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Abstract

There has been an increasing focus on using nanoscale devices for various applications ranging from computer

components to biomechanical sensors. In order to effectively design devices of this size, it is important to

understand the properties of materials at this length scale and their relevant transport equations. At everyday

length scales, heat transport is governed by Fourier’s law, but at the nanoscale, it becomes increasingly

inaccurate. Phonon kinetic theory can be used to develop more accurate governing equations. We present

the moment method, which takes integral moments of the phonon Boltzmann kinetic equation to develop

a set of equations based on macroscopic properties such as energy and heat flux. The advantage of using

this method is that transport properties in nanodevices can be approximated analytically and efficiently. A

number of simplifying assumptions are used in order to linearize the equations. Boundary conditions for the

moment method are derived based on a microscopic model of phonons interacting with a surface by scattering,

reflection or thermalization. Several simple, one dimensional problems are solved using the moment method

equation. The results show the effects of phonon surface interactions and how they affect overal properties of

a nanoscale device. Some of these effects were observed in a recent experiment and are replicated by other

modeling techniques. Although the moment method has described some effects of nanoscale heat transfer,

the model is limited by some of its simplifying assumptions. Several of these simplifying assumptions could

be removed for greater accuracy, but it would introduce non-linearity into the moment method.
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1 Introduction

In the latter half of the twentieth century, there has been an increasing focus on the minituriazation of devices

by scientists and engineers. Microtechnology, followed by nanotechnology has become a major research topic

in universities and in private industry, as people try to make technology cheaper, more efficient, faster,

more accurate, more sensitive and less of a burden on the environment. One of the most striking examples

of miniaturization is the phenomenom known as "Moore’s Law," where the number of transistors in an

integrated circuit doubles every two years [1]. Moore’s Law has been roughly correct since 1965. Aside

from the minituriazation of computers, Micro-Electrical Mechanical Systems (MEMS) is a rapidly growing

area of engineering where new tools are developed for achieving tasks at small scales. Another growing

area is microfluidics, especially in biotechnology, where micro and nano sensors are used to manipulate cells,

bacteria, viruses and DNA [2].

For effective design and fabrication of nanodevices, a quantitative physical understanding is necessary.

Effects that can be ignored at macro scales can dominate at micro and nano scales, and vice versa. As length

scale decreases, the surface properties of a given substance become more important and the bulk properties

become less [3]. As a result, the classical laws of continuum mechanics necessarily break down.

One important area of research in nanotechnology is the study of temperature and heat transport.

Temperature plays an important role in nanotechnology because it can affect virtually any other property,

such as viscosity, electrical conductivity, elasticity, and ductility. Furthermore, small size of a device (resulting

in a tiny thermal mass), combined with high energy sources (such as lasers) has the potential to cause extreme

changes in temperature. Understanding temperature and heat transport at the nanoscale will improve design

and sensitivity of sensors and increase the effectiveness of thermal management of heat sources, such as

transistors on computer chips.

In order to determine and describe the macroscopic properties of nanodevices (i.e. temperature, heat flux,

etc.) and their related thermodynamic processes, a microscopic analysis of materials can be used to develop

relevant constitutive equations. That is, an analysis based on the microscopic interactions and phenomena

of particles (atoms, molecules, photons, phonons, etc.) can be used to determine macroscopic properties of

a nanodevice.
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Heat in a solid is caused by microscopic vibrations of particles in a crystal lattice with respect to their mean

position. These vibrations can be quantized into particles known as phonons [4] [5]. Macroscopic properties,

such as heat flux, internal energy, and temperature can be determined by analyzing the microscopic properties

of phonons, such as phonon frequency, and phonon crystal momentum.

Approaches that track all phonons (a branch of molecular dynamics) can be computationally expensive

when there are a large number of particles. Another method, known as Direct Simulation Monte Carlo

(DSMC) is to use the kinetic theory of particles and do a statistical analysis of groups of particles acting

together [6]. This allows for larger domains than molecular dynamics, but still can be computationally

expensive, although there are efforts to make it more efficient [7].

The method presented in this report uses microscopic properties of phonons to develop extended macro-

scopic transport equations. Boundary conditions are derived in the same way by analyzing and approximating

phonon-boundary interactions and devoloping corresponding macroscopic boundary equations. A benefit of

this method is that instead of numerically solving a specific problem, general equations are developed. These

equations can be analyzed and manipulated to gain a better understanding of nanoscale heat transport.

This also leads to increased computational efficiency. In certain geometries, the equations can even be solved

analytically.

The phonon-Boltzmann equation, discovered by Peierls [8], governs the kinetic transport of phonons at

the microscale. Macroscale transport equations were derived by taking integral moments of the phonon-

Boltzmann equation [9] in a similar way to Grad’s macroscopic moment derivation of the original Boltzmann

equation for gas kinetics [10].

This report presents a brief introduction to classical heat conduction and phonons followed by a more

detailed description of the phonon-Boltzmann equation and the macroscopic moment equations. General

boundary conditions in three dimensions are derived from a model of phonon-boundary interactions. Several

simple one dimensional problems are solved analytically and compared to classical Fourier heat transfer and

a simple two dimensional numerical model is developed and presented.
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1.1 Classical Heat Conduction

Heat conduction in classical solid bodies follows Fourier’s law

qk = −κ(T )
dT

dxk
, (1.1)

where qk is the heat flux per unit area, the subscript k denotes the three dimensions, κ(T ) is the heat

conductivity and T is the temperature. This is a phenomenological equation that requires experimentation

to determine the heat conductivity of the material being analyzed. Fourier’s law leads directly to the heat

equation, which governs the diffusion (i.e. conduction) of energy in a rigid solid

∂u

∂t
− κ (T )

cv (T ) ρ

∂2u

∂xk∂xk
= 0 , (1.2)

where u is the internal energy, ρ is the density and cv (T ) is the specific heat of the material. Although

Fourier’s law often correctly predicts heat flow, at very high temperature gradients, small length scales and

in high purity crystals the equation breaks down for reasons that will be explained in the following sections.

2 Phonons and the Microscale Description of Conduction

In order to understand heat transfer from a non-Fourier perspective, microscopic effects must be taken into

account. To understand the classical law and to develop extended equations, the mechanism of energy

transport needs to be analyzed microscopically.

In a solid, atoms are fixed in a lattice and held in place by the attractive and repulsive electromagnetic

forces. These forces could be the Lennard-Jones potential, ionic bonds, covalent bonds or metalic bonds

[11]. Heat is transferred through a solid by vibrations of atoms around their mean position in the solid’s

lattice where adjacent particles exchange energy. Phonons are a particle representation of these vibrations

[4]. They have energy and momentum, can interact with other particles, such as electrons and photons, and

also interact with material boundaries. Macroscopic properties, such as temperature, heat capacity and heat

flux in solids are obtained by averaging over the microscopic properties of phonons. There are two ways of

describing phonons, from a classical perspective and a quantum perspective. Both are outlined in the next

two sections.
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KM

xn-1 xn xn+1

Figure 2.1: A linear chain of atoms connected by ideal springs

2.1 Classical Phonons

To understand a one-dimensional classical phonon model, consider a linear chain of N particles connected

to each other by ideal springs such as in Figure 2.1. This roughly approximates atoms in a one dimensional

crystal. Although the Lennard-Jones potential is not parabolic, for small displacements from the mean

lattice position, and if effects from non-neighbouring atoms are ignored, it can be approximated as such [12].

Using Hooke’s law, we can derive the equations of motion for the masses in the system:

Mẍn = K (xn+1 + xn−1 − 2xn) ;n = 1...N (2.1)

Here M is the mass of one particle, K is the spring constant between the atoms and xn is the displacement

of the nth particle in the chain from its mean position. Note that there are N coupled equations that need

to be solved. We also assume a periodic boundary condition at the ends of the chain, which is equivalent

to a chain where both ends are linked. This is not a necessary assumption; however, it is a constraint that

simplifies the solution. The periodic assumption results in the boundary condition

xn+dN = xn , d ∈ Z . (2.2)

In order to decouple the equations, we take the discrete Fourier transform in space, which is defined as

F(xn) = Xs =
1

N

N�

n=1

xne
i 2πs
N
n , (2.3)
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with inverse1

F−1(Xs) = xn =

s=N−1
2�

s=−N−1
2

Xse
−i 2πs

N
n . (2.4)

The Fourier transform relates the displacement of adjacent particles by exponentials. For example, if we

substitute xn±1 for xn in equation (2.3) it yields

F(xn±1) =
1

N

N�

n=1

xn±1e
i 2πs
N
n = e∓i

2πs
N

1

N

N�

n=1

xn±1e
i 2πs
N
(n±1) . (2.5)

Equation (2.5) is simplified using the periodic property of equation (2.2) such that

e∓i
2πs
N

1

N

N�

n=1

xn±1e
i 2πs
N
(n±1) = e∓i

2πs
N

1

N

N�

n=1

xne
i 2πs
N
n

Therefore the exponential relation of the Fourier transform is

F(xn±1) = e∓i
2πs
N F(xn) . (2.6)

This property is also the same for the inverse Fourier transform with opposite signs,

F−1(Xs±1) = e±i
2πs
N F−1(Xs) . (2.7)

Taking the Fourier transform of equation (2.1) results in

MẌs = K(e
−i2sπ

N + e
i2sπ

N − 2)Xs , (2.8)

which can be rearranged using Euler’s equation and trigonometry to become

Ẍs = −4
K

M
sin2

�πs
N

�
Xs . (2.9)

This differential equation has the well known form

Ẍs = −ω2sXs , (2.10)

where ωs is the angular frequency; in the single atom chain,

ωs = 2

�
K

M

���sin
�πs
N

���� . (2.11)

1 It is convenient to use an odd number of N so that a symmetric summation around 0 can be done, however this is not

strictly necessary.
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The solution of equation 2.10 must be an exponential function. First we apply two initial conditions to fully

define the solution:

Ẋs(0) = Ẋ0
s (2.12)

Xs(0) = X0
s .,

where X0
s and Ẋ0

s are the Fourier transforms of the initial conditions.

The solution in Fourier space is

Xs(t) = A−se
iωst +A∗se

−iωst , (2.13)

where A−s is a constant related to the initial conditions as

A−s =
1

2

�
X0
s +

1

iωs
Ẋ0
s

�
, (2.14)

and A∗s is the complex conjugate of As.

With the full solution in the frequency domain, the solution in the time domain can be found by taking

the inverse discrete Fourier transform by substituting equation (2.13) into equation (2.4). Since the terms

in the equation can be added in any order, it is easier to interpret the equation if the first term is switched

around so that A−s becomes As and ei
2sπ
N
n becomes e−i

2sπ
N
n. If this is done, the final form of the equation

is

xn(t) =

s=N−1
2�

s=−N−1
2

�
Ase

−i( 2sπN n−ωst) +A∗se
i( 2sπN n−ωst)

	
. (2.15)

Equation (2.15) is the general solution of the single particle linear chain model.

In the chain, there are N particles spaced a apart from each other, so the total length is

L = Na . (2.16)

The wavenumber is defined as

ks =
2πs

L
. (2.17)

This simplifies equation (2.15) to

xn(t) =

s=N−1
2�

s=−N−1
2

�
Ase

−i(ksan−ωst) +A∗se
i(ksan−ωst)

	
. (2.18)
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This general solution is a superposition of plane harmonic wave in complex notation. The two terms represent

forwards and backwards propagating waves with amplitudes As, frequency ωs and wavenumber ks. Since

the two terms are complex conjugates of each other, the wave equation always has a purely real answer.

2.1.1 Phase Velocity and Group Velocity

The classical derivation of lattice vibration yields a plane harmonic wave solution; however, it is necessary

to describe phonons as particles. Waves, in general, are everywhere in a domain, while particles are localized

in space. To describe phonons, it is therefore necessary to localize these waves, which was first done by

Peierls in 1929 [8]. Peierls described phonons as "packets" of waves. These packets can be made by summing

together a small number of waves with nearly the same wave number. Summing waves with nearly the same

frequency causes "beating" which creates localized spikes due to constructive and destructive interference.

These localizations are, in the classical frame, the phonons. While a single wave travels with the phase

velocity,

vp =
ω

k
, (2.19)

the energy or signal of a number of superimposed waves travels with the group velocity,

vg =
∂ω

∂k
, (2.20)

where k = |k|. Therefore a classical phonon is basically a wave packet that travels at the group velocity.

The reason why energy travels with the group velocity and not the phase velocity is explained in Appendix

A.

2.1.2 The Dispersion Relation and the Brioullin Zone

The wavenumber and the frequency of the solution are not independent of one another. Using the definition

of ks and substituting into equation (2.11) gives

ωs = 2

�
K

M

����sin
�
ksa

2

����� . (2.21)

This equation is known as the dispersion relation and is a periodic sine function which is shown in Figure

2.2. Since the relation is periodic with 2π
a
, it is only necessary to know the dispersion relation for k in the
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Figure 2.2: The classical dispersion relation for a linear chain of particles. The Brillouin zone is between the

two dashed lines.

domain

−π
a
, π
a

�
. This region is known as the Brioullin zone, and it completely describes the dispersion

relation. If there is ever a wavenumber that is outside of the Brioullin zone, it can be expressed as a

wavenumber in the Brioullin zone added to an integer multiple of 2π
a
,

ks = kb +
2π

a
m, m ∈ Z , (2.22)

where 2π
a
m is the reciprocal lattice vector. The Brioullin zone is very important for determining macroscopic

properties because it fully describes all k vectors. Therefore to integrate over all k requires a summation

over the domain of just the Brioullin zone.

2.1.3 Optical Phonons

Optical phonons occur when there is more than one particle in the basis of a unit cell [13]. They are called

optical phonons because they are often created by interaction with photons. A unit cell is the smallest

repeating element in a lattice. That is, a lattice can be constructed simply by placing unit cells side by side

in all directions that the lattice is defined. Therefore non-trivial unit cells occur when there are different
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Figure 2.3: A linear chain with a two atom basis.

particles in a lattice, or in lattices with more than one dimension (where a crystal would have a unit cell

such as body centered cubic, face centered cubic, etc.). In the beginning of section 2.1 the unit cell had only

one particle.

To understand optical phonons consider a linear chain such as at the beginning of section 2.1, except

that now there are two atoms of different types with alternating masses and spring constants between them,

such as in Figure 2.3. Note that the unit cell of the chain must now contain two atoms instead of one. Using

Hooke’s law, we derive the equations of motion for the two masses,

M1ẍn = K2(yn − xn)−K1(xn − yn−1) (2.23)

M2ÿn = K1(xn+1 − yn)−K2(yn − xn) ,

wher xn and yn denote the location of particles of type 1 and 2 respectively. Extending our analysis in

section 2.1, we assume a wave solution,

xn(t) = x0e
i(kan−ωt) (2.24)

yn(t) = y0e
i(kan−ωt) .

This ansatz does not include any summations, because it is a specific solution not a general set of solutions

such as in equation (2.15).

If we substitute equation (2.24) into equation (2.23) and rearrange, it yields






−K1+K2
M1

K1e
−ika+K2

M1

K1e
ika+K2

M2
−K1+K2

M2






�
x0

y0

�
= −ω2

�
x0

y0

�
(2.25)

In order to find non-trivial solutions to the problem −ω2 must be an eigenvalue of equation (2.25). By taking
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Figure 2.4: The dispersion relation for acoustic and optical phonons. Acoustic phonons approach zero

frequency as k goes to zero, while optical phonons always have high frequencies, regardless of k.

the determinant of the equation we find that

−(K1 +K2)(M1 +M2)ω
2 +M1M2ω

4 + 2K1K2 − 2K1K2 coska = 0 (2.26)

The relation between ω and k gives rise to optical and acoustic phonons. Optical phonons are waves

that occur when atoms within a unit cell move relative to each other. This means that they must have a

very short wavelength and high frequency. Acoustic phonons are vibrations of the unit cell itself relative to

the other unit cells. Acoustic phonons are phonons where ω linearly approaches zero as k goes to zero. The

slope is the speed of sound in the chain. Optical phonons only have high values of ω (high frequency) and

strongly interact with the electromagnetic field. Since they always require high energy, they can sometimes

be ignored, especially if the temperature is low. Figure 2.4 shows the dispersion relation over two Brillioun

zones for a typical linear chain with two different masses and spring constants. The upper wave is for optical

phonons and the lower is for acoustic. As can be seen in the graph the optical phonons must have a very

high frequencies even at low wavenumber.
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2.2 Phonons in 3 Dimensions

Phonon theory can be extended to higher dimensions, however this report will not examine this in detail.

For three dimensional phonons consider, instead of a linear chain, a lattice of particles in three dimensions

where all particles that are adjacent to each other are connected by springs. An analysis similar to Section

2.1 can be done, except with three dimensional vectors. As a result the wavenumber, k, becomes the wave

vector, k, and the Brillouin zone also becomes three dimensional and significantly more complex. There are

three polarizations of waves in the solution: two transverse modes and one longitdudinal mode. In transverse

waves lattice particles move perpendicular to the direction of the k vector and in longitududinal waves they

move parallel to k. Note that the one dimensional wave analysis done above is for a longitudinal wave.

Generally, transverse waves have a lower phase velocity than longitudinal waves [14]. It is also possible to

determine the group velocity, using a three dimensional derivation similar to Appendix A. From this it is

possible to show that the group velocity is not necessarily in the same direction as the phase velocity [14].

