximately 

constant pressure throughout the first 60% of the mean separation bubble. No ex

perimental data  is available at this Reynolds number. For reference the data for 

Red =50,000 [12] is plotted, but it should be emphasized th a t the flow regimes cor

responding to two Reynolds numbers are different and hence detailed agreement is 

not expected. The simulations do not exhibit the distinct suction minimum at Red 

=  1,000, and while recovery begins further along the channel, a faster recovery rate 

is exhibited by both DNS and LES, and maxima are reached at x / X r  % 1.2. The 

three-dimensional pressure distributions are much more realistic than those obtained 

from two-dimensional simulations. Figure 4.11, which exhibit a unphysically large
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Figure 5.5: The mean streamline patterns for three-dimensional unsteady transitional 
flows

minimum as a result of the strong coherence enforced by two-dimensionality.

The mean streamlines are shown in Figure 5.5 and clearly show the center of the 

recirculation zone is further upstream in the case of LES; this is true even when the 

location is non-dimensionalized with respect to Xr-  This location corresponds to 

the location where the pressure recovery begins. The streamline pattern does not 

show any indication of a  secondary separation bubble noted in [15] and a detailed 

examination of the shear stress and mean velocity distributions confirm this. Such 

a secondary separation might have been an artifact of the coarser resolution of the 

near-wall flow in [15].

The predicted mean streamwise velocity distributions are presented in Figure 5.6 

at six locations covering the separation bubble, the reattachm ent region and the 

recovery region. The mean reattachment length is used to normalize both x  and y 

coordinates. Again the experimental profiles obtained from [12] a t Rea =  50,000 are
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Figure 5.6: Mean streamwise velocity {UJUo) profiles for various locations along the 
plate: Experimental {Re^ =  50,000) [12], circle; DNS, solid line; LES, dashed line

plotted for indicative purposes. In the first half of the separation bubble, the backfiow 

velocities of the transitional regime (simulated) are noticeably lower than the fully 

turbulent regime (experimental). It is believed th a t these differences are physically 

representative of the dependence of the flow on Reynolds number, since a previous 

three-dimensional numerical simulation, at the same Reynolds number [15], yielded 

similar distributions, and the simulations at Re^ =  50,000 presented in the next 

section yield very good agreement with experimental observations. The simulated 

backflow velocities also reached approximately the same maximum of -Q.ZUo in the 

region x / X ^  = 0.6-0.7. Although the simulated and experimental profiles were from 

different regimes, they are similar downstream of the reattachment region, exhibiting 

an inflection point characteristic of reattaching boundary layers slowly recovering to 

equilibrium conditions.
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Figure 5.7: Mean streamwise turbulent intensity (<  u' > /Uo) profiles for various 
locations along the plate: Experimental {Red =  50,000) [12], circle; DNS, solid line; 
LES (Total), dashed line; LES(Resolved), dotted line

While there is little difference between the DNS and LES mean velocity profiles 

the effect of the SGS model is much more evident in the fluctuating velocity profiles 

shown in Figure 5.7. Both resolved and total (resolved +  SGS) contributions are 

plotted for the LES case. It is noted that normalizing the mean turbulent intensity 

with a longer X r  for the simulations causes the profiles to shift toward the wall. As 

expected, the LES and DNS intensities at the first two stations, x/A 'r =  0.216 and 

0.432, are much lower than the high Red experimental value, since transition takes 

place immediately after separation at Red = 50,000, whereas the instabilities in the 

separated shear layer develop over a longer distance for the case of Red =  1,000.

Interestingly, the deficit in mean turbulent intensity is regained by x / X r  — 1.5 

indicating that the dynamic processes controlling turbulent energy production in the
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reattachment zone is similar at both Reynolds numbers. The profiles also indicate 

that the simulations are well resolved; the modeled contributions of the SGS are 

essentially zero a t x / X r  =  0.216 and 0.432, and remain minimal even in the recovery 

zone where the grid is coarser. Although the SGS contribution to turbulent intensities 

is small, the overall effect of the SGS model on the resolved scales is noticeable.

In addition to the change in the evolution of the turbulent intensities with stream- 

wise distance, there is also a near-wall peak obtained with the DNS at x / X r  =  1.512 

but not with the LES. This peak is similar to that observed in the highly resolved 

DNS of the low Reynolds number flow over a backward facing step [92]. The sup

pression of this feature in the LES indicates inadequate near-wall behaviour of the 

SGS model. Overall the turbulent intensities are lower than those obtained by Tafti 

and Vanka [15], but, as noted earlier, their simulation time was probably too short 

and furthermore the spanwise extent of their domain was smaller than in the present 

simulations.

Typical instantaneous contours of the eddy viscosity are shown for the LES in 

Figure 5.8. Consistent with the previous discussion, negligible eddy viscosity is in

troduced in the flow for x / d  < 2. However the intensity profiles of Figure 5.7 show 

substantial differences between DNS and LES, even for locations close to separation. 

This is probably due to the combined eflTect of (a) the feedback of upstream influences 

via the recirculating flow patterns; and (b) the alteration of the dynamics of the flow 

by the eddy viscosity.

.A.S described earlier, the grid spacing is gradually increased downstream of the 

leading edge of the plate. Consequently, the grid Peclet number increases, and with 

it the dispersive effect of the central differencing scheme. This may explain the faster
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Figure 5.8: Normalized instantaneous eddy viscosity contour {ytfv) in x — y plane: 4 
levels of 1, 3, 5 and 7

rate of increase of turbulent intensities with downstream distance in the DNS. One of 

the roles of the SGS model appears to be a dampening of this effect. The dampening 

provided by the selective structure function model is of the correct nature since, 

overall, the turbulent intensity levels and their streamwise evolution computed using 

LES are in be tter agreement with experimental observations a t Rea =  50,000 [12] 

and since recent low Re^ measurements of Hwang et al. [24] show substantially lower 

turbulent intensities than the high Re^ flow of [12].
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5.5.2 Flow  S tru ctu res and D ynam ics

In the initial transient period ( r  <  lOOtUo/d), the flow structures are clearly identified 

by the vorticity. The flow dynamics at this stage are similar to that of the free 

mixing layer [32] and the backward facing step flow [47], and are characterized by a 

Kelvin-Helmholtz type instability. Figure 5.9 shows quasi two-dimensional spanwise 

vortices shed downstream of the leading edge and longitudinal vortices of alternating 

sign stretched by the flow. Figure 5.9a clearly shows that the growth of spanwise 

instability and the formation of secondary hairpin vortices stretching between primarj'^ 

Kelvin-Helmholtz rolls. It also shows a quasi two-dimensional pairing of two spanwise 

vortices at the location between x jd  = 2-3.

The pairing and the hairpin vortices play an important role in the transition 

process toward three-dimensionality. The hairpin vortices become stronger as the 

flow progresses in time and leads to the break-up of the spanwise vortices. The 

counter rotation of the hairpin vortices tends to generate three-dimensionality, while 

the pairing of the spanwise rolls tends to counter it. This phenomenon has been 

observed previously by Bemal and Roshko [93] in plane mixing layers. Figure 5.10 

shows the instantaneous spanwise vorticity at about 50 time units from the initial 

“start-up” . The two-dimensional spanwise vorticity begins to break up into smaller 

three-dimensional structure, but traces of two-dimensional structures can still be 

identified at about x f d  = 2.75 and 4.0.

