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ABSTRACT

Physical processes which are governed by differential equations or difference equa-

tions with discontinuous behavior can be modeled as jump systems. An important

type of jump systems is the one evolving linearly among the discrete events; this type

of systems is called jump linear systems. A common analysis approach is to employ

stochastic processes to describe the sequences, switches, and statistic properties of the

discrete events. In this thesis, the jump linear systems to be studied are governed by

semi-Markov processes. This type of jump linear systems is called the semi-Markov

jump linear system. Due to the nature of the jump linear system, it finds many

applications in networked control systems, fault tolerant control systems, and other

systems subject to abrupt changes. It is worthwhile to mention that the well studied

Markov jump linear system is a special case of the semi-Markov jump linear system.

The thesis consists of two parts: The analysis and synthesis of semi-Markov jump

linear systems and networked dynamic systems. In Chapter 2 and Chapter 3, the

stochastic stability and optimal control for semi-Markov jump linear systems with

or without time delays are investigated. In Chapter 4, a novel fault tolerant control

scheme is proposed based on the semi-Markov jump linear system stability conditions.

Chapter 5 to Chapter 7 discuss the networked dynamic systems analysis via jump

linear system approaches.
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The stochastic stability conditions for semi-Markov jump linear systems are firstly

derived. The Lyapunov theory is used to establish the sufficient stability conditions

by deriving the infinitesimal generator of the Lyapunov function. Since in practice,

almost all the system models could not be identified precisely, robust control prob-

lems for systems with uncertainties are investigated based on the established stability

conditions. Considering the potential applications on networked systems where time

delays are inevitable, optimal control problems for systems with time-varying delays

have been studied. In the fault tolerant control design, the semi-Markov process is

ideal to characterize time-varying failure rates of the system components whose life

time is not exponentially distributed. The designed controller is capable of maintain-

ing the stability when an actuator malfunctions.

In the networked control system analysis, stochastic processes are used to model

time delays and sensor scheduling rules. Network limitations are compensated by

considering more historical information or planning for all possible delays that hap-

pen in the future. Both simulations and experiments show the improvements of the

control performance by using the proposed techniques. A networked haptic system

is investigated via the switching system approach. In the haptic system, the avatar

interacts one-dimensionally with a multi-material virtual wall in the virtual environ-

ment. The random trajectory along which the avatar moves upon the wall is modeled

by stochastic processes, then the multi-material virtual wall rendering is achieved.

Finally, the thesis work is summarized and two future research topics are pro-

posed. One is on the networked control system design where delays are modeled by

semi-Markov processes, and the other one is on the event-trigger scheme design for

networked dynamic systems.
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Chapter 1

Introduction

1.1 Jump Linear Systems

Jump linear systems, sometimes referred to as hybrid systems, are mathematical

models of the practical dynamic systems or processes that are governed by differential

equations or difference equations with discontinuous behavior [3]. A jump linear

system consists of a set of linear systems, and the overall system switches among

discrete events. It is assumed that the dynamics between discrete events is linear,

because 1) linear systems have been well studied and many results have been reported

during the past decades; 2) many practical processes can be well modeled in the

framework of jump linear systems, such as systems subject to component failures and

systems with parameter shifting [4].

Depending on different time domains, jump linear systems can be classified: Discrete-

time jump linear systems and continuous-time jump linear systems. A review of the

two categories is as follows.

For discrete-time jump linear systems, a popular treatment for the switching of

the discrete-time stochastic process is to assume that the process switches at each

time step. The applications of discrete-time Bernoulli jump linear systems have been

reported extensively, though the terminology – Bernoulli switching system was not

explicitly adopted. For instance, Gupta et al. provided an example on the Bernoulli

jump linear system in [5], where the measurements from sensors are transmitted

through unreliable communication links subject to Bernoulli distributed dropouts; as

a result, the closed-loop dynamics exhibits a Bernoulli switching pattern. In Bernoulli

processes, it only allows two possible states, taking either 1 or 0. This intrinsic
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property of Bernoulli processes coincides with the nature of the fault isolation and

fault tolerant control, where the operating modes are “working” and “failure”. If the

probability of a successful transmission is p and the probability of an unsuccessful

transmission is 1−p, then the overall system in the closed-loop form jumps according

to a Bernoulli process. This type of systems has been studied for decades in the area

of fault isolation and fault tolerant control [6].

The analysis and synthesis of continuous-time jump linear systems are more com-

plicated and mathematically involved. Some features and characteristics in continuous-

time systems do not have direct analogies to discrete-time systems. A big challenge

lies in that the variations of the system dynamics may occur at any time during the

operation in continuous-time systems, while discrete-time systems could only jump at

specific time instants [7, 8]. Since both continuous state variables of a plant or a pro-

cess, such as displacement, velocity, or accelerations, and discrete state variables of

the governing processes co-exist, continuous-time jump linear systems are sometimes

called “hybrid systems”. This type of “hybrid systems” can be employed to model

many practical systems, such as, electrical power systems and the solar thermal cen-

tral receiver [9]. The continuous-time switching model has brought in many benefits

in the stability analysis and controller design. In [10], the Markov process has been

employed to model a vertical take-off and landing (VTOL) aircraft; consequently, a

less restrictive stability condition was established.

Other classifications of jump linear systems are based on the underlying stochastic

processes. Depending on the governing stochastic processes, jump linear systems can

be classified as Bernoulli jump linear systems, Markov jump linear systems (MJLSs),

semi-Markov jump linear systems (S-MJLSs), and other jump linear systems. As a

result, the characteristics and system dynamics highly depend on the properties of the

underlying stochastic processes. Among all types of jump linear systems, the MJLS

has been intensively investigated in the control community [11, 12, 13]. Two main

reasons have motivated the use of Markov processes instead of Bernoulli processes.

Firstly, in the analysis of NCSs, the transmission delays could be represented by

the modes of stochastic processes; for networked control systems (NCSs) with time-

varying delays, usually two or more delays need to be modeled and represented.

Markov processes, even finite-state Markov processes, are able to handle two or more

operating modes. Secondly, the future states of jump linear systems usually depend

on the current state. Take the weather system for an example. It can be regarded

as a jump system where the mode represents the status of the weather, i.e., sunny
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and rainy; in some areas around the world, it tends to be sunny tomorrow if today is

sunny, and vice versa. A Bernoulli random variable is not suitable for characterizing

the relation between the prediction and the current state, whereas Markov processes

draw attention with the ability to predict the states in future steps based on the

current state. The study of MJLSs started in 1960s when Dynkin firstly derived the

infinitesimal operators for differential systems with Markov switching patterns [14].

The motivations on the study of semi-Markov process after the study of Markov

process are two-fold. Firstly, the Markov process is a special case of the semi-Markov

process. Secondly, lots of system behavior could be better captured by semi-Markov

process. Detailed explanations and analysis are given in Chapters 2, 3, and 4.

The parameters of stochastic processes in jump linear systems can be determined

by experiments. For example, in the fault tolerant control systems, the stochastic

process parameters can be obtained according to the life time of system components.

The procedure of determining/obtaining the stochastic process parameters is called

statistical model identification [15]. A traditional yet practical way is to employ the

maximum likelihood methods. It should be realized that there is usually a deviation

between the true values and the identified results. Considering the imperfection of the

parameter estimation, analysis and synthesis on jump linear systems with partially

known parameters are studied and reported in [16, 17].

The stability analysis results of jump linear systems have been summarized in a

comprehensive survey [18]. Early work on the stability analysis stems from [19]. In

recent years, with the fast development of optimization techniques and programming

tools, lots of stability problems have been converted to optimization problems which

could be solved by linear matrix inequalities (LMIs) [20, 21]. With the established

results on the stability analysis, researchers’ attention has shifted to the control de-

sign problems of jump linear systems. In 1990, Ji et al. analyzed the controllability

and the stabilizability of continuous-time MJLSs [22], where new definitions for con-

trollability, observability, stabilizability, and detectability were constructed. Another

contribution of [22] is to construct a stability condition which is not only sufficient

but also necessary.

Following the established stability conditions, researchers have always been pur-

suing improvement in control performance. Optimal control is mathematically a

minimization problem, in which different optima are calculated for meeting specific

goals. These goals are often called performance indexes or criteria, according to which

various optimal control schemes could be proposed. An early work on optimal control
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of MJLSs was reported in 1969 [7], where the control performance is optimized in the

quadratic sense. With the development of the H∞ theory since 1980s, H∞ optimal

controllers for jump linear systems were designed for a VTOL vehicle [10]; the opti-

mal control problem has been formulated as an LMI optimization problem, which is

readily solvable by using Matlab LMI Control Toolbox [23]. In [10], another popular

and widely applied optimal control algorithm, H2 control algorithm, was proposed.

Other results on H2 optimal control systems could be found in [24] and the references

therein. Aside from the aforementioned systems operating under ideal conditions,

often the state variables and control signals are constrained by physical limitations,

such as operating work space limitations or the maximal power of the actuator, so

optimal control problems with constraints were examined in [25]. In this thesis, the

H∞ and H2 controllers for MJLSs with delays and for a networked DC motor system

are discussed.

In all the aforementioned work, the system dynamics is always assumed to be ex-

actly known to the designer and the operator, which is not always the case in practice,

due to the system identification challenges or because of different system dynamics

obtained based on different assumptions. In order to tackle the problem of uncer-

tain system parameters, the robust control theory has been developed. Two types

of model uncertainties are mainly examined in the literature: Polytopic uncertainties

and norm-bounded uncertainties. For polytopic uncertainties, the system parameters

are assumed to belong to convex sets of polytopic vertices. The advantage of us-

ing a polytope to describe model uncertainties is that the resulting system could be

represented by a linear combination of a set of linear time-invariant (LTI) systems;

the disadvantage of using the polytopic type representation is that the computational

load would increase significantly with the increase of the polytope vertex number. Ro-

bust stability and control problems for a class of jump linear systems with polytopic

uncertainties were examined in [26]. Moving one step further, de Souza reported the

stability analysis and control design problems for jump linear systems where polytopic

uncertainties were not only considered for system dynamics but also for the parame-

ters of the stochastic processes in [27]. The other approach is to use norm-bounded

matrices to characterize the model uncertainties. In this approach, the perturbations

are confined within a predetermined unit ball in a particular metric [28]. For example,

the stability and control for jump linear systems with norm-bounded uncertainties

were studied in [29] and the references therein.

To investigate the more general stochastic systems with non-Markov jumps, it
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is natural to relax the assumptions introduced by the Markov process. In a jump

linear system, the duration h between two consecutive jumps is called sojourn-time,

which is usually a random variable [30]. In continuous-time jump linear systems, the

sojourn-time h is a random variable governed by the continuous probability distribu-

tion F . For instance, F is an exponential distribution in the continuous-time MJLS.

The continuous stochastic process whose sojourn-time does not follow an exponen-

tial distribution is referred to as a continuous semi-Markov process. Accordingly, the

jump linear system whose parameters switch according to a semi-Markov process is

termed as an S-MJLS [1]. A stability condition for the S-MJLS controller design

was obtained in [1] where the MJLS stability condition was adopted to design the

controller. Although the condition was verified on a bunch-train cavity interaction

system, the sojourn-time distribution was just “nearly exponential”, which indicated

that the S-MJLS was nearly MJLS and the time-varying information of the transition

rate was not considered in the controller design. Hou et al. addressed the stochastic

stability for the linear system with semi-Markov jump parameters and similar results

have been obtained as those in Markov jump systems [31]. In [31], due to the density

property of phase-type distributions of all probability distributions on [0, +∞), the

phase-type semi-Markov process was firstly defined and the stability of simple linear

systems with phase-type semi-Markov jump parameters was addressed.

1.2 Networked Control Systems

NCSs are control systems where actuators, sensors, and controllers are spatially dis-

tributed. The research on NCSs has attracted increasing attention in the past decades.

In the control community, many special issues in scientific journals have been pub-

lished on NCSs, for example, IEEE Transactions on Automatic Control Guest Edi-

torial Special Issue on Networked Control Systems (2004), Proceedings of the IEEE

Special Issue on Technology of Networked Control Systems (2007), International Jour-

nal of Systems, Control and Communications Special Issue on Progress in Networked

Control Systems (2011), and IEEE Transactions on Industrial Informatics Special

Section on Advances in Theories and Industrial Applications of NCSs (2012). Also,

the NCS has been introduced and discussed in a lot of research workshops, for ex-

ample, Workshop on Networked Embedded Sensing and Control (2005 USA), Global

Centers of Excellence Workshop on Networked Control Systems (2008 Japan), and

First International Workshop on Wireless Networked Control Systems (2011 Canada).
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In addition, the two flagship conferences in the control community, IEEE Conference

on Decision and Control (IEEE-CDC) and American Control Conference (ACC), have

been holding many special sections on NCSs. In 2012, IEEE-CDC and ACC organized

five and six Special Sections on “Networked Control Systems”, respectively.

The NCS differs from the traditional control systems on signal channels between

system components. Traditional formulations assume that all components are inter-

connected by ideal channels [32, 33]. The ideal link/connection puts no limitations

on the transmission time, bandwidth, nor transmission faults such as data missing or

wrong data. In practice, control systems with distributed components have existed

in many fields such as chemical processes [34], mobile sensor networks among ve-

hicles [35], tele-surgeries [36], plant monitoring [37], spacecrafts [38], and unmanned

aerial vehicles [39]. In those applications, control signals and sensor outputs are trans-

mitted over various communication networks to the actuator and to the controller,

respectively.

Central

control

computer

Modbus / DNP / Wireless HART / ISA100 / 

Gas

analyzer

Flow

meter

Pressure

transmitter

Thermo

-couple

Plant / Process

Motor Valve Pump

Sensors Actuators

Figure 1.1: Typical setup of an NCS.

A typical NCS diagram is shown in Figure 1.1. As can be seen, the states of the

plant/process are measured by various sensors, such as gas analyzers, flow meter-

s, pressure transmitters, and thermocouples. The sensors send measurements to the

central control computer via control networks, such as Modbus, DNP, WirelessHART,

and ISA100. The control algorithm is implemented in the central control comput-

er. Control actions calculated by the central control computer are sent to different
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actuators; possible actuators are motors, valves, and pumps, etc.

As indicated in Figure 1.2, two main research streams on studying NCSs are: 1)

Control of networks, and 2) control over networks.

• “Control of networks” concentrates on the property of the network itself; for

example, the bit rate, the bandwidth, the protocol design and so on. The re-

search results from sensor networks have also been applied to NCS studies [40].

In the process control and automation industry, improvements on current wire-

less protocols for NCSs are being extensively studied [41]. It should be pointed

out that this type of research falls into the communication and network research

fields.

• “Control over networks” focuses on the control strategy design for NCSs where

particular communication protocols have been selected for NCSs. In engineering

applications, due to the existing devices, cost consideration, or environmental

concerns, only specific communication protocols could be used. Therefore, the

system designer should customize the control laws or strategies to accommo-

date network constraints. This type of research falls into the system control

community. It is worth mentioning that there is a trend in the co-design of the

network and controller for NCSs [42, 43, 44].

 

 

 

 

 

 

 

NCS Research 
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Delay 
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Figure 1.2: Two main research streams of NCSs.

The spatial distribution property brings in several advantages for NCSs: 1) Re-

ducing wirings, 2) ease of system installation, diagnosis, and maintenance, 3) low cost,

and 4) sharing data effectively [45]. With these features, NCSs would be implemented

with less redundant wires, or even no wires by utilizing industrial wireless networks;
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the easy installation enhances the system agility, for example, additional components

could be installed modularly, and failed components could be replaced without shut-

ting down the whole system. Challenges come along with the advantages. The major

constraints caused by the introduced network are: 1) Time delays, 2) packet dropouts,

3) sampling and quantization errors, and 4) bandwidth limitations [45]. Among those

challenges, sampling and quantization issues have been studied for computer control

systems with analog-to-digital and digital-to-analog conversions; bandwidth limita-

tion which slows down the sampling rate has been studied in sampled-data control

systems. Therefore, time delays and packet dropouts become the major concerns in

the system design. To deal with these two issues, in the communication community,

new internet transport protocols were developed for teleoperation tasks; meanwhile,

new methods that can guarantee the stability and certain performance criteria for

NCSs were proposed in the control community. In this thesis, we will also focus on

the time delay and packet dropout issues.

During the past years, there was a trend to employ the stochastic system approach

to study NCSs, because closed-loop NCSs can be modeled by switching systems. In

the 1990s, Nilsson modeled the real-time control system with delays using Markov

chains [46]. According to Nilsson’s thesis, the original idea was to model the delayed

system using jump linear systems; the reasons of using Markov chains to model delays

were provided and some preliminary results were reported. After Nilsson’s work, Xiao

et al. modeled the control systems with random but bounded time delays by finite-

dimensional, discrete-time jump linear systems [47]. Based on Nilsson’s and Xiao et

al.’s results, various approaches have been proposed for NCSs [24, 48, 49, 50]. The

timing mechanism and design approaches are reviewed as follows.

The timing mechanism of NCSs is the core aspect in the stability analysis and

the control strategy design. Two communication links are involved with the timing

mechanism: The sensor-to-controller (S-C) link, and the controller-to-actuator (C-A)

link. In each communication link, the transmitted data packages may be subject to

delays or dropouts. Such phenomenon would significantly alter the system dynam-

ics [51]. The two delays are depicted in Figure 1.3. A commonly used assumption

is that the delay is upper bounded, and in such cases the packet dropout could be

addressed in the delay framework [52]. If the designed controller ignores the effects

caused by delays, this type of controller is often termed as the “mode-independent

controller” [53]. Similarly, controllers considering one or two side delays, are called

“one-mode dependent controllers” or “two-mode dependent controllers”, respective-



9

ly. In the controller design, taking more delay information into consideration would

improve the control performance both intuitively and theoretically [47].

Actuator

Controller

SensorPlant

networkC-A delays S-C delays

Delayed

measurementsControl signals

Measurements
Delayed

control signals

Figure 1.3: Depictions of S-C delays and C-A delays in NCSs.

The S-C delay is relatively easy to deal with, since the controller could compen-

sate for the S-C delay in the control signal calculation. The compensation has been

achieved through many approaches. In [47], both the mode-independent controller

and the one-mode dependent controller were designed for NCSs where transmission

delays were modeled by finite-state discrete-time Markov processes. Furthermore,

Seiler et al. have built an H∞ optimal controller considering the S-C delays based on

the bounded real lemma [50]. An early work dealing with the C-A communication

link introduced buffers to handle the C-A packet dropouts [54]. To study the C-A

delays, some strong assumptions were made. For instance, a two-mode dependent

controller was developed given that the current S-C delay and the one step previous

C-A delay were accessible by the controller at every sampling instant [55]. Howev-

er, the one step previous C-A delay may not always be accessible by the controller.

Indeed, when the controller receives and calculates the one step previous delay infor-

mation will depend on the S-C delays. A thorough explanation regarding the relation

between S-C and C-A delays could be found in [53], where an output feedback con-

troller was designed considering two side delays. By taking the model uncertainties

into account, the mixed H2/H∞ control problems were examined in [56]. Both one-

mode dependent controllers and two-mode dependent controllers are working with a

buffer type actuator. With such actuators, only the most recent control signal from

the controller will be implemented on the plant. The actuator by itself does not have

any intelligence on evaluating the control signals based on the delay information or

making appropriate compensations for the detected C-A delays. The rationale behind

which the controller could easily compensate for the S-C delay is that the controller
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could immediately measure the most updated S-C delay; analogously, the actuator is

the ideal system component to compensate for the C-A delays, because the actuator

could immediately determine the C-A delay once it happens. The remaining tasks

are to develop smart actuators and to adapt control strategies accordingly, which will

be discussed later in this thesis.

The main approaches in this thesis are based on Lyapunov theory, or the corol-

laries stemmed from the Lyapunov theory. Before addressing the stability of systems

switching under Bernoulli processes or semi-Markov processes, a brief review of sta-

bility analysis for systems with arbitrary switching is summarized. It is shown that

the arbitrary switching systems may not be stable even if all sub-systems are stable.

The stability of each sub-system becomes a sufficient condition for the overall system

stability only in some special cases, for example, when the A matrices of the sub-

system state-space models are symmetric [57], or when the sub-systems are pairwise

commutative [58]. Nevertheless, the existence of a common Lyapunov function for all

the sub-systems is able to guarantee the overall stability with arbitrary switching [59].

Following the idea of searching for a common Lyapunov function and with the devel-

opments of numerical toolboxes, such as LMI Toolbox [28] and YALMIP [60], lots of

results have been reported for NCSs via switching system approaches. A controller

was designed for NCSs in [61]; the NCSs under investigation were subject to network-

induced packet dropouts and time-varying delays. Based on the constructed common

Lyapunov functions, sufficient conditions in terms of LMIs are obtained. For more

results on NCSs stability and control using common Lyapunov functions, please refer

to [62] and the references therein. The study on non-common Lyapunov functions

for the NCSs has two reasons: Firstly, stability conditions using the common Lya-

punov functions are often conservative. Secondly, common Lyapunov functions are

used to verify the switching system stability with arbitrary jumps. In such cases, the

switching Lyapunov functions are developed, where different Lyapunov function pa-

rameters are constructed corresponding to different conditions in the NCS. Although

a less conservative stability condition could be obtained via switching Lyapunov func-

tions, the conditions are still only sufficient not necessary. In the NCS applications,

switching Lyapunov functions are constructed depending on time-varying delays [63].

As mentioned before, the common switching Lyapunov function is a special case of

the switching Lyapunov function. Therefore in [63], the delay and dropout depen-

dent controller is less conservative. In this thesis, the switching Lyapunov function

approach has been extensively utilized to reduce the conservativeness in the stability
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analysis and the controller design.

1.3 Research Motivations

Though many results on jump linear systems and NCSs were reported, the analysis

and synthesis of S-MJLSs have not been fully addressed and clearly reported. The

motivations of this research are two-fold.

• Switching system analysis.

As discussed in previous sections, some results on S-MJLSs have been reported.

These results are either directly approximated from the results for MJLSs, or

with computational defects which preclude their engineering applications. So

the first part of the thesis is to provide the stability condition for S-MJLSs,

especially the numerically testable conditions which are ready for engineering

applications within acceptable computational time. Considering the modeling

errors in the system identification, the stability problem for systems with un-

certainties should be studied. In order to apply the theory to NCSs, stability

conditions are further studied for S-MJLSs with time-varying delays. Another

research motivation comes from the fault tolerant control community. The life

time of a system component may not follow an exponential distribution. Thus

a semi-Markov process should be applied to model the system faults.

• Networked dynamic system analysis.

Based on the proposed stability conditions for jump linear systems and for

systems with uncertainties or delays, different applications should be studied.

In NCSs, the control signal from the controller to the actuator is subject to

network-induced delays. This delay information is not accessible by the con-

troller when the control signal is calculated. Therefore, a “send all, apply one”

scheme is proposed by allowing the actuator to freely choose an appropriate con-

trol signal in the plant side. Another approach to compensate for time delays

is to consider more historical measurements of the plant in NCSs. To further

verify some of the established results, a haptic device is used as an experimental

testing tool.

The road map of the research can be summarized in Figure 1.4. To investigate

the two fundamental problems for the NCS: 1) Time delays and 2) packet dropouts,
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the switching system is studied. The switching system serves as a bridge between the

system (NCSs) and the problems (delays and packet dropouts).
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Figure 1.4: Road map of the research.

1.4 Contributions and Thesis Organization

The thesis is organized as follows. In Chapter 1, the fundamental concepts and

existing results of jump linear systems and NCSs, research motivations, and main

research approaches have been reviewed. Then the research contributions of this

PhD thesis are presented.

The stability and control problems for S-MJLSs are discussed in Chapter 2. The

S-MJLS is more general than the MJLS in terms of modeling some practical systems.

Unlike the constant transition rates in the MJLS, the transition rates of the S-MJLS

are time-varying. This chapter focuses on the robust stochastic stability condition and

the robust control design problem for the S-MJLS with norm-bounded uncertainties.

The infinitesimal generator for the constructed Lyapunov function is derived. Numer-

ically solvable sufficient conditions for the stochastic stability of S-MJLSs are then

established in terms of LMIs. In order to reduce the conservativeness of the stability

conditions, we propose to incorporate the upper and lower bounds of the transition

rate and apply a new partition scheme at the same time. The robust state feedback

controller is accordingly developed. Simulation studies and comparisons demonstrate

the effectiveness and advantages of the proposed methods. With the developed the-
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orems in this chapter, numerically testable stability conditions and controller design

approaches are established for S-MJLSs for the first time.

Chapter 3 discusses the H∞ control problem for a class of S-MJLSs with time-

varying delays. The sojourn-time partition technique is proposed for the delayed

stochastic switching system. A sufficient condition for designing a state feedback

controller is then established. Moreover, the sufficient condition is expressed as a set

of LMIs which can be readily solved.

Chapter 4 investigates the active fault tolerant control problem via the H∞ state

feedback controller. Due to the limitations of Markov processes, we apply semi-

Markov process in the system modeling. Two random processes are involved in

the system: the failure process and the fault detection and identification process.

Therefore, two corresponding semi-Markov processes are integrated in the closed-

loop system. This framework is able to accommodate different types of system faults,

including the randomly happening sensor faults and actuator faults. A controller is

designed to guarantee the closed-loop stability with a prescribed noise/disturbance

attenuation level. The controller parameters are solved by using convex optimization

techniques.

In Chapter 5, the NCS with multiple physically distributed sensors is considered.

The state information of the discrete-time plant with multiple state delays is sent to

the controller by communication networks. By setting a sensor scheduling algorithm,

the controller receives the measurement from one sensor at each time step. The

guaranteed cost state feedback controller is proposed which considers not only the

most up-to-date state information, but also the historical information of the state.

In addition, according to the sensor scheduling scheme, we design and implement

different control gains, i.e., the so-called sensor-dependent controller.

The application of NCS theory on a haptic system is investigated in Chapter 6.

In this chapter, a virtual coupler is designed for the Phantom Omni Haptic System in

the networked environment with one degree-of-freedom interaction. The manipulator

and the control computer are connected through wireless communication links over

which the position of the manipulator and the torque of the motor are transmitted.

The virtual environment consists of multiple materials with different stiffness and

damping, and it is termed the mixed virtual wall. The contact point between the

avatar and the virtual wall switches among different materials, where the movement

is characterized by a stochastic process. To achieve the free oscillation for the haptic

device with the human operator, the stability condition is established based on the
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passivity theory. After transforming the transparent virtual coupler design problem

into an H∞ optimization problem for a delayed jump linear system, we propose a

design scheme for the switching virtual coupler. The performance of the proposed

virtual coupler is verified and tested on the Phantom Omni Haptic System.

Chapter 7 investigates robust H2 and H∞ step tracking control methods for NCSs

subject to random time delays modeled by Markov chains. To make full use of

the delay information, the proposed two-mode dependent output feedback controller

depends on both sensor-to-controller and controller-to-actuator delays. To active-

ly compensate for the controller-to-actuator delays, we propose the “send all, apply

one” scheme: Sending a sequence of control signals, then at the actuator/plant node,

applying the appropriate control signal according to the actual controller-to-actuator

delay. Using the augmentation method, the resulting closed-loop system can be for-

mulated as a discrete-time MJLS. The H2 and H∞ step tracking problems are tackled

by solving a set of LMIs with nonconvex constraints. Both numerical simulations and

experiments on a networked DC motor system are conducted to illustrate the effec-

tiveness of the proposed methods.

The concluding remarks and a few topics deserving future research attention are

presented in Chapter 8.

The notations in the thesis are fairly standard. The superscripts “T” and “−1”

stand for matrix transposition and matrix inverse, respectively. Rn denotes the n-

dimensional Euclidean space and the notation P > 0 means that P is real symmetric

and positive definite. dim{v} represents the dimension of vector v. det(A) denotes

the determinant of the square matrix A. tr means the trace of a matrix. ∥ · ∥2 refers

to the Euclidean norm for vectors and induced 2-norm for matrices. E{·} stands for

the mathematical expectation. Pr{A} denotes the probability of event A. ⊗ is the

notation for the Kronecker product. “∗” is an ellipsis for terms that are induced by

symmetry in square matrices.
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Chapter 2

Stability and Control of

Semi-Markov Jump Linear Systems

2.1 Introduction

The past years have witnessed extensive research on the Markov jump linear systems

(MJLSs). Modeled by a set of linear systems with the transitions among the linear

systems governed by the Markov chain, the MJLSs can be used to characterize and

model different types of systems subject to abrupt changes [64]. Hence, the MJLS

finds many applications in control systems, such as fault tolerant systems, target

tracking systems, manufactory processes, NCSs, and multiagent systems; see, e.g., [12,

13, 65]. Many important results on MJLSs have been addressed in the literature. For

instance, the stability analysis, filter and control design problems were investigated

in [16, 22, 66], and the optimal control and filter design for MJLSs were discussed

in [11, 67, 68]. Furthermore, nonlinear systems with Markov jumping parameters

were addressed in [69, 70]. Besides the aforementioned theoretical studies, MJLSs also

found applications in practical systems, such as networked DC motor systems [71].

