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ABSTRACT

Nowadays, electricity markets are becoming more deregulated, especially development of

smart grid and introduction of renewable energy promote regulations of energy markets. On

the other hand, the uncertainties of new energy sources and market participants’ bidding

bring more challenges to power system operation and transmission system planning. These

problems motivate us to study spot price (also called locational marginal pricing) of electric-

ity markets, the strategic bidding of wind power producer as an independent power producer

into power market, transmission expansion planning considering wind power investment, and

analysis of the maximum loadability of a power grid.

The work on probabilistic spot pricing for a utility grid includes renewable wind power

generation in a deregulated environment, taking into account both the uncertainty of load

forecasting and the randomness of wind speed. Based on the forecasted normal-distributed

load and Weibull-distributed wind speed, probabilistic optimal power flow is formulated

by including spinning reserve cost associated with wind power plants and emission cost

in addition to conventional thermal power plant cost model. Simulations show that the

integration of wind power can effectively decrease spot price, also increase the risk of over-

voltage.

Based on the concept of loacational marginal pricing which is determined by a market-

clearing algorithm, further research is conducted on optimal offering strategies for wind power



ivproducers participating in a day-ahead market employing a stochastic market-clearing algo-

rithm. The proposed procedure to drive strategic offers relies on a stochastic bilevel model:

the upper level problem represents the profit maximization of the strategic wind power pro-

ducer, while the lower level one represents the marketing clearing and the corresponding

price formulation aiming to co-optimize both energy and reserve.

Thirdly, to improve wind power integration, we propose a bilevel problem incorporat-

ing two-stage stochastic programming for transmission expansion planning to accommo-

date large-scale wind power investments in electricity markets. The model integrates co-

optimizations of energy and reserve to deal with uncertainties of wind power production.

In the upper level problem, the objective of independent system operator (ISO) modelling

transmission investments under uncertain environments is to minimize the transmission and

wind power investment cost, and the expected load shedding cost. The lower level problem

is composed of a two stage stochastic programming problem for energy schedule and reserve

dispatch simultaneously. Case studies are carried out for illustrating the effectiveness of the

proposed model.

The above market-clearing or power system operation is based on direct current optimal

power flow (DC-OPF) model which is a linear problem without reactive power constraints.

Power system maximum loadability is a crucial index to determine voltage stability. The

fourth work in this thesis proposes a Lagrange semi-definite programming (SDP) method

to solve the non-linear and non-convex optimization alternating current (AC) problem of

the maximum loadability of security constrained power system. Simulation results from

the IEEE three-bus system and IEEE 24-bus Reliability Test System (RTS) show that the

proposed method is able to obtain the global optimal solution for the maximum loadability

problem.

Lastly, we summarize the conclusions from studies on the above mentioned optimization

problems of electric power market under modern grid, as well as the influence of wind power

integration on power system reliability, and transmission expansion planning, as well as

the operations of electricity markets. Meanwhile, we also present some open questions on

the related research, such as non-convex constraints in the lower-level problem of a bilevel

problem, and integrating N-1 security criterion of transmission planning.
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Chapter 1

Introduction

Optimization problems of electric power markets are always hot topics to study, as non-

linearity and non-convexity of power systems make these problems hard to solve. Especially,

recently with the introduction of renewable energy and the development of smart grid, power

market becomes more and more complicated. Many advanced algorithms and optimization

methods have been proposed for modern power market problems. Our research is focused on

several important market problems, such as the wind power producers’ bidding, transmission

planning considering wind power introduction and integration, and semidefinite program-

ming for the security-constrained maximum loadablity. We firstly conduct the research on

spot pricing of electricity markets, which is also the basics of the following work. Based

on the electricity market background, we propose the bilevel programming to solve the e-

quilibria between the wind power problems’ bidding and electricity market clearing. Then

a bilevel problem with two-stage stochastic programming will be formulated for the trans-

mission planning problem with wind power investment. Finally, to deal with the non-linear

and non-convex characteristics of the security-constrained maximum loadability problem,

we develop the method of semidefinite programming to solve the non-linear and non-convex

maximum loadability problem.

1.1 Electricity Market

Nowadays, to guarantee the fairness and competitiveness of electricity markets, traditional

power systems are deregulated into independent companies and organizations. Taking Alber-

ta as an example, the electricity power market is composed of Transmission Facilities Owners

(TFOs), Distribution Facilities Owners (DFOs), Generations Facilities Owners(GFOs), and
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Alberta Electricity System Operator (AESO). AESO is responsible for the safe, reliable and

economic planning and operation of the Alberta Interconnected Electric System (AIES) as

an Independent System Operator (ISO). AESO facilitates Alberta’s competitive wholesale

electricity market, and it is focused on ensuring a fair, open and efficient market for the

exchange of electric energy in Alberta and effective relationships with neighbouring jurisdic-

tions. Specifically, the AESO has some responsibilities to plan and develop the transmission

system, also to provide customer access to the transmission system, and these customers

can be called market participants including loads, generations, and even renewable energy

sources.

ISOs provide market participants with the option to join a forward market which con-

sists of day-ahead market and real-time market (balancing market). In the real-time market

ancillary service will be achieved. The ancillary service has two functions: one is regula-

tion which is the ability to automatically control the output of generators, and the other

is about reserve ability to supply energy upon request due to the loss of supply. The day-

ahead market is to develop day-ahead schedule using minimum-cost security constrained

unit commitment and economic dispatch programs that simultaneously optimize energy and

reserves. Day-ahead prices are hourly locational marginal prices (LMPs) which are calcu-

lated by market-clearing algorithm based on generation offers, demand bids, and bilateral

transaction schedules. In the real-time market, real-time prices is calculated every 5-minutes

according to actual operating conditions.

1.2 Locational Marginal Pricing

According to the definition, the locational marginal price (LMP) of an electricity market at

a locational (bus) is equal to the minimum cost for the next increment of loads demand at a

bus while satisfying all power system operating constraints. LMP is also called a spot price

or a nodal price [1]. The LMPs are determined by the bids and offers submitted by market

participants based on an AC-OPF or DC-OPF model. LMP is critical to guarantee a power

market’s smooth and secure operation [2]. LMP is a mechanism using market-based price to

manage power system effectively, because the signal of LMPs can encourage new generators

to find a location which has a high price and help large new users to locate a bus which a

lower price, also promote new transmission line investment to relieve the congestion of power

networks. In the following chapters, we will specifically introduce how the pricing signal of

LMP improve wind power integration, and transmission facility investment.
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1.3 Research Issues

1.3.1 Probabilistic Spot Pricing Considering Uncertainties

Spot price is a very important index for operation of electricity market, which is also called

LMP. The uncertainties of renewable energy are challenging the current market-clearing

algorithm. This thesis presents a solution of probabilistic spot pricing for a utility grid inte-

grating renewable wind power generation, taking into account both the uncertainty of load

forecasting and the randomness of wind speed. Based on the forecasted normal-distributed

load and Weibull-distributed wind speed, probabilistic optimal power flow is formulated by

including spinning reserve cost associated with wind power plants and emission cost in ad-

dition to conventional thermal power plant cost model. Probabilistic spot pricing is then

obtained by differentiating the augmented Lagrange objective function with respect to the

increment of the bus power injection. The effectiveness of the proposed method is validated

through an exemplary three-machine nine-bus system.

1.3.2 Wind Power Producers’ Bidding

Due to the unpredictable nature of wind power, it is important to modify the production

and consumption scheduled in an electricity market during the actual operation of the power

system [3]. The required adjustments can be materialized physically by the service traded

in the market under the reserve. [4] proposes a market clearing model that corresponds to

a single-period network-constrained auction, similar to those used by ISO-New England [5]

and PJM [6]. This market clearing model is cast as a two-stage stochastic program in which

a day-ahead schedule is determined in the first-stage, while the deployed reserve to cope

with uncertain wind variations is determined at the second stage. Large scale wind power

introduction is making wind power producers (WPPs) into pricer-makers from pricer-takers

in the power pool. In this thesis we propose a new stochastic bilevel model where the upper

level problem is similar to the one proposed in [7] and the lower level problem adopts the

market clearing model proposed in [4]. Within the above framework, the contributions of

this thesis are fourfold:

1) To provide a new stochastic bilevel model for a strategic WPP with two-stage stochastic

market clearing. The model that we propose integrates the day-ahead market stage and the

balancing market stage to co-optimize energy and reserve. The balancing market is stochas-

tically cleared with all plausible realizations of the wind power production, resulting in the
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balancing price introduced into the objective function of the strategic WPP as a variable.

Since the balancing price is chosen to maximize the strategic WPPs profit, in the proposed

market settlement which co-optimizes day-ahead and real-time dispatches in a single shot,

the strategic WPP can exercise more market power so as to gain steady income.

2) To reformulate the stochastic bilevel program into a stochastic MPEC and solve it nu-

merically using a relaxation scheme.

3) To take two illustrative examples as case studies, where optimal bidding strategies are

discussed in details. The comparison between strategic and non-strategic WPPs and the

comparison between reserve and non-reserve are presented.

1.3.3 Transmission Planning with Wind power Investment

Transmission planning problems are always hot topics for power field, especially considering

future uncertain renewable energy introduction. Now new policy has been issued to encour-

age clean energy integration, however, good wind sources are usually located far away from

demand areas. Therefore, transmission planning is critical for wind power introduction.

Until now no papers study on transmission expansion planning problems consider strate-

gic wind power investment, together with wind power bidding, and pool-clearing outcomes.

This motivates us to propose the two-stage stochastic programs with a bilevel problems to

model transmission expansion planning problem integrating wind power investment, bids

and market-clearing.

1.3.4 Semidefinite Programing for Maximum Loadability

The impotance of voltage stability has been regarded by system operators as major force

fastening development of modern electricity markets. Power system maximum loadability is

a crucial index to determine voltage stability. This thesis proposes a Lagrange semi-definite

programming (SDP) method to solve the non-linear and non-convex optimization problem

of maximum loadability of security constrained power systems. We derive the Lagrange

function of the primal maximum loadability, further get the dual problem of the primal

maximum loadability problem through equivalent transformations, which is a convex SDP

optimization. We also prove zero duality gap between primal maximum loadability and the

dual problem satisfying necessary and sufficient condition, which can guarantee the global

optimal solution. Simulation results from the IEEE three-bus system and IEEE 24-bus

reliability test system (RTS) show that the proposed method in this dissertation is effective
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to handle the complicated non-liner and non-convex maximum loadability problem.

1.4 Dissertation Organization

Chapter 2 presents a probabilistic spot price model for power systems with integrated wind

power and uncertain loads forecast. Also, the concept of the probabilistic spot price (Lo-

cational Marginal Price) also provides foundation to the following Chapters, such as wind

power producers’bidding, transmission expansion planning. In Chapter 3, a proposed pro-

cedure to drive strategic offers relies on a stochastic bilevel model: the upper level problem

represents the profit maximization of the strategic wind power producer, while the lower lev-

el one represents the marketing clearing and the corresponding price formulation aiming to

co-optimize both energy and reserve. Chapter 4 studies the transmission expansion planning

considering the strategic wind power investment, and the proposed model is composed of

a bilevel problem for the coordination of transmission expansion planning and wind power

investment, and two-stage stochastic programming for co-optimization of energy and reserve.

In Chapter 5, the global optimal solution for the non-linear maximum loadability problem

is presented. Finally, the related conclusions and open questions of the research topics are

given in Chapter 6.
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Chapter 2

Probabilistic Spot Pricing

Considering Wind Power Integration

and Loads Forecasting Uncertainty

This chapter presents a solution of probabilistic spot pricing for a utility grid integrating re-

newable wind power generation, taking into account both the uncertainty of load forecasting

and the randomness of wind speed. Based on the forecasted normal-distributed load and

Weibull-distributed wind speed, probabilistic optimal power flow is formulated by including

spinning reserve cost associated with wind power plants and emission cost in addition to

conventional thermal power plant cost model. The effectiveness of the proposed method is

validated through an exemplary three-machine nine-bus system.

2.1 Introduction

One of the biggest challenges that face human society is the declining availability of non-

renewable resources (e.g., fossil fuels) and the continuing environmental deterioration due

to pollution [8, 9]. As such, increasing attention has been paid to explore the applicability

of renewable resources, such as photovoltaic power, wind power, tidal power and so on, in

replace of the dwindling conventional thermal power plants. Wind power, in particular,

is deemed as an essential technology in developing modern electrical generation [10, 11].

However, when massive wind turbines are connected to the smart grid, their intermittent

nature could aggravate the uncertainty and instability of system operations [8–15].

Spot price, also known as nodal price or local marginal price, represents the cost to
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serve the power load at a specific location, using all available generation while observing all

transmission limits. Spot pricing comprises three components including marginal generation

cost, marginal congestion cost, and marginal loss cost [16]. The hourly spot price based

energy marketplace involves a variety of utility-customer transactions, such as customers

selling to, as well as buying from, the utility. With the deregulation of power industry,

spot pricing forecasting plays a key role in advancing active demand side management and

achieving peak shaving, which promotes the development of smart grid. One of the decisive

factors that influences spot pricing is load forecasting. Apparently, short-term forecasted

load unavoidably carries certain degree of inaccuracy, which leads to the uncertainty of spot

pricing. To investigate the impact of load uncertainty on spot pricing, the authors in [16]

derived the expected load value as well as the upper and lower bound of load sensitivity,

given a normal-distributed load model. In [17], probabilistic spot pricing is formulated

with consideration of uncertainties in generation, load, and topology. A point estimation

method is adopted to obtain statistical moments of LMP. Besides, load and generation

cost uncertainties are considered in [18], where the authors obtained accurate membership

functions through multi-parametric programming techniques.

As renewable energy sources gradually enter into the power grid paradigm, they have

created non-negligible effects on the wholesale electricity price, making accurate electricity

price calculation a very challenging problem [19,20]. In particular, their intermittent nature

further increases uncertainties of power output and thus spot pricing forecasting. The infor-

mation on the probability distribution of prices is of particular useful in managing risk and

improving the decision-making, also very important in managing transmission congestion.

To investigate the impact of wind power uncertainty on spot pricing, the authors in [21]

proposed a margin-cost-based optimal power flow (OPF) method assisted by interior point

algorithms. In order to cope with uncertain factors such as loads, generators outage, system

networks, as well as various weather conditions, stochastic analysis tools were applied and

the probability distribution of the spot price was obtained. In [22], an efficient sampling-

based method was proposed to address uncertainty in wind power generation, through which

the mean and variance of spot prices were obtained. The authors in [23] assumed Weibull-

distributed wind speed and empirically obtained spot price statistics based on historical data

records. Another data-based study was carried out in [24], where the impact of wind gener-

ation on spot price was studied based on historical data collected in Texas. Very recently, a

two-step forecasting method was proposed in [25], where a nonparametric regression model

and a ARMA time-series model were applied to account for residual autocorrelation and
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seasonal dynamics in wind power uncertainties.

Most of the above-mentioned works either focus on the sole impact of load forecasting

uncertainty or that of the wind power on spot pricing, thereby overlooking the combined

effects of the two important system parameters. In this work, Monte Carlo simulation meth-

ods are employed to investigate the forecasting uncertainties of both load and wind power in

spot pricing. To be specific, we first generate normal-distributed power load sequences [16]

and Weibull-distributed wind speed sequences [23], which are then used as inputs of the

optimization problem to calculate the corresponding state variables, such as power flow and

voltage, based on which the probability density functions of system cost and spot price are

finally derived. As the reference mentioned, inter-temporal variation of wind power has neg-

ative impact on security of system [10, 14], so we have also discussed the impact of wind

power on the power grid reliability, which intends to illustrate, besides the positive effect of

energy saving, the potential negative effects of energy instability and over power injection

on power system. These findings are substantiated through a exemplary case study of a

3-machine, 9-bus system, where it is shown that although integration of wind power can

effectively lower spot prices, large penetrations may raise over-voltage risk and an increase

in reliability cost.

The rest of this chapter is organized as follows. Section 2.2 describes the characteristics

of the random variables including the forecasted loads, the wind farm output power as well

as the wind speed. Then, several cost models including power generation cost, spinning

reserve cost, and emission cost are introduced in Section 2.3, followed by an optimal power

flow model. Section 2.4 introduces the probabilistic optimal power flow (P-OPF) model with

Weibull-distributed wind power and normal-distributed loads. The problem is then solved

using Monte Carlo simulations, through which the probabilistic spot price is obtained. An

exemplary case study of a 3-machine, 9-bus system is provided in Section 2.5. Finally,

conclusions are drawn in Section 2.6.

2.2 Probabilistic Distributions and Cost Models

2.3 Notation

The main notation used throughout this chapter is stated below, while other symbols are

defined when needed.
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α(.), β(.), γ(.), ρ(.), κ(.) Emission cost coefficients of a unit

δ(.)(.) Voltage angle difference between two buses

δmax
(.)(.), δ

min
(.)(.) Upper and lower voltage angle difference

δw Wind power penetration coefficient limits between two buses

λ ,ν ,η Lagrange multipliers

µ, σ Mean and standard deviation of a bus load

πP
i , π

Q
i Active and reactive spot prices

a(.), b(.), c(.) Generation cost coefficients of a unit

ce Unit emission cost

fv(.) PDF of wind speed

fw(.) PDF of wind power

k, c Shape and scale factors of Weibull distribution

m(.), n(.), l(.) Spinning reserve cost coefficients of a bus

u , l Slack variables

vin Cut-in wind speed

vout Cut-out wind speed

vr The rated wind speed

v Wind speed

A(.) Set of nodes adjacent to a unit

B(.)(.) Transfer susceptance between two buses

CP (.), CQ(.) Active and reactive output generation power

CPG(.) Power generation cost function

CSR(.) Spinning reserve cost function

CEM(.) Emission cost function

Fv(.) CDF of wind speed

Ge Total amount of emissions

G(.)(.) Transfer Conductance between two buses

L Lagrange function

M Number of buses

N Number of generators

P(.), Q(.) Active and reactive injection power of a bus

Pl Total load power
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Pw Output power of wind turbine

Pwr Rated power of wind turbine

P g
(.), Q

g
(.) Generated active and reactive power of a bus

Pw
(.), Q

w
(.) Active and reactive wind power introductions to a bus

P l
(.), Q

l
(.) Active and reactive load power of a bus cost functions

P(.)(.), P
max
(.)(.) Flowing power and maximum allowable power between two buses

P g,max
(.) , P g,min

(.) Upper and lower active power generation limits

Qg,max
(.) , Qg,min

(.) Upper and lower reactive power generation limits

R(.) Spinning reserves of a bus

Rmax
(.) , Rmin

(.) Upper and lower spinning reserve limits

U Set of generators with spinning reserve

V(.) Voltage of a bus

V max
(.) , V min

(.) Upper and lower bus voltage limits

2.3.1 Wind Farm Distribution

According to the significant amount of data collected from wind farms, the relationship

between the output power of wind turbine generators and the wind speed is commonly

expressed as

Pw =


0 v > vout or v < vin

Pwr
v − vin
vr − vin

vin ≤ v ≤ vr

Pwr vr ≤ v ≤ vout.

