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ABSTRACT

Wideband beamforming have been widely used in modern radar systems. One
of the powerful wideband beamforming techniques that is capable of achieving a
high selectivity over a wide bandwidth is the nested array (NA) beamformer. Such
a beamformer consists of nested antenna arrays, 2-D spatio-temporal filters, and
multirate filterbanks. Speed of operation is bounded by the speed of the hardware
implementation.

This dissertation presents the use of a systematic methodology for design space
exploration of the NA beamformer basic building blocks. The efficient systolic ar-
ray design in terms of the highest possible clock speed of each block was selected
for hardware implementation. The proposed systolic array designs and the conven-
tional designs were implemented in FPGA hardware to verify their functionality and
compare their performance. The implementations results confirm that the proposed
systolic array implementations are faster and requires less hardware resources than
the published designs. The overall beamformer FPGA implementation is constructed
based on the analysis of efficient systolic arrays designs of the beamformer building
blocks. The implemented overall structure is then validated to ensure its proper op-

eration. Further, the implementation performance is evaluated in terms of accuracy



v

and error analysis in comparison to the MATLAB simulations. The new methodol-
ogy is based on the systematic methodology to close the gap between the modern
wideband radar I/O rates and the silicon operating speed. This new metodology is
applied to the interpolator block as an example. The proposed methodology is simu-
lated and tested using MATLAB object oriented programming (OOP) to ensure the

proper operation.
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Chapter 1
Introduction

Radio detection and ranging (radar) performs two major tasks, detecting the presence
of a target and determining its range. The round trip of a radar signal includes
transmitting an electromagnetic wave (EMW) to cover an area of interest, scattering
of the wave by target(s) inside this area, receiving the scattered EMW at the receiver
side, and finally processing the received signal to extract the desired information [1].

Radar applications and modes are diverse. For example, radars are used on air-
craft, missiles, satellites, ships, ground vehicles, and tripods. They attempt to detect,
locate, characterize, and possibly track aircraft, missiles, ships, satellites, personnel,
metallic objects, moving ground vehicles, buried objects even mold growing within
building walls. With such a wide variety of radar platforms and targets, the process
of classifying specific radars and their goals is a hard task [2].

Recently, radar tasks are not limited to just detecting and measuring the range of
targets; they are expanding to include target speed, height, shape, size, and trajec-
tory. In addition, they are used in missile guidance, tracking, and surveillance. All
these tasks require fine range resolution and high measurement accuracy. Given that
range resolution is inversely proportional to waveform bandwidth [1], modern radar
systems transmit across a much wider frequency, typically wideband linear frequency
modulated (LFM) waveform, than the classical radar systems. For example, resolu-
tions on the order of a half foot or less are common, requiring a 1 GHz or greater
bandwidth [2]. In addition to achieving fine range resolution, these wideband signals
makes the radars very difficult to be detected because its spectrum is buried in the
white Gaussian noise. Modern advanced radar systems need to be run-time adaptable
to suit their environmental and operational requirements, which is driving the need

toward digital radar systems. The need for more digital signal processing is pushing



the conversion of analog radar signals into digital as early as possible by moving the
analog-to-digital converter (ADC) closer to the antenna. This in turn introduces a
number of challenging system-level considerations [3]. Recently, gigasample per sec-
ond (GSPS) ADCs have been introduced with resolution up to 12-bits [4]. These high
speed ADCs help in pushing the digitization point in the radar systems toward the
antenna. Supporting digitization close to the antenna means that the digital signal
processing platform, typically an FPGA, can be used right after the antenna. How-
ever, connecting the FPGA platform to the high speed ADC brings major technical
challenges. One of these challenges is that the implemented signal processing algo-
rithms on the FPGA should be optimized for speed to be able to handle the high data
rate output from the ADC. Another major challenge is that in some applications the
speed of the optimized design is still lesser than the high data rate output from the
ADC. We label this challenge the speed performance gap between high speed ADC
and silicon speed.

Digital beamforming (DBF) is the signal processing technique that is used at both
the transmitting and receiving ends of the radar system (right before the radar trans-
mitting antenna and right after radar receiving antenna). Beamforming techniques
are used for directional signal transmission or reception in order to achieve spatial
selectivity. DBF is much preferred in modern radar over the conventional analog
beamforming methods because of the latter’s limitations. A noticable advance in
radar functionality is being realized in the next generation of phased array antennas
by replacing analog combiner networks in the antenna with DBF. The basic idea of
DBF is to transmit/receive multiple independent weighted beams formed by an array
of antenna elements. The received multiple signals by each receive antenna element
are then down converted before the ADC stage. Following the ADC, many DBF
algorithms can be used. The benefits of DBF come at the expense of needing more
receivers and higher computational throughput to perform operations digitally that
were formerly done with analog hardware. Fortunately, as digital computing tech-
nology has continued to advance at a rapid rate, these more demanding computing
requirements have become increasingly easier to accommodate [2]. The primary mo-
tivation for implementing DBF in modern radars is the ability to process multiple
spatial channels in the digital computer for advanced signal processing algorithms.
However, the narrowband beamforming techniques is insufficient to perform beam-
forming in modern radars that employ wideband signals [5].

Wideband operation introduces an additional set of challenges for the wideband



radar designers such as, how to develop beamforming techniques capable of preserving
the selectivity over wide bandwidth and how the implementation of such techniques

can match the high data rates of the wideband radars.

1.1 Problem Description

Wideband beamforming operates on spatio-temporal data, where the number of sam-
ples at each time step equal the number of antenna elements. The data rate is typically
from 500 MHZ to 6 GHz. Performing wideband beamforming is a challenging task
as it requires achieving a high selectivity over a wide bandwidth and accommodating
with the highly throughput input/output data rates. Beamforming can be imple-
mented using GPUs, DSPs, and multicore CPUs alone or in combination, as well as
with FPGAs.

In this dissertation a high data rate FPGA implementations of wideband nested
array (NA) beamformers are performed. Based on a systematic methodology, mas-
sively parallel systolic-arrays architectures are proposed for the implementation of
the NA beamformer. The systematic methodology helps in exploring the systolic
arrays design space for the considered beamformer based on the dependence graph
(DG) of the beamformer basic building blocks difference equations. The obtained
architectures provide us the flexibility to choose the high-speed and low-hardware
complexity systolic-array architectures that meets hardware constraints for specific

values of system parameters compared to the conventional counterparts.

1.2 Organization of the Dissertation

This dissertation consists of eight chapters and is organized as follows: A wideband
beamformer using NAs, 2-D filter, and multirate filter banks is presented in Chapter
2. The processor array design space exploration and efficient hardware implementa-
tion for the basic building blocks of the NA beamformer (decimators, 2-D FIR ST
beamforming filters, and interpolators) is explained in details in Chapter 3, Chapter
4, and Chapter 5, respectively. In Chapter 6, the overall beamformer FPGA imple-
mentation is constructed and the effect of the finite word-length on the beamformer
accuracy is experimentally evaluated. Although, this performs well for medium-to-
low frequencies, for high frequencies there may be a speed gap between the 1/0 rates

of the ADC and hardware implementations even with the fastest possible designs. In



Chapter 7, a new methodology is proposed as a solution to close the gap between
the high speed ADC and hardware implemented designs silicon speed. Chapter 8,
provides concluding remarks and suggestions for the future work.

In Chapter 2, the general theory of a NA beamformer and its capabilities of achiev-
ing beamforming with high selectivity over the wide bandwidth are introduced. In this
chapter, first the basic idea of the characteristics of the wideband plane waves (PWs)
in the 2-D spatio-temporal (ST) frequency domain is explained. Then the structure
and properties of the NAs are presented and compared with the uniform linear arrays
(ULAs). The NAs used here consist of several ULAs of increasing distance between
sensors (each one called subarray) where the distance between elements in each sub-
array is two times larger than in the previous one. Combining nested arrays, 2-D
filters, and multirate filter banks is comprehensively explained for a linear array with
MATLAB simulations. The beamformer consists of subband beamformers, each one
consists of three basic building blocks (decimator, 2-D filter, and interpolator). Each
subaband beamformer uses the signals obtained from one of the subarrays as the
input. These signals are filtered and downsampled so that the ROS of the resulting
2-D signals in the 2-D frequency domain are the same for all subbands. The same
2-D trapezoidal filter design can therefore be used for all subarray beamformers to
pass the desired signal and eliminate interferences. The use of nested arrays leads to
larger effective aperture at low temporal frequencies and thus, better selectivity for
low frequencies. Further, NAs are known to require a lower sensor density for alias
free sampling than ULAs.

In Chapter 3, a systematic methodology presented in [6] was applied to the beam-
former’s first basic building block (decimator) difference equation. This methodology
is used to develop a single dependence graph that reflects the actions of the anti-
aliasing filter and the downsampler. Different scheduling and projection functions
were used to perform the design space exploration. Three scheduling functions and 4
projection direction were possible which produces 12 valid designs. Six designs was
chosen which satisfy the fastest possible system clock speed. One of the 6 designs
was chosen since it required the least area. The results of this chapter are published
as [7]

In Chapter 4, the same systematic methodology presented in [6] was adopted to
the beamformer second basic building block (2-D BF filter) difference equation. This
methodology is used to develop a single 3D computational domain that reflects the

actions of the 2-D BF filter. Different scheduling and projection functions were used



to perform the design space exploration. Three scheduling functions and 4 projection
directions were possible which produces 12 valid designs. Six design options were
chosen which satisfy the fastest possible system clock speed. One of the 6 designs
was chosen since it displayed the least area. The results of this chapter are submitted
to [8].

Chapter 5, the systematic methodology presented in [6] was applied to the beam-
former third basic building block (interpolator) difference equations. This method-
ology is used to develop a single dependence graph that reflects the actions of the
upsampler and the anti-imaging filter. Different scheduling and projection functions
were used to perform the design space exploration. Three scheduling functions and 4
projection directions were possible which produces 12 valid design options. Three de-
sign options were chosen which satisfy the fastest possible system clock speed. One of
the 6 designs was chosen since it displayed the least area. The results of this chapter
are published as [9]

In Chapter 6, the results of a finite word-length MATLAB implementation is
evaluated and compared with an FPGA implementation. The effect of finite word-
length errors on the accuracy of the complete beamformer is studied. The accuracy
analysis is performed by calculating the signal-to-error ratio (SER) at the output
of the beamformer for different word-lengths. The SER results show that a good
accuracy of the implemented system is obtained with a word-length of 12-bits and
that the quality of accuracy increases significantly with increased word-lengths. The
results of this chapter is published as [10]

In Chapter 7, a possible speed gap between the I1/O rate and the silicon processor
rate is identified for high bandwidth beamformers. A new methodology is proposed
for closing this speed gap and is applied to the interpolator block. The approach starts
by partitioning the DAG. The number of partitions required depends on the desired
dilation. The number of clock phases required is based on the number of partitions.

Simulation results indicate that this approach leads to satisfactory results.



Chapter 2
Background

Radar systems generally operate by connecting an antenna to a powerful radio trans-
mitter to radiate EMWs. The transmitter is then disconnected and the antenna is
connected to a sensitive receiver which amplifies any echos returned from reflecting
objects (targets). By processing the echos, radar receiver can extract the required
information about the targets. The environment in which a radar must operate in-
cludes many sources of electromagnetic radiation, which can mask the relatively weak
echoes from its own transmission. Beamforming improves the radar performance in a
specific spatial region — in both azimuth and elevation — while nulling out interference,
noise, and extraneous signals, including those from jammers, in other regions.
Moden radar systems transmits signals of large bandwidth for performing better
range/spatial resolution, lower probability of intercept, detectable material penetra-
tion, and easier target information recovery than using the narrowband signals. A sig-
nal that has a ratio of bandwidth to its center frequency (fractional bandwidth) larger
than 1% has to be considered as a wideband signal since the frequency-dependence
of the array manifolds and the beampattern should be considered in this case. The
large bandwidth, however, results in potentially huge data rates. For various modern
radars, such as air defense, air traffic control, astronomy, Doppler navigation, terrain
avoidance, and weather mapping, the design of wideband beamformers would have dif-
ferent considerations and specifications in order to meet the requirements of specified
signals. When the signal bandwidth increases, the performance of the conventional
narrowband beamforming techniques will degrade significantly [5]. So, some of the
major challenges faced by wideband radar designers are how to develop beamforming
techniques capable of preserving high selectivity over the wide bandwidth and how to

the implementation of such techniques capable of compatibility with high data rates



of the wideband radars.

This work proposes using NA beamformer for wideband radar applications. Such
a beamformar is capable of achieving a high selectivety over a wide bandwidth [11].
In addition, this work introduces the high performance implementation of the NA

beamformer to accommodate the wideband radar high data rates.

2.1 Continuous ST wideband PWs Modeling

wideband radio frequency (RF) signals from far-field sources or wideband signals
reflected from far field objects etc., are often arrive at the antenna array over a signif-
icant angular range. Such type of signals can be modeled as wideband spatio-temporal
(ST) PWs arriving at the antenna array from a certain direction of arrival (DoA). An
ideal 4D continuous domain wideband ST PW can be modeled, as illustrated in Fig.
2.1, as pwe_ap(dyz +dyy +d,z+ct), where d = (d,, dy, d.) is the unit vector defining
the DOA in 3-D space, c is the speed of light and pwe_4p (1) /VI = (dyz+d,y+d.z+ct)
is the 1-D intensity function propagating along the DOA, and ¢t € R' is time [12].
The polarization of the signal is not considered here, and the following analysis is for
non-polarized waves.

Figure 2.1 shouws the DOA vector in polar coordinates is given by:
[d; d, d.]=[sinfcos¢ sinfsing cosb)] (2.1)

where are (0,¢) the elevation and azimuth angles respectively.
When pwe_4p is received by a linear 1-D sensor array located at y = 2z = 0, the

received signal can be represented in the 2-D ST domain (z,t) € R? as:

pwe—ap(x, ct) = pwe—ap(x,y, 2, t)|y=.—0 (2.2)

The corresponding continuous domain 2-D ST frequency representation of Eq.
(2.2) can be obtained by the 2-D Fourier transform (FT) as:

PWe_op(we, wet) :/ / pwe_ap(x, ct)ed @eetwec) doy det (2.3)

For a wideband ST PW with arbitrary DOA vector of, d, = [sinf cos¢|, with an

intensity function of pwe_op(x, ct), Eq. (2.3) can be rewritten as,
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Figure 2.1: The plane wave propagating from a certain direction.



PWe_op(we, wer) = / / pwe—_op(dy, ct)e? @s et da det
= 0wy — drwe) PW (wet) (2.4)

where (wg, we) € R%, we = wy/c, and wy, € R? is the continuous domain temporal
frequency of the wideband ST intensity function pw(ct) where its FT is PW (w.). By
examining PW¢_sp(wy,we), it can be observed that the region of support (ROS) of
the spectrum of PW(w,,ws) in Eq. (2.4) lies on the line w, — sinfw., = 0 which
passes through the origin and makes an angel equal to a = tan~!(sin(f)) with we
axis. Figure. 2.2 shows the ROSs of the spectra of two PWs (desired-unwanted)
arriving from two different directions. Since —90° < 6 < 90°, v can be from —45° to
45°.

>/

ROS of
the unwanted signal

ROS of
the desired signal

Figure 2.2: The ROS of the wideband PWs.

Up to this point, the 1-D sensor array is assumed to be of infinite extent.

2.2 Sampled PWs in Space and Time

Assume the continuous PWs with frequency response shown in Fig. 2.2 are sampled
in space using a ULA of an infinite extent instead of the continous aperture. The

spatially sampled signal is further temporally sampled at the rate of fs = 1/T,. This
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spatially-temporally sampled signal represented by fp(n:Ts + ¢! cos(6)n,d) where
fp is a discrete version of the continuous f(t 4+ c_; cos(f)z), and its 2-D FT consists

of periodically repeated copies of F(f,, fet) which is given by:

Wy — 2TMy, Wy — 27Tmy

; ; - = F T " 2me )
Fp(e“s, e“t) = Z Z 2 dd(cTs) 2mely (2.5)

ME=—00 Mg=—00

where w, = 2ndf, and w, = 27T, f, are the normalized frequencies. Inside the Nyquist
box, i.e. |w,| < 7 and |w| < 7 Fp(e?“=, e“t) is equal to the 2-D continuous FT of the
PW (scaled by 1/dcTy) provided no aliasing has happened. In order to avoid aliasing,
the distance d between antenna elements must be less than A\,/2 (A, = ¢/ f,) and
Ts < /2 fmae (0 < a< 1) [13].

2.3 Uniform vs Nested Antenna Arrays

Antenna arrays generally perform spatial sampling of the incoming PWs. wideband
BF is one of the major applications of the antenna arrays. To avoid aliasing, the
distance between antennas (d) must be less than or equal to A,/2 where A, is the
wavelength associated with the highest frequency [13]. In addition, the aperture
size depends on the ratio of the highest to the lowest frequency [13]. In order to
achieve wideband BF for the signals with a large bandwidth, a large aperture with a
large number of antennas should be employed. In this work, the class of nonuniform
antenna arrays structure which is capable of achieving the same aperture size and
significantly reduce the number of antennas are considered. This class of arrays is
called “nested arrays” (NAs) as they are obtained by combining two or more ULAs
with different apertures and increasing inter-sensor spacing. The inter-sensor spacing
arranged so that some antenna arrays are superimposed as shown in Fig. 2.3.

NAs have been widely used in different radar applications as: For the clutter sup-
pression in airborne radar, a fully adaptive space time adaptive processing (STAP)
with nested arrays was proposed, where deep nulls along clutter ridge and a narrow
mainlobe in the desired direction were achieved [14]. However, the spatial and Doppler
frequencies of all jamming and clutter sources are required to be prior known. The
minimum variance distortionless response (MVDR) beamformer with nested arrays
was proposed in [15], where a spatial smoothing method was used to construct a co-

variance matrix with a larger dimension than the physical one. A robust beamforming
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method in nested array based on interference-plus-noise covariance matrix reconstruc-
tion and steering vector estimation was proposed in [16]. A new nested MIMO array
design approach utilizing the nested arrays, which features on having a closed-form
expression for the sensor locations and the number of achievable degrees of freedom
(DoFs) was proposed in [17]. The solution for the problem of radar detection in a
3D target parameter space using a digital video broadcasting-terrestrial-based passive
radar systems, with a nonuniform linear array in the surveillance channel and spatial

filtering in the frequency domain proposed in [18].

d)d

Je 4d N
L 4d Nested
2d Array

TV Y ¥

Uniform
Linear Array

dldld]ld]ld]ld]Jld]ldld]ld]ld]Lld]ld]d

Figure 2.3: Nested array vs ULA structures.

The main advantage of NAs is that it can achieve longer aperture compared to
ULAs with the same number of antennas. On the other hand, NAs can be imple-
mented with much less antennas compared to ULAs with the same aperture size.
Furthermore, NAs increase the effective aperture and consequently the selectivity at
low frequencies and due to larger interelement spacing, the mutual coupling between

antenna elements can be eliminated.
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The beamformer used in this work consists of subarray beamforming, each one
uses the output signals from one of the nested arrays as the input. These signals
are filtered and downsampled in a certain way so that the ROS of the resulting 2-D
signals in the 2-D frequency domain are the same for all subbands. Therefore, the
same TF design can be used for all subarray beamformers to pass the desired signal

and eliminate unwanted ones.

2.4 Wideband Beamforming

Beamforming means passing a PW propagating from a desired direction and reject the
others. Generally, beamformer is a spatial-temporal filter which is designed to pass
energy from a special direction at some desired frequencies [19]. Taking advantage of
antenna array, the received signal can be spatially sampled and processed. Then, a
delay line connected to each sensor can be used to perform temporal processing.

From signal bandwidth point of view, beamforming could be classified into narrow
band and wideband beamformers.

For narrowband signals, no temporal filtering is involved and beamformer can be
interpreted as a spatial filter [13]. In this case, beamforming can be achieved by an
instantaneous linear combination of the received array signals. Delay-and-sum is one
of the simplest approaches for narrowband beamforming [5].