In general, the MJLS belongs to the class of jump linear systems. In jump linear

systems, the duration h between two successive jumps is referred to as sojourn-time

which is usually a random variable [30]. In continuous-time jump linear systems, the

sojourn-time h is a random variable governed by the continuous probability distribu-

tion F . For instance, F is an exponential distribution in the continuous-time MJLS.

Depending on F , the transition rate λij(h) is the speed/rate that the system jumps

from mode i to mode j. The transition rate is also called the failure rate or the hazard
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rate in different applications [72]. From the memoryless property of the exponential

distribution, λij(h) ≡ λij is a constant, meaning that the jump speed is independent

of the past/history of the stochastic process. In fact, among all the continuous-time

probability distributions, exponential distribution is the only one that possesses the

memoryless property [72]. As a result, if the MJLS is applied to describe the stochas-

tic system of interest, the transition rate should be assumed to be constant. This

requirement, however, is too restrictive, because the transition rates for many prac-

tical systems are not constants [73, 74]. For example, in the fault tolerant control

systems, the bathtub curve is widely used to describe a particular form of the transi-

tion rate function which consists of three parts: a) decreasing, b) constant (roughly),

c) increasing [75]. Obviously, the jumping of such process cannot be modeled by an

MJLS. A typical transition rate in the bathtub shape in the reliability analysis was

reported in [76]. The application of semi-Markov processes in fault-tolerant control

systems was discussed in [77], and it was shown that when a practical system does

not satisfy the so-called memoryless restriction, the widely used Markov switching

scheme would not be applicable.

In a more general setting, the transition rate λij(h) is usually time-varying in-

stead of a constant λij [74]. A continuous stochastic process whose sojourn-time is

non-exponentially distributed is often termed as a continuous semi-Markov process.

Accordingly, the jump linear system which switches according to a semi-Markov pro-

cess is termed as a semi-Markov jump linear system (S-MJLS) [1]. It is known that

the MJLS is a special case of S-MJLSs that can be used to model and characterize a

wider range of practical stochastic systems. Therefore, it is of both theoretical merit

and practical interest to investigate the stochastic stability and robust stabilization

problems of S-MJLS, which is the focus of this chapter.

Compared to the rich literature on MJLSs, there are relatively few research efforts

devoted to S-MJLSs. In [1], a stochastic stability condition and the controller design

method for the S-MJLS were presented, and further the results were verified on a

bunch-train cavity interaction system. Yet, it is worthwhile to point out that the

sojourn-time distribution was “nearly exponential”; this indicates that the S-MJLS

was nearly an MJLS and the time-varying information of the transition rate was not

fully characterized in the control design problem. Hou et al. discussed the stochastic

stability for the linear system with semi-Markov jump parameters and similar results

were obtained for the Markov jump systems [31]. Due to the density property of phase-

type (PH) distributions, the PH semi-Markov process was defined and the stability
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condition of linear systems with PH semi-Markov jump parameters was established

in [31, 78]. Shmerling et al. studied the stochastic stability for differential equations

with semi-Markov jump parameters [79], where the mean square asymptotic stability

of the system was verified by checking the existence of a set of positive definite

matrices. The condition in [79] was expressed in an integration form which is difficult

to check. It is noticed that, although the stability and control design problems for

S-MJLSs have been receiving increasing interest, little attention has been paid to

developing numerically testable stochastic stability conditions, and little research was

devoted to the controller design for S-MJLSs. The limitation of the MJLS and the

wide application of the S-MJLS motivate the current research. The main objectives

of this chapter are three-fold:

• To establish sufficient stochastic stability conditions for a class of uncertain

S-MJLSs.

• To propose a new partition scheme by dividing the range of the transition rate

(from the lower bound to the upper bound) in order to effectively reduce the

conservativeness of the stability conditions.

• To propose a robust state feedback controller design for the S-MJLSs with

norm-bounded uncertainties.

The remainder of this chapter is organized as follows. The problem formulation

is presented in Section 2.2. In Section 2.3, the sufficient conditions for the stochastic

stability of S-MJLSs are established. The robust stabilization problem is discussed

in Section 2.4. Finally, simulation studies illustrate the effectiveness of the proposed

methods in Section 2.5. Some concluding remarks are made in Section 2.6.

2.2 Problem Formulation

Consider the following unforced continuous-time S-MJLS with norm-bounded uncer-

tainties,

S1 :
ẋ(t) = [A(r(t)) + E(r(t))δ(t)FA(r(t))]x(t),

x(0) = x0, r(0) = r0,
(2.1)

where {r(t), t ≥ 0} is a continuous-time semi-Markov process taking values in a finite

space S = {1, 2, . . . , N}, x(t) ∈ Rn is the state vector. x0 ∈ Rn is the initial state
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at t = 0, and r0 ∈ S is the initial mode in the semi-Markov process at t = 0.

A(r(t)), r(t) = i ∈ S are system matrices with compatible dimensions which depend

on r(t), and E(r(t)) and FA(r(t)), i ∈ S are known real constant matrices. δ(t)

is an unknown real matrix function with Lebesgue-measurable elements, satisfying

δT(t)δ(t) ≤ I with I being the identity matrix. For the convenience of notations, we

write A(r(t)), E(r(t)), and FA(r(t)) as Ai, Ei, and FA,i, respectively when r(t) = i and

omit the arguments of those functions without any confusion. The similar notations

will be used in the sequel except in special statements.

The evolution of the semi-Markov process {r(t), t ≥ 0} is governed by the following

probability transitions:

Pr{r(t+ h) = j|r(t) = i} =

λij(h)h+ o(h), r(t) jumps from mode i to mode j,

1 + λii(h)h+ o(h), r(t) stays at mode i,

where λij(h) is the transition rate from mode i to mode j at t when i ̸= j and

λii(h) = −
∑N

j=1,j ̸=i λij(h). o(h) is the little-o notation defined by limh→0 o(h)/h = 0.

In practice, the transition rate λij(t) is generally bounded by λij and λ̄ij (λij ≤ λ̄ij)

[80].

Remark 2.1 The sojourn-time h is the time elapsed from the most recent system

jumps, which is different from t. Therefore, h is set to be 0 whenever the system

jumps. The transition rate λij(h) depends only on h.

For the stochastic stability, we adopt the following definition. For more details,

please refer to [81, 82, 83] and the references therein.

Definition 2.1. The system in (2.1) with all modes and all t ≥ 0 is said to achieve

stochastic stability with semi-Markov jump parameters if there exists a finite positive

constant T (x0, r0) such that the following holds for any initial condition (x0, r0):

E
{∫ ∞

0

∥x(t)∥2dt|(x0, r0)

}
≤ T (x0, r0), (2.2)

where E{·|·} is the expectation conditioning on the initial value of (x0, r0).
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2.3 Stochastic Stability Analysis of S-MJLS

Before proceeding further, we recall the following lemma which will be used in the

proof of the robust stochastic stability of the S-MJLS.

Lemma 2.1. [84, 85] If FTF ≤ I, then there exist constant matrices H and E, and

scalar ε > 0 such that the following inequality holds:

HFE + ETFTHT ≤ εHHT + ε−1ETE. (2.3)

Theorem 2.1. The S-MJLS in (2.1) is stochastically stable if there exist a set of

matrices P (i) > 0, i ∈ S, and a set of scalars εA,i > 0, i ∈ S such that the following

inequalities hold for all admissible uncertainties:[
Ji(h) P (i)Ei

ET
i P (i) −εA,iI

]
< 0, i ∈ S, (2.4)

where Ji(h) = AT
i P (i) + P (i)Ai +

∑N
j=1 λij(h)P (j) + εA,iF

T
A,iFA,i.

Proof. Consider the following quadratic Lyapunov function

V (x(t), r(t)) = xT(t)P (r(t))x(t), (2.5)

where P (r(t)) > 0 denotes the positive symmetric matrix. The infinitesimal generator

Ã can be considered as a derivative of the Lyapunov function V (x(t), r(t)) along the

trajectory of the semi-Markov process {r(t), t ≥ 0} at the point {x(t), r(t)} at time

t [86]. The MJLS and the S-MJLS are governed by different stochastic processes,

so the infinitesimal generator of the Lyapunov function for the S-MJLS is essentially

different from the one for the MJLS. We need to derive the infinitesimal generator Ã

of V (x(t), r(t)) first of all. According to the definition of Ã [14], we have

ÃV (x(t), r(t)) = lim
∆→0

E {V (x(t+∆), r(t+∆))|x(t), r(t)} − V (x(t), r(t))

∆
.

Here, ∆ is a small positive number. Conditioning on r(t) = i, and applying the law

of total probability and conditional expectation yield

lim
∆→0

1

∆

[
N∑

j=1,j ̸=i

Pr{r(t+∆) = j|r(t) = i} xT(t+∆)P (j)x(t+∆)
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+ Pr{r(t+∆) = i|r(t) = i}xT(t+∆)P (i)x(t+∆)− xT(t)P (i)x(t)

]
= lim

∆→0

1

∆

[
N∑

j=1,j ̸=i

Pr{r(t+∆) = j, r(t) = i}
Pr{r(t) = i}

xT(t+∆)P (j)x(t+∆)

+
Pr{r(t+∆) = i, r(t) = i}

Pr{r(t) = i}
xT(t+∆)P (i)x(t+∆)− xT(t)P (i)x(t)

]
.

(2.6)

For MJLSs, due to the memoryless property, Pr{r(t+∆) = j, r(t) = i} = Pr{r(∆) =

j, r(0) = i} and Pr{r(t + ∆) = i, r(t) = i} = Pr{r(∆) = i, r(0) = i}. However, for

S-MJLSs, the above two equalities do not hold; instead, they are functions depending

on the sojourn-time h. Therefore, Equation (2.6) can be equivalently rewritten as

lim
∆→0

1

∆

[
N∑

j=1,j ̸=i

qij(Gi(h+∆)−Gi(h))

1−Gi(h)
xT(t+∆)P (j)x(t+∆)

+
1−Gi(h+∆)

1−Gi(h)
xT(t+∆)P (i)x(t+∆)− xT(t)P (i)x(t)

]
, (2.7)

where h is the time elapsed when the system stays at mode i from the last jump; Gi(t)

is the cumulative distribution function (CDF) of the sojourn-time when the system

remains in mode i, and qij is the probability intensity of the system jump from mode

i to mode j. Given that ∆ is small, the first order approximation of x(t + ∆) is

x(t + ∆) = [Ai∆+ Eiδ(t)FA,i∆+ I] x(t) + o(∆). Then the infinitesimal generator

becomes

ÃV (x(t), r(t)) = xT(t)Q(i, t, h)x(t),

where

Q(i, t, h)

= lim
∆→0

1

∆

[
N∑

j=1,j ̸=i

qij(Gi(h+∆)−Gi(h))

1−Gi(h)
[Ai∆+ Eiδ(t)FA,i∆+ I]T P (j)

[Ai∆+ Eiδ(t)FA,i∆+ I]

+
1−Gi(h+∆)

1−Gi(h)
[Ai∆+ Eiδ(t)FA,i∆+ I]T P (i) [Ai∆+ Eiδ(t)FA,i∆+ I]− P (i)

]
=

N∑
j=1,j ̸=i

qijP (j) lim
∆→0

Gi(h+∆)−Gi(h)

(1−Gi(h))∆
+ P (i) lim

∆→0

Gi(h)−Gi(h+∆)

(1−Gi(h))∆
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+
N∑

j=1,j ̸=i

qij
[
(Ai + Eiδ(t)FA,i)

TP (j) + P (j)(Ai + Eiδ(t)FA,i)
]

lim
∆→0

Gi(h+∆)−Gi(h)

1−Gi(h)

+
[
(Ai + Eiδ(t)FA,i)

TP (i) + P (i)(Ai + Eiδ(t)FA,i)
]
lim
∆→0

1−Gi(h+∆)

1−Gi(h)
.

Using the property of the CDF, we have

lim
∆→0

Gi(h+∆)−Gi(h)

(1−Gi(h))∆
= λi(h), lim

∆→0

Gi(h+∆)−Gi(h)

1−Gi(h)
= 0.

Therefore,

Q(i, t, h)

=
N∑

j=1,j ̸=i

qijP (j)λi(h) +
[
(Ai + Eiδ(t)FA,i)

TP (i) + P (i)(Ai + Eiδ(t)FA,i)
]
− P (i)λi(h).

Define λij(h) := qijλi(h) for i ̸= j and λii(h) := −
∑N

j=1,j ̸=i λij(h), then we obtain

Q(i, t, h) =(Ai + Eiδ(t)FA,i)
TP (i) + P (i)(Ai + Eiδ(t)FA,i) +

N∑
j=1

P (j)λij(h)

=AT
i P (i) + P (i)Ai + FT

A,iδ
T(t)ET

i P (i) + P (i)Eiδ(t)FA,i +
N∑
j=1

P (j)λij(h).

Using Lemma 2.1, we get

FT
A,iδ

T(t)ET
i P (i) + P (i)Eiδ(t)FA,i ≤ εA,iF

T
A,iFA,i + ε−1

A,iP (i)EiE
T
i P (i),

where εA,i is a positive scalar. Hence,

Q(i, t, h) ≤ Q̃(i, h),

where

Q̃(i, h) = AT
i P (i) + P (i)Ai + εA,iF

T
A,iFA,i + ε−1

A,iP (i)EiE
T
i P (i) +

N∑
j=1

P (j)λij(h).
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Based on the Schur complement, Q̃(i, h) < 0, i ∈ S implies[
Ji(h) P (i)Ei

ET
i P (i) −εA,iI

]
< 0,

where Ji(h) is given by

Ji(h) = AT
i P (i) + P (i)Ai + εA,iF

T
A,iFA,i +

N∑
j=1

P (j)λij(h).

Thus

ÃV (x(t), r(t)) ≤ xT(t)Q̃(i, h)x(t) ≤ max
i∈S,h

{
λmaxQ̃(i, h)

}
xT(t)x(t).

Here, we will show that maxi∈S,h

{
λmaxQ̃(i, h)

}
exists. Denote

Q̃(i, h) = Q̃1(i) + Q̃2(i, h), (2.8)

where Q̃1(i) and Q̃2(i, h) are given as follows

Q̃1(i) =AT
i P (i) + P (i)Ai + εA,iF

T
A,iFA,i + ε−1

A,iP (i)EiE
T
i P (i),

Q̃2(i, h) =
N∑
j=1

P (j)λij(h). (2.9)

It is obvious that maxi∈S

{
λmaxQ̃1(i)

}
and λmaxP (j) exist. Since λij(h) is positive

and upper bounded by λ̄ij, the following inequalities hold

Q̃1(i)− I max
i∈S

{
λmaxQ̃1(i)

}
≤ 0, Q̃2(i, h)− I

N∑
j=1

λmaxP (j)λ̄ij ≤ 0, (2.10)

where (·) ≤ 0 indicates negative semi-definite matrix. Hence,

Q̃(i, h)− I max
i∈S

{
λmaxQ̃1(i)

}
− I

N∑
j=1

λmaxP (j)λ̄ij ≤ 0. (2.11)

Therefore, maxi∈S,h

{
λmaxQ̃(i, h)

}
always exists.
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By the generalized Dynkin’s formula [87], we have

E{V (x(t), r(t))} − V (x0, r0) =E
{∫ t

0

ÃV (x(s), r(s))ds

∣∣∣∣(x0, r0)

}
≤max

i∈S,h

{
λmaxQ̃(i, h)

}
E
{∫ t

0

xT(s)x(s)ds

∣∣∣∣(x0, r0)

}
.

The last inequality implies

−max
i∈S,h

{
λmaxQ̃(i, h)

}
E
{∫ t

0

xT(s)x(s)ds

∣∣∣∣(x0, r0)

}
≤V (x0, r0)− E {V (x(t), i)}

≤V (x0, r0).

Furthermore, the condition in (2.4) indicates maxi∈S,h

{
λmaxQ̃(i, h)

}
< 0, so

E
{∫ t

0

xT(s)x(s)ds

∣∣∣∣(x0, r0)

}
≤ − V (x0, r0)

maxi∈S,h

{
λmaxQ̃(i, h)

}
holds for any t > 0. Letting t go to infinity, then we know that

E
{∫ ∞

0

xT(s)x(s)ds

∣∣∣∣(x0, r0)

}
is bounded by the following constant

T (x0, r0) = − V (x0, r0)

maxi∈S,h

{
λmaxQ̃(i, h)

} > 0.

According to Definition 2.1, the system in (2.1) is stochastically stable. This ends

the proof.

To this end, the sufficient conditions of the stochastic stability for S-MJLSs have

been established in Theorem 2.1. However, due to the time-varying term λij(h)

in (2.4), solving the conditions (2.4) in Theorem 2.1 will unavoidably involve testing

infinitely many LMIs, which is very time-consuming, if not impossible, from the

perspective of the numerical computation. Therefore, a question arises naturally:

How to develop the numerically testable conditions of the stochastic stability for

S-MJLSs? In the following, Theorem 2.2 will address this question.
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Theorem 2.2. The S-MJLS in (2.1) is stochastically stable if there exist a set of

matrices P (i) > 0, i ∈ S and a set of scalars εA,i > 0, i ∈ S such that the following

inequalities hold for all admissible uncertainties:

(a)

[
J i P (i)Ei

ET
i P (i) −εA,iI

]
< 0, (b)

[
J̄i P (i)Ei

ET
i P (i) −εA,iI

]
< 0, i ∈ S. (2.12)

Here, J0
i = AT

i P (i) + P (i)Ai + εiF
T
A,iFA,i, J i = J0

i +
∑N

j=1 λijP (j), and J̄i = J0
i +∑N

j=1 λ̄ijP (j), i ∈ S.

Proof. According to Theorem 2.1, the jump linear system is stochastically stable

with transition rate λij(h) if there exist P (i) > 0, i ∈ S such that the condition

in (2.4) holds. For a specific h, λij(h) can be written as the linear combination

λij(h) = θ1λij + θ2λ̄ij where θ1 + θ2 = 1 and θ1, θ2 > 0. Multiplying (2.12-a) by θ1

and (2.12-b) by θ2, the summation yields[
θ1J i + θ2J̄i P (i)Ei

ET
i P (i) −εA,iI

]
< 0.

By tuning θ1 and θ2, all possible λij(h) ∈ [λij λ̄ij] can be achieved. Therefore the con-

dition in (2.1) holds uniformly, which implies that the system in (2.1) is stochastically

stable.

Theorem 2.2, it has been moved one step further towards the numerically solv-

able conditions by making use of the upper and lower bounds of the transition rate.

However, the derived sufficient condition in Theorem 2.2 is relatively conservative.

Then another critical question arises here: How to reduce the conservativeness of the

stability conditions while keeping it numerically testable? To reduce the conserva-

tiveness, we propose to partition the sojourn-time h into M sections in every working

mode. Since the transition rates λij(h) are time-varying, denote λij,m and λ̄ij,m as

the lower and the upper bounds of the transition rates during the mth section. Such

a way of performing partition can effectively reduce the conservativeness, as more of

the transition rate information can be incorporated into the analysis and synthesis.

Corollary 2.1. For the S-MJLS in (2.1), if there exist a set of matrices P (i,m) > 0,
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i ∈ S, m ∈ M that the following set of linear matrix inequalities hold[
J i,m P (i,m)Ei

ET
i P (i,m) −εi,mI

]
< 0,

[
J̄i,m P (i,m)Ei

ET
i P (i,m) −εi,mI

]
< 0, i ∈ S, (2.13)

where

J i,m = AT
i P (i,m) + P (i,m)Ai +

N∑
j=1

λij,mP (j,m) + εi,mF
T
A,iFA,i, i ∈ S, m ∈ M,

(2.14)

J̄i,m = AT
i P (i,m) + P (i,m)Ai +

N∑
j=1

λ̄ij,mP (j,m) + εi,mF
T
A,iFA,i, i ∈ S, m ∈ M.

(2.15)

Here, M = {1, 2, . . . ,M}. Then the S-MJLS is stochastically stable.

Partitioning the sojourn-time intoM sections, the original S-MJLS in (2.1) in each

section can be regarded as an individual S-MJLS with the time-varying transition rate

varying in a narrowed range. Applying Theorem 2.2 for the individual S-MJLS in

the mth section, and substituting λij and λ̄ij by λij,m and λ̄ij,m, this corollary can be

readily proved.

2.4 Robust State Feedback Control for S-MJLS

In this section, we discuss how to design the robust state feedback control law for the

following S-MJLS:

S2 :
ẋ(t) = [Ai,0 + Eiδ(t)FA,i]x(t) + [Bi,0 + Eiδ(t)FB,i]u(t),

x(0) = x0, r(0) = r0,
(2.16)

where Ai,0 and Bi,0 are nominal values with appropriate dimensions. δ(t) is a known

real matrix satisfying δT(t)δ(t) ≤ I and Ei, FA,i, FB,i are known real constant matrices

with appropriate dimensions. The robust state feedback control law to be designed is

u(t) = K(r(t))x(t). (2.17)

Theorem 2.3. If there exist a set of matrices X(i) > 0, Y (i), i ∈ S, and a set of

scalars εA,i, εB,i > 0, i ∈ S such that the following LMIs hold. Then the controller
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K(i) = Y (i)X−1(i) can stabilize the system.
J̃i(h) X(i)FT

A,i Y (i)TFT
B,i Ξi(h)

∗ −εA,iI 0 0

∗ ∗ −εB,iI 0

∗ ∗ ∗ −Xi

 < 0, i ∈ S. (2.18)

Here, * represents the blocks that are induced by symmetry and

J̃i(h) =X(i)AT
i,0 + Ai,0X(i) + Y T(i)BT

i,0 +Bi,0Y (i) + (εA,i + εB,i)EiE
T
i + λii(h)X(i),

Ξi(h) =

[√
λi1(h)X(i) · · ·

√
λi,i−1(h)X(i)

√
λi,i+1(h)X(i) · · ·

√
λiN(h)X(i)

]
,

Xi =diag [X(1) · · · X(i− 1) X(i+ 1) · · · X(N)] .

Proof. Using the robust control law in (2.17) for the system S2 in (2.16), the closed-

loop system becomes

ẋ(t) =
[
Āi,0 + Eiδ(t)F̄i

]
x(t), (2.19)

where

Āi,0 = Ai,0 +Bi,0K(i), F̄i = FA,i + FB,iK(i).

Applying the stochastically stable condition in Theorem 2.1, we know that the fol-

lowing inequality holds

AT
i,0P (i) +KT(i)BT

i,0P (i) + FT
A,iδ

T(t)ET
i P (i) +KT(i)FT

B,iδ
T(t)ET

i P (i+ P (i)Ai,0

+P (i)Bi,0K(i) + P (i)Eiδ(t)FA,i + P (i)Eiδ(t)FB,iK(i) +
N∑
j=1

λij(h)P (j) <0.

Applying Lemma 2.1 leads to the following inequalities:

FT
A,iδ

T(t)ET
i P (i) + P (i)Eiδ(t)FA,i ≤ ε−1

A,iF
T
A,iFA,i + εA,iP (i)EiE

T
i P (i),

KT(i)FT
B,iδ

T(t)ET
i P (i) + P (i)Eiδ(t)FB,iK(i)

≤ε−1
B,iK

T(i)FT
B,iFB,iK(i) + εB,iP (i)EiE

T
i P (i).

So the closed-loop S-MJLS in (2.19) is stochastically stable if the following inequality
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holds

AT
i,0P (i) + P (i)Ai,0 +KT(i)BT

i,0P (i) + P (i)Bi,0K(i) +
N∑
j=1

λij(h)P (j)

+ε−1
A,iF

T
A,iFA,i + (εA,i + εB,i)P (i)EiE

T
i P (i) + ε−1

B,iK
T(i)FT

B,iFB,iK(i) < 0

Denote X(i) = P−1(i) and Y (i) = K(i)X(i). Pre- and post- multiplying the last

inequality by X(i) yields

X(i)AT
i,0 + Ai,0X(i) + Y T(i)BT

i,0 +Bi,0Y (i) +X(i)

[
N∑
j=1

λij(h)P (j)

]
X(i)

+ε−1
A,iX(i)FT

A,iFA,iX(i) + (εA,i + εB,i)EiE
T
i + ε−1

B,iY
T(i)FT

B,iFB,iY (i) < 0

Using the Schur complement, the last inequality is equivalent to (2.18). This ends

the proof.

Testing the conditions in Theorem 2.3 involves solving infinitely many LMIs which

is not numerically possible. We apply the same idea in the stability analysis in

Section 2.3 by denoting the lower and upper bounds of the transition rate λij(h) with

λij and λ̄ij. Therefore, we have the following Theorem.

Theorem 2.4. If there exist a set of matrices X(i) > 0, Y (i), i ∈ S, and a set of

scalars εA,i, εB,i > 0, i ∈ S such that the following LMIs hold. Then the controller

K(i) = Y (i)X−1(i) stabilizes the system. For i ∈ S
J̃ i X(i)FT

A,i Y T(i)FT
B,i Ξi

∗ −εA,iI 0 0

∗ ∗ −εB,iI 0

∗ ∗ ∗ −Xi

 < 0,


¯̃Ji X(i)FT

A,i Y T(i)FT
B,i Ξ̄i

∗ −εA,iI 0 0

∗ ∗ −εB,iI 0

∗ ∗ ∗ −Xi

 < 0,

(2.20)

where

J̃ i = X(i)AT
i,0 + Ai,0X(i) + Y T(i)BT

i,0 +Bi,0Y (i) + (εA,i + εB,i)EiE
T
i + λiiX(i),

¯̃Ji = X(i)AT
i,0 + Ai,0X(i) + Y T(i)BT

i,0 +Bi,0Y (i) + (εA,i + εB,i)EiE
T
i + λ̄iiX(i),

Ξi =
[√

λi1 · · ·
√

λi,i−1

√
λi,i+1 · · ·

√
λiN

]
X(i),
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Ξ̄i =

[√
λ̄i1 · · ·

√
λ̄i,i−1

√
λ̄i,i+1 · · ·

√
λ̄iN

]
X(i),

Xi = diag [X(1) · · · X(i− 1) X(i+ 1) · · · X(N)] .

Applying the sojourn-time partition technique from the stochastic stability anal-

ysis in Section 2.3, the following Corollary can be readily established.

Corollary 2.2. If there exist a set matrices X(i,m) > 0, Y (i,m), i ∈ S, m ∈ M
and a set of scalars εA,i,m, εB,i,m > 0, i ∈ S, m ∈ M such that the following LMIs

hold. Then the controller K(i,m) = Y (i,m)X−1(i,m) stabilizes the system.
J̃ i,m X(i,m)FT

A,i Y T(i,m)FT
B,i Ξi,m

∗ −εA,i,mI 0 0

∗ ∗ −εB,i,mI 0

∗ ∗ ∗ −Xi,m

 < 0,


¯̃Ji,m X(i,m)FT

A,i Y T(i,m)FT
B,i Ξ̄i,m

∗ −εA,i,mI 0 0

∗ ∗ −εB,i,mI 0

∗ ∗ ∗ −Xi,m

 < 0, i ∈ S, (2.21)

where for m = 1, 2, . . . ,M

Ξi,m =
[√

λi1,m · · ·
√

λi,i−1,m

√
λi,i+1,m · · ·

√
λiN,m

]
X(i,m),

Ξ̄i,m =

[√
λ̄i1,m · · ·

√
λ̄i,i−1,m

√
λ̄i,i+1,m · · ·

√
λ̄iN,m

]
X(i,m),

Xi,m = diag [X(1,m) · · · X(i− 1,m) X(i+ 1,m) · · · X(N,m)] ,

J̃ i,m = J̃0
i,m + λii,mX(i,m), ¯̃Ji,m = J̃0

i,m + λ̄ii,mX(i,m),

where

J̃0
i,m = X(i,m)AT

i,0+Ai,0X(i,m)+Y T(i,m)BT
i,0+Bi,0Y (i,m)+ (εA,i,m+ εB,i,m)EiE

T
i .

Following the same techniques used in Theorem 2.2 and Corollary 2.1, Theorem

2.4 and Corollary 2.2 can be readily proved and hence the proof is omitted here.

