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ABSTRACT

We study aspects of noncommutative geometry on hyperbolic dynamical systems
known as Smale spaces. In particular, there are two C*-algebras, defined on the stable
and unstable groupoids arising from the hyperbolic dynamics. These give rise to two
additional crossed product C*-algebras known as the stable and unstable Ruelle alge-
bras. We show that the Ruelle algebras exhibit noncommutative Poincaré duality. As a
consequence we obtain isomorphisms between the K-theory and K-homology groups of
the stable and unstable Ruelle algebras. A second result defines spectral triples on these
C*-algebras and we show that the spectral dimension recovers the topological entropy
of the Smale space itself. Finally we define a natural Fredholm module on the Ruelle
algebras in the special case that the Smale space is a shift of finite type. Using unitary
operators arising from the Pimsner-Voiculescu sequence we compute the index pairing

with our Fredholm module for specific examples.
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Chapter 1

Introduction

The main results in this dissertation come from aspects of noncommutative geometry
on hyperbolic dynamical systems known as Smale spaces. The first exhibits a natural
duality between the C*-algebras associated to the weak stable and unstable equivalence
classes of a hyperbolic dynamical system. The second defines a type of metric along these
equivalence classes, which gives rise to spectral triples on the stable and unstable C*-
algebras. Finally, in the special case of a shift of finite type, we define natural Fredholm

modules, and perform index computations.

Before introducing our results, we very briefly describe the setting of a Smale space
and the C*-algebras associated with a Smale space. These constructions can be found
in [34, 35, 36, 37, 42, 43, 44] and are described in detail in Chapter 2 and Chapter 3.

Suppose X is a compact metric space and ¢ : X — X a homeomorphism. We say
(X, ) is a Smale Space if X is locally a product space of contracting and expanding
directions with respect to ¢. Smale spaces were introduced as a purely topological
description of the basic sets of Axiom A diffeomorphisms on a compact manifold [42].
A basic set is an irreducible subset of the manifold but does not need to be a manifold
itself. In fact, these sets are usually fractal and have no smooth structure whatsoever.
Examples of Smale spaces include shifts of finite type, hyperbolic toral automorphisms,

solenoids, and certain aperiodic substitution tiling systems (such as the Penrose tilings

[1]).



Let (X, ¢) be a Smale space. In the spirit of noncommutative geometry, four C*-
algebras are associated to (X, ), which are constructed in several steps. First we take
the groupoids given by the stable and unstable equivalence relations. The transverse
nature of these equivalence relations allows us to restrict our attention to certain equiv-
alence classes associated with finite sets of periodic points without losing any essential
aspects of the groupoids. Using these restricted groupoids we define stable and unstable
C*-algebras S(X, ¢, Q) and U(X, p, P), where P and @ are finite g-invariant sets of pe-
riodic points. We remark that, up to Morita equivalence, the choice of P and () doesn’t
matter. The original homeomorphism ¢ can be extended to the stable and unstable
groupoids and gives rise to automorphisms, ay and «,, on S(X, ¢, Q) and U(X, ¢, P)
respectively. Using these automorphisms, crossed product C*-algebras are produced

which are known as the stable and unstable Ruelle algebras:
S(X,0,Q) X, Z and U(X, ¢, P) Xq, Z.

These C*-algebras have many remarkable properties and are the setting for our noncom-

mutative duality result.

1.1 The Duality Theorem

The duality theorem for Smale spaces relates the K-theory of S x,, Z with the K-
homology of U X, Z as well as relating the K-theory of U x,, Z with the K-homology
of S %, Z. The duality theorem is a form of noncommutative Poincaré duality, a notion
described by Kasparov [25] for groups acting on manifolds, Connes [8] for general C*-
algebras in the even case, and by Kaminker and Putnam [26] for general C*-algebras in
the odd case. We note that Poincaré duality was used by Connes in his study of the

standard model of particle physics and in his definition of a noncommutative manifold

8]-

Recall that K-theory is a covariant functor on the category of C*-algebras and there

is a dual contravariant theory called K-homology. These can be given a consistent



definition using Kasparov’s K K-theory, so that, for a C*-algebra A we have

KK*(A,C) = K*(A) (K — homology)
KK*(C,A) = K.(A) (K — theory).

The duality theorem is the following.

1.1.1 Duality Theorem. Let (X, ) be an irreducible Smale Space. Then S X, Z and
U Xg, Z are Poincaré dual; that is, there are duality classes § in KK'(C,S X4, Z ®
UXg, Z) and A in KKY(S x4, Z®@ U X, Z,C) such that

0 ®U><1auZ A = 15>qasz and
0 Qsxa,z D = —lyu,,z-

Given that S x,, Z and U x,, Z are Poincaré dual, a natural isomorphism is defined
between the K-theory of S x,,Z and the K-homology of U %, Z by taking the Kasparov
product with A in KK'(S X,, Z ® U X, Z,C). Similarly, a natural isomorphism is
defined from the K-homology of U x,, Z to the K-theory of S x,, Z by taking the
Kasparov product with ¢ in KK(C,S x,, Z ® U x,, Z). Of course, the opposite is
true as well; that we obtain isomorphisms between the K-theory of U x,, Z and the
K-homology of S x,, Z in an analogous fashion. Moreover, in many cases we note that
the K-homology is not at all well understood and the duality theorem gives insight into
the meaning of these groups. As an example, for many aperiodic substitution tiling

systems, the K-homology was previously not known.

At this point it is appropriate to describe some of the background and ideas leading
up to this result. Kaminker and Putnam [26] proved a special case of the duality theorem
when the Smale Space was a shift of finite type. Their construction used the fact that, for
a shift of finite type, the Ruelle algebras are Morita equivalent to Cuntz-Krieger algebras
O, and Oy, arising from a matrix A describing the shift of finite type. Kaminker and
Putnam then used work of Evans [19] and Voiculescu [45] to define the fundamental
class A in K1(O4 ® Oa), represented by an extension of Q4 ® O 4, using creation and
annihilation operators acting on a subspace, determined by the matrix A, of the full
Fock space of a finite dimensional Hilbert space. The duality isomorphism then followed

from a very technical argument and a criterion for duality. We note that the proofs in



[26] are combinatorial in nature, which is typical for shifts of finite type.

Our new approach to the general duality theorem is quite geometric in nature and
comes from the dynamics. The fundamental class A in K'(S X,, Z Q@ U x,, Z) is also

constructed by defining an extension

0 K £ S ¥, ZRU X, 7 0.

The class § in KK'(C, S X, Z&U X, Z) is defined using a *-homomorphism from the
continuous functions on the circle to S x,, Z ® U x,, Z and uses the transverse nature
of the stable and unstable groupoids in a fundamental way. Finally, we prove that these

two classes are Poincaré dual.

It would be remiss at this point to not mention that Kaminker and Putnam have an
unpublished manuscript [27] in which they prove the general duality theorem for Smale
spaces using Connes-Higson E-theory. Their proof uses the stable and unstable mapping
cylinders of a Smale space, which we do not describe here. Many of their arguments

apply to our proof, and we indicate their use with citations.

1.2 Spectral Triples

We now explore spectral triples on Smale spaces. Connes defined spectral triples as
a method of extending the Atiyah-Singer Index Theorem to noncommutative spaces,
which are defined as C*-algebras. Spectral triples encode geometric data from a C*-
algebra in an analytic way. We define several related spectral triples on the C*-algebras

arising from a Smale space.

To begin, we define functions on the stable and unstable foliations of the Smale space.
A periodic point in a Smale space can be viewed as an attractor along a stable foliation
under iterations of ¢, and an attractor along an unstable foliation under iterations of
o~ !, Using this picture, on the stable equivalence class of a periodic point, we define a
function w, which essentially counts the number of iterations of ¢ required for a point

to either enter a neighbourhood of a periodic point or the number of inverse iterations



required for a point to be removed from a neighbourhood of a periodic point. Now

several spectral triples are defined using these functions on S(X, ¢, Q) and U(X, ¢, P).

The first spectral triple, which we define on S(X, ¢, Q) and denote (S, H, D), is
defined using the function wy directly. We show that the spectral triple is #-summable,
a notion introduced by Connes [9]. Moreover, the triple extends to the Ruelle algebra

S X, Z so that we also have a spectral triple (S X,, Z,#H, D). Similarly, we obtain
spectral triples (U, H, D) and (U X4, Z,H, D).

Smale spaces exhibit exponential growth in the stable direction under iterations of
¢! and exponential growth in the unstable direction under iterations of ¢. Let A > 1
denote this exponential growth rate, which controls the rate of local contraction, of
the Smale space and define a new function as f(z) = A**@® on the stable foliation.
We define a spectral triple using this function on S(X, ¢, Q) and denote the new triple
(S,H,®). Of course, a similar construction defines a spectral triple (U, H,®) on the
unstable algebra. While these spectral triples no longer extend to the Ruelle algebras
they are finitely summable. In fact, the summability recovers the topological entropy
h(X,p) of the Smale space itself. We note that the topological entropy h(X,¢) of a

Smale space defines a type of limiting value on the global growth rate.

1.3 Index Theory

We now turn our attention to shifts of finite type and Fredholm modules on the associated
C*-algebras. A Fredholm module defines a class in the K-homology of a C*-algebra A
and there is an index pairing K;(A) X K'(A) — Z. Our aim in this section is to define

a Fredholm module and compute the index pairing for a shift of finite type.

Given a shift of finite type and two y-invariant, finite, disjoint sets of periodic points
we define a projection, p on the Hilbert space H = (2(X"(P, Q)), where X"(P, Q) denotes
the set of points that is stably equivalent to P and unstably equivalent to (). We then
show that this projection commutes modulo compact operators with all elements of
the C*-algebra S(X, ¢, Q). This implies that F' = 2p — 1 defines a Fredholm module
(S(X,9,Q), 1, F).



Since we would like to compute an index pairing, we now turn to unitary operators
in S(X,p,Q). Putnam has shown in [34] that S(X,p, Q) is an AF-algebra; that is,
S(X, ¢, Q) is an inductive limit of matrix algebras and therefore K;(S(X,¢,Q)) = 0.
However, we are saved by the fact that the Fredholm module extends to the stable Ruelle
algebra S x,, Z. Now using the Pimsner-Voiculescu sequence we are able to produce
unitary operators on the unitization of S x,, Z. Finally, in two examples, we compute

the index pairing with unitary operators we have produced and the Fredholm module
(S Xo, Z,H, F).

We believe that these are the first index computations on a shift of finite type and
hope that this invariant will give insight into their structure. We also note that, due to
Kaminker and Putnam’s duality theorem, we have an isomorphism from the K-theory
groups of the unstable Ruelle algebra to the K-homology groups of the stable Ruelle
algebra. Therefore, all odd Fredholm modules in the stable Ruelle algebra come from
projections in the unstable Ruelle algebra. It appears that the projection used to define
the Fredholm module pairs with the fundamental class A € KK(S x4, ZQ U X4, 7, C)
to give the class of the Fredholm module appearing above. We aim to explore this

relationship further in future work.



Chapter 2

Smale Spaces

2.1 Preliminaries

Smale spaces are topological dynamical systems with extra structure. In order to make
this work as self contained as possible we will begin with a very brief introduction to
topological dynamical systems. For a more detailed account see Lind and Marcus [29]
or Brin and Stuck [5].

Let (X,d) be a compact metric space and ¢ : X — X a homeomorphism. We will
denote the corresponding dynamical system by (X, d, ¢). Suppose (X, d, ¢) and (Y, d’, 1)
are both dynamical systems, then we say (X, d, ¢) is conjugate to (Y,d', 1) if there is a
homeomorphism 7 : X — Y such that m oy = 1) ow. Conjugacy is the correct notion of
isomorphism for topological dynamical systems. We wish to study properties that are

preserved under conjugacy.

In general, dynamical systems (X, d, ¢) can be quite unruly and we wish to restrict
our attention to dynamical systems with certain recurrence properties. The simplest
notion of recurrence is that of a periodic point. We say that x in X is a periodic point if
¢"(z) = x for some n in N. The least integer n for which this holds is called the order

of the periodic point. A fized point is a periodic point with order one. Let us denote by



Per, (X, ¢) the set of all periodic points with order n and define

Per(X, ) = U Per, (X, p).

neN

Observe that Per(X, ) is a g-invariant subset of X. In the sequel we will be interested
in finite subsets of X consisting of orbits of periodic points. The orbit of a point z in X
is given by

O(x) = {¢"(@)In € Z}.

A point z in X is non-wandering if for every open set U in X with z € U, there
is a positive integer n such that ¢™(U) N U is non-empty. We shall denote the set of
non-wandering points in X by NW (X, ¢) and observe that this is a closed ¢-invariant
subset of X, see [35].

There are also notions of recurrence for the whole dynamical system (X, d, ). We
say that (X,d, ) is non-wandering if every point of X is non-wandering. We say that
(X, d, p) is irreducible if, for every ordered pair of non-empty open sets U and V in X,
there exists a positive integer n such that ¢"(U) NV is non-empty. Moreover, we say
that (X, d, @) is mizing if, for every ordered pair of non-empty open sets U and V', there
is a positive integer N such that ¢™(U) NV is nonempty, for all n > N.

It is obvious that every mixing dynamical system is irreducible and every irreducible
dynamical system is non-wandering. However, the converse of each of these statements
is false. Indeed, let X consist of two points and ¢ the map which exchanges the points,
then (X, d, ¢) is irreducible but not mixing. Now if we keep X as two points and let ¢’
be the identity map then (X, d, ¢’) is non-wandering but not irreducible.

The remainder of this section will be devoted to defining topological entropy for a
dynamical system (X, d, ). Entropy is a measure of the complexity of the mapping ¢
and is invariant under conjugacy. Entropy is given by the exponential growth rate of
the number of essentially different orbit segments of length n. Furthermore, entropy
is, in general, the most computable of all invariants of a dynamical system and has far

reaching applications. We follow the exposition given in [5].



Let (X, d, ¢) be a dynamical system. For each n in N, define a metric that measures

the maximum distance between the first n iterates of z and y in X by

d(z,y) = sup d(g"(x),¢"(y)).
0<k<n—1
Fix e > 0. We say a subset A C X is (n,e)-spanning if for each z in X there is a y in A
such that d,(x,y) < €. Since X is compact it follows that there are finite (n, €)-spanning
sets. Define

span(n, e, ) = inf{#A|A is an (n,e) — spanning set}.

Similarly, we say a subset A C X is (n,e)-separated if for any x and y in A we have
dn(z,y) > e. Define

sep(n, e, p) = sup{#A|A is an (n,e) — separated set}

which makes sense since every (n,e)-separated set is finite and compactness gives an
upper bound for each n. Now let B. be the collection of all finite covers of X by sets
with d,, diameter less than ¢. Let #B denote the cardinality of each finite cover B in
B.. Define

cov(n,e,p) = inf{#B|B is in B.}.

The topological entropy of (X, d, ¢) is given by any of the three quantities

1
hMX,¢) = lim (limsup—log(span(n,s,gp)))

e—0 n—oo T

1
h(X,p) = lim (limsupﬁlog(sep(n,e,gp)))

e—0 n—00

1
h(X,p) = lim (lim sup — log(cov(n, ¢, @))) :

e—0 n—oo T

Furthermore, as proved in [5], the limit is in the extended positive real numbers and the

limit is independent of the metric generating the topology of X.
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2.2 Smale Spaces

In this section, we give an introduction to Smale Spaces. The lecture notes of Ian
Putnam [35] were used extensively to produce the exposition here. The reader is also

referred to [34, 37, 42] for excellent accounts.

Suppose (X, d) is a compact metric space and ¢ : X — X is a homeomorphism. We
shall begin by giving a heuristic definition of a Smale Space rather than the rigorous
one. We say (X,d, ¢) is a Smale Space if X is locally a hyperbolic product space with
respect to ¢; that is, there is a global constant ex > 0 such that if x is in X we have
two sets X*(x,ex) and X"(x,ex) whose intersection is {z} and the Cartesian product
of these sets is homeomorphic to a neighborhood of x. Moreover, we call X*(z,cx) the
local stable set of = because for any point y on X*(z, ex) we require that d(p(x), p(y)) <
A~ld(x,y) where X > 1 is globally defined. Similarly, the local unstable set has the same
property if we replace ¢ with @1,

To make this definition rigorous requires us to assume the existence of a map, called
the bracket, satisfying certain axioms. The idea of the bracket is to encode the local
product structure; if d(z,y) < ex, then [z,y] = {X*(x,ex) N X"(y,ex)}.

Assume that there is a constant ex and a map [, -] : A., — X, where

Acy ={(z,y)ld(z,y) < ex},

satisfying the following four bracket axioms:

Bl1. [z,z] =z,
B2. [z, ]y, z]] = [z, 2] whenever both sides are defined,
B3. [[z,vy], z] = [z, z] whenever both sides are defined,

B4. [p(z),¢(y)] = ¢([x, y]) whenever both sides are defined.

Moreover, for all z in X and a given global constant A > 1 we also have the following

contraction axioms:
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C1. for y, z such that d(z,y),d(z, 2) < ex and [y, z] = = = [z, x], we have
d(e(y), () < A7Hd(y, 2),
C2. for y, z such that d(z,y),d(x, z) < ex and [z,y] = x = [z, 2], we have

Ao (y), ¢ (2)) < X7Hd(y, 2).

Using the bracket axioms we define the local stable and unstable sets of a point x in X

as

X%(z,e) ={y € X|d(x,y) <e and [y,z] = z} and
X%z,e) ={y € Xl|d(z,y) < e and [z,y] =z}

where 0 < ¢ < ey. Figure 2.1 on page 11 illustrates the bracket.

Xu(ya €X)

Xs(y7€X)

X*(z,ex)

Figure 2.1: The bracket map

2.2.1 Definition. A dynamical system (X, d, ) having a bracket map satisfying the

above axioms is a Smale space.

We note immediately that the bracket map is unique; that is, any map satisfying the
above axioms is the bracket map [35]. The following theorem appears in [35] and we
quote the theorem and proof here for completeness. We observe that the theorem shows

how the bracket gives rise to the local product structure.
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2.2.2 Theorem ([35]). There is 0 < &'y < ex/2 such that, for every 0 < e < €'y,
[ X"(x,e) x X¥(z,e) > X

1s a homeomorphism onto its image, which is a neighbourhood of x. We will denote this

range by U(x,¢).

Proof. We begin with the observation that the bracket map is well defined by the triangle
inequality. Moreover, since the bracket map is jointly continuous we may find 0 < 0 < ex
such that, for all z, y with d(z,y) < §, we have d(z, [z, y]) < ex/2 and d(z, [y, x]) < ex/2.
Now choose 0 < €'y < ex/2 so that for all y, z with d(z,y) < €y and d(z, z) < €'y, we
have d(z,[y,z]) < §. We can define a map n on a neighbourhood of z via n(y) =
([y, z], [, y]). By the choice of €’y this map is defined on the range of the bracket map.
It is also clearly continuous. It is clear from axioms B1, B2, and B3 that the composition
[-,-] om is the identity. Moreover, if we begin with y in X*(z,¢) and z in X*(z,¢), then

we have

n(ly:2)) = (ly, 2], 7], [+, [y, =)
= ([y, z], [z, 2]) by axioms B2 and B3

= (y,2) since y € X“(x,¢) and z € X°*(z,¢).

The conclusion follows. O

2.2.3 Corollary. There is a constant 0 < €'y < ex/2 such that, if d(x,y) < €, then
both d(z,[z,y]) < ex/2 and d(y, [x,y]) < ex/2 and hence [z,y] is in X*(x,ex/2) and in
Xu(ya gX/2>

In [35], Putnam goes on to prove a variety of interesting results. We compile a
selection of them, without proof, in the following theorem. We note that the final
statement says that the bracket map is uniquely determined by (X, d, ¢) provided that

1t exists.

2.2.4 Theorem ([35]). Suppose that (X,d, ) is a Smale space. There is a constant
0 < g1 < ex such that for all 0 < e < g1 the following hold:

1. If x and y are in X and d(¢™(z), ¢"(y)) < ¢, for alln >0, then y is in X*(z,¢).
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2. If x and y are in X and d(¢™(z),¢"(y)) < e, for alln <0, then y is in X*(z,¢).

3. The map ¢ is expansive for the constant £1; that is, if x and y are in X and

d(e™(x),¢"(y)) < e1, for all integers n, then x = y.

4. If x and y are in X and d(z,y),d(z,[z,y]),d(y, [x,y]) are all less than £1/2, then
[z, y] is the unique point in X*(x,e1/2) N X*(y,e1/2).

In the previous section we defined nonwandering, irreducible, and mixing dynamical
systems. We noted that, for a general dynamical system, mixing implies irreducible
and irreducible implies nonwandering but the converses are false. For example, a finite
disjoint union of irreducible Smale spaces is nonwandering and not irreducible. The
remarkable fact for Smale spaces is that every nonwandering Smale space arises in this
way [35, 42]. A similar result holds for irreducible Smale spaces. The following three

theorems appear in [35, 42] and the first two are known as Smale’s spectral decomposition.

2.2.5 Theorem ([35, 42]). Let (X,d,y) be a nonwandering Smale space. Then there
are open, closed, pairwise disjoint, p-invariant subsets Xy,--- , X, of X, whose union
is X, and so that (X;,d, ¢|x,) is irreducible, for each 1 < i < n. Moreover, these sets

are unique up to relabelling.

2.2.6 Theorem ([35, 42]). Let (X,d,¢) be an irreducible Smale space. Then there are
open, closed, pairwise disjoint sets Xq,--- , X, of X, whose union is X. These sets are

cyclically permuted by ¢ and ©"|x, is mizing for every 1 <i < n.

2.2.7 Theorem ([35, 42]). Let (X,d, ) be a nonwandering Smale space. Then the
periodic points, Per(X,y), are dense in X.

We now define global stable and unstable equivalence relations on X. Given a point

x in X we define the stable and unstable equivalence classes of = by

Xo(x) = {yeX]| lim d"(z),¢"(y)) =0},
X(w) = {ye X[ lim d(p™"(x),¢"(y)) = 0}.

We shall also employ the notation = ~, y if y is in X*(z) and = ~, y if y is in X"(x).