For wideband signals, an additional temporal processing for the effective operation
has to be employed [5]. For this case, beamformers can be more classified into full-
band and subband [13]. In the fullband beamforming, the whole frequency spectrum
of the received signal by the antenna is processed by one beamformer. The require-
ment of high selectivity fullband beamformer can be simply performed by increasing
the number of elements. However, this will increase the costs of the system due to
the increase of the number of RF modules, analog-to-digital converters (ADC), etc.
On the contrary, subband beamforming is referred to an approach in which the full
spectrum is decomposed into several subbands, and then each subband is processed
separately. The use of NAs in conjunction with the subband beamforming can still
retaining the same specification of the high selectivity as the fullband beamforming
with reduced number of antenna elements and the corresponding RF modules, ADC,

etc.
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2.4.1 Fullband Beamforming using Uniform Linear Array and
Trapezoidal Filters

As explained in Section 2.1, the ROS of 2-D FT of the PW received by a ULA is
located on a line (Fig. 2.6). To do beamforming, one can use a 2-D FIR TF [12].
Ideally, the TF can be designed to have a unity gain within its passband area and
zero gain elsewhere. The passband area should encloses the ROS of the desired PW
as shown in Fig. 2.4 where the passband area of the TF represented by a yellow

shaded area. Four parameters are used to define the passband area of the TF. The

ROS of ROS of
the trapezoidal the desired
filter signal

Figure 2.4: The passband area of TF encloses the ROS of the desired PW.

first parameter is the angle a and can be obtained from the DOA # according to the
following relation:
o = tan”*(sin 0) (2.6)

The second parameter is the selectivity angle e which controls the selectivity of the
passband area around the desired PW. The third and fourth parameters, ¢! f, and
¢~ 1 f; control the upper and lower bounds along the temporal frequency axis f., where
c represents the speed of light, f, and f; represent the upper and lower frequencies of

desired PW, respectively.
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2.4.2 Subband Beamformer Using Nested Arrays and Trape-

zoidal Filters

Consider a Wideband PW having temporal bandwidth [f;,f.] (f; > 0) is propagating
with a given DOA. Without loss of generality it can be assumed that f,/f; = 2%,
where L is a positive integer. The objective is to recover f(), the temporal intensity
function of the Wideband PW received from the desired DOA, without distortion and
reject interference signals with different DOAs and noise.

The beamformer deploys a NA of L ULAs [11, 20]. These nested ULAs have
the effect of subsampling the incoming PW in space. Each ULA is part of one of
the L different subband beamformers. The received signal at each array element is
temporally sampled by the rate of Fy = 2f,/a where 0 < o < 1.
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Figure 2.5: The structure of the NA beamformer.

Fig. 2.5 shows an example of a four-octave beamformer (L = 4). The first ULA
with elements spaced at dy = A/2 (A, = ¢/f, ) is connected to the first subband
beamformer and is processing the highest octave, f,/2 < fi < f,. The I** ULA (
[ =1,2,...,L ) with elements spaced at d; = 2!"1d; is connected to the [** subband
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beamformer which processes the I'" octave, f,/2! < f; < f,/2""!. Each array element
of the [*" subband beamformer is connected through the distribution network to a

Ith octave and

decimator which consists of an analysis filter with unity gain within the
zero elsewhere, to extract the related octave, and downsampler by 2/=!. The down-
sampled signal is processed by a 2-D TF whose magnitude response in the (f, f.)

plane is shown in Fig. 2.6. The passband area of the 2-D TF is designed to pass

f.-tan(@+ 8 f,=0

>/
/i
fomtan(@<97,=0 /) sy
7, ROS of
/ (d— the received signal

Figure 2.6: ROS of F(f., f.), and the passband area of the 2-D TF.

Wideband PWs with the desired DOA and temporal frequencies within the range
¢ fu/2 < fou < cf,. The signal in the desired DOA is obtained using the center
output (n, = 0) of the 2-D TF, f;(0,n;) and is multiplied by 2!~ to compensate for
downsampling. Next, in order to go back to the original sampling rate, i.e. Fj, the
output is applied to an interpolator which consists of upsampler by 2! followed by a
synthesis filter, to remove all replicas of the signal spectrum generated by upsampling
except for the baseband copy. The synthesis filter that used has the same magnitude
response as the analysis filter. To align the outputs of the subband beamformers,
appropriate delays are added. The aligned signals are added and the resulting signal
is obtained.

The NA beamformer architecture illustrated in Fig. 2.5 is for the one dimensional

case, and it can be extended to two dimension [21].
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2.5 2-D Trapezoidal Filter design

Spatial and temporal subsampling lead to the same frequency specifications for the
TFs in all subband beamformers. The passband of this 2-D TF depends on the
following two parameters; o and €. The former is obtained based on the DOA of the
desired signal, and the later controls the beam width around ® . The passband is the

area surrounded by the following lines:

fo—tan(® —€)fy =0, fo—tan(®+¢€)fy =0 (2.7)
fctic_lfu:()u fctj:c_lfu/2:0 (28)

This is shown in Fig. 2.6. A linear phase FIR 2-D TF can be obtained by using
inverse Fourier transform (IFT) of the ideal frequency response. A 2-D rectangular

window is used here to truncate the impulse response:

. 1 |n.| < N, and |n < N,
2-D window (n,,n:) = (2.9)
0 otherwise

2.6 Simulation Results

The simulation is provided to illustrate how the method works. Two Wideband
PWs are considered; one as the desired PW (DOA = 50°) and the other one as an
interference (DOA = 120°). For both cases the spectrum of the signal is equal to
1 within f; = [10 160] MHz . Since 160/10 = 2* a four-octave beamformer is
needed. The sampling frequency 2f,/a is chosen to be 400 MHz (o = 0.8). Analysis
and synthesis FIR filters were designed using the Hamming window-based technique.
Their amplitude responses are shown in Fig. 2.8.

To achieve almost PR, it is also required that the signal in the transition band
of the analysis and synthesis filters is available at the output of the TF. For this
reason, the passband specification of the 2-D TF is selected f, = [40 200] instead of
fet = [80 160]. The other parameters of the 2-D TF, i.e. ® and ¢, are set to 29.83°
and 5°, respectively. The performance of the subband beamformer is illustrated in
the frequency domain in Fig. 2.9. The ROS of the 2-D FT of the signals received by
the ['" subarray are shown in Fig. 2.9(a)-(d). The horizontal and vertical axes are
w, and w, respectively. In Fig. 2.9(b)-(d), aliasing can be observed due to spatial

subsampling. Using the analysis filters to extract the related octave of the signal
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Figure 2.7: Bandwidth of the received signals.
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Figure 2.8: Analysis FIR filters amplitude responses.
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spectrum, aliasing is eliminated as it can be seen from the ROS of the 2-D FT of the
analysis filters output, in Fig. 2.9(e)-(h). Then, the output of the analysis filters is
downsampled by 2/=!. The ROS of the 2-D FT of the resulting output is shown in
Fig. 2.9(i)-(1). Clearly, the ROS for all subbands outputs are the same and thus the
same TF can be used in all subbands. The amplitude response of the designed TF for
N, = N; = 64 is shown in Fig. 2.10. TF passes the desired signal and attenuates the
interference. The output of the TF is upsamled, multiplied by 2=, and filtered by the
synthesis filter. In this example since the length of analysis (synthesis) filters are the
same; there is no need for adding delay. Clearly, the output y(n) of the beamformer
is almost the delayed version of the desired PW as shown in Fig. 2.11. The amount

of delay is the sum of delays due to the analysis, trapezoidal, and synthesis filters.

-2

(i) i (k) U}

Figure 2.9: ROS of 2-D FT of: (a)-(d) the signals received by the [ subarray, (e)(h)
the analysis filters output, and (i)-(1) the output of downsamplers by 2!~
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Figure 2.10: ROS of 2-D trapezoidal filter.
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Figure 2.11: Beamformer output and desired signal in the time-domain.
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2.7 Conclusions

A wideband beamforming technique using nested arrays, multirate filter banks, and
2-D ST filter is introduced. A comparison between NA and ULA structures is pre-
sented. MATLAB simulations for the NA beamformer are performed to show that it
outperforms ULA beamformer in achieving high selectivity specially at low frequen-

cies.
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Chapter 3

Design Space Exploration of

Decimators

This chapter presents a new systolic array structure for a decimator that merges the
antiliasing FIR filter with the downsampler. The development of the structure is
based on a systematic methodology. Using this methodology, a dependence graph for
the decimator was obtained that combined the antialiasing filter and the downsam-
pler. Different data scheduling and projection operations were developed to obtain
the different proposed designs. Six systolic array design options were obtained and
evaluated. The fastest design was selected for hardware implementation and com-
pared with the other two well-known decimator designs; namely conventional design
in which the antialiasing filter is followed by a downsample and the polyphase design
in which a commutator is followed by the polyphase antialiasing filter. FPGA im-
plementations for the proposed and the other two designs confirm that the proposed
decimator implementation outperforms in terms of area, speed, and power as the

decimation factor increases regardless of the number of FIR filter coefficients.

3.1 Introduction and related work

Generally, decimators are used in multirate systems to generate signals with lower
data rates. Examples where decimators are an essential component include FIR fil-
ters with steep transition band [22][23], nested arrays broadband bemformers [11][24]
which is the scope of this dissertation, the baseband digital signal processing (DSP)
of software-defined radio (SDR) to enable configurable sample rates [25], the digital
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down converter (DDC) of a 4G receiver systems [26], the digitally-enhanced high speed
analog-to-digital converter (ADC) for achieving higher signal-to-noise ratio (SNR) in
wireless and software defined radio applications [27][28], the quadrature mirror fil-
ter (QMF) for equalizing wireless communications channels [29], and discrete Fourier
transform (DFT) filter bank beamformers [30]. Decimators can also be found in other
general areas such as radar [31][32][33][34], communications [35], speech [36][37] and
image processing [38][39].

Decimators structure consists of an antialiasing filter followed by a downsampler.
The structure of the downsampler is much simpler than the structure of the filter.
This is the reason why optimizing the design of decimators focuses on the optimizing
the design of the antialiasing filter.

Rahate et al. [37], presented a design analysis of decimation filters for hearing aid
applications on FPGA. The decimation filter is a combination of digital integrator
and digital differentiator stages, which can perform the operation of digital low pass
filtering and decimation at the same time.

Mehra and Singh [40], proposed an efficient structure for rational sampling rate
converter by combining interpolator and decimator with a low pass filter.

Harize et al. [41], presented a methodology for the implementation of decimation
FIR filters on FPGA. The methodology was based on using distributed arithmetic
(DA) to replace the multipliers with LUTs. The methodology was also used to realize
the decimator using polyphase structure. However, two factors contributed to limiting
the speed of their proposed design. The use of DA resulted in a lower sampling rate
than the system clock frequency by a factor equal to the data word size.

Liu et al. [42], presents an implementation of digital down conversion method
based on applying the parallel structure of polyphase filter banks.

Jetly et al. [43], presents a method for the implementation decimation and in-
terpolation FIR filters to be integrated with the digital baseband receiver chain of a
vehicular communication platform. The decimation filter used consists of a polyphase
decomposed FIR filter of order 7 and a downsampler with downsampling factor equals
to 4.

Jayaprakasan and Madheswaran [44], presented the implementation of a two stage
FIR decimation filter and compared it with single stage implementation for WiMAX
applications. Results show that the two stage FIR filter utilizes less LUTs and con-
sumes less power than the single stage one.

Zheng et al. [45], decomposed the multirate FIR filter (MRFIR) into output
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computational threads. Each thread represents an instance of the finite inner-product
required to produce a single output of the MRFIR. The filter is thus viewed as a finite
collection of concurrent threads.

Mehra and Arora, [46] presented an efficient multiplier-less technique to design
and implement a high speed cascaded integrator comb (CIC) decimator for wireless
applications. The proposed design can operate at an estimated frequency of 276.6
MHz and uses a relatively few hardware resources.

Some other approaches deals with improving the design of the individual elements
of the circuits. Such approaches are the following:

Aljuffri et al. [47], used Wallace Tree and Vedic multipliers for implementation
of 8-tap and 16-tap sequential and parallel micro programmed FIR filters architec-
tures. The designs are realized using FPGA. The sequential FIR filters architecture
designed using Wallace Tree multiplier seems to be more efficient as compared to
Vedic multipliers.

Prasanna and Rani [48], implemented 16-tap symmetric FIR filter using a reduced
parallel LUT decomposed DA approach which is implemented using a FPGA device.
The design reduces the number of LUTs and offers 60.5% less delay than a systolic
DA based design.

Thakur and Khare [49], presented a high speed FPGA implementation of FIR
filter. The design offers a minimum period of 4.255 ns and maximum frequency of
235.026 MHz.

In this chapter, a systematic methodology presented in [6] is used to develop
systolic array structures for decimators. This methodology is used to find best data
scheduling strategies and explore possible structures. Six structures with output data
pipelining will be considered due to promising low clock speeds. The one requiring the
least power and area will be selected and implemented using FPGA. The performance
of this implementation will be compared with implementations of existing well-known
decimator structures. Results indicate that the proposed design has higher clock
speed and lower area and power requirements, especially when the decimation ratio

is increased, than the well-known decimator structures.
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3.2 Systematic methodology for systolic array de-

sign applied to the decimator

In order to perform systolic array design space exploration of the decimator, we use
a systematic methodology that was proposed in [6] for regular iterative algorithms

(RIAs). The decimator algorithm is given by:

ui) = 3 hG)i-J) (3.1)
y(i) = ulid) (3.2)

where M is the decimation factor, J is the number of the antialiasing FIR filter
coefficients, h(7) is the FIR filter coefficients, (i — j) is the decimator input samples,
u(i) is the FIR filter output and is the input to the downsampler, and y(i) is the
decimator output.

The methodology of [6] specifies several steps which are adapted here for the

decimator algorithm as follows:

1. The difference equations of the decimator algorithm, expressed as an RIA, are
shown in Egs. (3.1) and (3.2).

2. Define a computational domain D C Z" of the algorithm based on the RIA.
Since Egs. (3.1) and (3.2) use two indices ¢ and j, the algorithm is defined in the
2-dimensional integer domain Z2. In Section 3.3 the computational domain of
the decimator D C Z? is defined through investigation of the ranges of indices

1 and 7.

3. Define the subdomain of each variable in D using the dependence of the algo-

rithm variables on the iteration indices. This is explained in Section 3.3.

4. Obtain the scheduling functions that satisfy the input and output data timing
specifications and constrains. In Section 4.5, valid scheduling functions for the

decimator algorithm are explored.

5. Obtain the projection functions that satisfy the scheduling functions and any
hardware restrictions. In Section 4.6, projection directions associated with valid

scheduling functions for the decimator algorithm are being explored.
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The term systolic array design will be used to describe the architecture and the
functionality of a systolic array while systolic array implementation represents the

actual implementation of this design in hardware.

3.3 Decimator dependence graph (DG)

The decimator Egs. (3.1) and (3.2) define a sequential evaluation of the decimation
algorithm. The algorithm is iterative and depends on two indices 7 and j. There are
two input variables h(j) and z(i — j). There is one intermediate variable u(i) and
one output variable y(i). We use the powerful systematic technique of reference [6] to
perform systolic array design space exploration of the decimator structure based on
the iterations defined by Egs. (3.1) and (3.2). Fig. 3.1 shows the dependence graph
of the decimator for the case when M = 4 and J = 8. The horizontal axis is the
i-axis (range i > 0) and vertical axis is the j-axis (range 0 < j < 8).

The decimator output y(i) is shown at the top of Fig. 3.1. y(i) is shown by the
thick vertical lines since each output sample depends on the 7 index only. Note that
sample y(i) corresponds to the intermediate sample u(:M) according to Eq. (3.2).

The empty circles indicate useful filtering operations that result in the generation
of the output samples y(7).

In this work, the systematic methodology is employed using different scheduling

t
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Figure 3.1: M-to-1 decimator dependence graph for the case when M = 4 and J =
8. Empty circles denote multiply /accumulate operations.



26

and projection operations for systolic array design space exploration of the decimator.

3.4 Decimator scheduling function

The scheduling function assigns a time index value for the operation of each point in
the DG of Fig. 3.1. A simple linear scheduling function is used to assign time index
values to the DG nodes:

t(p) = sp (3.3)

where s = [a ] is the schedule row vector and p = [i j]? is a point in the i-j

plane of Fig. 3.1. Therefore the time associated with a node is given by:

t(p) = ia + jp (3.4)

An edge connecting two nodes having the same time value are said to be lying
on the same equitemporal zone. Data flowing between these two nodes is said to be
broadcast since the data value is shared by the two nodes at the same time value. An
edge connecting two nodes with different time values indicate that data is pipelined
from the node with lower time value to the node with higher time value. The schedul-
ing function transforms the DG to a directed acyclic graph (DAG) [6].

The scheduling vector components o and 3 are determined subject to input and
output data specifications and the decision whether to pipeline or broadcast a variable.

It is assumed that the input data z(i) arrive at consecutive time steps, we can

write:
t(ps) = t(py) +1 (3.5)
Assuming further that x(i) sample is supplied to the DG at point p = [i 0]7, we

have:

tp) = ai (3.6)
tpy) = ali+1) (3.7)

Equations (3.5)-(3.7) result in @ = 1. A valid scheduling vector that satisfies the

above assumptions about input data timing is given by

s=1[1 p (3-8)
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Figure 3.2: The DAG and the Equitemporal zones for scheduling vector s; in Eq.
(3.9).

The value of 8 will be determined by our choice of whether we need to pipeline or
broadcast the output sample y(i). We have three possible valid scheduling vectors

that we can employ:

s1 = [1 —1] (3.9)
s = [1 1] (3.10)
ss = [1 0] (3.11)

Figs. 3.2, 3.3, and 3.4 show the DAG corresponding to scheduling vectors s, so,
and s3 respectively. The equitemporal zones and the time index values are indicated
by the red lines and the red numbers respectively. The inputs x(i — j) and h(j) are
indicated by the arrows and the output y(i) is indicated by the vertical lines. The

empty circles indicate all the multiply /accumulate operations for each output sample.

The scheduling vector s; results in broadcast input x(i — 7) and pipelined output
y(7). The scheduling vector s, results in pipelined input z(i — j) and pipelined output

y(7). The scheduling vector s3 results in pipelined input z(i—j) and broadcast output
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Figure 3.3: The DAG and the Equitemporal zones for scheduling vector s; in Eq.

(3.10).
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Figure 3.4: The DAG and the Equitemporal zones for scheduling vector s3 in Eq.

(3.11).
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y(7). Since Pipelined output allow a fastest clock rate and broadcast output results
in expensive hardware and/or slow speed, the scheduling vector s3 shall be excluded

from the design space exploration choices.

3.5 Decimator node projection

Linear projection is defined as the mapping of several points in an n-dimensional DG

to processing element PE) where k is the processor index that given by [6]:
k= Pp (3.12)

where P is the projection matrix that projects a point p € D to a point k£ in a 1-D
domain.

According to [6], the projection matrix P is determined by selecting a projection
direction d that is in the nullspace of P. The selection of a valid projection direction
should satisfy:

sd #0 (3.13)

where s is the chosen scheduling vector. In this work, it is aimed to map the points
in the 2-D DG shown in Fig. 3.1 to a 1-D domain.
Applying condition (3.13) to the three scheduling vectors in Eq. (3.9), (3.10) and

(3.11), four different projection directions are obtained:

d =1 0" (3.14)
d = [1 1" (3.15)
d; = [1 —1)F (3.16)
d, = [0 1]° (3.17)

Only three of the previous projection directions are valid for each schehuling vector.
For sq, the vectors d;, d3, and d, are valid. For s,, the vectors d;, d», and d, are
valid. For s3, the vectors dy, ds, and d3 are valid.

Based on the above discussion, the three scheduling vectors and their associated
projection directions produce nine different systolic arrays. This is discussed in more
details in Section 4.8

These projection directions are then used to calculate the associated projection
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matrices according to the procedure described in [6]. Given a project direction d =
[y 4]%, and knowing that d is the nullvector of the projection matrix P [6], There

are two possible forms:
P=[ —v] or P=[-0 7] (3.18)

The proper form to use is the one that results in positive PE indices after the project
operation.
Using Eqs. (3.12) and (3.18) we get :

k=10 — jv (3.19)

For more flexibility in this work, a non-linear node projection operation have been
adopted of the form [6]:

V= (3:20)

m

where k was given in Eq. (3.12) and m is the desired number of points in DAG that

will be assigned to one PE.

3.6 Systolic array design space exploration

In this section, the systolic array design space of linear processor array will be explored
for the decimator using the calculated scheduling vectors and projection directions.

Table 3.1 illustrates how nine possible systolic array design options are obtained.
The nine possible design options are obtained based on the combination of the schedul-
ing functions and projection directions, as explained in the table. The advantages
and disadvantages were also summarized in the table.

Based on the discussion in Section 4.5, scheduling vector s3 will not be considered.
Therefore, there is only one valid scheduling vectors s; and s, with their associated
valid projection directions. This gives a total of six possible design options that allow
the fastest clock rate. The following subsections discuss the six design options to be

explored.
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Table 3.1: The possible systolic array design-options

Design-Option # Scheduling Projection Main Features
Vector Direction

S1 d; Pipelined output

S9 d, Pipelined output

S3 ds Broadcast output

© 00 O UL ix|W N =

3.6.1 Design-Option #1: using s; =[1 —1]and d; =[1 0]F

The DAG corresponding to s; is shown in Fig. 3.5. The time index associated with
any point p is given by:
tp)=i—j (3.21)

According to Eq. (3.18), the projection matrix corresponding to the linear projection

direction d; is given by:
P, = [0 1] (3.22)

Using Eq. (3.19) and (3.22), the processing element (PE) index associated with point
p is given by:
p =7 (3.23)

The PE index values are indicated by the numbers inside the circles in Fig. 3.5. The
number of PEs will be finite and equal to the number of antialiasing filter coefficients
J.

