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After nearly a decade of development, human-implantable sensors for detection of 

muscle activity have recently been demonstrated in the literature.  These sensors are 

intended to provide better and more numerous control sources for a new generation of 

prosthetic devices that operate in a more natural fashion by using multiple joints and 

many degrees of freedom.  The implantable sensors are powered and communicate 

wirelessly through the skin using coupled inductor coils. 

The focus of the present work has been the development of a new approach to 

modeling the inductively coupled link by using the finite element method (FEM) to 

simulate a three-dimensional representation of the coils and surrounding magnetic field.  

This approach is attractive because it is able to encompass many physical geometric and 

magnetic parameters which have been a challenge to evaluate in the past. 

The validity of the simulation is tested by comparison to analytically-developed 

formulas for self-inductance, ac resistance and mutual inductance of the coils.  

Determination of these parameters is necessary for calculation of the coupling coefficient 

between the coils, and to fully define the lumped circuit model of the link. 

Use of FEM allows for more accurate simulation of configurations and materials not 

possible with the use of analytical formulas.  For example, the complex permeability of a 

ferrite core is easily incorporated into the FEM model allowing for its effects to be 

included in the system design process.  Furthermore, the three-dimensional nature of the 

simulation enables the calculation of transferred power for arbitrary orientations and 

positions of the secondary implant coil with respect to the primary coil. 

Consequently, the proposed FEM approach can be a useful design tool for development 

of the next generation of implantable bio-sensors. 
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1 Introduction 

The state-of-the-art in conventional electric hand and arm prosthesis technology is 

currently limited.  Although there are many advanced electromechanical prosthesis 

designs in development, the technology enabling intuitive control of these advanced 

multi-channel (multiple degree-of-freedom) prostheses has yet to be fully realized.  

Hence most existing upper limb prostheses are operated with a single channel, allowing a 

gripper to open and close, or a wrist joint to rotate.  Advanced prosthesis designs promise 

natural arm movements with the controlled articulation of mechanical fingers, but they 

have remained at the research stage because their high level of mobility cannot be 

controlled with present methods.  These lifelike devices require a more sophisticated 

control scheme that uses a forward dynamics model requiring many individual muscle 

activations as input. 

In conventional myoelectric prosthesis control, electrodes on the skin of the residual 

limb detect underlying muscle activations as electric potentials.  Their combination 

produces an electromyogram (EMG), which is the superposition of activation potentials 

from many muscles.  To isolate the activations, various algorithms have been developed, 

but ideally more selective detection is needed.  More precisely targeted measurement 

may be obtained by using needle electrodes; but a transcutaneous connection (through the 

skin) is not feasible for application to prostheses.  Therefore, implantable EMG sensors 

have been proposed, since they can provide the selective (localized) EMG measurement 

that is desired. 
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In order to power implantable sensors, and yet have them operate for years, batteries 

are not feasible.  Hence, there is much interest in powering implantable devices 

wirelessly.  Over the last decade researchers have made progress in this direction, 

recently reporting some preliminary results [1]. 

The focus of this thesis is the development of a computational modelling method to 

facilitate the design of implantable sensors.  Specifically, the electromagnetic link that 

inductively couples an implanted sensor to the outside world has been examined. 

Many existing implantable medical devices have been developed that receive power 

[2-4], and report collected data [5-8] wirelessly.  The wireless electromagnetic 

connection is achieved through inductive coupling of coiled conductors.  In particular, 

solenoid shaped (helical) coils are investigated due to their geometrical fit to the problem.  

In the proposed application of this work, the power transmitting coil is incorporated into 

the prosthesis socket worn on the residual upper limb.  The receiving coil is incorporated 

with the implanted sensor, and is then located within the volume enclosed by the 

transmitting coil.  This configuration is envisioned as illustrated in Figure 1.1. 
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Figure 1.1  Configuration of primary and secondary (implant) coils 

 

Created sufficiently small, a sensor could be implanted into each muscle of the residual 

limb, enabling the direct measurement of a highly localized EMG, as required for the 

forward dynamics control strategy proposed above.  Minimizing the size of the implanted 

device also reduces the invasive nature of a foreign object to the body. 

An initial design concern is the availability of power for the implanted EMG sensor 

circuit.  There are numerous variables in the calculation that dictates the available power.  

These have traditionally been approximated by analytically developed formulas.  

Additionally, prototype coils may be constructed and measured as a more laborious 

method to quantify these variables and hence calculate the power transferred wirelessly. 

Many of the variables are affected by the geometry of the coupled coils.  For instance, 

the inductance of each coil is determined by its number of turns, length, and diameter, as 
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these quantities determine the strength and spatial distribution of the surrounding 

magnetic field.  Further, the relative position and orientation between a transmitting and 

receiving coil will determine how well they are magnetically coupled.  If the receiving 

coil is not centred coaxially with the transmitter, the problem cannot be simplified by 

symmetry.  Consequently a full three-dimensional (3D) model is proposed in the present 

study in order to evaluate the degree of coupling for a variety of more realistic receiver 

positions. 

A tool frequently used for spatially-defined problems is the finite element method 

(FEM), where a problem is broken down into solvable pieces through discretization of its 

physical domain.  Using this method for modelling the electromagnetic inductive 

coupling between coils could be a useful design tool for development of wireless sensors 

because it can accommodate non-symmetrical coil positions.  Two-dimensional FEM has 

been employed to model individual inductors [9], but a 3D model of coupled coils has to 

date only been suggested [10].  Therefore, the present work seeks to investigate 3D FEM 

as a novel approach to analysis of inductively coupled coils. 

An FEM approach allows a model of coupled coils to be driven by the geometry and 

material properties instead of loosely approximated by analytical formulas.  Now the 

magnetic flux linking the coils may be determined quickly, while the coil parameters may 

be easily varied.  These include the diameters, number of turns, and core materials, as 

well as their relative position and orientation. 

To illustrate the geometry of interest, and one quantity available from the FEM 

solution, Figure 1.2 shows the direction and intensity of the magnetic field surrounding a 

coil sized to represent the externally-located coil that generates the magnetic field.  In this 
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example there is a large field density in the centre due to the presence of high 

permeability magnetic material there (blue region). 

 

 
Figure 1.2  Side view of solenoid coil with direction and magnitude of magnetic flux density 

(indicated by arrow size).  Volume of magnetic material (blue) located centrally. 
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1.1 Document Outline 

Chapter 1 provides a further introduction to the problem and insight regarding the 

motivation for the work presented herein.  The motivation is elaborated in chapter 2 by 

providing a summary of applicable background information with reference to the relevant 

literature.  The problem of modern prosthesis control is defined here. 

Initial concerns about the feasibility of an implantable device are considered in 

chapter 3.  Here, the physical effect of an implant and electromagnetic exposure on the 

body is discussed, leading to the selection of the operating frequency for a wireless power 

link. 

Chapter 4 describes the lumped circuit model of inductive wireless power transfer, as 

well as experimental and analytical methods towards determination of the circuit 

parameters. 

The criteria that are desired for the proposed FEM model are listed in chapter 5.  The 

bounds of the model are also established here. 

Chapter 6 describes how the finite element method has been applied to modelling 

solenoid coils in two dimensions as well as their degree of coupling in three dimensions. 

Chapter 7 describes the experimental set-up used to verify the simulation results. 

Chapter 8 presents the results of the computation described in chapter 6, and the 

measurements of chapter 7, while chapter 9 consists of remarks summarizing the 

contributions of this work, future work, and conclusions. 
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2 Motivation and Background 

2.1 Statement of the Problem 

There are several types of commercially available prosthetic devices for people with 

upper limb deficiencies.  These devices include passive prostheses, body-powered 

prostheses, and electrically-powered prostheses [11].  Most of the passive and body-

powered upper limb prostheses remain largely similar to those introduced a century ago.  

Electric prosthesis designs attempt to combine functionality, cosmetic appearance, and an 

electric power source to create a useful and natural looking artificial hand.  However, a 

majority of the commercially-available designs are only capable of opening and closing a 

claw-like gripper with a single degree-of-freedom (DOF) action. 

To overcome this limited operation, many advanced prosthesis designs that mimic the 

human arm in form and function are under development [12-14], but they remain only 

laboratory successes because their complex actions can not be controlled intuitively by 

the amputee.  The necessary control schemes have been developed, based on 

anatomically-correct musculoskeletal models, but they lack sufficient inputs.  To drive 

these models to a desired position, the activations of the individual muscles are needed. 

To some degree, these activations can be isolated from signals detected on the skin 

surface above the muscles.  However it is difficult to achieve a consistent and repeatable 

placement of the sensors for this method.  Variation in skin impedance and crosstalk from 

other muscles also prevent effective isolation of the signals. 
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An implantable sensor potentially offers a robust solution to the aforementioned 

problems.  By being powered wirelessly, an implantable sensor eliminates the problems 

caused by a wired connection through the skin, such as tissue damage and infection, 

while enabling a localized and consistent measurement of muscle activity. 

However, determination of the amount of power that can be transferred wirelessly to a 

sensor is not simple because many physical factors contribute to the calculation.  These 

include the geometry of the coiled inductors that are coupled through a magnetic field, as 

well as their relative position and orientation that determine the degree to which they are 

coupled.  Analytically-derived formulas are shown to be insufficient for determination of 

lumped circuit parameters, while prototyping is laborious, so it should be used to verify 

designs rather than initiate them. 

In conclusion, the problem faced in the development of modern prostheses is the lack 

of intuitive control available to the user.  An advanced control scheme could rectify this, 

but it requires many channels of simultaneous input, specifically individual muscle 

activation signals.  Existing methods for acquisition of these signals are inadequate 

because they do not provide sufficiently focal detection, or are not applicable to the 

prosthesis application. 
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2.2 Motivation 

The motivation of the present work is to develop tools and methods that will facilitate 

modern prosthesis development.  Specifically, the development of a computational 

modelling approach that simulates the power transferred wirelessly to implantable EMG 

sensors has been the goal here.  The model should account for the multitude of design 

parameters and variables, while providing a straightforward and relatively rapid solution 

for the desired unknowns. 

2.3 Modern Prosthesis Control Challenge 

Based on results from a number of surveys, the comfort and functionality of prostheses 

are among the chief factors affecting their rate of use by amputees [11], [15], [16].  In 

order to increase their functionality, recent advanced upper limb prostheses have been 

designed using multiple finger, thumb, and wrist joints for more lifelike operation.  Each 

joint that can be moved independently of the others can be considered as a single degree 

of freedom (DOF).  It is generally considered that the human arm has 7 DOF, and the 

human hand has 18 DOF [17].  In contrast, the best commercially available prostheses 

have 3 DOF or fewer [18], with a majority having only one (open and close).  There are 

numerous research-grade devices having multiple mechanical DOF that are able to nearly 

reproduce the dexterity of the human arm [19-25]; however, it remains impossible to 

acquire focal multi-channel user input that could allow smooth and intuitive control of 

these advanced devices. 

The more advanced prostheses on the market that do feature multiple DOF typically 

allow for control of only one DOF at a time, by some method of locking out the others or 
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through sequential selection of the active DOF [26].  Besides being slow and non-

intuitive, this strategy is only feasible for a small number of DOF. 

To create natural motions with multi-DOF devices, simultaneous and independent 

control of their joints becomes necessary.  Such a control system would be most intuitive 

for an amputee if it could use the same biological input signals that normally initiate 

muscle and finger movement.  These biological signals serve as the communication 

between the brain and the limbs.  In the case where limbs are missing, amputated, or 

injured, the signals are still transmitted even though they are not being used, as long as 

the muscle tissue is still healthy. 

When these input signals from the nervous system reach the muscle fibres, electric 

potentials are generated by the muscle cells.  The electromyogram is the superposition of 

these potentials that can be detected inside the muscle or above it on the surface of the 

skin.  It has been proposed that implantable sensors can be used to detect the EMG inside 

the muscle [1], [27-29].  By using multiple implantable sensors, one within each of the 

major muscles responsible for the desired motion, the intention to flex or extend can be 

detected and directed to the prosthesis controller for an appropriate action. 

2.4 The Electromyogram (EMG) 

Activation signals originating in the brain reach skeletal muscles by way of the spinal 

cord, which contains motoneuron cells.  The motoneuron connects to the muscle fibres 

and innervates them.  These are collectively known as a motor unit (MU) [30]. 

Living cells maintain an electric potential difference across their membrane that varies 

with numerous physicochemical quantities [31].  Certain types of cells are electrically 
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excitable, muscle and nerve cells are of this type.  In these cells, a sufficient current 

crossing the membrane results in a change in the membrane potential called an action 

potential (AP).  (An insufficient current results in a smaller graded potential). 

More specifically, when a nerve impulse reaches a muscle fibre, the membrane is 

depolarized (potential difference is reversed) due to changes in the concentration of 

sodium (Na
+
), potassium (K

+
) and chlorine (Cl

−
) ions.  The change in membrane polarity 

corresponds to a change in the transmembrane current, as shown in Figure 2.1. 

 

 
 

Figure 2.1  Current flow (depicted as ellipses) during activation 

of a muscle fibre. 
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At the edge of the depolarized region, the transmembrane current will cause the 

membrane voltage to surpass the threshold for excitation, shown in Figure 2.2. 

 

 
 

Figure 2.2  An action potential in an excitable cell. 