Remark 2.2 The partition strategy of the sojourn-time plays a significant role in

the stochastic stability analysis and the corresponding robust controller design for
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the S-MJLS. As shown in [88], the conservativeness of the sufficient condition will be

reduced with more partitions. In this chapter, the sojourn-time is partitioned such

that for the mth (m ∈ M) section

Pr {hm−1 ≤ h < hm} =
1

M
, m = 1, 2, . . . ,M. (2.22)

Here, hm−1 and hm are the beginning and ending time for section m, when the system

operating on a specific mode. An illustration of the beginning and ending time is

given in Figure 2.1. In this figure, totally M sections are set for mode 3. The S-

MJLS switches from mode 3 to mode 1 after hM−2 and before hM−1, i.e., the system

switches at section M − 1. Different from the currently used partition technique,
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Figure 2.1: Beginning and ending time for each sections.

we can also propose other partition methods. For example, partition each section

uniformly, i.e.,

hm − hm−1 =
hM − h0

M
, m = 1, 2, . . . ,M, (2.23)

or, putting constraints on the variation of the transition rates for each section, i.e.,

λ̄ij,m − λij,m ≤ Threshold. (2.24)

In fact, the effect of using a) different number of partitions (M) and b) different

sojourn-time partition strategies on the stability analysis and controller design has

not been fully investigated yet, and this issue deserves further exploration and is our

current research topic.
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Remark 2.3 In [88], by studying jump linear systems where the sojourn-time follows

the Weibull distribution, the difference between the time-varying transition rate and

the constant transition rate was analyzed and explained; furthermore, the numerically

testable sufficient condition for ensuring the stability of the S-MJLS was established.

However, the model uncertainties were not considered in [88]. In this chapter, we

have extended the stability analysis and the corresponding robust control design for

S-MJLSs with norm-bounded uncertainties. In addition, the statistic characteristic of

the control performance of the stochastic switching system is analyzed and presented

in Section 2.5.

2.5 Illustrative Examples

Consider a continuous-time S-MJLS S2 in (2.16) operating on 2 modes with the

following system matrices:

A1(t) =

[
1.1555 −0.4006 + 0.1σ(t)

−0.4470 −0.7930

]
, A2(t) =

[
−0.0274 0.0249

−0.3835 0.3026 + 0.7ρ(t)

]
,

B1(t) =
[
1 1

]T
, B2(t) =

[
1 0.1ρ(t)

]T
.

The nominal system matrices are

A1,0 =

[
1.1555 −0.4006

−0.4470 −0.7930

]
, B1,0 =

[
1

1

]
,

A2,0 =

[
−0.0274 0.0249

−0.3835 0.3026

]
, B2,0 =

[
1

0

]
,

and the matrices describing the norm-bounded uncertainties are

E1 = E2 =

[
1 0

0 1

]
, δ(t) =

[
σ 0

0 ρ

]
, FA,1 =

[
0.2 0.1

0.1 0

]
, FA,2 =

[
0 0

0.1 0

]
,

FB,1 =
[
0 0

]T
, FB,2 =

[
0 0.1

]T
, (2.25)

where σ and ρ are uncertain real parameters such that |σ| ≤ 1, |ρ| ≤ 1. Depending on

sojourn-time h, the transition rate function λij(h) is a continuous piecewise function
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described as follows:

λij(h) =


h, h < h,

h, h ≤ h ≤ h̄,

h̄, h > h̄,

(2.26)

where h = 0.1000s and h̄ = 4.6000s. Considering that the switching system jumps

from mode i to mode j, if the sojourn-time follows Weibull distribution with the

scale parameter α = 1 and the shape parameter β = 2, the transition rate function is

λij(h) = h. Therefore, the transition rate function (2.26) can be regarded as an ap-

proximation when the sojourn-time follows Weibull distribution at a high confidence

level. If the sojourn-time follows the aforementioned Weibull distribution, the jump

will occur in the interval [h, h̄] with probability greater than 0.99, i.e. let hj denote

the jump time, then Pr{h ≤ hj ≤ h̄} > 0.99. Note that the Weibull distribution has

been widely used in the reliability engineering to model fault tolerant systems [75].

According to Corollary 2.2, if M is set to 2, i.e. the sojourn-time h is divided

into two sections by h = 0.8326. Therefore, when h < 0.8326, the state feedback

control law is K(1, 1) for mode 1 and K(2, 1) for mode 2; when h ≥ 0.8326, the state

feedback control law is K(1, 2) for mode 1 and K(2, 2) for mode 2. The computation

time is 0.0749 s on a PC (3.0 GHz, 2.0 GB of RAM memory). The state feedback

control law designed using Corollary 2.2 is obtained as follows:

K(1, 1) =
[
−22.1292 14.1944

]
, K(2, 1) =

[
−4.7141 6.3067

]
,

K(1, 2) =
[
−11.0213 7.1232

]
, K(2, 2) =

[
−4.0094 3.3051

]
. (2.27)

Implementing the control law, and starting from the initial state x0 = [5 −4]T, r0 = 1,

the state trajectories of the controlled system are shown in Figure 2.2a. It is obvious

that the designed controller is feasible and guarantees the stochastic stability of the

closed-loop system despite the time-varying transition rates.

Controller design based on different interval partitions: It is noticed that,

by applying Theorem 2.4, the condition in (2.20) is not feasible. By further dividing

the sojourn-time h into 2 sections, the controller (2.27) is obtained. In addition, for

certain systems, m = 4 yields a feasible solution, while m = 2 does not. Therefore,

using Corollary 2.2, a larger M is more likely to yield a feasible controller. The

problem on how to appropriately divide the sojourn-time into several sections still

deserves further research.
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Comparisons to [1, 2]: The proposed controller by using the techniques in [1, 2]

is K1 = [−3.7949 2.2244], K2 =[−1.7292 1.2225] for each operating mode, respective-

ly. In the simulation, the same initial condition x0 = [5 −4]T and the same switching

time are applied, and the state trajectories are also shown in Figure 2.2a. For the

proposed controller, it takes 2.95s for the two states converge to 0, while it takes

more than 10s for the controller designed in [1, 2]. Theoretically, the controller ob-

tained from [1, 2] has relatively smaller feedback gains, so the transient response is

slower. Therefore, the proposed control design technique outperforms the existing

methodologies.

0 2 4 6 8 10 12
−6

−4

−2

0

2

4

6

Time (s)

S
ta

te
tr

a
je

ct
o
ry

x
(t

)

 

 
x1(t) by Corollary 2.2
x2(t) by Corollary 2.2
x1(t) by (S2003)
x2(t) by (S2003)

(a) Comparison by using Corollary 2.2 and
techniques in [1, 2] (S2003).

0 5 10
−5

−4

−3

−2

−1

0

1

2

3

4

5

Time (s)

 

 

x1(t)

0 5 10
−5

−4

−3

−2

−1

0

1

2

3

4

Time (s)

 

 

x2(t)

(b) Monte Carlo simulation with different
semi-Markov processes for 20 runs by using
Corollary 2.2.

Figure 2.2: One run simulation and Monte Carlo simulation.

To further illustrate the effectiveness of the proposed technique, we perform the

Monte Carlo simulation. In Figure 2.2b, the trajectories of controlled system states

x1(t) and x2(t) for 20 runs are shown, respectively. The semi-Markov processes are

unique in each run and are generated by utilizing (2.26). It can be seen that the system

is stochastically stabilized for every run of simulation. In addition, the average states

x(t) = [x1(t) x2(t)]
T by 10000 Monte Carlo simulation runs are shown in Figure 2.4a.

Obviously, by using the proposed controller, the states converge with less overshoot

and small settling time. Statistically, the settling time for 10000 runs is summarized

in Figure 2.4b. In the simulation, we denote the settling time as Ts which is given by

|x(t)|2 ≤ 1.5%|x(0)|2, for all t > Ts. (2.28)

The mean values of the settling time by using two different controllers are 3.5741 s
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and 9.9100 s, respectively. Therefore, in the stochastic sense, the control scheme

proposed in this chapter generates faster transient response. Other than the mean

value of the settling time, the standard deviation (Std) is also crucial to describe the

system performance. The standard deviation of the settling time for 10000 runs are

0.8849 and 2.1895, respectively. Figure 2.4 shows the convergence of the mean valve

and the standard deviation of the settling time for different number of simulation

runs. The ± one, two, and three standard deviations are listed in Table 2.1.

Table 2.1: ± Standard deviation.

± standard deviation ± 1 ± 2 ± 3
Seconds (s) 0.87 1.75 3.03
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Figure 2.3: Average results and statistics of the Monte Carlo simulation (10000 runs).

2.6 Conclusion

In this chapter, we have investigated the stochastic stability and robust stabilization

problems for S-MJLSs. First, the infinitesimal generator for the quadratic Lyapunov

function V (·) of the S-MJLS was derived. Then the sufficient stochastic stability

condition for S-MJLSs with norm-bounded uncertainties was established. The suf-

ficient condition is further relaxed by solving a set of LMIs. By partitioning the
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Figure 2.4: Convergence of Monte Carlo simulation.

sojourn-time h into sub-sections, the conservativeness of the sufficient condition can

be effectively reduced. Different sojourn-time partitioning methods were presented in

Remark 2.2; the effects on the stochastic stability and control performance by using

different methods deserve further studies. Lastly, the robust state feedback controller

design method was proposed. Numerical examples and comparisons illustrate the

effectiveness of the proposed methods.
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Chapter 3

H∞ State-Feedback Control for

Semi-Markov Jump Linear

Systems with Time-Varying Delays

3.1 Introduction

The study of jump linear systems is motivated by many real-world technical problems

involving abrupt changes and switches [89, 90]. The evolution of system parameters

can be modeled within a stochastic framework, where each set of the system param-

eters describes one linear system. In the jump linear system, the sojourn-time h

is the duration between two consecutive jumps/switches. In general, h is a random

variable following certain probability distributions. For example, in a continuous-time

jump linear system, if h is governed by an exponential distribution, then the jump

linear system is reduced to the well-known Markov jump linear system (MJLS) which

has attracted much research attention. Applications of MJLS cover several research

areas, such as NCSs [56], fault tolerant systems [91], aerospace systems [92], and so

on. Because the MJLS model is suitable for characterizing and representing system

changes and switches, for example, system failures, random events, and unexpected

configuration changes.

In a more general framework, the sojourn-time follows any probability distribution

which may not always take the exponential distribution. In such cases, the jump

linear system is termed as a semi-Markov jump linear system [1]. Therefore, the

set of MJLSs is a subset of the set of S-MJLSs. The relationship among MJLS and
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S-MJLS as well as jump linear system can be shown in Figure 3.1. Compared to

the rich literature on MJLSs, relatively less research attention has been paid to S-

MJLSs. In [1] and [2], a stochastic stability condition was established and a controller

was designed based on the proposed stability condition. The designed controller was

tested on a bunch-train cavity interaction system which can be formulated as an S-

MJLS. However, the probability distributions of the sojourn-time in [1] and [2] were

chosen as “nearly exponential”, which indicates that the S-MJLS behaves similarly

as an MJLS. In [88], we proposed a numerically testable condition for ensuring the

stability of the S-MJLS. To further reduce the conservativeness of the method, the

sojourn-time partitioning technique was developed. For other results on S-MJLSs,

please refer to [88] and the references therein. 

Jump Linear Systems 

S-MJLSs 

MJLS

ss 

Figure 3.1: The relationship among the jump linear systems, S-MJLSs, and MJLSs.

On the other hand, the H∞ control has been proved to be a useful tool for attenu-

ating the effect of disturbances/noises in dynamic systems [28, 93]. H∞ control stems

from the robust stability problem in the frequency domain, and it is now commonly

used to solve the optimal control problems which attenuates the L2 gain from the

disturbance/noise to the output of interest in the time domain. The H∞ controller

can be effectively and conveniently designed by solving a set of linear matrix inequal-

ities (LMIs) [23]. The H∞ controller design for MJLS with and without delays has

been reported in the past decades; see, e.g. [94, 95, 96]. Compared to the aforemen-

tioned work, in this chapter, we consider a more general and practical scenario: The

switching tendencies/trends from one state to another are not constant any more;

in this case, if the well-developed MJLS methods are applied, 1) the time-varying

information of the transition rate will be missed, and accordingly the control perfor-

mance will be deteriorated; 2) the proposed controller or filter may malfunction due

the evaluation failure of potential state jumps.

Besides the stochastic behavior of practical systems, the existence of time-delays

is ubiquitous in many applications, and it has been studied extensively over the

past years [97]. The time delay is an inherent feature of many control processes

in mechanical plants, chemistry processes, and automation systems [98]. On one
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hand, it is well recognized that time delays can lead to divergence, oscillation, or

instability [99]. On the other hand, considerable efforts have been devoted to the

analysis and synthesis problems for MJLSs with constant delays as well as time-

varying delays. Especially, the time delay effect on MJLSs with partially known

transition rates has been considered in [16]. In this chapter, we move one step further,

where transition rates are not partially known, but are time-varying. However, until

now, no result has been reported for the H∞ optimal control for the S-MJLS with

time-varying delays, which motivates this research.

The remainder of this chapter is organized as follows. The H∞ state-feedback

control design problem for the delayed S-MJLS is formulated in Section 3.2. In Sec-

tion 3.3, the sufficient conditions for ensuring the stochastic stability of S-MJLSs with

time-varying delays are established and the H∞ control design method is developed.

To validate the proposed theorem and corollaries, simulation studies are provided in

Section 3.4. Finally, the concluding remarks are given in Section 3.5.

3.2 Problem Formulation

Consider the switching system S with semi-Markov jumping parameters and time-

varying state delays

S : ẋ(t) =A(r(t))x(t) + Ad(r(t))x(t− τ(t, (r(t))) +B(r(t))u(t),

z(t) =C(r(t))x(t),

x(s) =ϕ(s), s ∈ [−d, 0], r(0) = r0, (3.1)

where x(t) ∈ Rn, u(t) ∈ Rp, and z(t) ∈ Rq are the system state, control input,

and system output, respectively. A(r(t)), Ad(r(t)), B(r(t)), and C(r(t)) are the

system matrices depending on the semi-Markov process {r(t), t > 0}, where r(t) is

a continuous-time discrete-state semi-Markov process taking values in the finite set

S = {1, 2, · · · , N}. In the following, r(t) is denoted as rt for the purpose of simplicity.

Similarly, A(r(t)), Ad(r(t)), B(r(t)), C(r(t)), and τ(t, r(t)) are denoted as Ai, Adi,

Bi, Ci, and τi(t), respectively, when r(t) = i. Here, τi(t) is the time-varying state

delay in the system, and

τ̇i(t) ≤ hi < 1. (3.2)
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Furthermore, we assume that the maximum allowable time delay is τ̄ , i.e., τi(t) ≤ τ̄ ,

for all i ∈ S. ϕ(s) is the initial state and r(0) is the initial mode of the semi-Markov

process. For system S, if the control input is 0, i.e., u(t) ≡ 0, then we have the

following unforced system Su

Su : ẋ(t) =A(rt)x(t) + Ad(rt)x(t− τ(t, rt)),

z(t) =C(rt)x(t),

x(s) =ϕ(s), s ∈ [−d, 0], r(0) = r0. (3.3)

The semi-Markov process is given as follows [100]

Pr{r(t+ h) = j|r(t) = i} =

λij(h)h+ o(h), r(t) jumps from i to j,

1 + λii(h)h+ o(h), r(t) stays at mode i.
(3.4)

Here, o(h) is the little-o notation defined as limh→0 o(h)/h = 0. From the transition

property,
∑

j∈S λij(h) = 0, i.e.,

λii(h) = −
∑

j∈S,j ̸=i

λij(h).

For the stochastic stability, we adopt the definition from [101].

Definition 3.1. The unforced system Su is said to be mean square stochastically

exponential stable if for all possible finite initial function ϕ(s) ∈ Rn and all possible

initial mode r0 ∈ S, such that the following inequality holds:

E
{
∥x(t)∥2

}
≤ σe−λt∥ϕ∥2, (3.5)

where λ and σ are called the decay rate and the decay coefficient, respectively.

The objectives of this chapter are mainly two-fold.

O1: To establish the stochastic stability criteria for the delayed S-MJLS S in (3.1)

where the transition rates are time-varying.

O2: To design an H∞ state-feedback controller such that the closed-loop system is

stochastically stable with prescribed noise attenuation level γ. The state feed-

back controller to be designed is mode-dependent and sojourn-time dependent
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of the following form

u(rt) = K(rt, h)x(t). (3.6)

It is worth mentioning that the control gain K not only depends on the semi-

Markov process rt but also depends on the sojourn-time h.

3.3 Main Results

In this section, the stochastic stability condition for the unforced delayed S-MJLS Gu

in (3.3) will be firstly addressed. Based on the stochastic stability definition in (3.5),

the controller design method will be presented via solving a set of LMIs.

3.3.1 Stochastic Stability Condition for Delayed S-MJLS

The following proposition gives the stochastic stability condition for the system

in (3.3).

Proposition 1. The unforced S-MJLS Su with time-varying state delays in (3.3)

achieves mean-square stochastically exponential stability if there exist matrices Pi > 0,

i ∈ S, and Q > 0 such that the following inequalities hold for all i ∈ S and h > 0
∑

j∈S λij(h)Pj + sym{PiAi}
+(1 + η(h)τ̄)Q

∗

AT
diPi −(1− hi)Q

 < 0, (3.7)

where η(h) = −min{λii(h), i ∈ S} for all possible h.

Proof. Consider the unforced system Su in (3.3) and the following Lyapunov func-

tional

V (x(t), rt) = V1(x(t), rt) + V2(x(t), rt) + V3(x(t), rt), (3.8)

where

V1(x(t), rt) =x(t)TP (rt)x(t), (3.9)

V2(x(t), rt) =

∫ t

t−τrt (t)

x(s)TQx(s)ds, (3.10)

V3(x(t), rt) =η(h)

∫ 0

−τ̄

∫ t

t+θ

x(s)TQx(s)dsdθ. (3.11)
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Let Ã be the infinitesimal generator which can be regarded as the time derivative of

the Lyapunov function (3.8). It can be verified that

Ã
[
eβtV1(x(t), i)

]
=eβtx(t)T

[∑
j∈S

λij(t)Pj

]
x(t) + βeβtV1(x(t), i)

+ 2eβtx(t)TPi [Aix(t) + Adix(t) + Adix(t− τi(t))] ,

Ã
[
eβtV2(x(t), i)

]
=eβtx(t)TQx(t)− eβt[1− τ̇i(t)]x(t− τi(t))

TQx(t− τi(t))

+ βeβtV2(x(t), i) + eβt
∑
j∈S

λij(h)

∫ t

t−τj(t)

x(s)TQx(s)ds,

Ã
[
eβtV3(x(t), i)

]
=eβtη(h)τ̄x(t)TQx(t)− eβtη(h)

∫ t

t−τ̄

x(s)TQx(s)ds+ βeβtV3(x(t), i). (3.12)

Noting that λij(h) ≥ 0, for i ̸= j and λii(h) ≤ 0, we have

∑
j∈S

λij(h)V2(x(t), j) ≤
∑

j∈S,j ̸=i

λij(h)

∫ t

t−τ̄j

x(s)TQx(s)ds

≤
∑

j∈S,j ̸=i

λij(h)

∫ t

t−τ̄

x(s)TQx(s)ds

=− λii(h)

∫ t

t−τ̄

x(s)TQx(s)ds

≤η(h)

∫ t

t−τ̄

x(s)TQx(s)ds.

Applying the Schur complement formula to (3.7), we have∑
j∈S

λij(h)Pj + AT
i Pi + PiAi + (1 + η(h)τ̄)Q+ (1− hi)

−1PiAdiQ
−1AT

diPi < 0. (3.13)

Then it can be shown that

Ã
[
eβtV (x(t), i)

]
≤βeβtV (x(t), i) + eβtx(t)T

[∑
j∈S

λij(h)Pj + AT
i Pi + PiAi

+(1 + η(h)τ̄)Q+ (1− hi)
−1PiAdiQ

−1AT
diPi

]
x(t). (3.14)
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For each i and any scaler β > 0, we get

Ã
[
eβtV (x(t), i)

]
<− αeβt|x(t)|2 + βeβtV (x(t), i)

<− αeβt|x(t)|2 + βeβt
[
α1|x(t)|2 + λmax(Q)

∫ t

t−τ̄

|x(s)|2ds

+η(h)λmax(Q)

∫ 0

−τ̄

∫ t

t+θ

|x(s)|2dsdθ
]
. (3.15)

Notice that ∫ 0

−τ̄

∫ t

t+θ

|x(s)|2dsdθ ≤ τ̄

∫ t

t−τ̄

|x(s)|2ds, (3.16)

which implies

Ã
[
eβtV (x(t), i)

]
<(−α + α1β)e

βt|x(t)|2 + βeβt(τ̄ η(h) + 1)λmax(Q)

∫ t

t−τ̄

|x(s)|2ds. (3.17)

Applying the generalized Dynkin’s formula [87], we have

E
{
eβTV (x(T ), i)

}
− V (x0, r0)

=E
{∫ T

0

Ã
[
eβtV (xs, i)

]
ds
∣∣∣(x0, r0)

}
<(−α + α1β)

∫ T

0

eβt|x(t)|2dt+ βeβt(τ̄ η(h) + 1)λmax(Q)

∫ T

0

eβt
∫ t

t−τ̄

|x(s)|2dsdt.

(3.18)

Denote α2(h) = (τ̄ η(h) + 1)λmax(Q), and also notice that∫ T

0

eβt
∫ t

t−τ̄

|x(t)|2dsdt ≤ τ̄

∫ T

−τ̄

eβ(t+τ̄)|x(t)|2dt. (3.19)

So, for each i ∈ S and any scaler β > 0 we have

E{eβTV (x(T ), i)}

<V (x0, r0) + (−α + α1β)

∫ T

0

eβt|x(t)|2dt+ α2(h)β

∫ T

−τ̄

eβ(t+τ̄)|x(t)|2dt
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≤V (x0, r0) +
(
−α + α1β + α2(h)βe

βτ̄
) ∫ T

0

eβt|x(t)|2dt+ α2(h)βe
βτ̄

∫ 0

−τ̄

|x(t)|2dt.

Choose β > 0 to be the solution of the following equation

−α + α1β + α2(h)βe
βτ̄ = 0. (3.20)

Next we will show that a positive solution β always exists. (3.20) can be written as

f
(1)
β = f

(2)
β , (3.21)

where

f
(1)
β (β) =

α

β
− αp, f

(2)
β (β) = α2(h)e

βτ̄ .

With Q > 0, η(h) > 0 and τ̄ > 0, α2(h) is positive. It can be shown that for ∀h > 0,

∃β > 0 satisfying (3.21). Therefore, we can always find β > 0 such that (3.20) is

satisfied. Therefore, we have

E
{
eβTV (x(T ), i)

}
< V (x0, r0) + α2(h)βe

βτ̄

∫ 0

−τ̄

|x(t)|2dt (3.22)

and hence, the system achieves mean-square stochastically exponential stability. This

ends the proof.

3.3.2 H∞ Controller Design for Delayed S-MJLS

Considering the external disturbance ω(t), and by using the feedback control law

u(rt) = K(rt, h)x(t) in (3.6), the closed-loop system becomes

Gc : ẋ(t) =Ac(rt)x(t) + Ad(rt)x(t− τ(t, rt)) +B(rt)ω(t),

z(t) =C(rt)x(t),

x(s) =ϕ(s), s ∈ [−d, 0), r(0) = r0, (3.23)

where ω(t) ∈ L2[0,∞) is the external noise, and Ac(rt) is given as follows

Ac(rt) = A(rt) + B(rt)K(rt, h). (3.24)
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The objective is to design the control signal u(t) such that the delayed system in (3.23)

achieves mean-square stochastically exponential stability and

∥z∥E2 < γ∥ω∥2 (3.25)

under zero initial condition for any nonzero ω(t) ∈ L2[0, ∞), where ∥ · ∥2 denotes the
L2[0, ∞) norm, and

∥z∥E2 =

[
E
{∫ ∞

0

|z(t)|2dt
}] 1

2

, (3.26)

where | · | is the Euclidean vector norm.

The controller design technique is summarized in the following theorem.

Theorem 3.1. If there exist symmetric matrices P̄i > 0, Q̄ > 0, and matrices Ui(h),

i ∈ S, with appropriate dimensions such that the following matrix inequalities hold

for all i ∈ S and h > 0

sym{AiP̄i}+ sym{BiUi(h)}
+λii(h)P̄i + CT

i Ci

∗ ∗ ∗ ∗

Q̄AT
di −(1− hi)Q̄ ∗ ∗ ∗√

1 + η(h)τ̄ P̄i 0 −Q̄ ∗ ∗
BT

i P̄i 0 0 −γ2I ∗
Ii(h)

TP̄i 0 0 0 Pi


< 0, (3.27)

where

Pi = −diag{P̄1, · · · , P̄i−1, P̄i+1, · · · , P̄N}, (3.28)

Ii(h) =
[
λ

1
2
i1(h)I, · · · , λ

1
2
i,i−1(h)I, λ

1
2
i,i+1(h)I, · · · , λ

1
2
iN(h)I

]
. (3.29)

Then the closed-loop system Gc in (3.23) is mean square stochastically exponential

stable with γ-disturbance attenuation level.

Proof. First, we will establish the stochastic stability condition. Based on the stability

condition proposed in Proposition 1, the system will be stable if the following set of

inequalities are satisfied
∑

j∈S λij(h)Pj + sym{PiAci}
+(1 + η(h)τ̄)Q

∗

AT
diPi −(1− hi)Q

 < 0. (3.30)
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Plugging Aci in (3.24) into (3.30) gives rise to
∑

j∈S λij(h)Pj + (1 + η(h)τ̄)Q

+sym{Pi[Ai +BiK(i, h)]}
∗

AT
diPi −(1− hi)Q

 < 0. (3.31)

Since Pi > 0 and Q > 0, denote P̄i = P−1
i and Q̄ = Q−1. The last inequality can be

written as 
sym{Pi[Ai +BiK(i, h)]}
+(1 + η(h)τ̄)Q+ λii(h)Pi

∗ ∗

AT
diPi −(1− hi)Q ∗
IT
i 0 Pi

 < 0. (3.32)

By pre- and post-multiplying the last inequality by diag{P̄i, Q̄, I, . . . , I︸ ︷︷ ︸
N−1

}, we obtain


sym{[Ai +BiK(i, h)]P̄i}

+(1 + η(h)τ̄)P̄iQP̄i + λii(h)P̄i

∗ ∗

Q̄AT
di −(1− hi)Q̄ ∗

IT
i P̄i 0 Pi

 < 0.

Applying the Schur complement again, we have
sym{[Ai +BiK(i, h)]P̄i}

+λii(h)P̄i

∗ ∗ ∗

Q̄AT
di −(1− hi)Q̄ ∗ ∗√

1 + η(h)τ̄ P̄i 0 −Q̄ ∗
IT
i P̄i 0 0 Pi

 < 0.

Denoting Ui(h) = K(i, h)P̄i and considering the condition in (3.27), the last inequality

is equivalent to
sym{AiP̄i}+ sym{BiUi(h)}

+λii(h)P̄i

∗ ∗ ∗

Q̄AT
di −(1− hi)Q̄ ∗ ∗√

1 + η(h)τ̄ P̄i 0 −Q̄ ∗
IT
i P̄i 0 0 Pi

 < 0.
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By noting (3.27) and the above inequality, the condition in (3.5) is satisfied, so the

system is proven to be mean square stochastically exponential stable.

Next, we will show that (3.25) is satisfied. Consider the following function

J(T ) =

∫ T

0

[
z(t)Tz(t)− γ2ω(t)Tω(t)

]
dt.

It is obvious that (3.25) is equivalent to E{J(T )} < 0, when T → ∞.

E{J(T )}

=

∫ T

0

[
z(t)Tz(t)− γ2ω(t)Tω(t) + ÃV (x(t), i)

]
dt−

∫ T

0

[
ÃV (x(t), i)

]
dt

≤
∫ T

0

x̂(t)TΞx̂(t)dt,

where

x̂(t) =
[
x(t)T x(t− τ(t, rt)

T ω(t)T
]T

,

Ξ =


sym{[Ai +BiK(i, h)]P̄i}

+CT
i Ci

∗ ∗

Q̄AT
di −(1− hi)Q̄ ∗

BT
i P̄i 0 −γ2I

 . (3.33)

Pre- and post-multiplying (3.27) by the following transformation matrices T and T T,

where the dimension of T is 3n× (N + 3)n.

T =

 I 0 0 0 0n,(N−1)n

0 I 0 0 0n,(N−1)n

0 0 0 I 0n,(N−1)n

 ,

where I is an n× n identity matrix and 0n,(N−1)n is the zero matrix with dimension

n × (N − 1)n, then we can show that Ξ < 0. Therefore, the H∞ noise attenuation

level is achieved. This completes the proof.

