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Chapter 1

Introduction

The main objects of study of this dissertation are discrete functions. While the theory
of discrete functions is an interesting area of research on its own. it also has a direct
practical application to logic synthesis. We study the properties of discrete functions
and use them to develop several new algorithms for logic synthesis. Some problems
related to logic svnthesis, such as test generation for logic circuits and synthesis of
easily testable circuits. are also addressed.

Discrete functions are mappings relating finite sets. In general. they may be
heterogeneous. where the variables of the function do not take values in the same
set. This dissertation. however. considers only the case of homogeneous functions of
type W™ — M on a fixed set M := {0.1,....m — 1}. This is a common restriction
for logic synthesis-related work. Such functions are usually called multiple-valued or
m-valued, and. for the special case of m = 2. Boolean or switching functions.

Logic synthesis is a step in the design process for digital circuits. Generally. the
design process depends heavily on the target technology. Integrated circuit technology
progresses very quickly and the design methods used today might not be efficient in
10 years. However. logic synthesis is technology independent and therefore most of
its techniques can be mapped into any underlying technology.

Logic synthesis starts with a description of a discrete function (by means of truth

table, decision diagram. hardware description language) and produces a logic diagram
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of the circuit implementing it. Such a diagram is usually called a logic circuit. A logic
circuit has several inputs and one or more outputs. which take discrete values. It is
composed of building blocks called logic gates from a selected set. The gates realize
logic operations such as AND. OR and NOT. hence the name logic. Usually. the goal
of logic synthesis is to find a minimal circuit realization of the function in terms of a
given set of gates. under some criteria of minimality. The criteria might be reducing
the number and size of gates that are needed to build the circuit. reducing the number
of interconnections between these gates.

There are two types of logic circuits - combinational and sequential. In a com-
binational circuit. the output value depends only on the current value of the inputs.
In a sequential circuit, the output depends on the current value of the inputs and
on the past input values. A sequential circuit can be represented as combinational
circuit with added memory devices or feedback loops. Therefore. a combinational
circuit is a more fundamental building block. This dissertation deals only with com-
binational logic circuits. and we use the term “logic circuit™ to mean ~“combinational
logic circuit”.

A discrete function models a combinational logic circuit by mapping the possible
input assignments onto the values assumed by the output. The properties of discrete
functions therefore provide a foundation for the methods of synthesis of combinational
logic circuits.

If a logic circuit is composed of gates realizing Boolean functions. then such a
circuit is called a Boolean or two-valued logic circuit. Likewise, a logic circuit built of
gates realizing multiple-valued functions is called multiple-valued or m-valued. This
dissertation. with the exception of Chapter 4, addresses the potential problems asso-
ciated with multiple-valued logic circuits.

Our interest in multiple-valued logic circuits is twofold. First. we found that
studying a problem in the general m-valued case gives us a better understanding of

the underlying structure in the two-valued case because some properties. evident in
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the richer m-valued structure. often degenerate when restricted just to two values.
Examples supporting this claim are shown in Chapter 5 and Chapter 7. Second.
multiple-valued logic circuits offer several potential opportunities for the improve-
ment of present very-large scale integrated (VLSI) circuit designs. Serious difficulties
with limitations on the number of connections of an integrated circuit with the ex-
ternal world (pinout problem) as well as on the number of connections inside the
circuit (interconnection problem) encountered in some VLSI circuit synthesis could
be substantially reduced if signals in the circuit are allowed to assume four or more
states rather than only two. If. for example. each connection carries twice as much
information. then only half as many connections are required. Many laboratories
world wide presently investigate possibilities for electronic fabrication of multiple-
valued logic circuits. A recent achievement is the INTEL 16 Mbit flash memory chip
with each cell of the memory capable of storing four discrete values [67]. Employing
4-valued logic allowed INTEL to drop the cost of the chip to 520 per Mbyte. INTEL
also declared that their longer term target is a 16-valued flash memory with a cost
of 50 cents per Mbyte. We believe that the development of synthesis techniques for
multiple-valued logic circuits is essential to facilitate their electronic fabrication. This
motivated us in our research.

A fundamental role in logic synthesis is played by complete sets of functions. A
set of functions is said to be functionally complete if any function can be defined as
a composition of functions from this set. Theoretically. logic synthesis can be based
upon any set of gates realizing a complete set of functions. In practice, however. the
choice of gates to be used in logic synthesis is normally dictated by the cost of their
implementation, which changes rapidly with progress in circuit technology. Other
issues, influencing the choice of the basic set of gates, when realizing a given function.

are:

o the existence of a simple expression for the function as a composition of functions

from the basic set (implying the existence of an efficient circuit implementation
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for the function), and
e the existence of a fast algorithm for computing this expression.

The search for a minimal expression for a given function (under certain criteria
of minimality) without any restrictions on its structure. in terms of any practically
meaningful complete set of functions. is known to be an extremely difficult task in
terms of computational complexity. To be feasible. the practical algorithms for logic
synthesis normally put some restrictions on the problem and seek for the solution to

this restricted problem. Two common approaches are:

1. restrict the expression to be obtained to a particular type (e.g. two-level AND-

OR expression)

2. restrict the functions for which the solution is sought to a particular class (e.g.

~e

svmmetric functions. monotonic functions)

In this dissertation we study both approaches to logic synthesis. Chapter 3 and
Chapter 4 follow approach (1) for two different types of restricted expressions. Chap-
ter 6 follows approach (2) for a class of functions which is formally defined using a
discrete difference introduced in Chapter 5. Chapter 5 also shows how this difference
can be advantageously used for generating tests for multiple-valued logic circuits.

In certain cases. finding a minimal circuit realization for a given function is not
the primary goal of logic synthesis. Such a situation may arise in specific applications
where some other properties of the circuit are more important. like fault tolerance or
safety. In Chapter 7 we develop a technique for logic synthesis, suitable for applica-
tions in which the ability to test circuits easily and quickly is critical.

The more detailed structure of the dissertation is as follows.

Chapter 2 describes the mathematical background for the dissertation.

In Chapter 3 we prove functional completeness of the set consisting of the opera-

tions of addition modulo m, minimum, and the set of all literal operators, where m is
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a positive integer. We show the existence of a canonical form for the multiple-valued
functions in terms of these operations, and give the algorithm for the construction
such a form. For the case m = 2, this canonical form reduces to a fixed polarity
Reed-Muller canonical form. which is known to provide a basis for economical imple-
mentations of some practical Boolean functions [52]. We also show in the Appendix
how the basic operators of the algebra can be implemented at the transistor level by
CMOS current-mode technology.

In Chapter 4 we consider the realization of functions as the XOR of two AND-
OR expressions, which is usually called AND-OR-XOR expansion. We develop an
algorithm for minimizing AND-OR-XOR expansions. We also show that such an
expansion has a smaller upper bound on the number of products than that of the
AND-OR and AND-XOR expansions and. therefore. for some functions. results in
simpler circuits.

Chapter 5 introduces a multiple-valued discrete difference. which we call full sen-
sitivity, and show its application to generating tests for multiple-valued logic circuits.
Full sensitivity is also used to define a class of functions . studied in Chapter 6.
This class of functions was also independently considered by Bernhard von Stengel
in [57]. He proved that all functions in this class have 2 unique representation. called
a composition tree. which. if non-trivial. suggests the circuit realization of the func-
tion at a cost close to minimal. In Chapter 6. we present an efficient algorithm for
generating such a representation.

In Chapter 7 we investigate the testability of circuits realizing modulo m sum-of-
products forms. This canonical form has been extensively studied by many authors:
however, its applications to logic synthesis have only been considered for the case
m = 2. The circuits, realizing modulo 2 sum-of-products forms. are proved by Reddy
[6] to be easily testable. We extend Reddy's result for m > 2. Generalizing from
the two to the m-valued case. however, is shown to be a non-trivial problem. since

for m > 2 several new phenomena occur which allow us to reduce the upper bound
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on the number of tests required for fault detection. but make the generation of tests

harder.

Chapter 8 summarizes the dissertation and suggests further work that could be

undertaken from this research.
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CHAPTER 2. BACKGROUND

Chapter 2

Background

This chapter presents the necessary mathematical background for the dissertation.
Most of its material is classical and is based on [2]. [6]. [14] and [44].
For convenience. this chapter includes all the general background. Background

material that is specific to a single chapter is included with the chapter.

2.1 Notation

Throughout the dissertation we use ™ -~ for the minimum operation (also called MIN

.-
«
.

or, for the two-valued case. AND): * + ” for the maximum operation (MAX or. for

P B
*

the two-valued case. OR); ™ = for the addition modulo m operation (XOR for the
two-valued case); ” T~ for the multiplication modulo m operation: and ™ ' ” for the
complement operation (NOT).”-" and ” = ” are omitted between adjacent variables.
when this does not lead to any ambiguity.

We let M := {0.1..... m — 1} be a finite set of values. We use early lower-case
letters a, b, c.ay, a,, etc to denote elements over M. and lower-case letters f. g. h. g1. g,
etc to denote functions. We use x,.r2,....r, to denote variables of the functions.
and use N = {1.2,...,n} to denote the set of indices of these variables. We use
capital letters A, B, C. etc for vectors or sets, and usually denote the elements of the

set by indexed lower-case letters. For example, the elements of a set A are denoted

as aj, a,..... We use bold capital letters A. B, C. etc to denote matrices.
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2.2 Basic notions

This section describes briefly the fundamental notions of relation. function and oper-

ation.

2.2.1 Relations

Let A and B be sets. A binary relation R between A and B is a subset of the Cartesian
product A x B. We use the notation aRb to denote that (a.b) € R.

Binary relations represent relationships between the elements of two sets. A more
general type of relation is the n-ary relation. which expresses relationships among
elements of more than two sets. However. this dissertation uses only binary relations.
and therefore we do not introduce n-ary relations. In the following. we use the term
"relation” to mean " binary relation”.

Relations from a set .4 to itself are of special interest. A relation on the set A is
a relation from A to A.i.e. a subset of 4 x A.

Let R be a relation on 4 and let P be a property of binary relations (such as
reflexivity, symmetry. or transitivity). The closure of R with respect to P is the least
relation containing R that has P.

A relation on a set A is called an equivalence relation if it is reflexive. symmetric.
and transitive. Let R be an equivalence relation on 4. The set of all elements b
of A such that bRa for an element a € A is called the equivalence class of a. The

equivalence classes of R form a partition of A.

2.2.2 Functions

A function f: A —» B from A to B is a relation. which has the property that every
element a € A is the first element of exactly one ordered pair (a.b) of the relation.
So, a function f : A — B assigns to each element ¢ € A a unique element b = f(a)
in B, called the image of a. A is called the domain of f and B is called the codomain

of f. The range of f is the set of all images of elements of A.
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A function f : A — B can be specified by using a rule ¢ — f(a). assigning to
each element a € A. its image f(a) in B.

A function f : 4 = Bis called injective when different elements of 4 always have
different images or. in other word, if and only if a # 6 implies that f(a) # f(b).

A function f : A — B is called surjective when the range is the whole codomain
B or. in other words. if and only if for every element b € B there is an element a in A4
with f(a) =b.

A function is called bijective when it is both injective and surjective.

In this dissertation we deal only with discrete functions of the type f: W"* — M
on a fixed set M := {0.1..... m — 1}. where M™ denotes the the Cartesian product
M x M x ... x M of n sets M. We say that f(z,..... r,) is an n-variable m-
valued function. Such functions are called homogeneous. as opposed to heterogeneous
functions. where the variables r; of the function f(r;..... r,) do not take values in
the same set. There are m(™") homogeneous n-variable m-valued functions. For the

special case of m = 2. m-valued functions are called switching or Boolean.

2.2.3 Binary operations

A binary operation e on A is a function of type 4 x 4 — 4. So. a binary operation
assigns to each ordered pair of elements (a.b) from A x A a uniquely defined third

element ¢ = a ¢ b in the same set A.

2.3 Chain-based Post algebra

In this section we describe a chain-based Post algebra. commonly used for representing
multiple-valued functions. This algebra is a generalization of Shannon’s switching

algebra to the multiple-valued case.

Definition 2.1 A chain-based Post algebra is an algebra A = (M;J.+.- :0.m — 1),
where

(i) M := {0.1,....m — 1} is the totally ordered carrier of A:
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(12) J := {Jo,J1s.-..Jm=-1} is a set of literal operators such that
_fm=1 fr=1
Jiz = { 0 otherwise

where r is a multiple-valued variable and i € M is a constant. For convenience. we
write J.r as .i'

(iit) "+~ and T -~ are the binary operations marimum (MAX) and minimum
(MIN), respectively:

(iv) 0 and m — 1 are constants of the algebra.

An algebra is functionally complete if it is based on a functionally complete set of
operations. If constants need to be added to a set of operations to obtain a complete
set, then such an algebra is called functionally complete with constants. The chain-
based Post algebra is known to be functionally complete with constants [44].

The complement of a multiple-valued variable r is defined in chain-based Post
algebra as 1’ := (m — 1) — z. where ™ — ” is the usual arithmetic subtraction.

Functional completeness of A implies that every multiple-valued function can be
expressed in terms of its operations. The next theorem shows a canonical form of any
multiple-valued function in A. This form is said to be canonical because it gives a
unique representation for multiple-valued functions. Throughout the dissertation. we
refer to this form as the MIV-MAX canonical form. The sign §_ used in the theorem
stands for MAX.

Theorem 2.2 Any m-variable function of n variables has a unique erpansion in A
of type

-1 R . .
f(‘tl7"'?‘tﬂ.)= Z G fIE'I f12‘2--- "rnn'
=0

where ¢; € M are constants, and (i,i,...i,) is the m-ary erpansion of | with i, being

the least significant digit.

In the two-valued case, the MIN-MAX canonical form reduces to the AND-OR

. . L. . 0 1
canonical form. Notice, that in the two-valued case, = z’ and r= r. An AND-OR
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canonical form is often referred to as a “sum-of-product™ form. but we prefer not to
use this name to avoid confusion with the modulo m sum-of-products form. cited in
several chapters of the dissertation.

A function can be put into a MIN-MAX canonical form by a successive application
of generalized Shannon decomposition to subfunctions of f(zr;..... I,). Generalized

Shannon decomposition is an expansion of type:

o) =3 & f(£]) (2.1)
JEM
where r := (r,..... r,) and ! is the vector £ with r; = . i.e.
Izl = (r..... IioysJ-Tigls----Ln)

with j € M. i € V. So. in terms of these notations. f(z]) denotes the subfunction

of the function f(z) with the variable r; being fixed to the value ; € M.

This concludes the background material for the dissertation.
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Chapter 3

A Canonical Form of
Multiple-Valued Functions

While complete sets of functions are widely studied for Boolean functions. less is
known about the functionally complete sets for multiple-valued functions. In this
chapter we show the functional completeness of the set consisting of the operations
of addition modulo m. minimum. and the set of all literal operators. where m is a
positive integer. We prove the existence of a canonical form over this set. and give an
algorithm for constructing this form. For the case m = 2. this canonical form reduces
to a fixed polarity Reed-Muller canonical form, which is known to provide a suitable
basis for the implementation of some practical Boolean functions [52].

The chapter is organized as follows. In Section 3.1. we define the Reed-Muller
canonical form and give a summary of previous work on its generalization to the
multiple-valued case. In Section 3.2. an algebra based on the operations of addition
modulo m, minimum. and the set of all literal operators is introduced. Section 3.3
presents a proof of the functional completeness (with constants) of the set consisting
of addition modulo m and minimum operations. Section 3.4 describes the properties
of the operations of the algebra needed in the proofs of the main results of the chapter.
In Section 3.3. a decomposition. allowing a function of n variables to be expressed
through n functions of n — 1 variables, is developed. Using this decomposition, in

Section 3.6, a canonical form for the multiple-valued functions in terms of the oper-
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ations of the algebra is derived. An algorithm for constructing the canonical form is
presented in Section 3.7. Section 3.8 contains conclusion and suggestions for further
research. [n Appendix A. we show a CMOS transistor-level realization of the gates.
implementing the basic operations of the algebra and simulation of these gates using
the HSPICE program.

Some of the results in this chapter are contained in [22].

3.1 Reed-Muller canonical form and its general-
izations

In 1954 Reed [49] and Muller [43] proved that any n-variable Boolean function has a
canonical form in terms of AND and XOR operations of type:
2" -1
flry..... I,) = Z ci it r2... rin, (3.1)
i=0
where the sign 3 stands for XOR. ¢; € {0.1} are constants. ({;i3...¢,) is the binary
expansion of i with i; being the least significant digit. and 9 = 1 and r] = z,
for j € N. The form (3.1) is usually called Reed-VWuller canonical form. after its
inventors. All product-terms in (3.1) consist of uncomplemented variables only.
If the restriction that all the variables appear uncomplemented is removed. and

variables are allowed to appear complemented as well. then the Reed-Muller canonical

form extends to fired polarity Reed-Muller canonical form. which is unique for a fixed

polarity £ € {0.1..... 2" — 1} and is given by:
oy .
flzroza)= 3« B Boxp o At (3.2)
=0

where ¢; € {0,1} are constants, (i122...i,) and (k;k2 ...k,) are the binary expansions
of ¢ and k, respectively. with i; and k; being the least significant digits. The term
kf;t;-’,j € N is defined as follows: %z} = z;, 'z} = ) and, for any ;. 29 = 1. When

k is fixed, this form is unique for a given function.
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The concept of a Reed-Muller canonical form can be extended to m-valued logic in
several ways, depending on how the AND and XOR operations are generalized. The
first generalization. based on the operations of addition and multiplication modulo
m. where m is a prime number. was proposed by Cohn in 1960 [9]. He proved that
any function of n variables has a unique modulo m sum-of-products form of the type:

m™—1 o _
flry.....xn) = Z ¢y rZ... Iy, (3.3)
where the sign 3~ stands for multiplication modulo m. ¢; € M are constants. (iyi2...1,)
is the m-ary expansion of i with i; being the least significant digit. and the term 1'5’
denotes the i;th power of the variable z;. j € V. Modulo m addition and multipli-
cation form a Galois field of order m.

Later this generalization was further extended by Pradhan [47] for the case when
m is a power of a prime. i.e. m = p* (p - a prime number. & - a positive integer).

Kodandapani and Setlur [34] proposed a generalization of (3.2). based on the
operations of addition and multiplication modulo m (m - a prime number) and the
set of all literal operators. which is unique for a fixed polarity & € {0.1..... m" —1}.

The form is of type:

flzy.....x,) = Z ci i‘r'f‘ i’x’;z... i"rﬁ" (3.4)

where ¢; € M are constants. (z;¢2...1,) and (k1k;...k,) are the m-ary expansions of
i1 and k. respectively, with {; and k, being the least significant digits. and the term
‘Jrf’ equals m — | whenever ;; = 0, and equals ijffj otherwise.

Harking and Moraga [27] introduced an extension of Cohn’s form (3.3). where
an additive transform r; + k; is performed on each variable z;. according to a fixed

polarity k£ € {0,1...., m™ — 1}. The form is of type:

m"~1

flzy + ki, oo+ ka,....z, + kn) = Z qri‘ .1:2’... xi{‘ (3.3)

=0



CHAPTER 3. A CANONICAL FORM OF MVL FUNCTIONS 15

where ¢; € M are constants. ({1i3...¢,) and (kik2...k,) are the m-ary expansions
of i and k. respectively. with i; and k; being the least significant digits. When £ is
fixed. this form is unique for a given function.

All of the above described generalizations are only applicable for the algebras
with m being a prime or a power of a prime number. In this chapter we introduce
a generalization of the fixed polarity Reed-Muller canonical form. based on the op-
erations of addition modulo m. minimum and the set of all literal operators. with m
being any positive integer. An n-variable m-valued function has m" such forms. each
characterized by a fixed polarity £ € {0.1..... m" — 1} and a corresponding vector
of coefficients [co ¢y . .. cmn—1}. ¢; € M. The form is unique for a fixed k. We present
a procedure for computing the coefficients of such forms. based on matrix multiplica-
tion. The vectors of coefficients for different polarities are obtained simultaneously.

which makes it possible to choose the canonical form with the minimal number of

non-zero coefficients.

3.2 The algebra

The work in this chapter is based on a multiple-valued algebra B defined as follows:

Definition 3.1 A multiple-valued algebra B is an algebra B = (M;=.-..J:0.m — 1).
where

(1) M := {0, 1.....m — 1} is the totally ordered carrier of B:

(i1) =" is the binary operation addition modulo m:

(i72) =" is the binary operation minimum (MIN):

(iv) J == {Jo.J1..... Jm=1} is a set of literal operators:

(v) 0 and (m — 1) are constants of the algebra.

The operations *&” and *-” are commutative and associative. They do not dis-

tribute over each other. “” is idempotent. The constant 0 is the null element and
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the constant (m ~ 1) in the unit element of *-”. The constant 0 is the unit element
of “3". Recall that. for convenience. we write J;z as I.
Every element @ of M has an inverse —a (with respect to the =%" operation).

defined as

—a:=g%a%...%ﬁ.

m—1 times

In order to simplify the derivations below. we define the operations of complement

and subtraction modulo m. All operations are extended to functions as usual.

