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ABSTRACT

This thesis presents the design of a general-purpose floating-point FFT
processing node. The node is currently configured to operate in the Pipe-
lined Cascade implementation of a radix-2 decimation in frequency algo-
rithm. The implementation is capable of performing a 1024 point FFT in
approximately 0.9 ms, or in 1.2 ms if on-chip twiddle factor updating is
employed. The output signal-to-noise ratio for a 1024-point FFT is calcu-

lated to be better than 60 dB.

The general-purpose processing node is designed in a three-micron single
metal [SO-CMOS technology. The node design occupies some 6400 X 6400
micron? and contains approximately 18,000 transistors. Power dissipation
estimates are placed at 1.5 watts per processing node. The node is currently
designed to handle a modified IEEE standard 32-bit floating-point format in
which the 23-bit mantissa is truncated down to 14 bits in length. Analysis
performed on the effects of finite register length on FFT calculation has indi-
cated that in order to achieve a signal-to-noise ratio greater than 60 dB for a

1024-point FFT, a mantissa length of only 14 bits is required.
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Central to the processing node operation is a fast floating-point arith-
metic processing unit, or APU. The APU design is based on two multiple
access pipelines or MAP structures operating concurrently. This architec-
ture combines the flexibility of bus structures with a highly-concurrent pipe-
line processor to realize a fast highly-flexible processing unit. The APU is

microprogram controlled, and is capable of performing the decimation-in-

frequency butterfly operation in under 700 ns.

Processor node control is achieved by means of a master-slave control
configuration in which the microprogrammed APU controller acts as slave to
the node-level master controller. The node-level master controller is a
sequential logic unit which is responsible for on-chip data routing, and for

overseeing the proper sequencing of the APU operation.

The Pipelined Cascade implementation is a highly flexible architecture.
This thesis shows that with slight modification of the present design, fast
calculation of inverse and multidimensional FFT’s are possible. The speed
and flexibility of the processing node design and proposed network imple-
mentation are ideal for many task-specific problems requiring fast spectrum

analysis.
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Chapter 1

Introduction

1.1 Introduction

The high component densities available by the advent of VLSI tech-
nology make feasible the hardware implementation of various digital
filtering and Fourier transform algorithms. The principal objective of
the set of algorithms known as the fast Fourier transforms, or FI'T’s, is
to reduce the computation time required to calculate the discrete Fourier
transform or DFT. In some cases improvement factors exceeding 100
may be realized [1]. Since the DFT is central to most spectral analysis
problems, it is important that the FFT operation be thoroughly under-
stood. Sections 1.2 and 1.3 of this chapter review the development of

the radix-2 decimation-in-time and frequency algorithms [1,2].

In Chapter 2, the concepts of pipeline and parallel processing are
introduced. A general survey of proposed DFT and FFT implementa-

tions is also made, in which the feasibility of implementation for each



(8]

network is analyzed. An area-time® performance factor is also deter-

mined for each implementation.

Chapter 3 presents a detailed analysis on the effects of finite register
lengths on FFT performance. Roundoff and truncation noise models are
presented for both fixed and floating point data formats. The output
signal-to-noise ratios for signal power and output signal variance are
determined as functions of register length and transform size. From
these ratios, it is possible to determine the minimum register length

required to conform to a specified output signal-to-noise ratio.

Chapter 4 outlines the VLSI design methodology used in designing
the processing node. The project design specifications are determined on
both the network and processing node levels. Also in this chapter, the
actual design of the processing node is presented in a bottom-up hierar-
chal fashion. The function of each node component is given along with
the appropriate circuit simulations to verify device performance. Also in
Chapter 4, the multiple access pipeline structure is introduced. This
structure is used in the design of the floating-point arithmetic processing
unit. It combines the processing efficiency of pipelined computations

with the flexibility of a bus architecture to create a flexible highly-



concurrent processing structure.

Chapter 5 addresses the problem of control logic design. In this
chapter a master-slave control scheme is presented in which the APU
control unit acts as slave to the node-level master controller. Detailed
control specifications for both units are also developed at this point.
This chapter also reviews the principles of microprogram control, and
develops a coded microinstruction for the APU control unit. Two
microprograms are then presented which are responsible for performing

complex-number multiplication and sum/difference calculations.

In Chapter 6 estimates are made concerning both processor node
and system level performance times. The design tools and simulators
used are described and criticized. Other points of discussion in this
chapter include the processor node power requirements, affects of scaling,

and design for testability.

Chapter 7 summarizes the processing node and system level perfor-
mance results, and operating parameters. Pertinent conclusions reached
in previous chapters are reviewed, and future directions for research are

proposed. These proposals include discussions of applications to real-



time systems, windowing, and multi-dimensional FFT implementations.

1.2 Decimation in Time FFT

The discrete Fourier transform for a finite duration series of length

N, may be defined as:

N-1 ;
X(k)= Y, x(ll)e‘J(Q”/N)“k k=0,1,2,...N-1 (1.1)
n=0

For convenience we may write equation (1.1) as:

N-1
X(k) = ¥ x(n)oy™ (1.2)

n=0

where wy is known as the twiddle factor, and wy=e72"/N. From equa-
tion (1.1) we see that when x(n) is a sequence of complex-numbers, direct
evaluation of the DFT requires some (N-1)? complex-number multiplica-
tions and N(N-1) complex-number additions. For large values of N

therefore, an inordinate amount of calculation is required.

The principal concept behind the FFT is to break the DFT into two
shorter sequences. The DFT’s of the shortened sequences are then
recombined to give the DFT of the original sequence [3]. For example if

N were even, each of the N/2-point DFT’s would require on the order of



(N/2)? complex number multiplications. Consequently, a total of
2(N/2)? complex multiplications is required. This represents a factor of
two improvement over the number required to calculate the DFT
directly. By assuming N to be a power of two, this splitting process
may be repeated until a series of 2-point DFT’s has been obtained intro-
ducing an approximate factor of two improvement per splitting. Notice
that this factor of two savings per splitting is only approximate because
we have not yet accounted for a way to recombine the smaller DFT’s to

form larger ones.