To see the connection between the global stable and local stable set of a point, we note
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that, for any z in X and € > 0, we have X*(z,e) C X*(z). Furthermore, a point y is
in X*(x) if and only if there exists n > 0 such that ¢™(y) is in X*(¢"(x),e). Making
the obvious modifications, the same is true in the unstable situation. There is one final
equivalence relation on (X, d, ) called homoclinic equivalence. For a point z in X we

define the homoclinic equivalence class of x by
XM(z) = X*(2) N X*(),
and we also denote homoclinic equivalence by = ~, y.

As topological spaces the stable and unstable equivalence classes are quite unseemly
with respect to the relative topology of X. In fact, if (X, d, ¢) is irreducible it follows
that both the stable and unstable equivalence classes of a point are dense in X [42].
To rectify this situation we observe that the local stable sets form a neighborhood base
for a topology on the global stable sets; that is, given an equivalence class X*(x), the
collection {X*(y,d)|y € X*(x) and § > 0} is a neighbourhood base for a Hausdorff and
locally compact topology on X*(z). We define a topology on the unstable equivalence

classes in an analogous fashion.

2.3 Examples of Smale Spaces

Examples of Smale spaces include subshifts of finite type, hyperbolic toral automor-
phisms, solenoids, Smale’s horseshoe, and the dynamical system of aperiodic substitution
tilings. We present the two extreme cases. A shift of finite type is totally disconnected
and has no smooth structure whatsoever. On the other hand, a hyperbolic toral auto-

morphism is smooth and the equivalence classes look like lines.

A much more thorough treatment is given in [35] where solenoids and certain aperi-

odic substitution tilings are also presented.
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2.3.1 Shifts of Finite Type

In this section we introduce one of the fundamental examples of a Smale space. We
will not provide any proofs but rather state all the fundamental properties necessary in
the sequel. There are many fantastic references to shifts of finite type. Here, we have
truncated the presentation from [35] and [28]. However, a general definition is given in
[29] and [5], wherein, it is shown that every shift of finite type is topologically conjugate

to one given by the following description.

Suppose G is a directed graph with vertex set V' and edge set E. There are two
maps ¢ : F — V and t : E — V where i(e) gives the initial vertex for the directed edge
e € F and t(e) gives the terminal vertex. Given GG, we define a compact metric space as

follows. Define
Xg={--eqe_q1.epere9--- | ¢, € E for all i € Z and t(e;) = i(e;+1)};

that is, X consists of all possible bi-infinite paths in the graph GG. A metric is defined

on Xg, for e and f in Xg, via
d(e, f) =inf{27" | e; = f; for all |i| < n}.

We note that it is not hard to see that X is compact and totally disconnected. We still
require a homeomorphism. Indeed, define ¢ to be the left shift map given by

SOG(' ce€_9€_1.€p€1€9 " - ) = .--€_9€_1€0.61€9 " " *

Notice that the sequence has moved to the left by one entry as observed by looking at
the placement of the period in each sequence. We note that an element of X can also
be denoted by (e;);ez in which case the shift is given entry-wise by (pg(e)); = e;j+1. We

note that g is a homeomorphism on X and we therefore have a dynamical system
(XG7 SDG) :

Let A be an N x N matrix with non-negative integer entries. We can construct
a directed graph G, from A, as follows. Define a vertex set V = {vy, vy, --vx} and
define A(7, j) edges from vertex v; to vertex v; for all 1 < 4,j < N. We call G4 the
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graph associated with A. On the other hand, given a directed graph G' with vertex set
V = {v1,---vn} we can produce an N x N matrix Ag by defining entry A(%, j) to be the
number of edges from v; to v;. We call Ag the adjacency matrix for the directed graph
G. From this point forward, we freely interchange between non-negative integer matrices
and directed graphs and denote the associated dynamical system by either (X4, p4) or
(Xa, va).

Let us give an example of the graph arising from the matrix

A:C;).

We depict the graph G4 in Figure 2.2 on page 16. Of course, given the graph, the

formulas above also define the integer matrix Ag, via the discussion in the previous

So@cs

Figure 2.2: The graph associated with the integer matrix A.

paragraph.

We will now show how the system (Xg,pg) is a Smale space. Let ex, = + and

2
A = 2. Suppose e, f € Xg with d(e, f) < % Then we define the bracket [, ] by

e, 1fn>0
[ea.ﬂn: .
fn ifn <0.

Notice that because d(e, f) < 3 it follows that eq = fy so that [e, f] is a well defined
path in G and therefore [e, f] € X. For a shift of finite type, verification of the bracket

axioms is almost trivial, so we have defined a Smale space (Xg, d, pg).
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Now for the equivalence relations, first let us fix a point e in X¢. Then,

Xs(engG) = {f € Xgld(e, f) < ex, and [67 f] = f}
= {f € Xgle; = f; for all i > 0},

X"e,ex,) = {feXgldle, f) <ex, and [e, f] =€}
= {f e Xgle; = f; for all ¢ < 0}.

From the local stable and unstable sets we determine that

e~s [ <= there exists N € N such that e, = f,, for alln > N

e~, f <= thereexists N € N such that e, = f,, for all n < —N;

that is, paths are stably equivalent if they are right tail equivalent and unstably equiv-

alent if they are left tail equivalent.

Finally, we remark on the topological entropy of an irreducible shift of finite type.
We quote Theorem 4.3.1 from [29].

2.3.1 Theorem ([29]). Let (Xa,pa) be an irreducible shift of finite type with non-
negative integer matriz A. Suppose X is the Perron-Frobenius eigenvalue for A, then the

topological entropy of (Xa,pa) is

h(X4) = logy(A).

2.3.2 Hyperbolic Toral Automorphisms

We examine a specific example of a hyperbolic toral automorphism, however, the con-

struction is quite general and can be extended, see the discussion at the end of this

11
A=
1 0
and note that det(A) = —1 so that A(Z?) C Z*. We may therefore consider A as a map
on the quotient space T? = R?/Z? and to be specific we will denote this map by ¢. Let

section. Let A be the matrix

q : R? — T? be the quotient map and put the usual quotient metric on T2. We claim
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Vs Uy,

(0,0) (1,0)

Figure 2.3: Hyperbolic Toral Automorphism

that (T? d, A) is a Smale space.

To see the local product structure we need to describe the eigenvalues and eigenvec-
tors associated with A. Let v = %5 be the golden mean and the eigenvalues for A are

~v and —y~1. Now the eigenvectors for A are

S T

where Av, = —y~lv, and Av, = yv,. The situation is illustrated in Figure 2.3 on page
18.

In the usual way the eigenvectors give a basis for a coordinate system. Let 0 < ¢ < %

and fix a point x € T?, the local stable and unstable equivalence classes are given by

Xz, e) = {g(z+tvs) | [t] <e},
X"x,e) = {qlz+tv,) | [t| <e}.

Moreover, since y~! < 1, for any point y € X*(x, ) we have d(p(x), p(y)) < v 'd(z,y)
and for any point z € X%(z,¢) we have d(p~*(z),p (2)) < v 'd(z,z). Finally the
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global stable and unstable equivalence classes of a point z in T? are defined by

X*(z) = {q(x+tvs) | t € R} and
X%x) = {qlz+tv,) | t € R}

We also note that any n xn integer matrix B defines a hyperbolic toral automorphism
of T if | det(B)| = 1 and the eigenvalues of B do not lie on the unit circle. See [5] for
further details.
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Chapter 3

C*-algebras of Smale Spaces

In this chapter we will construct several C*-algebras from an irreducible Smale space.
These C*-algebras are referred to as the stable, unstable, and homoclinic algebras. Re-
nault’s construction of a C*-algebra from a groupoid is used on the groupoids associated
with the equivalence relations defined on Smale spaces. In [34], Putnam constructed
C*-algebras from the stable, unstable, and homoclinic equivalence relations. Putnam
and Spielberg refined these constructions in [37] and defined C*-algebras that are equiv-
alent, in the sense of Muhly, Renault, and Williams [31], to the aforementioned stable,
unstable, and homoclinic C*-algebras but which are étale. We follow the development
in [35]. Finally, we construct the stable and unstable Ruelle algebras associated with a
Smale space [34, 37].

3.1 Etale groupoids on Smale Spaces

Let (X,d,¢) be a Smale space and let P and ) be finite sets of p-invariant periodic
points. At this point we make no restrictions on P and (), however, in chapter 4 we will
add the assumption that P and @ are disjoint. Define

xXP)=Jxp) . X(Q=JX"(q) . X"(P.Q) =X(P)NX"(Q).

peP q€Q
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3.1.1 Lemma ([42]). If (X,d, ) is an irreducible Smale space and P and Q) are both
p-invariant sets of periodic points, then X"(P,Q) is dense in X.

We now define three groupoids on (X, d, ¢) as follows:

G (X, 0,Q) ={(v,w)|v ~swand v,w € X"(Q)}
G'(X,p,P) ={(v,w)|v ~, wand v,w € X*(P)}
G"X, ) ={(v, W)~ w}.

We remark that G*(X, p, Q) is a closed transversal to stable equivalence on (X, d, )
and G"(X, ¢, P) is a closed transversal unstable equivalence, in the sense of Muhly,
Renault, and Williams [31]. In our case, a transversal is a groupoid that intersects every
equivalence class. It follows that G*(X, ¢, @) and G*(X, ¢, P) are both countable [37].
Moreover, G"(X, ¢) is countable by construction [34, 43].

We aim to define an étale topology on these three groupoids. We will restrict our
attention to G*(X, ¢, @), since the construction for G*(X, ¢, P) is completely analogous.
Suppose v ~g w and v,w € X*(Q). Since v ~4 w it follows that there exists N such
that

P (w) € X (" (v),ex/2).

By the continuity of ¢, we can define 0 < § < ex/2 so that

" (X(v,0)) C X*(¢"(v),ex/2) for all 0 <n < N and
"(X(w,0)) C X“(¢"(w),ex/2) for all 0 <n < N.

Given N, d we define a map h" on X“(w,d) via

h(x) = ™ (2), 0" (v)].
The map A" is illustrated in Figure 3.1 on page 22.

3.1.2 Lemma ([35]). Let v,w in X be such that v ~, w and v,w € X“(Q). There
erists 0 < § < ex/2 and an integer N such that the map h* : X" (w,d) — X"(v,0) is a

local homeomorphism.
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¢—N ¢N
U U
h'(x) = ¢~V [¢" (x), 6" (v)] x
() S w S

Figure 3.1: The local homeomorphism A" : X*(w,§) — X"(v,0)

Proof. The existence of § and N is shown above. We begin by showing that A" is well
defined. Let x € X%“(w,d), since d(p™(v), oV (w)) < ex/2 and d(o" (w), o™ (z)) <
ex/2 it follows that [V (z),¢" (v)] is defined by the triangle inequality. Moreover,
[N (), N (v)] is in both X*(pN(z),ex/2) and X“(¢™(v),ex/2) and it follows that
h(z) = ¢ N[N (x), ™ (v)] is in both X*(x) and X*(v,d). Now observe that h* is a
composition of continuous maps and hence is continuous. Furthermore, if we reverse the
roles of v and w we obtain another map ¢g* : X*(v,d) — X*“(w,d). We claim ¢g* = (h*)~1.
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Indeed,

g“(h*(x)) =

where the second last step of the computation follows from the fact that o™ (z) is the
unique point in the local stable set of [ (), o™V (v)] and the local unstable set of ™ (w).
Similarly, we also have, for y in X“(v,¢), that h*(¢“(y)) = y. Finally, it follows from
the definition that A*(w) = v. The result follows. O

3.1.3 Theorem ([35]). Let v,w in X be such that v ~5 w and v,w € X"“(Q) and let N,
0, h* be defined by lemma 3.1.2. The collection of sets

Ve (v,w, k", 0) = {(h*(x),z)|z € X*(w,?), h"(z) € X*(v,0)}

form a neighbourhood base for a topology on G*(X, v, Q). In this topology, the range and
source maps take each element in the neighbourhood base homeomorphically to an open
set in X"(Q). Moreover, this topology makes G*(X,p,Q) a second countable, locally
compact, Hausdorff groupoid. That is, G*(X, p, Q) is an étale groupoid.

It is quite clear that we can repeat the above construction for G*(X, ¢, P) and obtain

the following analogue of theorem 3.1.3.

3.1.4 Theorem ([35]). Let v,w in X be such that v ~, w and v,w € X*(P) where N,

0, h® are defined in an analogous fashion with theorem 3.1.3. The collection of sets
Ve(v,w, h*,6) = {(h’(z),z)|x € X*(w,d),h*(x) € X*(v,0)}

form a neighbourhood base for a topology on G*(X, ¢, P). In this topology, the range and
source maps take each element in the neighbourhood base homeomorphically to an open
set in X*°(P). Moreover, this topology makes G*(X,p, P) a second countable, locally
compact, Hausdorff groupoid. That is, G*(X, ¢, P) is an étale groupoid.
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Lastly, we require a topology on G"(X, ). Recall that v ~j, v is v and w are both
stably and unstably equivalent. Now G"(X, ¢) is the set of all such pairs. Now suppose
v ~jp w. Then v ~4 w and from the construction above we obtain Ny, d,, and h*.
Similarly, v ~, w and we obtain N,, d,, and h*. Now define N = max{Ny, N,} and
d = min{ds, §, }. Suppose z is in B(w, ), then [z,w] € X*(w,d) and [w,z] € X*(w,?).
Now A" : X"(w,d) = X*(v,d) and h* : X*(w,0) — X*(v, ) are local homeomorphisms.
Therefore, the map h : B(w,d) — B(v,0) defined, for z in B(w,d), via

W) = [h*([z, w]), h*([w, x])].

is a local homeomorphism. We have the following theorem.

3.1.5 Theorem ([35]). Let v,w in X be such that v ~, w where N, 0, h are defined

above. The collection of sets
Vi(w,w,h,6) = {(h(x), 2)|r € B(w,8), h(x) € B(v, )}

form a neighbourhood base for a topology on G"(X, ). In this topology, the range and
source maps take each element in the neighbourhood base homeomorphically to an open
set in X. Moreover, this topology makes G"(X, ) a second countable, locally compact,

Hausdorff groupoid. That is, G"(X, ) is an étale groupoid.

3.2 The Stable and Unstable C*-algebras of a Smale
Space

We aim to study groupoid C*-algebras on the étale groupoids we have constructed on

an irreducible Smale space. To accomplish this, we apply Renault’s construction [39].

Note that the construction of C*-algebras from G*(X,p, P) and G"(X, ) is com-
pletely analogous to the construction for G*(X, ¢, Q). We shall outline the construction
for G*(X, , Q).

We shall denote the continuous functions of compact support on G*(X, ¢, Q) by
C.(G*(X, ¢,Q)), which is a complex linear space. A product and involution are defined
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on Co(G*(X,,Q)) as follows, for f, g € Ce(G*(X, ¢,Q)) and (z,y) € G*(X, ¢,Q),

foglwy) =D fl@,2)9(z,y)

ZNgT

[ xy) = fly,x).

This makes C.(G*(X, ¢, Q)) into a complex *-algebra. Note that it is not obvious that
the product is well-defined. We import the result and proof from [35]

3.2.1 Proposition ([35]). Any function in C.(G*(X, ¢, Q)) may be written as a sum
of functions, each having support in an element of the neighbourhood base described in
3.1.3. Moreover, the product f - g is in C.(G*(X, ¢, Q)).

Proof. Let f be in C.(G*(X, ¢, Q)) and let K be the support of f. For each point in K,
choose an element of the neighbourhood base that contains the point. These open sets
cover K, so by compactness we can choose a finite subcover, say V*(v;, w;, h*, d;) where
i=1,2,--- ,nand 0 < 6 < ex/2. Now choose 0 > 0 to be smaller than all ¢; and define
n:V*Q)—1[0,1] via
a.y) = sup {o, - (20) (o) 4 dlyyy) | TSN 0D A0 } .
(', y) e K

Now 7 is a continuous function of compact support on G*(X, ¢, @) such that n|x = 1.

For eachi=1,2,--- ,n, let

( ) sup{(], (51 - d(l’, Ul))(5, — d(y, U}Z)) if x € Xu(l)i, 5@)7 (VRS X“(wz, (51)
i\ -
ey 0 otherwise.

Now 7; is also a continuous function of compact support on G*(X, ¢, Q) and 1; > 0 on
V¥(v;, wyi, K%, 6;). Finally, for each ¢ = 1,2, --- ,n define

n(@, y) f (@, y)mi(z, y) (2?21 n;(x, y))_ if n(z,y) #0

0 otherwise.

These functions are all continuous and compactly supported on G*(X,p, Q). More-

over, »_ f; = f so that we have proved the first statement. To show that f - g is in
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C.(G*(X,p,Q)) we observe that writing f = > f; and ¢ = > ¢; makes f - g a finite

pointwise product of continuous functions of compact support. O

We aim to define a norm on C.(G*(X, ¢, Q)) and then complete C.(G*(X, ¢, Q))
in this norm to define a C*-algebra. At this point there are several options. First we
could look at all possible representations of C.(G*(X, ¢, Q)) as operators on a Hilbert
space. From these Hilbert spaces we obtain a norm and the completion is called the full
C*-algebra. Alternatively, we could consider a single representation on each equivalence
class, called the regular representation. This gives rise to a norm called the reduced
norm and the completion is called the reduced C*-algebra. In fact, it is shown in [37]
that the groupoid of stable equivalence is amenable so that the full and reduced groupoid

C*-algebras are isomorphic.

3.2.2 Definition. The stable C*-algebra, S(X, ¢, @), is the completion of
Co(G*(X, ¢,Q)) in the reduced norm.

A third option is possible when (X, d, ¢) is irreducible, which is called the funda-
mental representation [35, 37]. We aim to represent C.(G*(X, ¢, @Q))) as operators on the
Hilbert space

H—(X"(P,Q)).

To that end, for f € C.(G*(X,¢,Q)) and £ € H, define the representation s :
Ce(G*(X, 0, Q) — B(H) via

m(Ne@) = Y fl@yéy).

(z,y)€G* (X,0,Q)

With this formula, 74(f) is a bounded linear operator on H. Moreover, we can complete

Ts(Ce(G*(X, ¢, Q))) in the operator norm on this Hilbert space to obtain a C*-algebra.

Let us comment on the generality of this construction. We recall that in the case that
(X, d, ) is mixing it follows that X*(P) and X*(Q) are dense. Therefore, 7 is a faithful
representation to the reduced C*-algebra and hence is isometric. Therefore, the full,
reduced and fundamental C*-algebras of G*(X, ¢, Q) are all isomorphic. Furthermore,
S(X,d, ) is simple in this case [37]. Now if (X, d, ) is irreducible then according to

theorem 2.2.6 there are N distinct mixing components that are cyclically permuted by
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¢ so that X*(P) and X*(Q) are dense in each component. Therefore, 7 is faithful and
S(X,d, p) is a direct sum of N simple components. Finally, if (X, d, ) is nonwandering
then we must adjust our assumptions on the p-invariant sets of periodic points P and
Q). If we assume that both P and () meet each irreducible component as described
in theorem 2.2.5 then 7, is again faithful. We also note that S(X, ¢, Q) is separable,
nuclear, and stable [37, 34].

Similarly, we define the following representations of the unstable and homoclinic
groupoids. The unstable groupoid has representation 7, : Co(G*(X, ¢, P)) — B(H), for
g € C.(G(X,p, P)) and & € H, defined by

(@@ = > glzyEy).

(z,y)€G*(X,p,P)

The homoclinic representation 7, : C.(G"(X,¢)) — B(H), for h € C.(G"(X,p)) and
& € H, is defined by
m(h)E@) = Y b, y)E®y).
(z.9)€GM (X,)
3.2.3 Definition. The unstable C*-algebra, U(X, ¢, P), is the completion of
C.(G*(X,p, P)) in the reduced norm.

3.2.4 Definition. The homoclinic C*-algebra, H(X, ¢), is the completion of
C.(G"(X,¢)) in the reduced norm.

From proposition 3.2.1, we can write each element of f € C.(G*(X, ¢, Q)) as a finite
sum of functions a with support in a neighbourhood base set of the form V*(v, w, h*, ).
We use functions of this form so often in the sequel that we completely describe them

in the following lemma, which follows from the definitions.

3.2.5 Lemma. Suppose a is a function in C.(G*(X, ¢, Q)) with support on a basic set
V¥(v,w, k", 0) with v ~; w, v,w € X*(Q) and h* : X"(w,d) — X*(v,d) a homeomor-
phism. Then, for 0, € H,

my(a)d, = { a(h™(x), 2)0pu(zy if © € X*(w,d) and h*(x) € X"(v,0)
S 0 if v ¢ X"(w,0).

Define Source(a) C X"(w,d) to be the points for which a is non-zero on its domain and
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define Range(a) C X*(v,d) to be the points in X*(v,d) for which a(h*(x),x)0pu(z) s

non-zero. Observe that a is zero on the orthogonal complement of X" (w,J).

Similarly, each element g € C.(G*(X, ¢, P)) can be approximated by as a finite sum
of functions b with support in a neighbourhood base set of the form V*(v,w, h*,d). and
each element h € C.(G"(X,p)) can be approximated by a finite sum of functions ¢
with support in a neighbourhood base set of the form V"(v,w,h,d). We consider the
representation theory of these functions supported on neighbourhood base sets applied
to a dirac delta function ¢, € H:

Tu(b), = { b(h*(x), 2)0ps(ny if x € X*(w,d) and h*(x) € X*(v,9)

0 if:lfgéXs(w75)’
)5y = c(h(z),x)0nw if 2 € B(w,d) and h(z) € B(v,0)

We note that every element of any of the above C*-algebras can be uniformly ap-
proximated by a finite sum of functions supported in a neighbourhood base set. We will
usually begin by proving theorems by using these functions then appealing to continuity

for the general result.

3.3 The Stable and Unstable Ruelle Algebras

The Ruelle algebras, as defined by Putnam in [34], are given by taking the crossed
product by the natural actions a; and «,, on S(X, ¢, Q) and U(X, ¢, P) induced by the
action ¢ on X. The Ruelle algebras were shown to be separable, simple, stable, nuclear,
and purely infinite when (X, ¢) is mixing [37]. Moreover, according to the purely infinite
case of Elliott’s classification program, as developed by Kirchberg and Phillips, they are

completely classified by their K-theory groups. We now embark on their construction.

