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ABSTRACT
Several new multiuser detectors are developed for different direct-sequence codedivision multiple-access (DS-CDMA) application environments. The first detector
is based on a semidefinite-programming (SDP) relaxation technique. In this detector,
maximum likelihood (ML) detection is achieved by 'relaxing' the associated combinatorial problem into an SDP problem, which leads t o a detector of polynomial
complexity. It is shown that the SDP-relaxation (SDPR) based detector can be obtained by solving a dual SDP problem which leads t o improved efficiency. Computer
simulations demonstrate that the SDPR detector offers near-optimal performance
with much reduced computational complexity compared with that of the ML detector proposed by Verdu for both synchronous and asynchronous DS-CDMA systems.
The second detector is based on a recursive convex programming (RCP) approach.
In this detector, ML detection is carried out in two steps: first, the combinatorial
problem associated with ML detection is relaxed t o a convex programming problem,
and then a recursive approach is used t o obtain an approximate solution for ML
detection. Efficient unconstrained relaxation approach is proposed for the proposed
detector t o reduce the involved computational complexity. Computer simulations
demonstrate that the proposed detectors offer near-optimal detection performance
which is superior t o that offered by many other suboptimal detectors including the
SDPR detector. However, the computational complexity involved in the proposed
detectors is much lower relative t o that involved in Verdu's ML detector as well as
our SDPR detector.
The third detector entails a subspace estimation-based constrained optimization
approach for channel estimation in DS-CDMA systems with multipath propagation
channels. The proposed approach offers an improved approximation for the noise

iii

subspace compared with that offered by several existing algorithms. Computer simulations show that the performance of the proposed detector offers nearly the same
performance as that of existing subspace detectors but leads t o a significant reduction
in the amount of computation. Relative t o some existing constrained optimization
methods, the proposed detector offers a significantly improved performance while
requiring a comparable amount of computation.
The fourth detector is proposed based on a vector constant-modulus (VCM) approach. This detector is designed for DS-CDMA systems with multipath propagation
channels where the effective signatures observed a t receiver are distorted by multipath propagation and aliasing concurrently. In this detector, detection is carried
out by solving a linear constrained optimization problem whose objective function
is formulated based on the VCM criterion. Two adaptation algorithms, namely, the
constrained stochastic gradient algorithm and the recursive vector constant-modulus
algorithm, are developed. Analysis are presented t o investigate the performance of
the proposed detector. Computer simulations show that the proposed detectors are
able t o suppress multiuser interference and inter-symbol interference effectively. More
importantly, they offer robust detection performance against the effective signature
distortion caused by aliasing at the receiver.
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Chapter 1
Introduction

The history of modern wireless communications can be dated back t o more than one
hundred years ago when Guglie Marconi first invented radio telegraph in 1897 [I].
Since then, wireless communication technology has witnessed steady and continuous
progress. In the late 1980s, personal mobile communications began t o be widely accepted by the general public. In the last twenty years, both academic and industrial
societies have contributed tremendous efforts t o the development of wireless communicat ions.
The rapid progress in wireless communications has brought about many low-cost
services t o the public. In the past ten years, however, most of these services were
restricted t o narrow-band communications such as voice telephony and low-speed data
transmission. Due t o an increasing demand for wideband applications, wideband, or
even broadband wireless communications become the focus of next-generation wireless
communication systems.
In the development of wireless communications, radio spectrum has been considered as one of the most precious resources [I, 2, 31. In order t o improve the spectrum efficiency and system capacity, several multiple access (MA) schemes have been
proposed for wireless communications, which can be classified into three categories:
frequency-division multiple access (FDMA), time-division multiple access (TDMA),
and code-division multiple access (CDMA).
Three MA schemes are illustrated in Fig. 1.1. In the FDMA scheme, user sig-
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Figure 1.1. Three multiple access schemes: FDMA, TDMA, and CDMA.
nals are separated by non-overlapping transmission frequency bands; in the TDMA
scheme, user signals are separated by non-overlapping transmission time slots; and
in CDMA scheme, user signals are separated by different signature waveforms [I, 41.
Since the frequency bandwidth of CDMA signals is often much wider relative t o
that of the transmitted signals, the CDMA scheme is also referred t o as the spread

spectrum multiple access (SSMA) scheme [3, 5 , 6, 71. Compared with FDMA and
TDMA, the CDMA scheme offers many advantages t o mobile communications such
as soft system capacity, soft hand-off, anti-jamming, low power consumption, and low
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narrow-band interference t o other wireless systems. Therefore, the CDMA scheme
has been adopted in many air interface standards in the second and third generation
wireless communications such as IS-95, IS-665, CDMA2000, and IMT-2000.
One of the most popular CDMA schemes is the direct-sequence CDMA (DSCDMA). In this scheme, the signal of each user is first spread by multiplying the
information-bearing symbols by a specific signature waveform. Then the spread signals of all users are transmitted through communication channels by simultaneously
sharing the same frequency bandwidth. Therefore, the received signal is the superposition of the signals of all users plus ambient channel noise. At the receiver, the
demodulation of each signal is carried out by passing the received signal through a socalled matched filter (MF) which correlates the received signal with the corresponding
signature waveform. This process is called despreading. The transmitted information
bits are then determined as the sign of the matched-filter's output.
If the signature waveforms of all users are orthogonal t o each other, then the multiuser interference (MUI) present in the received signal can be completely removed
by the MFs. In such a case, the demodulation performance of a DS-CDMA system is equivalent t o that of a single-user communication system [9]. However, if the
signature waveforms are not orthogonal t o each other or the transmission is not completely synchronized, then the MU1 may not be completely removed by the matched
filters. The MU1 present a t the outputs of the MFs not only significantly impairs
the demodulation performance of DS-CDMA systems, but it also causes the so-called

near-far problem [I,171. That is, the far-end mobile signal (with weak power) may
be largely immersed in the interference from a near-end mobile signal (with strong
power). Since the signature waveforms are largely determined by the properties of
the signature sequences, the design of signature sequences with good autocorrelation
and crosscorrelation has been an active research topic for many years [lo, 11, 121.
Other forms of MU1 known as co-channel interference (CCI) and inter-symbol
interference (ISI) also appear in the FDMA and TDMA schemes. Since the sources
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of interference are primarily due t o spectral and temporal overlap between adjacent
transmitted signals, CCI and IS1 can be easily alleviated by inserting guarding frequency bands or guarding time slot between adjacent transmitted signals. Other
effective methods for CCI and IS1 suppression can be found in [13, 14, 151. Since the
transmitted signals of all users share the same frequency bandwidth and the same
time slot, MU1 suppression is a non-trivial problem in DS-CDMA systems.
Multiuser detection is a technique for demodulating information-bearing symbols
from mutually interfering digital streams. Techniques for multiuser detection have
been exploited widely in many applications such as high-speed data transmission,
digital television, satellite communications, and wireless communications. In these
applications, the intrinsic structure of MU1 signals is exploited by multiuser detection
algorithms t o help recover the transmitted information. In the past twenty years,
multiuser detection for DS-CDMA systems has been one of the most active research
areas in digital communications [17, 18, 191.
Many existing multiuser detectors have been developed based on optimization
methods. Recent progress in this area has demonstrated that the performance and
the computational complexity of multiuser detectors can be considerably improved
by incorporating optimization concepts and efficient algorithms. In this thesis, new
optimization-based multiuser detectors for DS-CDMA systems are developed with an
objective t o achieve improved performance and reduced computational complexity at
the same time.

Previous Work
An implementation of any detection method is said t o be a detector and it may assume
a software or hardware form. A detector in software form would comprise one or more
algorithms. In conventional DS-CDMA systems, transmitted information symbols
are detected by using a bank of MFs, each of which is matched t o the signature
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waveform assigned for a specific user. By completely neglecting the existence of MUI,
the transmitted information bits are demodulated as the sign of the MF outputs. This
detection method is often referred t o as the conventional detector and has been studied
for many years. Although the conventional detector offers optimal demodulation
performance in single-user communication systems over an additive white Gaussian
noise (AWGN) channel [4], its performance is impaired by MUI. In addition, the
performance of the conventional detector is seriously degraded when the near-far
problem of DS-CDMA systems is serious.
To improve the performance, new multiuser detection methods and detectors have
been investigated. An early multiuser detection method for DS-CDMA systems is the
so-called maximum-likelihood (ML) method proposed by Verdu [20]. In this pioneering work, detection is achieved by maximizing the joint a posteriori probability, which
is done by selecting the information-bearing waveform closest t o the observed waveform in terms of Euclidean distance. The ML detection method has been shown
by Verdu [20] t o offer joint optimal demodulation performance and has been implemented by a number of researchers [20, 22, 23, 24, 251. Implementations of the ML
detection method are known collectively as ML detectors, and this family of detectors is often used as a comparison baseline for ML-based suboptimal as well as other
types of suboptimal multiuser detectors. One disadvantage of ML detectors is that
except for some special applications where the crosscorrelation matrix of the user
signatures is well structured [24, 251, the detection has t o be carried out by solving
a combinatorial optimization problem which involves a quadratic objective function
and binary constraints. Consequently, the worst-case computational complexity of
ML detectors increase in an exponential manner with the number of users, and the
implementation of these detectors becomes prohibitive even for DS-CDMA systems
with a moderate number of users. To deal with this problem, various suboptimal ML
detectors have been proposed, which offer reduced computational complexity relative
t o Verdu's ML detector [28, 63, 64, 84, 59, 601. Other suboptimal detectors that are
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not directly derived from the ML detectors include the minimum mean-squared-error
(MMSE) detector, constrained minimum-output-energy (CMOE) detector, successive
interference cancellation (SIC) detector, parallel interference cancellation (PIC) detector, etc. A detailed account of these and many other suboptimal detectors can be
found in [17] and the references therein. Depending on whether linear transformations are applied t o the received signal in detection, these detectors can be classified
as linear or nonlinear multiuser detectors [17, 191.

1.1.1 Linear Multiuser Detectors
A linear multiuser detector exploits a linear transformation (mapping) t o the outputs
of the MF bank in order t o reduce the MU1 present in the transformed signal. Three
well-known linear multiuser detectors are the decorrelating [28, 29, 301, the linear
minimum mean-squared-error (LMMSE) [31, 32, 331, and the CMOE detectors [35].
In the decorrelating detector, the linear transformation is determined in order t o
completely eliminate the MU1 present in the transformed signals without considering
the presence of channel noise. Although the MU1 can be completely cancelled by the
decorrelating detector, the channel noise is enhanced by the linear transformation.
Consequently, the decorrelating detector suffers significant performance degradation
when the channel noise level is relatively high. Studies have been presented t o show
that the performance of a decorrelating detector is likely t o be inferior t o that of a
conventional detector in DS-CDMA systems with low SNR.
The linear transformation used in the LMMSE detector is determined in order t o
minimize the mean-squared-error (MSE) between the transformed signals and transmitted information symbols. It can be shown that the requirement of suppressing
MU1 while not enhancing the effect of channel noise can be met by the resulting
linear transformation. In most cases, an LMMSE detector offers better performance
relative t o that of a decorrelating detector especially when the channel noise is significant. One disadvantage of the LMMSE detector is that the power of the received
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signals of all users and the level of channel noise has t o be known for LMMSE detection. This requirement inevitably increases the whole system complexity. In order t o
avoid the problem, adaptive implementations of linear MMSE detectors using training sequences have been proposed [36, 37, 381. In a fast time-varying communication
channel, the repeated transmission of training sequences reduces spectrum efficiency.
Subspace methods for deriving the decorrelating and LMMSE detectors were proposed in [39].
In a CMOE detector, the linear transformation is used to minimize the energy of
the transformed signal by assuming that the projection of the received signal onto
the desired user signature is fixed. It has been shown that the detection vector
obtained for CMOE detection is the same as that obtained for LMMSE detection
t o within a scalar multiplier [35]. For this reason, the demodulation performance
of a CMOE detector is considered the same as that of an LMMSE detector, and is
superior relative t o that of a decorrelating detector. Since the CMOE detector can be
implemented adaptively without relying on training sequences and the information
other than the signature of the desired user, it has received a great deal of attention
since been proposed. One disadvantage of the CMOE detector is that its performance
can degrade significantly when the desired user signature used a t receiver is not the
same as the one specified a t transmitter 1351. This is very likely happen in DS-CDMA
systems with multipath propagation channels where the signatures are distorted due
t o multipath propagation. Possible remedies are t o estimate the impulse responses of
multipat h channels and reconstruct the effective signatures observed a t the receiver for
CMOE detection. This approach has been pursued by several authors using subspace
methods [40, 411 and constrained optimization methods [42, 43, 441.

1.I.2

Nonlinear Multiuser Detectors

Nonlinear multiuser detectors are also very popular for DS-CDMA systems. Many
nonlinear multiuser detectors, such as the SIC [45, 46, 51, 521, PIC [53, 541, multi-
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stage [55, 561, and decision-feedback detectors [57, 581 detectors, are decision-aided
multiuser detectors. The underlying principle in these detectors is that the soft or
hard decisions obtained in previous stages are utilized t o help improve the decisions
in subsequent stages. Obviously, the performance of these detectors depends largely
on initial decisions. Compared with linear multiuser detectors, nonlinear detectors
are computationally less involved and are suitable for DS-CDMA systems using long
signature codes. These advantages make them particularly useful for practical DSCDMA systems.
Other recently proposed nonlinear multiuser detectors are suboptimal ML detectors, which include the generalized MMSE (GMMSE) [59, 601, bound-constraint (BC)
[59, 60, 621, and semidefinite programming relaxation (SDPR) detectors [62, 63, 64,
841. One common feature of these detectors is that they are developed by relaxing the
ML detection problem into various optimization problems that can be solved more
efficiently. The GMMSE and BC detectors will be briefly reviewed in chapter 2 and
the SDPR detector will be carefully studied in chapter 3.

1.1.3 MU1 Suppression Using Smart Antenna
In addition t o using multiuser detection methods, the suppression of MU1 has also
been pursued by many researchers using smart antenna techniques [66]. In this technique, antenna arrays are equipped at receivers t o exploit the spatial diversity of
mobile users. Since mobile users are often located a t different places, the directions-ofarrival (DOA) of the signals from distinct users are usually different. If the radiation
pattern of the antenna array is designed such that the peaks and nulls of the radiation
pattern are steered toward the DOA of the signal of the desired user and interferers,
respectively, then the MU1 present in the received signal can be suppressed. A more
advanced approach t o suppress MU1 is t o combine multiuser detection methods and
smart antenna techniques together, which brings about the so-called space-time multiuser detectors. In general, the MU1 suppression performance offered by space-time
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multiuser detectors is superior t o that achieved by using multiuser detection or smart
antenna alone.

1.2

Scope and Contributions of This Thesis

This thesis is composed of seven chapters. In Chapter 2, a preliminary study on wireless and mobile communication channels, DS-CDMA systems, and several important
multiuser detection methods is presented. Chapters 3-6 constitute the main part
of the thesis where four new multiuser detectors are proposed. Chapter 7 provides
concluding remarks and suggestions for future study.
In Chapter 3, new suboptimal detectors for DS-CDMA systems are proposed based
on the semidefinite-programming relaxation approach [71]. It is shown that the ML
detection can be carried out by 'relaxing' the associated combinatorial programming
problem into an SDP problem where both the objective function and constraint functions are convex functions of continuous variables. This leads t o a suboptimal ML
detector, referred t o in this thesis as the primal SDP relaxation-based detector, whose
computational complexity is of polynomial order with respect t o the number of users.
Next, an efficient dual algorithm is proposed t o solve the SDP problem in three steps.
First, the primal SDP problem is converted into a dual problem based on the duality
theory. Then the dual SDP problem is solved using the projective method [61] which
leads t o improved efficiency due t o the reduced number of variables. Then, the solution of the primal SDP problem is expressed in terms of the solution of the dual
SDP problem based on the Karush-Kuhn-Tucker (KKT) conditions and the central
path concept. The dual algorithm obtained leads t o a new detector referred t o in
this thesis as the dual SDP relaxation-based detector. Computer simulations are presented which demonstrate that the proposed detector offers near-optimal performance
for both synchronous and asynchronous DS-CDMA systems as well as a significantly
reduced computational complexity compared with that associated with the ML de-
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tector proposed in [20]. In addition, it is demonstrated by our simulations that the
proposed dual algorithm solves the SDP problem very efficiently without impairing
the performance.
In Chapter 4, another new suboptimal ML detector is developed by using a recur-

sive convex programming (RCP) approach. In this detector, the detection is carried
out in two steps: first, the combinatorial optimization problem involved in ML detection is relaxed into a convex programming (CP) problem and then a recursive
approach is applied to the CP problem t o obtain an approximate solution of the ML
detection problem. An efficient algorithm is developed for the proposed detector and
the efficiency of the algorithm is investigated through analysis. Computer simulations demonstrate that the proposed detector outperforms many existing suboptimal
ML detectors such as the GMMSE, bound-constrained, and our SDPR detectors. In
particular, it offers comparable detection performance relative to that of Verdh7sML
detector, yet it requires a significantly reduced amount of computation.
Chapter 5 is devoted to channel estimation problem in multiuser DS-CDMA systems with multipath propagation channels. A subspace estimation-based constrained
optimization method is proposed in the chapter to estimate the impulse response of
multipath propagation channels. This method entails a new algorithm that offers
improved approximation for the noise subspace in a more robust manner than several
existing methods. It is demonstrated that the proposed method can achieve nearly
the same performance as the subspace methods in [40, 411 with much reduced computational complexity. Compared with the constrained optimization methods described
in [42, 43, 441, our method offers a significantly improved performance while requiring
a comparable amount of computation.
Chapter 6 is devoted to multiuser detection for DS-CDMA systems with multipath propagation channels. In such a case, the demodulation performance of the
CMOE detector degrades severely if mismatched signature is used at the receiver for
detection. Although several detection methods have been proposed using subspace
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and constrained optimization approaches, their demodulation performance becomes
unsatisfactory when signature distortion occurs due t o aliasing at the receiver. In this
chapter, a new multiuser detector is proposed where the detection is carried out by
solving a linear constrained optimization problem whose objective function is formulated based on the vector constant-modulus (VCM) criterion. By treating the signals
in the adjacent symbol durations as that from equivalent users in the current symbol
duration, the IS1 is treated as MU1 in the received signal. Two adaptation algorithms
are developed for solving the optimization problem and the performance of the proposed detector is investigated. Through computer simulations, it is demonstrated that
the proposed detector can effectively suppress MU1 and IS1 simultaneously. More importantly, it is shown that when signatures are distorted by aliasing a t receiver, the
proposed detector offers superior performance t o existing detectors using subspace
and constrained optimization methods.

Chapter 2
Fundamentals of DS-CDMA and
Multiuser Detect ion

2.1

Introduction

The objective of multiuser detection is t o identify transmitted information from mutually interfering signal waveforms observed at the receiver. In DS-CDMA systems, the
design of a multiuser detector depends on many considerations such as the availability
of signal information, the system synchronization scheme used, the type of signature
codes, and the characteristics of the wireless communication channel. In this chapter,
some background knowledge, concepts, and terminology for the mobile communication channel, the DS-CDMA system, and multiuser detection are discussed. The
chapter provides a basis on which the subsequent chapters are developed in a unified
framework for various multiuser detection algorithms.