Definition 3.2 The complement of a multiple-valued variable r is defined by

r':=(m—-1)=(-r)

Obviously £+’ =m — 1 since for any r ranging in M. r = (—zr)=0.

Definition 3.3 Subtraction modulo m ™ =" is defined by
roy=r=(-y)

where r and y denote multiple-valued variables.

Using subtraction. the complement of an r can be represented as r' = (m — 1) = r.

The chain-based Post algebra (Definition 2.1). based on the operations MIN, MAX
and the set of all literal operators. is well-known to be functionally complete with
constants [44]. Since MAX can be expressed through MIN and complement using de
Morgan’s law z + y = (2’ - y’)’, and since complement is defined through addition
modulo m and the constant (m — 1) (Definition 3.2). we can conclude that the algebra
B is also functionally complete with constants.

While the functional completeness of the set of operations {.-. J} is quite obvi-
ous, a more interesting fact is that B remains functionally complete at the suppression
of literal operators J from the basic set, i.e. B is complete (with constants) over the

set {&,-}. This is proved in the next section.
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3.3 Functional completeness of {&. -}

The following property shows that the literal operators can be expressed in terms of

the operations “<” and =-” and the constant (m — 1), which proves the functional

completeness (with constants) of {=.-}.

Property 3.4 The literal & can be erpressed in terms of ~=". =" and ' as follows:
F= (g(r.d) Zg(.i) - g'la.0)).

where g(r.i) := (z =) - (2" =1).

Proof: 1) Let r ={. Then f=m—1. On the other hand:

gli.t) = (F)-(I'=1) {definition of g(r.:)}
= (m—-1)-(m-1) {YeeM:aZad =m-1}
= (m-1) {idempotency of -}
Therefore
(Fi.))yFg(i-8) Ji0)) = (m=1Y=(m—-1)-(m=1)) {g(i.i)=m—1}
= (0=(m-1)-0) {Definition 3.2}
= (0=0) {0 is the null element of -}
= 0’ {0 is the unit element of =}
= m-1 {Definition 3.2}

Hence, for r = 1. r= (¢ (z.1) Fg(r.i)-g'(z.0)).

2) Let £ # i. Then 7 =0. On the other hand. we show below that (a) for each r
and i, r #i implies g(r.!) < |F], and further, (b) for any a < |7 ]. it is true that

(d & aad’) = 0.

a) We prove part (a) by showing that

Voizdilzai > [ =

>3

D='si< [F]
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1) 3 >3 {hypothesis}
2) |Z] <3 <m-1 {(e#i)= (z2i#m-1)}
3) Izfezi’Tz=m-1] {(M.=) is a group}
9 1<:<(2) 2).(3)}
3) (r22)5@od)=(m-1)F(m—1) {(Vae M :a%d =m-1}
6) (r3)3(@Fi)s:=(m-1)F(m~-1)=: {reordering}
) f’'3i=(m-1)%: {(3).(6)}
8) ¥oi=:51 {Definition 3.3.—1l = m — 1}
9) r'ei< |2 {(4).(3)}

Hence. for r # i, r3i > |%] implies &' =i < | %] and so (r = ')(2' = 1) < |-

Consequently. g(z.1) < | F].

b) For any a < [ 3] it is true that:

’

s

(@ =ad) = (dZa) {(ea<|F])=(ad =a)}
(m—1Y {Vae M:aZd =m-1}
0 {Definition 3.2}

t

Hence, for r #:i. r = (¢'(z.t1) T g(x,1)-g'(r.1)).

O

Functional completeness of an algebra means that every multiple-valued function

can be expressed in terms of its operations. In Section 3.6. we derive a canonical form.

which gives a unique representation of any multiple-valued function in the algebra B.

Although our canonical form can be expressed in terms of {5.-} only. we use literal

operators as well because this simplifies the form. [t is easy to see that expanding

the literal operators by applying Property 3.4 cannot result in further simplification

of the form, since %" is not distributive over “.”.

The proof of existence of the canonical form is based on a number of properties

establishing relationships between the operations of B. These properties are presented

and proved in the next section.
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3.4 Properties of the operations of the algebra B

Let f. g denote multiple-valued functions and :i.j. { # j. denote constants over .
The sign 3 used in the properties and elsewhere throughout the chapter denotes

addition modulo m.

Property 3.5 The following properties hold:
a) (3= zﬁu{}f,
b) f-r=fZ[-f)-

c) f-x+g.é=f-} ‘
d) f-(
e) I

f
f) r(f
Proof (a): 1) Let r = i. Then clearly Z $= 0. On the other hand

(£) = (m—1) =0.
2) Let £ # i. Then there exists exactly one k£ in M such that r = & and so F=m—1.
Consequently Z I=m—1. On the other hand (.i')’ =0=m-—1.

JeEM—{i}

Hence for both cases (Ji‘)l = > :
JEM—-{i}

(b): 1) Let x =¢. Then f r= f. On the other hand:

[( f) (m —1)]
)-0)]

FEl=f)-(2)]

)
A

dr o

o

2) Let £ #i. Then f-+=0. On the other hand:
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FEU=1)-(@)] —f)-0]
—f)-(m—=1)]

'*a;“"/-_x‘

(b P

I
O =

Hence for both cases f- r= fF=lU=- (i')']

(c): Since i # j. r cannot be equal to both { and j at once. it is always the
case that either r # i or r # j or both Let r # i. Then the left hand side is
f- J:+g I—f 0+g = 0+g .l'—g r. and the right hand side is f- .L‘—g I=
f-0zg-1=02g-1=g- 1.

Hence for r # i, f- F+ g- 1= f- EgES g- I. For the other cases the proof is similar.

(d): Since i # j. r cannot be equal to both i and j at once. it is always the
case that either r # i or £ # j or both. Let r # i. Then the left hand side is
Ir)= f(O—:.l‘) frandthenghtha.ndsndelsf.t—-f .r_fOF—f .z'—f }

1 J

£l =
Hence for £ # ¢, f- (i’ = i‘) = f- + =f- . For the other cases. the proof is similar.
(e): 1) Let z =i. Then the left hand sideis r-(f =g)=(m—-1)-(f=g)=f=g.
and the right hand side is I-f'r}x-g:(m—l)-f%(m—l)-g:f—‘},g.

2) Let £ # i. Then the left hand side is i'-(fa}g) =0-(f=g)=0. and the right
hand side is .é-f%}.gzo.frgo.gzo_

Hence for both casesi'-(f@g):i-f%i‘-g.
(f): 1) Let r =:. Then the left hand side is f:-(f%g):(m—l)»(f%g):f%g.
and the right hand side is i‘-fe—}.{'-gz(m—l)-f@(m—l)-g=f%g.

2) Let = # i. Then the left hand side is z (g=g)=0-(fSg) = 0. and the right
hand sideis 7 -fSt-g=0-f20-g=0.
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Hence for both cases I (f=g9)= x -f=r-g.

3.5 Decomposition theorem

In this section we present a decomposition allowing a function of n variables to be
expressed through m functions of n — | variables. This decomposition can be con-
sidered as a generalization of the positive and negative decompositions of Boolean
functions to the multiple-valued case. Recall from Chapter 2 that f(z!) denotes a
subfunction of the function f(r) with the variable r; being fixed to the value j. i.e.
f(g{) = f(ry..... LicpeJeLiglevn-- z,). Then. the positive and negative decomposi-

tions of Boolean functions are of form [36]:

flz) = f(22) = ralf(2%) = F(zh)) positive decomposition
(3.6)

= flzL) 32 (f(2) = f(z))) negative decomposition
Theorem 3.6 is the general decomposition theorem for a function f(r) about some
variable r;. However. for notational convenience. the theorem is stated and proved

for decompositions about the least significant variable r,.

Theorem 3.6 (Decomposition Theorem) Every m-valued function f(xr) can

be decomposed with respect to the variable x,, and a given ¢ € M in the following way:

) m-1 . ‘ S
fx) = flz) = 3 (fl@d) = flzn) T
Jj=1
Proof:
Using generalized Shannon decomposition (2.1) we can express the function f(z) as

follows:
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Fl2) = 2a f(20)+ Ta f(Lh) +...+ T F277Y) {(2.1)}
=1, f(z0) @ 2. flzh) 2 ... 3 5 flzph) {Property 3.5(c)}
= (f@) 2 [~ () - (BaY]) 2 ;\_31 t.f(z))  {Property 3.5(b)}
= (f29) = [~ () "‘g SIE "’z b, fe)  {Property 3.5(a))
= f(z2) % f(—f@ﬁ)) t, fi: t. f(zh) {Property 3.5(d)}
= flz3) % Zlf( 1) Fa (= fl22)) 3 {commutativity of =}
= f(z9) = ”Z:(f(zf;) 2 (= f(£2))) 7n {Property 3.5(e)}
= f(z2) "i (f(zh) = f(£2)) t {Definition 3.3}

In the above derivation we expanded g’n -f(£°) using Property 3.5(b). If alternatively
we expanded .{‘n -f(z) for some i # 0. then the derivation gives the proof for the

corresponding value of i.

a

For example. a 3-valued 2-variable function f(r;.r:) can be decomposed with

respect to the variable r; and a given i € {0.1.2} in the following way:

Fori=0: flry,r2) = f(29) & [(f(z}) 3 () 1o 3 [(f(£3) = f(2D)) £2]-

(j)
'i'?
H
ot

Fori=1: f(z,22) = f(z}) S [(f(£3) = f(z)) 1'2]”“[(f £3)
Fori=2: f(x1,z2) = f(z3) % [(f(z}) S f(zd)) 2‘2] 3 [(f(z3) = f(z3)) 11'2]

For example, suppose f(z;,z;) is defined by the table below:
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I2
0 Lt 2
0{0 1 2
L1 1 1 1 2
212 0 O

Then we have

and. for the decomposition with respect to r; with 1 =0

2

flovza) = F(29) = [(f(zh) = F(£3)) o) = [(f(22) = f(22)) 2]

- U 2
= f(29) T gi(x1) T2 Fga(L1) T2

where g,(r;) and g;(r;) are functions. defined as follows:

0 1 2
1 0 l
2 1 l

Obviously, if each of the subfunctions f(z). j € M. in the decomposition of f(r)
is successively decomposed about the remaining variables. we finally get an expression
in which f(z) is expanded in all its variables. Since for each subfunction the decom-
position can be made with respect to some constant : € M. there are m" different
ways to expand the function f(z) in all n variables. In the next section we prove that.
for a fixed i. each of these m™ expansions is a canonical form uniquely representing a
multiple-valued function. and show how to find these expansions directly. i.e. without

applying step-by-step decomposition.

3.6 Canonical form of multiple-valued functions

In a two-valued system, any Boolean function of n variables has 2" fixed polarity

Reed-Muller canonical forms of type (3.2). In such an expansion, each variable z; is
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either in a complemented. or in an uncomplemented form. according to some polarity
vector k = (k,...kyk;). If k; = 1 the variable r; appears in complemented form.
otherwise r; appears in uncomplemented form. For example, the polarity vector
k = (011) implies that r, and z, appear complemented in the Reed-Muller canonical
form, and r3; appears uncomplemented (r; is the lowest order variable). A polarity
can be given not only as a binary vector (k. ...kzk). but also as a decimal number
ke{0.1..... 2" — 1}. whose binary expansion is this binary vector. For example. for
k = (011) the polarity can be given as k£ = 3.

We generalize the notion of fixed polarity for multiple-valued logic. assuming that

in a fixed polarity form each variable z;. i € {I..... n}. is represented by all literals
except L.z:, where (k. ...kyk,) is the m-ary expansion of a polarity k£ € {0.1..... m" —
1}. given as a decimal number. For example. if m = 3. polarity vector £ = (021)
implies that z, is represented by literals ?:1 and -%1 in the canonical form. r; by literals
gz and zl'z. and r3 by literals 11'3 and iz'g, Similar generalization of polarity was used
in [34].

The following theorem shows that there exist m” canonical forms of a m-valued
n-variable function. each characterized by a polarity £ € {0.1..... m" — 1} and a

corresponding vector of coefficients [cg ¢; ...¢mn_1]. ¢; € M. The notation ‘z’ used

in the theorem below is defined as follows:

. {m-—l ifi=0
‘ol =

12y

T otherwise

where r is a multiple-valued variable and i.j € M are constants. We denote by f;.
J € {0.....m" — 1}, the coefficients from the truth table for f(z,..... I,). with z,

the lowest order variable.
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Theorem 3.7 Anym-valued n-variable function can be expressed in a canonical form

with a fized polarity k € {0.1..... m" — 1} as:
m" -1 )
flzy,....x0) = Z ¢ .)x_rllfl Jzzé’z .)nl.ﬁn
=0

where c; € M are constants. and (jn ... j2J1) and (k,...k2k,) are the m-ary expan-

sions of j and k. respectively. with j, and k, being the least significant digits.

Proof: By induction on n.
1) Let n = 1. According to Theorem 3.6. any function of one variable r can be

decomposed with respect to this variable and a given : € M as:

m-—1 . -
flr) = =3 (fizi=f) T {Theorem 3.6}
=1
m—1 i
= coT Y ¢ I {where co = f; and ¢; = fiz; = fi}
J=1
m—1 o
= ¢ %' =Y ¢z {°2i =m —l.and 'r' =7 .for j # 0}
=1

m—1
— E cJpt
= C; "I
=0

which is the canonical form for n = | and polarity ¢ € {0.1..... m — 1}.
2) Hypothesis: Assume the result for all functions of n variables. According to
Theorem 3.6. any function of n + 1 variables can be decomposed with respect the

variable r,+; and a given : € M as:

] m-—1 . . i
f(l'l-, cee Tpgl) = f(SE.:H.l) T Z (f(_-r_:ipl) = f(!_:1+l)) Iﬁ-&—l
p=l1

By the induction hypothesis, which assumes the result for the functions of n variables.
we can express each of the subfunctions f(z.,,). f (2:Z), p € M in the canonical
form for some polarity k = (ky...ksk;). We use the notation ¢} to denote the jth

coefficient of the canonical form of the subfunction f(z7,,). Then we have:
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To simplify the exposition, we use the notation ’ X* to stand for the term /tr}! .. J» £k

.....

m"—1
— i jl kl
= E Cj Iy .-

=0

m—1

2

p=1

¢

mt-1

Inp

kn

n

m" -1 .-
iEp

1&p gy Lk n okn = i gk Jn gk
ch e PR LS A E c;txy ...ttt e

Jj=0

Then the above expression becomes:

1=0

kn

mt~—1 m-—1 [fm™~1 m™—1 ip
= i JYE IZp jyk -~ i jyk) T
= D g X2} FPIXE = Y & IXE |
=0 p=1 j=0 =0
m”*—1 m—-1 [fm"-1 m”—-1 isp
—_ t JYk o v jyvk o~ | _ i JYk .
- Z ¢; X' 3 ¢j X* 3 Z ¢; X Tn+l
1=0 p=1 =0 =0
{Definition 3.3}
m"—1 m—1 [m"-1 m~®-1 v2p
_ s IYk 1 vp jyvk o _ Ik T
- Z <G X* % ¢j Xt = Z G X Tn+l
1=0 p=1 =0 =0
{distributivity of * — " over~="}
mnt—1 m—1 [mn-1 i=p
_ vk - iDp vk - vk =
= ch XT3 Z(CJ IXEP 2 (— ¢ IXEN ) Taw
J= p=1 =0
{commutativity of~="}
mt—1 m—1 fm"*-1 =p
— t J Yk -~ Sp j vk -~ . 7 vk (i)
= Z Cj J.Y e (CJ ').\ _ C;- J.\ ) In+l
1=0 p=1 =0
{Definition 3.3}
mn—1 m—1 {mn-1 i
=2 g’Xt = (¢ = &) I X*) Fh
1=0 p=1 =0
{Property 3.5(f)}
mt—1 m—-1lm"-1 iSp
— i Yk 2 ep ~ iy Jyk 'S
SS x5 Y (6 = )it B
Jj=0 p=1 ;=0
{Property 3.5(f)}
m*—1 m—-1m®—-1
— i jykoi Z P~ iy vk pai
- Z ¢ 1 X e B Z (6577 S ) I XP Py,
J=0 p=1 Jj=0

{°z' = m — 1,and 7! =i?'p,for p # 0}
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mit—-1 mit-1

- -1) -
ZC‘JYkOn-{—l Z(Cl‘jl‘. _] ‘kl:z-f-lj? Z(":?(m ) ) ka l‘r‘n-}-l
=0 =0
{reordering}
mnti)
— YKk Jntl pi
= Y g iXkumgl
j=0
where ¢, = cj;. for 0<j<m"—l.and cpmny; = (c"“"“ '-). for l<p<m-1.0<
]<m"—~1.

This is the canonical form for a function of n + 1 variables for polarity vector k =

(kng1kn -..koky). where &, = t. This proves the theorem.

0

For example. the canonical form of a 3-valued 2-variable function f(r,.r;) for

every given fixed polarity k. k€ {0.1..... 8} is given by:
8 1<k 25k 1=k
k k - -k ol W —Kk2
f(-l‘[..l';z) = Z C; '“.l'll "2.1'22 = Cg—C Iy —C Iy — C3 Iz —
Jj=0
- 1Sk Lok 25k 15k 25k 1ok 25k 25k 25k

—C Iy Iz —C Iy I T C T2 = Cr Iy Iz —C Iy I2
where (kyk,) is the ternary expansion of k. For example, for £ = [ the ternary
expansion is (k;k;) = (01) and the function has the following form:

2 0 1 2 1 01 2

_ _ _ _ _ _ 22 _ 02
f(z1.12) =co T ) I1 Sc; Iy Tez Iy T¢y TyIy =5 I T2 Scg Iy =07 I Ty Scg I Iy .

In the next section we present an algorithm for computing the coefficients of the

new canonical form.

3.7 An algorithm for constructing the canonical
form

There are two main approaches to computing the coefficients of a fixed polarity form.

One is to define a set of transformation matrices. one for each value of the polarity.
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and to generate the coefficients for polarity k£ by multiplying the truth vector of
the function by the kth transformation matrix. In our case, the definition of the
transformation matrices follow from Theorem 3.6. and each of the matrices is, in fact.
a permutation of the basic transformation matrix for zero polarity.

The second approach is to have a single transformation matrix. but to permute
the values of the truth vector of the function to obtain the coefficients for different
polarities. The way the truth vector values should be permuted a s, again. suggested
by Theorem 3.6. This approach seems to us more convenient and we make it the
basis of our algorithm. We group truth vectors of the function. suitably permuted for
each polarity. in a matrix F”. defined next.

Let F? denotes a matrix whose rows correspond to certain permutations of the val-

ues of the truth vector of the subfunction f,(z;..... rp) = f(ry..... IpoUpe.... Up—p)

of f(zy,.... r,). where (u;..... Un—p) is the m-ary expansion of u. u € {0..... m"—P —
n—p

1}. with u; being the least significant digit. i.e. u = > m?'u,.and p € {1.2..... n—

q=1
1}. We denote by f, for the subfunctions of zero variables. which are the coefficients

from the truth table for f(z,..... r,). The notation [FZ];; used in the definition refers

to the submatrix in the ith row and jth column of the matrix FZ.

Definition 3.8 The m" x m™ matriz F* is defined as F§. where F? is defined in-

ductively by:
L F:= (£

s e FPL
2. [Fili = Firiis))
with i.7€M,pe N, ue{0.....m"?~1}.

The scheme is obvious from an example. For instance, for m = 3. n = 2 the

matrix F? is constructed as follows:

1. For v € {0.1.2}, F2:=[f,].

fo i fo f2 fa fs fe fr fs
2F=1hHh f2 h|. Fr=|ff Al Fi=1FfFfif
o fo fi 5 fa fu fe fo fr
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So:
(fo i 2 £ fu
fi o fo fi fs
fo fo N1 5 fa
[Fé F| F%} fs fo s fo Sz
F? = F% = F{ Fi Fé = f4 5 fa f‘r fa
F; F; F| s f3 fs fs fe
fo fr fs fo i
fr fs fo i fo
L fs fo fr fo fo

The definition below presents a transformation matrix T". needed to obtain the

coefficients of the canonical form from the matrix F".

fe
fs
fo
fr
f2
fs
fa
fs

Definition 3.9 The m™ x m™ matrir T" is defined inductively by:

fr
fs
fe
h
f2
fo
fs
fs
f3

s
fe
fr
f2
fo
fr
fs
f3
fa

1. T®=/[1]
[T ! (m-1)=T"! (m-1)z7T!
0 Tt 0
2. T":= 0 0 Tt
0 0 0

(m—1) T ']
0
0

Tn—l

where = denotes multiplication modulo m.

For example. for m = 3 the corresponding matrices T®. T' and T? are as follows:

211 7

[ 122
010
001
000
000
000
000
000
| 000

122
010
001

=[], T'=

]. T2=

To find the coefficients of a fixed polarity canonical form of a multiple-valued

211
020
002
122
010
001
000
000
000

020
002
000
000
000
122
010

001 |

function f(z), the matrix F* is multiplied by the transformation matrix T":

C=F'cT"



CHAPTER 3. A CANONICAL FORM OF MVL FUNCTIONS 30

Every row k of the resulting m" x m" matrix C corresponds to the vector of
coefficients [cg ¢ ... cnn-1] with polarity k. The proof of this result follows directly
from Theorem 3.6 and Theorem 3.7.

