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ABSTRACT
This thesis investigates the possibility that the gauge boson in a certain hypothetical
SU(2) gauged sector can constitute all the non-baryonic dark matter. The gauge
bosons acquire mass from the Higgs mechanism as in the Standard Model and scatter elastically among themselves non-gravitationally. It is expected that this selfinteraction of the dark gauge bosons would resolve the various discrepancies between
the ΛCDM model and astrophysical observations on small (e.g. galactic or galaxycluster) scales. Parameter space within the domain of validity of perturbation theory
satisfying the constraints of dark matter abundance, the elastic self-scattering momentum transfer cross-section suggested by recent astrophysical observations, and
consideration of the Big-Bang nucleosynthesis was found to be non-empty in the
“forbidden” regime where the mass of the dark Higgs boson is greater than the mass
of the dark gauge boson.

iv

Contents
Supervisory Committee

ii

Abstract

iii

Table of Contents

iv

List of Figures

vi

Acknowledgements
Dedication

viii
ix

1 Introduction
1.1 Introduction to Dark Matter . . . . . . . . . . . . . . . . . . . . . . .
1.2 Brief Summary of the following Chapters . . . . . . . . . . . . . . . .

1
1
5

2 Self-interaction of Dark Matter
2.1 Problems of CDM model which elastic self-interaction of DM might
resolve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.1.1 “Core-Cusp” Problem . . . . . . . . . . . . . . . . . . . . . .
2.1.2 Diversity Problem . . . . . . . . . . . . . . . . . . . . . . . . .
2.1.3 Missing Satellites Problem . . . . . . . . . . . . . . . . . . . .
2.1.4 Too-Big-to-Fail Problem . . . . . . . . . . . . . . . . . . . . .
2.2 Some Resolutions of the aforementioned problems of the CDM model
2.2.1 Warm Dark Matter . . . . . . . . . . . . . . . . . . . . . . . .
2.2.2 Baryonic Feedback . . . . . . . . . . . . . . . . . . . . . . . .
2.2.3 Self-Interacting Dark Matter (SIDM) . . . . . . . . . . . . . .

6
6
6
7
8
8
9
9
9
10

3 A Brief Review of Relevant Basic Knowledge in Cosmology
3.1 FRW Metric, Expansion of the Universe and Thermodynamics . . . .

12
12

v

3.2

Decoupling and WIMPs . . . . . . . . . . . . . . . . . . . . . . . . .

17

4 A Model of Self-interacting Dark Matter
4.1 Lagrangian Density and Feynman Rules . . . . . . . . . . . . . . . .
4.2 The Constraint on Elastic 2 to 2 Self-Scattering of Dark Gauge Bosons
4.3 Evolution of Number Density of the Dark Matter Particles . . . . . .
4.4 The Case When the 2 to 2 Channels Dominate and mh < mA . . . .
4.5 The Case When the “Forbidden” 2 to 2 Channels Dominate . . . . .
4.6 The Case When the 3 to 2 Channels Dominate . . . . . . . . . . . . .

20
20
26
27
32
32
45

5 Discussion of the Methods and Results
5.1 Use of Softwares . . . . . . . . . . . . .
5.2 Resonances of the cross-sections . . . .
5.3 Coupling to the Standard Model . . . .
5.4 Non-perturbative regime and effects . .

51
51
52
52
52

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

6 Conclusions

54

A Feynman diagrams for the scatterings

56

B Derivation of expressions of relic abundance from Boltzmann equation

61

C Derivation of thermally averaged cross-sections of 3 to 2 scatterP
ings in terms of ,a |M|2

66

D Checking of the result for MAA→AA

69

E Checking of the result for MAA→hh using Goldstone boson equivalence theorem

71

Bibliography

74

vi

List of Figures
Figure 1.1 This is a plot of the rotation curve for NGC 6503 from reference
[1]. The three labelled curves are for contributions from the
respective sources as indicated. . . . . . . . . . . . . . . . . . .
Figure 4.1 Plots of available (log10 g, log10 mA ) at ∆ = 0.01 (left) and ∆ =
0.05 (right) when the 2 to 2 “forbidden” channels dominate. For
more description see the second paragraph above Figure 4.1. . .
Figure 4.2 Plots of available (log10 g, log10 mA ) at ∆ = 0.2 (top left), ∆ =
0.5 (top right), ∆ = 0.7 (bottom left), ∆ = 0.8 (bottom right)
when the 2 to 2 “forbidden” channels dominate. For more description see the second paragraph above Figure 4.1. . . . . . .
Figure 4.3 Plots of available (log10 g, log10 mA ) at ∆ = 0.82 (top left), ∆ =
0.83 (top right), ∆ = 0.84 (bottom left), ∆ = 0.85 (bottom
right) when the 2 to 2 “forbidden” channels dominate. For more
description see the second paragraph above Figure 4.1. . . . . .
Figure 4.4 Plots of available (log10 g, log10 mA ) at ∆ = 0.86 (top left), ∆ =
0.87 (top right), ∆ = 0.88 (bottom left), ∆ = 0.89 (bottom
right) when the 2 to 2 “forbidden” channels dominate. For more
description see the second paragraph above Figure 4.1. . . . . .
Figure 4.5 Plots of available (log10 g, log10 mA ) at ∆ = 0.90 (top left), ∆ =
0.91 (top right), ∆ = 0.92 (bottom left), ∆ = 0.93 (bottom
right) when the 2 to 2 “forbidden” channels dominate. For more
description see the second paragraph above Figure 4.1. . . . . .
Figure 4.6 Plots of available (log10 g, log10 mA ) at ∆ = 0.94 (top left), ∆ =
0.95 (top right), ∆ = 1.05 (bottom left), ∆ = 1.10 (bottom right)
when the 2 to 2 “forbidden” channels dominate or are relevant.
For more description see the second paragraph above Figure 4.1.

2

39

40

41

42

43

44

vii

Figure 4.7 Plots of available (log10 g, log10 mA ) at ∆ = 1.05 (top left), ∆ =
1.10 (top right), ∆ = 1.20 (bottom left) and ∆ = 1.30 (bottom
right) when the 3 to 2 channels are relevant or dominate. For
more description see the first paragraph above Figure 4.7. . . .
Figure 4.8 Plots of available (log10 g, log10 mA ) for the case when the 3 to
2 channels dominate at ∆ = 1.9 (top left), ∆ = 2.10 (top right),
∆ = 5.00 (bottom left) when the AAA to AA channel dominate.
For more description see the first paragraph above Figure 4.7. .
Figure 4.9 A plot of available (mA , g) for the case when the 3 to 2 channels
dominate for all ∆. This plot is in fact made only for 1.1 ≤
∆ ≤ 1.6, but since the space of (mA , g) allowed by both the
abundance and elastic self-interaction constraints changes little
as ∆ increases for ∆ > 1.6, this plot is a decent approximation
for the allowed (mA , g) for all ∆. . . . . . . . . . . . . . . . . .
Figure E.1 Diagrams contributing to Mhh→φφ at lowest order in g if g, mA
and mh are taken to be free parameters. . . . . . . . . . . . . .

47

48

49

72

viii

ACKNOWLEDGEMENTS
I would like to thank:
Prof. Pavel Kovtun, Prof. Adam Ritz, for supporting me in the low moments.
Prof. Maxim Pospelov, for mentoring, support, encouragement, and patience.
University of Victoria, for funding me with a Scholarship.
But science can only be created by those who are thoroughly imbued with the aspiration
toward truth and understanding. This source of feeling, however, springs from the
sphere of religion. To this there also belongs the faith in the possibility
that the regulations valid for the world of existence are rational, that
is, comprehensible to reason. I cannot conceive of a genuine scientist
without that profound faith.
Albert Einstein

ix

DEDICATION
Just hoping this is useful!

Chapter 1
Introduction
1.1

Introduction to Dark Matter

Dark matter is a hypothetical non-luminous and non-light-absorbing matter whose
existence is inferred from certain astrophysical observations in the framework of the
currently most well-accepted theory of gravity, i.e. the theory of general relativity1
[2][3][4]. The phenomena which dark matter is postulated to explain very strongly
suggests the insufficiency of the Standard Model of particle physics or the theory of
general relativity — arguably two of the most well-tested theories of physics. The
explanation of these phenomena is hence crucial to advancing our understanding of
the universe from the perspective of physics.
The earliest observations which suggest the existence of dark matter are that
various luminous objects (e.g. stars, gas clouds, globular clusters, or galaxies) move
faster than they should according to general relativity if only visible matter2 exists.
For example, the velocity of an object moving along a circular orbit about the center
of a galaxy according to Newtonian mechanics and Newtonian gravity, a sufficient
q
approximation of the theory of general relativity in this case, should be v ∝ Mr(r) ,
where M (r) is the mass enclosed in a 2-dimensional sphere of radius r centered at
the center of the galaxy3 . This implies that if all the galaxy’s mass is of the visible
matter, v should be proportional to √1r for r greater than the largest distance from
the center of the galaxy where density of visible matter is non-negligible. However, it
1

Although in practice Newtonian gravity and Newtonian mechanics often suffices.
Matter which is luminous or not transparent.
3
Such a plot of v(r) vs r is commonly referred to as a “rotation curve” of a galaxy.
2

2

Figure 1.1: This is a plot of the rotation curve for NGC 6503 from reference [1]. The
three labelled curves are for contributions from the respective sources as indicated.
was observed4 that v is to a good approximation independent of r wherever rotational
velocity of the objects can be measured [5] (as shown in Figure 1.1), which implies that
if the theory of gravity is not to be modified, it must be the case that (approximately)
M (r) ∝ r and therefore ρ(r) ∝ r12 for r larger than the radius of the visible part of the
galaxy. This suggests the existence of a “halo” of dark matter which extends beyond
the visible part of the galaxy. The abundance of dark matter required to resolve
the discrepancy was estimated to be about 20%5 [6][7][8]. Many other evidence were
subsequently found for the existence of dark matter on sub-galactic and inter-galactic
scales but they will not be discussed here; for a shortlist of some of these evidence
see reference [4].
Evidence for the existence of dark matter was also found from the observations of
the galaxy clusters [4][2]. The total mass of a cluster can be determined by various
observations which include weak gravitational lensing [9], radial velocity distribution
of the galaxies6 in the cluster and X-ray emission profile of the cluster. The fraction of mass of visible matter (which is approximately the same as that of baryonic
matter7 ) in a cluster can be determined by (among other means) the temperature
4

Usually by combining the observations from the 21cm hydrogen spectral line and optical surface
photometry [4].
5
See Chapter 3 for reference.
6
Which is related to the gravitational potential through the virial theorem, assuming that the
cluster is virialized, i.e. that the virial theorem applies to the cluster.
7
Here baryonic matter refers to protons, neutrons and electrons — the particles which make up
the ordinary atomic matter.
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of the cluster at large distance from the center of the cluster8 , assuming hydrostatic
equilibrium for the part of the cluster of concern — if all mass of a cluster is of the
baryonic matter, the temperature of the cluster would be much higher than what was
observed, hence we may infer the existence of dark matter [4]. The far from core
density profile of the clusters generated by numerical simulations of collisionless dark
matter agrees with that determined from the astrophysical observations, but near
the cores of the clusters there is still no consensus as to whether the astrophysical
observations agree with the numerical simulations of dark matter halos. For example,
these numerical simulations produce the so-called “cuspy” DM halo density profiles
— profiles for which the density ρ(r) increases drastically as radius r becomes small,
whereas observations of gravitational lensing suggest that such “cuspy” profiles are
very unlikely [10]. This discrepancy suggests the possibility that dark matter has
non-negligible non-gravitational elastic self-interaction, since the numerical simulations which produce “cuspy” profiles assumed that dark matter is collisionless (i.e.
does not self-interact elastically except through gravity) and that the existence of
such self-interaction can produce density profiles which are not “cuspy” at the central
regions of the halos [6]. This possibility is one of the main motivations for the model
which will be presented in this thesis and will be discussed in more detail in Chapter
2 9.
The observation of the anisotropies of the cosmic microwave background (CMB)10
also provides evidence for the existence of dark matter. Not only so, it is able to provide a tight constraint on the abundance11 of dark matter (whereas the observations
of the galaxies and galaxy clusters cannot) [4] — the abundance of dark matter was
determined to be about 24%, a number close to the aforementioned estimate from
observations on the galactic scales. See references [2][12][13] for details about the
determination of the abundance of dark matter from the CMB anisotropies.
Many cosmologists consider the existence of old galaxies of redshift z ≈ 10 to
be the strongest evidence suggesting the existence of dark matter, since the matter
domination era begins earlier if dark matter is present than if it is absent. This
8