2.2

Mobile Cornrnunicat ion Channel

In a mobile communication system, a transmission channel is referred t o as a propagation path over which radio signals travel from a base station t o a mobile (forward
link), or from a mobile t o a base station (reverse link) [26]. Typical mobile communication channels vary from simple line-of-sight (LOS) transmission channels t o very
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complicated ones that may be blocked by vehicles, mountains, and high-rise buildings.
In addition, due t o the relative motion of mobiles and other radio propagation media
with respect t o the base station, the received signals often exhibit a great deal of
randomness. Consequently, mobile communication channels are often modeled using
statistical methods.
Two important parameters associated with mobile communication channels are

time variation and time dispersion. Time variation is due t o varying radio signal
propagation environment from the transmitter t o the receiver such as movement of
the transmitter, receiver, or other media that are relied on during signal propagation.
Time dispersion is due t o multiple reflections during signal propagation where different electromagnetic waves travel along different paths of varying lengths and arrive
a t the receiver with different time delays. In general, mobile communication channels
can be described using a tap-delayed model presented in Fig. 2.1 [I, 261.

Figure 2.1. A tap-delayed model for multipath propagation channels.
The effects of time variation and time dispersion in mobile communication channels are represented by using variable path gain a, and path delay

7
,

in the channel

model of Fig. 2.1. The impulse response of the multipath propagation channel de-
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scribed in Fig. 2.1 is given by [I]
M

g(t) =

C

a m e x ~ ( - j & ) J ( t - 7,)

(2.1)

m= 1

where 6(t), M, ol,,r,, and Om denote the unit impulse function, the number of
resolvable propagation paths, the real path gain, the excess path delay, and the
additional phase shift of the mth propagation path, respectively.

2.2.1

Doppler Spread: Time-Select ive Fading

In mobile communication systems, the power level of the received signals often exhibits fluctuations and variations. This phenomenon is called fading which is due
t o the relative motion of the mobile and other transmission media. Specifically, the
effect of fading can be described as follows [I], i.e.,

where af (t) represents the effect of fast fading and a,(t) represents the effect of slow
fading, respectively, and a(t) represents the total effect of channel fading.
Fast fading is caused by the scattering of transmitted radio signals by objects
surrounding transmitters or receivers. In mobile communication systems that are
operated in urban areas, radio transmission is very likely t o be blocked by highrise buildings or other obstructive objects. As a result, LOS transmission between
transmitter and receiver is not available. In such a case, the signal observed at receiver
is the superposition of a large number of scattered electromagnetic signals travelling
along different propagation paths. Assume that a large number of signals arrive at
receiver with random amplitudes and DOAs and the phase shifts of these signals are
uniformly distributed over the range [O, 27r), then af (t) in (2.2) can be modeled as
a Rayleigh distributed random variable whose probability density function (PDF) is
given by 1261
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A fading channel whose path gains have a Rayleigh P D F [26] is referred t o as a

Rayleigh fading channel. When a direct LOS transmission is available between transmitter and receiver, the amplitude of the channel impulse response has a so-called

Rice P D F [26], and the fading channel in this case is referred t o as a Rician jading
channel. Note that Nakagami distribution [26] is also frequently used t o describe the
effect of fast fading, and the fading channel in such a case is referred t o as a Nakagami

fading channel.
Slow fading is primarily due t o signal shadowing by buildings or natural obstacles
during radio signal propagation from transmitter to receiver. This effect is related t o
the local mean of that of fast fading. In a Rayleigh fading channel, the effect of slow
fading, a,(t), is modeled as a log normally distributed random variable whose P D F
is given by
20 log,, e
=

X

O

P

~

Doppler spread is a measurement often used to describe the time varying nature
of a mobile communication channel. Doppler spread is relevant t o a phenomena that
when a pure tone signal is transmitted through a time variant mobile communication
channel, the received signal may spread over a finite spectral bandwidth. Specifically,
Doppler spread is defined as the range of frequencies over which the spectrum of the
received signal assumes non-zero values. In mobile communications, Doppler spread
is related t o the velocity of moving objects such as mobiles and other propagation
media, and the angle between the direction of movement and the DOA of scattered
electromagnetic signals [I].

Coherence time is a measurement used to describe the frequency dispersion nature of a mobile communication channel in the time domain. It represents the time
duration over which the power levels of two received signals have strong correlation.
This implies that the channel condition is essentially invariant within the coherent
time. Numerically, coherence time is inversely proportional t o the Doppler spread. In

2. Fundamentals of DS-CDMA and Multiuser Detection

16

mobile communication systems, coherence time is usually defined as the time duration over which the time correlation function is greater than 0.5,which can be roughly
computed as

In (2.5), fm = u / X denotes the maximum Doppler shifi with u and X being the
velocity of the mobile relative t o the base station and the wave length of the radio
signal, respectively. A channel is said t o be slow jading if the coherence time is
much longer than the symbol duration of the transmitted signal. In such a case, the
effect of Doppler spread a t the receiver is simply negligible. On the other hand, if
the coherence time is shorter than or comparable with the symbol duration of the
transmitted signal, the channel is said t o be a fast fading channel in which the effect
of Doppler spread can not be ignored.

2.2.2

Delay Spread: F'requency Selective Fading

Delay spread is a measurement used t o describe the time dispersion nature of a mobile
communication channel. In mobile communications, the received signal is composed
of several attenuated versions of transmitted signals, which, having been transmitted
along different paths of different lengths, arrive a t the receiver at different times. The
parameters frequently used in quantifying the delay spread of a mobile communication
channel are mean excess delay, rms delay spread, and excess delay spread, which are
defined in [I]. In a typical mobile communication channel, the delay separation
between adjacent propagation paths increases exponentially and the path amplitudes
decay exponentially with respect t o path delay [69, 701. Delay spread often leads
t o jrequency selective fading, i.e., the fading effect of the received signal depends on
frequency.

Coherence bandwidth is a measurement of the range of frequencies over which
propagation channels can pass all spectral components with approximately equal
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gain and linear phase. This implies that the power levels of two signal frequencies are
potentially correlated within the coherence bandwidth. If the coherence bandwidth
is defined as the bandwidth over which the frequency correlation function is greater
than 0.9, then it can be roughly computed as

where ot denotes the rms delay spread (see [I] for definition). A channel is said t o
be frequency-ftat fading if the channel coherence bandwidth is greater than that of
transmitted baseband signal. In such a case, the delay spread is insignificant relative
t o the symbol duration so that its effect can be neglected at the receiver. On the other
hand, if the coherence bandwidth is smaller relative t o the bandwidth of transmitted
baseband signal, the channel is said t o be a frequency-selective fading channel and
the effects of delay spread at the receiver are considerable.

2.2.3

Classifications of Mobile Communication Channel

Mobile communication channels can be classified as slow fading or fast fading depending on the coherence time and Doppler spread, and as frequency-flat fading or
frequency-selective fading depending on the delay spread and coherence bandwidth
as shown in Fig. 2.2. In Fig. 2.2.(a), the classification is made based on coherence time and delay spread and in Fig. 2.2.(b), the classification is made based on
coherence bandwidth and Doppler spread. It should be stressed that the coherence
time (or Doppler spread) and the coherence bandwidth (or delay spread) in mobile
communication channels are independent parameters.
In the study of multiuser detection in DS-CDMA systems, additive white Gaussian
noise (AWGN) channels are often assumed as a starting point. In AWGN channels,
only one propagation path is assumed whose path gain is invariant throughout the
transmission. In addition, the ambient channel noise is modeled as an independent
zero-mean Gaussian random process. Note that an AWGN channel can de regarded as
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a special case of a frequency-selective fading channel where the number of propagation
paths is reduced to one and the path gain remains constant during the transmission.
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Figure 2.2. Classification of multzpath propagation channels depending o n (a) co-

herence t i m e (or delay spread) and fb) coherence bandwidth (or Doppler spread).
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DS-CDMA System
Code Division Multiple Access

2.3.1

In a DS-CDMA system, the signal of each user is multiplexed by multiplying the
information-bearing symbols with a distinctively assigned signature waveform. This
process is called spreading. The spread signals of multiple users are then transmitted
by sharing the same bandwidth a t the same time. In what follows, we present two DSCDMA signal models in different channels: AWGN channel and frequency-selective
fading channels.
We first consider DS-CDMA system with AWGN channel. At the transmitter,
the ith information bit of user k, denoted as

bi,

is multiplied by its own signature

waveform, sk(t). The signature waveform is expressed as
N

%(t) = E c n ( i ) r n [ t - ( i - l)Tc] f o r t E [0, Tb]
i=l

where Tbdenotes the symbol duration, Tc denotes the chip duration,
the chip waveform which assumes a nonzero value between 0
elsewhere,

sk

= [ck(1) ck(2)

---

m(t)denotes

5 t 5 T, and is zero

ck(N)IT is the spreading sequence assigned for user k ,

and N = Tb/Tcdenotes the length of the signature sequence, which is called spreading
gain.
In the rest of this thesis, it is assumed that the transmitted information-bearing
symbols,

bi, are binary antipodal signals which only assume the values of 1 and -1

with equal probability. The results obtained for antipodal signal transmission can be
extended to other cases using QPSK or other modulation schemes. Following this
assumption, the spreading sequence,

sk,

assumes real values. In addition, normalized

signature waveforms are assumed for all users, i.e.,
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The transmitted signal of user k is given by

At the receiver, the observed signal waveform is the superposition of the signals
of all users plus ambient channel noise and can be expressed as

where r k is the transmission delay, A; is the signal amplitude, and bi is the information
bit of the signal of user k, n(t) is an AWGN process with zero-mean and variance a2.
In a synchronous DS-CDMA system,

7-1

=

72

---

= TK = 0 is assumed.

As

a result, the detection of information bits only relies on the received signal of the
current symbol period. In this case, (2.9) can be simplified as

Next we consider DS-CDMA system with frequency-selective fading channel. The
received noise-free signal for user k is given by

where '*' denotes linear convolution, gk(t) is the impulse response of the communication channel of user k , which, according t o (2.1), can be expressed as

hk(t)is called efective signature waveform of user k, which refers t o the signature
waveform observed at receiver. Note that hk(t)is usually different from the signature
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waveform, sk(t), assigned at receiver. Following (2.11) and (2.12), hk(t) is expressed
as

By taking all user signals and the channel noise into account, the signal observed at
receiver can be expressed as

where n(t) is a complex-valued AWGN process with zero-mean and variance

02.

A

signal diagram for DS-CDMA systems is presented in Fig. 2.3.
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Figure 2.3. Signal model for DS-CDMA systems.

2.3.2

Conventional Detection

In DS-CDMA systems, conventional detection is carried out by filtering the received
signal y(t) through a matched filter (MF) bank which consists of K filters, each
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matched t o a specific signature waveform. The filters' output is sampled a t the end
of each symbol period. The signals obtained represent the transmitted information
symbols and will be referred t o as soft-detected signals. If antipodal signals are transmitted, then binary values 1 or -1 are generated according t o the signs of the softdetected signals. The binary signals so obtained will be referred t o as hard-detected
information bits. Note that the outputs of the MF bank possess suficient statistics
for making an optimal detection [17].
A conventional detector for an asynchronous DS-CDMA system over AWGN channel is illustrated in Fig. 2.4. As can be seen, the ith soft-detected signal of user k
that is generated by the MF bank is given by

where

In (2.151, R[-11, R[O], and R[1] E C K x K are crosscorrelation matrices for asynchronous DS-CDMA systems with the (k, j)th element defined by
Rkj[n] = l I S k ( t - n ) S j ( t + n ~ b - r j )

dt f o r n E (-1,

0, 1)

(2.17)

From (2.17) it is easy t o see that R[-l] = RT[l]. The binary value produced by a
conventional detector for the ith information symbol of user k is given by

The MF outputs in (2.15) can be written in matrix form as
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b&lT E CKX1,A[i] = diag{Ai, A;,

E CKX1is a zero-mean Gaussian process

characterized by the crosscorrelation matrix
E [ ni njT ] =

o2R[i-j] f o r l i - j l 5 1
otherwise

Matched Filter Bank
Figure 2.4. Conventional detector for asynchronous DS-CDMA systems over
A W G N channels.
For synchronous DS-CDMA systems, the demodulation of a conventional detector
relies only on the received signal of the current symbol period. Thus, (2.19) can be
simplified t o

where Rkj= pkj = J,T~ s k ( t ) s j ( t )d t denotes the synchronous crosscorrelation of the
j t h and kth signature waveforms, b = [bl bl

---

bKIT is a vector whose elements
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nKIT is the zero-mean

Gaussian process for a synchronous system whose crosscorrelation matrix is E[nnT]=
a2R.

From the above analysis, we see that a conventional detector follows the same
detection strategy as that used for a single-user communication system. That is,
each branch of the MF bank detects the desired user signal by completely ignoring
the existence of interference. In other words, the information of other user signals is
not exploited t o help improve the performance. Obviously, the success of a conventional detector relies heavily on the crosscorrelations between the signature waveforms
sl(t), . . . ,sK(t). When the signature waveforms at the receiver are orthogonal t o each
other, multiuser interference (MUI) present in the received signal can be removed
completely by using a MF bank. In such a case, the performance of a conventional
detector is the same as that of a MF demodulator for a single-user communication
system.
If the signature waveforms are not orthogonal t o each other or the transmission is
not synchronous, then MU1 cannot be eliminated by the MF bank completely. Thus,
the accuracy of the soft-detected signals of a conventional detector will be affected
by the interference of other users. In this case, the so-called near-far problem (i.e.,
weak power signals are immersed by strong power signals) is very likely t o arise in
DS-CDMA systems, which may cause severe performance degradation. To alleviate
the near-far problem associated with conventional detectors, several effective methods have been developed that include power control methods and multiple antenna
methods.
Power control methods are widely used in current DS-CDMA systems. In these
methods, the transmission power of mobiles is adjusted such that the received signal
power of all users are approximately a t the same level to avoid severe MUI. In Interim
Standard 95, two power control approaches are adopted for reverse link DS-CDMA
systems. In the first approach, the signal transmission power of mobiles is adjusted
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based on the received signal power level without involving the operation of the base
station. This power control approach is called open-loop power control approach.
The other power control approach is called closed-loop power control approach where
the base station is much more involved relative t o the first approach.
In multiple antenna methods, an antenna array consisting of several antenna elements is designed with two objectives in mind, namely, t o separate signals of different
users based on the DOA information and t o provide spatial diversity t o combat deep
channel fading.
It is known that when the elements of an antenna array are located sufficiently
close t o each other (e.g., less than the wavelength of the radio signal), the beam pattern of the antenna array can be controlled by adjusting the beamforming combination
parameters. In mobile communication systems, the DOAs of different user signals are
usually different when mobile users are located in different areas. Thus the beam pattern of an antenna array can be adjusted such that the peaks and nulls of the beam
pattern are toward the signals of the desired user and interfering users, respectively.
By doing so, the MU1 in the received signal can be effectively suppressed, which helps
improve the demodulation performance of the conventional detector. Moreover, the
variation of DOAs of mobile users can be tracked by using adaptive beamforming
algorithms and thus this method is useful when mobile users are moving.
In some cases, it is required that adjacent elements of the antenna array be sufficiently separated (e.g., more than several wavelengths of radio signal). In such cases,
the propagation channels for the different antenna elements are relatively independent
of each other. Consequently, channel fading does not have the same effect on each
element of the antenna array and the probability that a mobile user will suffer deep
fading can be considerably reduced. Evidently, the demodulation performance of a
conventional detector equipped with such an antenna array can be improved. The
structure of a conventional detector for DS-CDMA systems using an antenna array
is illustrated in Fig. 2.5.
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Figure 2.5. Conventional detector for DS-CDMA system using an L-element an-

tenna array.
In frequency-selective fading channels, the received signal is composed of several
replicas of the transmitted signal traveling along with different propagation paths and
arriving at receiver with different delays. These replicas provide several essentially
independent observations of the transmitted signal a t the receiver. Evidently, it is
very unlikely that all replicas suffer deep channel fading.
The RAKE receiver was designed t o exploit the time diversity offered by multipath
propagation [16]. An Ad-branch RAKE receiver for DS-CDMA systems is depicted
in Fig. 2.6 where q,, is given by

~

k

= , a k m~ exp(-jOkm). It can be seen from Fig.

2.6 that the outputs generated by the RAKE receiver are given by
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where

denotes the received signal.

Figure 2.6. A n M-branch R A K E receiver for DS-CDMA systems over frequencyselective fading channels.
Note that the autocorrelation and crosscorrelation of the signature waveforms
may be increased due t o the uncertainty of propagation delay during transmission.
To maintain small autocorrelation and crosscorrelation of the delayed signature waveforms, pseudo-random signature sequences are preferred in order t o generate noiselike signature waveforms for DS-CDMA systems. Like the conventional detector, the
RAKE receiver also requires power control t o combat the near-far problem [16].
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Multiuser Detection

It is known that when the transmission channel is shared by a large number of equalpower users, the MU1 at the outputs of a conventional detector can be approximated
as a Gaussian random variable according t o the central limit theorem. Since an
MF demodulator is known t o offer optimal demodulation performance for a singleuser communication system over an AWGN channel, it has been assumed that a
conventional detector using a bank of MFs would offer near optimal demodulation
performance in a multiuser communication system. This argument, unfortunately,
is now considered t o be incorrect because it implicitly assumes that the detection of
one user signal relies on the output of the associated MF only. As will be shown,
although the outputs of the MF bank in a multiuser communication system provide
sufficient information for detecting all the user signals, the output of a single MF does
not provide sufficient information for detecting the signal of the associated user [17].
The objective of multiuser detection is t o identify the transmitted informat ion
from the received signal waveform y ( t ) . It has been shown in [17] and many references
therein that the performance of DS-CDMA systems can be significantly improved if
the signals of all the users are utilized t o identify the transmitted information bits.
This can be done by inserting immediately after the MF bank of a conventional detector a processor that implements multiuser detection algorithms. A generic multiuser
detector of this type for a synchronous DS-CDMA system is shown in Fig. 2.7.
On comparing the structure of the multiuser detector in Fig. 2.7 with that of
the conventional detector in Fig. 2.5, the sign operations in Fig. 2.5 are replaced
by multiuser detection algorithms in Fig. 2.7. In what follows, we examine several
linear and nonlinear detectors. This will help establish the necessary background
for multiuser detection and offer a basis on which several new multiuser detection
methods and detectors can be developed.
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Figure 2.7. Multiuser detector for synchronous DS- CDMA systems.