We will work with the stable C*-algebra S(X, ¢, Q) and recall that this algebra
has a representation as bounded operators on the Hilbert space H = (*(H(P,Q)). The

homeomorphism ¢ preserves the equivalence relations we are considering and ¢ X ¢ is an
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automorphism of the groupoid G*(X, ¢, @Q)), see [37] for an excellent account. Therefore,

¢ induces an automorphism on the C*-algebra S(X, ¢, Q) by

as(a)(z,y) = a(e™ (x), ¢ (y))

where a is in S(X,p, Q) and (x,y) are in G*(X, ¢, Q). The homeomorphism ¢ also

induces a canonical unitary on the Hilbert space H via

3.3.1 Lemma. The pair (ms,u) are covariant for S(X,p,Q); that is, ms(as(a)) =
urs(a)u* for all a in S(X, ¢, Q).

Proof. Let 6, be a basis element in H and let a in S(X, p, Q) be supported on a basic
set of the form V*(v,w, h*,d). We begin by computing

m(as@)(y) = Y ala)(y,2)d(2)

(4,2)€G* (X,0,Q)
= a,(a)(y, x)
{ a7 (y), o (@) if o7 (2) € X¥(w,d) and o~ (y) = h* 0 o~} (x)

0 otherwise

=a(h"o gp_l(x), go_l(x))éwohqu(x).

So we have,
ums(a)u*d, = umg(a)d,1(a)
= ua(h" oo (z), go_l(x))éhuowl(x)
= a(hu © 90_1(:1:)7 Qp_l($)>5¢oh“o¢*1(x)
= ms(as(a))ds,
and covariance is proved in this case. The general case follows from continuity. O]

3.3.2 Definition ([34]). The stable Ruelle algebra, denoted by S x,, Z, is defined as
the crossed product:
S(X,0,Q) Xq, Z.
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For the unstable algebra, we note that, for bin U(X, ¢, P) and (z,y) in G*(X, ¢, P),
we have a,(b)(z,y) = bl (z), *(y)). We can apply the analogous construction of
the crossed product. We have the following.

3.3.3 Definition ([34]). The unstable Ruelle algebra, denoted by U x,, Z, is defined
as the crossed product:
U(Xa ¥, P) Xy L.
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Chapter 4

Poincaré Duality for Smale Spaces

4.1 Kasparov’s K K-theory

For a Smale space (X,d, ) and @-invariant sets of periodic points P and @ in X,
we have constructed C*-algebras S(X,p, Q) and U(X,p, P). These C*-algebras have
natural integer actions, oy and «,, coming from the original homeomorphism ¢, which
give rise to the stable and unstable Ruelle algebras, S x,, Z and U x,, Z. We also
note that all four of these C*-algebras are independent of our choice of P and @, up to

Morita equivalence [37].

The duality theorem for Smale Spaces relates the K-theory of the stable Ruelle
algebra, S X, Z, with the K-homology of the unstable Ruelle algebra, U X, Z. In a
similar manner, the K-theory of the unstable Ruelle algebra is related to the K-homology
of the stable Ruelle algebra.

For our purposes, it is convenient to work with Kasparov’s K K-theory where K-

theory and K-homology can be defined simultaneously:

KK*(A,C) = K*(A)= K — homology
KK*(C,A) = K.(A) =K — theory.
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In this section we will briefly outline the notation and results from K K-theory used
in the sequel. Our account of K K-theory will be rather heuristic but captures the ideas
required in this chapter. All C*-algebras we consider will be ungraded which will simplify
the theory. See [25] for an introduction to Kasparov theory. For more details see any of
[3, 16, 26] and the references therein.

Let A and B be ungraded C*-algebras. Then cycles of K K (A, B) are given by pairs
(€, F) where £ is an A — B Hilbert bimodule, and F' is an adjointable operator on &

satisfying, for all a in A,

a(F*F —1) € K(E) ., a(FF*—1)eK(E) , [a F]eK(E).

Elements of KK (A, B) can be thought of as generalized morphisms from A to B with
a product given as composition of morphisms, this idea can be made precise. In fact,
K K-theory is an additive category with pairs of C*-algebras as objects and morphisms
from A to B as elements of KK (A, B). Moreover, KK is a functor from C*-algebras to
7 /27Z-graded abelian groups. The abelian group associated with a pair of C*-algebras
(A, B) is denoted KK (A, B), and is contravariant in the first variable and covariant in
the second. For further details see [23].

Let us show specifically how a x-homomorphism between C*-algebras gives rise to a
class in K K-theory.

4.1.1 Example. Suppose that we have a *-homomorphism ¢ : A — B. Then, ¢
defines an element of KK (A, B) in the following way. In the standard manner, let
& = B be the B — B Hilbert bi-module with inner product given by < z,y >p= x*y
for z,y € B. Observe that £ is a left B module since B acts as adjointable operators
by left multiplication. Therefore, £ is also an A — B module via the *-homomorphism
¢, for a € A and e € £ we have a - e := ¢(a)e. Define F to be the zero adjointable
operator acting on £ by left multiplication. We claim that (£, F') determines a class in
KK(A, B). We must show that, for all a in A,

¢)(FF-1) e K(E) , o(a)(FF"=1) e K(E) , [oa), F] € K(E).

However, these all follow trivially provided that B acts as compact operators on £ as a
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left module since we would then have ¢ : A — K(€). Indeed, let b be in B and L, the
operator of left multiplication on & via Ly(z) = bx. Now L : b — L is an isomorphism

of B onto a closed *-subalgebra of the adjointable operators on £. Since
®b,:r:(y) =b< T,y >p= bﬂf*y = Lba:* (y)7

it follows that the closure of linear spans of products in B under L is K(£), since O, is

a rank one adjointable operator. See example 2.26 in [38] for more details. Therefore,
¢ : A — B defines an element of KK (A, B).

In the sequel, the K K-class given by the identity will be used extensively. Let A be
a C*-algebra and 1 : A — A be the identity automorphism. Let 14 € KK (A, A) denote

the class given by the above construction.

Perhaps the most important aspect of K K-theory is the existence of the Kasparov
product. We first introduce the intersection (cap) product and then the cap-cup product
after introducing some notation. There is a bilinear pairing: KK (A, D)@p KK (D, B) —
KK(A, B), called the Kasparov intersection product [25]. The definition of the inter-
section product is, in general, quite complicated. However, if « € KK(A, D) and
g € KK(D,B) have representations as x-homomorphisms, then the cap product is
given by composition; that is, « ®p [ is the map

A Y . p_ P .5

In the sequel we shall adopt the notation appearing in [26]. Denote Cy(0,1) by ..
Now KK'(A, B) is, by definition, KK(A ® ., B). If A and B are separable and A
is nuclear then it follows that KK'(A, B) = Ext(A, B) [25]. Let Ay, Ay,---, A, and
Bi, Bs, -+, B, be C*-algebras and denote by o;; and ¢ the homomorphisms, induced

by the obvious isomorphisms on the tensor products of C*-algebras,

0 KK(A® - QA4® - ®A4; - ®A,B)

- KK(A® - Q4;® - ®A,® -® A, B),
0" KK(A,Bi® - ®@B;® - ®B;® - ®B,)

— KK(A,Bi® - ®@B;®@--®@B;®-® By).
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Let 7p : KK'(A,B) - KK'(A® D,B ® D) be the natural map z — z ® 1p and
™ KKY(A,B) - KK{(D ® A,D ® B) be the natural map = + 1p ® x. We will
use 7p(x) and x ® 1p interchangeably as warranted by clarity of notation, similarly for

7P(z) and 1p @ .

We are now in a position to define Kasparov’s cap-cup product [25]. Suppose z; €
KK(Ay,Bi®D) and 25 € KK(D® As, By). Then the product 1 ®p xe : KK (A, B ®
D) & KK(D X AQ, BQ) — KK(AI X AQ, B1 X Bg) is defined by

T1 ®@p Ty = (11 ® 14,) @BeDe4, (18, @ T2).

Notice that for By = C = A, we obtain the usual cap product. Moreover, the cap-cup
product is the cap product of 71 ® 14, and 1, ® x,.

Let 7 be the Toeplitz algebra, which is defined as the C*-algebra generated by the
unilateral shift operator and the identity operator on ¢(N). Define z : [0,1] — S via
z(t) = e*™* and observe that z generates C'(S') as a C*-algebra. Now let T also denote

the Toeplitz extension

0 — K(*(N)) T C(Sh

which is an element of K K'(C(S'),C). Observe that z — 1 generates . C C(T) and we
denote the corresponding restriction of the Toeplitz extension by 7y, which is an element
of KK(¥ ®.,C). Now if fin KK (C,.¥ ® .%) is the Bott element, see 19.2.5 in [3],
then we have

BRyey To=1c and To® B =1y,

see Section 19.2 in [3].

We shall also require conditions under which the Kasparov product commutes.

4.1.2 Lemma ([25] p.159). If z is in KK'(Ay, By) and y is in KK7(As, By), then

(I ® 1A2) ®B1®A (131 ® y)
= (_1>ij0'120-12((y ® 1A1) @ By®A; (132 ® ZE)) € KK(Al & A2, B ® BQ)-
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The following lemma follows from the definitions. In fact, if one views an extension
as a *-homomorphism from a C*-algebra into the Calkin algebra then the product in the
lemma is just a composition of *-homomorphisms and hence gives another extension.
See Lemma 2.6.1 in [24] for the isomorphism between extensions and x-homomorphisms
into the Calkin Algebra.

4.1.3 Lemma. Suppose ¢ : A — D is a x-homomorphism and a class y in KK'(D, B)

1s represented by an extension

0

B®K(H) £ D 0.

Then, the intersection product v @py € KK'(A, B) is represented by an extension

7T/

0 B & K(H) & A 0

where £ is the pull-back &' = {z € £ | 7' (x) = ¢~ (n(x))}.

4.2 Poincaré Duality

In this section, we present a definition of Poincaré duality appropriate to the C*-algebras
we wish to study. We note that the definition given here is the odd version of the
definition given by Kasparov [25] and Connes [8].

4.2.1 Definition. Let A and B be C*-algebras. Suppose we have two classes A in
KK'(A® B,C) and § in KK'(C, A® B). We say that A and B are Poincaré dual if

oA = 14 and (4.1)
SOAA = —1p (4.2)

Notation. In the previous definition and for the remainder of this dissertation we shall

employ the following notation:

(5®BA = 012(5®3012(A))EKK(A@&”@Y,A) and
§@AAN = o0 0)®4A) e KK(B®.Y®.7,B).
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Moreover, we also note that the above formulas have Bott periodicity encoded into the

definition. That is, without employing Bott periodicity we assume

@A = 74T) and
S@a A = —1P(Ty).

From the definition of Poincaré duality and the Kasparov product we obtain isomor-
phisms between the K-theory of A and the K-homology of B. The remainder of this
section is dedicated to explaining these isomorphisms. We note that we are forced to

bring Bott periodicity directly into the definition since our duality is odd.

4.2.2 Definition (][26]). Let A and B be C*-algebras. Suppose we have two classes A
in KK'(A® B,C) and ¢ in KK'(C, A® B). We obtain homomorphisms A; : K;(A) —
K"(B) and ¢; : K'(B) = K;11(A) via

Ao(z) = 2®@a A x € Ko(A),
Ai(z) = BRygys (012(r ®aA)) x € Ki(A),
0(y) = BRyres (6®BY) y € K(B),
do(y) = d®pyY y € K°(B).

4.2.3 Theorem ([18]). Let A and B be C*-algebras. Suppose we have two classes A in
KK'(A® B,C) and § in KK'(C,A® B) that implement Poincaré duality between A
and B. Then,

dip104; = (_1)i1K¢(A)
Ai106; = (=1 Mg

where i+ 1 is interpreted mod(2). Moreover, we obtain isomorphisms K;(A) = K(B).
This theorem has been proven in [18], however, for completeness we give the proof

here as well. To accomplish this we use results from [26]. Given a class in either K-

theory or K-homology, the idea is to uncouple the class from the product given in the
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above composition. Then, using Poincaré duality, we obtain the identity. Once we have

Siv108; = (=1)'1g,a
Ajp100; = (—1)”111@(3)

the final statement in the theorem follows from an algebra argument. The uncoupling

steps are given in lemmas 4.2.4 and 4.2.5.

4.2.4 Lemma ([26]). Let A and B be C*-algebras. Suppose we have classes A in
KK'(A® B,C) and § in KK'(C,A® B). Then, for x in Ko(A) = KK(C, A) and y in
Ky(A) = KK(.,A), we have

oAp(z) = 2R4(Rygy (@A) and
boAi(y) = —y®a(BQRyey (6 @pA).

Proof. From definition 4.2.2,
010 80(7) = B ®res (0 ®p (r®a A)).
Consider Z = § ®p (x ®4 A). Expanding the product we have
Z=(0®1ly)Ragpey (la®r®1®1y) Dagagpey (14 @ A). (4.3)

Lemma 4.1.2 states that (14 @ 2 ® 15 ® 1») Qagaepsy (14 @ A) is the same as (14 ®
lp®2x®1y) Ragpoany (1a @ o12(A)). Putting this back into (4.3) we have

Z=(0®1y)®agpey (la®1lpR®1r®1y) @agpoasy (14 @ 012(A)). (4.4)

Now, consider (§ ® 1) @appey (14 ® 1p ® x ® 1.+) and compute, using lemma 4.1.2,

(0®1y) ®agpeyr (1a®@1lp®@r®1y) = ((0®1lc) ®agp (lags ® 7)) @ 1y
= 012502 ((2® 1y) Quagy (14®6)) @ 1y
=(2®1y ®ly) Qagrer 00 (1a®5® 1)
=2®1ly®1ly) Qagreyr 0120 @14 ® 1y).
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Putting this back into (4.4) we obtain
Z=(2R1y®1y)Qigreysr 01200 @14 ® 1y) Qaepeisy (14 @ 012(A)). (4.5)
Putting 8 back into the product we have
01000(2) = BRyey (t®1y®1ly) Ragreyr 012(0 ®14® 1) Qagpeasy (14 @ 012(A)).
Again using lemma 4.1.2 we see that
BRrer (T®@1ly®1ly) =14 (la® B).

Furthermore, the term o12(d ® 14 ® 1) @agpoany (14 ® 012(A)) is exactly what we

defined as d ®p A. So simplifying we obtain

010A(7) =2 Q4 (B Qres (0 @p A)).

Now for y in K;(A), by definition we have
b0 Ai(y) =6 @B (B @resr (012(y ®a A))).

Expanding the product we have

000 A1(Y)0®aes (1ags®B) ®aspesres 023(1a®YR1R 1) Ragaepes (14QA). (4.6)
Using lemma 4.1.2 we have that

0 ®aeB (lagp @ f) = (@ 1y) Qvgray (0@ lygy).

Putting this back into (4.6) we have dp o Aq(y) =
(B®1ly) @rorsy (0®1lygy) Qagpereyr 023(la®@Y® 1@ 1y) Qagagpeys (1a @ A).

Now observe that up to tensoring by .# and the degree of y, this equation is the same as

the previous computation. Therefore, using the previous computation and noting that
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when we commute y and ¢ we pick up a negative sign using lemma 4.1.2, we have

S0 A1(y) = —y @4 (B R@ray (6 @5 A)).

]

4.2.5 Lemma ([26]). Let A and B be C*-algebras. Suppose we have classes A in
KK'(A® B,C) and 6 in KK'(C,A® B). Then, for z in K°(B) = KK(B,C) and y
in KY(B) = KK(B® .¥,C), we have

Ajody(z) = (B®@sesr (0@4A))®pr and
Nogodi(y) = —(BRyray (0@4A)) RpY.

Proof. From definition 4.2.2,
Ay 0dp(2) = Rreyr (012((0 ®p ) ®a A))
Expansion of the product yields A; o do(z) =
(1 ® B) @perer 012(0 © 13 ® Ly) Qugpspsy (14 @ T @1 ® 1y) ®agpesr A. (4.7)

Consider the term (1 ® 1 ® 13 ® 1) ®agpes A and compute, using lemma 4.1.2,

(1la®r®1p®1y) ®agpeyr A = 0122 @14 ®1p® 1y) Qagpeysr A
= 012(5U ® 1A®B®ﬂ) P A0BR. (1<C ® A)
= 012012023034 (A ® 15) ®p

= op(lp®A)®px
Putting this back into (4.7) we have
Ajodp(x) = (1 ® ) Oparay 012(0 ® 1 ® 1y) @agpepey 012(lp ® A) @p x. (4.8)
Now observe that

012(5 ®1p® 15#) X ARBRBR.Y J12(1B X A) = 012(012(5 ®1p® 15’) ®BRA®B®.S (1B ® A)
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and, moreover, the latter expression is exactly our definition of § ®4 A. Putting this

back into (4.8) and simplifying gives

Ayody(r) = (8 Qres (0@aA)) ®p . (4.9)

The proof that
Agodi(y) = —(BRrer (0®4A)) Rpy

is completely analogous and is omitted. O

This accomplishes the uncoupling step. Now suppose that A and B are Poincaré
dual in the sense of definition 4.2.1. Putting this into the uncoupling lemmas gives the

following maps

Siolo(z) = z@ls=ux (z € Ko(A))
dooli(y) = —(y®1a)=—y (y € Ko(A))
Ajody(z)= —1lp®r=—x (x € K°(4))
Noodi(y) = —(~lpg®@y) =y (y € K'(A4))

A simple algebra argument shows that these give rise to isomorphisms between K;(A)
and K“*1(B) for i = 0,1. We have therefore proven theorem 4.2.3.

Similarly, we can apply the K K-isomorphisms o15(A) and ¢'2(§) to obtain a result
analogous with A and B reversed. Note that we must also update our definitions of A,
and d,.

4.2.6 Theorem ([18]). Let A and B be C*-algebras. Suppose we have two classes A in
KK'(A® B,C) and § in KK'(C, A® B) that implement Poincaré duality between A
and B. Then,

Siv108; = (=1)'1gyn)
Ai106; = (=1 Mg

Moreover, we obtain isomorphisms K;(B) = K*1(A).
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4.3 Examples of Poincaré Duality

Alain Connes was the first to exhibit a non-commutative C*-algebra with Poincaré
duality [8]. He managed to show that the irrational rotation algebra Ay is Poincaré dual
to its opposite algebra Ag’. The duality is even and the definition of duality in the even

case can be found in [8]. Details on gradings and opposite algebras can be found in [24].

The second example of non-commutative C*-algebras having Poincaré duality was
discovered by Kaminker and Putnam [26]. In fact, Kaminker and Putnam showed that
the stable and unstable Ruelle algebras associated with a shift of finite type were Poincaré
dual. To be more precise, Kaminker and Putnam showed that these algebras exhibit
Spanier-Whitehead duality, which follows from Poincaré duality and, in fact, their result
can be extended. This was the first example of an odd duality. We shall explain

Kaminker and Putnam’s work in more detail after the introduction to this section.

Heath Emerson [16, 17, 18] showed that a large class of C*-algebras have odd Poincaré
duality. Namely, Emerson exhibited Poincaré duality for groupoid C*-algebras associ-
ated to the groupoids OI' xI" where I' is a hyperbolic group satisfying certain hypotheses,

and 0TI is its Gromov boundary.

Of course the duality theorem appearing in this dissertation contains Kaminker and
Putnam’s duality theorem as a special case. It would be remiss not to give a detailed
explanation of their original result. Moreover, Kaminker and Putnam have an unpub-
lished manuscript containing an E-theory proof of the general duality theorem for an
irreducible Smale space [27]. We note that many of the arguments appearing in their
unpublished manuscript are used in this dissertation and we shall point out these occur-

rences as they appear.

Let (X4, @a) be a shift of finite type associated with a non-negative N x N integer
matrix A which is irreducible. Let A' denote the transpose of A. In this case, it is
known that S(X4,p4) Xa, Z = Oa @ K(H) and U(Xa, 0a) Na, Z = O @ K(H),
where O 4 denotes the Cuntz-Kreiger algebra associated with the matrix A. Therefore,
it is appropriate to work with the Cuntz-Kreiger Algebras O, and O 4: since Kasparov

theory is stable. Based on work of D. Evans [19] and D. Voiculescu [45], an extension
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of 04 ® Oy can be made using the creation and annihilation operators acting on a
subspace, determined by the matrix A, of the full Fock space of a finite dimensional

Hilbert space:

0 K & 04 ® Oyt — 0.

This extension determines the fundamental class A in KK'(O4® O 4, C). On the other

hand, one can take the element

n

U):ZSZ@'LLZ‘GOA@OA::

i=1

and show that w*w = ww*. From this it follows that there is a map, sending z to
w, from C(S') into O4 ® O 4 and the element § in KK'(C,04 ® Oy4¢) is determined
by its restriction to .. Finally, Kaminker and Putnam [26] proved a criterion for
Spanier - Whitehead duality and showed that it is appropriate to the duality classes
they constructed, the final step in showing the duality theorem for a shift of finite type.

Let us explicitly write down the K-theory and K-homology groups for a shift of finite
type associated with an N x N irreducible matrix. The C*-algebras S(Xa4, pa, @) and
U(X4,pa, P) are both AF-algebras [35] whose Ky-groups are the inductive limits of

7N A 7N A 7N A

and

ZNAZNAZNA

Moreover, the K-theory and K-homology groups of O4 were computed by Cuntz and
Krieger [12, 13]

Ko(O4) = ZV/(I - ALY,

Ki(04) =2 ker((I —AY):7ZN —7N),
K%0,) = ker((I —A):ZN —7ZN),
KY 0O, = ZN/(1 - AZN
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As in [26], we note that ZV /(I — A)ZN = ZN /(I — AY)ZY by the structure theorem for
finitely generated abelian groups, but the isomorphism is not natural. The explanation
for the isomorphism now comes from the Duality Theorem for shifts of finite type. We
also note that there is a C*-algebra isomorphism between O, and O ¢, however, this
result requires the Kirchberg - Phillips classification of purely infinite, nuclear, simple

C*-algebras.

