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ABSTRACT

The planet is experiencing a dramatic loss of species. The majority of species are

unknown to science, and it is usually infeasible to conduct a census of a region to

acquire a complete inventory of all life forms. Therefore, it is important to estimate

and conduct statistical inference on the total number of species in a region based on

samples obtained from field observations. Such estimates may suggest the number of

species new to science and at potential risk of extinction.

In this thesis, we develop novel methodology to conduct statistical inference, based

on abundance-based data collected from multiple sampling locations, on the number
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of species within a taxonomic group residing in a region. The primary contribution

of this work is the formulation of novel statistical methodology for analysis in this

setting, where abundances of species are recorded at multiple sampling units across

a region. This particular area has received relatively little attention in the literature.

In the first chapter, the problem of estimating the number of species is formulated

in a broad context, one that occurs in several seemingly unrelated fields of study.

Estimators are commonly developed from statistical sampling models. Depending on

the organisms or objects under study, different sampling techniques are used, and

consequently, a variety of statistical models have been developed for this problem. A

review of existing estimation methods, categorized by the associated sampling model,

is presented in the second chapter.

The third chapter develops a new negative binomial mixture model. The negative

binomial model is employed to account for the common tendency of individuals of a

particular species to occur in clusters. An exponential mixing distribution permits

inference on the number of species that exist in the region, but were in fact absent

from the sampling units. Adopting a classical approach for statistical inference, we

develop the maximum likelihood estimator, and a corresponding profile-log-likelihood

interval estimate of species richness. In addition, a Gaussian-based confidence interval

based on large-sample theory is presented.

The fourth chapter further extends the hierarchical model developed in Chapter 3

into a Bayesian framework. The motivation for the Bayesian paradigm is explained,

and a hierarchical model based on random effects and discrete latent variables is
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presented. Computing the posterior distribution in this case is not straight-forward.

A data augmentation technique that indirectly places priors on species richness is

employed to compute the model using a Metropolis-Hastings algorithm.

The fifth chapter examines the performance of our new methodology. Simula-

tion studies are used to examine the mean-squared error of our proposed estimators.

Comparisons to several commonly-used non-parametric estimators are made. Several

conclusions emerge, and settings where our approaches can yield superior performance

are clarified.

In the sixth chapter, we present a case study. The methodology is applied to

a real data set of oribatid mites (a taxonomic order of micro-arthropods) collected

from multiple sites in a tropical rainforest in Panama. We adjust our statistical

sampling models to account for the varying masses of material sampled from the

sites. The resulting estimates of species richness for the oribatid mites are useful,

and contribute to a wider investigation, currently underway, examining the species

richness of all arthropods in the rainforest.

Our approaches are the only existing methods that can make full use of the

abundance-based data from multiple sampling units located in a single region. The

seventh and final chapter concludes the thesis with a discussion of key considerations

related to implementation and modeling assumptions, and describes potential avenues

for further investigation.

KEY WORDS: species richness; negative binomial mixture; finite mixture model; data
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Chapter 1

Introduction

1.1 Species Richness

The diversity of living organisms on the planet is tremendous. Nearly two million

species have been identified and named by scientists (Mace et al., 2005). Most esti-

mates of the number of eukaryotic1 species on Earth range from 5 million to 30 million

(May, 1992). Shrinking the focus to a specific ecosystem, it may still be a daunting

task to describe the diversity of life forms in the biological community. An investi-

gator may further restrict attention to the species belonging to a specific taxonomic

group. A taxonomic group is an assemblage of species that are distinguishable, exist

in the same geographical region, and may have similar physical sizes and biological

characteristics. An important characteristic of the taxonomic group is the total num-

1A eukaryote is an organism whose cell(s) have a membrane called the cell nucleus, which contains

the genetic material of the organism.
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ber of species in the group, or its species richness. For example, Picard, Karembé and

Birnbaum (2004) studied the number of woody plant species in an arid savanna, and

Lindo and Winchester (2006) studied the number of oribatid mite species living in

soil mats in the canopy of old growth western red cedar trees. The taxonomic group

may be quite diverse with a large number of species unknown to science. Estimates

of species richness are a common measure that ecologists use to compare biological

communities (Chiarucci et al., 2003).

Conservation of biodiversity is often framed in terms of species diversity as it is

easy for the public to understand this level of diversity (Kiester, 2001). Conservation

actions may be framed or structured around the number of species that may be

protected. In areas under threat of habitat destruction, knowledge of species richness

can aid in estimating the number of species that will be extirpated (May, Lawton &

Stork, 1995).

A biological community can cover a very large area relative to the sizes of the

organisms under study. For example, Condit (1998) and others studied species of

woody plants with a stem diameter of at least 1 cm at chest height in a tropical

forest that covers most of Barro Colorado Island (15 km2 area) in Panama. Due to

constraints on resources and time, ecologists are limited to studying areas that make

up a small fraction of an ecosystem. On Barro Colorado Island, it took one year for

a team of twelve to fourteen people to complete the census of approximately 200,000

woody plants in a 0.5-km2 study plot (Condit, 1998).

In many taxonomic groups of plants and animals, there are a few common species
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that will occur with high frequency in field studies, and the vast majority of species

will occur with very low frequencies (Hairston, 1959; Hughes, 1986). For such a

taxonomic group, many of the uncommon species will not be observed in a field study.

In these circumstances, the data gathered from a study can be used to estimate the

total number of species in the taxonomic group.

Estimates of the size of a taxonomic group are particularly helpful for poorly

known taxa. The estimates give an indication of the unexplored wealth of biological

information stored in the ecosystem. Estimates of the expected number of new species

that will be detected with additional sampling effort are helpful in planning future

studies (Mao, Colwell & Chang, 2005).

For the purpose of this dissertation, the term species richness refers to the total

number of species (of the taxonomic group of interest) in the region at the time of

sampling. We will assume that the boundaries of the region are well-defined.

The positive association between the size of an area and the number of species

observed has been examined since the early 1900’s (see, e.g., Arrhnenius, 1921; Glea-

son, 1922). Statistical theory for the estimation of species richness has early origins

(see, e.g., Fisher, Corbet & Williams, 1943; Goodman, 1949). In Section 1.2, we

describe the problem in general terms. In Section 1.3, we mention specific instances

of this estimation problem arising in other fields. In Section 1.4, we clarify the need

for new methodological developments, and Section 1.5 outlines the developments in

this dissertation.
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1.2 The General Scenario

Consider a large population of objects, and suppose each object belongs to exactly

one of SΩ classes, where SΩ is an unknown positive integer. A sample of the objects

is taken from the population, and it is assumed that the classes can be distinguished

from each other. The objective is to infer upon SΩ, based on the sample of objects.

In the context of estimating species richness, the population consists of all specimens

of all species (within the taxonomic group) in the biological community, and each

species represents a class, so that SΩ is the number of species.

The fraction of the population sampled is typically small. Moreover, the number

of objects in each class (individuals of a species) is unknown, making the estimation

of SΩ challenging (Bunge & Fitzpatrick, 1993).

1.3 Specific Instances of the Scenario

The problem of estimating the number of classes in a population appears in various

fields of study including genetics, animal population studies, and astronomy. This

scenario also arises in the verification of signatures on a petition, the investigation of

an author’s vocabulary size, and the study of the size of ancient coin-based economies.

The study of the genetic diversity of a single species may involve investigating

the alleles, alternative forms of a gene, at a specific position on a chromosome. For

example, Huang and Weir (2001) investigated the number of distinct alleles of a gene

present in nine populations of a honey bee subspecies. In each population, the genetic
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material from a sample of individuals was analysed. The frequencies of occurrence of

each allele in the samples were tabulated. Estimates of the total number of different

allele types in each population gave an indication of the genetic diversity in each

honey bee population.

Agencies involved in the conservation and management of an animal species often

frame their goals in terms of the corresponding population size (see, e.g., Williams et

al., 2002). These agencies often rely on estimates of animal population sizes to help

assess the status of a species. Mark-recapture is a sampling method for estimating

the population size of a mobile animal species. Individual animals are observed in a

series of capture periods. In each capture period, individuals that are captured receive

a tag for future identification; the identities of all detected individuals (previously-

marked and first-time captures) are recorded, and the animals released. A capture

history exists for each individual that was caught at least once in the series of capture

periods. Some individuals will not be caught during the capture periods. In this

scenario, each individual animal is considered a unique class. The goal is to estimate

the total number of individuals (i.e., classes) in the population, given a record of the

captured individuals, and their frequencies of capture.

The problem of estimating the number of classes in a population also appears

in astronomy and literary studies. In astronomy, Harwit and Hildebrand (1986)

estimated the number of types of observational phenomena that exist in the universe,

given the types of phenomena that have been already discovered. In a study of

William Shakespeare’s vocabulary, Efron and Thisted (1976) estimated the size of



6

Shakespeare’s vocabulary using all of his known works of literature. Subsequently,

Thisted and Efron (1987) tested whether an unsigned nine-stanza poem discovered in

1985 could be attributed to Shakespeare. This was accomplished by comparing the

frequency of word usage in the poem, with the usage of words in the collected works

of Shakespeare. Particular attention was paid to the usage of new words, words that

did not appear in Shakespeare’s known body of work.

Stam (1987) used the archaeological discovery of a cache of ancient coins to es-

timate the size of a past civilization’s economy. Although the coins may have been

made with two dies (one die for each side of the coin), attention is restricted to the

obverse side2 of the coins. Examining the obverse sides of a cache of coins, the fre-

quency of occurrence of each observed die is recorded. The total number of dies used

to mint the coins is estimated, based on the number of observed dies and their fre-

quencies of appearance. The estimated average output of a single die can be obtained

from historical records and modern experiments if the method of making the coins

can be determined. Multiplying the estimated total number of dies and the estimated

average output per die, the product is an estimate of total coinage in the civilization’s

economy.

As another example, Whiteside and Eakin (2004) considered the problem of veri-

fying the legitimacy of all signatures on a large petition. In some cases, a percentage

or sample of the signatures may be validated. Some valid signatures may appear

2The obverse side of a coin is the side showing a bust of royalty, a national emblem or year of

minting.
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multiple times on the petition, but are only counted once. The authors demonstrated

how different techniques for accounting for multiple appearances of a valid signature

can have a significant effect on the estimated number of valid signatures on a petition.

In all such estimation problems, the sampling methods used to collect data in a

given instance will influence the development and/or choice of an estimator. Indeed,

even within the realm of estimating the number of species, there are many sampling

methods. Chapter 2 discusses the estimation methods that are commonly used for a

variety of sampling methods.

1.4 The Need for New Developments

For taxonomic groups of relatively immobile organisms, the field observations may be

acquired using area-based sampling. For example, one or more small congruent plots

of land or substrate may be selected, and all detected individuals are identified to

their species type and recorded (see, e.g., Lindo & Winchester, 2006). The number of

individuals of a species in a spatial-based sampling unit is called the sample abundance

of the species. When sample abundances are recorded for all species observed in one

or more sampling units, we will describe the resulting data as abundance-based data.

The occurrence of individuals of a particular species in a given sampling unit may

not be independent; that is, individuals may show a positive or negative spatial

association with other members of the same species (Taylor, Woiwood & Perry, 1978;

Condit et al., 2000). The spatial associations affect the frequencies of occurrence
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within the sampling units (He & Legendre, 2002).

To date, estimators of species richness have not been designed and implemented to

make full use of abundance-based data acquired from multiple spatial-based sampling

units within a single region of interest (see, e.g., Kéry & Royle, 2008; Bunge & Barger,

2009).

1.5 Outline of Dissertation

In this dissertation, we develop two model-based approaches for abundance-based

data from multiple sampling units. In the first model, a classical likelihood-based

approach is used for statistical inference on species richness based on a mixed negative

binomial model, with an exponential mixing distribution. In the second model, we

adopt a hierarchical Bayesian approach for inference with a finite mixture model and

discrete latent variables.

In Chapter 2, we review several common sampling models and the associated

estimators of species richness. We then clarify the motivation for our developments

as more appropriate with abundance-based data from multiple sampling units.

Chapter 3 begins with a description of initial attempts at solving this estima-

tion problem. These initial attempts were designed for abundance-based data from

multiple adjacent sampling units that cover a rectangular area. The difficulties of

the resulting estimator are discussed, followed by the formulation of a new model for

abundance-based data from multiple spatial sampling units that are assumed ran-
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domly situated in the region. A hierarchical model based on the negative binomial

distribution is used to describe the sample abundance data within a sampling unit.

Using this model, we develop the maximum likelihood estimator of species richness

SΩ. We also describe two methods for constructing confidence intervals for SΩ.

In Chapter 4, we develop an alternative hierarchical Bayes model for the abun-

dance data and discuss a data-augmentation technique for computing the posterior

distribution of SΩ using MCMC. The resulting posterior distribution yields both point

and interval estimators of species richness.

In Chapter 5, we evaluate both the maximum likelihood estimator and our Bayesian

estimators in two simulation studies. The estimators are compared with commonly-

used methods, and the bias and precision are assessed.

In Chapter 6, we present a case study examining oribatid mites sampled from the

forest floor and the canopy of the tropical rainforest in the San Lorenzo Protected Area

of Panama. Here interest lies in estimating the number of species of oribatid mites

on the forest floor and in the canopy of the rainforest. We fit our sampling models

to the canopy and ground data sets, and compare our species richness estimates with

estimates obtained from other methods.

Potential directions for future research are discussed in Chapter 7.



10

Chapter 2

Literature Review and Motivation

for New Species Richness

Estimators

2.1 Introduction

The literature on species richness estimation dates back to the first half of the 20th

century (e.g., Gleason, 1922; Preston, 1948). In this chapter, an overview of the

common sampling models and the resulting estimators are described in Section 2.2.

The key challenges are summarized in Section 2.3. In Section 2.4, we locate our

methodology within the general context of species richness estimation.
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2.2 Sampling Methods and Estimators

In most studies, the types of organisms under study will influence the method of

sampling.

For taxonomic groups of plants or relatively slow-moving animals, it may be fea-

sible to complete an inventory of all individuals in one or more small areas (e.g.,

Plotkin et al., 2000). On the other hand, for taxonomic groups of mobile animal

species, animals may be observed or captured at point locations, or their presence

may be detected as a field observer travels along a transect line. For example, in the

annual North American Breeding Bird Survey (USGS Patuxent Wildlife Research

Center, 2010), observers travel along designated routes on secondary roads; at 0.5-

mile intervals, they record all bird species seen or heard in a 3-minute duration. In

a study of the diversity of moths at the Rothamsted Experimental Station in the

United Kingdom, moths were captured in a light trap (Fisher et al., 1943) situated

in one location for four years.

Bunge and Fitzpatrick (1993) and Chao (2005) reviewed the literature on species

richness estimation. These reviews organize the estimators according to the types of

sampling models that the estimators are derived from. In the following sections, the

sampling models are briefly described and commonly-used estimators resulting from

each sampling model are mentioned.
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2.2.1 Random Sample of Individuals

Suppose a random sample is taken from the population of individuals that reside in

a region of interest. Each sampled individual is identified within its species type,

and the sample size is fixed in advance. If individuals are randomly selected from

the population without replacement, then the sample data can be described with a

multivariate hypergeometric model (Bunge & Fitzpatrick, 1993).

When sampling without replacement from a finite population of known size, an

unbiased estimator exists if the sample size is larger than the regional abundance1

of any single species (Goodman, 1949). Unfortunately, the variance of Goodman’s

estimator is so large that it renders the estimator unusable except for situations

where at least 10% of the population is sampled. If the sample size is less than

the regional abundance of the most abundant species, then no unbiased estimator

exists (Goodman, 1949). Solow (1996) developed a maximum likelihood estimator of

the species richness under the assumption that the species have identical numbers of

individuals in the population. Unfortunately, if the population is large compared to

the sample, then the precision of Solow’s estimator is poor.

If the random sample of individuals is drawn from a population that is several

orders of magnitude larger than the size of the sample, then the effect of sampling

without replacement is negligible and models based on sampling with replacement

provide an adequate approximation.

1The regional abundance of a species is the total number of individual organisms of that species

in the region of interest.
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We let SΩ denote the unknown species richness of the taxonomic group in the

region of interest, and ni represent the number of individuals of species i that occur

in the sample, for i = 1, 2, . . . , SΩ. The size of the sample is n =
∑SΩ

i=1 ni, where ni = 0

implies the absence of species i from the sample; and therefore, its existence within

the population remains unknown. When sampling with replacement, the sample

abundances n1, n2, . . . , nSΩ
have a multinomial distribution where the corresponding

cell probabilities p1, p2, . . . , pSΩ
are equal to the relative abundances2 of the species in

the population. If the species have identical relative abundances, a minimum variance

unbiased estimator exists provided that the sample size n is at least as large as SΩ

(Darroch, 1958). Unfortunately, in ecological applications, it is seldom realistic to

assume equal relative abundances for the species (Bunge & Fitzpatrick, 1993).

In parametric approaches, one can treat the cell probabilities p1, p2, . . . , pSΩ
as

random variables from a probability distribution G, such as the inverse Gaussian

distribution (Sichel, 1986). Using the observable sample abundances, maximum like-

lihood estimation of SΩ and the parameters of the probability distribution G, which

can be viewed as a mixing distribution, can be computed numerically (Sanathanan,

1977).

In Bayesian models, a prior distribution on SΩ is specified (e.g., Solow, 1994). A

prior distribution on the relative abundances of the species can also be specified after

conditioning on the value of the species richness (e.g., Lewins & Joanes, 1984). The

2The relative abundance of a species is the proportion of individuals in the population that belong

to that species.
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prior distribution on the relative abundances may depend on hyperparameters, and

these hyperparameters can have prior distributions in a hierarchical Bayesian model

(Lewins & Joanes, 1984). Point and interval estimates of species richness can be

calculated from the posterior distribution of SΩ (Solow, 1994). It may be possible

to derive the posterior distribution of SΩ analytically when the Bayesian model only

uses the number of species observed in the sample and ignores the information arising

from the sample abundances (Lewins & Joanes, 1984; Solow, 1994). When the sample

abundances are incorporated into the likelihood function, it is typically not possible to

derive an analytic expression for the posterior distribution, and Markov chain Monte

Carlo methods can be used to sample from the joint posterior of SΩ and the other

model parameters (Zhang & Stern, 2005).

Estimates of SΩ are sensitive to the choice of the mixing distribution G in the

parametric likelihood-based setting, and the choice of prior distributions in the para-

metric Bayesian setting. For example, in the likelihood-based approaches, two differ-

ent probability distributions on p1, p2, . . . , pSΩ
may fit the sample abundances equally

well, but lead to significantly different estimates of species richness (Chao, 2005). Link

(2003) gave analytical arguments and examples to illustrate this non-identifiability

problem in the analogous context of estimating the size of an animal population in a

capture-recapture scenario.

Non-parametric estimators of SΩ have been developed for use with a random

sample of individuals, sampled with replacement. Non-parametric estimators avoid

assumptions on the mixing distribution. The non-parametric estimators are based on
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sample statistics approximating the moment properties of the distribution of relative

abundances (e.g., Chao & Lee, 1992).

The number Sobs of species observed in the random sample can itself be used as an

estimate of the region’s species richness (Kéry & Royle, 2008). However, this assumes

that all species in the taxonomic group have been observed in the sample, and Sobs will

be a negatively biased estimate when this assumption is false. Burnham and Overton

(1979) used jackknife techniques to develop a series of non-parametric estimators,

originally developed for estimating the size of an animal population. The sample

abundances of the species can be summarized as frequencies. The frequency fj denotes

the number of species that contribute exactly j individuals to the sample, for j =

1, 2, . . . , J , where J = max(ni) denotes the maximum of the sample abundances. So,

Sobs =
∑J

j=1 fj and n =
∑J

j=1 j · fj. Adapted for a sample of individuals, Burnham

and Overton’s first-order and second-order jackknife estimators are

ŜJack1 = Sobs +
(n− 1)f1

n

and

ŜJack2 = Sobs +
(2n− 3)f1

n
− (n− 2)2f2

n(n− 1)
,

respectively.

Chao (1984) developed a non-parametric estimator,

Ŝ = Sobs +
f 2

1

2f2

(2.1)

derived by considering a lower bound for SΩ. Chao and Lee (1992) developed an

alternative non-parametric estimator that uses all of the observed frequencies, f1, f2,
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f3, . . ., fJ , assuming that the distribution of relative abundances is fully characterized

by their mean and coefficient of variation.

Non-parametric estimators are useful when no prior information on the relative

abundances is available. However, it is not atypical to have populations with a large

number of species and with very small relative abundances. In this case, as discussed

by Engen (1978), the bias of a non-parametric estimator can be unreasonably large,

and in fact, unbounded if the only information available is the observed frequencies

f1, f2, f3, ..., fJ .

2.2.2 Stochastic Abundance Models

In the preceding section, the sample size was assumed fixed. In other scenarios, the

sampling may occur for a pre-specified amount of time, area, or volume of space,

however, the sample size is a random variable. For example, a sample may consist of

all moths caught in a light trap over the course of four consecutive years (Fisher et

al., 1943). Each species contributes a random number of individuals to the sample

according to a stochastic model. The information in the sample can thus be summa-

rized by the sample size n, the number Sobs of species observed, and the frequencies

f1, f2, . . . , fJ .

The Poisson process is commonly used in stochastic abundance models (e.g.,

Fisher et al., 1943; O’Hara, 2005). Indexing the species from 1 to SΩ, individuals

of the ith species enter the sample according to a homogeneous Poisson process with

rate λi, for i = 1, 2, . . . , SΩ.
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When species have equal rates of entering the sample (i.e. λ1 = λ2 = . . . = λSΩ
),

under the Poisson sampling model, the maximum likelihood estimator can be derived

analytically. Darroch and Ratcliff (1980) developed an estimator, Sobs/(1 − f1/n),

and demonstrated that this estimator has high efficiency relative to the MLE derived

assuming equal rates.

More realistically, the species have different rates of entering the sample, and

the Poisson rates λ1, λ2, . . . , λSΩ
are treated as independent random variables from

a mixing distribution G with probability density function g(λ;θ) indexed by θ (e.g.,

Fisher et al., 1943; Kempton & Taylor, 1974). The gamma distribution (Fisher et

al., 1943), lognormal distribution (Bulmer, 1974), inverse-Gaussian distribution (Ord

& Whitmore, 1986) and generalized inverse-Gaussian distribution (Sichel, 1997) have

been suggested as the mixing distribution for the Poisson sampling model. Having

imposed a mixing distribution G on the Poisson rates, the marginal distribution of

the proportion of species appearing r times in the sample is

PG(r;θ) =

∫ ∞
0

e−λλr

r!
g(λ;θ) dλ ,

for r ≥ 0. The likelihood function for the unknown SΩ and parameter vector θ is

L(SΩ,θ) =
SΩ!

(SΩ − Sobs)!
∏

r≥1(fr!)
[PG(0;θ)]SΩ−Sobs

∏
r≥1

[PG(r;θ)]fr . (2.2)

The maximum likelihood estimates of SΩ and θ are calculated numerically (e.g.,

Bulmer, 1974; Ord & Whitmore, 1986; O’Hara, 2005), as the MLE of θ cannot, in

general, be obtained analytically. The MLE of SΩ under the likelihood in Equation
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2.2 can be derived as

ŜΩ =

⌊
Sobs

1− PG(0; θ̂)

⌋
,

where θ̂ is the MLE of θ (Sanathanan, 1977) and the floor function bxc maps a real

number x to the largest integer not greater than x.

An alternative to the Poisson sampling model is the negative binomial sampling

model (O’Hara, 2005). The negative binomial sampling model permits wider variabil-

ity in the sample abundances of a species relative to the expected value, and this sort

of overdispersion is typical. The number of individuals of the ith species that enter

the sample can be treated as a negative binomial random variable with mean rate λi

and dispersion parameter k. O’Hara (2005) used lognormal and gamma probability

distributions for the mixing distribution of the rates λ1, λ2, . . . , λSΩ
on the species.

The parametric maximum likelihood approach can be viewed as an empirical

Bayesian approach if one considers the mixing distribution G to be a prior distri-

bution whose parameters θ are estimated (Chao, 2005). Rodrigues, Milan, and Leite

(2001) described empirical Bayesian and hierarchical Bayesian estimators under the

Poisson sampling model; the Poisson rates had a gamma prior distribution and prior

probability distributions were imposed on the parameters of the gamma distribution.

Rodrigues et al. considered two different prior distributions on SΩ: a prior propor-

tional to (SΩ)−1, and a Poisson prior on SΩ. For the hierarchical Bayesian approach,

Rodrigues et al.estimated the posterior distribution of SΩ using Markov chain Monte

Carlo simulations.

Maximum likelihood estimators and Bayesian estimators in the stochastic abun-
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dance model setting face the same challenges as the estimators based on a random

sample of individuals. Two different candidates for the mixing distribution or the

prior distribution on the rates of species contributing individuals to the sample may

adequately fit the sample data but yield significantly different estimates of species

richness. Furthermore, a good fit to the data does not necessarily imply that the

estimate of SΩ is adequate (Chao, 2005).

Under a Poisson sampling model, if one conditions on the size of the sample,

the sample abundances have a multinomial distribution (Bunge & Fitzpatrick, 1993).

Consequently, the non-parametric estimators from the preceding section can be used.

However, in Section 2.2.1, the sample size n was fixed, so the variance of a non-

parametric estimator will be different under the two sampling models (Chao, 2005).

Norris and Pollock (1998) developed a non-parametric maximum likelihood es-

timator of species richness using a Poisson sampling model. Instead of assuming a

parametric form for the mixing distribution, they used a discrete distribution with a

finite number of support points for the Poisson rates. They employed an EM algo-

rithm to estimate the number of support points, and the values and weights of the

support points. Mao and Lindsay (2004) took finite mixtures of the Poisson sampling

model a step further by looking at samples from multiple regions; one sample was

taken from each region and species were permitted to have different Poisson rates of

entering the samples in the different regions.
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2.2.3 Multiple Bernoulli Samples

In Sections 2.2.1 and 2.2.2, the number of individuals of each species observed in a

sample was recorded. For some sampling methods in ecology, it is difficult to count

the number of individuals of a species. Only the presence or successful detection

of the species is recorded. For example, on a road-side route in the annual North

American Breeding Bird Survey (USGS Patuxent Wildlife Research Center, 2010),

the detection of a bird species can be quickly noted, but accurately determining the

number of individuals of a species requires more effort.

This section considers multiple observation or sampling sessions where only the

detection of species are recorded in each session. The detection of a species in a sam-

pling session can be considered a Bernoulli trial, and the probability of detection may

change with the sampling session and with the species. Each sampling session can be

modelled as consisting of a collection of Bernoulli trials, one for each of the SΩ species.

These multiple Bernoulli sampling models are appropriate for taxonomic groups of

mobile species where it may be difficult to acquire accurate counts of observed indi-

viduals of each species during the sampling sessions. Records of detection can also

be obtained from some sampling methods (e.g., quadrat sampling – inspecting sev-

eral congruent plots) of surveying plants and terrestrial and aquatic organisms that

are slow-moving relative to the pace of sampling (e.g., Ugland, Gray, and Ellingsen,

2003).

The class of estimators based on multiple Bernoulli samples originates from re-
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search on the estimation of the size of animal populations (e.g., Burnham & Overton,

1979). In mark-capture-recapture studies, animals of one species are caught, marked

for identification and released in a series of capture periods. The records of capture

for all the animals captured at least once are used to estimate the total number of

animals in the population. If the series of capture periods takes place over a short in-

terval of time, then the population may be assumed to be closed3 in order to simplify

the analysis.

Under the assumption of a closed population, the simplest multiple Bernoulli

model, M0, treats all the animals as having identical probabilities of capture and this

common probability of capture for the individuals is used for each sampling session.

More sophisticated closed-population models (e.g., Otis et al., 1978) allow capture

probabilities to vary with the sampling sessions, to vary by behavioural response to

capture, and/or to vary by individual animal. For example, in the model Mh, the

capture probabilities are permitted to vary among the individuals, but an individual

has the same capture probability in each sampling session.

Returning now to the issue of estimating the total number of species based on

the records of detection from multiple sampling sessions, a species is detected or

captured in a sampling session when at least one specimen of the species is detected

in the sampling session. The taxonomic group of species in the region is treated as

a closed population for the duration of the sampling sessions. In other words, it is

3For the duration of the capture periods, the population does not change; there is no migration

and no births or deaths.
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assumed that the species composition in the region does not change (i.e., no losses or

additions of species) during the period of sampling.

The probability of the occurrence and successful detection of a species during

a sampling session can be expressed as the probability of occurrence in the area

or volume of space under going sampling multiplied by the conditional probability

of being detected in the sampling session given that the species is present. In the

following discussion, the term “probability of detection” refers to the probability of

the occurrence and successful detection of a species during a sampling session. The

probability of detection of a species depends on several factors including the regional

abundance of the species, its spatial distribution of individuals across the region, its

biological characteristics (e.g., size, colouring, vocalizations, etc.), and the ability of

the field observers (Boulinier et al., 1998).

With the simplest capture-recapture model M0, all species in all sampling sessions

are treated as having the same probability of being detected. Under model M0, the

maximum likelihood estimator of SΩ does not have a closed-form expression, and is

computed numerically.

