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ABSTRACT

We construct geometric models for K-homology with coefficients based on the theory

of Z/kZ-manifolds. To do so, we generalize the operations and relations Baum and

Douglas put on spinc-manifolds to spinc Z/kZ-manifolds. We then define a model

for K-homology with coefficients in Z/kZ using cycles of the form ((Q,P ), (E,F ), f)

where (Q,P ) is a spinc Z/kZ-manifold, (E,F ) is a Z/kZ-vector bundle over (Q,P )

and f is a continuous map from (Q,P ) into the space whose K-homology we are

modelling. Using results of Rosenberg and Schochet, we then construct an analytic

model for K-homology with coefficients in Z/kZ and a natural map from our geometric

model to this analytic model. We show that this map is an isomorphism in the case

of finite CW-complexes. Finally, using direct limits, we produced geometric models

for K-homology with coefficients in any countable abelian group.
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Chapter 1

Introduction

The main goal of this thesis is the construction of a geometric model for K-

homology with coefficients. This builds on the geometric model of K-homology due

to Baum and Douglas [10]. The cycles used in our construction rely heavily on the

theory of Z/kZ-manifolds due to Sullivan (c.f. [41]). We begin by briefly reviewing

the history of these two theories.

First we discuss the Baum-Douglas model, which is central to index theory and

its generalizations. The interaction between algebraic topology and index theory

can been seen through the various proofs of the Atiyah-Singer index theorem. The

first proof of this theorem used the cobordism invariance of the index. This was

followed by a proof which replaced cobordism with K-theory (see [7]). After this

proof of the index theorem, it was clear to experts that K-homology, the dual theory

to K-theory, should be realized using some generalization (or perhaps more correctly

abstraction) of elliptic operators. More to the point, although K-homology could be

defined abstractly using spectra or duality (c.f. [11] or [33]), it was unclear how to

define it in terms of cycles and relations. A major step towards a geometric realization

of K-homology was taken by Conner and Floyd in [20]. In this work, a map between
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the spinc cobordism group and K-theory was constructed. This result (via duality)

implied that K-homology could be realized using bordism classes of spinc-manifolds.

However, this theory did not give precise relations defining when two spinc-manifolds

determined the same class in K-homology.

The problem of determining such relations was solved by Baum and Douglas in

[10]. To review, a cycle is defined to be a triple, (M,E, f), where M is a spinc-

manifold, E is a vector bundle over M , and f is a continuous map from M to the

space whose K-homology we are modelling (see Definition 2.78 in the thesis for the

precise formulation of such cycles). There are three relations. Namely, direct sum

(see Definition 2.84), bordism (see Definition 2.85), and vector bundle modification

(see Definition 2.87). Of particular interest is the fact that each of these relations

is defined in a purely geometric way. The K-homology group is formed by taking

the quotient of the set of cycles by the equivalence relation generated by these three

relations (see Definition 2.90).

Second, we review the theory of Z/kZ-manifolds. These objects were constructed

by Sullivan to give a geometric realization of torsion in bordism groups. Since then,

they have found applications in a number of areas. In particular, they have been used

in the study of a number of generalized (co)homology theories (c.f. the monographs

[16] and [47] and references within). In [52], Sullivan constructs a map similar to the

one Conner and Floyd constructed in [20]. The existence of this map implies that

bordism classes of spinc Z/kZ-manifolds give classes in K-homology with coefficients

in Z/kZ. We should note that Sullivan works with real K-homology while we will

work with complex K-homology throughout. Based on this map, one would like to

define relations on Z/kZ-manifolds which lead to K-homology with coefficients in

Z/kZ. Moreover, these relations should be as similar as possible to the relations

used to define the Baum-Douglas model. In fact, a major goal of this thesis is the
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construction of such relations and hence a geometric model for K-homology with

coefficients in Z/kZ.

The content of the thesis is as follows. We have split the material into two main

parts (Chapters 2 and 3). In Chapter 2, we discuss background material from analytic

and geometric K-homology. In these sections, we have followed [14] and Chapters 8-11

of [29]. In particular, if the reader is familiar with the material of these two references,

then they can begin reading from the third chapter of the thesis (refering back for the

statement of theorems as needed). We begin the third chapter with an introduction

to Z/kZ-manifolds and, in particular, to index theory for these geometric objects. We

then construct the cycles and relations that will determine a model for K-homology

with coefficients in Z/kZ. This is followed by a proof that the model fits into the

correct Bockstein sequence, and the construction of an isomorphism between the K-

homology with coefficient in Z/kZ of a point (in degree zero) and the group, Z/kZ.

Next, we use results of Schochet and Rosenberg to construct an analytic model for

K-homology with coefficients in Z/kZ which is compatible with Z/kZ-index theory.

We prove that this analytic model is isomorphic to our geometric model for finite CW-

complexes. Next, we construct geometric models for K-homology with coefficients in

any countable abelian group. This uses basic facts from group theory and inductive

limits. Of particular interest is the coefficient group, Q/Z, which is discussed in detail.

The notation we use is fairly standard. Throughout, X will denote a second

countable locally compact Hausdorff space. In fact, X will almost always be compact.

If M is a manifold, then we denote the disjoint union of k-copies of M by kM . If E1

and E2 are vector bundles over M1 and M2, then we use E1∪̇E2 to denote the vector

bundle (over M1∪̇M2) with fiber at x given by (E1)x if x ∈M1 and (E2)x if x ∈M2.

We also use kE as notation for ∪̇k timesE. We use similar notation for mappings. Since

we need to use a number of index theorems, subscript notation is used to help clarify
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which index theorem we are applying. For example, we denote the index by indAPS

when applying the Atiyah-Patodi-Singer index theorem and we denote the index by

indZ/kZ when we apply the Freed-Melrose index theorem. In the case of the former,

the index is the Fredholm index of an operator with certain boundary conditions (see

[4] for details), while the latter is the mod k reduction of the Atiyah-Patodi-Singer

index. We discuss the Freed-Melrose index theorem in more detail in Section 3.1.3.
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Chapter 2

Background

In this first chapter, we review some topics from generalized homology theory.

In particular, we discuss the specific generalized homology theory K-homology in

some detail. K-homology is the dual theory to Atiyah-Hirzebruch K-theory. We have

assumed the reader is familiar with the basic properties of K-theory (c.f. Section 2

of [7]). We develop K-homology using both analytic cycles (following Kasparov [35])

and geometric cycles (following Baum and Douglas [10]). The reader is assumed to

have some familiarity with (co)homology theory, operator algebras, and differential

topology. In each section, we discuss the prerequisites of that specific section in more

detail.

2.1 Generalized homology theories with coefficients

We begin with some basic definitions and facts from homology theory. The reader

is assumed to have some familiarity with this theory so we are rather brief. The

interested reader can find more details in any of [22], [26], [53]. In particular, we

have followed [22] for our development. In this thesis, we will mainly be interested in

K-homology, but it will be useful to have the axioms and basic properties stated, in
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general, for reference purposes.

2.1.1 Generalized homology theories

Definition 2.1. A pair of spaces consists of (X, Y ) where X is a topological space

and Y is a closed subspace of X.

Definition 2.2. Let (X1, Y1) and (X2, Y2) be two pairs of spaces. Then a continuous

map, from (X1, Y1) to (X2, Y2), is a continuous map, f : X1 → X2 such that f(Y1) ⊆

Y2.

Definition 2.3. Let X1 and X2 be topological spaces. A homotopy between two

maps

f : X1 → X2 and

g : X1 → X2

is given by a map F : X1 × [0, 1] → X2 with the property that F (x, 0) = f(x)

and F (x, 1) = g(x). If a homotopy exists between two maps, we will call these

maps homotopic. If the maps are between pairs of spaces, then we require that

the homotopy also be a map between pairs of spaces (i.e., satisfy the conditions of

Definition 2.2).

Before the next definition, we note that D̄n denotes the closed unit disk in Rn and

Sn−1 denotes the boundary of D̄n (i.e., the (n− 1)-sphere). We will denote the open

unit disk in Rn by Dn.

Definition 2.4. Let X be a topological space and Y a closed subspace of it. Then

X is obtained from Y by adjoining n-cells {ei}i∈I if:

1. For each i ∈ I, ei is a closed subspace of X.
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2. X = Y ∪i∈I ei.

3. (ei − ∂ei) and (ej − ∂ej) are disjoint for each i 6= j, where ∂ei denotes the

intersection of ei with Y .

4. For each i ∈ I, there exists a continuous surjective map of paired spaces:

φi : (D̄n, Sn−1)→ (ei, ∂ei)

Moreover, this map is required to have the properties that its restriction to

int(D̄n) = Dn is a homeomorphism onto ei − ∂ei.

5. A subset Z ⊆ X is closed in X if and only if Z ∩ Y is closed in Y and φ−1
i (Z)

is closed in D̄n for all i and n.

Remark 2.5. It is worth noting that the maps, {φi}i∈I , are themselves not part of

the definition; only the existence of such maps is required.

Definition 2.6. A relative CW-complex is a pair of spaces, (X, Y ), and a sequence

of closed subspaces, Xn ⊂ X, n = −1, 0, 1, . . . such that

1. X−1 = Y and Xn is obtained from Xn−1 by adjoining n-cells.

2. X = ∪nXn.

3. A subset Z ⊆ X is closed in X if and only if Z ∩Xn is closed in Xn for each n.

If Y = ∅, then X is called a CW-complex. If X is a CW-complex and there exists n

such that Xn = X, then X is called a finite CW-complex. Finally, (X, Y ) is a called

a CW-pair if Y is a CW-complex and X is obtained from Y by adjoining cells. In

this case, (X, Y ) is called finite if Y is a finite CW-complex and there exists n such

that Xn = X.
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Definition 2.7. Let X1 and X2 be CW-complexes. A cellular map f : X1 → X2 is

a continuous map such that f(Xq
1) ⊆ f(Xq

2) for each q.

Remark 2.8. When we work with CW-pairs, we will always work with cellular maps.

In particular, a map between CW-pairs, f , will be assumed to be cellular.

Definition 2.9. An ordinary homology theory is a sequence of covariant functors

Hq : { pairs of spaces } → { abelian groups }

such that the following axioms hold:

1. For each q ∈ Z and pair (X, Y ), there exists natural connecting homomorphisms

∂ : Hq(X, Y )→ Hq−1(Y )

such that the sequence

→ Hq(Y )→ Hq(X)→ Hq(X, Y )
∂→ Hq−1(Y )→ (2.1)

is exact. We will call ∂ the boundary map and the exact sequence in Equation

2.1, the long exact sequence in homology.

2. If f , g : (X, Y ) → (X̂, Ŷ ) are homotopic maps, then the induced maps on

homology (which we denote by f∗ and g∗) are equal.

3. If U ⊂ X is open and Ū ⊂ int(Y ), then Hq(X − U, Y − U) → Hq(X, Y ) is an

isomorphism for each q.

4. We denote the one-point space by pt. We have that Hq(pt) = 0 for q 6= 0.
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5. If {Xi}∞i=1 is a countable family of disjoint spaces, then

Hq(∪∞i=1Xi) ∼= ⊕∞i=1Hq(Xi)

Remark 2.10. More generally, one could take the image of the functor H∗ in the

above definition to be R-modules and homomorphisms (here R denotes a ring). We

can also restrict the functors, H∗, to the category of pairs of finite CW-complexes

with cellular maps.

Example 2.11. Singular homology is a prototypical example of an ordinary homol-

ogy theory. For a detailed development of this theory, see [53].

Theorem 2.12. Let H∗ and Ĥ∗ be ordinary homology theories considered as functors

from { finite CW-pairs, cellular maps } to { graded abelian groups, homomorphisms }

(we note that, in the notation of Definition 2.9, the grading is given by q). Then

1. Given a homomorphism H0(pt)→ Ĥ0(pt), there exists a natural transformation

H∗ → Ĥ∗ which induces the given homomorphism.

2. Any natural transformation H∗ → Ĥ∗ which induces an isomorphism for a point

is an isomorphim for all finite CW-pairs.

Definition 2.13. A generalized homology theory is a sequence of covariant functors

Hq : { pairs of spaces } → { abelian groups }

such that all the axioms of Definition 2.9 hold except for the dimension axiom (i.e.,

Axiom 4 in Definition 2.9).
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Example 2.14. K-homology, which we define to be the homology theory obtained

abstractly as the dual theory to K-theory, is a generalized homology theory since it

satisfies Bott periodicity. We will discuss this theory in more detail in Section 2.2.

2.1.2 Coefficient theories

In this section, we study homology theory with coefficients in an abelian group.

We work out the details only for the case of finite cyclic groups (i.e., Z/kZ).

Definition 2.15. Let H∗ be an ordinary homology theory. Then it has coeffi-

cient group H0(pt). More generally, a generalized homology theory has coefficients

{Hi(pt)}i∈Z. In the case of a k-periodic theory (i.e., Hi(X, Y ) ∼= Hi+k(X, Y )), we will

denote its coefficients by the nonzero elements of {Hi(pt)}k−1
i=0 (e.g., K-homology has

coefficients in Z).

Example 2.16. Let H∗ be a homology theory with coefficient group, Z, defined on

finite CW-pairs. Then H∗( · ;Z/kZ) is defined to be any homology theory with the

property that, for each pair (X, Y ), there exists a long exact sequence (called the

Bockstein exact sequence):

→ Hp(X, Y )
k→ Hp(X, Y )

r→ Hp(X, Y ;Z/kZ)
δ→ Hp−1(X, Y )→ (2.2)

where the map k is multiplication by the integer k and the other maps appearing

are natural. In particular, if H∗ is an ordinary homology theory (with coefficient

group Z), X = pt, and Y = ∅, then the Bockstein exact sequence (i.e., Equation 2.2)

reduces to

0→ Z k→ Z r→ H0(pt;Z/kZ)
δ→ 0

It follows that H0(pt;Z/kZ) is equal to Z/kZ. Using Theorem 2.12, we conclude
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that H∗( · ,Z/kZ) is uniquely determined (by the existence of the exact sequence in

Equation 2.2) as a homology theory defined on finite CW-pairs.

Example 2.17. Let H∗ be a homology theory with coefficient group Z. Also let

0→ G1
α→ G2 → G3 → 0

be an exact sequence of abelian groups. Suppose that we have realizations for H∗ with

coefficients in the abelian groups G1 and G2 and a natural transformation between

H∗( · ;G1) and H∗( · ;G2), which on the homology of a point is the map α. (We will

denote this natural transformation also by α). Then the homology theory, H∗( · ;G3),

is uniquely determined by the existence of a long exact sequence (for each pair (X, Y ))

of the form:

→ Hp(X, Y ;G1)
α→ Hp(X, Y ;G2)

r→ Hp(X, Y ;G3)
δ→ Hp−1(X, Y ;G1)→

We call this long exact sequence the Bockstein sequence associated to the exact

sequence of groups

0→ G1
α→ G2 → G3 → 0

2.2 K-homology

We follow Chapters 8 to 11 of Higson and Roe’s book [29] and the paper of Baum,

Higson, and Schick [14] to introduce models for K-homology. We will see that this

involves both geometric and analytic ideas.
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2.2.1 Analytic K-homology via Kasparov cycles

In this section, we follow Chapter 8 of [29] to give the details of Kasparov’s

construction of a model for K-homology. Throughout, A will denote a separable C∗-

algebra. We assume that the reader is familiar with the basics of operator theory, in

particular the basic properties of C∗-algebras and Fredholm operators (c.f. Chapters

1 and 2 of [29]). We also assume some familiarity with the theory of p-graded Hilbert

spaces (c.f. Appendix A of [29]). We begin by recalling a few basic definitions.

Definition 2.18. Let H be a separable Hilbert space. A closed (possibly unbounded)

operator, T : H → H, is Fredholm if dim(ker(T )) and dim(coker(T )) are finite

dimensional. In this case, the Fredholm index of T , ind(T ), is defined to be

ind(T ) = dim(ker(T ))− dim(coker(T ))

Definition 2.19. A Fredholm module over A is a triple, (H, ρ, F ), where

1. H is a separable Hilbert space;

2. ρ : A→ B(H) is a representation;

3. F ∈ B(H) such that each of (F 2−I)ρ(a), (F ∗−F )ρ(a) and [F, ρ(a)] are compact.

Definition 2.20. Let p be a nonnegative integer. Then a p-graded Fredholm module

is a Fredholm module, (H, ρ, F ), with the following additional structure:

1. H is a graded Hilbert space;

2. ρ(a) is an even operator for each a ∈ A;

3. F is an odd operator;
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4. ε1, . . . , εp are odd operators on H such that

εj = −ε∗j , ε2
j = −1, εiεj + εjεi = 0 (i 6= j)

Moreover, we have that, for each i = 1, . . . , p and a ∈ A,

[ρ(a), εi] = 0 and Fεi + εiF = 0

Remark 2.21. We will refer to (ungraded) Fredholm modules as (−1)-graded so

as to include these objects in the framework of Defintion 2.20. We will refer to the

operators, {εi}pi=1, as multigrading operators.

Example 2.22. The zero Fredholm module is obtained by taking the zero Hilbert

space, zero representation, and zero operator.

Example 2.23. In this example, we consider 0-graded Fredholm modules over the

complex numbers. As such we take A = C and H a graded Hilbert space. We define

ρ to be the representation of C on H determined by 1 7→ I. We consider an operator

with the form

F =

 0 V

U 0


relative to the decomposition of H into the direct sum of its even and odd part. In

this case, the conditions in Definiton 2.20 are equivalent to the condition that each

of UV − I, V U − I, and U − V ∗ are compact. These conditions imply that U (and

V ) are Fredholm operators. We define the index of such a Fredholm module to be

the Fredholm index of the operator U . This construction gives a map from 0-graded

Fredholm modules over the complex numbers (with unital ρ) to the integers.
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Definition 2.24. Let (H, ρ, F ) be a Fredholm module over A and let U : H → H′ be

a unitary operator. Then (H′, UρU∗, UFU∗) is also a Fredholm module over A. We

say that such a module is unitarily equivalent to (H, ρ, F ). If the Fredholm module

is p-graded, then the unitary U must preserve gradings (in particular, H′ must be

graded). We note that, in this case, the unitary also produces the multigrading

operators, ε′j := UεjU
∗ (for j = 1, . . . p), required by Definition 2.20.

Definition 2.25. Let (H, ρ, Ft) be a family of Fredholm modules parameterized by

t ∈ [0, 1]. If the function t 7→ Ft is norm continuous, then we say that this family

defines an operator homotopy between (H, ρ, F0) and (H, ρ, F1) and say that these

Fredholm modules are operator homotopic. In the p-graded case, one must take a

family of p-graded Fredholm modules.

Definition 2.26. The direct sum of two (possibly p-graded) Fredholm modules,

(H, ρ, F ) and (H′, ρ′, F ′), is defined to be (H ⊕ H′, ρ ⊕ ρ′, F ⊕ F ′). We note that

in the p-graded case, the multigrading operators are taken to be the direct sum of

the multigrading operators of (H, ρ, F ) and (H′, ρ′, F ′) (i.e., we take the multigrading

operators given by εi ⊕ ε′i, where {εi}pi=1 and {ε′i}
p
i=1 are the multigrading operators

associated to (H, ρ, F ) and (H′, ρ′, F ′) respectively).

Definition 2.27. We define the Kasparov K-homology groups K−p(A) to be the

abelian group defined by generators and relations as follows. As generators, we take

unitary equivalence classes of p-graded Fredholm modules over A. The relations are:

1. If two unitary equivalence classes are operator homotopic, then they are equal

in K∗(A).

2. Given two unitary equivalence classes, x and y, we defined x⊕y = x+y (where

the operation “+” is the group operation in K∗(A)).
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Definition 2.28. A p-graded Fredholm module, (H, ρ, F ), is said to be degenerate

if (F 2 − I)ρ(a), (F ∗ − F )ρ(a) and [F, ρ(a)] are zero (rather than just compact).

Proposition 2.29. If (H, ρ, F ) is a degenerate p-graded Fredholm module over A,

then it determines the zero element in K−p(A).

Proof. We consider the direct sum of countably many copies of (H, ρ, F ) and denote

it by (Ĥ, ρ̂, F̂ ). The fact that (H, ρ, F ) is degenerate implies that this is a Fredholm

module. For example, ρ̂(a)(F̂ 2 − I) = 0, since ρ(a)(F 2 − I) = 0.