In an unpublished manuscript, Kaminker and Putnam went on to prove the duality
theorem for all irreducible Smale Spaces [27]. From the beginning, it was clear that a
different approach was needed. The first observation was to note that the actions on the
stable and unstable C*-algebras could be extended to continuous R actions by replacing
the crossed products with mapping cylinders. We note that the mapping cylinder of the
stable algebra is

C(S(X, 9, Q), )
={f:R— S(X,p,Q)|f is continuous , f(t + 1) = as(f(t)),t € R}

and for r € R we have the formula («y),.(f)(t) = f(t + r) which defines an action of
R on C(S(X, ¢, Q),as). We have similar formulas for the unstable algebra and the un-
stable mapping cylinder C(U (X, ¢, P), o). The crossed product C(S(X, p, Q), as) X,
R is K K-equivalent to C'(S(X, ¢, @), ;) via the Connes-Thom isomorphism and the
crossed product C(S(X, ¢, Q),as) Xa, R is Morita equivalent to the Ruelle algebra
S Xa, Z. Now an asymptotic morphism gives a class A in E(C(S(X,¢,Q),as) ®
C(U(X, ¢, P),,),C) where E denotes Connes-Higson E-theory. Note that K K-theory
and FE-theory agree for nuclear C*-algebras. To construct a representative of the class
din B(C,C(S(X,p,Q),as) ® C(U(X, ¢, P),a,)), Putnam had shown in [34] that the
product of the stable and unstable equivalence relations are equivalent, in the sense
of Muhly, Renault, and Williams [31], to the homoclinic equivalence relation. There-
fore, it follows that S(X, ¢, Q) ® U(X, ¢, P) and the homoclinic algebra H (X, ¢) are
Morita equivalent. Now H (X, ¢) is unital so one can find the class of the identity
in F(C,S(X,¢,Q) ® U(X,p, P)) and extend this to the mapping cylinders. Finally,

Kaminker and Putnam produced a very technical argument to prove the duality.

The approach to Poincaré duality presented here has similarities to the E-theory

approach. However, we will use K K-theory and the Ruelle algebras themselves rather
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than mapping cylinders and the crossed products associated with them. Moreover, to
construct the fundamental class A we introduce a new Hilbert space and exploit the
interactions between the stable and unstable Ruelle algebras when represented on the
same Hilbert space. The class ¢ is constructed in much the same manner as in the
E-theory approach. We also note that our constructions are very geometrical in nature
while the classes from Kaminker and Putnam’s original work [26] are combinatorial. We
note that the combinatorial nature of shifts of finite type versus the geometrical nature

of more general Smale spaces is quite typical.

4.4 Poincaré Duality for Irreducible Smale Spaces

The remainder of the chapter is dedicated to showing that the stable and unstable Ruelle

algebras associated with an irreducible Smale space are Poincaré dual.

Recall that (X, d, ¢) is an irreducible Smale space and P and @) are p-invariant sets
of periodic points. We now add the additional assumption that P and @) are distinct,
which will be used in the following way. Consider X”(P, @), the set of points in X which
are stably equivalent to a point in P and unstably equivalent to a point in (). Notice
that the only periodic points in X*(P) are the points in P themselves. For if there
was another periodic point then it must be in P since we have assumed @-invariance.
Similarly, the only periodic points in X“(Q) are the points in @ itself. Now since
XMP,Q) = X*(P)N X“Q) and the fact that P N Q = (), there are no periodic points
at all in X"(P, Q). Moreover, up to Morita equivalence, the C*-algebras S(X, ¢, Q) and
U(X, ¢, P) are independent of the choice of P and Q.

We now state the main result of the chapter.

4.4.1 Duality Theorem. Let (X, ¢) be an irreducible Smale Space with P and Q) finite,
p-invariant sets of periodic points such that PN Q = 0. Then S X, Z and U X, Z
are Poincaré dual; that is, there are classes § in KK'(C,S X, Z® U X, Z) and A in
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KKY(S %o, ZR U %, Z,C) such that

5®U>4auZA = 1S><1a5Z and
5®S><1QSZA

I

_1U><1auZ'

From the duality theorem, we obtain isomorphisms between the K-theory and K-

homology groups of the stable and unstable Ruelle algebras and vice versa.

The remainder of this chapter is organized as follows. In the next two sections, we
construct the classes implementing Poincaré duality for the Ruelle algebras. The class
§in KKYC,S %4, Z® U x4, Z) is given by defining a *-homomorphism from . to
S X, ZRU XNg, Z. The class A in KK'(S x4, Z ® U %, Z,C) is given by defining
an extension of S X,, Z ® U X,, Z using an infinite direct sum of the Hilbert space
H = 2(X"(P,Q)). The final section is the proof of the duality theorem.

4.4.1 The First Duality Class

We give a description of the duality class § in KK (., S X, Z® U X,, Z) for the Ruelle

algebras.

Before we begin with the technical details, let us explain the underlying idea of
the construction. Consider the product groupoid G*(X, p, Q) x G*(X, ¢, P) which is
equivalent to the groupoid G"(X, ¢) in the sense of Muhly, Renault, and Williams [31].
Since the groupoid G"(X, ) is an étale groupoid with compact unit space, namely X
itself, its groupoid C*-algebra, H(X, ¢), is unital. Thus, Kyo(H (X, ¢)) has a canonical
element determined by the class of the identity. The above equivalence of groupoids
implies that S(X, ¢, Q) @ U(X, ¢, P) is Morita equivalent to H (X, ¢) and we construct
a projection in S(X,p, Q) ® U(X, p, P) corresponding to the class of the identity in
H(X, ). For details regarding the Morita equivalence above see [34] and for a general

reference [38].

4.4.2 Definition. Suppose that F = {f1, f2, ..., fix} are continuous, non-negative func-
tions on X and G = {g1, -+, gk} is a subset of X"(P,Q) = X*(P) N X*(Q). For
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0 < e <€y, we say that (F,G) is an e-partition of X if

1. the squares of the functions in F form a partition of unity in C'(X); that is,

K
d R=1

k=1
2. the elements of G are all distinct,
3. the support of fj is contained in B(gg,e/2), for each 1 < k < K.

4.4.3 Lemma ([27]). There exists (F,G), an €'y-partition of X such that

(Fop w(@) = ({frioy | 1<k <K} {p(g) [ L Sk < K})

is also an &'y -partition of X. Moreover, G can be chosen so that G N ¢(G) = &.

Proof. Choose ¢y > & > 0 small enough that, for any =z in X, ¢(B(z,&'/2)) C
B(p(z),e/2). Let U, = B(x,£'/4) so that {U,},ex covers X. Since X is compact
there is a finite subcover, say {Uy }_,. Now a partition of unity subordinate to {Uj }_,
exists [4] and we define F = {fi, fa, -+, fx} to be the square roots of these functions.
By lemma 3.1.1, X"(P,Q) is dense. So we may choose points g, in X"*(P,Q) to be
within €’/4 from the center of each ball Uy. Now the support of each function in F is
still contained in a ball of radius ¢'/2. Therefore, we have an £'y-partition (F,G) such

that (F o ¢!, ¢(G)) is also an &’y-partition. O

We remark that we do not discount the possibility that some of the functions in F

may be zero for our convenience.

Now, for 0 < ¢ < &, let (F,G) be an e-partition and define a function pr g on
G*(X,,Q) x G“(X, i, P) by setting

p]:,G(((E, [L’/), (y> y/)) = fl([x> y])fj([x', y/])7
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for (z,2") € G*(X,9,Q), (y,¥) € G(X, p, P), if, for some i, j,
T € Xu(gi75)7y € Xs(gz‘,é),l‘/ S Xu(9j75),y/ € Xs(gj76)7 [CC)y] = ['rlay/]

and to be zero otherwise. Notice that if a pair 4, j exist for a given ((x,2’), (y,7')), then

it is unique, since g; = [y, z] and ¢; = [/, 2/].

4.4.4 Lemma ([27]). Let 0 < e < ¢’y and let (F,G) be an e-partition. Then pr ¢ is in
S(X, 9, Q)@ U(X, ¢, P).

Proof. Let us fix a pair 4, j and suppose there exists (z,2') € G*(X, ¢, Q) and (y,y) €
G"(X, ¢, P) such that

YRS Xu(g’hg)ay € Xs(gh‘g)?{ljl € Xu(gja€)7y/ € Xs(gja€)> [xay] = [xlay/]'

We note that [g;, g;] is defined and is stably equivalent to g; and unstably equivalent to
g;. By lemma 3.1.2 there are local homeomorphisms A" : X*(g;,¢) — X*([gi, g5], €) and
h* : X*(gj,¢) = X*([9i, g;], €) defined by

hW'(x) = [z, [g:i 9] = [7, 9]
) = lgi9.v] =199

It is immediate that if we let ' = h%(z) and y = h*(y’) then the points satisfy the
conditions above. On the other hand, if ((z,z), (y,y’)) satisfy the conditions then we

have

/

= [ y], 2] = [[2,y], 2] = [x,2] = [z, g;] = (=)
y = [yl =y =] =lgy] =n )

This shows that points satisfying the conditions are realized by local homeomorphisms,

one on the local unstable set of g; and one on the local stable set of g;.

Set ¢ > 0. Consider the function on X“(g;,¢) x X*(g;,¢) which sends (z,y’) to

fillz,y)) f;([«", y]). Tt is clearly a continuous function of compact support so that it can
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be uniformly approximated within & by a function of the form

Ki
Z i (2, 2)bi 1 (y, y')
k=1

where, for each fixed k, we have a; ;1 in C.(G*(X, ¢,Q)) and b; ;1 in C.(G*(X, ¢, P)).
If there exists no ((z,2), (y,y')) for a fixed i, j we define the above sum to be zero. Now
it follows that
Kl,_]
Z Z @i gk @ by
ij k=1

is within €’ of pz ¢ in norm. This completes the proof. O

In the sequel, it will be convenient to have a description of the operator pr  on the
Hilbert space 2(X"(P,Q)) ® 2(X"(P,Q)), in terms of our usual basis, {0, ®46. | w,z €
X™MP,Q)}. We also introduce a standard convention that the bracket map returns
the empty set when the bracket of two points is undefined. Of course, any operator
applied to the dirac delta function of the empty set will return zero and we declare that
any function of the empty set is also zero. This convention will simplify many of the

upcoming formulations.

4.4.5 Lemma ([27]). Let 0 < € < &'y and let (F,G) be an e-partition. Suppose w, z are
in X"(P,Q), then we have

K
Pradw @02 = fil[w,2]) Y fi[w, 2])0u,6) ® Gg, 2
i=1
if there ezists a 1 < k < K, such that w € X"(gg,€),2 € X*(gr,€) and is zero if there
is no such k. (If the k exists, it is unique, for given w,z. The expression on the right

makes sense using our standard convention.)
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Proof. For any z,y in X"(P,Q), we compute

(prcdu®)(@y) = > > pro( ), (u.y)dw()d(y)

a'eXh(z) y'eXh(y)
= pf,G<<x? w)? (y7 Z))
= fillz,y]) fi([w, 2]),

provided
x € X"(gi,€),y € X*(gi,€),w € X"(g,€), 2 € X* (g, €), [, 9] = [w, 2]

and zero otherwise. If there is no k such that w € X"(gx,€),2 € X°(gx,€), then the
conclusion holds. Let us continue under the assumption that there is such a k (which
must be unique, since [z, w] = g and the bracket map is (locally) unique in a Smale
space). If, for some i, [w, z] is not in the support of f;, then for any x,y as above for
which [z,y] = [w, 2], we have f;([x,y]) = fi([w,z]) = 0. On the other hand, if [w, 2] is

in the support of f;, for some ¢, then

r = [x’gi] = [[mﬁy]agi] = Hwﬁz]’gi] = [wvgi]
y = 9y = lgi 2, 9] = lgi, [w, 2]] = g, 2].

That is, for a given i, the choice of z,y is unique. For each such ¢, we have
(pF.cow @ 0:)([w, gi], [9:, 2]) = fi([w, 2]) fi([w, 2]),

and the left hand side is zero for all other values of z,y. The conclusion follows. O

4.4.6 Lemma ([27]). Let 0 < ¢ < &x. If (F,G) is an e-partition, then prq is a
projection. If (F o= (@) is also an e-partition, then

(u @ u)pra(u” @ u*) = Prop-1,p(c)-

Proof. To show that pr ¢ is a projection we use lemma 4.4.5 to compute p?rycéw ® 9,.
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First of all, we have

K

pr.cbw @ 62 = frl[w, 2]) Y fil[w, 2]) g @ Og, 21,

=1

if we X%gr,e),z € X°(gr,e) and zero otherwise. We apply pr ¢ again, taking it
through the sum and looking at each term individually. That is, for fixed 1 < i < K,
we must consider, for what [ is [w, g;] in X*“(g;,¢) and [g;, 2] in X*(g;,€). Since [w, g;] is

clearly in X"“(g;), this can only happen for [ = 7. Using this, we obtain

K
P 0w ® 0. = fellw, 2)) Y fil[w, 2))pr Owg) @ Oig.)

i=1

K
= fi([w, 2] Zfl w, 2]) fil[w, 20) Y fi([lw, 6.1, (96 21) O gi].05] © Flg fg0.1
]:

Al DY ill, )7

K
= fillw,2) Y fi([w, 2)0pu.g;) ® 0.
j=1

= pJ:,G(Sw X 5,2

([w, 2])d1w,g;) ® dg; .21

||Mw

The second part of the proof is a computation:
(u@u)pra(u” @u)oy ® 0, = (U U)pr,adp—1 (w) @ Op-
K
= (ueu) fillp™ (w), ™ (2)]) Z fille™ (@), ™ (2)]) 01 (w00 @ Ofgio1 (2]

= file™ ([w, 7] Zfz Op(fp=1(w),g:)) © Op((gio=1(2)])

= PFop=1,0(G)-

From Lemma 4.4.3, we may find F = {f1,..., fx},G = {¢1, ..., gx } such that (F,G)
and (F o 71, p(G)) are both &y-partitions of X with G N¢(G) = @. Since X"*(P,Q)
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contains no periodic points we know that neither does G. By lemmas 4.4.4 and 4.4.6,
we have that both pr g and pro.,-1,,(q) are projections in S(X, p, Q) ® U(X, ¢, P). For

each 0 < s <1, consider the collection

Fo=AQ =92 fi,0 o (L= 8)Pfi s 2 frop™ s frop™!}

together with the set of points

Gs=1{91,-. -, 9, 0(91), ..., 0(9K)}

Clearly, (Fs, Gs) is an 'y-partition, for all 0 < s < 1. For convenience, define ps = pr, a.

for 0 < s < 1. Its important features are

1. ps is a path of projections in S(X, ¢, Q) @ U(X, ¢, P),
2. p, arises from an ¢'y-partition (Fs, Gy), for all 0 < s <1,
3. po = prc and

4. p1 = s ® u(Po) = PFrop—1,6(G)-

Therefore pr ¢ and pro,-1 () are homotopic projections in S(X, p, Q) ® U(X, ¢, P).

Since pr,q and proy-1 (i) are homotopic, there is a partial isometry v in S(X, ¢, Q)®
U(X, ¢, P) with initial projection v*v = pr ¢ and final projection vv* = pro,-1,,(). By
lemma 4.4.6 we have that (u® u)pr q(u* ® u*) = Prop-1 o(¢) and it is easy to check that
the operator 0 = (u® u)pr,qv* has the property 0“0 = 00" = proy-1,4(c)- Note that the
operator g is in S X, Z ® U X,, Z but not in S(X, ¢, Q) @ U(X, ¢, P) since u ® u is in
the former but not the latter.

We are now ready to define a s-homomorphism ¢ : ./ — S X, Z® U X, Z. To do
this, it suffices to define a partial isometry V in S x,, Z® U x,, Z with the same initial
and final projection, V*V = VV* is a projection. Then sending z—1 to V —V*V extends
uniquely to such a map. (To see this, we simply note that V + (1 — V*V) is a unitary in
the unitization of the range. So there is a unique *-homomorphism mapping z in C'(S')
to V, whose restriction to . = C*(z — 1) is as claimed). Since g in S X,, Z QU X, Z
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has the property that 0" 0 = 00" = proy-1,4(c), We obtain the required *-homomorphism,

which we denote by 9.

4.4.7 Definition ([27]). The class 6 in KK (%, 5 X4, Z @ U X4, Z) is defined by the
% - homomorphism § from . to S X4, Z @ U X,, Z which is uniquely determined by

6(z—1) =0~ o

4.4.2 The Second Duality Class

For the second duality class we construct an extension of S X,, Z ® U X, Z.

Recall that H = (2(X"(P,Q)). From section 3.2, we have representations 7, :
S(X,0,Q) — B(H) and 7, : U(X, ¢, P) — B(H). From this point forwards we will
suppress the representations. Moreover, the Ruelle algebras are also represented on H,

see section 3.3.

We begin this section by considering the manner in which operators in S(X, ¢, Q)
and U(X, ¢, P) interact on H.

4.4.8 Lemma ([34]). If a is in S(X,¢,Q) and b is in U(X, ¢, P), then ab and ba are

compact operators on H.

Before we get to the proof, let us develop some geometric intuition using the hyper-
bolic toral automorphism, see section 2.3.2. Suppose ag € S(X, ¢, Q) has support on a
basic set V*(v,w, h*,d) and by € U(X, ¢, P) has support on a basic set V*(v',w’, h*, ).
So Source(ag) € X*(w,0) and Range(ag) € X"(v,9), and Source(by) C X*(w',d") and
Range(by) C X*(v/,¢"). See lemma 3.2.5 for further details. These sets are illustrated
in figure 4.1 on page 53. Now we claim that agby is a rank one operator. Indeed, we

compute
aobgéx = Cbo(hu o hs(l‘), hs(x))bg(hs(x), x)éh“ohs(m)

if v € X°(w',d), h*(z) € X°(v',§), h*(x) € X"(w,d), and h* o h*(x) € X"(v,0). The
operator is zero otherwise. Therefore, from the picture below we see that x is the only

possible point in X where agby is non-zero. Whence, agby is a rank one operator. Now
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every element a € S(X,p,Q) and b € U(X,p, P) is a norm limit of a finite sum of
operators with supports on their respective basic sets. It follows that ab must be a

compact operator.

(0,1)

Figure 4.1: Hyperbolic Toral Automorphism

Proof. To begin, let us assume that both a in S(X, ¢, Q) and b in U(X, ¢, P) are sup-
ported on basic sets; that is, for v,w € X*(Q) and v/, w’ € X*(P), let the support of a be
V¥(v,w, h*,0) and the support of b be V*(v', w’, h*,§"). Note that Source(a) C X*(w,?)
and Range(a) C X"(v,9), and Source(b) C X*(w',0’) and Range(b) C X*(v',¢d"). See
lemma 3.2.5 for further details. We compute, for x in X"(P,Q),

a-bd, = a(h*oh’(x),h*(x))b(h*(x),2)0nuons (a)

if v € X°(w',d"), h¥(z) € X*(v',9), h*(x) € X*(w,d), and h* o h*(z) € X"(v,9).
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Otherwise the product is zero. In particular, the product is zero unless Range(b) N
Source(a) is non-zero. However, uniqueness of the bracket implies that a local stable
set and a local unstable set have non-trivial intersection at one point, at most. Whence,
the product is zero unless X*(v’, ") and X"(w, d) intersect and if they do the product is
a rank one operator. Now finite sums of operators with supports as above form a dense
set and therefore we obtain the compact operators by taking limits. Taking adjoints

gives that b - a is also compact. O

4.4.9 Lemma. Ifa is in S(X,,Q) and b is in U(X, @, P), then

lim a;"(a)-b=0 and lim b-a;"(a) = 0.
n—400 n—-4o0o

Before we begin the proof we note that the main idea is illustrated in figure 4.2
on page 55 for a hyperbolic toral automorphism with ¢-invariant periodic points P =
{(0,0)} and @ = {(3,3).(0,3),(3,0)}. Indeed, for a € S(X, ¢, Q) supported on X*(Q)
the figure demonstrates how the support of a is exponentially contracting while con-
verging to points in (). Now if b in U(X, ¢, P) is supported on a basic set then we can
find neighbourhoods of the points in () that do not intersect the support of b. Now for
N sufficiently large the support of a="(a) and the support of b do not intersect for all
n> N.

Proof. Let us assume that both a in S(X,¢,Q) and b in U(X,p, P) are supported
on basic sets; that is, for v,w € X"(Q) and v',w’ € X*(P), let the support of a be
V¥(v,w, h*,0) and the support of b be V*(v/, w', h*,§"). Note that Source(a) C X" (w, d)
and Range(a) C X*(v,d), and Source(b) C X*(w',0") and Range(b) C X*(v',§"). See

lemma 3.2.5 for further details.

We first aim to show that there exists N in N such that, for all n > N, we have

a "(a)-b=0. Indeed, from lemma 3.3.1 we have

—n

07"(@) 8, = a(h* 0 ¢ (=), ©" () nonsopn ey

S

So we see that the support of a;"(a) is V(o "(v),o "(w),™™ o h* o " A7"0).
Therefore, it follows that Source(a;"(a)) € X"(¢™"(w), A7) and Range(a;™(a)) C
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" Source(b) NS

' . Source(a)

. \\\\/Source(a;3(a)) ~
\XSource(as_6 (a)) N \/K\Range(as_g(a))

\

Range(a;5(a)), \

\ \

Range(b) R .

(0,0) (1,0)

Figure 4.2: The support of a € S(X, , Q) is contracting under iterations of o~ in a

hyperbolic toral automorphism.

X*(¢ ™(v),A\7"™0). That is, the support of a is being exponentially contracted by re-

peated application of a,. Moreover, we compute
07"(a) bd, = a(ho@" 0 h(2), 0" 0 b (2))b(K (), ) nensopmons(s

if z € X*(w',0"), h*(2) € X°(v',¢'), and h*(2) € X" (p " (w), A~"F). It is zero otherwise.
Now set £ > 0 small enough that X“(Q,e)NX*(v', ") = &, we know this is possible since
v’ is in X*(P) while no point in @ is in X*(P) since P and @) are mutually distinct and -
invariant. Given ¢ > 0, we can find an N in N, such that X" (™" (w), A7) C X*“(Q,¢)
for all n > N. This implies that, for all n > N, we have a™"(a) - b = 0. Now the
general result follows since elements of S(X, ¢, Q) and U(X, ¢, P) are norm limits of

linear combinations of elements with the above form. A similar argument gives the
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result for b-a™"(a). O

The following lemma appears in [28] and the main idea behind the proof appears in
[34]. For completeness we reproduce the proof appearing in [28]. We also note that the
main idea of the proof is illustrated, using a hyperbolic toral automorphism, in Figure

4.3 on page 59.
4.4.10 Lemma ([34] [28]). For any a in S(X, ¢, Q) and b in U(X, ¢, P), we have

lim [lag(a)b = bag(a)l| = 0,
n—oo

lim |lac,™(b) — " (b)al| =0,
n—oo

o (D) (a)]| = 0.

nh—>nolo ||Cks (CL)O(U (b) -y, s

Proof. We shall prove the third equality only; the others can be easily deduced. Indeed,
to deduce the first equality from the third we compute

0 = lim al(a)a,”(b) — ay"(b)al(a)]

= lim ||u"au"u""bu" —u "bu"u"au™"||
n—oo

= lim [[u*au"?"b — bu* au"?"||
n—oo

= lim [|[u*"au"?"b — bu*"au"?"||
n—oo

= lim o] (a)b - bay'(a)]

where m = 2n. Similarly, we can show the second equality. We must now prove the

third equality.