Rapid amplification of three-dimensional disturbances leads to the stretching and 

break-up of the quasi two-dimensional structures. Instantaneous spanwise vorticity 

fields from both DNS and LES are shown in Figure 5.11. The vorticity is initially 

two-dimensional and concentrated in the separated shear layer, which in the case
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(a) 15
x-y plane (z/d = 3.0)

Figure 5.9: Instantaneous spanwise and streamwise vorticity interaction from the 
DNS at the beginning of the “start-up” period 15 time units): (a.) x  — y plane 
(z/d = 3.0). (b) 3-D volume
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Figure 5.10: Relief plot of instantaneous spanwise vorticity from the DNS which 
indicates the starting of the break-up process (% 50 tim e units): u;. =  -6 Uo/d
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of DNS remains stable up to x /d  ss 2.5, a t which point the shear layer rolls up. 

In the case of LES, disturbances in the shear layer are evident much earlier, and 

the break-up process is less sudden. Complete three-dimensionalization occurs at 

x /d  % 2, a t which point the selective structure function model starts to produce 

appreciable levels of eddy viscosity as shown earlier in Figure 5.8. The earlier onset 

of instability in the case of LES results, naturally, in higher fluctuating velocities 

producing the higher turbulent intensities presented in Figure 5.7. In the second half 

of the separation bubble (2.5 <  x / d  < 5), the dissipative effect of the SGS model is 

evident. The small scale structures, clearly visible in DNS, are suppressed in LES, 

and only larger elongated structures remain. In this region, the DNS produces higher 

velocity fluctuations as shown in Figure 5.12. Further downstream, in the recovery 

region x / d  > 8, the vorticity is primarily produced at the surface of the plate in a 

pattern of alternating, elongated streak-like shapes. The effect of near-wall dissipation 

is evident in the LES.

In the reattachment zone, the flow is characterized by pseudo-periodic shedding 

of large scale structures, which are ejected into the free stream  and convected down

stream. This process is accompanied by cyclic growth and shrinkage of the separation 

bubble and meandering of the instantaneous reattachment point. This is illustrated 

by the time history of the flow direction index presented in Figure 5.13. The data 

is sampled at a location close to the mean reattachment point. Note that, a t this 

location, on average, the negative flow phases (long reattachment) have a longer du

ration than the positive flow phases (short reattachment). This may be interpreted as 

follows: with the gradual growth of large scale vortices in the separated shear layer, 

the reattachment point moves gradually downstrezim; when a  large scale structure is 

shed, the bubble “collapses” and the reattachment length moves rapidly upstream.
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Figure 5.13: Trace of the streamwise velocity component a t the surface indicating the 
flow direction index (F =  Forward. B =  Backward): x / d  = 6.18 and z /d  =  3

The pseudo-periodic cycle is then repeated.

The corresponding Fourier transform spectra of surface pressure and spanwise 

velocity signals are presented in Figure 5.14. The frequency ranges, labeled by A, B , 

C in both spectra, indicate three distinct phenomena occurring downstream of the 

leading edge. The most distinct range. A , is centered around fd/Uo  =  0.015-0.0175 

(or fX r jU o  =  0.092-0.107) and appears in both the surface pressure and the spanwise 

\ elocity signals. This frequency range is associated with the "low-frequency flapping" 

of the shear layer, resulting from the cyclic growth and shrinkage of the separation 

bubble, and is in good agreement with the range of frequencies deduced from high 

Reynolds number experimental observations [12, 14].

The second frequency range is much broader and accounts for a large portion of 

the turbulent kinetic energy. This frequency range, labeled B, corresponds to the 

main vortex shedding from the reattachment region. The highest frequency range, 

C. {fdjUo % 0.25-1.0) is more prevalent along the separated shear layer (Figure 

5.14b) than in the reattachment region, and is related to the shedding frequency of 

the separated shear layer.
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Figure 5.14: Fourier spectrum of: (a) surface pressure at x / d  =  4.0, mid-span; (b) 
spanwise velocity a t z /d  =  2.057, y /d  =  0.672, mid-span (LES)

-A. useful tool for further elucidating the dynamics of the flow is the wavelet 

transform analysis. This allows the characterization of unsteady signals in the fre

quency/scale and time domains simultaneously, and provides not only spectral infor

mation, as in Fourier analysis, but also localization of events in tim e (see Appendix B 

for details). A map of the wavelet coefficient showing the energy associated with var

ious scales at various times is presented in Figure 5.15 for both simulations. We note 

the suppression of the small scales in the LES, whereas energy containing time-scales 

(period) of order of O.otUojd are present in the DNS wavelet map.

The reoccurrence of peaks with scales (periods) of about lOtUojd (i.e., {scale} 

% 1) and otUojd (Zop{scale} % 0.7) correspond to the experimentally observed period
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Figure 5.15: Morlet wavelet map of streamwise velocity a t x /d  =  6.18 and y id  = 1.03; 
z /d  = 3 (mid-span). log{tUo/d) is plotted on the scale (y) axis to increase resolution 
of small scales

of vortex shedding from the bubble and its first harmonic. These periods correlate well 

with the instantaneous fiow direction shown in Figure 5.13 and the Fourier transform 

spectra shown in Figure 5.14a (B range). The evolution along the time axis illustrates 

the pseudo periodic nature of this process. A high energy peak in the large scales is 

identifiable in the LES a t about 170 time units and corresponds to the clear pattern of 

reattachment length oscillations of duration approximately lOtUo/d shown in Figure 

5.13 between 150 and 190 time units.
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Simulations SGS models Sampling times X r l d

3DSF SFM 400 5.14
3DSSF SSFM 400 4.30
3DSM SM 400 4.57

Expt. [12] 4 .7±  0.1

Table 5.3; Mean reattachment length and sampling time for the high Reynolds num
ber large eddy simulation

5.6  U n stead y  T urbulent Flows: Red =  50,000

All simulations of this Reynolds number were performed using LES. The Reynolds 

number of 50,000 corresponds to the turbulent separation and turbulent reattachment 

regime. For flow over a blufif rectangular plate, this regime is Reynolds number inde

pendent [1] {Red >  22,000) and it hzis been the subjected of a number of experimental 

studies [5, 6, 7, 9, 10, II , 12, 14]. Three SGS models are used (SFM, SEEM and SM) 

and the performance of these models is evaluated and a detailed analysis of the mean 

and dynamic characteristics of the flow is presented.