Remark 3.1 By observing the condition in (3.27), the involvement of λij(h) and η(h)

jeopardizes the design procedure on solving the linear matrix inequalities. Generally,

λij(h) and η(h) are time-varying. As a result, solving the conditions in Proposition 1

and Theorem 3.1 involves testing infinitely many LMIs, which is numerically impos-
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sible. This poses the main difficulties on the stochastic stability analysis and the

controller design method. Normally, λij(h) is lower and upper bounded, i.e.,

λij ≤ λij(h) ≤ λ̄ij, for all possible h. (3.34)

Therefore, η(h) is bounded, i.e.,

η ≤ η(h) ≤ η̄. (3.35)

Here, η = min
{
λ̄ij

}
and η̄ = max

{
λ̄ij

}
.

Remark 3.2 In Proposition 1, the remaining parameters where the sojourn-time h

gets involved are Ui(h), which are unknown matrices to be determined. Here, we seek

to find uniform Ui which are able to satisfy the infinite number of LMIs.

To overcome the numerical difficulties, we propose Corollary 3.1. Before proceed-

ing, we present the following lemmas which will facilitate the derivation of Corol-

lary 3.1.

Lemma 3.1. Given symmetric matrix An×n = [aij], aij ∈ Ω̃ij = [aij, āij], i ̸= j,

define the following sets: Ωij = {aij, āij}. If for all possible

(a12, . . . , a1n, a23, . . . , a2n, . . . , ai,i+1, . . . , ai,n, . . . , an−1,n)

∈Ω12 × . . .× Ω1n × Ω23 × . . .× Ω2n × . . .× Ωi,i+1 × . . .× Ωi,n × . . .× Ωn−1,n (3.36)

such that A < 0, then for all possible

(a12, . . . , a1n, a23, . . . , a2n, . . . , ai,i+1, . . . , ai,n, . . . , an−1,n)

∈Ω̃12 × . . .× Ω̃1n × Ω̃23 × . . .× Ω̃2n × . . .× Ω̃i,i+1 × . . .× Ω̃i,n × . . .× Ω̃n−1,n (3.37)

A < 0.

Proof. The lemma can be proved by using the inductive method.

(1). If there is only one pair of symmetric entries with uncertainty in An×n,

without loss of generality, aij = aji ∈ [aij, āij], then from (3.36) we have, for ∀x =

[x1, . . . , xi, . . . , xn]
T ∈ Rn,

xTA(aij)x < 0, xTA(āij)x < 0,
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where A(aij) and A(āij) are matrices with aij and āij at the (i, j) and (j, i) entries.

The last set of inequalities is equivalent to

2xiaijxj + α < 0, (3.38)

2xiāijxj + α < 0, (3.39)

where α is a constant. Conditioning on θ1+θ2 = 1 and θ1 ≥ 0, θ2 ≥ 0, and multiplying

θ1 to (3.38) and θ2 to (3.39), the summation of the two inequalities yields (3.37).

(2). Suppose there are p entries with uncertainties in A, and (3.37) is satisfied.

Now, we introduce uncertainty to the (p + 1)th entry ars and asr. From (3.36) we

have, for ∀x ∈ Rn,

xTA(ars)x < 0, xTA(ārs)x < 0,

which is equivalent to

2xiarsxj + β < 0, 2xiārsxj + β < 0.

Here, β is independent of ars (asr). Similar to the first step, (3.37) can be obtained.

The proof of the lemma is now complete.

Lemma 3.2. Lemma 3.1 will still hold if aij = aji, and there exists a scalar θ such

that

aij = θāij.

Proof. By using the inductive method, and follow a similar technique in the proof of

Lemma 3.1, Lemma 3.2 can be readily obtained.

Corollary 3.1. If there exist symmetric matrices P̄i > 0, i ∈ S, Q̄ > 0, and matrices

Ui, i ∈ S, with appropriate dimensions such that the following matrix inequalities
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hold for all i ∈ S, I(2)
i and η(2)

sym{AiP̄i}+ λiiP̄i

+sym{BiUi}+ CT
i Ci

∗ ∗ ∗ ∗

Q̄AT
di (hi − 1)Q̄ ∗ ∗ ∗

(1 + η(2)τ̄)P̄i 0 −(1 + ητ̄)Q̄ ∗ ∗
BT

i P̄i 0 0 −γ2I ∗
I
(2)T
i P̄i 0 0 0 P(2)

i


< 0, (3.40)

where

I
(2)
i ∈ (Γi1 . . . Γi,i−1 Γi,i+1 . . . Γi,N) , Γij =

{
λijI, λ̄ijI

}
, η(2) ∈

{
η, η̄

}
,

P(2)

i
= diag

{
I
(2)
i

}
Pi, I

(2)
i =

[
λi1I, . . . , λi,i−1I, λi,i+1I, . . . , λiNI

]
and Pi is given in (3.28). Then the closed-loop system in (3.23) is mean square s-

tochastically exponential stable with γ-disturbance attenuation level, i.e., ∥z∥E2/∥ω∥2 <
γ.

Proof. To prove this corollary, we firstly define the following congruent transforma-

tion matrix J = diag{I, I,
√
1 + η(h)τ̄ I, I, diag(Ii(h))}. After making congruent

transformation by using J on inequality (3.27), we have

sym{AiP̄i}+ λii(h)P̄i

+sym{BiUi}+ CT
i Ci

∗ ∗ ∗ ∗

Q̄AT
di (hi − 1)Q̄ ∗ ∗ ∗

(1 + η(h)τ̄)P̄i 0 −(1 + η(h)τ̄)Q̄ ∗ ∗
BT

i P̄i 0 0 −γ2I ∗
I
(2)
i (h)TP̄i 0 0 0 P

(2)
i (h)


< 0,

(3.41)

where,

I
(2)
i (h) = [λi1(h)I, · · · , λi,i−1(h)I, λi,i+1(h)I, · · · , λiN(h)I] ,

P
(2)
i (h) = diag

{
I
(2)
i (h)

}
Pi.

Denote Aleft as the left hand side of (3.41). Define the lower and upper bounds of

η(h) and λij(h) (i ̸= j) by η, η̄, λij (i ̸= j), and λ̄ij (i ̸= j), respectively, and further
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define λii =
∑N

j=1,j ̸=i λij (i ∈ S), so we have the following fact

Aleft <



sym{AiP̄i}+ λiiP̄i

+sym{BiUi}+ CT
i Ci

∗ ∗ ∗ ∗

Q̄AT
di (hi − 1)Q̄ ∗ ∗ ∗

(1 + η(h)τ̄)P̄i 0 −(1 + ητ̄)Q̄ ∗ ∗
BT

i P̄i 0 0 −γ2I ∗
I
(2)
i (h)TP̄i 0 0 0 P(2)

i


.

By using Lemma 3.2, then the condition in (3.40) is readily obtained. This completes

the proof.

3.3.3 Conservativeness Reduction

It is worth noting that the condition in Corollary 3.1 is conservative due to the fact

that the common variables P̄i, Ui, and Q̄ are able to satisfy infinitely many LMIs

shown in Theorem 3.1. The idea of reducing the conservativeness is to solve the

feasibility by introducing more sets of design variables, instead of using one set of

matrices of P̄i, Ui, and Q̄ [88]. By partitioning the range of the sojourn-time h,

the transition rate λij(h) and η(h) can be grouped into different intervals, which are

termed as partitions. The following corollary demonstrates how the partitions can be

utilized to reduce the conservativeness on the H∞ controller design by partitioning

on the sojourn-time h into M partitions.

Corollary 3.2. In each partition m, if there exist symmetric matrices P̄i,m > 0,

i ∈ S, Q̄m > 0, and matrices Ui,m with appropriate dimensions such that the following

matrix inequalities hold for all i ∈ S and m ∈ M = {1, 2, . . . ,M}

sym{AiP̄i,m}+ λii,mP̄i,m

+sym{BiUi,m}+ CT
i Ci

∗ ∗ ∗ ∗

Q̄mA
T
di (hi − 1)Q̄m ∗ ∗ ∗

(1 + η
(2)
m τ̄)P̄i,m 0 −(1 + η

m
τ̄)Q̄m ∗ ∗

BT
i P̄i,m 0 0 −γ2I ∗

I
(2)T
i,m P̄i,m 0 0 0 P(2)

i,m


< 0,

(3.42)
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where

I
(2)
i,m ∈ (Γi1,m . . . Γi,i−1,m Γi,i+1,m . . . Γi,N,m) , Γij,m =

{
λij,mI, λ̄ij,mI

}
,

η(2)m ∈
{
η
m
, η̄m

}
, Pi,m = −diag{P̄i1,m, . . . , P̄i,i−1,m, P̄i,i+1,m, . . . , P̄iN,m},

P(2)

i,m
= diag

{
I
(2)
i,m

}
Pi,m, I

(2)
i,m =

[
λi1,m, . . . , λi,i−1,m, λi,i+1,m, . . . , λiN,m

]
.

Then the closed-loop system Gc in (3.23) is mean square stochastically exponential

stable with γ-disturbance attenuation level.

Proof. The proof of Corollary 3.2 is similar to Corollary 3.1 and hence omitted here.

3.4 Numerical Example

In this chapter, we consider a vertical take-off and landing (VTOL) vehicle exam-

ple [102, 103]. The system dynamics can be written as

ẋ(t) =A(rt)x(t) + Ad(rt)x(t− τ(t, rt)) +B(rt)u(t) +B(rt)ω(t),

z(t) =C(rt)x(t),

where

A(rt) =


−0.0366 0.0271 0.0188 −0.4555

0.0482 −1.01 0.0024 −4.0208

0.1002 a32(rt) −0.707 a34(rt)

0 0 1 0

 , B(rt) =


0.4422 0.1761

b21(rt) −7.5922

−5.5200 4.4900

0 0

 ,

Ad(rt) = 0.1A(rt), C(rt) ≡
[
0 0.1 0 0

]
.

x(t) indicates the state variables, where x1(t) is the horizontal velocity, x2(t) is the

vertical velocity, x3(t) is the pitch rate, and x4(t) is the pitch angle.

For the simulation purpose, the maximum delay τ̄ is set as 0.3s. h1, h2, and h3

in (3.2) are set as 0.5, 0.6, and 0.3, respectively. The time-varying delay τ(rt) are

characterized by

τ(t, i) = 0.5τ̄

[
sin

(
2hit

τ̄

)
+ 1

]
, t ≥ 0. (3.43)
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Table 3.1: VTOL parameters depending on the speed.

Airspeed (knot) a32 a34 b21
135 0.3681 1.4200 3.5446
60 0.0664 0.1198 0.9775
170 0.5047 2.5460 5.1120

0 2 4 6 8 10 12 14 16 18
−10

−5

0

5

10

15

Time (s)

x

 

 
horizontal velocity x1(t)
vertical velocity x2(t)
pitch rate x3(t)
pitch angle x4(t)

Figure 3.2: The state trajectories of the closed-loop S-MJLS using the proposed
controller in (3.27).

The external disturbance is ω(t) = [ω1(t) ω2(t)]
T, where ω1(t) and ω2(t) are zero

mean, uncorrelated Gaussian white noise with unity variances.

The system dynamics depends on the airspeeds, which are characterized by the

modes of the governing semi-Markov process. The dependant parameters are listed

in table 3.1. Without any control input, the unforced VTOL system is unstable. By

using Corollary 3.2, and setting two partitions, i.e., M = 2, for the sojourn-time.

When h ≤ 1.8s, the S-MJLS is in partition 1, otherwise, it is running in partition 2.

For each partition, the lower and upper bounds of transition rates are

Λ1 = λij,1 =

 −0.3 0.1 0.2

0.2 −0.5 0.3

0.3 0.3 −0.6

 , Λ̄1 = λ̄ij,1 =

 −1.2 0.5 0.7

0.7 −1.7 1.0

1.0 1.1 −2.1

 ,
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Λ2 = λij,2 =

 −1.2 0.5 0.7

0.7 −1.7 1.0

1.0 1.1 −2.1

 , Λ̄2 = λ̄ij,2 =

 −2.0 0.8 1.2

0.9 −2.4 1.5

1.8 2.2 −4.0

 .

The designed mode and sojourn-time dependent state feedback controller is

K(1, 1) =

[
−1.3653 −0.5117 0.4511 2.6099

−0.4102 −0.0651 −0.0271 0.2903

]
,

K(2, 1) =

[
−1.3254 −0.4512 0.4183 2.4012

0.1892 0.1996 −0.1840 −0.8173

]
,

K(3, 1) =

[
−1.2800 −0.4908 0.5168 2.6215

−0.4687 −0.0820 0.0778 0.5266

]
,

K(1, 2) =

[
−2.7621 −0.6190 0.5728 3.4891

−0.8064 −0.0701 0.0010 0.4413

]
,

K(2, 2) =

[
−2.6281 −0.5833 0.5576 3.2410

1.4161 0.5205 −0.3996 −2.3219

]
,

K(3, 2) =

[
−2.9429 −0.6438 0.6372 3.6782

−0.6803 0.0019 0.0156 0.2481

]
.

In the numerical analysis, the initial state of the simulation is x(0) = [10 6 1 −7]T.

In Figure 3.2, all state variables of the helicopter are stabilized, i.e., the hover of the

helicopter is achieved. Nevertheless, x(t) does not converge to 0 due to the persistent

external disturbance ω(t). In this example, the state variable of interest is the vertical

velocity, i.e., x2(t). As can be seen from Figure 3.2, the magnitude of the vertical

velocity is attenuated from 6m/s to less than 1m/s under disturbance and system

delays. In the controller design, the H∞ attenuation level is set as γ = 0.93 and from

the simulation results, ∥z∥E2/∥ω∥2 = 0.2320 < γ.

3.5 Conclusion

The stochastic stability analysis andH∞ control design problem for a class of continuous-

time S-MJLSs with time-varying delays are investigated in this chapter. The consid-

ered time-varying transition rates are more general and practicable than MJLSs.

With the designed mode and sojourn-time dependent state feedback controller, the
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closed-loop system is stochastically stable with prescribed disturbance attenuation

level. It is worth expecting that the idea of sojourn-time partition for the S-MJLS in

this chapter could be utilized to solve related problems for delayed S-MJLSs, e.g. H∞

output control, optimal dynamic controller design, and robust filtering. In real world

scenarios, it is a challenging task to obtain exact transition rate matrices of stochas-

tic processes, so the study on the S-MJLS with uncertain transition rates deserves

further research and will greatly facilitate the applicability.
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Chapter 4

Active Fault Tolerant Control

Systems by the Semi-Markov

Model Approach

4.1 Introduction

The fault detection and fault tolerant control problems have received increasing at-

tention due to their broad applicability [104]. In order to achieve a higher reliability

level and better control performance, modern control systems relying on sophisticated

control algorithms have been developed to meet these critical requirements [105]. The

designed fault tolerant control systems can achieve the system stability and maintain

the acceptable control performance, even when they are subject to failure events.

Generally speaking, fault tolerant control strategies can be categorized into two main

categories: Passive control and active control [106]. In passive fault tolerant control

systems, no reconfiguration of the controller is needed, so essentially it has limited

fault tolerant capacities. On the contrary, active fault tolerant control configura-

tion reacts to the system failure actively by adjusting control actions to achieve the

stability and required performance of the closed-loop system [107]. Besides the clas-

sification of the control schemes, the system faults can also be classified into several

groups, such as actuator faults, sensor faults, component faults, and a combination

of the above [108]. In this chapter, we seek to design an active control method to

accommodate a combination of the above faults.

Active fault tolerant control systems are feedback control systems that reconfigure



55

the control law in real time. The abrupt occurrence of faults in the system can be

practically characterized as being governed by stochastic processes. The class of

systems governed by stochastic processes is termed as the jump linear system [70]. In

this class of systems, a stochastic process is defined to represent the random variations

of the system parameters. Normally, continuous-time finite state Markov processes

are used in continuous-time systems where the system may jump at any time instant;

while in discrete-time systems, discrete-time finite state Markov processes are applied;

to be precise, only Markov process kernels are used. Sometimes, finite state processes

are also called discrete-state processes, or countable state processes. To practically

formulate active fault tolerant control problems, two stochastic processes are involved

in the system model: One is used to model the system faults, and the other one is used

to represent the fault detection and identification (FDI) process [109]. The rationale

behind the two-process model is that the FDI process brings random variations into

the control law. In other words, the FDI process modifies the system dynamics

by the control strategy reconfiguration [110]. The two-process model was proposed

in [111], where necessary and sufficient conditions were provided for systems with

single component failures. For the system with multiple failure occurrences, the

stochastic stability analysis was presented in [112]. Further, considering the system

uncertainties, detection delays, and noise/disturbances, results have been reported

in [113]. Besides the results on the stability issue, optimal controller design problems

have been studied for fault tolerant control systems modeled by Markov processes;

see [114] and the references therein.

For all the aforementioned work, most of them deploys continuous-time or discrete-

time Markov processes to model the system failure. To satisfy the requirements of

Markov processes, the life time of the system components should be assumed to be

exponentially distributed. However, such an assumption may not be appropriate

in practice for two reasons. Firstly, in the reliability engineering, a typical transi-

tion/failure rate function is in a bathtub shape instead of a constant value [75, 76].

With such shapes of transition/failure rates, the system components would be more

likely to fail in the “infant” or “senior” stages. For a more comprehensive literature

review on time-varying and even random transition rates; see [115] and the references

therein. In this chapter, for simplicity, we adopt the terminology “transition rate”

from switching system theory, and it is mathematically equivalent to the “failure

rate” in the reliability engineering. Secondly, suppose that the continuous-time prob-

ability distribution function (PDF) is an exponential distribution, i.e., the transition
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rates are constant, which is a widely used assumption in reliability engineering [116].

Since the redundancy design finds wide applications in practice, for example, in the

fly-by-wire aircraft system design [117, 118], the overall life time probability distri-

bution function will not be exponential (red and blue curves in Figure 4.1) and the

corresponding transition rates are not constant values (red and blue curves in Fig-

ure 4.2). Therefore, in this chapter, we investigate the fault tolerant control system
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Figure 4.2: Transition rates with dif-
ferent number of redundant compo-
nents.

where the life time of the components is not necessarily exponentially distributed.

Therefore, the semi-Markov process is more appropriate for modeling the random

changes/jumps in the system. Some related results have been reported; for example,

in [119], a continuous-time countable (discrete) state semi-Markov process was used

to characterize the failure phenomenon of an object. In the field of jump linear system

research, semi-Markov processes have been deployed and studied [2, 78, 88, 120].

The remainder of this chapter is organized as follows. In Section 4.2, we formulate

the fault detection problem by using semi-Markov processes. Next, we present the

main results for the stochastic stability analysis and the controller design technique for

the formulated fault tolerant control system in Section 4.3. In Section 4.4, a vertical

take-off and landing (VTOL) vehicle simulation example is presented. Finally, we

conclude this chapter in Section 4.5.

4.2 Problem Formulation

In this chapter, we consider the linear systems, where both system faults and active

fault tolerant control strategies are simultaneously governed by independent semi-
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Markov processes. The system model is given as follows:

ẋ(t) =A(ηt)x(t) +B(ηt)u(rt, t) + E(ηt)ω(t),

y(t) =C(ηt)x(t), (4.1)

where x(t) ∈ Rn is the state; y(t) ∈ Rnp is the system output; u(rt, t) ∈ Rnu is

the control input; and ω(t) ∈ Rnω is the external disturbance. A(ηt), B(ηt), C(ηt),

and E(ηt) are system matrices of compatible dimensions. ηt and rt are semi-Markov

processes which will be addressed in the following context. For the convenience of

notations, A(ηt) is denoted as Ai, when ηt = i; and similar notations are applied

to B(ηt), C(ηt), and E(ηt). Also, x(t), y(t), and ω(t) are written as xt, yt, and ωt,

respectively.

Remark 4.1 System faults are represented by system matrices. For example, in the

normal working condition, system matrices are A1, B1, C1, and E1. If, for example,

one sensor works improperly, then the elements in C(ηt) may vary, or even be set to 0

in the total failure case. In such a fault scenario, the operating system matrices would

be A2(= A1), B2(= B1), C2(̸= C1), and E2(= E1). Another often encountered fault is

the so-called actuation fault. Under such circumstances, the operating system matri-

ces are A3(= A1), B3(̸= B1), C3(= C1), and E3(= E1). Similarly, by tuning E(ηt) the

faults caused by the external disturbance can be appropriately modeled. Therefore,

the switching system model can accommodate different types of fault scenarios.

Let {rt, t ≥ 0} denote the FDI process; it monitors the state of {ηt, t ≥ 0}
which describes the failures [110]. The FDI process induces random switchings to

the control actions, therefore the closed-loop system dynamics will accordingly vary

along time through the control reconfiguration when the controller is used to close the

open-loop system. Here, we assume that rt and ηt are continuous-time discrete-state

semi-Markov processes, which take values in the finite sets Sr = {1, 2, . . . , r̄} and

Sη = {1, 2, . . . , η̄}, respectively. “Continuous-time” indicates that the system could

switch from one state to another at any time; “discrete-state” means that the sets

Sr and Sη are discrete sets. It is realistic since a component could fail at any time

during the operation in the continuous-time system configuration. Therefore, the

system description depends on the true failure state ηt; meanwhile, the input signal

u depends on the control strategy after detecting and identifying the system failure.
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For the semi-Markov failure process ηt, the time-varying transition rate is given

by

Pr{η(t+ h) = j|η(t) = i} =

λij(h)h+ o(h), η(t) jumps from i to j,

1 + λii(h)h+ o(h), otherwise.

Here, λii(h) = −
∑Sη

j=1,j ̸=i λij(h). λij(h) is directly related with system component

failure rates. o(h) is the little-o notation defined by limh→0 o(h)/h = 0.

Because rt is the decision and control process, the transition rate intuitively de-

pends on ηt, and is defined as

Pr{r(t+ h) = l|r(t) = k, η(t) = i} =

π
(i)
kl (h)h+ o(h), r(t) jumps from k to l,

1 + π
(i)
kk (h)h+ o(h), otherwise,

when the system is operating on mode i, i.e., ηt = i. Here, π
(i)
kk(h) = −

∑Sr

l=1,l ̸=k π
(i)
kl (h).

The transition rate matrices are defined as Λ(h) = [λij(h)] and Π(i)(h) = [π
(i)
ij (h)],

respectively. In this chapter, we assume that the transition rates are all upper and

lower bounded [121]. In the case when the FDI process is difficult to examine, a

simplified version of the semi-Markov process, i.e., a Markov process could be im-

plemented in the controller. By using the Markov process, the controller loses the

time-varying transition rate information in computing control signals. In order to

obtain the transition rates, an experimental test of the system should be conducted

before determining the transition rate matrix. Xie et al. stated two approaches to

determine the parameters of transition rates: 1) conventional statistical estimation

techniques and 2) graphical approaches [76]. When the parameter number of the s-

tochastic process is small, the conventional statistical estimation method is suggested;

while the graphical technical is preferred when the parameter number increases.

Remark 4.2 The sojourn-time is an important concept in this chapter. In the jump

linear system, the duration h between two consecutive jumps is termed as sojourn-

time which is usually a random variable. For example, in the continuous-time jump

linear system, h is a random variable characterized by a continuous probability dis-

tribution F . Especially, in the continuous-time Markov jump linear systems, F is an

exponential distribution. However, in the current semi-Markov framework, F can be

any continuous probability distribution, rendering the corresponding description be-

ing more general and practical. Therefore, the Markov jump linear system approach
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for dealing with active fault tolerant control problems can be regarded as a special

case of the proposed method in this chapter.

Remark 4.3 It is noticed that the memoryless property, being one of the key prop-

erties in the Markov process, does not hold for the semi-Markov process. According

to the stochastic process theory, in the Markov process the transition rate does not

depend on the past, i.e., Pr{η(t+ h) = j|η(t) = i} = Pr{η(h) = j|η(0) = i} [72]. But

in our current design framework, with a non-exponential sojourn-time distribution,

the above equality does not hold any more, which inherently leads to some challenges

in the following design procedure.

The main objective of this chapter is to design the state feedback controller ut =

K(rt, h)xt, under any possible type of faults stated in Remark 4.1, such that the

following closed-loop system

ẋt = Ac(ηt, rt)xt (4.2)

is stochastically stable, when there is no external disturbance i.e., ωt ≡ 0; also, the

prescribed H∞ performance should be simultaneously guaranteed. Here,

Ac(ηt, rt) = A(ηt) +B(ηt)K(rt, h). (4.3)

When ηt = i and rt = k, Ac(ηt, rt) is denoted as Ac,ik. We now recall the stochastic

stability definition established in [53] for the stochastic closed-loop system with semi-

Markov jumps.

Definition 4.1. The system in (4.2) is stochastically stable if for all possible initial

conditions x0 = x(0) ∈ Rn, and initial modes η0 = η(0) ∈ Sη and r0 = r(0) ∈ Sr,

there exists a finite matrix W > 0 such that the following inequality holds

E
{∫ ∞

0

∥xt∥2dt
∣∣∣∣x0, η0, r0

}
≤ xT

0Wx0. (4.4)

The H∞ control performance is defined as follows: Given a scalar γ > 0, with the

proposed state feedback controller K, it is expected that the closed-loop system is

stochastically stable and the following condition holds for any non-zero ωt ∈ l2[0, ∞)

E
{∫ ∞

0

yTt ytdt

}
< γ2

∫ ∞

0

ωT
t ωtdt. (4.5)
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For the sake of a more general setup and wider applications, we adopt the stochas-

tic integral quadratic constraint (SIQC) [122].

Definition 4.2. The SIQC for the output signal yt and the disturbance ωt is satisfied

if the following inequality holds

E

{∫ T

0

[
yTt ωT

t

] [ Γ11 Γ12

Γ21 Γ22

][
yt

ωt

]
dt

}
< 0, (4.6)

where, Γ11 is symmetric and positive definite, and Γ22 is symmetric and negative

definite. Moreover, it is assumed that Γ12 = ΓT
21, and the time T is finite.

Remark 4.4 The four involved matrices in the SIQC are supposed to have com-

patible dimensions. By tuning these matrices, different control performance can be

achieved by using the correspondingly proposed controller. For example, if Γ11 = I

and Γ22 = −γ2I, then the SIQC constraint reduces to the standard H∞ performance.

Therefore, in this chapter, the control design technique is more general than the

conventional H∞ control method.

Before presenting the main results, the following fact to be frequently referred to

in the following derivation, is presented as follows.

Fact 1. For matrix A = AT, which can be partitioned as A =

[
A11 A12

A21 A22

]
, if there

exist a matrix P = PT > 0, and a scalar α > 0 such that

[
A11 A12

A21 A22 + αP

]
< 0,

then A < 0.

4.3 Main Results

The stabilization problem and the H∞ control problem are addressed in this section.

First of all, we deal with the stochastic stability problem in Section 4.3.1. The

following theorem provides the sufficient conditions such that the system in (4.1)

with ωt ≡ 0 achieves the conditions in Definition 4.1. The proof follows a similar

line of the proof in [110], but considers the more general model using semi-Markov

process model.
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4.3.1 Stochastic Stability

Theorem 4.1. The closed-loop system in (4.2) is stochastically stable if there exist

a set of matrices Xik > 0 and Rik, for all i ∈ Sη and k ∈ Sr, such that
AiXik +XikA

T
i +BiRik +RT

ikB
T
i

+λii(h)Xik + π
(i)
kk(h)Xik

∗ ∗

1η̄−1,1 ⊗Xik −Ξik(h) ∗
1r̄−1,1 ⊗Xik 0 −Ω

(i)
ik (h)

 < 0, (4.7)

where

Ξik(h) =diag

{
1

λi1(h)
X1k, . . . ,

1

λi,i−1(h)
Xi−1,k,

1

λi,i+1(h)
Xi+1,k, . . . ,

1

λiη̄(h)
Xη̄k

}
,

(4.8)

Ω
(i)
ik (h) =diag

{
1

π
(i)
k1 (h)

Xi1, . . . ,
1

π
(i)
k,k−1(h)

Xi,k−1,
1

π
(i)
k,k+1(h)

Xi,k+1, . . . ,
1

π
(i)
kr̄ (h)

Xir̄

}
.