Let ¢ > 0 and assume that both a in S(X, ¢, Q) and b in U(X, ¢, P) are supported
on basic sets; that is, for v,w € X"(Q) and v',w’ € X*(P), let the support of a be
V¥(v,w, h*,0) and the support of b be V*(v/,w’, h*, ). Note that Source(a) C X“(w, J)
and Range(a) C X*(v,d), and Source(b) C X*(w',0") and Range(b) C X*(v',¢"). See

lemma 3.2.5 for further details. Using the computations similar to lemma 3.3.1 we have
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a(h" 097" 0 b7 0 " (2), 07" 0 h* 0 " (2))b(h" © @7 (2), 9" (2))nonnap-2nonapn(z)

b(h* o p*™ o h* o @ "(2),¢*" o K" 0 "(2))a(h® o ¢ ™(2), ©™"(2))0p-nohsop2nohtop—n(z)-

Moreover, lemma 2.2 in [34] states that, there exists N such that for all n > N we have,

ot oh"o gpr” oh®op(z)=¢ "oh’o <p2" o h" o "(z).

Now, suppose we are given z in X”*(P, Q) such that p="(z) € Source(a) and ¢"(z) €
Source(b). We may define the following points:

. = z

T2 = @ oh"op"(2)

13 = @ oh op Mohtop"(z)=p "oh®oyp™oh"op "(2)
Ty = @ "oh®oy™(z).

In fact, given £; > 0 and any z satisfying the above conditions, we can set N sufficiently

large that we have, for all n > N:

To € X° T1,&1

x4 € X° xs3, €1

(21,€1) (21,€1)
1 € X°(x9,61) x3 € X%(22,61),
(23,€1) (23,€1)
T3 € XS(ZE4,61) ( )

We have illustrated the relationship between these points for the hyperbolic toral au-
tomorphism in Figure 4.3 on page 59. Since a and b are taking basis vectors to basis

vectors, we have

e (a) - o, (b) = a,"(b) - & (a)|
= sup |a(™"(ws), " (24))b(" (), " (1)) = D" (23), ©" (w2) )Jal ™" (22), ™" (1))

Now a and b are uniformly continuous so we may choose N large enough that the above
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condition is satisfied (the two versions of 3 are equal) and so that ; is sufficiently small
that we have, for all n > NV,

3

|a(<p7n(x3), (p*"(;(;él)) — a(gofn($2), 907n<$1))| < m

b (24), " (1)) = bl" (w5), " (2))] < 5

2fjall

Now we compute

|ale™" (25), ™" (24))0(@" (x4), " (x1)) — ale™"(x2), 0" (21))0(¢" (23), " (2))]

= lalp™(x3), ™" (24))b(@" (24), 9" (1)) — alep™"(3), ™" (24))b(" (23), " (22))
+a(p " (ws), 07" (24))b(¢" (23), " (22)) — ale™"(x2), 7" (21))b(¢" (w3), " (22))]
< la(e™"(23), " (@a))|[6(&" (24), 9" (1)) = b(@" (23), ¥" (w2))]

|
Hale™(x3), 07" (24)) — ale™"(w2), 7" (22))[[6(¢" (x5), " (x2))]
lalle | llblle _
2llall  2flo]

)
|
)

Therefore, we have shown that

lim {lag (), (0) — " (b)ag(a)]| = 0

S
n—oo

which completes the proof. O

This completes the interactions of S(X, ¢, Q) and U(X, p, P) on H. Our goal is to
produce an extension of S X, , Z® U x,, Z. To accomplish this we must represent each
of these C*-algebras as operators on a Hilbert space such that they commute modulo
compact operators. Now let f € S x,, Z and g € U x,, Z, one of the corollaries of
the previous lemmas is that fg is equivalent to the zero operator modulo the compact
operators on H. Therefore, we must define a new Hilbert space. This is accomplished

by taking an infinite direct sum of copies of H. Define

H=He L) =P

nez

We will define representations of S x,, Z and U X,, Z as bounded operators on .



(0,1) (1,1)
Source(a)
" (24)
. (o)
he - - \\\ Range(b)
-7 | hu
Source(b)
Range(a)
(0,0 (1,0)
(0,1) (1,1)
S Source(a?(a
Range(a(a))
Ty
X X T3
2
>
>
Range(a;,"(b)
X Source(a;" (b))
A
(0,0) (1,0)

Figure 4.3: The points 1, x5, x3, x4 for a hyperbolic toral automorphism.

59
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Recall that for ¢, in H we have the unitary operator ud, = d,(,) and as(a) = uau* and
a,(b) = ubu*. The bilateral shift on ¢?(Z) will be denoted by B and is the operator
given by B6,, = 0,_1. We note that from this point forwards we will always use d,, and
6, as basis vectors of ¢3(Z) and 4,, d, and ¢, as basis vectors of H = (*(X"(P,Q)).

Define 7, : S X,, Z — B(H ® (*(Z)), for a in S(X, ¢, Q), via

Ts(a) = @a?(a) 7Ts(u) =1® B.

neL

Also define 7, : U X, Z — B(H ® (3(Z)), for b in U(X, ¢, P), via

Fu(b) =b® 1 Tult) = u® B*.

4.4.11 Lemma. The map s : S Xo, Z — B(H) is a representation.

Proof. All the properties for the representation are obviously satisfied except for covari-
ance. Let d, be a basis vector on H and 4, a basis vector on (?(Z). Let a in S(X, ¢, Q).

Using lemma 3.3.1, we compute
Ts(as(a)) = Ts(uau™) = Ts(u)Ts(a)Ts(u)*.

Thus, covariance is maintained. O

Similarly we have the analogous result for the unstable Ruelle algebra.

4.4.12 Lemma. The map 7, : U X4, Z — B(H) is a representation.

So we have represented both Ruelle algebras as bounded operators on the Hilbert
space H. We now take a close look at how all four C*-algebras, S(X, ¢, Q), U(X, ¢, P),

S X, Z, and U x,, Z, interact on H. This leads to our main result of the section, an
extension of S X,, Z® U x,, Z.

4.4.13 Lemma. If a is in S(X,p,Q) and b is in U(X, ¢, P), then Ts(a)7,(b) and

7u(b)Ts(a) are never compact operators on H unless either a or b is the zero operator.
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Proof. Let us tackle the mixing case first. If (X, d, ¢) is a mixing Smale space then the
representations 7y and 7, are faithful since the C*-algebras S(X, ¢, Q) and U(X, ¢, P)
are simple [37], see Section 3.2. Therefore, T:(S(X, ¢, Q)) @ T, (U(X, ¢, P)) is also

simple. Thus, we must show that at least one non-zero operator is not compact.

In the irreducible case we recall that S(X, ¢, Q) and U(X, ¢, P) are finite direct
sums of m simple algebras, m € N. Therefore, S(X,¢,Q)) ® U(X,p, P) is a direct
sum of m? simple components. Now if a € S(X, ¢, Q) has support in component i and
b € U(X, ¢, P) has support in component j we wish to consider these operators in the
nth summand of the Hilbert space H. Notice that a™*(a) is back in the ith component
since « is cyclically permuting a with period m. Therefore, the rank in summand n
tends to infinity provided n — i + j is a multiple of m, and the rank is zero in the other

summands.

We now show that there is at least one non-compact operator. Select p € P and
g € @ periodic points and let m be as above. Set 0 < § < ¢’ < ex/2 and define
b e C.(G*(X, p, P)) to be supported on the basic set V*(p, p, id, §') such that b(z,z) =1
for all x € X*(p,d). Similarly, define a € C.(G*(X, ¢, Q)) to be supported on the basic
set V¥(q, q,id,d") such that a(y,y) = 1 for all y € X*(q,d). Combining Lemma 5.9 and
Proposition 5.12 in [28] it follows that there exists N € N such that, for all n > N

"™ (X"(q,0)) N X*(p,d) # 0.

Now for any fixed n > N with z in the above intersection, we compute

™ (a)bd- || = [la™(a)d.|| = [la(e™™"(2), ™" (2))d:|| = [0 = 1.

h

Therefore, for every n > N we have that ||ab||,, > 1 on the mn'* summand of H =

D,.cz H. It follows that ab is not a compact operator on H.

Taking adjoints shows that 7,(b) - Ts(a) is also never compact. O

4.4.14 Lemma. For any f in S X, Z and g in U X, Z, we have

[ﬁs(f)aﬁu<g)] = fs(f>7u(g> - 7U(g>?s(f>
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1s a compact operator on H.

Proof. From lemma 4.4.8 we know that on each coordinate of H, for a in S(X, ¢, Q) and
bin U(X, g, P), we have 7s(a)m,(b) and 7, (b)7s(a) are compact operators. However, by
lemma 4.4.13, 7,(a)7,(b) and 7, (b)7,(a) is never a compact operator on H unless either

a or b is the zero operator. Denote the nth coordinate of

H=PH

neL

by H,, and set € > 0. Lemma 4.4.9 implies that there exists N; such that for n > N; we
have that both ||a™"(a)b|| < £/2 and ||ba™"(a)|| < £/2. Therefore,

175 (@)Tu(b) = Tu(O)Ts(@))l_, | = lla™"(a)b —ba™"(a)]
= [la™(a)bl[ + [[ba™"(a)|| <e.

Moreover, Lemma 4.4.10 implies that there exists Ny such that for n > N, we have

I7s(a)Tu(b) = Tu (D)7 (@) |z, || = lla"(a)b — ba™(a)]| < e.

Therefore, for a € S(X, ¢, Q) and b € U(X, ¢, P) we have [75(a),7,(b)] is compact. Now
the conclusion follows provided we show 7s(a) commutes with 7, (u), 7, (b) commutes
with 74 (u), and 7, (u) commutes with 7,(u). Indeed, for J, ® 6, a basis vector on H, we

compute

ﬁs(a)%u(u)ax ® 5n = fs<a)(5¢(1) & 6n+1
= a"™(a)du() @ Onta

n

= ud"(a)u dp(z) ® dpta
= ua"(a)d; @ Opt1
Tu(u)Ts(a)0z © 0 = Tu(u)(@"(a)dz @ 0n)

— ua"(a)s, ® cw
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Whence, [7s(a), T, (u)] = 0. Furthermore,

Tu(W)Ts(u) = RDN1@B)=(12B)(b®1)=7,(u)T.(b)
Tu(u)Ts(u) = W@ B)(1®B)=u®1l=(1® B)(u® B*) =7(u)T,(u).

Thus, we also have [7,(b), Ts(u)] = 0 and [T, (u), Ts(u)] = 0. O

Define £ to be the C*-algebra generated by 7s(S Xq, Z), Tu(U Xq, Z), and K(H).
Note that neither 7, (S x4, Z) or 7, (U X, Z) contain any compact operators on H other

than the zero operator. Now lemma 4.4.14 implies that (S X,, Z) and 7, (U X, Z)

commute modulo the compact operators IC(#H). From this we have that
EIK(H) =S %o, ZRU xg, Z.

This gives the element A as follows.

4.4.15 Definition. The class A in KK (S %o, ZQU x4, Z,C) is given by the extension

K(H) £ S X, ZRU X, Z 0.

4.4.3 Proof of the Duality Theorem

In this section we will prove the Duality Theorem 4.4.1 for irreducible smale spaces. Let

us begin with a summary of the proof to follow.

Summary of proof. Given the classes 0 and A constructed in the previous two sections,

we must show:

0 Qurup,z A = 797E(T5)  and (4.10)
0 Qgnpz A = —7V7?(Tp). (4.11)

In fact, we will only prove (4.10) since (4.11) is completely analogous.

We start with the class A € KK*(S X, ZQU x4, Z,C), from Definition 4.4.15, and
the class 6 € KK'(C,S x4, Z® U X, Z), appearing in Definition 4.4.7. We note that
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A is given by an extension and J is a * - homomorphism from . to S X,, Z®Q U X, Z.
Therefore, an application of lemma 4.1.3 gives us a class 6 @uy,, z A in KK'(S Xo, Z®
.S X, Z) given by the extension

— 0'1207T/

0 S X, ZRK(H) & S Xy, RS 0.

We are finished provided that this extension is a representative of the same K K-class as
75%esZ(Ty). The first step is to construct a class © € KK (S Xy, Z® ., S Xy, Z®R .S
which homotopic to 1gx, zg.» Which we view as a type of untwisting. Now the product
O ®8ua, 287 (0 QUn,,z A) remains in the same K K-class as § ®px,,z A. Finally, we

construct a unitary & and compute

adu(@ ®SNaSZ®y (5 ®U><QUZ A))

which also does not change the K K-class. We then show that this is the class 79%<Z ().
[

We now begin with the formal proof of duality. We begin by introducing some (non-
standard) notation that should help with understanding for some of the computations

to follow.

Notation. We will represent the C*-algebra S X,, Z @ U X, Z ® S X, Z as bounded
operators on the Hilbert space H @ H ® (*(Z). We will index the tensor products as
f ®1 g ®9&. Secondly, we have the operator

1@y @ al(a) € BH @M (Z)),

neL

and we want to simplify notation. Thus, we define

1®1al(a) e, =1®; @a"(a),

nez
where e, is thought of as a placeholder in nth coordinate of (*(Z).

4.4.16 Lemma. The class of 6 ®@ux, z A in KK'(S ., Z® &, S X4, L) is given by
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the extension

012 O’7T/

0 S Xa, 7@ K(H) g S Xo, Z® .S 0.

Proof. We start with the class A € KK'(S x4, Z®Q U x4, Z,C), from Definition 4.4.15,

given by the extension

— ™

K(H) £ S Xa, ZRU X, Z 0

and the class 6 € KK(&,S Xo, Z ®@ U X,, 7Z), appearing in Definition 4.4.7, defined
by a * - homomorphism ¢ : . — S X4, Z ® U X, Z. Expanding the definition of the

product we have
6 Quna,z A = 012(ToTsu, 2(8) @ 79" La15(A)).
We will step through the process of this product.

The extension 7520 5(A) € KKY(S Yo, ZQU Xo, Z® S X, Z, S X4, Z) is given
by

0= %0, ZROKMH) = S X0, ZRE 25 S 310, ZRU Xg, Z® S X, Z — 0.

Note that we have a representation of S X,, ZQU Xo, ZR S X4, Z to B(HQH @ (*(Z))

given by 1 ®, 7, ®y s, defined in Section 4.4.2. These maps are given on generators by

a®1®@1—a® 1®:1 U 1@l = u®1®:1
1101 1®0®s1 1®u®21—1®;u®y B
1®11®2a|—>1®1a”(a)®26n 1®11®2uH1®11®23,

where we have suppressed the representations. See section 4.4.2 for details on these

operators.
The class T9Tgu, z(0) is given by a *-homomorphism

0R1: RSN L — S X, ZRU X, RS Xg, L.
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For convenience, we note that ®1 is uniquely determined by the map sending z —1®a-u*
into S Xo, ZQU Xo, Z® S N, Z via the maps

z2®1 = (U@ u®1)(pra®21)(v" @2 1),
I®a = (U u®1)(pre®21)(u" @ u" ®1)(1®1®;a),
I@u = (u® u®1)(pre®21)(u" @ u" ®@1)(1®11®5u).

By lemma 4.1.3, the Kasparov product 7.y 7gyx, z(8) ® 75%s%015(A) is given by the

extension

0 S %0 Z&KH) L N/

0
where £’ is the C*-algebra generated by
(1) o107, @7,): S RS X, Z — BHRHRP(Z)) and S x4, ZQK(H).

Furthermore, the extension o12(79 s, z(0) ® 757*s%015(A)) is given by

012 © 7T/

00— S o, Z®K(H) & SN, Z® .S 0.

Now that we have computed the product 6®¢ ., zA, we must show that it defines the
same class in KK (SX,, Z0.7®.7,8x,,7Z) as 79" Z(T). The first part of this process
is an untwisting step. In particular, we shall define an automorphism @ : S X, , Z®.¥ —
S X g, & which is homotopic to 1gx, zes it KK(SXe, Z®.7,S X, Z®.7). Indeed,
for a € S(X, ¢, Q), u implementing the action ay, and f(t) € . = Cy(0, 1), define

Oa-uF @ f(t)) = a-uf @ f(1).
We note that this map is given on generators by

1®Qz—1®z2 , a®@1l—a®l , UR®l—u® z.
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At this point we need to accomplish two things. First, we must show that © is homotopic

to lgx,,z and second, we must compute the product

O D(Sxa,2)2.7 (0 AUsna,z D).

4.4.17 Lemma. There exists an automorphism © : S X4, 2R . — S Xo, 2.7 defined
on generators by

Oa-uF @ f(t)) = a-uF @ f(1).

Moreover, O is the identity in KK (S Xo, Z® %,8 Xo, ZQ S

Proof. We will show a homotopy from © to the identity. Indeed, for r € [0, 1] define,
O,(a-u* @ f(t)) = a-u* @™ f(1).

We want to show that ©, is a *-automorphism for every r in [0,1] and ¢ in (0,1). To

see that covariance is maintained, for all r in [0,1] and ¢ in (0, 1), we compute

O, (u®1)0,(a® f(1)Or(u® 1) = (u@e*™)(a® f(t))(u* @e ™)
= (uau* @ f(t) = as(a) ® f(t) = Op(a(a) ® f(1)).

Therefore, the map ©, satisfies the covariance conditions for all » € [0,1] and ¢ in (0, 1),
so extends to a x-homomorphism on S x,, Z ® .. We can explicitly write a formula
for the inverse of ©, on generators so that 6, is actually a x-automorphism. Moreover,
O, is clearly is faithful since S x,, Z ® . is simple and O is clearly onto. Now we must

show that each map

a-u" @ f(t) = Op(a-uf @ f(t) = a-uf @7 f(1)

is continuous. Let e > 0, and set § = =7 where M is the maximum value of [ja-u*® f (¢)||
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for t € (0,1). For |r — 7’| < 6 we compute

160w @ f(1) = Oula- @ FB) = lla-u* & ™ f(1) — - @ f(1)]
= Jla-ut® (1 - ) f(p)]
= 1= ot @ £
< —la-vk e f@) <.

Finally,
Ola-v" @ f(t) = a-u" @™ f(t) =a-u* @ f(t)
Oi(a-u" @ f(t) = a-u*@™f(t) =O(a-u" ® f(t))

so that @y = Id and ©; = 6. Therefore, O is homotopic to 1., 7y in KK(S Xq, Z &
S SN L RS, O

4.4.18 Lemma. The class of © ®gsx, 205 (0 Quwa,zA) in KK (S X0, Z® S, S X4, L)

15 given by the extension

=7 oo’

S X, ZRK(H) & S Xa, LR S

0 0.

Furthermore, this extension represents the same class in KK-theory as 6 Quu,,z A.

Proof. To begin we note that, by lemma 4.4.16,
5 ®U>4auZ A = 012(7_5’7—5>4a52(6) X TSNO‘SZO'Q(A)) - KKl(S Nas 7 X y, S Nas Z)

is given by the extension

— 0'1207T/

S X, Z@K(H) &' S X, LR .S

0 0.

Now since © is an automorphism, an application of lemma 4.1.3 implies that O®g., ze.#

(0 ®Uwna,z A) is given by the extension

012 0 ,/T//

0 S X, 7@ K(H) & S X, Z® .S 0
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where £&" = {z € &' | o3 0o 7"(x) = O~ (7'(x))}. Moreover, the final statement in the

lemma follows from lemma 4.4.17. O

At this point, let us take a moment to summarize our result so far. Combining lemma,

4.4.16 and lemma 4.4.18 we have the following composition of maps:

o
S X, Z® S S Xo. Z® S 712

SR8 N, L

'®1

S XN, ZRU Xoy RS Ny, Z

1 _'lL _S
DT T BHoH ((Z)).

Let us denote this composition by ¥ : S X, Z ® . — B(H ® H ® (*(Z)) and observe
that (S X, Z®.7) C E". Moreover, since S X, Z® .7 is generated by a - u* @ 2! — 1

where a € S(X, p, @), we note this map is given on generators by

1®z = ((u®u)prev’) ®e B,
a®l — ((u &1 U)p}',G(U X1 U)*) X2 1)(1 ®1 oz”(a) X0 €n),
u®l = ((u®u)prev’) s 1.

To complete the proof we must show that the class

O P5ua, 207 (0 DUxa,z D)

in KKY(S Xa, Z®.7,8 X4, Z) is equivalent to 7°*«=2(T5). The equivalence we produce
uses a slightly modified version of the unitary produced in the work of Kaminker and
Putnam [27].

Suppose that (F,G) is an € -partition of X, as in section 4.4.7. We define a vector,
which we denote yg in H = £2(X"(P,Q)) which takes the value (#G)~'/2 on the set
G and zero elsewhere. Note that yg is a unit vector. We let ¢o denote the rank one

projection onto the span of yq.
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We define Wz ¢ by setting, for all y in X"(P,Q),

Wraby @ Xa =Y fi¥)dyg ® dgy)
k

where the sum is taken over all k£ such that y is in B(gk,€’y/2). Recall that in an
e'v-partition of X the support of fy is contained in B(gx,¢e’s/2). Using our standard
convention (the bracket returns zero if it is not defined), we will simply write the sum
above as being over all k = 1,2, ..., K since fi(y) will be zero if [y, gx] and [gy, y| fail to
be defined. We also set Wz gd, ® & =0, for £ in H orthogonal to xg-.

