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ABSTRACT

This thesis presents observations from the  Bosphorus (S trait of Istanbul), Turkey, made 

to  study the  effects of mixing, entrainm ent and frictionally induced shear on the  dynamics 

of an exchange flow.

The well known two-layer s tructu re  w ith an upper layer of brackish Black Sea water 

over an opposing undercurrent of salty M editerranean water was observed. It is likely 

th a t the exchange was m axim al as it seemed to  be bounded by two hydraulic controls a t 

the  s tra it’s ends; a  sill control a t the Black Sea was readily identifiable and the  exchange 

also appeared to  be controlled a t the  south exit toward the Sea of M arm ara. The lower 

layer lost 15 to  20% of its volume to  the  upper layer because of upward mixing caused by 

interfacial shear and turbulence created a t bends and lateral protuberances. The exchange 

was quasi-steady, except during a so-called Orkoz when strong winds caused a  reversal of 

the  upper layer flow. Between the  controls the  interface sloped steeply throughout the 

s tra it indicating th a t mass and m om entum  exchange between the layers and friction along 

the  interface and sidewalls were im portant.

The hydraulics of a single layer flow w ith entrainm ent is examined w ith a reduced 

gravity model. Expressions are derived for the local change of layer thickness and Fronde 

num ber as function of the  entrainm ent velocity. It is shown th a t entrainm ent, like friction, 

acts to  force the  flow toward criticality, although the layer thickness can increase if the 

Froude num ber is smaller th an  1/2. For certain Froude numbers the  effects of friction and 

entrainm ent on the  layer thickness and the  hydraulic sta te  of the  flow are found to  be of 

comparable m agnitude. A two-layer model with entrainm ent is developed. Predicted and 

observed interfacial slopes are found to  be in reasonable agreement.

The classical definition of hydraulic control assumes layers w ith uniform velocity so th a t 

further consideration is required if there is frictionally induced shear as observed in the 

Bosphorus. If a shear flow preserves the  shape of its velocity profile, a s tandard  formula 

suggests th a t  hydraulic control is achieved when the  depth-averaged flow speed is less 

th an  On the  o ther hand, shallow water waves have a speed relative to  the  mean

flow of more th an  suggesting th a t inform ation could propagate upstream . This



Ill

apparent paradox is solved by showing th a t the  internal stress required to  m aintain a 

constant velocity profile depends on flow derivatives, thus altering the  wave speed w ithout 

introducing damping. By contrast, an inviscid shear flow does not m aintain the  same 

profile shape, bu t is shown to  exhibit hydraulic control when the depth-averaged speed 

equals the  inviscid long wave speed. In the  Bosphorus the sim ilarity assum ption was 

found to  approxim ately hold indicating th a t  hydraulic control could not be defined using 

classical inviscid theory.
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"... I m entioned to  your M ajesty a t the beginning of my discourse th a t my 
intention in embarking on these travels was not only to  contem plate and 

observe these natural m otions which are purely visual, bu t also to  investigate 
those which are more concealed bu t just as marvelous to  the  hum an mind, 

and encourage one to  discover, for the public good, the reasons. Emboldened 
by the observations of the  surface m otion of our channel, happily I was able 

to  prepare myself as best I could, for greater and nobler research, more 
fruitful since it was more difficult and new, and consequently worthy of

Your M ajesty’s spirited genius. ...”

Count Luigi Ferdinando Marsigli in his letter to  ex-Queen Christina of Sweden.
The letter entitled “Osservazioni intorno al Bosforo Tracio” was originally 
published in Rome in 1681 (English translation in Deacon, 1978).

A figure from Marsigli (1681) illustrating how he measured the “Superior” (surface 
current) and the “Sottana” (under current) in the Bosphorus.



1. Introduction

1.1. Motivation

The m ajor subject of th is thesis is the circulation of water in a  particular type of coastal 

feature called “sea s tra it” , and my example of such a stra it will be the Bosphorus, also 

known as S tra it of Istanbul.

Geographically, the  term  sea stra it is used to  describe a  narrow channel connecting two 

larger bodies of water, or more generally, any topographic relief obstructing the free flow 

of water between two w ater bodies. It may refer to  narrow passages between an  island 

and the m ainland, such as the  S trait of Messina, or to  channels serving as the  prim ary 

or sole connection between enclosed seas and the open ocean, such as the Bosphorus or 

the S trait of G ibraltar. Dynamically, a s tra it is any topographic constriction th a t imposes 

some type of control on the  w ater flowing through it (Trowbridge et ah, 1998).

If one was given the  task  to  study the  circulation of the ocean w ith its basins and 

marginal seas interconnected by straits, one would do well by choosing the stra its  as 

observational starting  points. F irst, mass, heat and chemical budgets for individual basins 

can be form ulated in term s of the  fluxes m easured across the stra its  using a relatively small 

number of observations which can be done w ith relative ease. Second, it is reasonable to  

expect th a t  stra its  impose some kind of constraint on the  exchange between the basins. 

Third, strait-flow regularly exhibits fascinating physical processes like hydraulic control, 

hydraulic jum ps, local instabilities, mixing, internal waves, and other hydraulic and fine 

scale phenom ena which are well w orth studying. It should also be noted th a t many stra its  

are excellent na tu ra l laboratories for observing the above m entioned phenomena, because 

unlike the  unpredictable open ocean, swift currents and topography reliably produce strong 

interactions a t specific locations. Vessels can be scheduled w ith (some) confidence th a t
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the  targeted physical processes will occur, and the  studies have a realism  not available in 

artificial channels or numerical simulation. Finally, an understanding of exchange flows in 

straits m ay also be helpful in solving many environm ental engineering problems.

W henever a stra it separates two basins containing waters of differing density, a  baroclinie 

exchange may occur owing to  the gravitational force th a t acts through internal horizontal 

pressure gradients to  restore a stably stratified w ater column. The study  of the  baroclinie 

exchange in stra its  is an a ttem pt to  understand how a particular situation modifies the 

simplest possible flow configuration by including other effects, such as geometry, friction, 

ro tation and mixing, and very often the m ain objective is to  quantify the  m agnitude of 

the  exchange.

Earlier studies invoked some type of friction as constraint mechanism on the  flows (e.g. 

Defant, 1961a), bu t purely frictional constraint models require unrealistically large friction 

param eters (Trowbridge et a i, 1998). An im portan t breakthrough occurred in the  1950s 

when Stommel & Farmer (1952, 1953) introduced the  notion of hydraulic control and 

noted th a t  internal hydraulic control a t the m outh  of an estuary could determ ine the 

exchange between an estuary and the  open ocean. Their model was soon applied to  stra it 

flows. Coupled to  mass and salt conservation statem ents, the hydraulic control condition 

provides an upper lim it on the m agnitude of th e  flows th a t are physically possible given 

the density difference between the two basins. This limit is set by a  balance between the 

available potential energy, determ ined by the density difference, and the kinetic energy 

of the flow. Further improvements of the  inviscid steady hydraulic theory came w ith 

the  introduction of two topographic controls (Farm er & Armi, 1986) representing specific 

topographic features in the stra it. An interesting consequence was the  possibility of having 

a  maximal exchange situation which requires the  presence of two internal hydraulic controls 

separated by a region of subcritical flow. The exchange is m axim al in the  sense th a t 

for the given flow configuration the s tra it’s subcritical region is effectively isolated from 

perturbations in the  level of the  interface in the adjoining water bodies th a t could possibly 

modify the  exchange. Then the exchange is as large as the  given flow configuration allows; 

the  exchange is m axim al (Armi & Farmer, 1987).

The inviscid Farm er &: Armi (1986) model has been proven to  be a  powerful aid for 

the  understanding and prediction of exchange in stra its  where friction and mixing effects
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are relatively minor, such as the S trait of G ibraltar (P ra tt, 1986; Farm er & Armi, 1988; 

Bryden & Kinder, 1991a). On the o ther hand, friction and entrainm ent can play an 

im portant role in longer, shallower, or narrower straits. The Bosphorus is a good example. 

There, substantial changes occur in the  density structure of the water masses as they move 

through the stra it. Moreover, the interface between the layers has an  appreciable slope, 

even w ithin the central portion which is well away from the controls points (Oguz et al, 

1990). It seems likely under these circumstances th a t both mass and m om entum  flux 

between the layers, together w ith friction along the  boundaries, contribute to  the balance 

of forces within the stra it. Frictional effects have been explored before by various authors 

- by Hender.son (19()(i) for open channel flow, by P ra tt  (1986) for oceanic reduced gravity 

flows, and by A.ssaf & Hecht (1974) and Borm ans &: G arrett (19896) for exchange flows in 

straits, ju st to  name a few. On the o ther hand, until recently the effects of entrainm ent 

on the dynamics had not received much atten tion  despite the fact th a t  entrainm ent was 

found to  be an im portan t factor in num erical simulations of the exchange in the Bosphorus 

(Ü nlüata et a i, 1990).

Most theoretical models make the assum ption of homogeneous and uniform  slab-like lay

ers. However, not surprisingly observations and numerical simulations clearly show th a t 

the  effects of friction and entrainm ent cause the transition  from one layer to  the other to  be 

continuous ra ther th an  ab rup t which means th a t vertical profiles of density and horizontal 

velocity show significant vertical gradients. In such circumstances it is often difficult to  

determ ine w hether an exchange flow between two basins is hydraulically controlled. One 

reason is th a t hydraulic control is usually defined for layered flows. Unfortunately, using 

the results of layered hydraulic theory  might depend sensitively on how one defines the 

layers (e.g. P ra tt  et a l, 1999). The problem  is commonly resolved by extending the con

nection between long waves and hydraulic control, which is well established for layered 

flows, to  continuously stratified and sheared exchange flows. However, th is appears to  be 

a bold step as there does not seem to  be a well-founded model of hydraulic behaviour 

of such flows in hand (P ra tt et a l, 2000). In fact, even for the simple case of a  homo

geneous bu t sheared fluid there is an  apparent contradiction between control conditions 

based on an  energy argum ent on one hand and on the speed of long waves on the other. 

These two argum ents are commonly used in the  engineering and oceanography literature.
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respectively.

The study of the above m entioned theoretical topics was m otivated by our observations 

a t the Bosphorus which in tu rn  were m otivated not only by an interest in stra it flows in 

general but also by a great necessity to  gain a  be tte r understanding of the  circulation in the 

Bosphorus. W orsening environm ental problems associated w ith increasing international 

ship traffic and industrial pressures, in a region of rapidly developing hinterland and 

deteriorating marine environm ental quality, have been a reason for great concern in recent 

years. They can be understood and solved only on the basis of a good knowledge of 

the  physical processes at work (Ü nlüata et a l, 1993; Ozsoy et a i, 1996). Unfortunately, 

whereas much is known about the s tra it’s hydrography, its currents are much less studied. 

For instance, bo th  Oguz et al. (1990) and Yüce (1996) point out th a t  their in terpretation  

of the Bosphorus internal hydraulics is only qualitative and solely based on hydrographic 

measurements. The reason is th a t current measurem ents, regardless of w hether they are 

done from a vessel or from a mooring in the stra it, are rather difficult under fast currents 

and heavy ship traffic. The first detailed observations of the flow had to  wait until 1994 

(Gregg et ai, 1999; Gregg fe Ozsoy, 2002). These observations, as well as th e  ones th a t 

will be shown in th is thesis, reveal im portant discrepancies between reality and numerical 

simulations (Oguz et a l, 1990). For example, hydraulic controls were not observed where 

hydrographic m easurem ents and numerical simulations predicted them  to  be. Particularly  

challenging and rare are m easurem ents a t the southern end of the  Bosphorus, because the 

surface layer becomes extremely shallow at th is location and thus easily escapes detection 

(see Gregg et a l, 1999). We designed our m easurem ents to  avoid th is problem  enabling, 

us to  investigate w hether a hydraulic control might exist a t the  southern exit of the 

Bosphorus.

1.2. Thesis Layout

The overall objective of th is project is to  improve our understanding of the  effects of 

mixing and entrainm ent on the  dynamics of flows in straits, and in particu lar to  gain a 

be tte r understanding of the  exchange flow in the  Bosphorus. The emphasis will be on 

gaining physical insight through a  combination of d a ta  analysis and simplified theoretical
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description.

The thesis outline is as follows:

C hapter 2 summarises the  relevant background; the Bosphorus and its adjoining seas 

are introduced and prior work pertinent to  flow in stra its  in general and to  the Bosphorus 

in particular is reviewed.

C hapter 3 is devoted to  our observations and is split into 6 sections. The first describes 

the Field Experiments. I then describe and analyse the time-varying Forcing and Flow 

of the exchange, the  Evolution of the Flow along the Strait, and Friction at Bottom and 

Sidewalls. The fifth section is the  m ost im portan t part of th is chapter. It gives a qualitative 

and quantitative description of Mixing and Entrainment along the Bosphorus. Finally I 

discuss the key problems identified by our observations.

In chapter 4 I analyse the  effects of entrainm ent and mixing on the dynamics of an ex

change flow using a theoretical model. As this requires the  use of the theory of hydraulics,

I begin the  chapter w ith a  basic review of hydraulics of inviscid and frictional single-layer 

flows. I then  analyse the  effects of entrainm ent on the  dynamics of a  single-layer flow, 

and subsequently extend this model to  two-layer hydraulics w ith entrainm ent. Finally I 

compare model predictions with our observations and discuss the findings.

In chapter 5 I will address the question of how hydraulic control can be defined and 

detected when the  flow is not homogeneous and not uniform. I will describe a  partial 

solution for the  case of a homogeneous shear flow and discuss the implications for the 

determ ination of hydraulic controls and the exchange in the  Bosphorus.

During one of our experim ents we were fortunate to  observe a highly unusual change of 

direction of the  upper layer flow. Locally th is phenomenon is called Orkoz. An Orkoz is 

very poorly docum ented in the literature so th a t  our observations of it might actually  be 

the first. I will introduce the Orkoz in chapter 3 but the  main description will be done 

separately in chapter 6.

Finally, in chapter 7, I will summ arise the  findings of th is thesis and review some of the 

outstanding difficulties in modelling the  flow through the Bosphorus, in understanding the 

effects of entrainm ent on exchange in straits, and in resolving the question of m axim al or 

submaximal exchange for stratified and sheared stra it flows.
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In  th is chapter I will begin with an introduction to  the Bosphorus and its adjoining seas. In 

the  second section I will review the existing literature on exchange flows in s tra its  thereby 

discussing some commonly used approxim ations and their applicability to  the  Bosphorus. 

The chapter ends w ith a summary.

2.1. The Bosphorus

The Bosphorus forms the  northern p a rt of the Turkish S traits which connect the  Black 

Sea to  the  Sea of M arm ara and the Aegean Sea (figures 2.1 & 2.2). Low salinity water 

from the  Black Sea, formed as a result of excess precipitation and river discharge, flows 

through the stra its to  the M editerranean as a surface flow. A flow of more saline, denser 

M editerranean water returns to  the  Black Sea as an under-current (figure 2.3). The 

principal driving mechanism in the  Bosphorus (as well as in the  Sea of M arm ara and 

Dardanelles) is simple: the upper southbound flow is caused by a hydraulic head due to  

excess fresh water in the  Black Sea. It is underlaid by the north-flowing undercurrent 

which is driven by a longitudinal (along stra it) pressure gradient as result of th e  marked 

density differences in the  seas linked by the  strait^.

^This explanation was given as early as 1681 by the Italian military engineer, Count Luigi Ferdinando 

Marsigli (1658-1730). Marsigli went to  Constantinople (today’s Istanbul) in 1679. There he heard 

about the undercurrent in the Bosphorus from Turkish fishermen and from the British ambassador to  

the Sultan. He made a comprehensive survey of the Bosphorus, which was remarkable no less for its 

tim e than for the youth of the author. He observed the difference in density between the relatively 

fresh Black Sea and the more saline Sea of Marmara. He took samples o f the surface current and the 

undercurrent and found that the bottom  water was heavier than the surface water and m ust therefore 

have originated in the Sea of Marmara. He concluded that the heavier water flowed from the Sea of 

Marmara into the Bosphorus because of its greater density. In order to render his argument indisputable
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Figure 2.2.: Photograph of the Bosphorus region taken from  the Space Shuttle (NASA photo

identification #  STS066-0157-0192).
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Figure 2.3.: Sketch of the exchaiui( Jloir In the Bosphorus with the upper brackish layer flowing 

southward and the lower salty layer flowing northward.

Despite the  relatively simple driving mechanism the exchange in the Bosphorus exhibits 

numerous subtleties which are due to  the complicated stra it geometry and the  tim e varying 

forcing imposed by the  adjoining basins. The following will serve as in introduction to  

these features.

2.1.1. Geometric Characteristics

The Bosphorus has a to rtuous geometry (Figure 2.4). Over its length of about 32km the 

w idth varies between 0.7 and 3.5km w ith an average value of 1.6km a t the  surface and 

reduces toward the bo ttom  to  an average w idth of 500m at 50m depth. The depth  varies 

between 30 and 110m (Yüce, 1990). The m ost prominent features affecting the  flow are 

two sills and a  contraction.

The South Sill is located 3km north  of the  South Exit a t the Sea of M arm ara (a m ap 

more detailed th an  in figure 2.4 is shown in figure 3.21, page 65). It is between 30m and

he designed a beautiful laboratory experim ent which showed how the presence of adjacent bodies of 

water of differing density would set up and maintain a circulation as observed in the Bosphorus. Marsigli 

addressed his work to  ex-Queen Christina of Sweden (Marsigli was employed by Queen Christina of 

Sweden in a diplom atic mission) in the form of a letter entitled Osservazioni in to m o  al Bosforo Tracio. 

An English translation including reproductions of M arsigli’s drawings is given by Deacon (1978). A 

figure of M arsigli’s experim ental setup is also reproduced in (Gill, 1982, chapter 5). It is curious that 

Marsigli’s study, although it came to  the Royal Society in London, did not becom e generally known 

and had no influence over the controversy about a reported undercurrent in the Strait of Gibraltar. 

Hence, British scientists and engineers continued to  puzzle fruitlessly over this problem for many more 

years until it was explained by von W aitz in 1755 (Deacon, 1971, 1985).
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entrance of the strait at 41°00'01"A^ and 28°59'30"£'. Right: A STE R  satellite image from  June 

16, 2000 of the Bosphorus and its surroundings. The image is a grayscale composite of visible and 

infrared spectral bands. It was provided by Dr. Michael Abrams from the A ST E R  Science Team at 

JPL.
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40m deep except for a central ridge th a t rises to  about 28m. The ridge is flanked by two 

40m deep channels th a t  cut into the sill from the north  whereby the one on the  eastern 

side is the  deeper one. From the south the  sill is approached by the  M arm ara channel 

th a t  runs along the  western side of the stra it. It does not connect to  the  northern  channel 

on the eastern side. The second sill is the N orth Sill about 2km north  of the  Bosphorus 

- Black Sea junction, inside a narrow canyon, the so-called pre-Bosphorus channel, which 

extends in the northeast direction from the strait. The sill w ith a depth  of 60m is found at 

the  widest point of the canyon (Di lorio & Yiice, 1999). The deepest part (% 110m) of the 

stra it roughly coincides with the  narrowest section, called the Contraction (11 — 14km).

It has a w idth of approxim ately 650m.

In addition to  its irregular depth  and width, the  Bosphorus tu rns sharply about its 

average orientation of 23° from true  north. Over the South Sill its orientation changes by 

90°. Along the contraction the channel tu rns 60° and then  bends back by nearly the  same 

am ount im m ediateh’ to  the north. Along the northern part it tw ists through 128° over 

a  few kilometres, and then rem ains fairly straight north  of position 22km. Some of these 

sharp bends lead to  flow separation and eddy circulation in bays. These are sometimes 

visible in satellite images like the  one shown in figure 2.4.

The present geometry of the  Bosphorus appears to  be the result of frequent tectonic 

activity (Goka§an et a l, 1997). The Bosphorus’ evolution began in the Early Pliocene 

( «  4 X 10® years BP) w ith two stream s separated from each other by the  w atershed of 

a p lateau (near to d ay ’s Anadolukavagi), one running to  the Black Sea and the o ther to  

the  Sea of M arm ara (Goka§an et ai, 1997, Figure 11 ). Block faulting formed a  basin 

further south  (near Beykoz). Over the next couple of years, or more precisely during the 

Pleistocene (1.6 x 10® to  11000 years BP), the southern stream  was transform ed into a 

basin by means of intense faulting. On the other hand the  watershed and northern  stream  

were left m ostly in tact except for some deepening due to  erosion. Prom 17 000 years BP 

onwards the  global sea level began to  rise and the  M editerranean waters passed the  lowered 

barrier to  reach the  Black Sea (Goka§an et a l, 1997)^.

^The exact evolution of the Bosphorus is a m atter of an ongoing heated debate which even caught the  

attention of the public and has been featured in several prominent publications including National 

Geographic and many scientific journals and magazines. The reason is that Ryan e t al. (1997) released
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2.1.2. The adjoining Basins: Black Sea and Sea of Marmara

The Black Sea is one of the largest land-locked basins in the world w ith a surface area 

of 4.2 X lO^km^ and a volume of 5.3 x lO^km^. Its only connection to  o ther seas is the 

Bosphorus which controls the renewal of interm ediate and deep waters of the  basin. As a 

result of th is lim ited exchange, Black Sea deep w ater has a very long m ean residence tim e 

of about 2000 years. Below about 200m the w ater is rich in hydrogen sulfide, and except 

for bacteria, life is absent below 100 to  200m. The surface waters are strongly influenced 

by freshwater inflow from m ajor European rivers such as Danube, Don, Dnieper, Dniester, 

and Southern Bug. Danube is the largest contributor, m aintaining nearly half of the  to ta l 

inflow. The low salinity surface waters overlay the  warmer and more saline M editerranean 

influenced waters. In between them , there exists the so-called Cold Interm ediate Layer 

(OIL) w ith tem peratures typically less th an  8°C. The OIL is easily detected during the 

summer bu t less so during the  w inter because of surface heating and cooling (Ü nlüata 

et ai, 1993; Ozsoy & Ü nlüata, 1997). Tides are fairly small in the Black Sea because the 

natural period of oscillation of 5h differs considerably from th a t of the tide generating 

forces (Defant, 19616, p. 404). At Anadolukavagi in the  northern part of the  Bosphorus 

the  tide is mixed bu t m ainly semi-diurnal as it is in the  Black Sea itself, and th e  mean 

spring and m ean neap tidal elevations are 3.6 and 1.5cm (Defant, 19616; A lpar & Yüce, 

1998).

The Sea of M arm ara is a  small inland sea w ith a surface area of 11500km^ and a  volume 

of 3380km^. The maximum depth  is 1400m. Being part of the  Turkish s tra it system, it

an article in 1997 and a book in 1998 claim ing to have found the location of the biblical flood. According  

to them , the passing of M editerranean water into the Black Sea happened 7600 years B P  as a sudden 

and catastrophic event. Their findings suggested that the terrifying and swift flood may have cast such 

a long shadow on succeeding cultures th at it inspired the biblical story of N oah’s ark. This is called 

the “F lood Hypothesis” . However, other scientist dispute this theory. According to Aksu e t al. (2002), 

the Marmara Sea was isolated from both  the Black Sea and the Aegean Sea during glacial periods, 

when global sea-level lowering exposed the shallow sills at the Straits of Bosphorus and Dardanelles, 

and was reconnected through both straits during interglacial periods during the rise of the global sea 

level. Because it filled earlier, by about 10000-12000 years B P the Black Sea started spilling into the 

Marmara Sea (rather than the reverse), leading to the development of a brackish-water surface layer 

that has persisted to the modern day.
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has a two-layer stratification. The low-salinity surface water (% 23psu) is separated from 

the  saltier (% 38psu) M editerranean w ater by a  strong pycnocline located a t a depth  of 

about 25m. The Sea of M arm ara receives an  inflow from the Bosphorus which is about 

50 tim es the cumulative annual discharge of the small rivers entering it. The residence 

times for the  upper and lower layers are estim ated to  be 4 to  5 m onths and 6 to  7 years, 

respectively (Be§iktepe et a i, 1994). The Sea of M arm ara is too small to  generate its own 

tides, bu t a tidal signal reaches it through the Dardanelles and the Bosphorus. In the 

southern p a rt of Bosphorus the  m ean spring tidal range is less than  4cm (Alpar & Yüce, 

1998^

2.1.3. Forcing of the Flow 

Barotropic Forcing

The flow of the  surface w ater from the  Black Sea to  the  Sea of M arm ara is caused by 

the  excess of riverine flow (350km^ per year) and precipitation (300km^ per year) over 

evaporation (350km^ per year) in the Black Sea. The excess is balanced by an outflow of 

about 300km^ per year through the  Bosphorus (Ü nlüata et al., 1990). The m ean sea-level 

difference along the  stra it is between 0.3 and 0.4m (e.g. Ü nlüata et al, 1990; A lpar &: 

Yüce, 1998).

Instantaneous fluxes and sea-level differences can deviate significantly from these long 

term  averages. The sea-level difference is generally greater between February and Ju ly  

(ranging from 28 to  56cm w ith an average of 40 ±  3cm), when the net freshwater influx to  

the  Black Sea increases, and lower (between 19 and 35cm with an average of 23 ±  3cm) 

during au tum n and winter (Alpar & Yüce, 1998).

I have already mentioned th a t tidal sea-level oscillations are small a t the  Bosphorus 

causing tida l currents w ith am plitudes of not more th an  ± 0 .10m s“ .̂ (This was derived 

from  o u r own cu rren t d a ta  show n in figure 3.7). T hey  are  never big enough to  override 

the  m ean sea-level difference driving the  exchange flow as, for instance, in the S trait 

of G ibraltar. In  fact, meteorological effects dom inate the  tim e-dependent response of 

the  flow. The region is affected by two distinct seasonal climatic regimes. During the 

summer, northerly  winds from the  Black Sea dom inate. During the w inter, the  weather is
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dom inated by an almost continuous passage of cyclonic systems. These affect the  region 

for periods between three to  ten  days, and often result in winds of 8m s“  ̂ to  10m s^^ 

(hourly averages) sustained over one to  two days. M aximum speeds of 30m s"^ have been 

observed as gusts (Ü nlüata et a l, 1990). On an annual basis, northerly  winds are dom inant 

w ith a  frequency of 60%, w ith southerlies occurring 20% of the  tim e. During the  winter 

winds from either direction are equal bo th  in strength  and frequency. Changes in wind 

speed and direction occur on a  variety of tim e scales ranging from a few hours (e.g. a  daily 

land-sea breeze) to  tens of days (passage of cyclonic systems) (Alpar & Yüce, 1998). The 

effect of the  winds on the flow in the  Bosphorus is through a  change of sea-level in the 

exit regions of the  Black Sea and Sea of M arm ara. In general, onshore winds tend  to  raise 

and offshore winds tend to  lower the  sea-level. Because the  orientation of the Bosphorus 

is approxim ately the  same as the  prevailing wind direction, C etin  (1999) speculates th a t 

wind stress along the surface of the  Bosphorus itself m ight contribute to  the  forcing.

A nother reason for sea-level changes is variations of barom etric pressure. However, the 

barom etric pressure difference between the western Black Sea and the Sea of M arm ara 

is too small to  influence the exchange in the  strait. For instance, for the  period from 

1991 to  1994 the  average pressure difference between Kumkoy (Black Sea side of the 

Bosphorus) and Tekirdag (north  shore of Sea of M arm ara) is 1 m bar (Cetin, 1999), and 

hourly averaged barom etric pressure differences between the Sea of M arm ara and the 

Black Sea during September 1994 show extrem a of about ± 2  m bar (Ozsoy et a l, 1998).

According to  measurem ents by Arisoy & Akyarli (1990) exchange flow conditions prevail 

for about 95% of the  time. Blocking of the flows in either layer occurs during extraordinary  

events. Lower layer blocking typically occurs during spring and summ er m onths when the 

net freshwater influx to  the Black Sea increases. It typically lasts for a few days. U pper 

layer blocking events, identified locally as Orkoz, are believed to  occur in the  autum n 

and winter months, when the surface flow reverses and the  surface salinity increases in 

response to  southwesterly winds. These events last for only a few days, too  (Ozsoy et a l, 

1995^
In summary, barotropic forcing of the  Bosphorus exchange ranges from weak to  very 

strong and operates on a variety of tim e scales ranging from a few hours to  seasons or 

even years (Peneva et a l, 2001). Despite a  num ber of field observations in recent years.
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the  picture is still far from complete. Long term  meteorological observations are easily 

available, and although there are no perm anent tide gauges a t the Bosphorus, several sea- 

level records, w ith durations of up to  a few years, exist and have been studied (e.g Yüce & 

Alpar, 1997; A lpar & Yüce, 1998; Ozsoy et a i, 1998; Cetin, 1999, and references therein). 

On the o ther hand, as pointed out by Ozsoy et al. (1998), observations of currents are 

much sparser because m easurem ents w ith current m eters deployed in the Bosphorus are 

difficult under fast currents and heavy ship traffic. The long-term m easurem ent strategy 

was therefore based on deploying instrum ents only into the lower layer. Deployments into 

the  upper layer were carried out only during the duration of field experiments and are 

thus even rarer (Arisoy & Akyarli, 1990; Ozsoy et a l, 1998; Gregg et ai, 1999; Gregg & 

Ozsoy, 2002).

Baroclinie forcing

The waters below 40m depth  in the  Sea of M arm ara exhibit very constant properties. 

Between 1987 and 1992 basin averaged potential tem perature and salinity were 14.5°C 

and 38.5psu (Begiktepe et ai, 1994). These averages were obtained between M arch and 

September and show very little seasonal variation. These variations are essentially confined 

to  the upper layer (<  25m). The upper layer salinity is in the range of 2 3 ± 2  psu, reaching 

a maximum in w inter as a result of increased wind mixing and reduction of the  influx 

from the  Black Sea. U pper layer tem peratu re  varies between 7°C in the w inter and 22°C 

in the sum m er and correspondingly density varies between 14 and Ifikgm” .̂

A similar situation  exists a t the Black Sea side of the Bosphorus. Cetin (1999) shows 11 

salinity and tem pera tu re  profiles obtained at irregular intervals between 1992 and 1998. 

U pper layer tem peratures vary between 4°C in the  w inter and 22°C in the summer. U pper 

layer salinity is 17.5 ±  1 psu, and density ag =  13.5 ±  1.5kgm“ ^. Relatively larger surface 

salinities in th e  w inter period generally decrease somewhat late spring and sum m er as a 

result of increased fresh water inflow into the  Black Sea. Lower layer tem perature  and 

salinity vary between 13°C and 15°^ and 35 and 37 psu, respectively. The corresponding 

density range is 26 to  27.5 kgm~^.

The above values are based on cruise d a ta  and, hence, have a  sampling period of the 

order of m onths. However, significantly faster fluctuations are not likely as salinity changes
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only seasonally. Surface tenipeiatnre.s are certainly influenced by changing solar radiation, 

bu t this has little effect on density.

It is worth noting that over the North Sill fluctuations of lower layer salinity of up to 

3 psu over two days have Ix'cn ob.ser\'cd (e.g. Yüce, 1996) but this is not related to  a  change 

in stratification in the basins but rat her to  varying mixing rates w ithin the Bosphorus in 

response to  varying layer .s})eeds.

In summary, one can expect that the l)aroclinic part of the exchange, which is driven by 

the  large density contrast between the b.isins, is very steady on tim e scales of less th an  a 

month. On seasonal tim e scales the only significant variation seems to  be th a t  of salinity 

a t the Black Sea side of the Bosphorus. It varies between 16.5 and 18.5 psu w ith lower 

values indicating summer conditions corresponding to  the  increased Black Sea river inflow.

2.1.4. Hydrographic Characteristics

The hydrographic characteristics of the water masses in the Bosphorus have been reported 

on by a  num ber of authors (e.g. Moller, 1928; Oguz et a l, 1990; Ü nlüata  et a l, 1990; Yüce, 

1990, 1996). As an example, figure 2.5 shows salinity transects along the stra it from (Yüce, 

1996^
On the  basis of the above studies a synopsis of w hat might be called an average situation 

in the stra it m ight be as follows: The Bosphorus is stratified in two layers. In  the  absence 

of current measurem ents the interface m ay be identified by a  transitional layer between 

the  salinity lim its of 18 — 23 and 33 — 38psu (Oguz et a i, 1990). I t  is relatively sharper a t 

the  northern part of the  stra it w ith an average thickness of about 5m located a t the  depth  

of 40 to  50m. It extends w ith a slope toward the  southern part where significant changes 

take place w ith respect to  its position and stratification characteristics. The widening of 

the  interface south of the constricted region indicates vertical mixing. Mixing results in a 

to ta l increase of about 3 psu in the upper layer between the  two ends of the  stra it. Toward 

the  southern end the interfacial layer becomes much thicker and a tta in s  a thickness of 

10 to  15m above which the  surface layer eventually joins the M arm ara exit region in the 

form of a jet. It has a  salinity of 21 to  22 psu at the  southern exit region. The lower 

layer enters the  stra it below a depth  of about 25m and proceeds northw ard by flowing 

over the South Sill. Most of the mixing takes place in the region to  the  south  of the
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Contraction. Thereafter, the  rate  of vertical mixing is small and the  M arm ara w ater joins 

the  pre-Bosphorus channel in the  Black Sea with a maximum salinity of 36.5 psu below a 

depth  of 50m.

Figure 2.5 indicates th a t  the stratification is subject to  tem poral variations and might 

differ significantly from the  average situation: A thick upper layer (Figure 2.5 a) results 

from a strong inflow from the Black Sea which may result from both  increased riverine 

inflow into the Black Sea an d /o r strong northerly winds. In the w inter the  sea-level 

difference is t\-pieally reduced compared to  the summer. Then the thickness of the  upper 

layer is decreased whereas the thickness of the interface increases (Figure 2.5 b). During 

strong southwesterly winds the lower layer flow intensifles and the  surface flow decreases 

significantly (Figure 2.5 c). Vertical mixing is increased and the interfacial layer becomes 

relatively thick throughout the stra it as compared w ith the much stronger interfacial 

contrast in the case of intense upper layer flow conditions.

Oguz et al. (1990) and Yüce (1996) emphasise th a t their hydrographic m easurem ents 

are not supported by velocity measurem ents so th a t  they are not able to  establish a  quanti

tative  relation between the  observed stratification and the strength  of the  exchange. They 

estim ate the strength  of the flow on the basis of visual observations an d /o r  m easurem ents 

of wind speed and direction.

2.1.5. Environmental Problems

I have m entioned before th a t the  m ain m otivation for several scientific studies in the 

Bosphorus in recent years was the increasing concern about the sta te  of health  of the 

Turkish Straits. Therefore I would like to  give a few more details although th is problem  is 

not a t the heart of my thesis. The two m ain areas of concern are sea-accidents due to  an 

increasingly dense ship traffic in the  Bosphorus and the worsening industrial and domestic 

pollution of the  waters.

According to  Ô ztürk & Ô ztürk (1996) and the  Association of Turkish M aritim e Pilots 

(see h t tp : / /w w w .turkishpilo ts.org/) a to ta l of 40000 to  48000 vessels passed the  Bosphorus 

each year from 1996 to  2000. The to ta l cargo transported  is about 42 million tons, of which 

more th an  16 million tons is crude oil. The num ber of oil tankers longer th an  200m per

http://www.turkishpilots.org/
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Figure 2.6.: From 1982 to 1994 between 200 and 300 sea-accidents were registered in the Bospho

rus. Most o f them involved smaller to medium size vessels. One of the bigger accidents is shown 

in the above figures: M /T  Nassia (left) collided with bulk carrier M /V  Shipbroker (right) on 13 

March 199). 29 officers and crewmembers o f both ships lost their lives. The fire on the tanker 

Nassia, fully loaded with crude oil, damaged the Strait and the environment. Approximately 20.000 

tonnes of crude oil caused severe pollution, and a fire, which lasted almost 5 days. Istanbul was 

spared a disaster only because of a favourable wind (Oztürk & Oztürk, 1996).

year is about 2200^. In the fu ture nuclear waste might be added to  the list of cargo 

if Russia goes ahead w ith its plans to  im port nuclear waste for disposal. In addition, 

2000 trip s /d ay  across the  Bosphorus are m ade by domestic small boats for commuting^. 

Considering the s tra its ’s complicated geometry, the  strong currents w ith opposing surface 

and under currents, as well as quickly changing meteorological conditions, the  probability 

for accidents w ith severe pollution and loss of hum an life on sea and land (the s tra it’s 

shoreline is densely populated) is very high. However, under the  M ontreux Treaty from 

1936, commercial vessels and tankers, whatever flag they carry, have freedom of passage 

and navigation day and night regardless of their cargo through the Turkish S traits and 

are under no obligation to  take a  pilot. Hence Turkey has very little power to  reduce or 

even control the  traffic, so th a t  presently her only option is to  reduce the likelihood of 

accidents by gaining a be tter understanding and forecasting of the  complicated currents

We saw tankers probably as long as 300m passing througli the 650m wide Contraction. This is an

impressive but also worrying sight.
^The reader is asked to  pause for a m om ent to  appreciate our effort in surveying the Bosphorus. The

ship traffic was a major hindrance as it forced us to  spend a considerable fraction of our survey tim e

on “getting out o f the way of ships” and “w aiting for ships to  pass”.
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Figure 2.7.; Location of existing or planned waste-water outfalls along the Bosphorus. Adapted 

from Hansen et al. (1995), figure 1.

along the stra it.

The second area of concern is the  increasing pollution of the waters in the  Sea of M ar

m ara which has been declared a sensitive ecological area. The north-w estern Black Sea 

coastal waters are drastically polluted by large inputs of nutrients and organic m atte r via 

riverine and wastewater discharges. The polluted Black Sea surface flow, before spread

ing into the  Sea of M arm ara, is further contam inated by the waste discharged into the 

Bosphorus from the  city of Istanbul by the  numerous industries and the  population of 10 

million® (including suburbs) (e.g. Polat k. Tiigrul, 1996; Ô ztürk & Ô ztürk, 1996). In 1990 

the  wastew ater flow for Istanbul was 15.5m^s“  ̂ (Orhon, 1995) com pared to  an average 

net transport of about lOOOOm^s"^ through the Bosphorus. The pollution has reached 

levels such th a t m any species ranging from zooplankton to  dolphins th a t were resident 

in the Bosphorus in 1958 are now extinct or nearly extinct (Ô ztürk k  Ô ztürk, 1996). A 

m ajor effort seems to  be necessary to  avoid a  similar situation in the  Sea of M arm ara. 

Unfortunately, reducing the  levels of pollution resulting from Istanbul’s wastew ater is not 

an easy task. Problem s related to  a fast growing population and rapid u rban  development

E stim ates vary between 8 and 12 million.
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as well as socio-economic and political issues have curtailed and restricted past investment 

in the sewerage system. The problem is probably best illustrated by an  example; in imple

m entation schemes defined by earlier studies, Istanbu l’s deep m arine outfalls w ith no basic 

treatm ent were designed on the assum ption th a t the  m ajor portion of the lower layer flow 

reaches the lower anoxic layer of the  Black Sea, thus carrying all the pollutants away from 

the M arm ara Sea and the coastal zone. This scheme is relatively inexpensive as the  out

falls can be installed close to  Istanbul (see figure 2.7) w ith mechanical or no trea tm ent of 

the wastewater. However, findings of o ther oceanographic studies (e.g. Akyarli & Arisoy, 

1995) indicate th a t the lower layer loses on average more th an  40% of its flow to  the upper 

layer before entering the Black Sea, the  significant p a rt of this mixing taking place in the 

transition  zone between the Bosphorus and the  Sea of M arm ara (Akyarli & Arisoy, 1995).

If this is indeed the  case then  it would be necessary to  either build the outfalls a t Riva 

a t the coast of the  Black Sea or to  equip outfalls a t Istanbul w ith mechanical, chemical 

and biological wastew ater treatm ent facilities. B oth options would be extrem ely expen

sive. The problem  becomes even more convoluted if it is taken into account th a t much of 

the  pollution originates in the  Black Sea. Hence, it is being questioned if a reduction of 

pollution from w ithin the  Bosphorus area would even lead to  a  noticeable improvement 

for the Sea of M arm ara (Akyarli & Arisoy, 1995; Gônenç et a l, 1995).

My understanding is th a t in 1995 the  scientific database was still too sparse and con

troversial for a well-founded recom m endation and the  situation might have improved only 

little since then. In any event, it seems th a t  the  fate of pollutants, such as the waste-water 

from the city of Istanbul, is largely determ ined by the  stability of the  two-layer exchange 

in the Bosphorus, an understanding of which is hence highly desirable.