(4.9)

Proof. When the closed-loop system operates on modes (i, k), i.e., ηt = i and rt = k

at t, consider the following Lyapunov functional candidate

V (xt, ηt, rt) = xT
t Pikxt. (4.10)

Here, Pik > 0, therefore V (xt, ηt, rt) > 0, for all xt ̸= 0. The infinitesimal generator

Ã of the Lyapunov function is

ÃV = lim
∆→0

1

∆
[E{V (xt+∆, ηt+∆, rt+∆)|xt, ηt, rt} − V (xt, ηt, rt)] (4.11)

= lim
∆→0

1

∆

[
E{xT

t+∆Pikxt+∆|xt, ηt, rt} − xT
t Pikxt

]
, (4.12)

where ∆ > 0 is a small positive number. The 1st order expansion of xt+∆ is

xt+∆ = [Ai∆+BiK(k, h)∆ + I]xt + o(∆2) ≈ [Ai∆+BiK(k, h)∆ + I] xt.
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Given that ∆ is small, we have

ÃV =2ẋT
t

∂V

∂xt

+

η̄∑
j=1

λij(h)V (x, j, k) +
r̄∑

l=1

π
(i)
kl (h)V (x, i, l)

=xT
t

[
PikAc,ik + AT

c,ikPik

]
xt +

η̄∑
j=1

λij(h)x
T
t Pjkxt +

r̄∑
l=1

π
(i)
kl (h)x

T
t Pilxt

=xT
t

[
PikAc,ik + AT

c,ikPik +

η̄∑
j=1

λij(h)Pjk +
r̄∑

l=1

π
(i)
kl (h)Pil

]
xt. (4.13)

Therefore, from the property of the quadratic form, if the following inequality holds,

then the system is stochastically stable

PikAc,ik + AT
c,ikPik +

η̄∑
j=1

λij(h)Pjk +
r̄∑

l=1

π
(i)
kl (h)Pil < 0. (4.14)

To facilitate the following derivation, further define Xik = P−1
ik , then pre- and post-

multiply the last inequality by Xik; we have

Ac,ikXik +XikA
T
c,ik +Xik

[
η̄∑

j=1

λij(h)Pjk +
r̄∑

l=1

π
(i)
kl (h)Pil

]
Xik =

Ac,ikXik +XikA
T
c,ik +

η̄∑
j=1

λij(h)XikPjkXik +
r̄∑

l=1

π
(i)
kl (h)XikPilXik < 0. (4.15)

By applying the Schur complement, the last inequality becomes
Ac,ikXik +XikA

T
c,ik

+λii(h)Xik + π
(i)
kk(h)Xik

∗ ∗

1η̄−1,1 ⊗Xik −Ξik(h) ∗
1r̄−1,1 ⊗Xik 0 −Ω

(i)
ik (h)

 < 0, (4.16)

where Ξik(h) and Ω
(i)
ik (h) are defined in (4.8) and (4.9). Further define Rik = KikXik

and plug Ac,ik in (4.3) into the last inequality, then this theorem can be readily

proved.

The condition in Theorem 4.1 is not convenient to check due to the involvements

of λij(h) and π
(i)
kl (h). It is noticed that both λij(h) and π

(i)
kl (h) are lower and upper



63

bounded, so the condition in Theorem 4.1 could be further relaxed, then we have the

following corollary.

Corollary 4.1. The closed-loop system in (4.2) is stochastically stable if there exists

a set of matrices Xik > 0 and Rik, for i ∈ Sη and k ∈ Sr, such that
AiXik +XikA

T
i +BiRik +RT

ikB
T
i

+λ̄iiXik + π̄
(i)
kkXik

∗ ∗

1η̄−1,1 ⊗Xik −Ξ̄ik ∗
1r̄−1,1 ⊗Xik 0 −Ω̄

(i)
ik

 < 0, (4.17)

where

Ξ̄ik =diag

{
1

λ̄i1

X1k, . . . ,
1

λ̄i,i−1

Xi−1,k,
1

λ̄i,i+1

Xi+1,k, . . . ,
1

λ̄iη̄

Xη̄k

}
, (4.18)

Ω̄
(i)
ik =diag

{
1

π̄
(i)
k1

Xi1, . . . ,
1

π̄
(i)
k,k−1

Xi,k−1,
1

π̄
(i)
k,k+1

Xi,k+1, . . . ,
1

π̄
(i)
kr̄

Xir̄

}
. (4.19)

Here, λ̄ij and π̄
(i)
kl are the upper bounds of λij(h) and π

(i)
kl (h), respectively. Similarly,

λij and π
(i)
kl are the lower bounds of λij(h) and π

(i)
kl (h), respectively. Since λ̄ii < 0 and

π̄
(i)
kk < 0, it is worth noting that

λ̄ii = −
η̄∑

j=1,j ̸=i

λij, π̄
(i)
kk = −

r̄∑
l=1,l ̸=k

π
(i)
kl . (4.20)

Proof. Considering the Fact 1, the corollary can be readily proved.

4.3.2 Control Performance

In this sub-section, we will propose the control design technique to ensure a prescribed

disturbance attenuation level. The following theorem gives the sufficient condition.

Theorem 4.2. If there exist a set of matrices Xik > 0 and Rik, for all i ∈ Sη and
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k ∈ Sr, such that the following matrix inequality holds

AiXik +XikA
T
i +BiRik +RT

ikB
T
i

+λii(h)Xik + π
(i)
kk(h)Xik

∗ ∗ ∗ ∗

Γ21CiXik + ET
i Γ22 ∗ ∗ ∗

1η̄−1,1 ⊗Xik 0 −Ξik(h) ∗ ∗
1r̄−1,1 ⊗Xik 0 0 −Ω

(i)
ik (h) ∗

CiXik 0 0 0 −Γ−1
11


< 0,

(4.21)

then the system in (4.2) is stochastically stable with a prescribed disturbance attenu-

ation level. Here, Ξik(h) and Ω
(i)
ik (h) are given in Theorem 4.1.

Proof. When the closed-loop system operates on modes (i, k), we deploy the same

Lyapunov function V (·) in the proof of Theorem 4.1. Define the following index

E

{∫ T

0

[
yTt ωT

t

] [ Γ11 Γ12

Γ21 Γ22

][
yt

ωt

]
+ ÃV dt

}

=E

{∫ T

0

[
xT
t ωT

t

] [ CT
i Γ11Ci CT

i Γ12

Γ21Ci Γ22

][
xt

ωt

]
+ ÃV dt

}

=E


∫ T

0

[
xT
t ωT

t

] CT
i Γ11Ci + PikAc,ik + AT

c,ikPik

+
∑η̄

j=1 λij(h)Pjk +
∑r̄

l=1 π
(i)
kl (h)Pil

∗

Γ21Ci + ET
i Pik Γ22

[
xt

ωt

]
dt

 .

(4.22)

Therefore, if the following inequality holds, then the stability can be established and

the control performance can be simultaneously guaranteed. CT
i Γ11Ci + PikAc,ik + AT

c,ikPik

+
∑η̄

j=1 λij(h)Pjk +
∑r̄

l=1 π
(i)
kl (h)Pil

∗

Γ21Ci + ET
i Pik Γ22

 < 0. (4.23)

Plugging the closed-loop system in (4.2) into the last inequality yields CT
i Γ11Ci + PikAi + AT

i Pik + PikBiKik +KT
ikB

T
i Pik

+
∑η̄

j=1 λij(h)Pjk +
∑r̄

l=1 π
(i)
kl (h)Pil

∗

Γ21Ci + ET
i Pik Γ22

 < 0. (4.24)
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Pre- and post-multiply (4.24) by diag{Xik, I}, then we have XikC
T
i Γ11CiXik + AiXik +XikA

T
i +BiXik +RT

ikB
T
i

+
∑η̄

j=1 λij(h)XikPjkXik +
∑r̄

l=1 π
(i)
kl (h)XikPilXik

∗

Γ21CiXik + ET
i Γ22

 < 0. (4.25)

Applying the Schur complement, and letting T approach ∞, the condition in (4.6)

can be satisfied. Then the proof is completed.

The above condition is not in linear forms due to the existence of λij(h) and

π
(i)
kl (h). Since both λij(h) and π

(i)
kl (h) are lower and upper bounded, the condition in

Theorem 4.2 could be relaxed. Then we have the following corollary.

Corollary 4.2. The system is stochastically stable with a prescribed disturbance at-

tenuation level, if there exist a set of matrices Xik > 0 and Rik, for all i ∈ Sη and

k ∈ Sr, such that

AiXik +XikA
T
i +BiRik +RT

ikB
T
i

+λ̄iiXik + π̄
(i)
kkXik

∗ ∗ ∗ ∗

Γ21CiXik + ET
i Γ22 ∗ ∗ ∗

1η̄−1,1 ⊗Xik 0 −Ξ̄ik ∗ ∗
1r̄−1,1 ⊗Xik 0 0 −Ω̄

(i)
ik ∗

CiXik 0 0 0 −Γ−1
11


< 0, (4.26)

where Ξ̄ik and Ω̄
(i)
ik are defined in (4.18) and (4.19), respectively; and λ̄ii and π̄

(i)
kk are

defined in (4.20).

The sojourn-time partition technique has been proved to be an effective approach

to further reduce the conservativeness in the controller synthesis [88]. By applying

this technique, we have the following corollary.

Corollary 4.3. The system is stochastically stable with a prescribed disturbance at-

tenuation level, if there exist a set of matrices Xik,m > 0 and Rik,m, for all i ∈ Sη and
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k ∈ Sr, such that

AiXik,m +Xik,mA
T
i +BiRik,m +RT

ik,mB
T
i

+λ̄ii,mXik,m + π̄
(i)
kk,mXik,m

∗ ∗ ∗ ∗

Γ21CiXik,m + ET
i Γ22 ∗ ∗ ∗

1η̄−1,1 ⊗Xik,m 0 −Ξ̄ik,m ∗ ∗
1r̄−1,1 ⊗Xik,m 0 0 −Ω̄

(i)
ik,m ∗

CiXik,m 0 0 0 −Γ−1
11


< 0,

for m ∈ M, (4.27)

where m is the partition index and Ξ̄ik,m, Ω̄
(i)
ik,m, λ̄ii,m, and π̄

(i)
kk,m are given as follows

Ξ̄ik,m =diag

{
1

λ̄i1,m

X1k,m, . . . ,
1

λ̄i,i−1,m

Xi−1,k,m,
1

λ̄i,i+1,m

Xi+1,k,m, . . . ,
1

λ̄iη̄,m

Xη̄k,m

}
,

Ω̄
(i)
ik,m =diag

{
1

π̄
(i)
k1,m

Xi1,m, . . . ,
1

π̄
(i)
k,k−1,m

Xi,k−1,m,
1

π̄
(i)
k,k+1,m

Xi,k+1,m, . . . ,
1

π̄
(i)
kr̄,m

Xir̄,m

}
,

λ̄ii,m =−
η̄∑

j=1,j ̸=i

λij,m, π̄
(i)
kk,m = −

r̄∑
l=1,l ̸=k

π
(i)
kl,m.

Proof. By using Fact 1, the conditions in the two corollaries can be easily obtained.

Remark 4.5 The basic principle behind the partition technique is to avoid the com-

mon matrix variables Xik and Rik in the matrix inequality. By separating the tran-

sition rates λij(h) and π
(i)
kl (h) into several sections according to the sojourn-time h,

Xik and Rik are not necessarily the same for all sections. In other words, the non-

partition technique can be viewed as the partition technique with extra constraints:

Xik,mi
= · · · = Xik,mj

and Rik,mi
= · · · = Rik,mj

, for all mi ∈ M and mj ∈ M.

4.4 Numerical Examples

In this section, to demonstrate the validity of the results obtained previously, we

consider a vertical take-off and landing (VTOL) vehicle example taken from [102, 123].

The system state is x = [x1 x2 x3 x4]
T, where x1 is the horizontal velocity in knot;

x2 is the vertical velocity in knot; x3 is the pitch rate in degree per second; and x4 is

the pitch angle in degree. To save space, only one type of fault is considered in the
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numerical example, so η̄ = r̄ = 2. The system state-space model has the following

system matrices:

A1 =A2 =


−0.0366 0.0271 0.0188 −0.4555

0.0482 −1.0100 0.0024 −4.0208

0.1002 0.3681 −0.707 1.4200

0 0 1 0

 , B1 =


0.4422 0.1761

3.5446 −7.5922

−5.5200 4.4900

0 0

 ,

B2 =


0.4422 0.1761

1.7723 −7.5922

−5.5200 4.4900

0 0

 , E1 = E2 =


0 0.1

0.1 0

0 0

0 0

 , C1 = C2 =
[
0 1 0 0

]
.

The signal of interest is the vertical velocity x2(t), and suppose that no fault happens

to the sensors associated with the output, so C1 = C2 = [0 1 0 0], i.e., y(t) = x2(t).

Here, A1, B1, C1, and E1 are system parameters in the normal working condition,

while A2, B2, C2, and E2 are system matrices when a fault happens. The fault

scenario is the lost effectiveness from the collective pitch control input u1(t) to the

vertical velocity x2(t) by 50%, i.e., B1(2, 1) = 2B2(2, 1). Since η̄ = r̄ = 2, the two

governing stochastic processes ηt and rt take values in Sη = {1, 2} and Sr = {1, 2}.
The transition rate matrix of ηt is time-varying, and it is lower and upper bounded

by Λ1 and Λ̄2, respectively. Similarly, the time-varying transition rate matrix of rt is

lower and upper bounded by Π
(ηt)
1 and Π̄

(ηt)
2 (ηt = 1, 2), respectively. We separate the

transition rates into two sections by the mid-points of their upper and lower bounds,

so Λ̄1 = Λ2, Π̄
(1)
1 = Π

(1)
2 , and Π̄

(2)
1 = Π

(2)
2 . The resulting closed-loop system switches

according to the states of the two stochastic processes: ηt and rt. For example, in the

first section, the control strategy switching scheme is governed by Π
(1)
1 and Π̄

(1)
1 when

the VTOL is running on the normal condition, and it is governed by Π
(2)
1 and Π̄

(2)
1

when the VTOL is running with the aforementioned fault: effectiveness loss. Here,

we assume that the a prior transition rates for the fault process have been determined

and known before the controller design. All the upper and lower bounds are listed as

follows:

Λ1 =

[
−0.333 0.333

0.1 −0.1

]
, Λ̄1 = Λ2 =

[
−0.5 0.5

0.118 −0.118

]
, Λ̄2 =

[
−1 1

0.143 −0.143

]
,
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Π
(1)
1 =

[
−1 1

1.429 −1.429

]
, Π̄

(1)
1 = Π

(1)
2 =

[
−1.538 1.538

2.128 −2.128

]
,

Π̄
(1)
2 =

[
−3.333 3.333

4.167 −4.167

]
, Π

(2)
1 =

[
−0.833 0.833

2 −2

]
,

Π̄
(2)
1 =Π

(2)
2 =

[
−1.176 1.176

2.857 −2.857

]
, Π̄

(2)
2 =

[
−2 2

5 −5

]
. (4.28)

The system is in continuous-time domain, and from Sη = {1, 2} and Sr = {1, 2},
there are two possible states of ηt and rt. Therefore the “continuous-time discrete-

state conditions” for the stochastic processes are satisfied in this VTOL example.

In the H∞ controller design, γ is set to be 1.5, so the parameters in the SIQC are

Γ =

[
Γ11 Γ12

Γ21 Γ22

]
=

[
I 0

0 −γ2I

]
=

[
I 0

0 −1.52I

]
. (4.29)

To compare the results by using different corollaries, both controllers without parti-

tion (M = {1}) and with partition (M = {1, 2}) are proposed. And the state feed-

back control gains are given as follows:

K11 =

[
−29.0476 −21.4139 1.0877 15.8314

−28.8441 −10.1142 1.0381 15.0394

]
,

K12 =

[
−4.6499 8.6516 0.0341 2.3851

2.3578 6.0641 −0.1738 −1.8877

]
,

K21 =

[
−12.0394 −2.4476 0.2371 6.6857

−4.3991 0.7927 0.3011 2.1268

]
,

K22 =

[
−11.3574 −2.6805 0.2439 6.3312

−4.2524 0.7151 0.2960 2.0400

]
; (4.30)

K11,1 =

[
−0.6338 5.9167 0.0186 0.5508

0.7768 3.9104 −0.5256 −1.3280

]
,

K11,2 =

[
7.2148 26.4389 −3.2662 −6.9366

11.3268 14.2303 −4.6697 −11.1112

]
,

K12,1 =

[
−2.4914 −0.2779 0.8977 2.3757

−1.5215 0.8716 0.5774 0.9304

]
,
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K12,2 =

[
−0.5740 6.4361 −0.0222 0.4278

1.2802 4.2206 −0.6182 −1.7637

]
,

K21,1 =

[
−2.9476 −4.8933 1.0848 3.0509

−1.9784 −0.4680 1.1723 1.5120

]
,

K21,2 =

[
−5.8887 −8.7909 2.0822 5.5006

−4.7633 −1.4625 2.1654 4.0147

]
,

K22,1 =

[
−1.9209 0.0587 0.4517 1.8868

−0.6037 0.9049 0.2209 0.0931

]
,

K22,2 =

[
−3.3354 −2.6980 0.9347 3.0805

−1.8901 0.1669 0.7811 1.2869

]
. (4.31)

In the simulation, the initial states are given as x0 = [0.1 1 − 0.2 − 0.5]T, η0 = 1,

and r0 = 1. The external disturbance ωt is a white noise process with zero mean

and variance 1. The fault occurrence sequence is generated by the above transition

matrices. For the purpose of a clear view, the first 19 seconds, instead of 3 seconds

in the simulation, of the fault sequence ηt is displayed (Figure 4.3). When ηt = 1,

the closed-loop system operates on the normal condition; when ηt = 2, actuation

fault happens. The state trajectories xt by using the controller in (4.30) are shown

in Figure 4.4. From the simulation results, ∥yt∥/∥ωt∥ = 0.4606. As a comparison,

the state trajectories xt by using the controller in (4.31) are shown in Figure 4.5 and

∥yt∥/∥ωt∥ = 0.3093. So theH∞ control performance with the disturbance attenuation

level γ = 1.5 is achieved.

0 2 4 6 8 10 12 14 16 18
0.5
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1.5
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η
t

Figure 4.3: Fault occurrence trajectory.

To perform the Monte Carlo simulation, 100 runs of simulation by using the com-

puted two controllers are performed. For each round of simulation, the semi-Markov

processes ηt and rt are randomly generated according to the transition rate matrices

in (4.28). From the Monte Carlo simulation, it is obvious that the overshoot is great-

ly reduced by using the sojourn-time partition technique. For the 100 simulations,

the ratio from the disturbance ωt to the output yt are summarized in Figure 4.8.
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Figure 4.4: State trajectories by using the proposed controller (4.30).
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Figure 4.5: State trajectories by using the proposed controller (4.31).

Quantitatively, the disturbance attenuation level is suppressed using the proposed

controller.

Remark 4.6 Quantitatively, it is observed that the overshoot of the state by using

the partition technique can be significantly reduced, especially for the output signal

yt, i.e., the vertical velocity. The norm of the output signal yt is reduced as well

conditioning on the same disturbance ωt. It is also worth noting that the improved
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Figure 4.6: Average system trajectories (Monte Carlo simulation (100 runs)) by using
the proposed controller (4.30).
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Figure 4.7: Average system trajectories (Monte Carlo simulation (100 runs)) by using
the proposed controller (4.31).

transient performance is not achieved by the cost of increasing the control gains (e.g.,

∥K11∥ > ∥K11,1∥, ∥K11∥ > ∥K11,2∥), which would potentially saturate the actuator.

Instead, it is achieved by adding more freedom in manipulating control signals.
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Figure 4.8: ∥yt∥/∥ωt∥ for the 100 simulations.

4.5 Conclusions

In this paper, a novel fault tolerant control strategy for linear systems subject to

abrupt changes in their structure characterized by semi-Markov processes has been

developed. Based on the stability analysis and the H∞ performance analysis, a reli-

able active fault tolerant state feedback controller has been designed. The designing

process could be completed offline; once the control gains are determined, no on-

line calculation for the control parameters will be required during the operation. By

measuring the sojourn-time, the controller could determine which partition that the

system is operating on and select appropriate control gains accordingly. This method

has been applied to a VTOL vehicle model. Simulations with different controller

parameters have been performed, and the effectiveness of the proposed method is

demonstrated. In addition, from the Monte Carlo simulations with randomly gener-

ated stochastic processes in each run, it could be concluded that the proposed con-

troller is reliable and the disturbance attenuation level can be significantly reduced

(Figure 4.8).

Future work will focus on improving the control performance on the current sys-

tem and systems with possible uncertainties. Firstly, state-space models in (4.1) may

be subject to model uncertainties in practise, e.g., norm-bounded uncertainties or

polytopic uncertainties. As a result, A(ηt) = A0(ηt) + ∆A(ηt), where A0 represents

the nominal system dynamics and ∆A(ηt) denotes the possible system uncertain-
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ties. Secondly, optimal control strategies such as the H2 control and the H∞ control

may be implemented to improve the control performance and reduce the disturbance

attenuation level. Lastly, other than a pure feedback gain used in this chapter, a

higher order feedback controller, e.g., a dynamic controller, may potentially reduce

the steady state error.
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Chapter 5

Networked Control System Design

Using Historical Data

5.1 Introduction

The modeling, control, and filtering problems for NCSs have been studied extensively

over the last few years [33, 70, 124]. In the conventional NCSs, the sensors of the

plant are located at the same place; as a result, the measurements of the plant can

be sent to the controller within one data packet at the same time. Recently, with the

fast development of the sensor technology, a significant research interest in the control

society has been devoted to combining the data supplied by different sensors [125].

Especially, different communication protocols are being developed, which will be used

in the next generation NCSs, such as WirelessHART [126], ZigBee [127], ISA100 [128].

The interested readers are referred to [129] and the references therein. In a modern

NCS, it is common to have distributed sensors for the measurements [130]. Different

from the conventional control system, the distributed sensor configuration enhances

the reliability and robustness of the control system, improves the resolution of the

measurement, and extends the coverage [131]. While enjoying these advantages, new

problems arise. Take the intelligent building system as an example, the spatially

distributed sensors detect the gas, noise, temperature and humidity of the building

and transmit the information to the central controller by shared interface device [132].

Using the shared interface, the controller cannot accept the data from all sensors at

the same time. Another example is the state estimation problem where the out of

sequence of data occurs, and the central controller estimates the state of a complex
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control system by using the information provided by physically distributed sensors

through communication networks [133].

Despite the rich literature on the controller design problem that aims to stabi-

lize the closed-loop NCS, in practical systems, it is always desirable to propose a

controller that not only stabilizes the plant but also satisfies certain control perfor-

mance. A widely used control strategy is the so-called guaranteed cost control [134].

The guaranteed cost control for the NCS is often referred to as the guaranteed cost

networked control (GCNC) [135]. The GCNC seeks to stabilize the closed-loop sys-

tem and simultaneously guarantees a prescribed system performance in terms of a

cost function. For example, Wu et al. proposed the static state feedback controller

for the discrete-time NCS which satisfied the specific control performance [136]. Also

in [137], the authors considered the guaranteed cost control problem for a class of

NCSs with uncertainties where an improved predictive controller was developed to

compensate for the communication delays and packet dropouts in the communication

links. Apart from linear systems, GCNC was also applied to the nonlinear NCSs

where the time delays can be represented by T-S fuzzy models [138].

With the spatially distributed sensors, the connection between the sensor and the

controller would be multi-channel links. In this chapter, we consider the NCSs in

which each individual sensor measures one state information and transmits the mea-

surement to the controller via separate communication channels. In [136], the data

packet dropout and disorder problems for multi-channel NCS were studied where the

guaranteed cost controller can be proposed by solving a set of linear matrix inequal-

ities (LMIs). Chen et al. designed controller for the NCS where the communication

delays were modeled by Markov processes [139]. In [139], after transforming the

resulting closed-loop system into a Markov jump linear system, the controller can

be readily computed. It is noticed that in the aforementioned works and more (see

e.g. [63, 140, 141]), only the most updated/recent state information will be used to

determine the control effort. Intuitively, the information behind the historical data

is wasted when computing the control signal. In addition, with the fast developed

compressive sensing theory [142, 143], the compressive sensor can transmit a substan-

tial length of historical data of the system state to the controller with small network

bandwidth. Therefore, in this chapter, motivated by making the most of the historical

state information, the novel guaranteed cost state feedback controller will not only

depend on the most updated state information, but also the historical data at the

controller node.
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The rest of the chapter is organized as follows. In Section 5.2, we present the

structure of the NCS and the sensor scheduling scheme. Also, the cost function is

given along the design objectives. In Section 5.3, the controller design procedure is

provided and the equivalent LMI conditions with nonconvex constraints are devel-

oped. The numerical simulation and concluding remarks are given in Sections 5.4

and 5.5, respectively.

5.2 Problem Formulation

Consider the discrete-time plant with multiple state delays in Figure 5.1. The discrete-

time state-space model is

x(k + 1) =Ax(k) +
τ∑

j=1

Ad,jx(k − j) +Bu(k), (5.1)

where x(k) = [x1(k), x2(k), . . . , xn(k)]
T ∈ Rn is the state vector, and u(k) ∈ Rp is

the control input. A, Ad,j, and B are system matrices with appropriate dimensions.

τ is the number of delayed states. In Figure 5.1, n sensors in the plant connect

with the controller through communication networks. Sensor i measures the system

state variable xi. The measurement is transmitted to the controller over the sensor-to-

controller link. In such an NCS, one component (controller/sensor) can only transmit

or receive the data from one channel at a time [144]. Therefore, the controller receives

the measurement for one state at each time step k. In this chapter, we assume the

control signal can reach the actuator immediately.

Network

Plant *
Sensor 1

Sensor 2

Sensor 3

Sensor n

Actuator

M

Controller

K

K

Figure 5.1: NCSs with multi-sensors.

To simplify the presentation, we define an indicator function I(k) for the sensor
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scheduling scheme. I(k) takes values in a finite set N = {1, 2, . . . , n}. At time

instant k, I(k) = i means that the controller receives the measurement information

from sensor i. For the sensors used in the current NCS, a buffer is mounted on the

sensor to record the historical data of length m for the measurements. The data

is packed within one packet and transmitted to the controller when the network is

available [145]. It is noticed that some network protocols have a maximal length of

data in one packet [146]. In such cases, a compressive sensor can be implemented

to reduce the data size and further lessens the network transmission load when the

sensor measurement is sparse or slowly time-varying [147]. We apply the following

sensor scheduling scheme: When I(k) = i

I(k + 1) =

i+ 1, if i < n,

1, if i = n.
(5.2)

Under the proposed scheduling scheme in (5.2), n sensors send the measurement of

the plant one by one with equal priority, which is a fixed manner instead of a random

fashion.

Associated with (5.1), we define the following cost function

J(u) =
∞∑
k=0

xT(k)Ξx(k). (5.3)

Here, the symmetric positive definite matrix Ξ is the weighting factor. By choosing

different weighting factors, different levels of system performance will be achieved.

Since the controller receives one data packet from the sensor at each time step,

the controller to be designed will depend on the indicator function I(k). The objec-

tive of this chapter is to design the sensor-dependent guaranteed cost state feedback

controller of the following form

u(k) =
τ∑

j=0

K(I(k), j)x(k − j). (5.4)

Here, we let m = τ − n+ 2. From (5.4), it is noted that the control signal is a linear

combination of the current information x(k) and the historical information x(k − j).

Depending on the current updating sensor, i.e., denoted by I(k), a set of specific

control gains will be implemented to generate the control signal.
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Closing the control system using the proposed state feedback controller, and after

some manipulations, the closed-loop system becomes

x(k + 1) = Ac,0(I(k))x(k) +
τ∑

j=1

Ac,j(I(k))x(k − j), (5.5)

where Ac,0(I(k)) is given by

Ac,0(I(k)) = A+BK(I(k), 0), (5.6)

and Ac,j(I(k)), j = 1, 2, . . . , τ , are given by

Ac,j(I(k)) = Ad,j +BK(I(k), j). (5.7)

Remark 5.1 The parameters in the state feedback control gain K(I(k), j) cannot

be freely designed; as a matter of fact, it should be designed with constraints. Taking

1( 5)x k   
1( 4)x k   

1( 3)x k   
1( 2)x k   

1( 1)x k   
1( )x k  
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Figure 5.2: State information to be used by the controller.

