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ABSTRACT

In this thesis, multidimensional signal processing techniques to mitigate distur-

bances in synthetic aperture systems such as radio telescopes are investigated. Here,

two computationally efficient three-dimensional (3D) spatio-temporal (ST) finite im-

pulse response (FIR) cone filter bank structures are proposed. Furthermore, a strategy

is proposed to design 3D ST FIR frustum filter banks, having double-frustum-shaped

passbands oriented along the temporal axis, derived from appropriate 3D ST FIR

cone filter banks. Both types of cone and frustum filter banks are almost alias free

and provide near-perfect reconstruction. In the proposed cone and frustum filter

banks, both temporal and spatial filtering operations can be carried out at a sig-

nificantly lower rate compared to previously reported 3D ST FIR cone filter banks

implying lower power consumption. Furthermore, the proposed cone and frustum

filter banks require a significantly lower computational complexity than previously

reported 3D ST FIR cone and frustum filter banks. Importantly, this is achieved

without deteriorating the improvement in signal-to-interference-plus-noise ratio.

A theoretical analysis of brightness distribution (BD) errors caused by parameter

perturbations and mismatches among the transfer functions of receivers employed in

synthetic aperture systems is presented. First, the BD errors caused by perturbations

in the transfer functions of low noise amplifiers (LNAs) and anti-aliasing filters (AAFs)

are considered, and the characteristics of the additive BD error and its effects on

synthesized BDs are thoroughly analyzed. Second, the conditions that should be

satisfied by the transfer functions of digital beamformers to eliminate the BD errors

caused by their phase responses are examined. The sufficient condition to eliminate
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the BD errors is that the transfer functions are matched, and, interestingly, the phase

responses are not necessary to be linear. Furthermore, the BD errors caused by typical

tolerances of passive L and C elements used to implement the AAFs and those caused

by the random variations of gain from LNA to LNA are quantified through numerical

simulations. The simulations indicate that substantial BD errors are observed at

frequencies that are close to the passband edge of the AAFs.
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Chapter 1

Introduction

Multidimensional signal processing techniques are employed in such fields as wire-

less communications, image processing, video processing and directional audio sys-

tems [1][2][3][4][5]. Recently, these techniques are considered to be employed in the

development of the next generation radio telescopes such as the Square Kilometre Ar-

ray (SKA) [6][7][8][9] to meet the unprecedented technical challenges. The SKA will

be an ultrasensitive aperture synthesis radio telescope that is to be built to expose the

most important phenomena in the Universe that cannot be successfully investigated

with the current generation radio telescopes. As the name itself implies, the SKA will

have an aggregate collecting area of up to 106 m2 or 1 km2 spread over an area about

3000 km in extent, and will facilitate for observations over the radio frequency band

from 70 MHz to 30 GHz [6]. Figure 1.1 illustrates an artist’s impression of the core

of a provisional array configuration (in the form of a log-spiral with a dense core) of

the SKA.

The five SKA Key Science Programs, goals of which are: probing the dark ages;

studies of galaxy evolution, cosmology and dark energy; studies of the origin and

evolution of cosmic magnetism; strong field tests of gravity using pulsars and black

holes to verify the general theory of relativity; and search for the cradle of life, have

been recognized as observations that are necessary to make fundamental progress

in currently unanswered questions in fundamental physics or astrophysics [10]. To

facilitate these programs, the SKA will need to provide unprecedented sensitivities,

survey speeds and angular resolutions [11](pp. 20). In addition to the five SKA Key

Science Programs, the design and development of the SKA have Exploration of the

Unknown as a philosophy, and it has been included as the sixth SKA Key Science

Program to address outstanding questions in the period 2020–2050 and beyond, many
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Figure 1.1: An artist’s impression of the core of the SKA (Created by - Xilostudios,
Source - http://www.jb.man.ac.uk/∼pulsar/)

of which are probably not even known today [7][11](pp. 16).

For the SKA Key Science Programs that require observations at frequencies below

∼1.5 GHz, survey speed is a key specification and prefers antenna designs with large

instantaneous fields of view (FoVs) [6]. For the so-called lower mid-band of the SKA

(0.5–1.5 GHz), dense aperture arrays (DAAs) and focal plane arrays (FPAs) mounted

on the focal planes of paraboloidal reflectors are considered as a means of expanding

the instantaneous FoV [6][7][8][11](pp. 31–35). In general, DAAs and FPAs are com-

prised of closely packed wavelength-scale broadband (BB) elemental antennas such

as Vivaldi antennas [12]. Research and development of DAAs and FPAs have been

carried out in a number of pathfinder projects of the SKA. For example, DAAs are

employed in the Thousand Element Array (THEA) [13][14] and Electronic Multi-

Beam Radio Astronomy Concept (EMBRACE) [15][16] demonstrators being carried

out in Europe. Counterpart demonstrators that employ FPAs are: the Phased-Array

Feed Demonstrator (PHAD) [17][18][19] and the Advanced Focal Array Demonstra-

tor (AFAD) [20] in Canada, the Aperture Tile In Focus (APERTIF) [21][22] in the

Netherlands and the Australian Square Kilometre Array Pathfinder (ASKAP) [23][24]

in Australia. Figures 1.2(a) and 1.2(b) show four THEA tiles and PHAD, respectively.

In addition to contribution for the SKA, FPAs are being considered to retrofit exist-
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(a) (b)

Figure 1.2: (a) Four THEA tiles each of which consists of 64 Vivaldi antennas (Source
- http://www.astron.nl/r-d-laboratory/ska/thea/thea) (b) PHAD, which consists of
180 Vivaldi antennas, undergoing tests in an indoor antenna test facility (Source -
http://www.nrc-cnrc.gc.ca/eng/projects/hia/phased-array.html).

ing large radio telescopes to increase survey speeds, e.g., the APERTIF demonstrator

for the Westerbork Synthesis Radio Telescope (WSRT) [22][25].

Each elemental antenna in a DAA or an FPA is connected to an LNA and the

output of each LNA is subjected to analog preprocessing prior to analog-to-digital

conversion and subsequent digital signal processing. Because of small random per-

turbations and tolerances in elemental-antenna and circuit parameters, the transfer

functions of elemental antennas in DAAs and FPAs and the transfer functions of

receivers connected to them are slightly mismatched. In [26][27][28][29][30][31], the

impact of non-idealities in the receiver subsystem and that of mismatches and mu-

tual coupling in the antenna subsystem on the performance are thoroughly analyzed

for aperture synthesis interferometric radiometers used in remote sensing [32]. In the

context of aperture synthesis radio telescopes, Thompson and D’Addario [33] have

analyzed and estimated loss in sensitivity and the introduction of errors in the cal-

ibration procedure due to various non-idealities and mismatches in radio frequency

(RF) and intermediate frequency (IF) amplifiers and transmission lines and due to

delay errors for the Very Large Array (VLA) radio telescope [34]. Nonetheless, there

appears to be little analytical information in the literature about how parameter pertur-

bations and mismatches among the LNAs and anti-aliasing filters (AAFs) employed

in analog receiver channels impact upon the brightness distribution (BD) of a synthe-

sized image. Although BD errors due to those non-idealities and mismatches may be
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mostly eliminated through calibration techniques [35](chs. 10 and 11)[36](ch. 9), it is

important to understand their characteristics for proper and efficient usage of these

techniques.

The main figure of merit that indicates the performance of a radio telescope is the

system sensitivity, which is defined as [9]

Ssys ,
Ae

Tsys

, (1.1)

where Ae is the effective collecting area (m2) and Tsys is the system-equivalent noise

temperature (K), which is given by the sum of the equivalent temperatures of thermal

noise of the antennas, LNAs and the rest of the receiver, radio frequency interfering

(RFI) signals, atmosphere noise, and cosmic background noise [37](ch. 2). In fact, the

system sensitivity is an indicator of the strength of the weakest, unresolved (point-like)

source that can be detected in a given observing time [6]. Furthermore, the survey

speed figure of merit of a radio telescope is proportional to (Ae/Tsys)
2 [6]. Obviously,

if Tsys can be reduced, Ae can be reduced without degrading the system sensitivity and

the survey speed. Therefore, the number of antennas necessary to achieve a given

system sensitivity and a given survey speed is reduced. Alternatively, for a given Ae,

the system sensitivity and the survey speed can be increased by reducing Tsys.

The design and construction of the SKA involve technical as well as economical

challenges. A number of research and development teams around the world have

been working on several areas to develop new algorithms and techniques in number

of areas [7][9][11]. In the context of signal processing, with the emergence of DAAs

and FPAs, three-dimensional (3D) spatio-temporal (ST) cone and frustum filters have

been proposed to employ in radio astronomy applications as a means to improve the

system sensitivity and survey speed of radio telescopes by attenuating terrestrial RFI

signals and various types of noise signals [38][39][40][41][42][43][44](ch. 5). In contrast

to previously reported techniques [45][46][47][48][49][50][51][52], which are mostly suit-

able for processing of temporally narrowband signals, the ST filtering approach with

cone and frustum filters is inherently capable of processing temporally BB signals,

which is often the case of signals of interest (SOIs) for the SKA. Furthermore, this

led to satisfactory results with respect to the improvement in signal-to-interference-

plus-noise ratio (SINR), but tends to be computationally intensive. Consequently,

much research and development effort is necessary to reduce the computational com-

plexity of cone and frustum filters to a satisfactory level to make them feasible to be
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employed in the SKA as well as other applications such as wireless communications.

1.1 Contributions of the Thesis

In this thesis, two computationally efficient 3D ST FIR cone filter bank structures are

proposed following [3][53] to improve the computational efficiency of the 3D ST FIR

cone filter bank structure proposed in [38](ch. 5.5)[39]. Furthermore, we extend this

approach to design 3D ST FIR frustum filter banks, having double-frustum-shaped

passbands oriented along the temporal axis, from the proposed 3D ST FIR cone filter

banks without compromising the computational efficiency. Both types of cone and

frustum filter banks are almost alias free and provide near-perfect reconstruction. In

the proposed cone and frustum filter banks, both temporal and spatial filtering oper-

ations can be carried out at a significantly lower rate compared to the original cone

filter bank implying lower power consumption. Furthermore, it is numerically con-

firmed that the proposed cone and frustum filter banks provide a significant reduction

of the computational complexity without deteriorating the improvement in SINR by

means of illustrative examples involving the attenuation of strong BB terrestrial RFI

signals received by DAAs and FPAs.

The other contribution of the thesis is a theoretical analysis of BD errors caused by

parameter perturbations and mismatches among the ideally-matched transfer func-

tions of receivers employed in synthetic aperture systems. For simplicity, we consider

one-dimensional (1D) aperture synthesis with a synthetic aperture system consist-

ing of 1D dense linear arrays (DLAs), which mimic the 1D version of more general

two-dimensional (2D) DAAs. However, the extension of the analysis from 1D to 2D

aperture synthesis is straightforward. The analysis is mainly divided into two parts.

First, we consider the BD errors caused by perturbations in the transfer functions of

LNAs and AAFs. For LNAs and AAFs, those perturbations are primarily caused by

process variations in manufacturing [54][55] and typical element tolerances [56](ch.

7), respectively. Here, we present a detailed analysis of characteristics of the addi-

tive BD error and its effects on the synthesized BD under three cases: completely

matched, partially matched and unmatched transfer functions of the LNAs and AAFs.

Second, we examine the conditions under which the BD errors caused by the phase

responses of 2D beamformers vanish. Here, we show that the sufficient condition to

vanish the BD errors due to the phase responses is that the transfer functions of the

2D beamformers are matched and the phase responses are not necessary to be linear.
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This important result suggests an interesting potential application for infinite impulse

response (IIR) beamformers because they are arithmetically- and hardware-wise less

complex than finite impulse response (FIR) counterparts. Furthermore, a numerical

study of the BD errors due to the typical tolerances of the passive L and C elements

used to implement the AAFs and due to the variation of gain from LNA to LNA is

presented. The percentage error of the synthesized BDs for the partially matched and

unmatched cases is substantial at frequencies near the passband edge of the AAFs.

The variation of the percentage error due to the random variations of the gains of the

LNAs is random and entirely depends on the additive perturbations for both partially

matched and unmatched cases. Furthermore, the maximum percentage error due to

the typical tolerances of passive L and C elements of AAFs is greater than that due

to the random variations of the gains of the LNAs.

1.2 Outline of the Thesis

The rest of the thesis is organized as follows. In Chapter 2, ST modeling and analog

preprocessing of the signals on DAAs and FPAs are reviewed. In Section 2.2, ST

modeling and the spectra of SOIs and RFI signals received by DAAs and FPAs are

discussed. In Section 2.3, spatial sampling of SOIs and RFI signals and the finite

aperture effect are reviewed. Analog preprocessing and temporal sampling of DAA

and FPA signals are discussed in Section 2.4.

In Chapter 3, two computationally efficient 3D ST FIR cone filter bank structures

are presented. In Section 3.2, a review of the 3D cone filter bank structure proposed

in [38](ch. 5.5)[39] is presented. Next, the proposed computationally efficient cone

filter bank structures are described in Sections 3.3 and 3.4. Then, the strategy that

can be used to design the 3D ST FIR frustum filter banks from the respective 3D ST

FIR cone filter banks without compromising the computational efficiency is described

in Section 3.5. In Section 3.6, performance of the proposed filter bank structures,

in terms of the achievable improvement in SINR and computational complexity, is

compared with the performance of the original filter bank structure.

In Chapter 4, BD errors caused by parameter perturbations and mismatches

among the transfer functions of receivers employed in synthetic aperture systems

are examined. In Section 4.2, an idealized model of a 2D synthetic aperture system

is reviewed. The theoretical analysis of BD errors caused by perturbations in the

receiver transfer functions is presented in Section 4.3. In Section 4.4, the BD errors
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caused by the typical tolerances of passive L and C elements used to implement LC

AAFs and the random variations of gain from LNA to LNA are numerically studied.

Finally, in Chapter 5, concluding remarks and future work are presented.
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Chapter 2

Spatio-Temporal Modeling and

Analog Preprocessing of Signals on

Dense Aperture Arrays and Focal

Plane Arrays

2.1 Introduction

In this chapter, ST modeling and analog preprocessing of signals on DAAs and FPAs

are reviewed. We mainly consider SOIs emanating from cosmic sources and natural

or artificial terrestrial RFI signals. Cosmic SOIs are generated by natural processes

such as the synchrotron mechanism, in which high-energy electrons in magnetic fields

radiate as a result of their orbital motion [35](ch. 1.2). Terrestrial RFI signals mainly

consist of electromagnetic (EM) radiation from the electronic systems within the

sites of radio telescopes themselves and from commercial broadcasting and wireless

communication transmissions [38](ch. 3.2)[40].

The organization of the chapter is as follows. In Section 2.2, ST modeling and

the spectra of SOIs and RFI signals received by DAAs and FPAs are discussed. In

Section 2.3, spatial sampling of SOIs and RFI signals and the finite aperture effect are

reviewed. Analog preprocessing and temporal sampling of DAA and FPA signals are

discussed in Section 2.4. Finally, summary of the chapter is presented in Section 2.5.
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2.2 Spatio-Temporal Modeling and the Spectra of

Signals of Interest and Terrestrial Radio Fre-

quency Interfering Signals Received by DAAs

and FPAs

The wavefronts of a propagating EM wave emanating from a point source in the far

field effectively lie in planes as shown in Figure 2.1. Therefore, over a finite area, the

EM wave can be very closely approximated as a four-dimensional (4D) continuous-

domain (CD) spatio-temporal1 (ST) plane wave (PW) [57]. This ST PW approxima-

tion can be used to model the signals of interest (SOIs) coming from cosmic sources

of very small angular diameter on the surface of the Earth [58](pp. 296)[35](pp. 16)

and natural or artificial terrestrial RFI signals received by DAAs and FPAs [38](ch.

3.2)[40].

An ideal 4D CD ST PW can be expressed in the form

pw4C(x, y, z, ct) = wC(dxx+ dyy + dzz + ct), (2.1)

where d̂ = [dx dy dz]
T is the unit vector that specifies the direction of arrival (DOA)

in the 3D space (x, y, z) ∈ R
3, t ∈ R is the time, c is the constant speed of propagation

and wC(s)| ∀ s = dxx+dyy+dzz+ct ∈ R is the 1D temporal function that describes

the amplitude of the wavefronts in the DOA [4]. Note that pw4C(x, y, z, ct) is assumed

to be a mono polarized wave, hence, it is treated as a scalar quantity. As shown in

Figure 2.1, the DOA can also be specified in terms of the inclination angle θ and

azimuth angle φ, such that

[dx dy dz]
T ≡ [sin(θ) cos(φ) sin(θ) sin(φ) cos(θ)]T, (2.2)

where θ ∈ [0◦, 180◦] and φ ∈ [0◦, 360◦).

1A spatio-temporal signal is a multidimensional signal that is a function of at least one spatial
dimension in the 3D space and one temporal dimension. The term “temporal” indicates time or a
dimension proportional to time.
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Figure 2.1: A propagating EM wave emanating from a point source in the far field,
where the unit vector d̂ = [dx dy dz]

T specifies the DOA. Note that the direction of

d̂ is opposite to the direction of propagation.

2.2.1 Spatio-Temporal Plane Waves Observed on the z = 0

Plane and Their CD Spectra

Let us consider the case illustrated in Figure 2.2 (a), where a 4D CD ST PW prop-

agating in the 3D space is observed on the z = 0 plane. Then, the resulting 3D CD

ST PW pw3C(x, y, ct) can be expressed in the form

pw3C(x, y, ct) = pw4C(x, y, 0, ct)

= wC(dxx+ dyy + ct). (2.3)
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The 3D continuous-domain Fourier transform (CDFT) of pw3C(x, y, ct) is given by [38]

(ch. 3.4)[40][44](ch. 2.3.2)

PW3C(Ωx,Ωy,Ωct) = WC(Ωct)δ(Ωx − sin(θ) cos(φ)Ωct)δ(Ωy − sin(θ) sin(φ)Ωct),

(2.4)

where (Ωx,Ωy,Ωct) ∈ R
3, WC(Ωct) is the 1D CDFT of wC(ct) and δ(·) is the 1D

CD impulse function. Note that Ωct = Ωt/c, and the units of Ωct and Ωt are rad/m

and rad/s, respectively. The region of support2 (ROS) of PW3C(Ωx,Ωy,Ωct) lies on a

straight line [4] going through the origin of the 3D frequency space [60]. This straight

line corresponds to the line of intersection of the two 3D planes Ωx−sin(θ) cos(φ)Ωct =

0 and Ωy − sin(θ) sin(φ)Ωct = 0. The angle α between the straight line and the Ωct

axis and the angle β between the projection of the straight line onto the plane Ωct = 0

and the Ωx axis, shown in Figure 2.2 (b), are given by [38](ch. 3.4)[40][44](ch. 2.3.2)

α = tan−1(sin(θ)) (2.5a)

β = φ. (2.5b)

The ROS of PW3C(Ωx,Ωy,Ωct) depends on the frequency content of wC(ct) and oc-

cupies a segment(s) on the straight line. For example, the ROS is comprised of two

distinct straight line segments for a 3D ST bandpass PW as shown in Figure 2.2 (b).

In the case of a purely monochromatic signal, the ROS becomes two points in the 3D

frequency space.

In the case of a radio telescope located on the Earth, the observable space is

the upper hemisphere; Therefore, the range of θ is effectively limited to [0◦, 90◦].

According to Equations (2.5a) and (2.5b), the ROSs of all possible 3D ST PWs for

θ ∈ [0◦, 90◦] and φ ∈ [0◦, 360◦) lie on or inside the surface of a double-cone section

having a half-cone angle αmax = 45◦ [38](ch. 3.4)[40][44](ch. 2.3.2).

2.2.2 The Effect of Effective Fields of View of DAAs on the

ROSs of the Spectra of SOIs and RFI Signals

Ideally, the SOIs emanating from the cosmic sources in the entire upper hemisphere of

the visible sky can be observed by means of DAAs with the largest possible FoV with

2By definition, the region of support of a function is the region of its domain where the function
is defined to be nonzero [59](ch. 1).
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Figure 2.2: (a) A 4D CD ST PW pw4C(x, y, z, ct) observed on the z = 0 plane (b)
the ROS of PW3C(Ωx,Ωy,Ωct), the spectrum of the corresponding 3D CD ST PW
pw3C(x, y, ct). For a 3D ST bandpass PW, the ROS is comprised of two distinct
straight line segments.

θ ∈ [0◦, 90◦] and φ ∈ [0◦, 360◦) [40]. However, in practice, the effective FoV is limited

to the angular range θ ∈ [0◦, θDmax], where θDmax is the maximum inclination scan

angle of the DAA sky beam. This is due to the reduction of the effective aperture with

increased θ, ground clutter and terrestrial RFI signals arriving with inclination angles

θ > 80◦ [38](ch. 3)[40]. For example, θDmax corresponding to the FoVs to be achieved

with DAAs in the SKA phase 1 and phase 2 are 45◦ and 60◦, respectively [11](pp.

28). The corresponding αDmax are 35.3◦ and 40.9◦, respectively. For such FoVs,

ideally, the ROSs corresponding to the spectra of the SOIs and those corresponding to

the terrestrial RFI signals do not overlap as illustrated in Figure 2.3. This property

will be used to significantly attenuate the terrestrial RFI signals with low distortion

on the SOIs using 3D ST cone and frustum filters having double-cone-shaped and

double-frustum-shaped passbands, respectively, as will be shown in Chapter 3.

2.2.3 Dish-Reflected Broadband SOIs on the Focal Plane of

a Paraboloidal Reflector and Their CD Spectra

Here, the EM field on the focal plane of a paraboloidal reflector due to dish-reflected

BB ST PWs and its CD spectrum [40][44](ch. 3.2) is reviewed. For simplicity, a

circular-aperture prime-focus paraboloidal reflector [61](ch. 2) of focal length F and
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Figure 2.3: (a) Cosmic SOIs and RFI signals on a DAA. The terrestrial RFI signals
arrive the DAA with inclination angles θ > 80◦, and the effective FoV is given by
θ ∈ [0◦, θDmax] and φ ∈ [0◦, 360◦) [38](ch. 3)[40]. (b) The ROSs of the spectra of the
SOIs and terrestrial RFI signals in the 3D frequency space.
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Figure 2.4: The SOI induces surface currents on the inner-surface of the paraboloid
reflector, which in turn behave as point sources that radiate spherical wavefronts
towards the focal region.

diameter D is assumed. Let us consider the case where a BB ST PW SOI emanating

from a cosmic source in the broadside direction is received by a paraboloidal reflector

as shown in Figure 2.4. The SOI induces surface currents on the ideally conducting

inner-surface of the paraboloid reflector, which in turn behave as point sources that

radiate spherical wavefronts towards the focal region according to the “Huygens’

Principle” [61](ch. 3)[62](ch. 5). These spherical wave fronts can be approximated

as infinitesimal 3D ST PWs over a finite area around the focal point on the focal

plane [44](ch. 3.2). Consequently, the EM field fp3C(x, y, ct) over this area is formed
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by the superposition (i.e., diffraction interference) of such infinitesimal 3D ST PWs

which radiate from all points on the paraboloidal reflector; that is,

fp3C(x, y, ct) =
∑

θ

∑

φ

pwθ,φ
3C (x, y, ct), (2.6)

where pwθ,φ
3C (x, y, ct) is given by Equation (2.3), and θ and φ are, respectively, the in-

clination and azimuth angles of the point source with respect to the focal point [40][44]

(ch. 3.2). Furthermore, for all the point sources on the surface of the paraboloidal

reflector, the inclination angle varies over the range θ ∈ [0◦, θFmax], where θFmax is

the subtended angle3 of the paraboloidal reflector that is given by [63](ch. 15.4)

θFmax = tan−1

∣∣∣∣∣
1
2

(
F
D

)
(
F
D

)2 − 1
16

∣∣∣∣∣ , (2.7)

and the azimuth angle varies over the range φ ∈ [0◦, 360◦) [40][44](ch. 3.2). For

all combinations of θ and φ, the 1D wave-front signals wθ,φ
C (·) corresponding to

pwθ,φ
3C (x, y, ct) have almost identical magnitudes but different delays relative to the

impinging SOI [40]. Consequently, the radiated signal power is concentrated onto

regions of the focal plane [40] that are called focal spots [61](ch. 3.8)[63](ch. 15.4).