2.2. Flow in Straits: Theories and Approximations

In this section I will give an overview of prior studies of flow in straits. I will keep the 

discussion of the  theory a t a  superficial level postponing an in-depth discussion of the 

physics and m athem atics of hydraulics and hydraulic control until chapters 4 and 5.

The theory is perhaps best introduced by considering the along-strait m om entum  equa

tion for two homogeneous layers, where the  subscript i{=  1 , 2 ) indicates the  (upper, lower)
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layer;

-KZ + + Wi— f v i ^  ;—  +  friction +  mixing (2 .1)
%  m/ gi OT

where

X, z — along channel and vertical coordinate, 

t = time,

u, V, w = along-strait, cross-strait, and vertical velocities,

/  =  Coriolis param eter, 

g = density,

P  = pressure.

Typically, solutions are sought by assuming th a t some (or most) of the  term s are neg

ligible. As m entioned earlier the historical development of s tra it flow theories probably 

started  w ith using friction as constraint mechanism on the flow (Defant, 19616). However, 

th a t required unrealistically large friction coefficients. Later understanding supported by 

observations indicated a less central role for friction and the main balance was found to  be 

between the  nonlinear acceleration and the pressure gradient (Bryden & Kinder, 1991a).

In w hat follows I will depart from the historical development beginning w ith the  inviscid 

theory which is the  basis of most of the  existing stra it flow theory.

2.2.1. Inviscid Theory

The classical inviscid theory had its breakthrough when Stommel & Farm er (1953) intro

duced the  concept of hydraulic control and applied it to  the  general case of calculating the 

flows through a constriction connecting two basins containing water of different densities. 

Their model assumes the flow to  be steady, rotationless, and inviscid so th a t the  nonlinear 

acceleration balances the pressure gradient:

. (2 .2 )
o x  Qi OX

If the flow is hydrostatic then  the pressure gradients can be w ritten in term s of layer den

sities and layer thicknesses, and with the addition of mass continuity some m anipulation



2. Background 22

(e.g. Armi, 1986) yields ratios like:

called layer Fronde uuinhers. Here. <i denotes gravitational acceleration, hi the layer 

thicknesses w ith the subscript i nnnilx ring the layers, and

/  2 2 - 2 1
9 ^ 9 ----------
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is the reduced gravity. Hydraulic control occurs when the  sum of the  layer Froude numbers 

is unity:

G- -  F f  +  F |  =  1  . (2.4)

At the control point the flow makes a  transition  from subcritical (G^ <  1) to  supercritical 

(G^ > 1) conditions. Coupled to  mass conservation statem ents, the  control condition 

provides an upper limit on the m agnitude of the flows. The limit is set by a balance 

between the available potential energy, determ ined by the density difference between the 

basins, and the  kinetic energy of the  flows. A nother in terpretation of hydraulic control 

involves the  speed of long internal waves. At the  control point where 0 ^  = 1 the  speed is 

such th a t the wave cannot propagate upstream  against the flow, and therefore information 

about the  downstream  conditions cannot pass the  control. The Stommel & Farm er (1953) 

theory was extended by Assaf & Hecht (1974) who introduced the  novel idea of having 

two controls a t opposite ends of the  stra it instead of one.

A control typically occurs a t a minimum in the  cross-sectional area, which in the lit

erature of open channel flows is often thought of as a  sill (Henderson, 1966). However, 

a  control can also occur a t a minimum  in channel width. A distinction has to  be made 

between these two types because a sill prim arily affects the lower layer, whereas a con

traction  affects bo th  layers (Armi, 1986). Both sill and contraction control are called 

to pograph ic  control. F arm er & Arm i (1986) in troduced  th e  concept of two topographic 

controls representing specific topographic features in the S trait of G ibraltar; one at the 

m ain sill (Cam arinal Sill) and one a t the  narrowest section of the  s tra it (Tarifa Narrows). 

An interesting result was the possibility of having a maximal exchange situation, which 

requires two controls separated by flow th a t is subcritical (G^ <  1). The presence of
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supercritical conditions on either side of a subcritical interior portion, ensures th a t ad

justm ents in the level of the  interface in the adjoining basins cannot propagate into the 

stra it and thereby influence the exchange. The exchange w ithin the stra it is as large as the  

local geom etry and the  density of the  exchanging water masses allow; thus th e  resulting 

exchange is maximal. If the  m aximal exchange requirem ents are not met, for example, if 

control occurs only on one end of the  strait, the exchange can never be greater th an  the 

m axim al ra te  and in general will be less (Armi & Farmer, 1987).

The inviscid theory considers the balance between the pressure and the  non-linear term  

only. Clearly there  are situations when the other term s are signiflcant, too, th a t is when the 

effects of ro tation, large vertical motion, unsteady forcing, friction, and mixing need to  be 

taken into account. I will discuss these in the following section. Also, most of the  hydraulic 

theories assume rectangular cross-sections for the  straits. Applying these theories to  real 

stra its  then  entails the  use of an equivalent rectangle whose area equals th a t of the actual 

cross-section. Assaf & Hecht (1974), Bormans & G arrett (19896) and Dalziel (1992), 

however, have shown th a t more realistic cross-section shapes (triangles, trapezoids and 

parabolas) cause the  solution for the interface to  shoal and the  net exchange to  decrease 

by as much as 2 0 %.

2.2.2. Unsteady forcing

Farm er & Arm i (1986), Armi k  Farm er (1987) and Berm ans k  G arrett (19896) argued 

th a t as long as the tim e-varying barotropic forcing (changes in sea-level) did not violate the 

m ain assum ptions required by the steady hydraulic theory, th a t is the existence of controls, 

its effects on the  exchange could be investigated using the  same formalism by considering 

a  succession of steady states. This is called the quasi-steady approxim ation. However, 

Helfrich (1995) pointed out th a t if either the tim e for long internal waves to  propagate 

through the  s tra it is of the  same order or longer th an  the time-scale of changes in the  

barotropic flow or if the  tem poral accelerations d u jd t  in (2 .1 ) are not small compared 

to  the nonlinear term  u d u jd x ,  the quasi-steady approxim ation is suspect. He combined 

theoretical and laboratory  models to  determine the tim e-dependent exchange through a 

stra it as a function of tidal forcing and of the length of the stra it. He found the flow 

to  be a  function of two non-dimensional param eters: 7  =  { g ' H / L , which measures
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the  distance travelled by long internal waves in a forcing period T, relative to  the s tra it’s 

length L  ( H s  is the height of the  sill), and qbo — U b o / ( g 'H y / ‘̂  which measures the  strength  

of the barotropic forcing velocity Ubo compared to  the  buoyancy-driven exchange velocity 

Here, H  and are the  s tra it’s depth  and the  barotropic velocity am plitude. 

The quasi-steady approxim ation assumes the  first param eter to  be infinite. An im portant 

conclusion was th a t, for the tim e dependent regime, complete inform ation about the  stra it 

geometry, not just a finite num ber of control points, is required to  determ ine the  exchange.

Helfrich (1!M)5) showed th a t the tidally forced exchange, for param eters applicable to  

the  Strait of G ib ialtar, is about 25% less th an  the quasi-steady exchange determ ined by 

Farmer & Armi ( l!)S(i). For the  Bosphorus it is not so easy to  determ ine the  value of the 

coefficients ~ and because the exchange fluctuates in a much more irregular m anner.

I will analyse the role of unsteady forcing in the Bosphorus in section 3.2.

2.2.3. Rotation

The term  —fv i  in (2.1) corresponds to  the alteration of m om entum  as fluid flows in a 

ro ta ting  system, i.e. the ro tating earth . It is called the Coriolis force and acts a t right 

angle to  a fluid element th a t moves in a ro ta ting  frame. The first-order effect of ro tation  

is the introduction of an across-strait tilt to  the  interface and the  surface. In  the  northern  

hemisphere the Coriolis force causes the  moving layers to  bank up against the  right of the 

stra it when looking downstream  w ith respect to  the  moving layer.

The internal radius of deform ation (also called Rossby deform ation radius) Rc — {g'h \)^ l‘̂  j  j  

is used to  classify stra its  into ro tational and non-rotational flows (e.g. W hitehead et al., 

1974; W hitehead, 1998). W hen the  stra it is narrow compared to  the  deform ation radius, 

then  ro tation  can be ignored as it is in m ost hydraulic theory. Typical values for the 

Bosphorus are Rc = 15 to  30km greatly exceeding its 3km width. On the  o ther hand, 

for G ibraltar the deformation radius is only slightly larger th an  the narrowest p a rt of the 

stra it and hence appears to  be signiflcant there (Bormans & G arre tt, 1989a).

Because ro tational effects are for the  m ost part insignificant in the  Bosphorus (a possi

ble exception a t the South Exit will be shown in section 3.4), I will here only m ention the 

most relevant papers th a t deal w ith this topic: the  benchm ark models of steady ro tating  

hydraulics are those of W hitehead et al. (1974) (zero absolute vorticity) and Gill (1977)
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(non-zero b u t uniform potential vorticity). Reviews on these two papers and later devel

opm ents are given by Borenas Sz P ra tt  (1990), P ra tt & Lundberg (1991) and W hitehead 

(1998).

2.2.4. Vertical Motions

Hydraulic theory  generally assumes a flow with negligibly small vertical velocities. Con

sequently, the  pressure distribution can be considered hydrostatic w ith d P /d z  + gg = 0, 

and the hydraulic (or shallow water) equations can be applied to  each layer as outlined 

above. The basic assum ption is th a t the  curvature of the streamlines is small. This is the 

case for flows over topography w ith much larger horizontal then vertical scales, th a t is for 

a  =  { H / V f  <  1 .

Zhu & Lawrence (1998, 2000) incorporate non-hydrostatic effects as a  correction into the 

classical hydraulic equations. W hile hydraulic theory gives the pressure and layer energy 

accurate to  0 (cr), their extended theory  gives pressure and layer energy accurate to  O(cr^). 

They study  the  exchange flow through a channel with an underw ater sill in a laboratory 

experim ent, and compare predicted and m easured flow rates and interface positions. They 

find the inclusion of non-hydrostatic effects to  be necessary to accurately predict the  flow 

ra te  and th e  interfacial position along the channel. For a relatively steep sill w ith a  height 

to  length ratio  of H /L s  =  0.29 the  inclusion of non-hydrostatic eflfects results in a  15% 

increase in th e  predicted flow ra te  compared to  the hydrostatic prediction. The increase 

is caused by centrifugal forces as the  flow passes over the  sill effectively reducing g'.

A lthough a = (hg/L g)^ % 0.08 appears small, it is large com pared to  ratios found in 

sea straits. For example, in the S tra it of G ibraltar Cam arinal Sill is about 300m high 

and about 4km long (e.g. Farmer & Armi, 1988) giving a % 0.006, and in the Bosphorus 

the  South Sill has scales of H s = 40m and Lg =  1 km giving a % 0.001, indicating th a t 

non-hydrostatic effects are negligibly small. On the other hand, they  are likely to  be 

significant in flows over sharp-crested weirs or spillways (Henderson, 1966), and possibly 

also in flows over relatively steep sills in fjords. The sill in Knight Inlet might be an 

example (e.g Farm er & Armi, 1999). They also need to  he included for the study  of 

so-called approach controlled flows, where hydraulic theory fails because of the  neglect of 

stream line curvature (Zhu & Lawrence, 1998). Furtherm ore, non-hydrostatic effects need
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to  be taken into account if features such as internal solitary waves and wave generation 

by flow over topography are of interest (Helfrich, 1995).

For the purpose of the  present work non-hydrostatic effects are very small so th a t I can 

safely ignore them .

2.2.5. Friction

The success of the inviscid hydraulic theory in describing the  exchange in the  S trait of 

G ibraltar indicates th a t there the m ain balance is between the  pressure and non-linear 

term s. However, G ibraltar is a short, wide and deep stra it, whereas o ther stra its , like for 

instance the  Bosphorus, are long, narrow and shallow. In the la tte r friction is more likely 

to  be im portant.

As pointed out by P ra tt  (1986) it is difficult to  trea t friction in a  purely deductive 

way in a non-linear flow. Therefore, friction is usually param eterised using a  quadratic  

drag law and the flow is assumed to  be slab-like. Then the relative im portance of friction 

can by assessed by the  dimensionless param eter Ch L /H ,  where Ch  is the  dimensionless 

drag coefficient. This param eter is the  ratio  between Chu^ /H ,  which measures flow 

deceleration due to  friction, and the  non-linear term  u d u jd x  % u^/L , which measures 

the  acceleration of the  flow. P ra tt  (1986) tabulates the  param eter for a num ber of straits. 

Using Ch  = he finds th a t the  only stra it listed in which friction is apparently

weak is G ibraltar, w ith Ch L /H  =  0.1. The other straits, including the Bosphorus, have 

0.7 < Ch L /H  < 2.0. As a rule of thum b, a  stra it may be considered short enough to  

justify neglect of bo ttom  friction, if its length is much less th an  a thousand tim es the sill 

depth  (based on Ch  = 0 (1 0 “ ^)) (Anati et al., 1977).

Friction was already used by Defant (1961a) to  balance along-strait pressure gradi

ents, bu t Assaf & Hecht (1974) were probably the first to  include interfacial and side

w all/bo ttom  friction in a hydraulic model for exchange in a stra it. Their predictions for 

interface depths along the  S trait of G ibraltar, the  Bosphorus and the  Bab-el-M andab were 

in reasonable agreement w ith observations. Their model indicates correctly th a t  the  inter

face slopes throughout the stra it. This success, in particular for the  S trait of G ibraltar, is 

somewhat surprising considering th a t their friction coefficients were about 1 0  tim es larger 

th an  commonly accepted values (e.g. Borm ans & G arre tt, 19896), and th a t  their model
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neglects w idth and depth  variations along the  stra it. Subsequently, Borm ans & G arrett 

(19896) combined the  Assaf & Hecht (1974) model w ith the Farmer & Armi (1986) model, 

and examined the effects of bo th  interfacial and bottom -friction in the  S tra it of G ibraltar 

using realistic topography. They used Ch  — 3 x 10“  ̂ as bottom  friction coefficient and 

Cl ~  1 0 “  ̂ as interfacial drag coefficient (in part based on direct dissipation measurements 

of Wesson & Gregg (1988)). They found th a t friction shifts the location of control sec

tions and th a t it brings the m axim al and subm axim al solutions for the  interface depth 

closer together th an  in the  inviscid case. They concluded th a t for quantitatively  accurate 

comparisons between theory and observations in a stra it such as G ibraltar solutions for 

transport and interface depths require the  inclusion of friction. However, friction is small 

enough th a t for a qualitative description the inviscid theory is sufficient.

On the  basis of these findings and given th a t the Bosphorus has a much more rugged 

topography than  G ibraltar it appears likely th a t friction is im portant in the  former. This 

view is supported by the  results of several num erical studies of the  Bosphorus exchange 

(see Johns & Oguz, 1990; Oguz et al., 1990; Stashchuk & H utter, 2001).

I will estim ate bo ttom  and sidewall friction in the Bosphorus in section 3.5, and will 

review and discuss frictional effects in single and two-layer flows in chapter 4.

2.2.6. Mixing and Stratification

The theories reviewed so far ignore th a t  there is always some mixing between two op

positely flowing layers in a s tra it. Associated w ith mixing is a vertical transfer of mass 

and momentum. In m any cases, the  mixing is confined to  the vicinity of the  interface 

and results in the form ation of a well mixed interm ediate layer whose thickness increases 

in the direction of its flow. An example is the  thick interfacial region th a t  develops at 

the eastern end of the  S trait of G ibraltar; the inflowing water clearly entrains signiflcant 

am ounts of M editerranean water th a t was otherwise heading toward the  A tlantic (Farmer 

& Armi, 1988; Bray et al., 1995). The situation in the  Bosphorus is similar.

If mixing is not too  strong - I will explain the meaning of th is in a short while - it 

seems reasonable to  form ulate a model th a t  incorporates mixing bu t retains the  layer 

formalism. Then the  effect of mixing is to  entrain  w ater from the  lower into the  upper 

and from the  upper into the lower layer. This is represented by an entrainm ent velocity
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We th a t carries fluid across the  interface from one layer into the other. Second, it is 

assumed th a t entrained mass and m omentum are instantly  mixed across the  section of the 

layers so th a t layer densities and velocities are constant over a  cross-section. This concept 

of entrainment mixing a t the  interface w ith uniform conditions above and below might 

be as old as the Knudsen relations; a t least I have not been able to  track  it down to  a 

certain publication. For example, in chapter 5.3 of his m onograph Officer (1976) applies 

th is concept to  determine the effect of entrainm ent on the  various physically observable 

quantities (e.g. salinity) in an estuary in which water from the lower layer is entrained 

into the upper layer. The entrainm ent form ulation is also used in num erical models of the 

dynamics of flows in estuaries and straits, see (G rubert & A bbott, 1972) and Oguz & Sur 

(1989); Oguz et al. (1990) for example. The la tte r  authors add tim e dependence to  the 

problem and apply their model to  the exchange in the Dardanelles and th e  Bosphorus. 

However, the  authors do not elaborate on the effects of entrainm ent on the  dynamics of 

the  flow. This will be the m ain purpose of the discussion in chapter 4.

If the exchange is dom inated by turbulent mixing, it is possible to  find a  solution where 

velocity is lim ited by turbulent eddy viscosity. If it is assumed th a t the  aspect ratio  H /L  

is small and th a t the  flow is weakly stratified in the  vertical bu t still forced by a horizontal 

density contrast m aintained a t the ends of the  stra it, then  the steady sta te  force balance 

is between buoyancy and the vertical diffusive term s, and at leading order reduces to

where is the vertical eddy coefficient for m omentum. Cormack et al. (1974) derived 

a  formal asym ptotic solution for this problem, and in the context of estuarine circulation 

it was also examined by Officer (1976). At leading order the density gradient is linear in 

the  horizontal and the volume and mass fluxes can be given (Hogg et a l, 2001a). W hen 

non-dimensionalised by the fluxes obtained in the inviscid hydraulic lim it they  read

( - )
n -  4(7 31 (G rxa)^/^ P rx  . .

(G rT (T )i/2P rT  90720 '  ̂ ^

Here a  =  the  turbulent Grashof num ber is Grx =  w ith g' based on the

density difference between the  two reservoirs connected by the stra it, and the  turbulen t
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P rand tl num ber is Pi-] =  A,- 'h',-. where A'„ is the vertical eddy coefficient for mass. The 

fluxes due to  advection are a function of the non-dimensional param eter Grxcr, however 

the mass flux is also m odulated la tlie effect of horizontal diffusion when Grxcr becomes 

small. The hydraulic limit occui> h»r lar^e values of this param eter. Note th a t, taking 

as velocity scale, (Gr | rr may be w ritten  as the  ratio of viscous forces of order 

K vu/H'^ to  an inertial term  of on 1er i r /L ,  in much the same way th a t this comparison is 

represented by Ch L /H  for a  frictional flow.

Between the  inviscid hydraulic and the viscous limit, the dynamics should be controlled 

by a three-way balance between inertia, buoyancy and viscous/ diffusive effects. This 

regime was explored by Hogg et al. (2001g) in a numerical simulation. Assuming P r^  =  1 

the  non-dimensional mass flux was predicted over a range of GrxT encompassing the 

viscous and hydraulic limits:

qm =  0.052 (Grxu)^/^ for Grxcr <  40 (viscous lim it), (2.8)

qm =  1 — 1-7 (Grxcr)"^/^ for 40 <  GrTO" <  10® (interm ediate range), (2.9) 

Qm  — 1 for GrxCT >  1 0 ® (hydraulic lim it). (2 .1 0 )

Hogg et al. (2001 o) then  determ ined in which of the  three ranges typical field cases lie. 

They calculate Grx<% by two m ethods. The first uses field estim ates of param eters to  

calculate it directly, and the  second uses an estim ate of the average interface thickness, 

and direct comparison w ith the num erical simulation. The la tter is based on the  relation

^  -  3.4 (Grx.r)"^/'^ (2.11)

where 5 is the  thickness of the  density interface. This is derived from a scaling argum ent 

which assumes th a t  the value of the  diffusivity determ ines the  thickness of the  density 

interface.

For G ibraltar the  first m ethod gives Grxcr ~  10®, which is in the hydraulic lim it, whereas 

the second gives Grxcr ~  10®, which is somewhat into the  interm ediate range. For the 

Bosphorus Ay is not available. Using 6 jH  = 0.35, the second m ethod gives Grxcr =  9 x 10^.

Obviously the value could also be an order of m agnitude higher. This pu ts the  Bosphorus

somewhere in or ju st above the  middle of the  interm ediate range. For th is range of Grxcr 

Hogg et.a l.’s sim ulation of the  exchange flow in a  contraction does show an interface of 

finite thickness, however, the  general layer struc tu re  of the velocity field rem ains intact.
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I believe th a t the results by Hogg et a l (2001a) provide justification for analysing 

the  effects of mixing in the Bosphorus in a framework th a t retains the  layer formalism. 

Observations described in chapter 3 and the  theoretical analysis in chapter 4 will support 

th is view.

2.3. The Question of Submaximal or Maximal Exchange

Until abou t 1999 it was accepted knowledge in the literature th a t the Bosphorus represents 

a  case of a  “m aximal exchange” stra it (e.g. Yüce, 1996; Ozsoy et a l, 1998). The presence 

of internal hydraulic controls was deduced from rapid changes in the  depth  of isohalines 

which coincided w ith the location of horizontal and vertical constrictions and abrup t 

expansions (section 2.1.4). This agreed w ith results from a two-layer num erical model 

(Oguz et a i, 1990) which showed hydraulic controls a t the North Sill, a t the  exit toward 

the Sea of M arm ara and in the C ontraction (figure 2.8). In the sim ulation the  first two 

controls were found to  be always present whereas the  th ird  depended on the  m agnitude of 

the  net barotropic flow and was lost for sufficiently weak upper layer flow. However, until 

recently no velocity measurem ents existed to  directly verify these conclusions. W hereas 

the  first detailed current m easurem ents from 1994 (Gregg et a i, 1999; Gregg & Ozsoy, 

2002) confirmed a control a t the  N orth Sill, the  currents in the contraction were much 

too small for a  hydraulic control in the  two-layer sense. Detailed m easurem ents from the 

South Exit have not yet been reported so th a t it is not yet clear w hether a  second control 

exists, i.e. whether the exchange in the  Bosphorus is maximal.

In order to  realise the relevance of th is point, it is necessary to  understand  the  impli

cations of submaximal or maximal exchange flows for the  Bosphorus. For the  S trait of 

G ibraltar th is question has been analysed in detail in a number of studies (e.g. Bryden 

& Stommel, 1984; Armi & Farmer, 1985, 1987; Farmer Sz Armi, 1988; Borm ans & G ar

re tt, 19896; G arrett et al., 1990; Bryden & Kinder, 19916), whereas for the Bosphorus it 

appears to  have received less attention.

Provided the exchange is maximal, it will have two controls a t which, in the  framework 

of classical inviscid two layer hydraulic theory, the conditions
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are fulfilled. For the  Bosphorus the  subscripts S  and C  could indicate controls a t the  N orth 

Sill and the  Contraction, respectively (see figure 2.3 or figure 2.8). W ith  the conditions 

th a t the mass transport in each layer m ust be the same a t the two controls and th a t  the 

Bernoulli difference u1—U2 + 2g'hi is constant between the  controls, and w ith a prescribed 

net flow Q = Qi + Q2 (where Qi =  Uihi, i =  1 , 2 ), one obtains six equations which can 

be solved by numerical m ethods for th e  six unknowns u \s , h is , h \c , Uic, and u^c 

(Bryden & Kinder, 19916). The solution is unique and it is in th is sense th a t the exchange 

is fully determ ined by the strait.

This maximal exchange solution is obtained for a given salinity difference between the 

basins, that is for gi\ en g' (assuming th a t the effect of tem perature  on density is negli

gibly small eom])ared to the effect of salinity - as it is generally the  case in sea straits). 

However, it can be combined w ith the  overall mass and salt conservation statem ents for 

the  Black Sea, as first a ttem pted  by Bryden & Stommel (1984) for the M editerranean. 

This introduces a new equation and the  salinity difference becomes one of the variables 

determ ined in the m aximal exchange solution. Because density, and hence g ', is prim arily 

determ ined by salinity, the  to ta l m axim al exchange solution for the  flow through the  stra it 

can be shown to  depend only on a single external param eter P  — E  which is precipitation 

(and river discharge) minus evaporation. This is a powerful statem ent which implies th a t 

a well defined connection between the  exchange in the  stra it and the  basin exists.

To illustrate the  relevance of m axim al exchange for the  Bosphorus consider two possible 

applications: If the exchange is m axim al, th a t is bounded by two topographic controls, 

then  changes of the s tra it’s topography at these controls might significantly affect the 

salinity difference as well as the layer transports  and hence the w ater renewal rates of the 

basins. This could be interesting for studies of the paleoceanography of the  Black Sea and 

eastern M editerranean as the s tra it’s topography might have changed over tim e due to  

tectonic activity (Aksu et ai, 2002). A present-day application would be the assessment 

of the effects of a railway tube tunnel in the Bosphorus. Such a project has been under 

investigation for some tim e. The im pact of a tube  tunnel rising 10m above the sea-floor on 

the  exchange could be significant if it was built a t the  location of an existing topographic 

control, thereby significantly changing the  m aximal exchange solution. On the o ther hand, 

it might have little effect if built elsewhere.
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Note th a t  the  two controls of a m aximal exchange flow isolate the  stra it from changes 

in, for instance, the interface depth  in the basins. (In the Black Sea these could result from 

climate changes (Ozsoy, 1999) or anthropogenic influences on river discharge (Tolmazin, 

1984).) This means the stra it would not be a good monitoring point to  detect such 

changes. For the  S trait of G ibraltar G arrett et al. (1990) have argued th a t a  sub-m axim al 

exchange, w ith  only one topographic control, would allow a more rapid response of the 

stra it to  changing conditions in the M editerranean (the How was assumed to  be sub-critical 

at the eastern  exit), th a t is the stra it would be a more suitable m onitoring point. In  the 

Bosphorus the  exchange would be submaximal if, for instance, the  control tow ard the  Sea 

of M arm ara did not exist. Then changes in interface depth  in the Sea of M arm ara could 

propagate upstream  through the stra it, th a t is they could be m onitored in the  Bosphorus.

It is, however, beyond the scope of this thesis to  analyse whether th is is of any practical 

use as th is would require a complete study  of the circulation in the  Sea of M arm ara and 

an understanding of the exchange in the  Dardanelles which m ight be regulated by its 

own hydraulic controls (Ü nlüata et ai, 1990). Alternatively, the exchange would also be 

sub-m axim al if the  control a t the  N orth Sill was lost. This thesis will, however, indicate 

th a t this is less likely to  occur.

Finally, it is w orth pointing out th a t the m axim al exchange concept also applies to  

flows subject to  friction or mixing. These effects reduce the maximal exchange rate, bu t 

provided th e  fundam ental requirem ent is met, the  exchange is as great as it can be for the 

given density difference, friction, and mixing (Armi & Farmer, 1987). However, friction 

and mixing will make the exchange indeterm inable, unless one knows how these effects 

change the  control conditions as well as the frictional and entrainm ent rules to  apply 

between the  controls, i.e. along the  subcritical section of the strait.

2.4. Summary

The flow through the  Bosphorus is subject to  a great degree of variability, depending 

on meteorological factors and the w ater budget of the Black Sea. Nevertheless a  well 

defined two-layer structure  prevails for most of the  time. Upper or lower layer blockage 

are believed to  be short-lived phenom ena (Ü nlüata et al, 1990). However, the  relation
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between sea-level and layer transports is largely unknown.

The salinity sections indicate vertical mixing between the layers which appears to  be 

particularly  strong in the southern part of the  stra it. Ü nlüata et al. (1990) estim ate the 

to ta l vertical mixing along the Bosphorus from long-term  averaged layer fluxes using the 

steady sta te  salt and mass conservation equations. They find downward and upward fluxes 

of 1200m^ s“  ̂ and 20Q0m^ s“ ,̂ respectively, com pared to  upper and lower layer transports 

of 20000m ^s“  ̂ and 10000m^s~^, respectively (figure 2.8). Q ualitatively it is clear th a t 

the  vertical fluxes are larger in the  southern part of the strait, bu t quantitative estim ates 

are not known.

Black NorthMarmara Contraction
SillS ea exitexit Free surface 

(exaggerated slope)

300 (37) Density interface 40

Figure 2.8.: Summary sketch of the two-layer flow in the Bosphorus according to Ozsoy et al. 

(1998). The layer transports are given in krc?/yr. The numbers in parentheses indicate layer 

salinities in psu.

W hereas ro tational and non-hydrostatic effects are likely to be negligible in the  Bospho

rus, time-dependence, friction and mixing appear to  be im portant. The la tte r  three have 

been included in numerical models of the  Bosphorus flow but only tim e-dependence and 

friction have been studied in detail. Mixing and entrainm ent and as well as shear and 

stratification have been considered only very recently and it has yet to  be explored how 

they  affect the dynamics of exchange flows, including the  issue of w hether the  exchange is 

submaximal or maximal.

I will address the above issues in the  following chapters.
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3. Observations

3.1. Field Experiments

The d a ta  used in th is thesis were collected during four experiments in the  Bosphorus. The 

two m ain d a ta  sets were obtained in August 1998 and M arch/A pril 2000. Two smaller 

d a ta  sets are from October 1997 and June 2000.

All experim ents were a  collaborative effort of the Institu te  of Ocean Sciences (lOS), 

British Columbia, C anada and the D epartm ent of Navigation, Hydrography and Oceanog

raphy (DNHO) of the  Turkish Navy in Cubuklu, Istanbul.

In the  following d a ta  description I will use a coordinate system th a t follows the  tha l

weg, or deepest path , along the stra it. Distances are positive northw ard from an origin 

close to  Istanbul (figure 2.4). In along-strait (cross-strait) direction northw ard (eastward) 

and southw ard (westward) flow are positive and negative, respectively. Tim e is given as 

‘Coordinated Universal T im e’ (UTC) which was 3 hours behind local Istanbul daylight 

saving tim e during all our experiments^.

3.1.1. October 1997

As part of the  work on the  installation of the Acoustic Scintillation Instrum ent SIREN in 

October 1997 (Di lorio et a l, 1999) a  one-day survey was carried out on October 9 which 

consisted of a  run from the  northern  end to  the  southern end of the stra it and two runs 

across the  stra it between Rumelihisari and Anadoluhisari. Nine casts w ith a  Seabird 19 

profiler were carried out and currents were m easured w ith a 300kHz broadband AD CP 

(Acoustic Doppler C urrent Profiler) from R.D. Instrum ents (Model: W orkhorse). The

^For the N orth American reader: Europe including Turkey changes to daylight saving tim e one week 

earlier than North America, for instance, on March 26, 2000 instead of April 2, 2000.
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AD CP d a ta  suffered from problems w ith the heading data. Sounder images are available 

as print-outs from the vessel’s onboard sonar.

3.1.2. August 1998

Observations took place on August 18, 19, 20, 2 1  and 24. They included an integrated 

survey of CTD (Conductivity, Tem perature, Depth) profiles, A D CP m easurem ents, and 

echo-sounder imaging together w ith GPS positioning. Shipboard m easurem ents were car

ried out between 0900 and 1700 (local tim e) (0600 to  1400 UTC) from the  Turkish Navy 

vessel TCG  M esaha II.

The M esaha II carried an internally recording Seabird 19 profiling CTD for obtaining 

tem perature and salinity versus depth  profiles. Because of the  strong currents it was 

necessary to  a ttach  a heavy weight to  the  bottom  of the  instrum ent as shown in figure 

3.1.

Figure 3.1.: Seabird 19 Conductivity, Temperature, Depth profiler with weight attached to the

bottom.

For positioning a standard  GPS system  was used because differential GPS corrections 

were not available a t the  Bosphorus. We therefore recorded raw satellite range d a ta  and 

post-processed them  following Heroux k. Kouba (1995). This increased the  horizontal 

position accuracy from ±40m  to  about ± 2 m. Details are given in appendix A.

For flow and transport m easurem ents we again used a  300kHz broad-band ADGP. The 

unit kept excellent bottom  tracking, which was checked against th e  post-processed GPS
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Figure 3.2.: Left: ADCP unit and echo-sounder transducer. Middle: head of ADCP/echo-sounder 

mast in water. Right: same when moving. The figures are from March/April 2000 when the mast 

was mounted on the starboard side of the Mesaha I.

data. The instrum ent, together w ith an echo-sounder transducer, was m ounted a t a depth  

of 0.5m on a  m ast deployed over the  port side of the vessel (figure 3.2). The centre of the 

shallowest bin was a t 3m. Velocity was usually recorded in 2m vertical bins (4m triangle 

filter) a t 2 s intervals.

A 120kHz BioSonics echo-sounder was used for two-dimensional flow imaging. The 

images were acquired w ith 45cm vertical resolution at uniform tim e intervals of 0.5s. In 

figures the  d a ta  are horizontally stretched or compressed so as to  compensate for changing 

ship speed consistent w ith the horizontally uniform GPS referenced distance scale. Note 

th a t features w ith horizontal scale L' in the  images have a true  length of L — L'{1 — 

which means th a t  upper and lower layer features scale differently. The scatter is 

due to b o th  biota, which tends to  concentrate a t density interfaces, and also to  sound 

speed gradients. The highly resolved images allow interpretation of distinctive signatures 

associated w ith d istortion of the  density field by the flow, such as turbulence (Farm er & 

Armi, 1999; Seim, 1999).

The survey d a ta  were supplem ented by hourly averaged meteorological d a ta  (wind- 

speed, wind-direction, air tem perature, and barom etric pressure) from Sariyer (figure 2.4) 

and by daily averaged meteorological d a ta  from Tekirdag located on the  northern  coast 

of the Sea of M arm ara (figure 2.1).

An A D C P/ echo-sounder system which was deployed on the sea-floor in the middle of
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the s tra it between Rumelihisari and Anadoluhisari failed shortly after deployment so th a t 

we did not obtain continuous current m easurem ents in August 1998.

3.1.3. March/April 2000

Observations from the survey vessel TC G  M esaha I took place on M arch 31, from April 

4 to  8  and on April 10. The philosophy of our experim ental approach was, as in August 

1998, to  acquire an overview of the flow in the stra it by surveying along the  entire stra it 

from the Black Sea to  the Sea of M arm ara and conducting detailed observations in the 

contraction and southern part of the stra it in order to  study mixing processes. However, 

based on our results from the previous experim ent, we concentrated much of our effort on 

the  contraction and southern part of the strait.

The ship-based instrum entation was essentially identical w ith the one described before 

except th a t the vertical resolution of the  echo-sounder was increased to  0.15m. We also 

installed a weather station  (from DAVIS instrum ents) on the vessel which recorded wind- 

speed, wind-direction, air tem perature, barom etric pressure, and humidity. The sensors 

were a t a height of about 7.5m above water. Meaningful wind-speed and wind-direction 

da ta  were obtained only during CTD stations when the vessel was stationary. These d a ta  

supplem ented the hourly meteorological d a ta  from Sariyer and Goztepe.

As improvement over the previous experim ent, we were able to  obtain  continuous ob

servations of sea-level and current in the stra it. F loat-type recorders operated  by DNHO 

at Anadolikavagi and in the  Golden Horn (Istanbul) (figure 2.4) provided hourly averaged 

sea-level d a ta  from bo th  ends of the stra it. The Golden Horn sta tion  was a t a  distance of 

about 3.9km to the  centre line of the  Bosphorus. The vertical datum  planes were arb itrary  

a t both  recording sites.

Between M arch 31 and April 10, 2000 an upward looking 300kHz broad-band A D CP 

was deployed in the  middle of the  stra it between Rumelihisari and Anadoluhisari a t a 

depth of 60m (figure 3.3). It operated a t a  transm ission ra te  of 2 pings per second, and 

used a vertical bin size of 1.2m. 24 pings were averaged into 12s ensembles, and stored 

internally.
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Figure 3.3.: Ltft: Deployment of the ADCP with the Rumeli Hisari castle in the background.

Right: Tin upward looking ADCP mounted in a gimbled bottom bracket. The second slot holds a 

battery pack.

3.1.4. June 2000

Between June 19 and 23 Lt. JG  Ahm et N. Unlu from DNHO carried out a  survey from the 

TCG  M esaha II using our 300kHz ADCP and a  Seabird 19 profiler. The m ain purpose was 

to  familiarise th e  DNHO personnel w ith the operation of the ADCP. Because of various 

problems with the  instrum entation and also because of some unexpected closures of the 

Bosphorus for all ship-traffic the  survey tim e was much reduced so th a t useful d a ta  could 

only be obtained on June 22 and 23. Sea-level and meteorological d a ta  were not available.

3.2. Forcing and Flow

3.2.1. Baroclinie Forcing

I have already m entioned th a t the  baroclinie part of the  exchange, which is driven by 

the  large density contrast between the basins, is believed to  vary only on seasonal scales. 

Figure 3.4 shows th a t  it was indeed quite steady for the duration of our experim ents in 

August 1998 and M arch/A pr il 2002. For the following recall th a t in the  Bosphorus density 

is m ainly determ ined by salinity w ith tem perature  playing only a  secondary role.

The salinities of the  upper layer entering the  stra it from the  Black Sea and of the 

lower layer entering from the  Sea of M arm ara were a nearly constant IS psu  and 38 psu, 

respectively. Variations of tem perature in the upper layer Black Sea w ater occurred in
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Profiles from the northern exit of the strait (thalweg = 30 km)
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Figure 3.4.: Vertical profiles of temperature (left), salinity (middle), and density (right) obtained

during our 4 experiments which roughly correspond to three different seasons from spring to autumn. 

The upper row shows profiles from the northern Bosphorus (thalweg position = 30km, see figure 

2-4) and the lower row shows profiles from the southern exit region (thalweg position — —Ikm^.

August 1998 and were due to  variations in surface heating and cooling. In  M arch/A pril 

and June 2000 upper layer tem perature was practically constant.

The lower layer water entering from the Sea of M arm ara is basically constant in salinity 

and exhibits only a small fluctuation in tem perature  of about 1°C.

3.2.2. Barotropic Forcing

In w hat follows I will concentrate on our observations from M arch/A pril 2000 as only 

during th a t experiment did we obtain a complete set of meteorological, sea-level and 

continuous current data.
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Meteorological Conditions

Figure 3.5 shows meteorological d a ta  from two perm anent stations for the period from 

M arch 27 to  April 16, 2000. The northern  sta tion  (Sariyer) is on the western side of 

the  Bosphorus and the southern sta tion  (Goztepe) is on the A natolian side, south of 

Kadidoy (see figure 2.4). The sta tion  air pressure was converted to  sea-level pressure 

using the equation Psea-level =  Pstation exp(zgtation/^ 3 ) w ith a scale height of = 8.4km 

(Gill, 1982).

Sealevel air pressure

1020
S
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1000
Sariyer
Goztepe

11 1627 Apr
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----  Sariyer
----  Goztepe
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Wind speed  and direction
ss*
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Figure 3.5.: Local meteorological data from the March/April 2000 experiment. Data were

obtained at Ih  intervals (without averaging) at permanent meteorological stations at Goztepe 

(40°58'N, 29°05'E, elevation 33mj and Sariyer (4l°08'A, 29°04'£’, elevation 58mj.

The meteorological conditions a t Goztepe and Sariyer were very similar. On average 

the  m agnitude of the barom etric pressure difference was only 0.7 ±  Im bar. This is too 

sm all to  significantly affect th e  sea-level difference which varies betw een 20 and  40cm. 

Furtherm ore, figure 3.6 shows th a t even between the Sea of M arm ara and the Black Sea 

the  sea-level difference was small so th a t we can rule out the possibility th a t  larger scale 

air-pressure pa tte rns affected the  sea-level difference.

W ind speeds varied between 0 and 6 m s“  ̂ and shifted frequently between northerly  and
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Figure 3.6.: Sea-level air-pressure in March and April 2000 at Tekirdak (Sea of Marmara),

Istanbul, and Zonguldak (Black Sea). The data were obtained from and are used with permission

of Wetteronline Meteorologische Dienstleistungen GmbH, Bonn (www.wetteronline.de).

southerly directions. For northerly winds Di lorio & Yiice (1999) observed larger wind- 

speeds a t the Black Sea exit region th an  a t the  sheltered Sariyer station. O ur wind-speed 

d a ta  obtained on the  vessel during 3 CTD casts in the Black Sea exit region indicate th a t 

th is is also the  case for southerly winds. The wind-speeds averaged over 5 to  10 m inutes 

were between 2m s“  ̂ and 3.5m s"^ larger th an  those m easured at Sariyer.