 

Due to the different dynamic behaviour of the Na
+
 and K

+
 conductances, the local 

variation in potential (action potential) will travel along the membrane with a wave-like 

form.  It propagates the length of the muscle fibre and will form an interference pattern 

with other local AP pulses.  This superposition of action potentials constitutes the 

detected EMG signal. 

The amplitude of the EMG is inversely proportional to the size of the detection surface 

and the uptake radius of the recording electrode.  Therefore it can range between tens of 

microvolts to tens of millivolts depending how it is measured. 

The frequency content also depends on several factors.  The tissue has a low-pass 

filtering effect on the signal, where higher frequencies are attenuated significantly more 

than lower ones with increasing distance between the AP source and the detecting 

electrode.  Consequently the frequency content by needle detection (up to 10 kHz) is 

much higher by surface detection (up to about 500 Hz) [30]. 
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The signal also has physiological significance: the force of a voluntary muscle 

contraction is proportional to the number of MUs activated (recruited) for the action as 

well as their activation frequency.  The EMG is further influenced by individual muscle 

fibre potential, degree of MU discharge synchronization, and fatigue [30]. 
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2.5 Existing Methods for EMG-based Prosthesis Control 

2.5.1 Direct Control 

There are generally three approaches to EMG-based prosthesis control [28].  The first 

and most basic is the idea of controlling a prosthesis action directly with the signals from 

residual muscle.  Current commercially available myoelectric devices operate in this way 

using skin-surface EMG sensors, and typically the actuation speed of the prosthesis is 

made proportional to the difference between two EMG signals.  With this form of direct 

control, the user must learn to associate a particular muscle activation to a specific 

prosthesis function.  The muscle to be used is chosen in advance through consultation 

with a rehabilitation professional for best signal strength and ease of activation by the 

user, who is trained to reliably flex (activate) this muscle.  This is easier to do if the 

muscles used for EMG signals are physiologically close to the original muscle used for 

the motion.  However, it is often not possible to link a motion to a muscle in a meaningful 

way.  Furthermore, there is a limit to the number of independent surface EMG sites 

available on a residual limb.  The authors of [1] suggest a maximum of four.  

Consequently the direct control approach described above would not be applicable to 

advanced prosthetic devices having multiple DOF. 

2.5.2 Pattern Recognition 

The majority of amputees usually have the sensation that their hand still exists, referred 

to as a phantom feeling [12].  When encouraged to move or flex the phantom limb, a 

relatively distinct pattern of EMG activity is observed for different intended movements.  
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If a pattern is recorded for each desired movement, it may later be recognized by a 

control system, and then used to drive prosthesis motion.  There has been significant 

research into signal processing algorithms for this application, with some achieving a 

good degree of pattern classification accuracy [32-35].  The earliest approaches required 

significant processing time to achieve only reasonable accuracy using statistical 

classifiers on amplitude features.  More recently, strategies such as neural networks [36], 

[37], fuzzy logic [38], linear discriminant analysis [39], machine learning [40], and a 

wavelet-based approach [41] have been applied to this pattern classification task. 

To maximize classification accuracy, a surgical technique has been developed to obtain 

more numerous and isolated EMG detection sites [26].  This procedure redirects 

remaining arm nerves by transplanting them onto muscles in the chest and upper arm.  It 

was shown to allow simultaneous operation of only two joints when the user performed a 

reaching task, and the action was not intuitive. 

Regardless of where the EMG is obtained, simply linking an EMG pattern to a 

prosthetic motion is not true simultaneous control of multiple DOF, so it cannot provide 

the ability of dexterous manipulation.  A recent overview of myoelectric control systems 

[42] affirms three major weaknesses of pattern recognition control: the lack of a bi-

directional interface, the lack of individual DOF control, and its need for a potentially 

lengthy user learning period (non-intuitive experience). 
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2.5.3 Internal Model using Forward Dynamics 

The deficiencies of the methods described above have prompted interest in a more 

complex but potentially rewarding approach.  This is the use of an “internal model” 

[43-45], which incorporates an anatomically correct musculoskeletal model with forward 

dynamics simulation.  Such a model can predict hand and finger positions, forces and 

joint torques given a set of individual muscle activations [46].  Application of the internal 

model to the control problem could offer a truly intuitive user experience that has been 

absent to date, while providing the ability of dexterous manipulation, all without 

extensive training. 

The idea has been implemented for the control of a seven DOF exoskeleton, though not 

in real time [47]. 

2.6 Need for Implant-Based EMG Measurement 

The forward dynamics model of the arm and hand described above promises to provide 

intuitive control for a multi-DOF prosthesis, but requires as inputs the activations of 

individual muscles to a realistic model.  In the arm, these activations contribute to the 

surface-detected EMG measured with electrodes on the skin [30], [34], [40], [48-50].  

However, this surface EMG contains significant crosstalk between sensor locations. 
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2.6.1 Crosstalk 

Crosstalk is the signal detected over one muscle that was generated by another muscle 

nearby, and occurs in surface recordings because the distances between sources and 

detector are similar.  There are 18 muscles in the forearm related to the control of the 

hand and wrist [28], most of which are shown in Figure 2.3. 

 

 
 

Figure 2.3  Cross-section through the middle of the forearm [51] 

 

Crosstalk causes a significant source of error when predicting muscle activations using 

surface EMG, because it may appear that a muscle is active when actually it is not.  

Identification of crosstalk sources is hampered by the effect of tissues separating the 

sources and the detecting electrodes.  Besides the variation of tissue shown in Figure 2.3, 
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the muscles themselves are not homogenous throughout their interior.  Figure 2.4 

illustrates the hierarchical structure of a muscle. 

 

 
 

Figure 2.4  Connective tissue sheaths of skeletal muscle [52]. 

 

Fibrous protein (collagen) sheaths of differing density are interspersed between the 

muscle fibres.  The finest sheaths (endomysium) encase the individual muscle fibres, 

while progressively thicker envelopes (perimysium) gather the fibres into increasingly 

larger bundles (fascicles).  The outermost layer (epimysium) converges to form tendons 

for skeletal attachment.  Where collagenous tissue is more concentrated, there are 

relatively fewer muscle fibres.  The EMG measured closer to these regions is therefore 

proportionally smaller [48]. 

Variation in muscle fibre type is a further factor to the EMG.  Overall, the effect of 

tissue on EMG is that of a spatial low-pass filter [30]. 
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2.6.2 Electrode Placement 

Besides crosstalk, control schemes using surface EMG suffer from the problem of 

repeatable electrode placement.  The amplitude and spatial content of EMG varies with 

sensor position due to proximity to the source muscles as well as variation in skin 

impedance (electrical resistance through the skin).  This results in error to the input that 

the direct and pattern recognition controllers are expecting.  Because prosthetic devices 

may be worn in a slightly different position with each use, and are donned and doffed on 

a daily basis, it is impossible to guarantee a repeatable sensor position. 

2.6.3 Intramuscular EMG 

It has been demonstrated that intramuscular electrodes allow for the much greater 

muscle selectivity that is required for more advanced control methods [30], [53].  

Intramuscular EMG has traditionally been collected using needle electrodes inserted 

through the skin, but such a transcutaneous connection is impractical for prosthesis 

wearers performing daily living activities because tissue skin tissue could be continually 

damaged, and infection is likely. 

Therefore, in the past decade implantable EMG sensors have been in development [28], 

[54-57], and have recently been demonstrated in animals [1], [39], [58].  EMG measured 

at the source has a much higher signal-to-noise ratio, and is much less affected by the 

problems with surface EMG described above.  So while surface EMG may be acceptable 

and arguably preferable for pattern recognition control [33], [34], it is unable to detect 

individual muscles as well as intramuscular EMG.  This means it cannot detect certain 

natural hand postures that require low muscle effort, or are determined by activations of 
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the intrinsic rather than extrinsic muscles [49].  Consequently, for more advanced 

prosthesis control, EMG obtained close to the source is needed. 
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3 Implant Considerations 

Having established that intramuscular EMG is required, but that detecting it with 

needles is not appropriate, the idea of an implanted sensor becomes attractive.  Implants, 

however, have their own range of issues.  Primarily, an implant necessitates an invasive 

surgical procedure for the user, and leads to a significantly increased overall system cost.  

Further, if the device is too large, it may impact the function of the muscle in which it is 

implanted.  Therefore, one of the objectives is to minimize the overall size of the implant, 

making it less invasive.  Also, if an EMG sensor could be made sufficiently small, it may 

be possible to simply inject it with a hypodermic needle, as opposed to needing a full 

surgical procedure. 

3.1 Implanted Sensor Geometry 

To simplify the implantation procedure, the sensor is ideally injected by hypodermic 

needle into the centre of each muscle of the residual limb (see Figure 2.3) that is needed 

for the control strategy.  Consequently a cylindrical package is envisioned, its axis 

positioned parallel to the muscle fibres.  The detection radius of a sensor with this 

configuration was simulated in [59] for a 2.5 mm diameter, 15 mm long implanted 

device.  This work represented the implant and surrounding tissue with both a finite-

element and analytical model to determine the rate of decay of the EMG with increasing 

distance of the muscle fibers from the electrode.  Then using the analytic representation 
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of the tissue, the parallel orientation of the implanted sensor was confirmed to be the 

most selective. 

With the sensor dimensions stated above, the authors of [59] found the detection radius 

would completely fill the smallest arm muscles, suggesting precise implant at the centre 

of the muscle would be necessary.  A smaller package would confine the detection 

volume even more precisely, increasing selectivity by reducing crosstalk, and decreasing 

the physical effect of the implant on surrounding tissue. 

The most successful implantable EMG sensors to date [1] have been implemented 

using the existing packaging technology from a muscle stimulator called the BION (for 

bionic neuron).  The original design had a glass package [60], [61], based on a similar 

design from a decade prior [62].  The authors of [63] report on an updated ceramic 

version of the BION with platinum electrodes.  The ceramic case was shown to be more 

rugged, and was able to withstand 8 times the force of the glass package in bend tests 

[63]. 

3.2 Tissue Response to Implants 

Histochemical analysis on the muscle tissue hosting the implant was performed in [63] 

and no adverse reaction with the body was observed.  The same benign reaction occurred 

for the active or passive implant, as well as a silicone rod studied for comparison.  They 

observed that fibrocollagenous tissue encapsulates the foreign body (ceramic or silicone), 

in layers from 50 to 100 µm thick. 

An earlier study was more expansive [64], evaluating the effect of the constituent 

materials of an implantable device, including glass, broken glass, suture material, ferrite 
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and integrated circuit (IC) materials.  They observed that the outer encapsulating layer of 

fibrous, cell-poor material was only 20% of the overall capsule thickness.  The rest was 

an internal accumulation of loosely packed inflammatory cells, typical of the body’s 

healing response to a foreign object.  In half of the experimental cases, the total capsule 

thickness surrounding both active and passive devices was less than 240 µm, and it was 

never more than 600 µm thick.  This tissue response appeared stable over the period of 

the study (up to 100 days). 

3.2.1 Tissue Response Effect on EMG 

The encapsulating tissue does not negatively affect detection of EMG.  Instead, the 

addition of a highly resistive layer surrounding the electrodes was simulated in [59] to 

cause an increase in the detected action potential.  This result was consistent with 

previously published simulations for surface EMG [65], [66].  The authors of [59] 

explain that the increased voltage at the interface of the encapsulation tissue was due to 

the restriction in current flow in the region surrounding the electrode.  Since the current 

entering the region of high-resistance tissue is small, the voltage dropped across the 

region is relatively low, yielding a net increase in the potential observed at the recording 

electrode.  In any case, implant circuits have been designed with programmable front-end 

gain stages [54], which should allow adjustment according to surrounding tissue 

resistance. 

The fibrous tissue also renders the implant immobile in the muscle, which is a benefit 

to the proposed application, with regards to repeatability of EMG measurement. 
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3.3 Power Level Safety Regulations 

Besides the physical effects of implantation due to trauma, those from electromagnetic 

radiation have been studied as well; [67] and [68] are two reviews cited by other works 

relevant to the proposed application. 

The International Commission on Non-Ionizing Radiation Protection (ICNIRP) is an 

independent body of specialists that aims to disseminate information and advice on the 

potential health hazards of exposure to electromagnetic (EM) fields.  Their conclusions 

are founded through evaluation of existing literature, most recently reviewed in [69].  The 

IEEE standard is compiled in a similar fashion, and attempts to harmonize with the 

ICNIRP guidelines where scientifically justified [70]. 

3.4 Effects of Electromagnetic (EM) Exposure 

The authors of [9] aim to provide a comprehensive summary of the present knowledge 

about the health effects of EM field exposure.  They explain that only the acute effects of 

electric current inside the body are well understood, where the current corresponds to 

displacement and/or polarisation of particles through interaction with the electric field. 

In the low-frequency range, up to 100 kHz, electric current stimulates nerves and 

muscles.  From 100 kHz onward, heating of the tissue is the predominant effect of 

exposure.  To quantify thermal effects, the commonly used parameter is the specific 

absorption rate (SAR), which is the amount of power absorbed per unit of mass.  The 

authorities mentioned above specify the exposure limit for frequencies up to 10 MHz for 

the general public to be five times less than that allowed for occupational exposure, 

specifically 2 W/kg for the head and trunk of the body, and 4 W/kg for the extremities 



 

 

 

 

25 

(distal to the elbow and knee).  A SAR exceeding 4 W/kg averaged over the whole body 

can overwhelm its thermal regulation capacity, producing harmful tissue heating.  