2.4.1

Maximum Likelihood Multiuser Detection

ML detection involves maximizing the joint a posteriori probability by selecting the
information-bearing waveform that is closest t o the observed waveform in terms of
Euclidean distance [17]. ML detection has been shown t o offer optimal performance
and is often used as a baseline for comparison of other multiuser detectors for DSCDMA systems [17].
In asynchronous DS-CDMA systems, due t o the interleaving of user signals, the
demodulation relies not only on the current symbol period of the received signal,
but also on the previous and subsequent symbol periods. Since this requirement has
t o be satisfied for detecting each symbol, ML detection for asynchronous DS-CDMA
systems requires observation of the entire frame of the received signal. Assuming that
the signal in each frame contains P symbols and using (2.19)) ML detection can be
carried out by solving the optimization problem
minimize xz?lx,
subject t o : x
where

i {I-}

= A R A , P = -2Ayp, and y p = [

+X

(2. 24a)

~ P

for i = 1 , 2 , . . . ,PK
( ~ l(y2)T
) ~

---

(2.24b)
is the MF outputs
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of the entire frame signal, A = diag{A[l], . . . ,A[P]}is the extended amplitude matrix,

(x,)~is the ith component of x,, and R denotes the extended crosscorrelation matrix
defined by

Since the constraints in (2.24b) are binary, the problem in (2.24) is a combinatorial
optimization problem whose solution requires computational complexity that grows
exponentially with the number of variables.
An algorithm or a hardware device is termed as an ML detector if it can be used t o
resolve the transmitted information bits via solving the problem in (2.24). Apparently
there are many implementation algorithms available for solving the problem in (2.24),
however, all these algorithms offer the same performance regardless of their specific
implementation details. In addition, it has been shown in [17] that the computational
complexity of all algorithms used for solving the problem in (2.24) grows exponentially
with the number of variables. In other words, the computational complexity of all

ML detectors grows exponentially with the number of users.
For synchronous systems, we have TI = 7-2 = . . = T~ in (2.15). In such a case, the
demodulation relies only on the user signals received in the current symbol period.
Hence, the ML detection problem in (2.24) can be simplified t o
minimize
subject t o : x

+ xTP

X ~ H X

c {I-}

for i = 1 , 2 , . . . ,K

(2. 25a)
(2.25b)

where xi denotes the ith entry of x, H = A R A , and p = -2Ay. This problem has
a similar structure as that of the ML detection problem in (2.24) except that the
number of variables is significantly reduced.
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The computational complexity of ML detection for asynchronous DS-CDMA systems can be considerably reduced by using the Viterbi algorithm which was originally
proposed for the decoding of convolutional codes [27]. By using this algorithm, the
problem in (2.24) can be divided into several subproblems each involving fewer variables than the original problem. This approach is called the forward dynamic programming approach [17]. Using the Viterbi algorithm, the computational complexity
for solving the problem in (2.24) is comparable with that required for the problem
in (2.25). It is important t o note that ML detection requires information about the
signature waveform and the received amplitude of all user signals. In addition, in
DS-CDMA systems over frequency-selective fading channel, complete information on
the channel impulse responses of all users is required for ML detection.

2.4.2

Linear Multiuser Detectors

In attempts t o reduce the computational complexity required by ML detection, several linear multiuser detection approaches that offer good demodulation performance
relative t o conventional detector but with much reduced computational complexity
relative t o ML detection have been proposed. In these schemes, a linear transformation is applied between the outputs of the MF and the decision making devices. Once
the linear transformation is determined, it can be used until the system parameters
such as signature waveforms, noise level, or the amplitudes are significantly changed.
Because the signature waveforms of all users are usually known a t the base station,
linear multiuser detectors are especially useful in forward link DS-CDMA systems.
Linear multiuser detectors can be derived based on two types of signal models.
The first model is symbol-rate based and it is represented by (2.19) for asynchronous
and by (2.21) for synchronous systems. The second model is chip-rate based where
a chip-waveform MF (also called chip MF ) is used a t the front end of the receiver
followed by a sampler, both operated a t chip rate. In the latter case, linear detectors
can be implemented by applying linear transformations t o the outputs of the chip
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MFs directly. For a synchronous DS-CDMA system over an AWGN channel, the
output of the chip-rate sampler can be written as
r = SAb

+ n,

(2.26)

where r denotes the discrete-time signal generated by the chip-rate sampler a t the
receiver, S = [sl s2

---

sK]with sk being the signature code for user K, and n,

is a vector of white Gaussian noise variables with zero-mean and covariance matrix
E(n,n?) = a21.
It is easy t o see that (2.21) and (2.26) are related by y = STr, which implies
that conventional detectors can be implemented based on the chip-rate MF followed
by the linear transformation. Following this idea, linear multiuser detectors can be
implemented in a decentralized form where the matrix S used for a conventional
detector is replaced by a specific linear transformation.
2.4.2.1

Decorrelating D e t e c t o r

In a decorrelating detector, the information bits are detected based on the transformed
outputs given by [28, 301

Note that each component of bd is composed of the decoupled user signal plus a noise
term. In other words, the MU1 present in the received signal is completely removed
by the transformation R-l. In fact, it can be shown that this linear transformation
projects the received signal onto the signal space orthogonal t o the signatures of
all other users. For this reason, a decorrelating detector achieves optimal near-far
resistance [28].
The performance of a decorrelating detector is much better relative t o that of a
conventional detector when the noise level is not significant. In addition, since the
amplitude information of all users is not required in (2.27), the system complexity
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of the decorrelating detector is reduced relative t o that of an ML detector. One
disadvantage associated with the decorrelating detector is that the enhanced noise
term in (2.27) may significantly degrade the performance when the SNR of the channel
is very low.
Next we examine the optimization aspects of the decorrelating detector. By neglecting the constraints in (2.25b), the combinatorial optimization problem in (2.25)
becomes an unconstrained quadratic minimization problem given by
minimize

+ xTP

X~HX

(2.28)

where vector x can assume real continuous values. Since matrix H is positive definite,
the objective function in (2.28) is globally convex, and the problem in (2.28) has a
closed-form solution given by

It is easy t o show that the information bits determined based on (2.29) are exactly the
same as those in (2.27). This implies that decorrelating detector can be implemented
by solving the unconstrained optimization problem in (2.28) which is obtained from
the combinatorial problem in (2.25) by removing the constraints.
In the optimization literature, a problem obtained by removing certain constraints
from a constrained optimization problem or replacing them with less restrictive ones
is termed a relaxation of the original problem. In general, the solution of a relaxation
problem can be suboptimal with respect t o the solution of the original problem at
best. Depending on which constraints are removed or how they are replaced, different
relaxations lead t o different suboptimal solutions.
Using the chip-rate signal model in (2.26), the decorrelating detector can be
achieved as

6 = sign ( R - ' ~ )= sign [(sTs)-'sTr]
= sign

( ~ +b~ t n , )
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where S t = (STS)-'ST denotes the pseudo-inverse of matrix S. From (2.30) we
see that the linear transformation used in the decentralized implementation of the
decorrelating detector is St.
2.4.2.2

MMSE Detector

The transformation used in MMSE (LMMSE) detection is determined by minimizing
the minimum-square-error (MSE) between the known binary information bits and the
transformed outputs [32, 331, i.e.,
minimize E[llb - MY1 12]

(2.31)

It can be shown that the matrix that solves the above minimization problem also
achieves the maximum signal-to-interference-plus-noise ratio (SINR) [33]. The closedform solution of this problem is given by

Hence, the information bits determined by the LMMSE detector are given by

b,

= sign

[(R+ o2- A - ~ ) - ' ~ ]

(2.33)

In contrast t o the decorrelating detector where only the effect of MU1 is considered,
the LMMSE detector seeks t o satisfy the requirement of MU1 suppression without
significantly enhancing the noise term. In fact, when the channel noise is negligible
(a2

-+ O), the

linear transformation M becomes asymptotically the same as that

used for decorrelating detection. When the channel noise is very strong, however,
the linear transformation degenerates t o the identity matrix so that the information
bits determined by the LMMSE detector are the same as those determined by a
conventional detector.
MMSE detection can be implemented in a decentralized form with a linear transformation matrix given by
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It can be shown that the kth row of Md is the solution of the following minimization
problem
minimize E[J1 bk - mlr 1 12]

(2.35)

The above problem can be solved by using adaptation algorithms if a training sequence is available at the receiver [34]. Adaptive MMSE multiuser detector has been
studied in [36, 37, 381. The implementation of an adaptive MMSE detector is carried
out in two time periods: the first one is called training period where the detection
vector is obtained with the help of training sequence, and the second one is called

detection period where the detection vector is kept invariant t o determine transmitted
information bits. When system conditions such as signature waveforms or channel
conditions are changed, the training period is performed again t o track the variations.
Since the implementation of an adaptive MMSE detector does not require any
information except training sequences, the required system complexity is lower than
that for the decorrelating and LMMSE detector. A disadvantage of the adaptive
MMSE detector is that the transmission efficiency or the system capacity is reduced
by the use of training sequences. The capacity reduction becomes more severe when
channel conditions are changing rapidly. To improve the transmission efficiency, some
fast tracking adaptation algorithms such as the recursive-least-square (RLS) algorithm may be useful at the cost of more computation.
Next we compare the LMMSE detection with ML detection. Notice that the
combinatorial problem in (2.25) is equivalent t o
minimize
subject t o : xi
where

a!

+ xTp+ a! - K

X ~ H X

{ - I

for i = 1 , 2 , . . ., K

(2.36a)
(2.3613)

is a positive scalar. Since the constraints in (2.36b) imply that xTx = K,
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the problem in (2.36) is equivalent t o
minimize

+ xTP + a - xTx

X ~ H X

subject t o : x E { I - }

f o r i = 1 , 2 ,..., K

(2.37b)

By removing the constraint in (2.37b), the above combinatorial problem can be relaxed into an unconstrained optimization given by
minimize xT (H + a - I) x

+ xTP

The closed-form solution of the problem in (2.38) is given by

It is easy t o show that if a is selected as the value of noise variance, i.e., a = 02,the
information bits determined based on (2.39) is the same as that determined based on
(2.33).
2.4.2.3

Blind Detection

In downlink DS-CDMA systems, the receivers at mobile stations only have information about the signature waveform of the user of interest. Hence, the complete
crosscorrelation matrix is not available a t mobile receivers. In such a case, decorrelating and LMMSE detectors are not useful. Blind detection is a class of approaches
that primarily attempt t o provide multiuser detection at mobile receivers.
An early blind detector is constrained minimal output energy (CMOE) detector,
which was developed by Honig et al. based on the CMOE criterion [35]. The linear transformation employed in the CMOE detector is determined by minimizing the
mean energy of the transformed output under the constraint that the signal component of the desired user after the linear transformation is fixed, i.e.,
minimize E[llw T rll 2]
subject t o : w T si = 1
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where r is the output of a chip-rate MF defined in (2.26) and si denotes the signature
sequence of the interested user. A study presented in [35] shows that the performance
of the CMOE detector is the same as that of the LMMSE detector. An adaptive implementation of the CMOE detector without using a training sequence was proposed
in 1351. Consequently, the transmission efficiency of the adaptive CMOE detector in
[35] is higher than that of an adaptive MMSE detector. Compared with the conventional MF detector, the CMOE detector offers significantly improved performance
without requiring extra information during implementation. Therefore, this detector
has received a great deal of attention since it was proposed.
In a frequency-selective fading channel, multipath propagation often causes the
effective user signatures observed a t receiver t o be different from the ones assigned at
transmitters. Simulation results presented in [35] have shown that the performance of
the CMOE detector degrades significantly in frequency-selective fading channel due
t o signature distortion. For this reason, the applications of the CMOE detector is
limited t o DS-CDMA systems over frequency-selective fading channels. One possible
remedy t o solve this problem is t o first estimate the impulse responses of the unknown
multipath channels and then t o estimate the effective user signatures for CMOE
detection. This idea has been pursued by several authors using subspace methods
[40, 411 and constrained optimization methods [42, 43, 441. In what follows, we will
briefly review these two methods.
We first describe a discrete-time signal model for frequency-selective fading channels. At receiver, the demodulation begins by passing the received signal waveform
y(t) in (2.14) through a chip-rate MF which generates M samples in each chip duration. The discrete-time signal after the chip-rate MF can be expressed as

~ ,(n) = yk (t)I ~ = ~ T ~and
/ M ,nc(n) = n(t) lt=nT,/M
where y(n) = ~ ( tl t)= n ~ b lyk
the discrete-time versions of y (t), yn(t), and n(t) in (2.14), respectively. Defining
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as the discrete-time counterparts of

gk(t) and hk(t) in (2.12) and (2.13), we have

Without loss of generality, it is assumed that (i) the impulse responses of the multipath channel for all users are of finite duration with lengths no greater than q; (ii)
the first user is the desired user t o which the receiver is synchronized; and (iii) dk > 0
for k = 2, 3, . . . , K. In the special case where M = 1 (one sample per chip duration), hk(n) in (2.43) becomes the linear convolution of sk(n) and gk(n). By collecting
y(iN

+ I ) , y ( i N + 2), - - - , and y ( i N + N + q - 1) into a vector y(i), it can be shown

that

where S1 is a Toeplitz matrix given by

The first term a t the right-hand side of (2.44a) represents the signal of the desired user of the current symbol period with gl = [gl(l) g1(2)
hl,0

---

gl(q)]T and

= Slgl being the channel impulse response and effective signature of user one,

respectively. The second term in (2.44a) represents all interference which includes
the signal of the desired user of the preceding and following symbol periods and
the signal of the interference users. H and b(i) can be written more explicitly as
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for k = 2, . . . , K. A is a matrix of amplitudes corresponding t o the information bits
in b(i). The last term in (2.44), nc(i),is a vector of zero-mean white Gaussian noise
variables with variance o2
The objective of the following two methods is t o estimate the channel impulse
response gl for the first user from y(i) without the knowledge of interfering user
signals. Then the effective signature hl,0 can be computed for the CMOE detector in
(2.40).

Subspace Methods
Several subspace methods [40, 411 have been proposed for the estimation of the
channel impulse response gl and the corresponding detection vector wl using the
eigen-decomposition (ED) of the correlation matrix R which is defined as

The ED of matrix R can be expressed as

where [U,Un] is a unitary matrix, the columns of Us and U, generate the signal and
noise subspaces, respectively, and A, = diag{Al, . . . , At) with

being the dimension
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of the signal space. Because the signature vector of the first user, hl,, is in the signal
subspace which is orthogonal t o the noise subspace, we have

By rewriting (2.47) as

we observe that the eigenvectors in U, are associated with the least eigenvalues which
equal the noise variance a2.
In practice, matrix R is not available but can be approximated by its moving

average estimation based on the J most recent observations as

and equation (2.48) becomes

where

unis the counterpart of U,

obtained by the decomposition of R. Because of

the approximation error introduced in (2.50), it is very likely that a nonzero vector

gl satisfying (2.51) does not exist [41]. A remedy for this problem is t o compute an
approximate solution of (2.51) by solving the following optimization problem
H H A
minimize g1
S, U , U ~ S ~ ~ ~

subject to: llglll = 1
The solution g: of the problem in (2.52) is the eigenvector corresponding t o the least

S ~ Once g; is obtained, the detection vector for the
eigenvalue of S ~ U , U ~[41].

CMOE detector can be obtained in closed-form as
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Constrained Optimization Method
In the constrained optimization method proposed in [42], the impulse response
gl of the multipath channel and the detection vector for the CMOE detector w l are
obtained as the solution of the constrained minimax problem
maximize minimize
€3

wfRwl

(2.54a)

WI

(2.54b)

subject to: s p w l = g l

lk11/2= 1

(2.54~)

where R is the data correlation matrix defined in (2.46). In (2.54), the energy of
the transformed output is minimized in terms of wl and maximized in terms of
g l , respectively. The minimization problem can be solved by using the Lagrange
multiplier method t o obtain
W;

(gl) = R - ~ (SS~H R - ~ S ~ ) - ~ ~ ~

(2.55)

where w; depends on gl. Using (2.55), it can be shown that the problem in (2.54) is
equivalent t o
maximize gf

(s~R-Is1)
-Igl

(2.56a)

g~

subject to:

1 lgll l2

(2.5613)

=1

The solution gl of the problem in (2.56) is the eigenvector of s

~ R -corresponding
~s~

t o the least eigenvalue. Hence, the problem in (2.56) is equivalent t o
minimize g

f ~ f ~ - l ~ l g l

gl

subject to:
where matrix R-' has been replaced by

llg1112 =

R-I

1

(2.57b)
(2.57~)

defined in (2.50). Once the solution of

the problem in (2.57) is obtained, the detection vector for the CMOE detector can
be computed using (2.53). Adaptive implementations of the constrained optimization
method have been proposed in [44].
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Nonlinear Multiuser Detectors

Besides the linear multiuser detectors described above, nonlinear methods are also
very popular for multiuser detection. Early nonlinear detectors are decision-aided
methods in which final or tentative decisions on the bits of interfering users are
employed t o help improve the demodulation of the information bit of interest. Popular nonlinear multiuser detectors include multistage detectors 155, 56, 851, successive
interference cancellation (SIC) detectors [45, 46, 51, 521, parallel interference cancellation (PIC) detectors [53, 541, and decision-feedback detectors [57, 581. Compared
with linear multiuser detectors, decision-aided nonlinear detectors are often computationally less involved and suitable for DS-CDMA systems using long signature codes.
However, the performance of decision-aided detectors depends largely on the accuracy
of initial decisions.
During the past five years, several nonlinear multiuser detectors have been developed by relaxing the ML detection problem into various optimization problems that
can be solved more efficiently. The detectors so obtained are referred t o as suboptimal

ML detectors since they offer suboptimal performance only relative to Verdh's ML
detection method. Well-known suboptimal ML detectors include generalized MMSE
(GMMSE) [59,60], bound-constraint (BC) [59, 60,621, and semidefinite programming
relaxation (SDPR) detectors [62, 63, 64, 841.
2.4.3.1

Generalized MMSE Detector

The binary constraints associated with the ML detection problem in (2.2513) imply
that xTx = K, which refers to the sphere of a K - dimensional ball centered at the
origin with radius

a.
If we extend the feasible region to the entire ball, then the

problem in (2.25) is relaxed into the problem
minimize

+ xTp
xTx < K

X ~ H X

subject to :
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Note that the problem in (2.58) is t o minimize a convex objective function over a
convex region and, therefore, it is a convex programming problem that has a unique
global solution. The dual problem of (2.58) is given by
maximize

-

1

+

z P T ( ~ X - l)-lp- X - K

subject t o : X

20

(2.59b)

where X is the Lagrange multiplier associated with the constraint in (2.58b) and I
denotes the identity matrix. Since the variable of the problem in (2.59) is a scalar,
the solution of this problem can be obtained very efficiently by using gradient-based
algorithms. If we denote the solution of (2.59) as A*, then the solution of the problem
in (2.58) is given by

A system that can resolve the information bits by solving the optimization problem
in (2.58) is referred t o as a generalized MMSE (GMMSE) detector. It can be shown
that when A* assumes the value of a2,the GMMSE detector becomes the LMMSE
detector. It has been found that the GMMSE detector offers comparable demodulation performance relative t o the LMMSE detector but requires a larger amount of
computation. However, since a2 is not involved in (2.60), the GMMSE detector does
not require the estimation of channel noise for detecion. On the other hand, it can
be shown that when A* assumes the values of 0 or a sufficient large positive scalar,
the GMMSE detector becomes the decorrelating or conventional matched-filter (MF)
detector, respectively. In other words, the decorrelating detector, the LMMSE detector, and the conventional MF detector can be viewed as special cases of the GMMSE
detector.