We denote the class in K-homology given by (H, ρ, F ) by x and the class given

by (Ĥ, ρ̂, F̂ ) by y. By construction, (H, ρ, F ) ⊕ (Ĥ, ρ̂, F̂ ) is unitarily equivalent to

(Ĥ, ρ̂, F̂ ). Hence, in K-homology, x+ y = y, which implies that x is the zero class in

K−p(A).

The reader should recall that an operator, T , is selfadjoint if T = T ∗ and is an

involution if T 2 = I.

Lemma 2.30. Let (H, ρ, F ) be a p-graded Fredholm module over A. Assume that

there exists a selfadjoint, odd involution E : H → H, which commutes with the action

of A (i.e., ρ) and with the multigrading operators (i.e., εj), and anticommutes with

F . Then, (H, ρ, F ) is operator homotopic to a degenerate Fredholm module and hence

represents the zero element in K−p(A).

Proof. To begin, we note that the conditions on E imply that (H, ρ, E) (with the

same multigrading operators as (H, ρ, F )) is a p-graded Fredholm module over A.

Moreover, since E is a selfadjoint involution with the property that [E, ρ(a)] = 0,

then this p-graded Fredholm module is degenerate.

Next, we consider the path of operators, Ft = cos π
2
t · F + sin π

2
t ·E, for t ∈ [0, 1].

Clearly, this path is norm continuous, F0 = F and F1 = E. Therefore, to conclude

that this path forms an operator homotopy from (H, ρ, F ) to (H, ρ, E), we must show



16

that, for each t ∈ [0, 1], (H, ρ, Ft) is a Fredholm module. We give the details for the

condition, ρ(a)(F 2
t − I) is compact, and leave the other conditions as an exercise for

the reader. We use the fact that E · F = −F · E to get

ρ(a)(F 2
t − I) = ρ(a)((cos t · F + sin t · E)2 − I)

= ρ(a)(cos2 t · F 2 + sin2 t · E2 − I)

= cos2 tρ(a)(F 2 − I) + sin2 tρ(a)(E2 − I)

Both of these latter terms are compact by assumption (in fact, E2 − I = 0).

Proposition 2.31. Let (H, ρ, F ) be a p-graded Fredholm module with multigrading

operators, {εj}pj=1. Then the additive inverse of [(H, ρ, F )] in K-homology can be

represented by the p-graded Fredholm module, (Hop, ρ,−F ) where Hop is H with the

opposite grading. We note that the multigrading operators for (Hop, ρ,−F ) are given

by {−εj}pj=1.

Proof. Our goal is to show that the Fredholm module, (H ⊕ Hop, ρ ⊕ ρ, F ⊕ −F ),

represents the zero element in K−p(A). To do so, we consider the operator

E =

 0 I

I 0


acting on H⊕Hop. We note that E is a selfadjoint, odd involution with the following

additional properties:

1. [E, (ρ⊕ ρ)(a)] = 0;

2. E commutes with the operators, εj;

3. E · (F ⊕−F ) = −(F ⊕−F ) · E.
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These are exactly the conditions required by Lemma 2.30, which then implies the

result.

Definition 2.32. The formal periodicity map, K−p(A)→ K−p−2(A) is defined at the

level of Fredholm modules as follows. Given a p-graded Fredholm module, (H, ρ, F ),

with multigrading operators {εj}pj=1, we define a (p+ 2)-graded Fredholm module via

Ĥ = H⊕Hop, ρ̂ = ρ⊕ ρ, F̂ = F ⊕ F,

and multigrading operators,

ε̂j = εj ⊕ εj, (j = 1, . . . , p), ε̂p+1 =

 0 I

−I 0

 , ε̂p+2 =

 0 iI

iI 0

 .

Remark 2.33. To see that the formal periodicity map is well-defined, one must show

that

1. The image of a Fredholm module is a Fredholm module.

2. The K-homology class of the image is independent of the choice of a represen-

tative Fredholm module in the domain.

We leave the proof of 1. and 2. to the reader. The interested reader can also find

more details on this construction on p. 207 of [29].

Proposition 2.34. The formal periodicity mapping (see Definition 2.32) defines an

isomorphism K−p(A) ∼= K−p−2(A).

Proof. We denote the periodicity map by β and define an inverse map as follows. Let

(H, ρ, F ) be a (p+ 2)-graded Fredholm module with multigrading operators, {εi}p+2
i=1 .

Then T = −iεp+1 · εp+2 is an involution. We let L be the +1-eigenspace of T and
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note that, since [T, ρ(a)] = 0 and [T, F ] = 0, (L, ρ|L, F |L) defines a Fredholm module.

Moreover, it is p-graded using the multigrading operators εj, j = 1, . . . , p.

We denote the map on K-homology induced from the above construction on Fred-

holm modules by α. We are required to show that

1. α is a well-defined group homomorphism.

2. β ◦ α = idK−p−2(A).

3. α ◦ β = idK−p(A).

We give the details for this last equality. We have

β(H, ρ, F ) = (H⊕Hop, ρ⊕ ρ, F ⊕ F )

and

T = −iεp+1 · εp+2 = −i

 0 I

−I 0


 0 iI

iI 0

 =

 I 0

0 −I


Hence, α(H⊕Hop, ρ⊕ ρ, F ⊕ F ) = (H, ρ, F ) as required.

The previous theorem implies that there are only two K-homology groups. We

will denote these groups by Keven(A) and Kodd(A). We will also use the notation

K∗(A) for these two groups. However, it should be clear from the context whether

we are refering to K−p(A) (p = −1, 0, . . .) or Keven/odd(A).

We now apply the theory we have developed to the case of commutative C∗-

algebras (i.e., locally compact Hausdorff space). Let X be a locally compact Hausdorff

space, then the assumption that A = C(X) is separable is equivalent to X being

second countable.

Definition 2.35. Let X be a second countable, locally compact Hausdorff spaces.
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We define Kp(X) := K−p(C0(X)). Moreover, if (X, Y ) are a finite CW-pair (see

Definition 2.6), then we define the relative groups K∗(X, Y ) to be K∗(X\Y ).

Theorem 2.36. (c.f. Theorem 2.11 of [14])

The functor K∗( · , ·) is a generalized homology theory. In particular, there are natural

transformations

∂ : K∗(X, Y )→ K∗−1(Y )

Moreover, on the category of finite CW-complexes, this homology theory is equal to

K-homology. (We defined K-homology to be the generalized homology theory obtained

from K-theory using duality (c.f. [11])).

2.2.2 Dirac operators

In this section and the next, we discuss Dirac operators on (usually compact)

spinc-manifolds. We have followed the treatment in [14] and [29]. We have assumed

that the reader has some familiarity with differential topology and geometry. In

particular, the reader is assumed to know the definitions and basic properties of

manifolds, vector bundles, etc (c.f. [30] or [31]).

Definition 2.37. Let M be a smooth manifold and V be a smooth, Euclidean vector

bundle over it. A p-graded Dirac structure on V is a smooth, Z/2-graded, Hermitian

vector bundle, S, over M along with the following additional structure:

1. An R-linear vector bundle morphism

V → End(S)

which maps each v ∈ Vx to a skew-adjoint, odd endomorphism. Moreover, if we
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denote the action of v on u ∈ Sx by u 7→ v · u, then

v · (v · u) = −‖v‖2u

2. A family of odd endomorphisms, ε1, . . . , εp, of S such that the following relations

hold:

εj = −ε∗j , ε2
j = −1, εiεj + εjεi = 0 (i 6= j)

and, moreover, for any x ∈ M and any v ∈ Vx each εj commutes with the

endomorphism associated to v (i.e., commutes with u 7→ v · u).

We will often refer to S, defined as above, as a Dirac bundle (with respect to M and

V ). If we do not make reference to a vector bundle, then the reader should assume

that V is the tangent bundle of M (denoted by TM). That is, a Dirac structure on

M is defined to be a Dirac structure on the pair M and V = TM .

Example 2.38. The prototypical example, which we will discuss in some detail in

the next section, is the case when M is a spinc-manifold and V = TM (S in this case

is the spinor-bundle).

Example 2.39. Let M be a smooth manifold, E and V be vector bundles over M

and S be a p-graded Dirac bundle for M and V . We denote the bundle morphism in

Item 1 of Definition 2.37 by c : V → End(S) and the family of odd endomorphisms

in Item 2 of Definition 2.37 by {εj}pj=1. Then S ⊗ E can be given a p-graded Dirac

bundle structure by taking

V → End(S ⊗ E)

defined by v 7→ c(v)⊗ 1 as the bundle morphism required in Item 1 of Definition 2.37

and using operators: ε̃j = εj ⊗ 1 for Item 2.
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Definition 2.40. Let M be a Riemannian manifold with a p-graded Dirac bundle

structure, S, on its tangent bundle. We shall call an odd, symmetric, order one linear

partial differential operator, D, acting on the compactly supported smooth sections

of S, a Dirac operator if it commutes with the operators, εj (in Definition 2.37), and

[D, f ] · u = grad(f) · u

for each f ∈ C∞(M) and section u of S.

Definition 2.41. Let M be a Riemannian manifold with a p-graded Dirac bundle

structure, S, on it tangent bundle. Moreover, assume that S has a Hermitian metric.

Let C∞c (M ;S) denote the space of compactly supported smooth sections of S. We

define an inner product on C∞c (M ;S) via

〈u, v〉 :=

∫
M

〈u(x), v(x)〉Sdµ(x)

where

1. u and v are in C∞c (M ;S);

2. 〈·, ·〉S denotes the Hermitian metric on S;

3. µ denotes the canonical measure arising from the Riemannian structure on M .

We then let L2(M ;S) denote the completion of C∞c (M ;S) with respect to the norm

associated to this inner product.

Remark 2.42. Based on the construction in Definition 2.41, we can consider differ-

ential operators acting on C∞c (M ;S) as unbounded operators acting on the Hilbert

space L2(M ;S).
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Definition 2.43. Let M be a Riemannian manifold with a p-graded Dirac bundle

structure, S, on its tangent bundle. Also, let D be an odd symmetric order one linear

partial differential operator acting on the compactly supported smooth sections of S.

We say that D is essentially self-adjoint if it has a unique self-adjoint extension.

Theorem 2.44. Analytic Properties of Dirac operators (c.f. Chapter 10 of

[29]; in particular, Corollary 10.2.6 on p. 273)

A Dirac operator, D, on a complete Riemannian manifold is essentially self-adjoint.

Moreover, if we assume that the manifold is compact, let f ∈ C0(R), and let D̄

denote the closure of D, then the operator f(D̄), defined via the functional calculus

for unbounded selfadjoint operators, is a compact operator.

Remark 2.45. We now will denote the closure of D also by D (i.e., we will drop the

“bar” notation used in the statement of Theorem 2.44).

Theorem 2.46. Let M be a compact Riemannian manifold and D be a Dirac operator

associated to a p-graded Dirac bundle S on TM . Let H = L2(M,S) (see Definition

2.41), and ρ be the representation of C(M) on H via pointwise multiplication. Also

let

F = D(I +D2)−
1
2

Then the triple (H, ρ, F ) is a p-graded Fredholm module for the C∗-algebra, C(M).

We note that the multi-grading operators required by Definition 2.20 are the family of

skew-adjoint endomorphisms given in Definition 2.37.

Proof. Firstly, we have that F is a bounded operator defined by functional calculus.

Moreover, since D was assumed to be odd and to commute with the endomorphisms

given in Definition 2.37, then F also has these properties.

To have a Fredholm module, we need that, for each f ∈ C(M), [F, ρ(f)], ρ(f)(F−

F ∗), and ρ(f)(F 2 − I) are all compact operators. We have that F is selfadjoint (i.e.,
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(F − F ∗) = 0). Moreover, the composition of functions, h, g : R → R defined

respectively by x 7→ x(1+x2)
1
2 and x 7→ x2−1 is in C0(R) and hence, by the previous

theorem (i.e., Theorem 2.44), (F 2 − I) is a compact operator.

We will not give the details of the proof that [F, ρ(f)] is compact. The interested

reader is directed to either [11] or Section 6 of Chapter 10 of [29]. The latter of these

references contains a more general result (see Definition 2.47 below).

Definition 2.47. Using the notation of the previous theorem, we denote the class

obtained from this construction by [D] ∈ Kp(C(M)). There is a more involved

construction for open manifolds without boundary (see Chapters 10 and 11 of [29] for

details). In particular, we will need the fact that in the case when M is an open spinc-

manifold we can form a class in the K-homology of C0(M) from a Dirac operator.

We again denote this by [D] ∈ Kp(C0(M)).

Example 2.48. Let M be the circle, which we denoted by S1. We let S = S1 × C

and hence L2(S1;S) can be identified with L2(S1). We let ρ denote the representation

of C(S1) on L2(S1) by multiplication operators. The operator DS1 = −i d
dθ

is a Dirac

operator for the bundle S and hence acts as an (unbounded) operator on L2(S1).

Moreover, there exists a basis of eigenvectors of DS1 given by yn = einθ. We can

diagonalize DS1 with respect to the basis {yn}n∈Z:

DS1 = diag(. . . , 2, 1, 0,−1,−2, . . .)

where diag(ai) denotes the matrix with zeros off the diagonal and diagonal entries

given by the ais. Hence the operator (I + D2
S1)−

1
2 with respect to the basis {yn}n∈Z

has the form:

(I +D2
S1)−

1
2 = diag(. . . ,

1√
5
,

1√
2
, 1,

1√
2
,

1√
5
, . . .)
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and F = DS1((I +D2
S1)−

1
2 ), again with respect to the basis {yn}n∈Z, has the form:

F = diag(. . . ,
2√
5
,

1√
2
, 0,− 1√

2
,− 2√

5
, . . .) (2.3)

We note that L2(S1) is not graded. Hence our goal is to show that (L2(S1), ρ, F ) is a

−1-multigraded Fredholm module. Using the diagonalization given in Equation 2.3,

it is clear that F is selfadjoint (i.e. F − F ∗ = 0) and F 2 − I is compact. Finally, we

need to show that [F, ρ(f)] is compact for each f ∈ C(S1). This is left as an exercise

for the reader.

Remark 2.49. We discuss a number of other examples of K-homology classes arising

from the process described in Theorem 2.46 and Definition 2.47 in Section 2.2.3 (c.f.

Examples 2.69 and 2.77).

We discuss manifolds with boundary since we will need this to develop the “bound-

ary map” (i.e., ∂ in Definition 2.1) for the geometric model of K-homology.

Definition 2.50. Let S be a p-graded Dirac bundle on a Riemannian manifold, M̄ ,

with boundary ∂M and interior M . We let e1 denote the outward pointing unit

normal vector field on ∂M , and define a map acting on the sections of S restricted

to ∂M via

X : u 7→ (−1)∂ue1 · ε1 · u

where ∂u is denotes the degree of the section u. This mapping defines an automor-

phism, which is even, self-adjoint, and X2 = I. Moreover, X commutes with both

the multiplication operators u 7→ Y · u (here Y is tangent vector orthogonal to e1)

and each of the operators εi (for i 6= 1).

We then define a (p − 1)-graded Dirac bundle on ∂M by taking S∂M to be the

eigenbundle of X associated to the eigenvalue +1 and the multigrading operators

ε2, . . . , εp. We will refer to the Dirac bundle, S∂M , as the boundary of S.
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Before stating the next theorem, we need the definition of the wrong-way map on

K-homology.

Definition 2.51. Let X be a locally compact Hausdorff space and U an open sub-

space of X. If i denotes the inclusion of U into X, then i induces an inclusion of C0(U)

into C0(X), which in turn induces a map on K-homology. We denote the induced

map by

i! : Kp(X)→ Kp(U)

and call it the wrong-way map on K-homology.

The proof of the next theorem can be found in Chapters 10 and 11 of [29]. In

particular, the reader is directed to Propositions 11.2.12 and 11.2.15 of [29].

Theorem 2.52. To each Dirac operator D on a p-graded Dirac bundle over a smooth

manifold without boundary, M , the associated class [D] ∈ Kp(M) (see Definition

2.47) has the following properties:

1. [D] depends only on the Dirac bundle (not on the particular choice of operator

D).

2. Let U be an open submanifold of M and DU denotes the Dirac operator on U

given by the restriction of a Dirac operator, DM , on M . Then [DM ] maps to

[DU ] under the wrong way map on K-homology (see Definition 2.51) induced

from inclusion U ↪→M .

3. Suppose M is the interior of a Riemannian manifold, M̄ , with boundary ∂M .

Also let S be a p-graded Dirac bundle on M̄ with associated Dirac operator D.

We denote by D∂M a Dirac operator associated to S∂M (see the construction in

Definition 2.50). Then the boundary map in Kasparov K-homology,

∂ : Kp(M)→ Kp−1(∂M)
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satisfies

∂[DM ] = [D∂M ]

We will need to compare theK-homology classes of Dirac operators on p-dimensional

manifolds with those on (p+ 2)-dimensional manifolds. To this end, we consider the

relationship between the Dirac operator on a fiber bundle with the Dirac operator

on its base. We let M be a compact (or possibly just closed) Riemannian manifold

and P a principal bundle over M with structure group a compact Lie group, which

we denote by G. Moreover, assume that N is a closed Riemannian manifold with an

action of G given by isometries. We then form Z := P ×G N and have the following

exact sequence

0→ V → TZ → π∗(TM)→ 0

where π denotes the projection map Z → M and V is the vertical tangent bundle

defined by V := P ×G TN . Choosing a splitting, we obtain a Riemannian metric on

TZ (i.e., the metric induced from the isomorphism TZ ∼= V ⊕ π∗(TM)).

We now construct a Dirac operator on Z from the ones on N and M . We begin

with the Dirac bundles. Let SM be a p-graded Dirac bundle on M and SN be a

0-graded Dirac bundle on N . Moreover, assume that the action of G on N respects

the bundle SN . We then define

SV := P ×G SN

SZ := SV ⊗̂π∗(SM)

We note that ⊗̂ denotes the graded tensor product. The bundle, SZ , is a p-graded

Dirac bundle on Z. We define the action (required by Definition 2.37) as follows.

Elements of the form v ⊕ w ∈ V ⊕ π∗(TM) act via v⊗̂1 + 1⊗̂w on SV ⊗̂π∗(SM). We
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then associate a Dirac operator to this bundle and denote it by DZ .

Now, using Theorem 2.46 (in fact, its generalization discussed in Definition 2.47),

we have [DZ ] ∈ Kp(Z). Moreover, by Theorem 2.52, this class only depends on the

bundle, SZ . Using the projection map, π : Z →M , we obtain

π∗([DZ ]) ∈ Kp(M)

We now relate this class to the class associated to the bundle SM (denoted [DM ] ∈

Kp(M)).

Theorem 2.53. Using the notation of the previous paragraphs, assume that there

exists a G-equivariant Dirac operator for SN (denoted DN) whose kernel is the trivial

representation of G. Moreover, we assume that this eigenspace is spanned by an even

section of SN . Then

π∗([DZ ]) = [DM ] ∈ Kp(M)

Proof. We will give a proof only for a special case. Namely, the case when both N

and M are compact and P = G × M . Since each of the products defined in the

previous paragraphs are over the diagonal action of G, we may assume that G is the

trivial group (e.g. Z = G ×M ×G N ∼= M × N). We can therefore take our Dirac

operator on SZ to be

DZ = DM⊗̂I + I⊗̂DN

which acts on the Hilbert space

L2(M ×N,SZ) ∼= L2(M,SM)⊗̂L2(N,SN)

By Theorem 2.46, the class [DZ ] ∈ Kp(Z) is represented by the Fredholm module,

(L2(M×N,SZ), ρ, FZ), where FZ = DZ(I+D2
Z)

1
2 . We get that π∗([DZ ]) is represented
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by the Fredholm module

(L2(M ×N,SZ), ρ ◦ π̃, FZ) (2.4)

where π̃ : C(M)→ C(M)⊗ C(N) is defined by f 7→ f ⊗ 1.