Consequently the whole-body average SAR is limited to 0.4 W/kg for occupational 

exposure or 0.08 W/kg for the general public [71].  Since 1 g of tissue occupies 

approximately 1 cm
3
, absorption should not exceed 2 mW in this volume, or similarly, 20 

to 40 mW for 10 g of tissue occupying 2.15 cm
3
. 

Numerical methods have been applied to electromagnetic field problems [72].  In 

particular, the finite-difference time-domain (FDTD) method has been used to investigate 

the frequency dependence of the SAR on the body [73-75].  These studies determine 

frequencies at which the SAR was found to be a maximum.  The maxima are explained 

by resonance occurring when there is the strongest coupling between the body and the 

electric field.  The coupling depends on factors including the direction of polarization of 

the incident wave as well as the height and posture of the body model, which acts in 

general as a dipole.  Consequently, the resonance is different for sitting, standing, adult or 

child models, or when considering only part of the body.  The lowest resonance 

frequency reported, 35 MHz, is for a whole-body averaged SAR is for the adult male, 

grounded condition [74].  Smaller volume models (female, child) have higher resonant 

frequencies.  To minimize EM effects on the body, these frequencies suggest an upper 

limit to the operating frequency of a wireless power system. 

An earlier paper used a prolate (egg-shaped) spheroid model to produce an empirical 

formula for the average SAR over a broad frequency range [76].  The authors noted that 

in the near-field region, the SAR is approximately proportional to the square of frequency 



 

 

 

 

26 

( 2f ).  This result is cited in [77], and further reinforces the case for keeping the operating 

frequency of the wireless power link below 100 MHz. 

3.5 Near Field Region 

Coupled induction coils provide best performance in the near field region.  The near 

field refers to the electromagnetic field when the distance to the source is less than 

approximately one tenth of the wavelength ( / 2d λ π< ).  Within this region, the full 

electromagnetic field equations may be reduced to quasi-stationary approximations and 

the radiating field can be disregarded.  An implant located at the centre of a residual limb, 

powered from a coil worn on the limb, would be separated from the source by the radius 

of the coil or a distance of approximately 5 cm.  Consequently, in this case the total field 

is approximated by the near field up to a frequency of nearly 600 MHz ( λ = 0.5 m). 

3.6 Influence of Tissue on Inductive EM Field 

The components of the electric field, the conservative and non-conservative parts, are 

affected differently by the properties of tissue.  The conservative component 
c

E  is 

normally small enough to be negligible inside tissue, when compared to its strength in air 

outside of the tissue.  This is because conductivity and permittivity of the tissue are 

orders of magnitude larger than for air [78].  If located in the near field as described 

above, the corresponding conduction and displacement currents are insignificant [9]. 

However, the magnetic permeability µ  of tissue is practically equal to the permeability 

of free space 0µ , so a time-variant magnetic field penetrates the body and induces the 
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non-conservative electric field 
m

E .  This component of the field can be orders of 

magnitude larger than 
c

E  explaining why wireless power systems for tissue-implanted 

devices employ inductive rather than capacitive coupling [9]. 

The induced electric field causes conduction and displacement currents, which couple 

it to the magnetic field according to the Maxwell-Ampère law.  This law states that the 

line integral of the magnetic field H  over a closed contour C  is equal to the conduction 

current J  plus the displacement current through the surface enclosed by the contour, 
C

S .  

In time-domain, integral form, the relationship may be written as: 

 d ( ) d
CC S t

∂
⋅ = + ⋅

∂∫ ∫H l J D S�  (1) 

However, at low frequencies, the eddy (conduction) and displacement currents are 

generally too small to disturb the source magnetic field significantly, so the fields may be 

calculated as if the body was air.  The authors of [9] comment on the difficulty of 

establishing the frequency below which this approximation is acceptable, citing factors 

including the type and dimensions of the tissue involved.  They state that often the 

displacement current term is negligible against the induced conduction current.  

Considering the Maxwell-Ampère equation (1) in conjunction with Ohm’s law, 

 σ=J E  (2) 

and the constitutive relation, 

 0r
ε ε ε= =D E E  (3) 

then the condition for the above approximation is 

 σ ωε�  (4) 
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For muscle tissue, this condition (4) holds for frequencies up to 100 MHz [78], [79].  If 

less conductive tissues are present the frequency may be lower.  Therefore, for the 

reasons detailed above, the near field is a good first-order approximation at low 

frequencies [9]. 

The authors of [80] recognize the above assumption has been popular in the design of 

wireless power systems, but with the goal of determining an optimal frequency for this 

application, they insist the displacement current can not be neglected.  Then treating the 

tissue as a lossy dielectric, they propose an optimal operating frequency of a few GHz in 

order to maximize the ratio of power received at the implant to power absorbed in tissue.  

This higher frequency implies a regime somewhere between the near field and far field 

regions. 

3.7 Frequency Selection 

The approach described in [80] to maximize the power transfer to an implant in tissue 

by using GHz excitation frequency appears reasonable but is dismissed for the present 

application primarily in the interest of achieving a practical circuit design.  There are a 

few concerns with using frequencies in the low GHz for power transfer, as follows. 

The low end of the microwave spectrum (300 MHz) marks the point at which many of 

the familiar radio frequency (RF) circuit design techniques become ineffective.  The 

dimensions of the circuit components are no longer small compared to the wavelength, 

parasitics become significant, and the concepts of inductance and capacitance lose their 

identity [81].  More comprehensive models that include ground planes, fringing fields, 

proximity effects and conductor thickness are necessary [82].  Besides introducing 
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unnecessary complexity to the circuit, power transfer with GHz frequencies has yet to be 

demonstrated in the literature, whereas many systems operating under 100 MHz have 

been described [8], [29], [83], [84]. 

In particular, the wireless power transfer system in [85] operates at 13.56 and 27 MHz, 

which are frequencies designated in the industrial scientific medical (ISM) bands.  These 

bands were originally reserved internationally for the use of RF energy in purposes other 

than communications.  Applications including electrical discharge machines, microwave 

ovens or induction heating devices for industry or medicine can create electromagnetic 

interference that would disrupt radio communication, so their operating frequencies were 

limited to the ISM bands.  Operating in these bands, devices must generally accept 

interference, but there is no cost or license needed.  Because there are also many useful 

RF communication devices that operate only at short distances, or are tolerant to 

interference, these applications find good value and near universal operability around the 

world in the ISM bands.  Besides wireless local area networks (LAN) and cordless 

phones, radio frequency identification (RFID) technology makes use of these bands.  

Designing implantable devices to operate with the same frequencies allows the large 

amount of RFID knowledge to be exploited.  For example, many of the design 

approaches for RFID [86], [87] are the same taken with implanted circuits [9]. 

Therefore, with respect to these issues, conventional frequencies of 300 kHz, 700 kHz 

and 6.78 MHz have been investigated in this work.  These have the benefit of avoiding 

the range where the absorption in tissue is highest (see section 3.4), and a lumped circuit 

model should be reasonably accurate [88]. 
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4 Wireless Power Transfer 

Given the need for intramuscular EMG detection, and that an implanted sensor is being 

considered to do this, the topic of powering such a device is presently addressed.  

Operating power may be obtained wirelessly, from an alternating magnetic field supplied 

by an external coil.  This inductive link is preferred to a capacitive or conductive link 

because the circuit is surrounded by tissue, a lossy dielectric, as described in section 3.6. 

For an implantable EMG sensor, a wireless power connection does not suffer from the 

problems associated with needle connections that are prone to infection, or batteries that 

take up significant space and require periodic replacement. 

Besides sensors or stimulators implanted in muscles or nerves [6-8], inductive coupling 

has recently been demonstrated for a wireless drug delivery system [3], for powering 

artificial hearts [2], [4], and has been investigated for applications of a capsule 

endoscope [89] and retinal prostheses [90]. 

4.1 Coil Configuration for Wireless Power for Implant System 

Figure 1.1 illustrates the intended arrangement of the external (primary) coil and the 

implanted (secondary) coils, for the proposed application of this work.  The external 

transmitting coil is envisioned to encircle the residual limb by being incorporated into the 

socket of the prosthesis, while the EMG sensors would be implanted into the muscle 

bundles inside the residual limb (see Figure 2.3). 
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Accordingly, some general design parameters may be established:  To fit within a 

typical adult prosthesis socket, the primary coil would be approximately 10 cm in 

diameter, and up to 10 cm in length.  The receiver coil would be a much smaller solenoid, 

approximately 2 mm in diameter, and would always be positioned inside the primary coil.  

When implanted, it is presumed the secondary coils may be located at any possible 

position or orientation within the primary, but approximate alignment of the long axes 

(parallel configuration) is preferred, and is likely the orientation to be used, given the 

structure of muscle (see Figure 2.4). 

Table 4.1 Proposed Design Parameters for Implantable EMG System 

Primary Coil Diameter (cm) 10 

Primary Coil Length (cm) 10 

Primary # of Turns 14,  150 

Primary Wire Diameter (mm) 0.660 

Secondary Coil Diameter (cm) 0.2 

Secondary Coil Length (cm) 1 

Secondary # of Turns 50,  100 

Secondary Wire Diameter (mm) 0.147 

Operating Frequencies (MHz) 0.3,  0.7,  6.78 

 

The requirement for solenoids precludes the coupling enhancement possible with 

“pancake” spiral coils [91].  However, since the envisioned secondary coils will have 

some axial offset with respect to the primary coil, as illustrated in Figure 1.1, it has been 

shown that solenoids are favoured [92] for such a configuration.  Relative to the primary, 

the small diameter of the secondary means it will be loosely coupled to the transmitter 

circuit, allowing some simplification of the coupling circuit model and analysis [9]. 
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4.2 Lumped Circuit Inductive Link Model 

Inductively coupled coils can be modelled with lumped parameters [9], [29], [77], [93-

104], where the external coil and power source forms one side of a loosely coupled 

transformer circuit, and the internal coil with load constitutes the other side, as shown in 

Figure 4.1.  A comprehensive introduction to inductively coupled circuits is provided in 

the classic Radio Engineer’s Handbook [105] by Terman, but a more modern resource is 

found in the recent works by Lenaerts and Puers [9] or Van Schuylenbergh and Puers 

[104]. 

 
 

Figure 4.1  Lumped element model of coupled circuits 

 

In the lumped circuit model of Figure 4.1, 1V  is a sinusoidal voltage source with radian 

frequency ω , L
1
 is the self-inductance of the external primary coil, and L

2
is the self-

inductance of the implanted secondary coil.  The resistors 1,2R  represent the equivalent 

series resistance of the primary and secondary coils, respectively, as well as any other 

losses such as energy radiated or lost through tissue absorption.  The load resistor 
L

R  

represents the implant sensor circuit including losses from voltage regulation and 

rectification.  Capacitor 2C  is introduced to secondary circuit to create resonance.  This is 

discussed in section 4.4. 
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In the lumped circuit, the transmitting (primary) and receiving (secondary) coils are 

modelled as pure inductances with series resistance.  A more accurate representation is 

the resistor-inductor-capacitor (RLC) combination in Figure 4.2 (where s jω= ), but an 

equivalent, frequency-dependent 'R  and 'L  series combination is appropriate when 

operating below the self-resonant frequency (SRF) of the coil. 

 

 
 

Figure 4.2  Coil modelled as series RL circuit below self resonance 

 

The effective 'R  and 'L  are dependant on the frequency of the current in the coil, due 

to the physical geometry of the conductor.  For wire cross-sections much smaller than the 

coil diameter, the effective 'L  is relatively stable.  However, the current distribution 

across the wire cross-section is dependant on the operating frequency, which causes a 

variation in 'R  that generally cannot be neglected. 

In a good conductor (such as copper wire used here), the ac current density distribution 

decreases exponentially from the surface toward the centre of the wire, and this tendency 

is called the skin effect.  In other words, most of the current flows between the surface 

and the first skin depth, defined as the depth at which the current density is 1 / 0.368e ≅  

its full value.  The skin depth δ , may be calculated as 1/ fδ π µσ=  where f  is the 
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frequency, 1/σ ρ=  is the conductance, and µ  is the magnetic permeability.  The skin 

effect causes the effective resistance of the conductor to increase with frequency (as the 

skin depth becomes smaller).  The effect arises due to opposing eddy currents induced in 

the conductor by the changing magnetic field that results from the alternating current. 

At a particular frequency, the effective resistance is known as the equivalent series 

resistance (ESR).  The ESR (from ohmic loss in the wire) is often lumped together with 

losses in the surrounding media, including core material or nearby conductive objects.  In 

the circuit above, it includes the losses due to absorption of energy by surrounding tissue, 

and also radiation that does not reach the implant.  These, however, are usually negligible 

compared to those of the coil conductor, because current in tissue is far smaller than 

current in the coil wire, as its conductivity is much lower [9], [78] (see section 3.6). 

The self-resonance of an inductor is explained as resonance between the inductance 

and its own capacitance.  It is important to consider this behaviour because it defines the 

upper limit where a series R-L representation of the coil, shown in Figure 4.2, is valid.  

