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ABSTRACT

This dissertation explores an analogue of the prime number theorem for polynomi-

als over �nite �elds as well as its connection to the necklace factorization algorithm

T-transform and the string complexity measure T-complexity. Speci�cally, a precise

asymptotic expansion for the prime polynomial counting function is derived. The

approximation given is more accurate than previous results in the literature while

requiring very little computational e�ort. In this context asymptotic series expan-

sions for Lerch transcendent, Eulerian polynomials, truncated polylogarithm, and

polylogarithms of negative integer order are also provided. The expansion formu-

las developed are general and have applications in numerous areas other than the

enumeration of prime polynomials.

A bijection between the equivalence classes of aperiodic necklaces and monic

prime polynomials is utilized to derive an asymptotic bound on the maximal T-

complexity value of a string. Furthermore, the statistical behaviour of uniform

random sequences that are factored via the T-transform are investigated, and an

accurate probabilistic model for short necklace factors is presented.

Finally, a T-complexity based conditional string complexity measure is proposed

and used to de�ne the normalized T-complexity distance that measures similarity

between strings. The T-complexity distance is proven to not be a metric. However,

the measure can be computed in linear time and space making it a suitable choice

for large data sets.
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Chapter 1

Introduction

In mathematics, hardly any topic has intrigued curious minds more than the study

of prime numbers. A prime number is a positive integer larger than one that has

no positive divisors other than one and itself. All integers other than zero and

one can be factored into a sequence of primes. However, for large integers prime

factorization is a computationally hard problem which is exploited in cryptography

for the secure exchange of information over an untrusted communication link.

Among the positive integers prime numbers seem to be randomly distributed,

yet on close inspection their asymptotic distribution shows remarkable regularity.

Towards the end of the 18th century Gauss noticed that the probability that a ran-

domly chosen integer less than x is a prime number is close to 1/ log x . He later

conjectured that the prime counting function enumerating the number of primes

less than or equal to x is asymptotically given by the o�set logarithmic integral

which may be approximated in terms of a divergent series expansion as follows

π(x) =
∑

p6x
p prime

1 ∼
∫ x

2

dt

log t
∼

x

logx

N−1∑

n=0

n!
(log x)n

. (1.1)

In (1.1) N is an integer whose optimum value depends on x and is chosen such

that it truncates the series before it diverges. Proofs for Gauss’s conjecture were

provided independently by the French mathematicians Hadamard and Poussin in

1896 [1]. Equation (1.1) is also referred to as the prime number theorem and is

one of the most surprising results in mathematics linking primes and the natural

logarithm. This dissertation explores an analogue of the prime number theorem
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for polynomials over �nite �elds as well as its connection to the T-transform and

the string complexity measure T-complexity.

A �nite �eld of q elements is denoted by Fq. Operations such as multiplication,

addition, subtraction and division are de�ned on the �nite �eld elements. Let Fq[t]

denote the univariate polynomials with coe�cients in Fq. A prime polynomial over

Fq is an irreducible polynomial that cannot be factored as a product of non-constant

polynomials of lower degree over the same �eld. Prime polynomials act like prime

numbers, such that the analogue of the prime number theorem is given as the prime

polynomial counting function enumerating the monic irreducible polynomials of

degree less than or equal to m given by

πq(m) =
∑

deg f 6m

f monic, irreducible

1 . (1.2)

In this dissertation an accurate new asymptotic expansion to (1.2) that is ana-

logus to the series expansion in (1.1) is presented. This approximation allows for

e�cient computation and is of signi�cantly better accuracy than prior results pre-

sented in [2], [3], and [4]. The series expansion for (1.2) is obtained from an expo-

nentially accurate series approximation of the Lerch transcendent [5] and truncated

polylogarithm function. Furthermore, a new asymptotic approximation for Eule-

rian polynomials [6] is derived and used to asymptotically bound the error in the

series expansions of Lerch transcendent and truncated polylogarithm function.

The prime polynomial theorem as de�ned in (1.2) is connected to the combina-

torics of aperiodic necklaces. Necklaces are q-ary strings over an alphabet of size

q > 2. Aperiodic necklaces of length m form the subset of necklaces that require

exactlym circular plane shifts in order to return to their original con�guration (pe-

riodic necklaces require less than m shifts). The lexicographically smallest cyclic

shift of an aperiodic necklace is referred to as Lyndon word [7]. Due to a bijective

mapping between cyclic equivalence classes of q-ary aperiodic necklaces of length

m and monic irreducible polynomials of degree m over Fq [8], Equation (1.2) also

counts the number of Lyndon words of length less than or equal to m.

Moreover, the bijective mapping is of use in the analysis of the T-transform,

a string factorization algorithm that decomposes a string into a representation of

necklaces from which T-codes are constructed. T-codes are self-synchronizing, pre-

�x-free codes of which Hu�man codes are a subset. The algorithmic e�ort required
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to construct a T-code from a string is measured by T-complexity [9], a deterministic

complexity measure providing a real valued estimate of how complex (or random)

information contained in a string is. T-complexity may be viewed as a computable,

but less powerful cousin of Kolmogorov complexity, where Kolmogorov complex-

ity is de�ned as the smallest program in size that can reproduce a given character

sequence [10]. T-complexity may be computed in linear time and space [11] and pro-

vides a computationally e�cient alternative to other string complexity measures

such as Lempel-Ziv complexity [12].

The link between necklaces and T-codes is a fairly recent discovery [13] and is ap-

plied in this work to derive a new asymptotic bound on the maximal T-complexity

value for strings of a given length. In this context we further exploit the link to

necklaces for the analysis and modelling of the T-complexity pro�le of uniformly

distributed random sequences. In particular, this dissertation provides a good sta-

tistical model for the generation of short necklaces over the course of the factoriza-

tion of uniform random sequences. The model is shown to agree well with empiri-

cal data.

Of concern in this dissertation is also the normalized information distance [14]

which is used in combination with the de�nition of conditional T-complexity to

construct a similarity measure for comparison of character sequences. The measure

is referred to as the normalized T-complexity distance and computes in linear time

and space, allowing the e�cient assessment of shared information content within

a set of arbitrary character sequences.

1.1 Contributions

The following brie�y summarizes the contributions made by this dissertation.

• The main contribution of this dissertation is a new, accurate asymptotic ex-

pansion formula for the prime polynomial counting function in �nite �elds.

The formula enumerates the monic irreducible polynomials of degree ≤ m

and is analogous to the asymptotic expansion formula of the classical prime

counting function. The proposed approximation is consistent with prior lit-

erature and provides signi�cantly better accuracy than the works of Kruse et

al. [2], Wang et al. [3], and Pollack [4].
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• In the context of this work new asymptotic expansions for the Lerch transcen-

dent and truncated polylogarithm are derived. Both expansion formulas ex-

hibit exponentially small error terms when optimally truncated. In addition,

the proposed series expansion for the Lerch transcendent is shown to yield

more accurate results for large positive parameters than a similar expansion

given by Ferreira et al. in [15].

• New asymptotic expansions with arbitrary small errors are derived for Eule-

rian polynomials and polylogarithms of negative integer order.

• Based on the prime polynomial counting function a new asymptotic bound

on the maximal T-complexity value for strings of a given length is provided.

• The statistical behaviour of uniform random sequences that are factored via

the T-transform is investigated, and an accurate probabilistic model for short

necklace factors is proposed.

• A new de�nition for conditional T-complexity is given and used to de�ne a

string similarity measure. The measure is proven to not be a metric.

1.2 Dissertation Outline

The contents of this dissertation are organized as follows:

• Chapter 2 introduces notation and describes the necessary mathematical back-

ground in group theory and �nite �eld theory. The relationships between

cyclotomic cosets, monic irreducible polynomials over �nite �elds, and neck-

laces are outlined. Explicit formulas for the enumeration of necklaces are

given.

• Chapter 3 is concerned with the derivation of the analogue of the prime num-

ber theorem for polynomials over �nite �elds. Along with a Poincaré type

expansion for the prime polynomial counting function, series expansions of

the Lerch transcendent, truncated polylogarithm, Eulerian polynomials, and

polylogarithms of negative integer order are given.

• Chapter 4 outlines the meaning of the term “complexity” in di�erent contexts

and details the necklace factorization algorithm T-transform along with the
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string complexity measure T-complexity. An asymptotic bound on the value

of maximal T-complexity for strings of a �xed length is provided.

• Chapter 5 explores the T-complexity pro�le of uniformly distributed random

sequences. In particular, a statistical model describing the generation of short

necklaces is given and veri�ed with empirical results.

• Chapter 6 introduces the notion of conditional T-complexity and de�nes the

normalized T-complexity distance as an information measure to assess the

similarity between two arbitrary character sequences.

• Chapter 7 concludes this dissertation and suggests areas for future work.
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Chapter 2

Algebraic and Number Theory

Background

This chapter provides a brief overview of the necessary background material in

group theory, �nite �elds, and number theory. Moreover, a bijective mapping be-

tween the number of irreducible monic polynomials over �nite �elds and aperiodic

necklaces is illustrated. We do not provide proofs for most of the well known the-

orems used, and provide references for those that are not straight forward. For

a more thorough treatment, including elementary proofs, one may consult an ab-

stract algebra or coding theory text such as [16, 17, 18, 19, 20, 21].

2.1 Notation

In this dissertation we denote nonnegative integers by N = {0,1, . . . }, the set of

integers by Z, and rational, real, and complex numbers by Q, R, and C, respectively.

Let X and Y denote sets of elements. Then the cardinality of X , or the number of

elements in X , is de�ned as |X |. Set subtraction is denoted by the backslash symbol.

Therefore, the set Z de�ned as Z = X\Y contains all elements of set X without any

elements of X that are also contained in Y . The set Z may contain all or a partial

number of elements from X or be the empty set ∅. Z is said to be a subset of X

which is indicated as follows: Z ⊆ X . When X and Y share common elements their

intersection is not empty, this is expressed as X ∩Y , ∅. Naturally, if the sets X and

Y share common elements, then Z as de�ned above cannot contain the entirety of

elements in X ; in this case Z is called a proper subset of X and is denoted by Z ⊂ X .
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Conversely, X is said to be a superset of Z . The union of two sets is denoted by the

symbol ∪. IfW is the union of the sets X and Y (W = X ∪ Y ) thenW combines the

unique elements contained in both of the sets X and Y .

2.2 Cyclic Groups

We form an abelian groupG = (Z, ·) fromZ through the de�nition of a commutative,

and associative binary group operation, here indicated with the placeholder ·, that

combines any two elements from G to form another element also contained in G

such that

(a · b) · c = a · (b · c), ∀ a,b,c ∈ G .

In other words, the binary group operation is a function mapping G ×G 7→ G. We

further require each element a in G to have an inverse a−1 such that

a · a−1
= e,

where the element e ∈ G is the identity element such that

a · e = a.

The most straightforward group operations considered are multiplication and ad-

dition here indicated with × and + respectively.

We say that the �nite set Zq = {0,1, . . . , q − 1} of integers modulo q form a

cyclic groupG = (Zq , ·) when there exists at least one element д inG such that every

element of G can be generated as a multiple or a power of д. Such an element is

denoted as primitive element (or generator) of the cyclic group and we write

(Zq ,+) = {dд mod q : d ∈ Z}, and

(Zq\{0},×) = {дd mod q : d ∈ Z}

for the additive and multiplicative group respectively. Every nonzero element a

of a cyclic group G has an order, ord(a), associated with it, which is de�ned as the
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smallest integer k ∈ Z such that

ka = 0, and

ak = 1,

where 1 and 0 denote the multiplicative and additive identity of the above groups

respectively. In a group of size |G| = n the order of an element a ∈ G is given for the

additive group G = (Zq,+) as

ord(a) =
lcm(a,n)

a
=

n

gcd(a,n)
(1 6 a 6 n = q), (2.1)

and for the multiplicative group G = (Zq\{0},×) as

ord(a) = ord(дd ) =
lcm(d,n)

d
=

n

gcd(d,n)
(1 6 d < n = q − 1) . (2.2)

In general, a cyclic group G generated by a generator of order n comprises |G| = n

elements and is said to be a cyclic group of order n. If k |n (k divides n) there exists a

proper cyclic subgroup of G of order k, k < n, and there are ϕ(k) elements of order

k inG, where ϕ(k) is Euler’s totient function that counts the number of integers less

than k that are relatively prime to k given by

ϕ(k) = |{1 6 i 6 k : gcd(k,i) = 1}| . (2.3)

If k |n there exists exactly one subgroup of order k since

∑

k |n

ϕ(k) = n . (2.4)

If q is equal to a prime number denoted by p, every element in G except for the

identity element in the additive group is primitive giving a total of ϕ(p) = p − 1

generators each of order p. Similarly, there are ϕ(p − 1) generators of order p − 1 in

the multiplicative group.
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2.3 Finite Fields

Let Fq = (Zq,+,×) denote a �nite �eld if and only if q = pm is a prime power. In

the following q will represent a prime power and p a prime unless stated otherwise.

Informally, a �nite �eld is a �nite set of elements closed under the two binary group

operations addition (subtraction) and multiplication (division), and we say Fq has

characteristic p. Fq is also known as Galois �eld. Analogue to the earlier de�nitions

for the abelian cyclic group we require addition and multiplication to be associative

and commutative, and we further require the distributive law to hold when the two

group operations are mixed. In accordance with the de�nitions for cyclic groups

the additive identity is the element 0, and for all elements an additive inverse exists.

The multiplicative identity is the element 1 and since we require q to be a prime

power, with the exception of the element 0, a multiplicative inverse exists for every

element. In what follows we will indicate the multiplicative group of the �nite

�eld Fq as F∗q = (Zq\{0},×). The binary �eld F2 is the smallest possible �nite �eld

containing only the elements {0,1}.

2.3.1 Finite Field Extensions

In the following let Fp[t]/p(t) denote the set of polynomials in Fp[t] of degree less

than deg[p(t)] = m. Fq = Fp[t]/p(t) is an extension �eld over Fp. Extension �elds,

as their name implies, extend the smaller �nite �eld Fp, then referred to as the

ground �eld, such that the resulting �eld is �nite and of the same characteristic as

the ground �eld. Examples of extension �elds are the sets of polynomials in the

variable t of some degree less thanm over Fp given as,

Fq = Fp[t]/p(t) = {am−1t
m−1
+ · · · + a1t + a0 =

m−1∑

i=0

ait
i : ai ∈ Fp} .

In this context Fq are the elements of a vector space of dimensionm over Fp where

the basis elements are the powers {tm−1, tm−2, . . . t0
= 1}, and we say the extension

�eld has degree m, also denoted by [Fq : Fp] = m. Since there are p choices for any

of the coe�cients for the polynomials in Fp[t] the cardinality of Fq is pm and the

ground �eld is contained within the extension �eld, forming the smallest sub�eld

of Fp[t]/p(t) isomorphic to Fp .
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If we let a(t),b(t) ∈ Fp[t]/p(t), then addition (subtraction) is de�ned as,

c(t) = a(t) + b(t) =

m−1∑

i=0

cit
i ,

where ci ≡ ai +bi mod p and ci ,ai ,bi ∈ Fp and c(t) ∈ Fp[t]/p(t). That is, the polynomi-

als in Fp[t]/p(t) are added (subtracted) as if they were polynomials over Z; however,

the coe�cients are computed in Fp .

Division in extension �elds is merely multiplication by the multiplicative in-

verse, and we de�ne multiplication (division) as follows. Let a(t),b(t), c(t) be poly-

nomials in Fp[t]/p(t), then

c(t) ≡ a(t)b(t) mod p(t) and,

a(t) ≡ c(t)b−1(t) mod p(t),

where p(t) is a reduction polynomial of degreem with p(0) , 0. The reduction polyno-

mial, also called primitive polynomial, is an irreducible polynomial and thus, cannot

be factored as a product of non-constant polynomials of lower degree over the same

�eld. The reduction polynomial p(t) essentially behaves like a prime number, i.e. it

can only be trivially factored. It is worth noting that unlike multiplication in prime

�elds Fp, the result of multiplication in extension �elds Fp[t]/p(t) is not unique and

depends on the choice of p(t). Although each choice of p(t) seems to result in a

di�erent �nite �eld of the same order all of them constitute the same unique �eld

up to isomorphism, that is, they are identical just with di�erent labels for the same

fundamental �eld elements. However, regardless of the choice of p(t) the extension

�eld comprising all polynomials of degree less than m is isomorphic to Fq = Fpm .

Theorem 2.3.1 (Fermat’s Little Theorem for Finite Fields). Fermat’s little theorem for

�nite �elds of characteristic p states that for any �eld Fq, where q is a prime power, we have

that for any β ∈ Fq
βq = β , (2.5)

and thus, we have for any non-zero element of the �eld i.e. the elements of the multiplicative

group F∗q,

βq−1
= 1 (2.6)
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Using (2.5) we see that in general for any f (t) of degree k < m in Fq with q = pm

we have,
f (βq) = akβ

qk
+ ak−1β

q(k−1)
+ · · · + a1β

q
+ a0

= a
q

k
βqk + a

q

k−1β
q(k−1)

+ · · · + a
q

1β
q
+ a0

= (akβ
k
+ ak−1β

k−1
+ · · · + a1β + a0)

q
= f (β)q .

(2.7)

Sub�elds of Finite Fields

A monic polynomial of degree m is a polynomial in which the coe�cient of the

leading term is equal to one. That is,

a(t) = tm + u(t),

is monic when u(t) is a polynomial of degree at most m − 1. Using Theorem 2.3.1

we have that for the monic polynomial

fq(t) = tq − t =
∏

β ∈ Fq
(t − β) (2.8)

every element β ∈ Fq is a root of fq(t). Since the maximal number of roots a poly-

nomial can have is equal to its degree there are at most q = pm roots for fq(t). The

derivative of fq(t) in Fq is given by

f ′q (t) = qt
q−1 − 1 = −1, (2.9)

and thus, all roots of fq(t) are distinct which means that fq(t) has no multiple factors.

The smallest extension �eld containing all roots of fq(t) is the so called splitting �eld

over which fq(t) decomposes into distinct linear factors; it has size q = pm and hence

is isomorphic to the extension �eld Fp[t]/p(t) of degreem.

Since the multiplicative group F∗q has pm − 1 elements, for any s|m we may write

m = sd for some integer d and using the sum formula for the �nite geometric series

we have,

pm − 1 = psd − 1 = (ps − 1)(1 + ps + p2s
+ · · · + ps(d−1)), (2.10)

which implies that if s|m then ps − 1 | pm − 1 from which follows that

tp
s−1 − 1 | tp

m−1 − 1 =⇒ tp
s − t | tpm − t =⇒ fps (t) | fpm (t) . (2.11)
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We saw that Fpm is the splitting �eld of fpm (t), and if s|m the polynomial fps (t) is

a factor of fpm (t). Then the splitting �eld of fps (t) is a sub�eld Fps ⊂ Fpm , and since

all roots of fps (t) are distinct, Fpm has exactly one sub�eld of size ps , for each s that

divides m forming the extension �eld of Fp of degree [Fps : Fp] = s. Summarizing

the key result from above we have,

Fps ⊂ Fpm ⇐⇒ s|m, and |Fps | = p
s < pm = |Fpm | . (2.12)

2.4 Primitive Roots of Unity and Cyclotomic Cosets

A primitive element д ∈ Fq, q = pm, that generates the multiplicative group F∗q has

order q − 1. If we let k = ps − 1 and further have k |q − 1, such that β = дd = д(q−1)/k is

a solution to

wk(t) = tk − 1 = t−1 fk (t) = 0, (2.13)

then β has order k and is called the kth primitive root of unity. In particular we have,

(дd )k = дkd = д(q−1)
= βk = 1,

and it is easy to see that wk (β) has no common factors with its derivative because

w′
k
(β) = kβk−1 is non-zero as gcd(k,q) = 1 for all exponentsm in q = pm. Hencewk(t)

has k distinct roots. A kth primitive root of unity β ofwk (t) is a generator generating

the sub�eld Fps containing the k roots of unity ofwk(t) (not necessarily all primitive)

given by
F∗ps = {(дd ), (дd)2, . . . , (дd )k}

= {дd ,д2d , . . . , д(k)d}

= {β ,β2, . . . , βk}

= {βi : 1 6 i 6 k} .

Similarly, a (q − 1)th primitive root of unity, i.e. β = дd |d=1, generates F∗pm Using the

results on the number of generators for a cyclic group from Section 2.2, we deduce

that there exist ϕ(k) primitive kth roots of unity for all k |q − 1 that are relative prime

to q. We further note that if βi is a root of wk (t) then this implies that its conjugates

βi ,βip
2
, . . . ,βip

s−1
are also roots of wk(t) since

(βip
j

)k = (βk )ip
j

= 1 (0 6 j 6 s − 1),
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and s is the smallest positive integer such that βip
s
= βi and in general we have,

βi ∈ Fps ⇐⇒ βip
s

= βi ⇐⇒ βip
s−i
= 1 ⇐⇒ k | ips − i .