By observing Fig. 3.5 we found that there are only two PEs active during each
time step. This indicates that we must use nonlinear node projection operation that
maps each node to only one of two PEs. For Design-Option #1, a general non-linear

node projection operation we use is defined as [6]:

P = L/LMJ (3.24)
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where p” is the new PE index. For the case when J = 8 and M = 4 we would
have only two PEs as was observed in Fig. 3.5. The nodes that map to PEy and
PE; are shown as the grey and blue circles respectively in Fig. 3.5. Fig. 3.5 now
shows that only two processors are active at each time step. The number of PEs in
general is given by J/M. Fig. 3.5 indicates that the nodes implement the basic
operation of multiply /accumulate (MAC) operation. To reduce roundoff effects and

computational noise, double-precision MAC is implemented in the form:
2w€h +e =a X b+ deh + dl (325)

where a, b are single-precision multiplier and multiplicand inputs, dj, d; are the high-
order and low-order word input to the double-precision adder, e, ¢; is the high-order
and low-order word output from the double-precision adder, and w is the number of
bits in the high-order and low-order words. The delay to perform the multiplication
followed by a double-precision addition is 47" where T is the delay of the multiplier
or the double-precision adder.

In the proposed designs Fig.3.6(b), and later in Fig. 3.10(b), a high-speed, double-

precision carry-save multiplier/accumulator (CS-MAC) developed in [50] is used as

2" (Sout + Cout) + lour = a X b+ 2% (84 + i) + lin (3.26)
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Figure 3.5: The DAG for Design-Option #1: using sy = [1 —1]andd; =[1 0].
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Figure 3.6: Systolic array for Design-Option #1. (a) The systolic array when J = 8
and M = 4. (b) PE details.

where Sout, Cour are the high-order sum and carry word output from the CS-MAC,
lout 18 the low order word output from the CS-MAC, s;,, ¢;, are the high-order sum
and carry word input to the CS-MAC, and [;,, is the low order word input to the
CS-MAC.

A reduction in the computation time ranging from 20% to 50% compared with
other schemes has been achieved using the CS-MAC without a significant increase in
the required area [50].

Fig. 3.6 shows the systolic array and the detailed PE structure that results after
applying the scheduling function s; and the non-linear projection direction p” for
Design-Option #1. Fig. 3.6(a) shows the resulting systolic array. Two PEs are
shown since J = 8 and M = 4. The input data x is broadcast and the double-
precision output Your = Howt2V + Loy is pipelined. The output data flows from PF;
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Figure 3.7: The DAG for Design-Option #2: using sy = [1 —1] and d3 =[1 —1] .

to PEy. Fig. 3.6(b) shows the PE details. Examination of Fig. 3.5 reveals that the
antialiasing filter coefficients allocated to each PE are stored in reverse order. For
example, PEq will store its filter coefficients in the ROM as {hs, ha, hy, ho}. The
Ripple Carry Adder (RCA), shown in Fig. 3.6(b), is used to reduce the high-order
sum and carry output Syus, Cour from the CS-MAC to the high order word H,;.

3.6.2 Design-Option #2: using s; =[1 —1] and d3 =[1 —1]T

In this design-Option, we use the same scheduling function s; with different linear

projection direction d3. The corresponding projection matrix will be:
P; = [1 1] (3.27)

Using Eq. (3.19) and (3.27), the processing element (PE) index associated with point
p is given by:
pP=i+j (3.28)

Fig. 3.7 shows the DAG for Design-Option #2 together with the equitemporal zones
and the PE indices as shown inside the circles. We notice that the total number of
PEs is infinite in this case since index ¢ extends to co. However, we also notice that

only two PE are active at any given time step. We could use the same non-linear
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node projection used in Eq. (3.24) for Design-Option #1.
As we use the same scheduling function s; and the non-linear projection direction

p”" of Design-Option #1, The systolic array will be the same as in Fig. 3.6(a).

3.6.3 Design-Option #3: using s; =[1 —1] and d,=[0 1]7

The projection matrix corresponding to the linear projection direction dy will be:
P, = [1 0 (3.29)

Using Eq. (3.19) and (3.29), the processing element (PE) index associated with point
p is given by:
P =i (3.30)

The total number of PEs is infinite since index 7 extends to oo.

Fig. 3.8 shows the DAG for Design-Option #3 together with the equitemporal
zones and the PE indices as shown inside the circles. We also notice that only two PE
are active at any given time step. We could use the same non-linear node projection
used in Eq. (3.24) for Design-Options #1 and #2.

As we use the same scheduling function s; and the non-linear projection direction

" of Design-Option #1. The systolic array will be the same as in Fig. 3.6(a).
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Figure 3.8: The DAG for Design-Option #3: using sy = [1 —1]andd, =10 1]T.
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Figure 3.9: The DAG for Design-Option #4: using s, = [1 1] and d; =[1  0]T.

3.6.4 Design-Option #4: using s, =[1 1] and d; =[1 0"

Design-Option #4 uses scheduling function s,. Fig. 3.9 shows the equitemporal

zones. The time index associated with point p is given by:
t(p)=i+j (3.31)

Design-Option #4 uses the same linear projection direction d; that was used in
Design-Option #1. The corresponding projection matrix is given by Eq. (3.22). The
PE index associated with a point p in the DG is given by Eq. (3.23). Similar to
Design-Option #1, the number of processors is finite and also two PEs are active at
any given time step. We also use the non-linear node projection p” given by Eq.
(3.24) to project the DAG to a set of tasks that can be executed concurrently in
hardware systolic arrays.

The output data timing of Fig. 3.9 requires careful analysis. We notice, for
example, that output y, is ready at time 24 from PE;. This output should have been
obtained at time 16. This indicates a latency or 8 clock cycles. Also, the input data
sequence must be resynchronized before it fed to the CS-MAC.

Referring to Fig. 3.9, the timing information for x;,, T, and Y. is shown in
Table 3.2.

Fig. 3.10 shows the systolic array and the PE structure that results after applying

the scheduling function sy and the non-linear projection direction p”. Fig. 3.10(a)
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shows the resulting systolic array for Design-Option #4. As in Design-Option #1,
the number of PEs is two. Both the input data x and output data y are pipelined.
The output data flows from PEg to PE;. Fig. 3.10(b) shows the PE details. The
antialiasing filter coefficients are stored in the ROM in a normal order. However, the
input data x;, are used by the PE’s in reverse order. For example, PEy will use the
input data x in the first high rate four clock cycles 0-3 in the order {x3, =3, x1, xo}.
The input data x should be delayed by a value of 2M.

We infer from Table 3.2 and Fig. 3.10(b) that we need more hardware resources

for the delay and the reordering compared to the design-Option in Fig. 3.6(b)

3.6.5 Design-Option #5: using s, =[1 1] and dy=[1 1]7

In this design-Option, we use the same scheduling function s3. The time index asso-
ciated with any point p is given by Eq. (3.31).

The projection matrix corresponding to the linear projection direction ds is given

Xin_>Hout I_Iin—>Hout I_Iin
PEO PEl
(a) 0 ' I‘out I‘in >I—out I-in >y
» Delay Xout
" »[LIFO —nt__ | ROM
o ) A I R
o 11 5n | | CS Counter —reset
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r | Yy
1] out ‘.&— >
Sy ~
Reg ﬁ‘ Cout : Reg > Yout

(b)

Figure 3.10: Systolic array for Design-Option #4. (a) The systolic array when J = 8
and M = 4. (b) PE details.
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Table 3.2: Input/output timing for PEy and PE; in Fig. 3.10.

Time PEo PEy
Tin  Tint  Yout Tin  Tint  Yout
0 i i 0 0 0 0
1 1 0 0 0
2 ) 0 0 0
3 3 0 0 0
4 Ty Ty Y 0 0 0
5 T T3 0 0
6 Tg T 0 0
7 Ty X 0 0
8 Ig  Ig Yy To  To Yo
9 i) Ty T 0
10 10 T ) 0
11 11 T5 T3 0
12 z12 712 Y Ty Ty Y
13 m3 1 T5 X3
by:
Py, = [1 —1] (3.32)

Using Eq. (3.19) and (3.32), the processing element (PE) index associated with
point p is given by:
P =i—j (3.33)

The total number of PEs is infinite since index ¢ extends to co.

Fig. 3.11 shows the DAG for Design-Option #5 together with the equitemporal
zones and the PE indices as shown inside the circles. We also notice that only two PE
are active at any given time step. We could use the same non-linear node projection
used in Eq. (3.24) for the previous design-Options.

As we use the same scheduling function s and the non-linear projection direction

p” of Design-Option #4. The systolic array will be the same as in Fig. 3.10.
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3.6.6 Design-Option #6: using so =[1 1l andd;=1[0 1]¥

This design-Option uses the same scheduling function s, that was used in Design-
Options #4 and #5. The time index associated with any point p is given by Eq.
(3.31).

It also uses the same linear projection d4 that was used in Design-Option #3.
The corresponding projection matrix is given by Eq. (3.29) The PE index associated
with a point p in the DG is given by Eq. (3.30).

The total number of PEs is infinite since index ¢ extends to co.

Fig. 3.12 shows the DAG for Design-Option #6 together with the equitemporal
zones and the PE indices as shown inside the circles. We also notice that only two PE
are active at any given time step. We could use the same non-linear node projection
used in Eq. (3.24) for the all previous design-Options.

As we use the same scheduling function s, and the non-linear projection direction

p” of Design-Option #4. The systolic array will be the same as in Fig. 3.10.

3.6.7 Comparing the proposed designs

Six different systolic array design options were obtained. Design-Options #1, #2 and
#3 map to one systolic array. Design-Options #4, #5 and #6 map to another type
of systolic array. The former systolic array requires less hardware resources and is

the one that proposed in this work.
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Figure 3.11: The DAG for Design-Option #5: using sy = [1 1] anddy, = [1  1]7T.
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Figure 3.12: The DAG for Design-Option #6: using s, =[1 1] anddy,=1[0 1]7.

Fig. 3.6 shows the proposed systolic array design. It can be seen from the Fig.
3.6 that the design requires broadcast of the input data and neighbour-to-neighbour
communication for the intermediate data. This ensures the maximum processing

speed.

3.7 Alternative decimator structures

There are two well known decimator design approaches. The first approach uses an
antialiasing filter followed by a downsampler. We call this approach the conventional

design. The second approach uses a polyphase decimator structure.

3.7.1 Conventional Design

The conventional design consists of an anti-imaging filter followed by an downsampler.
Fig. 3.13 shows the systolic array design of the conventional decimator.

Fig. 3.13(a) shows the downsampler details which accepts the high rate data
samples y, and produces data samples y; with M lower rate.

Fig. 3.13(b) shows the systolic array of the conventional FIR filter, which corre-
sponds to a form 2 implementation of an FIR filter. The number of PEs is equal to
the number of filter coefficients J. We assume the double precision mode of opera-

tion, where data exchanged between the PEs is in double precision format. This is
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Figure 3.13: The conventional decimator implementation. (a) The downsampler
details. (b) The systolic array of the conventional FIR filter. (c) The FIR filter PE
details (Form 2).

explicitly shown in Fig. 3.13 as the partial sums L and H.

Fig. 3.13(c) shows the conventional FIR filter PE details. The PE consists of
a traditional multiplier with double-precision output. The multiplier multiplies the
input data samples xz;, by the dedicated FIR filter coefficient stored in a register. The
lower bits of the multiplier output are added to the lower bits of the previous PE
output using a single-precision carry-propagate (SPCP) adder to produce the lower
bits of the PE output. Similarly, the higher bits of the multiplier output are added to
the higher bits of the previous PE output using a SPCP adder to produce the higher
bits of the PE output.
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Figure 3.14: The double-precision polyphase decimator implementation. (a) The
polyphase decimator structure. (b) The systolic array for the FIR filter section.

3.7.2 Polyphase Design

An alternative approach to implement the decimator is by using the polyphase struc-
ture [51]. In this approach the input data is applied to a commutator before the
polyphase FIR filter structure. Fig. 3.14 shows the systolic array design of the
polyphase decimator.

Fig. 3.14(a) shows the double-precision polyphase decimator structure. The FIR
filter is decomposed into M components. Each component corresponds to a form 2
implementation of an FIR filter operating at the lower clock rate. We assume the
double precision mode of operation.

Fig. 3.14(b) shows the systolic array for one of the FIR filter sections. This
systolic array is similar to the systolic array shown in Fig. 3.13(b). However, the
number of PEs is equal to J/M. We assume the double precision mode of operation,
as in the conventional design, where data exchanged between the PEs is in double
precision format. This is explicitly shown in Fig. 3.14 as the partial sums L and H.

The FIR filter PE details is the same as in the conventional design as shown in
Fig. 3.13(c).



43

3.8 FPGA implementation results

This section compares the FPGA performance (area, speed, and power) of the three
different approaches discussed in Section 3.7. There are several reasons for adopting

this strategy:
1. Different FPGA devices and families are being used.

2. Variability in the design goals and strategies used (area reduction, timing per-

formance, power optimization or balanced).

3. Reported results are sometimes unclear in terms of the number of filter coeffi-

cients or the decimation factors used.

4. In some of the published designs, the system sampling rate is different (lower)

than the system clock speed. The latter is reported but not the former.

FPGA implementations of the conventional, polyphase and the proposed designs
were implemented using VHDL on Xilinx Virtex 6 ML605 development board.

Several decimation factors were used to compare the performance among the three
designs. The decimation factors used were 2, 4, 8, etc (D-2, D-4, D-8, etc). The
number of antialiasing FIR filter coefficients were chosen as 8, 16, 32 and 64.

Tables 3.3-3.6 show the performance in terms of FPGA resources, speed, and
power consumption for the three designs for decimation factors M = 2¢, with 1 <
1 < log, J; for 8 < J < 64, respectively. As expected, the conventional design shows
almost the same performance regardless of the decimation factor M. This is because
the same FIR filter used in each decimator. The impact of the downsampler on
the performance is minimal since a one-bit counter is needed for decimation by 2, a
two-bit counter is needed for decimation by 4 and a three-bit counter is needed for
decimation by 8.

The performance of the polyphase design depends on M. This is because the
number of polyphase branches is directly proportional to M.

For the proposed design, the performance depends on M as in the polyphase
design. This is because the number of PEs is inversely proportional to M.

Fig. 3.15 shows the speed results of Table 3.6. The speed of the conventional
decimator is constant regardless of the value of M. The structure of the antialiasing
filter in the conventional decimator is independent of M and this explains why the

speed is not affected by the value of M.
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Table 3.3: Performance comparison between conventional, polyphase and proposed
decimators at different decimation factors M = 2,4, and 8 for the case of number of
FIR filter coefficients J = 8.

Decimation 2-8 2 4 8
factor

Decimator Conv.|Poly.|Prop.|Poly.|Prop.|Poly.|Prop.
structure

# Slice Registers| 191 | 87 | 183 | 85 | 103 | 81 | 53
# Slice LUTs 352 | 151 | 331 | 150 | 218 | 247 | 117

# Fully wused| 131 | 85 | 102 | 84 | 55 | 67 | 36
LUT-FF

Maximum Fre-| 135 | 299 | 232 | 164 | 212 | 106 | 149
quency (MHz)

Delay (ns) 74 33|43 61|47 9456

Power (mW) 132 | 126 | 128 | 127 | 118 | 131 | 113

The speed of the polyphase decimator is better than the other two designs when
M = 2. The speed decreases for increasing the value of M. The polyphase design
becomes the slowest design for values of M > 4. The reduction in speed can be
explained due to the extra adder delay since increasing M leads to increasing the
number of the polyphase branches.

The speed of the proposed decimator decreases at a slow rate as M increases.
This can be explained by the fact that the size of the distributed RAM that stores
the PE filter coefficients increases as M increases.

For M > 2 the speed of the proposed design is higher than the other two designs.

Fig. 3.16 shows the power consumption for the three designs for decimation factors
M = 2!, with 1 < i < 6; for J = 64. The power consumption of the conventional
decimator is constant regardless of the value of M. The structure of the antialiasing
filter in the conventional decimator is independent of M and this explains why the

power is not affected by the value of M.
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Table 3.4: Performance comparison between conventional, polyphase and proposed
decimators at different decimation factors M = 2,4, 8, and 16 for the case of number
of FIR filter coefficients J = 16.

Decimation 2-16 2 4 8 16
factor

Decimator Conv.|Poly.|Prop.|Poly.[Prop.|Poly.[Prop.|Poly. Prop.
structure

# Slice Registers| 386 | 182 | 380 | 165 | 194 | 153 | 102 | 145 | 64
# Slice LUTs 722 | 335 | 698 | 277 | 489 | 345 | 242 | 601 | 158

# Fully wused| 259 | 179 | 179 | 164 | 102 | 126 | 57 | 119 | 37
LUT-FF

Maximum Fre-| 135 | 293 | 209 | 173 | 186 | 104 | 182 | 72 | 178
quency (MHz)

Delay (ns) 74 13448 | 58|54 |96 55 |139] 5.6

Power (mW) 136 | 131 | 132 | 130 | 122 | 133 | 115 | 139 | 114

The power consumption of the polyphase decimator is better than the other two
designs when M = 2. The power consumption is almost constant for all values of
2 < M < 64. Increasing the values of M decreases the number of PEs in each branch,
however the number of branches increases. Therefore the net power consumption is
almost constant.

The power consumption of the proposed decimator decreases as M increases. This
can be explained by the fact that the number of PEs decreases as M increases.

For M > 4 the power consumption of the proposed design is lower than the other

two designs.

3.9 Conclusion

In this chapter we reviewed how a systematic methodology was used to find best

data scheduling strategies and explore possible decimator structures. Nine possible
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Table 3.5: Performance comparison between conventional, polyphase and proposed
decimators at different decimation factors M = 2,4,8,16, and 32 for the case of
number of FIR filter coefficients J = 32.

Decimation 2-32 2 4 8 16 32
factor

Decimator Conv.|Poly.|Prop.|Poly.Prop.|Poly. Prop./Poly. [Prop.|Poly. [Prop.
structure

# Slice Registers| 787 | 415 | 770 | 349 | 389 | 316 | 204 | 289 | 109 | 274 | 63
# Slice LUTs | 2230 1024|1540 | 533 | 871 | 601 | 498 | 804 | 280 |1245| 177

# Fully wused| 515 | 414 | 394 | 341 | 198 | 282 | 106 | 191 | 57 | 223 | 38
LUT-FF

Maximum Fre-| 135 | 275 | 194 | 158 | 181 | 102 | 178 | 69 | 179 | 45 | 175
quency (MHz)

Delay (ns) 74 36|51 (63[55|97|55 |14.6| 5.6 |22.4| 5.7

Power (mW) 148 | 140 | 147 | 134 | 129 | 137 | 120 | 141 | 114 | 139 | 111

designs which satisfy input data timing were possible. Out of those six structures
were promising in terms of fast clock speed due to output data pipelining. One de-
sign, which had the least area and power requirements out of these six, was selected.
A detailed discussion was provided for two well-known decimator designs; namely
conventional design in which the antialiasing filter is followed by a downsample and
the polyphase design in which a commutator is followed by the polyphase antialiasing
filter. FPGA implementations are performed for the proposed design as well as exist-
ing well-known decimator structures to verify their functionality and compare their
performance. FPGA implementation results confirm that the proposed decimator
implementation outperforms in terms of area, speed, and power as the decimation

factor increases regardless of the number of FIR filter coefficients.
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Table 3.6: Performance comparison between conventional, polyphase and proposed
decimators at different decimation factors M = 2,4, 8,16, 32, and 64 for the case of
number of FIR filter coefficients J = 64.

Decimation 2-64 2 4 8 16 32 64
factor

Decimator Conv.|Poly.|Prop.|Poly. Prop.|Poly./Prop.|Poly. [Prop.|Poly. Prop.|Poly. [Prop.
structure

# Slice Registers| 1724 | 938 | 1537 | 820 | 770 | 686 | 393 | 612 | 213 | 625 | 118 | 600 | 54
# Slice LUTs | 4362 2518|3422 (1185|1758 (1099|1057 |1287| 617 |2140| 321 |2636| 195
# Fully used| 1028|931 | 794 | 810 | 392 | 656 | 202 | 503 | 105 | 254 | 58 | 473 | 39
LUT-FF

Maximum Fre-| 131 | 308 | 193 | 158 | 178 | 100 | 170 | 71 | 173 | 52 | 166 | 24 | 159
quency (MHz)

Delay (ns) 77 132] 52163 5.6 [100| 5.9 |14.0] 5.8 |19.4] 6.0 |41.0| 6.3
Power (mW) 181 | 156 | 177 | 143 | 145 | 144 | 130 | 148 | 120 | 151 | 114 | 154 | 108




48

350 T T T T T T
I Conventional
I Polyphase
300 [ Proposed 7
T 250 -
=
)
o 200 i
S __
9] . __
L ] __
£ 150 .
=
£
3
s 100 h
50 R
0
4 8 16 32 64

Decimation Factor

Figure 3.15: Maximum frequency comparison chart between different filter structures
at different decimation factors for J = 64.