5 .6 .1  M ean  F low  S ta tis tic s

The mean reattachment lengths obtained with the three SGS models are given in 

Table 5.3, together with the sampling time for each model. The time step is varied 

and constrained with the CFL condition, but is of the order of 0.0Q6tUo/d for 3DSF 

and 3DSM and 0.003tUo/d for 3DSSF. Simulations over an initial “start-up” period
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Figure 5.16: The spanwise and time-averaged streamline patterns for the unsteady- 
high Reynolds number flows: (the top streamline pattern is from experimental studies 
of [12])“
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of about 50tUold were discarded to allow the passage of initial transients. Initial 

conditions were taken from the three-dimensional instantaneous flow flelds of the DNS 

at Red =  1,000. Subsequently, all simulations were integrated over 400tUo/d (about 

35 "residence" times). These exceptionally long integration times are required for this 

flow to attain stationary conditions, as discussed in the previous section. The spanwise 

and time-averaged streamline patterns from all three simulations are compared with 

experiment in Figure 5.16. Although 3DSM provides the best prediction of Xr,  the 

streamline pattern compared to experiments is skewed, with the location of the center 

of the mean recirculating vortex located too far downstream. The mean flow pattern 

of 3DSSF provides better overall agreement with experiment with both the shape and 

the location of the centre of recirculation well predicted.

Figure 5.17a compares predicted mean surface pressure distributions along the 

surface of the plate. The experimental trend is reproduced reasonably well by all three 

simulations. The minimum mean surface pressure coefficients are underpredicted by 

about 10 to 18 percent, depending on the SGS models, however the 3DSSF provides 

better agreement with the location of the minimum a t x / X r  % 0.4 and the recover}^ 

rate afterwards. The strength and location of the surface pressure minima is coupled 

with the vorticity in the mean separation bubble. Figure 5.17b shows tha t the pressure 

minima are located approximately a t the centre of the recirculation vortex in the 

streamwise direction and about y j X r  =  0.08 in the normal (y) direction. The recovery 

process for all three SGS simulations is completed by x j X r  % 1.35, which is identical 

to experimental observations [12]. Downstream of the recovery region {x jXr  ~  1.35), 

the flow is dominated by the redeveloping boundary layer which takes place under a 

slightly negative streamwise pressure gradient. We note a slight underprediction of the 

surface pressure coeflScient of 3DSSF in this region. Figure 5.18 compares simulated
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Figure 5.17: (a) Mean surface pressure coefficient distributions; (b) Mean pressure 
contour for three simulations
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Figure 5.18: Mean wall shear stress coefficient distributions

and measured wall shear stress distributions. Again the experimental trends are well 

reproduced and the maxima and minima compare well within the large uncertainty 

of the measured values (±25%).

Figure 5.19 compares the mean streamwise velocity profiles at several stations 

along the plate with pulsed-wire measurements [12]. The 3DSSF profiles are in very 

good agreement with measurements at all stations, but both 3DSF and 3DSM predict 

a broader backflow profile and underestimate the peak backflow velocity over the first 

half of the separation bubble. Further downstream, all three simulations result in 

similar profiles. In the recovery region, the present LES simulations do not suffer from 

the commonly observed velocity defect obtained with FLANS computations [16]. The 

dynamics of the flow in this region is largely governed by the large scale unsteadiness, a 

process that is well captured by LES but poorly modelled in FLANS-based calculations.
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Figure 5.19: Mean streamwise velocity {U/Uo) profiles a t selected locations: Experi
mental [12], circle; 3DSSF, solid line; 3DSM, dashed line; 3DSF, dot-dashed line
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Figure 5.20: Mean streamwise turbulent intensity (< u' > /Uo) profiles: Experimental 
[12], circle; 3DSSF, solid line; 3DSM, dashed line; 3DSF, dot-dashed line
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The mean turbulent intensity profiles, including both resolved and SGS contribu

tions, are presented in Figure 5.20. The 3DSSF simulation yields remarkably good 

agreement with experimental data throughout. T he cusp near the leading edge is well 

reproduced, the correct evolution of the maximum intensities with stream wise direc

tion is obtained and a maximum value of < u' >  fUo % 0.3 is attained in the last third 

of the mean separation bubble. The 3DSF and 3DSM profiles, on the other hand, 

have noticeable deficiencies. The intensities are underestimated for x/X ^ < 0.4, and 

are overestimated for x j X r  > 0.5. In 3DSM, where wall damping is used, a near-wall 

peak is present after x / X r  > 0.6. Available measurements do not resolve the near-wall 

region, but the appearance of a near-wall peak in  the recovery region, x / X r  > 12, 

is not unrealistic; such a feature was reported in the highly resolved DNS of the low 

Reynolds number flow over a backward facing step of [92]. The Reynolds shear stress 

profiles, -<  u'v' > , in Figure 5.21 show that the 3DSSF simulation produces higher 

Reynolds shear stress close to the leading edge. 3DSF and 3DSM achieve the same 

level around x /X r =  0.5, but as in the case of the  turbulent intensity, attain higher 

values afterward.

The contribution of the SGS to the mean turbulent intensity (<  u' > fUo) and 

the mean turbulent shear stress (-< u'v' > /U^)  is shown in Figure 5.22 at selected 

locations for the 3DSSF case. The contribution is generally largest close to the sepa

ration point where the rapid break-up of the two-dimensional structures occurs right 

after the leading edge. While < u' > jUo in Figure 5.22a is quite well resolved, the 

SGS contribution to -<  v!v' > j l f l  component in Figure 5.22b is significantly larger, 

especially close to the separation. In 3DSF, the contribution of the model to both 

components is similar to the 3DSSF, whereas in th e  Smagorinsky model (3DSM), the 

SGS contribution is minimal. The dissipation provided by this model is, in the mean.
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Figure 5.21; Mean turbulent shear stress (-< u'v' > /U^) profiles: 3DSSF, solid line; 
3DSM, dashed line; 3DSF, dot-dashed line

0.50.5

0.4 0.40.4

0.3 6 iit:
0-10.10.1

0.75 0.25 0.5 0.750.75

(a)

0.50.5

I  0.4 0.40.4 0.05 u;
0.3w 0.3

0.1 0.10.1

(b)

Figure 5.22: Contribution of the SGS to (a) the mean turbulent intensity profiles, (b) 
the mean turbulent shear stress profiles in 3DSSF: Experimental [12], circle; Total, 
solid line; Resolved, dashed line
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Figure 5.23: Mean eddy viscosity for three SGS simulations

very small and confined to the early part of the separated shear layer. It should 

be noted that the constant (C®) used here is tha t recommended by Kogaki [51] for 

separated rectangular cylinder flows and is lower than the “standard” value used in 

boundary layer simulations. Figure 5.23 presents the mean eddy viscosity for each 

simulation. Both structure function models (3DSSF and 3DSF) produce larger SGS 

dissipation in the reattachment zone, but much higher levels are obtained with 3DSF 

which is therefore expected to have a much stronger influence on the dynamics of the 

flow in the reattachment zone.
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Figure 5.24: Instantaneous spanwise vorticity contours in x — j/ plane at z fd  =  2.6: 
10 contours from -\QUo/d to oUold

5.6.2 F low  S tru ctu res and D yn am ics

Instantaneous spanwise vorticity fields from the selective structure function (3DSSF) 

and the Smagorinsky model (3DSM) simulations are shown in Figure 5.24. In the 

case of 3DSM, no significant fluctuations are detected in the separated shear layer 

before x /d  % 1.8, whereas instabilities appear much sooner in 3DSSF. The stream wise 

evolution of the instabilities is illustrated a t various y —z  planes in Figure 5.25 showing 

the earlier appearance of transverse perturbations and three-dimensionalization in 

3DSSF. The small scale structures are much more prominent in the reattachment 

region for 3DSM. This is consistent with the higher turbulent intensities obtained 

with this model in the reattachment and recovery regions, in Figure 5.20, and the 

much lower SGS dissipation of the model.