Consider the case for which N is a power of two. We now define
two (N/2)-point input sequences such that x;(n) and xo(n) are the even
and odd members of the sequence x(n) respectively. These sequences are

represented as:

x;(n) =x(2n) n=0,1,2,...N/2 - 1 (1.3)

Xo(n) =x(2n+1) n=0,1,2,...N/2 - 1 (1.4)

The N-point DFT is now described by:

N-1 N-1
X() = (S XN e+ [ X0 (15)
X(k) _ N/i‘ lx(gn)(wN)an " N/2 - lx(2n+1)(WN)(2n+l)k (16)
n=0 n=0

By recognizing that (wy)? may be written as:



(P[NP TN 2=y ) (1.7)

We can write equation (1.6) as:
N nk k nk
X(k) = 3 xi(n)lwnye)™ + (o) xo(n)(wny2) (1.8)
n=0

or,

X(k) = X(k) + (wn)* Xp(k)  0<k<N/2 (1.9)
where X, (k) and Xy(k) are the (N/2)-point DFT’s of x,(n) and x,(n).
Notice however that X(k) is defined for O0<k<N -1 while
X, (k) and Xy(k) are defined only for 0<k<N/2. A way must be deter-
mined then to evaluate equation (1.9) for values of k>N/2. Since
X, (k) and X,(k) are both periodic, each with period N/2, we can express

equation (1.9) as:
X(k+N/2) = X;(k+N/2) + (wn)* V2 Xo(k+N/2) (1.10)
By observing that (wy) ™ N/2=—(wy )k due to the periodicity of the DFT,
we rewrite equation (1.10) as:
X(k+N/2) = X, (k)-(wn)* Xy(k) (1.11)

Equations (1.9) and (1.11) are jointly referred to as the butterfly calcula-
tions. This operation is represented graphically in figure 1.1(a). In this
figure, the dot represents an adder/subtractor unit, with the sum term

always appearing on the top output branch and the difference term on



the bottom. The arrow represents a multiplier unit with the value of
the multiplicand given beside it. In general, the inputs and outputs to

the butterfly structure are taken to be complex-numbers.

Figure 1.2(a) illustrates the flow graph process required to evaluate
an eight-point DFT, using two four-point transforms. In this flow graph
the input sequence is shuffled into the even and odd x;(n) and x,(n)
sequences which are transformed to yield the X, (k) and Xy(k)
transforms. These values are then recombined via the butterfly opera-

tion to yield the final transform X(k).

The above process can be repeated, expressing each of the N/2-
point DFT’s as a combination of two (N/4)-point DFT’s and so on. In

this case we can write X;(k), 0<k<N/2 -1 as:
Xy (k) = A(k) + (wny2)* B(k) (1.12)
Xy (k) = A(k) + (wn)*™ B(k) (1.13)

where A(k) and B(k) are the (N/4)-point DFT’s of the even and odd
members of x;(n), respectively. From this point the development

proceeds exactly as described above. Figure 1.2(b) illustrates the eight-



point DFT calculated from two four-point DFT’s, which are in turn cal-
culated from four two-point DFT’s. In this figure the C(k) and D(k) are
the corresponding A(k) and B(k) terms elements for the xo(n) input
sequence, respectively. In general this splitting process is repeated until
just the two-point DFT’s are left to calculate. The two-point DFT’s are
evaluated for k=0,1 and lead to a simple sum/difference calculation
requiring no multiplications. This comes from the fact that wQO and w,!
are +1 and -1, respectively. Figure 1.3 illustrates the final radix two
flow graph in which the two-point DFT’s are evaluated using a butterfly

operator with a multiplier of w® to realize the sum/difference calculation.

By analyzing figure 1.3 we find that each stage or halving of the
FFT requires N/2 complex multiplications. Since there are log,N stages,
the total number of complex multiplications required to evaluate the
FFT may be approximated by N/2 log,N. This value is approximate

0 N/2 (N4

because certain multiplications, i.e. w”, are simply complex

additions and subtractions.

The algorithm described above is commonly referred to as the
decimation-in-time (DIT) algorithm. At each stage of the process, the

input sequence, i.e. the time sequence, is divided or decimated into



smaller sequences for processing. A second commonly applied FFT algo-
rithm is the decimation-in-frequency (DIF) algorithm. This algorithm is
the subject of section 1.3. A point worth noting is that for the output
sequence to be calculated in a natural order, that is X(k), k=0,1,2,...N-1,
the input sequence must be input in a bit-reversed manner. In the
example in figure 1.3 the required input sequence is: x(0), x(4), x(2), x(6),
x(1), x(5), x(3), and x(7). Table 1.1 illustrates what is meant by the bit

reversal operation, using an 8 element input sequence as an example.

1.3 The Decimation in Frequency Algorithm

In the DIF algorithm, the input sequence is again partitioned into
two smaller input sequences. Unlike the DIT algorithm, the first
sequence x,(n) consists of the first N/2 points while xo(n) consists of the

last N/2 points of x(n). We have then:

x,(n) = x(n) n=0,1,2,..N/2 - 1 (1.14)

xo(n) = x(n+N/2)  n=0,1,2,..N/2 - 1 (1.15)

The N-point DFT of x(n) may then be written as:

X(k) = x(n)wn)™ + 3 x(n)(wn)™ (1.16)



10

N/2 -1 N/2 -1

X(k) = ;0 X, (n)(wn)™ + Z_)O xo(n)(wp) " NDE (1 17)
/2-1
X( =33 baln) + 7% syl (L1

N)Nk/2

where we substituted e™ for (w . We now consider the even and

odd output terms of the DFT separately. The even output terms are

given by
N/2 - 1
X(2k) = ) [x1(n) + xg(n)](wn)*™ (1.19)
N/2 - 1
X(2k) = E [x1(n) + xg(n))(wn/e)™ (1.20)

and the odd output terms are given by

N/2 -1

X(2k+1) = E [xy () = xp(n))(wn) "+ (1.21)
N/2 -1

X(2k+1) = Z_]O ([x1(m) = xo(n)](wn)")wn /o)™ (1.22)

The substitutions e™=1 for k even and e/™=—1 for k odd were made.
The even and odd terms of the DFT then can be obtained from the
(N/2)-point DFT’s of the input sequences f(n) and g(n), where f(n) and

g(n) are defined as:

f(n) = x;(n) + xo(n) n=0,1,2,..N/2 - 1 (1.23)

g(n) = [x;(n) — xo(n)](wn)" n=0,1,2,...N/2 - 1 (1.24)

These operations are known as the butterfly calculations for the decima-
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tion in frequency algorithm. The flow graph for this butterfly operation
is shown in figure 1.1(b). As in the case of the DIT algorithm, the above
procedure is repeated so that each of the N/2-point DFT’s is expressed
as two N/4-point DFT’s and so on. Figures 1.4(a-b) show the flow
graph procedures for N=8 using reduction from an eight-point DFT to
two four-point transforms, and further reduction down to four two-
point DFT’s. Figure 1.5 shows the complete in-plane eight-point

decimation-in-frequency algorithm.