By the assumptions on DN , we have

L2(N,SN) = ker(DN)⊕ ker(DN)⊥

where ker(DN) is one-dimensional. Hence

L2(M ×N,SZ) = (ker(DN)⊗̂L2(M,SM))⊕ (ker(DN)⊥⊗̂L2(M,SM))

This decomposition is respected by the Fredholm module in Equation 2.4. Using the

fact that ker(DN) is one dimensional and I⊗̂DN vanishes on first factor, we get that

the Fredholm module restricted to this first factor in the decomposition is equivalent

to

(L2(M,SM), ρM , FM) = [DM ] ∈ Kp(M)

Thus, to complete the proof, we are required to show that the Fredholm module

on the second factor gives the zero class in K-homology. We leave the details as an

exercise. The general idea is as follows. Let T be the partial isometry associated to

the polar decomposition of DN and let γ denote the grading operator on L2(M,SM).

Then

E = T ⊗̂γ

is a selfadjoint involution on ker(DN)⊥⊗̂L2(M,SM). The reader is then invited to

reread Lemma 2.30 and check that it can be applied to E.
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Remark 2.54. The previous theorem is related to the “multiplicative property” of

the index defined by Atiyah and Singer (see p. 504 of [7]).

Example 2.55. We now consider the case of even dimensional spheres (i.e., S2n) and

relate them to the previous theorem. Let Cliff(T (S2n)) denote the complex vector

bundle over S2n whose fiber at each point p ∈ S2n is given by the complex Clifford

algebra of Tp(S
2n). It is clear that Cliff(T (S2n)) is a 0-graded Dirac bundle. Moreover,

if we consider S2n to be the boundary of the closed unit ball in R2n+1, then S2n is

oriented. Let {e1, . . . , e2n} be a local, oriented, orthonormal frame. Using the Dirac

bundle structure, we can define an operator given by right-multiplication by

σ = ine1 · · · e2n

This operator is independent of the choice of {e1, . . . , e2n}. Moreover, it is an even,

selfadjoint, involution on Cliff(T (S2n)). Hence, we can consider

Cliff 1
2
(T (S2n)) = +1-eigenbundle of the σ

We note that Cliff 1
2
(T (S2n)) is a 0-graded Dirac bundle. Moreover the following result

is proved in [14] (see Proposition 3.11 of [14]).

Proposition 2.56. Let N be an even dimensional sphere oriented as the boundary

of the ball. There exists a Dirac operator for Cliff 1
2
(TN) which is equivariant for the

action of SO(2n). Futhermore, its kernel is the one-dimensional trivial representation

and its kernel is generated by an even section of Cliff 1
2
(TN).

This result implies that we may take N = S2n and G = SO(2n) in the statement

of Theorem 2.53.
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2.2.3 Spinc-structures

Definition 2.57. Let V be a real vector space and 〈·, ·〉 a symmetric bilinear form on

it. The Clifford algebra for (V, 〈·, ·〉) is a pair, (A, φ), where A is a unital algebra and

φ : V → A such that φ(v)2 = −〈v, v〉 · I. Moreover, the Clifford algebra is universal

with respect to such pairs. The complex Clifford algebra is obtained by taking the

tensor product between the complex numbers and the Clifford algebra.

Definition 2.58. The complex Clifford algebra of algebraic dimension n, Cn, is

defined to be the complex Clifford algebra of Rn with the standard inner product. It

is generated as an algebra by the standard orthonormal basis, e1, . . . , en.

Remark 2.59. As a vector space, Cn, is generated (i.e., has basis) given by

1, e1, . . . , en, e1 · e2, . . . , en−1 · en, . . . , e1 · · · en

Hence Cn has a natural grading given by

C+
n = span{1, ei · ej, . . .}

C−n = span{ei, ei · ej · ek, . . .}

Example 2.60. We note that the Clifford algebra does depend on the choice of

symmetric bilinear form as can be seen from the following examples. The details for

Examples 1. and 2. are given below.

1. Rn with 〈·, ·〉 defined to be zero has Clifford algebra given by the exterior algebra.

2. R with the standard inner product has Clifford algebra given by C and hence

the complex Clifford algebra C1 is isomorphic to C⊕ C.
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3. R2 with the standard inner product has Clifford algebra given by the quaternions

and hence the complex Clifford algebra C2 is isomorphic to M2(C).

4. R3 with the standard inner product has Clifford algebra given by the direct sum

of two copies of the quaternions and hence the complex Clifford algebra C3 is

isomorphic to M2(C)⊕M2(C).

The details of Example 1. are as follows. The reader should recall that the exte-

rior algebra of Rn is generated (as an algebra) by the standard orthonormal basis,

e1, . . . , en, with the relations ei · ej = −ej · ei. The algebra isomorphism between the

exterior algebra and the Clifford algebra (with 〈·, ·〉 defined to be zero) is then given

by the unique homomorphism which extends the identity map on the set of generators

{ei}ni=1. That this homomorphism is well-defined follows from

0 = (ei + ej)
2 = e2

i + ei · ej + ej · ei + e2
j = ei · ej + ej · ei

For the second example (i.e., the Clifford algebra of R with the standard inner

product), we let e1 denote the standard generator of the Clifford algebra. It satisfies

the relation:

e1 · e1 = −〈e1, e1〉1 = −1

Hence, we can define an algebra homomorphism from the Clifford algebra to C which

extends the map on generators given by e1 7→ i. That this map is an isomorphism

follows from the universal property of the Clifford algebra. We also note that the

complex Clifford algebra is isomorphic to C ⊕ C since the tensor product is taken

over R (i.e., C1
∼= C⊗R C ∼= C⊕ C).

Definition 2.61. Let M be a smooth manifold and V be a Euclidean vector bundle

over M of rank p. Let U be an open set in M such that V |U is a trivial bundle. Fix a
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local orthonormal frame, e1, . . . , ep, on V |U ∼= M ×Rp. We can put a Dirac structure

on V |U , by taking S = U ×Cp (i.e., the trivial bundle with fibre Cp) and defining the

following actions:

1. Clifford multiplication (i.e., the map in Item 1 of Definition 2.37) is defined

on the orthonormal frame {ej}pj=1 via ej acts by left multiplication by the jth

standard generator of Cp (see Definition 2.58 for the standard generators of Cp).

2. The multigrading operators (i.e., the operators ε1, . . . , εp in Definition 2.37) are

given by right multiplication by these same generators of Cp.

Definition 2.62. Let M be a smooth manifold and V be a real vector bundle over

M of rank p. A complex spinor bundle for V is a p-graded Dirac bundle, SV , which

is locally isomorphic to the trivial bundle with fibre Cp. We note that these local

isomorphisms must respect the Clifford multiplication given in Items 1. and 2. of

Definition 2.61. A bundle with a fixed complex spinor bundle will be called a spinc

vector bundle.

Definition 2.63. A smooth manifold (possibly with boundary), M will be called a

spinc manifold if M has a fixed Riemannian metric and TM is a spinc vector bundle

(i.e., there is a fixed complex spinor bundle, STM , for TM). We also call STM a

spinc-structure on M .

Example 2.64. A complex struture on a manifold produces a spinc-structure (c.f.

[42]).

Example 2.65. Let M be a spinc manifold and denote its spinor bundle by STM .

Then, if E is a complex vector bundle over M , we can form the Dirac bundle, STM⊗E,

using the process described in Example 2.39. If D is a Dirac operator for STM and

E has a Hermitian metric, then we can form a Dirac operator, DE, for STM ⊗E (c.f.

[29]). We will refer to DE as the Dirac operator twisted by E.
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Example 2.66. Let V1 and V2 be real vector bundles over M of dimensions p1 and

p2 respectively. Moreover, assume that each Vi is equipped with a spinor bundle

denoted by S1 and S2 respectively. If we denote the graded tensor product by ⊗̂,

then V1 ⊕ V2 can be equipped with spinor bundle S1⊗̂S2. This follows from the fact

that Cp1⊗̂Cp2
∼= Cp1+p2 .

Definition 2.67. Let M be an n-dimensional compact spinc-manifold. The funda-

mental class of M in K-homology is defined to be the class of any Dirac operator on

STM . It will be denoted by [M ] ∈ Kn(M).

Remark 2.68. We note that [M ] depends on the spinc-structure, but is independent

of the choice of Dirac operator (and hence is well-defined) by Theorem 2.52.

Example 2.69. If M = R, then we can use the trivial spinor bundle R×C1
∼= R×C2.

We get that the class [R] ∈ K1(R) can be represented using

DR =

 0 − d
dx

d
dx

0


To be 1-graded we need one multigrading operator. It is given by the operator

ε1 =

 0 −1

1 0


Now suppose that M is the interior of a manifold with boundary, M̄ . Moreover,

assume that M̄ has spinc-structure, which we denote by S. Using Definition 2.50, we

get a spinc-structure on ∂M . The next theorem relates the fundamental classes of

the interior and boundary of M̄ .

Proposition 2.70. Let M be the interior of an n-dimensional spinc-manifold, M̄ ,
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with boundary, ∂M . Then the boundary map in Kasparov K-homology satisfies

∂[M ] = [∂M ] ∈ Kn−1(∂M)

Proof. This follows directly from part 3 of Theorem 2.52.

Example 2.71. Let M be a compact spinc manifold and consider N = M×[0, 1]. For

simplicity, we assume that M is odd dimensional and hence N is even dimensional.

The Dirac operator of N can be written in the following form

 0 DM + ∂nor

DM − ∂nor 0


where ∂nor denotes differentation in the direction of the outward normal vector of the

boundary and DM is the Dirac operator on M .

Definition 2.72. Let M be a spinc-manifold. The opposite spinc-structure on M is

given by the same bundle, S, but taking the multigrading given by −ε1, ε2, . . . , εp.

Definition 2.73. Two spinc-structures on a manifold M are concordant if there

exists a spinc-structure on M × [0, 1] such that the restriction of the spinc-structure

to M × {0} is one of the two given spinc-structures, while the restriction of the

spinc-structure to M × {1} is the opposite of the other.

Proposition 2.74. The fundamental class in K-homology of a spinc-manifold de-

pends only on the concordance class of the spinc-structure.

Definition 2.75. Let M be a manifold of dimension 2k (k ∈ N). A reduced spinc-

structure on M is the following data: a Riemannian metric on M and a Dirac bundle

S for M whose fiber dimension is 2k. We note that S is graded, but we do not assume

there are any multigrading operators. Because of the lack of multigrading operators,
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the Fredholm module associated to such a structure will be 0-graded and hence lead

to an element of K0(M).

We continue to consider the case when M is of dimension n = 2k. We would

like to relate the p-graded Dirac bundles (see Definition 2.37) with 0-graded Dirac

bundles. In doing so, we will describe the relationship between spinc-structures on M

(see Definition 2.63) and reduced spinc-structures on M (see Definition 2.75). The

reader may find it useful to recall the formal periodicity map (see Definition 2.32)

and its inverse defined in the proof of the Proposition 2.34.

Let Sn be an n-multigraded Dirac bundle for V a Euclidean vector bundle over

M . Denoting the multigrading operators by {εi}ni=1, we have that the operator

X = −iεn−1 · εn

is even and selfadjoint. Moreover, X2 = −1 and hence X has eigenvalues ±1. We

let Sn−2 denote the eigenbundle associated to the eigenvalue +1. Then Sn−2 has

dimension half the dimension of Sn and has the structure of a Dirac bundle. Moreover,

we have associated to Sn−2 the multigrading operators {εi}n−2
i=1 ; hence Sn−2 is a (n-

2)-multigraded Dirac bundle.

Now suppose that we are given, S0, a 0-graded Dirac bundle for V . Then we can

form S2 = S0⊕S0 (where we reverse the grading on the second summand). Moreover,

we take multigrading operators

ε1 =

 1 0

0 −1

 and ε2 =

 0 i

i 0


Hence, S2 is a 2-multigraded Dirac bundle for V . The following two results are proved

in [29] (in particular, see Proposition 11.3.2 and Definition 11.3.3).
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Proposition 2.76. Let M be a Riemannian manifold of dimension 2n. Then there

is a one-to-one correspondence (via the periodicity maps defined in the previous para-

graph) between isomorphism classes of complex spinor bundles on M and isomorphism

classes of Dirac bundles of fiber dimension 2k. Moreover, the image of the class in

K0(M) of the reduced spinor bundle on M under n-iterations of the periodicity map

(defined in the previous paragraphs) is the fundmental class, [M ] ∈ K2n(M). We note

that [M ] was defined in Definition 2.67.

Example 2.77. Let M = R2. Then the operator

D =

 0 − ∂
∂x

+ i ∂
∂y

∂
∂x

+ i ∂
∂y

0


is a Dirac operator associated to the reduced spinor bundle of V = TM = R2 × R2.

We note that the reduced spinor bundle in this case is

R2 × (C⊕ C)

2.2.4 Geometric K-homology via Baum-Douglas cycles

In this section, we introduce the geometric model for K-homology due to Baum

and Douglas [10]. We again follow [14] for this development.

Definition 2.78. Let X be a compact Hausdorff space. A Baum-Douglas cycle

over X is a triple, (M,E, φ), where M is a compact spinc manifold, E is a smooth

Hermitian vector bundle over M , and φ is a continuous map from M to X.

Definition 2.79. Let X be a compact Hausdorff space. A Baum-Douglas cycle with

boundary over X is a triple, (M̄, Ē, φ̄), where M̄ is a compact spinc manifold with

boundary, Ē is a smooth Hermitian vector bundle over M̄ , and φ̄ is a continuous map
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from M̄ to X. The boundary of (M̄, Ē, φ̄) is given by

∂(M̄, Ē, φ̄) = (∂M̄, Ē|∂M , φ̄|∂M)

We note that we are using Definition 2.50 to put a spinc structure on ∂M̄ and hence

the boundary is a Baum-Douglas cycle over X (without boundary).

Remark 2.80. If the compact space (i.e., X in Definitions 2.78 and 2.79) is clear we

will refer to Baum-Douglas cycles and Baum-Douglas cycles with boundary.

Definition 2.81. Given Baum-Douglas cycles, (M,E, φ) and (M̂, Ê, φ̂) we define

their disjoint union (denoted (M,E, φ)∪̇(M̂, Ê, φ̂)) to be the cycle (M ∪̇M̂, E∪̇Ê, φ∪̇φ̂).

Definition 2.82. Two Baum-Douglas cycles, (M,E, φ) and (M̂, Ê, φ̂), are bordant

if there exists a Baum-Douglas cycle with boundary, (M̄, Ē, φ̄) such that

∂(M̄, Ē, φ̄) = (M,E, φ)∪̇(−M̂, Ê, φ̂)

The reader should note that “ − ” denotes taking the opposite spinc structure (see

Definition 2.72).

We now generalize these definitions to the case of relative cycles.

Definition 2.83. Let X be a compact Hausdorff space and Y be a closed subset of

X. A Baum-Douglas cycle over X relative to Y is a triple, (M,E, φ), where M is a

compact spinc manifold (possibly with boundary), E is a smooth Hermitian vector

bundle over M , and φ is a continuous map from M to X such that φ(∂M) ⊂ Y .

We define three operations on the set of these cycles. These definitions work

equally well for Baum-Douglas cycles, Baum-Douglas cycles relative to a subspace

and Baum-Douglas cycles with boundary (see for example Remark 2.86 in the context

of the bordism relation).
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Definition 2.84. Given Baum-Douglas cycles, (M,E, φ) and (M̂, Ê, φ̂) we define

their disjoint union to be the cycle (M ∪̇M̂, E∪̇Ê, φ∪̇φ̂).

Definition 2.85. A bordism of (relative) Baum-Douglas cycles for (X, Y ) consists of

i) a smooth compact spinc manifold with boundary, L,

ii) a smooth Hermitian vector bundle F over L,

iii) a continuous map Φ : L→ X,

iv) a smooth map f : ∂L → R for which ±1 are regular values and for which

f−1([−1, 1]) ⊂ Y .

From this data, we form two Baum-Douglas cycles

(M+, F |M+ ,Φ|M+) and (M−, F |M− ,Φ|M−)

where M+ = f−1([1,∞)) and M− = f−1([−∞,−1)). We say these Baum-Douglas

cycles are bordant.

Remark 2.86. The reader who is unfamiliar with this definition of bordism should

consider the case when the spinc-manifolds in the Baum-Douglas cycles have empty

boundary (see Definition 2.82). That is, (M+, F |M+ ,Φ|M+) and (M−, F |M− ,Φ|M−),

have empty boundary. Then the definition reduces to the existence of a smooth

compact spinc manifold with boundary, L, a smooth Hermitian vector bundle F over

L, and a continuous map Φ : L→ X with the property that the boundary of L is the

disjoint union of M+ and M− and that vector bundles and continuous maps of the

these cycles are compatible. This latter statement is the usual definition of bordism

(i.e., Definition 2.82). In particular, when Y = ∅ then we can use this usual definition

of bordism. Definition 2.85 is a trick from bordism theory which removes the need to

deal with manifolds with corners when considering bordisms between manifolds with

boundary.
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The third operation is vector bundle modification. We consider the following

setup. Let M be a spinc-manifold and W be a spinc-vector bundle over M which has

even dimensional fibers. We denote the trivial rank one real vector bundle (over M)

by 1. The vector bundle, W ⊕ 1, is a spinc-vector bundle and fits into the following

exact sequence:

0→ π̃∗(W ⊕ 1)→ T (W ⊕ 1)→ π̃∗(TM)→ 0

We note that π̃ denotes the projection W ⊕ 1 → M . Both π̃∗(W ⊕ 1) and π̃∗(TM)

are spinc-vector bundles. By choosing a splitting, we have

T (W ⊕ 1) ∼= π̃∗(W ⊕ 1)⊕ π̃∗(TM)

This identification puts a spinc-structure on the manifold, W⊕1. Moreover, the spinc-

structure is unique up to concordance. That is, different splittings give concordant

spinc-structures (see Definition 2.73). Finally, we denote the sphere bundle of W ⊕ 1

by Z and note that it has a natural spinc-structure induced from W ⊕ 1. We note

that Z is a fiber bundle over M and its fibers are given by even dimensional spheres.

Definition 2.87. Let (M,E, f) be a Baum-Douglas cycle and W a spinc-vector

bundle over M with even dimensional fibers. Using the notation and results of the

previous paragraphs, we have that Z, the sphere bundle of W⊕1, is a spinc-manifold.

Moreover, the vertical tangent bundle of Z, denoted by V , is a spinc-vector bundle

over Z. We then let SV be the reduced spinor bundle (see Definiton 2.75) associated

to V and let F be the even part of the dual of SV . The vector bundle modification

of (M,E, f) by W is the Baum-Douglas cycle (Z, F ⊗ π∗(E), f ◦ π) where π denotes

the bundle projection Z → M . We will denote the vector bundle modification of

(M,E, f) by W as (M,E, f)W .
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Example 2.88. In this example, we discuss vector bundle modification in the case

when the Baum-Douglas cycle is (pt, pt × Rl, f) and W = pt × R2. We have that

W ⊕ 1 = R3 so that Z = S(W ⊕ 1) is the two sphere (i.e., S2). Now, since M is

a point, the vertical tangent bundle of Z(= S2) is all of the T (S2). We denote the

reduced spinor bundle by SZ and have

(pt, pt× Rl, f)pt×R
2

= (S2, (SZ,+)∗⊗̂(S2 × Rl), f ◦ π)

where π is the map S2 → pt and S∗Z,+ denotes the even part of the dual of SZ .

Remark 2.89. We have followed the definition of vector bundle modification in [14].

In the original papers of Baum and Douglas, it is defined as follows (see [10], [43]

for the complete details). As before, let M be a spinc-manifold, W be a spinc-vector

bundle over M with even dimensional fibers, and 1 denote the trivial R-line bundle

over M . We let Z be the sphere bundle of E ⊕ 1. Then

Z = B(E) ∪S(E) B(E)

where B(E) denotes the unit ball bundle of E and S(E) denotes the unit sphere

bundle of E. The total space of Z can be given a canonical spinc-structure.

Moreover, we can form (see [10] Section 10) vector bundles, H± over B(E) using

the theory of 1
2
-spin representations (see p. 18 of [43]). This uses the fact that the

fibers of W are even dimensional. Moreover H+|S(E) and H−|S(E) are isomorphic and

hence we can “glue” these vector bundles along S(E) to construction a vector bundle,

H, over Z. The main point is that the vector bundle H∗ has the property that its

restriction to a fiber at any point p is the Bott generator (again see [43] for details).