(2.1)

The probability density function (PDF) of the wind speed can be described accurately by a

Weibull distribution (see [23] and references therein)

fv(v) =


0 v < 0

k

c

(v
c

)k−1

exp

[
−
(v
c

)k
]

v ≥ 0.
(2.2)
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From (2.1) and (2.2), the wind power PDF can be obtained as

fw(x) =


[Fv(vin) + 1− Fv(vout)]δ(x) x = 0

fv

(
vin +

x(vr − vin)

Pwr

)
vr − vin
Pwr

0 < x < Pwr

[Fv(vout)− Fv(vr)]δ(x− Pwr) x = Pwr.

(2.3)

Due to the intermittent nature of wind, the power output of wind turbines also subjects

to severe instabilities. In order to limit the impact of wind power on the power grid, we

introduce a wind power penetration coefficient δw such that

Pw ≤ δwPl. (2.4)

2.3.2 Bus Forecasted Load PDFs

Load forecasting is a challenging task that requires the detailed modeling of the effects of a

number of factors. In the modeling framework of stochastic programming, many researchers

utilize the expected value and the corresponding standard deviation to model the predict-

ed value and the associated prediction error. Generally, forecasted loads satisfy a normal

distribution (see [16] and references therein)

f(x) =
1√
2πσ

exp

[
−(x− µ)2

2σ2

]
. (2.5)

2.3.3 Power Generation Cost

In order to meet load requirement, the power generation cost is mainly from the thermal

power plant. Mathematically, the cost can be modeled as

CPG(P g
i , Q

g
i ) =

N∑
i=1

[(CP
i (P

g
i ) + CQ

i (Q
g
i )]. (2.6)

The active output power cost function fi(P
g
i ) admits a quadratic approximation as follows

[26]

Ca
i (P

g
i ) = ai + biP

g
i + ci (P

g
i )

2 . (2.7)
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2.3.4 Spinning Reserve Cost

Due to the inherent intermittent nature of wind power, spinning reserve serves as a back-

up power source that output power when wind power is unavailable. The corresponding

constraints are as follows.

max(Rmin
i , P g,min

i − P g
i ) ≤ Ri ≤ min(Rmax

i , P g,max
i − P g

i ). (2.8)

If the marginal cost of reserve from unit i is ci, the total reserve cost can be expressed as

CSR(Ri) =
∑
i∈U

miR
2
i + niRi + li. (2.9)

2.3.5 Emission Cost

One of the main purposes of renewable energy is to reduce pollutant emissions from fossil

fuels, thereby improving environmental benefits of the electric power. The atmospheric

pollutants include SO2, CO2, and NOx coming from the generators units. To simplify the

model, the total emissions of these pollutes are expressed as [27]

Ge(P
g
i ) =

N∑
i=1

10−2(αi + βiP
g
i + γi (P

g
i )

2) + ρi exp(κiP
g
i ). (2.10)

Further, the emission pollutants from thermal units translate into environmental cost as the

following

CEM(P g
i ) = Ge(P

g
i )ce. (2.11)

2.4 Probabilistic Optimal Power Flow Model

2.4.1 Problem Formulation

The integration of wind power to the main grid can effectively reduce atmosphere pollutants

from thermal generators. Nevertheless, it necessitates large numbers of reserves in order to

cope with the inherent variability and unpredictability of the wind generation source. As

such, we introduce in this subsection an extended OPF model, which incorporates additional

optional spinning reserve and environmental cost into the standard formulation. The problem
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can be formulated as, for i = 1, · · · ,M and j ∈ Ai

min CPG + CSR + CEM (2.12a)

s.t. Pi = P g
i + Pw

i − P l
i = Vi

∑
j∈Ai

Vj(Gij cos δij +Bij sin δij) (2.12b)

Qi = Qg
i +Qw

i −Ql
i = Vi

∑
j∈Ai

Vj(Gij sin δij −Bij cos δij) (2.12c)

V min
i ≤ Vi ≤ V max

i (2.12d)

δmin
ij ≤ δij ≤ δmax

ij (2.12e)

P g,min
i ≤ P g

i +Ri ≤ P g,max
i (2.12f)

Qg,min
i ≤ Qg

i ≤ Qg,max
i (2.12g)

|Pij| =
∣∣V 2

i Gij − ViVj(Gij cos δij +Bij sin δij)
∣∣ ≤ Pmax

ij , (2.12h)

where (2.12b) and (2.12c) are the injection power balance constraints, (2.12d) and (2.12e)

the security voltage constraints angle stability constraints of the overhead lines, (2.12f) and

(2.12g) the generator output constraints, and (2.12h) the branch thermal constraint.

2.4.2 Standard Problem Transformation

The aforementioned probabilistic OPF problem can be written into the following standard

form

min f(x) (2.13a)

s.t. gi(xi, ξi) = 0 i = 1, · · · ,M (2.13b)

hmin
i (xi) ≤ hi(xi) ≤ hmax

i (xi) i = 1, · · · ,M, (2.13c)

where x = [xT
1 , ...,x

T
M ]T and ξ = [ξT1 , ..., ξ

T
M ]T . The column vector xi = [P g

i , Q
g
i , Vi, δi]

consists of the system output variables and control variables, while the column vector ξi =

[Pw
i , P

l
i ] consists of the random input variables.

With the Lagrange multipliers λ, ν, η, the Lagrange function can be written as

L(x, ξ,λ,ν,η) =f(x)− λTg(x, ξ) + νT (h(x)− hmin(x))− ηT (h(x)− hmax(x)) (2.14)

where g(x, ξ) = [g1(x1, ξ1), ..., gM(xM , ξM)] and h(x) =

[h1(x1), ..., hM(xM)]. Note that the Lagrangian multipliers are kept positive.



14
According to the short-term marginal cost theory, the spot prices of the active and

reactive power πP
i and πQ

i of bus i are defined as the marginal system costs as a result of

the active and reactive power variations. By definition, the spot prices are just the optimal

Lagrangian multipliers that correspond to the active and reactive power balance constraints

(2.12b) and (2.12c), respectively. Mathematically, the spot prices can be expressed [21,28]

πP
i =

∂L
∂Pi

∣∣∣∣
∗
= λpi, (2.15)

πQ
i =

∂L
∂Qi

∣∣∣∣
∗
= λqi, (2.16)

where the notation |∗ denotes the optimal OPF solution that satisfies the Karush-Kuhn-

Tucker (KKT) conditions.

Probabilistic Spot Price Calculation

We use Monte Carlo simulation to generate random sequences for the normal distributed

forecasted load and Weibull distributed forecasted wind speed. In order to produce a non-

uniform probability distribution sequence, we first generate uniform distribution sequence,

then use mathematical tools to transform it into the distribution sequence. Steps of solving

probabilistic spot price are given as follows.

1. Construct probability model for the wind speed according to (2.1) and (2.2), as well

as probability model for load according to (2.5).

2. Generate random sequences using the constructed models in step 1, which are then

used as inputs for the P-OPF model proposed in Section 2.4.

3. Solve the P-OPF model using MATPOWER and obtain the optimal Lagrangian mul-

tipliers.

4. Calculate the spot prices by substituting the obtained Lagrangian multiplier into (2.15)

and (2.16).

5. Perform statistical analysis to obtain the statistical property of the spot price, such as

PDF and mean value.
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Figure 2.1: IEEE 9 buses system topology.

2.5 Case Study

An IEEE three-machine and nine-bus system is considered, which is shown in Fig. 2.1. Two

wind farms are assumed to have been built at both the nodes 5 and 7. The same Weibull

distribution, with shape and scale parameters equal to 2 and 6.7703, respectively, is used

to model wind speed at both sites. The mean value of the normal-distributed load model

equals the mean of the load profile given by the IEEE nine-bus system, while the variance

is set as 0.05.

Using the proposed P-OPF model, the probabilistic spot price is obtained through Monte

Carlo simulations with 10000 samples. In particular, the impact of the wind farm size on

various aspects of the main power system has been investigated, in terms of the probability

density function of spot price and distribution of bus voltage.

As can be observed from Fig. 2.2, given the normal-distributed forecasted load inputs,

the obtained spot price follows normal distribution as well, with a mean value of about

20MWh. With the integration of wind power, the mean spot price decreases from 20MWh

to approximately 17.5MWh as shown in Fig. 2.3. Nevertheless, it should be noted that the
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Figure 2.2: Spot price without wind power of the 7 th bus node

Figure 2.3: Spot price of the 7 th integrating mean 20 MW wind power

decline of the mean spot price is accompanied by an increase of the standard deviation, which

implies that the intermittent nature of the wind power exacerbates the stability of real-time

price and creates difficulty in predicting electricity price as well. Note that the results in

Fig. 2.3 have neglected the maintenance and construction costs of the wind turbines and

therefore are optimistic predictions. Finally, when the emission cost comes into the picture,

the spot price profile rockets to a mean value of 32MWh as is shown in Fig. 2.4.

Fig. 2.5-Fig. 2.7 illustrate the impact of wind power integration on the reliability of the

main grid with a focus on the voltage stability, when the wind power rises from 20MW to

60MW. By focusing again on the 7 th bus, we observe that as the wind power rises, the risk of
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Figure 2.4: Spot price of the 7 th bus with wind power and emission cost

overvoltage on the 7 th bus increases simultaneously. For example, as can be observed from

Fig. 2.5, the frequency of voltage magnitude (pu) keeping under 1.097 pu is approximately

6000 per 10000 samples, and the rate of 1.098 pu voltage is around 3000. As the mean wind

energy integration increase from 20MW to 35MW, Fig. 2.6 exhibits an apparent probabilistic

risk increase. For example, the frequencies of 1.098 pu and 1.099 pu voltage reach 6000 and

2000, respectively, while the rate of lower voltages occurrence becomes smaller. Further

increasing the wind output power to 60MW, the frequency of 1.1 pu voltage arises to 3000,

while at the same time, the rate of 1.099 pu voltage reaches 4000, which implies that the

voltage of the 7 th bus has exceeded its power limits. In other words, although increasing

integration of the renewable energy into the main grid decreases system operation cost, the

reliability cost surfaces and becomes a non-negligible factor that drives the escalation of the

spot prices.

2.6 Conclusion

A probabilistic optimal power flow model considering load uncertainty and wind speed ran-

domness has been proposed in this work. The extended objective function has included

emission cost to take into account environmental benefits and spinning reserve fee to address

the reserve cost owing to the introduction of wind power. The spot price is then obtained

from the P-OPF result. Simulation results for the IEEE 3-machine and 9-bus test system

show renewable wind energy is beneficial for cost reduction. However, once over penetration,
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Figure 2.5: Voltage of the 7 th bus with mean 20 MW wind power

Figure 2.6: Voltage of the 7 th bus with mean 35 MW wind power

intermittent wind power may bring serious reliability problem and cause cost climbing. The

separate effect of the wind and load randomness can also be studied using the approach in

this Chapter.
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Figure 2.7: Voltage of the 7 th bus with mean 60 MW wind power
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Chapter 3

Modeling The Bids of Wind Power

Producers in The Day-ahead Market

with Stochastic Security-constrained

Market Clearing

In Chapter 2, we studied the probabilistic spot price, which is calculated by the market-

clearing agorithm. In this chapter, we further study the wind power producers’ bidding

considering the stochastic market-clearing algorithm based on the general equilibrium theory.

Specifically, a bilevel problem models the strategic bids of a strategic wind power producer

as the upper-level problem and the stochastic market-clearing as the low-level problem. The

proposed model effectively solves the interaction between the offers of wind power producers

and the clearing prices of electric markets, and helps wind power producers participate in

the markets like other traditional independent power producers.

3.1 Introduction

3.1.1 Motivation

In the mordern world, wind power has become an essential technology in the developing

modern electrical generation [29, 30]. In some countries such as Denmark and Germany,

wind power producers (WPPs) have taken dominant positions in the electricity pools. U.S.

Department of Energy also set the goal of 20% of electricity energy consumed by wind
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power generation by 2030. Wind power will have increasing influence on the marginal cost

in market clearing, where energy is scheduled [31]. In Denmark and Spain, such high wind

power prompted Independent System Operators (ISOs)/Market Operators to allow wind

power producers to bid in the day-ahead market as other traditional sources. Similarly, in

ISOs/Transmission System Operator markets of North America that have high penetration

of wind power, WPPs are increasingly authorized to bid in the day-ahead market [32].

Like PJM, ERCOT and MISO, these ISOs/Region System Operators with high wind power

installed require that wind power producers must bid in the day-ahead market.

Integrating wind power into a short term electricity market brings many challenges for

the current electricity market operations, because the high penetration and inherent uncer-

tainty of wind power significantly impact the security of system operation. A variety of

relevant research have gained in popularity in recent years [33]. To participate in the dereg-

ulated markets, WPPs bid the price and quantity of wind power in the day-ahead market,

which operates once a day, one day ahead, and on an hourly basis. However, the high risk of

financial penalties from realized wind power production’s deviation from day-ahead schedule

in the real-time market is hindering WPPs’ participation in markets like other independent

power producers. To mitigate the financial risk of failing to meet day-ahead schedule due to

variable wind power production, the Federal Energy Regulatory Commission is discussing

and working on changing the market rules of day-ahead and capacity [34]. Generally the

transaction in the day-ahead market and the balancing market is settled based on pool prices

or locational marginal prices (LMPs) depending on the particular market rules. For ISOs

in the east coast of U.S., the hourly LMPs in the day-ahead market are derived through a

security-constrained unit comment and economic dispatch market clearing algorithm which

simultaneously optimizes energy and reserve, in contrast to European markets’ sequential

schedule of energy and reserve. All current market clearing practices are based on determin-

istic methods where scheduling reserve is based on a worst-case scenario. However, current

deterministic market clearing cannot fully integrate the uncertainty of wind power [35]. In

regard to market redesign for distributed energy, [36] discussed the necessity of stochastic

procedures to guarantee efficient and fair market clearing. Additionally, [37] and [4] proposed

a two-stage stochastic programming with network-constrained market clearing model to deal

with the uncertainty of wind power. [35] formulates a short-term stochastic market clearing

model for operation planning and demonstrates economical benefit of the stochastic method

comparing with a deterministic worst-case scenario method. Reference [38] which models

the effect of a WPP as a price-maker based on deterministic market clearing recommends
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further work of the effect of stochastic optimization to be done. Therefore, it is necessary and

urgent to study the effect of stochastic procure in market clearing on bidding of renewable

energy. In this chapter, our main purpose is to study the strategic behavior of a WPP who

participates in the day-ahead market with stochastic security-constrained market clearing

as a price-marker and analyze the effect of simultaneous scheduling energy and reserve on

WPPs’ bidding.

3.1.2 Literature

There has been many approaches proposed to solve wind power trading problems [39–42]. [39]

models optimal wind power bids for a short-term market to minimize the imbalance cost

considering uncertain imbalance prices and wind power predictions. In [40], a two-stage

stochastic programming method is used to obtain the optimal offering strategy of WPPs.

The paper [41] formulates a general methodology for deriving optimal bidding strategies

based on probabilistic wind power forecasting and the sensitivity of a WPP to regulation

costs. [42] derives the optimal contract offerings in a perfectly competitive two-settlement

market. Recently, the bilevel model has become attractive in modelling wind power markets

[7,43,44], as bilevel programming works well in modelling the strategic bidding problems. [7]

proposes an optimal offering strategy for a strategic WPP that participates in the day-

ahead market as a price maker and in the balancing market as a deviator. [43] studies the

equilibria of wind power producers in an oligopolistic market. [44] considers the problem of

a wind power producer that is a price-taker in the day-ahead market, but a price-maker in

the balancing market. A bilevel program can be reformulated as a mathematical program

with equilibrium constraints (MPEC) under suitable convexity conditions and constraint

qualifications in the lower level problem. MPECs are known to be a highly difficult class of

NP hard problems, due to the fact that usual constraint qualifications are violated at any

feasible point (see [45, Proposition 1.1]). Hence, the classical Karush-Kuhn-Tucker (KKT)

condition is not always a necessary optimality condition for an MPEC. Most literature on

this topic, including [7,43,44], transform the complementarity constraints into mixed integer

linear constraints by using Fortuny-Amat transformations [46] and solve the resulting mixed

integer linear program. Alternatively, [47] approximates an MPEC using a relaxed family

of better-behaved nonlinear programs (NLPs), solves the sequence of the NLPs and drives

the relaxation parameter to zero. In all related literatures, generators’ true quadratic cost

functions are linearised. Although the linearization simplifies the computation and make the

problem tractable, it introduces many more new constraints and variables [48]. Moreover
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the linearisation sections are hard to choose [48].

