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ABSTRACT

Multiple antennas combined with cooperative relaying, called multiple-input multiple-
output (MIMO) relay communications, can be used to improve the reliability and capac-
ity of wireless communications systems. The precoding design is crucial to realize the
full potential of MIMO relay systems. Full-duplex (FD) relay communications has be-
come realistic with the development of effective loop interference (LI) cancellation tech-
niques. The focus of this dissertation is on the precoding design for MIMO FD amplify-
and-forward (AF) relay communication systems. First, the transceiver design for MIMO
FD AF relay communication systems is considered with residual LI, which will exist
in any FD system. Then the precoding design is extended to two-way MIMO FD re-
lay communication systems. Iterative algorithms are presented for both systems based
on minimizing the mean squared error (MSE) to obtain the source and relay precoders
and destination combiner. Finally, the precoding design for MIMO FD relay communi-
cation systems with multiple users is investigated. Two systems are examined, namely
a multiuser uplink system and a multiuser paired downlink system. By converting the
original problems into convex subproblems, locally optimal solutions are found for these
systems considering the existence of residual LI. The performance improvement for the
proposed FD systems over the corresponding half-duplex (HD) systems is evaluated via
simulation.
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Chapter 1

Introduction

COMMUNICATION system using electrical technology have had a significant impact
on modern society. The first cellular phone was developed in 1947 by Bell Labs. In

the 1980s, first generation (1G) cellular systems [1] were launched using analog technol-
ogy to support simultaneous calls. The second generation (2G) cellular systems were dig-
ital [2]. The Global System for Mobile Communications (GSM) standard was launched
in Finland in July 1991. It is the default standard for mobile communications in over
219 countries and territories with over 90% market occupancy. In 2001, third generation
(3G) cellular systems were launched in Japan using the Wideband Code Division Multi-
ple Access (WCDMA) standard. Subsequently, High-Speed Packet Access (HSPA) was
developed, allowing Universal Mobile Telecommunications System (UMTS) networks
to attain higher data rates and capacity [3].

The demand for digital technology has exploded in the 21st century with the devel-
opment of electronic devices such as smart phones, smart watches, and tablets. This has
resulted in a dramatic increase in data requirements and bandwidth consumption. Thus,
3G networks will be overwhelmed by the growth of bandwidth-intensive applications
such as streaming media. As a consequence, the Long Term Evolution (LTE) standard
was released in December 2008 and later the LTE-Advanced (LTE-A) standard was in-
troduced, which is known as Fourth Generation (4G) cellular [4].

Mobile phone applications are increasing dramatically, resulting in demands for more
bandwidth and more reliable communication systems. Thus, there is an urgent need to de-
velop the next generation communication systems. However, different from wired media
such as coaxial cables, twisted pairs and optical fibers, the open transmission environ-
ment for wireless communications has significantly more severe attenuation and signal
fluctuations, as well as noise and interference. Therefore, sophisticated techniques must
be used to achieve satisfactory wireless system performance. This along with the need for
more flexible and reliable wireless communications has led to the development of tech-
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nologies such as multiple-input multiple-output (MIMO) communications, cooperation
and full-duplex (FD) communications.

1.1 Cooperative Wireless Communications

The concept of cooperative communications was first introduced in 1998 [5]. An ap-
proach was proposed to utilize the signals overheard at a third party other than the source
and destination nodes to aid communications. The concept of cooperative communi-
cations with the work of Cover and El Gamal which provided an information theoretic
perspective [6].

Relays are employed to extend cell coverage in a multiuser environment and improve
performance. The simplest relay system model has one source node, one destination node
and one relay node. The source transmits the signal which is received by the relay. Then
the relay forwards the received signal to the destination. Several cooperative protocols
were discussed in [7]. The most popular cooperation strategies are amplify-and-forward
(AF), decode-and-forward (DF) and compress-and-forward (CF).

With the AF strategy, the relay simply amplifies and forwards the received signal to
the destination. The signal received at the relay is noisy, and the noise is also amplified.
Nevertheless, AF is a simple method that has been used in many cooperative commu-
nication systems. AF is also referred to as non-regenerative relaying. A key advantage
of non-regenerative relaying is that the relay is transparent to the modulation and coding
employed by the source and destination and thus is simple to implement. Furthermore,
the signal processing delay is negligible with this strategy [8]. The AF protocol is adopted
as the cooperative model in this dissertation.

The DF strategy was proposed because the AF strategy is susceptible to noise ampli-
fication. With the DF approach, the relay decodes the received signal and then modulates
the resulting message and forwards it to the destination. A good source-to-relay channel
is required to guarantee that the message encoded by the relay is correct. Otherwise an
incorrect message will be forwarded to the destination, which may result in error prop-
agation. The relay can use a different channel code than the one used by the source to
reduce the end to end (e2e) error rate.

The CF strategy uses a quantization codebook at the relay to encode the quantized
samples of the received signal. The destination performs combining and decoding on the
received signal. Therefore the CF strategy is suitable for cooperative wireless systems
with good relay-to-destination channels.

Most of the cooperative communication systems considered in the literature assume
that the relay receives and forwards the signal separately. In time-division multiple ac-
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cess (TDMA) systems, the uplink and downlink transmissions are on separate frequency
bands and the relay works in half-duplex (HD) mode within the same frequency band,
so source-to-destination communications requires two time slots. This extra time slot
reduces the spectral efficiency, thus full-duplex (FD) mode has been proposed as it has
the potential to double the spectral efficiency of HD systems.

1.2 Full-Duplex Wireless Communications

In the past, it was generally not possible for radios to receive and transmit on the
same frequency band simultaneously because of the resulting interference. Thus, bidi-
rectional systems must separate the uplink and downlink channels into orthogonal sig-
naling dimensions typically using time or frequency dimensions [9], so radios operate in
HD mode. This changed with the design and implementation of an in-band full-duplex
WiFi radio that can transmit and receive simultaneously on the same frequency channel
[10]. Since then, FD radios have been investigated as a promising technique for next gen-
eration wireless communication systems because of the potential to double the spectral
efficiency of HD systems. However, the performance of FD systems is degraded by the
loop interference (LI) introduced by signal leakage from the transmitter to the receiver.
The LI can be significantly higher (60− 90 dB) than the received source signal [11], thus
LI cancellation in FD systems is a critical issue. As a result, numerous LI mitigation
schemes have been proposed which can be classified as natural isolation, time domain
cancellation, and spatial suppression [12].

Loop interference can be suppressed in the spatial domain by employing multiple
antennas. For instance, linear receive and transmit filters can be used to reduce the ef-
fects of LI. Note that time domain cancellation and spatial suppression are not mutually
exclusive schemes. The residual LI after using one technique can be further reduced by
applying the other scheme. In [13], null space projection and Minimum Mean Squared
Error (MMSE) filters were used for spatial and time domain LI cancellation, respectively.
In [14], a spatial loop interference nullification method employing additional transmit an-
tennas was employed for FD AF MIMO relay systems. The additional antennas are used
to null the interference using the increased number of degrees of freedom for the precod-
ing matrix at the relay.

In [15], joint analog and digital loop interference cancellation was considered for a
FD AF relay with a single receive antenna but multiple transmit antennas. It was assumed
that the residual LI after analog suppression in the relay receive RF chain is perfectly can-
celed, which is not realistic. In [11], a FD radio design using signal inversion and adaptive
cancellation was proposed. This method supports wideband and high power systems and
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there is no limitation on the bandwidth or power. It was shown that signal inversion can
reduce the LI by at least 45 dB over a 40 MHz bandwidth. Further, adding adaptive
cancellation can reduce the LI by up to 73 dB for a 10 MHz OFDM signal. In [16],
three LI cancellation mechanisms were considered for a FD off-the-shelf MIMO radio.
These mechanisms are antenna separation with digital cancellation, antenna separation
with analog cancellation, and antenna separation with analog and digital cancellation.
The LI signal was suppressed by more than 70 dB and the power of the interfering sig-
nal after cancellation is well approximated as a linear function of the transmit power of
the interfering antenna. Results were obtained which show that if the LI is canceled be-
fore the interfering signal reaches the receiver front end, then the achievable rate of the
FD system can be higher than the achievable rate of a half-duplex system with the same
resources. Active cancellation mechanisms exploit the fact that a node has knowledge
of its transmitted signal to cancel the interference. Spatial cancellation is also an active
cancellation mechanism. Passive cancellation techniques isolates the transmit and receive
antennas using techniques such as directional antennas, shielding, and cross-polarization.
Moreover, LI can also be eliminated using physical isolation of the antennas. This can
be achieved by the introduction of physical obstacles between transmit and receive an-
tennas. As a practical consideration, imperfect loop interference cancellation is assumed
and so that the residual LI is considered throughout this dissertation.

1.3 Precoding Design in MIMO Relay Systems

The advantages of MIMO systems have been widely acknowledged and thus MIMO
technology has been incorporated into many wireless standards such as IEEE 802.11ac/n
(WiFi), IEEE 802.16e (WiMAX), and LTE/LTE-A (4G) [17]. MIMO techniques deliver
significant performance enhancements in terms of data rate and interference reduction.
Precoding is a efficient way to fully realize the benefits of MIMO systems and can be
classified into two groups, those designed to increase the transmission rate and those
designed to improve the reliability. Precoding requires knowledge of the channel state
information (CSI), so it is very important to understand the nature of wireless channels.

In conventional single stream beamforming, the same signal is transmitted from each
transmit antenna with appropriate weights so that the signal power is maximized at the
receiver. However, this beamforming cannot maximize the signal power at all receive
antennas when the receiver is equipped with multiple antennas. MIMO precoding is a
generalization of beamforming which supports multi-stream transmission to improve the
system performance. This precoding can be either linear or nonlinear. Linear precoding
includes maximum-ratio transmission (MRT), zero-forcing (ZF) precoding and minimum
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mean square error (MMSE) precoding [18]. ZF is a suboptimal approach that is popular
because it has low computational complexity [19]. MMSE precoding can be interpreted
as a Wiener transmit filter which is obtained by minimizing the sum mean square er-
ror (SMSE). Nonlinear precoding is based on the concept of dirty paper coding (DPC).
Tomlinson-Harashima precoding (THP) is a well-known nonlinear precoding technique
which employs modulo operations and successive interference cancellation [20]. DPC
can be used to remove interference if the channel state information (CSI) is known at
the transmitter. However, in practice, this CSI is limited due to estimation errors and
quantization. In a communication system, the channel is estimated from the received sig-
nal, and pilot signals are typically inserted in the transmitted signal to facilitate channel
estimation. Then the transmitter acquires the CSI from the receiver using feedback [21].

Joint precoding design at both the source and relay for MIMO relaying with AF has
been investigated [22–24]. In [22], joint source, relay, and destination precoder design for
a multiuser MIMO relay communication system with all nodes equipped with multiple
antennas was considered using the MMSE criterion. The system has multiple sources but
only one destination. Conversely, the precoder optimization problem was investigated
in [22] for a relay system with multiple source nodes and multiple destination nodes. A
joint source and relay precoding design for MIMO two-way relaying was considered in
[24] with multiple antennas at both the source and relay.

The systems considered in [22–24] have a HD relay node. Thus, precoding with full-
duplex relaying can be employed to improve the spectral efficiency [25–29]. In [25], a
joint precoding/decoding design that maximizes the end-to-end (e2e) performance was
investigated for a MIMO FD relay system. Spatial mitigation of the LI was employed
at the relay and the LI was assumed to be canceled completely. Joint source and re-
lay precoding for a one-way full-duplex MIMO system was investigated in [26]. The
sum rate was maximized with a threshold for the loop interference at the relay. In [27],
several precoder and weight vector designs were developed considering the signal to
leakage plus noise ratio, minimum mean square error (MMSE) and zero forcing for a
FD MIMO relay system. In [28], full-duplex radios was used to improve the spectrum
efficiency in a two-way relay system where two sources exchange information through a
multi-antenna FD relay. Instead of just suppressing the loop interference, the goal is to
maximize the e2e performance by jointly optimizing the beamforming matrix at the AF
relay and the power at the sources. A joint multi-filter design scheme was considered in
[29] for inter-antenna/multi-stream interference and LI suppression to minimize the MSE
at the destinations. Different from the approaches in the literature, FD AF MIMO relay
systems are considered in this dissertation where the source, relay and destination nodes
have multiple antennas. The precoding matrices at the nodes are designed considering
the residual LI.



6

1.4 Summary of Contributions

This dissertation considers the precoding design for a MIMO full-duplex relay com-
munication system from a practical perspective. The main results are presented in Chap-
ters 2, 3 and 4 and are summarized below.

Chapter 2 investigates the linear source and relay precoder and destination combiner
design for multiple-input multiple-output (MIMO) full-duplex relay communication sys-
tems. The design criterion is minimizing the MSE under transmit power constraints at the
source and relay. This problem is non-convex and a closed-form solution is intractable,
so the original problem is translated into three subproblems which are solved iteratively.
The convergence of the proposed algorithm is analyzed. In order to reduce the compu-
tational complexity, a simpler bi-step iterative solution is given. Simulation results are
presented which show that the proposed FD system has almost doubled the achievable
rate of the corresponding HD system. The effect of the residual loop interference is ex-
amined with respect to the achievable rate. The bi-step solution provides performance
comparable to the tri-step iterative solution with lower complexity. Thus, this approach
provides a good tradeoff between performance and complexity.

Chapter 3 presents the precoding design for two-way MIMO full-duplex amplify-and-
forward relay communication systems. The joint precoding design for both the source
and relay nodes for MIMO two-way relaying with the AF strategy is investigated to min-
imize the SMSE under transmit power constraints at the source and relay nodes. The
system has multiple antennas at the source and relay nodes. Two iterative algorithms
are introduced to solve this non convex optimization problem by translating the original
problem into three/two convex subproblems which are solved alternately. It is shown that
both iterative algorithms converge. Results are given which show that the sum achiev-
able rate of the FD system is greater than that of the corresponding HD system, but the
residual LI degrades this rate. In addition, the bi-step algorithm has lower computational
complexity and comparable performance to the tri-step algorithm.

Chapter 4 considers the precoding design for MIMO full-duplex AF relaying with
multiple users. Two systems are investigated. The first is a multiuser uplink MIMO
FD AF relaying system where multiple sources have multiple antennas. The second is
a multiuser paired system where multiple sources and destinations which have multiple
antennas. Iterative algorithms are introduced for both systems to minimize the MSE with
transmit power constraints at the sources and relay. The effects of the residual LI on the
achievable rate of the system are considered.
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1.5 Dissertation Organization

The remainder of this dissertation is organized as follows. Chapter 2 considers the
precoding design for MIMO one-way FD relay communication systems. To further im-
prove the spectral performance of MIMO relaying systems, Chapter 3 proposes precoding
for MIMO two-way FD relaying systems and the performance of the proposed schemes
are examined. Chapter 4 considers precoding for multiple users in MIMO FD relay com-
munication systems. Finally, Chapter 5 provides the conclusions of this dissertation and
some suggestions for future work.

1.6 Publications

Submitted papers

Y. Shao, Y. Dai, X. Dong, and T. A. Gulliver, “Transceiver design for MIMO full-
duplex amplify-and-forward relay communication systems”.

Y. Shao, Y. Dai, X. Dong, and T. A. Gulliver, “Precoding for MIMO full-duplex
amplify-and-forward relay communication systems”.

Y. Shao, and T. A. Gulliver, “Precoding design for two-way MIMO full-duplex
amplify-and-forward relay communication systems”.

Y. Shao, and T. A. Gulliver, “Precoding for multiuser MIMO full-duplex amplify-
and-forward relay uplink communication systems”.

Y. Shao, and T. A. Gulliver, “Precoding design for multiuser MIMO full-duplex
amplify-and-forward relay downlink communication systems”.
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Chapter 2

Precoding Design for MIMO
Full-Duplex Amplify-and-Forward
Relay Communication Systems

In order to increase the spectral efficiency of communication systems, Full-duplex
(FD) multiple-input multiple-output (MIMO) relay has been considered as an effective
scheme and have attracted considerable research from both academia and industry. Fur-
ther, the loop interference (LI) is one of the key channellings in FD systems. In this
chapter the linear source and relay precoder and destination combiner design for multiple-
input multiple-output (MIMO) full-duplex (FD) relay communication systems is exam-
ined. The effect of the residual interference due to imperfect LI cancellation is considered
in the design. Two design algorithms are proposed to minimize the mean squared error
(MSE) of the received signal at the destination. The first is a tri-step alternating iterative
algorithm while the second is a bi-step iterative algorithm which has lower complexity
and performance comparable to that of the first algorithm. The convergence of these it-
erative algorithms is analyzed. Results are presented which show that the proposed FD
relay system can provide approximately double the achievable rate of the corresponding
half-duplex (HD) system if the residual interference is not high.

2.1 Introduction

MULTIPLE transmit and receive antennas in wireless systems, known as MIMO
(multiple-input multiple-output) systems, were first devised in the 1970s [30].

Since then, they have been extensively investigated due to the advantages of improved
spectral efficiency and higher reliability. The concept of relaying was first introduced in
[31] and has been extended to MIMO communication systems. Relay systems have been
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shown to increase achievable rate and extend the coverage of wireless communication
systems.