The relationship between our construction in Definition 2.87 and this construction

can be found on p. 35 of [43].
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Definition 2.90. Let (X, Y ) be a pair of compact Hausdorff spaces. The relative

K-homology group, K(X, Y ), is defined to be the set of equivalence classes of relative

Baum-Douglas cycles over (X, Y ) where the equivalence relation is generated by the

following:

i) If (M,E1, f) and (M,E2, f) are Baum-Douglas cycles (with the same spinc mani-

fold, M , and map f), then

(M ∪̇M,E1∪̇E2, f ∪̇f) ∼ (M,E1 ⊕ E2, f)

ii) If (M,E, f) and (M̂, Ê, f̂) are bordant relative Baum-Douglas cycles, then

(M,E, f) ∼ (M̂, Ê, f̂)

iii) If (M,E, f) is a Baum-Douglas cycle and W is a spinc-vector bundle over M with

even dimensional fibers, then

(M,E, f) ∼ (Z, F ⊗ π∗(E), f ◦ π)

where (Z, F ⊗π∗(E), f ◦π) is the vector bundle modification of (M,E, f) as described

in Definition 2.87.

We put a group structure on K(X, Y ) using the disjoint union operation. That

is,

[(M,E, f)] + [(M̂, Ê, f̂)] = [(M ∪̇M̂, E∪̇Ê, f ∪̇f̂)]

We note that the additive inverse of a cycle is obtained by reversing the spinc structure

(i.e., by taking the opposite cycle) and that the identity element is the class of the

trivial (i.e., empty) cycle.

We also note that we will denote K(X, ∅) by K(X).
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Definition 2.91. We define K0(X, Y ) (resp. K1(X, Y )) to be the subgroup of

K(X, Y ) composed of equivalence classes for which M is of even (resp. odd) dimen-

sion. We note that M may have components of possibly differing dimensions. Hence

we define even (resp. odd) dimensional to mean that each connected component of

M is even (resp. odd) dimensional. We will denote Ki(X, ∅) by Ki(X).

We now define the long exact sequence in K-homology at the level of geometric

cycles. Recall that, given a pair of spaces (X, Y ), we need an exact sequence of the

form:

→ K∗(Y )→ K∗(X)→ K∗(X, Y )
∂→ K∗−1(Y )→ (2.5)

To construct it, we define

∂(M,E, f) := (∂M,E|∂M , f |∂M)

The reader may recall that the construction of the Dirac bundle structure induced

(from M) to its boundary, ∂M , is discussed in Definition 2.50. Moreover, the other

maps in the long exact sequence are given by the map on K-homology induced from

the inclusion Y ↪→ X and the inclusion of cycles over X into cycles over the pair

(X, Y ). It is a nontrivial fact that the sequence is exact. We note that exactness will

follow from Theorem 2.92 below.

We now discuss the map between geometric cycles and analytic cycles. To do so,

let (X, Y ) be a CW-pair and (M,E, f) a relative Baum-Douglas cycle for (X, Y ).

Using the disjoint union operation we may assume that M is connected and hence

has a well-defined dimension. We denote the dimension of M by n. We consider the

open manifold int(M) (which has a natural spinc-structure induced from the one on

M) along with the vector bundle E|int(M) and form the Dirac operator on int(M)

twisted by E|int(M), which we denote by DE. By Theorem 2.46 (see also Definition
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2.47), we get a class in K-homology, which we denote by [DE] ∈ Kn(int(M)).

Moreover, the map f restricted to int(M) defines a proper map from int(M) to

X\Y . Using the functorial properties of K-homology, we get

f∗([DE]) ∈ Kn(X, Y )

Theorem 2.92. Let X be a compact Hausdorff space and Y be a closed subspace of

X. Then, the map

(M,E, f) 7→ f∗([DE])

defined in the previous paragraph determines an isomorphism between Kgeom
∗ (X, Y )

and Kana
∗ (X, Y ) for each finite CW-pair (X, Y ). Moreover, this isomorphism respects

the boundary maps defined for the geometric and analytic models.

For the proof of this theorem, see Theorem 6.1 of [14].
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Chapter 3

Z/kZ-manifolds and K-homology

with coefficients

We have seen in the previous chapter that the development of K-homology, the

dual of K-theory, has involved both geometric and analytic ideas. To briefly review

the history, Atiyah proposed a model for K-homology using Fredholm operators in [1].

This was realized (independently) by the works of Kasparov [35] and BDF-theory [17]

and [18]. In these cases, the cycles are analytic in nature and are based on ideas from

the theory of operator algebras. Later, Baum and Douglas [10] defined a geometric

model for K-homology.

Recall that a cycle in the Baum-Douglas model is a triple, (M,E, f), where M

is a compact spinc-manifold, E is a smooth Hermitian vector bundle over M , and f

is a continuous map from M to the space whose K-homology we are modeling. For

any homology theory, it is useful to study the corresponding theory with coefficients.

The easiest way to define this, in the context of geometric K-homology, is to alter

the map f . Defining a cycle as before except for the map, which now maps from

M to X × Y , where X is the space whose K-homology is to be modeled while Y is
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a space with K0(Y ) = G and K1(Y ) = 0. Another approach is to alter the vector

bundle E. Since vector bundles determine classes in K-theory, the idea is to replace

E with a class in K∗(M ;G) (here, K∗(M ;G) denotes K-theory with coefficients in

G). This method has been developed by Jakob in [33] and by Emerson and Meyer in

[23] under the condition that K∗(M ;G) is a multiplicative cohomology theory. Both

these methods are very general; to gain a concrete description of the cycles which

define K-homology with coefficients, we required either a clear understanding of the

space Y or of the group K∗(M ;G).

There is another approach. Namely, one could look to alter the spinc manifold in

the Baum-Douglas cycles. To do so, one would need a different geometric object that

is related to the specific coefficient group. Because of this, the model would not be

as easy to define in general. However, the model would be more intrinsic (i.e., would

not rely on an understanding of K-theory with coefficients or of the space Y above).

The first and main goal of this chapter is to define such a model for the group

Z/kZ. The geometric object we use is spinc Z/kZ-manifolds. These singular spaces

were introduced by Sullivan (see [41], [52] etc) to study geometric topology. Later,

in [24], Freed began the study of index theory for such objects. In [25], Freed and

Melrose proved an index theorem for Z/kZ-manifolds, which takes values in Z/kZ.

This result, along with Sullivan’s work relating Z/kZ-manifolds to bordism groups

with coefficients in Z/kZ, are the main reasons Z/kZ-manifolds are the correct object

to determine cycles in our model. After the model for the coefficient group Z/kZ is

defined, one can produce models for any countable abelian group. This uses inductive

limits and basic facts from group theory.

The detailed content of the chapter is as follows. We begin by reviewing the

basic properties of Z/kZ-manifolds. This includes the generalization of a number

of notions from manifold theory to Z/kZ-manifolds such as the Freed-Melrose index
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theorem mentioned above. Much of this is not new, but since the geometric properties

of Z/kZ-manifolds are so important to our model, this material is presented for

readers unfamiliar with Z/kZ-manifolds. In the next section, we introduce the cycles

which determine our model. These cycles are triples of the form, ((Q,P ), (E,F ), f),

where (Q,P ) is a compact spinc Z/kZ-manifold, (E,F ) is a Z/kZ-vector bundle over

(Q,P ), and f is a continuous map from (Q,P ) to the space whose K-homology (with

coefficients in Z/kZ) we are modelling. The main result of this section is a proof

(under the condition that X is a finite CW-complex) that K∗(X;Z/kZ) fits into the

Bockstein exact sequence. Next, we use results of Rosenberg (see [32] and [46]) to link

results of Schochet (see [48]) to Z/kZ-manifold theory. The idea here is to formulate

an analytic model for K∗(X;Z/kZ). We then show that (under the same condition

as above; namely X is a finite CW-complex) the analytic and geometric models are

isomorphic.

A word or two on the exposition may be helpful to the reader. We have tried to

limit the prerequisites for reading this chapter to a good understanding of the Baum-

Douglas model for K-homology (i.e., an understanding of the sequence of papers [10],

[13], etc.). Chapter 2 of this thesis should provide the background required. This

material is also covered in [14]. Later, we do use some groupoid C∗-algebra theory

and KK-theory, but in both cases, the amount is fairly limited.

We have followed [14] for matters related to the Baum-Douglas model and have

followed [28] and [41] for the theory of Z/kZ-manifolds. Section 1 covers the basics of

Z/kZ-manifold theory which we require for our development. The reader is directed

to [28] and [41] for more details on the generalizations of a number of notions from

manifold theory to Z/kZ-manifold theory. Moreover, the reader who is unfamiliar

with the theory of Z/kZ-manifolds is encouraged to read Section 1 of [41] for a short,

but illuminating introduction to the subject. In fact, the theory we develop here is
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best described as a formulation of the ideas presented in [41] and [51] (in particular,

Chapter 6 of [51]) into the context of cycles of the form developed by Baum and

Douglas in [10].

3.1 Z/kZ-manifolds

In this section, we introduce Z/kZ-manifolds. These manifolds with singularities

will be the basic geometric object in our model. For this model, we require Z/kZ-

manifolds with a spinc-structure. Sullivan introduced Z/kZ-manifolds in [51] and,

along with others, used them to study geometric topology (c.f. [41], [52]).

Later, Freed [24] considered index theory for Z/kZ-manifolds. In joint work with

Melrose [25], an index theorem for spinc Z/kZ-manifolds was proved. The index in

this theorem takes values in Z/kZ. A number of other proofs of this theorem have

appeared (see [28], [36], [46], [54]).

We will use Sullivan’s orginal definition of a Z/kZ-manifold but will often need

the additional structure required by the definition in [28]. The reader should see

the remark following Definition 3.1 for more details. After this definition, we give

a number of examples of Z/kZ-manifolds and prove some basic facts that we will

need later. This includes a discussion on bordism for Z/kZ-manifolds, a discussion

on the Freed-Melrose index theorem, and a proof that the Freed-Melrose index is a

Z/kZ-cobordism invariant.

3.1.1 Definition and basic properties of Z/kZ-manifolds

We begin by recalling some definitions from Z/kZ-manifold theory. We then

discuss normal bundles for Z/kZ-manifolds and the disjoint union of Z/kZ-manifolds.

Definition 3.1. Let Q be an oriented, smooth compact manifold with boundary.
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We assume that the boundary of Q, ∂Q, decomposes into k disjoint manifolds,

(∂Q)1, . . . , (∂Q)k. A Z/kZ-structure on Q is an oriented manifold, P , and orien-

tation preserving diffeomorphisms, γi : (∂Q)i → P . A Z/kZ-manifold is a manifold

with boundary, Q, with a fixed Z/kZ-structure. We denote this by (Q,P, γi). We

sometimes drop the maps from this notation and denote a Z/kZ-manifold by (Q,P ).

Remark 3.2. The difference between Definition 3.1 and the definition of Higson (see

[28]) is the existence of disjoint collaring neighbourhoods. Our definition (which is

Sullivan’s orginal definition) only requires an orientation preserving diffeomorphisms

between each (∂Q)i and P . Higson’s definition is as follows. In the notation of

Definition 3.1, we assume that there exists a disjoint collaring neighbourhood, Vi for

each (∂Q)i, and orientation preserving diffeomorphisms γ̃i : Vi → (0, 1]× P .

We note that any manifold with boundary, M̄ , has a collar (i.e., an embedding f :

∂M × (0, 1]→ M̄) (c.f. Theorem 6.1 in Section 6 of Chapter 4 of [30]). Therefore, we

will often require that we have the additional structure required by Higson’s definition.

Remark 3.3. In Definition 3.1, we have assumed that Q and P are both compact.

We can also consider the case when Q (or both Q and P ) are not compact. We will

refer to such objects as noncompact Z/kZ-manifolds.

Remark 3.4. From the data, (Q,P, γi), we can create a singular space. To do so,

we note that the diffeomorphisms, {γi}ki=1, induce a diffeomeorphism between ∂Q

and P × Z/kZ. The singular space is then created by collapsing each {x} × Z/kZ ∈

P × Z/kZ to a point.

Remark 3.5. In [8], Baas considers more general singularities. An index theorem

for S1-manifolds (i.e., when ∂Q ∼= P × S1) is proved by Rosenberg in [46].

Definition 3.6. Let (Q,P, αi) and (Q̂, P̂ , α̂i) be Z/kZ-manifolds. A differentiable

map from (Q,P, αi) to (Q̂, P̂ , α̂i) is a triple, (ΦQ,ΦP , σ) where
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1. ΦQ : Q→ Q̂ and ΦP : P → P̂ are orientation preserving differentiable maps.

2. σ is a permutation on k elements.

Moreover, we have the following commutative diagram

P
ΦP−−−→ P̂xγi xγ̂σ(i)

∂Qi

ΦQ−−−→ ∂Q̂σ(i)

Definition 3.7. Two Z/kZ-manifolds, (Q,P, αi) and (Q̂, P̂ , α̂i), are isomorphic if

there exists a differentiable map, (ΦQ,ΦP , σ), from (Q,P, αi) to (Q̂, P̂ , α̂i), where

ΦQ : Q→ Q̂ and ΦP : P → P̂ are orientation preserving diffeomorphims.

Example 3.8. We consider the manifold with boundary, denoted by Q, given in

Figure 3.1 and take P = S1. Then one can easily see that (Q,P ) has the structure

of a Z/3-manifold.

Example 3.9. Any compact oriented manifold without boundary is a Z/kZ-manifold

for any k. To see this, we take P = ∅ and note that (M, ∅) has the structure required

by Definition 3.1.

Remark 3.10. Using the process described in Remark 3.4, we can think of a Z/kZ-

manifold as a singular space. Then for any point in the singular space, there is a

neighbourhood that is either diffeomorphic to a neighbourhood in Rn or is of the

form shown in Figure 3.2. The number of “sheets of paper” is equal to k.
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Figure 3.1: Z/3-manifold from Example 3.8.

Figure 3.2: Local picture of a Z/4-manifold.

We now introduce the generalization of some definitions from differential geometry

to the Z/kZ-manifold setting. These definitions are taken from [28], so we assume

the existence of a collaring.

Definition 3.11. Let (Q,P, γi) be a Z/kZ-manifold and, for each i, let γ̃i denote the

extensions of γi to a collaring, P × (0, 1] ∼= Vi ⊂ Q (see Remark 3.2).

i) A Riemannian metric on (Q,P, γi) is a choice of Riemannian metrics on the mani-

folds Q and P with the additional property that the γ̃i are isometries with respect to

these metrics. The reader should note that we take the product metric on (0, 1]× P .

ii) A Z/kZ-fiber bundle over (Q,P, γi) is a triple (E,F, θi) where E and F are fiber

bundles over Q and P respectively and, for each i, θi is a lift of γ̃i which is an iso-

morphism between E|Vi and π∗(F ), where π∗(F ) is the pull-back to (0, 1] × P . In

particular, we have that a Z/kZ-vector bundle is a triple (E,F, θi) where the E and

F are vector bundles. Any additional structure on a Z/kZ-fiber bundle must be com-

patible with the θis (for example, if there are metrics on E and F ). It is often useful
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to denote a Z/kZ-bundle simply as (E,F ) if the maps are clear.

iii) A spinc-structure on an oriented, orthogonal Z/kZ-bundle (VQ, VP ) is a Hermitian

Z/kZ-vector bundle, (SQ, SP ), equipped with a Clifford action of VQ as skew-adjoint

endomorphisms of SQ (see Definition 2.37). On each collaring neighborhood Vi the

Clifford action is the pullback of the product Clifford action on (0, 1]×P . Moreover,

we assume that the Clifford action on P is given by a representation of VP as skew-

adjoint endomorphisms of SP (again, see Definition 2.37).

iv) A spinc-structure on a Z/kZ-manifold is a pair of spinc-structures (see Definition

2.63) one on Q and one on P × (0, 1] such that the spinc-structure on P × (0, 1] is

given by the restriction of the spinc-structure on Q to P × (0, 1]. We then define a

spinc Z/kZ-manifold to be a Z/kZ-manifold with a fixed spinc-structure. Given a

spinc Z/kZ-manifold, (Q,P ), we can form a new spinc Z/kZ-manifold by taking the

opposite spinc-structure (see Definition 2.72). We denote by this by −(Q,P ).

Example 3.12. Many of the geometric bundles over a manifold have natural gener-

alizations to Z/kZ-bundles. For example, let the tangent bundles of Q and P × (0, 1]

be denoted by TQ and T (P × (0, 1]) and form a Z/kZ-vector bundle, (TQ, T (P ×

(0, 1])|P ). The definition of the lifts (i.e., the maps {θi} required by Definition 3.11)

is given in [25].

Remark 3.13. We note that (TQ, TP ) is not a Z/kZ-vector bundle. However, the

total space of TQ does have the structure of a noncompact Z/kZ-manifold.

We will need to consider embeddings of Z/kZ-manifolds. To this end, we introduce

the notion of a neat embedding. The reader is directed to [30] for more details on

this notion (c.f. Section 1.4) and other aspects of differential topology. In particular,

the reader is directed to this reference for the definitions of submanifolds, embedding,

transverse, etc.
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Definition 3.14. Let M̄ be a manifold with boundary and Ȳ a submanifold of M̄ .

We say that Ȳ is a neat submanifold if

∂Y = Ȳ ∩ ∂M

and Ȳ is transverse to ∂X at any point of ∂Y . A neat embedding is an embedding

whose image is a neat submanifold.

Definition 3.15. Let k and n be fixed natural numbers. Then, inside Rn, we let

H = {(x1, . . . xn) ∈ Rn | x1 > 0}

and

H0 = {(x1, . . . xn) ∈ Rn | x1 = 0}

Moreover, let Hn
k be the space obtained by adjoining to H, k disjoint, relatively open,

unit radius disks in H0. Then (Hn
k ,Dn−1) has the structure of a noncompact Z/kZ-

manifold where we note that Dn−1 denotes the open unit disk. We will denote the

singular space constructed using the process described in Remark 3.4 by H̃n
k .

Example 3.16. Let (Q,P, γi) be a Z/kZ manifold and (H2N
k ,D2N−1) be the non-

compact Z/kZ-manifold from Definition 3.15. If we take N large enough, then we

have compatible embeddings fQ : Q ↪→ H2N
k and fP : P ↪→ D2N−1. Here we are using

the notion of neat embedding. The compatibility that we require is that, for each i,

fQ|(∂Q)i = (fP ◦ γi)|(∂Q)i where {(∂Q)i}ki=1 is the decomposition of the boundary of Q

in Definition 3.1.
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We have the following exact sequences:

0→ TQ→ T (H2N
k )|Q → NQ → 0

0→ TP → T (D2N−1)|P → NP → 0

where NQ and NP are the normal bundles associated to the embedding fQ and fP

respectively. We then have that (NQ, NP ) is a Z/kZ-vector bundle over (Q,P ). The

details of the construction of the θi maps follows from the work of Sullivan (see [41],

[52], etc).

We now present the first generalization of a standard operation on manifolds to

Z/kZ−manifolds.

Definition 3.17. Let (Q,P, γi) and (Q̂, P̂ , γ̂i) be two Z/kZ-manifolds. The disjoint

union ofQ and Q̂ as Z/kZ-manifolds is given by the Z/kZ-manifold, (Q∪̇Q̂, P ∪̇P̂ , γi∪̇γ̂i),

where the disjoint union of the mappings, γi and γ̂i, is given by the map defined by

γi for points in Q and by γ̂i for points in Q̂.

3.1.2 Bordism of Z/kZ-manifolds

We now discuss bordism for Z/kZ-manifolds. This concept is due to Sullivan [52]

(also see [8]). To begin, we need the concept of a Z/kZ-manifold with boundary.

Definition 3.18. Let Q̄ be an n-dimensional, oriented, smooth, compact manifold

with boundary. In addition, assume we are given k disjoint, oriented embeddings of

an (n− 1)-dimensional, oriented, smooth, compact manifold with boundary, P̄ , into

∂Q̄. Using the same notation as Definition 3.1, we denote this as a triple (Q̄, P̄ , γi)

(or just (Q̄, P̄ )) where {γi}ki=1 denote the k disjoint oriented embeddings. We refer to

such a triple as a Z/kZ-manifold with boundary. The boundary of such an object is
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defined to be ∂Q̄− int(kP̄ ) where kP̄ denotes the k copies of P̄ in ∂Q̄. We note that

the boundary has a natural Z/kZ-manifold structure induced by identifying the k

copies of the boundary of P̄ . We will discuss the boundary in more detail in Remark

3.24.

