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ABSTRACT

In this thesis, we study rationality questions for algebraic cycles (modulo 2) on
products of generically smooth projective quadrics over fields of any characteristic.
More specifically, let Xi,---, X, be generically smooth projective quadrics over a
field I with anisotropic totally singular part. We study the image Ch(X; x --- x X,,)
of the scalar-extension homomorphism Ch(X; x --- x X,,) = Ch((X1 x -+ x X,,)5),
where F denotes a fixed algebraic closure of F' and C'h denotes the total Chow group
modulo 2. This has been studied extensively in the case where X7, --- , X,, are smooth
by A.Vishik, N.Karpenko, A.Merkurjev and others. Our goal is to extend the existing
theory to include the case of singular but generically smooth quadrics in characteristic
2. Here we follow recent work of Karpenko, who has considered the special case where
Xi=--=X,.

First, we show that the image Ch(X; x --- x X,,) inherits a ring structure and
an action of Steenrod operations from the mod-2 Chow ring of the smooth locus of
Xy x -+ x X,. Using the ring structure, we then introduce and study a composition
of rational correspondences (modulo 2) for products of generically smooth projective
quadrics, laying foundations for an investigation of non-totally singular quadratic
forms in any characteristic by algebraic-geometric methods. In this direction, we
introduce a new discrete invariant for such forms, which we call the rational corre-
spondence type. This extends the motivic decomposition type previously defined by
Vishik for non-degenerate forms. We extend several well-known results on Vishik’s
invariant to our more general setting. These include a number of restrictions imposed
by splitting pattern invariants, as well as results that relate the rational correspon-
dence types of different forms in situations where their associated quadrics can be
related via suitable Chow correspondences. Using these results, we compute the ra-
tional correspondence type for certain families of forms, including generic forms of
even dimension, and so-called quasi-strongly excellent forms. In the final part of the
thesis, we show that the deepest result of Vishik on the motivic decomposition type,
the so-called excellent connections theorem, remains valid for arbitrary non-totally
singular forms of dimension at most 9. We also apply our methods to the study of
a conjecture of Hoffmann and Laghribi on the classification of singular Pfister neigh-
bours, and to the study of the isotropy behaviour of quadratic forms over function

fields of quadrics.
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Notations and Terminology

Throughout the thesis, rings will be commutative rings with unity. A vector space
means a finite-dimensional vector space. By a scheme, we mean a separated scheme
of finite type over some field, and a wariety means an integral scheme. If X is a
scheme, and x is a point of X, then we say X is reqular at x if the local ring at x is a
regular local ring. The set of all smooth points of X is called the smooth locus of X.
Also, the set of all non-smooth points of X is called the singular locus of X. A flat
morphism between two schemes is always assumed to have relative dimension n for
some integer n. Finally, we give a brief list of some of the basic notations that will

be used in the thesis.

F C K — the inclusion of a field F' as a subfield of a larger field K.

char(F) — the characteristic of a field F.
F — afield extension of F' containing an algebraic closure of F.
F* — the multiplicative group of a field F'.
Ox, — the local ring of a scheme X at a point x € X.
My, — the maximal ideal of the local ring of a scheme X at a point x € X.

) — the length of a module M.
) — the fraction field of an integral domain R.

F(X) — the function field of a variety X over a field F'.
) — the residue field of the local ring of a scheme X at a point z € X.
) — the set of all morphisms from Spec(K) to a scheme X.

Xsm — the smooth locus of a scheme X.



Chapter 1

Introduction

1.1 Overview of the research topic

A quadratic form is a homogeneous polynomial of degree 2 in a finite set of variables
with coefficients in a ring. While the study of these objects can be dated back to Baby-
lonian times, it was in the work of the great number theorists of the 18th and 19th
centuries that a systematic theory of quadratic forms began to emerge. Indeed, much
of the best work carried out in arithmetic during this period dealt with understand-
ing the structure of quadratic forms over algebraic number fields (like the rational
numbers) and their rings of integral elements (like the ordinary ring of integers). In-
trinsic interest aside, quadratic forms have since emerged as objects of importance
in numerous subfields of mathematics, where they often arise as invariants of inter-
est in certain classification problems. For instance, we can mention noncommutative
ring theory (norm forms of composition algebras), Lie theory (Killing forms), topol-
ogy (cohomology intersection forms of manifolds), as well as more applied areas such
as coding theory (construction of space-time block codes). The algebraic theory of
quadratic forms, initiated by E. Witt in 1937, seeks to understand the classification
of quadratic forms with coefficients in an arbitrary field up to isomorphism (i.e., up
to invertible linear change of variables).

From a modern perspective, the “non-degenerate” side of this theory finds its most
natural generalization in the study of linear algebraic groups over general fields. In-
deed, the automorphism groups of non-degenerate quadratic forms over fields provide
fundamental examples of reductive group schemes (namely, orthogonal groups), and

the study of noncommutative variants of quadratic-form structures (namely, hermi-



tian forms over division algebras with involution) leads to a complete classification of
all such group schemes over any given field. This perspective has brought the subject
into close contact with many parts of algebra, including the Galois cohomology of
fields, algebraic K-theory, as well as developing branches of modern algebraic geom-
etry related to the theory of algebraic cycles and motives. In particular, the study
of algebraic cycles on the projective homogeneous varieties naturally associated to
non-degenerate quadratic forms (namely, quadrics and higher orthogonal Grassman-
nians) has, over the past three decades, led to major progress on some of the central
problems in the theory of quadratic forms that seemed inaccessible by the elegant,
but less sophisticated algebraic techniques that were established by the 1960s and
70s. This places the subject at a vibrant intersection of algebra, algebraic geometry

and homotopy theory.

1.2 History of the research topic

The study of quadratic forms origins from finding solutions to certain quadratic equa-
tions. With the development of abstract algebra in the 20th century, people are try-
ing to classify quadratic forms over an arbitrary field F'. The problem of classifying
quadratic forms over fields may be seen as an algebraic analogue of the topological
problem of classifying principal bundles for the action of a topological group over a
given base space.

A classical approach to the latter problem is the construction of characteristic
classes, i.e., invariants of principal bundles taking values in certain cohomology groups
of the base space. Guided by this idea, A.Delzant introduced in the 1960s the Stiefel-
Whitney invariants of a non-degenerate quadratic form over a field F', a family of
invariants taking values in the Galois cohomology ring of F' with Z/2Z-coefficients.

Remarkably, these invariants were already known on some level to H.Minkowski,
who in the late 19th century showed that they are sufficient to classify non-denegerate
quadratic forms over the field of rational numbers (a fact later extended to all global
fields by H.Hasse in the early 20th century). While the Stiefel-Whitney invariants
classify nonsingular quadratic forms over global fields, it was noted in the 1960s
that they are far from being sufficient over general fields. This insufficiency was
investigated by A.Pfister [15], who integrated and expanded the theory of Witt rings
of quadratic forms initiated by Witt [22] in the 1930s. From Pfister’s work, J.Milnor
[14] ultimately stated a fundamental conjecture relating the Witt ring of a field to



the Galois cohomology ring of that field with Z/2Z-coefficients in 1969. From that
point on, Milnor’s conjecture became the central problem in the area, and attempts
to understand it gradually brought the subject into closer and closer contact with
algebraic K-theory and other developing branches of algebraic geometry.

Independently of Milnor’s work, a nascent algebraic-geometric approach to the
theory of quadratic forms involving the use of function fields of quadrics and other
homogeneous varieties was already initiated by M.Knebusch in the early 1970s. As
part of this work, Knebusch [12] introduced new discrete invariants of non-degenerate
quadratic forms which, though not unrelated, are on some level more coarse and
accessible than the Stiefel-Whitney invariants and other Galois-cohomological con-
structions tied up in the statement of the Milnor Conjecture. Most notable here is
the splitting pattern invariant, which has played a central role in much of the theory
developed since Knebusch’s work opened up a new chapter in the theory of quadratic
forms, and set the stage for an influx of algebraic-geometric ideas in the subsequent
decades.

Using the algebraic-geometric methods, more progress had been made in the 1970s.
For example, J.K.Arason, A.Pfister, T.Y.Lam and R.Elman derived some results
about Milnor’s Conjecture from using function fields of Pfister forms. Independently,
D.Quillen computed the regular K-theory of conics in the early 1970s while Swan
computed the higher K-theory of an arbitrary smooth quadric. These results were
used in the 1980s by Merkurjev-Suslin, M.Rost and Rost-Jacob to prove the Milnor
Conjecture in low degrees. However, knowing of K-theory of quadrics was insufficient
to treat the general case, which required the understanding of invariants of Pfister
quadrics, more directly related to algebraic cycles. In the late 1980s, Rost made
the first steps in this direction by computing the Chow motives and Chow groups
of arbitrary Pfister and even excellent quadric. Later, V.Voevodsky determined the
mod-2 motivic cohomology of Pfister quadric, leading to a complete proof of the
Milnor Conjecture (for which he earned a Fields medal in 2002).

Following Voevodsky’s proof of the Milnor Conjecture, it became clear that de-
veloping methods from the theory of algebraic cycles and motives could be used to
attack other problems from the algebraic theory of quadratic forms that had remained
wide open since the 1960s and 70s. The first steps were made here by A.Vishik [21],
who studied the Chow motives of arbitrary smooth quadrics, and introduced impor-
tant new discrete algebraic-geometric invariants of non-degenerate quadratic forms,

including the so-called motivic decomposition type. In the early 2000s, Vishik’s ideas



were developed further by Vishik himself, N.Karpenko and A. Merkurjev, leading to
substantial progress on many of the central open problems in the subject (an overview
of this progress is given in the book by Elman, Karpenko and Merkurjev [2]). A high
point of this work is Vishik’s Ezcellent Connections theorem [20] which loosely states

“most decomposable” among all anisotropic quadrics

that excellent quadrics are the
of given dimension over a field of characteristic different from 2. This leads, in this
setting, to a collection of severe restrictions on Vishik’s motivic decomposition type
invariant coming from Knebusch’s splitting pattern invariant, and has many impor-
tant applications.

A key driver behind all of this work was the construction [1] in the late 1990s of
Steenrod squaring operations on the mod-2 Chow groups of smooth algebraic varieties
over fields of characteristic different from 2 by P.Brosnan. It should be noted here that
Steenrod operations were independently constructed in the wider context of motivic
cohomology by Vovoedsky, and played an important role in the proof of the Milnor
Conjecture.

Historically, people mainly considered characteristic not 2 fields. In 2018, Primozic
[16] constructed Steenrod Operations on mod 2 Chow groups for smooth varieties over
characteristic 2 fields. This development allows people to extend many results from
characteristic not 2 fields to characteristic 2 fields for the study of non-degenerate

forms.

1.3 Description of the thesis

While the advent of the algebraic-geometric machinery discussed above led to major
progress in the theory of quadratic forms over the past few decades, this progress was
hitherto largely limited to the case where the field of coefficients has characteristic

different from 2. The two central reasons for this restriction were the following:

(1) Over fields of characteristic 2, an anisotropic quadratic form need not be non-
degenerate. As such, a complete algebraic-geometric approach to the theory of
quadratic forms in characteristic 2 must involve the study of singular quadrics
and their higher orthogonal Grassmannians, and the theory of algebraic cycles
on singular varieties is much less well developed than for smooth varieties. For
example, we have no suitable “motivic category” in which to study singular

varieties.



(2) Even if we restrict our considerations to non-degenerate quadratic forms, the
theory established by Vishik and others still relies on non-trivial algebraic-
geometric constructions, including the construction of certain cohomological
operations and algebraic cobordism. Traditionally, these constructions have
come with characteristic restrictions. In particular, Brosnan’s construction of
Steenrod squares on mod-2 Chow groups was initially restricted to fields of

characteristic not 2.

Though both problems persist to some extent, recent developments have gone some
way to remove the barriers to progress. More specifically, E.Primozic [16] has recently
succeeded in extending the construction of Steenrod squares on the mod-2 Chow
groups of smooth varieties to fields of characteristic 2, allowing for the extension of
certain results on discrete invariants of non-degenerate quadratic forms over fields
of characteristic not 2 to be extended to characteristic 2. At the same time, work
of N.Karpenko [11] also suggests that it should be possible to extend many of these
results to singular quadratic forms by an effective reduction to the non-degenerate
case. In particular, Karpenko has used this idea (together with Primozic’s work) to
prove the singular case of an old conjecture of D.Hoffmann on the splitting patterns of
quadratic forms (the non-degenerate case had previously been proved in characteristic
not 2 by Karpenko in 2003, with only limited progress being made on the singular
case in the interim).

The aim of this thesis is to give a systematic study of the quadratic forms over
fields of any characteristic using the algebraic-geometric ideas alluded to above. We
briefly introduce the content of each Chapter here.

In Chapter 2, we review some of the theory of Chow groups, including functorial
properties of Chow groups. As examples, we will compute certain Chow groups which
will be used later. We also review the Steenrod operations on the mod-2 Chow groups
of smooth varieties constructed by Brosnan for the characteristic not 2 fields [1] and
recently extended to characteristic 2 fields by Primozic |16].

In Chapter 3, we review some basic knowledge of quadratic forms and their associ-
ated quadrics. Not only non-degenerate quadratic forms are studied, we also study the
singular forms. We introduce several splitting pattern invariants for quadratic forms
and explain certain relationships between them. We then discuss Pfister neighbours
and introduce the notion of strongly excellent forms. We establish an explicit char-
acterization of these forms, which extends a well-known characterization of so-called

excellent forms in the non-degenerate theory.



In Chapter 4, we begin our study of algebraic cycles (mod-2) on products of
generically smooth quadrics extending recent work of Karpenko [11]. Let F' be a field
and Xy, -, X, be generically smooth quadrics over F' which are given by quadratic
forms with anisotropic totally singular parts. Let Ch(X; x --- x ---X,,) be the
image of Ch(X; x - -+ x X,,) under the change of field homomorphism Ch(X; x - - - X
X,) = Ch((X; x --- x X,,)7) where F is an algebraic closure of F. We show that
Ch(X; x --- x X,,) inherits a ring structure from the mod-2 Chow ring of the smooth
locus of X; x---x X,,. We then use this to define a composition law for rational mod-2
algebraic cycles between products of generically smooth quadrics. We establish basic
properties of the composition law analogue to known properties of the composition
of correspondences for smooth varieties. In the case where X7, --- , X,, have maximal
Witt index, we describe Ch(X; x --- x X,,) and its ring structure explicitly. We
also describe the composition law for rational cycles explicitly. This allows us to
interpret the main problems of intersection as explicit rationality problems for cycles
over a separable closure of the ground field. Again, following Karpenko, we show
also that Ch(X; x --- x X,,) admits an action of mod-2 Steenrod operations, and
we compute the actions in the case Ch((X; x --- x X)) explicitly. In the final
part of this Chapter, we derive the relationship between Ch(X; x --- x X,,) and
W(Yl X +-+ xY,), where each Y] is given by the ansiotropic part of X;. This allows
us to study Ch(X; x --- x X,,) using scalar-extension arguments.

In Chapter 5, we use the results in Chapter 4 to introduce a new discrete invariant
for forms which are not totally singular but have anisotropic totally singular part. We
call the invariant rational correspondence type. For non-degenerate quadratic forms,
this coincides with the motivic decomposition type studied by A.Vishik [21]. We show
that many of the restrictions on Vishik’s motivic decomposition type imposed by
the Knebusch splitting pattern are also valid for the rational correspondence type of
singular forms. In the last part of this chapter, we prove certain results relating the
rational correspondence type of different quadrics. These extend results of Vishik
on the motivic decomposition type of non-degenerate forms to singular forms. Using
these results, we compute the rational correspondence types of any strongly excellent
form or even quasi-strongly excellent form, which extends a result of M.Rost on non-
degenerate excellent forms. We also describe the rational correspondence type of a
Pfister neighbour in terms of the rational correspondence type of its complementary
form. In conclusion, we show that generic forms of even dimension are indecompos-

able, meaning that the rational correspondence type consists of a single component.



Finally, we consider the concept of virtual Pfister neighbours i.e., forms becoming
Pfister neighbours over field extensions. As part of this, we extend Izhboldin’s clas-
sification of virtual Pfister neighbours of dimension 2" + 2 to singular forms.

In Chapter 6, we review a fundamental result of Vishik asserting the existence
of so-called excellent connections in the motivic decomposition type of an arbitrary
anisotropic smooth quadric, as well as some of its corollaries. We raise the question
of whether it is possible to extend Vishik’s results to singular but generically smooth
quadrics when the characteristic of the base field is 2 and show that the answer is yes
for quadrics of dimension < 7. In this chapter, we also apply the methods developed
in Chapter 4 and Chapter 5 to obtain partial results on a conjecture of Hoffmann
and Laghribi, concerning the classification of Pfister neighbours over the base field
of characteristic 2. Finally, we also apply the method to the study of a conjecture of

S.Scully on the isotropy behavior of quadratic forms over function fields.



Chapter 2

Chow Groups

2.1 Chow groups

Fix a field F'.

Definition 2.1.1. Let X be a scheme over F. A k-cycle is a formal sum of k-
dimensional subvarieties of X i.e., > n,[V,] where n, € Z and V,, are k-dimensional
subvarieties. The group of k-cycles on X is the free abelian group on k-dimensional
subvarieties of X and is denoted by Z,X. The class of a k-dimensional subvariety V'
in Z; X is denoted [V].

Under the same setting as above, we let W be a (k + 1)-dimensional subvariety of
X and F(W) be the function field of W. Now we take any k-dimensional subvariety

V of W with the generic point 7. Then there is a unique group homomorphism
Ordy : F(W)* —-Z

that sends each r € Oy, \ {0} to the length of the Artinian ring Oy, /(7).

Let V,, be any codimension 1 subvariety of W with the generic point 7,. We write
Ord, := Ordy, for short. For any f € F(W)*, we define [div(f)] :== >, Orda(f)[Va]
to be the divisor of f, where the sum is taken over all codimension 1 subvarieties V,
of W. This is also well-defined since Ord,(f) are zero for all but finitely many V.

When W is regular at each 7,, we know that each Oy, is a DVR, i.e., a discrete
valuation ring. Let Frac(Ow,,) be the fraction field of Oy, . Then each DVR

Ow,y. determines a unique valuation Val, : Frac(Ow,,)* — Z. In this case, we



have Val, = Ord, and for any f € F(W)*, the divisor of f is just the divisor of
poles and zeros given by [div(f)] ==Y Val.(f)[Val.

The definition of divisors gives rise to the concept of rational equivalence.

Definition 2.1.2. Let X be a scheme over F' and Z, X be the group of k-cycles on
X. We say a k-cycle « is rationally equivalent to zero if there is a finite number of
(k 4 1)-dimensional subvarieties W; of X and f; € F(W;)* such that a =Y [div(f;)].
Then we denote it by a ~ 0.

Since Ordy is a group homomorphism, we know that [div(f)] = —[div(1/f)].
Thus the cycles rationally equivalent to zero form a subgroup of Z; X and we write

it as Ratp X. Finally, we come to the definition of Chow groups.

Definition 2.1.3. Let X be a scheme over F' and Raty(X) be defined as above. The
Chow group on X of k-dimensional cycles is the quotient group of Z, X by Rat, X,

ie.,

CHk(X) = ZkX/RCLth

Also, we define CH,(X) to be the direct sum of CH;(X) for i € [0,dim(X)]. Some-

times, we will just write CH (X)) instead of C'H,(X) for convenience.

Remark 2.1.4. Let X be any scheme over F' and X,.; be the associated reduced
scheme. From the definition, we know that CH(X) = CH (X,eq)-

C'H(X) has two natural grading structures. For the lower grading C'H;(X), it is
just what we have defined above. For the upper grading, we define the group C H(X)
to be the subgroup of CH(X) generated by cycles corresponding to subvarities of
codimension i. CH*(X) is the direct sum of CH(X). Suppose X, -+, X, are
irreducible components of X. Then the relation between the two grading structures
is given by

CHi(X) = @)_,CHOX)7(x))
for ¢ € [0, dim(X)] from the definition.
Example 2.1.5. We give a trivial example here. Let X = Spec(F'). Since X consists
of only one point {z}, X doesn’t have any one dimension subvariety, hence Raty(X) =

0. Now Z; X =Z - [{z}] = Z, and we have that CHy(X) = Z while CH;(X) = 0 for
1> 0.
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Let X be a scheme over F' and W be a subscheme of X. We suppose W1, --- , W,
are irreducible components of X. Also, we let the generic point of each W; be n;.
Then Oy, is a zero-dimensional Noetherian local ring, hence an Aritinian ring. Now
we let m; = [(Ow,,,) and define the fundamental cycle [W] by

(W] := Z mi[Wy].

If W is a reduced scheme, we have m; = 1 for each i € [1,7].

When X is a smooth scheme, the group CH*(X) can be equipped with a grading-
preserving multiplication, thereby giving it the structure of a commutative graded
ring. The identity element is [X]. Suppose Y, Z are two subvarieties of X satisfying
Y] € CHP(X) and [Z] € CHY(X). Also, we suppose W := YNV (scheme-theoretical
intersection) is a reduced scheme with irreducible components Wy, --- W, of the
same codimension p+¢. Then the product of [Y] and [Z] is [W] = > %, [W;] in Chow
groups.

More generally, we have the following proposition.

Proposition 2.1.6. |2, Proposition 57.21] Let Y and Z be two closed subvarieties of
a smooth scheme X . Also, we suppose that Y, Z are of codimension p,q respectively.
Let W :=Y N Z be the scheme-theoretical intersection of Y and Z. Let Vi, Vo, --- |V
be all irreducible components of W and (W] = > m;[V;] for some m; > 0. If every

irreducible component of W has codimension (p + q), then
Y]-[2] =) milV]
i=1

for some integers n; with 1 < n; < m;,.

Remark 2.1.7. The integers n; above are called intersection multiplicities. Explicit
formulas are given in [3]. With these formulas, this proposition completely determines
the multiplication on CH*(X).

Example 2.1.8. Let V' be a n + 1-dimensional vector space over F. Then P(V)
is a n-dimensional projective space. For any ¢ + 1-dimensional subspace V; where
i € [0,n], we have an i-dimensional projective subspace P(V;). In the Chow group
of P(V)) = P", it can be shown that the class of P(V;) doesn’t depend on the vector
space V; for i € [0,n]. As a result, we denote the class by [;. Moreover, it’s known
that [; is a basis of CH;(P"), i.e., CH;(P") =Z - 1; = Z for any i € [0,n].
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Let H := {xy = 0} be a hyperplane in P". Notice that all hyperplanes have the
same class in CH(P"): actually, we suppose H ' is any hyperplane given by a degree 1
homogeneous polynomial f. Then [div(f/xo)] = [H']—[H] in Z;P". Hence [H'] = [H]
in CH'(P") and we denote the class as h. We claim that h-[; = [;_ for ¢ € [1,n].
Since different projective subspaces have the same class in CH(P"), we can choose
one P such that P* N H = Pi~!. Then the result follows from the discussion before
Proposition [2.1.6]

Since [P"] = [, is the identity, we know that /,,_; = h. By induction, we have
ht =1,_; for i € [1,n]. By setting h® = [,,, we conclude that C H*(P") is a ring which
is isomorphic to Z[h]/(h"1).

2.2 Functorial properties

Fix a field F.
Let X and Y be two schemes over F' and f : X — Y be a proper morphism

(e.g., a closed embedding) between them. Then there exists a unique homomorphism

fe : CHp(X) — CH(Y) such that

[E(V): F(FV)L-[F(V)] i dim(f (V) = dim(V)

f(V]) =
(V]) 0 if dim(f(V)) # dim(V)

for any subvariety V' C X. It’s called the push-forward induced by f. Push-forwards
are functorial: suppose Z is a scheme over F' and ¢ : Y — Z is a proper morphism.
Then we have (g o f). = g. o f..

Recall that by a flat morphism, we mean a flat morphism of constant relative
dimension. Let X and Y be two schemes over F' and ¢ : Y — X be a flat morphism
of relative dimension n. Then there exists a unique homomorphism ¢* : CH(X) —
CHg1n(Y) such that

g ((2]) = lg7'(2)]
for any k-dimensional subvariety Z of X and [¢7!(Z)] is the fundamental cycle of
g (Z) in CHyyn(Y). Tt’s called the pull-back homomorphism induced by g. Pull-
backs are functorial: suppose that W is a scheme over F' and f : W — Y is a flat

morphism. Then we have (g o f)*([V]) = f*(¢*[V]) for any subvariety V C X.
Let X be a scheme over F. Suppose U is an open subscheme of X. Then the
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inclusion of U into X is a flat morphism of dimension 0. In this case, the pull-back

homomorphism on Chow groups is surjective:

Proposition 2.2.1. [3, Proposition 1.8] Let Y be a closed subscheme of X, and let
U=X-Y. Letiv:Y — X be the closed embedding and j : U — X be the open

embedding. Then the sequence
CHW(Y) S CHL(X) L CHL(U) =0

1s exact for any k. The exact sequence is called the localization sequence.

Now we let X be a variety of dimension n and Y be a scheme over F. Suppose
the morphism f : Y — X is a dominant morphism and x € X is the generic point.
We define the generic fiber of f to be the scheme-theoretical fiber of f at the generic
point z, i.e., Y, := f~1(x). For any nonempty open subset U C X, we have a natural
flat morphism: gy : Y, — f~(U) of relative dimension (—n). So this induces a
pull-back homomorphism: gj; : CH,(f~'(U)) = CH._,(Y,).

By [2, Corollary 52.14], the colimit of the system {C'H.(f '(U,))} is equal to
CH._,(Y,).
CH.(f*(U,)) for some nonempty open subscheme U,,. Also, we know that C H,(Y) —
CH.(f~'(U,)) is a surjective group homomorphism. This gives the following propo-

Thus for any cycle o in CH,_,(Y,), a can be lifted to a cycle o' €

sition.

Proposition 2.2.2. [2, Proposition 57.10] Let X be a variety of dimension n and
f Y — X a dominant morphism. Let x denote the generic point of X and Y,
the generic fiber of f. Then the pull-back homomorphism CHy(Y) — CHy_,(Y,) is

surjective for all k.

Let X be a variety of dimension n over F' and Y be a scheme over F. The
Corollary is obtained by applying Proposition to the projection morphism
X xpY — X.

Corollary 2.2.3. [2, Corollary 57.11] For every variety X of dimension n and scheme
Y over F', the pull-back homomorphism CHyp(X xY) = CHy_n(Yr(x)) is surjective
for all k.

In the discussion above, we know that pull-back homomorphisms between Chow

groups are induced by flat morphisms. However, we can also define the pull-back
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homomorphism induced by any morphism if the target scheme of a morphism is
smooth.

Let Z and W be two schemes and ¢g : Z — W be a regular closed embedding of
codimension r. Then there is a homomorphism ¢* : CH(W) — CHy_.(Z). This
homomorphism is induced by the regular closed embedding ¢g and called Gysin homo-
morphism. Gysin homomorphism has a strong relation with intersections. Actually,
by [2, Corollary 57.20], if V is a k-dimensional variety in W satisfying that ¢g—'(V)
is reduced and the irreducible components of g~!(V') have the same dimension k — r,

then we have
g (VD) =g~ (V)]

Let X and Y be two schemes over F. There is a well-defined external product
map

FiCHY(X)® CHY(Y) = CHypo(X x V) [V]® [W] = [V x W]

for any p-dimensional subvariety V of X and ¢-dimensional subvariety W of Y. Let
a € CH(X) and 5 € CH(Y) be two cycles. We define a x 1= f(a® ). Also,
we should remind that push-forwards and pull-backs are compatible with external
products. Let X', Y be two schemes over Fand g; : X — X and ¢» : Y — Y are two
morphisms. If g1, go are proper, then we have (g1 X g2)«( X 3) = (g1)+() X (92)«(B);
if g1, g2 are flat, we have (g; X ¢g2)*(a x 8) = (g1)* () x (92)*(B) [3, Proposition 1.10].

Now we suppose that X is a smooth scheme over F' and 7 : X — X x X is the
diagonal morphism. Notice that ¢ is a regular closed embedding. For cycles a and [
in CH(X), we know that a x § is a cycle in CH(X x X). Then we have

a-f=i"(axpf).

This describes the relation between the Gysin homomorphism and the product of
cycles.

Now for any morphism f : Y — X with X smooth, the morphism i = (id, f) :
Y — Y x X is a regular closed embedding of codimension dim(X) and the projection
p:Y x X — X is a flat morphism of relative dimension dim(Y’). By setting d =
dim(X) — dim(Y'), we define the pull-back homomorphism to be

When f is in addition a flat morphism of equidimensional schemes, then the pull-
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back f* defined above coincides with the pull-back homomorphism induced by a flat
morphism. Also, if f is a regular closed embedding, then the pull-back defined above
is just the Gysin homomorphism.

The following proposition says that the pull-back homomorphism is compatible

with the push-forward homomorphism in a fibre product diagram.

Proposition 2.2.4. [3, Proposition 1.7.] Let

be a fibre product diagram of schemes. If ', f are proper morphisms and g, g are flat
morphisms, then for any cycle o € CH(X), we have (f. 0 ¢*)(a) = (g o f.)(c).

Proposition 2.2.5 (Projection Formula). [2, Proposition 56.9] Suppose X and Y
are two smooth schemes over F'. Let f :' Y — X be a proper morphism of smooth

schemes. Then

for every « € CH*(Y') and € CH*(X)

Obviously, we can view CH(Y') as a CH(X)-module via f*. Then the projection
formula just means that the push-forward f, is a C'H (X )-module homomorphism.

The projection formula requires schemes X, Y to be smooth schemes. Sometimes
we need the following weaker version of projection formula, which only requires X to

be smooth.

Proposition 2.2.6. [2, Proposition 56.11] Let f : Y — X be a morphism of equidi-

menstonal schemes with X smooth. Then

for every f € CH*(X).

The discussion above describes some important results of integral Chow groups,
i.e., Chow groups with integer coefficients. Let A be a ring and X be a scheme over F'.
We define the Chow group on X with coefficients in A by CH(X;A) := CH(X)®zA.
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One should notice that the theory we described above can be developed for CH (X; A)
with the same results.

In this paper, we have particular interests in CH (X;Z/27Z), i.e., the Chow group
on X with coefficients in Z/27Z. For convenience, we denote it by Ch(X).

2.3 Chow correspondences

Let A be a commutative ring and F’ be a field. In this section, we will consider Chow

groups with coefficients in A.

Definition 2.3.1. Let X and Y be two schemes over F' and Xi,---,X, be the
irreducible components of X with dimension ny,--- ,n, respectively. For every i € Z,
we set .
Corri(X,Y; A) := [ [ CHipn, (Xi x Y3 A).
k=1
We define a correspondence between X and 'Y of degree i with coefficients in A to be
an element o € Corr;(X x Y; A).

Let X and Y be two schemes over F. For X x Y, we have the exchange isomor-
phism X XY =Y x X, which sends (z,y) to (y,z) for points z € X,y € Y. We
denote the image of « € CH(X x Y') under the exchange isomorphism by af. The
cycle ot is a cycle in CH(Y x X), and we call it the transpose of a.

For any scheme X over F', we have two canonical morphisms, i.e., the structure
morphism px : X — Spec(F') and the diagonal morphism dy : X — X x X. If px is
a proper morphism, we say X is a complete scheme. Also, if X is smooth, then the
diagonal morphism is regular closed embedding of codimension dim(X).

We let X, Y and Z be schemes over F' with Y smooth and complete. Then we

have a proper morphism
Poi=1x Xpy X1z : X XY XZ—>XXZ
and a regular closed embedding
do:=1x Xdy X1z : X XY XxZ—->XxY XY xZ.

Definition 2.3.2. Let X, Y and Z be schemes over F' with Y smooth and complete.
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Then the composition of correspondences is a bilinear pairing
Corry(Y,Z;A) x Corrj(X,Y;A) = Corrij(X, Z; A)

defined by
(B8,0) = Boa:=(p2).o (da)"(a x 5)

where (dg)* is the Gysin homomorphism.

The pairing above is associative, i.e., for any four schemes X,Y,Z T with Y
and Z smooth and complete and any o € Corr, (X x Y,A), B € Corr.(Y x Z,\),
v € Corr.(Z x T,\), we have (yo f)oa =70 (foa).

Under the same setting as Definition [2.3.2] we have flat projection morphisms

p3=1x X1y Xpz : X XY X Z =X xY.

and

pliszxlyX1z—>YXZ.

If X,Y and Z are all smooth and complete schemes, then we have an alternative
formula for the composition of correspondences which only involves with projection

morphisms.

Proposition 2.3.3. |2, Proposition 63.2] Let X,Y,Z be complete smooth schemes
over F. Suppose a« € CH(X xY) and f € CH(Y x Z) are two correspondences.

Then we have B o o = (p2)«((p3)*(a) - (p1)*(B)).

Let f : X — Y be a morphism of schemes. We denote the graph of f by I'y. Since
't is a closed subscheme of X x Y, Then [I'f] is a cycle in CH(X x Y).

Proposition 2.3.4. |2, Proposition 62.4] Let X,Y,Z be schemes over F with Y
smooth and complete.

Then for any morphism g : Y — Z, we have [I'y] o e = (1x X g).(a) where « s
any cycle in CH(X xY).

For any morphism f : X — Y, we have B o [['y] = (f x 12)*(8) where § is any
cycle in CH(Y x Z).

From Definition [2.3.2] we can define group homomorphisms induced by Chow

correspondences.
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Definitions 2.3.5. Let X, Y and Z be schemes over F.
When X is smooth and complete, then for any cycle o € CH,(X x Y'), we define

the push-forward homomorphism induced by « to be
a,:CH(ZxX) = CH.(ZXY);B—~aof

for any f € CH(Z x X). If a = [I'¢] for some morphism f : X — Y, by Proposition
2.3.3, we know that a, = (17 x f).

When Y is smooth and complete, then for any cycle « € CH,.(X X Y'), we define
the pull-back homomorphism induced by « to be

o CH.(Y X Z)—= CH.(X xZ); 8+ Boa.

for any f € CH(Y x Z). If a = [I'f] for some morphism f : X — Y, by Proposition

2.3.3 then a* = (f x 12)*.

From the discussion above, one can realize that Chow correspondences give us
a way to constitute a new category: the objects in the new category are smooth
complete schemes over F' and the morphisms are given by Chow correspondences.
Also, there is a natural functor from the category of smooth complete schemes to the

new category.

2.4 Relative cellular decomposition

Fix a field F.

Definition 2.4.1. Let X and Y be two schemes over F'. A morphism g : Y — X is
called an affine bundle of rank d if g is flat and the fiber of g over any point z € X

is isomorphic to the affine space A‘fw(x).

Remark 2.4.2. An affine bundle is stable under base-change. Let X and Y be two
schemes over F' and ¢g : Y — X be an affine bundle of rank d. Let Z be any scheme
over F. Then we have the base-change morphism ¢ = g xid : Y x Z — X x Z.
Since flat morphisms are stable under base-change, ¢ is also flat of relative dimension
d. Let s = (2,2) be a point in X x Z. Then ¢~ '(z) = g '(x) x Spec(F(z)) =
A‘}(I) X p Spec(F(z)) = A%(s).
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Example 2.4.3. Let 7 : V. — M be a vector bundle of rank d. Let y € V be any
point and 7(y) = x € M. Then we have 7 !(x) = Spec(k(z)) x Ad. Also, by taking
an open subscheme U containing z such that 7=1(U) 2 U x A?, we know that Oy (U)
is a free ©Oy;(U)-module, hence Oy, is a free Oy -module by localization. Thus we

conclude that a vector bundle of rank d is an affine bundle of rank d.
An affine bundle induces an isomorphism between Chow groups.

Theorem 2.4.4 (Homotopy Invariance). [2, Theorem 52.13] Let Y and X be two
schemes over F' and g : Y — X be an affine bundle of rank d. Then the pull-back

homomorphism

s an isomorphism for any k.

Next result generalizes the homotopy invariance. We give a definition first. Let
X be a scheme over F. By a relative cellular structure on X, we mean a filtration of
closed subschemes
P=X,CcXoCcX;C--CX,=X

together with affine bundles p; : U; := X;/X;_1 — Y; of rank d; for all i € [0,n], in
which Y;,7 € [1,n] is a smooth complete scheme.

Let a; € CH(X x Y;) be the class of the closure of the graph of p; in X x Y;. By
definition, «; is a correspondence between X and Y; of degree dim(X) — dim(X;).
Taking the transpose of «;, we know that a! is a correspondence between Y; and X
of degree d;.

Let Z be any scheme over F. Since Y; is smooth and complete for i € [1,n],
we have group homomorphisms a; := (af),. When i = 0, we let fo : Xo — X be

-1

the closed embedding and define ag := (17 X fo)« o (p) Now we have defined

homomorphisms

a;: CH,_4,(Z xY;) = CH,(Z x X).
forte=20,---,n.

Theorem 2.4.5. [2, Theorem 66.2] Let X be a scheme over F with relative cellular

structure as above. For any scheme Z over F, we have an isomorphism

zn:ai : éCH*_di(Z x Y;) = CH.(Z x X)

=0 =0
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Example 2.4.6. Let Z be any scheme over ' and X = P". By considering X; = P
for i € [0,n], we have U; = X; \ X;_1 = A? and Y; = Spec(F) for i € [0,n]. Since
U; — Y, is an affine bundle of rank 7, by Theorem we have

Explicitly, the isomorphism above is given by

> i =Y i xl € CH(Z x P")
i=0 i=0
for o; € CH]C,Z<Z) and ll € CHZ(PR)
In particular, when Z = Spec(F), we know that C Hy(P") = Z for any k € [0, n].

2.5 Projective bundle theorem

Fix a field F. Let E be a vector bundle of rank r on an F-scheme X with projection
p: E — X. We know that p is a flat morphism of relative dimension r. Suppose

s : X — F is the zero section. Then s is a closed embedding.

Definition 2.5.1. Under the same setting as above, we define the Fuler class of the

vector bundle p: E — X to be
e(E) = (p*) tos,: CH(X) — CH, .(X).