The step-by-step execution of the operation F™ = T" involves the summation of
a total m™ x m® x m” individual product terms ( x here denotes a regular arithmetic
multiplication). However. due to the regular structure of the matrix T" a "fast™ proce-
dure for performing F™:='T" is possible. with the total number of summations reduced
to n x 2=t x m™ x m". which makes the complexity of the procedure O(N?%lg N),
where V = m". A fragment of the graphical representation of the fast procedure for
n =2, m = 3 is shown on Figure 3.1. The diagram shown is similar to a butterfly
diagram for the Fast Fourier Transform [29]. The diagram illustrates the multiplica-
tion of the ith row of F? by T?. The result is a vector of coeflicients [coc; - . . cg] with
polarity i. The total number of summations required is n x 2= x m™ = 12. The

complete diagram for multiplication of F2 by T? consists of m" = 9 such fragments.

(F%) _ (F2-T%)
:.io \ t‘;o
__}@X\ AN\ N
" ANNNN NN
ARSI S
RN\
f15 \% - j
.i6 \O X.Q s
fﬂ = ¢y
fis O % > Cg

Figure 3.1: Diagram illustrating the multiplication of ith row of the matrix F? by the
matrix T2

The following example illustrates the calculation of the matrix of coefficients C.



CHAPTER 3. A CANONICAL FORM OF MVL FUNCTIONS

Example 3.10. Consider the following 3-valued 2-variable function:

00 1 0 20 1 1 I 2 2 2
flxy,r2) =122 +1 7 + I T2 +1 T X2 + L, T2 +1 T1 T2 .

The defining table for the function f(zr,,z2) is shown below:

I2
0 1 2
ofLr 0 O
Iy 1 1 1 2
212 0 1

31

In order to obtain the coefficients of the fixed polarity canonical form we construct

the matrix F2, and then multiply it by T2.

C=F:1T=

112
121
211
010
100
001
021
210
102

010
100
001
021
210
102
112
121
211

021
210
102
112
121
211
010
100
001

122
010
001
000
000
000
000
000
000

211
020
002
122
010
001
000
000
000

211 7

020
002
000
000
000
122
010
001

—
O lwr—ivr— O
—_ N OO —~

o~

212 220 7
012

112

011

102

120 22

110 022
222 201

101 210

The fourth. sixth and seventh rows of C have the largest number of zero-valued

coefficients (three). Hence. polarities k = 3.5 and 6 are the polarities for which the

canonical form of the function f(z;.r;) has a minimal number of non-zero valued

coefficients. For example, for k = 6, i.e. (k2k;) = (20). the function f(r;.r;) has the

following canonical form:

22 ko

= e L2 T

15k 26k I3k ISk 15k 23k 12k
flzi,r2) = ¢ Iy T Iy Bc3 Iy Tcq Iy Iz Bos Iy I
. lEk2gk . 26ki20k
e Iy I2 o Cg Iy I
5 130 230 152 150 162 _ , 250 132
= 0821 sl =1l 1, 31 7 1, &0, I
- oo 180 282 . 230 282
T <L Iy Iy i I I,
.2 0 _.10 11 _ 21
= 13l Bl 5l 212,55, 725 I 1
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3.8 Conclusion

This chapter introduces a canonical form for multiple-valued functions. based on the
operations of addition modulo m. minimum and the set of all literal operators. In the
two-valued case this form is equivalent to the fixed polarity Reed-Muller canonical
form.

One advantage of the new generalization over other generalizations of the Reed-
Muller canonical form previously proposed is that it is defined for m being any positive
integer. whereas other representations are applicable only for the case of m being a
prime or a power of a prime number.

Another advantage is that. from an implementation point of view, the MIN op-
eration is normally much easier to implement than the multiplication modulo m
operation. In Appendix A we show a CMOS transistor-level realization of the basic
gates of the algebra C and a simulation of these gates using the HSPICE program.
As follows from the Appendix. MIN can be implemented as a current-mode CMQOS
MVL circuit using only 5 transistors. Moreover. this implementation is independent
of m, i.e. the number of transistors does not increase with increasing values of m.
On the other hand, the implementation of multiplication modulo m is much more
complex and always depends on m. For example. for m = 3, a current-mode CMOS
MVL circuit. realizing a multiplication modulo m. consists of 16 transistors [64].

Obviously, this implementation advantage would lead to decreasing the overall
complexity of the realization of an m-valued function only if the number of terms
and number of literals per term in the new canonical form is smaller than the corre-
sponding numbers in other representations for the same function. So. further research
needs to be done to estimate the complexity of the new canonical form by evaluating
the number of terms and number of literals per term in the expression for a given

function as compared to the corresponding numbers in other representations.
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Chapter 4

AND-OR-XOR Minimization of
Boolean Functions

This chapter considers the problem of logic minimization of Boolean functions. where
the target is to find a minimal expansion for the function in terms of AND. OR. XOR
and NOT operations. with certain restrictions on the structure of the expansion.
This is the only chapter of the dissertation where the problem is restricted to the
two-valued case only. The problem considered is very hard and so far no efficient
solution has been found even for this simple case of m = 2.

In section 4.1 we give some background on logic minimization and motivate our
interest in AND-OR-XOR minimization. Section 4.2 describes notations an defini-
tions used in this chapter. In section 4.3 we prove the upper bound on the number
of AND-terms in the expansion we consider. Section 4.4 presents an algorithm for
AND-OR-XOR minimization of Boolean functions with a worst-case time complexity
O(N?3). where N = 2" and n is the number of variables in the function. In section 4.5
we describe the experiments we performed to evaluate the algorithm. The chapter
concludes with suggestions of work following from this research.

Some of the results in this chapter are contained in [20] and [24].
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4.1 Logic minimization

Logic minimization plays an important role in logic synthesis. The resulting layout
area and delay of the synthesized circuit usually depends on this step to a significant
degree. The purpose of logic minimization is to obtain a specified algebraic expansion
for the function. which is minimal with respect to some criteria for minimality. The
criteria might be to make the number of terms in the expansion. and the number
of variables in these terms as small as possible. The simplified expansion can be
considered as a structural description of the logic circuit. providing the list of required
basic gates together with a description of their interconnection. If the technology
allows the building of gates realizing the operations of the expansion. then the logic
circuit can be synthesized directly from the algebraic expansion.

Logic minimization techniques can be classified with respect to the set of oper-
ation used in the algebraic expansion and with respect to the number of levels in
the logic circuit that is targeted. Number of levels in the logic circuit equals the
maximum number of gates cascaded in series between a circuit input and the output.
With respect to the number of levels. the minimization techniques are classified into
two-level and multiple-level minimizers. With respect to the set of operations. the
techniques are distinguished as AND-OR. AND-XOR or AND-OR-XOR. The first
category seeks a minimal expansion for the function in terms of AND. OR and NOT
operations. the second looks for a minimal expansion in terms of AND. XOR and
NOT operations, the third, most general one, attempts to find a minimal expansion
composed of AND, OR. XOR and NOT.

AND-OR logic minimization has been extensively studied for many vears. Espresso
[5] is an example of a two-level AND-OR minimizer. MISII [4] is a popular package
for multi-level AND-OR minimization.

AND-XOR and AND-OR-XOR logic minimizations are a less-developed area.
Partly, this is due to the fact that the gate realizing the XOR operation has a

prohibitive cost in some technologies. One of the reasons for this is that in these
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technologies an XOR gate takes more chip area than an OR or an AND gate. An-
other reason is a larger delay for XOR gates. However, in newer technologies like
Field Programmable Gate Arrays (FPGA) the delay and area of all gates are equal.
For example, in the Xilinx look-up table type FPGA's. the basic combinational block
can realize any function of up to five variables with the same area and delay [66]. Sim-
ilarly. among the sea-of-gate style FPGA's. the Cli606 from Concurrent Logic Inc..
include a 2-input XOR gate as its basic granularity block [61]. Also. in PlusLogic
three-level FPGA, the first two levels are implemented by a Programmable Logic Ar-
ray (PLA) and the third by a set of logic expanders [37]. Each logic expander can be
programmed to realize any function of two variables. so programming it to implement
the XOR brings no disadvantage as compared to AND or OR.

The introduction of the new FPGA technology brought the attention of many re-
searchers to the development of efficient algorithms for logic minimization including
XOR in the set of basic operations. A number of algorithms addressing AND-XOR
minimization were reported. including those in [28]. [38]. [53]. [54] and [61]. Fewer
results are known on AND-OR-XOR minimization. One such result is due to Chat-
topadhyay et al. [8]. Their algorithm integrates AND-XOR and AND-OR minimiza-
tion techniques. It performs a subsequent decomposition of the function (Shannon
decomposition (2.1), negative or positive decomposition (3.6)). and. at every stage.
evaluates which type of decomposition should be applied to the resulting subfunc-
tions. The result of the algorithm is a multi-level logic circuit. The algorithm has
been shown to outperform the popular package for multi-level AND-OR minimization
MISII [4].

Another algorithm for AND-OR-XOR minimization is developed in [51]. It first
generates a minimal expansion of the function in terms of of XOR and AND opera-
tions (XOR of AND-terms). Some of the XOR's are then converted into OR’s. and
subsequently, a graph coloring technique is used for the minimization of AND-terms

in the final expansion. This technique generates a three-level circuit implementing
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XOR of two AND-OR expansions (which are the OR of AND-terms).

[n this chapter. we present a new heuristic algorithm for AND-OR-XOR mini-
mization. As with any heuristic algorithm. ours does not guarantee that a minimal
solution is found. but usually obtains a nearly-minimal one. However. as the ex-
perimental results show. the algorithm does have satisfactory performance for some
common benchmark functions. We also prove an upper bound on the number of
AND-terms in the expansion. generated by the algorithm. Such a bound is useful
for estimating the size of the FPGA. as well as for asserting the minimality of the

solution obtained by the heuristic algorithm.

4.2 Notation and definitions

Throughout this chapter. f(xy..... r,) denotes a Boolean function f: B"™ = Y.
where B = {0.1} and Y = {0,1.*}. with * denoting a don't care value. A cube is
an n-tuple of 0’s, 1's or *'s. [f a cube contains no *’s. then it is termed a verter. A
minterm represents a point in the domain B™ of the function. The on-set T. the don't
care-set D and the off-set F of f are the sets of cubes that are mapped by f to 1. *
and 0, respectively. If D = 0, the function is called completely specified. otherwise it is
incompletely specified. A realization of an incompletely specified function g : B® — Y
is any completely specified function f : B®* — B such that for every n-tuple a € B™.
if g(a) € B. then f(a) = g(a).

The representation of a function in terms of cubes can be mapped into an algebraic
representation of the function. In Boolean algebra. an algebraic representation of f
is a Boolean expression that evaluates to 1 for all elements of T, evaluates to 0 for all
elements of F, and evaluates to either 1 or 0 for all elements of D. We use the algebraic
representation of functions in deriving the upper bound in section section 4.3 as well
as for discussion on the algorithm in section section 4.4. The cubical representation
of functions is used to carry our the computation in the algorithm.

In an algebraic representation of a function, a literal is a variable or its comple-
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ment. A product-term is an AND of zero or more literals. such that no two of them
are complements of each other. A product-term is the algebraic equivalent of a cube.
A minterm of an n-variable function is a product-term consisting of n literals. A
minterm is the algebraic equivalent of a vertex.

A AND-OR erpansion is an OR of product-terms. AND-OR expansion is often
referred to as sum-of-products expansion. but we avoid this name to refrain from
confusion with modulo m sum-of-products form, cited in several other chapters of the
dissertation. An A.VD-XOR erpansion is an XOR of product-terms.

An ANVD-OR-XOR erpansion is the XOR of two AND-OR expansions. A minimal
AND-OR-XOR expansion is the expansion with the smallest number of product-
terms. For example. consider the function f(r;.r;.r3.z4) shown in Figure 4.1. [ts

minimal AND-OR-XOR expansion consists of 4 product-terms. namely:

flzy za. 23.24) = (222 + 2524) = (2125 + 13X))

X1 X2

xx\00 01 11 10
oof o |f1\] o[/}

01q 1 1 1 ‘E&P
0

11 1flofiti

-----
-

101.1 O/ 1 3103

......... -3--1
y

Figure 4.1: Karnaugh map of the function from the example.
The minimal AND-OR expansion for the same function has 8 product terms:

' ! [ r .7
f(z1. 12, L3, 24) = T\ 2203+ 2\ 224+ 21 25T 4+ T22504+ 11 25T+ 11 D53+ I D30+ T5 03T
and the minimal AND-XOR expansion (in which both complemented and uncomple-
mented forms of a variable are used) has 6 product terms:

p J— r VA N 4 [ AU A !/ X I A A |
f(x1,T2,23,14) = 1173 $ X224 & T 25T $ L5253 D LHT3xy S T THTy.
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4.3 Upper bound on the number of product-terms
in the AND-OR-XOR expansion

In this section we present a theorem which gives an upper bound on the number of

product-terms in the AND-OR-XOR expansion. The proof of the theorem is based

on the following property.

Property 4.1 Let fi. f2.q1. 92 be Boolean functions. The following equations hold:

(a) I'(fi = f2) + (= g2) ’'fi+zq) = (L' fo+rgm)
(b)) Z(H=h)+r(giZg) = (2 fi+19)=(L'fa+rq)

Proof (a): Let r = 0. Then the left hand side is (fi = f2) + 0 = fi = f2. And the
right hand side is (f; + 0) = (f2 + 0) = fi = f,. Similarly. for r = L. both left and

right sides equal g; = g,. For the case (b) the proof is similar.

a

Let p; and g;. i > 0. denote arbitrary product-terms involving some of the variables
Iy.....I, or their complements. For example. the function f(r,.r;.23) = ryz2+

7 / M M — p—
rir,ry can be written as f(ry.r2.r3) = py+p2. with py =rr; and p, = rir.zf.

Theorem 4.2 Every Boolean function f(r,.....r,) of n variables (n > 1) can be

expanded using at most 5-2""* product-terms as:
f(zie.oizn)=(pr+p2+ ...+ pi) S (pis1 + Pig2 + ... +pj).

for some 1 in 1 <1< .

Proof: By induction on n.

1) Let n = 4. By exhaustive search through the 402 PN-equivalence classes ' of

In the PN classification all functions which differ only by some permutation of the input variables
and/or by complementation of one or more of the input variables are considered as being in the same
classification entry [30]. An AND-OR-XOR expansion is an invariant over a PN-class.
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Boolean functions of 4-variables we can establish that each function can be expressed

using at most 5 product-terms. Hence. for n = 4 the expansion exists and j < 3.

2) Hypothesis: Assume the result holds for functions of n or less variables. Using
Shannon decomposition (2.1). any Boolean function of n+1 variables can be expanded
as:

Flry. ... Lnti) = Th o f(2000) + Tnv f(Zhyy)-
Recall. that f(z%) and f(z!,,) denote subfunctions of the function f(r..... Tntt)
for which rny; =0 and .4y = 1. respectively.

According to the inductive hypothesis. these subfunctions can be expanded as:
AL = (p1+p2+...+pi) = (Pist +Pis2 + -+ Dj)

flzro) =@+ @+ . +q)=(qre+1 + Qg2 + -+ @)

with j <5.2"1 [ <5.2"* and for some ! and k such that 1 <: < j.

1 <k <! Then:

f(.l'[,.....l'n+1) = ‘r:;+l f(£?1+1)+‘rn+l f(£rl|+[) {(2'1)}
= g ((p+...4+p) = (Ppisr+--.+p)) +
+ Lax (@ + - @) = (G + -+ @) {substitution}

= (zhppr+.. o+ p) oo+ +q)) =

T (Tppt(Pivr + .-+ pj) + Tns1(grsr + ...+ q)) {Property 4.1}

= (b + -+ pi+ L@t + .o F Tnpa i) =

= (-l':;+1l’i+l +...+ f;+lpj+-rn+!Qk+l + ..+ Taiqr)
{Distributivity of - over +}

Since i £ 5-2"* and k < 5-2" 4, therefore i+k+(j—i)+([—Fk) = j+[ < 5-2n+1)-4

a
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By a search through the PN-equivalence classes of Boolean functions of 5-variables,
Debnath and Sasao in [15] have shown that none of the 5-variable functions requires
more than 9 product-terms in its minimal AND-OR-XOR expansion. This result
allows them to change the basic step of the inductive proof of the Theorem 4.2,
leading to a tighter bound of 9-2"~%, for n > 5. The same authors have also recently
shown in [16] that if two AND-OR expansions, A; and A,, are allowed to have common
product-terms, then the upper bound on the number of products in AND-OR-XOR
expansion of type A; & 4, is 15-2"¢ for n > 6.

Theorem 4.2 shows that an AND-OR-XOR has a smaller upper bound on the
number of product-terms than the bound 2"~! of the AND-OR expansion and 3-2"3
for the AND-XOR expansion [52]. This means that. for some functions. the AND-
OR-XOR expansion consists of fewer product-terms that AND-OR and AND-XOR
expansions, implying the existence of a more economical circuit implementation for
the function. However, this advantage can be utilized only if an efficient algorithm
for computing a minimal AND-OR-XOR expansion exists. In the next section we

present one such algorithm.

4.4 An algorithm for minimizing AND-OR-XOR
expansions

The problem of finding a minimal AND-OR-XOR expansion can be formulated as
follows:

Given a function f = (T, D, F), find two AND-OR ezpansions g, and g, such that
91 D g, realizes f whenever f is defined and the total number of product-terms in g,
and g, is minimized.

The basic steps of our algorithm for solving this problem are as follows:
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Algorithm for minimizing AND-OR-XOR expansions (AOXMIN)

input: f = (T, D. F) of n variables, an integer .Vi (linear in n)

output: AND-OR expansions g; and g, such that g = g; realizes f and the total

(V]
.

(1]

jl

10.

I1.

number of product-terms of ¢; and g, is minimized.

. Use Espresso to minimize f.

Fill ON dist and OF F list with the T and F cubes from the resulting function.
Initialize gl _best and g2_best.

Using DivideEqClasses(). divide the cubes from O.N_[ist into equivalence

classes.

Using SelectPartitioning(). group the resulting equivalence classes into two

sets. T, and T5.
Construct gl.init = (T,. F.T3) and g2_init = (T5. F.T}).

Starting from gl.init. invoke SpecifyBoth() to determine which don’t cares
in gl_init and g2_init should be specified to 1 so that the total number of

product-terms in both functions is minimized.

Choose which of the pairs of functions (gy. g2)- (g1- ¢5)- (¢1- g2) or (g]. g5) has

the smallest number of product-terms. and save it.
Repeat steps 7 and 8 starting from g2_init.
Repeat steps 5 - 9 for NV, partitionings.

Repeat steps 4 - 10 starting from the OF F ist.

The implementation of the algorithm uses well-known programming methods.

Functions are represented dynamically by lists of cubes. Each cube is represented by

a structure declared as follows:
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typedef struct ListofCubes {

long int min: /* minimum minterm value */
long int max: /* maximum minterm value */
int class; /* equival. class to which the cube belongs */

struct ListofCubes *next: /* pointer to the next cube */

This approach gives very fast performance of the basic operations. required in
the algorithm. Our current implementation only accommodates functions up to 32
variables. However. it can be modified to handle larger functions. by storing each of
the min and maxz values in two (or more) full words (32 bits). instead of just using
one.

In the subsequent sections we explain the basic steps in more detail.

4.4.1 Dividing the cubes into equivalence classes

Our heuristics are based on the observation that product-terms in a minimal AND-
OR expansion of a function may give some information about how to partition its
on-set 7" into two sets. To explain this intuition. consider the Boolean function from
the previous example (Figure 4.1). The minimal AND-OR expansion of this function

consists of 8 product-terms. namely:
— 4 4 ’ r 7/ / WL ’ 14 ’ /
Sf(Tr .o y) = ITar + 1 2ol + I I3y + DXLy + L Ty Ly + I LoT3+ X1 L3y + IHX3T)

These product-terms are shown in Figure 4.2.

Suppose that we want to represent this function as f = g, = g, and we put an
additional constraint that each of the 8 product-terms from the AND-OR expansion
is entirely contained in either g; or g,. Then we can easily see that if two product-
terms, p; and p; have minterms in common. i.e. if p; - p; # 0. then they both have
to belong to either g, or g,. since otherwise g; -5 g2 = 0 for the common minterms.

For example, p; = r|r,15 and p; = r{z}r, have minterms in common, since zz,z} -
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X, X,
x,xN\ 00 01 11 10
oof o |f1)[ o i1
o1 KD D| o
11{0 \1/[ o [/T
W0 I

Figure 4.2: Map of the example function.

r\xhry = riryryry. If pyis in g, and p; is in g,. when rjr,rir, is not in g; = g2. and
therefore g; © ¢, # f. This constraint allows us to reduce the search-space for possible
partitionings. As shown below. this leads to a reduction in the time-complexity of
the algorithm from O(2V) to O(.V3).

Since the algorithm performs partitionings of product-terms. not single minterms.
its first step is obtaining a minimal AND-OR expansion f for f. The minimization
is carried out with Espresso [3]. We couldn't find out the actual time complexity
of a single run of Espresso (we even contacted the authors). but it appears to be
O(N). and we assume here this estimate. After minimization. two lists. O.V _list and
OF F list. are formed from the T and F cubes of f.