In some species assemblages such as tropical ants and other insect groups, some

species will have large regional abundances but many other species will be scarce (Mao

& Colwell, 2005). As a result, the abundant species tend to be detected in nearly all

sampling sessions; whereas, many rare species will only be detected in a handful of

sampling sessions, if at all. Under these circumstances, when relative abundances are

unequal, using estimators derived from M0 will result in negatively biased estimators
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(Boulinier et al., 1998). Thus, estimators based on a more elaborate model (e.g., Mh)

are appropriate.

In the context of species richness estimation, the Mh model permits species to

have different probabilities of being detected. The probability of detection of a species

under the Mh model remains the same for each sampling session. We suppose that

there are τ sampling sessions, and that a species may be detected in 0, 1, 2, . . .,

τ − 1, or τ sampling sessions. The number of sampling sessions in which a species is

captured, under appropriate assumptions, is a binomial random variable.

Under Mh, Yip (1991) proposed a class of parametric estimators based on a beta

distribution to model the probabilities of detection of the species, and Martingale

theory to derive an estimating equation for species richness.

Dupuis and Joachim (2006) explored a Bayesian approach to estimating species

richness using the detection history of species in a random sample of quadrats. Do-

razio et al. (2006) and Royle, Dorazio, and Link (2007) also developed a Bayesian

approach; their sampling protocol requires multiple sites, each to be visited a fixed

number of times, and the detection of species recorded on each visit. The resulting

replication arising from repeated visits allow for the modelling of the probability of

occurrence of a species in a site and the probability of its detection given occurrence.

Rather than directly impose a prior distribution on the species richness SΩ, Dupuis

and Joachim (2006), Dorazio et al. (2006) and Royle et al. (2007) view the number

of species in the region as being a subset of a larger collection of species, where the

number of species in this larger collection is known.
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Burnham and Overton (1979) developed a family of non-parametric jackknife es-

timators for the Mh model. Based on the original estimator being the total number of

species observed, they developed the kth order jackknife estimators, for k = 1, 2, . . . , τ

where τ is the total number of capture periods or sampling sessions. Non-parametric

estimators from other sampling models, like Chao’s estimator presented in Equation

2.1, have been adapted for detection history data (Chao, 1987).

2.2.4 Species-Area Curves and Species-Accumulation Curves

A positive relationship between the area of a site and the number of species in the

site is common (Arrhenius, 1921; Gleason, 1922). These relationships have been

studied for different groups of organisms and subsequently have been modelled with

mathematical equations. One purpose of modelling the relationship is to estimate

the total number of species in the region where the surveyed sites are situated (e.g.,

Palmer, 1990; Grassle and Maciolek, 1992).

This section introduces this approach, also called species-area curves and species-

accumulation curves. The curves model the relationship between the number of

species observed and the corresponding sampling effort. The sample abundances

of the species do not need to be recorded; only the detection of the species in the

sites or sampling units is used.
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Species-Area Curves

When sites of different areas are surveyed, the numbers of species found in the sites

can be plotted against the areas of the sites. A mathematical equation fit to the

resulting species-area graph is called a species-area curve. A species-area curve is a

monotonically increasing function of the area of sites. The power equation S(A) =

c1A
c2 was the first mathematical description of a species-area curve (Arrhenius, 1921);

S(A) represents the mean or expected value of the number of species found in random

sites with area A, and c1 and c2 are positive constants. Gleason (1922) proposed using

an exponential equation S(A) = c3 + c4 · ln(A) for the species-area curve, where c3

and c4 are constants. Arrhenius and Gleason both suggested empirical support for

the power and exponential species-area curves, respectively.

The species-area curve should have a sigmoidal shape when the region has a fixed

number of species whose individuals are independently and randomly distributed

across the region (He & Legendre, 1996). He and Legendre (1996) related the expo-

nential, power, and logistic equations in a general model for the relationship between

the number of species and the area. The fit of the power, exponential, logistic, and

other curves depends on the interval of values for A and the scales of variation in the

environment (He & Legendre, 1996; Gurevitch et al., 2002).

After fitting a curve to the species-area data, the horizontal asymptote of the

curve is the estimate of the region’s species richness. For curves that do not have a

horizontal asymptote (e.g., the power and exponential equations), the estimate of the
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region’s species richness is the value of S(A) corresponding to the region.

The species-area graph is sensitive to the way in which the data are gathered. The

species-area graph will tend to increase faster if separate sites are used rather than

neighbouring or nested sites as the species composition will generally be more similar

in neighbouring and nested sites, compared with sites that are separated from each

other (Palmer, 1990).

Different models of the relative abundance and spatial patterns of the species can

result in the same species-area curve. For example, He and Legendre (1996) and Harte

et al. (1999) discussed two different models that both result in a power equation for

the species-area curve.

Species-Accumulation Curves

Depending on the sampling method, the sampling effort may be measured by the

number of specimens captured, the number of quadrats that have been surveyed, the

amount of area that has been examined, the volume of soil/sediment/water that has

been screened, the number of hours of observation, and so on. In addition, the iden-

tification of new species is recorded when they are first observed. The accumulation

of species can be considered alongside the amount of sampling effort. The resulting

curves, called species-accumulation curves, can be fit to the graph of the accumulated

number of species versus sampling effort.

Like the species-area curves, the species-accumulation curves can be used to esti-

mate the number of species in a region. Species-accumulation curves can be applied
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to many sampling schemes (Chao, 2005), including a random sample of individuals

or the detection history of species from multiple sampling sessions.

At least nine species-accumulation curves have been used in the past (Flather,

1996) including the power, exponential and logistic equations mentioned in the pre-

vious discussion on species-area curves. Two other common species-accumulation

curves are the Michaelis-Menten equation and the negative exponential equation

(Colwell & Coddington, 1994). Let S(t) represent the expected number of species

accumulated after t units of sampling effort. The Michaelis-Menten equation is

S(t) =
SΩ · t
c5 + t

,

where c5 is a positive constant. The negative exponential equation can be expressed

as

S(t) = SΩ ·
(
1− e−c6t

)
,

where c6 is a positive constant.

When a mathematical curve is fit to the species-accumulation graph (e.g., using

least squares), the estimate of the region’s species richness is obtained as the horizontal

asymptote of the curve. For curves without horizontal asymptotes, if T units of

sampling effort would acquire the entire population, then the species-accumulation

curve is evaluated at t = T to estimate the total number of species in the region.

The order in which sample units are accumulated does affect the species-accumulation

graph (Colwell & Coddington, 1994). To avoid the order having an effect, species-

accumulation graphs can be generated for all or a large number of random orderings
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of the sampling units. The mean number of species observed can then be computed

at each value t of sampling effort.

Estimating species richness from species-area curves and species-accumulation

curves suffer from several related problems (Chao, 2005). Although a curve may

fit the data well, the estimate of species richness in the region is beyond the range

of the available sample data, and hence, an extrapolation. If the amount of sam-

pling is insufficient to reveal an asymptote in the graph, then different curves may

adequately fit the sample data, but produce significantly different estimates (Chao,

2005). The expected shape of a species-accumulation graph depends upon the rela-

tive abundances of the species (Colwell & Coddington, 1994) and the spatial patterns

of the species (He & Legendre, 2002) in situations where the sampling effort has a

spatial component. In addition, the variance of an extrapolated estimate of species

richness obtained from a species-accumulation curve cannot be justified without mak-

ing assumptions about the organisms under study, such as their relative abundances

and spatial patterns (Chao, 2005).

Bunge and Fitzpatrick (1993) suggested that rather than curve-fitting, more ef-

ficient estimators would result from explicitly using the parametric statistical model

that these curves are derived from. This also allows for formal statistical inference.
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2.3 Challenges

Ideally, a description of the species diversity of a taxonomic group would include

the species richness, a list of all species in the group, the relative abundances of the

species and their spatial distributions across the region of interest. However, due

to constraints on time and resources, field surveys usually cover less than 1% of the

region of interest (Chiarucci et al., 2003). The relative abundances of the species in

the region are unknown, aside from the information gathered during sampling. In

addition, as the true species richness is seldom known, the actual bias of any estimate

of species richness, in real applications, is difficult to assess (O’Hara, 2005).

The parametric approaches to species richness estimation require simultaneous

inference on the relative abundances (or equivalently, the regional abundances) of the

species. However, with a small sample, inference is difficult, particularly in the lower

tail of the distribution of relative abundances. Species that have the smallest relative

abundances tend to appear infrequently, if at all, in the sample. Different choices for

the distribution of relative abundances can lead to significantly different estimates of

species richness (Chao, 2005).

The estimators in Section 2.2.1 of this chapter assume that the data are from a

random sample of individuals. In ecology, sampling usually occurs at one or more

spatial locations in the region (e.g., light traps for capturing moths – Kempton &

Taylor, 1974; observation points at regular intervals on routes in the North Amer-

ican Breeding Bird Survey – USGS Patuxent Wildlife Research Center, 2010). As
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a result, individuals that are closer to the sampling locations are more likely to be

included in the sample. Consequently, the spatial distribution of each species should

be considered, because individuals of a species tend not to be completely randomly

distributed (He & Legendre, 2002) and the aggregation of con-specific4 individuals

does affect species richness estimators (Chao et al., 2009).

If sampling is conducted at multiple locations in a region, locations that are in close

proximity will have observations that exhibit spatial autocorrelation5. Dormann et al.

(2007) discussed methods to account for the spatial autocorrelation. The application

of these methods has so far been limited to the species observed in the field study.

Given the group of species that were observed in the initial sampling effort, the

number of these observed species to occur in other parts of the region is predicted

using covariates such as vegetation indices, topography, and satellite imagery (Luoto

et al., 2004; St-Louis et al., 2009).

Due to the difficulties with making inference about the relative abundances and

spatial distributions of the species, one may settle for lower and upper bounds on the

species richness in a region. The number, Sobs, of species observed in the sample is a

strict lower bound on the species richness. Chao’s (1984) non-parametric estimator

was designed to be a lower bound. Determining an upper bound on species richness

is more difficult. Without making an assumption about the parametric form of the

distribution of relative abundances, one cannot exclude the possibility of a very large

4con-specific means belonging to the same species
5Spatial autocorrelation is an increasing lack of independence between observations as the dis-

tance between the observations decreases.
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number of species with very small relative abundances in the population (Harris,

1959). Mao and Lindsay (2007) showed that non-parametric approaches may suffer

from confidence intervals with unbounded upper limits, in some cases.

2.4 Rationale for New Estimators

When abundance-based data is acquired from multiple sampling units of identical

shape and size such as plots of land, one or more of the three following methods have

been used to work with the data:

1. An estimate of species richness is computed based solely on the sample abun-

dances within a single sampling unit. This is repeated for each sampling unit.

These separate estimates do not take advantage of the data from the other sam-

pling units, and therefore the estimates are imprecise (Kéry & Royle, 2008).

2. The abundance-based data from all sampling units are pooled together and

treated as one large sample. For each species, its sample abundances are

summed over the sampling units. Estimators designed for a single sample of

individuals can then be applied. However, combining all the observations to-

gether loses the information specific to each sampling unit in the process (Kéry

& Royle, 2008).

3. The data is reduced to detection histories for the species (e.g., Ugland et al.,

2003; Lindo & Winchester, 2006). For each species observed during sampling, it
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is detected in a sampling unit if its sample abundance is greater than zero for the

sampling unit. Estimation methods based on multiple Bernoulli models and/or

species-accumulation curves are applied to the detection histories. Reducing

the abundance-based data to detection histories makes use of some, but not all

of the information from the sampling units.

These existing approaches do not make full use of abundance-based data acquired

from multiple sampling units randomly distributed within one region.

Chao et al.(2000) and Chao, Shen and Hwang (2006) developed estimators for the

number of species shared in common between two communities. Pan, Chao, and Foiss-

ner (2009) developed an estimator of a lower bound on the number of species shared

in common among a set of multiple communities. These methods assume that one

sample of individuals is obtained from each community, and individuals are assumed

to be randomly sampled with replacement. The abundance-based data in a sample

was treated as having a multinomial distribution. These “multiple community” esti-

mators could be applied to multiple samples taken from a single community. Under

the corresponding multinomial sampling models, if a species has the same multino-

mial cell probability associated with each sample, then the samples could be pooled

together to form one large sample. Estimators based on a single random sample of

individuals (e.g., estimators from Section 2.2.1) could then be used instead of the

estimators proposed by Chao et al. (2000, 2006) and Pan et al. (2009). Unfortunately,

the resulting multi-sample estimators offer no advantage over estimators based on a

single sample, when all samples are drawn from only one community.
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Mao and Lindsay (2004) proposed a non-parametric maximum likelihood estima-

tor of the total number of species that exist in a collection of communities. One

sample is gathered from each community. A species contributes individuals to a sam-

ple according to a Poisson process, and the rate of the Poisson process is permitted

to vary for this species across the different communities. One might consider ap-

plying Mao and Lindsay’s estimator to multiple samples taken from one community.

In that case, a given species has the same Poisson rate associated with each sam-

ple. The samples can be combined together to form a single sample, and the single

sample Poisson models (e.g., Section 2.2.2) would be applicable. Under the Poisson

and multinomial sampling models, using multiple samples from the same community

offers no advantage over a single sample of comparable size.

We have discussed how current species richness estimation methods would need to

combine or simplify the abundance-based data from the multiple sites, and therefore,

the existing methods lose some or all of the site-specific information. Given the sparse

sampling that is typical in most studies, such information loss is undesirable.

Estimating species richness using multiple samples from a single community is an

open area of research (Bunge & Barger, 2009). In the next chapter, we develop a

stochastic abundance model for such data and discuss likelihood-based inference.
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Chapter 3

A Negative Binomial-Exponential

Mixture Model

In this chapter, a new parametric maximum likelihood estimator of species richness

is developed. The estimator relies upon abundance-based data gathered from the

examination of spatial-based sampling units randomly located within the region of

interest.

A previous attempt to estimate species richness using a grid of contiguous sam-

pling units is outlined in Section 3.1. The difficulties encountered with this initial

attempt prompted a change in the sampling method and the rigorous development of

a statistical sampling model. In Section 3.2, we explain the rationale for the negative

binomial distribution and we also discuss probability distributions for approximating

the distribution of regional abundances. Subsequent sections present the hierarchical

negative binomial model and develop likelihood-based inference for this model.
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3.1 Initial attempt: Observations from a Grid of

Quadrats in One Site

Picard, Karembé and Birnbaum (2004) developed a species richness estimator that

explicitly incorporated the spatial patterns of the species observed in a study site.

Their method required the spatial coordinates of each specimen in the site. We at-

tempted to modify their estimator to apply to data with a coarser resolution of spatial

information (i.e., abundance-based data from quadrats that form a grid, covering the

site). A major difficulty with this modified estimator was the development of formal

inference on the sampling distribution of the estimator.

3.1.1 PKB’s method for species richness estimation

Picard, Karembé and Birnbaum (PKB) were interested in estimating the number of

woody plant species in a tree savanna in Mali. The field observations consisted of a

census of a 0.5-hectare site. All plant specimens with a base girth greater than 10 cm

were assumed to be detected and correctly identified in the census.

PKB’s estimation method was based on three steps. In the first step, PKB anal-

ysed the spatial point pattern1 of each species observed in a 0.5-hectare site using

Ripley’s K-function (Ripley, 1981). For a species that exhibited completely random

spatial patterns, its spatial distribution was modelled by a homogeneous Poisson point

1The spatial point pattern of a species is the set of coordinates denoting the locations of all

observed individuals of the species in the study site.
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process. A Matérn point process2 was used to model the point pattern of each species

that exhibited spatial aggregation. For species not observed in the site, PKB assumed

they had random spatial patterns modelled by homogeneous Poisson point processes.

PKB assumed that a model of the spatial distribution of a species extends to

similar habitat in the tree savanna beyond the study site. In addition, it was assumed

that the species are mutually independent, so that the parameters of a point process

model can be estimated for a species without accounting for dependence on other

species.

The second step involved inference on the spatial densities3 of the woody plant

species. PKB ranked the sample spatial densities4 of the species found in the study

site from largest to smallest. They fit a geometric series to the ranked sample spatial

densities. For the species absent from the study site, PKB extrapolated the geometric

series for the spatial densities of the species absent from the site, assuming they would

have the smallest spatial densities of all species.

2A Matérn point process (Stoyan & Stoyan, 1994) is a model for the construction of one type of

aggregated point pattern. A set of discs of radius R are distributed randomly in a two-dimensional

plane according to a homogeneous Poisson process with spatial density ω. Points are independently

and uniformly distributed inside the discs. The number of points associated with each disc is an

independent Poisson random variable with mean λ. The collection of points created from the Matérn

point process is an instance of a point pattern.
3The spatial density of a species refers to its average number of individuals per unit area. The

spatial density of a species is equal to its regional abundance divided by the area of the region.
4The sample spatial density of a species is the total number of individuals of a species in the

study site divided by the area of the site.
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Given a point process model and an estimated spatial density of a species, the

third step estimated the probability of the species occurring in a disc-shaped area

of any size. If a new site labelled A is the same size and shape as the original 0.5-

hectare study site, the expected number, E(SA), of species in A should be close to the

number, Sobs, of species observed in the original study site. Using the point process

models and estimated spatial densities for all species, PKB determined the number

S̃Ω of species in the region needed for E(SA) to equal Sobs.

3.1.2 Modifying PKB’s Estimation Method

The steps of PKB’s estimation method were modified to accommodate a change in

the format of the data. Rather than require the spatial coordinates of all individuals

observed in a study site, the rectangular-shaped site is partitioned into a grid of

uniformly-sized contiguous square quadrats, such that the quadrats form rows and

columns parallel with the sides of the site. In each quadrat, the sample abundances of

the species are recorded. This change in data format is applicable to scenarios where

it is not possible to specify the precise spatial coordinates of individuals.

In the first step of the modified estimation method, a separate spatial analysis

is performed for each observed species. The spatial analysis uses an agglomerative

method (Greig-Smith, 1952) on the sample abundances in the grid of quadrats and

a randomization test (Cressie, 1993) to detect significant spatial aggregation. Like

PKB, we use homogeneous Poisson point processes and Matérn point processes to

model random and aggregated spatial distributions, respectively. We also assumed



38

species absent from the site had completely random spatial distributions.

In the second step, we use the sample spatial densities of the species as estimates of

their true spatial densities. For inference on the spatial densities of the species absent

from the site, we pooled the sample abundances from the quadrats together. Then,

treating the spatial densities of the species as arising from a lognormal distribution,

we fit a lognormal-mixed Poisson sampling model (see Kempton & Taylor, 1974) to

the single sample of abundance data in the site. In the third step, we estimate the

number of species in the region in a similar manner as PKB.

We investigated the use of a first-order jackknife resampling method (Cox & Hink-

ley, 1974) to reduce the bias of our estimator and to construct confidence intervals

for the species richness. We tested our modified PKB estimation method in two sce-

narios. In the first scenario, fifty replicate data sets were constructed. In each data

set, the species had completely random spatial patterns; the spatial densities of the

species were randomly generated from a lognormal distribution. The modified PKB

method consistently overestimated the species richness. Interestingly, the jackknife

resampling method actually increased the bias and the variance of the species rich-

ness estimates and produced confidence intervals whose coverage probabilities did not

come close to meeting the nominal coverage level. A single-sample maximum likeli-

hood estimator based on a lognormal-mixed Poisson sampling model outperformed

the modified PKB method with little bias and comparable variance.

In the second scenario, fifty replicate data sets were constructed. In each data

set, each species had an aggregated spatial pattern generated from a Matérn point
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process; the spatial densities of the species were randomly generated from a lognor-

mal distribution. In this scenario, the modified PKB method had smaller bias and

MSE than the MLE from the lognormal-mixed Poisson sampling model; however, the

jackknife resampling still did not reduce the bias of the modified PKB estimates.

Investigation into the poor performance of the jackknife resampling revealed that

the assumption of normality of the jackknife pseudo-values (Cox & Hinkley, 1974)

was not satisfied.

A general observation in ecology is that as the distance between locations shrinks,

the similarity in observations between the locations tends to increase (Dormann et

al., 2007). The presence of this spatial autocorrelation implies that observations in

neighbouring quadrats should not be treated as independent. The lack of indepen-

dence makes inference on the species richness difficult when using a grid of contiguous

quadrats.

The multiple steps in the estimation method and the likely presence of spatial au-

tocorrelation make it difficult to find a satisfactory method of estimating the variance

of the modified PKB estimator, and producing reliable confidence intervals for species

richness. Our approach also requires the estimation of a large number of parameters

in the process of estimating the species richness. The method fits separate point

process models to the observed species. Therefore, the total number of parameters

used in the estimation of SΩ is proportional to the number of species observed.

The difficulties with this initial attempt motivated the development of a species

richness estimator that is described in the remainder of this chapter. Like S̃Ω, the new
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estimator uses abundance-based data acquired from the inspection of spatial-based

sampling units. However, the sampling units are assumed randomly located in the

region (i.e., not adjacent to each other) to minimize spatial autocorrelation.

3.2 Candidates for the Statistical Sampling Model

The new estimator of species richness is developed for the study of multiple randomly-

placed spatial-based sampling units within the region of interest. The sampling units

are assumed to have identical shape and size (e.g., a two-dimensional square quadrat,

or a fixed volume of substrate). The sampling units are also assumed to be sufficiently

far apart as to not overlap. As well, the spatial autocorrelation between sampling

units is assumed to be negligible such that observations between sampling units can

be treated as independent. Observers conduct a study of each sampling unit for

organisms from the taxonomic group of interest. Each specimen is identified to its

species type. The number of individuals (i.e., sample abundance) of each species

observed in a sampling unit is recorded.

Our development of a statistical model for the sample abundances of species in the

sampling units has two stages. In the first stage, a number of probability distributions

are considered for modelling the number of individuals of a species to occur in a

sampling unit. The second stage explores models for the distribution of the regional

abundances and this is a mixing distribution.
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3.2.1 Modelling the Aggregation of Con-specific Individuals

The sampling units are randomly sampled without replacement from the region. How-

ever, the region is assumed to be large enough that the observations between sampling

units are considered to be roughly independent. In addition, the spatial distribution

of a species is assumed to be consistent across the region; that is, a species exhibits

the same spatial pattern everywhere in the region.

If a species has a completely random spatial pattern where individuals are in-

dependently and randomly placed in the region, the number of its individuals that

occur in a sampling unit will have a binomial distribution. The binomial distribution

could be approximated with a Poisson distribution when the sampling unit is a small

fraction of the entire region (Plotkin & Muller-Landau, 2002).

A problem with the use of a Poisson distribution arises from the fact that indi-

viduals of a species tend to occur in clusters or patches in nature. This tendency

toward spatial aggregation has been observed for many types of organisms including

crustaceans, insects, fish, birds, orchids (Taylor, Woiwood & Perry, 1978) and woody

plants (Condit et al., 2000). As a result, the sample abundances of a species obtained

from a random sample of sampling units will tend to have a sample variance that is

larger than the sample mean, making the Poisson assumption untenable.

Discrete probability distributions with variances larger than their means can be

constructed from mixtures of Poisson distributions. For example, if the mean of the

Poisson distribution is itself treated as a random variable with a gamma distribu-
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tion, then the resulting gamma-mixed Poisson model, more commonly known as the

negative binomial distribution, allows for overdispersion. The lognormal distribution

(Cassie, 1962) and generalized inverse Gaussian distribution (Sichel, 1975) can also

be used as continuous mixing distributions on the Poisson mean. However, the re-

sulting lognormal-Poisson mixture and generalized inverse Gaussian-Poisson mixture

have more complicated probability mass functions than that of the negative binomial

distribution, which has a closed-form expression.

Several discrete probability distributions have been used to model the sample

abundance of a species when its individuals exhibit spatial aggregation. The Thomas

(Thomas, 1949), Neyman Type A (Neyman, 1939), Pólya-Aeppli (Pólya, 1930) and

negative binomial distributions arise when modelling individuals as occurring in clus-

ters such that the clusters are distributed across the region according to a homo-

geneous Poisson process. In the Thomas and Neyman Type A distributions, the

number of individuals in a cluster has a Poisson distribution. In the Pólya-Aeppli

distribution, the number of individuals in a cluster has a geometric distribution. The

negative binomial distribution arises when the number of individuals in a cluster has

a logarithmic distribution (Elliott, 1977). Several other processes result in a negative

binomial distribution (Johnson, Kotz & Kemp, 1993), suggesting that the negative

binomial distribution provides a general model of sample abundances for a variety of

aggregated spatial distributions (Gaston et al., 2006).

Through simulations, Pielou (1957) found the Neyman Type A and Thomas dis-

tributions to be inadequate for modelling the sample abundances of a species unless
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the individuals formed very tight clusters which would lie entirely inside or outside

a sampling unit. Martin and Katti (1965) found the Neyman Type A and negative

binomial distributions to be widely applicable to 35 data sets from a variety of organ-

isms that exhibited spatial aggregation. The Pólya-Aeppli distribution has a rather

complicated probability mass function involving the confluent hypergeometric func-

tion. Furthermore, the Pólya-Aeppli distribution originates from a specialized set of

circumstances and is not as widely applicable as the negative binomial distribution

(Elliott, 1977).

Taylor’s Power Law covers a wider range of spatial distributions for the individuals

of a species than the negative binomial model (Elliott, 1977). In Taylor’s Power Law

(Taylor, 1961), the variance σ2 of the numbers of individuals of a species appearing

in the sampling units is a power function of the mean µ: σ2 = aµb where a and b

are real numbers with a > 0. This common empirical relationship corresponds to

the Tweedie family of probability distributions (Dunn & Smyth, 2005) for values of b

outside the interval (0, 1). Unfortunately, closed-form expressions of the probability

functions for Tweedie distributions only exist for b = 0, 1, 2, and 3, resulting in the

Gaussian distribution, Poisson distribution (when a = 1), gamma distribution and

the inverse Gaussian distribution, respectively (Dunn & Smyth, 2005). Furthermore,

the Gaussian, gamma and inverse Gaussian distributions are continuous probability

distributions which excludes them from consideration for modelling the integer-valued

sample abundances.

The spatial pattern of a species can have multiple scales and the pattern may
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not be consistent across the region under study. Changing the size or shape of the

spatial-based sampling units can change the fit of a model (Greig-Smith, 1983). There

is no single probability distribution that will be appropriate in all situations for all

species. Nevertheless, if we assume the spatial pattern of a species is approximately

consistent across the region, then modelling the sample abundances of a species in

uniformly-shaped sampling units is still useful for inferential purposes (Krebs, 1999).

We choose the negative binomial distribution to model the sample abundances

of a species in the sampling units because of its wide approximation to the spatial

distributions of species (Martin & Katti, 1965; Elliott, 1977; Gaston et al., 2006). The

negative binomial distribution also has a relatively simple probability mass function

compared with the other probability distributions under consideration, which will

reduce the time and complexity required to complete numerical computations such

as the maximization of the log-likelihood function in Section 3.5.

3.2.2 Distribution of Regional Abundances of the Species

A species with a large regional abundance (number of individuals of the species in

the region of interest) will have a higher average number of individuals in the sam-

pling units than a species with a small regional abundance. Thus, the mean number

of individuals a species contributes to a sampling unit will depend on the regional

abundance of the species. As the second stage in developing a statistical sampling

model for the observations in the sampling units, this section explores probability dis-

tributions for modelling the distribution of regional abundances of the species. These
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probability distributions represent mixing distributions on the mean of the negative

binomial model.

The regional abundances of the species are discrete positive integers. However,

for the sake of computations, it is easier to use a continuous probability distribution

to approximate the distribution of regional abundances (Kempton & Taylor, 1974).

Kempton and Taylor argued that a continuous probability distribution is an ade-

quate approximation because “the range of abundances is normally large, and the

probability of any species having a given abundance correspondingly small.”

Candidate probability distributions for the regional abundances have been pro-

posed based on empirical field studies, ecological theories and statistical sampling

theory.

The lognormal distribution fits a large number of data sets (Diserud & Engen,

2000); however, it has been shown to fit poorly in some applications (Diserud &

Engen, 2000). Some ecological theories, such as the sequential broken-stick niche-

partitioning model (Bulmer, 1974) using the central limit theorem (May, 1975), sup-

port the lognormal distribution. The lognormal distribution also arises from some

stochastic abundance models of population dynamics (e.g., Engen and Lande, 1996a).

The gamma distribution was first used by Fisher (Fisher et al., 1943) and fits

reasonably well with several data sets (Kempton & Wedderburn, 1978). It, too, can

result in a poor fit for some data sets (Diserud & Engen, 2000). Engen and Lande

(1996b) developed a stochastic abundance model for the regional abundances which

results in a gamma distribution.
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The inverse Gaussian distribution (Ord & Whitmore, 1986), generalized inverse

Gaussian distribution (Sichel, 1997) and other positively skewed probability distribu-

tions have also been considered such as the Pareto distribution and finite mixtures

of exponential distributions (Bunge & Barger, 2008). Hubbell (2001) and others (see

McGill, Maurer, and Weiser, 2006) have proposed zero-sum multinomial distributions

derived under neutral theories5 of biodiversity.

There is no consensus in empirical studies and ecological theories on the choice

of probability distribution to model the regional abundances of species (Williamson

& Gaston, 2005; McGill et al., 2006; Bunge & Barger, 2008). Different probability

distributions for the regional abundances may adequately fit a given sample of ob-

servations, but they can lead to significantly different estimates of species richness

(Norris & Pollock, 1998; Chao, 2005).