The focal spot corresponding to an SOI emanating from the broadside direction is

located at the focal point of the paraboloidal reflector [44](ch. 5.4).

To determine the ROS of the CD spectrum of fp3C(x, y, ct), we first write its 3D

CDFT as

FP3C(Ωx,Ωy,Ωct) =
∑

θ

∑

φ

PW θ,φ
3C (Ωx,Ωy,Ωct), (2.8)

where PW θ,φ
3C (Ωx,Ωy,Ωct) is the 3D CDFT of pwθ,φ

3C (x, y, ct). As discussed in Sec-

tion 2.2.1, the ROS of PW θ,φ
3C (Ωx,Ωy,Ωct) lies on a straight line going through the

origin of the 3D frequency space, and the orientation of the straight line is specified by

the angles α and β that depend on θ and φ, respectively, as given by Equations (2.5a)

and (2.5b), respectively. According to Equation (2.8), the ROS of FP3C(Ωx,Ωy,Ωct)

is given by the superposition of the ROSs of PW θ,φ
3C (Ωx,Ωy,Ωct) implying a solid

3Note that, θFmax is also referred to as the spill over angle [38] and the aperture half-angle [61](ch.
2).
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double-conic section having a half-cone angle [40][44](ch. 3.2)

αFmax = tan−1(sin(θFmax)). (2.9)

Note that, the paraboloidal reflectors proposed for the SKA have F/D ratio in the

range 0.4 to 0.6 [9] implying αFmax ∈ (35◦, 42◦).

2.2.4 The Effect of Effective Fields of View of FPAs on the

ROSs of the Spectra of SOIs and RFI Signals

As mentioned in the previous subsection, the focal spot corresponding to an SOI

emanating from the broadside direction is located at the focal point of the paraboloidal

reflector. However, in the case of an SOI emanating from a direction other than the

broadside direction, the position of the corresponding focal spot moves away from

the focal point, in the opposite direction to the direction of the SOI as it moves away

from the broadside direction [64], as illustrated in Figure 2.5(a). The effective FoV of

an FPA mounted on a paraboloidal reflector is determined by the dimensions of the

paraboloidal reflector and the size of the FPA [64]. For example, the effective FoV

of an FPA of size 1.8 × 1.8 m2 mounted on a paraboloidal reflector of focal length

6.75 m and diameter 15 m is a 5◦ × 5◦ square in the sky at 500 MHz [44](ch. 5.3).

Note that, in the case of FPAs, the effective FoVs are considerably lower compared to

those of DAAs. If the deviation of the DOA of an SOI from the broadside direction

is less than 3.5◦, the ROS of the spectrum of the corresponding EM field on the focal

plane is almost the same as the ROS of the spectrum of the EM field corresponding

to an SOI emanating from the broadside direction [44](ch. 3.2), i.e., a solid double-

conic section having a half-cone angle αFmax = tan−1(sin(θFmax). Similar to DAAs,

the terrestrial RFI signals are, in most cases, received by FPAs directly, i.e., without

being reflected from the paraboloidal reflector, with inclination angles θ > 75◦ [38](ch.

3)[40]. Consequently, the ROSs corresponding to the spectra of the SOIs and those

corresponding to the terrestrial RFI signals do not overlap under ideal conditions as

illustrated in Figure 2.5 (b). As in the case of DAAs, this property will be used

to significantly attenuate the terrestrial RFI signals with low distortion on the SOIs

using 3D ST cone and frustum filters having double-cone-shaped and double-frustum-

shaped passbands, respectively, as will be shown in Chapter 3.
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Figure 2.5: (a) Cosmic SOIs and RFI signals on an FPA. The terrestrial RFI signals
arrives the FPA with inclination angles θ > 75◦ [38](ch. 3)[40]. (b) The ROSs of the
spectra of the SOIs and terrestrial RFI signals in the 3D frequency space.

2.3 Spatial Sampling of SOIs and RFI Signals Re-

ceived by DAAs and FPAs

The elemental antennas of DAAs and FPAs are mostly arranged rectangularly [13][15]

[17][21] although other geometric arrangements such as hexagonal can also be em-

ployed [65]. In the following discussion, only the rectangular arrangement of the

elemental antennas is considered. According to the 2D sampling theorem [1](ch.

1.4)[2](ch. 2.1), the sampling distances along the x and y dimensions Tx and Ty,

respectively, should be chosen such that

Tx ≤ c

2max[fsoi]
(2.10a)

Ty ≤
c

2max[fsoi]
(2.10b)

to avoid spatial aliasing in the interested temporal frequency range of the SOIs, where

max[fsoi] is the maximum temporal frequency, measured in Hz, in the interested tem-

poral bandwidth. Note that max[fsoi] is not the maximum temporal frequency of the

SOIs but the maximum temporal frequency in the interested temporal bandwidth.

For example, if the bandwidth of the SOIs is 0.3–10 GHz and the interested temporal

bandwidth is 0.5–1.5 GHz, max[fsoi] = 1.5 GHz. In addition to the SOIs, the RFI

signals may contain temporal frequencies higher than max[fsoi]. The sections of spec-
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tra corresponding to the temporal frequencies higher than max[fsoi] are vulnerable

to spatial aliasing [44](ch. 2.6)[66](ch. 2.3.2). This is further discussed in the next

paragraph with the aid of the 3D mixed domain Fourier transform (MDFT).

The 3D ST signals at the outputs of the elemental antennas in the DAAs and

FPAs are 3D mixed domain (MD)(i.e., continuous in the temporal dimension and

discrete in the spatial dimension(s)) signals. The spatially sampled (by a DAA) 3D

MD ST PW corresponding to a 3D CD ST PW is defined by

pw3M(nx, ny, ct) = pw3C(nxTx, nyTy, ct)

= wC(dxnxTx + dynyTy + ct), (2.11)

where (nx, ny, ct) ∈ Z
2 × R. (At the moment, let us assume that the DAA has

an infinite number of elemental antennas that are arranged rectangularly, i.e., an

infinite-extent aperture.) The 3D MDFT of pw3M(nx, ny, ct) is defined by

PW3M(ωx, ωy,Ωct) ,
∞∑

nx=−∞

∞∑

nx=−∞

∞∫

ct=−∞

pw3M(nx, ny, ct) e
−j(ωxnx+ωyny+Ωctct) d(ct),

(2.12)

where (ωx, ωy,Ωct) ∈ R
3 [59](ch. 6). Note that, although the typical elemental

antennas employed in the DAAs and FPAs (such as Vivaldi antennas) are directional,

for simplicity of the analysis, we assume that the elemental antennas have isotropic

radiation patterns [63](ch. 2.2). Further, we ignore mutual coupling among the

elemental antennas. According to [1](ch. 1.4)[2](ch. 2.1), PW3M(ωx, ωy,Ωct) may be

expressed in the form

PW3M(ωx, ωy,Ωct) =
1

TxTy

∞∑

kx=−∞

∞∑

ky=−∞

PW3C

(
ωx − 2πkx

Tx

,
ωy − 2πky

Ty

,Ωct

)
,

(2.13)

where ωi = ΩiTi, i = x, y. Consequently, PW3M(ωx, ωy,Ωct) may be considered as a

periodic extension of PW3C

(
ωx

Tx
, ωy

Ty
,Ωct

)
on the Ωct = 0 plane with the periodicity

2π × 2π in the (ωx, ωy,Ωct) ∈ R
3 space. Furthermore, the ROS of PW3M(ωx, ωy,Ωct)

is the periodic extension of that of PW3C

(
ωx

Tx
, ωy

Ty
,Ωct

)
with the same periodicity.

Therefore, the ROSs of the MD spectra of two 3D ST PWs having frequencies higher

than max[fsoi] may overlap in the regions marked by hatching in Figure 2.6. Similar
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ωx or ωyO

Ωct

αDmax

45◦
(−2π, 0, 0)

or
(0,−2π, 0)

(2π, 0, 0)

(0, 2π, 0)(0, 0, 0)

or
αFmax

max[fsoi]

−max[fsoi]

or

Regions vulnerable to spatial aliasing

Regions vulnerable to spatial aliasing

Figure 2.6: Cross sections, on the ωx = 0 or ωy = 0 planes, of the ROSs of the
3D MDFTs of the SOIs and RFI signals received by a DAA or an FPA. The part,
corresponding to the interested temporal bandwidth, of the ROS of the 3D MDFT
of an SOI is within the two fan-shaped areas having half-width angles of αDmax and
αFmax for the DAA and FPA, respectively. The regions vulnerable to spatial aliasing
are marked by hatching [44](ch. 2.6)[66](ch. 2.3.2).

analysis can be applied to the SOIs and RFI signals received by an FPA although,

in this case, the SOIs are not 3D ST PWs. Nevertheless, this does not introduce any

distortion to the sections of the spectra of the SOIs corresponding to the interested

temporal bandwidth. Furthermore, almost all of spectra in the regions vulnerable to

spatial aliasing can be attenuated (to the level of the stopband gain) by employing

appropriate AAFs as shown in Section 2.4.

In the above discussion, we did not take the finite-extent aperture of the DAAs

and FPAs into account. Therefore, the ROSs of the 3D MDFTs of spatially sampled

signals have been considered as the periodic extensions of the ROSs of their 3D CDFT

counterparts on the Ωct = 0 plane without any distortion. However, with a finite-

extent aperture, as is always the case in real DAAs and FPAs, the ROSs of the 3D

MDFTs of spatially sampled signals are spread around the ideal ROSs along planes

parallel to the Ωct = 0 plane [38](ch. 3.4.2)[44](ch. 2.7). This is known as the finite

aperture effect and is briefly reviewed in the next subsection.
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2.3.1 The Finite Aperture Effect

Let us consider the case where a 4D CD ST PW is received by a DAA having (2Nx+

1)× (2Ny + 1), where Nx, Ny ∈ Z
+, elemental antennas arranged rectangularly with

the center at the origin. The 3D MD signal at the (2Nx + 1)× (2Ny + 1) outputs of

the elemental antennas, fpw3M(nx, ny, ct), may be expressed in the form

fpw3M(nx, ny, ct) = pw3M(nx, ny, ct)wn2Drec(nx, ny), (2.14)

where pw3M(nx, ny, ct) is the 3D MD signal corresponding to a hypothetical DAA

having an infinite number of elemental antennas arranged rectangularly, and the 2D

rectangular window wnrec(nx, ny) is defined by [1](pp. 119)[2](pp. 151)

wn2Drec(nx, ny) ,

{
1, |nx| ≤ Nx and |ny| ≤ Ny

0, otherwise.
(2.15)

According to [1](pp. 34)[2](pp. 21), Equation (2.14) can be written in terms of their

3D MDFTs as

FPW3M(ωx, ωy,Ωct) = PW3M(ωx, ωy,Ωct) ∗ ∗ ∗ [WN2Drec(ωx, ωy)δ(Ωct)], (2.16)

where ∗∗∗ denotes the 3D convolution, and WN2Drec(ωx, ωy) alone is the 2D discrete-

domain Fourier transform (DDFT) of wn2Drec(nx, ny). By using the relationships in

Equations (2.4) and (2.13), Equation (2.16) can be expressed as

FPW3M(ωx, ωy,Ωct) =
1

TxTy

∞∑

kx=−∞

∞∑

kx=−∞

WC(Ωct)

×WN2Drec(ωx − TxdxΩct − 2πkx, ωy − TydyΩct − 2πky),

(2.17)

where dx = sin(θ) cos(φ) and dy = sin(θ) sin(φ). It follows from Equation (2.17) that

the ROS of FPW3M(ωx, ωy,Ωct) is spread from the ideal straight lines along planes

parallel to the Ωct = 0 plane. The spreading is mainly determined by the 2D window

function, in this case, the 2D rectangular window wn2Drec(nx, ny).

In general, 2D windows are generated from their 1D counterparts [1](pp. 119)[2]

(pp. 151), hence, 2D windows inherit the properties of 1D counterparts. It is well

known that, in general, a 1D DDFT of a 1D window function has one main lobe
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and many decaying side lobes. The spreading of the ROS of FPW3M(ωx, ωy,Ωct) can

be described from these two properties. The 1D rectangular window provides the

narrowest main lobe for a given length [67](ch. 9.4). However, it exhibits higher and

slowly decaying side lobes compared to other typical window functions [67](ch. 9.4).

The magnitude of the 2D DDFT of the 2D rectangular window ((2Nx+1)×(2Ny+1) =

15× 15) is shown in Figure 2.7 (a). The higher and slowly decaying side lobes of the

2D rectangular window cause to leak some energy from the passband to the stopband

and vice versa. Further, these leakages even introduce spatial aliasing to the regions

that were originally free from spatial aliasing due to the periodic nature of the 3D

MDFT of FPW3M(ωx, ωy,Ωct). These leakages can be reduced by spatially weighting

the pw3M(nx, ny, ct) by an appropriate 2D window such as the 2D Hamming window at

the expense of a wider main lobe compared to that resulting from the 2D rectangular

window for the same spatial ROS as illustrated in Figures 2.7 and 2.8. The 2D

Hamming window ((2Nx + 1) × (2Ny + 1) = 15 × 15) is generated as a separable

window from its 1D counterpart [1](pp. 119)[2](pp. 151) as

wns,2DHam(nx, ny) , wnDHam(nx)wnDHam(ny), |nx| ≤ Nx and |ny| ≤ Ny,

(2.18)

where 1D Hamming window of length N is given by [67](ch. 9.4)

wnDHam(n) ,

{
0.54 + 0.46 cos 2πn

N−1
, |n| ≤ N−1

2

0, otherwise.
(2.19)

It is important to take these spectral spreading and leakages into account while

designing the 3D ST cone and frustum filters. That is, for example, for DAAs, we

may need to employ a cone filter having a little-wider double-cone-shaped passband

than that determined by the half-cone angle αDmax to encompass the main lobes of

the ROSs of the SOIs that lie close to the surface of the double-cone section having

a half-cone angle αDmax.
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Figure 2.7: (a) Magnitude of the 2D DDFT of the 2D rectangular window
wn2Drec(nx, ny), (2Nx + 1) × (2Ny + 1) = 15 × 15 (b) a slice at ωy = 0 (c) a slice at
ωx = 0.
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Figure 2.8: (a) Magnitude of the 2D DDFT of the 2D Hamming window
wns,2DHam(nx, ny), (2Nx + 1) × (2Ny + 1) = 15 × 15 (b) a slice at ωy = 0 (c) a
slice at ωx = 0.

2.4 Analog Preprocessing and Temporal Sampling

of DAA and FPA Signals

In this section, analog preprocessing and temporal sampling of DAA and FPA signals

are briefly reviewed. A typical analog preprocessing system that can be employed in

DAA and FPA receivers is shown in Figure 2.9. Here, in the temporal dimension,

direct sampling, i.e., without down conversion, is employed because, for the SKA lower

mid-band (0.5–1.5 GHz), it is expected that direct sampling will be more economical

by the time of the construction of the SKA [68], with the ever decreasing cost of
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Vivaldi antennas

DAA/FPA consiting of

LNA AAF

Analog preprocessing system

ADC

Figure 2.9: Typical analog preprocessing system that can be employed in DAA and
FPA receivers.

digital signal processing and the emergence of time-based analog-to-digital converters

(ADCs) [69][70][71][72].

First, the photonic responses from the elemental antennas are amplified by an

array of LNAs. In addition to the amplified photonic responses for the SOIs and

RFIs, the output signals of the LNAs contain receiver noise, which mainly consists

of the thermal noise generated in the LNAs and due to the ohmic resistance in the

elemental antennas [37](ch. 2). The power spectral density of the receiver noise may

be assumed to be uniform in the 3D frequency space.

The output signals of the LNAs are then filtered with analog AAFs having lowpass

frequency responses to reduce aliasing in the temporal dimension after sampling. The

passband edge of the AAFs may be selected as max[fsoi]. Note that, after filtering

with AAFs, almost all of the spectra in the regions vulnerable to spatial aliasing (see

Figure 2.6) are attenuated to the level of the stopband gain. The anti-alias-filtered

signals are then analog-to-digital converted by an array of synchronous ADCs. The

temporal sampling frequency ft,S should be greater than or equal to twice the stopband

edge of the AAFs in order to alleviate significant aliasing in the temporal dimension.

The effects of the analog preprocessing on the SOIs and, in particular, BD errors

generated by perturbations and mismatches among the LNAs and AAFs are discussed

in detail in Chapter 4.
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2.5 Summary

Both SOIs and terrestrial RFI signals received by the DAAs may be modeled as 3D

CD ST PWs. The ROS of the spectrum of a 3D CD ST PW lies on a straight line

going through the origin of the 3D CD frequency space. In practice, the effective FoV

of a DAA is limited to an angular range θ ∈ [0◦, θDmax], where θDmax is the maximum

inclination scan angle of the DAA sky beam. The terrestrial RFI signals are received

by the DAAs with inclination angles θ > 80◦. The ROSs of the spectra of the SOIs

having DOAs inside the FoV of a DAA occupy a double-cone-shaped volume having

a half-cone angle tan−1(sin(θDmax)) whereas those of the terrestrial RFI signals lie on

or close to the surface of a double cone having a half-cone angle 45◦.

The EM field on the focal plane of a paraboloidal reflector due to dish-reflected BB

SOIs can be obtained by means of the “Huygens’ Principle”. The FoV of a typical FPA

mounted on a paraboloidal reflector is limited to a few square degrees. For such a FoV,

the ROSs of the spectra of the focal fields due to the dish-reflected BB SOIs occupy

a double-cone-shaped volume having a half-cone angle αFmax = tan−1(sin(θFmax)).

Similar to the terrestrial RFI signals received by the DAAs, most of the terrestrial

RFI signals are received by the FPAs directly with inclination angles θ > 75◦, and

they may be modeled as 3D CD ST PWs. Consequently, the ROSs of the spectra of

the terrestrial RFIs lie on or close to the surface of a double cone having a half-cone

angle 45◦.

The elemental antennas of a DAA or an FPA spatially sample the SOIs and RFI

signals. Under an ideal infinite-extent aperture, spatial aliasing in the interested tem-

poral frequency range can be avoided by choosing sufficiently short uniform sampling

distances along both spatial dimensions. In the case of real DAAs and FPAs which

have finite-extent apertures, the ROSs of the MD spectra of the spatially sampled

signals are spread around the ideal ROSs along planes parallel to the Ωct = 0 plane.

This causes to leak some energy from the passband to the stopband and vice versa.

These leakages can be reduced by spatially weighting the spatially sampled signals

by an appropriate 2D window at the expense of wider main lobes.

In the analog preprocessing system, the photonic responses from the elemental

antennas of a DAA or an FPA are first amplified by an array of LNAs before filtering

with AAFs. The anti-alias-filtered signals are then analog-to-digital converted by an

array of synchronous ADCs. Aliasing in the temporal dimension can be significantly

reduced by choosing a temporal frequency that is greater than or equal to twice the
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stopband edge of the AAFs as the temporal sampling frequency.
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Chapter 3

Computationally Efficient 3D

Spatio-Temporal FIR Cone and

Frustum Filter Banks

3.1 Introduction

Three-dimensional ST cone filters can be employed in such fields as wireless commu-

nications, biomedical imaging, seismic imaging and directional audio systems [3][4]

[5][73][74]. In applications of these fields, desired ST PW SOIs are enhanced based on

their DOAs while attenuating undesired signals such as other ST PWs having DOAs

that differ from those of the SOIs and noise [4]. Recently, with the emergence of

DAAs and FPAs, 3D ST cone and frustum filters have been proposed for radio as-

tronomy applications as a means to improve the system sensitivity and survey speed

of radio telescopes by attenuating terrestrial RFI signals and various types of noise

signals [38][39][40][41][42][43][44](ch. 5).

A variety of design methods proposed for designing 3D cone filters can be found

in the literature. In [5], the cone-shaped passband is approximated by cascading

two 2D fan filters having wedge-shaped passbands, with different orientations, in

the 3D frequency space. The same approach has been utilized in [75] using struc-

turally passive 2D recursive fan filters. Optimization techniques have been employed

in [76][77][78], and symmetries in the frequency response of a cone filter have been

exploited to reduced the number of parameters to be optimized. Zervakis and Venet-

sanopoulos [79][80] proposed a method based on the coefficient transformation of 2D
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circularly symmetric filters. Furthermore, a closed form design method for recursive

cone filters that are realized from passive 3D wave digital filters has been proposed

in [81]. Another method based on numerical optimization has been proposed in [74].

A number of filter bank approaches that yield closed form approximations for the

3D transfer functions of cone filters have been reported in [3][53][4][73][82]. In par-

ticular, a computationally efficient DFT-polyphase filter bank structure is employed

in [3][53]. Moreover, in [83] and, recently, in [84][85], cone filter design methods

based on the McClellan transform have been proposed. Recently, Gunaratne and

Bruton [40] proposed a non-separable FIR cone filter design method based on the

well known windowing technique.

In [38](ch. 5.5)[39], a 3D ST FIR cone filter bank structure has been proposed es-

pecially for radio astronomy applications. As in [3][53][4][73], the double-cone-shaped

passband is approximated by cascading a sufficient number of disc-shaped passbands

having uniform height and appropriate radii. In contrast to previously reported tech-

niques [45][46][47][48][49][50][51][52] which are mostly suitable for processing of tem-

porally narrowband signals, the ST filtering approach with cone filters is inherently

capable of processing temporally BB signals. This approach led to satisfactory results

with respect to the improvement in SINR, but tends to be computationally intensive.

In fact, the computational complexity is approximately proportional to the number

of bands. However, downsampling in the temporal dimension can be exploited to

significantly reduce the computational complexity without loss in the achievable im-

provement in SINR. In such a case, the computational complexity becomes almost

independent of the number of bands.

Following [3][53], in this chapter, we propose two computationally efficient 3D

cone filter bank structures to improve the computational efficiency of 3D cone filter

banks. Furthermore, we extend this approach to design 3D frustum filter banks hav-

ing double-frustum-shaped passbands oriented along the temporal axis. Next, it is

confirmed numerically that the proposed 3D frustum filter banks provide a signifi-

cant reduction of the computational complexity compared to the original filter bank

without deteriorating the improvement in SINR. Early work of these improvements

and extensions has been published in [42].

The organization of the chapter is as follows. In Section 3.2, a review of the 3D

cone filter bank structure proposed in [38](ch. 5.5)[39] is presented. Next, compu-

tationally efficient 3D DFT-polyphase and modified DFT-polyphase cone filter bank

structures are described in Sections 3.3 and 3.4, respectively. Then, a strategy that



27

can be used to design 3D frustum filter banks from computationally efficient 3D cone

filter banks without compromising the computational efficiency is described in Sec-

tion 3.5. In Section 3.6, performance of the proposed filter bank structures, in terms of

the achievable improvement in SINR and the computational complexity, is compared

with the performance of the original filter bank structure with the aid of illustrative

examples. Finally, summary of the chapter is presented in Section 3.7.

