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ABSTRACT 

This thesis is primarily concerned with motion control of robot manipulators 

with emphasis placed on adaptive impedance control and relevant computational 

issues. The genera! approach taken in our studies is a model-based approach, that 

is, the algorithms developed is based on th<;; dynamic model of the robot(s) involved. 

Two computational formulations are derived for the evaluation of the so-called 

l^giressor dynamics of ? robot manipulator, which has played a key role in the 

development of popular stable adaptive control algorithms for robot manipulators. 

The closed-form version of the formulations is based on the Lagrangian dynamics 

formulation while the recursive version is based on the Newton-Euler dynamics. 

As an application of the regressor dynamics formulation, the popular Slotine-

Li adaptive control algorithm is modified and then implemented on a PUMA 560 

robot. Satisfactory computational efficiency of the regressor formulas, especially the 

recursive formula, has been demonstrated in our experimental implementations. 

To extend adaptive position control algorithms to force control, the concept of 

target impedance reference trajectory is introduced which makes it possible to inject 

two stable adaptive position control algorithms into Hogan's conventional impedance 

control. These two adaptive impedance control algorithms have been shown stable. 

Simulation and real-time implementation of the algorithms on a PUMA 560 robot 

are reported. 

The last part of the thesis conducts a study on optimal load distribution and 

coordination of multiple robots. Optimal load distribution schemes using a p-norm 

type optimization approach are proposed. The algorithms are then adopted to 

dynamically link the two-level controllers in a proposed coordination framework. 

Simulation results are presented to show the performance of the proposed structure. 
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Chapter 1 

Introduction 

In the past two decades, a great deal of research has been carried out in the field of 

robotics. Even if confining ourselves only to those dealing with the control problems 

of robot manipulators, the vast volume of published work makes a concise review 

difficult if not impossible. Therefore only selected work concerning position control, 

force control, and coordinated control of rigid robot manipulators and the related 

topics in robot dynamics will be briefly reviewed. 

The fundamental control problems encountered in robotics may be classified as 

position control, force control, and coordinated control. In what follows we review 

several basic approaches to these control problems. 

1.1 Position Control 

Position control is a control task where the robot end-effector (configuration) is 

required to move from one position (configuration) to another or along a given 

trajectory without contacting high-stiffness environment. In other words, a position 

controller is responsible for providing the actuators with proper amount of control 

torques that would move the end-effector to the positions that are sufficiently close to 
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the desired ones. Typical criteria for the performance evaluation of a position control 

algorithm include tracking errors in position and velocity, amplitude and power of 

the control torques required and algorithm robustness under model uncertainty and 

system disturbances. 

Among the available algorithms, the proportional-derivative (PD) control, the 

computed torque control, and several stable adaptive position controls appear to be 

the basic choices for robot position control and they are fundamental in developing 

other position and force control schemes. 

1.1.1 PD Control 

The motion of an n degree-of-freedom (DOF) robot can be described by the following 

dynamics equation 

H(q)q + C(q,q)q + g(q) = r (1.1) 

where H(q) is the n X n symmetric, positive definite mass matrix, C(q, q)q and 

g(q) represent torques due to centrifugal and gravity forces respectively, T is the 

n x 1 vector of joint torques supplied by the actuators, and q is the n x 1 vector of 

joint displacements. 

An independent joint PD controller has the structure shown in Figure 1.1, where 

a desired position q</ and a desired velocity q,/ are compared to the actual position 

q and the actual velocity q, respectively, and then the differences are multiplied by 

a position gain Kp and a velocity gain K„ to generate the control torque: 

r = Kp(qd - q) + Kv(qrf - q) = Kpe + Kve (1.2) 

where e = q,j — q and Kp, Kt, are chosen as positive definite diagonal matrices. 

In the absence of gravity, that is, if g(q) is zero in (1.1), the PD control law (1.2) 

achieves asymptotic tracking of the desired joint position. To see this, consider the 
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Robot Dynamics 
Hq + C('i + g=T 

(I 

Figure 1.1: Structure of an Independent Joint PD Controller 

Lyapunov function 

V = ^qrH(q)q + ±e%e (1.3) 

Note that V represents the total kinetic energy that would result if the joint actuators 

were to be replaced by springs with stiffness K,, and with equilibrium position at 

qj-

The time derivative of V is given by 

V = q rH(q)q + iq r H(q)q - q % e (1.4) 

Since we assume g(q) = 0, (1.1) and (1.4) yield 

= q T ( r -C(q ,q )q ) + iq7H(q)q - qrK;>e 

= qT(r - Kpe) + ±qT(H(q) - 2C(q, q))q 

= q T ( r - K P e ) (1.5) 

where we have used the fact that H - 2C is skew symmetric (see Property 3 of 

Section 2.2.4). Substituting PD control law (1.2) into (1.5) gives 

V = - q r K „ q < 0 (1.6) 
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The above analysis shows that V decreases as long as q is nonzero. Now suppose 

V = 0, (1.6) then implies that q = 0 and hence q = 0. From the equations of motion 

with PD control (1.2) 

H(q)q + C(q,q)q = Kpe - K„q (1.7) 

we obtain 

Kpe = 0 

which implies that e = 0. The well known LaSalle's Theorem then implies that the 

system is asymptotically stable, i.e. e -• 0 and q -» 0 as * —• oo. 

In case the gravitational term is not zero but is exactly known, (1.2) can be 

modified to compensate the gravitational term [1, 2] 

r = Kpe + Kt,e + g(q) (1.8) 

and, obviously, the stability of the closed-loop system can be shown in the same way 

as above. If g(q) is not known, it can be shown [3, Chapter 10] that control (1.2) 

can still stabilize the system with a steady-state error K~ *g(q). 

1.1.2 Computed Torque Control 

The computed torque controller, which was initiated in the work of Paul [4], Markiewicz 

[5], Bejczy [6], and Lewis [7], has been a popular model-based position controller. 

Freund is among the first to use the nonlinear dynamic model of a robot manipu

lator in a control algorithm [8, 9]. Other closely related approaches were given by 

Luh, Walker, and Paul [10] and Liegois, Fournier, and Aldon [11]. 

Consider again the dynamics equation (1.1). The idea of computed torque 

control1 is to seek a nonlinear feedback control law which globally linearizes and 

'In some literature computed torque control is also referred to as inverse dynamics control. 



CHAPTER!. INTRODUCTION 5 

<id 

Qd 

K. 

0-*, 
Control Torque 
X = Hq + Cq + g 

Robot Dynamics 
Hq+Cq + g=T 

Figure 1.2: Structure of a Computed Torque Controller 

decouples the nonlinear robotic system. This is done by choosing r as 

r = H(q)q* + C(q,q)q + g(q) (1.9) 

that in conjunction with (1.1) yields 

(I.10) 

where the term q* represents a new input to the system. 

An obvious choice of q* is 

q* = qJ + K„(q , , -q ) + K p (q < i -q ) (111) 

where qd is the desired joint acceleration, Kp and K„ are positive definite diagonal 

matrices. The closed-loop system is now characterized by the linear error dynamics 

e(t) + K„e(t) + Kpe(<) = 0 

where e = qj — q. An obvious choice for the gain matrices Kp and K„ is 

Kp = diag(u>?,...,u£) 

K„ = diag(2wi,...,2u„) 

(1.12) 

(1.13) 
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which results in a decoupled and critically damped second order system with natural 

frequencies u>, 1 <i <n. 

Concerning the implementation of the computed torque algorithm, it is noted 

that q* is treated as the joint acceleration, then equation (1.9) suggests that the 

control torque T can be computed by, for example, the recursive Newton-Euler 

formulation. 

The structure of a computed torque controller is shown in Figure 1.2. 

1.1.3 Adaptive Position Control 

Adaptive control schemes are introduced in order to compensate for unknown dy

namics. Although non-model-based adaptive controllers, such as adaptive PD con

trol in joint space [12] and in Cartesian space [13], have attempted to deal with 

dynamics uncertainty, their performance is in general not as satisfactory as model-

based adaptive position controllers. 

Although adaptive control of robot manipulators has been a subject of study for 

many years [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32], 

it is only recently that adaptive control results have appeared that provide rigorous 

proofs of global convergence for rigid robots. An excellent review on a number of 

globally stable adaptive controllers was given by Ortega and Spong [33]. 

Adaptive control laws may be classified according to their control objectives and 

the signals that drive the parameter update law. The control objective determines 

the controller structure whose parameters are to be updated on line. On the other 

hand, the update law is usually driven by a set of signals that measure either the 

error between the estimated and true parameters (prediction error) or the error 

between the actual and desired output (tracking error). Representatives of this 

class of adaptive laws include Craig et al [34], and Middleton and Goodwin [35]. 

The control structure adopted in [34, 35] is the computed torque control, and the 
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update law is driven by tracking error signals in the algorithm of [34]. 

An alternative approach to globally stable adaptive control of manipulators is to 

preserve the passivity properties of the robot. Good representatives of this approach 

are Slotine and Li [36, 37] and Sadegh and Horowitz [38]. The advantages of this 

approach are 

• it avoids using the inverse of the estimated mass matrix H(q); 

• it avoids using the joint acceleration q. 

It is noted that these quantities need to be evaluated on line to implement Craig's 

algorithm [34]. 

It has been shown [39, 40] that the algorithms of Craig and Slotine-Li can be 

extended to control contact forces of a manipulator in a stable manner. Detailed 

discussions on the extensions will be given in Chapter 3. In what follows we outline 

the stable adaptive algorithms by Craig [34] and Slotine-Li [37], respectively. 

Craig's Adaptive Algorithm 

Consider the robot dynamics (1.1), i.e. 

H(q)q + C(q,q)q + g(q) = r (1.14) 

To control the manipulator, the following control law is proposed by Craig ct al 

[34, 41] 

r = H(q)q* + C(q,q)q + g(q) (1.15) 

where H(q), C(q,q), and g(q) are H(q), C(q,q), and g(q) that are evaluated using 

estimated parameters, and 

q* = qd + K„e + Kpe (1.10) 

where e = q«/ - q, and Kp > 0 and K„ > 0 are constant, diagonal gain matrices 

with diagonal elements {fcw-} and {&„,}, respectively. 
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Robot Dynamics 
Hq + Cq + g = T 

Figure 1.3: Structure of Craig's Adaptive Controller 

The block diagram shown in Figure 1.3 indicates the structure of the adaptive 

controller that makes use of a dynamic model of the manipulator. An adaptive 

element is also indicated. This adaptive element observes tracking errors and adjusts 

the parameters that appear in the control law (1.15). 

By equating (1.14) and (1.15) we obtain 

e + Kve + K„e = ft-*(q)lfi(q)q + C(q,q)q + g(q)] (1.17) 

where (:) = (.) - (:). 

Using property 2 of the robot dynamics (see Section 2.2.4), the error equation 

(1.17) can be written in the form 

e + K„e + Kpe = 6 - l ( q ) Y ( q , q , q ) * (1.18) 

where Y(q ,q ,q) , called the manipulator regressor, is an n x r matrix of known 

functions, 0 — 0 - 0 is an r x 1 vector representing parameter with 

9 = [0i 02 ••• 9n\ 

the true parameters and 

A A A * IJ1 

9 — [01 0i . . . 0n] 

<7d * - C 

*7j 

f 

Id »\J 

y"^ *, 

\+- K¥ 

•• • 
/ 

Control Torque 
T = Hq*+Cq+g 

/ 

Parameter Adaptation 

X 
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an estimate of 0. 

The adaptive law estimates the unknown parameters by using filtered servo error 

signals. The filtered servo error for the jth joint is 

ey(j) = (s + i^ejis) (1.19) 

where the tfy is a positive constant. Hence, 

d = e + #e (1.20) 

where!? =diag( 0i i''2 ••• «''»)• K° t e that for manipulators equipped with position 

and velocity sensors, ei can be computed simply from sensor measurements instead 

of using (1.20). 

Constant tfy is chosen such that the transfer function 

S + 1f!j 

S" T KvjS T Kpj 
(1.21) 

is strictly positive real [41] (see Appendix B). By the lossless version of the positive 

real lemma [42] there exist positive definite matrices Vj and Qj such that 

AjVj + ViKi = -Qj J J J J J (1.22) 
V& = CJ 

where matrices Ay, By, and Cy are the matrices of a minimal state space realization 

of the filtered error equation of the jth joint, i.e. 

Xy = AyXy + BAH^YBh 

Clj = CyXy 

with state vector Xy = [ey ey]T. 

The filtered error equation of the entire system in state space form is now given 

by 
X = AX + BH~ lY6 

(1.24) 
e, = CX 



CHAPTER 1. INTRODUCTION 10 

where A, B, and C are all block diagonal (with Ay, By, and Cy on the diago

nals, respectively) and X = [xi X2 . . . x„]T. Forming the 2n x In matrices 

V = diag(Pi V2 • • • V„) and Q = diag(Qi Q? ... Qn), we have V > 0, Q > 0, 

and 

ATV + PA = -Q (1.25) 

VB = CT 

Lyapunov theoiy can now be adopted to derive an adaptation law. The Lyapunov 

function is defined by 

V(X,0) = XTPX + $Trl0 (1.26) 

where J1 = diag(7i 72 ... 7„) and 7, > 0 is nonnegative in both servo and 

parameter errors. Differentiation of V with respect to time leads to 

V(X,6) = -XTQX + 2«T(YTH-1e1 + ^0) (1.27) 

If we choose 

6 = - r Y ^ H - ^ i (1.28) 

then 

V(X,0) = -XTQX (1.29) 

which is nonpositive because Q is positive definite. Since 0 = 0-0, we have 

0 = -0 

and from (1.28) we have the adaptation law 

0 = r Y ^ H - ^ i (1.30) 

Equations (1.26) and (1.29) imply that X and 0 are bounded. Control (1.15) and 

adaptation law (1.30) define a stable adaptive control algorithm. 
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Slotine-Li's Adaptive Algorithm 

Consider the robot dynamics (1.1), i.e. 

H(q)q + C(q,q)q + g(q) = T (1.31) 

Define 

q, = qd-Aq (1.32) 

where q = q — q</ denotes the position tracking error, and A is a positive constant 

matrix. 

From Property 2 (see Section 2.2.4) 

H(q)qr+C(q,q)q,. + g = Y(q,q,q r ,q r)0 (1.33) 

The control and adaptation laws in the Slotine-Li algorithm [37] is given by 

r = H(q)qr + C(q,q)qr + g (q ) -Ks (1.34) 

9 = -rY r(q,q,q r ,q r)s (1.35) 

where J1 is a constant positive definite matrix, K is a constant positive definite 

matrix, and s, which can be considered as a measure of tracking accuracy, is defined 

by 

s = q - q r = q + Aq (1.3C) 

The above control and adaptation laws guarantee the global convergence of the 

position and velocity tracking errors, as long as the desired trajectories qw, q,/, and 

cjrf are bounded. To show this, consider the Lyapunov function 

V = \[sTHs + eTr-l0\ (1.37) 
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and the differentiation of V(t) with respect to time leads to 

V = sT(Hq-Hq,.) + flV^ + ^sTHs 

= sT(T-Cqr-g-Hqr)+0Tr-4 

where the fact that H - 2C is skew symmetric (Property 3 of Section 2.2.4) has 

been used to eliminate the term jSTHs. Substituting the control law (1.34) into the 

above expression, and using the linearity property of robot dynamics (Property 2 of 

Section 2.2.4), we obtain 

V = -s T Ks + 0[r - 1 0 + YTs] (1.38) 

The adaptation law (1.35) is chosen in order to remove the second term from the 

last expression. Indeed, substituting (1.35) into (1.38) leads to 

V = -s T Ks < 0 (1.39) 

Since V(tf) is lower bounded by zero and decreases for any nonzero s, as seen from 

(1.39), then V(tf) and therefore (from (1.37)) the tracking error measure s, must 

converge to zero. It can then be shown, from definition (1.36), that the convergence 

of s to zero in turn guarantees that q and q also converge to zero. Therefore, 

both global stability of the system, and the convergence of the tracking error, are 

guaranteed by the above adaptive control algorithm. 

As is noted in [37], if one chooses A = AI in (1.32) and K = AH(q) in (1.34), 

then the time derivative of V is given by 

V = -AsTH(q)s (1.40) 

provided that the unknown parameters are updated according to 

0„ = - rY T (q ,q ,q r , ( q r -As ) ) s (1.41) 
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Since H(q) is uniformly positive definite, V is negative if X is sufficiently large. Note 

that the control torque in this case becomes 

r = H(q)q* + C(q,q)qr + g(q) (1.42) 

where 

q* = q d - 2 A e j - A 2 q (1,43) 

Obviously, (1.42) and (1.43) represent a quasi-computcd-torque controller. 

Figure 1.4 shows the structure of Slotine-Li's adaptive controller. 

Qd K+H} 
s = q+ Aq 

4* -©-J E 
j. 

Control Torque 

t = Hqr+Cqr+g-Kds 

Robot Dynamics 
Hq + Cq + g = X 

Parameter Adaptation 

0 = - I T 7 * 

q 

Figure 1.4: Structure of Siotine-Li's Adaptive Controller 

1.2 Force Control 

Many tasks we wish to accomplish using manipulators require not only controlling 

the position of a manipulator but also the force exerted by its end-effector on the ob

ject. Assembly, polishing, deburring, opening and closing a door, wiping a window, 

and turning a crank are examples of such tasks. 

Force control2 can be considered as a general form of motion control where 
2The term force control used in this thesis is referred to as simultaneous control of both force 

and position. 
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the manipulator is required to contact the environment as it tracks a trajectory. 

Instead of only position variables to plan and control, there are now additionally 

force variables to plan and control. Since it deals with position and contact force 

at the tip of a robot manipulator, force control strategies are generally described 

in Cartesian space. As compared to position control, force control is a much more 

complex issue, and there have been relatively fewer theoretical results and successful 

implementations. 

Since early 1970's several approaches to stable execution of contact tasks using 

robot manipulators have been proposed. These include the work by Groome [43], 

Whitney [44], Bolles and Paul [45], Kevins and Whitney [46], Drake [47], and Paul 

and Shimano [48]. An excellent survey of the important work in robot force control 

during 1967 to 1985 can be found in [49]. Tutorial [50] provides a good collection of 

research work accomplished during 1972-1984 including eight papers on force sensing 

and control. Chapter 5 of the book [51] gives an overview on several force-control 

methods as well as a collection of seven papers in this area. Part IV of a recent 

book [52] reviews progress and problems on motion and force control. It includes a 

survey on stable force-control methods and a survey on PD controller design using 

the concept of potential field. An in-depth force control study with stability analysis 

can be found in the monograph [53]. 

Based on our literature review and understanding of the development in robot 

force control, it is felt that the following list includes major approaches to robot 

force control: 

• Impedance control 

• Hybrid position/force control 

• Stiffness control 

• Compliance control 
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• Resolved acceleration based control 

• Potential field based control 

• Open-loop joint torque control 

In what follows, we briefly review these approaches. In addition, work on adaptive 

force control will also be reviewed. 

1.2.1 Impedance Control 

Hogan and nis colleagues [54, 55,56,57,58,59,60,61,62,63,64,65,66] initiated the 

development of the impedance control. Non-model-based impedance control can be 

formed by combining a stiffness controller with a damping controller [67, Chapter 

11]. On the other hand, model-based impedance control regulates the dynamic 

relation between the robot end effector and the contact environment [62, 63]. 

Lawrence [68] studied the stability properties of impedance control in common 

implementations. Anderson and Spong [69] proposed a hybrid impedance con

trol scheme which combines hybrid position/force control with impedance control. 

Recent work in adaptive impedance control has been reported by Kelly, Carelli, 

Amestegul, and Ortega [70, 71] and by Lu and Meng [72, 39] respectively. Meng 

and Lu also extended their adaptive impedance control algorithm for redundant 

robot case [73]. Lu and Goldenberg [74] investigated the implementation of robust 

impedance control and Abdallah, Jordan, and Home [75] reported their design of 

positive-real impedance controller. 

It appears that impedance control is one of the successful algorithms for stable 

execution of contact tasks as it provides a unified approach to both free motion 

control and constrained motion control (force control) in 9- stable manner. 
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1.2.2 Hybrid Position/Force Control 

The hybrid position/force control method has been developed based on the observa

tion that a force control task can be partitioned into two sub-tasks in two subspaces 

- a position subspace and a force subspace. The sub-task in the position subspace 

requires pure position control while the sub-task in the force subspace requires only 

force control. This partition is dynamic and the two subspaces may change during 

the task, but once partitioned, the sub-task in one subspace requires only one type 

of control so that the algorithm development in each subspace is simplified. 

The hybrid position/force control was first proposed by Raibert and Craig [76] 

and it was based on the theoretical framework of Mason [77]. Khatib formulated a 

hybrid control scheme as an unified approach for motion and force control in [78]. 

Zhang and Paul proposed their hybrid control scheme in [79]. West and Asada 

developed a hybrid controller which was implemented on a commercially available 

robot [80, 81]. Yoshikawa introduced dynamics into hybrid control and studied 

dynamic hybrid control [82, 83]. In a recent work [84], Mills linked constrained 

motion to hybrid position/force control by using constrained dynamics formulation 

that describes the dynamic behavior of the manipulator during force controlled tasks 

to design a hybrid controller. Wedel and Saridis implemented a hybrid controller on 

a PUMA 600 industrial robot to study the position and force tracking abilities of 

the algorithm [85]. In addition, several adaptive and robust hybrid controllers were 

proposed by Slotine and his co-workers [86,87,88], Seraji [89], Mo and Bayoumi [90], 

Chung and Leininger [91], Kuo and Wang [92], De Luca, Manes and Ulivi [93], etc. 