Sea-level and Current

Figure 3.7 compares wind, sea-level and current d a ta  for the duration  of the  deployment 

of the bottom -m ounted ADCP.

Let us first consider the  periods from 30 M arch to  05 April and from 07 to  10 April. 

The upper layer moved southward from the Black Sea toward the  Sea of M arm ara w ith 

a  speed varying between —0.75 and —lm s “ .̂ The lower layer flowed northw ard w ith a 

somewhat smaller speed between 0.5 and 0.8m s^^. Fluctuations occurred in response to  

sea-level changes: a sea-level increase a t Anadolukavagi or a sea-level decrease a t Istanbul, 

correlated w ith an increasing upper layer current and a  decreasing lower layer current, 

as well w ith a thickening of the upper layer and thinning of the  lower layer. O n the  

other hand, we see little correlation between wind speed/ direction (measured locally a t 

the  Bosphorus) and sea-level. This suggests th a t  sea-level changes were caused by larger

http://www.wetteronline.de
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Figure 3.7.: A: Wind speed at Sariyer and Goztepe meteorological stations. B: Sea-level varia

tions at Anadolukavagi (north) and the Golden Horn (south). C: Horizontal along-channel com

ponent of the ADCP velocity vector. Blue indicates southward and red northward flow. C: Layer 

averaged currents, and currents obtained at depths of 19m and 40m.
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scale wind patterns over the Sea of M arm ara and Black Sea ra ther th an  by wind-forcing 

along the  strait.

The d a ta  from April 5 . ;ipm to April 7, 2pm show a reversal of the  upper layer flow, 

locally called Orkoz. It was eaiist'd by a storm  with strong southwesterly winds over the 

Aegean Sea and the Sea of M arm ara. This raised the  sea-level a t the southern side above 

the level in the  north, and subseciuently reversed the upper layer flow.

The relation between the sea-le\-el difference and upper and lower layer current is 

illustrated in figure 3.8. Note tha t the sea-level difference is not precisely known be

cause the  sea-level recorders were not geodetically levelled. After some investigations (see 

appendix C) I subtracted  28cm from the southern record. The Orkoz d a ta  are represented 

by the part of the curve w ith upper layer velocities above —0.5m s“ .̂

I have fitted regression lines through all da ta  points (the line labelled All data) and 

through only those representing the exchange flow (the line labelled Exchange only). The 

first observation is th a t the  relation between sea-level difference and upper layer current 

is indeed approxim ately linear. This is less so for the lower layer current. The second 

observation is th a t for the  relation between upper layer current and sea-level difference 

the two regression lines have different slopes of about —3s~^ and — 8 s~^. This means th a t 

during the  exchange flow situation a given sea-level change has a smaller effect on the  upper 

layer current th an  during the Orkoz. Physically this means th a t the  hydraulic head, which 

drives the  upper layer, is balanced differently during the  Orkoz th an  during the exchange: 

during the  exchange the  upper layer experiences both  friction along side-walls and also 

along the  interface whereas during the  Orkoz only sidewall friction is im portant because 

interfacial shear should be minimal. For the lower layer current, which is driven by the 

density gradient between the basins, the slopes of bo th  regression lines are about 2 s“  ̂

w ith  the  slope of the  Exchange only line being slightly smaller. We may use the  same 

explanation as above. This explanation is also consistent w ith the  fact th a t  the  presence 

or lack of interfacial friction has a large effect on the upper layer current bu t only a small 

effect on the  lower layer current: the  upper layer is only slightly influenced by sidewall 

friction m aking interfacial friction an  im portant factor.
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Figure 3.8.: Upper and lower layer currents versus estimated sea-level difference. The tidal com

ponent was removed from sea-level and current (tidal amplitudes were about 2.5cm and 0.1ms“ ,̂ 

respectively). The current data were Ih low-pass filtered and then re-sampled onto the hourly mea

sured sea-level data. The original southern (Golden Horn) sea-level data were reduced by 28cm. 

The regression lines fit either all data points or only those obtained during exchange flow conditions 

(which excludes the Orkoz). Time is coded in colour.
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Layer Transports

It is well known (e.g. Ozsoy et a i, 1998) and also clear from our observations th a t instan

taneous fluxes can differ greatly from the long term  mass balance estim ates of U nliiata 

et al. (1990) and Ozsoy et al. (1998) (see section 2.1.3). This is illustrated by figure 3.9 

which shows the transports in the upper and lower layer and the net tran sp o rt during 

the  duration of the deployment of the ADCP. The transports were derived by m eans of 

a regression analysis between the  continuous current d a ta  from the A D CP and direct 

transport estim ates from cross-channel transects. Details on the calculation are given in 

appendix D.2.2. Layer transports could not be determ ined during the  Orkoz because the 

position of the interface was poorly defined.

Excluding the Orkoz, the average lower layer transport was 3800m^ s“  ̂ w ith a standard  

deviation of 1300m'^ s " \  and the average upper layer transport was —16 700m^ s“  ̂ w ith  a 

standard  deviation of 3800m^s“ .̂ The net transport was — 12900m^s“  ̂ w ith a  standard  

deviation of 5100m^s~^. During the Orkoz the  m easured maximum net tran spo rt into 

the  Black Sea was 26300m ^s“ .̂ Note th a t the fluctuations of the layer tran spo rts  (in 

percent of their m ean value) are between 1 . 6  and 2  tim es larger th an  the  fluctuations of 

the  average layer velocities because the interface depth  or, equivalently, the layer areas 

fluctuate as well.

The average upper layer transport is close to  the long term  average of — 600km^ yr"^ (~

— 19000m ^s“ ^) given by Ü nlüata et al. (1990) and Ozsoy et al. (1998). O n the o ther hand, 

th e  lower layer transport is significantly smaller th an  their estim ate of -|-300km^ yr^^. 

Interestingly, the  same was noticed by Ozsoy et al. (1998) and Cetin (1999) b u t the 

authors a ttr ib u te  the  discrepancy to  the  poor quality of their transport estim ates. A 

possible resolution of th is discrepancy might be th a t the  lower layer tran spo rt is larger in 

the  second half of the year when the sea-level in the Black Sea is lower. This hypothesis is 

supported by our transport estim ates of +8500m^ s“  ̂ from October 1997 (two transects 

a t Rum elihisari), 7500m^s~^ from August 1998 (20 transects along the  s tra it), and an 

average value of 10 700m^s“  ̂ reported by Gregg & Ozsoy (2002) for Septem ber 1994.

It is clear th a t a  long term  record of the layer transports which captures seasonal 

fluctuations is very desirable. The results th a t I have presented here suggest th a t  a
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Figure 3.9.: Upper and lower layer transports as well as net transport in the Bosphorus derived 

from direct transport estimates (indicated by ‘X ’) and continuous current measurement with the 

bottom-mounted ADCP. The data outside the section enclosed by the dashed lines were used for 

the calculation of average transports given in the main text.

relatively easy way for obtaining such a  record is to  use current m easurem ents from a 

bottom  m ounted ADCP and calibrate those w ith precise layer transport m easurem ents 

from a  num ber of cross-channel transects. Note th a t our experiment produced transport 

estim ates w ith a much b e tte r accuracy and resolution in tim e th an  previously reported. 

Even b e tte r  results could have been obtained if additional and more precise cross-channel 

transects had been acquired.

Quasi-steady or not?

It is an interesting and for modelling purposes im portant question w hether the exchange 

in the Bosphorus can be considered quasi-steady.

To answer th is question, a t least for our experim ent, I will make use of Helfrich’s (1995) 

analysis which I introduced in section 2.2.2. To th is end we need to  know bo th  the strength  

and the tim e scales of the tim e-dependent barotropic forcing. A tidal and spectral analysis 

of the exchange e x c lu d in g  th e  O rk o z  (appendix B) shows th a t between 25 and 50% of 

the  fluctuations of southern and northern  sea-level and of upper and lower layer currents 

were due to  diurnal and semi-diurnal tidal forcing. The m ajor p a rt of the  rem aining 

variance was due to  meteorological forcing w ith time-scales longer th an  tidal. This agrees
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w ith findings by A lpar &: Yiice (1998).

Using g' =  0.13, L ~  30km and H  = 35m for the minimum channel depth  gives 7  % 34,

6 , and 3 for T  =  5 days, 24 hours, and 12 hours, respectively (see section 2.2.2, p. 23 

for definitions of 7  and % o ) .  I found the  forcing strength  qbo associated w ith long term  

meteorological forcing to  be about 0.25 in agreement with Helfrich (1995, Table 1), bu t the 

strength  of the tidal forcing to  be weaker so th a t % 0  =  0.15 should be used together w ith 

7  =  3 and 6 . W ith  these values Helfrich’s figure 9 shows th a t the  average transport in the 

tim e-dependent case is a t m ost 5% smaller than  the quasi-steady result. This difference is 

small enough to  conclude th a t during our observations the  exchange flow was quasi-steady, 

whereby the  Orkoz is excluded.

My conclusion differs from th a t of Ozsoy et al. (1998). They also find th a t 7  =  0 (1 ) 

for tidal forcing bu t argue th a t  according to  Helfrich (1995) 7  > 30 is required for the 

quasi-steady approxim ation to  be valid. This is not correct because for 7  > 30 the  flow 

would be quasi-steady for any, including a  very large, forcing strength. In the Bosphorus, 

however, barotropic forcing appears to  be usually weak.

Sea-level fluctuations a t Anadolukavagi and lower layer currents a t Anadoluhisari ob

served by Gregg et al. (1999) in Septem ber 1994 have about the  same m agnitude but 

w ith 3 to  5 days a larger time-scale th an  those reported here. C urrent observations are 

too sparse to  decide w hether the  variability observed during our experim ents and those of 

Gregg et al. (1999) is typical for the Bosphorus.

3.3. Evolution Along the Strait

I will give an overview of the  flow along the entire length of the  Bosphorus using da ta  

from two surveys from the  Black Sea toward the Sea of M arm ara. O ur observations from 

M arch/A pril 2 0 0 0  and August 1998 represent spring and summer conditions, respectively.

An Orkoz appears to  be a very rare event (Arisoy & Akyarli, 1990) which stands out 

from the  usual exchange flow situation. In what follows I will hence focus on the  usual 

exchange flow situation. The Orkoz will be described a t the end of this thesis in chapter 

6 .
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March/April 2000

On M arch 31 our survey began just south of the N orth Sill and ended about 3km south 

of Istanbul. On April 5 we began about 3km north  of the  N orth Sill, bu t were cut short 

a t position 10km by an oncoming storm . The d a ta  from these two days were merged at 

30km (figure 3.10). Frequently heavy ship traffic forced us to  deviate from the  thalweg. 

This is obvious a t 0 km, 17km and 31km where the A D CP m easurem ent were shallower 

th an  the  thalweg depth. Furtherm ore, when reading the plots of tem perature, salinity and 

density it should be kept in mind th a t the  spatial resolution of our CTD d a ta  is ra ther 

coarse which creates some obvious artificial features in the  contours.

The upper layer moved slowly at the broad northern entrance, accelerating as it entered 

the stra it. At the N orth Sill it was homogeneous in density. From the  surface down to 

a depth  of 47m density was practically constant with ag = 14kgm“  ̂ (S  = 18psu). The 

tem perature of the Black Sea surface w ater was slightly higher on April 5 th an  on M arch 

31 which explains the  patch of warmer surface w ater from the northern  exit tow ard 30km 

where the  two data-sets were merged. Between the Black Sea and position 12km salinity 

increased by not more th an  0.5 psu. The layer thickness, which I define using the  depth 

of the zero-velocity isotach, decreased by about 1 0 m, and the current speed increased 

to  about —0.7ms~^. F luctuations of along-channel speed are for the  m ain p a rt due to  

variations in channel width. Between 9.5km and 11km and between 11km and 14km 

the stra it has its deepest and narrowest section, respectively. C urrent speeds reached 

—1.8m /s a t the  surface and —1.5ms~^ w ithin the layer. The density interface widened 

due to  mixing, as will be explained later. The upper layer thickness continued to  decrease 

and m easured only about 18m a t the Sea of M arm ara which it entered w ith a average speed 

of —lm s“ .̂ Both velocity and salinity/ density showed large vertical gradients south  of 

the  contraction. Salinity decreased from 20 psu a t the surface to  26 psu a t the  interface at 

18m depth  giving an average salinity of about 23 psu.

The M editerranean water entering the  stra it a t the Sea of M arm ara side had a  salinity 

of S' =  38 psu and a  tem perature of 15°C. During its transit tow ard the  Black Sea 

salinity decreased by about 2.5 psu and tem peratu re  by about 1 °C w ith m ost of the  change 

occurring a t the  South and N orth Sills. Average current speeds were 0.5 to  lm s “  ̂ and
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Figure 3.10.: Composite of survey data obtained on March 31 and April 5, 2000. 1st panel:

Contours of along-channel current versus position along the thalweg. Northward flow is positive 

(red) and southward flow is negative (blue). The green solid line indicates the zero-velocity isotach. 

Density profiles are centred around as — 20kgm“  ̂ indicated by the dashed lines. 2nd panel; 

Contours of temperature. 3rd panel: Salinity. 4th panel: Density in units ofag.
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were fastest on the downstream slo])e of South and N orth Sill.

August 1998

The da ta  from position 2-5..5km at .Aiiadolnlmvagi to  position —2.5km a t the  Sea of M ar

m ara are from August 18, and th o s e  from position 35.4km a t the  Black Sea to  position 

25.5km were obtained one day later on August 19 (figure 3.11).

The general two-layer structure is similar to  th a t of the flow in M arch/A pril 2000. 

However, there are some differences caused by seasonal changes of the  conditions in the 

adjacent basins. Most obvious is the increase of the upper layer tem perature. At the 

surface the tem perature  reached 24°C warmed by daytim e air-tem peratures of up to  28°C 

and nighttim e tem peratures falling to  no less th an  21°C. At the  Black Sea side the  water 

tem perature dropped significantly a t a depth  of about 2 0 m. This signifies the  8°C Cold 

Interm ediate Layer (OIL) of the Black Sea which entered the Bosphorus a t about 30m 

depth. Its signature was lost after 10km. On the  other hand, the  subdivision of the  upper 

layer into a warm  and a cold half was m aintained alm ost th roughout the entire stra it 

because the tem perature  difference was large enough to  have a noticeable effect on density 

(figure 3.4) and thereby stabilised itself against mixing. The lower layer had a tem peratu re  

of about 14° C which is basically identical to  the  spring 2000 conditions.

The salinities of the upper layer water entering from the Black Sea and of the  lower 

layer water entering from the  Sea of M arm ara were 17.5 psu and 38 psu, respectively, and 

were hence alm ost identical to  those in spring 2 0 0 0 .

Along the northern  part of the  stra it the dep th  of the interface (zero-velocity isotach, 

not shown here) was about 5m shallower th an  in M arch/A pr il 2000. This correlates w ith 

a decreased upper layer transport and increased lower layer tran spo rt as consequence of a 

decreased freshwater influx into the Black Sea during autum n. A lthough meteorological 

conditions could also play a  role, they  do not explain the  difference in th is case; a steady 

northerly wind was present on August 18 and 19 which would increase the  upper layer 

flow rather th an  weaken it.
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Figure 3.11.: Composite o f survey data obtained on August 18 and 19, 1998. 1st panel:

Contours of temperature. The location and depth o f the CTD casts is shown by the black vertical 

lines. Constant temperature and salinity were assumed between the deepest CTD bin and the sea- 

floor. 2nd panel: Salinity. 3rd panel: Density in units o/ cr@.
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June 2000: ASTER Surface Temperature Satellite Image

Figure 3.12 displays a satellite image which shows the surface w ater tem pera tu re  along the 

Bosphorus from the Black Sea to  the  Sea of M arm ara. The exact tem pera tu re  scale is not 

known, bu t if we assume th a t conditions on June 16 were similar to  those on June 22 and 

23^, then we can see from figure 3.4 th a t the light blue in the Black Sea indicates a surface 

tem peraturt' of 20.5°C, and the  dark blue a t the South Exit a  surface tem pera tu re  of 

18.5°C. As the up])er layer moved southw ard the surface tem perature decreased because 

it entrained colder water (with T  — 15°C, see figure 3.4) from the lower layer. M ost of 

the entrainm ent occurred between the  Contraction and the  South Exit, and especially a t 

the  South Sill.

The surface flow entered the Sea of M arm ara as a  je t thereby spreading sideways, 

presum ably because of its buoyancy or lateral mixing. The narrowing of the  je t further 

south m ight not be real because clouds might have influenced the  satellite da ta . We do 

not have any observations of the  sub-surface waters in the  Sea of M arm ara because our 

surveys ended a t the South Exit.

Change of Hydrographic Characteristics

A convenient way to  visualise the  change of the hydrographic characteristics of the  w ater 

masses as they  move through the stra it is to  show the  spatial evolution of the  TS-diagram s 

as done in figure 3.13 using d a ta  from August 1998.

Let us begin a t the Black Sea side. The dark red curve shows the  properties of the  

upper layer w ith a salinity of S' w 18 psu and tem peratures ranging from 7 to  23° C. As 

the  upper layer progressed northw ard through the stra it, its properties experienced little 

change until it reached the contraction. There salinity began to  increase - first close to  the 

interface and then  throughout the  entire upper layer. On the other hand, th e  properties 

of the lower layer changed relatively little as it moved from the Sea of M arm ara to  the 

Black Sea.

It was checked that at least the m eteorological conditions were indeed similar at these tim es.
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Figure 3.12.: A ST E R  satellite image from June 16, 2000 of the Bosphorus and its Black Sea

and Sea of Marmara junction regions. Land area is shown as false colour composite o f visible 

spectral bands with 15m spatial resolution. The water area image is derived from infrared bands 

with 90m resolution. Colour represents surface temperature with darker colours indicating colder 

waters. The scene is an extended version of that shown in figure 2.f.
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Figure 3.13.: TS-diagrams from several locations along the Bosphorus in August 1998. The

location of the CTD casts is shown in the right figure. The northernmost data are shown in red 

and the southernmost in blue. The dashed black line in the left figure indicates the position of 

the 0-velocity iso-tach. ‘B S ’ and ‘SO M ’ are abbreviations for ‘Black Sea’ and ‘Sea o f M armara’, 

respectively.

Cross-channel Transect Along the Strait

Figure 3.14 shows velocity, salinity, and tem perature d a ta  from 6  transects across the 

channel distributed along the  stra it from north  to  south. CTD casts were carried out 

approxim ately in the  middle of the stra it. The d a ta  are from April 3, 2000 whereby 

transect lb  was carried out a t 07:50 UTC and transect 8  a t 12:25 UTC. The upper layer 

flow was ra ther strong th a t day (see figure 3.7) so th a t the  zero-velocity isotach was a 

little  deeper th an  on other days.

We see th a t in the  northern part of the  stra it (transects lb , 2, and 5b) the flow is very 

uniform across the  channel which has a simple cross-sectional shape between triangular 

and parabolic. I will show later (section 3.4) th a t significant cross-channel gradients occur 

in the  upper layer a t Beykoz. Those, however, did not have a lasting effect on the  flow so 

th a t  the upper layer was still very uniform in the  Contraction.

On the  o ther hand, the southern section shows a  more complicated bathym etry  which 

caused topographic steering of the flow and consequently horizontal gradients.
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Figure 3.14.: Velocity, temperature and salinity data from 6 cross-channel transects from April

3, 2000. The left and middle column show the north and east component of the horizontal velocity, 

respectively. For transects lb and 2 the east component (not shown) is almost identical to the north 

component and fo r  transect 5b the east component (not shown) is practically zero. Vertical scales 

are identical on all plots but horizontal scales vary. The map shows the location of the transects.
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Finally, note the  very obvious difference in the depth  of the zero-velocity iso-tach be

tween the  northernm ost and southernm ost transect.

Summary

Figures 3.10, 3.11 and 3.13 show th a t vertical mixing was small along the  northern  part of 

the  stra it. On the  other hand, mixing appeared to  be strong south of the C ontraction and 

was directed m ainly upwards. Hereinafter, I will call th is process “upward entrainm ent” 

of water from the lower layer into the southward moving npper layer, and will reserve 

the  word “mixing” for the simultaneous upward and downward entrainm ent between two 

layers. The observations suggest th a t the entrainm ent south of the contraction was related 

to  the to rtuous geometry in combination with the  large currents which might have caused 

turbulence. In the next section I will discuss th is in more detail and will also quantify the 

am ount of mixing an d /o r  entrainm ent along the Bosphorus.

3.4. Mixing and Entrainment

Long term  mass and salt budgets provide estim ates for the to ta l average am ount of mixing 

between the  layers along the entire Bosphorus. Ü nlüata et al. (1990) report downward 

and npward fluxes of 1 2 0 0 m ^s“  ̂ and 2 0 0 0 m ^s~^, compared to  upper and lower layer 

transports of 20000m ^s“  ̂ and 10000m ^s“ .̂ Qualitatively it is clear th a t the  vertical 

fluxes are larger in the southern part of the stra it, bu t quantitative estim ates are not 

known.

Applying the principles of conservation of volume and salt I inferred the  vertical fluxes 

from m easurem ents of horizontal layer transports of salt and volume which were deter

mined from salinity and current m easurem ents along transects across the  channel (figure 

3.15). The transects were done a t various locations along the stra it w ith a  spacing of 2km 

to  4km. A lthough th is m ethod is very simple in principle and is easily applied to, for 

instance, d a ta  from numerical simulations (e.g. Stashchuk & B utter, 2001). Using it w ith 

our field data, however, proved more difficult. The m ain difficulties were m easurem ent 

uncertainties and the  tem poral variability of the  flow. See appendix D for details.

D eterm ination of the  vertical fluxes in itself does not reveal the physical reasons for
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Figure 3.15.: Compartment flows in the Bosphorus two-layer system. Q(i,2)(M,g) denote the

layer transports in upper (1) and lo wer (3) layer whereby the subscripts M and B indicate the flows 

through boundaries toward the Sea of Marmara and Black Sea, respectively. Similarly, S'(i_2)(m,b) 

denotes the layer salinities. Q12 and Q21 are the downward and upward entrainment fluxes and 

Si and S2 the average salinities of the entrained waters. All quantities are positive.

mixing. Therefore, I will compare the  mixing rates w ith our other observations th a t 

provide inform ation about the mixing processes. Echo-sounder imaging d a ta  will be the 

prim ary tool.

Figure 3.16 shows AD CP back-scatter intensity (average of all 4 beams) obtained during 

the  run along the channel on M arch 3 1 /April 5, 2000. High intensity signals correlate well 

w ith areas where we expect shear and turbulence, for instance, along the  interface or in 

the  southern part of the stra it where currents are strong. Although, in principle, the 

backscatter could also be caused by biota, I will assume th a t here the  acoustic backscatter 

is generated from turbulent refractive index fluctuations. This view is supported by Seim 

(1999) who used m icrostructure d a ta  from the  Bosphorus obtained by Gregg et al. (1999) 

to  dem onstrate th a t salinity m icrostructure can dom inate over tem peratu re  an d /o r  biota 

by a factor of 1 0  when salinity controls the  stratification - as it is certainly the case in the 

Bosphorus. Further evidence will be discussed in connection w ith the  Orkoz in section 

6.1. It is worthwhile noting th a t  acoustic backscatter might also be caused by bubbles 

(entrained into the water by ship’s propellers) and by other organic m aterial (from sewage 

outfalls, for example).

In  the  lower panel figure 3.16 depicts average entrainm ent rates along the  Bosphorus 

which I have divided into 4 sections; the  N orth Sill, the N orthern Section between N orth
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Figure 3.16.: Upper panel: 4-beam average of ADCP back-scatter intensity. Colour indicates

the intensity of the back-scatter, red for intense and dark blue for weak or no return. The obser

vations correspond to those shown in figure 3.10. Lower panel: Average entrainment rates in 

along the strait with an uncertainty of about 200m^s~^.

Sill and Contraction, the  C ontraction itself, and the  South Sill and South Exit. The 

averages are based on all entrainm ent rates from the  1998 and 2000 experim ent. The 

num bers confirm the  previous qualitative statem ents of little vertical mixing in the  north 

and strong upward entrainm ent in the  south. In w hat follows I will discuss flow and m ixing 

in the 4 sections in detail.

3 .4 .1 . North Sill

Figure 3.17 shows da ta  from a 3.5km long transect along the thalweg at the  N orth Sill. 

At the  top  of the  sill the upper layer was about 47m thick. The density interface was very
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sharp measuring only 4 to  5m. The lower layer was only 8  to  10m thick and its average 

speed about 0.6ms“ .̂ Reduced gravity was g' — 0.13ms“ ^.
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Figure 3.17.: Acoustic back-scatter image taken on 05 April at the North Sill along the thalweg.

Density profiles (black lines) and velocity profiles (white lines) are centred around = 20kgm~^

and Oms~ fi respectively.

Di lorio & Yiice (1999) show acoustic images of flow and channel bathym etry  along 

and across the sill. These show th a t the cross-sectional shape is not rectangular bu t 

rather triangular. Then the composite Fronde num ber of a  two-layer flow is given by (e.g. 

Henderson, 1966; Bormans & G arre tt, 19896)

G" =  Ff: -P , (3.1)

where subscripts 1 and 2  refer to  the  upper and lower layer, respectively, Uj is the  layer 

averaged velocity. Ai is the cross-sectional layer area, and W j is the  channel w idth  a t the 

interface between the  two layers. Note th a t for non-rectangular cross-sections W jjA i  is 

larger than  the  layer thickness hi, and recall th a t the  flow is critical when = 1 .

I estim ated th a t W j = 1.1 to  1.2km and A 2 ~  6000m^ at the  top  of the  sill. W ith  

th a t =  0.8 so th a t the  flow is m arginally subcritical. This explains why it responded 

quite violently to  irregularities in the  sea-floor. Further downstream  the  channel deepens 

and narrows (see figure S.iii by Di lorio & Yiice (1999)) forcing the  flow to  accelerate so 

th a t the average layer velocity reached 0.9m s“ .̂ W ith  W i % 500m and A 2 ~  SOOOm  ̂ we 

obtain F |  >  1 , i.e., the flow was critical to  supercritical. A t 37.2km it seemed to  undergo 

a hydraulic jum p after which the layer thickness increased and velocity decreased. These
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observations confirm a simple hydraulic control a t the N orth Sill as also reported by Di 

lorio & Yiice (1999) and Gregg & Ozsoy (2002).

Associated w ith the  hydraulic jum p was mixing which decreased the  lower layer den

sity by about lkgm “ ^. It was not possible to  estim ate the  m agnitude of the  downward 

entrainm ent because we did not carry out a  transect across the  canyon north  of the  sill.

3 .4 .2 . Northern Section

Mixing between the  layers along the  N orthern Section was generally small. In figure 3.16 

I have assigned values of Om^ s“  ̂ to  bo th  upward and downward entrainm ent. Obviously 

this is not to  say th a t there is no mixing a t all, bu t th a t it is approxim ately zero w ith an 

uncertainty of about 2 0 0 m ^s“ .̂

T hat m ixing is so small despite relatively fast currents and two m ajor bends in the 

channel is perhaps surprising. For instance, one might expect th a t mixing would take 

place in the  90 degree bend a t Beykoz (see figure 2.4 for the location) of which observations 

are shown in figure 3.18. The upper layer was concentrated on the  western side of the 

stra it whereas currents were almost zero w ithin the bay a t Beykoz. On the o ther hand, 

the  lower layer was concentrated on the  eastern side, and on the  western side currents 

were even slightly negative, th a t is southward. The sounder-image shows three m ain areas 

w ith instabilities. The ones a t (a) were probably due to  separation of the  southw ard 

flow from the  inside bend and created turbulence w ithin the upper layer. The ones at 

(b) were presum ably due to  vertical and perhaps horizontal shear w ithin the  upper layer. 

They existed and were visible to  the  acoustics because of the therm ocline a t about 20m 

(Recall figure 3.11 which shows th a t  during the  summer months a  10°C tem perature  step 

occurs in the  upper layer.). Finally, instabilities were found at (c) roughly 5m above the 

zero-velocity iso-tach where the vertical velocity shear reached a  maximum of 0 .1 2 s“ .̂ 

The gradient Richardson num ber Rig, which describes the  relation between the  stabilising 

effect of buoyancy and the  destabilising effect of velocity shear (e.g Turner, 1973), was 

0.4. This m eans th a t  in theory there should be no instabilities as they  can occur only if 

Rig < 1 /4 .  Perhaps horizontal shear supports the  onset of the instabilities or the  problem  

lies in the  lim ited vertical resolution of the d a ta  which is limited by the  2 m vertical bins 

of the ADCP. A t the  pycnocline Rig % 0.8, and consequently we did see fewer instabilities



3. Observations 61

Speed / ms"’' 
+1

—  Bottom 
Interface

200 400 600 800 1000 1200 1400 1600

d

— Bottom 
Interface

200 400 600 80p 1000 1200 1400
Distance alon^ transect / m

0 0J01
250 580 900

Distance along transect / m
1200

Figure 3.18.: Observations of the flow in the curved section at Beykoz on 19 August 1998. The 

two panels in the upper right corner show contours of along channel velocity from the northern and 

southern transect. The lower panel shows the sounder image from the southern transect with the 

purple horizontal line indicating the position of the zero-velocity iso-tach. The vertical profiles in 
black and white show the vertical shear du jdz and the buoyancy frequency respectively,

calculated from velocity and density with 2 m vertical resolution.
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there.

In summary, along the  N orthern Section turbulence is created bo th  by flow separation 

at bends and also by shear in the  vicinity of the interface, but mixing between the  layers 

is effectively limited by the  strong stabilising effect of buoyancy at the  pycnocline. This 

situation was observed not only a t Beykoz bu t also a t other locations which explains why 

the to ta l vertical fluxes along the  N orthern Section were small.

3 .4 .3 . Contraction

Strong upward entrainm ent of lOOOm^ s“  ̂ was observed in the  section about the  Con

traction. This is a significant am ount considering th a t the lower layer transport was 

only between 4000 and 9000m ^s“ ^. On the  o ther hand, downward entrainm ent was only 

2 0 0 m ^s“ .̂

There is no doubt th a t  the  intense mixing is associated with the strong currents and 

the s tra it’s tortuous geometry. Figure 3.19 shows acoustic back-scatter images and the 

along channel velocity from a run along th e  Contraction from 9km to  12km. During this 

Of

10.5 11
Distance along thalweg / km

■ F igure 3.19.: Acoustic back-scatter image taken on April 8 , 2000 in the Contraction along the

middle of the channel. Density profiles (black lines) and velocity profiles (white lines) are centred
around oq =  2 0 kgnT^ and Oms"^, respectively.

run  we stayed in the middle of the  channel thereby minimising the  influence from the 

channel sides as much as possible. A t 1 2 km  the  zero isotach was a t 40m and agreed well 

w ith the  pycnocline and depth  of intense back-scatter. The upper layer was about 750m 

wide. Note th a t we have to  distinguish between the w idth of the  channel and the  width
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of the active moving layer because a t some bends flow separation occurred so th a t the 

effective layer w idth was smaller th an  the  channel width. The layer w idths were inferred 

from transects across the channel a t 1 2 km, 1 1 km, 1 0 km, 9.5km, and 8 km. We obtain 

% 0 . 1 2  +  0.08 =  0 .2 0 . As the channel narrowed increased, bu t because it also 

deepened decreased so th a t a t 10.5km we find ~  0.34 +  0.05 =  0.39. At 1 0 km 

the upper layer was only 600m wide. The flow was forced to  accelerate and due to  the 

Bernoulli effect the interface rose noticeably. The layer then  widened again to  about 

750m at 9.5km and consequently the  interface dipped down. At the  southern end of the 

contraction at 9.5km we have G^ % 0.45 +  0.07 =  0.52.

Associated w ith the strong currents in the contraction were strong shear and mixing. 

This can be inferred both  from acoustic backscatter and from the change of velocity and 

density profiles. At the interface the vertical velocity shear du/dz  reached values of 0.25s~^ 

(obviously w ith some tem poral and spatial variability) and the gradient Richardson num 

ber was approxim ately 1/4 or less. Consequently Kelvin-Helmholtz like instabilities occur 

along the  interface. However, turbulence originated not only a t the  interface, bu t also 

from the sharp bends where flow separation occurred. As one example, figure 3.20 shows 

sounder d a ta  from the vicinity of Akinti Burnu (Cape of the Current) which protrudes 

into the stra it from the  western shore. The fast upper layer impinges onto Akinti Burnu 

thereby creating turbulence. U nfortunately we do not have CTD  profiles from th is par

ticular location to  further support th a t  the  observed turbulence caused mixing.

3 .4 .4 . South Sill and South Exit

The southern th ird  of the Bosphorus is the  most complicated section in term s of bo th  

bathym etry  and flow. Figure 3.21 shows the coastline and bathym etry  from 7km to  the 

exit toward the Sea of M arm ara. Most of the South Sill is between 30m to  40m deep 

except for a  central ridge th a t  rises to  about 28m. The ridge is flanked by two 40m deep 

channels th a t  cut into the sill from the north  whereby the one on the  eastern  side is the 

deeper one. From the  south the  sill is approached by the  M arm ara channel th a t runs 

along the western side of the  stra it. I t does not connect to  the  northern  channel on the 

eastern side.
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Figure 3.20.: The left panel shows acoustic back-scatter image taken on 4 April 2000 in the

vicinity of Akinti Burnu (at thalweg position lOkmj. The ship’s path is shown as black line in the 

map in the right panel. The ASTER satellite image (from June 16, 2000) helps to visualise the 

strong currents (middle panel). The horizontal green line in the left panel indicates the section of 

the path along which the sounder data were taken which are marked by the green line in the left 

panel.

Gregg & Ozsoy (2002) gave the  first detailed description of the  flow around the  South 

Sill. However, their shallowest AD CP bin was a t 10m so th a t they missed much of the 

shallow southw ard flowing layer. Our d a ta  serve to  complete the  picture. I will present 

d a ta  from M arch 31 and April 3. On April 3 the  upper layer current was about 20% 

stronger th an  on M arch 31.

Figure 3.22 shows d a ta  from track A which roughly follows the thalweg. The shallowest 

depth of 32m was encountered a t 2.7km were we passed from the northern  channel on 

the east side into the  southern channel on the  west side. The upper layer was strongly 

stratified and sheared except in a  10m thick surface layer. Sea of M arm ara w ater was 

passing from the  southern channel into the  northern  channel in a layer w ith thickness 

varying between 5m at 2.7km and 16m a t 4km. Its  upper boundary was clearly identified 

by a  sharp density step and a  th in  layer of intense back-scatter intensity. The zero isotach 

was about 5m higher.

Figure 3.23 shows the  d a ta  from three transects across the southern channel. Ju st south 

of the central ridge the southw ard flow was concentrated on the Asian side. A t the  surface 

the currents were stronger th an  — 1.5m s“  ̂ and decreased linearly to  zero a t a  depth  of 

30m. W est of the  ridge the southw ard flow was practically zero. Similarly the  northw ard 

current was stronger on the  Asian side th an  on the  European side so th a t a t least 50% of
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Figure 3.21.: Bathymetry and ship tracks (black) in the southern part of the strait. The area

of the South Sill is enclosed by the dashed line. The thalweg is shown as white line with 1km 

increments marked by crosses.
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Figure 3.22.: Acoustic back-scatter image taken on March 31, 2000 at the South Sill following 

track A in figure 3.21 from north to south. The patch of intense back-scatter at 2km was probably 

due to bubbles entrained by the propeller of a southbound oil-tanker that had passed us earlier.
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the  Sea of M arm ara water was directed over the  eastern part of the sill. This differs from 

observations by Gregg & Ozsoy (2 0 0 2 ) who found th a t m ost of the deep flow was directed 

by the M arm ara Channel over the western part of the  sill. Presum ably the flow path  

changes with the  relative strength  of upper and lower layer flow. During strong southward 

flow (our data) the lower layer appears to  be weaker on the western th an  on the  eastern 

side of the ridge.

About .‘{..'ikm further south on transect T 8 , a t the  exit toward the Sea of M arm ara, the 

southward How occu])ied alm ost the entire w idth  of the  channel. Surface currents were 

larger than  - l . . l m s " ' in the  centre of the  channel and larger than  —1.75m s"^ along the 

European shore. The zero isotach was a t 20m dep th  th a t is 10m higher th an  a t transect 

T7. The gradient Richardson num ber R ig  = was less th an  1/4 (often as small as

1/10) in the upper 15 to 20m. This supports the view th a t  the high back-scatter intensities 

were due to  turbulence. The lower layer was confined to  the  deep M arm ara channel and 

moved northw ard w ith about 0.25m s"^. The back-scatter in the lower western half of the 

channel was caused by outfall from Istanbu l’s m ain sewer which ends in the  middle of the 

channel about 300m south of our transect (Begiktepe et ai, 1995; Gregg & Ozsoy, 2002). 

The presum ably ‘fresh’ w ater appears to  rise to  the  interface.

At the  southern end of the  stra it th e  upper upper layer separated from the coast and 

shallows at Istanbul and entered the Sea of M arm ara presum ably like a  je t (see transect 

T2 in figure 3.23 and also figure 2.4). Surface velocities were larger th an  —1.5m s^^ in 

the western half and larger th an  — lm s~^ in the  eastern half. The gradient Richardson 

num ber was smaller th an  1 /4  in the  upper 10m. The stratification in the upper layer 

supported internal waves, for instance a t 2 .2 km, which can be seen bo th  in the  sounder 

image and also in the velocity contours (figure 3.23, lower panel). Wavelike signatures can 

also be seen along the pycnocline a t 27m depth  w ithin the  northw ard moving layer. Below 

the  pycnocline the  density was a  constant = 28.5kgm“  ̂ which is typical value for the 

lower Sea of M arm ara waters (Begiktepe et al., 1994).

The zero isotach was noticeably tilted  w ith a  cross-channel slope of about —2.7 x 10~^. 

Geostrophy gives

(3 2 )

where /  =  1 0 "^ is the Coriolis frequency. A h  is the change of the  dep th  of the  interface
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F igure  3.23.: Upper panel: Acoustic back-scatter image taken on April 03, 2000 along track T7 
across the strait from west to east. The white dashed lines are contours of along channel velocity. 

Density profiles (white lines) and velocity profiles (black lines) are centred around ag = 20kgm“  ̂

and Oms“ ,̂ respectively. M iddle panel; Acoustic back-scatter image taken on April 03, 2000 

along track T8  across the strait from west to east. B ottom  panel: Acoustic back-scatter image 

taken on March 31, 2000 along transect T2 in the Sea of Marmara exit region from west to east.
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over the w idth W , and U is the  average layer velocity. Because the  lower layer was 

approxim ately motionless only the  stratification beneath the moving upper layer should 

affect the  dynamics so th a t g' was as small as 0.07m s"^. Using U =  —lm s “  ̂ we obtain 

a slope of —1.4 x 10“ ^. This is only about half of w hat we observed. This m ight indicate 

th a t lateral and vertical friction an d /o r  mixing may have contributed to  the  balance of 

forces (Défaut, 1961a, chapter XVI).

On the  basis of their d a ta  from Septem ber 1994 Gregg & Ozsoy (2002) concluded th a t 

the exchange might have been controlled a t the crest of the  South Sill. Figure 3.23 shows 

th a t during our observations currents were too small for a  two-layer control. In  the east 

side % 0.4 and <  0.1. The flow from the  southern channel into the  northern  channel 

in figure 3.22 shows some dips in the  position of the interface which could indicate th a t 

the flow was close to  control, bu t also here we did not find close to  1. It is feasible 

th a t during stronger southw ard flow =  1 a t some locations across the  South Sill bu t it 

appears unlikely th a t F^ could reach a value of 1 a t th is location .

Between transect T7 and T 8  the  zero isotach rose by 10m so th a t  the  current and also 

the shear increased. Using hi =  19m (defined by the  zero iso-tach), g' =  0.07m s"^ and 

an average layer velocity of ui =  1.1m we obtain F^ = 0.9. We have to  take into 

account th a t the uncertainty in F^ is about 0.1. Hence, the flow could have been critical 

or marginally subcritical.