The next step is to initialize gl_best and g2_best. If the number of cubes in
ON _list is less than the number of cubes in OF F list. then gl_best is initialized to
f and g2_best is initialized to the constant zero function. otherwise gl_best = f’ and
g2.best = 1. In this way, for a single function. the number of product-terms generated
by AOXMIN is never larger than the one that is produced by Espresso.

In the next step. the procedure DivideEqClasses() is called to divide the O.V list
cubes into equivalence classes. A sketch of the code is shown in Figure 4.3.

The cubes ¢; are divided by DivideEqClasses() into equivalence classes w.r.t.
the equivalence relation R := RT. where R} is the transitive closure of R;. and R, is

defined by
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DivideEqClasses(/ist_name) {
input: a list of cubes
output: for each cube the field “class” is filled with the number of the equivalence

class to which it belongs

for (each cube a from the first to the last in the list {ist_name) {
for (each cube b from the next after a to the last in the list list_name) {
if (a and b intersect) {

if (b.class is not labeled)
b.class = a.class

else {
b.class = a.class
find all cubes with the same class as b and set them to a.class

Figure 4.3: Implementation of the subroutine DivideEqClasses().

(Ci-CJ')GRl iff (61062#®)

where () denotes an empty set and N denotes the intersection of cubes. defined by the

following table:

4
I B
0 0 0
c; 110 1 1
* [0 1 0

Two cubes are in relation R either when they intersects. or then they are connected
through a chain of intersecting cubes. The equivalence classes of R form partition of
the set of all cubes into connected chains of cubes. Since our algorithm requires a
cube to be entirely included in either g, or g, it follows that each equivalence class

of cubes must be entirely contained in either g, or g,.
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The procedure DivideEqClasses() takes a list of cubes as its input. computes
which cubes are connected, and, for each cube. fills the field "class™ with the number
of the equivalence class to which it belongs. In the main program. it is run twice
- first starting from ON_list and then starting from OF F_list. The procedure has
time-complexity O(k3) for a list of k& elements. which are the product-terms p; in
our case. Since the upper bound on the number of product-terms in the minimal
AND-OR expansion is 2"~!. the worst-case time complexity of DivideEqClasses()
is O((2%')3) = O(.V?®). Although in terms of "big-oh™ complexity this subroutine is
the most time-consuming one. in the experimental results section it is shown that for

practical functions it is quite fast.

4.4.2 Obtaining 7| and 1>

If DivideEqClasses() results in more than two equivalence classes. then they should
be grouped into two sets to get T} and T,. which are the initial on-sets for g, and g,.
This is done by a procedure SelectPartitioningy().

The number of possible ways to group k classes into two sets is .V, = 257! — L.
If k is large. trying all possible partitionings may result in an unreasonably long
computational time. To avoid this. our program takes as a parameter an integer
Niter. indicating the number of partitionings we are willing to try. which we restrict
to be linear in the number of variables n. If V., is larger than or equal to V.
then SelectPartitioning() successively tries all possible partitionings. Otherwise, it
generates .V, number of randomly chosen partitionings. As the experimental results
section shows. for most practical functions 20 or less iterations are sufficient to obtain
good results.

The procedure SelectPartitioning() is called only if the number of equivalence
classes, obtained by DivideEqClasses(), is more than one. Otherwise. if f has only
one equivalence class, as for example the function shown in Figure 4.4, then AOXMIN

returns the functions gl_best and g2_best as initialized in step 3 of the algorithm. It



CHAPTER 4. AND-OR-XOR MINIMIZATION OF BOOLEAN FUNCTIONS 46

X, X;
%N\ 00 01 11 10

00 O(No 0
01Q i 1) 0

110\100

10 0j O] O} O

Figure 4.4: A function with all product-terms in the same equivalence class.

is our experience that for the functions with only one equivalence class introducing

an XOR does not bring any advantage in terms of the number of product-terms.

4.4.3 Constructing gl_init and g2_init

After partitioning the set T into two subsets Ty and T,. the functions gl_init =

(Ty. Dy. Fy) and g2_init = (T. D,. F5) are constructed. so that:

e T; and T, are the on-sets obtained after partitioning of the on-set T of f.

e D, = F and D, = F are the don’t care sets. i.e. the off-set of function f is the

don’t care-set for g; and g,.

e [} = T, and F, = T are the off-sets. i.e. the on-set of g, is the off-set of g,.

and vice versa.

Figure 4.5 shows gl_init and g2_in:t for the function from Figure 4.1. Here the
number of equivalence classes equals two, and therefore there is only one way to

choose T} and T,.

4.4.4 Determining common don’t cares in gl_init and ¢2_in:t

After gl_init and g2_init are obtained, the next step is to determine which don’t

cares should be specified to be 1 so that the total number of product-terms in AND-
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X, %z J1init X, X, 92init

X, Xy 00 01 11 10 X, Xy 00 01 11 10
ool | 1] *t0 ooj*Joy} 11
orL|111411]| * 01jo0J]o0]|O *
11} 1({=*]0 110} * |1
10l O *]|] 0] O 10| 1| * 1i1

Figure 4.5: Functions gl_init and g2_init for the function from the example.

OR expansion of both functions is minimized. For this. we invoke the subroutine

SpecifyBoth(). shown in Figure 4.6.

SpecifyBoth(T,. D;. Fi. T5. D,. F3) {

input: two incompletely specified functions gl_init = (Ty.D,. F\) and g2_init =
(T2. Do, Fy).

output: two AND-OR expansions g; and g,. realizing gl_in:t and g2_init. corespon-
dently.

g1 = Espresso (T, Dy. F):
t=aq — T

T2 = Tg U Tl'

F,=FRU(D;—T7):

g2 = Espresso (1. D». F3):

return (g;.g2): }

Figure 4.6: Implementation of the subroutine SpecifyBoth().

First, the function gl_init = (T, D,. F}) is minimized using Espresso. giving g;.
Then, it is determined which don’t cares from gl_init were specified to 1 in g; by
computing the difference T~ = g; — T;. These don't cares are specified to 1 in g2_init
and all other don’t cares in g2_in:t are set to 0. The resulting function is minimized
using Espresso.

In the main program. the procedure SpecifyBoth() is run twice - first. starting
from gl_init and next starting from g2_in:it. Each time the result with the smaller

number of product-terms in the pairs of functions (g:. g2). (g1, 95), (91 92) or (g1, g5)
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is compared to the "best” result obtained so far. and is saved in case it is less than
the "best”. All the subroutines in the steps from 5 to 9 are O(.V), and therefore,
if the parameter V., is chosen to be linear in n. the time-complexity of the loop
is O(Vlog .V). The overall complexity of the main procedure is determined by the
highest degree of O among the subroutines used. i.e. by DivideEqClasses(). and
thus is O(.V3).

4.4.5 Multiple-output problems

Most digital circuits have multiple outputs. [n our current implementation. we con-
sider a k-output circuit as consisting of k separate single-output circuits. We first run
AOXMIN for each of the k functions describing single-output circuits to obtain their
gl_best and g2_best. Then we apply Espresso to the resulting 2k functions to iden-
tify common product-terms. This exploits common product-terms at least to some
degree. Clearly. treating k functions simultaneously throughout the algorithm would

lead to better results.

4.5 Experimental Results

We have implemented the algorithm described in the previous section and have ap-
plied it to a set of benchmark functions. The benchmark functions are taken from
http://www.cbl.ncsu.edu/pub/benchmark_dirs/LGSynth91 /twoleramples/. We have
compared the results of our program with the performance of the two-level AND-
OR minimizer Espresso [3] (with and without output phase optimization) as well as
with the results reported in [51]. AOXMIN and Espresso were run on a Sun SPARC
20 operating at 50 MHz with 64 MB RAM main storage.

Table 4.1 shows the number of product-terms in the resulting functions and the
time taken in seconds in columns pr. and t. respectively. The time is user time
measured using the UNIX system command time. Column 8 shows the number of

product-terms obtained by the AND-OR-XOR minimizer from [51] for the bench-
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Table 4.1: Benchmark results.

Example Espresso [3] Alg. AOXMIN
function | n | m || without -Dopo || with -Dopo || [51]
pr. t.sec pr. | t.sec pr. pr. | t.sec | Vier
5xpl T |10 | 65 0.28 64 1.85 47 42 | 143 10
9sym 9| 1| 86 0.51 86 1.21 73 73 1.7 1
alu4 141 8 || 375 29.39 359 | 204.50 - 447 | 1319 1
bl2 151 9 || 43 0.69 29 | 2.72 - 31 | 9.1 10
bw 5 |28 22 0.62 22 | 2.01 - 24 | 254 10
clip 9| 5 |12 1.50 120 | 8.09 92 95 | 10.5 10
conl T2 9 0.1 8 0.04 - 9 1.0 1
cordic |23 2 || 914 | 123.34 |[ 155 | 371.74 - 156 | 231.8 l
duke2 |22 (29 |i 86 0.93 86 | 28.1 - 87 | 20.2 1
ex1010 | 10 | 10 || 284 | 42.24 279 | 202.82 - 725 | 109.7 1
inc T1 9| 30 0.18 28 | 0.65 - 33 | 6.5 1
misex] | 8 | T [ 12 0.04 12 | 0.15 - 13 | 11.5 10
misex2 |25 [ 18 || 28 0.07 28 | 6.18 - 28 | 6.0 1
misex3 | 14 | 14 | 690 | 41.86 189 | 343.79 - 191 | 112.0 1
misex3c | 14 [ 14 || 197 | 13.00 199 | 108.48 - 197 | 75.1 10
rd53 513 | 31 0.05 22 | 0.08 - 19 | 15.7 | 20
rd73 T3 | 12T 0.44 93 1.05 33 83 | 25.5 10
rd84 8 | 4 | 255 1.65 186 | 3.87 - 192 | 61.1 10
sao2 10 | 4 | 38 0.22 37 1.03 33 38 | 3.7 1
squar) 5|8 25 0.07 23 0.44 - 22 4.4 1
t481 16 | 1 | 481 2.86 481 | 9.42 | 364 || 113 | 357.2 | 20
table3 | 14 | 14 || 175 3.31 175 [ 124.50 || - 176 | 79.3 l
table3 | 17| 15 | 138 2.52 158 | 179.02 - 158 | 100.7 1
vg?2 25| 8 || 110 0.58 110 { 71.70 - 102 | 43.4 10
xor) 5 |1 16 0.02 16 0.03 - 10 | 10.3 20
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marks, reported in [51]. Unfortunately. the running times are not given in [51]. so we
cannot make a comparison with AOXMIN in terms of time. Also. we cannot compare
the performance of AOXMIN to the performance of the multi-level AND-OR-XOR
minimizer from [8]. because their results are given in terms of the literal count (i.e. the
number of complemented and uncomplemented variables occurring in each product).
and not in terms of the number of product-terms. as in our algorithm.

Columns 2 and 3 give the number of inputs n and the number of outputs m of the
logic circuits implementing the benchmark functions. The last column .V;., refers to
the number of iterations. performed by our algorithm. For each function. we tried 1.
10 and 20 iterations and we show the lowest number of iterations for achieving the
best result.

In terms of the number of product-terms, for 15 of the 25 benchmarks AOXMIN
gives a smaller result than Espresso without output phase optimization. On average
the number of product-terms obtained by Espresso is 2.13 times larger than the
number of product-terms obtained by our algorithm. However. in terms of time.
Espresso without output phase optimization is on average 5.27 times faster than
AOXMIN.

When compared to Espresso with output phase optimization (using -Dopo option).
for 10 of the 25 benchmarks AOXMIN obtains a result with fewer product-terms. On
average the number of product-terms obtained by our algorithm is 1.11 times larger.
but it is 1.17 times faster.

Compared to the AND-OR-XOR minimizer from [51]. AOXMIN generates almost
the same results in terms of number of product-terms. with the exception of ¢481
function, for which our algorithm considerably reduces the number of product-terms.
We found out that. using AOXMIN. the number of product-terms in ¢481 can be
further reduced if more iterations of the algorithm are performed (see Table 4.2). For
50 iterations the number of product-terms for ¢481 is 18, but the program needs 24.4

min to compute it. The resulting AND-OR expansions for the functions gl _best and
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2_best are:

! ' ! 7
gl.best = r'\rox3x! + rgrory + rirers + Isrly + Lsrels + 123 + L1Ty + T9T3 + I5T4
9 best = ' ’ ’ ’ ’ ’ ’ I+I 4+ Iyar
2.0e8t = I 3T 14L15T 1 + L1l 11 T2 + L9L 11T, + IgL10L12 + TgT10ly) + Ly4L16 13L16

! ’ 'l
+ T4Tys + 13l
Notice that the functions have disjoint variable sets and interesting symmetry prop-

erties.

Table 4.2: AOXMIN results for ¢481.

product-terms | time.sec | .Vi.,
228 47.4 1
134 295.7 10
113 537.2 20
18 1461.5 | 50

The experimental results indicate that our algorithm works quite well for func-
tions with embedded XOR logic (like 5rpl.clip. rd33.rd73. sao2.t481). On the other
hand, for benchmarks without embedded XOR logic. like miseri, miser2and erl1010,
introducing XOR does not bring any advantage. The "hardest™ function for our pro-
gram is er1010. for which the program is unable to find a result with less than 725
product-terms for up to 100 iterations.

As can be seen. in general. the time required for AOXMIN to find a solution is
quite reasonable, especially taking into account the complexity of the problem. The
most time-consuming are the calls to Espresso. We hope in the future to improve
the time-performance of AOXMIN by making it an integrated program. Presently
the problem is treated in several stages. by first computing minimal AND-OR-XOR
expansions for each output functions separately, and then finding common subterms

for the resulting functions.
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4.6 Conclusion

This chapter presents a new heuristic algorithm for minimizing AND-OR-XOR expan-
sions of incompletely specified Boolean functions with a worst-case time complexity
O(N3). where N = 2" and n is the number of variables in the function. As with any
heuristic algorithm. ours does not guarantee that a minimal solution is found. but
usually obtains a nearly-minimal one. However. as the experimental results show. the
algorithm has a satisfactory performance for several well-known benchmark functions.
We also prove an upper bound of 3 - 2*~*. on the number of product-terms in the
AND-OR-XOR expansion.

A drawback of our algorithm is that it is only capable of finding the AND-OR-
XOR expansions which obey the constraint that each product-term from a minimal
AND-OR expansion of the function is entirely contained in either g, or g,. which
is, of course. not necessary in general. Since the minimal AND-OR expansion of a
function is often not unique. the performance of our algorithm could be improved by
trving several minimal AND-OR expansions as starting points. But this still does not
guarantee that the resulting solution is a minimal one.

Two major facets of our method require further research. First. as noted above.
we use a very simple approach to handle multiple-output circuits. Functions de-
scribing the constituent single-output circuits are treated separately until the final
minimization step. As in conventional two-level minimization. we expect to achieve
much better results if a method can be found to treat the functions simultaneously
throughout the complete process. The difficulty is how to extend the notion of cube
chains to the multiple-output case.

The second area for further work is the selection of partitionings. At present.
we select these pseudo-randomly. We need to examine which functional properties
can be used to guide the choice of partitionings and also to investigate which search

techniques are applicable to this problem.
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Chapter 5

Test Generation for
Multiple-Valued Circuits

This chapter introduces a new multiple-valued discrete difference. which we call full
sensitivity. and shows its application to generating tests for multiple-valued logic
circuits. Full sensitivity is also used in Chapter 6 to define a class of multiple-valued
functions . studied there with respect to decomposition.

Section 5.1 gives a background on test generation for logic circuits. Section 5.2
shows how Boolean difference can be used for generating tests and describes pre-
vious work on generalization of Boolean difference to the multiple-valued case. In
section 5.3, full sensitivity is introduced. An algorithm for determining the full sen-
sitivity is given in section 5.4. The application of full sensitivity to test generation
is discussed in section 3.3. In section 5.6 a lower bound on the number of functions.
fully sensitive to their variables is derived.

The material of this section is based on [18], [19] and [17].

5.1 Test generation for logic circuits

This section briefly describes the basic notions from test generation. necessary for
this chapter and Chapter 7.
A fault of an electrical circuit is a physical defect of one or more components.

which can cause the circuit to malfunction. Many physical faults in electrical circuits
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can be modeled by a stuck-at fault logic model. In this kind of fault-model it is
assumed that any physical fault (such as. for example. short or open diode. broken
wire between gates. etc. ) can be modeled by a number of lines in the corresponding
logic circuit permanently fixed at a logic level 0. 1. ....or m — L. In this chapter. we
use the single stuck-at fault logic model. assuming that a single line in the circuit is
fixed at a logic level 0. 1. ....or m — 1.

Any n-tuple (q;..... a,) € M" of values of the input variables (r;..... r,) is called

test for a fault a if and only if

flag,....aq) # flay..... a,)

where f%(a;..... a,) denotes the function describing the circuit in the presence of the
fault a [58]. Such a test (a;..... a,) is said to detect the fault a.

In the traditional methods for fault detection. tests are applied to the circuit
under test and the output responses are verified one by one. Any discrepancy detects
a fault. A set T of input vectors is called a fest set for some set F of faults if the
observation of the corresponding outputs allows the detection of every fault from F
in the circuit.

If the circuit is not redundant. the set of m” possible input vectors is a test set
of the circuit. However. if the circuit implementation is known. it is possible to
construct tests sets having less than m” elements. One of the objectives of testing
is to construct minimal test sets. A test set is called minimal if it ceases to be a
test provided any single elements is deleted. Usually. the search for minimal tests is

usually carried out in two distinct parts:
1. For each of the possible faults, generate the corresponding tests.
2. Find a minimal cover of the faults by a set of test vectors.

In the next section we show how Boolean difference can be used for generating

tests for a logic circuit.
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5.2 Boolean difference for test generation

Boolean difference is the basis of one of the well-known algorithms for generating
tests for Boolean logic circuits. [t makes use of an algebraic description of the fault
free circuit and manipulates this description to generate tests for stuck-at faults. If a
combinational circuit realizes the function f(r;.....r,), then the Boolean difference
Z(i-'[.' represents all conditions under which the value of f is sensitive to the value of r;,
i.e when a change in the value of r; from one logic value to another causes a change in
the value of the function f. Thus r; - fo’ represents the set of all tests for the fault z;
stuck-at-0. since r; applies the opposite logic value on the faulty input and the term
ftL‘ ensures that this erroneous signal affects the value of f. Similarly. the set of all
tests which detect r; stuck-at-1 is defined by the expression r! - 4%
The notion of Boolean difference is well-known and is defined by:

df(x)
dl‘,‘

= f(z?) = f(z))

for i € NV [6]. Boolean difference reflects how the value of f is affected when the value
of the variable r; changes from 0 to 1. While in a Boolean algebra with carrier set
B = {0.1} the choice of a change dr; to be equal to 1 is unique and intuitively clear.
in a multiple-valued algebra with carrier set M = {0.1..... m — 1} the choice of dz;
can be treated in different ways. Several generalizations of Boolean difference to the
multiple-valued case exist ([26]. [35], [60]). all based on different interpretations of
dr;. These generalizations have one common feature - they allow the change of r;
to be any possible change from a logic value a to a logic value b. a.b€ M. Any of
the algorithms from [26], [35] and [60] allows the generation of tests for all detectable
stuck-at faults in a circuit. but their complexity is very high in that many differences
(at least m) have to be calculated to generate tests for all the stuck-at faults on just
one line in the circuit.

In the approach proposed in this chapter an attempt is made to exploit the struc-

ture of the value change dz; more deeply. in order to avoid unnecessary calculations
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during test generation. We define a generalization of Boolean difference. called full
sensitivity, not as a quantitative measure of the exact change of f(z) with respect to
a given change of z;. but as a qualitative measure. reflecting whether f(z) changes
anytime the value of r; is changed. As a result. to test a line for all single stuck-at
faults. only one difference per line has to be calculated (as in the two-valued case).
instead of at least m differences as in algorithms from [26]. [35] and [60].

A penalty for this simplicity is that tests for some detectable faults cannot be
generated using full sensitivity. However. we show in this chapter that. for practical

values of m and n. the percentage of such cases is extremely small.

5.3 Definition of full sensitivity

Boolean difference is defined through an XOR operation +. An XOR detects whether
its two arguments are distinct or not. Similarly. we define full sensitivity through a
generalization of the XOR operation which detects whether its m arguments are

pairwise distinct or not. We call this new operation mutual erclusion.

Definition 5.1 Mutual erclusion is the m-ary operation defined by

_fm—=1 if ri#x;. forallis#j
mx(zg. Iy...-- Imo1) i= { 0 otherwise
where 1, j € M and rg.r1,..... I'm-1 are variables ranging over M.

Such operations (or functions) which take values in {0.(m — 1)} only are called

decisive. In terms of the mutual exclusion, full sensitivity can be expressed as follows.

Definition 5.2 The full sensitivity of f(x) with respect to r; is defined as

FS
% = mz[f(20), f(z)),.... f(z™ )]

where t € N.
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If -FFS—_Q-? # 0. when the algebraic expression of the full sensitivity indicates for which
fixed values of the variables r;..... Ii—1.Ti41.---. L, the value of the function f(zr)
changes anytime the value of r; changes. If F—I__Sg‘f%l # 0. then we say that f(z) is fully
sensttive to r;.