Remark 3.19. From the data, (Q̄, P̄ , γi), we can create a singular space. To do so,

we note that the embeddings, {γi}ki=1, induce an embedding of P̄ × Z/kZ into ∂Q̄.

The singular space is then created by collapsing the image (under this embedding) of

each {x} × Z/kZ ∈ P × Z/kZ to a point.

Remark 3.20. In [8], bordism for more general singular spaces is considered.

Example 3.21. A Z/kZ-manifold is a Z/kZ-manifold with empty boundary. The

embeddings required by Definition 3.18 are given by the diffeomorphisms, γ−1
i : P →

∂Q in Definition 3.1.

Example 3.22. A manifold with boundary is an example of a Z/kZ-manifold with

boundary. The P̄ required by Definition 3.18 is the empty set. Hence, its boundary

when considered as a Z/kZ-manifold is the same as its boundary when considered a

manifold with boundary.

Example 3.23. For a less trivial example, we consider the following example from

[41]. Figures 3.3, 3.4, and 3.5 should be helpful to the reader. We consider the two

dimensional closed unit disk, D̄2, and consider three disjoint embeddings of a closed

interval, I, into its boundary which is a circle (see Figure 3.3). This data produces a

Z/kZ-manifold with boundary, (Q̄, P̄ ) = (D̄2, I). Its boundary is the Z/kZ-manifold,

(Q,P ), where Q is the disjoint union of three intervals and P is two points (see Figure

3.5).
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Figure 3.3: The Z/kZ-manifold with boundary from Example 3.23

Figure 3.4: The singular space associated to the Z/kZ-manifold with boundary in
Figure 3.3

Figure 3.5: The singular space associated to the boundary of the Z/kZ-manifold with
boundary in Figure 3.3
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Figure 3.6: Bordism given in Example 3.26

Remark 3.24. If a Z/kZ−manifold (Q,P ) is the boundary of the Z/kZ-manifold

with boundary, (Q̄, P̄ ), then

∂Q̄ = Q ∪∂Q (kP̄ ) (3.1)

∂P̄ = P (3.2)

Example 3.25. By Example 3.22, the boundary of a compact manifold is also a

boundary in the Z/kZ sense.

Example 3.26. We now show that the disjoint union of k copies of a compact

manifold is the boundary of a Z/kZ-manifold. To begin, we fix notation by letting M

be a compact manifold and denoting ∪̇ki=1M by kM . Next, we consider the manifold

bordism between kM and itself given by Q̄ = kM × [0, 1] (see Figure 3.6). We now

want to give Q̄ the structure of a Z/kZ-manifold with boundary. Moreover, we need

its boundary to be kM . We let P̄ = M and consider embeddings of P̄ into Q̄ by

γi : P̄ 7→M i×{1} where M i is the ith copy of M in kM . The resulting Z/kZ-manifold

(i.e., (Q̄,M)) has boundary kM .
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Definition 3.27. We say that two Z/kZ-manifolds, (Q,P ) and (Q̂, P̂ ), are bordant

if their disjoint union is a boundary in the sense of Remark 3.24. The Z/kZ-manifold

with boundary, (Q̄, P̄ ) in Remark 3.24, will be called a bordism between (Q,P ) and

(Q̂, P̂ ). We will denote this by (Q,P ) ∼bor (Q̂, P̂ ).

Example 3.28. If M1 and M2 are compact manifolds which are bordant as mani-

folds, then they are Z/kZ-bordant. To prove this, denote the (manifold) bordism by

B. Then we have Z/kZ-manifold, (M1∪̇M2, ∅), and Z/kZ-manifold with boundary,

(B, ∅). Moreover, Equations 3.1 and 3.2 in Remark 3.24 become

∂B = (M1∪̇M2) ∪ ∅

∅ = ∅

Hence M1∪̇M2 is a boundary in the Z/kZ-sense.

Proposition 3.29. The operation ∼bor is an equivalence relation on Z/kZ-manifolds.

Remark 3.30. This is due to Sullivan, but Baas proves this result for more general

classes of manifolds with singularities in [8].

Remark 3.31. Sullivan also shows that the bordism relation on Z/kZ-manifolds

leads to bordism groups with coefficients in Z/kZ. This connection is fundamental

to the construction of our model for K-homology with coefficients in Z/kZ.

Remark 3.32. Just as for manifolds, one can also consider Z/kZ-bordism with ad-

ditional requirements. For example, one can consider spin and spinc Z/kZ-bordisms.

In these cases, the bordism is required to respect the additional structure. In the

case of a spinc Z/kZ-bordisms, we would require that the bordism, (Q̄, P̄ ), be a

spinc Z/kZ-manifold with boundary and that the spinc structures on the boundary
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restrict to the original spinc structures on the spinc Z/kZ-manifolds which the bor-

dism is between. For the rest of this thesis, all bordisms and Z/kZ-bordisms will be

spinc-bordisms.

3.1.3 Index theory for Z/kZ−manifolds

In this section, we discuss the Freed-Melrose index theorem for spinc Z/kZ-

manifolds. A special case of this theorem was proved by Freed in [24]. The general

case is treated in [25]. Other good sources for this theory are [28] and [46].

To begin, we need to define the topological and analytic indices. To do so, we

need a few preliminary definitions and results. The interested reader can find more

details on these constructions in any of [25], [28], and [46]. We note, however, that

while the definition of the topological index is (more or less) the same in all three,

the analytic index is defined differently. In fact, it is these different definitions of

the analytic index which provide for the three different proofs of the Freed-Melrose

Index theorem given in these papers. We direct the reader to these three references

for the complete proofs of results which we only state. We begin with a number of

definitions taken from [25] and [46], and assume the reader has some familiarity with

pseudodifferential operators (c.f. [49]). However, this familiarity is basically limited

to the definition of these objects.

Definition 3.33. Let (Q,P ) be a Z/kZ-manifold. An elliptic operator, D, on (Q,P )

is defined to be an elliptic pseudodifferential operator on Q, which satisfies two addi-

tional requirements. Firstly, D restricted to a collared neighbourhood of ∂Q (denoted

∂Q × [0, ε)) is invariant under translation in the direction normal to the boundary.

Secondly, D respects the Z/kZ-structure on ∂Q. That is, there is an elliptic pseu-

dodifferential operator on P such that the restriction of D to each (∂Q)i is given by

this operator. The reader should recall that {(∂Q)i}ki=1 denotes the decomposition of
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the boundary of Q (see Definition 3.1). It should be noted that the vector bundles

which D acts between must be Z/kZ-vector bundles.

Remark 3.34. In this thesis, the most important example of an elliptic operator on

a Z/kZ-manifold is the Dirac operator associated to a spinc Z/kZ-manifold twisted

by a Z/kZ-vector bundle. The other standard elliptic operators (e.g., the signature

operator) also lead to elliptic operators on Z/kZ-manifolds (see [46]). The fact that

geometrically defined operators lead to Z/kZ-elliptic operators is analogous to the

fact that geometrically defined vector bundles lead to Z/kZ-vector bundles.

Definition 3.35. We define the analytic index of an elliptic operator, D, on a Z/kZ-

manifold, (Q,P ), to be the mod k reduction of the index of D thought of as an

operator on Q with the Atiyah-Patodi-Singer boundary conditions (see [4], [5], [6]).

We denote the analytic index of D by indanaFM(D).

We now discuss the topological index for Z/kZ-manifolds. To do so, we follow [24]

and Chapter 6 of [52]. To begin, the reader should recall that from a Z/kZ-manifold,

(Q,P ), we can form a singular space following the process described in Remark 3.4.

We will denote this singular space by Q̃. We note that throughout this thesis we will

work with K-theory with compact supports.

The K-theory of Q̃ can be realized in two ways. Firstly, K0(Q̃) can be realized

as the Grothendieck group of the semigroup of Z/kZ-vector bundles over (Q,P ).

Secondly, we can compute K0(Q̃) using the six-term exact sequence associated to the

exact sequence

0→ C0(int(Q))→ C(Q̃)→ C(P )→ 0

For completeness, this exact sequence is:

K0(int(Q)) −−−→ K0(Q̃) −−−→ K0(P )x y
K1(P ) ←−−− K1(Q̃) ←−−− K1(int(Q))
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We now discuss the direct image map for Z/kZ-manifolds (c.f. [24] or [52]).

We note that we are following [24]. We let (Q,P ) denote a Z/kZ-manifold such

that dim(Q) is even and let (H2N
k ,D2N−1) be the noncompact Z/kZ-manifold from

Definition 3.15. Then, as discussed in Example 3.16, for N sufficiently large there is

a neat embedding

i : (Q,P ) ↪→ (H2N
k ,D2N−1)

Next choose a tubular neighbourhood, ν, of Q in H2N
k so that ∂ν consists of k disjoint

diffeomorphic pieces. Thus, ν has the structure of a noncompact Z/kZ-manifold and

we can consider the associated singular space (following the method in Remark 3.19).

We denote this space by ν̃. It follows from the fact that (Q,P ) is spinc that ν

has a spinc-structure, which is compatible with its Z/kZ-structure. Moreover, using

results of [3], this spinc-structure determines a Thom class and hence a semigroup

homomorphism

α : Vect(Q̃)→ Vect(ν̃)

We note that, for Z locally compact, Vect(Z) denotes the set of isomorphism classes

of vector bundles over X.

Lemma 3.36. If we use the notation and definitions from the previous two para-

graphs, then the map on K-theory induced from α is an isomorphism.

Proof. Firstly, we have the following six-term exact sequence in K-theory.

K0(int(Q)) −−−→ K0(Q̃) −−−→ K0(P )x y
K1(P ) ←−−− K1(Q̃) ←−−− K1(int(Q))

There is an analogous sequence associated to the Z/kZ-manifold structure on ν̃. The

result then follows by a diagram chase which uses the Five Lemma and the Thom

isomorphism for the manifolds int(Q) and P .
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The embedding i induces an inclusion ν̃ ⊂ H̃2N
k (where H̃2N

k denotes the singular

space associated to (H2N
k ,D2N−1)). Hence, we have a map on K-theory

K0(ν̃)→ K0(H̃2N
k )

At the level of vector bundles, this map is defined by extending by zero. As such, we

will refer to this map as the extension by zero map on K-theory. Next, we compute

the K-theory of H̃2N
k .

Lemma 3.37. Let H̃2N
k be the space defined in Definition 3.15. Then

K0(H̃2N
k ) ∼= Z/kZ (3.3)

K1(H̃2N
k ) ∼= 0 (3.4)

Proof. Based on the open inclusion of

H2N = {(x1, . . . x2N) ∈ R2N | x1 > 0}

into H̃2N
k , we have exact sequence:

K0(H2N) −−−→ K0(H̃2N
k ) −−−→ K0(D2N−1)x y

K1(D2N−1) ←−−− K1(H̃2N
k ) ←−−− K1(H2N)

It is well known that

K∗(H2N) =

 Z if ∗ = 0

0 if ∗ = 1

and

K∗(D2N−1) =

 0 if ∗ = 0

Z if ∗ = 1
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The result then follows by showing that the map K1(D2N−1)→ K0(H2N) is given by

multiplication by k.

Definition 3.38. Using the notation above, we define the direct image map to be

the composition of K0(α) and the extension by zero map. We denote it by πQ̃! . It

is independent of the choice of embedding, tubular neighbourhood, etc (c.f [24] for a

proof of these facts).

Definition 3.39. We now define the Z/kZ-topological index (denoted by indtopFM) for

twisted Dirac operators. Let (Q,P ) be a spinc Z/kZ-manifold and (E,F ) be a Z/kZ-

vector bundle over it. We denote the Dirac operator on (Q,P ) twisted by (E,F ) by

D(E,F ) (see Definition 3.33 and Remark 3.34) and define

indtopFM(D(E,F )) = πQ̃! ([E,F ])

Remark 3.40. We note that if Q has odd dimension, then, using similar methods,

we can produce a topological index. However, in this case the Z/kZ-topological index

vanishes (c.f. [24]).

The next theorem is the Freed-Melrose index theorem for Z/kZ-manifolds. It is

analogous to the Atiyah-Singer index theorem for manifolds.

Theorem 3.41. Let (Q,P ) be a spinc Z/kZ-manifold and D a twisted Dirac operator

on it. Then

indtopFM(D) = indanaFM(D)

Proofs of this result can be found in [25], [28], [46], and [54]. Based on this

theorem, we will often denote the Freed-Melrose index by just indZ/kZ.
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Our next goal is a proof that the Freed-Melrose index is a Z/kZ-cobordism invari-

ant. To begin, we need two lemmas. The first deals with the “clutching” construction

for vector bundles (c.f. Proposition 7.1 on p. 122 of [31]). The second lemma is from

[24]. The proofs of these lemmas are omitted.

Lemma 3.42. Let M̄1 and M̄2 be two compact manifolds with boundary. We assume

that ∂M1 = ∂M2 so that we can form a compact manifold without boundary:

M = M̄1 ∪∂M1=∂M2 M̄2

Moreover, assume that we have vector bundles E1 and E2 over M̄1 and M̄2 respectively

and that σ : E1|∂M1 → E2|∂M2 is a vector bundle isomorphism. Then there exists a

vector bundle E over M such that E|M̄i
∼= Ei. Moreover, the vector bundle, E, is

uniquely determined up to isomorphism.

Lemma 3.43. Let (Q,P ) be a spinc Z/kZ-manifold and (E,F ) a vector bundle over

(Q,P ). In addition, assume that there exists a spinc manifold P̄ with vector bundle

F̄ such that ∂P̄ = P (as spinc-manifolds) and F̄ |P = F . If we let M denote the

spinc-manifold formed by Q∪∂Q−kP̄ (we note that “− ” denotes taking the opposite

spinc-structure) and we let EM denote the vector bundle formed by applying Lemma

3.42 to E and kF̄ , then

πQ̃! ([(E,F )]) = πM! ([EM ]) mod k

where πM! ( · ) denotes the direct image map in the K-theory of M (c.f. [7]).

Theorem 3.44. The Z/kZ-index is a spinc Z/kZ cobordism invariant.

Proof. We prove the result in the untwisted case (i.e., we suppress the Z/kZ-vector

bundles). The twisted version is similar.
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Figure 3.7: Decomposition of ∂Q̄

Before starting the proof, we introduce some notation. Let (Q̄, P̄ ) be a spinc

Z/kZ-manifold with boundary. We will denote its boundary by (Q,P ). We may

assume that dim(Q) is even.

By Definition 3.18 (also see Figure 3.7), we have the following

∂Q̄ = Q ∪∂Q P̄ × Z/kZ (3.5)

∂P̄ = P (3.6)

The result follows from the previous lemma (i.e., Lemma 3.43) and the cobordism

invariance of the topological index for closed compact spinc manifolds. We note that

M in Lemma 3.43 is ∂Q̄.

Remark 3.45. We end this section by discussing another property of the Freed-

Melrose index. This is related to Theorem 2.53 in Chapter 2. Let M be a fixed

compact spinc manifold without boundary. The reader should recall (see Definition

3.11 for the precise definition) that a fiber bundle over a Z/kZ-manifold (Q,P ) with

fiber, M , is a Z/kZ-manifold, (E,F ), and a pair of (compatible) fiber bundles, πMQ :
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E → Q and πMP : F → P (where both πMQ and πMP have fiber M).

Next, we assume (Q,P ) is a spinc Z/kZ-manifold and we have a fiber bundle,

(E,F ), over it. Moreover, we assume (E,F ) has a fixed spinc-structure which is

compatible with both the spinc-structure on (Q,P ) and the spinc-structure on M .

Then, the direct image map in K-theory,

πM! : K∗(Ẽ)→ K∗(Q̃)

is well-defined and satisfies

πẼ! = πQ̃! ◦ π
M
! (3.7)

where πẼ! and πQ̃! are defined above in Definition 3.38. Since the Z/kZ-topological

index is defined in terms of the direct image map, it also has this property (i.e.,

satisfies Equation 3.7). More details on the direct image map for Z/kZ-manifolds can

be found in [24] (see p. 246-247).

3.2 A model for K∗(X ;Z/kZ)

3.2.1 Definition of the model for K∗(X;Z/kZ)

Definition 3.46. Let X be a compact Hausdorff space. A Z/kZ-cycle over X is a

triple, ((Q,P ), (E,F ), f), where (Q,P ) is a spinc Z/kZ-manifold, (E,F ) is a smooth

Hermitian Z/kZ-vector bundle over (Q,P ) and f is a continuous map (see Remark

3.47 following this definition) from (Q,P ) to X.

Remark 3.47. We note that the continuous map from (Q,P ) to X must respect the

Z/kZ-structure. That is, there are continuous maps fQ : Q → X and fP : P → X

such that, in the notation of Definition 3.1, fQ|(∂Q)i = fP for i = 1, . . . k. Func-

tions satisfying this property are in one-to-one correspondence with the continuous



66

functions on the singular space described in Remark 3.4.

Remark 3.48. If the compact space (X in Definition 3.46) is clear from the context,

then we will refer to Z/kZ-cycles, rather than Z/kZ-cycles over X.

Remark 3.49. Given a Z/kZ-cycle, ((Q,P ), (E,F ), f), we note that Q (or P ) may

not be connected. In fact, Q (and hence P ) can have components with differing

dimensions.

Definition 3.50. Given a Z/kZ-cycle, ((Q,P ), (E,F ), f), we will denote its op-

posite by −((Q,P ), (E,F ), f) = (−(Q,P ), (E,F ), f) where −(Q,P ) is the spinc

Z/kZ-manifold with the opposite spinc structure (see Definition 2.72 for more on

the opposite spinc structure).

We now define the operations and relations on Z/kZ-cycles. The reader should

note the similarity with the operations and relations defined on the cycles from the

Baum-Douglas model discussed in Section 2.2.4.

Definition 3.51. Let ((Q,P ), (E,F ), f) and ((Q̂, P̂ ), (Ê, F̂ ), f̂) be Z/kZ-cycles. Then

the disjoint union of these cycles is given by the cycle

((Q∪̇Q̂, P ∪̇P̂ ), (E∪̇Ê, F ∪̇F̂ ), f ∪̇f̂)

where the disjoint union of Z/kZ-manifolds is defined in Definition 3.17, E∪̇Ê is the

vector bundle with fibers given by (E∪̇Ê)|x = E|x or Ê|x (depending on whether

x ∈ E or Ê), and f ∪̇f̂ is defined to be f(x) if x ∈ Q and f̂(x) if x ∈ Q̂.

Definition 3.52. We say a Z/kZ-cycle, ((Q,P ), (E,F ), f), is a boundary if there

exists

i) a smooth compact spinc Z/kZ-manifold with boundary, (Q̄, P̄ ),

ii) a smooth Hermitian Z/kZ-vector bundle (Ē, F̄ ) over (Q̄, P̄ ),
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iii) a continuous map Φ : (Q̄, P̄ )→ X,

such that (Q,P ) is the Z/kZ-boundary of (Q̄, P̄ ), (E,F ) = (Ē, F̄ )|∂(Q̄,P̄ ), and f =

Φ|∂(Q̄,P̄ ). We say that ((Q,P ), (E,F ), f) is bordant to ((Q̂, P̂ ), (Ê, F̂ ), f̂) if

((Q,P ), (E,F ), f)∪̇ − ((Q̂, P̂ ), (Ê, F̂ ), f̂)

is a boundary.

We now define vector bundle modification for Z/kZ-cycles. We consider the fol-

lowing setup. Let (Q,P ) be a spinc Z/kZ-manifold and (W,V ) be a spinc-vector

bundle over (Q,P ) with even dimensional fibers. We denote the trivial rank one real

Z/kZ-vector bundle by (1Q,1P ). The Z/kZ-vector bundle, (W ⊕ 1Q, V ⊕ 1P ), is a

spinc Z/kZ-vector bundle. Moreover, its total space is a noncompact Z/kZ-manifold

and its components fit into the following exact sequences.