The left illustration in Figure 4.2, with the parallel capacitance, will model this behaviour 

(up to the first self-resonant frequency).  The capacitance is seen across the terminals of 

an inductor because there is a voltage and charge density present there.  Generally the 

charge density in a single layer coil increases with its number of turns, decreases with 

distance between turns, and increases with the permittivity of the medium between turns.  

Dielectric losses associated with the inter-winding capacitance are usually negligible 

compared to the losses associated with the inductance [9]. 

Frequencies above self-resonance are not of interest to the present application because 

we desire to use the RL model of Figure 4.2.  More accurate models could be obtained by 
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discretization of the inductor into smaller segments, each capacitively coupled with all 

other segments.  The higher the frequency, the more segments that are needed to 

constitute an accurate model [9], [104]. 

4.3 Self and Mutual Inductance 

The self-inductance L for a closed circuit, such as a loop or coil of wire, is defined as: 

the ratio of the magnetic flux Φ  enclosed by the loop, to the current flowing in the loop 

that produces the flux.  If a second loop is located such that it encloses a portion of the 

flux generated by the first loop, a mutual inductance M  results between them.  By 

reciprocity, the reverse situation results in the same M  between loops [106]. 

The magnetic flux Φ  crossing a surface is the integral of the magnetic flux density B  

over that surface.  (Consequently, the contributing component of the field is that which is 

normal to the surface.)  The magnetic field H  is related to flux density B  through a 

constitutive relation similar to that for the electric and displacement fields, (3) above, 

where the constant electric permittivity is replaced with magnetic permeability: 

 0r
µ µ µ= =B H H  (5) 

During the inductive coupling effect, the magnetic flux produced by an alternating 

current in the primary coil penetrates the limb, as described in section 3.6, and this flux is 

captured to some extent by the secondary coil.  (Captured meaning a portion of the 

magnetic field is enclosed by the secondary coil.)  In this way, the two coils (implanted 

and external) are considered coupled. 
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The mutual inductance is often expressed as 1 2M k L L=  where k  is the 

dimensionless coupling coefficient.  This coefficient, ranging between zero and one, is 

the fraction of the flux generated by the first coil that is captured by the second coil.  For 

fixed coil geometries, k  is independent of the coil parameters, so it is often used instead 

of M  to describe the coupling.  In [9], the low-coupling approximation is proposed for 

the following condition: 

 
2 2

1 2

1
M

R R

ω
�  (6) 

4.3.1 Effect of a Magnetic Core Within a Coil 

As shown in [93], [101], [104] the efficiency of the link is related to the degree of 

coupling between coils, which is the fraction of flux produced by the primary that is 

captured by the secondary coil.  Coupling may be significantly enhanced by adding a 

magnetic material with a high permeability to the interior of the secondary coil.  A 

general overview of ferritic material is provided in [107], but the specific properties that 

depend on composition of the material typically must be obtained from the 

manufacturer [108]. 

When the dimensions and distance from the primary are much less than the radius of 

the primary, it can be assumed that the magnetic field distribution in the vicinity of the 

secondary coil is uniform.  Based on this assumption, the authors of [109] present a 

formula for M  that relies on geometrical parameters, and for the case of a secondary 

with an air-core, their value is equivalent to the estimations developed in [77], [110].  

Then by incorporating earlier work on the magnetization of a rod-shaped geometry [111], 
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they present an analytical formula for M  that takes into account a magnetic core 

material.  In particular, their model considers the complex nature of permeability in soft 

ferrites.  Their result has been used in part in the present work to evaluate the proposed 

FEM modelling method. 

4.4 Resonant Tuning 

The maximum inductive coupling power transfer between a source and a load occurs 

when their impedances are matched (more specifically they are complex conjugates).  

This fact is employed for this application, to increase the efficiency of the inductively 

coupled link.  To match the inductive reactance of the secondary coil, a series capacitor 

2C  is introduced to the secondary coil as shown in Figure 4.1 and 4.3, chosen for 

resonance at the desired operating frequency ω . 

With 2C  correctly selected, its reactance cancels with the inductive reactance, leaving 

only real impedance (resistance) resulting in a resonant circuit.  By matching resistances 

in the secondary, ideally with 2L
R R= , maximum power transfer will occur. 

The resonant capacitor could also be added in parallel [112], [113], and the comparison 

between series and parallel forms is discussed in [101], [102]. 

The primary circuit in Figure 4.1 and 4.3 is somewhat simplified, showing only the 

primary coil impedance and voltage source.  An actual transmitter coil driver circuit is 

usually some type of switched-mode circuit where energy is pumped into a resonant tank 

that may be operating at a frequency slightly higher or lower than the transfer frequency.  

These drivers are discussed in greater detail in [104]. 
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Figure 4.3  Lumped element model of coupled circuits with 

equivalent load seen at the primary side 

 

As shown in the bottom of Figure 4.3, the secondary side of the inductively coupled 

circuit can be transferred to the primary through the use of an equivalent impedance 
eq

Z  

[9], [77], [83], [86], [93], [97], [104].  For a series resonant secondary, the equivalent 

impedance is purely resistive: 

 
2 2

2

eq

L

M
R

R R

ω
=

+
 (7) 

Using this case, the authors of [9] calculate the maximum power supplied to the load 

for a given primary coil current as, 
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ω
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+
 (8) 

As mentioned above, it is apparent from equation (8), that the load receives maximum 

power when 2L
R R= . 
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4.5 Obtaining the Lumped Circuit Parameters 

Equation (8), the power supplied to the load (implant circuit) at resonance, requires 

knowledge of the various lumped parameters associated with the coupled coils.  The 

equivalent series resistance of the secondary coil 2R  appears in the formula, as well as 

the mutual inductance M between the coils.  Additionally, the selection of capacitor 2C  

for resonance depends on the secondary inductance 2L .  It is chosen according to 

equation (9) where 0ω  is the radian resonant frequency: 

 0

2 2

1

L C
ω =  (9) 

To determine these circuit parameters, the physical geometry of the coils must be 

established, including wire gauge and number of turns.  For the proposed implantable 

EMG sensor, the design parameters of the coils are summarized in Table 4.1. 

Next, the losses on each side of the transformer circuit should be determined at the 

operating frequency.  As explained above in section 4.2, the losses from wire resistance 

of the transmitting and receiving coil (ESR), are the most significant.  Less significant are 

losses due to power dissipated in the tissue or due to radiation that does not reach the 

implant. 

4.5.1 Experimental Methods 

The lumped parameters needed for the circuit model described above are most 

accurately obtained by experimental measurement of prototype coils.  The various 
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methods and considerations for measuring complex impedance are covered extensively in 

the Impedance Measurement Handbook, [114]. 

Often the preferred measurement method is the use of an impedance analyzer or LCR 

meter, which typically employs an auto-balancing bridge circuit internally.  This uses a 

vector voltmeter switched frequently to measure the difference between voltages at each 

terminal of the device under test (DUT), which allows the current through the DUT to be 

calculated, and therefore the impedance measured.  This method has the advantage of 

nearly zero input impedance, while being unaffected by test cable capacitance [114]. 

Another common piece of RF laboratory equipment is a vector network analyzer 

(VNA).  Although it is possible to use the VNA to measure coil parameters, it is not well 

suited for the task.  It derives the DUT impedance magnitude and phase angle from 

scattering effects (transmission and reflection), from which the real and imaginary 

impedance components can be computed.  As the coil impedance is mostly reactive, 

small phase-angle errors result in large errors on the real impedance component.  

Furthermore, the impedance measurement itself becomes less and less accurate the 

further its magnitude deviates from the characteristic impedance of the VNA (typically 

50 Ω).  Therefore, careful calibration of the equipment and proper fixturing of the DUT is 

required to cancel out effects of test cable impedances.  The difficulties in assessing the 

accuracy of the measurement are well described in [115], [116]. 

As mentioned in [104], the measurement of the inductance L is rarely problematic as it 

dominates the impedance 
L L

Z R j Lω= + .  Also as described in section 4.2, the effective 

L at a particular frequency is nearly the same as its direct current (dc) value.  The ESR, 
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however, is more difficult to measure.  Up to a point, these parameters can completely 

describe the coil, so they are often combined into another parameter, called the quality 

factor (Q), for comparison and circuit analysis.  It is defined as (2π times) the ratio of the 

energy stored in a resonator to the energy dissipated per cycle.  For an inductor, the ratio 

is the radian frequency times the inductance, divided by the resistance.  Because it 

describes the damping of the resonator, it can also be defined as the ratio of the resonant 

frequency ( 0ω ) to the half-power (3dB) bandwidth ω∆ : 

 0L
Q

R

ω ω

ω
= =

∆
 (10) 

In the R-L inductor model, the R in the denominator of (10) is the ESR.  Since the Q 

can be measured relatively easily, the ESR may then be extracted.  To measure an 

inductor’s quality factor, it is combined with a (variable) capacitor to resonate at the 

frequency of interest.  The ac source driving the circuit is loosely coupled to the device 

under test (DUT) through an additional coupling coil (few turns).  This configuration is 

illustrated in Figure 4.4 and described in [117]. 

 

 
 

Figure 4.4  Measurement of coil quality factor (Q) using loosely coupled ac source 
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Loose coupling and a high impedance oscilloscope probe are necessary to reduce the 

effect of the measurement on the circuit of interest.  Once the resonant frequency is 

established, the frequency of the source is varied, and the reduction in voltage across the 

LC combination is observed.  The half-power bandwidth can be calculated from the 

frequencies where the voltage drops to 1/ 2 0.707=  times its maximum, on either side 

of the resonant frequency. 

4.5.2 Analytical Methods 

Repeated experimental measurement of physical prototype coils obviously becomes 

costly in terms of time and resources.  Consequently, analytical formulas for the 

calculation of inductance and resistance have been of great interest for RF circuits; see 

for example [118]. 

4.5.2.1 Inductance 

Of the three passive circuit elements: resistance, capacitance, and inductance, the third 

is the least amenable to realization in practical devices [119].  As alluded to earlier in 

section 3.7, the reason is that lumped circuit theory depends on the assumption that the 

physical dimensions are negligible compared to the wavelength of the incident radiation.  

For a wound solenoid coil, the problematic dimension is the length of the conductor.  

Although the wire may be coiled-up into a small volume, its electrical length at radio 

frequencies cannot be ignored.  However, when the assumption above is satisfied, an 

analytical calculation derived from consideration of the magnetic field alone has 
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excellent accuracy.  The self-inductance may then be determined from the definition 

mentioned in section 4.3.  As shown in [120], the calculation proceeds as follows: 

i. Calculate the magnetic flux density B  everywhere 

ii. Integrate the flux density to calculate the flux Φ  

iii. Multiply by the number of turns (N) to obtain the flux linkage NΛ = Φ , 

iv. Then the inductance is the flux linkage divided by the coil current, L = Λ  / I 

 

Following this procedure, the inductance of a solenoid of length h may be obtained 

through comparison with a theoretical solenoid of infinite length.  In the latter case, the 

magnetic field outside the coil is (ideally) zero, and the field inside is uniform.  Since the 

wire is small compared to the diameter of the coil, the current can be thought of as a 

uniform sheet.  This cylindrical sheet will have current density NI / h for the solenoid of 

length h.  The simple formula (11) is then obtained with the steps above where A is the 

cross-sectional area of the solenoid. 

 
2

N A
L

h

µ
=  (11) 

This formula fails if the coil is wound loosely, causing flux leakage.  In this case where 

the flux is not uniform along the coil, Wheeler [121-123] introduced an empirical 

correction factor.  The metric version of his corrected formula for inductance in Henries 

is provided with the restriction that the solenoid length l  should exceed 80% of the 

radius r : 

 
2 2

0

0.9

u r N
L

l r

π
=

+
 (12) 
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Other empirically-derived analytic expressions for inductors of various size and shape, 

wound with various sizes of conductors, are found in the aforementioned [105] as well as 

the seminal work of Grover [124-126].  The formulas are summarized well in [120], 

[127]. 

4.5.2.2 Limitations of Lumped Parameters 

The authors of a much more recent paper (compared to the references above) [128] 

raise the important reminder that although the preceding formulas are often provided in 

texts without mention to their limitations, they are really a simplification that relies on 

uniform current distribution which occurs only at low frequencies.  In their earlier work 

[129], they demonstrate the solution of Maxwell’s equations for the field structure and 

input impedance of helical coils. 

More accurately, a coil inductor acts as a complicated transmission line, and the 

lumped approximation is then just a special limiting case of transmission line theory.  

This is demonstrated in [128] where using the low frequency (uniform current) 

approximation, the transmission line terminal point impedance passes to the same value 

of inductance from (11). 

The other passive circuit elements can be thought of in this way as well, but can 

generally be made small in comparison to wavelength.  When they do become large, the 

distributed parameter models remain fairly simple.  Unfortunately, the same is not true 

for the inductor.  The responses at different regions of the electromagnetic spectrum 

overlap and give rise to interactions between competing propagation processes [119]. 
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The so-called self-capacitance is another consequence of the lumped model being only 

an approximation.  In particular, the notion that the self-capacitance shown in Figure 4.2 

is due to capacitance between adjacent turns is only partly true.  Counter intuitively, it 

may in fact increase with coil turn spacing, as reported by the author of [119], who has 

studied the phenomenon (of self-capacitance) beginning with the earlier analytical 

calculations [130]. 