2.3 Quantum Mechanical Phonons

A quantum analysis of phonons is beyond the scope of this report. However, there are some important

properties from quantum mechanics that allow phonons to be localized as particles instead of waves. A

derivation of phonon quantum behavior can be found in many introductory solid state physics textbooks

such as in Snoke [4].

Consider the linear chain of 2.1. Instead of using Newton’s Laws for the analysis, the Schrödinger equation

(the quantum mechanical equivalent of Newton’s laws) is used. After decoupling the equation in a similar

way to Section 2.1, the equation can be turned into a sum of independent quantum harmonic oscillators.

Solutions to the Schrödinger equation for a harmonic oscillator must have an energy of �ω

In his landmark paper on phonons [8], Rudolf Peierls determined that phonons could be treated as

particles with an energy of �ω and a momentum of �k. However, there are some important differences from

regular particles:

• Phonons are created and destroyed, therefore the number of phonons is not conserved.
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• Phonon energy is always conserved in an interaction, but momentum is not always. For this reason,

phonon momentum is sometimes called quasimomentum or crystal momentum [15].

If particles in a crystal acted linearly (i.e. the interatomic potential was quadratic and therefore the

interatomic forces were linear), there would be no phonon-phonon interaction at all, much like classical

waves passing through each other without any disturbance. However Peierls showed that non-harmonic

cubic terms in the interatomic potential allows for creation and destruction of phonons in three phonon

interactions [9]. Either two phonons combine to form one phonon or one phonon decays into two. Since

energy is conserved

�ω′ + �ω′′ = �ω′′′ or �ω′ = �ω′′ + �ω′′′ . (2.27)

Phonon momentum, however, is not always conserved. It obeys the rule

�k
′ + �k′′ = �k

′′′ + �G or �k′ = �k
′′ + �k′′′ + �G . (2.28)

Here G is the reciprocal lattice vector. In the one dimensional case shown in equation (2.22), G would be

2π
a
m.

If G is 0, the phonon momentum is conserved, which is equivalent to an interaction where all of the

phonons (on the left and right of the equation) always remain in the Brioullin zone. These processes are

normal or N processes. If G is non-zero, momentum is not conserved, which is equivalent to one or more of the

phonons having a momentum outside of the Brioullin zone and then being projected back into the Brioullin

zone using the reciprocal lattice vector. These interactions are called Umklapp processes or U processes

[15]. Phonon interactions with lattice imperfections and walls generally do not conserve momentum but

do conserve energy. These processes combined with Umklapp processes are together called resistive or R

processes [9].
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3 The Phonon Gas

3.1 The Particle Distribution Function

Using the classical and quantum derivations of phonons allows us to analyze heat conduction by considering

a gas of phonons. This gas has different properties than a real gas, but the same basic approach to the kinetic

theory of gases can be applied to phonons as well. The kinetic theory of phonons begins with defining the

particle properties of a phonon [8], [16]:

• Phonons have an energy of �ω and a momentum2 of �ki.

• Phonons can be created and destroyed.

• Phonons travel with the group velocity ∂ω
∂ki

.

• Phonon interaction involves momentum conserving N processes and non-conserving R processes.

With the properties of the phonons defined, their kinetic equation can be derived. We first define the

particle distribution function f , by defining the number of particles in a the differential volume dx and with

a certain differential wavevector dk to be

dN = f (x, ki, t) dxdk . (3.1)

The six dimensions of space and wavevector combined are called the phase space. It follows that the total

number of particles in a volume, V , is f integrated by x and k,

N =

�

BZ

�

V

f (x, ki, t) dxdk , (3.2)

where BZ denotes the Brillouin zone of the phonon’s dispersion relation. Removing the spatial integral

results in the number density,

n (x, t) =

�

BZ

f (x, ki, t) dk . (3.3)

2For the rest of this paper, lower case english letters will be used to denote Einstein index notation. Therefore vector k is

equivalent to ki.
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f is a function that describes how many particles there are for a given wave vector at a given time in a

given space. It is therefore the essential building block for determining macroscopic properties by integrating

over its domain. For example, since the energy of a single particle is �ω, the energy density is

e =

�

BZ

�ωfdk . (3.4)

Following the same argument, the quasimomentum of the system is

pi =

�

BZ

�kifdk . (3.5)

3.2 Phonon Entropy and Equilibrium Distribution

Another important macroscopic property we can determine is the entropy of a system. From statistical

thermodynamics, we start from Boltzmann’s formulation of entropy [17]

S = kB ln Ω , (3.6)

where kB is Boltzmann’s constant and Ω is the number of possible microscopic states that a system can be

in while retaining the same macroscopic properties. From quantum mechanics, theory shows that phonons

are indistinguishable from one another, and they can all exist in the same energy state, so they are bosons

[19]. It can be shown by applying equation (3.6) that bosons have an entropy density of

s = −kB
� �

f ln
f

y
− (y + f) ln

�
1 +

f

y

��
dk , (3.7)

where f is the distribution function, kB is the Boltzmann constant and y is the density of states [18]. The

density of states is a property derived from quantum mechanics that is dependent on the Brillouin zone of

a crystal lattice. For a detailed derivation of the density of states see [19].

Since entropy always remains the same or increases during a process in an isolated system, equilibrium

occurs when entropy is at a maximum. Therefore, to find the distribution function in equilibrium, feq,

equation (3.7) should be maximized under the constraint of given energy. Note that in general derivations

of the Bose distribution (such as for photons), the maximization is also constrained by number conservation,

but this does not apply to phonons as discussed in Section 2.3. We use a Lagrange multiplier, β, to consider

the energy constraint,
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φ = −kB
� �

f ln
f

y
− (y + f) ln

�
1 +

f

y

��
dxdk+ β

��
�ωfdxdk−E

�
. (3.8)

The equilibrium distribution occurs at maximum φ and is given by

feq =
y

eβ�ω − 1
, (3.9)

which is commonly known as the Bose-Einstein (or simply Bose) distribution [19].

The Lagrange multiplier, β, follows from the Gibbs equation, which relates entropy to energy, pressure

and volume at equilibrium

TdS = dE + PdV , (3.10)

where S = sV . By using equation (3.7) and taking its differential at equilibrium, we obtain

ds = kB

�
d

��
β�ωfeq + y ln

�
1 +

f

y

��
dk

�
. (3.11)

We are free to substitue f with equation (3.9) at any point because we are taking the differential at equi-

librium. In the above equation we do it only when it is convenient to cancel out terms. Note that the first

term in the integral is the energy multiplied by β, that is

ds = kBd(eβ) + kB

�
d

�
y ln

�
1 +

f

y

��
dk . (3.12)

Using the product rule for differentiation and by substituting the equilibrium distribution into the remaining

f term causes all but one term to cancel and yields

ds = kBβde . (3.13)

From the Gibbs equation, we can determine that

β =
1

kBT
. (3.14)

We can also determine the pressure by multiplying ds by the volume

V ds = V
de

T
. (3.15)

Rearranging the equation by bringing the volume into the differential yields

TdS = dE + (Ts− e)dV , (3.16)
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Figure 3.1: The energy distribution function of the linear chain of atoms for various temperatures. Real

dispersion is solid and linear dispersion is dashed.

where E = eV . Comparing equation 3.16 with equation 3.10 yields the phonon gas pressure

P = Ts− e . (3.17)

3.3 Debye Temperature

The equilibrium properties of a phonon gas can be computed by integrating the equilibrium distribution

function, feq, which was explicitly determined in Section 3.2. For the linear chain of atoms, the dispersion

relation in equation (2.21) is used for ω. This dispersion relation makes analytical integration very difficult.

In order to avoid this, the dispersion relation may be approximated by a linear relation between ω and k

ω = ck , (3.18)

where c is the speed of sound. For the linear chain of atoms, the speed of sound is the group velocity at the

limit as k goes to zero,

c = lim
k→0

dω

dk
= a

�
K

M
. (3.19)
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Figure 3.2: The relative error between real dispersion and linear dispersion with an infinite Brillioun zone

as a function of temperature.

To non-dimensionalize the temperature in the Bose distribution, we first define the Debye temperature as

[28]

TD =
�

kB

�
K

M
. (3.20)

We then define T̂ as

T̂ =
T

TD
(3.21)

so that

feq =
y

exp
�
ak

T̂

�
− 1

(3.22)

The linear dispersion relation’s accuracy can be compared to non linear dispersion using the energy distribu-

tion function (i.e. �ωfeq). The energy distribution function is shown in Figure 3.1 for a variety of T̂ ranging

from 0.1 to 20. The linear dispersion approximation of the energy distribution function is shown as dashed

lines. The graph was normalized by dividing the energy distribution function by the Debye temperature.

By inspecting the graph, the distribution for linear dispersion seems to closely approximates the actual

dispersion relation with the largest errors at T̂ equals 0.7.

Another difficulty in performing analytical integrations of the distribution function is the finite size of the

Brillioun zone. Bose distribution integrals are much simpler to integrate from negative to positive inifinity
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as opposed to between two finite points. However notice that if the Debye temperature is much less than

unity in Figure 3.1, the function drops to approximately zero before it reaches the Brillioun zone boundary.

Therefore, for low temperatures, the Brillioun zone can be expanded to positive and negative infinity without

any ramifications, for example energy density can be approximated as

e =

�

BZ

�ωfdk ≈
� ∞

−∞
�ωfdk for T̂ ≪ 1 . (3.23)

A plot showing the relative error between linear dispersion integrated over an infinite Brillioun zone and

one dimensional real dispersion is shown in Figure 3.2. The plot shows a less than ten percent error for

a Debye temperature up to about 1.2. After 1.2, the error gets progressively larger to the point that the

approximation is useless. The reason the error gets so large is because at higher T̂ , the linear dispersion

approximation is non-zero outside the Brillioun zone.

The Debye temperature is a useful value that can be used to determine how accurate the linear phonon

dispersion approximation is and how far theory can be pushed with these approximations. Unfortunately, for

many materials the Debye temperature is well below room temperature so these approximations can cause

significant errors. The table below shows the Debye temperature for some materials that are encountered in

nano-devices [5]. It is important to note that copper, silver and gold are not usually in single crystal form

so the assumptions in this work may not necessarily apply to them.

Element Debye Temperature (K)

Carbon 2230

Silicon 645

Copper 343

Silver 225

Gold 165

One possible way to extend the model further is to sacrifice the simplicity of infinite Brillioun zones and

use finite ones instead while still keeping linear dispersion. Figure 3.3 shows the relative error between real

dispersion and linear dispersion integrated over a finite Brillioun zone. The error goes up to twelve percent

at Debye temperatures below unity and then approaches zero as the Debye temperature gets larger. The
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Figure 3.3: The relative error between real dispersion and linear dispersion in a finite Brillioun zone for the

linear chain of atoms.

reason for this is that the Bose distribution approaches a flat line as T̂ approaches infinity, much like the

linear dispersion approximation.

3.4 Phonon Energy Distribution

The equilibrium energy distribution of three dimensional phonons can be determined by integrating equation

(3.4) in three dimensions. As explained briefly in Section 2.2, the distribution function must now be integrated

over the wavevector k. For simplicity, we define k to be the magnitude of k and k1, k2 and k3 are the

components of k. With the linear dispersion approximation, ω = ck, this yields

e =

∞���

−∞

�ωfdk =

∞���

−∞

�cky

e
� ck
kBT − 1

dk . (3.24)

Converting to spherical coordinates and integrating over the solid angle gives

e = 4π

∞�

0

�cky

e
� ck
kBT − 1

k2dk . (3.25)

To move all of the constants outside the integral, we do the coordinate transformation

x =
�ck

kBT
(3.26)
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to get

e =
4πk4BT

4

�3c3
y

∞�

0

x3

ex − 1
dx (3.27)

which yields

e =
4πk4By

�3

T 4

c3
. (3.28)

This relation shows that the energy of a solid in equilibrium is a quartic function of temperature and is also

dependent on the speed of sound in the solid.

3.5 Wave modes and the Debye velocity

The linear chain model presented above only has one dimension, and therefore only one type of wave. In

three dimensions, there are three different types of waves. Consider the linear chain in Figure 2.1 except that

now the particles can move in three dimensions. The particles can move to the left and right, such as in the

pure one dimensional case, but they can also move up and down as well as in and out of the page. Notice

that up and down is equivalent to in and out by the symmetry of the system. The side to side motion is

known as a longitudinal wave, while the other two types of motion are transverse waves. Therefore there are

two transverse and one longitudinal mode for any linear chain. Now suppose that instead of a linear chain

there was actually a three dimensional lattice of particles3 . This lattice could be described by three linearly

independent basis vectors. Each basis vector would each have one longitudinal and two transverse waves

associated with it, making nine waves. This means there are six independent dispersion relations (since the

two transverse waves would have the same properties) to fully describe a wave in a three dimensional lattice.

The linear dispersion approximation can be used to simplify ω, but there would still be three independent

velocities, ct1 , ct2 and cl where t and l represent the transverse and longitudinal modes respectively. The

transverse modes have the same velocity, so although they are treated separatly for most of this section, in

general ct1 = ct2 . This leads to three separate distribution functions that are superimposed on each other.

3 In three dimensions, the Brillouin Zone may be quite complex and anisotropic. One way to simplify a three dimensional

Brillouin Zone is to assume it is a sphere with the same volume as the actual Brillouin Zone.
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In equilibrium with linear dispersion they are

ft1 =
y

exp
�
�ct1k

kBT

�
− 1

, (3.29)

ft2 =
y

exp
�
�ct2k

kBT

�
− 1

,

fl =
y

exp
�
�clk
kBT

�
− 1

.

As a result, the total distribution function is

f = ft1 + ft2 + fl . (3.30)

In order to simplify the description of the phonon gas, we will not distinguish between phonons of different

modes. For the following model we replace each mode’s velocity with the Debye velocity, cD, such that in

equilibrium [28]

f = ft1 + ft2 + fl =
3y

exp
�
�cDk
kBT

�
− 1

. (3.31)

The Debye velocity should be chosen such that the energy of the three modes is the same as the simplified

case. An expression for the Debye velocity is found by determining the energy distribution

e = et1 + et2 + el , (3.32)

and using the energy expression in equation (3.28),

3α
T 4

c3D
= α

T 4

c3t1
+ α

T 4

c3t2
+ α

T 4

c3l
. (3.33)

This yields an expression for the Debye velocity in terms of the transverse and longitudinal velocities:

1

c3D
=

1

3c3t1
+

1

3c3t2
+

1

3c3l
=

2

3c3t
+

1

3c3l
. (3.34)

The Debye Velocity is an elegant simplification of a three dimensional lattice, however we should summa-

rize the approximations that it requires and their cumulative effects. First of all, the Debye velocity requires

linear dispersion and that the Brillioun zone can be extended to infinity. This is only a good approximation

when the temperature of the domain is much lower than the Debye temperature. The second approximation

is that the velocities in the different lattice directions are all the same. This makes the model purely isotropic

and has the effect of making the Brillioun zone spherical. Any anisotropic studies would have to somehow
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take these different velocities into account. Finally the Debye velocity does not distinguish between the

modes of the vibrations.

4 The Boltzmann Equation and Moment Method

4.1 The Phonon-Boltzmann Equation

Since phonons can be described as particles, complete with a stochastic distribution function, we can now

describe phonon processes through the change of the distribution function over time. Changes to f are

caused by transport of phonons and phonon collisions (R and N processes). Hence it is possible to write a

phonon-Boltzmann equation

∂f

∂t
+
∂ω

∂kk

∂f

∂xk
= S(f) , (4.1)

where f is the particle distribution function and S(f) is the collision term. The equation was first written

by Peierls [8]. The collision term is a non-linear integral over the distribution function and requires quantum

theory for it to be explicitly described. The transport term describes free flight of phonons with the group

velocity, ∂ω
∂kk

. The group velocity of the phonons can be approximated by the Debye velocity.

The collision term can be broken into two parts, one representing normal processes and the other repre-

senting resistive processes,

S (f) = SN (f) + SR (f) (4.2)

By inspection, it is apparent that the collision term must go to zero at equilibrium. This is simply because

in equilibrium there can be no temporal variations in f and there can be no transport of f either, that is the

two terms on the left of the equation must vanish. Furthermore, the collision term must also bring f towards

equilibrium. Finally, since we know that in equilibrium f is the Bose distribution we have that S (fBose)

must be zero.

4.2 Macroscopic Moment Equations (Conservation laws)

The phonon Boltzmann equation can be solved using direct numerical simulation or by direct simulation

Monte Carlo (DSMC) [6] and [7]. These produce accurate results (dispersion relations, Brillouin zones and



23

other properties can be implemented explicitly) but they carry a very high computational cost. Another

method is to approximate the Boltzmann equation by develpping macroscopic equations by integration. We

assume linear dispersion and use the 3-D Debye velocity which we now denote as the vector

ci = cni , (4.3)

where nk is the phonon direction, and c is the Debye speed. Furthermore we can represent the vector ki as

ki = kni , (4.4)

For the energy balance equation, we multiply phonon Boltzmann equation by �ω and integrate,

�
∂f

∂t
�ωdk+

�
ci
∂f

∂xi
�ωdk =

�
S(f)�ωdk . (4.5)

The first term is simple because t is independent of k,

�
∂f

∂t
�ωdk =

∂

∂t

�
�ωfdk =

∂e

∂t
. (4.6)

The second term can be simplified by substituting ck for ω,

�
ci
∂f

∂xi
�ωdk =

�
ci
∂f

∂xi
�ckdk . (4.7)

Furthermore, c and the x derivative can be moved out of the integral because they are independent of k.