3.5. Bottom and Sidewall Friction

As I have m entioned in section 2.2.5 it is likely th a t friction contributes significantly to  

the balance of forces in the Bosphorus. Friction on solid walls is perhaps well established 

w ith the quadratic drag law Chu  ̂ being generally accepted whereby the  friction coefficient 

Ch  is generally larger if u is the current speed above some bo ttom  boundary layer, and 

smaller if u is the current speed averaged over the  layer depth. Using the la tte r  approach 

it is believed to  be of the  order of 10~^ (e.g P ra tt , 1986). In their two-layer numerical 

sim ulation of the  exchange through the  Bosphorus Oguz et al. (1990) used Ch  — 2 .3x10"^. 

This value was determ ined by tun ing  the friction param eters (for instance, Ch ) until the 

model results agreed w ith available hydrographic data. To my knowledge direct estim ates
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of the friction coefficient in the Bosphorus have not yet been published.

One way to  estim ate the  bottom  stress r ,  the  drag exerted on the flow by the seabed, 

is to  use the so-called profile m ethod. On the basis of dimensional argum ents (Tennekes 

& Lumley, 1972) the  m ean velocity above the  seabed should exhibit a  logarithmic profile 

in the inertial sublayer (or log-layer)

[ /(z )  =  hi , (3.3)
K V^O/

where U is the  ensemble m ean velocity (averaged sufficiently to  eliminate turbulen t fluc

tuations), z is the height above the seabed, k % 0.4 is the  von K arm an’s constant, Zq is the 

bottom  roughness scale, and n* is the  friction velocity th a t  scales the  turbulent velocity 

fluctuations (e.g. Soulsby, 1983). The bottom  stress is related to  n* by

T = gul-  (3.4)

A linear fit to  a  plot of observed u versus Inz  allows a determ ination of n*, and, hence, of 

the  bottom  shear stress. The friction coefficient can then  be determined by least-squares 

fit to  the  equation

w* == C jf , (3.5)

where the  reference velocity f/ref is chosen to  be either the  depth-averaged or a near-bottom  

velocity.

Velocity profiles were derived from 120min d a ta  averages from the bottom -m ounted 

ADCP. The centre of the  first velocity bin was 3.7m above the bottom . For the  fitting 

procedures criteria given by Lueck & Lu (1997) were applied: the fitting sta rts  w ith 

try ing the  lowest three velocity bins. If the error of the  three-bin fit is less th an  1% of the 

m aximum  streamwise speed, then  the fourth bin is tried, and so on. F its obtained w ith  zq 

values larger th an  0.02m are rejected. (This value was derived from a histogram  of values 

of zo as shown by Lueck & Lu (1997).) The height of the log-layer, is defined as the 

maximum  height to  which acceptable fits can be obtained. Hence the  minimum value of 

hz,, if found, is 6 .1 m (the height of the th ird  bin) above the  bottom .

We obtained 130 averaged velocity profiles from the  10.5 days of velocity data . As 

examples, 5 of these profiles are shown in figure 3.24 whereby, for the sake of convenience,

I have chosen to  display the  m agnitude of the streamwise component of horizontal velocity.
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Figure 3.24.: Sample profiles (in blue) of 2h averages of the m agnitude of the stream.wise

component of horizontal velocity. The green lines are the fitted logarithmic velocity profiles. The 

red data points are those used for determining the fit, hence the topmost red point indicates the 

height of the log-layer. The roughness length zq and the friction velocity w* are given in units of 

m o.ndxns~^, respectively.

For th is figure, the  streamwise direction was defined to  be aligned w ith the m ean flow of 

the lowest 8  velocity bins (the lowest 12m). The direction of the  flow a t the  interface is 

slightly different and therefore the  velocity does not reach zero. W ith  these settings 123 

of the  130 profiles fulfilled the fitting criteria  and were used to  obtain  Ch  =  0.0022 (or 

Ch  =  0.0027 if the fit is forced through the  origin) as shown in figure 3.25.

The values obtained during the Orkoz, readily identified by their larger velocity values, 

showed larger deviations from the  fitting line th an  the  other values. If we exclude these 

d a ta  from the  fit, we obtain Cjj = 0 . 0 0 2 0  or Ch  = 0.0025 for the  unforced and  forced fit, 

respectively. Ju st for the duration of the  Orkoz 21 profiles fulfilled the  criteria  and w ith 

th a t the  forced fit gives Ch  = 0.0030. This value is, however, subject to  great uncertain ty  

because of large d a ta  scatter.

Reducing the  averaging length from 120min to  60 or 20min had no influence on Ch
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Figure 3.25.: Friction velocity squared u; (proportional to bottom-stress) against [/gyg. is 

the 2h mean velocity in the first velocity bin at 3.7m above the sea-floor. The solid lines have slopes 

equal to the drag coefficient Ch obtained from least-squares fits. Streamwise velocity was aligned 

with the direction of the mean velocity of the lower 12.1m. The green fit line crossed the ordinate 

at 0.00026 whereas the red fit line was forced to go through (0 , 0 ).

and neither had a reduction of th e  m aximum  acceptable roughness length from 0 .0 2 m to 

0.01m. Requiring the  log-layer fit to  use a t least 4 instead of 3 d a ta  points reduced the 

scatter so th a t Ch  = 0.0024 and 0.0026 for the unforced and forced fit, respectively, when 

all da ta  were used. W ithout the  Orkoz d a ta  the corresponding values are Ch  = 0.0020 

and 0.0023.

According to  Ergin et al. (1991) the  sea-floor along the Bosphorus consists m ainly of 

sand and gravel w ith significant am ounts of shell fragments because finer m aterial is eroded 

and removed by the  strong currents. For such a sand/gravel sea-floor Soulsby (1983) gives 

a  roughness length of z q  — 0.0003m (with a standard  deviation for Inzo of about 2). 

Curiously, the  values I find are about 0.005m which is about an order of m agnitude larger. 

The reason for th is discrepancy is th a t  Soulsby’s values assume skin-friction which extends 

only about Im  above the  sea-floor. The log-layer observed here, which was up to  20m 

thick, is not consistent w ith skin-friction and is more likely to  be caused by form drag due 

to  an irregular bed form as pointed out by Lueck & Lu (1997) and Sanford &: Lien (1999). 

Indeed, a t th e  South Exit side-scan sonar surveys revealed the presence of asym m etrical 

current ripples of sand ranging in lengths from 2 to  25m (Ergin et al, 1991) and it would 

seem likely th a t  ripples exist in the  middle of the  stra it, too, indicating th a t it was indeed 

form drag, ra ther th an  skin-friction, th a t caused the log-layers we observed (figure 3.24).
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The friction coefficients I have given are based on a reference velocity from the first 

velocity bin a t 3.7m above the seafloor. For the flow in a tidal channel Lueck & Lu (1997) 

find th a t their C h ,360 is about 25% larger th an  Cn.m where the la tte r uses the  m ean of all 

velocity bins (up to  the sea-surface) as reference velocity. In the Bosphorus it is not so clear 

how to calculate C'H,m because of the two layer structure. If I calculate the  average velocity 

using all lower layer velocity bins between sea-floor and interface (and again exclude the 

Orkoz data), I obtain  C h — 0.0023 (unforced and forced fit). If I use the  bo ttom  21m 

which seem to  be little influenced by the  interfacial shear, I obtain Ch  =  0.0018 and 

0.0022 for the unforced and forced fit, respectively. The difference is small so th a t we do 

not need to  be overly worried about the  definition of the  reference velocity.

Using a value of Ch  =  0.0023 as done by Oguz et al. (1990) is consistent w ith th is 

investigation. Of course, one has to  question w hether one value can be correct for the 

entire Bosphorus. For instance, the form drag along the  sea-floor may vary along and 

across the stra it, because the size of the  ripples depends on the  strength  of the current. 

U nfortunately the accuracy of the vessel-mounted ADCP d a ta  is not sufficient to  repeat 

the  analysis w ith d a ta  from other locations. Alternatively, friction could be estim ated 

from m easurem ents of the  turbulent kinetic energy dissipation e. The results of such 

measurements, carried out by Gregg et al. (1999), have not yet been reported.

A further unknown is the  effect of lateral protuberances along the  Bosphorus. Some 

have a noticeable effect on the  flow as shown in figure 3.20. Flow separation and the 

generation of waves seem to  occur. B oth  processes cause a drag on the m ean current. 

In theory the  resulting effect on the flow can be represented by some form drag which 

is associated w ith the pressure drop across the topographic feature in question. I t is 

determined by integrating the horizontal component of pressure along the  surface of the 

topographic feature. For a 2-dimensional feature the drag per unit w idth  is given by 

(Baines, 1995)

F  — J  d x p ( H ) - ^  (3.6)

where p{H) is the pressure a t the sea-floor. This integral also includes the  pressure drop 

due to  bottom  stress. U nfortunately th is definition of form drag tu rned  out to  be very 

difficult to  use w ith our d a ta  as it requires the density field and the  free surface pressure 

gradient around the 3-dimensional topographic feature which our d a ta  do not provide.
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Theoretical and num erical studies on wave and separation drag have been reported  by 

M acCready & Pawlak (2001) for the case of an isolated Gaussian ridge on a slope in a 

uniformly stratified flow. One of their conclusions is, th a t the wave drag decreases with 

increasing slope. For the  steep lateral protuberances in the Bosphorus th is suggests th a t 

wave drag might be less im portan t th an  separation drag. But, as m entioned before, we 

do not ha\-e the d a ta  to  test this.

In conclusion, it seems reasonable to  assume th a t the average friction coefficient for 

bottom  and side-wall friction is about Ch  =  0.0023 keeping in mind th a t the value might 

be larger at .some isolated lateral protuberances.

3.6. Two Key Problems

Our observations confirm the long-known two-layer structure of the  exchange through the 

Bosphorus. On the other hand, they  show details which have not been reported  before. 

Some seem to be a t odds w ith previously accepted wisdom which was m ainly based on 

hydrographic m easurem ents and sim ulations w ith two-layer numerical models. The key 

problems are:

•  The interface along the Bosphorus is markedly sloped along the thalweg. This can 

be explained by the  influence of bottom /sidew all and interfacial friction as shown, 

for instance, by Assaf &: Hecht (1974) and Bormans & G arrett (19896). This, how

ever, ignores mixing. In the  Bosphorus we observe a significant am ount of upward 

entrainm ent (th a t is entrainm ent of w ater from the lower into the  upper layer) in 

the  southern half of the  stra it, and clearly we must wonder w hat the  effect on the 

dynamics will be. M ixing/entrainm ent will exchange m omentum between the  layers 

and is in th is sense akin to  interfacial friction. If we furtherm ore combine our ob

servations of an increased interfacial slope in the  southern section of the  stra it w ith 

th a t of increased entrainm ent, we may wonder whether entrainm ent m ight have a 

similar eflfect as friction on the  flow.

Price & Baringer (1994), for instance, estim ated the effective m ean entrainm ent 

stress a t the  interface as r /  — QoVwg where V  is their stream tube velocity and Wg 

is the  entrainm ent velocity. However, th is equation ignores th a t m ixing will also
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exchange volume and mass, the la tte r causing a  horizontal density gradient w ithin 

the  layers. It is not clear a priori how the simultaneous exchange of volume, mass 

and m om entum  affects the dynamics of the  flow. This will be investigated in the 

next chapter.

•  Classical two-layer hydraulics assumes homogeneous and uniform layers. Observa

tions clearly show th a t the  effects of mixing and friction lead to  stratified and sheared 

layers. If the layers are nearly homogeneous and uniform it is accepted practice to 

use values th a t are representative for the  layer. Most often layer averages of veloc

ities and densities are used to  calculate Froude numbers, etc. This is the  approach 

used in the previous sections.

Along the southern Bosphorus, however, the  velocity in the upper layer is far from 

being uniform. Can we then  be sure th a t Froude numbers based on average layer 

quantities correctly represent the  hydraulic sta te  of the flow? This is a critical 

question as the  whole classification of an exchange as being controlled, submaximal, 

maximal, etc. depends on the correct determ ination of the  hydraulic s ta te  of the 

flow. This issue will be pursued in chapter 5.

Both points may also help decide a question regarding the flow through  the  Bosphorus 

contraction. Knowing th a t exchange flows may be controlled a t lateral constrictions and 

also knowing th a t the associated hydraulic jum p (the meaning will be explained in section 

4.1.1) causes mixing, hydrographic d a ta  from the contraction, which showed mixing and 

a  fairly abrup t change of the  depth  of isohalines, were thought to  indicate a  hydraulic 

control (e.g. Yiice, 1996; U nliiata et a l, 1990). However, current m easurem ents by us 

and Gregg et al. (1999) reveal th a t the composite Froude num ber is less th an  1 , i.e. the 

classical condition for hydraulic control =  1 is not met. Furtherm ore, the  acoustic 

images do not indicate a hydraulic jum p which, in theory, should have shown as a fairly 

sudden increase in upper layer thickness a t the  southern end of the contraction.

Hence, one m ay wonder about the  following 3 possibilities: a) the  classical two-layer 

theory is applicable and the  flow is indeed not controlled, b) the classical two-layer theory 

is not applicable and the flow is controlled, or c) the classical two-layer theory  is not 

applicable and the flow is nevertheless not controlled.
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4. Effects of Mixing and Entrainment on an 

Exchange Flow

4.1. Review of Single Layer Hydraulics

I will review the  basics of hydraulics for a single homogeneous and uniform layer w ith a  free 

surface. This is probably the  most simple hydraulics type problem and has been trea ted  

in detail in m any hydraulics tex ts (e.g. Chow, 1959; Henderson, 1966). I will summ arise 

results first for inviscid flow and then  for frictional flow. None of th is is original m aterial 

and its only purpose is to  familiarise the  reader w ith the concepts and notation  so th a t 

the following section in which entrainm ent is added to  the problem will be understood 

more easily.

4 .1 .1 . Inviscid Flow

The problem to  be considered is illustrated  in figure 4.1. The basic equations of hydraulics 

for one layer are the inviscid, rotationless, steady sta te  shallow water equations. If we 

consider a  layer of fluid flowing steadily over an obstacle of slowly varying height H {x) in

X

Figure 4.1.: A single layer of fluid of depth h(x) flows at speed u{x) over a sill of height H{x). 

The width of the rectangular channel is W  (x).
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a rectangular channel of slowly varying w idth W {x), these equations are

du dh dH  ,

where Q =  u h W  is the layer transport and g is the gravitational acceleration. I will 

consider the  problem  further using two different approaches which I will refer to  as M atrix  

Approach and Energy Approach. A th ird  approach, which involves the speed of long 

waves, will be discussed in chapter 5.

Matrix Approach

The M atrix  Approach examines the  m athem atical structure  of equations (4.1) on the 

assum ption th a t  there is an asym m etry in the flow properties through a constriction. 

Following Benton (1954) and Armi (1986) the equations can be w ritten  in m atrix  form as

C vx  =  Dfx (4.2)

where are the  derivatives of the dependent variables (u, h), fx are the derivatives of the 

independent topographic variables ( if , W )  and

D -  ^ (4.3)

We can try  to  solve (4.2) for the  variables Vx as functions of the  variables fx However, 

solutions will exist only if det(C ) 7  ̂ 0, or if in the neighbourhood of locations where 

det(C ) =  0 certain  regularity conditions are satisfied. In fact, these regularity conditions 

establish unique solutions; these solutions where det(C ) =  0 are called controls since they  

establish these unique flows. Physically the regularity conditions are constraints on the  

flow which are required since the m agnitude of the free-surface slope in the neighbourhood 

of a control is finite. The la tte r is an empirical fact (Armi, 1986)^.

^In fact, drinking a pint of beer would be a much less enjoyable activity if the beer did not flow out of 

the glass w ith finite slope!
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The last paragraph can be cast in equations as follows: after inverting the m atrix  C , 

we find the  following relations

1 au _  g
u dx V? — gh

(4.4a)

■\ gu ^  adH
= _ (4.4b)

h d x  — gh

At the controls the Froude num ber = v?/{gh) = 1 (i.e. de t(C ) =  0) and the denom

inators vanish. The num erators also have to  vanish (this is the regularity condition) so 

th a t velocity variation and surface slope rem ain finite. This gives the following conditions 

which determ ine the location of the  control:

jp: =  =  1 , (4.5a)
gh

The control fixes a relationship between layer thickness h and layer transport Q in its 

neighbourhood. Using Q = uhW  and (4.5a) we obtain

-

This equation has great practical im portance as it allows the determ ination of the  layer 

transport Q from a m easurem ent of layer thickness h and channel w idth W  and vice versa.

From (4.5b) we see th a t  for a  sill alone (constant w idth), the flow is critical a t the crest 

of the sill where dH /dx — 0. For a  contraction alone (flat bottom ) th e  flow is critical a t the 

narrowest point where dW jdx  =  0. For the  case of bo th  w idth and depth  variations where 

sill crest and the  narrowest section do not coincide, critical flow m ay occur a t more th an  

one point. In this case, the  locations of the controls depend not only on the topography 

but also on the  layer tran spo rt Q.

Energy Approach

Another approach to  hydraulics is to  classify the  flow in term s of energy. This pa th  is 

commonly taken in the  literature on open channel hydraulics (e.g. Chow, 1959; Henderson, 

1966) bu t is also used in m any oceanography sources (e.g. Gill, 1977; Bormans, 1988; P ra tt
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& Lundberg, 1991). Equations (d .l) can be integrated with respect to  x  which leads to  

equations for the  conser\ ation of energy and volume flux

-— V h + H  = E r  , (4.7a)

Q =  iddV  =  const . (4.7b)

If it is assumed th a t the flow originates in a large reservoir, where hW  tends to  oo and the 

velocity u  to  0 (such th a t Q stays finite), then E r  is the surface elevation of the  reservoir.

Elim inating u yields an equation for the layer thickness h,

(4.8)
2

‘Î /  0 “ \  /  r)2 \  1/3
The left hand-side has a minimum of for h — ( ) so th a t, if iîmax is

the maximum height of a  ridge over which the w ater flows, no solutions are possible if 

E r  < i^max +  I  ( ^ 7 2  y   ̂ • The level of the upstream  reservoir is thus clearly ‘controlled’ 

a t the level even if the level of a downstream  basin is lowered further. It can be easily 

checked th a t for the  calculated value of h the  Froude number is equal to  1.

Using (gW'^h^) the energy equation (4.8) can be transform ed into an equation

for the Froude num ber (e.g. Benton, 1954)

/ UÏ/2 \  1 / 3
or into an equation for the  non-dimensional layer thickness h' = i j h

-h h ' =  (Ej% -  Ef) , (4 10)2

where h ' — was used by Gill (1 9 7 7 ). j3 is shown as function of F'^ and h ' in figure

4 .2 .

For a given volume flux Q and a given geometry (W {x) and H (x)) the  function /3, as 

defined by (4 .9 ) ,  is only dependent on the value of E r . A s  seen from figure 4 .2  for a  given 

E r  (and hence /?), there  are two values of and thus h '  when (3 > 3 /2 ,  no possible values 

when (3 < 3 / 2 ,  and a single value F “̂ = h ' =  1 when /? — 3 /2 .

Both an increase of bo ttom  height H  and a decrease of the channel w idth W  reduce 

the value of the  right-hand side of (4 .9 )  and force the  flow towards criticality (into the
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3 .5 -

2 .5 -

oo 1 h' 1-1/3 3-1/3

Figure 4.2.: Relationship between (3 =  -f F and F^, and between (3 and the non-

dimensional layer thickness h '. The curve has two branches which meet at F^ = h' — 1 and 

=  3/2.

minimum of (3 where =  1) . The flow is critical, w ith =  1, if the  right-hand side 

equals 3/2. At th a t point, d(3/dx = 0 and

IT - i- =  0 , (4 1 1 )dx \  )  dx

which is identical to  (4.5b) derived w ith th e  M atrix  Approach.

A nother useful set of equations which can be derived both  from equations (4.4) and 

from (4.9) are the  tendency equations for the  layer thickness h and the  Froude number 

F 2 ;

F 2dh
ck

dF^

h dW  2 d H \  
1 - F ? i  dz  '

F%
- ( 2  +  F^

1 dW  3 dH
W  dx ^  h dx

(4.12a)

(4.12b)dx 1 — F 2

The results show th a t for the  present case of an inviscid single layer flow the  M atrix 

Approach and the  Energy Approach are equivalent and can be used to  derive identical 

results.

Flow Configurations

The equations of motion (4.1) or the energy equation (4.8) are easily solved for the layer 

thickness along the  channel. For simplicity we assume th a t the channel w idth  is constant 

in the following discussion.
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321 I

B

C

F igure 4.3.: Sketch of function (3 versus non-dimensional layer thickness h' and three possible

flow patterns for a single-layer flow over a sill. Arrows indicate change in (3 and non-dimensional 

layer depth in downstream direction. A: subcritical everywhere, B: supercritical everywhere, C: 

subcritical upstream of crest, critical at crest, and supercritical downstream of crest.

Let us assume th a t  far upstream  E r  is large enough so th a t /?min is larger th an  3 /2 , i.e. 

we assume th a t solutions exist (figure 4.3). As j3 varies along the channel, the natu re  of 

the  flow will depend on the  upstream  value of h' and thus of F^.

•  S u b c r i t ic a l  F low : For >  1, th a t is for < 1, the  flow is subcritical 

upstream  (figure 4.3 A). As it approaches the sill, the bottom  height H  increases 

and (3 decreases, h' decreases while increases. Note th a t th is can also be seen 

from the  tendency equations (4.12). At the sill crest where H  =  iîmax the  flow is 

still subcritical. Downstream  of the sill, the function (3 will increase to  its initial 

value, and h' and re tu rn  to  their upstream  values. This means th a t the  flow is 

subcritical everywhere and the  layer depth  h is large. It is sym m etrical abou t the 

sill, w ith  the  surface slightly depressed over the sill (Bernoulli dimple!).
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• Supercritical Flow: For h'̂ p̂  < 1, th a t is for F„pg >  1, the flow is supercritical 

upstream  (figure 4.3 B). As /3 decreases to  its minimum value, h' increases while

decreases. The flow is supercritical a t the  sill crest. Downstream  of the  sill, the 

function (3 will increase to  its initial value, and h' and retu rn  to  their upstream  

values. This means th a t the  flow is supercritical everywhere and the  layer depth  

h is shallow compared to  the layer depth  for subcritical flow. The layer depth  is 

sym m etric about the sill and is maximal a t the  crest. Note th a t the  supercritical 

solution B and the subcritical solution A may have the same value of the upstream  

energy E r  and therefore the same value of /3„iin {Ea =  F g  in the  figure).

• C ritical Flow: If we reduce the  value of E r  upstream  from the  value E a  in figure 

4.3 A, by decreasing either the depth  or the  current, such th a t /3min =  3/2 , then  

h' = — 1 and the flow becomes critical a t the  sill crest (figure 4.3 C). Then the

question arises as to  how the flow will continue downstream  of the  sill. To see what 

happens we differentiate the  tendency equation for h (4.12a) w ith respect to  x  and 

obtain

h

At the  crest F^ =  1 so th a t the  second term  on the  left vanishes. Because —d?H/dx'^ >  

0, d h /d x  does not vanish a t the crest. Hence, if the flow is subcritical upstream  and 

critical a t the crest, it will be supercritical ju st on the  lee. The other m athem atical 

possibility th a t the flow is supercritical upstream  and subcritical downstream  does 

not exist in reality because the  flow is unstable (Long, 1954).

Note th a t it is not possible to  further reduce the value of E r  s o  th a t /5min <  3/2 

because then  there is no solution. This means th a t the asym m etrical solution with 

subcritical flow upstream , critical flow a t the  crest, and supercritical flow down

stream  is the solution w ith the lowest possible energy E  = ^

Hydraulic Jump

Let us again consider the physical problem  of flow from a larger reservoir to  which fluid 

is supplied a t a  constant rate  Q. Let us s ta rt w ith a  flow th a t is subcritical everywhere 

(F^ < 1, u slow and h large), see curve w ith energy level F i  in figure 4.4. The surface level.
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Figure 4.4.: Examples of energy curves for different values of the downstream energy level En. 

The curve with E r  = Eg is the one with the minimum upstream energy level necessary to go over 

the sill for given values of Q, W  and H .

and th a t  includes the  one upstream , depends on conditions applied a t some downstream  

location, which effectively sets a surface level a t some large value of x. If the downstream  

level is lowered (i.e. increase the  drainage from the  downstream  reservoir), E  decreases 

( £ ^ 2  <  £ i ) ,  and the Bernoulli dimple deepens. Now we lower the  downstream  even more 

{E = Eff) such th a t the flow will have the minimum energy necessary to  pass over the sill. 

The flow becomes critical a t the crest. Any further decrease in E  will be such th a t no 

solution exists.

Note th a t  up to  th is point, the  surface level in the  upstream  reservoir assumes the  same 

level as is set downstream , i.e. the  sill has no effect on the flow other th an  determ ining 

the  local shape of the  free surface. (I note in passing th a t the same applies to  a  flow th a t 

is supercritical everywhere. However, this is of no practical relevance here.)

If the  downstream  level is lowered to  a  very low level, e.g. on the  lower downstream  curve 

E  = Es, th en  the appropriate curve is the  one w ith the  high-level on the  left (£^  <  1 ), a 

sm ooth transition  through x  = 0  (£^ =  1 ) and low levels on the  right (£^ > 1 ).

If the downstream  level lies between the two solutions for E  = Es, th a t is for E  = E 4 

or £ 5 , th e  flow over the  sill will be unaffected and will stay critical a t the crest and the 

upstream  level will still be given by £ 3 . However, downstream  the solution has to  be 

discontinuous. There will be a  hydraulic jum p connecting the solution in the downstream
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Figure 4.5.: Rapid supercritical and tranquil subcritical radial flow produced by the impact of

a jet of water on a horizontal surface. The hydraulic jump is the step in depth. Photograph by 

courtesy of Prof. M.S. Cramer, College of Engineering at Virginia Tech.

to  the solution immediately downstream  of the  crest. The hydraulic jum p will dissipate 

energy and the loss will be proportional to  the  difference between E^ and E^. The position 

of the jum p can be determ ined using the energy loss and the  requirem ent of no change 

in momentum  flux (Gill, 1977). The larger the  energy difference between upstream  and 

downstream  reservoir, the larger the hydraulic jum p and the further dow nstream  it will 

be.

Note th a t whenever the downstream  level is below the m inimum value obtained for the 

minimum energy E^ the upstream  level is invariably given by th a t  for E  = E^. Then 

the  flow is said to  be controlled by the sill a t a: =  0. The upstream  level is independent 

of the downstream  level, bu t is linked to  the  sill height. The link can be established by 

evaluating (4.8) a t the control where (4.6) holds. The resulting relation

E r  -  H e  , (4.14)

where H e  is the  height of the sill a t the crest, shows th a t Q and E r  cannot be varied 

independently of the  sill height He-

To give the  m athem atics some physical reality I would like to  point ou t th a t  a  hydraulic 

jum p can be easily observed in the kitchen sink (figure 4.5). There the  spreading of the 

water is equivalent to  an increase in w idth of the  flow.
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Conclusion

•  For an inviscid single layer flow through a constriction the  M atrix Approach and the 

Energy A pproach are equivalent.

•  These approaches can be generalised to  more complicated inviscid situations involv

ing, for example, more th an  one layer or rotation. This was first recognised by Gill 

(1977). I will describe and use G ill’s m ethod in chapter 5.

•  The fundam ental difference between the controlled How solution and the purely 

subcritical or supercritical solution lies in the  role th a t the constriction plays in 

regulating th e  flow. In the la tte r  case, the  constriction has no influence on the flow 

other th an  modifying the  shape of the surface. For the controlled flow, on the  o ther 

hand, the upstream  height is determ ined by the  sill height.

•  For an inviscid flow the controlled solution will be asym m etrical in some sense. 

This feature can be used to  identify a control. The asym m etry is required since 

in inviscid flows the  only mechanism th a t can dissipate energy and allow a flow to 

connect two different reservoir depths is the  hydraulic jum p. Hence, a hydraulic 

jum p also indicates the  existence of a control.

4 .1 .2 . Frictional Single-Layer Flow

Frictional effects in open channel flow have been studied by Henderson (1966), and further 

explored by P ra tt  (1986), Borm ans &: G arrett (19896), and Wajsowicz (1993) for the  case 

of a single layer reduced gravity flow. In  these studies the underlying assum ption is th a t 

the flow can still be regarded as slab-like. Then the  momentum  equation is obtained by 

adding the term  —CdU^/h to  the  right-hand side of (4.1a), where friction is param eterised 

using a quadratic drag law in which Cd is the non-dimensional bo ttom  drag coefficient 

(P ra tt, 1986):

+ =  (4.15)
dx dx dx h

This can be w ritten  as
d f  Iv ?  , ,  \

+  (4.16)
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which shows th a t friction rcmoves energy from the flow. There is no longer a  simple 

functional expression connecting h to H  as for the  inviscid flow. However, using Q — uhW  

and /{gh) we obtain

j b f j ?  I =  - C d f :  (417)

and hence

where (3 is the hydraulic function ’ +  F  as defined in the previous section.

The frictional term  always reduces the hydraulic functional toward its m inimum of 3 /2 

(remember figure 4.2) which means th a t friction acts to  force the flow tow ard criticality, as 

one proceeds downstream, regardless of whether it is sub- or supercritical. At the  control 

point j3 — 3 /2 , d/3/dx =  0, and

The control section is shifted downstream  from its location in the  inviscid case, as first 

pointed out by Henderson (1966).

The tendency of the Froude num ber is easily obtained from (4.18) using (3 = +

jr-2 /3
d p 2 p 2 f ^  \  dW  3 dH  3
dr -  1_F% +  f  , (43W)

confirming the conclusion from (4.18). The tendency of the layer thickness may be ob

tained, for instance, by writing the term  in parentheses on the left-hand side of (4.16) as 

{^F'^h + h + H ), whence

dx 1 — F'^ \ W  dx dx

Friction causes the  layer thickness h to  increase in the direction of flow under supercritical 

conditions. W hen the flow is subcritical, however, the  thickness decreases and, because 

Q = const, the velocity increases; th a t is friction causes the flow to  accelerate! This is a 

curious result which seems to  be a t odds w ith intuition and the fact th a t  friction removes 

energy from the  flow. The physical meaning is th a t  when the  flow is subcritical, the  energy 

is composed prim arily of potential energy, the  proportion of kinetic energy being small. 

Thus energy can effectively be removed only by removing potential energy, i.e. decreasing 

the layer thickness (P ra tt, 1986).
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Flow Configurations

I will now solve the equations of m otion to  obtain  the layer thickness along the  channel. 

For the sake of simplicity, I assume a channel with a constant w idth of VF =  1. It is 

convenient to  work w ith normalised variables of order one:

X* = æ /F , h* — h/ho, H* = H/Hq, (4.22)

u* =  u / \fgho, C l = Cd—no

Here, L  and ho may be the  length of the  channel and the upstream  layer thickness, 

respectively. Note th a t  the  Froude num ber is identical in bo th  systems, th a t is (F*)^ = F'^. 

Dropping the  stars (*) the  equations of m otion are

J u ^ d h ^ _ d H _

^ , ^ . 0  (4.23b)
dx dx

Uniform Channel: The flow through a  channel w ith a  flat bottom  and constant w idth is

fully described by the equation for the  surface slope

dh
— ~Cd ( 7 ^  “  1 J (4.24)

where Q — uh = const. The control where jh? — 1 will be a t the exit where the  channel 

deepens or widens abruptly. Taking th is to  be a t a; =  0 and using ho =  the integral 

of (4.24) is

Solutions for Q = 1 and Cd = 0.3 and 1.0 are shown in figure 4.6. Both frictional flows 

are controlled a t æ =  0 and are subcritical upstream . Friction clearly causes the  surface 

to  slope. At the  control the  slope becomes infinite thus violating the assum ption of slowly 

varying flow, a problem th a t  would disappear w ith realistic topography. If the  flow was 

inviscid then  the  surface would be flat as indicated by the  dashed lines in the  figure. If 

we compare an inviscid solution and a frictional solution which have the  same Q and the 

same layer thickness h{x — —2), we see th a t, as predicted by (4.20), friction pushes the 

flow toward criticality whereas the  inviscid flow remains subcritical.
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Figure 4.6.: IIk scaled free surface fo r  a single layer frictional flow through a uniform channel

with cxil cotilrol at x  =  0. Red curve: Q = 1, Cd = 0.3. Blue curve: Q =  1, =  1. The dashed

lines show th< Jhil surface for inviscid flows which have the same thickness as the frictional curves 

at X = —2.

It is im portant to point out th a t the  last statem ent applies only if we choose to  prescribe 

Q as boundary condition. On the  other hand, if upstream  and downstream  level are 

prescribed then  friction will simply cause the flow to  slow down and in th is sense it is 

pushed away from criticality. This is the point of view taken by W inters & Seim (2000) as 

result of their numerical simulations of flow through a  constriction subject to  dissipation. 

W hether friction pushes a flow toward criticality or away from it is therefore a m atte r  of 

choice of boundary conditions.

inviscid2.2
h=2.05
h=1.9

0.8
0.6

0.2 0.4 0.6 0.8

F igure 4.7.: The scaled free surface for single layer frictional and inviscid flow over a sill. For

all solutions Q =  0.5. Blue curves: C’d = 0 .3 ,/i(—1) =  2.05, the lower curve shows . Green 

curve: Cd =  0, h{—\) = 2.05. Red curve: Cd = 0, h{—l) =  1.9.
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Flow over a Sill: For this configuration the  solution was obtained numerically (Figure

4.7). The subcritical frictional solution {Cd — 1, h{—l) — 2.05) experiences a net decrease 

in elevation across the  sill so th a t in contrast to  the inviscid solution (h( —1) =  2.05) it 

is not symm etric about the sill crest. The Froude num ber reaches its m aximum  on the 

downstream  side of the  sill.

We now see th a t friction can cause purely subcritical flows to  take on the  ‘overflow’ 

character of inviscid controlled flows in which there is a net-decrease in elevation across 

the sill in the m anner of a subcritical to  supercritical transition  (P ra tt, 1986). In other 

words, whereas for inviscid flows asym m etry is a clear indicator for a control, th is need 

not be true  for frictional flow. However, asym m etry in combination w ith a hydraulic jum p 

still indicates a control.

This is an issue in cases where the  hydraulic sta te  is deduced from the  shape of the 

interface bu t where no flow m easurem ents have been made to  verify th a t the  flow actually 

becomes critical. One example, which I m entioned already in section 2.4, is the  interpre

tation  of the  change in depth of the  pycnocline along the contraction in the  Bosphorus as 

a hydraulic control (Ü nlüata et a l, 1990; Yüce, 1996).

4.2. Single-Layer Flow with Entrainment

We are now in the position to  tackle the  problem  of the effect of entrainm ent on a single 

layer flow. Some parts  of the m aterial in th is section have been published by Gerdes, 

G arrett & Farm er (2002).

As before imagine a layer of fluid of density g{x) th a t flows steadily with a  velocity u{x) 

over a bo ttom  profile of height H {x) in a  s tra it of rectangular cross-section w ith w idth 

W {x). Above this lies a  deep layer of density go moving with a constant velocity v (figure

4.8). Fluid from the passive upper layer is entrained into the active lower layer w ith an 

en tra in m en t velocity  Ug. N ote th a t  th is  s itu a tio n  is qu ite  sim ilar to  th a t  observed along 

the southern section of the  Bosphorus if we change the  active into the  passive layer and 

vice versa.

As m entioned in section 2.2.6 the  entrainm ent formalism assumes th a t the  entrained 

water (mass and momentum ) are instantly  mixed across the section of the  layer so th a t
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h + H

Figure 4.8.: A single active layer of fluid of depth h{x) and density g{x) flows at speed u{x) over 

a sill of height H{x). Fluid with density go is entrained with an entrainment velocity Ue(x) from 

an overlying passive layer moving with a constant speed v.

layer densities and velocities are constant over a layer cross-section. I will discuss th is 

approxim ation at the end of this chapter.

Before delving into the m athem atics I would like to  point out th a t the  problem  we will 

consider is quite elementary: we want to  know how the thickness and velocity of a single 

moving layer changes if it receives w ater of different density from somewhere. If the  layer 

was motionless the added volume would clearly increase its thickness. It does not seem 

unreasonable th a t the same happens for a layer in motion. On the  o ther hand, adding 

motionless w ater w ith zero m om entum  to  a  moving layer is very much akin to  friction, 

and we know th a t the effect of th a t on a subcritical flow is to reduce the  layer thickness. 

Third, if the  added w ater has a different density, a density gradient develops which will 

accelerate the  flow.

We will consider several increasingly complex situations. For the  sake of simplicity we 

initially ignore friction and assume a constant channel cross section. More general results 

are presented subsequently.

4 .2 .1 . Entrainm ent o f  water o f  th e  sam e density and zero horizontal 

m om entum

The first problem  is w ith no upper layer (so th a t go =  0) but w ith the  entrained w ater 

having the  same density as the lower layer. In this case g rem ains constant. The problem  

is somewhat artificial, bu t describes a single layer receiving water from a  sprinkler system.
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The m om entum  equation is best derived by considering the  m om entum  flux per unit 

w idth, given by J  {qu^ + p) dz = Q ^  g ' , (4.26)

where p — Qg'{h — z). (Really g' = g for th is problem, bu t let me w rite g' for easy

comparison w ith other examples.) The added w ater has zero horizontal m om entum  and 

so the m om entum  flux rem ains constant, giving

2  . (4.27)

Here Hr  is the layer thickness in an upstream  reservoir where u approaches 0 (though this 

cannot actually happen w ith the  present assum ption, to  be dropped later, of a constant 

channel w idth as well as flat bottom ). Using Q = uh  and =  Q‘̂ /{g'hi^) we obtain an 

algebraic expression relating F  and Q:

^  ^  +  l f - 4 / 3  ^  1 (4.28)

Although 7  differs from (3, which was derived for inviscid flow (figure 4.2), it also has a

minimum of 2 /3  a t =  1. This means th a t the entrainm ent of fluid, which causes Q 

to  increase, pushes the system towards criticality in a  way th a t is similar to  the effect of 

friction, as discussed in 4.1.2.

By diflferentiating (4.28) and (4.27) w ith respect to  x  we obtain expressions for the  rate  

of change of the squared Froude num ber and layer thickness, respectively:

4 F ^ ( F 2  +  l / 2 ) d Q
dx Q 1 — F^ dx 

dh 2h dQ

(4.29)

(4.30)
dx Q I — F'^ dx

Here dQ jdx  is given by the entrainm ent velocity Ug. Note th a t the effect of entrainm ent 

is to  decrease the layer thickness of a  subcritical flow, notw ithstanding the  addition of 

entrained fluid.

4 .2 .2 . Entrainment o f lighter w ater with zero horizontal m om entum

A more realistic situation occurs when the  upper layer is less dense th an  the  deeper, active 

layer. We expect th a t the entrained fluid of lower density will lead to  a  horizontal density 

gradient in the  lower layer which will tend  to  accelerate the flow.
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The conserved m om entum  flux is now

f  {gu‘̂ + p ) d z =  (4.31)
Jo

ghu^ +  —g(g — Qo)h  ̂ +  ^dQohJp , (4.32)

where h r  is the  height of a horizontal surface in the  upper layer, w ith, consequently, no 

flux across it of horizontal momentum.

We combine dQ jdx  =  (conservation of volume) and d{gQ)/dx =  po^e (conservation 

of mass) to  obtain  {g — go)Q = const. It is now convenient to  define g' — g{g  — Qo)jQo, 

so th a t g'Q = = const, where B  is the  horizontal buoyancy flux per unit w idth (e.g.

Turner, 1986), or

Replacing g by go in the first term  of (4.32) (i.e. making the Boussinesq approxim ation) 

we now have

■^g'h  ̂ +  hu^ =  -^gR^R (4.34)

where , Hr  are the  reduced gravity and layer thickness in a fictitious reservoir. This 

may be rew ritten  as

, (4.35)

whence
3 F 2 ( f 2  +  l/%, dQ , .

Q l - j F 2 dk ' ( )
As before entrainm ent acts to  force the  flow towards criticality, bu t a t a  slower ra te  th an  

in (4.29), because of the presence of a  density gradient.

The density gradient has a remarkable effect on the slope of the interface. In  contrast 

to  (4.30) we now obtain

dA _  2& -  1 /4  dQ
da (9 1 -  F 2  r k '  ( )

For <  1/4 the  layer thickness h increases instead of decreasing, even though th e  system  

is forced towards criticality, whereas for F^  >  1/4 the  layer thickness decreases. This may 

be clarified by considering the  particular case of F^ =  1/4. In th is case the  pressure 

gradient associated w ith the density gradient is ju st great enough to  accelerate the  flow 

and thus transport the  entrained water downstream , such th a t the layer thickness rem ains 

constant.