If m = 2. then

FSf(z)
FSI,'

= me[f(2?). f(z})] = f(£]) = f(z)).

i.e. for the two-valued case full sensitivity reduces to a Boolean difference.

Example 5.3. Consider the 3-valued function of two variables. shown in Figure 5.1a.
The full sensitivities %ﬁ—? i € {1.2}. may be calculated from the Karnaugh map
of the function in accordance with Definition 3.2. Thus. %")— is different from
constant zero if. for some fixed value a € M of the other variable. the subfunction
z; = f(r;.a) is bijective (a permutation of M). For f(r,.z;) in Figure 5.la. the

subfunctions r; — f(r;.0). ry = f(x;.1) and r, — f(2.r;) are such bijections. So.

and

as shown in Figure 5.1 (b. c).

In the next section we develop an algorithm for computing the full sensitivity.

5.4 Calculation of full sensitivity.

Definition 5.2 provides an easy way of finding the full sensitivity if a function is
given by its Karnaugh map. In this section we present an algorithm allowing us

to calculate %g from its algebraic expansion. To develop such an algorithm, we



CHAPTER 5. TEST GENERATION FOR MULTIPLE-VALUED CIRCUITS 538

) 0 1 2
ol 01} 2 0
111 0 1
212 110

a) f(x)

2o 1 2 o 1 2
2 2 0 0 0 2
FS f(x) o 1 FS f(x 2

b)———(=-=x2+x2 C)—=)=X1
FS x, FS x,

Figure 5.1: Full sensitivities for the example function.

need to express mutual exclusion and full sensitivity in terms of some functionally
complete set of functions. Here. we use the operations of chain-based Post algebra
(Definition 2.1). but other choices are also possible.

Let ¥ be the set of all permutations over M. i.e.

Then. the algebraic expression for mutual exclusion in terms of the operation MAX,
MIN, and literals is described by Property 5.4. The sign 3_ used in this property and

elsewhere in the chapter denotes MAX, and the sign [] denotes MIN.

Property 5.4 Let rg.z;..... Im—1 be variables ranging over M.
ag Lm—1
m-l'(-l'o--l'h- -vlm—l) - Z Lo Im—1
(ao ''''' am—l)e‘[’

2 %

(30vtm—1 )EW €M
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This property can easily be proved using Definition 5.1 and the definition of literals.

Form = 3:

01 2 021 102 120 201 210
mzx(rg, y.T2) = LoIZI2 + Lol L2 + Lol L2 + TolI2 + Tollz + Lol1T2 -

Every m-valued function of n-variables can be “partitioned™ into m functions of

(n — 1) variables using the generalized Shannon decomposition (2.1) as follows:

1

flz) =0 f(2%)+ 1: f(z}) + ...+ T f(z) (5.1)

On the other hand by we can write an m-valued function in an expansion consisting
k k
of m decisive functions f (z). k € M. where f (z) denotes a literal of the function

f(z). namely
k
flz)=>_ k- f(x) (5.2)

In Table 5.1 we show these two possible representations for the function from Exam-

ple 5.3.
Table 5.1: Truth table for the function from example.
o a1 NE S o T 3
Ty Ip | fleyxa) || 2y f(ed) | 2y floy) | T fled) || f(ax2) | f (o 22) | f (21 22)
0 O 0 0 0 0 2 0 0
0 1 2 2 0 0 0 0 2
0 2 0 0 0 0 2 0 0
1 0 1 0 1 0 0 2 0
1 1 0 0 0 0 2 0 0
1 2 1 0 1 0 0 2 0
2 0 2 0 0 2 0 0 2
2 1 1 0 0 1 0 2 0
2 2 0 0 0 0 2 0 0

When we use Definition 5.2 to find full sensitivities, we utilize the decomposition

from (5.1). But the equation (5.2) provides us with more a convenient way for cal-
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culating %%l The next property shows that full sensitivities can be calculated as

the MIN of m functions.

k k
For notational simplicity, we use f (z7) to denote Z f)

JIEM
Property 5.5
FSflz) O , 4 ,  mto -
— =f(z;) f(z}) f (&)= f (i)
Fb.l?,' kIGIW
Proof:
BIE = mr(f(20). flzh)..... F(z7Y) {Definition 5.2}
= Ptaowamor)e¥ Lrer [ (zF) {Property 5.4}
k
= Ylao....am_1)ew Hrear f(L5%) {Commutativity of MIN}
koo b
= Z(uo ..... Am_1)EM™ [Mierr f(2%) {a#b—> f )- f(£l) =0}
k
= [Tkesr Ljenm f (&) {Distrib. of MAX over MIN}
koo £
= [Tkerr £ (Z7) {Def. of f(£7)}

g

k k
There is a simple connection between the functions f (£) and f (z). Expanding

;( ) using (5.2) we have:

k 0 & Lk me1 k
flz)=rif @)+ zif () +...+ T f (7).

Comparing this expression with the definition of } (%) we can see that the func-
tions f (z ) can be obtained from f ) by replacing symbolically all occurrences of
the literals .t, in the expression of f (z) by (m—1). (1 € N. j.k € M).

So, an algorithm for finding —I;’gf—r(%l for a given ¢ € .V has the following steps:

k
1. Express the function f(z) as (5.2), expanding the functions f (z). k € M, in
the MIN-MAX canonical form (Theorem 2.2).
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k
2. In each f (z). replace symbolically all occurrences of the literal I, by m— 1.
(J.k € M):

3. Take MIN of the functions obtained in step 2. By Property 5.5. the result is

sesse . FSf(r)
the full sensitivity ~F5=.

Example 5.6. We compute F,fsfx(f) for the function from Example 5.3 using the al-

gorithm described above.
1. The function has the following (3.2) form:
flz) = 0(2, 2, + 1,7, + FiI+ }'1}2) + 1(}13‘2 + s + §1é2) + 2(2'11'2 + 512'2)-

0 1 2
Here. the functions f (). f (£) and f (z) in the MIN-MAX canonical form are:

0 00 0 2 2 2 11
f(z)=x Ly + Iy + I\ T2 + I, X2
1 10 1 2 2 1
fz) =015 4+ 012, + 5122

2 01 20
f(z)=r11, + 1,1,

. . 0 1 2 )
2. Replacing all occurrences of literals ry. ry and r, by (m — 1) = 2 we have

3. Applving Property 5.5 we get

FSflr) _ 5 -« 0 1 _0 1
FSr, —2'2'($2+1'2)—.l'2+.l'2.

Step 1 of the algorithm requires expanding the function in the MIN-MAX canon-
ical form with no simplification used (i.e. m" terms for an m-valued n-variable func-
tion). Therefore. the algorithm becomes infeasible for large values of m and n. Further
work needs to be done to find a more efficient algorithm for computing full sensitiv-
ity, using a more compact representation of functions. for example multiple-valued
decision diagrams [40].

Since Boolean difference is used for generating tests for Boolean logic circuits and

full sensitivity is a generalization of Boolean difference, it is natural to expect that
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full sensitivity can be used for generation of tests for multiple-valued logic circuits.

This question is considered in the next section.

5.5 Full sensitivity in test generation.

In this section we describe how full sensitivity can be used to generate tests for single

stuck-at faults on a given line in a logic circuit.

5.5.1 Test generation for primary inputs

Let z; be the variable. corresponding to the i primary input. : € V. in a logic

circuit, realizing a multiple-valued function f(zr..... r,). The full sensitivity f;—bfiﬂ
represents all conditions (associated with variables in z;..... I, excluding r;) under

which the value of f is fully sensitive to the value of r;. i.e. when any change in

the value of z; from one logic value to another causes a change in the value of the

. k 5 -
function f. Thus r; -F;_éi-{) represents a set of tests for all the faults z; stuck-at-k,

where k& denotes any value but k. since .If'; applies the logic value k. different from k.,
on the faulty input and the factor %%l ensures that this erroneous signal affects the
value of f. Similarly. a set of tests which detect the remaining r; stuck-at- & fault is
defined by the expression i‘ be(r) for any j € M — {k}. These two sets of tests. if
different from the empty set. cover all detectable stuck-at faults on the i, primary
input.

However. if the full sensitivity of f(x,,.-.. I,) with respect to the variable r; is a
constant zero function. then the output of the circuit cannot be made fully sensitive to
the primary input :. and tests for single stuck-at faults on this primary input cannot
be generated using full sensitivity.

For example, consider the circuit shown in Figure 5.2. Let m = 3 and let the

inverter gate be defined to realize the complement z’. Then the circuit realizes the

function = = f(r,,r2) = I(xl + .1:1) .l'z In this case :55* = 0 and F’" = 0 so that

tests for single stuck-at faults on the primary inputs cannot be generat:ed using full
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sensitivity. However. such tests can be derived by using one of the algorithms from
[26], [35] or [60]. For example, the input combination (zr,z;) = (0.1) is a test for z;

stuck-at-2 and for r; stuck-at-1 faults.

X

3 MIN y A
X, — [:

Figure 5.2: Example circuit.

So. in order for full sensitivity to allow us to generate tests for all detectable single
stuck-at faults on all primary inputs. one condition has to be met: for each .r; there
has to exist an assignment (a,..... @i_y.Qit1,--..G,) for the other input variables

(ry..... L g Tidgese-- r,) for which the full sensitivity of f(r;..... r,) with respect

where a; € M. j € {l..... i—li+1..... n}.
In section 5.6 we investigate in how many cases this condition is met. We can
see it does not depend on a particular circuit realization and can be checked on the

functional level. All functions which are fully sensitive to all their variables. i.e. for

which:

Zn) 40 forall ri. i € V.

satisfy this condition.

5.5.2 Test generation for internal lines

Let z, be a variable. corresponding to some internal line p in the circuit (Figure 5.3).
The value of z, is some function of the input variables. i.e. z, = h(z,..... Tn).
Let us denote with g(z;..... In,Ip) the function, modeling the circuit after "cutting”

line p and considering z, to be a new input variable.
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_M’ Xp

=

Figure 5.3: A multiple-valued logic circuit.

If the full sensitivity of g(x...... r,.rp,) with respect to the variable r, is not a
constant zero function. then the output of the circuit can be made. by the applica-
tion of some input vector (a;,.... a,). fully sensitive to line p. Suppose that under

application of (a;..... a,) the logic value on the line p is k. i.e.

Then the input vector (a;..... a,) is a test for all single stuck-at-k faults on line
p. where k denotes any logic value but the logic value k. To generate tests for
the remaining single stuck-at-£ fault. there has to exist a second assignment for
input variables (by.....b,) # (ai,....a,). which makes the output of the circuit fully
sensitive to the line p and applies a logic value different from & on the faulty line p.

For example, for the circuit shown in Figure 5.2. the output = can be made fully
sensitive to the internal line 3 by application of the input vector ry = 2, r; = 0.
Under the application of this input vector the logic value on the line r3 is 0. So. the
input vector (r,,r2) = (2.0) is a test for all single stuck-at-; faults on the line r3,
Jj € {1.2}. Since there exists no other assignment of input variables. which makes
the output = fully sensitive to the line z3 and applies a logic value different from 0 on
line z3, tests for r3 stuck-at-0 cannot be generated using full sensitivity.

Summarizing, in order for full sensitivity to allow us to generate tests for all

detectable single stuck-at faults on an internal line p. two conditions have to be met:
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1. There exists an assignment for input variables (a;.....a,) for which the full

sensitivity of g(zr;..... I,.x,) with respect to the variable r, takes a logic value

different from zero. i.e.:

# 0.

(z1.een)

where a; € M. j € V.

This condition guarantees generating tests for (m — 1) single stuck-at faults on

internal line p.

o

. There exists a distinct assignment for input variables (b;... .. bn) # (ay.--.. an)
for which the full sensitivity of g(z;..... I,.ZI,) with respect to the variable r,
takes a logic value different from zero, and for which the logic value on the line

p is different from the logic value on line p under the application of input vector

a].bj e ;‘/[, J e .'\’.

This condition guarantees generating tests for the last single stuck-at fault on

internal line p.

The next section establishes the number of m-valued n-variable functions which
are fully sensitive to some distinguished variable, as compared to all m-valued n-
variable functions. This gives us an estimate of how often the first condition is met.
The second condition cannot be analyzed on the functional level. because it depends

on a particular circuit realization.
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5.6 Total number of m-valued functions fully sen-
sitive to all their variables

[n this section we derive a lower bound on the number of m-valued n-variable functions
that are fully sensitive to all their variables.

The results we are presenting are based on the following intuition. Consider a set
[’ (Figure 3.4) and n subsets A4;. 4,...... 4, of {'. which have the same cardinality.
i.e. |41] = |42/ = ... = |A4.|. The set [’ represents the set of all m-valued functions

of n-variables. Each of A;, ¢ € V. represents the set of functions which are fully

sensitive to the variable r;.

Figure 5.4: Set 7 with subsets ;. 45...... 4..

We would like to know how many functions are fully sensitive to all their vari-
ables r,,ry.....r,, i.e. what is the cardinality of the intersection of the subsets
A As. ..., AL It seems very hard to obtain an exact formula for the size of this
intersection. Much simpler is to find the size of one subset |4;| = a. / € V. and then,

using the relationship

4N A2 N...N A > U] =n- (U] - a). (5.3)

to derive a lower bound on the cardinality of the set 4; N 4, N...N 4,.

Let N,., denote the number of all m-valued functions of n-variables. i.e.
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Nmn=m™).

Notice. that N, , also includes all degenerate m-valued n-variable functions. i.e.
functions which do not depend upon all n variables to determine function output
(one or more variables are redundant) [30]. The following Lemma gives the number
of all m-valued n-variable functions which are fully sensitive to one selected variable

L.

Lemma 5.7 The number of m-valued n-variable functions which are fully sensitive

~VFS_to_r. = -Vm.n - (mm - m!)(m"'l)'
Proof: We prove that the number of m-valued n-variable functions which are not

fully sensitive to a variable r; is:

n-l).

(m™ = m!)tm

Let [fo fi -..fmn_1] denote the values from the truth table of an m-valued
n-variable function f. Without loss of generality we consider the case when r; is
the least significant variable, i.e. z,. It follows from the definition of full sensitivity

(Definition 5.2) that a function f is not fully sensitive to the variable r, if and only

if, for all j € {0.1,....m""' — 1}, maz(fm;- fmj+1----- fmjem—1) = 0. The mutual

exclusion operation equals zero when its m arguments are not pairwise distinct. So.

the number of m-tuples. satisfying mz( fom,. fmjs1.---- fmj+m—1) =0 for a fixed j is:
m™ — m!

where m™ is the number of all possible combinations of m digits over an m-tuple,

and m! is the number of all possible permutations of m digits.
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Since the condition mz(fmj. fmj+1+ -+ -+ fmj+m-1) = 0 has to be met for all j €

{0.1.....m""! — 1}. the number of m-valued n-variable functions that are not fully

sensitive to the variable r, is:
(m™ — m!)m" 7,
a

Having proved the lemma, we now show that the percentage of functions which are
not fully sensitive to a distinguished variable tends to zero as n increases. Consider

the fraction

» n—1
NFs_to_z, -1— (m™ — m!)(m :

4Vm .n LVm.n

=1—e(m.n)

m_ anm®h)
where e(m.n) := =it T

Nm.n

The fraction e(m.n) characterizes how many of the functions are not fully sensitive

e(m,n)
o

Figure 5.5: Plots for e(m,n) as a function of n for fixed m = 3.5 and 10.
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to a variable r; as compared to all m-valued n-variable functions. For example.
e(m.n) = 0.1 means that 10% of all m-valued n-variable functions are not fully
sensitive to one selected variable z;. By applying the Stirling formula for a factorial

7]. the expression for e¢(m. n) can be simplified as:
p P

e(m.n) = (1 —
[t is easy to show that for any fixed m > 1
’}LII')IC e(m.n)=0.

Consequently. as n increases. the fraction of the functions not fully sensitive to a
variable r; declines to zero. [t can be seen from the plots for e(m.n) as a function of
n for fixed m = 3.5 and 10 (Figure 5.6) that it declines rapidly. For n = 5 the values
of e(3.5).e(3.35) and ¢(10,3) are almost zero.

If NVes_ioou is the number of m-valued functions fully sensitive to all their

variables r;.r,,....r,. then we define e*(m.n) by
Nes
e*(m.n) =1 — FS_to_all

Nm.n

Hence. €*(m. n) characterizes how many of the m-valued functions are not fully sen-
sitive to all their variables r{.r,..... r, as compared to all m-valued n-variable func-
tions. As we mentioned earlier. it seems very hard to find a closed formula for

NFEs_to_au- But using the relationship from (3.3) it is easy to establish that
e"(m.n) < n-e(m.n).

Recall, that in terms of the considerations from the beginning of this section
Npn = I[’l Nrs_tor, = |4:/ =a and Ngs_soon = l.-h NA4AN...N .-1,,'. Thus, (5.3)

can be rewritten as:

IVFS.to_all Z -'Vm.n —-n- (lvm.n - -’VFS.to_t.)° (54)
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Theorem 5.8 Let €*(m.n) be defined as above. The following inequality holds:

V2rm )(m..-n)

em

e"(m.n)<n-(1-

Proof: By dividing both sides of (2) by V..., we obtain:

~\FS__to_all _>_ l—n- (1 _ lF:S_to_J:, )-

Aﬁn.n ¥Ym.on

. we have

. Ngs - >
S[nce FS-toxy =1 e(mQ n) and e (m?n) = 1 - FS_to_all
Nm.n Nm.n

\/27rm)(m,._l).

em

e'(m.n)<n-e(m.n)=n-(l -

0.007 - T T T

0.006 }' B

0.005 F E

0.004

0.003

e{d,n), e*(3,n)

0.002

¢.001

Figure 5.6: Plots for ¢(3.n) and e*(3. n) as functions of n for m = 3.

It follows from the Theorem 5.8, that for values of n for which e(m. n) is extremely

70

small, the value of e"(m.n) is extremely small, too. Figure 5.6 illustrates this for the

case m = 3. For practical values of n and m, the fraction of m-valued functions not
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fully sensitive to all their variables is extremely small. For example. for n > 5 when
3 < m < 10, the percentage of m-valued n-variable functions not fully sensitive to
all their variables is less than 1.38 - 10~!3 %. Therefore for large n and m almost all

m-valued n-variables functions are fully sensitive to all their variables.

5.7 Conclusion

In this chapter we introduce a new multiple-valued discrete difference and investigate
its usefulness to test generation for multiple-valued logic circuits. For this purpose.
a closed formula for the number of functions which are fully sensitive to one of the
variables is proved. Using this formula. a lower bound is derived for the number of
m-valued n-variable functions that are fully sensitive to all their variables. From the
result. we can make the following conclusions in terms of test generation.

Since for practical values of m and n (3 <m <10. n > 3) the percentage
of functions fully sensitive to all their variables is very high. it appears probable
that tests for all single stuck-at faults on primary inputs can be generated using full
sensitivity for almost all instances.

For an internal line p. if g(z,..... In.Ip) is fully sensitive to r,. then tests for at
least m — 1 single stuck-at faults on that line can be generated using full sensitivity.
Notice, however. that since the function g(z;.....x..x,) can be a degenerate function.
the number of variables determining its output can in fact be smaller. In this case
we get a lower probability of g(z,,....z,.x,) being fully sensitive to r,.

For some gates, any set of tests detecting all single stuck-at faults on inputs of the
gate. also detects all single stuck-at faults on its outputs (e.g. MIN. MAX and literal
are such gates). If a circuit is built from such gates only. in order to find a set of
tests detecting all single stuck-at faults in the circuit, it is enough to find tests for all
primary inputs and all branches of fanout points [6]. Such circuit implementations are
particularly suitable for test generation using full sensitivity, since for any internal

line p, which is a branch of a fanout point. g(r;.....z,.,z,) is never a degenerate



CHAPTER 5. TEST GENERATION FOR MULTIPLE-VALUED CIRCUITS 72

function (provided f(z;,....r.) is not a degenerate function). So. for such circuit
implementations, it is highly probable that at most k faults are not covered by tests.
generated by full sensitivity, where k is the number of fanout branches.

Further research needs to be undertaken to find a more efficient algorithm for

computing full sensitivity. based on a more compact representation of functions. for

example on multiple-valued decision diagrams [40].
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Chapter 6

Composition Trees in Logic
Synthesis

In the previous chapter. we consider multiple-valued functions that are fully sensitive
to their variables. Such functions were also independently studied by Bernhard von
Stengel in [57]. He proved that all such functions have a unique representation. called
a composition tree, which suggests the circuit realization of the function at a close
to minimal cost. This chapter presents an effective algorithm for generating the
composition tree for any function fully sensitive to its variables.

The chapter is organized as follows. Section 6.1 describes the disjunctive decom-
position of multiple-valued functions. Section 6.2 summarizes the main results on
composition trees. Section 6.3 presents the new algorithm. In section 6.4. we give
some conclusions and discuss possible directions for further research.

Some of the results in this chapter are contained in [23].