However, knowing that k | ips − i implies that

ips ≡ i mod k,

and leads to the de�nition of the following equivalence classes, also called cyclotomic

cosets [8], which partition Zk = {0,1, . . . ,k−1} in subsets which are either conjugates

(equivalent) or disjoint and de�ned as

Ci = {ipj mod k : j ∈ Zk}, (2.14)

such that,
k−1⋃

i=0

Ci = {0,1, . . . ,k − 1} = Zk .

Let the set of all unique cyclotomic cosets be de�ned as

Dk = {Ci : Ci ∩Cj = ∅, ∀ j,i ∈ Zk}, (2.15)

then the distinct cyclotomic cosets in Dk isolate the conjugate roots of the minimal

polynomials ηi(t) that are irreducible factors ofwk (t). The minimal polynomial ηi(t)

is monic and irreducible over the ground �eld. It has degree |Ci | which is either

equal to s or a nontrivial divisor thereof,

ηi(t) =
∏

c ∈Ci

(t − βc) . (2.16)

Moreover, ηi(t) is a representative for the equivalence class isomorphic to the cy-

clotomic coset Ci . The product of all unique minimal polynomials is equal to the

decomposition of wk(t) into distinct linear factors such that

wk (t) =
∏

{i : Ci ∈Dk }

ηi(t) = t−1 fk (t) = tk − 1,

where ηi(t) represent the irreducible factor of lowest degree for which ηi(β
i) = 0.
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2.5 Monic Irreducible Polynomials and Necklaces

In the following we derive and expression for the number of monic irreducible

polynomials over Fp of degreem given by the cardinality of the set

Lp(m) = |{ηi(t) : ηi(t) ∈ Dm , deg[ηi(t)] =m}| . (2.17)

Counting the minimal polynomials of degree m using (2.17) does not seem to be a

straightforward task. However, from our previous results relating to the splitting

�eld of fpm (t) we have that the product of monic irreducible polynomials over Fp

whose degree dividesm is given by

fpm (t) = twpm−1(t) = tp
m− t . (2.18)

The degree of fpm (t) is pm and may be expressed as the sum of the degrees of the

monic irreducible factors of fpm (t) such that

pm =
∑

d |m

d Lp(d), (2.19)

where the sum runs over all divisors d of m and Lp(d) is the number of monic ir-

reducible polynomials of degree d. The desired quality Lp(m) in Equation (2.17)

can now be obtained by application of the Möbius inversion formula. The classical

Möbius inversion states for the number theoretic functions u(m), and d(n), n > 1,

the following relation holds. Given u(m) such that

u(m) =
∑

d |m

h(d), then (2.20)

h(m) =
∑

d |m

µ(d) u

(

m

d

)

=

∑

d |m

µ

(

m

d

)

u(d), (2.21)

where µ(n) is the Möbius function (see Graham et al. [22, p. 136]) de�ned as

µ(n) =



1 if n = 1

(−1)k if n is the product of k distinct primes

0 if n has one or more repeated prime factors,

(2.22)
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Applying the Möbius inversion formula to (2.19) we obtain the number of monic

irreducible polynomials of degreem as

Lp(m) =
1
m

∑

d |m

µ(d) p
m
d =

1
m

∑

d |m

µ
(

m

d

)

pd . (2.23)

In general we note that the number of all irreducible polynomials of degreem (not

necessary monic) is obtained by multiplying (2.23) by p − 1. This is due to the fact

that multiplying a monic irreducible polynomial by any element of the multiplica-

tive group F∗p does not change its degree and still results in an irreducible polyno-

mial.

We now extend our results to count the number of monic irreducible polynomi-

als over �nite �eldsFq whose order is a prime power. A simple variable substitution

q = p su�ces generalizing (2.23) to

Lq(m) =
1
m

∑

d |m

µ(d) q
m
d =

1
m

∑

d |m

µ

(

m

d

)

qd . (2.24)

where q = pn for some integer n.

Let Nq(m) denote the number of distinct monic irreducible polynomials over Fq of

degree d 6 m with d |m. Evidently, Nq(m) provides a way to determine the cardinal-

ity of the set of all distinct cyclotomic cosets Dm and we have

|Dm | = Nq(m) − 1 =
∑

c |m

Lq(c) − 1 =
∑

c |m

[
1
c

∑

d |c

µ

(

c

d

)

qd
]
− 1 . (2.25)

Note that the set of distinct cyclotomic cosets Dm does not account for the monic

irreducible factor t in

fqm (t) = twqm−1(t) = t(tq
m−1 − 1),

and hence, we subtract by one on the right hand side of (2.25). The evaluation of

the double sum in (2.25) is not straightforward. However, using Theorem 2.5.1 we

may obtain a simpler expression for it.
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Theorem 2.5.1. The number of distinct monic irreducible polynomials over Fq of degree

d 6 m such that d |m is given by

Nq(m) =
1
m

∑

d |m

ϕ(d) q
m
d . (2.26)

Proof. We have that

Nq(m) =
∑

c |m

[
1
c

∑

d |c

µ
(

c

d

)

qd
]
. (2.27)

Further, we note that when c |m and d |c, then d |m. Making the substitution c = de

implies that e |m
d

, which will allow us to �rst invert and then simplify (2.27). We

continue by applying Möbius inversion to the identity

∑

k |n

ϕ(k) = n,

which was already encountered in (2.4), giving

ϕ(n) =
∑

k |n

n
µ(k)

k
. (2.28)

Using (2.28) we simplify (2.27) in the following manner

Nq(m) =
∑

c |m

∑

d |c

µ

(

c

d

)

qd

c

=

∑

d |m

∑

e |m
d

µ(e)
qd

de

=

∑

d |m

qd

d

∑

e |m
d

µ(e)

e

=

∑

d |m

qd

m

∑

e |m
d

m

d

µ(e)

e

=

1
m

∑

d |m

ϕ

(

m

d

)

qd =
1
m

∑

d |m

ϕ(d) q
m
d = |Dm | + 1 . (2.29)

�



17

For the special case where we consider only monic irreducible polynomials of

prime degreem = p, (2.24) and (2.26) further simplify to

Lq(m)|m=p =
1
m
(qm − q) and (2.30)

Nq(m)|m=p =
1
m
(qm + (m − 1)q), (2.31)

respectively.

2.5.1 Bounding the Number of Monic Irreducible Polynomials

In the preceding section we established that the number of monic irreducible poly-

nomials of degreem is given by (2.24) as

Lq(m) =
1
m

∑

d |m

µ(d) q
m
d .

The evaluation of the Möbius function in (2.24) is by no means trivial. The follow-

ing theorem gives an asymptotic approximation for (2.24) which is much easier to

compute.

Theorem 2.5.2. Let Fq[t]/p(t) denote an extension �eld over the �nite �eld withq elements.

Then an asymptotic estimate of the number of monic irreducible polynomials of degreem is

given by

Lq(m) =
qm

m
+O

(

q
m
2

m

)

(2.32)

Proof. For the lower bound of (2.24) we have that every nontrivial divisor ofm can-

not be larger thanm/2. Using the formula for the �nite geometric series we have

Lq(m) =
1
m

∑

d |m

µ(d) q
m
d >

1
m

[
qm −

⌊m2 ⌋∑

i=0

qi
]

>
1
m

[
qm − q

m
2 +1 − 1
q − 1

]

>
qm

m
− q

(q − 1)m
(q

m
2 − q−1), (2.33)
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such that

Lq(m) − qm

m
> − q

(q − 1)m
(q

m
2 − q−1) . (2.34)

In order to determine an upper bound for (2.24) we note that the number of terms

in the sum of (2.24) is given by

∑

d |m

|µ(d)| = 2n, (2.35)

with n denoting the number of distinct prime divisors pi ofm, where 1 6 i 6 n, and

we have

2n 6 p1p2 . . .pn 6 m . (2.36)

It then follows that

Lq(m) 6
qm

m
+

1
m

∑

d |m
d>1

µ(d) q
m
d

6
1
m

[
qm + q

m
2 +mq

m
3
]
, (2.37)

such that

Lq(m) − qm

m
6

q
m
2

m
+ q

m
3 , (2.38)

and we conclude that

Lq(m) =
qm

m
+O

(

q
m
2

m

)

.

�

2.5.2 Density of Monic Irreducible Polynomials

The results of the preceding section allow us to de�ne the density function Pq(m)

giving the probability that a randomly selected monic polynomial of degree m is

irreducible. Since there exist at most qm polynomials of degree m, Pq(m) is easily

obtained as

Pq(m) =
Lq(m)

qm
=

1
m
+O

(

q−
m
2

m

)

. (2.39)
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2.5.3 Aperiodic and Periodic Necklaces

Golomb showed in [8] that there exists a bijective mapping between the cyclotomic

cosets and cyclic equivalence classes ofm-bead necklaces composed from q colours.

Necklaces are q-ary strings over an alphabet of size q > 2 and may be sub divided

into periodic and aperiodic cyclic equivalence classes. Aperiodic (or primitive)

necklaces of length m form the subset of necklaces that require exactly m circular

plane shifts in order to return to their original con�guration (periodic necklaces re-

quire less than m shifts). In particular, as illustrated in Example 2.5.3, the number

of aperiodic cyclic equivalence classes of length m is given by (2.24) and the total

number of cyclic equivalence classes of q colour necklaces of length m aperiodic

and periodic is given by (2.29). The lexicographic smallest necklace of an aperiodic

cyclic equivalence class is called a Lyndon word and by convention is chosen as a

representative for the cyclic equivalence class of necklaces generated by its cyclic

shifts.

Example 2.5.3 (Cyclotomic Cosets and Necklaces). Consider F16 which is isomorphic

to Fqm = F24 representing the polynomials of degree less than m = 4 over F2. Ordered by

constant, linear, quadratic, and cubic terms we have,

F24 = { 0, 1,

t , t + 1,

t2, t2
+ 1, t2

+ t , t2
+ t + 1,

t3, t3
+ 1, t3

+ t , t3
+ t2, t3

+ t + 1,

t3
+ t2
+ 1, t3

+ t2
+ t , t3

+ t2
+ 1 }

Let us assume we are given a primitive polynomialp(t) = t4
+t+1 such thatF24 = F2[t]/p(t),

and let д be a primitive element of F24 such that β = дd |d=1 is a root of unity of order

15 = 24 − 1 and also a root of p(t). Then p(β) = 0 implies that,

β4
= β + 1 and β = β4

+ 1 = (β + 1) + 1 = β .
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βk = a3β
3
+a2β

2
+a1β+ a0 a3a2a1a0

β−∞ = 0000
β15
= β0

= 1 0001
β1
= β 0010

β2
= β2 0100

β3
= β3 1000

β4
= β + 1 0011

β5
= β2

+ β 0110
β6
= β3

+ β2 1100
β7
= β3

+ β + 1 1011
β8
= β2

+ 1 0101
β9
= β3

+ β 1010
β10

= β2
+ β + 1 0111

β11
= β3

+ β2
+ β 1110

β12
= β3

+ β2
+ β + 1 1111

β13
= β3

+ β2
+ 1 1101

β14
= β3

+ 1 1001

Table 2.1: Finite �eld representation for F2[t]/(t
4
+ t + 1).

Since β has order 15 we require that β15
= 1, which is indeed the case as shown below

β15
= (β β4)3

= β3(β + 1)3

= β3(β + 1)(β + 1)(β + 1)

= β3(β3
+ β2

+ β + 1)

= β6
+ β5

+ β4
+ β3

= β4(β2
+ β) + (β + 1) + β3

= (β + 1)(β2
+ β) + (β + 1) + β3

= (β3
+ β2

+ β2
+ β) + (β + 1) + β3

= (β3
+ β3) + (β2

+ β2) + (β + β) + 1

= 1,

This con�rms that β is a primitive element of F24 . In a similar fashion we can compute the

remaining powers of β to generate all other elements of F∗
24 . Table 2.1 lists the elements of
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F24 as a vector space using {β3,β2,β1,β0
= 1} as a basis. By convention β−∞ is denoting

the element 0 in any �nite �eld Fpm .

Cyclotomic coset Conjugates

C0 = {0} β0: β0

C1 = {1,2,4,8} = C2 = C4 = C8 β1: β1,β2,β4,β8
= β24 (β16

= β)

C3 = {3,6,9,12} = C6 = C9 = C12 β3: β3,β6,β12,β24
= β24 (β48

= β3)

C5 = {5,10} = C10 β5: β5,β10 (β20
= β5)

C7 = {7,11,13,14} = C11 = C13 = C14 β7: β14,β28
= β13,β56

= β11 (β112
= β7)

Table 2.2: Cyclotomic cosets for F16.

Using (2.14), the q-cyclotomic cosets of q = 2 modulo k = 15 that partition Z15 in

disjoint subsets are given in Table 2.2 along with the root conjugates they represent. The

smallest entry in each coset is referred to as the coset representative. We may now com-

pute the minimal polynomials that are the irreducible factors of w15(t). The procedure is

illustrated by computing η5(t) from C5 as follows

η5(t) = (t − β5)(t − β10)

= t2
+ (β5

+ β10)t + β15

= t2
+ (β5

+ β10)t + 1 .

From Table 2.1 we have

β5
+ β10

= (β2
+ β) + (β2

+ β + 1)

= 1,

and thus

η5(t) = t2
+ t + 1 .

The remaining minimal polynomials are computed accordingly with a complete listing pro-

vided in Table 2.3. Not surprisingly we see that primitive polynomial p(t) = t4
+ t + 1

that we used to construct Table 2.1 is given by the minimal polynomial η1(t). The bijective

mapping observed by Golomb in [8] becomes apparent when the cyclotomic cosets are ex-

pressed asm-digit strings in base-q and compared to the cyclic equivalence classes ofm-bead
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Cyclotomic coset in base q=2 Minimal polynomial

C0 = {0000} η0(t) = t + 1

C1 = {0001,0010,0100,1000} η1(t) = t4
+ t + 1 = η2(t) = η4(t) = η8(t)

C3 = {0011,0110,1100,1001} η3(t) = t4
+ t3
+ t2
+ 1 = η6(t) = η9(t) = η12(t)

C5 = {0101,1010} η5(t) = t2
+ t + 1 = η10(t)

C7 = {0111,1110,1101,1011} η7(t) = t4
+ t3
+ 1 = η11(t) = η13(t) = η14(t)

{1111} η−∞(t) = t

Table 2.3: Cyclotomic cosets of F2m and binary necklaces of length m=4.

necklaces composed from q colours. A close inspection of the base-q coset representation in

Table 2.3 reveals that coset members are simply cyclic shifts of the smallest coset represen-

tative. Connecting the ends of the binary coset members to form necklaces we see that there

exists a one-to-one correspondence between each cyclotomic coset and one of binary neck-

laces in Figure 2.1 in all its possible circular shifts. Note that Table 2.3 includes η−∞(t) = t ,

the trivial irreducible factor of f16(t), which represents the necklace 1111. Necklaces can be

Figure 2.1: Binary necklaces of length m = 4.

subdivided into aperiodic (or primitive) and periodic necklaces. Aperiodic necklaces are the

subset of necklaces that require exactly m planar shifts in order to return to their original

con�guration (periodic necklaces require less thanm shifts). From Table 2.3 it is easy to see

that the cyclic equivalence classes of aperiodic necklaces are precisely those that are mapped

to the cosets representing minimal polynomials of degreem. The lexicographically smallest

aperiodic necklaces that represents these cosets of sizem are referred to as Lyndon words [7]

and thus, their number Lq(m) is equal to the number of monic irreducible polynomials of

degreem derived earlier,

Lq(m) =
1
m

∑

d |m

µ(d) q
m
d .
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Similarly, the total number of necklaces from q colours and lengthm aperiodic or periodic is

given by

Nq(m) =
1
m

∑

d |m

ϕ(d) q
m
d .

2.6 Summary

This chapter introduced the mathematical notation and constructs used through-

out this dissertation. Furthermore, the algebraic and number theoretic background

linking the number of irreducible monic polynomials of degree m over Fq to the

number ofm-beadq-coloured aperiodic necklaces were discussed in detail. Explicit

formulas for the enumeration of necklaces were given and were illustrated by ex-

ample. Upper and lower bounds on the number of monic irreducible polynomials

of degreem were given and used to derive an asymptotic expression not dependent

on the Möbius function.

The next chapter builds on the results derived in the preceding sections and

presents new results of fundamental nature, namely an asymptotic expansion of

the truncated polylogarithm function along with the prime polynomial theorem

for �nite �elds.
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Chapter 3

An Analogue of the Prime Number

Theorem for Polynomials over Finite

Fields

Using the notation from Chapter 2, Fq[t] denotes the collection of all univariate

polynomials over Fq, where q is a prime power. A prime polynomial in Fq[t] is

an irreducible polynomial and as such it cannot be factored as a product of non-

constant polynomials of lower degree over the same �eld. As already seen in Sec-

tion 2.3.1, prime polynomials over �nite �elds are the analogue to prime numbers

as both can only be trivially factored. While no rigorous direct connection between

prime numbers and prime polynomials over �nite �elds has been established to

date, there are many fundamental analogies (see Rosen [23] and Iwaniec et al. [24]

for an introduction). In this chapter, a very precise asymptotic expansion for the �-

nite �eld analogue of the classical prime counting function from number theory is

derived. The approximation given is obtained via an exponentially accurate asymp-

totic expansion of the truncated polylogarithm function which requires very little

computational e�ort. The expansion formulas developed are general and have ap-

plications in numerous areas other than the enumeration of prime polynomials.
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3.1 Enumeration of Prime Polynomials

The well-known prime counting function that enumerates the prime numbers less

than or equal to a given number x > 2 is de�ned as

π(x) =
∑

p6x
p prime

1 . (3.1)

The asymptotic distribution of prime numbers among the positive integers, giving

the probability of a randomly chosen integer less than x is prime is very close to

1/logx . Conditional on the still unproven Riemann hypothesis, an approximation

and error bound for (3.1) was given by von Koch in [25] as

π(x) =

∫ x

2

dt

log t
+O(

√
x logx)

= li(x) − li(2) +O(
√
x logx)

= Li(x) +O(
√
x logx), (3.2)

where li(x) and Li(x) denote the logarithmic integral and o�set logarithmic inte-

gral respectively. The latter notation is an unfortunate historic artifact and should

not be confused with Lis(x) which denotes the polylogarithm function and is used

subsequently in this dissertation.

The logarithmic and exponential integral are related via li(x) = Ei(log x). An-

alytic continuation of the exponential integral and repeated integration by parts

yields the well known Poincaré type expansion formula for π(x) (see Lebedev [26,

p. 32–38])

πN (x) ∼
x

logx



N−1∑

n=0

n!
(log x)n

+ RN (x)


, (3.3)

where

RN (x) 6 CN
N !

(log x)N
, (3.4)

and x ∈ R with x > 2, and CN is a constant. For N → ∞, the expansion in (3.3)

eventually diverges for any �nite value of x because RN (x) is unbounded. Therefore,

this expansion can provide a reasonable estimate only if the series is truncated at a



26

�nite number of terms since RN (x) is then of order O(x−N ) and approaches zero as

x →∞ .

The �nite �eld analog to (3.1) enumerates the irreducible monic polynomials

over Fq of degree less than or equal to m and is denoted by

πq(m) = πq(X ) =
∑

deg f 6m

f monic, irreducible

1, (3.5)

wherem > 1.

From Section 2.5 of the previous chapter (see also Berlekamp [19, p. 84]) we have

that the number of irreducible monic polynomials over the �nite �eld Fq of degree

m is given as

Lq(n) =
1
n

∑

d |n

µ(d) q
n
d , (3.6)

where the sum runs over all divisors of n, and µ(d) is the Möbius function as de-

�ned in (2.22). Equation (3.6) also counts the number of cyclic equivalence classes

of aperiodic n-bead necklaces composed from q colours. An aperiodic necklace of

length n returns to its original con�guration after exactly n plane shifts. The lexi-

cographically smallest of these cyclic shifts is referred to as a Lyndon word and by

convention is chosen as the necklace representing the equivalence class [7].

From (3.6), we can establish the prime polynomial (or Lyndon word) counting

function as

πq(m) =

m∑

n=1

Lq(n) . (3.7)

When enumerating Lyndon words such that the zero-length word is allowed the

count of (3.7) must be increased by one. Equation (3.7) is precluded from straight-

forward evaluation due to its dependence on the Möbius function.