To the best of our knowledge, there are no papers or references which focus on strategic

bidding behavior of a WPP in the stochastic security-constrained market clearing. This paper

proposes a new stochastic bilevel model where the upper level problem represents the decision

of variable wind sources and the lower level problem adopts the two-stage stochastic security-

constrained market clearing model. The proposed bilevel problem is casted as a stochastic

MPEC problem which is solved by a relaxation method.

3.1.3 Contribution

Within the above framework, the contributions of this chapter are fourfold:

1) To provide a new stochastic bilevel model for a strategic WPP with two-stage stochastic

market clearing. The model that we propose integrates the day-ahead market stage and

the balancing market stage to co-optimize energy and reserve. The balancing market is “s-

tochastically” cleared with all plausible realizations of the wind power production, resulting

in the “balancing price” introduced into the objective function of the WPP as a variable.

Since the balancing price is chosen to maximize the strategic WPPs profit, in the proposed

market settlement which co-optimizes day-ahead and real-time dispatches in a single shot,

the strategic WPP can exercise more market power so as to gain steady income.

2) To reformulate the stochastic bilevel program into a stochastic MPEC and solve it nu-

merically using a relaxation scheme.

3) To take two illustrative examples as case studies, where optimal bidding strategies are

discussed in details. The comparison between strategic and non-strategic WPPs and the

comparison between reserve and non-reserve are presented.

This paper is organized as follows. Section II gives a detailed problem description. Section

III presents the mathematical formulation of the bi-level model, derives the stochastic MPEC

reformulation of the bilevel program and proposes the relaxation scheme for solving the

stochastic MPEC. Two case studies based on a three-bus system and the IEEE 30-bus Test

System (TS) are given in Section IV. Finally, Section V concludes the paper.
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3.2 Problem Description

3.2.1 Stochastic Market-clearing Model

The day-ahead market clearing is a two-stage procedure in most markets, which is com-

posed of security-constrained unit commitment and security-constrained economic dispatch.

In the day-ahead market energy and reserve clearing methods differ from different market

rules of regions. European markets like Iberian Peninsula market sequentially clear energy

and reserve, while most ISOs in the east coast of U.S., such as PJM, New-York ISO and

New-England ISO, simultaneously co-optimize reserve and energy. Detailed advantages of

the simultaneous method are described in [49]. In PJM, LMPs of the day-ahead market are

calculated according to generation offer and demand bidding of each hour with network con-

strains. In this paper unit commitment constraints (e.g. ramping rates, startup costs/times,

minimum down-times) are not considered. However, the the proposed single period market

clearing model can be extended to multi-period.

As stated in [31], integrating wind power forecasting information into the day-ahead

market clearing is necessary. Considering integrating uncertainty of wind power in the day-

ahead market clearing, the above mentioned references [4, 37] are proposing a two-stage

stochastic programming as the day-ahead market clearing. Recently much research is in

favour of stochastic market clearing over current deterministic worst-case methods used in

the real world because of the potential economic benefit. To study the behavior of a WPP

in stochastic market clearing, this paper proposes a single-period stochastic security-market

clearing with co-optimization of energy and reserve as the lower level problem of the WPP

bidding bilevel problem.

3.2.2 Model Assumptions

The main model assumptions are listed below:

1) Loads are charged by the LMP of a bus, at which point the demand is connected and the

WPP is paid by the LMP of the bus at which wind power is introduced into power network.

Also we assume that loads are inelastic without load shedding [7].

2) Wind power introduced into the power system is treated as a negative load, and the

penalty for wind power that deviates from the scheduled power production is charged at a

price which is a dual variable of the balancing equations in the real-time market.

3) Each displaceable unit whose upward/downward reserve capacity is deployed in the real-
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time market is in accordance with the supply cost functions submitted to the day-ahead

market by the generation units.

4) We are using a direct current optimal power flow (DC-OPF) model without power system

losses to clear the market, obtaining LMPs in the day-ahead market and real-time market [7].

5) The strategic WPP makes bidding decisions in the day-ahead market anticipating the

equilibrium of the market. Anticipating the market equilibrium is necessary [50].

6) Wind power uncertainty can be efficiently modeled through a finite set of scenarios. This

assumption makes the proposed stochastic bilevel model computationally solvable.

7) Only wind generation uncertainty is considered. However, some other uncertainties such

as equipments failure, demand uncertainty and competing offers from other producers can

be easily integrated into the market-clearing model through scenarios.

8) To simplify the proposed model, ramping rates, startup costs/times, minimum down-times

noncovex constraints such as ramp limits are not included in the market-clearing algorithm;

this problem will be discussed in our next paper on unit commitment problem.

9) Wind power is produced by a private renewable energy company under private ownership,

and the private WPP can independently bid wind power offer and offer price.

10) Operating reserve this paper considers is mainly spinning reserves, as spinning reserves

can send the response fast to the power imbalance while supplemental reserves serve a longer

disturbance [49]. Therefore, we just take spinning reserves into account for the uncertainties

of wind power.

3.3 Mathematical Formulation

3.3.1 Notation

The main notation used throughout this paper is stated below, while other symbols are

defined when needed.
Indices and Sets

ΨD
n Set of indices of the demands located at bus n.

ΨG
n Set of indices of the generation units located at bus n.

Θn Set of the buses connected to the bus n.

ΨW
n Set of indices of the wind power units located at bus n.

ΩD Set of indices of demands.
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ΩG Set of indices of generation units other than wind power units.

ΩN Set of indices of buses.

ΩW Set of indices of wind power units.

Ωω Set of indices of scenarios.

ΩD
d Set of indices of the blocks of the dth demand.

rDi (ω) Reserve down deployed by the ith generation unit under scenario ω.

rUi (ω) Reserve up deployed by the ith generation unit under scenario ω.

PW,Sp
l (ω) Wind power generation spillage of the lth wind power unit under scenario ω.

PD
dj Power scheduled to be consumed by the jth block of the dth demand.

Variables

PG
i Power scheduled to be produced by the ith generation unit.

PW
l Wind power cleared in the day-ahead market for the lth wind power unit.

PW,Of
l Wind power offered to the day-ahead market by the lth wind power unit.

αW
l Offer price of the lth wind power unit.

δ0n Voltage angle at bus n at the day-ahead market stage.

δn(ω) Voltage angle at bus n under scenario ω.

λn Day-ahead price at bus n.

µn(ω) Balancing market price at bus n under scenario ω.

Constants and Constraints:

P̄W,P
l (ω) Wind power produced by the lth wind power unit under scenario ω.

λDdj Marginal utility of the jth block of the dth demand.

λ
(·)G
i Coefficients of the quadratic cost functions of the ith generation unit.

λWl Marginal cost of the lth wind power unit.

γ(ω) Weights of scenario ω.

P
D

dj Upper limit of the bth block of the jth demand.

P
G

i Upper limit of the ith generation unit.

rD,max
i Maximum reserve down deployed by the ith generation unit.

rU,max
i Maximum reserve up deployed by the ith generation unit.

P
W

l Wind power capacity of the lth wind power unit.

Tmax
nm Transmission line capacity for line n−m.

Bnm Absolute value of the susceptance of line n−m.



27
3.3.2 Bidding Model

In PJM market, wind power who is a capacity resource must bid and set market price in

the day-ahead market and pay for balancing reserve due to deviations in real time from day-

ahead schedules, which is represented in the upper level problem in our proposed model. To

mitigate independent power producers’ market power, we also set a cap price for the bidding

price given by (3.1c). Wind power spillage is also integrated in the upper level problem as

the reference [7]. The lower level problem represents a security-constrained market clearing

in the day-ahead market, which jointly optimize energy and reserve. The problem of finding

the optimal offering strategy for a strategic WPP can be formulated as the following bilevel

model:

Maximize∆UL
∪

∆LL∑
ω∈Ωω

γ(ω)
∑
l∈ΩW

[
λn(l)P

W
l − λWl (P̄W,P

l (ω)− PW,Sp
l (ω))

− µn(l)(ω)(P
W
l − (P̄W,P

l (ω)− PW,Sp
l (ω)))

] (3.1a)

subject to

0 ≤ PW,Of
l ≤ P

W

l , ∀l (3.1b)

αW
l ≤ PCap,∀l (3.1c)

0 ≤ PW,Sp
l (ω) ≤ P̄W,P

l (ω),∀l, ∀ω (3.1d)

where PW
l solves the following lower-level problem, λn(l) = λn, µn(l)(ω) = µn(ω) for all l ∈ ΨW

n

and λn, µn(ω) are dual variables for the constraints (4.2b) and (3.2b) respectively.

The lower problem represent the stochastic security-constrained market clearing in the

day-ahead market, which jointly optimize energy and reserve. ISOs located at the east coast

of US, like PJM, New York ISO and New England ISO, all adopt co-optimization of energy
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and reserve. The mathematical formulation of the low level problem is given by

Minimize∆LL∑
ω∈Ωω

r(ω)
[ ∑
i∈ΩG

(λ
(2)G
i (PG

i + rUi (ω)− rDi (ω))
2 + λ

(1)G
i (PG

i (3.2a)

+ rUi (ω)− rDi (ω)) + λ
(0)G
i )

]
+

∑
l∈ΩW

αW
l P

W
l −

∑
d∈ΩD

∑
j∈ΩD

d

λDdjP
D
dj

subject to:

∑
i∈ΨG

n

(rUi (ω)− rDi (ω)) +
∑
l∈ΨW

n

(P
W,P

l (ω)− PW,Sp
l (ω)− PW

l )

−
∑
m∈Θn

Bnm(δn(ω)− δm(ω)− δ0n + δ0m) = 0 : µn(ω), ∀ω, ∀n (3.2b)∑
i∈ΨG

n

PG
i +

∑
l∈ΨW

n

PW
l −

∑
d∈ΨD

n

∑
j∈ΩD

d

PD
dj =

∑
m∈Θn

Bnm(δ
0
n − δ0m) : λn, ∀n (3.2c)

0 ≤ PD
dj ≤ P

D

dj : ϕ
min
dj ϕmax

dj , ∀k, ∀j (3.2d)

0 ≤ PG
i ≤ P

G

i : φmin
i , φmax

i ,∀i (3.2e)

0 ≤ PW
l ≤ PW,Of

l : ςmin
l , ςmax

l ,∀l (3.2f)

0 ≤ rUi (ω) ≤ rU,max
i : σmin

i (ω), σmax
i (ω), ∀i,∀ω (3.2g)

0 ≤ PG
i + rUi (ω)− rDi (ω) ≤ P

G

i : πmin
i (ω), πmax

i (ω), ∀i,∀ω (3.2h)

0 ≤ rDi (ω) ≤ rD,max
i : βmin

i (ω), βmax
i (ω),∀i,∀ω (3.2i)

− Tmax
nm ≤ Bnm(δ

0
n − δ0m) ≤ Tmax

nm : ψmin
nm , ψmax

nm ,∀n,∀m ∈ Θn (3.2j)

− Tmax
nm ≤ Bnm(δn(ω)− δm(ω)) ≤ Tmax

nm

: ηmin
nm (ω), ηmax

nm (ω),∀n,∀m ∈ Θn,∀ω (3.2k)

− π ≤ δ0n ≤ π : ξmin
n , ξmax

n ,∀n \ 1, ∀ω (3.2l)

− π ≤ δn(ω) ≤ π : ϖmin
n (ω), ϖmax

n (ω),∀n \ 1, ∀ω (3.2m)

δ1(ω) = 0 : ϑ1(ω),∀ω (3.2n)

δ01 = 0 : κ01. (3.2o)

∆LL := {PG
i , r

U
i (ω), r

D
i (ω),∀i;ω;PD

dj , ∀d, j;PW
l ,∀l; δ0n, ∀n; δn(ω), ∀n, ω}

and ∆UL := {αW
l , P

W,Of
l , ∀l;PW,Sp

l (ω), ∀l, ω} are the lower and upper level decision variables
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respectively, while the set who denotes the dual variables of the constraints of the lower level

problem is shown as follow:

∆LL
Dual := {λn,∀n;µn(ω),∀n, ω; ςn,∀n; ρmin

dj (ω), ρmin
dj (ω),∀d, j, ω;ϕmin

dj , ϕmax
dj ,

∀d, j;φmin
i , φmax

i ,∀i; ςmin
l , ςmax

l , ∀l;σmin
i (ω), σmax

i (ω),∀i, ω; βmin
i (ω), βmax

i (ω),

∀i, ω; πmin
i (ω), πmax

i (ω),∀i, ω;ψmin
nm , ψmax

nm (ω),∀n,m, ω; ηmin
nm (ω), ηmax

nm (ω),

∀n,m, ω; ξmin
n , ξmax

n , ∀n, ω;ϑ1(ω),∀ω;κ01}

The upper level problem (3.1a)-(3.1c) represents the profit maximization problem of the

strategic WPP, while the lower level problem (3.2a)-(3.2o) represents the market clearing

that aims to minimize the social cost. As a decision maker in the upper level problem, the

strategic WPP determines the offering price αW
l , the offer quantity PW,Of

l and the wind power

generation spillage PW,spill
l (ω) to maximize the expected profit (3.1a) subject to constraints

(3.1b)-(3.1c) as well as the additional constraints that PW
l are solutions of the lower level

problem and λn, µn(ω) are dual variables of the power balancing equations for the day-ahead

market and the balancing market (4.2b) and (3.2b) respectively. The profit comprises three

terms:

1) Each term λn(l)P
W
l represents the revenue obtained from selling wind power in the

day-ahead market, which is computed as the wind power cleared in this market times

the LMP of the bus at which such wind power is produced. LMPs are computed as

the dual variables associated with the balancing constraints (3.2a).

2) Each term λWl (P̄W,P
l (ω) − PW,Sp

l (ω)) represents the cost of wind power production in

scenario ω.

3) Each term µn(l)(ω)(P
W
l −(P̄W,P

l (ω)−PW,Sp
l (ω))) is the cost/profit of purchasing/selling

energy in the balancing market due to the wind power uncertainty. It is computed

as the difference of the wind power cleared in the day-ahead market and the power

generated in scenario ω, times the LMP of the bus at which the wind power is produced.

In contrast to the bilevel model in [7], the balancing price µn(ω) computed as the dual

variables associated with the power balancing equations in the balancing market (3.2b)

are variables not constants. Since the reserves have been considered in the marketing

clearing algorithm in all scenarios, including the balancing price as a variable can

reduce the risk of the strategic WPP.
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The constraints (3.1b) impose the nonnegativity of wind power offered to the day ahead

market, simultaneously confining wind power offer within the maximum capacity of the

wind turbine, and the constraints (3.1d) bound the wind power spillage to be smaller than

or equal to the actual wind power production.

After the WPP bids its offering price and quantity, the ISO computes the wind pow-

er to be cleared in the day-ahead market (PG
i , P

D
dj , P

W
l ) and the reserve up and down

(rUi (ω), r
D
i (ω)) so as to maximize the expected social welfare (3.2a) subject to the con-

straints (4.2b)-(3.2o). Note that the offering price and quantity αW
l , P

W,Of
l are considered

to be constants in the lower level problem. In contrast to the bilevel model in [7], the lower

level problem is also a stochastic problem combining the day-ahead market and the real-time

market. The social welfare in scenario ω comprises three terms:

1) Each term αW
l P

W
l represents the revenue obtained from the WPP biding.

2) Each term λ
(2)G
i (PG

i + rUi (ω)− rDi (ω))
2+λ

(1)G
i (PG

i + rUi (ω)− rDi (ω))+λ
(0)G
i represents

the cost of the ith generation unit in scenario ω.

3) Each term λDdjP
D
dj is the utility of the jth block of the dth demand.

Constraints (4.2b) and (3.2b) are power balancing equations of the day-ahead and the bal-

ancing market respectively. The dual variables for constraints (4.2b) and (3.2b) are the

day-ahead prices λn and real-time prices µn(ω) respectively. When the ISO finds the wind

power to be cleared in the day-ahead market and the reserve up and down, they can deter-

mine the the day-ahead prices λn and real-time prices µn(ω) as well. The constraints (3.2d)

guarantee the lower and upper bounds for the quantities of schedule load demands, and

constraints (3.2e) and (3.2h) impose schedule generation power production together with

reserve above zero and below capacity of each generation. Constraints (3.2j) and (3.2k) limit

the transmission flow. Constraints (3.2f) bind the cleared wind power below the wind power

offer. The other constraints (3.2g) and (3.2i) enforce the lower and upper bounds on the

upward and downward reserves deployed from each displaceable unit. The constraints (3.2l)

and (3.2m) enhance the limits for voltage angle at each bus, and the constraints (3.2n) and

(3.2o) fix zero as the voltage angle of the reference bus.