As in the case of the DIT algorithm, approximately N/2 logsN
complex-number multiplications are required to fully evaluate X(k). The
DIF algorithm must also perform a bit reversal operation, however as
seen from the flow graph in figure 1.5, this reversal occurs at the output
not the input. The second major difference between the DIF and DIT
algorithms is that the complex-number multiplication in the DIF occurs
after the sum/difference calculation not before as in the case of DIT.
As will be shown in Chapter 2, this is an important consideration decid-

ing on possible network implementations.



1.4 Summary

In summary this thesis investigates the CMOS VLSI implementa-
tion of a radix-2 decimation-in-frequency fast Fourier transform algo-
rithm. The design of a three-micron CMOS general-purpose FFT pro-
cessing node for implementation in parallel and pipelined networks is
presented. This node utilizes a fast, highly flexible custom-built arith-
metic processing unit to perform all the required floating-point calcula-

tions [4].

The proposed network implementation can calculate real, complex,
or inverse FFT’s. Estimates indicate that a 1024-point FFT could be
calculated in approximately 0.9 ms. For certain applications therefore,
real-time FFT calculations are possible. For example, the screen refresh
rate for most video terminals is usually no more than 60 Hz. In this
case, a new 1024-point FFT could be calculated and output within the
screen update period, thus resulting in a real-time FFT video display
system. Such a chip would find extensive application in almost any field
requiring fast spectrum analysis. Examples include speech and image
processing, seismic exploration, as well as sonar and radar applications.

The speed and flexibility of the processing node design and the proposed



network layout result in a very powerful digital signal processing tool.

13
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Xi(k) X(K)=%,(k)+(wn)"Xo k)
Xa(k) . X(k+N/2)=X,(k)~{wn)'X.(k)
(a)
 Xy(k) ’ X(k)=X,(k)+X(k)
Xa(k) X(k+N/2)==(X, (k)-X(K)hon'
(b)

Figure 1.1

A butterlly flow graph for a) a decimation-in-time algorithm and b) a
decimation-in-frequency algorithm.
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A decimation-in-time flow graph for a) an eight-point DI'T from two
four-point DI'T's and b) an eight-point DI'T from two four-point DFT's
that are in turn constructed from four two-point DFT's.
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A complete in-plane decimation-in-time f{low graph for an eight-point
II'T.
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A decimation-in-frequency flow graph for a) an eight-point DFT from
two four-point DI'T"s and b) an eight-point DI'T from two four-point
DFT’s that are in turn constructed from four two-point DFT's.
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Figure 1.5

A complete in-plane decimation in frequency flow graph for an cight-
point I'[*T.



Bit Reversal Example

Input Sequence Initial Reversed Output Sequence
Binary Indice | Binary Indice
X(0) 000 000° X(0)
X(1) 001 100 X(4)
X(2) 010 010 X(2)
X(3) 011 110 X(6)
X(4) 100 001 X(1)
X(5) 101 101 X(5)
X(6) 110 011 X(3)
X(7) 111 111 X(7)
Table 1.1

A bit reversal example for an eight-point input sequence.

19
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Chapter 2

Parallel and Pipelined Processing

Systems for FFT Implementation

2.1 Introduction

In recent years, more and more emphasis has been placed on the
development of highly concurrent processing systems, capable of per-
forming numerous tasks at the same time. With the onset of VLSI tech-
nology the means by which highly concurrent systems can be imple-
mented is realized. As opposed to the conventional ”"von Neumann
machine” which uses a single processor element to retrieve and sequen-
tially execute operating instructions, the increased element density avail-
able through VLSI allows several processing units to operate con-
currently in close proximity to the memory elements [5]. Thus the pro-
cess is sped up both through the implementation of concurrent proces-
sors, and by the reduction of the length of the data path between the

memory cell and the processor.
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Improvements to the speed of concurrent systems are obtained by
the eflicient utilization of the available memory. This is realized by the
development of a memory hierarchy, which essentially breaks up the
bulk memory into a set of sub-memory blocks. Typically these blocks
increase in both size and access time the further removed they are from

the processing unit.

A major field of active interest with respect to concurrent process-
ing systems is in the design and configuration of the processors them-
selves. In this case the object is to increase the degree of concurrent
operations within a system by means of the appropriate design of proces-
sor configurations [5]. Two of the most successful approaches are the
parallel and pipelined processing structures which prove to be the sub-
jects of sections 2.2 and 2.3 respectively. Having established the basic
concepts of parallel and pipelined processing, a review will then be made
of various proposed implementations for FFT and DFT computational
networks. Area and computational time constraints for each network
will be analyzed. Following this a more complete discussion of the net-
work chosen for implementation, the pipelined cascade network, will be

made.
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2.2 Parallel Processing

Put simply, parallel processing makes use of several processing ele-
ments each of which simultaneously performs usually identical tasks on
independent sets of input data. The requirement that the input data is
independent of one another is necessary to ensure that no recursive
interaction between processors takes place. Important points for con-

sideration, when designing a parallel processing structure include:

1. Simplicity of processor communication

Lo

Regular interconnections between processors.
3. Data input/output schemes.

4. Interaction and data exchange between processors.

Each of these points is addressed in the analysis of the proposed FFT

implementations found in section 2.4.

As a simple example of parallel processing consider the multiplica-
tion of a real n x n matrix by some real constant factor C. In the typi-
cal single-processor system this task would be performed by sequentially

looping through the row/column indices of the matrix, multiplying each
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element by the constant C. Thus completion of this task would require
a total of n? multiplications or n®T,, time units, where T, is the time
taken to perform a single multiplication. By implementing a parallel
network of n multipliers, this same operation could be performed by
assigning each row of the matrix to a given multiplier and simply incre-
menting through the n elements of each row. In this way the total mul-
tiplication time of the n x n matrix is reduced from n®T, to nT,,.
Further parallelism could be realized by implementing a network of n?
multipliers, i.e. one for each of the matrix elements, and thus the matrix
multiplication time would be reduced to that of a single element multi-
plication. Figures 2.1(a-c) illustrate the basic principle of parallel pro-

cessing using the matrix multiplication example.

Notice that in each multiplication scheme of the preceding example

the area time product remains a constant.

Area X Time = Constant (2.1)

Any incrementation of the area by a factor of x necessarily requires a

reduction of a factor of x in the time term.



2.3 Pipelined Processing

Unlike parallel structures, pipelined systems make use of several
usually different processing elements, generally connected in a sequential
order, each of which performs a unique task on the data. In designing a
pipelined processing system, consideration should be given to the follow-

ing important points:

1. Simplicity of nearest-neighbor connections.

o

Data I/O at the pipeline periphery.
3. Control methods.
4. Speed of operation.

5. No interaction is made with previous or on-coming samples.

These points in conjunction with those outlined in the previous section
form the basic criteria upon which the choice of implementation was

made.