Therefore, to get a sense of the bigger picture of the lumped parameter approach and 

gain greater perspective on the problem, one is well-advised to become familiar with the 

concepts presented in [119], [128], [129] first, and to keep them in mind when evaluating 

the traditional formulas described above. 

Fortunately, because inductively coupled links operate below the self-resonant 

frequency of the coils, the concerns with the lumped model just discussed can mostly be 

neglected. 

4.5.3 AC Resistance 

A conductor carrying ac current is surrounded by a magnetic field.  As the field 

collapses to reverse direction with each cycle, opposing eddy currents are accordingly 

induced in the conductor according to Faraday’s law, as described in section 4.2.  They 

affect the distribution of the ac current in the conductor, causing it to be greatest near the 

surface while decreasing towards the centre.  This skin effect is significant to the lumped 

L-R inductor model, and has been studied for a long time.  The works [105], [131-134] 

examine resistance at radio frequencies, including the skin effect towards obtaining an 
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analytical expression.  A more recent work by D.W. Knight acknowledges and compares 

the earlier works, while providing some empirical improvements [132]. 

An analytical formula for ac resistance may be developed by first considering the 

formula for dc resistance.  For a uniform conductor at low frequencies it is: 

 
dc

l
R

A

ρ
=  (13) 

where ρ  is the resistivity of the medium, l  is the length of the conductor, and A is its 

cross-sectional area.  This calculation can be extended to the ac resistance if the cross-

sectional area is replaced with a smaller effective area, to account for the skin effect. 

This new effective area can be determined exactly using Bessel functions [135], but a 

much simpler approximation is often useful.  This is approximating the effective area by 

that of a ring extending one skin depth deep into the conductor.  This becomes invalid as 

the skin depth approaches the conductor diameter, but when it is less than the half the 

diameter, the maximum error in this approximation is 5.5% [132].  Therefore it is a good 

approximation for relatively thick conductors. 

Knight improves on the above approximation by obtaining a modified skin depth from 

a current density distribution that is truncated at the centre of the conductor.  This 

eliminates the problematic behaviour around the point where skin depth is equal to 

conductor diameter.  The approximation is further improved by noticing the error 

between it and the exact formula can be fit to a modified Lorentzian function.  By using 

this further correction, the error is reported to be only 0.09%.  This seems to be the best 

ac resistance calculation presently available in the literature.  It is preferred to the formula 



 

 

 

 

47 

in the appendix of [104] because it gives the same results, while being defined in a 

continuous rather than piecewise manner. 

4.6 Mutual Inductance 

The mutual inductance between two coils was defined in section 4.3 as the ratio of 

magnetic flux enclosed by one coil, to the current producing this flux in the other coil. 

It is pointed out in [129] that the analytical development of mutual inductance occurs 

under the same spatially uniform current assumption discussed in section 4.5.2.2.  

Consequently the current may be factored out of field integrals, leaving a purely 

geometrical calculation.  The following example illustrates this. 

As mentioned above in section 4.3 and shown below in (14), mutual inductance may be 

calculated as the flux Φ  crossing a surface enclosed by a secondary coil (surface 

integration of flux density) divided by the current in the primary 1I , generating that flux. 

 2
2 2 2 12

1 1 1

S
dS d

M
I I I

⋅ ⋅Φ
= = =

∫ ∫B A l�
 (14) 

The flux density may equivalently be calculated from the contour integral of the 

magnetic vector potential A  according to Stokes’ theorem, because = ∇ ×B A  [135].  

This is shown on the right side of (14). 

In Figure 4.5 below, the vector potential arising from the current in the filamentary 

circuit 2 (top) is defined as 
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Then by substituting this into (14), the mutual inductance between the loops is obtained 

purely from the geometry, known as the Neumann form [135]: 

 1 2

4

d d
M
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Figure 4.5  Two circular loops 

 

When the loops are perfectly aligned, as shown in Figure 4.5, equation (16) may be 

solved exactly using elliptic integrals, ( )K m  and ( )E m  [136]: 

 
2 2

( ) ( )M ab m K m E m
m m

µ
  

= − −  
  

 (17) 

where  

 2

2 2

4

( )

ab
m

d a b
=

+ +
 (18) 

Depending on the geometry, simplification may be appropriate.  In [137], it is shown 

that if the distance between the coils is much larger than the square of the radius of the 

primary coil, the field at the secondary is uniform (same assumption used in [109]).  For 
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coils with 1,2n  turns on the same axis, the integration is greatly simplified and the mutual 

inductance becomes: 

 
2 2

1 2

2 2 32 ( )

n n a b
M

b d

µ π
=

+
 (19) 

For cases where no simplification from the geometry is possible, the authors of [110] 

have used (17) to derive approximate formulas when the axes of the loops are laterally 

and angularly misaligned, as well as the general case for both types of misalignment.  

Their results are approximate (within 10% of numerical solution) because only the 

perfect alignment case may be integrated in closed form (although the others may be 

solved numerically [138]).  Their general formula is based on an average of the upper and 

lower bounds of M  and it contains the factor ( )
1/2

cosα
−

 for an angle of α  between the 

loop axes.  In [104] it is explained that this factor is only appropriate for small angles of 

20α < ± �  and the coupling is better estimated by a factor of cosα .  This latter factor is 

used in [92], [139] where a power transfer function (gain from transmitter to receiver) is 

presented for the case of axial misalignment based on analytical evaluation of the 

magnetic field captured by the secondary coil. 

The authors of [104] also comment on the accuracy of the formulas from [110] and 

they note significant errors result if the coupled coils are not similarly sized.  

Consequently, this formula was examined and dissmissed in the present work. 

Other studies have represented the coil geometry more accurately by extending the 

current-carrying filamentary rings into two dimensions, giving the coils thickness and 

height [140], [141].  These works as well as earlier tables [142] are only valid for coaxial 
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alignments, but more recent work has extended the results to the laterally and axially 

misaligned cases [143].  Among the analytically-developed methods, the algorithm in 

[143] is the most representative for the coil configuration of interest. 

Essentially the algorithm sums the contribution to mutual inductance from each ring of 

current in the primary and secondary.  However, since only air core coils are accounted 

for, the effect of magnetic material was included in the present work but multiplying by 

an additional ferrite factor.  This factor was developed recently in [109], but was applied 

to limited symmetric coil geometry there, and suggested the aforementioned cosα  factor 

for cases of axial misalignment. 

After digitizing the permeability data for magnetic material 3C90 shown in Appendix 

A, taking 2510 290
r

jµ = −  at the frequency of interest, the cylindrical demagnetization 

factor described in [109] was calculated as 93.96 10fcD
−= × . 

The multiplicative ferrite factor is 

 
1 ( 1)

r

fc r
D

µ

µ+ −
 (20) 
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5 Requirements for Computational Modelling Method 

(Application Requirements) 

The focus of this thesis is to create a computational method that can predict the amount 

of power that would be available to an implanted device.  As explained in the preceding 

chapters, this transmitted power is a function of many parameters that are difficult to 

model analytically.  Besides the frequency and strength of the magnetic field delivering 

the energy, geometrical variables and material properties contribute to the result.  

Quantifying these parameters is necessary to determine power transfer efficiency and 

system viability.  Therefore, such a computational approach would be a design tool of 

great use in the development of implantable devices. 

5.1 Existing Prediction Method 

The consumption of power at the implant is a function of the implanted circuit 

load R
L

, and will vary for different applications.  For an inductively coupled circuit with 

a series resonant secondary coil, the authors of [9] presented a formula to calculate the 

maximum power supplied to a load, for a given primary coil current, as provided in 

equation (8). 

The lumped circuit parameters needed for this formula, introduced in section 4.2, can 

most accurately be obtained by experimental measurement of physical prototype coils, as 

described in section 4.5.1, but this method is time consuming and costly if many coils 

must be constructed during the design process. 
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Consequently, analytical formulas have been developed in order to compute the values 

of the lumped circuit model of the inductively coupled coils.  These formulas, described 

above in section 4.5.2, must be selected according to the particular coil geometry of 

interest, and offer only an approximation.  Until recently, no analytical expression existed 

for the mutual inductance between coils that also accounted for magnetic material in the 

core.  Although one has been recently proposed in [109], the authors presume a uniform 

field at the secondary and have simply used an approximation factor when the coils are 

not aligned in the ideal case [110]. 

5.2 Proposed Computational Method and Requirements 

Given the existing limitations, it is proposed to model the geometry as well as magnetic 

properties of a coupled coil system using the finite element method (FEM).  With this 

approach, the mutual inductance for any coil geometry and configuration can be 

calculated in a timely manner at multiple frequencies without constructing any physical 

prototypes.  Furthermore, with the use of a three dimensional (3D) FEM model, the 

mutual inductance between two coils for any arbitrary off-axis position and orientation 

can be found. 

The FEM model can be extended to include magnetic core material in the receiver coil 

by simply changing the physical constants in that volume from air to ferrite.  Further, a 

region surrounding the secondary coil could be defined with the conductivity and 

permittivity of tissue in order to calculate the SAR (energy absorption) in that location. 

Little work has been published on an FEM approach to modelling wound solenoid 

inductors.  A two-dimensional FEM model is described in [9], [10], [144], but a three-
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dimensional FEM model for solenoids has not been found in the literature, suggesting the 

approach is a novel one. 

The requirements for this computational modelling method are as follows: 

• A reasonable simulation solution time (on the order of minutes). 

• The ability to vary physical properties such as secondary core material, or the 

presence of a nearby lossy dielectric (tissue). 

• Determination of the degree of coupling between the primary and secondary 

coils, as their relative position and orientation is varied in 3D space. 

• The ability to vary coil geometries and parameters such as diameter, length, 

number of turns, wire diameter, and conductor material. 

• Flexibility to provide a solution over a range of frequencies. 
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6 Modeling Inductive Coupling with the Finite Element Method 

The finite element method is a numerical technique used to solve boundary-value 

problems characterized by a partial differential equation with boundary conditions.  In 

this approach, the physical domain of the problem is discretized into smaller subdomains 

in order to express the problem as a system of simultaneous linear equations that can be 

solved computationally to yield approximate values of the unknowns at a discrete number 

of points (nodes) within the system.  Besides electromagnetics [145], [146], many other 

physics problems can be described analytically using ordinary or partial differential 

equations, and may be solved using FEM.  By using it to model power transfer between 

coupled coils, various coil-to-coil orientations, coil shapes and core materials that are 

normally not considered using existing analytical methods can now be simulated. 

6.1 Methodology for FEM Model Approach 

The results of both two-dimensional (2D) and 3D FEM models are used to determine 

the lumped circuit parameters in order to calculate power transferred wirelessly to a load 

representing an implanted circuit. 

The process begins by creating a 2D axisymmetric model of each solenoid by defining 

geometrically the number of turns, diameter, length, and conductor diameter, as well as 

the spacing between turns.  The dimensions for the particular coils constructed and 

evaluated in this work are listed in Table 6.1. 
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Table 6.1 Constructed Coil Parameters 

side primary secondary 

number of turns 150 14 100 50 

coil diameter (mm) 100 100 1.94 1.5 

length (mm) 106.5 95 15 10 

wire gauge (AWG) 22 22 36 36 

conductor diameter (mm) 0.66 0.66 0.147 0.147 

core air air plastic ferrite 

 

Also specified is the total current applied to the primary coil, the material properties of 

the conductor, and the core material.  The solution may be recalculated at each frequency 

of interest and provides the equivalent inductance of the coils L1, L2, and the equivalent 

series resistances R1, R2, as shown in the circuit of Figure 4.1. 

Next, a 3D model is created by directing current in a helical path with the same 

geometry that the 2D models represent.  Additionally, a cylindrical volume representing 

the implant sensor volume is created somewhere within the space enclosed by the 

primary coil, and the electromagnetic properties for the secondary core are specified (i.e. 

ferrite or plastic).  The particular ferrite used in the analysis of this work was 3C90 from 

Ferroxcube.  Its properties are provided in Appendix A. 

The solution of the magnetic field simulation provides the resulting flux density 

induced within the secondary ferrite volume.  The mutual inductance between coils can 

then be obtained with post-processing integration.  Finally, the power supplied to a 

matched load (i.e. implanted circuit) can be calculated using equation (8). 
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6.2 2D Axisymmetric FEM Model 

A 2D axisymmetric model is created using multiple turns so as to accurately represent 

the solenoid of interest, and is used to calculate the equivalent ac inductance and 

resistance.  The model was derived from a simpler single-turn example provided in the 

COMSOL FEM software package [147]. 

The development of the governing equations for this model is explained in [9].  First an 

external source current density e
J  is added to the Maxwell-Ampère equation serving as 

an input for the model: 

 jσ ω∇ × = + + eH E D J  (21) 

Then, using the constitutive relations (3), (5), the definition of magnetic potential from 

section 4.6, and the electric potential, V jω= −∇ −E A , equation (21) may be written as: 

 1 2( ) ( ) ( )j j Vµ ωσ ω ε σ ωε−∇ × ∇ × + − + + ∇ = eA A J  (22) 

A second equation is obtained by taking the divergence of (22): 

 2( ) ( ) 0j j Vωσ ω ε σ ωε ∇ ⋅ − + + ∇ − = 
eA J  (23) 

It is equation (22) and (23) that are solved simultaneously to obtain vector potential A  

and electric potential V . 

