
 

 

Citation for this paper: 

Chen, Y., Yu, L., Zhang, J. & Gordon, R. (2015). Effective wavelength scaling of 
rectangular aperture antennas. Optics Express, 23(8), 10385-10395. 

 

UVicSPACE: Research & Learning Repository 

 
_____________________________________________________________ 

Faculty of Engineering 

Faculty Publications 

_____________________________________________________________ 

 

 

 

Effective wavelength scaling of rectangular aperture antennas  

Yuanyuan Chen, Li Yu, Jiasen Zhang, and Reuven Gordon 

April 2015 

 

 

 

 

 

This article was originally published at:  

http://dx.doi.org/10.1364/OE.23.010385             

 

http://dx.doi.org/10.1364/OE.23.010385


Effective wavelength scaling of rectangular 
aperture antennas 

Yuanyuan Chen,1,2 Li Yu,1 Jiasen Zhang,3 and Reuven Gordon 2,* 
1State Key Lab of Information Photonics and Optical Communications, Department of Science, Beijing University of 

posts and Telecommunications, Beijing 100876, China 
2Department of Electrical and Computer Engineering, University of Victoria, Victoria, BC, V8W 3V6, Canada 

3State Key Lab for Mesoscopic Physics, Department of Physics, Peking University, Beijing 100871, China 
*rgordon@uvic.ca 

Abstract: We investigate the resonances of aperture antennas from the 
visible to the terahertz regime, with comparison to comprehensive 
simulations. Simple piecewise analytic behavior is found for the 
wavelength scaling over the entire spectrum, with a linear regime through 
the visible and near-IR. This theory will serve as a useful and simple design 
tool for applications including biosensors, nonlinear plasmonics and surface 
enhanced spectroscopies. 
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1. Introduction 

An antenna is a structure that efficiently couples electromagnetic energy between the near-
field and the radiation zone. For example, a microwave rectangular aperture antenna is 
designed to have the long edge equal to half the free-space wavelength of operation [1]. A 
nanoantenna, or optical antenna [2–5], performs this task using nanostructured metals and 
down to visible and shorter wavelengths. Due to the small size of nanoantennas, the 
dispersion properties of modes acting in the antenna are strongly influenced by proximity 
effects [6–8]. Hence, a nanoantenna no longer works at wavelengths comparable to the size of 
the antenna so it is necessary to introduce an effective wavelength to aid in antenna design, 
which depends on the material and structural properties [9–12]. In one of the most influential 
plasmonics papers, it was shown that the wavelength, λ , is scaled down due to the plasmonic 
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dispersion of a single antenna segment (cylindrical rod) [13]. Similar effects are expected to 
arise for aperture antennas that have particularly important applications, such as optical 
tweezers [14–18], nonlinear optics [19–24], sensing [25–29] and SERS [30–32]. 

While several works have considered the optical properties of nanoholes [33–37], those 
works have not provided straightforward design rules as was found for nanorods [13]. Here, 
we derive the simple scaling law for the aperture antenna in the wide wavelength range from 
the visible to THz. Similar to the works that have focused on waveguide dispersion on 
nanorods, the scaling in this paper is based on a theory that incorporates the dispersion of the 
mode inside the aperture where the permittivity of the metal is taken into account. The theory 
gives a simple result that shows how, for the single aperture perforated on a real metal film, 
the width of rectangular nanohole and the wavelength of operation affects the resonant 
response over a broad spectral range. 

2. Theoretical approach 

Figure 1 shows schematically the system under consideration. A rectangular aperture of short 
edge W and long edge L perforated on a gold film of thickness T is analyzed. The center of 
the hole is assumed to be air. The metal has relative permittivity ( )mε λ  that can be modeled 

according to the Drude theory. The system is illuminated by a normally incident plane wave 
with the free-space wavelength λ , and the in-plane component of the electric field pointing 
along the x direction. 