A useful analogy for describing pipeline processing is to compare its
operation to that of a manufacturing production line in which various

parts (data) proceed one after the other down the production line. At
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various points along the line, workers (processors) remove the parts
(data) and perform some given operation on them (multiplication, addi-
tion etc.). Once completed, the parts (data) are placed back on the line,
where they proceed down the line to the next worker who performs a
different operation on them. Figure 2.2 illustrates a typical pipelined

network comprised of a set of adders and multipliers.

In comparison to parallel structures pipelined systems are perhaps
better suited towards special-purpose applications requiring that several
operations be performed sequentially on input data. For this reason and
the fact that most signal processing data is sampled digitally and pro-
duced in a data stream fashion, pipelined configurations are particularly

well suited for handling signal processing operations.

An important modification of both the parallel and pipelined pro-
cessing networks that should also be mentioned is that of the parallel
pipeline. The parallel pipeline can be thought of as being the combina-
tion of a pipelined network on the word level or organization and a
parallel network at the bit level. This configuration is achieved by
modifying the processors of the pipelined network to perform the

assigned tasks, and communicate with one another in a bit-parallel
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rather that a bit sequential manner. The parallel pipeline network has
proven to be a highly efficient processor configuration and is currently
the object of expanded implementation especially in the field of digital

signal processing [5,6].

2.4 Fourier Transform Implementations

In this section a general overview is made of several proposed VLSI
implementations of Fourier Transforms [5,7,8,9]. These implementations
are presented for both the Discrete Fourier Transform and the Fast
Fourier Transform methods. In general, they make extensive use of the
parallel and pipelined networks described previously. In a paper by
Thompson, an analysis is made by comparing network performance to
that of a proven optimal area-time® performance of O(N? log®N), where
N is the transform sample size [7]. Thompson’s analysis is based on the
restriction that only single level metalization is used and that all com-
munication and circuit processing units are operating in a bit serial
fashion. In the following analysis a slightly different analytical approach

is taken.
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In an attempt to improve the performance of the processing speed,
the assumption is made that each of the processors will operate in a bit
parallel fashion. As discussed in section 2.2 this will reduce the process-
ing time for an n-bit datum by a factor of n. This gain in time perfor-
mance however, usually comes at the cost of a factor of n increase in
processor size. As it is the processing speed however and not area that
is the principle consideration in this implementation this area time trade

off is considered acceptable.

In order to further facilitate the analysis, we consider each network
to be implemented using essentially identical processing units. Each
processor contains, in addition to its internal shift registers and control
logic, a fast arithmetic processing unit. In theory each FFT processor
would receive a pair of data elements and perform one of the basic
butterfly operations seen in figure 1.1. In the case of DFT network
implementations slight modifications to the processor’s control unit will
be necessary. These modifications are concerned primarily with the prob-
lem of external data routing, and the sequencing of on-chip operations.
In general the DFT network processor will perform a single complex-
number multiplication followed by a single complex-number addition. In
contrast the FFT butterfly operation requires a single complex-number
multiplication and two complex-number additions. Notice that in terms

of actual multiplications required, a single complex-complex
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multiplication of two unequal terms requires a total of 4 real multiplica-
tions. Similarly a complex additions may be thought of as being
comprised of two real additions. Thus for analytical timing considera-
tions we use the real multiplication time, T, and the real addition time,
T,, as the base time units. The approximated processing time for a sin-

gle FF'T processor element T, ppr is given as:

Tp,FFT = 4 X Tm + 4 X Ta’ (2.2)
For the DFT processing element the T, ppr is given by:
Tp,DFT = 4 X Tm + 2 X Ta (2.3)

Updating of the twiddle factor can be achieved through the use of look-
up tables. To explicitly store these constants on-chip however would
require a prohibitively large amount of area. Off-chip memory would
have to be used, requiring extensive off-chip communication. For this
reason on-chip updating of the twiddle factor is employed. In terms of
the DFT defined in equation (1.1), this is achieved simply by multiplying
the twiddle factor of the preceding term wy(™ VX by wyk.

™ = gon® K o1k (2.4)
In the case of FFT implementation twiddle factor update is slightly

different and more dependent on the configuration used. The end result
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however for both cases is that on-chip update requires one additional
complex-number multiplication (4T,) to be added to the total process-
ing time. As will be shown in Chapter 4, by using fast parallel multi-
pliers, we obtain, T /~2T,. The processing time for the DFT and FFT

processing elements with on-chip twiddle factor update is then:

Typ.. =8X Tp+4XT,~10X Ty, (2.5)

P,FFT

for the FFT processing element, and

Tpor =8 X Tp+2X T, <9 X T, (2.6)

P,DFT

for the DFT processing node.

As a means of quantitative analysis for comparing the various net-
works, we will consider the product of the total network area and the
total network processing time, T, squared, for an N-point transform.
This area-time? performance factor is determined for each implementa-
tion, and it serves as a measure of the networks processing efficiency.
Taking the area of the processing units as being approximately constant
and assigning to them a value of unity, the total network area is
expressed as the total number of processors in the network. The net-

work processing time will be based in terms of the time factor T,,. The
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squaring of this term takes into account the relative weighting placed on
the area-time considerations. Ideally the optimal network will be the one
with minimum AT? product [7]. The final implementation decision how-
ever will not be based on this criterion alone. Analysis based on practi-
cal considerations is also needed to determine the implementation feasi-
bility with regards to such matters as parallel communication between
processors, and the length of off-chip communication lines. In some
implementations it is not possible to fit the total number of components
on a single chip. This is particularly true for those implementations
requiring large amounts of RAM or a large number of shift registers. In
these cases one of the structures, typically the memory component, must
be located off-chip. This requirement leads to an increase in the proces-
sors ofl-chip communication thus slowing the speed of processing and
necessitating the need for additional I/O ports and output drivers. In
general, the requirement of off-chip components to support processing
operations increases both the complexity and processing time of the pro-

cessor.
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2.4.1 Single Cell DFT Implementation

Direct calculation of the DFT given in equation (1.1) may be real-
ized by following the algorithm presented in figure 2.3. In this algorithm
the discrete Fourier transform is calculated requiring a total of N2
complex-number multiplications. It has been shown by IKung, that this
algorithm can be treated as a simple matrix-vector multiplication [5].
An N-element input vector X is multiplied by a constant matrix C, to
produce the transformed output vector Y. Viewed in this light three
degrees of concurrent processing operations present themselves. As sug-
gested in the example in section 2.2 we can perform this operation by
implementing one, N, or N? processing elements. In the case of large
input data vectors (ie. 1024 points ) the N and N? element processing
networks would require a prohibitively large amount of area. For this

9 . . .
reason the N andN* cases are not considered for implementation.