We used the lognormal distribution in earlier work with our modified version of

PKB’s estimation method. However, we encountered numerical difficulties when the

sample contained species with sample abundances exceeding 160, although Bulmer’s

(1974) approximation was helpful when using a Poisson sampling model. Bunge and

Barger (2008, 2009) have noted that the lognormal, generalized inverse Gaussian,

and Pareto distributions present computational difficulties that require numerical

approximations when used with a Poisson sampling model.

We attempted to use the gamma distribution to model the distribution of re-

5Neutral theories propose that all individuals of all species in a taxonomic group have identical

per capita rates of birth, death, dispersal, and speciation.
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gional abundances. However, testing on some data sets revealed numerical difficulties

when using the gamma distribution. We explain the numerical difficulties in Section

3.4.1 after the abundance-based sampling model is introduced in Section 3.4. As

a simplification, we implemented an exponential distribution (i.e., fixing the gamma

distribution’s shape parameter equal to one) as a model of the distribution of regional

abundances. No numerical problems were encountered when using the exponential

distribution in initial tests, and we use the exponential distribution as a model of the

distribution of regional abundances.

3.3 Assumptions

The assumptions involve the data collection, the spatial patterns of the species, and

the interaction between species.

A1 Uniform sampling effort

The sampling units are assumed to have identical shape and dimensions. The

total number of individuals expected to occur in the sampling units will be

approximately equal.

A2 Sampling units contain independent sets of observations

The sampling units are assumed to have been randomly located in a region that

is very large relative to the size of the sampling units. It is also assumed that

the boundaries of the sampling units do not intersect each other. With sufficient

distance between sampling units, spatial autocorrelation between sampling units
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will be negligible. Therefore, the sampling units will be treated as independent.

A3 Closed Population

Over a short period of time, each sampling unit is thoroughly examined for all

individuals that are in the desired taxonomic group. The total time to conduct

the study is assumed to be sufficiently short such that, during the study, no

new species enter the region nor does any existing species disappear from the

region.

A4 100% Probability of Detection and Correct Identification

In the following developments, it will be assumed that all individuals that occur

in a sampling unit are detected and correctly identified to their species types.

In ecological studies, the probability of detecting an individual may depend on a

number of factors such as the physical characteristics of the species, the season

or time of year, and the skill of the observer (e.g., North American Breeding

Bird Survey, USGS Patuxent Wildlife Research Center, 2010). Without the

assumption of 100% probability of detection, multiple visits to each sampling

unit would be required in order to model both the occurrence and the detection

of species (Dorazio & Royle, 2005). The 100% probability of detection of all

individuals in a sampling unit may be close to being met for organisms that are

immobile and easily visible to observers, such as the woody plant specimens with

a base girth of 10 cm in the 0.5-hectare site in Mali (Picard et al., 2004). The

assumption may also be reasonable when the entire contents of the sampling
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units are extracted (e.g., samples of soil or marine substrate) and taken to a

laboratory for careful sorting and inventory. If a detected organism belongs to

a species that is new to science, then it is assumed the organism is correctly

distinguished from the existing list of known species and any future individuals

of the new species are correctly identified.

A5 Species are mutually independent

We assume that the spatial distribution of one species is independent of all

other species. This assumption is not realistic as two organisms cannot occupy

the same physical space. Furthermore, in nature, some species tend to occur

together and other species do not – these associations may be the result of direct

interactions between species, or an indirect result as the species respond to en-

vironmental conditions (Dormann et al., 2007). Because there are usually tens

or hundreds of species in the taxonomic group, it would be challenging to model

these inter-species interactions. To keep the work analytically tractable, esti-

mators of species richness usually assume the species are mutually independent

(Dorea & Mingoti, 2006), and this is a simplifying assumption.

A6 Spatial distributions of species are stationary

For each species, the spatial distribution of its individuals is assumed to follow

a consistent pattern across the region, and each species has the entire region as

its potential geographic range. These assumptions are common in work with

species-area curves (Picard et al., 2004). They allow the comparison of the
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variation and mean of the con-specific sample abundances among the sampling

units to indicate the tendency of the individuals to cluster.

3.4 Statistical Sampling Model for Abundance-

based Data from Multiple Sampling Units

In a large region with total area Ω containing SΩ species, Q spatial-based sampling

units of identical shape and dimensions have been randomly selected. Over a short

period of time, each sampling unit is thoroughly examined for all individuals that

are in the desired taxonomic group. The number of individuals of the ith species

occurring in the qth sampling unit will be represented by ni,q, for i = 1, 2, . . . , SΩ, and

q = 1, 2, . . . , Q.

Based on the discussion in Section 3.2.1, the number of individuals of a species in

a sampling unit will be modelled as negative binomial random variable. The sampling

units are assumed to be sufficiently far apart that spatial autocorrelation is negligible

and the observations from the Q sampling units are treated as mutually independent.

Assuming the spatial distribution of the ith species is consistent across the region,

its sample abundances ni = 〈ni,1, ni,2, . . . , ni,Q〉
iid∼ Negative Binomial(pi, ki) where

0 < pi < 1 and the dispersion parameter ki > 0. We then have

PNB (ni,q ; ki, pi) =
Γ(ki + ni,q)

Γ(ki) · ni,q!
p
ni,q
i (1− pi)ki ,

for i = 1, 2, . . . , SΩ and q = 1, 2, . . . , Q, where Γ(·) denotes the gamma function.



51

Let v denote the area of a sampling unit divided by the area, Ω, of the region.

Given the regional abundance, Ni, of the ith species, the expected number of its

individuals in a sampling unit is µi = v ·Ni. The negative binomial model for the ith

species can be reparameterized in terms of its mean µi and the dispersion parameter

ki with µi = piki
1−pi . The parameter ki characterizes the overdispersion and can be

interpreted as the strength of the spatial aggregation of a species at the scale of the

size of the sampling units. Values of ki close to zero correspond to strong spatial

aggregation. As ki → ∞, the negative binomial reduces to the Poisson distribution,

and represents a species having a completely random spatial pattern (He & Legendre,

2002). Given µi and ki, we have

PNB (ni,q ; ki, µi) =
Γ(ki + ni,q)

Γ(ki) · ni,q!

(
µi

µi + ki

)ni,q ( ki
µi + ki

)ki
, (3.1)

for ni,q = 0, 1, 2, . . ..

Conditioning on µi and ki, we have

P (ni | ki, µi) =

Q∏
q=1

PNB (ni,q ; ki, µi) . (3.2)

Therefore, the conditional probability of the ith species occurring zero times in each

of Q sampling units (i.e., ni = 0) is

P (0 | ki, µi) =

Q∏
q=1

PNB (0 | ki, µi)

=

Q∏
q=1

{
Γ(ki + 0)

Γ(ki) · 0!

(
µi

µi + ki

)0(
ki

µi + ki

)ki}

=

(
ki

µi + ki

)Qki
, (3.3)
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for i = 1, 2, . . . , SΩ.

Given the data, ki and µi could be estimated by maximizing P (ni | ki, µi) in

Equation 3.2. A problem with this approach arises from the fact that there will be

species in the region that did not occur in any of the sampling units. In this case, a

mean value µi = 0 maximizes the probability of a species occurring zero times in each

sampling unit. That is, to maximize the joint probability in Equation 3.3, a species

has a regional abundance Ni equal to zero, which means the species does not exist

in the region. This would incorrectly suggest that there are no species in the region

other than the ones observed in the sampling units, so that Sobs is the estimate of SΩ.

Rather than fit a separate model for each species, the parameters (k1, µ1), (k2, µ2),

. . ., (kSΩ
, µSΩ

) are treated as a random sample from a continuous bivariate probability

distribution G, having density function g and indexed by θ. Using a mixing distri-

bution to model the variation in the (ki, µi) pairs has a clear advantage over fitting

individual negative binomial distributions to each species. The principal advantage is

that we now allow inference on the species absent from the sampling units based on

the species that are observed in the sampling units. The overall variation in (ki, µi)

is characterized by θ.

The mixing distribution G can be interpreted as a model of the relationship be-

tween the regional abundance (Ni = µi/v) of a species and its tendency to aggregate

(expressed through ki) at spatial scales comparable to the size of the sampling units

(Picard et al., 2004). For example, Condit et al. (2000) describe data sets where the

species with low abundances exhibit a greater tendency for con-specific aggregation
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than the species with large abundances; the mixing distribution G can be chosen to

reflect the negative association between the abundances and the tendencies for spatial

aggregation. In Section 3.4.1, choices for G are discussed.

For simplicity of presentation, the subscript i is dropped when referring to the

negative binomial parameters µi and ki unless necessary. The notation µ and k

will denote the negative binomial parameters of a species, where the pair (k, µ) is

generated from the mixing distribution G.

Having imposed a mixing distribution G on the parameters (k, µ), the marginal

distribution of the proportion of species contributing x, a vector of Q con-specific

sample abundances, is

PG (x ; θ) =

∫ ∞
k=0

∫ ∞
µ=0

P (x | k, µ) · g(k, µ;θ) dµ dk , (3.4)

where P (x | k, µ) is given in Equation 3.2. We note that this marginal distribution

averages over the different (k, µ) in the population: PG (x;θ) = Eg [P (x | k, µ)], so

that, marginally, the expected number of species contributing x to the sampling units

is SΩ · PG (x;θ).

The joint probability mass function expressed in Equation 3.4 is used in the con-

struction of the likelihood function for SΩ and θ.

3.4.1 Mixing Distributions on µ and k

We had concerns about the numerical integration required to compute the multivari-

ate p.m.f. in Equation 3.4, particularly when trying to maximize the logarithm of the
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likelihood function. As a result, we start with a tractable simple distribution, G, for

the negative binomial parameters µ and k associated with the species. We apply a

univariate probability distribution on µ, and fix k at a common value for all species.

The gamma distribution was initially chosen to model the regional abundances.

A gamma distribution on the regional abundances is equivalent also to modeling

µ1, µ2, . . . , µSΩ
as random variables from some other gamma distribution with shape

α and rate β. With the negative binomial parameter k fixed at a common value for

all species, the multivariate p.m.f. in Equation 3.4 becomes

PG (x ; θ) =

∫ ∞
µ=0

P (x | k, µ) · βα

Γ(α)
µα−1e−βµ dµ , (3.5)

where θ = 〈α, β, k〉, α > 0 and β > 0.

This negative binomial sampling model with a gamma mixing distribution on µ

was tested on a small number of realistic data sets. In some cases, in the course of

maximizing the log-likelihood function, the estimates of α were small enough (i.e.,

< 0.01) to cause numerical problems when evaluating the integral in Equation 3.5.

The log-likelihood is maximized also numerically, but this does require the accurate

and reliable computation of many probabilities of the form shown in Equation 3.5.

For small values of α, the gamma distribution places significant mass in the vicinity

of zero, which causes numerical problems. We attempted to approximate the integral

in Equation 3.5, particularly for intervals of µ with a lower endpoint at zero. Despite

some success approximating the integral when x = 0, numerical problems continued

to be encountered when x 6= 0. As a result, the log-likelihood function could not be
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reliably computed.

Instead of using the gamma distribution, we model the means µ1, µ2, . . ., µSΩ
as

i.i.d. draws from an exponential distribution, µi
iid∼ Exponential(β) with rate β > 0.

Keeping the negative binomial parameter k fixed at a common value for all species,

the multivariate p.m.f. is

PG (x ; θ) =

∫ ∞
0

P (x | k, µ) · βe−βµ dµ , (3.6)

where θ = 〈β, k〉.

The value of the negative binomial parameter k will vary between species and also

depend on the size of the sampling units (Plotkin & Muller-Landau, 2002). For now,

the common value of k assumed for all species can be interpreted as a measure of the

overall tendency of the species assemblage to exhibit con-specific spatial aggregation

at the scale of the sampling units.

3.5 Likelihood Function and MLEs

The steps used in the construction of the likelihood function are applicable for any

mixing distributions on (k, µ). Let Sobs represent the total number of species that

are observed at least once in the sampling units. Without loss of generality, the SΩ

species in the region will be indexed with the positive integers 1, 2, . . . , SΩ in a manner

such that the species observed in the sampling units are labelled with the integers

i = 1, 2, . . . , Sobs and the species absent from the sampling units are labelled with the

integers i = Sobs + 1, Sobs + 2, . . . , SΩ, with SΩ itself being unknown.
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Assuming species occur in the sampling units independently of one another, the

marginal probability of Sobs is

P (Sobs | SΩ,θ) =

(
SΩ

Sobs

)
[1− PG (0 ; θ)]Sobs PG(0 ; θ)SΩ−Sobs , (3.7)

where PG(0 ; θ) is obtained from Equation 3.4 as Eg [P (0 | k, µ)], the marginal prob-

ability of absence from the sampling units. The general form of PG(0 ; θ) when (k, µ)

has mixing distribution G with parameter vector θ and density function g is found

using Equation 3.4:

PG (0 ; θ) =

∫ ∞
k=0

∫ ∞
µ=0

P (0 | k, µ) · g(k, µ;θ) dµ dk

=

∫ ∞
k=0

∫ ∞
µ=0

(
k

µ+ k

)Qk
· g(k, µ;θ) dµ dk ,

where P (0 | k, µ) has been expanded on the second line of the equation using Equa-

tion 3.3. For an exponential distribution on µ, and k fixed at a common value for all

species, PG(0 ; θ) is computed using the multivariate p.m.f. in Equation 3.6:

PG (0 ; θ) =

∫ ∞
µ=0

P (0 | k, µ) · βe−βµ dµ

=

∫ ∞
µ=0

(
k

µ+ k

)Qk
· βe−βµ dµ . (3.8)

Given that a species is observed, the marginal probability that it has vector of

sample abundances x is

P (x | x 6= 0) =
PG (x ; θ)

1− PG(0 ; θ)
(3.9)

where PG (x ; θ) is computed with Equation 3.4 for general mixing distributions on

(k, µ), or with Equation 3.6 for the exponential mixing distribution on µ and a com-

mon value of k. Using the assumption that the species are mutually independent,
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the joint probability of n1,n2, . . . ,nSobs
, conditioning on the fact that Sobs species

occurred in the sampling units, is

P (n1,n2, . . . ,nSobs
| Sobs,θ) = c ·

Sobs∏
i=1

PG (ni ; θ)

1− PG(0 ; θ)
, (3.10)

where c is a multinomial coefficient involving Sobs and the number of distinct vectors

among n1,n2, . . . ,nSobs
.

Multiplying the probabilities in Equations 3.7 and 3.10 together gives the marginal

probability of Sobs species occurring in the sampling units and the observed species

having sample abundances n1,n2, . . . ,nSobs
,

P (n1,n2, . . . ,nSobs
, Sobs | SΩ,θ)

=

(
SΩ

Sobs

)
[1− PG(0 ; θ)]Sobs PG(0 ; θ)SΩ−Sobs · c

Sobs∏
i=1

PG (ni ; θ)

1− PG(0 ; θ)

=

(
SΩ

Sobs

)
PG(0 ; θ)SΩ−Sobs · c

Sobs∏
i=1

PG (ni ; θ) . (3.11)

Using Equation 3.11, the likelihood function for SΩ and θ is

L(SΩ,θ) ∝
(
SΩ

Sobs

)
PG(0 ; θ)SΩ−Sobs ·

Sobs∏
i=1

PG (ni ; θ) . (3.12)

Unfortunately, the MLE of θ cannot usually be solved analytically. If the MLE

of θ is known, then the MLE of SΩ can be found analytically. If θ̂ is the MLE of θ,

the MLE of SΩ is then the smallest positive integer for SΩ such that

L(SΩ + 1, θ̂)

L(SΩ, θ̂)
< 1 . (3.13)
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The MLE6 of SΩ is thus

ŜΩ =

⌊
Sobs

1− PG(0 ; θ̂)

⌋
, (3.14)

where bxc denotes the greatest integer less than or equal to x. The form of the MLE

ŜΩ in Equation 3.14 is a standard result for maximum likelihood estimators of species

richness (Sanathanan, 1977).

When the MLE of θ is not known ahead of time, it may be possible to numeri-

cally maximize the logarithm of the likelihood function simultaneously for ŜΩ and θ̂.

Because SΩ is an integer-valued parameter and the multivariate p.m.f. involves the

evaluation of an integral, it is computationally more feasible to find estimates of SΩ

and θ numerically in two stages using conditional likelihood and profile likelihood.

3.5.1 Conditional MLEs

In the conditional likelihood method (Sanathanan, 1977), the likelihood function in

Equation 3.12 is expressed as the product of two functions,

L(SΩ,θ) = Lbin(SΩ,θ) · Lcond(θ) .

The function Lbin(SΩ,θ) is the likelihood of Sobs species occurring in the sampling

units:

Lbin(SΩ,θ) =

(
SΩ

Sobs

)
[1− PG(0 ; θ)]Sobs PG(0 ; θ)SΩ−Sobs ,

6If Sobs

1−PG(0 ; θ̂)
is an integer, then the likelihood function has the same maximum value at ŜΩ =

Sobs

1−PG(0 ; θ̂)
− 1 and at ŜΩ = Sobs

1−PG(0 ; θ̂)
.
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which has the form of P (Sobs | SΩ,θ) stated in Equation 3.7. The likelihood Lbin(SΩ,θ)

can be viewed as treating Sobs as a binomial random variable with index SΩ and

the marginal (population-averaged) probability of occurrence in the sampling units is

1−PG(0;θ). The function Lcond(θ) is the likelihood of the non-zero sample abundance

vectors {n1,n2, . . . ,nSobs
}, conditioning on the number, Sobs, of species observed:

Lcond(θ) =

Sobs∏
i=1

PG (ni ; θ)

1− PG(0 ; θ)
.

The conditional likelihood Lcond(θ) has the form of the probability

P (n1,n2, . . . ,nSobs
| Sobs,θ) stated in Equation 3.10.

The first step in the conditional likelihood method is to estimate θ. The con-

ditional likelihood function Lcond(θ) does not involve the species richness SΩ. The

conditional MLE of θ is computed numerically by choosing the value of θ that maxi-

mizes ln Lcond(θ). We let θ̂CMLE denote the conditional MLE of θ. These numerical

computations were performed in the R software environment (R Development Core

Team, 2011). An initial value of θ is required in R’s optimization routine optim in

order to numerically maximize ln Lcond(θ).

For the exponential mixing distribution on µ and a common value of k for all

species, θ = 〈β, k〉. Initial values were computed for k and the exponential distribu-

tion’s rate parameter β using an approach based on the method of moments. To com-

pute the initial values of β and k, attention was restricted to the species that occurred

in the sampling units. Let n̄i =
∑Q

q=1 ni,q/Q and s2
i =

∑Q
q=1 (ni,q − n̄i)2/(Q− 1) rep-

resent the sample mean and sample variance, respectively, of the sample abundances
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for species i, for i = 1, 2, . . . , Sobs. For each species observed, if its sample mean n̄i is

less than its sample variance s2
i , then a method of moments routine theta.mm in R

computes an estimate, k̃i, of the negative binomial dispersion parameter ki associated

with species i. If n̄i > s2
i , then the routine theta.mm will not work and an estimate,

k̃i, of ki proportional to n̄i is used. The initial value of k is k(0) = 1
Sobs

∑Sobs
i=1 k̃i.

For the species observed in the sampling units, the expected values (µ1, µ2, . . .,

µSobs) of their sample abundances are estimated by their respective sample means n̄1,

n̄2, . . ., n̄Sobs . The average of n̄1, n̄2, . . . , n̄Sobs is then used as an estimate of E(µi).

The exponential distribution with rate parameter β has a mean of 1/β. Substituting

the estimate of E(µi) into the equation E(µi) = 1/β, we arrive at an initial value of

β equal to Sobs∑i=1
Sobs

n̄i
.

In the production of initial values for β and k, only the non-zero sample abun-

dance vectors {n1,n2, . . . ,nSobs
} were used. These initial estimates are undoubtedly

biased as the species absent from the sampling units have not been included in the

computations. Nevertheless, these rough estimates have proved adequate for use as

the initial values in the numerical optimization routines that maximize lnLcond(θ) to

produce θ̂CMLE.

After computing θ̂CMLE, the second step in the conditional likelihood method

(Sanathanan, 1977) is to estimate SΩ. θ̂CMLE is substituted into the binomial likeli-

hood Lbin(SΩ,θ), and Lbin(SΩ, θ̂CMLE) is maximized for SΩ by choosing the smallest

positive integer for SΩ such that the likelihood ratio Lbin(SΩ+1, θ̂CMLE)

Lbin(SΩ, θ̂CMLE)
is less than 1.
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The conditional MLE of SΩ is thus

ŜΩCMLE
=

⌊
Sobs

1− PG(0 ; θ̂CMLE)

⌋
. (3.15)

The form of ŜΩCMLE
in Equation 3.15 is identical to the form of the unconditional MLE

ŜΩ in Equation 3.14 except a different estimate of θ is used. The term PG(0 ; θ̂CMLE)

in Equation 3.15 can be interpreted as the estimated proportion of species in the

region that are absent from the sampling units, based on the conditional MLE of θ.

Maximizing the conditional likelihood for θ and then maximizing the binomial

likelihood for SΩ is less challenging numerically than maximizing the original uncon-

ditional likelihood L(SΩ,θ) over all parameters.

The estimated marginal probability of absence using the conditional maximum

likelihood approach will be greater than when using the unconditional maximum

likelihood approach (see, e.g., Sanathanan, 1977). In the current context with multi-

ple sampling units, this means PG(0 ; θ̂CMLE) > PG(0 ; θ̂). Therefore, the conditional

MLE ŜΩCMLE
will be greater than or equal to the unconditional MLE ŜΩ.

3.5.2 Profile Likelihood and Unconditional MLEs

Given the conditional MLEs of SΩ and θ, we use a method involving profile likelihoods

to find the unconditional MLEs ŜΩ and θ̂. For any positive integer S∗ ≥ Sobs, the

profile log-likelihood of SΩ evaluated at SΩ = S∗ is

lP (S∗) = supθ ln L(S∗,θ) , (3.16)
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where L(S∗,θ) is the unconditional likelihood function evaluated at (S∗,θ). The

conditional MLE θ̂CMLE is used as the initial value of θ in R’s optimization routine

optim for the computation of the profile log-likelihoods. By definition, the profile log-

likelihood function has its maximum at the unconditional MLE of species richness. In

fact, the profile log-likelihood at ŜΩ is equal to the maximum value of the logarithm

of the original likelihood function L(SΩ,θ). That is, lP (ŜΩ) = ln L(ŜΩ, θ̂).

From Sanathanan (1977), the MLE of species richness, ŜΩ, is bounded between the

number of species observed in the sampling units and the conditional MLE of species

richness, ŜΩCMLE
. Therefore, the profile log-likelihood can be computed for every

integer S∗ between Sobs and ŜΩCMLE
, inclusive, in an exhaustive search for the MLE

ŜΩ and the corresponding MLE θ̂. In our work, the profile log-likelihood of SΩ has

been observed to be monotonically increasing from Sobs to its global maximum at ŜΩ,

and the profile log-likelihood is monotonically decreasing from ŜΩ to ŜΩCMLE
. Taking

advantage of the monotonicity, a more efficient binary search for ŜΩ is conducted on

the profile log-likelihood over the set
{
Sobs, Sobs + 1, . . . , ŜΩCMLE

}
. Maximizing the

profile log-likelihood, we acquire the unconditional MLEs ŜΩ and θ̂.

In the initial testing of the exponential mixing distribution on µ on realistic data

sets, no problems were encountered numerically computing the integral in Equation

3.6. The maximum likelihood estimates of SΩ and θ = 〈β, k〉 were also successfully

computed numerically for each data set tested.

.
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3.6 The Sampling Distribution of ŜΩ

To conduct inference on SΩ, we require the sampling distribution of the maximum

likelihood estimator, ŜΩ. In general, finite-sample exact distributional results in the

area of species richness estimation are infeasible. Bunge and Barger (2009) stated

that “no exact small-sample variance results are known for any version” of the species

richness problem. Therefore, we focus on estimating characteristics of the sampling

distribution of ŜΩ using asymptotic methods.

3.6.1 Asymptotics

Sanathanan (1977) developed an asymptotic variance formula for the MLE of species

richness in a very general setting that can be applied to many sampling scenarios.

In the context of our negative binomial-exponential mixture model, Sanathanan’s

formula for the asymptotic variance of ŜΩ is based on

Asymptotic Var

(
ŜΩ − SΩ√

SΩ

)
=
(
a00 − aT0A−1a0

)−1
, (3.17)

where a00 = 1−PG(0 ; θ)
PG(0 ; θ)

, a0 = 1
PG(0 ; θ)

∇θ {1− PG(0;θ)}, and A is the Fisher informa-

tion matrix about θ. The gradient vector ∇θ {1− PG(0;θ)} is

∇θ {1− PG(0;θ)} =

 ∂
∂β
{1− PG(0;θ)}

∂
∂k
{1− PG(0;θ)}

 =

 − ∂
∂β
PG(0;θ)

− ∂
∂k
PG(0;θ)

 ,

and the Fisher information matrix is

A =


E

{(
∂ ln L(SΩ,θ)

∂β

)2
}

E
{(

∂ ln L(SΩ,θ)
∂β

)(
∂ ln L(SΩ,θ)

∂k

)}
E
{(

∂ ln L(SΩ,θ)
∂β

)(
∂ ln L(SΩ,θ)

∂k

)}
E

{(
∂ ln L(SΩ,θ)

∂k

)2
}

 ,
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where the expectations are over values of x with respect to the probability function

PG(x;θ), given SΩ and θ.

To estimate the asymptotic variance of ŜΩ, we substitute the MLEs of SΩ and

θ into the right side of Equation 3.17. Fixing SΩ = ŜΩ, the log-likelihood function

ln L(ŜΩ,θ) is maximized over θ using the L-BFGS-B method (Byrd et al., 1995), a

modification of the BFGS quasi-Newton method with bounds on θ. In addition to θ̂,

the optimization yields the observed information matrix I(θ̂) for θ evaluated at the

MLEs (ŜΩ, θ̂). The estimated asymptotic variance of ŜΩ is then

V̂ ar(ŜΩ) = ŜΩ ·
(
â00 − âT0 I−1(θ̂)â0

)−1

, (3.18)

where â00 = 1−PG(0 ; θ̂)

PG(0 ; θ̂)
and â0 = 1

PG(0 ; θ̂)
∇θ|θ=θ̂ {1− PG(0 ; θ)} with

∇θ {1− PG(0;θ)} evaluated at θ = θ̂.

Following the asymptotic theory from Sanathanan’s general setting, the MLEs

(ŜΩ, θ̂) are asymptotically normally distributed and unbiased, which, in conjunction

with V̂ ar(ŜΩ) from Equation 3.18, allows construction of approximate confidence

intervals for SΩ. Measures of uncertainty based on asymptotic results are only ap-

propriate for large samples. When applied to small samples, the lower limit of an

approximate confidence interval for species richness based on asymptotic normality

can, in fact, lie below the number of species observed (Bunge & Barger, 2009).
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3.6.2 Likelihood Intervals

An alternative approach from constructing approximate confidence intervals for species

richness is through profile likelihood intervals. The profile log-likelihood function lP

was introduced in Equation 3.16. This function evaluated at a positive integer S∗ is

the maximum value of the log-likelihood function, ln L(SΩ,θ), with SΩ = S∗ fixed.

A 100p% profile likelihood interval for SΩ comprises all values of SΩ that satisfy

the inequality lP (SΩ) − lP (ŜΩ) ≥ ln p. In other words, the 100p% profile likelihood

interval contains values of SΩ that achieve likelihoods (for some values of θ) of at

least 100p% of the maximum value L(ŜΩ, θ̂) of the likelihood function.

The 100p% profile likelihood interval has an approximate coverage probability of

P (χ2
(1) ≤ −2 lnp) (Kalbfleisch, 1985), meaning that a 14.7% profile likelihood interval

for SΩ will have an approximate coverage probability of 95%. This approximation is

derived from the asymptotic distribution of the generalized likelihood ratio test.

Since SΩ is an integer-valued parameter, the lower endpoint of the profile likelihood

interval is found numerically by computing the profile log-likelihoods for integer values

of SΩ between Sobs and ŜΩ, inclusive. When computing the profile log-likelihood,

the numerical optimization can be time-consuming, in particular when the number of

sampling units is large or when the number, Sobs, of species observed is large. However,

the profile log-likelihood will typically have a unimodal shape when plotted versus SΩ,

with a maximum at ŜΩ. To reduce the computational time, a binary search algorithm

is employed to find the lower endpoint of the profile likelihood interval. The binary
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search requires computing the profile likelihood for on the order of log2(ŜΩ − Sobs)

values of SΩ. The lower limit of the 100p% profile likelihood interval is the smallest

value of SΩ such that lP (SΩ) ≥ lP (ŜΩ) + ln(p).

The upper endpoint of the 100p% profile likelihood interval is the largest value

of SΩ such that lP (SΩ) ≥ lP (ŜΩ) + ln(p). To compute the upper endpoint of the

profile likelihood interval, bounds on the value of the upper endpoint are first found.