Figure 5.2 as an example where I(k) = 3, n = 4 and m = 3, the control effort u(k) at

time instant k depends on the information in the shadowed areas. So the controller

should follow the so-called zero element constraints:

K(I(k), 0) = K(3, 0) =
[
0 0 ∗ 0

]
,

K(I(k), 1) = K(3, 1) =
[
0 ∗ ∗ 0

]
,

K(I(k), 2) = K(3, 2) =
[
∗ ∗ ∗ 0

]
,

K(I(k), 3) = K(3, 3) =
[
∗ ∗ 0 ∗

]
,

K(I(k), 4) = K(3, 4) =
[
∗ 0 ∗ ∗

]
,

K(I(k), 5) = K(3, 5) =
[
0 ∗ ∗ ∗

]
. (5.8)

Here, ∗ represents the unknown control parameter to be designed. 0 means the

corresponding state information of the plant is not available to the controller at
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k. The zero element constraints of controller K(·, ·) come from two reasons: Either

because the sensor measuring the corresponding state variable has not been scheduled

to use the network (e.g., the 0 in K(3, 0), K(3, 1), and K(3, 2)), or because the data

length (history) of the state variable in the sensor buffer is not long enough (e.g., the 0

in K(3, 3), K(3, 4), and K(3, 5)). It is worth mentioning that x2(k−5), x3(k−5), and

x3(k − 4) are accessible to the controller because they are included in the previous

data packets, i.e., data from sensor 2 at k − 5 and data from sensor 3 at k − 4,

respectively.

Remark 5.2 By setting additional constraints on the sensor-dependent controllerK(

I(k), j), the constant network-induced delay in the sensor-to-controller link can be

incorporated. For instance, by setting K(I(k), 0) ≡ 0n×1, the controller u(k) in (5.4)

is equivalent to the static state feedback controller when the sensor-to-controller delay

is 1 where x(k) is not available to the controller. In such a way, the guaranteed

cost state feedback controller for the NCS with constant sensor-to-controller delays

is obtained by putting additional constraint structures on the controller, which is a

special case of this chapter.

5.3 Main Results

The objectives of the chapter are to design the guaranteed cost state feedback con-

troller such that the closed-loop system in (5.5) is stable and the cost function J

in (5.3) is upper bounded by a finite constant value. In this section, we formulate the

design problem into a set of LMIs with nonconvex constraints.

Theorem 5.1. For the discrete-time NCS where the plant has multiple state delays,

the sensor-dependent guaranteed cost state feedback controller can be designed if there

exist positive definite matrices P and Qj, j = 1, 2, . . . , τ of appropriate dimensions,

such that [
−X Āc(I(k))

ĀT
c (I(k)) −Ω̄

]
< 0 (5.9)

holds for all I(k) = 1, 2, . . . , n subject to the nonconvex constraint PX = I, where

Āc(I(k)) =
[
Ac,0(I(k)) Ac,1(I(k)) · · · Ac,τ (I(k))

]
,
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Ω̄ = diag{P −
τ∑

j=1

Qj − Ξ, Q1, Q2, . . . , Qτ}.

Then the controller u(k) in (5.4) stabilizes the NCS and the system performance

in (5.3) will be satisfied.

Proof. For the closed-loop networked system in (5.5), choose a Lyapunov function as

follows

V (x(k)) =xT(k)Px(k) +
τ∑

j=1

−1∑
h=j−τ−1

xT(k + h)Qjx(k + h).

The difference of the Lyapunov function with the system in (5.5) is

∆V (x(k)) =V (x(k + 1))− V (x(k))

=xT(k + 1)Px(k + 1)− xT(k)Px(k) +
τ∑

j=1

[
xT(k)Qjx(k)

−xT(k + j − τ − 1)Qjx(k + j − τ − 1)
]
.

Substituting x(k + 1) from (5.5) into the last equation, we obtain

∆V (x(k))

=

[
xT(k)AT

c,0(I(k)) +
τ∑

j=1

xT(k − j)AT
c,j(I(k))

]
P[

Ac,0(I(k))x(k) +
τ∑

j=1

Ac,j(I(k))x(k − j)

]
− xT(k)Px(k)

+
τ∑

j=1

[
xT(k)Qjx(k) −xT(k + j − τ − 1)Qjx(k + j − τ − 1)

]
=ηT(k)ĀT

c (I(k))PĀc(I(k))η(k)− ηT(k)Ω(k)η(k),

where

Ω(k) =diag{P −
τ∑

j=1

Qj, Q1, Q2, . . . , Qτ},

η(k) =
[
xT(k) xT(k − 1) · · · xT(k − τ)

]T
.
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According to the Lyapunov theory, if ∆V (x(k)) < 0 for all k ≥ 0, then the closed-loop

system in (5.5) is stable. Using the Schur complement, if[
−P−1 Āc(I(k))

ĀT
c (I(k)) −Ω(k)

]
< 0 (5.10)

holds, then

∆V (x(k)) =ηT(k)
[
ĀT

c (I(k))PĀc(I(k))− Ω(k)
]
η(k) < 0. (5.11)

Since P > 0, further define X = P−1 > 0, then the closed-loop system is stable if the

following LMI holds [
−X Āc(I(k))

ĀT
c (I(k)) −Ω

]
< 0, (5.12)

for all I(k) = 1, 2, . . . , n, subject to the constraint PX = I.

In the following, we will show that the cost function in (5.3) is upper bounded by

a finite constant. Considering the difference of the Lyapunov function ∆V (x(k)) < 0,

if the following inequality holds[
−X Āc(I(k))

ĀT
c (I(k)) −Ω̄

]
< 0 (5.13)

for all I(k) = 1, 2, . . . , n, and by using

ηT(k)Ω̄η(k) = ηT(k)Ωη(k)− xT(k)Ξx(k),

and further considering (5.11), then we have

∆V (x(k)) + xT(k)Ξx(k) < 0.

The last inequality implies

xT(k)Ξx(k) < V (x(k))− V (x(k + 1)). (5.14)
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For k = 0, 1, until ∞, summing (5.14) on both sides yields

J =
∞∑
k=0

xT(k)Ξx(k)

<V (x(0))− V (x(∞))

<V (x(0))

=xT(0)Px(0) +
τ∑

j=1

−1∑
h=j−τ−1

xT(h)Qjx(h), (5.15)

where the right hand side is a positive constant. Thus the system performance is

guaranteed. This ends the proof.

The condition in Theorem 5.1 is a set of LMIs with nonconvex constraints. With

the developed cone complement linearization (CCL) algorithm, which is an iterative

LMI approach, the controller can be readily computed (see [55, 148] and [149] for

detail).

Remark 5.3 Different from the conventional state feedback controller, where a static

feedback gain K will be implemented when the system evolves, the feedback control

gain proposed in this chapter depends on the indicator function I(k). The closed-loop
NCS is essentially a switching system, where the transition probability of I(k) is

Λ =



0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

1 0 0 · · · 0


=

[
0(n−1)×1 I(n−1)×(n−1)

11×1 01×(n−1)

]
.

Here, Λi,i+1 = 1, i = 1, 2, . . . , n− 1 means the probability Pr{I(k+1) = i+1|I(k) =
i} = 1. Similar meaning is applied for Λn,1 = 1. With the fixed switching path, the

closed-loop system is a deterministic switching system. Therefore, the condition that

the difference of the Lyapunov function ∆V (x(k)) < 0 should be tested for every

possible path along the system evolution. So the LMIs in Theorem 5.1 need to be

solved for all I(k) = 1, 2, . . . , n.
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5.4 Numerical Examples

Consider a networked system with system parameters given as follows

A =


0.8 0.1 −0.016 −0.5

0 0.5 −0.337 −0.017

0 0 1.1 0.2

0 0 0.024 0.09

 ,

Ad1 =


−0.0044 0.0520 −0.0356 0.1662

−0.0806 −0.1230 0.0276 −0.1278

0.0932 −0.0848 0.0194 −0.0420

−0.0632 −0.1570 0.0290 0.0024

 ,

Ad2 =


−0.0440 −0.0111 −0.0380 0.0035

−0.0122 0.0228 −0.0411 −0.0494

0.0547 0.0532 −0.0769 0.0438

0 0.0185 −0.0083 −0.0243

 ,

Ad3 =


−0.0171 0.0435 −0.0405 0.0230

−0.0001 0.0061 −0.0487 0.0059

−0.0154 0.0398 −0.0362 0.0050

0.0010 −0.0439 −0.0201 −0.0359

 ,

Ad4 =


−0.0542 −0.0265 0.0115 −0.0217

0.0300 −0.0113 0.0773 0.0064

−0.0037 −0.0119 −0.0001 −0.0033

0.0246 0.0241 0.0023 −0.0351

 ,

Ad5 =


0.0025 0.0032 −0.0040 0.0017

0.0013 −0.0006 −0.0004 0.0067

−0.0043 0.0011 −0.0041 −0.0011

0.0085 −0.0032 −0.0014 −0.0012

 ,

B =
[
0.0045 0.0896 −0.0068 −0.1377

]T
.
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The dimensions of the state vector x(k) and the control input vector u(k) are n = 4

and p = 1, respectively. The length of the historical data for each state variable is

m = 3. We choose the weighting matrix Ξ in the cost function J as 0.1In×n. The

sensor-dependent controller to be designed has 24 n× 1 matrices:

K(1, 0) =[ 0.0077 0 0 0 ],

K(1, 1) =[ 0.0213 0 0 0.0102 ],

K(1, 2) =[ 0.0285 0 −0.0008 0.0412 ],

K(1, 3) =[ 0 −0.1363 0.0908 −0.2066 ],

K(1, 4) =[ 0.0613 0.0929 −0.1737 0 ],

K(1, 5) =[ 0.0264 −0.0201 0 −0.0329 ],

K(2, 0) =[ 0 −0.0955 0 0 ],

K(2, 1) =[ 0.0161 −0.0366 0 0 ],

K(2, 2) =[ 0.0407 0.0467 0 0.0537 ],

K(2, 3) =[ 0.0060 0 0.0975 −0.3191 ],

K(2, 4) =[ 0 0.1049 −0.1654 −0.1838 ],

K(2, 5) =[ 0.0240 −0.0322 −0.0087 0 ],

K(3, 0) =[ 0 0 0.0044 0 ],

K(3, 1) =[ 0 −0.0602 0.0819 0 ],

K(3, 2) =[ 0.0431 0.0482 0.0335 0 ],

K(3, 3) =[ −0.0199 −0.1363 0 −0.2093 ],

K(3, 4) =[ 0.0532 0 −0.1446 −0.1115 ],

K(3, 5) =[ 0 −0.0235 −0.0106 −0.0113 ],

K(4, 0) =[ 0 0 0 0.1798 ],

K(4, 1) =[ 0 0 0.0863 −0.0107 ],
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K(4, 2) =[ 0 0.0168 0.0305 0.1038 ],

K(4, 3) =[ −0.0318 −0.1771 0.0905 0 ],

K(4, 4) =[ 0.1151 0.1491 0 −0.2225 ],

K(4, 5) =[ 0.0293 0 −0.0018 −0.0584 ]. (5.16)

As a comparison, a sensor-dependent controller without considering the historical

data is also designed:

K(1, 0) =
[
−0.7615 0 0 0

]
, K(2, 0) =

[
0 −1.1651 0 0

]
,

K(3, 0) =
[
0 0 1.6105 0

]
, K(4, 0) =

[
0 0 0 0.7005

]
. (5.17)

The initial values in the simulation are

x(k) =
[
0 0 0 0

]T
, k = −5,−4, . . . ,−1,

x(0) =
[
−4 3 −6 1

]T
.

Figure 5.3 and Figure 5.4 illustrate the trajectories of x(k) by using the controller

in (5.17) and the proposed controller, respectively. Shown from the figures, both con-

trollers stabilize the networked plant. The proposed controller generates a smoother

response compared to the results by using the controller in (5.17), especially for x2(k)

and x4(k). Yet, the settling time by using the proposed controller is larger. It may

be caused by the use of historical data which delays the system response.

According to the numerical results, the cost function and the upper bound V (x(0))

in (5.15) are found as

J =
∞∑
k=0

xT(k)Ξx(k) = 220.2,

V (x(0)) =xT(0)Px(0) +
τ∑

j=1

−1∑
h=j−τ−1

xT(h)Qjx(h) = 616.5,

which means that the condition J < V (x(0)) is satisfied and the proposed controller

is effective for the NCS.
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Figure 5.3: State trajectories by using controller without historical information.
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Figure 5.4: State trajectories by using the proposed controller.

5.5 Conclusions

In this chapter, the guaranteed cost state feedback controller is proposed for the

discrete-time NCS where the plant is subject to multiple state delays. The NCS

considered in this chapter has multiple channels from the sensors to the controller over

which the sensors transmit the state measurement to the controller. Instead of only

considering the most updated state information, the proposed controller incorporates

historical data into the controller design. The simulation example shows that the

proposed controller outperforms the conventional control technique.

Nevertheless, some issues deserve further research. Firstly, the inevitable mea-

surement noise from the distributed sensors or the reconstruction errors from the
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compressive sensors, if applied, will have negative effects on the control performance.

Secondly, if the control signal u is incorporated in the cost function, such as

J(u) =
∞∑
k=0

[
xT(k)Ξx(k) + uT(k)Ξuu(k)

]
, (5.18)

where Ξu is the weighting factor for the control action, then the control effort can

be regulated to avoid the potential actuator saturation. And lastly, if the sensor

scheduling scheme is not deterministic, but stochastic, the controller to be designed

should be able to guarantee that the system is stochastically stable.
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Chapter 6

Networked Control System Design:

A Haptic Example

6.1 Introduction

A haptic system allows the human operator to interact kinesthetically with the dy-

namics of a virtual environment through a motorized haptic device [150, 151]. Con-

necting the haptic device to the virtual environment, the virtual coupler seeks to let

the haptic dynamics mimic the dynamics of the virtual environment. It is challenging

to accurately render the dynamics of the virtual environment to the human opera-

tor, while simultaneously maintaining the system stability [152]. Both stability and

transparency are essential for giving operators the sense of the virtual presence [153].

Although stability and transparency should be satisfied simultaneously, they are gen-

erally competing objectives [154]. On one hand, the system should be stable. Different

from the traditional robot manipulators, the haptic device is interactively connected

with an operator; therefore, any unexpected/unstable behavior of the device may

cause oscillation of the manipulator or injuries of the human operator. Even minor

oscillation can impair the realism to the user. On the other hand, transparency is

required to ensure a realistic feeling of the surface properties such as the stiffness.

Transparency quantifies the fidelity with which the virtual object properties are p-

resented to the user [155]. For example, a virtual wall in the virtual environment

should not be felt like materials with apparent deformation. On the contrary, a soft

tissue in the virtual environment should not be touched like a wall either [156].

A meaningful transparency measurement will only exist unless all haptic dynam-
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ics, including the virtual environment, the device, and the human operator interact

to produce a stable system [155]. The stability issue in haptics has been studied by

several authors, among which, Minsky et al. [157] firstly investigated it by approxi-

mating the sampling and hold effects to a delayed continuous-time model. This early

study and several following work assumed a particular model of the human operator.

However, the time-varying nature of the human body poses a challenge for the de-

sign of stable haptic systems. Later, the time domain passivity control approach was

developed by designing the observer and controller separately to guarantee a stable

haptic system. Miller et al. [158] attempted to avoid explicit modeling of human

dynamics by establishing the passivity of the haptic components: The haptic device,

the virtual coupler, and the virtual environment. Using the passivity theory, the con-

cept of virtual coupler was proposed in [159]. The virtual coupler for one-dimensional

interaction guaranteeing the stability and transparency was proposed by converting

the design problem into an H∞ optimization problem in [160].

In traditional haptic systems, the control computer and the device are directly

interconnected. However, with the fast development of the NCS [161, 162], there is

a great trend to employ the wireless communication links in the control system; see,

e.g., [163, 164, 165]. The wireless haptic systems have also been reported in [166],

where a wireless controller is implemented to control the direction and the speed

of a humanoid robot. In [167], the virtual environment and the haptic device are

connected through wireless communication links. The measurement of the position,

the velocity and the control signal are transmitted through wireless channels. The

wireless haptic system has a great potential in many applications, for example, the

remotely controlled robot can operate in locations where wired ones cannot reach, e.g.,

inside a nuclear power plant. However, the time delays introduced by the network can

degrade the performance of the tele-operated devices [168]. In [168], it is suggested to

alter the force reflected from the environment depending on the force applied by the

human operator. In order to achieve stability of a tele-operated haptic system with

time delays, several different approaches have been reported. Please refer to [169]

and references therein.

In the virtual environment, multi-material parts have been increasingly employed

in manufacturing as means for increasing the application as well as adding the func-

tional capability [170]. In [170], the haptic rendering for the system where multiple

virtual materials was presented. This multi-material virtual environment is called

a mixed virtual environment. In mixed virtual environments, the virtual physical
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property varies from place to place. Stiffness and damping are not constant through-

out the mixed virtual environment. The digital object in the virtual environment

which follows the operator movement through the haptic device is generally termed

avatar [171]. Because the movement of the operator is generally not predictable, so

the contact position in the virtual space between the avatar and the virtual environ-

ment is not predictable either. In other words, the change of the contact position

inherently exhibits a stochastic pattern. In order to design the virtual coupler, the

stochastic process as a mathematical tool can be used to characterize the trajectory

of the avatar. We assume the movement of the human operator is independent of

the past. Therefore, the Markov process is suitable for modeling the trajectory of

the avatar due to its memoryless property. Until now, little research attention has

been paid to the virtual coupler design for the mixed virtual environment, especially

in a network environment, which is the main motivation of this chapter. The main

contributions of the chapter are three-fold:

• The movement of the avatar in the multi-material virtual environment is mod-

eled by a stochastic process to better characterize its practical feature.

• The stochastic stability condition is established for the networked haptic system

considering the network-induced delay.

• By converting the design problem into a model matching problem to characterize

the transparency requirement, the virtual coupler is designed for the networked

haptic system.

The remainder of this chapter is organized as follows. Section 6.2 presents the

system identification of the haptic device and constructs the stochastic model of the

virtual environment. The virtual coupler design procedure is discussed in Sections 6.3

and 6.4 in which the stability and transparency issues are discussed, respectively.

Finally, the simulation and experimental results and concluding remarks are given in

Sections 6.5 and 6.6, respectively.

6.2 System Identification and the Stochastic Mod-

el

In order to design the virtual coupler, the mathematical description of the haptic

device and the virtual environment should be obtained first [172]. In this Section,
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the dynamics of the haptic device is firstly identified, and then a stochastic process

is applied to model the movement of the avatar on the virtual wall.

6.2.1 System Identification

Since the dynamic model of the haptic device is highly involved in the design pro-

cedure, it is important to identify an accurate dynamic model. For the system used

in this chapter, the input is the torque exerted by the motor while the output is the

encoder measurement of the angular displacement/position of the haptic device. The

Phantom Omni Haptic System used in this chapter is a 3-DOF nonlinear device, and

the three degrees of freedom come from the three joints of the device. Each joint pro-

vides one rotational degree of freedom. The virtual wall considered in this chapter is

in y-z plane, as shown in Figure 6.1. So the one-dimensional penetration on the wall

only depends on one joint, which makes the device rotate around axis-z. Considering

the positions of the other two joints, the rotational inertia is configuration-dependent.

Here, we derive the nominal device transfer function when ∠P1Ox = ∠OP1P2 = π/4.

Figure 6.1: Phantom Omni device modeling.

Applying Newton’s Second Law, the continuous-time transfer function from the

torque (N·m) to the angular position (rad) is obtained as

M(s) =
1

s(ms+ b)
. (6.1)

Here, m is the mass of the rod and b is the axial rod damping. With one pole at

the origin, the system by itself is unstable, i.e., the integrator makes the system

bounded-input bounded-output (BIBO) unstable. The input-output system identi-

fication technique cannot be applied for this unstable plant directly. Therefore, a
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proportional controller is used to perform the closed-loop identification experiment

with the input signal as square wave with frequency of 0.4545 Hz and magnitude of

0.02 V. Using the least squares identification method, the identified parameters of the

haptic device are m = 0.7943 kg and b = 1.9857 N·s/m, respectively. So the identified

transfer function is

M(s) =
1

s(0.7943s+ 1.9857)
. (6.2)

6.2.2 Stochastic Model

The mixed virtual wall considered in this chapter consists of several materials. An

example is shown in Figure 6.2. The mixed virtual wall consists of three distinct ma-

terials, 1, 2, and 3, with different physical properties. The avatar will contact the wall

with one-dimensional penetration. Since the movement of human is not predictable or

sometimes even random, it is very reasonable to characterize the stochastic behavior

by its probability properties.

Figure 6.2: A part of the mixed virtual environment.

The contact point between the avatar and the virtual wall switches from one

material to another. The stochastic switching behavior can be modeled as a Markov

process (r(k) ∈ {1, 2, . . . , N}, k = 0, 1, 2, . . .), i.e., the Markov process is said to be

in the mode i when the avatar contacts with the material i on the wall. Here, N is

the number of materials. The evolution of the Markov process can be described by

the transition probability λij(ν) (i ̸= j), where ν is the sliding speed of the avatar.

Further denote the boundary length between material i and material j by cij (i ̸= j).

It is obvious that

λij(ν) ∝
cij∑N

j=1,j ̸=i cij
ν. (6.3)

A larger cij leads to a larger probability for the avatar moving from mode i to mode

j. With a time-varying sliding speed ν, λij(ν) is time-varying, and the resulting

Markov process is nonhomogeneous which is hard to tackle. In order to simplify
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the problem formulation, we assume that the avatar is sliding (if contacting with

the virtual wall) at a constant speed, i.e., ν is constant, then λij(µ) ≡ λij. As

a matter of fact, the constant speed traverse movement can be widely used in the

industry applications, such as laser fabrication processes [173], abrasive machining

processes [174], and friction stir processes [175]. The transition matrix Λ of the

discrete-time Markov process r(k) is given by

Λ = [λij] ∈ RN×N , λii = 1−
N∑

j=1,j ̸=i

λij.

Here, Λ is a constant matrix and the transition probabilities of the homogeneous

Markov process are given by

Pr{r(k + 1) = j|r(k) = i} = λij.

With the identified system transfer function and the stochastic switching model,

we are at a good position to present the virtual coupler design for the mixed virtu-

al wall. About the patch patterns and the transition rates, we have the following

remarks.

Remark 6.1 The patches on the virtual wall align in a repeated pattern. In such

a pattern, all patches with the same material have the identical shape and the same

adjacent patches. Therefore, the transition rate λij, j = 1, . . . , N on one patch i can

be applied to all patches with material i all across the virtual wall.

Remark 6.2 It is noticed that the avatar cannot jump arbitrarily between any two

patches. For example, material i is not adjacent to material j, i.e., cij = 0, then the

avatar cannot move from i to j, nor from j to i. In such cases, some symmetric

elements in the transition matrix Λ will be 0 (λij = λji = 0), yet Λ is still a valid

transition matrix. The design procedure in this chapter allows 0 elements in Λ.

6.3 Stability Analysis

In this section, before the stability analysis of the haptic system, the role of the

haptic controller will be firstly discussed. For the haptic system depicted in Figure 6.3,

there are two torques imposed on the manipulator of the device. Through the wireless
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communication channel, the motor in the device drives the manipulator with a torque

u. The torque u from the controller to the motor will be delayed when transmitting

over the communication link, which is denoted by û. Similarly, the haptic position

x̂ will be delayed through the communication link, where the delayed position is

denoted by x. The delays of the position x̂ and the torque u are denoted by τ1

and τ2, respectively. The time delays considered in this chapter are assumed to be

constant values. In fact, the constant delays can be used to model some types of

networks with certain communication protocols. The virtual coupler and the virtual

environment can be lumped together as Co. Meanwhile, the human operator applies a

torque f on the manipulator. (All the variables are functions of the Laplace variable

s unless otherwise specifically indicated [152].) Using the identified transfer function

M in (6.2), the position of the manipulator x̂ is given by

x̂ = M(f + û), (6.4)

while the control action u is

u = −Cox. (6.5)

From the view of the human operator, if there is no communication delay, the closed-

loop system from f to x̂ is

G =
x̂

f
=

M

1 +MCo

. (6.6)

Figure 6.3: Schematic diagram of the haptic system.

In the haptic rendering, the objective is to shape the closed-loop response of the

device position x̂ to the human operator’s input f . The desired position response

is denoted by xd. Therefore, the transparent environment dynamics is achieved by

minimizing the error between the actual position response and the desired position

response, i.e., x̂−xd. When the error is zero, the perfect haptic rendering is achieved.
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Reconfigure the problem into the following minimization problem

min
Virtual Coupler C

|x̂− xd|, (6.7)

which will be presented in Section 6.4.

Because the complex virtual environment can be decomposed to small planar

pieces, we focus on the virtual wall problem in which the virtual environment is

modeled as a linear spring-damper system [159]. When the mixed virtual wall is

penetrated, the human should feel a reaction force that equals to

fi = −Kix−Biẋ, (6.8)

where Ki and Bi are the stiffness and damping of material i. In fact, the wall can

only be compressed, so the negative signs indicate that the force direction is opposite

to the displacement and the velocity.

A sufficient stability condition of the virtual wall interaction in the haptic system

is given by b > KiT/2 + |Bi| [176]. This condition reveals that for a haptic system

without virtual coupler, the stability can not be guaranteed if the damping coefficient

Bi is large, or the stiffness Ki is large, or the sampling period T is large. This leads

to the idea of introducing the virtual coupler block C(z) ∈ {Ci(z)}, i = 1, 2, . . . , N ,

where Ci(z) will be applied when the avatar interacts with material i. So C(z) is a

switching virtual coupler. The virtual coupler brings extra degrees of freedom to the

system design with a larger sampling period and more flexible choices of Ki and Bi.

Theorem 6.1. If the human operator has a passive real rational transfer function

and that
z − 1

Tz

(
Ci(z)−

T

2b

)
∈ DPR, (6.9)

where DPR denotes the set of all discrete positive real transfer functions, then the

haptic system in Figure 6.4 is oscillation free.

The proof of this result is inspired by the result in [177] where a deterministic

case was presented.

Proof. Denote the networked parallel connection of F (z) and Ci(z)(z − 1)/Tz in

Figure 6.4 with input fk and output vk as Li(z), when the avatar contacts with the

material i,

Li(z) =
z − 1

Tz
F (z)z−(τ1+τ2) +

z − 1

Tz
Ci(z),
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Figure 6.4: Block diagram of the haptic system.

where

F (z) = Z
{
1− e−sT

s2
· M(s)

1 +M(s)H(s)

}
.

Here, H(s) represents the human operation, which is a positive real rational transfer

function. It can be shown that [177](
z − 1

Tz
F (z) +

1

2b

z − 1

z

)
z−(τ1+τ2) ∈ DPR. (6.10)

If we choose Ci(z) such that (6.9) holds, then the summation Li(z) is DPR.

To show that the virtual environment (VE) in Figure 6.4 is passive, we construct

the following storage function

VE(xk) =

 K
2T
x2
k, xk > 0,

0, xk ≤ 0.
(6.11)

xk and external force fk are

xk = xk−1 + Tvk, fk =

Kixk +Bivk, xk ≥ 0,

0, xk < 0,

where vk is the velocity of the manipulator. The passive definition in the energy sense

requires that the input energy into the system should not be less than the increment of
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the storage function. In other words, vkfk should not be less than VE(xk)−VE(xk−1).

Then, in any time interval, from step k to k + p where p is any positive integer, the

following inequality holds [160]

k+p∑
i=k

vifi ≥ VE(xk+p)− VE(xk).

By computing VE(xk)−VE(xk−1) in different cases, it can be seen that vkfk ≥ VE(xk)−
VE(xk−1). Therefore, the system is oscillation free.

Remark 6.3 The stochastic stability of the haptic system is established based on

the passivity theory. By proving that the connected system among the virtual cou-

pler, the haptic device and the human operator is passive as well as that the virtual

environment is passive, the stability of the closed-loop system is achieved. Different

from [177], the time delays and the stochastic switching of the closed-loop system are

considered in this chapter.

In this section, the stability condition has been derived for the haptic system.

In the following Section, the virtual coupler will be designed to maximize the trans-

parency of the networked haptic system.

6.4 Transparent Virtual Coupler Design

The admittance of a haptic system is the transfer function from the position to the

motor applied torque. To facilitate the derivation, we assume that the avatar is in

contact with the virtual environment, then the system behaves as a switching system.