There are two main techniques for relay communication systems [32]. With the re-
generative approach, the relay node first decodes the received data, then re-encodes the
data and sends it to the destination. However, with the non-regenerative approach, the
relay only amplifies the received signal and forwards it. The regenerative technique is
also called decode-and-forward (DF), and the non-regenerative technique is known as
amplify-and-forward (AF). The AF approach has been the subject of significant research
[33–35] due to the improved system coverage and low implementation complexity.

The focus in the literature has been on half-duplex relaying [22, 24, 32–39]. How-
ever, with the development of new signal processing techniques and antenna designs,
full-duplex relaying in MIMO systems has become practical. The most critical issue
with full-duplex relaying is the loop interference (LI) at the relay due to the simultaneous
signal transmission and reception. Loop interference cancellation techniques can be cat-
egorized as passive or active. Passive methods isolate the transmit and receive antennas
using techniques such as directional antennas, shielding, and cross-polarization. Active
methods exploit the fact that a node has knowledge of its transmitted signal to suppress
the interference using techniques such as temporal or spatial cancellation [40].

The development of loop interference cancellation techniques has led to a signifi-
cant increase in interest in full-duplex (FD) relaying because of its potential to provide
increased capacity compared to half-duplex (HD) relaying [41–44]. The design and im-
plementation of a full-duplex WiFi-PHY based MIMO system that practically achieves
the theoretical doubling of throughput was presented in [10]. The key challenge is the
residual loop interference left after cancellation which translates into a decrease in the
signal-to-noise ratio (SNR). In [44], the achievable rate of a FD MIMO system was ana-
lyzed considering the effect of the residual LI.

Precoding can be employed in MIMO relay systems to enhance the system perfor-
mance [22, 25, 36, 42, 43, 45]. The optimal source and relay precoder and destination
combiner matrix designs for a linear AF uplink MIMO relay system were considered
in [22]. A robust design for AF MIMO relay systems with a direct link and imperfect
channel state information (CSI) was proposed in [45]. In [36], the optimal source and
relay precoder designs were considered for a multiuser MIMO AF relaying system with
direct links and imperfect CSI. Solutions were obtained for a HD system based on the
minimum mean squared error (MMSE) using an alternating optimization strategy. In
[37], joint precoding optimization for multiuser multi-antenna relay down links using
quadratic programming was studied in terms of maximizing the capacity.

The recent introduction of MIMO full-duplex systems [10] has led to research on pre-
coding for MIMO FD relay systems. A FD relay precoder design was presented in [42],
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and a comparison given of the capacity with HD and FD relaying. It was shown that a
FD system can achieve almost double the capacity of a HD system if there is no residual
loop interference. A low complexity FD MIMO relay system with joint ZF-based precod-
ing was developed in [25], but it was assumed that the relay employs multiple antennas
while the source and destination nodes have only single antennas. The ergodic capacity
with imperfect CSI was derived and zero-forcing (ZF) precoding was used to mitigate
the residual loop interference. A more practical FD AF relay network was investigated
in [46] considering the impact of loop interference. It was found that the capacity and
outage performance are improved as the transmit power at the source is increased. How-
ever, an increase in the relay transmit power results in an increase in the loop interference
which can degrade the capacity and outage performance. To the best of our knowledge,
the joint design of the source and relay precoders and the destination combiner matrices
has not been considered with FD relaying. Thus, this problem is considered here includ-
ing the effects of the residual loop interference (LI) caused by imperfect LI cancellation.

In this chapter, precoding design for a MIMO full-duplex (FD) relay communication
system is presented based on optimization of the source precoder, relay precoder and
destination combiner using the MMSE criterion. Different from the approaches in [25,
42], the mean squared error is minimized under transmit power constraints at the source
and relay nodes. Since the original optimization problem is non-convex and a closed-
form solution is intractable, the original problem is translated into subproblems which
can be solved iteratively. It is shown that this algorithm converges to a locally optimal
solution. Since the computational complexity of the proposed tri-step iterative algorithm
is high, a low complexity bi-step solution is given. Results are presented which show
that this bi-step solution provides performance comparable to that with tri-step iterative
algorithm. Such a complexity performance trade off is desirable for practical FD MIMO
relay communication systems. The achievable rate improvement with a FD relay over
that with a HD relay is also illustrated, along with the impact of residual loop interference.

The remainder of this chapter is organized as follows. In Section 2.2, the system
model of the precoding FD MIMO AF relay communication system is presented. The op-
timization problem based on the MMSE criterion is also given. Two iterative algorithms
are introduced in Section 2.3, and the corresponding achievable rate is given. Section 2.4
provides numerical results which demonstrate the performance improvements. Finally,
some conclusions are given in Section 2.5.
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2.2 System Model

A three node MIMO full-duplex (FD) relay system is considered where the direct link
between the source and destination is negligible due to large-scale fading and the long
distance between the two nodes. As shown in Fig. 2.1, the source and destination are
equipped with Ns and Nd antennas, respectively. A non-regenerative relay is employed
to amplify the signal from the source and forward it to the destination. The relay operates
in FD mode and employs Nr and Nt antennas to receive and transmit signals simulta-
neously. Thus, source to destination communications is accomplished in one time slot
compared to a HD system that requires two time slots.

Let s[n] ∈ CL×1 be the length L signal vector transmitted by the source at time n.
Without loss of generality, it is assumed that L ≤ min{Ns, Nd, Nt, Nr}. In addition, we
assume E[s[n]s[n]H ] = IL, where (·)H denotes conjugate transpose (Hermitian) and E(·)
represents expectation. Let Hsr ∈ CNr×Ns and Hrd ∈ CNd×Nt denote the source-to-relay
and relay-to-destination channel matrices, respectively.

Figure 2.1: The MIMO full-duplex (FD) relay system model.

As shown in Fig. 2.1, the source precoding matrix B[n] ∈ CL×Ns is applied to
s[n] and the resulting signal is sent to the relay. The received signal at the relay can be
expressed as

yr[n] = Hsr[n]B[n]s[n] + HLI [n]t[n] + nr[n], (2.1)

where HLI ∈ CNr×Nt denotes the loop interference (LI) channel matrix and nr ∈ CNr×1

is the noise vector at the relay. After employing a LI cancellation technique, (2.1) can be
written as

yr[n] = Hsr[n]B[n]s[n] + HLI [n]t[n] + T[n] + nr[n], (2.2)
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where T[n] = −HLI [n]t[n] when perfect LI cancellation is applied. However, in an
actual system T[n] = −HLI [n]t̃[n] where t̃[n] is a noisy version of t[n] due to imperfect
LI cancellation. Therefore, the received signal at the relay can be expressed as

yr[n] = Hsr[n]B[n]s[n] + HLI [n]∆t[n] + nr[n], (2.3)

where ∆t[n] = t[n]− t̃[n] and HLI [n]∆t[n] is the residual LI after imperfect LI cancella-
tion.

At time n+ 1, the FD relay amplifies the received signal with a relay precoder F[n+

1] ∈ CNr×Nt and then forwards the amplified signal to the destination immediately. The
resulting signal at the destination is

yd[n+ 1] = Hrd[n+ 1]F[n+ 1]Hsr[n]B[n]s[n] + Hrd[n+ 1]F[n+ 1]

×HLI [n]∆t[n] + Hrd[n+ 1]F[n+ 1]nr[n] + nd[n+ 1],
(2.4)

where F[n + 1] ∈ CNr×Nt is the relay precoder and nd ∈ CNr×1 is an independent and
identically distributed (i.i.d.) additive white Gaussian noise (AWGN) vector with zero
mean and unit variance. It is assumed that the channel variations during the precoder
update interval are relatively small and so can be ignored. Thus, the time index has no
influence on the precoder design. For simplicity, this index is omitted to obtain a more
concise expression for the received signal which can be written as [47]

yd = HrdFHsrBs + HrdFHLI∆t + HrdFnr + nd

= H̄s + n,
(2.5)

where H̄ = HrdFHsrB and n = HrdFHLI∆t+HrdFnr+nd are the equivalent channel
and noise matrices, respectively. ∆t can be modeled as white Gaussian noise [48] which
is independent of nr and nd. Consequently, the covariance matrix of n can be expressed
as

Cn = E[nnH ] = σ2
tHrdFHLIH

H
LIF

HHH
rd + HrdFFHHH

rd + INd
, (2.6)

where σ2
t is the variance of ∆t.

A combiner W ∈ CNr×L is employed at the destination and the resulting estimate of
the transmitted signal can be written as

ŝ = WHyd. (2.7)

Since i.i.d. AWGN with zero mean and unit variance is assumed, we have E[nrn
H
r ] =
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σ2
n,rINr and E[ndn

H
d ] = σ2

n,dINr , where σ2
n,r = 1 and σ2

n,d = 1 are the variances of nr

and nd, respectively. The problem now is how to design the linear precoders B and F at
the source and relay, and the linear combiner W at the destination, to minimize the mean
squared error (MSE) of the received signal at the destination which can be expressed as

MSE(B,F,W) = E[(ŝ− s)(ŝ− s)H ]

= (WHH̄− IL)(WHH̄− IL)H + WHCnW.
(2.8)

The corresponding optimization problem can be formulated as

min
B,F,W

MSE (2.9a)

s.t. tr(F(HsrBBHHH
sr + σ2

tHLIH
H
LI + INr)F

H) ≤ Pr (2.9b)

tr(BBH) ≤ Ps (2.9c)

where Ps > 0 and Pr > 0 are the power budget constraints at the source and relay
nodes, respectively. Unfortunately, the problem in (2.9) is non-convex, which makes
determining an optimal solution difficult. Thus in the following section two iterative
algorithms are developed to solve this optimization problem.

2.3 Solution of the Optimization Problem

2.3.1 Tri-step iterative algorithm

In this section, a tri-step algorithm [36, 45] is presented which is based on alternating
optimization that updates B, F and W individually while the others are fixed to solve the
convex subproblems. First, given B and F, the optimal combiner W can be obtained by
solving the unconstrained convex problem since W is independent of the constraints in
(2.9a). The optimal solution can then be obtained by taking the derivative of (2.9a) with
respect to W and setting it to zero. Solving ∂

∂W
MSE = 0 gives

W = (H̄H̄H + Cn)−1H. (2.10)

This solution is known as the Wiener filter [39].
Second, with W from (2.10) and given B, F can be obtained by solving the following

problem. Since B is known, the constraint in (2.9c) is eliminated so the optimization
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problem can be formulated as

min
F

tr((H̄rdFH̄sr − IL)(H̄rdFH̄sr − IL)H + WHCnW) (2.11a)

s.t. tr(F(H̄srH̄
H
sr + σ2

tHLIH
H
LI + INr)F

H) ≤ Pr, (2.11b)

where H̄rd = WHHrd and H̄sr = HsrB are the equivalent relay-to-destination and
source-to-relay MIMO channels, respectively. As the problem in (2.11) is convex [24],
the optimal relay precoder can be obtained by employing the KKT conditions [49]. The
Lagrangian of the problem can be expressed as

L = tr((H̄rdFH̄sr − IL)(H̄rdFH̄sr − IL)H + WHCnW)

+ µ(tr(F(H̄srH̄
H
sr + σ2

tHLIH
H
LI + INr)F

H)− Pr).
(2.12)

By differentiating L in (2.12) with respect to B and W and equating the result to zero,
the optimal F from (2.12) can be expressed as

F = H̄H
rd(H̄rdH̄

H
rd + µIL)−1H̄H

sr(H̄srH̄
H
sr + σ2

tHLIH
H
LI + INr)

−1, (2.13)

where µ ≥ 0 is the Lagrange multiplier which can be found from the complementary
slackness condition given by

µ(tr(F(HsrBBHHH
sr + σ2

tHLIH
H
LI + INr)F

H)− Pr) = 0. (2.14)

If µ = 0, we have from (2.13) that

F = H̄H
rd(H̄rdH̄

H
rd)
−1H̄H

sr(H̄srH̄
H
sr + σ2

tHLIH
H
LI + INr)

−1. (2.15)

Since in this case µ = 0 already satisfies µ ≥ 0, if F in (2.15) satisfies the constraint in
(2.11b), then (2.15) is a solution to the problem in (2.11).[] If µ > 0, then

tr(F(HsrBBHHH
sr + σ2

tHLIH
H
LI + INr)F

H) ≤ Pr. (2.16)

To find µ, substitute (2.13) into (2.16) and solve the following nonlinear equation

tr(H̄H
rd(H̄rdH̄

H
rd + µIL)−1H̄H

sr(H̄srH̄
H
sr + σ2

tHLIH
H
LI

+ INr)
−1 × H̄sr(H̄rdH̄

H
rd + µIL)−1H̄rd) = Pr.

(2.17)

Using the singular value decomposition (SVD) of H̄rd given by UΣVH where U ∈
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CL×L and V ∈ CNt×Nt are unitary matrices, Σ =

[
S 0

0 0

]
L×Nt

, and S =

diag{σ1, σ2, . . . , σL}, (2.17) can be expressed as

tr(Σ(Σ2 + µIL)−1UHH̄H
sr(H̄srH̄

H
sr + σ2

tHLIH
H
LI

+ INr)
−1 × H̄srU(Σ2 + µIL)−1Σ) = Pr.

(2.18)

Equation (2.18) can be shown to be equivalent to [36]

L∑
i=1

σ2
i γi

(σ2
i + µ)2

= Pr, (2.19)

where σi and γi are the main diagonal elements of Σ and Γ, respectively. We have that
Γ = UHH̄H

sr(H̄srH̄
H
sr + σ2

tHLIH
H
LI + INr)

−1H̄srU. A technique such as the bisection
method can be used to find µ since the left hand side of (2.19) is monotonically decreasing
with respect to µ [49].

The third subproblem is to optimize the source precoder B given the previously ob-
tained W and F. It is obvious that updating the source precoder can affect the power
constraint at the relay. Thus, the relay power constraint (2.11b) should be included, so
(2.9a) is written as

MSE = tr((WHH− IL)(WHH− IL)H + WHCnW)

= tr((Q1B− IL)(Q1B− IL)H + Ψ1)

= tr(Q1BBHQH
1 )− tr(Q1B)− tr(BHQH

1 ) + Ψ2,

(2.20)

where Q1 = WHHrdFHsr, Ψ1 = WH(HrdFFHHH
rd +σ2

tHLIH
H
LI + INr)W and Ψ2 =

tr(Ψ1) + tr(IL). Using the matrix identities tr(CTD) = (vec(C))Tvec(D), tr(AB) =

tr(BA), tr(AHBAC) = (vec(A))H(CT ⊗B)vec(A) and vec(CD) = (I⊗C)vec(D)

gives

tr(Q1BBHQH
1 ) = (vec(B))Hvec(QH

1 Q1B)

= (vec(B))H(INt ⊗ (QH
1 Q1))(vec(B))

= bH(INt ⊗ (QH
1 Q1))b,

(2.21)

and
tr(Q1B) = (vec(QT

1 ))Tb, (2.22)
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where b = vec(B). Equation (2.20) can then be written as

MSE = bH(INt ⊗ (QH
1 Q1))b− (vec(QH

1 ))Hb− bH(vec(QH
1 )) + Ψ2

= bHΩ1b− cH1 b− bHc1 + Ψ2

= (bHΩ
1
2
1 − cH1 Ω

− 1
2

1 )(Ω
1
2
1 b−Ω

− 1
2

1 c1) + Ψ3,

(2.23)

where Ω1 = bd(INt ⊗ (QH
1 Q1)), c1 = (vec(QH

1 )), Ψ3 = Ψ2− cH1 Ω−1
1 c1, bd(·) denotes a

block-diagonal matrix, Ω
1
2
1 Ω

1
2
1 = Ω1 and Ω

1
2
1 = Ω

H
2

1 . The power constraint in (2.9b) can
be formulated as

tr(F(HsrBBHHH
sr + σ2

tHLIH
H
LI + INr)F

H) ≤ Pr

= tr(Q2BBHQH
2 ) + tr(F(σ2

tHLIH
H
LI + INr)F

H)

= bH(INt ⊗ (QH
2 Q2))b + tr(F(σ2

tHLIH
H
LI + INr)F

H)

= bHΩ2b + tr(F(σ2
tHLIH

H
LI + INr)F

H) ≤ Pr,

(2.24)

where Q2 = FHSR and Ω2 = bd(INt ⊗ (QH
2 Q2)).

The original problem in (2.9) is equivalent to the following convex quadratically con-
strained quadratic program (QCQP) problem

min
b

(Ω1

1
2 b−Ω

− 1
2

1 c1)H(Ω
1
2
1 b−Ω

− 1
2

1 c1) + Ψ3 (2.25a)

s.t. bHΩ2b ≤ P̄r (2.25b)

bHDb ≤ Ps (2.25c)

where P̄r = Pr−tr(F(σ2
tHLIH

H
LI+INr)F

H) and D = bd(IL). A QCQP problem can be
solved efficiently using the disciplined convex programming toolbox CVX [50]. A proof
of the convexity of a problem similar to (2.25a) was given in [24]. Since Ψ3 in (2.25a) is
a constant, it does not affect the optimization, so the QCQP problem can be rewritten as

min
b

(Ω
1
2
1 b−Ω

− 1
2

1 c1)H(Ω
1
2
1 b−Ω

− 1
2

1 c1) (2.26a)

s.t. bHΩ2b ≤ P̄r (2.26b)

bHDb ≤ Ps (2.26c)

a) Iterative algorithm and convergence

The proposed tri-step iterative algorithm is summarized in Algorithm 1 below. This
algorithm can be shown to converge as follows. It is obvious that the three subproblems
are convex. It then follows that each update of B, F and W will decrease or at least not
increase the value of the objective function, and thus the iterative algorithm converges to
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a locally optimum solution.