Where the temperature is approximately constant.
It is to be noted however that the observation of the bullet cluster (1E0657-558) passing through
another cluster gave a very small upper-bound for the allowed strength of elastic self-interaction of
dark matter [3].
10
See reference [11] for an introduction to CMB.
11
Defined to be ρDM /ρcrit , where ρDM is the energy density of the dark matter at cosmological
scale and ρcrit is the critical energy density of the universe. Note that at large scales the energy
density is approximately spatially homogeneous.
9
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allows cosmological density perturbation (with respect to the homogeneous density
indicated by the FRW metric) to be larger in this early period (of z ≈ 10) than in
the case when dark matter is absent and thus earlier formation of galaxies [159][2].
If such a large amount of dark matter is made up of baryonic matter only, it
would be difficult to explain why they cannot be directly observed through telescopes
[14][6]. The baryonic content of the universe predicted by arguments concerning the
big bang nucleosynthesis also suggests that it is very unlikely that the dark matter
could be mostly baryonic [15][6].
Neutrinos in the Standard Model of particle physics appeared to be a good candidate of dark matter [6][16][17][18]. However, they must decouple from electrons and
photons during the early stage of the formation of the first galaxies when they were
so energetic that they need to be treated as relativistic particles (as such they are
considered to be “hot”) and this has implication on how galaxies and galaxy clusters
form if they are to play the role of dark matter12 , implication which has been shown
using numerical simulations to be inconsistent with observations of galaxy clustering
[6][20][21]. Of course, this reasoning not only rules out Standard Model neutrinos as
dark matter but also “hot” dark matter in general13 . The standard model of cosmology nowadays is the so called ΛCDM (Λ14 Cold Dark Matter) model [22], a model
which has been very successful in accounting for many cosmological and astrophysical observations including the matter power spectrum [23][24][25] and some aspects
of galaxy formation [26][27].
It is of the consensus now that there is no viable candidate for most of the dark
matter from the Standard Model of particle physics. The most well-known types
of viable candidates of dark matter include the so called the Weakly Interacting
Massive Particles (WIMPs) and axions. These candidates are favoured because they
were motivated to solve problems which are seemingly unrelated to dark matter but
naturally satisfy the abundance constraint on dark matter from observation. For
details about these dark matter candidates see references [31, 32, 33, 34, 35, 36, 37,
4, 38, 39] and the previously cited reviews on the subject.
One might consider instead of postulating the existence of dark matter, an al12

In a universe with hot dark matter, superclusters form before galaxies according to numerical
simulations [19].
13
Note that this is based on the assumption that dark matter is all “hot”” or all “cold”. It remains
a possibility that some but not all dark matter is “hot”. It is also possible for some or all dark matter
to be neither “cold” nor “hot”, but “warm”. See for example references [6][28][29][30].
14
Referring to the existence of a non-zero cosmological constant. See any well-known textbook on
the theory of general relatvity or cosmology for explanation.
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ternative theory of gravity which would explain the aforementioned observations.
The most well-known example of such theories is the Modified Newtonian Dynamics
(MOND). However, despite its success in describing the rotation curves and various other observations on galactic scales, this theory has various deficiencies which
are discussed in references [40][41], including its inability to account for the CMB
anisotropies and formation of large scale structures (of scales much larger than galactic scale), whereas many of the quantum field theoretic dark matter models (along
with general relativity) have been successful thus far in accounting for the relevant
astrophysical observations [2].

1.2

Brief Summary of the following Chapters

Chapter 2 discusses the potential problems of the ΛCDM model at galaxy or galaxy
cluster scales and possible elastic self-interaction of dark matter which might
resolve these potential problems as suggested by observations, simulations and
semi-analytical models. This provides the main motivation for the model of
dark matter which will be introduced in Chapter 4.
Chapter 3 provides a review of some of the most basic knowledge of cosmology that
is required for understanding the subsequent chapters.
Chapter 4 introduces the model of dark matter and presents the results of calculations within the model and the parameter space found to satisfy the observational constraints.
Chapter 5 discusses the methods used to calculate the results and some relevant
aspects of the model which have not been covered by this thesis.
Chapter 6 is mostly a summary of the results and discussions from Chapter 4.

6

Chapter 2
Self-interaction of Dark Matter
For a detailed and comprehensive review on the elastic self-interaction of dark matter,
see [6] — this chapter will closely follow certain parts of this reference.

2.1

Problems of CDM model which elastic selfinteraction of DM might resolve

Despite the success of the ΛCDM model on large scale, several problems on the scale
of the galaxies and galaxy-clusters were discovered since the 1990s [6]. A very brief
introduction to some of the problems will be given in this section.

2.1.1

“Core-Cusp” Problem

Observations of rotation curves of disk galaxies suggest that they have a “core” type
density profile of roughly ρ ∝ r0 near the center of the galaxies, as implied by the
rotation speed profile of v(r) ∝ r [42][43][44]. However, high-resolution simulations
of CDM halos shows a “cusp” type density profile that is of roughly ρ ∝ r−1 near the
center of halo [45][46][47][44], a profile well described by the Navarro-Frenk-White
(NFW) profile [46][47][48]
ρN F W (r) =

4ρs
,
r/rs (1 + r/rs )2

(2.1)

7

where r is the radius from the center of the halo, rs is the characteristic scale radius
of the halo defined to be the r at which
d[logρN F W (r)]
= −2
d[logr]

(2.2)

and ρs ≡ ρN F W (rs ) is the characteristic density. Since the dwarf and low-surface
brightness (LSB) galaxies are highly dominated by dark matter even near the center
of the DM halo, they are ideal for testing the the CDM model (as the influence of
baryons is expected to be insignificant). Indeed, this problem is prevailing for these
galaxies as the rotation curves of these galaxies fit better the “cored” than “cuspy”
density profiles [49, 50, 51, 52, 53, 54, 55, 56, 57, 58]. However, for the dwarf galaxies,
it has also been suggested that the problem could be due to that the simulations
included only the DM, neglecting any influence from the baryons [59][60][61][62]. The
inadequacy of the NFW profile was also found in large radii. References [63] and [64]
found the halo densities of a large number of galaxies of various types and a large
mass range at large radii, inferred from the rotation curves, are lower than indicated
by the NFW profile. Thus it appears that the galaxies are less dense in the central
regions and more dense at large radii than as indicated by the NFW profile.
There are also evidence suggesting the presence of this problem and its possible
resolution within the CDM paradigm, for the satellites of the Milky Way [65, 66,
67, 64, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82] and galaxy clusters
[10, 83, 84, 85, 86, 87, 88, 89, 90] — for a summary of these references see reference
[6].

2.1.2

Diversity Problem

Since for rs and ρs in equation (2.1), rs determines ρs , the function ρN F W (r) which
determines the rotation curve is determined by only one parameter, e.g. the maximum
circular speed Vmax of the of the celestial objects orbiting about the center of the halo.
In general, formation of cosmological structure in the ΛCDM model should be a selfsimilar process and there should be little variation in density profiles for halos of a
certain mass [47][91]. However, the density profiles, i.e. ρ(r), of the galaxies observed
appear to be quite diverse, e.g. galaxies of the same Vmax can have density profiles
which are significantly different at small radii [92][93]. This problem is thus called
the “Diversity Problem”.

8

2.1.3

Missing Satellites Problem

Simulations of CDM suggest the structure formation of dark matter halos to be hierarchical and hence each dark matter halo should contain a large amount of subhalos
[94]. But the number of subhalos as suggested by CDM simulations is far greater
than the number of observed small galaxies within the Local Group. When this issue
was first discovered in the Milky Way, only 10 dwarf spheroidal galaxies had been
observed, while the estimate for the number of subhalos sufficiently large to host
galaxies is of O(100) to O(1000) [95][96]. Although the problem is in fact not as severe as it was first thought to be, as more small galaxies were discovered subsequently
in the Milky Way, and some galaxies associated with subhalos might be too faint to
be observed due to their lack of baryonic content (mainly stars) [97][98][99]. Sloan
Digital Sky Survey has speculated that there could be a factor of 5 to 20 more dwarf
galaxies which are undiscovered due to faintness, limited sky coverage and luminosity
bias [100][101][102]. In addition to that, the Dark Energy Survey has recently found
17 new candidate satellites.
Similar discrepancy was also found for dwarf galaxies in the field within the Local
Volume1 [103][104][105][106]. Some have suggested however that this discrepancy is
due to that the HI line2 widths are biased tracers for Vmax of the halos, where Vmax was
used to determine the size of the galaxies3 , but whether this is the case is currently
under debate [107, 108, 109, 110, 111, 27].
Note that this problem does not exist for the galactic-scale substructures in Galaxy
clusters [95].

2.1.4

Too-Big-to-Fail Problem

CDM only simulations predict that the most massive subhalos should be associated
with the most luminous satellites in the Milky Way. However, the central regions
of these subhalos in the simulations are too dense to be consistent with the stellar
dynamics of the most luminous dwarf spheroidal galaxies [112][113]. Similar discrepancies were found for dwarf galaxies in Andromeda [114] and the Local Group field
[115]. The problem’s name comes from the expectation that the most massive subhalos are too dense to not have generated visible galaxies within them. A similar
1

A galaxy in the field is one that doesn’t belong to any cluster of galaxies.
Also called the “21-centimeter line”.
3
As the problem is of the under-abundance of small galaxies.
2
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problem was also observed for dwarf field galaxies [115, 106, 116, 117, 118]. For a
more detailed discussion including a discussion on the possibility that this problem
might be resolved without abandoning the CDM paradigm, see reference [6].
The resolution of the “Core-Cusp” problem may also resolve this problem.

2.2

Some Resolutions of the aforementioned problems of the CDM model

2.2.1

Warm Dark Matter

A warm dark matter is a dark matter which thermally decoupled4 in the early universe
from the cosmic plasma when it was quasi-relativistic (rather than non-relativistic
as was the CDM) [28][29]. Warm DM has a damped linear power spectrum due
to free-streaming, suppressing the number of substructures [6]. Warm DM halos
typically have density profiles that are more spread-out than the CDM halos since
they form later than the CDM halos [6]. Recent high-resolution simulations of warm
DM suggest that warm DM models may resolve the missing satellite problem and
the too-big-to-fail problem [119][120][121]. Despite these successes, the warm dark
matter models also have their inadequacies. The mass of the thermal warm DM is
severely constrained by the abundance of high redshift galaxies [122] and Lyman-α
forrest observations [123][124], and that the radii of the thermal warm DM halo cores,
in light of the Lyman-α and lensing constraints, are significantly smaller than what
is needed to solve the “Core-Cusp” problem [125].

2.2.2

Baryonic Feedback

Since the discovery of the aforementioned problems of the ΛCDM model on small
scales, there had been much debate about whether they can be resolved by having the
baryonic feedback processes (e.g. gas cooling, supernovae, star formation and active
galactic nuclei) included in the simulations [6]. A review of the baryonic feedback
is given in [6] with a short summary 5 . The review concluded that it is possible that
the aforementioned problems in small scales cannot be resolved by baryonic feedback
4
5

See Chapter 3 for definition.
On page 24 of the reference.

10

alone. Hence it is possible that the CDM model needs to be modified at small scales
by consideration of the aforementioned discrepancies.

2.2.3

Self-Interacting Dark Matter (SIDM)

A self-interacting dark matter (SIDM) is a dark matter that can have (non-gravitational)
elastic 2 to 2 scatterings among themselves. A SIDM model was initially proposed
to resolve the “cusp-core” problem and the missing satellites problem [126]. SIDM
model differs significantly from collisionless CDM model in its implication on the DM
halo structure at small radii. See Figure 2 of reference [6] for a comparison of the
density profile of CDM halo and that of the SIDM halo. There are three important
differences between a CDM halo structure and a SIDM halo structure [6]6 :
1. For CDM halo, the DM velocity dispersion at radius r decreases as r decreases
in the inner halo, while SIDM’s velocity dispersion is uniform with respect to radius.
The velocity distribution of SIDM is closer to the Maxwell-Boltzmann distribution
than that of the CDM [127].
2. SIDM halos have a “cored” rather than “cusped” density profile.
3. CDM halos are triaxial [128] while SIDM tends to be approximately spherical,
since the elastic self-scattering makes the velocities of DM particles isotropic, which
erases the ellipticity.
SIDM halo structure is the same as the CDM halo structure at large radii, since
self-scattering rate is proportional to DM density, which becomes too small at large
radii for the self-interactions to be relevant.
Many studies have been done on the effects of including elastic self-interaction
in the simulations of DM halos and on the constraints for strength of the elastic
self-interaction by comparing the results of the simulations with various observations
[129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146,
147, 148]. Some of the properties of the SIDM were not inferred from simulations but
semi-analytical models based on Jeans-equation [148, 149, 150]. These studies suggest
that introducing elastic self-interaction may resolve the “core-cusp” problem, diversity
problem and the “too-big-to-fail” problem, but not the missing satellites problem. See
[6] for some detailed discussions of why introducing elastic self-interaction may or may
not resolve these problems. A summary of the positive observations and observational
constraints are shown in Table I of reference [6]. We may infer from the table that
6

See [6] for details.
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the constraint on the elastic self-interaction strength, in terms of σ/mDM , where σ is
the 2 to 2 elastic self-scattering cross-section and mDM is the mass of the dark matter
particle, is
cm2
cm2
σ
≈1
= 1.78 × 10−24
= 4.59 × 103 GeV−3 .
mDM
gram
GeV

(2.3)

It is not obvious as to which cross-section should be used in place of the aforementioned σ in simulations — when the 2 to 2 elastic self-scattering amplitude is
independent of the scattering angle, σ can simply be taken as the ordinary crosssection; but for some elastic 2 to 2 self-scattering processes the forward scattering
can enhance the cross-section dramatically or even make it infinity (e.g. when the
self-scattering may be mediated by a massless gauge boson), in which case it is computationally inefficient or impossible to take σ to be simply the cross-section. One
of the the replacements for the usual cross-section here is the momentum transfer
cross-section [151, 152, 153, 154, 155, 156, 157, 158], defined as:
σtr :=

Z

(1 − cos θ)

dσ
dΩ,
dΩ

(2.4)

where dΩ ≡ sin θdθ is the solid angle measure and σ is the usual cross-section. This
cross-section (approximately) measures the average loss of forward momentum in a 2
to 2 scattering, since the longitudinal momentum transfer is ∆p = mDM vrel (1 − cos θ)
[6], where vrel is the relative velocity between the initial state particles.
Reference [152] suggested that a viscosity (or conductivity) cross-section is better
at capturing the elastic self-interaction of DM, it is defined as:
σvis :=

Z 

1 − cos2 θ



dσ
dΩ.
dΩ

(2.5)

However, two of the authors of [152] claimed in [6] that considering the systematic
uncertainties in the relevant astrophysical observations, both σtr and σvis are good
as measures of DM elastic self-interactions. We used σtr in the calculations for our
model (which will be introduced in the Chapter 4).
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Chapter 3
A Brief Review of Relevant Basic
Knowledge in Cosmology
This chapter will only cover some of the basic knowledge required for the following
chapters and will mainly follow the “Big-Bang Cosmology” chapter of reference [2].
For a detailed and comprehensive introduction of cosmology see references [159][160].
Readers who are familiar with modern cosmology are advised to skip this chapter.