Let E be a vector bundle of rank r on a F-scheme X with projection p: £ — X.
We consider the associated projective bundle ¢ : P(E) — X. Note that ¢ is a flat
morphism of relative dimension r — 1. Let L — P(E) be the tautological line bundle
over P(F) and e the Euler class of L. The following theorem can be viewed as a

generalization of the isomorphism we described in Example [2.4.6]

Theorem 2.5.2 (Projective bundle theorem). [2, Theorem 53.10] The homomor-
phism

7 T

O(B) =P e o s P OH.n(X) = CH.(P(E))

=1
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is an isomorphism. For every a € CH,(P(F)), it can be written in the form

T

o= e (g (@)

i=1
for uniquely determined elements o; € CH,_;-1y(X).

The Projective Bundle Theorem gives rise to the definition of Chern class. In
the same setting as above, we let a € CHg(X) be any cycle. Consider the cycle
e" o ¢*(«), this is a cycle in CHy_1(P(F)). By the Projective Bundle Theorem, there
exists unique cycle oy € CHy_;(X) for i € 1,--- ,r such that >, a; = € o ¢*(a).

Moreover, we set a := ay.

Definitions 2.5.3. The i-th Chern class of E is defined to be the group homomor-
phism given by

G(E): CH(X) - CHpy(X),a = o; = ¢;(E) ().
for every i = 0,--- ,r and we set ¢; =0 if ¢ > r or i < 0. The total Chern class of E
is defined to be ¢(F) := c¢o(E) + c1(E) - + ¢.(E).
The following proposition gives the functorial properties of the total Chern class.

Proposition 2.5.4. [2, Proposition 54.5] Let f : Y — X be a morphism and E a
vector bundle over X. Set E' = f*(E). Then

(1) If f is proper, then c(E)o f, = f. o c¢(E")

(2) If f is flat, then f*oc(E) = C(El) o f*.
For smooth schemes, the action of Chern classes can be described as follows:

Proposition 2.5.5. [2, Proposition 58.15] Let X be a smooth scheme over F' and
p: E — X be a vector bundle. Then for any a € CH(X), we have that ¢(E)(«a) =
c(E)([X]) - o

The following proposition is called the Whitney sum formula.

Proposition 2.5.6. [2, Proposition 54.7] Let X be a scheme over F and 0 — E' —
E — E" — 0 be an exact sequence of vector bundles over X. Then c¢(E) = ¢(E') o
c(E"),i.e,

1

cn(E) = Y e(E)oc(E")
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for every n.

2.6 Steenrod operations

Fix a field F'. Through this section, a scheme will mean a quasi-projective scheme. Let
X be a scheme over F'. Recall that we use Ch(X) to denote the Chow group of X with
coefficients in Z/27Z. In paper [1], Brosnan constructed the Steenrod operations for
Chow groups modulo 2 when the characteristic of F'is not 2. When the characteristic
of F'is 2, the Steenrod operations were constructed by Primozic in [16].

Let X be a smooth scheme over F. There is a group homomorphism Sg¢x :
Ch(X) — Ch(X) such that for any proper morphism j : V' — X of smooth schemes,

we have
Sq(j([V])) = ju(c(Nj[V])

where ¢(N;) is the Chern class of the virtual normal bundle of the proper morphism.
The group homomorphism is called the cohomological Steenrod operation on X.
and the kth homogeneous part of the cohomological Steenrod operation on X is a

map increasing the codimension by £, i.e.,
Sqk : Ch*(X) — Ch**(X).

To simplify, we also denote the cohomological Steenrod operation by S¢*.

When the characteristic of F'is zero, by the resolution of singularities, the property
above completely determines the cohomological Steenrod operation and it’s still an
open question in other characteristics. But in general, we know that the cohomological

Steenrod operation commutes with pull-back homomorphisms.

Theorem 2.6.1. |16 Corollary 3.4][2, Theorem 61.9] Let f : Y — X be a morphism

of smooth schemes. Then the diagram

Cha(X) 2% Oh.(X)

r| r|

Ch(Y) =2 Ch,(Y)

commautes.

For the computation of homogeneous parts of the cohomological Steenrod opera-
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tion, we have a theorem below.

Theorem 2.6.2. [16, Corollary 7.3, Proposition 7.4][2, Theorem 61.13] Let X be a
smooth scheme. Then for any 8 € Ch*(X),

B ifr=20
Sqx(B) = 8% ifr=Fk
0 difr<0orr>0.

Theorem 2.6.3. [16, Proposition 5.1]|2, Theorem 61.14]
Let X and Y be two smooth schemes. Then

Sqxxy = Sqx X Sqy

We also have the Cartan Formula, which computes the cohomological Steenrod

operation of products of cycles.

Proposition 2.6.4. [16, Proposition 6.1][2, Corollary 61.15] Let X be a smooth

scheme. Then

Sqx(a - B) = Sqx(a) - Sqx(B)
for all a, p € Ch(X). Equivalently,

Sq(a-B)= > Sqk(e)-SqR(B)

k+m=n
for all n.

Definition 2.6.5. Let X be a smooth scheme over F'. We define the homological
Steenrod operation by Sqx = c(—=Tx) o Sq¢~, where ¢(—Tx) is the inverse of the total
Chern class of the tangent bundle of X. To simplify, we also denote the homological
Steenrod operation by Sq,.

Under the same setting as Definition [2.6.5, S¢* : Ch(X) — Ch(X) is a map such

that for any proper morphism j : Z — X of smooth schemes, we have

Sq* (5.((2])) = j(e(=T2)[2))

where T is the tangent bundle over Z. The kth homogeneous part of the homological
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Steenrod opertion on X is a map decreasing the dimension by k
Sq : Chy(X) — Che_i(X).

The homological Steenrod operation commutes with push-forward homomorphisms.

Proposition 2.6.6. |16, Proposition 8.1|[2, Theorem 60.6] Let f : X — Y be a
proper morphism of smooth projective varieties. Then the following diagram

Sq¥X

Cha(X) =2 Chy(X)

3 3

Sq¥Y

Ch.(Y) —— Ch.(Y)
commutes.
The following theorem comes directly from Definition [2.6.5 and Theorem [2.6.2
Theorem 2.6.7. SqiX =0 if k <0 and Sq is the identity.

Remark 2.6.8. Let X be a scheme(not necessarily smooth) over F. When the
characteristic of F'is not 2, we can still construct the homological Steenrod operation

on C'h(X) with the same results as above.

Example 2.6.9. Let X = P¢ be a projective space and h € Ch'(X) the class of a
hyperplane. Recall Example [2.1.8] we know that Ch(X) = Fo[h]/(h%*!). Here we
compute the Steenrod operations on the generator h.

By Theorem , we have Sqx(h) = h + h*> = h(1 + h). Also, by Propsoition
2.6.4] we have Sqx(h') = h'(1+ h)". Using the Cartan formula, we obtain that

Sqi(h') = ()n.

Let L be the canonical line bundle over X. We have an exact sequence of vector
bundles: 0 — Ox — L' — Tx — 0, in which T is the tangent bundle over X.

By Proposition and [2, Proposition 54.3], we have ¢(Tx) = ¢(L)*! = (1 +
h)41. Hence

SqX(hi) — C(Tx)_l o SqX(hz) — hz<l 4 h)i—d—l'
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Chapter 3
Quadratic Forms

In this chapter, we will review important results on quadratic forms and quadrics.
For results we mention without proof, one can find detailed discussion in references

P, [ and [7.

3.1 Symmetric bilinear forms

Fix a field F.

Definition 3.1.1. A symmetric bilinear form on an F-vector space V is a map

b:V xV — F satisfying
(1) b(v+v",w) = b(v,w) + b(v', w)
(2) b(cv,w) = cb(v,w)
(3) b(v, w) = b(w,v)

for all v,v",w,w €V, ce F.

By a symmetric bilinear form over F; we will mean a symmetric bilinear form b
on some F-vector space. The F-vector space is called the underlying vector space of
b and the dimension of the vector space will be called the dimension of b and denoted
dim(b).

Notation 3.1.2. We use D(b) := {b(v,v) | v € V with b(v,v) # 0} to denote the set

of nonzero values of b.
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Let b be a symmetric bilinear form on an F-vector space V. Suppose that K/F
is a field extension. We define the symmetric bilinear form bx on Vi := K ®p V by
setting

bg(a®v,c®w) = acb(v, w)

for any a,c € K and v,w € V.

We have two binary operations for symmetric bilinear forms. Let by,by be two
symmetric bilinear forms over F' with underlying vector spaces Vi, V5 respectively.
The external orthogonal sum of by and by, denoted by by L by, is the symmetric

bilinear form on Vi @ V5, defined by setting
(b L b2)(v1 @ va, w1 @ wy) = bi(v1, wa) + ba(va, w)

for all vectors v;, w; € V; where i = 1, 2.
The tensor product of by and by, denoted by b; ® by, is the symmetric bilinear form
on Vi ®p Vs, defined by setting

(b1 ® be)(v1 ® V9, w; @ wa) := by(vy,wq) + ba(ve, ws)

for all vectors v;, w; € V; where i =1, 2.

Definitions 3.1.3. Let by, by be two symmetric bilinear forms with underlying F-
vector spaces Vi and V5, respectively. An isometry f : by — by is a linear map
f: Vi — Vs such that for any vectors v, w € V;, we have: by(f(v), f(w)) = by (v, w).
If in addition, f is a linear isomorphism between V| and V5, we say that by, by are
isometric and write b; ~ bs.

Also, if by is isometric to by multiplied by a nonzero element of F, i.e., by >~ ab,

for some a € F'*, we say by, by are similar.

Let b be a symmetric bilinear form on V over F'. We say two vectors v, w € V are
orthogonal if b(v,w) = 0. Similarly, if U C V' is a subspace, we define the orthogonal

complement of U to be
Ut :={veV|b,w) =0 for any w € W}.

IV =U@®W where UUW C V and U C W+, then b = by L bw and we call b the

internal orthogonal sum of by and byyy .
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Examples 3.1.4. (1) Let a € F. The symmetric bilinear form on F' given by
b(z,y) = azxy for some =,y € F is denoted (a)y.

(2) Let ay,---,a, € F. The symmetric bilinear form on F" given by (a;), L (as) L
- L {a,)p is denoted (ay, -+, an)p.
Remark 3.1.5. The symmetric bilinear form (ay, -, a,), is called a diagonal form.

A symmetric bilinear form that is isometric to a diagonal form is called diagonalizable.

Definitions 3.1.6. Let b be a symmetric bilinear form on an F-vector space V. We
define the radical of b by rad(b) := V+. If rad(b) = 0, then we say that the form b is

non-degenerate.

In the definition above, one should notice that the radical of a bilinear symmetric
form over F' commutes with base-extension, i.e., rad(bx) = rad(b) ® K for any field
extension K/F.

Example 3.1.7. Let V' be a vector space and V'V be its dual space. The hyperbolic
symmetric bilinear form H(V') is the symmetric bilinear form on V' @ V" defined by
setting

b(vr + f1,v2 + f2) = fi(v2) + fa(v1).

for any vy,v, € V and fi, fo € VV. This form is non-degenerate. H(F') is called the
hyperbolic plane and denoted H.

Remark 3.1.8. If dim(V) = n, then H(V) ~ nH, where by an abuse of notation,

nH means the external orthogonal sum of n hyperbolic planes.

Definitions 3.1.9. Let b be a symmetric bilinear form on an F-vector space V. A
vector v € V' is called anisotropic if b(v,v) # 0 or isotropic if v # 0 and b(v,v) = 0.
We say the form b is anisotropic if b(v,v) # 0 for any nonzero vector v € V. A
subspace U C V' is called totally isotropic if by = 0. If b is non-degenerate and has a

totally isotropic subspace of dimension %dim(b), then we say that b is metabolic.

Theorem 3.1.10 (Bilinear Witt Decomposition Theorem). [2, Theorem 1.2.7] A
non-degenerate symmetric bilinear form is an orthogonal sum of an anisotropic form

and a metabolic form. Also, the anisotropic form is unique up to isometry.

Recall that we have the orthogonal sum and tensor product of symmetric bilinear

forms over F. These two operations induce an addition and multiplication on the set
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of isometry classes of non-degenerate symmetric bilinear forms, giving it the structure
of a commutative semi-ring.

The identity elements of addition and multiplication are the zero form and (1),
respectively.

We define the Witt-Grothendieck ring of F' to be the Grothendieck ring of this
semi-ring and denote it by W(F ).

The quotient ring W (F) := /W(F )/([H]) is called the Witt ring of non-degenerate
symmetric bilinear forms over F. Elements in W (F) are called Witt classes.

In W(F), all Witt classes of even-dimensional non-degenerate symmetric bilinear

forms constitute an ideal I, which is called the fundamental ideal.

Definition 3.1.11. Let a € F*. The form (1, —a), is called a 1-fold Pfister form
and we denote it by ((a)),. Let aq,--- ,a, € F*. The tensor product of 1-fold Pfister
forms ((a1))y, @ ((az))p- - @ ({a,))y is called an n-fold Pfister form and we denote it

by <<CL1, e >an>>b'

Bilinear Pfister forms have two important properties as below.

Proposition 3.1.12. |2, Corollary 6.2] Let b be an n-fold Pfister form. Then for any
a € D(b), we have ab ~ b.

Proposition 3.1.13. [2, Corollary 6.3] A bilinear Pfister form is either anisotropic

or metabolic.

It can be shown that (1,—1), = 0 in W(F) [2, Page 20]. We suppose that
(a,b) is any 2-dimensional non-degenerate symmetric bilinear form, then we have

(a,b) = (1,—(—a))p — (1, =b), in W(F). This gives rise to the following proposition.

Proposition 3.1.14. [2, Page 24] The fundamental ideal I is generated by Witt
classes of 1-fold Pfister forms. In particular, I"™ is generated by Witt classes of n-fold
Pfister forms.

3.2 Quadratic forms

Fix a field F'.

Definition 3.2.1. A quadratic form on an F-vector space V isamap ¢ : V — F
satisfying
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(1) ¢(cv) = ?Pp(v) forall c € F,v € V.

(2) The map by : V x V — F given by

by (v, w) := ¢(v+w) — P(v) — P(w)
is a symmetric bilinear form.

for any v,w € V and c € F

The associated bilinear form by of a quadratic form ¢ is called the polar form of ¢.
By a quadratic form over F', we will mean a quadratic form ¢ on an F-vector space.
This vector space will be called the underlying vector space of ¢ and denoted V. Its

dimension will be called the dimension of ¢ and denoted dim(¢).

Notation 3.2.2. We use D(¢) := {¢(v) | v € V,¢(v) # 0} to denote the set of

nonzero values of ¢.

Definitions 3.2.3. Let ¢; and ¢5 be two quadratic forms with underlying spaces
Vi and V5 respectively. An isometry f : ¢1 — ¢o is a linear map f : Vi — V5 such
that ¢o(f(v)) = ¢1(v) for any vector v € V;. If in addition, f is an isomorphism,
we say the two forms are isometric and write ¢; =~ ¢9. Also, if ¢y is isometric to ¢
multiplied by a nonzero element of F'| i.e., ¢; ~ a¢ps for some a € F*, we say that

¢1, po are similar.

Let K/F be a field extension and ¢ be a quadratic form over F'. We define the
quadratic form ¢x on Vi := K ®p V with the polar form (by)x by setting

dx(a @v) = a’p(v)

forany a € K and v € V.

Let ¢ and ¢9 be two quadratic forms with underlying F-vector spaces V; and 1,
respectively. The external orthogonal sum of ¢, and ¢s, denoted by ¢; L ¢o, is the
quadratic form on Vj @ V5, given by

(01 L ¢2)(v @ w) := ¢1(v) + da(w)

for any v € Vi, w € V4. The polar form of ¢y L ¢9 is by, L by,.
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Let ¢ be a quadratic form on V' and b be a symmetric bilinear form on W. The
tensor product of b and ¢ , denoted by b® ¢, is the unique quadratic form on W Qg V'
with polar form b ® by satisfying

(b® ¢)(w ®v) := b(w, w) - $(v)

foranyv eV, we W.

Notation 3.2.4. Let n be a non-negative integer and ¢ be a quadratic form over F'.

By an abuse of notation, we let

np:=¢ L.+ Lo
————

n

Without specific explanation, if n is a non-negative integer, we will view n¢ as an

orthogonal sum of n’s ¢ rather than n multiplying ¢.

Examples 3.2.5. (1) Let ¢ be the quadratic form on F given by ¢(z) = ax? for
all z € F' |, where a € F is fixed. We denote this form by (a). Let aq,--- ,a, €
F. The quadratic form (a;) L --- L (a,), which can be written for short as
(a1, ,ay,), is called a diagonal form. A quadratic form that is isometric to a
diagonal form is called diagonalizable. When the characteristic of F' is not 2,

every quadratic form over F' is diagonalizable.

(2) Let ¢ be the quadratic form on F? given by ¢(z,y) = ax® + xy + by? for any
(z,y) € F?, where a,b € F are fixed. We denote this form by [a, b].

(3) The form H := [0,0] is called the hyperbolic plane and it is isometric to [0, a]
for any a € F. In particular, any quadratic form which is isometric to an

orthogonal sum of hyperbolic planes, is called a hyperbolic form.

Definitions 3.2.6. Let ¢ be a quadratic form on an F-vector space V over F. A
vector v € V' is called anisotropic if ¢(v) # 0 or isotropic if v # 0 and ¢(v) = 0. If
¢(v) # 0 for any nonzero vector v € V', we say ¢ is anisotropic. Suppose W C V is a
subspace. Then W is called a totally isotropic space if every nonzero vector in W is

isotropic.

Let ¢ be a quadratic form on an F-vector space V. Suppose U,W C V are two
subspaces such that V = U @ W and U € W+, Then ¢ = o L ¢ and we call ¢

the internal orthogonal sum of ¢y and gy .
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Definitions 3.2.7. Let ¢ be a quadratic form on an F-vector space V. We say ¢ is
totally singular if V: =V,

Definition 3.2.8. Let ¢ be a quadratic form on an F-vector space V. We define the
totally singular part of ¢ by ¢us := ¢ |raav,)- P15 is a totally singular form on rad(by).

Definitions 3.2.9. Let ¢ be a quadratic form on an F-vector space V. We define
the quadratic radical of ¢ by

rad(¢) := {v € rad(by) | ¢(v) =0}

Also, we say ¢ is non-degenerate if rad(¢) = 0 and dim(rad(bs)) < 1.

It’s obvious that the quadratic radical of a quadratic form ¢ is a subspace of V.
Notice that although rad(bs, ) = rad(by) ® K, we only have rad(¢) ® K C rad(¢g).

Theorem 3.2.10 (Structure Theorem). [2, Chapter II, 7.B] Let ¢ be a quadratic
form on an F-vector space V.

When the characteristic of F is not 2, then ¢y =~ (0,---,0) and ¢ ~ ¢ L ¢
where ¢ is non-degenerate and diagonalizable.

When the characteristic of F is 2, ¢y >~ {(c1,+ -+ ,¢5) for some c¢1,--+ ,cs € F and
6~ ¢ L ¢y where ¢ is an even dimensional non-degenerate quadratic form. ¢ is

not diagonalizable, but ¢ =~ [ay,by] L --- L [a,,b,] for some ay,by, - ,a,,b, € F.

Since V* is determined uniquely, rad(bg) is uniquely determined up to isometry.
So when the characteristic of F'is 2, the numbers r and s in the structure theorem

are determined uniquely.

Definitions 3.2.11. Let ¢ be a quadratic form over /. When the characteristic of
F'is 2, we suppose that

¢%J [ahbl] J—"'[aT7bT] L <cla". 7cs>

for some ay, by, -+ ,a.,b.,¢1,- -+ ,cs € F. Then we say ¢ is of type (r, s). In particular,

if s = 0, we say the form ¢ is nonsingular.

Theorem 3.2.12 (Witt decomposition theorem). |2, Theorem 8.5]
Let ¢ be a quadratic form on an F-vector space V. Then there exists a unique

integer iy (¢) and an anisotropic form ¢, such that

¢ =~ iw ($)H L ¢an L d(0).
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Also, the form ¢, is unique up to isometry.

Definitions 3.2.13. Let ¢ be a quadratic form and ¢ ~ iy (¢)H L ¢, L d(0). We
call ¢y, the anisotropic part of ¢ and iy (¢) the Witt index of ¢. Also, the integer
(iw () + d) is called the total index of ¢ and is denoted i;(¢).

Remark 3.2.14. We can extend Definition 3.2.11] when the characteristic of F is not
2. Let F, be a separable closure of F. For a quadratic form ¢ over F', we suppose
that iw (ép,.,) = r and set s := dim(¢) — 2r. Then we say the form ¢ is of type (r, s).

Definition 3.2.15. Let ¢ and ¢ be two quadratic forms over F'. We say ¢ and v are
Witt equivalent if ¢, ~ 1., and denote it by ¢ ~ .

Recall that isometry classes of anisotropic non-degenerate symmetric bilinear
forms over F' form the Witt ring W(F') under the operations induced by orthogo-
nal sums and tensor products. Since an orthogonal sum of even-dimensional non-
degenerate quadratic forms is still an even-dimensional non-degenerate quadratic
form, isometry classes of even-dimensional non-degenerate quadratic forms consti-
tute a monoid under the addition induced by orthogonal sums of quadratic forms.
We define the quotient of the Grothendieck group of the monoid by the subgroup
generated by the class of the hyperbolic plane to be quadratic Witt group of F and
denote it by W, (F'). The tensor product induces a natural W (F)-module structure
on W,(F).

Definitions 3.2.16. Let a € F'*. We set

({a))p ® (1) if char(F) # 2
1, al if char(F) =2
and call this 1-fold Pfister form. Let n > 1 and aq,--- ,a,_1 € F*,a, € F. We set

(a1, anl] = ((ar, -+ s an1))p @ ((an]]

and call it an n-fold quadratic Pfister form. A quadratic form which is similar to a

quadratic Pfister form is called a general quadratic Pfister form.

We denote the W (F')-submodule of W, (F') generated by classes of n-fold quadratic

Pfister forms by I7. For quadratic forms in I), we have the following fundamental

fact, which is known as Arason-Pfister Hauptsatz.
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Theorem 3.2.17. [2, Theorem 23.7] Let ¢ be a non-zero anisotropic quadratic form
over . If ¢ € I7, then dim(¢) > 2.

For quadratic Pfister forms, we have the following main results:

Proposition 3.2.18. [2, Corollary 9.9] Let 7w be a quadratic Pfister form. Then for

any x € D(m), we have that xm ~ 7.

Theorem 3.2.19. [2| Corollary 9.10] A quadratic Pfister form is either anisotropic
or hyperbolic.

Definition 3.2.20. Let ¢ and i be quadratic forms over F. We say that 1 is a
subform of ¢ if ¢ is isometric to an internal orthogonal summand of 1, i.e., ¢ ~ 1) L ¢,

7. .
where ¢ is a quadratic form over F.

Let ¢ be a non-degenerate quadratic form on an F-vector space V and U C V' be
a subspace. When the characteristic of F' is not 2, ¢ |y is a subform of ¢. But when
the characteristic is 2, this needn’t to be true in general. So we introduce the concept

of domination.

Definitions 3.2.21. Let ¢ be a quadratic form on an F-vector space V and 1 be
a quadratic form on an F-vector space W. We say ¢ dominates 1 if there exists an

injective isometry f : W — V and we denote this by ¢ > 1.
Accompanying the concept of domination, we have the following definition.

Definition 3.2.22. Let ¢ be a quadratic form on an F-vector space V and v be a
quadratic form on an F-vector space W. For an injective isometry f: W — V. we

define the complement form of 1 in ¢ relative to f to be the form ¢ | ;)2 and denote
it by %qu

Theorem 3.2.23. 7, Lemma 3.1] Let ¢ be a non-degenerate quadratic form on an
F-vector space V' and v be a quadratic form on an F-vector space W.

When the characteristic of F' is not 2, then ¢ = 1 if and only if 1 is isometric to
a subform of ¢, i.e, ¢ ~ 1 L " for some quadratic form ¥'. Moreover, if ¢ =) L 1)’
and f : Vi — Vi is an injective isometry, then ¢]q¢ =X

When the characteristic of F' is 2, we suppose 1 ~ 1, L 1, in which 1, is an

even-dimensional non-degenerate form and s ~ (c1,- -+ ,cs) forcy,-+- ,cs € F.
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Suppose ¢ has an odd dimension, then ¢ = 1 if and only if there exists an even-
dimensional non-degenerate quadratic form T, non-negative integers s < s < s +1,
¢y € F anddj € F with 1 < j < s such that

p~¢p L1 Liey,di] Lo Liey,dy] L(cy ).

S

Moreover, if ¢ ~ ¢ L7 L [cy,dy] L+ Lcy,dy] L(cy,y) and f:Vy — Vi is an
injective isometry, then ¢?¢ =27 L, - ,cy) Lcyq)

Suppose ¢ has an even dimension, then ¢ = 1 if and only if there exists an
even-dimensional non-degenerate quadratic form 7 and d; € F with 1 < j < s such
that

p~¢. L7 Lley,dy] L+ L es,dsl

Moreover, if ¢ ~ ¢, L 7 L [c1,dy] L -+ L [cs,ds] and f : Vi, — Vi, is an injective
isometry, then w?qs =7 1 (e, 00, cq).

Let ¢ be a non-degenerate quadratic form on an F-vector space V and ¢ be a
quadratic form on an F-vector space W. If ¢ = ¢, by Theorem 3.2.23], the complement
of ¢ in ¢ is independent of injective isometries. Let f : W — V be any injective
isometry. We then define @/Jg = @Z)fc¢

Corollary 3.2.24. Suppose the characteristic of F' is 2. Let ¢ be an even-dimensional
non-degenerate form over F' and 1) be a quadratic form of type (r, s) over F.. If ¢ = 1,
then dim(¢) > 2r + 2s.

Proof. Since ¢ is an even-dimensional non-degenerate form, then ¢;; = 0. Suppose
W~ L {cq,--+ ,cs) where 1, is an even-dimensional non-degenerate subform and
(c1,- -+ ,cs) is the totally singular part of .

When ¢ > 1, from Theorem we have ¢ ~ ¢, L 7 L [e,dq] L -+ L
[cs, ds] for some even-dimensional non-degenerate form 7 and dy,--- ,d; € F. Thus
¢ is dominated by a subform of ¢ with dimension 2r + 2s. Thus we conclude that
dim(¢) > 2r + 2s. O

Definition 3.2.25. Suppose the characteristic of F'is 2. Let ¢ and 1 be two quadratic
forms over F' and ¢ > . If ¢ is a quadratic form of type (r,s) and ¢ is an even-
dimensional non-degenerate quadratic form of dimension 2r + 2s, then we say ¢ is a

nonsingular completion(n.s.c) of .
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Corollary 3.2.26. [7, Lemma 3.7] Let ¢ be a non-degenerate quadratic form over
F and q be a quadratic form over F. If ¢ > q, then —q L ¢ ~ qg. In particular,
if 0 is a totally singular form over F and p is a nonsingular completion of o, then

plo~o.

3.3 Associated varieties

Fix a field F. In this section, we will associate schemes to quadratic forms. As a

result, properties of quadratic forms will be identified as properties of schemes.

Definitions 3.3.1. Let ¢ be a quadratic form on an F-vector space V. We define the
associated quadric of ¢ to be the closed subscheme of P(V'), which is defined by the
vanishing of ¢. The associated quadric is denoted Xg4. Moreover, if ¢ is anisotropic,

then we say that Xy is an anisotropic quadric.

Suppose that K/F' is any field extension and ¢ is a quadratic form over F. We
have Xy, = (Xy)x = Xy X Spec(K). The construction above allows us to identify
isotropy property of ¢ with the existence of rational points in X,. More generally,
K-points X (K) are identified with isotropic lines in V.

Definition 3.3.2. Let ¢ be a quadratic form on an F-vector space V. For any
0 < ¢ < dim(¢), we can consider the Grassmannian on totally isotropic i-dimensional

subspaces of V. This is a projective variety and we denote it by Gr(i, ¢).

The definition above is a generalization of the concept of the associated quadric.
Actually, X4 = Gr(1, ¢) since each point of X, is determined by an isotropic vector
of V¢.

The following result describes the singular locus of a quadric.

Proposition 3.3.3. Let ¢ be a quadratic form over F with dimension > 2. Then the
singular locus of Xy is Xy NP(Viaap,)) = Xoy.-

Proof. Let F be an algebraic closed field extension of F', and we denote ¢ by ¢
for short. As mentioned before, rad(b,) commutes with field extensions. So we have
rad(bz) = rad(bs) ® F. Tt turns out that

(Xo NP(Viaaw,))F = X5 N P(Viaae))-
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If we can show that (X¢ N P(Viaqe,)))F is the singular locus of (Xy)z, then since
the smooth locus commutes with any base-extension, i.e., (Xgn)F = (X%)sm, We can
conclude X4 NP(V,4a0,)) is the singular locus of X.

As a result, we reduce the problem to ¢. Since F is an algebraically closed field, we
know that ¢ ~ rH L s(0) or ¢ ~ rH L (1) L (s—1)(0,---,0) for some non-negative
integers s, 7. By choosing a suitable basis of V7, we can identify X7 with the projective
hypersurface {f = 0} in P~ where f =z1y1 + -+ 2,9 +0- 22 +---+0- 22 or
f=zp+ - +xy +22+0-22+ -+ 0- 22 respectively.

Consequently, the Jacobian matrix of the polynomial is

[3/1 A VA A R 0} .
or the Jacobian matrix is
|:y1 'Tl P yr xr 221 e 0:| .

When the characteristic of F' is 2, the latter is the same as the former. When

the characteristic of F' is not 2, in the latter Matrix, z; must be zero if we have

r=y ==z =y =0

Finally, by the Jacobian criterion of projective hypersurface, the singular locus of
X3 is given by 1 = y; = --- = 2, =y, = 0. So the singular locus is determined by
rad(bg). This finishes our proof. O

Corollary 3.3.4. Let ¢ be a quadratic form over I with dimension > 2. Then X4

1s smooth if and only if ¢ is non-degenerate.

Proof. Since the smooth locus of a variety commutes with base-extension, we can
reduce the case to an algebraically closed field. So Xy is smooth if and only if (X7)ss

is empty. Notice that we have

(Xp)ts = X5 N P(Viaar) = P(Vioaz))»

we know that (X7):, is empty if and only if rad(¢) = 0. But rad(¢) = 0 is equivalent
to that dim(rad(b,)) < 1 and rad(¢) = 0, which means that ¢ is non-degenerate. []

Corollary 3.3.5. Let ¢ be a quadratic form over F with dimension > 2. Suppose

the characteristic of F' is not 2. When ¢ is anisotropic, X, is smooth.
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Proof. In this case, ¢y; = 0. Thus ¢ is non-degenerate and X4 is smooth by Corollary
B.3.4 O

Remark 3.3.6. When the characteristic of F'is 2, an anisotropic quadratic form can
have nontrivial totally singular part. So the associated quadric needn’t to be smooth

in general.
In the rest of this section, we will consider places.

Definition 3.3.7. Let L and K be two fields. A place m : L — K is a local ring
homomorphism f : R — K where R is a valuation subring of L. We say the place 7
is defined on R. In particular, if L and K are extensions of F' and a place L — K is
defined and the identity on F', we say the place is an F-place.

Let m; : K — L be a place defined on R and 7wy : L — E be a place defined on S.
Then the composition of places my o : K — E is given by the composition of local
ring homomorphisms g o f |s-1(s) where g : S — E is the local ring homomorphism

of my and f : R — L is the local ring homomorphism of ;.

Proposition 3.3.8. Let X be a complete scheme over F' and m : E — K be an
F-place. If X(E) # 0, then X (K) # 0.

Proof. Let f : Spec(FE) — X be an E-point of X. Since X is complete, there exists
a unique point x € X dominates the valuation ring R C F [4, Theorem 4.7]. That is
to say, Ox, C R and the maximal ideal M of R contains the maximal ideal 71x , of
Ox . Thus we have a ring homomorphism F(z) = Ox /M, — R/M — K, which
gives rise to a K-point of X. m

Corollary 3.3.9. Let ¢ be a quadratic form on V over F and 7 : E — K be an
F-place. Then we have i;(¢x) > i(dr).

Proof. Suppose i;(¢r) = n. Then Gr(n, ¢)(E) is not empty. From Proposition [3.3.8]
since 7 : E — K is an F-place, we know that Gr(n, ¢)(K) is also not empty. Hence

it(dr) > n=i(Pr). u

3.4 Function fields of quadrics

Definition 3.4.1. Let ¢ be a quadratic form on an F-vector space V' and X, be
the associated quadric. If X is a variety, we define the function field of ¢ to be the
function field F'(X,) and denote it by F(¢). If X, is not a variety, we set F/(¢) = F.
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Remark 3.4.2. Explicitly, Xy, = Proj(Sym*(V")/(¢)), where Sym*(V") is the
symmetric algebra operation on the dual space VY. We view ¢ as a polynomial in
Sym*(V'V), then X is integral if and only if ¢ is irreducible. When ¢ is irreducible,
F(¢) is nothing but the subfield of all degree zero elements of Frac(Sym*(V"Y)/(¢)).
Obviously, ¢ is isotropic over F(¢).

Lemma 3.4.3. An anisotropic quadratic form stays anisotropic under purely tran-

scendental extension.

Proof. Let ¢ be an anisotropic quadratic form over F. It suffices to prove the case
that F'(t)/F is a purely transcendental extension with transcendence degree 1.

We suppose ¢p() is isotropic, and assume v is an isotropic vector of Vi) such
that ¢pq)(v) = 0. Clear all denominators, we assume that v € F[t| ® V' and write
v=1v+tRv + - +t"®wv, with v, # 0. Since ¢ is anisotropic, n is a positive
integer.

Now we have ¢p)(v) = 0 while
Grn (V) = 1"G(0) + b (vo+ - + 1" @ vn_1) + 7bg ., (Vo + -+ 1 Up_1, 0)

Since the degrees of t"by,.,, (vo+- - +t" w1, 0,) and Gppy (Vo +- - -+ @v,_1)
are at most 2n — 1, so t*"¢(v,,) mush vanish and hence ¢(v,) = 0, which contradicts

our assumption that ¢ is anisotropic. O

Proposition 3.4.4. Let ¢ be an irreducible quadratic form over F. Then F(¢)/F is

a purely transcendental extension if and only if iy (¢) > 0.

Proof. Suppose iy (¢) > 0. Thus ¢ ~ H L ¢’ for some quadratic form ¢". By choos-
ing a suitable basis, we suppose ¢ is represented by a degree 2 homogeneous polyno-
mial [ = zy+ g(z2, 23, - ,2,). Then the function field of ¢ is F(xa, -, z,)[y]/(y +
g(x9, 23, ,x,)) = F(xg,- -+ ,x,), which is a purely transcendental extension of F'.

For the other direction, we assume that F'(¢)/F is a purely transcendental exten-
sion. We can write ¢ ~ ¢ L (0,---,0) where rad(¢') = 0.

Suppose iy (¢ ) = 0, and it just means ¢ is anisotropic. Since F(¢)/F is a
purely transcendental extension , we have that gb;,( 4 Stays anisotropic by Lemma
3.4.3l Moreover, since F(¢') C F(¢), we know that qb,F((b/
know ng/F( oy I8 isotropic, which is a contradiction. Thus we conclude that iy (¢') > 0
and of course, iy (¢) > 0. O

) is also anisotropic. But we
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Let K and F be two fields and K/F be a field extension. We say that K/F
is a separable extension if there exists an intermediate field E such that K/E is an

algebraic separable extension and E/F is a purely transcendental extension.

Proposition 3.4.5. Let ¢ be a quadratic form over F of dimension larger than or
equal to 2. We suppose ¢ is not totally singular. Then F(¢)/F is a separable exten-

S10M.

Proof. When ¢ is reducible, then the function field of ¢ is F' as we defined, which is
trivially a separable extension of F.

So we assume ¢ is irreducible. Since dim(¢) > 2, there exists a 2-dimensional
subspace U of Vy such that ¢ |y~ [a,b] for a,b € F. Let Z be a set of variables.
Choosing a suitable basis, we use the degree 2 homogeneous polynomial f = ax? +
zy + by® + g(Z) to represent ¢. As a result, F(¢) = F(y, Z)[z]/(ax® + z + b+ g(Z)).

An application of separability test shows that F(¢) is a separable extension over
F(y, Z). Thus we conclude that F(¢) is a separable extension. O

Let K/F be a separable field extension and char(F) = 2. A basic algebra fact
says that, if a;,--- ,a, € F are F*linear independent, then they are also K2-linear

independent|13| Proposition 4.1]. This gives the following lemma.

Lemma 3.4.6. |19, Lemma 2.1] Suppose the characteristic of F is 2. Let ¢ be an
anisotropic totally singular quadratic form over F'. Then ¢ stays anisotropic over any
separable field extension K/F.

We have defined the tensor product of a symmetric bilinear form and a quadratic
form. When the characteristic of F' is 2, we know that totally singular forms are
the diagonal parts of symmetric bilinear forms. Let ¢ and ¥ be two totally singular
forms over F'. The tensor product of totally singular forms is the quadratic form on

the F-vector space V4 ® V,, given by

(@@ P)(v@w) = dv) - Y(w)

for any v € V, and w € V.

Lemma 3.4.7. Suppose the characteristic of F is 2. Let ¢ be an anisotropic totally
singular form on an F-vector space V. and L = F(\/a) where a € F*\ F*%. If
i(¢pr) = m, then ¢ ~ (1,a) @ T L 7 for some totally singular forms 7 and T with

dim(t) = n.
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Proof. We prove the statement by inducting on dim(¢). When dim(¢) < 1, the
case is trivial. So we suppose dim(¢) > 2. When i,(¢r) = n, we let U be a

maximal totally isotropic subspace of V,,, with basis {uy,---,u,}. Here we write
u; = v; + \/aw;,i = 1,--- ,n for vectors v, w; € Vy. Set V' = span{vi,w;} and
V" = span{vy, wy, -+, U, Wy }.