Algorithm 1 Iterative Algorithm to Design B, F and W

1: Initialize the algorithm with B(0) =
√

Ps

L
IL and F(0) =√

Pr

tr(HsrB(0)(HsrB(0))H+INr )
INr and set i = 0.

2: Update W(i) using F(i) and B(i) using (2.10).
3: Update F(i+1) using W(i) and B(i) using (2.13) and (2.19).
4: Update B(i+1) using W(i) and F(i+1) by solving the problem (2.26).
5: If (MSE(i) −MSE(i+1))/MSE(i) > ε, go to step 2.
6: End

2.3.2 Bi-step iterative algorithm

The tri-step iterative algorithm presented in Section 2.3.1 provides good performance
as verified in Section 2.4, but has high computational complexity. In this section, an
iterative algorithm is developed which has a lower computational complexity than the
tri-step algorithm. It was proven in [22] and [39] that the optimal precoding solution for
one-way relaying is to first parallelize the channels between the source and the relay and
between the relay and the destination using singular value decomposition (SVD), and
then match the eigenchannels in the two hops. Substituting (2.10) into (2.8), the MSE in
(2.8) becomes a function of B and F given by

MSE = tr{[INd
+ H̄C−1

n H̄H ]−1} (2.27)

Therefore, the optimization problem can be formulated as

min
F,B

tr{[INd
+ H̄C−1

n H̄H ]−1} (2.28a)

s.t. tr(F(HsrBBHHH
sr + σ2

tHLIH
H
LI + INr)F

H) ≤ Pr (2.28b)

tr{BBH} ≤ Ps. (2.28c)

In the bi-step algorithm, the source and relay matrices are updated alternately. First,
for a given source matrix B satisfying (2.28c), the optimal relay matrix F can be found
by solving the following problem

min
F

tr{[INd
+ H̄C−1

n H̄H ]−1} (2.29a)

s.t. tr(F(HsrBBHHH
sr + σ2

tHLIH
H
LI + INr)F

H) ≤ Pr (2.29b)
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Define the following SVDs

H̄sr = HsrB = UsΛsV
H
s , (2.30)

Hrd = UrΛrV
H
r . (2.31)

Similar to the approach in [24], the relay precoder can be expressed as

F = VrΛfU
H
r , (2.32)

where Λf is an L×L diagonal matrix. Substituting (2.30), (2.31) and (2.32) into (2.29a),
the MSE can be written as

MSE = tr{[INd
+ (ΛrΛfΛs)(ΛrΛfΛHLI

ΛfΛr

+ ΛrΛfΛfΛr + IND
)−1(ΛrΛfΛs)]

−1},
(2.33)

where ΛHLI
= UH

s (σ2
tHLIH

H
LI)Us. Clearly ΛHLI

is not diagonal, so solving the opti-
mization problem directly is difficult. However, a tractable upper bound on the MSE can
be considered to simplify the problem. Defining C = ΛrΛfΛHLI

ΛfΛr + ΛrΛfΛfΛr +

IND
and D = ΛrΛfΛs, the MSE in (2.33) becomes

MSE = tr{[IL + DC−1D]−1}

= tr{IL − (IL + D−1CD−1)−1},
(2.34)

where the matrix inversion lemma (I + A−1)−1 = I − (I + A)−1 has been used. Since
for any positive definite square matrix A, it has tr{A−1} ≥

∑
i[A(i, i)]−1 [39], we have

MSE ≤ IND
−

L∑
i

[(IL + D−1CD−1)(i, i)]

= tr{IL − (IL + D−1ΛCD−1)}

= tr{[IL + DΛ−1
C D]−1}.

(2.35)

Therefore, the upper bound on the MSE is

MSEµ = tr{[INd
+ (ΛrΛfΛs)(ΛrΛfΛ̃HLI

ΛfΛr

+ ΛrΛfΛfΛr + INd
)−1(ΛrΛfΛs)]

−1},
(2.36)

where Λ̃HLI
is a diagonal matrix that contains the diagonal entries of ΛHLI

. A similar
approach can be applied to the constraint in (2.29b). Then the original optimization
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problem can be written as

min
λfi

L∑
i=1

(
1 +

λ2
si
λ2
ri
λ2
fi

1 + λ2
ri
λ2
fi

(λ2
HLIi

+ 1)

)
(2.37a)

s.t.
L∑
i=1

λ2
fi

(λ2
si

+ λ2
HLIi

+ 1) ≤ Pr (2.37b)

where λsi , λri , λfi , and λHLIi
are the ith main diagonal elements of Λs, Λr, Λf , and

ΛHLI
, respectively. This optimization problem can be solved by employing the KKT

conditions. The problem in (2.37) has a water-filling solution which is given by

λfi =
1

λri

[
1

λ2
si

+ 1 + λ2
HLIi

(
λsiλri

[λ2
si

+ (1 + λ2
HLIi

)µ]
1
2

− 1

)+] 1
2

, (2.38)

where for real valued number x, (x)+ = max(x, 0) and µ ≥ 0 is the solution of the
nonlinear problem

L∑
i=1

1

λ2
ri

[(
λsiλri

[λ2
si

+ (1 + λ2
HLIi

)µ]
1
2

− 1

)+] 1
2

= Pr. (2.39)

Since (2.39) is a monotonically decreasing function of µ, it can be efficiently solved using
the bisection method [49].

Next, fixing the relay precoder from (2.32) and applying the matrix identity tr{[Im +

Am×nBn×m]−1} = tr{[In + Bn×mAm×n]−1} + m − n, the objective function (2.29a)
can be rewritten as

MSE = tr{[IL + H̄C−1
n H̄H ]−1}

= tr{[IL + H̄HH̄C−1
n ]−1}+Ns −Nd

= tr{[IL + C
− 1

2
n HrdFHsrBBHHH

srF
HHH

rd ×C
− 1

2
n ]−1}+Ns −Nd

= tr{[IL + H̃QH̃H ]−1}+Ns −Nd.

(2.40)

where H̃ = C
− 1

2
n HrdFHsr and Q = BBH . The optimal B is B = ΘΛ

1
2 Φ where

ΘΛΘH is the eigenvalue decomposition (EVD) of Q, and Φ is an arbitrary L×L unitary
matrix. The optimization problem in (2.28) can now be formulated as

min
Q

tr{[INd
+ H̃QH̃H ]−1}

s.t. tr{Q} ≤ Ps

tr{HH
srF

HFHsrQ} ≤ P̄r.

(2.41)
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where P̄r = Pr−tr{σ2
tFHLIH

H
LIF

H+FFH}. Introducing a positive semidefinite (PSD)
matrix X that satisfies

[INd
+ H̃QH̃H ]−1 � X, (2.42)

and using the Schur complement [49], the problem in (2.41) can be converted to the
following equivalent SDP problem

min
Q

tr{X}

s.t.

[
X INd

INd
INd

+ H̃QH̃H

]
� 0

tr{Q} ≤ Ps

tr{HH
srF

HFHsrQ} ≤ P̄r

tr{Q} � 0

(2.43)

An SDP problem can be solved efficiently using the disciplined convex programming
toolbox CVX [50].

a) Iterative algorithm and convergence

The proposed bi-step iterative algorithm is summarized in Algorithm 2 below. This
algorithm can be shown to converge as follows. It is obvious that the two subproblems
are convex. It then follows that each update of B, F will decrease or at least not increase
the value of the objective function, and thus the iterative algorithm converges to a locally
optimum solution.

Algorithm 2 Iterative Algorithm to Design B, F and W

1: Initialize the algorithm with B(0) =
√

Ps

L
IL and set i = 0.

2: Solve (2.37) to obtain Λf and substitute into (2.32) to obtain the relay precoder F(i).
3: Solve the problem (2.43) to obtain B(i).
4: If (MSE(i) −MSE(i+1))/MSE(i) > ε, go to step 2.
5: End

b) Achievable rate

The achievable rate for the model (2.5) can be obtained using an approach similar to
that in [42] and is written as

R = log2 det [INr +
Ps
Nt

(HrdFHsrB)(HrdFHsrB)H

×(σ2
tHLIH

H
LI + HrdFFHHH

rd + INr)
−1
]
,

(2.44)



21

where det(·) denotes determinant.

2.4 Numerical Results

In this section, the performance of the proposed precoding algorithm for a full-duplex
(FD) MIMO relay system is examined and compared with that of a half-duplex (HD) re-
lay system. The HD algorithm is the same as the proposed FD algorithm but with no
LI. The achievable rate of the HD system is half that of the FD system without residual
LI since it requires two time slots for source to destination data transmission. Simi-
lar to the related literature, a flat fading environment is considered where the estimated
channel matrices Hsr, HLI , and Hrd are composed of i.i.d. complex Gaussian random
variables with zero mean and unit variance. The signal-to-noise ratios (SNRs) of the
source-to-relay and relay-to-destination channels are SNRs−r = Ps

Ns
and SNRr−d = Pr

Nt
,

respectively. For simplicity, it is assumed that perfect channel state information (CSI) is
available for all channels. As discussed in [10], the residual LI can vary from 0 dB to 15

dB larger than the channel noise. Therefore, the residual LI levels considered here are
0 dB, 5 dB and 10 dB. All results given are averaged over 1000 trials with independent
channel realizations. In all cases, results are given for an average of 1000 independent
channel realizations. Note that the optimization procedure for the HD system mentioned
in this chapter is as the same as the proposed FD system except residual LI term and the
achievable rate for the HD system is dropped by half than FD system since two time slots
are required for the transmission between the source and destination.

Fig. 2.2 presents the MSE of the proposed tri-step iterative method versus SNRs−r

with SNRr−d = 30 dB and Ns = Nr = Nt = Nr = L = 2. The convergence tolerance
is set to ε = 0.00001 and the maximum number of iterations is 30. It is clear that the FD
system has a higher MSE than the HD system due to the existence of residual LI. Further,
the MSE increases as the residual LI level increases.

Fig. 2.3 presents the achievable rate of the HD and FD systems. The FD achievable
rate is twice the HD if the LI is canceled completely. The FD system outperform the HD
system in the high SNRs−r region for all levels of residual LI. Further, when the residual
LI level is 10 dB, the HD system outperforms the FD system only when SNRs−r < 10

dB.
Figs. 2.4 and 2.5 present the MSE and achievable rate with a fixed SNR of 30 dB

between the source and relay and an SNR between the relay and destination from 0 dB
to 30 dB. The MSE in Fig. 2.4 is better than that in Fig. 2.2 in the low SNRr−d region
because a higher transmit power results in greater residual LI. Fig. 2.5 shows that the
achievable rate of the FD system is always higher than that of the HD system for the
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Figure 2.2: Tri-step algorithm MSE versus SNRs−r with SNRr−d = 30 dB.
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Figure 2.3: Tri-step algorithm achievable rate versus SNRs−r with SNRr−d = 30 dB.
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Figure 2.4: Tri-step algorithm MSE versus SNRr−d with SNRs−r = 30 dB.



25

0 5 10 15 20 25 30

SNR (dB)

5

10

15

20

25

30

35

A
ch

ie
va

bl
e 

R
at

e 
(b

ps
/H

z)

Achievable Rate HD
Achievable Rate FD no LI
Achievable Rate FD with LI = 0 dB
Achievable Rate FD with LI = 5 dB
Achievable Rate FD with LI = 10 dB

Figure 2.5: Tri-step algorithm achievable rate versus SNRr−d with SNRs−r = 30 dB.
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residual LI levels considered.
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Figure 2.6: Bi-step algorithm MSE versus SNRr−d with SNRs−r = 30 dB.

Figs. 2.6 and 2.7 present the MSE and achievable rate for the proposed bi-step algo-
rithm with a fixed SNR of 30 dB between the source and relay and an SNR between the
relay and destination from 0 dB to 30 dB. In Fig. 2.6, the HD system has better MSE
performance than the FD system through all the residual SNR region. Fig. 2.7 shows the
achievable rate of the proposed bi-step algorithm. The achievable rate of the FD system
is greater than that of the HD system for all values of residual LI.

Fig. 2.8 presents the achievable rate for the proposed tri-step and bi-step algorithms.
This shows that achievable rate of the bi-step algorithm is comparable to that of the tri-
step algorithm. Table 2.1 compares the number of iterations required for convergence
with a tolerance ε = 10−3 for both algorithms. The number of antennas is Ns = Nr =

Nt = Nd = 2. The source transmit power is fixed at 30 dB and the SNR of the relay to
destination link varies from 0 dB to 30 dB. These results show that the bi-step algorithm
requires fewer iterations and so has lower computational complexity. This performance-
complexity trade off is an important consideration in the design of practical MIMO FD
relay communication systems.
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Figure 2.7: Bi-step algorithm achievable rate versus SNRr−d with SNRs−r = 30 dB.
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Table 2.1: Average Number of Iterations Required for Convergence for the One-Way
System

SNRrdi (dB) 0 5 10 15 20

Tri-Step Algorithm 4 6 10 11 15
Bi-Step Algorithm 2 4 4 6 6

2.5 Conclusions

In this chapter, a locally optimal source and relay precoding and destination combiner
design problem was proposed for MIMO FD AF relay communication systems. To make
the optimization problem tractable, two efficient MMSE algorithms were developed to
obtain the source and relay precoding, and destination combining, matrices. The tri-step
iterative algorithm gives optimal solutions to the three corresponding subproblems, while
the bi-step iterative algorithm provides optimal solutions to the two corresponding sub-
problems. The convergence of the algorithms was examined, and the effect of the resid-
ual loop interference at the relay on the achievable rate was evaluated. Simulation results
were presented which demonstrate that both algorithms outperform the corresponding
HD relay system in terms of achievable rate and MSE.
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Chapter 3

Precoding Design for Two-Way MIMO
Full-Duplex Amplify-and-Forward
Relay Communication Systems

In the previous chapter, a one-way MIMO full-duplex amplify-and-forward relay
communication system has been proposed and analyzed. In contrast to the one-way re-
laying, two-way relaying is a highly efficient scheme to realize the information exchange
between two node. Different from the one-way relaying, the two-way relay node re-
ceives signals from all source nodes simultaneously and then broadcasts the forwarding
signals to all destination nodes. To further improve the spectral efficiency, this chapter
considers a two-way multiple-input multiple-output (MIMO) full-duplex (FD) amplify-
and-forward (AF) relay by exploiting the physical layer network coding (PNC) technique.

3.1 Introduction

MULTIPLE-input multiple-output (MIMO) relay communication systems have been
extensively investigated in recent years because they can enhance capacity by

increasing coverage and reliability [34]. In an amplify-and-forward (AF) relay system,
the relay node amplifies the received signal and then forwards the amplified signal to
the destination node. Since the relay only performs amplification, the complexity of this
strategy is much lower than decode and forward (DF), which is a regenerative relaying
scheme. In half-duplex (HD) relay systems [22, 43, 51], communications from the source
to destination requires two time slots so the source node transmits only half of the time,
which limits the spectral efficiency.

In contrast to one-way relaying which needs four time slots to exchange information
between two nodes, two-way relaying only needs two time slots to complete a round



31

of information exchange. Therefore, two-way relaying has a higher spectral efficiency
than one-way relaying. Physical-layer network coding (PNC) which exploit the self-
information at the nodes has been used with two-way relaying [52–56]. There are two
steps in HD two-way relaying communications. First, the nodes transmit their signals to
the relay node during the multiplexing access (MAC) phase. Then the relay node broad-
casts (BC) the received signal to the two nodes. Each node can cancel the interference
they generate from the signal received from the relay to recover the signal transmitted by
the other node.

In [52], a novel two-way relaying scheme which approaches the sum capacity of the
MIMO cellular two-way relay channel was investigated. In order to achieve efficient
interference-free decoding at the relay, a new non-linear lattice-based precoding tech-
nique was used to compensate for the inter stream interference. The sum capacity of
the proposed system was asymptotically achieved in the high signal-to-noise ratio (SNR)
region. The trade off between the capacity and diversity-multiplexing of the two-way re-
lay channel was examined in [53]. An iterative algorithm was proposed to maximize
the achievable rate with AF relaying subject to minimum signal-to-interference-and-
noise ratio (SINR) constraints. An energy efficient two-way AF relaying system with
multiple antennas at both the sources and relay was presented in [54]. The transmit
power was minimized while satisfying the quality of service (QoS) requirements of both
sources. Transmit beamformers and receive combiners were designed with a zero forc-
ing (ZF) based relay precoding matrix. In [55], it was shown that the optimal diversity-
multiplexing gain trade off can be achieved by a compress-and-forward (CF) strategy in
which the relay quantizes its received signal and transmits the corresponding codeword.