3.1

FRW Metric, Expansion of the Universe and
Thermodynamics

Modern cosmology relies on the the theory of general relativity as a theory of spacetime and gravity1 . From the perspective of general relativity, the universe is described
by the metric tensor which characterizes the spacetime manifold, usually denoted as
gµν or ds2 , and the energy-momentum-stress tensor on the spacetime manifold which
characterizes matter, usually denoted as Tµν . The dynamical equation of the metric
tensor and the energy-momentum-stress tensor is called the Einstein’s equation:
8πG
1
Rµν − Rgµν + Λgµν = 4 Tµν ,
2
c

(3.1)

where Rµν is the Ricci curvature tensor, R is the scalar curvature, G is the gravitational constant, c is the speed of light and Λ is called the cosmological constant.
1

For a comprehensive introduction of general relativity, see reference [161].
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Astrophysical observations suggest that the matter distribution in the universe is
at a large scale2 spatially homogeneous and isotropic. The homogeneity and isotropy
of the matter distribution implies the homogeneity and isotropy of the metric tensor3 .
This allows us to describe the “ultra-low-resolution” features of the spacetime of the
universe with only two parameters, one giving the scaling of the metric and the other
describing the curvature. This spatially homogeneous and isotropic metric tensor is
called the Friedmann-Robertson-Walker (FRW) metric and is usually expressed as:
"

#

dr2
ds = dt − R (t)
+ r2 (dθ2 + sin2 θdφ2 ) ,
2
1 − kr
2

2

2

(3.2)

where we have set c = 1, r, θ and φ are 3-dimensional spherical coordinates, t is
called the cosmic time, R(t) is called the scale factor and is of dimension of length,
k represents curvature, r is dimensionless. We also use a dimensionless scale factor
R(t)
where t0 is the present day cosmic time.
a(t) := R(t
0)
The homogeneous and isotropic matter is called a perfect fluid, defined by the
energy-momentum-stress tensor:
Tµν = −pgµν + (p + ρ)uµ uν ,

(3.3)

where u is the four-velocity, p is the isotropic pressure and ρ is the energy density.
With the FRW metric and the energy-momentum-stress tensor of the perfect fluid,
the Einstein’s equation can be written as:
 2

ȧ
a

=

8πGρ
k
Λ
− 2+
3
a
3

(3.4)

and

ä
Λ 4πG
= −
(ρ + 3p).
(3.5)
a
3
3
These two equations are called the Friedmann equations. ȧ/a is called the Hubble
parameter and is usually denoted as H.
We also have energy momentum conservation ∇µ Tµν = 0, where ∇ is the the Levi2
3

For definition of “large scale” see the references mentioned at the beginning of this section.
Strictly speaking by Einstein’s equation.
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Civita connection4 . This gives conservation of energy, or first law of thermodynamics5 :
ρ̇ = −3H(ρ + p).

(3.6)

We may re-write equation (3.4) as
k
= Ω − 1,
H 2 a2

(3.7)

2

3H
is called the critical density. We may see from (3.7)
where Ω := ρρc and ρc := 8πG
that Ω > 1 corresponds to k > 0, Ω = 1 corresponds to k = 0 and Ω < 1 corresponds
to k < 0. It is also helpful to consider different sources of contribution to Ω —
Ω ≡ Ωm + Ωr + Ωv , where Ωm is the contribution to Ω from non-relativistic particles
(i.e. particles of sufficiently low energy; usually referred to as “matter”), Ωr from
relativistic particles (usually referred to as “radiation”) and ΩΛ from the cosmological
constant.
Let w := ρp , then equation (3.6) becomes

ρ̇
ȧ
= −3(1 + w) ,
ρ
a

(3.8)

ρ ∝ a−3(1+w) .

(3.9)

which can be solved to yield

The spatial curvature of spacetime on large scales has been estimated to be approximately 0 with a very small margin of error [23]. We therefore may take k = 0.
According to various astrophysical evidences [162][163][164][165][166], the matter in
the universe should have been in a very hot and dense state in the past, thus the
energy of the early universe was mostly of radiation and Ωr dominates Ωv in equation
(3.7) as well6 . Hence we may also set Λ = 0 and w = 1/3 during this radiation
dominated era. Thus in early universe we have, by equation (3.9):
ρ ∝ a−4 .

(3.10)
1

We may also derive from equation (3.4) and (3.10) that a(t) ∝ t 2 in the radiation
dominated era. Similarly, in the case of matter domination, we have w = 0 and
4

Also referred to by many as the covariant derivative with respect to the Levi-Civita connection.
Note that this equation is also implied by the Friedmann equations.
6
That is, we may take k = 0 in this case.
5
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2

7
a(t) ∝ t 3 . In the case when the
√ Λ cosmological constant dominates and is positive ,
we have w = −1 and a(t) ∝ e 3 t . These equations fits naturally the astrophysical
observation that the universe8 has been expanding, and that the matter in the universe
must have been in a very dense state in the past. The picture of the universe’s
expanding from a very hot and dense state is called the “Big-Bang” theory and has
become the foundation of modern cosmology.
The phase space distribution measure of particle species i in kinetic equilibrium is

dnqi =

1
gi
qi2 dqi ,
2
−[E
(q
)−µ
i
i
i ]/Ti ± 1
2π e

(3.11)

where qi is the momentum of the species, Ti is the temperature, gi is the number of
degrees of freedom (excluding the degrees of freedom associated with momentum),
Ei is the energy, + if the species is fermionic and − if the species is bosonic. The
number density of the species is then [159][2]
ni =

Z

dnqi ,

(3.12)

Ei (qi )dnqi ,

(3.13)

energy density is
ρi =

Z

pressure for an ideal gas is
pi =

1 Z qi2
dnqi ,
3 Ei (qi )

(3.14)

si =

ρ i + pi − µi ni
,
Ti

(3.15)

and entropy is

where µ is chemical potential. It is well-known that for Standard Model particles
|µi |  Ti [159][2] so we may set µi = 0 for all species i in our discussion. If a species
is in thermal equilibrium with the cosmic plasma, then Ti would be equal to the
temperature of the cosmic plasma9 , usually denoted as T (without an index).
In early universe, temperature is high enough to justify approximating the energy
density ρ by only including the energy densities of the relativistic particles (i.e. those
7
With the standard model of cosmology, Λ > 0 for our universe according to observation, although
Λ is also very small [23].
8
Meaning the spatial part of the metric of spacetime.
9
And the converse is true as well.
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of m  T ), in which case we have [159][2]:
ρ=

π2
g∗ (T )T 4 ,
30

where
X

g∗ (T ) =



gi

i∈B(T )

Ti
T

4

(3.16)

7 X
Ti
+
gi
8 i∈F (T )
T


4

,

(3.17)

is called the total number of relativistic degrees of freedom associated with the energy
density or simply the total number of relativistic degrees of freedom, B(T ) is the set
of all species of bosons i with Ti  m, F (T ) is the set of all species of fermions i
with Ti  m. The 7/8 factor is due to the difference between the Fermi-Dirac and
Bose-Einstein distributions. Similarly, the entropy density is [159][2]
s=

2π 2
g∗s (T )T 3 ,
45

where
g∗s (T ) =

X
i∈B(T )



gi

Ti
T

3

(3.18)

7 X
Ti
+
gi
8 i∈F (T )
T


3

(3.19)

is the total number of relativistic degrees of freedom associated with entropy density.
Note that since for most of the history of the universe, Ti = T for all species of particles
[159], g∗ = g∗s except during the period of QCD phase transition in which g∗ and g∗s
differ noticeably but very slightly [167][2]10 . For the purpose of our calculations, we
may take g∗s to be equal to g∗ . With equation (3.16), we have in radiation dominated
era, by equation (3.4):
s
1
8πGρ
= 1.66g∗2 T 2 /mp ,
H=
(3.20)
3
where mp := √1G = 1.22 × 1019 GeV is the Planck mass.
We know from elementary thermodynamics that for a system in thermal equilibrium,
dG := dp − sdT = 0 where G is the Gibbs free energy, therefore by equation (3.15)
and equation (3.6), we have the conservation of total entropy when all the particle
species are in thermal equilibrium [160]:
d(sa3 )
= 0.
dt
10

See Figure 21.3 of the Big-Bang cosmology chapter of [2].

(3.21)
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The conservation of entropy (3.21) and entropy as a function of temperature (3.18)
implies
a−3 ∝ s ∝ g∗s (T )T 3 .
(3.22)

3.2

Decoupling and WIMPs

At a sufficiently early cosmic time, all the Standard Model particles and perhaps the
dark matter particles are in thermal or chemical equilibrium since the universe was
sufficiently hot and dense for the scatterings among particles which enforce thermal
equilibrium among particles to occur sufficiently rapidly. For certain particles (e.g.
dark matter particles), the rate at which they annihilate into or interact with the
cosmic plasma may become too small for them to maintain thermal or chemical
equilibrium with the cosmic plasma as the universe expands and cools, in which case
we say it would thermally or chemically decouple from the cosmic plasma11 . A very
crude criterion for decoupling is given by12
Γ . H,

(3.23)

where Γ is the rate of the scatterings of concern (which are the scatterings which
enforce thermal or chemical equilibrium between two systems).
The CMB is made up of the earliest photons which both thermally and chemically
decoupled13 from baryonic matter at around 378,000 years after the Big-Bang14 . This
decoupling occurred roughly when the rate of Compton scattering between electron
and photons became equal to H [160].
The so called WIMPs15 [168][169][160] are one of the most well-known types of
dark matter candidates. The WIMPs are initially (i.e. at sufficiently high temperatures) in thermal and chemical equilibrium with the cosmic plasma. They chemically
but not thermally16 decouple from the cosmic plasma as the universe had sufficiently
11

The binary relation (X,Y) of “X decoupled from Y” is symmetric, i.e. (X decoupled from Y)
implies (Y decoupled from X) for any X,Y.
12
Note that since H −1 is the age of the universe as described by the standard Big-Bang model of
cosmology [2], this criterion is the requirement that at least one such scattering occurred after the
beginning of the cosmic time.
13
The chemical decoupling occurred before the thermal decoupling.
14
That is, 378,000 years after the earliest cosmic time.
15
Weakly-Interacting Massive Particles.
16
They do eventually also decouple from the cosmic plasma thermally, but this happens after the
chemical decoupling.
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expanded and cooled, which is roughly when
Γann . H,

(3.23)

where Γann is the total annihilation rate of the WIMPs. The comoving number density
a3 n of the WIMPs would change little after the chemical decoupling. We therefore say
that the annihilation of the WIMPs and the comoving number density have “freezedout” after the chemical decoupling. If we take the the present day comoving number
density of the WIMPs to be its equilibrium number density at the time of freeze-out
(i.e. ignoring the annihilation after the freeze-out), we obtain a good estimate of the
WIMPs’ present day abundance in terms of its total thermally averaged annihilation
cross-section hσviann [168][169]1718
1

xf g∗ (xf ) 2 2 × 10−36 cm2
Ωh (hσviann ) ≈ 0.12
30 10
hσviann
2

1

xf g∗ (xf ) 2 4 × 10−9 GeV−2
≈ 0.12
,
30 10
hσviann

(3.24)

where xf := mX /Tf in which mX is the mass of the WIMP particle and Tf is the
temperature when “freeze-out” (i.e. chemical decoupling) occurs and g∗ is given in
(3.17). See also Appendix B.
The present day abundance of dark matter Ωh2 required by observation can
be taken as that of the non-baryonic matter, determined by observation of CMB
anisotropies [23][2] to be
Ωnbm h2 = 0.1186 ± 0.0020 ≈ 0.12.

(3.25)

Hence to satisfy the observational constraint for Ωh2 , we must have by (3.24)
hσviann ≈ 4 × 10−9 GeV−2 .

(3.26)

Recall the elastic self-interaction constraint needed to resolve the problems mentioned
17

Ωh2 is a function of hσviann because xf is determined by hσviann .
Note that reference [160] claimed that the total thermally averaged cross-section hσviann needs
to be roughly of O(10−39 )cm2 for the DM abundance to be of O(1) rather than O(10−36 )cm2 as
indicated by 3.24. The result in 3.24 is the correct one.
18
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in Chapter 2

σtr
≈ 4.59 × 103 GeV−3 .
mDM

(2.3)

If σtr and hσviann are of the same order in coupling constant(s)19 , we see that
in order for the WIMPs to satisfy both the constraint for the abundance and the
constraint for the elastic self-interaction, mDM needs to be roughly of O(10−12 )GeV.
By arguments from Big-Bang nucleosynthesis20 however, the mass of a thermal dark
matter21 particle must be greater than 5 × 10−4 GeV [170], hence we may safely judge
that in this case the WIMPs cannot satisfy all the three aforementioned constraints.

19

Note that they are of the same mass dimension.
If the mass of dark matter is sufficiently small, it would be relativistic and therefore contribute
significantly to the total energy density of the universe and thus make the Hubble parameter H
significantly larger than that if the mass of dark matter isn’t so small, before the freeze-out of the
neutron-proton ratio. This would make the freeze-out of the neutron-proton ratio occur earlier and
hence make the abundance of the neutrons higher during Big-Bang nucleosynthesis period, an effect
which would change the abundance of various elements, in particular 4 He and 2 H [170]. Observations
which constrain the abundance of these elements therefore provide a lower bound on the mass of
dark matter.
21
A thermal dark matter is a dark matter that had been in equilibrium with the cosmic plasma
in the early universe.
20

20

Chapter 4
A Model of Self-interacting Dark
Matter
We take ~ = c = 1, where ~ is the reduced Planck constant and c the speed of light.