It is easy to verify that

W;:,Gdy ® 5Z -

felly, 20y @ xa ify € X%(gr,€), 2 € X*(gr, €)
otherwise

for all w, z in X"(P, Q). The following lemma summarizes the basic properties of W.

4.4.19 Lemma ([27]). Suppose that (F,G) is an €'y -partition of X and Wx ¢ is defined

as above. Then

1. W;yGW}',G =1 X qa -
2. WraWr o = pre-

3. If (Fop ' 0(Q)) is also an &'y -partition, then

(u @ u)Wra(u®u) = Wrep1 p()-

4' W}',G(S(Xv ¢7Q) ®IC) - S(Xvva) ® K.
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Proof. Let us drop the subscripts and set W = Wxr . For the first item we compute

Zk fe(y)W* (5[14791& ® 5[%?;]) if y € B(gr,€'x/2)

W*We, ® =
y ®XG { 0 otherwise

= > @) Fllly: 981 198 Y1) Oty g0l o) @ X

k
= Y s, ®xe
k

5y & XaG-
For the second item we have a similar computation:

filly, 2DW 0.1 @ xa) ity € X*(gi,€), 2 € X7(gi,€)

WWw#, ® 0, = )
0 otherwise

_ ) Fillys 2D 22 e[y 2D)0ty 200 @ Otgrc ) 1y € X¥(gi6), 2 € Xo(g,€)
0 otherwise

= filly, D) D Ful[y: 2160 © Olgy 2

k
= p}',G((Sy X 5,2)

The third item follows directly from the definitions. Finally, for the fourth item, let a
be in S(X, ¢, Q) and suppose k is any compact operator. Now

Waok)=W1®q¢)(a®k) =W(a®q)(1ok),

and so it suffices to show W(a ® qg) is in S(X, p, Q) ® K. The C*-algebra S(X, ¢, Q)
has an approximate identity consisting of continuous functions of compact support on
X"(Q). Moreover, such functions are spanned by elements supported on sets of the form
X*(v,€y/2). So it suffices to consider a point v in X*(Q), a function a in S(X, ¢, Q)
supported on a basic set of the form V" (v, v, h*, € /2) such that ad, = a(y,y)d, if y is in
X*(v, €y /2) and zero otherwise, and prove that W (a®qq) is in S(X, ¢, Q)@ K. For each
k, let us define a function by supported on a basic set of the form V*([v, gi], v, h*, € /2)
by be(v',y) = a(y,y) fe(y) if d(y,gx) < €y and [y, gr] = ¥/ and to be zero otherwise.

Also define e, to be the rank one operator which maps x¢ to djy, , and is zero on the
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orthogonal complement of yq. It follows that b is in S(X, ¢, Q). Now we compute

W(a®qa)(6y ®xa) = aly,y)W (s, ® xa)
= a(y,y) Y ()00 @ Oge)
k

= > a(y, ) ()00 @ Glgyg)

= > b ®ex(d, @ Xa)-

Therefore, W(a ® q¢) is in S(X, ¢, Q) @ K(H). O

4.4.20 Lemma ([27]). Let a be in S(X,p, Q) and let (F,G) be an &'y -partition. Then
we have
Jim [|(1® af(a))Wre = Wralag(e) @1)| = 0.

Proof. Again, let us drop the subscripts and set W = Wxr . It suffices to prove the
result for a supported in a basic set of the form V*(v,w, h*,d) and further, since we are
taking limits as n goes to positive infinity, we may also assume that v and w are within

e’y /2 so that h* is given by the bracket map.

We observe that both operators (1 ® aZ(a))W and W(1 ® a?(a)) are zero on the
orthogonal complement of £2(X"(P,Q)) ® C - xg. We consider y in H = (2(X"(P,Q))

and compute
(1®ai(@)W(d, @ xe) = (1®ai(a)) Z Fu(¥)0y.9.) @ Olgiy

= ka gk 91 0], 07" 198 Y)pygn) © Spnfrigyplel
and also

W(ag(a) ® )( ®XG) Wa(le™"(y),v], " "(¥))dpnip-n(y) 0] @ XP

Z y),vD)alle™ (W), v], ™" (U)o wm)vl.on] © Olgrien o (m).vil-
k

Let € > 0 be given. Let M be an upper bound on the function |a|. We may find a
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constant £; > 0 such that |fx(y) — fr(2)| < €¢/2M K, for all y, z with d(y, z) < ¢ and
1 <k < K. In addition, we select ¢; > 0 such that |a([y,v],y) — a([z,v], 2)| < €¢/2K for
all y,z with z in X“(y,€;1). We choose N sufficiently large so that A™™ex /2 < € and
A "ex < €y, for all n > N. With n > N, holding k fixed for the moment, we make the

claim that if the coefficient in either expression above:

Fe(@)alle™" (g yl,v], 0" 9k, y]) or Te(@" [ " (), v]alle™"(y), v], o " (y))

is not zero, then we have

L [y, g6l = [¢" ¢ (y), V], gk],

2. "™ [gr, yl,v] = [gr, ©" [ (y), vl

3. the map sending (y, gx) to ([y, gxl, ¥"[» "9k, y], v]) is injective,
4 ¢ gk, yl is in X" (¢™"(y), @),

5. d(¢n[¢_n(y)av]ay) < €1.

If fr(y)alle™"gk, yl,v], "9k, y]) is non-zero, then fi(y) must be non-zero and this
means that y is in B(gg, € /2). Moreover, from the choice of €y, we have [gk,y] is in
X*(y,ex/2) and hence o~ "([gx, y]) is in X"“(p " (y)A\"ex/2). In addition, we know that
a([e™"[gk, y], v], ¢ "[gk, y]) is non-zero and this means that =" ([gx, y]) is in X“(w, €y /2)
and it follows that ¢~ "(y) is in X*(w, €y /24+A""ex/2). Since A "ex < €y < €x/2, we see
that [p~"(y),v] is also defined and is in X*(¢~"(y), ex/2). It follows that ¢"[p™"(y), v]
is in X*(y, \""ex/2) and also in B(gy, €y ).

If the second expression, fi(¢"[¢p"(y),v])a([¢~"(y),v], o ™(y)) is non-zero, then we
must have that a([¢~"(y), v], ¢ "(y)) is non-zero and so ¢~ "(y) is in X*(w, €y /2). Then
we have [p™"(y),v] is in X*(¢ " (y), ex/2) and hence ¢"[p~"(y),v] is in X*(y, A\ "ex /2).
In addition, if the coefficient is non-zero, the f; term is non-zero and this means that this
same point is in B(gy, €’y /2) and hence, y is in B(gg, €’y /2+A""ex/2). Since A "ex < €y,
9%, y] is in X" (y, €x/2).

To summarize, if either term is non-zero, then we have [gx,y] is defined and is in
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Xy, ex/2), o "(y) is in X" (w, €y) and [¢ " (y), v] is defined and in X*(p~"(y), ex/2).

Parts 4 and 5 of the claim follow at once since A™"ex /2 < €;.

For any 0 < m < n, we have

d(e™ " (y), "™ (Y),2]) < AT (W), [T (W), v]) S AMex/2 < ex/2,

and
d(e™™MY), @ gk, y) < ATy, [gk, y]) S AT Mex /2 < ex /2.

From the triangle inequality, we have

d(e™ ™" (), v}, ™ "gr, yl) < ex.

This means that the bracket of these points is defined (in either order). First, taking

bracket in the order given and using the ¢-invariance of the bracket we have

[

HQO n(?J)? U]’ Qp_n[gka y“

Sp_n(y)’ U], Spm—n[gk’ y]] - B
™" (y), "9k, yl]-

[p @™
(pm

When m = n, the left hand side becomes

[ [0 (Y), v], " gk, Yl = [ " (W), V], [gr, ¥l = [@" ™" (y), v], yl]

while the right hand side is
"l W) e gkl = " (e (Y) =y
as o "[gr,y] is in X" (" (y), A "ex/2). Now bracketing each with g yields
[y, 9] = [[e" ™" (), 0], ], ge] = 9" (07" (1), 0], 9&]
and we have established part 1 of the claim.

On the other hand, if we bracket in the other order, and again use the g-invariance,
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we obtain
(™ " gk gl ™ 07" (), vl] = €™ 0" gyl [0 (), 0]l = @™ [0 gk yl 0]
Setting m = n, the left hand side is
(" g wl, " o™ (W) v]] = llgw: yl, "™ (), V] = lgn, "1™ (1), V]

while the right is
@[ gk, Y], " ()]

We have established the second part of the claim.

For the third part of the claim, let x = [y, gx] and z = [gk, ¢"[¢ " (), v]]. We can

recover y and gy from x and z by observing that [z, x] = gy and
[, 2] = [ly: g, lgw, @" (07" (W), W]]] = [y, " [0 (1), 0l] = v,
since " [ "(y),v] is in X*(y, €).
We may conclude from the first two parts of our claim that

(I1®ag(a ))W = W( s(a) ®1)(6, ® xc)
= Z fr@)a(le™" gk, yl,v], 0 " [gr, y]) — fe(@ [ " (v), vDalle™" (v), 0], " (¥)))

Oly.gr] @ Olgp.onlo—m(y).0])-

From part 3, we see that the vectors appearing in the right hand side of the expression
at the end of the last paragraph are pairwise orthogonal and the sums obtained for

different values of y are pairwise orthogonal. From this it follows that

11 @ ag(a))W — W(ag(a )®1)||2
= sup Z|fk "9k, y], o], ™" gk, y])

yeEXM(P,Q)

—fily [ "(y), vDa(le™"(y), v, ¢ (W)
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The estimate that, for fixed k£ and v,

| fe(m)alle™ " gk, yl, v], 0 " gk, y]) — fule™ [ " (y), v])alle " (y), v], 0 "(¥))] < /K

follows from the last two parts of our claim and standard techniques. This completes
the proof. 0

We next define

= Wra (1- WI,GW}E,G)I/Q
—(1 - W},GWF,G)I/Z Wz e

which is a unitary operator. Moreover, it follows from part 4 of Lemma 4.4.19 that it is
in the multiplier algebra of S(X, ¢, Q) ® K.

4.4.21 Lemma ([27]). Let a be in S(X, ¢, Q) and let (F,G) be an e-partition. Then

we have

lim [((prc(1®a"(a) ® e11)Wr e — Wra((a"(a) ® ge) ® e1a)|| = 0.

n—-+00

Moreover, if (F o o', 0(Q)) is also an €'x-partition, then Wfo¢—17¢(g) is also in the
multiplier algebra of S(X, ¢, Q) ® K and we have

lim W6 (o) (1 ® a"(a))) @ e11) = ((0"(a) @ () ® e11) Wy = 0

n—-+0o0o

where VNV@(G) = W]—'ocp_l,cp(G) and Py(cy = PFop—1,4(G) -

Proof. Again, let us drop the subscripts and set W = Wr g, W = W;,G, and p = prg.
First, notice that p is in S ® U, while a™*(a) is in S. It follows from Lemma 4.4.10 that
in the first term we have

lim [[p(1® af(a)) = (1© ag(a))p] = 0.

n—o0

So it suffices to prove the result after interchanging the order of p and 1 ® a?(a) in the

first term.
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It follows from the fact that WW* = p that the (new) first term above is

(M@ al(a)p) @er )W = (1®al(a))®err)(p® e )W
= (Il®al(a) @e1)(W®erq)
= (I®aj(a)Wer,.

On the other hand, using the fact that W*W =1 ® qq, the second term above is

W((ad(a) ®ge) ®ern) = W((1®gc)@ern)(ai(a) @1) @era)
= Weoe)((ai(a)®1)®erq)
= W((agla) @ 1) @er).

The first statement now follows at once from Lemma 4.4.20 and the second statement

follows from combining the first statement with part 3 of lemma 4.4.19. [

At this point we are ready to prove the Duality Theorem 4.4.1. Suppose that (F,G)
is an e -partition and (Fop ™, ¢(G)) is also an &’y-partition of X. For the remainder we
will use the conventions pr g = pa, Prop-—1,0G) = Pea), Wra = Wa, and Wrep-1 oa) =
We(c)-

The extension

0 0

S Xo, 7@ K(H @ (7)) g S X, Z® .S

is a representative of the class © ® yg5x,,2 (0 Quxa,zA) in KK (S X0, Z® S, 5 X4, L)
where " is the C*-algebra generated by S X,, Z ® K(H ® (*(Z)) and the closure of the
image of the representation ¢ sending a - u* ® 2! — 1 into B(H ® H ® (*(Z)) defined by

Ya-uF @2 —1) = ((u®u)pev*) ® B)™ (1 ®; al(a) @9 en)(Pe(c) ®2 B)*
—(((u @1 w)pav*) @2 B*)* (1 @1 o (a) @2 €,)(Py(c) ®2 B)

where a is in S(X, ¢, Q) and k,[ are in Z. Now we will conjugate the class © ® ygsx,.z
(0®Uxq,zA) by the unitary W¢(G)®2 1 and show that the extension obtained is equivalent
to 75%esZ(75). This will complete the proof.
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Since the unitary W) ®9 1 is in My(H @ H @ (*(Z)) we define

z;,:<ig 8):SNQSZ®5/%B[(’H®H®€2(Z))€B(H®H®f2(z))]-

and using this representation gives the same class in K K-theory. By the proof of Lemma
4.4.21 we have (W;(G) @2 1)(Y(a-uF @ 2! — 1)) (W) @2 1) is given by

(Wi ®21)(¥(a- uF @2 — 1)) (W) @2 1)] @ ey,

We compute, for a in S(X, ¢, Q) and k,[ in Z,
(Wi @2 D)(@(a-u" @ 2" = 1)) (We) ®2 1)

= (W) @2 1)(((u @1 w)pav*) @ B @1 ol (a) @2 €n) (po(c) ©2 B) (W) @2 1)
—(Wie) @2 D(((u ®1 w)pav*) @, B ) (1 @1 o (a) ©3 €,) (o) @2 B)H(W, 2 1)
= (Wi (u@1u)v* W) )2 B*) (W 5y ®21) (10102 (a) a6, ) (W, (G)®21)(1®11®23)’“
—(W} oy (u@r1u)v" Wiy ) @2 B*) (W) ®21) (110" (a) D20 ) (W) @21) (101 102 B)*.

Now observe that by combining lemmas 4.4.8 and 4.4.9 and using the operator pr ¢ in
S ® U, we have, up to S x,, Z ®@ K(H),

(Waie) ®2 1)(1 @1 af(a) @2 ,) (W) ®s 1))

_ W) ®2 D)1 @1 af(a) ®z ,) (Wi ®2 1)) forn >0
0 for n < 0.

Therefore, we can consider our Hilbert space to be H ® H ® ¢*(N). Moreover, up to
S Xo, 7 ® K(H) we have, by lemma 4.4.21, that

(W;(G) o) 1)(1 &1 Oz?(a) (D) en)(W@(G) o) 1)) = aZ(a) @1 Gp(G) Q2 En.
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Therefore, on the Hilbert space B(H ® H ® ¢*(N)), we have the following operator:

(Wi @2 D)((a-u* @ 2" = 1)) (W) ®2 1)
= (We)(u @1 u)v" W) @9 B (a(a) @, Gp(G) @2 €n)(1 @11 ®9 B)*
—(We) (u @1 u)o" W) ®2 B (a(a) ®1 gy @2 €n)(1 @1 1 @5 B)F.

We now observe that the quotient map 7" : £” — S X, Z ® . is defined by

(W;(G) (u @1 W Wye) ®21 =u®1
a”(a) @ Gp(G) Q2 €n =a®]1
1®1®: B =u*®7Z.

Let us compute

Ty @2 Dl & 2 = 1) (Wi @2 )
= (uu* ® 2)" o ® 1) (u®2)* — (uwu* ® 2)"(a ® 1)(u® 2)*
=10 "ee)(W e*) - (1) (e ) (L' @2
—a-u*®d—a- 1

:a-uk®zl—1.

Therefore, we see that the extension produced is a representative of the class 75*«%(Ty).
So we have shown that the class © ® yggu,.z (0 Qux,,z A) and 797s%(Tg) are equal in
KKY(S %, Z® 7,5 X4, Z) and the Duality Theorem 4.4.1 is proven.
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Chapter 5

Spectral Triples for Smale Spaces

5.1 Spectral Triples

Here we define a spectral triple and state some general properties of spectral triples used

in the sequel. For a general reference to spectral triples see Connes’ excellent book [8].

To simplify notation we begin to employ |[a, b] to denote the commutator ab — ba.

5.1.1 Definition. A spectral triple (A, H, D) consists of

(i) a separable Hilbert space H,
(ii) a x-algebra A of bounded operators on H,
(iii) an unbounded self-adjoint operator D on ‘H such that:

(a) the set {a € A|[D,a] € B(H)} is norm dense in A and

(b) the operator a(l + D?)~! is a compact operator on H for all a in A.

A spectral triple (A, H, D) is said to be even if there is a grading operator I' € H such
that

r=1* , =1, DI+TD=0 , ol =Ta

Y
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for all a € A. Otherwise it is odd.

Let us make some remarks about the definition. Whenever one works with un-
bounded operators there are subtleties, and the above definition is no exception. We
should technically say D is an unbounded operator from Domain(D) to H, then we
also require in part (a) that a : Domain(D) — Domain(D) and [D,a] extends from
a bounded operator on Domain(D) to a bounded operator on H. We also recall that
addition and subtraction of unbounded operators occurs on the intersection of their
respective domains and that a self-adjoint operator has dense domain (by definition).
Secondly, we note that the set {a € A|[D,a] € B(H)} is always a x-algebra. Indeed, if
[D, a] is a bounded operator, then so is [D,a]* = —[D, a*] so that a* is also an element
of the set. Moreover, if both [D,a] and [D, b] are bounded then

[D, ab] = Dab — abD = Dab — aDb+ aDb — abD = [D, a]b — a[D, b] € B(H).

Finally, we also note that the condition that a(l + D?)~! is a compact operator on H
for all @ in A can be replaced with (1 + D?)™! is a compact operator on H, when A is

unital.

We will work exclusively with ungraded spectral triples in this dissertation. An
ungraded spectral triple naturally defines a class in the K-homology group K K'(A,C).
We remind the reader that a class in K-homology is given by a Fredholm module. For a
fantastic account of K-homology we refer the reader to [24]. Let us recall the definition
of a Fredholm module and then state the theorem giving a Fredholm module from a

spectral triple.

5.1.2 Definition. An (ungraded) Fredholm module over a C*-algebra A is a triple
(A, H, F) such that

(i) H is a separable Hilbert space,
(ii) A is represented as bounded operators on H, and

(iii) F' is a bounded operator on H such that, for every a € A,

(F?~1ae€ K(H), (F-FYacK(H), Fa—aF cK(H).
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A Fredholm module (A, H, F') is said to be even if there is a grading operator I' € H
such that
r=r* , Ir*=1, FI'+TF=0 , al'=Ta

for all a € A. Otherwise it is odd. Moreover, we say a Fredholm module is contractive if
|F|| <1 and self-adjoint if F' = F*.

5.1.3 Theorem ([2, 9, 25]). Let A be a C*-algebra. If (A, H, D) is an ungraded spectral
triple, then (A, H, F) is a Fredholm module and defines an element of K K'(A,C) where
F = D(1+ D?)"2. Furthermore, (A, H, F) is self-adjoint and contractive.

Spectral triples carry more information than Fredholm modules exactly in the fact
that we can look at the growth rate of the spectrum of the operator D. In the unital case
a simple method of doing this is to consider whether the compact operator (14 D?)~% is
trace class for some p > 0. A weaker notion is to consider whether the operator e~ t(1+D?)

is trace class for all ¢ > 0. We define these notions of summability.

5.1.4 Definition. Suppose (A, H, D) is a spectral triple over a unital C*-algebra A with
Tr((14 D*) %) < o0

for some positive number p. Then the spectral triple is said to be p-summable. Further-

more, the value
dimg((A, H, D)) := inf{p > 0|Tr((1 + D?*)~2) < oo}

is called the spectral dimension of the spectral triple. We call (A, H, D) 0-summable if,
for all t > 0,

Tr(e t0+P%) < oo,

For spectral triples coming from non-unital C*-algebras the definitions of summabil-
ity are much more complex. See [40] for details. However, in the case we are interested
in here, where the C*-algebras are S(X, ¢, Q) and U(X, ¢, P), the definition simplifies
to the following (since S(X,p, @) has local units and X*(Q) is the unit space of the
groupoid). For the stable algebra, S(X, ¢, @), the spectral triple (S, H, D) is p-summable
if, for all a in C.(X"(Q)),

Tr(a(l+ D?*)7%) < oo
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and it is f-summable if, for all a in C.(X"(Q)) and for all ¢t > 0,
Tr(ae "0+PY) < .

The definitions are analogous for U (X, ¢, P) using b in C.(X*(P)).

5.2 Spectral Triples for Smale Spaces

We wish to construct spectral triples on the stable and unstable C*-algebras associated
with an irreducible Smale space, (X, d, ¢), which are geometric and encode the dynamics
in a natural way. Recall that we have represented both S(X, ¢, @) and U(X, ¢, P) on
the same Hilbert space H = (2(X"(P,Q)) where P and @ are finite, mutually distinct,

p-invariant sets of periodic points, see Chapter 3.

We begin by constructing a function on X*(P) and use this function to define a
spectral triple on S(X, ¢, Q). A completely analogous construction is available for con-
structing a spectral triple on U (X, ¢, P) using a function on X*(Q). We begin with the

former.

Select 0 < ¢ < A lex/2 where A > 0 is the local expansion constant of the Smale
space (X, d, ). We aim to define a function wy : X*(P) — [0, 1]. Consider the closed

sets X5(P,e) and X*(P) \ ¢ ' (X*(P,e)) and observe that these two sets are disjoint.

Now an application of Urysohn’s lemma implies that there exists a continuous function

wo : X°(P) — [0,1]
such that wy(x) = 0 for all z € X5(P,¢), and wo(x) = 1 for all z € X*(P)\ o H(X*(P,¢)).
We remark that in practice we may define wy as desired on the complement of our two
closed sets, but at this point we merely require that a continuous function exists. A
typical function wy is illustrated in Figure 5.1 on page 84, where the notation appearing

in the figure is defined as follows.

Notation. For convenience of notation, we define the following sets. We note that the
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Wo
1 /
0 ++————— # # # # Xs(p)
p E , Ey E FEs Es E,
— Q, — Q) |

Figure 5.1: The function wf for some p in P

definitions anticipate the constructions in the sequel and are natural in that context.