6.1 Disjunctive decomposition of functions

Generally, the problem of decomposing functions can be formulated as follows. Given
a function f, express it as a composite function of some set of new functions. Some-
times, a composite expression can be found in which the new functions are significantly
simpler than f. Then the synthesis of a logic circuit realizing f may be accomplished

by synthesizing circuits realizing the simpler functions of the composite representa-
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tion, thus reducing the overall cost of implementing f.

However, the problem of selecting the “best” decomposition minimizing the cost
of a realization of a given function appears to be far too difficult to be solved exhaus-
tively. Therefore. all previous efforts to apply decomposition theory to the synthesis
of Boolean and multiple-valued logic circuits restrict the decomposition to be ob-
tained to a particular type. In this chapter we consider disjunctive decompositions
only. The basis for the different types of disjunctive decomposition is the simple

disjunctive decomposition which is a representation of the form

flry..... r,)=g(h(z,..... Ip)e Tppie--. In) (6.1)

for some 1| < p < n. If f. g and h are m-valued functions. then. in (6.1). the
original function f specifying an n-input. l-output m-valued circuit is replaced by
the specifications of two m-valued circuits. one having p inputs and one output. and
the other having | +n — p inputs and one output (see Figure 6.1). If Q, ,, is an upper
bound on the cost of realizing an m-valued function of n variables. then the total cost
of realizing these two circuits is bounded above by Q, . + Q(14n_p).m- Because the
cost bound €, usually increases nearly exponentially with n [53]. the discovery of

any nontrivial decomposition of the form (6.2) greatly reduces the cost of realizing f.

- g [ fixy

Figure 6.1: Simple disjunctive decomposition

The argument of the function £ in (6.1) may be any tuple r = (z;);c4 of variables
for a nonempty subset A € N. We denote the remaining variables by y = (r:);c73.

where A = .V — A. So, the variables of f can be partitioned and rearranged as (z.y).
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Then a more general form of a simple disjunctive decomposition can be written as
f(z.y) = g(h(r).y) (6.2)

for all values of r from M?<. and all values of y from M*. and suitable functions
h:M? — M and g: M x M* 5 M. Any set of variables r such that f has a
decomposition (6.2) is called a bound set for f. Such a decomposition exists trivially
for r given by any singleton set {r;} or the all-set {r,.r;.....x,}.

The notion of a bound set is fundamental in decomposition theory. The classical
method for recognizing a bound set is based on representing the function by a decom-
position chart [1], [13]. The decomposition chart for f(r.y) is a two-dimensional table
where the columns represent the variables from the set r and the rows the variables
from the set y. Then r is a bound set if and only if the chart has column multiplicity
at most m. i.e. there are at most m distinct columns in the chart [32]. Figure 6.2

shows such a chart for the {r3}|{z;.r2} the partitioning of variables of an example

3-valued 3-variable function. where the set {z,.r:} is indeed a bound set.

ryrz {00 01 02}10 11 12(20 21 22
xz3 0} 1 0 01O 0|1 0 1
l1fo 1 212 1 10 1 0
2¢1 1 L 1 {1 1 1

Figure 6.2: Decomposition chart for an example function in ¥

Once a decomposition of type (6.2) has been selected, either g, h. or both may be
similarly decomposed. giving one of the following compler disjunctive decomposition

types [32]:

multiple: f(z.y.z) = g(h(z).k(y). 2) (6.3)
iterative: f(z.y.z) = g(h(k(z).y),z) ”

or more generally tree-like decompositions as in f(z,y,s. w) = g(h(k(z).y),l(z). w).
Clearly, since each decomposition of type (6.2) reduces the cost of implementing

f, the more f is decomposed, the more the cost is reduced. However, sometimes
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a function can be decomposed in several different ways. depending on the bound
set chosen, e.g. when two decompositions of the same function f(z.y) = g(h(z).y)
and f(z.v) = k(I(z).v) exist such that t Nz # @. We call such decompositions
conflicting. Therefore. at this point. a theory is needed to decide which bound sets
should be chosen to obtain the “most decomposed™ representation of f. Such a theory
was developed by Ashenhurst [1] for the case of Boolean functions. He proved that any
n-variable Boolean function that is nondegenerate. i.e. which actually depends on all
n variables to determine its output. has a composition tree. which is a representation
reflecting any bound set of variables. thus a “most decomposed™ one. Hence. the
realization of the given function in correspondence with its composition tree (with
suitable assumption about the cost of logic elements) should have a cost that is close
to minimal. In the sixties it was even conjectured that such an implementation must
be a minimal one. However. Paul [46] found a counterexample demonstrating a circuit
derived by other than decomposition techniques that has smaller cost than the one
implementing the composition tree. Such examples seem to be very rare.

The work of Ashenhurst was generalized by von Stengel to a certain class T of
general n-ary operations on (not necessarily finite) sets [57]. Here we consider the
theory developed in [57] for a restricted case of homogeneous multiple-valued functions

of type f: W™* — M. For this case. the class £ can be defined as follows.

Definition 6.1 [57] € is the class of functions f: U™ — M for some n > 1 that are

fully sensitive to all their variables.

Von Stengel has proved that ¥ is closed under composition and decomposition. i.e.
ifgand hin f(z.y) = g(h(z).y) belong to T. then so does f. and vice versa. The class
¥ does not include all functions for which the composition tree exists (compare that.
by analogy, full sensitivity doesn’t allow detection of all detectable faults). However.
as proved in Chapter 5, the percentage of n-variable m-valued functions which are

not in ¥ is extremely small for large n and m.
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6.2 Composition trees

This section gives the main results on composition trees from [57]. necessary for
understanding the algorithm developed in the next section.

For convenience. we let a bound set be represented by the indices of the variables.
not the variables themselves. So. if f(z.y) = g(h(z).y) and the indices of variables
included in the bound set r are in 4 C V. we say that 4 is a bound set for f.

A function f that has only the trivial bound sets .V and {:} for : € .V is called non-
decomposable or prime. as, for example. always when n < 2. If 4 C .V is a nontrivial
bound set and (6.2) holds. then other bound sets that are subsets or supersets of 4

or disjoint to .4 relate to decompositions of 4 and g:

Lemma 6.2 [57] Let A be a bound set with decomposition f(r. y) = g(h(r). y). where
h: MA = M and g: M3 5 3 for some i € A. Then for all sets C C 4. D C 1:
(a) C is bound for f <= C is bound for h.

() AU D is bound for f <= {i}U D is bound forg.

(¢) D is bound for f <= D is bound for g.

Several bound sets for f. as in Lemma 6.2. lead to iterative or multiple decom-
positions of f as in (6.3). Call a bound set 4 for f strong if any other bound set is
either a subset or superset of 4 or disjoint to 4. For example. the trivial bound sets
N and {:} are strong. The partial order of inclusion among these strong bound sets
defines a tree. This tree with strong bound sets as nodes (suitably labeled) is called
the composition tree of f.

Each node of the composition tree is labeled with a function that has as many
variables as the node has children. Leaves are labeled with unary functions. which
may be the identity. The hierarchical term of these functions represents f. For a tree
such as that shown in Figure 6.3 (which is described more fully below), this term may

be
f(zy,...,26) = g(h(a(zy, z2), T3,24), Ts5.T6)- (6.4)
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If all these functions are prime. then all bound sets are strong and the composition

tree is fully described. The interesting case is therefore when some bound sets are

overlapping with others.

Figure 6.3: Example of a composition tree

Theorem 6.3 [57] Let f € T and A. B be bound sets for f that overlap. i.e. C =

A—-B.D=ANB. and E = B — A are not empty. Then

(a) AUB and C. D. E are bound sets.

(b) f has a representation f(r.y.z.w) = gla(zx)eb(y)ec(z).w) forr € M.y e MP,
: € ME and remaining variables w where o is an associative function in E. which

is commutative if and only if C' U E is a bound set.

In Theorem 6.3, 4 and B are not strong bound sets. but 4 U B and its partition
classes C. D. E may be. In that case. the node AU B of the composition tree is labeled
with the function a e b @ ¢ of the three variables a.b.c (with values in M). In fact.
it suffices to store with the node 4 U B the binary function e (with m? values) and
to specify a linear order among its children showing how to take the product with e,
like @ @ b @ ¢ since the order be a e c is not allowed if ® is not commutative. If o is
commutative, then the order of taking the product is irrelevant. For m > 2. ¥ may
have non-commutative associative operations e like

aob={a ifb=0
b ifb>0.
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For example. f in (6.4) may also have the overlapping bound sets {1.2.3} and {3, 4},
which are bound sets for A by Lemma 6.2(a). Then Theorem 6.3 asserts
h(a(z1. 22). 23, 24) = h(a(z1, 22).b(23). c(z4)) 63)
= a(r;.I2) @ b(zr3) @ c(z4)

with an associative binary operation e. The unary functions b and c are bijections
which in general are necessary for this representation (but would be unnecessary if A
was prime). The functions A and h in (6.5) are called isotopic since they are identical
except for such bijections M — M of variable or function values. Isotopy leaves
decompositions invariant: if f. g. or h in (6.2) is replaced by an isotopic function.
then the other functions can be replaced by isotopic functions such that (6.2) still
holds. As a stronger notion. two. say. binary operations * and e are called isomorphic
if there is a bijection 0: M — M such that o(a * b) = o(a) e o(b).

A marimal bound set is an inclusion-maximal bound set not equal to .V. Then
either

all maximal bound sets are pairwise disjoint. (6.6)

or
two maximal bound sets A. B overlap. (6.7)
In (6.7). AU B = .V because of Theorem 6.3(a). Starting with this case distinction,

one can show the following.

Theorem 6.4 [57] Let T(f) be the composition tree of f given by the strong bound
sets as nodes, related by inclusion. Any node of the tree can be labeled “disjoint™
(which holds for all nodes with at most two children) or “full” or “linear”. such that
A is a bound set for f if and only if

(a) A is a node of the tree. or

(b) A is the union U;cr Bi of the children B,..... Bi of a “full” node, @ # L C
{1,...,k}. or
(c) A is the union Uf-zj B; of an interval of the children B,..... By (specified in linear

order) of a “linear” node. 1 < j <[ <k.
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The children of a ~disjoint™ node .4 are the maximal. pairwise disjoint bound sets
contained in 4 as in (6.6). We assume k& > 3 in (b) and (¢) to distinguish these cases
from a “disjoint™ node. The number of bound sets may be exponential. as in (b). but

they are efficiently coded by this labeled tree. which has size linear in n [42].

Theorem 6.5 [57] Let T(f) be the composition tree of f: M~ — M and Bi,..... Bk
be the children of the root N. Then

f(yre- - cye) = glhalyr)- - - .- helyi) (6.8)

for functions h; : MB+ - M (1 <i<k)and g:M* - M in T where

(a) g is prime if N is labeled ~disjoint”.

(6) gla,..... a) = a,®---eai (fora; € M. 1 <1 < k) with an associative and
commutative operation in ¥ if N is labeled ~full”.

(c) glay,....a;x) =a®---®a, with an associative and non-commutative operation in
Y if NV is labeled “linear”.

(d) In (a). g is unique up to isotopy. In (b) and (c). e is unique up to isomorphy.

This is the main representation theorem of [57]. It is applied by induction. which
ends if f is prime. Using the trees T'(h;)...., T'(hi) with the children B;..... By of ¥
as roots. (6.8) gives the fully decomposed representation of f. By Theorem 6.4. the
resulting hierarchical term contains any decomposition (6.2} as a subterm. where hA(z)
is possibly obtained by suitable arrangement of “products™ with an operation e.

An example of a composition tree is shown in Figure 6.3. Abbreviations “D”.
“F” and “L” stand for labels ~disjoint™. ~full” and “linear”. respectively. The linear
order among the children of the “L” node is from left to right. Letters a.b,c.d.e
denote the functions associated with the nodes, and e and o denote the operations.

In accordance with the tree, the complete decomposition of the function f is

flz1,....26) = (a(x),22) 0 b(x3) 0 c(z4)) @ d(x5) ® e(x6)
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with e being an associative and comnmutative operation and o being associative and
non-commutative.

The results of [57] prove the existence of the composition tree for a particular class
of functions and give a description of this tree. However. this is not algorithmic and
does not describe how to build the composition tree from a specification of the given
function. In the next section we present a recursive algorithm for generating compo-
sition trees of functions in E. It is a combined top-down and depth-first construction
of the tree. In parts. it generalizes Curtis’ approach [13] for Boolean functions to the
m-valued case. A bottom-up construction that could be adapted to our situation is

described in [42].

6.3 An algorithm for constructing composition trees

In this section we show how to construct the composition tree T'( f) for an m-valued
n-variable function f € .

The problem of finding a simple disjunctive decomposition. i.e. determining a
bound set for an m-valued function f and obtaining suitable functions g and A in
flz.y) = g(h(z).y). is widely studied with a number of algorithms developed for its
solution including those in [39]. [41]. [64]. So we assume the existence of the following

function:

IsBoundSet( 4, f. V)
input: f€X . ACN
output: “true” if A is a bound set for f.

“false™ otherwise.

We assume this function has worst-case time complexity m™. One may hope that
the output “false” is produced faster. if more than m columns in the decomposition
chart are detected early. As long as all arguments of f have to be evaluated. m" is

the worst-case time complexity [42]. It might be interesting to analyze the erpected
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time needed to recognize that a “random” function is prime. with all caveats that

such functions are not those used in practice.

set is found. If f is prime. this requires 2" — n — 2 many calls to IsBoundSet and
overall time complexity O(2"m"). However. this is the worst-case time complexity.
[t will become apparent that there is a significant speedup as soon as decompositions
are found.

If f is prime. then we return
TrivialTree( f..V)

which is just one node if .V is a singleton. otherwise root .V with children {:} for
i € N. The root is labeled “disjoint™ and with the function f to take the place of ¢
in (6.8). and the children B; = {i} are labeled with h(r;) = r;.

[f a bound set A is found. then it is maximal since we examine the largest subsets
of .V first. Then. we construct a specification of A and g in (6.2).

If A is not overlapping with any other bound set. then 4 is by definition a node

of the composition tree T = T(f). Using Lemma 6.2, we can recursively compute
Iy =T(h). I, =T(g) (6.9)

and return

T = Append(Tl. A. Tz. {l}.:()

The function Append takes two trees. T; with root 4 and T with root {:} U 4, as
input and returns T obtained by replacing the leaf {i} of T, by T,. and new root
AU A. The labels of the nodes are not changed. Then Lemma 6.2 and Theorem 6.5
imply T = T'(f).

However, this is not correct if another bound set B overlaps with A. as in (6.7).
Then AUB = N because A is maximal, hence 4 = N—A = B— A and Theorem 6.3(a)

implies:
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A — B and AN B are bound sets for f,

4 is a bound set for f.
By Lemma 6.2(a) and (c). these necessary conditions are equivalent to

A — B and AN B are bound sets for A.

A is a bound set for g.
As before. these conditions can be verified from the composition trees T} and T5 of h
and g in (6.9) if these are computed recursively first. The conditions fail if the root of

either tree is labeled “disjoint™ and has three or more children. by (6.6). Otherwise.

we invoke

PossiblyMerge(T;. A. T». {i}. )

input: composition trees Ty = T'(h) with root A and T, = T(g) with root {i} U 4.
Assume (6.2).

output: If no bound set B for f overlaps with 4. then the same as Append(T). A,
T. {i}. 4).
Otherwise. T = T'(f) with the roots of T, and T, merged. the leaf {i} of T5

omitted. and new root AU 1 labeled ~full” or “linear™.

We describe this procedure in more detail. The root of T, = T(g) is labeled
“disjoint” since {i{} is a maximal bound set for ¢ (by Lemma 6.2(b). since A is
maximal for f). Suppose the root of T, has two children {i} and 4. and the root of
Ty = T(h) has two children C. D. Then the functions GG and H for these roots (which

are stored with the trees) show

g(h.y) = G(h. c(y)). heM yeM?*
(6.10)

h(u.v) = H(a(u).b(v)). we MS, veMP

so that f(u,v.y) = G(H(a(u),b(v)), c(y)). We have to check for the possibility
that G and H are isotopic to an operation o. Rather than trying out the bijections
M — M for verifying such an isotopy, we test if B = D U A (i.e. the variables v, y)

and B = CUA (i.e. the variables u. y) are bound sets for f(u.v.y). It is not necessary
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to apply this test to f. Equivalently. we test if {b,c} and {a.c} are bound sets for
the function F(a.b.c) = G(H(a.b). c) of the three variables a.b.c with values in M.
This can be done quickly in time m>. Then if

(i) {b.c} and {a.c} are bound: merge the roots and label the new root AU A ~full”.

with children C. D. d.

(ii) {b.c} is bound. {a.c} is not: merge. with label “linear™ and children C'. D. 1.
(iii) {a.c} is bound. {b.c} is not: merge, with label ~linear” and children D.C". 1.
(iv) Otherwise. just append T; to T5.

In cases (i)-(iii), the root obtained by merging is labeled with the operation e. Fur-
thermore. it may be necessary to apply a bijective transformation to the values of the
functions of the children. as when changing from A to h in (6.3).

PossiblyMerge is also applied if the root of T} is labeled “full” or ~linear” with
children B;..... Bi. In that case. welet (' = By and D = B, U ---U By. and let
H be the operation e at the root of T}, so that (6.10) holds. and proceed as before.
In case (ii). the children of the new root are B,.....B. A. In case (iii). thev are
Bk.....Bi. A. In any case. PossiblyMerge has time complexity O(m?).

The great advantage of the recursion (6.9) is that it saves computation time. If
|A] = p as in Figure 6.3. each test of a bound set for A or g with IsBoundSet requires
up to m? or m!*"~P many steps. much fewer than the m" steps for f.

For the computation of 7> = T(g). some care is necessary to avoid duplicate
computations. First, {i} is a leaf of T, so only subsets of 1 have to be checked.
Second. subsets D of i with |D| > p can also be disregarded since they have already
been checked for f and Lemma 6.2(c) holds. The second point is relevant only when
p < |4l = n—p, i.e. p < n/2. In that case (which includes p = |4]) it is also
unnecessary to invoke PossiblyMerge since then |B| > p for the bound set B of f
that is sought there, which is not possible.

In order to compute T, efficiently. we therefore pass S := 4 and p as additional

parameters to the algorithm, which looks as follows. Preconditions and assertions
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at various stages are given in angle brackets (...). The procedure terminates at each

return statement with the indicated output.

CompositionTree(f. N. S, p)

input: f € ¥, S C .V. integer p

assumption: (4 C S and | 4| < p for any bound set A of f. 4 #.V)
output: the composition tree T = T'(f)

initial call: CompositionTree(f. V. V.n —1)

1. if |N| <2 then
return T := TrivialTree(f..V):
while p > 1
forall A C S with |4| =p
if IsBoundSet(A. f..V) then goto 3:

o

end for:
p:=p-—L
end while:
( f is prime)
return T := TrivialTree( f. .V):
3. (Ais a bound set for f, |A|=p)
let f(z,y)=g(h(x).y)asin (6.2).i€ A
T, := CompositionTree(h, A, A.p — 1);
T, := CompositionTree(g, {i} U(NV — 4), S — A min{p.|S — A|}):
4. if N#Sorp<|N|—-por T or T, has a “disjoint™ root with > 2 children
then
T := Append(T;. A.T5, {i}. N — A)
else
T := PossiblyMerge(T;, A, T2, {i}, N — A);

return 7.
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When computing T,, we exploit that T> has a “disjoint” root when we invoke
CompositionTree with third parameter S := S — A rather than .V — . since all
elements of .V — 1 (as singletons) will be children of the root. For example. suppose
N = 12345678 (as shorthand for {1..... 8} with disjoint maximal bound sets 123. 45.
67. 8. Assume i € A in step 3 is the first element of 4. Then the parameters V. 5 of
CompositionTree for computing T, are

after 123 is found: .V = 145678. &5 = 45678.

after 45 is found: .V = 14678. S = 678.

after 67 is found: .V =1468. S =38.

Similarly. the test .V # S in step 4 reveals if the current computation is for some
tree T,.

To illustrate the recursive calls for computing T;. consider Figure 6.3 where
N = 123456. In succession. we find the bound sets 12343. 1234. 123. 12. (In this
example. T, is therefore always the trivial tree by step 1.) Let k(x,.r,.r3) be the
function with root 123, k(. r2.r3) = A(a(r,.r;). r3). Because A and a are binary
functions. PossiblyMerge(T (a), {1.2}.T(A"). {1}.{3}) is called. which is the same
as Append since (case (iv) above) neither {2.3} nor {l.3} are bound sets for &.
After this recursion terminates. the function [ for node 1234 is checked with. say.
PossiblyMerge(T (k). {1.2.3}.T(L). {1}. {4}) which merges 123 into 1234 (case (ii)
above). making this a “linear” node. Next. via PossiblyMerge. case (iv). 1234 is
just appended to 12345. and then 12345 is merged via case (i) into 123456 which is
labeled “full”.

The algorithm exploits the structure of bound sets as stated in Theorem 6.3 and
Theorem 6.4, and there seems to be no obvious way to do this better. Furthermore. it
is readily adapted to bound sets A that are apparent from a modular specification of
the function, where h and g in (6.2) are explicitly given. After computing T = T(h)
and T2 = T(g), these trees could possibly be merged. The above procedure Possi-

blyMerge can easily be modified for that purpose so that it works with arbitrary
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composition trees T5.