Nevertheless, using Theorem 2.5.2 the number of irreducible monic polynomi-

als of degree n can be approximated by

Lq(n) =
qn

n
+O

(

q
n
2

n

)

(3.8)
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Substituting the approximation for Lq(n) from (3.8) into (3.7) yields

πq(m) =

m∑

n=1

[
qn

n
+O

(

q
n
2

n

)]

=

m∑

n=1

qn

n
+O

(

q
m
2

m

)

(3.9)

Several attempts to develop an asymptotic expansion formula for the sum in

(3.9) have been made. To the best of our knowledge the �rst correct result is due

to Kruse et al. who provided a �rst order approximation in 1990 [2]. More recently,

Wang et al. extended this result to a second order approximation in [3]. Pollack was

the �rst to explore a �nite �eld analogue akin to (3.3) in his 2010 paper [4]. Pollack’s

approach is slightly di�erent in that he considers the number of irreducible polyno-

mials less than integers that encode univariate polynomials over a �nite �eld in a

bijective mapping. However, as in [2] and [3], the asymptotic expansion provided in

[4, Theorem 2] rests on the approximation of the sum in (3.9). An estimate is given

in form of the series expansion in [4, Lemma 6] that depends on coe�cients that

involve the evaluation of in�nite series. An asymptotic result for these coe�cients

is provided in [4, Lemma 7]. However, while the resulting asymptotic expansion

resembles that of (3.3), it yields inferior numerical results when compared with the

results of [2] and [3].

In this dissertation we provide a new asymptotic expansion formula for (3.7)

based on (3.9) and analogous to (3.3). Our approach computes e�ciently and pro-

vides more accurate results than the approximation provided by [2] and [3] and

[4, Lemma 7]. However, before doing so we outline the �rst order approximation

of Kruse et al. as their result appeals due to its simplicity and is only available in

German.

Theorem 3.1.1 (Kruse et al. 1990). Let Fq[t] denote the univariate polynomials with co-

e�cients in Fq. Then for m ∈ N+, m → ∞, the number of irreducible monic polynomials

over Fq of degree less than or equal tom is given by the �rst order approximation

πq(m) =

m∑

n=1

Lq(n) ∼
q

q − 1
X

logq X
(X = qm) . (3.10)
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We prove Theorem 3.1.1 with the help of Lemma 3.1.2 that uses the asymptotic

expression for the number of monic irreducible polynomials given in (3.9).

Lemma 3.1.2. For su�ciently largem and q > 1
2(
√

33 − 3) ≈ 1.372 the series

am(q) =

( m∑

k=1

qk

k

)

/qm

m
(3.11)

converges with

lim
m→∞

am(q) =
q

q − 1
.

Proof. The numerator of series (3.11) may be written as

m∑

k=1

qk

k
=

qm

m

m−1∑

k=0

mq−k

m − k

=

qm

m

[m−1∑

k=0

(m − k) + k
m − k q−k

]

=

qm

m

[m−1∑

k=0

(

1 +
k

m − k

)

q−k
]
, (3.12)

which allows us to rewrite (3.11) as,

am(q) =

m∑

k=1

mqk

kqm
=

m−1∑

k=0

(

1 +
k

m − k

)

q−k

=

m−1∑

k=0

1
qk
+

1
m − 1

bm(q), (3.13)

where

bm(q) =

m−1∑

k=1

k(m − 1)
qk (m − k) . (3.14)

It remains to show that for large enough m, the series bm(q) is positive and mono-

tonically decreasing. We have
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bm(q) − bm+1(q) =

m−1∑

k=1

[
k(m − 1)
qk(m − k) −

km

qk (m + 1 − k)

]
− m2

qm

=

m−1∑

k=1

k(k − 1)
qk (m − k)(m + 1 − k)

− m2

qm

>
(m − 3)(m − 2)

6qm−2
+

(m − 2)(m − 1)
2qm−1

− m2

qm

>
1

6qm
[
m2

(

q2
+ 3q − 6

)

−m(5q2
+ 9q) + 6(q2

+ q)
]
, (3.15)

where q2
+ 3q − 6 > 0 when q > 1

2 (
√

33 − 3) ≈ 1.372, and for su�ciently largem the

series in (3.13) converges with

lim
m→∞

am(q) =
q

q − 1
. (3.16)

�

Since we require q > 2 for a �nite �eld to exist, we deduce from (3.9) and

Lemma 3.1.2 that Theorem 3.1.1 holds.

Theorem 3.3.1 provides a Poincaré type expansion for (3.7) that is based on (3.9)

and analogous to (3.3). It is one of the main results of this dissertation and a sig-

ni�cant improvement on the results in [2], [3], and [4]. The proof of Theorem 3.3.1

relies on asymptotic expansions of the Eulerian polynomials and truncated poly-

logarithm function, which are discussed in detail in the next section.

3.2 Asymptotic Expansions of the Truncated Polyloga-

rithm

In this section, an accurate asymptotic expansion of the truncated polylogarithm

function is presented. While the results given here are required for the proof of

Theorem 3.3.1 in Section 3.3, they �nd application in many areas of combinatorics

other than the enumeration of prime polynomials.
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De�nition 3.2.1. The truncated polylogarithm function is given by the �nite series

L(z,s,m) =

m∑

n=1

zn

ns

(z ∈ C; s ∈ C; m ∈ N+) .
(3.17)

De�nition 3.2.1 is the mth partial sum resulting from truncating the in�nite se-

ries representation of the polylogarithm. The polylogarithm, also known as Jon-

quière’s function (see Jonquière [27] and Truesdell [28]), is de�ned as

Lis(z) =
∞∑

n=1

zn

ns
= zΦ(z,s,1)

(z ∈ C; s ∈ C when |z| < 1; ℜ(s) > 1 when |z| = 1),

(3.18)

where Φ(z,s,1) denotes the Lerch transcendent (see Srivastava et al. [29, p. 121],

which is given by the power series

Φ(z,s,a) =

∞∑

n=0

zn

(a + n)s

(z ∈ C; s ∈ C when |z| < 1; ℜ(s) > 1 when |z| = 1; a ∈ C \Z−, a , 0) .

(3.19)

The Lerch transcendent is analytically continued via the following integral repre-

sentation valid for the cut z-plane with z ∈ C \ [1,∞) (see Erdélyi et al. [5, p. 27])

Φ(z,s,a) =
1

Γ(s)

∫
∞

0

ts−1 e−(a−1)t

et − z dt

(ℜ(s) > 0 when |z| ≤ 1, z , 1; ℜ(s) > 1 when z = 1; ℜ(a) > 0),

(3.20)

where Γ(s) denotes the gamma function, and the integrant has simple poles located

at

tk = log z + 2kπi (k = 0, ±1, ±2 . . . ) . (3.21)

The Lerch transcendent plays an important role in many applications in applied

and pure mathematics. A thorough discussion of its properties is provided in Fer-

reira et al. [15], Chaudhry et al. [30, pp. 316–318], and more recently Lagarias et

al. [31]. These works predominately focus on the analytic continuation and approx-

imation of the Lerch transcendent for the domain z ∈ C \ [1,∞), as then the above
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integrant (or an expansion of this integrant), can be integrated along a suitable Han-

kel contour that avoids the poles tk .

The truncated polylogarithm function can be expressed in terms of the Lerch

transcendent as

L(z,s,m) = zΦ(z,s,1) − zm+1
Φ(z,s,m + 1) . (3.22)

However, excluding z ∈ [1,∞) from the domain precludes the use of the truncated

polylogarithm function for many practical applications, among them the enumera-

tion of prime polynomials over �nite �elds. Hence, in the subsequent discussion we

develop a Poincaré type expansion that allows us to evaluate (3.22) for |z| > 1 with

remarkable accuracy. For this we consider a combination of two divergent series

expansions of the Lerch transcendent. Despite divergence, these series expansions

are extraordinarily accurate when optimally truncated as per the following de�nition

due to Bender and Orszag [32, Ch. 3].

De�nition 3.2.2 (The Optimal Truncation Rule). Consider a function f (t) and let {fn(t)}

be an asymptotic sequence for t → t0 such that

f (t) ∼

N−1∑

n=0

an fn(t)

is an asymptotic series expansion of f (t) as t → t0. Typically, for a divergent series expan-

sion the magnitude of successive series terms initially decreases until a minimum is reached

and thereafter increases without bound due to the divergent nature of the series. Optimal

truncation is de�ned as the partial sum up to but not including the least series term [32,

Ch. 3]. The index of the least term that is also used to denote the order of the expansion, is

indicated by N∗. The least term is an estimate for the approximation error

��� f (t) −
N∗−1∑

n=0

an fn(t)
��� = O( fN∗(t) ),

that thereby is minimized.

The optimal truncation rule given by De�nition 3.2.2 is by no means strictly

valid for all divergent series and is justi�ed more often by empirical evidence rather

than by rigorous proof. The resulting asymptotic expansion is also referred to as

superasymptotic and typically exhibits an exponentially small error term [33].
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The proof of Theorem 3.3.1 requires Lemma 3.2.4 and Theorem 3.2.7. Lemma

3.2.4 provides an approximation for Eulerian polynomials not previously found in

the literature. Eulerian polynomials (not to be confused with the Euler polynomials

[5, pp. 40–43]), were introduced by Euler in the 18th century and have since found

numerous applications in enumerative, algebraic, and geometric combinatorics. A

general introduction to these polynomials can be found in [34], [35], and [36]. The

de�nitions associated with Eulerian polynomials in the literature are not consistent

and we largely draw on [6] for our de�nitions and notation.

De�nition 3.2.3. The nth Eulerian polynomial is given by

An(z) =

n∑

k=0

A(n,k) zk z ∈ C; n ∈ N0 . (3.23)

The coe�cientsA(n,k) are positive integers, commonly referred to as Eulerian numbers, and

are generated by the recurrence relation

A(n,k) = (k + 1)A(n − 1,k) + (n − k)A(n − 1,k − 1), 1 6 k 6 n − 1 (3.24)

subject to the boundary conditions

A(n,0) = 1, n > 0 and

A(n,k) = 0, k > n .

Eulerian numbers are perhaps best known for their combinatorial interpretation

as the number of permutations in the symmetric group Sn having exactly k ascents

(see Graham et al. [22, pp. 253–255] and Carlitz et al. [37]). While the asymptotic

properties of Eulerian numbers have been well studied (see for example [38], [39]

and [40]), those of the Eulerian polynomials have not received an equally rigorous

treatment. In what follows we take a generating function approach to derive a sim-

ple yet accurate approximation formula for these polynomials.

Lemma 3.2.4. For �xed z ∈ C\{0, 1}, with | arg(z)| < π, | logz| < 2Kπ, and n ∈ N+, the

nth Eulerian polynomialAn(z) is given by

An,K(z) =
(z − 1)n+1

z


1

(log z)n+1
+TK (z,n + 1)


n!, (3.25)
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where K ∈ N+ is the order of the expansion and

TK (z,n) = 2
K−1∑

k=1

⌊n2 ⌋∑

j=0

(

n

2j

)

(−1)j (2πk)2j(log z)n−2j

(4π2k2
+ (log z)2)n

+ RK (z,n),

with

|RK (z,n)| 6
CK

| log z + 2Kπ |n−1
,

and CK a �nite quantity dependent on z.

Proof. Euler’s bivariate exponential generating function enumerating the Eulerian

polynomials is provided in Foata [6, (2.8)] as

f (z,u) =
z − 1

z − e(z−1)u
=

∞∑

n=0

An(z)
un

n!
. (3.26)

Substituting u = t/(z − 1) and multiplying by 1/(1 − z) yields

д(z,t) =
1

et − z = −
∞∑

n=0

an(z) t
n, an(z) =

An(z)

(z − 1)n+1 n!
. (3.27)

The generating function д(z,t) is meromorphic on C and has simple poles located

at

tk = log z + 2kπi, k = 0, ±1, ±2 . . .

Hence, the power series of д(z,t) is convergent in the disk about the origin of radius

R0 < | log z|. Consider now the Laurent series of д(z,t) about each of the poles tk .

Their principal part is given by

PP(д,tk) =
Res(д,tk)
t − tk

= −
∞∑

n=0

bn,k(z) t
n, bn,k(z) =

Res(д,tk)

tn+1
k

, (3.28)

where Res(д,tk) denotes the residue of д(z,t) at tk which is easily obtained using

L’Hôpital’s rule as

Res(д,tk) = lim
t→tk

t − tk
et − z

H

=

1
z
. (3.29)
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Following Wilf [41, pp. 142–146], we �nd that for any �xed integer K the function

hK(z,t) = д(z,t) −
∑

−K<k<K
PP(д,tk) (3.30)

= −
∞∑

n=0

an(z) t
n
+

∞∑

n=0



∑

−K<k<K
bn,k(z)


tn =

∞∑

n=0

cn(z) t
n
, (3.31)

is analytic at tk , k = 0, ±1, . . . ± [K−1], and its power series expansion about the

origin converges in the disk of radius RK < |tK |. By the Cauchy–Hadamard theorem

[42, p. 142] we may bound the growth of the coe�cients cn(z) as n → ∞. In partic-

ular, by Theorem 2.4.3 in [41, p. 49] for any given ϵ > 0, there exists an integer N

such that for all n > N

|cn(z)| <

(

1
RK
+ ϵ

)n

= rK (z)
n . (3.32)

Comparing the absolute value of the coe�cients in (3.31) as n approaches in�nity,

we see that |an(z)| is much larger than |cn(z)| when n > N . More generally, by Theo-

rem 5.2.1 in [41, p. 174] the coe�cients an(z) can be approximated by

an,K (z) =
∑

−K<k<K
bn,k(z) +O(rK (z)

n), (3.33)

which yields

an,K (z) =
An,K (z)

(z − 1)n+1 n!
=

∑

−K<k<K
Res(д,tk)/(log z + 2πki)n+1

+O(rK (z)
n) . (3.34)

The partial sum in (3.34) is a special case of the series studied by Lindelöf and

Wirtinger [43]. Expanding the terms of the sum in binomial series and extracting

the term due to the pole closest to the origin, we obtain the Kth order asymptotic

formula

An,K(z) =
(z − 1)n+1

z

[
1

(log z)n+1
+TK (z,n + 1)

]
n!

(z ∈ C\{0, 1}, | arg(z)| < π, | log z| < 2Kπ; n ∈ N+; K ∈ N+)
(3.35)
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where TK (z,n) is given by

TK (z,n) = 2
K−1∑

k=1

⌊n2 ⌋∑

j=0

(

n

2j

)

(−1)j (2πk)2j(log z)n−2j

(4π2k2
+ (log z)2)n

+O(rK (z)
n−1) . (3.36)

For �xed n and | log z| < 2Kπ, we have that rK (z) is of orderO(| log z + 2Kπ|−1) so that

(3.35) is accurate up to an arbitrary small error that depends only on K . �

Remark 3.2.5. T1(z,n) can be expressed in an alternative form involving Bernoulli

polynomials as follows. The generating function for Bernoulli polynomials (see

Apostol [44, p, 264]) is given by

b(t ,x) =
t ext

et − 1
=

∞∑

j=0

Bj(x)
tn

j!
(|t | < 2π) . (3.37)

From which д(t ,z) from (3.27) is obtained in terms of b(t ,x) as

д(t ,z) =
Res(д,t0)
t − t0

b(t − t0,0) =
1

et − z

=

1
z(t − log z)

+

1
z

∞∑

j=0

Bj+1

(j + 1)!
(t − log z)j , (3.38)

where Bn(0) = Bn denotes the nth Bernoulli number with B0 = 1. Substituting the

power series expansion from (3.27) for д(z,t) and expanding the right hand side of

(3.38) as a binomial series gives after simpli�cation

An,1(z) =
(z − 1)n+1

z

[
1

(log z)n+1
−

∞∑

j=0

(−1)j Bn+j+1

(n + j + 1)n! j!
(log z)j

]
n!,

(z ∈ C\{0, 1}, | arg(z)| < π, | log z| < 2π; n ∈ N+),

(3.39)

from which it can be deduced that

T1(z,n) =

∞∑

j=0

(−1)j+1 Bn+j

(n + j) (n − 1)! j!
(log z)j . (3.40)

Remark 3.2.6. We draw attention to an asymptotic expression for the polylogarithm

of negative integer order that directly follows from Lemma 3.2.4.
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From the Dirichlet series for the polylogarithm provided by (3.18), for negative

integer orders we obtain

Li−s (z) =
∞∑

n=1

nszk = zΦ(z,−s,1)

(z ∈ C, |z| < 1; s ∈ N0) .

(3.41)

We further have that Li−s(z) is related to the Eulerian polynomials [6, (3.2)] by

Li−s(z) =
zAs (z)

(1 − z)s+1
(s ≥ 0) . (3.42)

From (3.42), it is observed that Li−s (z) extends to a meromorphic function on Cwith

a pole of multiplicity s + 1 located at z0 = 1. Thus, we may analytically continue

(3.42), and after applying Lemma 3.2.4 we obtain the following approximation for-

mula for the polylogarithms of negative integer order which is valid beyond the

unit disk in which its power series converges

Li−s ,K (z) = (−1)s+1


1
(log z)s+1

+TK (z,s + 1)

s!

(z ∈ C\{1}, | arg(z)| < π, | log z| < 2Kπ; n ∈ N+; K ∈ N+) .
(3.43)

Using the de�nition forT1(z,n) in (3.40), an expression for Li−s ,1(z) valid for | log z| <

2π in terms of Bernoulli polynomials can be obtained which is a well known result

in special functions theory (see for example Erdélyi et al. [5, p. 30] and Srivastava

et al. [45, p. 198]).

The following proposition provides the asymptotic expansion of the truncated

polylogarithm function for |z| > 1 which is a key result of this dissertation.

Theorem 3.2.7. For �xed z ∈ C, |z| > 1, | arg(z)| < π, �xed s ∈ N+, and m ∈ N+with

m →∞, the truncated polylogarithm function is given by the asymptotic expansion

LN (z,s,m) =
z

z − 1
zm

m



N−1∑

n=0

(

n+s−1
n

) An(z)

(z − 1)nmn+s−1
+ RN (z,s,m)


. (3.44)
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The error term is asymptotically bounded by

|RN (z,s,m)| 6 CN
|z − 1| (N + s − 1)!
|z (log z)N+1|mN+s−1

, (3.45)

whereCN is a �nite quantity independent ofm, andAn(z) denotes the nth Eulerian polyno-

mial. The error term becomes exponentially small when the series is optimally truncated.

Proof. Consider the de�nition of the truncated polylogarithm function in terms of

the Lerch transcendent given in (3.22) with the integral representation of the Lerch

transcendent given in (3.20). We may rewrite (3.20) as Laplace type integral as fol-

lows

Φ(z,s,a) =
1

Γ(s)

∫
∞

0

�
ts−1д(z,t)

�
e−(a−1)t dt , д(z,t) =

1
et − z . (3.46)

In the following we restrict z such that |z| > 1 and further limit s and a to positive

integers to ease notation; however, the results are readily extended for |z| < 1 and

suitable sets of complex values for s and a (see [15] for a discussion).

We continue by noting that the Maclaurin series of д(z,t) is convergent for 0 <

t < | logz| and we have

д(z,t) = −
N−1∑

n=0

an(z) t
n
+ rN (z), an(z) =

An(z)

(z − 1)n+1 n!
, (3.47)

which is a series we are already familiar with from Lemma 3.2.4. However, we note

that the interval of convergence for this series is only a small portion of the entire

integration region of the integral (3.46). Nevertheless, with the integral being of

Laplace type, we obtain an approximation for Φ(z,s,a) using Watson’s Lemma [46]

(see also Olver [47, pp. 71–72] for a contemporary version of the proof). As required

by Watson’s Lemma we have that for �xed s and z and positive c

| ts−1д(z,t) | = O(ect )

as t →∞ . This allows for the use of a truncated Maclaurin series in the integrant of

(3.46) in place of д(z,t). A reversal of summation and integration yields the asymp-
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totic series expansion

ΦN (z,s,a) =
−1

(s − 1)!

N−1∑

n=0

[
an(z)

∫
∞

0
tn+s−1 e−(a−1) t dt

]
+ RN (z,s,a), (3.48)

where

RN (z,s,a) =
1

(s − 1)!