Paul summarized the problems and research topics associated with hybrid control 

in a tutorial [94]. Duffy [95] pointed out that the hybrid control theory, which is 

based on "orthogonal complements" of twist and wrench spaces, is "fallacious". 
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1.2.3 Stiffness Control 

Stiffness is the rate at which the forces (and torques) on the end effector increase 

as it is deflected from its nominal position. Stiffness control was originated in the 

work of Salibury [96], in which the gain of the position control loops is adjusted to 

control the apparent stiffness of a manipulator. Stiffness control is a special case 

of impedance control without the damping control part. And impedance control 

can be considered as an enhanced version of stiffness control where robot dynamic 

model may be used. 

1.2.4 Compliance Control 

Compliance is the inverse of stiffness. To allow the end effector to move relatively 

to a fixed wrist, the compliance controller acts like a spring where the compliance 

is the inverse of the spring constant. There are both passive and active compliance 

control algorithms. Early work on active and passive compliance robot control was 

reported by Whitney and Kevins [44, 46, 97], Drake r47], Paul and Shimano [48], 

Mason [77], Hanafusa and Asada [98, 99]. The subject was further studied by El 

Maraghy and Johns [100], DeSchutter and Van Brussel [101], Kazerooni and his 

co-workers [102, 103, 104, 105, 106], and Shin and Lee [107]. 

1.2.5 Resolved Acceleration Based Force Control 

Motivated by the resolved acceleration control for robot free motion by Luh, Walker, 

and Paul [10], the concept was used to combine with either stiffness or compliance 

control to handle force control problems [108,107]. Similar results were also reported 

by McClamroch and Wang [109, 110], in which a linear feedback controller was 

used to control the position and compliance of a nonlinear constrained mechanism. 

Impedance control can be considered as a resolved-acceleration control combined 
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with an enhanced version of stiffness plus damping control algorithms. Therefore 

stiffness control, impedance control, and resolved-acceleration control share the same 

underlying mechanism. 

1.2.6 Potential-Field-Based Force Control 

Potential field is a concept originally proposed by Khatib et al [ill , 112], Hogan [61], 

and Ivliyazaki and Arimoto [2] to deal with obstacle avoidance problem. It appears 

to be a concept rather than an algorithm. It shares the underlying computational 

algorithms with PD -. vrol, stiffness control, and impedance control as shown by 

Hogan [59, 60] and hYoulasau [113]. 

1.2.7 Open-Loop Joint Torque Control 

Open-loop joint torque control was first proposed by Wu and Paul [114] and Luh, 

Fisher, and Paul [115]. Experimental studies of this control approach on a direct-

drive robot were described by An, Atkeson, and Hollerbach in [53]. 

With force control relying on force feedback from a wrist force sensor, a high 

force feedback gain and a stiff environment can cause instability in the force feedback 

loop. On the other hand, stability can be improved by lowering the force feedback 

gain with deteriorated force resolution. The open-loop joint torque control approach 

achieves force control by relying on the measurements of joint torques and the ability 

to command them accurately. The wrist force feedback gain is zero with this method, 

which is an open-loop control from the point of view of interaction forces at the end 

effector. On the other hand, a closed-loop torque servo is implemented at each joint 

so that the joint torque can be regulated accurately, 

Wu and Paul [114] presented a good comparison between wrist force sensing 

and joint torque sensing in implementing force control. Wrist sensing provides ac

curate force/torque measurements at the hand, but because the robot structure is 
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inherently a low bandwidth flexible system and the sensor is situated at the end 

of this structure, a high gain feedback will produce instability. Therefore, only a 

slow closed-loop system can be implemented stably using a wrist, force sensor. On 

the other hand, since joint torque sensors are situated before the low bandwidth 

robot structure, a high bandwidth torque inner loop can be implemented around 

each joint. Since the sensors are not installed at the tip, the tip forces and torques 

cannot be inferred as accurately as by wrist sensing. 

Since both wrist sensing and joint sensing have positive and negative features, 

proper combination of these two sensing systems may provide a stable high band

width force control system. As was found in [53], the high bandwidth open-loop 

joint torque control with an inner torque servo loop will provide stability and fast 

response, and the lower bandwidth outer loop with wrist force sensing will provide 

steady state accuracy. 

1.2.8 Adaptive Force Control 

Slotine and Li [86] reformulated their adaptive algorithms for robot free motion 

control [37] to deal with end-effector dynamics which results in an adaptive hybrid 

position/force control. The computational aspects of this force control strategy 

were later discussed by Niemeyer and Slotine [88]. Other types of adaptive hy

brid controllers were proposed by Mo and Bayoumi [90] and Chung and Leininger 

[91]. Experimental implementation results were described in [91]. Kelly, Carelli, 

Amestegui, and Ortega [70, 71] proposed an adaptive force control algorithm based 

on impedance control. Liu, Han, Lingarkar, and El Bestawi [116] combined the 

force control method of [109] and the adaptive law of [117] to form an adaptive force 

control. Lu and Meng proposed two adaptive impedance control algorithms in [39] 

and reported the implementation results of these algorithms as applied to a PUMA 

560 manipulator in [118, 119]. 



CHAPTER I. INTRODUCTION 20 

1.3 Coordinated Control 

Objects having large volume or heavy weight can be handled using coordinating 

robots more efficiently as opposed to using a single-arm robot. In many assembly 

tasks, using a multi-arm robotic system might be the only choice to achieve the 

desired efficient automation. Here the terminology coordinated control is referred 

to the motion coordination of a robotic system where the number of participating 

robots is greater than or equal to two. 

The major issues in controlling multi-arm systems, which do not exist in con

trolling single-arm robots, include motion coordination and load distribution among 

the participating robots. Obviously, the resolution of the former requires an appro

priate model of the multi-arm system with a non-point-mass payload included, a 

mechanism to deal with internal forces among the manipulators, and possibly a 

mechanism to deal with relative motion between the object and the end-effectors. 

And the resolution of the latter requires the formulation of an objective function 

whose minimization will lead to an optimal distribution of the instant load over 

the participating robots. In what follows, several approaches to these issues are 

reviewed. 

1.3.1 Master-Slave Approach 

The master-slave approach was initiated by Isbia [120], and Alford and Belyeu [121]. 

In this approach, only two coordinating robots are considered, where one is called 

the master robot and the other is the slave robot. The master robotis controlled to 

move along a specified trajectory while the slave robot is controlled to move along 

a trajectory which is determined by the actual trajectory of the master robot. 
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1.3.2 Parallel Control Approach 

The master-slave approach does not consider constrained motions. Zheng and Luh 

proposed an approach [122, 123], which is generally referred to as the parallel con

trol approach. In this approach, dynamic constraint relations are established as 

the basis for the coordinated control. Typical Cartesian space position and force 

control strategies such as PD control, computed torque control, hybrid control and 

impedance control for a single robot can then be extended to the coordinated control. 

1.3.3 Object Control Approach 

Recently, a new approach called object control approach emerged which are based 

on the work by Mason [77] and Tarn, Bejczy, and Yun [124]. The control strategy in 

this approach is specified at the object level in Cartesian space and is then passed on 

to the coordinating robots in the system through certain mechanism such as a load 

distribution algorithm which dynamically relates the object motion to the motion 

of each participating robot. 

Recent work using object control approach was reported by Alberts and Soloway 

[125], Nakamura, Nagai, and Yoshikawa [126], Hsu [127], Wen [128], Schneider and 

Cannon [129], and Hu and Goldenberg [130]. 

1.3.4 Adaptive Coordinated Control 

Several researchers have proposed adaptive techniques to deal with multi-arm sys

tems with unknown system parameters. Pittelkau presented an adaptive load shar

ing force control scheme for two coordinating manipulators [131]. Walker, Kim, and 

Dionise developed an adaptive control scheme for two manipulator arms using an 

object control approach [132]. Hu and Goldenberg derived an adaptive algorithm 

using Popov's hyperstability theory [130]. 
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1.3.5 Optimal Load Distribution 

Load distribution has been one of the important issues in the analysis of multi-robot 

systems [133]. In fact it plays a key role in dynamically relating the manipulated 

object to the coordinating robots in a multirobot system. For systems with two 

coordinating robots handling a single object, the problem has been investigated by 

Orin and Oh [134], Zheng and Luh [135, 136], and Pittelkau [131]. Force distribu

tion problem in multiple-chain robotic systems is studied by Nakamura, Nagai, and 

Yoshikawa [137], Kumar and Waldron [138], and Cheng and Orin [139]. Lu and 

Meng proposed p-norm type optimal load distribution algorithms in [140, 141]. 

In practice, the magnitude of each joint force for a mechanical manipulator has 

its upper bound. Consequently, the load distribution problem may be described as 

a constrained optimization problem. Methods used to solve the load distribution 

problem include linear programming [134, 139], nonlinear programming [135, 136], 

p-norni type optimization [140, 141] and adaptive approach [131]. 

1.4 Problems to be Studied 

This thesis is primarily concerned with motion control of robot manipulators with 

emphasis placed on adaptive impedance control and relevant computational issues. 

The general approach taken in our studies is a model-based approach, that is, the 

algorithms to be developed will be based on the dynamic model of the robot(s) 

involved. The rationale behind this approach is that in general control signals 

generated by a good model-based algorithm are able to steer the robot to achieve 

the desired motion with satisfactory accuracy. Although implementing model-based 

control algorithms often require intensive computation, the needed computing power 

is now available with fairly moderate cost. Above all, as soon as the model-based 

approach is adopted, numerically efficient implementation of the algorithms obtained 



CHAPTER 2. INTRODUCTION 23 

has been a source of motivation that has eventually led to a detailed study on the 

so-called regressor dynamics formulation. Within the framework of robot motion 

control, specific problems studied in this thesis can be described as follows, 

1. We shall study the impedance control of single-arm robotic systems where 

some of system parameters are not known. Adaptive mechanisms shall be 

injected into the conventional impedance control initiated by Hogan in order 

to regulate contact forces in a stable manner and possibly identify the values 

of the unknown parameters. 

2. Most of stable adaptive algorithms for motion and force control of robots re

quire evaluating the manipulator regressor on line. It is realized that this evalu

ation is computationally equivalent to the evaluation of manipulator dynamics, 

but the conventional dynamics formulations such as recursive Newton-Euler or 

Lagran«;ian formulations are not suitable for many adaptive algorithms. The 

problem of efficient computation of manipulator regressor will be studied in 

detail. 

3. To verify feasibility of the algorithms developed in real-time motion/force con

trol, we shall carry out experimental studies by applying the algorithms to a 

PUMA 560 manipulator, where robot dynamics as well as parameter adapta

tion law will be implemented using the recursive regressor dynamics formula

tion. 

4. We shall present a preliminary study on motion coordination of a multi-arm 

system, which includes a model set-up for an arm-payload system and a pro

posal for a coordination framework. In addition, we shall study the problem 

of optimal load sharing for multi-arm systems using some optimization tech

niques. 
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1.5 Contributions of this Dissertation 

The contributions of this thesis can be summarized as follows. 

1. Two adaptive impedance control algorithms are developed and their stability 

in contact-force regulation are proved. More specifically, the concept of target 

impedance reference trajectory (TIRT) is introduced and used to extend the 

stable adaptive algorithms proposed by Craig et al [34] and Slotine-Li [36] to 

constrained motion control. 

2. Two approaches for the evaluation of manipulator repressor are presented. 

The first approach is based on a reformulation of the Lagrangian formulation 

of robot dynamics by vector analysis techniques and the result is a closed-

form solution for the manipulator regressor. A key property used in the solu

tion derivation is that link Lagrangians are additive. The second approach is 

based on a reformulation of the Newton-Euler formulation of robot dynamics 

and offers a recursive scheme for the regressor dynamics. The derivation is 

essentially a step-by-step re-organization of the Newton-Euler formulation to 

extract system parameters using vector analysis techniques. 

3. The proposed adaptive impedance control algorithms are implemented on a 

PUMA 560 by using the recursive algorithm of the regressor dynamics. Com

parison studies are conducted to show the importance of utilizing robot dynam

ics in controlling a manipulator. It will be demonstrated that adaptive position 

and force control algorithms using regressor dynamics can be efficiently imple

mented on general open-chain robot manipulators by using recursive regressor 

dynamics. 

4. A preliminary study on the coordination of a multiple robot system is pre

sented. By formulating the system load as a p-norm objective function, op-
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timal load distribution algorithms are proposed and used as the core of a 

coordination framework. Simulation studies are carried out to show the per

formance of the proposed scheme. 

1.6 Organization of this Dissertation 

Chapter 2 begins with a brief review of the conventional Newton-Euler dynamics 

and Lagrangian dynamics and their properties. Then the regressor dynamics of a 

robot manipulator is introduced and two approaches for its computation are de

veloped. Examples are included to illustrate the algorithms. Issues on real-time 

implementation of the regressor dynamics in an adaptive position control algorithm 

are also addressed. 

In Chapter 3 we develop two adaptive impedance control algorithms. These algo

rithms are developed by introducing adaptive update laws for parameter estimation 

into the conventional impedance control via the concept of target impedance refer

ence trajectory. Algorithm stability is shown for each of the proposed impedance 

controls. A comparative study is carried out for the proposed algorithms and the 

nonadaptive impedance control. Simulation and experimental results are included 

to illustrate the proposed algorithms. 

In Chapter 4 several problems in coordinated control of robot manipulators a,v> 

addressed. We start with a description of the problems associated with coordination 

such as the dynamics of multirobot systems, dynamic load distribution, internal force 

control. Two p-norm type optimization algorithms are developed for optimal load 

distribution, and they are compared to the existing load distribution schemes. Fi

nally we propose a coordination framework which uses the optimal load distribution 

algorithm as a core to dynamically link the two-level controllers in the framework. 

A simulation study is included to illustrate the proposed scheme. 
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Chapter 5 summarizes the work presented and discusses possible future research 

projects in position, force, and coordinated control and their applications in indus

tries and space exploration. 
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Chapter 2 

Regressor Dynamics of Robot 

Manipulators 

2.1 Intro duct ion 

The dynamic behavior of a robot manipulator can be described in terms of the arm 

configuration variations in relation to the torques exerted by its actuators. From a 

control point of view, the problem that we would like to investigate is to compute 

the required joint torques1 for a given trajectory q(i), q(t) and q(t). Two most 

commonly used descriptions for robot dynamics are the Lagrangian formulation 

and the Newton-Euler formulation. Excellent treatment of these formulations can 

be found in several textbooks, e.g. [3,142]. Although these formulations have played 

a very important role in many non-adaptive control algorithms such as computed 

torque and feedforward control [3], they are unlikely the best choice when a model-

based adaptive motion control algorithm needs to be implemented [33]. As a matter 

of fact, most of the established model-based adaptive control algorithms require the 

1 Unless indicated otherwise in this thesis, we use the word torque to mean a vector of forces 

and torques in joint space and force to mean a vector of forces and torques in Cartesian space. 
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use of the regressor dynamics for algorithm derivation as well as implementation 

[33, 143]. 

This chapter intends to provide a detailed discussion on the regressor dynamics 

formulation which is found suitable for implementing many established stable adap

tive control algorithms. As the proposed regressor dynamics has two versions that 

can be viewed as the counterparts of the conventional Lagrangian and Newton-Euler 

formulations respectively, for the sake of comparison we include a concise review of 

these conventional dynamics. 

2.2 Conventional Dynamics Formulations 

In this section we give a brief review of the Lagrangian and the Newton-Euler dy

namics formulations. Detailed treatment of these conventional equations of motion 

can be found in, for example, [3, 142]. 

2.2.1 Newton-Euler Dynamics Formulation 

Newton's Equation 

Consider each link of a robot manipulator as a rigid body and assume that the 

center of mass of a rigid body is accelerating with acceleration vc, then the force 

exerted at the center of mass which causes this acceleration is given by 

F = ratv (2.1) 

where m is the total mass of the body. 
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Eider's Equation 

Assume that a rigid body is rotating with angular velocity u> and with angular 

acceleration CJ then the moment Ar, exerted on the body is given by 

N = cIw + w x cIo>, (2.2) 

where CI is the inertia tensor of the body written in a frame {C} whose origin is 

located at the center of mass. 

Recursive Newton-Euler Dynamics Formulation 

The Newton-Euler approach to this problem has been a subject for study for many 

years [144, 145, 146, 147, 148]. Consider the problem of computing the torques 

required to move the robot along a given trajectory (q,q,q). With this knowledge, 

and the knowledge of the kinematics and mass distribution information of the robot, 

we can calculate the joint torques required to cause this motion. The algorithm 

described here is based upon the method published by Luh, Walker, and Paul in 

[147]. 

The algorithm is composed of two parts. First, link velocities and accelerations 

are recursively computed from link 1 to link n. Second, equation (2.1) and (2.2) are 

applied to each link to obtain forces and torques of interaction and joint actuator 

torques recursively from link n back to link 1. The algorithm summarized below is 

for the case of rotational joints. 

The Recursive Newton-Euler Dynamics Agorithm 

Outward recursions: i : 0 —* n - 1 

'+1wt-+i = i+1R *wi + qi+lez (2.3) 
i+1wt+1 = * l R *Wi + ;+1R 'w, x qi+le, + fc+ie, (2.4) 

'+1v,+, = j+1R(<wi x * P m + *«i x (*«, X *P,+i) + %) (2.5) 
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'+1*a+» = * W i x ,+1Pc,+1 (2.6) 

'+1FI+1 = ro,+1 * l*C | + l (2.7) 

•-HN,+I = c ^I , + i '+lu»<+i + i+lui+i x C'+1II+1
 ,+1u;<+i (2.8) 

Inward recursions: i : n —> 1 

% = !+1R ,+1fi+i + 'Pi (2.9) 

'n, = ''N,- + j+1R
 i+1n,+i + 'PQ x T, 

+ ' P W x !+1R ,+1f i+i (2.10) 

* = ej'n, (2.11) 

In the above equations, "Wj is the angular velocity vector of the origin of frame {i} 

with reference to the universe frame expressed in frame {»'}; x\i is the linear velocity 

vector of the origin of frame {»} with reference to the universe frame expressed in 

the link frame {«}; %\Ci is the linear velocity vector of the the origin of the frame 

{C,}, which is attached at the center of mass of link {i} and whose orientation is the 

same as that of the link frame {«}, with reference to the universe frame expressed 

in frame {?!}; 'F, and 'N, are the inertial force and torque vectors exerted at the 

center of mass of link {»'}; 'ft and 'n, are the force and torque vectors exerted on 

link i by link t — 1; r, is the torque of joint i; |+ 1R = |+1RT is the rotation matrix 

describing the rotation of frame {i + 1} relative to {»}; 'P,+i is the position vector 

of the frame {i + 1} in frame {?'}; 'Pc,. is the position vector of center of mass of 

link {i} in frame {?!}; m, is the mass of the link i; C,I,- is the inertia tensor of link i 

written in the frame {C,}; <f, is i-th joint angular displacement; and ez = [0 0 1]T. 

The above equations are valid for a robot whose joints are rotational. If joint 

i + 1 is prismatic, equations (2.3),(2.4), (2.5), and (2.11) need to be modified as 

• + W i = l:+1R''w, (2.3a) 
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and 

•+1vI+1 = j+1R('wl x ''P,.+1 + 'w, x ("Wj x 'P.-HI) + 'v,) 

+ 2 i+1ui,-+i x rf1+ie. + di+ie. 

r , = eT'f, 

2.2.2 Lagrangian Dynamics Formulation 

The Newton-Euler approach is based on the elementary dynamic formulations (2.1) 

and (2.2), and on the analysis of forces and moments of constraint acting between the 

links. As an alternative, the Lagrangian formulation is an "energy based" approach. 

The kinetic energy of the i-th link, k^\ can be expressed as 

fc« = ^m,vT
cyCi + \ 'wf Cil '«< (2.12) 

where the first term is kinetic energy due to linear velocity of the mass center of 

the link, and the second term is kinetic energy due to angular velocity of the link. 

The total kinetic energy of the manipulator is the sum of the kinetic energy in the 

individual links, that is, 

K = f> ( , ) (2.13) 
i=i 

Since v^ and 'Wj in equation (2.12) are functions of q and q, we see that the kinetic 

energy of a manipulator can be described as a quadratic form /C(q,q). In fact, the 

kinetic energy of a manipulator is given by 

K(q,q) = iqTH(q)q (2.14) 

where H(q) is the n x n manipulator mass matrix. Since the total kinetic energy 

is always positive, the manipulator mass matrix is a positive definite matrix. Note 

that equation (2.14) is analogous to the familiar expression for the kinetic energy of 

(2.4a) 

(2.5a) 

(2.11a) 
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a point mass, 
1 2 
-mv 
2 

and the fact that a manipulator mass matrix must be positive definite is analogous 

to the fact that a point mass is always a positive number. 

The potential energy of the ith link, «(,), can be expressed as 

«<° = -m* V °Pc, + ««/, (2-15) 

where °g, is the 3 x 1 gravity vector of ith link expressed in the base frame {0}, 

°P(j. is the vector locating the center of mass of the ith link in the base frame {0}, 

and urcf. is a constant chosen so that the minimum value of u® is zero.2 The total 

potential energy stored in the manipulator is the sum of the potential energy in the 

individual links, that is, 

U = f > ( , ) (2.16) 

Since the " P ^ in equation (2.15) are functions of q, we see that the potential energy 

of a manipulator can be described as a function of joint position, U(q). 

Defining the Lagrangian as 

£(q>q) = £(q>q) - w(q) (2.17) 

the equations of motion are given by 

±(dC\ _ 
dt\dq) 

or 
d fdlC\ dlC dU 

*W"ai + ai = T (219) 

where r is the n X 1 vector of actuator torques. 
2Actually, since only the partial derivative of the potential energy with respect to q will appear 

in the dynamics, this constant is arbitrary. This corresponds to denning the potential energy 

relative to an arbitrary zero reference height. 
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2.2.3 The Structure of the Robot Dynamics Equations 

When the Newton-Euler or Lagrangian dynamics equations are evaluated symboli

cally for any manipulator, the dynamic equation can be written in the form 

r = H(q)q + C(q,q)q + g(q) (2.20) 

where H(q) is the nxn mass matrix of the manipulator, C(q, q)q is an n x 1 vector 

of centrifugal and Coriolis terms, and g(q) is a n n x l vector of gravity terms. 