3.3.3 Reformulation

Since the upper decision variables are considered to be constants, the lower level problem

is a convex quadratic programming problem. In particular, the composition of convexity
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and linearity preserves convexity of the lower level problem [51]. Hence the bilevel problem

(1)-(2) can be cast as a MPEC by replacing the lower level problem by its KKT condition

equivalently:

max∆UL
∪

∆LL
∪

∆LL
Dual

(3.1a) (3.3a)

subject to

Constraints (3.1b)-(3.1c) and (4.2b)-(3.2h) (3.3b)

Complementarity constraints:

0 ≤ ϕmin
dj ⊥ PD

dj ≥ 0,∀d, ∀j (3.3c)

0 ≤ ϕmax
dj ⊥ P

D

dj − PD
dj ≥ 0, ∀d, ∀j (3.3d)

0 ≤ φmin
i ⊥ PG

i ≥ 0, ∀i (3.3e)

0 ≤ φmax
i ⊥ P

G

i − PG
i ≥ 0,∀i (3.3f)

0 ≤ ςmin
l ⊥ PW

l ≥ 0,∀l (3.3g)

0 ≤ ςmax
l ⊥ PW,Of

l − PW
l ≥ 0,∀l (3.3h)

0 ≤ σmin
i (ω) ⊥ rUi (ω) ≥ 0, ∀i, ∀ω (3.3i)

0 ≤ σmax
i (ω) ⊥ rU,max

i − rUi (ω) ≥ 0, ∀i, ∀ω (3.3j)

0 ≤ βmin
i (ω) ⊥ rDi (ω) ≥ 0,∀i, ∀ω (3.3k)

0 ≤ βmax
i (ω) ⊥ rD,max

i − rDi (ω) ≥ 0, ∀i,∀ω (3.3l)

0 ≤ πmin
i (ω) ⊥ PG

i + rUi (ω)− rDi (ω) ≥ 0, ∀i, ∀ω (3.3m)

0 ≤ πmax
i (ω) ⊥ P

G

i − (PG
i + rUi (ω)− rDi (ω)) ≥ 0,∀i,∀ω (3.3n)

0 ≤ ψmin
nm ⊥ Bnm(δ

0
n − δ0m) + Tmax

nm ≥ 0,∀n,∀m ∈ Θn (3.3o)

0 ≤ ψmax
nm ⊥ −Bnm(δ

0
n − δ0m) + Tmax

nm ≥ 0,∀n, ∀m ∈ Θn (3.3p)

0 ≤ ηmin
nm (ω) ⊥ Bnm(δn(ω)− δ0m(ω)) + Tmax

nm ≥ 0,∀n,∀m ∈ Θn, ∀ω (3.3q)

0 ≤ ηmax
nm (ω) ⊥ −Bnm(δn(ω)− δ0m(ω)) + Tmax

nm ≥ 0, ∀n,∀m ∈ Θn, ∀ω (3.3r)

0 ≤ ξmin
n ⊥ δ0n + π ≥ 0,∀n\1 (3.3s)

0 ≤ ξmax
n ⊥ −δ0n + π ≥ 0,∀n\1 (3.3t)

0 ≤ ϖmin
n (ω) ⊥ δn(ω) + π ≥ 0,∀n\1, ∀ω (3.3u)

0 ≤ ϖmax
n (ω) ⊥ −δn(ω) + π ≥ 0,∀n\1, ∀ω. (3.3v)
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KKT conditions constraints:∑
ω∈Ωω

γ(ω)[πmax
i (ω)− πmin

i (ω) + 2λ
(2)G
i r(ω)(PG

i + rUi (ω)− rDi (ω)] + λ
(1)G
i + λn(i)

+ φmax
i − φmin

i = 0, ∀i (3.4a)

αW
l + λn(l) −

∑
ω∈Ωω

γ(ω)µn(l)(ω) + ςmax
l − ςmin

l = 0, ∀l (3.4b)

2λ
(2)G
i (PG

i + rUi (ω)− rDi (ω)) + λ
(1)G
i + πmax

i (ω)− πmin
i (ω)

+ µn(i)(ω) + σmax
i (ω)− σmin

i (ω) = 0,∀i, ∀n, ∀ω (3.4c)

2λ
(2)G
i (rDi (ω)− PG

i − rUi (ω))− λ
(1)G
i − πmax

i (ω) + πmin
i (ω)

− µn(i)(ω) + βmax
i (ω)− βmin

i (ω) = 0,∀i,∀n, ∀ω (3.4d)∑
m∈Θn

Bnm(λn − λm) +
∑
m∈Θn

Bnm(ψ
max
nm + ψmin

mn − ψmax
mn − ψmin

nm )

+ ξmax
n − ξmin

n − (κ01)n=1 = 0, ∀n (3.4e)∑
m∈Θn

Bnm(µn(ω)− µm(ω)) +
∑
m∈Θn

Bnm(η
max
nm (ω)− ηmin

nm (ω)

− ηmax
mn (ω) + ηmin

mn (ω)) +ϖmax
n (ω)−ϖmin

n (ω)− κ1(ω)n=1 = 0,∀ω, ∀n (3.4f)

− λDdj + λn(d) + ϕmax
dj − ϕmin

dj = 0,∀d,∀j (3.4g)

3.3.4 Relaxation Scheme

Due to the existence of the complementarity constraints, it is difficult to solve the MPEC

(3.3a)-(3.3v) via standard NLP algorithms. Several more specialized algorithms for solving

MPECs that take into account the particular structure of the additional complementarity

constraints are known in the literature. These algorithms include smoothing, penalizing,

lifting, relaxation (or regularization), and suitable modifications of standard NLP solvers.

Among these MPEC-tailored solution schemes, the relaxation schemes are one of the most

prominent classes of solution methods. Several different relaxation schemes are available, but

the basic idea of all these relaxation methods is the same: approximate (usually enlarge) the

feasible set of the MPEC in a suitable way to get a nonlinear program NLP(t) depending on a

certain parameter t such that the relaxed programs NLP(t) converge to the original MPEC
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when t approaches zero. In this paper, we employ the first and most popular relaxation

scheme, the global relaxation method by Scholtes [52, 53]. Algorithmically, we consider a

sequence ts → 0 and for each s, relax each of the complementarity constraints in a way

that is controllable by the choice of ts. In our preceding MPEC problem, for instance, the

complementarity condition (3.3c) can be approximated by the relaxation:

ϕmin
dj ≥ 0, PD

dj ≥ 0, ϕmin
dj PD

dj ≤ ts, ∀d, ∀j.

At each iteration s and the corresponding value of t = ts, we then compute a sequence

of KKT points of the relaxed nonlinear programs NLP(ts), figure out the limiting point

to which the sequence converges. The limiting point is then, under suitable conditions, a

stationary point of the underlying MPEC.

In all existing works, the non-linear terms in the objective function of the reformulated

problem are linearized using the strong duality theorem and the linearity in the objective

function of the lower level problem as explained in [7]. Moreover the nonlinearity in the

complementarity constraints are further linearised by using binary variables and some suffi-

ciently large constants, resulting in solving a mixed integer linear program. The linearisation

technique for the objective function, however, is only applicable for the case where the lower

level problem is a linear program. Although one can still linearise the nonlinearity in the

complementarity constraints, it would result in a mixed nonlinear integer program which

is a nontractable NP hard problem. To the contrary, by the relaxation scheme, each re-

laxed problem is a standard well-behaved nonlinear program that can be easily solved by

any commercial optimization toolbox. Although theoretically one needs to take a sequence

of relaxation parameter ts → 0, in practice only a couple of these nonlinear programs are

needed to be solved when the parameters ts are chosen sufficiently small.

3.4 Case Study

The proposed model is illustrated by using the IEEE three-bus system shown in Fig. 3.1 and

the IEEE 30-bus TS.

In our case studies, we compare the results for the strategic WPP and non-strategic WPP

in the reserved and non-reserved markets. The reserved case requires solving the proposed

model (3.3)-(4), while in the non-reserved case one needs to solve model (3.3)-(4) with all

reserve variables and reserve constraints eliminated. Notice that the balancing prices µn(ω)

in the reserved case becomes a constant to be specified in the non-reserved case since it can
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no longer be derived as dual variables. We also compare the results for the strategic and

non-strategic cases. In the strategic WPP case, we solve the model (3.3)-(4), whereas in the

non-strategic WPP case we solve a modified model (3.3)-(4) in which we assume that the

WPP’s offer price αW
l is zero, and the offered power PW,Of

l equals to its expected production.

3.4.1 Wind Speed Data

Although the market we modelled is not the European one, since it is easier to access the

wind speed data from Copenhagen, we have used the historical wind speed data of the 14

representative days in June 2013 collected from Copenhagen in the following two case studies.

To further represent the uncertain wind power, each original scenario is then multiplied by

0.8 and 1.2 respectively, resulting in a total of 42 scenarios for each hour and the 42 scenarios

change throughout the 24 hour planning horizon. The wind speed of each hour is transformed

into wind power production using the wind-speed/wind-power production curve of a Nordex

N80/2500 turbine. The wind power production are used as input scenarios of the two case

studies. All scenarios are assumed to have the same weight.

3.4.2 IEEE three-bus System

Table 3.1: DATA FOR THE GENERATING UNITS OF THE IEEE THREE-BUS SYSTEM

Generator(i) Gen1 Gen2 Gen3
P̄G
i [MWh] 150 200 250

λ
(2)G
i 0.02 0.0175 0.065

λ
(1)G
i 20 20 20

λ
(0)G
i 0 0 0

rU,max
i [MW] 23 16 37

rD,max
i [MW] 23 16 37

The three-bus system contains one conventional generation unit per bus (G1 through G3)

and one wind power plant (WP). All lines have the same susceptance of 2.5 p.u. Detailed

data for the conventional generators on the three-bus system is shown in Table 3.1.

There are three load demands in this system (L1-L3). Table 3.2 shows demand bids

including energy and price as observed through a 24 hour planning horizon. We assume that

offers from the conventional generators are constants and that bids from the load demands
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Figure 3.1: IEE three-bus system

are those in the first two rows multiplied by the hourly demand factors as shown in Fig. 3.2.

The wind plant with an installed capacity of 150 MW is physically located on bus 3.

Table 3.2: DATA FOR THE DEMANDS OF THE IEEE THREE-BUS SYSTEM

Demand(d) Demand1 Demand2 Demand3
P̄D
d1[MW] 30 40 40
P̄D
d2[MW] 40 60 10

λDd1[$/MWh] 41.7 45.6 53.5
λDd2[$/MWh] 38.3 74.4 46.5

We set all the transmission line capacity limits sufficiently large in order to eliminate

congestions. Consequently we obtain identical day-ahead price of $118.80/MWh for each

bus at hour 21. The wind power offer is 130.200 MWh, with the corresponding bidding price
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Figure 3.2: Hourly demand factors

of $139.504/MWh. In our work, the wind power offer price is different from the day-ahead

price of the bus that contains the wind power plant, whereas in the reference [7], the wind

power offer price is equal to the day-ahead price. The reason of the difference between offer

price and the day-ahead price can be explained by the K.K.T constraint (3.4a) which not only

considers the day-ahead prices λ, but also integrates the influence of balancing prices µ(ω).

Similar simulation results are further shown in Fig. 3.3. When we set the balancing price as

given data instead of a variable, we can obtain the same conclusion as [7], in which the lower

level problem includes just the day-ahead price, while the balancing price is obtained from

the historical data. No transmission congestion occurs when we fix all lines with identical

transmission capacity at 130 MW, as shown in Table 3.3. From this table, we observe different

prices for different scenarios on the same bus but same balancing price for different buses

under the same scenario. This shows the effects of no transmission congestion.

We now investigate the bidding strategy for the strategic WPP throughout the 24 hours

planning horizon. We fix all line capacity at 130 MW. Working with the above data, we

calculate the offer prices (the upper plot of Fig. 3.3) and the wind power offered (Fig. 3.4)

of the strategic WPP. The lower plot of Fig. 3.3 depicts the LMP on bus 3. The offer price

(shown in Fig. 3.3) changes with the variation in demands throughout the day. We observe

that the offer price and the demand have a similar profile. Fig. 3.3 also confirms that by
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Table 3.3: DAY-AHEAD AND BALANCING PRICE WITH 130 MW TRANSMISSION
LINE CAPACITY OF THE THREE-BUS SYSTEM AT HOUR 21 [$/Mwh]

Buses Bus 1 Bus 2 Bus 3
λn 118.800 118.800 118.800

µn(1)/scenerio1 -20.132 -20.132 -20.132
µn(4)/scenerio4 -24.719 -24.719 -24.719
µn(9)/scenerio9 19.709 19.709 19.709
µn(12)/scenerio12 20.000 20.000 20.000
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Figure 3.3: Strategic wind power producer’s offer prices and resulting LMP on Bus3

exercising its market power, the strategic WPP is able to bid offering prices higher than the

resulting LMPs, and the reason is stated in the last paragraph.

Concerning the wind power offered as shown in Fig. 3.4, the strategic WPP offers a more

stable power level to the day-ahead market throughout the whole day, compared to the

non-reserve case in [7, upper plot of Fig. 2]. This is mainly due to the reserve operation in

the real-time market. In the proposed market environment, even though the strategic WPP

is aware of the potential risks posed by a lower/higher scheduled wind power production

than its actual production, the strategic WPP believes that the reserve operation in real-

time market can effectively compensate the production deviation, thus can trustingly offer a
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Figure 3.4: Strategic wind power producer’s wind power offered

more stable production level to the day-ahead market basically only in terms of the demand

changes.

Since the power offered to the day-ahead market by the strategic WPP, which equals

to the cleared wind power in our case, is fairly stable, it results in a steady expected gain

obtained by the strategic WPP in each hour, which can be seen in Fig. 3.5.

Another issue is that, since in this paper we highlight the offering strategy, it is very

important to make a comparison of the profits obtained by strategic WPPs and non-strategic

WPPs. By adopting a strategic behavior, the WPP increases its expected profit by 17.33%,

precisely from $238910.70 to $280321.13.

Transmission line capacity is critical to the wind power introduction. To study the trans-

mission line capacity’s influence on the strategic WPP’s strategy, we impose the transmission

capacity limit of all lines as 100 MW. In this case, transmission congestion occurs in some

hours and scenarios, which causes different LMPs at different buses. Concerning the expect-

ed profit, the WPP has a 23.65% profit reduction from $280321.13 down to $214077.17, as

a result of the transmission congestion and difference in LMPs.
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Figure 3.5: Daily expected profit of the strategic WPP

3.4.3 IEEE 30-bus TS

In this section, additional simulations are carried out on the IEEE 30-bus TS with data

obtained from the reference. Prices offered by demand are within the range $100-140 per

MWh. First we compare the expected profit for the reserved and the non-reserved case.

Assume the strategic WPP owns a wind farm at bus 3. We observe from the simulation that

the expected profit of the strategic WPP increases from $2123.63 to $3107.07 with a growth

rate of 46% at hour 16, compared to the non-reserved case.

Table 3.4: STRATEGIC AND NON-STRATEGICWPPs LOCATED AT BUS 16 AT HOUR
16 [$/Mwh]

Cases Expected profit Social welfare Generation cost
Strategic WPP 3329.68 45970.00 61916.24

Non-strategic WPP 2904.76 74410.00 92585.54
Increment 14.66% -38.22% -33.13%

Table 3.4 shows the difference of expected profit, social welfare and generation cost be-

tween strategic WPP and non-strategic WPP. From this table we observe that, the WPP

adopting strategic offering has 14.66% higher expected profit than the non-strategic WP-
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P. Besides, strategic offering effectively reduces the generation cost by 33.13% in this case.

Meanwhile, the social welfare also declines from $74410 to $45970 as a result of the strategic

behavior of the WPPs.

Table 3.5: EXPECTED PROFITS FOR STRATEGIC AND NON-STRATEGIC WPPs AT
HOUR 16 [$/Mwh]

Buses Bus 3 Bus 12 Bus 15
Strategic WPP 3107.37 3932.94 5529.63

Non-strategic WPP 2973.53 2775.97 4470.47
Increment 4.5% 41.68% 23.69%

To show the influence of locations of wind farms on the expected profit between strategic

and non-strategic bidding, we assume that the WPP owns a wind farm located at bus 3,

bus 12 and bus 15, respectively. In Table 3.5 we report the expected profits of the strategic

and the non-strategic WPPs at hour 16. We observe that the profit of the strategic WPPs

increases by 4.5%, 41.68% and 23.69% at bus 3, bus 10, and bus 15 respectively, comparing

with the non-strategic WPP. The analysis indicates that the expected profit depends on the

location of wind farms in the power system network.
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Figure 3.6: Wind power offered and offer prices at bus-10



41

0 5 10 15 20 25
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

Daily hour (h)

E
xp

ec
te

d 
pr

of
it 

($
)

 

 

Bus 10

Bus 25

Bus 12

Figure 3.7: Expected profit at different buses

In Fig. 3.6 we show the wind power offered to the day-ahead market and the offer prices

over the whole day (24 hours), which are depicted at the upper and the lower plots, respec-

tively. It is interesting to see that the profiles of the wind power offered and offer prices

are similar to the demand factors, but not exactly the same. This is reasonable since the

strategic offer is not only influenced by the demands, but also depends on the uncertainty of

wind power productions. Similar to the three-bus test case, the wind power offered is rather

steady over the 24 hours due to the presence of reserve.

To study the dependence of expected profits on location, first we investigate the influence

of transmission network configuration on WPP’s profits. We set a farm at bus 10, 25 and

12 successively, with the installed capacity of 1500 MW. Initially, the transmission capacity

of each branch connected to bus 10, bus 12 and bus 25 is 65 MW, 32 MW, and 16 MW

respectively. The expected profits are shown in Fig. 3.7. According to this figure, it is

obvious that the trends of the expected profits at the different buses are very similar, but

the values are different significantly. This can be explained as follows. High wind power

production at bus 25 leads to the higher probability of network congestion than the other

two due to the lower transmission capacity connected. The consequent LMP difference

between bus 25 and the rest of the system explains the profit difference in Fig. 3.7. If we

increase the transmission line capacity connected to bus 25 to 32 MW, the profit of WPP

will rise from $1309 to $1335 at Hour 16.
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Further we consider the influence of demand variation on WPP’s profits. To this end we

increase the load on bus 25 from 20 MW to 40 MW, 50 MW, and it results in the growth of

expected profit from $2205 to $2563.04, $2955 respectively at Hour 16. The strategic WPP

expects to make more profits in the area where there is high demand.

To conclude, for better profit the WPP should choose a location with high demand and

well-connected to the system to build the wind farms.

3.4.4 Computational Performance

Results for the three case studies are obtained under GAMS [54] on a Windows-based desktop

PC with AMD Athlon II X2 B26 processor clocking at 3.20 GHz and 12 GB installed memory.

The computation time required to obtain the optimal solution for the three-bus system and

the IEEE 30-bus RTS are 6.52 and 35.2 s, respectively.

3.5 Conclusion

A new stochastic bilevel model for a strategic WPP taking into account wind power pro-

duction uncertainty has been proposed in this work. This strategic WPP participates as

a price-maker in the day-ahead market, and a deviator in the balancing market to com-

pensate for production deviations due to wind power uncertainty. The lower level problem

co-optimizes energy and reserve and determines the day-ahead prices and the balancing

prices. The proposed stochastic bilevel model is reformulated as a solvable stochastic MPEC

and solved using a relaxation method. The following conclusions can be obtained from the

three-bus and IEEE 30-bus test systems case studies:

1) The proposed model in this paper has an advantage in that the strategic WPP can make

more informed decisions. In particular, they can derive the day-ahead clearing price and

predict the balancing price to help making the day-ahead offer.