4. Effects o f Mixing and Entrainment on an Exchange Flow 92

4 .2 .3 . Entrainment o f lighter water with non-zero horizontal m om entum

Finally, consider the case where the upper layer is moving with a constant velocity v. It 

can be shown th a t treating r as couslant is a good approxim ation provided th a t the upper 

layer is much thicker than  the lower layer. The fluid entrained into the  lower layer has 

non-zero horizontal momentum and the lower layer m om entum  changes accordingly.

S tarting w ith (4.31) as before and using conservation of volume, i.e. hu + {Ht  — H )v  =  

const = >  hv = hu + h jv  — const, we obtain

ghu~ + l^gig -  Qo)h^ — Qohuv = c o n s t. (4.38)

in place of (4.32), so th a t, w ith the Boussinesq approxim ation as before,

hu" + -g'h~ = -f Qv (4.39)

in place of (4.34). The derivative of th is is

f  1--.2 ,  ̂ . ^ 0

dx  v '‘“  +  2 ?  * j  =  * d J  • ( 4  40)

showing how the  momentum  flux of the  active layer is changed by the  entrainm ent of 

moving water. The extension of (4.35) is

^2 /3  +  +  r A - i  , (4.41)

where g'Q — is still constant.

The extensions of (4.36) and (4.37) are

dF ‘̂ 3 F2(F ^  +  l - g F 2 )  dQ 
dx Q 1 — F'^ dx

dh _  2h — g — \^F"^ dQ

(4.42)

^  1 - F ^  ^

It follows from (4.42) and (4.43) th a t the  results for exchange flows {v <  0) are quali

tatively similar to  those obtained for u =  0. The m agnitude of bo th  d h /dx  and dF ’̂ jd x  

will be larger for u <  0 as th e  en tra in m en t of negative m om entum  has an  effect sim ilar to  

th a t of additional friction.

For unidirectional flows v is positive. In principle dF'^/dx may change sign when v 

exceeds a  certain  value:

^  =  1 -b ^F ~ ^  . (4.44)
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T he ratio  v /u  is 3 /2  when the  flow is critical. As >  1 increases, v /u  approaches unity, 

bu t rapidly increases for <  1 decreasing. In m ost examples of subcritical flow, one 

m ight expect the  upper layer velocity to  be not much larger th an  the lower layer velocity, 

so th a t dF ‘̂ /dx  is unlikely to  become negative. This means th a t for most unidirectional 

flows entrainm ent acts to  force the flow towards criticality.

For entrainm ent of zero m om entum  fluid we found th a t the interface slopes upwards 

if F^ <  1/4. For non-zero m om entum  of the upper layer the interface slopes upward if 

F^  <  I  ( 1  -  ^ and is flat if

- = 2 - ^ F - \  (4.45)
u I

Hence for v >  0 the  slope dh jdx  can be zero for Froude numbers larger th an  0.5. The 

physical reason is th a t the  entrained positive m om entum  supports the  density gradient 

in accelerating the  flow, so th a t the required density gradient can be smaller and corre

spondingly the Froude num ber can be larger for conditions of zero slope.

4 .2 .4 . Flow Configuration

Evaluation of the  layer properties as a  function of the  channel coordinate x, requires th a t

(4.43) be evaluated sim ultaneously w ith dQ /dx — Ue subject to  given initial conditions in 

the  upstream  reservoir. The two equations are coupled and need to  be solved iteratively 

because the entrainm ent velocity Ue is a function of some mean layer properties, usually 

involving the Froude number. For the  sake of simplicity let us assume u =  0 in the 

following discussion.

We m ay relate Ug/u to  the  Froude number through an appropriate entrainm ent law. 

For example, Christodoulou (1986) proposes

^  = Ce  Ri^^ =  0.002 Ri“  ̂ , for 0.1 <  R h  < 10 , (4.46)

where Ce  is the  entrainm ent coefficient, and Ri& — g F /(A n )^  is the bulk Richardson 

num ber w ith A n the  velocity difference between the  layers. Then Ri& =  F “  ̂ so th a t 

Ue/u =  0.002 F^. The factor Ce  — 0.002 is empirically determ ined from w ater tunnel 

d a ta  and is subject to  considerable uncertainty.
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h(x)

1.4

0(x)
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Figure 4.9.: Solution o f the non-dimensionalised equations o f motion (4.48) for a uniform chan

nel. The initio! conditions at x  = —\ are h = 1.5 and Q = 0.8. The entrainment coefficient is 

Ce  =  1. The Fronde number F  - is equal to .

As for the case of the frictional flow, it is convenient to  work w ith normalised variables:

(4.47)X  =

u =

X

V
= ■

u *
B ' U e  =

h
ho'
Ue  L 
B  ho'

ho

ho

Here, velocities are normalised using the th ird  root of the  buoyancy flux B^. Note the 

following convenient relations: a) (n*)^ =  (F*)^ =  F^, b) g'* =  l/Q *, and c) B  = ^ /g ^ h c  

where the subscript C  indicates th a t the last relation is valid only a t a  control where 

F^ =  1. Dropping the stars (*) a suitable set of equations of m otion is

dx dx V h?
1 h 
4 Q

(4.48a)

(4.48b)

The solution of (4.48) for a uniform channel is shown in figure 4.9. At a: =  — 1  the flow 

is subcritical w ith F^ <  1/4. Layer transport Q and velocity u (and hence F^) increase 

steadily. The interface rise slowly until the point where F^ =  1/4. Afterwards it decreases. 

At the control the interface slope becomes infinite which is an artefact of the  unrealistic 

topography.

Note th a t a  different relation between entrainm ent velocity and Froude num ber th an  

(4.46) will give quantitatively different solutions, especially a t locations where F^ % 1.



4. Effects o f Mixing and Entrainment on an Exchange Flow 95

4 .2 .5 . Summary

•  In all b u t one case it was found th a t entrainm ent acts to  force the flow towards 

criticality in ju st the same way as friction. The exception is the  unidirectional flow 

th a t occurs when the upper layer velocity is larger th an  the lower layer velocity by 

a certain, Froude num ber dependent, margin.

•  For the  artificial example in which the entrained fluid has the  same density as the 

active layer, the  layer thickness decreases for subcritical flow and increases for su

percritical flow. If less dense fluid is entrained, the layer thickness increases for 

subcritical flow with <  1/4 (for u =  0).

•  In (4.43) the entrainm ent term  —^ ( 2  — ^ ti&s a  somewhat subtle inter

pretation. The combination of the first two term s represents the  exchange of mass 

and momentum . For exchange flows w ith u /u  <  0 it is always positive. The th ird  

term  is always negative. It represents the  contribution to  the  pressure gradient due 

to  variations of the  lower layer density. The entrainm ent of upper layer fluid causes 

the lower layer density to  decrease in the direction of flow and hence to  accelerate 

the flow. In term s of pressure, the  effect is the same as if the interface elevation de

creased in the  direction of flow. However, only for very small Froude numbers does 

the th ird  term  dom inate the first two. Hence, under most circumstances entrainm ent 

will cause a  negative interface slope ju st like friction.

•  Results w ith entrainm ent have been presented for zero friction and constant channel 

cross-section. However friction and variable cross-section can easily be included, 

thus combining the effects analysed separately here and in sections 4.1.1 and 4.1.2. 

The ra te  of change of the Froude num ber is given by

where Q =  uhW  and dQ /dx = u^W  was used. This equation is equivalent to  (4.18) 

if Ue =  0 and to  (4.42) if W  and H  are constant and Cd — 0. The interface slope is
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given by

( - 2 ^  ( 1 -  - F " 2
I u V 4

h
4 -

d W

w da; dx

which reduces to  (4.21) and (4.43) in the appropriate limits. In the derivation of 

these results it was assumed th a t the  upper layer speed v is constant. This is really 

only possible if the  channel w idth W  is also constant. Consequently (4.49) and 

(4.50) with dW /dx ^  0 seems to  be valid only if u =  0.

•  W ith  u — 0 the ratio  of the entrainm ent term  and friction term  is (F^ +  1) and

(F^ — | )  in (4.49) and (4.50), respectively. For Cd — 10"^ (P ra tt, 1986) this 

suggests th a t the  effects of entrainm ent and friction on the  flow can be of roughly 

equal im portance.

•  I have shown in section 4.1.2 th a t bo ttom  friction displaces the  control downstream  

(e.g. Henderson, 1966; P ra tt, 1986). The same is true for entrainm ent. Assuming 

constant w idth and a  motionless upper layer, dh /dx  rem ains bounded for F^  =  1 

only if

^  “ Ï Î  ■
Using Cd — 10“  ̂ and (4.46) we find th a t the  control location is displaced farther 

th an  in the case of friction alone. A sill must then  be sufficiently steep on its lee side 

for control to  be possible. Hence entrainm ent can to tally  inhibit control th a t  would 

otherwise occur in an inviscid or purely frictional flow.

•  Finally, we see th a t  entrainm ent ju st as friction can cause purely subcritical flows 

to  become asym m etric (see section 4.1.2), a t least if 1/4 <  F^ <  1 for u =  0. Since 

entrainm ent and friction are likely to  occur together in real flows, th is effect might 

be quite significant.

•  I have arb itrarily  assumed the upper and lower layer to  be passive and active, re

spectively, bu t it is clear th a t the results are easily modified to  apply to  an  active 

upper and passive lower layer w ith upward entrainm ent, recognising th a t the  bo ttom



4. Effects o f Mixing and Entrainment on an Exchange Flow 97

topography underlying the passive lower layer has no influence on the  active layer. 

This would then  be approxim ately the  situation in the southern Bosphorus.

The theory does not apply, however, if entrainm ent is from an active into a passive 

layer, or if bo th  layers are active w ith sim ultaneous upward and downward entrain

m ent. These cases require a two-layer theory which is presented in the  next section. 

The two-layer theory will also clarify the  conditions under which a layer can assumed 

to  be passive; in th is section a layer was assumed passive provided it was deep and 

had a  constant velocity. This seems intuitively plausible. On the other hand, w ith 

the theory of th is section it is not possible to  evaluate how deep the passive layer 

needs to  be so th a t  its velocity will rem ain sufficiently constant - despite the  loss of 

fluid due to  entrainm ent.

4.3. Two-Layer Flow with Entrainment

The m ain m otivation for developing a  two-layer theory was provided by the  wish to  un

derstand the  flow in the  Contraction and a t the  South Sill in the Bosphorus. There upper 

and lower layers frequently have similar Froude num bers so th a t a  clear distinction be

tween active and passive is not given. Furtherm ore, although upward entrainm ent seems 

to  dom inate, some downward entrainm ent occurs and this might need to  be taken  into 

account.

4 .3 .1 . Formulation o f  th e  M odel

The two-layer formalism I am  going to  use is fairly standard . S tarting equations, similar to 

those th a t I will be using, can be found in (G rubert & A bbott, 1972) or (Pedlosky, 1996, 

chapter 4). However, note th a t  G rubert & A bbott (1972) and Pedlosky (1996) ignore 

interfacial friction and the  density gradient, respectively. Because mixing has somewhat 

subtle effects particularly  on the m om entum  balance it is worthwhile considering these 

carefully, and I will therefore present the derivations in some detail. The situation  is 

sketched in figure 4.10.

The starting  equations describing conservation of volume, mass and m om entum  are



4. Effects o f Mixing and Entrainment on an Exchange Elow 98

Sea of Black Sea
Marmara
(South)

(North)

z = ni(x)
h i(x )

z=H(x) - 

z=0
x=0 X

Figure 4.10.: Basic flow configuration. The x-axis is positive toward the Black Sea, and the

z-axis positive upwards. Layers of fluid of thickness hflx), density Q i { x )  flow at speed uflx) over 

a bottom of height H{x). The channel width is W{x). Subscripts 1 and 2 indicate upper and 

lower layer, respectively, ts , t j , and th  represent surface, interface and hottom/side-wall friction, 

respectively. Mixing across the interface is represented by entrainment velocities W\2 (downward) 

and W2i (upward), which are both understood to be positive. Note that layer velocities and volume 

fluxes are positive (negative) if their are towards the Black Sea (Sea of Marmara).

most easily understood when w ritten  in flux form. For conservation of volume we have

d{uiA i)
ck

d(u2A 2 )
dx

=  W l {W21 -  W 1 2 ) , 

— W i ( w i 2 — W2 1 ) ,

(4 .5 2 a )

(4 .5 2 b )

where A \ and A 2 are the cross-sectional areas of upper and lower layer, respectively, and 

W j is the  w idth of the channel a t the  interface. W j may vary w ith interface dep th  if the 

channel has non-rectangular cross-section. Conservation of mass may be w ritten  as

d(QiUiAi)
d r

d(g2U2A 2 )
dx

= W l {Q2W21 — Q1W12) 

= W l { q \ W i 2 — Q2 W2 1 ) ■

(4 .5 3 a )

(4 .5 3 b )

Note th a t if upward and downward transport exactly cancel, there is no change of layer 

volume, b u t there may still be a change in density in bo th  layers. Hence it does not suffice
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to  use only a net entrainm ent velocity tv = {wi2 — 1^2 1 )- We need to  distinguish between 

upward and downward entrainment.

The mixing process not only exchanges mass bu t also momentum  between the  layers. 

The rate  of change of momentum linx is given by

— =  W j (^2 " 2 « ’21 -  i'l « 1  " '1 2 ) -  -  -4 i ^ i ( t 5  +  T/i +  Twi) (4.54a)

—— =  W j (piUiU’i2 -  t?2 " 2 « ' 2 1  ) “  — ^ 2 g2 (—T/ 2  +  7'm2 +  TH2 ) ■ (4.54b)da; dz

TS, Tj, Tw, and th denote the friction term s at the  surface, interface, side-walls, and 

bottom  (Bormans & G arre tt, 1989^), respectively, and ^ , k  = 1,2 the  layer averaged 

horizontal pressure gradients. The left-hand sides of (4.54) represent the change of hor

izontal m om entum  flux over an infinitesimal distance ôx. This change is caused by the 

flux of horizontal m om entum  across the interface (1 st term  on rhs), by horizontal pressure 

gradients (2nd term  on rhs), and by frictional forces (3rd term  on rhs).

Note th a t the set of equations (4.52), (4.53), and (4.54) can be solved numerically as soon 

as the friction term s and entrainm ent velocities have been param eterised and appropriate 

boundary conditions have been specified (e.g., G rubert k  A bbott, 1972; Oguz et a i, 1990). 

My approach is different as I will not integrate the equations bu t use them  as diagnostic 

tools to  predict the  local ra te  of change of layer thickness and Froude number.

It is convenient to  recast the  equations in Eulerian form. Using (4.52) we obtain  from 

(4.53)

“ 1 - ^ -  =  - ^ W 2i(g 2 — Q i), (4.55a)

=  ^ w i 2 (gi -  Q2 ) ■ (4.55b)

and from (4.54)

dui Q2 W i , , 1 dP\ , . ,
Ui~— = ------r-W2 \{u2 -  U i)    ( js  +  Til +  Twi) , (4.56a)dx Qi A i gi dx

du2 Qi W i , , 1  dP2 , . . .
« 2 - 7 —  = --------7—  IC 1 2 (W 1  — « 2 )  -J \ - T I 2  +  T W 2  +  T H 2 )  ■ (4.56b)dx Q2 A 2 02 dx

Interestingly (4.53) and (4.54) contain both  upward and downward transport term s,

whereas (4.55) and (4.56) contain only either the  upward or downward transport term .

The explanation is as follows: we ignore friction and pressure gradients and assume we
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have only downward entrainm ent (w^i =  0). Then (4.53a) and (4.54a) show th a t  the 

upper layer loses mass and momentum, respectively. However, losing some of its fluid 

does not change the  density of the upper layer as shown by (4.55a). And although the 

to ta l m om entum  of the  layer changes, (4.56a) shows th a t there is no change produced in 

the m om entum  density (momentum per unit mass) by m otion out of the layer. M omentum  

leaves the  layer, bu t as it leaves the density of the momentum  rem ains unchanged^.

The integrated horizontal pressure gradients per unit mass and unit area are given by

I d P ,  (4^57.)
Qi dx \  dx 2 qi dx

g s c k  Ær ggda; 2g2

where I have made the  simplifying assum ption th a t the  channel has a rectangular cross- 

section and write W  instead of W j for the  channel w idth. The pressure gradient in the 

upper layer is caused by the sea surface slope and by the  density gradient in the  upper 

layer. The pressure gradient in the lower layer additionally depends on the  interface slope 

and on the  lower layer density gradient.

Inserting (4.57) into (4.56) and then  subtracting (4.56b) from (4.56a) yields an  equation 

for the relative acceleration between the two layers

du i  du2 , . /  Q2 W21 , Ql Wi2 \  Q2 ~  Qi (
dx dx \g i  hi Q2 h-2 /  Q2 \ d x  dx

Here all friction term s have been combined into tq = t$  + r / i  4- tw i  +  r / 2  — xiv2 — 'TH2 - 

Since the  horizontal density gradients are a  consequence of mixing, it is possible to  express 

them  in term s of the  entrainm ent velocities. Using (4.55) we obtain

dui du2 , . ( Q2 W21 , QiWi2 \  8 2 -Q l  fdrjiUi— U2 —— — ( « 2  — Ui) I   ---- 1--------— 1 — g ----------  I —--------—
dx dx \  Ql h i 82 « 2  /  i? 2  \  dx dx

- s i — (4. 59)
V ■Wl V 82 J U2 2q2 j

^The situation is similar to that of a train w ith passengers and baggage, all m oving at speed u.  If the 

passengers begin to throw baggage sideways out of the windows the total mom entum of the train is 

decreased by the loss of mass but the train does not slow down. The loss of luggage has not altered  

the m om entum  per unit mass. Similarly, the loss of upper layer fluid does not alter the budget for 

mom entum per unit mass (4.56a) but does alter the budget for total mom entum (4.54a).
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In the Bosphorus, as in most other straits, we are well justified in ignoring density 

variations of the  order of {q2 — Qi)/q2 and applying the rigid lid approxim ation. Then the 

equation for the  relative acceleration between the  two layers reads

dui du2 W21 W12. y/wi2  W2l\
U i-  U2 -  g - J -  = [U2 -  +  — ) -  —    TO . (4.60)dx dx dx hi /i2 2 \  U2 u \ J

The hist term  on the right-hand side describes the effects of the exchange of momentum  

between the layers. The second term  originates from the horizontal density gradients.

4 .3 .2 . Local Change o f Layer Thickness

Using (4.52) it is analytically straightforw ard, albeit tedious, to  transform  (4.60) into an 

equation for the local change of layer thickness. I write the expression in such a  way th a t 

it is easily simplihed for cases of small upper or lower layer Froude numbers:

f//io 1

d r  1 -

dx W  dx ' g‘
2 . . d H  h i F l - h 2 F i dW TO

2F |  (  l u i  lu 2  F f  1 2
- W 1 2 —  +

Here, I have arbitrarily  chosen to  present the change of the  lower layer thickness, however, 

the  change of the  upper layer thickness is easily obtained using the rigid-lid approxim ation 

d(H  T  /i2 -b h \^ /d x  — 0.

dh2/d x  depends in a somewhat com plicated way on changes in bo ttom  elevation and 

channel width, on frictional effects, and on upward and downward entrainm ent. In w hat 

follows I will give physical meaning to  (4.61) by discussing special cases.

Inviscid Flow

In the absence of friction (tq — 0) and entrainm ent (wi2 =  W2\ — 0) we recover the 

steady differential solution for inviscid two-layer flows (See eqs. (A8 ) Armi, 1986). It can 

be integrated and possible flow solutions can be shown as curves in the  Proude-number 

plane. Note th a t  in a  two-layer flow the  composite Froude num ber + F2 in (4.61)
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takes on the  role of the single layer Froude number in (4.12a), th a t  is critical conditions 

occur wherever = 1 . A rigorous discussion is given, for instance, by Benton (1954), 

Arm i (1986) and Lawrence (1990).

Frictional Flow

Results for the case where entrainm ent is absent bu t the flow is subject to  interfacial and 

side-wall friction have been shown by Assaf & Hecht (1974) for a channel w ith constant 

trapezoidal cross-section (figure 4.11). The agreement between predicted and observed 

depths of the  interface along the  stra it is, perhaps, surprisingly good considering th a t 

entrainm ent is not taken into account. The reason might be th a t Assaf & Hecht (1974) 

use ra ther large friction coefficients of Ci = 1.2 x 10“  ̂ and C h  — 15 x 10“  ̂ which are 

about an order of m agnitude larger th an  commonly accepted values (Like those we will 

use later in section 4.4, p. 110). By doing so they  partly  account for the exchange of 

m om entum  due to  mixing. Furtherm ore, their model is clearly lim ited in its neglect of 

w idth and depth  variations; for instance, the  interfacial slope becomes unrealistically steep 

at the controls because of the  assumed abrup t deepening or widening of the  channel. Also, 

numerical experim entation w ith Assaf & Hecht’s constant topography model shows th a t 

the  change in position of the  interface, in response to  reasonable variations of the  net 

exchange or the  friction coefficients, would hardly be observable, presum ably because the 

control conditions very much define the  interface depths a t the s tra it’s exits. Borm ans & 

G arrett (19896) avoided th is problem  in their study of the S trait of G ibraltar by using 

realistic topography. On the  other hand, the salinity ratio  S 1/ S 2 appears to  be a  more 

sensitive and, hence, would be a more useful quantity  for comparison, bu t can, in fact, 

not be used for comparison with the  d a ta  from the  Bosphorus because Assaf & H echt’s 

model ignores mixing.

The, nevertheless, im portant conclusion from Assaf & Hecht’s study  is th a t  friction 

causes the  interface to  slope along the channel. Hence, there is a significant change in the 

thickness of each layer along the stra it so th a t a t each end one layer will be much th inner 

th an  the other. In the neighbourhood of the  exit controls the flow will thus resemble th a t 

of a  reduced gravity flow w ith one active and one passive layer.
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Sea of Marmara Black Sea

X Data from August 1998
— Solution of ODE?  0 .2,

0.8

X / km

Figure 4.11.: Black line: Assaf & Hecht (1974) solution for the depth of the interface (n =

A \/{A \ + Ai)) along the Bosphorus. The trapezoidal cross-section was assumed to be constant. 

The net exchange and coefficients for interfacial and bottom friction were prescribed, and controls 

with = 1 were assumed at both channel exits. Line with crosses: Approximate depth of the 

interface based on our observations from August 1998.

Entrainment From a Passive Upper Into an Active Lower Layer

This is the single-layer situation analysed in section 4.2. Assuming <C 1 and W2\ =  0,

(4.61) im m ediately simplifies to  (4.50). However, note th a t in order to  derive (4.50) in 

the framework of the single-layer theory it was necessary to  assume a  motionless upper 

layer. We see now th a t th is condition is unnecessarily strict and th a t <C 1 is sufficient. 

Furtherm ore, (4.61) clarifies our assum ption of a  “passive” upper layer used in section 4.2: 

the upper layer can be considered passive if the  layer velocities and layer thicknesses are 

such th a t (4.61) is well approxim ated by (4.50). For practical applications th is statem ent 

is more useful th an  the  requirem ent 1 .

Entrainment From a Passive Lower Into an Active Upper Layer

The equations for the case of upward entrainm ent from a passive lower layer ( F |  1)

into an active upper layer are obtained from (4.61) for 1

Fi _  f h n < ^  _  To p - 2

'2 1 M/ n/ 1
(4.62)

dhi
dx 1 - F ^ \ W  dx

U>21

Ui
U2 1 2



4. Effects o f Mixing and Entrainment on an Exchange Flow 104

where ^  was used, and

dx 1 -  F f  \  W  dx hi g'

3 W21 f  r̂ 2 “ 2 p 2 , 1 '' '
P f  -  — F t  +hi ui y ui 2 ^

where the to ta l friction tq is the sum of interfacial, side-wall and surface friction. As 

anticipated bottom  topography lying w ithin the passive layer has no influence on the 

active upper layer

Detrainment from an active lower into a passive upper layer

Recall th a t an im portant assum ption in the two previous cases is th a t  fluid is entrained 

from the  passive layer into the active layer. According to  standard  entrainm ent laws this 

would appear to  be the  most usual case (Christodoulou, 1986). However, it has been shown 

th a t  entrainm ent from the  active to  the  passive layer can dom inate in rapidly accelerating 

flows over sills (Farmer & Armi, 1999). Hence let us consider the case of an active lower 

layer th a t is ejecting fluid {wi2 = 0  and W21 > 0 ) into an upper passive (F f <C 1 ) layer 

th a t is thicker th an  the lower layer (hi >  /12). It m ight be more appropriate to  call this 

process detrainm ent ra ther th an  entrainm ent.

The simplification of (4.61) is m athem atically a  bit more involved and is therefore 

presented in detail in appendix E. The result is

dh2 F |  f dH  ^ _ 2  , hg dW
dx 1 — F |  1 d x ^ ^  ^  W  dx

(4.64)

H I  ^
2

T he topographic and frictional influence on hg is the  same as in (4.50). However, the 

detrainm ent term  consists of only two components, because detrainm ent does not change 

the  m om entum  density as pointed out earlier.

The term  1 0 2 1 / ^ 2  represents the  loss of volume. For a subcritical flow th is causes the 

layer thickness to  increase notw ithstanding the  removal of fluid^. If the flow is supercritical 

th e  layer thickness decreases.

®Note that this term  is also present if we consider the case of a single layer ejecting water into the air 

above. Then g' or rather g would be constant. From d{ uh) ldx  =  —w, u d u f d x  +  g d h /d x  — 0 and 

g =  const ,  we obtain d h /d x  — T ^ /( l  — F^) w /u .
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The second term  (— represent s the change of the  density ratio  between the 

two layers. In  an exchange flow ui is negative. Then the  upper layer density increases 

(approaching gg) and g' decreases w ith decreasing x. According to  (4.64) th is causes the 

layer thickness of a  subcritical flow to  increase in the direction of the lower layer flow. 

The m agnitude of this effect is inversely proportional to  the upper layer velocity for if it 

moves fast, detrainm ent causes only a small change of qi over a given distance, bu t if it 

moves slowly the change in gi will be large.

If ui is positive the two components of the detrainm ent term , which we can rewrite as

(4 ' ’

have opposite sign. The overall effect of detrainm ent depends on the  m agnitude of ui and 

^ 2  . We are assuming th a t ui < U2 - For example, for u\ =  « 2 / 6  the  snm of the  term s is 

negative unless >  2.5. This means th a t for subcritical to  critical flows the  effect of the  

loss of volume is small compared to  th a t due to  the decrease of g' and may be ignored^. On 

the  other hand, for highly supercritical flow the loss of fluid m ust be taken into account.

It is interesting to  compare these predictions w ith observations of the  effects of detra in

ment on the  flow over a  sill in Knight Inlet (Farmer & Armi, 1999). There a relatively 

homogeneous active layer descends beneath  a  passive layer in which the  density varies w ith 

position due to  detrainm ent from the lower into the upper layer, as shown in their figures 

7d and 13. U pper and lower layer velocity are both  positive. Downstream  of the  sill crest, 

where =  1, the lower layer is supercritical and 5 ' decreases. Following Farm er & Armi 

(1999) we ignore w idth variations and friction. Then (4.64) predicts th a t  the  decrease of 

bo ttom  elevation H  causes the  layer thickness to  decrease. This is counteracted by the 

eflFect of detrainm ent which causes the layer thickness to  increase. This agrees w ith figure 

13 in (Farm er & Armi, 1999) which shows th a t downstream  of the  control the  observed 

interface location is indeed above the one predicted by inviscid theory.

“̂ Equation (E .6) in appendix E  shows that the volum e loss term  is even more negligible if h i ^  hg (w ith  

the upper layer still being passive) instead of h i >  hg.
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Upward and downward entrainment in an exchange flow with =  F | and h i =  hg

Let us consider another special case and evaluate the tendency equation (4.61) a t a location 

where hi = hg and —Qi — (Jj (I. Also assume th a t the flow is subcritical {G^ =

<  1). Surface and sidewall friction are ignored and interfacial and bo ttom  

friction are param eterised using (luadratic drag laws (Bormans & G arrett, 19896) so th a t 

to ta l friction is given by

( 1  +  1 ) - % % !  (4.65)

where C / and Ch  are the  interfacial and bottom  friction coefficients. W ith  these simpli

fications we obtain  from (4.61) for the upper and lower layer

dh, -1  ( a-‘ dH _  -  A , (4 .66»)
dx 1 — \  2  dx  2  \  2 /  U2

1 . (4,66b)
dx 1 — 0 “̂ \  \  2  J  dx 2  \  2  /  U2

The first th ing  we note is th a t w idth variations have no effect on the layer thicknesses 

because we assume Interfacial and bottom  friction cause the upper and

lower layers to  become th inner in their respective direction of movement (remember th a t 

—ui = U2 > 0) and will have equal effect if C h  =  SCj. Entrainm ent also th ins the  layers 

provided the  composite Froude num ber C^ is larger th an  1/2, bu t it will have very little 

effect on the  layer thicknesses if % 1 / 2  and will cause the opposite if <  1 / 2 .

The purpose of the  above paragraph  is to  point out th a t, in contrast to  the case of 

single-layer reduced gravity flows, in a two-layer exchange entrainm ent does not necessarily 

have the same effect as friction. The physical reason seems to  be th a t w ith two active 

layers, ra the r then  one active and one passive, the effects of exchange of volume and 

m omentum  partly  cancel whereas the effect of the density gradient does not. This means 

th a t depending on the hydraulic sta te  of the  flow, even a large am ount of mixing may 

have little effect on the  dynamics - provided the conditions and Qi + Q2 = 0

are met approxim ately. This m ight be a somewhat strict condition not often m et in real 

stra it flows.
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4.4. Discussion and Comparison with Observations

The analysis in the two sections provided considerable insight into the  effects of entrain

ment by relatively straightforw ard consideration of momentum  conservation in control 

volumes and led to  relationships for the  evolution of flow properties, in particular, for 

the hydraulic sta te  of the flow and the  layer thicknesses. I will now discuss some of the 

assum ptions made and will then  a ttem p t to  test the  theory by comparing the  slope of the 

interface th a t we observed in the C ontraction w ith the slope predicted by the  theory.

Assumption of Slab-like Flow

The model assumes a slab-like flow homogeneous in density and uniform in velocity. Then 

the interface is well deflned and, for instance, is completely independent of the value of 

the  harotropic flow. In the  Bosphorus th is ideal was well approxim ated along the  northern  

section of the  stra it up to  the Contraction. For instance, velocity and density profiles a t 

thalweg 11.7km a t the northern end of the  C ontraction (figure 3.19) show a difference 

of only about 2.5m between the depth  of the zero-velocity isotach and the  depth  of the 

ag = 20kgm“  ̂ isopycnal. Furtherm ore, the  thickness of the interface, defined by the 

section w ith significant vertical gradients of velocity and density, was abou t 13m, i.e. only 

20% of the to ta l water depth. Hence, the  assum ption of slab-like flow seemed well justified. 

Further south  the situation became more complicated as shear and stratification increased 

in the upper layer. In  a sheared flow the  position of the zero-velocity isotach relative to  

the  depth of a given isohaline will vary w ith the harotropic flow and the  effect will be 

the  larger the stronger the  shear. It m ight then  be be tte r to redefine the  interface as the 

depths of maximal vertical shear or m axim al vertical gradient of density. However, for our 

observations the  depths of the zero-velocity isotach and of the  erg — 2 0 kgm“  ̂ isopycnal 

agreed quite well (see figures 3.19, 3.22, and 3.23), and were also a t approxim ately the 

same depth  as the surface of maximal vertical gradient of density.

The dynamics of the flow is not perfectly described when we approxim ate a  stratified and 

sheared layer by a layer w ith constant velocity and density. Let us analyse this problem  

by example of the equation for the m om entum  flux per unit w idth (4.26) where th e  equal 

sign requires constant velocity and density. The typical approxim ation one would m ade
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is to  replace u hy u and g by g where the  averages are taken over the layer thickness h. 

Instead let us approxim ate the  upper layer profiles a t position 9.5km in the C ontraction 

(figure 3.19) by linear velocity and density profiles w ith u{z) = u j + z {us — u i) /h  and 

g(z) =  g/ +  2  {qs — Qi)lh, where subscripts I  and S  denote interface and surface values, 

respectively, and 2 /  =  0 and z$ =  h. Then we obtain  instead of (4.26)

 ̂(oir + p) dz = J  q{z')u^{z') d z ' + J  Q{z')gdz'^ dz'  (4.67)

1 ,2  2gg +  g; 3gg +  g /
=  — 3 —  + "  T  - 4 —  '

'----- V----- ' '
^(es+ e/)/2  > m |/4  < (e s + e /) /2

Term 1 Term 2 Term 3

where uj = 0 was used. The expressions, set under the curly brackets, are obtained, if

the  velocity (/(.;) and density q { z )  are approxim ated b y  their vertical averages ü  and g,

respectively. The differences between the  exact and approxim ate density values in term s

1 and 3 are necessarily small since we have used the Boussinesq approxim ation in the

theory. This indicates th a t it is a good approxim ation to  ignore stratification and instead

use layer averaged densities. On the other hand, we see from term  2 th a t the  effect of

shear should not be ignored as the  exact value is about 30% larger th an  the approxim ate

value.

The problem  is th a t as a result of non-uniform distribution of velocity over a  channel 

cross-section, the  m om entum  of a  homogeneous fluid passing through a channel cross- 

section w ith area A  per unit tim e is generally greater th an  the value com puted according 

to  w A lP  jg  where w  is the unit weight of the  fluid. The true value is given by (3wAu^ jg  

where

is term ed the “m om entum  coefficient” or “Boussinesq coefficient” (e.g. Chow, 1959, and 

also section 5.2 later in th is thesis). This means th a t we have to  replace on the  right- 

hand side of (4.26) by (3u^. For a  linear velocity profile (3 =  4 /3  which is ju st the  correction 

factor needed in term  2 in the  example above. Similarly, in our expressions for the  local 

ra te  of change of layer thickness or Froude num ber we have to  replace F'^ by where 

the  Froude num ber is based on the  depth  averaged current, th a t is — u^/{gh).

The th ird  problem  w ith the  assum ption of slab-like flow is a most difficult one. The
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entrainm ent model makes the  assum ption th a t fluid w ith a well defined m om entum , th a t 

is velocity and density, is entrained. However, if the fluid is entrained from a  sheared and 

stratified layer, its m om entum  will depend on where, w ithin the layer, it originates. This 

depends on the scale of the  turbulence motions which in tu rn  depends on the natu re  of the 

turbulence creating processes. In short, it is beyond the  simple entrainm ent form ulation 

which, although it considers the physical processes th a t cause entrainm ent (e.g. Turner, 

1986; Christodoulou, 1986; Fernando, 1991; Sullivan & List, 1994), assumes uniform  layers. 

Further details are hidden in the  value of the entrainm ent coefficient which needs to  be 

determ ined experimentally. Even if observations of turbulence are available, as in this 

thesis in form of acoustic images, it is difficult to  devise something like a  correction factor.

A definitive solution is beyond the  scope of this study.

Comparison with Observations

Along the  contraction the  interface rose from north  to  south by about 8 m (figure 3.19).

We describe the slope of the interface in term s of the local rate  of change of th e  thickness

of the upper layer which follows from (4.61):

dhi 1

^  1 -  F f  -  F f

X { F ^ ~  + ~  ^  To
dx W  dx

2  /  1 1 r f  1 \  (4.69)

2^2 A  l u i  1U2  F f  1

whereby we recall th a t the æ-coordinate increases positive northward, th a t is opposite to 

the direction of flow of the upper layer.

Let us first assume th a t the  flow was inviscid in order to  investigate w hether the  interface 

rise can be explained by the  Bernoulli effect, i.e., by a change in bottom  height or channel 

width. To this end, we approxim ate (4.69) by

^  -  --------- ' ---------  +  m  (4.70)
L  1 - / ? F 2 - F |  \  2 L W  L

where the  Boussinesq coefficient j3 is introduced to  account for the  shear in the  upper 

layer. The Froude numbers and layer thicknesses vary along the Contraction, b u t let us
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be conservative and use average values weighted somewhat towards their values a t position 

10.5km where the slope is maximal: /5 =  1.2, =  0.35, F |  =  0.08, h± = 35m, hg =  40m,

and W  = 750m. W ith  these values an 8 m change in upper layer thickness would require 

A W  =  260m or A H  = 60m. Both values are much too large to  be achieved, as in fact, 

bo th  W  and H  are almost identical a t the  two ends of the Contraction. A 2m interface rise 

would require A W  =  65m which is 10m larger th an  the estim ated error^ in W  of about 

55m. On the  o ther hand, the  Bernoulli dimple of 4m at 10km requires A W  =  130m in 

good agreement w ith the actual reduction in layer w idth from 750m to  650m. This shows 

th a t (4.70) is applicable here. In summary, changes in bottom  height H  and W  cannot 

explain the  observed change in interface depth  a t the  Contraction.

Let us next estim ate the effect of friction. Total friction is the sum of surface friction, 

side-wall friction acting on the  upper layer, interfacial friction acting on the  upper and 

lower layer, and bottom  friction acting on the lower layer. For a rectangular channel we 

obtain, using quadratic drag laws (Bormans & G arre tt, 19896; Oguz et al., 1990),

To =  Tg 4- THl -t- m  +  712 -  Th2 , (4.71)

Ql hi \ h i  h 2 j  h2
■V*"

8 x 1 0 - 7  - 1 . 2 x 1 0 - 5  1 .4 x 1 0 -5

where W  is the  m ean wind-speed a t 1 0 m, Cs = (1.3 ±  0.3) x 1 0 “  ̂ and is the  density 

of air (Kraus, 1972, chapter 5). Using Ch  = 2.3 x 10~^ (see section 3.5), C / =  1 x 10“  ̂

(see Oguz et al. (1990); Borm ans & G arre tt (19896), bu t to  be discussed later), hi = 35m, 

/i2 =  40m, ui = —l . lm s “ ,̂ ug =  0 .5m s"^, and a  wind speed of W  =  —4 m s“ ^, we obtain 

the values set under the curly brackets in (4.71). We see th a t surface friction is negligible 

and th a t bo ttom  and interfacial friction have alm ost equal m agnitude. Bottom -friction in 

the  upper layer rem ains unspecified for now. Finally, using L = 2700m and the Froude

compared cross-channel transects taken along the Contraction. The width of the upper layer can be 

estim ated easily and was found to  be 750m ±  50m at both ends of the contraction. A lthough the  

w etted perimeter of the lower layer changes from triangular in the north to trapezoidal in the south, 

the cross-sections of the moving parts of the lower layer are similar. Furthermore the influence of the 

lower layer on the final result for d h i / d x  is relatively sm all because F |  <  PFi -  This hand-waving 

argument was confirmed by reformulating (4.70) using layer transports and layer areas as shown by 

Bormans & Garrett (19896).
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num bers and Boussinesq coefficient from above, we obtain A hi  =  2.2m (with the  correct 

sign!).

Finally let us estim ate the effect of entrainm ent. On April 8 , upward and downward 

entrainm ent were estim ated to  be Q21 = (1300±200)m ^ and Q 12 =  (200±200)m ^ s“ .̂ 

Dividing by the interfacial area A i = L x W  k, 2700m x 750m gives entrainm ent velocities 

of W21 — 6.5 X 10“ ‘̂ m s“  ̂ and w \2  =  1 x 10~^. Using the other values as given above and 

inserting them  in (4.69) we find th a t upward entrainm ent raises the  interface by 2.1m but 

downward entrainm ent lowers the interface by 0.4m.

In summary, it seems th a t we can predict only a little less th an  50% of the  observed 

change in depth  of the interface. Considering the simplicity of the  model in view of the 

complexity of the real how, this is not a  bad result. Furtherm ore, the reader might have 

noticed th a t  my estim ate is very conservative. For example, I have not taken into account 

th a t m ost of the  entrainm ent takes place along the southern half of the  C ontraction where 

Froude numbers and velocities are larger (see acoustic image in hgure 3.19). After taking 

th is into account, the to ta l effect of mixing is to  raise the  interface by 3.5m. As far as 

friction is concerned I have ignored a) th a t the  effect of bottom -friction will be somewhat 

larger because the cross-sectional shape is not rectangular (see transect # 5 b  in hgure 3.14), 

b) th a t there is probably some form drag exerted on the  upper layer which could not be 

quantihed, and c) th a t the  exact value of the interfacial friction coefficient is actually 

unknown, as will be discussed below. For instance, if we increased Cj from 1 x 10“  ̂ to  

4 X 10~“̂ , the layer thickness hi would increase by another 4m.

Interfacial Friction

The value of the coefficient Cj  for interfacial friction was estim ated from two publications: 

a) in their numerical sim ulation Oguz et al. (1990) had to  use Cj = 0 (1 0 “ ^) because the 

results depended sensitively on Cj, and b) Bormans & G arrett (19896) used dissipation 

rates of g % 10“ ®Wkg~^, m easured in the  eastern end of G ibraltar by Wesson & Gregg 

(1988), to  infer an interfacial drag coefficient of Ci % 10“ ^. M icrostructure m easurem ents 

have been carried out along the Bosphorus by Gregg et al. (1999) bu t the  results have not 

yet been reported.