In general, entries of H(q), C(q, q), and g(q) are quite complicated functions of 

q and q [149]. 

2.2.4 Some Properties of the Robot Dynamics Equation 

Although the dynamics equations of a robot manipulator (2.20) are coupled, non

linear equations in general, they have several properties which are found useful in 

facilitating analysis and design of control system. In what follows we state these 

properties without proofs. Derivations and proofs of these properties can be found 

in, for example, [142, 150]. 

Property 1 The mass matrix H(q) in equation (2.20) is symmetric, positive defi

nite, and both H(q) and H(q)_1 are uniformly bounded for q 6 R". 

Property 2 All robot parameters such as link masses, moments of inertias, etc., 

appear as coefficients of known functions of (q, q,q). By defining each coeffi

cient as a separate parameter, we can write (2.20) as 

H(q)q + C(q,q)q + g(q) = Y(q,q,q)0 = r (2.21) 

where Y(q, q, q) is an n x r matrix of known functions which has been known 

as the manipulator regressor, and $ is an r dimensional vector of parameters. 
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Property 3 Matrix 

S(q,q) = H(q)-2C(q,q) 

is skew symmetric, i.e., it satisfies 

S(q,q) = -S (q ,q f 

or equivalently, 

xTSx = x T (H-2C)x = 0. 

2.3 Regressor Dynamics Formulation 

In this section, we formulate the robot dynamics by using the regressor dynamics 

formulation. As was mentioned earlier, this formulation is useful in derivation and 

implementation of many adaptive control algorithms [151]. 

2.3.1 The Regressor Dynamics 

The manipulator regressor, defined by (2.21) has been a key quantity in derivation as 

well as implementation of the many established adaptive position and force control 

algorithms [33]. This is because the availability of the regressor enables one to 

express the dynamics of a robot manipulator as 

Y(q,q,q)0 = T (2.22) 

with 0 € R r representing the manipulator parameters, thus a Lyapunov approach 

may lead to a linear law for updating the parameters. Studies on this linear 

parameter-dependence issue from an identification point of view can be found in 

[150,152, 36] among others. 

In principle the regressor can be obtained using a two-step approach. The first 

step is to formulate the manipulator dynamics as 

H(q)q + C(q,q)q + g(q) = r (2.23) 
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This can be accomplished by for example using the TCewton-Euler or Lagrange for

mulation, see section 2.2 for the details of these formulations and their computation 

complexity. Having done this, the second step of the approach defines a parameter 

vector 0 and then works on each entry on the left-hand side of (2.23) to extract 

vector 0, leading to the regressor formulation Y0 = r . So we see that computation

ally this is an indirect approach that requires formulating (2.23) plus a parameter 

extraction procedure. As the entries of 9 are in general spread over all the entries 

of H(q), C(q,q), and g(q), the second step is also computationally complicated. 

In this section we propose two methods that compute the regressor of a general 

n degrees of freedom (DOF) robot without using (2.23). Our first method provides 

a closed-form solution [153], which is obtained by extracting parameter 9 from 

link Lagrangians during the Lagrangian formulation; our second method gives a 

recursive type solution [154], which is obtained by extracting parameter 9 from joint 

velocities, accelerations, forces, and torques during the Newton-Euler formulation. 

As opposed to the conventional two-step approach, in which one derives (2.23) with 

the entries of 0 spread widely over the terms and then extracts these parameters term 

by term, the proposed methods perform the parameter extraction and dynamics 

formulation simultaneously and, therefore, more efficiently. Furthermore, unlike the 

two-step approach which defines parameter vector 9 by trial-and-error until 0 can 

be extracted from every term on the left-hand side of (2.23), the formation of 0 in 

the proposed methods has an explicit rule to follow. It is found that if for a specified 

link the mass, mass center, and inertia tensor are the parameters to be extracted, 

then this portion of vector 0 has dimension 16 although the number of physical 

parameters that are related to the link is 10. In addition, the so-called filtered 

regressor adopted in several adaptive motion control algorithms [35, 155, 156] can 

readily be obtained from the proposed formula. 
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2.3.2 Preliminaries 

Yu(q,q,q) - The Regressor Associated with Unknown Parameters 

It follows from Property 2 that equations of motion (2.23) can be written as 

Y(q,q,q)0 = r (2.24) 

where Y(q,q,q) 6 R"*r is the manipulator regressor and 9 6 R r x l is the vector 

formed by the dynamic parameters of the manipulator in a certain manner. Denoting 

$ = (2.25) 

with Bk € R'1 and Bu 6 Rr2 representing the known and unknown parameters, 

respectively, and 

Y = [Yk Yu] (2.26) 

with Yk € RM*n and Yu 6 RnXrs, equations (2.23) and (2.24) imply that 

Hq + Cq + g = YkBk + YUBU (2.27) 

If Bu is an estimate of 0U, then 

Hq + Cq + g = YkBk + YUBU (2.28) 

where H,C,g assume the same forms as H, C and g respectively, with Bu replaced 

by Bu. It follows that 

Hq + Cq + g = YUBU (2.29) 

where (*) = (*) - (*). It is equation (2.29) that plays a role in the establishment of 

the many stable algorithms for adaptive control of robots. 
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The Relation of Y(q, q, q) to the Lagrangians of Manipulator Links and 

Load 

Consider an n DOF manipulator grasping firmly a non-point-mass load. Denote by 

k® and «(•') (1 < i < n) the kinetic and potential energy of link i , and by fc("+1) 

and u(n+1) the kinetic and potential energj' of the load, respectively. If the load is 

treated as link n +1 and the link Lagrangian of link i is defined as (see Section 2.2.2) 

/(0 = fc(0 _ „(0 i < { < „ + 1 (2.30) 

then the manipulator Lagrangian is 

n+l 
(2.31) 

It follows that the manipulator Lagrangian is linkwise additive, that is, if a new link 

is added to the robot, its manipulator Lagrangian is then equal to the original C 

plus the Lagrangian of the new link. This property turns out to be a key fact in the 

subsequent derivation of the regressor as it allows one to separate the parameters 

of a specific link from the parameters of other links. From (2.24),(2.31), and the 

Lagrange's equations of motion 

we obtain 

d_dC _ dC _ 
dVdq* dq ~ T 

n+1 A /)/<') dl{i) 

(2.32) 

(2.33) 

Now if 0 is partitioned as 

0 = 

0(D 

0(2) 

0(«+l) 

(2.34) 
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with 0( ,) representing the dynamic parameters of link ?', i.e. its mass, mass center 

and inertia tensor and if Y is partitioned into n + 1 blocks 

Y = [Y(1) Y(2) . . . Y(n+1)] (2.35) 

with dimensions consistent to (2.34), then 

*#-£-**"'**••' (2.36) 

In section 2.3.3, (2.36) will be used to obtain a formula for Y ^ . 

Once Y is computed, Y* and Y„ in (2.26) can readily be found as follows. 

Vector 0 in (2.34) can be regrouped as in (2.25), where 0U is formed by correcting 

the entries, each of which involves at least one of the unknown parameters, and 0k 

is simply the complement of 0U in 0. Obviously, this regrouping can be done by 

premultiplying 0 by an elementary transformation matrix T, i.e. 

T0 = 
0k 

(2.37) 

(n+r2)xl 

From 

Y0 = YTT0 = YT 
0k 

0u 
= [Yk Y.1 

0k 

0u 
(2.38) 

it follows that 

and 

Yfc(q,q,q) = the first n columns of Y(q, q, q)T2 

Y,,(q, q, q) = the last r<i columns of Y(q, q, q)T3 

(2.39) 

(2.40) 

Useful Identities from Vector Analysis 

The identities 

(a x b)Tc = (b x c)Ta = (c x a)Tb (2.41) 
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(a x b) x c = (cra)b - (bTc)a (2.42) 

with a,b,c e R3*1 are well known in vector analysis. In Appendix A. we con

sider several types of expressions that will be used in the subsequent sections and 

show how identities (2.41) and (2.42) can be applied to extract various unknown 

parameters from the expressions. 

2.3.3 Closed-Form Formulation of Regressor Dynamics 

Denote by {i} the frame attached to link i according to the Denavit-Hartenberg 

convention [3, Section 3.4], and by {C,} the frame attached at the mass center of the 

link, which differs from {i} only by a translation. Denote by m,, 'P^. = \px py p r]
r , 

and CI, the mass, mass center, and inertia tensor of the link, respectively, where 

'Pc, is expressed in {«}, and 1, is expressed with respect to {C,} and is explicitly 

given by (A.9). Further denote by ?R the rotation matrix describing frame {»'} 

in the base frame {0} and by J ^ € R6*" the i-th link Jacobian [3, Chapter 5] 

expressed in frame {0}, which will often be partitioned into J ^ € RA*" — the 

Jacobian associated with the translational velocity of frame {»'} and J ^ e RiXn — 

the Jacobian associated with the rotational velocity of frame {?•}, i.e. 

J('"> = 

For the sake of simplicity, in what follows the superscript i in the Jacobian will be 

omitted. In the sequel, Jv and Jw will sometimes be used in the form 

J V = J v = [J f l J«2 • • • Jtw]» Ju> = J J = [Jwl Jw2 • • • Jwn] 

where 3vj and 3uj are the j-th column of J„ and Jw, respectively. 
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The Formula 

By (2.30), the left-hand side of (2.36) is equal to 

d die® dk& du® 
dV dq ' dq ' dq 

where the kinetic energy of the link i is given by 

fcW = im||Vl|2 + i'u>rV",-

with 

V,- = J.q + J„q x ?R *PCi 

••«,- = ^RJw(q)q 

and the potential energy of the link is given by 

«(••) = -m opr og. 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

(2.47) 

with °g, the gravity vector and 0Pc, the position vector from the origin of frame 

{0} to the link's mass center. From (2.44) (2.46) it follows that 

Q. - m vCi + Ju> i 1 4 *« o*tJ«q (2.48) 

With °VQ given by (2.45), formula (A.31) can be used to express the first term 

in (2.48) as W ^ ^ q ) ^ with Wi(q,q) defined by (A.32) and 05 defined by (A.30). 

further let 

d = j,RJwq = fa d2 d3]
T 

formula (A.ll) gives 

J j fRTft iRJ jq = Jj?RB(d)03 s W2(q,q)03 

(2.49) 

(2.50) 

where 03 is defined by (A. 10) and B(d) is given by (A. 12). Equation (2.48) can now 

be written as 

- ^ - = [ W ^ q ) W a ( q , q ) ] ^ (2.51) 
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with 
9r, 

6® = 

By (2.44)-(2.46) the second term in (2.43) becomes 

03 

OW SH£, « d(<?3Z ?R) „ , 
—m-dq '" dq u ' dq 

By repeatedly using (2.41) and (2.42), it is found that 

I, J,RJwq 

-m—-^ °v6-, dq 

where 

Yn(q,q) = -D^J v q 

Yi2(q,q) = - [D^xJ^q + J„q X DW1T ?R - D0 

Yi3(q,q) = -[-QT3^ dq, 
LJwqlTq 

with 

ax 
q] 

q] a^i '"' dq„ 

Do = [ ^ ( J „ q x Jwq) 

and Yu(q,q) is determined by 

•P^E- 'Pc, 

where 0± is defined by (A. 17), and 

ajR 
dqj 

^(J ,qxJ„q) | 

= Yi4(q,q)04 

E , = 0 R J . q q T ' ^ ?R - ^ ( I I W I I 2 I 3 - JwqqTJD fR 

(2.52) 

(2.53) 

= [Yi,(q,q) Y12(q,q) Y,8(q,q) Yi4(q,q)]05 

s Yi(q,q)«» (2.54) 

(2.55) 

(2.5G) 

(2.57) 

(2.58) 

(2.59) 

(2.00) 

(2.61) 
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With d defined by (2.49) and formula (A.ll), the second term in (2.53) can be 

written as 

- ?^KjB % JRJwq = Y2(q, q)03 (2.62) 

where 

Y2(q,q) = - l ^ ^ q - . ^ q J B ( d ) (2.63) 

To compute the last term in (2.43), note that 

w a0!*7, 

ov = £(°pc ,) = (?-L£L)T A 

which, in conjunction with (2.45) and (A.3), leads to 

- mqT^- »g = qTY3(q)*2 (2.64) 

Where 02 is defined by (A.5) and 

Y3(q) = (Y31(q) Y32(q)] (2.65) 

with 

Y31(q) = -3T
v"g (2.66) 

Y32(q) = ( J . X °g)T ?R (2-67) 

Using equations (2.36),(2.43),(2.51),(2.53), (2.54),(2.62), and (2.64), we obtain 

Y«(q,q,q) = ( W ^ q ) + Y ^ q ) W2(q,q) + Y2(q,q)] (2.68) 

where 

Yi(q,q) = [ Y n + Y 3 1 Y 1 2 +Y 3 2 Y13 Yw] (2.69) 

Remarks 

1. From (2.68) and (2.52) it is observed that although there are only 10 physical 

parameters involved in a link or load, in general the dimension of 6^ is 16. 
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This parameter redundancy, presented in vector 9$ which is defined by (A.30), 

appears to be necessary in order to reform the dynamics so that a linear 

appearance of vector 0^ in the dynamics is achieved. On the other hand, if 

the link (load) has a regular geometry, the dimension of 0^ will very likely be 

reduced, leading to a simplified solution. 

2. Another feature of (2.68) is that the formula as it stands is suitable to serve 

as a starting point to further derive a closed-form solution for the so-called 

filtered regressor which has been used in several globally stable adaptive con

trol algorithms [155, 35]. This is due to the fact that in (2.G8) Y ( , )(q,q,q) 

depends implicitly on q through the time derivative of Wj and W<j. 

2.3.4 Special Cases 

Point-Mass Link (or Load) 

If the link (or load) can be treated as a point mass, then 0^ = 0§ which is defined 

by (A.30). Consequently Y ^ is given by 

Y(i> = Wi(q,q) + *i(q,q) (2.70) 

When Axes of {C,} are the Principle Axes of the Link 

If link i has a regular geometry, such that the axes of {CJ coincide with the principal 

axes of the link, i.e. 

"I,- = diagj/**, Iyy, Izz} (2.71) 

and if the mass center of the link lies on the x-axis or on the z-axis of frame {C,}, 

then 9® is reduced to a 6-dimensional vector of the form 

aO) J l m m^* mP* ^x* ^yv *̂*1 ' ^ t' ie m a s s c e n t e r ls on t n e A _ a x i s 

I [m mpz mp\ Ixx Iyy I2Z] , if the mass center is on the 2-axis 
(2.72) 
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and expressions for matrices W^ W2, Yi and Y2 can be simplified considerably. 

For '"pc, = fa« ° Op, matrix Wi(q ,q )€ i l n x 3 becomes 

Wi(q,q) = (J^Mi (J l ,xJ w q + J l ,qxJw )T?r J J ^ J w q - b ] (2.73) 

where ?ri denotes the first column of ?R and b is defined by b = [6j ... bn]
T 

with 

bj = ?r[JWiq
TJ2; ?rb l < j < n (2.74) 

Matrix W2(q, q) defined by (2.50) becomes a 3 x 3 matrix with B(d) € R3x3 given 

by 

B(d) = diag( |,RJU) (2.75) 

i.e. the 3 x 3 diagonal matrix with j,RJa,q as entries along its main diagonal. Matrix 

Y] becomes 

Y i = [ Y n + Y 3 i yi2i+y32i Yi3 + yi4i] (2.76) 

where 

dqi dqn dqi dqn 
'A 0 rT a O.T 

- | ^ - ( J „ q X Jwq) . . . ^ ( 3 A X Jwq)f (2.77) 
aqi aqn 

Ym = - (J„ x "g)T J r i (2.78) 

yi4i = [en . . . e l n] r (2.79) 

en = ? r f J w q q ^ ? r 1 - ^ ( | | J w q | | % - J w q q ^ ) ? r 1 (2.80) 

where 1 < j < n and Y2 € Rnx3 is given by (2.63) with B(d) given by (2.75). 

For 'pGj = (0 0 p.\T, a simplified formula can also be established which is 

almost identical to (2.73)-(2.80) except that ?ri there should be replaced by fr3 

-the third column of ?R. 
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2.3.5 An Example 

Figure 2.1: A 2 DOF Planar Robot 

Consider the 2 DOF vertical planar arm shown in Figuro 2.1, whew the length of 

link i is denoted by /,. It is assumed that the links are of point-mass type with each 

mass center at the origin of its link frame. The robot handles a rectangular bar with 

uniform material density. The parameters of the load include mass w3, mass center 
3pc3 and inertia tensor cIc3 where 

3pc3=[p* 0 0] and % = diag (/„,/„,,,/.TZ) 

For the comparison purpose, the manipulator regressor will be evaluated using 
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the conventional approach described in Section 2.2 and the approach proposed in 

last section. 

The Conventional Approach 

As mentioned earlier, there are two steps that need to be carried out in this indirect 

approach. 

Step 1. Establishing the Robot Dynamics 

Following [142], we compute 

H(q) = Dm<&W +(J2>)T *Ut?\ 

where J ^ and j£) form the link Jacobian for link i that relates the joint velocity to 

the velocity of the frame {d} which is obtained by translating {i} to the mass center 

of link i. In our case, {Ci} = {1}, {C2} = {2} and % =c I2 = 0, so J*1) = jW 

J(2)=J(2) where 

'-7i*i 0" 

and Ji2> = Ji1* = 
0 

0 

.0 

0" 

0 

o. 

hc-i 0 

0 0 

(2.81) 

Since the linear velocity of {C3} is 

vc, = 
hcidi + (h+p*)ci2(di + d2) . 

we obtain 

Ji.3) = 

Further notice that 

- ' l*l ~ ('2 +P«)*12 -('2 +P«)»12 

hci + (*2 + P«)C12 {h + P*)C12 

j£> = 

0 

0 

1 

0' 

0 

1 
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hence 

where 

H(q) = I I ^ J J W W ^ W + CW'WS? 

#11 #12 

#21 #22 

#11 = /?m2 + [i2 + (/2 + ^ ) 2 + 2/i(/2 + p>2]m3 + / J 

#12 = [(i2 + P*)2 + Mf2+i>*V2]m3 + / „ 

#21 = [(l2+P«)2 + l|(!2+P.Nf»3 + / : : 

#22 = (^2+P*)2W3+/„ 

It follows from [142] that the term Cq in (1.1) is given by 

C(q,q)q = 
H % 2 % ;9i £1 &fe 
^(9H2j _ l f l# jK . ^(dH2j 

i a#J2 
2 dgi 

ia# i2 
2 % to. 

-*i(*2 + •px)s<imz(ti(2qi + q2) 

h(h + Pz)s2m3qf 

Finally, we compute the total potential energy of the system as 

U = m2^iSi + m3ff[/iSi + (/2 + pe)si2] 

hence 

g = 
Wfdqi (m2 + m3)!i0Ci + m30(/2 +px)cl2 

Tn3g(l2 + P.)ci2 

Step 2. TVwwnefer Extraction 
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As mentioned in the introduction section, this step begins with defining a pa

rameter vector $. Suppose that the parameters of interest are link mass m2 (note 

that the link mass mi plays no role in the dynamics), and the parameters associated 

with the load, i.e. m^ px, and / „ . From what we have done in step 1 it is observed 

that every entry cf H, C and g involves some of these parameters. In addition, in 

a number of entries parameters present themselves in a nonlinear manner such as 

nigp\. It takes a while to figure out that 

$ = [m2 w3 m*px mzpl J „ ] T 

defines a parameter vector with minimum dimension such that for every entry of 

H, C and g, the parameters of interests can all be extracted. Note that one does 

not need to include px as a separate component in 0 as parameter px in all the terms 

involved always presents itself together with W3. Obviously, such a parameter vector 

cannot be adequately defined before a careful inspection of all entries is done. For 

a robot with more non-point-mass links, this step will become quite involved and 

time consuming. 

With 0 defined above, we can now extract it from the entries of H, C and g as 

follows 

#i i = [% l2i+2hkc2 + ll 2(/lC2 + /2) 1 l]0 = hnfl 

Hi2 = [0 ll + hhc2 /lC2 + 2/2 1 l\6±hl20 

H22 = (0 \\ 2/2 1 l]0 = h220 

C(q,q)q = 

g "= 

0 -hhs2q2{2qi + q2) -hs2q2(2qi + q2) 0 0 

0 hhs2q\ hs2q\ 0 0 

hc\.g {hci+l2cn)g ci2flr 0 0 

0 l2cl2g ci2g 0 0 

e^YJB 

e±Y9e 
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Therefore, the manipulator regressor associated with 9 is given by 

hntfi + hi2&> 

.hi29i + hi 192. 

Yn 

Y = + Ye + Y. 