Figure 2.4 shows a block diagram network layout for the single-cell
DFT. Input data are received from the digitizing unit, and immediately
input into off-chip RAM, where it is held throughout the computation.
The base twiddle factor wy is then loaded into the processor to be used

as the seed for subsequent on-chip update. Two on-chip counters are



32

employed to keep track of the looping indices n and k and to ensure

proper updating of the twiddle factor wN“k.

Calculation of the output
element, X(k) proceeds by directly following the DFT algorithm in figure
2.3. A complex valued input element x(n) is read into the processor

sequentially from RAM and multiplied by wN"k.

The product is passed
into an on-chip accumulator and the twiddle factor is updated. The
next input element in the series is read, and the process repeats itself.
The output element X(k) is determined after all input elements x(n)
have been multiplied and passed into the accumulator. The ”"k” counter
increments by one, and the next value of X(k) is calculated. The single
cell-DFT utilizes the least amount of parallelism of any of the proposed
networks reviewed here, and as such requires the longest time to process
an N-point DFT. The implementation also requires off-chip RAM to
store the N-element input vector which must be preloaded before calcu-
lation commences. This is needed since each of the N-input elements
x(n) are called once for every iteration of the "k loop of the discrete
Fourier transform algorithm. In this implementation the transform vec-
tor is output in order, with a delay time between each element of
NT, ppr- This corresponds to a single iteration of the loop index n.

Since N output elements need to be calculated, the total computation

time for an N-point DFT is proportional to N:



Tnet,. e N2 Tp,DFT% 9 N2 Tm (2'7)

Thus on grounds of time delay considerations the N? dependence makes
this configuration too inefficient for implementation purposes. The

area-time? product is given by:

AT?,, ~ 81 X N*T2 (2.8)

net.

Table 2.1 reviews the ATZ, factors for all the implementations
reviewed. From this table it is apparent that the single-cell DFT offers

the lowest performance factor of all the implementations.

2.4.2 The FFT Network

The FFT network is the first of the proposed networks to take
advantage of a developed FFT algorithm, in this case a radix-2
decimation-in-time. Figure 2.5 presents the decimation-in-time algo-
rithm employed by Thompson in his review of FFT implementations [7].
By employing this algorithm, the number of required complex-number

multiplications is reduced from being proportional to N? down to

N
-2—logr_,N.
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In the FFT network, full parallelism is reached in that each multi-
—_— . . N
plication employs its own processor. That is a total of Tlog(_,N proces-

sors are used. Figure 2.6 shows one possible configuration for the FFT

network. In this case the processors are configured in an array of log,N

N . . :
rows by = columns. Each row corresponds to a unique iteration of the

&

loop index M of the algorithm in figure 2.5. The conditional found in
line 8 of the algorithm directs the butterfly interconnect pattern between

rows. This point was discussed in detail in Chapter 1.

Notice from figure 2.6 that the FFT network data elements are
input in a bit-shuffled order, and the subsequent outputs appear in a
bit-reversed order. As the data pair enters the processor from the top, it
immediately undergoes the typical butterfly calculation common to most
FFT algorithms. The output data are then appropriately routed into
the next processing stage by means of the butterfly interconnection pat-

tern. A simple method of configuring the interconnection layout is to

number the cells in order from left to right from 0 to I—j— - 1. The out-

~

put of cell i in the first row is then connected to cell i and cell (i +

%)mod(%) of the second row. In general cell i of row j is connected to

cell i and cell (@)+(i+ )mod(—I;I—) in the j+15 row.

2j+l
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As before, the area occupied by the network is given by the total

. y N
number of processors employed, in this case Tlogf_,N. Because of the

~

parallelism employed in each row, the total computational time is given
by the product of the processor time T, ppp~10T,,, and the number of

rows, logoN. Thus T, is given by:

Tnet%lOgQ(N)IOTm (2'9)
The area-time? factor is:
AT, .2~ glog N (log,®N 100(T,,?)) (2.10)
100N(logoN)3(T,,)?
ATnet,2 ~ ( g22 ) Tn) (2.11)

This represents a performance improvement over the network previously

analyzed.

The FFT network shows excellent prospects when subjected to a
quantitative analysis, particularly with respect to its area-time? product.
Practical considerations however brings to surface some of the problems
associated with the FFT network. To accomplish the bit shuffling at the
input, data must be preloaded into RAM, then reordered for output to
appropriate column locations. At the output, a similar process is
required, as the ”bit-reversed” products must be reordered and stored in

RAM for proper output sequencing. The major problem associated with
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the FFT network arises as a result of the long butterfly interconnections
between processors. These interconnections must all be made by means
of off-chip signal lines. The long lines required are highly capacitive
compared to on-chip communications lines and thus signal propagation
between processors is slowed and drivers are required to drive the lines.
The necessary cross overs for the butterfly configuration also poses lay-
out problems for the metal wiring. Implementation would require a PC
board with multilevel interconnects. Both these problems are further
magnified if we consider as proposed, bit parallel communication
between processors. In short, even though analysis of the FFT network
yielded excellent quantitative results, problems intrinsic to the network

layout pose barriers to its implementation.

2.4.3 Mesh Configuration

The basic outline for the square mesh implementation is seen in
ficure 2.7 which depicts a mesh of N processors in an array of VN by
VN dimensions [7]. This implementation requires that VN be an
integer. Each processor in the mesh configuration is assigned the respon-
sibility of calculating an individual output element. Communication in

this case is performed in a word-parallel manner between adjacent pro-
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cessors. Using this implementation an N-point FFT is performed in a
total of logoN steps, with each step representing a single iteration of the
loop index M, and each processor performing the computation for a sin-

gle value of k. This implementation is essentially a time-multiplexed

version of the FFT Network in that for each step, g of the mesh’s pro-

~

cessors perform the role of a single row in the FFT network.

In order to better visualize the mesh implementation, the mesh pro-
cessors are indexed in natural row-major ordering. Processor n is thus
designated the home of element x(n), and after processing, it contains
transformed element X(k). During each step, the conditional statement
of line 8 in figure 2.5 is performed by having each processor examine the
M™ bit of reverse(k). In the case where the M™ bit is found to be 0 the
even numbered cells are designated to proceed and perform the subse-
quent calculation as required by the algorithm. At the same time each
odd processor sends its present intermediate transformed element x(k) to
the processor k + 2M. Statements 9 and 10 of the algorithm are then
performed, and the updated x(k) elements are returned to their original
processors. This form of data routing is referred to as a ”distance-2"
route” and is performed immediately before and after the execution of

statements 9 and 10 [6].
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As this network is comprised of N processors, each taken to have a
unit area, the net area of the configuration is approximately N. The
total computation time is made up of logo,N steps each of duration

Ty prr- Therefore we have:

Thet = IOgQ(N)Tp,FFT = IOTmIOgQ(N) (2.12)
The net area-time? term is then:
ATnet.2 = IOO(Tm)2N210g2N (2.13)

Based on this criterion the mesh implementation appears to be more
efficient than the previous two networks. Further analysis however
reveals that as in the case of the FF'T Network complications arise with
data transfer. In this implementation data are transferred with every
iteration of the loop index M. The number of shifts, and thus the

transmission time is dependent on the value of M, and ranges from a

shift between adjacent processors when M=0 to one of —I;I— processors

-

when M = log,N - 1.