As has been considered in previous works [36–39], the waveguide mode of a 
subwavelength rectangular hole in a real metal is analyzed by using the surface plasmon 
waveguide dispersion theory. For a single rectangular aperture, the resonance is influenced by 
both coupling between SP modes along the x-direction and penetration of the field into the 
metal along the y-direction. We seek the waveguide cut-off to identify the antenna resonance, 
as is described in more detail in the Appendix. To identify the two separate contributions to 
the resonant wavelength, we break the 2D problem down into two 1D effective-index 
problems as shown in Fig. 1. Along the x-direction, the lowest-order mode is analyzed by 
considering the TM mode of a slab of width W, to derive an effective dielectric constant. 
Along the y-direction, the TE mode component in a slab of separation L filled with the 
effective dielectric ( dε ) is analyzed. The propagation constant, TEβ , of the TE mode between 
two parallel plates of a real metal can be found from the characteristic equation: 

 
2 2

2 2

2 2
tan

2
TE 0 m

0 d TE

0 d TE

kL
k

k

β ε
ε β

ε β

− − = 
  −

 (1) 

Where L is the length of the aperture, k0  is the free-space wave-vector, mε  is the relative 

permittivity of the metal, dε  is the relative permittivity of the dielectric between the metal 

sides. Here we use the effective permittivity 
2

TM
d k

βε
 

=  
 0

 to capture the influence of the SP 

gap mode (where TMβ  is the propagation constant of the TM gap mode). By setting the 

overall propagation constant, TEβ , to zero, we can find the length of the aperture at 
resonance: 

 
d

2
arc tan m

d0

L
k

ε
εε

 
= −  
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The effective wavelength is now calculated as: 
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It should be noted that the effective wavelength is twice the length of the aperture that gives 
the resonance. The reason for this convention is to show the wavelength scaling with respect 
to the perfect electric conductor case. For TM modes, the characteristic equation for this 
configuration is modified from the dielectric case to be: 

 
2 2

2 2

2 2
tan h

2
TM 0 mair

TM 0 air
m TM 0 air

k
k

k

W β εεβ ε
ε β ε

  = 


−
− −

−
 (4) 

Where airε  is the permittivity of air and W is the width of aperture. Here, we consider an 
aperture perforated on a gold film characterized by a free electron gas according to the Drude 
formula: 

 
2

2

p
m i

ω
ε ε

ω γω∞= −
+

 (5) 

Where ε∞  is the infinite frequency limit of the dielectric function, pω  is the plasma 

frequency and 
1γ
τ

=  is characteristic collision frequency.τ is the relaxation time of the free 

electrons. For gold, 11ε∞ ≈ , 1.37e16pω =  Hz and 1.05e14γ =  Hz. 

 

Fig. 1. Diagram of a single rectangular aperture of sides W and L in a metal of thickness T, 
with co-ordinates shown. The structure is illuminated by a normally incident plane wave with 
its E-field vector pointing along the x axis. The inset is E-field amplitude evaluated at the 
resonant wavelength. The lowest-order mode is analyzed for TM mode along the x axis. The 
TE mode component along the y axis with the effective dielectric is then calculated. 

Figure 2(a) shows the effλ  versus λ  for rectangular aperture with four different values of 

W = 30, 50, 300 and 500 nm (as calculated from Eqs. (1)-(5)). Here we use the log-log scale. 
In these four cases, effλ  are all relatively shorter than λ  due to the finite permittivity of the 

metal. For example, for the aperture antenna (L = 143 nm, W = 30 nm) one 
calculates = / 2.45effλ λ . For the aperture antenna (L = 253 nm, W = 500 nm) one 

calculates = /1.32effλ λ . In addition, it is clear that there is a close correlation between the effλ  

and the value of W. For the case of a rectangular hole with relatively wide width (e.g. W = 
500 nm), the effective wavelength almost follows from a simple linear scaling of the free-
space wavelength in a wide wavelength regime. However, when the width scales down to the 
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order of tens of nanometers (e.g. W = 30 nm), the linear relation between the λ  and effλ  

breaks down at longer wavelengths. This deviation at longer wavelengths occurs when the 
dimensions of the structure are of the order of (or smaller than) the skin depth or penetration 
into the metal. We calculate when the skin depth is equal to the width of aperture antenna. As 
shown in Fig. 2(a) with a vertical line, it is almost the same regime where the deviation 
occurs for longer wavelengths. In addition, the nonlinear part in the short wavelength is 
caused by the surface plasmon resonance of the metal film leading to a divergent TMβ , which 

occurs when approaching the angular frequency 
2

spω
. 