Figure 5.26 shows the instantaneous streamwise vorticity field in a plane close to
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Figure 5.25: Instantaneous spanwise vorticity contours in y — z plane, 10 contours 
from -lOUo/d to bUo/d: a l, a2, a3 and a4 for 3DSSF; b l, b2, b3 and b4 for
3DSM
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Figure 5.26: Instantaneous streamwise vorticity contours in x — 2  plane at ?//d =  0.12: 
7 contours from -ZUojd to ZUojd

the surface of the plate. 3DSM and 3DSF exhibit less “coherence” and contain smaller 

structures with roughly equal characteristic sizes in the spanwise and streamwise 

directions. The structures become gradually more elongated only after reattachment. 

3DSSF presents a much higher degree of coherence and the structures with streamwise 

lengths in the range of l-3d are apparent. Significant streamwise vorticity levels are 

not observed until well downstream of separation with the appearance of counter- 

rotating pairs of vortices.

Overall, the selective structure function simulation (3DSSF) produces separated 

shear layer instabilities, dynamical patterns, and structures which are physically con-
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Figure 5.27: The center (j/c) and the edge (j/e) of the mean separated shear layer: 
3DSSF

sistent with the flow visualization of Saathoff and Melbourne [7]. It was also shown 

that the mean flow characteristics are overall better with this model. Further analysis 

is therefore confined to the 3DSSF simulation.

The loci of the shear center (yc), where the r.m.s. velocity attains a  maximum, and 

the edge of the shear layer (j/g), where the r.m.s. velocity attains 2.5% of < u' > /C/q, 

are shown in Figure 5.27 for the 3DSSF. The position of yc attains a maximum 

around x / d  =  2 and then slightly declines and becomes constant around the mean 

reattachment point. The result compares very well with [12]. The prediction of is 

slightly higher than the experimental value due to the higher uncertainty in locating

Ve-

The instantaneous velocity fields along the surface defined by the mean shear 

center (j/c) are shown in Figure 5.28. The structures that are identifiable in the 

velocity fields close to the separation point, are stretched in the spanwise direction 

as clearly shown in the vertical velocity (V) field. In the reattachment region, larger 

structures are identified. The small scale structures are suppressed by the dissipative 

effect of the SGS models. The instantaneous vorticity field corresponding to Figure 

5.28 is plotted in Figure 5.29. In this figure, the structures close to separation are
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hardly discernible, however, three horseshoe vortices are visible in the reattachment 

region.

In order to  identify the flow structures more clearly, the technique of Jeong and 

Hussain [94] was used. In this method, the vortex cores are extracted directly from 

the instantaneous velocity fields. The vortex cores are identified with a region of 

negative Ao, the second largest eigenvalue of the tensor SikSkj + QikQkj^ where Sij = 

(L'Vj +  Uj^i)l2 and =  {Uij — [/,,,)/2  are the symmetric and antisymmetric parts 

of the velocity gradient tensor, £/,j =  dUildxj .  This method has been successful in 

capturing vortical structures, even in the presence of strong shear occurring in near 

wall boundary layers [95].

The contour plot of the second largest eigenvalue (Ag) is plotted in Figure 5.30 for 

the same instantaneous fields as Figure 5.29. The structures are much more clearly 

exhibited than in Figure 5.29. In the first half of the mean separation bubble, x f d  < 

2, the strong background shear along the separated shear layer is eliminated and only 

vortex cores remain. These structures develop at the leading edge of the plate and are 

largely two-dimensional in nature. Further downstream, in the reattachment region, 

three-dimensionalization has occurred and the predominant structures are clearly 

identified as hairpin (horseshoe) vortices. These structures are identical to the sketch 

suggested by Kiya and Sasaki [14] based on the interpretation of conditionally sampled 

data.

The span wise length scale of the horseshoe vortices in the reattachment region 

range from 1.5d to 2.75d (0.35-0.58%r), which is in the range suggested in [7, 14]. The 

legs of the horseshoe vortices are inclined with respect to the streamwise direction. 

These vortices can be also identified by region of positive and negative spanwise



CHAPTER 5. THREE-DIM ENSIONAL SIM ULATIONS 115

Figure 5.29: Instantaneous vorticity contour: 3DSSF, |w| =  2.5Uo/d
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Figure 5.30: Instantaneous contour plot of the second largest eigenvalues: 3DSSF, Ag 
=  - 0.1
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Figure 5.31: Spanwise velocity contour from 3DSSF in the y — z plane: (a) x /d
3.44; (b) x / d  — 5.75

velocity {W)  as shown in the  y — z  plane in Figure 5.31.

A typical vortex grows in every direction as it travels downstream of the reat

tachment region. Due to the  interaction between the vortical motion of the large 

scale structure and the wall, it also tends to lift away from the wall. This in turn, 

brings the top end of the horseshoe vortex into contact with the outer (higher ve

locity) region, resulting in further stretching and inclination of the vortex along the 

flow direction. Eventually, the central portion breaks down, and only the two in

clined legs remain. This phenomenon happens in the recovery region. The unsteady 

motion from the shedding of these large scale vortices creates the oscillation of the 

instantaneous reattachment point. Three time frames of instantaneous reattachment 

points are shown in Figure 5.32. The dark colour indicates a negative wall shear 

stress, while the light colour indicates a positive wall shear stress. The oscillation of 

the instantaneous reattachment point is controlled indirectly by the flapping motion
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x/d

Figure 5.32: Time frames indicating the motion of line of zero wall shear stress in the 
X — z plane: 3DSSF

of the shear layer, or low-frequency unsteadiness [14] which is not clearly understood 

and difficult to identify.

Figure 5.33a shows the trace of the instantaneous vertical velocity recorded just 

downstream of separation within the shear layer. The power density spectrum  of this 

signal is shown in Figure 5.33b. Consistent with experimental spectra [12], high fre

quency motion is dom inant in the vicinity of separation, and the spectrum  indicates 

small eddies with time scales of order of O.ZtUo/d. In addition to the high frequency 

activity centered around fdfUo  =  0.8, the signal also exhibits peaks in the low fre-



CHAPTER 5. THREE-DIMENSIONAL SIM ULATIONS 119

§
£•

100 200 300
Non-dinwnsional thna (ttl^d)

400

(b)0.1

0
1 0 '

Non-dbitansional fraquoncy (fd/U ,)
10°

Figure 5.33: 3DSSF simulation (a) vertical velocity (V) signal at x /d  =  0.493, y/d  
0.47, mid-span; (b) power spectrum density

quency range {fdjUo % 0.02-0.08). As mentioned earlier, this low frequency motion 

is attributed with the flapping of the shear layer.

To provide further insight into the flow dynamics around the reattachment region. 