The profile log-likelihoods are computed for an increasing geometric sequence of values

S
(1)
Ω , S

(2)
Ω , . . ., where S

(j)
Ω and S

(j+1)
Ω differ by 2j−1 ·200, and S

(1)
Ω = ŜΩ. Let S

(m)
Ω denote

the smallest value in the sequence such that lP (S
(m)
Ω ) < lP (ŜΩ) + ln(p). Then, the

upper limit of the likelihood interval is bounded between S
(m−1)
Ω and S

(m)
Ω . A binary

search algorithm then is employed to find the upper limit of the profile likelihood

interval between these two bounds.

In Chapter 5, the interval estimates constructed from profile likelihood intervals

will be compared with those based on the asymptotic normality of ŜΩ.

3.7 Inference on θ

In addition to inference on SΩ, inference on θ = 〈β, k〉 is also of interest. Inference

on the rate β of the exponential mixing distribution translates to inference on the

distribution of regional abundances of the species. The dispersion parameter k relates

to the overall tendency for con-specific sample abundances to have a variance greater

than their expected value.
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Having previously computed the observed information matrix I(θ̂), the square

roots of the main diagonal elements of I−1(θ̂) are the estimated asymptotic standard

errors of the MLEs of β and k. Approximate confidence intervals for β and k can be

constructed based on the asymptotic normality of their MLEs.

3.8 Summary

The estimator ŜΩ introduced in this chapter assumes randomly-placed sampling units

of uniform size. This sampling method is more feasible in ecological field studies for

some taxonomic groups (e.g., benthic species – Ugland et al., 2003; microarthropods

– Lindo & Winchester, 2006) than acquiring a truly random sample of individuals.

The sample abundances of species are recorded for each sampling unit.

We have developed a mixture model to accommodate the tendency of con-specific

individuals to occur in spatial clusters. The sample abundances of a species in the

sampling units are treated as conditionally independent negative binomial random

variables. An exponential mixing distribution is applied to the means of the negative

binomial distributions of the species, and this permits inference on the unobserved

species. The negative binomial dispersion parameter k is assumed constant across

the species.

Attempts to apply a gamma mixing distribution on µ encountered computational

difficulties with numerical integration, as did attempts to use the lognormal distri-

bution in an earlier model. Alternative techniques of numerical integration, perhaps
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with numerical approximations, are likely required in order to use the gamma and

lognormal distributions as mixing distributions on µ.

Based on the statistical model, the likelihood function is developed assuming that

the species are mutually independent. Adopting a profile likelihood approach, the

MLEs of SΩ and θ = 〈β, k〉 are computed numerically.

Approximate interval estimates for SΩ are based on either the asymptotic normal-

ity of ŜΩ or profile likelihood methods. Asymptotic standard errors for the compo-

nents of θ̂ are estimated from the numerical computation of the observed information

matrix.

The estimator ŜΩ developed in this chapter is the only estimator of species richness

designed for abundance-based data from multiple samples (i.e., randomly-located

spatial-based sampling units) taken from a single region. As discussed by Bunge and

Barger (2009), this is an important and open area of research for the estimation of

species richness when several samples are taken from a single region.
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Chapter 4

Bayesian Species Richness

Estimation with Abundance-Based

Data from Multiple Sampling

Units

‘

In this chapter, the negative binomial mixture model is extended to allow for

greater flexibility, with inference based on the Bayesian framework. Extending the

model framework into the Bayesian setting has several benefits. The Bayesian ap-

proach provides an entire discrete posterior distribution for SΩ, which can be used

to obtain integer-valued point estimates such as the posterior median and posterior

mode. Large sample approximations such as asymptotic normality are not required.
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The asymmetry of the posterior distribution is incorporated when developing interval

estimates. In addition, interval estimates based on the posterior distribution will re-

main within the parameter space; in particular, the lower limit of an interval estimate

will never be less than Sobs, which was a problem in Section 3.6.1 for the frequentist

method. Furthermore, the computational implementation of the Bayesian model can

be quickly adjusted to accommodate modifications to the model, and this will be

demonstrated in the case study considered in Chapter 6.

For readers unfamiliar with Bayesian statistical analysis, we have included a con-

cise overview of Bayesian analysis and computation with Markov chain Monte Carlo

(MCMC) methods in Appendix B. The contents of Appendix B have been reproduced

with permission from Section 2.4 of Hong Li’s (2008) thesis.

4.1 Bayesian computation and the Number of Pa-

rameters

In the methodology of Chapter 3, we assume that the SΩ species independently con-

tribute individuals to each sampling unit with expected values µ = 〈µ1, . . . , µSΩ
〉 and

µi ∼ Exponential(β), i = 1, . . . , SΩ.

Bayesian hierarchical models typically do not permit an analytic analysis of the

posterior distribution. Therefore, to make full use of the sample data, numerical

approaches using Markov chain Monte Carlo (MCMC) are necessary. However, if

a prior distribution is placed explicitly on SΩ, Bayesian computation is complicated
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by the fact that the number of the parameters (in our case, the number of means,

µ1, . . . , µSΩ
) will change as SΩ changes in each iteration of the MCMC sampler.

Reversible jump MCMC algorithms can accommodate the fluctuating number of

parameters between iterations (King et al., 2010). However, reversible jump methods

can be difficult to implement and require considerable tuning. As an alternative, we

use a data augmentation technique (Royle et al., 2007) that expands the model in

such a way so that the number of parameters remains fixed. This permits Bayesian

computation using standard MCMC methods based on random walk Metropolis Hast-

ings and Gibbs sampling. The resulting algorithms can be implemented in the freely

available WinBUGS (Lunn et al., 2000) and JAGS (Plummer, 2003) software for

Bayesian computation.

4.2 Hierarchical Bayesian model with Data Aug-

mentation

To develop our data-augmented modelling formulation, we begin by conceptualizing

a hypothetical ‘super-community’ encompassing the taxonomic group of under study.

The super-community occupies a large geographic area (containing the region of in-

terest) and the number of species in the super-community is M >> SΩ. The precise

value of M is not of importance, and we will assign M to be a fixed known number

that is larger than any reasonable value for the number of species in our region of

interest. We use the concept of super-community to elicit prior information on M ,
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which is essentially a gross upper bound on the true unknown SΩ. Assigning M

a priori avoids computational difficulties arising from variable-dimension parameter

spaces (see, e.g., Royle et al., 2007). Values of M are easily elicited in practical appli-

cations (see Chapter 6), and robustness to the choice of M can be examined through

sensitivity analyses.

For each species in the super-community, we define a binary variable zi ∈ {0, 1},

i = 1, . . . ,M , where

zi =


1 if species i exists in the region of interest

0 if not

so that SΩ =
∑M

i=1 zi. We let each of theM species in the super-community have prob-

ability ψ of independently occurring in our region of interest so that zi
iid∼ Bernoulli(ψ).

We assume a labelling of all M species in the super-community such that i = 1, ..., Sobs

correspond to those observed during sampling and i = Sobs + 1, . . . ,M indexes those

species not observed. Given this, we have zi = 1 for i = 1, ..., Sobs; whereas, zi, for

i = Sobs+1, . . . ,M , are unknown and will be treated as latent variables in the model.

Note also that SΩ = Sobs +
∑M

i=Sobs+1 zi, so that inference on zi, for i > Sobs, permits

inference on SΩ.

Our observed data are ni, for i = 1, . . . , Sobs, and, given M , we augment these

data with ni = 0 for i > Sobs. For i ≤ Sobs, we assume

ni,q | µi, k
iid∼ Negative Binomial(µi, k),
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for sampling unit q = 1, . . . , Q. For i > Sobs, we assume

ni,q | µi, zi, k
iid∼


Negative Binomial(µi, k) if zi = 1

I {ni,q = 0} if zi = 0

for q = 1, . . . , Q. That is, the value ni = 0 arises either from a negative binomial

distribution (if species i exists in the region of interest) or ni = 0 with probability 1

if species i does not exist in our region of interest.

Variability in the means µi arises from a mixing distribution. In the preceding

chapter, this variability was modelled using an exponential distribution; however, we

have found that more flexibility in the distribution improves estimation of SΩ con-

siderably. Gamma and log-normal distributions were considered as alternatives but

led to computational problems in initial investigations in WinBUGS (e.g., trap errors

and messages stating “cannot bracket slice for node” µi). Norris and Pollock (1998)

considered finite mixtures of point masses on µ. In an empirical study of microbial

diversity, Bunge and Barger (2008) found finite mixtures of exponential distribu-

tions were flexible and performed favourably compared with other distributions (i.e.,

gamma, lognormal, inverse Gaussian and Pareto distributions).

As a natural extension of the exponential distribution from Chapter 3, we as-

sume the means µi arise as exchangeable draws from a two-component mixture of

exponential distributions, G, having probability density function

g(µ ; β1, β2, π) = πβ1e
−β1µ + (1− π)β2e

−β2µ , (4.1)

for µ > 0, where 0 < π < 1 is the mixing probability, and the exponential rate

parameters are β1 > 0 and β2 > 0. The exponential distribution with rate β1 has
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weight π, and the exponential distribution with rate β2 has weight 1−π in the mixture

distribution. Without loss of generality, we assume β1 < β2, so that the model is

identifiable to permit inference on β1, β2 and π. We can interpret the mixture G

as representing two groups of species within our taxonomic group of interest. One

group of species occur frequently in the sampling units; the expected number (µ) of

con-specific individuals in a sampling unit is an exponential random variable with

rate β1. The species in the second group are rare, and appear less frequently in the

sampling units, with µ ∼ Exponential(β2).

Letting ∆β = β2 − β1, we assume mutually independent prior distributions for

k, β1,∆β, π and ψ. Uniform(0,1) priors are placed on π and ψ. Diffuse gamma priors

are placed on k, β1 and ∆β where we assign the value 0.001 to the shape parameter

and the rate parameter of each gamma prior (so the mean is 1 and the variance is

1000).

Following the model of Royle et al. (2007), we have placed a prior distribution on

the total SΩ in two stages. Recall that SΩ =
∑M

i=1 zi, a priori. In the first stage,

given ψ, SΩ has a binomial prior distribution with index M and probability ψ. In the

second stage, we have assigned a flat Uniform(0,1) prior on ψ. Integrating yields the

marginal prior

P (SΩ |M) =

∫ 1

0

P (SΩ |M,ψ)P (ψ)dψ

=

∫ 1

0

(
M

SΩ

)
ψSΩ (1− ψ)M−SΩ dψ

=
1

M + 1
,
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and the result is a discrete uniform prior, P (SΩ | M), on SΩ with support over

{0, 1, . . . ,M}.

The assumptions stated in Section 3.3 for our likelihood-based approach are also

required in our Bayesian approach:

1. A uniform sampling effort is applied to each spatial sampling unit.

2. The spatial autocorrelation between spatial sampling units is assumed to be

negligible so that sampling units can be treated as independent.

3. All individuals that occur in a sampling unit are detected and correctly identified

to their species type.

4. The region of interest does not gain or lose species during the sampling period.

5. The sample abundances of different species in the sampling units are mutually

independent.

6. The spatial distributions of species are stationary.

Under these assumptions, the hierarchical Bayesian model is concisely specified as

follows:

Level I: Likelihood

• For i = 1, . . . ,M and q = 1, . . . , Q,

ni,q | µi, zi, k
iid∼


Negative Binomial(µi, k) if zi = 1

I {ni,q = 0} if zi = 0
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• For i = 1, . . . ,M , zi | ψ
iid∼ Bernoulli(ψ)

Level II: Priors

• For i = 1, . . . ,M , µi | β1, β2, π
iid∼ G(µ; β1, β2, π)

with g(µ ; β1, β2, π) = πβ1e
−β1µ + (1− π)β2e

−β2µ and β1 < β2.

• k ∼ Gamma(0.001, 0.001)

Level III: Hyper-Priors

• ψ ∼ Uniform(0, 1)

• β1 ∼ Gamma(0.001, 0.001)

• ∆β = β2 − β1 ∼ Gamma(0.001, 0.001)

• π ∼ Uniform(0, 1)

The latent variables and model parameters are collected in the set Θ ={zSobs+1 ,

. . ., zM , µ, k, ψ, π, β1,∆β} with µ = 〈µ1, . . . , µM〉 and SΩ = Sobs +
∑M

i=Sobs+1 zi, and

inference proceeds through the posterior distribution P (Θ | n1, . . . ,nM , z1, . . . , zSobs),

which we compute using MCMC.

4.3 Likelihood and Posterior

Before collecting data, given ψ, the indicator variable zi has probability mass function

P (zi | ψ) = ψzi(1− ψ)1−zi ,
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for i = 1, . . . ,M . Conditional on zi, µi and k,

P (ni | zi, µi, k) = zi ·

{
Q∏
q=1

PNB (ni,q ; k, µi)

}
+ (1− zi) · I {ni = 0} , (4.2)

where PNB (ni,q ; k, µi) denotes the p.m.f. of the negative binomial distribution pre-

sented in Equation 3.1. The joint probability of ni and zi, given ψ, µi and k, is

then

P (ni, zi | ψ, µi, k) = P (ni | zi, µi, k) · P (zi | ψ)

=

[
zi ·

{
Q∏
q=1

PNB (ni,q ; k, µi)

}
+ (1− zi) · I {ni = 0}

]
ψzi(1− ψ)1−zi .

When zi = 1 is known,

P (ni, zi = 1 | ψ, µi, k) = ψ

Q∏
q=1

PNB (ni,q ; k, µi) . (4.3)

The observed data are n1, . . . ,nM and z1 = z2 = . . . = zSobs = 1. Using proba-

bility expressions of the forms in Equations 4.2 and 4.3, the likelihood function is

L(n1, . . . ,nM , z1, . . . , zSobs | Θ)

=

Sobs∏
i=1

P (ni, zi = 1 | ψ, µi, k) ×
M∏

i=Sobs+1

P (ni | zi, µi, k)

=

Sobs∏
i=1

{
ψ

Q∏
q=1

PNB (ni,q ; k, µi)

}
×

M∏
i=Sobs+1

[
zi ·

{
Q∏
q=1

PNB (ni,q ; k, µi)

}
+ (1− zi) · I {ni = 0}

]
,

assuming species are mutually independent.
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The joint posterior distribution of Θ, up to a normalizing constant, is then,

P (Θ | n1, . . . ,nM , z1, . . . , zSobs)

∝ L(n1, . . . ,nM , z1, . . . , zSobs | Θ)×

[
M∏

i=Sobs+1

ψzi(1− ψ)1−zi

]

×

[
M∏
i=1

g(µi ; β1, β2, π)

]
× P (k)P (ψ)P (π)P (β1)P (∆β) ,

where P (k) denotes the prior on k, and so forth. For i = Sobs + 1, . . . ,M , ni = 0

and the full conditional posterior distribution of zi is Bernoulli with probability mass

function

P (zi | Θ−zi ,n1, . . . ,nM , z1, . . . , zSobs)

=

[
zi ·
{∏Q

q=1 PNB (ni,q ; k, µi)
}

+ (1− zi)
]
ψzi(1− ψ)1−zi{∏Q

q=1 PNB (ni,q ; k, µi)
}
ψ + (1− ψ)

=
ziPNB (0 ; k, µi)

Q ψ + (1− zi)(1− ψ)

PNB (0 ; k, µi)
Q ψ + (1− ψ)

,

where Θ−zi is Θ excluding zi.

The normalizing constant of the joint posterior distribution of Θ is analytically

intractable. Therefore, Bayesian inference is based upon drawing samples from the

posterior, and then using the sample to derive Monte Carlo estimates of posterior

quantities. To do this, we employ MCMC algorithms implemented in the Bayesian

software program JAGS Version 2.2.0 (Plummer, 2003). The MCMC simulates draws

from an ergodic Markov chain having P (Θ | n1, . . . ,nM , z1, . . . , zSobs) as its station-

ary distribution (Gelman et al., 2004).

In the MCMC implementation, two or more simulation chains are run simultane-

ously. The initial values of the parameters Θ in the chains are chosen to be dispersed
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(i.e., in the tails of their marginal posterior distributions – this is accomplished after

some initial MCMC simulations are run to get an idea of the posterior distributions

of the parameters). The first phase of the MCMC simulation is considered a burn-

in period during which the chains are allowed to reach steady state behaviour (i.e.,

the stationary distribution). We assume convergence has occurred when the Gelman

and Rubin diagnostic statistic R̂ is less than 1.1 for all monitored parameters, as

recommended by Gelman et al. (2004).

Discarding the iterations corresponding to the burn-in phase, the MCMC sim-

ulation continues in a second phase called the production run. Simulated values

in the production run are treated as samples from the joint posterior distribution

P (Θ | n1, . . . ,nM , z1, . . . , zSobs). However, we note that the simulated values are

not independent, and so autocorrelation is present between consecutive samples of

the chain. To reduce the autocorrelation, the chain is ‘thinned’, and parameter val-

ues from every jth iteration are recorded. The collection of recorded iterations of

the production run constitute a sample from the joint posterior distribution P (Θ |

n1, . . . ,nM , z1, . . . , zSobs). A large sample of values of SΩ = Sobs +
∑M

i=Sobs+1 zi from

the production run are used to approximate the marginal posterior distribution of

SΩ.

Before the MCMC simulation is started, the value of M must be chosen as suffi-

ciently large such that the upper tail of the posterior distribution of SΩ will be well

below M . So long as M is well above the largest value in the “effective” support of

the posterior distribution of SΩ, the results appear to be robust with respect to the
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choice of M . We have run MCMC simulations with different values of M on the same

data set and received essentially identical results for the posterior distribution of SΩ.

Given a data set, the time required to complete a specified number of iterations of

the MCMC depends on the value of M .

In our simulations, the time to run the MCMC algorithm on a single data set

varied from one day to more than six days, depending on the data set and the value

of M . For the simulation studies presented in Chapter 5, it was necessary to fit the

hierarchical Bayesian model to a large number of simulated data sets. This was not

feasible on a single desktop PC running WinBUGS in a Windows operating system.

Alternatively, we ran multiple sessions of JAGS on a Linux cluster of 12 nodes, each

with a dual quad-core Xeon processor. Using the R2jags package, script files executed

in the R software environment handled the MCMC in JAGS. Using this computational

set-up, we were able to fit the hierarchical Bayesian model to up to sixty-four data

sets simultaneously.

4.3.1 Hierarchical Bayesian Model specification in JAGS and

WinBUGS

The specification of the hierarchical Bayesian model for JAGS and WinBUGS is shown

below. The variable names in this model specification coincide with the notation in

Section 4.2 (e.g., “psi” = ψ, “beta1” = β1, “beta2.minus.beta1” = β2 − β1, “mu[i]”

= µi, “n[i,q]” = ni,q, “S.Omega” = SΩ, etc.).
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model {

#Likelihood:

for (i in 1:M) {

z[i] ∼ dbern(psi)

p[i] <- k / (z[i]*mu[i] + k) # Use this line only in WinBUGS.

# Use the next line only in JAGS because it requires 0 < p[i] < 1.

p[i] <- k / (z[i]*mu[i] + k) - (1-z[i])*0.000000001

for (q in 1:Q) {

n[i,q] ∼ dnegbin(p[i], k)

}

}

# Priors:

for (i in 1:M) {

delta[i] ∼ dbern(pi)

beta[i] <- delta[i]*beta1 + (1 - delta[i])*beta2

mu[i] ∼ dexp(beta[i])

}

pi ∼ dunif(0, 1)

psi ∼ dunif(0, 1)

beta1 ∼ dgamma(0.001, 0.001)

beta2.minus.beta1 ∼ dgamma(0.001, 0.001)
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beta2 <- beta1 + beta2.minus.beta1

k ∼ dgamma(0.001, 0.001)

# Interested in the posterior distribution of S.Omega

S.Omega <- sum(z[ ])

}

4.4 Bayesian Inference on SΩ

The posterior samples of SΩ from the MCMC algorithm typically produce a unimodal

histogram with positive skewness. The lower tail of the distribution ends at or above

Sobs, as it should be. Using the posterior distribution, we consider three point esti-

mates of SΩ: the posterior mean, median and mode. From the MCMC sampler, we

are also able to compute the posterior variance of SΩ.

In addition, we consider two interval estimates of the local species richness. First,

we use the 95% highest posterior density (HPD) interval of SΩ, which is the shortest

interval having a specified coverage probability. Second, we construct the equal-

tail 95% credible interval using the 2.5th and 97.5th percentiles from the estimated

posterior of SΩ. With the typically positive skewness of the posterior distribution,

both interval estimates of SΩ will be asymmetric, with their upper limits farther from

the mode of the distribution than their lower limits.
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4.5 Model Checking

The choice of the mixing distribution on the mean abundances µ has an effect on the

estimates of species richness (Barger & Bunge, 2008). If we have multiple models to

fit for a given data set (e.g., different distributions on the means µ), model selection

becomes an important issue. To choose between competing models, we employ the

deviance information criteria (Spiegelhalter et al., 2002). Based on the deviance

statistic

D(Θ) = −2 ln L(n1, . . . ,nM , z1, . . . , zSobs | Θ) ,

the deviance information criteria (DIC) is defined as

DIC = D(Θ) + pD ,

where D(Θ) = E[D(Θ) | n1, . . . ,nM , z1, . . . , zSobs ] is the posterior mean of the de-

viance, estimated from all recorded iterations of the production run of the MCMC

simulation. The term pD is defined as

pD = D(Θ)−D(Θ̄) ,

where D(Θ̄) is the deviance evaluated at the posterior mean of Θ. While the deviance

will decrease as the number of parameters in a model increases, the penalty term pD

favours models with fewer parameters. Lower values of DIC correspond to models

that have a better fit and are more parsimonious.
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4.6 Remarks

In this chapter, we have extended our abundance-based multiple-sampling-unit model

from the previous chapter in three key areas. First, we have developed a data aug-

mentation scheme based on the notion of a super-community and the incorporation

of binary latent variables zi, i = Sobs + 1, . . . ,M . Second, we have extended the

distribution modelling variability in the expected contributions (µ1, µ2, . . . , µM) from

an exponential distribution to a mixture of two exponential distributions. Third, we

have developed Bayesian inference via MCMC simulation rather than using a classi-

cal likelihood-based approach. The resulting inference is exact (up to Monte Carlo

error), and does not rely on large sample approximations. We have also developed a

computational implementation using the JAGS software program on a high perfor-

mance Linux cluster. The computational set-up on the Linux cluster facilitates the

simulation studies presented in Chapter 5. The change in the mixing distribution on

µ improves estimator performance, as will be demonstrated in the simulation studies.

It is important to emphasize that, like our likelihood-based approach, our Bayesian

approach works with abundance-based data from multiple spatial sampling units.

Kéry and Royle (2008) have also introduced a hierarchical Bayesian model to esti-

mate species richness by using information from multiple spatial sites; however, their

approach only uses detection histories, and requires repeated visits to each site. Our

proposed methods are the only species richness methods that are designed to handle

abundance-based data from multiple sites situated in a single region of interest.
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Chapter 5

Simulation Studies

In this chapter, we study the performance of the methods proposed in Chapters 3

and 4 using simulation experiments. We focus primarily on the bias and precision

of the resulting estimators of species richness in different scenarios corresponding to

different levels of sampling effort. In addition, we compare our estimators with three

commonly used non-parametric estimators.

The simulation studies are based on synthetic data generated under two settings.

In the first, data are generated from a negative binomial mixture model. In the second

setting, realistic sample data are simulated by sub-sampling from a census of woody

plants in a 50-hectare plot of a Panamanian tropical rain forest.
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5.1 Simulation Study 1

The first simulation setting uses samples generated from a negative binomial mixture

model. Each set of samples for this setting is simulated as follows:

• Step 1: Fix values for the model parameters: SΩ, the number Q of sampling

units, the negative binomial dispersion parameter k, the rates β1 and β2 and

the mixture weight π.

• Step 2: Generate independent values µ1, µ2, . . . , µSΩ
from the two-component

exponential mixture model G(µ; β1, β2, π). Recall that µi represents the ex-

pected number of individuals that species i contributes to a sampling unit.

Given µi, a vector ni of Q independent counts for species i is generated from

the negative binomial distribution with mean µi and variance µi + µi/k.

• Step 3: Include the vector of counts for a species in the sample if at least one of

the counts is positive. That is, a species must contribute at least one individual

to the sample; otherwise, the species is absent from the sample and therefore

not recorded.

• Step 4: With the values in Step 1 fixed, repeat Steps 2 and 3, and generate

100 samples.

The simulation scheme is implemented in the R programming language. Based

on the steps above, we draw two sets of 100 samples. The two sets are constructed
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using identical values of the model parameters, but with Q, the number of sampling

units, set to Q = 8 in the first set, and Q = 16 in the second set.

The fixed values of the parameters in Step 1 are obtained from a realistic setting

by fitting our hierarchical Bayesian model to an oribatid mite data set collected

from a Panamanian forest floor (data used with permission of Dr.Neville Winchester,

University of Victoria). Chapter 6 considers a detailed case study examining these

data; however, we use the data here to suggest realistic values of SΩ, Q, k, β1, β2 and

π for the simulation study.

Table 5.1 lists the parameter values used in Step 1 for generating the two sets

of 100 samples. Both sets of samples are constructed from artificial communities

containing SΩ = 148 species. Each species has probability π = 0.479 of being in the

group of relatively common species where their expected contributions (µi’s) to the

sampling units are random variables drawn from an exponential distribution with rate

β1 = 0.0489; whereas, each species has probability 1−π = 0.521 of being in the group

of relatively uncommon species where their mean contributions to the sampling units

are random variables drawn from an exponential distribution with rate β2 = 1.991.

The dispersion parameter is k = 0.558, implying that the sample variance of the

simulated con-specific abundances will tend to be approximately twice as large as the

sample mean. Within the context of species richness, this overdispersion means fewer

species will tend to occur in the samples than if there was no overdispersion (i.e.,

inference on SΩ will tend to rely on a smaller number, Sobs, of species observed).
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Table 5.1: Values of Parameters for Simulating Data

Parameter Value for Set 1 Value for Set 2

SΩ 148 148

k 0.558 0.558

β1 0.0489 0.0489

β2 1.991 1.991

π 0.479 0.479

Q 8 16

5.2 Simulation Study 2

In the second simulation setting, we create samples by sub-sampling from a census of

woody plants where SΩ is known (Hwang & Shen, 2010). A 500-metre by 1000-metre

rectangular plot in the tropical lowland rainforest on Barro Colorado Island (BCI)

has been surveyed for woody plant species seven times over the last 30 years (Hubbell

et al., 2005). We use the most recent census of the 50-hectare BCI plot from the year

2010, which included all woody plant specimens with diameters at breast height of

at least 1 cm. We draw samples from the census data. The estimates of woody plant

species richness produced from the samples can be compared with the known number

of woody plant species, from the census, in the 50-hectare plot. For the purposes of

this simulation setting, the 50-hectare plot is our region of interest.

At the time of the 2010 census, observers found a total of 221,757 specimens in the

50-hectare plot and identified them as belonging to SΩ = 305 woody plant species.

The distribution of specimens among the species is quite uneven. Twenty-two species
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only have one specimen in the BCI plot. The 153 least common species have a

combined number of specimens equal to 2.1% of the total number of specimens in the

50-hectare plot. The single most abundant species has 30,130 specimens (13.6% of

all specimens in the plot).

To create a sample from these census data, we simulate the placement of a fixed

number of quadrats inside the 50-hectare plot. The quadrats are squares of uniform

size. Using the known spatial coordinates of all specimens from the census of the

plot, we can generate the observations within each quadrat. A sample will consist of

the observations from the quadrats.

In this second simulation setting, we create four sampling scenarios and generate

a total of 100 samples for each sampling scenario. The following steps are used to

generate 100 samples:

• Step 1: Choose the number, Q, of quadrats to include in the sample, and fix

the area of each quadrat.

• Step 2: Randomly place squares of the desired area within the perimeter of the

500-metre by 1000-metre BCI plot. Squares are added iteratively until Q non-

intersecting squares have been established. These Q non-intersecting squares

become the quadrats associated with one sample.

• Step 3: Given the quadrats, the observations from the census data are extracted

for all specimens that reside in the quadrats. For each species, the result is a

vector of Q sample abundances – one sample abundance for each quadrat. Note
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that the sample obtained in this manner consists of the collection of vectors of

sample abundances, but is restricted to include only those species that have at

least one specimen in at least one simulated quadrat. A species that has zero

specimens in all quadrats will be absent from the sample.

• Step 4: Using the specifications of the quadrats established in Step 1, Steps 2

and 3 are repeated until 100 independent sample data sets have been created.

Our hierarchical models are developed under the assumption that the sampling

units are taken with replacement. In practice, however, the quadrats that constitute

a sample are not permitted to intersect. Therefore, a sample of quadrats is taken

without replacement. Fortunately, this discrepancy should have a negligible effect as

at most 0.8% of the 50-hectare plot is included in a sample.

Under this simulation setting, we use four scenarios to investigate the impact of

changing the number and size of the quadrats on the performance of estimators. The

four scenarios considered are:

• Scenario 1 : A sample consists of 40 quadrats, each quadrat being 5 metres by

5 metres.

• Scenario 2 : A sample consists of 10 quadrats, each quadrat being 10 metres by

10 metres.

• Scenario 3 : A sample consists of 40 quadrats, each quadrat being 10 metres by

10 metres.
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• Scenario 4 : A sample consists of 10 quadrats, each quadrat being 20 metres by

20 metres.