To validate the analytical approach, we use finite-difference time-domain (FDTD) 
numerical calculations on this structure. In the simulation, the source used is a plane wave. 
The thickness of the gold film is 100 nm. The width of rectangular aperture is W = 30 nm, 50 
nm and 500 nm. Convergence was ensured by reducing the grid-size and extending the 
artificial PEC boundaries. The smallest grid-size attempted was 1 nm. As shown in Fig. 2(b), 
the theoretical derivation for the effective wavelength gives very accurate results when 
compared with the FDTD calculations. The smallest size for the width of antenna we used is 
30 nm and good agreement is found between the theoretical derivation and the FDTD 
calculations. This value was used based on what is practical to fabricate in optically thick 
metal films. We expect that theory will hold down to sub-nanometer sizes where the 
dispersion relation is valid; however, for sub-nanometer gaps tunneling will start to play a 
role and modify the dispersion [40–42]. 

 

Fig. 2. (a) The effective wavelength versus free-space wavelength for rectangular aperture with 
four different values of W = 30, 50, 300 and 500 nm in gold. The black lines are theory results 
calculated from Eqs. (1)-(5). The red lines are the linear approximation to the theory results. 
The vertical green lines represent the positon where the skin depth is equal to the width of 
aperture. (b) The effective wavelength for rectangular holes as calculated using the effective 
index method. The  points give the result from numerical simulations. 

3. Scaling from visible to near-IR regimes 

In the next two sections, we derive a simple scaling law of effλ  for the aperture antenna in the 

wide wavelength range (from the visible to the THz). For the rectangular aperture, the 

propagation constant TMβ of TM0 modes are solutions of Eq. (4), which can also be 
expressed as: 
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Due to the W λ , we use the approximation for 
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 here and obtain to lowest 

order on 
W

λ
. Thus, TMβ  is calculated as: 
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For the short wavelength range, we consider the real metals characterized by a free electron 
gas according to the Drude formula (ignoring losses in Eq. (5)): 
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After inserting the Eq. (8) into Eq. (7), we expand the latter of Eq. (7) in powers of (
2

2
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λ
) and 

obtain to lowest order. Equation (7) can now reduce to: 
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Inserting the Eq. (9) into Eq. (10) and after a few arrangements we find the simple scaling law 
of effλ : 
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Using Taylor expansion, we get the simple linear scaling of the free-space wavelength: 

 3

1

1
eff

P

a
a

λ λ
λ

= −  (12) 

Figure 3 shows the comparison based on Eqs. (11) and (12) to the theory data obtained for 
the aperture with two different values of W = 50 nm and 500 nm. Here we use the log-log 
scale. Note that the comparison based on Eq. (11) is perfect for the aperture with W = 500 nm, 
and it is still good even the width of the aperture scaled down to 50 nm. In the case of 
aperture with W = 50 nm, the comparison breaks down with the theory data when the 
wavelength is longer than about 25 µm (as shown in the circle). This is because the Drude 
formula (Eq. (8)) only has the real part of permittivity. However, the imaginary part of the 
permittivity typically dominates the resonance when the dimensions of the structure are small 
enough, the order of (or smaller than) the skin depth. Hence the imaginary part of the 
permittivity needs to be considered, which will be discussed in the next section. In addition, 
the simple linear scaling based on Eq. (12) also has good agreement with the full theoretical 
result and is valid over a broad range. As discussed above, the linear relationship between the 
λ  and effλ  breaks down in both the short and long wavelength regimes, thus the linear 

scaling law only works in limited range. 

 

Fig. 3. Effective wavelength for rectangular aperture with two different width W = 50 nm and 
500 nm in gold. The log-log scale plot is used. The black curve is calculated according to Eqs. 
(1)-(5). The red curve is simple scaling law according to Eq. (11). The green curve is the 
simple linear scaling according to Eq. (12). (a) The comparison regime is from 500 nm-500 
μm. (b) The comparison regime is from 500 nm-50 μm. 

4. Scaling from infra-red to THz regime 

For the aperture antenna with very small width, the use of real part of permittivity is not valid 
when λ  extends to the long wavelength. In this part we take the imaginary part of 
permittivity into account and derive the scaling law of effλ  for the infra-red to THz regime. 