Qp = X

Qp = X°(P)\ X°(Pe),
Ey = ¢ 1(X*(Pe)) NQ%,
Ey = o V(Ey).

Let us make some remarks about these sets. First, observe that wy(z) = 0 for z € Qp
and wy(z) > 0 for x € Q%. Moreover, wy : Ey — [0, 1] is onto and continuous. Finally,
we note that

U Ev=x(P)\P.

neZ

Using wy allows us to encode the dynamics in the following way. Let x be a point in
X*(P)\ P. We aim to define a function which essentially counts the number of iterations
it requires for x to be drawn into (2p if it begins in (2% and subtracts to number of inverse
iterations it requires for x to be removed from p if it begins in 2p. To that end, define
ws : X*(P)\ P — R via

Zwoocp Zl—wo Jop "(x).
n=1

The function wy, arising from the function wy in figure 5.1, is illustrated in Figure 5.2

on page 85. The following Lemma summarizes the essential properties of w;.
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Ws

Figure 5.2: The function wy for some p in P

5.2.1 Lemma. Suppose P is a finite, p-invariant set of periodic points in a Smale space
(X,d, ) and ws : X*(P)\ P — R is defined as above. Then,

1. ws(z) <0 forxz € Qp and ws(z) > 0 for x € Q%,
2. wsop—ws =1,
3. ws(x) =wpopN(z)+ N forx € Ey, and

4. ws is continuous on X*(P)\ P.

Proof. First, suppose x € E_x for some N € N. Then, the sum on the left, in the



86

definition of wy, is zero since wy(x) = 0 and ¢(x) € F_y_;. The sum on the right is
finite since o™ (x) € Ey and 1 —wy(p"™(z)) = 0 for all n > N + 1. Moreover, we have the

calculation

[e.e]

@) = = D21 = w0) 0 7 (w) = ~(N = 1) = (1 = wo) (¢ (x)) = wol" (@) ~ .
n=1
On the other hand, suppose z € Ey for some N € NUO. Then, the sum on the right,
in the definition of wy, is zero since 1 — wy(z) = 0 and p~!(z) € Exy1. The sum on the
left is finite since ™ (x) € Ey and wy(p™(x)) = 0 for all n > N + 1. Moreover, we have

the calculation

wil) = 3w 0 "(z) = wile (@) + N,

This proves that wy is well-defined and the first three statements in the Lemma. For the
fourth, we observe that w,(x) is continuous on Ey, for all N € Z, since wy is continuous
on Ey. Since yey, En = X*(P) \ P it follows that w, is continuous. O

We now consider how the function wy interacts with functions in C.(G*(X, ¢, Q))
supported on basic sets, see Lemma 3.2.5 for details on basic sets and for definitions of
Source(a) and Range(a) for a in S(X, ¢, Q). We will use the following lemma extensively

when proving that we have defined spectral triples.

5.2.2 Lemma. Suppose P is a finite, p-invariant set of periodic points in a Smale space
(X,d,¢) and ws : X°(P) — R is defined as above. Let a € C.(G*(X, ¢, Q)) be supported
on a basic set V*(v,w,h",d) so that Source(a) C X"(w,0) and Range(a) € X"(v,d).
Then,

1. there exists N € Z such that E, N Source(a) =0 for alln < N,

2. for all N, the number of points in Ex N Source(a) is finite,

3. if v € Ex N Source(a), then there exists K € N such that h*(z) € Ur__ Enyk-
Proof. Since Source(a) is a compact subset of X*(Q) and P ¢ X"(Q), define 6y =

inf{d(p,z)|p € P,x € Source(a)} > 0. Now there exists N € Z such that E,, C X*(P,dy)
for all n < N. Therefore, E,,NSource(a) = () for all n < N as well. For the second claim,
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Source(a) and Ey are transverse and compact for all N, it follows that Ex N Source(a)

is finite.

For the third claim, we first note that given that a is supported in V*(v,w, h*, ),
there exists M such that for all z € Source(a), d(¢™(h*(z)), M (x)) < ex/2 and
(M (x), oM (h*(x))] = M (x). Moreover, it follows from Smale space axiom C2 that
there exists L € N such that D > ex where D = sup{d(y,v’) | v,v' € Ep and [y, ] =
y}; that is, we can find Fy so that E, has diameter larger than ex on the stable set
of each periodic point p in P. Now we claim that if (h*(x),z) € V¥(v,w, h*, ) has the
property that x € F,,, where m > M + L+ 1, then h*(z) € U,lﬂz_1 E,y k. Indeed, for all
(h*(x),z) we have d(pM(h*(z)), pM(z)) < ex/2 and if ¢ (x) is in Ery, then by the
triangle inequality we have o™ (h%(x)) € Ul__Er 1. Now applying ¢~ to pM(x)
and M (h*(z)) proves the claim. We are left with the case that Source(a) € E, for
n < M + L+ 1. However, combining part (1) and (2) implies that there are only a finite

number of such elements, so that we may define
K =max{1,|i—j| | h*(x) € E;,x € E;, and i,j < M + L + 1},

which is finite. Now K has the property that if x € Ex N Source(a), then h¥(z) €
Ui B U

We will use ws to construct spectral triples on the stable algebra S(X, ¢, Q).

As mentioned in the introduction to this section, we also wish to construct a com-
pletely analogous function w, : X“(Q) — R. We will use this to define a spectral triple
on the unstable algebra U (X, ¢, P).

5.2.1 A 6-Summable Spectral Triple

In this section, we define a spectral triple on each of the C*-algebras S(X, ¢, Q) and
U(X, ¢, P). As usual, we concentrate our attention on S(X,p,Q) and note that an
analogous construction defines a spectral triple on U(X, ¢, P). Once we have shown

that we have a spectral triple on S(X, ¢, @), we extended it to a spectral triple on the
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Ruelle algebra S x,, Z.

The idea is to use wy to count the number of iterations required for a point in X*(P)
to either enter or be removed from Qp, depending on where in X*(P) it begins. Let us
define an operator on H = (*(X"(P,Q)) by

We note that the domain of Dy is given by

Domain(D,) ={¢ | 3 W @)¢@)]? < oo}

z€XM(P,Q)

It is easy to see that Dy is symmetric by calculating

(D660 = > Diba(2)8,(2)

zeX"(P,Q)
B ws(x)d, ifzx=y
B 0 otherwise
= ) 6.(2)D6,(2)
2eXh(P,Q)
= (0z, Dsdy) -

We would now like to show that Domain(D;) = Domain(D?) from which it will follow

that D, is self-adjoint. Indeed,
Domain(D?) = {n | & = (D,¢,n) is bounded}
and (D&, n) = (€,4) for some 1 € (2(X"(P,Q)). Set £ = 5,, and we compute
(D&sm) = Y wi(2)8(2)n(2) = wy(@)n(@)
€)= D 6(2)e(z) = ¥(a).

2eXM(P,Q)

Thus, ¢ € (X"(P,Q)) implies that n € Domain(D,). On the other hand, if n €
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Domain(Dy), then

(D& l=| D wl=eEm)| < llwsllali€llz

2eXM(P,Q)

which is bounded. Therefore, we have that Domain(Ds) = Domain(D?). Moreover, by

the definition of the function wy, we observe that D, is unbounded.

5.2.3 Lemma. Fora € C.(G*(X, ¢,Q)), the commutator [Ds,a] is a bounded operator
on H.

Proof. Let a in C.(G*(X,p,Q)) be supported on a basic set V*(v,w,h* §). By part
(3) of Lemma 5.2.2, if € Ey N Source(a), then there exists K € N such that h"(z) €
Ui Enyx. Therefore, for any 2 € Ey N Source(a), using part (3) of lemma 5.2.1, we

compute

1[Ds, alds | [(ws (R (2)) = ws(@))a(h*(x), 2)0pe(a) |
jws(h*(2)) — ws(z)la(h®(x), ©)]
< wo(e™ (1 (@)) + N + K = (wo(@" () + N)lla(h" (x), )]

< (K + Dla(h*(x),z)|.

Since a is compactly supported, |a(h*(x), z)| attains a maximum value. Moreover, ev-
erything above is independent of N so that [Dy, a] is bounded. For the general case we
recall that any element of C,.(G*(X, ¢, @)) is in the span of functions supported on basic
sets. 0

5.2.4 Proposition. For every a in S(X, ¢, Q), the operator a(1+ D?)™! is compact on
H.

Proof. Let ay in S(X, ¢, Q) be supported on a basic set of the form V*(v,w, h*,d). By
part (1) of Lemma 5.2.2, there exists M such that E,, N Source(ag) = 0 for all m < M.
Furthermore, by part (2) of Lemma 5.2.2, the number of elements in Ey N Source(ay)
is finite for all N. Now using part (3) of Lemma 5.2.1, for x € Ex N Source(ay) we have

o(h" (), )

2\—1 _ ¢ lag(R"(z), )|
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Since ag has compact support, let A = sup{|ao(h*(z),z)| | © € Source(ay)}. Moreover
since h" takes basis vectors to basis vectors and is a homeomorphism from Source(ay)

to Range(ayp) it follows that, restricted to Ey,

A
1+ N2

lao(1+ D3) 7| <

Therefore, ag(1+D?)~! is a norm limit of finite rank operators. Moreover, a in S(X, ¢, Q)
is a norm limit of finite sums of operators of the form ag, so a(1 + D?)~! is compact as

well, since the compact operators are closed. O

Before arriving at our main theorem for the section, we must delve into a technical
result about topological entropy. For an irreducible Smale space (X, d, ), recall, from
Section 2.1, that the topological entropy of (X,d,¢) is denoted h(X,¢) and is the
exponential growth rate of the number of essentially different orbit segments of length V.
We state the following result which is obtained by combining Lemma 5.9 and Proposition
5.12 in Brady Killough’s dissertation [28]. There are also several similar results appearing
in [30].

5.2.5 Theorem ([28]). Suppose (X,d, ) is an irreducible Smale space with P and Q
distinct, finite, p-invariant sets of periodic points. Then for any dy,61 > 0 and any

w e XQ), #{zx | oN(X3(P, ) N X"(w,d)} is finite. Moreover,

Jim | loa(r | @V (XU(P6) N X(w,61)}) — h(X, )] = 0

5.2.6 Theorem. (S,H, D;) is a non-unital, 0-summable spectral triple.

Proof. We have shown that (S,H, D;) is a spectral triple. It remains to show that
(S,H, D;) is f-summable. We must show that, for a in C.(X*(Q)) a positive operator,
we have Tr(ae "+P*)) < oo for all t > 0. By part (1) of Lemma 5.2.2, there exists M
such that E,, N Source(a) = @ for all m < M. Furthermore, by part (2) of Lemma 5.2.2,

the number of elements in Ey N Source(a) is finite for all N. Now using part (3) of
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Lemma 5.2.1, for x € Ey N Source(a) we have

Tr(ae t0+PY)) = Z <ae_t(1+D2)5a,—, 5z>

zeXh(P,Q)

_ afz, )
= D oo
xeSource(a)

o0

> > % . (5.1)

n=M \ #{z|x€E,NSource(a)}

IN

Now from Theorem 5.2.5, for € > 0, there exists N such that for all n > N,
#{z | x € E, N Source(a)} < enhXe)te),

Therefore, we have

&(3;‘, $) a(:z:, x)e”(h(Xaéo)—&-e)
Z m < et(1+(n)?)
#{z|x€E,NSource(a)}
= a(m7 x)en(h(XaGD)+6)—t(1+(n)2)

)en(h(X,go) +e)—tn?

N
2
£

5

)en(h(X,go)+a—tn) )

I
Q
—~
8
8

Putting this into (5.1) and letting R denote the first N — 1 terms of the sum yields
Tr(ae—t(lﬂ)?)) — R+ Z a(qj?I)en(h(X,go)—ﬁ-e—tn)’
n=M
which converges since we can choose N sufficiently large that tN > h(X, ) + €. O

Finally, we show that we can extend Dy to the Ruelle algebra S x,, Z.
5.2.7 Theorem. (S X, Z,H, Dy) is a non-unital, 0-summable spectral triple.

Proof. Note that S x,, Z is represented on ‘H and span{a-u” | a € S(X, p,Q)} is dense

in S X, Z. Therefore, we need only show that

la-u", Dg] = alu", Ds] + [a, DsJu™
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is a bounded operator on H which amounts to showing that [u, Ds] € B(H). By part
(2) of Lemma 5.2.1 we have [u, D] = u so that ||[u, Ds]|| = 1. O

In a similar fashion, with D,d, = w,(x)d, we obtain a spectral triple (U, H, D,,)
which also extends to a spectral triple (U X, Z,H, D,,) on the unstable Ruelle algebra.

5.2.2 A p-Summable Spectral Triple

We use special cases of the functions w, and w, to define spectral triples on each of
the C*-algebras S(X, ¢, Q) and U(X, ¢, P). As usual, we concentrate our attention
on S(X, ¢, Q) and observe that an analogous construction defines a spectral triple on
(U,p, P).

Let us define wy to be locally Lipschitz continuous; that is, there exists a constant
Cy such that if z,y € Ey, [x,y] = z, and d(z,y) < ex/2, then

|wo () — wo(y)| < Cod(z,y)

where the metric comes from the Smale space itself. In fact, since (X, d) is a compact
metric space we can always define such a function using the metric and regarding Ej as
a disjoint union of closed sets, one for each element of P. Let us also define a constant
C, = 2Ky where

K =max{k >0 | [z,y] = z,d(z,y) < ex/2, with z € Ey and y € E}.

5.2.8 Lemma. The function ws is locally Lipschitz continuous on Uy (E,; that s, if
r,y € U E,, dx,y) <ex/2 and [z,y] = x, then

|ws(7) — ws(y)| < Cd(, y).

Proof. First observe that ws(x) is locally Lipschitz continuous, with Lipschitz constant

Cy, on Ey, for all N € N. Indeed, suppose x,y € Ey such that [z,y] = x. Then, using
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A

p E_1 E() E1 E2 E3 E4

Figure 5.3: The function A“* for some p in P

part (3) of Lemma 5.2.1,

w(z) —ws(W)] = [(wole™(@)) + N) — (wol(" (y)) + N)|
= Jwo(e™(x)) — wol(™ (y))]
< Cod(p" (), oV (y)) < CoA™Nd(z,y).

Now suppose z,y € U E,, d(x,y) < ex/2 and [z,y] = x. Then we note that if
x € Ey then y € Upt™. . (Ej, where K comes from the definition of Cs. Now the

triangle inequality gives the result. O

The function A\“s; arising from the function w;s in figure 5.2, is illustrated in Figure

5.3 on page 93.
Define an operator D, on H = (*(P, Q) via
D6, = A,

where A > 1 the local growth rate of (X, d, ¢), see bracket axioms C1 and C2 in section
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2.2. In a similar manner to the previous section, @, is self-adjoint, unbounded, and has

dense domain.

5.2.9 Lemma. Fora in C.(G*(X, p,Q)), the commutator [a, D] is a bounded operator
on H.

Proof. Let a in C.(G*(X, ¢, Q)) be supported on a basic set V*(v,w, h*,d). Recall that
there exists M such that, for x € Source(a), we have d(h*(x),z) < ex/2. By part
(1), (2), and (3) of Lemma 5.2.2, we can find K > M such that both Source(a) and
Range(a) are in U ;- Ej, and the number of elements in Source(a) N (X*(P) \ U x Ek)

is finite.
If x € Source(a) N Ey, for k > K, then we compute

lla, DJda]l = [NA = A= EDa(h (@), 2) 8w
=[x @ D ja (b (2), )

Rl Ak s (e 0 @)~ K) s (6O @) g (8 (), )|

< AR = s @) s (O @) o (R (2), 7))
< AR ©\Gedle BT @) eSO @) g (B (1), 3)|

< AR \OAT I 2 g (1 (), )|

< L[] s (RO e /2) 1 (e (1), )|

ML — (14 C MM ey /2)a(h (), )]
= MNHONTM o 2]a(R™(z), )|
= CNTMHey 2la(h(x), )]

where K and M depend only on the function a and since a is compactly supported

attains its maximum. Thus, in this case [a, ;] is bounded.

On the other hand, if x € Source(a) N (X*(P) \ U2 x Ek) then there are only a finite
number of elements so that we can take the maximum value of ||[a, D40, ||. So [a, D] is

bounded and the Lemma is proven. O

To complete the proof that (S, H, ®;) is a non-unital spectral triple we need only show

that a(1 + D?)~! is a compact operator for every a in S(X, ¢, Q). The same argument
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as presented in Section 5.2.1 gives the result. We will now show that (S, H,D,) is a
finitely summable spectral triple. Indeed, (S, H, D) is log, (e)h(X, ¢)-summable, where
h(X, ) is the topological entropy of the Smale space (X, d, ¢). We note that the factor

log, (e) is merely a base change from a base e logarithm to a base A logarithm.

5.2.10 Theorem. (S, H,D;) is a non-unital, log,(e)h(X, ¢)-summable spectral triple,
where h(X, ¢) is the topological entropy of the Smale space (X, d, p).

Proof. We have shown that (S,H,®;) is a spectral triple. It remains to show that
(S, H,D;) is summable. We must show that, for a in C.(X*(Q)) a positive operator, we

have
Tr(a(l +D%)72) < 0o

for some s > 0. By part (1) of Lemma 5.2.2, there exists M such that E,,NSource(a) = ()
for all m < M. Furthermore, by part (2) of Lemma 5.2.2, the number of elements
in Ey N Source(a) is finite for all N. Now using part (3) of Lemma 5.2.1, for z €

En N Source(a) we have

Tr(a(1+D%)72) = Y (a(1+D%)7)5,,0,)

zeXM(P,Q)

_ a(z, )
= Z (]_ + /\Qws(x))s/Q

xeSource(a)

o

3 3 % . (5.2)

n=M \#{z|z€E,NSource(a)}

IN

Now from Theorem 5.2.5, for € > 0, there exists N such that for all n > N,

enWXe)=e) < dfy | x € B, N Source(a)} < enMX9)Fe), (5.3)
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Therefore, we have

Z a(x,x) a(x, z)enMXe)te)
(1 + )\271)8/2 (1 + )\Zn)s/2

#{z|z€E,NSource(a)}

A

CL(ZE, ZL’) en(h(X,(p)+e)

()\Qn)s/Q
CL(ZL‘, x))\logA (e)n(h(X,p)+e)
()
{2 Ao ) o 01)om

= a(x’ x))\n((IOgA(e)h(Xﬂp)+lOg>\ (8)6)75)
Putting this into (5.2) and letting R denote the first N — 1 terms of the sum yields

Tr(a(1+9%73) < R+ Z a(z, ) N (1orr(R(X @) Hogs (¢)e)—s)

n=M

which converges geometrically for s > log, (e)h(X, ¢)+log,(e)e. Since this holds for any
e > 0 we have that

log (e)h(X,p) > inf{s | Tr(a(l +D?)"3) < oo}.
On the other hand, using the other inequality in (5.3), a similar computation shows that

> s
Te(a(1+0%) %) > R+ Y @ (108 ((X,0)~log, (009)—5)
n=M

which converges geometrically only if s > log,(e)h(X,p) — log,(e)e for every £ > 0.

Therefore, we have

log, (e)h(X,¢) = inf{s | Tr(a(l +D%)72) < oc}.

Of course we also obtain a log, (e)h(X, ¢)-summable spectral triple on U (X, ¢, P) in

an analogous fashion.
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Chapter 6

Fredholm Index for a Shift of Finite
Type

6.1 A Fredholm Module for the C*-algebras Associ-
ated with a Shift of Finite Type

Let (Xa,¢a) be a shift of finite type associated with a non-negative K x K integer
matrix A which is irreducible, see section 2.3.1 for details. We wish to construct a
Fredholm module on the stable and unstable C*-algebras associated with (X4, @4);
S(Xa,p4,Q) and U(Xa, pa, P) where both P and () are disjoint @ 4-invariant sets of
periodic points. Recall that we have represented both C*-algebras on the same Hilbert
space H = (2(X"(P,Q)). We note that for a shift of finite type, this is saying that every
point in X"(P, Q) is a path in the directed graph G 4, coming from A, that is left tail

equivalent to a periodic point in () and right tail equivalent to a periodic point in P.

We will work exclusively with the stable algebra of a shift of finite type, which we
denote by S(X 4, pa, @), and the associated Ruelle algebra, S %, Z. We aim to construct
a pa-invariant projection on H = (2(X"(P,Q)). To this end, specify a ‘special edge’
e # po, from the graph G4, such that i(p;) = t(e) where p = ---p_op_1.pop1p2 - - is a
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periodic point in P. Define
Eoy={rx € H|x=---x_ox_1.pips... such that p € P}

and Eyx = ¢ V(Ep). Finally let E = |Jyo; En and observe that a point in H is in E
if it is right tail equivalent to a periodic point in P, and the edge exactly preceding the
periodic right tail is the edge e. Note that E is ¢4 invariant.

Using F, we define a projection &, on H = (*(X"(P,Q)) via

if
B.5, — b, fx¢FE
0 ifzek

6.1.1 Lemma. Fora € S(X4,pa,Q), we have [P, a] € K(H).

Proof. Let a in S(X4,pa, Q) be supported on a basic set of the form V*(v,w, h*,?).
We observe that for any point (h*(z),z) in V*(v,w,h",d), the definition of the local
homeomorphism A% implies that d(¢™ (h*(x)), o™ (z)) < ex/2 so that a typical point in
V¥(v,w, k", 0) is a pair (h*(x),x) with

r = - W_1.WoW1-** WNIN4+1TN42 """

u
h (x) e "‘U71~U0U1"'UN$N+1xN+2"'
See lemma 3.1.2.