3.2 A Review of Undecimated 3D ST FIR Cone

Filter Bank Structure

The 3D ST FIR cone filter bank structure proposed in [38](ch. 5.5)[39] is shown

in Figure 3.1 (a). We refer to this cone filter bank as undecimated cone filter bank

throughout this chapter. Each subband of the undecimated cone filter bank is com-

prised of a 1D temporal linear-phase causal FIR bandpass filter, Uk(zct), in cascade

with a 2D spatial circularly symmetric zero-phase FIR lowpass filter, Vk(zx, zy), where

k = 0, 1, . . . , L − 1, (zx, zy, zct) ∈ C
3 and L ∈ Z

+ is the number of real bands. Here,

we use the word “real” to emphasize that the transfer functions of all the 1D temporal

filters have real-valued coefficients, and, hence they possess even symmetry. Further,

each subband approximates a double-disc-shaped passband having an appropriate

radius and a height of π/L. The double-cone-shaped passband oriented along the

ωct axis is approximated by cascading those L double-disc-shaped passbands as il-

lustrated in Figure 3.1 (b). The 3D transfer function of the undecimated cone filter

bank, CFBUD(zx, zy, zct), is given by

CFBUD(zx, zy, zct) =
L−1∑

k=0

Uk(zct)Vk(zx, zy). (3.1)

3.2.1 Design of 1D Temporal Bandpass Filters

The 1D temporal FIR bandpass filters are designed using the windowing technique [67]

(ch. 9). The ideal frequency response UI,k(e
jωct) of the kth bandpass filter is given
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Figure 3.1: (a) The 3D ST FIR cone filter bank structure proposed in [38](ch. 5.5)[39]
(b) approximation of the double-cone-shaped passband oriented along the ωct axis by
cascading L double-disc-shaped passbands having appropriate radii and a uniform
height of π/L.

by

UI,k(e
jωct) =

{
1, kπ

L
≤ ωct ≤ (k+1)π

L

0, otherwise.
(3.2)

The ideal infinite-extent impulse response uI,k(nct) of the kth 1D temporal bandpass

filter is given by [67](pp. 452)

uI,k(nct) =
1

nctπ

[
sin

(
(k + 1)πnct

L

)
− sin

(
kπnct

L

)]
. (3.3)

Finally, the finite-extent impulse response uk(nct) of the kth 1D temporal causal

bandpass filter Uk(zct) of order NT is obtained as

uk(nct) = uI,k

(
nct −

NT

2

)
wnHam

(
nct −

NT

2

)
, (3.4)

where wnHam(nct) is the 1D Hamming window of length NT + 1 that is given in

Equation (2.19).

The amplitude responses of the 1D temporal bandpass filters are depicted in Fig-

ure 3.2. Note that, according to Equation (3.2), the lower cutoff frequency of the

first (k = 0) bandpass filter and the upper cutoff frequency of the last (k = L − 1)

bandpass filter are 0 rad/sample and π rad/sample, respectively. Therefore, U0(zct)



29

ωct

π
L

· · ·· · ·
2π
L π(L−1)π

L
(L−2)π

L
−π
L

−2π
L−π −(L−1)π

L
−(L−2)π

L 0

U0 U1 UL−1UL−2UL−1 UL−2 U1

Figure 3.2: Amplitude responses of the 1D temporal bandpass filters.

and UL−1(zct) possess the frequency responses that are similar to lowpass and high-

pass filters, respectively. Consequently, U0(zct) can be designed as a lowpass filter,

whereas UL−1(zct) can be designed as a highpass filter.

3.2.2 Design of 2D Spatial Circularly Symmetric Lowpass

Filters

The 2D spatial circularly symmetric lowpass filters are also designed using the win-

dowing technique [1](ch. 3.3)[2](ch. 5.1.1). The ideal frequency response of the kth

2D lowpass filter, VI,k(e
jωx , e jωy), is given by

VI,k(e
jωx , e jωy) =

{
1,

√
ω2
x + ω2

y ≤ ωsc,k

0, otherwise,
(3.5)

where

ωsc,k =
(k + 1)π

L
tan ǫ, (3.6)

where ǫ is the half-cone angle of the double-cone-shaped passband. The 2D infinite-

extent impulse response vI,k(nx, ny) of the circularly symmetric lowpass filter can be

expressed as [2](pp. 23–24)

vI,k(nx, ny) =
ωsc,k

2π
√
n2
x + n2

y

J1

(
ωsc,k

√
n2
x + n2

y

)
, (3.7)

where J1(·) is the first-order Bessel function of the first kind. The 2D finite-extent

impulse response vk(nx, ny) of the spatial zero-phase lowpass filter Vk(zx, zy) of order

NSx ×NSy is then obtained as

vk(nx, ny) = vI,k(nx, ny)wn2Ham(nx, ny), (3.8)
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where wn2Ham(nx, ny) is the 2D Hamming window that can be generated from its 1D

counterpart as a separable window as given in Equation (2.18) (with Nx = NSx

2
and

Ny =
NSy

2
) or as a circular window that is given by [86]

wnc,2Ham(nx, ny) , wnHam

(√
n2
x + n2

y

)
, |nx| ≤

NSx

2
and |ny| ≤

NSy

2
, (3.9)

where wnHam(·) is the 1D Hamming window given in Equation (2.19).

3.3 Proposed 3D ST DFT-polyphase FIR Cone

Filter Bank Structure

Here, a 3D ST cone filter bank structure is proposed in order to improve the compu-

tational complexity. The proposed 3D DFT cone filter bank structure that is based

on [3][53] is illustrated in Figure 3.3. It consists of M complex bands1. In contrast

to the transfer function of a 1D temporal filter corresponding to a real subband, the

transfer function of a 1D temporal filter corresponding to a complex subband has

complex-valued coefficients and does not possess even symmetry2. Each subband of

the DFT cone filter bank is comprised of a 2D spatial circularly symmetric zero-phase

FIR filter, Gk(zx, zy), between 1D temporal linear-phase causal FIR analysis and syn-

thesis filters, Hk(zct) and Fk(zct), respectively, where k = 0, 1, . . . , (M−1). In contrast

to the double-disc-shaped passbands in the undecimated cone filter bank discussed in

the previous section, each subband in the DFT cone filter bank approximates a sin-

gle-disc-shaped passband having an appropriate radius and a height of 2π/M due to

the complex nature of the subbands. Nevertheless, the double-cone-shaped passband

oriented along the ωct axis is approximated by cascading the M single-disc-shaped

passbands as in the undecimated counterpart. Also, note that M should be equal to

2L to have a similar approximation for the double-cone-shaped passband.

The subsampling matrix M is given by

M = diag [1 1 M/2] , (3.10)

1M is assumed to be an even integer.
2Although the transfer functions of the 1D temporal filters in the 0 th and M

2
th subbands have

real-valued coefficients and possess even symmetry, we consider these two bands too as complex
bands for brevity.
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...
...

...
...

...

X(zx, zy, zct) X̂(zx, zy, zct)

...
...

G0(zx, zy)H0(zct) ↓ M F0(zct)↑ M

G1(zx, zy)H1(zct) ↓ M F1(zct)↑ M

GM−1(zx, zy)HM−1(zct) ↓ M FM−1(zct)↑ M

Figure 3.3: Proposed 3D DFT cone filter bank structure that is based on [3][53]. A
1D under-decimated DFT filter bank is used as the temporal filter bank.

where the term “diag” denotes a diagonal matrix. The DFT cone filter bank is

therefore temporally under decimated (or oversampled), and, after downsampling, the

number of samples in each 3D subband signal is M/2 times less than the number of

samples in the 3D input signal. Here, under decimation means that the downsampling

factor (a rational number) is between 1 and M excluding those two values.

3.3.1 Design of 1D Temporal Filter Bank

The well known DFT filter bank approach is followed to design the 1D temporal

filter bank because of its well known advantages: low design and implementation

complexities. In a 1D DFT filter bank, both 1D linear-phase causal analysis and

synthesis filters, Hk(zct) and Fk(zct), respectively, are obtained by means of uniform

complex modulation of a zero-phase 1D FIR lowpass prototype filter P (zct) having a

cutoff frequency π/M and are given by [87]

Hk(zct) = Fk(zct) = z
−NP /2
ct P (zctW

k
M), k = 0, 1, . . . , (M − 1), (3.11)

where WM = e−j2π/M and NP is the order of the prototype filter. In the temporal

domain, the counterpart of Equation (3.11) can be expressed as

hk(nct) = fk(nct) = p

(
nct −

NP

2

)
W

−k(nct−NP /2)
M ,

nct = 0, 1, . . . , NP , k = 0, 1, . . . , (M − 1), (3.12)
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Figure 3.4: Amplitude responses of the 1D temporal analysis and synthesis filters,
Hk(zct) and Fk(zct), respectively.

where hk(nct), fk(nct) and p(nct) are the impulse responses of the kth analysis filter,

kth synthesis filter and the prototype filter, respectively [87]. The amplitude responses

of the analysis filters Hk(zct) and synthesis filters Fk(zct) are depicted in Figure 3.4.

Also, note that the amplitude response of the prototype filter P (zct) is the same as

H0(zct) and F0(zct).

Design of the 1D Temporal Prototype Filter

The 1D temporal zero-phase prototype filter is derived from a zero-phase square-root

raised-cosine FIR lowpass filter of which the ideal infinite-extent impulse response

pI(nct) is given by [88]

pI(0) = 1 (3.13a)

pI(nct) =

4rnct

M
cos
(

π(1+r)nct

M

)
+ sin

(
π(1−r)nct

M

)

[
1−

(
4rnct

M

)2] [4rnct

M
+ π(1−r)nct

M

] , nct 6= 0, (3.13b)

where r (0 < r ≤ 1) is the rolloff factor which determines the steepness of the

transition band. For some values of M and r, M/4r becomes an integer. In such

cases Equation (3.13b) becomes indeterminate, and Equation (3.14) should be used

instead of Equation (3.13b) to obtain pI(±M/4r).

pI

(
±M

4r

)
=

π(1 + r) sin
(

π(1+r)
4r

)
− 4r cos

(
π(1+r)

4r

)
− π(1− r) cos

(
π(1−r)

4r

)

8r
[
1 + π(1−r)

4r

] . (3.14)

The passband and stopband gains of the ideal square-root raised-cosine FIR lowpass

filter are equal to unity and zero, respectively, and the passband edge, stopband edge
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and the cutoff frequency are, respectively, given by (1 − r)π/M , (1 + r)π/M and

π/M . Furthermore, the frequency response of the ideal prototype filter derived from

the ideal square-root raised-cosine FIR lowpass filter is power complementary [88],

i.e.,

∣∣PI(e
jωct)

∣∣2 +
∣∣PI(e

j(ωct−2π/M))
∣∣2 = 1, 0 ≤ ωct ≤ 2π/M. (3.15)

However, the frequency response of a non-ideal prototype filter P (zct) of order

NP , of which the finite-extent impulse response p(nct) is obtained as

p(nct) =

√
M

2
pI(nct)wnrec(nct), (3.16)

where wnrec(nct) is the 1D rectangular window of length NP + 1 which is defined

as [67](ch. 9.4)

wnrec(nct) ,

{
1, |nct| ≤ NP

2

0, otherwise,
(3.17)

is no longer power complementary and provides finite stopband attenuation. Note

that, the term
√

M/2 is employed in Equation (3.16) to compensate the reduction

of the amplitude response of the DFT cone filter bank resulting from the temporal

downsampling byM/2. To achieve near-perfect reconstruction, P (e jωct) should closely

resemble the power complementarity and should provide a sufficiently higher stopband

attenuation simultaneously to minimize the amplitude distortion and the aliasing

distortion, respectively. To this end, P (e jωct) is optimized with respect to r in the

2-norm sense for given NP and M . The objective function to be minimized is defined

as

Φ(r,NP ,M, ωct) , γ


 ∑

ωi∈ωct

(
1−

∣∣∣∣∣
M−1∑

k=0

[
P
(
e j(ωi−2πk/M)

)]2
∣∣∣∣∣

)2



1/2

+ (1− γ)

·


 ∑

ωi∈ωct

M/2−1∑

l=1

∣∣∣∣∣
M−1∑

k=0

P
(
e j(ωi−2π(2l+k)/M)

)
P
(
e j(ωi−2πk/M)

)
∣∣∣∣∣

2



1/2

,

(3.18)

where the elements ωi, where i ∈ Z
+, of ωct densely cover the temporal frequency
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range −π ≤ ωct < π, and γ (0 ≤ γ ≤ 1) determines the weights of the two

terms corresponding to the amplitude and aliasing distortions. For given NP and

M , Φ(r,NP ,M, ωct) is a 1D function, and the optimum r can be obtained using a

simple line search algorithm [89](ch. 4).

3.3.2 Design of 2D Spatial Circularly Symmetric Lowpass

Filters

The 2D spatial circularly symmetric lowpass filters Gk(zx, zy) are designed using the

windowing technique [1](ch. 3.3)[2](ch. 5.1.1) similar to the case of the undecimated

cone filter bank. The same steps described in Subsection 3.2.2 are followed. However,

the cutoff frequencies ωsc,k are selected as

ωsc,k =





π
M

tan ǫ, k = 0

2kπ
M

tan ǫ, k = 1, 2, . . . , (M/2)

2(M−k)π
M

tan ǫ, k = (M/2 + 1), (M/2 + 2), . . . , (M − 1),

(3.19)

where ǫ is the half-cone angle of the double-cone-shaped passband. According to

Equation (3.19), it is clear that

ωsc,k = ωsc,M−k, k = 1, 2, . . . , (M/2− 1). (3.20)

Hence,

gk(nx, ny) = gM−k(nx, ny), k = 1, 2, . . . , (M/2− 1), (3.21)

and the design of M 2D spatial circularly symmetric lowpass filters is effectively

reduced to the design of M/2 + 1 2D filters. This reduction is almost a half of the

original design cost.
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3.3.3 Near-Perfect Reconstruction of the DFT Cone Filter

Bank

Following [3][90], the 3D reconstructed (i.e., output) signal of the DFT cone filter

bank shown in Figure 3.3, X̂(zx, zy, zct), can be expressed as

X̂(zx, zy, zct) =

M/2−1∑

l=0

Al(zx, zy, zct)X(zx, zy, zctW
2l
M), (3.22)

where

Al(zx, zy, zct) =
2

M

M−1∑

k=0

Hk(zctW
2l
M)Gk(zx, zy)Fk(zct), l = 0, 1, . . . , (M/2− 1).

(3.23)

To further analyze X̂(zx, zy, zct), Equation (3.22) is rewritten as

X̂(zx, zy, zct) = DSDDFT(zx, zy, zct) + ALSDFT(zx, zy, zct), (3.24)

where

DSDDFT(zx, zy, zct) =
2

M

M−1∑

k=0

Hk(zct)Gk(zx, zy)Fk(zct)X(zx, zy, zct) (3.25)

is the desired component which is corresponding to l = 0 and free from aliasing

distortion, and

ALSDFT(zx, zy, zct) =

M/2−1∑

l=1

Al(zx, zy, zct)X(zx, zy, zctW
2l
M) (3.26)

is the undesired aliased component having M/2−1 aliased terms corresponding to l =

1, 2, . . . , (M/2− 1). To make the DFT cone filter bank alias free, ALSDFT(zx, zy, zct)

should be zero. Since the 1D temporal analysis and synthesis filters are obtained

according to Equation (3.11), Al(zx, zy, zct) can be rewritten as

Al(zx, zy, zct) =
2 z−NP

ct W−lNP

M

M

M−1∑

k=0

P (zctW
2l+k
M )Gk(zx, zy)P (zctW

k
M). (3.27)
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Furthermore, if P (zct) has a stopband edge that is less 2π/M and a sufficiently high

stopband attenuation, then

P (zctW
2l+k
M )P (zctW

k
M) ≈ 0, l = 1, . . . , (M/2− 1),

k = 0, 1, . . . , (M − 1). (3.28)

Note that, the stopband edge of the 1D prototype filter P (zct) designed in the previous

subsection is always less than or equal to 2π/M . It follows from Equations (3.27) and

(3.28) that Al(zx, zy, zct) ≈ 0, for l = 1, 2, . . . , (M/2 − 1), and the DFT cone filter

bank is almost alias free. Moreover, the higher the stopband attenuation of P (zct),

the higher the degree of suppression of the aliased terms. In this case, the DFT cone

filter bank is approximately linear time invariant [91](pp. 195), and the 3D transfer

function CFBDFT(zx, zy, zct) can be expressed as

CFBDFT(zx, zy, zct) ≈
2

M

M−1∑

k=0

Hk(zct)Gk(zx, zy)Fk(zct)

≈ 2 z−NP

ct

M

M−1∑

k=0

[
P (zctW

k
M)
]2
Gk(zx, zy). (3.29)

Since P (zct) is approximately power complementary and is designed to have a pass-

band gain of
√
M/2 (see Equation (3.16)), |CFBDFT(e

jωx , e jωy , e jωct)| is approxi-

mately unity inside the double-cone-shaped passband implying near-perfect recon-

struction of the DFT cone filter bank. Furthermore, it follows from Equation (3.29)

that the overall temporal delay of the DFT cone filter bank is NP samples.

3.3.4 Efficient Implementation of the DFT Cone Filter Bank

As shown in [90][91](ch. 4.3.2)[92], by employing polyphase decompositions, 1D DFT

filter banks can be implemented very efficiently. To demonstrate this , we first express

H0(zct) and F0(zct) in terms of type-1 [91](ch. 4.3)[93](ch. 3.3.2) and type-3 [93](ch.
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3.3.3) polyphase representations, respectively, as

H0(zct) =
M−1∑

m=0

z−m
ct Em(z

M
ct ) (3.30a)

F0(zct) =
M−1∑

m=0

zmctRm(z
M
ct ), (3.30b)

where Em(zct) is the mth type-1 polyphase component of H0(zct), and Rm(zct) is the

mth type-3 polyphase component of F0(zct). In the temporal domain, em(nct) and

rm(nct) are related to h0(nct) and f0(nct), respectively, as

em(nct) = h0(Mnct +m), m = 0, 1, . . . ,M − 1 (3.31a)

rm(nct) = f0(Mnct −m), m = 0, 1, . . . ,M − 1. (3.31b)

Then, the transfer function of the kth analysis filter Hk(zct) can be expressed as

Hk(zct) = W
kNP /2
M

M−1∑

m=0

W−km
M z−m

ct Em(z
M
ct ), (3.32)

and the vector h(zct) = [H0(zct) H1(zct) · · · HM−1(zct)]
T can be expressed in the

matrix form as

h(zct) = AW∗E(zMct )e(zct), (3.33)

where

A = diag
[
1 W

NP /2
M · · · W

NP (M−1)/2
M

]
(3.34a)

W =




1 1 · · · 1

1 W 1
M · · · W

(M−1)
M

...
...

. . .
...

1 W
(M−1)
M · · · W

(M−1)(M−1)
M




(3.34b)

E(zMct ) = diag
[
E0(z

M
ct ) E1(z

M
ct ) · · · EM−1(z

M
ct )
]

(3.34c)

e(zct) =
[
1 z−1

ct · · · z
−(M−1)
ct

]T
, (3.34d)
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and ( · )∗ denotes the conjugate of a matrix [90]. Note that, W is the M×M 1D DFT

matrix. Furthermore, it is worth to note that W
kNP /2
M term in the right hand side

of Equation (3.32) (hence, the matrix A in the right hand side of Equation (3.33))

is resulting from the delay introduced to make the kth analysis filter causal (see

Equation (3.12)). Similarly, the transfer function of the kth synthesis filter Fk(zct) is

written as

Fk(zct) = W
kNP /2
M

M−1∑

m=0

W km
M zmctRm(z

M
ct ), (3.35)

and the counterpart of Equation (3.33) is given by

f(zct) = AWR(zMct )r(zct), (3.36)

where

f(zct) = [F0(zct) F1(zct) · · · FM−1(zct)]
T (3.37a)

R(zMct ) = diag
[
R0(z

M
ct ) R1(z

M
ct ) · · · RM−1(z

M
ct )
]

(3.37b)

r(zct) =
[
1 z1ct · · · z

(M−1)
ct

]T
(3.37c)

[90]. Therefore, the implementation cost of the analysis (or synthesis) filter bank of

the 1D DFT filter bank is given by the summation of the implementation costs of the

prototype filter3, 1D inverse DFT (IDFT) (or 1D DFT) matrix and the multiplications

corresponding to the W
kNP /2
M , k = 0, 1, . . . , (M − 1), terms [90]. Furthermore, the

implementation costs of the analysis and synthesis filter banks can be further reduced

by employing 1D fast Fourier transform (FFT) algorithms to implement the 1D IDFT

and DFT matrices, respectively [91](pp. 126)[92].

The efficient realization of the 3D DFT cone filter bank is illustrated in Figure 3.5.

Here, the computationally efficient 1D DFT-polyphase realization described above

is used to realize the 1D temporal DFT filter bank. Furthermore, Ek(z
M
ct ), k =

0, 1, . . . , (M − 1), and the downsamplers and Rk(z
M
ct ), k = 0, 1, . . . , (M − 1), and

the upsamplers are interchanged by exploiting the first and second noble identities of

1D multirate systems [91](pp. 119–120), respectively (see Figure 3.3 for the original

3Note that, the implementation cost of H0(zct) or F0(zct) is the same as that of the prototype
filter P (zct).
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Figure 3.5: Efficient realization of the 3D DFT cone filter bank. Polyphase decom-
positions are employed to realize the 1D temporal DFT filter bank.

structure). Consequently, both temporal and spatial filtering operations are carried

out after the temporal downsampling and before the temporal upsampling. Hence,

compared to the undecimated counterpart, a significant reduction of the computational

complexity is achieved in the DFT cone filter bank despite an additional temporal

filter bank. Moreover, in general, both temporal and spatial filtering operations can be

performed at a M/2 times lower rate compared to the undecimated cone filter bank.

3.4 Proposed 3D STModified DFT-Polyphase FIR

Cone Filter Bank Structure

Although the DFT cone filter bank proposed in Section 3.3 provides significantly

low computational complexity compared to the undecimated cone filter bank, about

half of the computations are still redundant because of the under decimation in the

temporal dimension. Furthermore, perfect reconstruction can not be achieved in the

1D DFT temporal filter bank itself. To overcome these disadvantages, the 1D DFT

filter bank in Figure 3.3 is replaced with a 1D modified DFT filter bank which provides

both maximal decimation in the temporal dimension and perfect reconstruction. A

review of the 1D modified DFT filter banks is presented in the next subsection.

3.4.1 1D Modified DFT Filter Banks with Perfect Recon-

struction: A Review

Among the different classes of M -channel maximally decimated filter banks, mod-

ulated filter banks, such as cosine modulated and modified DFT, have been widely
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used in many applications because of their low design and implementation complex-

ities. Here, maximally decimation means that the downsampling factor is equal to

the number of bands (channels) M or, in other words, maximum possible decimation

is achieved. In modulated filter banks, both analysis and synthesis filters are gener-

ated by simply applying an appropriate modulation scheme to one or two prototype

filters, hence, the design of the filter bank is effectively reduced to the design of the

prototype filter(s) [94]. Furthermore, they can be implemented efficiently using fast

algorithms [91](pp. 353)[95].