2.4.3.2

Bound-Constrained Detector

The constraints in (2.25b) imply that -1 5 xi

5 1 for i = 1, 2, . . . , K. Hence the

ML detection problem in (2.25) can be relaxed into the bound-constrained optimiza-
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tion problem
minimize
subject t o :

-

+ xTp

X~HX

1 5 xi 5 1 for i = 1, 2,. . . ,K

(2.61a)
(2.61b)

The feasible region defined by (2.61b) is the unit hypercube centered a t the origin.
Since the constraints in (2.61b) are linear, the problem in (2.61) is a convex quadratic
programming (CQP) problem, which can be solved by using many efficient Q P algorithms described in [94, 95, 961. It has been pointed out in [59, 601 that this problem
can be solved much more efficiently by using the nonlinear Gaussian-Seidel and Jacobi
algorithms which can be implemented in an interference cancellation framework.
It is easy t o see that the optimization problem in (2.58) can be obtained by relaxing
the optimization problem in (2.61). Therefore, the BC detector is expected t o offer
superior performance relative t o that of the GMMSE detector. The dual problem
associated with the problem in (2.61) is given by
maximize

where e = [I 1 -

-

1

1IT,X = [A1 X2

+

- p T [ ~ diag(X)]-lp - eTX
4
subject t o : X 2 0

-

-

(2.62a)
(2.6213)

XKIT with Xi denoting the Lagrange multiplier

associated with the it h constraint in (2.61b), and diag(X) is the diagonal matrix with

Xi being the ith diagonal component. Note that the solutions of the problems in
(2.61) and (2.62) can be related t o each other by

2.5

Conclusion

The characteristics, classification, and basic models of mobile communication channels
have been examined and several signal models for DS-CDMA systems, conventional
detectors, as well as the RAKE receiver have been described. The chapter has also
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reviewed several important multiuser detectors for DS-CDMA systems over AWGN
and frequency-selective fading channels.

Chapter 3
New Suboptimal ML Detectors
Based on Semidefinite
Programming Relaxat ion

3.1

Introduction

Recent research on multiuser detection has shown that suboptimal nultiuser detection
can be achieved by converting the combinatorial problem associated with maximum
likelihood (ML) detection into other types of optimization problems. Compared with
the original ML detection problem, these new optimization problems involve continuous feasible regions and can be solved by algorithms whose computational complexity
is of polynomial order with respect to the number of users. Since detectors so obtained
offer suboptimal performance relative t o ML detectors, these detectors are referred to
as suboptimal ML detectors. An early suboptimal ML detector is the decorrelating detector proposed in [28] where the binary constraints of the ML detection problem are
completely removed in order t o convert the combinatorial optimization problem into
an unconstrained optimization problem. Other suboptimal detectors were proposed
in the past several years [59, 601.
In this chapter, a semidefinite-programming (SDP) based suboptimal ML detector
for DS-CDMA systems is proposed. It is shown that the maximization associated with
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the ML detection problem can be carried out by 'relaxing7 the associated combinatorial programming problem into an SDP problem where both the objective function
and constraint functions are convex functions of continuous variables. This leads t o
a suboptimal ML detector whose computational complexity is of polynomial order
with respect t o the number of users. This will be referred t o as the primal SDP
relaxation-based detector. Computer simulations are presented which demonstrate
that the proposed detector offers near-optimal performance for both synchronous and
asynchronous DS-CDMA systems as well as a significantly reduced computational
complexity compared with that associated with the ML detection method proposed
in [20]. Comparisons with some other known detectors, such as the conventional
matched filter (MF), decorrelating, and linear MMSE (LMMSE) detectors, are also
presented.
Next, we propose an efficient dual algorithm t o solve the SDP problem in three
steps. First, the primal SDP problem is converted into a dual problem based on the
concept of duality. Then the dual SDP problem is solved using the projective method

[61] which leads t o improved efficiency due t o the reduced number of variables. Then,
the solution of the primal SDP problem is expressed in terms of the solution of the
dual SDP problem based on the Karush-Kuhn-Tucker (KKT) conditions and the
central path concept. The dual algorithm obtained leads t o a new detector which
will be referred t o as the dual SDP relaxation-based detector. Computer simulations
are presented which demonstrate that the proposed dual algorithm solves the SDP
problem efficiently without impairing the demodulation performance. Note that the
signal model used can be found in Sec. 2.4.1.
The chapter is organized as follows. In Sec. 3.2, the primal SDP relaxationbased algorithm is developed. In Sec. 3.3, the dual SDP relaxation-based algorithm
is deduced. Computer simulation results are presented in Sec. 3.4, and the main
conclusions are summarized in Sec. 3.5.
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New Multiuser Detector Based on SDP Relaxat ion

In this section, the SDP relaxation approach is first described and then applied to
multiuser detection for both synchronous and asynchronous DS-CDMA systems. The
optimality issue of the proposed detector is also addressed.

3.2.1

Semidefinite Programming

SDP is a class of mathematical methods for the solution of optimization problems
where the objective function is linear and the constraints are linear matrix inequalities.
A typical SDP problem formulation is given by
minimize cTx
subject to: F ( x ) = Fo+

(3.la)
n

x i ~ 2-i 0

(3.l b )

i=l

where x =

[XI 2 2

--

x,IT denotes the variable vector, c E RnX', Fi E RmXmfor

0 5 i 5 n are symmetric matrices and (3.lb) is a linear matrix inequality (LMI). The
notation F(x)

0 denotes that matrix F(x) is positive semidefinite.

Many important analysis and design problems in engineering can be formulated as
SDP problems [71], and efficient interior-point optimization algorithms and software
for SDP have been developed in the past several years [72]-[74].

3.2.2

SDP Relaxation of MAX-CUT Problem

The MAX-CUT problem is a well-known combinatorial problem in graph theory. It
can be formulated as [75]
maximize

12 xi <xj wil(l

subject to : x i 1 1

- xixj)

for 1 5 i 5 n

(3.2a)
(3.2b)
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where wij are the weights associated with a graph. The constraints in (3.2b) can be
expressed as xf = 1 for 1
for 1

< i < n. If W = { w i j ) is a symmetric matrix with wii = 0

< i < n, then the objective function in (3.2a) can be expressed as

where tr(-) denotes the trace of the matrix and X = xxT with x = [xl x2

---

x,IT.

Therefore, the optimization problem in (3.2) can be converted into
minimize t r ( W X )
subject to: X = xxT

xii = 1 for 1 I: i 5 n
where xii denotes the ith diagonal element of X . Since the set of matrices
{ X : X = xxT with xii = 1 for 1

< i 5 n)

(3.5)

can also be represented by

the problem in (3.4) is equivalent to
minimize t r ( W X )
subject t o : X

0

xii = 1 for 1 I: i _< n
rank(X) = 1
In [75], Geomans and Williamson proposed a relaxation of the above problem by
removing the rank constraint in (3.7d) which leads to
minimize t r ( W X )
subject t o : X
Xii

0
= 1 for 1

<i5n
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Note that the objective function in (3.8a) is a linear function of X and the constraints
in (3.8b) and ( 3 . 8 ~ can
) be combined into an LMI as

where, for each

(2,

j) with i

> j, F i j is a symmetric matrix with its (i, j j t h

and (j, i)th

entries being ones and all the remaining entries being zeros. Therefore, the problem
in (3.8) fits into the formulation in (3.1) and, therefore, is an SDP problem. For
this reason, the problem in (3.8) is known as an SDP relaxation of the combinatorial
problem in (3.4) and, equivalently, of the problem in (3.7).
If we denote the minimum value of the objective function in problems (3.4) and
(3.8) as p* and v*, respectively, then since the feasible region of the problem in (3.4)
is a subset of the feasible region in problem in (3.81, we have v* 5 p*. Furthermore, it
has been shown in [76] that if the weights wij are all nonnegative, then v* 2 0.87856p*.
In other words, we have

This indicates that the solution of the SDP problem in (3.8) is, in general, a good
approximation of the solution of the problem in (3.4). It is the good quality of the
approximation in conjunction with reduced computational complexity of SDP that
makes the Geomans-Williamson SDP relaxation an attractive optimization tool for
combinatorial minimization problems. As a matter of fact, the Geomans-Williamson
SDP relaxation has found many applications in graph optimization, network management, and scheduling [71, 741 since it was proposed in [75]. In what follows, we
propose a new multiuser detector based on SDP relaxation.
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Primal SDP-Relaxation Based Detector

We first apply the SDPR relaxation approach in multiuser detection for synchronous
systems and then for asynchronous systems. For this purposes, we define two matrices

By noting that t r ( A B ) = tr(BA), the objective function of the ML detection problem

in (2.25a) can be expressed as

Using an argument similar t o that in Sec. 3.2.2, the constraints in (2.2513) can be
converted into

xkO, hii=l
rank

(x)

for1siSK

=1

where hii denotes the ith diagonal element of X. By removing the rank constraint in
(3.13b), we obtain an SDP relaxation of the ML detection problem in (2.25) as

subject to:

minimize t r ( ~ ~ )

(3.14a)

xk0

(3.14b)

& = 1 for i = 1 , 2 , . - - , K + l

(3.14~)

An algorithm or hardware system used for resolving the transmitted information bits
by solving the problem in (3.14) is a suboptimal ML detector since its performance is
suboptimal with respect t o that of an ML detector based on Verdh's approach. Since
the problem in (3.14) is obtained by using the SDP relaxation (SDPR) approach,
the suboptimal ML detector so obtained will be referred t o as an SDPR detector
hereafter.
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For asynchronous systems, we apply the SDP relaxation approach t o the ML
detection problem in (2.24) in the same way, which leads t o
(3.15a)

minimize t r ( c a X a )
subject to: X,

(3.15b)

0

i a i i = l for i = 1, 2,

..., P K + 1

(3.15~)

where

denotes the ith diagonal element of
and iaii

x,. Note that although the SDP problems

in (3.14) and (3.15) have identical structure, the sizes of these problems in terms of
the number of variables involved are significantly different: the problem in (3.14) has

K(K + 1)/2 variables whereas that in (3.15) has PK(PK + 1)/2 variables.
Since 3C in (3.16) is a band-limited matrix, the solution of the problem in (3.15)
can be approximated by using dynamic programming (DP) approaches [I71. Through
one of these approaches, the problem in (3.15) can be divided into a number of subproblems each of which involves a significantly reduced number of variables relative t o
the problem in (3.15). By doing so, the amount of computation required for solving
the problem in (3.15) can be significantly reduced.

3.2.4

Binary Solution

The variables in the optimization problem in (2.24) and (2.25) assume only values of

1 or -1 whereas the variable X in the SDP problem (3.14) assumes continuous values.
In what follows, we describe two approaches that can be used t o generate a binary
solution for the problems in (2.25) based on the solution

x of the SDP problem in

(3.14). Note that the same methods can be applied t o generate a binary solution for
(2.25) based on the solution of (3.15).
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Let the solution of (3.14) be denoted as x*. It follows from (3.11) that X* is a
(K

+ 1) x ( K + 1) symmetric matrix of the form

with

( 2 ) = 1 for

i = 1, 2) . . . K.
)

(3.18)

In view of the structure of (3.17)) the first approach is simply to apply operator sgn(.)
to x* in (3.17), i.e.,

b = sgn [ ~ ' ( l: K, K + I)]

(3.19)

l K + 1) denotes the vector formed by using the first K entries in the
where ~ * :(K,

last column of x*.
At the cost of more computations, a better binary solution can be obtained using
the eigen-decomposition of matrix

x*,

i.e.,

where U is an orthogonal matrix and S is a diagonal matrix with the eigenvalues
of X* on its diagonal in decreasing order [77, 781. It is well known that an optimal
rank-one approximation of X* in the Snorm sense is given by XluluT, where X1 is
the largest eigenvalue of X* and u l is the eigenvector associated with X1 [77]. If we
denote the vector formed by using the first K entries of ul as ii, and the last entry
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then the optimal rank-one approximation of X* can be written as

+ ~X1. > 0, upon comparing (3.22) with (3.17) we see that
where 5i1= i i / ~ ~Since
vector 5il is a reasonable approximation of x*. Therefore, a binary solution of the
problem in (2.25) can be generated as

Note that many efficient and reliable algorithms are available in the literature for
computing the eigenvector associated with the largest eigenvalue of X* [77] -[80].
An algorithm based on the above approach is said t o be a primal algorithm since
it solves the problem a t hand directly as opposed t o the algorithm proposed in Sec.
3.3 which solves the so-called dual version of the problem. A multiuser detector based
on the primal algorithm described will be referred t o as the primal SDPR (PSDPR)
detector.

3.2.5

Optimality of Solution

Because of the use of relaxation, the PSDPR detector is, in theory, suboptimal. As
mentioned in Sec. 3.2.2, the SDP relaxation of the MAX-CUT problem yields a good
suboptimal solution. However, there are two important differences between the SDP
problems in (3.8) and (3.14): the diagonal entries of W in (3.8) are all zero while
those of C in (3.14) are all strictly positive; and the off-diagonal entries in W are nonnegative whereas matrix C may assume negative off-diagonal entries. Consequently,
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the bounds in (3.8) do not hold in general for the SDP problem in (3.14). As will be
demonstrated by our simulations, however, the demodulation performance achieved
in SDPR detector is comparable with that offered by the ML detector.

3.3

Dual SDP-Relaxation Based Detector

Although interior-point algorithms [72, 741 can be applied t o the SDP problem at
hand and their computational complexity increases in a non-exponential manner with
respect t o the number of users, numerical difficulties may arise in solving the SDP
problem because of the large number of variables involved even for the detection of
a moderate number of users. For example, if K = 20, the dimension of vector x in
(3.14) is 20 and the number of variables in

x becomes K(K + 1)/2 = 210; and for an

asynchronous system with K = 20 and P = 4, the SDP problem in (3.15) involves
3240 variables.
In this section, we present a new and more efficient algorithm that can be used
t o obtain a solution of the SDP problem a t hand. The proposed method entails two
steps, as follows: First, the so-called dual of the SDP problem a t hand is solved
[72, 791 and, second, the solution obtained for the dual problem is converted into the
solution of the primal SDP problem.
The SDP relaxation problem in (3.14) can be expressed as

subject to:

minimize t r ( ~ ~ )

(3.24a)

x

(3.2413)

0

t r ( ~ =~1 ~for) i = 1, . . . ,K

+1

(3.24~)

where matrix Ai is a diagonal matrix whose diagonal entries are all zeros except the
ith entry which is one. It follows from [74, 811 that the dual of the problem in (3.24)
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is given by
minimize

- bTy

(3.25a)

K+1

subject to: S = C

yiAi

-

(3.25b)

i= 1

SkO
where y = [yl

(3.25~)

. . . yK+1IT and b = [I . 1ITE c ( ~ + ' ) ~ 'Note
.
that the dual problem

in (3.25) involves only K +1 variables and it can be solved efficiently by using interiorpoint algorithms such as the projective method proposed by Nemirovskii and Gahinet
[61]. This method has been implemented in the MATLAB LMI toolbox and has been
applied for the solution of a variety of SDP problems [73].
In order to obtain the solution of the primal SDP problem in (3.24), the KKT
conditions for the solutions of the problems in (3.24) and (3.25) need to be examined.
The KKT conditions state that {x*, y*} solves the problems in (3.24) and (3.25) if
and only if they satisfy the conditions

i d

t r ( ~ i X *=
) 1 for i = 1, . . . ,K

X*

0 and S*

0

+1

(3.2613)

(3.26d)

From (3.26a), we have

Since the solution y* is typically obtained by using an iterative algorithm (such as
the projective algorithm proposed by Nemirovskii and Gahinet), y* can be a good
approximate solution of (3.26) at best, which means that y* is in the interior of the
feasible region. Consequently, matrix S* remains positive definite. Therefore, the set
{ y * S*, x*)

can be regarded as a point in the feasible region that is sufficiently
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close to the limiting point of the central path for the problems in (3.24) and (3.25).
Recall that the central path is defined as a parameterized set {y ( r ) , S ( r ) , ~ ( 7 for
)
r

> 0) that satisfies the modified KKT conditions [74]

~ T ( A ~ X ( T=) )1 for i = l 7 . . . K

+1

~ ( r ) 0 and S(r) t 0
The relation between equations (3.27) and (3.28) becomes apparent as one realizes
that the entire central path defined by (3.28) lies in the interior of the feasible region
and as r

-+

0, the path converges t o a solution set {y*, S*, x*) that satisfies (3.26).

From ( 3 . 2 8 ~ it
) ~follows that

which suggests an approximate solution for the problem in (3.26) as

In (3.30), r is a sufficiently small constant such that r > 0 and S* is given by (3.27).
In order for matrix

x in (3.30) t o satisfy the equality constraints in ( 3 . 2 4 ~ x) ~needs

t o be slightly modified by using a scaling matrix IT, i.e.,

where

and ti is the ith diagonal entry of (S*)-l. In (3.31a), we have pre- and post-multiplied

(S*)-' by

n t o ensure that matrix X* remains symmetric and positive

definite. It is
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worth noting that by imposing the equality constraints in ( 3 . 2 4 ~on
) X, the parameter

r in (3.30) is incorporated in the scaling matrix H.
Based on above discussions, an approximate solution

x of the SDP problem in

(3.24) can be computed through the following steps:
Form matrix C using (3.11).

(i)

(ii) Solve the dual SDP problem in (3.25) and denote its solution as y*.
(iii) Compute S* using (3.27).
(iv) Compute X* using (3.31).
(v) Compute b using (3.19) or (3.23).
Two remarks can be made pertaining t o the computational complexity of the
proposed algorithm and the accuracy of the solution obtained. To a large extent the
computational complexity of our algorithm is determined by steps (ii) and (iv) where
a (K

+ 1)-variable SDP problem is solved and a (K + 1) x (K + 1) positive definite

matrix is inverted, respectively. Compared t o the computations required to directly
solve the K(K

+ 1)/2-variable SDP problem in (3.24), the new method reduces the

computational complexity by a considerable amount. Concerning the accuracy of the
solution, we note that it is the binary solution that determines the performance of
the multiuser detector. Since the binary solution is the result of the sign operation
(see (3.19) and (3.23)), the approximation introduced in (3.31) is expected t o have

a negligible effect on the accuracy of the solution. An implementation of the above
algorithm will be referred t o as the dual SDP relaxation (DSDPR) detector hereafter.
The use of semidefinite programming was also explored recently in [62] and [64].
In both articles, it has been shown that when the number of users or the crosscorrelations of signature waveforms is increased in DS-CDMA systems, the MU1 present
in the received signal can be significant, which leads t o observable degradation in the
performance of the detector based on the primal SDP relaxation. In such a case,
although PSDPR detectors can still offer much better demodulation performance relative t o other suboptimal detectors, their performance is not as good as that of an
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ML detector.