Figure 5.34 shows the streamwise velocity signal at a  location close to the mean 

reattachment and the corresponding (Fourier) power spectrum density. Compared 

to the signal sampled near separation (Figure 5.33), there is little energy in the 

high frequencies. Most of the energy is in the larger scales corresponding to non- 

dimensional frequencies (fd/Uo)  well below 0.2.

A time domain analysis using the wavelet transform of the near-wall streamwise 

velocity signal was conducted in this region. Figure 5.35 shows the wavelet map of 

this signal, in terms of the relief plot of the absolute value of the wavelet coeflBcient.
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(b)

Figure 5.34: 3DSSF simulation (a) near-wall streamwise velocity {U) signal at x /d  
4.51, mid-span; (b) power spectrum density

The intermittent nature of the large scale unsteadiness is illustrated along the most 

distinct range of scales: tUo/d % 20-50. This range corresponds to non-dimensional 

frequencies of 0.02-0.05 and is associated with the low frequency flapping of the shear 

layer discussed earlier. The intermittence of this phenomenon is clearly shown by the 

alternating peaks and troughs between 45 and 395 time units. The scales contain

ing the most energy are in the range of b-lbtUg/d, or non-dimensional frequencies of 

0.066-0.2. This coincides with the range of frequencies reported experimentally for 

the pseudo-periodic vortex shedding around reattachment [9, 12]. The time local

ization of these events shows activity of relatively short duration, followed by longer 

quiescent periods. Furthermore, the signal in Figure 5.34a shows positive fluctuations 

about the mean which are of a much higher amplitude than the negative fluctuations.
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Figure 5.35: Morlet wavelet map of near-wall streamwise velocity (£/) signal at x / d  
= 4.51. mid-span: 3DSSF

This feature and the patterns shown in the wavelet map suggest th a t a  typical cycle 

consists of trw'o distinct phases: (i) gradual growth of large scale structures in the 

separated shear layer, accompanied by a progressive growth of the separation bubble; 

(ii) shedding of a large scale structure followed by a “collapse” of the bubble and 

abrupt shortening of the reattachment length.
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5.7 C losing R em arks

The results in this chapter indicate tha t three-dimensional simulations provide more 

realistic simulations of the unsteady separated flow than two-dimensional cases. Three- 

dimensionality induces the break-up of the two-dimensional structure into smaller 

three-dimensional structures and results in more complex transition, turbulent and 

mixing processes.

.A.t moderate Reynolds number (Rea =  1,000), an exceptionally long integration 

time is required to establish a statistically stationary flow. Overall, the mean flow 

statistics follows the same trend £is high Reynolds number experimental results. The 

selective structure function subgrid scale model slightly alters the dynamics of the flow 

and results in mean flow statistics which are in better agreement with experimental 

observations. The flow structures are clearly identified at the initial transient period 

and characterized by a Kelvin-Hemholtz type instability. Rapid amplification of three- 

dimensional disturbances leads to the break-up of two-dimensional structures which 

begins around the middle of the mean separation bubble. The three-dimensional tran

sitional simulations provide insights into the dynamics of the flow and the turbulent 

transport processes, however, to be more directly relevant to a number of engineering 

applications, simulations must be extended to higher Reynolds number.

At Red =  50,000, the flow structures break up and become turbulent right after 

the separation. The selective structure function simulation predicts the mean flow 

and turbulence characteristics which are in excellent agreement with the pulsed-wire 

experimental data [12] and produces the separated shear layer instabilities, dynam

ical patterns which are physically consistent with the flow visualization of Saathoff" 

and Melbourne [7j. The horseshoe vortices are identified in the reattachment region.
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This structure is more clearly identified with the Ag technique than with the typical 

|w| technique, and identical to the sketch suggested by Kiya and Sasaki [14]. With 

Fourier and wavelet transforms analysis, the characteristic frequencies and intermit

tent nature of the pseudo-periodic vortex shedding from the separated shear layer 

and the reattachment region as well as the shear layer fiapping were captured in 

three-dimensional simulations.
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Chapter 6 

C O N V EC TIV E HEAT  

T R A N SFE R  IN  BLU FF PLATE  

GEOM ETRY

6.1 Introduction

The bluff plate is a basic module encountered in a number of heat transfer appli

cations, particularly heat exchangers. In this chapter, two and three-dimensional 

simulations of convective heat transfer over a bluff rectangular plate are presented 

at low and moderate Reynolds number, (150 < Rea < 1,000). The fluid dynamical 

features were investigated and discussed in Chapters 4 amd 5. In this chapter, the 

influence on the temperature field of flow features such as large scale structures and 

three-dimensionality is investigated. The focus is primarily on the behavior of the 

wall heat transfer coefficient, expressed in term of the Nusselt number (Nux). This
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chapter is organized as follows, first, a brief outline of the computational methods 

and boundary conditions is provided. This is followed by a discussion of the re

sults from the two-dimensional steady and unsteady simulations, and finally of the 

three-dimensional unsteady simulations.

6.1.1 C om p u tation al M eth od s a n d  B oundary C on d ition s

In the present heat transfer calculations, it is assumed that transport is by forced 

convection only and tha t temperature variations are small enough for the fluid prop

erties to be considered constant. The tem perature is hence a passive scalar and the 

momentum equation is decoupled from the energy equation. Accordingly, the convec

tive heat transfer simulations are performed by explicitly solving the time-dependent 

energy- equation for an incompressible fluid, after the solution of the flow field has 

been obtained at a given time step.

The boundary conditions for the energy equation are:

• Inlet(VVest): Uniform temperature distribution; (T  =  To).

•  Outlet(East): Advective boundary condition; =  0 ).

•  North and South: Symmetry condition =  0).

•  Top and Bottom  (3-D simulations): Periodic condition.

•  Surface of bluff plate: Constant heat flux (9 ).

The convective heat transfer calculations are performed at Reynolds number rang

ing from 150 to 1,000 for four Prandtl numbers (P r)  and for blockage ratios (Br)  

varying between 5.6% to 33%. A summary of the computations is provided in Table
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Simulations Br{%) Red P r

2-D steady 10, 15, 20, 33 150, 250, 300, 400 0.7, 1, 2, 5

2-D unsteady 10, 15, 20 1,000 0.7, 1, 2, 5

2-D and 3-D unsteady 5.6 1,000 0.7

Table 6.1: Summary of the parameters in convective heat transfer calculations

6.1. The influence of the large scale dynamics and of three-dimensionality on the tem

perature field Eire documented and discussed for the blockage ratio case B r  =  5.6%. 

The three-dimensional simulations are performed both in DNS and LES modes. The 

selective structure function subgrid scale model was used in the 3-D(LES), since the 

localization obtained with this model was shown in Chapter 5 to yield simulations 

that are consistent with experimental observations. The turbulent Prandtl number 

(P r J  was assumed to be constant and taken to be equal to 1 [68]. O ther compu

tational parameters such as computational domain, time step etc., are the same as 

those presented in previous chapters.