In comparison to the cosine modulated filter banks, the modified DFT filter banks

offer the following advantages. First, an M -channel modified DFT filter bank has

half of the propagation delay of an M -channel cosine modulated filter bank because

the length of the prototype filter of the former is approximately half of that of the

latter for a similar stopband attenuation [87]. This feature makes the modified DFT

filter banks very useful in real-time applications. Second, the analysis and synthesis

filters of the modified DFT filter banks are linear phase when the prototype filter

is linear phase while this is not always true for the cosine modulated filter banks,

although the overall filter bank is linear phase for both cases [87][94]. The linear-

phase property of the analysis and synthesis filters is important in image processing

applications, but for 3D cone filters, it is sufficient to have linear phase for the overall

filter bank. Furthermore, modified DFT filter banks are particularly suitable for

processing of complex-valued signals [87]. In the case of real-valued signals, a pseudo

complex-valued signal can be generated using two real-valued signals each of which

can be processed independently [87]. Therefore, it is very attractive in the design

of filter banks to process radio astronomical signals, where pseudo complex-valued

signals may be generated through the real-valued signals corresponding to orthogonal

polarizations.

Structure-Inherent Odd Alias Spectra Cancellation

The basic structure of a 1D modified DFT filter bank4 [87][95][96] is shown in Fig-

ure 3.6. Similar to the 1D DFT filter banks discussed in Subsection 3.3.1, both 1D

linear-phase causal analysis and synthesis filters, Hk(zct) and Fk(zct), respectively, are

obtained by means of uniform complex modulation of a zero-phase 1D FIR lowpass

4There are two types: type-1 and type-2, of modified DFT filter bank structures [96]. In the
proposed 3D modified DFT cone filter bank structure, we employ the type-1 structure shown in
Figure 3.6.
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Figure 3.6: Structure of a 1D M -channel type-1 modified DFT filter bank.

prototype filter P (zct) having a cutoff frequency π/M as given in Equation (3.11) [87].

The main distinction of the modified DFT filter banks compared to the DFT fil-

ter banks is the way signals are decimated and interpolated [95]. As illustrated in

Figure 3.6, both decimation and interpolation are carried out in two steps. In the

decimation, the subband signals are first downsampled by M/2 (M is an even inte-

ger), following another downsampling by 2 with and without a unit delay. In fact,

the second step of downsampling decomposes each subband signal into two polyphase

components. Note that, after decimation, there are 2M polyphase components, and

either the real or the imaginary part of each polyphase component is used. (Also,

note that the polyphase component of which the real (imaginary) part is taken alter-

nates from one subband to the next.) Therefore, maximal decimation is achieved for

a complex-valued signal [87][95][96]. In the interpolation, the two polyphase compo-

nents of each subband signal are upsampled by 2 before mixing with and without a

unit delay to reconstruct the subband signal. In the second step, each subband signal

is upsampled by M/2.

The reconstructed signal of the modified DFT filter bank Ŷ (zct) is given by [87]

Ŷ (zct) =
z
−M/2
ct

M

M−1∑

k=0

M/2−1∑

l=0

Hk(zctW
2l
M)Fk(zct)Y (zctW

2l
M). (3.38)
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It follows from Equation (3.38) that all the odd alias spectra vanish, and only the even

alias spectra exist. This property only depends on the structure of the modified DFT

filter bank and is independent of the prototype filter design [87].

Perfect Reconstruction in Modified DFT Filter Banks

A filter bank is said to have the perfect reconstruction property if it satisfies the

following conditions:

• All alias spectra vanish

• Overall phase response is linear

• Overall amplitude response is allpass.

These conditions ensure that the overall transfer function of a filter bank is free from

aliasing, phase and amplitude distortions, respectively, and is equivalent to a pure

delay.

The type-1 polyphase decomposition of H0(zct) and the type-3 polyphase decom-

position of F0(zct), given in Equations (3.30a) and (3.30b), respectively, are employed

to discuss perfect reconstruction in modified DFT filter banks. Furthermore, the

length of the prototype filter (NP + 1) is expressed as (NP + 1) = aM + b, where

a ∈ N and b ∈ {Z ∪ [0,M)}. Then, the set of conditions for perfect reconstruction,

in terms of the polyphase components, can be expressed as [87][97]

Em(zct)R̄m(zct) + Em+M/2(zct)R̄m+M/2(zct) =
2

M
, k = 0, 1, . . . ,M/2− 1, (3.39)

where

R̄m(zct) =




za+1
ct RM−b+1+m(zct), m ≤ (b− 2)

zactR−b+1+m(zct), (b− 1) ≤ m < M.
(3.40)

The conditions given in Equation (3.39) and those for perfect reconstruction in cosine

modulated filter banks given in [98][99][100] are equivalent, and, therefore, a prototype

filter designed for an M/2-channel cosine modulated filter bank can be employed to

an M -channel modified DFT filter bank by simply scaling the impulse response by√
2 [87][97].
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Efficient Realization of Modified DFT Filter Banks

An M -channel modified DFT filter bank can be implemented efficiently by means of

two M-channel maximally decimated DFT-polyphase filter banks [95]. In contrast

to the two step downsampling and upsampling employed in the original filter bank

structure (see Figure 3.6), in the efficient implementation, illustrated in Figure 3.7,

both downsampling and upsampling are carried out in one step in each of the DFT

filter banks. In addition, the input signal of the second DFT filter bank is delayed

by M/2 samples with respect to the input signal of the first DFT filter bank which

is the original signal y(nct). Here, the terms first and second denote the upper and

lower DFT filter banks in Figure 3.7, respectively. However, the pattern of taking

either the real or the imaginary part from each of the 2M polyphase components is

unchanged. In the synthesis side, the output signal of the first DFT filter bank is

delayed by M/2 samples with respect to the output signal of the second DFT filter

bank before adding them to form the output signal ŷ(nct). The implementation cost

of the modified DFT filter bank is approximately twice the implementation cost of

the DFT-polyphase filter bank [87].

3.4.2 Design of the Modified DFT Cone Filter Bank

The proposed 3D modified DFT cone filter bank structure is illustrated in Figure 3.8.

Similar to the DFT cone filter bank proposed in the previous section, the modified

DFT cone filter bank has M complex bands, each of which approximates a single-

disc-shaped passband having an appropriate radius and a height of 2π/M . However,

in contrast to the DFT cone filter bank, each subband of the modified DFT cone filter

bank is comprised of two 2D spatial filters having the same transfer function between

the temporal analysis and synthesis filters.

The subsampling matrices M1 and M2 are given by

M1 = diag [1 1 M/2] (3.41a)

M2 = diag [1 1 2] , (3.41b)

respectively. Consequently, the modified DFT cone filter provides maximal deci-

mation in the temporal dimension for a complex-valued signal, and, therefore, the

number of samples in each 3D subband signal after decimation is M times less than

the number of samples in the 3D input signal.
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Figure 3.7: Efficient Realization of the 1D M -channel modified DFT filter bank shown in Figure 3.6.
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Figure 3.8: Proposed 3D ST FIR cone filter bank structure. A 1D modified DFT
filter bank is used as the temporal filter bank.

The design of the 1D modified DFT filter bank is effectively limited to the design

of the prototype filter. To ensure perfect reconstruction, the prototype filter should

satisfy the set of conditions given in Equation (3.39), and, in general, the design

has to be done through nonlinear optimization techniques [87]. Due to the fact that

prototype filters designed for an M/2-channel cosine modulated filter bank can be

employed to an M -channel modified DFT filter bank by simply scaling the impulse

response by
√
2 [87][97], design methods proposed for prototypes of cosine modulated

filter banks, such as those found in [98][101][102], can be used to design prototypes for

modified DFT filter banks. In addition, for the special case NP = 2M − 1, where NP

is the order of the prototype filter, the closed form expression derived as the extended

lapped transform [103] can be exploited to design prototypes for the modified DFT

filter banks [87]. In this case, the impulse response of the prototype filter p(nct) is

given by

p(nct) =
−1

2
√
M

+
1√
2M

cos
( π

2M
(2nct + 2M)

)
,

nct = −M + 0.5,−M + 1.5, . . . ,M − 0.5 (3.42)

[87]. Note that, the amplitude response of the prototype filter |P (e jωct)| approximates√
M instead of unity in the passband to compensate the reduction of the amplitude

response of the modified DFT cone filter bank resulting from the downsampling in

the temporal dimension.
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The windowing technique [1](ch. 3.3)[2](ch. 5.1.1) is employed to design the 2D

spatial circularly symmetric lowpass filters Gk(zx, zy). The same steps described in

Subsection 3.3.2 are followed, and the same cutoff frequencies ωsc,k selected for the

DFT cone filter bank, given in Equation (3.19), are used in the design.

3.4.3 Near-Perfect Reconstruction of the Modified DFT Cone

Filter Bank

Following [3][87], the 3D reconstructed signal of the modified DFT cone filter bank

shown in Figure 3.8, X̂(zx, zy, zct), can be expressed as

X̂(zx, zy, zct) = z
−M/2
ct

M/2−1∑

l=0

Al(zx, zy, zct)X(zx, zy, zctW
2l
M), (3.43)

where

Al(zx, zy, zct) =
1

M

M−1∑

k=0

Hk(zctW
2l
M)Gk(zx, zy)Fk(zct), l = 0, 1, . . . , (M/2− 1).

(3.44)

To further analyze X̂(zx, zy, zct), Equation (3.43) is rewritten as

X̂(zx, zy, zct) = DSDMoDFT(zx, zy, zct) + ALSMoDFT(zx, zy, zct), (3.45)

where

DSDMoDFT(zx, zy, zct) =
z
−M/2
ct

M

M−1∑

k=0

Hk(zct)Gk(zx, zy)Fk(zct)X(zx, zy, zct) (3.46)

is the desired component which is corresponding to l = 0 and free from aliasing

distortion, and

ALSMoDFT(zx, zy, zct) = z
−M/2
ct

M/2−1∑

l=1

Al(zx, zy, zct)X(zx, zy, zctW
2l
M) (3.47)

is the undesired aliased component having M/2 − 1 aliased terms corresponding to

l = 1, 2, . . . , (M/2− 1).
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Since the temporal modified DFT filter bank provides perfect reconstruction, if

the impulse responses of the 2D spatial filters are scaled appropriately so that

Gk(e
jωx , e jωy)|ωx=ωy=0 = 1, k = 0, 1, . . . , (M − 1), (3.48)

the modified DFT cone filter bank provides perfect reconstruction along the ωct axis.

However, in general, it provides near-perfect reconstruction in other regions of the

double-cone-shaped passband. That is, the modified DFT cone filter bank is almost

alias free, and the amplitude response is approximately unity inside the double-cone-

shaped passband. To confirm this, we can employ the same argument used in Sec-

tion 3.3.3 for the DFT cone filter bank because the reconstructed signals of both

filter banks, given in Equations (3.22) and (3.43), only differ in a scaling factor and

an additional temporal delay. Note that, the higher the stopband attenuation of the

prototype filter, the higher the degree of suppression of the aliased terms. With near-

perfect reconstruction, the modified DFT cone filter bank is approximately linear

time invariant [91](pp. 195), and the 3D transfer function CFBMoDFT(zx, zy, zct) can

be expressed as

CFBMoDFT(zx, zy, zct) ≈
z
−M/2
ct

M

M−1∑

k=0

Hk(zct)Gk(zx, zy)Fk(zct)

≈ z
−(NP+M/2)
ct

M

M−1∑

k=0

[
P (zctW

k
M)
]2
Gk(zx, zy), (3.49)

where P (zct) is the prototype filter. Furthermore, it follows from Equation (3.49)

that the overall temporal delay of the modified DFT cone filter bank is NP + M/2

samples.

3.4.4 Efficient Implementation of the Modified DFT Cone

Filter Bank

The efficient realization of the 3D modified DFT cone filter bank is depicted in Fig-

ure 3.9. Here, the 1D modified DFT filter bank is realized by two 1D DFT-polyphase

filter banks as described in Subsection 3.4.1, and the subsampling matrix M is given
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Figure 3.9: Efficient realization of the 3D ST modified DFT-polyphase FIR cone filter bank.
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by

M = diag [1 1 M ] . (3.50)

As in the DFT cone filter bank, both temporal and spatial filtering operations are

carried out after the temporal downsampling and before the temporal upsampling.

Therefore, in general, both temporal and spatial filtering operations can be performed

at a M times lower rate compared to the undecimated cone filter bank and at a half of

the rate of the DFT cone filter bank. Furthermore, note that the number of samples

processed by the 2M 2D spatial filters in the modified DFT cone filter bank is almost

and exactly half of those processed by the M 2D spatial filters in the DFT cone filter

bank for a real-valued and a complex-valued signal, respectively. Consequently, the

computational complexity of the modified DFT cone filter bank is approximately M

times and two times less than those of the undecimated and DFT cone filter banks,

respectively. However, more than twice the hardware required for the DFT cone filter

bank implementation has to be used to implement the modified DFT cone filter bank.

3.5 3D ST DFT- and Modified DFT-Polyphase FIR

Frustum Filter Bank Structures

In this section, we extend the proposed two 3D cone filter bank structures to 3D

frustum filter bank structures. As the double-cone-shaped passband, the double-

frustum-shaped passband is oriented along the ωct axis as illustrated in Figure 3.10.

Because the double-cone-shaped passband is approximated by means of disc-shaped

passbands having appropriate radii and a uniform height of 2π/M , a double-frustum-

shaped passband can be approximated by employing an appropriate subset of bands.

Then, the 3D transfer functions of the DFT and modified DFT frustum filter banks

can be expressed, respectively, as

FFBDFT(zx, zy, zct) ≈
2

M

∑

k∈F

Hk(zct)Gk(zx, zy)Fk(zct) (3.51)

FFBMoDFT(zx, zy, zct) ≈
z
−M/2
ct

M

∑

k∈F

Hk(zct)Gk(zx, zy)Fk(zct), (3.52)
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Figure 3.10: Double-frustum-shaped passband oriented along the ωct axis. The lower
and upper temporal cutoff frequencies are denoted by ωct,L and ωct,U , respectively.

where F is the set that contains the indices of the bands required to approximate

the double-frustum-shaped passband. Furthermore, it is worthwhile to note that, for

a particular design, the lower and upper temporal cutoff frequencies of the approx-

imated double-frustum-shaped passband may be different from the specified ones

because, in general, the lower cutoff frequency of the first temporal subband filter

and the upper cutoff frequency of the last temporal subband filter used to approxi-

mate each frustum-shaped passband may not coincide with the specified lower and

upper temporal cutoff frequencies, respectively. Nevertheless, by properly selecting

the number of bands M in the cone filter, the error between the approximated and

specified temporal cutoff frequencies can be minimized.

One major drawback that arises when all the bands are not employed in the

approximation of the double-frustum-shaped passband is that the computationally

efficient filter bank structures illustrated in Figures 3.5 and 3.9 can not be used

since all the subband signals are necessary to perform the 1D IDFT and DFT in the

implementations of analysis and synthesis temporal filters, respectively. To overcome

this drawback, we propose the following procedure:

• Implement all the 1D analysis filters Hk(zct), k = 0, 1, . . . , (M − 1), as in the

cone filter banks.

• Implement only the 2D spatial filters necessary for the frustum filter bank, i.e.,
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Gk(zx, zy), k ∈ F . The output signals of the 1D analysis filters corresponding to

the bands that are not used in the frustum filter bank, i.e., xIDFT,k(nx, ny, nct),

k /∈ F , where xIDFT,k(nx, ny, nct) is the output signal of the IDFT block(s) that

is corresponding to the kth band, are discarded.

• Implement all the 1D synthesis filters Fk(zct), k = 0, 1, . . . , (M − 1), as in the

cone filter banks. Zeros are inserted as the input signals of the 1D synthesis

filters corresponding to the bands that are not used in the frustum filter bank,

i.e., xDFT,k(nx, ny, nct) = 0, k /∈ F , where xDFT,k(nx, ny, nct) is the input signal

of the DFT block(s) that is corresponding to the kth band.

Note that, although both 1D analysis and synthesis filters are implemented for all

the bands, the 3D transfer functions corresponding to the overall implementations

are exactly the same as those given in Equations (3.51) and (3.52).

3.6 A Numerical Study of Performance of 3D ST

FIR Frustum Filter Banks

In this section, a numerical study of the performance of the proposed DFT and modi-

fied DFT frustum filter banks is presented. First, a DFT and a modified DFT frustum

filter bank satisfying given frequency specifications are designed, and characteristics

of their frequency responses, such as passband ripple, stopband attenuation and alias-

ing distortion, are examined. Next, the improvement in SINR that can be achieved

with the proposed frustum filter banks is compared to that obtained with the undeci-

mated filter bank for both DAAs and FPAs. Finally, an analysis of the computational

complexity of the three frustum filter banks is presented for both 3D real-valued and

complex-valued signals.

3.6.1 Design of 3D ST Frustum Filter Banks: An Example

Here, we consider a design example for the 3D DFT and modified DFT frustum filter

banks. The design specifications of the frustum filter banks are given in Table 3.1.

The temporal passband of the frustum filter banks, i.e., 0.5–1.5 GHz, is selected such

that it covers the so-called SKA lower mid-band. In the 3D discrete frequency domain,

the lower and upper temporal cutoff frequencies (ωct,L and ωct,U) can be, respectively,

calculated as 0.25π rad/sample and 0.75π rad/sample. The order and total number
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Design specification Value

Maximum Passband Ripple, Ap 0.2 dB

Minimum Stopband Attenuation, Aa 50 dB

Temporal lower cutoff frequency, ft,L 0.5 GHz

Temporal upper cutoff frequency, ft,U 1.5 GHz

Spatial sampling distance, Tx and Ty 7.5 cm

Temporal sampling frequency, ft,S 4 GHz

Half-cone angle, ǫ 30◦

Table 3.1: Design specifications of the 3D frustum filter banks.

of bands of the frustum filter banks are chosen as 40× 40× 254 and 32, respectively.

Note that, the total number of bands is the number of bands M in the corresponding

cone filter banks. Accordingly, the order of the temporal prototype filter, NP , and

the order of the 2D spatial filters, NSx ×NSy, are obtained as 127 (i.e., 4M − 1) and

40× 40, respectively.

Design Using the DFT-Polyphase Frustum Filter Bank

The prototype type filter of the temporal filter bank is designed as described in

Section 3.3.1. The value of the parameter γ in the objective function given in (3.18)

is selected as 0.5 so that the weights of the two terms, which represent the amplitude

and aliasing distortions of the temporal filter bank, are the same. The optimum

rolloff factor ropt is obtained as 0.56. The normalized amplitude response of the

prototype filter is illustrated in Figure 3.11. It is observed that the minimum stopband

attenuation is greater than 30 dB.

In this example, 18 bands out of 32 bands are used to approximate the double-

frustum-shaped passband. More specifically, the set F is given by F = FU ∪ FL,

where FU = {4, 5, . . . , 12} and FL = {20, 21, . . . , 28} are the sets containing the

indices of the bands used to form the upper (ωct,L ≤ ωct ≤ ωct,U) and lower (−ωct,U ≤
ωct ≤ −ωct,L) frustum-shaped passbands, respectively. The lower and upper temporal
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Figure 3.11: Amplitude response of the temporal prototype filter of the temporal
DFT filter bank. Passband gain is normalized to unity.

cutoff frequencies of the approximated double-frustum-shaped passband are 0.22π

rad/sample and 0.78π rad/sample, respectively. The error between the approximated

and specified temporal cutoff frequencies is 0.03π rad/sample. In the design of the

2D spatial filters, the 2D circular Hamming window is used. The −3 dB iso-surface

of the amplitude response of the DFT frustum filter FFBDFT(zx, zy, zct) is depicted

in Figure 3.12. It is observed that the −3 dB iso-surface closely approximates the

required double-frustum-shaped passband.

To further verify the amplitude response of the DFT frustum filter bank, that

across planes and along lines in the 3D frequency space are considered. Figures 3.13(a)

and 3.13 (b) depict |FFBDFT(e
jωx , e jωy , e jωct)| across the ωct = 0.625π plane and

along the line on the ωct = 0.625π plane that is parallel to the ωx axis, respec-

tively. According to these two figures, the minimum stopband attenuation of the

DFT frustum filter bank at ωct = 0.625π is greater than 50 dB. An enlarged section

corresponding to the passband of the amplitude response shown in Figure 3.13 (b) is

shown in Figure 3.13 (c). It is observed that the maximum passband ripple is less

than 0.2 dB. Furthermore, the amplitude response across the ωy = 0 plane and along

the ωct axis is illustrated in Figures 3.13 (d) and 3.13 (e), respectively. As a result
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Figure 3.12: −3 dB iso-surface of the amplitude response of the 3D DFT frustum
filter bank.

of the cascade of the temporal and spatial filters, hence, the multiplication of the

corresponding frequency responses, the stopband attenuation across the ωy = 0 plane

varies substantially from region to region. According to Figure 3.13(d), the minimum

stopband attenuation is roughly 60 dB while the maximum is approximately 150 dB.

Figure 3.13(f) depicts the amplitude response in the specified temporal passband (i.e.,

0.25π–0.75π rad/sample) along the ωct axis. It is observed that the maximum pass-

band ripple is approximately 0.15 dB. These illustrations confirm that the designed

DFT frustum filter bank satisfies the design specifications.

In order to estimate the distortion due to aliasing, the 3D aliasing distortion

function D(e jωx , e jωy , e jωct) is defined as [3][91](pp. 367)

D(e jωx , e jωy , e jωct) =



M/2−1∑

l=1

∣∣Al(e
jωx , e jωy , e jωct)

∣∣2



1/2

, (3.53)
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Figure 3.13: Amplitude response of the DFT frustum filter bank across the planes and
along the lines in the 3D frequency space (a) across the ωct = 0.625π plane (b) along
the line on the ωct = 0.625π plane that is parallel to the ωx axis. (c) an enlarged
section corresponding to the passband of the amplitude response shown in (b) (d)
across the ωy = 0 plane (e) along the ωct axis (f) in the specified temporal passband
(along the ωct axis).

where

Al(e
jωx , e jωy , e jωct) =

2

M

∑

k∈F

Hk(e
jωctW 2l

M)Gk(e
jωx , e jωy)Fk(e

jωct),

l = 1, 2, . . . , (M/2− 1). (3.54)

Figure 3.14 depicts the maximum aliasing distortion, max[D(e jωx , e jωy , e jωct)], along

lines parallel to the ωct axis. It is observed that the maximum aliasing distortion is

approximately −40 dB inside the double-frustum-shaped passband. Consequently,

the DFT frustum filter bank is almost alias free and closely approximates a linear

time-invariant system.
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Figure 3.14: Maximum aliasing distortion of the DFT frustum filter bank,
max[D(e jωx , e jωy , e jωct)], along lines parallel to the ωct axis.

Design Using the Modified DFT-Polyphase Frustum Filter Bank

As mentioned in Section 3.4.2, for 1D modified DFT filter banks, the design of pro-

totype filters leading to perfect reconstruction has to be carried out via nonlinear

optimization techniques [87]. The coefficients of prototype filters that have been de-

signed by means of the method described in [102] are given in [87] for several M

values, and, for this design, the prototype filter of order 127, designed for 32 bands,

is employed. The normalized amplitude response of the employed prototype filter is

illustrated in Figure 3.15. It is observed that the average stopband attenuation is

greater than 40 dB.