Making use of decompositions that are found along the way reduces the running
time substantially. If f is composed only of binary functions, for example. then f
has a bound set of size n — 1. which is found after nm" or fewer steps. and the
same holds for any function A (with correspondingly smaller number n of variables).
Thus. the complete tree is computed in "% ; im' = O(rm™) time. The expensive cost
m" of finding a bound set is still there. but with a factor of n rather than 2" for a

non-decomposable function.

6.4 Conclusion

This chapter presents an effective recursive algorithm for generating the composition
tree for any function fully sensitive to its variables. If the composition tree of a
function is not trivial. then the cost of realizing the function can be reduced by
implementing it in correspondence with its composition tree.

If all functions - or at least a large class of m-valued functions - were disjunctively
decomposable. the algorithm presented in this chapter would have been more than
adequate for obtaining highly economical multi-level m-valued circuits. However. the
fraction of all Boolean functions of n variables possessing nontrivial disjunctive de-
compositions of type (6.2) approaches zero as n approaches infinity [55. p. 90]. It
is straightforward to generalize this result to m-valued functions for m > 2. This
implies that most of the functions in ¥ have trivial composition trees. However, this
does not mean that the disjunctive decomposition theory developed in [1] and [537] is
of no practical value. First, the “practical” functions are not randomly distributed
through the space of all functions. Second. in the Boolean case. Ashenhurst’s dis-
junctive decomposition theory led to the formulation in [13] of the general theory
of nondisjunctive decompositions, a theory encompassing all switching functions on
n variables regardless of the size of n. We hope that the theory developed in [57]

can serve as a base for more general investigations of m-valued functions, and that
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our algorithm can be used as a starting point for developing a systematic synthesis
algorithm capable to find an efficient implementation for any function. The following
extensions of the algorithm would be the first steps towards this.

First. the present algorithm can construct the composition tree only for functions
which are in E. which does not include all functions with disjunctive decompositions.
An open problem remains how to generalize class ¥ so that it includes all disjunctively
decomposable functions.

Second. the functions included in class ¥ are restricted to homogeneous functions.
If the theory developed in [57] can be extended to the case of heterogeneous functions.
then it would have a direct application to Boolean circuit synthesis. since it would

cover as a special case decompositions of the type
flz.y) = g(h(x).y)

with f:{0.1}" — {0.1}. A:{0.1}» — {0.1....m — 1} and ¢:{0.1.....m — 1} x
{0.1}"~? — {0.1}. In such a decomposition the m-valued function h of 2-valued
variables can be coded by k = [log, m]| Boolean functions h;.h,..... hi. giving a

decomposition of the form
flr.y) = glhi(r). hao(1). ... . hi(2).y) (6.11)

with all functions being Boolean. The decomposition of type (6.11) includes as a
subclass simple disjunctive decompositions (k = 1) as well as nondisjunctive decom-
positions. As long as f is a function of more than three variables. such a decomposition
can always be found with h (z). ha(z)..... hi(r) and g each having fewer arguments

than f, for there always exists a decomposition of the form

flzre...xq) = f(z.xa) = g(h1(2). ha(2). 1,)

with = = (zy,...,zs-1). Thus. a decomposition (6.11) allows the simplification of
any Boolean function. Therefore, a theory of composition trees for this extended case

would be a basis for the systematic logic synthesis of multi-level Boolean circuits.
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Chapter 7

Synthesis of Easily Testable
Circuits

For some applications. finding a minimal circuit realization for a given function might
not be the primary goal of logic synthesis. In this chapter. we develop an approach to
logic synthesis. suitable for the applications in which the ability to test circuits easily
and quickly is critical. We consider logic circuits realizing m-valued functions in a
modulo m sum-of-products canonical form. While this canonical form is extensively
studied, its applications to logic synthesis have only been considered for the case
m = 2. The circuits, realizing modulo 2 sum-of-products forms are proved to be
easily testable [6]. In this section we investigate the case m > 2. Generalizing from
the two to the m-valued case. however. is shown to be a non-trivial problem because
for m > 2 several new phenomena occur which allow us to reduce the upper bound
on the number of tests required for fault detection. but make the generation of tests
harder.

The chapter is organized as follows. Section 7.1 introduces the circuits realizing
multiple-valued functions in modulo m sum-of-products canonical form. Section 7.2
estimates the number of tests which are needed to detect all single stuck-at faults
on the internal lines of a circuit realizing a modulo m sum-of-products form. In
Section 7.3, the testability of the primary inputs is investigated. A procedure for

test generation for primary inputs is described and its effectiveness is evaluated. In
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Section 7.4. we show that by adding an extra multiplication mod m gate with an
observable output to the circuit the number of tests sufficient to detect all single
stuck-at faults is reducible to four. Section 3.8 concludes the chapter.

Some of the results in this chapter are contained in [21].

7.1 Implementation of modulo m sum-of-products
canonical form.

A logic function can be implemented with many different circuit designs. Various
realizations of the same function may require different numbers of input vectors as
tests. For example. a two-level AND-OR realization of the n-variable two-valued
parity function (which has the value | if and only if an odd number of the variables
have the value 1) requires all 2" possible input vectors as tests to detect all single
stuck-at faults. However. this function can also be implemented as a multi-level tree
of two-input XOR gates. and this realization requires only two tests to detect all
single stuck-at faults.

[n two-valued systems. testing the multi-level tree of XOR gates is easy because
in a fanout free linear circuit. any single fault propagates to the output independently
of the input vector applied. This property allows the minimization of the number of
tests required for fault detection and simplifies the generation of tests for the whole
family of logic circuits. called Reed-Muller circuits. A Reed-Muller circuit realizes a
Reed-Muller canonical form of the function (3.1). The circuit consists of a multi-level
tree of two-input XOR gates, fed by AND gates (Figure 7.1). Any Reed-Muller circuit
can be tested for all single stuck-at faults with a maximum of 3n + 4 input vectors.
where n is the number of primary inputs [6].

The useful property of a multi-level tree of XOR gates to propagate any single
fault to the output remains valid when XOR gates are replaced with sum mod m gates
and more than two levels of signals are used in the circuit. So. an m-valued circuit

based on a multi-level tree of sum mod m gates might possess the useful property of
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X X f

Figure 7.1: Reed-Muller circuit.

easy testability.

In this chapter. we investigate the testability of one such architecture. which is
a circuit realizing an m-valued function in modulo m sum-of-products (SOP) form
(3.3). where m is a prime. Recall. that modulo m addition and multiplication form
a Galois field of order m (GF(m)). Throughout this chapter. we assume that m is a
prime greater than two.

A modulo m SOP form can be implemented by the circuit shown in Figure 7.2.
It consists of a linear cascade of two-input sum mod m gates fed by multiplication
mod m gates. one corresponding to each product-term of the expansion with non-zero
constant ¢;. ¢ € {l...., m" —1}. The input rq has the value of the constant ¢y during

normal operation and a value different from ¢y during testing.

*n

X4

G4yl ). %]||...

X0 =% + +, f

Figure 7.2: Circuit realizing modulo m SOP form.

For example. the 3-variable 3-valued function
- 2 ) 2.2~ =9 2
f(-l‘hl‘z-l's) = 11‘11’2 DT T, P lryrozs & 2z 1073

can be implemented by the circuit shown in Figure 7.3.
As a fault model, we use a single stuck-at fault model. First, we consider detection

of internal faults, which occur on the inputs of the individual gates. We prove that
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Figure 7.3: Circuit implementing the function from the example.

only four tests are sufficient to detect all single stuck-at faults on internal lines in a
circuit realizing m-valued functions in modulo m SOP form. Furthermore. this set of
tests is independent of the function being realized and therefore universal. Second. we
give two alternative techniques for the testing of primary inputs - one by generating
a test set of maximum length 2n. and the other by adding to the circuit an extra
multiplication mod m gate with an observable output to ensure that the four tests

for internal lines also detect all single stuck-at faults on primary inputs.

7.2 Testability of internal lines.

It is proved in [48] that in the two-valued Reed-Muller circuit realization of a Boolean
function f(z,..... I,) at most n + 4 tests are required to detect all internal single
stuck-at faults. The proof is constructive by showing that. independently of the
function being realized. a set 7 = T; U 7 detects all internal single stuck-at faults.

T is defined by the table below

Ig I1 I In
6 0 O 0
0 1 1 1
1 0 0 0
L 1 1 l

It detects all single faults on the inputs of XOR gates and all stuck-at-0 faults on
the inputs of AND gates. 73 is defined by T; := {21, m0..... Ton} with the test 7;

having x; = 0 and z; = I for all j # i,i,7 € N. It detects all stuck-at-1 faults on the
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inputs of AND gates. So. the n +4 tests in the test set 7 = 7 U7, detect all internal
single stuck-at faults in a Reed-Muller circuit.

We use a similar approach to prove that. in the modulo m SOP circuit realization
of an m-valued function. only four tests are required to detect all internal single stuck-
at faults. It might appear surprising that the multiple-valued case requires less tests
than the two-valued one. Before giving the result. we explain the intuition behind
this phenomenon.

Consider an n-input multiplication mod m gate G with m being a prime. Let
a; € M be the value of the input variable r;. for : € V. Since the cancellation law of

multiplication holds for GF(m) [2]. for any a.b.c € M we have:

If a#0 and b# c then ab# ac

It follows from the above that if an input vector (a;..... a,) such that a; # 0 for all
i. is applied to G, than a change in the value of any single input r; causes a change
in the value on the output. In terms of the terminology. introduced in Chapter 5. we
can say that such an input vector makes the output fully sensitive to r,. This implies
that (ay..... a,) is a test for all r; stuck-at-@; faults. where @; denotes any value but
a;,i.e a € M —{a;}.

By applying the same reasoning as above. one can see that to detect the remaining

stuck-at-a; faults on each input r;. another input assignment (b;..... b,) such that
b; # 0 and a; # b; for all i has to be applied.
So any two input assignments (a;. ... a,) and (b;..... b.) such that none of a;.b;

is zero and a; # b; for all i € V. detect all single stuck-at faults on the inputs of a
multiplication mod m gate for m being a prime greater than two. It is easy to see
why m = 2 is an exception. [n the two-valued case there is only one input assignment
with all entries different from zero, namely (11...1).

Since the cancellation law of addition also holds for GF(m), by applying the

similar reasoning to that above, we can see that any two input assignments (ay, .. ..a,)
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and (by,....b,) such that a; # b; for all i € V. detect all single stuck-at faults on
the inputs of an n-input sum mod m gate. Notice. that the requirement r # 0 is not
postulated in the cancellation law of addition. so the entries of the assignments can
have the value zero as well. Thus. the above statement holds also for the case m = 2,
i.e. for an XOR gate.

We can now give the main result of the section.

Theorem 7.1 There erists a universal set of four tests which detects all single stuck-

at faults on internal lines in a circuit realizing an m-valued function in modulo m SOP

form.

Proof: The proof is constructive. Consider the set T consisting of four tests defined

by the table below.

Io I I Ip
0 0 0 0
0 1 1 1
1 0 0 0
0 m—-1 m—-—1 ... m—-1

Let us denote by iy and j; the inputs of the kth addition mod m gate in the

cascade. as shown on Figure 7.4.

Figure 7.4: Circuit realizing modulo m SOP form.

1. The first test of 7 results in applying (0,0) to each pair (i. jx), detecting all
stuck-at-0 faults on i; and j;. By stuck-at-@ faults we mean all stuck-at-b faults

for any b€ M — {a}.
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2. The second test of 7 results in applying (*.ck) to each pair (ix. ji). where ci
is the constant (non-zero) which is fed into the kth multiplication mod m gate

and * denotes any value from M. It detects all ji stuck-at-0 faults.

This test also detects all stuck-at-1 faults on the inputs of the multiplication

mod m gates.

3. The third test of 7 results in applying (1.0) to each pair (ix.Ji). detecting all

i stuck-at-0 faults.

4. The fourth test of 7 applies the value (m — 1) to the inputs of multiplication

mod m gates. detecting all stuck-at-1 faults on them.

Hence the four tests completely test the internal lines for all single stuck-at faults.

a

The above theorem gives us the number of tests which are sufficient to detect
all internal single stuck-at faults in a circuit realizing a modulo m SOP form. Since
the proof is constructive. it shows how to generate the test set itself. This test set
is independent of the function being realized. and therefore universal. In the next

section we investigate the testability of the primary inputs.

7.3 Testability of primary inputs.

We show that the number of tests which are sufficient to detect all stuck-at faults on
primary inputs in a circuit realizing a modulo m SOP form. as well as in an arbitrary
m-valued combinational logic circuit realizing a function f(z,.....z,).is at most 2n.
For any variable z;, provided f(z;,.... I, ) is not degenerate in r;, there exist values

ai,....a, and b; # a; such that
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Since the change in the value of r; from a; to b; causes a change in the value of f,
the input vector 7, = (@y....,a;_1. @i, @iy1,--..Gp) is a test for all r; stuck-at faults
which set the output of the circuit to a logic value different from f(a,..... a,). On
the other hand. the input vector 7 = (@;.....ai—1.bi.dis1.....an) is a test for all r;
stuck-at faults which set the output of the circuit to f(a;.....a,). Thus T = {r.72}
is a test set for all single stuck-at faults on r;. Considering all inputs. a set of 2n
tests for all single stuck-at faults on primary inputs can be obtained.

While it is straightforward to show the existence of a test set of length 2n. the
problem of generating this test set is not trivial. The next section presents a procedure
for finding 2n tests for detecting all single stuck-at faults on primary inputs of a circuit

realizing a modulo m SOP form.

7.3.1 A procedure for test generation.

It is shown in [48] that in the two-valued case. the number of tests required to detect
all single stuck-at faults on primary inputs in a Reed-Muller circuit is 2n.. where n,
is the number of primary inputs appearing in an even number of product-terms in
the Reed-Muller expansion of the n-variable function being realized. The following
procedure is applied to find the test set. For a primary input r;. all AND gates having
r; as input are considered. From these. a gate G; with the minimal number of other
inputs is selected. Further. two tests. 7;; and 7;; are defined in the following way:

;1 specifies r; = 0. all other inputs of G; to 1. and all other primary inputs to 0.

T2 specifies r; = 1, all other inputs of G, to 1. and all other primary inputs to 0.
The test 7;; detects r; stuck-at-1, and the test 7;, detects r; stuck-at-0. The procedure
is repeated for all n inputs.

Unfortunately, this simple procedure cannot be used directly for the case m > 2
for the following reason. A modulo m SOP form of an m-valued function f(r;..... )
can have (m — 1) different powers of each variable r; involved in the product-terms.

If m = 2, only one power of a variable r; is employed, and thus, a single gate G; with



CHAPTER 7. SYNTHESIS OF EASILY TESTABLE CIRCUITS 97

the minimal number of other inputs can always be selected. By assigning all but r;
inputs of G; to value 1. and all other primary inputs to 0. a single path from z; to
the output is sensitized. So, the effect of a fault on r; is always propagated to the
output. In a circuit realizing a modulo m SOP form. there may be more than one
multiplication mod m gate depending on r; and k other primary inputs. If these &
primary inputs are assigned to | and the rest of the primary inputs to 0. then the effect
of a fault on z; is propagated along multiple paths. and thus may be canceled out by
the sum mod m cascade. Therefore. in the case of circuits realizing modulo m SOP
forms. all m* possible combinations of values for & primary inputs. not assigned to 0.
should be examined to find out which one makes the output sensitive to r;. Such an
assignment always exists. provided the circuit doesn’t have redundant multiplication
mod m gates.

As an illustration. consider the circuit in Figure 7.3 and suppose we generate tests
for the primary input r;. All four multiplication mod m gates have r, as input.
but the first and the second gates depend on the minimal number of other primary
inputs (r, only). If we set r; = 1 and r3 = 0. then the circuit implements the
function f(r,.1,0) = 1z? & 2z = 0. i.e. the output is not sensitive to r;. However.
for the input assignment r, = 2 and r3 = 0. the circuit implements the function
f(r1.2.0) = 222 = 22 = 1z%. and thus the output is sensitive to r;.

Summarizing, the modified procedure for finding the test set of size 2n for detect-
ing all single stuck-at faults on primary inputs of a circuit realizing a modulo m SOP

form is as shown below.

Procedure for test generation for primary inputs of a circuit realizing a

modulo m SOP form:

1. Consider all multiplication mod m gates having z; as input;

2. From these, select the gates depending on the minimal number of other primary

inputs. Define a set X := {r; | z; is a primary input on which all selected gates
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depend };

3. With r; = 0 for all r; ¢ X. find an assignment A for the primary inputs in
X —{z;} under which the output is sensitive to the input r;, i.e. for some values
a; # b; the transition in the value of r; from a; to b; causes a change in the
value of the output. The simplest way to find such an assignment depends on

the mechanism used to specify the circuit:

4. Define two tests 7;; and i, in the following way:

;1 specifies r; = a;, primary inputs in X — {z;} in correspondence with the

assignment 4. and r; =0 for all r; ¢ X.

T2 specifies x; = b,. primary inputs in X — {r;} in correspondence with the

assignment A. and r, =0 for all r; ¢ X.

Repeat the procedure for all primary inputs.

(1}

The complexity of the procedure depends on the size of .X. The smaller the size
of X. the easier it is to find the assignment A. In the simplest case when | X| = I.
there is a multiplication mod m gate(s) in the circuit depending on primary input r;
only (i.e. realizing some power of r;). Then. to generate tests for r; stuck-at faults,

only m values of r; should be examined to find a; and b; satisfying:

In the next section we show that for a random circuit implementing an m-valued
n-variable function in modulo m SOP form. the probability that |X| < 2 is greater

than 99.99% for any z;. provided n > 3 and m > 3.

7.3.2 Evaluation of the effectiveness of the procedure.

As shown in the previous section, it is easy to find a test for a primary input r; of a

circuit realizing a modulo m SOP form if the circuit has a multiplication mod m gate
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depending on z; and a small number k of other primary inputs. In this section we
estimate how often this is the case. Lemma 7.2 and Lemma 7.3 give the mathematical

foundation of the result.

Lemma 7.2 In the modulo m SOP form of an m-valued n-variable function. the

number O, of k-variable product-terms which include a given variable r; is at most:

(n—1)!
(n—k)(k—1)!

ek.n =(m‘1)k
where l <k <nandi€ V.

Proof: In a modulo m SOP form. each variable can have (m — 1) different powers.
Thus, there can be constructed (m — 1)* different product-terms consisting of k fixed
variables. Since the number of choices of (kK — 1) variable from (n — 1) is ( Z : : )
the maximum number Oy , of k-variable product-terms which include a given variable

I; is:

For example, for m = 3, n = 3 and a variable r, we have:

)
k=1: ©53=2! 0= 2. product-terms: ry.r?
2 2 2 2 2 2.2
k=2: O3=2 1= 8, product-terms: r r;, r1r5. I{T3. LiL5.
2 .2 2.2
I1Z3. 123, LT3, LT3
9
k=3: O33=2% ( 5 ) =8, product-terms:r;x,r3, I L2235 1 233,

2,2 2 2 2
117323 1ixoxs. 237023, 2irdxs, 2ixisl

Lemma 7.3 The fraction ®, of modulo m SOP forms of m-valued n-variable func-
tions not having a product-term of k or less variables which include a given variable

I; is:
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where |l <k<nand: € N.

Proof: Since m™ is the maximum number of different product-terms in a modulo m
SOP form of an m-valued n-variable function. and O, is the maximum number of
k-variable product-terms which include a given variable r;. the number of the modulo
m SOP forms not having a product-term of k or less variables which include a given

variable z; is

m(m" =20 Oun)

So. the fraction of the modulo m SOP forms of m-valued n-variable functions not
having a product-term of the latter type is

MM =, ©un) 1

m™” (Zf:l e‘-")

m

For example. for m = 3.n = 3 and a variable r;. i € {1.2.3}. we have:
®,5=1/32 ~0.11
®,5=1/392~1.69 x 1073
@3,3 = 1/318 x~ 2.89 x 10—9
The result ®;3 =~ 1.69 x 10~° implies that for m = 3.n = 3 and a given primary

input r;, the percentage of circuits realizing modulo m SOP forms not having a

multiplication mod m gate realizing =¥ or r¥z®. where r; is some other primary input

and k and p are some powers of r; and z;. is extremely small. Since the fraction

1

Zf:l Sin

m
of ®,, becomes even smaller. So. for a random circuit implementing an m-valued

decreases as m and n increase. for larger values of m and n the value

n-variable function in modulo m SOP form, the probability that |X| < 2 is greater

than 99.99 % for any r;, provided n > 3 and m > 3.
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In the next section we show that by adding to the circuit an extra multiplication
mod m gate with an observable output the number of tests sufficient to detect all

single stuck-at faults is reducible to four.

7.4 'Testability by hardware redundancy.

It is proved in [48] that, by providing a two-valued Reed-Muller circuit with an extra
AND gate having an observable output, n + 4 tests for internal lines also detect all
single stuck-at faults on primary inputs. We show that a similar technique can be
used to ensure that the four tests for internal lines given by Theorem 7.1 also detect
all single stuck-at faults on primary inputs of a circuit realizing a modulo m SOP

form.

|

I | e
&7
Xg=Co (&) (+) i e

Figure 7.5: Circuit with an extra multiplication mod m gate G~.