4.1

Lagrangian Density and Feynman Rules

The dark matter is in a dark sector which has an SU(2) gauge invariant Lagrangian
density1
!2
1
ρ2
† µ
†
− χaµν χaµν ,
(4.1)
L = ∇µ Φ ∇ Φ − λ Φ Φ −
2
4
where Φ(x) is a doublet complex scalar field, ρ is a positive real number often called
the vacuum expectation value (VEV), χaµν = ∂µ Aaν − ∂ν Aaµ + gabc Abµ Acν is the field
strength tensor for the gauge field Aaµ (x) where a=1,2 or 3, ∇µ is the gauge connection defined by ∇µ Φ = ∂µ Φ − igAaµ T a Φ where T a = 21 σ a for a=1,2,3 and σ a are the
Pauli matrices. g is a positive real number which will be referred to as the gauge coupling constant. The SU(2) gauge symmetry is often said to be spontaneously broken
[175][172][174][173]2 .
1

We recommend reference [171] for a very systematic introduction to the fundamentals of quantum
field theory and references [172][173][174] for an introduction to the Standard Model of particle
physics.
2
This is a very common but perhaps confusing statement. In fact, it is not possible for gauge
symmetries to be spontaneously broken as proven in reference [176].
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The dark sector is coupled to the Standard Model through interaction term:


Lint = λHP Φ† Φ





H †H ,

(4.2)

where H is the Standard Model Higgs field. This interaction is often referred to as
the Higgs portal.


0
 [172][174][173]. We choose ρ
In unitary gauge, we have Φ(x) = √12 
ρ + h (x)
and h to be real without loss of generality; the quanta of h will be called the dark
Higgs boson. The Lagrangian density can then be expressed as:
1
1
L = − (∂µ Aaν − ∂ν Aaµ )(∂ µ Aaν − ∂ ν Aaµ ) − g 2 (eab Aaµ Abν )(ecd Acµ Adν ) − gabc Abµ ∂µ Aaν Acν
4
4
2
λ
g
+ ∂µ h∂ µ h + Aaµ Aaµ (ρ + h)2 − (h2 + 2ρh)2
8
4
1
1
= − (∂µ Aaν − ∂ν Aaµ )(∂ µ Aaν − ∂ ν Aaµ ) − g 2 (eab Aaµ Abν )(ecd Acµ Adν ) − gabc Abµ ∂µ Aaν Acν
4
!4
"
#
2
2
ρh
h
h4
ρ
2 2
3
µ
2 aµ a
+
+
− λ ρ h + ρh +
+ ∂µ h∂ h + g A Aµ
8
4
8
4
(4.3)
From the Lagrangian density we find that the masses of the 3 gauge bosons are
all equal to mA = 12 ρg and they can be treated as identical particles; the mass of the
√
dark Higgs boson is mh = ρ 2λ.
The Higgs portal will introduce a mixing of the Standard Model Higgs boson and
the dark Higgs boson, hence the dark Higgs boson will decay into the Standard Model
particles, with decay rate given by [177]
Γh = θ2 ΓhSM (mhSM → mh ),

(4.4)

where hSM is the Standard Model Higgs boson and mhSM is its mass, ΓhSM (mhSM →
mh ) is the Standard Model Higgs boson’s decay rate with the mass of the Standard
Model Higgs boson mhSM substituted with the mass of the dark Higgs boson mh and
θ is the mixing angle between the dark Higgs boson and the Standard Model Higgs
boson satisfying [178]
λHP ρv
,
(4.5)
tan 2θ = 2
λρ − λH v 2
where v is the Standard Model VEV, λH is the coefficient associated with the Higgs
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field in the Standard Model which corresponds to λ in our dark sector. The mixing
angle must be upper-bounded by observational constraint discussed in reference [177]
and due to limitation of our consideration be lower-bounded by the requirement that
the dark sector must maintain thermal equilibrium with the cosmic plasma as we will
assume, for reason which will be given in Chapter 4.3. The decay of the dark Higgs
boson into the Standard Model particles would be the main venue for the dark sector
to deplete its energy.
The Feynman rules [173] for the dark sector derived from the Lagrangian density
are:
AAAA vertex factor:

− ig 2 [abe cde (g µρ g νσ − g µσ g νρ ) + ace bde (g µν g ρσ − g µσ g νρ ) + ade bce (g µν g ρσ − g µρ g νσ )]
(4.6)

AAA vertex factor (with the convention that all momenta point towards the vertex):

gabc [g µν (k − p)ρ + g νρ (p − q)µ + g ρµ (q − k)ν ]

(4.7)
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AAh vertex factor:

!

!

ρg 2
ρg 2
2!i
δab g µν = i
δab g µν
4
2

(4.8)

AAhh vertex factor:

!

!

g2
g2
δab g µν = i
δab g µν
2!2!i
8
2

hhh vertex factor:

(4.9)
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3!i (λρ) = i (6λρ)

(4.10)

hhhh vertex factor:

λ
4!i
4

!

= i (6λ)

(4.11)

A propagator (in unitary gauge):

kµkν
i
µν
(−g
+
)δab
k 2 − m2A + i
m2A

(4.12)

h propagator:

k2

i
− m2h + i

(4.13)
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As can be seen from the Feynman rules, the gauge bosons are stable (i.e. do not
decay) and can have elastic 2 to 2 scattering among themselves (i.e. the scattering
of AA → AA)3 at O(g 2 )4 . See Appendix A for the Feynman diagrams of the elastic
scattering of AA → AA at lowest order in g.
The gauge bosons A’s are our dark matter candidate in the model. We show in
the subsequent sections the present day abundance of the gauge boson A and the
elastic 2 to 2 scattering (σtr )AA→AA in terms of the parameters g, mh and mA and
find the parameter space which satisfies observational constraint on the present day
abundance of dark matter, the elastic 2 to 2 scattering and the constraint from BigBang nucleosynthesis considerations5 , within the domain of validity of perturbation
theory (as we will only consider the regime where perturbation theory is valid and
neglect non-perturbative effects)6 .
After we worked on this model for a few months, reference [181] which covered this
model was published. We have done our work independently and will acknowledge
some of the differences between our results and theirs.
3

A dark matter that can have elastic 2 to 2 scattering among themselves is commonly referred
to as a “self-interacting” dark matter.
4
In the scattering amplitude.
5
See footnote 20 of the last page of Chapter 3.
6
This is not an observational constraint — it gives the domain of validity of our consideration
rather than a parameter space excluded by observation.
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4.2

The Constraint on Elastic 2 to 2 Self-Scattering
of Dark Gauge Bosons

The momentum transfer cross-section for scattering AA → AA encodes the information about the elastic self-interaction of A particles [6]. It is defined to be7 [6][2][182]:
dσAA→AA
1 Z
(1 − cos θ)
dΩ
2!
dΩ
dσAA→AA
1 Z t1
(1 − cos θ)
=
dt
2! t0
dt
1 Z t1
1
t
1


=
|MAA→AA (s, t)|2 dt
2
s
2
2! t0 2 − mA 64πs |p1cm |

(σtr )AA→AA :=

(4.14)

4

=

1
2

Z t1
t0

t
2



s
4

− m2A

2

1
|MAA→AA (s, t)|2 dt,
64πs

where σAA→AA is the ordinary cross-section, s = (p1 + p2 )2 and t = (p1 − p3 )2 are the
Mandelstam variables, p1cm is the initial 3-momentum in the center of mass frame,


t0 = 0 and t1 = 4 m2A − 4s .
The non-relativistic limit of the momentum transfer cross-section for AA → AA
at tree level, far from the resonance at mh = 2mA 8 , was calculated to be:
(σtr )AA→AA =

g 4 (320m8A − 1200m6A m2h + 8801m4A m4h − 4208m2A m6h + 520m8h )
(4.15)
2
1152πm2A m4h (m2h − 4m2A )

The correctness of the amplitude from which the above result was calculated was
checked in Appendix D, in which the amplitude corresponding to only the longitudinal mode of the gauge bosons was calculated and was found to not diverge as ρ → 0.
To resolve the various problems mentioned in Chapter 2 it is required that
σ
cm2
≈ 1.78 × 10−24
= 4.59 × 103 GeV−3 ,
mDM
GeV
where σ = (σtr )AA→AA and mDM = mA in this case.
7
8

See also Chapter 2.
We will only consider the case when

mh
mA

> 2.05 or

mh
mA

< 1.95 to avoid the resonance.

(2.3)
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We will denote (σtr )AA→AA simply as σtr .

4.3

Evolution of Number Density of the Dark Matter Particles

The present day abundance of a particle species depends on its present day number
density. When the dark gauge bosons are in chemical and thermal equilibrium with
the cosmic plasma, the number density nA is given by equation (3.12) with TA = T .
There is no reason to expect however that the gauge bosons should always be in
chemical and thermal equilibrium with the cosmic plasma. The time-evolution of
number density of a particle species is given by an appropriate Boltzmann equation
independent of whether the species is in chemical or thermal equilibrium, but we will
assume that the A’s and the h’s are in thermal equilibrium with the cosmic plasma,
an assumption which is well justified if λHP is sufficiently large and will greatly
simplify9 this equation [179][159][160]10 . To solve the time-evolution equation for the
number density of A we use a well-known ansatz [179][159][160] which is introduced
in Appendix B.
The Boltzmann equation integrated over the momentum space for annihilation of
the gauge bosons11 (taking into account only the diagrams of scatterings which change
the number density and of sufficiently low orders in the gauge coupling constant g),
i.e. the time-evolution equation for the number density of the gauge bosons, assuming
9

As in it would make solving the equation much easier.
The original Boltzmann equation describes the time-evolution of the phase space distribution
f (t, x, p), but the time-evolution equation for the number density is directly implied by the timeevolution of f (t, x, p).
11
This equation will simply be referred to as the “Boltzmann equation” in the rest of the thesis.
10
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the spatial homogeneity of the number density, is [160][179]12 ,
a

#

"

n2SM
nA )
n2A
2
=2(neq
eq 2 −
A ) hσviAA→SM
2
dt
(nSM )
(neq
A)
"
#
n2h
n2A
2
2(neq
)
hσvi
−
AA→hh
A
2
2
(neq
(neq
h )
A)
"
#
n2A
nA nh
eq 2
+ (nA ) hσviAA→Ah eq eq − eq 2
nA nh
(nA )
#
"
2
nA
n3A
eq 3
2
+ (nA ) hσv iAAA→AA
− eq 3
2
(neq
(nA )
A)
"
#
nA nh
n3A
eq 3
2
+ 2(nA ) hσv iAAA→Ah eq eq − eq 3
nA nh
(nA )
"
#
n2h
n3A
eq 3
2
+ 3(nA ) hσv iAAA→hh
2 −
3 ,
(neq
(neq
A)
h )

−3 d(a

3

(4.16)

where a is the scale factor of the Friedmann-Robertson-Walker metric, nA is the
number density of (all species of) the gauge boson A, nh is the number density
of the dark Higgs boson h, nSM is the number density of the relevant Standard
Model particles which the A’s may annihilate into through the Higgs portal, neq 0 s are
the corresponding number densities at both thermal and chemical equilibrium, the
factors of 2 in front of the terms of AA → hh and AAA → Ah are due to that the
corresponding scatterings reduce the number of gauge bosons by 2 per scattering event
and the factor of 3 in front of the term of AAA → hh is due to that the corresponding
scatterings reduce the number of gauge bosons by 3 per scattering event,


neq
i (T )

:= gi

Z




gi mi T
d3 p − Ei
2π
T =
e
3
3

T
g
(2π)
i π2

3

2

m

e− T

if T  mi

(4.17)

if T  mi

where i denotes the particle species which is in this case A or h, gi is the degeneracy
of the species i — gh = 1 and gA = 32 = 9 (coming from the 3 polarizations and 3
gauge group indices of A), T is the temperature of the cosmic plasma.
The hσvi’s are called the “thermally averaged cross-sections” and are defined for
12

See Chapter 3 of reference [160] for a derivation of a similar equation.
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the scatterings of our concern to be:
hσviAA→XX

1 1 Z
:= eq 2
(nA ) 2! 2!
1

i=4
X
E1 +E2
d3 pi
4 (4)
(2π)
δ
pi e− T
3
i=1 (2π) 2Ei
i=1
4
Y

!

!

|MAA→XX |2 ,

X
,a

hσviAA→XY

1

1 Z
:= eq 2
(nA ) 2!

i=4
X
E1 +E2
d3 pi
4 (4)
(2π)
δ
pi e− T
3
i=1
i=1 (2π) 2Ei
4
Y

!

!

|MAA→XY |2 ,

X
,a

hσv 2 iAAA→XX

1 1 Z
:= eq 3
(nA ) 3! 2!
1

i=5
X
E1 +E2 +E3
d3 pi
4 (4)
T
(2π)
δ
pi e−
3
(2π)
2E
i
i=1
i=1
5
Y

!

!

(4.18)

|MAAA→XX |2 ,

X
,a
2

hσv iAAA→XY

1 Z
:= eq 3
(nA ) 3!
1

i=5
X
E1 +E2 +E3
d3 pi
4 (4)
T
(2π)
δ
pi e−
3
i=1 (2π) 2Ei
i=1
5
Y

!