In order to avoid the extensive problems that would be encountered
if this routing were attempted directly, data are simply passed between
adjacent processors. Thus the data elements "ripple” their way through

the processor mesh to their destination. In order to achieve this data
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transfer in an ordered fashion, each output driver must be clocked, and
controlled by a central common control unit. All data transfers are then
synchronized and performed simultaneously, until the 2M transfer is
achieved. The appropriate calculations are performed on the data, and
they are then returned to their home processors simply by reversing the

original shift pattern.

The routing time can be determined if we express the base routing
time from the output driver of one processor to the shift registers of its
nearest neighbor in terms of a constant Tg;. The total time spent in
data routing T, e then is the sum of the products of the total number
of data shifts required by the algorithm and Tg;;. T,oue may be

expressed as:

logoN - 1 .
Trowte= Y3 2" Tsnin™NTspite (2.14)
M=0
since,
logeN — 1
Y, 2M=~N (2.15)
M=0

Thus with this in mind the total computational time must now be

modified to include the routing time. So we now have:

T ~ 10Tm10g2N + NTShift (216)

net

and,



AT . 2~N(10T logoN + NTygi ) (2.17)

We see that the mesh implementation is not as efficient as first
appeared. In addition to a computational time now proportional to
(N+log,N), we require the development of an external controller to
direct routing of data within the mesh itself. Also additional shift regis-
ters and additional on-chip logic would be required to hold the data ele-

ments during the intermediate stages of routing.

2.4.4 The Pipeline Cascade Implementation

After having reviewed the various suggested FFT and DFT imple-
mentations, we find the options appear rather polarized. The DFT
implementation for example offered a fundamental advantage in the sim-
plicity of the calculations and in network configuration. Unfortunately
this simplicity comes at the expense of calculation time performance.
The FFT configurations on the other hand, offer excellent performance
characteristics in terms of maximized parallelism and minimized calcula-
tion time. This high performance however is offset by problems in the
implementations of the configurations and in the complexity of data

transfer between processors. Clearly some middle ground must be
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found.

The pipelined cascade FFT implementation provides the comprom-
ise needed. While performing a reduced number of calculations by util-
izing a radix-2 decimation-in-frequency algorithm, this network main-
tains the simple configuration required for efficient bit-parallel communi-
cation [7,8,9]. Figure 2.8 illustrates the algorithm used by this imple-
mentation for computing the DIF FFT. The pipelined cascade imple-
mentation is essentially a linear configuration of log,N processors. It is
based on a configuration suggested by Despain [8,9], for realizing FFT
implementations using CORDIC iterations. In the case of this imple-
mentation, Despain’s "CORDIC rotator module” is replaced by a com-
plex multiplier, which essentially performs the same operation. As in
the previous implementations the basic processor is comprised of a fast
APU for performing the DIF butterfly operation, and a set of shift regis-
ters. Figure 2.9 shows the pipelined cascade implementation layout for

an N-point FFT implementation.

The network is organized into logo,N stages with each stage
representing a single value of the loop index M in figure 2.8. The left-

most cell in this case performs iterations of the j loop based on a value
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of M=log,N-1, while the rightmost cell is based on M=0. The condi-
tional statement of the decimation-in-frequency algorithm is imple-
mented by having each processor analyze the M'™ bit of the total count
of input elements. When this bit is low the conditional statement is
found to be false, and the incoming data element is passed unchanged
into a shift register of length 21%82N-1  \When the M bit is high, the con-
ditional is found valid and the operations of lines 8 and 9 are performed.
This occurs once a total of 2M input elements have entered the pipeline.
The incoming data element x(n+2M) is combined with the x(n) element
found at the head of the shift registers, and the pair are passed into the
APU. In this way a word shift of 2M has been attained. Once in the
APU, the initial sum/difference calculation of the DIF butterfly opera-

tion is performed, producing the terms:

S; = x(i)+x()  j=i+2M (2.18)

and,
D; = x(i)x(j) j=i+2M (2.19)

In this case Sjj represents the sum term of the x(i) and the x(j) elements,
and Dj;, the difference term. The fact that j=i+2M ensures a word shift
of 2M has been performed. The Sij elements are immediately passed on
to the next processor which treats them as elements of a new time

sequence x(n). As such they are immediately passed into the shift regis-
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ter to undergo a shifting of 2M-1. Simultaneously the Dj; elements (the
difference terms) are passed back into the tail of the shift register. After
all the input elements have entered, and the x(n) terms have combined
with the x(n+2M) terms, the term D;; will be at the head of the shift
registers. This term is then read back into the APU where a complex

oM+1 55 defined in

multiplication by the twiddle factor, wqu where q=N/
the algorithm in figure 2.8. The product term is then passed on to the

next processor. Figure 2.10(a-e) shows the data flow for the calculation

of an eight-point FFT.

Figure 2.10(a) shows the input elements x(n) after having undergone
the required first stage shift of four elements. In figure 2.10(b) the
results of the subsequent operation are seen as the sum/difference terms
are calculated. The sum term Sy, is passed to the second stage while the
difference term Dy, is passed back into the shift registers. This process
continues until the last input element has entered the system. At this
point the first difference term Dy, is sitting at the head of the shift regis-
ter and a 2M! shift has been realized in each stage. In subsequent
stages, the registers are all holding the difference of sum terms. This
state is seen in figure 2.10(c). Twiddle factor multiplication now begins.

This multiplication continues until all the difference terms sitting in the



44

registers have been multiplied. During this time fresh data elements have
been loaded in and the sum/difference calculation is repeated. The data
position subsequent to this initial multiplication is seen in figure 2.10(d).
During the next operations the twiddle factors are updated and the
difference term multiplication continues. Each processing stage contains
a constant base twiddle factor, wx® where q =N/2M*1 Thus as the
index j is incremented, the twiddle factor is increased by a factor of wyl.
This process continues until the last of the difference terms has been
output. Should the stage have been reloaded with new elements, the

entire process is repeated.