49

200 T T T T T T

180

160

'—\

~

o
T

Power (mW)

80

60

40

I Conventional
I Polyphase |
[IProposed

20

2 4 8 16 32 64
Decimation Factor

Figure 3.16: Power consumption comparison chart between different filter structures
at different decimation factors for J = 64.



20

Chapter 4

Design Space Exploration of 2-D

Beamforming Filter

This chapter presents the development and comparison of two dimensional (2-D)
broadband (BB) beamforming (BF) filter processor array designs and implementa-
tions. A systematic methodology was applied to the difference equations defining the
input/output (I/O) relations of the 2-D BB BF filter. This systematic methodology
is based on finding a computational domain of the iterative algorithm for the BB
BF filter and exploring different task scheduling and projection options to obtain a
processor array designs. Six such designs were obtained, implemented and evaluated.
The multiply/accumulate (MAC) operation of the resulting designs could be imple-
mented using either distributed arithmetic (DA) technique or parallel multipliers.
The analysis and comparison between DA based and multiplier based (conventional
- proposed) MAC implementations are performed. FPGA implementations for the
conventional design using conventional MAC and the six proposed designs using pro-
posed MAC confirm that four of the proposed designs produced a speedup factor of

3.48 compared to conventional designs.

4.1 Introduction and Related Work

Broadband (BB) beamforming (BF) has many applications such as radar and nav-
igation, wireless communications, radio astronomy, microwave imaging and micro-
phone arrays [52, 53, 54, 55, 56, 57, 58, 59, 60]. BF algorithms may be classified
as fixed/adaptive and narrowband/broadband [53, 54, 19, 5]. An important class of
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fixed broadband beamformers are designed using multi-dimensional filters such as:
2-D filters having passbands of (beam [61, 24], fan [62, 63], and trapezoidal [64, 65])
shapes for one-dimensional (1-D) antenna arrays, and three-dimensional (3-D) filters
having passbands of (cone [66, 67], and frustum [68, 69]) shapes for 2-D antenna
arrays.

Hardware implementation of BB BF filters have been presented in the literature.
In [70], Ariyarathna et al. presents the implementation of a 2-D FIR trapezoidal
filter based beamforming array receiver. The 2-D FIR trapezoidal filter is designed
and implemented on FPGA as a filter-and-sum architecture. In [71], Kumar et al.
presented an efficient architecture for 2-D FIR filter for block processing using DA
formulation in order to eliminate the use of multipliers in the design. In [72], Teja
and Hema presented a systematic design strategy to derive area-delay-power-efficient
architectures for two-dimensional finite impulse response filter based on the analyzed
memory footprint and combinational complexity. In [73], Sravan et al. presents a
receive-mode digital-RF beamformer based on spatially bandpass (SBP) 2nd order
2-D TIR beam filters. The 2-D IIR SBP beam filter is implemented as a systolic
array of several parallel core processing modules. In [74], Kumar et al. proposed two
hardware reconfigurable structures for the 2-D IIR filters based on DA techniques.
Although the implementations of the 2-D FIR filters exist in the literature, there is
still interest in exploring the possibilities for efficient hardware implementations using
systematic approaches.

In this chapter, the processor array implementation of fixed BB BF based on 2-D
FIR filters is considered. The 2-D BB BF filter design space exploration is performed
using a systematic technique that was proposed in [6]. This systematic technique
allows us to merge all the iterations of the 2-D BB BF filter in a unified computational
domain (CD). Six possible designs will be presented. FPGA implementations of these
designs were done to verify the functionality and evaluate the performance of the
proposed designs. The MAC operation of the resulting designs could be implemented
using either DA technique or parallel multipliers. A comparison is performed between
DA based and multiplier based MAC implementations. Compared to the conventional
design, the proposed designs are faster at the cost of increasing the required hardware

resources.
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4.2 Preliminaries

The 2-D FIR BB BF filter I/O relations is given by:

(I-1/2 J-1
y(ng) = Z Zh (1, 7)x(i,ng — j) (4.1)
——(I-1)/2 j=0

where y(n;) represents the output samples, h(i,j) represents the filter coefficients,
and x(i,n; — j) represents the input samples from the sensor arrays. We assume a
right-sided output samples sequences, which implies n, > 0. The number of the 2-D
BB filter coefficients is I x J where [ is the number of sensors in the sensor array.

In order to perform processor array design space exploration of the 2-D BB BF
filter, we use a systematic methodology that was proposed in [6] for regular iterative
algorithms (RIAs). The methodology specifies several steps which are adapted here
for the 2-D BB BF filtering algorithm as follows:

4.2.1 Algorithm Computational Domain

The difference equation of the 2-D BB BF filter, expressed as an RIA, are shown in Eq.
(4.1). The ranges of the indices in Eq. (4.1) define the computational domain D C Z™
of the algorithm. Since Eq.(4.1) has three indices n, i and j, the algorithm is defined
in the 3-dimensional integer domain Z3. Section 4.3 discusses the computational
domain of the 2-D BB BF filter.

4.2.2 Index Dependence of the Algorithm Variables

Equation (4.1) defines one output variable y(n;) and two input variables h(7, j) and
x(i,my — 7). The algorithm variables could be broadcast or pipelined in the resulting
processor array. A broadcast input variable implies that the input variable is dis-
tributed throughout the processor array using a broadcast bus, where a given input
sample is supplied to all the processing elements (PEs) at the same time. Further,
a broadcast output variable implies that all the computations needed to produce a
certain output sample are done at the same time instance. On the other hand, a
pipelined input or output variable implies that the computations needed are done
over consecutive time instances.

Each instance of the variable is associated with a set of points in a computational



23

subdomain that is a subset of the D. This subdomain is defined through the index
dependence and the index range of a variable using the dependence matrix A, see Sec.
11.5 in [6]. The rank deficiency of A define the dimensionality of the computational
subdomain. The nullvectors of A form the basis vectors describing the coordinates
of the points in the computational subdomain.

Each sample of a broadcast/pipelined input variable is associated with a feeding
point through which the data is supplied to the processor array. Each sample of a
broadcast output variable is associated with an extraction point from which the data
is obtained from the processor array. Each sample of a pipelined output variable
is associated with a feeding point through which the pipelined is initialized. The
pipelined output variable is also associated with an extraction point from which the
data is obtained from the processor array.

For each sample of the input or output variable the feeding or extraction point is
located at one of the corners of the associated subdomain.

Section 4.3 explains the dependence of the 2-D BB BF filter variables.

4.2.3 Task Scheduling

Task scheduling describes the time sequence of the operations associated with every
point in D. Valid scheduling functions must satisfy any input and output data timing
specifications and constrains. An affine scheduling function is defined through a
scheduling row vector s. The inner product of s and the null vectors of a variable
determine whether the variable will be pipelines or broadcast. Section 4.5 provides

exploration of scheduling functions for the 2-D BB BF filter algorithm.

4.2.4 Point Projection

A point projection maps each point in D to a processing element in the resulting
processor array. Point projection is effected through a projection matrix P which
is defined by the projection direction d. Section 4.6 provides exploration of projec-
tion directions associated with valid scheduling functions for the 2-D BB BF filter
algorithm.

The term processor array design in the rest of the paper will be used to describe
the architecture and the functionality of a processor array while processor array im-
plementation represents the actual implementation of this design in FPGA. Section

4.6 provides exploration of projection directions for the 2-D BB BF filter algorithm.
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4.3 Computational Domain (CD) of the 2-D BB
BF Filter

The dimensionality n of D is determined from Eq. (4.1). Since the algorithm depends
on three indices n;, ¢ and j, we can write D C Z3, where Z32 is the 3-D integer space.

The algorithm indices are organized in the form of a vector as:
p=1[n i 4" (4.2)

where T' means vector transpose.

The boundaries of the 3-D space describing our algorithm are defined by the
restrictions imposed on the values of the indices as: n, > 0, —(1—1)/2 < i < (I-1)/2,
and 0<j<J—1.

D can be represented as a convex hull with lower and upper hulls defining its
boundaries. The lower and upper hulls represent the starting and ending values of
the filtering indices respectively.

The lower hull is obtained from Eq. (4.1) using the inequalities:

1 0 Op > 0 (4.3)
0 1 Op > —(I—1)/2 (4.4)
0 0 1p > 0 (4.5)

The above three inequalities simply state that the lower bound on points in the CD
is described by the equations of planes defining the bottom surfaces of the CD as:
ng >0,7i>—(I —1)/2,and j > 0,

From Eq. (4.1), the upper hull of the algorithm is described by:

=)
—_

=)
i
A

(I—1)/2 (4.6)
0 0 1p < J-1 (4.7)

The above two inequalities state that the upper bound on points in the CD is described
by the equations of planes defining the top surfaces of the CD as: i < (I —1)/2, and
J < J —1. The lack of an inequality for the index n; indicates that the upper bound
in this direction extends to infinity, i.e., the CD contain a ray in the n;-direction

according to [6].
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4.4 Dependence Matrices of the 2-D BB BF Filter

Variables

There are two input variables h(i, j) and x(i,n; — j) and one output variable y(n;).

For the output variable y, the dependence matrix can be given as:
a,=1[1 0 0 (4.8)

For the input variable h:

010
et o

For the input variable x:

01 0
e o

The dependence matrices A,, Ay, and A, are rank deficient matrices. Since the
rank of A, is equal to 1, then the number of independent nullvectors associated with
it is 2. The rank of Aj, and A, are equal to 2, and there is only one independent

nullvector associated with each one of them.

4.4.1 Nullvectors of the Dependence Matrices

This subsection will discuss the nullvectors associated with the dependence matrices
of the algorithm variables. These nullvectors will help us perform the design space
exploration of the desired systolic arrays.

Figure 4.1 illustrates all the points p € D that use the instance h(cy,ce) of the
input variable h(7, j). This set of points define a subdomain D), C D. All the points
p € Dy, can be described using the basis vector e, = [I 0 0]7 of the subdomain
Dy,. We notice that ey, is the nullvector of the dependence matrix Ay,

The nullvectors associated with the variable y are obtained using the dependence

matrix A, and can be given as:
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Figure 4.1: Subdomain D, for the input variable instance h(cq, cz).

Similarly the nullvector associated with the variable h is:

e,=1[1 0 0 (4.13)
The nullvector associated with the variable x is:

e,=[1 0 17 (4.14)

Section 4.5 will explains how these nullvectors are used to explore valid scheduling

schemes for executing our algorithm.

4.4.2 Feeding and Extraction Points of the 2-D BB BF Filter

Variables

Given the algorithm computation domain D, we need to find points where the input
variables can be supplied. These are the feeding points. Similarly, we need to find
points in D from which the output of the algorithm can be extracted. These are the
extraction points.

For example, the input variable instance h(cy, ce) is supplied to the algorithm at
point p(0,¢y,¢y) € D as shown in Fig. 4.1, which defines the feeding point for the

instance h(cy,cy). The point p(0, c1, c2) was chosen because it lies on the boundary
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of D;, and intersects with the lower hull of D. Similarly, the input variable instance
x(cq, ¢o) is supplied to the algorithm at point p € D, which is the intersection between
D, and the lower hull of D. On the other hand, the output variable instance y(cy) is
extracted from the algorithm at a point p € D, which is the intersection between D,
and the upper or lower hulls of D.

Mathematically, in order to find the feeding/extraction points, that lie on the
upper/lower hulls of D, the dependence matrices of each variable should be augmented
to make them full rank. The dependence matrices are augmented using the basis
vectors of Egs. (4.3) - (4.7) that describe the lower and upper hulls.

For the ouput variable y, in order to find the feeding/extraction point on the lower
hull, we augment the dependence matrix A, with the vectors from (4.3)-(4.5). This

makes A, full rank. The augmented matrix A, ,,, becomes:

(4.15)

y,aug —

o O =
O = O
_ O O

The feeding/extraction point py, ;/, at the lower hull is determined from the linear

equation:
Ayaug Pryijo = a6 —({I—-1)/2 0" (4.16)
which gives:

P = lao —(=1)/2 0" (4.17)

since A, 444 1S @ unity matrix.

In a similar fashion, to find the feeding/extraction point of the variable y on
the upper hull, we augment the dependence matrix A, with the vectors of (4.6)
and (4.7). The resulting augmented matrix A, ,,, is the same as in Eq. (4.15).
The feeding/extraction point at the upper hull is determined from the set of linear

equations:

Ayaug Payife = oo (I—1)/2 J -1 (4.18)
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which gives:
Payife = lao (I=1)/2 J—1" (4.19)
For the input variable h, the augmented matrix of the dependence matrix Ay, is

given by:

Ap aug = (4.20)

_ o O
o O =
o = O

Because / is an input variable, we are interested only in the feeding point pj, ;, on

the lower hull. The set of linear equations will be:
Ahaug Prgn = o c2 O (4.21)
which gives:
Prin = [0 a0 o (4.22)

Similarly, for the input variable z, the augmented matrix of the dependence matrix

A, is given by:

o
—
o

Aw,aug =

—_
=}
|
—_

(4.23)

)
)
—_

Also, we are interested only in the feeding point p, ;, because z is an input variable.

The set of linear equations will be:
Aoy Pojn = a1 o 0] (4.24)
which gives:

Poin = (2 a 0F (4.25)
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4.5 Scheduling Functions for the 2-D BB BF Filter

The scheduling function divides the tasks in the algorithm into stages. At each stage,
a group of tasks gets executed in parallel so that the final result is correct. All these
tasks are assigned the same time value.

Broadcasting an algorithm variable results in assigning all points in its broadcast
subdomain the same time value. Points in the subdomain of a pipelined variable, on
the other hand, are assigned different time values. For a pipelined output variable, a
partial result that is generated by each PE is accumulated and passed to the next PE
until the final result is accumulated by the last PE. One simple scheduling function

that is used to schedule the computation tasks is the linear scheduling function [6]:

t(p) =sp—s (4.26)

where t(p) is the time value assigned to a point p in D, s = [a [ 7] is the
schedule row vector, and s is a scalar constant. To broadcast an algorithm variable

whose nullvector is e, we must have [6]:

se=0 (4.27)
and to pipeline this variable, we must have:

se #0 (4.28)

Conditions in (4.27) and (4.28) are the minimum constrains that can be used to get
a valid scheduling function.

Since broadcast output variable would result in a slower system that requires
gathering all the partial outputs and somehow using them to produce the output
value, we chose to pipeline the output variable. So, the valid scheduling vector should
satisfy (4.28). By multiplying a scheduling vector s by the null vectors of the output
variable y, defined by Eqs. (4.11) and (4.12), we obtain:

se,; # 0 (4.29)
sep # 0 (4.30)

which leads to § and ~ being # 0.
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For the output variable y we have the condition that it should be obtained from

the algorithm at consecutive time steps. For the two adjacent samples in n;-direction,

we have: p; =[n; i jlT andpy=[ns+1 i j|*
tpy) = tpy)+1 (4.31)
sp, = sp;+1 (4.32)
By substituting s in Eq. (4.32), we get a = 1.
The scheduling vector so far is:
s=[1 8 4l (4.33)

Each output sample in Eq. (4.1) is evaluated over two indices ¢ and j. We can
choose to pipeline or broadcast the calculations over each index independently of the
other index.

Since our objective is to achieve the fastest possible system clock, a fully pipelined
output is the best choice. Fully pipelined output means pipeline the output partial
calculation over both ¢ and j indices. Therefore we have only one option which is
a=1,87# 0 and v # 0. In the following subsections we can identify two scheduling

options.

4.5.1 Scheduling Option #1

In this design option, we choose to pipeline in the i-direction first then in the j-
direction.

For pipelining in the positive i-direction, the calculations associated the two adja-
cent points p, = [n, ¢ j]T andp, =[n, i+1 j]* in Fig. 4.2 should be performed

in two consecutive time steps:

tpy) = tp,) +1 (4.34)
sp, = sp,+1 (4.35)

By substituting Eq. (4.33) in Eq. (4.35), we get § = 1. Choosing to pipeline the
output in the negative i-directions leads to identical results and will not be pursued
further in this work.

For pipelining in the positive j-direction, the calculations associated the two ad-
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Figure 4.2: Pipelining in the i-direction first then in the j-direction.

jacent points p, = [n; (I —1)/2 j|' and p; =[ny — (I —1)/2 j+1]7 in Fig.

4.2 should be performed in two consecutive time steps:

tpy) = tlp,)+1 (4.36)
sp; = sp.+1 (4.37)

By substituting Eq. (4.33) with 5 = 1 in Eq. (4.37), we get v = I. Choosing to
pipeline the output in the negative j-directions leads to identical results and will not

be pursued further in this work.

The scheduling vector that effects our pipelining choice is given by:

si=[1 1 I (4.38)

4.5.2 Scheduling Option #2

In this design option, we choose to pipeline in the j-direction first then in the -

direction.
For pipelining in the positive j-direction, the calculations associated the two adja-
cent points p, = [n; ¢ j|T andp, =[n; i j-+1]7 in Fig. 4.3 should be performed

in two consecutive time steps:

tpy) = tp,) +1 (4.39)
sp, = sp,+1 (4.40)

By substituting Eq. (4.33) in Eq. (4.40), we get v = 1. Choosing to pipeline the

output in the negative j-directions leads to identical results and will not be pursued
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further in this work.
For pipelining in the positive i-direction, the calculations associated the two ad-
jacent points p, = [n, i@ J—1]T and p, = [n; ¢+ 1 0]7 in Fig. 4.3 should be

performed in two consecutive time steps:

tlps) = tp)+1 (4.41)
sp; = sp.+1 (4.42)

By substituting Eq. (4.33) with v = 1 in Eq. (4.42), we get § = J. Choosing to
pipeline the output in the negative i-directions leads to identical results and will not
be pursued further in this work.

The scheduling vector that effects our pipelining choice is given by:

so=1[1 J 1] (4.43)

4.6 Point Projection for the 2-D BB BF Filter

The linear projection operation is the projection matrix P that maps a point in the

domain of dimension n to point p’ in the k-dimensional computational domain, where
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k < n [6], according to the equation:
p' = Pp (4.44)

Where p’ is the new linear projected point that produces the processor index as-
sociated with point p. The projection matrix P is determined by the associated
projection direction d, which is the nullspace of the matrix.
According to [6], the selection of the valid projection directions should satisfy the
following conditions:
First, they should satisfy:
sd; #0 (4.45)

where s is the chosen scheduling vector. In this work, it is aimed to map the points
in the 3-D CD to a 1-D domain.

Second, they should be perpendicular to each other.

Further, to simplify the node projection analysis they should ly in the principle
direction of the CD.

Applying the previous conditions to the valid scheduling vectors s1, and s, (Eqgs.
(4.38) and (4.43)), Three valid projection directions are obtained:

d, = 1 0 07" (4.46)
d, = [0 1 07 (4.47)
d. = [0 o 11" (4.48)

These projection directions are then used to calculate the associated projection
matrix according to the procedure described in [6]. Given a project directions d,, d,
and d.. and knowing that the projection matrix P is the nullvector of each pair of
these projection directions [6], we get only one valid projection matrix for each pair

as:

Py=[0 0 1] (4.49)
P,,=0 1 0 (4.50)
Py,.=[1 0 0 (4.51)

By substituting Eqs. (4.49), (4.50), and (4.51) into Eq. (4.44), we get that p’ = j,

p’ =i, and p’ = ny, respectively. which means that all operations will be performed
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on the j-direction, i-direction, and n;-direction, respectively.

Since, n; have a large values compared to ¢ and j values, using projection matrix
Py, leads to a large number of PEs that required to perform the operations. So, the
projection matrix Py. will be excluded from the design space exploration.

This projection matrices Py, and P,. have an effect on the data variables direc-
tions as follows:

The pipeline/broadcast direction for the input/output data variables is mapped
to the point €’ given by:

¢ = Pe (4.52)

4.7 Comparing Multiplier Based and Distributed

Arithmetic Based multiplier /accumulator

Each point in the projected domain obtained in Sec. 4.6 represents a MAC operation
d=axb+c (4.53)

The highest sampling rate for the 2-D BB BF filter designs are obtained when the
filter output is pipelined according to Sec. 4.5. This results in a system clock speed
determined by the delay of the operations performed in each point in the projected
domain. Therefore the system speed is determined by estimating the delay of the
basic MAC operation.

There are three options to implement the MAC that performs the operation in the
above equation (the conventional, DA based, and proposed MAC implementation).
The conventional and the proposed MAC are multiplier based and the DA based
one is multiplier-less. The conventional way to implement the multiplier based one
which is MAC uses a multiplier followed by an accumulator. In the DA based MAC,
lookup tables (LUTSs) followed by adders are used to eliminate the multipliers in the
hardware implementations.