For the haptic system shown in Figure 6.4, the ideal admittance is

Gi(z) = Bi
z − 1

Tz
+Ki, i = 1, 2, . . . , N.

as this would be the discrete-time equivalence of the spring-damper virtual wall model

in (6.8) without transmission delays. However, from the human operator’s point of

view, due to the virtual coupler and the transmission delays, the actual resulting

admittance becomes

Gv,i(z) =
Gi(z)

1 +Gi(z)Ci(z)
z−(τ1+τ2), i = 1, 2, . . . , N.
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The difference between the ideal admittance and the resulting admittance, Gv,i(z)−
Gi(z), is called haptic distortion. The minimization problem in (6.7) is equivalent

to minimizing the haptic distortion. Usually, the human operators are more sensi-

tive to a specific frequency range, for which they are more interested in preserving

the transparency. It is more a physiological, psychophysical, and even neurological

problem on how to determine the interesting frequency in the haptic rendering; the

interested reader can refer to [178] and references therein. An appropriate weighting

function could be selected according to the operator sensitivity over different frequen-

cies [160]. So the weighting function W (z) that allows to maximize transparency at

different frequencies is introduced. Then the problem is converted to designing the

virtual coupler C(z) that minimizes the following transparency criteria∥∥∥∥W (z)

(
Gi(z)

1 +Gi(z)Ci(z)
z−(τ1+τ2) −Gi(z)

)∥∥∥∥2

∞
, i = 1, 2, . . . , N. (6.12)

Figure 6.5: Block diagram representation of W (z)·
(

Gi(z)
1+Gi(z)Ci(z)

z−(τ1+τ2) −Gi(z)
)
.

For simplicity and the ease of the following computation, the direct feedforward

term is pulled out from Ci(z), and we restrict the search among the virtual couplers

of the form

Ci(z) = C̄i(z) +
dz

z − 1
+Dci ,

where C̄i is a strictly proper transfer function, so Theorem 6.1 is satisfied. The

remaining terms in the above equation can be regarded as the feedback of Gi(z). As

a result, the inner closed-loop transfer function Ḡi is obtained as

Ḡi(z) =
Gi(z)

1 +Gi(z)
(

dz
z−1

+Dci

) ,
leaving the external feedback C̄i. With these two notations, Figure 6.5 can be redrawn

as Figure 6.6. The realizations of Gi(z) and Ḡi(z) in Figure 6.6 with inputs ω(k) and
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Figure 6.6: Block diagram representation of W (z)·
(

Ḡi(z)

1+Ḡi(z)C̄i(z)
z−(τ1+τ2) −Gi(z)

)
.

output y(k) are

G : xg(k + 1) = Agixg(k) +Bgiω(k),

y(k) = Cgixg(k) +Dgiω(k),

Ḡ : xḡ(k + 1) = Aḡixḡ(k) +Bḡiω(k),

y(k) = Cḡixḡ(k) +Dḡiω(k).

The realization of the strictly proper transfer function C̄i(z) is

C : xc(k + 1) = Acixc(k) + Bciy(k),

u(k) = Ccixc(k).

The realization of the weighting function W (z) is

W : xw(k + 1) = Awxw(k) +Bwz̃(k),

z(k) = Cwxw(k) +Dwz̃(k). (6.13)

Connecting the systems G, Ḡ, C, and W, the closed-loop system is given by

F : x̃(k + 1) = Ãix̃(k) + B̃iω(k),

z(k) = C̃ix̃(k) + C̃dix̃(k − τ1 − τ2) + Ẽiω(k),

where

x̃(k) =


xg(k)

xḡ(k)

xc(k)

xw(k)

 , B̃i =


Bgi

Bḡi

BciDḡi

0

 ,
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Ãi =


Agi 0 0 0

0 Aḡi −BḡiCci 0

0 BciCḡi Aci −BciDḡiCci 0

0 0 0 Aw

 , Ẽi =
[
DwDgi

]
,

C̃i =
[
DwCgi 0 0 Cw

]
, C̃di =

[
0 −DwCḡi DwDḡiCci 0

]
. (6.14)

The goal is to determine Aci, Bci and Cci such that the H∞ norm of the system F
from the input w to the output z is minimized. Then the problem can be summarized

as

min
Aci, Bci, Cci

∥F∥2∞. (6.15)

In the following, we analyze the H∞ disturbance attenuation performance of the

haptic system. From Theorem 2 in [179], the system F is stochastically stable with

the given disturbance attenuation level γ, i.e.,

∥z∥2 < γ∥ω∥2, (6.16)

if there exist matrices Pi = PT
i > 0, i = 1, 2, . . . , N , and Q = QT > 0 such that Ξi C̃T

i C̃di ÃT
i P̃iB̃i + C̃T

i Ẽi

∗ −Q+ C̃T
diC̃di C̃diẼi

∗ ∗ −γ2I + B̃T
i P̃iB̃i + ẼT

i Ẽi

 < 0, (6.17)

where

Ξi = ÃT
i P̃iÃi − Pi +Q+ C̃T

i C̃i

holds for all i = 1, 2, . . . , N . Here, γ is a positive scalar and P̃i =
∑N

j=1 pijPj.

Due to the coupled terms in (6.17), the matrix inequality is not in a linear form.

The algorithm from [180] and [181] is applied to solve the coupled matrix inequality.

Define the following convex set Ωη, where η ∈ {1, 2, . . . , N}. If a triple {Ac, Bc, Cc} is

selected from the set Ωη, then the matrix inequalities in (6.17) becomes linear matrix

inequalities (LMIs). Then solve the minimization problem in (6.15) for each set, and

choose the minimum disturbance attenuation level γ as the approximation of the

solution of (6.15). The virtual coupler is readily obtained.
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6.5 Simulation and Experimental Results

We use the Phantom Omni Haptic System (Figure 6.7) as the test platform with

sampling period of T = 0.05 s. For the mixed virtual wall illustrated in Figure 6.2,

the stiffness and damping are given by K1 = 1000 N/m, B1 = 2 N·s/m, K2 = 800

N/m, B2 = 2 N·s/m, and K3 = 800 N/m, B3 = 5 N·s/m for materials 1, 2, and

3, respectively. Considering the patch pattern and (6.3), the transition matrix for

Figure 6.7: Configuration of the Phantom Omni Haptic System.

switching of the contact position between the avatar and the virtual wall is given by

Λ =

 0.4 0.3 0.3

0.3 0.4 0.3

0.15 0.15 0.7

 .

6.5.1 Simulation

Before the experiments, the simulation studies are performed for each material. A

constant force of 1 N is applied to the device towards the wall. The results of penetra-

tion depth on each material are shown in Figure 6.8. From this figure, it can be seen

that with the virtual coupler presence, there is decayed oscillation at the beginning of

the contact between the avatar and the wall. And then the end effector is stabilized

at a constant depth. The final depths of the avatar penetration into materials 2 and

3 are the same, which comes with no surprise, because both materials have the same

stiffness. Also, the delays of the three responses are caused by the simulated constant

network-induced delays.

6.5.2 Experiment

In the experiment, the haptic device follows the movement of an arm. However, due

to the randomness of the human behavior, the applied force onto the virtual wall will
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Figure 6.8: Penetration response by applying a constant force on each material.

not be constant. The simulated communication delays are set as τ1 = τ2 = 3T = 0.15

s. The positions of the device are measured by the mounted encoders on the device

and transmitted to virtual environment. Depending on the relative positions between

the device and the virtual wall, the control computer calculates the feedback force

to the user. The trajectory of the end effector is an arc. The feedback force from

the virtual environment/wall is felt by the user. In the experiment, it is clear that

different parts of the wall have different stiffness; so the designed haptic system can

provide a good haptic perception for the mixed virtual wall.

From Figure 6.2, the area of material 3 is larger than 1 and 2, so the avatar has

less chance of moving from material 3 to 1 or 2, therefore λ31 and λ32 are smaller

than the others. With the designed virtual coupler, the 3D trajectory of the avatar is

shown in Figure 6.9 from different view points in order to obtain a clearer view. From

this figure, the penetration is in x direction and the avatar is sliding on the y-z plane.

The x displacement is very small without oscillation, so the designed virtual coupler

is effective for the haptic system. By comparing the simulation and experimental

results, the penetration depths are in the same order, which shows good agreement

of the results.

The switching among different materials on the virtual wall is shown in Figure 6.10.

The red curve is the moving trajectory of the avatar on the wall which starts from the

left and moves to the right. Comparing with Figure 6.2, the Markov modes evolution

can be concluded from Figure 6.10: {2, 3, 2, 3, 2, 1}.
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Figure 6.9: The 3D avatar trajectory at different view points.
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Figure 6.10: The trajectory of the avatar on the mixed virtual wall.

6.6 Conclusion and Future Work

In this chapter, the virtual coupler has been designed for the networked haptic sys-

tem, in which the virtual environment is a mixed virtual wall consisting of multiple

materials. The controller of the haptic system and the haptic device are connected

via wireless communication links. The constant communication delays of the wireless

connection were considered. The effectiveness of the proposed virtual coupler was

validated and tested on the Phantom Omni Haptic System.

As our future work, the following technical issues will be further explored. Firstly,

in this chapter, using the Markov process to characterize the stochastic behavior

assumes that the avatar is sliding at a constant speed; yet in some applications,

the speed is varying. In order to eliminate this assumption, a more general semi-

Markov process will be investigated for this problem. Secondly, the designed virtual

coupler depends on the damping (b) of the haptic device. This parameter may change

when the haptic device moves in the workspace. Moreover, the damping can change

drastically in y and z directions, because different motors in the device will be involved
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in y or z penetration on the wall; for example, when the wall is not in the y-z plane.

Thirdly, the current work considers the constant delays. The cases of time-varying

delays or random delays will deserve further research.
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Chapter 7

Robust Tracking Control of

Networked Control Systems:

Application to a Networked DC

Motor

7.1 Introduction

With the fast development of digital network technologies, there is a steadily increas-

ing trend to integrate communication networks into the control system design. This

kind of systems are called networked control systems (NCSs) [32, 33, 141, 182, 183].

NCSs have advantages in terms of cost reduction, easy system diagnosis and flexi-

bility, relatively simple addition and replacement of individual elements, and so on.

Hence, the industrial applications of NCSs are very wide, ranging from the large scale

factory automation and plant monitoring [184, 185] to smaller yet complicated sys-

tems such as autonomous mobile robots [37]. The presence of wired and/or wireless

networks, however, has also induced several challenging problems. These challenges

involve the constraints on communication bandwidth, network-induced time delays,

packet dropouts, jitter, and asynchronization [40, 186]. It is recognized that the

network characteristics must be considered explicitly in the NCS design.

Among the challenges that communication networks bring, the time delays and

packet dropouts are two major issues that may degrade system performance and,

even worse, cause instability [99]. On the one hand, new internet transport proto-
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cols were studied for teleoperation tasks regarding network characteristics [187, 188].

Some network protocols guarantee the synchronization among network nodes, such as

WorldFIP, FlexRay, and Profibus-DP; other network protocols, for instance, Ether-

net or WiFi, cannot guarantee the synchronization among the sensor, the controller,

and the actuator [189]. In this chapter, we consider a scenario where the system

components are connected and synchronized over networks with time-varying de-

lays [71, 190]. Besides standard industrial networks such as Profibus and CAN, the

general-purpose networks, such as Ethernet, are increasingly applied in NCSs due

to its affordability, simplicity, widespread usage, and the connectivity to Internet;

see [191] and references therein for more details. On the other hand, the control com-

munity has developed new methods regarding the stability conditions and the per-

formance analysis for NCSs by taking network properties into account [54, 55, 125].

Compared to the constant delay model and the bounded random delay model, the

stochastic process model cannot only characterize the stochastic property of the delay

but also illustrate the correlation between the current time delay and the delay in

next transmission [46]. The Bernoulli process and the discrete-time Markov chain

were effectively employed to model time delays and packet dropouts in the litera-

ture [47, 55]. The resulting closed-loop system was formulated as a Markovian jump

linear system (MJLS) [24, 48, 49, 50]. Further, the stabilization and control syn-

thesis of NCSs have been considered in the existing literature under the framework

of MJLSs. Xiao et al. [47] designed the delay dependent state feedback controller

for NCSs with sensor-to-controller (S-C) delays modeled by Markov chains, and the

delay independent output feedback controller for NCSs with both S-C and controller-

to-actuator (C-A) delays. In [50], the authors considered a vehicle control problem

over lossy communication links where the packet loss process was modeled as the

Bernoulli process and the controller was co-located with the actuator, meaning that

only the S-C packet loss was considered in this NCS; an H∞ mode dependent output

feedback controller was designed. In [192], the authors considered the stabilization

problem of NCSs with random communication delays both in the system state and

in the S-C links. To consider both S-C and C-A delays in NCSs, and to make full use

of the available delay information, Zhang and Shi et al. [53, 55] proposed a two-mode

dependent controller that depends on both S-C and C-A delay information for NCSs

with time delays modeled by Markov chains. It is noticed that the state feedback con-

troller in [55] and the output feedback controller in [53] depend on the both current

S-C delay (τk) and previous C-A delay (dk−1 or dk−τk−1). If the newest delay infor-
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mation can be incorporated into the controller design, it is desirable to achieve better

performance. Hence, a more effective delay dependent control scheme is expected to

be dependent on both current S-C delays and current C-A delays. However, when

control signals are generated, the current C-A delay is not known to the controller

because the C-A delay will occur in the future when the control signal is transmitted

through the C-A link. In this chapter, a “send all, apply one” scheme is developed

to design the delay dependent controller that depends on not only the current S-C

delay but also the current C-A delay.

It is well recognized that the tracking control problem is more challenging than

stabilization and can find applications in various fields. While most of the exist-

ing work focused on the stabilization problem, only a few considered the tracking

problem for NCSs [193, 194, 195, 196, 197]. In [193], the tracking control problem

for NCSs with uncertain, time-varying sampling intervals and network delays was

considered. Wu et al. [194] proposed an event-driven networked predictive tracking

control method, where the control signal was selected according to the plant output.

In [195], the H∞ output tracking control was studied for sampled-data systems; the

time delays were assumed to have lower and upper bounds. In [196], the authors

studied the H∞ control for NCSs with constant and time-varying sampling periods.

Li et al. proposed an output tracking controller design method in [197]. Nevertheless,

the step tracking control of NCSs with random delays modeled by Markov chains has

not been fully investigated in the existing literature, which motivates the research in

this chapter.

The contributions of this chapter are mainly three-fold.

• A “send all, apply one” scheme is applied to compensate for the C-A delays

that can be modeled as Markov chains. For possible C-A delays, all the two-

mode delay dependent control signals will be computed and sent to the actuator

node; according to the actual C-A delay measured at the actuator node, the

corresponding control signal will be picked up and applied. Since the random

C-A delay is assumed to be governed by the Markov chain, the choice of a

specific control signal is also governed by the Markov chain. The NCS with the

“send all, apply one” scheme is then formulated as an MJLS to facilitate the

controller design. Essentially, the “send all, apply one” scheme is originated

from the prediction-based idea that has been applied in [198, 199, 200]. This

work extends the scheme to NCSs subject to random delays governed by Markov

chains.
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• A delay dependent output feedback controller is developed. Such a controller

depends on both current S-C and current C-A delays. Compared to the delay

independent controller in [47], the proposed control scheme can reduce the con-

servativeness and it can include the delay independent controller as a special

case. Compared to the delay dependent controller in [55], the proposed con-

troller is more effective because it depends on the current C-A delay whereas

the controller in [55] depends on the previous C-A delay.

• With the introduction of the ideal plant response, we develop the robust H2

and H∞ control schemes to achieve the step tracking with disturbance rejection

for NCSs with S-C and C-A delays modeled by Markov chains, which has not

been studied in the literature.

The remainder of this chapter is organized as follows. The problem formulation

of the NCS and the objective are given in Section 7.2. In Section 7.3, the closed-loop

system is transformed to an MJLS and the robust H2 and H∞ tracking problems are

solved under the framework of MJLSs. Numerical simulations and experimental tests

are presented in Section 7.4. Finally, concluding remarks are addressed in Section

7.5.

7.2 Problem Statement

Consider the NCS setup shown in Figure 7.1. The linear time-invariant plant can be

described by

x(k + 1) = Ax(k) +B [ũ(k) + ω(k)] , (7.1a)

y(k) = Cx(k), (7.1b)

where x(k) ∈ Rn, ũ(k) ∈ Rm, y(k) ∈ Rp, and ω(k) ∈ Rm are state, control, output,

and disturbance vectors, respectively. A, B, and C are known constant matrices with

appropriate dimensions. Noting that, in Figure 7.1 the disturbance ω(k) affects the

delayed control signal ũ(k) directly, so it enters the system via the same B matrix.

The controller node and the plant node are connected via S-C and C-A network

links. Here, it is assumed that the sensor, controller and actuator are clock-driven

and synchronized. τk stands for the S-C delays and dk represents the C-A delays, and
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Figure 7.1: Diagram of a networked control system.

both τk and dk are bounded, that is

0 ≤ τk ≤ τ, 0 ≤ dk ≤ d. (7.2)

To be precise, the random time delays from one component to another are continuous

values. However, the clock-driven controller and actuator only accept data at discrete

time instants. So τk and dk take values in discrete sets [71].

Remark 7.1 The packet dropout and disorder can be incorporated naturally in the

current problem formulation. If a packet is lost or a disorder occurs, the data from

the most recently arrived packet will be applied. So the packet dropout and disorder

can be treated in a similar way as tackling delays. Provided that the number of the

successive/consecutive packet dropout is upper bounded, which is a commonly used

assumption [197, 201, 202], the current problem formulation can accommodate packet

dropouts and disorders.

The current delay is usually correlated with previous ones. For example, the

network load which affects the transmission time is a time-varying factor [46]. So it

is effective to model τk and dk as two homogeneous Markov chains that take values in

M = {0, 1, · · · , τ} and N = {0, 1, · · · , d}, and their transition probability matrices

are Λ = [λij] and Π = [πrs], respectively [47, 53, 55]. This implies that τk and dk

jump from mode i to j and from mode r to s, respectively, with probabilities λij and
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πrs, which are defined by

λij = Pr(τk+1 = j|τk = i), (7.3)

πrs = Pr(dk+1 = s|dk = r) (7.4)

with the constraints λij, πrs ≥ 0 and

τ∑
j=0

λij = 1,
d∑

s=0

πrs = 1 (7.5)

for all i, j ∈ M and r, s ∈ N . More details on time delays modeled by Markov chains

are presented in [47].

Now, the objective of this chapter is to achieve step tracking for the NCS shown

in Figure 7.1, more specifically, to find a static output feedback control law that can

guarantee the closed-loop stability and force the tracking error to be close to zero.

Here, we choose the static output feedback control method because of the simplicity

of its implementation.

In order to make the steady state tracking error zero, we introduce the ideal plant

response for the system in (7.1) by following the ideas in [203, 204]. When the tracking

error is zero for k > 0 (perfect tracking), the resulting plant state and the control

signal are denoted as x∗ ∈ Rn and ũ∗ ∈ Rm. Then, x∗ and ũ∗ can be derived from

the following equations:

x∗ = Ax∗ +Bũ∗, (7.6a)

r̄ = Cx∗, (7.6b)

or [
0

r̄

]
= N

[
x∗

ũ∗

]
, (7.7)

where

N =

[
A− I B

C 0

]
.

It is assumed that A, B, and C are of full rank. If p > m, in general, a solution does

not exist. So we assume that p ≤ m. If p = m, the unique solution can be obtained
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by a standard matrix inversion of N . If p < m, there is no unique solution. One

possible solution can be obtained by solving the following equation:[
x∗

ũ∗

]
= NT(NNT)−1

[
0

r̄

]
,

[
Ω11 Ω12

Ω21 Ω22

][
0

r̄

]
.

Define x̂(k) = x(k)−x∗, û(k) = ũ(k)− ũ∗, and ŷ(k) = y(k)− r̄, we have the following

system:

x̂(k + 1) = Ax̂(k) + Bû(k) + Bω(k), (7.8a)

ŷ(k) = Cx̂(k). (7.8b)

Now, we propose the delay dependent output feedback controller :

û1(k) = K(τk, dk)ŷ(k − τk), (7.9)

where û1(k) is the control signal at the controller node and

û1(k) = u(k)− ũ∗, û(k) = û1(k − dk). (7.10)

Once K(τk, dk) is designed, the control signal u(k) can be obtained from (7.10)

u(k) = [Ω22 −K(τk, dk)] r̄ +K(τk, dk)y(k − τk). (7.11)

It is important to note that the controller in (7.9) is dependent on both current

S-C delay τk and current C-A delay dk at time instant k. However, a problem arises

here: The S-C delay τk can be obtained by using the time-stamping technique at time

instant k whereas the current C-A delay dk cannot be known by the controller because

it does not happen yet. To solve this problem, we need to utilize the advantage the

network brings: A sequence of signals can be packed and transmitted simultaneously

[125, 199]. Then, the “send all, apply one” scheme is proposed to solve the aforemen-

tioned problem. The scheme is described as follows. When the output information

ŷ(k− τk) is received at the controller node, the controller calculates a series of control

signals for all possible dk based on the known τk and sends them to the actuator node
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in a packet. Hence, the control sequence packet is
u(k, τk, dk)|dk=0

u(k, τk, dk)|dk=1

...

u(k, τk, dk)|dk=d

 . (7.12)

For example, u(k, τk, dk)|dk=0 means the control signal generated at time instant k

based on the known τk, when dk = 0. At time instant k, considering the C-A delay

dk, the control sequence packet at the actuator/plant node is
u(k − dk, τk−dk , dk−dk)|dk−dk

=0

u(k − dk, τk−dk , dk−dk)|dk−dk
=1

...

u(k − dk, τk−dk , dk−dk)|dk−dk
=d

 . (7.13)

For the ease of presentation, u(k−dk, τk−dk , dk−dk)|dk−dk
=0 is written as u(k−dk, τk−dk , 0)

for short. At the actuator/plant node, the current C-A delay dk can be obtained by

the time-stamping technique, and the previous time delay can be stored and also

known. As the control signal (7.13) is generated at time instant k − dk, the control

signal is chosen based on the value of dk−dk which is known at the actuator/plant

node. For example, at time instant k, if dk−dk = 1, then among all d + 1 signals in

(7.13), u(k − dk, τk−dk , 1) will be picked up and implemented as the control signal.

This way, the controller can be designed based on the current S-C and current C-A

delays.

We remark that another potential method to obtain the current C-A delay dk is

to estimate the state of the Markov chain, which is still under current studies.

Remark 7.2 Many results on NCS research concern the design of a remote controller

capable of stabilizing a plant with a known model in a network environment. Other

than the important stability analysis, disturbance rejection and tracking control for

systems with model uncertainties merit further studies. Though the stabilization

problem of NCSs has received much attention, there are relatively less results on the

study of the disturbance rejection control for NCSs [205], especially when the S-C

and C-A delays are modeled as Markov chains.

Remark 7.3 In [53], a two-mode dependent output feedback controller was pro-
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posed; however, the controller depends on the current S-C delay and the most recent

C-A delay. By applying the “send all, apply one” scheme, the controller is depen-

dent on not only the current S-C delay but also the current C-A delay. This can be

regarded as a more proactive way to compensate for the C-A delays.

7.3 Robust H2 and H∞ Optimal Tracking

In this section, we first reformulate the system in (7.8) with delay dependent controller

(7.9) as the MJLS using the augmentation technique. This further enables us to apply

the results of MJLSs to solve the robust H2 and H∞ tracking problems of such NCSs.

The sufficient and necessary conditions for the tracking problems are given in terms

of linear matrix inequalities (LMIs) with nonconvex constraints.

7.3.1 Reformulating the NCS as MJLS

Considering the system in (7.8) with delay dependent controller (7.9), if we augment

the state variables as

X(k) =
[
x̂(k)T x̂(k − 1)T · · · x̂(k − τ)T

û1(k − 1)T û1(k − 2)T · · · û1(k − d)T
]T

,

the following closed-loop system is obtained

X(k + 1) = Ā(τk, dk)X(k) + B̄ω(k), (7.14a)

X(0) = 0, τ(0) = τ0, d(0) = d0, (7.14b)

z(k) = C̄X(k). (7.14c)
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Here,

Ā(τk, dk) =



A [0 BK(τk, dk)C︸ ︷︷ ︸
(1+τk)th block

0] 0 0 · · · 0

I 0 · · · 0 0 0 · · · 0

0 I
. . . 0 0 0

. . . 0

0 0
. . . 0 0 0

. . . 0

[0 0 K(τk, dk)C︸ ︷︷ ︸
(1+τk)th block

0] 0 0 0 0

0 0 · · · 0 I 0 · · · 0

0 0
. . . 0 0 I

. . . 0

0 0
. . . 0 0 0

. . . 0



, if dk = 0;

Ā(τk, dk) =



A 0 · · · 0 [0 0 B︸︷︷︸
(1+τ+dk)th block

0]

I 0 · · · 0 0 0 · · · 0

0 I
. . . 0 0 0

. . . 0

0 0
. . . 0 0 0

. . . 0

[0 0 K(τk, dk)C︸ ︷︷ ︸
(1+τk)th block

0] 0 0 0 0

0 0 · · · 0 I 0 · · · 0

0 0
. . . 0 0 I

. . . 0

0 0
. . . 0 0 0

. . . 0



, if dk > 0.

Here, B is at the (1 + τ + dk)
th block of the first row in Ā for dk > 0, and B̄, C̄ are

given as below

B̄ =
[
BT 0 · · · 0 0 0 · · · 0

]T
, (7.15)

C̄ =
[
Q 0 · · · 0 R 0 · · · 0

]
. (7.16)

Here, z(k) is the augmented system output with Q and R being weighting matrices.

In order to reduce the control input signal being fed to the plant, we incorporate û1

into the augmented system output z(k) instead of using the original control signal

before being transmitted over the C-A link.
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Remark 7.4 In (7.14), the extended system output z(k) = Qx̂(k) +Rû1(k − 1) is a

weighted combination of both the state information x̂ and the control signal û1. The

introduction of z(k) can facilitate the following controller design aiming at minimizing

both the x̂ and the control signal. By tuning the weighting factors Q and R, certain

tradeoff can be achieved between the resulting performance of x̂ and û1. For example,

a relatively larger Q can be used to stabilize the state quickly [206], so fast positioning

will be achieved at the cost of relatively large control signal. In practice, the choice

of Q and R should be determined according to specific application requirements.

The closed-loop system in (7.14) is an MJLS involving two homogeneous modes

(τk, dk). The corresponding transition probability matrix is Λ ⊗ Π, where ⊗ de-

notes the matrix Kronecker product. In the following, we recall the definition of the

stochastic stability for this system.

Definition 7.1. [49, 207] The system given by (7.14) with ω(k) ≡ 0 is said to be

stochastically stable if and only if for every initial state X(0), τ(0), d(0), there exists

a finite W > 0 such that the following inequality holds:

E

{
∞∑
k=0

∥X(k)∥22|X(0),τ(0),d(0)

}
< X(0)TWX(0).

There are several other forms of stability for MJLSs, e.g., mean-square stability,

exponential mean square stability, and almost sure stability [50, 207]. It was shown

in [207] that the stochastic stability, mean-square stability, and exponential mean

square stability are equivalent, and can be referred to as the second moment stability.

Moreover, second moment stability is sufficient but not necessary for almost sure

stability. In the remainder of this chapter, references to stability will be in the sense

of stochastic stability, or equivalently second moment stability. The following theorem

gives the sufficient and necessary conditions for ensuring stochastic stability.

Theorem 7.1. Under the proposed control law in (7.9), the resulting closed-loop

system in (7.14) is stochastically stable if and only if there exist symmetric matrices

P (i, r) > 0 such that the following matrix inequality:

−P (i, r) +
τ∑

j=0

d∑
s=0

λijπrsĀ(i, r)
TP (j, s)Ā(i, r) ≤ 0 (7.17)

holds for all i ∈ M and r ∈ N .
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Proof. This theorem can be proved by following a similar line as in [49].

Remark 7.5 It is worth noting that the monotonically decreasing behavior of the

following function obtained from Theorem 7.1:

Γ(P ) =
τ∑

j=0

d∑
s=0

λijπrsĀ(i, r)
TP (j, s)Ā(i, r)− P (i, r), (7.18)

where P (i, r), ∀i ∈ M, ∀r ∈ N , is the solution in Theorem 7.1. Suppose both P1(i, r)

and P2(i, r) satisfy (7.17), and if P1(i, r) > P2(i, r), then we have Γ(P1) < Γ(P2). Also

if we have Γ(P1) < Γ(P2), we can obtain that P1(i, r) > P2(i, r). The monotonically

decreasing property will be used in the H2 tracking controller design.

7.3.2 Robust H2 Tracking Control

The design purpose in this section is to specify the control law in (7.9) to achieve

the step tracking of the system in (7.14). First, we give the definition of H2 norm of

the system in (7.14) and then solve the robust H2 tracking control problem via an

iterative LMI approach.

Definition 7.2. [24] The H2 norm of the system in (7.14) is defined as

∥Hzω∥22 =
l∑

s=1

τ∑
i0=0

d∑
r0=0

α(i0,r0)∥E(zs,i0,r0)∥22, (7.19)

where zs,i0,r0 is the output sequence of the system in (7.14) when

(1) the input sequence is given by ω = (ω(0), ω(1), . . .), ω(0) = es, ω(k) = 0, k > 0;

es is the unitary vector formed by one at the sth position and zero elsewhere;

(2) τ(0) = i0;

(3) d(0) = r0.