1(11) 1(12) 1(13) 1(14) 1(15) 

1(21) 1(22) 1(23) 1(24) 1(20) 
(2.82) 

where 

l(ii) = tiifii+cig) 

l'(i2) = (*i + 2M2 + l2)q\ + h(h<% + l2)fa - hhs2q2(2qi + 92) + Hici + \&n)g 

1(13) = 2(/!C2 + k)qi + (hc2 + 2/2)9*2 - Ii«2«s(2qi + 92) + cl2(j 

1(14) = 9i + 92 

1(15) = 9*1 + 92 

1(21) = 0 

1(22) = h{hf2+h)q\ + lifa + hhs2ql + hci29 

1(23) = (*i c2 + 2/2)gi + 2 / ^ 2 +hS2qj + Ci29 

1(24) = 91 + 92 

1̂ (20) = 91 + 92 

The proposed Approach 

The problem of computing Y^3^(q, q, q) falls obviously within the special case ad

dressed in previous section. Using 

Jv(q) = 

(2.73) becomes 

—Z1S1 — /2S12 ~/2«12 

l^Ci + l2c12 hen 

0 0 

and 3u(q) = 

0 0 

0 0 

l l j 

W ^ q ) = 
Wi(ll) 

W l̂(21) 

^1(12) Wi(i3) 

Wi(22) W î(23) 
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where 

ince B(d) = 

Wm] 

Wi(i2] 

Wl(13) 

1̂ 1(21) 

1̂ 1(22) 

^1(23) 

= diag(0, 0, 

= (ll + ll + 2kl2C2)qi + {il+lil2C2)q2 

= 2(/1c2 + / 2 ) 9 l + (/1C2 + 2/2)g2 

= 91 + 92 

- (% + hhc2)qi + 2̂92 

= (/ic2 4- 2/2)91 + 2/292 

= 91 + 92 

9i + 92)> equation (2.50) gives 

W 2 (q ,q) = 
0 0 9 l +g 2 

0 0 qi + q2 

By (2.55), (2.66) and (2.77)-(2.80), we obtain Yi with 

Y u + Y « = 

yi21 + Y321 = 

yi4i 

(hex + l2ci2)g 

/i/2«29i(9i + 92) + heng 

C129 

i lS29l(9l+92)+Cl2» 

0 

0 

Further, by (2.63) it is found that Y2(q,q) is a 2 x 3 zero matrix. 

Since Y2 and the first two columns of W2 are all zero, B^ can be re-defined as 

0(3) = [ro3 map. m3pl I„f (2.83) 

and Y*3* is now obtained as 
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yW 

(J?+2Jife + l5)(fi 

-/1/2S292(2gi + 92) 

+{hci + hci2)9 

2{hc2 + h)qi 

+{hc-2 + 2/2)9*2 

-lism{2qi + fa) 

+C120 

9*1 + 9*2 9*1 + 92 

/2(/K2 + *2)gi + llfa (h Q + 2/2)91 + 2/292 
L +/l*2S29l + /2Cl2^ +/l«29l + c'l20 

9*1+92 q\ + 92 

(2.84) 

To compute Y(1* and Y*2\ note that each link is of point-mass involving only 

one parameter — its link mass. The link Jacobians for link 1 and 2 are given by 

(2.81), and (2.70) gives 

0 Y ( 2 ) _ '?«i+'i<W 
0 ' 0 

Y(1) = (2.85) 

Since the link mass mi does not play a role in the dynamics, Yi (the zero column) 

can be dropped in Y, i.e. 

Y = [Y<2> Y(3)] (2.8C) 

with0 = [m2 W3 m&s m3p
2 IZZ]T. 

On comparing these two approaches and their results namely (2.84) (2.86) and 

(2.82), it is observed that the proposed approach finds the regressor by directly 

and therefore more efficiently manipulating the link Jacobians. As our method is 

evolved from Lagrange's equation of motion, it may be viewed as a counterpart of 

the Lagrangian formulation for the evaluation of regressor dynamics. 

2.3.6 Recursive Formulation of Regressor Dynamics 

We begin our analysis by re-formulating the Newton-Euler recursion introduced 

in section 2.2.1, using the techniques developed in Appendix A. For the sake of 
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simplicity, all joints are assumed to be rotational. Notation 

consistent with those used in section 2.2.1. 

Outward recursions (i: 0 —• ») 

adopted below will be 

As the computation of •+1u>,\j.i, '^Wi+i, ,+1v1+i involves no dynamic parameters 

(i.e, the link mass, position 

need to write 

, + 1 F l + 1 = 

< + lN,+ 1 = 

rrn+i ,+1v t,+1 

Ij+lWi+i + 

of the link's mass center and inertia tensor) 

HV«+i + ' + W i x C ' + W i x 

i+1u>i+lx*li+lu>i+l 

By (A.8), the outward recursion [page 29] implies that 

where 6(j+l) is 

oflinkt + 1, "• 

By (A.ll), we 

where 0J,i+1) is 

defined by 02 

X = b* 
A,+1 = 

H,+i = 

'+1TT- . -

obtain 

defined by $3 

E,+ i = 

Inward recursions (i: n + 1 • 

•+1P. . — A. .fl('+1) 

%) + 

in (A.5) with the understanding that m;+i is 

Vy Pz)T, and 

f+1*.+i H,+1] 

fl(,+1<*+i) + i + 1U I + 1 - ||i+1w 

' % ! "Vll 

, + I N, + 1 = E,+1<#+1> 

B ^ W O + ^ ' w i + i J B C ^ w . -

- 1 ) 

i+iH2I 

c I t + 1 , and 

+i) 

we only 

<+1v.-+1 

(2.87) 

the mass 

(2.88) 

(2.89) 

(2.90) 

(2.91) 
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If no contact occurs between the load and its environment, we can begin the 

inward recursion with zero boundary conditions 

By (2.87) and (2.90), the inward recursions in section 2.2.1 imply that 

»+ 1n„+ 1 = E„+14"+1> + "+lPc„+1 x A n + 1 4 ' H 1 ) 

(2.92) 

where 

»+1PCn+1 x A„ + 1 4 ' + 1 ) = mn+1 "+1PCB+1 x ("+1vn+1 + H. + i "+iP«n+1) 

with w„+i the mass of link n + 1 (i.e. the load) and Hn+i is defined in (2.89). From 

(A.13)-(A.21) it follows that 

"+1PCM,1 x An+Ml+1) = # „ •+i (2.93) 

where 0\l+l' and 04" are defined by (A.2) and (A. 17) respectively, with 

m (• = m-n+1, \px py pz)
T = w+1PCl>+J, 

and 

*„ + 1 = [-fl("+1vn+1) #„+1] 

with 9n+i defined by (A.19). Hence 

(2.94) 

(2.95) 

where 

nn+i = [<f> # B + 1 E n + i ] (2.96) 

wi th^ = [0 0 OF. 
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To obtain the recursive relation of i7,+i to IT,- for i =• n,n - 1,... 

write the vector 6 in (2.34) as 

, 1, we first 

e = [of <>' ef efd ef efl ... 4"+1)i *i"+1)r <t+1)J]T (2.97) 

and write (2.92) and (2.95) as 

"+ fn+l = A„+l^ 

with 

An+1 = [0 0 . . . 0 AM+1 0] 

and 

"+1nn+i = nn+L9 

with 

nn+l = [oo ... o nn+i] 

where A„+i is placed in a position consistent with that of &2 in 

I7n+i is placed in a position consistent with that of 0^n+l\ By (2.1*8) 

the inward recursions for 1 < i < n give 

•f, = ,-^R i+1f,+i + % 

= ^ R A . + ^ + A , ^ 0 

= A,0 

where 

A, = ^RA.+i + IO . . . 0 A, 0 . . . 0] 

(2.98) 

(2.99) 

(2.100) 

(2.101) 

(2.97), and 

and (2.87), 

(2.102) 

(2.103) 

with A, placed in a position consistent with that of #2*'' in (2.97). Further, by (2.90), 

(2.100), (2.93), (A.6), and (2.102), the inward iterations give 

'n, = n{e (2.104) 
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where 

fli:= i4iRCTi+1 + »({Pi>1)1.4illAH.i + |0 ... 0 *, E, 0 ... 0) (2.105) 

with # , placed in a position consistent with that of 0i (which is the last 3 com

ponents of 02 ) and 04 , and E, placed in a position consistent with that of 0$ , 

respectively. 

We now obtain the manipulator dynamics as r — Y(q, q, q}0 where 

Y(q,q,q) = 

eT/t, 

ef/T, 

(2.106) 

with e^ = [0 0 1] and /T, given by (2.105) for 1 < iI < n. Obviously, if joint i is 

not rotational but prismatic, then the ith row of Y in (2.106) should be e' A,-. 

2.3.7 Computation of Regressor Dynamics: Algorithm 2.1 

The computation of Y(q,q,q) in (2.106) can be accomplished by following the 

algorithm listed below. 

Algorithm 2.1 Computation of Y(q,q,q) 

Step 1: Compute A„+J using (2.88), (2.89); 

Step 2: Compute E„+i using (2.90), (2.91); 

Step 3: Compute $n+\ using (2.94); 

Step 4: Form Ari+i and fln+i using (2.99) and (2.96), (2.101), respectively. 

Step 5: For * = n, n - 1,. . . , 1 
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- Compute A,- using (2.88), (2.89); 

- Compute E, using (2.90), (2.91); 

- Compute #,* using (2.94); 

- Compute A, using (2.103); 

- Compute Ili usinj (2.105). 

Step 6: Form Y(q, q, q) where 

I eT/7,-, if joint i is rotational. 
The ?'th row of Y(q, q, q) = < 

I e^Aj, if joint i is prismatic. 

As the above algorithm is a re-formulation of the Newton-Euler recursion, it is 

therefore O(n) in complexity for numerical evaluation of the regressor [3, Chapter 

6]. In a simulation study, we have utilized the MATLAB codes of the recursive 

algorithm in two adaptive motion control algorithms to compute the regressor at 

eich control instant, and the results will be presented in the next section. Note 

that, formula (2.106) can also be used to derive a symbolic solution for the regressor 

without explicitly formulating the link Jacobians. 

2.3.8 An Example 

We consider the robot used in previous example (see Figure 2.1) and perform the 

recursive algorithm to compute its regressor as follows. 

Following the steps given in previous section, we compute 

A3 = [3v3 rt(3u,3) + 3U3 - ||3w3||
26I] 
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ih -(9i + <fc)2 - ( & + & ) 0 

ih </i + h ~(<h + <hf 0 

0 0 0 0 

where 

ih = /i*29i ~ km] + 8i29 - k{<li + <h)2 

ih - hczqi + hS29i J- ci2«? + Mft + fts) 

Due to the regular1 geometry of the load, we have py = p, — 0, hence 0;> can be 

regarded as a two-dimensional vector 

*?> = [ma W 3 p , ] T 

Consequently, the last two columns of matrix A3 are not needed in the computation 

and A3 can be re-defined as 

Similarly, we compute 

with 

Next note that 

A3 = 

ih -W1+92)2 

ih (91 + <h) 

0 0 

E3 = 

0 

0 

q\ + h 

9™ = L 

0?> mipx 
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hence we only need the first and fourth columns of #3. By (2.94) it is found 

* 3 = 

0 0 

0 0 

02 g'i + 72 

Using (2.99), (2.96) and (2.101), we have 

and 

A3 = 

m = 

0 0 A -(qi+fa)2 0 0 

0 0 02 h+fa 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 fh q\+fa 91 + 92 

Furthermore, using (2.105), it is found that 

m = 
0 0 0 0 0 0 

0 0 0 -(91+«j) 0 0 

0 0 hlh h{q\ + fa) fa + fa q\+ fa 

and 

n, = 
0 0 0 * 0 0 

0 0 0 * 0 0 

0 7T32 fl33 ^34 9*1 + fa Ql + fa 
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where 

fl"32 = I'fqi + hcig 

7r33 = his-ilh + C2ih) + kik 

7T34 = (*2 + kC2)(qi + 92) - hS'i{<h + <hf + >*2 

The parameter vector associated with J7,- is 

0 = [»n2 m3 »*3P* msp* *«1 

Using (2.106), the corresponding regressor Y(q,q.q) is given by 

7T32 *33 fl34 r/i + «2 91 + 92 

0 hih h(q\ + 92) + !h 9i + 92 9i -I- 92 

Note that the Y obtained is identical to the one given by (2.86). 

2.3.9 Application to Adaptive Control: Modified Slotine-

Li Adaptive Algorithm 

From Section 1.1.3, it is obvious that Craig's adaptive algorithm [34] can be directly 

implemented using regressor dynamics formulation. But Slotine-Li's adaptive algo

rithm needs to be modified before it can be implemented using regressor dynamics 

formula. 

In this section, a modified version of the Slotine-Li adaptive scheme [37] is pre

sented, and its global stability is shown through a Lyapunov approach. Unlike the 

algorithm in [37], the modified version enables us to directly use the regressor Y 

in controller implementation. Contrary to Craig's algorithm introduced in previous 

Y = 
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section, however, the approach proposed below does not require the use of joint 

acceleration measurements q and inversion of the estimated mass matrix H. 

The Dynamic Model 

The equations of motion of a robot manipulator as introduced earlier in (1.1) is 

H(q)q + C(q,q)q + g(q) = T (2.107) 

The Error Equation 

Define 

qr = iy-Aq (2.108) 

where q^ is the desired velocity, q = q — q ,̂ and A > 0, and recall that 

Hqr + Cq + g = Y(q,q,qr)0u (2.109) 

The Control and Adaptive Algorithm 

If a control torque vector T is assigned as 

r = Hqr + Cq + g - K s (2.110) 

= Y(q,q,q r)0-Ks (2.111) 

with s = q - qr and if 9V is updated according to 

k = - r Y r ( q , q, qr)s, T > 0 (2.112) 

then for any s(0), 0U(O) and a bounded q,j(*), there exists a K > 0 such that the 

position and velocity tracking errors converge to zero. To show this, consider the 

Lyapunov function candidate 

V = ^WHs + elr-'Bu] (2.113) 
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and compute its time derivative along trajectories of (2.107) as 

V = s ^ H q - H q ^ + d ^ f l u + i s ' H s 

= 8 T ( r - C q r - g - H q r ) - f ^ r ' ^ u 

where the fact (property 3 of Section 2.2.4) that H - 2 C is skew symmetric has been 

used. If control (2.111) and parameter update law (2.112) are employed, then 

V = -sT[K-C(q.q)]s 

= -sT[K-C(q,q)]s (2.114) 

where C(q,q) = [C(q,q) +C r(q,q)] /2 is a symmetric matrix. By (2.114) in 

conjunction with the same argument as was adopted in [37] and [117], it can be 

shown that both q and q converge to zero. 

Implementation Consideration 

Concerning the algorithm implementation, note that generating a new control torque 

vector requires that Y(q,q,q r) be evaluated to update parameter vector 0U in 

(2.112) and (2.111) to obtain T as (2.111) can be written in the form 

T = Y(q,q,q,) 
0k 

On 
Ks (2.115) 

As is noted in [37], if one chooses A = AI in (2.108) and K = AH(q\ in (2.111), 

then the time derivative of V in (2.113) along trajectories of (2.107)is given by 

V = -s r[AH(q)-C(q,q)]s (2.110) 

provided that the unknown parameters are updated according to 

9U = - rYT (q ,q , (q , . -A 8 ) )s (2.117) 



CHAPTER 2. REGRESSOR DYNAMICS OF ROBOT MANIPULATORS 62 

Zo. 7A 

X4.X5 

Figure 2.2: A 4 DOF Robot (Identical to First 4 Links of PUMA 560) 

Since H(q) is uniformly positive definite, V in (2.116) is negative if A is sufficiently 
i 

large. Note that the control torque in this case becomes 

r = Y(q,q,q-) 
0u 

where 

qd - 2Aq - A2q 

(2.118) 

(2.119) 

Obviously, (2.118) and (2.119) represent a. quasi-computed-torque controller which 

would be identical to the computed-torque algorithm if 9U = Bu. 
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Figure 2.3: Joint trajectory tracking of joint I, 2, 3, and I using modilicd Slotioe-Li 

adaptive algorithm. 

2.3.10 A Case Study 

In this section, we present a case study that simulates the two adaptive motion 

control algorithms where the regressor encountered are evaluated using the recursive 

regressor dynamics formulation introduced in this Chapter. 

Consider a 4 DOF manipulator, shown in Figure 2.2, with a. geometry identical 

to the first 4 links of a PUMA 500 robot. Its dynamic parameters are however 

simplified as follows: all 4 links are of point-mass with »/| = niy — m:) ~ 2 Kg 

and m4 = 0.5 Kg. For the first three links, the mass center of each link is at its 

geometric center-point, and the mass center of link 4 is at its distal end. The robot 
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Figure 2.4: Joint trajectory tracking errors of joint 1, 2, 3, and 4 using modified 

Slotine-Li adaptive algorithm. 

carries a 0.5Kg point-mass load, tracking in the joint space a trajectory specified by 

<li(t) ci + aisinwf 

<M0 C2 + a2cos(a;t/2) 

<fe(0 c3 + a3sin(urt/3) 

</<i(0 c» + a4Cos(u;t/4) 

with c, = STT/9, C-I = 2ir/3, c3 = 3x/4, c, = 15x/18, <n = 4w/9, a2 = » / 3 , «3 = T / 4 , 

and a,| = Sir/18 for 0 < t < 2 seconds. Under these circumstances, the robot can 

be treated as if m 4 = 1 Kg and carrying no load. 

Now assume that the user does not know the load mass and makes an initial 

guess of m.| = 0.5 Kg. The initial robot configuration is set with 20% relative error 

in joint displacement for each joint. Both the modified Slotine-Li algorithm and 
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Figure 2.5: Estimation of unknown load mass (true value = I kg) using modified 
Slotine-Li adaptive algorithm 

Craig's algorithm are applied to control the robot motion. Figure 2.3 shows the 

trajectory tracking of joint I, 2, 3, and 4 with tracking errors depicted in Figure 2.1 

and unknown load mass estimation in Figure 2.5 using modified Slotine-Li adaptive 

control algorithm. Figure 2.6 shows the trajectory tracking of joint I, 2, 3, and I 

with tracking errors depicted in Figure 2.7 and unknown load mass estimation in 

Figure 2.8 using Craig's adaptive control algorithm. The regrossors Y(q,q,q,) and 

Y(q, q, (qr - As)) in the modified Slotinc-Li algorithm, and the regressor Y(q, q, q*) 

in Craig's algorithm are evaluated using Algorithm 2.1 proposed in Section 2.3.7. 

From the figures it is observed that it takes less than 0.3 second for the modified 

Slotine-Li algorithm and about 0.35 second for Craig's algorithm to see the tracking 

error converging to an acceptable tolerance. Both algorithms are able to identify the 

unknown mass of the load but the modified Slotine-Li algorithm can do it quicker. 

As mentioned earlier, the modified Slotine-Li algorithm is computationally more 

efficient as compared to Craig's algorithm. In addition, our simulation experience 

indicates that parameters A and T in the modified Slotino-Li algorithm are less 

sensitive than their counterparts in Craig's algorithm, which is consistent with the 

observations made in a force control study [39]. 
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Figure 2.6: Joint trajectory tracking of joint 1, 2, 3, and 4 using Craig's adaptive 

algorithm 

2.4 Real-Time Implementation 

The recursive version of regressor dynamics (Algorithm 2.1) has been used to im

plement model-based adaptive position and force control algorithms in real-time on 

a PUMA 560 industrial robot. In this section we shall present the experimental 

results of implementing the modified Slotine-Li adaptive position control on the 

first three links of a PUMA 560 robot. Issues on computational efficiency, sampling 

rate selection, and the effect of robot dynamics on the control quality will also be 

addressed [119]. 
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Figure 2.7: Joint trajectory tracking errors of joint 1, 2, 3, and 4 using Craig's 

adaptive algorithm 

2.4.1 The Implementation 

As mentioned above, each of the first three joints of a PUMA 560 (similar to I- igurc 

2.2) is controlled to follow a given sinusoidal trajectory. The kinematic and dynamic 

parameters of the PUMA 560 robot used in the implementation are listed in Table 

2.1 (Denavit-Hartenberg parameter table) and Table 2.2 (dynamic parameters) [157, 

158, 159]. 
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Figure 2.8: Estimation of unknown . .,^J mass (true value = 1 kg) using Craig's 

adaptive algorithm 
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Table 2. 

a(_, (degree) 

0 

-90c 

0 

90° 

-90° 

90° 

: Kinematic Parameters of PUMA 560 

«i_i (meter) 

0 

0 

0.432 

-0.020 

0 

0 

di (meter) 

0 

0.234 

-0.094 

0.433 

0 

0 

(9; (degree) 

Ox 

e2 

<>3 

04 

05 

06 

and the workspace of the first three joints is described by 

-164° < 0i < 162° 

-216° < 02 < 35° 

-133° < 03 < 142° 

In the dynamic adaptive position control implementation, the first three joints 

of tho PUMA 560 are controlled to follow the desired trajectories defined by 

0,(<) = 60sin(0.62S/.), 02(t) = 50sin(0.62St) - 90, 03{t) = 40sin(0.62Sf) 

while the unknown parameter was estimated in real-time. 
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Table 2.2: Dynamic Parameters of PUMA 560 

Link 

i 

1 

2 

3 

456 

Mass 

m, 

-

16.8 

5.80 

1.25 

Center of Mass 

Px 

-

0.068 

0 

0 

Py 

-

0.006 

-0.070 

0 

P* 

-

-0.016 

0.014 

0.012 

Diagonal Terms of Inertia 

h* 

-

0.130 

0.066 

0.020 

hy 

-

0.524 

0.013 

0.020 

hz 

0.350 

0.539 

0.086 

0.015 

' motor 

1.140 

4.710 

0.830 

0.200 

Friction 

Coe. 

7.50 

27.03 

4.53 

-

The modified Slotine-Li adaptive position controller was implemented on a PUMA 

560 robot controlled by a PC 486/33 computer using Borland C++ language. Through 

a set of custom-built parallel interface boards, the computer collects the position 

data from the joint position sensors. It then computes the control signal and sends 

the signal through the interface to the power amplifiers that drive the actuators to 

move the robot. Figure 2.9 and 2.10 show the tracking errors of the 3 joints in degree 

where the payload changes its weights from 6Kg to 6.42Kg and then to 6.93Kg. The 

sampling rate used is / = 200Hz. It is observed that in all cases the tracking errors 

for joint 1 and 2 are bounded by 1° after 1 second of motion. The norm of control 

voltages in these 3 cases are shown in Figure 2.11. Figure 2.12 shows the estimated 

value of the payload. Note that in the 3 cases the estimated values exhibit fairly 

large oscillations in a similar manner. This is mainly due to the fact that the last 3 

joints are not locked during the motion so that the time-varying acceleration of the 

robot "payload" has contributed to the estimated value of the mass. Nevertheless, 

it is also noted that in all 3 cases the arithmetical average of the estimates provides 

a good approximation of the payload weight. 