In this work we use a new multiplier based MAC implementation that uses the
merged MAC proposed in [50]. The merged MAC is a high-speed, double-precision
carry-save multiplier/accumulator (CS-MAC) that is approximately 4 times faster
than the conventional MAC. The CS-MAC multiplies two numbers and produces a

double precision result in carry-save format. The accumulation operation is performed
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in double precision and is merged, and concurrent, with the multiply operation. This

can be expressed as
2Y <Sout + Cout) + lout =axb+2" (Sin + Cin) + l’LTL (454>

where S,us, Cout are the high-order sum and carry word output from the CS-MAC, [,
is the low order word output from the CS-MAC, s;,, ¢;, are the high-order sum and
carry word input to the CS-MAC, and [;, is the low order word input to the CS-MAC.
A reduction in the computation time ranging from 20% to 50% compared with other
schemes has been achieved using the CS-MAC, without a significant increase in the
required area [50].

To obtain expressions for the delays of the conventional, the DA based, and the
proposed 2-D BB BF filter designs, we assume that the data size is W bits. The delay
of the MAC operation in Eq. (4.53) depends on the details of the implementation as
discussed in the following paragraphs.

The conventional MAC implementation uses W x W parallel multipliers followed
by a double precision accumulator. Assuming T is the delay of a 1-bit adder, the

normalized delay associated with the conventional MAC implementation is given by:
Tronw = 4W (4.55)

The value of T is technology and implementation dependent. As an example, T' can
be estimated from the maximum frequency of the Xilinx adder IP core [75].

The DA based MAC implementation typically replace the combinational logic
multipliers with lookup tables (LUT) in the form of random access memory (RAM)
or read only memory (ROM) modules. The normalized delay associated with the DA
based MAC implementation is given by:

Tpa = 2W + Trem/T (4.56)
= 2W+R (4.57)

where the first term on the right hand side represents the normalized double-precision
adder delay and the second term, T},.,, is the read access delay of the memory and R
is the ratio of the memory access delay relative to one bit adder delay. As an example,
Trnem can be estimated from the performance of Xilinx block memory generator data
sheet [76].
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Figure 4.4: The normalized delay associated with the conventional, DA based, and
proposed MAC implementation at different word-sizes for Xilinx Virtex-7 FPGAs.

The proposed MAC implementation uses W x W merged MACs. The normalized
delay associated with the proposed MAC implementation is given by:

Tpop = W (4.58)

Based on Eqs. (4.55), (4.56), and (4.58), the normalized delay associated with the
conventional, DA based, and proposed MAC implementations at different word sizes
are shown in Fig. 4.4. The values of T, T},,c;n,, and R were estimated for Xilinx Virtex-
7 FPGAs [75, 76]. From the figure, the proposed MAC implementation outperforms,
in terms of speed, both the DA based and conventional MAC implementations for all
values of word-sizes W. We observe also that the conventional MAC implementation
outperforms the DA based MAC implementation for small word sizes. The opposite
is true for larger word sizes. The intersection point of the blue and red curves occurs

when R = 2W, which is technology dependent.

4.8 Exploration of Processor array structures

Now, we have six systolic array designs to be explored based on our choices for the
scheduling vectors s1, s; and the projection matrices P, Pg., and Py.. The effect of

these choices on the algorithm variables will result in different systolic array structures
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and different PE details, as will be explained in the following subsections.

4.8.1 Design #1: s;=[1 1 IJand Py =0 0 1]

We begin by studying the effects of s; and P, on the output variable .
Applying the scheduling vector s; to the null vectors of y, gives:

S1€y1 = 1 (459)
S1€y2 = I (460)

Equation (4.59) implies that the output data variable y is pipelined in the positive
i-direction and the pipeline delay is one sample. Equation (4.60) implies that the
output data variable y is pipelined in the positive j-direction and the pipeline delay
is 1 samples.

Applying the projection matrix P, to the null vectors of y, gives:

Pge, =0 (4.61)
Paep =1 (4.62)

Equation (4.61) implies that the output data variable y is localized viz; all the cal-
culations required to produce each output sample are performed in the same PE.
Equation (4.62) implies that the output data variable y is moving in j-direction viz;
all the calculations required to produce each output sample are exchanged between
the PEs.
Applying the projection matrix Py, to the output sample extraction point in Eq.
(4.19), gives:
P p2y,ijo=J—1 (4.63)

therefore, the output sample y(n;) is obtained from processing element with index
J—1(PE;_).
Next we study the effects of s; and Py, on the input variable h. Applying the

scheduling vector s; on the null vector of h gives:
siep, =1 (4.64)

therefore, the input data variable h is pipelined in a positive n;-direction and the
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pipeline delay is one sample.

Applying the projection matrix P, to the null vectors of h, gives:
Pabeh =0 (465)

therefore, the input data variable h is localized.
Equations (4.64) and (4.65) indicate that each PE will use the same assigned filter
coefficient at each time step.
Applying the scheduling vector s; to the input sample h(i, ) feeding point in
(4.22), gives:
81Dy +s=i+1j+ (I —1)/2 (4.66)

therefore, the input sample h(i, j) will be used at the time step number i + Ij + (I —
1)/2.

Applying the projection matrix P, to the input sample h(i, j) feeding point in
(4.22), gives:

Poyphin = J (4.67)
therefore, the input sample h(i,j) is applied to the PE with index j (PE;) where
0<j<J—1

Finally, we study the effects of s; and P, on the input variable x. Applying the

scheduling vector s; to the null vector of x, gives:
sie,=1+1 (4.68)

therefore, the input data variable x is pipelined in the positive n;-j-plane direction
and the pipeline delay is I 4+ 1 samples.

Applying the projection matrix P, to the null vectors of x, gives:
Pge, =1 (4.69)

therefore, the input data variable z is moving in n-j-plane direction
Applying the scheduling vector s; to the input sample z(i,n; — j) feeding point
in (4.25), gives:
81Dy in =M +i+ (I —1)/2 (4.70)

therefore, each input sample from sensor ¢ should be applied to the systolic array
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Table 4.1: Relation between the sensor index ¢ and the sensor sample delay D for
Design #1.

; D
“I-1/2 0
(I-1)/2+1 1

0 (I—1))2
I-1j2-1 I-2
(I-1)2 I-1

after a latency of ¢ + (I — 1)/2 time steps, i.e., the outputs of the sensors should be
applied to a one-step triangular delay before they have applied to the PE.
Table 4.1 shows the relation between the input sample time and the sensor index.
Applying the projection matrix P, to the input sample z(i,n; — j) feeding point
in (4.25), gives:
Pop,im =0 (4.71)

therefore, all the input samples z(i,n; — j) is applied to the PE with index 0 (PEj).
A point p € D maps to PFE}, where k is given by:

k= Pabp =7 (472)

hence the number of PEs in the systolic array is equal to J.

The resulting systolic array for Design # 1 is shown in Fig. 4.5. Figure 4.5(a)
shows the interconnection between PEs. Figure 4.5(b) shows the details of each PE.

In the following paragraphs, we will explain how we obtained this systolic array
and its PE detalils.

From Eqgs. (4.59) and (4.61), in each PE, the output samples are pipelined and
the pipeline delay is one sample as shown in Fig. 4.5(b).

From Egs. (4.60) and (4.62), the output samples of each PE are pipelined and
moving at each I time steps between PEs as shown in Fig. 4.5(a). Based on this
conclusion, each PE should contains I multipliers and I accumulators that operates
in parallel.

In order to perform high speed multiply/accumulate calculations in the proposed
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Design #1, a high-speed, double-precision carry-save multiplier/accumu-lator (CS-
MAC) that was reported in [50] is used. The CS-MAC shown in Fig. 4.5(b) multiplies
two numbers and produces a double precision result in carry-save format. The accu-
mulation operation is performed in double precision and is merged, and concurrent,

with the multiply operation. This can be expressed as
2" (Sout + Cout) + lowt = a X b+ 2" (Sin, + Cin) + lin (4.73)

where S,ut, Cout are the high-order sum and carry word output from the CS-MAC,
lout 18 the low order word output from the CS-MAC, s;,, ¢;, are the high-order sum
and carry word input to the CS-MAC, and [;,, is the low order word input to the
CS-MAC.

A reduction in the computation time ranging from 20% to 50% compared with
other schemes has been achieved using the CS-MAC, without a significant increase
in the required area [50].

From Egs. (4.64) and (4.65), at each PE the assigned beamforming filter coeffi-
cients h(i,j) are pipelined and the pipeline delay is one sample.

From Eqs. (4.68) and (4.69), the input samples z(i,n,—j) to each PE are pipelined
and moving at each I 4 1 time steps between PEs as shown in Fig. 4.5(a).

From Egs. (4.70) and (4.71), the input samples x(i,n; — j) should applied to a
one-step triangular delay before they have applied to the first PE as shown in Fig.
4.5(a).

4.8.2 Design #2: s;=[1 1 IJand P,,=[0 1 0

We study the effects of s; and P,. on the output variable y and the input variables
h and z. Following the same steps used in Design #1, the resulting systolic array for
Design #2 is shown in Fig 4.6. Figure 4.6(a) shows the interconnection between PEs.
Figure 4.6(b) shows the details of each PE.

4.8.3 Design #3: s;=[1 1 Iland P,,=[1 0 0]

We study the effects of s; and Py. on the output variable y and the input variables
h and z. Following the same steps used in Design #1, any point p = [n; i j]T € D,
maps to PE)y where k = n;. That the mapping leads to an infinite number of PEs,

which is not practical. However, the scheduling vector sy, indicates that any PFE is
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Figure 4.5: Systolic array for Design #1. (a) The systolic array preceded by a
triangular delay (T-D). (b) PE details.

active for I.J time steps. Similarly, at any given time step, the number of active PEs
is IJ also.
Based on above conclusions, the resulting systolic array for Design #3 is as shown

in Fig 4.7. Figure 4.7(a) shows the interconnection between PEs. Figure 4.7(b) shows
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the details of each PE.

4.8.4 Design #4: s, =[1 J 1land P, =10 0 1]

We study the effects of sy and P, on the output variable y and the input variables
h and z. Following the same steps used in Design #1, the resulting systolic array for
Design #4 is as shown in Fig 4.8. Figure 4.8(a) shows the interconnection between
PEs. Figure 4.8(b) shows the details of each PE.

4.8.5 Design #5: sy =[1 J 1] and P,,=[0 1 0]

We study the effects of sy and P,. on the output variable y and the input variables
h and z. Following the same steps used in Design #1, the resulting systolic array for
Design #5 is as shown in Fig 4.9. Figure 4.9(a) shows the interconnection between
PEs. Figure 4.9(b) shows the details of each PE.

4.8.6 Design #6: so=[1 J 1] and P,.=[1 0 0]

We study the effects of s, and Py. on the output variable y and the input variables
h and z. Following the same steps used in Design #1 and Design #3, the result-
ing systolic array for Design #6 is as shown in Fig 4.10. Figure 4.10(a) shows the
interconnection between PEs. Figure 4.10(b) shows the details of each PE.

4.9 Hardware Implementation Results

In this section the results of the hardware implementations will be presented. The
hardware platform used for all designs is Xilinx Artix 7 XC7A100T on Digilent
BASYS 3 FPGA board.

The six designs presented in the previous section were implemented, as well as, a
conventional 2-D BB BF filter. The implementation of the conventional 2-D BB BF
filter used here will be discussed in Sec. 4.9.1 and the results of the implementations
in terms of hardware resources and speed, for all designs are presented in Sec. 4.9.2.
In the next section the performance of the various implementations will be compared.

FPGA implementations of the conventional and the proposed designs were imple-
mented using Xilinx Vivado Design Suite (version 2017.4) and VHDL.
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4.9.1 Conventional Design Implementation

The conventional systolic array implementation of the 2-D BB BF filter used here
consists of an array of 1-D FIR filters followed by an array of adders, and it is shown
in Fig. 4.11.

Figure 4.11(a) shows the systolic array of the conventional 2-D BB BF filter. The
number of 1-D FIR filter is equal to 1.

Figure 4.11(b) shows the systolic array of the 1-D FIR filter, which corresponds to
a form 2 implementation of an FIR filter. The number of PEs is equal to the number of
1-D FIR filter coefficients J. We assume double precision mode of operation, where
data exchanged between the PEs is in double precision format. This is explicitly
shown in the figure as the partial sums L and H.

Figure 4.11(c) shows the 1-D FIR filter PE details. The register h stores the
appropriate filter coefficient. The multiplier performs a 2’s complement multiplication
operations with double-precision output. The lower bits of the multiplier output are
added to the lower bits of the previous PE output using a single-precision ripple-carry
adder (RCA) to produce the lower bits of the PE output L,,;. Similarly, the higher
bits of the multiplier output are added to the higher bits of the previous PE output
using a RCA adder to produce the higher bits of the PE output H,,;.

4.9.2 Implementation Results

The conventional and proposed Designs #1 to #6 are implemented using FPGA. The
number of FIR filter coefficients were chosen to be 480 corresponding to I = 15 and
J = 32.

Table 4.2 shows the performance (speed, LUTs, Registers, etc.) of the conventional
and the six proposed designs for the 2-D BB BF filter.

The clock duration (delay) in Table 4.2 for the proposed designs is determined from
Fig. 4.5, 4.6, 4.8, and 4.9 to be the delay of the carry-save multiplier accumulator.
On the other hand, the clock duration of the conventional design is determined by
the adder required to add all the results of the 1-D FIR filters.

The speedup factor in Table 4.2 is defined as:

_/
fe

where f is the clock speed of the proposed designs and f. is the clock speed of the

S (4.74)
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conventional design.

The percentage speedup increase in Table 4.2 is defined as:

:f_fc

AS
fe

x 100 % (4.75)

Table 4.2: Comparison between resource utilization for conventional and proposed
designs for the case of I = 15, J = 32 and PE word size = 8 bits.

2-D BB BF filter structure |Conv. Proposed Designs

(logic utilization) Design| #1 | #2 #3 H#4 | #5 #6
# Slice Registers 7,682 |26,400|25,935| 33,119 27,843|18,960| 25,919
# Slice LUTs 12,026 49,643|49,563|132,163|38,551|38,777|124,483
# bonded 10Bs 154 | 282 | 162 | 139 | 162 | 162 | 139
Max. Freq. (MHz) 74 | 253 | 249 | 133 | 266 | 262 | 133
Delay (ns) 13.596|3.949 | 4.014 | 7.546 |3.763 | 3.824 | 7.546
Speedup factor S 1 34 | 34 1.8 3.6 | 3.5 1.8
Speedup increase AS (%) 0 [241.9]236.5| 79.7 |259.4|254.0| 79.7

4.10 Performance Comparison

Table 4.2 shows that the six proposed designs outperform the conventional design in
terms of speed, which was the main design goal of this work. This increase in speed,
however, comes at a cost of increased hardware resources required.

The average speedup factor in Eq. 4.74 is approximately 3.48 for Designs #1, #2,
#4, and #5. The average speedup factor is 1.8 for Designs #3, and #6.

The clock duration for designs #1, #2, #4, and #5 is determined from Figs.
3.6, 3.10, 4.8 and 4.9 to be the delay of the CS-MAC. On the other hand, the clock
duration for designs #3 and #6 is determined from Figs. 4.7 and 4.10 to be the delay
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of the CS-MAC plus the delay of the RCA adder. This explains why the speed ups of
Designs #1, #2, #4, and #5 are approximately twice those of Designs #3 and #6.

Based on these observations, Designs #1, #2, #4, and #5 are good candidates
for the implementation of a high-speed 2-D BB BF filter.

The number of registers required for the proposed designs exceeds those required
by the conventional design by a factor 2.5 to 3.4. The increased use of registers is
due to the extensive use of pipelining to increase the clock speed.

The number of LUTSs required for the proposed designs exceeds those required by
the conventional design by a factor 3.2 to 4.1. The increased use of LUTs to construct
the extra logic and registers in the proposed designs to increase the clock speed.

Based on the number of registers and LUTs requirements, Designs #4 and #5 are
better candidates compared to Designs #1 or #2.

The number of bonded IOBs in Designs #4 and #5 are the same, which is com-
parable to the IOBs requirements for the conventional design.

From all the above observations, Design #4 is deemed to offer the best speedup

compared to the other proposed designs and the conventional design.

4.11 Conclusion

The development of systolic array implementations for 2-D BB BF filters is explored
in this chapter using a systematic methodology [6]. This methodology is used to per-
form a general design space exploration of the possible 2-D BB BF implementation
structures. This design space exploration was conducted through selection of differ-
ent scheduling and projection functions that satisfied the system’s 1/O restrictions.
Extensive data pipelining was used for the scheduling function selection to obtain the
fastest possible system clock speed. A significant improvement in reducing the total
delay by a factor of four while at the same time useing double precision operations
was made possible by the use of Merged CS-MAC.

Six different systolic array designs were obtained and evaluated. The conventional
and proposed systolic array designs, were implemented in FPGA hardware to verify
their functionality and compare their performance. On the average four of the pro-
posed designs produced a speedup factor of 3.48 compared to the conventional design.
This speedup came at the cost of increased register and LUT hardware requirements.
Based on speedup and hardware resources requirements, it is concluded that Design

#4 offers the best performance.
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triangular delay (T-D). (b) PE details.
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Figure 4.11: The conventional 2-D BB BF filter implementation. (a) The systolic
array of the conventional 2-D BB BF filter. (b) The systolic array of the 1-D FIR
filter. (c) The 1-D FIR filter PE details.
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Chapter 5

Design Space Exploration of the

Interpolators

This chapter presents the development and comparison of interpolator systolic array
designs and implementations. Systematic methodology was applied to the difference
equations defining the interpolator algorithm. A dependence graph for the interpola-
tor was obtained that combined the upsampler and the anti-imaging filter. Different
data scheduling and projection operations were developed. Nine systolic array design
options were obtained and evaluated. The fastest design was selected for hardware
implementation. FPGA implementations for the conventional and proposed designs
confirm that the proposed interpolator implementation requires no more than 61.7%
of the hardware resources required in the conventional design and are at least 63.9%

faster than the conventional design.

5.1 Introduction and Related Work

Multirate digital signal processing is used in systems where signals are processed at
different data rates [77, 78]. Interpolators are used in multirate systems to generate
signals with higher data rates. Examples where interpolators are an essential compo-
nent include implementation of the interpolation filters [79], nested arrays broadband
bemformers [11, 24] and DFT filter bank beamformers [30]. Interpolators can also be
found in other general areas such as radar (MIMO [34] - SAR [80, 81]), communica-
tions [35], and image processing [38, 39].

Kaya and Seke, proposed a memory based upsampling/interpolating FIR filter
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modification/extension to distributed arithmetic based FIR filters that can be used
for any filter coefficient set [82]. Using distributed arithmetic removed the need to use
multipliers and the design was implemented on FPGAs and lookup tables (LUTS).
The number of LUTSs exponentially depends on the data word size. Abd El-Azeem et
al. presented a Computational Filter (CF) that employs a sample calculation func-
tional block [83]. This CF significantly reduces the hardware requirements to realize
an interpolation filter. Al-Haj, presented a description of a parallel and high speed,
single-chip implementation of the fundamental multirate filter banks. The hardware
implementation platform is based on Virtex field programmable gate arrays (FPGAs)
[84]. Zheng et al. decomposed the multirate FIR filter (MRFIR) into output com-
putational threads. Each thread represents an instance of the finite inner-product
required to produce a single output of the MRFIR. The filter is thus viewed as a
finite collection of concurrent threads [45]. The number of threads for the interpo-
lator equals the number of the FIR filter coefficients. Porat and Gebali published
a polyphase implementation of an interpolator structure where the upsampler suc-

ceeded the polyphase filter structure [85, 6].

5.2 Systematic Methodology for Systolic Array De-
sign Applied to the Interpolators

In order to perform systolic array design space exploration of the interpolator, we use
a systematic methodology that was proposed in [6] for regular iterative algorithms

(RIAs). The interpolator algorithm is given by:
u(i) = x(i/L), i>0 (5.1)
J—1
y(@) = D h(j)uli- ) (5.2)
j=0
where L is the interpolation factor and J is the number of the anti-imaging FIR filter
coefficients.

The methodology of [6] specifies several steps which are adapted here for the

interpolator algorithm as follows:

1. The difference equations of the interpolator algorithm, expressed as an RIA, are
shown in Egs. (5.1) and (5.2).
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2. Define a computational domain D C Z" of the algorithm based on the RIA.
Since Egs. (5.1) and (5.2) use two indices ¢ and j, the algorithm is defined in
the 2-dimensional integer domain Z2. In Section 5.3 the computational domain
of the interpolator D C Z? is defined through investigation of the ranges of

indices ¢ and j.