The four scenarios use samples containing a small fraction of the BCI plot in

order for the sampling fractions to be comparable to the sampling fractions of real

field surveys (Chiarucci et al., 2003). Scenarios 1 and 2 have the smallest sampling

fraction considered, with each sample occupying 1000 m2, 0.2% of the 50-hectare plot.

In Scenarios 3 and 4, a sample occupies 4000 m2, 0.8% of the 50-hectare plot.

The impact of the sampling fraction on estimator performance will be examined in

Section 5.7 by comparing the results of Scenarios 1 and 2 with the results of Scenarios

3 and 4. When the sampling fraction is increased from 0.2% in the first two scenarios

to 0.8% in the last two scenarios, the quantity of quadrats or the size of the quadrats

must change.

To examine the effect of the size of the quadrats on estimator performance, one

may wish to hold both the sampling fraction and the quantity of quadrats fixed,

allowing only the size of the quadrats to vary. However, for a fixed number of quadrats,

varying the size of the quadrats forces the sampling fraction to change, too. The

relationship between the sampling fraction, the quantity of quadrats, and the size of

the quadrats is simply

sampling fraction =
(quantity of quadrats)(area of a quadrat)

area of region
.
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5.3 Comparison with Alternative Methods

We compare our maximum likelihood and Bayesian estimators with three commonly

used species richness estimators. We also use Sobs, the number of species observed in

the sample, as a baseline estimator of species richness.

Two of the competing estimators originate from the capture-recapture literature:

the second-order jackknife estimator ŜJack2 (Burnham & Overton, 1979), and an

estimator ŜChao2 from Chao (1987), both estimators being non-parametric. Both

estimators are computed based on detection histories (also called incidence-based

data); that is, they do not require the exact number of individuals of a species in a

sampling unit, but are based simply on presence/absence data.

Our approaches use abundance-based data, and therefore, we also make compar-

isons to a commonly used abundance-based estimator, the non-parametric estimator

of Chao and Lee (1992). We know of no other estimators of species richness based on

abundance-based data, from multiple sampling units, sampled from within one com-

munity. Subsequently, we will label the Chao and Lee estimator, originally presented

in their Equation 2.15, as ŜACE. The estimator ŜACE was developed for use when the

relative abundances of the species in the population are believed to be highly hetero-

geneous. Bunge and Fitzpatrick (1993) also recommended its use in the absence of

information about the relative abundances of the species.

ŜACE is designed for use with abundance-based data from a single random sample

of individuals. To apply ŜACE to a sample obtained from observations from multiple
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sampling units in our simulation studies, we must reduce the data by combining the

observations from all sampling units. More specifically, for i = 1, 2, . . . , Sobs, we use∑Q
q=1 ni,q, the total number of individuals of species i that occur in the sample, rather

than separate counts {ni,1, ni,2, . . . , ni,Q}.

We have selected the three non-parametric estimators ŜACE, ŜChao2 and ŜJack2 for

comparison as they have been used in several simulation studies (on real and simulated

data sets – see Walther & Moore (2005) for a list of the studies) and have exhibited

good overall performances relative to other estimators, including parametric estima-

tors and estimators based on species-accumulation curves (Walther & Moore, 2005).

In a comprehensive survey of 14 studies on species richness estimation, Walther and

Moore (2005) ranked ŜChao2 and ŜJack2 as having the smallest overall biases, and sec-

ond and third, respectively, in mean square error. The first-order jackknife estimator

(Burnham and Overton, 1979) was ranked third in smallest bias and ranked first in

mean square error; it uses presence/absence data. Since the two presence/absence

estimators with the smallest biases are already considered, and with bias having a

dominant role in estimator performance, the first-order jackknife estimator was not

included in our comparison.

To introduce ŜChao2 and ŜJack2, some notation is required. If a species is observed

in the sample, then it is observed in at least one of the sampling units. We count

the number of sampling units in which a species is observed, and define this as the

frequency of detection. We let rj represent the number of species with a frequency of

detection equal to j, for j = 1, 2, . . . , Q.
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For example, suppose observations are made in 8 sampling units and a total of

Sobs = 10 species are observed with the following frequencies of detection:

1, 1, 1, 2, 3, 3, 5, 5, 6, 8

Three species are each observed exactly once (i.e., r1 = 3), and one species is observed

in all 8 sampling units (i.e., r8 = 1). In total, we have r1 = 3, r2 = 1, r3 = 2 , r5 = 2

, r6 = 1, and r8 = 1, while r4 = 0 and r7 = 0. Notice that Sobs =
∑8

j=1 rj.

Chao’s (1987) incidence-based estimator is then computed as

ŜChao2 = Sobs +
r2

1

2r2

.

Its estimated variance (see, e.g., Colwell, 2009) is

V̂ ar(ŜChao2) = r2 ·

[
1

2

(
r1

r2

)2

+

(
r1

r2

)3

+
1

4

(
r1

r2

)4
]
.

Colwell (2009) also gives formulae for V̂ ar(ŜChao2) when one or both of r1 and r2 are

zero. Chao (1987) presented two methods for constructing confidence intervals based

on this estimator. Assuming ŜChao2 has an approximate normal distribution, then a

symmetric 95% confidence interval is

(
ŜChao2 − 1.96

√
V̂ ar(ŜChao2) , ŜChao2 + 1.96

√
V̂ ar(ŜChao2)

)
(5.1)

Alternatively, Chao (1987) proposed an asymmetric log-linear confidence interval

based on the assumption that ln(ŜChao2−Sobs) is approximately normally distributed.

This asymmetric log-linear confidence interval has the desirable feature that the lower
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endpoint of the confidence interval will not be less than Sobs. The asymmetric log-

linear 95% confidence interval is

(
Sobs + (ŜChao2 − Sobs)/K , Sobs + (ŜChao2 − Sobs) ·K

)
, (5.2)

where

K = exp

1.96 ·

[
ln

(
1 +

V̂ ar(ŜChao2)

(ŜChao2 − Sobs)2

)]1/2
 .

We examine the nominal coverage levels of both intervals in our simulation studies.

The second-order jackknife estimator (Burnham & Overton, 1979) is given by

ŜJack2 = Sobs +
r1(2Q− 3)

Q
− r2(Q− 2)2

Q(Q− 1)
.

Burnham and Overton (1979) developed an estimator for the variance:

V̂ ar(ŜJack2) = (1 + 2Q−3
Q

)2 · r1 + (1− (Q−2)2

Q(Q−1)
)2 · r2

+
∑Q

j=3 rj − ŜJack2 .

They suggested constructing confidence intervals using a standard normal approxi-

mation, assuming this estimator has a small relative bias. The classic 95% confidence

interval, based on ŜJack2 and V̂ ar(ŜJack2), has the same form as Equation 5.1. We

also consider an asymmetric log-linear 95% confidence interval on ŜJack2, treating

ln(ŜJack2 − Sobs) as approximately normally distributed. The asymmetric log-linear

confidence interval for ŜJack2 is contructed in the same manner as that for ŜChao2 in

Equation 5.2.

For ŜACE, we let n represent the total number of individuals in the sample,

summed over all species. Let fj denote the number of species that have exactly
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j individuals in the sample, for j = 1, 2, . . .. So, f1 is the number of species that only

contribute one individual to the sample. Chao, Ma, and Yang (1993) recommend par-

titioning the species into common and uncommon species based on a cut-off value τ .

All species which contribute at most τ individuals to the sample are labeled uncom-

mon species. Based on empirical analyses done by Chao, Ma, and Yang (1993), the

cut-off τ is set equal to 10. Let Suncommon denote the number of uncommon species in

the sample, and let Scommon denote the number of species that each contribute more

than τ individuals to the sample.

We use the formula for ŜACE intended for use in communities where the species

have highly heterogeneous relative abundances, as this will be the case for the com-

munities in Simulation Study 2 and the case study in the next chapter. Modifying

Equation 2.15 in Chao and Lee (1992) to incorporate the cut-off value τ , we have

ŜACE = Scommon +
Suncommon

Ĉ
+
f1

Ĉ
γ̃2 ,

where Ĉ = 1 − f1/
∑τ

j=1 fj, and the term γ̃2 estimates the squared coefficient of

variation of the relative abundances of the uncommon species in a community with

γ̃2 = max

γ̂2

1 + (1− Ĉ)

∑τ
j=1 j(j − 1)fj

Ĉ
(
−1 +

∑τ
j=1 jfj

)
 , 0


where

γ̂2 = max

SuncommonĈ

∑τ
j=1 j(j − 1)fj(∑τ
j=1 jfj

)2

− 1
− 1 , 0

 , (5.3)

is the unadjusted estimate of the squared coefficient of variation. Chao and Lee (1992)
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suggested the variance estimator

V̂ ar(ŜACE) =
n∑
i=1

n∑
j=1

∂ŜACE
∂fi

∂ŜACE
∂fj

cov(fi, fj) , (5.4)

where cov(fi, fj) = fi(1 − fi
ŜACE

) if i = j, and cov(fi, fj) = −fifj/ŜACE if i 6= j.

We will use ŜACE and V̂ ar(ŜACE) to construct symmetric normal 95% confidence

intervals and asymmetric log-linear 95% confidence intervals for species richness in

the same manner as Equations 5.1 and 5.2.

5.4 Computing Bayesian Point Estimates and Cred-

ible Intervals of Species Richness

For each sample, we acquire our Bayesian point estimates of species richness – the

posterior mean, median, and mode of SΩ from the fit of our hierarchical Bayesian

model. We run our MCMC simulation using two chains with a fixed known value for

M , and dispersed initial values for the model parameters ψ, π, β1, ∆β = (β2 − β1),

and k. From our experience, we have found the autocorrelation in the MCMC chains

is typically present for lags on the order of 500 to 5,000 iterations. Due to this

persistent autocorrelation, the burn-in period of the MCMC simulation is taken to

be at least 100,000 iterations for each sample. To help ensure the MCMC chains

have approximately converged, the burn-in period continues until the Gelman and

Rubin diagnostic statistic R̂ is less than 1.1 for all monitored parameters. After the

burn-in period, we use a production run of 500,000 iterations with some thinning –



98

keeping every 10th observation in the MCMC chains to reduce the memory storage

requirements. As a result, our posterior inference is based on two sets of 50,000 draws.

In some MCMC runs, the upper bound, M , in the super-community must be

increased to ensure the maximum value of SΩ is well below M . The posterior distri-

bution of SΩ is generally unaffected by the choice of M so long as M is sufficiently

large.

From the posterior draws of an MCMC simulation, we acquire estimates of the

posterior mean, median, and mode of SΩ. We also record estimates of the posterior

variance of SΩ, the 95% highest posterior density (HPD) interval of SΩ, and the

equal-tail 95% credible interval. MCMC simulations were successfully completed on

all samples from Simulation Study 1 and from Scenarios 3 and 4 in Simulation Study

2.

The MCMC simulations had problems with a handful of samples in the scenarios

with the smallest sampling fractions (Scenarios 1 and 2) in Simulation Study 2. Three

samples (out of 100) in Scenario 1 and five samples in Scenario 2 showed exceptionally

large upward spikes in the MCMC trace plots for SΩ with these spikes reaching rather

large values. The occurrence of these extreme values in the sampler suggests a flat

likelihood, with little information provided from the sparse data. These sample data

sets were replaced with new simulated samples so that each scenario is based on 100

simulated samples.
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5.5 Measures of Performance

To assess the performance of estimators, and to compare estimators, we focus on the

bias, variance, and mean square error of the estimators computed across the simulated

data sets.

Based on Nsim = 100 samples in a simulation scenario, the bias of an estimator Ŝ

is estimated as

b̂ias(Ŝ) =
1

Nsim

Nsim∑
j=1

(
Ŝ(j) − SΩ

)
,

where Ŝ(j) is the species richness estimate based on the jth sample, and SΩ is the

true species richness. The relative bias of an estimator in a simulation scenario is

estimated as

̂relative bias(Ŝ) =
b̂ias(Ŝ)

SΩ

=
1

Nsim

Nsim∑
j=1

(
Ŝ(j) − SΩ

)
SΩ

.

As a measure of the precision of an estimator, within each scenario we compute the

sample variance of the 100 estimates of species richness. For the estimators ŜChao2,

ŜJack2, ŜACE and ŜΩ, we compare this sample variance with the average of the 100

estimated variances of the estimator. For our Bayesian approach, the sample variance

of the species richness estimates is not comparable to the average of the 100 posterior

variance estimates.

As a combined measure of accuracy and precision, we compute the sample mean

squared error (MSE). For each estimator in each scenario, we compute the sample

MSE by adding the sample variance to the square of the estimated bias. In addition,

we compute the coverage level of the 95% interval estimates as interval estimates of
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species richness are often used in ecological management (Hwang & Shen, 2010). For

each interval estimator, we report the percentage of the 100 interval estimates that

include the true species richness.

5.6 Results from Simulation Study 1

Figure 5.1 displays box plots illustrating the empirical distribution of species richness

estimates from the eight different estimators applied to 100 samples (eight sampling

units per sample data set). The three Bayesian estimators (mean, median, and mode)

have their distributions centered very close to SΩ = 148, the true number of species

in the simulation. The five other estimators have most of their estimates below 148.

The number, Sobs, of species observed and our MLE ŜΩ show the largest negative

biases and the smallest ranges of values. The three non-parametric estimators have

smaller negative biases than Sobs and ŜΩ.

Figure 5.2 displays similar box plots for the simulations based on 16 sampling

units per sample. We notice that with a doubling of the number of sampling units,

all estimators have smaller ranges corresponding to a narrowing of their sampling

distributions. In addition to the three Bayesian estimators, ŜJack2 now has its dis-

tribution centered very close to SΩ = 148. While the other estimators (Sobs, ŜChao2,

ŜACE and ŜΩ) have distributions centered below 148, these have been shifted upwards

when a larger sampling effort is simulated.

Table 5.2 shows the estimated bias, variance, and MSE of the eight estimators
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Figure 5.1: Side-by-side box plots of species richness estimates generated from samples

of 8 sampling units in Simulation Study 1. The horizontal reference line is the actual

species richness of 148. From left to right, the point estimators are Sobs, ŜChao2,

ŜJack2, ŜACE, MLE ŜΩ from Chapter 3, and the estimated posterior mean, posterior

median, and posterior mode of SΩ from Chapter 4.
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Figure 5.2: Side-by-side box plots of species richness estimates generated from samples

of 16 sampling units in Simulation Study 1. The horizontal reference line is the actual

species richness of 148.
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applied to the two sets of 100 artificial samples. We see that the estimated posterior

mode of SΩ has the smallest bias at both levels of sampling effort. As expected,

Sobs has the largest negative bias as a species richness estimator, but it is closely

followed by the MLE ŜΩ at both levels of sampling effort. The sample variance of

the estimators is smallest for Sobs and closely followed by the MLE ŜΩ. The other six

estimators have larger sample variances. The sample variances of all eight estimators

decrease when the sampling effort is increased from 8 sampling units to 16 sampling

units.

In Table 5.2, the second-order jackknife estimator ŜJack2 has the smallest sample

MSE when the samples use 8 sampling units, but the estimated posterior mode of SΩ

has a comparable sample MSE that is only 2.62% higher. When the simulations are

based on 16 sampling units per sample, the posterior mode has the smallest sample

MSE, and the posterior median and posterior mean follow; whereas, ŜJack2 displays

relatively poorer performance with 16 sampling units (relative increase in MSE is

approximately 71% compared with the posterior mode).

Within each level of sampling effort, there is no single estimator that outperforms

the other estimators in every performance measure. However, the posterior mode is

quite competitive in terms of bias and sample MSE. The number, Sobs, of species ob-

served and the MLE ŜΩ do have the smallest sample variances among the estimators;

but, their estimates are always negatively biased, and their sample MSEs are more

than three times larger than the sample MSEs of every other estimator. Among the

Bayesian estimators, the posterior mode consistently has the smallest estimated bias
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and smallest sample MSE at both levels of sampling effort.

In Table 5.3, for a given level of sampling effort, we can compare the sample

variance of the 100 estimates from a species richness estimator with the average

of the 100 corresponding variance estimates. The relative difference in the rightmost

column of Table 5.3 is computed by taking the difference between the sample variance

(of the 100 estimates of species richness) and the average of the variance estimates and

then dividing that difference by the sample variance of the 100 estimates of species

richness. Ideally, the average of the 100 variance estimates will be close to the sample

variance of the 100 species richness estimates and the relative difference will be close

to zero.

Table 5.3: Performance of Variance Estimators for Simulation Study 1

Sampling Point Sample Average of Relative

Effort Estimator Variance Variance Estimates Difference

8 sampling ŜChao2 128.94 136.75 6.05%

units ŜJack2 106.40 92.51 -13.05%

ŜACE 155.31 173.37 11.63%

MLE ŜΩ 24.94 1.88 -92.45%

16 sampling ŜChao2 65.82 69.96 6.29%

units ŜJack2 83.60 81.54 -2.46%

ŜACE 56.86 52.11 -8.37%

MLE ŜΩ 18.71 0.93 -95.04%

For the three non-parametric estimators (ŜChao2, ŜJack2 and ŜACE), the average

of the 100 variance estimates is within 13.05% of the corresponding sample variance

of the 100 species richness estimates, when the samples are constructed from eight
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sampling units. When the samples consist of observations from sixteen sampling units,

the relative difference between the average of the variance estimates and the sample

variance of the species richness estimates is less than 8.5% for the non-parametric

estimators.

From Table 5.3, we see that the average of the asymptotic variance estimates

associated with the MLE ŜΩ is much smaller than the sample variance of the ŜΩ

estimates. This strong under-estimation of the variance of ŜΩ is present at both

levels of sampling effort. In work not shown here, we applied the MLE ŜΩ and its

asymptotic variance estimator to small artificial samples created from the same model

that the MLE is based upon; satisfactory agreement was achieved between the sample

variance of the ŜΩ estimates and the average of the asymptotic variance estimates.

This suggests the poor performance of the asymptotic variance estimator for ŜΩ in

Table 5.3 is primarily the result of model misspecification1.

Table 5.4 presents the coverage probability of interval estimates. While the

Bayesian intervals are not constructed to achieve 95% coverage in repeated samples

(they are instead constructed based on posterior probability for a given data set) we

see that these intervals do achieve a coverage level quite close to 95%, for both levels

of sampling effort. This is not unexpected as Bayesian procedures typically exhibit

good frequentist performance (see, e.g., Carlin & Louis, 2009).

1The MLE is based upon a negative binomial mixture model with an exponential distribution

on µ; whereas, the sample data sets in Simulation Study 1 are simulated from a negative binomial

mixture model with a two-component exponential mixture distribution on µ.
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Table 5.4: Performance of 95% Interval Estimators for Simulation Study 1

Coverage Percentage

95% Interval Estimator 8 sampling units 16 sampling units

Chao2 Symmetric CI 63% 67%

Chao2 Asymmetric CI 84% 87%

Jack2 Symmetric CI 87% 92%

Jack2 Asymmetric CI 94% 97%

ACE Symmetric CI 73% 64%

ACE Asymmetric CI 91% 84%

ML Symmetric CI 0% 0%

ML Asymmetric CI 0% 0%

Likelihood Interval 0% 0%

Bayesian HPD Interval 94% 95%

Bayesian Equal-Tail CI 95% 97%

The asymmetric confidence interval constructed from ŜJack2 also has coverage per-

centages close to the nominal level for the two levels of sampling effort. The symmetric

confidence interval associated with ŜJack2 has smaller coverage levels that are below

the nominal 95% level. For ŜChao2 and ŜACE, the asymmetric confidence intervals have

higher coverage percentages than their corresponding symmetric confidence intervals,

though the coverage percentages are all below the nominal 95% level. The asym-

metric confidence intervals have higher coverage levels because the non-parametric

estimators tend to be negatively biased and the asymmetric confidence intervals tend

to have higher upper limits than their corresponding symmetric confidence intervals.

For the maximum likelihood approach with an exponential distribution on µ, the
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three 95% interval estimators2 perform very poorly (Table 5.4). At both levels of

sampling effort, all of the interval estimates have upper limits that are below the true

SΩ. As a result, these three interval estimators have coverage levels of 0%.

For the model-based samples generated in Simulation Study 1, the Bayesian esti-

mators have performed well, with the posterior mode of SΩ having the smallest esti-

mated bias and sample MSE. The highest posterior density interval and the equal-tail

credible interval have coverage levels that are very close to the nominal 95% level, so

that these Bayesian intervals also exhibit good frequentist performance in this case.

5.7 Results from Simulation Study 2

In the preceding section, we simulated data under the ideal scenario for the Bayesian

estimators, based on the model underlying these estimators. Here, we examine how

the estimators fare when the data sets are simulated under a more realistic setting.

We consider four sampling scenarios in this simulation study, with the sampling

scenarios differing in the quantity and size of the quadrats randomly placed in the

50-hectare tropical forest plot, for which we have a census.

Figures 5.3, 5.4, 5.5 and 5.6 display side-by-side box plots comparing sampling

distributions of the eight point estimators for each of the four scenarios, respectively.

Aside from two outliers, all of the species richness estimates summarized in the box

plots are less than the actual number of species (SΩ = 305) in the 50-hectare plot.

2Using the MLE of SΩ and the estimated asymptotic variance, symmetric and asymmetric 95%

confidence intervals for SΩ are constructed in the same manner as Equations 5.1 and 5.2, respectively.
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This reflects the difficulty of the species richness estimation problem; all methods,

including those estimators well established in the literature, perform poorly with

all eight estimators being negatively biased. The negative bias decreases for each

estimator when the sampling fraction increases (i.e., moving from Figures 5.3 and 5.4

to Figures 5.5 and 5.6).

Tables 5.5 and 5.6 show the estimated bias, variance and MSE of the eight estima-

tors applied to the four sets of 100 samples in Simulation Study 2. As an estimator

of species richness, Sobs has the largest estimated bias and the largest sample MSE in

each of the four sampling scenarios, based on Figures 5.3 to 5.6 and Tables 5.5 and

5.6. The MLE ŜΩ follows next with the second largest bias and the second largest

sample MSE. The estimators Sobs and ŜΩ have the smallest ranges and the smallest

sample variances in every scenario. This mimics the observations of the previous

simulation study.

In Scenarios 1 and 2 (i.e., samples that occupy 0.2% of the BCI plot), the posterior

mean of SΩ has the smallest bias and the smallest MSE. The posterior median and

posterior mode of SΩ follow closely behind, in terms of bias and MSE in Scenarios

1 and 2. Compared with the posterior mean, the non-parametric estimators have

relative increases in MSE of at least 16% in Scenario 1 and at least 31% in Scenario

2.

The relative performances of the estimators change when the sampling fraction

is increased. In Scenarios 3 and 4 (i.e., samples that occupy 0.8% of the BCI plot),

ŜJack2 has the smallest bias and the smallest sample MSE. In Scenario 3, ŜACE and
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Figure 5.3: Side-by-side box plots of species richness estimates generated from samples

of forty 5 m × 5 m quadrats in Simulation Study 2. The horizontal reference line is

the actual species richness of 305.
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Figure 5.4: Side-by-side box plots of species richness estimates generated from samples

of ten 10 m× 10 m quadrats in Simulation Study 2. The horizontal reference line is

the actual species richness of 305.
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Figure 5.5: Side-by-side box plots of species richness estimates generated from samples

of forty 10m× 10m quadrats in Simulation Study 2. The horizontal reference line is

the actual species richness of 305.
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Figure 5.6: Side-by-side box plots of species richness estimates generated from samples

of ten 20 m× 20 m quadrats in Simulation Study 2. The horizontal reference line is

the actual species richness of 305.



114

ŜChao2 are the second and third best estimators, respectively, in terms of bias and

sample MSE. In Scenario 4, ŜChao2 has the second smallest bias and sample MSE;

the performances of the three Bayesian estimators and ŜACE are close to ŜChao2, in

terms of bias and sample MSE.

When only considering the three Bayesian estimators, their relative performances

are consistent across the four sampling scenarios. The posterior mean of SΩ has the

smallest bias and smallest sample MSE. The posterior mode of SΩ has the smallest

sample variance. The shape of the estimated posterior distribution of SΩ helps ex-

plain the relatively better performance of the posterior mean. From examining the

MCMC simulations, the posterior distribution of SΩ is typically unimodal and pos-

itively skewed. The posterior mean of SΩ is consistently larger than the posterior

median and posterior mode. Therefore, keeping in mind that all estimators are neg-

atively biased in Simulation Study 2, the posterior mean will have a smaller bias and

a smaller MSE than the posterior median and posterior mode.

To examine the performance of estimators when the sampling fraction is held fixed

but the quantity and size of the sampling units changes, we compare results from

Scenarios 1 and 2. The initial inspection of the box plots in Figures 5.3 and 5.4 does

not reveal notable differences in estimator performance across these scenarios. Table

5.5 indicates that the bias of all estimators are slightly smaller in Scenario 1 (samples

consist of observations from forty 5 m × 5 m quadrats). With the exception of the

posterior mode, the estimators have smaller sample variance in Scenario 2 (samples

consist of observations from ten 10 m × 10 m quadrats); and, with the exception of
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the posterior mean, estimators have smaller sample MSEs in Scenario 1.

We also compare the estimator performance between Scenarios 3 and 4. The box

plots in Figures 5.5 and 5.6 do not reveal notable differences in estimator performance

between Scenarios 3 and 4. In Table 5.6, the bias and sample MSE of the estimators

are smaller in Scenario 3 (samples consist of observations from forty 10 m × 10 m

quadrats) than the corresponding performance measures for Scenario 4, except for

the posterior mean and posterior median. The sample variance of the non-parametric

estimators ŜChao2, ŜJack2 and ŜACE are smaller in Scenario 4 (samples consist of ten

20 m × 20 m quadrats), while the sample variance of the other five estimators are

smaller in Scenario 3.

In summary, for a fixed sampling fraction of the 50-hectare BCI plot (i.e., 0.2% in

Scenarios 1 and 2, and 0.8% in Scenarios 3 and 4), estimators applied to samples con-

structed from forty small quadrats tend to have slightly smaller bias and smaller MSE

but larger variance than the same estimators when applied to samples constructed

from ten larger quadrats. If these observations were to extend to other settings, in-

vestigators must balance the additional travel required to access more quadrats of

smaller size with the potential reductions in bias and MSE.

Table 5.7 displays the sample variance of the species richness estimates from 100

samples and the average of the corresponding variance estimates of the species richness

estimators. For the non-parametric estimators ŜChao2, ŜJack2 and ŜACE, we observe

wider ranges of relative differences between the sample variance of the species richness

estimates and the average of the variance estimates than in the first simulation study.
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In each sampling scenario, the average of the 100 asymptotic variance estimates as-

sociated with the MLE ŜΩ is at least twice as small as the sample variance of the ŜΩ

estimates. As a result, confidence intervals constructed from our likelihood approach

will be too narrow and will not be reliable when applied to the sample data sets in

Simulation Study 2.

Table 5.7: Performance of Variance Estimators for Simulation Study 2

Sampling Point Sample Average of Relative

Scenario Estimator Variance Variance Estimates Difference

Scenario 1 ŜChao2 539.33 537.59 -0.32%

Forty 5× 5m ŜJack2 285.51 243.31 -14.78%

Quadrats ŜACE 801.92 745.08 -7.09%

MLE ŜΩ 117.25 39.77 -66.08%

Scenario 2 ŜChao2 422.97 478.81 13.20%

Ten 10× 10m ŜJack2 209.46 201.31 -3.89%

Quadrats ŜACE 503.18 727.23 44.53%

MLE ŜΩ 111.93 44.08 -60.62%

Scenario 3 ŜChao2 446.25 395.97 -11.27%

Forty 10× 10m ŜJack2 305.70 253.53 -17.06%

Quadrats ŜACE 332.26 321.94 -3.11%

MLE ŜΩ 57.10 18.38 -67.81%

Scenario 4 ŜChao2 365.70 352.43 -3.63%

Ten 20× 20m ŜJack2 230.83 218.24 -5.45%

Quadrats ŜACE 198.43 269.63 35.88%

MLE ŜΩ 79.36 21.54 -72.85%

Table 5.8 displays the coverage levels of the interval estimators of species rich-

ness for the four sampling scenarios in Simulation Study 2. Unfortunately, all of
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the interval estimators have very poor coverage levels with most interval estimates

having upper endpoints below the true species richness of the 50-hectare plot. No

interval estimators have coverage levels near the nominal 95% level. In fact, the high-

est observed coverage level is 24% (for the Bayesian equal-tail confidence interval in

Scenario 2). The three interval estimators from our likelihood-based approach have

coverage levels of 0% in all four scenarios. The coverage levels of the Bayesian in-

terval estimators decrease when the sampling effort increases (either by increasing

the number of quadrats, or by increasing the size of the quadrats); in the scenarios

with the lowest sampling effort, the sparser data causes flatter likelihoods and, as

a result, wider interval estimates are produced that are more likely to contain SΩ.

While an unfortunate result, it should be noted that all methods considered, includ-

ing well established methods from the literature, perform poorly here. This reflects

the difficulties of conducting inference on SΩ in applications.