The same set of temporal frequency bands used to design the DFT frustum filter

bank are used to approximate the double-frustum-shaped passband. Therefore, as

in the DFT frustum filter bank, the lower and upper temporal cutoff frequencies of

the approximated double-frustum-shaped passband are 0.22π rad/sample and 0.78π

rad/sample, respectively, and the error between the approximated and specified tem-

poral cutoff frequencies is 0.03π rad/sample. Furthermore, in the design of the 2D

spatial filters, the 2D circular Hamming window is used. The −3 dB iso-surface of the

amplitude response of the modified DFT frustum filter bank FFBMoDFT(zx, zy, zct) is
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Figure 3.15: Amplitude response of the temporal prototype filter of the temporal
modified DFT filter bank. Passband gain is normalized to unity.

depicted in Figure 3.16. It is observed that the −3 dB iso-surface closely approximates

the required double-frustum-shaped passband.

The amplitude response of the modified DFT frustum filter bank across the

ωct = 0.625π plane and along the line on the ωct = 0.625π plane that is parallel

to the ωx axis is illustrated in Figures 3.17 (a) and 3.17 (b), respectively. Accord-

ingly, the minimum stopband attenuation of the modified DFT frustum filter bank

at ωct = 0.625π is greater than 60 dB. Figure 3.17 (c) depicts an enlarged section

corresponding to the passband of the amplitude response shown in Figure 3.17 (b).

As in the DFT frustum filter bank, the maximum passband ripple is less than 0.2

dB. Furthermore, the amplitude response across the ωy = 0 plane and along the ωct

axis are shown in Figures 3.17 (d) and 3.17 (e), respectively. Similar to the stopband

attenuation of the DFT frustum filter bank, across the ωy = 0 plane, that of the mod-

ified DFT frustum filter bank varies substantially from region to region. According to

Figure 3.17 (d), the minimum stopband attenuation is roughly 60 dB while the max-

imum is approximately 150 dB. Furthermore, the amplitude response in the specified

temporal passband (i.e., 0.25π–0.75π rad/sample) along the ωct axis is illustrated in

Figure 3.17(f). It is observed that the maximum passband ripple is approximately 0.1
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Figure 3.16: −3 dB iso-surface of the amplitude response of the 3D modified DFT
frustum filter bank.

dB. Accordingly, we can conclude that the modified DFT frustum filter bank satisfies

the design specifications.

The 3D aliasing distortion function D(e jωx , e jωy , e jωct) defined in Equation (3.53)

is used to estimate the distortion due to aliasing. In this case, Al(e
jωx , e jωy , e jωct) is

given by

Al(e
jωx , e jωy , e jωct) =

1

M

∑

k∈F

Hk(e
jωctW 2l

M)Gk(e
jωx , e jωy)Fk(e

jωct),

l = 1, 2, . . . , (M/2− 1). (3.55)

The maximum aliasing distortion, max[D(e jωx , e jωy , e jωct)], along lines parallel to

the ωct axis is illustrated in Figure 3.18. It is observed that the maximum alias-

ing distortion is approximately −45 dB inside the double-frustum-shaped passband.

Therefore, similar to the DFT frustum filter bank, the modified DFT frustum filter

bank is almost alias free and closely approximates a linear time-invariant system.
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Figure 3.17: Amplitude response of the modified DFT frustum filter bank across the
planes and along the lines in the 3D frequency space (a) across the ωct = 0.625π plane
(b) along the line on the ωct = 0.625π plane that is parallel to the ωx axis. (c) an
enlarged section corresponding to the passband of the amplitude response shown in
(b) (d) across the ωy = 0 plane (e) along the ωct axis (f) in the specified temporal
passband (along the ωct axis).

3.6.2 A Comparative Analysis of the Improvement in SINR

Achieved with 3D Frustum Filter Banks with DAAs

In the following numerical analysis, a BB SOI and two terrestrial BB RFI signals are

considered to be received by a DAA consisting of 41× 41 elemental antennas having

isotropic radiation patterns. The elemental antennas are assumed to be arranged

rectangularly with the inter antenna distance Tx = Ty = 7.5 cm. Furthermore, the

temporal sampling frequency ft,S is chosen as 4 GHz (corresponding fct,S = ft,S/c =

13.33 m−1, and Tct = 1/fct,S = 7.5 cm, where c = 3 × 108 ms−1). For simplicity,

we assume the SOI and the two RFI signals are in only one linear polarization.

Consequently, they are treated as scalar quantities. The specifications of the SOI
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Figure 3.18: Maximum aliasing distortion of the modified DFT frustum filter bank,
max[D(e jωx , e jωy , e jωct)], along lines parallel to the ωct axis.

and the two RFI signals are given in Table 3.2. Note that, the bandwidth of the SOI

entirely covers the SKA lower mid-band. In addition to the SOI and the two RFI

signals, a white Gaussian noise signal that represents the receiver noise is incorporated

in the simulations. The size of the each signal is chosen as 41×41×1024. Furthermore,

to represent a weak SOI, energy of the each RFI signal and that of the white Gaussian

noise signal are, respectively, selected as 30 dB and 20 dB higher than the energy of

the SOI, which is chosen as unity.

The sampled signal xDAA(nx, ny, nct) at the input of a frustum filter bank can be

expressed as

xDAA(nx, ny, nct) = soiDAA(nx, ny, nct) + rfi1DAA(nx, ny, nct)

+ rfi2DAA(nx, ny, nct) + wgnDAA(nx, ny, nct),

|nx| ≤ 20, |ny| ≤ 20 and 0 ≤ nct ≤ 1023, (3.56)

where soiDAA(nx, ny, nct), rfi1DAA(nx, ny, nct), rfi2DAA(nx, ny, nct) are the sampled

signals corresponding to the SOI, RFI signal 1 and the RFI signal 2, respectively,

and wgnDAA(nx, ny, nct) is the sampled white Gaussian noise signal. The sampled
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Signal (θ, φ) (α, β) Bandwidth

SOI (0◦, 0◦) (0◦, 0◦) 0.5–1.5 GHz

RFI 1 (85◦, 40◦) (44.89◦, 40◦) 0.1–1.2 GHz

RFI 2 (87◦,−110◦) (44.96◦,−110◦) 0.9–1.8 GHz

Table 3.2: Specifications of the SOI and the two RFI signals considered to be received
by the DAA.

signals soiDAA(nx, ny, nct), rfi1DAA(nx, ny, nct) and rfi2DAA(nx, ny, nct), which are

sampled ST PWs having random-valued wavefronts, are numerically synthesized by

superimposing monochromatic ST PWs having frequencies that densely cover the

specified bandwidths. For example, the mathematical expression corresponding to

the synthesis of the SOI is given by

soiDAA(nx, ny, nct) =

Nsoi∑

k=0

Ak cos

[
2π(fi + kfg)

c
(dxnxTx + dynyTy + nctTct)

]
,

|nx| ≤ 20, |ny| ≤ 20 and 0 ≤ nct ≤ 1023, (3.57)

where Nsoi = 100, fi = 0.5 GHz, fg = 10 MHz, Ak is the amplitude of the kth

monochromatic signal that is drawn from a Gaussian distribution with zero mean

and unity standard deviation, dx = sin(θsoi) cos(φsoi), dy = sin(θsoi) sin(φsoi) and

(θsoi, φsoi) specifies the DOA of the SOI (Numerical values are given in Table 3.2.).

Figure 3.19 depicts the iso-surface, drawn at 0.1, of the normalized magnitude spec-

trum of the signal obtained by summing the SOI and the two RFI signals5. According

to Figure 3.19, as expected, the main lobes of the ROSs of the spectra of the two

RFI signals do not overlap with the main lobe of the ROS of the spectrum of the

SOI. Furthermore, first 501 samples of the 1D temporal sequence of the SOI that is

corresponding to the middle elemental antenna of the DAA, i.e., soiDAA(21, 21, nct),

0 ≤ nct ≤ 500, is illustrated in Figure 3.20. The 41 × 41 temporal sequences of the

white Gaussian noise signal are obtained from Gaussian distributions with zero mean

and unity standard deviation, and the samples of the 3D signal are scaled appro-

priately so that the energy content is 20 dB higher than the energy of the SOI as

required.

5To include the spectra of all three signals in the same figure, numerical values of the samples of
the signals are scaled so that the energy of each signal is unity.
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Figure 3.19: Iso-surface, drawn at 0.1, of the normalized magnitude spectrum of the
signal obtained by summing the SOI and the two RFI signals received by the DAA.

A set of DFT and modified DFT frustum filter banks (order 40×40×254) having

half-cone angles 5◦, 7.5◦, . . . , 42.5◦ are used in the simulations. The same temporal

cutoff frequencies (see Table 3.1), total bands M and the prototype filters that are

used for the examples given in the previous subsection are used in the design. Also,

a set of undecimated frustum filter banks having the same order and half-cone angles

are designed from the undecimated cone filter banks following a similar approach

used in the design of the DFT and modified DFT frustum filter banks. The number

of total real bands L is selected as 16, and the middle 8 real bands are employed in

the frustum filters. In contrast to the DFT and modified DFT frustum filter banks,

in this case, the lower and upper temporal cutoff frequencies of the approximated

double-frustum-shaped passband exactly coincide with the specified ones. Note that,

the approximated double-frustum-shaped passband of an undecimated frustum filter

bank is slightly wider than that of a DFT or a modified DFT frustum filter bank for

the same half-cone angle since the cutoff frequencies of the 2D spatial filters of the

former are different from those of the 2D spatial filters of the latter two.

The SINRs at the inputs and outputs of the three frustum filter banks are illus-

trated in Figure 3.21. The SINRs at the outputs of the frustum filter banks decrease
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Figure 3.20: First 501 samples of the 1D temporal sequence of the SOI that is corre-
sponding to the middle antenna of the DAA (soiDAA(21, 21, nct), 0 ≤ nct ≤ 500).

with the increased half-cone angle because more of the energy of the RFI and noise

signals encroaches into the double-frustum-shaped passband. More importantly, the

SINR improvements achieved with the DFT and modified DFT frustum filter banks

are comparable with that achieved with the undecimated frustum filter bank for most

of the half-cone angles. Furthermore, the SINR improvements achieved with the DFT

and modified DFT frustum filter banks are almost identical for all the half-cone an-

gles used in the simulations. It is observed that the DFT and modified DFT frustum

filter banks provide a slightly better SINR improvement than that provides by the

undecimated frustum filter bank for the half-cone angles greater than 35◦ whereas

the opposite is true for the half-cone angles less than 7.5◦. This discrepancy exists

mainly as a result of the slightly wider passbands of the undecimated frustum filter

banks. In fact, the volume of the ROS of the spectrum of a signal that is inside

the double-frustum-shaped passband of a undecimated frustum filter bank is greater

than the volume of the ROS of the spectrum of the same signal that is inside the

double-frustum-shaped passbands of the DFT and modified DFT frustum filter banks

for the same half-cone angle, and the difference between the energy content inside the

double-frustum-shaped passbands is substantial when the boundary of the double
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Figure 3.21: SINRs at the inputs and outputs of the undecimated, DFT and modified
DFT frustum filter banks for the DAA.

frustum is close to the main lobe of the ROS of the spectrum of the signal.

3.6.3 A Comparative Analysis of the Improvement in SINR

Achieved with 3D Frustum Filter Banks with FPAs

In this case, we consider an FPA consisting of 15 × 15 elemental antennas each of

which has an isotropic radiation pattern. The FPA is assumed to be mounted on a

prime-focus paraboloidal reflector of diameter D = 15 m and focal length F = 6.75

m. The focal length to diameter ratio F/D is 0.45, and the subtended angle θFmax

is 58.11◦ (corresponding αFmax = 40.33◦). As in the case of the DAA, the elemental

antennas are assumed to be arranged rectangularly with the inter antenna distance

Tx = Ty = 7.5 cm, and the temporal sampling frequency ft,S is chosen as 4 GHz.

Furthermore, the same signal composition (i.e., a BB SOI, two BB RFI signals and a

white Gaussian noise) and the same energy levels (i.e., the energy of the SOI is unity

whereas the energy of the each RFI signal and that of the white Gaussian noise signal

are 30 dB and 20 dB higher than the energy of the SOI, respectively.) are assumed.

Moreover, the DOAs and bandwidths of the two RFI signals are chosen as the same
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as those of the two RFI signals employed in the case of the DAA (see Table 3.2). The

DOA6 and the bandwidth of the SOI are selected as (−180◦, 0◦), i.e., the broadside

direction, and 0.5–1.5 GHz, respectively. Note that, as in the case of the DAA, the

bandwidth of the SOI entirely covers the SKA lower mid-band. The size of the each

signal is chosen as 15 × 15 × 1024. Furthermore, for simplicity, we assume the SOI

and the two RFI signals are in only one linear polarization.

The sampled signal xFPA(nx, ny, nct) at the input of a frustum filter bank can be

expressed as

xFPA(nx, ny, nct) = soiFPA(nx, ny, nct) + rfi1FPA(nx, ny, nct)

+ rfi2FPA(nx, ny, nct) + wgnFPA(nx, ny, nct),

|nx| ≤ 7, |ny| ≤ 7 and 0 ≤ nct ≤ 1023, (3.58)

where soiFPA(nx, ny, nct), rfi1FPA(nx, ny, nct), rfi2FPA(nx, ny, nct) are the sampled

signals corresponding to the SOI, RFI signal 1 and the RFI signal 2, respectively,

and wgnFPA(nx, ny, nct) is the sampled white Gaussian noise signal. The same tech-

niques used to numerically synthesize the two RFI signals and the white Gaussian

noise signal in the previous subsection are used to synthesize the sampled signals

rfi1FPA(nx, ny, nct), rfi2FPA(nx, ny, nct) and wgnFPA(nx, ny, nct). However, the sam-

pled SOI soiFPA(nx, ny, nct) is synthesized using the Focal Field Synthesizer pro-

gram [44](ch. 3) and the 1D inverse Fourier transform with respect to the temporal

dimension. The iso-surface, drawn at 0.2, of the normalized magnitude spectrum of

the SOI is illustrated in Figure 3.22. It is observed that, as expected, the ROS of the

spectrum of the SOI is predominantly a double-frustum-shaped volume. Moreover,

first 501 samples of the 1D temporal sequence of the SOI that is corresponding to the

middle elemental antenna of the FPA, i.e., soiFPA(8, 8, nct), 0 ≤ nct ≤ 500, is shown

in Figure 3.23.

A set of DFT, modified DFT and undecimated frustum filter banks having half-

cone angles 40.5◦, 40.75◦, . . . , 44.5◦ are used in the simulations. The order of the

frustum filter banks is chosen as 14 × 14 × 254, and the same design specifications

used to design the frustum filter banks employed with the DAA are used here too.

Furthermore, the same temporal prototype filters are used to design the DFT and

modified DFT frustum filter banks.

6Here, we mean the DOA corresponding to the propagation of the SOI from the source to the
paraboloidal reflector.
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Figure 3.22: Iso-surface, drawn at 0.2, of the normalized magnitude spectrum of the
SOI received by the FPA.
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Figure 3.23: First 501 samples of the 1D temporal sequence of the SOI that is corre-
sponding to the middle antenna of the FPA (soiFPA(8, 8, nct), 0 ≤ nct ≤ 500).
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Figure 3.24: SINRs at the inputs and outputs of the undecimated, DFT and modified
DFT frustum filter banks for the FPA.

The SINRs at the inputs and outputs of the three frustum filter banks are illus-

trated in Figure 3.24. Similar to the case of the DAA, the SINRs at the outputs of the

frustum filter banks decrease with the increased half-cone angle because more energy

of the RFI and noise signals encroaches into the double-frustum-shaped passbands.

It is observed that an additional SINR improvement about 1 dB can be achieved with

the DFT and modified DFT frustum filter banks for all the half-cone angles used in

the simulations. One main reason among others for this additional improvement may

be the difference between the approximated double-frustum-shaped passbands.

3.6.4 A Comparative Study of Computational Complexity of

3D FIR Frustum Filter Banks

In order to numerically confirm the lower computational complexity of a DFT and

a modified DFT frustum filter bank compared to a undecimated frustum filter bank

having the same order, hence, a similar frequency response, here, we present the

nontrivial real multiplications and additions (i.e., excluding the multiplications with

±1 and ±j and the addition with 0, respectively) required by each of three frustum

filter banks to process a real-valued and a complex-valued sample. As illustrative
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Filter order
DFT Modified DFT Undecimated

Mul. Add. Mul. Add. Mul. Add.

40× 40× 254 3813.375 3834.25 1921.125 1940.875 15488 15479

14× 14× 254 537.375 558.25 283.125 302.875 3840 3831

Table 3.3: Number of nontrivial real multiplications and additions required to process
a real-valued sample by the DFT, modified DFT and the undecimated frustum filter
banks of order 40× 40× 254 and 14× 14× 254.

examples, we consider the frustum filter banks employed in the processing of the ST

signals on the DAA and the FPA in Sections 3.6.2 and 3.6.3, respectively.

The number of nontrivial real multiplications and additions required by the DFT,

modified DFT and the undecimated frustum filter banks to process a real-valued and

a complex-valued sample are given in Tables 3.3 and 3.4, respectively. A detailed

derivation of the computational complexities of the three cone and frustum filter

bank types is presented in Appendix A. In this case, it is assumed that the split-radix

FFT algorithm is used to implement the DFT and IDFT blocks. The nontrivial real

multiplications and additions required to perform a 32-point DFT (or IDFT) by the

real-valued and complex-valued split-radix FFT algorithms are 34 and 164 [104] and

68 and 388 [105], respectively. The percentage reduction (or saving) of the total

arithmetic operations, i.e., the summation of the nontrivial real multiplications and

additions, required to process a real-valued and a complex-valued sample by the

DFT and modified DFT frustum filter banks relative to the undecimated frustum

filter bank is presented in Table 3.5. It is observed that approximately 75% − 95%

reduction of the total arithmetic operations can be achieved with the DFT and modified

DFT frustum filter banks relative to the undecimated counterpart. Also, the saving of

the total arithmetic operations is higher for a complex-valued signal. Furthermore, the

percentage reduction of the total arithmetic operations required to process a real-valued

sample by the modified DFT frustum filter bank relative to the DFT frustum filter bank

is 49.50% and 46.51% for the frustum filter banks of order 40×40×254 and 14×14×
254, respectively. In the case of a complex-valued sample, the percentage reduction

is 48.84% and 42.48%, respectively. Consequently, roughly 40% − 50% reduction of

the total arithmetic operations can be achieved with the modified DFT frustum filter

banks relative to the DFT frustum filter banks at the expense of higher hardware cost.
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Filter order
DFT Modified DFT Undecimated

Mul. Add. Mul. Add. Mul. Add.

40× 40× 254 3842 3909.75 1949.75 2016.375 30976 30958

14× 14× 254 566 633.75 311.75 378.375 7680 7662

Table 3.4: Number of nontrivial real multiplications and additions required to process
a complex-valued sample by the DFT, modified DFT and the undecimated frustum
filter banks of order 40× 40× 254 and 14× 14× 254.

Filter order
Real-valued signal Complex-valued signal

DFT Modified DFT DFT Modified DFT

40× 40× 254 75.30% 87.53% 87.48% 93.60%

14× 14× 254 85.72% 92.36% 92.18% 95.50%

Table 3.5: Percentage reduction of the total arithmetic operations required to process
a real-valued and a complex-valued sample by the DFT and modified DFT frustum
filter banks relative to the undecimated frustum filter bank.

3.7 Summary

In this chapter, we proposed two computationally efficient 3D cone filter bank struc-

tures: DFT and modified DFT, following [3][53] to improve the computational effi-

ciency of 3D cone filter banks proposed in [38](ch. 5.5)[39]. In the DFT cone filter

bank, a 1D under-decimated filter bank is used as the temporal filter bank, and

each subband is comprised of a 2D spatial circularly symmetric zero-phase FIR filter

between the 1D temporal linear-phase causal FIR analysis and synthesis filters. How-

ever, in the modified DFT cone filter bank, a 1D maximally decimated modified DFT

filter bank is employed as the temporal filter bank, and each subband is comprised of

two 2D spatial circularly symmetric zero-phase FIR filters having the same transfer

function between a 1D temporal linear-phase causal analysis and a synthesis filter.

Each subband of both cone filter banks forms a disc-shaped passband having an ap-

propriate radius and a height of 2π/M , where M is the number of bands in the cone

filter banks, and the double-cone-shaped passbands are approximated by cascading

those M disc-shaped passbands. Furthermore, we extend the 3D DFT and modified

DFT cone filter bank structures to the 3D DFT and modified DFT frustum filter bank

structures. In the frustum filter banks, the double-frustum-shaped passbands are ap-
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proximated by employing appropriate subsets of bands out of the M total bands in

the respective cone filter banks. Both DFT and modified DFT cone and frustum filter

banks provide near-perfect reconstruction. That is, they are almost alias free, and

the amplitude responses are approximately unity inside the double-cone-shaped and

double-frustum-shaped passbands. Computationally efficient DFT-polyphase struc-

tures are employed in the implementation of the DFT and modified DFT cone and

frustum filter banks. Both temporal and spatial filtering operations can be carried

out at a significantly lower rate in the DFT and modified DFT cone and frustum fil-

ter banks compared to the undecimated cone and frustum filter banks implying lower

power consumption in the DFT and modified DFT cone and frustum filter banks.

Design examples of the DFT and modified DFT frustum filter banks indicate that

they can be designed to have a small passband ripple and a good stopband attenu-

ation. Furthermore the distortion due to aliasing is almost negligible. Furthermore,

numerical simulations confirm that the improvement in SINR that can be achieved

with the DFT and modified DFT frustum filter banks by attenuating RFI and noise

signals is comparable with that can be achieved with the undecimated frustum filter

banks having the same order for the DAAs and slightly better than for the FPAs.

More importantly, a significant reduction of the computational complexity can be

achieved with the DFT and modified DFT frustum filter banks relative to the un-

decimated frustum filter banks. Furthermore, the computational complexity of a

modified DFT frustum filter bank is approximately half of that of a DFT frustum fil-

ter bank having the same order. However, the implementation of the former requires

approximately twice the hardware required by the implementation of the latter.
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Chapter 4

Brightness Distribution Errors in

Synthetic Aperture Radio

Astronomy due to Perturbations in

Receiver Transfer Functions

4.1 Introduction

In both radio and optical astronomy, the angular resolution of a telescope is a key

factor that determines the quality of images obtained. The angular resolution of a

typical single-antenna radio telescope1 is in the range of a few tens to a few hun-

dreds of arcseconds that is insufficient for many astronomical purposes [35](ch. 1.1).

For example, the angular resolution of a radio telescope of which the antenna is a

paraboloidal reflector of diameter 100 m is around 413 arcseconds at the wavelength

of 20 cm. In comparison, the angular resolution of an optical telescope2 of diameter 1

m is theoretically around 0.1 arcseconds at the wavelength of 500 nm. Nevertheless,

the angular resolution of a radio telescope can be significantly improved by employing

interferometry techniques [35][36](ch. 9), through which angular resolutions as high

as a few milliarcseconds can be achieved.

1The angular resolution θr of a single-antenna radio telescope is given by θr = kλ/D, where λ is
the wavelength of the cosmic SOI, D is the diameter of the antenna and k is a factor of order unity
that depends on details of antenna illumination [36](ch. 9.1).