At first, we notice that vy, w; are linear independent. Actually, suppose v; = Aw;
for some A € F*. Since ¢r(u;) = 0, we have that \2¢(w;) = ag(w;). Since ¢ is
anisotropic, we obtain @ = A\?, which is a contradiction. Thus ¢ |~ b(1,a) where
b = ¢(wy). For the form ¢ |, by induction, it admits a subform of the shape (1, a)®c
for some totally singular form ¢ of dimension n—1 over F. Since dim(V") < 2(n—1),
we conclude that ¢ |,»= (1,a) ® 0.

Now we want to show V' N V" = 0. Let z be any nonzero vector in V' N V".
Since z € V' and ¢ is anisotropic, we have that ¢(z) = b-a for some nonzero element
a € D((1,a)). Since z € V", we know that b-a € D(¢ |,~). By Proposition ,
viewing (1,a) as the diagonal part of the bilinear Pfister form ((a)),, we know that
b-a* € D(¢ |~). Hence we have b € D(¢ | ;). Notice that a € D((1,a)), by another
application of Proposition [3.1.12] we have a-b € D(¢ |,~). Recall that b = ¢(w;) and
d(v1) = ag(w;). Since ¢ is anisotropic over F, we have that wy,v; € V' and then
uy € VL", which is a contradiction. As a result, we have that V' NV" = 0.

Finally, we can identify V' & V" with a subspace of Vs. But then

¢ gy (L a)p(wr) L (1,a)0 = (1,a) @ (o L {p(uwr)))

where 0 L (¢(w)) is a totally singular form of dimension n. This finishes our

proof. O

Proposition 3.4.8. Let ¢ be an irreducible quadratic form on an F-vector space V.
We assume ¢y is anisotropic. Then for any field extension E/F such that i,(¢g) > 0,
there exists an F-place w: F(¢) — E.

Proof. Let X be the associated quadric to ¢. Since i;(¢g) > 0, X(E) # 0. Then we
prove the proposition by considering two cases:

Case 1: The E-point lies in the smooth locus of X

Let’s denote the image of f : Spec(E) — X by x. In this case, x is a smooth
point, hence a regular point. Whenever z is a regular point, one can always construct
an F-place F'(¢) — E. This is shown in |2, Appendix 103].
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Case 2: The FE-point lies in the singular locus of X

Under our assumption, this case only happens when the characteristic of F' is 2.
Since the E-point lies in the singular locus of X, then F/F is an inseparable extension
by Lemma [3.4.6] This means there exist fields /' C £y C Ey € --- C Ey = E such
that Ey/F is a separable extension, and each F; is a degree 2 purely inseparable
extension of F;_q.

Since Ey/F is separable, ¢, stays anisotropic over Ey by Lemma Leti>1
be minimal such that (¢)g, is isotropic. Replacing F' by E;_; and E by E;, we
reduce the case to F = F(y/a) for some a € F*. By Lemma [3.4.7, we obtain that
s ~ b(1,a) L ¢ for some b € F*. Let x be a degree 2 point of X defined by the
vanishing of b(1, a).

Now we show the point x is a regular point. We assume dim(¢') =2r+s—2.
Then dim(¢) = 2r + s and dim(X) = 2r + s — 2. Let Z be a set of (2r + s — 2)
variables, i.e., Z = {23, -+, 25, X1, Y1, * , Tp, Yr}. Written in coordinates, ¢ can be
represented by a degree-2 homogeneous polynomial f = b2? + abz3 + g(Z). Now x is

a point of the affine variety
Spec(F|zy, Z]/(b+ abzs + g(Z)).

Now we write (Z) := (23, , zs, 1,1, "+ , Zr, Yr) as an ideal in F[zy, Z]. Localizing
the ring F[zq, Z|/(b + abz3 + g(Z)) at the prime ideal (Z), we obtain the local ring
of z, say ©,. The maximal ideal M, of O, is (Z)/(b+ abz3 + g(Z)). Notice that
Mm,/m? = (Z)/(Z)? has (2r +s—2) generators, while dim(11,/M?) > dim(X). This
shows that dim(1M,/M?) = dim(X), hence x is a regular point. Then the F-place
F(¢) — FE is constructed in [2, Appendix 103].

Combining the two cases, we finish our proof. n

We are interested in the isotropy behaviour of a quadratic form over the function

field of another form. The following theorems are well-known.

Theorem 3.4.9 (Domination Theorem). |7, Theorem 4.2] Let ¢ be an anisotropic
quadratic form over F. Let 1 be a quadratic form which is not totally singular and

s 18 anisotropic. If the form ¢pey) is hyperbolic. Then ¢ is an orthogonal summand

of abyp for any a € D(¢) and b € D(1)).

Theorem 3.4.10 (Separation Theorem). [7, Theorem 4.4] Let ¢ and ¢ be anisotropic
forms over F' such that dim(¢) < 2" < dim(v) for some positive integer n. Then
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Gr(p) 15 anisotropic.

The following theorem gives an equivalent condition under which an anisotropic
quadratic form is dominated by another one. We will use the theorem below in
Chapter 5.

Theorem 3.4.11. |7, Proposition 3.11]
Let ¢ and 1 be two anisotropic quadratic forms over F with dim(¢) > dim(v)).

Also, we define n(¢,v) :=i,(¢p L —). Then ¢ = 1 if and only if n(¢,v) > dim().

3.5 Splitting patterns

Fix a field F'.
Let ¢ be a quadratic form on an F-vector space V. We define discrete invariants

of ¢ as below:

Definition 3.5.1. The full splitting pattern of the quadratic form ¢ is the set of
integers i;(¢x ) where K goes through all field extensions of F' i.e., the set

FSP(¢) :={i(¢K) | K/F is any field extension}.

Definitions 3.5.2. The separable splitting pattern of the quadratic form ¢ is the set
of integers i;(¢x) where K goes through all separable field extensions of F' i.e., the
set

SSP(¢) :={is(¢x) | K/F is a separable extension}.

Also, we define the separable height hse,(¢) to be the number of elements in SSP(¢)
minus 1, i.e., hyep(@) :=| SSP(¢) | —1.

Let ¢ be any quadratic form on an F-vector space V. We define the standard
splitting tower of ¢ through a series of constructions. We set Fy = F and ¢g = @upn.-
For i > 1, we set F; = F;_1(¢;—1) and ¢; = ((¢i—1)F,)an. We define the Knebusch
height h(¢) of ¢ to be the smallest integer n with dim(¢,) < 1.

The form ¢; is called the i-th kernel form of ¢ for i € [0,h(¢)]. The standard
splitting tower of ¢ is the tower Fy C --- C Fj, for i € [0, h(¢)].

Definitions 3.5.3. Let ¢ be a quadratic form on an F-vector space V. Let F; be
the standard splitting tower of ¢ and ¢; be the i-th kernel form for i € [0, h(¢)].



42

The Knebusch splitting pattern of ¢ is the set of integers i(¢r,) where i goes through
[0, h(9)], Le.,
KSP(¢) = {ir(¢r,),i € [0,h()]}

We call i;(¢r,) the i-th absolute higher Knebusch index and denote it by j;(¢). Also,
we define the i-th relative higher Knesbusch index to be i;(¢) := j;(¢) —j;—1(¢) where
ji(¢) is the i-th absolute higher Knebusch index.

The following example shows that Knebusch splitting pattern and the full splitting

pattern are not the same.

Example 3.5.4. Let ¢ = (1, a,b, ab, ¢) be a 5-dimensional anisotropic totally singular
quadratic form over the field of rational functions F'(a,b,c) with variables a,b, c.
Later, by Corollary We have i1(¢) = 1 and ¢; ~ (1,a,b,ab). Since ¢; is the
diagonal part of a bilinear Pfister form, by Proposition ¢1 is either anisotropic
or metabolic. So is(¢) = 2. As a result, The Knebusch splitting pattern is (0, 1,3,4).

But if we take the field extension K = F(y/a), then ¢x ~ (1,0,0,b,c). Lemma
shows that i,(¢x) < 1dim(g), thus ,(¢x) = 2. Thus the full splitting pattern

of ¢ contains the integer 2.
However, we have the following relation:

Proposition 3.5.5. Let ¢ be an anisotropic quadratic form with dimension at least
2 and K be an extension of F such that ¢ is isotropic. Then i,(¢px) > i1(¢). In
other words, i1(¢) is the smallest nonzero element of F.SP(¢).

Proof. By Proposition [3.4.8) we have an F-place 7 : F'(¢) — K. Thus by Corollary
339, we have that Zt(¢K) Z Zt(¢F(¢)) = 11(¢) ]

More generally,

Lemma 3.5.6. Let ¢ be a quadratic form over F' and K be an extension of F. Let
r < h(¢) be the smallest positive integer for which i(¢x) < j.(¢). If iw(dx) >
Jr—2(¢), then iy(ox) =ir(9).

Proof. Let (F;,¢;) be the standard splitting tower and ith kernel forms of ¢. We
write K - F; for the composite of fields. By assumption, since iy (¢x) > jr—2(0),
we know that iy (dx.r._,) > iw(dr._,), hence iy ((¢r—2)x) > 0. By Proposition
, F((¢r—2)k) = K - F,_1 is a purely transcendental extension of K - F,_5 . Thus
there exists an F-place K - F,_; — K - F,_5. Also, notice that j,_o(¢) > j,_3(¢),
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we have iy (¢x.p._,) > iw(dr._,). Hence iw((¢r—3)x) > 0. Another application
of Proposition [3.4.4] shows that F((¢,_3)x) = K - F,_5 is a purely transcendental
extension of K - F,_3. Thus we have an F-place K - F,_y — K - F,_3. Inductively, we
have an F-place K - F,_; — K.

Since iy (o) > jr_2(¢), we know ¢p_, ~j._1(¢)H L ¢,_1. By assumption, we
have that i;(¢x) > j,—1(¢). This means (¢r_1)k.r._, is isotropic. Thus we have an
F,._i-place

F,=F(¢,1) = K- Fr_,

by Proposition [3.4.8 Finally, we have an F-place from F, to K. By Corollary |3.3.9,
we conclude that i;(¢x) = i, (0). O

Corollary 3.5.7. Let ¢ be a quadratic form over F. Then hgep,(¢) < h(¢), and
SSP(¢) = {ji(¢) [ 0 < i < hsep(9)}-

Proof. Without loss of generality, we assume ¢ is an anisotropic quadratic form. Let
K/F be any separable field extension such that i;(¢x) > 0. By Lemma [3.4.6] we
have iy (¢r) = 1(¢x). So there exists an integer m such that i;(¢x) < jm(¢). Now
we choose m as the smallest integer satisfying the property. Since iy (¢x) = i:(dx) >
im-1(¢), by Lemma we have i;(¢x) = jm(¢). This finishes our proof. O

Corollary 3.5.8. Let ¢ be a quadratic form over F. If ¢ is non-degenerate, then
FSP(¢) = SSP(¢) = KSP(¢).

Proof. Without loss of generality, we assume ¢ is anisotropic.

Since ¢ is non-degenerate, for any field extension K/F, we have i;(¢x) = iw(dx).
By the same argument in the proof of Corollary , we know that FSP(¢) =
KSP(¢). Also, let F;,i € [1,h(¢)] be the standard splitting tower. Then each
F; is also a separable extension of F'. By Corollary , we conclude F'SP(¢) =
SSP(¢) = KSP(9). O

Theorem 3.5.9. [2, Karpenko, Primozic, Scully, Proposition 79.4] Let ¢ be an
anisotropic quadratic form of dimension larger than or equal to 2, and s be the small-
est non-negative integer such that i1(¢) < 2°. Then dim(¢) — i1(¢) is divisible by
25,

Corollary 3.5.10. [6, Lemma 4.1] Let ¢ be an anisotropic quadratic form of dimen-
sion > 2 over F. If dim(¢) = 2" + m for some non-negative integer n and integer
1<m < 2" then iy(¢) < m.
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Proof. Let ¢ = 1 with dim(¢) = dim(¢) —i1(¢)+ 1. Notice that 1 is anisotropic over
F since ¢ is anisotropic. Now we consider the vector space Vy, . Since dim(v) +
i1(¢) > dim(¢), we know that V. contains at least one isotropic vector. Hence
Yp(g) is isotropic. By the separation theorem, we know that dim(vy) > 2". However,
when dim(¢) = 2", we have that dim(¢) — i1(¢) = 2" — 1. By Theorem [.5.9} if s is
the smallest non-negative integer such that i;(¢) < 2°, then we conclude that s = 0
and dim(¢) = 2", which contradicts our assumption. Finally, we have dim(¢) > 2"
and i;(¢) < m. O

Definition 3.5.11. Let ¢ be an anisotropic quadratic form of dimension > 2 over F'
and dim(¢) = 2™ + m for some non-negative integer n and integer 1 < m < 2". We

say ¢ has maximal splitting if i1(¢) = m.

Example 3.5.12. Here we give an example to illustrate Theorem|3.5.9in determining
the first index of anisotropic forms. Let ¢ be an anisotropic quadratic form over F.
We let dim(¢) = 2™ + m for non-negative integers n and 1 < m < 2". By Corollary
[3.5.10] we have that i;(¢) < m. Now we assume i;(¢) > m/2. Then we claim that
i1(¢) =m.

To see this, notice that dim(¢) —i1(¢) < 2" +m —m/2 = 2" + m/2. We take
the smallest integer s such that i;(¢) < 2°. By Theorem we have that 2° |
dim(¢) — i1(¢). Of course, 2° | 2". However, 2° cannot divide any integer less than

m/2 since m/2 < i;(¢) < 2°. Thus it forces i;(¢) = m, i.e., ¢ has maximal splitting.
We give examples of splitting patterns of some special quadratic forms.

Example 3.5.13. Let am be an anisotropic general Pfister form over F' and a € F*.
We suppose dim(am) = 2" for some positive integer n. Since aw is a non-degenerate
quadratic form, the three splitting patterns are the same by Corollary [3.5.8 Since
F(am) = F(r) and mp(x) is hyperbolic by Theorem [3.2.18] the splitting pattern of ar
is (0,2771).

Example 3.5.14. Let ¢ ~ z¢[1,41] L --- L x.[1,y.] L (21, , z,) be an anisotropic
quadratic form over F'(zq,y1,- -+, %, Yr, 21, - , 2s) and the characteristic of F' be 2.
Quadratic forms of this kind are called generic forms.

Now we consider the full splitting pattern of ¢. Let Ky = F(z1[1,y1]). Actually,
K is the function field of the subform x[1,3;]. Then i;,(¢x) = 1. Then we let Ky =
K - F(x2[1,y5]), and we have i;(¢x,) = 2. Similarly, we set K; = K;_1 - F(z;[1,y:])
fori=1,---,r. Whenr <i <s+r—1, weset K; = K.(\/21,/2Z2, - s \/Zir41)-
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As a result, we have that i;(¢g,) =i for 1 <r <r+s—1. Since this goes through all
possible integers of the total index of ¢ under any field extension, we conclude that
the full spitting pattern of ¢ is (0,1,2,--- ;7 + s —1).

3.6 Stably birational equivalence

Fix a field F'.

Definition 3.6.1. Let ¢ and v be two anisotropic quadratic forms over I with
dimension larger than or equal to 2. We say ¢ and v are stably birational equivalent

if ¢p(y) and Vg4 are isotropic forms and denote it by ¢ z .

Definition 3.6.2. Let X and Y be two varieties over F'. We say X and Y are stably

birational if there exist integers m, n such that X x A" is birational to Y x A™.

Proposition 3.6.3. Let ¢ and ¥ be anisotropic quadratic forms of dimension > 2

over F'. Then the following statements are equivalent:

(1) ¢ % ¢;
(2) There exist F-places F(¢) — F(¢) and F () — F(¢).
(3) For any field extension K/F, ¢r is isotropic if and only if 1 is isotropic.

(4) X4 and X, are stably birational equivalent as varieties over F.

Proof. (1) = (2): Since ¢ is isotropic over F(¢), by Proposition there exists
an F-place F(¢) — F(¢). Similarly, since v is isotropic over F(¢), we also have an
F-place F(¢) — F(¢).

(2) = (3): Suppose ¢ is isotropic, then we have an F-place F(¢) — K by
Proposition [.4.8] Since we have an F-place F(¢)) — F(¢), we then obtain an F-
place F(1)) = K by composing them. Thus ¢ is isotropic by Corollary 3.3.9] The
proof is same when v is isotropic.

(3) = (1): This is trivially true by taking K = F(¢) and K = F ()

(4) = (1): Since X, and X, are stably birational equivalent, there exists a field
E such that E/F(¢) and E/F(¢) are purely transcendental extensions. Since ¢p(g)
is isotropic and F(¢) C E, ¢ is also isotropic. By Lemma , we conclude that

¢ is also isotropic over F(¢). Similarly, we also have g4 is isotropic. This means

b 2.
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(1) = (4): The equivalence of (1) and (4) for totally singular forms is proved by
Totaro [19, Theorem 6.5]. We can exclude the case that one form is totally singular
while another form is not totally singular by Proposition |3.4.5 and Lemma (3.4.6] For
anisotropic quadratic forms which are not totally singular, we prove as follows.

Notice that under our assumption, ¢ and v are irreducible quadratic form. Also,
since ¢ and 1) are not totally singular forms, F'(¢) and F'(¢)) are separable extensions
over F' by Proposition [3.4.5] Thus ¢ and v stay anisotropic over F/(¢) and F(1).

Since ¢p(y) is isotropic, then the function field F(¢y) = F(¢) - F(¢) is a purely
transcendental extension of F(¢) by Proposition [3.4.4] Also, F(¢r ) = F(¢) - F(v)
is a purely transcendental extension of F'(¢) by the same argument. Thus we have:
F(X, x A") = F(¢) - F(¢) = F(Xy x A™) for some positive integers m,n. Hence
X4 x A" is birational with X, x A™ and we conclude that X4 and X, are stably

birational equivalent. O

In the last of this section, we state two important results. The non-degenerate
case of Theorem is due to Vishik while the singular case is due to Totaro. For
Theorem Karpenko-Merkurjev did the non-degenerate case and Totaro did the

singular case in [19)].

Theorem 3.6.4. [2, Theorem 76.5] Let ¢ and ¢ be two anisotropic quadratic forms of
dimension larger than or equal to 2. If ¢ 2 W, then dim(¢) —i1(¢) = dim(v) — i1 (V).

Theorem 3.6.5. |2, Theorem 76.5] Let ¢ and ¢ be two anisotropic quadratic forms
of dimension larger than or equal to 2. If ¢y is isotropic, then dim() —iy(y) <
dim(¢) — i1(8). Moreover, if dim(y)) — iy (1) = dim(¢) — i1 () , then ¥ 2 .

3.7 Pfister neighbours

Fix a field F'.

Definition 3.7.1. Let ¢ be an anisotropic quadratic form of dimension > 2 over F.
If ¢ is stably birational equivalent to a Pfister form, then we say that ¢ is a Pfister

neighbour.
The following proposition gives equivalent definitions of Pfister neighbour.

Proposition 3.7.2. Let ¢ be an anisotropic quadratic form of dimension > 2 over

F'. Then the following are equivalent:
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(1) ¢ is a Pfister neighbour

(2) There exists a quadratic Pfister form m over F and a scalar a € F* such that
¢ < am and dim(¢) > sdim(r).

Moreover, when this holds, the forms m and am in (2) are unique up to isometry.

Proof. (1) = (2): Suppose ¢ is a Pfister neighbour stably birational to a quadratic
Pfister form 7. Since gy is hyperbolic, by the domination theorem, a¢ < m for
some a € F*. Multiplying the scalar a on both sides, we know that ¢ < aw. Here
we suppose dim(ar) = 2" for some positive integer n. If dim(¢) < 1dim(w), then
dim(¢) < 2" < 2" = dim(ar). By the [Separation Theorem]| (Theorem [3.4.10)), we

have that ¢p(r) stays anisotropic, which is a contradiction.

(2) = (1): Since ¢ < am, then amp(y) is isotropic since V- contains an isotropic
vector. As aresult, mp(y) is isotropic. Also, since dim(¢) > 3dim(w) and any maximal
totally isotropic space of amp(,) has dimension %dim(ﬂ), then V4, must contain at
least one isotropic vector of V,
10) 2.

When this holds, we suppose that ¢ is dominated by two general Pfister forms,

(- Thus ¢p(r) is also isotropic. This proves that

ie., aim >~ ¢ and asmy = ¢. Since ¢p(r,) is isotropic and a;m > ¢, then (a1m1)p(r,)
is isotropic. Notice that F'(aymy) = F(my) and they all dominate ¢, then we have
that a;m > agmy by the [Domination Theorem| (Theorem [3.4.9). This implies that

a1 ™ asmo since they have the same dimension.

In addition, by multiplying scalars, we have that ajasm ~ m and 7 =~ ajasms.
Since 71 ~~ ajagmy, for any x € D(m), there exists a y € D(my) such that = = ajaqy.
Now we fix a g € D(m) and zo = ajasyy for some yy € D(my). Then we have that
a1a2T] = a1a2%0T1 = Yo by Proposition Now we have that m ~ yym,. Since
Yo € D(ms), we still use Proposition and conclude m; ~ 7. O

Proposition 3.7.3. Pfister neighbours have maximal splitting.

Proof. Let ¢ be a Pfister neighbour with dimension 2" 4+ m for some positive integer
n and integer 1 < m < 2". Let m be the quadratic Pfister form stably birational to
¢. Then by Proposition [3.7.2 we have that dim(w) = 2"*1. By Theorem [3.6.4, we
have that dim(¢) —i1(¢) = dim(mw) —i;(7) = 2". Hence i;(¢) = m. This shows that

Pfister neighbours have maximal splitting. O]

Let ¢ be a Pfister neighbour over F' and 7 be the general quadratic form domi-
nating ¢. Recall that by Corollary [3.2.26] we always have —¢ L 7 ~ ¢¢.
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Since 7 is uniquely determined by ¢ up to isometry by Proposition [3.7.2] then the
complement of ¢ in 7 is also uniquely determined by ¢. We call ¢¢ the complement
of a Pfister neighbour and denote it by ¢¢ for short.

Definition 3.7.4. Let ¢ be a quadratic form over K and K/F be a field extension.
We say the quadratic form ¢ is defined over F' if there exists a quadratic form v over
F such that ¢ ~ ¢g.

Proposition 3.7.5. Let ¢ be a Pfister neighbour. Then the anisotropic part of ¢ over
F(9) is defined over F. Also, we have (¢p(g))an —¢g(¢).

Proof. Let m be the unique general quadratic form which dominates ¢. Thus we
know 7 L —¢ ~ ¢¢ from our discussion before. Under the field extension F(¢), 7
becomes hyperbolic. Thus we have (¢p())an ~ —¢g( 8- But one should notice that
dim(¢©) = dim(r) — dim(¢) < 2"71 < dim(¢) for some integer n. Thus by the
separation theorem, ¢ stays anisotropic over F(¢) and we conclude that (¢p())an 18
defined over F'. ]

Lemma 3.7.6. Suppose the characteristic of F' is 2. Let o be a totally singular form
over F' and E/F be a field extension. Then the anisotropic part of o is defined over
F.

Proof. Without loss of generality, we assume that o is anisotropic and o is isotropic.
Let o be represented by the polynomial f = cjx?3 + -+ + cyz? for ¢1,- -+ ,cs € F.
There exist elements m,--- ,m, € E such that m2c; + --- + m2c, = 0. Since
an isotropic vector is not a zero vector, we assume m; # 0. Finally, there exist
elements my,--- ,ms_1 € E such that ¢, = ¢ym? + -+ + ¢,_ym?_,. Notice that
mq,- - ,ms_1 cannot be all zero since ¢ is anisotropic over F. Now we have that
op =~ (c1, ++ ,Cs_1,c1m3 + -+ + c,_ym?_|). Thus by setting z; = x; + mx, for i =
1,---,s—1, we have that og ~ (¢1,- -+, cs_1,0), which is defined over F. Inductively,

we conclude that (og)., is defined over F. O

When the characteristic of F'is not 2, it’s well-known that the converse of Propo-
sition holds for any anisotropic quadratic form over F' [2, Theorem 28.3]. But
when the characteristic of F' is 2, the converse statement fails in general for anisotropic
quadratic forms. To illustrate this, Hoffmann and Laghribi gave the following exam-

ples. We give a definition first.
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Definition 3.7.7. Suppose the characteristic of F'is 2. Let ¢ be a Pfister neighbour
of (r, s)-type and 7 be the general Pfister form dominating ¢ of dimension 2" for some

positive integer n. We define ¢ to be a close Pfister neighbour if 2r 4+ 2s = 2™.
In the following examples, we always assume the characteristic of F' is 2.

Example 3.7.8. [7, Example 6.2] Let ¢ be an anisotropic totally singular form over
F. Then (¢p(g))an is defined over F by Lemma m But ¢ cannot be a Pfister
neighbour. Actually, suppose ¢ is a Pfister neighbor of type (r, s) and ¢ is dominated
by the general Pfister form 7. Suppose dim(mw) = 2" for some positive integer n. By
Corollary we have 2" > 2r 4+ 2s. Also, since ¢ is a Pfister neighbour, then
dim(q) = 2r + s > 2"~!. Notice that ¢ is a totally singular form, which means r = 0.

Hence we have s > 2"! and s < 2”71, which is a contradiction.

Example 3.7.9. |7, Example 6.3] Let ¢ be an anisotropic quadratic form of type
(1,s). Then F(q) is a separable extension and (¢p(q))an = (1s)r(q by Lemma [3.4.3
and Proposition . Notice that (gs) F(q) is a totally singular form, hence it is
defined over F' by Lemma (3.4.6

Now we suppose that ¢ is a Pfister neighbour and ¢ is dominated by the general
Pfister form m. Let dim(r) = 2", then s + 1 = 2"~! by Corollary [3.2.24] Thus if ¢ is
an anisotropic quadratic form of type (1,s) and s+ 1 is not a 2-power, then ¢ is not

a Pfister neighbour.

Example 3.7.10. |7, Example 6.4] Let 7 = ((a1,---,a,;b]] be an (n + 1)-fold
quadratic Pfister form and 7 = ({a1, -+ ,a;)), be a m-fold bilinear Pfister form
on V with m > n. We can view 7 as a totally singular form over F' by taking the
diagonal part of V' x V. So we assume that 7 is an anisotropic quadratic form and
just write 7 = ((ay, -+, am)).

Suppose ¢ = 7 L x7 for some x € F*. Let E/F be any field extension such that
Tp stays ansiotropic and ¢ is isotropic. Since ¢ is isotropic, there exists ay € D(mg)
such that y = xz for some z € D(x7). Since yrg ~ 7g and xz7g ~ y7g ~ 7 by
Proposition and Proposition [3.2.18] we have that ¢ ~ y(7g L 75).

We expand 7 as an orthogonal sum of forms (][, a;)[1,b] and we expand 7 as an
orthogonal sum of the forms ([]; a;). Notice that [u,v] L (u) ~ H L (u), we then
have that 7 L 7 ~ 7, thus y(mg L 7p) ~ y1p ~ z75.

Now we let ¢ be a Pfister neighbour of 7 and n = v L z7 form some x € F*. If

E' is a field extension such that 7z is anisotropic and ng is isotropic, we have that:
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g L Yp L axtp ~ ¢Yp L (rg L o7g) ~ g L x1p by discussion above. Also,
we have that (mp L ¢g) L 215 ~ ¥4 L a1 by Corollary . Thus we have:
ne ~ VS L aTp.

Now we set £ = F(n). By our discussion, ng ~ (¢ L 27)p. When ¢ is a
close Pfister neighbour, (¢ L x7)p is a totally singular form. Since v is not a
totally singular form, 7 is either not a totally singular form. Thus (¢ L a7) stays
anisotropic by Lemma [3.4.3] Thus 7 is defined over F(n).

However, n cannot be a Pfister neighbour. Actually, we suppose n is a Pfister
neighbour. Since 2™ + 2" < dim(n) < 2™ + 2"t < 2mF1 50 p is dominated by a
(m + 1)-fold general Pfister form. Suppose 7 is of (r,s)-type, then r + 2s < 2™+,

But this is a contradiction as r > 1 and s > 2™.
However, Hoffmann and Laghribi proved the following result:

Theorem 3.7.11. |7, Theorem 6.6] Suppose the characteristic of F is 2. Let q be
an anisortopic quadratic form such that the anisotropic part of q over F(q) is defined
over F. Also, we suppose that q is of type (r,s) with s < 2r. When s <5 or s =25
the totally singular part of q is similar to ({a,b)) L (c) for some a,b,c € F, q is a
Pfister neiwghbour.

Conjecture 3.7.12. |7, Conjecture 6.5] Suppose the characteristic of F' is 2. Let q
be an anisotropic form such that the anisotropic part of q over F(q) is defined over

F. If q is of type (r,s) with s < 2r, then q is a Pfister neighbour.

3.8 Excellent and strongly excellent forms

Fix a field F'.

Definition 3.8.1. Let ¢ be a quadratic form over F. We say that ¢ is an excellent
form if (¢g)an is defined over F for any field extension E/F.

Definition 3.8.2. Let ¢ be a quadratic form over F. We say that ¢ is strongly

excellent if there exists Pfister neighbours qo, g1, , qa,.,(¢)-1 such that:
(1) qo = ¢an-
(2) ¢ = gy for all 0 < i < hyep(d) — 2

(3) q}iepw)_l =0 or q,iep(¢)_1 = (c),c € F* if the characteristic of F' is not 2, and
equal to (¢¢s)an if the characteristic of F' is 2.
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Proposition 3.8.3. Let ¢ be a strongly excellent quadratic form over F and a se-

quence of forms qo, -+, Gn,.,(¢)—1 be Pfister neighbours as in the definition above, then

(1) If 1 <1 < hgp(p) — 1, then (—=1)"¢, =~ (q,)p, where Fy C --- C F, C -+ is the
Knebusch splitting tower of ¢, and ¢, is the rth higher kernel form of ¢.

(2) ¢ is an excellent form.

Proof. (1): For Pfister neighbours qo, - - - , gn,.,(#)-1, We suppose the associated general
Pfister forms are 7o, - - - , 7., (¢)—1 respectively. Obviously, go = ¢un = ¢1 and F'(qp) =
Fy. Notice that mp L (—¢g) ~ ¢§ = qi, we have that (mg L (—qo))r ~ (¢§)m-
Taking anisotropic parts on both sides, we have that (¢1)r ~ ((—q0)F )an = —¢1
by Proposition Now we consider (—q1)r, L (m1)rm ~ (g2)r,- Under the field
extension F'((—q1)r,) = F(¢1) = Fy, we have ((¢1)r,)an = ((¢2)F, ) By, Which is ¢g ~
(g2) R, since Fy C F,. The proposition is proved by continuing the process finite times.

(2): When char(F) # 2, since m;,i € [0, hgep(¢p) — 1] is non-degenerate, we have
= ¢ L g1 for i € [0, heep(d) — 1] and gp,., ) = qfiep(@—l' Eliminate the

common terms between m; and m;11, we have that
go ~mo L (=) Lo L (=)D 0 L (=1 g 6.
When the char(F') = 2, using the relation ¢; L m; ~ g;11, we have that :
qo~moLm L LT ¢)-1 L Ghoep()-
Notice the definition of qf?mﬁh we have the following relations in general:

Qo ~mo L —m Lo L (=)@t o L (=D erg ) char(F) # 2
go~mLl—m L L (—1)hsep(¢)_1ﬂhsep(¢)_1 L (=1)" @ (¢y)an  char(F) =2
Let K/F be any field extension. If 7; becomes hyperbolic for any i € [0, hsep(¢p) — 1].
When the characteristic of F' is not 2, then (¢ )4, 18 a zero form or (¢g )an = (c) for
some ¢ € F* hence is defined over F. When the characteristic of F' is 2, then (¢x) is
Witt equivalent to a totally singular form. Then (¢ ), is defined over F' by Lemma
B.7.6] As a result, ¢ is an excellent form.

If there exists m; such that (m;) is not hyperbolic, we take s to be the smallest
integer with this property. We still use the relation m; 1 —¢; ~ ¢;1 and obtain that
o, (90)k, (1)K, -+ 5 (gs)x are Witt-equivalent. Since (gs)k is a Pfister neighbour of
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an anisotropic general Pfister form (7)g, so (¢s)x is also anisotropic. As a result,
(0K )an = (¢s) k- This showed that (¢x)an is defined over F.

Combining these two cases, we claim that ¢ is an excellent form. O]

Proposition 3.8.4. Let ¢ be an anisotropic quadratic form over F. Then the fol-

lowing are equivalent:
(1) ¢ is strongly excellent.

(2) There exist anisotropic Pfister forms m,- -, T, (»)—1 over F, a form gy, 4

over ' and a scalar a € F* such that :

1‘¢an ~ a(’]'('o J_ —7r1 J_ PN J_ (_1)h5€P(¢)_1ﬂ-hsﬁp(¢)71 J_ (_1)hsep(¢)qhsep(¢))
2.m, C mp—q for all v € [0, hyep(p) — 1]

3'q}lsep(¢) _< ln-hsep(‘z’)_l thh dlm(q}lsep(d))> < (1/2)7Th5610(¢)_1
4.if char(F) = 2, aqp,,, () = Pts-
if char(F) # 2, aqp,, ¢y = 0 or agp,, ) =~ (c),c € F*

5.dim(mg) > dim(my) > -+ > dim(mp,,,(4)-1)-

Proof. (1) = (2): Suppose ¢ is a strongly excellent form and ¢an, = qo, " -, Gheep(¢)-1
are the Pfister neighbours as in definition. To simplify our notations, we denote
S 1= hgep(d) — 1. In the proof of Proposition [3.8.3] we know there exist general Pfister

forms x¢mg, - - - , xsm, such that:
qo ~ xom L —xymy Lwomg L+ L (=1)°zemg L (—1)S+1qsc.

for zy,--+ ,x, € F*. At first, since ¢;;1 = ¢¢ and ¢;41 and ¢; are all Pfister neighbours,
we have that dim(gi11) > sdim(ziy1mi1) = 2dim(mip1). Also, since giy1 = ¢F
and dim(q;) > sdim(z;m;) = 3dim(m;), we conclude that dim(m;) > dim(m;q) for
ie0,s—1].

By definition, notice that ¢¢© = ¢, for 1 < i < s — 1, so x;m = gi4+1. Since
¢i+1 is a Pfister neighbour of x; 171, then ¢;.1 is isotropic over the field extension
F(xiy1miy1) = F(mig1). Thus (2;m;) p(r,, ) is isotropic, hence hyperbolic. But z;7; is
anisotropic, thus (7;)p(r,,,) must be hyperbolic. Since 1 € D(m;) N D(m;11), by the
[Domination Theorem| (Theorem [3.4.9), we conclude that ;4 C m; for i € [0, s — 1].

Now we take an element a € D(q,). Since ¢¢ , = ¢, and z,m, = q,, we know

that ¢s is dominated by z,_ 171 and xsms. Thus there exist y,_ 1 € D(ms_1) and
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ys € D(my) such that zs_1ys_1 = a = z,ys. By Proposition , we have that
T 1M1 = Ty 1Ys 1Ts—1 == ams_1. Similarly, we also have: z,m, ~ am,. Now we
use induction. Suppose that s ;175 ;11 =~ ams_;11 for some i. Consider xs_;ms_;,
we take a value b € D(gs—;). By the same argument, we have that x,_;ms_; > gs_;
and ams ;11 > s—;. So there exist y,; € D(ms_;) and ys ;11 € D(ms_;41) such that
Ts_ilYs—i = b = ays_;+1. Hence xs_;ms_; ~ ays_;1ms—;. But since my_;11 C ms_;, We
have that D(ms_;11) C D(ms_;), hence ays_;y1ms—; =~ ams_;. Thus we have conclude
that
qo~a(my L —m Ly L L (=1)°ny Lag®).

Now we take gy, (s) := aq”. Then a - aq$ obviously satisfies the condition 4. Notice
that ¢¢ < am,, hence we multiply a € F* on both sides and obtain Qhaep(d) =< Ts-
Also, dim(qp,.,(¢)) = dim(m,) — dim(qs), and we have dim(qp,,,(¢)) < (1/2)7s.

(2) = (1): Still , to simplify notations, we denote s := hge,(¢) — 1. Then we have

Gan ~ amg L —amy Lamy L -+ L (=1)%ams L agsyq.

Since dim(qsy1) < (1/2)ms and 7, = g4 1, we have that (agsy )¢ is a Pfister neighbour
of am,, which we denote as aq,. Since w4 C m,_1, we have that m,_; > ¢,. Notice that
dim(ms_) > dim(m,), hence (aqs)° is a Pfister neighbour of am,_;, which we denote
as aqs_1. Inductively, we have Pfister neighbours ag; of am; for i =0,--- ,s. Also, we
have that (ag;)¢ = agy1 for i € [0,s — 1].

Now we denote am; as m; for i € [0,s] and aq; as g; for i € [0, s + 1], we have:
Pan ~ 7T(I) 1 _7T/1 1 7T/2 Lol (_1)S7T; L q;+1
Using the relation 7; L —q; ~ g;.;, we consider ¢q, L (—¢qy) as follows:
Pan L (_qé)) ~ 7T£J 1 <_Q(l)) Lol <_1)s+1q;+1
~ (D =) L Lo L (=1 L (=1) gy,
~ (1)(m = ) L (=1 g
~ (=1)%qey L (1) gy,

~ 0.

Thus we have that ¢, ~ qé since 7rE) is anisotropic. Finally, by condition (4), we

conclude that ¢ is a strongly excellent form. O]
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Remark 3.8.5. For non-degenerate quadratic forms, an excellent form is equivalent
to a strongly excellent form, which is proved in [2, Theorem 28.3]. But it fails for
general quadratic forms. For example, a totally singular form is an excellent form, but
it’s not strongly excellent since a totally singular form cannot be a Pfister neighbour.