6.2 T w o-D im ensional Sim ulations

6.2.1 S tead y  L am inar Flows

This case has been investigated in detail in Ref. [3] and is briefly considered here as a 

basic validation. The predicted heat transfer rate along the plate surface, expressed
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Figure 6.1: Effect of Reynolds number on the Nusselt number distribution: Br  
10% and Pr = 0.7

in terms of the Nusselt number, Nux = hxd/k,  where =  q/{To — T^), is plotted 

in Figure 6.1 and 6.2. In the present investigation, the specified heat flux (q) along 

the plate is kept constant, therefore, the higher the wall temperature (T^), the lower 

the heat transfer rate. For a low Reynolds number there is no flow separation, and a 

linear (log-log) distribution is obtained consistent with developing laminar flow in a 

channel [96]. As the Reynolds number increases, a separation bubble forms, and the 

Nusselt number distribution becomes non-linear. A local maximum occurs slightly 

downstream of the reattachment point and become more pronounced as Reynolds 

number increases.

The effect of blockage ratio on the heat transfer rate is shown in Figure 6.2a. As 

expected, the blockage ratio has a strong influence on both the separation bubble 

size and the heat transfer rate: a  high blockage ratio decreases the separation bubble
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Figure 6.2: (a) Effect of blockage ratio on the Nusselt number distribution, /?e</= 250 
and P r  =  0.7; (b) Effect of Prandtl number on the Nusselt number distribution, Rea 
=  250 and Br  =  10%
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size and increases the heat transfer rate. Figure 6.2b shows the effect of the Prandtl 

number on the heat transfer rate. The location of the Nusselt number maximum along 

the streamwise direction does not vary with the P randtl number, but it increases with 

increasing Prandtl number. The overall pattern of the present steady laminar flow 

results are in excellent agreement with [3].

6.2.2 U n stea d y  T ransitional Flows: R e^  =  1,000

In Section 4.4, it was shown that the flow at this Reynolds number becomes unsteady 

and is characterized by the appearance of shear layer instabilities near separation, 

transition to turbulence prior to reattachment, and the pairing and shedding of large 

scale vortices. The temperature field was reported to strongly correlate with such 

large scale vortices [22]. Figure 6.3 presents the spanwise vorticity, temperature field 

and the streamwise variation of Nusselt number a t one instant. The instantaneous 

Nusselt number distribution attains a local peak slightly upstream of the vortex lo

cated at x / d  ~  4. The induced rotational motion transports heated fluid away from 

the surface and entrains ambient fluid towards the surface. The tem perature field in 

Figure 6.3 is an excellent tracer of large scale vortices in the transport of energy.

Figure 6.4a shows the effect of Prandtl number on the mean Nusselt number 

distribution. As in the case of steady flow, the maximum value attained by the mean 

Nusselt number increases with the Prandtl number, but as will be shown later, this 

maximum occurs slightly upstream of the time mean reattachment point. Figure 6.4b 

shows the decreasing and shifting of the local maxima downstream of the leading edge 

for the case of B r  =  10, 15 and 20%. In contrast to  steady flow results, increasing 

the blockage ratio increases the separation bubble size and lowers the maximum heat
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Figure 6.3: Instantaneous predicted spanwise vorticity, tem perature and Nusselt num
ber distribution: 2-D(DNS); dark regions indicate high vorticity and high temperature

transfer rate. This is due to the high blockage effect which stabilizes the flow and 

delays the onset of instability. The stabilizing effect of increased blockage ratio is 

clearly illustrated in Figure 6.5 by the instantaneous spanwise vorticity plots for B r  

=  33% and 15%. At B r  =  33%, the flow becomes steady with a shorter separation 

bubble and a significantly lower maximum heat transfer rate.
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6.3 T hree-D im ensional S im ulations: Red = 1,000

Accounting for three-dimensionality allows for the break-up of the two-dimensional 

spanwise vorticity which results in more complex transition and mixing processes. The 

time and spanwise averaged temperature distributions in terms of the dimensionless 

temperature, 9, where 6 = {T — To)/{T^ — To) is shown in Figure 6.6 for S-D(DNS). 

The profiles exhibit an unusual kink in the separated region, where a  large reverse 

velocity exists, and the sharp deviation seems to correlate well with the center of the 

separated shear layer (j/c)- The shapes of the predicted tem perature profiles compare 

well with experimental results at Red =  5,850, obtained by O ta and Kon [20].

The mean Nusselt number distributions predicted by each simulation are shown 

in Figure 6.7. In the first half of the mean separation bubble, which is a  region of low 

heat transfer rate, the two-dimensional simulation predicts a  higher N u ^  than the
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Figure 6.6: The mean tem perature profile in term of the dimensionless temperature, 
9 = { T -  To)/{T^ -  To), 3-D(DNS)

Nu, = 0.0782Re°^°*
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Figure 6.7: The mean Nusselt number distributions along the stream wise direction 
at Red =  1,000
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three-dimensional simulations. This is due to a higher backflow velocity in the three- 

dimensional case resulting in higher transport of warmer bulk of fluid from the reat

tachment region. However, in the two-dimensional case, the positive velocity resulted 

from the unusual secondary separation bubble presented in Figure 4.9 counters it.

After a sharp drop following separation, the mean Nusselt number remains rela

tively flat for the first half of the bubble and then rises rapidly to a  maximum near 

the mean reattachment point, in general agreement with [20, 22]. The enhancement 

of the mean heat transfer in this region is a consequence of the shedding and break-up 

of large scale structures from the separated shear layer (as described in the previous 

chapter), which begins near the middle of the separation bubble. The break-up pro

cess reduces large two-dimensional structures in the separated shear layer to smaller 

three-dimensional structures and results in more turbulent mixing. The highly three- 

dimensional and interm ittent nature of these small structures increases the transport 

and exchange of energy between the outer flow and the inner flow. The predicted 

Nusselt number maxima from the three simulations are within 10% of the empirical 

correlation deduced by O ta and Kon [20], Nur =  0.0782i?e° '°®, where Nur is the 

maximum Nusselt number at the mean reattachment point.

Contrary to the mean flow field, we note that the difference in wall heat transfer 

coefficients between DNS and LES is significant. This is consistent with the higher 

turbulent intensities obtained with DNS in the reattachment region presented in Fig

ure 5.7. The prediction of the wall heat transfer rate is dependent not only on the 

flow field but also on the accurate evolution of the gradient at the wall. In LES the 

selective structure function model may not exhibit the correct asymptotic behaviour 

near the wall, and this will affect the predicted near wall gradients. The model a.p- 

pears to be inadequate near the wall in view of the better agreement with experiment
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Figure 6.8: The mean Nusselt number distributions in terms of the normalized mean 
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of the DNS value of Nur-

The total heat transfer rate over a plate length L  =  2Xr, Ql = ^  Iq g%dz is about 

2.5% and 6.3% higher for 3-D(LES) and 3-D(DNS), respectively, than in the two- 

dimensional simulations. The increase is primarily due to the enhancement obtained 

downstream of reattachment. For instance, 8.7% and  26% of enhancement are found 

for 3-D(LES) and 3-D(DNS) respectively, when comparing the total heat transfer 

between X r  and 2Xr, i.e. çi_ 2  =  ^  Qxdx. T his leads to the idea of optimizing 

the heat transfer along the plate by reducing the size of the separation bubble and 

hence the region of low heat transfer rate. This can be accomplished, for example, 

by triggering earlier transition by introducing an acoustic perturbations upstream of 

the leading edge [22, 24].
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Figure 6.9: Instantaneous thermal structure: 3-D(DNS)

In order to present the heat augmentation clearly, Nux  is expressed in terms of the 

normalized mean Nusselt number (Figure 6.8), iVu* =  (.Nux — N um )/N um  where Num 

is the minimum Nusselt number downstream of the leading edge. Compared with 2- 

D(DNS), the augmentation is approximately 36%, for 3-D(LES), and approximately 

75%, for 3-D(DNS). The lower augmentation predicted by the 3-D(LES) is due to the 

dissipative effect of the subgrid scale model on the smaller scale structures and the 

associated turbulent mixing.