Thus equation (4.7) becomes

�
ci
∂f

∂xi
�ckdk = c2

∂

∂xi

�
�knifdk = c2

∂

∂xi

�
�kifdk = c2

∂pi

∂xi
. (4.8)

Finally, the collision term must also be integrated. Since the collision term consists only of N and R

processes, which both conserve energy, the integration of the collision term must be zero. Therefore the

energy conservation equation is

∂e

∂t
+ c2

∂pi

∂xi
= 0 . (4.9)

The same process can be used for the momentum conservation equation. The phonon-Boltzmann equa-

tion is multiplied by hkj and integrated,

�
∂f

∂t
�kjdk+

�
ci
∂f

∂xi
�kjdk =

�
S(f)�kjdk . (4.10)
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The first term is the momentum rate of change,

�
∂f

∂t
�kjdk =

∂pj

∂t
. (4.11)

The second term can be rearranged such that

�
ci
∂f

∂xi
�kjdk =

∂

∂xi

�
�c
kjki

k
fdk = c

∂Nij

∂xi
. (4.12)

Here, Nij has been defined as a rank two tensor that is analgous to the stress tensor in continuum fluid

mechanics. On careful inspection, it is helpful to decouple the stress tensor from energy by splitting it into

its trace and trace-free parts (a trace-free matrix is indicated by angled brackets around its indices),

Nij =
1

3
Nkkδij +N �ij� =

1

3

�
�
kkkk

k
fdkδij +N �ij� =

1

3c

�
�ωfdkδij +N �ij� =

e

3c
δij +N �ij� . (4.13)

The integration of the collision term will be 0 for N processes because they conserve momentum, but there

will be a non-zero contribution from the R processes. We define SR as the collision term for only R processes,

which gives
�
S(f)�kidk =

�
SR(f)�kidk = Pi , (4.14)

Where Pi is the integrated collision term in the momentum equation. Finally, the momentum equation is

∂pj

∂t
+

1

3

∂e

∂xj
+ c
∂N �ij�
∂xi

= Pj (4.15)

The momentum equation, like the energy equation, has a term that includes a higher order moment, N �ij�.

Another equation can be made for N�ij� that will similarly have a higher order moment, M �ij�k and so on.

In theory, an infinite set of moment equations can be generated which would fully describe the distribution

function. In other words, the hierarchy of inifinitely many moment balance equations is equivalent to the

Boltzmann equation. In practice, it is necessary to consider only a finite number of moments, which leads

to the so-called closure problem: For example, consider only the moments e and pi for which the moment

equations are the balances of energy (equation 4.9) and momentum (equation 4.15). These contain the

additional quantities N�ij� and Pi, and thus are not a closed system of equations for e and pi. The closure

problem is to find constitutive relations for Nij and Pi (or higher order moments if you want more equations)

as functions of the lower order moments e, pi, etc. (and possibly their derivatives).
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4.3 Approximating the Collision Term - The Callaway Model

The highly non-linear collision term in kinetic theory is extremely difficult to handle in computational

models or anlytical treatment, so an approximation is often used. In gas kinetics, one of the most well

known approximations is the Bhatnagar-Gross-Krook or BGK model [20]. An equivalent model for phonons

was introduced by Callaway five years later [21]. First, the Callaway model separates the collision term into

two contributions for normal collisions and resistive collisions, respectively, as explained in Section 2.3

S = SN + SR . (4.16)

For both normal and resistive collisions, Callaway uses an approach similar to the BGK model where S is

determined by the deviation of f from a respective local equilibrium distribution fN or fR,

S = − 1

τN (k)
(f − fN)− 1

τR (k)
(f − fR) . (4.17)

Here, τN,R is the frequency of N or R collisions between phonons which depends on wave vector. In the

Callaway model, the absolute value of SN,R is large when the actual distribution function, f , is far from the

local equilibrium distribution function fN,R.

We determine the local equilibrium distribution fR from maximizing entropy under the constraint of

prescribed local energy; recall that resistive interactions conserve energy but not momentum. Therefore, the

distribution is determined using the same process as in Section 3.2 and the function for entropy must be

maximized,

φ = −kB
� �

f ln
f

y
− (y + f) ln

�
1 +

f

y

��
dk+ β

��
hωfdk−E

�
. (4.18)

This equation is similar to equation (3.8) except that it is for a local distribution so there is no integration

over x and it is in three dimensions instead of one. The equation yields the Bose distribution at maximum

entropy,

fR =
y

eβR�ω − 1
. (4.19)

The Langrange multiplier, βR, is determined by recalling that, since energy is conserved in R-processes, the

integration of the resistive collision term in the energy equation must be 0 (see equation (4.9)),

�
�ωSRdk = −

�
�ω

τR (k)
(f − fR) dk = 0 . (4.20)
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Equation (4.20) is another non-linear integration since, in general, τR is a function of k. The gray matter

approximation greatly simplifies the equation by assuming that τR is constant. This allows it to be removed

from the equation and the integration becomes the difference in energy between f and fR,

�
�ωfdk =

�
�ωfRdk . (4.21)

Therefore fR is actually a function dependent on f . It can be described as the target distribution function

for R processes. That is, any R process brings f closer to fR; however, after each resistive interaction, fR

itself is changed (since it is a function of f), until both f and fR both reach global equilibrium and SR

becomes zero.

The same process is used to determine fN , except that energy and momentum are conserved in normal

processes, so that fN follows from maximizing entropy under the constraints of prescribed local energy

and momentum. The momentum constraint adds three additional Lagrange multipliers γi, one for each

dimension, so that now one needs to maximize

φ = −kB
� �

f ln
f

y
− (y + f) ln

�
1 +

f

y

��
dk+ β

��
hωfdk− e

�
+ γi

��
�kifdk− pi

�
. (4.22)

Maximization yields the drifting Bose distribution,

fN =
y

eβN�ω+γi�ki − 1
. (4.23)

The Lagrange multipliers are found by using the constraints that f and fN must conserve energy and

momentum during N processes,

e =

�
�ωfdk =

�
�ωfNdk , (4.24)

pi =

�
�kifdk =

�
�kifNdk .

The Callaway model for grey matter can then be incorporated into the macroscopic moment equations.

For the energy equation, we already know the collision term is zero. For the momentum equation, we

determine Pi by integrating the R and N collision terms,

Pi =

�
SR(f)�kjdk+

�
SN(f)�kjdk = − 1

τR

�
(f − fR)�kjdk+ 0 (4.25)

= − 1

τR

�
f�kjdk+

1

τR

�
fR�kjdk = − 1

τR
pi . (4.26)
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Note that the collision term for the normal processes conserves momentum, so it must be zero by the same

argument used in the energy equation. The integration over fR is also zero because it is the Bose distribution,

which is isotropic.

4.4 Closure for Local Equilibrium and Fourier’s law

A simple closure method can be used to produce Fourier’s law of heat conduction. To do this, we take the

first four moment equations for energy and momentum,

∂e

∂t
+ c2

∂pi

∂xi
= 0 (4.27)

∂pj

∂t
+

1

3

∂e

∂xj
+ c
∂N �ij�
∂xi

= − 1

τR
pj . (4.28)

We then need a constitutive equation for the stress tensor, N �ij�. Fourier’s law requires a continuum

assumption which means that the local distribution must be the Bose distribution, which gives

N �ij� =

�
�
k<ikj>

k
fBdk = 0 , (4.29)

where k<ikj>is the trace free part of the tensor kikj . The integral is zero because the bose distribution is

fully isotropic, and it is multiplied by the fully anisotropic trace free tensor. Rearranging equation (4.28) for

a steady process and multiplying by c2 yields Fourier’s law,

c2pi = −τRc
2

3

∂e

∂xi
= −τRc

2

3
ρmatcv

∂T

∂xi
= −κ ∂T

∂xi
, (4.30)

Where c2pi is the heat flux per unit area, q. This derivation of Fourier’s law shows that the microscopic

R collision frequency is related to the heat conductivity, κ, the density, ρmat and the specific heat, cv of a

material,

τR =
3κ

c2ρmatcv
. (4.31)

This is a powerful relation because now the R process frequency can be easily measured using a basic

macroscopic experiment.

4.5 The Generalized Moment Equations

By inspection of equations 4.27 and 4.28, it is apparent that each equation contains a moment and a flux (a

higher order moment). As a result an infinite number of moment equations can be generated each containing
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a moment and the flux of a higher order moment. The more moment equations used in a calculation would

produce a more accurate calculation of f [9]. We define the general moment density, u�i1...in�,

u�i1...in� =

�

..., �

� �
1

k

�n−1
k<i1ki2 ...kin>fdk, ...

�

, n ∈ 1, 2, 3, ... , (4.32)

and the general flux, f�i1...in�k,

f�i1...in�k =

�
..., �

� �
1

k

�n
k<i1ki2 ...kin>kkfdk, ...

�
. (4.33)

It can be shown [9] that the flux relates to the moment densities by the formula

f�i1...in�k =
n

2n+ 1
u<<i1...in−1>δin>k + u�i1...ink� . (4.34)

This relationship combined with applying the approach shown in Section 4.2 to arbitrary moments yields

the general balance equation

∂u�i1...in�
∂t

+ c
∂f�i1...in�k
∂xk

= P�i1...in� . (4.35)

The flux can be removed using equation 4.34,

∂u�i1...in�
∂t

+ c
n

2n+ 1

∂u<<i1...in−1>

∂xin>
+ c
∂u�i1...ink�
∂xk

= P�i1...in� . (4.36)

Thus an infinitely large set of moment equations can be generated by using this generic balance equation.

For practical computing, this must be limited, but a higher order set of equations gives a better accuracy at

the expense of more equations. A future research topic would be to determine how many moment equations

are needed for an accurate solution to a given problem. The number of equations needed should be related

to the Knudsen number of the problem, with higher Knudsen numbers needing more moment equations [29].

4.6 Grad’s Closure Method

For a practical computation, only a finite number of moment equations can be used. In the highest equation

that is used, there is always a flux that is a higher order moment. This results in an ill posed problem

because there is one more variable than the number of equations.

In order to deal with this moment, we use Grad’s moment method [10] adapted to phonon kinetic theory

[9]. The premise of Grad’s moment method is to construct the distribution function, f , so that it is a
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function of the moments (with the exception of the highest one), i.e. f = f


k, u�i1�, ...u�i1...in�

�
. This way,

the highest moment, u�i1...in+1�, can be determined by integrating f and it becomes a function of the lower

order moments. This reduces the number of variables to the number of equations and allows the system to

be solved.

To construct f , we consider the entropy of the system in a similar way to equation (3.8), except this time

we define our entropy so that all moments are used [16],

φ = −kB
� �

f ln
f

y
− (y + f) ln

�
1 +

f

y

��
dxdk

+ β

��
�ωfdxdk −E

�
+
N�

n=1

�

∆�i1...in�

�

�

�
1

k

�n−1
k<i1ki2 ...kin>fdxdk − u�i1...in�

��

, (4.37)

where ∆�i1...in� is the general Lagrange multiplier.

Maximizing equation (4.37) and using equation (3.14) to substitute β for 1
kBT

yields

f =
y

exp
�
�ck
kBT

+
�N
n=1

�
∆�i1...in��



1
k

�n−1
k<i1ki2 ...kin>

	�
− 1

. (4.38)

We assume that the distribution function is only a small distance from local equilibrium, which allows f to

be linearized by taking a multidimensional first order Taylor series in all moments [9] (except for the zeroeth

moment, energy),

f = fBose +
kBT

�c

∂fBose

∂k

�
N�

n=1

�

∆�i1...in��

�
1

k

�n−1
k<i1ki2 ...kin>

��

. (4.39)

The Lagrange multipliers are determined in terms of their corresponding moment equations by substituting

equation (4.39) into equation (4.32). Note that due to the linear construction of this closure method, the

lagrange multipliers are only dependent on their corresponding moments and not on any others, which is a

major benefit of Grad’s closure method at the cost of only being able to model small deviations from the

Bose distribution. The final distribution function has the generalized form

f(k, T, ui1 , u�i1i2�, ..., u�i1...iN�) = fBose+
kBT

�c

∂fBose

∂k






N�

n=1

15
n�

j=0
(2j + 1)

16n!

c5�4

y (πkBT )5
u�i1...in�

k<i1 ...kin>

kn−1




 .

(4.40)

We can now explicitly determine the higher order moment u�i1...in+1� by using equation (4.40) in the moment
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equation

u�i1...iN+1� = �

� �
1

k

�n−1
k<i1ki2 ...kin>f(k, T, ui1 , u�i1i2�, ..., u�i1...in�)dk . (4.41)

We use the property that over all space (i.e. negative to positive infinity) the integral of a product of two

trace free tensors is non-zero if and only if the tensors are of the same length, therefore

u�i1...iN+1� = 0 . (4.42)

This reduces the number of state variables to the number of equations and closes the system.

Equation (4.40) can also be used to simplify the Callaway model for high moments. Applying the Callaway

model to P�i1...in� yields

P�i1...in� = − 1

τR

�
�

�
1

k

�n−1
k<i1ki2 ...kin> (f − fR) dk− 1

τN

�
SN(f)�

�
1

k

�n−1
k<i1ki2 ...kin> (f − fN) dk

= − 1

τR
u�i1...in�−

1

τN
u�i1...in� −

1

τN

�
fN�

�
1

k

�n−1
k<i1ki2 ...kin>dk . (4.43)

Note that the fR term will always be zero since it is a Bose distribution which is fully isotropic. Since the

moments are trace free, the integral is zero over an isotropic domain. fN is the drifting Bose distribution

and requires further expansion

1

τN

�
fN�

�
1

k

�n−1
k<i1ki2 ...kin>dk =

1

τN

�
y

eβN�ω+γi�ki − 1
�

�
1

k

�n−1
k<i1ki2 ...kin>dk . (4.44)

This term introduces a non-linearity into the equation, however, by linearizing fN in the same way we

linearize the Grad distribution, equation (4.38) reduces the term to zero for all moments of higher order than

pi, leading to our linearized form of the Callaway model

P�i1...in� = − 1

τR
u�i1...in�−

1

τN
u�i1...in� = −1

τ
u�i1...in� , for n > 1, (4.45)

where 1
τ

is the combined collision frequency of N and R processes. This results in the general balance

equation

∂u�i1...in�
∂t

+ c
n

2n+ 1

∂u<<i1...in−1>

∂xin>
+ c
∂u�i1...ink�
∂xk

= −1

τ
u�i1...in� for n > 1. (4.46)

For n = N , the equation simplifies to

∂u�i1...iN �
∂t

+ c
N

2N + 1

∂u<<i1...in−1>

∂xin>
= −1

τ
u�i1...iN � . (4.47)
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Figure 5.1: The microscopic model used for the phonon interaction with the boundary

5 Boundary Condition for the Phonon Moment Equations

5.1 Microscopic Model of Phonon-Surface Interactions

Boundary conditions are required to determine particular solutions of the moment equations. Just like the

moment equations, the boundary conditions are derived from microscopic analysis of the phonon Boltzmann

equation. In order to create a sufficient number of boundary conditions, we propose a simple model of

phonon interactions with a surface at the microscopic level and then integrate over it to create macroscopic

conditions for each state variable.

We assume that there are three possible interactions the phonon can have with the wall as shown in

Figure 5.1. The general idea behind this assumption is that the possible interactions that a phonon can have

with the wall can be modeled both in a general and mathematically simple way. By varying the amounts of

phonons that interact in each of the three ways, actual phonon interactions can be modelled well.

The first process, thermalization, is when a phonon hits the wall and then comes to equilibrium with the
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wall before being scattered into the bulk phonon gas. All of the phonons that have thermalized would form

a Bose distribution centered on the surface temperature, Ts. It is important to note that thermalization can

also create and destroy phonons, since the number of phonons do not need to be conserved. This also allows

an energy flux through the surface.

The second type of interaction occurs when a phonon simply bounces off the surface while retaining its

energy but changing direction. We split this into two types: isotropic scattering and specular reflection.

These two types of reflections are a simple way to approximate directional scattering, where the direction of

the scattered phonon is related to its incident angle.

We define f̄ as the distribution function of the particles that have interacted with the wall but have not yet

interacted with the rest of the bulk phonon gas, f . f̄ must then be some function of the incident distribution

function before it interacts with the wall (the bulk phonon gas) and some coefficients that account for how

many phonons thermalize, scatter and reflect. We define α as the total fraction of phonons that are not

thermalized and β as the fraction of phonons that are. Of the α phonons that are reflected and scattered we

define γ as the fraction that are scattered, and therefore (1− γ) are reflected. This yields the function

f̄ = βfBose (Ts, k) + γαf (ki − 2kkνkνi)σ̟ν +
ρ

c

�

kiνi<0

c (−nkνk) f (kk) dΩ , (5.1)

where Ts is the surface temperature, c is the speed of the phonon, nk is the direction of the k vector, νk

is the wall normal and ρ is a constant related to α and γ such that the number of particles reflected and

scattered (but not thermalized) are conserved. The first term of the equation is the thermalization term,

followed by the reflection term and then the isotropic scattering term.

Note that the argument ki − 2kkνkνi simply switches the sign of any component in the direction of

the wall normal. For example if the wall normal was (0, 0, 1) and ki was (1, 2, 3) then the argument would

be (1, 2,−3). The scattering term has a half space integral which represents phonons coming towards the

surface. This is because the f̄ can only be related to phonons that actually strike the surface, so they must

be moving towards the surface beforehand.
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5.1.1 ρ Relation to α and γ

ρ is related to α and γ by using the fact that the number of phonons that are reflected and scattered are

conserved. We equate the number of phonons about to strike the surface that will not reflect and scatter

with the number of phonons that have just left the surface that were reflected or scattered. Therefore the

conservation of particles can be written as a flux entering and exiting the surface,

−
�

nkνk<0

αcnkνkf (ki) dΩ =

�

nkνk>0

γαcnkνkf (ki − 2kkνkνi) dΩ+

�

nkνk>0

cnkνk
ρ

c




�

nkνk<0

c (−n′kνk) f(k′i)dΩ
′



dΩ .