3.4

Simulation Results

Computer simulations were carried out t o evaluate the performance of the proposed
SDPR detectors in terms of bit-error rate (BER) and computational complexity, and
t o compare them with the conventional MF, decorrelating, and LMMSE detectors
as well as with a detector based on Verdh's ML detection method which will be
referred t o hereafter as the ML detector. In this detector, detection is achieved by
calculating the objective function in (2.25a) 2K times and selecting the combination
of the information bits that yields the lowest value of the objective function.
The PSDPR and DSDPR detectors were implemented using the MATLAB LMI
control toolbox [73]. Since the ultimate goal of multiuser detection is t o estimate
the binary-valued information vector b, a fairly large convergence tolerance

E

=

was used in order t o keep the number of iterations, and hence the computational
complexity, low. In addition, an upper bound Ku = 5 was imposed on the number of
iterations. In our simulations, lo5 runs were performed t o evaluate the average BER
performance for each of PSDPR, DSDPR, conventional MF, decorrelating, LMMSE,
and ML detectors.
In the first simulation, a six-user synchronous system with AWGN channel using
15-chip Gold sequences for signatures was considered. The received signal powers of
the six users were set t o 5, 3, 1.8, 0.6, 0.3, and 0.2. The last user with power 0.2
was designated as the desired one. The average BERs versus SNR for the PSDPR,
DSDPR, decorrelating, LMMSE, and ML detectors are plotted in Fig. 3.1.
The second simulation concerned an eight-user synchronous system in a frequencyflat Rayleigh fading channel. The user signatures were the same as those in the first
simulation and the received signal power of the eight users were set t o 5, 3, 1.8, 1, 0.6,
0.3, 0.2 and 0.1. The fourth user, the one with unity power, was designated as the
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desired user. The coherent time of the fading channel was set t o ten times the symbol
period. The signal-to-noise ratio (SNR) was assumed t o be known for the LMMSE
detector. The average BERs versus SNR for the PSDPR, DSDPR, decorrelating,
LMMSE, and ML detectors are plotted in Fig. 3.2.
The third simulation was carried out t o examine the near-far resistance of PSDPR
and DSDPR detectors for a six-user synchronous system with AWGN channel using
the same user signatures as before. The SNR of the desired user signal was fixed
t o 8 d B higher than channel noise. The SNR of the five interference user signals
were identical and the SNR varied from 0 t o 14 d B during the transmission. The
average BERs versus SNR for the PSDPR, DSDPR, conventional MF, decorrelating,
LMMSE, and ML detectors are plotted in Fig. 3.3.
From these simulations, it is observed that in synchronous systems the demodulation performance of PSDPR and DSDPR detectors is consistently very close t o
that of the ML detector and is superior relative t o that of decorrelating and LMMSE
detectors.
For asynchronous systems, the amount of computation required by the ML detector becomes prohibitive even for a very moderate number of users K and frame size

P. The PSDPR detector requires significantly less computation than the ML detector
but for a large number of runs, this detector would also require a prohibitive amount
of computation. For these reasons, the fourth simulation evaluated the performance
of only the DSDPR, conventional MF, decorrelating, and LMMSE detectors for a
four-user equal-power asynchronous system with AWGN channel where the frame
size is P = 3. The signal model used for the simulation of asynchronous DS-CDMA
systems follows the definition in (2.24) where the crosscorrelation matrices R[O] and
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R[1] in (2.24~)were set to

The average BER versus SNR for the DSDPR, conventional MF, decorrelating, and
LMMSE detectors are plotted in Fig. 3.4. For comparison purpose, Fig. 3.4 also
includes the approximate bound of the error probability for the ML detector (solid
line). As is expected, the DSDPR detector outperforms all linear detectors simulated
and offers very close BER performance as that of the ML detector.
Although it can be observed in Figs. (3.1)-(3.3) that the DSDPR detector offers
slightly better performance relative to the PSDPR detector, the same conclusion
might not be extended successfully to the general case. In fact, a complete study on
the performance of the PSDPR and DSDPR algorithms is still not available at this
stage. The conjecture on the phenomena appeared in the above figures is very likely
due to more sereve numerical difficulities in solving the PSDP problem since more
number of variables is involved in the problem.
The computational complexity of the various detectors was evaluated in terms
of the CPU time1 as measured by the MATLAB LMI Control toolbox used for the
optimization [72]. The logarithm of the CPU time for the PSDPR, DSDPR, and

ML detectors is plotted versus the number of active users in Fig. 3.5. The number
of active users for the ML detectors was restricted to the range 10 to 17 to avoid
the extremely high computational effort involved but, for the sake of comparison, the
curve was extrapolated as shown in Fig. 3.5 assuming that the trend established for
the range 10 t o 17 users continues for larger numbers of users.
'All simulations in this thesis was conducted on Sun Blade workstations using MATLAB 6.5.
In what follows, the CPU time of each algorithm presented in the thesis was obtained by using
MATLAB commands 'cputime', 'tic', and 'toc'.
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As can be observed in Fig. 3.5, the SDPR detectors are obviously much more
efficient than the ML detector when the number of active users is larger, and the
DSDPR detector is much more efficient than the PSDPR detector. Specifically, the
PSDPR detector requires 8.6% and 0.05% the computational effort required by the
ML detector for 15 and 25 users, respectively. On the other hand, the DSDPR
detector requires 10.43% and 7.86% the computational effort required by the PSDPR
detector again for 15 and 25 users, respectively.
Based on the simulation results obtained, the computational complexity of three
detectors can be quantified in terms of the approximate CPU time which is given by

where K is the number of active users. In effect, the computational complexity of
the ML detector increases exponentially with the number of users whereas that of
the SDPR detectors is of polynomial order. It should be mentioned here that the
computational effort pertaining t o the DSDPR detector can be further reduced by
taking the special structure of matrix Aiinto consideration but this possibility has
not been explored so far.

3.5

Conclusions

SDP relaxation based multiuser detectors have been proposed. It has been shown
that by neglecting the rank constraint on the positive semidefinite matrix, the combinatorial problem associated with ML detection can be relaxed into an SDP problem.
The solution of the primal SDP problem can also be obtained by solving its dual SDP
problem in which the number of variables involved is reduced by an order of magnitude. Computer simulations have demonstrated that the demodulation performance
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Figure 3.1. BER versus SNR for a six-user synchronous DS-CDMA system over

A WGN channel.
of the SDPR detectors is near-optimal, and is significantly better than those of other
suboptimal multiuser detectors such as the decorrelating and MMSE detectors. However, the computational complexity required by the SDPR detectors is of polynomial
order with respect t o the number of users by contrast with that required by the ML
detector which grows exponentially as the number of users is increased. A comparison of SDPR detectors has shown that the DSDPR detector is much more efficient
than the PSDPR detector owing t o the large reduction in the variables involved. The
simulation results have shown that the improvements in efficiency are brought about
without degrading the demodulation performance relative t o that achieved with the
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Figure 3.2. BER versus SNR for an eight-user synchronous DS-CDMA system over
fiat Rayleigh fading channel.
ML detector.
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Figure 3.3. Near-far performance in a six-user synchronous DS-CDMA system over
A WGN channel.
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Chapter 4
Multiuser Detector Based on
Recursive Convex Programming

4.1

Introduction

The semidefinite programming relaxation-based (SDPR) detectors proposed in Chapter 3 are obtained by relaxing the ML detection problem to other types of optimization
problems that can be solved with reduced computational complexity. Other detectors of this category include the decorrelating, bound-constrained (BC), GMMSE,
and linear MMSE (LMMSE) detectors (see Sec. 2.4 for more information). In these
detectors, the ML detection or a modified ML detection problem is relaxed to an unconstrained, a convex quadratic programming (CQP), a convex programming (CP),
or an unconstrained optimization problem, respectively [28, 59, 601. Since it has been
shown in [62] that the optimization problems associated with decorrelating, LMMSE,
GMMSE, and BC detecotrs can be obtained by relaxing the SDP problem associated
with the SDPR detector, it is expected that the SDPR detector offers better detection
performance than these detectors.
Although the computational complexity of SDPR detectors can be reduced by using a dual algorithm, as was shown in Chapter 3, the amount of computation required
in the DSDPR detector is significantly greater than that required in the decorrelating, LMMSE, GMMSE, and BC detectors, and many other suboptimal detectors
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[17]. It has been shown in [62, 641 that when multiuser interference (MUI) present in
DS-CDMA systems is significant, the performance of SDPR detectors degrades significantly relative to that associated with the ML detector. To overcome this problem,
other types of suboptimal ML detectors with lower computational complexity and
better performance should be explored.
In this chapter, a new suboptimal ML detector for DS-CDMA systems based
on a recursive convex programming (RCP) approach is proposed. In this detector,
the combinatorial problem associated with ML detection is relaxed into a convex
programming (CP) problem and then a recursive approach is applied to obtain an
approximate solution for the ML detection problem. Computer simulations are presented which demonstrate that this new detector offers a BER performance which
is superior relative t o that in many other suboptimal ML detectors. Specifically, for
DS-CDMA system with strong MUI, the new detector offers better performance relative to SDPR detectors and, in addition, it requires significantly less computation
than SDPR and ML detectors. Our attention is focused on synchronous DS-CDMA
systems whose signal model can be found in Sec. 2.4.1.
The chapter is organized as follows. The application of CP relaxation for the
ML detection problem and the proposed detector are discussed in Secs. 4.2 and 4.3,
respectively. Implementation issues are investigated in Sec. 4.4. In Sec. 4.5, the
proposed detector is compared with other detectors with respect to BER performance
and computational complexity. Conclusions are drawn in Sec. 4.6.

4.2

Convex Relaxation of ML Detection

Recall that the relaxation for a GMMSE detector and a BC detector is carried out
by expanding the discrete feasible set defined in the ML detection problem in (2.2513)
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t o the continuous and convex feasible regions

{x : xTx

<K}

for G M M S E detector

{x : -1 5 x 5 1,

i = 1 2 . . ,K }

(4.1)

for BC detector

(4.2)

With this in mind, we will examine the possibility of relaxing the ML detection
problem in (2.25) into

+ xTp
subject t o : c(x) < 0

minimize xTHx

where the feasible region, denoted as Rp, depends on a scalar parameter p

> 0 and

is given by

In what follows, the optimization problem
minimize xTHx + xTP
subject t o : IxllP

(4.5a)

+ lxplP+ - - + lxKIP- K 5 0

(4.5b)

is referred t o as Problem Up. The following two propositions describe some properities
of the feasible region defined by (4.5b).

Proposition 4.1:

The feasible region defined in Rp includes all feasible points of

the ML detection problem in (2.25). In addition, Rp is convex for p

2 1.

Proof. By substituting in (4.5) the coordinates of each feasible point of the problem
in (2.25), it is easy t o verify that c(x,p) = 0 holds for any scalar p

> 0. Hence, all

feasible points of the problem in (2.25) are on the boundary of 72,. In other words,

Rp includes all feasible points of the problem in (2.25).
To examine the convexity of the feasible region, note that the constraint in (4.5)
can be expressed as
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If points xl and x2 satisfy the constraint in (4.6)) then according t o the well-known

Brunn-Minkowski inequality [97], we have

> 1. This implies that x* = Axl + (1 - A)x2also satisfies (4.6).
Hence, the feasible region is convex for p > 1.

for 0 5 A 5 1 and p

Proposition 4.1 implies that (a) for any fixed scalar p

> 1, the problem in (4.5)

can be regarded as a relaxation of the problem in (2.25)) and (b) that it is a convex
programming problem that has a unique global soltion. Note that if K in (4.5) is
reduced, then all feasible points of the problem in (2.25) will be located outside Rp
and, therefore, K is the smallest scalar required for the validity of the proposition.

Proposition 4.2: If R, and R, are the feasible regions defined by c(x, m) 5 0
and c(x, n) 5 0, respectively, and m

> n > 1, then R,

R,. See Appendix A for

the proof.
Several observations can be made based on Proposition 4.2:

Observation 1: If m

> n > 1, the relaxation applied t o problem Urnis tighter than

the relaxation made in problem 24,. Therefore, it is expected that the performance
of a detector based on problem Urn would be superior t o that of a detector based on
problem 24,.

Observation 2: The tightest C P relaxation problem that can be obtained from (4.5)
is given by

U,

= lim

p++m

Up

(4.8)

Hence, the performance of a detector based on problem U, is superior to that of a
detector based on any other C P relaxation problem generated by (4.5).

Observation 3:

The decorrelating detector, GMMSE detector, or BC detector can

be considered as a special case of the C P detector where p assumes the values of 0,
2, and

GO,

respectively. Hence, as will be supported by our computer simulations,
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the performance of the GMMSE detector is expected t o be better then that of the
decorrelating detector, and worse than that of the BC detector.
To see the equivalence of the BC detector and the detector based on problem U,,
we write
c(x, oo) = lim c(x, p) = lim [(I1x1
P+,

- K]

P+,

Hence, the feasible region defined by c(x, oo) 5 0 can be expressed as

x:x

1, 5 P+,lim (K'IP)

=1

Note that the feasible region defined by (4.10) is equivalent t o that defined by

{ x : -1 5 xi

<1

for i = 1, 2,

..., K}

(4.11)

which is the same as the feasible region defined in (4.2). The feasible regions defined
by (2.25b) and Rp for K = 2, p = 1 , 2 , 3 , and 20 are illustrated in Fig. (4.1)

4.3

Recursive CP-based Multiuser Detection

Although the performance of a Up-based detector can be improved by increasing the
value of p, the improvement is limited by that of a U,-based

detector, which is

considered t o offer inferior performance t o that of an SDPR detector. In this section,
a recursive approach is developed for the C P relaxation t o improve the performance.
In the proposed approach, decisions are made only for those information bits
that can be detected with high accuracy in each iteration. These bits are fixed in
subsequent iterations, which leads t o a C P problem of reduced size for the undetected
information bits. This process is continued until the detection of all information bits
is completed. In what follows, we first describe a recursive approach to ML detection
and on the basis of these principles, we then introduce the recursive approach for C P
relaxation-based detection.
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Figure 4.1. Feasible regions defined by (4.lb) (labeled with small circles) and by
(4.13b) for p = 20 (denoted as I), p = 3 (I+II), p = 2 (I+II+III) and p = 1
(I+ II+III+IV).

4.3.1 Recursive ML Approach for Multiuser Detection
Denote the set of indices associated with the information bits that have been detected
before the j t h iteration as Rj and let

& for i G Rj be the value of the ith informa-

tion bit detected. By using the recursive approach, the combinatorial optimization
problem in (2.25) can be modified into
minimize

+ xTP

X~HX

subject t o : xi E 1 1

xi = hi for

for

i E Rj

i 4 flj
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Once the solution of the minimization problem is obtained, Slj is updated t o Rj+l by
including the indices of the information bits that are detected in the j t h iteration,
and a similar problem can be formulated for the rest of the information bits.
Obviously, this approach attempts t o get an approximate solution for ML detection with the help of information bits obtained in previous iterations. This approach
is similar t o that used in decision-aided multiuser detectors such as multistage detectors, interference cancellation detectors, and decision-feedback detectors ( see [17]
for more details). To see the relationship between the recursive approach and these
decision-aided detectors, the problem in (4.12) will now be expressed in a different
but equivalent form.

Proposition 4.3: The problem in (4.12) is equivalent t o
minimize

XTA,STS

subject t o :
where xj = (xi,i

4 Qj)

j ~ j x-j 2xTAjsT(r

1 , - }

for

-s

i$Qj

~ A ~ ~ (4.13a)
~ )
(4.13b)

denotes the variable vector obtained by removing the com-

ponents of x whose indices are in Qj, bj = {&,i E Qj} denotes the vector of binary
bits that have been determined befbre the j t h iteration, r is defined in (2.26), A j and

Aj

are submatrices of A obtained by removing the columns and rows of A whose

indices are in R j and not in Rj, respectively, Sj and Sj are submatrices of S obtained
by removing the columns of S whose indices are in Oj and not in Qj, respectively.
Proof. By substituting (4.12~)into (4.12a), the objective function in (4.12a) can be
expressed as

where pj is obtained by removing the components of p whose indices are in Rj, Hj
and

$ denote

submatrices of H where Hj is obtained by removing the rows and

columns of H whose indices are in Qj, and

$ is obtained by

removing the rows of

H whose indices are in Qj and columns of H whose indices are not in Rj. The term
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const in (4.14) is a constant associated with (4.12a), which depends on all quantities
that are not related t o x,. Note that Hj, Hj, and p, can be expressed as

Substituting (4.15) into (4.14), the objective function in (4.12a) can be expressed as

where rj = r - SjA,bj. Obviously, the problem in (4.12) without the constant term
is equivalent t o the problem in (4.13).

It can be seen from Proposition 4.3 that, in each iteration, the recursive ML
approach involves two steps. First, the MU1 corresponding t o the determined information bits is expressed as

sjAjbj and then

subtracted from the observed signal r .

Second, an ML detection problem is formulated t o facilitate the detection of the rest
of the information bits. Obviously, if the decisions in bj are correct, then the MU1 of
these bits can be represented accurately, which helps reduce the interference observed
in rj and thus improve the performance in detecting the other information bits. However, if the decisions are incorrect, then the interference in rj will be doubled and this
may lead t o a significant performance degradation.

4.3.2

RCP-Based Multiuser Detection

Due t o the binary constraints in (4.12b), the problem in (4.12) is also a combinatorial
problem involving fewer variables than the original ML detection problem in (2.25).
In this section, we consider relaxing this problem into a C P problem. On comparing

the problems in (2.25), (4.3), and (4.12), the problem in (4.12) can be relaxed into
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the problem
minimize xTHx + xTp
subject t o : cj(x, p) 5 0
x i = & for

i€Rj

According t o Proposition 4.3, this problem can be expressed as
minimize

X;H,X,

+ x ; ( ~ ~+ 2

subject t o : cj(xj7p) 5 0

~ ~ b ~ )

(4.18a)
(4.18b)

where xj and bj are defined in (4.14), H j , H ~ and
, pj are defined in (4.15), and
cj(xj,p) is defined by

where

Xji

is the ith component of xj and kj is the number of variables which belong

t o the complementary set of Rj.
Once the problem in (4.18) is solved, some information bits can be determined
through a thresholding process as follows: if the magnitude of a solution component
is greater than a prescribed threshold, then a decision for this information bit is made
according t o the sign of the component; otherwise, the information bit remains t o be
detected in subsequent iterations.
The RCP detector can be implemented by the algorithm described in Table 4.1
where max(/x;l) in Step 2 denotes the greatest magnitude of the components of x;
and xfi denotes the ith component of x f .
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Table 4.1. Recursive CP Detector
Parameters: n j

2 j - 1 is the number of bits detected before the j t h

iteration.

Rj is the index set of bits detected before the j t h iteration.

tj is the threshold used in the j t h

iteration.

p is the polynomial order used in defining the feasible region.

-

Initialization: j = 1, nl = 0, R1 = null, H1 = H, pl = p, bl = 0, and H1 = 0
Step 1: Solve the following CP problem
minimize: x7Hjxj +

+2 ~ j b j )
cj(xj,p) < 0

(4.20a)

subject to:

(4.20b)

and denote the solution as x,*.
Step 2: Let Sj E [O, max(lx31)I. For i = 1, 2, . . . , K
if

Ix;,~ 2 tj,

- nj,

determine sign(xj,) as the binary decision for the infor-

mation bit corresponding to x,*~.
Step 3: Denote Qj+1 as the index set which includes all indices of R j and those
of the information bits detected in Step 2. Update nj+l. If nj+l = K,
stop and output

bj as the vector of all the information bits detected.