When the wavelength is long enough, the real metal can be characterized by the imaginary 
part of permittivity according to the Drude formula (Eq. (5)): 
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Inserting mε  defined in Eq. (13) into Eq. (7) and after a few arrangements we get the scaling 

law of effλ : 
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Here, 1a  and 2a  are constants which are related to the width of the slit. 
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Figure 4 shows the comparison based on Eq. (14) for the aperture with two different 
values of W = 50 nm and 500 nm in the THZ wavelength range (100 μm-1000 μm). Here we 
also use the log-log scale plot. Excellent agreement is found for both the two aperture 
antennas. Note that for the long wavelength limit, where λ → ∞ , the effective wavelength 

goes to 
3/ 4

12a
λ , which is different form the perfect electric conductor (PEC) case. This is 

because for the real metal, the skin depth increases as the wavelength increases, so that the 
penetration into the metal is greater and the role of the imperfect conductor never goes away. 
This result shows the value of our theoretical approach in correctly predicting the scaling. 
Actually, the PEC result can be recovered by setting the scattering time to a large value in Eq. 
(14); in this limit, 1 20, 0a a→ → , so that effλ λ→ . 

 

Fig. 4. Effective wavelength for rectangular aperture with two different width W = 50 nm and 
500 nm in gold for THZ wavelength (100 μm-1000 μm). The log-log scale plot is used. The 
black curve is calculated according to Eqs. (1)-(5). The red curve is simple scaling law 
according to Eq. (14). 
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Figure 5 renders the fitting Eqs. (11) and (14) in the wide wavelength range (from the 
optical to THz). Comparing the two figures, we can conclude that the resonant mode in the 
slit is a coupled surface mode. For the aperture antenna with ultra-narrow width (comparable 
with the dimensions of the skin depth or penetration into the metal), the influence of the 
imaginary part of permittivity is dominant. 

 

Fig. 5. Effective wavelength for rectangular aperture with two different width W = 50 nm and 
500 nm in gold for wide wavelength ranging from the visible to the THz. The log-log scale 
plot is used. The black curve is calculated according to Eqs. (1)-(5). The red curve is calculated 
according to Eq. (10). The green curve is calculated according to Eq. (13). 

5. Discussion 

As shown in Fig. 3, the comparison based on the linear Eq. (11) is good for a wide range of 
operation. Therefore, the aperture can have an effective wavelength scaling analogous to past 
works on nanorods [13]. Note that the mismatched part in the short wavelength for the linear 
comparison and theory is caused by the neglecting higher-order terms in the Eq. (11). The 
expansion of Eq. (11) is calculated as: 

 
2 2

3
3 2

1 1

1 1 1

24

p p
eff

p

a
a

a W a

∞ ∞ε λ ε λ
λ λ

λ λλ π
= − − −  (15) 

By neglecting the higher-order terms about 
1

λ
, the comparison for the linear part can be 

obtained (Eq. (12)), which leads to the mismatch. 
The theory presented here is based on surface plasmon waveguide dispersion theory 

taking into account the finite conductivity. As the slit becomes narrower, the effective index 
of the mode in the slit increases and the amplitude and phase of the reflection of the mode at 
the free-space boundary are modified [39]. The theory in this paper asserts that =0TEβ , which 
is the propagation constant in the z direction. This means that there is no dependence on 
thickness. In practice, however, there is a finite phase of reflection, which will introduce a 
length dependence using the usual Fabry-Perot (FP) condition, as discussed in the Appendix. 
Thicker films are actually less sensitive to the end-face reflection. For thin films that allow 
significant transmission even without apertures, the value of the theory is debatable and 
indeed apertures can even lead to enhanced absorption [43, 44]. In a past work [13], there was 
an offset to the wavelength rescaling of the nanorod antenna resonance for the real metal case. 
This offset arises from two contributions: one is in the dispersion of the metal and the second 
comes from assuming zero phase reflection at the transition to the semi-spherical end-caps of 
the nanorod (essentially cutting off the ends and setting the phase to zero).Similarly, here we 
consider the offset from the dispersion, and we set the phase from the end-terminations to 
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zero (see Appendix for further discussion). In addition, the metal here is characterized by a 
free electron gas according to the Drude formula Eq. (5) which is an approximation that is 
limited by the appearance of interband transitions in real metal systems. This will limit the 
applicability of our model; however, the analytic simplicity of the results motivate 
considering the regimes where the Drude model applies. Also, for several metals, there are 
large wavelength ranges where the Drude model can accurately represent the real metal’s 
dispersion; for example, gold can be accurately represented by the Drude model for 
wavelengths longer than 600 nm and silver can be accurately represented by the Drude model 
for wavelengths longer than 350 nm [45]. 