3. Define the subdomain of each variable in D using the dependence of the algo-

rithm variables on the iteration indices. This is explained in Section 5.3.

4. Obtain the scheduling functions that satisfy the input and output data timing
specifications and constrains. In Section 5.4, valid scheduling functions for the

interpolator algorithm are explored.

5. Obtain the projection functions that satisfy the scheduling functions and any
hardware restrictions. In Section 5.5, projection directions associated with valid

scheduling functions for the interpolator algorithm are being explored.

It should be pointed out that the systematic methodology is applicable when
the algorithm can be expressed as an RIA according to Step 1 above. Furthermore,
efficient hardware structures are obtained when the filter used in the interpolator is
an FIR filter whose number of coefficients is an integer multiple of the interpolation
factor. Zero padding can always be used to circumvent the above limitation.

The term systolic array design will be used to describe the architecture and the
functionality of a systolic array while systolic array implementation represents the

actual implementation of this design in hardware.

5.3 Interpolator Dependence Graph (DG)

The interpolator Egs. (5.1) and (5.2) define a sequential evaluation of the interpola-
tion algorithm. The algorithm is iterative and depends on two indices ¢ and j. There
are two input variables h(j) and z((¢ — j)/L). There is one intermediate variable
u(i — j) and one output variable y(i). Note that sample z(i) corresponds to the
intermediate sample u(iL) according to Eq. (5.1).

The powerful systematic technique of reference [6] is used to perform systolic array
design space exploration of the interpolator structure based on the iterations defined

by Eqgs. (5.1) and (5.2). Figure 5.1 shows the dependence graph of the interpolator
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for the case when L = 4 and J = 8. The horizontal axis is the i-axis (range i > 0)
and vertical axis is the j-axis (range 0 < j < 8).

The interpolator output (i) is shown at the top of the figure. y(i) is shown by
the thick vertical lines since each output sample depends on the ¢ index only.

The empty circles indicate useful filtering operations that result in the generation
of the output samples y(7).

In this work, the systematic methodology is employed using different scheduling
and projection operations for systolic array design space exploration of the interpo-

lator.

5.4 Interpolator Scheduling Function

The scheduling function assigns a time index value for the operation of each point in
the DG of Fig. 5.1. A simple linear scheduling function is used to assign time index
values to the DG nodes:

t(p) = sp (5.3)
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where s = [@ f3] is the scheduling row vector and p = [i j|* is a point in Fig. 5.1.

Therefore the time associated with a node is given by:

t(p) = ia+jp (5.4)

An edge connecting two nodes having the same time value are said to be lying
on the same equitemporal zone. Data flowing between these two nodes is said to be
broadcast since the data value is shared by the two nodes at the same time value. An
edge connecting two nodes with different time values indicate that data is pipelined
from the node with lower time value to the node with higher time value. The schedul-
ing function transforms the DG to a directed acyclic graph (DAG) [6].

The scheduling vector components o and 3 are determined subject to input and
output data specifications and the decision whether to pipeline or broadcast a variable.

It is assumed that the input data x(i) arrive at consecutive time steps, we can
write:

t(py) = t(py) +1 (5.5)

Assuming further that z(i) sample is supplied to the DG at point p = [i 0]7, we

have:

tpy) = ai (5.6)
tpy) = ali+1) (5.7)

Equations (5.5)-(5.7) result in o = 1. A valid scheduling vector that satisfies the

above assumptions about input data timing is given by

s=[1 [ (5-8)

The value of 8 will be determined by our choice of whether we need to pipeline or
broadcast the output sample y(i). We have three possible valid scheduling vectors

that we can employ:

s = [I —1] (5.9)
s = [1 1] (5.10)
s3 = [L 0 (5.11)
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Figure 5.2: The DAG and the Equitemporal zones for scheduling vector s; in Eq.
(5.9).

Figures 5.2, 5.3, and 5.4 show the DAG corresponding to scheduling vectors s1, so,
and sz respectively. The equitemporal zones and the time index values are indicated
by the red lines and the red numbers respectively. The inputs x(i — j) and h(j) are
indicated by the arrows and the output y(i) is indicated by the vertical lines. The

empty circles indicate all the multiply /accumulate operations for each output sample.

The scheduling vector s; results in broadcast input x(i — 7) and pipelined output
y(7). Pipelined output allow a fastest clock rate.

The scheduling vector s, results in pipelined input x(i — 7) and pipelined output
y(i). There are few output data timing problems associated with the scheduling vector
so. The first problem is, the delay associated with each output sample is not uniform.
For example, y; is obtained at time ¢ = 2 instead of t = 1, yg is obtained at time t = 12
instead of ¢ = 8, and y;5 is obtained at time ¢ = 16 instead of ¢ = 12. Another output
data timing problem is appearance of more than one sample at the same time step.
For example, both output samples ys and yg are obtained at time ¢ = 12 and both
output samples y; and yg are obtained at time ¢t = 14. For these reasons, scheduling
vector s, shall be excluded as well from the design space exploration choices.

The scheduling vector s3 results in pipelined input z(7 — j) and broadcast output

y(i). Since broadcast output results in expensive hardware and/or slow speed, the
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scheduling vector s3 shall be excluded from the design space exploration choices.
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5.5 Interpolator Node Projection

Linear projection is defined as the mapping of several points in an n-dimensional DG

to processing element PE), where k is the processor index that given by [6]:
k= Pp (5.12)

The projection matrix P is determined by the associated projection direction d, which
is the nullspace of the matrix.
According to [6], the selection of a valid projection direction should satisfy the

following condition:
sd; #0 (5.13)

where s is the chosen scheduling vector. In this work, it is aimed to map the points
in the 2-D DG shown in Fig. 5.1 to a 1-D domain.
Applying condition (5.13) to the three scheduling vectors in Eq. (5.9), (5.10) and

(5.11), four different projection directions are obtained:

d =1 0 (5.14)
d, = [1 1" (5.15)
d; = [1 —1)" (5.16)
d, = [0 1" (5.17)

Only three of the previous projection directions are valid for each schehuling vector.
For sy, the vectors dy, d3, and d4 are valid. For s,, the vectors d;, dy, and d, are
valid. For s3, the vectors d;, ds, and ds are valid.

Based on the above discussion, the three scheduling vectors and their associated
projection directions produce nine different systolic arrays. This is discussed in more
details in Section 5.6

These projection directions are then used to calculate the associated projection
matrices according to the procedure described in [6]. Given a project direction d =
[y 4]%, and knowing that d is the nullvector of the projection matrix P [6], There

are two possible forms:

P=[ —v] or P=[-§ A (5.18)
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Table 5.1: The possible systolic array design-options

Design-Option # Scheduling Projection Main Features
Vector Direction

S1 d; Pipelined output

So d, Timing problems

S3 ds Broadcast output

© 00 O UL ix|W N =

The proper form to use is the one that results in positive PE indices after the project
operation.
Using Egs. (5.12) and (5.18) we get :

k=i6 — jv (5.19)

For more flexibility in this work, a non-linear node projection operation have been
adopted of the form [6]:

=H (5.20)

m

where k was given in Eq. (5.12) and m is the desired number of points in DAG that

will be assigned to one PE.

5.6 Systolic Array Design Space Exploration

In this section, the systolic array design space of linear processor array will be explored
for the interpolator using the calculated scheduling vectors and projection directions.

Table 5.1 illustrates how nine possible systolic array design options are obtained.
The nine possible design options are obtained based on the combination of the schedul-
ing functions and projection directions, as explained in the table. The advantages

and disadvantages were also summarized in the table.
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Based on the discussion in Section 5.4, scheduling vectors s, and s3 will not be
considered. Therefore, there is only one valid scheduling vector s; with its associated
valid projection directions. This gives a total of three possible design options that
allow the fastest clock rate. The following subsections discuss the three design options

to be explored.

5.6.1 Design-Option #1: using s; =[1 — 1] and d; =[1 0]F

The DAG corresponding to the scheduling vector s; is shown in Fig. 5.5. The time

index associated with any point p is given by:

tp) =i—7J (5.21)

According to Eq. (5.18), the projection matrix corresponding to the linear projection

direction d; is given by:
P, = [0 1] (5.22)
By substituting P in Eq. (5.19), we obtain:
k= (5.23)

The PE associated with each point are indicated by the numbers inside the circles
in Fig. 5.5. The number of PEs will be finite and equal to the number of anti-
imaging filter coefficients J. The communications between the PEs is inferred from
the interconnection between the points in Fig. 5.5.

It is observed in Fig. 5.5 that active nodes lie on the lines defined by the equation:
t—j=kL, k=0,1,2--- (5.24)

This indicates that there are J PEs but they are active once every L time steps. We
can reduce the hardware resources if we only use J/L PEs that are active now in all
L time steps. This can be accomplished using non-linear scheduling and projection

functions. The non-linear scheduling function used is of the form:

t'(p)=1i—j+rem(j/L) (5.25)
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Figure 5.5: The DAG for Design-Option #1: using s; = [1 — 1] and d; = [1 0]7.

where rem(z/y) is the remainder of dividing = by y. The above equation applies to
the points on the lines that satisfy Eq. (5.24).
After applying the non-linear function it is found that there is only J/L active

nodes at each time step. Each of those node is assigned a separate PE using a non-

‘|4

For the case when J =

linear projection function:

(5.26)

8 and L =
have only two PEs as was observed in Fig. 5.5. The nodes that map to PE, and

where £’ is the new PE index. 4 we would
PE; are shown as the grey and blue circles respectively in Fig. 5.5. The figure now
shows that only two processors are active at each time step. The number of PEs in
general is given by J/L. Figure 5.5 indicates that the nodes implement the basic
operation of multiply/accumulate (MAC) operation. To reduce roundoff effects and

computational noise, double-precision MAC is implemented in the form:

2w€h +e =a X b+ 2wdh + dl (527)

where a, b are single-precision multiplier and multiplicand inputs, dj, d; are the high-
order and low-order word input to the double-precision adder, e, ¢; is the high-order
and low-order word output from the double-precision adder, and w is the number of

bits in the high-order and low-order words. The delay to perform the multiplication
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Table 5.2: PEy and PE; activities for Design-Option #1 after applying the non-
linear scheduling function in Eq. (5.25) when J = 8 and L = 4.

t x PE, PE, Yy

0 = Yo = Toho Yatmp = Tola Yo = Toho

1 y1 = Tohy Ystmp = xohs Y1 = Tohy

2 Y2 = Toho Yetmp = Zohe Y2 = Toho

3 Y3 = xohs Y7tmp = Tohy Y3 = Tohs

4 x1 Ya=x1ho + Yaemp  Ystmp = T1ha  ya = x1ho + Tohy
) Ys = T1ha + Ystmp  Yormp = T1hs Y5 = x1ha + Tohs
6 Yo = T1ho + Ystmp  Yiotmp = T1he Yo = T1ho + 2ohs
7 Y7 = T1hs + Yremp  Yiitmp = T1hr Y7 = x1hs + 20Dy
8 Xy Ys = T2ho + Ystmp  Yi2tmp = To2ha  ys = Toho + 211y
9 Yo = Toli + Yormp  Yistmp = T2hs Yo = x2hy + 2175
10 Y10 = T2ho + Yiotmp  Y1aemp = T2he Y10 = T2ho + x1he
11 Y11 = T2h3 + Yiimp  Yistmp = To2hy Y11 = x2h3 + 1107
12 x3 Y12 = 22ho + Yiotmp  Yiremp = T3ha Y12 = T3ho + 220y

13 Y1z = T2h1 + Y13tmp  Yistmp = T3hs Y13 = x3hy + T2hs
14 Y1a = T2ho + Yiatmp  Y1otmp = Tahe Y14 = T3ho + T2he
15 Yis = Tohs + Yistmp  Y2otmp = T3y Y15 = T3hs + 22l
16

Ty Y16 = T3ho + Yietmp  Y21emp = Taha Y16 = Taho + T30y

followed by a double-precision addition is 27" where T is the delay of the multiplier
or the double-precision adder.

In the proposed design Fig.5.6(b), a high-speed, double-precision carry-save mul-
tiplier /accumulator (CS-MAC) developed in [50] is used as :

2" (Sout + Cout) + lout = a X b+ 2% (Sin + Cin) + lin (5.28)

where Sout, Cour are the high-order sum and carry word output from the CS-MAC,
lout 18 the low order word output from the CS-MAC, s;,, ¢;, are the high-order sum
and carry word input to the CS-MAC, and [;,, is the low order word input to the
CS-MAC.

A reduction in the computation time ranging from 20% to 50% compared with
other schemes has been achieved using the CS-MAC, without a significant increase
in the required area [50].

Table 5.2 shows the activity for PEy (grey circles) and PE; (blue circles) in Fig.
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Figure 5.6: Systolic array for Design-Option #1. (a) The systolic array when J = 8
and L = 4. (b) PE details.

5.5 after applying the non-linear scheduling function in Eq. (5.25). Both PE, and
PE; are active at each time step. The data output is obtained from PFE,. PE;
performs the output partial results. These partial results are then forwarded to PFEj
after L-clock cycles.

The resulting systolic array and PE details can be obtained from Fig. 5.6 and
Table 5.2, which are shown in Fig. 5.6. Figure 5.6(a) shows the resulting systolic
array. Two PEs are shown since J = 8 and L = 4. The input data x is broadcast
and the double-precision output vy = Houwt2" 4+ Lows is pipelined. The output data
flows from PFE; to PEy. Figure 5.6(b) shows the PE details. The Ripple Carry Adder
(RCA), shown in Fig. 5.6(b), is used to reduce the high-order sum and carry output
Souts Cout from the CS-MAC to the high order word H,,;.

An L — 1-stage First-in-First-out (FIFO) buffer is required to delay the data
coming from the previous PE before it is applied to the CS-MAC.
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Figure 5.7: The DAG for Design-Option #2: using s; = [1 —1] and d3 =[1 —1] .
5.6.2 Design-Option #2: using s; =[1 —1] and d3 =[1 —1]T

In this design-Option, the same scheduling function s; is used with different linear

projection direction d3. The corresponding projection matrix will be:

pP; = [1 1] (5.29)
By substituting P3 in Eq. (5.19), we obtain:
k=i+j (5.30)

Figure 5.7 shows the DAG for Design-Option #2 together with the equitemporal
It is noticed that the total

number of PEs is infinite in this case since index ¢ extends to co. However, the non-

zones and the PE indices as shown inside the circles.

linear scheduling and projection functions, equations (5.25) and (5.26) respectively,
could be used. It is noticed that only two PEs are active at any given time step.

As the same non-linear scheduling function ¢'(p) and the non-linear projection
direction £’ of Design-Option #1 are used, The systolic array for Design-Option #2
will be the same as in Fig. 5.6.
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Figure 5.8: The DAG for Design-Option #3: using s; = [1 — 1] and dy = [0 1]7.

5.6.3 Design-Option #3: using sy =[1 —1] and dy = [0 1]7

The projection matrix corresponding to the linear projection direction dy will be:

P, = [1 0 (5.31)
By substituting P, in Eq. (5.19), we obtain:
k=i (5.32)

The total number of PEs is infinite since index 7 extends to oo.

Figure 5.8 shows the DAG for Design-Option #3 together with the equitemporal
zones and the PE indices as shown inside the circles. The same non-linear node
projection used in Eq. (5.26) could be used for Design-Options #1 and #2. It is also
noticed that only two PEs are active at any given time step.

As the same non-linear scheduling function #'(p) and the non-linear projection
direction &’ of Design-Option #1 are used, The systolic array for Design-Option #3

will be the same as in Fig. 5.6.
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Figure 5.9: The conventional interpolator implementation. (a) The upsampler de-
tails. (b) The systolic array of the conventional FIR filter. (c) The conventional FIR
filter PE details.

5.7 Hardware Implementation Results

This section discuss the hardware implementations of the interpolator. The conven-
tional implementation of the interpolator is discussed in Sec. 5.7.1. The proposed
implementation of the interpolator is discussed in Sec. 5.7.2.

The performance, in terms of hardware resources and speed, for both designs are
reported for different values of interpolation factor L.

FPGA implementations of the conventional and the proposed designs were imple-
mented using VHDL on Xilinx Virtex 6 ML605 development board.
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5.7.1 Conventional Design Implementation

The conventional design is consists of an upsampler followed by an anti-imaging filter.
Figure 5.9 shows the systolic array design of the conventional interpolator.

Figure 5.9(a) shows the upsampler details which accepts the low rate data samples
x; and produces data samples x;, with L higher rate.

Figure 5.9(b) shows the systolic array of the conventional FIR filter, which cor-
responds to a form 2 implementation of an FIR filter. The number of PEs is equal
to the number of filter coefficient J. We assume the double precision mode of oper-
ation, where data exchanged between the PEs is in double precision format. This is
explicitly shown in the figure as the partial sums L and H.

Figure 5.9(c) shows the conventional FIR filter PE details. The PE consists of
a traditional multiplier with double-precision output. The multiplier multiplies the
input data samples z;, by the dedicated FIR filter coefficient stored in a register. The
lower bits of the multiplier output are added to the lower bits of the previous PE
output using a single-precision carry-propagate (SPCP) adder to produce the lower
bits of the PE output. Similarly, the higher bits of the multiplier output are added to
the higher bits of the previous PE output using a SPCP adder to produce the higher
bits of the PE output.

5.7.2 Proposed Interpolator Design Implementation

Figure 5.6 shows the proposed systolic array design which will be implemented. We
notice from the figure that the design requires broadcast of the input data and
neighbour-to-neighbour communication for the intermediate data. This ensures the

maximum processing speed.

5.7.3 Implementation Results

The conventional and proposed designs performed interpolation by 2, 4, 8, etc (I-2,
-4, I-8, etc). The number of anti-imaging FIR filter coefficients were chosen as 8,
16, 32 and 64 in order to see the effect of the number of filter coefficients on the
performance.

Table 5.3 shows the performance (speed, LUTSs, Registers, etc.) of the conven-
tional and proposed designs for different values of L = 2, 4, and 8 for an FIR filter with

J = 8. It is noticed that the conventional design shows almost the same performance
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Table 5.3: Comparison between resource utilization for conventional and proposed
designs for different values of L = 2, 4, and 8 for the case of J = 8.

Structure of interpolator | Conv. Proposed

(logic utilization) 1-2/4/8| 12 | I-4 | I-8
# Slice Registers 195 | 80 | 42 | 10
# Slice LUTs 1129 | 432 | 140 | 71

# fully used LUT-FF pairs 129 | 49 | 28 | 10
# bonded I0Bs 91 26 | 26 | 26
Maximum Frequency (MHz) | 153 | 328 | 331 | 740

Delay (ns) 6.524 |3.041/3.014{1.350

regardless of the interpolation factor L. This is because the same FIR filter used in
each interpolator. The impact of the upsampler on the performance is minimal since
a one-bit counter is needed for interpolation by 2, a two-bit counter is needed for
interpolation by 4 and a three-bit counter is needed for interpolation by 8. On the
other hand, the performance of the proposed design depends on the interpolation fac-
tor. This is because the proposed design combines the FIR and upsampler operations
and only the necessary computations are performed. The hardware resources of the
proposed design are 61.7% less than the conventional design for the worst case when
L = 2. Better savings are achieved for L > 2. The speed of the proposed design is
114.5% faster than the conventional design.

Table 5.4 shows the performance of the conventional and proposed designs for
different values of L = 2, 4, 8 and 16 for an FIR with J = 16. The performance
exhibit the same characteristics discussed in relation to Table 5.3. The hardware
resources needed naturally increase for both implementations for all values of L since
the number of filter coefficients is doubled. The hardware resources of the proposed
design are 51.1% less than the conventional design for the worst case when L = 2.
Better savings are achieved for L > 2. The speed of the proposed design is 85.4%

faster than the conventional design.
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Table 5.4: Comparison between resource utilization for conventional and proposed
interpolators for different values of L = 2, 4, 8, and 16 for the case of J = 16.

Structure of interpolator | Conv. Proposed

(logic utilization) 1-2/4/8| 1-2 | I-4 | I-8 | I-16
# Slice Registers 387 | 202|106 | 43 | 10
# Slice LUTs 2207 1079|302 | 186 | 71

# fully used LUT-FF pairs 257 | 114 | 61 | 36 | 10
# bonded I0Bs 155 | 26 | 26 | 26 | 26
Maximum Frequency (MHz) | 145 | 294 | 331 | 270 | 740

Delay (ns) 6.866 |3.395(3.014/3.702(1.350

Table 5.5 shows the performance of the conventional and proposed designs for
different values of L = 2, 4, 8, 16 and 32 for an FIR with J = 32. The performance
exhibit the same characteristics discussed in relation to Tables 5.3 and 5.4 where
J = 8 and 16 respectively. The hardware resources needed naturally increases for all
designs since the number of filter coefficients is increased. The hardware resources of
the proposed design are 39.9% less than the conventional design for the worst case
when L = 2. Better savings are achieved for L > 2. The speed of the proposed design
is 63.9% faster than the conventional design.