(5.2)

An important simplification involves breaking f up into its even and odd parts with respect to nkνk,

such that

fEven (ki − 2kkνkνi) = fEven (ki) and (5.3a)

fOdd (ki − 2kkνkνi) = −fOdd (ki) . (5.3b)

When multiplied by nkνk and integrated over all space, the even and odd functions have the following

property4

�

nkνk

nkνkfeven (ki) dΩ = 0 and (5.4a)

�

nkνk

nkνkfodd (ki) dΩ =
1

2

�

nkνk>0

nkνkfodd (ki) dΩ =
1

2

�

nkνk<0

nkνkfodd (ki) dΩ , (5.4b)

where
#

nkνk

denotes an integral bound over all values of nkνk.

Breaking equation (5.2) into even and odd parts yields

−
�

nkνk<0

αcnkνkfOdd (ki) dΩ−
�

nkνk<0

αcnkνkfEven (ki) dΩ =

�

nkνk>0

γαcnkνkfOdd (ki − 2kkνkνi) dΩ +

�

nkνk>0

γαcnkνkfEven (ki − 2kkνkνi) dΩ

+

�

nkνk>0

cnkνk
ρ

c




�

nkνk<0

c (−n′kνk) fOdd (k′i) dΩ
′



dΩ+

�

nkνk>0

cnkνk
ρ

c




�

nkνk<0

c (−n′kνk) fEven (k′i) dΩ
′



dΩ .

(5.5)

4 It is important to realize that since nkνk is itself an odd function nkνkfEven is an odd function and nkνkfOdd is an even

function.
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Using the properties of equation (5.4) we simplify equation (5.5) to,

− α



1

2

�

nkνk

cnkνkfOdd (ki) dΩ +

�

nkνk<0

cnkνkfEven (ki) dΩ



 =

− γα



1

2

�

nkνk

cnkνkfOdd (ki) dΩ +

�

nkνk<0

cnkνkfEven (ki) dΩ



−

ρπ



1

2

�

nkνk

cnkνkfOdd (ki) dΩ +

�

nkνk<0

cnkνkfEven (ki) dΩ



 . (5.6)

The integral terms are now all the same, so they can be factored out, yielding the identity

ρ =
α (1− γ)

π
. (5.7)

5.1.2 β Relation to α

The relation between β and α is determined by considering the case when the boundary is in equilibrium

with the bulk phonon gas (i.e. T = Ts). We evaluate β by replacing all distribution functions in equation

(5.1) with Bose distributions centered on Ts,

fBose (Ts, k) = βfBose (Ts, k) + γαfBose (Ts, k) +
ρ

c

�

kiϑi<0

c(−nkνk)fBose (Ts, k) dΩ , (5.8)

which when combined with equation (5.7) reduces to

β = 1− α . (5.9)

Equations (5.7) and (5.9) reduce the four parameters to two independent ones. With this information, it is

now possible to fully define the distribution function f̄ .

5.2 Explicit Form of the Linearized Distribution Function for f̄

The Grad closure method for the moment equations yields a linearized distribution function that is con-

structed from the state variables, namely f = f(T, ui1 ...u�i1....in�) in equation (4.40). Therefore an explicit

form of f̄ can be determined by integrating the scattering term

ρπf̄scatter =
ρ

c

�

kiνi<0

c (−nkνk) f (kk) dΩ . (5.10)
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We start by substituting in equation (4.40) and make some trivial simplifications

ρπf̄scatter =

− ρ
�

nkνk<0

nkνk




fBose +

kBT

�c

∂fBose

∂k






∞�

n=1

15
n�

j=0
(2j + 1)

16n!

c5�4

y (πkBT )5
u�i1...in�

k<i1 ...kin>

kn−1









dΩ . (5.11)

For simplification we define a term, Jn

Jn =

15
n�

j=0
(2j + 1)

π4n!
, (5.12)

and the term H

H =
c5�4

16πy (kBT )5
(5.13)

We replace ki with its magnitude, k, and direction vector, ni, where in polar coordinates

ni = {sin θ cosφ, sin θ sinφ, cos θ } . (5.14)

Since the integral is only over direction, we can remove all isotropic functions (such as fBose ) from the

integral and move k outside the integral as well.

ρπf̄scatter = −ρfBose
�

nkνk<0

nkνkdΩ + ρπ
kBT

�c

∂fBose

∂k
k

∞�

n=1



HJn
�−1

π

� �

nkνk<0

u�i1...in�n�i1...in�nkνkdΩ



 ,

(5.15)

where n�i1...in� is simply the trace free part of ni1ni2 ...nin . The factor −1
π

is inserted to simplify future

constants. Another important simplification is that n�i1...in� which we will call the trace free direction tensor

can actually be simplified to ni1ni2 ...nin , which we will denote ni1...in , because of the property

u�i1...in�n�i1...in� = u�i1...in�ni1...in , (5.16)

which is true for any product of trace free tensors.

We can now focus on a general pattern for determining the scattering term integral over the direction

tensor. This can be simplified by splitting up the direction tensor into its normal (to the wall) and tangential

parts. With the wall normal already defined as νi, we simplify our problem by assuming νi points in the z

direction,

vi = {0, 0, 1} . (5.17)
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This allows us to define the normal scaler as

ν = niνi = cos θ . (5.18)

We also define the tangential vector as a two dimensional vector, which is denoted with a capitalized subscript

τA = {sin θ cosφ, sin θ sinφ} . (5.19)

Finally this allows us to break up the scalar product u�i1...in�ni1...in into tangential and normal parts of

u �i1...in�. For simplicity, u�i1...in� is broken up into several submatrices by using a mixture of capitalized

subscipts and v subscripts. In the rank 2 case

u� ij� =





u�AB� u�νA�

u�Aν� u�νν�






such that u�AB� is the fully normal part of u�ij� and would hence be a two by two tensor. The other parts

of u� ij� are u�Aν� and u�νA� which are the tangential normal and normal tangential parts respectively (and

each two dimensional vectors). The last component is the fully normal part u�νν� which would be a scalar.

This can be generalized to higher rank tensors such that u�ABν� is the "tangential tangential normal" part

of u�ijk�, etc. Note that the trace free brackets indicate that u is trace free in all three indices. It is not trace

free in two indices. For example

u�AA� �= 0 but (5.20a)

u�AA� + u�νν� = 0 . (5.20b)

Using these definitions and the symmetry of u and n,

u�ij�nij = u�AB�τAτB + 2u�Aν�τAν + u�νν�νν . (5.21)

This can be generalized for any order of u with the equation

u�i1...in�ni1...in =
n�

r=0

χnr u�A1...Arv1...νn−r�τA1 ...τArν
n−r . (5.22)

where χnr are the components of Pascal’s triangle,

χnr =
n!

r!(n− r)! . (5.23)
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The integral in equation (5.15) can now be analyzed. Since u�A1...Arv1...νn−r� and χ
n
r are both independent

of direction, they can be moved outside the integral, which leaves

�−1

π

� �

nkνk<0

u�i1...in�n�i1...in�nkνkdΩ =
n�

r=0

χnru�A1...Arv1...νn−r�

�−1

π

� �

ν<0

τA1 ...τArν
n−r+1dΩ . (5.24)

Note that nkνk is simply ν and was incorporated into the equation above. We compute this new integral by

using the property that the normal tensor is symmetric in all indices, which means that the integral must

be a scalar multiplied by a fully symmetric set of two dimensional Kronecker delta functions

−1

π

�

ν<0

τA1 ...τArν
n−r+1dΩ =






σnr δ{A1...Ar} , r even

0 , r odd

(5.25)

where δ{A1...Ar} is the sum of all combinations of Kronecker deltas in a fully symmetric tensor. For example

δ{AB} = δAB (5.26)

δ{ABCD} = δABδCD + δACδBD + δADδBC

In equation (5.26) if any two indices are switched the answer remains the same, so they are fully symmetric.

For any δ{A1...Ar}, there are (r − 1)!! terms. Note that r is always even. Indeed, σnr must be zero if r is odd

because there would be an integration of an odd number of sine or cosine functions over the domain 2π in

the φ direction.

σnr can be determined by taking the full trace (i.e. contracting all 2-D indices) of both sides of equation

(5.25). We determine the full trace of a set of fully symmetric delta functions by first taking the trace over

two indices and determining

δ{A1...Ar−1Ar}δAr−1Ar = δ{A1...Ar−1Ar−1} = (r − 2 + δAA) δ{A1...Ar−2} = rδ{A1...Ar−2} , (5.27)

since the trace of a two dimensional delta function is 2. By continously applying equation (5.27) until all

indices are contracted we find that

full trace


δ{A1...Ar}

�
= r!! , (5.28)
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where !! denotes the double factorial, defined by

r!! =






r�

i=1
2i , r even

r�

i=1
(2i− 1) , r odd

1 , 0

(5.29)

The full trace of the other side is computed by first determining τAτA,

τAτA = sin2 θ cos2 φ+ sin2 θ sin2 φ = sin2 θ . (5.30)

Thus the full trace is simply sinr θ. σnr is determined by solving the full trace of equation (5.25)

σnr =






−1
πr!!

�

cos θ<0

sinr θ cosn−r+1 θdΩ , r even

0 , r odd

, (5.31)

which can be simplified to

σnr =






(−1)n−r(n−r2 )!( r2 )!
r!!(1+n

2 )!
, r even

0 , r odd

. (5.32)

A solution for σnr allows equation (5.24) to be solved

n�

r=0

χnru�A1...Arv1...νn−r�

�−1

π

� �

ν<0

τA1 ...τArν
n−r+1dΩ =

n�

r=0

χnr u�A1...Arv1...νn−r�σ
n
r δ{A1...Ar} . (5.33)

We contract the fully symmetric delta function with u�A1...Arv1...νn−r� using the properties that there are

(r − 1)!! terms in the delta function and that u is fully symmetric

u�A1...Arv1...νn−r�δ(A1...Ar) = Zru�A1A1A2A2...A r
2
A r
2
ν1...νn−r

� (5.34)

where Zr = (r − 1)!!. Since u is trace free in all directions in three dimensions u�
A1A1A2A2...A r

2
Ar
2
ν1...νn−r

�

can be simplified by equating its trace in any direction to zero. For example for u�ij� we know that

u�ii� = 0 = u�AA� + u�νν� ⇒ u�AA� = −u�νν� . (5.35)

This is true for any two indices so that in general

u�
A1A1A2A2...A r

2
A r
2
ν1...νn−r

� = (−1)
r
2 u�ν1...νn� . (5.36)
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It is important to remember that u�ν1...νn� is a scalar and is the fully normal component of u�i1...in�. The

result from equations (5.36) and (5.33) can be combined with equation (5.15) to determine an explicit form

for fscatter

f̄scatter = fBose +
kBT

�c

∂fBose

∂k
k

∞�

n=1

�

HJn

n�

r=0

�
(−1)

r
2 χnrσ

n
rZru�ν1...νn�

��

. (5.37)

For consistency we define

f̄specular = f (ki − 2kkνkνi) (5.38)

and

f̄thermalized = fBose (Ts, k) . (5.39)

Finally we can express f̄ as

f̄ = βf̄thermalized + αγf̄specular + ρπf̄scatter . (5.40)

Using the relations determined from section 5.1 this can be further simplified to

f̄ = (1− α) f̄thermalized + αγf̄specular + α (1− γ) f̄scatter . (5.41)

5.3 Phonon Energy Flux Through a Boundary

The microscopic model can now be used to make macroscopic boundary conditions for the state variables

of the system of moment equations. We first consider energy flux, since it must be conserved across the

boundary,

q
phonon
k =

�
�ωcnkf dk . (5.42)

The energy flux inside the boundary must be continuous with an external flux to prevent the surface from

changing properties,

qextk νk = qphononk νk . (5.43)

To evaluate the external flux we evaluate the phonon’s energy flux at the surface. We do this by breaking

up the full integral into two half space integrals. One half space accounts for phonons travelling towards the

wall and the other accounts for phonons travelling away from the wall. Incoming phonons have distribution
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f and outgoing phonons have distribution f̄ ,

�

nkνk<0

�ωcnkνkf dk+

�

nkνk>0

�ωcnkνkf̄ dk = qextk νk . (5.44)

We then multiply equation (5.42) by νk, subtract it from equation (5.44) and simplify to obtain

�

nkνk>0

�ωcnkνkf̄ dk =

�

nkνk>0

�ωcnkνkf dk , (5.45)

which is the energy boundary condition for a surface, where the temperature of the surface Ts is controlled.

5.4 General Boundary Conditions for the Moment Equations

General boundary conditions must be formed so that for an arbitrary number of moment equations there are

an appropriate number of boundary conditions. The general boundary conditions can be formed by equating

the moments of f with the moments of f̄ . We do this by assuming that once a phonon has just touched the

wall it has the distribution f̄ but once it moves a distance ∆x into the domain its moment’s fluxes are equal

to the fluxes of f . We then take the limit as ∆x goes to zero. This condition assures that the fluxes of f and

f̄ are the same at the wall but it does not require that the actual distributions must be equal. Essentially

there is a microscopic discontinuity but all macroscopic fluxes are continuous. This boundary condition can

be written as

�

nkνk>0

kn�i1...in�cnin+1 f̄ dk =

�

nkνk>0

kn�i1...in�cnin+1f dk , (5.46)

where the integrals are computed at the boundary.

5.4.1 Reduction of the General Boundary Conditions

Equation (5.46) makes one boundary condition for each moment equation for each surface in the domain. This

overconstrains the system of equations by making about twice as many boundary conditions as necessary.

This is because the general moment equations only have first order derivatives in x which means only

one constant of integration is created, however equation (5.46) creates two boundary conditions for each

dimension of x.
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The problem of too many boundary conditions can be reduced using an argument first put forward by

Grad in gas kinetics [10], [23]. Grad first considered a special case where at a surface there was only specular

reflection and the distribution in the bulk was in a local equilibrium. In this case it means β and ρ are both

zero, α is one and f is a Bose distribution. This reduces the distribution function for phonons that have just

interacted with the wall to

f̄ = f (ki − 2kkνkνi) . (5.47)

The boundary condition is therefore

�

nkνk>0

u�i1...in�cnkνkf (ki − 2kkνkνi) dk =

�

nkνk>0

u�i1...in�cnkνkf (ki)dk . (5.48)

By substitution, this simplifies to

�

∞
u�i1...in�cnkνkf (ki)dk = 0 if u�i1...in�cnkνk is even in nkνk and(5.49a)

�

nkνk>0

u�i1...in�cnkνk [f (ki)− f (ki − 2kkνkνi)] = 0 if u�i1...in�cnkνk is odd in nkνk.

Grad argued that if f was even in the nkνk direction which implies that f (ki) = f (ki − 2kkνkνi), the

boundary conditions with even u�i1...in�cnkνk are reduced to an identity and therefore provide no information

about f . Grad argued further that if the boundary condition gave no information in the special case, then it

could not be used in the general case either, so he rejected all boundary conditions with even u�i1...in�cnkνk.

5.4.2 Explicit Breakdown of the General Boundary Conditions

The boundary conditions can be further simplified in order to generate an explicit form without any integrals

by using the Grad closure distribution function from equation (4.40). We first simplify equation (5.46) by

cancelling out any part of u�i1...in� that is independent of k as well as the constant, c, resulting in

�

nkνk>0

k


n� i1....im�

�
nim+1νim+1 f̄ dk =

�

nkνk>0

k


n �i1....im�

�
nim+1νim+1f dk , (5.50)

where the integral must be odd in nkνk (which implies even u�i1...in�). This is more easily seen if the tensor

equation is broken into tangential and normal parts using the definition of τA and ν from equations (5.18)

and (5.19) and bring nkνk into the brackets

�

ν>0

k (τB1...Bs) ν
m−s+1f̄ dk =

�

ν>0

k (τB1...Bs) ν
m−s+1f dk for odd m− s+ 1 . (5.51)
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Note the use of m instead of n and B instead of A. This is simply because n and A will be used shortly to

denote other indices.