Let ¢ be a quadratic form over F' and char(F) = 2. When the separable height
of ¢ is 1, we have ¢ ~ [a,b] L ¢ for some a,b € F. Hence over any field extension
such that i;(¢x) > 0, (¢x)an is either a totally singular form or (¢ )an =~ [a,b]x L
((¢ts) K )an- In both cases, (¢x)an is defined over F', hence is an excellent form.

Now we assume ¢ is of type (1,s). When s+ 1 is not a 2-power, by Example [3.7.9]

¢ is not a Pfister neighbour, hence not a strongly excellent form.

Definition 3.8.6. Let ¢ be a quadratic form over F' and ¢g, -, - @p,,(¢)-1 be
its kernel forms. If ¢;,i € [0, hsep(¢p) — 1] are all Pfister neighbours, we say ¢ is a

quasi-strongly excellent form.

By Proposition [3.8.3] we know that any strongly excellent form is quasi-strongly
excellent. But even for non-degenerate quadratic forms, we don’t know whether the

converse is true. Here we conjecture as below.
Conjecture 3.8.7. All quasi-strongly excellent forms are strongly excellent.

The separable splitting pattern of an anisotropic quasi-strongly excellent form is

determined by its dimension. We illustrate it as below.

Lemma 3.8.8. [8, Lemma 2.6] Every natural number n can be written uniquely as

an alternating sum of 2-powers
no= 20— 20ml L (1) (1)
with €,m,ay, -+ ,a, € NU{0} satisfying 0 < a3 < ag < -+ < 1 < @y, and

0 and a1 < as — 1 if n is even
€E =

1land1 < ay if n s odd.

For n € N, the expansion above is called the alternating 2-expansion of n. For
7 = 0,---.m, the number 2% — 2%-1 4 ... £ 2% I ¢ is called the jth alternating

2-partial sums of n and denoted by n().
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Proposition 3.8.9. Let ¢ be an anisotropic quasi-strongly excellent form over F
and @1, -+, n,.(¢)-1 be the kernel forms of ¢. We suppose that dim(¢) = n and
20m — 20m=1 4 ... 4 (=1)m~12% 4 (—1)™¢ s the alternating 2-expansion of n, then the
the separable splitting pattern of ¢ is given by the following formula

k() = (n —nt"=P)/2.

for k € [0, hsep(d)].

Proof. We use induction to prove the proposition. Since ¢ is an anisotropic quadratic
form, jo(¢) = (n —n(m —0))/2 = (n —n)/2 = 0. So the statement is true for
k = 0. Now we suppose the statement is true when i = k, k € [0, -, hyepig) — 1]. So
ir(¢) = (n—nlm=*))/2. Since ¢ is a Pfister neighbour, by Proposition (3. , we have
that ((¢x)r,,,)en = &% . Notice that we have dim(¢x) = n — 2j5(¢) = n™~" thus the
associated general Pfister form of ¢;, has dimension 29m—» and dim(¢$) = n™=*+1,

Thus we have:

ii1(0) = jk(®) + (dim(¢r) — dim(¢y)) /2
= (n— n(m—k) + nlm=k) _ pm=k=1y) /9
= (n =" 2,

This proves our formula. O
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Chapter 4

Rational Cycles on Products of

Generically Smooth Quadrics

Let F be a field and F be an algebraic closure of F. We suppose that X1, --- , X, are
generically smooth projective quadrics over F', and set X := X; x -+ x X,.. In this
chapter, we want to study the image Ch(X) of the change of field homomorphism
Ch(X) — Ch(X%). In the first three sections, we will adapt a method of Karpenko
[11] to show that C'h(X) inherits a ring structure and the action of Steenrod opera-
tions from C'h(Xs,,), where X, denote the smooth locus of X (Karpenko treated the
special case where X; =+ = X,).

In the fourth section, we will use the aforementioned ring structure to define a
composition Ch(X x Y) x Ch(Y x Z) — Ch(X x Z) for products of generically
smooth quadrics X, Y, Z over F. This extends the usual results for smooth quadrics.
In the final section, we will relate Ch(X) to Ch(Xan), where X, is the product of
the anisotropic parts of Xy, -+, X,.

Throughout this chapter, since we have particular interests in Chow groups with
coefficients in [F5, we will only consider this kind of Chow groups. But one should note
that this condition is not necessary for our discussion in some results. For example,
the results in the first two sections are the same if we replace Chow groups with

coefficients in Fy with integral Chow groups.



57

4.1 Forms with maximal Witt index

Fix a field F. Let ¢ be a quadratic form over F' with maximal Witt index r and
dim(¢) > 2. This means ¢ ~ rH L ¢ for some subform ¢, where ¢ = (c) L ¢y, for
c€ F* or ¢ = ¢. Now we choose V' to be a maximal totally isotropic subspace of
V,m and Vi, to be the underlying vector space of ¢;s, where ¢, is the totally singular
part of . We set W := V' 4V, and notice that it is a direct sum.

Let X be the associated quadric of ¢. For the form ¢ := ¢ |y, we denote the
associated quadric by Y. Here Y is a closed subvariety of X. Note that XNP(W) =Y.
Hence the canonical projection P(V) \ P(W) — P(V/W) restricts to a morphism
f:X\Y = PV/W):

Lemma 4.1.1. f is an affine bundle of rank dim(¢p) —r — 1.

Proof. Let Z = {z,---, zdim(¢)_gr} be a set of variables. By choosing a suitable basis,
we represent ¢ by a polynomial z1y; + - - - + .y, + g(Z) where g(Z) represents the
subform ¢ and the quadric Y is given by z; = --- =z, = 0 = g(2).

Now for i € [1,r], we let U; C P(V/W) be the affine open subscheme given by
{x; # 0}. Consider the scheme-theoretic fiber f~1(U;), it is a subvariety of X \ Y.

We consider the morphism
U ASOT1 S (D)
which is given by sending
([br - cbimr L ibygr -0 0p) (ers oo s Cimty Cigts o oo 5 oy day - 2 dgim(e)—2r))
to
Dy :eosibimg i Lobipr i tbp ey ety G G e 1 G dy e dgim(g)—2r)

where ¢; = —(bicy + - -+ bi—1¢im1 + bipacipr + -+ b + g(du, -+, dgim(g)—2r)). This

morphism is an isomorphism which makes the following diagram commute

U % Adlm(d) —r—1 ~ f )

l/
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(where p : U; x A4™@)—r=1 5 [J; is the projection onto the first factor). Since the
projection p is a flat morphism of rank dim(¢) — r — 1, then f is also flat of rank
dim(¢) — r — 1. Obviously, the fiber of each point in U; is isomorphic to an affine

space. Hence we conclude that f is an affine bundle of rank dim(¢) —r — 1. O

The lemma above shows that X admits a relative cellular structure ) C Y C X
with f : X\ Y — P(V/W) an affine bundle of rank dim(¢) —r — 1. By Theorem
2.4.5, we have the following proposition

Proposition 4.1.2. For any F-variety Z, we have
Ch*<X X Z) ~ Ch*(Y X Z) D Ch*_(dim(@_r_l)(P(V/W) X Z)

Recall that we define ¢ := ¢ |- We denote the subspace rad(vy) C W as W,qq4.
Notice that P(W,.q) C Y is a closed subvariety of Y. We define W,,, := W/W, 4.
¥ |w,, is anisotropic and 9 |w,, = . Let Yy, be the associated quadric of 1), (it is
possible that Y, is empty).

Since ¥ |w,,,= 0, the canonical projection P(W) \ P(W,.q) — P(W,,) induces a
morphism s : Y \ P(W,4q) = Y.

Lemma 4.1.3. s: Y \ P(W,4q) — Yan is an affine bundle of rank dim(W,qq).

Proof. Consider the following base-change diagram

Y\ P(Wyag) ——— Yan

I l

]P)(W) \ P(Wrad) I ]P(Wan)

Since P(W) \ P(W;4q) — P(W,,) is a vector bundle, by Example m, it is also
an affine bundle. Thus s : Y \ P(W,4q) — Ya, is also an affine bundle by base-change
(Remark [2.4.2)). The rank is given by dim(Y) — dim(Ya,) = dim(Wyaq). O

Recall that we assume ¢ 22 rH 1 ¢ with maximal Witt index 7, then ¢ 2 (¢) L
¢ for c € F* or ¢ = ¢y. Let dim(¢ys) = 5. Then dim(P(W)) =r +s — 1.

Lemma 4.1.4. For any F-variety Z, let (h x id) : P(Wyeq) X Z — Y X Z be the

closed embedding. Then there exists a homomorphism

A Oh*(y X Z) — Ch*(]P)(WTad) X Z)
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such that w7 o (h X id), = id. In particular, (h X id). is injective.

Proof. We assume that P(W,,q) has dimension 7', and denote the only non-zero el-
ement of Chy(P(Wyaq)) as [, for 0 < 4 < r'. Similarly, we denote the only non-zero
element of Ch;(P(W)) as [; for 0 <i <r+s— 1 (Example [2.1.8].

By the [Projective Bundle Theorem| (Theorem [2.5.2)), we have an isomorphism

r+s—1 r+s—1

¢: @I Ch,_j(Z2) = Ch(PW) x Z), Y o> > 1 x .
7=0 7=0

Similarly, we have an isomorphism

) @) Chuj(Z) = Che(P(Waa) X Z),Y aj =+ Y 1; X aj.
J=0 j=0

Consider the projection homomorphism
pr: @ Che_j(Z) = &)_Ch._;(Z).

which projects onto the first 7" factors. Set f := 1) o pro ¢~'. Since h*(l;) = [, for
any 0 < j <7, we know that f o (h x id), = VA CHP(W,g)x 2)-

Now we take the composition
77 Ch(Y x Z) — Ch(P(W) x Z) L Ch(B(W,aa) x 2).

where Ch(Y x Z) — Ch(P(W) x Z) is the push-forward induced by the closed
embedding Y x Z — P(W) x Z.
Finally, we obtain that 77 o (h X id), = id. O

Remark 4.1.5. The retraction we constructed above is compatible with push-forwards.
Under the same setting, we assume Z is an F-variety and there exists a proper mor-

phism f: Z — Z'. Then the following diagram commutes

Ch(Y x Z) —Z— Ch(P(Wyaq) X Z)

l(ide)* l(ide)*

Ch(Y x Z') —Z Ch(P(W,yeq) x Z)

This comes directly from the construction of 7z and 7.
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Let ¢4, be the anisotropic part of ¢ and X,, be the associated quadric of ¢g,.
Since ¢ is with maximal Witt index, we know that X,, = Y, (When char(F') # 2, if
¢~rH L (1) L(0,---,0), we know that ¢, # an, but we still have X, = Yy, = 0).

Consider the localization sequence
Che(P(Wyaq) X Z) = Chy(Y X Z) = Che(Y \P(Wyaq) X Z) = 0

By Lemma (4.1.3 the canonical projection s : Y \ P(W,4q) — Y, is an affine bundle
of rank dim(W,4q). Then by the [Homotopy Invariance] (Theorem [2.4.4]), we have an

isomorphism

(s xid)" : Chy(Yan X Z) = Chugaimw, ) (Y \ P(Wraa) X Z).

Let (r xid) : Y \P(W,44) X Z — Y x Z be the open embedding. Then we define the
homomorphism g := (s X id)* " o (r x id)* : Ch (Y X Z) = Chu_gimw, ) Yan X Z).
By Lemma the push-forward

(h x id), : Chy(P(Wyaq) X Z) = Ch(Y x Z)

is split injective. Hence we have the following split exact sequence

(hxid)

0 —— Chy(P(Wyag) % 2) Ch(Y x Z)

(4.1)

’ Ch*—dim(Wmd) (Yan X Z) — 0

Before we give a full description of Ch,(X x Z), we want to make an additional
observation about the image of Ch._gimw,,,)(Yan X Z) in Ch,(Y x Z) (under the
splitting of g given by the construction above). More precisely, we will show that
it can be identified as a subgroup of the image of the push-forward induced by the
projection (Y x Z) x Y,, =Y x Z.

We give a lemma first. Let V;, V5 be two varieties over F' and U; be an open
subscheme of V;. We assume ¢ : U; — V5 is an affine bundle of rank n and r : U; — V;
is the open embedding. We have a surjective homomorphism Ch,(V;) — Ch,(V3) by
composing r* : Ch(V;) — Ch(U;) with (¢*)~! : Ch,(U;) = Ch,_,(V3), where the
latter isomorphism is obtained by the [Homotopy Invariance| (Theorem [2.4.4)).

Let pr : Vi3 x Uy — Vi be the projection onto the first factor. Notice that the
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composition

Ch.(Vi x Uy) = Ch(Vy) 5 Ch(UY)

is surjective: actually, let A : Uy — U; x U; be the diagonal morphism. Then for any
closed subvariety Z C Uy, we take the closure of A(Z) in V; x Uy. This gives a cycle

[A(Z)] € Ch(V; x Uy) such that the image of [A(Z)] under the composition is [Z].

From the commutative diagram

Ch(Vy x Uy) 2 Ch(V}) ——— Ch(U)

(idxt)*—ll lid l(t*)‘1

' * —107,*
Ch(Va x Va) —2 Ch(vi) =4 Ch(va)
we obtain the following lemma.

Lemma 4.1.6. |11, Lemma B.1] The composition
* 7107,*
Cha(Vi x Va) 2 Cho(Vi) 2 O, (V)

18 surjective.

Now we let 77 be the retraction of (h x id), constructed in Lemma m Then
there exists a unique splitting p : Cho_gimw,,,)(Yan X Z) = Ch, (Y x Z) of g such
that Im(u) = Ker(my).

Proposition 4.1.7. Let pr : (Y x Z) x Y,, = Y X Z be the projection morphism
onto the first factor. Then Ker(mwz) C Im((pr).).

Proof. To simplify notations, we set dim(W,,q) = n'. Since Y \ P(W,4q) is an open
subscheme of Y while s : Y\ P(W,44) — Yan is an affine bundle of rank n’, by Lemma
[4.1.6], the composition

Cho((Y x Z) X (Yan x Z2)) 25 Ch (Y x Z2) % Ch,_ 1 (Yan x 2Z)
is surjective. In particular, the composition
Cho((Y X Z) x Yo) 25 Ch (Y x Z2) L Ch,_ ) (Yan X Z)

is also surjective.
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We identify Ch, (Yo, x Z) with Ker(mz) through the splitting p. Since Ch((Y x
Z) X Yan) = Ch,_ /(Yo X Z) is surjective, then for any f € Ker(nz), there exists
an « € Ch((Y x Z) x Y,,) such that go (pr).(a) = g(8). Thus pr.(a) — 5 € Ker(g)
where Ker(g) = Im((h x id),) from the exactness of (3.1). Hence there exists a
v € Ch(P(W) x Z) such that (h X id).(y) = pr.(a) — 5. Now we compose the

retraction 7, on both sides, we have v = 7z o (pr).(a), which gives

(pr)«(@) = (h xid).(72)(pr).(a) = .

We only need to show that (h x id).(7z)(pr).(«) lies in Im((pr).). The proposition

follows from the commutative diagram

Ch((Y X Z) X Yan) 255 Ch((B(Whaa) X Z) X Yan) 2 L5 C(Y % Z) X Yan)

(pml lm)* l(’””)*

Ch(Y X Z) ﬂ'—Z> Ch(P(Wrad) X Z) W Ch(y X Z)

where py 1 (P(Wyaq) X Z) X Yo, — P(W,.q) X Z is the projection onto the first factor

(Remark [4.1.5)). O
Now we can give a full description of C'h,(X x Z) by Proposition and the

split exact sequence (3.1). In the following theorem, we use A;, Ay and Az to denote
P(W,yea), Xan and P(V/W) respectively. Also, we set s = dim(P(W,.q)) and [ =
dim(¢p) —r — 1.

Theorem 4.1.8. We have an isomorphism
[ Ch(X) = Ch(A1) ® Ch,_ (g 11)(A2) ® Chay(A3).
More generally, for any F-variety Z, we have an isomorphism
fz2:Ch(X X Z) = Chi(A1 x Z) ® Ch,_ g 1)(A2 X Z) ® Chi—i(As x Z).
which makes the following diagram commute

Ch(X) ® Ch(Z) L2% (@3 ,Ch(A) ® Ch(Z) —— @, (Ch(A;) @ Ch(Z))

b b

Ch(X x 2) i » @3, (Ch(A; x Z))
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where the external product maps are denoted by X and the isomorphism
(B71Ch(A:)) ® Ch(Z) = &, (Ch(A;) ® Ch(Z))

1s the canonical isomorphism.

Remark 4.1.9. Let’s identify Ch,_ ., ,)(Yan X Z) with Ker(mz) under the splitting
i Ch,_ g1y (Yan x Z) — Ker(mz) we introduced right after the split exact sequence
(3.1). Since Xy, = Yn, by Proposition [£.1.7] we know that Ch(X,, x Z) C Im((pr).)
where pr: (Y X Z) x X4, — Y X Z is the projection. Let p: (X X Z) x X4, = X X Z
be the projection onto the first factor. Since Y x Z is a closed subvariety of X x Z,
we know that Im((pr).) C Im(p.). Hence we have Ch(X,, x Z) C Im(p.).

Recall that there’s no restriction on the F-variety Z. So for Chow groups of the
product of quadrics, we could use the decomposition above iteratively to figure out
a suitable representation. For example, we let ¢1,¢2 be two quadratic forms with
maximal Witt index and @)1, Q)2 be the associated quadrics.

In Theorem [4.1.8] we can substitute Z with (), and the decomposition becomes

Ch.(Q1 X @2) >~ Chy(P*t X Q2) & Ch*_(s’1+1)(Q1,an X Q2) ® Chay, (P71 x Qo).

for some integers 71,11, s;. Also, Ch(Q1.an X Q2) lies in the image of Ch((Q1 X Q2) X
Q1,an) = Ch(Q1 X (Q)2) which is induced by the projection p : (Q1 X Q2) X Q1,40 —

Q1 X Q.
For Ch,(P*1 x Q3), it can be decomposed further as:

Ch OP)Sl X PSQ) D Ch (s +1) (]P)Sll X QZ,an) ©® Ch*—lg (]P)S/l X PrQ_l).

for some integers sy, ly, 55. Also, C’h(]P’Sll X (Q2,4n) lies in the image of Ch((Q1 x Q2) X
Q2,an) = Ch(Q1 % Q2) which is induced by the projection (Q1 X Q2) X Qun — Q1 X Q2
since P*1 x ()2 is a closed subvariety of Q)1 X Qs.

Similarly, we can decompose Ch,__ (s141) (Q1.an X Q2) and Ch,_;, (P71 x (Q)3) and
conclude that in these decompositions, Chow groups having the form Ch(Q; o, X Z)
for some F-variety Z lie in the image of push-forwards induced by certain projections.

More generally, we consider a product of quadrics Q) := Q1 X Q2 X - - - X (),,, where
each quadric @); is given by a quadratic form ¢; with maximal Witt index r;. Let

Vi = V,, and W; be the subspace we considered in the beginning of this section.
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Also, we denote rad(¢; |w,) by Wiraa and we let Q; o be the quadric given by the
anisotropic part of ¢; |w,. We set that dim(P(W;,aq)) = s;, dim(P(V;/W;)) = h; and
dim(¢p;) —r; — 1 =1,.

Repeating the process above finitely many times, we have the following proposi-

tion.
Proposition 4.1.10. Ch,(Q1 X --- X Q,) = A® B, where:

(1) A equals

{@? 1[ @ Ch* Zk 1( (P(I’J’l) X oo X P(L‘Ln)>]} @C’h*(ﬂl’s/l X o0 X IP)S/”)
JC[1,n],|J|=I

where (I,.J,4) = h; if i € J and (I,.J,i) = s; otherwise.
(2) B is a direct sum taken over Chow groups having the form

Chy(Z1 X -+ X Qran X +++ X Zy)

for some k =1,--- ,n and integer m, where Z; € {IP’S;, Qian, P} for eachi # k.

Remark 4.1.11. (1) In view of Theorem , for each ();, we have an isomor-
phism

fi : Oh*(Qz) — C«h*a[];s ) S Ch (s +1 (Qz an) ¥ Oh* (dim(¢pi)— rl—l)ap) )

Let A; := Ch,(P* ) ® Chu(dim(¢)—ri—1)(P") and B; : Ch*_(5{+1)(Qi,an)- Then

we have an isomorphism
fr=@ fi : Ch(Q1) @ @ Ch(Q,) — &, (A & By).

we also have a canonical isomorphism, @, (A; @ B;) = (@7, A;) ® B, where

B' is a direct sum taken over all terms having the form
Chml(z> Q@ Chmk (Qk’,an) @ Q& Chmn(Zn)

for integers mq, - -+ ,m, and Z; € {IP’S;, Qi .an, P11} for each i # k. By Proposition
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4.1.10, Chy(Q1x---xQ,) = A®B. We have the following commutative diagram

/

Ch(Q1) @ -+~ @ Ch(Qn) —— (@1, 4) & B

Ch(Qi % %xQp) —— ADB

where X is the external product map.

(2) B is contained in the subgroup of Ch(Q; X - -+ X @Q,,) generated by the images

of push-forwards

Ch((Q1 X -+ X QX+ X Qn) X Qran) = Ch(Q1 X -+ X Q)

which is induced by the projection (1 X -+ X Qg X -+ X Qn) X Qran —
QL X XQrpx---XQpfork=1---n.

4.2 Split forms

Fix a field F. Let ¢ be a quadratic form over F with maximal Witt index r # 0.
We say the form ¢ is a split form if ¢ ~ rH 1 ¢ for some subform ¢ where
¢ ~{(c,0,---,0) for c € F.

Now we assume that ¢ is a split form and let X be the associated quadric of
¢. Let W be the subspace of V,, as we considered in Section 1 and Y be the closed
subvariety of X given by ¢ |w.

When ¢, = ¢ ~ (c,0,---,0) with ¢ € F*, Y is a double hyperplane in the
projective space P(W) and the corresponding reduced variety Y,y = P@m(@)—=2 Ag
mentioned in Remark [2.1.4] we have Ch(Y) & Ch(Y,eq) = Ch(P4m@)—r=2),

When ¢y, =~ (0,---,0), Y =2 Prtdim@e)-1 In this case, ¢ = ¢ or ¢ = (c) L ¢y,
with ¢ € F'*. By Theorem , we have the following proposition.

Proposition 4.2.1. For any F-variety Z, when ¢, = ¢ ~ (1,0,---,0), we have
Cho(X x Z) = Ch (P72 % 7) @ Chy_(gim(s)—r—1)(P(V/W) x Z).
When ¢ = (0, -+ ,0), we have

Chu(X x Z) = Chy(PTH4m @)=l 5 7Y @ Chy_(gim(g)—r—1)(P(V/W) x Z).
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More generally, we consider the product of quadrics X; x---x X,,. We assume that
each X, is given by a split quadratic form ¢; with non-zero maximal Witt index r;.
Let ¢; s be the totally singular part of ¢ and dim(¢;+s) = s;. By Proposition , for
each Ch,(X;), we let A; := Ch, (P*) D Chaim(py)—ri—1 (P(Vi/W;)) where k; = r;+5; —2
or ki =r; + s; — 1 (depends on the split form ¢;). Then Ch,(X;) = A;.

In view of Proposition [£.1.10], Ch(X; x --- x X,,) = A. By Remark we

have the following commutative diagram

Ch(X))® - ® Ch(X,) —= @A

b b

Ch(X; x---xX,) ———— A

By the [Projective Bundle Theorem| (Theorem [2.5.2)), the external product map

is an isomorphism. Hence we have the following proposition.

Proposition 4.2.2. Let X| x---x X, be the product of quadrics and we assume that

each X; is given by a split form. Then the external product map
Ch(X;)® - ®@Ch(X,) = Ch(X; x - x X,,)

s an isomorphism.

Now we want to give an explicit description for elements in Ch(X; x -+ x X,,).
From the external product isomorphism, it suffices to consider the Chow group of one
quadric X which is given by a split form ¢. We assume that the Witt index of ¢ is r
and dim(¢:s) = s. By setting Z = Spec(F'), Proposition says that

Ohu(X) = Ch(B*) @ Ch o) (B(V/WV).

where k =r+s—1lork=r+s—2.

From the decomposition, we denote the only non-zero element in Ch;(X) for
0<i<r+s—2byl;. Also, we denote the only non-zero element in Ch’/(X) for
0 < j < r—1by . Notice that Chgim(g)—r—1(X) 22 Chgim(p)—r—1(P*)BCho(P(V/W)).
We denote the only non-zero element in Cho(P(V/W)) by ™.
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Actually, the elements h?,j = 0,--- ,7 — 1 are given by the pull-back of classes
of codimension j planes in Ch(P(V},)) under the closed embedding i : X — P(V}).
The affine bundle X \ Y — P(V/W) that we used to construct the decomposition
of Ch.(X) is given by the composition X \ Y — P(V)\ P(W) — P(V/W) where
P(V)\ P(W) — P(V/W) is the canonical projection. Hence for any j < r — 1,
the image of Ch?(P(V/W)) in Ch/(X) is given by the pull-back i* : Ch/(P(V,)) —
Ch(X).

Fori € [0, r+s—2], the element [; is given by the class of any dimension i projective
linear space. To see this, let W be any totally isotropic subspace of dimension i+ 1 in
V. To prove that [; = [P(W)], it suffices to show that [P(I¥)] # 0 in Ch(X). But if
i+ X — P(Vy) is the closed embedding, then i, ([P(W)]) = [P(W)] in Ch(P(Vy)) and
this element is not zero by Example[2.1.8] When k = r+s—1 but dim(¢) = 2r+s+1,
there’s still only one nonzero element [, s € Ch,ys_1(X). By a similar argument as
above, [, 1 is given by the class of any dimension r + s — 1 projective linear space.

Now we suppose that k = r + s — 1 and dim(¢) = 2r + s. In the decomposition
above, we consider the injection Ch,(P*) — Ch,(X). Let a be the only non-zero
element in Ch, s 1(P*). Let W C P(V}) be any (r + s)-dimensional totally isotropic
subspace. Then the class [P(W)] € Ch,,,_1(X) equals ac + bh™ ! for some elements
a,b € Fy. We have aa = i,(ac + bh"™') = « where i : X — P(Vy) is the closed
embedding. Thus @ = 1. As a result, in Ch,s_1(X), we know that [P(W)] = « or
[P(W)] =1,,,_4 := a+ h""1. It can be shown that the latter one is also possible [2,

Proposition 68.2]. So we have the following definition.

Definitions 4.2.3. When k = r+s—1 and dim(¢) = 2r+s, we define an orientation
of X to be a choice of one of the two classes of (r + s)-dimensional linear subspaces
in Ch(X). We denote this class by [, s_1. Quadrics with an orientation are called

oriented quadric.

In conclusion, Ch,(X) is free with basis elements {ly, -+ ,l.4ys_1,h%, -+ A" } if
k =17+ s—1and Ch,(X) is free with basis elements {lo, -+ ,l, 45 2, h% -+ A"} if
k=r+s—2.

More generally, we consider the product of quadrics X; x --- x X,,. Suppose
that each X; is given by a split form. Then by Proposition [£.2.2] we know that
Ch(X; x - x X,)~Ch(X;)®---® Ch(X,). Since each Ch(X;) has basis {h*, [},
Ch(X; x -+ x X,,) is an Fo-vector space with basis elements {a; x --- X a,} where
each a; € {l,,h*}(l.,h* € Ch(X))).
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4.3 Rational cycles

Fix a field F. We let F be an algebraic closure of F. Let X be a scheme over F. Since
the change of field morphism X := X x Spec(F) — X is a flat morphism of rank 0,
it induces a pull-back homomorphism Ch(X) — Ch(X). The following theorem is

important for our discussion on the image of the change of field homomorphism.

Theorem 4.3.1 (Springer’s Theorem). [2, Corollary 71.3] Let ¢ be an anisotropic
quadratic form over F' and X be the associated quadric of ¢. Then the image of the
degree homomorphism deg : Cho(X) — Z/27Z is equal to 0.

Now we let ¢;,i € [1,n| be anisotropic totally singular forms over F with un-
derlying vector space V;. Suppose X; is the associated quadric of ¢;. We set X :=
X1 x --- x X,. In the beginning, we want to discuss the image of the change of field

homomorphism

Ch(X) — Ch(X).

Lemma 4.3.2. Consider the closed embedding
i X = P(Vi) x--- xP(V,).
The induced push-forward homomorphism
is : Cho(X) = Cho(P(V1) x -+ x P(V},))

18 Zero.

Proof. Since X;,i = 1,---,r are given by anisotropic quadratic forms, thus the
Springer’s Theorem says that every closed point in X has even degree. Hence the
degree homomorphism deg : Ch(X) — Z/2Z is zero. Let Z be a closed subvariety of
X. Weleth:Z < X 5 P(V4)x---X P(V,,) be the composition of closed embeddings.
Then
h([Z]) = > Wy i by X o X 1,
i1+ tin=dim(Z)
for some a;, ... ;, € Fy by the [Projective Bundle Theorem| (Theorem

Now we suppose that (iy,--- ,4,) is any set of numbers such that a;, .. ;, # 0.
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Since Z is a closed subvariety of X, we have the following commutative diagram.

Ch( —>Ch .

727

P(V2.))

By Proposition [2.2.6] we have that

iy . iy = deg(ho([Z]) - (R x -+ x h'™))
h

= deg(h. (" (k" x -+ x h'")))
= deg(h*(R"™ x --- x h'™)) =0
As a result, we know that h.([Z]) = 0 for any closed subvariety Z of X. O

Corollary 4.3.3. The change of field homomorhism
Ch(X) = Ch(X)

1S Zero.

Proof. For any i € [1,n], the variety X; is a double plane in P(V;). Thus for each
€ [1,n], the associated reduced variety of X; is a projective subspace of P(V;). By
the [Projective Bundle Theorem| (Theorem :

Ch(Xy x -+ x X,) = Ch(P(1) x -+ x P(V,))

is an injective homomorphism.

By Lemma the composition of homomorphisms

Ch(X1 x --- x X)) = Ch(P(V}) x - -- x P(V,))) = Ch(P(V}) x --- x P(V},))

is zero. Since this coincides with the composition of homomorphisms

Ch(X; x -+ x X)) = Ch(X; x --- x X;,) = Ch(P(V}) x -+ x P(V,,)).

Ch(X) — Ch(X) is the zero homomorphism. O

In general, we have the following proposition.
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Proposition 4.3.4. Let ¢;,0 = 1,--- ,n be anisotropic totally singular quadratic
forms over F' and X; be the associated quadric of ¢;. We set X = X; x --- X X,.
Then for integers mq,--- ,m, > 0, the change of field homomorphism

Ch(P™ x -+ x P"™ x X) — Ch(P™ x -+ x P x X)

1S Zero.

Proof. Fori=1,--- ,n, we let [;, denote the only nonzero element of C'h;,(P™) and
1;, denote the only nonzero element of Chj, (P™).
For any cycle a € Ch(P™ x --- x P™ x X), by the [Projective Bundle Theorem|

(Theorem [2.5.2)), we have

o= E Ly x - x 1, X o

J1y5Jnst

with cycles a; € Ch(X). Let — : Ch(X) — Ch(X) be the change of field homomor-
phism. By Corollary [£.3.3] @; = 0 for each 7. Since the change of field homomorphism

Ch(P™ x -« x P™ x X) — Ch(P™ x -+ x P x X).

is given by
Z iy X oo X L, X g = Z lj, X -+ x 1;, x@; =0.
jlv"'v.jnai jl:"':jnvi
the result follows. O

4.3.1 The case of forms having maximal Witt index

Let ¢ be a quadratic form over F' with nonzero maximal Witt index r and anisotropic
totally singular part ¢;s. Suppose dim(¢;s) = s. We let X,,, be the quadric given by
¢ts (When dim(¢rs) < 1, X,y is empty). We set V' :=V,, and let W be the subspace
as we considered in Section 1.

By Theorem {4.1.8] we have

Ch*<X) = Ch*apr_l) D Oh*_T<X(m> D Ch*_(dim(¢)_r_1)(]P)(V/W)).
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By Proposition £.2.1] we have
Cho(X) = Cha(P¥) & Cha(anter-r-1(P(V/W))

where k =7+ s —1or k=174 s — 2 depending on ¢.

We consider the change of field homomorphism
Ch(X) — Ch(X).

Chy_(Xan) will disappear under this homomorphsm by Proposition m Hence
the image of Ch(X) — Ch(X) is an Fy-vector space spanned by {lo,--- ,l,_1} and
{hO -+  h"~1}. This gives the following theorem.

Theorem 4.3.5. Let ¢ be a quadratic form over F with non-zero maximal Witt index
r and anisotropic totally singular part ¢.s. Let X be the associated quadric of ¢. Then
image of the change of field homomorphism Ch(X) — Ch(X) is an Fy-vector space

with basis elements {lg, -+ ,l,_1,h%, -+ ,h" 1} (take a suitable orientation if needed,).

Definitions 4.3.6. Let X be a product of quadrics, i.e., X := X; x --- x X, for
n >1and Xy, -+, X, are quadrics given by some quadratic forms over F. Then we
say a cycle in Ch(X) is rational if the cycle lies in the image of the change of field
homomorphism. We denote the image of change of field homomorphism by Ch(X).
Also, mi(X ) with upper grading i is defined by the image of Ch*(X) under the
change of field homomorphism. Similarly, Ch;(X) with lower grading j is defined by
the image of C'h;(X) under the change of field homomorphism

For any ¢ = 1,--- ,n, we suppose that ¢; is a quadratic form over F' with non-zero
maximal Witt index r and anisotropic totally singular part. Let X;,2 =1,--- ,n be
the quadrics associated with ¢; and X := X; x --- x X,.

By proposition [£.2.2] we have the external product isomorphism

Ch(X1) @+ ®@Ch(X,) 2 Ch(X; x - x X,).

In the decomposition of Ch,(X), Chow groups of products of varieties involving
at least one X; 4, (given by ¢; s for some 7) will disappear in Ch(X) by Proposition
4.3.4. Combining Theorem [4.3.5] we have the external product isomorphism

Ch(X1))®---®Ch(X,) 2 Ch(X; x --- x X,,)
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This gives the following theorem.

Theorem 4.3.7. Let X1, -, X, and X be under the same setting as above. Then the
image of Ch(X) — Ch(X) is an Fy-vector space with basis elements {a; X -+ X a,}
where a; € {1, h*} ({l,,h*} are basis elements of Ch(X;)).

4.3.2 The case of forms with anisotropic totally singular part

We let Fl, be the separable closure of F' in F. In the beginning, we will introduce

the following notations, which will be used in the rest of this thesis.

Notation 4.3.8. For any F-variety Z, we set Z := Zz and 7 = Zr,.,. For any

quadratic form ¢ over F, we write 5 = ¢r,,, and ¢ = OF.

Let ¢1, -+, ¢, be quadratic forms over F. We assume that the totally singular
part ¢; ;s of ¢; is anisotropic. Here we shall remind that &5 has the maximal Witt
index while ¢; ;s stays anisotropic and ¢; s ~ (1,-+- ,0) or ¢; 4 = 0 if char(F) # 2.

Let Xy, -+, X, be the associated quadrics of ¢1,--- , ¢, respectively. We denote
the singular locus of each X; by X, (Xis = 0 when dim(¢;ss) < 1). For each
i € [1,---,n], we define the smooth locus of X; to be U; := X; \ X;. We set
X=Xy x--xX,and U :=Uj x -+ x U, in this section. Notice that Ch(U) has
a natural ring structure since U is a smooth scheme.

Lemma 4.3.9. The degree homomorphism deg : Ch(U) — Z/27Z is well-defined.

Proof. We have the following localization sequence

Ch()/(;x)zx---xz)%(]h(xx)zx---xXn)—»C’h(ax)zx---xXn).

By Lemma [3.4.6| ¢1 s stays anisotropic over any separable field extension. Hence

)/(:; is given by an anisotropic quadratic form and by |Springer’s T heorem|(Theorem

4.3.1)), each point in )/(I; X )?/2 X e X E(Vn has even degree. We have deg(a)) = 0 for any

a € C’ho(j(\l,t/s X )72 X oo X )Tn) So this induces well-defined degree homomorphism

deg:C’h(ﬁIx)A(;x---x)A(;)—)Z/QZ.

Now we consider the localization sequence

Ch(ﬁzx)/(;;x---x)?;)%Ch(ax)?;x---x)?;)—»Oh(axﬁ;xzx---xXn).
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The same argument shows that we have a well-define degree homomorphism
deg : Ch(Uy x Uy x X3+ x X,,) = Z)27Z.

Continuing in this way, we prove the result. O

The degree homomorphism gives rise to the definition of numerically trivial ele-

ments.

Definition 4.3.10. For any smooth F-variety V', an element o € Ch;(V') is called
numerically trivial if for any 8 € Ch'(V), we have deg(a - 8) = 0.

By Lemma , similarly, we can consider numercially trivial elements in C' h(fj ).

Let N be the set of all numerically trivial elements in Ch(U). It’s obvious that N is

an ideal of the ring Ch(U).

Proposition 4.3.11. Let r : U < X be the open embedding and — : Ch(X) —
Ch(X) be the change of field homomorphism. Then there exists a unique group ho-

momorphism f such that the following diagram commutes

Ch(X) —— Ch(X)

P

Ch(T)

*

Proof. Since U, = )z \ )/(;;S, by the localization sequence, we have
C’h()/(z,t/sx)zx---xﬁ)—)Ch(E(le)A(;x---xE)—»C’h(ax)A(;x---xXn)

By Proposition 4.3.4] the homomorphism

C’h(mx;{;x---xj(\;)—>C’h(X17t5><Ex---><Xn)

is a zero homomorphism. Thus the homomorphism

Ch()zX)A(;x---xﬁ)—)Ch(XLtsxzx---><Xn)

factors through

FiiCh(Up x Xo x -+ x X,) = Ch(X7 x X3 X -+ X Xp).
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Under the same argument, f; factors through
fngh(/lex/Uvgx)A(;xmX)T,L)—>Ch(71><72><~-><X_n).
Repeating the process finite times, we have a group homomorphism
f:ChU) = Ch(X).