∫
∞

0

�
ts−1 rN (z)

�
e−(a−1) t dt , (3.49)

and the integral in (3.48) is a special case of the gamma function that using [30,

(7.47), p. 294] evaluates to

∫
∞

0
tn+s−1 e−(a−1)t dt =

(n + s − 1)!
(a − 1)n+s

. (3.50)

After simpli�cation and reordering of terms, (3.48) can be written as

ΦN (z,s,a) = −
N−1∑

n=0

(

n+s−1
n

)

(z − 1)−n−1An(z)

(a − 1)n+s
+ RN (z,s,a) . (3.51)

We note that (3.51) is not de�ned for a = 1 and, being the result of the termwise in-

tegration of a divergent series, does itself not converge. However, as will be shown

later, optimal truncation as per De�nition 3.2.2 holds. Examining (3.34) to (3.36)

from Lemma 3.2.4 we �nd that the dominant contribution to the magnitude of an(z)

in (3.47) is due to the principal part of the Laurent series about the pole nearest to

the origin while the contributions of the remaining poles are negligible as n ap-

proaches in�nity. Hence, we may asymptotically bound the error in (3.51) using a

�rst order approximation to aN (z) based on (3.34), giving

|RN (z,s,a)| 6 CN
(N + s − 1)!

|z (log z)N+1| (a − 1)N+s
, (3.52)

where CN is a constant.

Consider now an alternative choice of an Laplace type integral given by

Φ(z,s,a) =
1

Γ(s)

∫
∞

0

�
ts−1д̃(z,t)

�
e−at dt , д̃(z,t) =

1
1 − ze−t . (3.53)
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Interestingly, the Maclaurin series of д̃(z,t) resembles that of д(z,t), a fact easily de-

duced from
(

∂

∂t

)n 1
et − z

�����t=0
=

(

∂

∂t

)n 1
1 − zet

�����t=0
=

(

−z ∂

∂z

)n 1
1 − z , (3.54)

and we have

д̃(z,t) = −
N−1∑

n=0

an(z) t
n
+ r̃N (z), an(z) =

An(z)

(z − 1)n+1 n!
, (3.55)

which converges for 0 < t < | log z| .

Applying Watson’s Lemma to (3.53), we obtain the slightly di�erent expansion

formula

ΦN (z,s,a) = −
N−1∑

n=0

(

n+s−1
n

)

(z − 1)−n−1An(z)

an+s
+ RN (z,s,a), (3.56)

which, contrary to (3.51), is well de�ned for all a > 0. In general, we have that the

error terms in (3.51) and (3.56) are distinct. In particular, an asymptotic error bound

for (3.56) is obtained from Lemma 3.2.4 analogous to (3.52) by replacing Res(д,tk)

with Res(д̃,tk) = 1 in (3.34), giving

|RN (z,s,a)| 6 CN
(N + s − 1)!

|(log z)N+1|aN+s
, (3.57)

where CN is a constant.

We combine the expansions (3.51) and (3.56) into a joined expression as follows

ΦN (z,s,a) = −
N−1∑

n=0

(

n+s−1
n

)

(z − 1)−n−1An(z)

(a − φa(z))n+s
+ RN (z,s,a)

(z ∈ C\{1}, | arg(z)| < π; s ∈ N+; a ∈ N+, a →∞; N ∈ N+),

(3.58)

here φa(z) is de�ned as

φa(z) =



1 if a > 1 and |z| > 1

0 otherwise
z ∈ C; a ∈ N+, (3.59)
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and the asymptotic error term for (3.58) is given by

|RN (z,s,a)| 6 CN
(N + s − 1)!

|zφa (z)(log z)N+1| (a − φa(z))N+s
, (3.60)

where CN is a constant. The purpose of φa(z) is to ensure the use of (3.51) when

|z| > 1 and a > 1, and the use of (3.56) otherwise. This has the advantage that the

magnitude of the asymptotic error term in (3.60) is reduced by a factor proportional

to |z| and at the same time ensures that (3.58) is de�ned for all a > 0.

A related expansion formula for Φ(z,s,a) is de�ned for z < [1,∞) by Ferreira et

al. in [15, Theorem 1]. It is using a Maclaurin expansion of д̃(z,t) at its core for all

a > 0, such that for |z| > 1 the error in the approximation is worse when compared

with (3.58). Nonetheless, the results of [15] can be used to prove that (3.58) remains

valid when |z| < 1.

For �xed z and s the error term in (3.60) is of order O(a−N−s ) and negligible as

a →∞ . The error term is consistent with Poincaré’s de�nition for asymptotic series

expansions. Moreover, when (3.58) is optimally truncated as per De�nition 3.2.2

the expansion exhibits an exponentially small error term. In order to show this we

rewrite (3.58) as

ΦN (z,s,a) = −
N−1∑

n=0

wn(z,s,a) + RN (z,s,a),

where

wn(z,s,a) =

(

n+s−1
n

)

(z − 1)−n−1An(z)

(a − φa(z))n+s
.

Then an estimate for the order of the optimally truncated series expansion (or the

index of the least term of the series) denoted by N̂∗(z,s,a) is obtained by bounding

the ratio of successive series terms as follows.

1 >
�����
wn+1(z,s,a)

wn(z,s,a)

�����

>
|An+1(z) |

|An(z) |

n + s

(n + 1)(z − 1)(a − φa(z))
∼

n + s

(a − φa(z)) | log z|
, (3.61)

where the �rst order approximation for Eulerian polynomials provided by Lemma

3.2.4 has been used. Solving (3.61) for n and noting that N∗ − 1 = n we have

N∗ ∼ N̂∗(z,s,a) 6
�
(a − φa(z)) | log z|

�
− s + 1 . (3.62)
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From Ursell’s strong form of Watson’s Lemma (see Ursell [48] and Paris [49, p. 76])

we have that when (3.58) is truncated such that the order of the expansion is given

by

N̂∗(z,a) =
�
r (a − φa(z))

�
+ 1 ( 0 < r < | log z| ), (3.63)

the error term satis�es RN̂∗(z,a) = O(e−r (a−φa(z))) as a → ∞ . Noting that for �xed s

(3.62) and (3.63) are asymptotically equivalent we conclude that the approximation

error of (3.58) is exponentially small when the series is optimally truncated.

Using (3.58) we may express the truncated polylogarithm in terms of optimally

truncated series as

LN∗,Ñ∗(z,s,m) = zΦÑ∗(z,s,1) − z
m+1

ΦN∗(z,s,m + 1) . (3.64)

with Ñ∗ independent ofm and Ñ∗ ≪ N∗ asm →∞. For �xed s and z, |z| > 1, the opti-

mally truncated series expansion ΦÑ∗(z,s,1) in (3.64) is a �nite quantity. Therefore,

as m → ∞, the contribution of zΦÑ∗(z,s,1) is asymptotically negligible compared

to the contribution of zm+1
ΦN∗(z,s,m + 1) and for �xed s and z we have

LN (z,s,m) = −zm+1
ΦN (z,s,m + 1) +O(1) (m →∞), (3.65)

from which follows that

LN (z,s,m) =
z

z − 1
zm

m



N−1∑

n=0

(

n+s−1
n

) An(z)

(z − 1)nmn+s−1
+ RN (z,s,m)


(z ∈ C, |z| > 1, | arg(z)| < π; s ∈ N+; m ∈ N+, m →∞; N ∈ N+),

(3.66)

where

|RN (z,s,m)| 6 CN
|z − 1| (N + s − 1)!
|z (log z)N+1|mN+s−1

, (3.67)

and CN is a �nite quantity independent ofm. �

3.3 The Prime Polynomial Theorem for Finite Fields

The following theorem presents a Poincaré type expansion for the prime polyno-

mial counting function as de�ned in (3.7) It is based on (3.9) and analogous to the
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expansion formula of the prime counting function given in (3.3). The Eulerian poly-

nomials and truncated polylogarithm function from the previous section are central

to its proof. Moreover, the asymptotic expansion formula presented is consistent

with prior literature and signi�cantly improves on the results in [2], [3], and [4].

Theorem 3.3.1. Let Fq[t] denote the univariate polynomials with coe�cients in Fq. Then

for m ∈ N+, m → ∞, the number of irreducible monic polynomials over Fq of degree less

than or equal tom is given by

πq,N (m) ∼
q

q − 1
X

logq X

[ N−1∑

n=0

(q − 1)−nAn(q)

(logq X )n
+ Rq,N (X )

]
(3.68)

where X = qm with

Rq,N (X ) 6 CN
q − 1

q (logq)N+1

N !
(logq X )N

(3.69)

where CN is a constant independent of X and An(z) denotes the nth Eulerian polynomial

as in De�nition 3.2.3. The remainder term becomes exponentially small when the series is

optimally truncated as per De�nition 3.2.2.

Proof. We begin by rewriting (3.9) as

πq(m) = L(q,1,m) +O

(

q
m
2

m

)

. (3.70)

where L(z,s,m) denotes the truncated polylogarithm function as de�ned in De�ni-

tion 3.2.1. Equation (3.70) is analogous to the prime number theorem as given in

(3.2). Moreover, setting X = qm we see that the error term in (3.70) is stronger than

that of the prime number theorem.

Replacing the truncated polylogarithm function with its asymptotic series ex-

pansion from (3.44) gives

πq,N (m) ∼
q

q − 1
qm

m



N−1∑

n=0

An(q)

(q − 1)nmn
+ Rq,N (m)


(q ∈ R, q > 1; m ∈ N+, m →∞; N ∈ N+),

(3.71)

where

Rq,N (m) 6 CN
q − 1

q (logq)N+1

N !
mN
, (3.72)
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and CN is a �nite quantity independent of m. Substituting X = qm yields Theo-

rem 3.3.1, which completes the proof. �

Remark 3.3.2. Aside from the remarkable similarities between the asymptotic ex-

pansion formulas for prime and prime polynomial counting function, we remark

on an interesting and less obvious connection between the two series expansions.

If X = x and q = 1 + ε with ε → 0+, then

lim
ε→0+

πq,N (X ) = πN (x) . (3.73)

This result is easily obtained from (3.3), (3.4), (3.68), (3.69) and noting that

lim
ε→0+

An(1 + ε) = n! and lim
ε→0+

log(1 + ε)
ε

= 1 .

3.4 Computational Results

In this section we present some numerical examples that illustrate the accuracy of

the asymptotic expansions in Lemma 3.2.4 and Theorems 3.2.7 and 3.3.1. In all

tables, ϵabs and ϵrel indicate absolute and relative approximation errors respectively.

Round parenthesis that follow numeric entries indicate the power of 10 multiplying

the entry. In the following optimal truncation is carried out according to De�nition

3.2.2. The index of the least expansion term (or the order of the optimally truncated

expansion) is indicated by N∗. For comparison purposes, an expansion of order

N resulting in the smallest absolute approximation error is computed empirically.

This process is henceforth referred to as empirical truncation.

Tables 3.1, 3.2, and 3.3 illustrate the accuracy of the approximation formula for

Eulerian polynomials in (3.25). AsK andn grow the precision of the approximation

increases.

Table 3.4 shows the Eulerian number triangle generated via the recurrence rela-

tion in De�nition 3.2.3. Due to the symmetry of these numbers, only about half of

the entries in each row have to be computed. This triangle allows for the e�cient

evaluation of the asymptotic expansion of the truncated polylogarithm function in

(3.66), as no derivatives need be calculated for the Maclaurin series on which expres-

sion (3.44) is based. The last column of the table lists the sum of the row elements

which is equal to the nth Eulerian polynomial evaluated at z = 1.
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Table 3.5 lists the computational results for asymptotic approximations for the

truncated polylogarithm LN (z,s,m) for z = 3, s = 1 and six values of m using the

series expansion from Theorem 3.2.7 to compare optimal and empirical truncation.

Underlined table entries re�ect the results of empirical truncation and are the en-

tries exhibiting the least absolute approximation error. These results con�rm that

optimal truncation gives very accurate results with a rapid degradation in approxi-

mation quality as N exceeds N∗. The optimal and empirical truncation order are in

close agreement which is also observed in Figure 3.1 which depicts a comparison of

optimal and empirical truncation. Moreover, Figure 3.2 illustrates the development

of absolute approximation error under optimal truncation for increasing m.

Tables 3.6, 3.8, and 3.7 show the relative approximation error ofLN (z,s,m) under

optimal truncation with the maximum expansion order limited to N = 500. From

these tables it is evident that as m grows the optimal number of terms increases

allowing for an ever more accurate approximation. In Table 3.6 the relative error

form = 100 is less than 1.04 × 10−46, which is remarkable.

Tables 3.9 and 3.10, respectively, show the absolute and relative approximation

error for the monic prime polynomial counting function estimates L(q,1,m) and

πq,N (m), q = 2, under optimal truncation and with the maximum expansion order

limited to N = 1000. Using an optimal number of terms signi�cantly improves the

approximation accuracy when compared to a �rst order approximation.
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n

K 3 6 12

1 1.83140457 26.99061729332598 270,839.39932067465073432075399

2 1.83887199 26.98754353174761 270,839.39845645427252513115984

4 1.83988563 26.98752012507686 270,839.39845767155530943918198

8 1.83998774 26.98752000071216 270,839.39845767167998984994921

16 1.83999859 26.98752000000460 270,839.39845767167999999908535

32 1.83999983 26.98752000000003 270,839.39845767167999999999991

Exact value of An,K (z) for z = 0.2

1.84 26.98752 270,839.39845767168

Relative approximation error at K = 32

9.1312e (−8) 1.2011 (−15) 3.4493 (−28)

Table 3.1: Asymptotic approximations to An,K(z) for z = 0.2 and three values of n
using the series expansion in (3.25).
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n

K 3 6 12

1 12.99629051 4,683.00124726225744 28,091,567,594.98157244071518917609953

2 12.99969112 4,683.00000565855005 28,091,567,594.99999841159980097513895

4 12.99997138 4,683.00000002665499 28,091,567,594.99999999989018454893781

8 12.99999699 4,683.00000000014752 28,091,567,594.99999999999999182402913

16 12.99999966 4,683.00000000000095 28,091,567,594.99999999999999999927866

32 12.99999996 4,683.00000000000001 28,091,567,594.99999999999999999999993

Exact value of An,K (z) for z = 2

13 4,683 28,091,567,595

Relative approximation error at K = 32

3.1563 (−9) 1.4222 (−18) 2.6095 (−33)

Table 3.2: Asymptotic approximations to An,K (z) for z = 2 and three values of n
using the series expansion in (3.25).
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n

K 3 6 12

1
−93.11893 − −531,598.89055533+ 475,150,327,070,173.35238548−

85.45339i 874,262.38289886i 3,061,637,862,706,965.99701066i

2
−100.51924 − −528,605.03041391+ 466,334,909,934,807.37188130−

109.67358i 945,617.73392225i 3,040,705,750,998,494.88615944i

4
−99.14327 − −528,881.39280995+ 466,335,674,969,793.31438924−
110.03634i 945,440.53805549i 3,040,705,929,911,602.98592405i

8
−99.01480 − −528,881.99788632+ 466,335,674,976,418.96557659−
110.00537i 945,439.00909223i 3,040,705,929,869,754.08981405i

16
−99.00168 − −528,881.99998840+ 466,335,674,976,418.00011617−
110.00065i 945,439.00005903i 3,040,705,929,869,751.00026510i

32
−99.00020 − −528,881.99999992+ 466,335,674,976,418.00000001−
110.00008i 945,439.00000042i 3,040,705,929,869,751.00000003i

Exact value ofAn,K (z) for z = −7 + 11i

−99 − 110i −528,882 + 945,439i
466,335,674,976,418−

3,040,705,929,869,751i

Relative approximation error at K = 32

1.4553 (−6) 3.9132 (−13) 9.5960 (−24)

Table 3.3: Asymptotic approximations to An,K(z) for z = −7 + 11i and three values
of n using the series expansion in (3.25).
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k
n∑

k=0

A(n,k) = An(1) = n!

n 0 1 2 3 4 5 · · ·

0 1 1

1 1 0 1

2 1 1 0 2

3 1 4 1 0 6

4 1 11 11 1 0 24

5 1 26 66 26 1 0 120
...

...
...

...
...

...
... · · ·

...

Table 3.4: The Eulerian number triangle generated using De�nition 3.2.3.
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Figure 3.1: Comparison of empirical and optimal truncation of LN (z,s,m) for z = 3,
s = 1.
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m

N 1 2 4 8 10 12

1 4.5000 6.7500 30.3750 1,230.1875 8,857.3500 66,430.1250

2 6.7500 8.4375 34.1719 1,307.0742 9,300.2175 69,198.0469

3 11.2500 10.1250 36.0703 1,326.2959 9,388.7910 69,659.3672

4 23.6250 12.4453 37.3755 1,332.9034 9,413.1487 69,765.0864

5 68.6250 16.6641 38.5620 1,335.9067 9,422.0061 69,797.1226

6 273.3750 26.2617 39.9117 1,337.6149 9,426.0362 69,809.2696

7 1,391.6250 52.4707 41.7545 1,338.7811 9,428.2372 69,814.7980

8 8,516.8125 135.9690 44.6900 1,339.7099 9,429.6397 69,817.7335

9 60,401.8125 439.9827 50.0340 1,340.5553 9,430.6609 69,819.5149

10 485,451.5625 1,685.2456 60.9787 1,341.4211 9,431.4975 69,820.7309

11 4,354,421.0625 7,352.6814 85.8844 1,342.4061 9,432.2591 69,821.6534

12 43,092,987.1875 35,725.6546 148.2274 1,343.6390 9,433.0216 69,822.4230

13 466,229,337.1875 190,682.8141 318.4684 1,345.3222 9,433.8544 69,823.1236

14 5,473,248,288.1875 1,107,495.3661 822.0886 1,347.8121 9,434.8399 69,823.8145

15 69,279,439,093.3125 6,949,126.6044 2,426.5405 1,351.7782 9,436.0958 69,824.5481

Exact value of L(z,s,m) for z = 3 and s = 1

3 7.5 36.75 1,339.4036 9,431.3036 69,822.3263

Absolute and relative approximation error for empirical (N ) and optimal (N∗) truncation

N 1 1 4 8 10 12

ϵabs
�
LN

�
1.5 0.75 0.6255 0.3063 0.1940 0.0967

% ϵrel
�
LN

�
50 10 1.7 0.023 0.0021 0.00014

N∗ 1 2 4 8 10 13

ϵabs
�
LN∗

�
1.5 0.9375 0.6255 0.3063 0.1940 0.7973

% ϵrel
�
LN∗

�
50 13 1.7 0.023 0.0021 0.0011

Table 3.5: Asymptotic approximations to LN (z,s,m) for z = 3, s = 1 and six values
ofm using the series expansion from Theorem (3.2.7).
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Figure 3.2: Absolute approximation error of LN (z,s,m) for z = 3, s = 1 under opti-
mal truncation.
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m

N 10 100 500 1000

LN 1 8.85735 (3) 7.73066 (45) 1.09081 (236) 1.98311 (474)

ϵrel
�
LN

�

1 6.08562 (−2) 5.07695 (−3) 1.00302 (−3) 5.00752 (−4)

5 9.85814 (−4) 4.79114 (−9) 1.47063 (−12) 4.57272 (−14)

10 2.05661 (−5) 9.51681 (−15) 8.97529 (−22) 8.68040 (−25)

25 — 1.17310 (−26) 3.15510 (−44) 9.17894 (−52)

50 — 3.15964 (−38) 2.07677 (−73) 1.75535 (−88)

Exact value of L(z,s,m) for z = 3 and s = 1

9.43130 (3) 7.77011 (45) 1.09190 (236) 1.98410 (474)

(Optimal) truncation at N 500
∗ = min(500,N∗)

N 500
∗ 10 109 500 500

LN 500
∗

9.43150 (3) 7.77011 (45) 1.09190 (236) 1.98410 (474)

ϵrel
�
LN 500

∗

�
1.01311 (−4) 1.03734 (−46) 1.25639 (−235) 5.15309 (−387)

Table 3.6: Relative approximation error of LN (z,s,m) for z = 3, s = 1 under optimal
truncation with the maximum expansion order limited to N = 500.



52

m

N 10 100 500 1000

LN 1 4.65661 (−1) 2.45455 (6) 5.70212 (43) 4.06427 (91)

ϵrel
�
LN

�

1 8.21847 (−1) 8.53779 (−2) 1.61821 (−2) 8.04474 (−3)

5 — 1.62688 (−4) 3.92053 (−8) 1.19469 (−9)

10 — 3.53141 (−6) 1.32108 (−13) 1.22567 (−16)

25 — — 3.04892 (−25) 7.87530 (−33)

50 — — 1.09064 (−36) 6.70461 (−52)

Exact value of L(z,s,m) for z = 1.25 and s = 2

2.61382 2.68367 (6) 5.79591 (43) 4.09724 (91)

(Optimal) truncation at N 500
∗ = min(500,N∗)

N 500
∗ 1 21 110 222

LN 500
∗

4.65661 (−1) 2.68367 (6) 5.79591 (43) 4.09724 (91)

ϵrel
�
LN 500

∗

�
8.21847 (−1) 8.15237 (−7) 3.80060 (−44) 5.32815 (−92)

Table 3.7: Relative approximation error of LN (z,s,m) for z = 1.25 and s = 2 under
optimal truncation and with the maximum expansion order limited to N = 500.