Multiple-input multiple-output (MIMO) can be employed to improve the transmis-
sion reliability and enhance the channel capacity of a wireless communication system.
Employing MIMO in a two-way relaying system is an efficient way to increase the per-
formance over single antenna systems. In order to fully realize the benefits of MIMO
two-way relaying, precoding should be employed at both the source nodes and relay
node by making use of channel state information (CSI) [24, 39, 57–60]. In [57], a non-
linear precoder design was presented for a MIMO two-way relay system using minimum
mean squared error (MMSE) decision feedback equalizers. The design first considers the
nonlinear source precoding at the two sources with a fixed relay precoder, and then con-
siders the joint precoder design to incorporate the relay precoder. In [58], a constrained
optimization problem with respect to the relay precoder was formulated for the general
case of multiple relays each with multiple antennas. Under the assumption that com-
plete CSI is available at the relays, the problem was converted to a convex optimization
problem with respect to only the non-zero entries of the relay precoder matrix, which
leads to a closed-form relay precoding solution. In [59], a low-complexity joint beam-
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forming and power management scheme was proposed. The beamformer first aligns the
channel matrices of the node pairs and then decomposes the aligned channel into parallel
subchannels. It was shown that the proposed joint scheme gives improved sum capacity
performance and can be used to lower the required transmit power. Two iterative algo-
rithms were proposed in [24] for joint source and relay precoder design based on the MSE
criterion in a MIMO two-way relay system. In this system, two multiple antenna source
nodes exchange information with the help of a multiple antenna amplify-and-forward re-
lay node. In [60], the problem of precoder design to suppress co-channel interference in
a multiuser two-way relay system was considered. The uplink performance including the
overall MSE and sum rate was optimized while maintaining individual downlink SINR
requirements.

While most of the results in the literature focus on half-duplex relay systems
[24, 39, 55–60], the development of new signal processing techniques and antenna de-
signs has made FD relaying in MIMO systems a reality [10, 40]. A full-duplex AF
relaying system under Nakagami-m fading was considered in [46] and closed-form ex-
pressions for the outage probability and ergodic capacity were derived. In [61], an inter-
ference suppression scheme was investigated to mitigate the residual LI and interference
in a multi-user FD relaying system. Rather than applying HD in two-way relaying as
in [24, 39, 55–60], a two-way FD relay design was presented in [62]. It was shown
that FD relaying can achieve almost double the capacity of HD relaying if there is no
residual LI. In [63], distributed space-time coding was investigated for a two-way FD
relaying network which allows relay communications in both directions simultaneously.
The direct source to destination link was also considered. A two-way FD relaying system
with residual LI was presented in [64]. Exact and approximate closed-form expressions
were given for the outage probability with both perfect and imperfect channel state in-
formation (CSI). A joint precoder/combiner design that maximizes the end-to-end (e2e)
performance was investigated in [25]. ZF LI suppression at the relay was considered
and a closed-form solution was obtained. In [65], rate and outage probability trade offs
were examined for full-duplex one-way and two-way relaying systems considering the
residual LI.

An algorithm was presented in [28] to maximize the e2e performance by jointly op-
timizing the beamforming matrix at an AF relay and the transmit power at the source.
If multiple antennas are employed at both the source and destination sides, it has been
shown that the channel sum rate increases linearly with the minimum number of antennas
[24]. In contrast to [28] which employs only a single antenna at the source and destina-
tion, this chapter considers a MIMO FD two-way relaying system where the source, re-
lay and destination have multiple antennas. Further, the AF protocol with physical layer
network coding is employed. As this is a FD system, the residual loop interference at
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the relay is considered. Since the transmission power at the source nodes are low, the
residual LI at the source nodes is assumed very small and can be ignored. The source
precoders, relay precoder and destination combiners are optimized using the MSE crite-
rion. Since the original optimization problem is non-convex and a closed-form solution
is intractable, it is translated into three subproblems which can be solved iteratively. It
is shown that this algorithm converges to an optimal solution. Since the computational
complexity of the proposed tri-step iterative algorithm is high, a low complexity bi-step
iterative approach is obtained. Results are presented which show that this bi-step iterative
algorithm provides performance comparable to that with the tri-step iterative algorithm,
so the complexity-performance trade off is favorable. The sum achievable rate improve-
ment with FD relaying over HD relaying is illustrated, and the effects of the residual LI
are examined.

The remainder of this chapter is organized as follows. In Section 3.2, the system
model of the MIMO two-way full-duplex relay system is introduced, and the problem
formulation is presented in Section 3.3. Two iterative algorithms for solving the pro-
posed optimization problem are developed in Section 3.4. The sum mean squared error
(MSE) performance, sum achievable rate and complexity of the proposed algorithms are
analyzed in Section 3.5. Numerical results are presented to demonstrate the performance
improvement with FD relaying and precoding. Finally, some conclusion are given in
Section 3.6.

3.2 System Model

R

...

R

...

Figure 3.1: The MIMO two-way FD AF relay system model.

We consider a three node, two-way MIMO full-duplex (FD) relay system. As shown
in Fig. 3.1, two source nodes want to exchange messages via a relay R. Source S1 is
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equipped with Ns1 antennas for transmitting and another group with the same number
of antennas for receiving. Source S2 is equipped with Ns2 antennas for transmitting and
another group with the same number for receiving. The relay node works in full-duplex
(FD) mode with physical layer network coding [28], which has Nr and Nt antennas
to receive and transmit, respectively. This non-regenerative relay amplifies the received
signals from both source nodes and then broadcasts the resulting signal to the destinations
simultaneously. Therefore, communications between the two source is accomplished in
one time slot compared to a half-duplex (HD) system that requires two time slots. Note
that in the two-way relay system, the source nodes are the destination nodes during the
relay broadcast phase.

Let si[n] ∈ CL×1 represents the L × 1 signal vector transmitted at time n for node
i, i = 1, 2. Without loss of generality, we assume that L ≤ min{NSi

, Nt, Nr}, i = 1, 2.
In addition, it is assumed that E[si[n]si[n]H ] = IL, where (·)H represents conjugate
transpose (Hermitian) and E denotes expectation. A linear precoding matrix Bi[n] is
applied to the signal vector si[n] before transmission. The received signal at the relay can
be expressed as

yR[n] = HS1R[n]B1[n]s1[n] + HS2R[n]B2[n]s2[n] + HLI [n]t[n] + nR[n], (3.1)

where HSiR[n] ∈ CNr×Nsi is the ith source to relay channel matrix, HRSi
∈ CNsi×Nt

is the relay to ith destination channel matrix, HLI [n] ∈ CNr×Nt is the loop interference
(LI) channel matrix, and nr[n] ∈ CNr×1 is an independent and identically distributed
(i.i.d.) additive white Gaussian noise (AWGN) matrix. After employing a LI cancellation
technique, (3.1) can be written as

yR[n] = HS1R[n]B1[n]s1[n] + HS2R[n]B2[n]s2[n] + HLI [n]t[n] + T[n] + nR[n], (3.2)

where T[n] = −HLI [n]t[n] when perfect LI cancellation is applied. However, in an
actual system T[n] = −HLI [n]t̃[n] where t̃[n] is a noisy version of t[n] due to imperfect
LI cancellation. As discussed in [66], yR[n] can be rewritten as

yR[n] = HS1R[n]B1[n]s1[n] + HS2R[n]B2[n]s2[n] + HLI [n]∆t[n] + nR[n], (3.3)

where ∆t[n] = t[n]− t̃[n] and HLI [n]∆t[n] is the residual LI after imperfect LI cancella-
tion.

At time n + 1, the full-duplex relay applies a precoding matrix F[n + 1] ∈ CNt×Nt

to the received signal and then broadcasts the result to the nodes. The received signal at
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node i can be expressed as

yi[n+ 1] =HRSi
[n+ 1]F[n+ 1]yR[n] + nDi

[n+ 1]

=HRSi
[n+ 1]F[n+ 1]HSiR[n]Bi[n]si[n] + HRSi

[n+ 1]F[n+ 1]

×HSīR[n]Bī[n]sī[n] + HRSi
[n+ 1]F[n+ 1]HLI [n]∆t[n]

+ HRSi
[n+ 1]F[n+ 1]nR[n+ 1] + nDi

[n],

(3.4)

where ī = 2 if i = 1 and ī = 1 if i = 2.
Similar to [60], we assume that the channel characteristics of each link change very

slowly so they can be perfectly estimated using pilot symbols or training sequences. The
channel HSiR at the relay can be estimated by Si sending a training sequence. The
LI channel HLI can be estimated at the relay by sending an Nt-symbol pilot sequence.
Although channel reciprocity does not hold exactly, as discussed in [22, 24, 28, 58] for
the purposes of analysis it can be assumed to hold during the MAC and BC phases so that
HSiR = HT

RSi
. Thus, the back propagated self-interference term HRSi

FHSiRBisi from
(3.4) can be canceled. Further, we assume that the channel variations during the precoder
update interval are relatively small so the time index has no influence on the precoder
design and can be omitted. Therefore, a more concise expression for (3.4) is

yi = HRSi
FHSīRBīsī + HRSi

FHSiRHLI∆t + HRSi
FnR + nDi

(3.5)

A combiner Wi ∈ CNsī
×L is employed on the received signal at node i, so the esti-

mated signal from node ī received by node i can be written as

ŝī = WH
i yi. (3.6)

Since i.i.d. AWGN with zero mean and unit variance is assumed, E[nRnHR ] = σ2
n,rINr

and E[nDi
nHDi

] = σ2
n,dINSi

, where σ2
n,r = 1 and σ2

n,d = 1 are the variances of nR and nDi
,

respectively. The problem now is how to design the linear precoders Bi and F and the
linear combiners Wi to minimize the sum mean squared error (SMSE) of the received
signals at the destinations.

3.3 Problem Formulation

In this section, we first formulate the joint source and relay precoding optimization
problem to minimize the SMSE in the MIMO two-way relay system. Considering the
received signal (3.5) and the estimated signal after applying the linear combiner (3.6),
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the MSE at node i can be expressed as

Ji = E[(ŝī − sī)(ŝī − sī)
H ]

= tr{(WH
i HRSi

FHSīRBī − INSi
)(WH

i HRSi
FHSīRBī − INSi

)H

+ WH
i Cni

Wi},

(3.7)

where Cni
= σ2

tHRSi
FHLIH

H
LIF

HHH
RSi

+HRSi
FFHHH

RSi
+INDi

, and σ2
t is the variance

of ∆t.
The problem is to find the matrices F,Bi,Wi such that the SMSE at the two destina-

tions is minimized. The optimization problem can be formulated as

min
Bi,F,Wi,i=1,2

J1 + J2 (3.8a)

s.t. tr

(
F

(
2∑
i=1

HSiRBiB
H
i HH

SiR
+ σ2

tHLIH
H
LI + INr

)
FH

)
≤ Pr (3.8b)

tr
(
BiB

H
i

)
≤ Pi (3.8c)

where Pi > 0 and Pr > 0 are the power constraints at source node i and the relay node,
respectively.

3.4 The Proposed Iterative Algorithms

The original optimization problem in (3.8) is non-convex and a closed-form solution
is intractable. Thus, in this section two algorithms are proposed to solve this problem.
One is a tri-step iterative algorithm and the other is a bi-step iterative approach with lower
computational complexity.

3.4.1 Tri-step Algorithm

In this subsection, a tri-step algorithm [22, 24], is presented which is based on alter-
nating optimization that updates one group of precoders at a time while fixing the others
to solve the corresponding convex subproblems to obtain Bi, F and Wi. First, given
B1, B2 and F, we find the optimal combining matrices W1 and W2. Since the power
constraints in (3.8b) and (3.8c) are not related to the destination combiners W1 and W2,
the optimization problem is unconstrained and so is given by

min
Wi,i=1,2

JW1 + JW2 (3.9)
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where

JWi
= tr{WH

i HRSi
FHSīRBīB

H
ī HH

SīR
FHHH

RSi
Wi + INSi

−WH
i HRSi

FHSīRBī −BH
ī HH

SīR
FHHH

RSi
Wi + WH

i Cni
Wi}.

(3.10)

Differentiating JWi
with respect to Wi and setting the result to zero, the optimal combin-

ing matrix can be expressed as

Wi = (HRSi
FHSīRBīB

H
ī HH

SīR
FHHH

RSi
+ Cni

)−1HRSi
FHSīRBī, i = 1, 2. (3.11)

This solution is also known as a Wiener filter [22].
Second, the optimal relay precoding matrix F is obtained by assuming Wi and Bi,

i = 1, 2, are fixed and solving the optimization problem

min
F

J1 + J2

s.t. tr(FKxF
H) ≤ Pr

(3.12)

where Kx =

(
2∑
i=1

HSiRBiB
H
i HH

SiR
+ σ2

tHLIH
H
LI + INr

)
, i = 1, 2. The MSE at Si is

Ji = tr(HH
RSi

WiW
H
i HRSi

FHSīRBīB
H
ī HH

SīR
FH −HSīRBīW

H
i HRSi

F

−HH
RSi

WiB
H
ī HH

SīR
FH + HH

RSi
WiW

H
i HRSi

FFH

+ WiW
H
i + σ2

tH
H
RSi

WiW
H
i HRSi

FHLIH
H
LIF

H + IL)

= tr(HH
RSi

WiW
H
i HRSi

FKxīF
H −HSīRBīW

H
i HRSi

F

−HH
RSi

WiB
H
ī HH

SīR
FH + σ2

nr
HH
RSi

WiW
H
i HRSi

FFH

+ WiW
H
i + σ2

tH
H
RSi

WiW
H
i HRSi

FHLIH
H
LIF

H + IL)

(3.13)

where Kxī = HSīRBīB
H
ī HH

SīR
. As with similar problems [24], (3.13) is convex so

the optimal relay precoder can be obtained by employing the KKT conditions. The La-
grangian function of (3.13) is

L = J1 + J2 + λ(tr(FKxF
H)− Pr), (3.14)

where λ ≥ 0 is the Lagrange multiplier. Differentiating L respect to F with Bi and Wi
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fixed and equating the result to zero gives

∂L
∂F

= HH
RS1

W1W
H
1 HRS1FKx2 −HH

RS1
W1B

H
2 HH

S2R

+ HH
RS2

W2W
H
2 HRS2FKx1 −HH

RS2
W2B

H
1 HH

S1R
+ λFKx

+ HH
RS1

W1W
H
1 HRS1F(σ2

tHLIH
H
LI + INr)

+ HH
RS2

W2W
H
2 HRS2F(σ2

tHLIH
H
LI + INr)

= Kr1F(Kx2 + σ2
tHLIH

H
LI + INr) + Kr2F(Kx1 + σ2

tHLIH
H
LI + INr)

−Kr + λFKx = 0,

(3.15)

where Kr = HH
RS1

W1B
H
2 HH

S2R
+ HH

RS2
W2B

H
1 HH

S1R
, Kr1 = HH

RS1
W1W

H
1 HRS1 and

Kr2 = HH
RS2

W2W
H
2 HRS2 . From the properties of the vector operators vec(AXB)) =

(BT ⊗A)vec(X) and vec(A + B) = vec(A) + vec(B), so we have

((Kx2 + σ2
tHLIH

H
LI + INr)

T ⊗Kr1)vec(F)

+ ((Kx1 + σ2
tHLIH

H
LI + INr)

T ⊗Kr2)vec(F) = vec(Kr).
(3.16)

The optimal solution is then

F = mat{[(Kx2 + σ2
tHLIH

H
LI + INr)

T ⊗Kr1

+ (Kx1 + σ2
tHLIH

H
LI + INr)

T ⊗Kr2 + (λKH
x )T ⊗ INr ]

−1vec(Kr)},
(3.17)

where mat{·} is the inverse operation of vec(·). In the case λ = 0, we have

F = mat{[(Kx2+σ2
tHLIH

H
LI+INr)

T⊗Kr1+(Kx1+σ2
tHLIH

H
LI+INr)

T⊗Kr2 ]−1vec(Kr)},
(3.18)

and
λ(tr(FKxF

H)− Pr) = 0. (3.19)

If F in (3.18) satisfies the condition in (3.19), then (3.18) is the optimal relay precoder.
Otherwise, let λ > 0 so that

tr(FKxF
H) ≤ Pr, (3.20)

and substituting (3.17) into (3.20) and solving the resulting nonlinear equation gives

tr(FKxF
H) = Pr. (3.21)

In this case, F decreases with λ because of the inverse in (3.17). The optimal λ that
satisfies tr(FKxF

H) = Pr can then be readily obtained using numerical methods such
as bisection search.
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An upper bound on λ can be found by following an approach similar to that in [24].
Let Kr = E1 + E2 where E1 = Kr1F(Kx2 + σ2

tHLIH
H
LI + INr) + Kr2F(Kx1 +

σ2
tHLIH

H
LI + INr) and E2 = λFKx = 0. If F and λ are the optimal primal and dual

solutions of (3.8), respectively, then

F =
1

λ
E2K

−1
x , (3.22)

and

tr(FKxF
H) = tr(

1

λ2
E2K

−1
x KxK

−1
x EH

2 ) = tr(
1

λ2
E2K

−1
x EH

2 ) = Pr. (3.23)

On the other hand, if λ > 0 we have

tr

(
1

λ2
KrK

−1
x KH

r

)
= tr(

1

λ2
(E1 + E2)K−1

x (E1 + E2)H)

= tr(
1

λ2
E1K

−1
x EH

1 ) + tr(
1

λ2
E2K

−1
x EH

2 )

+ tr(
1

λ2
E1K

−1
x EH

2 ) + tr(
1

λ2
E2K

−1
x EH

1 )

(3.24)

Applying the matrix property that if Z1 ≥ 0 and Z2 ≥ 0 then tr(Z1Z2) ≥ 0 gives
tr( 1

λ2 E2K
−1
x EH

2 )

≥ 0, so that
tr(E1F

H) = tr(Kr1FKx2F
H + Kr2FKx1F

H) ≥ 0 (3.25)

tr(E1F
H) = tr(

1

λ2
E1K

−1
x EH

2 ) ≥ 0 (3.26)

tr(
1

λ2
E2K

−1
x EH

1 ) ≥ 0 (3.27)

Since all the terms in (3.24) are greater than or equal zero, it can be concluded that

tr(
1

λ2
KrK

−1
x KH

r ) ≥ Pr. (3.28)

Now, we have λ ≤
√

KrK
−1
x KH

r

Pr
which is an upper bound on λ.