The instantaneous temperature field from 3-D(DNS) is shown in Figure 6.9. The 

structure of the tem perature field correlates well with the spanwise vorticity presented 

in Figure 5.11, and exhibits the same two-dimensionahty in the first half of the sep
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aration bubble, and rapid amplification of three-dimensional disturbances after the 

middle of the separation bubble. The formation, close to the surface, of elongated 

streaks of alternating cold and hot fluid that are characteristic of thermal boundary 

layers is clearly shown in the reattached flow region after x /d  ~  6.0. These streaks 

are of course absent in the two-dimensional simulation and hence the lower turbulent 

mixing and wall heat transfer rates in this case.

6.4 C losing Rem arks

The convective heat transfer calculations are performed in two and three-dimensional 

simulations at low and moderate Reynolds number. The results of two-dimensional 

simulations at low Reynolds number are in excellent agreement with Djilali [3]. For 

the unsteady transitional regime (Re^ =  1,000), the large scale vortices have a strong 

correlation with the temperature field and the local instantaneous Nusselt number 

attains a local peak slightly upstream of the vortex. It was found that the large scale 

vortices play an important role in the transport of energy.

In the three-dimensional simulation, the predicted mean heat transfer rate is fur

ther increased. This is due to the break-up process which reduces the large scale 

structures to smaller three-dimensional structures and results in more turbulent mix

ing. The non-dimensional temperature profiles exhibit an unusual kink in the separa

tion bubble. The increase of total mean heat transfer coeflîcient in three-dimensional 

simulation is found to be less than 7% on the upper surface over a plate length of L 

— 2Xr. However, significant enhancement is obtained a t a region downstream of the 

mean reattachment point.
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Chapter 7 

CO NCLUSIO NS A N D  

R EC O M M EN D A TIO N S

7.1 G eneral C onclusion

The flow and convective heat transfer over a “prototype” separated flow (bluff rect

angular plate) have been investigated numerically using direct numerical simulation 

(DNS) and large eddy simulation (LES). The simulations were performed in two and 

three-dimensions over a range of Reynolds numbers spanning the laminar, unsteady 

transitional and fully turbulent regimes. Several subgrid scale models were used for 

the LES including SFM, SSFM and SM, and their performance were evaluated and 

compared to the classical turbulence model. All simulations presented in this study 

were performed over integration times of the order of 30 “flow-through” times to en

sure statistically stationary conditions. Such long integration times are required due 

to the long residency time of flow particles in the recirculating flow region.
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In the case of two-dimensional steady and laminar flow, the expected queisi-linear 

variation of the reattachm ent length with the Reynolds number is clearly reproduced. 

The slopes from simulations obtained with both QUICK and CDS discretization 

schemes are comparable to the experimental data. As the Reynolds number increases, 

the flow is radically altered due to the onset of unsteadiness. This unsteadiness grad

ually propagates upstream until the entire separated shear layer becomes unstable. 

The onset of unsteadiness is delayed when the QUICK scheme is employed.

The two-dimensional unsteady transitional flow simulations {Re<i = 1,000) repro

duce quantitatively some of the features of the measured mean longitudinal velocity 

profiles and pressure distributions and provide some insight into the complex and 

pseudo-periodic patterns of vortex formation, merging and shedding, which occur in 

the separated and reattaching flow region. Wavelet transform analysis of the simula

tions yields main characteristic shedding frequency and the dynamic patterns that are 

in reasonable agreement with observations. The limitations of the two-dimensional 

simulations are however evident in the large discrepancies in the quantitative predic

tion of mean velocity profiles, pressure distributions and turbulence statistics. This 

is due to the artificial constraint of two-dimensionality which prevents the break-up 

of the strong spanwise structures that occur in the actual flow.

The importance of the inherent three-dimensionality of the flow is clearly shown in 

the three-dimensional simulations at Re^ =  1,000. Both DNS and LES were performed 

at this Reynolds number. There is no marked difference between the two simulations, 

except in the reattachment region where the dynamics of the flow are slightly different 

due to insufficient resolution for the DNS. The three-dimensional simulations result 

in a much more complex flow pattern and capture well the main characteristics such 

as the large scale (low-frequency) unsteadiness, the oscillation of the instantaneous
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reattachment points, and the pseudo-periodic shedding of large scale vortices. During 

the initial transient period, Kelvin-Helmholtz type instability is clearly identified 

in the separated shear layer. As the flow progresses in time, break-up of the two- 

dimensional structure eventually takes place, and results in a flow pattern  with much 

less coherence than in the two-dimensional simulations.

The high Reynolds number, Rea = 50,000, simulations were all performed us

ing LES. The performance of three subgrid scale models was examined: Smagorin- 

sky (SM), structure function (SFM) and selective structure function (SSFM) model. 

Throughout the flow, the mean flow and turbulence statistics obtained with SSFM are 

in very good agreement with the experimental d a ta  obtained at the same Reynolds 

number and blockage ratio in low free stream turbulence. The important role played 

by large scale unsteadiness is illustrated, for example, in the recovery region where the 

LES streamwise velocity profiles do not suffer from the commonly observed velocity 

defect obtained with RANS computation.

The SSFM simulations produce separated shear layer instabilities, dynamical pat

terns, and structures which are physically consistent with the flow visualization of 

Saathoff and Melbourne [7]. Both SFM and SM introduce dissipation and delay the 

break-up and three-dimensionalization of the separated shear layer. Detailed analysis 

of the flow bring to light the alternating patterns of gradual growth of the separation 

bubble followed by sudden bursts and vortex shedding from the reattachment zone. 

The intermittent nature of the flow can also be deduced from the wavelet analysis. 

The characteristic frequencies obtained from the simulations are in good agreement 

with spectral analysis of experimental signals. Finally, using the coherent structure 

identification technique of Jeong and Russian [94], the large scale structures in the 

reattachment region are clearly identified as horseshoe vortices.
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The bluff plate is a generic module th a t occurs in many heat transfer calculations. 

To close this study, the numerical investigation is extended to convective heat transfer 

at Red =  1,000. The large scale vortices and the three-dimensionality are shown to 

play an important role in energy transport. The induced rotational motion from large 

scale vortices both transports heated fluid away from the surface and entrains ambient 

fluid towards the surface. The intermediate and small three-dimensional structures 

results in enhanced transport and turbulent mixing. The maximum heat transfer 

rate is found to occur around the mean reattachment point which is consistent with 

previous experimental and numerical investigations.