53

m

N 10 100 500 1000

LN 1
[−4.20914 − [−4.00940 − [−4.13030 + [ 1.53050 −

1.81022i ] (4) 9.04816i ] (86) 1.79962i ] (471) 1.56284i ] (955)

ϵrel
�
LN

�

1 6.56708 (−2) 4.99458 (−3) 9.75804 (−4) 4.86484 (−4)

5 2.70157 (−4) 9.54729 (−10) 2.97703 (−13) 9.27309 (−15)

10 1.82678 (−4) 2.47836 (−17) 2.51721 (−24) 2.45558 (−27)

25 1.82932 (−4) 1.16817 (−35) 3.74139 (−53) 1.10843 (−60)

50 — 2.90336 (−59) 3.03589 (−94) 2.67054 (−109)

Exact values of L(z,s,m) for z = −9 + 2.5i and s = 5

[−3.98121 − [−4.00090 − [−4.12597 + [ 1.52960 −
1.64277i ] (4) 8.99971i ] (86) 1.79890i ] (471) 1.56228i ] (955)

(Optimal) truncation at N 500
∗ = min(500,N∗)

N 500
∗ 31 359 500 500

LN 500
∗

[−3.98045 − [−4.00090 − [−4.12597 + [ 1.52960 −
1.64295i ] (4) 8.99971i ] (86) 1.79890i ] (471) 1.56228i ] (955)

ϵrel
�
LN 500

∗

�
1.82931 (−4) 7.99936 (−87) 1.75037 (−471) 4.10294 (−638)

Table 3.8: Relative approximation error of LN (z,s,m) for z = −9 + 2.5i and s = 5
under optimal truncation with the maximum expansion order limited to N = 500.
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m πq(m), q = 2 ϵabs
�
L(q,1,m)

�
ϵabs

�
πq,1(m)

�
N 1000
∗ ϵabs

�
πq,N 1000

∗
(m)

�

21 3.000000 1.000000 1.000000 1 1.000000

22 8.000000 2.666667 0 2 2.000000

23 7.100000 (1) 7.019048 7.000000 5 6.796875

24 8.800000 (3) 4.579598 (1) 6.080000 (2) 11 4.597922 (1)

25 2.777378 (8) 4.505926 (3) 9.302341 (6) 22 4.506007 (3)

26 5.859217 (17) 1.389416 (8) 9.460913 (15) 44 1.389416 (8)

27 5.359458 (36) 2.929609 (17) 4.254646 (34) 88 2.929609 (17)

28 9.082015 (74) 2.679729 (36) 3.575822 (72) 177 2.679729 (36)

29 5.247715 (151) 4.541008 (74) 1.028980 (149) 354 4.541008 (74)

210 3.514558 (305) 2.623857 (151) 3.438916 (302) 709 2.623857 (151)

211 3.157501 (613) 1.757279 (305) 1.543257 (610) 1000 1.757279 (305)

212 5.100801 (1229) 1.578750 (613) 1.245921 (1226) 1000 1.578750 (613)

213 2.663285 (2462) 2.550401 (1229) 3.251874 (2458) 1000 5.714684 (1275)

214 1.452398 (4928) 1.331642 (2462) 8.865814 (4923) 1000 2.627392 (3440)

215 8.639552 (9859) 7.261988 (4927) 2.636743 (9855) 1000 1.391382 (8071)

216 6.114381 (19723) 4.319776 (9859) 9.330090 (19718) 1000 8.982976 (17633)

217 6.125126 (39451) 3.057191 (19723) 4.673172 (39446) 1000 8.304716 (37060)

218 1.229349 (78908) 3.062563 (39451) 4.689629 (78902) 1000 1.546957 (76216)

219 9.904387 (157820) 6.146743 (78907) 1.889119 (157815) 1000 1.159938 (154828)

220 1.285772 (315647) 4.952193 (157820) 1.226210 (315641) 1000 1.403384 (312353)

Table 3.9: Absolute approximation error for the monic prime polynomial counting
function L(q,1,m) and πq,N (m), q = 2 under optimal truncation and with the maxi-
mum expansion order limited to N = 1000.
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m πq(m), q = 2 ϵrel
�
L(q,1,m)

�
ϵrel

�
πq,1(m)

�
N 1000
∗ ϵrel

�
πq,N 1000

∗
(m)

�

21 3.000000 3.333333 (−1) 3.333333 (−1) 1 3.333333 (−1)

22 8.000000 3.333333 (−1) 0 2 2.500000 (−1)

23 7.100000 (1) 9.885983 (−2) 9.859155 (−2) 5 9.573063 (−2)

24 8.800000 (3) 5.204089 (−3) 6.909091 (−2) 11 5.224911 (−3)

25 2.777378 (8) 1.622367 (−5) 3.349325 (−2) 22 1.622396 (−5)

26 5.859217 (17) 2.371334 (−10) 1.614706 (−2) 44 2.371334 (−10)

27 5.359458 (36) 5.466241 (−20) 7.938575 (−3) 88 5.466241 (−20)

28 9.082015 (74) 2.950589 (−39) 3.937256 (−3) 177 2.950589 (−39)

29 5.247715 (151) 8.653305 (−78) 1.960815 (−3) 354 8.653305 (−78)

210 3.514558 (305) 7.465682 (−155) 9.784773 (−4) 709 7.465682 (−155)

211 3.157501 (613) 5.565411 (−309) 4.887590 (−4) 1000 5.565411 (−309)

212 5.100801 (1229) 3.095103 (−617) 2.442600 (−4) 1000 3.095103 (−617)

213 2.663285 (2462) 9.576147 (−1234) 1.221001 (−4) 1000 2.145728 (−1187)

214 1.452398 (4928) 9.168579 (−2467) 6.104261 (−5) 1000 1.809003 (−1488)

215 8.639552 (9859) 8.405514 (−4933) 3.051944 (−5) 1000 1.610479 (−1789)

216 6.114381 (19723) 7.064944 (−9865) 1.525925 (−5) 1000 1.469155 (−2090)

217 6.125126 (39451) 4.991229 (−19729) 7.629511 (−6) 1000 1.355844 (−2391)

218 1.229349 (78908) 2.491208 (−39457) 3.814726 (−6) 1000 1.258355 (−2692)

219 9.904387 (157820) 6.206082 (−78914) 1.907356 (−6) 1000 1.171136 (−2993)

220 1.285772 (315647) 3.851534 (−157827) 9.536761 (−7) 1000 1.091472 (−3294)

Table 3.10: Relative approximation error for the monic prime polynomial counting
function estimates L(q,1,m) and πq,N (m), q = 2, under optimal truncation and with
the maximum expansion order limited to N = 1000.
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3.5 Summary

In this chapter an asymptotic approximation formula was derived for Eulerian poly-

nomials and the polylogarithm of negative integer orders with an arbitrary small

error. A accurate approximation of the Lerch transcendent Φ(z,s,a) was presented

that when optimally truncated provides an exponentially accurate Poincaré type ex-

pansion formula for |z| > 1. Finally, the asymptotic expansion of the Lerch transcen-

dent was used to compute the truncated polylogarithm function L(z,s,m) which in

turn provides an approximation of the prime polynomial counting function that is

analogous to the well known asymptotic expansion of the prime number theorem.

This approximation allows for e�cient computation and provides signi�cantly bet-

ter accuracy than the results presented in [2], [3], and [4]. The expansion formulas

for the Eulerian polynomials and truncated polylogarithm function are general and

�nd applications in many areas other than the enumeration of prime polynomials.

The accuracy of the expressions presented were veri�ed using extensive numerical

evaluation.

The next chapter introduces T-codes, the T-transform algorithm, and the related

string complexity measure T-complexity. An asymptotically tight bound on maxi-

mal T-complexity is given and connected to the prime polynomial counting func-

tion derived in Section 3.3.
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Chapter 4

The T-Transform and T-Complexity

This chapter explores how to measure complexity of character sequences. Section

4.1 begins by illustrating the meaning of the term complexity in the contexts rel-

evant for this dissertation. Before we introduce the T-transform algorithm in Sec-

tion 4.4 we brie�y introduce some notations along with the necessary background

on T-codes and their construction in Sections 4.2 and 4.3, respectively. In order

to stay consistent with prior literature, the mathematical and set notation used in

this dissertation builds upon the works of Titchener, Speidel1, Yang, and Eimann

[9, 50, 51, 52, 53, 54]. After introducing the string complexity measure T-complexity

in Section 4.5 we give a brief overview of available T-transform implementations in

Section 4.4.2.

4.1 Background and Related Work

Complexity is a term used quite frequently in the �eld of computer science, and its

meaning is largely dependent on the context in which it is used. In this disserta-

tion we distinguish between the notions of computational complexity in time and

space, algorithmic complexity, and deterministic complexity which we will discuss

individually in the subsequent sections.

4.1.1 Computational Complexity

The computational complexity of an algorithm measures how e�ciently the algo-

rithm uses the available computing resources. In particular, we are interested in

1nee Günther
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analyzing how much overall time and memory space is required by an algorithm

to perform a task. Time and space complexity are usually a function of the length

of the input data n. In the following let f (n) be an exact time or memory require-

ment obtained for an algorithm implementation running on a particular computing

hardware. We then say the algorithm has time (or space) complexity of the order

д if there exist two positive constants c1 and c2 such that f (n) 6 c1 д(n) + c2 for all

allowed values of n. We write O(д) and also refer to it as the “big O notation” char-

acterizing the asymptotic time or space complexity. Essentially, this allows us to

compare algorithms in terms of their relative overall performance irrespective of

the particularities of the underlying hardware [55, 56].

4.1.2 Algorithmic Complexity

Algorithmic complexity has its roots in information theory and was pioneered by

Andrei Nikolaevich Kolmogorov who proposed it as a measure of the information

content of the individual string [10]. He de�ned the algorithmic complexity K(x)

of a string x as the size of the smallest possible algorithm which can execute on the

universal Turing machine and is able to reproduce just that string [57, 58]. For this

reason algorithmic complexity is also often referred to as Kolmogorov complexity;

however, Solomono� [59] and Chaitin [60] have to be credited for the notion of algo-

rithmic complexity as well, as both independently published similar works to that

of Kolmogorov that arrived at essentially the same conclusions [61]. Determining

the shortest program K(x) is a known uncomputable problem [61, 58], and in terms

of computational complexity the shortest program is by no means required to have

the shortest space and/or time complexities. We cannot evaluate Kolmogorov com-

plexity due to the uncomputability of the halting problem. However, in the next

section we introduce deterministic complexity, a complexity measure which may be

viewed as a computable but less powerful cousin of Kolmogorov complexity.

4.1.3 Deterministic Complexity and Randomness

A deterministic complexity measure tries to measure the randomness of a sequence

of characters (or string) by using a deterministic �nite automaton (DFA). For the

purpose of this dissertation we say that a string is random if it does not possess any

structure that would allow for compression. This de�nition is di�erent from saying
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that a string was obtained from a source producing random strings as any �nite sin-

gle instance obtained from such a source might indeed possess structure. However,

the probability for such a string to have structure is very low for a true random

source. We de�ne deterministic complexity as the algorithmic e�ort required by a

string parsing algorithm to transform a string into a set of unique patterns [9]. The

e�ort may be measured either as a function of the total number of parsing steps

required by a DFA or as a function of the compressed string length in bits under a

pattern encoding scheme.

There have been numerous approaches of trying to use deterministic complexity

measures for data mining purposes, most notable the works by Vitányi, Li, Cilibrasi

et al. [14, 62, 63, 64] in which the authors propose a Kolmogorov complexity based

similarity distance, the Normalized Information Distance (NID), and its determin-

istic version referred to as the Normalized Compression Distance (NCD) which will

be discussed in more detail in Chapter 6.

Lempel-Ziv Complexity

Lempel and Ziv (LZ) were among the �rst to assess the complexity of �nite strings

in terms of the number of “self-delimiting production” steps needed to reproduce a

string x from a set of distinct string patterns [12]. Lempel and Ziv published a series

of papers on interrelated string factoring algorithms which are listed in Table 4.1.

A detailed explanation of the family of LZ algorithms is given in [65].

In their �rst paper [12], published in 1976, Lempel and Ziv introduce a string

production algorithm, herein referred to as LZ76, with time complexity ofO(n2). In

this early paper the authors seemed to have focused their attention primarily on

the derivation of a deterministic complexity measure rather than its e�cient imple-

mentation. Essentially, LZ76 decomposes a string x in an exhaustive production

history that allows the back referencing to any string position before the current

parsing position. The number of LZ76 production steps needed to reproduce the

string x is then said to be the LZ-complexity of x .

The two subsequent papers of Lempel and Ziv were less concerned about de-

veloping a deterministic string complexity measure but focused on the design of

general purpose lossless data compression algorithms here referred to as LZ77 and

LZ78. Both algorithms were not intended to serve as string complexity measures

per se, however, the count of parsing steps needed to compress a string via either
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algorithm may be used as an upper bound on the LZ-complexity of a string. More-

over, the compressed string length in bits may also be used as a deterministic com-

plexity measure.

The LZ77 algorithm [66], published in 1977, addressed the runtime performance

issues of LZ76 parsing by introducing a �xed size, O(m), sliding window that re-

stricts back referencing to any position within the window, resulting in anO(m × n)
runtime complexity [66]. LZ77 quickly became popular and was used in numerous,

often commercial, compression schemes [65]. LZ77 owes its popularity mainly to

it’s simplicity, speed, and constant memory requirements.

Finally LZ78 was published in 1978 [67]. The LZ78 algorithm uses an unre-

stricted size dictionary as part of its parsing algorithm which stores previously en-

countered string patterns. When the parsing begins, the dictionary is empty. From

the current parsing position symbols are read and concatenated into a new pattern.

Reading continues until there is no match for the current pattern in the dictionary,

and a new dictionary entry is formed with its last symbol being new. In contrast to

LZ76 which allows back referencing to any position in the string before the current

parsing position, the dictionary method used in LZ78 restricts the patterns in the

dictionary to previously encountered parsing o�sets in the string.

Complexity

Algorithm Description time space

LZ76 [12] Straightforward implementation of the
Lempel-Ziv factorization algorithm.

O(n2) O(n)

LZ77 [66] Similar to LZ76 but using a �xed sized
sliding window.

O(n ×m) O(m)

LZ78 [67] Factorization algorithm with unrestricted
dictionary size e�ciently implemented
using a trie.

O(n) O(n)

Table 4.1: Computational complexity of LZ string factorization algorithms.

The LZ76 string parsing algorithm may be implemented in linear time and space

using a su�x tree. However, the construction of su�x trees in linear time and space

is a non-trivial undertaking [68]. Most critical to the LZ76 algorithm is an e�cient

implementation of back referencing to string patterns. Rodeh et al. [69] suggest a
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linear time and space LZ76 implementation based on McCreight’s linear time su�x

tree construction algorithm provided in [70]. McCreight provides two approaches

to linear time su�x tree construction. The most space e�cient one possesses an

alphabet size, q, dependent runtime,O(q × n), which makes the algorithm less prac-

tical for large alphabets. Realizing this McCreight suggests a modi�ed algorithm

making use of hashing to achieve a linear, alphabet independent runtime [70]. How-

ever, hashing based approaches come at the expense of additional memory usage

and yield good performance only if hash collisions can be avoided which becomes

hard for large inputs.

T-Complexity

T-complexity is a deterministic string complexity measure that is, just like LZ76,

the result of a string factorization algorithm. In this dissertation this string factor-

ization algorithm is referred to as T-transform [11]. However, in previous litera-

ture the term T-decomposition [71] was also used to described the T-transform and

both terms are used interchangeably. The T-transform generates a set of coe�cients

(copy factors) by recursively �ltering the information in a string with a set of string

patterns also referred to as copy patterns.

Conceptually, the computation of T-complexity is similar to the computation of

LZ-complexity in that both measures evaluate the e�ort to factor a string into a

less redundant meta-representation of basic string patterns. However, the parsing

mechanisms used in LZ76 and the T-transform are quite di�erent from one another.

For example the T-transform’s notion of copy factors does not exist for the family

of LZ factorization algorithms. Moreover, the T-transform is an o�-line algorithm

parsing strings from back to front. This means that the T-transform algorithm can

only operate on �nite strings. In contrast, the LZ-complexity of a string may be

computed via a single pass implementation based on Ukkonen’s on-line su�x tree

construction algorithm [72, 73]. In 2010 an on-line, su�x tree based, forward pars-

ing algorithm was developed by Hamano and Yamamoto for the computation of a

T-complexity measure [74].

In [11] the currently most e�cient T-transform algorithm to compute the T-com-

plexity of a string in linear time and space is presented. T-complexity is an e�cient

alternative to the LZ-complexity measure. An open-source linear time and space

implementation of the T-transform is available from [75]. Because of its compara-
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tively lower runtime and memory requirements T-complexity poses a viable alter-

native to LZ-complexity for target domains that handle large-scale data sets.

T-complexity, and the T-transform algorithm for that matter, have their origin

in coding theory, more precisely, they are a by-product of the construction process

of T-codes. T-codes were proposed by Mark Titchener in 1984 as pre�x-free variable

length codes [76]. Three decades after Titchener’s initial publication, T-codes have

found various information theoretic applications ranging from string complexity

measures [77, 71], randomness tests [74], similarity distances [78, 53], data com-

pression [79], computer security applications [80, 54, 81], to the analysis of time

series data [82].

4.2 Notation

Generally, in this dissertation, the underlying assumption is that both string length

and alphabet size are �nite as otherwise the calculation of information measures on

a random-access machine is not practical due to real world time and memory con-

straints. Expressed in set theory terminology one may see the alphabet as the set of

characters from which strings are generated through concatenation by an informa-

tion source. Traditionally, the alphabet set is denoted as S = {a1,a2,a3, . . . ,aq−1,aq}

and the individual characters, which are also referred to as symbols, are denoted by

ai where 1 6 i 6 q.

The set of all �nite strings over S is indicated by S∗ and contains all possible

concatenations of symbols from the set S . Moreover, the alphabet itself is a subset

of S∗ as S is the subset of all strings with size one.

Let x denote a string contained in S∗ then the de�nition of x is given as x =

x1x2x3 . . .xn where xi are symbols in S . The length of individual strings is denoted

by the operator | · |, such that |x | = n. In analogy to the notion of the empty set, we

de�ne the empty string e as a string with no symbols. The set of non-empty strings

is then de�ned as as S+= S∗\{e}. Furthermore, if x ,y ∈ S+ are two distinct strings

with their ordered concatenation denoted as xy, then the length of xy is given by

|xy| = |yx | = |x | + |y|. Note however, that string concatenation is not commutative,

that is, xy , yx . The shorthand notation to indicate the concatenation of k copies

of the same string x is given by xk , where k may assume any non-negative integer

value including the special case k = 0 de�ned as the empty string x0
= e. Finally,

we denote the ith character in the string x by xi .



63

4.3 T-Augmentation

T-augmentation is the principal set operation used in the construction of T-codes.

The T-augmentation operation is not limited to T-code sets but is applicable to any

set of code words. T-codes belong to the category of pre�x-free codes. Since the

most primitive pre�x-free code is an alphabet, we de�ne the most primitive T-code

as the alphabet itself, i.e. the most primitive binary T-code is S = {0,1}.

The T-augmentation procedure is subject to two parameters, p and k denoted

as copy pattern and copy factor respectively. More speci�cally, we identify any one

code word from the T-code S as a copy pattern p and thereafter, by incrementally

concatenating up to k copies of p the set of T-augmentation pre�xes Tk (p) is formed.

Tk (p) includes the empty string e here indicated by p0. Thus, the cardinality ofTk (p)

is k + 1, resulting in the following T-augmentation pre�xes

Tk (p) =

k⋃

i=0

pi = {p0
,p1
, . . . ,pk}, (4.1)

where k ∈ N. Ascendingly ranking the element by length, every member of Tk (p)

is a pre�x to every other member of higher rank. T-augmentation in which the

copy factor is not restricted from above, i.e. k > 1, is referred to as generalized T-

augmentation and similarly, a T-code produced this way is referred to as a generalized

T-code. Note, that unless stated otherwise, we assume that the terms T-code and T-

augmentation refer to their generalized versions.