!

|MAAA→XY |2 ,

X
,a

where p1 , p2 are the initial momenta, p3 , p4 are the final momenta in the 2 to 2
scatterings and p1 , p2 , p3 are the initial momenta, p4 , p5 are the final momenta in the
3 to 2 scatterings, the squared amplitudes were summed over polarization and the
gauge group indices, and X, Y ∈ {A, h, Standard Model particles}. The factorials in
the expressions of thermally averaged cross-sections13 are to take into account the
“over-counting” of the phase space integration due to that there are identical particles in the initial or final states of the corresponding processes [179]. The thermal
distribution used in the definitions above is the Boltzmann distribution rather than
the Bose-Einstein distribution because the difference between the two distributions
are negligible when mA > T , which is the only relevant regime for our calculations14
[180][179].
In this model we’d assume that the h particles were sufficiently tightly coupled to
the cosmic plasma during the time period of our concern so that it was in thermal
and chemical equilibrium with the cosmic plasma, an assumption which could be valid
13

Note that hσv 2 iAAA→AA and hσv 2 iAAA→Ah have dimension of mass to the power of -5 and are
therefore not cross-sections in the ordinary sense.
14
See page 76 of [160] for reference.
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given appropriate choice of λHP , ρ and λ [177]. Therefore nh = neq
h , in which case
(4.16) becomes:
a−3

h
i
d(a3 nA )
2
= − 2hσviAA→SM n2A − (neq
)
A
dt
i
i
h
h
2
eq
2
−
n
n
)
−
hσvi
n
− 2hσviAA→hh n2A − (neq
A A
AA→Ah
A
A
h

− hσv 2 iAAA→AA n3A − n2A neq
A
h

2
− 2hσv 2 iAAA→Ah n3A − nA (neq
A)

h

(4.19)

i
i

i

3
− 3hσv 2 iAAA→hh n3A − (neq
A) .

This ordinary differential equation does not admit a general closed-form solution
[159][179][160] and is not easy to solve numerically. We therefore decided for the sake
of efficiency to solve this equation for various cases in which some of the terms on
the right-hand side can be (approximately) neglected for the purpose of determining
the present day abundance of A particles. The terms (or alternatively, “channels”)
that cannot be neglected are said to dominate the terms which can be neglected. We
determine the cases (associated with parameters g, mA and mh ) by comparing the
absolute values of the terms on the right-hand side within the relevant parameter
spaces15 . Also note that the following discussions are only concerned with the cases
far from (i.e. unaffected by) resonances.
mh
− 1 < 1, the AA → Ah and AA → hh channels
When mh ≤ mA or when 0 < m
A
are not very much suppressed and dominate the AA → h, AAA → AA, AAA → Ah
and AAA → hh channels since AA → h is impossible and that the 3 to 2 channels are
exponentially suppressed by an extra Boltzmann factor from the thermal distribution,
in which case the 3 to 2 channels can be neglected, hence we have:
a−3

h
i
d(a3 nA )
2
≈ − 2hσviAA→hh n2A − (neq
A)
dt
h
i
− hσviAA→Ah n2A − nA neq
A .

(4.20)

mh
− 1 > 1 and is sufficiently large, the 3 to 2 channels dominate the other
If m
A
channels since the other channels will become highly exponentially suppressed due to
the phase space limitation of the initial state particles16 and the Boltzmann factors
15

Which will be elucidated later.
Since the initial state particles need to have large enough kinetic energy to produce the heavier
final state particles.
16
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of the thermal distributions in the integral within the expression of the thermally
averaged cross-sections, in which case we have:
a−3

i
h
d(a3 nA )
≈ − hσv 2 iAAA→AA n3A − n2A neq
A
dt
i
h
2
)
− 2hσv 2 iAAA→Ah n3A − nA (neq
A
h

(4.21)

i

3
− 3hσv 2 iAAA→hh n3A − (neq
A) .
mh
When m
− 1 ≥ 1 and is sufficiently small, the AA → h channel should dominate
A
the other channels since it is less exponentially suppressed than the other channels
due to its having less mass deficit (between initial and final state particles) compared
to the AA → hh and AA → Ah channels and the 3 to 2 channels’ being suppressed
by an extra Boltzmann factor from the thermal distribution. In this case, since h
may decay into the Standard Model particles through the Higgs portal, the dominant
annihilation channel would be the annihilation of two A’s into the relevant Standard
Model particles through the inverse decay of AA → h and the decay of h into the
relevant Standard Model particles. We have:

a−3

i
h
d(a3 nA )
2
)
≈ −2hσviAA→SM n2A − (neq
A
dt

(4.22)

We call an annihilation channel that is exponentially suppressed because of the
phase space limitation due to the total mass of the initial state particles’ being less
than that of the final state particles as in the cases discussed before a “forbidden”
channel — when mh > mA , AA → Ah and AA → hh channels both become “forbidden”. Similarly, if mh ≥ 23 mA then AAA → hh channel becomes “forbidden” and
hence can be neglected; if mh ≥ 2mA then AAA → Ah also becomes “forbidden”
and hence can be neglected, in which case the AAA → AA channel dominates the
other annihilation channels for the purpose of determining the number density of dark
matter. Otherwise we need to take into account all the aforementioned channels, i.e.
use (4.19).
We will in this thesis investigate the case when the AA → hh and AA → Ah
channels dominate and the case when the 3 to 2 channels dominate. We leave the
case when the annihilation of A’s into the Standard Model particles dominates to
future work.
The term “2 to 2 channels” will refer to the AA → hh and AA → Ah channels in
the subsequent part of the thesis.
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4.4

The Case When the 2 to 2 Channels Dominate
and mh < mA

When mh < mA , the case is the standard scenario for a dark matter of the WIMPs
type. The WIMPs were introduced in Chapter 3.2. In this case, the annihilation is
dominated by the 2 to 2 channels as discussed before, so we only need to include the
2 to 2 annihilation channels in our calculations.
Considering that (σtr )AA→AA and hσviann are both of O(g 4 /m2A ), by the argument
in 3.2, we conclude that in this case the parameter space satisfying the observational
constraints is empty within the domain of validity of perturbation theory.

4.5

The Case When the “Forbidden” 2 to 2 Channels Dominate

To calculate the non-relativistic limit of the thermally averaged cross-section for the
annihilation of AA → hh and AA → Ah when these two channels are “forbidden”
mh
and dominate (i.e. roughly when 0 < m
− 1 < 1), we follow the reference [179] for
A
mh
mh
− 1 < 0.1. We let
the case when mA − 1 ≥ 0.1 and [183] for the case when 0 < m
A
mh
∆ := mA − 1.
For the case when ∆ ≥ 0.1, we calculate the thermally averaged cross-section by
equation17 [179]
hσvitotal =

"Z

1
8m2A Tf K22



mA
Tf



4m2h

+
17

∞



σAA→hh s −

Z ∞
(mA +mh )2

4m2A




√

sK1

σAA→Ah s − 4m2A



√ !
s
Tf
√

sK1

√ !# (4.23)
s
,
Tf

One might naively expect that since channel AA → Ah annihilates 1 particle A per scattering
event whereas AA → hh annihilates 2 particles A per scattering event, there should be a factor of 2
in front of the term with σAA→hh . But this is not true because for channel AA → hh there is also
a factor of 1/2 coming from the phase space integral for the final state identical particles.
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where hσvitotal := 2hσviAA→hh + 2hσviAA→Ah 18 ,
hσviAA→hh

Z ∞

 √
1
1
2


σ
s
−
4m
sK1
:=
AA→hh
A
2! 8m2A Tf K22 mA 4m2h
Tf

hσviAA→Ah

√ !
s
,
Tf

Z ∞
 √

1
1
2


σ
s
−
4m
:=
sK1
AA→hh
A
2! 8m2A Tf K22 mA (mA +mh )2
Tf

(4.24)

√ !
s
.
Tf

(4.25)
Kn for n = 1, 2 are modified Bessel functions of the second kind, s = (p1 + p2 )2 is
the Mandelstam s variable and Tf is the temperature of the cosmic plasma at the so
called point of freeze-out as explained in Appendix B. The 1/2! factors are from phase
space integral of the initial state of two identical particles. σAA→hh is the cross-section
as usually defined for the scattering AA → hh and was calculated at the lowest order
in the gauge coupling constant g and the lowest order in s − 4m2h when mA ≤ mh to
be19
σAA→hh =

g4

q

s − 4m2h

110592πm4A m6h

q

m2h − m2A

(4.26)

(192m8A − 272m6A m2h + 107m4A m4h + 44m2A m6h + 4m8h ).
σAA→Ah was calculated at the lowest order in the gauge coupling constant g and lowest
order in s − (mA + mh )2 when mA ≤ mh to be
σAA→Ah = −


g4

q

s − (mA + mh )2

q

mA mh (mA + mh )2

864πm4A m2h (mA + mh )4 (2mA + mh )2

q

(mh + 3mA )(mh − mA )

891m8A + 594m7A mh − 657m6A m2h − 714m5A m3h − 136m4A m4h

(4.27)



+30m3A m5h − m2A m6h − 6mA m7h − m8h .
We only need these two cross-sections to the lowest order in s − 4m2A and s − (mA +
mh )2 respectively because for the purpose of calculating the thermally averaged crosssections, the higher order terms in s − 4m2A and s − (mA + mh )2 are negligible due
to exponential suppression coming from the integrations in (4.23). The expression
18

The factor of 2 here is due to the difference between the definition of the thermally averaged
cross-section in this thesis and that of [179].
19
By lowest order in g we mean lowest order in g when mA and mh are taken to be free parameters,
or in other words, when mA and mh are fixed.
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for hσvitotal was obtained assuming the thermal distribution for the gauge bosons of
the initial state to be the Maxwell-Boltzmann distribution rather than Bose-Einstein
distribution, but the Bose-Einstein distribution can be approximated sufficiently well
for our purpose by the Maxwell-Boltzmann distribution since Tf > mA [180][179].
hσvitotal was calculated to be20
hσvitotal

g 4 e2x x2
=
27648π 3/2 m5A

m x
√
− mh
8
6
2
4
4
2
6
8
A
2
(192m
−
272m
m
+
107m
m
+
44m
m
+
4m
)
e
A
A
h
A
h
A
h
h




q

m5A m7h x5 (m2h − m2A )

mh
mh
mh
2
2
mh xK0 (
x) + mA (2
− x)K1 (
x)
mA
mA
mA
8 (297m6A + 396m5A mh + 144m4A m2h − 10m3A m3h − 4m2A m4h + 4mA m5h + m6h )
+
3/2
m2A mh x5/2 (2mA + mh )2



s

4m2A
+ mA + mh
mA + mh





1 mh
mh
1 mh
(mA + mh )2 xK0 ( +
)x + 4m2A (1 − x +
)K1 ( +
)x
.
2 mA
mA
2 mA

e

−

x(mA +mh )
2mA

−

(4.28)
To compare our results with those of reference [181], we also calculated σhh→AA
and σAh→AA . The results are
σhh→AA =

3g 4

q

m2h − m2A

2048πm4A m7h




192m8A − 272m6A m2h + 107m4A m4h + 44m2A m6h + 4m8h ,
q

mA
mh

q

3mA
+ 1(mh − mA )(3mA + mh )
mh
σAh→AA =
384πm5A m2h (mA + mh )(2mA + mh )2

297m6A + 396m5A mh + 144m4A m2h − 10m3A m3h

g4

1−

(4.29)



−4m2A m4h + 4mA m5h + m6h .
Our result for σAh→AA agrees with that from reference [181], but our result for σhh→AA
20
Note that K0 (x) ∝ e−x and K1 (x) ∝ e−x , hence collecting all the exponential factors for the
two terms in the square brackets of the expression yields for the first term a factor of e−2∆x and the
second term a factor of e−∆x .
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differs from that of theirs. Their result for σhh→AA simplifies to
g
σhh→AA =

4

r

1−

m2A
m2h

(12m4A − 20m2A m2h + 11m4h )
128πm6h

.

(4.30)

To ensure the correctness of our result for σhh→AA , the high energy limit of it was
checked using the Goldstone boson equivalence theorem through calculating the crosssection for the scattering in Lorenz gauge (instead of unitary gauge) of hh → φi φi
where φi is the Goldstone boson associated with Ai [173][174]. The check confirms
our result and refutes theirs. See Appendix E for details.
For the case when 0 < ∆ < 0.1 we first calculate σv for each of the two processes
and expand it in the form of σv = (a + bv 2 ) v2 where v denotes the relative velocity21
of the initial state particles in the center of mass frame and v2 denotes the velocity
of each of the final state particles in the center of mass frame in the regime when


2

1

mA ≈ mh . From [183] we have v2 = z v4 + µ2+ 2 22 , in which z = mh /mA and
1
µ+ = (1 − z 2 ) 2 /z. Let (σv)hh = (ahh + bhh v 2 )v2 , (σv)Ah = (aAh + bAh v 2 )v2 . Under
21

Strictly speaking, v should be the Møller velocity [184][179], but the relative velocity is a sufficiently good approximation of the Møller velocity in this case [180].
22
Interestingly, by definition of v2 in reference [183], this expression of v2 is in fact only accurate
in the regime when mh and mA are close. It is puzzling that such an expression for v2 was chosen
instead of the exact expression of it in terms of the same variables.
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the assumption that mh ≤ 3mA , ahh , bhh , aAh and bAh were calculated to be23
g 4 (2816m8A − 4160m6A m2h + 2700m4A m4h − 764m2A m6h + 83m8h )
,
2
2
27648πm2A (m2h − 2m2A ) (m2h − 4m2A )

g4
14
12 2
=
4 −135168mA + 326656mA mh
3
331776πm2A (4m2A − m2h ) (m2h − 2m2A )

ahh =
bhh

10
4
8
6
6
8
4
−392128m10
A mh + 259024mA mh − 97664mA mh + 20728mA mh



14
,
−2164m2A m12
h + 61mh

(4.31)
3/2

g 4 (mA − mh )(mA + mh ) (9m2A − m2h )
,
2
384πm3A (m2h − 3m2A )
q

g4
10 2
2
2
=
9m
−
m
363771m12
A
A + 12798mA mh
h
7
2
2 4
1990656πmA (mh − 3mA )

aAh =
bAh



12
−80379m8A m4h + 17340m6A m6h + 2989m4A m8h − 922m2A m10
.
h + 51mh

Up to the order of v 2 , let hσvihh = hσvihh,a + hσvihh,b , ∆ := (m2 − m1 )/m1 ≡ z − 1
and x := mTA , where from reference [183]24



hσvihh,b→0,all ,



if x∆ ≤ −0.023

hσvihh,a = hσvihh,b→0,thr , if − 0.023 < x∆ < 0.023



hσvi
hh,b→0,f or , x∆ ≥ 0.023

(4.32)

for s-wave annihilation only, and

hσvihh,b =




hσvihh,a→0,all ,




hσvihh,a→0,thr ,




hσvi
,
hh,a→0,f or

23

if x∆ ≤ −0.046
if − 0.046 < x∆ < 0.023

(4.33)

x∆ ≥ 0.023

Note it might seem that ahh and aAh are inconsistent with σAA→hh and σAA→Ah as shown
previously, but these expressions are in fact consistent. For ahh and σAA→hh , the difference is due
to that the series expansions are taken with respect to different variables; for aAh and σAA→Ah , the
difference is due to that the series expansions are taken with respect to different variables and the
approximation that mh = mA for the expression of v2 .
24
For the cases of “allowed”, “near threshold” and “forbidden channel”.
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for p-wave annihilation only, in which
hσvihh,all
hσvihh,thr
hσvihh,f or

√

!