Third, the optimal source precoders Bi, i = 1, 2, are derived using the previously
obtained F and Wi. From (3.8b), updating the source precoder can affect the power
constraint at the relay. Thus the relay power constraint in (3.8b) should be included, so
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(3.8) is rewritten as

min
Bi,i=1,2

JB1 + JB2

s.t. tr(BiB
H
i ) ≤ Pi

tr(
2∑
i=1

HH
SiR

FHFHSiRBiB
H
i ) ≤ P̄r

(3.29)

where P̄r = Pr − tr(F(σ2
tHLIH

H
LI + INr)F

H). Now let

KOi
= HH

SiR
FHFHSiR, (3.30)

JBi
= tr{KSi1BiB

H
i − 2<(KSi2Bī) + KSi3}, (3.31)

KSi1 = HH
SīR

FHHH
RSi

WiW
H
i HRSi

FHSiR, (3.32)

KSi2 = WH
i HRSi

FHSīR, (3.33)

KSi3 = WH
i Cni

Wi + INSi
. (3.34)

Applying the trace operator identity tr{ABCD} = (vec(D)T )T (CT ⊗A)vec(B) gives

JBi
= b̂Hī Ôib̂ī − 2<{âTi b̂ī}+ tr{KSi3}, i = 1, 2, (3.35)

where Ôi = IN ⊗ KSi1, âi = vec(KT
Si2

) and b̂i = vec(Bi). Because Ôi is positive
semidefinite (PSD), (34) can be transformed into

JBi
=‖ Ô

1
2
i b̂ī ‖2

2 −2<{âTi b̂ī}+ tr{KSi3}, i = 1, 2 (3.36)

To eliminate the <{·} operation, let bi = [<{b̂Ti },={b̂Ti }]T , i = 1, 2. This gives

JBi
= bTī Oibī − 2aTi bī + tr{KSi3}, i = 1, 2 (3.37)

where Oi = ÕT
i Õi with Õi =

[
<{Ô

1
2
i } −={Ô

1
2
i }

={Ô
1
2
i } <{Ô

1
2
i }

]
, ai =

[
<{âTi } −={âTi }

]T
, i =

1, 2. In addition, for the power constraints in (3.29) we have tr{BiB
H
i } = bTi Êibi with

Êi = I2L2×2L2 , i = 1, 2, and tr{Ko1B1B
H
1 + Ko2B2B

H
2 } = bH1 Ê3b1 + bH2 Ê4b2, where

Ê3 = ẼT
3 Ẽ3 and Ê4 = ẼT

4 Ẽ4 are positive semidefinite matrices with

Ẽ3 =

[
<{(IN ⊗KO1)

1
2} −={(IN ⊗KO1)

1
2}

={(IN ⊗KO1)
1
2} <{(IN ⊗KO1)

1
2}

]
, (3.38)



41

and

Ẽ4 =

[
<{(IN ⊗KO2)

1
2} −={(IN ⊗KO2)

1
2}

={(IN ⊗KO2)
1
2} <{(IN ⊗KO2)

1
2}

]
. (3.39)

The resulting optimization problem has the form

min
b

bTOb− aTb + tr{KS13 + KS23}

s.t. aTE1b ≤ P1,b
TE2b ≤ P2

aTE3b ≤ P̄r

(3.40)

where O =

[
O2 0

0 O1

]
, a = [2aT2 , 2aT1 ]T , b = [bT1 ,b

T
2 ]T , E1 =

[
Ê1 0

0 0

]
, E2 =[

0 0

0 Ê2

]
, and E3 =

[
Ê3 0

0 Ê4

]
. Note that the term tr{KS13 + KS23} does not affect

the result of the optimization problem and so can be ignored. Since E1, E2, E3 and O

are positive semidefinite, the problem can be transformed into a convex QCQP problem
and efficiently solved using CVX [50]. The algorithm to solve the original optimization
problem (3.8) is summarized in Algorithm 3.

Algorithm 3 Tri-Step Iterative Algorithm to Design Bi, F and Wi

1: Initialize the algorithm with B
(n)
i =

√
Psi

L
IL, F(n) =√

Pr

tr(
∑2

i=1 HSiR
B

(n)
i (HSiR

B
(n)
i )H+INr )

INr , i = 1, 2, and set n = 0.

2: Update W
(n)
i using (3.11) with F(n) and B

(n)
i .

3: Update F(n+1) using (3.17) and (3.28) with W
(n)
i and B

(n)
i .

4: Update B
(n+1)
i by solving the problem (3.40) using W

(n)
i and F(n+1).

5: If (SMSE(n) − SMSE(n+1))/SMSE(n) > ε, go to step 2.
6: End

3.4.2 Bi-step Algorithm

The tri-step iterative algorithm presented above provides good performance according
to the results presented in Section 3.5, but the computational complexity is high due
to the number of iterations required for convergence. In this section, a bi-step iterative
approach for source and relay precoding matrices design is presented which has a smaller
computational complexity than the tri-step algorithm. Applying the combiner (3.11) at
the destinations, the MSE of the signal estimate at node i in (3.7) is a function of Bi and
F given by

Ji = tr{[INSi
+ HiC

−1
ni

HH
i ]−1}, (3.41)
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where Hi = HRSi
FHSīRBī. Thus, the joint source and relay precoder optimization

problem for the proposed two-way full-duplex relaying system is

min
Bi,F,i=1,2

J1 + J2 (3.42a)

s.t. tr(F(
2∑
i=1

HSiRBiB
H
i HH

SiR
+ σ2

tHLIH
H
LI + INDi

)FH) ≤ Pr (3.42b)

tr(BiB
H
i ) ≤ Pi (3.42c)

In this iterative algorithm, the source and relay precoders are found by solving two convex
subproblems.

Assuming source matrices Bi satisfying (3.42c) are given, and eliminating the con-
straint in (3.42c), the relay matrix F is optimized by solving the following problem

min
F,i=1,2

J1 + J2 (3.43a)

s.t. tr(F(
2∑
i=1

HSiRBiB
H
i HH

SiR
+ σ2

tHLIH
H
LI + INDi

)FH) ≤ Pr (3.43b)

It was proven in [39] that the optimal precoding in one-way relaying has the channels
between the source and relay parallel. Then, singular value decomposition (SVD) can be
used between the relay and destination to match the eigenchannels in the two communi-
cation hops. Similar to the approach in [24], a heuristic channel parallelization method
for bidirectional communications can be employed which uses generalized singular value
decomposition (GSVD) for the MAC phase and SVD for the BC phase. Applying GSVD
for the MAC phase channel pair (HS1R)H , (HS2R)H gives

HS1R = VhΓh1U
H
h1
, (3.44)

HS2R = VhΓh2U
H
h2
, (3.45)

where Vh is a nonsingular Nr × Nr complex matrix, UH
h1

and UH
h2

are L × L unitary
matrices, and Γh1 = [0T(Nr−L)×L,Λ

T
h1

]T and Γh2 = [ΛT
h2
,0T(Nr−L)×L]T where Λh1 and

Λh2 are L× L nonnegative diagonal matrices.
For the BC phase, since the superimposed signal is simultaneously transmitted to the

two nodes, a virtual point-to-point MIMO channel Hrs = [(HRS1)T , (HRS2)T ]T can be
established. Employing SVD on Hrs gives

Hrs = VgΓgU
H
g , (3.46)
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where Vg and Ug are 2Nr × 2Nr and Nt × Nt unitary matrices, respectively, Γg =

[ΛT
g ,0

T
(2Nr−Nt)×Nt

]T , and Λg is an Nt × Nt nonnegative diagonal matrix. Employing
SVD on HRS1 and HRS2 gives

HRS1 = Vg1ΓgU
H
g (3.47)

HRS2 = Vg2ΓgU
H
g (3.48)

where Vg1 = Vg(1 : Nr, 1 : 2Nr) and Vg2 = Vg(Nr + 1 : 2Nr, 1 : 2Nr). Note that
Vg1 and Vg2 are not unitary matrices. Based on the solution of a similar problem in [24,
(29)], the optimal relay precoding matrix obtained by solving problem (3.43) is

F = UgΛFV−1
h , (3.49)

and the ith source precoder is

Bi = UhiΛBi
VBi

, i = 1, 2. (3.50)

Substituting (3.47) and (3.48) in (3.41) gives

Ji = tr{[IL + (HRSi
FHSīRBī)(σ

2
tHRSi

FHLIH
H
LIF

HHH
RSi

+ HRSi
FFHHH

RSi
+ IDi

)−1(HRSi
FHSīRBī)

H ]−1}.
(3.51)

Due to the similarity between J1 and J2, we focus on the derivation of J1 and the
results for J2 can be obtained using the same approach. Substituting (3.44)-(3.50) in
(3.51) gives

J1 = tr{[INs1
+ (Vg1ΓgΛFΓh2ΛB2V

H
B2

)H(Vg1ΓgΛFV−1
h (σ2

tHLIH
H
LI + INr)

×V−Hh ΛH
F ΓH

g VH
g1

+ IND1
)−1(Vg1ΓgΛFΓh2ΛB2V

H
B2

)]−1}
(3.52)

Denoting BhLI
= V−1

h (σ2
tHLIH

H
LI + INr)V

−H
h and Bgi = (VgiV

H
gi

)−1 gives

J1 = tr{[IL + (ΛB2Γh2ΛFΓg)(ΓgΛFBhLI
ΛFΓg + Bg1)−1(ΓgΛFΓh2ΛB2)]−1}

(3.53)

It is obvious that the MSE covariance matrix in (3.53) is not diagonal since BhLI
is an

non-diagonal matrix. To solve this issue, let C = ΓgΛFBhLI
ΛFΓg + Bg1 , and D =
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ΛB2Γh2ΛFΓg gives

J1 = tr{[IL + DC−1D]−1}

= tr{IL − (IL + D−1CD−1)−1},
(3.54)

where the matrix inversion lemma (I + A−1)−1 = I− (I + A)−1 has been applied. Since
tr{A−1} ≥

∑
i[A(i, i)]−1 for any positive definite square matrix A, we have

J1 ≤ IL −
L∑
i=1

[(IL + D−1CD−1)(i, i)]

= tr{IL − (IL + D−1ΛcD
−1)−1}

= tr{[IL + DΛ−1
c D]−1},

(3.55)

so the upper bound on J1 is

J1 ≤ Ju1 = tr{[IL + (ΓgΛFΓh2ΛB2)(ΓgΛFΛBhLI
ΛFΓg

+ ΛBg1
)−1(ΓgΛFΓh2ΛB2)]−1}

(3.56)

where ΛBhLI
and ΛBg1

are diagonal matrices containing the diagonal entries of BhLI

and Bg1 , respectively. Now the upper bound in (3.56) has a diagonal structure, so the
precoders can be obtained by minimizing this bound. Assuming Pk = Λ2

k for k ∈
{h1, h2, F, g, B2, B2}, the upper bound in (3.56) can be reformulated as

Ju1 =
L∑
n=1

(
1 +

pngp
n
h2
pnFp

n
B2

λnBg1
+ pngp

n
Fλ

n
BhLI

)−1

, (3.57)

where the pnk are the diagonal entries of Pk and λnk f k ∈ {Bg1 , Bg2 , B1, B2, BhLI
} are

the diagonal entries of Λk. The precoder design can then be simplified to the following
optimization problem

min
pF

Ju1 + Ju2 (3.58a)

s.t.
L∑
n=1

pnF (pnh1
pnB1

+ pnB2
pnh2

+ λnBhLI
) ≤ Pr (3.58b)

This problem is convex and thus can be solved using the KKT conditions. The La-



45

grangian function of (3.58) is

L =
L∑
n=1

[
λnBg1

+ pngp
n
Fλ

n
BhLI

λnBg1
+ pngp

n
Fλ

n
BhLI

+ pngp
n
h2
pnFp

n
B2

+
λnBg2

+ pngp
n
Fλ

n
BhLI

λnBg2
+ pngp

n
Fλ

n
BhLI

+ pngp
n
h1
pnFp

n
B1

]

+ µ

[
L∑
n=1

pnF (pnh1
pnB1

+ pnB2
pnh2

+ λnBhLI
)− Pr

]
,

(3.59)

where µ ≥ 0 is the Lagrange multiplier. Taking the derivative with respect to pnF gives

∂L
∂pnF

=
2∑
i=1

−(λnBgi
pnhīp

n
gp

n
Bī

)

(λnBgi
+ pngp

n
Fλ

n
BhLI

+ pngp
n
hī
pnFp

n
Bī

)2

+ µ(pnh1
pnB1

+ pnB2
pnh2

+ λnBhLI
) = 0

(3.60)

and the complementarity condition can be expressed as

µ

[
L∑
n=1

pnF (pnh1
pnB1

+ pnB2
pnh2

+ λnBhLI
)− Pr

]
= 0. (3.61)

From (3.60) and (3.61)
pnF = max[0,Root(fn)],∀n, (3.62)

where Root(fn) denotes the maximum real root of

fn = µ(pnh1
pnB1

+ pnB2
pnh2

+ λnBhLI
) =

2∑
i=1

λnBgi
pnhīp

n
gp

n
Bī

(λnBgi
+ pngp

n
Fλ

n
BhLI

+ pngp
n
hī
pnFp

n
Bī

)2
, (3.63)

and µ should be chosen to satisfy

L∑
n=1

pnF (pnh1
pnB1

+ pnB2
pnh2

+ λnBhLI
) = Pr. (3.64)

Equation (3.64) can be efficiently solved numerically as follows.
In order to find the optimal solution for the relay precoder F in (3.49), ΛF must

be found. The diagonal entries of ΛF are given by pnF from (3.62), and (3.63) can be
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expressed as

fn = µ(pnh1
pnB1

+ pnB2
pnh2

+ λnBhLI
)−

λnBg1
pnh2

pngp
n
B2

[λnBg1
+ pnF (pngλ

n
BhLI

+ pnh2
pngp

n
B2

)]2

−
λnBg2

pnh1
pngp

n
B1

[λnBg2
+ pnF (pngλ

n
BhLI

+ pnh1
pngp

n
B1

)]2
= 0.

(3.65)

This can be rewritten as

fn = (pnF )4[T n(Sn1 )2(Sn2 )2)] + (pnF )3[T n(2Rn
2 )(Sn1 )2Sn2 + (2Rn

1 )(Sn2 )2Sn1 ]

+ (pnF )2[T n((Rn
1 )2(Sn2 )2 + (Sn1 )2(Rn

2 )2 + 4Rn
1R

n
2S

n
1S

n
2 )−Qn

1 (Sn2 )2 −Qn
2 (Sn1 )2]

+ (pnF )[T n(2(Rn
1 )2Rn

2s
n
2 + 2Rn

1 (Rn
2 )2sn1 )− (2Qn

1R
n
2s

n
2 + 2Qn

2R
n
1s

n
1 )]

+ T n(Rn
1 )2(Rn

2 )2 −Qn
1 (Rn

2 )2 −Qn
2 (Rn

1 )2 = 0
(3.66)

where T n = µ(pnh1
pnB1

+ pnB2
pnh2

+ λnBhLI
), Qn

1 = λnBg1
pnh2

pngp
n
B2

, Qn
2 = λnBg2

pnh1
pngp

n
B1

,
Rn

1 = λnBg1
, Rn

2 = λnBg2
, Sn1 = pngλ

n
BhLI

+ pnh2
pngp

n
B2

and Sn2 = pngλ
n
BhLI

+ pnh1
pngp

n
B1

. pnF
is the maximum real root of the polynomial in (3.66). The precoder F in (3.49) is then
obtained using ΛF .