2.4.2 Effect of Dynamics on Control 
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Figure 2.9; Tracking error comparisons of joints 1 and 2. Payload weight is changing 

from 6 kg to 6.42 kg to 6.93 kg. Sampling rate is 200 Hz. 

Next, a payload with mass m =6Kg was used in the test but an incorrect value of 

m =10Kg was set in the control algorithm as the initial guess of ra. The control 

task was the same as before, and the tracking history using the modified Slofcine-Li 

adaptive control is shown in Figure 2.13. With the same trajectory and same sam

pling frequency / =200Hz, a fine-tuned PD controller, a computed-torque controller 

with correct mass value ra =6Kg, a computed-torque controller with an incorrect 

mass value m =10Kg, were separately tested. Together with the results from the 

adaptive controller, tracking errors of each joint resulted from these 4 controllers are 

shown in Figure 2.14, 2.15, and 2.16, respectively, where the solid line, the dash line, 

the dash-dot line, and the "+" line correspond to the PD, the CT with correct in 

value, the CT with incorrect ra value, and the adaptive controller, respectively. It is 
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tracking error comparison of joint 3 for ml, m2, & m< 
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Figure 2.10: Tracking error comparisons of joint 3. Pay load weight is changing from 

6 kg to 6.42 kg to 6.93 kg. Sampling raXc is 200 Hz. 

observed that after 2 seconds of motion, the adaptive controller (with a.i incorrect 

mass value m) out-performs the best PD and the CT (vvitli the same incorrect mans 

value m) controllers and is nearly as good as the perfectly tuned (!T controller. And 

all model-based controllers, CT with correct mass value and adaptive controller in 

this case, out-perform the uon-model-based PD controller. 

2.4.3 Effect of Sampling Rate on Control 

The Northgate PC 486/33 machine was able to compute the control torque within 

2.8 ms. In other words, sampling rate can, if necessary, be set as high as 3501 h. 

This rate was achieved without using any special purpose DSP board. As men

tioned earlier, the default sampling rate set for above-reported implementation was 
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trajectories, of the norm of joint voltage vector for ml, ro2, &. rn3 

. J 
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Figure 2.11: Trajectories of the norm of joint control voltage vector for three different 

payload weights. 

parameter (mass of link 3^ estimation comparison for ml, rn2. & m3 _ 
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time in second (ml-solid, m2-dash, m3-dot & dash) 

Figure 2.12: Estimation of payload we. for three different payload weights. 

/ =2001Iz, and the system performance appeared to be satisfactory. 

Changing the sampling rate from the default value of / i =200Hz to / 2 =133Hz 

and then to / 3 =100Hz. The tracking errors at each joint corresponding to these 3 

sampling frequencies are shown in Figure 2.17, 2.18. Trajectories of the norm of joint 

control voltage vector for the three different frequencies are shown in 2.19. From 

the figures large tracking errors were observed at joints 2 and 3 wh< u fi -100Hz is 

used. From Figure 2.20, it is noted that the parameter adaptation i & 'U not work 

well either in the case of sampling frequency=100Hz. This is due to the saturation 

of the contro' ,'oltages. By lowering the gain and therefore to reduce saturation, it 

is found that the controller still works for a sampling frequency as low as 40 Hz. 
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Figure 2.13: Trajectory tracking and tracking errors of the three joints. The pay load 

is 6 kg, but an incorrect initial guess of LO kg was used. 

tracking error comparison of joint 1 

4 5 6 

time in second 

Figure 2.14: Tracking error comparison of joint 1. Solid lino - PJ) control; dashed 

line - CT control with correct m value; dashed-dot line - CT control with incorrect 

m value; "+" line - adaptive control. 
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Figure 2.15: Tracking error comparison of joint 2. Solid line - PD control; dashed 

line - CT control with correct m value; dashed-dot line - CT control with incorrect 

m value; "-f" line - adaptive control. 
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Figure 2.16: Tracking error comparison of joint 3. Solid line - PD control; dashed 

line - CT control with correct m value; dashed-dot line - CT control with incorrect 

m value; "+" line - adaptive control. 



CHAPTER 2. REGRESSOR DYNAMICS OF ROBOT MANIPULATORS 75 

6. 
•8 

•2J 

Oh-' - : 

0 

tracking error comparison of joint 1 for fl, f2, &f3 _ 

2 3 4 5 6 7 8 
time in second (fl -solid, f2-dash, f3-dot & dash) 

tracking error comparison of joint 2 for fl, f2, & O 

« 10 

2 3 4 5 6 7 8 
time in second (fl-solid, f2-dash, f3-dot & dash) 

Figure 2.17: Tracking error comparisons of joints 1 and 2. Sampling frequencies are 

fl=200 Hz (solid line); 12=133 Hz (dashed line); 13=100 Hz (dashed-dol line)' 
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Figure 2.18: Tracking error comparisons of joint 3. Sampling frequencies are 11=200 

Ha (solid line); f2=133 Hz (dashed line); f3=100 Hz (dashed-dot line). 
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Figure 2.19: Trajectories of the norm of joint control voltage vector for three different 

frequences: fl=200 Hz (solid line); f2=133 Hz (dashed line); f3=100 Hz (dashed-dot 

line). 
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Figure 2.20: Estimation of payload weight for three different frequencies: 

Hz (solid line); f2=133 Hz (dashed line); f3=100 Hz (dashod-dot lino). 
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Chapter 3 

Adaptive Impedance Control 

3.1 Introduction 

Stable execution of contact tasks by mechanical manipulators has been identified as 

one of the major challenges in robotics [49, 62, 94], and a great deal of researchers' 

attention has been attracted to the problem during the past decade. Among the con

trol schemes reviewed in Section 1.2, it appears that impedance control of Hogan 

[60, 63] provides an unified approach to unconstrained motion control, obstacle 

avoidance, and constrained manipulation. Unlike the hybrid position/force control 

approach, impedance control does not need to switch back and forth between posi

tion control and force control. In addition, impedance control has the flexibility of 

using [63] or not using [60] robot dynamics in its control algorithm. It has theoret

ically been shown that the approach may also preserve motion stability during the 

contact between the end-effector and environment [62]. This is a property especially 

attractive to the field of contact-force control [49]. Because of these good features, 

it is worthwhile to seek its extension to those robotic systems whose parameters are 

not precisely known. This chapter is devoted to the development of two adaptive 

force control algorithms that are extensions of the conventional impedance control 
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initiated by N. Hogan [63]. 

As in the computed torque control for unconstrained motion [4, G], implemen

tation of Hogan's conventional impedance control [G3] requires the use of accurate 

manipulator dynamics as well as perfect measurement of the external contact forces. 

On the other hand, however, some parameters of the manipulator such as moments 

of inertia or the mass center of the end-effector may be uncertain due e.g. to unpre

dictable payload changes [37]. In addition, measurements from a wrist force sensor 

are often found noisy. As will be demonstrated iu Section 3.7, model uncertainties' 

and imperfection of the force measurements could severely degrade the performance 

of a model/sensor-based robot controller such as impedance control [03] and, there

fore, feasible compensation methods should be sought so as to maintain performance 

quality as well as motion stability in the presence of parameter uncertainties and 

measurement noise. 

Motivated by the adaptive algorithms of Craig [34] and of Slotine and Li [3G] for 

unconstrained motion (position) control, two adaptive versions of impedance control 

shall be presented in this chapter. In our treatment it is assumed that some param

eters in manipulator dynamics may be uncertain, and the measurements from the 

wrist force sensor utilized are imprecise. The difference of an adaptive impedance 

control from an adaptive position control is twofold. First, unlike position con

trol, effort must be made to prevent performance degradation due to imperfection 

of the force sensor used. Second, here one deals with the dynamic interaction be

tween the robot end-point and its environment that could be very rigid in many 

applications and, as a reflection of this fact, regulation error must be re-defined in 

order to accommodate the interactions which do not exist in the free motion case. 

By introducing the concept of target-impedance reference trajectory (TIRT) which 

characterizes the desired dynamic relations of the end-point with the environment, 

it will be shown that the adaptation mechanisms of Craig and Slotine-Li can be 
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injected into Hogan's conventional impedance control. It will also be shown 'ha*, 

the Lyapunov approach utilized in [34, 3G] cen be refined to property compensate 

the measurement noise as long as the magnitude ot the noise is assumed to have a 

known bound. Simulation as well as experimental results of the proposed control 

algorithms on a PUMA 560 robot are included to illustrate the proposed algorithms, 

3.2 Conventional Impedance Control 

3.2.1 Robot Dynamic Model in Cartesian Space 

Complete dynamics of an n DOF manipulator which has a contact with its high-

stiffness environment can be described by 

H(q)q + C(q, q)q + g(q) + f (q) = r - JTF c , t (3.1) 

where f (q) represent torques due to friction forces, J is the n x 6 configuration-

dependent Jacobian which relates the joint velocity to the linear and angular veloc

ities of the end-effectoi;, and FCirj denotes the force exerted by the end-effector on 

the environment and measured by a wrist force sensor. 

When controlling the dynamic, behavior of the end-effector/environment inter

action comes to be a main concern, it is often desirable to describe the manipulator 

dynamics in its operational space. Assuming n — 6, the Cartesian space robot 

dynamics is given by [3] 

H.(x)x + C.(x,x)x + &(x) + fc(x) = J~TT-Fczl (3.2) 

where x is a 6-dimensional vector representing the position and orientation of the 

manipulator gripper, and 

C* = j-^c-Hj^jyj1 
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g* = J"'Jg 

3.2.2 Two Remarks on Conventional Impedance Control 

In the impedance control, target impedance is usually specified by a higher-level 

supervisory system as a second-order dynamics [63] 

M ( x - x ; ) + B ( x - x u ) + K ( x - x v ) = - F « , (3.3) 

where xlr is the virtual trajectory that often coincides with the desired trajectory 

when no contact occurs. However, it would most likely correspond to positions 

beyond the robot's workspace during the contact in order to maintain a proper 

amount of contact force. We shall return to this point in Sectioii 3.7 when presenting 

the simulation results of the proposed control strategy. 

Two remarks on the conventional impedance control are now in order. 

Remarks 

1. Given manipulator dynamics (3.2) and target impedance (3.3), it is quite 

natural to use a constrained ..notion control counterpart of the well-known 

resolved acceleration algorithm [10] to assign a control torque r such that the 

overall system dynamics coincides with that given in (3.3). Obviously, such a 

torque is given by r = J T F with 

F = Fc.,(+CIx+g iC+f!i;+Ha!{x(,-M-1[B(x-x„)+K(x-x t,)+F t.,,(]} (3.4) 

i.e., in the notation of [63], 

r = ^ { W - ^ M - H ^ x ^ M q ^ + B ^ - J q ^ + x V 

+JH- i (Cq + g + f) - Jq] + [I - W-'IVTMF^} 
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where L(q) represents the forward kinematics operator which maps a set of 

joint displacements into the corresponding end-point position/orientation, and 

W = J H - 1 J T is the mobility tensor whose inverse is the actual inertia of the 

robot end effector in operational space [60]. The control law (3,5) has been 

known as impedance control for constrained motion of robots where the major 

control task is to regulate the dynamic relation of the end-effector with the 

environment in contact. It follows from above observation that the impedance 

control is indeed a duality of the resolved acceleration control in the domain 

of constrained motion control. The structure of the conventional impedance 

control is shown in Figure 3.1. 

Control Torque 
T = Hq*+Cq+g+f+JrF„ 

m 
Robot Dynamics 

X = Hq + Cq+g+f +./' F„, q 

F„ 

xv 

xv 

x„ 

<i 

q={MJTx{K{xv-L(q))+B(xv-Jq)+Mxv-Jq-Ftx 

Figure 3.1: Structure of the Conventional Impedance Controller 

2. Control law (3.5) can also be used for redundant manipulators where the 

Jacobian J is a full row-rank non-square matrix. Indeed the introduction of 

mobility tensor W in this case avoids performing inverse operation for the 

Jacobian. On the other hand, however, the control torque given by (3.5) is 

not computationally efficient when the manipulator involved has six DOP and 

its Jacobian are nonsingular over the workspace. As a matter of fact, it can 

readily be shown that the joint torque r needed can be computed using the 
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formula 

r = Hq* + Cq + g + f + JTFCiB,, 

= Y(q)q,q*)0 + JTFCs,. 

where q* is given by 

q* = (MJ)"1|K(xv - L(q)) + B(x\, - Jq) + Mx„ - j q - Fexl] (3.7) 

One can therefore use the measurements from joint position/velocity sensors as 

well as wrist force sensor to compute q*, and then adopt the recursive Newton-

Euler computation scheme [147] or Algorithm 2.1 to calculate the sum of the 

first four terms on the right-hand side of (3.6). 

3.3 Target Impedance Reference Trajectory 

Given the desired end-point/environment relation (3.3), a Target Impedance Refer

ence Trajectory (TIRT) is a differentiable vector function xt(t) of time, which solves 

the second-order differential equation (3.3) with a proper set of initial conditions, 

e.g. 

x,(0) = x„(0) 

xt(0) = x„(0) 

and with Fex( replaced by Fcxi, which denotes the measurement of Fcci obtained 

from the wrist force sensor. Clearly, the TIRT as a function of time coincides 

with the desired tracking trajectory over the unconstrained motion duration simply 

because of FeiB< = 0. However, it may differ considerably from the pre-assigned 

virtual trajectory during the contact. This is particularly true when either the 

environment involved has a very high stiffness, or the target impedance is assigned 

such that its dynamics has a pole sufficiently close to the jcu-axis. To be specific, 
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the TIRT xt(t) in the rest of the thesis is defined as the unique solution of the 

initial-value problem 

Mx'i + Bxj + Kxi = - F « i + (Mx,,+Bx0+Kx l ,) 

x,(0) = xt((0) 

x,(0) = x„(0) (3.8) 

An example will be given in the simulation study in Section 3.7 to show the difference 

between the TIRT and virtual trajectory of a robot arm. 

A couple of remarks on this concept are now in order. 

1. With measurements from the wrist force sensor and the given virtual tra

jectory, the TIRT can be found very quickly in each sampling duration by 

numerically integrating equation (3.8). Further notice that such numerical in

tegration is necessary only during the contact since one may otherwise simply 

take xt(*) = xt,(*). 

2. The importance of this concept is due to the fact that the essence of impedance 

control is to reform the dynamic relation for the end-point/environment inter

action such that the end-point could move along the TIRT. The importance of 

equation (3.8) will become more apparent when an attempt is made to derive 

an error equation for end-effector's position in the next section. 

3.4 Adaptive Impedance Control: Algorithm 3.1 

In the adaptive impedance control algorithm proposed below, unknown model pa

rameters are estimated at each control instant in a manner similar to that of [34]. 

This is made possible by re-defining the regulation error as x - xt where x* is the 

TIRT introduced in Section 3.3. 
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...4.1 Impedance control with estimated dynamics 

Let 9 and 0 € R'xl denote the vector of all unknown parameters in the robot 

dynamic equation (3.2) and its estimate from an adaptation law to be specified 

later (see (3.19)), respectively. The impedance control can be implemented if the 

estimated parameter values are used in (3.4) or (3.6). For the sake of simplicity, it is 

assumed that the Jacobian is a square and nonsingular matrix over the workspace. 

The control torque can then be written as 

r = H4* + Cq + g + f + J r F C I < + J r F c 

= Y(q,q,q*)0 + J r F C I t + J r F c 

where H, C, g, and f are evaluated using estimated parameters, Fcxt is the mea

surement of FeiEf, Fc is a control force to be determined later (see (3.22)) to deal 

with measurement noise from the force sensor, and 

q* = (MJ)-1[K(xu - L(q)) + B(x„ - Jq) + Mx„ - j q - Fctl) (3.10) 

Similar to the discussion earlier, the recursive Newton-Euler computation scheme 

[147] or the recursive regressor formula (Algorithm 2.1) applies to (3.9), (3.10), mak

ing it a numerically attractive formulation in implementing the proposed algorithm. 

In order to perform an error analysis, however, it is more appropriate to write 

the control torque as T = J T F with 

F = tcxl + C U + g* + f; + Hsjx; - M"1 [B(x - x„) 

+K(x-x„)+Fcxi]} + Fc 

3.4.2 The parameter adaptation and determination of Fc 

Applying control law (3.11) to dynamic equation (3.2), simple algebra leads to 

M(x - x„) + B(x - x„) + K(x - x„) + F£E( 

= M H ; l [ ( H , x + C*x + gx + fx) + Fc + AFJ 
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where 

Hje = Hj. — Ha. 

g* = gx - g* 

M-X — lX lx 

AFC = Ftxl, — Fcxl 

As mentioned before, it is not the virtual trajectory but the TIRT that the end-

point tries to follow. Consequently, the regulation error for the constrained motion 

is defined by e = x — x t, and the error dynamics is obtained by combining the above 

equation with (3.8) as 

e + B„e + K„e = H ; J ( Y ^ + Fe + AFe) = u (3.12) 

where B„ = M ' B , K„ = M ' K , and 

Yc6 = H.x + C.x + fc + fc (3.13) 

with 

e = e-e 

and Yc the 6 X r regressor matrix depending on x, x, x, and the known manipulator 

parameters. On comparing equation (3.12) with the error equation (11) of [34], the 

following distinctions can be observed: 

• Equation (3.12) is established in operational space rather than in 

joint space; 

• The left-hand side of (3.12) is a reflection of the desired target 

impedance rather than desired unconstrained motion; 
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• A friction term has been included in equation (3.13) with the as

sumption that only viscous friction and dynamic Coulomb friction 

effects are modeled; 

• Sensor noise AFC is present and the control force F t is included in 

the right-hand side to suppress AFC using a Lyapunov approach as 

will now be demonstrated. 

It follows from [34] and the Appendix B that an augmented error vector can be 

formed as 

e* = e + ?Pce (3.14) 

with !Pt. = diag(i>i,..., V;»»)> V'i € (0,bn.), and blti the ith diagonal element in Bn so 

that the input/output map u i—• e* admits a state-space description given by 

X = AX + Bu 

e* = CX 

where 

(3.15) 

X 

A 

B 

C 

= [ei e'i ... 

= diag(Ai, 

= diag(bl5. 

= diag(cl5. 

e e'\T 

. . , A „ ) 

••,b„) 

••,c„) 

with 

At = 
""-n, """n; 

b, = 
0 

1 

IV* 1] 
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Note that transfer function matrix of system (3.15) is diagonal with 11 

elements SPR (see Appendix B). Consequently, there exist 

V = diag(/>, rn)>0 

Q = diag(Qj,...,Qw)>0 

such that 
ATV+PA = -Q 

VB = CT 

A Lyapunov type error analysis begins by defining 

vc(x,0)=xTvx-^eTr;10 

with rc positive definite. While the above Lyapunov function has been 

(see Section 1.1.3) for the unconstrained motion control problem, 

for the imprecise force measurements, which was not the issue in 

By (3.15)-(3.17), 

88 

ill diagonal 

(3.16) 

(3.17) 

used in [34] 

a careful treatment 

[34], is now needed. 

Vc = -X2"QX + 2e T (Y j 'H ;V+r t :
1 ^ ) + 2e*rH;:1(Ft. + AFl,) 

Thus the parameter adaptation law 

0 = -rcYjiix"V 

leads (3.18) to 

Vc = - X r Q X + 2e*rH;1(Fc + AFt.) 

If the measurement noise AF has a known bound, i.e. 

l|AFe|| < 6 

then by choosing 

Fe = - | H , e * 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 
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where 7 > 0 is 

where 

ADAPTIVE IMPEDANCE CONTROL 

the gain factor to be determined later, we obtain 

Vv < - o - 7 / * 2 + 2/<* 

a = X7QX 

H = Kll 

A* = l!H;Je*|| 

Consequently, the time derivative of Vt. will be strictly negative if 

(a) X ^ 0 and e* = 0; 

cr 

(b)X#0,< 

or 

e* # 0, ?nd 

0 > 2fiS 

(c) X / 0, e* # 0, a < 2/*6, and 

If condition (a) 

may assume F t 

2^6 - a 

89 

(3.23) 

(3.24) 

or (b) is satisfied, (3.20)-(3.23) indicate that Fc is not needed i.e. one 

= 0. Otherwise the term Fc given by (3.22) with 7 satisfying (3.24) 

must be included in the control torque specified by (3.9) to guarantee 

In other words, the term Fc in (3.9) can be specified by (3.22) with 7 

7 > max(0,(2^-«)/,#2) 

Furthermore, since in case (c) ^ satisfies n > a/26 and p < ||H~ 

0 > a/(2S\\H-

bound 

'H) which implies that the right-hand side of (3.24) 

a negative Vc. 

satisfying 

(3.25) 

1\\f3, we have 

has an upper 
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Parameter A r*vr,-, -i • 
Adaptation &-~~l Y " l 

Xj Xj Xj 

I 

TIRT 

Control Torque 
t = Y(q,q,q')0 + JrFtu+JrFc 

L. n 
Robot Dynamics 

T = Hq + Cq+g + f + J* Ft) 

K. 

- , < / 

<l 

. - i 
q =(MJr[K(x¥-Uq)) + B(x,-Jq)+Mx,-Jq-F„,\ 

Figure 3.2: Structure of Adaptive Impedance Control Algorithm 3.1 

2p6-a 46a | |//,- | | |aCW|//7'll-^) (3.2fi) 
o" 

Obviously, 7* defined in (3.26) gives an indication ol* how large the gain factor 7 

satisfying (3.24) (and hence (3.25)) might be for a given noise hound b. 

In summary, the Algorithm 3.1 can be listed as follows: 

Adaptive Impedance Control: Algorithm 3.1 

Step 1 Using equation (3.25) to determine 7; 

Step 2 Using equation (3.14) to form augmented error vector e*; 

Step 3 Using equation (3.22) to compute Fc; 

Step 4 Using Algorithm 2.1 to evaluate the regrcssor Y(q,q,q") with q* 

given by (3.10); 

Step 5 Using equation (3.9) to compute the control torque r; 

Step 6 Using equation (3.19) to update unknown parameter vector. 