5.8 Comparing Results of the Simulation Studies

To compare the performance of the species richness estimators in the two simulation

studies, we can look at the relative bias of the estimators. Table 5.9 presents the rela-

tive biases of the estimators in the different sampling scenarios for the two simulation

studies. We see the relative bias of each estimator decreases when the sampling effort

is increased in a simulation study. For each species richness estimator, its relative

bias in the two scenarios of Simulation Study 1 are much less than the relative biases
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Table 5.8: Performance of 95% Interval Estimators for Simulation Study 2

Coverage Percentage

95% Interval Estimator Scenario 1 Scenario 2 Scenario 3 Scenario 4

Chao2 Symmetric CI 0% 1% 6% 2%

Chao2 Asymmetric CI 6% 2% 8% 6%

Jack2 Symmetric CI 0% 0% 1% 0%

Jack2 Asymmetric CI 0% 0% 1% 1%

ACE Symmetric CI 3% 2% 3% 0%

ACE Asymmetric CI 13% 6% 3% 1%

ML Symmetric CI 0% 0% 0% 0%

ML Asymmetric CI 0% 0% 0% 0%

Likelihood Interval 0% 0% 0% 0%

Bayesian HPD Interval 4% 12% 0% 1%

Bayesian Equal-Tail CI 7% 24% 0% 1%

in the more realistic scenarios of Simulation Study 2.

For each column of Table 5.9, the smallest relative bias is highlighted in bold. In

Simulation Study 1, the very small relative biases of the Bayesian estimators are to

be expected as the samples are generated from our hierarchical Bayesian model. The

second order jackknife estimator also has small relative biases in Simulation Study

1. In Simulation Study 2, all estimators in all four scenarios have negative relative

biases. For samples from Scenarios 1 and 2 of Simulation Study 2, the Bayesian

posterior estimators have the smallest relative biases. For the samples involving a

larger sampling fraction in Scenarios 3 and 4 of Simulation Study 2, ŜJack2 has the

smallest relative bias.
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Ŝ
C
h
a
o
2

-8
.5

6
%

-5
.0

9%
-5

0.
49

%
-5

2.
24

%
-3

4.
0
5%

-3
5
.1

7
%

Ŝ
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5.9 Remarks

The Bayesian estimators perform well under the ideal conditions of Simulation Study

1. These estimators have relatively small bias and small MSEs, in particular, the

posterior mode. The second-order jackknife estimator ŜJack2 is also competitive in

Simulation Study 1. The two Bayesian 95% interval estimators and the asymmetric

95% confidence interval associated with ŜJack2 achieve coverage levels very close to

the nominal level. In both simulation studies, Sobs and the MLE ŜΩ consistently have

the largest bias and the largest MSEs.

With the realistic samples of Simulation Study 2, the best overall estimator of

the eight estimators examined depends on the amount of sampling effort. For the

small samples in Scenarios 1 and 2, the posterior mean of SΩ had the smallest bias

and smallest MSE. Increasing the sampling effort by a factor of four, ŜJack2 had the

smallest bias and smallest sample MSE in Scenarios 3 and 4.

Based on these results, we recommend the use of our Bayesian method in settings

where the sampling units represent a small fraction of the region of interest. In ad-

dition, we recommend expanding the Bayesian model to consider alternative mixing

distributions on µ, in particular, distributions such as a three-component exponential

mixture or a lognormal distribution that place more support near zero; such distribu-

tions would result in larger estimates of species richness (i.e., possibly reducing bias of

the estimator and increasing the coverage level of corresponding interval estimates).

For our likelihood-based method, changing the mixing distribution on µ accordingly
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would achieve similar outcomes.
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Chapter 6

Case Study: Oribatid Mites in a

Tropical Forest

6.1 Introduction

In 2003 and 2004, a large-scale investigation of arthropod diversity was conducted in

the lowland tropical rainforest of the San Lorenzo Protected Area (SLPA) of Panama

(Basset et al., 2007). The main goal of this study was to estimate the arthropod

species richness in a tropical rainforest. As arthropods make up a majority of eukary-

otic organisms (Basset et al., 2007), an estimate of arthropod species richness is useful

in determining how much more sampling is required to inventory the species diversity

of the tropical rainforest and make conclusions about arthropod species richness at a

global spatial scale.

As part of this large-scale investigation of arthropods, oribatid mites were collected
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to look for diversity patterns between the forest floor and canopy habitats in the SLPA

lowland tropical rainforest. As part of the full spectrum of arthropods sampled in

this international project, oribatid mite estimates can then be used in the estimation

of the total species richness of arthropods in a tropical rainforest. Here, we analyse

the oribatid mite data set and estimate the species richness of the oribatid mites for

two forest habitats, the forest canopy and the forest floor.

6.2 Sampling Oribatid Mites in a Lowland Tropi-

cal Rainforest

Here, we briefly introduce the oribatid mites and describe the lowland tropical rain-

forest of the San Lorenzo Protection Area in the Colón Province of the Republic of

Panama. We also describe how the field study of oribatid mite diversity was con-

ducted.

Oribatid mites are an order of microarthropods in the class Arachnida and sub-

class Acari. They tend to be the numerically-dominant microarthropod fauna in most

forest floor habitats (Petersen & Luxton, 1982) and forest canopy habitats (Behan-

Pelletier & Walter, 2000). They occur on many parts of the tree surface including

the bark, leaves, and suspended soil mats (Lindo & Winchester, 2007). Oribatid

mites feed on living or dead plant and fungal material, and their feeding activity is

important in the decomposition process in soils. Adult oribatid mites range in size

from 0.2 to 1.4 mm in length, and are considered important functional components
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of forest ecosystems (Lindo & Winchester, 2006).

The San Lorenzo Protected Area is a contiguous lowland evergreen forest in

Panama, some 6,000 hectares in area. The rainforest has an average of 3676 woody

plant stems (greater than 10 mm in diameter at breast height) per hectare with trees

reaching heights up to 45 metres (Basset et al., 2007). The climate is wet and warm all

year round with an average rainfall of 3139 mm, and the average annual temperature

was 26 degrees Celsius over the years 1998 to 2002 (Basset et al., 2007).

The field study took place at eight sites in the SLPA in September and October of

2003. The eight sites were chosen to represent the variety of the forest environment

while at the same time being relatively accessible to field observers (e.g., close to

access roads). As a result, the sites were not randomly chosen, with seven sites on

the slopes of a hill (altitude 130 metres) and one site on a floodplain. The sites

measured 20 m × 20 m in area. Each site was located within two kilometres of all

other sites. For more information on the SLPA and the study sites, we refer the

reader to Basset et al. (2007).

At each of the eight sites, three trees large enough to safely climb were randomly

chosen. On the ground around each selected tree, eight cores of soil and ground

litter were collected – two replicate cores were collected at each cardinal direction (N,

W, S, E) from the tree trunk. In addition, eight tree bark scrapings were collected

at different heights on each selected tree. The heights of the tree bark scrapings

varied from tree to tree. The average height of the tree bark scrapings was 20.1 m

from the ground (minimum 5 m, maximum 32 m, standard deviation 4.9 m). The
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average height of the tree bark scrapings was significantly different among the 24

trees (ANOVA F test = 5.90, df = 23 and 168, p-value < 0.001). The three trees

with the highest average core heights differed significantly from the three trees with

the lowest averages, while the 18 other trees as a group did not differ significantly in

their average core heights (Tukey’s method, family error rate of 5%). Each core of

soil or tree bark scraping measured 3 × 5 cm in area. A total of 192 cores from the

forest floor and 192 cores from the forest canopy were collected.

Through subsequent laboratory work, the weight of the fresh substrate in each of

the cores was recorded. The microarthropods were then extracted from the substrate

over a 48-hour period using a Berlese-Tullgren apparatus and stored in 75% ethanol.

After the substrate from each core was dried, its weight was again measured. From

each core extraction, all adult oribatid mites were identified to their species type

under microscope, if possible, and counted. As common in the taxonomic study of

arthropods (Basset et al., 2007), mites in pre-adult stages of development were not

recorded because of difficulties with identification.

6.3 Exploratory Data Analysis

For each species observed, the number of adult mites extracted from the substrate

was recorded for each core. A total of 16,124 adult oribatid mites were collected

from the 384 cores. A total of 141 distinct species were identified from the individual

specimens. In the family Galumnidae, 1021 adult mites were collected, but these
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individuals could not be identified to genus and species type because no taxonomist

familiar with Galumnidae was available. As a result, this family is excluded from the

analysis, except where noted.

The distribution of abundances of species in the data set is quite uneven. For

fifteen species, only one adult mite is observed in the field study. The 71 species

with the lowest abundances constitute a combined percentage of 3.4% of the 15,103

mites identified to species types. While the two most abundant species (Scheloribati-

dae Scheloribates species 1 and Haplozetidae Rostrozetes ovulum) are represented by

12.7% and 13.0%, respectively, of the 15,103 identified adult mites.

6.3.1 Association between numbers of mites and weights of

the substrate

During the field study, the substrate cores were approximately the same dimensions

(3 × 5 cm). However, inspection of the data set reveals that the number of adult

oribatid mites extracted from a core varies from 0 to 457 mites with a standard

deviation of 51.75. The wet weights of the substrate from the 384 cores also vary

considerably with a minimum of 5.5 grams and a maximum of 159.0 g. The dry

weights have a minimum of 1.5 g and a maximum of 66.0 g. In the canopy, a weak

positive association is observed between the number of adult mites in a core and the

wet weight of the substrate from the core (Pearson’s correlation coefficient r = 0.337,

p-value < 0.001; Kendall’s τ = 0.222, p-value < 0.001). A weak positive association
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is also observed between the number of adult mites in a core and the dry weight of

the substrate from the canopy (Pearson’s r = 0.334, p-value < 0.001; Kendall’s τ

= 0.253, p-value < 0.001). For the cores from the forest floor, we observe a weak

positive association between the number of adult mites in a core and the weight of

the core (using wet weights: Pearson’s r = 0.094 with p-value = 0.195, Kendall’s τ

= 0.087 with p-value = 0.076; using dry weights: Pearson’s r = 0.092 with p-value =

0.206, Kendall’s τ = 0.082 with p-value = 0.093).

For the canopy, when we combine cores from the same tree, the association be-

tween the total dry weight of the substrate and the number of mites collected from the

tree is stronger (Pearson’s r = 0.754 with p-value < 0.001, Kendall’s τ = 0.531 with

p-value < 0.001). The association becomes stronger still when we combine canopy

cores from the same site (Pearson’s r = 0.926 with p-value = 0.001, Kendall’s τ =

0.786 with p-value = 0.006).

For the forest floor, the association between the dry weights of the substrate and

the number of mites in the substrate is strongest when we combine cores within the

same site (Pearson’s r = 0.205 with p-value = 0.626; Kendall’s τ = 0.286 with p-value

= 0.399); however, the association does not appear to be statistically significant.

For the canopy, the scatter plot shown in Figure 6.1 illustrates a positive asso-

ciation between the dry weights of the canopy substrate and the number of mites

collected in the canopy of the sites. For the forest floor, there is little association

shown in the scatter plot of Figure 6.2 between the dry weights of the soil substrate

and the number of mites collected from the sites.
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Figure 6.1: Scatter plot of number of adult mites collected from the canopy at eight

sites versus the total dry weight of the sampled substrate.
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Figure 6.2: Scatter plot of number of adult mites collected from the forest floor at

eight sites versus the total dry weight of the sampled substrate.
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For the canopy data set, the number of mites collected from a core is positively

associated with the weight of the substrate in the core. Therefore, the expected

number of mites in a core will not be the same for all cores, rather, it will vary with

the weight of the substrate in the core. This is contrary to our multi-site abundance-

based models developed in Chapters 3 and 4. In our models, the sample abundances

ni,1, ni,2, . . . , ni,Q of species i in the Q sampling units are identically distributed (i.e.

the expected values are equal: E [ni,1] = E [ni,2] = . . . = E [ni,Q]). To account for

this, in Section 6.5, we propose an extension to our hierarchical Bayesian model to

include a positive linear relationship between the dry weight of the substrate and the

expected number of mites collected.

6.3.2 Comparing the Mite Composition of the Canopy and

Forest Floor

To begin, we compare the composition of species in the forest floor and canopy. If the

data suggest the forest floor and canopy differ significantly in the composition and

relative abundances of the oribatid mite species, it is important to account for this

difference in which case the mite communities on the forest floor and in the canopy

can be analysed separately.

Table 6.1 presents totals of the variables measured from the cores for the canopy

and the forest floor. Collectively, the cores from the forest floor contain a larger num-

ber of species and a larger number of mites than the canopy. In total, the ground cores



133

contain 4.7 times more mites than the canopy cores. The total wet and dry weights

of the soil substrate collected from the ground are larger than the corresponding total

weights from the tree bark scrapings. The overall percent moisture is the percentage

by which the total wet weight exceeds the total dry weight, relative to the total dry

weight. The substrate from the ground cores has a higher average moisture content

than the substrate from the canopy cores. The canopy cores contain an average of

0.739 adults mites per gram dry weight whereas the ground cores have an average of

2.865 adult mites per gram dry weight.

Table 6.1: Summary statistics for canopy & ground, excluding Galumnidae

Canopy Forest Floor

Number of species observed 118 129

Total number of adult mites 2,651 12,452

Total wet weight of collected substrate (g) 9,383.5 13,677.1

Total dry weight of collected substrate (g) 3,588.0 4,346.0

Overall percent moisture (%) 161.5 214.7

Number of mites per gram dry weight 0.739 2.865

Several factors may explain why the ground measurements differ from those in the

canopy. The quality and quantity of the substrate, the dispersal capabilities of the

mites and differences in micro climate conditions may explain the lower abundances

in the canopy (Nadkarni and Longino, 1990). In addition, mites may specialize on

particular host-tree species in the canopy whereas the ground habitat may be more

uniform (Basset et al., 2007).

Out of 141 species identified, 106 (75.3%) were shared in common between the
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forest floor and canopy. More species in the rainforest may be shared in common

between the forest floor and canopy, but, by chance, they were absent from the

canopy cores and/or the ground cores. A total of 12 species were observed in the

canopy but not observed on the forest floor. In addition, 23 species were observed on

the forest floor but not in the canopy.

As part of the comparison of the oribatid mite communities, we investigate if

similar numbers of species are expected to be observed in the canopy and ground for

the same amount of sampling effort. We can measure sampling effort by the number

of cores, the weight of the sampled substrate, or the number of adult mites collected.

For the oribatid mite data, it is inappropriate to compare the canopy and ground

communities with sampling effort measured by either the number of cores or the

weight of the sampled substrate. Suppose that the ground mite community and

canopy mite community contain the same species with identical relative abundances.

The average number of adult mites collected from the forest floor of a site is signifi-

cantly greater than the average number collected from the canopy of a site (matched

pairs test on the eight sites: t = 12.52, p-value < 0.001). Therefore, we would expect

more individuals and hence more species to be observed in a given number of ground

cores versus the same number of canopy cores. Using the fact that the average num-

ber of mites per gram dry weight is 2.865 for the ground substrate and 0.739 for the

canopy substrate (from Table 6.1), a similar argument can be made against measuring

sampling effort using the weight of the sampled substrate.

We now consider measuring the sampling effort using the number of adult mites.
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We use rarefaction curves (Heck et al., 1975) to compare the expected number of

species observed in samples of individuals of the same size collected from the forest

floor and canopy. This requires assuming the mites in the 192 cores from the forest

floor constitute a random sample of individuals, and similarly, for the canopy. Sup-

pose a total of Sobs species are observed in an original sample of N individuals with xi

individuals of species i, for i = 1, 2, . . . , Sobs, so that N =
∑Sobs

i=1 xi. Assuming a sub-

sample of m individuals is randomly sampled without replacement from the original

sample, the expected number E [Sm] of species in a subsample of size m is

E [Sm] = Sobs −
Sobs∑
i=1

(
N−xi
m

)(
N
m

) ,

for m = 0, 1, . . . , N . Note that E [S0] = 0 and E [SN ] = Sobs. A rarefaction curve is

produced by plotting E [Sm] as a function of m.

Figure 6.3 shows the two rarefaction curves for the ground and canopy. The

rarefaction curves lie quite close together initially, for subsamples of 200 or fewer

individuals. As the size m of the subsamples reaches the size of the original canopy

sample (2,651 individuals), the expected number of species in the canopy subsam-

ples approaches 118, which exceeds the expected number of species (101) in ground

subsamples by 17. The dissimilarity of the two rarefaction curves suggests large sam-

ples of equal size from the canopy and the ground may contain different numbers of

species.

A rarefaction curve is based on the assumption that a random sample of indi-

viduals is used, or equivalently, that the individuals are randomly distributed. The
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Figure 6.3: Rarefaction curves for the oribatid mites collected from the forest canopy

(solid line) and from the forest floor (dashed line) of the SLPA.
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oribatid mites collected from the forest floor do not constitute a random sample of

individuals, and the individuals are not randomly distributed among the cores taken

from the ground (Index of Dispersion = 10,052.68, p-value < 0.001). Similarly, the

oribatid mites collected from the forest canopy do not constitute a random sample of

individuals and are not randomly distributed among the cores (Index of Dispersion

= 2738.29, p-value < 0.001). Thus, while the rarefaction curves lend some insight,

we cannot rely solely on these curves.

We can compare the composition of the oribatid mites in the canopy and floor

using an index of the dissimilarity (Legendre & Legendre, 1998). There are many

such indices available (e.g., see Section 7.3 of Legendre & Legendre, 1998).

Let Sobs denote the total number of oribatid mite species observed in the rain-

forest and ni,q denote the number of adult mites of species i in the qth sample for

i = 1, 2, . . . , Sobs. The sample relative abundance of species i in the qth sample is

ni,q/Nq, where Nq =
∑Sobs

j=1 nj,q is the total number of mites in the qth sample. The

complement of Whittaker’s index of association (Legendre & Legendre, 1998) mea-

sures the dissimilarity or distance between two samples based on the sample relative

abundances of the species. For two samples labelled 1 and 2, the complement of

Whittaker’s index of association is

D =
1

2

Sobs∑
i=1

∣∣∣∣ni,1N1

− ni,2
N2

∣∣∣∣ . (6.1)

The difference D varies between 0 and 1, and can be expressed as a percentage

between 0% and 100%. When the two samples do not share any species in common,
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we have D = 100%. When the relative abundances of a species in the two samples

are identical, it contributes zero to the index D, so that if all species have identical

proportions in the two samples, we have D = 0%.

We note that a common index, the Bray-Curtis dissimilarity index1 (Legendre &

Legendre, 1998), is equivalent to Equation 6.1 when the raw abundances (ni,q) in the

Bray-Curtis dissimilarity index are replaced by the sample relative abundances of the

species.

Observations from a single core can be quite sparse, with many species being ab-

sent. As a result, we consider combining the observations from the eight canopy cores

of a tree to form a single sample, and this is done for the ground, as well. With 24

trees in total, we have two samples associated with each tree: a ground sample and

a canopy sample. Considering all pairs of canopy samples, the average dissimilarity

D is 73.9% (SD = 12.5%); whereas, for pairs of ground samples, the average dissim-

ilarity D = 58.2% (SD = 12.0%) is lower. Higher average dissimilarity among the

canopy observations suggests greater variability in oribatid mite composition within

the canopy versus within the forest floor.

Based on the differences described above between the oribatid mite observations

in the canopy and forest floor, we will treat the canopy and forest floor as separate

1The Bray-Curtis dissimilarity index is a measure of percent dissimilarity between two samples.

The equation for the Bray-Curtis dissimilarity index is

BC =

∑Sobs

i=1 |ni,1 − ni,2|∑Sobs

i=1 ni,1 +
∑Sobs

i=1 ni,2
.
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communities in the remaining sections of this chapter. As a result, we compute

estimates of oribatid mite species richness for the canopy and forest floor separately.

6.4 Remarks Regarding Assumptions for the Meth-

ods

Appendix A assesses the plausibility of the assumptions (described in Section 3.3) of

our estimation methods. Some assumptions are likely to be violated with the canopy

and ground data sets. However, these assumptions underly not only our methods, but

the other methods as well. The estimator ŜACE assumes a simple random sample of

individuals has been collected – this is not the case for the observations collected from

the canopy and forest floor. The estimators ŜChao2 and ŜJack2 assume a species has the

same probability of occurring in each sampling unit, but this is violated in the canopy

when a strong association is observed between the number of mites collected and the

weight of the substrate. This assumption is also violated if the spatial distributions

of the species are not stationary across the rainforest.

The assumption of 100% probability of detection of all mites in the cores is unlikely

to be true as the immatures cannot be identified and therefore were not recorded. Fur-

thermore, all estimators are affected by the inability to identify the 1,021 Galumnidae

mites to their species types.

Species are highly unlikely to be mutually independent, however this is a common

assumption made by all the species richness estimators considered here. In the re-
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mainder of this chapter, we will combine the observations from the 24 canopy cores

of a site to have one canopy sampling unit for each site. With little dependence intro-

duced by the host tree species and the distances between sites, the sets of observations

in the canopy sampling units will be treated as being independent. We do the same

for the forest floor.

The violations of the assumptions reduce the reliability of the species richness

estimates and their associated measures of uncertainty. In an attempt to address

violations of the first assumption regarding uniform sampling effort, the next section

proposes an adjustment to our hierarchical Bayesian model to incorporate the dry

weights of the substrate.

6.5 Modelling the Association between Mite Abun-

dances and Substrate Weights

In the exploratory data analysis, the number of mites collected from the canopy of

a site was found to have a strong positive correlation with the dry weight of the

sampled substrate. In this section, we propose a modification of our hierarchical

Bayesian model to account for the dry weights of the substrate.

Consider either the forest floor or the canopy, and let Wq denote the sum of

the dry weights of the substrate collected from the sampling unit in the qth site,

for sites q = 1, 2, . . . , 8. The dry weights will be measured in units of 500 grams.

Let W = 〈W1,W2, . . . ,W8〉 denote the vector of total dry weights of the substrate
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sampled from the eight sites.

In our hierarchical model, a species contributes individuals to a sampling unit

according to a negative binomial distribution. We adjust the mean of the nega-

tive binomial distribution to be proportional to the weight of the substrate, so that

E [ni,q] = Wqµi.

With Sobs species observed in the layer of interest (canopy or ground) in the

rainforest, the data is augmented to include a fixed known number (M − Sobs) of

zero vectors (i.e., ni = 0 for i = Sobs + 1, . . . ,M). As before, the binary variable

zi = 1 indicates species i exists in the layer of interest, and zi = 0 otherwise, for

i = 1, . . . ,M . For i ≤ Sobs, we assume

ni,q | Wq, µi, k
ind∼ Negative Binomial(Wqµi, k),

for q = 1, . . . , 8. For i > Sobs, we assume

ni,q | Wq, µi, zi, k
ind∼


Negative Binomial(Wqµi, k) if zi = 1

I {ni,q = 0} if zi = 0

for q = 1, . . . , 8.

As previously in Chapter 4, µ = 〈µ1, µ2, . . . , µM〉 is treated as a vector of indepen-

dent and identically distributed random variables from a mixture of two exponential

distributions with exponential rate parameters β1 and β2 (β1 < β2), and mixture

weight π. After incorporating the substrate weights in the negative binomial sam-

pling model, we proceed with the Bayesian inference as described in Chapter 4.

The dispersion parameter k has been fixed at a common value for all species.

Realistically, k should change with the weight of the sampled substrate if the expected
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number of individuals in a sampling unit is proportional to the weight of the sampled

substrate. For species i, suppose ni,q | µi, k ∼ Negative Binomial(Wqµi, k) when 500

grams (Wq = 1) of substrate are examined. As the weight increases, the expected

number Wqµi of individuals increases, and the distribution of ni,q may approach a

Poisson distribution as the size of the sampling unit expands beyond the scale of

local clusters of individuals. In these circumstances, when the weight of substrate is

increased, we expect k to increase and tend towards positive infinity in the limit.

6.6 Inference on Oribatid Mite Species Richness

For the canopy, we combine all the observations from the cores of a site, and treat

the eight sites as the sampling units. With little dependence introduced by the host

tree species and the distances between sites (see Section A.2 in Appendix A), the sets

of observations in the canopy sampling units will be treated as being independent.

Likewise, for the forest floor, we also combine the observations from all cores within

a site, and treat the sets of observations from different sites as independent.

6.6.1 Estimating oribatid mite species richness within the

canopy of the forest

To estimate the number of oribatid mite species in the canopy of the rainforest, we use

the likelihood-based approach from Chapter 3, the Bayesian approach from Chapter

4, and the substrate-weight-adjusted version of the Bayesian approach proposed in
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Section 6.5. For Bayesian inference on the species richness, the posterior mean is used

as a point estimate. For each site, the observations from the 24 canopy cores within

the site are pooled to form one sample of raw abundances, and our methods use

this abundance data from each of the eight sites. We also apply the non-parametric

estimators introduced in Chapter 5.

Table 6.2 presents the estimates of oribatid mite species richness in the canopy

along with measures of variability in parentheses and 95% interval estimates. When

our Bayesian model is fit to the data, the posterior mean is slightly smaller when the

model incorporates the weights of the collected substrate; the posterior mean is 145.8

with the substrate weights versus 146.2 without them. The 95% credible intervals are

also slightly narrower when the Bayesian model incorporates the substrate weights;

for example, the HPD interval is (129, 167) with the substrate weights and (127, 168)

without the substrate weights.

The MLE ŜΩ is the lowest estimate (127) and has the narrowest 95% interval

estimates, which is consistent with its behaviour in the simulation studies in Chapter

5. The second-order jackknife estimator ŜJack2 produces the largest estimate (170.4).

Among most estimators, the 95% interval estimates do overlap. Although, the interval

estimates associated with the MLE ŜΩ do not intersect with the interval estimates

associated with ŜJack2.

In each MCMC simulation for the Bayesian methods, two chains were run based on

dispersed initial values for the model parameters (ψ, π, β1, (β2−β1), k). For the data

augmentation, we set M = 350. The posterior values of SΩ were all safely well below
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Table 6.2: Estimates of Oribatid Mite Species Richness in Canopy

Point 95% Asymmetric 95% Symmetric

Estimate Confidence Confidence

Estimator (ESE) Interval Interval

Sobs 118

ŜChao2 162.7 (19.2) (138.0, 218.1) (125.2, 200.3)

ŜJack2 170.4 (12.7) (150.8, 201.9) (145.5, 195.4)

ŜACE 140.6 (10.5) (127.5, 171.7) (120.1, 161.2)

95% Asymmetric Likelihood

CI Interval

MLE ŜΩ 127 (3.3) (122.5, 135.9) (122, 135)

95% HPD 95% Equal-Tail

Interval Interval

Posterior Mean of SΩ 146.2 (127, 168) (130, 174)

Post. Mean adjusted 145.8 (129, 167) (130, 171)

with substrate weights

M . A burn-in period of at least 100,000 iterations was employed to ensure that the

Gelman and Rubin diagnostic statistic was less than 1.1 for all monitored parameters.

An additional 500,000 iterations was then run, thinning every 10th observation. This

resulted in two sets of 50,000 posterior draws for a total of 100,000 posterior draws

used for inference.

A total of 152 adult Galumnidae mites were observed in the substrate collected

from the forest canopy. Treating the mites from the Galumnidae family as one

‘species’ and including them in the analysis had a negligible effect; the estimates

of species richness typically increased by one, and the lower and upper limits of the

interval estimates also increased by one.
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In addition to the negative binomial model, we also consider a Poisson sampling

model in our Bayesian approach. Given that species i exists in the rainforest canopy,

its abundances ni,1, ni,2, . . . , ni,8 in the canopy sampling units can be treated as in-

dependent and identically distributed Poisson random variables with mean µi, for

i = 1, 2, . . . ,M . Under this Poisson sampling model, the total number
∑8

q=1 ni,q of

adult mites of species i collected from the canopy is a Poisson random variable with

mean 8µi. This Poisson sampling model is equivalent to pooling the observations

from the eight sites together, essentially working with a single sample.

The models can also be altered to use a different probability distribution on the

mean abundances, µ, of the species in the sampling units. In addition to the two-

component exponential mixture distribution, we consider a lognormal distribution

on µ. As mentioned in Section 3.2.2, the lognormal distribution is often used to

model the distribution of expected abundances in sampling units, or equivalently, the

distribution of the regional abundances (i.e., population numbers) of the species.

Finally, we consider one last alteration to the hierarchical Bayesian model. As

described in Section 6.5, we can incorporate the total weight of the canopy substrate

collected from a site into the expected abundance of a species in the sampling unit.

For the Poisson sampling model, if species i exists in the canopy, then ni,q is modelled

as a Poisson random variable with mean Wqµi, for i = 1, 2, . . . ,M . The dry weight

Wq of the substrate collected from the qth sampling unit is measured in units of 500

grams, for q = 1, 2, . . . , 8.

In total, we consider eight variations of the Bayesian model for these data, based
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on all possible combinations of sampling model (negative binomial or Poisson), prob-

ability distribution on µ (two-component exponential mixture or lognormal), and

whether or not to incorporate the substrate weights. For models with a lognormal

distribution on µ, M was increased to 800 when needed to ensure the upper tail of

the posterior distribution of SΩ was well below M .

Table 6.3 displays the posterior mean and interval estimates of species richness

from the eight Bayesian models fitted to the canopy data. The posterior standard

deviation of species richness SΩ is in parentheses next to the posterior mean. The

last column of Table 6.3 displays the deviance information criterion (DIC) of each

model. DIC penalizes models for a poor fit to the data (i.e., high estimated expected

deviance) and for the number of effective parameters. A lower DIC indicates a pre-

ferred model (in terms of fit and parsimony). The DIC values suggest the negative

binomial sampling models are more appropriate than the Poisson sampling models.