We de�ne the T-augmentation function which transforms the T-code S into the

T-augmented T-code S
(k)

(p)
as follows

S
(k)

(p)
=

k⋃

i=0

piS \ Tk (p) . (4.2)

In (4.2) we pre�x each of the elements in S one-by-one with all the elements inTk(p);

thereafter, we remove the elementsTk(p) resulting in the pre�x-free T-code S (k)
(p)

. We

may construct a T-code of arbitrary size and code words, by �rst T-augmenting an

alphabet S and subsequently iteratively T-augmenting the resulting codes up to any

desired level. We write this iteration process as

S
(k1,k2,...,k j )

(p1,p2,...,pj )
=


· · ·

[ [
S
(k1)

(p1)

] (k2)

(p2)

]
· · ·



(k j )

(pj )

, (4.3)
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(a) level j = 0 :

S = {0,1}
0 1

(b) level j = 1 :

S
(3)
(1) = { 0, ✁✁1,

10, ✁✁1✁✁1,
110, ✁✁1✁✁1✁✁1,
1110, 1111 }

0

10

110

1110 1111

(c) level j = 2 :

S
(3,1)
(1,0) = { ✁✁0, 00,

10, 010,
110, 0110,
1110, 01110,
1111, 01111 }

10

110

1110 111100

010

0110

01110 01111

Figure 4.1: Example of the construction of the binary T-code S
(3,1)
(1,0) in two T-

augmentation steps with intermediate levels j ∈ {0,1,2} .

and say that S (k1,k2,...,k j )

(p1,p2,...,pj )
denotes a T-code at T-augmentation level j. We close this sec-

tion by providing a short binary example demonstrating the construction of a sim-

ple T-code in two T-augmentation steps.

Example 4.3.1 (Construction of a binary T-code). In the example presented here, con-

sider the T-code S (3,1)
(1,0) constructed from the binary alphabet S = {0,1}. Figure 4.1 shows the

construction process of the T-code which is illustrated using set notation and T-code trees

at the individual T-augmentation levels j ∈ {0,1,2} .

The base alphabet S from which S
(3,1)
(1,0) is constructed can be interpreted as a T-code at T-

augmentation level zero. The binary T-code tree for S is depicted in Figure 4.1 (a), with the

elements of S forming the leaf nodes of the tree. At T-augmentation level one the intermedi-

ate T-code set S (3)
(1) and tree are given in Figure 4.1 (b). Note that, in set notation, the removal

of the T-augmentation pre�xesT3(1) is illustrated by slashed out elements. The second and
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last T-augmentation step yields the �nal T-code S (3,1)
(1,0) . Its code words and T-code tree are

shown in Figure 4.1 (c).

4.4 The T-Transform

In this section we develop the prototype of the T-transform algorithm which allows

us to construct a T-code through the decomposition of an arbitrary string. From the

previous example we observe that S (k1,...,k j )

(p1,...,pj )
⊂ S

(k1,...,k j−1)∗
(p1,...,pj−1)

⊂ . . . ⊂ S∗, that is to say, a T-

code at T-augmentation level j is a subset of all possible concatenations of the code

words of the T-code at its previous T-augmentation level j − 1 and so on. In general,

the total number of the longest code words in S
(k1,...,k j )

(p1,...,pj )
is equal to the cardinality of

the underlying coding alphabet q. More speci�cally, the set containing the longest

code words is given by

X =

q⋃

i=1

xai , (4.4)

with ai ∈ S and the string x being the common pre�x to all of the longest code words.

In the following the set in (4.4) is also indicated by x$, with the terminal character

$ assuming any character in S . For illustration consider once more Example 4.3.1.

In the example x$ is given by,

x$ =

2⋃

i=1

xai = {01110,01111}, such that, x = 0111 with S = {0,1} .

Given any single one of its longest code words, it is possible to reconstruct the T-

code by decomposing x into a combination of copy patterns and copy factors such

that x$ = pk jj p
k j−1

j−1 · · ·p
k2
2 p

k1
1 $. Nicolescu et al. proved in [83] that the mapping between

a T-code set and the set of its longest code words always exists and that it is unique.

In other words, a special property of any T-code is that its construction process can

be uniquely deduced from any of its longest code words.

The terminal character $ in the longest code words does not carry much signif-

icance other than being required to establish pre�x-freeness. Thus, in subsequent

chapters we will omit the terminal character altogether and assume it to be implic-

itly added to x .
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4.4.1 The Naïve T-Transform Algorithm

The T-transform can be implemented as a recursive string decomposition algorithm.

A naïve, iterative pseudo-code version is given in Figure 4.2. It accepts the input

string x representing the pre�x to any one of the longest code words x ∈ S∗ and

provides j-tuples for copy patterns p = {p1, . . . ,pj} and copy factors k = {k1, . . . ,kj}

as output.

Generalized T-Transform Algorithm

input : x /* string x ∈ S∗ */

output : j /* number of t-augmentation steps */

p /* copy pattern j-tuple */

k /* copy factor j-tuple */

initialization:
divide x$, $ ∈ S , into sequence single character tokens.
i ←− 0

while more than one token left do
i ←− i + 1
pi ←− second-to-last token.
ki ←− number of consecutive pi to the left, counting pi as the
�rst copy.

Scan tokens left-to-right and combine tokens into larger
tokens of the form pk

′
i д such that:

(1 6 k′ 6 ki and д , pi) or (k′ = ki and д = pi)

end

j ←− i

Figure 4.2: Pseudo-code listing of naïve T-transform algorithm.

The T-transform algorithm begins by splitting the string x in a list of single

character substring patterns herein referred to as tokens. This initial state of the

T-transform algorithm is also referred to as the T-transform at level zero. Next, the

copy pattern of the �rst T-transform level p1 is identi�ed as the second-to-last token

in the list. We then try to extend a chain of tokens identical to the copy pattern to-

the-left. Counting the copy pattern as the �rst element, we establish the copy factor

k1 associated with level i = 1 as the total number of elements in this chain. Now,
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moving to the beginning of the token list, we proceed by searching for tokens iden-

tical to the copy pattern left-to-right. Once such a token is found we merge at most

k1 consecutive copies of it with the immediately following token into a larger token

pk
′

1д, k′ 6 k1. These new composite tokens pk
′

i д are referred to as aggregate tokens and

pk
′

i andд are called aggregate pre�x and aggregate su�x respectively. We proceed with

our search until we reach the end of the token list and repeat the overall process

until at the end of a search no more tokens can be merged.

Figure 4.3: T-transform at intermediate T-augmentation level i.

For illustration, Figure 4.3 shows the T-transform the string x at intermediate

level i. The last element in the token list is x̃ i$, and the pre�x x̃ i = p
ki
i p

ki−1
i−1 · · ·p

k1
1 to

$ is referred to as T-handle. With each T-transform level the length of the T-handle

grows until |x̃i | = |x |. The leftmost symbol in x̃i marks the boundary between the

mutually exclusive sets of all leftover tokens and the set of already established copy

patterns at any given T-transform level υ(x̃ i) = i. The cardinalities of the tuples p

and k grow with each additional decomposition level. The total number of levels,

υ(x) = maxi[υ(x̃ i)], of the T-transform is equal to the number of T-augmentation

steps needed to construct a T-code in which x is the pre�x to all its longest code

words. As we will see shortly, the total number of T-transform levels, is related to

how “T-complex” the information in x is.

To aid the better understanding of the T-transform we illustrate the mechanics

of the algorithm in Example 4.4.1 below.

Example 4.4.1 (T-transform on a binary string). In the following example let

S = {0,1} and let the binary string processed by the T-transform algorithm be de�ned

as x = 10110011011. The decomposition of x starts by initializing the iteration counter i

which counts the number of steps required to decompose x . Next, a terminating character

$ ∈ S is added to the string which is subsequently divided it into single character tokens
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(the token boundaries are indicated by vertical lines):

x$ = 1 | 0 | 1 | 1 | 0 | 0 | 1 | 1 | 0 | 1 | 1 | $ .

The �rst decomposition step determines the �rst member of the copy pattern υ-tuple as the

second-to-last token

p1 = 1 .

The �rst member of the copy factor υ-tuple is assigned to the total length of the sequence of

consecutive p1. We observe that the second-to-last token p1 repeats once to the left. Thus,

the total length of the sequence of consecutive p1 is

k1 = 2 .

Having established copy pattern and copy factor of the �rst decomposition step, we now scan

the current string tokenization left-to-right. In each scan, as a general rule, if we encounter

a token that is equal to the current copy pattern pi we join at most ki consecutive copies of it

and merge these joined copies with the immediately following token into a new, larger token.

For the �rst parsing step we encounter an instance of p1 = 1 at the �rst position of the

current tokenization state. Hence, we merge the �rst and second token into the aggregate

token p1д = 10. As we continue to parse to the right, two more aggregate tokens are gen-

erated by merging a chain of copy patterns with the immediate token after. Eventually, we

reach the two copies of the copy pattern preceding the terminating character $. Just as with

previous matches of the copy pattern p1 we join the two of them and merge them with the

terminating character into the string x̃1$ = p
2
1$. For this example the token boundaries after

the �rst T-augmentation step are given by

x$ = 1 0 | 1 1 0 | 0 | 1 1 0 | 1 1 $ .

Since there is more than one token left the algorithm’s main loop goes into its second iteration

with i = 2. Here the copy pattern is identi�ed as p2 = 110 with a copy factor of k2 = 1.

The subsequent left-to-right scan merges the two instances of p2 with their immediately

subsequent tokens resulting in the following token boundaries

x$ = 1 0 | 1 1 0 0 | 1 1 0 1 1 $ .
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The algorithm continues with a third iteration of the loop using p3 = 1100 and k3 = 1 and

yields

x$ = 1 0 | 1 1 0 0 1 1 0 1 1 $ .

Finally, the fourth and last iteration eliminates the last token boundary using the copy pat-

tern p4 = 10 with k4 = 1. At this point the T-handle x̃4 is an identical representation of

all the information contained in x . Since no more tokens are left the algorithm terminates.

Thus, the T-code for which x$ is one of the longest code words required a total of υ(x) = 4

T-augmentation steps and is given by

S
(2,1,1,1)
(1,110,1100,10) .

There are a total of q code words x$, in the T-code S (2,1,1,1)
(1,110,1100,10) di�ering only in their last

symbol $. From any of these longest code words we may deduce the above T-code by appli-

cation of the T-transform algorithm.

4.4.2 T-Transform Algorithm Evolution

The naïve T-transform algorithm presented in Figure 4.2 is not a very e�cient way

to factor a string into its copy pattern and copy factor representation. If we consider

a string in which each character is unique the naïve implementation takesO(n2) time

as in each left-to right copy pattern search pass i we have to compare n−i characters

yielding an over all runtime of
∑υ(x)

i=1 (n − i) 6 n × (n − 1)/2 = O(n2) [53]. Numerous

e�orts have been made to improve the runtime of the T-transform algorithm; a brief

history of improvements is provided in Table 4.2.

Realizing that character-by character comparisons are the main bottleneck in

any T-transform algorithm, Wackrow and Titchener were able to improve the naïve

implementation in tcalc (1995) [84] by making note of the individual token length.

In each pattern matching search pass they compare the token length with the copy

pattern length �rst, and thus, were able to bypass a signi�cant amount of character-

by-character comparisons.

The next three versions of T-transform algorithms were developed by Speidel

and Yang. Their 2003 implementation, tlist [85], creates linked lists for tokens of

the same length. Thus, in each parsing pass only the elements in the copy pattern

corresponding length list have to be examined. However, as for the naïve imple-

mentation, the overall worst case runtime of tcalc and tlist is stillO(n2) [53]. In 2005
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Complexity

Algorithm Description time space

tcalc [84],
tlist [85]

Character-by-character and length
based token comparisons.

O(n2) O(n)

thash [86] Hash function based token com-
parisons (average time complexity:
O(n) ).

O(n2) O(n)

ftd [87],
�ott [11]

Unique integer based, constant
time token comparisons.

O(n) O(n)

Table 4.2: Computational complexity of T-transform algorithms.

Speidel and Yang published thash [86], the �rst algorithm which could achieve an

average runtime of O(n). The thash algorithm stores tokens according to a com-

puted hash value in doubly liked lists. The performance of the thash algorithm

largely depends on the chosen hash function. Unfortunately, for the worst case of

a hash function that assigns all tokens the same hash value the overall runtime

bounded by O(n2).

Yang and Speidel addressed the shortcomings of thash in their 2005 paper [87]

which introduced the Fast T-Decomposition (ftd) algorithm, the �rst true O(n) time

and space T-transform implementation on the random access machine. Similar to

previous T-transform implementations, the ftd algorithm starts out with the input

string split into single character tokens. The algorithm stores tokens in a doubly

linked token list. Each token, represented by a unique integer identi�er, is also part

of a doubly linked match list which links all tokens with the same integer identi-

�er. Match lists allow to skip ahead and eliminate the complete left-to-right search

pass in the naïve T-transform algorithm. The ftd algorithm stores list headers to

access all match lists in a preallocated array. For a string of length n, the array does

not need to be larger than (n − 1) + q cells. This is because we require at least q

integer identi�ers to represent the alphabet and over the course of all subsequent

T-transform levels we may not generate more than n − 1 aggregate tokens [53].

The author of this dissertation proposed an improvement to the ftd algorithm,

the Fast Low Memory T-Transform (�ott) in [88]. The �ott algorithm uses approxi-
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mately one third of the memory of ftd while reducing the linear running time by

about 20%. The implementations of �ott and its predecessor are similar in that

both algorithms assign unique integer identi�ers to tokens of the same kind. How-

ever, �ott provides a much more memory conservative overall implementation by

eliminating the need for a match list headers. It achieves this by recognizing that

memory that is freed due to creation of aggregate tokens can be reused to store the

information for which ftd used the separate match list header array. For an in-depth

discussion of the mechanics of the ftd and �ott algorithms the reader is referred to

[87, 88, 11].

4.5 T-Complexity

As we saw in the previous section the T-transform algorithm allows for the con-

struction of a T-code from any of its longest code words x$ ∈ S+. Titchener ob-

served in [89] that the algorithmic e�ort required to build such a T-code from the

string x ∈ S∗ could be used as a deterministic measure of how complex the informa-

tion contained in that particular string is. We de�ne the real valued T-complexity

function as the log-weighted sum of copy factors given by

CT (x) =
υ(x)∑

i=1

log2(ki + 1) . (4.5)

Visually the T-complexity of x may be looked at as a measure of how densely

populated the T-code decoding tree for x is. In this decoding tree the set x$, $ ∈ S
is the set of all paths to the T-code’s longest code words. A thorough discussion

of T-code decoding trees and details on the derivation of T-complexity as given in

(4.5) are provided in [51].

4.5.1 Bounding T-Complexity

This section is concerned with �nding an approximate bound on the T-complexity

pro�le of maximal T-complex sequences. In particular, we show that this bound

is related to the prime polynomial counting function (3.7) introduced in Chapter 3

and is the result of an interesting connection between periodic and aperiodic neck-

laces and T-pre�xes generated during T-augmentation. This connection is a fairly
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recent discovery [13] and has previously been employed to derive an asymptotic

bound on T-complexity in [90]. In this chapter we extend these results and present

an improved version of this bound. However, before doing so we brie�y state the

necessary notation and a summary of previous results on necklaces and T-codes.

Using the notation from [90], consider a simple T-code in which each copy factor

is equal to 1. We say that such a T-code is generated by simple T-augmentation and

denote it by S(p1,p2,...,pi ). Further, let S(p1,p2,...,pi ) be T-augmented such that at each T-

augmentation level i the T-code does not contain code words shorter than |pi | (strictly

minimal T-augmentation). Then the resulting T-code and T-augmentation sequence

is called systematic.

Drawing on the conclusions of [13] and [90] we state the following results with-

out proofs. The reader is referred to the aforementioned papers for a thorough

discussion that includes the relevant proofs.

• T-augmentation generates copy patterns which are necklaces, the majority of

which are aperiodic and a small portion of which are periodic.

• No pair of distinct code words in a T-code belong to the same cyclic equiva-

lence class.

• Any T-augmentation sequence whose copy patterns do not include a copy

pattern within the same cyclic equivalence class can become copy patterns in

future T-augmentation steps.

• The T-complexity of simple and systematic T-codes is integer valued.

• Systematic T-codes achieve the highest T-complexity with respect to T-handle

length.

As a consequence of the above results we have that, for a string x of �nite length

under systematic T-augmentation, the copy patterns are exhausted by increasing

length up to some maximal length m = |pi |. Then Wn(x), denoting the number of

generated copy patterns of length n, 1 6 n 6 m, is bounded from above and below

as follows

Lq(n) 6 Wn(x) 6 Nq(n) (4.6)

1
n

∑

d |n

µ(d) q
n
d 6 Wn(x) 6

1
n

∑

d |n

ϕ(d) q
n
d (4.7)



73

such that

C
Tmax

(x) =

m∑

n=1

Lq(n) 6 CTmax
(x) 6

m∑

n=1

Nq(n) = CTmax
(x) . (4.8)

Proposition 4.5.1. Let CTmax
(x) denote the maximal T-complexity a string x ∈ S+ of length

|x | may attain. Then as q → ∞ and |x | → ∞ an asymptotically tight bound on maximal

T-complexity is given by

CTmax
(x) ≈ |x |

logq |x |

N−1∑

n=0

An(q)

(q − 1)n (logq |x |)
n
, (4.9)

with the series expansion in (4.9) being of Poincaré type obeying the optimal truncation rule

as provided in De�nition 3.2.2.

Proof. Since for systematic T-augmentation the fraction of periodic necklaces be-

comes negligible as m → ∞ [13], we have that the maximal T-complexity of x is

well approximated by

CTmax
(x) =

m∑

n=1

nWn(x) ≈
m∑

n=1

Lq(n) = CTmax
(x) ∼

m∑

n=1

qn

n
= ĈTmax

(x) . (4.10)

In order to obtain an approximate expression for maximal T-complexity that solely

depends on the string length |x |, we note that

|x | =

m∑

n=1

qn

n
n =

m∑

n=1

qn

=

qm+1 − 1
q − 1

(4.11)

∼
qm+1

q − 1
as m →∞, (4.12)

solving (4.11) form we have

m = logq

�
(q − 1) |x | + 1

�
− 1

∼ logq

�
(q − 1) |x |

�
− 1 as |x | →∞ . (4.13)
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From (3.65) and (4.10) we �nd

ĈTmax
(x) = L(q,1,m) = −qm+1

Φ(q,1,m + 1) +O(1) . (4.14)

Using Theorem 3.2.7 in combination with the asymptotic expression form in (4.13),

we obtain the N th order approximation formula

ĈTmax ,N (x) ∼
|x |

logq

�
(q − 1) |x |

�
N−1∑

n=0

(q − 1)−nAn(q)

logq

�
(q − 1) |x |

�n (|x | →∞) . (4.15)

Further, for large q and X = |x |, we deduce from Theorem 3.3.1 that

ĈTmax ,N (x) ∼
q − 1
q

πq,N (X ) ∼
|x |

logq |x |

N−1∑

n=0

An(q)

(q − 1)n (logq |x |)
n

(x ∈ S+, |x | →∞; q ∈ N+, q > 2; N ∈ N+),

and Proposition 4.5.1 follows. �

4.6 Computational Results

In this section we present empirical results evaluating the quality of the asymptotic

maximal T-complexity bound as given in Proposition 4.5.1. In all tables ϵrel indi-

cates the relative approximation error and for all computational results q = 2 was

used. Round parenthesis that follow numeric table entries indicate the power of 10

multiplying the entry.