2) The proposed stochastic bilevel model with quadratic generators cost functions is solved

via a relaxation scheme which can reduce errors in piecewise linear approximation and avoid

introducing new constraints and variables.

3) The strategic offering can increase the expected profit, reduce the conventional generators

cost and decrease the social welfare, compared with the non-strategic WPP.

4) The increment of the strategic WPP’s profit over non-strategic WPPs depends on the

strategic behavior. The amount of increment is different when the wind farm is connected

to different buses.
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5) The strategic WPP makes more steady expected profit in a reserved market than in a

non-reserved market. In other words, considering the operation of the reserve market can

reduce the risk of the day-ahead offer.

6) In the clearing algorithm, if other constraints such as voltage constraints and reactive

power output constraints are considered, the lower level program will not be a convex prob-

lem. In future work, we will set AC-OPF as the lower level problem and consider solving

the corresponding bilevel problem.
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Chapter 4

Coordinating Transmission Expansion

Planning and Wind Power Investment

with Co-optimization of Energy and

Reserve

Chapter 3 solves the problems of wind power producers’ participation in the electric markets

like other traditional power producers. Actually most suitable wind power sources are usually

far away from the loads areas, and therefore transmission planning is critical for wind power

investment. Hence, this chapter proposes a new model which coordinators transmission

expansion planning and wind power investment, as well as takes into account of operations

of energy and research in transmission planning. The proposed new model of transmission

planning can effectively improve wind power investment, also provide reserve assessment for

the uncertainty of wind power production.

4.1 Introduction

4.1.1 Motivation and Aim

Recently, wind power is rapidly introduced into power systems because of the improved wind

turbine technology, higher fossil fuel prices, government subsidies, and other policy incentives

[55]. In 2002 U.S.A. passed legislation (SB1078) that created the California Renewable

Portfolio Standard (RPS). California Independent System Operator (CAISO) is currently
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developing transmission planning to increase renewable energy generation from the current

20% to 33% by 2020 in accordance with RPS. This law requires the investor-owned utilities

(IOUs) to increase their procurement of renewable energy to 20%, based on the total energy

they deliver to customers by 2017 [56]. However, [57] shows only a large amount of investment

on transmission investment can satisfy the requirement of future loads growth and RPS. A big

concern on introducing wind power into electricity power system is the lack of transmission

capacity due to that most suitable wind energy is located far away from the load centers

[58,59], and aggregating renewable energy will require significant expansion in transmission

infrastructure. Therefore, wind power integration heavily depends on transmission capacity

planning. To break the impasse between transmission and wind generation development,

Texas passed Bill 20 to build Completive Renewable Energy Zones (CREZ) [60].

Based on the policy like RPS, for Independent System Operators (ISOs), the decision-

maker on transmission expansion investment should not only consider meeting future loads

requirement, but also take into account wind power investment. [61] applied a mathematical

program with equilibrium constraints (MPEC) method to solve the joint model of trans-

mission and wind power investment. However, high penetration of wind power is bringing

significant challenges to power system operation and transmission planning. To serve load

reliably and keep the grid stable, operating reserve is secured by power system operators to

compensate for uncertainties due to wind power [62]. The reserve assessment is very needy

for transmission planning. Reference [63] discussed the necessity of integrating the operation

into transmission planning due to advanced unit commitment and reserve scheduling to deal

with the uncertainties of wind power and loads forecast.

As reserve is necessary to deal with uncertain wind power in the operation and planning

of power system, this paper integrates operating reserve into the problem of transmission

expansion planning and wind power investment, and calculates the reserve requirement for

transmission system capacity expansion. In this paper we set the objective function of trans-

mission expansion planning to minimize the social cost including transmission investment

cost, wind power investment and load shedding cost. The bilevel method is applied to han-

dle the interaction between system planning and operation. While, realizations of uncertain

wind power happen after the period of energy and reserve scheduled in the day-ahead market.

Therefore, we employ two-stage stochastic programming to address the economic dispatch

problem of energy and reserve in the lower level problem.



46
4.1.2 Literature Review and Contributions

Electricity market is composed of independent power producers, transmission facilities own-

ers, large consumers and ISOs [64]. ISOs as non-profit organizations are responsible for clear-

ing the market, monitoring the grid, ensuring reliable and economic operation, conducting

the transmission planning and operating with the ultimate goal of facilitating the trading

of electric energy. In the literature, many optimization approaches have been presented for

transmission expansion planning. Transmission expansion planning is a nonlinear mixed

integer constrained programming, and a large number of research work have been carried

out [65–70]. Paper [65] studies the coordination of conventional generation and transmission

expansion planning, investigating interaction between generation and transmission sections

regarding optimal development of the system. Recently integrating renewable energy is be-

coming a big concern for transmission expansion planning. For example, most wind power

resources are remote from load centers or existing transmission corridors. To integrate wind

energy into transmission planning, some planners propose planning transmission lines to

promote wind power investment [61]. In the literature, [66] develops a chance constrained

transmission network expansion planning model considering wind power and loads, which

sets the non-overloaded probability of transmission power flow less than a specific value in

the constraints of the proposed optimization model. Reference [67] uses two-stage stochastic

programming to solve the problem of transmission expansion planning with uncertain wind

power and loads, where transmission investment decision is determined in the first stage,

and the second stage is related to an operation problem traversing all different uncertainty

scenarios. [68] also proposes a stochastic two-stage optimization model to model transmission

planning, where the transmission planners make transmission investment in two time period-

s, and each time period is followed by a market response in the seconde stage. The paper [69]

develops probabilistic transmission expansion planning considering uncertain load and wind

power, and the probability of load curtailment exceeding a specified limit is included in the

problem formulation. And [70] adopts the line capacity expansion and transmission switch-

ing method to integrate large scale wind power, which can deal with remote wind power

sources.

Lately, mathematical optimization with equilibrium has been popular in solving more

complicated electricity market problems. The paper [71] considers a mixed integer bilevel

programming model in which the leader makes capacity expansion decisions in the fuel

transportation, generation, and transmission infrastructure of the electricity supply network

to maximize social welfare less investment cost. The leader-followers game method has been
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adopted by [72] to solve the problem of transmission expansion planning in an environment

where there is imperfect competition in electricity industry. Paper [73] develops a three-level

equilibrium model for expansion of an electric network, where the upper-level representing

transmission investment takes into account Nash equilibrium in generation, and considers

pool-based market equilibrium in the lower-level model. Transmission expansion planning

in [74] is modeled as a four-level optimization problem, where transmission expansion planner

makes investment decisions based on GenCon’s decisions, bids and market outcomes.

No papers in the literature studying transmission expansion planning problems has con-

sidered wind power investment, together with operating energy and reserve economic dis-

patch. This paper proposes a bilevel problem with stochastic two-stage programming to

model the transmission expansion planning problem integrating wind power investment,

and the economic dispatch of energy and reserve. Details of the proposed model will be

introduced in next section. The contributions of this chapter are summarized as follows.

1)Combine a bilevel problem with two-stage stochastic programming to formulate the prob-

lem of transmission expansion planning considering wind power investment, together with

co-optimization of energy and reserve;

2) Calculate the reserve requirement for the expansion of transmission planning and wind

power integration;

3) Reformulate the primal mixed-integer bilevel problem into into MINLP problem by the

global relaxation;

4) Applied our proposed model on the illustrative case studies.

4.2 Mathematical Formulation

The overall hierarchical structure is a bilevel problem with a two-stage stochastic program-

ming as the lower-level problem of the bilevel problem. The two-stage stochastic program-

ming represents energy schedule and reserve dispatch in the first stage and the second stage

separatively, where the second stage works for the specific wind power realization under d-

ifferent scenarios. The bilevel problem shows the strategy of both transmission planing and

wind power investment considering the operation of power system.

The main model assumptions are listed below:

1) A direct current optimal power flow (DC-OPF) model without losses is used to represent

the constrained network for transmission expansion planning, and wind power investment

and power system operation.
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2) To simplify the proposed model, we do not consider n-1 contingency constraints.

3) Wind power uncertainty can be represented by a finite set of scenarios. This assumption

makes the proposed the bilevel problem with two stage stochastic programming model com-

putationally solvable.

4) Only wind power uncertainty is considered. However, some other uncertainties such as

equipments failure, demand uncertainty can be easily integrated into the proposed model

through scenarios.

5) To simplify the main model, nonconvex constraints, such as ramping rates, startup costs

and time, minimum down-time, are not included in the operation model of the lower level

problem. These constrains can be further discussed in future work.

6) Operating reserve considered in this paper considers is focused on spinning reserves, be-

cause spinning reserve can response sufficiently fast to the power imbalance due to wind

power uncertainties [49]. Therefore, we just take spinning reserve into account for the un-

certainties of wind power.

4.2.1 Notation

Symbol Indices and Sets :

n,m Index for buses.

i Index of candidate generating units.

d Index of demands.

ξ Index for uncertain scenarios.

ΩN Set of indices of buses.

ΩD Set of indices of demands.

ΩT Set of indices of periods.

Ωξ Set of indices of scenarios.

ΩG Set of generation units.

θn Set of the buses connected to the bus n.

ΩD
n Set of indices of demands located on the nth bus.

ΨG
n Set of generation units located by the nth bus.

∆UL Set of the optimization variables of the upper level problem.

∆LL,f Set of the optimization variables of the fist stage of the lower level problem.

∆LL,s Set of the optimization variables of the second stage of the lower level problem.

λGi Marginal cost by the ith generation unit.

λUP
i The offer cost of spinning reserve up supplied by the ith generation unit.
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λDO
i The offer cost of spinning reserve down supplied by the ith generation unit.

CB
L Maximum transmission investment budget by the ISO.

CB
W Maximum wind power investment budget by the wind power investor.

clinenm Cost of a line added to the n−m right of way.

cwind
n Unit wind power investment cost at bus n.

cWn Unit wind power production cost at bus n.

cw,spi
n Unit wind power spillage cost at bus n.

kWn (ξ) Wind power availability in scenario ξ.

cshedd Unit load shedding cost of the dth demand.

x0nm Number of existing lines between n and m buses.

π(ξ) Possibility of scenario ξ.

Q(ξ) Operation cost of system in scenario ξ.

P
G

i Maximum Power scheduled to be produced by the ith generation unit.

RUP,max
i Maximum spinning reserve up scheduled for unit i.

RDO,max
i Maximum spinning reserve down scheduled for unit i.

XW,max
n Maximum wind power capacity that can be installed at bus n.

xnm Maximum number of prospective lines between n and m bus.

TE,max
nm Existing transmission line capacity line n−m.

TN,max
nm Prospective transmission line capacity line n−m.

BN
nm Susceptance of prospective n−m line.

BE
nm Susceptance of existing n−m line.

Symbol Variables:

xnm Number of prospective lines between the bus m and n.

XW
n Wind power capacity to be built at bus n.

RUP
i Spinning reserve up scheduled for unit i.

RDO
i Spinning reserve down scheduled for unit i.

rUP
i (ξ) Spinning reserved up deployed by unit i in scenario ξ.

rDO
i (ξ) Spinning reserved down deployed by unit i in scenario ξ.

Lshed
d (ξ) Load shedding of demand d in scenario ξ.

PW,s
n Wind power scheduled to market at bus n.

PW,spi
n (ξ) Wind power spillage to market under the scenario ξ at bus n.

δn(ξ) Angle of the nth bus in the day-ahead market under the scenario ξ.

PG,s
i Power scheduled to be produced by unit i.

λn(ξ) Day-ahead price of the nth bus under the scenario ξ.

wnm(ξ) Power flow of existing n−m line under the ξ scenario.

fnm(ξ) Power flow of prospective n−m line under the ξ scenario.
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4.2.2 Bilevel problem incoporating two-stage stochastic program-

ming

The Senate Bill 20 instructed the Public Utility Commission of Texas (PUCT) to establish

Competitive Renewable Energy Zones (CREZ) throughout the State, and to designate new

transmission projects to serve these zones. To fulfill the requirement of this Bill 20, ERCOT

must design transmission expansion planning to connect these areas to loads [75]. Trans-

mission system planning has mutual effect on the operations of systems and markets, and

hence static planning is hard to satisfy the real requirements. A bilevel formulation can solve

the interaction between system planning including transmission and wind power investment,

and the operations of system including the dispatch of energy and reserve. A two-stage

stochastic programming can simultaneously dispatch energy and reserve, which effectively

reduces the total dispatch cost. Therefore, we propose a method of bilevel formulation with

two stage stochastic programming to effectively solve the problems of modern transmission

expansion planning facing the deregulated electric markets and the renewable energy inte-

gration. Specifically, in the upper level problem, ISOs make transmission expansion decisions

considering wind power investment to minimize the social cost, and the objective function

of the upper level problem includes the cost of wind power investment and transmission ex-

pansion planing, as well as the reliability cost of annual expected load shedding. The upper

level problem is given by:

min
∆UL

∑
n∈ΩN

∑
m∈θn

clinenm xnm +
∑
n∈ΩN

cwind
n XW

n + κ
∑
ξ∈Ωξ

π(ξ)
∑
d∈ΩD

cshedd Lshed
d (ξ) (4.1a)

subject to

∑
n∈ΩN

∑
m∈θn

clinenm xnm ≤ C line
max (4.1b)

0 ≤
∑
n∈ΩN

cwind
n XW

n ≤ Cwind
max (4.1c)

0 ≤ XW
n ≤ XW,max

n , ∀n (4.1d)

0 ≤ xnm + x0nm ≤ xnm,∀n,∀m ∈ n (4.1e)

xnm ∈ {0, 1}, ∀n,∀m ∈ n (4.1f)
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where Lshed
d (ξ) is from the second stage of the following lower level problem and κ is time

horizon ratio between load shedding and transmission expansion planning. In this model load

shedding works in hours while transmission expansion planning consider the target year, so

κ is fixed to be equal to 8760.

ISOs like ERCOT operate voluntary day-ahead energy and ancillary services market with

bid-based security constraint unit commitment, and co-optimization of energy and reserves,

based on bids and offers from loads and generators. Therefore, the lower level problem is

a two-stage stochastic programming problem, where the first stage represents energy and

reserve schedule in the electricity market, and the second stage shows the operation of power

system operation and physical limitations.

min
∆LL,f

∑
i∈ΩG

(λGi P
G,s
i + λUP

i RUP
i + λDO

i RDO
i ) +

∑
n∈ΩN

cWn P
W
n +

∑
ξ∈Ωξ

π(ξ)Q(ξ) (4.2a)

subject to

∑
n∈Ωn

∑
i∈ΨG

n

PG,s
i +

∑
n∈Ωn

PW,s
n =

∑
n∈Ωn

∑
d∈ΨD

n

PD
d : χ (4.2b)

0 ≤ PW,s
n ≤ XW

n : ϱmin
n , ϱmax

n ,∀n (4.2c)

0 ≤ PG,s
i ≤ P

G

i : ϑmin
i , ϑmax

i ,∀i (4.2d)

0 ≤ RUP
i ≤ RUP,max

i : ζmin
i , ζmax

i , ∀i (4.2e)

0 ≤ RDO
i ≤ RDO,max

i : ηmin
i , ηmax

i ,∀i (4.2f)

where, Q(ξ) is equal to

min
∆LL,s(ξ)

∑
i∈ΩG

λGi
(
rUP
i (ξ)− rDO

i (ξ)
)
+

∑
n∈Ωn

cw,spi
n PW,spi

n (ξ) +
∑
d∈ΩD

cshedd Lshed
d (ξ) (4.2g)
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subject to ∑

i∈ΨG
n

{
PG,s
i + rUP

i (ξ)− rDO
ib (ξ)

}
+ kWn (ξ)XW

n − PW,spi
n (ξ)

−
∑
d∈ΨD

n

(
PD
d − Lshed

d (ξ)
)
=

∑
m∈θn

(fnm(ξ) + wnm(ξ)) : αn(ξ),∀n,∀ξ (4.2h)

wnm(ξ)−BE
nmx

0
nm

(
δn(ξ)− δm(ξ)

)
= 0 : φnm(ξ), ∀n,∀m ∈ n, ξ (4.2i)

fnm(ξ)−BN
nmxnm

(
δn(ξ)− δm(ξ)

)
= 0 : βnm(ξ),∀n,∀m ∈ n, ξ (4.2j)

− TE,max
nm ≤ wnm(ξ) ≤ TE,max

nm : ψmin
nm (ξ), ψmax

nm (ξ),∀n, ∀m ∈ n, ξ (4.2k)

− TN,max
nm ≤ fnm(ξ) ≤ TN,max

nm : ρmin
nm (ξ), ρmax

nm (ξ),∀n,∀m ∈ n, ξ (4.2l)

0 ≤ PG,s
i + rUP

i (ξ)− rDO
i (ξ) ≤ P

G

i : ϕmin
i (ξ), ϕmax

i (ξ), ∀i, ∀ξ (4.2m)

0 ≤ Lshed
d (ξ) ≤ PD

d : νmin
d (ξ), νmax

d (ξ),∀d, ∀ξ (4.2n)

0 ≤ PW,spi
n (ξ) ≤ kWn (ξ)XW

n

: ϖmin
n (ξ), ϖmax

n (ξ),∀n,∀ξ (4.2o)

0 ≤ rUP
i (ξ) ≤ RUP

i : νmin
i (ξ), νmax

i ,∀i, ∀ξ (4.2p)

0 ≤ rDO
i (ξ) ≤ RDO

i : τmin
i (ξ), τmax

i (ξ), ∀i, ∀ξ (4.2q)

δ1(ξ) = 0 : κ1(ξ),∀ξ (4.2r)}
where the optimization variables of the upper-level problem are ∆UL = {xnm,∀n,∀m ∈
n;XW

n ,∀n; }, and the optimization variables of the lower-level problem are composed of the

first stage variables: ∆LL,f = {PG,s
i , RUP

i , RDO
i ,∀i;PW,s

n ,∀n; } and the second stage variable:

∆LL,s(ξ) = {rUP
i (ξ), rDO

i (ξ),∀i, ξ;PW,spi
n (ξ),∀n, ξ;Lshed

d (ξ),∀d; δn(ξ),∀n, ξ; fnm(ξ), wnm(ξ),

∀n,∀m ∈ n, ξ}.
The upper level problem is to determine the transmission expansion planning that in-

cludes the binary decisions xnm ∈ {0, 1}, subject to a collection of the investment constraints

(4.1a)-(4.1f). The objective function in (4.1a) aims to minimize the transmission investment

cost, wind power investment cost and load-shedding cost. Constraints (4.1b) and (4.1c)

impose an upper bounds on the investment cost of transmission lines and wind power sep-

arately, and the constraints (4.1d) express the limits on the capacity installed at each bus.