For each combination of sampling model and distribution on µ, the weight-adjusted

model has a lower DIC than the model that does not incorporate the weights of the

substrate, indicating that the incorporation of the substrate weights is an appropri-

ate adjustment. For each combination of sampling model and distribution on µ, the

point and interval estimates of species richness from the weight-adjusted model are

very similar to the corresponding model without the adjustment for substrate weights.

The weight-adjusted negative binomial sampling model with a two-component

exponential mixture on µ has the lowest DIC (highlighted in bold in Table 6.3). For

this model, the estimated number of oribatid mite species in the canopy is 145.8
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(posterior mean) with a 95% highest posterior density interval of (129, 167) and a

95% equal-tail credible interval of (130, 171). This model has a smaller posterior

mean of species richness SΩ, a smaller posterior standard deviation of SΩ and smaller

upper limits in its interval estimates than the model with the second smallest DIC

(the weight-adjusted negative binomial sampling model with a lognormal distribution

on µ).

6.6.2 Estimating oribatid mite species richness on the forest

floor

For the forest floor data, Table 6.4 presents the point estimates with measures of

variability in parentheses and 95% interval estimates of the number of oribatid mite

species. The MLE ŜΩ produces the smallest estimate (131) of species richness. In

fact, the lower limits of the interval estimates associated with the likelihood-based

approach are very close to the observed number of species (129).

The estimator ŜJack2 produces the largest estimate (160.3). The symmetric 95%

confidence intervals associated with ŜChao2 and ŜACE have unrealistic lower limits

because they are less than the number of species observed in the canopy. The last two

rows of Table 6.4 refer to Bayesian estimates based on the negative binomial sampling

model with a two-component exponential mixture distribution on µ. The interval

estimates from our Bayesian approaches overlap substantially with the asymmetric

95% confidence intervals from the three non-parametric estimators. The Bayesian
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approach that incorporates the substrate weights has a slightly larger posterior mean

of SΩ (148.7 versus 148.0) and slightly larger upper endpoints of its interval estimates

than the Bayesian approach that does not incorporate the substrate weights.

Table 6.4: Estimates of Oribatid Mite Species Richness on Forest Floor

Point 95% Asymmetric 95% Symmetric

Estimate Confidence Confidence

Estimator (ESE) Interval Interval

Sobs 129

ŜChao2 148.9 (10.2) (136.7, 180.3) (128.9, 168.9)

ŜJack2 160.3 (10.3) (145.7, 187.8) (140.0, 180.6)

ŜACE 144.8 (8.7) (134.8, 172.3) (127.7, 161.8)

95% Asymmetric Likelihood

CI Interval

MLE ŜΩ 131 (1.6) (129.5, 136.9) (129, 134)

95% HPD 95% Equal-Tail

Interval Interval

Posterior Mean of SΩ 148.0 (136, 159) (138, 162)

Post. Mean adjusted 148.7 (136, 161) (138, 164)

with substrate weights

A total of 869 adult mites from the family Galumnidae were observed in the sub-

strate extracted from the forest floor. As with the canopy, if we treat the Galumnidae

mites on the forest floor as belonging to a single species, then the point estimates of

species richness typically increased by one and the endpoints of the interval estimates

increased by one, too.

We fit the eight variations of the hierarchical Bayesian model described in Section

6.6.1 to the ground data, and the results are presented in Table 6.5. The DIC is
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smallest for the four negative binomial sampling models. This suggests that the

Poisson sampling models are not appropriate for the mite data from the forest floor.

For each combination of sampling model and distribution on µ in Table 6.5, the

weight-adjusted model has a higher DIC than the corresponding model that does not

incorporate the weights of the substrate. Therefore, incorporating the weights of the

sampled ground substrate does not appear to improve each model’s fit to the data.

This is in-line with the exploratory analysis. In addition, incorporating the weights

of the sampled ground substrate produces minimal change in the posterior mean and

interval estimates of species richness.

The negative binomial sampling model with a lognormal distribution on µ with no

adjustments for the substrate weights has the lowest DIC, overall. For this model, the

estimated number of oribatid mite species in the canopy is 155.4 (posterior mean) with

a 95% highest posterior density interval of (135, 180) and a 95% equal-tail credible

interval of (138, 187).

6.7 Discussion

The MLE ŜΩ using an exponential distribution on µ produces the lowest estimate

of species richness for both the canopy and the forest floor. The highest estimate

of species richness for each data set is from the non-parametric estimator ŜJack2.

For the canopy, the point estimates of the number of species in the canopy range

from ŜΩ = 127 (ESE = 3.3) to ŜJack2 = 170.4 (12.7). For the ground, a similar
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but more narrow range of estimates is produced with the lowest estimate ŜΩ = 131

(1.6) and the highest estimate ŜJack2 = 160.3 (10.3). Several times more individuals

were collected from the ground than the canopy of the eight sites. As a result, the

estimated standard deviations associated with the species richness estimates and the

widths of the interval estimates are smaller for the ground data set.

In Chapter 5, all estimators were negatively biased when applied to the realistic

data sets in the second simulation study. Although we are working with different data

sets now, this still gives us a cause for concern, especially considering the violations

of the assumptions discussed in Appendix A. For species-rich taxa like the oribatid

mites, it is common for estimators to actually provide lower-bound estimates on

species richness (Gotelli & Colwell, 2001).

If one wishes to err on the side of overestimation, then the lognormal distribution

on µ in the hierarchical Bayesian models produces the interval estimates with the

largest upper limits. One may consider other probability distributions for µ. Based

on our experience (see also O’Hara, 2005), distributions that place more support on

small positive values of µ near zero will produce larger species richness estimates,

but also introduce larger measures of uncertainty (i.e., larger standard deviations

and higher upper limits of interval estimates). Our likelihood-based approach would

produce higher species richness estimates if, instead of the exponential distribution,

a distribution on µ with more support near zero was used, such as the lognormal

distribution.

In the past, it has been common to use a Poisson sampling model with a probability
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distribution on µ, albeit for modelling the abundances of species in one sample (Fisher

et al., 1943; O’Hara, 2005) rather than in multiple samples from one region. However,

among the eight variations of hierarchical Bayesian models applied to the canopy and

forest floor data sets, the negative binomial sampling models consistently provided a

better fit to the two data sets.

For the canopy, a strong positive association exists between the dry weights of

the sampled substrate and the number of adult mites observed. Incorporating the

substrate weights into the hierarchical Bayesian models was beneficial because it

improved the fit of the models to the data (as measured from the DIC values in Table

6.3). However, given a sampling model and a distribution on µ, it is interesting to

note that Bayesian inference on species richness was very similar between the models

with and without the adjustments for the substrate weights. The optimal Bayesian

model was the negative binomial sampling model adjusted for the substrate weights

with a two-component exponential mixture for µ, giving a 95% HPD interval of (129,

167) for the oribatid mite species richness in the canopy of the rainforest.

For the forest floor, the exploratory analysis did not reveal a significant association

between the substrate weights and the numbers of mites observed. Consequently, the

weight-adjusted Bayesian models did not offer any improvement in fit to the ground

data against the corresponding models that did not adjust for the ground substrate

weights. The optimal Bayesian model was the negative binomial sampling model

with a lognormal distribution for µ and with no adjustment for the substrate weights,

resulting in a 95% HPD interval of (135, 180) for the species richness on the forest
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floor.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

Species richness estimation based on multiple samples from one community is an open

area of research (Bunge & Barger, 2009) and a challenging problem. In this disserta-

tion, we have presented hierarchical models for abundance-based data from multiple

sampling locations in a region. These models are unique among models for species

richness estimation as they use the sample abundances of species in multiple sam-

ples from the same community; whereas, previously proposed estimators use multiple

samples that must be drawn from distinct communities (e.g., Mao & Lindsay, 2004).

Our statistical models and estimators are appropriate for populations where con-

specific individuals tend to occur in clusters. In the presence of this clustering, in-

dividuals in a spatial-based sampling unit are not a random sample, and therefore a

negative binomial sampling model seems more appropriate than a Poisson sampling
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model. This was true for the hierarchical Bayesian models applied to the oribatid

mite data sets.

In Simulation Study 2 in Chapter 5, all of the estimators considered produced

negatively-biased estimates, and the bias shrunk with increased sampling effort. The

equations for the estimators ŜChao2 and ŜJack2 (shown in Chapter 5) principally involve

Sobs, r1 and r2. With samples representing a tiny fraction of the region, r1 is generally

larger than r2. As the sampling effort increases modestly, r1 will continue to be

larger than r2 (Mao & Colwell, 2005). The number, Sobs, of species observed during

sampling increases with additional sampling effort. Thus, increases in sampling effort

(though still dealing with tiny fractions of the population) imply a general tendency

of increasing estimates of species richness for ŜChao2 and ŜJack2.

For ŜACE, the coefficient of variation of the relative abundances of the species is

estimated, but the estimated coefficient of variation tends to be negatively biased,

especially with small sample sizes (Chao & Lee, 1992). This results in negatively-

biased estimates of species richness. As the sample size increases, the estimate of the

coefficient of variation and, consequently, ŜACE will increase.

In addition to the challenges associated with small samples, two additional factors

cause our maximum likelihood and Bayesian methods to produce negatively-biased

estimates in Simulation Study 2. First, the distribution of the abundances of species

from the census of the 50-hectare plot on Barro Colorado Island (BCI) is very skewed,

with many rare species only having one or two individuals in the plot. The abundances

are not adequately modelled by an exponential distribution or a two-component mix-
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ture of exponential distributions, but rather by the lognormal distribution or distri-

butions developed under neutral theories of biodiversity (Volkov et al., 2003). As a

consequence, our methods do not use an appropriate mixing distribution on µ for the

sub-samples generated from the census data. Without sufficient support near zero

for the mixing distribution on µ, the resulting estimators underestimate the species

richness. A second factor that contributes to the negative bias of our estimators is our

simplifying assumption that the negative binomial dispersion parameter k is fixed at

a common value for all species. Condit et al. (2000) observed that species with lower

abundances had higher degrees of spatial aggregation in the BCI plot. If one were

to allow each species to have its own negative binomial dispersion parameter, the

dispersion parameters associated with the rare spatially-aggregated species in BCI

will be smaller, resulting in higher estimated probabilities of absence from samples

and higher estimates of species richness.

The interval estimators from all methods had very poor coverage levels in Sim-

ulation Study 2. A significant reason for this is the negative bias of the estimators.

For our maximum likelihood and Bayesian methods, the choices for the parametric

distribution on µ and a common value of k for all species contribute to the poor per-

formance of the interval estimators. In addition, large samples are needed in order for

the confidence intervals based on asymptotics (i.e., interval estimates associated with

our MLE and the non-parametric estimators) to be appropriate. Furthermore, all

estimation methods make the simplifying assumption that species are mutually inde-

pendent. Therefore, the interval estimators do not account for uncertainty introduced
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through inter-species interactions.

In the case study on oribatid mites, we considered various extensions of the

Bayesian model and incorporated the weight of the substrate from each sampling

unit. In other scenarios, covariates associated with sampling units could be incor-

porated as a fairly straight-forward extension to the modelling framework proposed

here.

7.2 Future Work

One statistical model and associated species richness estimator will not be best for

all data sets and scenarios. Based on the our studies, we recommend our Bayesian

model in settings where con-specific clustering is suspected, the sampling units are

spaced apart (to reduce spatial autocorrelation), and the sampling units constitute a

small fraction of the region (i.e., less than 1% of the region of interest is sampled).

We have found that species richness estimates are sensitive to the mixing dis-

tribution placed on the expected numbers (µ’s) of con-specific individuals in the

sampling units. Using more positively skewed distributions with more support near

zero, such as the lognormal and Pareto distributions, may produce more reasonable

estimates of species richness in some settings; although, these distributions will re-

sult in higher estimated variances and wider confidence intervals. Thus, the choice

of mixing distribution for µ is guided, essentially, by the classical trade-off between

bias and variance. In addition to investigating other mixing distributions, developing



159

techniques for model checking and goodness of fit for abundance-based data from

multiple samples is an important area for future research.

It would be desirable to consider mixing distributions on the dispersion parameter

k of the negative binomial distribution. Going even further, bivariate probability

distributions on µ and k could be used, relaxing the independence assumption. In

particular, a non-parametric approach based on Dirichlet process mixtures (Antoniak,

1974; Ferguson, 1973) could be used to choose the optimal mixing distribution on

(µ, k). Empirical observations may influence the modelled association between µ and

k. For example, Condit et al. (2000) found a negative association between the degree

of spatial aggregation and the observed abundance of woody plant species in five of

six large study plots in different tropical forests in five countries.

While sampling units may be randomly distributed in a region, spatial autocorre-

lation among observations is still present. Future work will investigate the incorpo-

ration of spatial autocorrelation into the hierarchical model (e.g., using multivariate

conditional autoregressive models; Besag, 1974), and these spatial models would be

a useful extension to the developments made in this dissertation.
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Appendix A

Checking Assumptions for Species

Richness Estimation in the Case

Study

Our multi-site abundance-based models from Chapters 3 and 4 are developed based

on several assumptions. The estimators ŜACE, ŜChao2 and ŜJack2 from the simulation

studies of Chapter 5 make some of the same assumptions. Here, we examine the

plausibility of these assumptions for the oribatid mite data used in Chapter 6.

A.1 Uniform sampling effort

The cores have a uniform area of 15 cm2 each. However, the weights of the substrate

in the cores vary widely (e.g., dry weights: mean = 20.6 g, SD = 10.3 g, min = 1.5
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g, max = 66 g). In Section 6.3.1, a positive association was identified between the

substrate weights and the number of adult mites in the canopy cores. Therefore, we

cannot expect the numbers of individuals in the canopy cores to be close in value if

the substrate weights are very different. We have modified our Bayesian model to

account for this in Section 6.5.

Estimators ŜChao2 and ŜJack2 assume that a species has the same probability of

occurrence in each sampling unit. This assumption is unlikely to be true for the

canopy data set because the probability of occurrence of a species will tend to be

positively associated with the weight of the substrate. Consequently, ŜChao2 and

ŜJack2 should be interpreted with care as these estimates may not be reliable in this

context.

A.2 Sampling units contain independent sets of

observations

Our methods assume that the set of observations in a sampling unit is independent

of the observations in other sampling units. As mentioned earlier, the locations of

the eight sites were not randomly chosen. However, they were chosen to represent

the variety of the rainforest environment within the SPLA (Basset et al., 2007). The

eight sites each have a land area of 20 m × 20 m. So, the total ground surface

area occupied by the sites is 0.0004 km2 which is approximately 5.46× 10−6% of the

73.20 km2 of lowland tropical rainforest in the SLPA. We can surmise that the total
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surface area of the canopy cores from the eight sites is also a very small fraction of

the total surface area of the rainforest’s canopy. Therefore, although the substrate is

sampled without replacement, this will not hinder us from treating the observations

from different sites as being independent as only a very small fraction of the region

is sampled without replacement.

For the eight cores of ground substrate collected near the base of a tree, it is

not appropriate to treat the sets of observations in the cores as independent due to

their close proximity. For the same reason, it is not appropriate to treat the sets of

observations in the eight cores from the canopy of a tree as independent. We thus

pool the ground observations from a tree, and treat the eight ground cores together

as one sampling unit. This is also done for the canopy cores in a tree. As a result,

in the canopy, we have one sampling unit for each tree giving us a total of 24 canopy

sampling units. Likewise, we have 24 ground sampling units from the forest floor.

We investigate two factors that may introduce some dependence between sets of

observations from sampling units.

First, there are instances where the same host species of tree is sampled more than

once. Of the 24 trees in the field study, there are 18 distinct tree species, with two

species each sampled twice and two species each sampled three times. We investigate

if trees of the same species have a lower degree of dissimilarity in mite composition

than observations taken from trees of different species.

For the forest floor, a lower average dissimilarity in mite composition is observed

among pairs of ground sampling units from trees of the same species: the average
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value of D is 48.6% (SD = 8.2%); whereas, for pairs of sampling units from trees

of different species, the average value of D is 58.5% (SD = 10.4%); however, there

are only eight pairs involving trees of the same species for this comparison. For the

canopy, the average dissimilarity in mite composition among sampling units from

trees of the same species is comparable to the average dissimilarity among sampling

units from trees of different species: for pairs from the same tree species, the average

of D is 75.1% (SD = 11.8%); for pairs from different tree species, the average of D

is 73.9% (SD = 8.1%). We acknowledge that the species types of the host trees may

introduce a dependence among observations in the sampling units, in particular, for

the forest floor.

The second factor we investigate is spatial autocorrelation. Combining all 24

cores from the canopy of a site, the dissimilarity index D is computed for each pair

of sites. No significant association is found between the values of D and the distance

between sites (Mantel statistic r = 0.019, p-value = 0.448). Doing the same for the

ground data, no significant spatial autocorrelation is found for D among the forest

floor observations of the sites (Mantel statistic r = 0.056, p-value = 0.384). With no

significant spatial autocorrelation detected among sites, we will treat the eight sites

as containing independent sets of observations, for both the canopy and the forest

floor.
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A.3 Closed Population

The 384 cores were sampled from the lowland tropical rainforest over a period of two

months (September and October) in 2003. Given the relatively limited dispersal range

of oribatid mites and the relatively brief period of sampling that was free of major

disturbances to the rainforest, it is plausible that few, if any, new species entered

the rainforest, and few, if any, existing species were extirpated during the period of

sampling. We will assume the rainforest did not gain or lose mite species during the

period of sampling.

A.4 100% Probability of Detection and Correct

Identification

Estimators used in the case study of Chapter 6 assume all individuals in the cores

are detected and correctly identified. As described below, there are indeed violations

of these assumptions for the oribatid mite data set.

The size of the adult mites did not prevent the identification of specimens to

their species type. However, the unavailability of a taxonomist familiar with the

Galumnidae family of oribatid mites meant 1,021 adult mites were not classified to

their genus and species type. It is believed that the 1,021 adult mites belonged to

at least eight species in the Galumnidae family. In Section 6.6, we consider a way to

include the observations from the Galumnidae family in the species richness estimates
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for the canopy and forest floor.

Immature mites (mites in stages of development before the adult stage) were

excluded from consideration. Although this is standard practice due to the difficulty

classifying the immatures to their species type (Basset et al., 2007), it means some

species may have been present in the sampled substrate, but were not recorded as

their representatives were immature specimens. However, based on the life history of

the oribatid mites, (Dr.Neville Winchester, 2012, personal communication) immature

mites are likely represented by adults in the sampled substrate, and it is unlikely a

significant number of unrecorded species may be in the immature specimens.

Nevertheless, it may be the case that some species have gone undetected as they

only had immatures in the sampled substrate. Failure to detect and/or correctly

identify species would introduce bias.

A.5 Species are mutually independent

The assumption of mutual independence is unlikely to hold true, as factors such

as inter-species interactions and characteristics of the sites and micro-habitats can

influence the spatial distributions and abundances of multiple species. The lack of

mutual independence among the species will introduce bias in the species richness

estimation.
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A.6 Spatial distributions of species are stationary

In our models, the number of individuals of a species in a sampling unit has the same

probability distribution for all sampling units randomly placed in the region.

This assumption of stationarity in the distribution of a species across the region

is unrealistic for the mite communities in the canopy and forest floor. In particular,

during the investigation into the dissimilarity of the mite composition among sites, we

noticed higher dissimilarity index values for pairs of sites that involved the site located

on a floodplain (the other seven sites were located on a hillside). This suggests the

spatial distribution of species may be different in the site located on the floodplain.
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Appendix B

Bayesian Inference and

Computation

Statistical inference concerns the learning of some unknown aspect of the popula-

tion from which the data were drawn. Bayesian inference fits a probability model to

observed data and summarizes the result through a probability distribution on the

unknown parameters θ or unobserved data ỹ we are interested in. In other words,

Bayesian inferences are made in terms of probability statements conditional on the ob-

served data y. The Bayesian method offers potentially attractive advantages over the

frequentist statistical approach for modeling spatial data (Banerjee et al., 2004). The

maximum likelihood method can be complex in multidimensional and constrained

settings even though some numerical procedures such as EM algorithms have been

introduced to handle this. Under the Bayesian setting, computational challenges as-

sociated with computing posterior distributions can be overcome by applying Markov
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Chain Monte Carlo methods which will be introduced in Section B.2.

B.1 Framework for Bayesian Inference

A Bayesian statistical model is made of a sampling distribution (likelihood function),

P (y | θ), for observed data conditional on unknowns θ, and a prior distribution,

p(θ), that reflects various degrees of belief on the likely values of unknowns (Robert,

2001). Given these two distributions, the joint distribution or full probability model

can be written as

p(θ,y) = P (y | θ)p(θ)

and the posterior distribution is obtained via Bayes’ rule (Gelman et al., 2004)

p(θ | y) =
p(θ,y)

p(y)
=
P (y | θ)p(θ)

p(y)
, (B.1)

where p(y) =
∑
θ P (y | θ)p(θ) in the case of discrete θ and p(y)

=
∫
L(y | θ)p(θ)dθ in the case of continuous θ. Since p(y) does not depend on θ, it

can be considered as a constant with fixed y. Therefore, (B.1) can be obtained up to

normalizing constant as,

p(θ | y) ∝ P (y | θ)p(θ), (B.2)

that is proportional to the likelihood function times the prior. Using numerical meth-

ods described in the next section, we can work with (B.2) for model estimation and

avoid computing the normalizing constant which is not easily obtained.

Complex models can be built through the specification of several simple stages

under a Bayesian hierarchical framework. A hierarchical Bayes model (Robert, 2001)
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is a Bayesian statistical model where the prior distribution p(θ) is decomposed into

several conditional levels of distributions

p1(θ | θ1), p2(θ1 | θ2), ..., pn(θn−1 | θn)

and a marginal distribution

pn+1(θn)

such that

p(θ) =

∫
Θ1×...×Θn

p1(θ | θ1) · · · pn(θn−1 | θn)pn+1(θn)dθ1 · · ·θn.

The parameters θi are called hyper-parameters of level i, for 1 ≤ i ≤ n. The most

common hierarchical Bayesian model is the case when n = 2. At the first stage, a

distribution for the data given parameters is specified. At the second stage, prior dis-

tributions for parameters given hyper-parameters are specified and distributions for

hyper-parameters are specified at the third stage. The prior distributions at the first

level may correspond to the structural information about the model such as uncertain

linear restrictions on the parameters of a regression model, whereas the prior distribu-

tions at the second level correspond to the more subjective information that accounts

for the imprecision of these restrictions. The hierarchical modeling improves the ro-

bustness of the resulting Bayes estimators, since uncertainty regarding the model

structure can be incorporated into additional prior distributions. In addition, the

decomposition of a prior distribution into its components in the hierarchical Bayes

approach simplifies Bayesian calculations and allows for an easier approximation of

some posterior quantities by simulation.



184

The choice of prior distribution is critical for Bayesian inference (Gelman et al.,

2004). If prior information is available from external knowledge, this information can

be used to construct a prior distribution for unknowns. The mechanism for converting

prior information to prior probability distributions is often unclear; moreover, prior

information will typically not induce a unique prior distribution. Often, there is

little prior information regarding model unknowns, in which case a noninformative

or vague prior distribution can be employed. Such priors typically arise in the form

of a parametric distribution with large or infinite variance. For large data sets, this

approach is reasonable as the likelihood will dominate the prior, and inference will

be primarily data-driven. For small data sets, this approach is not reasonable and

inference will be sensitive to prior choice.

When the posterior distribution follows the same parametric form as the prior dis-

tribution, the prior is called a conjugate prior. Probability distributions that belong

to the exponential family of distributions always have conjugate prior distributions

(Robert, 2001). Suppose f(yi | θ)’s are from the exponential family of distributions

and have form

f(yi | θ) = s(yi)t(θ)e
a(yi)b(θ) (B.3)

for i = 1, ..., n. The likelihood function for a random sample is then

L(y; θ) = φ(y)t(θ)nexp(w(y)b(θ)), (B.4)

where

φ(y) =
n∏
i=1

s(yi) and w(y) =
n∑
i=1

a(yi).
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If the prior distribution of θ is specified as

p(θ) ∝ t(θ)ηexp(b(θ)v),

then the posterior distribution is

p(θ | y) ∝ t(θ)n+ηexp(b(θ)(w(y) + v))

which has the same density form as the prior distribution. This choice of prior

density is conjugate and is often called the natural conjugate prior. For example, the

Gamma(α, β) distribution with p.d.f.

p(θ) = βα

Γ(α)
θα−1exp(−βθ)

∝ θα−1exp(−βθ)

is a natural conjugate prior for a Poisson distribution in the form

f(x | θ) =
θxexp(−θ)

x!

In this case, the posterior distribution can be written as

p(θ | x) ∝ f(x | θ)× p(θ)

∝ θxexp(−θ)θα−1exp(−βθ)

∝ θx+α−1exp(−θ(1 + β)),

which is the kernel of Gamma(x + α, 1 + β) distribution. Table B.1 lists natural

conjugate priors for some common exponential families. Conjugate priors can be con-

venient to work with and can simplify computation as we shall see in the next section

which discusses Bayesian computation through the Metropolis-Hastings algorithm.
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Table B.1: Natural conjugate priors for some common exponential families

f(x | θ) p(θ) p(θ | x)

Normal(θ, σ2) Normal(µ, τ2) Normal(σ
2µ+τ2x
σ2+τ2 , σ2τ2

σ2+τ2 )

Poisson(θ) Gamma(α, β) Gamma(α+ x, β + 1)

Gamma(ν, θ) Gamma(α, β) Gamma(α+ ν, β + x)

Binomial(n, θ) Beta(α, β) Beta(α+ x, β + n− x)

NegBin(m, θ) Beta(α, β) Beta(α+m,β + x)

Multinomial(θ1, ..., θk) Dirichlet(α1, ..., αk) Dirichlet(α1 + x1, ..., αk + xk)

Normal(µ, 1/θ) Gamma(α, β) Gamma(α+ 0.5, β + (µ− x)2/2)

B.2 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) is a general numerical framework for generating

dependent realizations from possibly high dimensional probability distributions. This

framework is used for Bayesian inference where it is of interest to summarize the

posterior distribution (B.1) and the corresponding normalizing constant can not be

obtained analytically. In what follows we review some basic theory related to Markov

chains, in particular the limit theorems which justify the use of MCMC in practice. We

will then discuss the Gibbs sampler and Metropolis-Hastings algorithms, illustrating

these algorithms with some simple examples. Finally, practical implementation issues

are discussed.

In general, a stochastic process (Gamerman and Lopes, 2006) is defined as a
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collection of random quantities denoted θ(t) ∈ S where t ∈ T . The index set T takes

nonnegative integers and S is known as the state space. For simplicity of presentation,

we will start by assuming S is discrete. We will then briefly discuss results for general

state spaces. A Markov chain is a special type of stochastic process where the past

and future states are conditionally independent given the current state. This property

can be stated as

Pr(θ(n+1) ∈ A | θ(n) = x, θ(n−1) ∈ An−1, ..., θ
(0) ∈ A0)

= Pr(θ(n+1) ∈ A | θ(n) = x) (B.5)

for sets A,An−1, ..., A0 ⊂ S and x ∈ S. In the case of homogeneous Markov chain

where (B.5) does not depend on n, a transition kernel P (x,A) can be defined as:

1. P (x, .) is a probability distribution over S for all x ∈ S;

2. the function x 7→ P (x,A) can be evaluated for all A ⊂ S.

When dealing with discrete state space, we often work with the set A of the form

A = {y} and the transition probability P (x, {y}) = P (x, y) is defined as:

1. P (x, y) ≥ 0 for ∀x, y ∈ S;

2.
∑

y∈S P (x, y) = 1 for ∀x ∈ S.

For a discrete state space S with r elements, a r × r transition matrix P can be



188

established as

P =


P (x1, x1) · · · P (x1, xr)

...
...

P (xr, x1) · · · P (xr, xr)

 .
The transition probability from state x to state y over m steps can be obtained

as the matrix product of P m-times denoted as Pm (Gamerman and Lopes, 2006).

We let π(n) with components πn(xi) = Pr(θ(n) = xi) denote a row vector containing

marginal probabilities associated with θ(n). The recursive relationship between succes-

sive marginal distributions of the chain can be written as π(n) = π(0)P n−1P = π(n−1)P .

We let ρxy denote the probability of the chain, starting from state x, eventually reach-

ing state y. A state y ∈ S is said to be recurrent if ρyy = 1 and is said to be transient

if ρyy < 1. For a recurrent state y, if E[Ty | θ(0)] <∞ where Ty = min{n ≥ 1 : θn = y}

denotes the hitting time of y, the state y is said to be positive recurrent which is an

important property for establishing limiting results. Within the context of iterative

simulation algorithms, asymptotic behavior of the chain as the number of iterations

n → ∞ is the most important area of the Markov chain theory. A distribution π is

said to be a stationary distribution of a chain with transition probabilities P (x, y) if

∑
x∈S

π(x)P (x, y) = π(y) for ∀y ∈ S (B.6)

which in matrix form is π = πP . If the stationary distribution π exists and

limn→∞P
(n)(x, y) = π(y),

then the sequence of marginal distributions π(n) will approach π as n → ∞, inde-

pendently of the initial distribution of the chain. In this sense, π is also referred to
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as the limiting distribution. There are situations where stationary distributions exist

but limiting distributions do not (Gamerman and Lopes, 2006). In order to establish

limiting results, we will introduce the notion of periodicity. The period of a state x

is the largest common divisor of the set {n ≥ 1 : P (n)(x, x) > 0} denoted by dx. A

state is said to be ergodic if the state is positive recurrent and aperiodic (dx = 1).