The next task is to obtain Bi using the optimal relay precoder F from (3.49). Using
the identity

tr{[Im + Am×nBn×m]−1} = tr{[In + Bn×mAm×n]−1}+m− n,

the objective function (3.41) can be expressed as

Ji = tr{[IL + HH
i C−1

ni
Hi]

−1}+Nt − L

= tr{[IL + C
− 1

2
ni HiH

H
i C

− 1
2

ni ]−1}+Nt − L

= tr{[IL + C
− 1

2
ni HRSi

FHSīRBīB
H
ī HH

SīR
FHHH

RSi
C
− 1

2
ni ]−1}

= tr{[IL + FiQīF
H
i ]−1},

(3.67)

where Cni
= σ2

tHRSi
FHLIH

H
LIF

HHH
RSi

+ HRSi
FFHHH

RSi
+ INDi

, Qi = BīB
H
ī and

Fi = C
− 1

2
ni HRSi

FHSīR. Using the above results, the original optimization problem can
be transformed into

min
Qi

tr{[IL + F1Q2F
H
1 ]−1}+ tr{[IL + F2Q1F

H
2 ]−1} (3.68a)

s.t. tr{(Q1(HH
S1R

FHFHS1R) + (Q2(HH
S1R

FHFHS1R)} ≤ P̄r (3.68b)

tr{BiB
H
i } ≤ Pi (3.68c)
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where P̄r = Pr − tr(F(σ2
tHLIH

H
LI + INr)F

H).
We now introduce positive semidefinite (PSD) matrices X1 and X2 that satisfy

[IL + F1Q2F
H
1 ]−1 ≤ X1, (3.69a)

[IL + F2Q1F
H
2 ]−1 ≤ X2, (3.69b)

and using the Schur complement gives[
X1 IL

IL IL + F1Q2F
H
1

]
� 0, (3.70a)[

X2 IL

IL IL + F2Q1F
H
2

]
� 0, (3.70b)

where X � 0 means that X is PSD. Since the sum of two PSD matrices with the same
dimensions is still PSD, let X = X1 + X2 so that problem (3.68) can be converted to the
following positive semidefinite programming optimization problem

min
Qi,X

tr{X} (3.71a)

s.t.

[
X1 IL

IL IL + F1Q2F
H
1

]
� 0 (3.71b)[

X2 IL

IL IL + F2Q1F
H
2

]
� 0 (3.71c)

tr{(Q1(HH
S1R

FHFHS1R) + (Q2(HH
S2R

FHFHS2R)} ≤ P̄r (3.71d)

tr{Qi} ≤ Pi (3.71e)

Qi ≥ 0, i = 1, 2 (3.71f)

The CVX software package [50] can be used to solve problem (3.71). Then the original
source and relay precoding optimization problem given in (3.42) can be solved with the
iterative algorithm given in Algorithm 4.

Algorithm 4 Bi-Step Iterative Algorithm to Design Bi and F

1: Initialize the algorithm with B
(n)
i =

√
Psi

L
IL, i = 1, 2, and set n = 0.

2: F(n) is first solved with (3.49) and (3.62) using B
(n)
i .

3: Update the subproblem (3.71) using F(n) to obtain B
(n+1)
i .

4: If (SMSE(n) − SMSE(n+1))/SMSE(n) > ε, go to step 2.
5: End
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a) Convergence Analysis

The tri-step algorithm can be shown to converge as follows. It is obvious that the
subproblems are convex. It then follows that each update of Bi, F and Wi will decrease
or at least not increase the value of the objective function, and thus the iterative algorithm
converges to at least a local optimum solution. Similarity, the two subproblems in the
bi-step algorithm are convex. It then follows that each update of Bi and F will decrease
or at least not increase the value of the objective function, and thus the bi-step iterative
algorithm also converges to at least a local optimum solution.

b) Complexity Comparison

The number of iterations required for convergence for the two algorithms is given
in Table 3.1 for the same tolerance ε = 0.001. The parameters used are Ns1 = Ns2 =

Nt = Nr = 2 and SNRs−r = 30 dB with SNRr−d set to 0, 5, 10, 15, 20, 25 and 30 dB.
The residual loop interference level is set to 10 dB. These results shows that the proposed
tri-step algorithm requires a larger number of iterations when the SNR is high. When the
SNR is 10 dB or less, the algorithms require a similar number of iterations, but the results
for this region are not important as the performance is poor. Comparing the performance
and complexity of the two algorithms, the bi-step algorithm provides a good trade off
between performance and computational complexity.

Table 3.1: Average Number of Iterations Required for Convergence for the Two-Way
System

SNRrdi (dB) 0 5 10 15 20 25 30

Tri-Step Algorithm 4 8 8 12 16 21 24
Bi-Step Algorithm 4 8 8 8 11 11 12

3.5 Simulation Results

In this section, the performance of the proposed optimization algorithms is studied
through numerical simulation. A frequency-flat block-fading channel is considered as
in the related literature and the system employs Orthogonal Frequency Division Multi-
plexing (OFDM) for broadband transmission over multi path channels, so the transmitted
signal represent narrowband sub-carriers. Therefore, flat-fading MIMO channels are con-
sidered. The entries of HSiR and HRSi

are identically and independent distributed (i.i.d.)
complex Gaussian random variables with zero mean and unit variance, and the entries of
HLI are i.i.d. complex Gaussian random variables with zero mean and variance σ2

LI .
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The received signal-to-interference-plus-noise ratio (SINR) at node S1 is

Θ1 =

Ps1

Nt1
‖HRS1FHS2R‖

2

σ2
t ‖HRS1FHLI‖2 + ‖HRS1F‖

2 + IND1

, (3.72)

and the received SINR at node S2 is

Θ2 =

Ps2

Nt2
‖HRS2FHS1R‖

2

σ2
t ‖HRS2FHLI‖2 + ‖HRS2F‖

2 + IND2

. (3.73)

The achievable rates are given by R1 = log2 det[INr +Θ1] and R2 = log2 det[INr +Θ2],
respectively, where det(A) denotes the determinant of A. Therefore, the sum achievable
rate of the proposed two-way FD relay system can be written as Rsum = R1 +R2.

The performance of the proposed precoding algorithms for a two-way MIMO full-
duplex relaying system is examined in terms of the sum mean squared error (SMSE)
and the sum achievable rate. The results are compared with those of the corresponding
half-duplex (HD) relay system. Note that the precoding algorithms for the HD system
are the same as for the FD system except that the residual LI term is zero. Further,
the achievable rate for the HD system is reduced by half because two time slots are
required for information exchange between the two nodes. The signal-to-noise ratios
(SNRs) of the source-to-relay and relay-to-destination channels are SNRsi−r =

Psi

Nt
and

SNRr−di = Pr

Mr
, respectively. For simplicity, it is assumed that perfect channel state

information (CSI) is available for all channels. Further, Ns1 = Ns2 = Nt = Nr = 2

is assumed in all simulations. The extension to the case with more than 2 antennas is
straightforward. All the results are averaged over 1000 trials with independent channel
realizations. As discussed in [10], the residual LI can vary from 0 dB to 15 dB larger than
the channel noise. Therefore, the residual LI levels considered here are 0 dB, 5 dB and
10 dB. The convergence tolerance for the tri-step iterative algorithm is set to ε = 1e−6

and the maximum number of iterations is 30.
Fig. 3.2 presents the SMSE of the proposed tri-step iterative method versus SNRs−r

with SNRr−d = 30 dB. It is clear that the FD system has a higher SMSE than the HD
system due to the existence of residual LI. Further, the SMSE increases as the residual
LI level increases. Fig. 3.3 presents the achievable rate of the HD and FD systems. The
FD system sum achievable rate is twice that of the HD system when the LI is canceled
completely. The FD system outperform the HD system in the region when SNRs−r ≥ 17

dB for all levels of residual LI. Further, when the residual LI level is great than 5 dB,
the HD system outperforms the FD system only when SNRs−r < 10 dB. The HD system
outperform the FD system when the residual LI is great than 10 dB and SNRs−r < 17

dB.
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Figure 3.2: Tri-step algorithm SMSE versus SNRsi−r with SNRr−di = 30 dB.
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Figure 3.3: Tri-step algorithm sum achievable rate versus SNRsi−r with SNRr−di = 30
dB.
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Figs. 3.4 and 3.5 present the SMSE and sum achievable rate with a fixed SNR of 30

dB between the source and relay and an SNR between the relay and destination from 0

dB to 30 dB. The SMSE in Fig. 3.4 is better than that in Fig. 3.2 in the low SNRr−d

region because a higher transmit power at the relay results in greater residual LI. Fig. 3.5
shows that the sum achievable rate of the FD system is always higher than that of the HD
system for the residual LI levels considered.

0 5 10 15 20 25 30

SNR (dB)

10-2

10-1

100

101

S
M

S
E

SMSE HD
SMSE FD LI = 0 dB
SMSE FD LI = 5 dB
SMSE FD LI = 10 dB

Figure 3.4: Tri-step algorithm SMSE versus SNRr−di with SNRsi−r = 30 dB.

Figs. 3.6 and 3.7 present the SMSE and achievable rate for the proposed bi-step
algorithm with a fixed SNR of 30 dB between the source and relay and an SNR between
the relay and destination from 0 dB to 30 dB. In Fig. 3.6, the HD system has better SMSE
than the FD system for all residual LI levels. The SMSE of the FD system is degraded
as the residual LI level increases. Fig. 3.7 shows that the sum achievable rate of the FD
system is greater than that of the HD system for all values of residual LI.

Fig. 3.8 presents the sum achievable rate for the proposed tri-step and bi-step iterative
algorithms. This shows that sum achievable rates of the two algorithms are comparable.
This performance-complexity trade off is an important consideration in the design of
practical MIMO FD relay communication systems.
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Figure 3.5: Tri-step algorithm sum achievable rate versus SNRr−di with SNRsi−r = 30
dB.
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Figure 3.6: Bi-step algorithm SMSE versus SNRr−di with SNRsi−r = 30 dB.
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Figure 3.7: Bi-step algorithm sum achievable rate versus SNRr−di with SNRsi−r = 30
dB.
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3.6 Conclusion

In this chapter, a locally optimal source and relay precoding and destination combiner
design was considered for MIMO two-way FD relay communication systems. To make
the optimization problem tractable, two efficient MSE based algorithms were developed
to obtain the source and relay precoding and destination combining matrices. The tri-step
iterative algorithm provides optimal solutions to the three corresponding subproblems,
while the bi-step iterative algorithm provides optimal solutions to the two corresponding
subproblems. The convergence of the algorithms was examined, and the effect of the
residual loop interference at the relay on the sum achievable rate was evaluated. Sim-
ulation results were presented which demonstrate that both algorithms outperform the
corresponding HD relay system in terms of sum achievable rate and SMSE.
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Chapter 4

Precoding Design for Multiuser MIMO
Full-Duplex Amplify-and-Forward
Relay Communication Systems

In the previous chapter, a precoding in two-way full-duplex relaying systems has been
proposed and analyzed. In contrast to the one-way relaying, the two-way relaying is a
highly efficient scheme to realize the bi-directional information exchange. In this chapter,
precoding designs are investigated in two multiuser MIMO FD relay communication sys-
tems. The first is a uplink system where multiple users are at the transmit side. The other
one is a multiuser paired downlink FD relay system where multiple nodes are employed
at both transmit and receiver sides.

4.1 Uplink Communication Systems

This section considers the precoding matrix design for a multiuser multiple-input
multiple-output (MIMO) full-duplex (FD) uplink communication system with an amplify-
and-forward (AF) relay. The main problem in FD systems is the loop interference (LI),
and perfect LI cancellation is intractable so residual LI exists. Linear precoders are used
at the sources and relay, and a minimum mean-squared-error (MMSE) receiver is em-
ployed at the destination to reduce the influence of the residual LI. An iterative method is
developed to solve the non-convex joint source, relay, and receiver optimization problem.
Simulation results are presented which show that the proposed iterative source and relay
optimization algorithm provides better performance than existing half-duplex systems in
terms of the capacity under residual LI.
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4.1.1 Introduction

Multiple transmit and receive antenna wireless communication systems, known as
MIMO (multiple-input multiple-output) systems, were first devised in the 1970s [30].
Subsequently, MIMO technology has been shown to significantly improve the spectral
and energy efficiency of wireless systems. Complex wireless propagation environments
such as multi-path fading, shadowing and interference cause errors at the destination
receiver. To reduce these errors and improve performance, relay assisted cooperative
communication systems were investigated [60]. There has been significant research on
one way relay communication systems. In [67], an iterative algorithm was developed to
design the source and relay precoders and destination combiner for a single-user MIMO
relay system. The joint design of source and relay precoders in a two-way relay system
where both the source and relay nodes are equipped with multiple antennas was pre-
sented in [24]. In [22], joint transceiver optimization for a multiuser MIMO relay uplink
communication system was studied.

In [22, 24, 67], the signal is transmitted via the source to relay and then the relay
to destination links. Since source to destination transmission takes two time slots, the
capacity is reduced by half. Full-duplex (FD) MIMO relaying has been proposed to
increase the capacity compared to conventional half-duplex (HD) systems [68]. The
loop interference (LI) is a critical issue in FD systems because the relay transmits and
receives simultaneously. In general, the LI is much larger than the channel noise and so
can degrade the system performance significantly. Therefore, LI cancellation techniques
have been developed [69]. Temporal cancellation methods such as antenna isolation and
analog/digital precancellation have been shown to be effective [10, 12]. However, it is
impossible to cancel the LI completely, and the residual LI can still be larger than the
noise level.

This section presents a MIMO full-duplex relaying uplink communication system
with multiple users. Precoder design for the users and relay, and the linear combiner
design at the destination are investigated considering the residual LI. This is based on
minimizing the MSE of the received signal at the destination. An iterative method is
developed to update the source and relay precoding matrices and the linear combining
matrix at the destination.

The remainder of this section is organized as follows. Section 4.1.2 presents the
system model and the solution of the optimization problem is given in Section 4.1.3.
Simulation results are presented in Section 4.1.4 to demonstrate the effectiveness of this
solution, and finally some concluding remarks are given in Section 4.1.5.
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4.1.2 System Model

We consider a MIMO full-duplex (FD) relay system where the direct link between
the source and destination is negligible due to large-scale fading and the large distance
between the sources and destination nodes. As shown in Fig. 4.1, K users transmit to

User 1

User k

Des�na�on Node

Relay
Precoder: F

Figure 4.1: The multiuser MIMO full-duplex (FD) relay system model.

the destination with the help of a FD relay. The ith user and the destination are equipped
with Ni and Nd antennas, respectively. The FD relay node is equipped with Nr and Nt

antennas for receiving and transmitting simultaneously. Let si[n] denote the length Ni

signal vector at time n for source node i. The number of independent data streams from
all users isNb =

∑K
i=1 Ni. Without loss of generality, we assumeNb ≤ min(Nr, Nt, Nd).

A linear precoding matrix Bi is applied to the signal vector si before transmission. The
received signal at the relay can be expressed as

yr[n] =
K∑
i=1

Hi[n]Bi[n]si[n] + HLI [n]t[n] + nr[n], (4.1)

where Hi[n] ∈ CNr×Ni is the channel matrix between the ith user and relay, nr ∈ CNr×1

is the noise vector at the relay and HLI ∈ CNr×Nt is the loop interference (LI) channel
matrix. Equation (4.1) shows that the signal received at the relay is corrupted by LI, but
loop interference cancellation techniques can be employed. Then from [69], (4.1) can be
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rewritten as

yr[n] =
K∑
i=1

Hi[n]Bi[n]si[n] + HLI [n]t[n] + T[n] + nr[n], (4.2)

where T[n] = −HLI [n]t[n] when perfect LI cancellation is applied. However, in practi-
cal communication systems T[n] = −HLI [n]̃t[n], where t̃[n] is a noisy version of t[n], so
that

yr[n] =
K∑
i=1

Hi[n]Bi[n]si[n] + HLI [n]∆t[n] + nr[n], (4.3)

where ∆t[n] = t[n] − t̃[n] and HLI [n]∆t[n] is the residual LI after the imperfect loop
interference cancellation.

At time n+1, the full-duplex relay multiplies the received signal with a relay precoder
F[n + 1] ∈ CNr×Nt and immediately transmits this signal to the destination. The signal
at the destination can be expressed as

yd[n+ 1] = G[n+ 1]F[n+ 1]H̄[n]s[n] + G[n+ 1]F[n+ 1]HLI [n]∆t[n]

+ G[n+ 1]F[n+ 1]nr[n] + nd[n+ 1].
(4.4)

where H̄[n] = [H1[n]B1[n], . . . ,HK [n]BK [n]] is the equivalent multiple access MIMO
channel matrix of the source to relay link, and s[n] = [s1[n]T , . . . , sk[n]T ]T is the equiv-
alent transmitted signal vector where (·)T denotes vector transpose. Let E[ssH ] = INb

where, (·)H denotes matrix Hermitian transpose and E[·] denotes expectation. We assume
that the channel variation during the precoder update interval is relatively small and so
can be ignored. Thus, the time index has no influence on the precoder design. For sim-
plicity, this index is omitted to obtain a more concise expression for the received signal
in (4.4) which is

yd = GFH̄s + n

= Hs + n,
(4.5)

where H = [GFH1B1, . . . ,GFHkBK ], n = GFHLI∆t +GFnr +nd is the equivalent
noise vector, G is the Nd×Nt MIMO channel matrix between the relay and destination,
and nd ∈ CNd×Nb is the noise vector at the destination. ∆t can be modeled as white
Gaussian noise [48] which is independent of nr and nd. The corresponding covariance
matrix of n can be expressed as

Cn = E[nnH ] = σ2
tGFHLIH

H
LIF

HGH + GFFHGH + INd
, (4.6)
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where σ2
t is the variance of ∆t.