0→ π̃∗W (W ⊕ 1Q)→ T (W ⊕ 1Q)→ π̃∗W (TQ)→ 0

0→ π̃∗V (V ⊕ 1P )→ T (V ⊕ 1P )→ π̃∗V (TP )→ 0

where we have that π̃W : W⊕1Q → Q and π̃V : V ⊕1P → P . By choosing compatible

splittings, we have

T (W ⊕ 1Q) ∼= π̃∗W (W ⊕ 1Q)⊕ π̃∗W (TQ)

T (V ⊕ 1P ) ∼= π̃∗V (V ⊕ 1P )⊕ π̃∗V (TP )

This indentification puts a spinc-structure on the Z/kZ-manifold given by the total

space of (W⊕1Q, V ⊕1P ). Moreover, the spinc-structure is unique up to concordance

(i.e., different splittings give concordant spinc-structures). Finally, we denote the

sphere bundles of W ⊕1Q and V ⊕1P by ZQ and ZP respectively. We have a natural
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spinc Z/kZ-structure, induced from (W ⊕ 1Q, V ⊕ 1P ), on (ZQ, ZP ).

Definition 3.53. Let ((Q,P ), (E,F ), f) be a Z/kZ-cycle and (W,V ) an even dimen-

sional spinc Z/kZ-vector bundle over (Q,P ). Using the notation and results of the

previous paragraphs, we have that (ZQ, ZP ), the sphere bundle of (W ⊕ 1, V ⊕ 1), is

a spinc Z/kZ-manifold. Moreover, the vertical tangent bundle of (ZQ, ZP ), denoted

by (VQ, VP ), is a spinc Z/kZ-vector bundle over (ZQ, ZP ). We then let (SQ,V , SP,V )

be the reduced spinor bundle associated to (VQ, VP ) and let (Ê, F̂ ) be the even part

of the dual of (SQ,V , SP,V ). The vector bundle modification of ((Q,P ), (E,F ), f) by

(W,V ) is the Z/kZ-cycle ((ZQ, ZP ), (Ê ⊗ π∗(E), F̂ ⊗ π∗(F )), f ◦ π) where π denotes

the bundle projection. We will also use the notation ((Q,P ), (E,F ), f)(W,V ) to denote

the vector bundle modification of ((Q,P ), (E,F ), f) by (W,V ).

Remark 3.54. It is worth noting that (Q,E, f) is a Baum-Douglas cycle with bound-

ary and (P, F, f |P ) is a Baum-Douglas cycle. Moreover, the Z/kZ-vector bundle mod-

ification of ((Q,P ), (E,F ), f) by (W,V ) can be thought of as just the Baum vector

bundle modification of the cycles (Q,E, f) and (P, F, f |P ) by W and V respectively.

In particular, the reader should note that if we take a Z/kZ-cycle coming from

a spinc-manifold without boundary, M , then a vector bundle modification in the

Z/kZ sense corresponds to a vector bundle modification in the usual sense. That is,

if we consider a Z/kZ-cycle of the form ((M, ∅), (E, ∅), f) and a spinc Z/kZ-bundle

of the form (W, ∅), then the vector bundle modification is the cycle ((Z, ∅), (Ê ⊗

π∗(E), ∅), f ◦π) and hence is the same as the vector bundle modification, in the sense

of Baum-Douglas (see Definition 2.87), of (M,E, f) by W considered as a Z/kZ-cycle.

Definition 3.55. We define K(X;Z/kZ) to be the set of equivalence classes of Z/kZ-

cycles where the equivalence relation is given by the following.

i) If ((Q,P ), (E1, F1), f) and ((Q,P ), (E2, F2), f) are Z/kZ-cycles (with the same
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spinc Z/kZ-manifold, (Q,P ), and map f), then

((Q∪̇Q,P ∪̇Q), (E1∪̇E2, F1∪̇F2), f ∪̇f) ∼ ((Q,P ), (E1 ⊕ E2, F1 ⊕ F2), f)

ii) If ((Q,P ), (E,F ), f) and ((Q̂, P̂ ), (Ê, F̂ ), f̂) are bordant Z/kZ-cycles, then

((Q,P ), (E,F ), f) ∼ ((Q̂, P̂ ), (Ê, F̂ ), f̂)

iii) If ((Q,P ), (E,F ), f) is a Z/kZ-cycle and (W,V ) is an even-dimensional spinc-

vector bundle over (Q,P ), then we define ((Q,P ), (E,F ), f) to be equivalent to the

vector bundle modification (as described in Definition 3.53) of this cycle by (W,V ).

Proposition 3.56. The set K(X;Z/kZ) is a group with the operation of disjoint

union. In particular, the identity element is given by the class of the trivial cycle

(i.e., the cycle (∅, ∅, ∅)) and the inverse of a cycle is given by its opposite cycle (see

Definition 3.50).

Proof. To be clear, given cycles

ε = ((Q,P ), (E,F ), f) and

ε̂ = ((Q̂, P̂ ), (Ê, F̂ ), f̂)

the group operation is

[ε] + [ε̂] = [((Q∪̇Q̂, P ∪̇P̂ ), (E∪̇Ê, F ∪̇F̂ ), f ∪̇f̂)]

which is clearly a semigroup operation on equivalence classes. It is also clear that the

trivial cycle is an additive identity. To produce an inverse for a cycle, we note that

any cycle which is bordant to the trivial cycle represents the additive identity of the
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group and that each cycle is bordant with its opposite. Hence, the opposite of a cycle

provides an additive inverse.

Definition 3.57. We denote by K0(X;Z/kZ) (resp. K1(X;Z/kZ)) the subgroup of

K(X;Z/kZ) containing Z/kZ-cycles where each component of Q (recall that Q is not

necessarily connected; see Remark 3.49) is even (resp. odd) dimensional.

3.2.2 The Bockstein sequence

We now define the Bockstein exact sequence for the groups, K0(X;Z/kZ) and

K1(X;Z/kZ). Our Bockstein exact sequence for K-homology is analogous to both

the Bockstein exact sequence for bordism defined in [41] and the long exact sequence in

K-homology (see Equation 2.5 at the end of Chapter 2). For the proof of exactness of

the Bockstein sequence, we follow the proof that the Baum-Douglas model of relative

K-homology has a long exact sequence. The difficulty in the proof of the latter is the

determination of concise conditions, in terms of the equivalence relations, which lead

to a trivial Baum-Douglas cycle. We face a similar problem here.

To overcome this difficultly, we follow [43] and define the notion of a normal

bordism on Z/kZ-cycles. Theorem 3.70 is a natural generalization of Corollary 4.5.16

of [43] to the Z/kZ setting. After this result is proved, the exactness of the Bockstein

sequence is discussed. We deal only with the case when X is a finite CW-complex so

that we can apply the results in [43] directly.

Normal bordism for manifolds and Z/kZ manifolds

Throughout this section we let X denote a finite CW-complex. The reader should

note that we have followed [43] in this section. We will denote the equivalence relation

in Definition 2.90 or Definition 3.55 (depending on context) by ∼ and the bordism

relation by ∼bor.
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Definition 3.58. Let M be a manifold and E be a vector bundle over it. Then NE

is a normal bundle for E, if E ⊕ NE is a trivial vector bundle over M . A normal

bundle for M will refer to a normal bundle for TM .

Theorem 3.59. Let (M,E, f) be a Baum-Douglas cycle over X. Then (M,E, f)

represents the zero element in K∗(X) if and only if there exists a normal bundle, N ,

for M such that (M,E, f)N is a boundary.

We will need the following lemma which is a generalization of Lemma 4.4.3 in [43].

Lemma 3.60. Let ((Q,P ), (E,F ), f) be a Z/kZ-cycle. Then for any Z/kZ-vector

bundles, (E0, F0) and (E1, F1), we have that

((Q,P ), (E,F ), f)(E0⊕E1,F0⊕F1) ∼bor (((Q,P ), (E,F ), f)(E0,F0))p
∗(E1,F1)

where p denote the projection (E0, F0)→ (Q,P ).

Proof. Based on Lemma 4.4.3. of [43], we have that

(Q,E, f)E0⊕E1 ∼bor ((Q,E, f)E0)p
∗(E1)

Moreover, a bordism of cycles with boundary induces a bordisms between their bound-

aries. That is,

(kP, kF, kf)kF0⊕kF1 = ∂
(
(Q,E, f)E0⊕E1

)
∼bor ∂

(
((Q,E, f)E0)p

∗(E1)
)

= ((kP, kF, kf))kF0)(p|kP )∗(kF1)

Moreover, based on the proof of Lemma 4.4.3, we see that this bordism respects the
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Z/kZ-structure. That is, we have

(P, F, f)F0⊕F1 ∼bor ((P, F, f)F0)(p|P )∗(F1)

This implies the result.

Definition 3.61. Let (Q,P ) be a Z/kZ-manifold and (E,F ) a Z/kZ-vector bundle

over it. Then we say (E,F ) is Z/kZ-trivial if E is a trivial vector bundle over Q.

This implies that F is trivial over P .

Remark 3.62. If (Q,P ) is a Z/kZ-manifold, then any trivial bundle over Q has a

natural Z/kZ-vector bundle structure.

Definition 3.63. Let (Q,P ) be a Z/kZ-manifold and (E,F ) a Z/kZ-vector bundle

over it. Then a Z/kZ-normal bundle for (E,F ) is a Z/kZ-vector bundle, (NE, NF ),

over (Q,P ) such that (E,F )⊕(NE, NF ) is Z/kZ-trivial (i.e. E⊕NN is a trivial vector

bundle). A Z/kZ-normal bundle for (Q,P ) will refer to a Z/kZ-normal bundle for

(TQ, T (P × (0, 1])|P ). For notational convenience, we will denote a Z/kZ-normal

bundle for (Q,P ) simply as N .

Remark 3.64. The existence of a Z/kZ-normal bundle for an arbitrary Z/kZ-

manifold follows from Example 3.16.

Lemma 3.65. Let (Q,P ) be a Z/kZ-manifold and N1 and N2 be two Z/kZ-normal

bundles for (Q,P ). Then there exist trivial Z/kZ-bundles (E1, F1) and (E2, F2) such

that

N1 ⊕ (E1, F1) ∼= N2 ⊕ (E2, F2)

Proof. We let (E2, F2) = N1⊕ (TQ, T (P × (0, 1])|P ) and (E1, F1) = N2⊕ (TQ, T (P ×

(0, 1])|P ). We note that by the definition of Z/kZ-normal bundle (i.e., Definition
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3.61), (E1, F1) and (E2, F2) are both Z/kZ-trivial. Moreover,

N1 ⊕ (E1, F1) ∼= N1 ⊕N2 ⊕ (TQ, T (P × (0, 1])|P ) ∼= N2 ⊕ (E2, F2)

Definition 3.66. A Z/kZ-cycle, ((Q,P ), (E,F ), f), is said to normally bound if there

exists an even rank Z/kZ-normal bundle, N , over (Q,P ), such that ((Q,P ), (E,F ), f)N

is a boundary. We say two Z/kZ-cycles are normally bordant if their difference nor-

mally bounds.

Proposition 3.67. Normal bordism (denoted ∼nor) defines an equivalence relation

on Z/kZ-cycles.

Proof. That ∼nor is reflexive follows from the existence of a normal bundle for any

Z/kZ-manifold. Symmetry is clear, so we need only show transitivity. To this end, let

{((Qi, Pi), (Ei, Fi), fi)}2
i=0 be Z/kZ-cycles and N0, N1, N ′1, and N2 be Z/kZ-normal

bundles, such that

((Q0, P0), (E0, F0), f0)N0 ∼bor ((Q1, P1), (E1, F1), f1)N1

((Q1, P1), (E1, F1), f1)N
′
1 ∼bor ((Q2, P2), (E2, F2), f2)N2

We now use the fact that Z/kZ-normal bundles are stably isomorphic (see Lemma

3.65 above). Based on this result, there exist trivial Z/kZ-bundles, ε1 and ε′1 (both

over (Q1, P1)) such that N1⊕ ε1 ∼= N ′1⊕ ε′1. We now let ε0 be the trivial Z/kZ-bundle

over (Q0, P0) of the same rank as ε1 and ε2 be the trivial Z/kZ-bundle over (Q2, P2) of

the same rank as ε′1. Since the vector bundle modification by trivial bundles extend
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across Z/kZ-bordisms, we have that

(((Q0, P0), (E0, F0), f0)N0)p
∗
0(ε0) ∼bor (((Q1, P1), (E1, F1), f1)N1)p

∗
1(ε1)

(((Q1, P1), (E1, F1), f1)N
′
1)p
∗
1′ (ε
′
1) ∼bor (((Q2, P2), (E2, F2), f2)N2)p

∗
2(ε2)

Moreover,

((Q0, P0), (E0, F0), f0)N0⊕ε0 ∼bor (((Q0, P0), (E0, F0), f0)N0)p
∗
0(ε0)

∼bor (((Q1, P1), (E1, F1), f1)N1)p
∗
1(ε1)

∼bor ((Q1, P1), (E1, F1), f1)N1⊕ε1

∼bor ((Q1, P1), (E1, F1), f1)N
′
1⊕ε′1

∼bor (((Q1, P1), (E1, F1), f1)N
′
1)p
∗
1′ (ε
′
1)

∼bor (((Q2, P2), (E2, F2), f2)N2)p
∗
2(ε2)

∼bor ((Q2, P2), (E2, F2), f2)N2⊕ε2

where we have used Lemma 3.60. The result now follows since N0 ⊕ ε0 and N2 ⊕ ε2

are both Z/kZ-normal bundles.

We now show that the normal bordism equivalence relation is the same as the

equivalence relation generated by disjoint union, bordism, and vector bundle mod-

ification. It is clear that normal bordism is a weaker relation, while the next two

propositions show the converse.

Proposition 3.68. If ((Q,P ), (E,F ), f) is a Z/kZ-boundary, then it also Z/kZ-

normally bounds.

Proof. Let ((W,Z), (E,F ), f) be a Z/kZ-bordism and denote its boundary by ((Q,P ), (E|Q, F |P ), f |Q).

We must show that ((Q,P ), (E|Q, F |P ), f |Q) normally bounds. To do so, fix a Z/kZ-
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normal bundle, N , for (W,Z) and consider ((W,Z), (E,F ), f)N⊕1. The boundary of

this cycle is

((Q,P ), (E|Q, F |P ), f |Q)N |Q⊕1,

but we have that

TQ⊕N |Q ⊕ 1 ∼= TW |Q ⊕N |Q ∼= (TW ⊕N)|Q

where this last bundle is Z/kZ-trivial by assumption. Hence, N |Q ⊕ 1 is a Z/kZ-

normal bundle for (Q,P ) and so ((Q,P ), (E|Q, F |P ), f |Q) normally bounds.

Proposition 3.69. If ((Q,P ), (E,F ), f) is a Z/kZ-cycle and (V,W ) is a Z/kZ-vector

bundle with even-dimensional fibers, then ((Q,P ), (E,F ), f)(V,W ) is Z/kZ-normally

bordant to ((Q,P ), (E,F ), f).

Proof. We begin by constructing a normal bundle for (QV , PW ). To do so, we let

p : QV → Q be the natural projection and note that

T (QV )⊕ 1 ∼= p∗(TQ⊕ V )⊕ 1

We let N be a Z/kZ-normal bundle for (Q,P ) and V c be a complement to V (i.e.,

V ⊕V c is trivial). We note that we can take V c to be a Z/kZ-bundle. To summarize,

we have that TQ ⊕ N ∼= εQ and V ⊕ V c = εV where εQ and εV are trivial vector

bundles.
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Next, we consider

T (QV )⊕ p∗(V c ⊕N ⊕ 1) ∼= T (QV )⊕ 1⊕ p∗(V c ⊕N)

∼= p∗(TQ⊕ V )⊕ 1⊕ p∗(V c ⊕N)

∼= p∗(TQ⊕N)⊕ p∗(V ⊕ V c)⊕ 1

This last bundle is trivial and hence p∗(V c ⊕N ⊕ 1) is a normal bundle for QV .

We now consider the modification of the cycle, ((Q,P ), (E,F ), f)(V,W ), by this

bundle (i.e., p∗(V c ⊕N ⊕ 1)). Using Lemma 3.60, we have that

(((Q,P ), (E,F ), f)(V,W ))p
∗(V c⊕N⊕1) ∼bor ((Q,P ), (E,F ), f)(V,W )⊕V c⊕N⊕1

∼bor ((Q,P ), (E,F ), f)εV ⊕N⊕1

The last modification is by the bundle, N ⊕ εV ⊕ 1, which is a Z/kZ normal bundle

for (Q,P ); hence these cycles are normally bordant.

We now have a concise description of a trivial Z/kZ-cycle in the case when X is

a finite CW-complex.

Corollary 3.70. Let X be a finite CW-complex. Then a Z/kZ-cycle over X rep-

resents the zero element in K∗(X;Z/kZ) if and only if it Z/kZ-normally bounds.

Bockstein exact sequence

We now construct and prove exactness of the Bockstein sequence for our model.

The reader should compare this sequence with the one for bordism groups with coef-

ficients in Z/kZ found in [41].
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Theorem 3.71. Let X be a compact Hausdorff space such that both Corollary 3.59

and 3.70 hold (in particular, these Corollaries hold if X is a finite CW-complex).

Then the following sequence is exact.

K0(X)
k−−−→ K0(X)

r−−−→ K0(X;Z/kZ)xδ yδ
K1(X;Z/kZ)

r←−−− K1(X)
k←−−− K1(X)

where the maps are

1) k : K∗(X)→ K∗(X) is given by multiplication by k.

2) r : K∗(X)→ K∗(X;Z/kZ) takes a cycle (M,E, f) to ((M, ∅), (E, ∅), f).

3) δ : K∗(X;Z/kZ)→ K∗+1(X) takes a cycle ((Q,P ), (E,F ), f) to (P, F, f).

Proof. Our first goal is to show that these maps are well-defined. It is clear that all

of these maps respect the disjoint union operation. Moreover, it is clear from the fact

that K∗(X) is an abelian group that multiplication by k is well-defined. The map r

can be seen to be well-defined by noting that the equivalence relation on Z/kZ-cycles

is stronger than the relation from the Baum-Douglas model. For example, if (M,E, f)

and (M̂, Ê, f̂) are bordant cycles in K∗(X), then, based on Example 3.28, we have

that ((M, ∅), (E, ∅), f) and ((M̂, ∅), (Ê, ∅), f̂) are bordant cycles in K∗(X;Z/kZ). The

case of vector bundle modification follows directly from Remark 3.54.

To complete the well-definedness part, we must show that the map

δ : K∗(X;Z/kZ)→ K∗+1(X)

is well-defined. To do so, suppose that ((Q,P ), (E,F ), f) is bordant to ((Q̂, P̂ ), (Ê, F̂ ), f̂).

Based on Remark 3.24 Equation 3.2, we have a Baum-Douglas bordism between

(P, F, f) and (P̂ , Ê, f̂). These two cycles are the image of ((Q,P ), (E,F ), f) and
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((Q̂, P̂ ), (Ê, F̂ ), f̂) under δ. Hence, the map, δ, on cycles passes to bordism equiv-

alence classes. The case of vector bundle modification is again covered by Remark

3.54.

The proof of exactness is our next goal. To begin, we prove that the composition

of any two maps in the sequence is zero. This uses the same ideas as the ones used

in [41] to prove the exactness of the Bockstein sequence for bordism with coefficients

in Z/kZ.

Firstly,

(r ◦ k)(M,E, f) = ((kM, ∅), (kE, ∅), kf)

We must show that this cycle is trivial in K∗(X;Z/kZ). We follow Example 3.26, but

also must keep track of the vector bundle and continuous map involved. We consider

the bordism between ((kM, ∅), (kE, ∅), kf) and its opposite, which we denote by Y

(i.e., Y = M × [0, 1]). The manifold Y has boundary kM ∪̇k(−M) and we give it

the structure of a Z/kZ-manifold with boundary by identifying the k-copies of −M

(see Example 3.26). The boundary of the resulting Z/kZ-manifold is kM . This

process respects the vector bundle, kE, and the map, kf , and hence determines a

Z/kZ-bordism between ((kM, ∅), (kE, ∅), kf) and the empty cycle. Hence (r◦k) = 0.