Constraints (4.1e) represent the limits of the number of lines that can be added to between

buses n and m, and constraints (4.1f) translate decision-making in building transmission
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lines to binary variables.

The lower level problem will make the decisions on energy schedule and reserve dispatch

for the wind power forecast under each scenario ξ. The lower level problem consists of a two

stage stochastic programming problem, where the first stage is composed of (4.2a)- (4.2f)

and the second stage includes (4.2g)-(4.2r). The objective function (4.2a) of the lower level

problem is to minimize the generation scheduled cost, reserve up and reserve down scheduled

cost, and expected dispatch cost of the second stage. (4.2b) represents the day ahead market

equilibrium. Constraints (4.2c) represent the wind production level offered to the day ahead

market must be nonnegative and equal to or lower than the wind power capacity installed at

each bus. Constraints (4.2d) represent the limits of generation scheduled in the day ahead

market. (4.2e) and (4.2f) set the limits of research-up and reserver down separately. The

objective function (4.2g) is to minimize the social cost under the specific demand scenario.

Constraints (4.2h) guarantee the power balance at each bus of the power system. Equality

constraints (4.2i) and (4.2j) represent the power flow of existing lines and perspective lines

respectively, while constraints (4.2k) and (4.2l) impose the limits for existing and planning

lines separately. (4.2n) show the upper and lower boundary of load shedding. Wind power

spillage limits are shown in the constraints (4.2o). (4.2p) and (4.2q) link the real time reserve

up and reserve down with scheduled reserve-up and reserve-down. Constraints (4.2m) confine

the generation production.

4.2.3 Stochastic MPEC for Bilevel Problem

The two-stage stochastic programming problem (4.2) is equivalent to the following deter-

ministic formulation.

min
∑
i∈ΩG

ϖG
i P

G,s
i + λUP

i RUP
i + λDO

i RDO
i +

∑
n∈ΩN

cWn P
W
n +

∑
ξ∈Ωξ

π(ξ)
{ ∑

i∈ΩG

λGi
(
rUP
i (ξ)

− rDO
i (ξ)

)
+

∑
n∈Ωn

cw,spi
n PW,spi

n (ξ) +
∑
d∈ΩD

cshedd L
shed,(t)
d (ξ)

}
(4.3a)
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subject to

Constraints : (4.2b)− (4.2f); (4.3b)

Constraints : (4.2h)− (4.2r); (4.3c)

As the lower-level problem is perfectly linear, the bi-level model including the lower-level

problems (4.3) and the upper-level problems (4.1) can be recast as a single-level mathematical

problem by representing the lower-level mathematical program with equilibrium constraints

(MPEC) by its Karush-Kuhn-Tucker (KKT) optimality conditions. Therefore, the primal

bi-level problem can be reformulated as follows.

min
∑
n∈ΩN

∑
m∈θn

clinenm xnm +
∑
n∈ΩN

cwind
n XW

n +
∑
ξ∈Ωξ

π(ξ)
∑
d∈ΩD

cshedd Lshed
d (ξ) (4.4a)

subject to
{

Constraints (4.1b)− (4.1f) (4.4b)

Constraints (4.2b)− (4.2f) (4.4c)

Constraints (4.2h)− (4.2r) (4.4d)

λGi − χ−
∑
ξ∈Ωξ

π(ξ)αn(i)(ξ) + ϑmax
i − ϑmin

ib +
∑
ξ∈Ωξ

(ϕmax
i (ξ)− ϕmin

ib (ξ)) = 0, ∀i (4.4e)

λUP
i − ϑmin

i + ϑmax
i −

∑
ξ∈Ωξ

π(ξ)ςmax
ib (ξ) = 0,∀i (4.4f)

λDO
i − ηmin

i + ηmax
i −

∑
ξ∈Ωξ

π(ξ)τmax
i (ξ) = 0,∀i (4.4g)

π(ξ)ϖG
i − αn(ξ) + νmax

i (ξ)− νmin
i (ξ) + ϕmax

i (ξ)− ϕmin
i (ξ) = 0,∀i, ∀ξ (4.4h)

− π(ξ)ϖG
i + αn(ξ) + τmax

i (ξ)− τmin
i (ξ)− ϕmax

i (ξ) + ϕmin
i (ξ) = 0,∀i, ∀ξ (4.4i)

cWn + ϱmax
n − ϱmin

n = 0, ∀n (4.4j)

cw,spi
n + αn(ξ)−ϖmin

n (ξ) +ϖmax
n (ξ) = 0, ∀n,∀ξ (4.4k)
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cshedd − αn(d)(ξ) + νmax

d (ξ)− νmin
d (ξ) = 0,∀d,∀ξ (4.5a)

αn(ξ)− αm(ξ)− βnm(ξ) + ρmax
nm (ξ)− ρmin

nm (ξ) = 0,∀n, ∀m ∈ θn, ∀ξ (4.5b)

αn(ξ)− αm(ξ)− φ(t)
nm(ξ) + ψmax

nm (ξ)− ψmin
nm (ξ) = 0, ∀n,∀m ∈ θn, ∀ξ (4.5c)

BE
nmx

0
nmφnm(ξ) + BN

nmxnmφnm(ξ) + ηmax
n (ξ)

− ηmin
n (ξ)− κ1(ξ)n=1 = 0,∀n,∀m ∈ n (4.5d)

0 ≤ PW,s
n ⊥ υmin

n ≥ 0,∀n (4.5e)

0 ≤ XW
n − PW,s

n ⊥ υmax
n ≥ 0, ∀n (4.5f)

0 ≤ PG,s
i ⊥ ϑmin

i ≥ 0, ∀i (4.5g)

0 ≤ P
G

i − PG,s
i ⊥ ϑmax

i ≥ 0, ∀i (4.5h)

0 ≤ RUP
i ⊥ ζmin

ib ≥ 0, ∀i (4.5i)

0 ≤ RUP,max
i −RUP

i ⊥ ζmax
i ≥ 0, ∀i (4.5j)

0 ≤ RDO
i ⊥ ηmin

ib ≥ 0,∀i (4.5k)

0 ≤ RDO,max
i −RDO

i ⊥ ηmax
ib ≥ 0, ∀i (4.5l)

0 ≤ TE,max
nm + wnm(ξ) ⊥ ψmin

nm (ξ) ≥ 0, ∀n,∀m ∈ n (4.5m)

0 ≤ TE,max
nm − wnm(ξ) ⊥ ψmax

nm (ξ) ≥ 0, ∀n,∀m ∈ n (4.5n)

0 ≤ TN,max
nm + fnm(ξ) ⊥ ρmin

nm (ξ) ≥ 0, ∀n,∀m ∈ n (4.5o)

0 ≤ TN,max
nm − fnm(ξ) ⊥ ρmax

nm (ξ) ≥ 0,∀n, ∀m ∈ n (4.5p)

0 ≤ PG
i (ξ) ⊥ ϕmin

i (ξ) ≥ 0, ∀i (4.5q)

0 ≤ P
G

ib − PG
i (ξ) ⊥ ϕmax

i (ξ) ≥ 0,∀i (4.5r)

0 ≤ Lshed
d (ξ) ⊥ νmin

d (ξ) ≥ 0,∀d (4.5s)

0 ≤ PD
d (ξ)− Lshed

d (ξ) ⊥ νmax
d (ξ) ≥ 0, ∀d (4.5t)

0 ≤ rUP
i (ξ) ⊥ ςmin

i (ξ) ≥ 0, ∀i, ∀ξ (4.5u)

0 ≤ RUP
i − rUP

i (ξ) ⊥ ςmax
i (ξ) ≥ 0,∀i, ∀ξ (4.5v)}

where, equality constraints (4.4e)-(4.5d) are KKT optimality constraints, and constraints

(4.5e)-(4.5v) are complementarity constraints, which are nonliear.
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4.2.4 MINLP Reformulations for Stochastic MPEC

These complementary constraints are nonlinear, which makes the problem more complex.

To solve nonlinear MPEC, several algorithms for solving MPECs, such as smoothing, pe-

nalizing, relaxation, and suitable modifications of standard NLP solvers. Among these algo-

rithms, the relaxation schemes are effective methods to solve MPEC problems. In this paper,

we employ the first and most popular relaxation scheme, the global relaxation method by

Scholtes [52, 53]. Complementary constraints (4.5e)-(4.5v) are reformulated as follows. Fi-

nally, the transmission expansion planning considering wind power investment problem can

be transferred into mixed integer nonlinear programming (MINLP) problem.

min
∑
n∈ΩN

∑
m∈θn

clinenm xnm +
∑
n∈ΩN

cwind
n XW

n +
∑
ξ∈Ωξ

π(ξ)
∑
d∈ΩD

cshedd Lshed
d (ξ) (4.6a)

subject to

Constraints : (4.4b)− (4.5d) (4.6b)

0 ≤ PW,s
n ,∀n (4.6c)

0 ≤ υmin
n , ∀n (4.6d)

PW,s
n υmin

n ≤ Relax, ∀n (4.6e)

0 ≤ XW
n − PW,s

n ,∀n (4.6f)

0 ≤ υmax
n ,∀n (4.6g)

(XW
n − PW,s

n )υmax
n ≤ Relax, ∀n (4.6h)

0 ≤ PG,s
i , ∀i (4.6i)

0 ≤ ϑmin
i ,∀i (4.6j)

PG,s
i ϑmin

i ≤ Relax,∀i (4.6k)

0 ≤ P
G

i − PG,s
i , ∀i (4.6l)

0 ≤ ϑmax
i ,∀i (4.6m)

(P
G

i − PG,s
i )ϑmax

i ≤ Relax, ∀i (4.6n)

0 ≤ RUP
i ,∀i (4.6o)

0 ≤ ζmin
i , ∀i (4.6p)
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RUP

ib ζmin
i ≤ Relax, ∀i (4.7a)

0 ≤ RUP,max
i −RUP

i ,∀i (4.7b)

0 ≤ ζmax
i ,∀i (4.7c)

RUP,max
i −RUP

i ζmax
i ≤ Relax, ∀i (4.7d)

0 ≤ TE,max
nm + wnm(ξ), ∀n,∀m ∈ n (4.7e)

0 ≤ ψmin
nm (ξ),∀n,∀m ∈ n (4.7f)

(TE,max
nm + wnm(ξ))ψ

min
nm (ξ) ≤ Relax, ∀n,∀m ∈ n (4.7g)

0 ≤ TE,max
nm − wnm(ξ),∀n, ∀m ∈ n (4.7h)

0 ≤ ψmax
nm (ξ) ≤ 0, ∀n,∀m ∈ n (4.7i)

(TE,max
nm − wnm(ξ))ψ

max
nm (ξ) ≤ Relax,∀n, ∀m ∈ n (4.7j)

0 ≤ RDO
i , ∀i (4.7k)

0 ≤ ηmin
i ,∀i (4.7l)

RDO
i ηmin

i ≤ Relax, ∀i (4.7m)

0 ≤ RDO,max
i −RDO

i ,∀i (4.7n)

0 ≤ ηmax
i ,∀i (4.7o)

(RDO,max
i −RDO

i )ηmax
i ≤ Relax, ∀i (4.7p)

0 ≤ TN,max
nm + f (t)

nm(ξ), ∀n,∀m ∈ n (4.7q)

0 ≤ ρmin
nm (ξ), ∀n,∀m ∈ n (4.7r)

(TN,max
nm + fnm(ξ))ρ

min
nm (ξ) ≤ Relax,∀n, ∀m ∈ n (4.7s)

0 ≤ TN,max
nm − fnm(ξ),∀n, ∀m ∈ n (4.7t)

0 ≤ ρmax
nm (ξ),∀n, ∀m ∈ n (4.7u)

(TN,max
nm − fnm(ξ))ρ

max,(t)
nm (ξ) ≤ Relax, ∀n,∀m ∈ n (4.7v)

0 ≤ PG
i (ξ), ∀i (4.7w)

0 ≤ ϕmin
i (ξ), ∀i (4.7x)

PG
i (ξ) ⊥ ϕmin

ib (ξ) ≤ Relax, ∀i (4.7y)

0 ≤ P
G

i − PG
i (ξ), ∀i (4.7z)
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0 ≤ ϕ

max,(t)
i (ξ),∀i (4.8a)

(P
G

i − PG
ib (ξ))ϕ

max,(t)
ib (ξ) ≤ Relax, ∀i (4.8b)

0 ≤ Lshed
d (ξ), ∀d (4.8c)

0 ≤ νmin
d (ξ),∀d (4.8d)

Lshed
d (ξ)νmin

d (ξ) ≤ Relax, ∀d (4.8e)

0 ≤ PD
d (ξ)− Lshed

d (ξ), ∀d (4.8f)

0 ≤ νmax
d (ξ),∀d (4.8g)

(PD
d (ξ)− Lshed

d (ξ))νmax
d (ξ) ≤ Relax,∀d (4.8h)

0 ≤ rUP
i (ξ),∀i,∀ξ (4.8i)

0 ≤ ςmin
i (ξ), ∀i, ∀ξ (4.8j)

rUP
i (ξ)ςmin

i (ξ) ≤ Relax,∀i, ∀ξ (4.8k)

0 ≤ RUP
i − rUP

i (ξ), ∀i, ∀ξ (4.8l)

0 ≤ ςmax
i (ξ),∀i, ∀ξ (4.8m)

(RUP
i − rUP

i (ξ))ςmax
i (ξ) ≤ Relax,∀i, ∀ξ (4.8n)

where Relax is the relaxation index for the complementarity constraints transferred into

nonlinear inequality constraints. In the simulations we set Relax equal to a small enough

value 1e-7. The constraints (4.6b) includes the transmission investment constraints, the

wind power investment constraints, and KKT constraints. The complementarity constraints

(4.5e)-(4.5v) from the Stochastic MPEC function can be transferred into new forms (4.6c)-

(4.8n) by a relaxation approach [76].

Now the proposed model of transmission expansion planing and wind power investment

with co-optimization of energy and reserve is transformed into into MINLP formulations. The

class of MINLP problems are difficult to obtain optimal solutions. To solve the MINLP for-

mulations, we use the solver Branch-And-Reduce Optimization Navigator (BARON), which

is a GAMS solver for the nonlinear problems and MINLP. Another approach to deal with

the complementarity constraints is to use a large constant as in [7], and the problem will be

transformed into a mixed integer linear programming.
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Figure 4.1: Five-bus system

Table 4.1: GENERATORS AND LOADS DEMAND DISTRIBUTION

Bus
Generation Units Loads Peak

Offer size (MW) offer price ($/MWh) (MW)
1 25 16 8
2 30 19 10
3 - - 45
4 30 19 10
5 10 15 45

Table 4.2: THE DATA OF RESERVER-UP AND RESERVE-DOWN

Bus(from) Bus(to) TE,max
nm (MW) Length (km) Inv. Cost ($105/km)

RUP,max
i [MW] 10 15 15 5

RDO,max
i [MW] 10 15 15 5
λUP
i [$/MWh] 8 10 10 8
λDO
i [$/MWh] 8 10 10 8

4.3 Case Study

The proposed model is illustrated using the five-bus test system shown in Fig. 4.1. The

system has five buses, six existing lines, four generating units (G1-G4) which are connected

to Bus 1, Bus 2, Bus 4 and Bus 5 respectively, and five demands (L1-L5) are located to Bus

1, Bus 2, Bus 3, Bus 4 and Bus 5 successively. Table 4.1 shows the generators’ offer size and
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prices, which are fixed through the whole planning horizon and the last column represents

each bus peak demand. The data of reserve up and reserve down supplied by the generators

is shown in Table 4.2. The detailed line data are given in Table 4.3. The capacity of wind

power at Bus 3 is 110 MW. The unit wind power investment cost is $1M/MW. To deal with

the uncertainty of wind power production, we assume nine scenarios to represent the wind

power characteristic of the target year. The availability of wind power production to the

installed rated wind power are 0.70, 0.66, 0.60, 0.57, 0.50, 0.45, 0.42, 0.30 and 0.2 with the

corresponding probability of 0.0875, 0.1250, 0.1375, 0.1400, 0.200, 0.1225, 0.075, 0.060, and

0.0525. The unit wind power spillage cost is set as $10/MW, and the unit load shedding

cost is $1000/MW. To simplify the calculation, we do not consider the uncertainties of loads

demand, but it is easily extended to integrate the uncertainties of loads demand.

Table 4.3: EXISTING LINE DATA FOR FIVE-BUS TEST SYSTEM

Bus(from) Bus(to) Reactance (p.u.) TE,max
nm (MW)

1 2 0.010 5
1 3 0.008 8
2 4 0.0067 5
2 5 0.010 5
3 4 0.008 8
4 5 0.0067 5

The distribution of the generators and loads in the five-bus system is shown in Fig. 4.1.

Bus 3 is simulated as a wind farm site which will be invested by wind power investor. Table

4.4 shows the prospective lines for transmission investment, which includes line parameter

and investment cost [77].