A linear combiner matrix W ∈ CNd×Nb is applied on the received signal at the desti-
nation and the resulting estimated signal is

ŝ = WHyd. (4.7)

The mean squared error can be expressed as

MSE(B,F,W) = E[(ŝ− s)(ŝ− s)H ] (4.8)

The optimization problem is to minimize the mean square error of the received signal at
the destination under the constraints of individual user power and relay power budget,
which can be expressed as

min
Bi,F,W

MSE (4.9a)

s.t. tr(F(
K∑
i=1

HiBiB
H
i HH

i + σ2
tHLIH

H
LI + INr)F

H) ≤ Pr (4.9b)

tr(BiB
H
i ) ≤ Psi , i = 1, . . . , K (4.9c)

4.1.3 Solution of the Optimization Problem

The problem in (4.9) is non-convex, which makes determining an optimal solution
difficult. Thus in this section, an iterative algorithm is developed to solve this optimiza-
tion problem. The source precoding matrix Bi, relay precoding matrix F and destination
combiner matrix W are determined to minimize the mean-squared-error (MSE) of the
signal estimate

MSE = tr((WHH− INb
)(WHH− INb

)H + WHCnW), (4.10)

A closed form solution for the optimization problem in (4.10) is intractable. Therefore,
an iterative algorithm is used to solve this problem by introducing three convex subprob-
lems.

Given the relay precoder F and ith source precoder Bi, the original optimization
problem becomes an unconstrained problem. The destination combiner can then be ob-
tained by taking the derivative of the MSE with respect to W, and the solution can be
expressed as

W = (HHH + Cn)−1H. (4.11)

Next, given the linear combiner W and Bi, F can be obtained by solving the following
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problem

min
F

tr((ḠFH̄− INb
)(ḠFH̄− INb

)H + ḠFFHḠH) (4.12a)

s.t. tr(F(H̄H̄H + σ2
tHLIH

H
LI + INr)F

H) ≤ Pr, (4.12b)

where Ḡ = WHG and H̄ = [H1B1, . . . ,HkBk]. The convexity of the problem in (4.12)
was proven in [22].

As in [22], the KKT conditions can be applied to the convex subproblem in (4.12).
Then the optimal relay precoder can be expressed as

F = ḠH(ḠḠH + µINb
)−1H̄H(H̄H̄H + σ2

tHLIH
H
LI + INr)

−1, (4.13)

where µ ≥ 0 is the Lagrange multiplier which can be found from the complementary
slackness condition given by

µ(tr(F(H̄H̄H + σ2
tHLIH

H
LI + INr)F

H)− Pr) = 0. (4.14)

If µ = 0, we have from (4.13) that

F = ḠH(ḠḠH)−1H̄H(H̄H̄H + σ2
tHLIH

H
LI + INr)

−1, (4.15)

Since in this case µ = 0 already satisfies µ ≥ 0, if F in (4.15) satisfies the constraint in
(4.12b), then (4.15) is a solution to the problem in (4.12). Otherwise, if µ > 0, then

tr(F(H̄H̄H + σ2
tHLIH

H
LI + INr)F

H) ≤ Pr. (4.16)

To find µ, substitute (4.13) into (4.16) and solve the following nonlinear equation

tr(ḠH(ḠḠH + µINb
)−1H̄H(H̄H̄H + σ2

tHLIH
H
LI + INr)

−1

× H̄(ḠḠH + µINb
)−1Ḡ) = Pr.

(4.17)

Using the singular value decomposition (SVD) of Ḡ given by UΣVH where U ∈

CNb×Nb and V ∈ CNt×Nt are unitary matrices, Σ =

[
O 0

0 0

]
Nb×Nt

, and O =

diag{σ1, σ2, . . . , σL}, (4.17) can be expressed as

tr(Σ(Σ2 + µINb
)−1UH H̄H(H̄H̄H + σ2

tHLIH
H
LI + INr)

−1

× H̄U(Σ2 + µINb
)−1Σ) = Pr.

(4.18)
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Equation (4.18) can be shown to be equivalent to [22]

Nb∑
i=1

σ2
i γi

(σ2
i + µ)2

= Pr, (4.19)

where σi and γi are the main diagonal elements of Σ and Γ, respectively. We have that
Γ = UHH̄H(H̄H̄H+σ2

tHLIH
H
LI+INr)

−1H̄U. A technique such as the bisection method
can be used to find µ since the left hand side of (4.19) is monotonically decreasing with
respect to µ [49].

In the third subproblem, the source precoder Bi can be determined using W and F

obtained above. The optimization problem can be reformulated as a convex quadratically
constrained quadratic program (QCQP) problem using the following steps. Using the
matrix identities

tr(CTD) = (vec(C))Tvec(D),

tr(AB) = tr(BA),

vec(CD) = (I⊗C)vec(D),

in (4.12) and Ai = WHGFHi, we have

tr(AiBiB
H
i AH

i ) = (vec(Bi))
Hvec(AH

i AiBi)

= (vec(Bi))
H(INb

⊗ (AH
i Ai))(vec(Bi))

= bHi (INb
⊗ (AH

i Ai))bi,

(4.20)

and

tr(WHGF[H1B1, . . . ,HKBK ])

= tr([A1B1, ...,AKBK ])

=
K∑
i=1

tr(AiiBi) =
K∑
i=1

(vec(AT
ii))

Tbi

(4.21)

where bi = vec(Bi), Aii is a matrix containing rows (
∑i−1

j=1Nj + 1) to (
∑i−1

j=1Nj) of
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Ai. The MSE can be written as

MSE = tr((WHGF(
K∑
i=1

HiBiB
H
i HH

i )FHGHW −WHGF[H1B1, . . . ,HKBK ]

− (WHGF[H1B1, . . . ,HKBK ])H + INb
+ WH(σ2

tGFHLIH
H
LIF

HGH

+ GFFHGH + INb
)W

=
K∑
i=1

bHi (INi
⊗ (AH

i Ai))bi −
K∑
i=1

(vec(AT
ii))

Tbi −
K∑
i=1

bHi vec(AH
ii ) + t

= bHAb− cHb− bHc + t,

(4.22)

where

t = tr(INb
+ WH(σ2

tGFHLIH
H
LIF

HGH + GFFHGH + INd
)W),

A = bd(IN1 ⊗ (AH
1 A1), . . . , INk

⊗ (AH
KAK)),

b = [bT1 , . . . ,b
T
K ]T ,

c = [(vec(AH
11))T , . . . , (vec(AH

KK))T ]T .

The MSE can be equivalently expressed as

MSE = bHA
1
2 A

1
2 b− cHA−

1
2 A

1
2 b− bHA

1
2 A−

1
2 c

+ cHA−
1
2 A−

1
2 c− cHA−1c + t

= (bHA
1
2 − cHA−

1
2 )(A

1
2 b−A−

1
2 c)− cHA−1c + t,

(4.23)

where A
1
2 A

1
2 = A and A

1
2 = A

H
2 . Note that the term −cHA−1c + t in (4.23) can be

eliminated since it is not related to b.
The original problem in (4.10) is equivalent to the following QCQP problem

min
b

(A
1
2 b−A−

1
2 c)H(A

1
2 b−A−

1
2 c) (4.24a)

s.t. bHCb ≤ P̄r (4.24b)

bHDb ≤ Psi , i = 1, . . . , K (4.24c)

where P̄r = Pr − tr(F(σ2
tHLIH

H
LI + INr)F

H), Ci = FHi, C = bd(INK
⊗

(CH
1 C1), . . . , IN1 ⊗ (CH

KCK)) and Di = bd(Di1,Di2, . . . ,DiK) with Dii = INi
and

Dij = 0, j = 1, . . . , K, j 6= i. A QCQP problem can be solved efficiently using the dis-
ciplined convex programming toolbox CVX[50]. A proof of the convexity of a problem
similar to (4.24a) was given in [22].

The proposed iterative algorithm is summarized in Algorithm 5. This algorithm can



66

be shown to converge as follows. It is obvious that the three subproblems are convex.
It then follows that each update of Bk, F and W will decrease or at least not increase
the value of the objective function, and thus the iterative algorithm converges to a locally
optimum solution.

Algorithm 5 Iterative Algorithm to Design Bk, F and W for the uplink model

1: Initialize the algorithm with B
(0)
k =

√
Psk

L
IL and F(0) =√

Pr

tr(
∑K

i=1 HiBiBH
i HH

i +σ2
tHLIH

H
LI+INr )

INr , and set n = 0.

2: Update W(n) using F(n) and B(n) using (4.11).
3: Update F(n+1) using W(n) and B(n) using (4.13) and (4.19).
4: Update B(n+1) using W(n) and F(n+1) by solving the problem in (4.24).
5: If (MSE(n) −MSE(n+1))/MSE(n) > ε, go to step 2.
6: End

4.1.4 Numerical Results

In this section, the performance of the proposed multiuser MIMO FD relay algorithm
is evaluated using numerical simulation. For simplicity, we consider a system with two
source users. The extension to more than two users is straightforward. We assume the
source nodes are equipped with two antennas and the destination node has four antennas.
The relay node is equipped with four receive antennas and four transmit antennas.

As in the related literature, a flat-fading MIMO channel model are considered. Thus,
the entries of Hi, G and HLI are independent and identically distributed (i.i.d.) complex
Gaussian random variables with zero mean and unit variance. Further, all noise terms are
i.i.d. complex circularly symmetric Gaussian random variables with zero mean and unit
variance. The signal to noise ratio (SNR) of the relay to destination link is fixed at 30

dB while the SNR of the source to relay link varies from 0 dB to 30 dB. As discussed in
[10], the minimum residual LI magnitude is 0 dB. Therefore, the residual LI is set to 0

dB, 5 dB and 10 dB here. In all cases, the average results for 1000 independent channel
realizations are given.

Fig. 4.2 presents the MSE for a conventional half-duplex system and a full-duplex
system with different levels of residual LI. It is clear that the HD system provides the
best MSE performance. Further, the FD MSE performance is degraded as the residual LI
level increases.

The achievable rate for the system in (5) can be obtained using an approach similar



67

0 5 10 15 20 25 30

SNR (dB)

0

0.5

1

1.5

2

2.5

3

3.5

M
S

E

MSE HD
MSE FD LI = 0 dB
MSE FD LI = 5 dB
MSE FD LI = 10 dB

Figure 4.2: MSE for the HD and FD systems with different levels of residual LI.
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to that in [42] which gives

R = log2 det [INd
+ (GFH̄)(GFH̄)H

×(σ2
tGFHLIH

H
LIF

HGH + GFFHGH + INd
)−1
]
.

(4.25)

Fig. 4.3 shows the achievable rate of the half- duplex and full-duplex systems. The FD
achievable rate is twice the HD achievable rate if the LI is canceled completely. Further,
the FD system achievable rate is higher than that of the HD system when the residual
LI magnitude is 0 dB and 5 dB. However, when the residual LI magnitude is 10 dB, the
achievable rate of the FD system is better only when the source SNR is greater than 20

dB.
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Figure 4.3: Achievable rate of the HD and FD relay systems with different levels of
residual LI.

The convergence of the proposed iterative algorithm is now considered. Since the
sub-problems are convex, it then follows that each update of Bi, F and W will decrease
or at least not increase the value of the objective function. Thus, the iterative algorithm
converges to a local optimum solution. Fig. 4.4 presents the normalized MSE of the
proposed algorithm versus the number of iterations at different levels of residual LI. The
transmit power is fixed at 30 dB for all transmitters and the SNR at the relay is 20 dB.
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This shows that good performance is achieved after 10 iterations, so it is suggested that
12 iterations be used with the proposed algorithm.
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Figure 4.5: MSE for the HD and FD relay systems with different levels of residual LI.

Figs. 4.5 and 4.6 present the normalized MSE and achievable rate with a fixed SNR of
30 dB between the transmitters and relay and an SNR between the relay and destination
from 0 dB to 30 dB. The MSE in Fig. 4.5 is better than in Fig. 4.2 in the low SNR
region because a higher transmit power results in more residual LI. Fig. 4.6 shows that
the achievable rate of the FD system is always higher than that of the HD system for
residual LI levels up to 10 dB.

4.1.5 Conclusions

In this section, the design of uplink precoders for a MIMO full-duplex (FD) relay
multiuser system with residual loop interference (LI) was investigated. The linear source
and relay precoding matrices and the destination combining matrix were optimized to
minimize the mean squared error (MSE). The original non convex problem was converted
into three convex subproblems and an iterative algorithm was used to optimize the source,
relay and destination matrices. Simulation results were presented which confirm that the
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proposed iterative method outperforms existing half-duplex (HD) relaying schemes in
terms of achievable rate and MSE.

4.2 Multiuser paired Downlink Communication Systems

This section investigates the precoding matrix design for a multiuser multiple-input
multiple-output (MIMO) full-duplex (FD) amplify-and-forward (AF) relay downlink
communication system where users simultaneously transmit data streams to other users
via a relay node. In a practical FD system, the loop interference (LI) cancellation at the
relay is imperfect so that residual LI exists. Linear precoders are used at the sources and
relay, and minimum mean-squared-error (MMSE) combiners are employed at the desti-
nations to reduce the effect of the residual LI. As the corresponding design problem is
non convex, a closed-form solution is intractable. Therefore, an iterative method is de-
veloped to solve the optimization problem. Simulation results are presented which show
that the proposed iterative algorithm provides better performance than the corresponding
half-duplex (HD) solution in terms of the achievable rate under residual LI.

4.2.1 Introduction

Multiple-input multiple-output (MIMO) relaying communication systems have been
the subject of considerable research due to their ability to improve the achievable rate and
coverage [37, 70–74]. A relay is employed between the source and destination so the sig-
nal is transmitted from the source to the relay and then from the relay to the destination.
The relay node can employ either the decode-and-forward (DF) or amplify-and-forward
(AF) protocols. AF simply amplifies the received signal and then forwards it, so it has
lower complexity than the DF protocol [23].

Precoding is a well known technique for interference mitigation. Joint precoding
optimization for a multiuser relay downlink system was investigated in [37]. The sum
achievable rate was maximized by using quadratic programming, but multiple antennas
are employed only at the relay. The performance can be improved by using multiple an-
tennas at the source and destination. Transceiver design for a multiuser non-regenerative
MIMO relay system with multiple antennas at both the source and destination was inves-
tigated in [70–74]. However, a half-duplex (HD) relay is employed, so the transmission
from source to destination requires two time slots, which limits the potential achievable
rate.

Recently, full-duplex (FD) relay systems have attracted attention because data trans-
mission can be completed in one time slot [10, 12, 23, 42, 75]. As a consequence, FD
MIMO relaying can increase the achievable rate compared to HD systems [10]. The
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loop interference (LI) is a critical issue because the relay transmits and receives simul-
taneously. In general, the LI is much larger than the channel noise and so can signifi-
cantly degrade performance. Therefore, LI cancellation techniques have been developed
[12]. Temporal cancellation methods such as antenna isolation and analog/digital pre-
cancellation have been shown to be effective. However, it is impossible to cancel the LI
completely, and the residual LI can still be larger than the noise level [66].

This section presents a MIMO FD relaying downlink communication system with
multiple source-destination pairs. Precoder design for the sources and relay, and the
linear combiner design at the destinations are investigated considering the residual LI
with the goal of minimizing the sum MSE of the received signals at the destinations. An
iterative algorithm is developed to update the source and relay precoding matrices and
the linear combining matrix at the destinations.

The remainder of this section is organized as follows. Section 4.2.2 presents the
system model and the solution of the optimization problem is given in Section 4.2.3.
Simulation results are presented in Section 4.2.4 to demonstrate the effectiveness of this
solution, and finally some concluding remarks are given in Section 4.2.5.

4.2.2 System Model

Consider a MIMO full-duplex (FD) relay system with K source-destination pairs
communicating simultaneously with the aid of a relay. The direct links between the
sources and destinations are assumed to be negligible due to large-scale fading and the
long distances between them. As shown in Fig. 4.7, the kth source-destination pair is
equipped with Nsk and Ndk antennas, respectively. The relay operates in FD mode and
employs Nr and Nt antennas to receive and transmit signals simultaneously. Thus, com-
munication between source-destination pairs is accomplished in one time slot compared
to a HD system that requires two time slots.

Let sk[n] represent the length d signal vector at time n for the kth source. A linear
precoding matrix Bk[n] is applied to sk[n] before transmission. The received signal at
the relay can be expressed as

yr[n] =
K∑
k=1

Hk[n]Bk[n]sk[n] + HLI [n]t[n] + nr[n], (4.26)

where Hk[n] ∈ CNr×Nsk denotes the channel between source k and the relay node,
HLI [n] ∈ CNr×Nt denotes the loop interference (LI) channels, and nr[n] ∈ CNr×1 is an
independent and identically distributed (i.i.d.) additive white Gaussian noise matrix. As
the received signal yr[n] is corrupted by residual LI, according to [66] it can be rewritten
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Figure 4.7: The multiuser MIMO full-duplex (FD) relay system.

as

yr[n] =
K∑
k=1

Hk[n]Bk[n]sk[n] + HLI [n]∆t[n] + nr[n], (4.27)

where ∆t[n] = t[n]− t̃[n] and HLI [n]∆t[n] is the residual LI.
At time n + 1, the relay amplifies the received signal with a relay precoding matrix

F[n+1] ∈ CNt×Nr and then immediately forwards the resulting signal to the destinations.
The received signal at the kth destination can be written as

yk[n+ 1] = Gk[n+ 1]F[n+ 1]yr[n] + ndk [n+ 1], (4.28)

where Gk[n+ 1] ∈ CNi×Nt is the channel matrix between the relay node and destination
k, and ndk [n+ 1] ∈ CNk×1 is an i.i.d. AWGN vector with zero mean and unit variance.