Each of the subsequent processing stages is identical except for the
shift register length and the value of the base twiddle factor. The delay-
ing of the x(n+2M) elements is necessary to ensure the proper sequence
of data flow is maintained. In this way the first stage realizes a data
shift of N/2 elements, the second stage of N/4 elements and so on. This
is the sequencing required for the butterfly interconnections described in
Chapter 1 when discussing the implementation of the radix-2 DIF algo-
rithm. Although the elements enter in a bit-parallel, word sequential
manner the output elements appear in a bit-reversed order, and thus

must be reordered.
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The pipelined cascade implementation is ideal for performing FFT
operations for digital signal processing because it is capable of receiving
the input data in a sequential form directly from the digitizing unit.
Input is read into the system at a rate dependent on the butterfly net-
work. Under general operation, this network performs a single complex
addition and a single complex subtraction per data pair, requiring a total
operation time equivalent to 4 real additions. The data input rate is
constrained by the time taken to perform the sum/difference calcula-
tions, Tgym/gif- Thus the input sampling rate is approximately
1/Tgum/air- Each element pair still undergoes only a single DIF
butterfly operation, requiring a processing time of Tprrr- Recall that
Ty prr is given by equation (2.5) for the case of on-chip twiddle factor
update and by equation (2.2) without the update. The worst case delay

time through each processing stage TDelay is given by:
Thelay™~2"(Tp FFT) (2.20)
Delay p,FFT ——

This figure is arrived at by considering that each processing stage acts

M
on a total of %—— pairs of data. Thus a total of 2M-1 DIF butterfly

operations need be performed to process the entire input sequence at
stage M. The network processing time is given by the sum of the worst

case processing stage delays.
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logoN-1

Tneth: E 2M(Tp,FFT)%N(Tp,FF‘T) (
M=0

o

o

[—
N

Thus from equation (2.5)
Tnet.%NIOTm

In view of future calculations it will prove advantageous to consider
Tprrr in terms of the complex-number multiplication time Tonp mult.
and the sum/difference calculation time Tg,p /qig- In this light, T ppr is

given by:

()

(S

o
N

Tp,FFT%Tcomp.mult,+Tsum/diﬂ. ( s

without on-chip twiddle factor updating, or by:

Tp,FFT%2Tcomp.mult+Tsum/diﬂ. (2'23)

with the twiddle factor wupdate. Notice that by substituting
T eomp mut=4Tm and Tgm/gig =4T, the results of equation (2.5) are

obtained. The net area of the pipelined cascade implementation is given

by:

A= lOgQN’ (

o

o

=
N’

and the area-time? term is

AT? ~100N?T *log,N (2.25)
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While this performance factor is worse than either the FFT network
or the mesh configuration, the pipelined cascade implementation was
found to offer significant advantages. The pipelined structure makes this
network readily adaptable to bit-parallel communication between proces-
sors. The configuration is readily implemented and is easily expanded.
Doubling the size of the FFT requires only that an additional processing
stage be added onto the front end of the network. In terms of size con-

siderations its log,N processors are much more easily dealt with than the

—I—}Iog?N or the N processors required by the FFT network or the mesh

“~

configuration. Expansion of the latter two networks to larger FFT’s is a
much more complicated matter, requiring the use of many more proces-
sors and much longer off-chip communication paths. Correspondingly
the power requirements for the pipelined cascade implementation are
much less than those of the larger networks. For estimates of the sys-

tem level power requirements the reader is referred to Chapter 6.

Problems inherent to this structure lie in its extensive use of shift
registers. Each processor utilizes a total of oM shift registers, where the
value of M is dependent on the processor location in the network. In a
worst case scenario of M=log,N - 1, as is the case for the first processor,

logoN - 1

a shift register of length 2 must be used. Taking each shift regis-
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ter to be 24 bits wide, a total of 24(2108"’N _l) shift registers are required,
which for typical values of N, say N=1024, result in a memory element
too large to be implemented on the same chip as the other processor ele-
ments. For practical considerations then the word shifts must be

achieved by means of off-chip shift registers.

One proposed method is to employ a set of variable length FIFO’'s
(first-in-first-out memory blocks). The store and retrieve time for such
devices is typically less than T, and thus their use should in no way
impede the calculation time or speed of data transfer. It will however
increase the network area by some constant factor depending on the
number of FIFO’s required per stage. All things considered however, the
pipelined cascade network is an area/time-efficient method of FFT

implementation employing a simple layout configuration.

2.5 Summary

This chapter has reviewed several proposed FFT and DFT imple-
mentations. Other proposals were not addressed in this chapter and

may be found in any of the previously-mentioned references.
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In analyzing the proposals for feasibility of implementation, bit-
parallel communication was assumed, and the problems associated with
off-chip data transfer were taken into consideration. As a result, the
analysis indicated that the near optimal networks, as determined by the
area—time” performance factors, were not necessarily the best suited for
implementation. In the case of the FFT network, and in the mesh
configuration, extensive and complex off-chip data transfer was required.
These problems were magnified when bit-parallel communications were
considered. The pipelined cascade implementation on the other hand
offers a very simple linear layout configuration and is ideally suited for
bit-parallel communication. The implementation is easily extended to
accommodate larger FFT’s and as will be shown in Chapter 7, it may
also be used in determining inverse and multidimensional FFT’s. It
requires a total of logoN processing nodes, and the net delay time
through the network is proportional to N. For these reasons the pipe-
lined cascade implementation has been chosen as the most suitable for

implementation.
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Figure 2.1

Levels of parallel processing as applied to array multiplication. This
figure illustrates array multiplication by a constant using (a) a single
processor,(b) n processors and (c) n® processors.



51

D6

DS

D4

0

Multiplier

XC,

out1=[D3XC)|

Adder +C,

M out2=[D2xC,|+C,

Two's Complementor

out3=Two's Complement [(D1XC,)+C;}

Figure 2.2

A block layout for a simple pipelined processing network. This layout
depicts multiplication by a constant followed by an addition and subse-
quent two's complementation of the product. The values outl, out2,
and out3 indicate the calculated intermediate results for data elements

D1 - D3.



1. I'or k=0 to N-1 Do;

2. Xk)==0;

3. T'or n=() to N-1 Do;
1. X()=X()+w"*x(n);
0. lind Do;

6. I“nd Do;

Figure 2.3

A simple algorithm for computing DFT’s directly.