Table 4.4: PROSPECTIVE LINES INVESTMENT DATA FOR FIVE-BUS TEST SYSTEM

Bus(from) Bus(to) Reactance (p.u.) TE,max
nm (MW) Length (km) Inv. Cost ($105/km)

1 2 0.010 10 9 10
1 5 0.008 15 12 20
2 5 0.0067 15 12 10
3 5 0.008 10 6 20
4 5 0.0067 15 8 10

Based on the above data, we solve the proposed MINLP reformulations for transmission

investment considering wind power investment with co-optimization of energy and reserve.

From the simulation result, we can see that 2 prospective lines, this is, lines (3-5, 4-5) are
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going to be invested on the current network to support wind power investment which is

connected to the bus 3. The investment cost of transmission lines is $20M. The wind power

incitement installed on the bus 3 is invested by 80.63 MW, and the wind power investment

cost is $80.63M, while in the day-ahead market the wind power scheduled by market operator

is equal to 42.66 MW. Simulation results also show load shedding and wind power spillage

in different scenarios, as pages are limited, we do not provide these results here. Therefore,

the social cost reaches up to $134.21M. The generation and reserve scheduled are shown in

Table 4.5. From this table, we can see the units supply both reserve down and reserve up

regulations, that is because wind power produced in different scenarios fluctuate around the

value of wind power scheduled.

Table 4.5: THE RESULT OF GENERATION AND RESERVER SCHEDULED

Unit (i) 1 2 3 4
Gi 14.50 20.84 30 10
RUP

i 7.26 1.94 0 5
RDO

i 7.79 2.77 0 0

Table 4.6 shows the simulation results change with increasing loads demand level. The

first column represents the percent of demand increase for all loads. The planning lines to be

built and wind power invested are shown in the second column and third column. The last

column represents wind power scheduled in the day-ahead market. Power system expansion

including transmission capacity and wind power investment is to satisfy the requirements

of future loads demand. The upper level problem of the proposed model integrates wind

power investment and the lower level problem includes the wind power scheduled in the first

stage and wind power realization in the second stage. From Table 4.6, we can conclude that

wind power installed and power offer will increase with the increment of loads demand. As

the objective function has the minimum load shedding cost, we also supply the information

of generation production and load shedding under the different scenarios. These results

show that the proposed model can satisfy the renewable energy requirement economically,

promote investment on renewable energy, facilitate the coordination of transmission planning

and wind power investment in the electricity market.
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Table 4.6: RESULT FOR DIFFERENT LOADS DEMAND

Loads Increase(%) Lines Planned XW
n (MW) PW,s

n (MW)
0 3-5; 4-5 80.63 42.66
10 2-5; 3-5; 4-5 90 44.01
20 1-5; 3-5; 4-5 105 51.98
30 1-5; 3-5; 4-5 110 66.49

4.4 Conclusion

In this chapter we have proposed a new model for the coordination of transmission expansion

planning and wind power investment within a modern electricity market environment. This

model is formulated as a bilevel problem with two-stage stochastic programming, which is

further reformulated as a stochastic mixed-integer nonlinear program. The model of trans-

mission expansion planning takes account into account wind power investment, wind power

scheduled and uncertain realization, and co-optimization of energy and reserve. We reach

the following conclusions from this.

1)Wind power investment and transmission investment have interacting effect on each oth-

er. Transmission expansion is critical for effectively introducing wind power into market,

and the decision making for transmission planning depends on wind power investment. The

proposed model combines the electricity planning market and power system operation, and

is the first to develop a transmission planning model considering wind power investment.

2) The proposed bilevel problem with two-stage stochastic programming model can be re-

formulated as a MINLP problem that has been solved optimally by the branch-and-bound

solver GAMS/BRAON with a relaxation approach.

3) The planed wind power invested and power scheduled will increase with the higher level

of loads demand.

4) The proposed model solves simultaneously the problem of transmission expansion plan-

ning, wind power investment, and the requirement of reserve for uncertain wind power.

Therefore, this model provides a comprehensive solution that satisfies the requirement of

modern electricity market, improving the integration of renewable energy.



63

Chapter 5

Maximum Loadability of Security

Constrained Power Systems using

Semidefinite Programming Method

Studies in Chapter 3 and 4 are based on a linear DC-OPF model, while actual power system

problems are non-linear and non-convex. The importance of voltage stability has been

regarded by system operators as major force driving the development of modern electricity

markets. Power system maximum loadability is a crucial index to determine voltage stability,

but this problem is an NP-hard problem. This chapter proposes a Lagrange semi-definite

programming (SDP) method to solve the non-linear and non-convex optimization problem

of maximum loadability of security constrained power systems. We derive the Lagrange

function of the primal maximum loadability, further get the dual problem of the primal

maximum loadability problem through equivalent transformations, which is a convex SDP

optimization. Simulation results from the IEEE three-bus system and IEEE 24-bus RTS

show that the proposed method in this chapter is effective to handle the complicated non-

liner and non-convex maximum loadability problem.

5.1 Introduction

Renewable energy has been widely recognized as an effective way to address global warming

[8, 9, 42]. Nevertheless, the inherent uncertainty and variability of renewable energy poses

new challenges in maintaining the voltage stability of electric power systems [8–13]. Voltage

instability has emerged as a large issue in modern electricity grid due to the continued
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growth in interconnections, new technologies, and the increased operation [78]. Power system

maximum loadability has been attracting more attention as an effective method to determine

voltage stability because of power industry restructuring [79].

Mathematically, maximum loadability problem is a non-convex and non-linear optimiza-

tion problem. There are many methods developed for solving the problem of maximum

loadability. [80] presents the method of continuation power flow (CPF), which determines

the steady state voltage stability limit of the system through finding a continuum of power

flow solutions starting at some base load. Although CPF method has been widely accepted to

use, it fails to give the accurate result if the step length is not appropriate [81]. Moreover, this

conventional power flow method suffers from providing proper maximum loadability under

security constraints as Jacobian matrix becomes singular when system loading approaches

its loadability limit [82]. Successive quadratic programming (SQP) adopts the second order

derivatives to improve the convergence rate, but this method will become too slow with the

incase of the number of control variables [83]. The method of interior point non-linear is

supported to calculate the maximum loadability problem [84]. The interior point is com-

putationally efficient, but the feasible solution depends on the appropriate step size in the

original non-linear domain.

As the above traditional methods have limits to solve the problem of the maximum

loadability, especially, the security constraints of phase angles, active power output, voltage

magnitudes of load buses and reactive power of generator buses will bring more challenges

for solving this complicated problem. Recently evolutionary techniques are becoming more

popular to solve the non-linear and non-convex maximum loadabiliity problem. Genetic

Algorithm (GA) is widely used to solve the maximum loadability [85,86]. [87] develops evo-

lutionary particle swarm optimization (PSO) to find the margin from the current operating

point to the maximum loadability point. The reference [88] utilizes the newly developed

multiagent-based hybrid particle swarm optimization method to determine the maximum

loadability limit. The particle swarm optimization method based on swarm intelligence is

widely used to solve the complicated optimization problems. However, PSO methods easily

suffer from the partial optimism, which is less accurate at the regulation of its speed and the

direction, and also cannot work well for non-coordinate, such as the solution to the energy

field and the moving rules of the particles in the energy field [89].

Existing methods are mainly based on exploring the Karush-Kuhn-Tucker (KKT) neces-

sary conditions, which can only guarantee a locally optimal solution due to the non-convexity

of the problem [90,91]. One popular solution technique for this kind of problem is sequential
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quadratic programming, which reduces the original problem into a sequence of quadratic

programming subproblems and produces a locally optimal solution. Other numerical meth-

ods include, but are not limited to, the interior point algorithms adopted in [92], the novel

linear sensitivity method in [93], and transfer-based security constrained optimal power flow

method proposed in [94]. Albeit being computationally efficient, all the above methods yield

suboptimal (conservative) evaluations. Recently semi-definite programming methods have

widely attracted much research attention to solve the non-convex optimal power flow prob-

lem [91,95,96], as the application of SDP can effectively overcome the non-convex difficulties.

Reference [95] reformulates the OPF problems into an SDP model and develops an algorith-

m of primal-dual interior point method (IPM) for SDP. SDP method is further developed

in [91], which provides that the zero duality exists. [97] provides a sufficient condition for

the global solution of OPF problem based on SDP methods.

Based on SDP methods’ effectiveness to solve OPF problems, we apply the advanced tool

of SDP to solve the problem of maximum loadaibility. Current approaches generally rely on

suboptimal approaches and provide conservative estimates of the maximum loadaibility, the

SDP approach adopted can guarantee the attainment of the optimal maximum loadaibility,

as we prove the zero duality gap between primal problem and the dual model exists.

The rest of the chapter is organized as follows. Section 5.2 describes the problem de-

scription of the maximum loadability. Section 5.3 states the maximum loadability problem

formulation including primal maximum loadaibility and SDP dual problem, and further

proves zero duality gap between primal and dual form. Test results of the case study on our

proposed algorithm are given in Section 5.4. Finally, conclusions are drawn in Section 5.5.

5.2 Problem Description

Maximum loadability can be represented as a static nonlinear optimization problem. The

objective is to determine the maximum loadability within the limits of voltage stability and

physical constraints of electric grid (either total system load, or the load of the specific load

or the load of buses). The mathematical formulation can be expressed as follows [84].

max α (5.1a)
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subject to

g(x, α) = g(x) + αD (5.1b)

l ≤ h(x) ≤ u (5.1c)

where g(x, α) represents power balance constrains with the scalar parameter α and g(x)

are standard balance constraints. h(x) represent inequality constraints, including limits of

voltage magnitudes, phase angles, real and reactive power outputs, as well as power flow of

each branch.

On the other hand, reference [79] defines the total summation of loads in a big zone

as maximum loadability, and assumes that active load and reactive load of each bus vary

proportionally to the summation of total active loads. However, it is not appropriate for the

situation of load shedding. In our proposed model we set the summation of active loads at

the designed area as the objective function which is subject to security constrains, like limits

of voltage, generation active power and reactive power, and transmission flow. In addition,

active loads and reactive loads are treated as independent variables, which can effectively

represent the varying loads in a real world. Meanwhile, active loads and reactive loads vary

within the reasonable range.

5.3 Mathematical Formulation

The problem of maximum loadability considering security constraints is formulated as a

highly nonconvex and nonlinear constraint problem. Optimal power flow technology is criti-

cal and effective for obtaining the optimal value of maximum loadability. In view of the fact

that traditional methods cannot guarantee global optimal point, and non-zero duality gap

exists, we propose to derive the equivalent dual form of primal maximum loadability. which

can be efficiently computed as semi-definite programming (SDP), and prove zero duality gap

between dual problem and primal maximum loadability.

5.3.1 Notation

Symbol Indices and Sets :

L Lagrange function

n,m Index for buses.

i Index of candidate generating units.



67
k ∈ S Buses distributed in source areas.

k ∈ G Buses with traditional generators.

k ∈ N All buses on network.

k ∈ D Buses with loads.

(l,m) ∈ L The set of all branches l −m.

Re{} Real part of apparent power.

Im{} Imaginary part of apparent power.

P g,max
k Maximum active power output of the generator located at the kth bus.

P g,min
k Minimum active power output of the generator located at the kth bus.

Qg,max
k Maximum reactive power output of the generator located at the kth bus.

Qg,min
k Maximum reactive power output of the generator located at the kth bus.

P d,max
k Maximum active load located at the kth bus.

P d,min
k Minimum active load located at the kth bus.

Qd,max
k Maximum reactive load located at the kth bus.

Qd,min
k Minimum reactive load located at the kth bus.

V max
k Maximum voltage magnitude of the kth bus.

V min
k Minimum voltage magnitude of the kth bus.

Smax
lm Maximum apparent power flow limit of the branch l −m.

ylm The mutual admittance between bus k and l.

ylm The complex conjugate of ylm.

Y The admittance matrix of power systems.

Symbol Primal and Dual Variables

P g
k The active power output of the generator located at the kth bus.

Qg
k The reactive power output of generator located at the kth bus.

P d
k The active load located at the kth bus.

Qd
k The reactive load located at the kth bus.

Vk Voltage of the kth bus.

Ik Current of the kth bus.

Slm Apparent power flow limit of the branch l −m.

νd,max
k Dual variable of maximum limit inequality constraint of reactive load

located to the kth bus.

νd,min
k Dual variable of minimum limit inequality constraint of reactive

load located to the kth bus.

φd,max
k Dual variable of maximum limit inequality constraint of reactive load

located to the kth bus.
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φd,min
k Dual variable of minimum limit inequality constraint of reactive load

located to the kth bus.

µmax
k Dual variable of maximum limit inequality constraint of voltage

magnitude on the kth bus.

µmin
k Dual variable of minimum limit inequality constraint of

voltage magnitude on the kth bus.

τmax
k Dual variable of maximum limit constraint of active power output of

the generator on the kth bus.

τmin
k Dual variable of minimum limit constraint of active power output

of the generator on the kth bus.

λmax
k Dual variable of maximum limit constraint of reactive power output

of the generator on the kth bus.

λmin
k Dual variable of minimum limit constraint of reactive power output of the generator

on the kth bus.

5.3.2 Primal Maximum Loadability

In an open-access environment, maximum loadability can be solved as a constrained non-

linear programming problem with an objective function to determine the maximum loads

demand at the total area, the specific area, or the sets of buses, subject to the system equality

and inequality constraints, such as active power and reactive power output limits, thermal

limits and voltage limits. maximum loadability calculation can be formulated as follows.

max
V,Pg,Qg,Qd,Pd

∑
k∈D

P d
k (5.2a)

subject to

VkI
∗
k = (P g

k − P d
k ) + j(Qg

k −Qd
k)),∀k ∈ N (5.2b)

Qg,min
k ≤ Qg

k ≤ Qg,max
k , ∀k ∈ G (5.2c)

P g,min
k ≤ P g

k ≤ P g,max
k ,∀k ∈ G (5.2d)

V min
k ≤| Vk |≤ V max

k ,∀k ∈ N (5.2e)

P d,min
k ≤ P d

k ≤ P d,max
k , ∀k ∈ D (5.2f)

Qd,min
k ≤ Qd

k ≤ Qd,max
k ,∀k ∈ D (5.2g)

| Slm |≤| Smax
lm , ∀(l,m) ∈ L (5.2h)
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where V, Pg, Qg, Qd, Pd denote unknown variable vectors {Vk}k∈N, {P g

k }k∈G, {Q
g
k}k∈G,

{Qd
k}k∈D, {P d

k }k∈D respectively. The equality constraints (5.2b) are the active power and

reactive power balance constraints of each bus. The inequality constraints (5.2c), (5.2d)

represent the limits of the generators’ output reactive power, active power respectively. (5.2e)

enhance the limits of buses voltage, and the constraints of loads at D as variables are shown

by (5.2f) and (5.2g). Last inequality constraints (5.3g) are power flow limits of transmission

lines. Reference [92] makes the simplest assumption all loads vary proportionally, but this

assumption deviates from the reality. Therefore, in the proposed model all loads of the

designated area are independent variables, and reactive power of the loads are also variables

within the limits.

OPF methods have been proved effective to get maximum loadability. Previously when

OPF methods are applied to solve maximum loadability functions, steep-descent method or

SQP algorithm are used together with increasing the loads step by step until the security

limits are reached, where loads are treated as fixed and given at each iteration. In this

chapter, in the primal program we set loads as controllable variables like the output power

of generators, voltage. Meanwhile, we can add loads limits to inequality constraints, so

that we can directly solve the maximum value of maximum loadability, instead of trying to

improve loads gradually as in the existing work. Since the primal problem is nonconvex,

it is very hard to get the optimal value directly, and we propose to solve the equivalent

dual form of primal problem which can be in convex form. To get the dual problem of

primal maximum loadability, this chapter tries to formulate OPF model in different forms.

From the optimization theory, firstly, use a scalar to replace the objective function, and

then add corresponding inequality matrix constraints. Furthermore, based on mathematical

transformations, we derive the dual problem of maximum loadability in an SDP model by

using the linear matrix inequalities (LMIs) where the goal is to minimize a linear function

subject to LMIs. Meanwhile, SDP is a convex model, which can be efficiently solved.

5.3.3 Maximum Loadability Reforemulation

To derive the dual problem of primal maximum loadability, we need equivalent transforma-

tion of (5.2). Firstly define some matrix and vectors as follows. Let us e1,e2,· · · en denote the

standard basis vectors in Rn, and define Mk ∈ R2n×2n as a diagonal matrix whose entries are

all equal to zero, but (k, k) and (n+ k, n+ k) entries equal to 1. For every k,l ∈ 1, 2, · · · , n,
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define

Yk := eke
T
k Y

Ylm := (ylm + ylm)ele
T
l − (ylm)ele

T
m

Yk :=
1

2

[
Re{Yk + Y T

k } Im{Y T
k − Yk}

Im{Yk − Y T
k } Re{Yk + Y T

k }

]

Yk = −1

2

[
Im{Yk + Y T

k } Re{Yk − Y T
k }

Re{Y T
k − Yk} Im{Yk + Y T

k }

]

Ylm = −1

2

[
Re{Ylm + Y T

lm} Im{Y T
lm − Ylm}

Im{Ylm − Y T
lm} Re{Ylm + Y T

lm}

]
X := [Re{V}T Im{V}T ]T

The balance constraints (5.2b) are equal to the following equations

Re{VkI∗k} = P g
k − P d

k

Im{VkI∗k} = Qg
k −Qd

k.