,
according to (4.15)
Step 4: Update bj+1 according to (4.13), Hj+1, H + ~ pj+l
and cj+l (xj+l,p) according to (4.19). Set j = j
Step 1.

+ 1 and repeat from

77

4. Multiuser Detector Based on Recursive Convex Programming

78

The threshold Cj in Step 2 is assigned a value less than max(lx;/) so that a t least
one information bit is determined in each iteration. Consequently, all bits can be detected in a t most K iterations. In general, smaller threshold values reduce the number
of iterations but may degrade the performance and larger threshold values tend t o
improve the performance but would require more iterations. As an extreme example
when

tj for j

= 1, 2,

. . . are all specified as zeros, the proposed detector degenerates

into the C P detector discussed in Sec. 4.2. The effect of the threshold values on the
RCP detectors will be investigated through computer simulations described in Sec.
4.5.
It has been pointed out in Sec. 4.3.1 that the recursive approach applied here
is similar t o the interference cancellation approaches that have been used for other
decision-aided detectors (see [17] and the references therein). In these decision-aided
detectors, the order of cancellation and the decisions of the information bits depend
largely on the amplitudes of user signals or the outputs of the matched-filter bank.
Hence, the performance of these detectors is unsatisfactory especially for DS-CDMA
systems with equal-power users. In the proposed detector, however, the order of
cancellation and the decisions of the information bits are based on the solution of
convex programming problem. It is this property that leads t o the superior performance of the proposed detector relative t o those of other detectors using interference
cancellation approaches.

4.3.3 Relationship Between RCP Detector and SDPR Det ectors
In this section, the proposed detector is first compared with the SDPR detector. Since
the DSPDR detector proposed in Chapter 3 is essentially an efficient implementation
algorithm of the PSDPR detector, we compare the proposed detector with the PSDPR
detector.
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Recall that the SDP problem associated with the PSDPR detector is given by
minimize t r (XH) + x T p

(4.21a)

Xii
= 1 for i = 1, 2,. . . ,K

subject to:

(4.21b)
(4.21~)

XkO
and the problem in (4.17) can be expressed as
minimize t r (XH) + x T p
subject t o : cj(x,p) 5 0

xi=bi for

i€Rj

x = xxT
In (4.22), the only variable of interest is x. For comparison purposes, the ML detection
problem in (2.25) is expressed as
minimize t r ( X H )

+xTp

(4.23a)

subject t o : Xii = 1 for i = 1 , 2 , . . . ,K

(4.2313)

X = xxT

(4.23~)

Comparing the above three optimization problems, it can be seen that the constraint
in (4.23~)is replaced by ( 4 . 2 1 ~ )which
~
leads to an SDP problem in (4.21), while
in (4.22) the constraint in (4.23~)is kept but the equality constraints in (4.2313) are
replaced by those in (4.22b) and (4.22~). Hence, the SDP problem in (4.21) and
the RCP problem in (4.22) represent two different ways t o obtain an approximate
solution for the problem in (4.23). Specifically when p

+ oo,the problem in

(4.22)

can be expressed as
minimize t r ( X H ) + x T p
subject t o :

-

I 5 xi

xi=$

<1

for

X = xxT

for

i€Rj

(4.24a)

i

4 Rj

(4.2413)
(4.24~)
(4.24d)

4. Multiuser Detector Based on Recursive Convex Programming

80

By comparing the problems in (4.23) and (4.24), it is obvious that some equality
constraints in (4.2313) are replaced by determined information bits and the others are
relaxed into a bounded regions.

4.4

Improved RCP Detector

The computation required by the proposed detector is used largely in solving the CP
problems, and it is more intensive than that required by linear multiuser detectors. In
this section, the efficiency of the RCP detector is improved by reducing the amount
of computation required in solving the CP problems. The amount of computation is
critically dependent on the initial point and a good initial point usually leads to a
considerable reduction in computation.

If the constraint in (4.20b) is removed, the CP problem in (4.20) becomes the
following unconstrained optimization problem

whose solution can be computed in closed-form as

If the solution in (4.26) happens to satisfy the condition

then obviously x3 is the solution for the CP problem in (4.20). Note that the amount
of computation required t o obtain (4.26) is comparable to that for linear detectors,
which is significantly less than that for solving the CP problem in (4.20). Motivated
by this observation, the proposed detection algorithm in Table 4.1 can be improved
as follows.
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Table 4.2. Improved Recursive CP Detector
Parameters: n j is the number of bits detected before the j t h iteration.
Rj is the index set of bits detected before the jth iteration.

cj is the threshold used in the j t h iteration.
p is the polynomial order used in defining the feasible region.

-

-

Initialization: j = 1, nl = 0, SZ1 = null, H1 = H, pl = p, bl = 0, and H1 = 0.

+

Step 1: Compute xj = - 0 . 5 ~ ; l ( ~ j 2 ~ j b j and
) check the constraint in (4.27).
If the constraint in (4.27) is valid, let x; = xi and go to Step 2.
Otherwise, solve the C P problem

+ xY(pj + 2$bj)
cj(xj,p) < 0

minimize: xrHjxj

(4.28a)

subject to:

(4.28b)

using xy = sign(x;) as the initial solution.
Step 2: Let 0 5 Ej 5 min(1, rnax(\x;1)). For i = 1, 2, . . . , K

- nj,

I x ; ~ ~ 2 cj, determine sign(xJi) as the binary decision for the information bit corresponding to xii.

if

Step 3: Denote Rj+1 as the index set which includes all indices of S2j and those
of the information bits detected in Step 2. Update nj+l. If nj+l = K,
stop and output bj as the vector of all the information bits detected.
Step 4: Compute bj+l according to (4.13), Hj+1, pj+,, $+,
and ~ j + ~ ( x jp)
+ ~according
,
to (4.19). Set j = j
Step 1.

according to (4.15),

+ 1 and repeat from

4.

MuZtiuser Detector Based on Recursive Convex Programming

82

In the first step of each iteration, x; is first computed according to (4.26) and
then the constraint in (4.27) is checked for x;. If this constraint is satisfied for x;,
then obtain x; as the solution for the C P problem in (4.28) and continue with the
subsequent steps; otherwise, solve the C P problem in (4.28) by using

as an initial solution. Note that the components of xy assume only binary values
and thus satisfy the constraint in (4.27). The modified RCP approach is described in
Table 4.2.
The following proposition will be useful to investigate the efficiency of the improved RCP detector.

4.4: Denote the two C P problems obtained in the j t h and ( j + 1)th
iterations as Gj and Gj+l by using the improved RCP detector described in Table 4.2,
Proposition

i.e.,

+ x,T (pj + 2$6)
subject to : cj(xj,p) < 0
minimize : X : + ~ H ~ + I X ~ + ~+ x,;
(pj+1 + 2 ~ j + ~ b ~ + ~ )
(4.31)
subject to : cj+l(xj+l,P) < 0
minimize : xfHjxj

Gj and Gj+1 be x; and x;+~,respectively. If the
decisions of the ith information bit bi for i E S2j+l are all correct, cj(x;,p) < 0, and
and let the solutions of the problems

tj < 1, then the probability that
is bounded from below by

where erf(-) denotes the error function given by
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and pi is defined by

In (4.35), Hj is a submatrix of Hj obtained by removing the rows and columns of Hj
whose indices are not in

Rj+1

and H~ is the submatrix of Hj obtained by removing

the rows of Hj whose indices are in fij+1 and the columns of Hj whose indices are
See Appendix B for proof.

not in

As can be seen from (4.33) and (4.35)) the lower bound of the probability for
which (4.32) is valid is related to the signature waveforms, the SNR of the received
signals, and the threshold used in each iteration of the proposed approach. By using
the

Matrix

Inverse Lemma [34], the quality in (4.35) can be expressed as

Note that

$,

and Bj describe unnormalized crosscorrelation and autocorre-

lation properties of the signature waveforms. Hence, when near-orthogonal signature
waveforms are used for all users and the SNR of the received signal for each user is
high, it can be shown that pi for i E

Rj+1

in (4.35) are very close to zero. In such a

case, the probability bound in (4.33) can be close to one if small thresholds Ej is used
in each step. On the other hand, although the probability in (4.33) is obtained by
assuming that no detection errors for the binary decisions, when the SNR of the received signal is high, the probability of error-free detection is close to one. Therefore,
the probability lower bound in (4.33) can be used t o approximate the error probability lower bound without assuming that the detected information bits bi for i E

Rj+1

are all correct.
Based on Proposition 4.4 and the above discussion, we can draw a conclusion
that if the constraint of the CP problem in the j t h iteration of the RCP approach
is inactive, then the probability that x;+, can be correctly computed using (4.32)
is close to one. Consequently, the amount of computation required for solving the
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C P problems in (4.28) can be reduced t o that for computing (4.32). In other words,
the efficiency of the RCP detector can be improved by adopting the modifications
described in Table 4.2 without impairing the performance. Before ending this section,
it is stressed that the approach in Table (4.2) is proposed in order to reduce the
computational complexity of the RCP detector only. In other words, this approach
will not affect the detection performance of the RCP detectors.

4.5

Simulation Results

Computer simulations were conducted t o evaluate the performance of the improved
RCP detector in terms of BER and computational complexity. Comparisons with
several other suboptimal detectors as well as the ML detector defined in See. 3.4 were
also carried out. Since the DSDPR detetor offers similar performance as that of the
PSDPR detector but with less computation, the RCP detector is only compared with
the DSDPR detector in our simulations. For a better comparison of the performance
of the DSDPR and RCP detectors, DS-CDMA systems subject t o significant MU1
were considered. In the simulations, the thresholds used in the RCP detectors were
assumed t o be

where a is a positive scalar which was assigned the values 0.95, 0.80, 0.50 in the
simulation.
In the first example, we considered a seven-user synchronous DS-CDMA system
with AWGN channel by assuming equal signal power for all users. The crosscorrela-
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tion matrix for these users is

The BERs averaged for seven users (over lo5 runs) with p = 2 (denoted as RCP-2),
p = 10 (denoted as RCP-lo), and p

+ oo (denoted as RCP-oo) are plotted in Figs.

4.2-4.4. For comparison purposes, the averaged BERs of the ML, DSDPR, GMMSE,
BC, LMMSE, and SIC detectors are also plotted. As can be observed from Figs.
4.2 to 4.4, the average BERs of the RCP-2, RCP-10, and RCP-oo detectors are very
close t o each other, and very close t o that of the ML detector. This indicates that
the performance of the RCP detector is insensitive to the value of p. In addition,
it can be observed that the reduction of a only introduced slight degradation in the
BER performance when a is above 0.5. Figs. 4.2 to 4.4 also show that the average
BERs in the RCP detectors are superior relative to that in the DSDPR, GMMSE,
BC, LMMSE, and SIC detectors.
In the second example, we considered a fifteen-user synchronous DS-CDMA system with AWGN channel where the received signal power of each user was assumed
to be log-normally distributed random variables with logrithmitic variance of 10. The
signature sequences were 31-chip random sequences which were normalized to unit
norm. The thresholds used for the RCP detector were determined in the same way as
those in the first example with a assuming the values 0.95, 0.8, 0.5, 0.3. The BERs
averaged for fifteen users (over

lo5 runs)

of the RCP detector with p = 2, p = 10,

and p -+oo are plotted in Figs. 4.5 t o 4.8. Note that the BER of the ML detector is
not plotted in these figures since its evaluation would involve extremely large amount
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Figure 4.2. BERs of the seven-user system for a = 0.95.
of computation. As can be seen in Figs. 4.5 t o 4.8, the BER performance offered by
the RCP detector is superior relative to that offered by the other suboptimal detectors. In addition, the BER performance of the RCP detector is insensitive to p but
is slightly sensitive to a.
The computational complexity of the ML, the DSDPR, and the RCP detectors
by using the improved algorithms in Table 4.2 were evaluated in terms of the CPU
time for different numbers of users. The results obtained are plotted in Fig. 4.9. As
can be seen, the computational complexity of the RCP detector is significantly lower
than those of the ML and SDPR detectors when the number of users is large.
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Figure 4.3. BERs of the seven-user system for a, = 0.80.

4.6

Conclusions

A new RCP-based detector has been proposed. In this detector, the combinatorial problem associated with the ML detector is relaxed into a convex programming
problem which is then implemented in terms of a recursive approach. An efficient
implementation of the RCP detector has been developed and a theoretical analysis
of its efficiency has been presented. Computer simulations show that the RCP detector offers near-optimal performance and is superior to many existing suboptimal
detectors. On the other hand, the computation complexity associated with the RCP
detector is significantly lower than that for the ML and SDPR detectors.
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Figure 4.4. BERs of the seven-user system for

a!

= 0.50.
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Figure 4.6. BERs of the meen-user system for a = 0.80.
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Chapter 5
Subspace Estimation Based
Multiuser Detector for Multipat h
DS-CDMA Channels

5.1

Introduction

The multiuser detectors proposed in the previous two chapters are intended for the
receivers at base stations where the required information such as signature waveforms, amplitudes, and transmission delays of the signals of all users is available and
the detection is performed for the signals of all users. At mobile stations, however,
information pertaining t o other user signals may not be available and detection is
usually required only for the signal of a desired user. Hence, multiuser detectors that
are suitable for base stations are not suitable for mobile receivers and alternative
multiuser detectors have t o be considered.
As has been shown in Chapter 2, linear detectors such as the decorrelating and

MMSE detectors can be implemented

in a decentralized form by implicitely exploit-

ing the information of interference signals, and these detectors can be implemented
in adaptive form through the use of training sequences [31, 321. A notable progress
in the development of decentralized multiuser detectors was made by Honig et al.
[35] based on the observation that multiuser interference (MUI) can t o a large extent
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be suppressed if the energy of a linearly transformed output is minimized under the
constraint that the inner product of the received signal and the signature sequence
of the desired user is a constant. A detector obtained on the basis of this principle is
called the constrained minimal-output-energy (CMOE) detector and its adaptive implementation can be achieved without the help of a training sequence. Compared with
other detectors, the adaptive CMOE detector is of particular importance primarily
for three reasons: first, it offers improved demodulation performance relative t o the
conventional matched-filter (MF) detector, second, the detection can be carried out
without using extra information, and third, system capacity can be improved especially in fading channels where frequent training is required for tracking the variation
of channel conditions.
In typical mobile systems, the signal bandwidth is usually larger than the conherence bandwidth. Consequently, transmitted signals often experience multipath
propagation and, as a result, the effective signatures observed at the receiver are very
likely t o be distorted and hence may not be recognized. Simulation results presented
in [35] have shown that the performance of the CMOE detector is very sensitive to
distortion of the effective signatures caused by multipath propagation (or frequencyselective fading). One possible remedy for this problem is t o first estimate the impulse
responses of the unknown multipath channels, then t o reconstruct the effective signature of the desired user, and after that perform CMOE detection by using the
effective signature. This idea has been pursued by several researchers using subspace
methods [40, 411 and constrained optimization methods 142, 43, 441 t o estimate the
channel impulse response for the desired user. As has been shown in Sec. 2.4.2.3,
although subspace methods provide better estimates for the impulse response of the
unknown channel than constrained optimization methods, especially in very noisy
channels, they usually require more computation which could become a burden in
some applications.
In this chapter, we propose a constrained optimization method based on subspace
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estimation for the estimation of the channel impulse response in CDMA systems. A
key difference between subspace methods and constrained optimization methods is the
way the noise subspace is approximated. In the proposed method, the approximation
of the noise subspace is improved by estimating the least eigenvalue of the data
correlation matrix. It is demonstrated that the proposed method can achieve nearly
the same performance as subspace methods [40,41] with much reduced computational
complexity. Compared with existing constrained optimization methods [42, 43, 441,
our method offers a much improved performance while requiring a comparable amount
of computation. The signal model used in this chapter is the same as that in Sec.
2.4.2.3.
The rest of the chapter is organized as follows. In Sec. 5.2, the relationship between
subspace methods and constrained optimization methods is examined. In Sec. 5.3, a
constrained optimization method is proposed for the evaluation of the channel impulse
response based on a new subspace estimation technique which is then used t o develop
a new subspace estimation based detector (SED). Computer simulations are described
in Sec. 5.4 and Sec. 5.5 summarizes the main results.

5.2

Relationship between Subspace Methods and
Const rained Optimization Met hods

Recall that the optimization problems involved in subspace methods and constrained
optimization problem are
minimize g f ~ f ~ , ~ ~ ~ l g l
subject to: llglll = 1
and
minimize g
gl

f~y~-l~lgl

subject to: ))gill = 1

(5.1a)
(5.lb)
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respectively where the first user is deemed t o be the user of interest. The above two
problems have an interesting relation. To see this, note that R-' in (2.50) can be
expressed as [42]

where

1

D = diag

7 " ' )

This implies that

where

As a result,
lim

O,2R-1=

a: -+ 0

, , fi

lim
a: -+

oav
i=l

:i +

.fiH.

U~U:

where u , , ~is the eigenvector associated with Xi. Consequently, (5.7) indicates that
when the channel noise is insignificant (i.e.,
proximation of

unufto within

0;

is small), R-' would be a good ap-

a scalar multiplier. In other words, the solutions

obtained by solving the problems in (5.1) and (5.2) would be very close t o each other
when

4is small.