In addition, a chain is ergodic if all its states are ergodic. Given this, an important

limiting theorem, the ergodic theorem, can be stated based on the ergodicity of the

chain. Suppose θ(n) is ergodic with stationary distribution π and t(θ) is a real valued

function with Eπ[t(θ)] <∞. Then the ergodic average

t̄n = (1/n)
n∑
i=1

t(θ(i))
a.s→ Eπ[t(θ)] as n→∞.

This is the Markov chain equivalent to the strong law of large numbers and it is

this theorem that justifies the use of MCMC for estimating expectations taken with

respect to the posterior distribution for Bayesian inference.

In practice, when using Markov Chain simulation to fit statistical models in a

Bayesian framework, the state space S corresponds to a parameter space that in

general will not be a discrete set. Nevertheless, the ergodic theorem described above

can be extended and applied to more general state spaces. Assuming S is a continuous

state space, the transition kernel is defined through a conditional probability density

function

p(x, y) =
∂P (x, y)

∂y
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where

P (x, y) = Pr(θ(n+1) ≤ y | θ(n) = x) = Pr(θ(1) ≤ y | θ(0) = x), for x, y ∈ S.

Then the continuous version of (B.6) can be written as

π(y) =

∫ ∞
−∞

π(x)p(x, y)dx (B.7)

where π is the stationary distribution of the chain. With these definitions, the limiting

results considered in the discrete case will carry over to the continuous case, though,

a thorough technical presentation of these general results is beyond the scope of this

thesis.

The key to MCMC simulation for Bayesian inference is to simulate realizations

θ(0), θ(1), θ(2), ... from an ergodic Markov chain whose stationary distribution is the

posterior distribution of interest. Starting from an initial state θ(0), realizations of the

chain are produced successively until the chain ‘forgets’ this initial state and begins

to exhibit its steady state behavior. If the chain reaches approximate stationarity

at iteration T , the set of sampled values, θ(0), ..., θ(T ), is discarded as a ‘burn-in’

period and successive realizations θ(T+1), θ(T+2), θ(T+3), ... are approximate draws

from the posterior distribution (which is the stationary distribution of the Markov

chain). Bayes inference can be based on summarizing the posterior distribution using

a Monte Carlo sample of size J draws after the burn-in period. For a given Bayesian

inference problem, there are many ways to construct the required Markov chain. We

will introduce the two most widely used MCMC algorithms, the Gibbs sampler and

the Metropolis-Hastings algorithm, in the next two sections. We will then, in Section
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B.3, discuss convergence diagnostics for Markov chain simulation.

B.2.1 Gibbs Sampling

Gibbs sampling is a useful MCMC simulation scheme that samples iteratively from the

full conditional distribution of each parameter, given all the other parameters and the

data. The original work is presented by Geman and Geman (1984) within the context

of image analysis but has since been applied in far more general contexts. Gelfand and

Smith (1990), in a landmark paper, present many ways of applying the Gibbs sampler

to a wide variety of Bayesian inference problems. Suppose our posterior distribution

[θ|y] is k-dimensional, where y denotes the observed data. For any component θi of θ,

the full conditional distribution is defined as [θi|θ1, ..., θi−1, θi+1, ..., θk,y] = [θi|θ−i,y].

Given this, Gibbs sampling is preformed according to the following iterative scheme:

1. Set iteration counter t to 1 and choose a starting point for θ in the parameter

space; that is, set

θ(0) = (θ
(0)
1 , ..., θ

(0)
k )T ;

2. At iteration t, draw a new value θ(t) by successively generating each component

of θ from its corresponding full conditional distribution:

[θ
(t)
i |θ

(t)
1 , ..., θ

(t)
i−1, θ

(t−1)
i+1 , ..., θ

(t−1)
k ,y];

A single ‘sweep’ of the Gibbs sampler consists of a cycle through all k compo-

nents of θ.
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3. Change iteration counter from t to t + 1 and repeat steps 2 and 3, to produce

successive values of the Markov chain.

Note that Gibbs sampling reduces the problem of simulating from a high dimen-

sional distribution to the problem of simulating from a sequence of lower dimensional

(usually scalar) distributions.

To illustrate the workings of the Gibbs sampler, we demonstrate using a simple

case of two Bernoulli random variables X and Y (Casella and George, 1992). Suppose

the joint probability function is fx,y(0, 0) fx,y(1, 0)

fx,y(0, 1) fx,y(1, 1)

 =

 p1 p2

p3 p4

 with p1 + p2 + p3 + p4 = 1.

Then the conditional distributions of f(X | Y = y) and f(Y | X = x) can be easily

calculated and are summarized with two matrices

Ay|x =

 p1

p1+p3

p3

p1+p3

p2

p2+p4

p4

p2+p4


and

Ax|y =

 p1

p1+p2

p2

p1+p2

p3

p3+p4

p4

p3+p4

 ,
which, in the context of the Gibbs sampler, can be viewed as the transition matrices

that give the probabilities of getting to y state from x and vice versa. Suppose we

are interested in the marginal distribution of X which is given by

fx = [fx(0) fx(1)] = [p1 + p3, p2 + p4]. (B.8)



193

Instead of generating samples from fx, the Gibbs sampler generates a sequence of

random variables

Y ′0 , X
′
0, Y

′
1 , X

′
1, ..., Y

′
k , X

′
k (B.9)

where X ′j ∼ f(x | Y ′j = y′j) and Y ′j+1 ∼ f(y | X ′j = x′j). The transition matrix for

the X ′ sequence in (B.9) is Ax|x = Ay|xAx|y. Furthermore, if we denote the marginal

distribution of X ′k as

fk = [fk(0), fk(1)],

then for any k,

fk = fk−1Ax|x = f0A
k
x|x

where f0 is the initial probability. Hoel et al. (1972) showed that as long as all the

entries of Ax|x are positive, fk will converge to the unique stationary distribution f

that satisfies

fAx|x = f (B.10)

regardless of f0. The marginal distribution fx defined as (B.8) satisfies (B.10), that

is

fxAx|x = fxAy|xAx|y = fx.

Therefore, for large k, the distribution fk, is approximately fx, and thus we see,

through this simple example, how the Gibbs sampler generates approximate, depen-

dent realizations from a pre-specified target distribution fx. A general proof that

the Gibbs sampler produces the required ergodic Markov chain under very general

conditions can be found in Robert and Casella (2004).
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Once a Gibbs sampler has been implemented, there are several ways to form a sam-

ple size M from the desired distribution (posterior distribution). The first approach

is the independent sampling procedure (Gelfand and Smith, 1990) that generates M

independent Gibbs sequences until convergence, say after k iterations, and uses the fi-

nal value X ′k in each of the sequences to form the sample. This approach requires Mk

generations, but provides a sample with independent values, provided the M chains

are initialized independently. The second approach advocated by Geyer (1992) con-

siders a long single chain. A sample of size M can be formed by M successive values

from the chain after reaching convergence at iteration k. This generation method

requires k +M iterations; however, if the chain’s autocorrelation is too high, it may

take too long for a single chain to adequately cover the entire parameter space ap-

propriately. That is, the effective sample size may be far less than M due to the high

autocorrelation. A third approach takes every lth iteration after the burn-in period

(Raftery and Lewis, 1992), thereby thinning the chain and reducing autocorrelation

between those values of the chain that are recorded. This approach requires k + lM

iterations. It reduces the autocorrelation between sampled values and is advantageous

if computer storage of values is limited. Combinations of these approaches are also

adapted and methods of assessing convergence will be discussed in detail in Section

B.3. Examples 1 and 2 serve to further illustrate how the Gibbs sampler works, again,

considering only simple settings for now.
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Example 1 (Casella and George, 1992): Suppose the joint distribution of X and Y

is given by

f(x, y) ∝

 n

x

 yx+α−1(1− y)n−x+β−1, x = 0, 1, ..., n and 0 ≤ y ≤ 1.

This is a non-standard bivariate distribution; however, the full conditional distribu-

tions are easily recovered as

f(x | y) ∼ Binomial(n, y) (B.11)

f(y | x) ∼ Beta(x+ α, n− x+ β). (B.12)

If we are interested in the marginal distribution f(x) of X, the Gibbs sequence (B.9)

can be iteratively generated by simulations from (B.11) and (B.12). In this example,

M = 500 parallel chains are produced and the 10th value from each chain is used

to form the sample. Figure B.1 displays the histogram obtained from the Gibbs

sampling output with n = 16, α = 2 and β = 4. The solid line represents the density

of the true marginal distribution of f(x) =
∫
f(x, y)dy, which can be shown to have

a Beta-Binomial form

f(x) =

 n

x

 Γ(α + β)

Γ(α)Γ(β)

Γ(x+ α)Γ(n− x+ β)

Γ(α + β + n)
x = 0, 1, ..., n.

It is apparent that samples generated using the Gibbs sampler recover the properties

of the true marginal distribution very well in this example.
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Figure B.1: Histogram of Gibbs sampling for f(x) in Example 1

Example 2 (Casella and George, 1992): Suppose the conditional distributions X | Y

and Y | X are exponential distributions restricted to the interval (0, B), that is

fX|Y (x | y) ∝ ye−yx, 0 < x < B <∞ (B.13)

and

fY |X(y | x) ∝ xe−xy, 0 < y < B <∞. (B.14)

Similar to Example 1, Gibbs sampling is applied based on (B.13) and (B.14) and

M = 500 parallel chains are produced, and the 15th value from each chain is used

to form the sampleFigure B.2 displays a histogram of the simulated X values with

B = 5. The restriction that B < ∞ ensures that the marginal distribution f(x)

exists. When we employ the restriction B <∞,

fX|Y (x | y) =
ye−yx

1− ye−yB
and fY |X(y | x) =

xe−xy

1− xe−xB
.
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Figure B.2: Histogram of Gibbs sampling for fX(x) in Example 2

Moreover,

fX(x) ∝ 1− xe−xB

x
(B.15)

is the true marginal distribution forX in this example. For the purpose of comparison,

the density (B.15) after proper normalization is the solid line in Figure B.2. Once

again, samples generated using the Gibbs sampling recover the true density fairly

well.

To employ Gibbs sampling for a given problem, it is clear that we must be able

to simulate from the required low-dimensional full conditional distributions. If we

recognize the full conditional density as some standard distribution, such as normal

or gamma, we can simulate from it directly. Otherwise, we will need to employ

techniques that enable sampling from arbitrary one (or low) dimensional distributions.

There are many ways to complete this task, for example, through rejection sampling,
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inverse-probability sampling (based on the probability integral transform), the ratio-

of-uniforms method just to name a few. In this thesis we will employ the Metropolis-

Hastings algorithm for this task.

B.2.2 The Metropolis-Hastings Algorithm

The Metropolis-Hastings Algorithm is another MCMC algorithm that can be used to

generate simulations from an arbitrary distribution. The objective here is to generate

samples from a target distribution π(x) = f(x)/K where K is the (possibly unknown)

normalizing constant. Suppose h(x) is a known density and for a known constant

c = supx
f(x)
h(x)

, f(x) ≤ ch(x) for all x. To obtain a random value from π(.), a classical

simulation method named acceptance-rejection sampling can be performed as follows:

1. generate a candidate value z from h(.) ;

2. calculate the ratio r = f(z)/[ch(z)];

3. generate a value u ∼ U(0, 1);

4. if u ≤ r, return z; otherwise, goto step 1.

It is easily shown that the accepted value z comes from π(.); however, finding a

constant c that does the trick may be difficult in many applications and this method

may result in an undesirably large number of rejections (Chib and Greenberg, 1995).

As in acceptance-rejection sampling, the Metropolis-Hastings is a rejection algo-

rithm that allows us to generate samples from a non-standard distribution, π(x), and
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requires only knowledge of the corresponding density up to a normalizing constant.

The original idea is presented in papers written by Metropolis et al. (1953) and

Hastings (1970). This algorithm generates a proposed value x∗ from some candidate

distribution, q(x∗|x(t−1)), conditional on the previous value x(t−1), and either accepts

or rejects this proposed value with a certain probability. More precisely, given a

candidate distribution, the Metropolis-Hastings algorithm proceeds as follows:

1. Set iteration counter t to 1 and choose a initial value x(0) in the parameter

space;

2. At iteration t, generate x∗ from the candidate distribution q(x∗|x(t−1));

3. Compute the acceptance ratio r as:

r =
π(x∗)q(x(t−1)|x∗)

π(x(t−1))q(x∗|x(t−1))
;

4. Set

x(t) =


x∗ with probability min(1, r)

x(t−1) with probability 1−min(1, r)

5. Change iteration counter from t to t+ 1;

6. Repeat steps 2-5 until convergence is reached.

Notice that we don’t need to know the normalizing constant associated with the distri-

bution function of π(x), since the normalizing constant is canceled in the calculation

of the acceptance ratio.
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To implement the Metropolis-Hastings algorithm, it is necessary to specify a suit-

able candidate distribution (Chib and Greenberg, 1995). Typically, candidate distri-

butions are selected from a family of distributions that require the specification of

tuning parameters such as the location and scale. The first method given by Metropo-

lis et al. (1953) produces a random walk chain. The candidate value x∗ is drawn

according to the process

x∗ = x+ z

where x is the current value of the chain and z is called the increment random variable

that is generated from a multivariate density q1(.). In the single variable case, the

most commonly used candidate distribution is a normal distribution (Gamerman

and Lopes, 2006) centered at the current value, x∗ ∼ N(x, σ2). Here, σ2 is a pre-

chosen constant, commonly referred to as a tuning parameter, that is chosen so that

the algorithm performs adequately. Note that when the candidate density q1(.) is

symmetric, that is q1(z) = q1(−z), the acceptance ratio can be reduced to

r = min
{π(x∗)

π(x)
, 1
}
.

The second method suggested by Tierney (1994) is represented by a vector autore-

gressive process of order 1. In this case,

x∗ = a+B(x− a) + z

where z is generated from some distribution q2(.). The vector a and matrix B are

both conformable with x. Setting B = −I where I is the identity matrix produces an

autoregressive chain that has values reflected about the point a and induces negative
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correlation between successive elements of the chain. There are also other possi-

ble methods to choose candidate distributions such as using independent candidate

functions (Hastings, 1970), exploiting the form of π(.) (Chib and Greenberg, 1994)

and using the acceptance-rejection sampling method with a pseudo-dominating den-

sity (Tierney, 1994). To illustrate the Metropolis-Hastings algorithm, we present an

example based on simulating the bivariate normal distribution and consider three

different candidate distributions.

Example 3 (Chib and Greenberg, 1995): Consider the bivariate normal distribution

N2(µ,Σ) where µ = (1, 2)T is the mean vector and

Σ =

 1 0.9

0.9 1


is the 2× 2 covariance matrix. The density function can be written as

π(x) =
1

2π|Σ|−1/2
exp{−1

2
(x− µ)TΣ−1(x− µ)}.

Therefore, the acceptance ratio for a symmetric candidate distribution is

r = min
{exp{−1

2
(x∗ − µ)TΣ−1(x∗ − µ)}

exp{−1
2
(x− µ)TΣ−1(x− µ)}

, 1
}
.

Three candidate distributions are proposed. The first one is a random walk generating

density

x∗ = x+ z, (B.16)

where the ith component of z is uniformly distributed on the interval (−δi, δi) for

i = 1, 2. We set δ1 = 0.75 and δ2 = 1. The second candidate distribution is also a
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random walk generating density (B.16) but z is distributed as N2(0, D) where

D =

 0.6 0

0 0.4

 .

Therefore, each component of z can be easily generated independently from a normal

distribution. The third candidate distribution is an autoregressive generating density

x∗ = µ− (x− µ) + z,

where components of z are distributed independently as Unif(−1, 1). To illustrate

the characteristics of the output, Figure B.3 (panels (b), (c) and (d)) are the scatter

plots of 6000 simulated values using the three candidate densities. The top left panel

of Figure B.3 (panel (a)) is the scatter plot of 4000 values simulated directly from

the desired bivariate normal distribution. It is clear that the Metropolis-Hastings

algorithm based on either of the three candidate distributions reproduces the shape

of target bivariate distribution very well in this simple example.

Choosing the tuning parameters which represent the spread and scale of the can-

didate distribution is an important matter. Choice of tuning parameter will effect

the acceptance rate of the chain. Consider the simple situation where the candidate

distribution is a Normal distribution centered at the current value that has variance

σ2 which is the tuning parameter. A large value for the variance will allow the candi-

date to propose moves that are distant from the current value, but it is at the likely

cost of having a very small acceptance rate. On the other hand, a small value for the

variance allows only a close move around the current value, which may give a high
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(a) Direct Sampling
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(b) Random Walk (Uniform)
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(c) Random Walk (Normal)
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acceptance rate but at the expense of higher chain autocorrelation. In this case, the

chain will take longer to traverse the support of the density. Autocorrelations across

sample values are likely to be high in both situations. Müller (1993) recommended

that the acceptance rate for a random walk chain should be around 0.5. The work by

Roberts, Gelman and Gilks (1994) suggested that if the candidate distributions are

normal, the ideal acceptance rate is approximately 0.45 in one-dimensional case and

approximately 0.23 as the number of dimensions approaches infinity. In general, the

ideal candidate distribution will yield an acceptance rate between 0.2 to 0.5 (Besag et

al., 1995). In practice, we can run the algorithm for several iterations in a preliminary

tuning phase in order to achieve a reasonable acceptance rate. If the acceptance rate

is too low, we decrease the value for the variance of the candidate distribution. If the

acceptance rate is too high, we increase the value for the variance of the candidate

distribution. Once a reasonable acceptance rate is achieved, the tuning parameter

and hence the candidate distribution is held fixed to produce successive realizations

from the Markov chain.

Our overall strategy for Markov chain simulation will be based on a combina-

tion of the Gibbs sampler and the Metropolis-Hastings algorithm. Working within

a Gibbs sampling framework, we will successively draw realizations from full con-

ditional distributions. If, at a given step in the algorithm, the corresponding full

conditional distribution is of standard form, this will be a simple task, which we shall

refer to as a ‘Gibbs step’. If, on the other hand, the full conditional distribution is

not of standard form we could apply the Metropolis-Hastings algorithm to obtain the
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required draw. One obvious disadvantage of this approach is that it requires simulat-

ing a Markov chain within another Markov chain; moreover, this would be required

at every sweep of the Gibbs sampler which seems computationally too intensive for

practical application. Fortunately, this is not required. Upon encountering a non-

standard full conditional distribution within a Gibbs sampler, applying only a single

iteration of the Metropolis-Hastings algorithm (termed a ‘Metropolis-Hastings step’),

and subsequently moving to the next component of the Gibbs sampler is sufficient for

producing an ergodic Markov chain with the required stationary distribution (see, for

example, Robert and Casella (2004) for detailed discussions and technical results).

B.3 Diagnosing Convergence

MCMC algorithms provide a way to generate realizations from a distribution without

knowing the normalizing constant of that distribution. The next question that arises

is how one can assess convergence of the MCMC algorithm. That is, we need to de-

cipher at which iteration the MCMC sequence has reached approximate stationarity.

Further to this we need to consider the number of subsequent iterations required so

that the chain will exhibit all the features of the target distribution. The theoretical

foundations of MCMC algorithms show that the chains constructed by MCMC algo-

rithms are ergodic under fairly general conditions. Therefore, the ergodic theorem

guarantees the estimation consistency of various aspects of the target distribution.

For practical implementation, we must of course settle for a finite Monte Carlo sam-
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ple size. Thus we must decide a suitable number of post burn-in iterations at which

point it safe to stop these algorithms. Monte Carlo sample size calculations based on

a pre-specified error bounds are very difficult or impossible to perform in most prac-

tical situations. Thus, empirical methods based on MCMC output θ1, ...,θt, ... are

typically used for convergence assessment, to determine when the chain has reached

approximate stationarity and has exhibited all the features of the posterior distribu-

tion.

For typical applications, two different types of convergence need to be assessed.

The first type is convergence to the stationary distribution. This can be done through

a trace plot (time series plot) of the sampled values, which can indicate when the

Markov chain has forgotten its initial state and has begun to exhibit its steady state

behavior. For most MCMC algorithms, convergence to the stationary distribution

is not the major issue. Instead, the speed of exploration of the target distribution

and the degree of correlation between sampled values within the chain are most

important. Therefore, it is crucial to examine the autocorrelation plot of the chain.

A useful technique is to monitor convergence of ergodic averages, 1
T

∑T
t=1 h(θt), to

their asymptotic values for a function h(.) such that Eπ[h(θ)] <∞. A plot of ergodic

averages after each iteration can be used to check convergence. When θ is high

dimensional, it will not be possible to examine trace plots, ergodic average plots

and autocorrelation plots for each component of θ. In this case, a representative

subset of model parameters, in addition to certain functions of model parameters

is monitored. One useful summary of all model parameters is the logarithm of the
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posterior distribution at each state of the chain (up to an additive constant not

depending on θ) which can always be examined as an overall summary of the chain.

Instead of diagnosing convergence based on a single chain, multiple chains initial-

ized from different starting values are often used. By simulating several independent

parallel chains, the variability and dependence on initial values are reduced and con-

vergence is easier to assess by plotting multiple chains onto the same axis; however,

there are dangers in a naive implementation of the multiple chains principle. The

slowest chain will govern convergence and it is extremely important that the different

chains are initialized at points that are well dispersed over the parameter space.

Aside from the examination of trace plots, the Gelman-Rubin diagnostic statistic

(Gelman and Rubin, 1992) is another useful tool for deciding how long the Markov

chain should run. In this context, we begin by running 2N iterations of M parallel

chains each initialized at dispersed points in the target distribution. After discarding

the firstN iterations, we compute the between and within sequence variances, denoted

as B and W respectively. For the parameter of interest φ,

B =
N

M − 1

M∑
j=1

(φ̄.j − φ̄..)2

and

W =
1

M

M∑
j=1

S2
j where S2

j =
1

N − 1

N∑
i=1

(φij − φ̄.j)2.

In these formulas, φij denotes the ith value from jth chain, φ̄.j = 1
N

∑N
i=1 φij and

φ̄.. = 1
M

∑M
j=1 φ̄.j. The marginal posterior variance V ar[φ | y], where y is the data,
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can be estimated using a weighted average of B and W :

ˆV ar
+

(φ | y) =
N − 1

N
W +

1

N
B.

This estimator is biased; however, it is asymptotically unbiased under stationarity.

For finite N , ˆV ar
+

(φ | y) overestimates V ar[φ | y] while W underestimating V ar[φ |

y] since the individual sequences have not had time to explore the target. Therefore,

the Gelman and Rubin diagnostic statistic

R̂ = [
ˆV ar

+
(φ | y)

W
]1/2

is always greater than 1 and declines to 1 as N →∞. Further simulations are required

when R̂ is high. It is typically recommended that simulations continue until R̂ < 1.1.

Note that this diagnostic is univariate, and hence must be applied to each component

of the parameter vector separately and monitored for all parameters of interest.

It is generally safe to conclude convergence if the autocorrelation function drops

quickly, the trace plot and ergodic plot indicate stability of Monte Carlo estimates

and the Gelman and Rubin diagnostic statistics close to 1 for all parameters of in-

terest. If this is not the case, running a longer chain may solve the problem but

techniques based on alternations to the model or algorithm can be more efficient.

Reparameterizations such as centering covariates and hierarchical centering can im-

prove the algorithm (Gamerman and Lopes, 2006). When high correlations exist

between components, blocking techniques that update groups of parameters (based

on their joint full conditional distribution) can be very beneficial in improving com-

putational performance (in the sense of lowering chain autocorrelations). In this case,
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slow componentwise moves are replaced by moves dictated by the joint full conditional

distribution for the block of parameters considered (Liu et al., 1994). Carefully con-

sidering the identifiability of parameters in the model, and seeking a better proposal

distributions can also be helpful. Having discussed methods for posterior compu-

tation, we complete the literature review by discussing Bayesian methods for model

selection and goodness-of-fit. We focus on methods that are applicable to hierarchical

models and that are easily implemented via MCMC.

B.4 Bayesian Model Selection using the Deviance

Information Criterion

For a given problem in data analysis, there will usually be several models under

consideration. In general, a larger model has more flexibility and therefore has the

advantage of fitting the data better; however, these large models become more difficult

to compute and interpret. Choosing between competing, perhaps non-nested models

is thus an important issue in any data analysis.

The standard Bayesian approach to model selection arises through the Bayes factor

(BF) which, given a prior over a set of competing models, is obtained as the ratio

of the posterior and prior model odds. The BF can also be written as a ratio of the

marginal likelihoods of observed data y under each model defined as

BF =
p1(y)

p2(y)
=

∫
L1(y | θ1)π1(θ1)dθ1∫
L2(y | θ2)π2(θ2)dθ2

,
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where Li(y | θi) is the likelihood function under model i and πi(θi) is the prior

specification assigned to model i, i = 1, 2. the Bayes factor has a nice interpretation

in terms of posterior model probabilities; however, the calculation of the marginal

likelihoods is difficult for complex models. The Akaike Information Criterion (AIC)

is another technique for model comparison taking the form

AIC = −2lMi
(θ̂i) + 2p

and the Bayesian Information Criterion (BIC) is yet another criteria having the form

BIC = −2lMi
(θ̂i) + log(n)p.

Both are easily computable alternatives to the BF. Here, lMi
(θ̂i) is the log-likelihood

for model Mi, θ̂i is the MLE of θ under model Mi, n is the number of observations

and p is the number of parameters. Models with lower AIC or BIC values are pre-

ferred. The BIC is particulary relevant for Bayesian model selection as it can be

asymptotically related to posterior model probabilities derived under a uniform prior

over the model space. Both the AIC and BIC impose penalties for model complexity

based on the number of model parameters p. Unfortunately, these methods are not

appropriate for hierarchical spatial model where parameters include correlated ran-

dom effects. In this context, correlation between parameters becomes an issue and

hence the effective number of parameters is not entirely clear. As a result, penalizing

model complexity becomes a more subtle issue.

To address this concern, the deviance information criterion (DIC) proposed by

Spiegelhalter et al. (2002) is an extension of the AIC approach that may be applied
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for choosing between hierarchical spatial models. The criteria is based on the deviance

statistic which is defined as

D(θ) = −2logL(y | θ),

where L(y | θ) is the likelihood function of the data given parameters under the

model. Then the DIC is defined as

DIC = D(θ) + pD,

where D(θ) = E[D(θ) | y] is the posterior mean of the deviance, a measure of fit

with lower values indicating superior fit to the data. The quantity pD is a penalty

term that measures the complexity of the model and is defined by

pD = D(θ)−D(θ̄),

where D(θ̄) is the deviance evaluated at the posterior mean of θ. Rather than simply

penalizing the model depending on the total ‘raw’ number of parameters appearing

in the model, the pD penalty accounts for spatial correlation or shrinkage among

correlated parameters and can be interpreted as an estimate of the effective number

of model parameters. Spiegelhalter et al. (2002) present a detailed justification for

the definition of pD and illustrate its use with several examples. There, it is also

shown that in the special case of non-hierarchical generalized linear models (models

without random effects), pD is approximately equal to the raw parameter count p

and that this approximation is exact in the case of the normal linear model. With

models incorporating correlated parameters, pD will be smaller than the raw number
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of parameters. Overall, just as with the AIC and BIC, the model with lower DIC

score is preferred since it reaches the best combination of fit and parsimony.

B.5 Goodness-of-fit for Bayesian Models using Pos-

terior Predictive Model Checking

A fundamental aspect of any model based data analysis involves checking the fit of

the proposed model to the data. Conclusions drawn from any analysis are of course

conditional on such checks of model adequacy. As with model fitting, the Bayesian

approach to goodness-of-fit relies heavily on simulation based methods. We focus here

on methods based on the posterior predictive distribution. The posterior predictive

checking technique (Gelman et al., 2004) is based on an examination of the fit of

a model to the observed data by drawing replicated data values from the posterior

predictive distribution defined as

p(yrep | y) =

∫
p(yrep | θ)p(θ | y)dθ,

where y is a vector of the observed data, θ is a vector of parameters and yrep represents

a hypothetical replicate data set, which is assumed to be drawn under the same

conditions as the observed data, and also assumed to be conditionally independent

of y given θ.

In practice, the posterior predictive distribution is computed using simulation.

Having obtain samples from the posterior distribution for a given model, simulation
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from the posterior predictive distribution is straightforward using one-for-one compo-

sition sampling. The replicated data, drawn from the predictive distribution induced

by the model, should look similar to the observed data when the model fits. Any

obvious departures from the observed data indicate potential failings of the model

(in a predictive sense). To quantify the lack of fit, the posterior predictive p-value

measures the probability that the replicated data could be more extreme than the

observed data (where the probability is computed W.R.T the posterior predictive

distribution). To illustrate further, let T (.) be a ’checking function‘ (a statistic) used

to summarize some aspect of the data. This is usually chosen to be a specific feature

of the data, that is of interest. The posterior predictive p-value is calculated as:

pB = Pr(T (yrep) ≥ T (y) | y).

Using carefully constructed checking functions, one can search for specific discrepan-

cies between observed and simulated data.