"

!#

6bhh
5z 2
3z 2
2
+1 +
+1 ,
:= 1 − z ahh
4x (1 − z 2 )
x
4x (1 − z 2 )
"
!#
8bhh
x∆
2z
ahh (1 − x∆) +
1−
,
(4.34)
:= √
πx
x
2
"
!
!#
3
45
9
−µ2− x
2
ahh
:=µ− ze
+ 1 + 4bhh µ−
+1 ,
+
4µ2− x
32µ4− x2 4µ2− x

where µ− :=

√

z 2 − 1/z.

The non-relativistic thermally averaged cross-section for channel AA → Ah cannot
be directly calculated using the ansatz from [183], since the ansatz strictly speaking
only applies to the case when the final state particles have the same mass25 . However,
in this case 0 < ∆ < 0.1 so we expect the difference between mA and mh to be small
enough for the ansatz to work well for the channel AA → Ah. Using the ansatz, the
expressions for the hσviAh is the same as hσvihh with ahh substituted with aAh and
bhh substituted with bAh .
The total thermally averaged cross-section is then26
h

i

hσvitotal = hσviAA→hh + hσviAA→Ah ≈ (ahh + aAh ) + (bhh + bAh ) v 2 v2 .

(4.35)

The abundance of the dark matter (i.e. the dark gauge bosons A) observed now,
defined as the ratio of the energy density27 of dark matter and the total energy density
(which is equal to the critical density because we take here the spatial curvature
of the universe and the cosmological constant to be both 0), is Ωh2 = ρA h2 /ρc =
3H(T0 )m2p
is the present day critical density and where H(T0 ) =
mA nA h2 /ρc , where ρc =
8π
1
GeV is the present day Hubble parameter. In the regime for which the 2 to 2
4.69×1041
annihilation channels dominate, it is obtained from solving the Boltzmann equation
25

Because v2 in the case when the final state particles have different masses is different from that
in the case when the final state particles have the same mass.
26
One might naively expect that since channel AA → Ah annihilates 1 particle A per scattering
event whereas AA →
 annihilates 2 particles A per scattering event, hσvitotal ≈

 hh
ahh + 12 aAh + bhh + 12 bAh v 2 v2 . But this is not true because for channel AA → hh there
is also a factor of 1/2 from the phase space integral for the final state identical particles.
27
Note that it is assumed here that the universe’s energy density is homogeneous in space.
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approximately to be [160][183][159]28 :
1

1.07 × 109 xf g∗ (xf ) 2 GeV−1
Ωh (g, mA , mh ) =
.
Jg∗s (xf )mp
2

(4.36)

at the time of the so
In the above expression for the abundance, xf is the x := m
T
called “freeze-out” of annihilation as explained in Appendix B [183][159]. It is defined
by
√
nA (xf ) = 2 neq
(4.37)
A (xf )
and is determined to be of O(10)29 . mp = 1.22×1019 GeV is the Planck mass. g∗ is the
total number of relativistc degrees of freedom associated with the energy density as
given in (3.17) and g∗s is the total number of relativistc degrees of freedom associated
with the entropy density as given in (3.19), which are (considering that the “freezeout” must occur before the Big Bang nucleosynthesis [170]) between 10.75 and 106.75
during the period in which the freeze-out happens;
J :=

Z ∞
xf

hσvitotal
dx
x2

(4.38)

is called the “annihilation integral” which accounts for the annihilation after freezeout. For the 0 < ∆ < 0.1 case J was calculated by numerical integration, whereas for
∆ ≥ 0.1 the expansions at infinity of the modified Bessel functions (a good approximation since xf is of O(10)) were used and J was calculated analytically.
Recall that the present day abundance of non-baryonic dark matter Ωh2 required
by observation is Ωnbm h2 = 0.1186 ± 0.0020 as given in (3.25). We neglect the uncertainty of the result because it’s too small to be relevant for our purpose.
Our goal was to find the parameter space of g, mA and mh allowed by both the
observational constraints on Ωh2 and σtr . We made plots of log10 mA and log10 g
(where g is the gauge coupling constant) which are allowed by the constraint on Ωh2
mh
or σtr , at various ∆ := m
− 1. The plots are shown below. The blue curves are of the
A
g and mA allowed by the constraint from Ωh2 = 0.1186 [23] and the green regions are
cm2
cm2
of the g and mA allowed by the constraint from 0.5 gram
≤ hσvitr /mA ≤ 2 gram
[6], and
28

Note that the abundance Ωh2 is a function of g, mA and mh because J and the temperature of
CMB at the time of freeze-out are both determined by g, mA and mh .
29
Usually about 10 to 20.
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mA
the masses were taken to be in GeV (e.g. log10 mA is in fact log10 GeV
). Constraints
from the consideration of Big-Bang nucleosynthesis dictates that mA , being the mass
of a dark matter candidate particle, must be greater than roughly 1 MeV [170] and
the region where the mA < 1 MeV is coloured purple. Validity of perturbation theory
g2
< 1 [171] and the region where αg ≥ 1 is coloured red. To determine
requires αg := 4π
the exact parameter space in which the 2 to 2 channels dominate the 3 to 2 channels,
we compared the xf in the case of 2 to 2 channels only, which we shall call (xf )AA→XY ,
with the xf in the case of 3 to 2 channels only, which we shall call (xf )AAA→XY , as
well as the annihilation rate30 of the 2 to 2 channels with that of the 3 to 2 channels
at the time when all the annihilation channels freeze out. The 2 to 2 channels should
dominate to a very good approximation when (xf )AA→XY > (xf )AAA→XY or when the
2 to 2 annihilation rate is larger than the 3 to 2 annihilation rate at the time when all
the annihilation channels freeze out. We found that the two criteria to agree almost
perfectly within the parameter space of our concern and that the 2 to 2 channels
g2
< 1}31 and for {1.05 < ∆ < 1.1} ∧ {g < 1}.
dominate for {∆ < 0.95} ∧ {αg ≡ 4π
As can be seen from the plots, the parameters allowed by all the aforementioned

Annihilation rate is defined to be nA hσvi for the 2 to 2 channels and n2A hσv 2 i for the 3 to 2
channels.
31
αg < 1 is (approximately) equivalent to log10 g < 0.55.
30

Figure 4.1: Plots of available (log10 g, log10 mA ) at ∆ = 0.01 (left) and ∆ = 0.05
(right) when the 2 to 2 “forbidden” channels dominate. For more description see the
second paragraph above Figure 4.1.

40

Figure 4.2: Plots of available (log10 g, log10 mA ) at ∆ = 0.2 (top left), ∆ = 0.5 (top
right), ∆ = 0.7 (bottom left), ∆ = 0.8 (bottom right) when the 2 to 2 “forbidden”
channels dominate. For more description see the second paragraph above Figure 4.1.
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Figure 4.3: Plots of available (log10 g, log10 mA ) at ∆ = 0.82 (top left), ∆ = 0.83 (top
right), ∆ = 0.84 (bottom left), ∆ = 0.85 (bottom right) when the 2 to 2 “forbidden”
channels dominate. For more description see the second paragraph above Figure 4.1.
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Figure 4.4: Plots of available (log10 g, log10 mA ) at ∆ = 0.86 (top left), ∆ = 0.87 (top
right), ∆ = 0.88 (bottom left), ∆ = 0.89 (bottom right) when the 2 to 2 “forbidden”
channels dominate. For more description see the second paragraph above Figure 4.1.
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Figure 4.5: Plots of available (log10 g, log10 mA ) at ∆ = 0.90 (top left), ∆ = 0.91 (top
right), ∆ = 0.92 (bottom left), ∆ = 0.93 (bottom right) when the 2 to 2 “forbidden”
channels dominate. For more description see the second paragraph above Figure 4.1.
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Figure 4.6: Plots of available (log10 g, log10 mA ) at ∆ = 0.94 (top left), ∆ = 0.95 (top
right), ∆ = 1.05 (bottom left), ∆ = 1.10 (bottom right) when the 2 to 2 “forbidden”
channels dominate or are relevant. For more description see the second paragraph
above Figure 4.1.
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constraints in the regime where perturbation theory is valid and the “forbidden”
channels dominate32 , when only the forbidden channels are taken into account, is
non-empty roughly when ∆ ∈ [0.83, 0.95]. We observe that the mass of the dark
matter is roughly in the range from 1 MeV to 500 MeV and the coupling constant in
terms of αg is roughly in the range of 10−3 to 133 .
Note that both σtr and hσv 2 iAAA→Ah [181] have resonance at ∆ = 1 and dealing
with such resonances is beyond the scope of the thesis. We will therefore neglect the
case when ∆ ∈ (0.95, 1.05).

4.6

The Case When the 3 to 2 Channels Dominate

The non-relativistic limit of hσv 2 iAAA→AA (of 40 distinct Feynman diagrams in total
of 3 distinct “topologies”) was calculated to be:
1√ 1 1 1 X
5 8 8 3
|MAAA→AA |2
π
2 3 mA ,a
p1 =p2 =p3 =0
√
6

g
5 5
= 15 6
1350224m8A
2
2
2 3 π m5A (m2h − 4m2A ) (m2A + m2h )

hσv 2 iAAA→AA =

(4.39)

+1752472m6A m2h + 118557m4A m4h − 440686m2A m6h


+73405m8h ,
where
X
,a

|MAAA→AA |2

=
p1 =p2 =p3 =0


45g 6
8
2
2 1350224mA
128m2A (m2h − 4m2A ) (m2A + m2h )

+1752472m6A m2h + 118557m4A m4h − 440686m2A m6h


+73405m8h ,
(4.40)
see Appendices A and C and for details.
Note that our result for

2
,a |MAAA→AA |

P

differs from the result of refp1 =p2 =p3 =0

erence [181]. The difference is of the coefficients of the terms inside the brackets on
the right of the fraction. After adjusting the overall scaling (i.e. the fraction) for the
32

Although at ∆ = 1.05 and ∆ = 1.1 the 2 to 2 channels might not dominate the 3 to 2 channels.
The region where αg ≥ 1 is not in fact excluded but merely excluded from our consideration
since we have only considered the perturbative regime of this model.
33
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result from reference [181] to be the same as that presented above, the terms in the
brackets of their result are
(1453880m8A + 1637900m6A m2h + 105020m4A m4h − 437600m2A m6h + 73405m8h ). (4.41)
It is expected however that this difference is too small to make a significant difference
on the plots made for this thesis.
The AAA → hh channel is always sub-dominant and therefore will be neglected for
our calculations — it is “forbidden” for mh ≥ 1.5mA , while for mh < 1.5mA it is
dominated by the 2 to 2 forbidden channels. The AAA → Ah channel is expected to
be insignificant for ∆ > 1 as discussed before and is therefore neglected as well.
The abundance of the dark matter, i.e. the abundance of A particles now is given
by equation (B.10)
v
u

mA T03 g∗s (T0 ) u
2H0 (mA ) x2f 2
2
t
Ωh (g, mA , mh ) =
h,
ρc g∗s (Tf ) hσv 2 itotal m3A

(4.42)

where we take h = 0.7, T0 = 2.35 × 10−13 GeV is the temperature of the CMB now,
g∗s (T0 ) = 3.36, Tf is the temperature of the CMB at the time of “freeze-out”34 ,
xf := mTfA , hσv 2 itotal := hσv 2 iAAA→AA + 2hσv 2 iAAA→Ah + 3hσv 2 iAAA→hh and for ∆ > 1
we may take hσv 2 itotal := hσv 2 iAAA→AA for ∆ ≥ 1.05 when both AAA → Ah and
3H 2 (T0 )m2p
is the critical density of the
AAA → hh channels are “forbidden”; ρc =
8π
FRW model of the universe where mp = 1.22 × 1019 GeV is the Planck mass, H is the
1
Hubble parameter35 , H0 (mA ) = 1.66g∗2 m2A /mp 36 .
As in the case discussed previously, we made plots of log10 mA and log10 g which
mh
are allowed by the constraint on Ωh2 or σtr , at various ∆ := m
− 1. They are
A
shown in Figure 4.7 and Figure 4.8. The blue curves are of the g and mA allowed
by the constraint from Ωh2 = 0.1186 [23] and the green regions are of the g and mA
2
2
allowed by the constraint from 0.5 cmg ≤ hσvitr /mA ≤ 2 cmg [6], and the masses were
taken to be in GeV. The parameter space excluded by the constraint of Big-Bang
nucleosynthesis is mA ≤ 1MeV [170] and is coloured purple. The parameter space
g2
excluded from our consideration by the perturbativity constraint is αg := 4π
≥ 1
34