We shall use such points to compute the commutator:

w25, — J @) e g B
0 if x € F or x ¢ Source(a)

s { a(h*(x), 2)0py if h'(z) ¢ E
0 if h*(x) € E or h*(z) ¢ Range(a)
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Thus, we have

(

a(h*(x), 2)0pu(zy if h*(x) ¢ E,z € E, and (h"(x),x) € supp(a)
—a(h*(x), 2)0pu(zy if h'(z) € E,x ¢ E, and (h*(z),x) € supp(a)
(P, ald, = 0 if (h*(x),z) ¢ supp(a)
0 if h"(z) e Eand z € E
\ 0 if h"(z)¢ Eand x ¢ E

At this point, we need only compute the number of points z such that [ZZ,, a]d, is non-
zero. We notice immediately that if either of « or h"(z) are in Ej for M > N then
both x and h*(z) are in E. So for [ZZ,, a]d, to be non-zero we must have that either x
or h*(z) in Ey for some M < N but not both. However, this implies that there is at
most one of either x or h¥(z) in Ej; since we must have xy1Zy12-+ = pPNi1DNt2

and both v and w are fixed in the support of a. m

Given a projection &, such that [Z.,a] € K(H) for all a in S(X 4, pa, @), algebraic
arguments imply that (S, H, F,) is a Fredholm module where F, = 222, — 1, see Example
8.1.7 in [24]. Note that F, : H — H is given by

F6, — o, ifzxé¢FE
-0, ifzxek

We have therefore proven the following.

6.1.2 Proposition. The triple (S,H, F.) is a Fredholm module where F, =222, — 1.

At this point, we aim to extend the Fredholm module to the Ruelle algebra S %, Z.
Indeed, as in Section 5.2.1, we have S X, Z is represented on H and span{a - u" | a €

S(Xa,p4,Q)} is dense in S X, Z. Therefore, we need only show that
la-u", P, = alu, Z.] + [a, P.]u

is a compact operator on ‘H, which amounts to showing that [u, ZZ,.| € K(H). However,

E is p-invariant so that [u, &.] = 0. Whence, we have shown:

6.1.3 Proposition. The triple (S X, Z,H, F.) is a Fredholm module where F, = 29, —
1.
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6.2 Unitaries in S X, Z

At this point, we take a small detour to consider unitaries in the unitization of the crossed
product S x,, Z. We are aiming to compute an index pairing of unitary operators in
(S Xq, Z)~ with the Fredholm module (S X, Z, H, F.) defined in the Proposition 6.1.3.

Our aim in the present section is to geometrically define these unitaries.

First, we note that for a shift of finite type, S(X4, pa, Q) is an AF-algebra so that
K;(S) = 0, see [35]. Therefore, the Pimsner -Voiculescu sequence [33] reduces to the

following exact sequence:

id — o,

0 Kl(S X g Z) —_— Ko(S) K()(S) —_— K()(S N, Z) 0.

Whence, K;(S X, Z) = ker(id — «.) where id — o, : Ko(S) — Ko(S). Supposing that

A is the adjacency matrix of our shift of finite type, we have
Ki(S %, Z) = {YeZXIT(A-T)=0}

where T is interpreted as a row vector. Let T = T — T~ where both T* and Y~ hace
non-negative entries. Now Y(A—17) = 0 implies that YTA+Y" [ =T~ A+T1. We will
use this formula to define a partial isometry v. First, notice that T+ and T~ are column
vectors and each entry corresponds with a vertex v; in GG4. Consider all truncated edge

paths in X4 given by

Eow =1 q-20-1:50 | ¢ € Q,q0 # 0. t(q) = (%), and t(&) = vi}
and for each £ € =, define the cylinder set
Vo, (€) = {x € Xa | i =& for all i <0},

That is, given an edge &, with terminal vertex v;, in the graph G, elements of V;,, ()
consist of elements of z € H = (*(P, Q) of the form

T X_gT T 1.XeT1L2L3 = 321§ ¥ K K
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where t(z;) = i(x;11), ¢ = - q-2G-1-Qoq1 - - - is a periodic point in @, and * indicates
that we may fill in the corresponding entry with any allowable edge in the graph G.
Given a cylinder set n = -+ -n_on_1.1m0M1 - - - N * * - - -, we introduce the notation n(x) =
CeeM_oN_1.MoN1 * * NMpTpi1Tnao - - - Where we have filled in the %’s with the right tail of a
point z € X*(P).

Suppose that we have cylinder sets n(z) = «--n_1.9om1 Ny * x--+ and 7'(z) =
el mony - -l % k- -+ then define e(n,n) to be the partial isometry in (X4, pa, Q)

defined, for x in H, by
Oy z ifx e n
6(77/’77)5:1: = { 7(x)

0 otherwise

Now, using the column vectors T and T, we define projections

N
o= D> eyt Nyt € Vou (9}
1=1 #Tj

N

pmo= ) el vl € Vou (9},

1=1 #Y;

Note that y* is a cylinder set in V{,,(£). Now for each y* € Vj,,(£), define the union of

cylinder sets

oyTA = U {reH | z; =y, foralli <—1and zy=a}.
{a€FE |i(a)=v;}

Similarly, for each y= € V{,,(§), define the union of cylinder sets

Py )A= U {eeH | 2; =y, foralli < —1and zy = b}.
{beE |i(b)=v;}

Now we have sets Q = {p(y")A} U {y~}, which corresponds with T*A + Y[, and
Y = {yT}U{p(y~)A}, which corresponds with Y~ A+Y"1. The fact that YT A4+T"1 =
T~ A+ YT gives rise to a bijection ¢ : Q — Q'
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0 Qo
p(y™)A Y (y")
(y7) py™)A

That is, there is a bijective correspondence between paths in € and paths in €2 that

begin and end on the same vertex. We obtain a partial isometry

o= 3 e@(a)a)

r a path in

and we note that the initial projection is v*v = X and the range projection is vv* = Xg.
We claim that the operator
z=(upt +puv— (1 - Xy)
is a unitary in (S X,, Z)~. Indeed,

2z = (Wptu 4 upT) = (1= X)) ((up™ +p u)v — (1 - Ag))

v (pTutupt + ptutpTut +upTupt FupTpTut)v + (1 — Ap)?
= v'(pT +alp))v+ (1 - Xy)
= v (Xo)v+ (1 — Xp)

22" = ((wp" +p u)v— (1 - X)) (" (p"u" +up”) — (1 — Ag))
= (up™ +p u ) (Pt +up”) + (1 - Xo)?
= (up" +p u)(p" Hupu)(pTut +up”) + (1 - Xo)
= (up" +p u")(pTu +up) + (1 — Ao)
= (wp'u"+p7) + (1 - Xo)
= Xg+1-Ay=1
Notice that the cross terms vanish in the above computation provided that ptup™ =0

and pTu*p~ = 0. Equivalently, we must have that ¢~ (y™) # vy~ and p(y™) # y~ which
always holds in the case that both y* and y~ come from Vj,,(&).
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Therefore, we obtain a unitary z = (up™ + p~u*)v — (1 — Xy) for every pair of paths

from a periodic point to the vertices with the conditions above.

6.3 The Index Pairing Formula

We aim to compute an index pairing of a unitary in (S x,, Z)~ with the Fredholm
module (S X, Z,H, F.) appearing in Proposition 6.1.3. This section gives the formula

for the index pairing and appears in [24].

6.3.1 Definition. Let A be a C*-algebra. The odd index pairing between K;(A)
and K'(A) is the bilinear map (, ) : K;(A) x K*(A) — Z defined by the formula
[u], [A, H, F]) = Index(P,UP; — (1 — P;)) where

i) (p,H, F) is an odd Fredholm module,

ii) H* is the Hilbert space H* = C* @ H,

iii) u is unitary in a matrix algebra M, (A) over A,

iv) U is the unitary operator (1 ® p)(u) on H*, and

v) P is the operator 1 ® (1 + F) on H*

N N /N /N /N

6.3.2 Proposition. Let A be a C*-algebra, (A,H,F) an ungraded Fredholm module
over A, and u a unitary in My,(A). Then

1. The operator

15 essentially unitary, and therefore Fredholm,

2. The index pairing ([u], [A, H, F|) = Index(W) depends only on the K-theory class
of [u] € K1(A) and the K-homology class of [A,H,F] € K'(A).

Using the above proposition in our case gives an index pairing

K(S %o, Z) x KYS X4, Z) — Z
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via the formula
<[2], [(S Mg Za H? F)]> = Index(@ez@e — (]_ — 4@6))

where z = (up® +p u*)v — (1 — Xo) and P, = 3(F + 1) where (S X, Z,H, F) is the

Fredholm module from Proposition 6.1.3.

6.4 An Example

f

Let (Xg, ¢¢) be the shift of finite type arising from the above graph G with adjacency

matrix A. From A we have T in the kernel of A — I as follows:

(Ta) (1) ()=o) (o),

We set Q ={---eeec.eece---} and P = {---ddd.ddd---} and the ‘special edge’ to be the

edge c. Now let us define projections using Y+ and T,

p =ele.f,e.f) p~ =eled, e.d)

where we assume that the fixed point - --ece.eee--- is extended to the left. Now we
obtain sets 2 and €':
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Q Q
f OféO ;O
plyh)A ¢ . (y™)1
o/ O wo/
e
(y)I . p(y )A
0--0%0 oﬁoéo

From the above diagram we read off a bijection ¢ :  — €’ giving us a partial isometry

v=cele.f, f.a)+e(d.f, f.b)+e(dd, f.c)+ e(d.e,e.d)

Plugging this into the formula for the unitary z we have

z = (upt +pu)—(1-A&y)

(ue(e.fye.f) +e(ed, ed)u)v — (1 — Xy).

Let W = .2, — (1 — Z.) and we aim to compute the index of W. Observe that for
a vector to be in the kernel of W it must be in the kernel of

Po(ue(e.fre.f)+eled, ed)u”)v2,

where the above map is from XoZ.H — XoP.H. We shall set up a table to apply

these maps with domain X 2. H:

(upt +p~u*)v

faa—ef—ef—ef
fb—df—.df — df
fc—dd— .dd— .dd
e.d — d.e — .de — .de

v (pTut +up™)

fa— .fa— .fa— f.aa
fb— .fb— .fb— f.ab
fe— fc— .fc— fac
edf —edf —edf— fb
e.dd — e.dd — ed.d — f.c
e.de — e.de — ed.e — e.d



106

Using the above table we see that the kernel of Z.(upt+p~u*)v P, : Xo P.H — X0 P.H
is trivial while the kernel of Z.v*(pTu* + up™) P, : XoP.H — XqP.H consists of

exactly one basis vector; namely,
* — * *
@c'l} up f@cé---eee.dddu- = ycv U(5~-~eee.ddd-~- = c@cv 5---eed.ddd--~ = c@cé‘-neef.cddm = 0.

Therefore,
Index(W) = —1.

6.5 Another Example

Let (X, ¢) be the shift of finite type arising from the above graph G with adjacency

matrix A. From A we have Y in the kernel of A — I as follows:

T=(110)-(001).

Weset P={---eec.eee---}and Q = {--- fff.fff---} and the ‘special edge’ to be the
edge g. Notice that the graph is symmetric. Now let us define projections using T+ and
T,

s

I
O N
= NN O
w =

s

|

~

I
=
— = O
N =

+:

pT =el(e.d,ei)+eej,e) p- =e(e.f,e.f)

where we assume that the fixed point is extended to the left. Now we obtain sets (2 and
Q'
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Q QY
Z. o%o i O
o(yt)A O/ hcg OHO/O (yH)I
o e
O
()1 O ely)A
o400 oldao
e, f,g

From the above diagram we read off a bijection ¢ : Q — €':

r.a — el
b —  fa
i.h — f.g
j.c — ejg
jd — fg
Jk = f.f
e.f — fe

which gives us a partial isometry v.
Plugging this into the formula for the unitary z we have

z = (upt+pu)v—(1-Ay)
= (ue(e.,e.q) +ue(e.j,ej) +ele.f,e.flut)v— (1 — Xy).

Let W = P27, — (1 — &,) and we aim to compute the index of W. Observe that for

a vector to be in the kernel of W it must be in the kernel of

Py(ue(e.i,e.i) +ue(e.j,e.j) +ele.f,e.flu v,
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where the above map is from XoZ;H — XoP;H. We shall set up a table to apply
these maps with domain Xo %2, H:

(up* + pu)o o (ptu + up”)

1.0 — el — el — etl. 1.0 — .10 — .10 — 1.aa
1.b— fi— . .fi— .fi 1.b — .ib — b — i.ab
1.h— f.g— .fg— .fg 1.h — ah — .ih — i.ah
J.c—eg—ej— el j.c— .jc— .jc— j.cc
jd— fg— . f1—.f] j.d— gd — .3d — j.cd
1k—=ff— ff—=.ff 1.k — gk — gk — j.ck
e.f = fe— .fe— .fe e.fi »e.fi—efi—ib

e.fj—efj—efyg—jd
e.fe > e.fe >efe—e.f

eff—eff—eff—jk
e.fg—efg—ef.g—ih

Using the above table we see that the kernel of &, (up™ + p~u* v P, : XoP,H —

Xo Py H consists of exactly one basis vector; namely,
gzgp_u*vﬁgé...eei_hff... = :@gp_u*d..eef_gff... = @95...ee,fgff... = 0.

On the other hand, the kernel of Zv*(ptu* +up™) P, : Xo P H — Xo P H is trivial.
Therefore,

Index(W) = +1.
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Chapter 7

Conclusions

Given a Smale space (X, d, @) with two finite sets of p-invariant periodic points P and
@, there are four C*-algebras we have concerned ourselves with. They are the stable
algebra S(X, ¢, @), the unstable algebra U (X, ¢, P), the stable Ruelle algebra S X, Z,
and the unstable Ruelle algebra U x,, Z. In this dissertation we have several results

pertaining to the noncommutative geometry of these C*-algebras.

The first result was to show that S x,, Z and U X, Z are Poincaré dual, a notion
developed by Kasparov and Connes [25, 8]. From the definition of Poincaré duality
we obtain isomorphism between the various K-groups of S x,, Z and U x,, Z. These
isomorphisms are defined by taking the Kasparov product of classes in K-theory and
K-homology with the classes § in KK'(C,S x,, ZQU x4, 7Z) and A in KK'(S %, Z®
U X, Z,C). We defined the class § using the transverse nature of the stable and unstable
equivalence relations and a result of Putnam [34] showing a groupoid equivalence between
the product of stable and unstable equivalence and homoclinic equivalence. This gave
rise to a Morita equivalence between the C*-algebras S(X, ¢, Q) ® U(X, ¢, P) and the
homoclinic C*-algebra. The latter is unitary and K| contains the class of the unit, which
was used to define . The class A was more complicated. We defined A by producing
an extension of S x,, Z ® U X,, Z which came from considering various interactions
between S(X, ¢, Q) and U(X, p, P) as well as between S X, Z and U x,, Z. Finally
we proved the Duality theorem 4.4.1.
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The next set of results concerned spectral triples on the C*-algebras associated to a
Smale space. In particular, we began by defining a type of metric along the stable and
unstable equivalence classes of P and (). These function gave rise to a Dirac operator on
the C*-algebras S(X, ¢, Q) and U(X, ¢, P) respectively. Moreover, we showed that the
spectral triples were f-summable and extended to the Ruelle algebras as well. We then
observed that the function grew logarithmically with respect to the growth rate of the
Smale space which we defined using the entropy. Encoding this information into another
function gave a second set of spectral triples on S(X, ¢, Q) and U(X, ¢, P) which was
finitely summable and the spectral dimension recovered the topological entropy of the

Smale space itself.

Finally, we restricted our attention to a shift of finite type and defined a Fredholm
module on the stable Ruelle algebra. We then constructed unitaries in S X, Z using the
Pimsner-Voiculescu sequence and paired them with the Fredholm module. We obtained
non-zero index in the two examples which we explicitly computed. We note that in
one example the index was +1 and in the other example the index was —1. These
computations give us hope that we will be able to link the Fredholm module we produce

with both our Poincaré duality result and our spectral triple results in future work.



111

Bibliography

1]

[10]

[11]

[12]

J. Anderson and L.F. Putnam, Topological invariants for substitution tilings and
their C*-algebras , Ergodic Th. and Dynam. Sys. 18 (1998), 509-537.

S. Baaj and P. Julg, Théorie Bivariante de Kasparov et Opérateurs Non Bornés
dans les C*-modules Hilbertiens, C.R. Acad. Sci. Paris 296 (1983), 875-878.

B. Blackadar, K-Theory for Operator Algebras, Math. Sci. Res. Inst. Publ., vol 5,
Springer, New York, 1986; 2nd ed., Cambridge Univ. Press, Cambridge, 1988.

R. Bott and L.W. Tu Differential Forms in Algebraic Topology, Graduate Texts in
Math, Springer Verlag, 1982.

M. Brin and G. Stuck, Introduction to Dynamical Systems, Cambridge Univ. Press,
Cambridge U.K., 2002.

L.G. Brown, R.G. Douglas, and P.A. Fillmore, Eztensions of C*-algebras and K-
Homology, Annals of Math. 105 (1977), 265-324.

A. Carey and J. Phillips, Unbounded Fredholm Modules and Spectral Flow, Can. J.
Math. 50 (1998), 673718.

A. Connes, Noncommutative Geometry, Academic Press, London and San Diego,
1994.

A. Connes, Compact Metric Spaces, Fredholm Modules, and Hyperfiniteness, Ergod.
Th. & Dynam. Sys. 9 (1989), 207-220.

A. Connes, M. Marcolli Noncommutative Geometry, Quantum Fields, and Motives,
Preprint, 2007.

J.B. Conway, A Course in Functional Analysis, Second Edition, Springer Verlag,
New York, 1990.

J. Cuntz and W. Krieger, A Class of C*-Algebras and Topological Markov Chains,
Invent. Math. 56 (1980), 251-268.



[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

23]
[24]
[25]

[20]

[27]

28]

[29]

112

J. Cuntz, A Class of C*-Algebras and Topological Markov Chains II: Reducible
Chains and the Ext-functor for C*-Algebras, Invent. Math. 63 (1981), 25-40.

K.R. Davidson, C*-algebras by FExample, Fields Inst. Monographs, vol 6, American
Math. Soc., Providence, RI, 1996.

R.G. Douglas, Banach Algebra Techniques in Operator Theory, Second Edition,
Springer Verlag, New York, 1972.

H. Emerson, An Ezample of Non-commutative Poincaré Duality Arising from Hy-
perbolic Dynamics, Ph.D. Thesis, Penn. State Univ., 2001.

H. Emerson, The Baum-Connes Conjecture, Noncommutative Poincaré Duality,
and the Boundary of the Free Group, Int. J. of Math. 38 (2003), 2425-2445.

H. Emerson, Noncommutative Poincaré Duality for Boundary Actions of Hyperbolic
Groups, J. Reine Angew Math. 564 (2003), 1-33.

D. Evans, Gauge Actions on O4, J. Operator Theory 7 (1982), 79-100.

H. Figueroa, J.M. Gracia-Bondia, J.C. Virilly, Elements of Noncommutative Ge-
ometry, Birkhauser, Boston, 2001.

G.B. Folland, Real Analysis: Modern Techniques and Applications, Wiley, Hoboken,
NJ, 1999.

T. Giordano, I.F. Putnam, and C.F. Skau, Topological orbit equivalence and C*-
crossed products, J. Reine Angew. Math., 469(1995), 51-111.

N. Higson, A Characterization of KK -theory, Pacific J. of Math, 126:2 1987.
N. Higson and J. Roe, Analytic K-Homology, Oxford Univ. Press, New York, 2000.

G.G. Kasparov, Fquivariant K K-theory and the Novikov Conjecture, Invent. Math.
91 (1988), 147-201.

J. Kaminker and I.F. Putnam, K - Theoretic Duality for Shifts of Finite Type, Comm.
Math. Phys. 187 (1997), 509-522.

J. Kaminker and I.F. Putnam, K -Theoretic Duality for Hyperbolic Dynamical Sys-
tems, Unpublished Manuscript 2009.

B. Killough, Ring Structures on the K-Theory of C*-Algebras Associated to Smale
Spaces, Ph.D. Thesis, Univ. of Victoria, 2009.

D. Lind and B. Marcus, An Introduction to Symbolic Dynamics and Coding, Revised
Printing, Cambridge Univ. Press, Cambridge, 1999.



[30]

[31]

[32]
[33]

[34]
[35]
[36]

37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

113

L. Mendoza, Topological Entropy of Homoclinic Closures, Trans. Ame. Math. Soc.,
311 (1989), 255-266.

P. S. Muhly, J. N. Renault and D. P. Williams, Equivalence and isomorphism for
groupoid C*-algebras, J. Operator Theory, 17 (1987), 3-22.

G.K. Pedersen, Analysis Now, Revised Printing, Springer Verlag, New York, 1989.

M. Pimsner and D. Voiculescu, Fzact Sequences for K-Groups and Ext-Groups of
Certain Cross-product C*-Algebras, J. Operator Theory, 4 (1980), 201-210.

L.F. Putnam, C*-Algebras from Smale Spaces, Canad. J. Math. 48 (1996), 175-195.
LF. Putnam, Smale Spaces and C*-Algebras, Lecture Notes, Univ. of Victoria, 2006.

LF. Putnam, Functoriality of the C*-Algebras Associated with Hyperbolic Dynamical
Systems, J. London Math. Soc. 62 (2000), 873-884.

LF. Putnam and J. Spielberg The Structure of C*-Algebras Associated with Hyper-
bolic Dynamical Systems, J. Func. Analysis 163 (1999), 279-299.

I. Raeburn and D. Williams, Morita Equivalence and Continuous Trace C*-Algebras,
Math Surveys and Monographs, vol 60, American Math Soc., Providence, R.I, 1998.

J.N. Renault, A Groupoid Approach to C*-algebras, Lecture Notes in Math., vol.
793, Springer-Verlag, Berlin 1980.

A. Rennie, Summability for Nonunital Spectral Triples, K-Theory 31 (2004), 71-
100.

M. Regrdam, F. Larsen, and N.J. Laustsen, An Introduction to K-Theory for C*-
algebras, London Math. Soc. Student Texts, vol 49, Cambridge Univ. Press, Cam-
bridge, 2000.

D. Ruelle, Thermodynamic Formalism, Second Ed., Cambridge Univ. Press, Cam-
bridge, 2004.

D. Ruelle, Noncommutative Algebras for Hyperbolic Diffeomorphisms, Invent. Math.
93 (1988), 1-13.

D. Ruelle, The Thermodynamic Formalism for Ezpanding Maps, Commun. Math.
Phys. 125 (1989), 239-262.

D. Voiculescu, Symmetries of Some Reduced Free Product C*-algebras, Lecture
Notes in Math., Vol. 1132, Springer-Verlag, Berlin 1985.