It is clear that (δ ◦ r) = 0 since the image of cycles in K∗(X) under r have empty

boundary. We are left to show that (k ◦ δ) = 0. Consider

(k ◦ δ)((Q,P ), (E,F ), f) = (kP, kF, kf |P )

We must show that this cycle is trivial in K∗(X). To do so, we note that (Q,E, f)

is a Baum-Douglas cycle with boundary. Moreover, it has boundary, (kP, kF, kf |P ),

which allows us to conclude that (k◦δ) = 0 using the bordism relation (i.e., Definition

2.82).
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To complete the proof of exactness, we must show that

ker(k) ⊆ im(δ)

ker(δ) ⊆ im(r)

ker(r) ⊆ im(k)

It is worth noting that it is only here that we need the notion of normal bordism.

Again, this is analogous to the case of the long term exact sequence in relative K-

homology (c.f. Section 4.6 of [43]).

To begin, suppose that (M,E, f) is a Baum-Douglas cycle which is in ker(k). We

must construct a Z/kZ-cycle which maps to [(M,E, f)]. We use Corollary 3.59 to

conclude that there exist a normal bundle modification (we denote the normal bundle

by N) such that (kM, kE, kf))N is a boundary. Moreover, we can choose N so that

N |M is well-defined and so that k(M,E, f)N |M is a boundary. We now denote N |M

simply as N . By the definition, there exists a manifold with boundary, Q, vector

bundle over Q, W , and map, g, such that

∂Q = kMN

W |∂Q = kEN

g|∂Q = kf

We have therefore constructed a Z/kZ-manifold, (Q,MN), a Z/kZ-vector bundle,

(W,EN) and a continuous map, g : (Q,MN) → X. That is, we have a Z/kZ-cycle,

((Q,MN), (W,EN), g). Moreover,

δ([((Q,MN), (W,EN), g)]) = [(M,E, f)N ] = [(M,E, f)]



80

Next, suppose that (M,E, f) is a Baum-Douglas cycle such that [(M,E, f)] ∈ ker(r).

This implies that [(M, ∅), (E, ∅), f)] = 0 and, by Corollary 3.70, that there ex-

ists a normal bundle modification (we denote the normal bundle by N) such that

(M, ∅), (E, ∅), f)N is the boundary in the Z/kZ sense. That is, we have a Z/kZ-

manifold with boundary, (W,P ), a Z/kZ-vector bundle, (V, V |P ), over W , and a

continuous map, g, such that

∂W = MN ∪̇kP

V |∂W = EN ∪̇k(V |P )

g|∂W = f ∪̇k(g|P )

We now ignore the Z/kZ-structures. That is, we think of W as a manifold with

boundary, V as just a vector bundle over W and g as a continuous map from the

manifold with boundary, W , to X. This data defines a bordism between the Baum-

Douglas cycles (MN , EN , f) and k(P, V |P , g|P ). Hence [(M,E, f)] is in the image of

the map k.

Finally we must show that if ((Q,P ), (E,F ), f) is a Z/kZ-cycle such that

δ([((Q,P ), (E,F ), f)]) = [(P, F, f)] = 0

then there exists Baum-Douglas cycle (M,V, g) such that r([(M,V, g)]) = [((Q,P ), (E,F ), f)].

To begin, we reduce to the case when (P,E, f |P ) is a boundary. By Theorem

3.59, we have a normal bundle modification (we again denote the bundle by N) such

that (P, F, f)N is a boundary. We denote this bordism by (W, Ẽ, f̃) and note that

∂W = PN . We would like to extend the normal bundle, N , from the manifold P to

all of Q. This is, in general, not possible. However, since all normal bundles of P

are stably isomorphic (see Lemma 3.65), we do have a normal Z/kZ-vector bundle,
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(NQ, NP ), over (Q,P ) and a trivial bundle V such that NP = N⊕V . We now consider

δ(((Q,P ), (E,F ), f)(NQ,NP )) = (P, F, f)NP

= (P, F, f)N⊕V

∼bor ((P, F, f)N)p
∗(V )

where this last cycle is a boundary.

Hence, without loss of generality, we may assume that (P, F, f |P ) is a boundary.

We denote by (P̄ , F̃ , g) the triple such that P̄ is a manifold with boundary, ∂P̄ = P , F̃

is a vector bundle with F̃ |∂P̄ = F , and g is a continuous function such that g|∂P̄ = f |P .

We now form the manifold (without boundary) M = Q∪P×Z/kZ P̄ ×Z/kZ. Moreover,

it is clear that the vector bundles, E over Q and F̃ over P̄ , and continuous functions,

f on Q, and, g on P̄ , are compatible on ∂Q and ∂P̄ × Z/kZ. We denote the vector

bundle E ∪P×Z/kZ F̃ ×Z/kZ and the continuous map, f ∪P×Z/kZ g×Z/kZ, by V and

h respectively. This data forms a Baum-Douglas cycle, (M,V, h).

We now show that r(M,V, h) ∼ ((Q,P ), (E,F ), f) in K∗(X;Z/kZ). We will

construct a Z/kZ-bordism between these two cycles. To this end, consider the Baum-

Douglas bordism between (M,V, h) and its opposite, −(M,V, h). We denote this

bordism by (M̃, Ṽ , h̃). Now, by the construction of M , we have that

∂M̃ = M ∪̇ −M

= M ∪̇(Q ∪∂Q kP̄ )

We create a Z/kZ-manifold with boundary from M̃ by taking the k embeddings

of Z into ∂M̃ . The resulting Z/kZ-manifold, (M̃, P̄ ), has Z/kZ-boundary, M ∪̇Q.
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Moreover, the vector bundle, Ṽ , and map, h̃, respect this Z/kZ-structure. That is,

((M̃, P̄ ), (Ṽ , F̃ ), h̃) forms a Z/kZ-bordism between ((M, ∅), (V, ∅), h) and ((Q,P ), (E,F ), f).

This implies that r(M,V, h) ∼ ((Q,P ), (E,F ), f) in K∗(X;Z/kZ), completing the

proof of the Bockstein exact sequence.

Example 3.72. In this example, we discuss K∗(pt;Z/kZ). It is not difficult to

guess that the groups K0(pt;Z/kZ) and K1(pt;Z/kZ) are equal to Z/kZ and {0}

respectively. However, our goal here is to construct the natural map between the

Z/kZ-cycles which generate K0(pt;Z/kZ) and Z/kZ.

The isomorphism between K0(pt) and Z is given by the map that takes even

Baum-Douglas cycles to the topological index of the Dirac operator associated to

such a cycle. The point is that the topological index is fundamental to the definition

of the isomorphism between K0(pt) and Z. Analogously, we will show here that the

topological side of the Freed-Melrose index theorem is fundamental to the definition

of the map between even Z/kZ-cycles over a point and Z/kZ.

Theorem 3.73. Let Φ be the map on even dimensional Z/kZ-cycles over a point

defined by ((Q,P ), (E,F ), f) 7→ indtopFM(D(E,F )), where indtopFM denotes the (topologi-

cal) Freed-Melrose index and D(E,F ) denotes the Dirac operator on (Q,P ) twisted by

the Z/kZ-vector bundle (E,F ). Then Φ descends to a group isomorphism between

K0(pt;Z/kZ) and Z/kZ.

Proof. We begin by proving that Φ descends to a group homomorphism. That is, we

show that Φ respects the equivalence relations on K0(pt;Z/kZ). We begin with the

disjoint union relation. Consider two Z/kZ-cycles of the form ((Q,P ), (E1, F1), f)

and ((Q,P ), (E2, F2), f). Then, it is clear that

indFM(D(E1∪̇E2,F1∪̇F2)) = indFM(D(E1⊕E2,F1⊕F1))
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where the first index is taken on the Z/kZ-manifold (Q∪̇Q,P ∪̇P ) while the latter is

over (Q,P ).

Next, we consider the bordism relation. We use Theorem 3.44 (i.e., the Z/kZ-

index is a bordism invariant of Z/kZ-manifolds) to conclude that the map passes to

bordism equivalence classes.

Finally, we prove that the Z/kZ-index is invariant under Z/kZ-vector bundle

modification. To fix notation, we let ((Q,P ), (E,F ), f) be a Z/kZ-cycle and (W,V )

a spinc Z/kZ-vector bundle with even dimensional fibers. Moreover, as usual, the

Z/kZ-vector bundle modification of ((Q,P ), (E,F ), f) by (W,V ) will be denoted by

((QW , P V ), (EW , F V ), f ◦ π). We note that π : (QW , P V ) → (Q,P ) is a Z/kZ-fiber

bundle and that the fibers of π are even dimensional spheres. Using the disjoint union

operation, we need only consider the case when Q is connected and hence we may

assume each fiber of π is S2n for some fixed natural number n.

We denote by πS
2n

the direct image map from K0(Q̃W ) to K0(Q̃) (see Remark

3.45 for more details). We recall two facts for the reader’s convenience:

1. πQ̃
W

! = πQ̃! ◦ πS
2n

!

2. πS
2n

! ([(EW , F V )]) = [(E,F )]

The first of these facts was discussed in Remark 3.45. While the second follows

from the relationship between the direct image map and the Thom isomorphism in

K-theory. In particular, we note that [(EW , F V )] is the image of (E,F ) under the

Thom isomorphism.



84

Using these facts, we have that

Φ(((QW , P V ), (EW , F V ), f ◦ π)) = πQ̃
W

! ([(EW , F V )])

= πQ̃! (πS
2n

! ([(EW , F V )]))

= πQ̃! ([(E,F )])

= Φ(((Q,P ), (E,F ), f))

This proves the invariance of the Z/kZ-topological index under Z/kZ-vector bundle

modification. Thus, Φ defines a map between K0(pt;Z/kZ) and Z/kZ.

That it is a group homomorphism follows from the fact that it respects disjoint

union (i.e., the group operation) and also respects the operation of taking the opposite

spinc structure (i.e., the inverse operation in the group).

We now show, using the Bockstein exact sequence, that Φ is a group isomorphism.

The Bockstein sequence, in the special case of X = pt, has the form

K1(pt;Z/kZ) −−−→ K0(pt) −−−→ K0(pt) −−−→ K0(pt;Z/kZ) −−−→ K1(pt)y y y y y
0 −−−→ Z −−−→ Z −−−→ Z/kZ −−−→ 0

where we have used the following three facts:

1) K0(pt) ∼= Z via the map which takes an even Baum-Douglas cycle to its index;

2) K1(pt) ∼= 0;

3) Multiplication by k is injective in the group K0(pt) ∼= Z.

The commutativity of the connecting maps between these exact sequences follows

from the following facts:

1. The topological index respects the group operation, and hence respects multi-

plication by k in K0(pt).

2. The topological Freed-Melrose index of a Z/kZ-cycle of the form (M, ∅), (E, ∅), f)
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is the topological index of the Baum-Douglas cycle (M,E, f) reduced mod k.

The Five Lemma applied to these exact sequences leads to the fact that Φ is an

isomorphism.

3.3 Analytic K-homology with coefficients in Z/kZ

In addition to the Baum-Douglas model for K-homology, there are models devel-

oped by Kasparov [35] and Brown-Douglas-Fillmore [18]. These models are defined

using analytic cycles. Since each of these models define the same homology theory,

one would like to define an isomorphism between them at the level of cycles. A natural

map between cycles in geometric K-homology (i.e., Baum-Douglas cycles) and cycles

in analytic K-homology was developed in the original works of Baum and Douglas

([10], [13], etc.). In [14], this map was shown to be an isomorphism for finite CW-

complexes. This map was discussed (albeit briefly) in Section 2.2.4 (in particular, see

Theorem 2.92).

In this section, we deal with this isomorphism for K-homology with coefficients

in Z/kZ. In [48], Schochet defines an analytic model for K-homology with coeffi-

cients. We use results of Rosenberg (see [46]) to link Schochet’s analytic cycles to

Z/kZ-manifold theory. Finally, under the condition that X is a finite CW-complex,

we construct an isomorphism between this analytic model and the geometric model

defined in the previous section. We note that this isomorphism is defined using a map

from geometric cycles to analytic cycles.

The construction of C∗-algebras from Z/kZ-manifolds introduced in [46] uses the

theory of groupoid C∗-algebras. The theory of groupoid C∗-algebras is developed in

great detail in [44]. We will not need the full power of this theory and the reader

unfamiliar with it could possibly take Equation 3.8 as the definition of the C∗-algebra
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associated to a Z/kZ-manifold.

We now briefly recall the construction developed in [46] and [32]. Let (Q,P ) be

a Z/kZ-manifold with diffeomorphism φ : ∂Q → P × Z/kZ. We denote by N the

manifold without boundary given by Q∪∂Q ∂Q× [0,∞), where we are identifying ∂Q

with ∂Q×{0}. The reader should note that N is usually not compact. We define an

equivalence relation on N as follows. Points in Q are defined to be equivalent only to

themselves (this includes points in ∂Q). Let (x, t) and (y, s) be points in ∂Q×(0,∞).

We define these points to be equivalent if and only if t = s and p(x) = p(y) where

p : ∂Q→ P is defined by π1 ◦ φ and π1 is the projection from P × Z/kZ to P .

Next, still following [46], we view this equivalence relation as a groupoid, which we

denote by G ⊂ N ×N . We now form the groupoid C∗-algebra (which we denote by

C∗(Q,P ;Z/kZ)) associated with this groupoid. The interested reader can see [46] for

a discussion on the existence and uniqueness of the Haar system and the definitions

of the range and source maps. We will only need the fact (see [46] and [32]) that the

groupoid C∗-algebra formed by this process satisfies

C∗(Q,P ;Z/kZ) ∼= {(f, g) ∈ C(Q)⊕ C0(P × [0,∞),Mk) |

g|P×{0} is diagonal and f |∂Q = g|P×{0}} (3.8)

The statement f |∂Q = g|P×{0} in Definition 3.8 is more correctly written as

α(f |∂Q) = g|P×{0}

where α : C(∂Q) ∼= ⊕ki=1C(P )→Mk(C(P )) is the diagonal inclusion.

The first step in constructing this isomorphism is the following exact sequence
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(see [46] and [32]).

0→ C0(R)⊗ C(P )⊗Mk → C∗(Q,P ;Z/kZ)→ C(Q)→ 0

Moreover, Rosenberg defines

C∗(pt;Z/kZ) = {f ∈ C0([0,∞),Mk)|f(0) is a multiple of Ik} (3.9)

As Rosenberg notes, this is the mapping cone of the inclusion of the scalars into the

k by k matrices (i.e., λ 7→ λIk). We define a ∗-homomorphism, c, as follows:

c : C∗(pt;Z/kZ) → C∗(Q,P ;Z/kZ) (3.10)

h 7→ h(0)1Q ⊕ 1P ⊗ h

where we have used Equation 3.8 and the fact that

C∗(pt;Z/kZ) ↪→ {f ∈ C0([0,∞),Mk)|f(0) diagonal }

Lemma 3.74. Let C∗(pt;Z/kZ) be defined as in Equation 3.9. Then

K0(C∗(pt;Z/kZ)) ∼= Z/kZ

K1(C∗(pt;Z/kZ)) ∼= 0

Proof. We note that C∗(pt;Z/kZ) fits into the following exact sequence.

0→ C0((0,∞),Mk)→ C∗(pt;Z/kZ)→ C→ 0

Applying the analytic K-homology functor, we get the six-term exact sequence.
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K0(C) −−−→ K0(C∗(pt;Z/kZ)) −−−→ K0(C0((0,∞),Mk))x y
K1(C0((0,∞),Mk)) ←−−− K1(C∗(pt;Z/kZ)) ←−−− K1(C)

The result follows from the following three facts:

1. K0(C) ∼= Z and K1(C) ∼= 0.

2. K0(C0((0,∞),Mk)) ∼= 0 and K1(C0((0, 1),Mk)) ∼= Z.

3. The map from K1(C0((0,∞),Mk)) to K0(C) is given by multiplication by k.

Based on the previous lemma and Sections 5 and 6 of [48], we have the following

definition for analytic K-homology with coefficients in Z/kZ.

Definition 3.75. Let X be a compact Hausdorff space. Then, we let Kana
p (X) =

K−p(C(X)⊗ C∗(pt,Z/kZ)).

We now return to the Freed-Melrose index theorem. Rosenberg defines the ana-

lytic index of an elliptic operator on a Z/kZ-manifold using the groupoid C∗-algebra

constructed in Equation 3.8 (rather than using Definition 3.35). We only need this

definition for the Dirac operator on a spinc Z/kZ-manifold and so we present it at this

level of generality. The interested reader can find more details on this construction

in [46].

The setup is as follows. Let (Q,P ) be a spinc Z/kZ-manifold with dim(Q) = n

and D the Dirac operator on it (possibly twisted by a Z/kZ-vector bundle). Let

SQ denote the Dirac bundle to which D is associated. Then SQ extends to a Dirac

bundle on N (which we denote by SN) and D also extends to all of N . We denote

the extension of the operator, D, to N by DN . By Theorem 2.46 and Definition 2.47,

we can form [DN ] ∈ Kn(C0(N)). Moreover, this class is equivariant with respect to
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the groupoid associated to (Q,P ); hence DN defines a class in K−n(C∗(Q,P ;Z/kZ)).

To simplify the notation, we will denote the class produced from this construction by

[D] ∈ K−n(C∗(Q,P ;Z/kZ)).

Definition 3.76. Using the notation of the previous paragraph, we define the analytic

index of D to be the image of [D] under the map on K-homology induced by the map

which collapses Q to a point. That is, the analytic index of D is defined to be c∗([D])

where c : C∗(pt;Z/kZ)→ C∗(Q,P ;Z/kZ) was defined above in Equation 3.10.

Remark 3.77. One of the advantages of Rosenberg’s definition is that we have

formed a class in K−p(C∗(Q,P ;Z/kZ)). To define a map between analytic and

geometric K-homology with coefficients, we will need to pull-back this class from

K−p(C∗(Q,P ;Z/kZ)) to Kana
p (X;Z/kZ).

3.3.1 Isomorphism between geometric and analytic K-homology

with coefficients

We now define the map between cycles which will lead to an isomorphism be-

tween analytic and geometric K-homology with coefficients in Z/kZ. Given a Z/kZ-

cycle, we need to make sense of pulling back the class of the Dirac operator in

K∗(C∗(Q,P ;Z/kZ)) to a class in Kana
∗ (X;Z/kZ). To do so, we need to show that,

if f : (Q,P ) → X is a continuous map, then it induces a ∗-homomorphisms from

C(X) ⊗ C∗(pt,Z/kZ) to C∗(Q,P ;Z/kZ). We denote by f̃ ∗ the map induced on K-

homology by this ∗-homomorphism and then define the map between geometric and

analytic K-homology with coefficients in Z/kZ.

Definition 3.78. Given a continuous map, f : (Q,P )→ X, we define a ∗-homomorphism
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via

f̃ : C(X)⊗ C∗(pt;Z/kZ) → C∗(Q,P ;Z/kZ)

g ⊗ h 7→ h(0)f ∗Q(g)⊕ (f ∗P (g)⊗ h)

where we have denoted by f ∗Q and f ∗P the ∗-homomorphism induced by f |Q and f |P .

Note that we have also used Equation 3.8 and the fact that

C∗(pt;Z/kZ) ↪→ {g ∈ C0([0,∞),Mk) | g(0) diagonal }

Remark 3.79. In the case when X = pt, the ∗-homomorphism from Definition 3.78,

C⊗C∗(pt;Z/kZ)→ C∗(Q,P ;Z/kZ), is the same as the one defined in Equation 3.10.

(One must first identify C⊗ C∗(pt;Z/kZ) with C∗(pt;Z/kZ)).

Definition 3.80. Let X be a compact Hausdorff space. Let Φ be the map between

geometric Z/kZ-cycles and analytic Z/kZ-cycles defined by

((Q,P ), (E,F ), f) 7→ f̃ ∗([D(E,F )])

where [D(E,F )] is the class of the Dirac operator with coefficients in (E,F ) inK∗(C∗(Q,P ;Z/kZ))

and f̃ ∗ is the map on K-homology induced from f (see Definition 3.78).

We will deal with the well-definedness of this map on K-homology in a moment.

Assuming it is well-defined, we have the following.

Theorem 3.81. Let X be a finite CW-complex. Then the map

Φ : Kgeo
∗ (X;Z/kZ)→ Kana

∗ (X;Z/kZ)
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constructed in Definition 3.80 is an isomorphism.