The right hand side of the equation is the simpler one, so it will be simplified first. We expand the

integral by substituting in the distribution function, f from equation (4.40)

�

ν>0

k (τB1...Bs) ν
m−s+1f dk =

�

ν>0

k (τB1...Bs) ν
m−s+1fBose dk

+

�

ν>0

k2 (τB1...Bs) ν
m−s+1 kBT

�c

∂fBose

∂k

�
N�

n=1

HJnu�i1...in�n<i1 ...nin>

�

dk . (5.52)

Using a similar argument as outlined in section 5.2 the scalar product u�i1...in�n<i1 ...nin> can be broken

down into a sum of tangential and normal parts

�

ν>0

k (τB1...Bs) ν
m−s+1f dk =

�

ν>0

k (τB1...Bs) ν
m−s+1fBose dk

+

�

ν>0

k2 (τB1...Bs) ν
m−s+1 kBT

�c

∂fBose

∂k

�
N�

n=1

HJn

n�

r=0

χnru�A1...Arv1...νn−r�τA1 ...τArν
n−r
�

dk . (5.53)

The integral can be split into parts dependent on k and parts dependent on the solid angle, Ω, where dk is

k2dkdΩ

�

ν>0

k (τB1...Bs) ν
m−s+1f dk =

∞�

0

k3fBosedk

�

ν>0

(τB1...Bs) ν
m−s+1 dΩ

+

∞�

0

k4
kBT

�c

∂fBose

∂k
dk

�

ν>0

(τB1...Bs) ν
m−s+1

�
N�

n=1

HJn

n�

r=0

χnru�A1...Arv1...νn−r�τA1 ...τArν
n−r
�

dΩ . (5.54)

The integration over k is fairly straightfoward,

�

ν>0

k (τB1...Bs) ν
m−s+1f dk =

π4

15

�
kBT

�c

�4 �

ν>0

(τB1...Bs) ν
m−s+1 dΩ

+
4π4

15

�
kBT

�c

�5 �

ν>0

(τB1...Bs) ν
m−s+1

�
N�

n=1

HJn

n�

r=0

χnru�A1...Arv1...νn−r�τA1 ...τArν
n−r
�

dΩ . (5.55)

The first term’s integration over Ω is the same as the integration in equation (5.25) with the the boundary

ν > 0 rather than v < 0. This change in bound gives the same answer except that all terms are positive.

We define ξnr as

ξnr = |σnr | . (5.56)
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The second term of equation (5.55) also reduces to a similar integral when the τA’s and τB’s are combined

and the sums and integrals are rearranged

�

ν>0

k (τB1...Bs) ν
m−s+1f dk =

π4

15

�
kBT

�c

�4
ξms δ{B1...Bs}

+
4π4

15

�
kBT

�c

�5 N�

n=1

n�

r=0

HJnχ
n
r ξ
n+m
r+s u�A1...Arv1...νn−r�δ{A1...ArB1...Bs} . (5.57)

The left hand side of the equation (5.50) can be determined in a similar way. It is first broken down into its

individual terms according to Section 5.2.

�

ν>0

k (τB1...Bs) ν
m−s+1f̄ dk = (1− α)

�

ν>0

k (τB1...Bs) ν
m−s+1f̄ thermalizeddk+

γα

�

ν>0

k (τB1...Bs) νm−s+1f̄specular dk+ α (1− γ)

�

ν>0

k (τB1...Bs) ν
m−s+1f̄scatter dk . (5.58)

For simplicity, each term in the above equation will be determined separately, starting with f̄ thermalized,

(1− α)

�

ν>0

k (τB1...Bs) ν
m−s+1f̄ thermalizeddk =

(1− α)

�

ν>0

k (τB1...Bs) ν
m−s+1f̄ Bose (Ts, k) dk = (1− α)

π4

15

�
kBTs

�c

�4
ξms δ{B1...Bs} . (5.59)

The specular reflection term can be solved by using a substitution xi = {kτ ,−kν},

γα

�

ν>0

k (τB1...Bs) νm−s+1f̄specular dk =

γα

�

ν>0

k (τB1...Bs) ν
m−s+1f (ki − 2kkνkνi) dk = −γα

�

ν<0

x (τB1...Bs) ν
m−s+1f (xi) dx . (5.60)

The negative sign is a result of the fact that m− s+ 1 is always odd. The result is an integration just like

the right hand side of equation (5.50) except over ν < 0,

γα

�

ν>0

k (τB1...Bs) νm−s+1f̄specular dk = γα
π4

15

�
kBT

�c

�4
σms δ{B1...Bs}

+γα
4π4

15

�
kBT

�c

�5 N�

n=1

n�

r=0

HJnχ
n
rσ
n+m
r+s u�A1...Arv1...νn−r�δ{A1...ArB1...Bs} . (5.61)
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Since m− s is always even, σms will always be equal to ξms , which is important for simplification later on

γα

�

ν>0

k (τB1...Bs) νm−s+1f̄specular dk = γα
π4

15

�
kBT

�c

�4
ξms δ{B1...Bs}

+γα
4π4

15

�
kBT

�c

�5 N�

n=1

n�

r=0

HJnχ
n
rσ
n+m
r+s u�A1...Arv1...νn−r�δ{A1...ArB1...Bs} . (5.62)

Although fscatter is a complicated term, it is simple to integrate because it is independent of Ω,

α (1− γ)

�

ν>0

k (τB1...Bs) ν
m−s+1f̄scatter dk = α (1− γ)

π4

15

�
kBT

�c

�4
ξms δ{B1...Bs}

+ α (1− γ)
4π4

15

�
kBT

�c

�5� N�

n=1

n�

r=0

HJn (−1)
r
2 χnr σ

n
rZru�ν1...νn�

�

ξms δ{B1...Bs} . (5.63)

Combining all terms results in the generalized boundary condition

(1− α)
π4

15

�
kBTs

�c

�4
ξms δ{B1...Bs} + γα

π4

15

�
kBT

�c

�4
ξms δ{B1...Bs} + α (1− γ)

π4

15

�
kBT

�c

�4
ξms δ{B1...Bs}

+γα
4π4

15

�
kBT

�c

�5 N�

n=1

n�

r=0

HJnχ
n
r σ
n+m
r+s u�A1...Arv1...νn−r�δ{A1...ArB1...Bs}

+ α (1− γ)
4π4

15

�
kBT

�c

�5� N�

n=1

n�

r=0

HJn (−1)
r
2 χnrσ

n
rZru�ν1...νn�

�

ξms δ{B1...Bs}

=
π4

15

�
kBT

�c

�4
ξms δ{B1...Bs}+

4π4

15

�
kBT

�c

�5 N�

n=1

n�

r=0

HJnχ
n
r ξ
n+m
r+s u�A1...Arv1...νn−r�δ{A1...ArB1...Bs} . (5.64)

Finally, this equation can be simplified by collecting like terms and cancelling common multiples

(

(1− α)


T 4s − T 4

�
+ α (1− γ)

c4�3

4πyk4B

N�

n=1

n�

r=0

�
Jn (−1)

r
2 χnrσ

n
rZru�ν1...νn�

�)

ξms δ{B1...Bs}

+
c4�3

4πyk4B

N�

n=1

n�

r=0

Jnχ
n
r



γασn+mr+s − ξn+mr+s

�
u�A1...Arv1...νn−r�δ{A1...ArB1...Bs} = 0 . (5.65)

Although the general boundary condition seems quite cumbersome, in its current presentation it is an

explicit equation without any integration that provides sufficient boundary conditions for an arbitrary number

of moments in three dimensions.
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6 Summary of Equations Used For Further Analysis

6.1 Summary of Assumptions

For the most part, the theory presented previously has been fairly general in nature. However, a number of

assumptions were necessary to arrive to the general equations that have been presented, and it is important

that those assumptions are clear before interpreting results.

The first assumption is that phonons have a linear dispersion (i.e. ω = ck) and an infinite Brillioun

zone. This is assumption is used to linearize the left hand side of the phonon Boltzmann equation and was

shown to have little relative error if the temperature of the material in question was less than or equal to

approximately 0.6 of the material’s Debye temperature.

The next assumption was the gray matter Callaway model. This assumption is necessary for linearizing

the right hand side of the phonon Boltzmann equation and assumes that phonons have the same collision

frequency regardless of wavenumber. Since this research is a first step, the gray matter assumption was used

because of its simplicity, however it is recommended that wavenumber dependent collisions be examined in

the future.

Finally, the microscopic boundary conditions were developed simply by thinking about what a phonon

could possibly do when it interacted with a boundary and how that could be modeled in both a general and

mathematically simple way, with the end goal of providing fitting coefficients that could be used to match

experimental results and hopefully become predictive.

The bulk equations used in this report are derived from Grad’s closure method, using the Callaway model

for the collision term. We start with equation (4.36), the general balance equation. The first two moments

(energy and momentum) have already been derived in Section 4.4:

∂e

∂t
+ c2

∂pi

∂xi
= 0

∂pj

∂t
+

1

3

∂e

∂xj
+ c
∂N �ij�
∂xi

= − 1

τR
pj

With the general equation for all higher order moments

∂u�i1...in�
∂t

+ c
n

2n+ 1

∂u<<i1...in−1>

∂xin>
+ c
∂u�i1...ink�
∂xk

=
1

τ
u�i1...in�; n = 1, ..., N , (6.1)
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where u�i1...iNk� = 0.

6.2 Dimensionless Form

6.2.1 Bulk Equations

A dimensionless form of the equations requires few steps because the moments, u�i1...in� all have the same

dimension as pi. The only variable with a different dimension is the energy e. For ease of notation, we define

E as

E ≡ e
c

. (6.2)

While τ has already been defined as the average time between two phonon collisions, we define the mean free

path λ as the average distance a particle travels between collisions. λ is related to τ by the Debye velocity, c

λ = cτ . (6.3)

Dimensionless length is defined using a characteristic length scale L,

x̂ ≡ x

L
. (6.4)

Dimensionless time is also defined using L and the speed of sound,

t̂ ≡ tc
L

. (6.5)

All of the moments have the same unit and every term in the moment equations have one moment in

them, so the equations could be made dimensionless using any constant without having any ramifications,

however it is useful to relate the moments to temperauture, especially since temperature is in the boundary

conditions. Therefore using the T 4 relation to e from equation (3.28) and remembering that u�i1...in� has the

dimensions of e
c
results in a useful dimensionless form

û�i1...in� = u�i1...in�

�
4πyk4B
�3

T 4o
c4

�−1
, (6.6)

where To is a relevant temperature in the model, such as a surface temperature or possibly the Debye

temperature. This equation applies for pi and E as well.
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Finally, we define the Knudsen number, Kn

Kn ≡ L
λ

=
L

cτ
. (6.7)

Equation 4.46 is made non-dimensional by dividing by c, multiplying by L and by non-dimensionalizing

the moments using equation 6.6. Using the above definition results in the following system of equations

∂Ê

∂t̂
+
∂p̂i

∂x̂i
= 0 (6.8)

∂p̂j

∂t̂
+

1

3

∂Ê

∂x̂j
+
∂N̂ �ij�
∂x̂i

= − 1

KnR
p̂j

∂û�i1...in�

∂t̂
+

n

2n+ 1

∂û<<i1...in−1>

∂x̂in>
+
∂û�i1...ink�
∂x̂k

= − 1

Kn
û�i1...in�; n = 1, ..., N ,

where KnR = L
cτR

and û�i1...iNk� = 0. Finally, it is useful to present the equations in a general 3-D matrix

form where the vector5 ûα represents all of the moments such that

ûα =
�
Ê, p̂i, û�ij�, ..., û�i1...in�

	

α
. (6.9)

The entire system of moment equations can thus be represented in the matrix form

∂ûα

∂t̂
+Aαβ

∂ûβ

∂x̂
+Bαβ

∂ûβ

∂ŷ
+Cαβ

∂ûβ

∂ẑ
= −Pαβûβ . (6.10)

The expanded equations in three dimensions up to û�ijkl� (i.e. 25 independent moments in 3-D) are presented

in Appendix B.

6.2.2 Boundary Conditions

The general boundary condition shown in equation (5.65) can also be simplified using the same process. We

start by dividing equation (5.65) by T 40 ,

(

(1− α)

�
T 4s
T 40

− T
4

T 40

�
+ α (1− γ)

c4�3

4πyk4BT
4
0

N�

n=1

n�

r=0

�
Jn (−1)

r
2 χnrσ

n
rZru�ν1...νn�

�)

ξms δ{B1...Bs}

+
c4�3

4πyk4BT
4
0

N�

n=1

n�

r=0

Jnχ
n
r



γασn+mr+s − ξn+mr+s

�
u�A1...Arv1...νn−r�δ{A1...ArB1...Bs} = 0 . (6.11)

5Since latin letters have been typically used as indices for spatial vectors and tensors, we use greek indices to represent

vectors representing the combined moments.
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The equation is now dimensionless and is simplified by replacing c4�3

4πyk4
B
T40
u�A1...Arv1...νn−r� with û�A1...Arv1...νn−r�

according to equation (6.6) and T
4

T40
with T̂ 4,

(

(1− α)
�
T̂ 4s − T̂ 4

�
+ α (1− γ)

N�

n=1

n�

r=0

�
Jn (−1)

r
2 χnrσ

n
rZrû�ν1...νn�

�)

ξms δ{B1...Bs}

+
N�

n=1

n�

r=0

Jnχ
n
r



γασn+mr+s − ξn+mr+s

�
û�A1...Arv1...νn−r�δ{A1...ArB1...Bs} = 0 . (6.12)

Although equation (6.12) is a valid dimensionless form of the boundary condition, T is not a moment variable.

To simplify the equation, it is convenient to replace T̂ 4 with Ê. Using equation (6.6) as a guide,

T 4 =
�
3c4

4πk4By
E =

�
3c4

4πk4By

�
�
3c4

4πk4By

�−1
T 40 Ê . (6.13)

Rearanging and cancelling terms yeilds

T 4

T 40
= T̂ 4 = Ê . (6.14)

Substituting into equation (6.12) results in the final dimensionless form

(

(1− α)
�
Ês − Ê

�
+ α (1− γ)

N�

n=1

n�

r=0

�
Jn (−1)

r
2 χnr σ

n
rZrû�ν1...νn�

�)

ξms δ{B1...Bs}

+
N�

n=1

n�

r=0

Jnχ
n
r



γασn+mr+s − ξn+mr+s

�
û�A1...Arv1...νn−r�δ{A1...ArB1...Bs} = 0 , (6.15)

where Ês is the dimensionless surface energy.

The expanded form of the general boundary condition is quite complex. The boundary conditions for a

two dimensional system of equations up to u�ijkl� in Cartesian coordinates are presented in Appendix C.

7 Discussion and Results

7.1 1-D Heat Conduction Between Parallel Plates

For a few specific geometries, analytic results can be obtained for a closed (i.e. finite) set of moment equations.

A simple 1 dimensional problem that can be solved analytically is heat conduction between parallel surfaces,

illustrated in Figure 7.1. A flux is introduced to a solid by establishing differing temperatures (or energies) at

the two surfaces. The problem is steady state and only dependent on one direction (x in this case) because

the solid is semi-infinite in the y and z directions. The problem is solved below for the 9, 16 and 25 moment

cases and compared to Fourier’s law in dimensionless form using the process described in Section 6.2.
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Figure 7.1: Heat conduction between parallel plates.

7.1.1 The 9 Moment Solution

Despite the large number of equations in the moment method, the properties of this problem allow for many

of them to be ignored or greatly simplified. In order to compare the moment method to Fourier’s law only

two properties are needed, Ê (which is proportional to internal energy), and p̂x (which is proportional to

heat flux). The simplified set of equations (derived from Appendix B) with all y, z, t, and higher moment

terms removed are

∂p̂x

∂x̂
= 0

1

3

∂Ê

∂x̂
+
∂N̂�xx�
∂x̂

= − 1

KnR
p̂x (7.1a)

4

15

∂p̂x

∂x̂
= − 1

Kn
N̂�xx� . (7.1b)

Solving for p̂x yields

p̂x = C1 , (7.2a)

where C1 is a constant of integration. This can be substituted into equation (7.1a)

1

3

∂Ê

∂x
+
∂N̂�xx�
∂x

= − 1

KnR
p̂x = − 1

KnR
C1 . (7.3)
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Equation (7.1b) is used to solve for
∂N̂�xx�
∂x

,

− 1

Kn
N̂�xx� =

4

15

∂p̂x

∂x̂
= 0 (7.4a)

∂N̂�xx�
∂x

= 0 . (7.4b)

Substituting into equation (7.3) and solving for Ê yields

Ê = − 3

KnR
C1x+C2 (7.5)

where C2 is another constant of integration.

At this point, the solution is exactly the same as Fourier’s law, however the boundary conditions are

different. Equation C.1 is used to determine both constants of integration by applying it at either wall. For

this geometry in the 9 moment case it reads

Ê = −2νxp̂x
(1 + α)

(1− α)
+ Ês (7.6)

where Ês is the boundary energy and νx is the wall normal, which in this case is 1 at x = 0 and −1 at

x = L. Equation (7.6) is known as a jump condition because Ê is equal to Ês plus an extra term (the typical

boundary condition for Fourier’s law is the no slip condition, Ê = Ês).

Applying this boundary condition to equation (7.5) gives the full solution to the problem

Ê = −
3
�
ÊH − ÊL

�
(1− α)

3− 3α+ 4KnR (1 + α)
x+

2ÊHKnR
3− 3α+ 4KnR (1 + α)

. (7.7)

Figure 7.2 shows a plot of Ê as a function of x̂ for several different Knudsen numbers with ÊH = 1.1 at

x̂ = 0 and ÊL = 1 at x̂ = 1. The results show a linear profile, like Fourier’s law, except for jumps at the

boundaries, which increase as Knudsen number increases.