The structure of the adaptive control Algorithm 3.1 is shown in Figure 3.2. 
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The above Algorithm 3.1 has provided an adaptive version of Hogan's impedance 

control for a robot manipulator with uncertain parameters and an imperfect force 

sensor. 

Remarks 

1. In equations (3.2), (3.9) and (3.11) etc., it has been implicitly assumed that 

no singularities will occur along the planned motion trajectory. Effective ap

proaches to avoiding singular configurations can be found in the literature, see 

e.g. [160, Chapter 7] and the references therein. 

2. As in the unconstrained motion case [34], it follows from (3.10) and (3.19) that 

implementation of the proposed algorithm requires the invertibility of Hx and 

the use of joint acceleration. Moreover, (3.19) does not guarantee a priori that 

H j 1 remains bounded [161]. A remedy for this difficulty is to replace (3.19) 

by a modified adaptive law suggested in [161, Sec. IIIcj in which only a single 

H"1 with fixed parameters is needed. 

3.4.3 A Robustness Property of the Algorithm 

There are a number of cases in which some or all components of the control torque 

r calculated from (3.9) exceed the maximum torques that the actuators can provide 

and, consequently, saturation occurs. In what follows we consider one of such cases 

where saturation is due to an unusually large force measurement F t l t t. Assume that 

H"1 is uniformly bounded, i.e. 

IIH;1!! < h* (3.27) 

for some constant, h* > 0, and that the measurement noise from the force sensor 

is controlled by a known bound 6 as in (3.21). Denoting by Ts„t, the saturated 
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controller output and F.„„< = J~rTS(lt, the end-point force during the saturation can 

be written as 

F*«) = F + AF„ 

where AFS is defined as 

AF, = F,„, - F 

with F obtained from (3.11). Obviously, with this F„l( as the control force, the error 

dynamics equation (3.12) should be modified as 

e + B„e + K„e = Hj1(V;» + F , + AF t + AFJ = u, 

which leads to the following modification of (3.23) 

K- < - a - 7 ^ + 2A/(e + ||AF,j|) 

By (3.27) we have 

Vc < -a-ji32 + 2h*[6 + \\AFll\\)!3 (3.28) 

It follows that the saturation may lead tc a positive Vc and hence an increasing 

error signal X ( which is equivalent to e and e). On the other hand, since both o 

and <32 are proportional to square of ||e|| -f ||e||, (3.28) indicates that Vt wili become 

negative again before the error gets too large. In other words, as may be expected, 

saturation of this type certainly causes a relatively large error as compared to that 

in an unsaturated control but robust stability of the error dynamics is preserved for 

tasks in which the contact force may occasionally go up to a level causing controller 

saturation. 

3.5 Adaptive Impedance Control: Algorithm 3.2 

Again the TIRT is employed to form the regulation error 

e = x - x , (3.29) 



C1IA PTEli 3. A DA PTIVE IMPED A NCE CONTROL 93 

Parameter a _ _ r v7 

Adaptation **~ i r s 

Xj Xj xd 

Hi 
Control Torque 

t = r{q,q,qr)0+JTFt„-Ks 
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x, 
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Robot Dynamics 

T = Hq + Cq+g+f + JTFM\a 

s = q+Aq, q^q.-Vq 

Figure 3.3: Structure of Adaptive Impedance Control Algorithm 3.2 

The augmented error vector is defined as 

s = e + !P8e (3.30) 

where tf\, > 0, but other constraints that were imposed on )PC, its counterpart in 

Algorithm 3.1 (see (3.14)), are now not needed. Further let xr(t) be such that 

xr = x - s (3.31) 

The second proposed adaptive impedance control is then given by 

F = H«xr + C,x + g* + 4 + Fe*t - K,,s 

= Y.(x,x,xr)d + P « t - K , i 8 
(3.32) 

where Kd > 0, and Hx, C^, gA
x., and fr are obtained by substituting the estimated 

parameters 0 into H*, C*, gx, fx respectively. 

Defining 

V.,(s,0) = k s r H , s + fr;l9) 

which is an operational space counterpart of the Lyapunov function utilized in [36], 

(3.2), (3.31), (3.32), and the fact that Hx — 2CX is skew-symmetric (see Section 
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2.2.4) lead to 

t = dT(Yj'» + r ; J i ) - « r ( K - - C . ) s + 8!rAPc 

Consequently, if the adaptive law 

9 = - A Y f s (3.33) 

is used where Ys is determined by 

YSB ~ H*JCr + C I .X r+ft e+£ (3.34) 

then 

V, = -s r(K r f - C.)8 + s rAF c < - ( & - c)||s||2 + % | | (3.35) 

where k^ denotes the smallest eigenvalue of Kj, c denotes the largest eigenvalue of 

0X = [Ca; + C^]/2, and (3.21) has been assumed. Unlike the unconstrained motion 

case [36], (3.35) indicates that an arbitrarily chosen K,i > 0 could yield a positive 

Va when ||s|| is sufficiently small, ||AFC|| is large, and the inner product s'J AF,. is 

positive. Nevertheless, the following analysis shows that the error signal s (hence e 

and e) due to the sensor noise is bounded and the bound can be reduced if more 

powerful actuators are available. 

The boundedness of ||s|| is an immediate consequence of (3.35): For a fixed k,i, 

V„ < 0 whenever ||s|| > S/k^, and a negative V„ means a reducing V» (versus time 

t) and hence s. The above argument also indicates that a larger k,{ implies that a 

smaller bound for ||s||. By (3.32), it is observed that a large k^ (therefore a "large" 

Kd) may saturate the controller unless the actuators used are sufficiently powerful. 

Furthermore, (3.30) can be written in an integral form as 

e(i) = e~*'(l-lo)e(to) + f e~*>u-%{v)dis 
Jin 

which implies that 

||e(*)|| < ||e-*'(|-*tyfb)|| + HI / ' l|e-*«(<-*>||^ < ||e(£0)|| + ||s|JA';, 
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where if> is the smallest eigenvalue of !Pv Therefore, the boundedness of ||s|| implies 

the boundedness of ||e||. Finally, (3.30) gives 

INI < IN + ll*.IIIMI 

i.e. the boundedness of ||e||. 

In summary, Algorithm 3.2 can be listed as follows. 

Adaptive Impedance Control: Algorithm 3.2 

Step 1 Using equation (3.29) to form error e; 

Step 2 Using equation (3.30) to form augmented error s; 

Step 3 Using equation (3.31) to compute xr; 

Step 4 Using Algorithm 2.1 to evaluate the regressor Y or Ya; 

Step 5 Using equation (3.36) to compute control torque r or using equation 

(3.32) to compute the control force F; 

Step 6 Using equation (3.33) to update unknown parameter vector. 

The above Algorithm 3.2 provides a natural combination of Hogan's impedance 

control with Slotine-Li's parameter adaptation. Figure ? 3 shows the structure of 

the adaptive control Algorithm 3.2. As is seen from the above argument, robust 

stability of the error dynamics has been preserved, and the error s (as well as e 

and e) may be further reduced by increasing gain K«j as long as the actuators are 

sufficiently powerful. Finally, a Lyapunov analysis similar to that used in Section 

3.4.3 may be applied to conclude that when the controller is saturated due to a large 

external force/torque, or a sensor failure, the control error will likely increase but 

remain bounded. 
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3.6 Comparison of the Two Algorithms 

As implementation feasibility of the algorithms is concerned, note that by (3.29)-

(3.31) 

xr = x t - # s e 

namely Algorithm 3.2 does not require the acceleration of end-effector, x, for com

puting F in (3.32) and Ys in (3.34). Moreover, Algorithm 3.2 does not need the 

inversion of H* in updating parameter vector 0 as is seen from (3.33). On the 

contrary, x and H"1 are required in implementing Algorithm 3.1 as was mentioned 

in Remark 2 (Section 3.4.2). For those cases where the parameters to be identified 

are time-invariant or slowly time-varying, however, the rate for updating Q may be 

chosen much lower than the control rate so that the implementation complexity of 

Algorithm 3.1 due to the evaluation of x and H"1 may be substantially reduced. 

To compare computation efficiency of the algorithms, we first note that unlike 

Algorithm 3.1, the recursive Newton-Euler computation scheme does not directly 

apply to equation (3.32) of Algorithm 3.2. It is, however, possible to reform equation 

(3.32) as 

F = J T T 

where 

r = Y(q,q,q\.)0-J rK4 ,s + J r F t , t (3.36) 

where the first term can be evaluated using the regressor dynamics similar to (3.9) 

and what we have done in Section 2.3.9. This is also the approach adopted in 

simulations as well as implementations of the algorithms on a PUMA 500 robot. 
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3.7 A Simulation Study 

. 1 

Figure 3.4: The robot manipulator and assigned virtual trajectory 

A 2 DOF vertical planar robot was used in the simulation to verify the proposed 

algorithms. As shown in Figure 3.4, the robot motion begins at point (1.5, 0) moving 

along an elliptic trajectory until the end-point of the robot hits a wall at point a. 

The end-point is then required to be in proper contact with the wall while sliding 

down to point b along the surface of the wall. The end-point then leaves the wall 

moving back to point (1.5, 0) along the elliptic trajectory. It is assumed that the 

mass of each link is a point mass located at the distal end of the link. The true 

mass values are mi = 2 kg, ra2 = 1 kg, where ro2 represents 0.5 kg link mass plus 

a 0.5 kg payload, and the link lengths are l\ = /2 = lm. The major portion of the 

virtual trajectory xv(t) = [«!„(<) xiv{t)]T is an ellipse described by 

%iv(t) = 1.5cosirt 

%2v(t) — sinxt 
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Figure 3.5: Conventional impedance control with true value of ma (m2 - I kg), («•) 

Ideal and actual trajectories, (b) Control torques, (c) Tracking error in meters, (d) 

Contact forces. 

for 0 < t < 2 second, but as is shown in Figure 3.4, there is a small straight segment 

replacing the elliptic arc in order to maintain proper contact force. 

Assuming that all parameters of the robot manipulator are precisely known and 

a perfect force sensor is used, Figure 3.5 shows the simulation results when Un

conventional impedance control (3.5) is employed, where the parameters in target 

impedance characterization (3.3) are chosen as B = Is/MK with M = 2, A' = 4000, 

and the environment is assumed to have a high stiffness Kj = I05. Figure 3.6 

shows the TIRT i.e. xt(t) (dash line) and virtual trajectory xv{l) («°'»d l i m ;) o f the 

robot. It is seen that xt(t) and xv(t) are nearly identical until a large external force 
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-1.5 -I -0.5 0 0.5 I 1.5 

Figure 3.6: The TIRT versus virtual trajectory of the robot. 

applies to the gripper when it hits the wall. Next the simulation considers using the 

conventional impedance control algorithm (3.5) with parameter m2 replaced by the 

incorrect value 2.5 kg. As is shown in Figure 3.7, the robot motion then exhibits an 

unacceptable performance degradation. 

The target impedance in the adaptive control case is set as B = 340, M = 2, 

and A' = 4000. For the comparison purpose, m^ is treated as the only unknown 

parameter in the manipulator's model and an initial guess of m* = 2.5 kg is made 

for the two proposed algorithms. In addition, Fext in the simulation is assumed 

to be Fext plus a normally distributed random noise whose maximum magnitude 

is about 15% of the peak value of the contact force. By applying Algorithm 3.1 

and assuming no controller saturation, the actual (solid line) and the pre-assigned 

virtual trajectory (dash line), the estimated values of ra2, the tracking error, and the 
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Figure 3.7: Conventional impedance control with m^ = 2.5 kg), (a) Ideal and actual 

trajectories, (b) Control torques, (c) Tracking error in meters, (d) Contact forces. 

contact force are shown in Figure 3.8. Next it is assumed that the actuators can only 

provide 75% of the maximum torque required in the preceding simulation. As shown 

in Figure 3.9, in such a case the same algorithm leads to larger tracking errors and 

larger contact force errors, but the overall performance remains acceptable. Finally, 

Algorithm 3.2 is applied and the results are shown in Figure 3.10. It is found that the 

control torques required by Algorithm 3.2 to perform the same task is considerably 

less than that needed in Algorithm 3.1. Consequently, the controller will not be 

saturated even if only 75% of the maximum torques required by Algorithm 3.1 is 

available. It is noted that the tracking errors remain very small during the free 
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Figure 3.8: Adaptive impedance control using Algorithm 3.1 without saturation, 

(a) Ideal and actual trajectories, (b) Estimated roa. (c) Tracking error in meters, 

(d) Contact forces. 

motion period but both tracking errors and contact force errors are slightly larger 

than that achieved by Algorithm 3-1 in the non-saturation case. Also note that the 

estimated value of m2 iu all cases quickly approaches to its true value 1 kg during 

the first free-motion duration. It is then followed by some fluctuation with a less 

than 20% maximum deviation during the contact and a recovery as soon as the 

end-effector leaves from the wall at point b. 

As discussed in Section 3.5, Algorithm 3.2 proposed there appears to be com

putationally more efficient as compared with Algorithm 3.1. In addition, from a 
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Figure 3.9: Adaptive impedance control using Algorithm 3.1 with saturation, (a) 

Ideal and actual trajectories, (b) Estimated m2. (c) Tracking error in meters, (d) 

Contact forces. 

number of computer simulations carried out so far, it is found that parameters 9H 

and ra in Algorithm 3.2 are less sensitive than their counterparts # , and I\ in 

Algorithm 3.1 in order to complete a stable execution of a contact task. 

3.8 Real-Time Implementation 

The proposed adaptive force control Algorithm 3.1 has been implemented on a 

PUMA 560 robot. By fixing joints 1, 4, and 6, the PUMA robot is ticatcd as 

a three-link vertical planar robot using joints 2, 3, and 5, moving in x-y plane, 
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Figure 3.10: Adaptive impedance control using Algorithm 3.2. (a) Ideal and actual 

trajectories, (b) Estimated m-i. (c) Tracking error in meters, (d) Contact forces. 

as shown in Figure 3.11. The kinematic and dynamic parameters of the PUMA 

560 robot used in the implementation are listed in Table 3.1 (Denavit-Hartenberg 

parameter table) and Table 3.2 (dynamic parameters). 

A wrist force sensor F/T 30/100 from Assurance Technologies was mounted 

on the tool flange of the PUMA robot as illustrated in Figure 3.11 to detect the 

contact force/torque between the robot tip and a hard surface. The computer used 

in this implementation is a Northgate Elegance 433i 486 computer running at 33Hz. 

The control and communication source codes necessary for the implementation are 

written in Borland C++. The position signals from the joint sensors are transferred 
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Figure 3.11: PUMA 560 robot (using joints 2, 3, and 5 as a vertical planar robot). 

to the computer through a custom-built parallel interlace [102, 103] which bypasses 

the original PUMA controller (Mark 11) and the control signals computed by the 

proposed algorithm are transferred through the same interface to the original IMIMA 

power amplifier unit to drive the robot joint actuators. Signals from the wrist 

force sensor are acquired through a serial port at a frequency of nearly 20UII/.. 

Accordingly, the control signals are updated at a frequency of 2001 h. Hy using the 

recursive regressor dynamics formula (Algorithm 2.J), it takes less than 3ms for the 

computer to compute the control signal that includes the evaluation of full dynamics 

for the chosen three joints of the PUMA. It is the force sensor connected to a seiial 

port that slows down the overall updating frequency from about 40011/ to 20011%. 
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Figure 3.12: Desired tip trajectory in meters. 

In this regard, it is expected that the use of a. parallel interface between the force 

sensor and the computer will allow the user to considerably increase the updating 

frequency, therefore improve overall control quality and even to control more robot 

joints. 

The desired tip trajectory in Cartesian space is shown in Figure 3.12. The motion 

starts from point (1.2, 0) and goes along the trajectory represented by the solid line 

to approach point (-0.6, 1). Then the robot tip moves from that point back to (1.2, 

0) along the part of the trajectory represented by the dashed line. During this part 

of the motion, a small portion of the trajectory is blocked by a hard wall represented 

by the dotted line where the robot tip comes into contact with the wall, slides along 
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Figure 3.13: Contact forces in (a) Y-ditcction; (l>) X-ditectiou. 

the surface to maintain an appropriate amount of contact force, and then leaves the 

wall going back to the initial point. Both free motion (position) and constrained 

motion (force) controls were applied. In the implementation, the mass ol link 3, 

which includes the force sensor, was assumed to be unknown and was required to 

be estimated on line. The experimental results are shown in Figure 3.13 to Figuie 

3.16. 

Table 3.1: Kinematic Parameters of PUMA 560 (joints 2,3,5) 

i 

2 

3 

5 

«,_! (degree) 

0 

0 

0 

a,_x (meter) 

0 

0.432 

0.433 

</, (meter) 

0 

-0.094 

0 

0, (degree) 

o* 
fcl 

(k 
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Figure 3.14: Tracking errors of robot tip in (a) Y-direction; (b) X-direction. 

In Figure 3.13 the contact forces between the robot gripper and the wall detected 

by the wrist force sensor are plotted. Figure 3.13(a) shows the contact force in Y-

direction which is orthogonal to the contact surface and is in general larger than 

the contact force in X-direction shown in Figure 3.13(b) which is the force along 

the tangent of the contact surface. Forces less than 10 Newton are noises picked 

by the force sensor and the forces in the time interval of 5.5s to 6.1s are contact 

forces. In Figure 3.14, tracking errors at the robot tip are plotted. As is shown 

in Figure 3.14(b) and 3.14(a) respectively, constrained motion does not affect the 

tracking accuracy in X-direction but does affect the tracking accuracy in Y-direction, 

the orthogonal direction of the contact surface, especially during the contact in the 

time interval of 5.5s to 6.1s when the tip motion in Y-directior. :s blocked by the 

contact surface. Figure 3.15 shows the estimated parameter values, i.e. the mass 
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Figure 3.15: Estimated parameter value 777.3. 

Table 3.2: Dynamic Parameters of PUMA 560 (joints 2,3,5) 

Link 

i 

2 

3 

456 

Mass 

16.8 

5.80 

1.25 

Center of Mass 

Px 

0.432 

0.433 

0.062 

Py 

0 

0 

0 

Pz 

-0.094 

0 

0 

Diagonal Terms of Inertia. 

•*XJ; 

0.130 

0.066 

0.020 

*m 

0.524 

0.013 

0.020 

/ « 

0.539 

0.086 

0.015 

'motor 

4.710 

0.830 

0.200 

Friction 

Cor. 

27.63 

4.53 

-

of link 3 with the force sensor. An initial guess of 3 kg was used to start the 

estimation. By using parameter update law (3.33), the estimated parameter values 

finally converge to the true value 1.36 kg. As is shown in Figure 3.15, the contact 

has very little influence on the parameter estimation. Control voltages supplied to 

the PUMA power amplifiers to drive the actuators at joints 2, 3, and 5 are plotted in 

Figure 3.16(a)-(c) respectively. As the maximum allowed control voltage is 10 volts 

in absolute value, Figure 3.16 shows that the control voltages in the implementation 

are well within the range. 

• . w u m w i b i V O t l l l U l l l V I l 
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second joint; (c) third joint. 
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Chapter 4 

Coordination of Multiple Robots 

4.1 Introduction 

Due to the advantages of multi-arm robotic systems in handling large objects and 

in implementing automated assembly tasks, research of feasible manipulator coor

dination approaches has been intensive for years [133, 1G4]. The major issues of the 

present research in this area include the following [133, 164]: 

1. Dynamics formulations for coordination scheme development; 

2. Coordination strategies for performing stable and fine tasks; 

3. Load distribution algorithms that can be used in real-time for optimal load 

sharing among the participating robots; 

4. Regulation of internal forces which do not contribute to the motion of the 

object among the coordinating manipulators; 

5. Adaptive laws for dealing with coordination problems for robots with unknown 

dynamics and possibly unknown payload. 
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As was reviewed in Chapter 1, there are three basic approaches to solve the 

coordination problem of a multi-robot system, namely the master-slave method, 

the parallel control method, and the object control method. These methods have 

their own attractive features and certain drawbacks as well. Feasible coordination 

structures are yet to be constructed for satisfactory solution to the main issues 

associated with a multi-robot system. 

The main difference between controlling a single robot and multiple coordinat

ing robots is that in the latter case all the participating robots have to work in a 

coordinative manner so as to achieve acceptable system efficiency in a given task. 

Among other things, it appears that an optimal dynamic load distribution strategy 

is critical for efficient coordination of the participating robots. It should distribute 

the load at the object level to each of the participating robots in an optimal manner 

so that the load shared by each of the participating robots is equal (after a torque 

normalization, of course). Under this structure, strategies for the control of indi

vidual robot, internal force regulation, dynamic parameter estimation, and dynamic 

uncertainty compensation, can be developed with certain flexibility. 

In this chapter, we shall set up a dynamics model for multiple robot systems, 

and develop algorithms for dynamic load sharing [140, 141]. As will be shown, the 

load sharing algorithms obtained are computationally feasible and, therefore, have 

potentials in real-time applications. By properly distributing the instant load to 

each of the robots as a starting point, we shall construct a coordination scheme to 

deal with several coordination issues mentioned above [165]. A simulation study is 

included to compare the proposed method with several existing methods. 
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4.2 Dynamics Model of A Multi-Robot System 

4.2.1 Basic Formulations 

Position and Orientation of a Robot Manipulator 

The position and orientation of a robot gripper in a reference coordinate frame 

{a:, y, z) car, be described by the position and orientation of a coordinate frame 

attached to the gripper. The gripper frame can be described by a homogeneous 

transformation [3] 

•gripper (4.1) 

(4.2) 

Ti • T2 • T3 • T4 • T5 • T c 

nx ox ax px 

"y oy ay py 

n. o, az p. 