Note that if some buses do not have the generators, or the loads demand, we fix P g
k , P

d
k

equal to zero respectively. Therefore, the optimization function (5.2) can be rewritten as

max
V,Pg,Qg,Qd,Pd

∑
k∈D

P d
k (5.3a)

subject to

Qg,min
k ≤ Im{VkI∗k}+Qd

k ≤ Qg,max
k , ∀k ∈ G (5.3b)

P g,min
k ≤ Re{VkI∗k}+ P d

k ≤ P g,max
k ,∀k ∈ G (5.3c)

V min
k ≤| Vk |≤ V max

k ,∀k ∈ N (5.3d)

P d,min
k ≤ P d

k ≤ P d,max
k ,∀k ∈ D (5.3e)

Qd,min
k ≤ Qd

k ≤ Qd,max
k ,∀k ∈ D (5.3f)

| Slm |≤| Smax
lm , ∀(l,m) ∈ L (5.3g)
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From reference [98], we get the following relationship as follows

Re{VkI∗k} = Tr{YkXXT} (5.4a)

Im{VkI∗k} = Tr{YkXXT} (5.4b)

| Slm |2= (Tr{YlmXXT})2 + (Tr{YlmXXT})2 (5.4c)

| Vk |2= Tr{MkXXT} (5.4d)

According to the Schur’s complement formula, combing with the inequality constraint (5.4c),

(5.3g) can be equivalent to | Smax
lm |2 Tr{YlmXXT} Tr{YlmXXT}

Tr{YlmXXT} −1 0

Tr{YlmXXT} 0 −1

 ≼ 0

(5.5)

Base on the above formulation transformation, the primal optimization problem can be

reformulated as

max
V,Pg,Qg,Qd,Pd

∑
k∈D

P d
k (5.6a)

subject to

Qg,min
k ≤ Qd

k + Tr{YkXXT} ≤ Qg,max
k : τmin

k , τmax
k , ∀k ∈ G (5.6b)

P g,min
k ≤ P d

k + Tr{YkXXT} ≤ P g,max
k : λmin

k , λmax
k , ∀k ∈ G (5.6c) | Smax

lm |2 Tr{YlmXXT} Tr{YlmXXT}
Tr{YlmXXT} −1 0

Tr{YlmXXT} 0 −1

 ≼ 0

:

γ
1
lm γ2lm γ3lm
γ2lm γ4lm γ5lm
γ3lm γ5lm γ6lm

 ,∀(l,m) ∈ L (5.6d)

(V min
k )2 ≤ Tr{MkXXT} ≤ (V max

k )2 : µmin
k , µmax

k ,∀k ∈ N (5.6e)

P d,min
r ≤ P d

r ≤ P d,max
r : νd,min

k , νd,max
k ,∀k ∈ D (5.6f)

Qd,min
k ≤ Qd

k ≤ Qd,max
k : φd,min

k , φd,max
k , ∀k ∈ D (5.6g)
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(5.6h)

where τmin
k , τmax

k are the dual variables of the inequality constraints for the generators’s

output reactive power; λmin
k , λmax

k are the dual variables of the generators’s output active

power inequality constraints ; µmin
k , µmax

k are the dual variables of the buses voltage inequality

constraints; νd,min
k , νd,max

k are the dual variables of the loads of the designed area inequality

constraints. φd,min
k , φd,max

k are the dual variables of the reactive power loads of the designed

area inequality constraints. All the above variables should be nonnegative. The matrixγ
1
lm γ2lm γ3lm
γ2lm γ4lm γ5lm
γ3lm γ5lm γ6lm

 is the dual matrix variables of transmission lines’ power flow inequality

constraints, which must be semi-positive definite.

5.3.4 Dual Problem

The objective function (5.6a) can be made equivalent to the following minimization formu-

lation

min
V,Pg,Qg,Qd,Pd

−
∑
k∈D

P d
k (5.7)

To derive the dual problem of maximum loadability, firstly we can get the Lagrange

function of the problem including the objective function (5.7), and constraints (5.6b)-(5.6d).

L(χ, ξ) =−
∑
k∈D

P d
k +

∑
k∈G

{
τmin
k (Qg,min

k −Qd
k − Tr{YkXXT}) + τmax

k (Qd
k + Tr{YkXXT}

−Qg,max
k )− λmin

k (P g,min
k − P d

k − Tr{YkXXT}) + λmax
k (P d

k + Tr{YkXXT} − P g,max
k )

}
+

∑
k∈N

{
µmin
k ((V min

k )2 − Tr{MkXXT}) + µmax
k (Tr{MkXXT} − (V max

k )2)

}
+
∑
k∈D

{
νd,min
k (P d,min

k − P d
k ) + νd,max

k (P d
k − P d,max

k )

}
+
∑
k∈D

{
φd,min
k (Qd,min

k −Qd
k)

+ φd,max
k (Qd

k −Qd,max
k )

}
+

∑
(l,m)∈L

{
γ1lm(S

max
lm )2 − γ4lm − γ6lm + 2γ2lmTr{YlmXXT}

+ 2γ3lmTr{YlmXXT}
}
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where χ is the summary set of primal variables

{
{Vk}k∈N, {P g

k }k∈G, {Q
g
k}k∈G, {Qd

k}k∈D,

{P d
k }k∈D

}
and ξ is the set of dual variables

{
{τmin

k , τmax
k }k∈G, {λmin

k , λmax
k }k∈G,

{γ1lm, γ2lm, γ3lm, γ4lm, γ5lm, γ6lm}(l.m)∈L, {µmin
k , µmax

k }k∈N, {νd,min
k , νd,max

k }k∈D, {φd,min
k , φd,min

k }k∈D}
.

The above Lagrange function can be transformed into the following formulation

L(χ, ξ) = g(ξ) + Tr{Aopt{XXT}+
∑
k∈G

P d
k

(
− λmin

k + λmax
k

)
+

∑
k∈D

P d
k

(
− νd,min

k

+ νd,max
k − 1

)
+

∑
k∈G

Qd
k

(
− τ d,min

k + τ d,max
k

)
+

∑
k∈D

Qd
k

(
− φmin

k + φmax
k

)
where

Aopt =
∑
k∈G

{
− τmin

k {Yk}+ τmax
k {Yk} − λmin

k {Yk}+ λmax
k {Yk}

}
+

∑
k∈N

{
− µmin

k {Mk}

+ µmax
k {Mk}

}
+

∑
(l,m)∈L

{
2γ2lm{Ylm}+ 2γ3lm{Ylm}

}

and

g(ξ) =
∑
k∈G

{
τmin
k Qg,min

k − τmax
k Qg,max

k + λmin
k P g,min

k − λmax
k P g,max

k

}
+

∑
(l,m)∈L

(
− γ4lm

+ γ1lm(S
max
lm )2 − γ6lm

)
+
∑
k∈D

(
νd,min
k P d,min

k − νd,max
k P d,max

k + φd,min
k Qd,min

k − φd,max
k Qd,max

k

)

The Lagrange dual function is min
χ

L(χ, ξ) = g(ξ), with conditions explained as follows.

Since {XXT} is a positive definite matrix, the coefficient matrix Aopt should be nonnegative

matrix in order for the minimum value of the Tr{Aopt{XXT} term to be zero. Otherwise

the minimum value will be negative unbounded. Similarly, because as primal variables P d
k

and Qd
k are nonnegative, the coefficient of P d

k and Qd
k should be non-negative so that the

product terms have minimum zero value.. Hence, the dual problem of maximum loadability

is obtained as follows
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max g(ξ) (5.8a)

subject to

Aopt ≽ 0 (5.8b)

− νd,min
k + νd,max

k − 1 ≥ 0,∀k ∈ D (5.8c)

− φd,min
k + φd,max

k ≥ 0, ∀k ∈ D (5.8d)

− λmin
k + λmax

k ≥ 0, ∀k ∈ G (5.8e)

− τmin
k + τmax

k ≥ 0, ∀k ∈ G (5.8f)γ
1
lm γ2lm γ3lm
γ2lm γ4lm γ5lm
γ3lm γ5lm γ6lm

 ≽ 0,∀(l,m) ∈ L (5.8g)

where all the dual variables are nonnegative.

5.3.5 Optimization of Maximum Loadability

The optimal power flow method deals with finding an optimal operating point of a power sys-

tem that maximizes an appropriate maximum loadability, which means maximum loadability

subject to certain constraints on power and voltage. Yet, the maximum loadability problem

is nonlinear and nonconvex problem, and the global optimal point cannot be guaranteed

if directly solving the primal problem. Instead of solving the primal maximum loadabili-

ty problem directly, we firstly transfer the maximum loadability model into a semi-definite

programming which is convex, and then solve its Lagrangian dual problem. This method

can recover a primal solution from the dual optimal problem. Comparing with the primal

optimal objective value, the value of the dual problem is only a lower bound on the optimal

value of the primal problem, and the lower bound may not be tight (nonzero duality gap).

Following the same argument in [99], the sufficient condition for zero duality gap is that

there exists a dual optimal solution ξ such that 2n × 2n positive semi-definite matrix Aopt

has a zero eigenvalue of multiplicity equal to or less than 2. Under this condition, strong
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Figure 5.1: IEEE three-bus system

duality holds and the dual solution is indeed optimal for the original maximum loadability

problem, allowing us to obtain the globally optimal solution.

5.4 Case Study

IEEE three-bus system

The proposed model is illustrated using the three-bus test system shown in Fig. 5.1. This

work uses the SDP solver Sedumi in YALMIP toolbox of MATLAB platform to solve the dual

problem of maximum loadability. The three-bus system contains one conventional generation

unit per bus (G1 through G3). The value of base apparent power is 100 MVA. Detailed data

for the conventional generators on the three-bus system is shown in Table 5.1.

Table 5.1: DATA FOR THE GENERATING UNITS OF THE THREE-BUS SYSTEM

Generator(i) G1 G2 G3
P g,max
k [MW] 400 400 200
Qg,max

k [MW] 500 500 500

P g,min
k [MW] 0 0 0

Qg,min
k [MW] -100 -100 -100
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Table 5.2: THE DATA OF LOADS DEMAND OF THE IEEE THREE-BUS SYSTEM

Loads Demand (k) L1 L2 L3

P d,max
k [MW] 650 500 450

Qd,max
k [MVar] 300 300 200

P d,min
k [MW] 110 110 95

Qd,min
k [MVar] 40 40 50

There are also three loads demand in this system (L1-L3). Table 5.2 shows the varying

range of active loads and reactive loads, where P d,min
k and Qd,min

k are the minimum values

of active loads and reactive loads respectively, and also the given initial values of loads

demand used for solving the OPF or PF problem. The data of transmission lines are shown

in Table 5.3. We also V max
k =1.1 pu, and V min

k =0.9 pu, and set all the transmission line

capacity limits sufficiently large in order to eliminate congestions. Based on the above data,

we solve the SDP dual problem of maximum loadability (5.8), and obtain the maximum

loadability equal to 638.5 MW. The voltages of buses are approaching their limits, reaching

11.0000V, 10.9981-0.1458*i and 10.9798+0.6516*i successively from Bus 1 to Bus 2, and Bus

3. Simulation results show that the matrix-valued Aopt has a zero eigenvalue of multiplicity

2, which satisfies the sufficient condition of an optimal solution of the OPF problem [99].

Therefore, the calculated maximum loadability value 638.5 MW is the global optimization

value. Fig. 5.2 shows the iteration process of the dual SDP problem being solved by the

SDP solver SEDUMI. From this figure, the problem reachs the solution with a tolerance

with 6.01E-17 after the total 49 iterations and the duality gap almost reaches to zero after

the 5th iteration.

Table 5.3: THE DATA OF TRANSMISSION LINES OF THE IEEE THREE-BUS SYSTEM

Lines ((l,m)) Line 1 Line 2 Line 3
Resistance (p.u.) 0.42 0.55 0.25
Reactance (p.u.) 0.90 0.90 0.75
Susceptance (p.u.) 0.30 0.45 0.70

From the reference [99], the sufficient condition that guarantees that the algorithm finds

an optimal solution of OPF is there exists a dual optimal solution (xopt, ropt) such that

2n × 2n positive semi-definite matrix Aopt has a zero eigenvalue of multiplicity 2. If the

condition sufficient condition holds, there is no duality gap between the original maximum

loadability and the dual problem. Apparently, the proposed three-bus system can satisfy
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strongly connected condition. Hence, the resistive part of the power system is strongly

connected, the sufficient condition holds and the duality gap of the OPF is zero according

to [98]. In [98], the author proved that all the five IEEE benchmark systems can satisfy the

sufficient condition of zero duality gap after a small resistance (10−5) has been added to each

transformer that originally has zero resistance.

IEEE 24-bus RTS

The IEEE three-bus system case is used to calculate the maximum loadability of the whole

area. In the practical industry, the maximum loadability of a sub-area is often needed to

be provided. IEEE 24-bus Reliability Test System is adopted [100] to study the maximum

loadability of sub areas, shown in Fig. 5.3. This system contains 24 nodes and 34 lines

connecting them, 11 generating units and 17 loads are also included. IEEE 24-bus RTS is

divided into two areas, one is 230 KV area and another is 138 KV area, shown in Fig. 5.3.

To get the maximum loadability of the low voltage area (138 KV), in the proposed model

we set the loads of buses (Bus1-Bus10) as variables. We solve the dual maximum loadability

model, then get the four smallest eigenvalues of the matrix Aopt as −124.5429, −124.5429,

−28.6438, −28.6438. As the number of zero eigenvalues is 0, it means satisfying the zero

duality gap sufficient condition. Therefore, we can get the optimal objective value maximum
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Figure 5.3: Single line diagram of IEEE RTS 24-bus system

loadability 3017 MW. Further calculating the maximum total transfer capability (TTC)

from the higher voltage area to the lower voltage area which equal to 1490 MW without

considering contigency. Alternatively, the maximum TTC is equal to 1182 MW calculated

by the sequential quadratic programming (SQP) method [101]. The proposed SDP method

provides a larger value than the traditional SQP method. The SQP method is based on the

KKT conditions, and the quadratic programming subproblem is solved by Quasi-Newtons

method with the optimal search of the step length. Therefore, the accuracy of the calculated

results provided by SQP depends on the step length.

5.5 Conclusion

The Lagrange SDP method has been applied to solve the non-linear and non-convex maxi-

mum loadability of security constrained power system. The proposed model integrates secu-

rity constraints such as limits of generation active power and reactive power output, voltage
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magnitudes, and transmission power flow. In addition, active loads and reactive loads vary

within the reasonable range as independent variables. The proposed SDP method has been

prove effective and guarantees the global optimal solution of the maximum loadability, with

zero duality gap. The effectiveness of the Lagrange SDP method has been demonstrated in

the IEEE three-bus and IEEE 24-bus RTS.
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Chapter 6

Conclusions and Further Research

Issues

6.1 Conclusions

In this dissertation, we have studied various optimization problems of electric power markets

under modern power grid, including electricity marginal prices with uncertain wind power

and loads demand, wind power producers’ bidding in the stochastic market clearing, trans-

mission expansion planning with wind power integration and co-optimization of energy and

research, and SDP for the maximum loadability problem.

The study of the probabilistic spot pricing develops the optimal power flow method to

calculate the local marginal prices considering load uncertainty and wind speed randomness.

The extended objective function of the proposed optimization model has included emission

cost to take into account environmental benefits and spinning reserve fee to address the

reserve cost owning to the introduction of wind power. Simulation results show renewable

wind energy is beneficial for cost reduction. However, once over penetration, intermittent

wind power may bring serious reliability problem and cause cost climbing.

The proposed stochastic bilevel model for a strategic WPP as a price marker in the

day-ahead market that employs stochastic market clearing and energy and reserver co-

optimization. The proposed bidding model of the strategic WPP is able to obtain more

steady expected profit in a reserved market than in a non-reserved market. In other words,

considering the operation of the reserve market can reduce the risk of the day-ahead of-

fer. And the strategic offering can increase the expected profit, reduce the conventional

generators cost and decrease the social welfare, compared with the non-strategic WPP.
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In the chapter of transmission planning, we develop an innovative model coordinating

transmission expansion planning and wind power investment within a modern electricity

market environment. This model comprehensively considers transmission expansion plan-

ning, wind power integration, as well as co-optimization of energy and reserve. According to

our simulations, The planned wind power invested and power scheduled will increase with

the higher level of loads demand. The proposed model effectively coordinates the contradic-

tion between transmission expansion planning and wind power investment, and solves the

interaction between systems planning and operations of power systems. In addition, this

model can assess the requirement of reserve for the transmission planning.

We have also proposed the Lagrange SDP method to solve the non-linear and non-convex

maximum loadability of security constrained power systems. The proposed SDP method has

been proved to effectively solve the non-linear and non-convex complexity of the maximum

loadability of systems, especially integrating security constraints. The proposed Lagrange

SDP method guarantees the global optimal solution of the maximum loadability, and the

zero duality gap is proved to exist. The simulation results on IEEE three-bus system and

IEEE 24-bus RTS show the effectiveness and the accuracy of the Lagrange SDP method for

the problem of the maximum loadability.

6.2 Further Research Issues

There are still some open research issues to study in the above mentioned topics in this

dissertation.

The work of modeling bids of the strategic wind power producer does not consider non-

convex constraints in the clearing algorithm, such as voltage constraints and reactive power

output constraints. In future work, we will set AC-OPF as the lower level problem and

consider solving the corresponding bilevel problem. Another, in this thesis only one strate-

gic wind power producer makes bidding decisions without other wind power producers or

traditional power producers, so we just use Stackelberg Equilibrium theory to model. While

all the strategic power producers have rights to bid offers, for this situation, we could further

consider to use Nash Equilibrium to solve.

For ISOs’ transmission expansion planning, transmission planning of different regions

must satisfy the requirements of different planning standards. To simplify the model, we did

not integrate planning criteria in the mathematical model, like N-1,N-2, even N-1-1. Hence,

we will further study the model of transmission expansion planning with various security
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criteria of systems planning and operations in different regions, such as WECC, AESO.

In the chapter of the SDP method for the maximum loadability, specifically we solved

the problem of the maximum loadability based on the traditional static security constrained

optimal power flow model. In the power industry, power systems suffer from many distur-

bances, and hence dynamic security constraints can be integrated into the traditional optimal

power flow model. The extension of the SDP method to solve the maximum loadability will

be considered into my future work to obtain the global optimization solution.
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