The 2D axisymmetric FEM model relies on the symmetry of a helical coil about its 

long axis, as shown in Figure 6.1.  In this axisymmetric representation, current only flows 

in the ϕ  direction (out of page), through and not across the r - z  plane containing the 

cross-section of the coil.  Consequently vector quantities for current and potential that are 
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orthogonal to the r - z  plane are reduced to scalars, and equation (22) is simplified to 

equation (24) [9], which more closely resembles the form implemented in COMSOL. 

 2 21
( ) eA j A Jϕ ϕ ϕωσ ω ε

µ
− ∇ + − =  (24) 

As frequency increases, the distribution of current through the conductor cross-section 

becomes concentrated towards the exterior, increasing the effective resistance of the coil.  

This is the so-called skin effect.  To correctly model this skin effect at higher frequencies, 

as well as the proximity effect caused by the magnetic fields from currents in nearby 

turns, the coil cross-section is modelled by circles, as shown in Figure 6.1. 

 

 
Figure 6.1  Sample of mesh for axisymmetric FE model of solenoid 

 

Further, the mesh element size of the conductor cross-section should be at least half the 

expected skin depth at the frequency of consideration.  Note that in the example of Figure 
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6.1 and Figure 6.2, the various turn cross-sections are not spaced equally in the z-

direction, to demonstrate the ability of the FEM to simulate the proximity effect. 

 

 
Figure 6.2  Current density, phi component from 2D FE model 

 

In the proposed 2D FEM method, the current applied to the coil is an input parameter 

defined as constant 0I .  For each turn from 1 to N , a subdomain integration variable, 1I  

to 
N

I  is defined to integrate the current density Jϕ  over the cross-section, and the loop 

potential is defined in each turn as variable 1V  to 
N

V .  COMSOL provides the ability to 

define global equations that are solved concurrently to the spatial problem.  This feature 

is employed here: a global equation for each loop voltage from 1V  to 
N

V  is defined as 

0 0
N

I I− = .  The consequence is that when the model is solved, the value of the 
N

V  in 

each turn is adjusted so that the associated global equation is satisfied.  The result is a 
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small variation between the loop potentials, but the same amount of current through each 

turn.  By defining a scalar expression to sum all the loop voltages and divide by the total 

current, the impedance of the coil is determined: 

 0/NV I j L Rω= +∑  (25) 

The resistance may be extracted as the real part of (25) and inductance as the imaginary 

part divided by 2 fω π= .  As shown in Figure 6.2, this model predicts current 

distribution according to skin and proximity effects. 

For the example illustrated in Figure 6.1 and 6.2 all the parameters and settings used in 

the 2D COMSOL model are provided in Appendix B. 

6.3 3D Finite Element Model 

The 3D FEM simulation is used to model the magnetic fields and flux density 

surrounding coupled solenoids.  The 3D domain is necessary to model an arbitrarily 

oriented secondary coil (the implantable sensor), which may be located anywhere inside 

the primary coil volume. 

A common FEM guideline to preserve mesh integrity is to limit the individual and 

relative aspect ratios of the meshed elements, where [148] has advised caution for using 

ratios greater than three.  Consequently, for successful 3D FEM meshing, large 

differences in size between the geometry of the various objects should be minimized.  For 

the present application this stipulation was a problem since the primary coil diameter is 

50 times greater than the secondary coil diameter, and the conductor diameters are 200 

times smaller than the coil diameters. 
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Initially, SolidWorks CAD software was used to create the geometry of the primary 

multi-turn solenoid.  This geometry was imported into COMSOL as a true three-

dimensional helix, and placed within a spherical boundary domain.  Attempts to mesh 

and solve with this geometry were met with various difficulties.  In most cases it was 

impossible to mesh the solid helix using a coarse mesh due to its radius of curvature, and 

a fine mesh is actually needed in order to resolve the skin effect on conductor current at 

high frequencies. 

In order to mesh such multi-scale domains, and yet preserve mesh integrity, several 

million or more 3D elements are required for the simulation.  Unfortunately a model with 

so many elements does not converge on a solution in many cases, or takes an 

unreasonable amount of time to solve, conflicting with the design requirements set in 

chapter 5. 

As with any complex problem, there must be a balance between simplifying the 

problem to make it manageable and retaining enough complexity to make it relevant.  

With this in mind, the solution proposed here is to represent the 3D primary coil as a 

filamentary current-carrying helix in order to produce the magnetic field within and 

around the primary coil.  Some typical parameters of each model are provided in Table 

6.2. 
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Table 6.2  COMSOL FEM Model Parameters 

model dimensions 2D 3D 

solver 

stationary, direct 

UMFPACK 

stationary, iterative 

GMRES 

total no. elements in mesh 196 620 106 708 

solution time 12.6 s 88.5 s 

COMSOL 3.5a and 4.0a on Windows 7 64-bit, Intel i7, 12 GB RAM 

 

The primary coil geometry is prepared by using a MATLAB script that generates the 

coordinates of line segments that follow a helical path.  (This script is reproduced in 

Appendix C).  The true curvature is more accurately represented using a higher number 

of segments per turn.  The effect on flux produced when the number of segments per 

primary coil turn was studied, and plotted in Figure 6.3.  Here, 41 segments per turn was 

found to provide an accurate representation with an acceptable computation time. 
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Figure 6.3  Effect on flux produced by primary coil by varying segments per turn 

 

COMSOL version 3.5a allows the Cartesian coordinates of the segment ends to be 

copied into the “polyline” geometry tool.  The model file was then opened in version 4.0a 

in order to use its improved interface. 

The ac current is an input to the model, defined along the helical path.  One must be 

careful to ensure the segments are all following one direction.  This check can be 

performed by plotting the tangent variables of the line segments as shown in Figure 6.4, 

where only a fraction are plotted for clarity. 
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Figure 6.4  3D COMSOL plot of tangent variables for 14-turn primary 

solenoid indicating direction of applied current 

 

Ultimately, the quantity of interest from the 3D simulation is the flux passing through 

the secondary coil.  A small cylindrical volume is defined in the 3D model to represent 

the secondary coil core, but the secondary conductor is not modeled.  The material 

property of this volume is also an input to the model, defined as an air core or ferrite core, 

and an appropriately small mesh size is imposed on this volume. 

In general, the magnetic flux density in the small cylindrical volume will vary along its 

length.  Therefore, the flux density is integrated in the cylindrical volume and divided by 

its length to determine an average flux being captured by the coil.  The total flux linkage 
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is this average value multiplied by the number of secondary turns, as described in section 

4.5.2.1.  Then using (8), the power supplied to the matched load (implant) can be 

calculated given the primary coil current and the ESR of the secondary coil. 

A description of the parameters and settings used in the 3D COMSOL model is 

provided in Appendix D. 
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7 Experimental Methodology and Setup 

The results of the software-based simulation were verified through testing of physical 

prototypes of the coils, using the techniques described in section 4.5.1.  In particular an 

HP 4285A LCR meter was used to evaluate the validity of the 2D simulation by 

measuring the effective inductance and equivalent series resistance (ESR) of all the coils 

over a range of frequencies that included those of interest (see Table 4.1). 

An experiment was also conducted to measure the mutual inductance between the 

primary and secondary coils, in order to compare with the result of the 3D FEM 

simulation.  In this experiment, the 14-turn primary coil was driven with a sinusoidal 

voltage produced by a waveform generator (PXI-5412 from National Instruments).  The 

50-turn secondary coil with ferrite core was centred inside the primary coil (both 

horizontally and vertically) and aligned parallel to the primary coil axis.  This was done 

by securing the secondary coil to a wooden rod, which was held by a manual x-y-z 

positioning stage.  The experiment apparatus is shown in Figure 7.1 
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Figure 7.1  Experimental setup to measure primary and secondary coil voltage 

 

The secondary coil was positioned at various radial and longitudinal positions within 

the primary coil, via the x-y-z positioning stage.  This included positions centered on the 

primary axis, as well as 2 cm, and 4 cm radially out from the primary axis.  It was also 

positioned centered along the long-axis of the primary coil, then 2.5 cm from the center, 

and 5 cm from the center.  Finally it was rotated from parallel so that the coil axes were 

30° and 60° apart.  By combining each of these configurations, 3 3 3 2 7× × =  positions 

are obtained, and the voltage across both coils was recorded at each of these positions.  

Typical waveforms are shown in Figure 7.2 where the voltage was measured across the 

14-turn primary (22 AWG) and 50-turn ferrite-core secondary (36 AWG) when an 

amplitude of 5 V pk-pk is specified in the NI PXI-5412 software front panel.  The 

primary coil is directly connected to the signal generator; the secondary coil is connected 

to the parallel capacitance described below. 
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Figure 7.2  Oscilloscope output of typical coil voltage measurements 

 

A formula is provided in [86] to calculate the mutual inductance from the measurement 

of primary and secondary coil voltages.  After substituting 1 2/k M L L= , that formula is 

 2
1

1

k

V
M A L

V
=  (26) 

where 2V  is the secondary voltage, 1V  is the primary voltage, 1L  is the primary 

inductance and 
k

A  is a correction factor: 

 
2

2

1
2

1 ( )
k

T O T

A
C Lω

= −
− ⋅ ⋅

 (27) 

where 
T O T

C  is all of the parallel capacitance across the secondary, including parasitic 

and cable capacitance.  In the experiment, a 3 nF capacitor was used in parallel with the 

secondary to create resonance and increase the stability in the measured secondary 

voltage (i.e. by reducing the influence of parasitics).  The oscilloscope probe adds about 

15 pF as well, but this is not significant in light of the resonant capacitor. 
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8 Results and Discussion 

The 2D finite-element simulation results of coil inductance and resistance are now 

compared to values obtained by measurement of the test coils constructed with the 

dimensions from Table 6.1. 

The 3D FEM simulation results for mutual inductance are compared to the values 

calculated from the measured voltages, obtained as described in chapter 7, as well as the 

result of analytical formulas introduced in section 4.6. 

8.1 Measured, Calculated, and 2D Simulated Resistance and 

Inductance (dc) 

The validity of the 2D FEM simulations was initially evaluated by comparison to 

measurement and formula for the dc case.  Referring to the upper half of Table 8.1, it is 

apparent that the 2D simulation of dc resistance is in close agreement with the simple 

analytical calculation (where ρ  is resistivity) in all cases.  The measured dc resistance 

matches reasonably well for the larger primary coils, but was greater than the calculation 

and simulation values for the two secondary coils with smaller wire diameter. 
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Table 8.1  Measured, Calculated and Simulated dc Resistance and Inductance 

side of circuit primary secondary 

number of turns 150 14 100 50 

dc
R  measured (Ω)  2.64 0.34 1.30 0.81 

/
dc

length AreaR ρ ⋅=  (Ω)  2.50 0.23 0.80 0.23 

dc
R  COMSOL (Ω) 2.44 0.23 0.80 0.34 

L  measured (µH)  1510 16 100 2.70 17.0 

L  COMSOL (µH) 1480 14 700 2.23 14.8 

L  Wheeler
a
 (µH) 1470 13 800 2.35 (ferrite) 

L  Maxwell
b
 (µH) 1460 15 100 2.12 (ferrite) 

a 
using formula (12) from [131] 

b 
using INCA [149] 

 

As shown in the lower half of Table 8.1 there is very good agreement between 

measured, simulated, and calculated (Wheeler, Maxwell) values for inductance.  The 

calculation in the last row was generated using the INCA software calculator which uses 

Maxwell’s method of calculating the self-inductance using Neumann’s formula for 

mutual inductance between filamental conductors that are separated by their geometrical 

mean distance [149].  These analytical formulas are for air-core solenoids, so no value is 

calculated for the 50-turn ferrite-core coil.  It is apparent that the inductance of the 100 

turn plastic (polyethylene) core can be approximated by the formula, but its resistance 

cannot. 
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8.2 Simulated vs. Measured Impedance (75 kHz to 6.78MHz) 

The following plots (Figures 8.1 to 8.4) compare measured and simulated values for 

the impedance of the coils.  These are expressed with magnitude 2 2( )Z L ESRω= +  

and phase arctan( )
L

ESR

ω
θ =  plots. 
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Figure 8.1  Measured and simulated impedance for 14-turn air core solenoid 
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Figure 8.2  Measured and simulated impedance for 150-turn air core solenoid 
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Figure 8.3  Measured and simulated impedance for 50-turn ferrite (3C90) core solenoid 
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Figure 8.4  Measured and simulated impedance for 100-turn polyethylene core solenoid 

 

8.3 Comparison of 2D and 3D Simulation 

It is interesting to test the agreement between 2D and 3D simulations for mutual 

inductance.  This was done by comparing the results of the simulation for a special case 

where both models represent an axisymmetric configuration of the coils where the 

secondary is parallel and centered with the primary.  Table 8.2 shows this comparison 

where mutual inductance between a 14-turn primary and 50-turn ferrite-core secondary 

has been calculated. 
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Table 8.2  Comparison of 2D and 3D Simulation of Mutual Inductance (H) 

frequency (MHz) 0.70 0.30 

 RE
M  

IM
M  

RE
M  

IM
M  

COMSOL 2D 301.1 E-09 343.1 E-12 301.0 E-09 69.0 E-12 

COMSOL 3D 287.1 E-09 325.0 E-12 287.0 E-09 61.6 E-12 

 

Mutual inductance is a complex value in Table 8.2 due to the complex nature of the 

ferrite permeability, which was obtained from [108] for ferrite type 3C90.  Since 

r r r
jµ µ µ′ ′′= −  then 

RE IM
M M jM= −  where the real and imaginary parts are reported 

above.  As seen from the table, there is good agreement between the 2D and 3D 

simulations for this simple geometrical configuration.  However, the 3D simulation is 

more flexible as it can be used for off-axis positions and arbitrary orientations of the 

secondary coil relative to the primary coil. 