0 0 0 1 

where transformation T, is associated with the frame attached to the *-th link and 

vector p = \px py pz]
T specifies the position of the origin of the gripper frame in the 

reference frame, and (nx,ny,n.), (ox,oy,oz)} and (ax,ay,az) are the principal unit 

vectors of the gripper frame with respect to the reference frame. 

Velocity of the Manipulator 

The velocity of the origin of the gripper frame in the reference frame is 

x = 
V 

which is related to joint velocity q by equation: 

x = Jq (4.3) 
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where v = \v9 vv vz]
T are the linear velocities of the gripper frame with respect to the 

reference frame, u» = [u/* uv Uz]T represent the angular velocities of the origin of the 

gripper frame about the x, y, and z axes of the reference frame, q = [qi fa . . . qn]
T 

are joint velocities of the manipulator, and J is the configuration dependent Jacobian 

matrix. 

Trajectory Specification 

A position trajectory can be defined as a function of Tgripper, i.e., TgriPIHir(t). Its 

first-order derivative is specified by a linear velocity v(<) and an angular velocity 

w(t) such that [166] 

At (4.4) 

J*, is assumed that TgriP1Hir(t) as well as v(t) and uj(t) are difFerentiabie, so that 

v(t) and u(t) exist. 

Position and Orientation Errors 

The desired Cartesian position and orientation in the reference frame Tj can be 

represented in the form of (4.2) and the actual position and orientation Ttt can be 

obtained from (4.1). Thus the position and orientation error 

e* = xd - x„ = [dx dy dz 6X 6V 6Z]T (4.5) 

T„(* + A£) = T„(t) 

1 -w2(t) UJy(t) vx{t) 

<jz(t) 1 -w.(t) vy(t) 

-w„(t) w«(t) 1 vz(t) 

0 0 0 1 
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can be expressed in the following as 

Ta = T„ 

It can readily bt; shown that 

1 

*z 

-6, 

0 

-6S 

1 

6X 

0 

*» 

-6. 

1 

0 

dx 

dy 

dz 

1 

(4.6) 

ex = 

dx 

dy 

dz 

6X 

«y 

6S 

— 

n« • (Pd - Pa) 

Oa * (Prf - Po) 

a„ • (p<t - p«) 

(a„ -Oa-aid- o„)/2 

(n„ • a^ - Ud • a„)/2 

. (o„ • tia - orf • n„)/2 

(4.7) 

where ntt, oa,a„,ptt and n,j,o<i,a,i,p,j are the column vectors of T„ and T,( respec

tively. 

Velocity Errors 

The actual joint velocity q„ caH De measured by joint tachometers so that the 

corresponding gripper velocity 

r ( if 

Xa — [1>xa Vya Vsa <^sea ^ya ^ia\ 

can be calculated by (4.3) as 

The desired Cartesian velocity 

xa = Jq« (4.8) 

Xd = [Vxu Vyd Vzd U)xd Uyd Uzd]1 
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can be obtained from (4.4) as 

= ±(Td-\t).Td(t + At)) (4.9) 

where At is the sampling interval. It follows that 

(nrf(t)-(p«<(t + At)-p r f(t)))/At 

(od(t)-(pd(t + At)-pd(t)))/At 

(arf(t) • (prf(t + At) - pd(t)))/At 

(ad(t) • od(t + At) - arf(t + At) • od(t))/(2 • At) 

(nrf(t) • arf(t + At) - nd(t + At) • a(1(*))/(2 • At) 

(od(t) • nrf(t + At) - od{t + At) • nd(t))/(2 • At) 

Hence the Cartesian velocity error 

e* = Xrf-x0 (4.11) 

can now be calculated. 

4.2.2 Dynamics of the Manipulated Object 

The dynamic equation of the manipulated object can be described using Newton-

Euler formulation in Cartesian space as 

M„x„ + Bjk0 + M„g„ + te = f0 (4.12) 

1 — Wjrf Uyd Vxd 

0Jzd 1 — Wxd Vyd 

-Uyd Uxd 1 Vzd 

0 0 0 1 

xrf(t) = 

vxd{t) 

vyd{t) 

vzd{t) 

Uxd{t) 

Uyd(t) 

Vzd(t) 

I 
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with 

M„ 

b„ = 

m„ 0 

0 I„ 

0 

-IzWz 

IyU» 

> 

IzUz 

0 

- /«&>« 

~h^y 

h'^x 

0 

B . = 

x„ = 

0 0 

0 b() 

where m„ = mis, a 3 x 3 diagonal matrix whose diagonal elements denote the 

mass of the object m, I„ = diagfij,. Iy /-} is a 3 x 3 diagonal matrix whose diagonal 

elements denote the principal moments of the inertia of the object, g„ = [() 0 g 0 0 0]' 

with g being the gravitational acceleration, pu = \px py pz]
T is the position of a 

frame attached to the mass center of the object and u>0 = [a/x. vy ojz\
r is the angular 

velocities of the object about the three principal axes of the frame at the mass center 

of the object, ft, denotes possible external force exerted on the mass center of the 

object from environment and it is zero during free motion, and 

u 
K 

(4.13) 

is the geometric sum of & which is the force contributed by the k-th. participating 

manipulator. 

Let Ak (k ~ 1, . . . , K) be matrices satisfying 

K 
(4.14) 

Ak is called the fcth distribution maim that quantitatively characterizes the involve

ment of the ith. robot in a load sharing process. Using Ak, we can write 

ft = Aut k^o (4.15) 
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4.2.3 Dynamics of Participating Robotic Manipulator 

Assume that there are totally K coordinating manipulators that handle a rigid 

object through rigid grasp. The dynamic equation of the k-th. manipulator with n 

DOF can be described in the Cartesian space as 

H»*(q*)x* + C.fc(q*, <u)*fc + &*k(<lk) + ftk = ft* * = 1» • • • > K (4.16) 

which in conjunction with (4.16) leads to 

HXib(qfc)x/k + CXJb(qfc,qfc)xJb + gxib(qfc) + -Aibft, = ftfc fc = l , . . . ,A' (4.17) 

where ft* is the generalized force generated at the end-effector of the fcth manipulator 

by its actuators, and X* is the Cartesian velocity of the fcth manipulator gripper. 

4.3 Optimal Dynamic Load Distribution 

In a certain sense each of the algorithms to be developed provides an optimal load 

distribution to multiple coordinating manipulators in which the force amplitude of 

each actuator is assumed to be bounded. To be specific, the objective function 

to be adopted is the p-norm of the joint forces as the p-norm is differentiable and 

approaches to the infinity norm as p —• oo meaning that, with a sufficiently large 

p, torque constraints 

M < bd (4.18) 

can implicitly be incorporated into the objective function so that one actually deals 

with an unconstrained optimization problem. Moreover, it will be shown that this p-

norm type objective function possesses a set of closed-form formulas for its gradient 

and Hessian matrix which turns out to be positive definite in the whole parameter 

space if the optimal distribution algorithm is applied only to the load components 
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greater than a given threshold, As a consequence, the strict convexity of the ob

jective function enables one to use the classic Newton's method to find the solution 

with au order-two convergence rate. 

4.3.1 Basic Equations and Problem Formulation 

In this section we first derive several basic, equations for force distribution of A' 

coordinating robots. Joint torque normalization is then used to eliminate a set of 

inequality constraints, which makes it possible to formulate a force distribution task 

as an unconstrained optimization problem. 

Basic Equations 

Consider a AT-robot system handling a single object. It is assumed throughout that 

the object is held rigidly by K grippers so that there is no relative motion between 

the object and the grippers. 

The dynamics of the object is given by (4.12) with the assumption that ft, s 0 

M„x„ + B„x„ + M ^ = f (4.19) 

Given a desired motion trajectory of the object, xd(t), the control force f may 

be assigned by using an inverse dynamics feedback law as 

f = B ^ + M0go + M0[xd + Kv(xd - Xo) + K„(Xrf - x0)] (4.20) 

where K„ and Kp are the differential and proportional gains, respectively. It is the 

responsibility of the participating robots to provide the object with the control force 

f given in (4.20), and such a force is often referred to as the bad for the robots. 

With the distributed load A*f (see (4.15), the dynamic equation of the Ar-th 

robot in its joint space becomes 

HfcqA + Cib(qA;,qJt)qA: + g/fc(cu) + Jr(afc)A/tf = fk (4.21) 
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If the inverse dynamic control is chosen to drive the robot so as to follow a desired 

trajectory qku(t), then the joint force f * that the robot actuators must provide is 

given by 

rk = pfc + Jj(q*)A*f (4.22) 

where 

pk ~ Hfc(qfc)[q*d + Kfc,.(q/w - qjfc) + K/tp(q/trf - qjt)] + C^q*,qfc)q* + ftt(qjb) 

Together equations (4.19)-(4.22) represent an analytic description of the dynamic 

behavior of the overal' /stem. 

Joint Torque Normalization and Problem Formulation 

Writing A f̂ as 

Afcf = FA, 

where F = diag(f), i.e. a diagonal matrix with f on its main diagonal, and A, is a 

vector formed by the main diagonal of A,, (4.22) becomes 

Pt + Q*A* = ffc (4.23) 

with 

Q* = JlF 

and (4.14) becomes 

£ A, = [1 . . . 1)T 4 eT (4.24) 

Denoting by f̂  the »-th component of f*, a bound for each |ffc,.j may be set to 

reflect the fact that the force that can be provided by each actuator is limited in 

practice, i.e. 

\ht\ < bki for 1 < i < n, 1 < k < K 
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Let 

b* = [bki . . . bkn]
T and Bk = diag(bfc) 

(4.23) can be normalized by multiplying B^* on the both sides of (4.23): 

Pfc + QfcA,. = n , l < f c < / v (4,25) 

where 

pfc = B^p* 

Qfc = B^Q fc 

rfc = B^f* 

The constraints on magnitude of the joint forces now become 

llnlU < 1, 1 < * < K (4.20) 

where HTfcHoc denotes the infinity norm of rk defined as the largest component of 

Tic in absolute value. 

Let 

r - [ri . . . rk\ 

the optimal load distribution problem with bounded joint force constraints can now 

be formulated as 

The Optimization Problem (OP): Given a load vector f € Rm, find a set 

of distribution-factors \k (k = 1, . . . , K) that minimizes HTH^ with constraints 

(4.24). 

While a solution to the OP does not necessarily satisfy (4.26), having a solution 

to the OP with HTH^ > 1 simply means that there at least is one actuator in one 

of the K participating robots, for which the load distributed is more than it can 

undertake. Consequently, such a solution is considered unacceptable. 



CHAPTER 4. COORDINATION OF MULTIPLE ROBOTS 121 

4.3.2 A Modified Optimization Problem and Its Solution: 

The General Case 

By (4.24), equation (4.25) with k = K can be written as 

K-l 

PA - QA- £ ^ = rK 

where 

P/c = PA: + Q/ce 

A compact vector equation can be obtained by putting (4.25) with k — 1, 

1 and (4.27) together as 

r + Qx = r 

where 

(4.27) 

(4.28) 

r = 

Pi 

P A - I 

PA 

Q = 

Q2 

0 

Q/r-i 

- Q A 

x = 

Ai 

A2 

W-i 

- Q A - Q A . . . . 

With constraints (4.24) incorporated into (4.28), we are now dealing with an un

constrained optimization problem and the goal is to find vector x that minimizes 

IMIOC- The difficulty with this optimization problem is a classic one: its objective 

function ||r + Qx||oc is not differentiate with respect to variable x. An alternative 

approach is to optimize ||r + Qx||2p with a sufficiently large positive integer p, as 

||r + Qx||2p with any fixed p is differentiable w.r.t. x and approximates ||r + Q x ^ 

as p —• oo. More precisely, for an n/v-dimensional r , | |T||2P can be estimated in 

terms of HTH^ as 

I |T |U < l|r||2p < 1.17HTIU (4.29) 
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whenever p > 8. From (4.29) it also follows that a vector r with ||T||2^ < 1 auto

matically satisfies condition (4.26). Therefore, solutions to the following modified 

optimization problem may be found useful in practice provided that p is chosen to 

be sufficiently large. 

The Modified Optimization Problem (MOP): Given a load vector f € Rm, 

find vector x € R^-^"1 such that 

v(x) = ||r + Qx||g is minimized (4.30) 

Note that in order to ease the numerical computation involved in the subsequent 

optimization algorithms, in (4.30) we have used ||T"||î  instead of | |T||2P as the object 

function. Clearly the solution to minimizing | |T| | |£ is identical to the solution to 

minimizing | |T||2P. A solution to the MOP is said to be admissible if it gives 

IMIo,, = ||r + QxlU < 1 

As discussed above, an admissible solution provides such a load distribution for the 

participating robots that ||r||2p is minimized and the required joint torque for each 

individual joint does not exceed its limit. 

To solve the MOP, let us denote 

Ar = Kn 

M = (K-l)m 

r = [n ... ry]
T 

Q = (%), l<i<N, l<j<M 

X = [%i ... XM]T 

M 

*i = /'; + J^ftj^ii 1 < « < Ar 

and write the objective function as 

v(x) = f,J> (4.31) 
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The fc-th component of the gradient Vv and the (fc, /)-entry of the Hessian matrix 

H of o(x) are given by 

~ = 2pf>f-1<z*, l<k<M 
Oxk ,=1 

and 

hu 4 -^~t = 2p(2p -1) £ ^ W , l<k,l<M 

respectively. It follows that 

vt. = 2PQT[sf-1 ... 4 r T 

and 

H = W T W (4.32) 

where 

W = ij2p(2p - 1) S p l Q (4.33) 

S = diag(si, . . . , s,v) (4.34) 

Therefore, if rank(W) = M, then H is positive definite and the objective function 

v(x) is globally strictly convex over the entire parameter space and the MOP has 

a unique solution [167]. Even if matrix H fails to be of full rank, H is then pos

itive semi-definite and v(x) remains globally convex and solution(s) to the MOP 

corresponding to the global minimum of v(x) exist [168, Chapters 2 and 3]. 

There are a number of optimization methods suitable for finding a global min

imum point of a globally convex objective function. Reliable methods such as the 

Davidon-Fletcher-Powell method, the BFGS method, the Fletcher-Reeves method, 

and the Polak-Ribiere method often lead to fast, global convergence but they are 

computationally expensive owing to the requirement of a line search procedure dur

ing each iteration [167]. On the other hand, the nonquadratic extension of the 
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well-known conjugate gradient algorithm, often called the quadratic approximation 

(Q-A) method, is an inexpensive alternative as it does not need line search and its 

global convergence is guaranteed if the objective function is convex [167]. A prob

lem with the Q-A method is its slow convergence. Perhaps the fastest yet simple 

method suitable for the present case is the classic Newton's method. If the number 

of robots in use is K — 2, then M = m < 6 and the order two convergence rate of 

the Newton's method for such a small size optimization problem becomes especially 

attractive [167, Chapter 7j. The only problem with the Newton's method is that 

the convexity of t'(x) must be strict in order to guarantee the nonsingularity of the 

Hessian matrix. In the next section, we present an easy-to-apply approach for the 

case K = 2, which will assure the nonsingularity of H, 

4.3.3 Two Special Cases 

The K=2 Case 

A common situation in practice is when the system uses two coordinating robots. 

The parameter vector x then becomes x = Ai 6 Rm, and matrix Q in the basic 

equation (4.28) can be written as 

Q = 
Qi 

- Q 2 

Br]J[ 
-B^Jf 

which implies that 

W r = y/2p(2p-l)F[31 J2] 

It follows that matrix H is nonsingular if and only if 

Bi 0 

0 - B 2 

~i 

&' u-l (4.35) 

• matrices S and F are nonsingular and 
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• matrix [Ji J2I € Rmx2n has full row rank, i.e. 

rank[Ji J2] = m (4.36) 

Condition (4.36) usually holds unless there exists a configuration during the 

motion which is singular for both manipulators. By (4.31), the objective function 

«(x) depends only on those nonzero s.'s so that 

A' 

detS = Jlsi^O 
i=i 

may be assumed without loss generality. Now recall that F is the diagonal matrix 

generated by the load vector f, i.e. 

F = diag(f) 

Thus F will become singular (or nearly singular) if zero (or very small) component(s) 

are found in f. A simple and reasonable approach to dealing with this singularity 

problem is that a fixed £ > 0 is set as a threshold and the proposed load distribution 

algorithm is applied only to the components of f with magnitude greater than e while 

the rest of the components of f are distributed equally to the two manipulators. 

Note that the uniform distribution policy will not seriously degrade the overall 

load sharing efficiency since it only applies to those negligible components in f. 

As a result, this approach leads to a nonsingular diagonal matrix F with reduced 

dimension (denoted again by m) and hence a full row-rank matrix W r provided 

that condition (4.36) holds. With necessary modifications of the dimension of the 

relevant matrices and vectors, all equations derived so far remain valid. Moreover, 

from the discussion given in the last paragraph of Section 4.3.2, it follows that v(x) 

is strictly convex and the classic Newton's method is applicable provided that no 

configurations exist which would lead to 

rank[Ji J2] < m 
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We now summarize the load sharing scheme developed as follows. 

Algorithm 4.1. (The vector case with K = 2) 

Step 0 Set a threshold e > 0, i = 0 and A' = 2. Choose x(«) = Ai(»!) = 

0.5e. 

Step 1 Input load vector f. Use the threshold to form, if necessary, a new 

f with all components greater than s in absolute value. 

Step 2 If the dimension of f has been reduced, use 0.5 for all components 

in Ai corresponding to those neglected components in the original 

f, otherwise skip to the next step. 

Step 3 Compute r and Q. 

Step 4 Compute {SJ, 1 < j> < N}. Reduce this set so that all s,'s are 

nonzero. 

Step 5 Delete those rows in Q corresponding to zero s,'s. 

Step 6 Compute Vf(x(j')), H(x(*')), and set 

x i + 1=x,-H-1(x(i))Vt<x(0) 

Step 7 If ||Vu(x(i + 1))||2 < a prescribed tolerance, output the solution 

X* = x(i +1) and \\ = e — x(i +1), and save \\ as the initial value 

x(0) for the next run. (i.e. it will skip step 0 ever since), otherwise 

replace i by i + 1 and return to Step 4. 

In the above algorithm, the solution X[ obtained at present will serve as an initial 

value of parameter x for finding the optimal load distribution for the next run. Such 

a choice of an initial point will in general lead to a quick convergence, especially if the 

robot motion is of path tracking type with no sudden contact between the robotic 



CHAPTER 4. COORDINATION OF MULTIPLE ROBOTS 127 

system and its environment so that an optimal solution x(t) as a time function is 

continuous. 

An alternative approach to dealing with the singularity of the Hessian matrix in 

tin classic Newton's method is to add a matrix /il with small ft > 0 to matrix H 

so that the modified Hessian matrix H + fil is always positive definite. Obviously 

a larger /< is of help for H to get rid of ill-conditioned area while a smaller /# leads 

to a faster convergence as it is closer to the classic Newton's method. As will be 

demonstrated in Section 4.3.4, the threshold approach as well as the /.il modification 

work well in our simulation studies on force distribution of planar and non-planar 

2-robot systems. 

The Scalar Case 

So far each distribution factor A*, has been treated as an m-dimensional vector. In 

this subsection we shall consider the case where each Afc is assumed to be a scalar and 

A' = 2. As may be expected, this assumption considerably reduces the computation 

required in finding a solution to the MOP. 

Denoting q = Qe = [qi . . . <f2n]r> the objective function can be expressed as 

n M = Hr + QeAig 

= Hr + qAilg; 
2n 

= 5 > « + A l f t)* (4.37) 

where q = Qe and Ai is at the present case the scalar parameter to be determined. 

From (4.37) we compute 

dv 2" 

Wi '- 2p£(r,+Aig|.)
2p-l<fc (4.38) 

and 

~ = 2p(2p - 1) £ (r, + AiftpO-1 V (4.39) 
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By (4.39) t'"(^i) > 0 (unless v(Ai) itself is zero), so t'(Ai) is strictly convex. The 

uniqueness of the global minimum of r(Ai) in turn implies that the odd-order poly

nomial (4.38) has only one. real zero in the entire parameter space —oo < Aj < oo. 

Moreover, since i/(+oo) and v'(—oo) always have opposite signs, a finite interval 

[An Air] can be found such that 

f'(Ai,)xt-'(Air)<C 

and the golden section or the bisection method [167] can be used to effectively find 

the unique real solution to equation t'(Ai) = 0 i.e. 

£ fa + W " 1 * = 0 (4.40) 

Concerning the determination of the interval [Xu Ai,], the "continuity argu

ment" given in the k = 2 case applies and one may conclude that after the very first 

load distribution task is accomplished, the real solution to equation (4.40) can be 

taken as the midpoint of a (small) interval [An Ai,.] suitable for the next run. 

The algorithm listed below summarizes the main points discussed above and can 

be used for the scalar case with K = 2. 

Algorithm 4.2 (The scalar case with K = 2) 

Step 0 Input load vector f and compute r, q. 

Step 1 Find Xu and Air such that £?"i (r, + Ai<fr)2p"~1 has opposite signs 

at Ai = Xu and Ai = Air. 

Step 2 Apply the golden section or bisection method to find X\ such that 
In 

Step 3 Output the optimal distribution factors AJ and A£ = 1 - X\. Save 

X\ as the midpoint of an interval [AIJT, Ai,.] for the next run. 
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4.3.4 A Simulation Study 

Robot 1 Robot 2 

Figure 4.1: Two 3 DOF vertical planar robots. 

To illustrate the proposed load sharing algorithms, simulations are carried out using 

a two-robot system. 