Table 5.6 shows the performance of the conventional and proposed designs for
different values of L = 2, 4, 8, 16, 32 and 64 for an FIR with J = 64. The performance
exhibit the same characteristics discussed in relation to Tables 5.3, 5.4 and 5.5 where
J =8, 16 and 32 respectively. The hardware resources needed naturally increases for
all designs since the number of filter coefficients is increased. The hardware resources
of the proposed design are 56.6% less than the conventional design for the worst case
when L = 2. Better savings are achieved for L > 2. The speed of the proposed design

is 63.9% faster than the conventional design.
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Table 5.5: Comparison between resource utilization for conventional and proposed
designs for different values of L = 2, 4, 8, 16, and 32 for the case of J = 32.

Structure of interpolator | Conv. Proposed

(logic utilization) 1-2/4/8| 1-2 | I-4 | I-8 |1-16 | I-32
# Slice Registers 772 | 4551236 | 95 | 51 | 16
# Slice LUTs 4373 2459|622 | 390 | 186 | 95

# fully used LUT-FF pairs 513 247|119 | 84 | 39 | 11
# bonded 10Bs 283 | 26 | 26 | 26 | 26 | 26
Maximum Frequency (MHz) | 144 | 294 | 319 | 270 | 270 | 337

Delay (ns) 6.920 |3.393|3.134(3.694(3.702|2.967

Table 5.6: Comparison between resource utilization for conventional and proposed
designs for different values of L = 2, 4, 8, 16, 32, and 64 for the case of J = 64.

Structure of interpolator | Conv. Proposed

(logic utilization) 1-2/4/8| 1-2 | 14 | 1I-8 |[1-16 | [-32 | I-64
# Slice Registers 1538 | 967 | 490 | 188 [ 103 | 70 | 11
# Slice LUTs 8600 [5168(1248| 797 | 390 | 206 | 98

# fully used LUT-FF pairs 1025 | 516 | 243 | 181 | 87 | 47 | 11
# bonded 10Bs 539 | 26 | 26 | 26 | 26 | 26 | 26

Maximum Frequency (MHz) | 141 | 294 | 300 | 270 | 270 | 231 | 260

Delay (ns) 7.083 [3.395|3.329(3.694(3.694|4.322(3.840

5.8 Design Complexity Comparison

We will use the conventional design as a benchmark for comparing the hardware

performance figures of the conventional design shown in Fig. 5.9 and the design
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proposed in this chapter.

From Tables 5.3-5.6 in Section 5.7, several general conclusions could be made:

1. The speed of the proposed design are at least 63.9% faster than the conventional
design for a given number of FIR filter coefficients and for all interpolation

factors.

2. The hardware resources of the proposed interpolator design are 61.7% less than
the conventional design. This is true regardless of the number of FIR filter

coefficients.

3. The hardware required for the proposed interpolator design in case of inter-
polation by 2 (I-2) consumes the most area compared to the other proposed
interpolators in cases of interpolation by 4 (I-4), interpolation by 8 (I-8), etc.
This is true regardless of the number of FIR filter coefficients.

4. In the conventional designs, the hardware resources depend only on the number
of FIR filter coefficients and change by less than 0.5% when the interpolation

factor changes.

5. The number of FPGA LUTS needed in distributed arithmetic is O(J x 22*). In
this work, the number of FPGA LUTSs needed is O(J x w?/L).

6. The number of threads or PEs needed in thread decomposition is O(.J). In this
work, the number of threads or PEs needed is O(J/L).

5.9 Conclusions

This chapter presented several contributions for the systolic array design space ex-
ploration of interpolators. A systematic methodology for systolic array design space
exploration of interpolators was used since the interpolator algorithm is a RIA. Best
hardware results are obtained when the interpolator utilizes an FIR filter whose num-
ber of coefficients is an integer multiple of the interpolation factor. Alternatively, the
filter coefficients could be zero padded so that this limitation is avoided. The upsam-
pler and the anti-imaging FIR filter are combined into a unified dependence graph
(DG). Different data scheduling and projection operations were developed.

Nine different systolic array design options were obtained and evaluated. Design-
Options #1, #2 and #3 produced the fastest possible clock speeds. The three design
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options map to only one systolic array which uses a high-speed double-precision carry-
save multiplier /accumulator (CS-MAC) to increase speed of arithmetic operations.
The proposed systolic array design and the conventional interpolator, were im-
plemented in FPGA hardware to verify their functionality and compare their perfor-
mance. FPGA implementations for the conventional and proposed designs confirm
that the proposed interpolator implementation requires no more than 61.7% of the
hardware resources required in the conventional design and are at least 63.9% faster
than the conventional design. The results show that the proposed systolic array
implementation performed better than the conventional implementation for all inter-

polation factors and for all values of FIR filter coefficients.



104

Chapter 6

Efficient FPGA Implementation of

the Beamformer

In this chapter, the overall beamformer FPGA implementation is constructed based
on the analysis of efficient systolic arrays designs of the beamformer building blocks.
The implemented overall structure is then validated to ensure its proper operation.
Further, the implementation performance is evaluated in terms of accuracy and error
analysis in comparison to the MATLAB simulations.

In the previous chapters, the systolic arrays design space exploration for the basic
building blocks of the beamformer (decimator, interpolator, and 2-D BB BF filter)
were performed. For each beamformer building blocks, the most efficient systolic

arrays design in terms of fastest clock speed was selected and implemented using
FPFA.

6.1 Efficient FPGA Implementation of the Beam-

former

As mentioned before in Chapter 2, the BB BF using NAs and multirate techniques
consists of a number of channels as shown in Fig. 2.5. Each channel contains the
basic building blocks of the beamformer.

The implementation of the overall beamforming system is performed through three
steps. First, the implementations of the speed optimized systolic arrays designs for
each of the building blocks that was proposed in Figs. #3.6, #4.8, and #5.6 in

Chapters 3, 4, and 5 , respectively are connected together to implement one beam-
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former channel as shown in Fig. 6.1. Second, the channels of the entire system are
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Figure 6.1: Single beamformer channel diagram.

constructed using the architecture shown in Fig. 6.1 using the proper decimation
and interpolation factors for each channel. Finally, the obtained channels outputs are

added together after applying a propoer delays to produce the beamformer output.

6.1.1 FPGA Implementation Validation

In order to validate the proper operation for the FPGA implemented overall structure
of the beamformer, a three-step strategy have been used: (a) implement a single
channel of beamforming system using FPGA; (b) perform finite-precision MATLAB
model of the FPGA implementation; (c) compare the results of steps (a) and (b).
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Validation Strategy: Single Channel FPGA Implementation

All the beamformer channels consist of the same building blocks. The difference

between channels can be described using the following distinguishing factors:

e The value of the decimation/interpolation factor. Thus the number of PEs
constituting each decimator/interpolator might differ but the structure of all

PEs is the same.

e The values of the anti-aliasing FIR filter coefficients of the decimators/interpolatros.

However, the coefficients ROMs all have the same size.

In this first validation step, only one channel will be implemented in FPGA. The
selected channel is implemented and simulated using FPGA Xilinx Vivado Design
Suite. In this implementation, the third channel of the beamformer is considered
where the decimation and the interpolation factors equal 4 (M = L = 4). This
channel consists of an array with 21 sensors that are uniformly spaced from —10d to
10d, where d equals to 4\,/2. The same two BB PWs received from two different
directions; one as the desired PW (DOA = 35°) and the other one as an interference
(DOA= —50°), were used.

The ROS of the 2-D DFT of the signals received by the 3" subarray is shown in
Fig. 6.2, where the spectrum of the signals is equal to 1 within 7/20 < wy < 47/5.
The aliasing due to spatial subsampling can be observed in the upper-right and lower-
left corners of Fig. 6.2.

The signals at this point are used as inputs to the implemented channel. The
FIR filter coefficients of the analysis and synthesis filters, used in Chapter 2, are used
in the decimator array and interpolator stages. The coefficients of the 2-D FIR TF
which designed in Chapter 2 to have the passband containing the ROS of the desired
signal at the decimator array outputs are used. Fig. 6.3 shows the 2-D passband of
the TF used.

VHDL testbenches were designed for each block and functional simulations in
Vivado logic simulator were executed. The input data was written in a file and then
supplied to the testbench.

The hardware implementation used finite-precision (finite word-length) two’s-
complement fixed-point format for both the input signals and filter coefficients. The
testbench data were obtained from the floating-point full-precision MATLAB (64-
bits) data that were used in Chapter 2.
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Figure 6.3: 2-D passband of the trapezoidal filter.
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The full-precision data are multiplied by a scaling factor and then quantized to
obtain the fixed-point values. The scaling factor is chosen such that the dynamic
range of the input samples could be stored in W-bits 2’s complement and in addi-
tion to avoid the overflow through the partial calculation. The scaling process that
is performed prior to the quantization results in more efficient use of the available
bits (optimally exploiting dynamic range of the quantizer), which in turn increase
the system realization accuracy. A power of two scaling factor is used to minimize
the number of arithmetic operations. The scaled values are converted to the two’s-
complement format and finally truncated to the required finite-precision (W-bits).
For our FPGA implementations, finite-precision with W = 16 were used.

It should be noted that our building blocks used 16-bit single-precision data as
input and produced 32-bit double-precision output data. Therefore connecting the
building blocks together required truncating the least 16-bits of each module output.
This truncation operation produces a certain error to the system, and this error are
analyzed later in Section 6.3.

The filter coefficients are similarly expressed in form of 16-bits 2’s-complement
fixed point. Figure 6.4 shows the scaling, quantization and truncation for the in-
puts/outputs at the different points of the channel stages. The shaded blocks repre-
sent the main components of the channel, the triangular shapes represent the scaling
operation that is applied to the samples values at the point before the triangles. The
() blocks represent the quantization operation that coverts the input data and the
filters coefficients to the 2’s complement finite-precision fixed-point format. The T
blocks represent the truncation operation that truncates least significant bits (LSBs)
and keeps the most significant 16-bits of the data between the blocks. The symbols
k and represents the scaling factors.

The data used in the hardware simulations are the channel input data as well as
the FIR filter coefficients for the decimators, 2-D BB BF, and interpolator. Referring
to Fig. 6.4, and Table 6.1, the input data applied to the channel are scaled by scaling
factor K,; = 2'°. The decimators, 2-D BB BF, and interpolator FIR filter coefficients
are scaled by scaling factors Ky = 218, Kj10 = 2'%, and Kj,16 = 2!8, respectively. The
quantization is applied to the scaled stimuli to produce the required 2’s complement
16-bits format.

The double-precision outputs obtained from the decimator array, 2-D BB BF filter,
and interpolator are converted to single-precision data. This is effectively a two-step

process. The first is right shifting the output by 16 bits which is equivalent to scaling
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Figure 6.4: Finite-precision fixed point implementation diagram.

by K,, shown in Fig. 6.4 and Table 6.1. The second step is discarding the least
significant 16-bit digits by the truncation operation.

Table 6.1 summarizes the values of the scaling factors that are used through the
channel.

In each testbench, all data sequences were read at each rising edge of a 100 MHz
clock. The outputs of each stage are stored in a text files. Figure 6.5 shows snapshots
of the simulated output traces for each stage of the FPGA implementation of the 3¢
beamformer channel. Figure 6.5-a shows the simulated output traces of the decimator
array stage. Figure 6.5-b shows the simulated output traces of the 2-D BF filter stage.
Figure 6.5-c shows the simulated output traces of the interpolator array stage which

is the overall output of the 3" channel.
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Table 6.1: The scaling factors for the system shown in Fig. 6.4.

Scaling Factor Value

k:d 215
kh4 218
l{y? 2—16
Kn1o 21
ky13 2—18
kn16 216
ky19 2734

Validation Strategy: Single Channel Finite-Precision MATLAB Model

In this second step, MATLAB is used to develop a finite-precision model of the FPGA
implementation presented in the first step. This model will be used to simulate and
validate the FPGA implementation.

The data format used in the FPGA implementation was adopted for the MAT-
LAB finite-precision model. Overflow checks were performed on the results of all the
convolution operations and and data was sign extended to increase the dynamic range
similarly as it was done for the FPGA implementation in the first step.

The output data produced by the decimator array are double-precision and scaled
by Ky—dgee X Kn_gee = 233. The obtained outputs of the decimator array are stored
in a text file. This was used in order to compare these results with the Hardware
implementation results. These output data are considered as the input to 2-D BB
BF filter and it should be in single-precision format. In order to do that, the output
data are then truncated to the most 16-bits of the obtained results by discarding the
remaining LSBs (scaling by K4 = 27%), to be ready as a single-precision input to
the 2-D BB BF filter (scaled by 2!7). This step is used to mimic the conversion from
double to single precision format in the FPGA implementation.

For the sake of plotting the outputs of the decimator array, the truncated outputs
are scaled by 1/(Ky;—gec X Kn—deec X Ky—dgec) = 2717.

Fig. 6.6 shows the outputs of the finite-precision decimator array resulting in the
spatio-temporal (ST), domain.

Fig. 6.7 shows the ROS of the 2-D Fourier transform (FT) for the decimators
resulting outputs.

The 2-D BB BF filter coefficients are scaled by scaling factor Kj,_ap_ iy = 2'9. The
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Figure 6.5: Simulations for the 3"¢ channel FPGA implementations. (a) Decimator
array outputs. (b) 2-D BF filter outputs. (c¢) Interpolator (channel) outputs.
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center sensor output is selected as the output of the TF. During the overflow check, it
is found that the output data produced by the 2-D BB BF filter need a sign extension
by 2-bits. So the obtained output data are scaled by 2" X Kj,_ap_ sy X 2% = 2% The
obtained outputs of the 2-D BB BF filter are stored in a text file. Here, the outputs
of the 2-D BB BF filter should be truncated by discarding the 18-LSBs (scaling by
Ky ap—jir = 27'®) to be ready as a 16-bits input to the interpolator (scaled by 22°).

For plotting the center sensor output of the TF the truncated outputs are scaled
by 1/(2'7 x Ky_ap— i X 2% X Ky_ap_ ) = 272 is shown in Fig. 6.8.

The interpolator FIR filter coefficients are scaled by scaling factor Kj_;; = 2'6.
The obtained interpolator outputs are 32-bits and is scaled by K, ;,; = 2°¢ due to
the cumulative scaling and truncation at each of the channel stages. The obtained
outputs of the interpolator are stored in a text file.

Figure 6.9 shows the interpolator output sampled after scaling by 2736,

Table 6.2 summarizes the cumulative scaling factors and the word-length for each

of the points indicated in Fig. 6.4.
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Figure 6.7: ST frequency domain representation of the finite-precision decimator
array outputs.

Validation Strategy: Comparing FPGA and MATLAB Results

In the third step, the results obtained from FPGA implementations of the first step
and MATLAB simulations of the second step for each building block are compared
individually. This comparison aids in validating the proposed systolic arrays. The
comparison is performed on the data that were saved in the text files as mentioned
in the previous subsections.

The text files are collected in MATLAB workspace. A m script is then run to
compare the results from FPGA and MATLAB simulations.

The comparisons show that the output results obtained from both FPGA imple-
mentations and MATLAB simulations are identical for each stage of the beamformer
channel. This provides an assurance that the results from the FPGA implementations
match well with the results from the finite precision MATLAB models.
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Figure 6.8: Finite-precision 2-D BB BF filter center censor output.
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Figure 6.9: Finite-precision interpolator output.

6.2 Finite-Precision Model Accuracy

After establishing that the single channel FPGA implementations and the finite-

precision MATLAB models are giving identical results, the implementation perfor-
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Table 6.2: The cumulative scaling factors and the number of bits for Fig. 6.4 points.

Point Cumulative Word- Comments

Scaling length
1 1 64-bits
2 215 64-bits
3 215 16-bits
4 1 64-bits
5 28 64-bits
6 218 16-bits
7 233 32-bits
8 217 32-bits
9 217 16-bits
10 1 64-bits
11 219 64-bits
12 219 16-bits
13 238 34-bits  sign extended by 2-bits
14 220 34-bits
15 220 16-bits
16 1 64-bits
17 216 64-bits
18 216 16-bits
19 236 32-bits
20 1 32-bits

mance analysis in terms of accuracy will be conducted. The accuracy analysis are
performed by calculating the signal-to-error ratio (SER) between the finite-precision
MATLAB models, that simulates the FPGA implementations, and full-precision
MATLAB simulations, introduced in Chapter 2, as a benchmark. The third channel
full-precision MATLAB simulations is used as follows: The signals at the outputs
of the third channel antenna arrays are applied to the input of the third channel
decimator array. The ROS of the resulting outputs of the decimator array in 2-D
space-time domain are shown in Fig. 6.10.

The ROS of the 2-D FT of the resulting outputs of the decimator array are shown
in Fig. 6.11.

The decimator array output signals are passed through the 2-D BB BF filter which
performs the pass the SOI and reject the interfering signal, with group delay of NpF'.

Figure 6.12 shows the TF center sensor output signal.
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Figure 6.11: ST frequency domain representation of the full-precision decimator

array outputs.
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Figure 6.12: Full-precision 2-D BB BF filter output.

The TF center sensor output signal is passed through the interpolator which
performs both upsampling by 4 and anti-imaging filtering, with group delay of Nj.
Figure 6.13 shows the interpolator output signal. This signal produces a perfect

reconstructed SOI when added to the outputs of the remaining channels interpolators.

6.3 Error sources

In the validation channel shown in Fig. 6.4, two sources that induce errors in multiple

locations will be considered.

1. Quantization errors: occur at points #3, 6, 12, and 18 due to the applied
quantization process on the data samples. Quantization errors can be kept as

low as desired by using a sufficiently large number of bits.

2. Truncation errors: appears at points # 9, and 15 due the truncation operations

that are performed between the basic building blocks.

Arithmetic errors: There is another source of errors occurs due to the multiplica-

tion operations for the filtering operations in the three types of blocks (decimators,
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Figure 6.13: Full-precision interpolator output.

2-D filters, and interpolator). A filter that requires J multiplications will produce
errors in the least significant log, J bits. These errors supposed to appear at points
# 7, 13, and 19. However, in the proposed systolic array designs of beamforming
system, arithmetic errors not present because the MACs used are of single-precision
inputs and double-precision outputs which allows to perform all the multiplication
and accumulation operations in double-precision format.

The absence of arithmetic errors in the proposed designs, greatly enhances the
signal-to-error ratio compared to the standard beamformer implementations. This is

explored in detail in Sec. 6.3.1.

6.3.1 Finite Word-Length Effect on the Signal-to-Error Ratio
(SER)

The effect of the finite word-length on the SER is studied by calculating the SER at
the inputs and the outputs of each stage for the all beamformer channels. The SER
is calculated specifically at the points # 3, 7, 9, 13, 15, and 30 that are shown in Fig.
6.4. The SER is calculated with different word-lengths (8, 12, 16, 24, 32)-bits.
Figure 6.14 shows the effects of the word-length and the error that was generated
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Figure 6.14: Finite word-length and generated errors effects on SER using proposed
MAC. (a) Channel #1. (b) Channel #2. (c¢) Channel #3. (d) Channel #4.

in each channel stages on the values of SER. For the all channels the following can
be observed:

1. The SER improves as the word-length increases.

2. The SER deteriorates between channel stages due to truncation effect.

3. The SER improves inside the decimators and 2-D filter stages because the FIR
filters used in these stages are filtering out the unwanted signals with their

generated errors.

For the interpolator stage, the SER in channel #2 improves as shown in Fig. 6.14-b
and in channels #1, #3, and #4 decreases as shown in Fig. 6.14-a, 6.14-c, and 6.14-d.
These changing effects are due to that the FIR filters used in the interpolators have
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an amplification or attenuation gains to be able to achieve a perfectly reconstructed
signals at the output of the beamformer.

From Fig. 6.14, it can be seen that the system will meet a satisfactory SER for the
16-bits and higher cases. However, with 8-bits case the SER decreses up to negative
values in channels #1 (Fig. 6.14-a) and #3 (Fig. 6.14-c) and with 12-bits case the
SER tends to be zero in channel #3 (Fig. 6.14-c). Thus, we see that at least 16-bits

word-length are required for implementation of this class of beamforming systems.

6.3.2 The Effect of Using a Conventional MACs on the sys-
tem SER

Traditionally, the multiplier-accumulator (MAC) used in the implementation of the
FIR filters have the same input/output precision. For example, if at each sampling
time the input signal represented by b1 digits is multiplied by a coefficient represented
by b2 digits, a product having as many as bl + b2 digits is generated. If a uniform
register length should be used throughout the filter, each multiplier output must be
rounded or truncated before processing can continue. The rounding or truncation op-
erations propagate through the filter and give rise to output error commonly referred
to as output round-off error.