For systematic T-augmentation, the asymptotic bound on maximal T-complexity

in (4.9) may be exceeded. This stems from the fact that (4.9) is based on the lower

bound on maximal T-complexity and periodic necklaces may be created which

slightly increases the number of available code words of a given length. Empirical

results show that (4.9) estimates the actual upper and lower bounds in (4.8) from

below (see Figure 4.4). From Tables 4.3 and 4.4 we see that the gap between actual

upper and lower maximal T-complexity bounds is narrow and that form →∞ (4.9)

provides an asymptotically tight analytic bound on maximal T-complexity, regard-

less of T-augmentation scheme used.
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Figure 4.4: Comparison of upper, lower, and asymptotic bound on maximal
T-complexity.

m |x | C
Tmax

(x) ĈTmax ,N∗ (x) ϵrel
�
ĈTmax ,N∗ (x)

�

2 4.000000 3.000000 2.000000 3.333333 (−1)

5 5.200000 (1) 1.400000 (1) 1.156452 (1) 1.739630 (−1)

10 1.966000 (3) 2.260000 (2) 2.044517 (2) 9.534633 (−2)

15 6.520600 (4) 4.720000 (3) 4.402923 (3) 6.717724 (−2)

25 6.710012 (7) 2.807196 (6) 2.694028 (6) 4.031359 (−2)

50 2.251800 (15) 4.599608 (13) 4.507451 (13) 2.003585 (−2)

100 2.535301 (30) 2.561450 (28) 2.535825 (28) 1.000422 (−2)

200 3.213876 (60) 1.615096 (58) 1.607020 (58) 5.000513 (−3)

300 4.074072 (90) 1.362597 (88) 1.358054 (88) 3.333484 (−3)

400 5.164500 (120) 1.294377 (118) 1.291141 (118) 2.500063 (−3)

500 6.546781 (150) 1.311991 (148) 1.309367 (148) 2.000032 (−3)

Table 4.3: Comparison of lower and asymptotic bound on maximal T-complexity,
where |x | =

∑m
n=1n Lq(n) and q = 2.
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m |x | CTmax
(x) ĈTmax ,N∗ (x) ϵrel

�
ĈTmax ,N∗ (x)

�

2 8.000000 5.000000 3.555556 2.888889 (−1)

5 8.400000 (1) 2.300000 (1) 1.681528 (1) 2.689009 (−1)

10 2.216000 (3) 2.610000 (2) 2.261771 (2) 1.334210 (−1)

15 6.615200 (4) 4.807000 (3) 4.460423 (3) 7.209843 (−2)

25 6.711922 (7) 2.808107 (6) 2.694750 (6) 4.036762 (−2)

50 2.251800 (15) 4.599608 (13) 4.507451 (13) 2.003585 (−2)

100 2.535301 (30) 2.561450 (28) 2.535825 (28) 1.000422 (−2)

200 3.213876 (60) 1.615096 (58) 1.607020 (58) 5.000513 (−3)

300 4.074072 (90) 1.362597 (88) 1.358054 (88) 3.333484 (−3)

400 5.164500 (120) 1.294377 (118) 1.291141 (118) 2.500063 (−3)

500 6.546781 (150) 1.311991 (148) 1.309367 (148) 2.000032 (−3)

Table 4.4: Comparison of upper and asymptotic bound on maximal T-complexity,
where |x | =

∑m
n=1n Nq(n) and q = 2.
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4.7 Summary

This chapter detailed the meaning of the term complexity in di�erent contexts. The

concept of deterministic complexity was introduced for the estimation of the com-

plexity of strings. Furthermore, the construction of T-codes via T-augmentation

of code word sets was discussed along with the necklace factorization algorithm

T-transform. A naïve T-transform algorithm was presented that has a runtime of

O(n2). However, a linear time and space implementation is available from [11]. The

T-transform lends itself to the computation of the deterministic complexity mea-

sure T-complexity for which expressions for upper and lower bounds in terms of

Möbius and Euler’s totient function were given. An asymptotically tight analytic

bound on the maximal T-complexity value for strings of a given length was derived

and connected to the prime polynomial counting function.

The next chapter is concerned with the T-complexity pro�le of uniformly dis-

tributed random sequences and provides statistical models for short necklace fac-

tors generated by the T-transform algorithm.
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Chapter 5

The T-Complexity of Uniformly

Distributed Random Sequences

In this chapter we turn our attention to the generalized T-complexity pro�le of uni-

form random sequences (i.e. each symbol in the sequence occurs with equal prob-

ability). While pseudo-random number generators are an acceptable source for a

large number of applications, they are a source that remains fundamentally non-

random, as given a description of the generator algorithm and initial conditions

the output of the generator is predictable. Therefore, all random sequences used in

this chapter were obtained from the quantum random number generator service of

the Department of Physics of the Humboldt University, Berlin [91], and are based

on quantum randomness of photon arrival times [92].

5.1 Related Work

As seen in Chapter 4, the T-transform factors a string into necklace factors. However,

the T-transform is not the only known way to factor a string into a unique represen-

tation of necklaces. Similarly, the Lyndon factorization [93], decomposes a string

uniquely into Lyndon words. The Lyndon factorization is however very di�erent

from the T-transform. In particular, Lyndon factorization factors a string over the

multi-set of aperiodic necklaces [94], meaning that its factors may occur more than

once in the decomposition. The T-transform is more restrictive in that it forbids

the use of a necklace from the same equivalence class more than once. On the other

hand it is less restrictive in that it does not require the necklace to be a Lyndon word
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(i.e. a factor of the T-transform is a necklace but not necessarily aperiodic). Put an-

other way, the factors of the T-transform are unique and may either be a Lyndon

word, a cyclic shift thereof, or (even though not likely) a periodic necklace. While

the T-transform was only recently identi�ed as a necklace factorization algorithm,

the Lyndon factorization and its probabilistic behaviour for random sequences is

well studied (see for example [93, 95, 96, 97, 98]). In particular, it was shown that

the Lyndon factorization of random sequences is isomorphic to the cycles of ran-

dom permutations [93, 95]. Further, the probability of occurrence of small Lyndon

words (small permutation cycles) can be modelled as a Poisson process [93] while

large factors can be modelled via the Dickman function [96]. In what follows we

will see that the T-transform shows similar behaviour in that large and small factors

seem to obey distinct statistical models.

5.2 Conjectures on the Statistics of the T-Transform

Intuitively, we expect random sequences to have high algorithmic and deterministic

complexity since as sequences of maximum Shannon entropy they resist compres-

sion. Hence, we are naturally inclined to assume that random sequences score quite

high in terms of their T-complexity. The question this section tries to answer is if the

T-complexity pro�les of random sequences of the same length are consistent, and

if so, can they be statistically modelled? Three decades of research have gone into

answering this and related questions. While some progress has been made (see for

example [99]), much of the underlying statistics of generalized T-augmentation are

still unknown. In what follows we present empirical results and statistical models

that shed light on the T-complexity pro�le of random sequences.

When factoring a random sequence using generalized T-augmentation it is a

reasonable assumption that the expected value for copy factors converges to 1 [13].

Hence, we do not expect to exceed the T-complexity bound for systematic T-aug-

mentation derived in Section 4.5.1. In particular, as shown in Figure 5.1 the gen-

eralized T-complexity pro�le of random sequences is lower than the asymptotic

T-complexity bound in (4.9). In particular, since the copy factors for a uniform ran-

dom string x converge asymptotically to 1, we assert that the T-complexity of x is

given by

ĈT (x) ≈ υ(x) = max
i

[υ(x̃ i)] . (5.1)
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Figure 5.1: T-complexity of random sequence x versus minimal and maximal T-
complexity bounds.

We observed that the T-complexity pro�le of uniform random sequences of the

same length seems to asymptotically fall on the same characteristic curve as shown

in Figure 5.1 which may suggests that the T-complexity pro�le may serve as an

indicator for the randomness of a sequence.

Conjecture 5.2.1. The total number of T-augmentation levels resulting from the decompo-

sition of random sequences of the same length |x | follows a normal distribution

υ(x) ∼ N (µυ(x), συ(x)) . (5.2)

We provide empirical evidence for Conjecture 5.2.1 as follows. Figure 5.2 shows

the histogram of the T-augmentation levels υ(x) for 512 binary random sequences

x of length |x | = 232 bit. Assuming a normal distribution, the arithmetic mean and
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standard deviation for the data set are given by

µυ(x) = 9.3442 × 107 (5.3)

συ(x) = 3.2362 × 103 (5.4)
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Figure 5.2: Histogram of υ(x) for |x | = 232 bits for 512 binary uniform random se-
quences.

In order to gain con�dence that the histogram in Figure 5.2 follows a normal dis-

tribution, we plot the empirical cumulative distribution function (CDF) and com-

pute the CDF of the presumed normal distribution model. From Figure 5.3 we de-

duce that the model and the observed empirical data agree well with one another.

Moreover, we observe that the data set passes a two sided Kolmogorov-Smirnov

(KS) test at a signi�cance level of ρ = 5% providing further evidence for the conjec-

tured model.
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Figure 5.3: Empirical and modelled cumulative distribution function of typical
T-augmentation level count over an ensemble of 512 uniform binary random se-
quences.

5.2.1 The T-augmentation Level Distribution of Short Necklaces

Observing that the average number of T-augmentation levels of random sequences

seems to be predictable with relatively small standard deviation, we focus our atten-

tion on examining the statistics of generalized T-augmentation for short necklaces.

Conjecture 5.2.2. Let x be a uniform random sequence composed from q symbols. Then

the probability density function (PDF) of short copy patterns pi of length m to occur at

T-augmentation level ℓ is well modelled by

Pυ[x̃i ]
�
ℓ
�
|pi | =m

�
∼ λm exp (−λmℓ) . (5.5)
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Based on (5.5), the cumulative distribution function (CDF) is given by

Fυ[x̃ i ]
�
ℓ
�
|pi | =m

�
∼ 1 − exp (−λmℓ) , (5.6)

where in both (5.5) and (5.6) we have λm = 1/qm.

Figure 5.4 shows the empirical (blue data points) and modelled probability distri-

bution (solid black curve) of necklaces of lengthm to occur at T-augmentation level

ℓ. Figure 5.4 is the combined result of 512 uniform binary random sequences of

length 232 bits each. Model and empirical data are in good agreement and provide

evidence that the probability of a necklace to occur at a certain T-augmentation

level can be modelled by an exponential distribution. This implies that over the

course of the decomposition of a uniform random sequence the reservoir of neck-

laces of length m is depleted at a rate λm = 1/qm. Figures 5.5 and 5.6 show the

quantile-quantile plots for copy pattern lengths 1 to 20 which further strengthens

our hypothesis that we likely deal with a process that can be modelled via an expo-

nential distribution.

However, strictly speaking, the model proposed in Conjecture 5.2.2 is slightly in-

accurate and would more precisely feature a shifted exponential distribution. This

is due to the fact that we can only generate necklaces of length m after a minimum

of log2m T-augmentation steps. However, in practice this error is negligible and

disregarding the shift parameter yields a simpler model.

Table 5.1 estimates the parameters for the proposed exponential model in (5.5).

As stated previously, the estimates are based on the empirical factorization results

of 512 binary random sequences of length |x | = 232 bits each. In Table 5.1 m, indi-

cates the necklace length, ᾱm = λ̂−1
m is the arithmetic mean, λ̂−1

CDF
the mean estimated

from the empirical CDF (5.6) at the axis intercept 1 − F̂υ[x̃ i ]
�
ℓ
�
|pi | = m

�
= 1 − e−1 ≈

0.632, ŝm the sample standard deviation, and
¯
α the sample median.

Moreover, Table 5.2 provides processed parameters from Table 5.1, such that

under the assumption of the exponential model in (5.5) columns 2 to 4 are estimates

for m. Along with these results, the last two columns indicate how many out of

the 512 binary sequences passed the Anderson–Darling (AD) and Kolmogorov–

Smirnov (KS) test at signi�cance level of ρ = 5%.

The empirical and modelled cumulative distribution functions are plotted in

Figure 5.7. The error between empirical data and model prediction are provided
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Figure 5.4: Probability of the occurrence of a necklace of lengthm at T-augmentation
level ℓ.
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Figure 5.5: Quantile-quantile plot for necklaces length m from 1 to 10 over T-
augmentation level ℓ.

in Figures 5.8 and 5.9. From this we can see that for necklace lengths 1 to 20 the

exponential model �ts the empirical data increasingly well asm grows.
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Figure 5.6: Quantile-quantile plot for necklaces length m from 11 to 20 over T-
augmentation level ℓ.
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m ᾱm = λ̂−1
m λ̂−1

m,CDF
ŝm

¯
αm

1 1.92 2 1.40 2

2 5.66 6 3.50 5

3 9.64 10 7.10 8

4 20.00 21 15.52 16

5 36.02 36 30.80 27

6 70.19 70 62.06 51

7 134.82 133 129.86 95

8 267.90 270 256.52 189

9 524.82 522 513.73 366

10 1041.43 1043 1020.91 728

11 2058.26 2061 2026.12 1433

12 4126.20 4129 4096.22 2864

13 8226.72 8237 8191.98 5712

14 16440.77 16462 16370.05 11411

15 32868.37 32874 32829.72 22809

16 65615.12 65600 65507.02 45518

17 131122.33 131014 131039.98 90910

18 262211.35 262362 261878.94 181894

19 524200.51 524132 523970.79 363429

20 1048902.57 1048624 1048737.13 727168

Table 5.1: Parameter estimation for the exponential distribution model describing
the probability of a necklace of lengthsm to occur at T-augmentation level ℓ. For the
entries 512 binary uniform random sequences x of length |x | = 232 bits were used.
Here, ᾱ = λ̂−1

m is the arithmetic mean, λ̂−1
m,CDF

the mean estimated from the empirical
CDF (5.6) at the axis intercept 1 − F̂υ[x̃ i ]

�
ℓ
�
|pi | = m

�
= 1 − e−1 ≈ 0.632, ŝm the sample

standard deviation, and
¯
α the sample median.



88

logq[ᾱm] GOF (512 trials)

m − logq[λ̂m] − logq[λ̂m CDF] logq[ŝm] logq

[
ln(2)

¯
αm

]
ADρ=0.05 KSρ=0.05

1 0.9447 1.0000 0.4862 1.1137 512 512

2 2.5018 2.5850 1.8069 2.8507 503 494

3 3.2690 3.3219 2.8272 3.5288 499 493

4 4.3217 4.3923 3.9557 4.5288 487 487

5 5.1708 5.1699 4.9446 5.2837 494 497

6 6.1331 6.1293 5.9557 6.2012 492 488

7 7.0749 7.0553 7.0208 7.0986 486 492

8 8.0655 8.0768 8.0029 8.0910 486 494

9 9.0357 9.0279 9.0049 9.0445 491 495

10 10.0244 10.0265 9.9956 10.0366 488 495

11 11.0072 11.0091 10.9845 11.0136 486 486

12 12.0106 12.0116 12.0001 12.0126 485 483

13 13.0061 13.0079 13.0000 13.0085 482 487

14 14.0050 14.0069 13.9988 14.0069 491 491

15 15.0044 15.0047 15.0027 15.0061 484 487

16 16.0017 16.0014 15.9994 16.0029 486 487

17 17.0006 16.9994 16.9996 17.0009 484 483

18 18.0004 18.0012 17.9985 18.0015 485 487

19 18.9998 18.9996 18.9991 19.0001 492 499

20 20.0004 20.0001 20.0002 20.0007 487 493

Table 5.2: Goodness of �t (GOF) test using Anderson–Darling (AD) and
Kolmogorov–Smirnov (KS) test at a signi�cance level of ρ = 5%. Along with
processed parameters from Table 5.1 giving evidence for the exponential PDF
model describing the probability of a necklace of length m to occur at a certain
T-augmentation level.
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Figure 5.7: Empirical and modelled CDFs for necklace of lengths m to occur at T-
augmentation level ℓ.
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5.2.2 The T-handle Length Distribution of Short Necklaces

This section extends the statistical results obtained for the T-augmentation level in

Section 5.2.1 by giving an expression for the probability of a necklace of lengthm to

occur at a certain T-handle length. As it turns out the T-handle length seems to obey

similar statistics than the T-augmentation level resulting in the following model:

Conjecture 5.2.3. Let x be a uniform random sequence composed from q symbols. Then

the probability density function (PDF) of short copy patterns pi of length m to occur at a

T-handle length of h is well modelled by

P|x̃i |
�
h
�
|pi | =m

�
∼

e−γ

m
λm exp

(

−e
−γ

m
λm h

)

. (5.7)

Based on (5.7), the cumulative distribution function (CDF) is given by

F|x̃ i |
�
h
�
|pi | =m

�
∼ 1 − exp

(

−e
−γ

m
λm h

)

, (5.8)

where in both (5.7) and (5.8) we have λm = 1/qm and γ is the Euler–Mascheroni constant

given by the limit

γ = lim
m→∞

[ m∑

k=1

1
k
− logm

]
, (5.9)

We provide evidence for Conjecture 5.2.3 in the same manner as for the dis-

tribution governing the T-augmentation level. In particular, we provide quantile-

quantile plots in Figures 5.10 and 5.11 for necklace lengths 1 to 20. The empirical

and modelled cumulative distribution functions are depicted in Figure 5.12 and the

error between the respective functions is provided in Figures 5.13 and 5.14.
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Figure 5.12: Empirical and modelled CDFs for a necklace of length m to occur at
T-handle length h.
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5.2.3 Beyond Short Necklaces

One might ask if the knowledge of the average number of T-augmentation steps

µυ(x) for a uniform random sequence of �xed length |x | allows us to model the ex-

pected number of necklaces of lengthm that are generated during the factorization

of x . Based on the exponential model in Conjecture 5.2.2, as well as (5.2) and the

bounds on the number of necklaces of length m from (4.10) we state the following

conjecture:

Conjecture 5.2.4. The expected number of short necklaces of length m generated over the

course of the factorization of a uniform random string x over an alphabet of q symbols can

be modeled by

Wq(m,µυ[x]) ∼
qm

m
Fυ[x̃ i ]

�
µυ[x]

�
|pi | =m

�

∼
qm

m

[
1 − exp

�
−λm µυ[x]

�]

∼
qm

m

[
1 − exp

(

−
µυ[x]

qm

)]
. (5.10)

We note that Conjecture 5.2.4 makes a claim only about short necklaces. The

reason for this is detailed in the following. Consider Figure 5.15 which plots the

average Wq(m) of 512 uniform binary random sequences of length |x | = 232 bits

versus the prediction of the model in Conjecture 5.2.4. For reference Figure 5.16

depicts the sample standard deviation ŝWq (m,µυ[x ]) associated with the necklace count

of length m across the 512 trials. From Figure 5.15 we see that the model �ts well

for necklaces of length less than m = 50. Beyond this length the model breaks

down and is unable to accurately account for the tail of the empirical data. The

underrepresentation of necklaces of length m > 50 may be attributed to the �nite

string length.

Figures 5.18 and 5.17 depict the error and log-ratio of modelled and empirical

quantities respectively. From both �gures we can see a departure from the conjec-

tured model for necklaces larger than 50. No statistical distribution that accurately

describes the behaviour of large necklace factors could be identi�ed.
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Figure 5.15: Modelled and average empirical necklace count per length m over 512
trials.

In order to get an idea of how signi�cant large necklaces are in the factorization

of uniform random sequences, we consider again binary 512 random sequences of

length |x | = 232 bits. The theoretical combined length occupied by necklaces up to

length m = 50 is given by

m=50∑

n=1

nWq(n,µυ[x]) ∼

50∑

n=1

qm
[
1 − exp

(

−
µυ[x]

qm

)]
= 1.332721 × 109, (5.11)

where q = 2 and we have used µυ(x) = 9.3442×107 from (5.3). Similarly, the empirical

average combined length is

m=50∑

n=1

nWq(n, ) = 1.457641 × 109 . (5.12)
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Hence, the modeled and empirical portion of necklaces larger than m = 50 is ob-

tained as

[
1 − 1.332721 × 109

232

]
× 100% ≈ 68.97% (5.13)

and

[
1 − 1.457641 × 109

232

]
× 100% ≈ 66.06%, (5.14)

respectively. From (5.13) and (5.14) we deduce that the portion of large necklaces

is over two thirds of all generated necklaces which is quite signi�cant. We close

this chapter by noting that for a randomness test one would ideally prefer to have a

statistical model for short and long necklaces. Whether or not the model for short

necklaces alone is su�cient to devise such a test is an open question.

q = 2, |x | = 232 bits
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Figure 5.16: Sample standard deviation for the necklace count per length m over
512 trials.
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q = 2, |x | = 232 bits
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Figure 5.17: Error between modelled and average empirical necklace count per
length m.
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Figure 5.18: Logarithmic ratio of modelled and average empirical necklace count
per length m.
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5.3 Summary

This chapter presented statistical models and empirical results concerning the gen-

eralized T-complexity pro�le of uniform random sequences. We have shown that

for large �nite strings generalized T-augmentation depletes short necklaces at an

exponential rate. If the portion of large necklaces can be probabilistically character-

ized is currently an open question needing further investigation.

The next chapter introduces the notion of conditional T-complexity which then

�nds practical application in the form of a very e�ciently computed similarity mea-

sure for strings which is referred to as the normalized T-complexity distance.
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Chapter 6

Measuring String Similarity

In this chapter we de�ne the normalized information distance and its T-complexity

based deterministic version referred to as normalized T-complexity distance. We

further show that the normalized T-complexity distance is not a metric.

6.1 The Normalized Information Distance

Given two strings x and y, we would like to have an information distance measure

d(x ,y) that allows to numerically quantify how close x and y are related to one an-

other. Ideally this measure should ful�ll the requirements of a metric, account for

di�erences in string length, and provide a normalized output, d(x ,y) ∈ [0,1]. There

are many possible ways in which such a measure might be expressed. We provide

a de�nition in terms of Kolmogorov complexity due to Li et al. [61] as follows.