8.4 Comparison of 3D Simulation to Calculation and Measurement of 

Mutual Inductance 

The results of 3D simulation for the 14-turn primary and 50-turn ferrite-core secondary 

are shown in Figure 8.5.  This is a plot of the magnitude (absolute value) of mutual 

inductance where the position and orientation of the secondary has been varied at three 

frequencies of interest.  As described in section 7, beginning at the horizontal and vertical 

centre of the primary, the ferrite volume was moved radially outward to 2 cm and 4 cm, 

and vertically upward to 2.5 cm and 5 cm.  Its angle was varied from parallel with the 

primary (0°) to 30° and 60° misalignments at each of these locations. 
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Figure 8.5 Simulation of mutual inductance for various positions and orientations of the 

secondary coil at three frequencies 

 

To better understand the trends in Figure 8.5, a typical plot of the magnetic flux density 

surrounding the primary coil, as obtained from COMSOL, is shown in Figure 8.6. 



 

 

 

 

75 

 
Figure 8.6 Magnetic flux density norm (T) for 14-turn primary coil 

 

For comparison with the 3D simulation results of mutual inductance, values obtained 

from some commonly cited analytical formulas, as well as those obtained from 

experimental measurement of the coil voltages were computed and plotted in Figure 8.7 

below.  The formulas were introduced above in section 4.6, all values were calculated at 

700 kHz. 

In the left plot of Figure 8.7 the algorithm from [143] was used.  This method assumes 

a uniform current distribution in the cross-section of the coils, and subdivides its length 
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and width to form rings.  The mutual inductance between each ring of the primary and 

secondary coil is summed, producing the total between coils.  The method was 

implemented in MATLAB in the present study; the script and functions are provided in 

Appendix E. 

In the right plot, the mutual inductance is obtained from measured coil voltages as 

described in chapter 7. 

 
(a) (b) 

 
Figure 8.7  Mutual inductance calculated by (a) analytical algorithm for coils with width 

and length, and (b) formula using measurement of coil voltages. 
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Using M  from the 3D simulation (for the parallel, and centred secondary), and 

2 ESR
R R=  from the 2D simulation, with an input current of 0.1 A applied to the primary, 

some values for power supplied to an example load of RL = 100 Ω are calculated in Table 

8.3 using equation (8), with reference to the circuit of Figure 4.1. 

 
Table 8.3  Calculation of Maximum Power Dissipation (µW) 

frequency (MHz) 0.70 0.30 

LR M a xP  for 50-turn ferrite core 80.8 15.0 

LR M a xP  for 100-turn ferrite core 1300 239 

LR M a xP  for 100-turn air core 1.02 0.187 

 

If the value of mutual inductance determined by experiment (measurement of coil 

voltages) is used instead in the calculation of power dissipation above, the result is much 

higher.  For the same geometry, it is 1.46 W, which is more than three orders of 

magnitude greater than the largest value in Table 8.3. 

The dissipation of energy in the coils due to ohmic heating could be calculated in a 

similar way as the power in the load, towards calculating the efficiency of the coupled 

coil circuit.  This next step exceeds the scope of the present investigation. 

8.5 Discussion 

The calculated and simulated results show that for low frequencies (down to dc), FEM 

simulation produces nearly the same result as traditional analytically derived formulas for 

resistance and inductance of solenoid coils (see Table 8.1). 
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Referring to Figures 8.1 to 8.4 it is apparent that simulation is also an accurate method 

to obtain the equivalent resistance and inductance values for the series RL representation 

of a coil inductor, but only below the self-resonant frequency.  (This result is satisfactory 

because the inductively coupled link is operated below the coil self-resonant frequency 

anyway).  The simulated values are very close to the measurements in all cases except in 

Figure 8.2 at higher frequencies, where measurement reveals a self-resonance (impedance 

magnitude reaches maximum with corresponding phase change). 

In Table 8.2, the simulated values for mutual inductance are in good agreement, and 

differ between the 2D and 3D models by about 4%, which is not unexpected considering 

they have differently sized elements and mesh, and the coils are represented by different 

physical domains.  These results suggest that the simplification of representing the 

primary coil geometry with current specified on a path is justified. 

Figure 8.5 shows nearly identical values for mutual inductance predicted by simulation 

over the three frequencies studied.  For a coil with ferrite core, the mutual inductance is 

largely determined by the magnetic properties of the material.  In the middle of the 

primary (away from the ends), mutual inductance increases slightly as the secondary is 

moved from the centre towards the windings of the primary.  This is explained by higher 

flux density towards the windings as shown in Figure 8.6.  The mutual inductance can be 

seen to decrease as the angular orientation of the secondary deviates from being parallel 

with the field generated by the primary.  This is apparent from Figure 8.5, and is a result 

of less magnetic flux being captured by the turns of the secondary as the angle between it 

and the field direction increases. 
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Figure 8.7 compares the mutual inductance for various positions and angles of the 

secondary within the primary, as calculated by the algorithm described at the end of 

section 4.6, and by the results of experimental measurement using (26) from chapter 7.  

The results differ by up to an order of magnitude, where the analytically-developed 

algorithm produces smaller values than the measurement, although the general trends are 

noted to be similar.  The voltage measured at the secondary is somewhat higher towards 

the circumference of the primary as compared to a secondary coil located coaxially.  The 

analytically-developed algorithm is shown to produce values somewhere between those 

of simulation and measurement. 

It is clear from Table 8.3 that the coil turns and core material have a dramatic effect on 

the coupling and hence the power dissipation in the load.  The calculation of maximum 

power in this table specifies 2C  to ensure resonance, however as discussed above in 

section 4.4, maximum power transfer also requires the load resistance to match the 

resistive loss in the receiver coil.  This is not the case for Table 8.3; the values reported 

are mostly in the microwatt level due to the difference between the chosen example load 

of 100 Ω and the secondary coil losses (ESR) that were simulated to be less than an ohm 

(see Table 8.1).  The losses are expected to increase somewhat for an implanted circuit 

which would improve the load matching.  Further, more power is transferred if the 

primary coil current is increased. 
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8.6 Summary 

To summarize, it has been demonstrated that 2D FEM simulation is a very accurate 

method to model multi-turn solenoid coils for a frequency range extending from dc up to 

self-resonance. 

It has also been shown that a simple 2D model is as effective as a 3D model for 

determining mutual inductance in the case where symmetry allows its use.  However, the 

full 3D representation is generally necessary because an implanted sensor could be 

located at any radial distance from the long axis of the external coil, and may not be 

aligned with this axis either. 

It has also been demonstrated that simulation results predict less mutual inductance 

than the analytical formula, which predicts less than that calculated from measurement. 
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9 Conclusion 

9.1 Contributions 

The implementation of an inductively coupled link to deliver wireless power to an 

implantable device requires consideration of many physical factors including the effects 

on the body, and how the body will affect the coupled circuit.  These concepts have been 

introduced here with reference to the relevant literature. 

Most significantly, a novel approach in predicting the degree of coupling between 

solenoid inductors has been presented in order to rapidly determine the power that may 

be wirelessly transferred to an implantable circuit. 

A computational method (using FEM) was developed that allows the above 

calculations with two significant improvements over existing methods.  These are the 

ability to consider 

• 3D non-symmetrical coil arrangements, and the 

• Use of magnetic material (ferrite-cores) in the secondary coil 
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9.2 Future Work 

In the 3D simulation, the primary coil is modeled as a cylindrical helix, so that the 

simulations could be compared to previous analytical works.  However, considering the 

proposed application for prosthesis use and referring to Figure 1.1, it can be seen that 

strictly cylindrical primary coils may not fit well within a prosthesis socket.  Rather, the 

primary coil incorporated into a wearable device is likely somewhat conical and perhaps 

elliptical in cross-section.  In this case, the use of a fully 3D FEM simulation becomes 

even more valuable for modeling of power transfer through inductive coupling. 

A further change to the 3D FEM model to better represent the scenario of implanted 

devices in the upper limb would be to include an additional cylindrical volume to 

represent the residual portion of an adult or child sized arm.  Although it would be very 

difficult to include all of the various tissue structures including skin, bone, fat, muscle 

and tendon, a first order approximation could be made by simply applying the properties 

of muscle in the limb volume; the permittivity of muscle tissue was measured in [79].  

Also, multiple secondary coils could be positioned throughout this tissue volume to 

simulate their interaction. 

Next, the secondary windings could be represented by defining a thin cylinder 

surrounding the magnetic core, with a thickness equal to a wire diameter, and specifying 

the properties of the copper conductor there. 

The most significant improvement to the model would be to represent the primary coil 

not with a filamentary current path as done here, but with a fully three-dimensional helix.  

As mentioned above, this was attempted here at first but meshing of the structure was 
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problematic, and a solution to the model was not possible.  It is anticipated that a 

computer with even more RAM could potentially accommodate the real geometry of both 

primary and secondary coils.  Because the current would then be distributed over a finite 

space, a resistance is created, and a voltage could be applied or measured across the coil.  

The coils could be directly integrated with the lumped circuit model by connecting a 

SPICE representation with the COMSOL FEM software. 

To further explore the relation between the simulation and formula for mutual 

inductance, a wider range of coil geometries, core materials and operating frequencies 

could be investigated.  The core material in particular should be chosen according to the 

frequency requirements, which was not done here.  Instead, the core choice here was 

motivated by the availability of ferrite with rod-shaped geometry. 

Having established a flexible and rapid method for modelling the coils involved in a 

wireless power transfer system, the power transferred to a resistive load representing the 

power supplied to the implanted circuit has been calculated.  With the modelling 

approach that has been described, the geometry of each coil as well as any core material 

properties may be varied as part of the design process.  Multiple design iterations are 

likely required to obtain a final configuration that is typically optimized either for 

system-wide efficiency or insensitivity to coil coupling.  Further detail on these topics is 

available in [9], [102], [104], [150]. 

The next step in the development of a complete EMG sensor system is the design of 

the external driving circuit as well as the implant electronics.  The former is often 

implemented with a class E topology to maximize efficiency.  The implant circuit 

typically includes a rectifier and voltage regulator.  To detect muscle EMG, an 
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instrumentation amplifier with high input impedance could be employed.  One strategy 

for back-telemetry of the muscle activity data is through load modulation of the 

secondary impedance.  This effectively detunes the secondary in a controlled manner 

which is then detected at the primary side through an additional sensing coil. 

9.3 Final Remarks 

The possibility of enabling amputees to intuitively control advanced upper limb 

prostheses rests on the ability to detect a localized muscle activation signal.  Implantable 

sensors have been proposed to do this, and the biological and electrical factors to be 

considered in their design have been presented here.  A large part of modelling the 

wireless power transfer circuit is accurately representing the coupled inductor coils.  The 

finite element method (FEM) has been applied here to simulate magnetic fields coupling 

the external transmitter and implanted receiver coils used in this wireless power transfer 

scheme.  The validity of the computational method was confirmed by comparison to 

traditional analytic formulas for the self-inductance and ac resistance of wound inductors.  

In addition, physical prototypes of the simulated coils were measured, and these 

measurements produced results that were in good agreement with the computational 

results.  Determination of these coil parameters is necessary for further calculation using 

the lumped circuit model or to calculate the coupling coefficient of the weakly coupled 

coils. 

The use of FEM allows for flexible and rapid simulation of geometrical configurations 

and material properties with greater accuracy than analytical methods have allowed 

previously.  The complex permeability of magnetic core material is easily incorporated 



 

 

 

 

85 

into the FEM model allowing its inclusion in the design process.  Further, the three-

dimensional nature of the simulation enables the calculation of power transfer at arbitrary 

orientations and positions between the implant and power source.  In a more general 

sense, the proposed FEM approach becomes a potentially valuable tool for designing the 

next generation of implantable bio-sensors. 
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Appendix A  

Ferrite Material Properties 

The resistivity and permittivity as a function of frequency are provided in general for 

MnZn ferrites in [108]: 

Frequency (MHz) Resistivity (Ωm) Permittivity (εr) 

0.1 ≈ 2 ≈ 2×10
5 

1 ≈ 0.5 ≈ 10
5
 

10 ≈ 0.1 ≈ 5×10
4
 

100 ≈ 0.01 ≈ 10
4
 

 

The complex permeability 
r r r

jµ µ µ′ ′′= −  is provided specific to the material: 

 
 

Figure A.1  Complex permeability as a function of frequency for material 3C90, from [108] 
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Appendix B  

COMSOL Settings for 2D Model 

Once the coil geometry has been established, the subdomain settings may be specified 

by selecting Physics > Subdomain Settings (F8), shown in Figure B.1.  A different loop 

voltage variable is specified for each turn.  In this particular model, there are 100 turns, a 

core region, and a surrounding boundary region, resulting in 102 subdomains in total. 