2In optical astronomy, practically achievable angular resolution from the ground by conventional
techniques is limited to around 1 arcseconds by turbulence in the troposphere [35](ch. 1.1).
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A typical aperture synthesis radio telescope consists of more than one antenna,

ranging from a few tens to a few thousands. For example, the VLA telescope consists

of 27 paraboloidal reflectors [34] whereas the SKA will have 2000–3000 paraboloidal

reflectors in addition to other types of antennas [6][7]. Each antenna pair forms a

baseline, for which a sample of the visibility function of a cosmic source(s) is estimated

through cross correlation. The BD and the visibility function of a spatially incoherent

cosmic source are related to each other through the Fourier transform in accordance

with the van Cittert-Zernike theorem [35](ch. 14). When we have a sufficiently large

number of samples of the visibility function, an accurate image of the BD can be

obtained through the inverse Fourier transform and a deconvolution procedure such

as the CLEAN algorithm [35](ch. 11.2)[36](ch. 9.4).

The transfer functions of the elemental antennas in DAAs and FPAs and those of

receivers connected to them tend to be slightly mismatched due to small random per-

turbations and tolerances in elemental-antenna and circuit parameters. In [26][27][28]

[29][30][31], the impact of limitations of the receiver and antenna subsystems on the

performance of aperture synthesis interferometric radiometers used in remote sens-

ing [32] are thoroughly analyzed. In the context of aperture synthesis radio telescopes,

Thompson and D’Addario [33] have analyzed and estimated loss in sensitivity and the

introduction of errors in the calibration procedure due to various limitations and mis-

matches in RF and IF amplifiers and transmission lines and due to delay errors for the

VLA radio telescope [34]. Nevertheless, there appears to be little analytical informa-

tion in the literature about how parameter perturbations and mismatches among the

many ideally-matched LNAs and AAFs employed in analog receiver channels impact

on the BD of a synthesized image.

In this chapter, we analyze BD errors caused by parameter perturbations and

mismatches among the ideally-matched transfer functions of receivers employed in

synthetic aperture systems. For simplicity, we consider 1D aperture synthesis with

a synthetic aperture system consisting of 1D DLAs, which mimic the 1D version of

the more general 2D DAAs. However, the extension of the analysis from 1D to 2D

aperture synthesis is straightforward. The analysis is mainly divided into two parts.

First, we consider the BD errors caused by perturbations in the transfer functions of

LNAs and AAFs. For LNAs and AAFs, those perturbations are primarily caused by

process variations in manufacturing [54][55] and typical element tolerances [56](ch. 7),

respectively. Here, we present a detailed theoretical analysis of characteristics of the

additive BD error and its effects on the synthesized BD under three cases: completely
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matched, partially matched and unmatched transfer functions of the LNAs and AAFs.

It is well known that typical FIR digital filters and beamformers having linear-

phase responses (or constant group delays) are widely used in many applications where

minimum phase distortion is necessary because they do not introduce phase distor-

tions on the signals being processed. However, for applications where some phase

distortion is either tolerable or unimportant, in general, typical IIR digital filters and

beamformers having nonlinear-phase responses are attractive because, for similar per-

formance, an IIR filter or a beamformer needs fewer parameters (i.e., lower order in

the transfer function) compared to an FIR counterpart, and, hence, its implementa-

tion requires less memory and has lower computational complexity [106](pp. 614).

More importantly, it has been assumed that the phase responses of ST multidimen-

sional filters and beamformers proposed to be employed in aperture synthesis radio

telescopes [38][39][40][41][42] should be linear in order to avoid phase distortions. As

the second part of the analysis, we investigate the conditions that should be satisfied

by the transfer functions of 2D beamformers to eliminate errors caused by their phase

responses. Here, we show that the sufficient condition to eliminate those errors is that

the transfer functions are matched and their phase responses are not necessary to be

linear suggesting the possible use of typical IIR beamformers.

Furthermore, we present a numerical study of the BD errors caused by parameter

perturbations and mismatches in the transfer functions of LNAs and AAFs. The

study is mainly focused on the BD errors caused by the typical tolerances of passive

L and C elements used to implement LC AAFs and those caused by the random

variations of gain from LNA to LNA. With perturbed AAFs, the percentage errors of

the synthesized BDs for both partially matched and unmatched cases are substantial

at frequencies near the passband edge. The variations of the percentage errors due to

the random variations of the gains of the LNAs are random and depend on additive

perturbations for both partially matched and unmatched cases.

The organization of the chapter is as follows. In Section 4.2, an idealized model

of a 2D synthetic aperture system is reviewed. The theoretical analysis of BD errors

caused by perturbations in the receiver transfer functions is presented in Section 4.3.

In Section 4.4, the BD errors caused by the typical tolerances of passive L and C

elements used to implement LC AAFs and the random variations of gain from LNA

to LNA are numerically studied using an illustrative example. Finally, in Section 4.5,

summary of the chapter is presented.
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4.2 An Idealized Model of a 2D Synthetic Aper-

ture System: A Review

Here, we present a review of an ideal model of a simplified 2D synthetic aperture

system. The telescope is assumed to be comprised of ND 1D DLAs that are sparsely

placed in the east-west direction, where ND ∈ Z
+, and the pth such DLA, where

p ∈ {Z∩ [1, ND]}, and the corresponding simplified receiver architecture is illustrated

in Figure 4.1. In the following analysis, each 1D DLA is considered to be associated

with a separate Cartesian coordinate system of which the origin and the x axis are

positioned at the middle of the corresponding 1D DLA and parallel to the east-west

direction, respectively. Each DLA consists of 2Nx + 1 elemental antennas, where

Nx ∈ Z
+, which are uniformly distributed with inter-antenna distance Tx, and the

telescope is comprised of (2Nx + 1)ND matched (or identical) analog receiving chan-

nels. Although, in practice, the employed antennas are BB directional ones such as

Vivaldi antennas [12], for simplicity, we assume the elemental antennas have isotropic

radiation patterns over the desired bandwidth. Furthermore, DLAs are assumed to be

configured according to the minimum-redundancy (general) array configuration [107]

so that the highest possible number of baselines are obtained for a given ND.

In the following analysis, we consider only the processing of a BB cosmic SOI

emanating from a point source. The location of the point source is considered as the

phase center. In fact, the synthesized BD of the point source can be considered as

the 1D point spread function of the radio telescope. As in the previous chapters, the

cosmic SOI is assumed to be mono polarized, and, hence, it is treated as a scalar

quantity. Furthermore, we assume that the cosmic SOI is band limited and the

Nyquist condition is satisfied by the spatial sampling with the elemental antennas.

We begin the analysis by writing the relationship between the incoming 4D CD

ST PW pw(x, y, z, ct) and the 2D MD spatially sampled PW pwp
ANT (nx, ct);

pwp
ANT (nx, ct) = pw(nxTx, 0, 0, ct)wn(nx), (4.1)

where wn(nx) is the 1D window function that incorporates the finite length of the

DLAs. In this case, wn(nx) is the 1D rectangular window of length 2Nx + 1. In the

2D mixed frequency space, the spectrum of pwp
ANT (nx, ct), PW p

ANT (ωx,Ωct), is given
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Figure 4.1: A Simplified schematic diagram of a 2D synthetic aperture system having
ND 1D DLAs that are sparsely placed in the east-west direction.

by [59](ch. 3)

PW p
ANT (ωx,Ωct) = W (Ωct)[δ(ωx − Tx sin(θ) cos(φ)Ωct) ∗x WN(ωx)]

= W (Ωct)WN(ωx − Tx sin(θ) cos(φ)Ωct),

for (ωx,Ωct) ∈ [−π, π]× R, (4.2)

where W (Ωct) is the 1D CDFT of the 1D temporal function w(ct) that describes the

amplitude of the wavefronts in the DOA, (θ, φ) specifies the DOA of pw(x, y, z, ct),

WN(ωx) is the 1D CDFT of wn(nx)], and ∗x denotes the 1D convolution with respect

to the spatial dimension. Next, the output of the LNA in the nxth receiving channel

in the pth DLA is given by the 1D temporal convolution

pwp
LNA(nx, ct) = hp

LNA(nx, ct) ∗ct pwp
ANT (nx, ct), (4.3)

where hp
LNA(nx, ct) is the impulse response of the LNA, and ∗ct denotes the 1D con-

volution with respect to the temporal dimension. Then, each LNA-amplified analog

signal is lowpass filtered with an AAF having an appropriate frequency response prior
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to synchronous analog-to-digital conversion in order to alleviate significant aliasing.

The lowpass-filtered signal pwp
AAF (nx, ct) can then be expressed as

pwp
AAF (nx, ct) = hp

AAF (nx, ct) ∗ct pwp
LNA(nx, ct)

= hp
AAF (nx, ct) ∗ct [hp

LNA(nx, ct) ∗ct pwp
ANT (nx, ct)], (4.4)

where hp
AAF (nx, ct) is the impulse response of the corresponding AAF. After the syn-

chronous analog-to-digital conversion, the resulting signal is a 2D DD signal, which

can be written as

pwp
ADC(nx, nct) = pwp

AAF (nx, nctTct). (4.5)

Here, for simplicity, we do not consider quantization effects caused by the finite word

length of the synchronous ADCs. With the aid of Equations (4.2), (4.4) and (4.5),

the spectrum of pwp
ADC(nx, nct), PW p

ADC(ωx, ωct), in the 2D discrete frequency space

can be obtained as

PW p
ADC(ωx, ωct) =

1

Tct

HAAF

(
j
ωct

Tct

)
HLNA

(
j
ωct

Tct

)
W

(
ωct

Tct

)

×WN

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωct

)
for (ωx, ωct) ∈ [−π, π]2.

(4.6)

Note that, when deriving Equation (4.6), the transfer functions of the LNAs and

AAFs are considered to be independent of both p and nx since all the LNAs and

AAFs are ideally matched.

The main purpose of a beamformer is to extract the samples of the 1D temporal

function w(ct) associated with the cosmic SOI with minimum distortion. In the

receiver architecture illustrated in Figure 4.1, we employ a 2D ST beamformer, which

is capable of processing BB signals. The output of the 2D beamformer bf p(nx, nct)

can be expressed as

bf p(nx, nct) = hBF (nx, nct) ∗ ∗ pwp
ADC(nx, nct), (4.7)

where hBF (nx, nct) is the impulse response of the beamformer, and ∗∗ denotes the 2D

convolution. Here also, the transfer functions of all the beamformers are considered

to be matched, hence, independent of p. In the 2D discrete frequency space, the
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equivalent equation of Equation (4.7) can be written as

BF p(ωx, ωct) = HBF (e
jωx , e jωct)PW p

ADC(ωx, ωct), for (ωx, ωct) ∈ [−π, π]2. (4.8)

Although the output signal of a 2D beamformer is, in general, a 2D signal, only one

1D temporal sequence corresponding to a particular nx (e.g., nx = Np for the DLA

p) is obtained as the beamformed signal. Let us assume bf p(nx, nct) is in the spatial

steady state for Nss spatial indices out of 2Nx+1 spatial indices for which bf p(nx, nct)

is calculated, and N is the set that contains those Nss spatial indices. To facilitate the

extraction of the samples of w(ct) with minimum distortion through beamforming,

Np should be one out of Nss spatial indices that are elements of N .

In the cross-correlator bank, Nu cross power spectra, where Nu is the number of

baselines that can be obtained with ND DLAs and the minimum-redundancy array

configuration, are calculated. The cross power spectrum Spq(ωct), which is calcu-

lated from bf p(Np, nct) and bf q(N q, nct), can be considered as the complex visibility

V (nu, ωct)|nu=npq
u
, where nu ∈ {Z∩ [1, Nu]} and npq

u represents the index that is corre-

sponding to the baseline determined by the DLAs p and q, where p, q ∈ {Z∩ [1, ND]},
as a function of the temporal frequency ωct [35](pp. 284). It is well known that the

cross power spectrum and the cross-correlation sequence of two DD signals form a

Fourier transform pair;

Spq(ωct) = F1
τct

[
Rpq(τx, τct)|τx=0

]
, (4.9)

where Fn
x1,x2,...,xn

[·] denotes the nD Fourier transform with respect to x1, x2, . . . , xn,

and the 2D cross-correlation sequence Rpq(τx, τct) is given by

Rpq(τx, τct) =
1

(2Nx + 1)Nct

Nx∑

nx=−Nx

Nct−1∑

nct=0

bf p(nx, nct)bf
q,∗(nx − τx, nct − τct), (4.10)

where (τx, τct) ∈ {Z2 ∩ {[−2Nx, 2Nx] × [−(Nct − 1), Nct − 1]}}, Nct is the number of

temporal samples and bf q,∗(·, ·) denotes the conjugate of bf q(·, ·). In Equation (4.9),

Rpq(τx, τct)|τx=0 can be considered as a slice of Rpq(τx, τct). Consequently, Spq(ωct) can
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be expressed, by using the projection-slice theorem [35](pp. 65–66), as

Spq(ωct) = K

π∫

−π

BF p(ωx, ωct)BF q,∗(ωx, ωct) dωx, for ωct ∈ [−π, π], (4.11)

where K = 1/[2π(2Nx + 1)Nct] and

BF q,∗(ωx, ωct) = H∗

BF (e
jωx , e jωct)PW q,∗

ADC(ωx, ωct), for (ωx, ωct) ∈ [−π, π]2, (4.12)

where

PW q,∗
ADC(ωx, ωct) =

1

Tct

H∗

AAF

(
j
ωct

Tct

)
H∗

LNA

(
j
ωct

Tct

)
W ∗

(
ωct

Tct

)

×WN∗

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωct

)
for (ωx, ωct) ∈ [−π, π]2.

(4.13)

Note that, in the derivation of Equation (4.11), it is assumed that Np = N q, and,

therefore, the slice of Rpq(τx, τct) at τx = 0 is used to obtain Spq(ωct). Furthermore,

it is assumed that the geometric delay tpqg corresponding to the distance between the

two arrays (i.e., the distance between the two origins of the corresponding coordi-

nate systems) is compensated by an equivalent adjustable electronic delay. If the two

beamformed signals are obtained with Np 6= N q, and if tpqg is not compensated, a

term, e j[ωx(Np−Nq)+ωctt
pq
g ], should be included inside the integral of Equation (4.11).

Although Spq is a function of the continuous variable ωct, in digital correlators em-

ployed in radio telescopes, it is calculated at discrete values of ωct through 1D FFT

techniques [35](ch. 8.7). Let B is the set that contains the temporal discrete frequen-

cies at which Spq is calculated. Then, at a temporal discrete frequency ωi
ct ∈ B, where

i ∈ {Z∩ [1, Nc]} and Nc is the number of frequency channels of the cross-correlators,

the sample of the visibility function V (npq
u , ωi

ct) is given by

V (npq
u , ωi

ct) = 2Spq(ω
i
ct)

=
2K

T 2
ct

π∫

−π

∣∣∣∣W
(
ωi
ct

Tct

)∣∣∣∣
2 ∣∣∣∣WN

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωi
ct

)∣∣∣∣
2

×
∣∣∣∣HAAF

(
j
ωi
ct

Tct

)
HLNA

(
j
ωi
ct

Tct

)
HBF (e

jωx , e jωi
ct)

∣∣∣∣
2

dωx. (4.14)



79

Note that, Spq(ω
i
ct) is multiplied by 2 to incorporate the power associated with

Spq(−ωi
ct). Furthermore, if Nx is assumed to be sufficiently large,

WN

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωi
ct

)
≈ δ

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωi
ct

)
, (4.15)

and, in this case, finite length effect is negligible. Under this condition, Equa-

tion (4.14) is reduced as

V (npq
u , ωi

ct) ≈
2K

T 2
ct

∣∣∣∣W
(
ωi
ct

Tct

)∣∣∣∣
2 ∣∣∣∣HAAF

(
j
ωi
ct

Tct

)
HLNA

(
j
ωi
ct

Tct

)
HBF (e

jωi
x , e jωi

ct)

∣∣∣∣
2

(4.16)

where ωi
x = (Tx/Tct) sin(θ) cos(φ) ω

i
ct. Note that, the expression in the right hand

side of Equation (4.16) is independent of p and q. Therefore, all Nu samples of the

visibility function V (nu, ω
i
ct) have the same value.

The visibility function V (nu, ω
i
ct) is symmetrical about the origin of the nu axis

in the hermitian sense, i.e., V (nu, ω
i
ct) = V ∗(−nu, ω

i
ct), since the BD of a cosmic

source is real [35](pp. 61). Consequently, V (nu, ω
i
ct), for nu = −Nu,−Nu + 1, . . . ,−1

can be obtained from the available samples of the visibility function, V (nu, ω
i
ct),

nu ∈ {Z ∩ [1, Nu]}. Furthermore, V (0, ωi
ct) can be estimated through the power

spectrum of any beamformed sequence. In fact, this relates to an estimation of an

autocorrelation sequence rather than a cross-correlation sequence. It is worth to note

that, V (0, ωi
ct) represents the average value of the BD of the cosmic source, and, con-

sequently, an estimation of V (0, ωi
ct) should be incorporated in the aperture synthesis

process. In other words, synthesis of BD only from the 2Nu samples, V (nu, ω
i
ct),

|nu| ∈ {Z ∩ [1, Nu]}, with V (0, ωi
ct) = 0 leads to an additional error in the BD. In

general, the definitions of 1D DFT and IDFT are associated with the set of inte-

gers {0, 1, . . . , 2Nu} [106](ch. 5.1) rather than {−Nu,−Nu + 1, . . . , Nu}. Because

V (nu, ω
i
ct) can be considered as periodic with the period 2Nu + 1, V (nu, ω

i
ct), for

nu = Nu+1, Nu+2, . . . , 2Nu, can be obtained from V (nu, ω
i
ct), nu ∈ {Z∩ [−Nu,−1]}

as

V (nu, ω
i
ct) = V (nu − (2Nu + 1), ωi

ct), for nu = Nu + 1, Nu + 2, . . . , 2Nu. (4.17)
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Then, the BD of the cosmic source I(nl, ω
i
ct) can be obtained from the 1D IDFT as

I(nl, ω
i
ct) =

1

2Nu + 1

2Nu∑

nu=0

V (nu, ω
i
ct)e

−j2πnunl , for nl = 0, 1, . . . , 2Nu. (4.18)

It is intuitive to prefer I(nl, ω
i
ct) for nl = −Nu,−Nu + 1, . . . , Nu to that for nl =

0, 1, . . . , 2Nu so that the origin of the nl axis is in the middle. Because 1D IDFT

results a periodic sequence [106](ch. 5.2), I(nl, ω
i
ct) for nl = −Nu,−Nu + 1, . . . ,−1

can be obtained from I(nl, ω
i
ct), nu ∈ {Z ∩ [Nu + 1, 2Nu]} as

I(nl, ω
i
ct) = I(nl + (2Nu + 1), ωi

ct), for nl = −Nu,−Nu + 1, . . . ,−1. (4.19)

In this case, I(nl, ω
i
ct) is given by

I(nl, ω
i
ct) =





2K
T 2
ct

∣∣∣W
(

ωi
ct

Tct

)∣∣∣
2 ∣∣∣HAAF

(
j
ωi
ct

Tct

)
HLNA

(
j
ωi
ct

Tct

)
HBF (e

jωi
x , e jωi

ct)
∣∣∣
2

,

for nl = 0

0, for |nl| ∈ {Z ∩ [1, Nu]}.
(4.20)

It follows from Equation (4.20) that I(0, ωi
ct) may have only a discrepancy in the

magnitude due to the non-ideal amplitude responses of the LNAs, AAFs and the

beamformers.

4.3 Brightness Distribution Errors Caused by Per-

turbations in Receiver Transfer Functions

We now consider the 1D aperture synthesis of the point source located at the phase

center with a synthetic aperture system having perturbed receiver transfer functions.

The same specifications of the telescope and assumptions specified in the first two

paragraphs in the above section are used in the following analysis too, and, for brevity,

we do not mention those here again. We mean, by the term receiver transfer function,

the overall transfer function corresponding to the cascaded subsystems: the LNA

bank, AAF bank, synchronous ADC bank and the 2D beamformer followed by a

DLA (see Figure 4.1). The analysis is mainly divided into two parts. Firstly, we

consider the BD errors caused by perturbations in the transfer functions of the LNAs
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and AAFs. Secondly, we examine the conditions under which the BD errors caused

by the phase responses of the 2D beamformers vanish.

4.3.1 Brightness Distribution Errors Caused by Perturba-

tions in Transfer Functions of LNAs and AAFs

Here, we first establish a relationship between the errors on the samples of the visi-

bility function and the perturbed transfer functions of the LNAs and AAFs.

Lemma 4.1. Let the transfer functions of the LNA and the AAF in the nxth receiving

channel in the pth DLA be, respectively, expressed as

Hp
LNA(nx, sct) = HLNA(sct) + ∆̃H

p

LNA(nx, sct) (4.21a)

Hp
AAF (nx, sct) = HAAF (sct) + ∆̃H

p

AAF (nx, sct), (4.21b)

and the transfer functions of the LNA and the AAF in the nxth receiving channel in

the qth DLA be, respectively, expressed as

Hq
LNA(nx, sct) = HLNA(sct) + ∆̃H

q

LNA(nx, sct) (4.22a)

Hq
AAF (nx, sct) = HAAF (sct) + ∆̃H

q

AAF (nx, sct), (4.22b)

where HLNA(sct) and HAAF (sct) are the matched components of the perturbed transfer

functions of the LNAs and AAFs, respectively, and ∆̃H
p

LNA(nx, sct), ∆̃H
p

AAF (nx, sct),

∆̃H
q

LNA(nx, sct) and ∆̃H
q

AAF (nx, sct) are the components of the perturbed transfer func-

tions that represent the respective perturbations. Then, at a temporal discrete fre-

quency ωi
ct ∈ B, the additive error Ve(n

pq
u , ωi

ct) on the sample of the visibility function

caused by the perturbations is given by

Ve(n
pq
u , ωi

ct) = 2K

π∫

−π

[
PW p

ADC(ωx, ω
i
ct)E

q,∗(ωx, ω
i
ct) + PW q,∗

ADC(ωx, ω
i
ct)E

p(ωx, ω
i
ct)

+ Ep(ωx, ω
i
ct)E

q,∗(ωx, ω
i
ct)
]∣∣∣HBF (e

jωx , e jωi
ct)
∣∣∣
2

dωx, (4.23)

where K = 1/[2π(2Nx+1)Nct], HBF (zx, zct) is the matched transfer function of the 2D

beamformers, PW p
ADC(ωx, ωct) and PW q,∗

ADC(ωx, ωct) are, respectively, given in Equa-
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tions (4.6) and (4.13),

Ep(ωx, ωct) =
1

Tct

W

(
ωct

Tct

)
WN

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωct

)
∗ωx

[
HAAF

(
j
ωct

Tct

)

×∆Hp
LNA

(
ωx, j

ωct

Tct

)
+HLNA

(
j
ωct

Tct

)
∆Hp

AAF

(
ωx, j

ωct

Tct

)

+ ∆Hp
AAF

(
ωx, j

ωct

Tct

)
∗ωx

∆Hp
LNA

(
ωx, j

ωct

Tct

)]
,

for (ωx, ωct) ∈ [−π, π]2 (4.24)

and

Eq,∗(ωx, ωct) =
1

Tct

W ∗

(
ωct

Tct

)
WN∗

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωct

)
∗ωx

[
H∗

AAF

(
j
ωct

Tct

)

×∆Hq,∗
LNA

(
ωx, j

ωct

Tct

)
+H∗

LNA

(
j
ωct

Tct

)
∆Hq,∗

AAF

(
ωx, j

ωct

Tct

)

+ ∆Hq,∗
AAF

(
ωx, j

ωct

Tct

)
∗ωx

∆Hq,∗
LNA

(
ωx, j

ωct

Tct

)]
,

for (ωx, ωct) ∈ [−π, π]2, (4.25)

where

∆Ha
b (ωx, sct) = F1

nx

[
∆̃H

a

b (nx, sct)
]
, a = p, q and b = LNA,AAF (4.26)

and ∗ωx
denotes the 1D convolution with respect to the discrete spatial frequency.