Aside from not knowing the  exact value of C /, a further problem is th a t  we m ay have
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over-represented the exchange of m om entum  in the calculation. The physical effect of in

terfacial friction is to  exchange m om entum  between two moving layers w ithout exchanging 

volume or mass. On the  other hand, the  effect of entrainm ent is to  exchange m om entum  

and mass. It seems necessary to  retain  bo th  term s, because it is possible to  exchange 

momentum  w ithout exchanging mass: a parcel of fluid may be injected from a lower layer 

into a upper layer, bu t having a higher density it m ight retu rn  to  the  lower layer w ithout 

losing its integrity so th a t  only m om entum  was exchanged but no mass. On the  other 

hand, Pedersen (1972) argues th a t interfacial shear stresses are accounted for entirely by 

m omentum fluxes between the layers due to  entrainm ent. In addition Baringer & Price 

(1997) estim ate the  effective m ean entrainm ent stress by rj =  QoVwe where V  is their 

stream tube velocity and We is the  entrainm ent velocity. Based on the  theory presented 

here these approaches appear to  be incorrect. If values for C / reported in the literature 

(e.g. Pedersen, 1986) are based on Pedersen’s argum ent, we might be overestim ating the 

momentum  exchange when using these values w ith our theory which includes bo th  inter

facial friction and entrainm ent. B ut note th a t this has little practical implications as the 

uncertainty in any of these coefficients is probably more th an  just a  factor of two.

The significant uncertainty in the  coefficients is also one of the reasons why in this 

thesis no a ttem p t has been m ade to  numerically solve, for instance, equation (4.61) for 

the position of the interface, say, along the stra it - as done by Assaf & Hecht (1974) and 

Bormans & G arre tt (19896) w ith models w ithout mixing. In addition to  finding values for 

the friction coefficients, we would have to  find an appropriate entrainm ent law involving a 

so-called entrainm ent coefficient as additional unknown (e.g. Christodoulou, 1986). Fur

therm ore, such a two-layer model (with added time-dependence) has already been solved 

for the position of the  interfaces along the Dardanelles and the Bosphorus by Oguz & 

Sur (1989) and Oguz et al. (1990), respectively. The authors param eterise interfacial and 

bottom  friction using quadratic drag-laws and entrainm ent using an entrainm ent concept 

proposed by Pedersen (1980). The Bosphorus model correctly captures the  salient features 

of the exchange (slope of the interface, upward entrainm ent along the southern section), 

bu t incorrectly predicts a control w ith % 1.7 in the  contraction and composite Froude 

numbers of ~  2 a t the  N orth Sill and South Exit which are much larger th an  ob
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served. It seems likely that the discrepancies are due to  the m odel’s neglect of shear and 

stratification, and an over-sini])hheation of the actual complicated topography. The first 

point was addressed by .lohns & O gu/ ( 1990) w ith a two-dimensional model using a  tu r 

bulence param eterisation scheme instead of friction and entrainm ent laws, however, the 

agreement of the  model results with oliservations was rather worse th an  better. It seems 

th a t u ltim ately three-dimensional models w ith accurate bathym etry and realistic param - 

eterisations of friction and mixing will be required. Recent developments by W inters & 

Seim (2000), Hogg et al. (20016). and Sbzer & Ozsoy (2002) are steps towards th a t goal 

bu t these models use much simplified geometries consisting of only a single constriction 

and are hence far from representing the topography along the Bosphorus.

Developing a numerical model to  accurately predict the flow in the  Bosphorus is not the 

purpose of th is study. Instead we rely on simplified theoretical description to  gain physical 

insight into the  effects of entrainm ent on the dynamics of the flow. In this sense, our above 

comparison between theory and observations should be understood as qualitative ra ther 

th an  quantitative check of the equations.
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5. Hydraulic Control in Non-Uniform Flows

One of the fundam ental assum ptions of the  theory described in chapter 4 is th a t a t any 

cross-section the layers are homogeneous in density and uniform in velocity. If the as

sum ptions of uniformity and homogeneity are m et, the  Froude num ber, which describes 

the  hydraulic sta te  of the flow, is well defined.

As we have seen, any real flow will be bounded and along the  boundaries friction will 

act on the  flow creating shear. In case of two layers w ith different w ater masses mixing 

will cause continuous stratification to  occur. If the  gradients are not too large, common 

sense suggests th a t one may define the Froude num ber using average layer quantities, i.e., 

we use (gh) where F  is the average layer velocity. A lternatively we may use some

other representative value for the layer velocity, for instance, the velocity from a  portion 

of the  profile th a t is uniform (e.g Farmer &: Armi, 1988). Furtherm ore, a t the  end of the 

previous chapter I have shown th a t to  a good approxim ation the  density of a stratified 

flow can be represented by the average density and the  effect of shear can be taken into 

account by introducing the Boussinesq coefficient (3.

It remains, however, the question if an d /o r how shear and stratification affect the def

inition of hydraulic control. This problem is not new and ‘solutions’ are given in the 

literature. In physical oceanography it is accepted wisdom to  exploit the  connection be

tween the propagation of long waves and hydraulic behaviour. This connection is well 

established for the  case of layered models. The essence of it is th a t  a t a  control an invis- 

cid long wave is arrested, i.e. inform ation cannot propagate through the control. (I will 

explain th is point in detail in the  next section). The solution to  th e  problem  then  consists 

of defining a control as the location where an inviscid long wave is arrested because the 

inviscid wave speed is easily calculated also for stratified and sheared flows. This is a 

convenient bu t also a  slightly worrying approach because, surprisingly enough, the  con



5. Hydraulic Control in Non-Uniform Flows 115

nection between long waves and hydraulic behaviour is not well established for sheared 

and stratified flows (P ra tt et al, 2000, page 2516).

This issue arose a t the  end of the  work on this thesis and the reader should not expect 

completely satisfying answers. I would like to  point out th a t, although I can perhaps claim 

to  have raised th is issue, Dr. G arre tt developed the solutions presented in the  sections en

titled 'Resolving the Paradox’ and ‘Control Conditions for an Inviscid Shear Flow’. I have 

nevertheless included them  in th is thesis because they are im portant for an understanding 

of the cpiestion of hydraulic control a t the Bosphorus. The m aterial has been accepted for 

publication in the .lournal of Fluid Mechanics (C arre tt & Cerdes, 2002).

F irst, I will introduce the concept of inform ation propagation in layered hydraulic flows 

as well as of Gill's (1977) functional formalism for hydraulic control situations. For the 

special case of a sheared homogeneous flow two different approaches for defining hydraulic 

control will be presented. Curiously they yield contrary results. This problem  is then  

analysed and a  partial resolution is presented. At the end, implications for the  Bosphorus 

will be discussed.

5.1. The Connection Between Hydraulic Control and the Speed 

of Long Waves

Time-dependent Single Layer Flow

Let us re-consider the  problem  introduced in section 4.1.1. We want to  determ ine the speed 

of propagation of inviscid waves in a single-layer flow of uniform density and velocity, and 

hence begin w ith the  tim e-dependent momentum  and continuity equations

du du dh dH  . ,

We assume th a t  H  is zero, and th a t  h — ho + h' and u = uqF u' where h' and u' are small 

quantities caused by a small disturbance and superimposed on the  mean quantities ho and 

uq which are invariant w ith respect to  x  and t. Then the linearised governing equations
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become (e.g. Gill, 1982)

9%' .

"6%: ^ -- 0  '
dh' dh' du' . .
l5%- ^ -- 0 - (5 2b)

which after cross-differentiation tu rn  into the  wave equation

== 0 , (5.3)

where c =  is the wave speed. The solution is

f i ix ,  t) — F{x -  {uo + c)t) +  G{x — (uq — c)t) (5.4)

where F  and G are arb itrary  functions. The Froude num ber is defined as jP^ =  u^/(gho) —

fio /(f . Hence, from (5.4) and assuming th a t  uq >  0 we find th a t

•  for subcritical flow w ith < 1 and uq < c small disturbances can propagate 

upstream  or downstream,

•  for supercritical flow with >  1 and uq > c small disturbances cannot propagate 

upstream  (against the flow) bu t they  can propagate downstream  (with the  flow),

•  for critical flow with F^ — 1 and uq — c small disturbances are sta tionary  or propa

gate downstream  at speed 2uq relative to  a fixed coordinate system.

In a  related approach we can make the  a  priori assum ption th a t  the small disturbances 

are wave-like, th a t is of the form

h' — hA exp(zfc(x — At)) and u' =  ua exp(iA;(a: — At)) , (5.5)

where A is the  phase speed, k the  wave num ber, and fiq and ua the  height and velocity 

am plitudes of the  wave. This can directly be substitu ted  into (5.2) and we obtain

“ U “" 1 = 0  (5 .6 )
ho '^0 ~  ^  J  h A  j

which has a non-trivial solution only if

de t(C  -  AI) -  0 (5.7)
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Figure 5.1.: The functional — H) defined in (5.10) plotted against h for various values

of Er — H. Q and g are assumed to be unity which is equivalent to using non-dimensionalised 

quantities in (5.10).

where

h o  U q

and I is the  unity  m atrix. The eigenvalues A are given by

X = uqF c = uqF (ghoŸ^'^ .

(5.8)

(5.9)

The wave is sta tionary  when A =  0 which leads to  uq = F(ghoy^^. Again the  result is 

th a t the wave is arrested when — 1.

Gill’s Functional Formalism for Hydraulic Flow

This formalism developed by Gill (1977) is closely related to  w hat I called the  ‘Energy 

A pproach’ in section 4.1.1. For the  sake of simplicity let us assume a channel of unit 

width. We rew rite (4.8) as

IQ ^
fJih-i E r  ^  E )  — h F  {H — Eji)h  T

2 g
0 (5.10)

where the  volume flux Q — uh is constant. A physically acceptable solution w ith h{x) >  0 

exists if and only if

(5.11)

which is the  result obtained earlier on page 78. A way of illustrating the solutions is a 

plot of J  versus h for various values of E r  — H, as shown in figure 5.1. A solution, w ith
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E r  =  El say, is obtained by tracing a lo n g  the h-axis from the intersection of the axis 

with the curve E r  — H  =  E \  in the direction of decreasing h, if h{H  — 0) >  

(supercritical flow), or in the direction of increasing h if h{H  =  0) <  (subcritical

flow). The curves E r  — H  =  const do not intersect the h-axis if E r  — H  <  3/2(Q^/g)^/^. 

Therefore solutions will not exist if either E r  or H  is such that the sum E r  — H  is less 

than this value (or in the language of the ‘Energy Approach’ if the sill is too high or 

the upstream reservoir level too low). The solution with E r  — H  — 3/2(Q^/g)^/^ has a 

minimum for h =  2!?>{Er  — H)  and after inserting this in (h, E r  — H)  we readily obtain 

the control condition /{g h ? )  =  1. This approach is just another way of looking

at the standard problem described in section 4.1.1.

It was Gill (1977) who first recognised th a t a common property of hydraulic control 

situations is th a t the  flow can be described in term s of a functional expression connecting 

a single flow variable, which varies only with position along the  channel, w ith geometric 

param eters H{x), W {x),  etc. describing the cross-section of the  channel. Gill stresses 

th a t the dependence of the flow variable on x  is entirely implicit in term s of the  geo

metric param eters. This functional expression, say J{h]H ,W ,e tc .)  =  const m ust be 

multiple-valued in th a t h may take on several values for given geometric param eters. This 

requirement is a consequence of the non-linear term  in the equation of motion. A merging 

of the different solution branches or roots occurs when

(5.12)

which in com bination w ith the other conditions defines the  control section. We recognise 

in this our simple example from above where the  single flow variable is the  layer thickness 

h and the  only geometric param eter is the bottom  height H, and where solving d j j d h  =  0 

for h yields h = \ { E r  — H)  and =  1.

As argued by Gill (1977), a t a control section not only J { h \H )  = const is satisfied 

but because of d j  jd h  — 0 the condition J { h  + 6h; H) = const is satisfied as well. This 

means th a t a  slightly perturbed  flow also satisfies the  equations for steady flow, implying 

th a t waves are sta tionary  there, i.e. stationary  long-wave disturbances always exist a t 

the  control section. This general proof explains why the Froude num ber is un ity  a t the 

control.
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Summary

Recall the discussion of the hydraulic jum p around figure 4.4 where we noted th a t any 

change in the downstream  reservoir level cannot influence the  upstream  level provided 

the flow is critical in between. In the  spirit of th is section this means th a t waves cannot 

propagate from the  downstream  reservoir to  the  upstream  reservoir, or in other words, 

any inform ation on changes downstream  cannot be communicated upstream .

The connection between hydraulics and inviscid long waves is not lim ited to  single layer 

flows. For inviscid two an d /o r m ulti layer flows internal hydraulic control is related to  the 

speed of inviscid long internal waves (e.g Armi, 1986; Lawrence, 1990). These situations 

can also be analysed by use of an extended version of Gill’s formalism (Dalziel, 1991; 

Lane-Serff et al., 2000).

5.2. Hydraulic Control of Open Channel Flow With Shear

The problem  of hydraulic control becomes more subtle in a situation where friction leads 

to  vertical shear as well as an overall retarding force. In this case pressure may still be 

hydrostatic if the  horizontal scale is much greater than  the w ater depth. We will also 

assume th a t the  layer is homogeneous in density. It is not a priori clear how we should 

define hydraulic control for such a  situation. There are two different approaches in the 

literature which curiously yield conflicting results.

The Engineering Approach

Because of the shear it is no longer appropriate to  neglect the advective term  involving 

the vertical shear. The m omentum  equation is then

where r  represents internal frictional forces. The continuity equation is simply d u jd x  + 

d w jd z  — 0 .

It is sometimes assumed th a t the  horizontal velocity component u m aintains a  similar 

shape, w ith horizontal variations only of the depth-averaged speed u(x). Thus

z -  H
u{x,z)  = u{x)P{Q) where (  — — - —  (5.14)
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andP (C ), w ith PdQ =  1. is just a function describing the  velocity profile. The continuity 

equation, along with its vertical integral d { h u ) /d x  — 0  and kinem atic boundary conditions 

at z = H  and z = H  h . then gives

= +  (5.15)

and the  advective term s in (5 .Id I can be w ritten as P ’̂ û d ü jd x .  This will have implications 

for the form of the frictional term  on the right hand side of (5.13), bu t for now we note 

th a t, if th is term  is ignored, the vertically integrated m om entum  and continuity equations 

become

A42U—— f F ~  0 and — 0 , (5.16)

where Mg — Jq P'^dÇ The first equation here may be derived directly from consideration 

of the m om entum  budget for an element of the fluid between the  bo ttom  and the  free 

surface and between x  and x  + dx.

The governing equations (5.16) are now similar in form to  the  governing equations for 

a flow w ith no shear (for instance, (4.1) w ith W  =  const). Following the  procedure used 

to  investigate these, we conclude th a t control occurs where the Froude num ber u/(gh)^^^ 

based on the  depth-averaged current is Mg This is <  1 as the  Cauchy-Schwartz

inequality f  {P ■ l)d (  <  y  /  x y  /  gives Mg >  1.

An alternative way, implied by some texts, is to s ta r t from an assum ption th a t the 

energy flux for the layer is conserved w ith x. This involves Mg =  P^d(  and leads to  a 

critical Froude number, based on u as before, of Mg a  different value from Mg but 

also <  1 . In  the  engineering literature (Chow, 1959; Henderson, 1966) the th ird  moment, 

Mg here, is denoted a  and term ed the energy coefficient or Coriolis coefficient. The second 

moment Mg is denoted [3 and term ed the  m om entum  coefficient or Boussinesq coefficient. 

(We will comment on the use of a  or /3 a t the  end of th is chapter.)

The shortcoming of these argum ents is, of course, the  neglect of the  frictional term  on 

the right hand side of (5.13), even though such a  term  is required to  m aintain  the  profile 

in the presence of varying u{x). We retu rn  to  th is later, b u t first investigate w hether long 

waves are arrested at the implied control section.
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The Physical Oceanography Approach

We take H  = 0 and a basic flow u(z) in w ater of dep th  h. We consider infinitesimal 

perturbations u ', w ', h' of the  horizontal and vertical velocity components and free surface 

elevation. The linearised m om entum  equation is

Seeking a wavelike solution w ith the pertu rbation  variables proportional to  exp[zA(z — ct)] 

and using the  continuity equation du' jd x  +  dw' jd z  — 0  leads to

(c — u )—---- \-w'—  = — gikh '. (5.18)
oz dz

After dividing this by (c — the  left hand side m ay be w ritten  as a  differential. In

tegrating the  resulting equation vertically and using the  linearised free surface kinem atic 

boundary condition w' = dh' jd t  +  udh' jd x  at z — h we obtain

i/ , (c
This result is well-established (Thompson, 1949; Burns, 1953)^ but has been derived 

here to  illustrate the sim plicity of the  derivation. It clearly gives the  correct lim its th a t 

( ? =  gh if u = t) and (c — u) ‘̂ = gh if u  is independent of depth. Burns (1953) shows

th a t, w ith the  reasonable restrictions th a t 0  <  u (0 ) <  u{h),du/dz > 0  and d?u/dz'^ < 0 ,

there are two solutions for c and these do not lie between u{0) and u{h). Moreover, the 

m agnitude of c relative to  u is greater th an  (gh)^/^. For example, for a  small departure 

from depth-uniform  flow, and taking U =  0  for convenience, we take u = (gh)^/'^e{z) w ith 

|e| <C 1 and Jq cdz  =  0. Expansion of the  integrand in (5.19) then gives

2   I I ot. —1 I ^2,1̂ 1 -h 3h~̂  J  e^dzj (5.20)

as effectively given on page 54 of (Baines, 1995) where it is derived from th e  Taylor- 

Goldstein equation assum ing no stratification so th a t the  buoyancy frequency A  =  0 . 

Thus th e  m ag n itu d e  of the  speed of long waves is g rea ter th an  (gA,)^/^, in agreem ent w ith 

B urns' (1953) general result. The speed of these waves is apparently sufficient to  carry 

inform ation upstream  through an alleged control point a t which the m ean flow is, as shown 

earlier, less th an  {ghj/'^ .

^More easily accessible might be th e paper by Freeman & Johnson (1970) and the review by Peregrine 

(1976) which both reproduce Burn’s result.
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Resolving the Paradox

For a sheared flow of a homogeneous fluid in an open rectangular channel there  is a 

disagreement between two accepted conditions for hydraulic control. One m ust be wrong.

One possibility for reconciliation might be th a t the speed of long waves is reduced by 

the  friction th a t must accompany the  m aintenance of the shear. We recall, however, 

th a t for a slab-like flow the  presence of bottom  friction merely shifts the  control section 

downstream  of a ridge crest (P ra tt, 1986); the inviscid waves are still arrested  there as 

u =  ■’ thi're. Moreover, in th a t situation it is easy to  show (e.g. Wajsowicz, 1993)

th a t the dam ped wa\ es have a group speed th a t is greater th an  (gh)^/^. (If the  bo ttom  

friction is repre.sented by a linear term  —Xu instead of the  quadratic term  used in (4.15), 

the wave group speed is (g/?)^/“ [l — for a wavenumber k large enough to

make this real.) It seems th a t bo ttom  friction does not provide a  resolution.

On the  o ther hand, we note th a t Gill’s (1977) functional approach can be applied to  

(5.16) and shows th a t long wave solutions of (5.16) are, in fact, sta tionary  a t a  control point 

where n =  Mo ^^“(gh)^/“. This is easily seen directly by adding a depth-averaged current 

pertu rbation  u' and an associated pertu rbation  h' to  the  surface height. P ertu rba tion  of 

the  m omentum  and continuity equations then gives M 2Üikv,' + gikh' = 0  and h'u + hv! =  0  

for a  sta tionary  wave w ith wavenumber k. Hence ü  =  Mg ^^^(gh)^/^. Thus the  speed of 

long waves w ith respect to  the m ean flow in a system  governed by (5.16) is actually  

Mg ^^^(gh)^/^. The difference between th is and the speed of inviscid waves m ust somehow 

be associated w ith the internal frictional term  on the  right hand side of (5.13).

We first note th a t the vertical integral of (5.13) is actually

M 2 i Z ^ + g ; ^ ( h  +  Ĥ ) =  - ^  (5.21)

where Tb is the  bottom  stress. This equation replaces the  first equation in (5.16) and can, 

of course, be obtained directly from a  m om entum  budget. Using also hu = Q, th e  volume 

flux, the  problem  appears very similar to  th a t for a  slab flow w ith bo ttom  friction, as 

discussed in section 4.1.2. Control is achieved w ith U — Mg"^^^(gh)^/^ and a t a location 

where dH /dx  — —M^^Cd  if we express the  bottom  drag as CdU^-

If we examine the  difference between (5.13) (in which, as remarked earlier, the  advective
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term s may be w ritten  as P'^udti/dx)  and its vertical integral (5.21), we require th a t

|  =  (5.22)

Even in the  absence of bottom  friction, adding this to  the  right hand side of (5.17) will alter 

the long wave speed from th a t given by (5.19) to  the value Mg ^^^(gh)^/^, as derived above. 

The reason for this change in long wave speed, from th a t for inviscid waves given by (5.19), 

is th a t the  right hand side of (5.17) acquires an ex tra  “frictional” term  {P'^ — M 2) u dû '/d x  

which depends on the flow derivative. It thus alternates in sign, providing no net damping 

for the wave but changing its propagation speed. These conclusions would need to  be 

adjusted if depended on flow derivatives rather th an  just the local flow properties. In 

th a t case it, too, could be moved to  the  left hand side of the m om entum  equation, w ith 

consequent changes in the  long wave speed and control condition.

We conclude th a t there is really no paradox. For a  flow w ith a fixed shape of its 

velocity profile, the long waves for the  governing equations are indeed arrested a t the 

control, which occurs where the  m ean flow speed is less than  th e  speed of waves for an 

inviscid flow. Moreover, as for the  slab flow, bottom  friction, provided it is dependent on 

the local flow speed and not its derivative, shifts the  control section downstream  of the 

crest of a bum p.

Control conditions for an Inviscid Shear Flow

W hile the  above discussion seems to  have resolved an apparent paradox for a  homogeneous 

shear flow w ith a fixed shape of the  velocity profile, the question rem ains about conditions 

for control in a more general situation. One extreme is for a  flow w ith  shear bu t no friction. 

The m om entum  equation is then  simply

U--— I- w —— \-g— {h + H ) = 0 .  (5.23)
oæ oz ck

Combined w ith the continuity equation, d u j d x  ■+■ d w j d z  = 0 , (5.23) may be integrated to 

give

-u ^  + gh = g [ a ( V O  — H], (5.24)

which is ju st Bernoulli’s equation for a vortical flow, w ith a a  function of the  stream  

function ^  ra ther th an  constant as for th e  unsheared flow (e.g. Kundu, 1990, page 107).



5. Hydraulic Control in Non-Uniform Flows 124

A first rem ark is th a t, if the flow originated in a deep reservoir w ith a sluggish flow, 

then  (5.24) implies equal acceleration on all streamlines, so th a t the velocity difference 

from top  to  bottom  actually becomes smaller^. Another way of seeing th is is th a t, for the 

assumed channel of constant width, the  vorticity du jd z  is conserved along streamlines, 

again implying a reduction in top-to-bottom  velocity diff’erence as the  flow thins. Thus 

a purely inviscid shear flow is unlikely. One has to  imagine a  flow in which the shear is 

m aintained by friction until the flow approaches a ridge crest in the vicinity of which the 

friction is unim portant in comparison w ith the  inertial terms.

The problem  m ay then  be cast in term s of a functional connection between h and H  by 

w riting the  continuity equation as

/  H r  (5.25)
J h  Jo ^

where u = dip jd z  and Q is the volume flux. This assumes a  single-valued connection 

between ip and z, equivalent to  assuming a unidirectional flow. Combining (5.24) and 

(5.25) leads to

Note th a t th is is of exactly the  form J { h \H )  — constant required for the  applicability 

of Gill’s (1977) argum ents. (P ra tt & Armi (1987) used a similar approach to  derive a 

condition for control in a ro ta ting  flow th a t was unsheared in the  vertical, bu t sheared 

across the  channel.)

We investigate J {h \  H)  by first non-dimensionalising ip w ith Q and a, H, h w ith  (Q^/g)^^^ 

(but reta in  the same symbols for the  non-dimensionalised variables). The functional equa

tion (5.26) then  becomes

For constant a (no shear) and w ith b = a —H , J { h \H )  = 2“ ^/^(6 — — fi, as shown 

in figure 5.2A. It has a  minimum of 3 /2  — 6  a t =  6  — 1/2, so solutions of (5.27) only 

^To see this use th a t (5.24) is conserved on the surface and bottom  streamlines. Denote w ith uso > 0 and 

ubo = 0 surface and bottom  velocity upstream  of a sill where H = 0, and w ith u s e  and u b c  surface 

and bottom  velocity a t the crest of the  sill where H > 0. Combining the Bernoulli equations for bo th  

streamlines gives u%c = Hsc ~  Wgo, so th a t the velocity difference between surface and bottom  a t the 

crest U se -  u b c  =  n |o / ( « s c  -H wbc) is smaller than  the velocity difference upstream  which is ju s t uso-
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Figure 5.2.: A) The non-dimensionalised functional of (4-5) for constant a, shown for b =

a — H = 1,3/2,2. B) As in (A), but with a = Omin +  1 5 ^  and for b = Omin -  H = 0.8,0.993,1.2.

exist if 6  >  3/2. Control occurs a t the ridge crest if 6  =  3 /2  there. This is ju st a  slightly 

different way of looking at the  problem in section 5.1.

The same general shapes occur if a is allowed to  vary with xf (now w ith shear), in the 

sense th a t the functional s ta rts  positive a t h =  0 , then  generally decreases to  a  minimum 

before increasing as h tends to  the minimum  value of o ( V ’ )  — H,  bu t there is no simple 

general solution to  (5.27). Figure 5.2B shows the  functional in (5.27) for various values 

O Î  b = Omm — H  w ith the linear function a =  amin + Axp and A = 1.5. Here A  is in 

fact the vertical shear dujdz .  The controlled solution for A  =  1.5 occurs for b =  0.993 

and h =  0.875; it has non-dimensional speeds of 0.49 and 1.80 a t the bo ttom  and free 

surface respectively. A feature worth noting in figure 5.2B for 6  =  1.2 is th a t there is no 

subcritical solution (large h). This is because, a t a slow average flow, the shear would not 

be compatible w ith a positive velocity a t the  bottom .



5. Hydraulic Control in Non-Uniform Flows 126

As discussed earlier, the  functional formalism autom atically implies th a t  long waves are 

arrested a t the control section. It is interesting to  confirm this directly. Control applies for 

a solution th a t satisfies (5.24) and also occurs a t the minimum of J{h-, H)  regarded as a 

function of h, i.e. for d J j d h  =  0. Using (5.26) and also applying (5.24), as is appropriate 

for a solution, leads to  the result th a t

I  ^  = l  (5.28)

and this m ay be w ritten  as

This is identical to  (5.19) w ith c =  0, implying th a t long waves are indeed arrested a t the 

control section. Note th a t this is an independent derivation of the connection between 

the  speed of long waves and hydraulic control which extends the previously established 

connection for uniform flows to  sheared flows.

5.3. Discussion and Implications for Hydraulic Control at the 

Bosphorus

The apparent paradox concerning the hydraulic control of a  frictionally influenced ho

mogeneous fluid w ith a fixed velocity profile has been resolved by showing th a t it does 

actually fit in w ith standard  approaches if one studies in detail the form of the frictional 

term s required to  m aintain the  shape. The conclusion for practical purposes is th a t  con

tro l is achieved w ith a  depth-averaged current speed less th an  (gfi)^/^, and a t a location 

downstream  of the  control for an inviscid flow. Pawlak & Armi (1997) present an ex

perim ental and analytical study of two-layer arrested wedge flows influenced by side-wall 

friction. They modify the two-layer hydraulic equations to  include the  effects of flow 

non-uniform ity by means of the  Coriolis coefficient a  defined by

As m entioned earlier, th is coefficient represents the correction necessary to  com pute the 

velocity head of a homogeneous fluid when velocity is not uniform; the  velocity head 

changes from u^j{2g) to  a lf{ {2 g )  (Chow, 1959; Henderson, 1966). (In our notation
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a  = M 3 — Jq d(.) In e.ss('uc('. Pawluk & Armi (1997) use = 1/a  as control condition 

instead of F^ ~  1. Curiously tlial is diHerent th an  the control condition F^ = 1//3 = I /M 2 

we derived in this cha])ter. 1 lie nuniei ical difference between 1 /a  and 1/(3 is, however, 

small for most velocity profiles s o  that we may defer a discussion of th is issue to  the  end 

of this chapter.

Pawlak &: Armi (1997) tln'ii invest iy,ate the effect of non-uniform ity on the value of the 

non-dimensionalised barotropic coni]U)iient Uq a t which the  two-layer exchange transitions 

to  an arrested wedge flow and, in particular, they  obtain  equations for the  wedge front 

location bf for weak and strong barotropic flows:

(5.31a)

bf = Uoy/a for Uq > l ^ / a . (5.31b)

W ith a  between 1.25, 1.27, and 1.35 for Uq = 0.7 (weak), 0.8 (medium) and 1.12 (strong), 

(5.31) predicts values for bf th a t are 12, 13 and 24% larger th an  for the  case a  =  1 

(uniform flow). For the weak and m edium  barotropic flow case (Uq = 0.7, a  — 1.25) the 

predicted value for bf agrees well w ith th e  m easured wedge front location and the use of 

the Coriolis coefficient is necessary to  obtain th is agreement. In the  strongly forced case 

the  front occurs upstream  of the predicted value, i.e. a  appears to  be small. Pawlak & 

Armi (1997) argue th a t the  discrepancy is due to  boundary layer effects and cross-stream  

variations. In any event, th is study provides experim ental support for defining hydraulic 

control in non-uniform flows by using the  ‘Engineering A pproach’. However, it is the  only 

such study th a t  I am aware of.

In the  o ther limit, we found th a t an inviscid shear flow is controlled when the depth- 

averaged current speed equals the long wave speed, and th is speed is greater th an  (gh)^/^. 

In  this situation, however, the  velocity difference from bottom  to  top  evolves w ith distance 

downstream, decreasing in an accelerating flow. It seems th a t a key issue is the natu re  of 

the frictional forces. If these depend only on local flow properties, then  the  control section 

will be shifted, bu t the speed of inviscid long waves a t the  control section will still be zero. 

If, on the o ther hand, the frictional forces involve along-channel derivatives of the  flow 

variables, as for a fixed velocity profile, then  the  speed of long waves is changed and the 

control condition is no longer the same.



5. Hydraulic Control in Non-Uniform Flows 128

Many real situations might lie between these two limits, in being influenced by friction 

but not m aintaining the  shape of the velocity profile. It is not clear th a t there are any 

general results to  apply in such cases, so th a t the  governing equations would need to  be 

examined for any assumed forms of bo ttom  and internal friction. This is currently being 

investigated, bu t is beyond the scope of th is thesis.

Only a rectangular channel of constant w idth was considered. Allowing for w idth varia

tions would be trivial, though variations in cross-sectional shape would introduce further 

difficulties as in inviscid hydraulics. The effect of stratification has also not been ad

dressed. In the  inviscid case Killworth (1992) has shown th a t control occurs where the 

long wave speed vanishes. It is perhaps possible to  extend the functional (5.26) to  include 

stratification by beginning w ith + ggz + p{z) = a{'ip) instead of (5.24) because a(V’) 

is then  still constant on each stream  surface.

In the  context of th is study the im portant question is, if and /o r how the above results 

affect the  determ ination of hydraulic control in the  Bosphorus. Note th a t the  control at 

the N orth Sill is not being questioned, because the lower layer velocity was approxim ately 

uniform and, more im portantly, the hydraulic jum p provided undisputable proof of the 

existence of a control. For the  Contraction, South Sill and South Exit the  situation  is 

less clear, because neither are the layers uniform nor did we actually observe a  hydraulic 

jum p.

If we were to  assume th a t  the flow was inviscid then  (5.20) tells us th a t  the  actual 

speed of the  waves is larger th an  th a t obtained using layered theory, or, in o ther words, 

we would need larger average layer velocities to  reach criticality. On the  o ther hand, if we 

assumed th a t  the  flow m aintained a  sim ilarity profile, i.e. used =  u^/{gh) =  I /M 2 (or 

1//3 in engineering notation) as control condition, hydraulic control would be more likely 

because of the significant shear in the  Bosphorus. Therefore, it is crucially im portan t to  

utilise the  correct m ethod.

As pointed out before, the  assum ption of inviscid flow requires the  velocity shear to  

decrease as the layer thins. This is clearly contrary to  what we observe along the  upper 

layer as it moves from the Contraction toward the  South Exit (see figures 3.19 to  3.23). 

Furtherm ore the assum ption of inviscid flow in the  Bosphorus would be inconsistent w ith
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previous findings th a t friction and entrainm ent are im portant. As a  m atte r of fact, the 

velocity profiles between transects 7, 8  and 2 (figure 3.23) are quite similar, th a t is the 

sim ilarity assum ption seems to  approxim ately hold. Velocity is nearly linear in the  upper 

layer so th a t M 2 % 4/3 . In section 3.4.4 I had calculated =  u\/{g 'h i)  % 0.9 and 

had concluded th a t the flow was between m arginally subcritical and critical. But, in fact, 

Fj- % 0.9 > 0.75 =  I /M 2 which means th a t th e  flow was actually supercritical. If the  flow 

obeyed the rules of inviscid hydraulic theory, somewhere further south a  hydraulic jum p 

should have occurred. V e  did not acquire observations to  test this. In fact it is doubtful 

th a t a clear hydraulic jum p could exist because of the shallowness of the  upper layer and 

the influence of frict ion. The situation is similar to  th a t observed a t the  eastern end of the 

Strait of Gibralt ar where supercritical flow adjusts to  subcritical flow through a frictional 

change w ith no obvious hydraulic jum p (Farmer k. Armi, 1988).

In summary, the analysis in this chapter provides support for the  view th a t  the exchange 

through the  Bosphorus was bounded by two controls, i.e. th a t the  exchange was maximal. 

The form of the frictional term  (with dU/dx) required for the  sim ilarity assum ption is, 

however, unusual so th a t the application of the  theory is somewhat preliminary. Further 

theoretical analysis and eventually comparison w ith experiments is required.

Comment on the use of =  1 / a  or — 1//3 as Control Condition

For a frictionally influenced homogeneous fluid w ith a fixed velocity profile the control con

ditions was shown to be — 1/(3. In  the engineering literature (Chow, 1959; Henderson, 

1966: Pawlak & Armi, 1997), however, the commonly used control condition is F^ =  1 /a . 

This discrepancy seems to  arise because the  Coriolis coefficient is usually introduced to  

adjust the  velocity head term  in the  Bernoulli equation, th a t is (4.7a) is changed to

a  —— \- h -\- H  = E f i , (5.32)

from where the control condition F^ =  1 /a  can be derived as usual. This approach, 

however, ignores th a t it is not possible to  obtain  a Bernoulli equation of the  form (5.32) 

through integration of the m om entum  equation because of the presence of the  frictional 

term  on the right-hand side of (5.21).

Numerically the  condition F^ — 1 /a  is approxim ately the same as F^ =  1//3 for most
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near-uniform  velocity distributions. However, the  stronger the  shear the larger will be 

the  discrepancy. For uniform flow we obviously have a  =  /3 =  1, bu t for linear velocity 

profiles, as in the  southern Bosphorus, we find 1//? =  3 /4  to  be significantly larger th an  

1 / a  =  1 / 2 .
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6. The Orkoz

The Orkoz seems to  have been first described by A rtüz & Uguz (1976) who called an 

increase of surface salinity in the southern Bosphorus an “Orkoz” . They reported  daily 

observations of the  hydrographic conditions during the period of 1967 to  1970 (reproduced 

by Ozsoy et al. (1995)) and showed th a t surface salinity may increase to  about 26psu  for 

a few days during w inter (November to  January). In later publications these events are 

associated w ith a  blocking of the upper layer flow (e.g Ozsoy et ai,  1995, 1998; Cetin, 

1999) during which Black Sea water reaches only a few kilometres into the  s tra it while 

the  southern section fills w ith surface w ater from the  Sea of M arm ara. The lower layer 

consists, as usual, of highly saline M editerranean water. A complete reversal of the  upper 

layer flow has not been described in the literature although it is certainly known to  occur, 

as we were told by Dr. Hiisne Altiok^. Furtherm ore, the  commuter ferries, which we took 

every day to  meet our survey vessel, seemed to  be familiar w ith the  reversed and very 

strong surface currents^.

6.1. Observations

The Orkoz began on April 5 at 12:00 UTC. At th a t tim e the upper layer still flowed 

southward but had slowed down to  about —0.5m s“ .̂ Its  speed was zero a t 15:00 (figure 

3.7, page 42). It then  picked up speed in the  other direction and reached a m axim um  of

^Dr. Altiok joined our survey for a few days and happened to  be w ith us during th e Orkoz event. She is

w ith the Institute of Marine Sciences and Management, Istanbul University.
^At the morning of the Orkoz it appeared to  me during the cross-over on the ferry that som ething was

different. However, I did not realise at that tim e that the ferries were approaching the term inals from a

different direction than usually. Only after we had started the AD CP on the survey vessel, did I notice

that the flow was going the “wrong” way. So much for observational oceanography!
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1.35m 8 ^^ a t 18:30. The Orkoz lasted alm ost exactly two days. The upper layer speed was 

again zero a t 14:00 on April 7.

Wind Forcing

As m entioned in section 3.2.2, p. 39 the  reversal of the upper layer was caused by an in

crease in sea-level in the Sea of M arm ara above the level in the Black Sea. This was caused 

by a  storm  w ith strong southwesterly winds w ith centre somewhere over the  Aegean Sea. 

Figure 6.1 shows wind-speeds recorded in 2000 a t the S trait of Canakkale (Dardanelles), 

a t Istanbul, and at Zonguldak in th e  western Black Sea (figure 2.1). Exceptionally strong 

southwesterly winds up to  30kmh~^ occurred at Canakkale on April 5. At the  same tim e 

wind speeds a t Tekirdag a t the  southern Sea of M arm ara (not shown here) and at Is

tanbul reached 18kmh“ .̂ One day later wind speeds were 2 0 km h“  ̂ a t all locations, and 

finally on April 7 wind speed had decreased to  1 0 km h“  ̂ a t Canakkale and Tekirdag but 

rem ained a t 20kmh“  ̂ a t Istanbul. Conditions were back to norm al on April 8 . In the 

western Black Sea a t Zonguldak the  influence of the storm  was weak; southeasterly winds 

of 10kmh“  ̂ were noticed on April 5, bu t weakened to  5kmh“  ̂ westerlies the  next day. 

At the Bosphorus the wind began to  increase in the morning of April 5 and was maximal 

in the evening^ (figure 3.7, page 42). It weakened overnight, increased again on April 

6 , decreased almost to  zero in the evening, and increased again significantly on April 7. 

This p a tte rn  was repeated in the  Golden Horn sea-level da ta  and consequently also in the 

upper layer current data.

The lower layer current followed the  p a tte rn  of the upper layer current w ith one notable 

exception on April 6  a t 01:00 UTC. W hen the  sea-level difference decreased briefly, the 

current a t 49m depth decreased much more th an  in the upper layer.

Stratification

Figure 6.2 shows A D CP and CTD d a ta  which are complementary to  the  observations 

displayed shown in figure 3.7, p. 42. During exchange conditions we see high back-scatter

^During our survey the sea surface becam e increasingly choppy because the current and wind were 

opposite to  each other. A few kilometres south of the contraction we had to  cancel our survey because 

wave heights a t Istanbul were said to  reach Im  and a storm  warning was in effect.
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intensity along the interface caused t)v shear induced m icrostructure. At the  beginning of 

the Orkoz the  shear decrca.ses and the back-scatter intensity decreases as well. The high 

back-scatter intensity abo\-c the sca-tioor is curious. I t  seems unlikely th a t it originated 

from salinity and tem perature  inicrostructure because below 50m the w ater was homo

geneous. M y guess is tha t it was caused by floating sediments. These might have been 

stirred from the sea-floor by the ('xc('i)f ionally strong currents.