The temperature jump can also be affected by changing the proportion of phonons that simply bounce

off the surface (α) and the number of phonons that thermalize at the surface (1 − α). Figure 7.3 shows

the same plot except the Knudsen number remains at 0.1 and α is varied from 0 to 1. As α increases, the

temperature jump also increases. Note that for α = 1, all phonons are reflected at the surface. Therefore

no energy exchange occurs and the surface is adiabatic. Accordingly, there is no temperature profile in the

crystal and no heat transfer through it.
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Figure 7.2: Heat conduction between two parallel surfaces for varying Knudsen number using the 9 moment

equations.
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Figure 7.3: Heat conduction between parallel surfaces for varying values of α using the 9 moment equations

with Kn = 0.1.
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7.1.2 The 16 and 25 Moment Solution

The problem can be solved with more moment equations by using the same process as the 9 moment solution

except more equations are needed. For the 16 moment case, in this geometry, the equations are

∂p̂x

∂x̂
= 0 (7.8a)

1

3

∂Ê

∂x̂
+
∂N̂�xx�
∂x̂

= − 1

KnR
p̂x (7.8b)

4

15

∂p̂x

∂x̂
+
∂M̂�xxx�
∂x̂

= − 1

Kn
N̂�xx� (7.8c)

9

35

∂N̂�xx�
∂x̂

= − 1

Kn
M̂�xxx� . (7.8d)

The first two equations are the same as the 9 moment case but higher moment equations need to be

solved. For instance, in the 16 moment case, M̂ �xxx� is non-zero, so now equation (7.8c) simplifies to

∂M̂�xxx�
∂x

= − 1

Kn
N̂�xx� . (7.9)

The M̂ �xxx� term requires equation (7.8d), which is simplified to

9

35

∂N̂�xx�
∂x

= − 1

Kn
M̂�xxx� (7.10a)

∂M̂�xxx�
∂x

= −9Kn

35

∂2N̂�xx�
∂x2

. (7.10b)

With further back substitution, a general solution for Ê can be found

Ê = − 3

KnR
C1x+C2 +C3 cosh

�
1

Kn

3√
35
x

�
+C4 sinh

�
1

Kn

3√
35
x

�
. (7.11)

where C1, C2, C3, C4 are constants of integration which are determined using equations (C.1) and (C.3).

The linear system for the constants was solved using Mathematica; the resulting lengthy expressions will not

be shown. Curves were produced directly in Mathematica.

The 25 moment system can be solved in a similar fashion. The simplified equations for this geometry are
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∂p̂x

∂x̂
= 0 (7.12a)

1

3

∂Ê

∂x̂
+
∂N̂�xx�
∂x̂

= − 1

KnR
p̂x (7.12b)

4

15

∂p̂x

∂x̂
+
∂M̂�xxx�
∂x̂

= − 1

Kn
N̂�xx� (7.12c)

∂M̂�xxx�

∂t̂
+

9

35

∂N̂�xx�
∂x̂

+
∂R̂�xxxx�
∂x̂

= − 1

Kn
M̂�xxx� (7.12d)

16

63

∂M̂�xxx�
∂x̂

= − 1

Kn
R̂�xxxx� . (7.12e)

Using the same process of substitution as the 9 and 16 moment equations results in

Ê = − 3

KnR
C1x+C2 +C3 cosh

�
1

Kn

�
23

45
x

�

+C4 sinh

�
1

Kn

�
23

45
x

�

, (7.13)

where the constants of integration are solved once again using equations (C.1) and (C.3).

To compare the results of the 9, 16 and 25 moment equations, Figure 7.4 shows a plot of Ê as a function

of distance x̂ for each moment equation with ÊH = 1.1 at x̂ = 0 and ÊL = 1 at x̂ = 1. In all cases, the

results show a profile that looks quite linear. There is some curvature in the 16 and 25 moment solutions

because of the hyperbolic sine functions, however their effect is negligible.

7.1.3 Discussion

The geometry of heat conductivity between parallel surfaces allows for a simple problem that can be solved

and analyzed by the moment method and compared to Fourier’s law. This can be used to get a basic

understanding of what effects can occur when phonon rarefaction causes the continuum assumption to break

down. Clearly, the dominant effect in this case is the temperature jump (although the equations solve for

Ê, this is proportional to temperature). Another interesting result is that the 9 moment solution is almost

exactly the same as the 25 moment solution for Knudsen numbers in the range that these equations could

work for (since the equations are linearized by a small Knudsen number approximation, it does not make

sense to extend the solutions to cases where Knudsen number is greater than 1).

The property that could be particularly useful in design work would be an equivalent heat conductivity

for a material dependent on the Knudsen number of the system. Since heat flux (which is proportional to
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Figure 7.4: Heat conduction between parallel surfaces for various systems of equations. In all casesKn = 0.2,

KnR = 0.4, α = 0.5.

p) is not necessarily proportional to the local temperature gradient in the moment method, we define heat

conductivity over a finite distance

qi = κ
∆T

∆x
. (7.14)

Since pi is proportional to qi an equivalent heat conductivity can be measured

κ

κFourier
=

p

pFourier
. (7.15)

Figure 7.5 shows that the equivalent heat conductivity for the moment method drops as Knudsen number

gets larger. This means that for a nano-device, with similar geometry to the parallel surface problem would

transfer less heat than expected by Fourier’s law for a given temperature or be hotter than expected for a

given heat flux. It should be noted that Figure 7.5 assumes the same proportion of resistive and normal

phonon process (i.e. the ratio of Kn to KnR remains constant) as Kn increases (which essentially signifies

a decreasing length scale). This may not be the case in typical experiment because resistive process include

phonon interaction with grain boundaries, which could become less significant at smaller length scales.
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Figure 7.5: Equivalent heat conductivity compared to Fourier’s law as a function of Knudsen number for the

9, 16 and 25 moment equations. In this case KnR = 2Kn, α = 0.5 and γ = 0.5.

7.2 1-D Poiseuille Flow

Another geometric configuration with an analytic solution is a constant energy gradient in one direction in a

semi-infinite solid. This is roughly analagous to Poiseuille flow in fluid mechanics. In Figure 7.6 the direction

of the gradient is in the x direction and the y direction has a thickness of 2L. We assume that the only

x dependent property is the gradient of temperature such that dÊ
dx̂

is a constant. Since the z dimension is

infinite, no properties are dependent on it. Furthermore, the process is steady state.

7.2.1 General Solution

We begin with a reduced form of equation (6.10), where t and z derivatives are elimanted,

Aαβ
∂ûβ

∂x̂
+Bαβ

∂ûβ

∂ŷ
= −Pαβûβ . (7.16)
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Figure 7.6: Poiseuille Flow

The only equation with an x dependent term is the moment px. Using the expanded moment equations in

Appendix B as a starting reference and removing all terms without y dependency except for dÊ
dx̂

gives

1

3

dÊ

dx̂
+
dN̂�xy�
dŷ

= − 1

KnR
p̂x . (7.17)

We define p̃x as

p̃x = p̂x +KnR
dÊ

dx̂
. (7.18)

Since dÊ
dx̂

is constant

∂p̃x

∂x̂
=
∂p̂x

∂x̂
= 0 .

Furthermore, inspection of equation (B.1) with all non y dependencies removed leads to a trivial equation

∂p̂y

∂ŷ
= 0 . (7.19)

To simplify our equations we redefine our variables such that

ũα =
*
p̃x, û�ij�, ..., û�i1...in�

+
. (7.20)

Equation (7.16) can be simplified to

B̃αβ
∂ũβ

∂ŷ
= −P̃αβũβ . (7.21)

Redefining p̂x to p̃x made the system of equations only dependent on y. P̃αβ is now an invertible matrix
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because energy balance was removed from the system of equations

P̃αβ =






1
KnR

0 · · · 0

0 1
Kn

...

...
. . . 0

0 · · · 0 1
Kn






. (7.22)

Therefore ũα can be isolated

ũα = −P̃−1αγ B̃γβ
∂ũβ

∂ŷ
. (7.23)

This system of differential equations can be solved by diagonalizing the P−1ik Bkj matrix using its eigenvectors,

Qij and corresponding eigenvalues in the diagonal matrix Λij . We define Λij as

Λαβ ≡






λ1 0 · · · 0

0 λ2
...

...
. . . 0

0 · · · 0 λn






Using the substitution

ũα = Qαβwβ (7.24)

leads to the equation

wα = −Q−1αε P̃−1εγ BγκQκβ
∂wβ

∂ŷ
= −Λαβ

∂wβ

∂ŷ
. (7.25)

This equation is solved using the hyperbolic sine functions

wα = C1α cosh

�
− 1

λa
y

�
+C2α sinh

�
− 1

λa
y

�
, (7.26)

where C1,2a are constants of integration. ũα can now be determined by inverting equation (7.24).

7.2.2 The 9 Moment Solution

The boundary conditions can be applied to both walls to determine the constants of integration. The

process can be simplified by only solving for the variables that are useful for discussion6 . In this case, the

6 In general, all moments need to be solved simultaneously, however for the geometry of this problem, some of the equations

decouple themselves, so they can be ignored.
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most interesting variable is the momentum, because it is proportional to the heat flux. It is essential that the

right number of boundary conditions are used, or the system will become overdefined. For the nine moment

case, we use equation (C.2). Since M�ijk� = 0 in the nine moment case, this equation is simplified to

p̂x = −ny
8N̂�xy�(1 + αγ)

3(1− αγ)
, (7.27)

where ny is the wall normal direction. This boundary condition is then applied at both walls. Assuming an

origin in the middle of the flow, this could be applied at p̂x(1) where ny = −1 and at p̂x(−1) where ny = 1.

For the 9 moment case, the solution for p̂x is

p̂x = −KnR
3

∂Ê

∂x
+K1 cosh

��
5

KnKnR
y

�
, (7.28)

where

K1 =
∂Ê
∂x
KnR

3 cosh
�,

5
KnKnR

�
+
,
Kn
KnR

8(1+αγ)

3
√
5(1−αγ) sinh

�,
5

KnKnR

� . (7.29)

The solution for p̂x is composed of two terms. The first term is what is predicted by Fourier’s law. The

second term is a hyperbolic cosine function that creates what is known as a Knudsen layer. The Knudsen

layer is essentially a form of boundary layer caused by phonon "drag" on a boundary. This drag is caused

by the scattering of phonons when they interact with the surface.

Figure 7.7 shows the profile for p̂x for various Knudsen numbers. As the Knudsen number approaches

zero, p̂x approches plug flow at 1, which is what is predicted by Fourier’s law. As Knudsen number increases,

phonon scattering at the boundary becomes significant, increasing the Knudsen layer and therefore reducing

p̂x. Knudsen layers exist in all heat flow systems, however they only become significant as the Knudsen

number increases.

The boundary conditions used in this solution can be tuned depending on the proportion of phonons that

specularly reflect, γ, and isotropically scatter, 1− γ. Figure 7.8 shows p̂x profiles for Kn = 0.2 with varying

γ. The figure shows the reduced drag from the boundary as specular reflection increases. In fact, with pure

specular reflection (γ = 1), the Knudsen layer disappears and plug flow is achieved. It is important to realize

that this is not the mechanism that predicts Fourier heat transfer on the macro scale. Plug flow can be

achieved with γ less than one as long as the Knudsen number is very small, as is shown in Figure 7.7.
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Figure 7.7: Poiseuille flow profile of p̂x for the 9 moment case with varying Kn where KnR = Kn, α = 1,

γ = 0.5. As Kn approaches zero, the 9 moment case approaches the same profile predicted by Fourier’s

law. At higher Kn, boundary effects reduce p̂x.
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Figure 7.8: Poiseuille flow for the 9 moment equations with Kn = 0.2, KnR = 0.4 and varying γ. Note that

as γ increases, the boundary effect diminishes until plug flow is achieved, due to the boundary not inhibiting

momentum when there is pure specular reflection.
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7.2.3 The 16 and 25 Moment Solutions

For the 16 moment case, the solution for p̂x is

p̂x = −KnR
3

∂Ê

∂x
+K1 cosh

��
35

8Kn2 + 7KnKnR
y

�
, (7.30)

where

K1 =
∂Ê
∂x
KnR

3
√

8Kn2 + 7KnKnR




,

35
8Kn2+7KnKnR

cosh
�,

35
8Kn2+7KnKnR

�
+

75(1+αγ) sinh

��
35

8Kn2+7KnKnR

�

35(1−αγ)





.

(7.31)

The solution for the 16 moment case makes an adjustment to the Knudsen layer when compared with the 9

moment solution.

The 25 moment solution adds a second Knudsen layer

p̂x = −KnR
3

∂Ê

∂x
+K1 cosh

�-
210

49Kn2 + 21KnKnR −
.

7Kn2 (343Kn2 − 6KnKnR + 63Kn2R)
y

�

+K2 cosh

�-
210

49Kn2 + 21KnKnR +
.

7Kn2 (343Kn2 − 6KnKnR + 63Kn2R)
y

�

, (7.32)

where the constants of integration, K1 and K2 are too lengthy to present; however, they have a similar form

to the constant in the 9 and 16 moment cases. Although higher moment equations have not been solved

explicitly, it is clear from the general solution to equation (7.16) that more moments lead to more Knudsen

layers.

Figure 7.9 compares the 9, 16, and 25 moment equations for Kn = 0.3, KnR = 0.6, α = 1 and γ = 0.5.

With these parameters it is clear that the 25 moment equation has significantly more drag than the 16 and

9 moment equations. However, at lower Knudsen numbers, there is not as much difference between 9, 16

and 25 moments (see Figure 7.10). Comparing solutions from the different moment equations is a way of

determining convergence. Solutions from higher and higher moment equations can be compared until the

difference between two sets is within and acceptable error. It would then be unnecessary to solve larger

moment systems for that particular Knudsen number in that particular system.

Phonon momentum is not a typical quantity desired by design engineers, however heat conductivity is.

Since pi is proportional to qi and equivalent heat conductivity can be determined by integrating pi over
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Figure 7.9: Phonon momentum px as a function of y in a Poiseuille flow situation whereKn = 0.3,KnR = 0.6,

α = 1, γ = 0.5. Fourier’s law would give a flat "plug" flow. Boundary drag which reduces total heat flux

occurs in the moment equations. Higher moment equations display greater dependency on boundary effects.

an area and comparing it to the heat flux that would be predicted by Fourier’s law. This comparison can

be used to create a bulk heat conductivity for the entire system that could be compared to the material’s

heat conductivity in the macro-scale. Figure 7.10 compares the equivalent heat conductivity as a function

of Knudsen number for the 9, 16 and 25 moment equations.

7.3 1-D Heat Conduction with Periodic Initial Conditions

Another simple geometric configuration that can be solved analytically is a one dimensional body with

periodic initial conditions such as in Figure 7.11. This was conducted experimentally by Johnson et al [24] by

interfering two lasers and exposing a wafer to the diffraction pattern specifically because it is a configuration

that is possible to analyze both theoretically and experimentally. In the experiment, a sinusoidal energy

pattern was initialized in a thin silicon wafer at room temperature and the thermal decay was measured to

determine a wave-length dependent damping coefficient. The damping behaviour as a function of the laser

diffraction grating’s wavelength can be determined from the moment equations, and then be compared to

Fourier’s law and the experimental results. The periodic nature of the problem eliminates the boundary
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conditions, allowing study of bulk behaviour.

The thin wafer was required by the experiment so that the sinusoidal pattern would be homogenous

throughout the entire specimen. Results from Section 7.2 indicate this causes a reduction in heat flow.

Incorporating this effect into this model would require a two dimensional solution, which is ignored for this

simple analysis.

7.3.1 Fourier’s Law Solution

The dispersion relation for Fourier’s law can be determined starting with the heat equation in one dimension

∂e

∂t
− κ

c̃v

∂2e

∂x2
= 0 . (7.33)

Since the problem is periodic, the wave ansatz is used

e = e0 exp
/
−i


K̄x− ωt

�0
, (7.34)

where K̄ = 2π
L

is the wave vector of the diffraction pattern and ω is the frequency. The frequency response is

split into two parts. The real part of ω is the phase velocity of the wave and the imaginary part is the wave

damping. By substituting the ansatz into the differential equation, the dispersion relation is determined to

be quadratic in K̄

iω =
κ

c̃v
K̄2 . (7.35)

7.3.2 The 9 Moment Solution

The experimental results were compared to the analytical solution for the 9 moment method using x as the

relevant direction. In order to compare it to the experiment, the dimensional form of the equations are used.

The necessary equations are

∂e

∂t
+ c2

∂px

∂x
= 0 (7.36a)

∂px

∂t
+

1

3

∂e

∂x
+ c
∂N�xx�
∂x

= − 1

τR
px (7.36b)

∂N�xx�
∂t

+
4

15
c
∂px

∂x
= −1

τ
N�xx� . (7.36c)
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We define the vector uα as

uα (x, t) =






e

px

N�xx�






, (7.37)

the matrix Aαβ as

Aαβ =






0 c2 0

1
3 0 c

0 4
15c 0






, (7.38)

and the matrix Pαβ as

Pαβ =






0 0 0

0 1
τR

0

0 0 1
τ






. (7.39)

which simplifies equation 7.36 to

∂ua

∂t
+Aαβ

∂uβ

∂x
= −Pαβuβ , (7.40)

with initial condition

ua (x, 0) =






e0 cos


K̄x
�

0

0






, (7.41)

Since the problem is periodic, we use the wave ansatz for the solution

ua = u0ae
i(K̄nx−ωnt) . (7.42)

Substituting into equation (7.40) and rearranging yields the equation

iωua−iK̄Aαβuβ + Pαβuβ = 0 . (7.43)

For non trivial solutions of ua, the characteristic equation must hold



iωδαβ − iK̄Aαβ+Pαβ

�
uβ = 0 . (7.44)

Equation (7.44) is an eigenvalue equation for the matrix −iK̄Aαβ+Pαβ. For each eignevalue, iω, there is

a specific solution to the wave ansatz. Since the problem is linear, they can be added together to form the
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general solution

uα (x, t) =
�

β

aβQαβe
i(K̄x−ωβt) , (7.45)

where Qαβ is the matrix of eigenvectors corresponding to the eigenvalues iωβ. The amplitude aβ must be

determined from the initial condition shown in equation (7.41). Substituting the initial condition into the

general boundary solution yields,

uα (x, 0) =
�

β

aβQαβe
iK̄x . (7.46)

This can be simplified such that

aα = e0Q
−1
α1 . (7.47)

Note that e0 was previously defined as the energy amplitude for the initial condition in equation (7.41).