The initial distribution for (τ0, d0) is given by α = (α(i0,r0)), where i0 ∈ M, r0 ∈ N
and

∑
i0∈M,r0∈N α(i0,r0) = 1.

The following theorem represents a characterization of the H2 norm based on the

state-space model.



117

Theorem 7.2. The H2 norm of the system in(7.14) can be computed as follows.

∥Hzω∥22 =
τ∑

i=0

d∑
r=0

τ∑
j=0

d∑
s=0

α(i,r)λijπrstr
{
B̄TS(j, s)B̄

}
, (7.20)

where S(j, s) > 0 is the solution obtained from the following discrete-time equation

S(i, r) =
τ∑

j=0

d∑
s=0

λijπrsĀ(i, r)
TS(j, s)Ā(i, r) + C̄TC̄, (7.21)

for i ∈ M, r ∈ N .

Proof. Suppose z = (z(0), z(1), . . .) is an impulse response of the system in (7.14).

Then for k ≥ 1 and considering (7.21), we have

E{z(k)Tz(k)}

= E{X(k)TC̄TC̄X(k)}

= E

{
X(k)T

[
S(i, r)−

τ∑
j=0

d∑
s=0

λijπrsĀ(i, r)
TS(j, s)Ā(i, r)

]
X(k)

}
= E

{
X(k)TS(i, r)X(k)−X(k + 1)TSX(k + 1)

}
,

where

S =
τ∑

j=0

d∑
s=0

λijπrsS(j, s). (7.23)

By considering (7.21), C̄TC̄ ≥ 0 indicates that the condition in (7.17) is satisfied.

Then the system in (7.14) is stochastically stable. Thus we have E(∥X(k)∥22) → 0 as

k → ∞.

∥E(zs,i0,r0)∥22

=
∞∑
k=1

E
{
zs,i,r(k)

Tzs,i,r(k)
∣∣i = i0, r = r0

}
= E

{
X(1)TS(j, s)X(1)

∣∣i = i0, r = r0
}

=
τ∑

j=0

d∑
s=0

λi0,jπr0,se
T
s B̄

TS(j, s)B̄es.
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From Definition 7.2,

∥Hzω∥22 =
l∑

s=1

τ∑
i0=0

d∑
r0=0

α(i0,r0)∥E(zs,i0,r0)∥22

=
l∑

s=1

τ∑
i0=0

d∑
r0=0

α(i0,r0)

τ∑
j=0

d∑
s=0

λi0,jπr0,se
T
s B̄

TS(j, s)B̄es.

Noting that
∑l

s=1 e
T
s B̄

TS(j, s)B̄es = tr
{
B̄TS(j, s)B̄

}
, we have

∥Hzω∥22 =
τ∑

i0=0

d∑
r0=0

τ∑
j=0

d∑
s=0

α(i0,r0)λi0,jπr0,str
{
B̄TS(j, s)B̄

}
.

Denote i0 and r0 by i and r, respectively, which give a general form of the initial

distribution for (τ0, d0). After the changing of variables, the proof is thus completed.

With the derived H2 norm of the system, we can look into the H2 control problem.

Theorem 7.3. Under the proposed control law in (7.9), the closed-loop system in

(7.14) is stable and ∥Hzω∥2 < β, if and only if there exist matrices K(i, r) and

symmetric matrices X̄(i, r) > 0, P (i, r) > 0 satisfying the following inequalities with

nonconvex constraints

τ∑
i=0

d∑
r=0

τ∑
j=0

d∑
s=0

α(i,r)λijΠrstr
{
B̄TP (j, s)B̄

}
< β2, (7.24a)

 −P (i, r) Ā(i, r)T C̄T

Ā(i, r) −X̄(i, r) 0

C̄ 0 −I

 < 0, (7.24b)

X̄(i, r)

[
τ∑

r=0

d∑
s=0

λijΠrsP (j, s)

]
= I, (7.24c)

for all i, j ∈ M and r, s ∈ N .

Proof. From Schur complement and considering (7.24c), (7.24b) is equivalent to

τ∑
j=0

d∑
s=0

λijΠrsĀ(i, r)
TP (j, s)Ā(i, r) + C̄TC̄ − P (i, r) < 0. (7.25)
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Then, from Theorem 7.1, (7.25) implies (7.17). Hence, the system in (7.14) is stochas-

tically stable. Further, by comparing (7.20), (7.21), and (7.25) and considering the

monotonicity property of (7.18), the proof can be readily completed.

Finally, we summarize the H2 step tracking control problem as follows.

TheH2 robust tracking control design can be accomplished by solving the following

optimization problem:

min
K(i,r),P (i,r),X̄(i,r)

β s.t. (7.24). (7.26)

7.3.3 Robust H∞ Tracking Control

This section is concerned with the H∞ tracking control problems. More specifically,

we shall study the conditions under which the closed-loop system in (7.14) is stochas-

tically stable and achieves the H∞ step tracking performance. We first provide the

definition ofH∞ norm and further give the theorem which shows that theH∞ tracking

performance can be guaranteed if there exist some matrices satisfying certain matrix

inequalities. This theorem will play an instrumental role in the controller design and

finally the H∞ tracking problem is solved via an iterative LMI approach.

Definition 7.3. [208] Assume the closed-loop system in (7.14) is stochastically stable.

Let X(0) = 0 and the H∞ norm of systems in (7.14) is defined as

∥Hzω∥∞ = sup
τ(0)∈M

sup
d(0)∈N

sup
ω∈l2(0,∞)

∥z∥2
∥ω∥2

. (7.27)

The following theorem is an adaption of the bounded real lemma for MJLSs [50,

208] to the closed-loop system in (7.14).

Theorem 7.4. Under the proposed output feedback control law in (7.9), the closed-

loop system in (7.14) is stochastically stable and ∥Hzω∥∞ < γ, if and only if there

exist matrices K(i, r) and symmetric matrices X̄(i, r) > 0, P (i, r) > 0 satisfying the

following inequalities[
Ā(i, r) B̄

C̄ 0

]T [
P̄ (i, r) 0

0 I

][
Ā(i, r) B̄

C̄ 0

]
−

[
P (i, r) 0

0 γ2I

]
< 0, (7.28)
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for all i, j ∈ M and r, s ∈ N where

P̄ (i, r) =
τ∑

j=0

d∑
s=0

λijπrsP (j, s). (7.29)

Proof. According to the Bounded Real Lemma in [208], we can readily obtain the

results. The detailed procedure is omitted here.

In the following theorem, the sufficient and necessary condition for the H∞ track-

ing control problem is given in terms of LMIs with nonconvex constraints based on

Theorem 7.4.

Theorem 7.5. Under the proposed output feedback control law (7.9), the closed-loop

system in (7.14) is stochastically stable and ∥Hzω∥∞ < γ, if and only if there exist

matrices K(i, r) and symmetric matrices X̄(i, r) > 0, P (i, r) > 0, satisfying:
−P (i, r) 0 C̄T Ā(i, r)T

0 −γ2I 0 B̄T

C̄ 0 −I 0

Ā(i, r) B̄ 0 −X̄(i, r)

 < 0, (7.30a)

X̄(i, r)P̄ (i, r) = I, (7.30b)

for all i, j ∈ M and r, s ∈ N .

Proof. Using the Schur complement and letting X̄(i, r) = P̄ (i, r)−1, this theorem can

be readily completed.

The H∞ robust tracking control design can be achieved by solving the following

optimization problem:

min
K(i,r),P (i,r),X̄(i,r)

γ s.t. (7.30). (7.31)

The conditions (7.24) and (7.30) contain nonconvex constraints. This can be

solved by the product reduction algorithm (PRA) [209], which is an iterative LMI

approach. Detailed procedure about how to apply PRA to solve the optimization

problems in (7.26) and (7.31) can be referred to [210].

Remark 7.6 In practice, it is difficult to obtain an exact mathematical model of the

dynamic system. Therefore, the plant model in (7.1) with norm-bounded uncertainties
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can be considered as follows:

x(k + 1) =(A+∆A(k))x(k) + (B +∆B(k)) [ũ(k) + ω(k)] ,

y(k) =Cx(k),

where A, B, and C are known real-valued constant matrices, and ∆A(k) and ∆B(k)

are real time-varying matrix functions representing parameter uncertainties. Also it

is assumed that

[∆A(k) ∆B(k)] = M∆(k)[N1 N2].

Here, M , N1, and N2 are known real constant matrices and ∆(k) is an unknown

time-varying matrix function satisfying:

∥∆(k)∥ ≤ 1.

Using the similar augmentation technique in Section 7.3, the closed-loop system can

be formulated as an MJLS with norm-bounded uncertainties. The relevant H2 and

H∞ control synthesis problems can be solved readily based on Theorem 7.3 and

Theorem 7.5, respectively.

7.3.4 Mixed H2/H∞ Tracking Control Design

In many practical applications, it often needs to make a compromise between H2 and

H∞ control performance. The compromise can be achieved by the mixed H2/H∞

control synthesis: Set H∞ norm of the system to be a prescribed value, and minimize

the H2 norm of the system. The mixed H2/H∞ tracking control for the system in

(7.14) can be summarized as: Set γ to be a prescribed value, and

min
K(i,r),P (i,r),X̄(i,r)

β s.t. (7.24) and (7.30). (7.33)

7.4 Simulation and Experimental Results

In this section, simulations and experimental result on a vertical take-off and landing

(VTOL) helicopter system and a DC motor system are provided.
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7.4.1 Numerical Example on a VTOL System

In this sub-section, design examples on a VTOL helicopter [211] are given to demon-

strate the applicability and effectiveness of the proposed methods. The discrete-time

state-space model of the VTOL helicopter with sampling period of 0.01s is:

A =


0.9996 0.0003 0.0002 −0.0046

0.0005 0.9900 −0.0002 −0.0400

0.0010 0.0036 0.9930 0.0141

0 0 0.0100 1.0001

 , B =


0.0044 0.0018

0.0353 −0.0755

−0.0549 0.0446

−0.0003 0.0002

 ,

C =
[
0 1 0 0

]
.

The eigenvalues of A are 0.9977, 0.9795, 1.0028 + 0.0026i, and 1.0028 − 0.0026i.

Hence, the plant is unstable. The involved random delays in the NCS are assumed

to be τk ∈ {0, 1, 2} and dk ∈ {0, 1} with the following transition probability matrices

Λ =

 0.6 0.4 0

0.7 0.2 0.1

0.8 0.1 0.1

 , Π =

[
0.5 0.5

0.7 0.3

]
. (7.34)

Here, the maximum C-A delay is d = 1. Considering the time-stamp information,

the data portion of the transmission packet is

[(d+ 1)︸ ︷︷ ︸
sequence

length

× 2︸︷︷︸
dim{u}

+ 1︸︷︷︸
timestamp

]

︸ ︷︷ ︸
number of data

× 4︸︷︷︸
byte

= 20 bytes, (7.35)

by using the IEEE 754 standard.

Take the network properties into the controller design procedure, then choose the

following weighting matrices: Q = C, R = [0.01 0.01]. In the case when a higher

level control performance is needed, heuristic methods can be employed to choose the

weighting matrices Q and R. The minimum H2 norm βmin is 0.1225 and the proposed

delay dependent controller is

K(0, 0) = [−4.1629 5.6465]T, K(0, 1) = [−4.1774 5.6462]T,

K(1, 0) = [−1.8548 2.5818]T, K(1, 1) = [−1.1025 1.5065]T,

K(2, 0) = [−1.3368 1.8751]T, K(2, 1) = [−1.0764 1.4867]T.
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The resulting step responses, corresponding to the proposed H2 controller and a local

H2 controller, are shown in Figure 7.2. Here, the local H2 controller gain is calculated

as [−56.0196 −10.5998]T which is independent of the time delay. In this simulation,

an impulse disturbance is added to the control signal at time instant 300. It can

be seen from Figure 7.2 that the proposed H2 controller has both better transient

response and better disturbance rejection performance.
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The local H2 controller

Figure 7.2: Step response in NCSs using the proposed robust H2 controller and the
local robust H2 controller.
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Figure 7.3: Step response using the proposed robust H∞ controller and the local
robust H∞ controller.

Similarly, the H∞ controller can be designed by choosing the same weighting
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matrices as those of the H2 controller. The minimum H∞ norm γmin is 0.3464 and

the proposed delay dependent controller is

K(0, 0) = [−5.6786 7.4750]T, K(0, 1) = [−6.5506 8.7246]T,

K(1, 0) = [−1.8669 2.5136]T, K(1, 1) = [−1.2499 1.6792]T,

K(2, 0) = [−1.0491 1.4216]T, K(2, 1) = [−0.9730 1.3288]T.

An impulse disturbance is also added at time instant 300. The comparison with a local

H∞ controller for the step tracking is shown in Figure 7.3. It is observed that the

proposed H∞ controller has both better transient response and better disturbance

rejection performance. The total computation time of the two controllers are 8.23

hours on a PC (3.0 GHz, 2.0 GB of RAM memory). It is worth noting that the

computation is done offline, and no online calculation is required to determine the

controller parameters.

As a comparison, the sum of squared tracking errors are summarized in Table 7.1.

The proposed controllers outperform the local ones which do not consider the network-

induced delays.

Table 7.1: Sum of squared tracking errors over 0-5s (VTOL example).

Proposed Local
H2 H∞ H2 H∞

0.0356 0.0512 0.3319 0.2051

7.4.2 Numerical Simulation on a Networked DC Motor Sys-

tem

In this sub-section, the design for a networked DC motor control system is presented

to demonstrate the effectiveness of the proposed methods.

The identified model of the DC motor is

G(s) =
172.38

s(s+ 3.5287)
,

where the input is the voltage and the output is the angular position of the motor. By
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choosing the sampling period as 0.05s, the following state-space model is obtained:

A =

[
1.00021 0.00460

0.00460 0.00004

]
, B =

[
0.34868

7.68069

]
,

C = [1 0], D = 0.

The random delays in this NCS are assumed to be τk ∈ {0, 1, 2} and dk ∈ {0, 1} with

the transition probability matrices in (7.34). The weighting matrices are chosen as

Q = C, R = 0.01. By following the proposed controller design methods, the minimal

H∞ norm γmin is 17.4085 and the H∞ controller parameters are

K(0, 0) = −0.1576, K(0, 1) = −0.1318,

K(1, 0) = −0.0878, K(1, 1) = 0.0091, (7.36)

K(2, 0) = −0.0342, K(2, 1) = 0.0074.

The minimal H2 norm βmin is 5.0147 and the H2 controller parameters are

K(0, 0) = −0.1980, K(0, 1) = −0.1647,

K(1, 0) = −0.1232, K(1, 1) = −0.0547, (7.37)

K(2, 0) = −0.0747, K(2, 1) = −0.0399.

The total computation time of the two controllers are 1.93 hours on a PC (3.0 GHz,

2.0 GB of RAM memory).

The reference signal r̄ is a step signal with the magnitude of 3 rad. A disturbance

signal of 0.1 rad and length of 2 sampling periods is added at time instant 30s. The

simulation results using the designed H∞ and H2 controllers in (7.36) and (7.37) are

shown in Figure 7.6 and Figure 7.7 (dashed lines). The simulation results confirm

that the tracking performance is well achieved and the proposed design scheme is

effective.

As a comparison, a Smith predictor is applied to the same networked motor system

and the simulation result is shown in Figure 7.4 (red dashed line) [212]. The Smith

predictor is used to compensate for the S-C delay, and the send all, apply one scheme

is also applied to compensate for the C-A delay. From the simulation results, the

responses by applying the proposed H∞ and H2 controllers are faster than that by

applying the Smith predictor. Yet, the drawback is that the overshot is greater by
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applying the proposed H∞ and H2 controllers. In addition, the proposed H∞ and H2

controllers outperform the Smith predictor in terms of disturbance rejection.
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Figure 7.4: Simulation results using the proposed H∞ controller, H2 controller, and
Smith predictor for the networked DC motor system under a simulated network en-
vironment.

7.4.3 Experimental Test on the Networked DC Motor Sys-

tem

To further illustrate the effectiveness and applicability of the proposed methods, the

hardware-in-the-loop (HIL) test on a networked DC motor system (Figure 7.5) is

conducted. In order to demonstrate the agreement with the results in the numerical

simulation, the sampling rate is also chosen as 0.05s.

The experimental apparatus consists of a PC, an interface board, and a DC motor

with sensors. The networked controller is implemented in Matlab/Simulink on the

PC. The function of the interface board is to: 1) convert the control signal from the PC

into a pulse-width modulation signal to drive the motor; 2) convert the motor output

signal from the sensor into digital format and send it to the PC. In the experimental

test, the PC controller and the DC motor are linked by a simulated network where the

random delays are characterized by the transition matrices in (7.34). The reference

and disturbance signals are chosen as the same as in the simulation for the purpose

of comparison.
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C-A delays

dk

S-C delays

τk

SensorMotorActuator

Controller

Figure 7.5: The experimental setup of the networked DC motor system.

A local H∞ control gain: K = −0.4515 is designed and applied in the HIL test.

The simulation and experimental results by applying the local controller to the net-

worked DC motor system are shown in Figure 7.8. By applying the H∞ and H2

controllers in (7.36) and (7.37), the experimental results are shown in Figure 7.6 and

Figure 7.7 (solid lines), respectively. Apparently, the proposed H∞ and H2 controller

outperform the local H∞ controller. Also, Figure 7.6 and Figure 7.7 indicate a good

agreement between the simulation and the experiment showing that the proposed

controller is indeed effective in the application.

The sum of squared tracking errors over 0-50s and 5-50s are listed in Table 7.2. By

using the proposed controller, the control performance has been improved, especially

during the time frame 5-50s.

Table 7.2: Sum of squared tracking errors (DC motor example).

Simulation Experiment
Time H∞ H2 Local H∞ H2 Local
0-50s 11.29 11.65 12.11 15.14 14.57 16.16
5-50s 0.0065 0.0055 0.0693 0.0295 0.0193 0.2989

Remark 7.7 From the experimental results (the blue solid lines in Figure 7.6 and

Figure 7.7), the steady-state error by applying the proposed H∞ and H2 controllers

are −0.0348 rad and 0.0172 rad, respectively, i.e. −1.16% and 0.57%. Though small,

the steady-state errors in the experimental results come as no surprise because there
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Figure 7.6: Experimental and simulation results using the proposed H∞ controller
for the networked DC motor system under a simulated network environment.
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Figure 7.7: Experimental and simulation results using the proposed H2 controller for
the networked DC motor system under a simulated network environment.

are unavoidable modeling errors and also inevitable nonlinearities such as dead-zone

and brush frictions in the experimental apparatus. It is worthwhile to look into

the controller design for nonlinear NCSs considering the nonlinear frictions, which is

still under research. It is also noticed that the dead-zone is an inherent property of

the motor. To further enhance the steady-state tracking performance, other control
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Figure 7.8: Simulation and experimental results using the local controller for the
networked DC motor system under a simulated network environment.

techniques can be applied here, e.g., 1) a dynamic controller, or 2) feedback-plus-

feedforward control design.

Remark 7.8 Note that the simulated network in which the associated random de-

lays are characterized by fixed (precisely known) transition matrices is employed in

the experimental test. In practice, to identify the probability transition matrix of

the Markov chain, we need to measure and record the network-induced delays and/or

packet dropouts. Based on the analysis of the collected data, the number of modes

should be firstly determined, and then the probability transition matrix will be identi-

fied. Furthermore, due to the difficulties in precise delay measurements, the identified

probability transition matrix may not be accurate. Therefore, studying the effects of

uncertainties and unknown parameters on the probability transition matrix is also a

meaningful research area. Both of these topics deserve further research.

7.5 Conclusions

In this chapter, we investigate the step tracking problem for NCSs with both S-C and

C-A delays modeled by Markov chains. The focus is on the design of the two-mode

delay dependent controllers to achieve the step tracking and disturbance rejection.

By employing the “send all, apply one” scheme, the controller is dependent on both
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current S-C and C-A delays. Such a control scheme is more effective than those that

cannot incorporate the current C-A delay into the controller design. The closed-loop

system is transformed to the MJLS using the augmentation technique. The H2 and

H∞ tracking control problems are solved under the framework of the MJLS to achieve

the disturbance rejection performance. Simulation and experimental results are given

to demonstrate the effectiveness of the proposed approaches. It is worth noting that

a more general way of employing semi-Markov process [213, 214] to model network-

induced delays can better reflect network characteristics in practice. Accordingly, the

resulting closed-loop NCSs fall into the generalized class of S-MJLSs.
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Chapter 8

Conclusions and Future Work

This thesis investigates stabilization and control problems for S-MJLSs and discusses

the networked dynamic system design via switching system approaches. Robust and

optimal control problems for S-MJLSs are studied. Furthermore, analysis and design

for networked dynamic systems have been conducted and verified by using numerical

simulations and/or experiments. Nevertheless, based on the developed theorems in

the thesis, more research topics deserve further research attention. In this chapter, a

summary of the thesis is firstly provided, followed by some topics in the next research

step in the future.

8.1 Summary of the Thesis

By examining the limitations of Markov processes and MJLSs, the semi-Markov pro-

cess is revisited and jump linear systems depending on semi-Markov processes are

studied. Compared with the existing results in the literature, this thesis focuses on

the developments of results that could be used in practice. Some approaches in the

literature rely on a solution of a set of integral equations which are hard to solve, so

those approaches are not ready for engineering applications. Other approaches in the

literature use Markov processes to approximate the semi-Markov processes and then

deploy the results from Markov processes or MJLSs to solve the S-MJLS stabilization

and control problems.

In this thesis, systematic numerically implementable methods are proposed for

S-MJLSs for the first time. The procedure of the systematic stability analysis enables

the designer to be aware that if an S-MJLS is stochastically stable. The thesis also
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provides a standard procedure to design controllers for unstable S-MJLSs. In the

engineering applications, mathematical models of dynamic systems or processes often

suffer from uncertainties. Controller design problems for such uncertain systems

are also studied. Compared with the existing results where Markov approximations

are applied, the control performance is improved by applying the proposed control

strategies in this thesis. The improvements are illustrated in numerical simulation

results. In order to study the NCSs, the delayed S-MJLS is studied, where not only the

stabilization conditions are obtained, but also the H∞ optimal controller is designed.

Two approaches have been developed to design controllers for NCSs in this thesis.

One approach is to provide redundant control signals to the pre-configured smart

actuator, then the smart actuator could determine the C-A delay and select the

appropriate control signals. In this way, the C-A delays can be well compensated. The

tracking controller by using this compensation technique is tested on networked DC

motor devices. Similar experiments using different control laws have been conducted

for the same networked DC motor device without compensating for the C-A delays. A

clear improvement in control performance is observed by utilizing the control laws in

this thesis. The other approach is to make the most of the historical information of the

system state. In the literature, when the controller calculates the control signal, the

outdated measurement of the plant was usually discarded and only the most recent

available measurement was used. For certain special types of networked systems where

multiple sensors are mounted to measure different states of the plant/process, we

develop control strategies using not only the most recent data but also the historical

measurement. After taking the historical data into account, a smoother transient

response is obtained. The two aforementioned approaches developed in this thesis

provide two hints on the controller design for NCSs: 1) Learn from the history; 2)

plan for the future.

Since semi-Markov processes can naturally describe the “working” and “failure”

status of system components, the semi-Markov processes are used in fault tolerant

control analysis. In the thesis, a system whose component’s life time follows non-

exponential distributions is studied and fault tolerant control schemes are provided.

The purpose of using semi-Markov processes is that the failure rate of the system

components may not necessarily be constant, because the failure rate function could

theoretically be in any shapes. As a matter of fact, the research from reliability en-

gineering shows that the failure rate often exhibits bathtub shapes, i.e., time-varying

functions. With the designed fault tolerant controller, the numerical simulation for a
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VTOL vehicle with actuator failures is conducted. Improvements are observed using

the proposed fault tolerant controllers.

The stochastic process is used to model a complex planar surface in the virtual

environment. In the virtual environment, the avatar is moving with one-dimensional

interaction on the virtual wall. The virtual wall consists of serval materials, so the

random walking of the avatar results in a random interaction between the avatar

and the wall. The random interaction is modeled by a stochastic process, so the

resulting closed-loop system is a jump linear system. With the designed controller,

the perception of a multi-material wall is realized and the multi-material wall is felt

by the operator, therefore the virtual environment rendering is achieved.

8.2 Future Work

This thesis has solved some basic problems for a type of jump linear systems and

has applied the results on NCSs and fault tolerant control systems. Nevertheless, we

believe that lots of research problems have not been solved, especially the applications

in NCSs. In the future, we will extend the current results to more general scenarios

and practical situations.

8.2.1 S-MJLSs Applied in NCSs

For the NCSs in this thesis, the time delays are modeled by Markov processes; it is

anticipated that the semi-Markov process could improve the precision of predicting

the network-induced delays. So we propose to study the NCS stability and control

problems where S-C and C-A delays are modeled by semi-Markov processes. This

idea is a natural extension of the one used in Chapter 5. The historical information

is used to capture the behavior of the system dynamics in Chapter 5, while in this

proposed research topic, the historical information is applied to improve the precision

of future communication delay predictions. As depicted in Figure 8.1, not only τk−1

but also τk−2, τk−3, τk−4, and so on are used to predict τk; similarly, not only dk−1 but

also dk−2, dk−3, dk−4, and so on are used to predict dk. With the proposed problem

formulation, it is expected that the control performance will be improved.

Several challenges under the aforementioned framework are: (1) Data packet dis-

order. If packet disorder happens, the prediction model will depend on an incomplete

set of historical information. A potential technique to tackle this challenge is to con-



134

Actuator

Controller

SensorPlant

networkC-A delays S-C delays

Delayed

measurementsControl signals

Measurements
Delayed

control signals

k
�

1k
�

 2k
�

 3k
�

 4k
�

 
. . .

� �
�

k
d

1k
d

 2k
d

 3k
d

 4k
d

 
. . .

��� �

�

Figure 8.1: The idea illustration of the semi-Markov process based NCS.

struct a prediction model according to partially known delay values. (2) Data package

dropout. It would also result in an incomplete set of previous delays. In the disor-

der case, the delayed packets will arrive at the controller or the actuator at a later

time. In contrast, the lost packets will never arrive at the controller or the actuator

in the packet dropout scenario. So it is preferable yet a challenge to distinguish the

difference between the disorder and dropout. (3) Length of the historical data to be

used. A too short history may not be able to capture the delay variation dynamics,

while a too long history may cost too many computational resources with limited

improvements in the prediction.

8.2.2 Event-Triggered S-MJLSs

The main purpose of using event-trigger scheme is to reduce the network load in

communication networks [215, 216]. The idea is illustrated in Figure 8.2. Compared

with the standard NCS setup in Figure 1.3, an additional system component event-

trigger switch is added in the communication channel from sensors to the controller.

Suppose that the process to be controlled is a chemical process, and the measured

process value is the temperature in a reaction kettle. The thermocouple (i.e. sensor)

detects the value from k to k+8 and so on. When the state variation is not dramatic,

we assume that the process preserves the same temperature and no control actions are

required. Therefore, it is not necessary to send the redundant information when the

network recourses are limited. For the example in Figure 8.2, the measurements at

k, k+4, k+7, and k+8 contain more information. We call them key measurements.

The event-trigger switch is able to determine which measurements are critical and

then labels them as key measurements, which would be transmitted to the controller.

The non-key measurements would be discarded. A lot of research results discuss
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the proper triggering schemes. The most popular ones are: 1) Magnitude based

triggering with impulse control [217]; 2) error based triggering [218]; and 3) deadzone

based triggering [219]. The triggering scheme shown in Figure 8.2 is of the second

type.
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Figure 8.2: The idea illustration for event-trigger scheme based on the error between
adjacent measurements.

In the system configuration, the time delays are assumed to follow semi-Markov

processes. Several challenges are identified. (1) The controller should be able to

predict the network-induced delays in several time steps. Two popular ways to predict

the stochastic process mode in several steps are state augmentation and constructing

a multi-step transition rate matrix. The flaw of using the state augmentation is that

the dimension of the resulting stochastic process will increase drastically, so it is

ideal to construct the multi-step transition rate matrix. In Markov chains, the n-step

transition rate matrix has been studied in [56]. Therefore, the first challenge is to

determine the stochastic process mode in a longer future. (2) The second challenge is

to choose a proper event-trigger scheme. As mentioned before, several event-trigger

schemes exist in the literature. It is crucial to select the most appropriate one that

costs least communication load and guarantees satisfactory control performance. The

second challenge is actually a network and control co-design problem.
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