Proof. Let the output signal of the AAF in the nxth receiving channel in the pth DLA

be p̂w p
AAF (nx, ct). Following a similar approach used in Section 4.2, p̂w p

AAF (nx, ct) can

be expressed as

p̂w p
AAF (nx, ct) = hp

AAF (nx, ct) ∗ct [hp
LNA(nx, ct) ∗ct pwp

ANT (nx, ct)], (4.27)

where hp
LNA(nx, ct) and hp

AAF (nx, ct) are the impulse responses of the corresponding

LNA and AAF. Furthermore, the 2D DD signal p̂w p
ADC(nx, ct) at the output of the

synchronous ADC can be written as

p̂w p
ADC(nx, nct) = p̂w p

AAF (nx, nctTct). (4.28)
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In the 2D discrete frequency space, the 2D DDFT of p̂w p
ADC(nx, nct) can be obtained

as

P̂W
p

ADC(ωx, ωct) = F2
nx,nct

[
p̂w p

ADC(nx, nct)
]

=
1

Tct

F1
nx

[
Hp

AAF

(
nx, j

ωct

Tct

)
Hp

LNA

(
nx, j

ωct

Tct

)
PW p

ANT

(
nx,

ωct

Tct

)]
,

for (nx, ωct) ∈ {{Z ∩ [−Nx, Nx]} × [−π, π]}. (4.29)

By writing Hp
LNA(nx, sct) and Hp

AAF (nx, sct) as additions of the respective matched

and perturbed components (see Equations (4.21a) and (4.21b)), Equation (4.29) is

rewritten as

P̂W
p

ADC(ωx, ωct) =
1

Tct

F1
nx

[{
HAAF

(
j
ωct

Tct

)
+ ∆̃H

p

AAF

(
nx, j

ωct

Tct

)}{
HLNA

(
j
ωct

Tct

)

+ ∆̃H
p

LNA

(
nx, j

ωct

Tct

)}
PW p

ANT

(
nx,

ωct

Tct

)]

= PW p
ADC(ωx, ωct) + Ep(ωx, ωct),

for (ωx, ωct) ∈ [−π, π]2, (4.30)

where PW p
ADC(ωx, ωct) is resulted from the matched components of the transfer func-

tions and is given in Equation (4.6), and the error Ep(ωx, ωct) being resulted from

perturbations is given by

Ep(ωx, ωct) =
1

Tct

W

(
ωct

Tct

)
WN

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωct

)
∗ωx

[
HAAF

(
j
ωct

Tct

)

×∆Hp
LNA

(
ωx, j

ωct

Tct

)
+HLNA

(
j
ωct

Tct

)
∆Hp

AAF

(
ωx, j

ωct

Tct

)

+ ∆Hp
AAF

(
ωx, j

ωct

Tct

)
∗ωx

∆Hp
LNA

(
ωx, j

ωct

Tct

)]
,

for (ωx, ωct) ∈ [−π, π]2. (4.31)

Note that, Equation (4.2) is used to derive Equation (4.31). The 2D output of the
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2D beamformer can be expressed in the 2D discrete frequency space as

B̂F
p
(ωx, ωct) = HBF (e

jωx , e jωct)P̂W
p

ADC(ωx, ωct), for (ωx, ωct) ∈ [−π, π]2,

(4.32)

and, assuming that two beamformed temporal sequences are obtained with Np = N q,

and the geometric delay tpqg corresponding to the distance between the two arrays is

compensated by an equivalent adjustable electronic delay, the cross power spectrum

Spq(ωct) can be expressed as

Spq(ωct) = K

π∫

−π

B̂F
p
(ωx, ωct)B̂F

q,∗
(ωx, ωct) dωx, for ωct ∈ [−π, π], (4.33)

where K = 1/[2π(2Nx + 1)Nct] and

B̂F
q,∗
(ωx, ωct) = H∗

BF (e
jωx , e jωct)P̂W

q,∗

ADC(ωx, ωct), for (ωx, ωct) ∈ [−π, π]2. (4.34)

Similar to Equation (4.30), P̂W
q,∗

ADC(ωx, ωct) can be expressed as

P̂W
q,∗

ADC(ωx, ωct) = PW q,∗
ADC(ωx, ωct) + Eq,∗(ωx, ωct),

for (ωx, ωct) ∈ [−π, π]2, (4.35)

where PW q,∗
ADC(ωx, ωct) is resulted from the matched components of the transfer func-

tions and is given in Equation (4.13), and the error Eq,∗(ωx, ωct) being resulted from

perturbations is given by

Eq,∗(ωx, ωct) =
1

Tct

W ∗

(
ωct

Tct

)
WN∗

(
ωx −

Tx

Tct

sin(θ) cos(φ) ωct

)
∗ωx

[
H∗

AAF

(
j
ωct

Tct

)

×∆Hq,∗
LNA

(
ωx, j

ωct

Tct

)
+H∗

LNA

(
j
ωct

Tct

)
∆Hq,∗

AAF

(
ωx, j

ωct

Tct

)

+ ∆Hq,∗
AAF

(
ωx, j

ωct

Tct

)
∗ωx

∆Hq,∗
LNA

(
ωx, j

ωct

Tct

)]
,

for (ωx, ωct) ∈ [−π, π]2. (4.36)

By substituting Equations (4.30), (4.32), (4.34) and (4.35), Equation (4.33) is rewrit-
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ten as

Spq(ωct) = K

π∫

−π

[
PW p

ADC(ωx, ωct) + Ep(ωx, ωct)
][
PW q,∗

ADC(ωx, ωct) + Eq,∗(ωx, ωct)
]

×
∣∣∣HBF (e

jωx , e jωct)
∣∣∣
2

dωx, for ωct ∈ [−π, π]. (4.37)

Finally, at a temporal discrete frequency ωi
ct ∈ B, the sample of the visibility function

V̂ (npq
u , ωi

ct) can be obtained as

V̂ (npq
u , ωi

ct) = 2Spq(ω
i
ct)

= V (npq
u , ωi

ct) + Ve(n
pq
u , ωi

ct), (4.38)

where V (npq
u , ωi

ct) is resulted from the matched components of the transfer functions

and is given in Equation (4.14), and

Ve(n
pq
u , ωi

ct) = 2K

π∫

−π

[
PW p

ADC(ωx, ω
i
ct)E

q,∗(ωx, ω
i
ct) + PW q,∗

ADC(ωx, ω
i
ct)E

p(ωx, ω
i
ct)

+ Ep(ωx, ω
i
ct)E

q,∗(ωx, ω
i
ct)
]∣∣∣HBF (e

jωx , e jωi
ct)
∣∣∣
2

dωx (4.39)

is the additive error on the sample of the visibility function.

We next obtain the BD of the point source under the perturbed transfer functions

of the LNAs and AAFs Î(nl, ω
i
ct) through the 1D DDFT as

Î(nl, ω
i
ct) =

1

2Nu + 1

2Nu∑

nu=0

V̂ (nu, ω
i
ct)e

−j2πnunl , for nl = 0, 1, . . . , 2Nu. (4.40)

Note that, V̂ (0, ωi
ct) and V̂ (nu, ω

i
ct), for nu = Nu + 1, Nu + 2, . . . , 2Nu, are obtained

following a similar approach used in Section 4.2. By substituting Equation (4.38),

Equation (4.40) can be expressed as

Î(nl, ω
i
ct) = I(nl, ω

i
ct) + Ie(nl, ω

i
ct), for nl = 0, 1, . . . , 2Nu, (4.41)
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where

I(nl, ω
i
ct) =

1

2Nu + 1

2Nu∑

nu=0

V (nu, ω
i
ct)e

−j2πnunl , for nl = 0, 1, . . . , 2Nu (4.42)

is the desired component, and

Ie(nl, ω
i
ct) =

1

2Nu + 1

2Nu∑

nu=0

Ve(nu, ω
i
ct)e

−j2πnunl , for nl = 0, 1, . . . , 2Nu (4.43)

is the additive error caused by the perturbations in the transfer functions of the LNAs

and AAFs. We now present a detailed analysis of characteristics of Ie(nl, ω
i
ct) and

its effects on Î(nl, ω
i
ct) under three cases: completely matched, partially matched and

unmatched transfer functions of the LNAs and AAFs. Note that, in the following

analysis, the range of nl is taken as {Z ∩ [−Nu, Nu]}.

Completely Matched Case

Obviously, when all the transfer functions of the LNAs and AAFs are completely

matched, i.e.,

∆̃H
p

LNA(nx, sct) = 0 (4.44a)

∆̃H
p

AAF (nx, sct) = 0, (4.44b)

∀ nx ∈ {Z ∩ [−Nx, Nx]} and ∀ p ∈ {Z ∩ [1, ND]},

it follows from Lemma 4.1 that

Ve(nu, ω
i
ct) = 0, ∀ nu ∈ {Z ∩ [0, Nu]}. (4.45)

Consequently,

Ie(nl, ω
i
ct) = 0, ∀ nl ∈ {Z ∩ [−Nu, Nu]}, (4.46)

and

Î(nl, ω
i
ct) = I(nl, ω

i
ct), ∀ nl ∈ {Z ∩ [−Nu, Nu]}. (4.47)
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Partially Matched Case

Here, partially matched means that the transfer functions of the LNAs and AAFs are

spatial index-wise matched for all the DLAs, i.e.,

∆̃H
p

LNA(nx, sct) = ∆̃H
q

LNA(nx, sct) (4.48a)

∆̃H
p

AAF (nx, sct) = ∆̃H
q

AAF (nx, sct), (4.48b)

∀ nx ∈ {Z ∩ [−Nx, Nx]} and ∀ p, q ∈ {Z ∩ [1, ND]}.

In this case, according to Equations (4.31) and (4.36),

Ep(ωx, ω
i
ct) = Eq(ωx, ω

i
ct), for ωx ∈ [−π, π] and ∀ p, q ∈ {Z ∩ [1, ND]}. (4.49)

Furthermore, it follows from Equations (4.6) and (4.13) that

PW p
ADC(ωx, ω

i
ct) = PW q

ADC(ωx, ω
i
ct), for ωx ∈ [−π, π] and ∀ p, q ∈ {Z ∩ [1, ND]}.

(4.50)

Therefore, under the partially matched condition, Equation (4.39) reduces to

Ve(nu, ω
i
ct) = 2K

π∫

−π

[
2 ℜ
[
PWADC(ωx, ω

i
ct)E

∗(ωx, ω
i
ct)
]
+
∣∣E(ωx, ω

i
ct)
∣∣2
]

×
∣∣∣HBF (e

jωx , e jωi
ct)
∣∣∣
2

dωx, ∀ nu ∈ {Z ∩ [0, Nu]}, (4.51)

where ℜ [·] denotes the real part of a complex number, and the superscripts p and q

are omitted because Equation (4.51) is independent of the indices of the DLAs. In

this case, it is clear that Ve(nu, ω
i
ct), nu ∈ {Z ∩ [0, Nu]}, is real and constant, and,

hence, Ve(nu, ω
i
ct), nu ∈ {Z ∩ [−Nu, Nu]} is real, even and constant. Consequently,

Ie(nl, ω
i
ct), nl ∈ {Z ∩ [−Nu, Nu]} is real and even. Furthermore, Ie(nl, ω

i
ct) = 0, for

|nl| = 1, 2, . . . , Nu. Therefore,

Î(nl, ω
i
ct) =





I(nl, ω
i
ct) + Ie(nl, ω

i
ct), for nl = 0

I(nl, ω
i
ct), for |nl| ∈ {Z ∩ [1, Nu]},

(4.52)

where Ie(0, ω
i
ct) 6= 0. Accordingly, under the partially matched condition, Î(nl, ω

i
ct)

has only a magnitude error at nl = 0 compared to I(nl, ω
i
ct).
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Unmatched Case

We now consider the more realistic case where the transfer functions of the LNAs and

AAFs are unmatched, i.e.,

∆̃H
p

LNA(nx, sct) 6= ∆̃H
q

LNA(nx, sct) (4.53a)

∆̃H
p

AAF (nx, sct) 6= ∆̃H
q

AAF (nx, sct), (4.53b)

∀ nx ∈ {Z ∩ [−Nx, Nx]} and ∀ p, q ∈ {Z ∩ [1, ND]}.

In this case, it follows from Equations (4.31) and (4.36) that

Ep(ωx, ω
i
ct) 6= Eq(ωx, ω

i
ct), for ωx ∈ [−π, π] and ∀ p, q ∈ {Z ∩ [1, ND]}. (4.54)

According to Equation (4.39), Ve(nu, ω
i
ct), nu ∈ {Z ∩ [1, Nu]}, is complex-valued, and

only Ve(0, ω
i
ct) is real-valued. Consequently,

Ie(nl, ω
i
ct) 6= 0, for nl ∈ {Z ∩ [−Nu, Nu]}. (4.55)

This has two consequences on Î(nl, ω
i
ct), nl ∈ {Z∩[−Nu, Nu]}: first, nonzero Ie(0, ω

i
ct)

causes a magnitude error at nl = 0 compared to I(0, ωi
ct); second, nonzero Ie(nl, ω

i
ct),

for |nl| = 1, 2, . . . , Nu, pretend faint sources.

4.3.2 On the 2D Beamformers Employed in a 2D Synthetic

Aperture System

Here, we first examine the conditions under which the phase responses of the 2D

beamformers do not introduce errors on the synthesized BD of the point source.

Lemma 4.2. Let all the transfer functions of LNAs and AAFs be matched, and

Hp
BF (zx, zct) and Hq

BF (zx, zct) be the transfer functions of the 2D beamformers em-

ployed in the pth and qth DLAs, respectively. If,

Hp
BF (zx, zct) = Hq

BF (zx, zct), ∀ p, q ∈ {Z ∩ [1, ND]}, (4.56)

then, at a temporal discrete frequency ωi
ct ∈ B,

Ie(nl, ω
i
ct) = 0, ∀ nl ∈ {Z ∩ [−Nu, Nu]}, (4.57)
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where Ie(nl, ω
i
ct) is the additive error on the BD of the point source, which is caused

by the phase responses of the 2D beamformers.

Proof. Here, we make use of the analysis in Section 4.2 for brevity. In this case, the

2D output of the beamformer in the pth DLA can be expressed in the 2D discrete

frequency space as

BF p(ωx, ωct) = Hp
BF (e

jωx , e jωct)PW p
ADC(ωx, ωct), for (ωx, ωct) ∈ [−π, π]2,

(4.58)

where PW p
ADC(ωx, ωct) is given in Equation (4.6). Similarly, the conjugate of the 2D

of the beamformer in the qth DLA can be expressed in the 2D discrete frequency

space as

BF q,∗(ωx, ωct) = Hq,∗
BF (e

jωx , e jωct)PW q,∗
ADC(ωx, ωct), for (ωx, ωct) ∈ [−π, π]2, (4.59)

where PW q,∗
ADC(ωx, ωct) is given in Equation (4.13). By substituting Equations (4.58)

and (4.59), Equation (4.11) is rewritten as

Spq(ωct) = K

π∫

−π

PW p
ADC(ωx, ωct)PW q,∗

ADC(ωx, ωct)H
p
BF (e

jωx , e jωct)Hq,∗
BF (e

jωx , e jωct) dωx

= K

π∫

−π

PW p
ADC(ωx, ωct)PW q,∗

ADC(ωx, ωct)
∣∣∣Hp

BF (e
jωx , e jωct)

∣∣∣
∣∣∣Hq

BF (e
jωx , e jωct)

∣∣∣

× e j[Φp
BF

(ωx,ωct)−Φq
BF

(ωx,ωct)] dωx, for ωct ∈ [−π, π], (4.60)

where K = 1/[2π(2Nx + 1)Nct] and Φp
BF (ωx, ωct) and Φq

BF (ωx, ωct) are the phase

responses of the 2D beamformers employed in the pth and qth DLAs, respectively.

Next, at a temporal discrete frequency ωi
ct ∈ B, the sample of the visibility function

V̂ (npq
u , ωi

ct) can be obtained as

V̂ (npq
u , ωi

ct) = 2Spq(ω
i
ct)

= 2K

π∫

−π

PW p
ADC(ωx, ω

i
ct)PW q,∗

ADC(ωx, ω
i
ct)
∣∣∣Hp

BF (e
jωx , e jωi

ct)
∣∣∣

×
∣∣∣Hq

BF (e
jωx , e jωi

ct)
∣∣∣ e j[Φp

BF
(ωx,ωi

ct)−Φq
BF

(ωx,ωi
ct)] dωx. (4.61)
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By writing

V̂ (npq
u , ωi

ct) = V (npq
u , ωi

ct) + Ve(n
pq
u , ωi

ct), (4.62)

where V (npq
u , ωi

ct) is the desired component, and Ve(n
pq
u , ωi

ct) is the additive error

caused by the phase responses of the 2D beamformers employed in the pth and qth

DLAs, the BD of the point source Î(nl, ω
i
ct) can be obtained through the 1D DDFT

as

Î(nl, ω
i
ct) =

1

2Nu + 1

2Nu∑

nu=0

V̂ (nu, ω
i
ct)e

−j2πnunl

= I(nl, ω
i
ct) + Ie(nl, ω

i
ct), for nl = 0, 1, . . . , 2Nu, (4.63)

where

I(nl, ω
i
ct) =

1

2Nu + 1

2Nu∑

nu=0

V (nu, ω
i
ct)e

−j2πnunl , for nl = 0, 1, . . . , 2Nu (4.64)

is the desired component, and

Ie(nl, ω
i
ct) =

1

2Nu + 1

2Nu∑

nu=0

Ve(nu, ω
i
ct)e

−j2πnunl , for nl = 0, 1, . . . , 2Nu (4.65)

is the additive error caused by the phase responses of the 2D beamformers. Note that,

V̂ (0, ωi
ct) and V̂ (nu, ω

i
ct), for nu = Nu + 1, Nu + 2, . . . , 2Nu, are obtained following a

similar approach used in Section 4.2.

If,

Hp
BF (zx, zct) = Hq

BF (zx, zct), ∀ p, q ∈ {Z ∩ [1, ND]}, (4.66)

then,

∣∣∣Hp
BF (e

jωx , e jωct)
∣∣∣ =

∣∣∣Hq
BF (e

jωx , e jωct)
∣∣∣, ∀ p, q ∈ {Z ∩ [1, ND]} (4.67a)

Φp
BF (ωx, ωct) = Φq

BF (ωx, ωct), ∀ p, q ∈ {Z ∩ [1, ND]}. (4.67b)
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Under the conditions in Equations (4.67a) and (4.67b),

e j[Φp
BF

(ωx,ωi
ct)−Φq

BF
(ωx,ωi

ct)] = 1, ∀ p, q ∈ {Z ∩ [1, ND]}, (4.68)

and Equation (4.61) reduces to Equation (4.14). (Note that, the superscripts p and q

in Equation (4.61) can be omitted because, under these conditions, Equation (4.61)

is independent of the indices of the DLAs.) Therefore,

V̂ (nu, ω
i
ct) = V (nu, ω

i
ct), ∀ nu ∈ {Z ∩ [0, 2Nu]}, (4.69)

and according to Equation (4.62),

Ve(nu, ω
i
ct) = 0, ∀ nu ∈ {Z ∩ [0, 2Nu]}. (4.70)

In this case, Equation (4.65) reduces to

Ie(nl, ω
i
ct) = 0, ∀ nl ∈ {Z ∩ [0, 2Nu]} (4.71)

implying that

Ie(nl, ω
i
ct) = 0, ∀ nl ∈ {Z ∩ [−Nu, Nu]}. (4.72)

(Ie(nl, ω
i
ct), for nl = −Nu,−Nu + 1, . . . ,−1, are obtained according to Equation

(4.19).)

According to Lemma 4.2, we note that, the sufficient condition to vanish the errors

on the BD of a point source that are due to the phase responses of the 2D beamformers

is that the transfer functions of the 2D beamformers are matched. Furthermore,

the phase responses are not necessary to be linear. Consequently, typical matched

2D IIR beamformers having nonlinear-phase responses can be used in the synthetic

aperture systems as well as typical matched 2D FIR beamformers having linear-phase

responses. This seems to be an especially interesting potential application of 2D IIR

beamformers because they are arithmetically- and hardware-wise less complex than

FIR counterparts.

In real synthetic aperture system receivers, 2D beamformers are implemented

using finite-word-length [67](ch. 14)[106](pp. 556–598) hardware in high speed very

large scale integrated (VLSI) circuits [108][109][110]. In this case, the ideal transfer
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functions of the beamformers are obviously perturbed. However, interestingly, those

perturbations are equal since the same word-length and the same realization are

typically employed for the implementations of all the beamformers. Consequently,

the perturbed transfer functions are still matched, and, in general, the condition given

in Lemma 4.2 (Equation (4.56)) is always satisfied.

4.4 A Numerical Study of Brightness Distribution

Errors Caused by Perturbations in Receiver

Transfer Functions

Here, we present a numerical study of the BD errors introduced by parameter pertur-

bations in the receiver transfer functions. We consider an illustrative example where

the BD of a point source located at the phase center is synthesized. The study is

mainly focused on the BD errors caused by the typical tolerances of passive L and C

elements used to implement LC AAFs and the random variations of gain from LNA

to LNA.

The synthetic aperture system is assumed to consist of 11 1D DLAs each of which

has 101 elemental antennas (Nx = 50). The elemental antennas are assumed to have

isotropic radiation patterns over the desired bandwidth, and the DLAs are assumed

to be configured according to the minimum-redundancy (general) array configura-

tion [107] with inter array distance Tpq, where p, q ∈ {Z∩[1, 11]}, being equal to integer
multiples of 150 m. Note that, 45 baselines can be formed with 11 DLAs. The tempo-

ral bandwidth of the SOI is taken as 0.5–1.5 GHz, and accordingly, the inter antenna

distance Tx and temporal sampling frequency ft,S are chosen as 7.5 cm and 4 GHz, re-

spectively, so that the Nyquist conditions in both dimensions are satisfied. The DOA

of the SOI is taken as (θ, φ) = (10.0787◦, 0◦). The geometric delay corresponding

to each array pair is an integer multiple of 350 (= min[Tpq]ft,S sin(θ) cos(φ)/c, where

c = 3×108 ms−1) samples. A 2D FIR bandpass (passband = 0.25π–0.75π rad/sample)

fan filter of order 80× 80, designed following [111][112], is used as the 2D BB beam-

former. The axis and half-width angle of the 2D FIR fan filter are the ωct axis and

20◦, respectively. The cross-correlators are assumed to have the FX architecture, i.e.,

Fourier transformation to the temporal frequency domain is performed before cross

multiplication of data from different DLAs [35](ch. 8.7), and the number of frequency

channels in the desired temporal-frequency range, 0.5 GHz < ft ≤ 1.5 GHz, is chosen
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Design specification Value

Maximum passband ripple 0.3 dB

Minimum stopband attenuation 40 dB

Passband edge 1.5 GHz

Stopband edge 2 GHz

Table 4.1: Design specifications of the AAFs.

as 1024.