The final solution is

uα (x, t) = e0
�

β

QαβQ
−1
β1 e
i(K̄x−ωβt) . (7.48)

This solution can be generated for an arbitrary number of moments by simply expanding the dimensions

of uα, Aαβ, and Pαβ and determining their coefficients from the moment equations. For simplicity, only

results from the 9 moment equations are presented.

7.3.3 Mathematical Method to Compare Results

The experimental results (see Figure 7.12) were determined by fitting an exponential function to the wave

decay. Since the moment model’s solution is a specific solution, it was approximated by finding an aggregate

frequency, ω̄, such that

�

β

QαβQ
−1
β1 e
i(K̄x−ωβt) = ei(K̄x−ω̄t) . (7.49)

ω̄ can be determined by taking the natural logarithm of equation (7.49) and simplifying for a constant value

of x (in this case x = 0 is used for simplicity but any value will work)

−iω̄t = ln




�

β

QαβQ
−1
β1 e

−iωβt)



 . (7.50)
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The resultant equation is linear with respect to t. Essentially ω̄ determined by taking the slope of least

squares fit to the right hand side of equation (7.50). The least squares fit was computed between t = 0

and a time that was sufficiently large enough for most of the decay to occur, which was consistent with the

experiment [24].

7.3.4 Results and Discussion

The results from the one dimensional 9 moment model are qualitatively similar to the experimental results.

There was difficulty matching the data quantitatively for a variety of reasons. The dispersion relation of

Fourier’s law (as measured in [24]), the 9 moment method and the data from [24] are shown in Figure 7.12.

In the experiment, Johnson used silicon wafers, which have a tabulated mean free path, λ = 43 nm [25].

Using a specific heat of 700 J/kgK, a conductivity of 130 W/mK, a density of 2329 kg/m3, and a speed

of sound of 8430 m/s [26] equation 4.31 gives a resistive mean free path, λR, of 28 nm. However, since

the Johnson experiment used a thin wafer which reduces heat conductivity because of phonon boundary

scattering, essentially experiencing the result predicted in Section 7.2. As a result, inspection of the slope of

the line for Fourier’s law in Figure 7.12 actually predicts a bulk conductivity of 89 W/mK.

This effect is not a part of the 1-D, 9 moment solution because it is essentially a two dimensional side

effect. The only two parameters in the 9 moment solution are the resistive mean free path and the total

mean free path. In order to fit the data from the Johnson experiment, the resistive mean free path was

adjusted to fit the slope of Fourier’s law as measured in the experiment, and then the total mean free path

was adjusted to fit the experiment’s dispersion relation. The results require a resitive mean free path of 19

nm and a total mean free path of 9300 nm.

The results of the 9 moment theory are not entirely accurate, but they do predict the general character-

istics of the equation. Furthermore, the frequency dependence of phonon mean free path has an important

effect on the results. In fact, in thin films, there has been research suggesting that the importance of low fre-

quency phonons (and their longer mean free paths) should be taken into consideration to make the "effective"

mean free path on the order of 300 nm [27].

Ultimately the solution should be tested using a two dimensional solution to the moment equations.
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Figure 7.12: Dispersion relation of the wavevector (K̄) of a sinusoidal initial condition and the temperature

relaxation frequency (ω). The Fourier’s Law slope and the experimental data plots are from [24]. Fitting the

9 moment theory to the experimental data required a resistive mean free path of 19 nm and a total mean

free path of 9300 nm.

This would create a model that could capture the effects of the thin film boundary scattering as well as

the periodic initial conditions. The boundary scattering parameters α and γ could be used to reduce the

effective thermal conductivity which would hopefully result in more accurate values for the phonon mean

free path. A time dependent finite volume method using the Roe (i.e. upwind) scheme was in development

but was not completed at the time of writing.

7.4 2-D Heat Conduction

7.4.1 Numerical Method

Numerical models are an essential tool for solving problems with anything but the simplest of geometries. A

simple 2-D steady state numerical model for a square domain was adapted from a gas kinetic moment model

[32], [31]. There is no fundamental reason preventing extension of this scheme to arbitrary geometries.

The system of steady state, 2-D moment equations are7

7For the numerical section, index notation will not be used to avoid any confusion with discretized equations. For example



68

A∂U
∂x

+ B∂U
∂y

+ PU = 0 , (7.51)

where

U =

1

Ê p̂x p̂y N̂�xx� N̂�xy� N̂�yy�

2
.

A, B, and P are coefficient matrices that are presented for the 9 moment equations in Appendix D.

7.4.2 Finite difference approximation

The equation can be discretized over an N ×M grid for such that xi = i∆x and yj = j∆y results in

A∂Ui,j
∂x

+ B∂Ui,j
∂y

+ PU i,j = 0 ∀ (i, j) ∈ [1, N ]× [1,M ] , where Ui,j = U(xi, yj) . (7.52)

The boundary conditions are applied at all nodes where i = 0, i = N , j = 0, and j = M . The boundary

conditions in Appendix C are used to determine the boundary nodes (for the 9 moment case, only equations

(C.1) and (C.2) are needed, while the 25 moment equations require all six). The boundary conditions are

applied using linear extrapolation to determine the boundary nodes. For x-walls (i.e. walls with a normal

vector in the x direction) the boundary condition is

U0,j = X+ (2U1,j − U2,j) +X d+ , (7.53a)

UN+1,j = X− (2UN,j − UN−1,j) +X d− ∀ j ∈ [1,M ] , (7.53b)

Where X is a coefficient matrix multiplied by the variables U for an x-wall and X d is an inhomogenous

component representing the surface energy, Ês. The + or − sign represents the sign of the wall normal

vector. X , and X d for an adiabatic wall are shown in Appendix D for the 9 moment case. The matrix X

only gives boundary conditions for the moments p̂x and N̂�xy� because these are the only moments that are

odd in x for the 9 moment case. For more information refer to boundary condition reduction in Section

5.4.1. For all of the other moments X is an identity.

in this section, Ai,jUi,j denotes the i-th and j-th component of A multiplied by the i-th and j-th component of U , instead of

summation over all components of A and U .
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The same scheme is used for the y-walls

Ui,0 = Y+ (2Ui,1 − Ui,2) + Yd+ , (7.54a)

Ui,M+1 = Y− (2Ui,M − Ui,M−1) + Yd− ∀ i ∈ [1, N ] . (7.54b)

Y and Yd are presented in Appendix D as a boundary with controlled surface energy Ês.

The matrix Ui,j can be solved using the central difference method to replace the derivatives in equation

(7.52)

AUi+1,j
2∆x

−AUi−1,,j
2∆x

+ BUi,,j+1
2∆y

−BUi,j−1
2∆y

+ PU i,j = 0 ∀ (i, j) ∈ [2, N − 1]× [2,M − 1] . (7.55)

The boundary nodes are determined by substituting the required boundary condition into equation (7.52).

For the left wall (i.e. i = 1 wall) equation (7.53a) is used,

�
P − 1

∆x
AX+

�
U1,j +

1

2∆x
A


I +X+

�
U2,j + BU1,j+1

2∆y
−BU1,j−1

2∆y

=
1

2∆x
AX+d ∀ j ∈ [2,M − 1] . (7.56)

For the right wall (i.e. i = N wall) equation (7.53b) is used,

�
P +

1

∆x
AX−

�
UN,j −

1

2∆x
A


I +X−�UN−1,j+

+ BUN,j+1
2∆y

−BUN,j−1
2∆y

= − 1

2∆x
AX−d ∀ j ∈ [2,M − 1] . (7.57)

The same method is used for the lower (j = 1) and upper (j = M) walls.

The corners require combining the x and y boundary condition equations with equation (7.52). For

example, the lower left (i = 1, j = 1) wall has the equation

�
P − 1

∆x
AX+ − 1

∆y
BY+

�
U1,1 +

1

2∆x
A


I +X+

�
U2,1+

+
1

2∆y
B


I + Y+

�
U1,2 =

1

2∆x
A X+d +

1

2∆y
B Y+d. (7.58)

All values of Ui,j can be combined into a single vector X = {Ui,j}(i,j)∈[1,N]×[1,M] which allows the above

equations to be written in the form,

MX = b . (7.59)

X can be solved by inverting this equation which is can be achieved using the QMR iterative method [30].

The method is second order convergent [32].
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Figure 7.13: The domain of the 2-D steady state numerical model

7.4.3 Numerical Results and Discussion

A numerical model for a steady state square geometry shown in Figure 7.13 was solved for the 9 moment

equations. In the problem, the walls at x̂ = 0 and x̂ = 1 were adiabatic, the surface at ŷ = 0 had a surface

energy of Ês = 1.1 and the surface at ŷ = 1 had a surface energy of Ês = 1. The problem geometry is similar

to a combination of Poiseuille flow and heat flow between parallel plates. All of the coefficient matrices in

Appendix D were the specific ones used to solve this problem.

The solution of the 2-D simulation was used to determine the total heat flux in the y direction by

integrating p̂y over x̂. Figure 7.14 shows a plot of p̂y over the entire numerical domain. The plot is similar in

shape to 1-D Poiseuille flow except for some effects at the corners. The plot was scaled by the expected value

of p̂y if Fourier’s law was used.The total heat flux in the y direction (the adiabatic walls prevent net heat flux

in the x direction) can be compared to Fourier’s law to determine an effective heat conductivity, as previously

described in Sections 7.1 and 7.2. Figure 7.15 shows heat conductivities for all three cases scaled by the

expected heat conductivity given by Fourier’s law. The 2-D model has a significantly lower conductivity

than the 1-D models because it essentially is a combination of both effects. Heat flow is restricted by the

temperature jump as well as drag due to phonon scattering on the adiabatic walls.



71

Figure 7.14: A 2-D numerical plot of p̂y for Kn = 0.3, KnR = 0.6, α = 0.5, and γ = 0.5.
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Figure 7.15: Effective heat conductivity for 1-D Poiseuille flow, 1-D heated parallel plates and the 2-D

numerical method.
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8 Conclusion

8.1 Summary

At macroscopic length scales, heat transfer is governed by Fourier’s law. As length scale decreases, surface

effects and non-locality begin to dominate heat transfer, making Fourier’s law increasingly inaccurate. The

Knudsen number, which is the ratio of phonon mean free path to the length scale of the relevant system is a

parameter that shows the degree of rarefaction in a given problem. Fourier’s law is only accurate when the

Knudsen number is very small. In order to develop relevant and accurate constitutive equations for systems

with large Knudsen numbers, a microscopic analysis of phonons is necessary.

Phonons are particle representations of crystal lattice vibrations and were derived from quantum me-

chanics. Phonons conserve energy, but they do not always conserve momentum or number when they collide.

Phonon processes can be put into two different categories: normal processes, where phonons conserve mo-

mentum; and resistive processes, where they do not. Each type of process has its own mean free path, and

hence its own Knudsen number, but it is more useful to use a Knudsen number for resistive processes only,

and another Knudsen number for all processes.

The phonon Boltzmann equation governs phonon mechanics, but is time consuming to solve in its full

form. The moment method is derived by integrating over the phonon distribution function to develop an

infinte set of macroscopic transport equations. This set of equations can be truncated at an arbitrary

moment order and is closed using Grad’s closure method. The closure method is a linearization of the

phonon distribution function which effectively forces any higher order moments to be zero. One prerequisite

of this closure is that the Knudsen number is assumed to be less than one. A simple approximation to the

phonon collision term is the Callaway model, which replaces the collision term with a relaxation term that

is dependent on collision frequency. The Callaway model is based on the assumption that collisions increase

entropy and therefore bring the particle distribution function towards an equilibrium distribution. A further

simplification is to use the gray matter assumption, which assumes a constant collision frequency regardless

of phonon wavevector.

The boundary conditions for the moment method were derived by creating a microscopic model of phonon-
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interface interactions that could be both an approximation to what actually occurs and also simple enough so

that macroscopic moment boundary conditions could be made. The boundary conditions considered phonon

diffuse scattering, specular reflection and interface thermalization. The boundary conditions were derived for

the moment equations in an explicit form in three dimensions for an arbitrary number of moment equations.

They were also reduced using Grad’s argument so that the moment equations would not be overdefined.

The resulting macroscopic boundary conditions can be adjusted by changing the scattering, reflection, and

thermalization parameters in order to compare and analyze experimental results and other models.

Basic analytic problems were solved for the 9, 16 and 25 moment systems of equations. Heat flow between

parallel plates of differing energy was solved. The solution showed a similar solution to Fourier’s law except

for a temperature jump at the boundaries, which increased with Knudsen number and by decreasing the

proportion of phonons that thermalized at the surface. Heat transfer (and consequently the effective heat

conductivity) was reduced compared to what Fourier’s law would predict.

Another simple analytic problem is one dimensional Poiseuille flow. The solution to the problem showed

phonon "drag" at the walls which reduced heat transfer with increasing Knudsen number. Drag could also be

affected by changing the proportion of phonons that are scattered or reflected. Once again, an effective heat

conductivity was calculated and shown to be lower than what Fourier’s law would predict. This reduction

in heat conductivity was observed as a side effect in an experiment [24].

The moment model was compared to an experiment where a laser diffraction pattern was used to heat

a silicon wafer in a periodic pattern. The periodicity of the system allowed it to be solved analytically in

one dimension. The moment method qualitatively matched the measured dispersion relation of the energy

relaxation frequency versus the diffraction pattern’s wavevector. The moment method could be "fit" to the

experimental data, but only by using mean free path lengths that are not accepted for silicon. The moment

method could be compared more completely by developing a time dependent, 2 dimensional numerical model.

A steady state 2 dimensional numerical model was created by adapting code used for rarefied gas transport

equations [31], [32]. The method was used to develop code for a 2-D square domain analysis. A problem

with two parallel adiabatic walls combined with two parallel heated surfaces was solved numerically. The

resultant effective heat conductivity was lower than Fourier’s law as expected. It was also lower than the
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effective heat conductivities calculated for 1-D Poiseuille flow and 1-D heat conduction between parallel

plates because it combined both effects.

8.2 Recommendations

The moment method provides a macroscopic model that approximates microscopic phonon interactions with

several attractive properties. It is computationally efficient, it can be easily adapted to varying surface and

interface conditions by changing its boundary parameters, and it can be extended to arbitrary precision by

increasing the number of moments. Finally, it provides solutions in the form of equations, such as equation

7.7, that provide insight into nanoscale heat transfer as opposed to only numerical results. These properties

make the moment method a useful modeling tool for engineers. Its efficiency lends itself well to engineering

design optimization. In order for it to gain widespread adoption, there are several major steps that need to

be taken, both in verification and model improvement.

8.2.1 Verification

The moment method for phonons needs more verification. At the current stage, this can be attained by

comparing the moment method with other models, such as direct simulation monte carlo or with experimental

results. This is an obvious "next step" for this method. In order to verify the model, a widespread literature

review of current experiments and models should be combined with making a versatile numerical model.

Simple problems can already be solved using the current numerical model, but extension to more arbitrary

geometries would be a significant improvement. A time dependent model would also be useful to solve

unsteady problems. A time dependent two dimensional model was under development but was not finished

by the time of writing.

8.2.2 Theoretical Model Improvement

There are several ways that could improve the accuracy and the versatility of the moment method. One of

the severe limitations of the model is the assumption that the mean free path is not a function of phonon

frequency (the gray matter assumption). Frequency dependent mean free path has a significant effect at the
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nanoscale [27]. Removing the gray matter assumption significantly increases the complexity of the Callaway

model because the collision frequency can no longer be removed from the integral in equation 4.20.

In general, the model could be improved simply by removing as many assumptions as possible. This

obviously sacrifices the simplicity and linearity of the equations, but could improve its accuracy. One useful

improvement would be to integrate the moments over a finite Brillouin zone instead of an infinite one. This

could help the model be more accurate at higher temperatures and would be especially useful for modeling

materials with a low Debye temperature. Finally, non-linear phonon dispersion could improve the model

further, however this improvement may come at the cost of a much more difficult closure of the equations.
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Appendix

A The Group Velocity

In order to localize the wavelike behavior of lattice vibrations into phonons, it is necessary to determine a

phonon’s velocity. This is done by determining the energy of the system and then calculating the velocity

at which the energy propagates. For simplicity we consider a continuous system where the general solution

is a superposition of plane waves

u (x, t) =

�
A (k) ei(kx−ωt)dk . (A.1)

The energy, in general, is proportional to the product of the wave times its complex conjugate, summed over

all k [22]:

E =

� ∞�

−∞

A(k)A∗(k′)e−i(ω(k)t−kx)ei(w(k′)t−k′x)dkdk′ , (A.2)

where k′ is simply a second variable of integration since k must be summed twice. The first step we take is

to define a new variable so that k′ is expressed as a difference of k.