The uniqueness of f follows from the surjectivity of Ch(X) — Ch(U). O

The following lemma shows that Ker(f) C Ch(U) is an ideal.
Lemma 4.3.12. Ker(f) = N.

Proof. We'll show Ker(f) C N first. Let’s consider the kernel of the group homo-
morphism

f i Ch(X) = Ch(X).

Combining Proposition [4.1.10| and Proposition we know that Ker(f') con-
sists of summands having the form Ch(P* x --- x X, x -+ x P*»). By Remark

4.1.11] it follows that

Ker(f') C &7_ Im((pr;):)

where (pr;) : X x )f(;t/s — X is the projection.

We consider the commutative diagram

OR(X % Xp0s) 220 On(X)

b

CR(X % Xj00) 720 on(X)

where f” is the change of field homomorphism and prj 0 X X X — X is the
projection. By Proposition and the decomposition of Ch()? X )/(;S), we know
that f o (pr;). = (prj)« o f =0 for any j € [1,n]. Hence

Ker(f) = Di_ Im((prj)«)-

Now we let 7; : U x )/(]\; — X x )/(;;L and r : U < X be the open embeddings.
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Then the following commutative diagram

" Ch(X % X;0) 29 @n OB(T x X;,)

lﬁD (prj)=« lﬂé (pry)«

Ch(X) ~ > Ch(U)

lf

(X)

shows that Ker(f) = @?lem((pr;)*) where
pry s Ch(U x X;45) — Ch(U)

is the projection
For any j € [1,n], we set Z; = U x )?;S Because X, is given by an anisotropic
quadratic form, so all closed points of Z; have even degree. Consider the composition

of proper morphisms
h:Z < 2, 30

where Z is any subvariety of Z; of dimension ¢. Now we let 8 be any cycle in
Chi(U). Then the cycle h,([Z]) - B € Cho(U). By Proposition we know that
h.([Z]) - B = h.(7) for a cycle v € Cho(Z;). But deg(h.(y)) = deg(y) = 0. Hence [Z]
is a numerically trivial element. As a result, we conclude that Ker(f) C N.

Now we prove N C Ker(f) by induction on n. When n = 0, the statement
is trivial. when n > 1, for « = 0,--- ,7; — 1, by an abuse of notations, we write
h e C hi(Uj) and [; € Ch; (U ) for elements whose images are h' and [; under the
change of field homomorphism Ch(Uj) — Ch(X;). These elements do exist. For
l; € Ch(ﬁ;), it is the class of a totally isotropic subspace of dimension ¢ + 1 in
Vim. Also, h' is the pull-back of the class of codimension i planes under the closed
embedding /[j; — IP’(V@) \ )/(7;

Now we consider any numerical trivial element o € Ch(U). By adding suitable

elements of Ker(f) to o, we may assume that

a:hilx[]z-l—i—-n—l—himxljim—l—ljlx[]j1+- l] XD

k

—

where [, € Ch(ﬁ; X -+ x U,) and O is the external product with each factor being
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h* or I, for any s € {i1, -+ ,im, J1," ", Jr}-
We consider the products (I; X [ﬁ; X oo X fU\;])a fori =iq,--- ,1,, and the products

are lo x Oy, - -+, lg x O;,, respectively. Similarly, we consider the products (b7 x [/UVQ X

cee X Uvn])a for j = j1,- -+, jr and the products are lp x [, , - -+, lp x [;, respectively.

For any s € {i1, "+ ,im,J1," " , jk}, here we claim that [ is a numerically trivial
element in C’h(/U\'; X -e X f]\,;) If not, there will exist a f € C’h(/Uvg X - X /U:L)
such that deg(B - O,) # 0. Then we have: deg((lp x ) - (h x O,)) = deg(ly x (3 -
00s)) = deg(B - Os) # 0. But it’s impossible since Iy x Oy is numerically trivial. Let
fi: Ch(a) — Ch(X;) and g : Ch(ﬁ; X e X ITn) — Ch(X3 x - -+ x X,,) be the group
homomorphisms similarly constructed as in Proposition From the induction

hypothesis, we know [, € Ker(g) for any s € {i1, -+ ,4m,J1, " ,jx}- Hence

fl@)=f(h" x Oy +---+h™ x O, +1; x Oy + -+ 1, x 0,)
= filh™) x g(@i) + -+ + fulh'™) x g(0i,)
+ fillyy) x g(0y,) + -+ + fly,) x 9(8;,)
= fi(h") x 04+ fi(l;,) x 0=0.

Thus we conclude that « € Ker(f). O

Since Ker(f) is an ideal in Ch(U), then the image of f has a natural ring struc-
ture induced by that of Ch(U), i.e., Ch(X) = Ch(U)/(Ker(f)). We conclude the

discussion above in the following theorem.
Theorem 4.3.13. The image of the change of field homomorphism

Ch(X) = Ch(X)

has a ring structure induced by the ring structure on Ch(U).

Proposition 4.3.14. The image of the change of field homomorphism
—: Ch(X) — Ch(X)

is a subring of Ch(X).

Proof. Let r : U — X be the open embedding and s : Ch(U) — Ch(U) be the change

of field homomorphism. By setting h := f o s, we have the following commutative
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diagram

Ch(X) (X )
& /
Ch(U) —— Ch(D)

Notice that s is a ring homomorphism, hence h is also a ring homomorphism. Since
r* is surjective, Ch(X) = Im(h o r*) = Im(h). O

Remark 4.3.15. At this point, we shall explain the meaning of products in Ch(X)
clearly. Let r : U < X be the open embedding and — : Ch(X) — Ch(X) be the
change of field homomorphism. Recall that we have a unique ring homomorphism
h : Ch(U) — Ch(X) making the following diagram commute:

Ch(X) —— Ch(X)
A7

Ch(U)

For cycles «, f € Ch(X), we denote their images under the change of field homomor-

phism by @ and 3 respectively. Then @ - 8 = h(r*(a) - r*(5)).

Now we want to describe the ring structure of ﬁ()? ). By Theorem , we have

the external product isomorphism

—

Ch(Xy %+ x X,) 2 Ch(X)) ® -+ ® Ch(X,,).

Then the multiplication on Ch(X; x - -+ x X,) is obtained by multiplication on each
W(N) e, (ap X+ Xa,) (by x---xb ) (ay-by) X -+ X (ay-b,) where a;, b; are
the standard basis elements {l.,h*} in Ch(X;). As a result, we only need to describe
the multiplication on Ch( Z)

Proposition 4.3.16. Let ¢ be a quadratic form over F with anisotropic totally sin-
gular part. Suppose that gg has nonzero maximal Witt index r. We let X be the
associated quadric of ¢ and {lg, -+ ,1,_1,h° -+ K"~} be the standard basis elements
in Ch(X). Then we have

(1) h*- W = h't7 fori,j € [0,r —1];

(2) llhj :li—j fO’f"L.,j & [0,7‘— 1],
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(8) l;-1; =0 for any i € [0,7 — 1] except the case that ¢ys = 0 and D is divisible by
4. In this case, l,_1 - l,_1 = lg while l; - 1; =0 for any i #r — 1.

Proof. To simplify notations, we can assume that F' = F (so X=X ).

We set U := X \ Xy as the smooth locus of X. Remark says that we have
a surjective ring homomorphism 4 : Ch(U) — Ch(X). To avoid symbol conflicts, we
replace the symbol h with —. Let g : U < P(V')\ Xis be the closed embedding. Since
—: Ch(U) — Ch(X) is a surjective ring homomorphism, then the map v := — o g* :
Ch(P(V) \ Xs) — Ch(X) is still a ring homomorphism.

Consider the localization sequence
Ch(X;s) = Ch(P(V)) = Ch(P(V) \ Xis) — 0,

we have Ch(P(V) \ Xi5) = Ch(P(V))/Ch(X}s). Since the term Ch(X;s) disappears
under the change of field homomorphism — : Ch(P(V)) — Ch(P(V)), thus we have
a well-define ring homomorphism — : Ch(P(V) \ X;,) — Ch(P(V)) (actually, it’s an
isomorphism).

Also, let g : X — W be the closed embedding. We have the following commu-

tative diagram.

Ch(B(V)\ Xis) —2— Ch(U) —Z— Ch(P(V)\ Xy)

‘lxl |-

(1): Recall that any class h' € mi(X ) is obtained by the pull-back of the class
of codimension-i planes in Ch(P(V')) under the closed embedding g. Firstly, we will
show that k' = ¢([H]*), where [H| is the hyperplane class in Ch(P(V)\ X;s). It follows
from the diagram above that k' = g*([H]) = ¢*([H]?) = ¥([H]’). Then the formula
comes directly from h' - h? = ([H]") - Y ([H]?) == ([H]' - [H))) = ([H]"T7) = h*.

(2): Tt suffices to prove that h-[l; = [;_; for any ¢ € [0,7 — 1]. Let W C V,g be
any totally isotropic subspace of dimension i + 1, where ¢ € [0, — 1]. Then we have
= [P(W)] (taking an orientation if needed). Notice that [P(W)] is a class in both
(V) \ Xis) and Ch(U). By using the [Projection Formula] (Theorem [2.2.5)), we

(

have

gu(h- 1) = g.(g*([H]) - [PW)]) = g.([P(W)] - [H]) = [P(W')] # 0
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where P(1W') is a projective linear space of dimension i — 1. Since g,(h - [;_1) is a
nonzero cycle in Ch;_;(P(V)) and [;_; is the only nonzero element in Ch;(X), we
conclude that h-[; = [;_;.

(3): Suppose that dim(¢rs) = s. For the cycle [;-1; with i < r—1, the codimension
counting shows that (D — ) + (D —i) > D +s. Thus [; - [; is always zero except
the case that s = 0,i = r — 1 and D = 2(r — 1). In this case, we have U = X. Let
W be any totally isotropic subspace of dimension r. Thus we have [,_; = [P(IV)]
after taking an orientation. Since D = 2(r — 1), when D is divisible by 4, we know
that ~ — 1 is divisible by 2. For a vector space W', recall that if W' is obtained by
applying even number reflections, then [P(W)] = [P(W")]. It’s easy to see that there’s
a sequence of (r — 1) reflections under which the image of W (i.e., W') intersects W
is a line. Hence [P(W)] - [P(W')] = 1,1 - l,_1 = lo.

When D is not divisible by 4, we know that » — 1 is an odd number. Recall that
if a vector space W is obtained by applying odd number reflections, then [P(WW)] +
[P(W")] = h"~'. Now there’s a sequence of (r — 1)-reflections under which the image
of W (i.e., W) intersects W is a line. As a result, we have [,_; - (l,_; + h""1) =
l—1 L1+ 1lo=1y. Sol,—y-1l,_1 =0. O

4.3.3 Steenrod operations

In this subsection, we will introduce the Steenrod operations on Ch(X).

Let ¢;,2 = 1,--- ,n be quadratic forms on F-vector spaces V; with anisotropic
totally singular part. Suppose Xi,---, X, are the associated quadrics of ¢y, , ¢,
respectively. Also, let U; be the smooth locus of X;. We set X := X; x --- x X, and
U=U; x---xU,.

Let f be the unique ring homomorphism which makes the following diagram com-

mute:

) —— Ch(X)
7
)
where r : U < X is the open embedding and — : Ch(X) — Ch(X) is the change

of field homomorphism. Recall that we have the cohomological Steenrod operation

Sq : Ch(U) — Ch(U) and that f is surjective.

Ch(X

|

Ch(U
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Theorem 4.3.17. Ker(f) is stable under the cohomological Steenrod operation Sqlij :
Ch(U) — Ch(U), i.e., Sqi(Ker(f)) C Ker(f). Hence Sq induces a well-defined
ring endmorphism Sq* ﬁ()?) — m()?), which is called the cohomological Steenrod

operation on Ch(X).

Proof. For any smooth projective variety Z over F, we take any cycle v € Ch;(Z)
with ¢ > 0. Recall that the homological Steenrod operation Sgq. over Z is defined to
be Sq. = ¢(=Tz) 0 Sq,. Since Sq, commutes with push-forwards (Proposition [2.6.6]),

one has
deg(c(=Tz) o Sqz(7)) = Sq.(deg(7y)) = deg(vy) = 0. (4.2)

Recall that since Z is smooth, the Chern class ¢(—1%) = ¢(—T1%)[Z] (Proposition
2.5.5). Thus we have Sq, = ¢(—T%) 0S¢}, = c(—Tz) - Sq;,.
Now we show the equation (3.2) is also true for the open subvariety U. Consider

the closed embedding

—~ —_— —_ N~

P20 < (P(V1)\ Xie) % - X (P(Va) \ X))

and the open embedding

—_—

G POV \ Xy gs) X -+ X (P(Vi) \ Xgs) = (P(V2)) % -+ - x (P(V,,)).

To simplify notations, we set V' := (m \ )/(1\,;) X oo x (P(Vy) \ Xnis) and

Y i=P(W) x P(Va) x - - x P(V},).

By Proposition and Proposition , for any a € Chi(ﬁ) with ¢ > 0, we
have

deg(Sq.(a)) = deg(i.(5q.(@))) = deg(Sq.(ix())) = deg(c(=Tv) - S¢"(ix())).

Note that j* : Ch(Y) — Ch(V') is surjective, so there exists a cycle 5 € Ch(Y) such
that i.(a) = 7*(8). Since Y is a projective smooth variety and j : V < Y is an open
embedding, by Proposition and Theorem [2.6.1] we have

deg(c(—=T2)Sq" (i.(a))) = deg(c(—=T7)Sq" (7 (B))) = j*deg(c(—Ty)Sq"(B)) = 0

Thus we showed for any a € Ch;(U) with i > 0, deg(c(—T5)Sq* (o)) = deg(a) = 0.

Recall that we use N to denote the ideal of numerically trivial elements in Ch(U).
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Lemma says that Ker(f) = N. So finally, we need to show that IV is stable
under the total cohomological Steenrod operation. Let a € N be a homogeneous
numerically trivial element. We use induction on S¢‘. When i = 0, the statement is
trivially true. Assume the statement is true for all i < k for some k > 1. Now we
take any homogeneous 3 € Ch(U) such that « - 5 € Chy,(U) with m > 0. By the

previous paragraph,

deg(c(=T)Sq"(a - B)) = deg(a - B) = 0.

From the |Cartan FormulalProposition [2.6.4)) and the induction hypothesis, the term
o(=T5)Sq* (o B) becomes a sum of S¢¥(a) -  and some numerically trivial elements.
Hence deg(Sq*(a) - ) = 0 and we prove the theorem. O

The homological Steenrod operation over U is defined to be S ¢ = c(=T5)0 8 a5
Recall again that we have ¢(—Tf) = c(—Tﬁ)[ﬁ |. Since the numerically trivial ideal
N in Ch(fj ) is stable under S 45 it 1s also stable under Sq.. So we have the following

corollary.

Corollary 4.3.18. Ker(f) is stable under the homological Steenrod operation Sqs :
Ch(U) — ChU), i.e., Sq.(Ker(f)) C Ker(f). Hence Sq, induces a well-defined
group homomorphism Sq, : m()N() — m(f(), which is called the homological Steen-
rod operation on Ch(X).

We let b : Ch(U) — Ch(U) be the ring homomorphism which makes the following

diagram commute

l ?Ch

U) —— Ch(U)

where — is the change of field homomorphism, r : U — X is the open embedding
and s : Ch(U) — Ch(U) is the change of field homomorphism (Proposition .
Then Ker(h) = {a € Ch(U) | s(a) € Ker(f)}. Since the cohomological Steenrod
operation Sgj; : Ch(U) — Ch(U) commutes with pull-backs (Proposition 2.6.1), thus
for any element a € Ker(h), we have s(Sqj;(a)) = Sq¢(s(a)) € Ker(f) by Theorem
[4.3.17] As a result, we have the following Proposition.

Proposition 4.3.19. The cohomological Steenrod Operation Sq* over Ch(U) induces

a well-defined ring endomorphism on Ch(X), which is also called the cohomological
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Steenrod operation on Ch(X). The homological Steenrod Operation Sq. over Ch(U)
induces a well-defined group homomorphism on m(X), which is also called the ho-

mological Steenrod operation on Ch(X).

In the last of this subsection, we will describe the cohomological Steenrod Oper-
ation S¢* : Ch(X) — Ch(X) explicitly. By Theorem [2.6.3, we know that

Sq((71><~~~><(7n) = Squl X X Sqﬁn‘

Thus we know that S¢* = S¢t x --- x Sq* where Sq* : Ch(X;) — Ch(X;) is the
cohomological Steenrod operation. As a result, it suffices to consider the case of one

quadric. The following Proposition is a composition of results in [11] and [2].

Proposition 4.3.20. |11, Page 9] |2, Corollary 78.5] Let ¢ be a quadratic form over F
with anisotropic totally singular part ¢s. We assume that X is the associated quadric
of ¢. Suppose that (Z has nonzero mazximal Witt index r. Then the cohomological
Steenrod operation Sq* : Ch(X) — Ch(X) is given by Sq*(h) = (1 + h)'h* and
Sq*(l;) = (1 + h)@m™O=i=1; fori € [0,7 — 1]. In particular, for any j > 0,

Sq (hi) = (;) Wit Sq(li) = (dim(¢) —= 1>l¢j.

J

Proof. To simplify notations, we set that F = F (so X = X ).

We let X, be the associated quadric of ¢ and set U := X \ X, as the smooth
locus. Let {lo,--- ,l—_1,h% ---  h"~'} be the standard basis elements of Ch(X). By
Remark , for any i € [0, — 1], we represent the element [; by the class of the
projective space of any i + 1-dimensional totally isotropic subspace W C V,g. Also,
the element h* can be represented as the pull-back of the class of any codimension ¢
plane in P(V}) \ X;s under the closed embedding g : U — P(V;) \ Xts. To simplify
notations, we set V :=P(V}) \ Xs.

Since Sq* : Ch(X) — Ch(X) is induced by the cohomological Steenrod operation
Sqj;, we only need to compute Sqj;(h') and Sgj;(1;) in Ch(U). Let [H] be the class of
a hyperplane in Ch(V'). Note that the cohomological Steenrod operation commutes
with pull-back (Theorem [2.6.1)), we have

Sqi(h') = Sqip (97 ([H]) = g"(Sqi((H]")) = g"([H]' (1 + [H])') = h*(1 + h)".

where Sq ([H]') = [H](1 + [H])" by Example .
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We let W be any (i + 1)-dimensional totally isotropic subspace of V,g. Then
[P(W)] € Ch(U). Let i : P(W) < U be the closed embedding. Then

Squ([PW)]) = Squ(ix(P(W))) = i(c(N)[P(W)])

where ¢(N) is the totally Chern class of the normal bundle of the embedding |2,
Proposition 68.1].

Since we have the exact sequence of vector bundles |2, Proposition 104.15]
0 = Tpw) = " (Ty) = N =0,

we only need to compute ¢(Tpay)) and c(i*1y) (Proposition .

However, ¢(Tpw)) is computed as (1 + h')*1, where h' is the hyperplane class in
P(W) (Example[2.6.9). Also, ¢(4*Ty) is also computed as the pull-back of (1+h)%™(®)
along the closed embedding i [2, Lemma 78.1].

Proposition then gives that

c(N)([P(W)]) = (1+ BT R(W)).
Thus we have
Sgir([P(W)]) = i (1 4 AW O~ RW)]) = (14 h)* @~ H([P(W)]),

which gives the result. O]

4.4 Rational correspondences

Fix a field F. Let F be an algebraic closure of F and F be a separable closure of
F in F. Let ¢ be a quadratic form over F and @ be the associated quadric of ¢.
Recall that @) is a generically smooth quadric if and only if ¢ is not totally singular

(Proposition (3.3.3)).
Now we let X,Y, Z be products of generically smooth quadrics over F, i.e.,

X=X x---xX,, Y=Y x--- XY, Z=7, X - X Z.

where X;,Y;, Z;, are generically smooth quadrics over F' given by quadratic forms
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with anisotropic totally singular parts. We define morphisms
p3i=1lx X1ly Xpz : X XY xZ =X XY
where py 1 Z — Spec(F) and
prLi=px X1ly X1z : X XY XZ—=>Y xZ

where px : X — Spec(F).
We also define p:=1x Xpy x 17 : X XY X Z — X x Z where py : Y — Spec(F).

Then we have the following definition.

Definition 4.4.1. By the previous sections, we have an Fy-bilinear pairing
Ch(Y x Z) x Ch(X xY) = Ch(X x Z)

defined by
(B.@) = Bod = pu(p3(@) - pi(B))
where @ € Ch(X xY) and B € Ch(Y x Z). The cycle foa is called the composition

of rational correspondences.

Lemma 4.4.2. The composition of rational cycles is still rational. Thus the bilinear

pairing above becomes
Ch(Y x Z) x Ch(X xY) = Ch(X x Z).

Proof. Let a € Ch(X x Y). We denote the image of o under the change of homo-
morphism as @ € Ch(X x Y). We consider the commutative diagram which only

involves with projections.

XxYVxZ B3 XxY
| |

XxYxZ -2y XxY
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This induces the following commutative diagram of Chow groups

Ch(X x Y x 2Z) <2 Ch(X x V)
Ch(X xY x Z) N Ch(X xY)
3
where we use — to denote the change of field homomorphism.

Since @ is a rational cycle, then diagram shows that the pull-back of @ is still
rational, i.e., (p3)*(@) :==a € Ch(X x Y x 2).

Let 8 € Ch(Y x Z). We denote the image of # under the change of homomorphism
as B € Ch(Y x Z). Let pr: X x (Y x Z) = Y x Z be the projection onto the second
factor. By the same argument, we have (p7)*(8) :== 8 € Ch(X x Y x Z).

Notice that Ch(X x Y x Z) is a ring, so @ - 3 is still rational. By the following
diagram

Ch(X x Z) <5— Ch(X XY x Z)
Ch(X x Z) — ChX xY x Z)

_

we conclude that 7, (@ -8 ) is a rational cycle in Ch(X x Z), which gives the lemma. [

The following lemma describes the composition of elements in m(i} x 7 ) and
Ch(X x Y) explicitly. The proof of the lemma below comes directly from definition

of the composition of rational correspondences.

Lemma 4.4.3. Let @ be a cycle in Ch(X) and B be a cycle in Ch(Y). By the external
product map, we have a cycle @ x f € m()? X }7) Similarly, we also have a cycle
¥ x7 e Ch(Y x Z). Then

(¥ x @) o (ax f) = deg(B-7)(@x 7).

Moreover,if B =ay X - X ay and 7 = by X --- X by where each factor of 5 and 7

is an element in {l,,h*}. Then

- 1 ifa;-bi=1y for alli€[1,s]
deg(5-7) =

0 otherwise.
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By Lemma for any correspondence @ € Ch(X x Y), we have a well-defined
homomorphism
(@), :Ch(Z x X) = Ch(Z xY),Brsaop.

which is called the push-forward homomorphism induced by @. Similarly, we also

have a well-defined homomorphism

(@) :Ch(Y xZ) = Ch(X x Z),B — foa.

which is called the pull-back homomorphism induced by «a.

Proposition 4.4.4. Let X andY be products of generically smooth quadrics given by
quadratic forms with anisotropic totally singular parts. Also, we let Ux and Uy be the
smooth loci of X and Y respectively. Suppose that we have a morphism f: X — Y
such that f(Ux) C Uy. We denote the graph of f by L'y, which gives rise to a cycle
in Ch(X xY). Then

(1) [T4], : Ch(X) — Ch(Y) coincides with f, where f: X =Y.

(2) If f is flat or a regular closed embedding or'Y is smooth, then m* :Ch(Y) —
Ch(X) coincides with f where f: X =Y.

Proof. By [4, Corollary 4.8, Chapter 1], we know that f is a proper morphism. We
denote the morphism f |y, by f. By our assumption f(Uyx) C f(Uy), we have a

fiber product diagram

Uxi)UXxUY

jgl jm
x 2 xxy

where ¢g; and g, are the open embeddings. Also, by Proposition [4.3.11}, we also have

the following commutative diagram

Ch(X xY) —— Ch(X xY)

J= /

Oh(UX X Uy

Let p; : X xY — Y and py : X xY — X be two projections. Let p, : Ux x Uy — Uy
and ]0'2 : Ux x Uy — Ux. For any cycle a € Ch(X), we denote its image under the

change of field homomoprhism by @.
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(1): By definition, we have [[/],(@) = [[;]o@ = (p1).(p5(@)-[T';]). By Proposition
2.2.4] and the [Projection Formulal(Proposition [2.2.5)), we have

(P1)«(pa(@) - [I4]) = ga(a x [Y]) - g5(1 x f)«([X]))

(g3 (a) x [Uy]) - (1 x f)u([Ux])

(1 (1% f) (g7 (@) x [Uy]) - [Ux]))
(13 (1 f)"(p3)(g7(a)))

(1% f)ulgi(@))

92 (1 f)())

(2): Let g3 : Uy — Y be the open embedding. By definition, for any cycle
B € Ch(Y), we have [[7]*(B) = B o [T;] = (p2).((p1)* (B) - [T7]). By Proposition[2.2.4

and the [Projection FormulajProposition 1.2.5), we have

(p2)- (1 (B) - [T5]) = (p2)+h(g5([X] x [B]) - g5 (1 x f).([X]))

= (p2)-A(([Ux] % ¢3(8)) - (1 x [).([Ux]))
= (p2)h((1x (1 x f)*(([Ux] x g5(8)) - [Ux]))
= (p2)h((1 % (1 x ) (p1)(95(5)))
= (p2)h((1 % f)f " 93(8))

= (p2)eh(1 % f)u(g5(F*(B))

= (p2)«hgs (1 x [).(f7(8))

=1 (B).

This finishes our proof. O

Corollary 4.4.5. Let X be a generically smooth quadric given by a quadratic form
with anisotropic totally singular part. We let A be the class of the diagonal in Ch(X X
X) and A the image of A under the change of field homomorphism. Then the push-

forward
A, : Ch(X x X) = Ch(X x X)

18 the identity endomorphism.

Proof. This corollary comes directly from Proposition [4.4.4 once we notice that A is
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the class of the graph of the identity morphism on X. O]

4.5 Products of quadrics with nonzero Witt index

Let ¢ be a quadratic form on an F-vector space V' and W be an F-vector space
of dimension r over F' with the dual space WV. Notice that we have the quadratic
form H(W) defined on the vector space W @ WV. Then we let ¢ = H(W) L ¢ be
the orthogonal sum of ¢ and H(W). So ¢ is a quadratic form on the F-vector space
V=Vaewew.

Suppose X is the associated quadric of ¢ and X' is the associated quadric of ¢ .
We set m =1 + dim(X') + 1.

Lemma 4.5.1. We have an isomorphism
f:Chy(X) = Ch(P(W)) @ Chyr(X') & Chy_p(P(WY)).

We use C1,Cy, Oy to denote P(W), X' and P(WY) respectively. More generally, for

any F-variety Z, we have an isomorphism
fz:Ch (X xZ) — Chy(Cy X Z) ® Chy_(Co X Z) B Chy_py (C3 X Z).
which makes the following diagram commute

Ch(X) ® Ch(Z) L2% (@3 ,Ch(C)) ® Ch(Z) —— @2_,(Ch(C}) ® Ch(Z))

Ch(X x Z) i s @3, (Ch(C; x Z))

where the external product maps are denoted by x and the isomorphism
(B, Ch(Cy)) @ Ch(Z) = ®;_,(Ch(C;) ® Ch(Z))

18 the canonical isomorphism from the tensor product.

Proof. Let 1 := ¢ |74y and Y be the associated quadric of ¢». Then Y is a closed
subvariety in X of dimension m — 1. By the same argument as Lemma shows
that X \ 'Y is an affine bundle over the smooth variety P(W") with rank dim(Y") + 1.
Thus X has a relative cellular structure ) C Y C X. By Theorem [2.4.5 for any
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F-variety Z, we obtain
Cho(X x Z) =~ Ch (Y X Z) ® Chy_p(P(WY) x Z).

Note that P(W) is a closed subvariety of Y. Let h x id : P(W) x Z — Y X Z be
the closed embedding and 7 : Y \ P(WW) < Y be the open embedding. We have the

localization sequence

(hxid)« (rxid)*
E— E—

Ch.(P(W) x Z) Ch.(Y x Z) Ch.(Y \ P(W)) — 0
A similar argument as Lemma shows that the canonical projection p : Y\

P(W) — X' is an affine bundle of rank . Thus we have the following exact sequence

(hxid) (pxid)*_lo(rxid)*\

Ch,(P(W) x Z) Ch,(Y x Z) Chy_(X' x Z) — 0.

A similar argument as Lemma shows that we have a homomorphism 7, :
Ch,(Y x Z) — Ch,(P(W) x Z) such that 7,0 (h xid), = id and 7, is compatible with

push-forwards. In particular, (h x id), is split injective. This finishes our proof. [

In the decomposition of C'h,(X) from Lemma , we consider the projection
p: Chy(PW)) ® Che—r(X) ® Chy— e P(WY)) = Chy_p (X))
and the inclusion
i: Che (X)) = Chy(P(W)) ® Chy—y(X) @ Chy_ o (P(WY)).

We define the group homomorphism pr, := po f : Ch.(X) — Ch,_.(X) and the
group homomorphism in, := f~* 04 : Ch,_.(X') — Chy(X).

Similarly, from the decomposition of Ch,(X), we still have group homomorphisms
pry : Ch(X) = Ch_(X') and in, : Ch,_(X') — Ch,(X). We use — denote
the change of field homomorphism. Obviously, we have the following commutative

diagram.

l_ _

Ch(X) 2 Ch(X")
Ch(X) 2 Ch(X")
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Also, we have the following commutative diagram.

Ch(X') 25 Ch(X)

oL

Ch(X') -2 Ch(X)

It follows that pr, : Ch(X) — Chy_.(X') and in, : Ch,_.(X') = Ch,(X) preserve

rational cycles.

Proposition 4.5.2. By taking suitable orientations, the group homomorphism pr, :
Chy(X) = Chy_(X") is given by l; = li_, and b/ +— B3~ for the standard basis ele-
ments {1, h*} in Ch(X). Symmetrically, the group homomorphism in, : Ch,_.(X') —
Ch.(X) is given by l;_,. ~ l; and k=" h for the standard basis elements {l., h*}
in Ch(X")

Proof. Note that H(W) ~ rH. We set the maximal Witt index of ¢ to be =" and
dim(¢,,) = s. When ¢ ~ (r + 7 )H L ¢, and ¢}, ~ (0, --- ,0), recall that Ch(X) is

an [Fo-vector space spanned by the standard basis elements

!
0 r+r —1
{l07"' 7lr+r'+s—1’h R ,h }

This is the only case that we have the problem of orientations.

By Proposition when r < i < r+r +s—1, there’s only one non-zero element
in Ch;(X), i.e., l;. Also, there’s only one non-zero element in Ch;_.(X'), i.e., li_,.
Hence we have I; — l;_, or l;_, — I, when r < i < r+7r +s— 1. Similarly, when
r<j<r+4r7r +s—1, there’s only one nonzero element h/ € Ch/(X). Also, there’s

only one nonzero element /=" € Ch/~"(X"). Hence we have hJ — h/~" or h/™" + W/,

Recall that

Ch (X)=2/2282/22=Ch,, ,(X)

r+r fs—1
(Proposition |4.2.1)). Thus we have a problem of orientations. By explicitly calculating

the images of [ , and A" ~! under the homomorphisms pr, and in., it can be

r4r +s—
shown that ™" ~' € Ch™ ~}(X) maps to h" ' € Ch” “}(X’) (vice versa) and
l, ., maps to the class of a projective linear subspace. Thus, for a suitable choice
of orientation on X', we can say that [,/ ., maps tol, _ (vice verse) [2, Lemma

73.2].
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We have the other two different cases. When ¢, ~ (1,0,---,0), Ch(X) is an

[Fo-vector space spanned by the standard basis elements
{lo, - - - 7lr+r,+5727h07... R —1}_

Also, when ¢ ~ r'H L 1y L ¢_;8, Ch(X) is an Fy-vector space spanned by the
FTTRN CRTRNY lasielS

In these two cases, we don’t have the problem of orientations. This means that

standard basis elements {lg, - -,

there’s only one nonzero element in Ch;(X) and Ch?(X’) respectively. Also, there’s

only one nonzero element in Ch;_,(X") and Ch/~"(X") respectively. Then the propo-

sition follows directly. O]

Corollary 4.5.3. Let ¢ be a quadratic form over F' with totally singular part anisotropic.
Suppose X is the associated quadric of ¢. If ¢ is not totally singular, then I; € Ch(X)
if and only if i(¢) > i

Proof. The first direction is trivial. For the second direction, we use induction on
i. When i = 0, the statement follows from the [Springer’s Theorem| (Theorem (4.3.1).

Now we assume ¢ > 0 and [; is rational. Since [; - h = [;_y is also rational, by

induction, we have i,(X) > i. Now we assume i,(X) = i for contradiction. In this
case, ¢ ~ iH L ¢4,. Then by Proposition we have pr, : Ch(X) — Ch(Xa,)
which sends I; to [y. But we know mO(X,m) = 0. This proves the statement. O

Notice that we can identify the form H(W) with rH. So the quadratic form ¢ can
be assumed to have the form ¢ = rH 1 ¢ .

We now consider more general cases. Let ¢;,7 = 1,--- ,n be quadratic forms over
F'. For each ¢;, we assume that ¢; >~ r;H L ¢; for integer 7; and subform ¢'. Suppose
X is the associated quadric of ¢; and X; is the associated quadric of ¢;. We write
X=X;x---xX,and X =X, x---x X,.

For each X;, we let (pry). : Chuo(X;) — Chy_r,(X]) and pr, : Ch(X) — Ch(X)
be the group homomorphisms as we considered before. Using the compatibility of
the decomposition of Ch(X) with external product maps, by the same process of

decomposition as stated before Proposition [4.1.10 we have a group homomorphism

pro=(pri), @ - @ (pry)y : Ch(X1) ® - - @ Ch(X,,) = Ch(X;) ® --- ® Ch(X)).
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which makes the following diagram commute

Ch(X))® - ®Ch(X,) 2= Ch(X})®---®Ch(X])

Ch(X) o s Ch(X')

where X is the external product isomorphism for Ch(X) and Ch(X").
Similarly, for each i € [1,n], we let (in;), : Ch(X]) — Ch(X;) and in, : Ch(X') —
Ch(X) be the group homomorphisms as we considered before. Then we have a group

homomorphism
in = (in1)y @ ® (inn)s : CA(X)) @ -+ @ Ch(X.) = Ch(X;) @ - -+ ® Ch(X,,).

which makes the following diagram commute.

Ch(X))® - ®@Ch(X) —"s Ch(X)) ® - @ Ch(X,)

Ch(X") in- y Ch(X)

where X is the external product isomorphism for Ch(X) and Ch(X").

We summarize our discussion above as the following proposition.

Proposition 4.5.4. Let Xy,---, X, be generically smooth projective quadrics over
F. We assume that each X; is given by a quadratic form ¢; ~ r;H L ¢; for integer
r; and subform ¢ . For each i € [1,n], we let X; be the quadric given by ¢;. We
set X == Xy x - x X, and X = X, x --- x X. Then the group homomorphism
pr. - Ch(X) — Ch(X') preserve rationality and equals (pri), @ --- @ (pry)s . Also,
the group homomorphism in, : Ch(?) — Ch(X) preserves rationality and equals

(in1)s @ -+ @ (114)+-
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Chapter 5
Rational Correspondence Type

Fix a field F and let F be an algebraic closure of F. Let X be a generically smooth
quadric given by an anisotropic quadratic form ¢ over F'. Suppose that dim(X) = D.

In this Chapter, we study the group Chp(X x X) by introducing an equivalence
relation on Chp(X x X). The set of equivalence classes is called the rational corre-
spondence type. This extends the Motivic Decomposition Type of A.Vishik for smooth
quadrics [21].

We extend several known results on the Motivic Decomposition Type. First, we
establish restrictions on the rational correspondence type coming from the separable
splitting pattern. Then we compare rational correspondence type of quadrics related
by Chow correspondences (e.g. stably birational quadrics). We also compute rational
correspondence types of certain families of quadrics, e.g. quadrics given by even-
dimensional generic quadratic forms and quadrics given by quasi-strongly excellent

forms(e.g. Pfister forms).

5.1 Essential cycles

Fix a field F'. Let F be an algebraic closure of F and F, be the separable closure of F’
in . In this Chapter, we will closely follow R.Elman, N.Karpenko and A.Merkurjev’s
arguments |2, Section 73, Chapter XIII] and extend the theory to generically smooth
quadrics. At first, we adopt the following terminologies as stated in [2, Section 72,
Chapter XIII].

Let ¢ be a quadratic form of type (n+1, s) over F' and dim(¢) = D + 2. Suppose
that ¢;s is anisotropic and X is the associated quadric of ¢. We set X=X Fye, and
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X := Xz. Consider the image of the change of field homomorphism
Ch(X x X) = Ch(X x X).

By Theorem m()? x X ) is an Fy-vector space with standard basis elements
having the forms [, x [, I, x h*, h* x [, and h* x h*. We say these basis elements
are basic cycles. In addition, we say the basic cycles having the form A* x h* are
nonessential and basic cycles having the forms [, x [, h* x [, and [, x h* are essential.
One should note that all cycles having the form h* x h* € Ch(X x X) are rational,
since h is rational.

For any cycle a € m(f( x X ), we define the decomposition of « to be the repre-
sentation of a as a sum of basic cycles. The essense of « is the sum of all essential
basic cycles in the decomposition of a. If a equals the essense of a, we say « is
essential. If the decomposition of a only contains nonessential basic cycles, we say «
is nonessential. For a basic cycle 5, we say [ is contained in « if § is in the decom-
position of a. For two cycles a, o’ € m()}‘ X )A(:), we say o is a subcycle of a if every
basic cycle contained in « is also contained in .

In this Chapter, we will focus on Chp(X x X) because it contains important

information we need. However, for the sake of convenience in our discussion, we will
also consider @;>pCh;(X x X).