De�nition 6.1.1 (Li et al. 2008, [61]). The Normalized Information Distance (NID) is

given by

dNID(x ,y) =
max

�
K(x |y), K(y |x)

�

max
�
K(x), K(y)

� (6.1)

≈
K(xy) −min

�
K(x), K(y)

�

max
�
K(x), K(y)

� , (6.2)

where K(x |y) in (6.1) is the conditional Kolmogorov complexity which is de�ned as the

shortest length program that, given y as an input, produces x as its output.
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The numerator in (6.1) addresses the possibility of x and y containing vastly

di�erent amounts of information. That is, if x happens to be much smaller than

y it will likely not require as much algorithmic e�ort to describe x in terms of y

than the other way around. Hence, we choose to evaluate max
�
K(x |y), K(y |x)

�

to ensure that we account for the amount of extra information by which one string

dominates the other in terms of contributed information content. The denominator

in (6.1) makes sure that this amount is normalized by the information contained in

the individually more complex string.

For x = y the normalized information distance yields dNID(x ,y) = 0 indicating

maximum similarity. Similarly, dNID(x ,y) = 1 indicates maximum dissimilarity. (6.1)

is proven to be a metric up to an admissible error. That is, the distance is non-

negative, symmetric, and satis�es the triangle inequality [14], [63]. Li et al. provide

(6.2) in [14] as an approximation for (6.1) which makes the assumption that K(x |y) ≈
K(xy) − K(y) and K(xy) ≈ K(yx) .

6.2 The Normalized Compression Distance

As already outlined in Section 4.1.2 we cannot compute the Kolmogorov complexity

of a string, and thus, the derivation of a deterministic version of the normalized

information distance is inherently problematic. Indeed, Terwijn et al. prove in [100]

that (6.1) cannot be approximated from above or below to any computable precision.

Nevertheless, in practice o�-the-shelf data compressors can be used to obtain an

estimate of string complexity.

De�nition 6.2.1. The Normalized Compression Distance (NCD) is given by

dNCD(x ,y) =
Z(xy) −min

�
Z(x), Z(y)

�

max
�
Z(x), Z(y)

� , (6.3)

where the term Z(x) in (6.3) denotes the compressed size of the string x .

The NCD employs size-compacting industry standard data compressors such

as the Lempel-Ziv factorization based compressor LZ77 (gzip), a Burrows-Wheeler

Transform based data compressor (bzip2), and more recently, prediction by par-

tial matching (PPM) and Lempel-Ziv Markov chain (LZMA) algorithms [63, 101].

Conceptually, the NCD is computed as a ratio from two individually and jointly

compressed strings. The idea is that, the more information the two strings share
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in common the smaller the size of their joint compression. Therefore, the lower

their normalized compression distance the closer is their “relatedness”. In order to

correlate information patterns contained inside a string an optimal algorithm has

to touch each symbol in a string at least once. Thus, a sequentially implemented

solution for a deterministic complexity measure must have a lower bound in time

complexity of O(n).

The o�-the-shelf compressors used in the NCD, in one way or another, �rst trans-

form information into a less redundant meta-representation which then are com-

pacted in size using entropy coding. However, a deterministic measure estimating

the information content of a string does not necessarily require a size-compacting

encoding phase as it is possible to obtain a complexity measure from the algorith-

mic e�ort required to construct the meta-representation alone. The Lempel-Ziv

complexity [12], herein referred to as LZ76, and T-complexity [89, 102, 71], subject

of this dissertation, are two examples of such deterministic complexity measures.

LZ76, is performing an exhaustive pattern search over the entire input which makes

it well suited to estimate the complexity of sources with long memory. An NID

and LZ76 based approach was used in [63] for the construction of phylogenetic

trees. However, a naïve LZ76 implementation does not scale well for large inputs

because of its quadratic runtime. This is likely the reason why less resource de-

manding compressors such as gzip or the block compressor bzip2 are also used

for the computation of the NCD in [63]. Both compressors have a runtime of the

O(n ×m), wherem is the window or block size of the compressor.

A window or block size based compressor is producing correct results only if the

length of the two concatenated input strings �ts inside the block or window size of

the compressor as otherwise shared information may not be correlated across block

or window boundaries [101], [103]. Unfortunately, as soon as we requirem to be of

the same size as the concatenated input strings we default to an e�ective overall

runtime ofO(n2). Similarly, the Markov model based compressors PPM and LZMA

produce accurate results only if their dictionary size is left unrestricted [101]. This

accuracy is paid for with poor runtime performance due to exponential demands

in time and memory for Markov model implementations [104].

The normalized compression distance can yield good results in practice [14, 62,

63] provided one is mindful about the selection and limitations of the chosen data

compressor as the quality of the normalized compression distance is ultimately tied

to window, block, and dictionary size of the compressor [101, 103].
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6.3 The Normalized T-Complexity Distance

Similarly to the normalized compression distance in the previous section we de�ne

a similarity distance measure based on conditional T-complexity as follows.

De�nition 6.3.1. The Normalized T-complexity Distance (NTD) is given as

dNTC(x ,y) =
max

�
CT (x |y), CT (y |x)

�

max
�
CT (x), CT (y)

� , (6.4)

where CT (x |y) is the conditional T-complexity which we de�ne as the additional decom-

position e�ort on x required after application of all copy factor/copy pattern combinations

encountered during the decomposition of y.

Example 6.3.2 illustrates how the conditional T-complexity measure in (6.4) is

computed in practice.

Example 6.3.2 (Conditional T-complexity). Let x ,y ∈ S+ with x = 'Hi`Grandma'

andy = 'Hi`Granny'. Then the conditional T-complexity CT (x |y) is de�ned as the

additional decomposition e�ort on x after application of all “knowledge” gained

from the decomposition of y.

To compute CT (x |y) we employ a stop symbol #, such that # < S . We then

decompose the string concatenation x#y ∈ Ṡ+, where Ṡ = {S ,#}. The T-transform

algorithm factors x#y in 11 steps. A list of copy patterns along with their respective

copy factors is given in Table 6.1. The stop symbol between the strings x and y

prevents the creation of a copy pattern spanning over the concatenation boundary

of x and y.

From Table 6.1 we evaluate the conditional T-complexity of x given y as the

log-weighted sum of copy factors associated with copy patterns that contain infor-

mation exclusively belonging to x as

CT (x |y) =
11∑

i=10

log2(ki + 1) = 2.0 .

Furthermore, as a by-product of the decomposition of x#y we obtain the T-com-

plexity of y as the log-weighted sum of copy factors associated with copy patterns
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CT (y) = 8.58

CT (x |y) = 2.0

pi : copy pattern

i : level ki : copy factor o�set length value

1 1 20 1 y

2 2 19 1 n

3 1 17 1 a

4 1 16 1 r

5 1 15 1 G

6 1 14 1 `

7 1 13 1 i

8 1 12 1 H

9 1 10 2 a#

10 1 9 1 m

11 1 1 8 Hi`Grand

Table 6.1: T-transform of string x#y= 'Hi`Grandma#Hi`Granny'.

that contain information belonging to y as

CT (y) =
8∑

i=1

log2(ki + 1) = 8.58 .

In the same way we obtain CT (y |x) = 2.0 and CT (x) = 9.0 from the factorization of

y#x as shown in Table 6.2.

We conclude this example by using (6.4) to compute the normalized T-complexity

distance between x and y as

dNTC(x ,y) =
max

�
CT (x |y), CT (y |x)

�

max
�
CT (x), CT (y)

� =

2.0
9.0
≈ 0.23 .



109

CT (x) = 9.0

CT (y |x) = 2.0

pi : copy pattern

i : level ki : copy factor o�set length value

1 1 20 1 a

2 1 19 1 m

3 1 18 1 d

4 1 16 2 an

5 1 15 1 r

6 1 14 1 G

7 1 13 1 `

8 1 12 1 i

9 1 11 1 H

10 1 10 1 #

11 1 9 1 y

12 1 1 8 Hi`Grann

Table 6.2: T-transform of string y#x='Hi`Granny#Hi`Grandma'.

The normalized T-complexity distance is unique when compared to o�-the-shelf

compressor based approaches as it directly uses the results of a conditional com-

plexity measure. Thus, it is conceptually closer to the normalized information dis-

tance as de�ned in (6.1). Moreover, using the T-transform implementation provided

in [11], the normalized T-complexity distance computes in linear time and space,

making it superior to PMM and LZMA based approaches. Furthermore, the qual-

ity of the normalized T-complexity distance is not susceptible to window or block

size issues that are a problem with compressor such as gzip, and bzip2. Overall

this makes the normalized T-complexity distance a good choice for assessing infor-

mation similarity in big data sets.
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6.3.1 Metric Violation

Clearly the normalized T-complexity distance dNTC(x ,y) is symmetric, but for it to

be a metric we require the triangle inequality to hold. In the following we prove

that the normalized T-complexity distance violates this requirement reducing it to

at quasi-metric.

Claim 6.3.3. The normalized T-complexity distance

dNTC(x ,y) =
max

�
CT (x |y), CT (y |x)

�

max
�
CT (x), CT (y)

�

is not a metric.

Proof (by counter example). For dNTC(x ,y) to be a metric we require the following con-

ditions to hold,

1. dNTC(x ,y) > 0

2. dNTC(x ,y) = 0, i� x = y

3. dNTC(x ,y) = dNTC(x ,y)

4. dNTC(x ,y) 6 dNTC(x ,z) + dNTC(z,y)

(non-negativity)

(identity of indiscernibles)

(symmetry)

(sub-additivity / triangle inequality).

It is trivial to show that dNTC(x ,y) satis�es conditions 1 to 3. In what follows we show

that condition 4 is violated. Consider the binary strings x = 01100, y = 000101, and

z = 01000010. Table 6.3 shows the factorization results of all pairwise concatena-
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tions of x , y, and z which allows us to compute dNTC(x ,y), dNTC(x ,z), and dNTC(z,y) as

CT (x) = 3.584963

CT (y) = 4.0

CT (x |y) = 1.0

CT (y |x) = 2.0

dNTC(x ,y) = 0.5

CT (z) = 4.584963

CT (x | z) = 1.0

CT (z |x) = 1.0

dNTC(x ,z) = 0.218104

CT (y | z) = 1.0

CT (z |y) = 1.0

dNTC(z,y) = 0.218104 .

Therefore,

dNTC(x ,y) > dNTC(x ,z) + dNTC(z,y)

0.5 > 0.218104 + 0.218104 = 0.436208

which contradicts requirement 4. Thus, the normalized T-complexity distance is

not a metric and Claim 6.3.3 is proven. �

In practice the metric violations are mostly observed for small strings of di�er-

ent size and are much harder to �nd for larger strings of similar size. For example

to �nd a violation for binary sequences of length around 20, 100,000 random com-

binations had to be tested in order to observe a single metric violation. An open

question in this regard is whether the number of metric counter examples is �nite.
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(a) x#y :

i ki pi

1 1 1
2 1 10
3 3 0

4 1 00#

5 1 011

(b) y#x :

i ki pi

1 2 0
2 1 1
3 1 01

4 1 #

5 1 101
6 1 000

(c) x#z :

i ki pi

1 1 0
2 1 1
3 2 00
4 1 01

5 1 #

6 1 01100

(d) z#x :

i ki pi

1 2 0
2 1 1
3 1 01

4 1 010#

5 1 01000

(e) y#z :

i ki pi

1 1 0
2 1 1
3 2 00
4 1 01

5 1 01#

6 1 0001

(f) z#y :

i ki pi

1 1 1
2 1 10
3 3 0

4 1 0010#

5 1 0100

Table 6.3: T-transform results for all pairwise concatenations of the three strings
x = 01100, y = 000101, and z = 01000010.
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6.4 Summary

In this chapter we introduced the normalized information distance and normalized

T-complexity distance as measures of similarity between two strings. We showed

that the normalized T-complexity distance is not a metric. An open question in this

regard is whether the number of sequences that violate the triangle inequality is

�nite. In its current form the normalized T-complexity distance is a quasi-metric

but as such is still a very useful measure that computes very e�ciently.

The next chapter concludes this dissertation by summarizing the contributions

made and suggesting opportunities for future work.
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Chapter 7

Conclusions

This dissertation outlined in detail the connection between the number of aperiodic

necklaces and monic irreducible polynomials over �nite �elds. Explicit formulas

for the enumeration of monic irreducible polynomials and necklaces were given

and illustrated by example.

A very accurate approximation of the Lerch transcendentΦ(z,s,a)was presented

that for |z| > 1 yields more accurate results than a related expansion formula due

to Ferreira et al. given in [15]. A precise approximation for Eulerian polynomials

was derived and used to asymptotically bound the error in the series expansion of

the Lerch transcendent. The error was shown to be exponentially small when the

series is optimally truncated.

The asymptotic expansion of the Lerch transcendent was used to compute the

truncated polylogarithm function L(z,s,m) which in turn provides an approxima-

tion of the prime polynomial counting function that is analogous to the well known

asymptotic expansion of the prime number theorem. The proposed prime polyno-

mial counting function derived in this work is a contribution of fundamental nature,

is consistent with prior literature, and exhibits signi�cantly better accuracy than the

works of Kruse et al. [2], Wang et al. [3], and Pollack [4]. The expansion formulas for

Eulerian polynomials and truncated polylogarithm function are general and �nd

applications in many areas other than the enumeration of prime polynomials.

The T-transform was introduced as a string factorization algorithm that decom-

poses a string into a representation of necklaces on which T-codes are based. The

algorithmic e�ort required to construct a T-code from a string was used to de�ne

the string complexity measure T-complexity, a deterministic complexity measure
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providing a real valued estimate of how complex (or random) the information con-

tained in a string is.

The link between aperiodic necklaces and monic irreducible polynomials was

used to derive a new asymptotic bound on the maximal T-complexity value for

strings of a given length. The statistics of the T-transform were shown to be com-

parable to the Lyndon factorization in that large and short necklace factors obey

distinct statistical models. It was shown that for �nite strings generalized T-aug-

mentation depletes short necklaces at an exponential rate.

Finally, using the notion of conditional T-complexity, the normalized T-com-

plexity distance was de�ned as a string similarity measure that numerically quan-

ti�es the shared information content between two strings. The normalized T-com-

plexity distance was shown not to be a metric as it occasionally violates the triangle

inequality.

7.1 Future Work

Hyperasymptotic Approximations

While the optimally truncated asymptotic series expansion for the Lerch transcen-

dent Φ(z,s,a) and the truncated polylogarithm function L(z,s,m) already achieve

remarkable accuracy for |z| > 1, one area of improvement that might be worthwhile

to investigate is whether or not one might be able to achieve even higher accuracy

via an hyperasymptotic approximation [33]. For this, the error term of the optimally

truncated series has to be expanded as a separate series and added to the initial

asymptotic expansion.

Randomness Tests for Finite Strings

As outlined in Chapter 5, for a complete statistical characterization of the T-com-

plexity pro�le of uniformly distributed random sequences, a statistical model for

large necklace factors is needed. Complete knowledge of the statistical behaviour

of both short and long necklace factors makes it easier to devise a test that predicts

whether or not a string was obtained from a true random source or not. If the

statistical model for short necklaces alone might be su�cient for such a test is an

open question and provides an opportunity for future work.
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Normalized T-complexity Distance

In Chapter 6 it was shown that the normalized T-complexity distance is not a metric

due to the occasional violation of the triangle inequality. This fact is not surprising

given that the original de�nition by Li et al. [14] allows for such violations. Cur-

rently, not much can be said about the frequency of the violations for the normal-

ized T-complexity distance. Largely this is due to the fact that the measure does not

restrict strings to equal lengths resulting in a vast space that cannot be searched us-

ing brute force methods. Future work in this regard includes an assessment if one

can discern a pattern from the short metric violations that ultimately would allow

to asymptotically bound the overall number of expected violations.
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Appendix A

Supplemental Materials

A.1 Maple Source Code

This section provides source code for the computer algebra system Maple that may

be used for the exact and approximate computation of prime polynomial counting

function and Eulerian polynomials. In this context source code for the series ap-

proximation of the Lerch transcendent is also provided. The source code is subject

to the Apache 2.0 licence, a copy of which may be obtained from [105].

# Copyright 2016, Niko Rebenich

#

# Licensed under the Apache License, Version 2.0 (the "License");

# you may not use this file except in compliance with the License.

# You may obtain a copy of the License at

#

# http://www.apache.org/licenses/LICENSE-2.0

#

# Unless required by applicable law or agreed to in writing, software

# distributed under the License is distributed on an "AS IS" BASIS,

# WITHOUT WARRANTIES OR CONDITIONS OF ANY KIND, either express or implied.

# See the License for the specific language governing permissions and

# limitations under the License.

#################################### GLOBALS ###################################

Digits := 50000; # Floating point precision

M := 1001; # Default size for Eulerian number LUT

En := Matrix(1): # Pre-allocate LUT for Eulerian numbers

with(LinearAlgebra):

with(numtheory):
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############################ EULERIAN POLYNOMIALS ############################

# Initialize/resizes look-up table of Eulerian numbers

initEn := proc (n)

global En;

local k, m, M;

M := RowDimension(En);

if (n > M-1) then # Check if we need to resize

M := n + 1;

En := Matrix(M, Matrix(M, 1, fill = 1), fill = 0):

;

end if;

end proc:

# Initialize look-up table (LUT) of Eulerian numbers

initEn(M): # initialize En matrix

# Computes n-th Eulerian polynomial in z (exact).

# n: n-th Eulerian polyn.

# z: free variable

A := proc (n, z)

global En;

local k, C, Z;

initEn(n);

k := max(n,1);

C := Vector(k,j->En(k+1,j));

Z := Vector(k,j->z^(j-1));

return(C.Z);

end proc:

# Computes T_k for the n-th Eulerian polynomial approximation.

binT := proc (p, z, k)

local m, u, v;

u := log(z);

v := 2*Pi*k*I;

2 * sum(binomial(p, 2*m) * u^(p-2*m) * v^(2*m), m=0..floor(p/2)) / (u^2 - v^2)^p;

end proc:

# Approximation of the n-th Eulerian polynomial.

# n: n-th Eulerian polyn.

# z: free variable

# m: number of expansion terms

Ax := proc (n, z, m)

local c, j;

c := (1/z) * (z-1)^(n+1) * factorial(n);

c * (1/log(z)^(n+1) + sum(binT(n+1, z, j), j=1..m));

end proc:
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############################# LERCH TRANSCENDENT #############################

# Lerch transcendent, asymptotic series expansion, |z| > 1.

# z, s, a: free variables

# N: number of expansion terms

Phix := proc(z, s, a, N)

local n, d;

d := 0;

if (abs(z) > 1 and a > 1) then

d := 1;

end if;

-1 * sum( (binomial(n+s-1, n) * ’A’(n, z)) / (((z-1)^(n+1))*(a-d)^(n+s)), n=0..N-1 );

end proc:

# Optimally truncated Lerch transcendent, asymptotic series expansion, |z| > 1.

# z, s, a: free variables

# N: maximum number of expansion terms

Phix_opt := proc(z, s, a, N)

local n, w1, w2, d, r;

d := 0;

n := 0;

if (abs(z) > 1 and a > 1) then

d := 1;

end if;

r := (binomial(n+s-1, n) * A(n, z)) / (((z-1)^(n+1))*(a-d)^(n+s));

w1 := r;

n := n+1;

while true do

w2 := (binomial(n+s-1, n) * A(n, z)) / (((z-1)^(n+1))*(a-d)^(n+s));

if ((abs(w2) > abs(w1)) or (n = N)) then

if not (n = N) then

r := r - w1;

n := n-1;

fi;

break;

else

r := r + w2;

n := n+1;

w1 := w2;

fi;

od;

return (-1*r), n, w2, w1;

end proc:
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########################### TRUNCATED POLYLOGARITHM ###########################

# Truncated polylogarithm, asymptotic series expansion, |z| > 1.

# z, s, m: free variables

# N: number of expansion terms

Fx := proc(z, s, m, N)

-1 * z^(m+1) * Phix(z, s, m+1, N);

end proc:

# Truncated polylogarithm, optimally truncated asymptotic series expansion, |z| > 1.

# z, s, m: free variables

# N: maximum number of expansion terms

Fx_opt := proc(z, s, m, N)

local fv, n , w1, w2, r;

fv, n, w1, w2 := Phix_opt(z, s, m+1, N):

r := -1 * z^(m+1) * fv;

return r, n;

end proc:

# Truncated polylogarithm function (exact).

# z, s, m: free variables

F := proc(z, s, m)

local k;

sum((z^k)/k^s, k = 1..m)

end proc:

###################### PRIME POLYNOMIAL COUNTING FUNCTION #####################

# Computes the exact number of irr. monic polyn. of degree <= m (exact).

# q: prime power, fee variable

# m: polynomial degree

Pi_q := proc(q, m)

local k, p;

p := 1;

for k from 1 to m do

p := p + mipolys(k, q, 1)

od;

return(p);

end proc:
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