Proof. We show only the K0-part of the relevant commutative diagram:

−−−→ Kgeo
0 (X) −−−→ Kgeo

0 (X) −−−→ Kgeo
0 (X;Z/kZ) −−−→y y yΦ

−−−→ Kana
0 (X) −−−→ Kana

0 (X) −−−→ Kana
0 (X;Z/kZ) −−−→

The result then follows using the Bockstein exact sequence, the fact that the map

between geometric and analytic K-homology is an isomorphism, and the Five Lemma.

Remark 3.82. If we proved that K∗(X;Z/kZ) is isomorphic to Kana
∗ (X;Z/kZ) via

Φ directly (i.e., without using the Bockstein exact sequence), then we could prove

the exactness of the Bockstein sequence for K∗(X;Z/kZ) using the coresponding

result for Kana
∗ (X;Z/kZ). This process would be analogous to the method used in

[14]. There, the isomorphism between geometric and analytic K-homology is used

to prove that Baum and Douglas’ geometric model for K-homology has a long exact

sequence.

We now return to the problem of proving the map, Φ, is well-defined. We must

show that the class in analyticK-homology is invariant under the equivalence relations

on the geometric Z/kZ-cycles. The proof for the disjoint union operation is trivial.

For vector bundle modification, we begin by proving the following result.

Theorem 3.83. Suppose we are given a spinc Z/kZ manifold,(Q,P ), a Z/kZ vector

bundle, (E,F ), over (Q,P ) and a spinc Z/kZ vector bundle, (W,V ), over (Q,P ),

which has even dimensional fibers. Then there is a natural map from C∗(Q,P ;Z/kZ)

to C∗(QW , P V ;Z/kZ) where (QW , P V ) denotes the vector bundle modification of (Q,P )

by (W,V ). Moreover, the class of Dirac operator on (QW , P V ) twisted by (EW , F V )

is mapped to the Dirac operator on (Q,P ) twisted by (E,F ).
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Proof. The natural map is induced from the projection map from QW to Q. We begin

by considering the manifold

N = Q ∪∂Q [0,∞)× ∂Q

We have that the bundle W extends from Q to N and denote by NW the vector

bundle modification of N by W . Based on Theorem 2.53 and Proposition 2.56, we

have that

π∗([DNW ]) = [DN ] ∈ Kn(C0(N))

where π denotes the projection map from NW → N . Moreover, both the classes in K-

homology and the map π respect the groupoid used in the construction of C∗-algebra

associated to a Z/kZ-manifold. Hence

π̃∗([D(QW ,PV )]) = [D(Q,P )] ∈ Kn(C∗(Q,P ;Z/kZ))

Corollary 3.84. Let X be a compact Hausdorff space, ((Q,P ), (E,F ), f) a Z/kZ-

cycle over X, and (W,V ) a spinc Z/kZ-vector bundle over (Q,P ) with even dimen-

sional fiber. Then, using the same notation as the previous theorem, we have that

f̃ ∗([D(E,F )]) = (f̃ ◦ π̃)∗([D(EW ,FV )])

Proof. Based on Definition 3.76, we have ∗-homomorphisms

f̃(Q,P ) : C(X)⊗ C∗(pt;Z/kZ)→ C∗(Q,P ;Z/kZ)

f̃(QW ,PV ) : C(X)⊗ C∗(pt;Z/kZ)→ C∗(QW , P V ;Z/kZ)
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Moreover,

f̃(Q,P ) ◦ π̃ = f̃(QW ,PV )

Based on Theorem 3.83, we then have

f̃ ∗(QW ,PV )([D(QW ,PV )]) = (f̃(Q,P ) ◦ π̃)∗([D(QW ,PV )])

= f̃ ∗(Q,P )([D(Q,P )])

This completes the proof that Φ respects vector bundle modification. The case of

Z/kZ-bordism is less clear; we give a detailed treatment in the next section.

3.3.2 Cobordism Invariance of the class f̃ ∗([DQ])

In this section, we prove that the f̃ ∗([D(Q,P )]) vanishes in Kana
∗ (X;Z/kZ) if the

cycle ((Q,P ), (E,F ), f) is a Z/kZ-boundary (in the sense of Definition 3.52). To

begin, we introduce groupoid C∗-algebras which are defined in a similar manner to

the C∗-algebra defined in the previous section (see the construction at the start of

Section 3.3). We then relate this construction to Rosenberg’s method described in

the previous section to give a proof of this section’s main result (Theorem 3.89).

To begin, recall that if ((Q,P ), (E,F ), f) is a Z/kZ-boundary, then we have the

following

∂Q̄ = Q ∪∂Q (kP̄ )

∂P̄ = P

Figure 3.8 illustrates this situation.
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Figure 3.8: Decomposition of ∂Q̄

Before beginning the proof in earnest, we discuss the proof of cobordism invariance

in the case of K-homology without coefficients (c.f. [13] or [14]). The proof proceeds

as follows. Let M̄ be a compact spinc-manifold with boundary and denote (as usual)

its boundary by ∂M and its interior by M . We have the following exact sequence of

C∗-algebras:

0→ C0(M)→ C(M̄)→ C(∂M)→ 0 (3.11)

Applying the analytic K-homology functor, we get the following long exact sequence.

Keven(C(∂M)) −−−→ Keven(C(M̄)) −−−→ Keven(C0(M))x y
Kodd(C0(M)) ←−−− Kodd(C(M̄)) ←−−− Kodd(C(∂M))

Moreover, assume we are given a continuous function, f : M̄ → X, where X is a

compact Hausdorff space. Let f̃ : C(X)→ C(M̄) and f̃ |∂M : C(X)→ C(∂M) denote

the ∗-homomorphisms induced from the continuous functions f and f |∂M . Moreover,

we denote the ∗-homomorphism, C(M̄)→ C(∂M), induced from the inclusion of ∂M

into M̄ by r. It follows that r ◦ f̃ = f̃ |∂M .
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We now consider (f̃ |∂M)∗([D∂M ]). We have that ∂[DM ] = [D∂M ] and hence

r∗([D∂M ]) = (r∗ ◦ ∂)[DM ] = 0

is zero by exactness. But then, based on the fact that the map induced from f factors

through the map K∗(C(∂M))→ K∗(C(M̄)), it follows that

(f̃ |∂M)∗([D∂M ]) = (r ◦ f̃)∗([D∂M ]) = f̃ ∗(r∗([D∂M ])) = 0

This proves the required cobordism invariance.

To generalize this proof to the Z/kZ-setting, we define two more C∗-algebras,

which will play the role of C0(M) and C(M̄). We let (Q̄, P̄ , π̃) be a Z/kZ-manifold

with boundary and denote its boundary by by (Q,P, π). We define the following

C∗-algebras.

C∗0(Q̄, P̄ , π̃) = {(f, g) ∈ C(Q̄)⊕ C0(P̄ × [0,∞),Mk)

| f |Q = 0 , g|P̄×{0} is diagonal and f |∂Q̄−int(Q) = g|P̄×{0}}

C∗(Q̄, P̄ , π̃) = {(f, g) ∈ C(Q̄)⊕ C0(P̄ × [0,∞),Mk)

| g|P̄×{0} is diagonal and f |∂Q̄−int(Q) = g|P̄×{0}}

We note that we must identify the diagonal of C(P̄ ,Mk) with the direct sum of

k-copies of C(P̄ ) ∼= C(Q̄ − int(Q)). We then have the following exact sequences

involving the above two C∗-algebras and the C∗-algebra of Rosenberg (see Section

3.3):

0→ C∗0(Q̄, P̄ , π̃)
i→ C∗(Q̄, P̄ , π̃)

r→ C∗(Q,P, π)→ 0 (3.12)
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where the ∗-homomorphism,

r : C∗(Q̄, P̄ , π̃)→ C∗(Q,P, π)

is given by restriction and the ∗-homomorphism,

i : C∗0(Q̄, P̄ , π̃)→ C∗(Q̄, P̄ , π̃)

is given by inclusion.

This exact sequence is the Z/kZ-version of the exact sequence

0→ C0(M)→ C(M̄)→ C(∂M)→ 0

In particular, we have the following.

Lemma 3.85. Let (W,Z, π̃) be a Z/kZ-manifold with boundary, (Q,P, π) and f :

(W,Z, π̃) → X be a continuous function into a compact Hausdorff space, X. Then

we have ∗-homomorphisms,

f̃ : C(X)⊗ C∗(pt;Z/kZ)→ C∗(Q̄, P̄ , π̃)

f̃ |(Q,P,π) : C(X)⊗ C∗(pt;Z/kZ)→ C∗(Q,P, π)

Moreover, using the notation of the previous paragraph, r ◦ f̃ = f̃ |(Q,P,π).

Proof. The homomorphisms are defined in a similar way to Definition 3.78. In fact,

the second homomorphism in the statement of the lemma is defined there. To be
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clear, the first homomorphism is defined by

f̃ : C(X)⊗ C∗(pt;Z/kZ) → C∗(Q̄, P̄ , π̃)

h⊗ r 7→ (h ◦ f)⊕ ((h ◦ f |P̄ )⊗ r)

Since the homomorphism between r : C∗(Q̄, P̄ , π̃) → C∗(Q,P, π) is also given by

restriction, we have the result.

Corollary 3.86. Let X be a compact Hausdorff space and ((Q,P ), (E,F ), f) be a

Z/kZ-cycle over X, which is the boundary of ((Q̄, P̄ ), (Ē, F̄ ), F ). Then the map

f̃ ∗ (see Definition 3.78) factors through the map induced from the inclusion of the

boundary. In other words, we have the following commutative diagram:

K∗(C∗(Q,P, π))

**UUUUUUUUUUUUUUUUU
// K∗(C∗(Q̄, P̄ , π̃))

��

K∗(C(X)⊗ C∗(pt;Z/kZ))

Definition 3.87. Let (Q̄, P̄ ) be a spinc Z/kZ-manifold with boundary. Denote its

boundary by (Q,P ). Moreover, let D be the Dirac operator on the open manifold

Q̄ ∪∂Q̄−Q (P̄ − P ) × [0,∞). Since this operator is equivariant with respect to the

groupoid which defines C∗0(Q̄, P̄ , π), it produces a class in the K-homology of this

C∗-algebra. We denote this K-homology class by

[D(Q̄,P̄ )] ∈ Kdim(Q̄)(C∗0(Q̄, P̄ , π))

It should be noted that the closure of Q̄ ∪∂Q̄−Q k(P̄ − P )× [0,∞) is a manifold with

corners so we must use a more general result (see [40] Proposition 5.3) to form the
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required class.

Theorem 3.88. Let (Q̄, P̄ ) be a spinc Z/kZ-manifold with boundary. Denote its

boundary by (Q,P ). Then we have that the class ∂[D(Q̄,P̄ )] = [D(Q,P )] where ∂ is the

boundary map associated to the exact sequence in Equation 3.12.

Proof. This follows by results in [40] which give the corresponding result in the case

of manifolds with corners. That is, we have that

∂[DN̄ ] = [DN ] ∈ K∗(C0(N))

where [DN̄ ] denotes the Dirac class in the K-homology of the open manifold Q̄∪∂Q̄−Q

k(P̄ −P )× [0,∞) and DN denote the Dirac class in the manifold Q∪∂Q× [0,∞). It

follows that the boundary map associated to the groupoid C∗-algebras also has this

property. That is, the statement of the theorem holds.

Theorem 3.89. If ((Q,P ), (E,F ), f) is a Z/kZ-cycle which is a boundary, then

f̃ ∗([D(Q,P ),(E,F )]) = 0 in K∗ana(C(X);Z/kZ)(= K∗(C(X)⊗ C∗(pt;Z/kZ))).

Proof. Denote by ((Q̄, P̄ ), (Ē, F̄ ), f̄) the cycle, which has boundary, ((Q,P ), (E,F ), f).

We have the following exact sequence relating the C∗-algebras associated to these ob-

jects:

0→ C∗0(Q̄, P̄ )
i→ C∗(Q̄, P̄ )

r→ C∗(Q,P )→ 0

Applying the analytic K-homology functor, we get a long exact sequence.

→ K∗(C∗0(Q̄, P̄ ))
∂→ K∗−1(C∗(Q,P ))

r∗→ K∗−1(C∗(Q̄, P̄ ))
i∗→ K∗−1(C∗0(Q̄, P̄ ))→

Based on Theorem 3.88 and exactness, we have that

0 = (r∗ ◦ ∂)([D(Q̄,P̄ ),(Ē,F̄ )]) = r∗([D(Q,P ),(E,F )])
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Moreover, using Corollary 3.86, we have that

f̃ ∗([D(Q,P ),(E,F )]) = F̃ ∗(r∗([D(Q,P ),(E,F )]) = 0

Remark 3.90. This completes the proof that the map (defined in 3.80) from our

geometric model for K-homology with coefficients in Z/kZ to the analytic model is

an isomorphism (i.e., Theorem 3.81).

3.4 Direct Limits and K∗(X ;G)

We now use direct limits and the geometric models for K∗(X;Z) and K∗(X;Z/kZ)

to produce geometric models for K-homology with more general coefficient groups.

The general idea of this section is similar to that of Chapter 13 of [45]. In particular,

we rely on the following two results from group theory.

Theorem 3.91. Every finitely generated abelian group is isomorphic to a group of

the form

Zk ⊕ (Z/n1Z) · · · ⊕ (Z/nrZ) (3.13)

for some non-negative integers k and r and natural numbers n1, . . . , nr.

Corollary 3.92. Every countable abelian group is isomorphic to an inductive limit

of groups of the form given in Equation 3.13.

Geometric models for groups of the form in Equation 3.13 can now be produced

using geometric cycles. For K(X;Zk), we use k-tuples of Baum-Douglas cycles and for

each Z/nsZ (s = 1, . . . , r), we use Z/nsZ-cycles. For inductive limits of groups of the

form required, we need to consider group homomorphisms between Z/nZ and Z/kZ.

Therefore, we need to construct maps which take Z/nZ-manifolds to Z/kZ-manifolds.
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We follow the construction in [41] to define the required maps. For any Z/kZ-cycle,

((Q,P ), (E,F ), f), and l ∈ N, we define rl((Q,P ), (E,F ), f) to be the Z/(l · k)Z-

cycle ((l ·Q,P ), (E,F ), f). Now for any Z/(l ·k)Z-cycle, ((Q,P ), (E,F ), f), we define

Rl((Q,P ), (E,F ), f) to be the Z/kZ-cycle defined by ((Q, l · P ), (E,F ), f). (The

observant reader will note that these maps are, in fact, only defined up to Z/kZ-

bordism.) Using these maps, we can define geometric models for K-homology with

coefficients in any countable abelian group. We show the details for a prototypical

example.

Example 3.93. Consider K∗(X;Q) and K∗(X;Q/Z). We use the following inductive

limits,

Q/Z = lim
→

Z/kZ and Q = lim
→

Z

where the connecting maps are determined by multiplication by k. The geometric cy-

cles in the model forK∗(X;Q/Z) are therefore given by Z/kZ-cycles, ((Q,P ), (E,F ), f),

where k ≥ 2. The equivalence relation on these cycles is given by the Z/kZ-relations

for cycles with the same k and an additional relation induced by the maps in the

inductive limit. The cycles for K∗(X;Q) are Baum-Douglas cycles.

Theorem 3.94. The Bockstein sequence associated to the exact sequence of groups

0→ Z→ Q→ Q/Z→ 0

is of the form

K0(X)
c−−−→ K0(X;Q)

r−−−→ K0(X;Q/Z)xδ yδ
K1(X;Q/Z)

r←−−− K1(X;Q)
c←−−− K1(X)

where the maps are

1) c : K∗(X)→ K∗(X;Q) takes a cycle, (M,E, f), to itself considered as an element
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at the first level of the inductive limit for K∗(X;Q).

2) r : K∗(X;Q) → K∗(X;Q/Z) takes a cycle, (M,E, f), at the kth-level of the

inductive limit of K∗(M ;Q) to the Z/kZ-cycle, ((M, ∅), (E, ∅), f).

3) δ : K∗(X;Q/Z)→ K∗+1(X) maps the cycle, ((Q,P ), (E,F ), f), to (P, F, f).

Proof. We first prove that the maps are well-defined. That the map, c : K∗(X) →

K∗(X;Q), is well-defined is clear. The map, r : K∗(X;Q) → K∗(X;Q/Z), respects

the Z/kZ-relations, since it is defined in the same way as the map in the Bockstein

sequence for Z/kZ-coefficients. Thus, we need only check the inductive limit relations.

This follows from the following commutative diagram:

K∗(X)
l−−−→ K∗(X)yr yr

K∗(X;Z/kZ)
rl−−−→ K∗(X;Z/(l · k)Z)

where the map, l, denotes multiplication by l ∈ N. To check that

δ : K∗(X;Q/Z)→ K∗+1(X)

is well-defined is similar to the case of the map r. That is, the well-definedness of the

corresponding map in the Bockstein sequence for Z/kZ-coefficients implies it respects

the Z/kZ-relations. The inductive limit relation is similar.

Next, we show that the composition of any two maps in the sequence is zero. To be-

gin, it is clear that both (r◦c) and (δ◦r) are zero. We consider (c◦δ)((Q,P ), (E,F ), f) =

(P, F, f |P ), where (P, F, f |P ) is considered as an element at the first level of the in-

ductive limit for K∗(X;Q). Now, using the maps in the inductive limit, we have

that

(P, F, f |P ) ∼ k(P, F, f |P )

where k(P, F, f |P ) is an element in the kth-level of the inductive limit. But now
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k(P, F, f |P ) is the boundary of a Baum-Douglas cycle with boundary (namely (Q,E, f))

and hence (c ◦ δ) = 0.

Finally, we show that

ker(c) ⊆ im(δ)

ker(δ) ⊆ im(r)

ker(r) ⊆ im(c)

These follow using the exactness of the Bockstein sequence for Z/kZ-coefficients. For

example, to show that ker(c) ⊆ im(δ), let (M,V, g) be a Baum-Douglas cycle such

that c(M,V, g) = 0. Hence, for any k ∈ N, k(M,F, f) = 0 as an element in kth level

of the inductive limit of K∗(X;Q). By the exactness of the Bockstein sequence for

Z/kZ-coefficients, there exists Z/kZ-cycle, ((Q,P ), (E,F ), f) such that

δ((Q,P ), (E,F ), f) = [(P, F, f)] = [(M,V, g)]

Hence [(M,V, g)] is in the image of δ. The final two cases are similar.
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Chapter 4

Outlook

The theory Baum and Douglas developed to define geometric cycles in K-homology

has been generalized in many directions. A number of these generalizations should be

compatible with the theory developed in the previous chapter. In particular, it should

be possible to develop a relative theory using spinc Z/kZ-manifolds with boundary.

Given a CW -pair, (X, Y ), a cycle would be a triple, ((Q,P ), (E,F ), f), where (Q,P )

is a spinc Z/kZ-manifolds with boundary, ∂(Q,P ), (E,F ) is a vector bundle over it,

and f : (Q,P ) → X is a continuous map such that f(Y ) ⊆ ∂(Q,P ). The details

of this construction would then follow the same general lines as the work of Baum,

Douglas and Taylor (see [12], [13], etc). To put this generalization into context, one

would need to study boundary value problems for Z/kZ-manifolds. This, it seems to

the author, would be of independent interest.

One could also consider an equivariant version of Z/kZ-cycles. If we let G denote

a compact group, then Freed-Melrose index theory for Z/kZ-manifolds with an action

of G was developed in [25]. In this case, the index takes values in R(G)/kR(G), where

R(G) is the representation ring of G. For this theory, one would define a cycle as

before, only we would require compatibility with the group action (e.g., the map f
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would be equivariant).

Probably, the most effective way to generalize our theory is to consider an equiv-

ariant bivariant theory using correspondences (see [9], [21], and [23]; note that in

[9] correspondences are called bicycles). We hope to give a detailed treatment of

Z/kZ-correspondences in future work. If successful, this theory would include all

the generalizations discussed above. The Kasparov product of two correspondences

should involve Sullivan’s definition of the product of two Z/kZ-manifolds (see [41] or

[51]).

Finally, there are variants of cycles used by Baum and Douglas which lead to

the same K-homology groups. For example, in [37] and [38], cycles are of the form,

(M,S, f), where M is oriented manifold, S is a Clifford bundle, and f as before (i.e.,

a continuous map). These cycles are used to study the signature operator and η-

invariants. A model for Z/kZ coefficients should be possible using Z/kZ-cycles of a

similar form.
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