About 4.5h after the onset of the Orkoz we observed a vertical band of slightly increased 

back-scatter in the  upper layer. This might indicate the arrival of the Sea of M arm ara 

water in the  contraction because one would expect density m icrostructure a t the  front 

between Sea of M arm ara and Black Sea water. The distance between the South Exit and 

the AD CP was 1 1 km  and assuming average layer speeds of 0 .6 m s^^ to  0.9m s“  ̂ the  travel 

tim e was between 5 and 3.5h which is consistent w ith the 4.5h given above. From this is 

also clear th a t the  Sea of M arm ara w ater m ust have reached the  Black Sea after about 

18h (Estim ated from 30km /11km  x 4.5h plus some additional tim e because the northern  

section is wider and hence the  current m ust have been smaller th an  along the southern 

section.). In  other words, Black Sea w ater was completely flushed out of the  Bosphorus 

even before the end of the first Orkoz day.

Contours of tem perature  and density were derived from CTD  casts th a t we carried 

out in proxim ity of the bottom -m ounted ADCP. Recall th a t during exchange conditions 

fresh and cold upper layer w ater flows southw ard and salty and warm lower layer water 

northward. During the  Orkoz the upper layer had a salinity of 22.5 psu which indicates th a t 

it originated in the  Sea of M arm ara. Tem perature was a t first 10°C uniformly throughout 

the layer. Later the  layer was tem peratu re  stratified, presum ably because southwesterly 

winds brought warm  air (confirmed by air-tem perature d a ta  th a t are not shown here) to  

the Sea of M arm ara causing heat to  be mixed into the  upper 10 to  15m (see tem peratu re  

profile in figure 6.3).

The lower layer showed increased tem pera tu re  and decreased salinity/ density during the 

Orkoz. The continuous tem perature  record from the  bottom  m ounted AD CP (3m above 

the sea-fioor) shows th a t tem peratu re  dropped immediately after the onset of the  Orkoz. 

Tem perature reached a minimum on April 6  a t about 12:00, shortly after layer velocities 

had decreased sharply. It then  increased again, rem ained at about 14°C for roughly 1 2 h
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F ig u re  6 .2 .: 1st panel: Along-channel component of horizontal current from the bottom-mounted 

ADCP. 2nd panel: Average (4 beam) back-scatter intensity. Intensity has been corrected for beam 

spreading and absorption. The black line indicates the depth of the zero-velocity iso-tach. 3rd 

panel: Contour of temperature data from CTD casts carried out near the ADCP. The crosses 

indicate the time of the casts and the red line the temperature recorded by the internal sensor of the 

ADCP. 4th panel: Density in units of ap. Salinity is not shown as it is very similar to density.
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Figure 6.3.: ( ' omp( inson  of temperature and salinity profiles from before, during, and after the

Orkoz. Tiro projil i  s ircrc taken at thalweg position —1km at the Sea of Marmara on March 31 

(green) and  . Ipr i l  7. 13:00 UTC (red) and the third profile was taken on April 10 (blue) at thalweg 

position +l k i i i  at Istanbul.

on April 7, and increased back to norm al a t the  end of the Orkoz. This pa tte rn  can be 

explained by entrainm ent of colder and fresher upper layer water into the  lower layer. The 

other explanation would be th a t tem perature  and salinity of the  lower layer in the  Sea of 

M arm ara had decreased, possibly due to  increased wind mixing. Salinity and tem perature 

profiles from the  South Exit (figure 6.3) show, however, th a t this was not the  case - a t 

least not during the  second Orkoz day (April 7). The entrainm ent hypothesis appears 

a b it inconsistent w ith the  fact, th a t  minimum tem peratures were observed not during 

the  period of maximum current a t the  beginning of the  Orkoz bu t later, shortly after the 

second period of strong currents (April 6 , 14:00 UTC). Perhaps wind mixing did influence 

the  lower layer on April 6  when winds were stronger th an  on April 7.

Tem perature, salinity, and density contours along the  southern section of the Bosphorus 

are shown in figure 6.4. The CTD profiles were carried out on cross-channel transects th a t 

are shown in figures 6.5 and 6 .6 . Because of bad w eather and logistical constraints^, we 

were not able to  do a continuous run  along the  channel and neither could we obtain  any 

d a ta  from the northern  p a rt of the stra it

The d a ta  from the second Orkoz day (April 7) clearly show tem perature and salinity 

stratification w ithin the  upper layer. The tem peratu re  stratification is absent in the  da ta

^On April 6 currents were so strong that the vessel had difficulties w ith manoeuvring. In addition storm  

warnings were in effect so that we were advised to  stay in the sheltered central section of the Bosphorus. 

On April 7 we had to go to  the Golden Horn to retrieve data from the sea-level recorder.
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Figure 6.4.: Composite o f survey data obtained on April 6 and April 1, 2000, during the Orkoz.

The data from the two days are merged at thalweg position 12.8km, indicated by the vertical black 

line. On both days a CTD cast was carried out at this position. 1 s i panel; Contours o f temper

ature. The location and depth of the CTD casts is shown by the black vertical lines. 2nd panel: 

Salinity. 3rd panel; Density in units of ag.
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from April 6  because of reasons m entioned before. Stratification was m ost pronounced at 

the South Exit (figure 6.5). It was reduced somewhat by turbulence as the layer moved 

northw ard b u t was still noticeable a t the  contraction. Most of it was lost in the contraction 

where currents were strongest. Com pare the alm ost homogeneous profiles from transect 

1, during which the Orkoz was very strong, w ith the structured ones from transect 7 at 

the end of the  Orkoz.

The lower layer was homogeneous a t the  South Exit and rem ained so up to  the South 

Sill. It was thick enough to  pass over the  central ridge whereby it was strongest on the 

western side of the  ridge. (I note in passing th a t this is characteristic of a strong lower 

layer flow, as observed by Gregg & Ozsoy (2002), whereas for weaker flow the  flow is 

concentrated on the eastern side as shown by transect T7 in figure 3.23, p. 67). During 

the  passage over the South Sill its salinity decreased indicating th a t it entrained less saline 

upper layer water. Thereby it also becam e stratified, bu t between transect ^ 2  and transect 

it became again homogeneous - presum ably because of turbulence.

Throughout this thesis back-scatter intensity from the AD CPs and the  echo-sounder 

was used not only as indicator for turbulence bu t also an approxim ate tool for quanti

fying turbulence and /o r mixing intensity. Some justification was given in section 3.4 in 

connection w ith figure 3.16. The d a ta  shown in figure 6.2 provide additional support for 

the  assum ption th a t the backscatter is from m icrostructure because as soon as interfacial 

shear became zero, back-scatter becam e zero as well. An alternative explanation is th a t 

the  back-scatter was caused by zooplankton which moved away from the  density interface 

when the shear disappeared. However, I do not know w hether th is would be the  usual 

behaviour of zooplankton, so th a t for my purposes it seems more plausible to  assume th a t 

m ain reason for back-scatter was microstructure.

Hydraulic Controls

In the contraction upper and lower layer currents reached speeds of 1.3m s^^ a t the  begin

ning of the  Orkoz. If we exclude the  recirculation zones near the shores, th a t are evident in 

transect # 1  in figure 6.5, the  average layer speeds were between 1 and 1.2m s"^. The den

sity interface w ith =  20kgm“  ̂ was a t 35m and the layers were stratified 7m above and 

below this interface. Above 28m the  upper layer had a  constant density of ag «  17kgm“ ^
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Figure 6.5.: Velocity, temperature, and salinity data from  6 cross-channel transects from April

1, 2000, the 2nd Orkoz day. The left and middle column show the north and east component of

the horizontal velocity. For transects 5 and 6 the east component (not shown) was practically zero.

Note that vertical scales are identical on all plots but horizontal scales vary. The map shows the

location of the transects.



6. The Orkoz 140

North component / ms-i

0 200 400
Distance along transect / m

600

I
I

East component / ms-i Salinity / psu 
15 20 25 30 35 40 

lO

0 200 400 600
Distance along transect / m

40 3

i

Tem pera^re

Figure 6 .6 .: As in figure 6.5. Transect 7 was carried out at the same location as transect 1 but 

at the end of the survey day when the Orkoz was about to end.

and below 42m the lower layer density was oq % 26kgm“ ^. Hence, reduced gravity was 

between 0.08 and 0.09m s"^. W ith  hi = 35m and /i2 =  30m the  upper and lower layer 

Fronde num bers were % 0.3 to  0.5 and ~  0.4 to  0.6, so th a t was between 0.7 and 

1.1 and the flow was between m arginally sub critical to  supercritical. This possible control 

could have lasted only until April 6 , 07:00 UTC (before our survey) when th e  lower layer 

velocity dropped by about 0.5m s“ .̂ Afterwards velocities were alm ost certainly too  small 

for a  control in the  Contraction.

Along the southern and northern  section of the  s tra it the upper layer is wider th an  

in the contraction so th a t velocities were certainly lower. This means th a t  F f  probably 

did not exceed values of 0.3 anywhere else. On the o ther hand, the  lower layer Fronde 

num ber probably reached values of 1 , i.e. the  flow was critical, a t various o ther locations. 

For instance, recall th a t during exchange conditions w ith Q2 ~  5000m^ s“  ̂ (on April 5, 

flgure 3.17) we found >  1 a t the N orth Sill and so did Gregg & Ozsoy (2 0 0 2 ) for 

0 2  % lOOOOm  ̂s"^. During the  Orkoz 0 2  % lOOOOm^s"^ and g' <  0.8 so th a t  very likely 

F |  >  1 and the  flow was controlled a t the N orth Sill. In conclusion, th is means th a t  the 

flow in the  s tra it was almost certainly isolated from any changes in interface dep th  in the 

Black Sea - if those actually occurred.

At the South Sill the  central ridge (see the  bathym etry  in flgure 3.21) divided the lower 

layer into flows along the eastern and western shore. A lthough the  western sea-floor lies 

higher th an  the  eastern one, the  flow was stronger west of the  ridge because the deep 

channel, coming from the Sea of M arm ara, steered the  flow th a t way. On transect # 4
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across the South Sill louer layer velocities reached 1.7m in the western channel and the 

average velocity was about 1 . 1m s - '.  W ith  ho ~  15m and g' ~  0.09 the Fronde num ber 

is Fg ~  1- In  the  eastern c haimel Tr  0.7. N orth of the South Sill the  western channel 

ends so th a t  in the  bend at Ceiigelkoy (see figures 2.4 and 6.5) the  water joined the  flow 

in the deeper eastern channel. C'on.se(|uently currents were strong at the northern end 

of the eastern channel and Fr > 1.2. th a t is the flow was supercritical. It responded 

violently to  little bum ps and holes along the sea-floor, as shown in flgure 6.7. We sailed 

southw ard s tarting  a t Cengelkoy and ])assed a 10m elevation at 8.5km and a  smaller one at 

9.4km. The d a ta  show nicely the transition  of the flow from subcritical to  supercritical and 

back to  subcritical through a hydraulic jum p when the flow passed over the  first bum p. 

An internal wave w ith % 15m am plitude was generated and vertical velocities reached 

± 0 .2 m s“ .̂ The wave propagated along the pycnocline a t 40m depth. In fact, it served as 

a useful guide for defining the interface between upper and lower layer.

6.2. Discussion

Time Dependence

In  section 3.2.2 we concluded th a t during exchange conditions the  flow could be considered 

quasi-steady. Not surprisingly, th is approxim ation was not valid a t the beginning and end 

of the Orkoz because a t these tim es the m agnitude of the tim e dependent term  in the 

along channel m om entum  equation term  was approxim ately 200% and 50%, respectively, 

of the horizontal pressure gradient term s (see appendix C). On the  o ther hand, during 

the  Orkoz the  flow was again relatively steady for some periods of time.

Differences to Previously Reported Orkoz Events

The Orkoz th a t  we observed had some of the  characteristics th a t are described in the 

literature, bu t was different in o ther respects:

Previously an Orkoz was believed to  occur only during w inter m onths when the  sea-level 

difference is minimal. In  spring and summer, when an increased freshwater influx to  the 

Black Sea increases the  sea-level difference, one should expect a  blocking of the lower layer 

ra ther th an  an Orkoz. As a  m atte r of fact, the upper layer flow was very strong a t the
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Figure 6.7.: Echo-sounder and ADCP velocity data from a south-north run along the eastern

side of the strait. The ship’s track is shown as black line on the map. Density data from  a 

CTD cast (down and up) at thalweg 8km are superimposed on the sounder and velocity contours. 

Discrepancies between the depths shown by our sounders and those in the map are most likely 

due to inaccuracies in the bathymetry data. The official Turkish navigational charts seem more 

accurate but also could not answer with certainty whether the elevations extend across the canyon 

or whether they are just isolated bumps.
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beginning of our experim ent and on April 3 the lower layer came alm ost to  a  halt with 

U2 ~  0.2m Nevertheless, a  sufficiently strong meteorological event as th e  storm  over 

the Aegean Sea and Sea of M arm ara was able to  reverse the sea-level difference and hence 

the  upper layer flow. This emphasises the  ra ther unpredictable character of the  flow in 

the Bosphorus.

The flow m aintained a distinct two layer density character a t all times. The density 

difference between the layers was only a  little smaller than  during exchange conditions 

because the upper layer consisted of Sea of M arm ara water with a salinity of about 23 psu 

instead of Black Sea water w ith S  % 18 psu. The Sea of M arm ara w ater showed some 

stratification both in tem perature  and salinity which persisted throughout the  southern 

strait. This is, however, different th an  the  three layer stratification described by Ozsoy 

et al. (1995) which was caused by a  blocking of the upper layer ra ther th an  by a  complete 

reversal, during which Black Sea water was completely flushed out of the  Bosphorus.

Artiiz Sz Uguz (1976) defined the  Orkoz as the occurrence of surface salinity values 

larger th an  24 psu in the southern section of the  strait. Curiously during our Orkoz 

surface salinity never exceeded 23 psu. A possible explanation is as follows: in the  Sea 

of M arm ara surface salinity is approxim ately 23 T  2 psu and reaches its m axim um  during 

w inter as a result of increased wind mixing and reduced influx of fresh w ater from the 

Black Sea (Begiktepe et a l, 1994). The previously reported Orkoz events all occurred 

during th e  w inter which could explain the  salinities above 24 psu. On the  o ther hand, 

“our” Orkoz occurred in spring when S  ^  23 psu.

Control of Lower Layer Flow

At the South Exit the  interface, which we may define to  be the  surface ag = 20kgm~^ 

was at a depth  of about 20m. This is approxim ately the  same depth  as observed during 

exchange conditions (see figures 3.10 and 3.11). The density gradient between the Sea 

of M arm ara and the  Black Sea was unchanged so th a t one should expect the  lower layer 

to  a tta in  a  significantly larger velocity th an  the  upper layer during the Orkoz. Curiously 

th is was not the  case. U pper and lower layer velocities measured by the bottom -m ounted 

AD CP were alm ost identical and their fluctuations showed very similar patterns, as we 

have seen in earlier figures and as shown in detail in figure 6 .8 . A lthough we do see some
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Figure 6 .8 .: Along-channel component of horizontal current from different depths measured by

the bottom-mounted ADCP. The upper panel shown data from the entire ADCP record, whereas 

the lower panel focusses on the Orkoz. The black line shows the current at 38m depth which is the 

approximate position of the zero-velocity interface. Red coloured lines present lower layer velocities 

and blue/green coloured lines upper layer velocities.

small differences between the layers, which can mostly be explained by the  influence of 

bo ttom  friction or by the larger inertia  of the  upper layer compared to  the  lower layer, 

the  two layers behaved as if “locked together” . Finally note th a t even a t tim es of large 

lower layer velocities (April 6 , 10:00 UTC) the lower layer transport Q2 was hardly more 

th an  10 0 0 0 m ^s“  ̂ which is w hat Gregg &: Ozsoy (2002) obtained for Q2 during exchange 

conditions. (Total transport was approxim ately 25000m ^s“ ^.)

How can we explain th is most striking behaviour?

The layers could have indeed been “locked together” by a sufficiently large exchange of 

momentum . However, interfacial friction of the form form C j(u i — U2 )\u\ — U2 \ could not 

have done th is because the  velocity difference between the  layers was small a t all times. 

E ntrainm ent and /o r mixing was observed and this m ust have exchanged some momentum . 

B ut considering th a t during exchange conditions downward entrainm ent is not sufficient
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to  halt the  lower layer, it appears unlikely th a t is was sufficient to  reduce the m om entum  of 

the lower layer during the Orkoz^. A th ird  possibility is the m om entum  transfer through 

interfacial waves such as those in figure 6.7 which we observed on both  Orkoz days. B ut 

again the  question is w hether th is would have been sufficient. This seems unlikely since 

we did not observe similar waves anywhere else, consistent w ith the fact th a t elsewhere 

currents were probably not strong enough for reaching critical flow states. Of course, the 

lim ited d a ta  coverage does not allow us to  be certain.

Let us try  an alternative explanation, i.e. assume th a t only the lower layer flow was 

limited in some way. The hydraulic controls only prevented inform ation from the  Black 

Sea from propagating southward, b u t nothing prevented inform ation from the  Sea of 

M arm ara, i.e. changes in the  interface position or of the density difference between the 

layers, from being comm unicated into the  strait. In o ther words, the hydraulic controls 

were not the lim iting factor. Interfacial shear was ruled out above. Then it seems th a t 

only bo ttom / side-wall friction could have lim ited the  lower layer flow. Let us investigate 

w hether this is possible by considering the  force-balance in the  lower layer: the along 

channel m om entum  equation for the  lower layer is given by (4.56b) and (4.57), p. 99 and 

can be approxim ated as

U2 M J 2  Qi A %  A p  A772 , H i  A p i  H 2  A p 2 C h

'-----V-----' '-----V----- '
1/100  000 !

where we have used th a t during the  Orkoz the flow was steady for lim ited periods of tim e, 

th a t is the tim e-dependent term s were dropped. The dimensionless term s on the right- 

hand side represent the surface gradient, the  interface gradient, the  density gradient in the 

upper layer, the  density gradient in the  lower layer and the drag due to  bo ttom  friction. 

The param eter 7  represents the  fact th a t the  friction changes w ith the shape of the cross- 

section (e.g. Bormans & G arre tt, 19896). 7 = 1  and 7  =  2  represent rectangular and 

triangular cross-sections respectively. We evaluate the  values between the  southern and 

northern sea-level recorder and consider the  tim e of m aximal sea-level diflference when 

A 7 1  % 0.1m. We use H 2 = 30m and estim ate the change in interface elevation to  be

A %  =  20m and the velocity difference A 7 /2  to  be between 0.5m s"^ and lm s~^ . The

Q2 Q2 

1/90  0001/200000 1/60  000

®We were not able to  determ ine entrainment rates during the Orkoz because the interface between the 

layers was poorly defined due to  the absence of a zero-velocity isotach.
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A 1/2 /m s  ^ X 1000 7 t/2 /m s  ^

0.5 2.3 1 2 . 2

1 2.3 1 2 . 1

0.5 3.5 1 1 . 8

0.5 2.3 2 1 . 6

0.5 3.5 2 1.3

Table 6.1.: Solutions of equation (6.1) for combinations of parameters AU2 , Cfj and 7 .

o ther variables are as specified in appendix C, page 180. Then we obtain  the  values set 

under the  curly brackets in (6 .1 ) whereby the  exclam ation marks indicate the  term s w ith 

the  unknown velocity U2 which we need to  solve for. The results are shown in tab le  6.1 

for various values of C h  and 7 .

We first note th a t  the uncertainty in AU 2 has a negligible influence on the  results. The 

m ain result then  is th a t in order to  obtain lower layer velocities of abou t 1.5m s~^, which 

is a  value supported  by our observations, we have to  take into account th a t the  w etted 

perim eter of the  lower layer is not rectangular an d /o r we have to  use a friction coefficient 

larger th an  C h = 2.3 x 10“ ^. Both are plausible assumptions. It is hence possible th a t 

it was indeed bo ttom  friction which lim ited the  lower layer transport during the  Orkoz, 

and th is might have been facilitated by m om entum  transfer between the  layers due to  

entrainm ent and internal waves.
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7. Summary

7.1. Summary and Conclusions

This work presents detailed observations of the  exchange flow through the Bosphorus. 

Although there have been numerous previous surveys, almost all bu t the  m ost recent 

(Gregg et al., 1999) were lim ited to  hydrographic measurements. W orsening environmen

ta l problems call for a b e tte r understanding of the  currents and flows in the Bosphorus. 

Furtherm ore, th is study improves, th rough simplified theoretical description, our under

standing of the effects mixing and frictionally induced shear on the dynamics of exchange 

flows. These effects have only recently received increased attention as m any previous stud

ies were geared towards classical inviscid hydraulic theory. This works well in short, deep 

and narrow straits, such as G ibraltar, bu t is less appropriate in long, narrow and shallow 

straits, such as the  Bosphorus.

Observations

Our observations consist of ADCP, CTD  and sonar m easurem ents from survey vessels 

supplem ented by continuous records of sea-level and currents. M easurements are particu

larly challenging in the southern Bosphorus, because the surface layer becomes extremely 

shallow a t th is location and escaped previous m easurem ents which were lim ited by instru

ment depth  and other factors. We designed our measurem ents to  minimise th is problem. 

Detailed m easurem ents along transects across the channel provided accurate estim ates of 

horizontal volume and salt fluxes allowing us, for the  first tim e, to  quantify vertical mixing 

between the  layers.

Baroclinie forcing between the Black Sea and Sea of M arm ara is believed to  be constant 

on time-scales less th an  a  few m onths (e.g. Ozsoy et a l, 1998). This assum ption is consis
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ten t w ith our observations of ii('arl.\- constant density a t both ends of the stra it. On the 

o ther hand, sea-level and cuneiit data showed fluctuations of various origins ranging from 

periodic, bu t small tidal forcing to strong and highly irregular meteorological forcing. As 

if to  confirm the  im portance of the latter, strong southwesterly winds caused for two days 

a highly unusual, and for the time of the year unexpected, reversal of the  upper layer 

flow, locally called an ‘Orkoz’. During the Orkoz the to ta l northw ard tran sp o rt reached 

27000m ^s“ ^, compared to  a\erage ttp;)er and lower layer transports of — 17000m ^s“  ̂

and + 4 0 0 0 m s“ ^, respectively, during exchange conditions. Using an analysis developed 

by Helfrich (1995), I find th a t the exchange was to  a good approxim ation quasi-steady. 

On the other hand, a simple order of m agnitude estim ate of the term s in the equations of 

m otion shows th a t the flow was unsteady at the beginning and the  end of the  Orkoz.

During exchange conditions we observed the well known two-layer struc tu re  w ith upper 

layer w ater moving from the  Black Sea toward the  Sea of M arm ara over an undercurrent 

consisting of M editerranean water moving in the opposite direction. Along the  northern  

section, between the N orth Sill and the  Contraction, bo th  layers were approxim ately uni

form in velocity and homogeneous in density, and the  interface was relatively th in , not 

occupying more th an  10% of the to ta l water depth. It sloped throughout the  stra it w ith 

the  average slope about twice as large along the southern section of the s tra it th an  along 

the  northern section. A t the  crest of the  N orth Sill the flow was critical, confirmed by a 

hydraulic jum p downstream . Despite numerous bends along the northern section, mixing 

between the layers was small because strong stratification effectively lim ited the  effect of 

shear induced turbulence a t the interface. The speed of the upper layer increased sub

stantially in the  contraction reaching —lm s “  ̂ along the centre-line and —2 m s “  ̂ a t some 

lateral protuberances. Interfacial shear and turbulence created by the interaction of the 

flow with the  topography caused lower layer water to  be entrained by the upper layer. The 

lower layer lost about 20% of its volume to  the  upper layer. In contrast to  previous claims 

based on hydrographic m easurem ents and numerical modelling studies (U nliiata et al., 

1990; Oguz et a l, 1990; Yüce, 1996; Ozsoy et a l, 1998), but in agreement w ith  observa

tions by Gregg et al. (1999), we did not observe critical flow in the Contraction. Owing to  

bends as well as ridges and channels along the sea-floor, the  flow was com plicated between 

the  C ontraction and the South Exit. During our measurements upward entrainm ent was
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only slightly less than  along the Contraction so th a t in to ta l the lower layer lost about 

30% of its transport to  the  upper layer through entrainm ent between the  South Exit and 

the  Contraction. These numbers are averages of a  few daily values observed in August 

1998 and M arch/A pril 2000 and are probably not equal to  long-term averages which ought 

to  be smaller according to  long term  salt balances. The upper layer was stratified and 

showed strong vertical shear which increased steadily between the C ontraction and the 

South Exit. Contrary to  Gregg & Ozsoy (2002) our observations do not indicate th a t the 

flow was critical a t the  South Sill. On the o ther hand, we were able to  observe the  shallow 

upper layer flow toward the Sea of M arm ara and found (g'hi) % 0.9, i.e. the flow

appeared to  be marginally subcritical or critical according to  classical two-layer hydraulic 

theory.

In two-layer numerical simulations of the exchange Oguz et al. (1990) assum ed a  bottom  

friction coefficient of Ch  =  2.3 x 10“ ^. Our velocity d a ta  from bottom -m ounted ADCP 

provided a  first opportunity  to  check the validity of th is value. By identifying the loga

rithm ic boundary layer above the  seabed I was able to  estim ate the  bo ttom  stress. From 

th a t I determ ined the friction coefficient Ch  which ranged from 1.9 x 10~^ to  2.5 x 10“ ^. 

The log-layer was not the  result of skin-friction bu t ra ther caused by form drag along an 

irregular sea-floor (Lueck k  Lu, 1997; Sanford & Lien, 1999). It appears likely th a t the 

friction coefficient is larger along some isolated lateral protuberances which exert form 

drag on the  flow. However, we are lacking the  d a ta  to  test this assum ption.

The Orkoz was caused by a storm  w ith strong southwesterly winds which raised the 

sea-level a t the  Sea of M arm ara side of the  Bosphorus above the level a t the  Black Sea 

side. Being a rare and irregularly occurring phenomenon little is known about the  Orkoz 

in the literature. Even the inform ation th a t  is reported (e.g. Ozsoy et a l, 1995, 1998) 

was only partly  in agreement w ith our observations. For instance, we did not observe a 

three layer stratification, bn t the usual two layer structure whereby the only difference 

was th a t the  upper layer consisted of w ater from the  Sea of M arm ara instead from the 

Black Sea. Furtherm ore, the Orkoz did not occur during the w inter, when the  sea-level in 

the  Black Sea is a t a minimum, bu t in spring when one should expect to  see the  opposite, 

i.e. a blocking of the lower layer. This confirms th a t  the  exchange was very much at 

the  mercy of irregular meteorological forcing. Curiously upper and lower velocity were
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quite similar despite th e  fact th a t baroclinie forcing was the same as during exchange 

conditions. The m ost likely explanation appeared to  be th a t the lower layer flow was 

lim ited by bottom /side-w all friction.

O ur observations provide new and detailed information on the flow in the  Bosphorus. 

As far as the  northern  section of the  stra it is concerned, discrepancies to  o ther studies (e.g. 

Moller, 1928: Tohnazin, 1985; Ü nlüata et a i, 1990; Yüce, 1996; Ozsoy et al., 1998; Gregg & 

Ozsoy. 2 0 0 2 ) are minor. On the o ther hand, the  complicated geometry along the  southern 

section causes \ ('i y complicated flow patterns, the exact shape of which seems to  depend 

on the strength  of the exchange. For example, during strong lower layer flow the  w ater is 

directed mainly along the western side of the  South Sill, whereas for weaker lower layer 

flow it is concentrated along the eastern side. This explains why Gregg & Ozsoy (2002) 

believed the flow to be controlled a t the South Sill whereas we did not observe a control 

there during exchange conditions. A lthough there is no doubt th a t geometrical features 

make the  Bosphorus predisposed for sill, contraction and exit controls, it appears th a t 

the  existence of the  controls depends on the fluctuating barotropic forcing. It is therefore 

perhaps not surprising th a t a complete picture has yet to  emerge. Long-term  current 

m easurem ents are needed to  provide accurate observations of variability from hourly to  

annual tim es scale. A relatively easy, though perhaps expensive, m ethod seems to  be 

the  use of a bottom -m ounted ADCP. After calibration the  current d a ta  can transform ed 

into accurate estim ates of layer transports (section 3.2.2). If two AD CPs are deployed, 

a t the South Exit^ and in the C ontraction say, it m ight indeed be possible to  ob tain  a 

continuous record of vertical mixing along the southern section of the  stra it. The benefit 

for determ ining the  pathw ays of pollutants brought into the stra it is obvious. Furtherm ore, 

if the AD CPs were connected by cable to  shore-stations, the exchange could be m onitored 

in real-tim e, possibly greatly reducing the risk of marine accidents.

The Effects of Mixing on the Dynamics of the Exchange

The interface along the  Bosphorus is markedly sloped rising from north  to  south. In 

principle, the  slope can be explained w ith the influence of bo ttom / sidewall and interfacial

^Here one would probably need to  deploy two A D C Ps in order to  be able to account for the non-uniformity 

of the flow across th e channel.
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friction as shown, for instance, by Assaf & Hecht (1974) and Borm ans & G arre tt (19896). 

However, bo th  studies ignore mixing. In  the  Bosphorus we observed a significant am ount 

of upward entrainm ent in the southern half of the  stra it, and clearly one m ust wonder 

about the effect of the exchange of volume, mass and m om entum  on the  dynamics of the 

flow.

I have analysed this question by extending previous frictional single and two-layer m od

els to  include entrainm ent. A reduced gravity single-layer flow beneath  a deep inactive 

layer was discussed first. Consideration of m om entum  conservation in a control volume 

led to  relationships for the evolution of flow properties. Expressions were derived for the 

local change of Fronde num ber and layer thickness as a function of the entrainm ent veloc

ity. It was shown th a t entrainm ent, like friction, acts to  force the  flow tow ard criticality, 

although the  layer thickness can increase if the Fronde num ber is smaller th an  1/2. For 

certain Fronde numbers the effects of friction and entrainm ent on the layer thickness and 

the  hydraulic state  of the flow were found to  be of com parable m agnitude. P ra tt  (1986) 

pointed out th a t friction can cause purely subcritical flows to  become asym m etric, i.e. to  

appear as an  inviscid critical flow. It was shown th a t th is can also occur as the  result of 

entrainm ent.

Along the  C ontraction and South Sill bo th  layers were active so th a t the  effect of 

entrainm ent needed to  be described w ith  a  two layer model. The principal conclusions 

were found to  be the same as for the single layer model. Consideration of the special 

case of an  exchange flow w ith F f — F f  and Qi + Q2 = 0 showed th a t (for a rectangular 

channel) interfacial and bottom  friction had the same effect if C h = 8 C j em phasising the  

possible im portance of interfacial friction. For the same case entrainm ent was found to 

have only a small effect on the  layer thicknesses if % 0.5. This showed th a t  a  large 

entrainm ent need not necessarily have a  large effect on the  dynamics - although it will if 

Q l +  7^ 0  which might be true  for m ost exchange flows.

In order to  qualitatively test the theory, I compared the  observed rise of the  interface 

along the  contraction w ith the  value predicted by the  theory using m easured entrainm ent 

rates, friction coefficients and horizontal layer transports. After m aking some necessary 

and, in my opinion, well founded corrections, the agreement was reasonable. This indi

cates th a t  the  theory is qualitatively correct, and hence useful for gaining insight in the
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effects of m ixing/ entrainm ent on the dynamics of reduced gravity flows and s tra it flows.

It is also clear from the  comparison th a t  a layered one-dimensional model is not adequate 

to  precisely reproduce the  complicated flow in the Bosphorus. It seems th a t b e tte r  de

scriptions will u ltim ately require realistic three-dimensional numerical models w ith proper 

param eterisations of mixing and precise bathym etry.

Hydraulic Control of Homogenous Shear Flows

Classical inviscid hydraulic theory assumes homogeneous and uniform layers. Then the 

Froude num ber is well defined and an internal hydraulic control is identified by = 1. 

However the  assum ption of uniformity does not hold along the  southern section of the 

Bosphorus where the  velocity in the upper layer was strongly sheared. The literature  pro

vides two approaches for defining hydraulic control of homogeneous shear flows. Curiously 

these yield contrary  results.

If the shear flow of a  homogeneous fluid preserves the  shape of its velocity profile, a 

standard  form ula for the condition for hydraulic control suggests th a t  this is achieved when 

the  depth-averaged flow speed is less th an  (gh)^^^. On the other hand, shallow w ater waves 

have a  speed relative to  the mean flow of more th an  suggesting th a t inform ation

could propagate upstream . This apparent paradox is by showing th a t  the internal stress 

required to  m aintain a constant velocity profile depends on flow derivatives, thus altering 

the  wave speed w ithout introducing damping. By contrast, an inviscid shear flow does 

not m aintain  the  same profile shape, bu t it can be shown th a t longs waves are sta tionary  

at a position of hydraulic control. M any real situations will lie between these two limits, 

in being influenced by friction bu t not m aintaining the  shape of the  velocity profile. It is 

not yet clear th a t there are any general results to  apply in such cases. This problem  is 

currently being investigated.

In the  Bosphorus the upper layer becomes th inner as it progresses from the  contraction 

to  the Sea of M arm ara. Simultaneously the  shear increases indicating th a t the  flow cannot 

be assumed to  be inviscid. Furtherm ore, the  assum ption of inviscid flow would ignore 

earlier findings th a t  friction and entrainm ent are im portant. On the  other hand, the 

sim ilarity assum ption approxim ately holds. On the basis of th is theory, the flow would 

have been supercritical a t the  exit toward the Sea of M arm ara, instead of m arginally
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subcritical or critical as predicted by classical inviscid theory. This in tu rn  means th a t 

the  exchange was bounded by two hydraulic controls, i.e. it would have been maximal.

The analysis was carried out for a homogeneous single layer flow in a rectangular channel. 

Effects of stratification and non-rectangular cross-section were not taken  into account 

b u t should have no effect on the m ain problem  which is th a t in dispersive flows waves 

are dispersive as well. So, as we introduce friction, entrainm ent and viscosity into the 

problem, is it appropriate to  define control by means of the speed of an  inviscid long 

wave? This was discussed by Hogg et al. (20016) who examined the  propagation of waves 

through a  stratified shear flow through a  constricted channel. T hey did find an  extension 

of the usual concept of control, in th a t waves, in particular so-called vortical modes, did 

not seem to  be able to significantly affect the depth  of isopycnals. In th is sense they 

appeared to  conform to  the  behaviour of the  interfacial mode in two-layer theory, bu t the 

situation is complicated as various different waves may occur. Perhaps, one should, when 

considering sheared and viscous flows, re tu rn  to  the  physically m ost convincing meaning 

for hydraulic control which comes from showing th a t solutions to  the  m om entum  and 

continuity equations no longer exist if one tries to, say, reduce the  upstream  reservoir level 

further. It is not clear to  me, w hether th is can be done by analytical means. If not, a 

numerical sim ulation could provide answers.

7.2. Recommendations for Future Work

This thesis has revealed previously unknown details and complications of the  flow in the 

Bosphorus. Simplified theoretical analysis has shed light on some issues b u t probably 

raised as m any questions as it answered.

Two m ost interesting scientific issues, which await future investigation, concern the 

hydraulic sta te  of the Bosphorus exchange a t the  exit toward the  Sea of M arm ara and the 

physical processes th a t cause mixing between the  layers.

Exit Control at the Sea of Marmara

The exchange in the Bosphorus will be maximal if it is bounded by a sill control on 

the  side of the  basin w ith less dense w ater (the Black Sea) and by an exit control on
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the side toward the  denser w ater (the Sea of M arm ara). Our observations confirmed the 

control a t the N orth  Sill. On the  o ther hand, the control a t the South Exit remains 

somewhat uncertain, because, first, the  classical two-layer control conditions = 1 was 

only m arginally fulfilled and, second, the  effect of shear on the hydraulic control condition 

is not yet fully understood.

Therefore the question arises how else the  existence of the exit control could be de

term ined. A definitive indicator would be a hydraulic jum p. An easily observable jum p 

would, however, probably not occur because the shallow supercritical flow would eventu

ally adjust to  subcritical flow through a frictional change w ith no obvious jum p.

A more compelling point might be th a t  a t tim es the surface flow from the  Bosphorus 

enters th e  Sea of M arm ara as a  shallow and narrow turbulent buoyant jet. The significance 

of this is th a t the  exchange is isolated from changes in the interface depth  in the Sea of 

M arm ara^, which is the  precise meaning of a  control.

O ur surveys did not extend into the  Sea of M arm ara. Therefore, we do not know if 

the  surface flow on transect T2 (flgure 3.23) continued as a jet flowing into higher density 

Sea of M arm ara water. If it did not, then  the  exit region could have filled w ith Black 

Sea water, thereby lowering the  interface. The control would have been lost, or “flooded” 

as th is process is also called. There are indications in the literature th a t bo th  scenarios 

occur.

The satellite images shown in figures 2.4 and 3.12 indicate a  jet-like outflow for June 

16, 2 0 0 0 , bu t w ithout any inform ation about the  sub-surface density structu re  of the flow, 

it is difficult to  draw any conclusions from those images. Be§iktepe et al. (1994) describe 

the larger scale salinity distribution in the  Sea of M arm ara during spring and summer 

(figure 7.1). The upper layer entering the  Sea of M arm ara had a salinity of 19 to  20 psu 

during bo th  tim es, b u t whereas the  je t stood clearly out from the more saline surrounding 

waters in May 1987, it was hardly detectable in September 1988. The authors present 

some current m easurem ents from the  exit region and conclude th a t a well defined je t is 

more likely to  occur during strong outflow conditions, bu t th a t  its existence might also 

depend on the variable wind-conditions and circulations patters in the  Sea of M arm ara.

^The analogy would be the water jet coming out of a garden-hose where any change of the jet would not 

affect the flow w ithin the hose.
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17-22 May 1987 20-25 September 1988

Figure 7.1.: Distribution of surface salinity (from 5m depth) in the eastern Sea of Marmara

for May 1987 (left) and September 1988 (right). The figure is adapted from figure 9 in (Be§iktepe 

et al., 1994).

Hence, to  answer the question whether the je t indicates a hydraulic control, fu ture ob

servations should focus on the Bosphorus - Sea of M arm ara junction  region. Detailed 

hydrographic and current observations, preferably supplem ented by continuous current 

and sea-level m easurem ents w ithin the  stra it, should be compared w ith predictions from 

numerical models (e.g. Wang, 1987) and laboratory experiments (e.g W hitehead & Miller, 

1979). Theoretical analysis would be necessary to  determ ine the appropriate  control con

dition for a th in  s tra it outflow, influenced by friction, mixing and possibly ro tation.

The Physical Reasons for Entrainment and Mixing

Mixing across gravitationally stable density interfaces is an im portant process, b o th  when 

studying geophysical phenomena, such as the  development of the upper-ocean mixed layer, 

and in engineering applications, for example, the  spreading of hot w ater discharges from 

power plants. However, as sta ted  by Fernando (1991), despite almost a century of research 

we still lack universal laws quantifying this fundam ental process.

Figure 7.2 depicts the  situation of a  two-layer flow w ith a sheared density interface and 

turbulen t layers below and above. Very much simplifying the results of previous studies 

(e.g. Pedersen, 1980; Turner, 1986; Christodoulou, 1986; Lawrence et al., 1991; Fernando, 

1991; Sullivan & List, 1994; Silva et al., 1996), we may distinguish three m ain regimes: 

For small values of the so-called layer bulk Richardson num ber Ri(, the  flow is everywhere
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Figure 7.2.: Idealised two-layer flow with a density interface with thickness ô embedded in a

turbulent shear flow with turbulent structures of size I. Adapted from figure 11 in (Sullivan & List,

turbulent, even in the pycnocline separating the  two layers. Small-scale turbulence pen

etrates the  density interface and lifts fluid from the  interface into the  turbulence layers 

where it is rapidly mixed. For interm ediary values of Rift, where the density interface itself 

is no longer turbu len t, large scale turbulen t eddies in the  turbulent layers scour fluid of 

interm ediate density from the  edge of the  interface. The interm ediate density fluid may be 

created by Kelvin-Helmholtz or Homboe instabilities which are formed a t sheared density 

interfaces under certain conditions in which the  destabilising effect of shear overcomes the 

stabilising effect of the  density gradient. For even higher Rift-values, instabilities do not 

arise. Instead interfacial waves are formed, presum ably generated by random  pressure 

fluctuations induced by turbulent eddies, which may eventually break due to  the  destabil

ising effect of the  m ain shear. However, when these waves break much less mixing appears 

to  occur th an  in the case of Kelvin-Helmholtz instabilities.