52
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Mecmory

(holds the N data clements)

Processor Node

.
Data in : Data out )

4

Figure 2.4

Block layout for the single-cell DFT implementation. Notice that the
large memory unit located off-chip is required to store the input data
array for subsequent processing. The processing node is responsible for

performing the required complex-number multiplication and complex-
number addition.
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1. TFor M=log(N) - 1 to 0 step -1 Do
2. p=2M |

3.  q=N/p; /* note that N=pq */;
4. z=wP;

0. I'or n=0 to N-1 Do

6. j= n(mod q)

7. k= reverse (n) -

8. If(k(mod p))=(k(mod2p) then do
9. X(k)=x(k)+z'x(k+p);

10. X(k+p)=x(k)-zx(k+p);

11. Iond If;

12, Itnd Do;
13. IZnd Do;

Figure 2.5

A decimation-in-time I'I'T algorithm. This algorithm is presented in a
paper by Clark [5] and is used in the implementation of the FFT net-
work, and the Mesh configuration described in this chapter. The condi-

tional statement found in line 8 is used to ensure proper mixing of the
data elements.
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Figure 2.6

An eight element FF'T network. This network implements an array of
N/2 by log,N processing nodes. The interconnect pattern of the nodes is

described in section 2.4.2. Notice the bit-shuffled order in the input, and
the corresponding bit-reversed output,
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Figure 2.7

The Mesh configuration. This layout utilizes a mesh of N processors in
an array of VNXVN dimensions. In this implementation each processor
is responsible for computing an individual output element. Mesh data
flow is extensive and is described in detail in section 2.4.3.
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IFor M=log(N) - 1 to 0 step -1 Do

2. p=2M;

3. q=N/p; /* note that N=pq */;
4. z=wq/2;

5. IFor n=0 to N-1 Do

6. j= n(mod q)

7. If(n(mod2p))=] then do

8. X(n)=x(n)+x(n+p);

9. X(n+p)=2'x(n)-#x(n+p);
10. I'nd If;

11. I'nd Do;

12. Tind Do;

Figure 2.8

The decimation-in-frequency FF'T algorithm [5]. This algorithm is used
to implement the Pipelined Cascade FFT implementation.
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Figure 2.9

The Pipelined Cascade implementation for an eight- point FFT. The
square elements represent the processing nodes, while each rectangular
element represents a single word of memory.
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Figure 2.10

Data flow sequence for the Pipelined Cascade implementation. Figure
2.10(a) illustrates the point at which N/2 data elements have entered
the network and been passed into shift registers. Figure 2.10(b) shows
the data positions subsequent to the calculation of the first set of
sum/difference terms. The term Sj; represents the sum of elements x(i)
and x(j), while Dj; represents their difference.
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Figure 2.10 ctn’'d

Figure 2.10(c) shows the data positions immediately after the last input
element has been read in and the sum/difference calculation performed.
Notice that at this point difference terms are sitting at the head of all
the shift registers. Figure 2.10(d) shows the data after the first multipli-

cation by the twiddle factor. This follows immediately after the step
shown in figure 2.10(c).
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Figure 2.10 cont’d

Figure 2.10(e) shows the location of the data immediately after the last
element has passed out of the first processor. Notice the twiddle factor
updating diflers [rom stage to stage. The nature of this difference is
described in section 2.4.4. Data flow continues in the manner described
until the last element passes out of the last stage.



Implementation Performance

Implementation Area Net Processing Time Ty, Area-Time?
Single Cell DFT 1 ON*T, BIN'T?,

FFT Network (N/2)log, 10T, log,N 50N(log,N)*T? |
Mesh Configuration N (10T logaN+NT pir) N(lO'I‘ELlog2N+N'I',,,m)2
Pipelined Cascade logoN 10NT, 100N*T? log,N

Table 2.1

AT? Performance factors for FFT and DFT implementations.
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Chapter 3

Analysis of Rounding Methods and the

Effects of Finite Register Lengths in the Fast Fourier Transform

3.1 Introduction

Computer processing of digitized signals requires that the signals be
represented by a finite set of values usually in a binary format of finite
register length. Digital computers employ a radix-2 or binary number
representation, in which numbers are represented by a finite length
sequence of 0’'s and 1’s. While decimal representation employs a
decimal point to separate the integer from the fractional part of a
number, the binary representation utilizes a radix or binary point to
achieve the same function. The radix point is located immediately to

the right of the 2° bit.

Effects of a finite register length manifest themselves in several
ways. One immediate consequence is that digital formats are restricted
to representing only a finite number of values. Thus in the case of ana-

log input signals, the digitization to a finite set of values results in a
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quantization of the original waveform. The level of this quantization is
strictly dependent on the number of possible binary values represent-

able, and thus on the length of the registers.

Problems associated with finite register lengths persist beyond the
original digitization and continue to appear throughout subsequent
numerical processing [10,11,12]. Often the processing operations produce
digitized values requiring extended register lengths for numerical
representation. As an example of this consider the multiplication of an
n-bit number by an n-bit number. In binary representation this multi-
pl'ication results in a product of length 2n bits. Further multiplications
by n-bit numbers extend the product length by n bits for each multipli-
cation performed. Thus the product length continues to grow. Trunca-
tion or rounding of excess bits is required in order to conform to register
length restrictions. This introduces further uncertainty into the process-

ing operations.

The magnitude of the uncertainty or error introduced by the affects
of the finite register lengths is greatly dependent on the type of binary
representation used, as well as the method of rounding employed [10].

For example, it will be shown that error introduced in a round toward
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zero or truncation operation is twice that associated with simple round-
ing. This chapter will investigate the affect of simple rounding and
truncation on fixed and floating-point data formats. A statistical model
for round-off error is reported, and analysis of this error is made as
applied to the calculation of the discrete Fourier transform, using fast
Fourier transform algorithms. The signal-to-roundoff noise ratio for this
algorithm is then developed and compared for both fixed and floating-

point arithmetic [10,12].

3.2 Fixed and Floating-Point Data Formats

3.2.1 Fixed-Point Formats

As mentioned previously the amount of error introduced by finite
register lengths is dependent on the type of numerical representation
employed. Two common methods of numerical representation are the
fixed and floating-point formats. Fixed-point formats are based on the
radix point remaining in a stationary position within the register. The
means by which fixed-point binary arithmetic is implemented is directly
dependent on the position of the fixed radix point within the register.

The most common fixed-point data formats are the integer and frac-
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tional formats. In integer format the radix point is fixed to the extreme
right of the least significant bit, while in the fractional format it is

located to the left of the most significant bit.

The two main problems encountered in any fixed-point data format
are that of range, and data overflow [13]. The range of numbers avail-
able from a given format is given by the extreme values that the
numbers may take on. In the case of an n-bit register length the max-
imum absolute value the number may take, may not exceed 2" -1. Thus
for a 16-bit register length, a fixed-point integer format is restricted to
representing <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>