The present investigation shows that LES yields a clear improvement over RANS 

in predicting mean flow statistics in all regions of the flow field. Furthermore, LES 

provides insight into the large scale dynamics and eissociated unsteady features. How

ever, the computational cost of LES is high and, despite the ver>' satisfactory level 

of agreement, several issues need to be addressed in future work before LES can be 

used with full confidence for simulating complex separated flows.

7.2 R ecom m endations for Future W ork

•  At very high Reynolds number, the portion of turbulent energy constrained in 

the subgrid scale range becomes increasingly important if affordable grid reso

lution is maintained. SGS models based on the " Very Large Eddy Simulation” 

would be very useful in this context and the implementation and assessment of 

“dynamic” models that account for effects such as backseat ter need to also be 

investigated.
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•  Alternatives to the wall function and damping function treatment used in this 

current investigation need to be investigated, and more accurate approaches 

need to be developed. The fluid dynamics and turbulent transport in the case 

examined here are largely dominated by the free shear layers and, hence despite 

the approximate nature of the wall model, the flow is well simulated. However, 

accurate near-wall modelling is crucial to the reliable prediction of wall shear 

stress and heat transfer rate, quantities which are in engineering practice of 

more immediate interest than the flow field. An alternative approach could be 

the use of an embedded grid, on which a simplified set of parabolized equations, 

including a turbulence model, is solved separately close to the surface [76].

•  In term of numerical requirements, the non-dissipative spatial discretizations 

such as CDS, are recommended for DNS and LES. However, the CDS is dis

persive, and in the vicinity of stagnation regions and sharp geometric disconti

nuities, such as the leading edge of a bluff rectangular plate or airfoil, the very 

high gradients introduce numerical oscillations even with carefully designed grid 

distributions. The procedure used here, i.e. use of mixed QUICK-CDS discretiz- 

taions, was validated but is somewhat ad-hoc. A more systematic procedure 

that is based on limiters should be investigated.
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A ppendix A  

The D iscretized  Governing  

Equations

Substituting the source terms from Table 3.2 into equation (3.4), the discretized 

momentum equations over each control volumes are obtained from the volume and 

surface approximations (3.5) and (3.6).

x-m om entum  equation

d û  _  1 -  [p]u;e5t
dt p dxp

, k # + +  B - u v X " " - k E  +  +  B -
dxp

, +  %)- vur"' - k # + ,̂(f + f  ) - vuY '̂'
dy

. k # + -/.(g + k # + +  « )  -  ivt/i*”’""
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y-m om entum  equation

d V  1
d t  p  d y p

, kE + ̂ .(f + f )-uvr‘- kE + -.(f + B -
d x

, kE + + f ) - +  ‘-.(f + E)-"-'T""
^  rfyp

, f'-f + :/.(E + E ) - - [--s + -/.(E + # ) -
d z

z-m om entum  eq uation

d W  1 [ P ] ^  -  [P]bottom

(A.2)

d t p  dzp

+  " . ( #  +  # : ) -  U W ]'"‘ -  +  : / , ( #  +  e -  ( /M /) " "

dx

, k #  + +  w ) - +  ./,(&  +  # ) - K t t - r " " ’
dy

. k E  +  +  # ) - W 'M ']'" -  k #  +  + f ? )  -  H'-Ml*”"""  , .  _+  _  (A.3)

The continuity and energy equations are also summarized as, 

energy equation

ffT [ ( g  +  q . ) g  -  r c / f  -  [ (a  +  a , ) f  -  r c / ] " "  

dt dx
[ ( c  +  g . ) f  -  T K ]"'-"- -  [ (g  - f  q . ) f  -  T y ] - "

^  dy
[ ( a  +  at)%  -  TŴ  ̂ -  [(q  +  O t ) g  -  TW ]

4--------------------------   -r------------------------    (A.4)dz
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continuity equation

^Y^orth _
dx dy ^  dz  ^
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A ppendix B

The W avelet Transform A nalysis

The one-dimensional continuous wavelet transform is a  linear integral transform tha t 

associates a function W f { s , r )  with a signal g{t) and ^*^(t), according to the defini

tion [89],

V V f { s , r ) = f  ^]^{t)g{t)dt (B .l)
J  — OO

and

r , .A t )  =  ( B .z )

where lVf{s ,  r) is the wavelet transform function and g{t) is a  time series signal. ip{t)

is the basic analyzing wavelet (also refereed to as “mother wavelet” ). Stretching (or

dilating) by the scale s and translating with location r ,  this m other wavelet yields 

a “daughter wavelet” , V'5 ,r(<)- The asterisk (*) in equation B.2, denotes its complex 

conjugate. The normalizing constant ( ^ )  is chosen so that the energy in the dilated 

wavelet function is the same for all scales.
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The wavelet energj' spectrum can be defined as a distribution of the energy in the

signal g{t) over the wavelet scales. This form allows the energy in each wavelet scale

to be interpreted in a manner analogous to the Fourier energy spectrum.

E ( s ) =  r  \ W f { s , T ) \ ^ d T  (B.3)
J — OO

In this study, two wavelet families are selected for the m other wavelet, the Morlet

and the Mexican hat wavelet. The Morlet wavelet provides good spectral accuracy

and is useful for detecting periodicity in the signal. Information about both amplitude 

and phase can be extracted since the wavelet is complex. The Morlet wavelet shown 

in Figure B .l together with its Fourier transform, is given by,

w. >  3 (B.4)

The Mexican hat is the classical second derivative of the Gaussian function and 

is defined as,

^ (0  =  -  l ) e - ‘'/2 (B.5)

The Mexican hat wavelet is good for detecting local increase or decrease of the sig

nal and the localization of inflexion points (edges or the discontinuity point). The 

Mexican hat wavelet is shown in Figure B.2 together m th  its Fourier transform

Wavelet analysis is based on the concepts of time and duration rather than fre

quency (/) , which, in this case, is a secondary quantity, obtained from the repetition 

of particular events. For quasi-periodic events, a frequency can however be calculated 

by using the relationship between the equivalent Fourier period (Ap) and the wavelet 

scale (s).
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Figure B.l: (top) The Morlet wavelet with u;„ = 2tt, solid line for real part and 
dot-dashed line for imaginary part; (bottom) the spectrum of Morlet wavelet

M orlet wavelet:

M exican hat wavelet:

Ap = 4?rs
Wo 4- v/2 Auji

(B.6)

^ _  A t t s
(B.7)

In this investigation, the Morlet wavelet is used with Wg =  27t, giving Ap =  0.988s. 

This indicates that for the Morlet wavelet with Wg =  2?r, the wavelet scale is nearly 

equivalent to the Fourier period. However, the Fourier period is about 4 times the
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Figure B.2: (top) The Mexican hat wavelet; (bottom) the spectrum of Mexican hat
wavelet

wavelet scale for the Mexican hat wavelet (m =  2 for the Mexican hat wavelet). 

Further details on the theoretical basis of wavelet analysis and possible applications 

are available in Ref. [89, 97, 98, 99]. The wavelet analysis was performed using a 

Matlab toolbox in which the Morlet wavelet is avaiable. The Mexican wavelet was 

implemented by the author into Matlab.