Simulation Using Two 3 DOF Planar Robots 

Consider a robotic system shown in Figure 4.1, where two 3 DOF vertical planar 

robots are carrying a 5 kg plate from point A to point B along the upper half of a 

circle in 1 second. As the robots are redundant, the third link of both robots can 

be kept vertical to the ground during the entire motion. 
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As is shown in Figure 4.3(a), while the y component of the load is always away 

from zero, its x component has been relatively small and becomes zero at time 

* = 0.5. This necessitates the use of a proper threshold £ in order to implement 

Algorithm 1. With p — G and s ~ 15, the sub-optimal load distribution pattern 

obtained from Algorithm 4.1 is shown in Figure 4.3(b) and the normalized joint 

forces of the robots are shown in Figure 4.3(c) and 4.3(d), respectively. It appears 

that condition UTII^ < 1 holds during the entire motion and the solution obtained 

is therefore acceptable. It is observed that the Newton's method provides a fast 

convergence. As a matter of fact, with a sampling rate of 200 Hz, Algorithm 4.1 

converged usually after 3 iterations to the optimal Aj as compared to about 30 iter

ations to achieve the same solution if the Q-A method is employed. To demonstrate 

the importance of using a sufficiently large pt another load sharing pattern is ob

tained using Algorithm 4.1 with p = 1 (i.e. the least square case). The resultiug 

Ai is depicted in Figure 4.4(b) and the corresponding normalized joint forces are 

shown in Figure 4.4(c) and (d), respectively. It is observed that IJTJIoc exceeds 1 

when t € [0, 0.09] and t € [0.69, 1.0] and the solution is therefore not acceptable. 

Next the distribution factor Aj is treated as a scalar and Algorithm 4.2 is imple

mented. With p = 6, (4.40) becomes a llth-order algebraic equation whose unique 

real root is found by applying the golden section method to an interval centered 

around the previous solution Ai. The length of such an interval can be kept as 

small as 0.02 and, within 3 iterations, the solution can be obtained with an error 

less than 10-6. The resulting Aj and A2 = 1 - Ai are plotted in Figure 4.5(a), and 

the normalized joint forces of the two robots are shown in Figure 4.5(c) and 4.5(d), 

respectively. The figures clearly show that the load sharing pattern is acceptable 

since ||f ||oc < 1 holds during the entire motion, although the joint forces required 

are slightly greater than that obtained from Algorithm 4.1. For the comparison 

purpose the norm trajectories ||T||OC for the three cases discussed above are shown 
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in Figure 4.6. 

Finally we increase the mass of the plate from 5 kg to 5.5 kg and apply Algorithm 

4.1 with p — 6 and c = 15 to distribute the load. The results are shown in Figure 

4,7. It is noted that for * € (.78 1] the system becomes overloaded as both \\TIWOC 

and ||T2||OO exceeds 1 (i.e. at least one joint in each robot is required to provide 

a joint force larger than its upper bound). This in a certain sense demonstrates 

a desired feature of the proposed algorithm, that is, with a large p the algorithm 

nearly uniformly distributes the entire load over the participating robots - if one 

robot gets overloaded, little help can be found from the others as they are very likely 

also overloaded. 

Simulation Using Two 3 DOF Non-Planar Robots 

We now consider a system shown in Figure 4.8. It consists of two non-planar robots, 

each of which has 3 DOF with a structure similar to the first three joints of a PUMA 

560 robot. The two robot arms rigidly hold a 5 kg mass and move it along a spatial 

curve characterized by the following set of parametric equations 

x(t) = 0.25sin2< 

y(t) = cost 

z(t) = l+0.75sin* 

where parameter t corresponds to the time instant varying from 0 to n (seconds). 

With link lengths /A = 1, l2 = 1, and /3 = 0.5, the above curve is. located inside the 

system's workspace. 

Instead of using a threshold to overcome the singularity of H, a modified Hessian 

matrix, i.e. H + n\ with ft = 0.02 is employed in Algorithm 4.1 with p = 6. It is 

found that except the very first force distribution task at point (a?(0) j/(0) z(Q)]T = 

[0 1 l]T which requires 6 iterations to achieve the optimal distribution, the algo

rithm converges usually after 3 iterations. Trajectories of the force to be distributed. 

file:////tiWoc
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the distribution factor X^, and the normalized joint forces for robot 1 and 2 are shown 

in Figure 4.9(a)-(d), respectively. Figure 4.10 shows the trajectories of ||TI||OC and 

||T,2|!OCJ from which it is observed that the load has been fairly uniformly distributed 

to the two participating robots. 

4.4 A Coordination Scheme 

In this section, a framework for motion coordination of a multi-robot system will 

be introduced. It utilizes the optimal load distribution described in the preceding 

section as a starting point that dynamically links the object motion to the motion 

of each participating robot. This framework consists of an object-level command 

controller and several task-level manipulator controllers. Issues of internal forces, 

adaptation, and flexibility of accommodating different control algorithms of this 

framework are also discussed. A simulation study is included to compare the pro

posed method with several existing methods. 

4.4.1 The Coordination Structure 

A two-level structure is chosen as the coordination framework. It consists of a object-

level command level object controller and several task-level manipulator controllers. 

The former is used to guide the object to follow its desired trajectory and to perform 

other tasks such as maintaining a stable contact with the environment etc. The 

latter is utilized to control the manipulators to provide required force and, at the 

same time, to regulate the manipulators to track its own desired trajectory. These 

two subsystems are dynamically connected through a load distribution algorithm, 

which distributes in real-time the control force required by the object-level controller 

to each participating manipulator in certain optimal sense. Figure 4.2 shows the 

structure of the proposed coordination framework. 
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Environment 

^ 
Object 

Command Level Object Controller 

Load Distribution Algorithm 

* 
Robot Ml 

Task Level Robot 
Controller #1 

Robot m 

>> 
Task Level Robot 

Controller #N 

Figure 4.2: Proposed structure for coordination of a multi-robot system. 

Command Level Object Controller 

At, the object-level, the choice of controller is quite flexible. Free motion controllers 

and force controllers can be applied for free motion and constrained motion of the 

object respectively. For example, a computed torque controller can be used for free 

motion control of the object. In this case fe = 0 and the control force is given by 

f0 = Mo(x0d + Kove0 + Kope0) + B0xo -I- M*g0 (4.41) 

where x0d is the desired position and orientation of the frame at the mass center of 

the object (see (4.2)), Kp and K„ are the PD gains, and 

e 0 = Xod x 0 

which is defined in a way similar to (4.7). 

The desired force f0 is to be distributed to the coordinating robot as in (4.15) 

where Ak, the distribution matrix can be obtained using one of the optimal load 
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distribution algorithms proposed in Section 4.3. 

Task Level Robot Controller 

Similarly, by using the computed torque method the task-level control for the t-th 

manipulator can be assigned as 

f,, = Hiixui + K„,e, + Kpiei) + C;*, 4- g, + A,f„ (4.42) 

where x^ is the desired position and orientation of the gripper frame of the »'-th 

robot which can be determined through Xoj, the object geometry, and present robot 

configuration, Kpi and K„; are the PD gains of the computed torque controller for 

the i-ih robot, and 

e = Xj , -x , -

e = xdi - x{ 

which are defined in a way similar to (4.7) and (4.11). 

Applying object-level control (4.12) to (4.41), the error dynamics of the object 

is 

e„ + K„0e„ + K/We„ = 0 (4.43) 

and, applying task-level control (4.42) to (4.17), the error dynamics of the ith ma

nipulator can be obtained as 

e,- + Kvie + Kpie = 0 (4.44) 

Equations (4.43) and (4.44) imply that e 0 - » 0 and e, -+ 0 as £ -» oo for properly 

chosen Kv„, Kp„, K„;, Kpi. 

Remarks 

1. The proposed coordination structure is quite flexible in adopting different 

kinds of controllers. Force controllers can be employed to replace the computed 
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torque controller used in previous section. Force control algorithms can also 

be applied to the object-level command controller if there is a contact between 

the object and its environment. Obviously, a wrist force sensor must then be 

used for each manipulator to detect the contact force. 

2. If the dynamic and kinematic parameters of the object are unknown, parame

ters of the object must be estimated before the proposed model-based control 

algorithm can be applied. The estimation methods similar to those proposed 

in [169, 150] can be used. Wrist force sensors are in this case needed. Object-

level or task-level adaptive control schemes [130, 132] can also be applied to 

solve this problem. 

3. Internal forces are defined as the forces generated by the participating manip

ulators which do not contribute to the dynamic motion of the object. Internal 

forces among the grippeis through the commonly grasped object may cause 

deformation of the object due to pushing or pulling. Thus internal forces 

must be minimized or controlled. Under the proposed coordination structure, 

forces contributed by the manipulators to the dynamic motion of the object 

are determined through a load distribution algorithm. Therefore, the internal 

forces do not accumulate since the load distribution algorithm assigns new 

partitioned load to the manipulators at every control instant. In case a cer

tain amount of internal forces is needed, the desired internal forces f£'( should 

be assigned to each of the manipulators with different signs and magnitudes 

based on the number of manipulators, their current configurations, and their 

torque leftovers etc. Then the force assigned to the i-th manipulator, f/n/, can 

be directly added to the control equation (4.42) provided that the following 

condition is satisfied 

£f/nt = o. 
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4. In this thesis, it is assumed that the manipulators grasp the object rigidly. This 

assumption is impractical in many applications. Assume that the minimum 

force needed to overcome the static friction force between the object and the 

i-th. robot gripper is faj, the stiffness coefficient of the object is c0i and the 

stiffness of the robot gripper is much larger than c„ so that the gripper is 

absolutely rigid. The relative motion between the object and the gripper will 

not start until the distance between any two grippers i and j} </,y, satisfies 

dij — dnonnat > — , or dij — dnormai < (4.45) 

where dy is the actual distance between the i-th and j-th gripper and «?„„,,„„< 

is the normal distance when the - to grippers will cause zero pulling or pushing 

forces. The first condition in (4.45) corresponds to the effect of pulling the 

object and the second to that of pushing the object. This relative motion will 

not stop until 

Ky-4«™u| < fjL (4.4G) 
Co 

where fd/ is the minimum force needed to overcome the dynamic friction force 

between the object and the gripper. Condition (4.46) will be achieved very 

quickly once there is relative motion because the result of this relative motion 

is to make the grippers return to normal (zero-force) distance. So as far as 

the relative motion will not cause the gripper lose contact with the object, the 

relative motion will stop eventually and very quickly. It appears that the best 

cure for this problem is a precise position control algorithm to guarantee that 

none of the conditions in (4.45) will be met. On the other hand, if the rigid 

grip condition is removed, there is another question, that is how to estimate 

the position, orientation and velocity of the frame at the mass center of the 

object. Possible solutions include the use of a vision system. Further efforts 

are needed for the resolution of this problem and other problems caused by 

the removal of the assumption. 
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4.4.2 A Simulation Study 

To illustrate the proposed coordination structure and to compare it with other 

existing methods, let us consider the robotic system shown in Figure 4.11, where 

two 3 DOF vertical planar manipulators are carrying a 10 kg point-mass plate from 

point 4̂ to point B along the upper half of a circle in 1 second. As the robots are 

redundant, the third links of both robots can be kept vertical to the ground during 

the entire motion. The method for redundant robot control reported in [170] is 

combined with the proposed methods to cany out the simulation. 

Figure 4.12 shows the simulation results by the proposed method. Figure 4.12(a) 

shows the object tracking, while 4.12(b) shows the object tracking error, 4.12(c) the 

load sharing of robot 1, 4.12(d) load sharing of robot 2, 4.12(e) tracking of robot 1, 

4.12(f) tracking error of robot 1, 4.12(g) tracking of robot 2, and 4.12(h) tracking 

error of robo*. 2. The simulation results indicate that the proposed method gives 

satisfactory results. The load distribution scheme described in Section 4.3 is used 

in the proposed method to partition the object dynamic load to the two robots. 

Figure 4.13 shows the simulation results on the comparison of internal forces by 

usiii^ different methods. Results obtained by simulation will be examined through 

implementation in our future study. 
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Robot 1 Robot 2 

Figure 4.8: Two 3 DOF spatial coordinating robots. 
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Robot 1 Robot 2 

Figure 4.11: Two 3 DOF vertical planar coordinating robots. 
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Chapter 5 

Summary and Future Work 

5.1 Summary 

In this thesis we have investigated several aspects of adaptive position and force 

control of robot manipulators. The results obtained in Chapters 2, 3, and 4 can be 

summarized as follows. 

• Vector analysis techniques have been applied to both Lagrangian and Newton-

Euler formulations to obtain the regressor dynamics formulations that have 

been found suitable in an adaptive control setting. More specifically, we have 

presented two algorithms for the evaluation of the regressor of an n DOF robot. 

The closed-form formulation reveals the structure of the regressor explicitly 

while the recursive formulation finds applications in real-time implementation 

of model-based position and force control algorithms. Satisfactory compu

tation efficiency of the formulas, especially the recursive formula, has been 

demonstrated in our experimental studies. 

• As an application of the regressor dynamics formulation, the popular Slotine-

Li adaptive control algorithm [37] is modified and the modified Slotine-Li 
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adaptive control algorithm is then implemented on a PUMA 560 robot. 

• Hogan's conventional impedance control has been extended to achieve stable 

execution of control tasks for the robotic system whose parameters are not pre

cisely known. To achieve this goal, Target Impedance Reference Trajectory 

is introduced which makes it possible to inject two stable adaptive, control 

algorithms [34, 37] into Hogan's conventional impedance control [G3J. These 

two adaptive impedance control algorithms have been found stable. Imple

mentation of the algorithm on a PUMA 560 robot indicates that the proposed 

adaptive impedance control algorithm can be used in real-time in position and 

contact-force control applications. 

• A study on optimal load distribution and coordination of multiple robots has 

been conducted. Optimal load distribution schemes using a p-norm type opti

mization approach are proposed. The algorithms are then adopted to dynam

ically link the two-level controllers in a coordination framework. Simulation 

results are presented to show the performance of the proposed algorithms in 

comparison with several existing approaches. 

5.2 Future Work 

The work presented in this thesis can only be considered preliminary as many chal

lenging and possibly more important problems have not been touched upon in this 

thesis. As the very last section of the thesis, we would like to propose a number of 

problems as possible future work in this field. 

• Further work may be done on regressor dynamics in the following three direc

tions. 
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1. To extend repressor formulations to the redundant and flexible 

robots and multi-robot systems; 

2. To investigate the possibility of using simplified versions of the 

regressor dynamics so as to further improve the computational 

efficiency; 

3. To design and fabricate a hardware version of the regressor for

mulation so as to expand its real-time applications. 

» As a continuation of our work in force control, it is quite natural to seek 

adaptive force control strategies for redundant manipulators, and for multi-

robot systems. By using the concept of TIRT, reliable algorithms may also be 

developed for contact-force tracking. 

• In the field of multiple robot coordination, many problems need to be solved. 

Among other things, it is felt that particular attention needs to be given to 

the problem of motion coordination for multi-robot systems where the rigid 

grasp assumption is removed. Another problem of interest is the optimal load 

sharing among flexible manipulators. With the recent advances in modeling 

and control of flexible manipulators, the chances of finding a computationally 

feasible solution to the problem are better than ever before. Above all, solu

tions of this type will likely play a significant role in dynamic coordination of 

flexible robots. 
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Appendix A 

Parameter Extraction via Vector 

Analysis 

Throughout this appendix we assume that m € R ] x J , p = [px py ps\
r
t d = 

[rfi d2 dz]T, and x = \xi x2 x3]
T. 

1) Consider 

m(J.qxRpfg (A.l) 

where 3U e R 3 x \ R € i i3 x 3 and g € R3xl are given. Denoting 

$i = [mpx mpy mp.]r (A.2) 

and applying (2.41) to (A.l), we have 

m(JwqxRp)T = (gxJ^qfROt 

If we denote Jw = [JWl . . . JWll] with JWl € R3 x l for 1 < » < n, then 

m(Jwq x R p f g = c fY^, (A.3) 

where 

Yc = [ g x J U | gxJW 2 ... g x J w J r R 
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is an n x 3 known matrix. 

2) Consider the vector given by 

m[u> x p + u) x (<*> x p) + v] 

where m and p are parameters to be extracted. Define 

02 = [m mpt 

and note that 

w x p = 

mpy mp.] 

J7(u>)p 

where ft(u)) is a skew symmetric matrix characterised by 

Q(x) = 

0 

3-'3 

-a;2 

From (2.42) it follows that 

w x ( u x p ) = (pT<jj)u> - ( 

where U = utTu> is the outer product of u> 

m[u) x p + <v x (UJ x p) + \\ = 

3) Let 

I, = 

hx 

~*xy 

-Ix; 

be the unknown inertia matrix. Define 

Oi = [hx Iyy i j . 

-x3 x2 

0 -xx 

xi 0 

u,ro,)P = [U - || 

Hence 

= [v tt(a>)+U-

~~*xy *xz 

*yy ~*yz 

', •**{/ *SEJ Jj/sJ) 

W||2I]P 

• IMI2i]*2 

(A.4) 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

(A.9) 

(A.10) 
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it can readily be verified that 

1,d = B(d)03 v.VU) 

where 

B(d) = 

di 0 0 -d£ -d3 0 

0 d2 0 -rfi 0 -t/» 

0 0 d3 0 -rfi -rf2 

(A.12) 

4) Consider the vector product 

ropx(v + Hp) (A, 13) 

where H is a 3 x 3 known matrix. By (A.6), the first vector product in (A.13) is 

mp x v = -fi(if)02 

If we write 

H = 

K{ 

hi 

hi 

and define 

& = 

0 hi -hi 

-hi 0 hj 

hi -hj 0 

(A.U) 

3X9 

then 

mp x Hp = 

mpx 

mpy 

mpz 

X 

" hip " 

hip 

hip 

(A. 15) 

= 

hl(mpyp) - hl(mpzp) 

hl{mpzp) - hl{mpxp) 

hl(mpxp) - hl(mpyp) 

= 9 

• 

mpxp 

mpyp 

mpzp 

(A.16) 

»xl 
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By defining 

04 - mfoj p] p] PxPy PzPz PyPif 

(A.1C) can be written as 

m p x H p = ¥0 4 

where 

9 = #(ei e5 e9 e2 + e4 e3 + e7 ec+e8] 

and e; is the ith column of the 9 x 9 identity matrix. Hence 

mp X (v + Hp) = #[0f e\\T 

with 

# = (-rt(v) 9\ 

5) Finally, let us consider 

Ft 
m [ F ( J „ q + J w q x ?Rp)]T(Jvq + J w qx ?Rp) 

dq 

By (A.6), 

Jwq X ?Rp = - f l t f R p ^ q 

So 

^ ( M + M x ?Rp) = J„ - / l(?Rp)J t t 

Thus (A.22) can be written as 

m [ J j j . q + J J C U * ?Rp) - J^« T ( ?Rp) J v q- J^ T ( ?Rp) ( J . q 

By (2.41), 

i 

(A.17) 

(A.18) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

(A.23) 

x °Rp)] (A.24) 

3T
v(3uq X jRp) = p r ?R(J„ x J .q) = (J„ x Jwq)T ?Rp 

the second term in (A.24) is equal to 

(J. X 3uq)T ?R(™p) (A.25) 
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where 

Jt, x Jwq = [J„, X J^q . . . J,,, X J^q] (A.2G) 

Since ft(Rp) is skew symmetric, -tf(?Rp) = tt(?Rp). By (A.6) and (2.41), the 

third term in (A.24) can be written as 

- j ; ( J „q X ?Rp) = (J„q x J,)'1' ?Rp (A.27) 

where 

J „ q x J w = (J„qx.L, . . . JpqxJwJ (A.28) 

Using (A.6) and (2.42), the last term in (A.24) can be expressed as 

J£ ?Rp X (Jwq X ?Rp) = C(iip||2Jwq - (pT ?IUwq)?Rp] 

(A.29) 

= | | P | | 2 J i J w q - ( P ^ R J w q ) J ^ R P 

From (A.24), (A.25), (A.27) and (A.29), it follows that if we denne a 10-dimensional 

vector 0a as 

05 = m[l Px py Pz p2
t pi pi pxPy ptpz pypz] = [el 0 3 7 (A.30) 

then (A.22) can be expressed as 

m[—(J„q + J w qx ?Rp)]T(J„q + Jwq x ?Rp) = W,(q,q)0r, (A.31) 

where 

Wi(q,q) = \fiJA (J. x J . q + J„q x Juf fR - D] (A.32) 

with 

D = D - [Jjjwq J ' X q J^Jwq 0 0 0j„x0 (A.33) 

and D is determined by 

(pT fRJ t tq)Jl ?RP = t>\pl P\ p\ P,Py P*P> PyPzf (A.34) 

file:///fiJA
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Appendix B 

Strictly Positive Real Functions 

The concept of Strictly Positive Realness (SPR) has been extensively studied for 

more than two decades [42,171], and found numerous applications in network anal

ysis, robustness analysis, nonlinear control and adaptive control. A proper rational 

function f(s) is said to be SPR if the real part of f{ju) is strictly greater than zero 

for all u> e R. As an example, consider second-order stable transfer function 

where fc„ > 0, kp > 0 are given and ib is a system parameter. It is easy to verify 

that f(s) is SPR if 0 < t/; < K- When a stable SPR rational function is realized 

in a state-space, the passive nature of such a transfer function provides a system-

theoretic property that is more valuable than a single Lyapunov equation does. 

Indeed, if function f(s) given by (B.l) with tii € (0,Ar„) is realized as £ = (A,B,C) 
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where 

A = 

B = 

0 

-k 

0 

1 

1 

J> — n > 1 > 

(B,2) 

(B.3) 

C = [V 1] 

it can then be shown that there exist two positive definite matrices V and Q such 

that 
ATP + VA = -Q 

V13 = CT 

The combination of the two equations in (B.3) plays a crucial role in deriving an 

adaptive control law for unconstrained motion control. Notice that one solution to 

(B.3) is given by 

tt'» 1 
V = 

Q = 
2 # p 0 

0 2{kv - il;) 

both of which are positive definite with ij> € (0, kv). A thorough discussion on time 

domain and frequent domain conditions for strict positive realncss can be found in 

[171]. 
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