 

 

Figure B.1  Subdomain settings 
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The selected subdomain is highlighted by the software in red.  The other colours 

differentiate between different subdomains, but those with the same colour do not 

necessarily have the same settings.  The electrical constants (conductivity and 

permittivity) are set by defining a material for the subdomains. 

The outer boundary subdomain is typically created as a half-circle with a diameter 2 to 

3 times larger than the length of the coil.  Because the model is axisymmetric this 

represents a sphere containing the coil.  In the subdomain settings dialog box (Figure) 

this region is set to air, as well as the “infinite element” type of finite element from the 

Infinite Elements tab.  Spherical element type is selected, and default values there are 

used.  This means the model quantities will be calculated as though the enclosing 

boundary extends (is stretched) to infinity. 

Next, the subdomain integration variables are defined from the Options > Integration 

Coupling Variables > Subdomain Variables dialog box shown in Figure B.2.  The current 

density variable Jphi_emqa is integrated over each subdomain and assigned to a variable 

name.  The default of order 4 was used. 
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Figure B.2  Subdomain integration variables 

 

Once a total coil current has been defined under Options > Constants (see Figure B.3), 

then a global equation is established for each loop voltage variable as shown in Figure 

B.4.  It was explained in section 6.2 that this causes the loop voltages to vary in order to 

satisfy the equations when the model is solved.  As shown above, the variable names may 

not necessarily match with the subdomain numbers, but it is helpful if the current variable 

names correspond to the loop voltage variable names as in Figure B.4. 

 

 

Figure B.3  Constants definition 
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Figure B.4  Global Equations definition 

 

Next, the frequency is specified under Physics > Scalar Variables.  If this is to be 

parameterized during the solution, the expression “freq” is entered; otherwise a scalar is 

input here.  It should appear as in Figure B.5  For parameterization, the parameter name 

“freq” and the list of frequencies is input as parameter values under Solve > Solver 

Parameters, after selecting parametric on the left of that dialog. 
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Figure B.5  Scalar variable definition 

 

Expressions for the effective resistance and inductance of the coil are defined under 

Options > Expressions > Scalar Expressions, shown in Figure B.6.  As explained in 

section 6.2, the resistance is obtained from the real part of the impedance, and the 

inductance from the imaginary part.  The full expression for the latter with 100 coil turns 

is as follows.  (The resistance expression uses the ‘real’ function, and does not have 

omega in the denominator). 

 

imag((V2+V3+V4+V5+V6+V7+V8+V9+V10+V11+V12+V13+V14+V15+V16+V17+V18+V19+

V20+V21+V22+V23+V24+V25+V26+V27+V28+V29+V30+V31+V32+V33+V34+V35+V36+V37

+V38+V39+V40+V41+V42+V43+V44+V45+V46+V47+V48+V49+V50+V51+V52+V53+V54+V5

5+V56+V57+V58+V59+V60+V61+V62+V63+V64+V65+V66+V67+V68+V69+V70+V71+V72+V

73+V74+V75+V76+V77+V78+V79+V80+V81+V82+V83+V84+V85+V86+V87+V88+V89+V90+

V91+V92+V93+V94+V95+V96+V97+V98+V99+V100+V101)/(I0*omega_emqa)) 

 

 

Figure B.6  Scalar expressions definition 
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Finally, these expressions are evaluated after the model has been solved, using 

Postprocessing > Data Display > Global, and entering ‘R’ or ‘L’ for the expression.  The 

output is displayed at the bottom of the COMSOL window. 
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Appendix C  

Matlab Script for Helical Coil Geometry 

%% Fast Henry Input File Generator for Solenoid 

clear 

clc 

 

%create some output files 

fid1 = fopen('fh_large.txt', 'w'); 

fid2 = fopen('xyzCurve.txt', 'w'); 

 

%% Large External Coil 

coilRadius = 0.05; 

coilLength = 0.1; 

wireDiameter = 0.64e-3; 

turns = 150; 

segmentsPerTurn = 41; 

 

segmentsTotal = turns*segmentsPerTurn; 

 

Zpts = [0:(coilLength/segmentsTotal):coilLength]; 

Theta = [0:2*pi/segmentsPerTurn:turns*2*pi]; 

Rho= coilRadius*ones(1,segmentsTotal+1); 

 

[X Y Z] = pol2cart(Theta,Rho,Zpts); 

xyzMat = [X' Y' Z']; 

plot3(X,Y,Z) 

 

%% FOR COMSOL Line Style "Segment" (start1 end1 start2 end2) 

X2 = X(ones(1,2),:); 

X2 = X2(:).'; 

Y2 = Y(ones(1,2),:); 

Y2 = Y2(:).'; 

Z2 = Z(ones(1,2),:); 

Z2 = Z2(:).'; 

xyzMatSegmentStyle = [X2(2:end-1)' Y2(2:end-1)' Z2(2:end-1)']; 

 

%output to screen or txt file using 

%fprintf(fileID, format, A, ...) 

%% for Fast Henry input 

for i = 1:segmentsTotal+1 

   fprintf(fid1,'N%d x=%g y=%g z=%g \n',i, xyzMat(i,1), 

xyzMat(i,2),xyzMat(i,3));  

end 

 

for j = 1:segmentsTotal 

   fprintf(fid1,'E%d N%d N%d \n',j, j, j+1);  

end 
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Appendix D  

COMSOL Settings for 3D Model 

The user interface of COMSOL 4 has been improved from that in versions 3.  

Development of the model proceeds by working downward through the ‘Model Builder’ 

tab by right-clicking on the settings there to add objects including geometry, materials, 

the (governing) physics, the mesh type, the study (solver) type, and finally to do 

postprocessing including integration or plots. 

For the model introduced in section 6.3 specifically, the Magnetic Fields (mf) interface 

was used, and an Edge Current was defined under it (by right-clicking).  This is where the 

total current applied to the coil is set, after selecting the appropriate edges in the Graphics 

tab. 

The mesh used was Size ‘Finer’ and type Free Tetrahedral. 

In order to perform integration of the magnetic flux when the secondary volume is not 

parallel with the primary coil, it was necessary to define an additional coordinate system 

by adding a ‘Base Vector System’ under Model 1 > Definitions > Coordinate Systems.  

These new coordinate vectors are specified in terms of the default ‘Boundary System 1’ 

vectors (the red-green-blue x-y-z) that appears by default in the Graphics tab for 3D 

geometry.  The new vectors for 30° and 60° axial misalignment were defined as shown in 

Figure D.1. 

The study type selected was frequency domain, and appears under Study1 > 

Frequency Domain.  The list of frequency parameters are input not under ‘Step 1’ as it 

may seem, but rather under Solver Configurations > Solver 1 > Stationary Solver 1 > 
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Parametric.  This duplication of places to input the parameters is very counterintuitive for 

the user, because latter location, as just described is used by the software during solution. 

Finally, to perform the integration of the magnetic flux (over the ferrite volume), the 

following expression is used, which is the dot product of the B-field with the z-axis of the 

newly defined coordingate system: 

mf.Bx*sys2.e_z11+mf.By*sys2.e_z12+mf.Bz*sys2.e_z13 

 

 

(a) for 30° 

 

(b) for 60° 

Figure D.1  Definition of an additional (base vector) coordinate system 
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Appendix E  

Mutual Inductance Calculation from [143] Implemented in 

MATLAB (with ferrite factor from [109]) 

Main Script: 

%% BABIC & AKYEL 2009 Filament Method 

clc; 

clear; 

%% Physical quantities 

mu0 = 4*pi*1e-7; %free-space permeability H·m-1 

% ferrite complex permeability (Ferroxcube 3C90) 

% using factor DFC from Theilmann & Asbeck 

mu1=2510.367586; 

mu2=290.3435282; 

DFC=3.96E-09; 

 

%% COIL 1 Primary height (2K + 1) by width (2N + 1) 

Rp = 0.1/2;  %radius 

a  = 0.095; %length (height) 

N1 = 14; 

hp = 643.8E-06; %thickness 

K = 7; 

N = 0; 

 

%% COIL 2 Secondary height (2m + 1) by width (2n + 1) 

Rs = (0.0015)/2; %radius 

b  = 0.010; %length (height) 

N2 = 50; 

hs = 127E-06; %thickness 

m = 50; 

n = 0; 

 

%AIR CORE 

Mac = 0; 

% Matrix for output and graphing 

Mmat=zeros(3,3,3); 

 

%VERTICAL Distance between Coil Centres 'Z' 

for c = 0: 0.025 :0.05 

    % c,d,theta counters to fill Mmat 

    c_counter=(c/0.025)+1; 

    fprintf ('c = %1.1f \n',c) 

    % HORIZONTAL DISTANCE Between Axes at Coil Centre 'R' 

    for d = 0:0.02:0.04 

        d_counter=(d/0.02)+1; 

        fprintf ('  d = %d \n',d) 

        %ANGLE Between Axes 

        for theta = 0:30:60 
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            t_counter=(theta/30)+1; 

            fprintf ('   theta = %d \n',theta) 

 

            for g = -K:1:K 

                for h = -N:1:N 

                    for l = -n:1:n 

                        for p = -m:1:m 

 

                            z = c+a.*g./(2.*K+1)-

b.*p.*cosd(theta)./(2.*m+1); 

                            Rsl = Rs + hs.*l./(2.*n+1); 

                            Rph = Rp + hp.*h./(2.*N+1); 

                            dp = d + b.*p.*sind(theta)./(2.*m+1); 

                            alpha = Rs./Rph; 

                            beta = z./Rph; 

 

                            %use anon function declaration because 

integral 

                            %requires function of one variable 

                            fh = @(phi) babicInteg(theta, phi, dp, 

Rsl, Rs, alpha, beta); 

 

                            %numerical integration 

                            integ = quad(fh, 0, pi); 

                            Mac = Mac + 

(mu0./pi)*sqrt(Rph.*Rsl).*integ; 

                        end 

                    end 

                end 

            end 

 

            Mac = Mac.*N1.*N2 ./ 

((2.*K+1).*(2.*N+1).*(2.*m+1).*(2.*n+1)); 

            %Theilmann & Asbeck DFC factor for complex MU 

            M1 = Mac.*mu1./(1+DFC*(mu1-1)); 

            M2 = Mac.*mu2./(1+DFC*(mu2-1)); 

            fprintf ('            Mac = %d \n',Mac) 

            Mabs = sqrt(M1^2+M2^2); 

            fprintf ('            Mabs = %d \n',Mabs) 

            Mmat(c_counter, d_counter, t_counter)=Mabs; 

        end 

    end 

end 

 

 

%Mmat(i,j,k) = Mmat(Z,R,angle) 

subplot(3,1,1) 

hold 

%Z=5 

plot([0 2 4],Mmat(3,:,1),'-sb') %0deg 

plot([0 2 4],Mmat(3,:,2),'-om') %30deg 

plot([0 2 4],Mmat(3,:,3),'-^g') %60deg 

 

title(sprintf('Filamentary Formula\n '),'FontSize',14) 

ylabel(sprintf('  \n '),'FontSize',13) 
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legend('0 \circ','30 \circ','60 \circ','Location','NorthEastOutside') 

legend('boxoff','Location','NorthEastOutside') 

set(gca,'FontSize',12) 

 

subplot(3,1,2) 

hold 

%Z=2.5 

plot([0 2 4],Mmat(2,:,1),'-sb') %0deg 

plot([0 2 4],Mmat(2,:,2),'-om') %30deg 

plot([0 2 4],Mmat(2,:,3),'-^g') %60deg 

 

%title(sprintf('Z=2.5\n '),'FontSize',14) 

ylabel(sprintf('Magnitude of Mutual Inductance (H) \n 

'),'FontSize',13) 

legend('0 \circ','30 \circ','60 \circ','Location','NorthEastOutside') 

legend('hide') 

set(gca,'FontSize',12) 

 

subplot(3,1,3) 

hold 

%Z=0 

plot([0 2 4],Mmat(1,:,1),'-sb') %0deg 

plot([0 2 4],Mmat(1,:,2),'-om') %30deg 

plot([0 2 4],Mmat(1,:,3),'-^g') %60deg 

xlabel(sprintf(' \n radial distance from coil centre 

(cm)'),'FontSize',13) 

%ylabel(sprintf('  \n '),'FontSize',13) 

%title(sprintf('Z=0\n '),'FontSize',14) 

legend('0 \circ','30 \circ','60 \circ','Location','NorthEastOutside') 

legend('hide') 

set(gca,'FontSize',12) 

 

Function G.m: 

function r = G(q) 

%G elliptic integral function used by Soma et Al, Babic et Al 

m=q.^2; 

[K,E] = ellipke(m); %complete elliptic integrals of 1st and 2nd kind 

r= ((2./q)-q).*K-(2./q).*E; 

 

Function BabicInteg.m: 

function ans = babicInteg(theta, phi, dp, Rsl, Rs, alpha, beta) 

 

xi = beta - alpha.*cos(phi).*sind(theta); 

V = sqrt(1-cos(phi).^2.*sind(theta).^2-

2.*(dp./Rs).*cos(phi).*cosd(theta)+(dp./Rs).^2); 

k = sqrt(4.*alpha.*V./((1+alpha.*V).^2+xi.^2)); 

 

ans = ((cosd(theta)-(dp./Rsl).*cos(phi)).*G(k))./sqrt(V.^3); 