4.4.1 BD Errors Caused by Typical Tolerances of Passive L

and C Elements of AAFs

In this subsection, the BD errors caused by the typical tolerances of passive L and

C elements used to implement LC AAFs are considered. Lowpass passive LC ladder

filters are employed as the AAFs in analog receiver channels. The design specifications

of the AAFs are given in Table 4.1. These specifications are satisfied by a fifth-

order elliptic filter, a realization of which is illustrated in Figure 4.2. The values of

the inductors and capacitors are obtained by appropriately denormalizing the values

available in [113](ch. 5). Note that, both source and load resistors are of 1 Ω.

The tolerances of the L and C elements are incorporated by adding fractional

errors to the desired values shown in Figure 4.2. The deviations of the amplitude

and phase responses of the AAFs of which all the L and C elements are perturbed by

the same amount ǫAAF are illustrated in Figure 4.3. The deviation of the amplitude

response is substantial near the passband edge and in the transition band whereas

that of the phase response is substantial near the passband edge and in both transition

band and stopband.

Next, errors introduced to the synthesized BD of the point source by the tolerances

of the L and C elements of the AAFs are calculated for the completely matched,

partially matched and unmatched cases. For both partially matched and unmatched

cases, the values of fractional errors are drawn from Gaussian distributions having zero

mean and standard deviation σAAF . For all three cases, all the LNAs are considered to
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1Ω

117.33 pH 83.39 pH

24.27 pF 72.00 pF

135.31 pF 185.91 pF 103.86 pF 1Ωvin vout

Figure 4.2: Realization of the fifth-order elliptic lowpass AAF.
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Figure 4.3: (a) Deviation of the amplitude response (b) an enlarged section of (a)
corresponding to the passband and (c) deviation of the phase response of the AAFs
from the desired amplitude and phase responses due to the perturbations in the L
and C elements. The gain is normalized to 1 (0 dB) in the passband.

have the same (i.e., matched) gain of 20 dB. The synthesized BDs of the point source

at 1.495 GHz are depicted in Figures 4.4 (a), 4.4 (b) and 4.4 (c) for the completely

matched, partially matched and unmatched AAFs, respectively. For the partially

matched and unmatched cases, σAAF is chosen as 2.5%. As predicted in the theoretical

analysis in Section4.3.1, the BD has only a magnitude error in the partially matched
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Figure 4.4: Synthesized BD of the point source at 1.495 GHz, σAAF = 2.5% (a) com-
pletely matched case (b) partially matched case (c) unmatched case (d) an enlarged
section of (c).

case whereas in the unmatched case, the BD has both a magnitude error and artificial

faint sources. Figure 4.4 (d) is an enlarged section of Figure 4.4 (c) that illustrates

the artificial faint sources.

The percentage errors of the synthesized BDs for the partially matched and un-

matched cases are depicted in Figures 4.5 (a) and 4.5 (b), respectively. For both

cases, a significantly increase in the percentage error can be observed near the pass-

band edge of the AAFs. This is due to the larger deviations of the amplitude and

phase responses of the AAFs, due to the perturbations in the L and C elements, near

the passband edge as shown in Figure 4.3. The maximum percentage errors are about

3.5% and 6% for the partially matched and unmatched cases, respectively.

4.4.2 BD Errors Caused by Random Variations of Gains of

LNAs

In this subsection, errors introduced to the synthesized BD of the point source by the

random variations of the gains of the LNAs are calculated for the partially matched

and unmatched cases. Here, we consider only the spatial variation of the gains of
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Figure 4.5: Percentage error introduced to the synthesized BD of the point source by
the tolerances of the L and C elements of the AAFs (a) partially matched case (b)
unmatched case.

the LNAs, i.e., from LNA to LNA, and the gain of each LNA is considered to be

constant over the desired temporal-frequency range. The matched (or unperturbed)

gain of the LNAs is chosen as 20 dB, and the additive perturbations are drawn from

Gaussian distributions having zero mean and standard deviation σLNA. Furthermore,

for both cases, all the AAFs are considered to be matched.

The percentage errors of the synthesized BDs for the partially matched and un-

matched cases are illustrated in Figures 4.6 (a) and 4.6 (b), respectively. In this case,

the variation of the percentage error is random and entirely depends on the additive

perturbations. For this particular example, the maximum percentage error is about

4% at around 830 MHz for the partially matched case whereas, for the unmatched

case, the maximum percentage error is about 2% at around 1.5 GHz.

4.5 Summary

In this chapter, we analyze the BD errors caused by perturbations in the transfer

functions of receivers employed in synthetic aperture systems. First, the BD errors

caused by perturbations in the transfer functions of the LNAs and AAFs are con-

sidered. A detailed theoretical analysis of characteristics of the additive BD error

and its effects on the synthesized BD of a point source located at the phase center is

presented under three cases: completely matched, partially matched and unmatched

transfer functions of the LNAs and AAFs. The synthesized BD of the point source is

equivalent to the 1D point spread function of the radio telescope. In the completely
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Figure 4.6: Percentage error introduced to the synthesized BD of the point source
by the random variations of the gains of the LNAs (a) partially matched case (b)
unmatched case.

matched case, as expected, the BD error is zero. In the partially matched case, the BD

error is real and even. Furthermore, it is nonzero only at the center. Consequently,

the synthesized BD has only a magnitude error. In the more realistic unmatched case,

the BD error is nonzero for all the points in the synthesized BD. This not only causes

a magnitude error but may also lead to artificial faint sources.

Second, we investigate the conditions that should be satisfied by the transfer func-

tions of 2D beamformers to eliminate errors caused by their phase responses. The

sufficient condition to vanish the errors on the synthesized BD is that the transfer

functions of the 2D beamformers are matched. Interestingly, the phase responses of

the beamformers are not required to be linear. Consequently, typical IIR beamform-

ers having nonlinear-phase responses can be employed instead of FIR counterparts

because the former ones are arithmetically- and hardware-wise less complex than the

latter ones for a similar performance.

Finally, the BD errors caused by the typical tolerances of passive L and C elements

used to implement LC AAFs and the random variations of gain from LNA to LNA are

numerically studied using an illustrative example. The deviation of the amplitude and

phase responses of AAFs is substantial near the passband edge and in the transition

band. The percentage error of the synthesized BDs for the partially matched and

unmatched cases is substantial at frequencies near the passband edge of the AAFs.

The variation of the percentage error due to the random variations of the gains of the

LNAs is random and entirely depends on the additive perturbations for both partially

matched and unmatched cases. Furthermore, the maximum percentage error due to
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the typical tolerances of passive L and C elements of AAFs is greater than that due

to the random variations of the gains of the LNAs.
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

In this thesis, two computationally efficient 3D ST FIR cone filter bank structures:

DFT and modified DFT, are proposed following [3][53] to improve the computational

efficiency of the 3D ST FIR cone filter bank structure proposed in [38](ch. 5.5)[39].

Furthermore, a strategy is proposed to design 3D DFT and modified DFT frustum fil-

ter banks, having double-frustum-shaped passbands oriented along the temporal axis,

from respective cone filter banks without compromising the computational efficiency.

In the frustum filter banks, the double-frustum-shaped passbands are approximated

by employing appropriate subsets of bands out of the total bands in the respective

cone filter banks. Both DFT and modified DFT cone and frustum filter banks are al-

most alias free and provide near-perfect reconstruction. Furthermore, both temporal

and spatial filtering operations can be carried out at a significantly lower rate in the

DFT and modified DFT cone and frustum filter banks compared to the undecimated

cone and frustum filter banks implying lower power consumption in the DFT and

modified DFT cone and frustum filter banks.

Design examples of the DFT and modified DFT frustum filter banks indicate that

they can be designed to have a small passband ripple and a good stopband attenu-

ation. Furthermore the distortion due to aliasing is almost negligible. Furthermore,

it is numerically confirmed that the DFT and modified DFT frustum filter banks

provide a significant reduction of the computational complexity relative to the un-

decimated frustum filter banks without deteriorating the improvement in SINR in the

presence of strong BB terrestrial RFI signals. Also, the computational complexity
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of a modified DFT frustum filter bank is approximately half of that of a DFT frus-

tum filter bank having the same order. However, the implementation of the former

requires twice the hardware required by the implementation of the latter.

A theoretical analysis of BD errors caused by parameter perturbations and mis-

matches among the ideally-matched transfer functions of receivers employed in syn-

thetic aperture systems is presented. For simplicity, we consider 1D aperture synthesis

with a synthetic aperture system consisting of 1D DLAs, which mimic the 1D version

of more general 2D DAAs. However, the extension of the analysis from 1D to 2D

aperture synthesis is straightforward. The analysis is mainly divided into two parts.

First, the BD errors caused by perturbations in the transfer functions of the LNAs

and AAFs are considered. The characteristics of the additive BD error and its effects

on the synthesized BD of a point source located at the phase center are thoroughly

analyzed under three cases: completely matched, partially matched and unmatched

transfer functions of the LNAs and AAFs. The synthesized BD of the point source

located at the phase center can be considered as the 1D point spread function of the

radio telescope. In the completely matched case, as expected, the BD error is zero. In

the partially matched case, the BD error is real and even. Furthermore, it is nonzero

only for the point at the center. Consequently, the synthesized BD has only a magni-

tude error. In the more realistic unmatched case, the BD error is nonzero for all the

points in the synthesized BD. This not only causes a magnitude error but may lead

to erroneous detection of faint sources.

Second, the conditions that should be satisfied by the transfer functions of 2D

beamformers to eliminate the BD errors caused by their phase responses are examined.

The sufficient condition to eliminate the BD errors is that the transfer functions of

the 2D beamformers are matched, and the phase responses of the 2D beamformers

are not necessary to be linear. This suggests an interesting potential application for

IIR beamformers because they are arithmetically- and hardware-wise less complex

than FIR beamformers.

Numerical simulations are carried out to quantify the errors introduced to the

synthesized BD of a point source located at the phase center by the typical toler-

ances of the passive L and C elements used to implement the AAFs and the random

variations of gain from LNA to LNA. The deviations of the amplitude and phase

responses of AAFs are substantial near the passband edge and in the transition band.

With perturbed AAFs, the percentage errors of the synthesized BDs for both partially

matched and unmatched cases are substantial at frequencies near the passband edge.
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The variations of the percentage errors due to the random variations of the gains

of the LNAs are random and depend on additive perturbations for both partially

matched and unmatched cases. Furthermore, the maximum percentage error due to

the typical tolerances of the passive L and C elements of the AAFs is greater than

that due to the random variations of the gains of the LNAs.

5.2 Future Work

The computational complexity of the 3D ST cone and frustum filters proposed in

Chapter 3 can be further reduced by employing 2D IIR filters as the 2D spatial filters

and 1D DFT and modified DFT filter banks having IIR filters. Furthermore, the

2D spatial filters can be designed by cascading 1D lowpass filters having appropriate

cutoff frequencies. In this case, the ROS of the passband is more close to a square

rather than a circle. Consequently, the approximation of a double-cone-shaped or

a double-frustum-shaped passband is not accurate compared to the case where 2D

circularly-symmetric filters are employed and may lead to a degradation of SINR.

However, if 2D spatial filters are realized as cascades of 1D lowpass filters, the com-

putational complexity of the corresponding cone or frustum filter is O(N) rather than

O(N2).

One drawback of the proposed cone and frustum filter bank structures is that

the axis of the double-cone-shaped or double-frustum-shaped passband can not be

oriented in directions other than the direction of the temporal axis. Consequently,

the usage of beamforming applications of SOIs received by DAAs, where axis of the

double-cone-shaped or double-frustum-shaped passband need to be oriented in direc-

tions other than the direction of the temporal axis, is limited. Although delays can be

employed to make the DOA of an SOI as broadside, they should be either analog or

digital fractional delays which increase the complexity of the implementation. Instead

of the above strategy, we can investigate efficient strategies to rotate the ROS of an

SOI coming from a non-broadside direction to coincide with the passband of a cone

or a frustum filter having a narrow double-cone-shaped or double-frustum-shaped

passband oriented along the temporal axis.

In the numerical simulations related to perturbed LNAs in Chapter 4, we per-

turbed only the gains. It is worthwhile to examine the BD errors caused by LNAs

with both perturbed gains and phases. Furthermore, it is important to examine and

evaluate the errors caused by other subsystems of synthetic aperture systems and dis-
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turbances such as those caused by the atmosphere. Furthermore, these investigations

may be used to develop efficient calibration algorithms or to improve the efficiency of

current calibration algorithms.
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Appendix A

Computational Complexities of

DFT, Modified DFT and

Undecimated Cone and Frustum

Filter Banks

Here, the computational complexities of the DFT, modified DFT and the undecimated

cone and frustum filter banks are derived for both real-valued and complex-valued

input signals. As in [3], by computational complexity, we mean the number of arith-

metic operations required by a cone or a frustum filter bank to process a sample of

a real-valued or a complex-valued input signal. The realizations of the undecimated,

DFT and the modified DFT cone filter banks, for which computational complexities

are derived, are shown in Figures 3.1 (a), 3.5 and 3.9, respectively. The order of the

temporal bandpass filters of the undecimated cone (or frustum) filter bank and that

of the temporal prototype filter of the DFT or modified DFT cone (or frustum) filter

bank are denoted by NT and NP , respectively. Furthermore, the order of the 2D

spatial filters of all three cone (or frustum) filter banks is denoted by NSx ×NSy. In

addition, all the temporal bandpass, temporal polyphase and the 2D spatial filters

are assumed to be implemented using the direct-form structure [67](ch. 8.2)[106](ch.

7.2).

The number of nonzero coefficients in the transfer functions of the analysis and

synthesis polyphase filters of a DFT or a modified DFT cone (or frustum) filter

bank depends on the length (or the order) of the prototype filter. Consequently, if we



116

express the length (NP+1) of the prototype filter as (NP+1) = aM+b, whereM is the

number of bands, a ∈ N and b ∈ {Z∪[0,M)}, the number of nonzero coefficients in the

transfer function of the kth analysis polyphase filter (type-1 polyphase decomposition,

given in Equation (3.30a)), Nana,k, can be obtained as

Case 1: b = 0

Nana,k = a, k = 0, 1, . . . ,M − 1, (A.1)

Case 2: 1 ≤ b < M

Nana,k =

{
a+ 1, k = 0, 1, . . . , b− 1

a, k = b, b+ 1, . . . ,M − 1.
(A.2)

Note that, all the coefficients of the transfer function of the prototype filter are as-

sumed to be nonzero. Similarly, the number of nonzero coefficients in the transfer

function of the kth synthesis polyphase filter (type-3 polyphase decomposition, given

in Equation (3.30b)), Nsyn,k, is obtained as

Case 1: b = 0

Nsyn,k = a, k = 0, 1, . . . ,M − 1, (A.3)

Case 2: b = 1

Nsyn,k =

{
a+ 1, k = 0

a, k = 1, 2, . . . ,M − 1,
(A.4)

Case 3: 2 ≤ b < M

Nsyn,k =

{
a+ 1, k = 0 or k = M − b+ 1,M − b+ 2, . . . ,M − 1

a, k = 1, 2, . . . ,M − b.
(A.5)

It is clear that, in both analysis and synthesis side, the transfer functions of b

polyphase filters have a + 1 nonzero coefficients while the transfer functions of the

remaining M − b polyphase filters have a nonzero coefficients.

In the following derivations, the 3D input signal is assumed to have (2Nx + 1)×
(2Ny + 1) × Nct samples. Moreover, Nct is assumed to be an integer multiple of

M to simply the derivations. Under this condition, the number of samples to be

processed by each subband of the DFT or modified DFT cone (or frustum) filter
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bank is (2Nx+1)× (2Ny+1)× (2Nct/M) whereas (2Nx+1)× (2Ny+1)×Nct samples

are processed in each subband of the undecimated cone (or frustum) filter bank.

In the following estimations of real multiplications and additions, the trivial ones,

i.e., the multiplications with ±1 and ±j and the addition with 0, are excluded. Note

that, the constant W
kNT

2

M |k=M/2 = ±1 or ±j. Also, we assume that a complex mul-

tiplication is carried out with 3 real multiplications and 3 real additions. Moreover,

in the IDFT blocks, the multiplication by M is considered to be carried out before

performing the IDFT.

A.1 Computational Complexities for a 3D Real-

Valued Input Signal

Although the input signal is real-valued, the subband signals (excluding those for

k = 0,M/2), between the IDFT and DFT blocks in the DFT and modified DFT cone

(or frustum) filter bank realizations (shown in Figures 3.5 and 3.9, respectively), are

complex-valued. Therefore, the input signals for the spatial filters, corresponding to

those M − 2 subbands, of a DFT cone (or frustum) filter bank are complex-valued.

However, in the case of a modified DFT cone (or frustum) filter bank, the input signals

for all the spatial filters are either real or purely imaginary. Since the input signals

for the IDFT blocks are real-valued, an FFT algorithm optimized for real-valued

signals [104] can be used to implement the IDFT blocks whereas the implementation

of the DFT blocks can be done by means of a general FFT algorithm designed for

complex-valued signals [114](chs. 3 and 12).

The nontrivial real multiplications and additions required to process a real-valued

sample by the different blocks of a DFT, modified DFT and an undecimated cone or

frustum filter banks are given in Tables A.1 and A.2, respectively. The terms MF

and MF,C denote the number of bands, out of M , and the number of bands, out

of {1, 2, . . . ,M/2− 1} ∪ {M/2 + 1,M/2 + 2, . . . ,M − 1}, employed in a DFT or a

modified DFT frustum filter bank, respectively. Also, the value of MF,R is defined as

MF,R =





0, if both 0th and M
2
th bands are not employed

1, if either 0th or M
2
th bands is employed

2, if both 0th and M
2
th bands are employed.

(A.6)

In the case of a DFT or a modified DFT cone filter bank, MF , MF,C and MF,R takes
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the values of M , M − 2 and 2, respectively. Furthermore, MFFT,R, AFFT,R, MFFT,C

and AFFT,C , respectively, denote the number of nontrivial real multiplications and

additions required by the employed real-valued and complex-valued FFT algorithms

to perform an M -point DFT (or IDFT). Moreover, LF denotes the number of real

bands employed in a undecimated frustum filter bank.

A.2 Computational Complexities for a 3D Complex-

Valued Input Signal

In the case of a complex-valued input signal, the subband signals of a DFT or a

modified DFT cone (or frustum) filter bank at the inputs and outputs of the 1D and

2D subband filters are complex-valued except for the 2D spatial filters of a modified

DFT cone (or frustum) filter bank where, the input and output signals are either real

or purely imaginary. To process a complex-valued signal, a filter of which the transfer

function coefficients are real-valued requires twice the number of arithmetic operations

required to process a real-valued signal because the real and imaginary parts of the

complex-valued signal have to be processed separately. In fact, this is analogous to

the filtering of two real-valued signals one after the other or simultaneously by the

same or two identical filters, respectively. In contrast to the case of a real-valued input

signal, in this case, a complex-valued FFT algorithm [114](chs. 3 and 12) should be

employed to implement both DFT and IDFT blocks.

The nontrivial real multiplications and additions required to process a complex-

valued sample by the different blocks of a DFT, modified DFT and an undecimated

cone or frustum filter banks are given in Tables A.3 and A.4, respectively. As in the

case of a real-valued input signal, the termsMF andMF,C denote the number of bands,

out of M , and the number of bands, out of {1, 2, . . . ,M/2− 1} ∪ {M/2 + 1,M/2 +

2, . . . ,M−1}, employed in a DFT or a modified DFT frustum filter bank, respectively,

and in the case of a DFT or a modified DFT cone filter bank, MF and MF,C are equal

to M , M − 2, respectively. Furthermore, MFFT,C and AFFT,C , respectively, denote

the number of nontrivial real multiplications and additions required by the employed

complex-valued FFT algorithm to perform an M -point DFT (or IDFT), and LF

denotes the number of real bands employed in a undecimated frustum filter bank.
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Block DFT cone/frustum
filter bank

Modified DFT cone/
frustum filter bank

Undecimated cone/
frustum filter bank

Temporal polyphase filters/
bandpass filters

4
M
[(a+ 1)b+ a(M − b)] 4

M
[(a+ 1)b+ a(M − b)] LF (NT + 1)

IDFT and multiplication by M 2
M
MFFT,R + 2 2

M
MFFT,R + 2 −

Spatial Filters
2
M
(MF,R +2MF,C)
×(NSx+1)(NSy+1)

2MF

M
(NSx + 1)(NSy + 1) LF (NSx + 1)(NSy + 1)

DFT 2
M
MFFT,C

2
M
MFFT,C −

W
kNT

2

M terms
12MF,C

M

10MF,C

M
−

Table A.1: Nontrivial real multiplications required to process a real-valued sample by the different blocks of a DFT, modified
DFT and an undecimated cone or frustum filter banks.
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Block DFT cone/frustum filter
bank

Modified DFT cone/
frustum filter bank

Undecimated cone/
frustum filter bank

Temporal polyphase filters/
bandpass filters

4
M
[ab+ (a− 1)(M − b)] 4

M
[ab+ (a− 1)(M − b)] LFNT

IDFT and multiplication by M 2
M
AFFT,R

2
M
AFFT,R −

Spatial Filters
2
M
(MF,R + 2MF,C)
×[(NSx+1)(NSy+1)−1]

2MF

M
[(NSx+1)(NSy+1)−1] LF [(NSx+1)(NSy+1)−1]

DFT 2
M
AFFT,C

2
M
AFFT,C −

W
kNT

2

M terms
12MF,C

M

6MF,C

M
−

Addition after upsampling 1 1 LF − 1

Table A.2: Nontrivial real additions required to process a real-valued sample by the different blocks of a DFT, modified
DFT and an undecimated cone or frustum filter banks.
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Block DFT cone/frustum
filter bank

Modified DFT cone/
frustum filter bank

Undecimated cone/
frustum filter bank

Temporal polyphase filters/
bandpass filters

8
M
[(a+ 1)b+ a(M − b)] 8

M
[(a+ 1)b+ a(M − b)] 2LF (NT + 1)

IDFT and multiplication by M 4
M
MFFT,C + 4 4

M
MFFT,C + 4 −

Spatial Filters 4MF

M
(NSx + 1)(NSy + 1) 2MF

M
(NSx + 1)(NSy + 1) 2LF (NSx + 1)(NSy + 1)

DFT 4
M
MFFT,C

4
M
MFFT,C −

W
kNT

2

M terms
12MF,C

M

10MF,C

M
−

Table A.3: Nontrivial real multiplications required to process a complex-valued sample by the different blocks of a DFT,
modified DFT and an undecimated cone or frustum filter banks.
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Block DFT cone/frustum filter
bank

Modified DFT cone/
frustum filter bank

Undecimated cone/
frustum filter bank

Temporal polyphase filters/
bandpass filters

8
M
[ab+ (a− 1)(M − b)] 8

M
[ab+ (a− 1)(M − b)] 2LFNT

IDFT and multiplication by M 4
M
AFFT,C

4
M
AFFT,C −

Spatial Filters 4MF

M
[(NSx + 1)(NSy + 1)− 1] 2MF

M
[(NSx+1)(NSy+1)−1] 2LF [(NSx+1)(NSy+1)−1]

DFT 4
M
AFFT,C

4
M
AFFT,C −

W
kNT

2

M terms
12MF,C

M

6MF,C

M
−

Addition after upsampling 2 2 2(LF − 1)

Table A.4: Nontrivial real additions required to process a complex-valued sample by the different blocks of a DFT, modified
DFT and an undecimated cone or frustum filter banks.
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