On the other hand, if

4is large, the solution of the problem in

(5.2) can only be a degraded version of that in (5.1). For this reason, constrained
optimization methods can be viewed as modified subspace methods.
In an effort t o improve the performance of constrained optimization methods,
matrix unUf was replaced by R-' -/?I in [43] where /3 is the reciprocal of the largest
eigenvalue of R. However, for systems with strong MAI, the value of /3 becomes very
small which leads t o a limited performance improvement.
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Constrained Optimization Method Based on

5.3

Subspace Estimation
It was found out in Sec. 5.2 that the quality of estimation of the channel impulse
response is largely determined by the accuracy of the approximating matrix

unQ

used in (5.la). In this section, we propose a new way for obtaining an approximation
for this crucial matrix.
We start by subtracting a scaled identity matrix a1 from the data correlation R,
which yields

If a

< o:, then matrix R - a1 remains positive definite and its inverse is given by
1
+Unu,H
-a

(R - aI)-' = U,EU:

0;

t 5.9)

where

Upon multiplying both sides of (5.9) by (a: - a),we obtain

where N = (0; - a)E. If we use a

+ a:-

t o denote a limiting process where a

approaches a: from the left side of the real axis, then (5.11) implies that
lim
a

+,;-

(4- a)(R

- aI)-'

=

lim
a

-t a:-

(0:

- a)

+ unu:
C' us,iu:i
+ -a
i=l Xi

0
:

Equation (5.12) shows that if we can estimate the variance of the channel noise, a:,
and choose a constant a which is close t o but less than a:, then the matrix UnUf
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can be well approximated by (sigma: - a!)(R - a!I)-l to within a scalar multiplier.
Note that the introduction of parameter

a!

in (5.12) allows one t o use (R - aI)-' to

approximate the noise subspace accurately for a wide range of noise variance values.
It is because of this property that the performance of a detector based on subspace
estimation is comparable with that of the subspace methods in [40, 411 even for very
noisy channels. Concerning computational complexity, since a: is the least eigenvalue
of R, which can be computed efficiently by using, for example, the inverse-power
method [77], the eigenvalue decomposition of R can be avoided.
In practice, R is usually not available but can be approximated by using a moving

average estimation based on the J most recent observations as

This method entails computing the least eigenvalue of matrix R, denoted as yo.
Then

a!

is chosen to be close to but less than yo to within a certain tolerance so as

to avoid numerical difficulties in the matrix inversion. Next, matrix (R - cur)-' is
used in a constrained optimization method. The channel impulse response can then
be estimated as the solution of the optimization problem
A
minimize g1H S,H (R
-~ ! I ) - ~ S ~ ~ ,

subject to:

llg1112

=1

Obviously, the solution g1 in (5.14) is the eigenvector of Sfl(R - aI)-lS1 associated
with its least eigenvalue. Through an approach similar to that presented in [42], it
can be shown that the channel impulse response estimate is related to the noise power
and constant

where

a!

in terms of the relation

t denotes the pseudo-inverse, and A.

and A l are given by
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where matrices A, and U, are the counterparts of A, and Us defined in (2.47))
respectively. After gl is obtained, the linear transformation vector for blind multiuser
detector can be obtained as

A detector based on the above method referred t o as the subspace estimation
based detector is as follows:
i) Obtain the estimated data correlation matrix R using (5.13).
ii) Compute the least eigenvalue of R denoted as 70.
iii) Choose a close t o but less than

70

and compute (R - aI)-'.

iv) Obtain gl by solving the optimization problem in (5.14).
v) Form detection vector w * using (5.18) and determine the transmitted information
bits of the first user as

6 = sign [
5.4

~ (wFy)]
e

Simulations

Computer simulations were performed t o examine the performance of the proposed
detector with respect t o the estimation of channel impulse responses, and t o compare
it with that of the detector using subspace method (SM) described in [40, 411 and
the detector using constrained optimization methods (COM) described in [42, 43,441.
Gold sequences of length 31 were used as spreading sequences. The impulse responses
of the channels for all users were randomly generated and assumed t o have a maximum
order of 4. The channel estimation performance was measured in terms of the averaged
mean-squared-error (MSE) of the estimated channel impulse responses and their true
values.
In the first example, we considered a 10-user CDMA synchronous system where
each interference user was 40 dB stronger than the desired user and the signal-to-noise
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ratio varied from -20 d B t o 20 dB. The constant a in (5.14a) was assumed t o be
0.999y0 where yo is the lowest eigenvalue of R. The MSE (averaged over lo3 runs)
of the estimation of the channel impulse response is plotted in Fig. 5.1. As expected,
all detectors offer almost the same performance when the SNR of the channel is very
high (about 20 dB) because the noise subspace can be accurately obtained. When
the SNR of the channel is low, however, the performance of the SED is close to that
of the SM detector, which is much better than that of the COM detector.
In the second example, the role of parameter a in (5.14a) was investigated. The
simulation environment was the same as in the first example except that each interference user was 10 d B stronger than the desired user. The parameter a assumed the
values a, = (1- 10-0.5m)-70for rn = 1, 2, . . . , 7. The MSE obtained (averaged over
lo2 runs) is plotted in Fig. 5.2. It is obvious that the closer a is t o 1, the lower is the

MSE in the estimation. A good value of a can be determined based on information
about the approximation accuracy of matrix R.

Conclusions
A new multiuser detector based on subspace estimation has been proposed for DSCDMA systems with multipath fading channels. It has been shown the proposed
detector offers robust performance with respect t o channel estimation in both high
and low SNR white Gaussian noise channels. It has been demonstrated that the performance of the proposed detector is comparable with that of some known detectors
using subspace methods while requiring a much reduced computational complexity.
Relative t o some known detectors that use constrained optimization methods, our
detectors offer a significantly improved performance while requiring a comparable
amount of computation.

5. Subspace Estimation Based MUD for Multipath DS-CDMA Channels

I
-20

I

-1 0

102

I

I

I

0

10

20

Signal-to-Noise Ratio (SNR)

Figure 5.1. MSE of the estimation of the channel impulse response in Example 1.
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Figure 5.2. MSE of the estimation of the channel impulse response in Example 2.

Chapter 6
VCM Multiuser Detector for
DS-CDMA Systems with
Mult ipat h Fading Channels

6.1

Introduction

The multiuser detector proposed in Chapter 5 was designed for DS-CDMA systems
with multipath propagation channels where both multiuser interference (MUI) and
intersymbol interference (ISI) are present in the received signal. Since the proposed
detector is a linear detector, its computational complexity depends largely on the
number of samples generated in one symbol duration. In order to reduce the computational complexity of the detector while not sacrificing the performance, the sampling
frequency a t the front end of the receiver is usually of the same order as the chip rate
of the nominal signature waveform.
In a multipath propagation channel, the effective signature waveform observed at
the receiver is a linear convolution of the channel impulse response and the nominal
signature waveform assigned a t the transmitter. If perfect sampling is assumed at the
front end of the receiver, the discrete-time effective signature can also be expressed
as a linear convolution of the discrete-time version of the channel impulse response
and the nominal signature waveform.
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According to the sampling theorem, for perfect sampling the sampling frequency
has t o be equal t o or higher than the Nyquist rate of the effective signature waveform,
i.e., twice the highest frequency in the nominal signature waveform and the channel
impulse response. In Chapter 2 we have shown that in multipath propagation channels, the received signal is composed of several attenuated versions of the transmitted
signals which arrive a t the receiver at different times having been transmitted along
different paths of different lengths. When the lengths of several propagation paths
are very close t o each other, which happens very often in wireless communications
for in-door communications, wireless local access networks (WLANs), and personal
access networks (PANS), the difference in the propagation time of the signals traveling along different paths will be very small. In such a case, the highest frequency
in the channel impulse response is very likely t o be significantly higher than the chip
rate of the nominal signature waveform, which makes it very difficult for the receiver
t o achieve perfect sampling a t the front end and low complexity detection simultaneously. If the sampling frequency is of the same order as the chip frequency of the
nominal signature waveform, aliasing could arise during the sampling process and,
as a result, the linear convolution relationship assumed in the detectors described in
Chapter 5 breaks down. In this chapter, our attention is focused on the multiuser
detection problem in DS-CDMA systems with multipath propagation channels where
the discrete-time effective signatures are affected by aliasing.
The effect of aliasing on the discrete-time effective signature has three features:
first, it is difficult to be timely and accurately estimated in a fast fading channel;
second, it does not change until the system parameters such as the sampling frequency,
channel impulse responses, or the signature sequences change; and third, it is additive.
Based on these features, the discrete-time effective signature can be expressed as a
linear convolution of the discrete-time versions of the nominal signature waveform
and the channel impulse response plus an unknown term representing the distortion
caused by aliasing. Our simulation results show that although the multiuser detectors
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described in Chapter 5 are very effective in dealing with signature distortion due t o
multipath propagation, they are sensitive t o the additive distortion caused by aliasing.
In this chapter, new multiuser detectors are proposed to deal with the multiuser
detection problem in mult ipat h DS-CDMA channels when the discrete-time signature is distorted by multipath propagation and aliasing. This detection is carried
out by solving a linear constrained optimization problem whose objective function
is formulated based on the vector constant modulus (VCM) criterion. Two adaptation algorithms, namely, the constrained stochastic gradient (CSG) algorithm and
the recursive vector constant modulus (RVCM) algorithm, are proposed for solving
the optimization problem. Computer simulations have been conducted which demonstrate that the proposed detectors can effectively suppress both MU1 and ISI. More
importantly, the proposed detectors show very robust performance when the discretetime signature is distorted by aliasing a t the receiver.
The chapter is organized as follows. In Sec. 6.2, a signal model for a DS-CDMA
system with multipath propagation channel is briefly described. In Sec. 6.3, a VCM
approach based multiuser detection method is proposed. Two adaptation algorithms
for solving the optimization problem are presented in Sec. 6.4 and a performance
analysis for the proposed detectors is presented in Sec. 6.5. Simulation results are
described in Sec. 6.6 and Sec. 6.7 summarizes the main results.

Signal Model
We continue the signal model description in Sec. 2.4.2.3. It follows from (2.44) that
when aliasing is not present a t the receiver, the discrete-time signal can be expressed
in matrix form as
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(See (2.44) for definitions). In (6.1)) the first term denotes the signal of the desired
user (i.e., the first user) in the ith symbol duration, the second term denotes the
interference signal of all other users in the ith symbol duration, the third and fourth
terms denote the interference signal in the (i - 1)th and (i

+ 1)th symbol duration,

respectively, and the last term denotes a vector of white Gaussian noise. When
aliasing is present during the sampling process, hl,o can be expressed as

where S1 and gl are defined in (2.45)) el = [el(1) el(2)

- - - el(N+ M - 1)IT denotes

the additive term to the effective signature of the first user due t o aliasing distortion.
For the sake of simplicity, el(i) for i = 1, . . . , N

+ M - 1 are modeled as independent

zero-mean Gaussian random variables with variance y. Note that el does not change
within the channel coherence time. In what follows, coherent multiuser detection is
assumed, i.e., Bk, for k = 1, . . . , K, m = 1, . . . , M are assumed t o be known at
receiver.

6.3

VCM-Based Blind Multiuser Detectors

The vector constant modulus (VCM) approach was first proposed as an extension of
the constant modulus (CM) approach [47, 481 for blind channel equalization when the
source data has a near-Gaussian distribution. In such a case, it is very likely that a
channel equalizer using the constant modulus (CM) approach would fail t o converge
[49, 501. It has been shown that a channel equalizer based on the VCM approach
outperforms a channel equalizer based on the CM approach [49, 501.

A VCM-based channel equalizer can be obtained by solving the minimization
problem [49, 501.
minimize :

J(w)= E

[ I Is1l2

- a2]

(6.3)
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z = {x(n)) = w

* x denote the transmitted

* c, w

=

[wlw2

---
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wLIT, and

signal, the channel impulse response,

the received signal, the equalization vector, and the equalized signal, respectively, '*'

1 1 - 1 1 denotes the 2-norm

denotes linear convolution and

of (-), a = E(a4)/E(a2) is a

constant denoting the modulus of source data a.
Let us consider the MU1 and IS1 suppression problem in DS-CDMA systems using
the VCM approach. By reformulating the signals in the previous and subsequent
symbol durations as the signals of the current symbol duration of additional equivalent
users, (6.1) can be expressed as

In (6.4), Ak is the amplitude,

bk is the information bit, and hk is the discrete-time

effective signature of the kth equivalent user. These parameters are defined in Table

Table 6.1. Definitions of
k

Ik

E [1, K] k E [K

&, @,and h k

+ 1, 2K]

k E [2K

in (6.4)

+ 1, 3K]

Note that after reformulation, the interference in the previous and subsequent
symbol durations in (6.1) is expressed as MU1 of 2K equivalent users in (6.4). As
can be seen in Table 6.1, the signal of the desired user in the current symbol duration
corresponds t o the signal of the first equivalent user in (6.4). If w is a detection
vector, we have
w * Y (i) = w H[yl(i)

y2 (i)

- .-

yM(i)]
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+ m) y ( i N + m + 1) . y ((i + 1)N + m - 1)IT is a N-element

column vector which, according t o (6.4), can be expressed as
3K

y,(i)

A,&h;

=

+ nY(2)

(6.6)

k=l
-

+

+

In (6.6), h p = [ % ( i +
~ m) h k ( i ~m + 1) - - - h k ( ( i 1 ) N + m - 1)IT and ny(i) =

+

[nc(2N m) nc(iN + m

+ 1) - - . n,((i + l ) N + m - 1) are truncated versions of hk

and nc(i) in (6.4)) respectively.
According to (6.4)-(6.6)) new detectors can be obtained by solving the optimization problem
minimize E

[ I I w ~ Y ( ~ ) ~ ~-~ a2]

subject to:

cHw=u

(6.7a)
(6.7b)

where Y (i) is a Toeplitz matrix defined as

= [ ~ l ( i~) 2 ( i )" ' Y M ( ~ ) ]

a2 =

denotes the modulus of the signal of the desired equivalent user, C is a

N x (2M - 1) Toeplitz matrix given by
-

sl (M)

---

~ ~ ( 1 )- - -

sl (MI

0

s1(1>

C=
sl(N - M )

(N)

-

0

...

sl(N)

---

sl(N-M)

6. VCM MUD for DS-CDMA Systems with Multipath Fading Channels

110

and u is a (2M - 1)-element column vector with its M t h component being one and
all other components being zeros.
The linear constraints in (6.7b) are introduced into the problem primarily for two
reasons: first, the projection of the discrete-time nominal signature of the desired user
on the detection vector w is fixed to unity; and second, w is forced to be orthogonal
to all other shifted and truncated versions of the discrete-time nominal signature of
the desired user. If the signature distortion due t o aliasing is temporarily ignored,
the quantity w H h y implicitly included in the objective function in (6.7a) can be
expressed as

Since

M
Ern=,
(g1(rn)12= 1, it can be shown that minimizing the objective function in

(6.7a) may lead t o
I w H h ~ IFZ
20

for k = 2, . . . , 3K, rn = 1, . . . , M

Note that hp is a truncated version of the discrete-time signature of the kth equivalent
user. By comparing (6.5), (6.6), and (6. lo), the minimization of the objective function
in (6.7a) may lead to the suppression of the MU1 of equivalent signals.
Once the solution of the optimization problem in (6.7) is obtained, the information
bit of the desired user can be determined using the maximum ratio combination

(MRC) criterion [4]
61(i)

= sgn [ R ~ ( w ~
. g;)]
Y

where Re(-) denotes the real part of a complex quantity, sgn(-) denotes the sign of
a scalar, and g; = [g;(l) gT(2)

- ..

gT(M)IT is an approximation for the channel

impulse response of the first user, which can be computed as
j &m
~ )= 1, 2,
g;(m) = E l ~ ~ ~ ~ ( i ) l e x p (for
We conclude this section with two remarks, as follows:

M

(6.12)
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I ) Channel Order Selection: Although it is assumed that the maximum channel
length for all users is M, the assumption does not imply that the channels should be
of the maximum length exactly. In fact, if the number of nonzero components in g l
is less than M and their positions are known a priori, then some constraints can be
removed from (6.7b) in order t o reduce the amount of computation for solving the
problem in (6.7).

2) Group-Blind Detectors: In uplink CDMA systems, the nominal signatures of
other users may be known a t the base station. In such cases, the performance of the
proposed detector can be improved by expanding the linear constraints in (6.7b) such
that w is forced t o be orthogonal t o the shifted and truncated versions of the nominal
signatures of the other users known at the receiver (see [98] for more details).

6.4

Adaptation Algorithms

In this section, two adaptation algorithms, namely, the constrained stochastic gradient
(CSG) algorithm, and the recursive VCM (RVCM) algorithm, are proposed for solving
the optimization problem in (6.7).
In the CSG algorithm, the detection vector w is initialized as w(0) = c(c~c)-'u,
which can be shown t o satisfy the equality constraint in (6.7b). In each iteration of
the CSG algorithm, we first compute the instantaneous gradient of the objective
function, which is denoted as g(i). Then g(i) is projected onto an orthogonal matrix
to C t o ensure that the updated vector still satisfies the equality constraint in (6.7b)
in the next iteration. The step size used for the adaptation algorithm is normalized t o
improve the convergence of the algorithm. A step-by-step description of the algorithm
is summarized in Table 6.2.
Because the objective function in (6.7a) involves fourth-order statistics of the
received signal, the convergence rate of the stochastic gradient type algorithm can
be rather slow [34]. When communication channels experience dramatic changes, the
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Table 6.2. Constrained Stochastic Gradient Algorithm
Step 1: Compute the initial solution as w(0) = C(CHC)-'u.
Step 2: Compute lT& = I - C(CHC)-lCH.
Step 3: For i = 0, 1, 2, . . .

(1) Compute e(i) = 1 lwH( i )(i))
~ l2

- A:.

(2) Compute the stochastic gradient as g(i) = e(i) Y(i)YH(i)w(i)
and project it onto II&as g(i) = II&g(i).

(3) Compute a step-size as p(i) = l l g ( ~ ) ([e(i)
( ~ / - IIgH(i)~(i))12]
(4) Update the detection vector as w (i

+ 1) = w (i) - p(i) - g(i)

CGS algorithm may fail to track the variation of the received signal. In what follows,
a recursive VCM (RVCM) algorithm is proposed which offers faster convergence at
the cost of increased amount of computation.
The RVCM algorithm is developed on the basis of the well-known recursive least
square (RLS) algorithm 11341. The initialization for the RVCM algorithm is the same
as that for the CGS algorithm. Two key formulas for the RVCM algorithm are given
by

where s(i) = II&Y(i)YH(i)w(i),
P(i) is a matrix to approximate the inverse of the
crosscorrelation matrix of s(i), and 0

< A I:1 is a forgetting factor. A step-by-step

description of the RVCM algorithm is presented in Table 6.3.
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Table 6.3. Recursive VCM Algorithm
Step 1: Initialize P(0) = 61 with 6 being a positive scalar and w(0) = c ( c H C ) - l u .
Step 2: Compute TI& = I - C ( c H c ) - l c H .
Step 3: For i = 0, 1, 2, . . .
(1) Compute e(i) = ( ( ~ ( i ) ~ Y (-i )A:.
((~
(2) Compute s(i) = II&Y
( i ) ~(i)w(i).

+ sH(i)p(i)s(i)].
(4) Update the detection vector as w(i + 1) = w(i) - e(i) . k(i).
(5) Update P ( i + 1)= (1/A) [ ~ ( i-) k(i)sH(i)p(i)].
(3) Update k(i) as k(i) = P(i)s(i)/ [A

6.5

Analysis of the Proposed Adaptation
Algorithms

In this section, we investigate the interference suppression efficiency of the proposed
adaptation algorithms. For this purpose, we first assume a noise-free channel, i.e.,
0; FZ

0. Using (6.101, the objective function in (6.7a) can be expressed as
2

2

-AI]

(6.14)

Note that if the detection vector w satisfies

for k = 2,. . ., 3 K and m = 1, . . . , M and wHel FZ 0, then as can be seen in (6.14)
that g ( w ) z 0, which is the smallest value that can be assumed by J(w).
By studying the first and second derivatives of the objective function in (6.7a),
it is shown in Appendix

C that a sufficiency condition for global convexity in the

optimization problem in (6.7) is given by
3K

CA:P~~
- A;pI1
1=1

l#k

-

A;pkI; >- 0

for k = 1, . . . , 3K
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'20' denotes the positive semidefinite and PkL= 2
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xZzlh p ( h ~is) a~pos-

itive semidefinite matrix. Therefore, if the condition in (6.16) is satisfied, then the
problem in (6.7) is a convex programming problem which has a unique and global
optimal solution. In such a case, the solution obtained by using any gradient based
algorithm will satisfy (6.15). In other words, the detection vector obtained by using
the CGS and the RVCM algorithms can effectively suppress the IS1 and MU1 present
in the received signal.
The derivation of the condition in (6.16) is based on the assumption that

0
:

is

negligible, which is not true in general. In addition, when the sufficiency condition in
(6.16) is not satisfied, the above analysis cannot be applied directly.
Monte-Carlo simulations were conducted to examine the interference suppression
performance of the proposed algorithms. In the simulations, the measurement of interest is the bit-error-rate (BER) which was averaged over 100 runs, each of which
entails the detection of lo5 information bits. For comparison purposes, the BERs obtained by using the constrained optimization method (denoted as the COM detector)
and the subspace method (denoted as the SUB detector) are also presented. Note that
the interference suppression efficiency of the proposed detector is comparable to that
of the COM and SUB detectors if the BERs obtained by the proposed detector are
sufficiently close to that obtained by the two detectors. The system parameters that
are related to the sufficiency condition in (6.16) were randomly generated in each run.
More explicitly, s k and gk were vectors of zero-mean Gaussian variables of unit norm,

dk was an integer selected from (0, 1, . . . , (N-1)) with equal probability, and Ak for
k = 1, 2, . . . , K were assumed to log-normally distributed random variables whose
log-arithmitic variance is denoted as

02.