Definition 5.1.1. Let « be an element of Ch(X x X). For every i € [0,n], the
products a - (h° x h?), a - (h! x b1, -+ a - (B x hY) will be called the ith order

derivatives of «.

Proposition 5.1.2. (1) A derivative of an essential basic cycle in Chp, (X x X)

15 still an essential basic cycle.

(2) For anyr > 1, non-negative integers iy, ji, ia, J2 satisfying iy+j; < r, is+jo <1,
and nonzero essential cycle 3 € WDH()? X )?), the two derivatives 3+ (h x hJ)
and B - (h2 x h7?) of B coincide only if iy = iy and j; = jo.

(8) For any r > 0, nonzero integer i,j with i + j < r, and nonzero essential cycles
By, Ba € Chpir(X x X), the derivatives By - (b x h?) and By - (h* x hi) coincide
only if fr = Ba.

Proof. (1): Let 8 = h' x l;;, for some i € [0,n — r]. By taking the derivative of 3,

we mean a multiplication of 8 by A/t x h'? for some integers ji, jo with j; + jo < 7.
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Thus the derivative of 8 equals At x litr—j,. Notice that 0 < 74 j; < n and
0 <i+7r—js <n,thus A x [;;,_;, is still an essential basic cycle. The case that
B = liy, X h' is similar.

(2): Suppose that 3 = h' x l;, for some i € [0,n—7] (the case where 8 = l;,, x h"
is similar). Then we have that 8- (b x h?') = B X Ly, 5 = W72 X ey, =
B (h*2 x h7?) if and only if 4; = iy and j; = Jo.

(3): Let By = h't X 1,4, and By = b2 x [;, . Then By (W' x W) = AT X1 4y i =
Rt X 1 yp—j = Ba - (K" x B7) if and only if i = j. The other case that 8 = l;4, x k'

can be discussed similarly. O

Lemma 5.1.3. Suppose for some i, j € [1,n], the basic cycle l; X I; is contained in a

rational cycle. Then iw(¢) > max{i,j}.

Proof. Let a be a cycle in ﬁiﬂ- (X x X)) containing I; x [,,. For any basic cycle 3 in
Chiyj(X x X), we have

lj lfB:lZXl]
Bu(h')=Boh" = hP=i if B=1; x hP~I

0 otherwise

Also, we have
BE(h) =MW oB =S hP=i if g =hP~i x [,

J

0 otherwise

Thus when « only contains I; X [;, we have oo h* = [; and hJ o« = ;. When «
contains both [; x [; and [; x hP~=3 we have a o h = hP=7 + l; and hoa= l;. When
« contains both I; X {; and kP~ X I;, we have W/ o = I; + hP~" and ao b = ;.
Since the composition of rational cycles is still rational and h* is always a rational
cycle for k € [0,n], we know that I;,1; are in Ch(X). By Corollary |4.5.3 it means
i:(X) > max{i,j}. Since ¢, is anisotropic, we conclude that i; = iy > max{i, j}.

This finishes our proof. O

When ¢ is anisotropic, by Lemma [5.1.3) the elements of @;>pCh;(X x X) only
involves essential basic cycles having forms h* x [, or [, x h*. Adopting [2, Remark

73.8], we can visualize the essential basic cycles as follows.
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All the essential basic cycles can be expressed in two 'pyramids’. The rows of the

pyramids from the bottom starting with 0, the top row has number n, and for every

r=20,1,---,n, the rth row of the left pyramid represents the essential basic cycles
ht X lpj,i=0,--+-,n—r of mDM(;( X )?), while the rth row of the right pyramid
represents the essential basic cycles l,4; X h',i=n—r,n—r—1,--- 0.

Example 5.1.4. when ¢ is given by a (5 + 1, s)-type anisotropic quadratic form, we
write
* *
* ok x %
* ok *x ok ok
* ok % Kk x kK X
¥ ok K Kk Kk ox ok ok K X

For any o € ﬁ()? x X ), we fill in the pyramids by putting a mark in the
points representing basic cycles contained in the decomposition of «; the picture thus
obtained is the diagram of a. If a is homogeneous, the marked points lie in the same
row. If o is homogeneous of dimension > dim(X), then we can interpret the ith
derivatives of o as a translation of the marked points of the diagram of « of moving

them ¢ rows lower.

Example 5.1.5. Let ¢ be an anisotropic quadratic form of type (6 + 1,s) and X
be the associated quadric of ¢. Let a € m()? X )Z') be the essential cycle @ =
h? x I3+ ly x h' + l5 x h*. Then the diagram of « is

There are precisely two first-order derivatives of a. The first one is given by
a-(h® x h') =h% x Iy + h? x Iy + I3 x b and the diagram is as follow.

The second one is given by a - (h! x h%) = h3 x I3+ 1; x h! +1; x h* and the diagram

is as follow.
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5.2 Rational correspondence type

Fix a field F. Let F be an algebraic closure of F' and F be the separable closure of
FinF.

We assume that ¢ be is anisotropic quadratic form of type (n + 1, s) over F. Let
X be the associated quadric of ¢ and dim(X) = D. Now we want to study the image
Ch(X x X) of the change of field homomorhism

Ch(X x X) = Ch(X x X).

Recall that Ch(X x X) is a subring of Ch(X x X).

Lemma 5.2.1. The sum

> (W x I +1; x h') € Ch(X x X)

=0
s a rational cycle.

Proof. Welet A € Chp(X x X) be the diagonal class and A be the image of A under
the change of field homomorphism Chp(X x X) — Chp(X x X). Since any rational
cycle in Chp(X x X) is a sum of homogeneous basic cycles of dimension D, we have
that

n

A= (' x 1)+ bj(l; x W) + c(h™ x h")
i=0 =0
for some coefficients a;, b;,c € Fy. Here we shall remind that ¢ will always be zero
except for the case that the dimension of the totally singular part ¢y, of ¢ is zero and
D is even.

Recall that we have the push-forward homomorphism induced by A, ie., A, :
Ch(X x X) — Ch(X x X) which sends any cycle a € Ch(X x X) to Aoa. By
Corollary , we have that A, is an identity endomorphism. Thus for any j € [0, 7],
we have b;h/ = A,(h/) = h;, hence b; = 1. For any i € [0,n — 1], we have that
ail; = A (l;) = I;, thus a; = 1.

When i = n, we have that [, = A,(l,,)) = anl, + dh™, where d € {b, + ¢, c}. Thus
we can conclude that a, = 1 while ¢ = 0 or ¢ = 1. Finally, we conclude that the sum
S o(hEx i+ 1; x h) = A or A — k"™ x h™. This shows that > (k! X [; +1; X h?) is

always a rational cycle. O]
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Definition 5.2.2. Let ay, as be cycles in Ch(X x X). The intersection of a; and s
is the sum of all basic cycles contained simultaneously in a; and ay and is denoted

by aq N Q9.
Lemma 5.2.3. If ay, a0 € @i50Chpyi(X x X), then the cycle ay N ay is rational.

Proof. Without loss of generality, we can assume that «; and as are homogeneous
cycles of the same dimension D + r and don’t contain any nonessential basic cycle.
The intersection is the essence of the composite of rational correspondence s o (a -
(h® x h")). To see this, let b7 x I,,; be any essential basic cycle contained in both ay
and ay. Then we have that (h? X [,,;) o [(h? X l,4;) - (h° x h")] = h? x 1, ;. Similarly,
we have (5 X h?) o [(l,4; x h?) - (h® x h")] = l,1; x h7.

Since the essence of a rational cycle is always rational, we conclude that a; N as

is rational. N

Definition 5.2.4. A nonzero cycle in @®;>pCh;(X x X) is called minimal if it de-
composes as a sum of essential basic cycles and doesn’t contain any proper rational

subcycle.
Proposition 5.2.5. (1) Two different minimal cycles intersect trivially.

(2) Minimal cycles form a basis of the vector space of all essential cycles in ©i>pChi(X x
X).

(3) The sum of the minimal cycles of dimension D is equal to Y i (h* x l;+1; X h*).

Proof. (1): Let a; and ay be two different minimal cycle. If a3 N ay # 0, then
by Lemma [5.2.3, we obtain a proper rational subcycle of a; and as, which is a
contradiction.

(2): Let a be any rational essential cycle with dimension lager than or equal to
D. Then we can decompose « as a sum of minimal cycles. Since different minimal

cycles intersect trivially, thus these minimal cycles give a basis for a.
(3): This is a direct result of part (2) and Lemma [5.2.1] O

The following Proposition states that derivatives of minimal cycles are still mini-

mal cycles.

Lemma 5.2.6. Let a be an essential rational cycle in Ch(X x X) with dimension
larger than or equal to D. Then « is a minimal cycle if and only if any derivative of

a s a minimal cycle.
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Proof. For the first direction, we assume that « is a minimal cycle. Then it suffices to
show that the two first order derivatives a- (h® x h') and a- (k! x h°) are also minimal.
If not, without loss of generality, we assume that a - (h® x h') is not minimal while
a is a minimal cycle. Since derivatives of a proper subcycle are proper subcycles of
derivatives, we know that the cycle o - (R x h?) with i = dim(a) — D is also not

minimal. Let a" be its proper subcycle. Then o has the following form.
o = ai(W x L)+ bi(l; x h).
=0 =0

for some coefficients a;,b; € Fs.
In the same time, since o' is a proper subcycle of o - (h® x h?), o must contain the

subcycle

n
Dol x ) + Y byl x B,
j=0 Jj=0
As a result, by taking the essence of the composite aoa’, we obtain a rational subcycle

B of a having the following form.

n

n
D ai(W x L)+ bl x BT,
j=0 =0
Hence the number of essential basic cycles contained in 3 is less than or equal to that
of a'. This shows that a contains a rational proper subcycle, which contradicts our
assumption.
For the second direction, If o is not minimal, then « contains a proper rational
subcycle. So any derivative of « also contains a proper rational subcycle, which

contradicts our assumption. O
Corollary 5.2.7. The derivatives of a minimal cycle are disjoint.

Proof. By Lemma the derivatives of a minimal cycle are minimal. They are
pairwise different by Proposition [5.1.2] Hence they intersect trivially by Proposition
.25 O

Notation 5.2.8. Consider the essential basic cycles {h* x [;},i € [0,n]. We label
them as 0,--- ,4,--- ,n. For essential basic cycles {l; x h'},i € [0,n], we label them
as D—0,---,D—i, -, D—n. We define A(X) to be the set of essential basic cycles
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{h" x 1;,l; x h'},i € [0,n]. Under the labelling above, we have
AX)={i|0<i<n}u{D—i|0<i<n}.

We denote the elements {i | 0 < i < n} of A(X) as i, and the elements {D —i | 0 <
i < n} as i". The set of all i, elements is denoted as A(X);, and the set of all i“?
elements is denoted as A(X)“?. For any rational cycle a € Chp(X x X), we define
A(a) to be the set of all essential basic cycles contained in « under the labelling above

and similarly we can define A(a);, and A(a)*.

We say A, i € A(X) are connected if there exists a minimal cycle 3 € Chp(X x X)
such that A, u € A(5). This gives an equivalence relation on A(X). The equivalence
classes of A(X) under this relation are called connected components. If A(X) only

has only one connected component, then we say A(X) is indecomposable.

Definition 5.2.9. The Rational Correspondence Type of X is the set of all connected
components of A(X) and is denoted by RCT(X).

Remark 5.2.10. When X is a smooth quadric, then RCT'(X) is exactly the "Motivic
Decomposition Type’ of X developed by A.Vishik [21] ([2, Chapter XVII]).

For any minimal cycle o € Chp(X x X), we define the rank of a to be the
cardinality of A(«), i.e., rank(a) :=| A(«) |. Also, we define a(«) and b(«) to be the
minimal and maximal elements in A(a) respectively. The dimension of a minimal
cycle « is defined by dim(a) := b(a) — a(«).

Moreover, if o contains the essential basic cycle h® x [y, we say « is the upper
summand of X and denoted by U(X). When X is a smooth quadric, then the
minimal cycle a with a(«) = 0 is a rational projector defining the so-called upper
summand in the motive of X (see Vishik [21]).

Lemma 5.2.11. There exists a cycle in mD+il(¢),1(X x X)) containing the essential

basic cycle h® X I (5)-1-

Proof. If D = 0, this follows from the rationality of the cycle Y (k' x [;+1; x h*). So
we assume D > 0. Consider the pull-back homomorphism Ch(X x X) — Ch(Xp(x))
induced by the morphism Xp(x) — X xX. By Corollary , it’s surjective. It is also
a restriction of the homomorphism Ch(X x X) — Ch(X) mapping each basic cycle

of type h® x I; to [; and vanishing all the other basic cycles. Therefore, an arbitrary
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preimage of li,(4)-1 € Ch(Xp(x)) under the surjection Ch(X x X) — Ch(Xp(x))

contains h® x [;, ;. O

Recall that for a minimal cycle @ € Chp(X x X), we define a(a) to be the
minimal element in A(a). We can generalize the definition. Let 8 € Chp (X x X)
be a minimal cycle for some ¢ € [0,n]. Then we say that § starts with h? x l;4; if
h/ x l;,; is contained in B and there is no essential basic cycle h¥ x [ ,; contained in
B for any k < j.

Now we can state the following proposition as a generalisation of Lemma [5.2.11]
It is proved when ¢ is an anisotropic non-degenerate quadratic form. One can prove

similarly when ¢ is anisotropic and not totally singular.

Proposition 5.2.12. [2, Proposition 73.23] Let a € Chp(X x X) be a minimal cycle
with jx—1(¢) < a(a) < jp(¢) —1 for some integer k. Then there exists a minimal cycle
b e mD+ik(¢)_1(X x X) starting with Kx-1(®) x liv(4)-1 such that o is a derivative of
B.

Proof. We assume that a(a) = jp_1(¢) and induct on the integer k. For the cases
that a(a) # jk—1(¢), we can reduce to the case that a(«) = jx_1(¢) by using results
from the next section (duality of cycles, Corollary .

When k£ = 1, the proposition comes directly from Lemma Assume that
k > 1. Let ¢; be the first kernel form of ¢, i.e., ¢1 = (dr())an and X; be the
associated quadric of ¢;. We set that Dy = dim(X;). Now we consider the group
homomorphism pr, : Ch((X x X)px)) — Ch(X1 x X;) as in Proposition and
obtain that a(pr.(a)) = jr_1(¢) — i1(9).

By the induction hypothesis, we then have a cycle §; € le+ik(¢)_1(X1 x X71)
starting with Ak-1@=1(@) x5 (5)-1. Consider the group homomorphism in, :
Ch(X1 x X1) = Ch((X x X)p(x)) as in Proposition , we have a cycle in.(5y) €
Ch((X x X)p(x)) starting with W1 x [ 1. Let Ch(X x X x X) — Ch((X x
X)r(x)) be the surjective homomorphism induced by the morphism (X x X)px) —
X x X x X (Corollary 2.2.3)). By taking the preimage of in.(5;) under the surjective
homomorphism, we obtain a cycle 8 containing h® x W19 x [ 4.

Now we let p : (X x X) x X — X x X be the projection onto the first factor.
Consider the preimage of a under the pull-back p* : Ch(X x X) induced by p, we
have that p*(a) = ax h® € Ch(X x X x X)) which contains h/*-1®) x [, 45 x k0. Let
Py X X X x X — X x X be the projection which disappears the first and the third
factors. Then (p2).(p*(a)-B8) € Ch(X x X) is a cycle containing a(h*-(*) x [;, (4)_1)
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with coefficient a € Fy. However, by a direct calculation of (py).(p*(a)-3"), we obtain
that a = 1.

We let 3 be the subcycle of (ps).(p*(a)-3") which is minimal and contains h*—1(®) x
li,(4)—1- Then «a is a derivative of § trivially from the minimality of o and . This

finishes our proof. n

In the rest of this section, we will give some terminologies which will be used later.
Suppose that A = {iy,--- ,4,} is a set of integers. For any integer ¢, we say another
set of integers A" is a shift of A by i if A" = {iy +4,--- 4, +1i}, which is denoted by
A" = A[i]. Moreover, if A := {Ay,---, A} where A;,i = 1,--- , s are set of integers,
we define Ali] := {Aq]i], -+, Agli]}.

Under the same notation above, we can define that A(X)[i];,, = A(X),[i] and
AX)[i]*? = A(X)"[i]. Finally, A(X)[7] = A(X)[i];o U A(X)[é]"P.  Similarly, for
any minimal cycle a € Chp(X x X), we can define A(a)[i];,, and A()[i]". Then
A(a)[i] = Ao L Aa)[i]""

5.3 Restrictions from separable splitting pattern

Fix a field F. Let F be an algebraic closure of F' and F be the separable closure of
Fin F.

Proposition 5.3.1. Let ¢q, -+, ¢, be quadratic forms over F with anisotropic to-
tally singular part and Xi,---,X,, be the associated quadrics respectively. Sup-
pose there exists a rational cycle « € Ch((X1 x --- x X)) containing the cycle
lo X AP x -+ x hPn=1 for some integers a,by, -+ ,by,_1. Then for any separable field
extension K/F such that the Witt indices iw ((¢2) k), -+, iw ((dm) i) are larger than
max{by, - ,by_1}, we have iw((¢1)K) > a.

Proof. Without loss of generality, we may assume that « is homogeneous and K/F
is such a separable field extension. We assume that iy ((¢;)x) = n; for i € [2,m].

Since the totally singular part of ¢, is anisotropic, we have that iy ((¢1)x) =
i+((¢1) k) for any separable field extension K /F (Lemmal[3.4.6)). To show that iy ((¢1)x) >
a, it suffices to show that [, is a rational cycle in Ch((X;)x) by Corollary 4.5.3| Recall
that any rational cycle 8 € Ch((Xy x - -+ x X,;,) ) induces a push-forward homomor-
phism

Be: Ch((X1 x Xy X -+ x Xp)k) — Ch((X1)k).
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which sends o € Ch((X; x --- x X,)k) to (Boa) € Ch((X1)k). If we can find a
3 such that S3,(a) = I, + ch®X1)=¢ then we are done since h* is always a rational
cycle in Ch((X1)k).
We take
Bi=1ly X x1lp , €Ch((Xex- Xp)p)-

From our assumption, we know that iy ((¢2)k), - ,iw((dm)rx are all larger than
maz{by, - ,by_1}. Thus B is actually a rational cycle, i.e., B € Ch((Xy x --- x
Xm)k). Then a short calculation shows that the 8 has the desired property. O

Now we let ¢ be an anisotropic quadratic form of type (n + 1,s) over F' and
dim(¢) = D + 2. Recall that the separable splitting pattern of ¢ is given by the
Knebusch splitting pattern up to the separable height (Corollary . Let F' =
Fy C Fy C --- C Fj be the Knebusch splitting tower up to the separable height, i.e.,
h = hsep(@) and ¢ = ¢o, ¢1,- - -, ¢p be the corresponding kernel forms. We set that
X, := Xy, which is the quadric given by ¢; for ¢ =0,--- , h.

Corollary 5.3.2. Ifi,j are integers in the interval [0,n] satisfying i < j,(¢) < j for
some q € [0,h), then no element in Ch(X x X) contains either h* x l; or l; x h'.

Proof. Let 4,7 be integers in the interval [0,n] such that h* X I; or [; x h* appears
in the decomposition of some o € Ch(X x X). Without loss of generality, we may
assume « is homogeneous and [; x h* is contained in a. Now we suppose i < j,(¢)
for some g € [1,k). Let K/F be a separable field extension such that iw (¢r) = j,(¢)
(for example, we can just take K = F}). Then by Proposition m it implies that
jq(¢) > j. This gives the result. O

Remark 5.3.3. When we draw the pyramids of essential basic cycles as stated in
the first section, Corollary gives a restriction on the pyramids. If we mark the
essential basic cycles not restricted from Corollary by o and mark the others
by *, we will get isosceles triangles based on the lower row of these pyramids. For

example, we suppose Y is given by a (14, 8)-type anisotropic quadratic form ¢ with
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relative higher Knebusch index 2, 8,4 up to the separable height.

The triangles in the pyramids are called shell triangles. The shell triangles in the
left pyramid are numbered form the left starting with 1 and the shell triangles in the
right pyramid are numbered from the right starting with 1. For any ¢ € [1,s], the
bases of the gth triangles have i,(¢) points.

It’s a good point to explain the homomorphism pr, as considered in Proposition
explicitly. We let ¢; be the first kernel form of ¢ and Y; be the associated

quadric of ¢;. Consider the composition of homomorphisms:
Ch(Y xY) —— Ch((Y x Y)p)) ——— Ch(Y1 x )

We let a be a cycle in Ch(Y x Y). Then the diagram pr,(«) is obtained by erasing
the first shell triangle in the diagram of a. We illustrate it in the following picture.
The left part shows the diagram of « (in one pyramid) while the right one shows the

diagram of pr.(«) (in one pyramid).

Corollary 5.3.4. Let o be a minimal cycle in Chp(X x X) with jx_1(¢) < a(a) <
ix(@) for some integer k € [1, h].

(1) There exists a minimal cycle 3 € Chp(X x X) such that a(B) = jx_1(¢) and
Aa) = A(B)la(a) = je-1(9)].
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(2) For integer | € [1, hep(@)] with | > k, if 1(¢) < ix(¢), then a doesn’t contain
any essential basic cycle h' x I; and l; x h* with i € [j;_1($),i1(¢) — 1].

Proof. (1): By Proposition [5.2.12| we have a minimal cycle v € mDHk((z))_l(X x X)
starting with A#—1(9) x l;,.(4)—1 such that

a=r"- (ha(a)*jkq(d)) % h]’k(¢>)fa(a)71).

Similarly, the minimal cycle /3 is obtained by
B=r- (hO > hik(¢)*1)'

This establishes the statement.

(2): We assume that o contains the essential basic cycle h' x [;, where i €
li1-1(¢),ji1(¢) — 1]. Then there exists a minimal cycle v € Chp.i,(4)-1(X x X) starting
with Ae-1(®) x [ 51 such that

a=r"- (ha(a)_jk—l(¢) « hjk((lb)—a(a)—l)'

by Proposition [5.2.12 So ~ must contain the essential basic cycle hit-1(®)=a(e) x
litiy(¢)—a(a)—1- However, from the restriction from ’shell triangles’ (Corollary |5.3.2)),
this is impossible. O

In the rest of this section, we will show that the separable splitting pattern imposes

basic restrictions on the rational correspondence type of anisotropic quadrics.

Lemma 5.3.5. For any cycle a € ®;>pChi(X x X), the number of essential basic

cycles contained in the decomposition of a is even.

Proof. Let U be the smooth locus of X. Then the pull-back of diagonal morphism
A : U — U x U induces a ring homomorphism A* : Ch(U x U) — Ch(U). Let
f:Ch(UxU)— Ch(X x X) and f : Ch(U) — Ch(X) be the ring homomorphisms
as we considered in Remark .3.75l Now we want to show that there exists a well-

defined ring homomorphism v which makes the following diagram commute.

ChU x U) —2— Ch(U)

/| %

Ch(X x X) —2 Th(X)
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Since f is a surjective ring homomorphism, it suffices to show that A*(Ker(f)) C
Ker(f").

Let N be the numerically trivial ideal in Ch(ﬁ x U ). We consider the change
of field homomorphism s; : Ch(U x U) — Ch(U x U). Now we take any element
B € Ker(f). Recall that Ker(f) = {8 | s1(8) € N}. Let N be the numerically trivial
ideal in Ch(U) and sy : Ch(U) — Ch(U) be the change of field homomorphism. Now
we need to show that A*(3) € Ker(f'), where Ker(f') = {3 s2(8) € N'}.

Consider the fiber product diagram:

U-—25UxU

1

U-—250x0U

where s, h are the flat morphisms with s* = s;,h* = sy and A is the diagonal
morphism.

For any element v € Ch(U x U ), by Proposition and the [Projection Formula)
(Proposition [2.2.5)), we have

deg(s2(A7(B)) - 7) = deg(A™(s1(5)) - 7)

(
= deg(A(A*(51(8)) - 7))
)

)
= deg(s1(8) - Au(7)
=0.

Thus we show that sy(A*(8)) € N', hence A*(Ker(f)) C Ker(f').

For any rational cycle a in Ch(X x X), without loss of generality, we may assume
that a is homogeneous of dimension D+k for some k € [0, n] and « can be decomposed
by ng essential basic cycles. We claim that (o) = ng - [, € Ch(X). To see this, we
can replace F' with F and assume that ¢ has maximal Witt index and o = h® X l; 44,

or I, x hi. Consider the following commutative diagram:

ChU x U) —2— Ch(U)

/| %

Ch(X x X) —2 Th(X)

We can identify « as an element in Ch(U x U). Then A*(a) =l - h' = I}, which
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shows that ¥(a) = .
Finally, since X is given by an anisotropic quadratic form ¢, by Corollary 4.5.3]

we conclude that ng is even. O

Theorem 5.3.6. Let a € Ch(X x X) be a cycle containing the top of a qth shell
triangle for some q € [1, hsep(d)]. Then a also contains the top of the other qth shell

triangle.

Proof. We may assume that a contains the top of the left gth shell triangle. From the
group homomorphism pr, : Ch((X x X)g,_,) = Ch(X,—1 X X,_1) as we considered
in Proposition , we may assume that ¢ = 1 by replacing F' by the field F,_; and
X by X,1.

Replacing « by its homogeneous component containing the top of the left shell

triangle h° x [, (4)—1, we may assume that « is homogeneous and has the form
a=hx liy(¢)=1 + B + ali; (g)—1 X he.

for some cycle § and coefficient a € F,. Now we use the group homomorphism
pr. : Oh((X x X)p,) — Ch(X; x X;), we have that pr,(a) = pr.(B). Lemmam
says that pr.(3) contains even number of essential basic cycles. Here we shall remind
that § contains the same number of essential basic cycles of that of pr.(f) since
pr«(B) only disappear the essential basic cycles marked in the first shell triangles as
illustrated in Remark [5.3.3

As a result, if a = 0, then the number of essential basis elements contained in «
and the number of essential basis elements contained in pr,(«a) differ by 1. But it’s a
contradiction since the number of essential basis elements contained in a and pr.(«)

should always be even. O]

Lemma 5.3.7. Let p € Chp(X x X), q € [1,heep(9)] and i € [1,i,(¢)]. Then the

element hia-1(@)+i=1 .

ig_1(d)+i—1 18 contained in p if and only if the element [ g)—; X

Ra(®)= s contained in p

Proof. By a similar argument as in the proof of Theorem [5.3.6], it suffices to prove this
lemma for ¢ = 1. Suppose that the basic cycle h*~! x [;_; is contained in a rational
cycle p. By taking the minimal subcycle of p containing h*~! x I,_;, we may assume
that p is minimal. Let o be the minimal cycle containing h° x [, (4)—1. By Theorem

5.3.6, the cycle a also contains [, (4)_1 x h°. Therefore, the derivative a-(hi~! x hit(9)=7)
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contains both A"~ x [;,_; and liy (¢)—i X R1(@=% Since the derivative of a minimal cycle
is minimal, the lemma follows directly from the minimality of p. The other direction

can be proved similarly. O

Definition 5.3.8. The symmetric shell triangles are called dual. Two points are
called dual if one represents the essential basic cycle Wrx-1(®)+i x li,.(y—1 while another
point represents the essential basic cycle [, (5)—i—1 X R+ for some k € [1, Psep(9)]
and 7, j € [0,ix(¢) — 1].

Corollary 5.3.9. In the diagram of an element of Ch(X x X), any two dual points

are simultaneously marked or not marked.

Proof. Let k be the number of the row containing two given dual points. The case
k = 0 is treated in Lemma [5.3.7, The case of an arbitrary k can be reduced to the
case of k = 0 by taking a kth order derivative. O

5.4 Restrictions from Steenrod operations

In this section, we will give some restrictions of the rational correspondence type from
the cohomological Steenrod operation. The following results are proved by R.Elman,
N.Karpenko and A.Merkurjev in [2] for smooth quadrics. Now we extend them to
the generically smooth quadrics.

Fix a field F. Let F be an algebraic closure of F' and F be the separable closure
of Fin F.

Let ¢ be an anisotropic quadratic form of type (n+1, s) over F' and dim(¢) = D+2.
Now we let X be the associated quadric of ¢. Of course we have dim(X) = D. Also,
we let ' = Fy C F; C --- C F}, be the Knebusch splitting tower up to the separable
height, i.e., h = hgep(¢). To simplify notations, we use i, and j; to denote the kth
higher relative and absolute Witt index of ¢ for any k € [0, h] respectively.

Recall that we have the cohomological Steenrod operation Sq% : Ch(X) — Ch(X)
satisfying Sqi (h') = h*(1+h)? and Sq (I;) = ;- (1 + )P+~ For any integer j > 0,

we have _ Dol
S¢ (h') = (;) it Sg(l;) = ( +j ”)m

(Proposition [4.3.20). We also have the cohomological Steenrod operation Sq¢* :
Ch(X x X) — Ch(X x X) which is obtained by Sq* = Sq% x S¢k.
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For any essential basic cycle h" x I, € Ch(X x X), we know that Sq*(h™ x I,,) =
Sqz(h") x S¢%(Ln). This means that Sq*(h" X l;) is a linear combination of the
elements h' X [; with i > n and j < m. Especially, when n = 0, Sq¢*(h° x [,,) is a
linear combination of the elements h° X I; with j < m.

Similarly, S¢*(l,, X h™) is a linear combination of the elements I; X h* with j < m
and ¢ > n. When n = 0, S¢*(I,, x h") is a linear combination of the elements ; x h°

with 7 < m.

Lemma 5.4.1. Letw € mDJril_l(X x X) be the minimal cycle starting with h° x1;, ;.
For any j > 1, the element Sq¢’(w) doesn’t contain any essential basic cycle in the

first shell triangle.

Proof. From our discussion above, the cycle S¢/(h° x I, _1) can only take values in
h® x I, with k < i; — 1. By Lemma 7 also contains the essential basic cycle
lox h''~1. Thus the cycle S¢’(lg x h'' 1) can only take values in I x B* with &' <i—1
Since S¢/ () is a rational cycle, if S¢’(7) contains any essential basic cycle in the first
shell triangle, it will contradict Corollary O

Corollary 5.4.2. S¢/(w) =0 for all j € [1,i; — 1].

Proof. We assume that Sq? () # 0 for some j € [1,i; —1]. From our discussion above,
there exists a jth derivative of 7 which intersects S¢’(7) nontrivially. Since minimal
cycles stays minimal after taking derivatives, we know that Sq¢’(m) contains the jth
derivative of 7. But it is impossible since Sq¢’(X) doesn’t contain any essential basic

cycle in the first shell triangle by Lemma [5.4.1] [

Proposition 5.4.3. Ifi € A(U(X)),, then va(i) > n+1 for any n satisfying iy > 2"

where vy(i) 1s the 2-adic valuation of 1.

Proof. We assume the statement is false. Let i € A(U(X));, be the smallest integer
such that 7 is not divisible by 2"*!. Then A’ x [; is an essential basic cycle contained
in U(X). Let 7 € Chpyi,—1(X x X) be the minimal cycle starting with h® x [, _;. By
Proposition [5.2.12, we know that U(X) = 7 - (h% x h"~!). Hence the essential basic

cycle h' X l;4;,_1 is contained in 7. Actually, 7 has the following form.

Z thlm+i1fl+hini+ilfl+ Z thlSJrilil_F ljxhj*ilfll
meA(U(X))i0,m<i SEAU(X))10,8>1 JEAU(X))up

Now we want to show that, for any integer j, S¢’(m) always contain the cycle

Sq% (h*) x S (liyi,—1) = h* x S¢%(lixi,-1). By the discussion before Proposition
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and the [Cartan Formula| (Proposition [2.6.4)), we have that S¢/(h? x l;4i, 1) =
7 _05q" (W) x Sl *(liyi1). Thus to show the existence of Sq%(h?) x S¢% (livi,—1),
we need to show that there is no integer m < ¢ with 2™ x [,,, i, -1 contained in 7 such
that Sq7 (K™ X Lyngi,—1) = h' X S (Lizi,—1).
Note that for any integers ¢,] € N, the binomial coefficient (’;) is odd if and only

if the binary digits in the binary expansion of [ is a subset of that of ¢ ([2, Lemma
78.6]). So if ¢ is divisible by 2" then the necessary condition for (f) to be odd is

that [ is also divisible by 2"*!. Now we assume such m exists and consider
S¢ (W™ X bpiy 1) = > Sq(h™) X ¢ (Iniy1)-
k=0

By our assumption, such m will be divisible by 27!, Also, there exists an integer

ki € [0, 4] such that Sq¥ (h™) = (;’:)hm*’“ = h'. Since (Z:) =1 mod 2, we know k;
must also be divisible by 2"*!. Finally, we conclude that i = m + k; is divisible by
2"+ which is a contradiction.

As a result, for any integer j, Sq¢’(w) always contains the element Sq¢%(h) x
S (livi,—1) = B x S (I, 1) Since S¢/ (m) = 0 for j € (0,1;) (Corollary, we
have that

S¢i (liyi,—1) = 0
where j € (0,i; — 1).
On the other hand, since i; > 2" and i is not divisible by 2"*!, we obtain that
22 € (0,4;). Consider nggﬂi)(lmrld%(i)), we have that

vy (4) D—i—i;+2
Sq§(2 (li+i1—1—2”2“)) = ( v (i) )li+i1_1_2v2(i).

(Proposition [4.3.20). Note that D —i; +2 = dim(¢) —i;. By Theorem[3.5.9) we know
that i; < 2v2(@m(@)=i) Since i; > 2", we conclude that dim(¢)—i, is divisible by 2"+,

Thus (DQZ;}XQ) =1 mod 2 and S¢%*" (I;s,_1) # 0, which is a contradiction. O

5.5 Restrictions from rational correspondences

Fix a field F. In this section, we will generalize some well-known results on smooth
quadrics given by Vishik [10] to generically smooth quadrics. In the next few sections,

we will use the results to study the rational correspondence type of quadrics given by



111

Pfister neighbours, even-dimensional generic forms and strongly excellent forms.

Lemma 5.5.1. Let p,q be the two anisotropic quadratic forms over F which are
not totally singular. We let P and Q) be the associated quadrics of p,q respectively.
Suppose that for any separable field extension E/F, iw(pr) > 0 is equivalent to
iw(qr) > jr1(q) for some k € [1,hep(q)]. Then for any cycle a € Ch(P x Q)
containing h°® X ly, (4)-1, & must also contain l; x k=19 where t = dim(P) —dim(Q) +

je(q) +ik-1(q) — 1

Proof. We set dim(p) = Dy + 2 and dim(q) = Dy + 2. Without loss of generality,
we may assume that « is a homogeneous cycle containing h° X I, (—1. Then a €
Chp, +iy(g)—1(P % Q) has the following form

n2

o = hO X ljk(q)_]- + Zaz(hz X li—l-‘:—jk(q)) + ij(lj X hDQ—Dl_jk(Q)“!‘j‘i‘l)‘

=1 Jj=0

for integers a;,b; € Fy and ny,ny € N.

Now we let gx—; be the (k — 1)th kernel form of ¢ and @Qx_1 be the associated
quadric of g,_;. We set that dim(gs_1) = D, + 2. Notice that gx_1 = (¢ |r_,)an;
where Fjy_q is the field in the Knebusch splitting tower of g. Then we let pr, :
Ch(Q) — Ch(Qy_1) be the homomorphism as we considered in Proposition .
Then we have a group homomorphism p := id ® pr, : Ch(P x Q) — Ch(P x Qj_1).
Then a; := p(a) € Ch(P x Qj_,) has the following form.

ni na
a1 =h" X b1 + Zai(hi X I 1si(g) + ij(lj x P2~ P1oin@) Tieoa (@i
i=1 =0

Notice that our assumption implies that for any field extension L/F containing
Fi—1, iw(pr) > 0 is equivalent to iy ((gx—1)r) > 0. We consider the surjective group
homomorphism Ch(Qr_; x P) — m(PF(Qkfl)) induced by Prq,_,, — Qr-1 x P
(Corollary . Since iw (pr(Q,_,)) > 0, we know that ly € Ch(Prq, ,))- Hence
we have a cycle 8 € Ch(Q_1 x P) containing the cycle h° x lo. Without loss of

generality, we may assume that 3 is homogeneous. Then 3 has the following form

I

nll Ty
B=h"xlo+ Y ay(h' x L)+ Y bi(l; x WP P4y € Thyy (Qrea x P),
i=1 =0
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for some integers a;, b; € Fy and nll, n/2 € N. Now we consider the composition a;q o 3,
this gives a cycle 8 in Ch(Qy_1 X Q)_1) containing h® x I, (,)—1. By Corollary m,
A" must also contain the essential basic cycle [, 45)—1 % h°.

Note that the essential basic cycle l;,(o—1 % h" is obtained by

!

ik(Q)*lbleD;Jrik(q)fl) : thiDQJrik(q)il)(lik(q)—l X h0>

(b deg(l

leD;+ik(q)fl

from our composition.

As a result, bDl*D/ngik(q)*l = 1 and «; contains the cycle lleD;Hk(q)fl x hO.
Finally, we conclude that o contains the essential basic cycle Ip,—p,+i,(9)+ir_1(a)=1 X
hi*=1(9) This finishes our proof. ]

The following theorem is a variant of Vishik’s theorem [10] for generically smooth

quadrics.

Theorem 5.5.2. Let p,q be the two anisotropic quadratic forms over F which are
not totally singular. We let P and @) be the associated quadrics of p,q respectively.
For any separable field extension E/F, iw(pg) > m is equivalent to iy (qg) > n for
some non-negative integers m,n. If there exists a minimal cycle v € mdim(p)(P x P)

such that a(y) = m, then there exists a minimal cycle B € Chaim(q)(Q X Q) such that
A(B) = A(y)[n —m].

Proof. To simplify notations, we set dim(p) = Dy + 2 and dim(q) = Dy + 2. We
prove the theorem by several steps. In the first step, we will show that there exists a
rational cycle in Ch(P x Q) starting with ™ x [,,. To see this, we induct on m.