The observations shown in section 3.4 suggest th a t in the Bosphorus mixing might 

operate m ainly in the  second regime, because we observed both  interfacial instabilities and 

turbulence w ithin the layer (generated by interaction of the  flow w ith the  topography).

Perhaps, finding turbulence to  be stronger in the  upper than  in th e  lower layer would 

explain why entrainm ent is prim arily upwards along the southern section of the  Bospho

rus. An alternative explanation would be a displacem ent between the  density interface
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Figure 7.3.: Left: lUusfration of a stably stratified two-layer shear flow. Two-layers with densi

ties Qi and Oj have yol different velocities Ui and [/g- The velocity jump and density jum p across 

the shear-layer arc Af and A g. respectively. 6u is the thickness of the shear layer and Sg is the 

thickness of the density interface, d is the possible displacement between the centre of the shear 

layer and velocity interface. The flow is assumed to be 2-dimensional, that is homogeneous in 

y-direction. Middle: Profiles of erg [kgm~^] (blue), vertical velocity shear du /dz  [s“ ]̂ (red), and 

buoyancy frequency N -  [s~ ]̂ (green) from the contraction (August 2 f, 1998). The yellow star 

shows the depth of the zero-velocity iso-tach. Vertical resolution is 2m. Right: From the South 

Exit (August 20, 1998).

and velocity interface as schem atised on the  left-hand side of figure 7.3. A configuration in 

which the  velocity interface lies above the  density interface (or be tter, where the  surface of 

m axim al shear lies above the  surface of m aximal density gradient) should favour instabili

ties to  “grow” towards the  upper layer (see (Lawrence et ai, 1991) and (Yonemitsu et al., 

1996) for laboratory simulations and m athem atical details), thereby causing entrainm ent 

ra ther th an  symmetric mixing. The profiles of density, buoyancy frequency, and  shear in 

figure 7.3 indicate th a t the  vertical resolution of our d a ta  might be sufficient to  a ttem p t 

a stability  analysis of the  flow in the  Bosphorus. The sounder images would have to  be 

analysed for indications of instabilities.

If future observations to  th is end were to  be undertaken in the  Bosphorus, it would 

probably be b e tte r to  do continuous AD CP and sonar measurem ents as well as CTD yo- 

yoing from a  stationary  instead a moving vessel. Obviously this would be a  challenging 

effort under strong currents and heavy ship traffic. Considering, however, th a t there  have
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been very few studies of interfacial instability outside laboratories and theoretician’s heads, 

it might be w orth the  trouble.

7.3. A Three Century Old Concluding Remark

This is the  end of th is thesis, and of several years of work. Let me conclude by quoting 

Marsigli who more th an  300 years ago wrote

"... However the observed m otions make th is clear and give reason for 

thinking of more profound investigation on the  universal system of the 

movement of water, which needs more corresponding observations and more 

leisure to  discuss them  in depth, and I am sure th a t Your M ajesty will 

already have realised from a similar a ttem p t th a t  my weakness is not equal 

to  Your shrewd intelligence. You will forgive me and supply me w ith be tte r 

reasons in which I will glory, as taugh t by Your M ajesty, who, to  the 

amazement of the  World, knows and judges similar m aterial so well. ... ”
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A. Differential GPS Corrections

Differoutiul CPS (DGPS) operations provide a m ethod to  cancel errors introduced by 

selective availal)ilit\- (SA), which was the  m ain source of error in GPS code positioning, 

and atm ospheric delays th a t originate along the  signal. SA was used by the  United States 

m ilitary as intentional degradation of the  positioning precision of civilian GPS systems to  

about 100m (Heroux & Kouba, 1995). SA was switched off in May 2000 - two weeks after 

our M arch/A pril 2000 survey.

Along, for instance, the N orth-A m erican coast, it is standard  to  elim inate the  effects 

of SA by operating the GPS differentially w ith respect to  known reference positions. 

A dense network of stations broadcast differential correction inform ation which can be 

used by differential GPS receivers. U nfortunately along the  Bosphorus such a perm anent 

system does not exist. Therefore the  positioning accuracy of GPS d a ta  was ra ther poor 

everywhere along the Bosphorus.

The error can be as large a 100m which is significant considering th a t  the Bosphorus 

is only 700m wide a t some places. Indeed, track-lines based on standard  GPS d a ta  from 

October 1997 frequently showed the  vessel steam ing across the  shore-line. It was clear 

th a t this would be a  problem  for the determ ination of layer transports and entrainm ent 

rates.

The problem  was solved as follows: GPS d a ta  were acquired w ith a M otorola V P Oncore 

system which was able to  record satellite pseudo-range (or satellite clock) data . SA dithers 

the  satellite clocks through a random  process. The dithering can be removed, in post

processing, once an  accurate representation of the true  GPS satellite clock is known. These 

accurate representations (satellite clock correction data) are com puted on a  daily basis by 

the  International GPS Service for Geodynamics (IGS) from a m ultitude of high-quality 

GPS receivers stationed all over the world. This processing step is conveniently done w ith



A. Differential GPS Corrections 172

41.14

4̂1.1395

a
■§à  41.139

41.1385

29.0774

J standard  G P S  
differential G P S

- A # - '
' CX'

29.0782 29.0786 29.079 29.0794
Longitude (D egrees East]

Figure A .I .: Scatter plot of 19 hours of standard and differential GPS data. The sampling rate 

was 0.5Hz; the figure shows only every 30th sample. The data were obtained during an overnight 

GPS logging while the vessel did not move.

software and clock correction files from the Geodetic Survey Division of Geomatics C anada 

(Heroux & Kouba, 1995; gps, 1997). The more difficult step was the logging of the  satellite 

clock d a ta  and the conversion of these d a ta  into a form at suitable for post-processing. I 

have docum ented details in a  d a ta  processing report which is available on request.

Figure A .l illustrates the  improvement in positioning accuracy achieved by the  post

processing. Before post-processing 6 8 % of the estim ates fie in a circle w ith radius 40m 

around the  m ean position, or pu t more negatively, 5% of the estim ates deviate from the 

m ean by 75 to  1 1 0 m in any direction. After post-processing only 5% of the  estim ates 

deviate from the  m ean by more th an  4.5m and 6 8 % deviate by less th an  3m from the 

mean.

For the  M arch/A pril 2000 survey DNHO had installed a shore sta tion  w ith was able to  

broadcast differential corrections in real-tim e to  be used by a Sercel D G PS receiver on the 

TC G  M esaha I. However, these DGPS d a ta  turned  out to  have a worse precision th an  the 

post-processed d a ta  from our M otorola GPS which we had brought as a  backup system. 

Furtherm ore the shore station  seemed to  have a  lim ited range so th a t its signal could not 

be received in the northernm ost and southernm ost parts  of the stra it. I decided to  again 

post-process the M otorola GPS data.
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Ionospheric delays of the  GPS signals are another source of error, bu t I estim ated th a t 

these cause errors not larger th an  about 1.5m in the  horizontal. This is negligible.
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B. Tidal & Spectral Analysis of Sea-level Data

To a  good approxim ation an increase of air-pressure by Im bar suppresses the  sea-level 

by 1cm (Lisitzin, 1974). Low frequency air-pressure fluctuations of up to  lOmbar were 

observed during our experiment. In order to  avoid th a t  these show up in the tida l analysis 

as long-period constituents, for instance as a the  fortnightly MSF constituent, I added the 

Sariyer air-pressure to  the Anadolukavagi sea-level d a ta  and the  Goztepe air-pressure to  

the  Golden Horn sea-level data. Each record was reduced by its m ean value.

For the  following only the  sea-level d a ta  obtained between 00:00 AM, M arch 27 and 12:00 

PM , April 5 were used, th a t is the  time-series ends before the  Orkoz begins. The tidal 

analysis was done in MATLAB using T_TIDE (Pawlowicz et al., 2002). Nodal corrections 

were applied to  am plitude and phase. Shallow w ater constituents were not taken into 

account because it was not clear which shallow w ater constituents (if any) are im portant 

a t the  Bosphorus. Figures B .l and B.2 show the results of the  analysis for th e  northern 

and southern sea-level data, respectively.

In the  no rth  a t Anadolukavagi tidal am plitudes are a t most 3cm. The tide is mixed 

bu t mainly semi-diurnal as it is in the  Black Sea (see Alpar & Yüce, 1998). 25% of the 

variance is explained by the  tidal fit. In the Golden Horn the tidal am plitude is a t most 

4cm. The tide is mixed but mainly diurnal. Here, 50% of the variance is explained by the 

tidal fit.

I repeated the  analysis (not shown here) using the entire sea-level record w ith  a length 

of 21 days. Then the tidal fit explains 30% of the variance a t Anadolukavagi and 28% 

of the variance a t the  Golden Horn. The difference to  the  previous results is due to  the 

inclusion of the  Orkoz event which increases the  sea-level variance in the south.

In conclusion, between 25% and 50% of the variance in sea-level is due to  diurnal and 

semi-diurnal tides. Higher frequency tidal components are unim portant. The rem aining
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part of the variance is under normal circumstances due to  meteorological forcing w ith time- 

scales of a  few days. B ut short-lived meteorological events as the  Orkoz may contribute 

to  the variance as well.
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Figure B .l .:  Analysis for Anadolukavagi (northern) sea-level record. Upper: Original sea-level 

record, tidal prediction, and original sea-level minus tidal prediction. Middle: Analysed tidal con

stituents. Lower: Power spectrum o f original sea-level and original sea-level minus tidal prediction. 

T-TIDE output: nobs = 228, ngood = 227, record length (days) =  9.50, start time: 27-Mar-2000 

00:30:00, rayleigh criterion = 1.0, Greenwich phase computed with nodal corrections applied to am

plitude and phase relative to center time, xO= 0.00012, x trend= 0, var(x)= 0.0010632, var(xp)=  

0.00026269, var(xres)= 0.00080031, percent var predicted/var original= 24.7, tidal amplitude and 

phase with 95% C l estimates.
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Figure B.2.: Analysis for Golden Horn (southern) sea-level record. Upper: Original sea-level

record, tidal prediction, and original sea-level minus tidal prediction. Middle: Analysed tidal con

stituents. Lower: Power spectrum of original sea-level and original sea-level minus tidal prediction. 

T-TIDE output: nobs = 228, ngood = 227, record length (days) = 9.50, start time: 27-Mar-2000 
00:30:00, rayleigh criterion = 1.0, Greenwich phase computed with nodal corrections applied to 

amplitude and phase relative to center time, xO= -O.OOOfSf, x trend= 0, var(x)= 0.00094 073, 

var(xp)= 0.00050888, var(xres)= 0.000)3247, percent var predicted/var original= 5).l
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C. Determination of Offset of Sea-level Data

DNHO pr(n-i(l(‘(l sea-le\"el d a ta  from two stations, the  northern one a t Anadolukavagi 

and the southern one a t the Taskizak Navy ship-yard in the Golden H orn (figure 2.4). 

We expected the two sea-level recorders to  be geodetically levelled but apparently  they 

were not. D ata from the Anadolukavagi sta tion  have been used in several studies (e.g Di 

lorio & Yüce, 1999: Gregg et a l, 1999; Cetin, 1999) in which they  are com pared to  data  

from Fenerbahce which is in the  Sea of M arm ara, about 10km east of the  South Exit. 

Presum abl)' these two stations are geodetically levelled which suggests th a t  the problem 

is w ith the Taskizak station.

I comm unicated the  problem to  L t.JG  Ahm et Unlu from DNHO. For a different period 

of tim e he compared the  Taskizak d a ta  w ith those from another sta tion  and concluded 

th a t  the  Taskizak d a ta  might be too large by 22cm. He also said th a t another error of 

some sort m ight have been m ade so th a t I should add another 6 cm. In to ta l I should 

subtract 28cm from the  southern sea-level data. However, he emphasised strongly th a t 

these num bers were not based on actual m easurem ents bu t more on his guesswork. Hence 

they  are uncertain.

I independently tried  to  establish the offset in two different ways:

Method A: Table C .l  summarises inform ation from the literature on the  relation between

layer currents or transports  and sea-level difference. Most useful for my purpose are the 

current d a ta  from C etin  (1999) and Gregg et a l (1999) (identical data-sets) because they 

are from current m eters which were deployed at alm ost the same location as our bottom - 

m ounted ADCP. The readings are from single depths and, hence, might be different from 

average values. During exchange flow conditions our upper layer currents varied between 

—0.9ms~^ and 0.5m s"^ (see figure 3.8). According to  table C .l the  corresponding sea-
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Date or Season SL stations SL diff. Curr. or Tiansp.

Alpar & Yuce (1998) Spring ’85 
Spring ’86

Ana.Kav. - Ortakoy 

Ana.Kav. - Ortakoy

26 ±  7cm 

34 ±  7cm

not available 

not available

Dilorio & Yuce (1999) Nov/Dec ’95 

Nov/Dec ’95

Ana.Kav - Fenerb. 

Ana.Kav - Fenerb.

% 20cm 

% 30cm

Q2 ^  lOOOOm^s-i 

Q2 «  5000m^ s” i

C etin  (1999)

equal to 

Gregg et. al (1999)

Sept 8, ’94 

Sept 10-12, ’94 

Sept 13, 94

Ana.Kav - Fenerb. 

Ana.Kav - Fenerb. 

Ana.Kav - Fenerb.

40cm 

25cm 

37 cm

Ml =  —0.8ms“ ^, U2 =  0.65m s"^ 

ui =  —0.4ms“ ^, U2 =  0.75ms"^ 

Hi =  —0 . 6 5 m U2 =  0.75m

Table C .l .:  Sea-level difference and current/transport data pairs from the literature. Ortakoy is 

located at thalweg 7km. Di lorio & Yüce (1999) estimated the lower layer transport at the North 

Sill. Cetin (1999) and Gregg et al. (1999) measured the currents with current metres, the location 

of which was close to that of our bottom-mounted ADCP. Their measurements are from a single 

depth.

level differences between Anadolukavagi (figure 2.4) and Fenerbahce (about 1 0 km  east of 

South Exit) in Sea of M arm ara) lie between 30cm and 40cm. Assuming th a t  sea-levels at 

Fenerbahce and at the  South Exit are identical, th is means th a t the  sea-level change is 

about 35cm over a distance of 25km (from Anadolukavagi to  the South Exit) which gives 

an average slope of 1.4cm/km. According to  A lpar & Yüce (1998) the  surface slope is 

about twice as large in the south  as in the north. Hence, I will assume th a t  the  surface 

slope in the  south was 2cm /km . The distance between the m outh of the  Golden Horn 

and the South Exit is 4km so th a t we would expect the  sea-level in the  Golden Horn 

to  be about 8 cm less th an  at the  South Exit. Therefore th is analysis suggests th a t  our 

observed sea-level differences (during exchange) should have been between 20cm and 30cm. 

However, these values m ust be too  large, because w ith them  the  sea-level difference would 

be 0 cm when the  upper layer current reached maximum northw ard velocities of 1 .2 m s“  ̂

a t the peak of the Orkoz.

Method B: Because of the  Orkoz, the upper layer current was zero a t two tim es (see

figure 3.8). Friction along the  side-walls was zero. Interfacial friction was even smaller 

th an  during exchange conditions because of the  reduced velocity difference between upper 

and lower layer. Hence, the upper layer m om entum  equation reads (derived from (2.1))

du i dh i hi dgi
(0 .1)
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which can be approxim ated as

l/14Q000(6egm),—l/36Q000(end),l/50Q000(auem3e)  ̂ 1/265*000

where H i % 40 is the upper layer thickness, Ai^x the  unknown sea-level difference, L  % 

21km the  distance between Anadolukavagi and the  m outh of the Golden Horn, go «  

1015kgm“ ^, A gi % 4kgm~^ the  density difference between the  Black Sea and Sea of 

M arm ara, and Aî7i the change of upper layer velocity over the tim e interval A T .

Although tim e-dependence can normally be neglected in the Bosphorus, it is significant 

during the  Orkoz because the  upper layer changed direction in a relatively short period of 

time. On April 5, 12:00, when it began to  reverse, it moved southward w ith —0.5m s“ .̂ 

6.5h later it reached a m aximum  speed of l.S m s"^ . W ith  these values the  du /d t term  is 

almost twice as large as the  density gradient term . The opposite process a t the  end of 

the Orkoz was slower; the upper layer velocity decreased from -t-O.Oms""^ to  —0.5m s"^ in 

l lh .

The m agnitude of the three different term s is indicated below each in (C.2). The du /d t 

term  shows th ree values which represent the  beginning and end of the  Orkoz, and the 

average of the  two. The corresponding solutions for A H i are then  —0.07m, -f 0.13m and 

0.03m. The last solution makes the reasonable assum ption th a t the density gradient 

between the  basins rem ained constant.

Conclusion: I have used the  result from m ethod B to  establish the  correct sea-level

difference, th a t is I subtracted  28cm from the  southern sea-level record. This happens to  

be the value suggested by L t.JG  Ahm et Unlu, bu t it is about 15cm less th an  asked for 

by the  result of m ethod A. Considering the  approxim ations m ade the  discrepancy w ith 

m ethod A is not surprising: a) according to  L t.JG  Ahm et Unlu geodetic levelling a t the 

Bosphorus has an  uncertainty of ±5cm  and my m ethod A calculations could easily be 

wrong by the same am ount, b) there could be a  sea-level difference between Fenerbahce 

and the South Exit an d /o r the  sea-level slope is larger th an  assumed, and c) the  upper 

layer currents reported by C etin (1999); Gregg et al. (1999) might be smaller th an  the 

average layer speeds if the current m eter was close to  the interface which m ight be the 

case because the  current m eter m ust have been set sufficiently deep to  avoid big ships.
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D. Determination of Entrainment Rates

In his 1966 nobel lecture Richard Philips Feynman (1918 - 1988) said ‘We have a habit 

in writing articles published in scientific journals to make the work as finished as possible, 

to cover up all the tracks, to not worry about the blind alleys or describe how you had the 

wrong idea first, and so on. So there isn’t any place to publish, in a dignified manner, 

what you actually did in order to get to do the work. ’ If I took th is criticism to  heart 

th is appendix would tu rn  into a  saga which would not be in anybody’s interest. As a 

compromise I will try  to  describe in detail the steps toward the  determ ination of the 

entrainm ent rates and their uncertainty.

D .l. Basic Equations

Due to  the  two-layer structure of the flow in the Bosphorus, it is possible to  find the 

entrainm ent fluxes <5 i 2 and Qgi by m aking use of the steady sta te  salt and volume con

servation equations (figure D .l). The layer volume fluxes Q\ and Q2 are obtained by 

integrating the  velocity over the cross-section

/ rm r  rV2

dy / dzui {y , z )  and Q2 = dy / d z u 2 {y , z ) ,  (D .l) 
J r)2 ^ H

and the  layer salt fluxes are given by

r  (D.2 )
SF2 —

/ rm
(̂ 3/ /  « 2 (3/, ::)%(3/, /Z)g2 (3/, -

Here, H,  % and rji are the position of the  bottom , interface, and surface, respectively. 

The interface is defined by the  depth  of the  zero isotach (where n =  0). The subscripts 1 

and 2 are for upper and lower layer, and the  subscripts M  and B  indicate the  cross-section
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Figure D .l.:  Compartment flows in the Bosphorus two-layer system. The subscript M and B

indicate the flows through the boundaries toward the Sea of Marmara and Black Sea, respectively. 

All quantities are positive.

closest to  the  Sea of M arm ara and the  Black Sea, respectively. In general, the variables 

will vary over the  cross-section.

Conservation of volume is described by

Q i m  +  Q i 2 — Q i b  +  Q 21 and Q2M +  Q 12 =  Q 2B +  Q21 , (D-3)

and conservation of salt by

S Fi m + j  j  d x u i 2 i x , y ) S i { x , y ) g i { x , y )  ^  S F i b  +  J  dy j  dx U2 i i x , y ) S 2 i x , y ) g 2 { x , y )  ,

(D.4a)

=  +  ckK2i(z,2/)S'2(z,3/)g2(2:,!/),

(D.4b)

where and gi ^2 are the  salinities and densities of the  waters entrained w ith velocities 

« 1 2  and «2 1 - The quantities may vary w ith x  and y.

To a good approxim ation we have ^(i,2)m(2/> =  g(i,2)g(%/, •*) =  Qi,2 {x, y)  so th a t density

can be elim inated from (D.4). The maximum  error, based on minimum and maximum 

densities observed at the  Black Sea and Sea of M arm ara exits, respectively, is (1028 — 

1011)/1028 w 1.6%. For my calculations the density differences are smaller so th a t the 

error is about 1%. Because we do not know how the entrainm ent velocities vary between 

the  cross-sections M  and B , we m ight as well assume th a t they are constant^. T hen we 

^Qualitatively one may be able to  infer variations from the echo-sounder im ages but for the sake of 

simplicity I w ill ignore th at possibility for now.
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may also assume the salinities ol the eutiained water to  be constant so th a t (D.4) simplifies 

to

SFim  + Q 12S 1 — SFii; + and SF 2M + Q 12S 1 = SF 2B + Q21S 2 , (D.5)

where the  salt fluxes S F  are delined as in (D.2) but without density variables in the 

integrand, and where

S i ^  + Sib)  and S2 = - { S 2M + 8 2 3 ) ■ (D.6 )

The set of equations (D.3) and (D.5) can be solved for the entrainm ent fluxes Q i2 and

0 2 1 :

QTo =  -  % ( 0 1 M -  0 1 B ) , (D.7a)
0 2  — Ol

-  %(02Af -  0 2 g ) , (D.Tb)
O2 — Ol

0 2 1  =  m ^  (SF i m  — S F i b  -  Si(QiM -  0 i b )  , (D.7c)

0 2 T  -  ( ^ f 2 M -  ^ f 2 B -  (02M -  02B) - (D.7d)

We see th a t, if 5'i and S 2 are given by (D.6 ), we need to  know all four salinity variables 

(for upper and lower layer and at bo th  cross-sections), bu t only two volume flux variables 

(either the  upper or lower layer fluxes). If salinity is constant over the  layer cross-section 

then  we may use S F  = Q ■ S,  and if velocity is constant bu t not salinity then  we may use 

S F  = Q ■ S  where S  — ^  J  dy J  dzS{y,  z) is salinity averaged over the  cross-section. W ith  

th is approxim ation (D.7) becomes

0 1 2  =  C ^ ( 0 1 M*S'im -  0 1 B'S'lB -  % ( 0 1 M -  0 i b )  , (D.Sa)
0 2  —  O l

0 1 T  =  ^  _  ' ^ (0 2 M%M -  Q2BS2B — % ( 0 2 M -  0 2 a )  , (D.Sb)

0 2 1  =  c ^ ( Q i m S i m  — Q i b S i b  — S i (Qi m  — Q i b ) , (D.Sc)
O2 — Ol

02T  = c 3-(02M%M -  Q2BS2B -  5'i(02M -  02a) • (D.Sd)
0 2  — 0 1

It m ight seem odd th a t I have presented two expressions for 0 1 2  and 0 2 1  although 

it is clear th a t  0"g =  and 0 2 i — 0 ^  m ust be valid. This is true  in theory bu t 

the m easurem ent reality is th a t some quantities might have been m easured w ith b e tte r
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accuracy th an  others (or some have not been m easured at all) so th a t  we might prefer 

one equation over the other in order to  reduce the  uncertainty of the  estim ate for the 

entrainm ent fluxes. I will discuss th is in detail in the following section.

D.2. Uncertainty of Entrainment Estimates

W hereas the  determ ination of the  entrainm ent rates is a  simple m atte r in theory and also 

when the  variables are obtained from num erical simulations (e.g. Stashchuk & H utter, 

2 0 0 1 ), it tu rned  out to  be a ra ther cumbersome process for our observations from the 

Bosphorus. The m ain reason was th a t  many sources of error needed to  be considered and 

their im pact on the entrainm ent estim ates evaluated. In w hat follows I explain how this 

was done.

D.2.1. General Expression for Uncertainty of Entrainment Estimates

The uncertainty in a function q of several variables x i .. m easured w ith uncertainties 

S x i . . .  Sx n  is given by (e.g. Taylor, 1997)

provided the uncertainties in Sxi .. . Sxn  are independent and random . In any case, the 

uncertainty is never larger than

<
dq

dxi
Sxi T . . . T dq

Sx n  ■ (D.IO)

The uncertainty of Q 12 and Q21 can be evaluated by applying (D.9) and (D.IO) to  

expressions (D.7) and (D.8 ) as soon as the uncertainties of the layer transports  and layer 

salinities (or of the salt fluxes) have been determ ined. The resulting expressions, which I 

do not show here because of their length, are derived and evaluated easily w ith  the  aid of 

a com puter algebra system. I have used Maple from W aterloo M aple Inc..

D.2.2. Sources of Error

I distinguish between four kinds of errors. The first two are the  system atic and the 

random  errors. These can be well estim ated. The th ird  kind are, w hat I call, ’errors
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due to  incomplete m easurem ent’ which occur because a part of the  to ta l volume and 

salt flux has to  be estim ated ra ther than  measured. And the fourth kind is due to  the 

tim e-dependence of the  flow.

Systematic Errors

System at ic errors in the salinity measurem ents are of no concern because the entrainm ent 

estim ates do not change if an arb itrary  constant is added to  all salinity values or if all 

values are miiltiplit'd by the same factor (e.g. Pawlowicz, 2001).

On the o ther hand, system atic errors in the AD CP discharge m easurem ent will have 

an effect on the entrainm ent estim ates, bu t it can be estim ated easily. For example, if all 

discharge estim ates are too large (small) by 1% (5%,10%) then the entrainm ent estim ates 

will be too large (small) by the same percentages. There are many sources of AD CP 

system atic errors (see, for instance, (Simpson & Bland, 2000)), bu t the m ost im portant 

one in the  Bosphorus seems to  be errors in the  speed of sound c which is used by the 

A D CP to  calculate current velocity and the  channel depth. The AD CP uses either a 

fixed value for c or calculates its using the tem perature  m easured a t the  transducer face 

and a fixed salinity value. Because the  calculated sound speed deviated slightly from the 

one based on the  CTD m easurem ents, I applied a simple correction (e.g. Gordon, 1996), 

after which the A D C P’s bottom -track velocity agreed w ith the  GPS derived velocity to  

± lc m s “ .̂ S tratification causes the sound speed to  vary with depth. This does not affect 

the  horizontal velocities, however the  depth m easurem ent is biased. I corrected th is using 

the  m easured sound-speed profile (Gordon, 1996). The correction assumed zero horizontal 

sound-speed gradient which was in general a good approxim ation save on a few transects.

I estim ate th a t after all corrections the bias in the m e a s u re d  part of the layer transports  

to  be about 2% and for a  few bad cases to  be about 5%.

Random errors

Discharge Measurement The effect of random  errors on discharge determ ined from 

broad-band A D CP m easurem ents is discussed by Simpson & Bland (2000). The equa
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tion for estim ating the  random  error in a discharge m easurem ent is given by

 ̂ (  100^1  +
1/2

(D .ll)
0.7bNfjNgNyjp \  Vfn J Nsf^bp \  Vm /  N b^s Ns

where aq  is the  standard  error of a typical m easurem ent of full-channel discharge in 

percent, Ou, is the  single-ping, single-bin w ater velocity uncertainty in cms“ ,̂ Vm is the 

m ean stream  speed in cm, cr& is the single-ping bottom  track  velocity uncertain ty  in cms“ ,̂

(Tp is the  standard  deviation of single-bin velocity m easurem ents due to  na tu ra l stream  

pulsations, in percent of mean speed, abt is the standard  error of m easured depth, in 

percent of m ean speed, Nb is the average num ber of dep th  bins, Ng is the  to ta l num ber of 

subsection measurements, N^p is the  num ber of w ater pings per subsection m easurem ent, 

Nbp is the  num ber of bottom  pings per subsection m easurem ent, and the constant 0.75 

takes into the  account the AD CP bin-to-bin correlations (roughly 15%). The four error 

term s are assumed to  be statistically  independent, and the  stream  pulsations are assumed 

to  be uncorrelated from bin to  bin.

For a cross-channel transect between Rum elihisari and Anadoluhisari (Transect T310300_la 

on M arch 31, 2002 at 09:50 UTC) the values of the error param eters and typical values 

of the o ther variables are as follows: ~  1 0 cms“ ;̂ ab % lcm s“ ;̂ Vm % 1 0 0 cms“ ;̂

CTp =  12% (Simpson & Bland, 2000); abt ~  2% (RD Instrum ents Inc. estim ate for a  four- 

beam  AD CP (Simpson & Bland, 2000)); Nb % 20 for one layer; N^p — 2; and Nbp = 1. 

These values lead to  a value of

(7Q =  0.3% . (D.12)

If the assum ption of uncorrelated random  errors is not true aq  m ight be larger. In 

particular, the  channel pulsations are likely to  be correlated vertically between bins and 

horizontally between adjacent ensembles. For their example Simpson & B land (2000) 

estim ate th a t  th is might increase aq  by a  factor of 4. For my purposes I will assum e th a t 

the random  error in the  m e a s u re d  part of the  layer transports is not larger th an  1.5%.

Salinity and Salt Flux Measurement Salinity was m easured w ith a  Seabird 19 CTD 

profiler. The m anufacturer gives an initial accuracy for salinity of about SS = 0.005 psu. 

The uncertainty of the layer averaged salinity will be of the order of 5S/N^/'^ where N  is
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Figure D .2.: Sketch of cross-section of the Bosphorus with measured and unmeasured parts of

the total layer transports.

the  num ber of samples. Clearly th is is negligible. Hence, the random  error of the salt flux 

estim ates approxim ately equals th a t  of the  discharge estimates.

Errors due to  incomplete measurements

Layer Volume Fluxes Our m easurem ents of the layer volume transports  were always 

incomplete because of three reasons: a) there was an unm easured distance of 3.2m near 

the  surface due transducer m ounting dep th  as well as transducer and electronics settling 

tim e (Gordon, 1996), b) signal-loss due to  side-lobe interference occurred in the deepest 

6 % of the  m easured depth (Gordon, 1996), and c) we could not m easure the  flow near the 

shores of the  stra it because of lim itations by the vessel hull depth, propeller draft, and 

m aneuverability (Figure D.2).

The tran sp o rt Qtop in the  missing about 3m thick surface layer was estim ated by using 

either a constant extrapolation from th e  average of the last two m easured velocity bins 

or by a  linear extrapolation from the  last 3 to  4 measured velocity bins. For uniform flow 

bo th  m ethods give the same result, whereas for sheared flow the  constant extrapolation 

underestim ates the  flux. I generally used the  linear extrapolation m ethod to  estim ate the 

transport and used the difference of the  results obtained with the  two m ethods as rough 

indicator of the  accuracy. The contribution of Qtop to  the to ta l upper layer flux Qi,total 

was as small as 7% in the  north  were the  upper layer is thick, and as large as 30% in the 

south when the  upper layer was only 15m thick.

The tran sp o rt Qhot in the missing bo ttom  layer was estim ated similarly whereby the
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linear extrapolation assumed zero velocity a t the bottom . The constant and linear ex trap

olation m ethod always overestimate and underestim ate the  true  flux, respectively. For a 

few test cases I compared these two estim ates w ith estim ates obtained using a  logarithm ic 

velocity profile (which should be the true  profile) or a one-sixth power velocity profile 

(Simpson & Bland, 2000) and found the  average of the  ’constan t’ and ’linear’ estim ate to 

be a good approxim ation. Over flat bo ttom  the thickness of th e  bo ttom  layer was about 

6 % of the to ta l depth  (as predicted for a  20° beam  angle A D CP (Gordon, 1996)), bu t 

about 8 %  on slopes. The contribution of Q h o t  to  the to ta l lower layer flux Q 2 , t o t a l  was 

generally between 10 and 15% and up to  30% for transects w ith a  shallow lower layer.

Finally, the  unm easured transports ( 5 i , e a s t  and Q i , w e s t  of the  upper layer close to  the 

eastern and western shore, respectively, had to  be estim ated. W henever possible we ex

tended the end-points of our transects into areas where the  currents were nearly zero so 

th a t the transports would be negligibly small. This was impossible to  achieve a) in large 

bays which were too shallow to sail into, and b) around the  contraction were the  currents 

were large even very close to  the steep sides. I then  estim ated < 5 l , e a s t )  < 5 i , w e s t  and their 

uncertainties by use of some assumed bottom  profiles and horizontal and vertical veloc

ity  profiles. For instance, I assumed the  bottom  to  be constant or linearly increasing to  

the  surface, and the current to  rem ain constant or to  decrease linearly to  zero along the 

side-walls. The distance between the  transects end-points and the  shore was calculated 

using our differential GPS d a ta  and coastline d a ta  from a  database which was derived 

from Turkish navigational charts. The accuracy of the  distance estim ates is about ±20m . 

(W hereas I know the accuracy of our GPS d a ta  (see appendix A), I had to  estim ate the 

accuracy of the  coastline data. We sometimes sailed very close to  shore and never did the 

corrected GPS da ta  indicate th a t we crossed the  shoreline. Furtherm ore, we frequently 

docked a t term inals a t Anadoluhisari and a t the Turkish Hydrographic Office, the  charted 

position of which agreed well w ith the  GPS derived position.) Nevertheless the  uncertain ty  

of Qi,east and Qi,west is probably as large as 50% to  100%. This does not constitu te a  big 

problem as for most transects the contribution of Q i , e a s t  and Q i . w e s t  to  the  to ta l upper 

layer flux was only 0% to  2%. However, on some transects it contributed about 5%.
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Layer Salinities and Salt Fluxes Along the  northern  part of the Bosphorus the  layers 

were generally found to  have an almost constant salinity in the horizontal and also in the 

vertical save close to  the interface. It was therefore sufficient to  derive the layer salinities 

from a  single CTD profile.

On the  other hand, south of the  contraction, and in particular over the South Sill we 

did observe some variation of salinity across the  channel. Because of heavy ship traffic 

and tim e constraints we were often lim ited to  only one CTD cast per transect. I estim ated 

the resulting uncertainty in the  layer salinities (or layer salt fluxes) using the  horizontal 

variation in salinity th a t we did measure along some transects and which was then  based 

on 2 to  3 CTD casts. I also I checked th a t  my error estimates are consistent w ith more 

detailed observations of density across the South Sill by Gregg & Ozsoy (2002).

Generally I tried  to  estim ate the  layer salinities consistently from transects to  transects, 

because, as pointed out earlier, salinity biases of equal sign and m agnitude have no effect 

on the entrainm ent rates.

Time-dependence Errors

Equations (D.3) and (D.4) assum e a  steady state . From the discussion in section 3.2.2 

it is clear th a t this is only approxim ately tru e  because the layer transports can change 

significantly over a  few hours in a  highly irregular m anner. This was frequently evidenced 

by discrepancies in to ta l volume fluxes obtained a t different cross-sections.

In August 1998 we had no knowledge about the  m agnitude and direction of these fluctu

ations which rendered the determ ination of the  entrainm ent rates almost impossible. On 

the o ther hand, in A pril/M arch 2000 the  bottom -m ounted ADCP provided continuous 

current m easurem ents from which I derived the  continuous record of layer transports as 

shown in figure 3.9 in section 3.2.2. I will briefly explain how the  layer transports  were 

obtained;

I calculated the  layer transports  from 12 cross-channel transects in the  vicinity of the 

bottom -m ounted A D CP between Rumelihisari and Anadoluhisari, whereby I applied all 

the  corrections explained in the  previous section. (We did a to ta l of 16 cross-channel 

transects a t th a t  location but 4 were done during the Orkoz. For the  la tte r the  interface was 

poorly defined.) From  the d a ta  of the bottom  m ounted ADCP I derived layer thicknesses
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and vertically averaged velocities. I then compared the layer transports w ith the vertically 

averaged velocities and with the product of the vertically averaged velocities and the  layer 

thicknesses as shown in hgurc I)..‘I. The second comparison shows a very good linear 

relation. Naturally, it is better than the first, because it takes into account the  variation 

of the interface depth. Using the obtained regression coefficients the  AD CP velocity 

samples were transform ed into layer t rausports. Theoretically, an even b e tte r  regression 

can be done if it is taken into account tha t the stra it has a  non-rectangular cross-section, 

th a t  is th a t the layer areas do not change linearly w ith the layer thickness. However, 

th is requires a very good knowledge of the cross-sectional shape which our d a ta  could 

not provide (for instance, becanse the transects were not all done a t exactly the  same 

locations). Furtherm ore, a t the  level of the interface the  channel sides are relatively steep 

and, because of friction, the currents are small.

Having derived the  continuous record of layer transports it was possible to  decide 

whether they  had changed significantly between two transects. I also took into account 

the  corresponding change in sea-level. If the changes were large it was difficult to  use 

the  layer transports to  calculate the entrainm ent rates. For instance, it was generally 

impossible to  compare transects from the northern  end of the stra it w ith  those from the 

southern end because the tim e difference was a couple of hours during which the  flow 

changed significantly. On the other hand, if the  change was small I applied a small correc

tion  to  the  layer transports from one of the cross-sections so th a t they  would represent the 

transports  a t the tim e of the other cross-section. One flaw of this m ethod is th a t, strictly  

speaking, I should also have adjusted the layer salinities, because entrainm ent depends on 

the  layer velocities. U nfortunately the da ta  base was somewhat too slim for a system atic 

investigation of th is problem.

Expressing the tim e-dependence error in num bers was difficult. I t was also not always 

clear w hether this would constitute a random  or a  system atic error. The m ost consistent 

m ethod was the comparison of the  net transports from two cross-channel transects.

Summary

In summary, the tim e dependence errors often tu rned  out to  be as large or larger th an  

the  sum of all the other errors, th a t  is it accounts for about 50% of the  uncertain ty  in
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F igure D .3.: Upper two panels: Comparison between layer transports and average layer velocities

measured by the bottom-mounted ADCP. Lower two panels: Similar, but the average layer velocities 

were multiplied with the layer thicknesses. The layer transports were derived from cross-channel 

transects between Rumelihisari and Anadoluhisari, that is in the vicinity of the bottom-mounted 

ADCP.
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the entrainm ent estim ates which varied between 100 and 300m^s“ ^. Clearly the  time- 

dependence error conld have been reduced to  zero if cross-channel transects had been 

done simultaneously from two vessels.
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E. Detrainment From an Active Into a Passive Layer

We ignore friction and topographic effects and use W21 = 0. Then (4.61) becomes

1

a x - l - F ? - F |
r 2  /  1 . .  1 77-2 1 \  ^  ( ^ - 1 /

We modify th is expression in order to  be able to  approxim ate it appropriately if <^1. 

Using ^  =  | f  . 1 ^  we obtain

dx 1 - F f -  F |

\  2 y h i h2  4

Certainly when F^ 1 we obtain 

cHt2  _

(E.2)

(E.3)
dx  1 —

The first term  in the innerm ost pair of parenthesis can be rew ritten as

In  addition to  F f  -C 1 we now also assume th a t the  upper layer is thicker th an  the  lower
dh-2 
dx

^ "I ( 777^^2 -  I • (E.5)

The last approxim ation might not always be justified. If h\ ^  /i2 the  first term  in the 

innermost pair of parenthesis in (E.3) becomes very small compared to  1/4 and m ay be 

ignored completely so th a t  we obtain

layer (hi >  hg). Then our final expression for ^  becomes 

dx  1 — F |  1  « 1   ̂ \ 2 % 2

/  lw^21p_2\
^  = (E.6)
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To derive the expression for we insert (E.3) into

' ' 2  dQ2 1 dg'  3 dh2
=  F i ,

________
g' dx  h-2 dx

and use
dQ2
9a;

=  -W 21 and
1 ^  
g 9a;

W21

Qi

The result is the  following rather complicated expression

-E?
dx 1 -  Fo Q2

2

1 +  3 ui

(E.7)

(E.8)

(E.9)

_2 ' h i \  ■ \  «2,

The term  (2 +  F | )  is due to  the loss of fluid. This causes the flow to  become less critical. 

The unpleasantly complicated rem ainder is due to  the  density gradient in the  upper layer. 

If ui < U2 and h\ > /12 it can be approxim ated by —(3 îX2 ) / ( 2 « i) . In an exchange flow th is 

term  causes the  flow to become less critical, too.