These parameters remained unchanged in a

single run but were regenerated for different runs. For a fair comparison, we assumed
that

e k = 0,

k = 1,.. . ,K in the simulations.

The first example considered a six-user system with a reduced near-far problem by
setting

02

= 10. Parameters N and M were assumed to be 63 and 4, respectively. The
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second example involved an eight-user system with a more severe near-far problem by
setting

4= 1000. Parameters N and M were assumed to be 127 and 5 , respectively.

The BERs obtained for the two examples are plotted in Figs. 6.1 and 6.2, respectively.

Signal-to-noise ratio (SNR)

Figure 6.1. The BERs of various detectors in the jirst example.
It is observed in the figures that the BERs obtained by using the CSG and RVCM
adaptation algorithms (denoted as the CSG and RVCM detectors, respectively) are
very close to those obtained by the COM and SUB detectors. These simulations
imply that when aliasing distortion is not present a t the receiver, the interference
suppression efficiency of the proposed detectors is comparable to that of the COM
and SUB detectors.
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Signal-to-noise ratio (SNR)

Figure 6.2. The BERs of various detectors in the second example.

6.6

Simulation Results

Two computer simulations were conducted t o investigate the performance of VCM
detectors with aliasing present a t the receiver. In the simulations, y = 0.01,0.05,
and 0.08 were assumed. The other system parameter values were assumed t o be the
same as those in the first and the second examples in Sec. 6.5. The BERs of various
detectors versus the magnitude of y obtained in the two examples are plotted in Figs.
6.4 and 6.5 where the dash-dot, dot, and dash lines denote the BERs obtained for

y = 0.01,0.05, and 0.08, respectively.
It can be observed in Figs. 6.3 and 6.4 that the VCM detectors offer significantly
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Figure 6.3. Demodulation BERs obtained in the first example.
improved BER performance relative to the other two detectors for nonzero values of y.
In addition, although an increase of y leads to severe degradation in the performance
of the COM and SUB detectors, it causes only mild degradation in the performance
of the proposed detectors. It can also be seen that the BER performance offered by
the VCM detector using the RVCM algorithm is slightly better relative to that of the
VCM detector using the CGS algorithm.
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Figure 6.4. Demodulation BERs obtained in the second example.

Conclusions
New multiuser detectors based on the VCM criterion have been proposed for DSCDMA systems with multipath propagation channels. Two adaptation algorithms
have been developed and the interference suppression efficiency of the proposed detectors has been investigated. Computer simulations have been conducted to evaluate
the performance of the VCM detector. It has been shown that the proposed detectors can effectively suppress the MU1 and IS1 present in the received signal. More
importantly, these detectors have been shown t o offer robust performance against the
discrete-time signature distortion caused by aliasing at the receiver.

Chapter 7
Conclusions and Future Work

7.1

Conclusions

Four multiuser detectors have been proposed in Chapters 3 t o 6 for different mobile
communications environments. They are the semidefinite programming relaxation
(SDPR) detector, the recursive convex programming (RCP) detector, the subspaceestimation based (SED) detector, and the vector constant modulus (VCM) detector.
The SDPR and RCP detectors are designed for base stations aimed at providing joint
detection for the information bits of all users, and the SED and VCM detectors are
designed for mobiles where the information bit of only one user needs t o be detected.

7.1.1

SDPR Detector

In Chapter 3, we have proposed a multiuser detector to approximate the maximum
likelihood (ML) detection by using a semidefinite programming relaxation method.
In this detector, the combinatorial optimization problem associated with the ML
detection is reformulated by expressing the binary constraints as a number of linear
equality constraints and a rank constraint on a positive semidefinite matrix. It has
been shown that by neglecting the rank constraint on the positive semidefinite matrix,
the combinatorial problem can be relaxed into a semidefinite programming (SDP)
problem whose solution can be obtained with much reduced computational complexity
relative to that involved in the combinatorial problem.
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In order to further reduce the amount of computation involved, an efficient algorithm has been proposed based on duality theory. This algorithm is composed of three
steps: first, the primal SDP problem is reformulated to a dual SDP problem; second,
the dual problem is solved by using the projective method; and third, the solution of
the primal SDP problem is expressed in terms of the solution of the dual SDP problem based on the KKT conditions and the central path concept. Since the number
of variables involved in the dual SDP problem is reduced by an order of magnitude
relative to that involved in the primal SDP problem, the implementation efficiency
of the SDPR detector can be considerably improved by using such an algorithm.
Computer simulations have been presented to demonstrate that the demodulation
performance of the SDPR detectors is comparable to that of the ML detector, and is
significantly better relative t o those of other suboptimal detectors such as the decorrelating detector and the MMSE detector. However, the computational complexity
involved in the SDPR detectors is of polynomial order with respect to the number of
users by contrast with that involved in the ML detector which grows exponentially. A
comparison of the SDPR detectors has shown that the dual SDPR detector is much
more efficient than the primal SDPR detector owing to the significant reduction in
the number of variables involved. Furthermore, it has also been shown that these
improvements in efficiency are brought about without degrading the performance
relative to that achieved by the ML detector.

7.1.2

RCP Detector

Our attention in Chapter 4 was focused on the design of a multiuser detector using a
recursive convex programming (RCP) approach. In the proposed detectors, the combinatorial problem associated with ML detection is relaxed t o a convex programming
problem and then a recursive approach is exploited to approximate the solution of
ML detection. It has been shown that the recursive approach used in the proposed
detectors is analogous to the interference cancellation approaches that have been ap-
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plied in many other multiuser detectors. However, since the order of cancellation and
the decisions of the information bits in the RCP detector are based on the solutions
of CP problems, the RCP detector outperforms those of other detectors using interference cancellation approaches. A comparison of the RCP detector with the SDPR
detector has been presented to demonstrate that the RCP detector and the SDPR
detector belong to two distinct ways in approximating the ML detector. In order to
further reduce the computational complexity involved in the RCP detector, an efficient unconstrained relaxation (UR) approach has been proposed, and its effect on
the implementation efficiency of the RCP detector has been investigated.
Computer simulations have been presented to demonstrate that the demodulation
performance of the RCP detector is superior relative to many other suboptimal detectors such as the successive interference cancellation (SIC) detector, the GMMSE
detector, and the BC detector. In DS-CDMA systems suffering strong MUI, the
demodulation performance of the RCP detector has been shown still comparable to
that of the ML detector, and slightly better relative to that of the SDPR detector.
Comparisons of the computational complexity involved in the ML, the SDPR, and
the RCP detector have indicated that the RCP detector entails a significantly lower
computation burden relative to that of the other two detectors.

7.1.3

SED Detector

In Chapter 5, we focused on the design of multiuser detectors for DS-CDMA systems
with frequency-selective channels. In such a channel environment, the effective signature waveform can be distorted during multipath propagation and can thus become
unknown t o the receiver. It has been shown that a mismatched signature used at
receiver may lead to significant degradation in the performance of the constrained
minimum output energy (CMOE) detector. Multiuser detectors based on subspace
and constrained optimization methods have been proposed to alleviate the problem
effectively by several researchers. However, both types of detectors have some disad-
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ventages: i) the detector based on constrained optimization methods offers worse performance than the detector based on subspace methods, and ii) the detector based on
subspace methods require more computation than the detector based on constrained
optimization methods.
In Chapter 5, we have also shown that the existing subspace and constrained
optimization methods can be related to each other via the bridge of estimation of
the noise subspace. Based on this observation, a new approach has been proposed
for a more accurate estimation of the noise subspace. The estimation of the noise
subspace offered by the new approach is comparable t o that offered by the existing
subspace methods despite the channel noise level. Based on the new approach, a
subspace estimation based detector has been proposed for DS-CDMA systems. The
performance of the proposed detector can approach that of the existing subspace
methods while requiring a much reduced computational complexity. Relative to existing detectors based on constrained optimization methods, the proposed detector
offers a significantly improved performance while requiring a comparable amount of
computation.

7.1.4 VCM Detector
In Chapter 6, our attention was focused on the design of multiuser detectors for DSCDMA systems with frequency-selective channels where the discrete-time effective
signature is distorted not only by multipath propagation but also by aliasing at the
receiver. In the presence of aliasing, the discrete-time effective signature is a linear
convolution of the discrete-time versions of the nominal signature and the channel
impulse response plus a additive term representing aliasing distortion. Our simulation
results have shown that the detectors described in Chapter 5 are very sensitive to
aliasing.
In Chapter 6, new multiuser detectors have been proposed. In the proposed detectors, the detection is carried out by solving a linear-constrained optimization problem
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whose objective function is formulated based on the vector constant modulus (VCM)
criterion. It has been shown by analysis and simulation results that minimization of
the objective function of the optimization problem leads t o effective suppression of
multiuser interference (MUI) and intersymbol interference (ISI). Two adaptation algorithms, namely, the constrained stochastic gradient (CSG) algorithm and the recursive vector constant modulus (RVCM) algorithm, have been developed for solving the
optimization problem. The effective maximum ratio combination (MRC) approach
has been applied t o make binary decisions for the information bits transmitted.
Computer simulations have been presented t o demonstrate that the performance
of the VCM detector is comparable t o that of the detectors described in Chapter

5 when aliasing is not present at the receiver. When aliasing distortion is present,
however, the VCM detector has been shown t o offer significantly better demodulation
performance relative t o that of the detectors described in Chapter 5. In addition,
it has also been shown that the VCM detector based on the RVCM algorithm offers
slightly better performance relative t o the VCM detector based on the CSG algorithm.

7.2

Future Work

In what follows, three research topics are suggested that can extend the work presented.

7.2.1

RCP Detectors

Although the RCP detectors described offer near-optimal demodulation performance,
the computational complexity involved in both detectors is still rather high relative to
that required by linear multiuser detectors. Since the recursive approach utilized in
the RCP detector is very similar t o the interference cancellation approaches used for
other detectors which involve considerably lower computational complexity relative
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t o that of the RCP detector, it would be natural t o ask whether the RCP detectors
can be implemented with linearly increased computational complexity with respect
t o the number of users? In addition, a thorough study on the error probability of the
RCP detector is required.

7.2.2

RCP Detectors for Asynchronous DS-CDMA Systems

In asynchronous DS-CDMA systems, the number of variables involved in the C P problem can be increased significantly, which leads t o a dramatic increase in the computational complexity. Therefore, it is of particular importance t o design asynchronous
versions of RCP detectors without dramatically increasing the computational complexity. In fact, the design of the ML detector for asynchronous DS-CDMA systems
has been considered and an efficient Viterbi algorithm has been proposed. However,
the Viterbi algorithm was developed based on a trellis structure, which cannot be
applied directly t o the SDPR and the RCP detectors. Once the design of the RCP
detector for asynchronous DS-CDMA detectors has been achieved, it would be natural
t o consider extensions for multipath propagation channels.

7.2.3

SED Detector

Recall that although improved performance has been achieved for both low and high
SNR AWGN channels by using the method proposed in Chapter 6, the improvement
is limited when the approximation of the data correlation matrices is imperfect or the
background noise is not white Gaussian. In this regard, it is worthwhile t o extend the
current work t o overcome the above mentioned limitations. These extensions could
include (a) develop more robust detectors based on the proposed method for DSCDMA systems where the data crosscorrelation matrices are imperfect; (b) develop
approaches for DS-CDMA systems where more realistic noise models are considered;
and (c) develop adaptive algorithms for the above systems t o improve the imple-
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mentation efficiency. Together with the current work, the proposed extensions will
constitute a feasible solution for multiuser detection in wideband DS-CDMA systems.
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Appendix A
Proof of Propostion 4.2

We prove this proposition by induction with respect to K.
(i) It is easy t o see that for any scalar x that satisfies the inequality lxlm - 1

m

< 0 for

> 1, we have x E [-I, 11. Hence, lxln - 1 5 0 for n 2 1 and the proposition holds

for K = 1.
(ii) Assume that the proposition holds for K = k . That is, for any k-component
vector x E R,, if

k

then C l x i l n - k 5 O

form>n>l

(A4

i=l

We can now show that the proposition also holds for K = k+1. That is, if m 2 n

21

and

for any vector x E %&,then

Denoting xi as the component of x in (A.3a) that has the least absolute value, it
is easy to see that lxil 5 1. Then (A.3a) can be expressed as
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By introducing a positive scalar

the inequality in (A.4) is equivalent t o

Since there are only k variables involved on the left-hand side of (A.5)) according t o
the assumption, we have

which can be expressed as

Next we define a function

whose first derivative is given by

For x E [O, 11 and m

2 1, it can be verified that

If we take the (m - n)th power for both sides of (A.9)) then for m
inequality becomes

2 n 2 1 the above
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which leads t o

Using (A.11), f l ( x ) in (A.8) can be shown t o be non-positive for 0

< x < 1. That is,

f (x) is monotonically decreasing on interval [0, I]. Since f (1) = 0, we have f (x) >_ 0
for x E [0, 11. Hence,

From (A.7) and (A.12), we have

which implies that the inequality in (A.3) is satisfied.

Appendix B
Proof of Proposition 4.4

The following lemma will be used in the proof.

Lemma B.l: If A is an n x n matrix composed of four block matrices as
All A12
A = [A2l A22]
where All E Cbk, A 12 E

~"x(n-"

)

A 21 E c(~-')x',

and

E c ( ~ - ' ) ~ ( ~then
- ' ) , the

inverse of A is given by

where

This lemma can be easily verified by showing that A-I - A = I.
To simplify the notation, the solution of the problem in (4.36)) x:, is expressed as

where x: is composed of the variables corresponding t o the information bits that are
detected in the j t h iteration and x; is composed of the variables corresponding to the
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other information bits. According t o the RCP algorithm in Table 4.2, we have

where x ( i ) denotes the ith component of x. Note that according t o the assumption
in (B.3)) H j in (4.36) can be decomposed into submatrices as

where Hj+, is defined in (4.22) and

$ and Hj are defined in (4.40).

Note that the constraint c j (x;, p)

< 0 implies that the constant of this problem is

inactive; hence, the solution of the problem in (4.34) can be obtained as

According t o Lemma B . l , IZJ in (B.6) can be expressed as
- - X*
3

= A . (r - SjAjbj) = bj+i

+ A, - (Sj;ijJbj + n,)

P.7)

where A is defined by

Sj, A,, Sj+17 and A,+, are defined in (4.22), sj denotes the signature matrix obtained by removing the columns of Sj whose indices are not in i2j+l, A~ denotes the
amplitude matrix obtained by removing the rows and columns of A j whose indices
are not in

aj+l,and 8bJ denotes the vector composed of the decision errors of the

information bits that are detected before the j t h iteration.
Next we define vector x:+~ as
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Jb,jdenotes the vector composed by the decision errors of the information bits

that are detected in the j t h iteration. It is easy to verify that
-

- -

- ,t
6X J. = k*
3
3+1 = zj - nc + zj - S j AjSb, j - H-'
3+1

~j

Jb, j

(B.10)

where E is defined as

When the decisions of the ith information bits for i E Ri+l are determined correctly,
&,,

j

and

Jb, j become zero vectors, and (B.lO) can be simplified to

Hence

where nc,j = Xjnc and nc,j(i) denotes the ith component of nc,j. Note that the
inequality in (B.13) is obtained by letting p
p

--+ oo and thus is satisfied for any scalar

> 1. Since nc,j(i) is a zero-mean Gaussian variable whose variance is a2pzwith pi

being defined in (4.37), we obtain

Substituting (B.15) into (B.14), we have

Appendix C
A Sufficient Condition for Global
Convexity of the Problem in (6.19)

Based on the assumption I lg11l2 = 1,the objective function in (6.19a) can be expressed

y,(i) is replaced by ym to simplify the notation. By defining Hrn= [h? h~ - . .

A = diag{Al A2

-.

A3K) and b = [&

b2 . - . b3K]T,

hyK],

(6.18) can be expressed as

where vm(i) is replaced by vm for the same reason. When m = n, &,m(w) can be
simplified as

Note that each component of b can assume +1 and -1 with equal probability and vm
is a vector of complex-valued zero-mean white Gaussian variables. It can be shown
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that

E(vmv:)

=O

E(v,v,H) = O for m # n

(C.4)

By using (C.4), we compute

where Qm = H,AA~H;

and R, = Q,

+ o:I.

The first term in (C.6) can be

written as

Substituting (C.5), (C.6)) and (C.7) into (C.3), J,,,(w)

When m

# n, Zm,,(w) can be derived in a similar way as

in (C.3) can be expressed
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Substituting (C.8) and (C.9) into (C.l), the objective function in (C.l) becomes

where Q = x:=,

Qm, R =

c:=~R, are positive semidefinite matrices, Pu is a

Hermitian matrix which is defined as Pkl =

M

[ h( ~h ~+)hp(hr)
~
"1.

Note

that z ( w ) is defined as the ith term in ((2.10).
Next, we compute the Hessian of the objective function, which is given by 3"(w) =
x:=, q l ' ( w ) . In what follows, x denotes an arbitrary nonzero vector.
i) The Hessian of Jl(w) is given by

According to the Cauchy-Schwarz inequality, we obtain

ii) The Hessian of J2(w) is given by

It is easy to see that xH$x = 16Ma4 (

I I ~ 1 1 ~ 1 1 ~+1 IxHwI2)
1~
>0

iii) The Hessian of 3 ( w ) is given by

(C. 14)
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iv) The Hessian of &(w) is given by

v) The Hessian matrix of J5(w) is given by

Since J:(w)

and A 1 ( w ) are positive semidefinite matrices, we have t o find the con-

dition so that

xiz3z 1 ' ( w ) is positive semidefinite as well. After some manipulations,

it can be shown that

Then based on the constraint (6.19b), we have
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which leads t o

(C.21)

Note that the equality in (C.22) is based on the observation wHPllw = 2 . l g l

l2 = 2.

In addition, since Pkkin (C.23) is a positive semidefinite matrix, we have xHPkkx2 0.
Hence, if

x
3K

A;pl1 - A:pl1

-

A:pkk 2 0 for

k = 1, 2, . . . , 3 K

(C.24)

1=1

l#k

then the quantity in (C.23) is non-negative.
Therefore, if the condition in (C.24) is satisfied, then the Hessian of the objective
function is globally convex and thus the problem in (6.19) has a unique global optimal
solution.