When m = 0, consider the surjective homomorphism Ch(P x Q) — Ch(Q F(p))
induced by Qpp) — P x Q (Corollary . Since iw (pr@p)) > 0 is equivalent to
iw (qr@p)) > n, we conclude that [,, € Ch(Qp()). Thus the preimage of I, under the
surjective homomorphism starts with the cycle h° x [,,.

Let p; be the first kernel form of p and P, be the associated quadric of p;. Then
the assumption that iy (pg) > m is equivalent to iy (qg) > n for any separable
extension E/F implies the assumption that iy ((p1)r) > m — i1(p) is equivalent to
iw(qr) for any separable extension L/F' containing F'(p). Since we have a minimal
cycle v € Chp, (P x P) such that a(y) = m. Let pr. : Ch((P X P)pg,)) — Ch(Pyx P)
be the group homomorphism as we considered in Proposition m Then pr.(v) €
Chaim(py)(Pr X Py) is a cycle such that a(pri(y)) = m —i1(p). By the induction
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hypothesis, we have a rational cycle o' € Ch(P; x Q) starting with the essential basic
cycle A1) x [

Notice that p; = (pr@))an. We let in, : Ch(P;) — Ch(Pp()) be the group
homomorphism we considered in Proposition 3.5.5. Then we have the group homo-
morphism p := in, ® id : Ch(Py x Q) — Ch(Prp) X Q). We let a = p(a’). Without
loss of generality, we may assume that « is homogeneous. Then « has the following

form.

n2

ni
a=h"xl+ Y a;(h X liym)+ ¥ bi(l;x KPP € Chip, (P ppy % Q)

i=0 Jj=0

for some integers ni,ny € N and a;,b; € Fs.

Now we consider the surjective homomorphism Ch(P x P x Q) — Ch(Prpp) X Q)
induced by Ppp) x Q — P x P x () (Corollary , this will give us a rational cycle
a; € Ch(P x P x @) has the following form.

,
alzhoxa+g a;h' X o
i

for coefficients a; € Fy and cycles a; € Ch(P x Q). Also, we shall emphasize that a;
starts with the cycle
n2

R x ao=h"x h™ x 1, + Zai(ho X X lignm) + ij(ho x [j x pP2mPrtitm=ny

i=0 §=0

By taking the homogeneous part of a; containing h° x h™ x 1,,, we may assume that
a7 is homogeneous.

Recall that we have a cycle v € Chp, (P x P) which starts with h™ x I,,,. Then we
consider the image of v under the pull-back Ch(P x P) — Ch(P x P x Q) induced
by the projection onto the first factor P x P x () — P x P, this gives us a cycle
ay € Ch(P x P x Q) starting with the cycle ™ x [, x h°. Actually, ay has the

following form.

ap=h" XLy x B0+ Y B x x4 Y Lx b xR
(m+) EA(Y 10,70 jEA)
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Now we consider the product a; - as, the product has the following form.

ap - =h"™ x [y x ln—i—Zhjx?x?—i—Zlkx?x?.

i>m k

Let g : Ch(P x P x Q) — Ch(P x Q) be the push-forward induced by the projection
P x P x @Q — P x @ which disappears the middle factor. Then the cycle g(a; - az)

has the following form.

glag-ag) = W™ x L+ Y W x?+ > Ix?.

j>m k

This gives the desired cycle in Ch(P x Q) starting with h™ x l,,, which finishes the
induction.

Now we take 7' := g(ay - @) 0y. Then v € Ch(P x Q) has the following form

Y =R XL Y R XD+ L x
iel jeJ
where I C A(7), \ {m} and J C A(y)"P

For integers m,n, by Corollary , we know that j,_1(p) < m < j.(p) and
jik—1(q) < n < jg(q) for some integers r € [1, hsp(p)] and k € [1, hgep(q)]. Then our
assumption that iy (pg) > m is equivalent to iy (¢g) > n for any separable extension
E/F implies that iy (pr) > j,—1(p) is equivalent to iy (qr) > jx(q)—1 for any separable
extension L/F by Corollary . We let 8, € Ch(P x Q) be the cycle starting with
Rir-1) x l;,.(99—1 Which is constructed the same as " as above.

Let p,—1 be the (r — 1)th kernel form of p and F,_; be the field in the Knebuch
splitting tower. Also, we let P._; be the associated quadric of p,_; and pr, : m(P) —
Ch(P,_1) be the group homomorphism we considered in Proposition . Consider
the group homomorphism p = pr, ® id : Ch(P x Q) — Ch(P,_; x Q), we have
the cycle 8" := p (B1) € Ch(P,_,) containing h° x liy(¢)—1- Note that our assumption
implies that for any separable field extension L'/F containing F,_1, iy ((p,—1),) > 0
is equivalent to iy (q;/) > jx(q) — 1. Now we set that dim(P,_;) = D;. Hence by
Lemma [5.5.2, 8 also contains I, x h#*-1(@ where t = D| — Dy +ix(q) +ir_1(¢) — 1. As

a result, the cycle 8, contains l;4;, () X R*=1@) and has the following form.

Br= Wt by g e ) X P,
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Also, the cycle 8¢ € Ch(Q x P) has the following form.
ﬁi — pir1(@) « Livir )+ F b1 ¥ pir-1(p)

We consider the cycle v, := Sy o (8% - (h° x ht) € Ch(Q x Q), which contains the
essential basic cycle hi*—1() x l;,.(g9—1- By taking the minimal cycle in 7y, which contains
Wre=1@ x5 )1, we may assume that 7, is minimal. Let 8 = vy - (A" k-1(0) x pik(@=1-n),
Also, notice that v := (B¢ - (h*@~1 x h?)) o B starts with the essential basic cycle
hir=1(P) x|, (p), which lies in the same shell triangle as h™ x,,,. By taking the minimal
cycle in v, which contains hir—1®) x l;,_,(p), We may also assume that -, is minimal.
From the composition law (Lemma [4.4.3), we have that A(8) = A(y2)[n — j—1(p)].
Since 7 and 7, starts in the same shell triangle, by Corollary[5.3.4and the construction
of 81, we know A(v) = A(y2)[m —jr—1(p)]. Then

AB) = A)ln = ir-a(p) — (m —jroa(p))] = Ay —m].
gives the result. O]

Corollary 5.5.3. Let p,q be the two anisotropic quadratic forms over F which are
not totally singular. We let P and Q) be the associated quadrics of p,q respectively.
We suppose that for any separable field extension E/F, i,(pg) > 0 is equivalent

to i;(qg) > n where n is a non-negative integer. Then there exist minimal cycles

o € Chaim(@)(Q x Q) and B € Chaimp)(P x P) such that A(B) = A(a)[n].

Proof. There always exists a rational cycle in Chgnp)(P X P) starting with h° x [,
i.e., the upper summand U(P) (Lemma [5.2.11)). Thus the corollary follows directly
from Theorem 5.5.2] O

5.6 Generic forms

In this section, we will compute the rational correspondence type on even-dimensional
generic form which is not totally singular.
Fix a field F. Let F be an algebraic closure of F.

Definition 5.6.1. When char(F') = 2, we define the generic form of type (r,s) to be
a quadratic form which is isometric to xz1[1,y1] L -+ L 2. [1,y,] L (21, , z) over

F(xy,- -+, zs) with algebraically independent variables 1,41, , Ty, Y, 21, =+ , Zs-
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When char(F') # 2, we define the generic form of dimension k to be a quadratic
form which is isometric to (xy,--- ,zx) over F(z1,--- ,x;) with algebraically inde-

pendent variables x, - - - , x.

Lemma 5.6.2. Let F(t) be a purely transcendental extension of F with variable t.
Let g1 ~ (1) L ¢(t) and gz ~ c[1,t] for some ¢ € F*. Then the function fields K(q)

and K,, are all purely transcendental extensions of F'.

Proof. We compute F(t)(q1) and F(t)(q2) explicitly. ¢ is represented by the poly-
nomial fi(z,y) = 2® + cty? and ¢ is represented by the polynomial fo(x,y) = cx +
cxy+cty?. Then F(t)(q1) = F(t)[y]/(cty*+1) and F(t)(q2) = F(t)[y]/(cty* +cy +c).

Notice that F(t)(q.) = F(v/—ct). To show F(t)(q1) is a purely transcendental
extension over I, it suffices to show that \/—ct is transcendental over F.. We suppose
V/—ct is algebraic over F. Then t = (y/—ct)?/(—c) is also algebraic over F, which is
a contradiction.

Notice that F(t)(¢q2) = F(a), where a is a root of the polynomial ty* +y +1 = 0.
To show F(t)(ge) is a purely transcendental extension over F', it suffices to show that
« is transcendental over . We suppose « is algebraic over F. Then t = —(a+1)/a?
is also algebraic over F', which is a contradiction.

Thus F(t)(q1) and F(t)(g2) are purely transcendental extensions of F'. O

Proposition 5.6.3. Let 1) be a quadratic form over K where K/F' is a field extension.
Suppose that ¢ is a generic form over F(xy,--- ,zs) which has the same type as q.
Then there ezists a field extension M /K (xy,--- , zs) such that ¢pr =~ vy and M is

purely transcendental over K.

Proof. To simplify, we will only prove the statement when char(F) = 2. The proof
for the case that char(F') # 2 is similar.

Suppose @ has type (r,s). Let ¢ ~ xy[1,p1] L -+ L x.[l,y] L (21, ,2s)
be the generic form of type (r,s) over F(xq,--- ,2s) where z1, -+ ,y,, 21, - ,2s are
algebraically independent variables. We suppose that ¢ ~ aq[1,b1] L -+ L a,[1,b,] L
(C1, -+, Cs).

Now we let K := K(z,---,2). Under the field extension I?(\/E), we have
(z1) ~ (c1). By Lemma , K (y/z1¢1) is a purely transcendental extension over

K(x1,y1, s &p,Yr, 22, -, 25). Inductively, we have a purely transcendental field
extension [?(\/zlcl, o y/25Cs) over K(x1,y1,- -+ , %, y,) such that

1/)}?(\/57...7@) ~ai[l,by] Lo+ La[1,b] L (21, ,z).
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Let a; be a root of the equation t* 4+t + (b; — y;) = 0. Then we have [1,b;] ~ [1, y;]
under the field extension K (c;), which is a purely transcendental extension over

K(xy, T4, Tig1, Yiv1, -+ 5 2s) Dy Lemmam (to see this, in Lemma we can
set c=1andt = ¢ +t for some ¢ € F*. Then the form g, ~ [1,¢ —t] while ¢ is still

purely transcendental over F'). Inductively, K (a1, -+ , ;) is a purely transcendental

extension over K (z1,xg, - , &, 21, - , 25) such that

¢I?(a1,---,ar) = al[layl] Lol aT’[]-7yi] 1 <Zlv T 7ZS>

Finally, we consider the field extension K(y/@;z;). Under this extension, we
have (a;) ~ (z;). By Lemma [5.6.2] this is a purely transcendental extension over

K('rla Y, 5 Ti—1H Yi—1, Yit1s 0 5 Ty Yrs 215000 728)' IndUCtiV61Ya we conclude that

[?(\/m> 7\/%)

is a purely transcendental extension over K (v, , ¥, 21, - , 2s) such that

wﬁ(m7...7m) >~ xl[l,bl] 1.1 l’r[l,br] 1 <Cl7' .. ’CS>'

By setting M = IN((,/clzl,--- o \/CsZsy /O1T1,**+ y\/Qpyy Oy, -+ ), We have

that
¢M = al[labl] L L ar[labr] il <Cla"' 7cs> = wM

and M/K is a purely transcendental extension. This finishes our proof. O

Let a € F* and ¢ be any quadratic form of dimension > 2 over F. We define
(1,—a) ® g to be ¢ L (—a)q. Then we have the following results.

Lemma 5.6.4. Let ¢ be an anisotropic quadratic form over F. Suppose that a €
FX\ F*2. If ¢ :== (1,—a) ® ¢ is isotropic, then i;(q) > 2.

Proof. We assume v+w is an isotropic vector in V; = V@ V(_4)4 such that ¢(v+w) =
d(v) —ap(w) = 0. At first, we will show that v and w are linear independent. To see
this, we assume that v = kw for some scalar k € F. Then k?¢(w) = ¢(kw) = ad(w).
Since ¢ is anisotropic, we have a = k2, which contradicts our assumption. As a result,
we know that W := Span{v,w} is a two-dimensional subspace of V.

Now we consider the form ¢ := ¢ |y. Notice that (1, —a) ® ¢ is dominated by
(1,—a) ® ¢. If ¢ is non-degenerate, by the [Structure Theorem| (Theorem ,
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¢ ~ [b,c] for some b,c € F. Then (1, —a) ® ¢ is an isotropic quadratic Pfister form.
By Theorem we know that iy ((1, —a) ® ¢') = 2. Hence 4,({1, —a) ® ¢') > 2.

If ¢ is degenerate, then ¢ ~ (b, ¢') for some b, ¢ € F. In this case, (1, —a) ®¢' is
the diagonal of an isotropic bilinear Pfister form. As a result, we have i,((1, —a)®¢') =

2 by Proposition [3.1.13] This also shows i;({1, —a) ® ¢) > 2. O

Corollary 5.6.5. Let ¢ be an anisotropic quadratic form over F. Suppose that q :=
(1,—a) ® ¢ is anisotropic and not totally singular for some a € F* \ F*%. Then

i1(q) > 2.

Proof. Let L = F(q). Then gp(q) is isotropic. Since ¢ is not totally singular, the field
extenison F(q) is separable by Proposition B.4.5, Hence i\(qr(q)) = iw(qr(g) > 0
by Lemma [3.4.6] From Lemma [5.6.4) the only thing we need to show is that a €
L*\ L*?, which means (1, —a), stays anisotropic. But since dim((1, —a)) < 2% and
dim(q) > 22, by the [Separation Theorem]| (Theorem [3.4.10)), we know that (1, —a)y, is

anisotropic. O

Proposition 5.6.6. Let ¢ be an even-dimensional generic form which is not totally

singular and X be the associated quadric of ¢. Then A(X) is indecomposable.

Proof. To simplify, we will only prove the proposition when char(F') = 2. The other
case can be proved similarly. Suppose ¢ is of type (r,s) where r > 1 and X is the
associated quadric of ¢. We prove it by inducting on the number of shell triangles of
¢. At first, recall that the full splitting pattern of ¢ is (0,1,2, -+ ,r+s—1) (Example
E51d).

When r = 1, the statement is trivially true. Now we assume r > 1. Let
¢ ~a[lyy]) Lo L [ly] L (21, ,25) over F(xq,---,zs). Consider the field
extension L = F(z1[1,41]) and set ¢ := (¢ )an with the associated quadric X'. No-
tice that ¢ is still a generic quadratic form of even-dimension. Since r > 1, ¢ is not

totally singular. Actually, we have
¢ = x2[17y2] 1 'xT[luyT] 1 <Zl7 T 7ZS>'

By the induction hypothesis, we know that A(X ') is indecomposable. Let pr, :
Ch(X x X) — Ch(X' x X") be the group homomorphism as considered in Proposition
.54 Let o € Ch(X x X) be the minimal cycle starting with h0 x lo. If pr.(a) # 0,
then A(pr.(a)) = A(X"), which implies that o = k0 xlo+1lo x WO+ 311 (h? x I;+1; x hY).
This shows that A(X) is indecomposable.
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Now we will show that pr.(a) # (0. Let p be an anisotropic quadratic form over
K where K/F is a field extension and ¢ := (1, —a) ® p be anisotropic quadratic form
of the same type as ¢ with a € K>\ K*2. These forms do exist. For example, we
can take K = Fi(t) where F} is a field extension of F' and t is transcendental over
Fy. Then we set a = t while p is some anisotropic form over F; of dimension r + s
which is not totally singular.

By Proposition , there exists a purely transcendental field extension M /K
such that ¢); ~ qu. By Corollary we know that i;(qp) > 2. As a result,
under the field extension M, « contains the essential basic cycle [ )—1 X Rir(aa)=1

Hence a must also contain the essential basic cycle over the field F. This shows that

i1(gm

pr«(a) # 0, which finishes our proof. m

5.7 Pfister neighbours and excellent forms

In this section, we will discuss the rational correspondence type of quadrics given by
certain kinds of quadratic forms. Fix a field F' and let F be the algebraic closure
of F. Let ¢ be an anisotropic quadratic form over F' of type (n + 1,s) which is not
totally singular. We suppose that X is the associated quadric of ¢.

Let o € Chp(X x X) be any minimal cycle. Recall that by Corollary , for
any essential basic cycle contained in «, their dual cycles are also contained in . As
a result, rank(a) > 2. If rank(a) = 2, then we say that « is a binary correspondence
and A(a) is a binary component.

The following theorem computes the rational correspondence type of any quadric
given by a Pfister form, which is due to M.Rost [17].

Theorem 5.7.1. Let g be an anisotropic quadratic Pfister form over F and @) be
the associated quadric of q. Suppose dim(q) = 2" for some positive integer n. Then
RCT(Q) consists of binary components. More precisely, A(U(Q)) = {0,2"7! — 1}

and
211

RCT(Q) = [ ] AU@Q))-
i=0
Proof. We know that gr(q) is hyperbolic by Theorem (3.2.19] hence i1(¢) = 2""'. Let
a € mdim(@mq)—l(cg X @) be the minimal cycle starting with h° X [ (q)—,. Since
@izdim(@mi(@ x @) only has one left (or right) shell triangle, we know that a =
h? X L) ()14 1y (¢)—1 X h® by Theorem Note that U(Q) = a-(h° x h1@~1), Thus
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U(Q) = h® x ly+1i, (-1 x h*@~1. The cycle h° x [y corresponds to 0 € A(U(Q)) while
liy(g)—1 X B @~1 corresponds to dim(Q) — (i1(g) —1) =2"—2— (2" 1 —1) =271 —1.
Let 5 € Wdim(@(@ X ()) be any minimal cycle with a(5) < i;(q) — 1. Notice that
A(p) is a shift of A(U(Q)). We conclude that RCT(Q) = U?iglfl AU(@Q))[F]. O

The following theorem is given by A.Vishik for quadrics given by Pfister neighbours
when char(F) # 2 [21].

Theorem 5.7.2. Let q be a Pfister neighbour over F' and 7 be the associated anisotropic
general Pfister form of q. We assume that dim(w) = 2" for some integer n and
dim(q) = 2™ + m with integer 1 < m < 2". Let ¢° be the complementary form of q in
. Let Q) be the associated quadric of ¢ and Q¢ be the associated quadric of q¢¢. Then
we have A(U(Q)) = {0,2""! — 1}. Moreover, we have

m—1

RCT(Q) = (|| AU(Q)D | |(RCT(Q%)[m))

=0

_ |_| {2 — 1+ i} | |(RCT(Q)[m)).

Proof. The case when char(F) # 2 is done by A.Vishik. So we will only prove the
statement for the case when char(F) = 2.

We let X be the associated quadric of 7. Since g and 7 are stably birational equiv-
alent, we know that for any separable field extension E/F, i;,(7g) > 0 is equivalent to
it(qe) > 0 (Proposition [3.6.3). By Corollary and Theorem [5.7.1] we then have
that A(U(Q)) = A(U(X))[0] = {0,2" — 1}.

Since dim(gq) = 2" + m, by Proposition [3.7.3] we know that ii(q) = m. Let
o € Chaim(@)(Q % Q) be any minimal cycle with a(a) < i;(g) —1 = m — 1. Notice
that A(«) is a shift of A(U(Q)). As a result, we obtain all connected component of
A(X) in the first shell, that is, | ", (A(U(Q))[i]).

Recall that ¢f,) =~ (qr(q))an (Proposition . This means, for any integer k& >
m, for any separable field extension L/F i,(q7) > k — m is equivalent to i;(qr) > k.
Let 8 be any minimal cycle in mdim@c) (Q°*xQ°). Then by Theorem there exists
a minimal cycle v € Chaimg)(Q X Q) such that A(y) = A(B)[k — (k—m)] = A(B)[m)].
As a result, we have

L|(A(B)[m]) = RCT(Q°)[m].
8
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where the disjoint union is taken over all minimal cycles 8 € mdim(Qc)(Qc X Q°).

Let o' be any minimal cycle in Chyimg)(Q % @). Then a(v') is either < m —1 or
> m. In the former case, we know ' is a binary correspondence directly. In the latter
case, we consider the group homomorphism pr, : Ch((Q x Q)r) — Ch(Q°® x Q°).
As a result, pr.(a') € Chaim(ge)(Q° x Q°) contains a minimal subcycle starting with
a(a’) —m. This means there exists a minimal cycle 8 € Chgim(ge)(Q° X Q) such
that A(a') = A(8")[m] by Theorem [5.5.2]

Finally, we conclude that RCT(Q) = (LI7",' A(U(Q)[i]) LJ(RCT(Q®)[m]) O

Let ¢ be an anisotropic quadratic form over F' and Fy = F C F} C -+ C Fj,__ (4
be the Knebusch splitting tower up to the separable height hg, (). For any i €
[0, hsep(0)], we have ith kernel form ;. We let 45 be the totally singular part of 1.

Recall that we say v is a quasi-strongly excellent form if 1,1 € [0, hyep(¢) — 1] are
all Pfister neighbours. Moreover, if each 1); is defined over F' and ¢{ ~ 1, for any
i € [0, hsep(tp) — 2] while wisep(w)—l =0or wgsep(w)_l = ¢ for some ¢ € F'* or wzsep(w)—l
is isometric to the (1y)an of 1, we say 9 is a strongly excellent form.

By definitions, a strongly excellent form must be a quasi-strongly excellent form.
So it suffices to compute the rational correspondence type of quadrics given by quasi-
strongly excellent forms as in Corollary [5.7.5l We need the following two lemmas
first.

Lemma 5.7.3. Let ¢ be an anisotropic quadratic form over F and F'/F be a purely
transcendental field extension. Let X be the associated quadric of ¢. Then RCT(X) =
RCT (X ).

Proof. We assume that F'/F is of finite transcendental degree k. Consider the pro-
jection p : X x A¥ — X onto the first factor. We know that p is a vector bundle,
hence an affine bundle. By the [Homotopy Invariance| (Theorem [2.4.4)), we know that
the pull-back p* : Ch(X) — Ch(X x A¥) is an isomorphism. Note that F/(A*) = [
Hence we have a surjective homomorphism s : Ch(X x A*) — Ch(X,) induced
by X,» — X x A¥ (Corollary . Finally, we have a surjective homomorphism
s :=s0p*: Ch(X) — Ch(X ).

Obviously, s induces a surjective homomorphism 5 : Ch(X) — Ch(X,). Thus
we conclude Ch(Xv) = Ch(X), hence RCT(X) = RCT(X ). O

Lemma 5.7.4. [2, Lemma 88.5] Let X be a variety, Y be a scheme and n be an
integer such that the natural homomorphism CH;(X) — CH;(Xp(y)) is surjective for
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every point y € Y and i > dim(X) —n. Then CH;(Y) — CH;(Yp(x)) is surjective
for every j > dim(Y) — n.

Notice that Lemma is for integral Chow groups. But the proof still works

for Chow groups with coefficients in Fo. Now we come to the following main result.

Corollary 5.7.5. Let ¢ be an anisotropic quasi-strongly excellent form. Let X be
the associated quadric of 1. Then RCT(X) consists of binary components. More

precisely,

hsep(¥) ik (1) —1
ROT(X) = || ( || fieca(®) +i,dim(X) —jx(w) + 1 +i}).
k=1 =0
where hgep(1) is the separable height of 1.
Since the separable splitting pattern of a strongly excellent form is determined by
its dimension (Proposition , we have completely determined the rational corre-
spondence type of X.

Proof. Let g, -+ ,¢n,.,p)—1 be the kernel forms of 1. We let X; be the associated
quadric of ¢; for each i € [1, hyep(10)—1]. To simplify notations, we set s := hy, (1)) —1.
By the definition, )y, --- ,1, are all Pfister neighbours. We let X{ be the as-
sociated quadric of ¢¢. For any i € [0,s — 1], by Lemma we have that
() ks = Virr.
As a result, for g = 1, by Theorem , there exists an integer mg = i;(¢) such
that

mo—1

ROT(X) = || (AU))]) |(ROT(X*)[ma])

i0=0
while U(X) is a binary correspondence.

Now we want to show that RCT(X¢) = RCT(X;). To see this, let m be the
associated Pfister form of ¢» = vy and Y be the associated quadric of 7.

For any closed point z € X°¢ x X¢ we have rational points on (X¢ x X¢)pe.
Hence there exists a rational point on X¢ Since 9 < m, we know that mp(,) is
isotropic. Thus Yp(y) is a split quadric. Notice that dim(X¢) < 1/2(dim(Y)). We
consider the natural homomorphism Ch'(Y) — Ch'(Yr(y)) induced by the projection
Yp@) — Y for every i < dim(X°). Since Yr() is a split quadric, Ch'(Yp)) is
generated by the pull-back of classes of planes in (P(V;)p(,) induced by the closed
embedding Yp ) — P(V:)p@) (Proposition . These pull-back of classes of planes
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do exist in Ch*(Y'), hence Ch'(Y') = Ch'(Yr(y)) is surjective for every i < dim(X°).
By Lemma [5.7.4] we conclude that

S Chdim(Xc) (Xc % Xc) N Chdim(Xc)((Xc % XC)F(TI'))

is surjective.

Obviously, the surjective homomorphism s induces the surjective homomorphism
S mdim(xc)(Xc X XC) — mdim(xc)((Xc X Xc)F(w))-

Since 1 is a Pfister neighbour of 7, 1p(r is isotropic by Proposition [3.6.3] Thus
F(m)(%) = F(¢p@) is a purely transcendental extension of F'(7). Similarly, F/(m)(1))
is a purely transcendental extension of F'(¢)). By Lemma we then obtain that

Chim(xe) (XX X)piry) = Chaimxe) (XX X pryw)) = Chaim(xe) (XX X) p(g))-

where (Xc X XC)FW,) = X1 X Xl.

Finally, we have a surjective homomorphism
S mdim(xc)(Xc X Xc) — mdim(Xc)(Xl X Xl)

This shows mdim(xc)()(c x X.) = mdim(xc)(Xl x X1). We conclude that RCT(X;) =
RCT(X.) and

mo—1

ROT(X) = || (AMU))[io]) ||(RCT (X1)[ma)).

19=0

For v, the same argument shows that there exists an integer m; = i;(¢)1) such
that

mi1—1

RCT(X,) = || (AU (X1)[i]) |_|(RCT(Xs)[mn)).

11=0
while U(X7) is a binary correspondence.
Continuing in this way, notice that Ch(X¢ x X¢) is 0 and let m; = i;(z;) for
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i € [2,s] we have that

ROT(X) = || AW ) LJROT O m)
= [ @O iDL L] AW+ mol) LROT () +m)
= L Q@D LI WO+ mo 4+ mi))

Since each U(X;),7 € [0, s] is a binary correspondence, we conclude that RCT(X)
consists of binary components. By Corollary we have that

s+1 ig(¥
RCT(X |_| |_| {Jk 1(¥) + i, dim(X) = je(y) + 1 4 i})
k=1 =0
which finishes our proof. n

Remark 5.7.6. Recall that a strongly excellent form is an excellent form (Proposi-
tion and for non-degenerate quadratic forms, strongly excellent is equivalent
to excellent (Remark . So Corollary also describes the rational correspon-
dence type of quadrics given by non-degenerate excellent forms. When char(F') # 2,

the rational correspondence type of quadrics given by anisotropic excellent forms is
due to M.Rost [17].

For the rational correspondence type of quadrics given by nondegenerate anisotropic

excellent forms, we have the following conjecture.

Conjecture 5.7.7. [21, Conjecture 4.12] Let Q) be a smooth anisotropic quadric.
Then Q is given by an excellent form if and only if RCT(Q) consists of binary com-

ponents.
More generally, we have the following conjecture.

Conjecture 5.7.8. [21, Conjecture 4.21] Let QQ be a smooth anisotropic quadric.
Then @ is given by a Pfister neighbour if and only if A(U(Q)) is a binary component.
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5.8 Virtual Pfister neighbours

Fix a field F. Let F be an algebraic closure of F. In this section, we will discuss a
large family of quadratic forms over F'. In general, they are not Pfister neighbours

over I'. However, they will become Pfister neighbours over certain field extension of
F.

Definition 5.8.1. Let ¢ be an anisotropic quadratic form over F. We say the form
q is a virtual Pfister neighbour if there exists a field extension L/F such that g, is a

Pfister neighbour.

The following lemma gives a result which is called ”outer excellent connection”

(see next Chapter for excellent connections).

Lemma 5.8.2. Let q be a virtual Pfister neighbour of dimension 2" 4+ m for some

positive integer n and integer 1 < m < 2". We suppose that Q) is the associated

quadric of q. Recall that U(Q) is the upper summand of Q. Then {2"—1} € A(U(Q)).

Proof. Let M/F be the field extension over which ¢ becomes a Pfister neighbour.
Since i1(ga) = m (Proposition 3.7.3)), we know that 05, € A(U(X)) is connected with
(m — 1) by Corollary 5.3.9 Note that dim(Q) = 2" + m — 2. Then (m — 1)
corresponds to the integer D — (m — 1) =2" — 1 in A(U(X)). O

The results below will give us the first example of virtual Pfister neighbours.

Lemma 5.8.3. Fix a non-negative integer n. Let r,s be two integers satisfying 2" <
2r + 5 < 2" and r 4+ s < 2". Then there exists an (1, s)-type Pfister neighbour over
field extension K/F.

Proof. Let K = F(ty,-+- ,t,+1) where ty,--- ,t,; are algebraically independent vari-
ables. We have an (n + 1)-fold anisotropic Pfister form 7 := ({(t1,--- ,t,41]]. Then
any (r, s)-type quadratic form dominated by 7 gives the result. O

Proposition 5.8.4. Fix an integer n. Let r, s be two integers satisfying 2" < 2r+s <

2"t and r + s < 2". Then generic forms of type (r,s) are virtual Pfister neighbours.

Proof. Let ¢ be any generic form of type (r,s). By Lemma , we have a Pfister
g neighbour of type (r,s) over the field F (¢, ,t,+1). By Proposition [5.6.3] there
exists a purely transcendental field extension M/F(t1,- -+ ,t,41) such that ¢y ~ qu.
Since gy stays anisotropic (Lemma , we conclude that ¢ is a virtual Pfister
neighbour. O
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Now we consider virtual Pfister neighbours in a more general context. Let ¢ be
an (r, s)-type anisotropic quadratic form over F with dimension < 2"*! for some
non-negative integer n. Also, we assume that s < 2" —r. Let K = F(ty,-+- ,tp41)
where t1, -+ ,t,41 are algebraically independent variables. Then we have an (n + 1)-
fold anisotropic Pfister form 7 := ((t1,--- ,t,41]] . Also, since K/F is a purely

transcendental extension, qx stays anisotropic. Consider the following quadratic form
Vi=qxg L —m. (5.1)

Let Ko = K C Ky C --- C K}, be the Knebusch splitting tower up to the separable
height, i.e., h = hgep and g, - - - , ¢y, be the kernel forms.

Lemma 5.8.5. Let 1 < ¢ < h. Suppose that Tk, , is anisotropic, but that g, s

isotropic. Then the anisotropic dimension of q, , is at most 2" — dim(;_1).

Proof. At first, we have qx, , ~ ¥;—1 L Tk, ,. Since m;_; is anisotropic, we know that
dim(;_1 L 7w, ) > 2" > dim(qx,_,). This means that v; ; L 7, , is isotropic.

Because ;1 and 7k, _, are all anisotropic forms, the isotropic vector of ¢, L 7, ,

1
has the form x + y for non-zero vectors = of ¢;_; and y of 7k, ,. This means that
there exists a non-zero element a € D(v;_1) such that —a € D(7g, ,). Now since
Tk, is isotropic and K; = F(;_1), by the [Domination Theorem(Theorem [3.4.9)), we

know that ¢, < —7g,_,.

From the Witt equivalent relation qx, , ~ ¥;—1 L g, ,), we have

dim((qr,_, )an) = dim (Vi1 L Tr,_, )an)-

Recall that ¢,y < —7g, ,. By Theorem [3.4.11} we already know that iy (¢;—; L
—(—7k,_,)) = dim(¢;_1). Thus we have

dim((qx;_y)an) < dim(;1) + 2" = 2dim(¢;-1)
= 2n+1 — dlm(lpl,1>
which proves the lemma O

Proposition 5.8.6. When dim(q) < 2", there always exists a purely transcendental

extension L/F such that 7y, is anisotropic and mp, > qr,.

Proof. We suppose that dim(q) < 2". Since s < 2" — r, we know that iy (¢k,) >



127

dim(q) = 2r + s. Then there exists a smallest integer j such that iy (1x;) > dim(q).
By Theorem we know that 7x, > qx;.

At first, we show that g, is anisotropic. Let K(m) be the function field of 7.
Since 7 splits over the field K (7), we have iy (Vi (x)) > iw (Tr(x)) = 2" > dim(q). K;
is the smallest field in the Knebusch tower such that iy (vx,) > dim(q). Hence there
exists an K-place K; — K(m) (Proposition 3.4.8). The same argument as Lemma
shows that K () is a purely transcendental extension of F. Thus qx (. stays
anisotropic. By Corollary , 0 = i(qr(x) = it(qx;). Thus gk, is anisotropic.
Now we use contradiction to show that 7, is also anisotropic. We assume that 7,
is isotropic while mx, , anisotropic. By Lemma , we know that dim(qx,_ ,) <
2"t — dim(v;_1). This shows that iy (¢k, ,) > dim(qxk,_,), which contradicts our
choice of j. Hence 7, is anisotropic.

Finally, we will show that K is a purely transcendental extension of F. To see
this, we consider the composite of fields K(7) - K;. Since iy (Vg (x)) > 2" and the
choice of j, K(m) - K; is then a tower of function fields of isotropic quadratic forms.
Thus K () - K;/K (r) is a purely transcendental extension (Proposition [3.4.4)). Since
K (7) is a purely transcendental extension of F', we conclude that K - K () is also a
purely transcendental extension of F'.

Notice that ¢ stays anisotropic over the field K- K (7). By setting L = K- K (),

this establishes our statement. O

Now we assume that dim(q) > 2". Over the field K(7), we know that g (s is
anisotropic since K (7)/F is a purely transcendental extension. Thus (Yk(r))an =
qi(x)- Notice that K(m) is a separable field extension over K, then by Corollary
[B.5.7 there exists an integer 1 < i < h such that iw(¢x,) = iw(Vx(), hence
dim((Yk,)an) = dim(q). Also, since there exists a K-place K; — K(m) and gg(x) is
anisotropic, we know g, stays anisotropic by Corollary [3.3.9 Now we want to show
that 7g,,, is anisotropic. To see this, we assume that 7, is isotropic while 7g, is
anisotropic. Since ¢k, is anisotropic, by Lemma , we have that dim((qx,)an) =
dim(qr;,) < 2" —dim(x;). Since dim(v;) = dim((Vx, )an) = dim(q), we obtain that

dim(q) < 2", which contradicts our assumption. Thus 7, , is anisotropic.

i+1

The following theorem is proved by Hoffmann [5] for the case char(F) # 2 and is
proved by Hoffmann and Laghribi [6] for the case char(F) = 2.

Theorem 5.8.7. When dim(q) = 2" + 1, q is a virtual Pfister neighbour.
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Proof. From our discussion above, dim(1);) = dim(q) = 2" + 1. Then Theorem [3.5.9]
says that i1(¢;) = 1. Hence iy (¢k,,,) = 2" + 1 = dim(q). By Theorem [3.4.11} we
have that 7g,,, > qk,,,. Since 7k, , is anisotropic, we conclude that ¢ is a virtual
Pfister neighbour. O

More generally, we have the following statement.
Proposition 5.8.8. If ¢ has maximal splitting, then q is a virtual Pfister neighbour.

Proof. We let dim(q) = 2™ + m for integer 1 < m < 2". As discussed above, there
exists an integer ¢ such that dim(v;) = dim(q) and qg,, 7k,, Tk,,, stay anisotropic.
Choosing a minimal integer j € [i, h] such that g, is isotropic. Since ¢ has maximal
splitting, we obtain that dim((qx,,,)an) < 2" — m.

Since ¢ = qx L —m, we have that mx,,, ~ ;41 L —qk,,,. Note that dim(¢;41) <
dim(t;) = 2" + m. By dimension counting, we know that 7, is isotropic, hence
Tk,., ~ 0. By the [Domination Theorem| (Theorem , we have 7y, = —1;.
From Corollary we have that 7x, 1 —(—1;) ~ —¢5. Also, we have that
Tr; L ¥ ~ qi;. Hence qx; ~ —%.

Now we want to show that 7 is anisotropic. Since 7y, Tr,,, are anisotropic, we

know that j > i + 1. If g, is isotropic, we have that ¢; ~ qx; L =7k, ~ qx,;. Thus
qx; = ;. However, since dim(v;) < 2" +m and dim(qx,) = dim(q) = 2" + m, this
is impossible. We then conclude that 7g; is anisotropic.

Finally, we have that gk, ~ —¢5. Thus qx; < 7k; while 7 is anisotropic. This

shows that ¢ is a virtual Pfister neighbour. O]
The following theorem is proved by Izhboldin [9] for the case char(F') # 2.

Theorem 5.8.9. when dim(q) = 2" + 2, then q is a virtual Pfister neighour if and
only if 2 € SSP(q).

Proof. The first direction is trivial from Proposition [3.7.3l Now we assume that
2 € SSP(q) and consider the second direction. If i;(¢);) = 2, then we are done since
iw(Yk,,,) = dim(q) and 7k, is anisotropic. So we assume that i;(1);) = 1. It suffices

to show that gk, , is anisotropic. Since if gk, is anisotropic, by Lemma [5.8.5, we

k3

i+1

have mg.