Consider a circuit realization of an m-valued function f(zx,,...,z,) having an
extra multiplication mod m gate G depending on all input variables r,,...,r, and
with an output g (Figure 7.5). If g is also observable, then two input assignments
(ary-..,an) and (by,...,b,), such that none of a;, b; is zero and a; # b; for all i, detect
all single stuck-at faults on the inputs of G=. These two tests also detect single stuck-
at faults on primary inputs z,,...,z, since a single path is sensitized from each z;

to the output g. Observing the second and the fourth tests from the test set 7 from
Theorem 7.1:

Io I T . Tn
0 0 0 0
0 1 1 1
1 0 0 0

0 m—1 m—-1 ... m-1



CHAPTER 7. SYNTHESIS OF EASILY TESTABLE CIRCUITS 102

we see that the assignments for z,,...,r, satisfy the requirements a;,b; # 0 and
a; # b; for all i € N. Thus, the test set 7 detects all single stuck-at faults on primary
inputs as well as on the inputs of G~.

So, by adding to the circuit an extra multiplication mod m gate with an observable
output the number of tests sufficient to detect all single stuck-at faults is reducible

to four.

7.5 Conclusion.

In this chapter. we investigate the testability of logic circuits realizing m-valued func-
tions in modulo m sum-of-products form, with m being a prime greater than two. We
consider two aspects of the problem - the number of tests required for fault detection,
and the generation of tests.

We prove that there exists a set of four tests detecting all single stuck-at faults
on internal lines in the circuit. Furthermore, this set of tests is independent of the
function being realized and therefore universal.

We propose two alternative techniques for the testing of primary inputs. The first
one is to generate a test set of maximum length 2n. We give a procedure for finding
this test set and analyze its effectiveness. It is shown that the procedure effectively
generates the tests for a primary input z; when the circuit has a multiplication mod
m gate depending on z; and a small number & of other primary inputs. The smaller
the k, the easier it is to find the test for ;. We prove that for a random circuit
implementing an m-valued n-variable function in modulo m sum-of-products form,
the probability that & < 1 is greater than 99.99 % for any z;, provided n > 3 and
m > 3. Since this probability is very high, it is most likely that tests for primary
inputs can be generated effectively using the proposed procedure.

The second technique for the testing of primary inputs we propose is to modify
the circuit in such a way that the four tests for internal lines also detect all single

stuck-at faults on primary inputs. We show that this can be accomplished by adding
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to the circuit an extra multiplication mod m gate with an observable output. The
main advantage of this approach as compared to the first one is that the set of tests
detecting all single stuck-at faults in the circuit is reduced to just four tests and,

moreover, this set is universal and therefore no test generation procedure is required.
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Chapter 8

Conclusion

This chapter summarizes the research contributions of this dissertation and discusses

several areas for future work following from it.

This dissertation considers properties of Boolean and multiple-valued functions
and uses them as a foundation for the development of several algorithms for logic
synthesis of combinational logic circuits. Some other problems, related to logic syn-
thesis. such as test generation for logic circuits and synthesis of easily testable circuits.
are also addressed.

The main areas from the theory of Boolean and multiple-valued functions consid-
ered are: functional completeness. canonical forms, minimization of functions, dis-
crete differences and functional decomposability. The primary contributions of the

dissertation are the following:

e an efficient algorithm for three-level AND-OR-XOR minimization for Boolean
functions and an upper bound on the number of products in the AND-OR-XOR

expansion;

o a proof of the functional completeness of the set {addition modulo m, mini-
mum}, for m > 2, a constructive proof of the existence of a canonical form over

this set and an algorithm for computing such a canonical form;
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o a definition of a new multiple-valued discrete difference full sensitivity, an in-
vestigation of its usefulness to generate tests for multiple-valued logic circuits

and a lower bound on the number of functions fully sensitive to their variables;

e an algorithm for generating the composition tree for any function fully sensitive

to its variables;

e a proof that the logic circuits realizing modulo m sum-of-product form. for
m > 2, are easily testable, providing a technique for synthesis of multiple-

valued logic circuits requiring just four universal tests for detection of all single

stuck-at faults.

It is important to stress that the application of the theoretical results of this
dissertation have been demonstrated only in so far as they are applicable to logic
synthesis. This choice may give an incomplete idea of the actual realm of applications
of these results. Since most of the theory is developed on a functional level, it might
be of use in any area having functions as an object of study, such as combinatorial
optimization or utility theory.

Several issues of this dissertation could be explored in more depth.

First, extending the theory of composition trees to handle heterogeneous func-
tions seems to be a challenging problem. Such a theory would be of a great practical
use, being a base for systematic logic synthesis of multi-level Boolean circuits. An-
other interesting open problem is how to extend the notion of composition tree to
the multiple-output case. The algorithm for finding composition trees from Chap-
ter 6 handles single-output problems only. Since most real-life problems are multiple-
output, extending the algorithm to manage such cases is a topic for future work.

Second, since the algorithm AOXMIN developed in Chapter 4 shows a very good
performance on benchmark functions, it is worth additional research development.
Presently, it synthesizes a three-level AND-OR-XOR circuit, but it can easily be
modified to generate multi-level circuits, by applying the algorithm subsequently to
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the resulting AND-OR subcircuits.

Next. the algorithm for computing full sensitivity presented in Chapter 5 requires
the expression of the function in a canonical form with no simplification allowed (i.e.
m™ terms for an m-valued n-variable function). Therefore, it becomes infeasible for
large values of m and n. Further work needs to be done to find a more efficient
algorithm, using a more compact representation of functions, such as multiple-valued
decision diagrams [40]. The same argument applies to the algorithm for constructing
the new canonical form developed in Chapter 3. which uses the truth table coefficients
of the function as its input.

And finally, Chapter 7 suggests a synthesis technique for multiple-valued logic
circuits requiring just four tests for detection of all single stuck-at faults in the circuit.
However, the circuit which is easiest for testing may not be the simplest possible
one. Finding a trade-off between the simplicity of a circuit and its testability is an

interesting topic for future work.
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Appendix A

Current-Mode CMOS
Multiple-Valued Circuits

This appendix describes a circuit technology called multiple-valued current-mode
CMOS. This appendix is referred to in Chapter 3.

The multiple-valued current-mode CMOS circuit family is a relatively recent in-
novation. Most of the publications on multiple-valued CMOS logic circuits concern
voltage-mode circuits. One reason for this choice is the fact that a MOS transis-
tor is voltage-controlled. However, in 1986 Onneweer and Kerkhoff {45] have shown
that most voltage-mode multiple-valued CMOS circuits are not competitive with
two-valued circuits in terms of circuit complexity and propagation delay. They pro-
posed using current-mode multiple-valued CMOS circuits instead and showed that
these circuits can naturally handle m-valued signals whereas voltage-mode circuits
become rather complicated for values of m greater than two. Various realizations of
current-mode multiple-valued CMOS logic circuits have been discussed since then,
and some threshold logic arithmetic circuits have been shown to be superior to the
best corresponding two-valued ones at the same period (10}, [11], [12], [33].

The structure of the appendix is as follows. In Section A.l, the basic elements
of current-mode multiple-valued CMOS logic circuits are described. In Section A.2
the properties of three experimental circuits: MIN, MAX and addition modulo m are

investigated by simulation (using the HSPICE program). The discussion is given in
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terms of three-valued circuits, but the techniques are easily extended to circuits using
a higher number of logic levels. A new addition modulo m circuit implementation,

using 14 transistors only, is proposed and its properties are summarized. Section A.3

concludes the append:x.

A.1 Basic operations and symbols.

Current-mode circuits use analog current summing to create the algebraic weighted
sum or difference of input currents. This function requires no passive or active compo-
nents. The currents are usually defined to have logical levels that are integer multiples
of a reference current unit. Currents can be copied, scaled. and algebraically sign-
changed with a simple current mirror realized in any MOS technology. The sum or

difference of currents is then usually decoded into the desired multiple-valued function

by:

1. comparing it to multiple current thresholds using some form of current com-

parator, and

)

using comparator-controlled switches to direct properly scaled currents to the

outputs

Different implementations of basic elements for current-mode circuits have been
reported by several authors [12], [25], [31], [33]. [45]. [62], [63]. Below we give an

overview and comparison of these implementations.

A.1.1 Constant-current source

A constant-current source is realized by a depletition-mode PMOS transistor with
connected gate and source [31], [33]. In the ideal case. the saturation value of the

drain current I; used as a constant is written as

la= K(W/L)(Vr)?



APPENDIX A. CURRENT-MODE CMOS MULTIPLE-VALUED CIRCUITS 109

where A’ is the transconductance parameter, ¥ is the channel width. L is the channel
length, and V7 is the threshold voltage of the depletition-mode PMOS transistor. This
type of current source is quite insensitive to fluctuations of the supply voltage Vi,
and requires no connection other than V. Figure A.1 shows the circuit configuration

and the symbol for current source.
Vdd

C@—-—ol
7
a)

( (®)

Figure A.1: Current source: (a) circuit configuration, (b) symbol.

A.1.2 Current mirror

In current-mode circuits a current mirror is used for two purposes. One is to invert
the current direction, another is to produce replica of an input current. There are
two types of current mirrors: N-type and P-type. These circuits are realized by
enhancement-mode NMOS and PMOS transistors, respectively.

An N-type (P-type) mirror works as follows (see Figure A.2). Current [/, forced
externally to flow in (extracted from) the drain-gate connected transistor Tg, estab-
lishes a gate-source voltage at which each of T}, T,...,T, conduct the same current,
extracting it from (inducing it into) connected circuits. The currents /Oy, 10, ..., [O,,
produced at drains, are determined by input current /] and the ratio between output
and input W/L values. The ratio is usually chosen so that:

I 11> 0
10.-={0 if 17 <0.
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Figure A.2: N-type and P-type current mirrors: (a).(c) circuit configurations. (b).(d)
symbols.

A.1.3 Current comparator

The classical current comparator as used by Current et al. in [12] and Yamakawa in
[62] is shown in Figure A.3. The outputs of an NMOS current mirror are connected to
the high-impedance control input of a switch. The voltage at this node is determined
by the difference of the two input currents. The accuracy of this current comparator
is limited by the finite output impedance of the current mirrors and by poor matching

of the characteristics of N- and PMOS transistors.

Vdd

o
;"»‘]_%

Figure A.3: Classical current comparator.
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A different current comparator with better characteristics was proposed by Onne-
weer and Kerkhoff [45] (Figure A.4). It consists of two NMOS current mirrors forming
a positive-feedback loop. If the current mirrors are ideal, the gain of the feedback
loop is unity. All signals in this circuit are currents. Its operation can be described

as follows. Let T(z.y) is defined as:

0 ifz<:
T(I"y)'_{.z: ifz>:1

Then [A” =T(IA.IB)and IB”" = T(IB,[A).

[All IA [B [Bl'

TR U
HHE 3HHE

ps

Figure A.4: Threshold current comparator of Onneweer and Kerkhoff.

The comparator derives its switching nature from the positive feedback. It has
two states, and in each state one of the output currents is zero while the other is
a copy of the largest of the input currents. It can operate as a threshold switch by
keeping I B constant, using /.4 as the (variable) input current. The threshold current
is then equal to /B, and the output current /B” can assume the values 0 and /B.
By changing the channel width of the MOS transistors, the values of threshold and
output currents can be changed. The switching speed of this circuit is determined
by the charging time of the input nodes by the input currents, and therefore depends

very much on the signal currents.

A.2 Implementation of basic logic gates using current-
mode CMOS circuits

We have simulated MIN, MAX and addition modulo 3 three-valued circuits with the
HSPICE to explore the possibilities and properties of current-mode multiple-valued
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CMOS logic circuits. We chose the currents OuA, 15uA, and 30uA to represent logic
values 0, 1 and 2. A current direction is defined as positive when current is fed into
the node and as negative, otherwise. Vj4 is chosen to be standard 5V. The PMOS
and NMOS transistor parameters used in the simulation are presented in Table A.l.
These are taken from the reference [45]. All devices have a channel length of 5ym

and a channel width of 10pm.

Table A.1: HSPICE simulation parameters.

.MODEL N NMOS LEVEL=3 VT0=0.70 GAMMA=0.7 PHI=0.762
PB=0.74 CGS0=2.4E-10 CGD0=2.4E-10 CGBO=3.4E-10
CJ=3.46E-4 MJ=0.93 CJSW=7.61E-10 MJSW=0.28 JS=1.5E-5
TOX=25NM NSUB=4.1E16 NFS=1E10 TPG=1 XJ=0.61E-6
LD=.18E-6 VMAX=5E4 XQC=0.4 RSH=30

THETA=0.067 KAPPA=84.0E-6

O

.MODEL P PMOS LEVEL=3 VTQ=-0.70 GAMMA=0.6 PHI=0.711
PB=0.87 CGS0=3.4E-10 CGD0=3.4E-10 CGB0=3.4E-10
CJ=7.12E-4 MJ=0.40 CJSW=9.42E-10 MJSW=0.29 JS=1E-6
TOX=25NM NSUB=1.5E16 NFS=1E10 TPG=-1 XJ=0.62E-6
LD=.25E-6 VMAX=5E4 XQC=0.4 RSH=95

THETA=0.17 KAPPA=34.0E-6

+ + + + +

The choice of the unit current, the voltage V,; and the transistor’s gate widths
and lengths represents a trade-off between power dissipation and switching speed.
Different authors uses different values for these parameters. For example, Onneweer
and Kerkhoff [45] work with a unit current of 15uA, transistor sizes L = 5um and
W = 10um, and Vgg = 3V. Vranesic and Zilic [64] use a unit current of 20uA,
L = 3um and W = 6um, and Vg = 5V. Kawahito et all. [33] use a unit current of
31uA with transistor sizes L = 2.8um and W = 9um, and V4 = 5V. For each of the
circuits described, we conducted 6 experiments: for V;; = 3 and V3 = 5, and for unit

currents of 10uA, 15uA and 20puA. The results show, that some of the circuits (e.g.
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the threshold current comparator) do not operate correctly for Vzg = 3V. Decreasing
the value of the unit current leads to decreasing of the power dissipation, but increases
the

possibility of misinterpreting the current levels. The best choice seems to be unit

current 15uA and Vg4 = 35V.

A.2.1 MIN and MAX circuits

In this section we compare two different implementations of MIN and MAX circuits.
Both implementations are independent of the value of m, i.e. the number of transistors
in them does not change with increasing m. The first one, shown on Figure A.5, is
proposed by Onneweer and Kerkhoff [45]. Their circuit is based on the threshold
current comparator (Figure A.4). If the two outputs of the comparator are summed.
the maximum value of the two input currents max(IA.IB) is obtained. The minimum
value MIN(IA,IB) is generated by subtracting the maximum value MAX(IA.IB) from
the arithmetic sum of IA and IB. Current mirrors are included to distribute the input

currents. The total number of transistors in this circuit is 16.

Vdad

IA<—

4
B -
=

IZ_L'_'_IJI_ IE ~4— MIN (1A,IB)

4

G

Figure A.5: Minimum-maximurm circuit of Onneweer and Kerkhoff.

The second implementation was proposed by Zhijian and Hong [65] (Figure A.6a
and b). Each MAX and MIN circuit consists of five transistors only. Their operations
can be described as follows. Let the operation Q, called bounded difference operation

be defined as:
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_Jz—y ifz2>y
’”Qy"{o ifz<y.

where ”-” is the regular arithmetic subtraction.

Then
MAX(z.y)=z+(yoz)=y+(zDy)

MIN(z,y)=z—(zDy)=y—(y 2 z).

where ”-" and "+" are the regular arithmetic operations of subtraction and sum,

corespondently.
| - - Vad?| <
w2l [Pl . et =
MAX (IA,IB) — , MIN (IA,IB)
B B e
(@) (b)

Figure A.6: (a) Minimum and (b) Maximum circuits of Zhijian and Hong.

The operation of the MIN and MAX circuits is basically analog in nature. There-
fore its accuracy is very important. The simulation results show that the MIN and
MAX circuits of Zhijian and Hong have better characteristics than the MIN/MAX
circuit of Onneweer and Kerkhoff. The MIN/MAX circuit of Onneweer and Kerkhoff
(Figure A.7) has 25ns worst case delay time (measured between 10% and 90% of the
signal), and power dissipation between 0.0016 and 1.38mW, while the MIN and MAX
circuits of Zhijian and Hong (Figure A.8) have 20ns worst case delay time and power

dissipation between 0 and 0.6mW.

A.2.2 Addition modulo m circuit

In this section we compare two different implementations of a addition modulo m

circuit. The first is a addition modulo 4 adder proposed by Zilic and Vranesic [64].
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Figure A.7: The simulation results for the MIN/MAX circuit of Onneweer and
Kerkhoff: (a) IA, (b) IB, (c) MIN(IA,IB), (d) MAX(IA,IB), (e) power dissipation.



APPENDIX A. CURRENT-MODE CMOS MULTIPLE-VALUED CIRCUITS 116
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Figure A.8: The simulation results for the MIN and MAX circuits of Zhijian and
Hong: (a) IA, (b) IB, (c) MIN(IA,IB), (d) MAX(IA,IB), (e) power dissipation.
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A simple observation was made that the addition modulo 4 differs from the absolute
difference in only two entries of the truth table (see Table 2). Therefore the addition
operation is realized as absolute difference plus a correction circuit for the two entries

outlined in bold in Table 2.

Table 2 Addition modulo 4 compared to absolute difference.

EIDREE ADJ[O[1]2]3
0f0[L]2]3 0 Jo[1]2]3
1 [1[0[3]2 L |[1]o0[1]2
2 2301 2 [2]1[0]1
33[2]1]0 3 [3]2[1]0

The implementation of the absolute difference circuit follows from the expression

below:
|4 — B| = ramp(A — B) + ramp(B — A)

where ramp(z — y) is the operation defined as

r—y ifr>
mmmx-yy={0 Y ezy

" is the regular arithmetic subtraction.

where -
Note the similarity between this operation and the operation O defined above. Fig-
ure A.9a shows the realization of the absolute difference circuit.

The correction factor involves adding a current of value 2 when the inputs (A, B)
have values (1, 2) or (2, 1). The correction circuit is shown on Figure A.9b.

This implementation of addition modulo m circuit is dependent on the value of
m, since for different m the different correction circuit has to be built. Furthermore.
the total number of transistors in this circuit is 24. Instead, we propose an addition

modulo m circuit implementation, independent of the value of m and consisting of 14

transistors only. The design for the general m-valued case is shown on Figure A.10.
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A e
_ | ‘ ramp(IB.IA)

[A-IB|

LA-IB| = -
4L. 1
2.5
T
3.5
[A+IB J*— | |
Vyd L L TE-L
2.5 o
IA+[B <— (IA+IB)mod m

(b)

Figure A.9: (2) Absolute difference circuit (b) Correction circuit.
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Figure A.10: Addition modulo m circuit (a) circuit configurations. (b) symbolic
scheme.

The circuit is based on the threshold current comparator (Figure A.4). The arith-
metic sum of two input currents [A and IB is compared with the current which has
value m (current units), generated by current source CS1. The output of the current

comparator is the current /[ ,;mp = T(m,[A+ [B). i.e.:

o =T y= {8, <L 1
If thesum IA 4 IB + 0.5 is less than m (current units), then the output current
of the current comparator I.omp is m (current units). This current "compensates”
the m current units, extracted by the current source CS2, and the current I’ becomes
equal to zero. Thus, the output current of the circuit for this case is IS = IA + [B
-0=1IA+IB.
If the sum IA + IB + 0.5 is greater than m (current units), then the output

current of the current comparator [.,mp is 0. In this case I’ becomes equal to m
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current units, and these m current units are extracted from the arithmetic sum of [A
and IB. Thus, the output of the circuit is [S=IA + IB- ' =IA + IB- m.

The simulation results for this implementation of the addition modulo m circuit
for m = 3 are shown on Figure A.11 16. Worst case delay time is 25ns. Power
dissipation varies between 0 and 1.40mW. The delay time and power dissipation of
the addition modulo m circuit of Zilic and Vranesic [64] are not reported. so we cannot

make a comparison.

A.3 Conclusion

This appendix presents a multiple-valued current-mode CMOS circuit family. We
show the current-mode CMOS implementation of MIN. MAX and addition modulo
m circuits and investigate their properties by simulation using the HSPICE program.
We propose a new addition modulo m circuit implementation. independent of the
value of m and consisting of 14 transistors only.

Compared to voltage-mode circuits, current-mode CMOS circuits do not need
passive devices (resistors) to establish some of the output levels and use one power
supply line only. Furthermore. the linear summation in current-mode CMOS circuits
is performed by simple wiring, which reduces the interconnection complexity and
decreases the area of the resulting circuit. However. since linear summation of currents
is analog in nature and not level-restoring, the main problem with current-mode
CMOS circuits are the noise margins. With the increase in of the number of current
levels, the noise margins constraints are more and more difficult to satisfy. The
current-mode CMOS circuits with three or four current levels seem to be the most

efficient ones.
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Figure A.11: The simulation results for the addition modulo m circuit: (a) IA, (b)
IB, (c) sum(IA,IB), (d) power dissipation.
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