κ = k′ − k . (A.3)

Equation (A.2) can be rearranged such that

E =

� ∞�

−∞

A(k)A∗(k + κ)ei(
ω(k+κ)+ω(k)

κ
t−x)κdkdκ . (A.4)

Consider the energy of the signal in a small but finite space element ∆x. It is important to not let ∆x get

too small. In essence a "coarse grain" of the wave solution must be used. The finite size of ∆x can be viewed

as the size of the wave packet or the radius of a phonon. The energy in such a wave packet is

e =
1

∆x

x+∆x
2�

x−∆x
2

� ∞�

−∞

A(k)A∗(k + κ)ei(
ω(k+κ)+ω(k)

κ
t−x)κdkdκdx . (A.5)

Integrating the function in x yields

e =

� ∞�

−∞

A(k)A∗(k + κ)ei(
ω(k+κ)+ω(k)

κ
t−x)κ sin κ∆x2

κ∆x
2

dkdκ . (A.6)

This is simply equation (A.4) scaled by 1
κ

sinκ∆x2 . This scaling function is shown in Figure ??. This scaling

function shows that as the absolute value of κ gets large, equation (A.4) becomes more and more insignificant.
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Κ

A plot showing the scaling function 1
κ

sinκ∆x2 . As κ goes away from zero, the function diminishes

significantly.

The effect of this scaling functon is that the energy in the wave packet only has to be integrated over small

κ. The velocity of this energy packet, is the term multiplied by t in the argument of the exponential function

v =
ω (k + κ) + ω (k)

κ
. (A.7)

Notice that taking the limit as κ goes to zero in equation (A.7) and the definition of the derivative leads to

the group velocity of the wave

v = vg =
∂ω

∂k
. (A.8)

Thus the energy wave packet travels with the derivative of the dispersion relation. This relation comes at a

cost though, because as ∆x gets smaller and smaller, κ must be integrated over larger and larger bounds to

still accurately describe the energy of the wave packet. As κ becomes larger, it is more and more inaccurate

to approximate equation (A.7) with equation (A.8). As a result of this derivation, a phonon is a particle

that is localized within ∆x and moves with the group velocity. Since ∆x must be a "coarse grain" of the

wave it is impossible to perfectly localize the phonon without sacrificing the knowledge of its velocity and

vice versa.
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B The Expanded Moment Equations in Cartesian Coordinates

The expanded 25 moment equations in cartesion coordinates are presented. The equations can be reduced

to the 16 moment equations by making R�ijkl� = 0. They can be further reduced to the 9 moment equations

by also making M�ijk� = 0.

Energy balance:

∂Ê

∂t̂
+

�
∂p̂x

∂x̂
+
∂p̂y

∂ŷ
+
∂p̂z

∂ẑ

�
= 0 (B.1)

Momentum balance:

∂p̂x

∂t̂
+

1

3

∂Ê

∂x̂
+
∂N̂�xx�
∂x̂

+
∂N̂�xy�
∂ŷ

+
∂N̂�xz�
∂ẑ

= − 1

KnR
p̂x (B.2)

∂p̂y

∂t̂
+

1

3

∂Ê

∂ŷ
+
∂N̂�xy�
∂x̂

+
∂N̂�yy�
∂ŷ

+
∂N̂�yz�
∂ẑ

= − 1

KnR
p̂y (B.3)

∂p̂z

∂t̂
+

1

3

∂Ê

∂ẑ
+
∂N̂�xz�
∂x̂

+
∂N̂�yz�
∂ŷ

− ∂N̂�xx�
∂ẑ

− ∂N̂�yy�
∂ẑ

= − 1

KnR
p̂z (B.4)

N̂�ij� balance:

∂N̂�xx�

∂t̂
+

2

15

�
2
∂p̂x

∂x̂
− ∂p̂y
∂ŷ

− ∂p̂z
∂ẑ

�
+
∂M̂�xxx�
∂x̂

+
∂M̂�xxy�
∂ŷ

+
∂M̂�xxz�
∂ẑ

= − 1

Kn
N̂�xx� (B.5)

∂N̂�xy�

∂t̂
+

1

5

�
∂p̂x

∂ŷ
+
∂p̂y

∂x̂

�
+
∂M̂�xxy�
∂x̂

+
∂M̂�xyy�
∂ŷ

+
∂M̂�xyz�
∂ẑ

= − 1

Kn
N̂�xy� (B.6)

∂N̂�xz�

∂t̂
+

1

5

�
∂p̂x

∂ẑ
+
∂p̂z

∂x̂

�
+
∂M̂�xxz�
∂x̂

+
∂M̂�xyz�
∂ŷ

− ∂M̂�xxx�
∂ẑ

− ∂M̂�xyy�
∂ẑ

= − 1

Kn
N̂�xz� (B.7)

∂N̂�yy�

∂t̂
+

2

15

�
2
∂p̂y

∂ŷ
− ∂p̂x
∂x̂

− ∂p̂z
∂ẑ

�
+
∂M̂�xyy�
∂x̂

+
∂M̂�yyy�
∂ŷ

+
∂M̂�yyz�
∂ẑ

= − 1

Kn
N̂�yy� (B.8)

∂N̂�yz�

∂t̂
+

1

5

�
∂p̂y

∂ẑ
+
∂p̂z

∂ŷ

�
+
∂M̂�xyz�
∂x̂

+
∂M̂�yyz�
∂ŷ

− ∂M̂�yxx�
∂ẑ

− ∂M̂�yyy�
∂ẑ

= − 1

Kn
N̂�yz� (B.9)

M̂�ijk� balance:

∂M̂�xxx�
∂t̂

+
3

7

�
∂N̂�xx�
∂x̂

− 2

5

�
∂N̂�xx�
∂x̂

+
∂N̂�xy�
∂ŷ

+
∂N̂�xz�
∂ẑ

��

+
∂R̂�xxxx�
∂x̂

+
∂R̂�xxxy�
∂ŷ

+
∂R̂�xxxz�
∂ẑ

= − 1

Kn
M̂�xxx� (B.10)
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∂M̂�xxy�

∂t̂
+

3

7

�
2

3

∂N̂�xy�
∂x̂

+
1

3

∂N̂�xx�
∂ŷ

− 2

15

�
∂N̂�xy�
∂x̂

+
∂N̂�yy�
∂ŷ

+
∂N̂�yz�
∂ẑ

��

+
∂R̂�xxxy�
∂x̂

+
∂R̂�xxyy�
∂ŷ

+
∂R̂�xxyz�
∂ẑ

= − 1

Kn
M̂�xxy� (B.11)

∂M̂�xxz�
∂t̂

+
3

7

�
2

3

∂N̂�xz�
∂x̂

+
1

3

∂N̂�xx�
∂ẑ

− 2

15

�
∂N̂�xz�
∂x̂

+
∂N̂�yz�
∂ŷ

− ∂N̂�xx�
∂ẑ

− ∂N̂�yy�
∂ẑ

��

+
∂R̂�xxxz�
∂x̂

+
∂R̂�xxyz�
∂ŷ

− ∂R̂�xxxx�
∂ẑ

− ∂R̂�xxyy�
∂ẑ

= − 1

Kn
M̂�xxz� (B.12)

∂M̂�xyy�

∂t̂
+

3

7

�
2

3

∂N̂�xy�
∂ŷ

+
1

3

∂N̂�yy�
∂x̂

− 2

15

�
∂N̂�xx�
∂x̂

+
∂N̂�xy�
∂ŷ

+
∂N̂�xz�
∂ẑ

��

+
∂R̂�xxyy�
∂x̂

+
∂R̂�xyyy�
∂ŷ

+
∂R̂�xyyz�
∂ẑ

= − 1

Kn
M̂�xyy� (B.13)

∂M̂�xyz�

∂t̂
+

1

7

�
∂N̂�xy�
∂ẑ

+
∂N̂�xz�
∂ŷ

+
∂N̂�xy�
∂ẑ

�

+
∂R̂�xxyz�
∂x̂

+
∂R̂�xyyz�
∂ŷ

− ∂R̂�xxxy�
∂ẑ

− ∂R̂�xyyy�
∂ẑ

= − 1

Kn
M̂�xyz� (B.14)

∂M̂�yyy�

∂t̂
+

3

7

�
∂N̂�yy�
∂ŷ

− 2

5

�
∂N̂�xy�
∂x̂

+
∂N̂�yy�
∂ŷ

+
∂N̂�yz�
∂ẑ

��

+
∂R̂�xyyy�
∂x̂

+
∂R̂�yyyy�
∂ŷ

+
∂R̂�yyyz�
∂ẑ

= − 1

Kn
M̂�yyy� (B.15)

∂M̂�yyz�

∂t̂
+

3

7

�
2

3

∂N̂�yz�
∂ŷ

+
1

3

∂N̂�yy�
∂ẑ

− 2

15

�
∂N̂�xz�
∂x̂

+
∂N̂�yz�
∂ŷ

− ∂N̂�xx�
∂ẑ

− ∂N̂�yy�
∂ẑ

��

+
∂R̂�xyyz�
∂x̂

+
∂R̂�yyyz�
∂ŷ

− ∂R̂�xxyy�
∂ẑ

− ∂R̂�yyyy�
∂ẑ

= − 1

Kn
M̂�yyz� (B.16)

R̂�ijkl� balance:

∂R̂�xxxx�

∂t̂
+

4

9

�
4

7

∂M̂�xxx�
∂x̂

− 3

7

�
∂M̂�xxy�
∂ŷ

+
∂M̂�xxz�
∂ẑ

��

= − 1

Kn
R̂�xxxx� (B.17)

∂R̂�xxxy�

∂t̂
+

4

9

�
15

28

∂M̂�xxy�
∂x̂

+
1

4

∂M̂�xxx�
∂ŷ

− 3

14

�
∂M̂�xyy�
∂ŷ

+
∂M̂�xyz�
∂ẑ

��

= − 1

Kn
R̂�xxxy� (B.18)

∂R̂�xxxz�

∂t̂
+

4

9

�
15

28

∂M̂�xxz�
∂x̂

+
13

28

∂M̂�xxx�
∂ẑ

− 3

14

�
∂M̂�xyz�
∂ŷ

− ∂M̂�xyy�
∂ẑ

��

= − 1

Kn
R̂�xxxz� (B.19)
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∂R̂�xxyy�

∂t̂
+

4

9

�
3

7

∂M̂�xyy�
∂x̂

+
3

7

∂M̂�xxy�
∂ŷ

− 1

14

�
∂M̂�xxx�
∂x̂

+
∂M̂�yyy�
∂ŷ

+
∂M̂�xxz�
∂ẑ

+
∂M̂�yyz�
∂ẑ

��

= − 1

Kn
R̂�xxyy� (B.20)

∂R̂�xxyz�

∂t̂
+

4

9

�
3

7

∂M̂�xyz�
∂x̂

+
1

4

∂M̂�xxz�
∂ŷ

+
9

28

∂M̂�xxy�
∂ẑ

− 1

14

�
∂M̂�yyz�
∂ŷ

− ∂M̂�yyy�
∂ẑ

��

= − 1

Kn
R̂�xxyz�

(B.21)

∂R̂�xyyy�

∂t̂
+

4

9

�
15

28

∂M̂�xyy�
∂ŷ

+
1

4

∂M̂�yyy�
∂x̂

− 3

14

�
∂M̂�xxy�
∂x̂

+
∂M̂�xyz�
∂ẑ

��

= − 1

Kn
R̂�xyyy� (B.22)

∂R̂�xyyz�

∂t̂
+

4

9

�
3

7

∂M̂�xyz�
∂ŷ

+
1

4

∂M̂�yyz�
∂x̂

+
9

28

∂M̂�xyy�
∂ẑ

− 1

14

�
∂M̂�xxz�
∂x̂

− ∂M̂�xxx�
∂ẑ

��

= − 1

Kn
R̂�xyyz�

(B.23)

∂R̂�yyyy�
∂t̂

+
4

9

�
4

7

∂M̂�yyy�
∂ŷ

− 3

7

�
∂M̂�xyy�
∂x̂

+
∂M̂�yyz�
∂ẑ

��

= − 1

Kn
R̂�yyyy� (B.24)

∂R̂�yyyz�

∂t̂
+

4

9

�
15

28

∂M̂�yyz�
∂ŷ

+
13

28

∂M̂�yyy�
∂ẑ

− 3

14

�
∂M̂�xyz�
∂x̂

− ∂M̂�xxy�
∂ẑ

��

= − 1

Kn
R̂�yyyz� (B.25)

C Two Dimensional Boundary Conditions for up to 25 Moments

The boundary conditions for x and y walls are presented

x-wall boundary conditions

64Êπ4(−1 + α) + 15α(−1 + γ)(896M̂�xxx� + 256p̂x − 3150R̂�xxxx�

+ 128p̂xαγ + 105R̂�xxxx�αγ − 120N̂�xx�(2 + αγ)) = 64Êsπ
4(−1 + α) (C.1)

α(−1 + γ)(35M̂�xxy�(−1 + αγ)− 4(8N̂�xy� + 3p̂y + 8N̂�xy�αγ − 3p̂yαγ)) = 0 (C.2)

128Êπ4(−1 + α) + 3α(−1 + γ)(2816p̂x − 28875R̂�xxxx� + 1536p̂xαγ − 1575R̂�xxxx�αγ

− 1200N̂�xx�(1 + 2αγ) + 1280M̂�xxx�(9 + 2αγ)) = 128Êsπ
4(−1 + α) (C.3)
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128Êπ4(−1+α)+3α(−1+γ)(8960M̂�xxx�−2800N̂�xx�+4000N̂�yy�+2304p̂x−30975R̂�xxxx�+69300R̂�xxyy�−

800N̂�xx�αγ − 1600N̂�yy�αγ + 1024p̂xαγ + 525R̂�xxxx�αγ

− 6300R̂�xxyy�αγ + 1280M̂�xyy�(−3 + 4αγ)) = 128Êsπ
4(−1 + α) (C.4)

α(−1 + γ)(735M̂�xxy�(−1 +αγ)− 16(24N̂�xy�(1 +αγ) + 7(p̂y + 8R̂�xxxy� − p̂yαγ + 8R̂�xxxy�αγ))) = 0 (C.5)

α(−1 + γ)(735M̂�xxy�(−1 + αγ) + 2(245M̂�yyy�(−1 + αγ)

− 8(48N̂�xy�(1 + αγ) + 7(p̂y(3− 3αγ) + 16(R̂�xyyy� + R̂�xyyy�αγ))))) = 0 (C.6)

y-wall boundary conditions

64Êπ4(−1 + α) + 15α(−1 + γ)(896M̂�yyy� + 256p̂y − 3150R̂�yyyy�

+ 128p̂yαγ + 105R̂�yyyy�αγ − 120N̂�yy�(2 + αγ)) = 64Êsπ
4(−1 + α) (C.7)

α(−1 + γ)(35M̂�xyy�(−1 + αγ)− 4(8N̂�xy� + 3p̂x + 8N̂�xy�αγ − 3p̂xαγ)) = 0 (C.8)

128Êπ4(−1 + α) + 3α(−1 + γ)(2816p̂y − 28875R̂�yyyy� + 1536p̂yαγ

− 1575R̂�yyyy�αγ − 1200N̂�yy�(1 + 2αγ) + 1280M̂�yyy�(9 + 2αγ)) = 128Êsπ
4(−1 + α) (C.9)

128Êπ4(−1 + α) + 3α(−1 + γ)(8960M̂�yyy� + 4000N̂�xx� − 2800N̂�yy� + 2304p̂y + 69300R̂�xxyy�

− 30975R̂�yyyy� − 1600N̂�xx�αγ − 800N̂�yy�αγ + 1024p̂yαγ − 6300R̂�xxyy�αγ

+ 525R̂�yyyy�αγ + 1280M̂�xxy�(−3 + 4αγ)) = 128Êsπ
4(−1 + α) (C.10)
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α(−1 +γ)(735M̂�xyy�(−1 +αγ)−16(24N̂�xy�(1 +αγ) + 7(p̂x+ 8R̂�xyyy�− p̂xαγ+ 8R̂�xyyy�αγ))) = 0 (C.11)

α(−1 + γ)(490M̂�xxx�(−1 + αγ) + 735M̂�xyy�(−1 + αγ)

− 16(48N̂�xy�(1 + αγ) + 7(p̂x(3− 3αγ) + 16(R̂�xxxy� + R̂�xxxy�αγ)))) = 0 (C.12)

D Numerical Coefficient Matrices

The following are the coefficient matrices used in the numerical scheme presented in Section 7.4.

A =






0 1 0 0 0 0

1
3 0 0 1 0 0

0 0 0 0 1 0

0 4
15 0 0 0 0

0 0 1
5 0 0 0

0 − 2
15 0 0 0 0






(D.1)

B =






0 0 1 0 0 0

0 0 0 0 1 0

1
3 0 0 0 0 1

0 0 − 2
15 0 0 0

0 1
5 0 0 0 0

0 0 4
15 0 0 0






(D.2)
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P =






0 0 0 0 0 0

0 1
KnR

0 0 0 0

0 0 1
KnR

0 0 0

0 0 0 1
Kn

0 0

0 0 0 0 1
Kn

0

0 0 0 0 0 1
Kn






The coefficient matrices X and X d are for an adiabatic wall. In Section 7.4 X+implies nx = 1 and X−

implies nx = −1.

X =






1 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 3nx(−1+αγ)
8+8αγ 0 0 0

0 0 0 0 0 1






(D.3)

X d =






0

0

0

0

0

0






(D.4)
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The coefficient matrices Y and Yd are for a wall with a controlled surface energy, Ês

Y =






1 0 0 0 0 0

0 1 0 0 0 0

− nyπ
4(−1+α)

30α(−1+γ)(2+αγ) 0 0 0 0 15ny
16

0 0 0 1 0 0

0 3ny(−1+αγ)
8+8αγ 0 0 0 0

0 0 0 0 0 1






(D.5)

Yd =






0

0

Êsnyπ
4(−1+α)

30α(−1+γ)(2+αγ)

0

0

0






(D.6)