..o is anisotropic and iw (¢k,,,) > dim(q), which shows that ¢ is a virtual

Pfister neighour.
Now we suppose that ¢g,,, is isotropic. Notice that K1 = K;(1;). Since

dim(;) = dim(q) and iy(v);) = 1, we have 2 gk, (Theorem [3.6.5). Since
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2 € SSP(q), there exists a field extension L/F such that iy (q) = 2. Let K =
L(ty,- -+ ,tas1). By Proposition [5.8.6] there exists a field extension M/K such that
(qr)an < ma and M/L is a purely transcendental extension. Also, we know that
dim((Var)an) = dim(m) —dim((qr)an) = 2" +2 = dim(yy;) = dim(q). Let M= M-K,
be the composite of fields. By our choice of 7, M is a tower of function fields of isotropic
forms, hence M /M is a purely transcendental extension (Proposition .

Since gz is isotropic, then (1;)47 is also isotropic from the stably birational equiv-
alence of ¢; and qg,. As a result, the dimension of the anisotropic part of ()77 is
strictly less than dim(1);). But it is impossible since the dimension of the anisotropic
part of (1;)77 equals that of (v;)s, which is exactly dim(v;). O]

Remark 5.8.10. The classification of virtual Pfister neighbours up to dimension 10
is known. For the case of char(F) # 2, it is done by Izhboldin [9]. For the case of
char(F) = 2, it’s done by K.Quigley (UVic summer undergraduate research project,
2022).
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Chapter 6

Excellent Connections for Smooth
Quadrics and Related Problems

6.1 Excellent connections for smooth quadrics

Fix a field F'.
Let ¢ be a non-degenerate anisotropic excellent quadratic form over F. We sup-
pose that dim(¢) = n. Recall that by Lemma [3.8.8] the integer n can be written

uniquely as an alternating sum of 2-powers
no= 20— 20mt o (—1)TI2M 4 (—1)™e
with €, m,aq, -+ ,a, € NU{0} satisfying 0 < a1 < as < -+ < a1 < a,, and

Oand a; <ay —1 if nis even
E:
land 1 < ay if n is odd.

Also, we have the jth alternating 2-partial sum of n, which is given by
(n)) = 2% —2%-1 4 ... 492% ¢

Now we let X be the associated quadric of ¢ and dim(X) = D. By Corollary [5.7.5|
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the rational correspondence type of X is determined, i.e.,

h(¥) ik(y)—1
RCT(X) = | |( |_| (i1 (©) + 4, dim(X) — e (1) + 1 +4}).

k=1

where hyep(¢) = h(¢) is the Knebusch height of ¢ since ¢ is non-degenerate (Corollary
3.5.8)) and the splitting pattern of ¢ is given by

jk(¢) = (n—nt"P)/2

for k € [0, h(¢)] (Corollary [3.8.9) This means that in A(X), for any k € [1, h(¢)] and
any s € [1,ix(¢)], the element (jy—_1(¢) + s); is connected and only connected with
(jx(¢) — s — 1)“P. Note that the pairs (jx_1(¢) + s,jx(¢) — s — 1) are only determined
by the dimension n. Hence we call them n-excellent pairs.

The following theorem was proved by Vishik [20] when char(F) # 2. Using the

Steenrod operations constructed by Primozic in [16], the same argument still works

when char(F) = 2.

Theorem 6.1.1. [20, Theorem 3.3| Let 1) be a non-degenerate anisotropic form over
F with dimension n and Y be the associated quadric of 1. For any rational cycle

v € Chp(Y xY), we decompose v as

~

n/2]

1

2|
I

<.
Il

for elements a, B; € Fy. Then oy, = B, for all n-excellent pairs (a,b).

Combining Theorem and Corollary [5.3.9, we have the following theorem
which is due to Vishik [20] in the case char(F') # 2. The proof of the theorem for
char(F') = 2 is identical.

Theorem 6.1.2. [20, Theorem 2.1] Let q be any non-degenerate anisotropic quadratic
form of dimension > 2 over F with associated projective quadric Q). We write
dim(q) —i1(q) = 2™ — 272 + -+ 4 (=1)*"12" for uniquely determined integers s; >
Sog >+ >1rs 1 >1rs+1>1. Forany k € [1,s], we set

k—1 s

dp =) (17120 (k)Y (—1) 12

i=1 j=k
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where €(k) = 1 if k is even and e(k) = 0 if k is odd. Then for any k € [1,s],
i € AU(Q))-

The following result is a particular case of Theorem [6.1.2] which is called the

”Binary Motive Theorem”.

Corollary 6.1.3. [20, Theorem 2.1] Under the same setting as above, we assume that
dim(q) = 2" +m for some non-negative integersn and 1 < m < 2", If rank(U(Q)) =
2, then s = 1 and dim(q) —i1(q) = 2", which means that q has the mazimal splitting.

6.2 Singular forms over fields of characteristic 2

Fix a field F' and we assume that char(F) = 2. In the last section, we introduced the
excellent connections and related theorems for non-degenerate anisotropic quadratic
forms. However, recall that when char(F) = 2, there do exist anisotropic singular

quadratic forms. So it is natural to ask the following question.

Question 6.2.1. Let 1 be an anisotropic quadratic form of dimension n which is
not totally singular. Let Y be the associated quadric of . We consider any n-
excellent pair (a,b). Then if a € A(Y ), and b € A(Y')*?, must a € A(Y');, connect to
be A(Y)r?

The arguments in Vishik’s proof of Theorem reply on the existence of Steen-
rod oprations on Ch(Y) and Ch(Y x Y). However, when Y is a singular quadric,
we only have Steenrod operations on Ch(Y) and Ch(Y x Y). So the proof doesn’t
carry over. Nevertheless, we can show that Question has a positive answer for
anisotropic singular forms up to dimension 9. Before our discussion on Question [6.2.1]

we will give a lemma first.

Lemma 6.2.2. Let ¢ be an anisotropic quadratic form over F of type (r,s). We
assume that dim(q) = 2™ +m for non-negative integers n and 1 < m < 2". Ifr <m,

then i1(q) < s.

Proof. We assume that i;(q) > s. Let @ be the associated quadric of ¢. Consider a
subform p of ¢ which is of type (r,1). As a result, we know that the codimension of
pin q, i.e., dim(p) — dim(q) = s — 1. We want to show that p 2 yq.

Since p < ¢, we know that gp(y) is isotropic. Conversely, we consider pp(g). Let

V' be maximal totally isotropic subspace of qr(q)- Since i1(q) > s, we know that
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dim(V') > s. However, note that dim(pr,)) + dim(V') > dim(q), we conclude that
Vora N V' % (. Thus pp(y is isotropic. This shows that p 2 q.

Now we let P be the associated quadric of p. Notice that p is a non-degenerate
quadratic form, thus 0 € A(U(P)) and 2" —1 € A(U(P)) by the excellent connections
(Theorem . Since p X ¢, we know that 0 € A(U(Q)) and 2" — 1 € A(U(Q)) by
Corollary [5.5.3] This forces dim(Q) — (r — 1) = dim(q) —2 —r +1 > 2" — 1. Since
dim(q) = 2" +m, we obtain that » > m, which is a contradiction. Hence we conclude

that i;(q) < s. O
Corollary 6.2.3. Let ¢ be an anisotropic form of type (3,2) over F'. Then i (¢) = 1.

Proposition 6.2.4. Question has a positive answer for anisotropic quadratic

forms (not totally singular) of dimension up to 9.

Proof. 1t suffices to consider singular forms. Let ¢ be an anisotropic form of type
(r,s) with s > 2. We suppose that X is the associated quadric of ¢ and dim(X) = D

dim(¢) < 5: When dim(¢) < 5, we have r < 1. Hence A(X) = {0, D}, which is
indecomposable.

dim(¢p) = 6: If ¢ is of type (1,4), then the A(X) = {0, D} is indecomposable.
So we assume that ¢ is of type (2,2). For 6-dimensional quadratic forms, we have
excellent pairs (0,1),(1,0) and (2,2). We may exclude (2,2) since 2 ¢ A(X)j,.

(1) We assume that i;(¢) = i2(¢) = 1. By Corollary [5.3.9, we know that 0y, is
connected to 0"P while 1, is connected to 1"? in A(X). Note that 2 € SSP(¢). By
Theorem [5.8.9, we know that ¢ is a virtual Pfister neighbour. By Lemma [5.8.2] we
have that 0y, is also connected to 1*7. Thus we know that A(X) is indecomposable.
This shows the existence of excellent connections for ¢.

(ii) We assume that i;(¢) = 2. In this case, the only connected components in
A(X) are {0, 1"P} and {1,,,0"?}, which shows the existence of excellent connections.

dim(¢) = 7: For 7-dimensional quadratic forms, we have excellent pairs (0, 2),
(1,1) and (2,0). When ¢ is of type (1,5), we know that A(X) = {0, D}, which is
indecomposable.

Now we assume that ¢ is of type (2,3). Since 2 ¢ A(X), we may exclude the
excellent pairs (0,2) and (2,0). By Theorem and the type of ¢, we know that
i1(¢) = i2(¢) = 1. Thus 1;, is connected to 1*7 by Corollary [5.3.9] This shows the
existence of the excellent connection.

dim(¢) = 8: For 8-dimensional quadratic forms, we have the excellent pairs
(0,3),(1,2),(2,1) and (3,0). When ¢ is of type (1,6) or ¢ is of type (2,4), we obtain
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that 2 ¢ A(X) and 3 ¢ A(X). So there is nothing to show.

Now the only case we need to consider is that ¢ is of type (3,2). Since 3 ¢ A(X),
we may exclude the excellent pairs (0,3) and (3,0). By Corollary , i1(p) # 2.
Combining the type of ¢ and Theorem [3.5.9] we have the following two cases.

(i) i1(¢) = 1, ia(¢) = 2. Then we have 1, is connected to 2“7 and 2;, is connected
to 1“? by Corollary Thus the excellent connections exist.

(ii) i1(¢) = ia(¢) = i3(¢) = 1. We let ¢y be the first kernel form of ¢. We
have that dim(¢1) = 6 with i;(¢1) = i2(¢1) = 1. By our discussion before, A(X7) is
indecomposable.

Let a € Chp(X x X) be a minimal cycle with a(a) = 2 or a(a) = 3 and let
pr. : Ch(X x X) — Ch(X; x X;) be the group homomorphism as considered in
Proposition £.5.4 By our discussion above, we have that pr.(a) = A(X;). Hence
a=h'" <1 +h?xly+1; x ht + 1y x h?. As a result, we know that 1;, is connected
to 2% and 2;, is connected to 1“P. The excellent connects also exist.

dim(¢) = 9: For 9-dimensional quadratic forms, we have the excellent pairs
(0,0),(1,3),(2,2) and (3,1). When ¢ is of type (1,7), A(X) = {0, D} is indecompos-
able.

(i) We suppose that ¢ is of type (2,5). Then the only excellent pair we need to
consider is (0,0). By Theorem [3.5.9/and the type of ¢, we know that i1(¢) = 1 = is(¢).
Hence 0y, is connected to 0“7 in A(X) by Corollary The excellent connection
exists.

(ii) We suppose that ¢ is of type (3,3). We need to consider excellent pairs (0, 0)
and (2,2). By Theorem and the type of ¢, we have that i;(¢) = i2(¢) = i3(¢) =
1. Then 0y, is connected to 0“7 and 2, is connected to 2“7 by Corollary [5.3.9} Hence

the excellent pairs also exist. O

Under the same argument, it’s not hard to show that excellent connections hold
for all 10-dimensional quadratic forms with possible exception of forms of type (3,4)
and separable splitting pattern (1,3). By Theorem these forms are not virtual
Pfister neighbours. They have been classified by K.Quigley (UVic undergraduate
research project, 2022): all such forms are isometric to A({{a,b,c]] L ((d,€)))an for
some A\, a,b,c,d,e € F. One can show if ¢ is such form, there’s no non-degenerate
form ¢ and non-negative integer m such that iy (gg) > 1 is equivalent to iy (¢r) > m
for any separable field extension E/F. Thus the methods we used to treat lower

dimensional forms are not applicable. For forms of dimension larger than or equal to
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11, little is known. Thus we cannot say much on these forms.

Since the proof of Theorem is a combination of Theorem and Corol-
lary [5.3.9] the only ingredient left is the excellent connections for generically smooth
quadrics. If Question has a positive answer, we can immediately get a positive
answer to the following question, which is a modified version of Theorem for

generically smooth quadrics.

Question 6.2.5. Let q be an anisotropic quadratic form of dimension > 2 over F
which is not totally singular. Let () be the associated projective quadric of q. We
write dim(q) —i1(q) = 2™ — 22 + -« + (=1)*712" for uniquely determined integers
§1 >8> ->rs1>rs+1>1. For any k € [1,s], we set

k-1 s
d =) (=172 (k)Y (—1) 12
i=1 j=k

where e(k) = 1 if k is even and e(k) = 0 if k is odd. Then for any k € [1,s], if
d(k) € A(X), then d € A(U(Q)).

Here we shall explain the difference between Theorem for smooth quadrics
and Question for generically smooth quadrics.

Consider two quadrics X and Y. We assume that dim(X) = dim(Y) and X
is smooth while Y is generically smooth. Then from our discussion in Chapter 4,
A(Y) € A(X). Thus when we take the integer dj, of Y as in Theorem [6.1.2] for
generically smooth quadrics, we need to make sure that dj, really exists in A(Y).

The following gives a counterexample which shows that the Binary Motive The-
orem (Corollary is not true for generically smooth quadrics. Since the Binary
Motive Theorem is a particular case of Theorem [6.1.2l Thus we can conclude that

the Theorem [6.1.2]is not true any more for generically smooth quadrics.

Example 6.2.6. Let ¢ = ((a)) ® ([b,c] L (d)) L (e) be an anisotropic form over F
which is of type (2,3). Note that [b,c] L (d) is a Pfister neighbour of a 2-fold Pfister
form. We let p = ((a)) @ ([b,c] L (d)) be the subform of ¢, which is of type (2,2).
Notice that p is a Pfister neighbour of a 3-fold Pfister form. By Proposition
[3.7.3] we then obtain that i;(p) = 2. Thus for any separable field extension E/F, if
iw(pr) > 0, we have that iy (pg) > 2. Since p < ¢. we also have that iy (qg) > 2.
Conversely, note that the codimension of p in ¢ is 1, i.e., dim(q) — dim(p) = 1. For

any separable field extension E/F such that iy (¢g) > 2, we let V' be any maximal
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totally isotropic subspace of V,,. Then dim(V") + dim(p) > dim(q), which shows
that V' N V,, # 0. Thus pg is isotropic. Finally, we conclude that for any separable
field extension E/F, iy (pr) > 0 is equivalent to iy (qg) > 1.

Now we let P and ) be the associated quadrics of p, g respectively. By Theorem
3.-5.9 and the type of ¢, we know that i;(¢) = is(¢) = 1. Hence 0y, is connected to
0“7 and 1;, is connected to 1“7 by Corollary [5.3.9] We will show that A(Q) is not
indecomposable.

Since P is a Pfister neighbour, we have that U(P) = h° x Iy + I, x h'. By
Corollary we have the binary component {1;,, 1“7} in A(Q). Thus A(Q) is not
indecomposable and A(U(Q)) = {0,5}. This means dim(U(Q)) =5 — 0 = 5. Notice
that dim(U(Q)) = dim(q) —i1(¢) —1 = 5. By the [Binary Motive Theorem| (Corollary
6.1.3), we should have that dim(q) —i1(¢) = 2% However, we actually have that

dim(q) — i1(q) = 6. Thus the Binary Motive Theorem is not true for generically

smooth quadrics.

However, we still have the following proposition, which comes directly from Corol-
lary and Theorem [6.1.2]

Proposition 6.2.7. Let p be an anisotropic quadratic form over F which is not totally
singular. Let q be a non-degenerate quadratic form of dimension > 2 over F'. Let P, Q)
be the associated projective quadrics of p,q respectively. We write dim(q) — i1(q) =
2M — 2" .o (=1)57127 for uniquely determined integers sy > S > - > Ty >
rs+ 1> 1. For any k € [1,s], we set

k—1 s

dp =Y (1)1 e(k) > (—1) 12

i=1 j=k

where €(k) =1 if k is even and e(k) = 0 if k is odd. If q 2 p, then for any k € [1, 5],
we have that di, € A(U(P)).

6.3 Singular Pfister neighbours

Fix a field F. Let ¢ be an anisotropic quadratic form over F' which is not totally
singular. Recall that in Chapter 2, we proved that if ¢ is a Pfister neighbour, then
(qr(q))an is defined over F'. The question is that, if we know (¢p(q))an is defined over

F', can we ensure that ¢ is a Pfister neighbour?
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This question has a positive answer if we assume char(F') # 2 |2, Theorem 28.3].
However, it fails in general when char(F') = 2 as discussed in Chapter 2. For example,
the basic restriction for such ¢ to be a Pfister neighbour is that » + s < 2" and
2r + s > 2" for some non-negative integer n. FEven if such ¢ satisfies the basic
restriction on its type, we can still not ensure that ¢ is a Pfister neighbour (Example
3.7.9).

In the rest of this section, we will always assume that char(F) = 2 and ¢ is of
type (r,s) such that r +s < 2" and 2r + s > 2". Also, we let dim(q) = 2" + m for
non-negative integers n and 1 < m < 2",

We have already stated the following conjecture which is due to Hoffmann and

Laghribi (|6]) in Chapter 2. For the sake of convenience, we restate it here.

Conjecture 6.3.1. If the anisotropic part of q over F(q) is defined over F and
s < 2r, then q s a Pfister neighbour.

We make a stronger claim as below.

Conjecture 6.3.2. If (qp(g))an s defined over F and s < 2"1/3, then q is a Pfister

neighbour.

Under any field extension F/F, we know that the totally singular part (q.)g
of qr is always defined over ' (Lemma . Thus if ¢ has separable height 1,
(qr(q))an = (Gis)r(q) must be defined over F. Recall that we say ¢ is a close Pfister
neighbour if ¢ is a Pfister neighbour and r+s = 2". This just means dim(q) = 2" —s.
Also, notice that a close Pfister neighbour has separable height 1. Then we have the

following conjecture as a special case of Conjecture [6.3.2

Conjecture 6.3.3. If ¢ has separable height 1 and s < 2""1/3, then q is a close
Pfister neighbour.

Proposition 6.3.4. Suppose (qr(g))an is defined over F, i.e., (qp(g))an = Tr(q) for
some form T over F'. We let ¢ ~ q, L qs and 7 ~ 7, L 11, where q;s and 15 are the
totally singular parts of ¢ and T respectively. Consider the form ¢ := (¢, L —7.) L qus,

we have the following results.

(1) ¢ is an anisotropic form of dimension 2" — s and has separable height 1.

(2) ¢ is stably birational to q. In particular, 2" < dim(¢) < 2",
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(8) ¢ has mazximal splitting.

Proof. Note that ¢ is not totally singular, thus F'(q) is a separable field extension by
Proposition [3.4.5] Recall that totally singular forms stay anisotropic over separable
field extension (Lamma . Since (7is)r(q) =~ (Ges)F(q) and Ty, qis are all totally
singular form, we know that 735 ~ ¢;s by Theorem [3.4.11

Now we assume that 7 is of type (7', s) for some integer r". Obviously, we have that
r—1 =1i1(g). So ¢ is a form of type (r +71,s). Notice that ¢ry ~ (¢ L —7)p(y) L
(qes)r(q) ~ (Tv L =T)r(g) L (Gis) () ~ (@1s)F(q)- This shows that iy (¢r(g) =7+ 1.

Now we want to show ¢ is anisotropic. To see this, we assume that iy (¢) = i.
Since iy (Pr(q)) = r+r, we have that iw ((Pan) P(q) = r+r —i. For any separable field
extension E/F, if iy ((¢an)g) > r +7 —i — 1, we have that (¢un)p ~ (¢ L —7.)p L
Qs ~ Gs- This means qp = (¢, L qis)g ~ (s L 7)) = 7. Since dim(1) < dim(q),
we have that ¢g is isotropic. Conversely, if iy (¢g) is isotropic, then there exists an
F-place F(q) — E by Proposition m Thus we have iy ((¢an)£) = 1w ((Pan)r(g) =
7+ 7 — i by Proposition .

Finally, for any separable field extension E/F, iy ((¢an)p) > r + 1 —i —1 is
equivalent to iy (gg) > 0. Now we let X be the associated quadric of ¢,. Note
that 0 € A(U(Q)) and (dim(q) — i1(q) — 1) € A(U(Q)) by Corollary [5.3.90 Thus
by Corollary |5.5.3, there exists a minimal cycle § € mdim( x)(X x X) such that
r+r —i—1¢€ A(B) and dim(q) —i1(q) —1+r+7 —i—1 € A(B). Since i (q) =r—1,
we have that dim(q) —iy(q) — 1 +7r+7 —i—1=dim(q) +2r —i — 2. However,
we know that dim(¢e,) = dim(q) + 2r' — 2i. Thus the maximal integer in A(X)
is dim(X) = dim(q) + 2r" — 2i — 2, which forces i = 0. We conclude that ¢ is an
anisotropic form.

To show that ¢ X g, we need to show that i1(¢) = r 4+ r (Proposition [3.4.8)).
Consider the cycle 3 as before. We know that a(8) = r+7r —1 € A(B) and dim(X) =
dim(q) +2r' — 2 € A(B) (dim(X) € A(X) is just 0 € A(X)"). Since the maximal

integer in A(X);, is r+7 —1 and the maximal integer in A(X) is dim(X), we conclude

that /3 is a binary correspondence. However, since 0 € A(X)" is always connected to
i1(¢) — 1 € A(X);, by Corollary , it forces i,(¢) = r +r'. Since ¢ is anisotropic
of type (r + r, s), we know that ¢ has separable height 1.

Also, note that dim(¢) = 2r +2r 4+ s = 2" +m + 2r'. Since Pr(q) is isotropic, by
the |Separation Theorem| (Theorem lm[), it forces m +2r" < 2". Also, since qr(g) 18
isotropic (¢ N q), by the |Separation Theorem| (Theorem, it forces m+2r" > 1.
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Thus we have 1 < m 4 2r" < 2" and 2" < dim(¢) < 2"+,

Since r + s < 2™ and ¢ is not totally singular, we have that s < 2". Notice that
dim(q) = 2" +m = 2r + s, we then obtain that 2r > m and r > m/2. In the proof
of part(1), we obtained that i;(¢) = r + 7. Hence we have i;(¢) > (m + 2r')/2.
Consider all possible values of i;(¢) allowed by Theorem [3.5.9 We conclude that
i1(¢) = r+7 = m+2r (Example . Thus we know that ¢ has maximal
splitting and dim(¢) = 2" — s. O

Combining Proposition [6.3.4] and Proposition [5.8.8] we immediately have the fol-

lowing statement.

Theorem 6.3.5. Under the same situation as in Proposition |6.3.4], we have the

following results.
(1) q has mazimal splitting.
(2) U(Q) is binary
(3) q is a virtual Pfister neighbour.

In addition, we see the relation between Conjecture and Conjecture [6.3.3]
If Conjecture [6.3.3| is true, then Conjecture [6.3.2] is also true. We summarize the

observation as the corollary below.

Corollary 6.3.6. In order to prove Conjecture it suffices to prove Conjecture

[6.3.3 Moreover, if q is as in Conjecture then dim(q) = 2" — s.

Proof. Let p be an anisotropic quadratic form over F' which is not totally singular.
Let dim(p) = 2" +m for non-negative integers n and 1 < m < 2". We suppose that p
is of type (r, s) with s < 2""1/3. By Proposition , we have a form ¢ of dimension
27+l _ s which is stably birational equivalent to p. Also, ¢ has separable height 1.
We suppose that Conjecture [6.3.3] is true. Then we know that ¢ is a Pfister
neighbour. As a result, we have the associated Pfister form 7 of dimension 2"*! such

that ¢ 2 7. Since P 2 ¢, we conclude that p is also a Pfister neighbour. O

At the same time, Proposition[6.3.4]also allows us, under a slightly stronger restric-
tion on s, to relate Hoffmann and Laghribi’s conjecture to two major open problems

in the study of non-degenerate quadratic forms. We recall here their statements:
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Conjecture 6.3.7. |21, A.Vishik, Conjecture 4.21] For any smooth quadric P, P is
given by a Pfister neighbour if and only if U(P) is a binary correspondence.

Conjecture 6.3.8. |5, Hoffmann, Page 475] Let ¢ be an anisotropic non-degenerate
quadratic form over F. We suppose 2™ < dim(q) < 2""L. If dim(q) > 2" + 2"2 and

q has maximal splitting, then q is a Pfister neighbour.

Proposition 6.3.9. Let g and ¢ be under the same setting as in Proposition [6.5.4).

Moreover, we assume that s < 2" 1.

(1) If Conjecturem 1s true, then C’onjecture holds for q.

(2) If s <2724+ 2"3 and Conjecture is true, then Conjecture holds for
q.

Proof. Let ¢ = ¢, L —7, L ¢ be the same as in Proposition [6.3.4. We consider any
subform ¢ of ¢ which is of type (r + r',1). By Proposition ¢ has separable
height 1. Thus we have 2" —m—2r" = s. This gives that 2r—m = 2"—s. Recall that in
the proof of Proposition , we showed that r+r = m+2r". Note that r' = r—m.
Thus we obtain that i, (¢) = r+r = 2r—m = 2"—s. Now we claim that ¢ ~ ¢". Since
s < 27! we have that i;(¢) = 2" — s > s — 1. Thus any maximal totally isotropic
subspace V' of ¢ F(¢) has dimension larger than or equal to s. Notice the codimension
of ¢ in ¢, ie., dim(¢) — dim(¢') = s — 1. Thus dim(V,y) + dim(V') > dim(Vy).
Hence Vd’lp o NV’ # and gb/F( 4) 18 Isotropic. Conversely, since ¢ < ¢, we know that

Pp(yy 18 also isotropic. Hence ¢ X b

(1): We assume that Conjecture is true. Recall that in the proof of Propo-
sition [6.3.4] we showed that U(X) (X is the associated quadric of ¢) is binary. Thus
U(Y) is also binary by Corollary [5.5.3, Then ¢ is a Pfister neighbour, which means
that there exists an anisotropic Pfister form 7 such that ¢’ X 7. We have shown that
¢ 2 ¢. Thus we conclude that ¢ 2 1 and ¢ is a Pfister neighbour.

(2): Notice that the condition s < 2" /3 of Conjecture is already satisfied
under the condition s < 2"~!. By Proposition , we have that dim(¢) = 2" —s.
Hence dim(¢') = dim(¢) — (s — 1) = 2" + (2" — 25 + 1). Since s < 2"72 4+ 2773 we
have that 2" —2s+1 > 2724 1. Hence dim(¢') > 2" +2"2. Since ¢ ~ ¢ and ¢ has
maximal splitting, by Theorem , we know that ¢ also has maximal splitting. As
a result, if Conjecture is true, we know that ¢ is a Pfister neighbour. Let 7 be
the associated Pfister form of ¢. Then we know that ¢ Lal ¢, which shows that
¢ is also a Pfister neighbour. O
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6.4 Isotropy of quadratic forms over function fields

of quadrics

Fix a field F'. In this final section, we apply our methods to the study of isotropy of
quadratic forms over function fields of quadrics.

We fix an anisotropic quadratic form p over F' which is not totally singular and let
s be the unique non-negative integer for which 2% < dim(p) < 2°7!. We suppose that ¢
is an anisotropic non-degenerate quadratic form over F'. We set k := dim((qpp))an) =

dim(q) — 2w (qr)). The following is conjectured by S.Scully [18].

Conjecture 6.4.1. |18 Conjecture 1.1] Under the same setting as above, we have

dim(q) = a2t + € for some non-negative integer a and some —k < e < k.

Recall the [Separation Theorem| (Theorem [3.4.10) saying that if dim(q) < 2°, then
qr(p) stays anisotropic. When dim(q) < 2°, the conjecture claims that & = dim(q),
which means ¢ is anisotropic over F(p). As a result, Conjecture can be viewed

as an extension of the Separation Theorem.

When p, ¢ are non-degenerate quadratic forms, there is much evidence for Conjec-
ture [6.4.1] However, if we only suppose that ¢ is non-degenerate, then the proofs of
many statements in [18] are not applicable any more. But we can still prove the fol-
lowing proposition. The proof below is basically the same as that of [18, Proposition
6.1].

Proposition 6.4.2. Let p be the quadratic form as we fized above and q an anisotropic

non-degenerate form. If either of the following conditions holds:

(1) iw(agx) > tw(qrp) — 1 is equivalent to iw(px) > 0 for any separable field
extension K/F;

(2) dim(q) < 2572 4 251 4 k.
Then Conjecture [6.4.1] is true.

Proof. We may assume that k& < 25—2 since otherwise Conjecture [6.4.1holds trivially.
Notice that 2512 4 2571 = (2 4 1)2°F!. Thus the conjecture also holds trivially when
2512 4 95T — | < dim(q) < 2572 4 2°1 + k. We may replace condition (2) by

dim(q) < 2572 + 2t — k (6.1)
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Now we let ' = Fy C Fy C --+ C Fj(q be the Knebusch splitting tower of ¢, and
let 0 < r < h(g) be the unique integer such that ¢, = (¢, )an has dimension k. We

now induct on r. If » = 0, then there is nothing to prove. So we assume that r > 1.

Since g,—; becomes isotropic over F,_i(p), and since dim(p) > 2°, the

(Theorem [3.4.10) implies that dim(g.—1) > 2°. Since dim(q,) = k < 2%,
Theorem on the first Witt index implies that dim(q,_;) = 2" — k for some

integer n > s. Note that Conjecture holds if » = 1. So we assume that
r > 2. Applying the induction hypothesis to ¢, we get that dim(q) = a,2°™ + ¢
for some positive integer a; and some —k < ¢ < k. If i1(q) < (k — €)/2, then
a2 — k < dim(q) < a12°™ + k and so the desire assertion holds with a = a;.
We can therefore assume that i;(q) > (k — €1)/2. Let u be the smallest non-negative
integer satisfying the inequality i;(¢) < 2“. By another application of Theorem m,

we have that
12" + €1 +i1(q) = dim(q) —(q) =0 (mod 2%).

We claim that u > s. If the claim is correct, we have that i;(¢) = —¢; (mod 2°), and
hence
dim(q) = a;2°™ 4+ €, +2i1(¢) = —e1 (mod 2°11).

Then the desired assertion holds with € = —e¢;.
To prove the claim, we suppose that u < s, so that i;(¢) = pu2“ — ¢ for some

integer u. Since i;(q) > (k — €1)/2, we have

k—€1
2

_k+€1
2

2" =1i1(q) + € > ( )+ e > 0.

At the same time, we also have
p2t =1i1(q) + 6 <24+ k <2 +2°,

and so 0 < p2" < 2% If p2" = 2% then again we have that i;(¢) = —e; (mod 2°),
and the result follows as above. So we only need to show that we cannot have
0 < p2* < 2°.

Suppose otherwise. We let P, () be the associated quadrics of p,q respectively.
Since dim(q) —i1(q) = @12 + & + i1(g) = a12°*! + p2*. By Theorem [6.1.2)(as a
corollary of the excellent connections), we obtain that a;12° € A(U(Q)), where U(Q)
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is the upper summand in ﬁdim@)(c} X Q). Let j = iw(qrp)) — 1 — a12°. Then

k—El
2

i —k .
]:%—1—@25:”@)—1—(

)

and so 0 < j < i1(q) (here we use our assumption that i;(¢) > (k — €)/2). By
Corollary , there exists a minimal cycle « starting with 77 x I; such that A(a) =
AU(Q))[j]- Thus j+a12° = iw(gp@p)) —1 € A(a). This means j is always connected
to iw (gr()) — 1 in A(Q). If we can find a minimal cycle 8 € Chaim(g)(Q % Q) such
that iw (qr@p) — 1) € A(B) while j ¢ A(B), then this will give us a contradiction.

Suppose we are under condition (1). By Corollary there is a minimal cycle
B € Chaim(q)(Q@%Q) such that A(U(P))[iw(gr@))—1] = A(B). Notice that iy (gr())—
L€ AU(P))iw(ar) — 1), hence i (gry) — 1 € A().

But since j < iw(qrp)) — 1 — a12° < iw(qp@p)) — 1 (recall that a; > 1), we know
that j ¢ A(B). So the cycle 8 will give us a contradiction.

Suppose we are under the condition (6.1), i.e., dim(q) < 2572 4 257! — k. Recall
that dim(q,_1) = 2" — k for some integer n > s. At first, we claim that prp,_,
is anisotropic: if pg._, is isotropic, by Proposition , we know that F(pg._,) =
F,_1(p) is a purely transcendental extension over F. Thus ¢,_; stays anisotropic
under F,._1(p)/F,—1 by Lemma , which is incorrect. Thus we conclude that pg.
is anisotropic.

If n = s, we know that pp_, is stably birational equivalent to ¢,_; by Theorem
3.6.5 This means, for any separable field extension K/F which contains F,_;, we
have that iy ((pr,_,)x) > 0 is equivalent to iy ((¢,—1)x) > 0. Since dim(q,) = k =
dim((qr(p))an), We can reduce our case to condition (1) by Proposition and
Corollary [3.3.9] which has already been shown.

Now we assume that n > s. We then have that
.(q) =i(g_r) =2" — k> 22T — k> k> dim(q) > ,(q)

for all » < ¢ < h(g). This means that any minimal cycle of Chgim(g)(Q x Q) starting

from the rth shell triangle is binary. Also, our assumption on dim(q) gives that

dim(q) — (2" —k)  (2*T2 4271 — k) — (2272 — k)

ir_1(q) = < = 2% < min{i,(¢q),2" '}

2 2

Then by |18, Proposition 5.1], we have a minimal cycle a € mdim(@(@ X () starting
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from the rth shell triangle. Hence « is binary. By Proposition [5.2.12 we may assume
that A(a) consists of j,_1(¢) and j,—1(q) — 2" — 1. Since iw(qr()) = ir(q), we have
a minimal cycle 8 € Chgimg)(Q % Q) such that A(8) = A(a)[i.(g) — 1]. Since
J <iw(qr@p)) — 1, the cycle 8 will give the contradiction. This finishes the induction

and gives us the proof. O]

Now we define the Izhboldin dimension of p to be dimy.,(p) = dim(p) — i1(p).
For each integer r > 1, we let y, be such that y,2" < dimp.,(p) < (y, + 1)2". For
each = > 0, we set

L(x) == [(yr + 2)2" " — k, 22" + k.

The following strengthens Conjecture for non-Pfister neighbours. When p is a
Pfister neighbour, Conjecture [6.4.3]is optimal.

Conjecture 6.4.3. We assume that p is not a Pfister neighbour. If dim(q) > k, then

dim(q) = a2°7% + € for some a > 0 and € € I.(x) for some r, .
Remark 6.4.4. (1) Note that when k < 2"y,, I.(z) = 0.

(2) When r = s+ 1 and z = 0, we just obtain that dim(q) = a25*? + ¢ with
€ €[k, k|

Under an assumption similar to condition 1 of Proposition|6.4.2] we checked several
examples of dimy.,(p) < 32 for Conjecture [6.4.3] which give evidence for Conjecture
to be true. As a result, we have the following question.

Question 6.4.5. Let p be the fized form as above and q be an anisotropic non-
degenerate quadratic form. If iw(qx) > iw(qrp)) — 1 s equivalent to iy (pr) > 0 for
any separable field extension K/F, then Conjecture m 15 true.
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Chapter 7

Conclusion and Future Work

In this thesis, we considered the algebraic cycles (mod-2) on products of generically
smooth quadrics. Fix a field F' and let F' be an algebraic closure of F. For generically
smooth quadrics Xi,---, X, which are given by quadratic forms with anisotropic
totally singular parts, we studied the image of the change of field homomorphism
Ch(X; x---x X,,) = Ch((X1 x --- x X,,)5), which is denoted by Ch(X; x --- x X,,).
We showed that Ch(X; x --- x X,,) inherits a ring structure from the Chow ring
(modulo-2) of the smooth locus of X; x --- x X,,. Using the ring structure, we then
introduced and studied a composition of rational correspondences (modulo 2) for
products of generically smooth projective quadrics.

With these results, we introduced the rational correspondence types for generi-
cally smooth quadrics, which extends Vishik’s motivic decomposition types for smooth
quadrics. We computed the rational correspondence types of certain family of quadrics,
e.g., quadrics given by quasi-strongly excellent forms, generic forms of even dimen-
sions and we described the rational correspondence type of a Pfister neighbour in
terms of its complementary form. The future work will be based on some outstand-

ing questions for generically smooth but singular quadrics.

(1) In Chapter 6, we discussed a fundamental result of Vishik on the motivic de-
composition type of smooth quadrics, concerning the existence of ”excellent
connections”. Using the methods described in the thesis, we can only show
that the excellent connections exist for singular forms up to dimension 9. Even
for 10-dimensional singular forms, we don’t know whether the excellent connec-
tions still exist. This is a very interesting and important open problem that we

will investigate in the future.
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The methods used in this thesis give means to relate questions about singular
forms to question about non-degenerate forms, e.g., computation of splitting
patterns. In Chapter 6, we discussed the possible value of the first index of
8-dimensional singular forms. The future work will include the computation
of splitting patterns of lower dimensional singular quadratic forms. Also, it
will include the refinements of Karpenko’s theorem (Theorem on the first

Witt index of singular forms.

In Chapter 6, we used the results in this thesis to get partial information on a
conjecture of Hoffmann and Laghribi which concerns the classification of Pfister
neighbours when the characteristic of the base field is 2. First, we reduced
the conjecture to the study of forms which have separable height 1. Second,
we related the conjecture to a major conjecture by Vishik in this area which
concerns the upper summand of a smooth quadric in the motivic decomposition
type. This gives two lines of approach to Hoffmann and Laghribi’s conjecture

that we plan to investigate further.

The existing literature also includes a number of important results concern-
ing algebraic cycles (mod-2) on the quadratic Grassmannians defined by non-
degenerate forms (e.g., Vishik’s theory of elementary discrete and J-invariants).

We plan to investigate the extension of some of the results to singular forms.
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