 

Fig. 6. (a) The effective wavelength versus free-space wavelength for rectangular aperture with 
W = 20 nm (as calculated from Eq. (11)). (b) Normalized resonant transmission (T) versus 
wavelength for rectangular apertures with W = 20 nm, L = 149 nm, 500 nm, 1000 nm and T = 
100 nm in the simulation. 

To demonstrate the developed theory in a design application, we first calculate for the 
effective wavelength using the operating wavelength (in this case 785 nm) given a desired 
width of aperture, using Eq. (11). Then we use the half of the effective wavelength to set the 
length of the aperture in the simulation. Finally, we provide a full simulation to verify that the 
resonance wavelength is at the desired design wavelength. Figure 6(a) shows the developed 
scaling theory result based on the comparison with Eq. (11) for the aperture with W = 20 nm. 
It shows that the effective wavelength of =2 =0.298 ,1eff L m mλ μ μ  and 2 mμ  correspond to 

the incident wavelength of μm=0.785 ,1.97 mλ μ  and 3.75 mμ  respectively. The latter two 
values were added to show that the agreement with simulation is good over the entire range of 
simulation. Here, the width of the apertures are all 20 nm and the aperture antenna is 
perforated on a gold film of thickness 100 nm. As shown in Fig. 6(b), the spectrum have 
peaks at =0.786 , 2.01m mλ μ μ 3.77 mμ , which agree well with the theory results based on the 
wavelength scaling rule of Eq. (11). (The additional short-wavelength peak in Fig. 6(c), 
bottom, comes from a higher-order z-direction resonance that we do not discuss in this work.) 

6. Conclusions 

In summary, we presented an analytic theory for the resonances of a rectangular metallic 
aperture antenna from the visible to the terahertz regimes. The theory gave a simple result that 
shows how the width of rectangular nanohole and the wavelength of operation affect the 
resonant response. The piecewise analytic behavior was found for the wavelength scaling 
over the entire spectrum. Based on the theoretical analysis, we derived the simple scaling law 
for the aperture antenna in the wide wavelength range, linear scaling from visible to near-IR 
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regimes and a simple analytic expression for the THz regimes, as well as short wavelengths. 
According to the scaling law, we designed a Raman substrate for operation at 785 nm with a 
20 nm gap. The scaling results agreed well with finite-difference time-domain numerical 
calculations. This theory can serve as a simple design tool for nanoapertures with applications 
including biosensors, nonlinear optics, SERS and photovoltaics. 

APPENDIX: 

Peak transmission and resonance condition 

There are two effects that determine the peak transmission for an aperture. The one is the 
Fabry-Perot (FP) resonance condition, and the other is the cut-off condition. A FP peak can 
occur when the phase condition is upheld: 

 TET mβ π+ Φ =  (16) 

Where T is the film thickness, Φ  is the phase of reflection and m is the whole-number 
resonance order. In this paper, we assume 0Φ =  and 0m = . In practice, however, there is a 
finite phase of reflection, and so 0Φ ≠  gives the resonance condition. For this case: 

 TE T
β ΦΔ = −  (17) 

We see that the FP resonance is less sensitive to phase-of-reflection for thicker films and will 
occur closer to the condition used in the main text 0TEβ = . 

The cut-off can lead to a transmission peak due to the exponential decay of the field in the 
aperture above cut-off. For wavelengths longer than cut-off, the light will decay exponentially 
in the aperture and lead to reduced transmission. This effect is also more pronounced for 
thicker films since there is more exponential decay. Therefore, the transmission will be larger 
at =0TEβ  than for longer wavelengths and so a peak can appear. 

Of course, in the case where the phase of reflection is negative, the FP peak can occur for 
finite TEβ  away from cut-off, and we have considered this case with simulations previously 
[46]; however, this is not captured by the present theory. 
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