See Appendix B for definition of “freeze-out”.
See Chapter 3 of this thesis for definition.
36
See Appendix B for definition of H0 .
35
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Figure 4.7: Plots of available (log10 g, log10 mA ) at ∆ = 1.05 (top left), ∆ = 1.10 (top
right), ∆ = 1.20 (bottom left) and ∆ = 1.30 (bottom right) when the 3 to 2 channels
are relevant or dominate. For more description see the first paragraph above Figure
4.7.
[171] and is coloured red.
As can be seen from Figure 4.7 and Figure 4.8, the parameter space allowed by
all the aforementioned constraints (as in the case previously discussed) should be
non-empty for all ∆ ≥ 1.05, although the apparently available parameter spaces at
∆ = 1.05 and ∆ = 1.1 are not actually within the space in which the 3 to 2 channels
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Figure 4.8: Plots of available (log10 g, log10 mA ) for the case when the 3 to 2 channels
dominate at ∆ = 1.9 (top left), ∆ = 2.10 (top right), ∆ = 5.00 (bottom left) when
the AAA to AA channel dominate. For more description see the first paragraph above
Figure 4.7.
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Figure 4.9: A plot of available (mA , g) for the case when the 3 to 2 channels dominate
for all ∆. This plot is in fact made only for 1.1 ≤ ∆ ≤ 1.6, but since the space of (mA ,
g) allowed by both the abundance and elastic self-interaction constraints changes little
as ∆ increases for ∆ > 1.6, this plot is a decent approximation for the allowed (mA ,
g) for all ∆.
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dominate as mentioned earlier and are therefore likely unavailable considering the
previous plots for the case in which the 2 to 2 channels dominate. From Figure 4.9
we observe that the mass of the dark matter mA is roughly in the range from 20 MeV
to 200 MeV, αg is roughly in the range from 10−2 to 1. We also observe that for
∆ > 1.5 the available parameter space is approximately independent of ∆, although
this might not be the case near ∆ = 2 where hσv 2 iAAA→AA has a resonance [181]. This
is expected because at sufficiently large ∆ both σAAA→AA and σtr are approximately
independent of ∆37 .
Note that we did not discuss the decay of h → AA, the inverse decay of AA → h
and in any detail the decay of h’s into the Standard Model particles. The h → AA
channel should be significant for ∆ > 1, whereas the AA → h channel should be
significant for ∆ & 1 and will become too “forbidden” to be relevant for sufficiently
large ∆. Hence for ∆ & 1 (but suffciently far away from the resonance of AAA → Ah),
the inverse decay of AA → h and the decay of h → AA should be sufficiently fast
to keep them in chemical equilibrium (i.e. ΓAA→h = Γh→AA ) — if the chemical
equilibrium between h’s and Standard Model particles cannot be maintained and
that the decay of the h’s into the Standard Model particles is much slower than
the decay of h → AA, the change in the number density of A should be governed
by the decay of the h’s into the Standard Model particles and the corresponding
inverse decay. If ∆ becomes very large (as in the case when AAA → AA dominates
other channels), the h’s might decay into A’s very quickly so that the h’s number
density would become very small, to the extent that their decay into the Standard
Model particles would be too slow to maintain the thermal and chemical equilibrium
between them and the cosmic plasma [181], violating our previous assumption that
the h’s were in thermal and chemical equilibrium with the cosmic plasma during the
time period of our concern. Hence we may further constrain the parameter space
when ∆ > 1 if we treat these processes appropriately.

37

As can be seen if we take the limit of mA → 0 while fixing mh .
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Chapter 5
Discussion of the Methods and
Results
5.1

Use of Softwares

The cross-sections and plots for the allowed parameter spaces in the previous chapter
were made using the software Wolfram Mathematica 11.2 Student Edition (which will
simply be referred to as “Mathematica”). At first we used a package for Mathematica
named FeynCalc to calculate the cross-sections of the 2 to 2 scatterings. But when
we attempted to calculate σAAA→AA using FeynCalc, we realized it was too inefficient
for the calculation, as the package was not designed for the calculation of the scattering amplitudes of non-relativistic particles1 . We therefore wrote Mathematica codes
without the aid of any packages to calculate the cross-sections of the 3 to 2 scatterings
in the non-relativistic limit, and also re-calculated some of the cross-sections of the 2
to 2 scatterings in the non-relativistic limit using analogous codes. We found that the
calculations of the non-relativistic limit of the cross-sections using our new code without the use of FeynCalc took significantly shorter time than those using the old codes
relying on FeynCalc. The calculations of the cross-sections of the 3 to 2 scatterings
were very time-consuming on our laptop computer2 which was assigned the task to
P
run the code. For example, the running time for the calculation of ,a |MAAA→AA |2
1
As FeynCalc can only calculate relativistic amplitudes, and the relativistic amplitudes need then
to be simplified.
2
The processor of this laptop is Intel(R) Core(TM) M-5Y10c @ 0.80GHz 998MHz.
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in the non-relativistic limit was at least 20 hours3 . In fact, if the calculation were to
be done in the most straight forward manner, the laptop would run out of memory
(of 8 GB) before the calculation could be completed. To complete the calculation we
had to break the scattering amplitude into 3 parts and do the sum over the indices
for each of the 9 parts coming from the squaring of the amplitude separately.

5.2

Resonances of the cross-sections

We have avoided dealing with any of the resonances of the cross-sections (although
this does not compromise the validy of our results). Treatments of these resonances
can be found in references [179][185][186].

5.3

Coupling to the Standard Model

We have not discussed extensively the coupling to the Standard Model through the
Higgs portal, in particular how the thermal and chemical equilibrium between the dark
Higgs bosons and the Standard Model particles can be achieved without depleting the
dark Higgs bosons, how this would constrain ∆, and the detection of this dark sector.
A systematic study of dark matter coupled to the Standard Model through a Higgs
portal can be found in [177] and a review on the detection of general elastically selfinteracting dark matter can be found in [6]. Reference [177] suggests that there exists
parameter space unexcluded by the observational constraints which would guarantee
that the rate at which the dark Higgs bosons decay into the Standard Model particles
be greater than the Hubble parameter, so that the dark Higgs bosons would be in
thermal and chemical equilibrium with the cosmic plasma as we assumed. See also
the discussion at the end of Chapter 4.

5.4

Non-perturbative regime and effects

We have employed perturbation theory in our calculations and have not explored the
non-perturbative regime (αg ≥ 1) of this model or any non-perturbative effect. See
3

This is a conservative estimate. The actual time it took, which has not been exactly recorded,
could be more than 30 hours.
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[6] for discussions of non-perturbative effects in models of elastically self-interacting
dark matter.
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Chapter 6
Conclusions
We have investigated the possibility of that the dark gauge boson in the SU(2) gauged
dark sector introduced in Chapter 4 could constitute all the non-baryonic dark matter,
taking into account the recent astrophysical observations which suggest that dark
matter might have significant non-gravitational elastic self-interaction. To achieve
this purpose, we calculated, in the regime where perturbation theory is valid, the
cross-sections and thermally averaged cross-sections for the relevant 2 to 2 and 3 to
2 annihilations of the dark gauge bosons within the dark sector, and the momentumtransfer cross-section of the 2 to 2 elastic scattering of the dark gauge bosons which
encodes the strength of their elastic self-interaction. We calculated the abundance
of the dark gauge bosons using a well-known ansatz and found in the regime where
perturbation theory is valid that when the mass splitting between the dark gauge
mh
−1, satisfies 0.83 < ∆ < 0.95
boson A and the dark Higgs boson h, defined as ∆ := m
A
or ∆ > 1.20, the dark gauge boson might be able to provide the abundance and the
self-interaction needed for the dark matter. The unexcluded mass of the dark gauge
boson would be roughly in the range from 1 MeV to 500 MeV and the gauge coupling
fine structure constant αg in the range from 10−3 to 1. The unexcluded mass of the
dark gauge boson might not be determined accurately for a given ∆ above 0.9 since the
unexcluded mass range is very large for each such ∆ (which may span as much as about
two orders of magnitude), due to that the curve allowed by abundance constraint’s
being almost parallel to the curve allowed by the self-interaction constraint.
Note that for ∆ ≤ 0, the dark gauge boson would be a standard WIMP, and the
required elastic self-interaction momentum transfer cross-section (2.3) in conjunction
with the required total thermally averaged annihilation cross-section (4.23) implies
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mA to be roughly of O(10−12 )GeV1 , severely violating the constraint from Big-Bang
nucleosynthesis that mA > 0.5MeV. That the aforementioned constraints could be
consistent with each other relied on the suppression of the thermally averaged annihilation cross-sections due to the channels’ being “forbidden” — the coupling constant
can be sufficiently large so that the elastic self-interaction constraint can be satisfied
while the annihilation cross-sections are not too large for the abundance constraint
to be satisfied.
The coupling of the dark sector to the Standard Model, the decay of h → AA and
the inverse decay of AA → h have not been extensively discussed in this thesis. Further investigations on the decay of dark Higgs bosons into Standard Model particles,
the decay h → AA and the inverse decay AA → h may provide constraint on the
strength of the Higgs portal coupling λHP and tighter constraint on the parameter
space of g, mA , and ∆.

1

That is, satisfying the elastic self-interaction constraint would make the annihilation rate too
high for the abundance constraint to be satisfied, provided that the dark gauge boson is not too
light.
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Appendix A
Feynman diagrams for the
scatterings
For 2 to 2 scatterings, the default configuration is

in which 1,2 denote the initial state particles and 3,4 denote the final state particles.
A diagram may be labeled by a label below it. If a diagram has any label, e.g. f ,
then f (i ↔ j) for i, j ∈ {1, 2, 3, 4} denotes a diagram that is f with labels i and j
switched, for example:
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For AA → Ah:

For AA → hh:

For AA → AA:
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The default configuration for 3 to 2 scattering is:

in which 1,2,3 denote the initial state particles and 4,5 denote the final state particle. For any label f of a diagram, let f [1, 2, 3, 4, 5] denote the diagram of default
configuration where 1, 2, 3, 4, 5 are labels of the particles as described above for 3 to
2 scattering and that for any element p of the symmetric group S5 , f [p(1, 2, 3, 4, 5)]
be the diagram which the diagram f [1, 2, 3, 4, 5] becomes when the array of labels
1,2,3,4,5 are permuted to p(1, 2, 3, 4, 5).
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For AAA → AA:

in which
P (i) = i[1, 2, 4, 3, 5] + i[1, 2, 5, 3, 4] + i[1, 3, 4, 2, 5] + i[1, 3, 5, 2, 4] + i[3, 2, 4, 1, 5]
+ i[3, 2, 5, 1, 4] + i[4, 5, 3, 1, 2] + i[4, 5, 2, 1, 3] + i[4, 5, 1, 3, 2],
P (ii) = ii[1, 2, 3, 5, 4] + ii[1, 3, 2, 4, 5] + ii[1, 3, 2, 5, 4] + ii[2, 3, 1, 4, 5]
+ ii[2, 3, 1, 5, 4] + ii[1, 4, 5, 2, 3] + ii[3, 4, 5, 2, 1] + ii[1, 4, 5, 3, 2]
+ ii[2, 4, 5, 3, 1] + ii[2, 4, 5, 1, 3] + ii[3, 4, 5, 1, 2] + ii[4, 5, 1, 3, 2]
+ ii[4, 5, 1, 2, 3] + ii[4, 5, 2, 1, 3],
P (iii) = iii[1, 2, 3, 5, 4] + iii[1, 3, 2, 4, 5] + iii[1, 3, 2, 5, 4] + iii[2, 3, 1, 4, 5]
+ iii[2, 3, 1, 5, 4] + iii[1, 4, 5, 2, 3] + iii[3, 4, 5, 2, 1] + iii[1, 4, 5, 3, 2]
+ iii[2, 4, 5, 3, 1] + iii[2, 4, 5, 1, 3] + iii[3, 4, 5, 1, 2] + iii[4, 5, 1, 3, 2]
+ iii[4, 5, 1, 2, 3] + iii[4, 5, 2, 1, 3].
(A.1)
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Appendix B
Derivation of expressions of relic
abundance from Boltzmann
equation
For the case when the 2 to 2 channels dominate, recall
a−3

i
h
d(a3 nA )
2
= − 2hσviAA→hh n2A − (neq
A)
dt
h
i
− hσviAA→Ah n2A − nA neq
A .