Similar to [23, 66, 74], the channel state information (CSI) is assumed to be available
at all nodes. In addition, channel variations during the precoder update interval are as-
sumed to be relatively small. Under this assumption, the time index has no influence on
the precoder design [66]. Thus, the received signal at the kth destination can be expressed
more concisely as

yk = GkF
K∑
k=1

HkBksk + nk, (4.29)

where
nk = GkFHLI∆t + GkFnr + ndk . (4.30)
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As shown in [48], ∆t can be modeled as a white Gaussian noise which is independent
of nr and ndk and has variance σ2

t . Consequently, the covariance matrix of nk can be
expressed as

Cnk
= E[nkn

H
k ]. (4.31)

A linear combiner Wk ∈ CNk×Nb is applied at the kth destination to obtain the signal
estimate

ŝk = WH
k yk. (4.32)

The mean square error (MSE) at the kth user is defined as

MSEk = E[(ŝk − sk)(ŝk − sk)
H ]

= (WH
k Lk − Id)(W

H
k Lk − Id)

H + WH
k Cnk

Wk + WH
k Enk

Wk,
(4.33)

where Lk = GkFH̄k, and Enk
= GkF

∑K
m=1,m 6=k H̄mH̄H

mFH

GH
k , k = 1, . . . , K. The optimization problem is to obtain the linear precoder matrices

Bk and F at the source and relay, and the linear combiners Wk at the destinations, which
minimize the sum mean squared error (SMSE) of the received signals at the destinations
which can be expressed as

min
Bk,F,Wk

SMSE (4.34a)

s.t. tr(F(yry
H
r )FH) ≤ Pr (4.34b)

tr(BkB
H
k ) ≤ Psk , k = 1, . . . , K, (4.34c)

where SMSE =
∑K

k=1 tr(MSEk), and Psk > 0 and Pr > 0 are the power constraints at
the kth source and relay, respectively.

4.2.3 Solution of the Optimization Problem

The problem in (4.34) is non-convex which makes a globally optimal solution in-
tractable. Thus in this section, an iterative algorithm is presented which is based on
alternating optimization that updates Bk, F and Wk individually while the others are
fixed to solve the three convex subproblems.

First, given Bk and F, the optimal combiner at the kth destination Wk can be obtained
by solving the unconstrained convex problem since Wk is independent of the constraints
in (4.34b) and (4.34c). The optimal solution can then be obtained by taking the derivative
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of (4.33) with respect to Wk and setting it to zero. Solving ∂
∂Wk

tr(MSEk) = 0 gives

Wk = C−1
wk

GkFHkBk, (4.35)

where Cwk
= (GkFHBkB

H
k HH

k FHGH
k + Cnk

+ Enk
)−1Gk

FHkBk. This solution is known as the Wiener filter.
Second, with Wk from (4.35) and given Bk, F can be obtained by solving the fol-

lowing problem. The objective function in (4.34) can be expressed as

SMSE =
K∑
k=1

tr((WH
k GkFHBk − INk

)(WH
k GkFHBk − INk

)H

+ WH
k (σ2

tGkFHLIH
H
LIF

HGH
k + GkFFHGH

k + INk
)Wk

+ WH
k GkF

K∑
m=1,m 6=k

HBmBH
mHHFHGH

k Wk).

(4.36)

Note that since Bk is known, the constraint in (4.34c) is eliminated. The original opti-
mization problem then becomes

min
F

SMSE

s.t. tr(F(
K∑
k=1

HkBkB
H
k HH

k + σ2
tHLIH

H
LI + INr)F

H) ≤ Pr.
(4.37)

Consider the singular-value decomposition (SVD) of the equivalent source-to-relay
and relay-to-destination channels

H = [H1B1, . . . ,HKBK ] = UhΛhV
H
h , (4.38)

and
G = [GT

1 , . . . ,W
T
K ]T = UgΛgV

H
g . (4.39)

The optimal structure of the relay precoding matrix is similar to that in [23]

F = VgAUH
h , (4.40)

and from (4.38) and (4.39) we have

HkBk = UhΛhV
H
hk
, (4.41)

and
Gk = UgkΛgV

H
g . (4.42)
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Note that Vh = [VT
h1, . . . ,V

T
hK

]T and Ug = [UT
g1, . . . ,U

T
gK

]T which have dimensions
d× L1 and Ni × L2, respectively. Substituting (4.38), (4.39) and (4.40) into (4.36) gives

SMSE =
K∑
k=1

tr((WH
k UgkΛgAΛhV

H
hk
− INk

)× (WH
k UgkΛgAΛhV

H
hk
− INk

)H

+ WH
k (σ2

tUgkΛgAUH
h HLIH

H
LIUhA

HΛgU
H
gk

+ UgkΛgAAHΛgU
H
gk

+ INk
+ UgkΛgA

K∑
m=1,m 6=k

ΛhV
H
hmVhmΛhA

HΛgU
H
gk

)Wk).

(4.43)

Using the matrix identities

tr(CTD) = (vec(C))Hvec(D),

tr(AHBAC) = tr(vec(A))H(CT ⊗B)vec(A)

vecABC = (CT ⊗A)vec(B),

where vec(·) concatenates the columns of a matrix into a single vector. The SMSE in
(4.36) can be represented as a function of a = vec(A) as

SMSE =
K∑
k=1

(Pka− vec(INk
))H(Pka− vec(INk

))

+ aHQka + aHSka + aHRka + t1

(4.44)

where t1 =
∑K

k=1 tr(W
H
k Wk) does not depend on a and

Pk = (ΛhV
H
hk

)T ⊗ (WH
k UgkΛg) (4.45)

Qk = σ2
t ((U

H
h HLIH

H
LIUh)

T ⊗ΛgU
H
gk

WkW
H
k UgkΛg) (4.46)

Sk = IL ⊗ (ΛgUg
H
k WkW

H
k UgkΛg) (4.47)

Rk = (
K∑

m=1,m 6=k

ΛhV
H
hmVhmΛh)

T ⊗ (ΛgU
H
gk

WkW
H
k UgkΛg) (4.48)

Further, the relay transmit power constraint in (4.37) can be written as

tr(F (
K∑
k=1

HkBkB
H
k HH

k + σ2
tHLIH

H
LI + INr)F

H)

= tr(A× (Λ2
h + σ2

tU
H
h HLIH

H
LIUh + IL1)AH).

(4.49)
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Introducing D = (Λ2
h + σ2

tU
H
h HLIH

H
LIUh + IL1)⊗ IL1 , (24) can be rewritten as

aHDa ≤ Pr. (4.50)

The original relay optimization problem is then given by

min
A

SMSE

s.t. aHDa ≤ Pr.
(4.51)

This is a quadratically constrained quadratic programming (QCQP) problem which is
convex and so can be efficiently solved using the interior point method. For example, the
CVX toolbox for disciplined convex programming [50] can be employed.

Third, the kth source precoding matrix Bk can be obtained using Wk and F given
above. The corresponding optimization problem can be formulated as the following
QCQP problem

SMSE =
K∑
k=1

tr((ḠkFHkBk − INk
)(ḠkFHkBk − INk

)H

+ ḠkF
K∑

m=1,m 6=k

HkBkB
H
k HH

k FHḠH
k ) + t2,

(4.52)

where Ḡk = WH
k Gk and t2 =

∑K
k=1 tr(W

H
k CkWk) can be ignored in the optimization

as it does not depend on Bk. Using the matrix identities, (4.52) can be written as a
function of bk = vec(Bk) which gives

SMSE =
K∑
k=1

[(Skbk − vec(INk
))H(Skbk − vec(INk

))

+
K∑

m=1,m 6=k

bHm(Id ⊗HH
mFHḠH

k ḠkFHm)bm] + t2

=
K∑
k=1

[(Skbk − vec(INk
))H(Skbk − vec(INk

)) + bHk Tkbk] + t2,

(4.53)

where Sk = INk
⊗ (ḠkFH), Tk = INk

⊗
∑K

m=1,m 6=k(H
HFHḠH

k ḠkFH), and
t2 =

∑K
k=1 tr(W

H
k Cnk

Wk) which is independent of Bk and so can be ignored. In-
troducing T = bd(T1, . . . ,TK) where bd(·) denotes a block-diagonal matrix, and
S̄k = [Sk1, . . . ,SkK ] where Skk = Sk and Sjk = 0, j 6= k, (4.52) can be written as
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a function of b = [bT1 ,b
T
1 , . . . ,b

T
K ]T which gives

Φ1(b) =
K∑
k=1

(S̄kb− vec(INk
))H(S̄kb− vec(INk

)) + bHTb (4.54)

Now introducing Ej = INk
⊗ (HH

j FHFHj), E = bd(E1,E2, . . . ,EK) and Ē =

bd(Ēi1, Ēi2, . . . , ĒiK) where ĒiK = IdNs
and Ēij = 0, i 6= j, the optimal b can be

obtained by solving the following problem

min
b

Φ1(b)

s.t.

K∑
i=1

bHĒib ≤ Ps

bHEb ≤ Pr − σ2
r tr(F(σ2

tHLIH
H
LI + INr)F

H).

(4.55)

This is a QCQP problem and can be solved using the CVX MATLAB toolbox for disci-
plined convex programming.

The proposed iterative algorithm is summarized in Algorithm 6. This algorithm can
be shown to converge as follows. It is obvious that the three subproblems are convex.
It then follows that each update of Bk, F and Wk will decrease or at least not increase
the value of the objective function, and thus the iterative algorithm converges to a locally
optimum solution.

Algorithm 6 Iterative design of Bk, F and Wk for the uplink model

1: Initialize the algorithm with B(0) =
√

Ps

L
IL and F(0) =√

Pr

tr(HSRB
(0)
k (HSRB

(0)
k )H+σ2

tHLIHLI)H+INr )
INr , and set n = 0.

2: Update W
(n)
k using F(n) and B

(n)
k using (4.35).

3: Update F(n+1) using W
(n)
k and B

(n)
k , k = 1, . . . , K in (4.40).

4: Update B
(n+1)
k using W

(n)
k and F(n+1) by solving the problem in (4.55).

5: If (SMSE(n) − SMSE(n+1))/SMSE(n) > ε, go to step 2.
6: End

4.2.4 Numerical Results

In this section, the performance of the proposed multiuser MIMO FD relay algorithm
is evaluated using numerical simulation. For simplicity, we consider a system with two
sources and two destinations. The extension to more than two source-destination pairs
is straightforward. We assume that the sources and destinations are equipped with two
antennas, and the relay is equipped with four receive antennas and four transmit antennas.
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Figure 4.8: SMSE versus SNRs−r with SNRr−d = 30 dB.

As in the related literature, flat-fading MIMO channels are considered. It is assumed
that the entries of Hk, Gk and HLI are independent and identically distributed (i.i.d.)
complex Gaussian random variables with zero mean and unit variance. Further, all noise
terms are i.i.d. complex circularly symmetric Gaussian random variables with zero mean
and unit variance. As discussed in [10], the residual LI has magnitude 0 dB to 30 dB.
Therefore, LI levels of 0 dB, 5 dB and 10 dB are considered. In all cases, results are
given for an average of 1000 independent channel realizations. Note that the optimization
procedure for the HD system mentioned in this section is as the same as the proposed FD
system except residual LI term and the achievable rate for the HD system is dropped by
half than FD system since two time slots are required for the transmission between the
source and destination.

Fig. 4.8 presents the SMSE for the half-duplex (HD) system and the full-duplex (FD)
system with different levels of residual LI. The signal-to-noise-ratio between the sources
and relay varies from 0 dB to 30 dB and the signal-to-noise-ratio between the relay and
destinations is fixed at 30 dB. It is clear that the HD system provides the best SMSE as
the FD performance is degraded as the LI increases.

The achievable rate for the system in (4.29) can be obtained using an approach similar
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Figure 4.9: Achievable rate versus SNRs−r with SNRr−d = 30 dB.

to that in [42], and can be written as

R =
K∑
k=1

Rk, (4.56)

where
Rk = log2 det [INd

+ (GkFHkBk)(GkFHkBk)
H

×(σ2
tGkFHLIH

H
LIF

HGH
k + GkFFHGH

k + INd
)−1
]
.

(4.57)

Fig. 4.9 shows the achievable rate for the HD and FD systems. In this figure, the
SNR between the sources and relay varies from 0 dB to 30 dB while the SNR between
the relay and destinations is fixed at 30 dB. The HD system corresponds to the case when
the residual LI is zero and two time slots are required for transmission from the sources
to the destinations. Thus, the FD achievable rate is twice the HD achievable rate if the LI
is canceled completely. Further, the achievable rate with the FD system is higher when
the residual LI is 0 dB to 10 dB. The achievable rate of the FD system is degraded as
the residual LI increases in the high SNR region since the residual LI is greater than the
multiuser interference. In the low SNR region, the multiuser interference dominates the
residual LI, so the effect of the residual LI is minimal.
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Figure 4.10: SMSE versus SNRr−d with SNRs−r = 30 dB.
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Figure 4.11: Achievable rate versus SNRr−d with SNRs−r = 30 dB.



84

Figs. 4.10 and 4.11 present the SMSE and achievable rate with a fixed SNR of 30 dB
between the sources and relay and an SNR between the relay and destinations from 0 dB
to 30 dB. The SMSE in Fig. 4.10 is better than in Fig. 4.8 in the low SNR region because
a higher transmit power results in more residual LI. Fig. 4.11 shows that the achievable
rate of the FD system is always higher than that of the HD system for residual LI levels
up to 10 dB.

4.2.5 Conclusions

In this section, the precoder design for the downlink of a multiuser non-regenerative
MIMO full-duplex (FD) relay system with residual loop interference (LI) was investi-
gated. The source and relay precoding matrices and the destination combining matrix
were optimized to minimize the sum mean squared error (SMSE). The original non con-
vex problem was converted into three convex subproblems and an iterative algorithm was
used to optimize the source, relay and destination matrices. Simulation results were pre-
sented which confirm that the proposed iterative method outperforms the corresponding
half-duplex (HD) relay system in terms of the SMSE and achievable rate.
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Chapter 5

Conclusions and Future Work

The previous three chapters investigated the precoding design for multiple-input
multiple-output (MIMO) full-duplex (FD) one-way and two-way relaying communica-
tion systems and multiuser uplink and multiuser paired downlink MIMO systems. This
chapter summarizes the research contributions and presents some issues and expectations
as guidelines for future research.

5.1 Precoding Design for MIMO Full-Duplex Amplify-
and-Forward Relay Communication Systems

Precoding for a full-duplex (FD) one-way MIMO amplify-and-forward (AF) relay
communication system was investigated. The effect of residual loop interference (LI)
was considered in the design as a practical consideration. Two iterative algorithms were
presented to solve the non convex optimization problem. These are guaranteed to con-
verge to locally optimum solutions. Numerical results were presented which illustrate the
achievable rate improvement of the proposed scheme over the corresponding half-duplex
(HD) relaying system.

5.2 Precoding Design for Two-Way MIMO Full-Duplex
Amplify-and-Forward Relay Communication Sys-
tems

Locally optimal source and relay precoding and destination combiner design was
considered for MIMO two-way FD relay communication systems. The residual LI in-
troduced by the FD relay was considered in the design. To solve the corresponding non
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convex problem, two efficient MSE based algorithms were developed. Simulation results
were presented which demonstrate that both algorithms outperform the corresponding
HD relay system in terms of the sum achievable rate and sum MSE. The computational
complexity of the two algorithms was compared to examine the tradeoff between perfor-
mance and complexity which is important when considering implementation.

5.3 Precoding Design for Multiuser MIMO Full-Duplex
Amplify-and-Forward Relay Communication Sys-
tems

The precoding design for MIMO FD AF relay communication systems with multiple
users was examined. Two models were considered, one for the multiuser uplink system
and another for the multiuser paired downlink system. Both design problems are non
convex which makes the globally optimum solution intractable. Iterative algorithms were
proposed for these problems to obtain locally optimum solutions. The improvement of
the FD system over the corresponding HD system was shown via simulation. With good
LI cancellation, the FD system is an efficient means of improving system performance
and thus should be considered for future generation communication systems.

5.4 Future Research

There are many directions for further research related to the topics in this dissertation,
some of which are summarized below.

• In this dissertation, the precoding designs are based on the assumption of perfect
CSI, and this can only be acquired by channel estimation. The effects of imperfect
channel state information (CSI) is a practical consideration which degrades system
performance and thus should be examined. It is also worthwhile to consider channel
estimation errors in the channel model.

• The two-way MIMO FD system in Chapter 3 only considered two nodes exchanging
information. It would be interesting to extend this to a two-way MIMO FD system
with more than two nodes. Since inter user interference is introduced, the objective
function will change.

• The mean squared error (MSE) of the received signal at the destination was consid-
ered in this dissertation. Another approach is to maximize the achievable rate as the
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design criteria. This is important as the achievable rate of MIMO FD relay systems
has not been well investigated.
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