(4.20)

We may rewrite this equation [160][159] with the assumption a ∝ T −1 (which is only
approximately true as will be explained later) as
h



i
dY
= −T 3 2hσviAA→hh Y 2 − Yeq2 − hσviAA→Ah Y 2 − Y Yeq ,
dt

(B.1)

3
where Y := nA /T 3 , Yeq := neq
A /T .
Since the thermally averaged cross-section hσvi is written in terms of temperature, it
is preferable to further rewrite the equation using x := mA /T 1 in place of time t in the


d mA
equation. Since a ∝ T −1 , i.e. T = k/a for some constant k, we have dx
=
=
dt
dt
T





 









 

− T12 = mA dtd ka − T12 = kmA − da
mA dT
/ a2 − T12 = mA ka H T12 = H mTA =
dt
dt
Hx. It is required by observaton that the dark matter be produced in the radiation
dominated era [160][159], hence we may assume H ∝ T 2 , which allows us to express
1

Here mA is chosen for convenience and can be replaced by other mass scales.
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1

H (as in 3.20) as H = H0 (mA ) /x2 for H0 (mA ) := Hx2 = 1.66g∗2 m2A /mp . Therefore
dY
dY dt
1 dY
=
=
dx
dt dx
Hx dt


i

T3 h
=−
2hσviAA→hh Y 2 − Yeq2 − hσviAA→Ah Y 2 − Y Yeq
Hx
h



i
m3A
2
2
2
=−
2hσvi
Y
−
Y
−
hσvi
Y
−
Y
Y
.
AA→hh
AA→Ah
eq
eq
H0 (mA ) x2

(B.2)

The above ordinary differential equation is a kind of Riccati equation which admits
no general closed-form solutions, but the qualitative behavior of it is well-known
[159][180][187][185][179][160]:
1. Y (x) ≈ Yeq (x) for sufficiently small x.
2. As x increases to approximately when Y (x) − Yeq (x) = cYeq (x) for some real
number c of O(1), Yeq (x)/Y (x) begins to drop approximately exponentially with
respect to x — Y (x) decreases more and more slowly and approaches an asymptotic
value as x increases. The time for which Y (x) − Yeq (x) = cYeq (x) is usually referred to
as the time of “freeze-out”. The later the freeze-out occurs, the lower is the asymptotic
value that Y (x) approaches. This criterion agrees very well with the criterion given
by equation (3.23) when Γ in equation (3.23) is set to be the total annihilation rate.
The choice of c is insignificant for temperature-insensitive annihilation cross√
sections and we will take c = 2 − 1 following [183][159]. The value of x at the
time of freeze-out xf is determined by solving for x the evolution equation (B.2)
(i.e. the Boltzmann equation for annihilation) in conjunction with the freeze-out
condition Y (x) − Yeq (x) = cYeq (x). Let δ(x) := Y (x) − Yeq (x) and rewrite Y (x) as
Y (x) = δ(x) + Yeq (x) in equation (B.2). The equation can be solved without our
dδ
= 0. This assumpknowing the solution for Y (x) if we make the assumption that dx
tion had been justified by examination of the (very reliable) numerical solutions of
the ODE and is reasonable considering that before the freeze-out Y (x) ≈ Yeq (x). We
will also take the assumption that xf is of O(10), an assumption which is justified by
astrophysical observations2 and allows us to take the limit of neq
A (as in (4.17)) when
mi  T .
This qualitative behavior allows us to solve the equation to good approximation
2

See in Chapter 1 the discussion about “Cold” vs. “Hot” dark matter and the references therein.

63

for Y (x = ∞) while taking Yeq = 0 for the equation, in which case we obtain
dY
κ
= − 2 hσvitotal Y 2 ,
dx
x

(B.3)

m3

where κ := H0 (mAA ) and hσvitotal := 2hσviAA→hh + hσviAA→Ah . The above equation
can then be solved by separation of variables to obtain Y (x = ∞):
Z ∞
1
hσvitotal
dY
=
−κ
dx
2
x2
Y (xf ) Y
xf

Z Y (∞)

1
=⇒ −
Y

Y (∞)

= −κ
Y (xf )

Z ∞
xf

hσvitotal
dx
x2

(B.4)

It is also well-known that Y (xf )  Y (∞) [179][160][159], hence we may take Y 1x =
( f)
0 and obtain
!
−1
Z ∞
hσvitotal
:= Y∞ .
(B.5)
Y (∞) = κ
x2
xf
When mA  Tf , hσvitotal can be taken to be independent of temperature (see Appendix C for details), therefore3
Y∞

Z ∞

!−1

1
= κhσvitotal
xf x 2
xf
H0 (mA ) xf
=
≡ 3
.
κhσvitotal
mA hσvitotal

(B.6)

If indeed T ∝ a−1 always holds, the dark matter density today should be
ρA = mA Y∞ T03 ,

(B.7)

where T0 is the temperature of the CMB now. But T ∝ a−1 does not always hold to
good approximation4 since by equation (3.21) and (3.18)
g∗s T 3 ∝ s ∝ a−3
3

(B.8)

Note that it would appear by consideration of the expression below that Y∞ is proportional to
xf , contradicting the previous claim that the later the freeze-out occurs, the lower is Y∞ . However,
we would find that this is not the case considering that hσvitotal determines xf and is therefore a
function of xf .
4
A “good approximation” is an approximation whose error is negligible for our purpose.
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where g∗s is not constant as T varies — our previous assumption that T ∝ a−1
amounts to that g∗s is constant. What normally happens and we shall assume is
what happens for our model is that during a time period for which g∗s is approximately constant, annihilation would “freeze out” and Y would approach (to very good
approximation) a value which is the Y∞ we had before, and then g∗s would significantly decrease, which implies that Y (x) would decrease as well (as will be elucidated
soon) — note that the Y∞ we had before is not equal to Y (∞) in this case, since
the Y∞ before was obtained with the assumption that g∗s is constant, which is not
true after Y approximately reaches Y∞ in this case. This means that the previously
obtained Y∞ is in fact the value of Y (x) just before g∗s begins to change significantly
(i.e. can no longer be treated as a constant) rather than Y (∞) with this consideration. Despite that the “freeze-out” behavior was observed in the above discussion for
equation (B.3) only when g∗s was assumed to be constant, it is well-known that even
though g∗s is not constant, the comoving number density nA a3 stays (approximately)
constant after Y has reached (approximately) Y∞ [160]. This implies


nA (T0 ) = nA (T1 )

a1
a0

3

= Y (x1 )T13



a1
a0

3

,

(B.9)

where T0 is the temperature now, T1 is the temperature after Y (approximately)
reaches Y∞ just before g∗s can no longer be treated as a constant and x1 := mA /T1 ;
note that Y (x1 ) = Y∞ by definition and g∗s (T1 ) = g∗s (Tf )5 .
Hence dark matter abundance now is
mA Y (x1 ) T03
ρA
=
Ω(x0 ) =
ρc
ρc



a1 T1
a0 T0

3

=

mA Y∞ T03 g∗s (T0 )
.
ρc
g∗s (Tf )

(B.10)

The temperature of the CMB now T0 = 2.7255K ± 0.0006K ≈ 2.35 × 10−13 GeV [188]
and g∗s (T0 ) ≈ 3.36 [2][160][159].
5

Note that reference [160]’s account of what was explained in this paragraph can be confusing,
as it claims that Y reaches its asymptotic value after the “freeze-out” but then describes how Y
shouldn’t have have been constant after it approximately reaches Y∞ because T ∝ a−1 no longer
holds to good approximation.

65

Similarly, when the 3 to 2 channels dominate, we have the equation
a−3

i
h
d(a3 nA )
= − hσv 2 iAAA→AA n3A − n2A neq
A
dt
h
i
2
− 2hσv 2 iAAA→Ah n3A − nA (neq
A)
h

(4.21)

i

3
− 3hσv 2 iAAA→hh n3A − (neq
A) .

For the purpose of solving the equation for Y (x = ∞) when g∗s is approximately
constant, we have
dY
γ
= − 5 hσv 2 itotal Y 3 ,
dx
x

(B.11)

m6

where γ := H0 (mAA ) , hσv 2 itotal := hσv 2 iAAA→AA + 2hσv 2 iAAA→Ah + 3hσv 2 iAAA→hh , and
when mA  Tf ,
2

Y (∞) = 2γhσv itotal
2x2f

Z ∞
xf

≡
= q
2γhσv 2 itotal

1
x5

!− 1
2

v
u
u 2H0 (mA )
t

hσv 2 itotal

x2f
.
m3A

(B.12)

The dark matter abundance now is as before given by equation (B.10).
Note that the constant c in the definition of xf for the case when the 3 to 2 channels
dominate is probably not best chosen to be the same as in the case when the 2 to
2 channels dominate. However, xf depends on c only logarithmically and therefore
√
it is expected that it wouldn’t introduce a significant error if we use c = 2 − 1 in
the calculations for the case when the 3 to 2 channels dominate. We therefore simply
√
used c = 2 − 1 for the case when the 3 to 2 channels dominate as well.
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Appendix C
Derivation of thermally averaged
cross-sections of 3 to 2 scatterings
in terms of P,a|M|2
Recall from equations (4.18) that
2

hσv iAAA→AA

1 1 Z
:= eq 3
(nA ) 3! 2!
1

X

i=5
X
E1 +E2 +E3
d3 pi
4 4
T
(2π)
δ
pi e−
3
i=1 (2π) 2Ei
i=1
5
Y

!

!

(4.18)

|MAAA→AA |2 ,

,a

where from equations (4.17)
neq
i (T ) := gA

Z

d3 p − EA
e T .
(2π)3

(4.17)

For the purpose of determining the relic abundance, we only need to consider the case
E
when mA  T and mh  T , for which the pre-factor of the exponent of e− T is very
large, which justifies:
p2
1. A non-relativistic approximation of the energy E = m + 2m
for the energy of
the initial state particles.
2. Treating the part of the integrand excluding the thermal Boltzmann factor
as being independent of the initial state momenta and evaluated at initial state 3momenta equal to 0 while applying the constraint of conservation of 4-momenta.
Therefore we have (implicitly assuming 4-momenta conservation for the evaluations
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at p1 = p2 = p3 = 0)
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we finally have
hσv 2 iAAA→AA =

1√ 1 1 1 X
|MAAA→AA |2
5 8 8 3
π
2 3 mA ,a

Similarly we may obtain for mh ≤
“forbidden”)
2

hσv iAAA→hh

1 1 1 1
= 2 7 9 5 3π
π 2 3 mA
1 1 1 1
= 7 8 4
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(C.3)

p1 =p2 =p3 =0

(i.e. when the AAA → hh channel isn’t

X
9 2
mA − m2h mA |MAAA→hh |2
4
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9 2
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4
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,
p1 =p2 =p3 =0

and for mh ≤ 2mA
q
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Appendix D
Checking of the result for MAA→AA
To ensure the correctness of the expression of the amplitude from which (σtr )AA→AA
was calculated, the high energy limit of the amplitude for the case in which all of
the external A’s are longitudinally polarized was calculated, yielding a result which
doesn’t diverge as ρ → 0:
MAA→AA,L =



h
i
(s + t)δad δbc g 2 (s2 + st + t2 ) − 4λst
2st (s + t)


(D.1)
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i
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+ O(ρ2 ),

The longitudinal polarization vectors used in the calculation of MAA→AA,L were expressed as:
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The cancellation of the terms which diverge as ρ → 0 is unlikely if the amplitude
is incorrect. The cancellation of the highest order divergent O(ρ−4 ) terms from the
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gauge boson only diagrams is necessitated by gauge invariance. The O(ρ−2 ) terms
from gauge boson only diagrams canceled with the O(ρ−2 ) terms from the Higgs boson
exchange diagrams [173].
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Appendix E
Checking of the result for MAA→hh
using Goldstone boson equivalence
theorem
The theorem states, in the context of quantum field theory, that the amplitude for
the emission or absorption of a longitudinally polarized gauge boson in a “spontaneously broken” gauge theory is equal to the amplitude of the emission or absorption
of the corresponding Goldstone boson (which was “eaten” by the gauge boson) [174]
at the high energy limit. This theorem implies that Mhh→Ai Ai = Mhh→φi φi at the
high energy limit if Ai is longitudinally polarized, where φi is the Goldstone boson
associated with Ai .




−i(φ1 − iφ2 ) 
[174], then the term in the Lagrangian density of
Let Φ(x) = √12 
ρ + (h + iφ3 )
the dark sector which gives the interaction between the Goldstone boson φi ’s and h
is
!2
ρ2
†
.
(E.1)
LΦ = −λ Φ Φ −
2
Since the gauge bosons are identical except for their group indices, the coupling
between h and φi must be the same for every i — this can also be derived by a direct
calculation. We may therefore refer to all the φi ’s simply as φ in the subsequent part
of this appendix. We find from LΦ that the interaction between h and φ for each φi
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Figure E.1: Diagrams contributing to Mhh→φφ at lowest order in g if g, mA and mh
are taken to be free parameters.
is given by
!2

Lhφ

ρ2
1
=−λ
[ρ + (h + iφ)] [ρ + (h − iφ)] −
2
2
λ
= − (h2 + 2hρ + φ2 )2
4
λ
λ
λ 4
= − h − λh2 ρ2 − φ4 − λh3 ρ − λhφ2 ρ − h2 φ2 .
4
4
2

(E.2)

If we take g, mA and mh to be the free parameters, the diagrams contributing to
Mhh→φφ at lowest order in g are shown in Figure E.1. We calculated the nonrelativistic limit of σhh→φφ (summed over the group index) at lowest order in g in
Lorenz gauge in which the Goldstone bosons are massless (i.e. have massless propagators) and obtained
3g 4 m2h
σhh→φφ =
.
(E.3)
512πm4A
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Recall
σhh→AA =

3g 4

q

m2h − m2A

2048πm4A m7h


(4.29)


192m8A − 272m6A m2h + 107m4A m4h + 44m2A m6h + 4m8h .

The high energy limit can also be seen as the limit of ρ → 01 . If we now take ρ → 0
A
and g → 0 while fixing λ2 , we would have m
→ 0, in which case the contribution to
mh
Mhh→Ai Ai from the transverse modes of A becomes negligible compared to that from
the longitudinal mode since (at the high energy limit) the longitudinal polarization
0
is proportional to m−1
A , whereas the transverse polarizations are proportional to mA .
We find in this limit that
σhh→AA

3g 4 m2h
= σhh→φφ ,
=
512πm4A

(E.4)

confirming (4.29).
Take the same limit for (4.30) and we find the result refuted by the check.

As when g and λ are fixed, ρ which is of dimension Energy−1 sets the energy scale.
Note that we are not taking limit in a mathematically rigorous sense but only considering the
case when g and ρ are sufficiently close to 0.
1

2
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