In the proposed designs analysis in the previous section, a single-precision input
double-precision output MAC were used. This means that all the partial calculation
are performed in the double-precision format. Now, this way provides a round-off error
free systems in addition to reduces the delay and the required hardware resources.
In the cases where connecting components together are needed as in the beamformer
channels, just the final outputs of each stage are truncated to match the single-
precision input of the next stage.

For studying the effect of using the conventional MAC versus the double-precision
MAC, the same experiments that were used in Section 6.3.1 are simulated for the
beamformer implementation using conventional single-precision MACs.

Figure 6.15 shows finite word-length and generated errors due to using conven-
tional MAC effects on the SER of the beamformer channels.
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Figure 6.15: Finite word-length and generated errors effects on SER using conven-

tional MAC. (a) Channel #1. (b) Channel #2. (c¢) Channel #3. (d) Channel #4.

6.4 Maximum Speed and Resources Utilization Es-

timation

In this section, the maximum speed and the total number of hardware resources
(# slice registers and # LUTSs) for the overall NA beamformer are estimated. The
estimation is performed for the conventional and the proposed implementations in
case of four channels and J = 64 for the decimators and interpolators and I = 15
and J = 32 for the 2-D filter as follows:

The maximum speed of the overall system is limited by the minimum frequency
of the individual basic building blocks. Using Tables 3.6, 4.2, and 5.6, the maximum

speed using the proposed implementation can be estimated to be 200 MHz and us-
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ing the conventional implementation to be 74 MHz. So the maximum speed of the
proposed implementation is 2.7 faster than that of the conventional implementation.

The total number of hardware resources can be estimated as follows:
At = Nch [NantAdec + A2D—filt + Aint] (61)

where N, represents the number of beamformer channels, N,,,; represents the number
of sensors in each subarray, Age.. represents the number of hardware resources in the
decimator block, Asp_ s represents the number of hardware resources in the 2-D
filter block, and Aj;,; represents the number of hardware resources in the interpolator
block.

Using Table 3.6, the total resources are calculated for the proposed decimators
to be 225345, and the conventional decimators to be 365160. Using Table 4.2, the
total resources are calculated for the proposed 2-D filter to be 265576, and the con-
ventional 2-D filter to be 78832. Using Table 5.6, the total resources are calculated
for the proposed interpolators to be 18996, and the conventional interpolators to be
40551. For the overall system, by substituting in Eq. (6.1) using the conventional
implementation, we get the total resources equals 509917 and using proposed imple-
mentation, we get the total resources equals 484543. So the total resources required
in the proposed implementation equals 1.05 of that are required in the conventional

implementation.

6.5 Conclusions

A certain strategy is used to integrate the overall NA beamformer. The accuracy
analysis is performed by calculating the SER at different locations along the BF
channels and at different word-lengths. The SER results show that the acceptable
accuracy of the implemented system is obtained with a word-length of 12-bits and
that the quality of accuracy increases significantly with increased word-lengths. The
FPGA implementation results confirm that the proposed processor array implemen-
tation are 2.7 faster with an increase of 5% of the hardware resources required by the

conventional implementation.
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Chapter 7

Closing the Speed Performance
Gap Between Radar I/0O Rates and
Silicon Speed

In some radar applications that requires operating at high frequencies, consequently
higher bandwidth beamformers are required.

The fastest possible designs for the NA beamformer basic building blocks that were
obtained in the previous chapters performed well for medium-to-low frequencies. The
upper frequency bound is limited by the delay of the MAC operation in each PE.
The silicon speed is limited by the arithmetic logic unit (ALU) critical path of the
processor. From Chapters 3, 4, and 5, we conclude that the decimator block is the
slowest component with frequency about 200 MHz.

When higher operating frequencies are needed, a speed performance gap between
the I/0O rates of the ADC and hardware implementation exist is appeared. To address
this issue, a new methodology is proposed in this chapter to close this speed perfor-
mance gap. The new methodology is based on the systematic methodology that was
used in Chapters 3, 4, and 5 and applied to the interpolator block as an example. The
proposed methodology is verified and tested using MATLAB environment to ensure

the proper operation.
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7.1 The Proposed Methodology for Closing the

speed performance gap

The methodology proposed in this section is general and applies to many RIAs.
We consider applying this methodology for the interpolator as a working example.
The proposed methodology specifies several steps. The methodology is applied after
obtaining the DAG of the interpolator algorithm. Figure 7.1 for the case of J = 16,
L = 4, and the scheduling function specified in Eq. (5.9).
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Figure 7.1: Interpolator DAG in case of J = 16 and L = 4.

The DAGs in Chapters 3, 4, and 5 assumed that the tasks performed in each
node require one clock cycle to be completed. In Fig. 7.1, we assume that the tasks
performed in each node require D > 1 clock cycles to be completed. We label the
variable D the dilation factor.

Depending on the value of D, two situations could be encountered:

1. Case when 1 < D < L. In this case, the reduction in the number of PEs
performed in Chapter 5 will no longer apply. But data exchange between the
communicating nodes is feasible since the input data is ready before it is re-

quired.
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2. Case when D > L. In this case, data exchange between the communicating

nodes is not feasible since the input data is not ready when it is required.

The following steps are performed after obtaining the DAG to make the interpo-
lator I/O rate independent of the value of D as follows:

1. Partitioning of the DAG into sub-DAGs according to the value of D.

2. Re-timing the sub-DAGs (partitions) partial output results in order to reduce

the number of simultaneous calculations.

3. Select the appropriate partial results obtained from the re-timer using an inter-

connection network.

4. Addition of the outputs from the interconnection network using carry-save ac-

cumulator.

5. Addition of the sum and carry outputs obtained from the carry-save accumula-

tor to obtain the final interpolator output samples.

The methodology simulations were done on MATLAB environment using object
oriented programming (OOP) to ensure simple coding and reduce the probability of

software bugs.

7.2 Partitioning

In order to allow the interpolator to match the high data rates while each node
takes dilation D clock cycles, we propose partitioning of the DAG. Partitioning of
the DAG is proposed by dividing it into sub-DAGs such that the tasks in the nodes
and the communications between the nodes take place at multiple clock cycles. This
partitioning provides more time for the execution of the multiplication and addition
operations. By summing the corresponding outputs of each partition together, the
interpolator output samples can be obtained. In this way, the interpolator will be
able to match the high data rates of the modern wideband radar systems.

In general the number of partitions P is given by:

p-[?] -
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Figure 7.2: Interpolator partitioning #1 for the DAG in Fig. 7.1.

For example, if L = 4 and D = 12 then form 7.1 we get P = 3. Therefore, the
DAG in Fig. 7.1 is partitioned into 3 sub-DAGs shown in Figs. 7.2, 7.3, and 7.4.

By observing the sub-DAGs it can be seen that the available time associated to
each node is relaxed accordingly. This relaxed time allows the nodes to perform their
tasks over a wider number of clock cycles. Notice that after partitioning, each node
takes D = 12 clock cycles.

Figure 7.5 shows how the interpolator input x is distributed among the partitions
and how the data from each partition is obtained.

The input data x is applied to the re-sampler operating with L-clock rate clk; to
distribute the input samples on the partitions. The partitioned input samples at the
output of the downsampler are broadcast to each of the partitions PEs. The double-
precision outputs obtained from each PE of each partition is collected in data buses
to be ready for addition operation. Figure 7.5(b) shows the PE details. We notice
from the figure that polyphase clocking is needed where the number of clock phases is
the number of partitions. The assigned anti-imaging filter coefficients for each PE are
stored in the register h. The same MAC that was used in the previous chapters are

used here to performs the required multiplication and accumulation operations. In
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Figure 7.3: Interpolator partitioning #2 for the DAG in Fig. 7.1.

order to synchronize the PEs, each group of registers at the output of the MAC should
be cleared at definite times according to the location of the PE in each partition.

Figure 7.6 shows the time indices at which the outputs obtained from each parti-
tion. OOP in MATLAB is used to obtain these results. It is noticed from the figure
that each partition produces groups of PL partial results. This groups are separated
in time by PL time steps. For a given output the adjacent partitions groups, the
indices of each partial results in each partition are separated by L. and the time at
which each and L time steps in the time index.

Careful observation of Fig. 7.6 reveals the following problems:

1. The groups of PL partial results from each single partition are obtained at
the same time. If these partial results are added horizontally to obtain the
interpolator final output samples, we will end up with an L successive groups
of samples and each group have the same time as shown in Fig. 7.7. However,

it is desired that successive output samples are obtained at each time step.

2. For a given output sample, the corresponding partial output results from each

group have different indices. As an example, the output sample 1,9 requires the
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Figure 7.4: Interpolator partitioning #3 for the DAG in Fig. 7.1.

partial results that are obtained at different times as represented in Table 7.1.

Table 7.1: Example of the partial results that required by the output sample yq.

Partition # 0 1 2
Partial result  yo10 Y16 Y22
Time 12 16 20

3. For a given output sample, the corresponding partial outputs of each partition

are separated in time be L samples. However, the addition dilation D > L and

Each of the previously stated problems require a specialized hardware to address

them as will be illustrated in the following sections.

7.3 Re-timer

In order to address the observed problem of the interpolator output samples timing

(problem #1) shown in Fig. 7.7, a re-timing should be applied to the partial results
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w obtained from the partitions to adjust the timing of the final interpolator output

samples in order to be at each time step as shown in Fig. 7.8.
The re-timer consists of a group of P sawtooth delay elements as shown in Fig. 7.9.

Each sawtooth delay element accepts the same time partial results of each partition

and performs a triangular delay at each L samples.
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Figure 7.6: The outputs of the partitions in case of L =4 and P = 3.

7.3.1 Interconnection Network

In order to address the observed problem of the different partial results indices ex-
plained in Table 7.1 (problem #2), an interconnection network should be used to
select the appropriate partial results w;, 0 < i < P — 1 obtained from the re-timer
shown in Fig. 7.9.

The re-timer generates a group of P2L partial results at different times as repre-
sented in Fig. 7.9. These partial results generate a group of PL output samples y;,
0 <i< PL—1. The index 7 of y; can be expressed as the relation:

i=qxPL+j (7.2)

where ¢ = |i/PL] and j =i mod PL.
Each output sample y; requires P dedicated partial results. The function of the

interconnection network shown in Fig. 7.10 is to select these P partial results to be
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Figure 7.7: The timing for the addition of the partitions outputs in case of L = 4
and P = 3.

ready for the addition.

The interconnection network I/O relation can be represented as:

v; = Wey(tj +J), Wkt1) mod Pi-L)(t; +J+ L), ...
W((k+P—1) mod Pi—(p—1)L)(t; +7+ (p—1)L) (7.3)

where:

~|j mod PL
E = (L °
I = (P-1)L+(j mod L),

t, = quL+(EJ L)+ L+,

0 = j modL

J +1) mod P,
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Figure 7.8: The timing for the outputs of the re-timer and the desired final output
samples in case of L =4 and P = 3.

According to Eq. (7.2), output y; is obtained from output v; by:
j =14 mod PL (7.4)

At this point Eq. 7.3 indicates that we need to add P terms for each v; to obtain the
corresponding y;. The problem arises because we have P partial results to be added
before the next group arrives after PL time steps. These P terms are separated by L
time steps apart while each addition operation requires D time steps. This situation

can be solved according to the discussion in Section 7.4.
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Figure 7.9: Re-timer block diagram.

7.4 Carry-Save Addition of the Outputs from the

Interconnection Network

Th addition in Eq. 7.3 can be solved using carry-save accumulator (CSA) as shown
in Fig. 7.11. Figure 7.11(a) shows an array of P CSAs to simultaneously add the P

partial results. Each CSA converts a group of P inputs to a sum and carry words.

The outputs of the CSA array uses tri-state buffers to produce the stream of sum and

carry words and the spacing between the words is one clock cycle. At this stage we
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have produced a pair of words that mut be added to produce the output samples y;.
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v
c
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R
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Figure 7.11: Partitions outputs carry-save addition block diagram. (a) Adders array.
(b) Adder detals.

vy

own

At this point Eq. 7.5 indicates that we need to add P terms for each v; to obtain

the corresponding ;.
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7.5 Final Addition

This stage is used to add the sum s and carry ¢ outputs obtained from the previous
stage. A deep pipeline ripple-carry adder (RCA) is employed as shown in Fig. 7.12.
The box labeled D represents a one-bit register to store the carries between the
pipeline stages. Based on the number of digits that the RCA can add within one
clock cycle, the word-size of the obtained results from the previous stage is divided

into a number of digits N. The number of pipeline stages is equal to N

CN-1 SN-1 C S C1 S C S0

byl
[D]+{ Rca

A 4

Ru: | - - R S

<+« Nie

T 5
! |
_ J

Figure 7.12: Final addition block diagram.
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7.6 Ultra-High Speed Interpolator General Block
Diagram

Based on the discussions on the previous sections, the overall ultra-high speed in-
terpolator that capable of accommodating the advanced radars high I/O data rates
is shown in Fig. 7.13. The top speed of this structure is limited by the delay of a
one-bit full adder. On the other hand, Fig. 7.14 shows the standard interpolator basic
structure where the top speed is governed by the critical path delay of the processor

ALU. This critical path delay typically governed by the multiplier delay.

CTL cik
> > 1ot » CS o Final
x —>| Partitioning—»| Retimer "M€" b sitions[ mar by
I | Network | . » Addition
T T > > T T > ?ddmo?
clkD’0 ClkD’P_1 clkL,0 clkL’P_1 ClkL,O clkL’PL_1

Figure 7.13: General block diagram of the ultra-high speed interpolator.

upsampler  anti-imaging filter

(/L) — ol A Dl ) 0

Figure 7.14: Interpolator basic structure.

7.7 System Clocking

As shown in Fig. 7.13, for the ultra-high speed interpolator to perform the interpo-
lation operations, it is required to operate at different clock rates. Figure 7.15 shows
the clocks used in the system for the case of D = 8 and L = 4. The clock that is
represented in red color is the fastest clock and is required by the retimer and final
addition blocks. The clocks that are represented in blue color are the clocks that are
required by the partitioning, interconnection network, and partitions addition blocks.
These clocks are related to the interpolation factor L and there is a phase shift one

fast clock cycle between each succeeding clock. The clocks that are represented in
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black color are the clocks that are required by only the partitioning block. These
clocks are related to the dilation D and there is a phase shift one fast clock cycle

between each succeeding clock.
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Figure 7.15: System clocking required for ultra high speed interpolator.

7.8 Conclusions

The potential speed performance gap between the modern wideband radar 1/O rate
and silicon operating speed was identified. A new methodology was proposed to close
this speed performance gap. The methodology specifies several steps and applied
here for the interpolator algorithm. MATLAB simulation results indicate that this

approach leads to satisfactory results.
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

The main focus of this dissertation has been the enhancement of radar performance
by the application of NA beamforming. In Chapter 2, a wideband beamformer has
been proposed using nested arrays, multirate systems, and 2-D FIR filters for wide-
band radar interference rejection. In Chapters 3, 4, and 5, a systematic methodology
was used to find best data scheduling strategies and explore possible NA beamformer
basic building blocks structures. For each building block, one design which had the
fastest clock speed out of different alternative structures was selected. FPGA im-
plementations are performed for the proposed designs as well as existing well-known
structures to verify their functionality and compare their performance. FPGA im-
plementation results confirm that the proposed implementation is 2.7 faster than the
conventional implementation with increase of 5% in the hardware resources required.
In Chapter 6, the validation of the NA beamformer was performed. in addition, the
error sources and effects of the finite word-length errors was studied. Chapter 7 pro-
posed a new techniques for closing the speed gap. This techniques allows using slow
processor clocks but requires high resolution for the phase shift between the phases
which depends on speed of the ADC.

8.2 Summary and Significance of Dissertation Con-

tributions

The contributions of this dissertation are summarized in the following subsections:
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8.2.1 Processor Array Design Space Exploration for High-

Speed Decimators

In this dissertation a systematic methodology presented in [6] was applied to the
decimator difference equations. This methodology is used to develop a single depen-
dance graph that reflects the actions of the anti-aliasing filter and the downsampler.
Different scheduling and projection functions were used to perform the design space
exploration. Three scheduling functions and 4 projection directions were possible
which produces 12 valid designs. Six designs was chosen which satisfy the fastest
possible system clock speed. One of the 6 designs was chosen since it displayed the
least area.

Earlier works adopted an ad hoc techniques that designed the downsampler apart
from the anti-aliasing filter. This produced a single decimator design with little
opportunity to optimize the design based on speed, area or power. Any optimization
effort was a compromise between speed and area.

The significance of our contribution is allowing us to merge the operations of the
downsampler and filter. This resulted in an immediate reduction in the hardware
complexity and perform true design space exploration and 12 designs were obtained.
Our approach allowed us to select the best design that conforms to the speed and

area design specifications.

8.2.2 Processor Array Design Space Exploration for High-
Speed 2-D BF Filters

The systematic methodology presented in [6] was applied to the 2-D BF filter dif-
ference equation. This methodology is used to develop a single 3D computational
domain that reflects the actions of the 2-D BF filter. Different scheduling and pro-
jection functions were used to perform the design space exploration. 3 scheduling
functions and 4 projection directions were possible which produces 12 valid designs.
6 design options was chosen which satisfy the fastest possible system clock speed.
One of the 6 designs was chosen since it displayed the least area.

Earlier works adopted an ad hoc techniques that designed the 2-D BF filter. This
produced a single 2-D BF filter design with little opportunity to optimize the design
based on speed, area or power.

The significance of our contribution is allowing us to perform true design space
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exploration and 12 designs were obtained. Our approach allowed us to select the best

design that conforms to the speed or area design specifications.

8.2.3 Processor Array Design Space Exploration for High-
Speed Interpolators

The systematic methodology presented in [6] was applied to the interpolator differ-
ence equations. This methodology is used to develop a single dependance graph that
reflects the actions of the upsampler and the anti-imaging filter. Different schedul-
ing and projection functions were used to perform the design space exploration. 3
scheduling functions and 4 projection directions were possible which produces 12 valid
design options. 3 design options was chosen which satisfy the fastest possible system
clock speed. One of the 6 designs was chosen since it displayed the least area.

Earlier works adopted an ad hoc techniques that designed the downsampler apart
from the anti-imaging filter. This produced a single decimator design with little
opportunity to optimize the design based on speed, area or power. Any optimization
effort was a compromise between speed and area.

The significance of our contribution is allowing us to merge the operations of the
upsampler and the filter. This resulted in an immediate reduction in the hardware
complexity and perform true design space exploration and 12 designs were obtained.
Our approach allowed us to select the best design that conforms to the speed and

area design specifications.

8.2.4 Finite word-length effect on the beamformer accuracy

The results from finite word-length MATLAB implementation is evaluated by study-
ing the effect of finite word-length errors on the accuracy of the complete beamformer.
The accuracy analysis is performed by calculating the SER at the output of the beam-
former for different word-lengths. The SER results show that a good accuracy of the
implemented system is obtained with a word-length of 12-bits and that the quality
of accuracy increases significantly with increased word-lengths.

In the previous work, most of the authers studed the SER for the individual
system components separately. They also did not model the combined effects of
the quantization in the ADC and truncation of the multiplication, addition, and

accumulation operations.
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In this work we were able to model the different sources of noise in the cascaded
multi rate system comprising the beamformer. Based on the model, a comprehensive
study was performed for the effect of the finite word length on the performance of the
system. The minimum word length was determined. We also include in our model

the combined effects of the multiplication, addition, and accumulation operations.

8.2.5 Closing the speed gap between high-speed ADC and

silicon speed

In some radar applications that employ the high speed ADC, there will be a speed
gap between the 1/0O rates of the ADC and hardware implemented designs even with
the fastest possible designs.

In this work, we identified the speed gap between the application 1/O rate and the
silicon processor rate. This dissertation proposed closing the speed gap using three
techniques: partitioning, dilation, and polyphase clocking.

The approach starts by partitioning the DAG. The number of partitions required
depends on the desired dilation. The number of clock phases required is based on the
number of partitions.

The significance of this contribution is that it allows us to implement high speed

algorithms on low speed processors.

8.3 Future Work

In what follows, three research topics are discussed as a continuation of the work

presented in this dissertation.

8.3.1 Design Space Exploration of the 3-D Beamforming Fil-

ter

In order to achieve beamforming in both elevation and azimuth angles, 2-D arrays
need to be deployed. This requires to employ a 3D FIR frustum shaped filter [21] in
conjunction with planner antenna array. The 3-D frustum filter I/O relations is given

by:
(I-1)/2 (J-1)/2 K-1

y(nt)z Z > > b k), jn— k) (8.1)

—(I-1)/2 j=—(J—1)/2 k=0
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where y(n;) represents the output samples, h(i, j, k) represents the filter coefficients,
and (i, j, n; — k) represents the input samples from the sensor arrays. We assume a
right-sided output samples sequences, which implies n; > 0. The number of the 2-D
BB filter coefficients is I x J x K where I x J is the number of sensors in the sensor
array.

The ranges of the indices in Eq. (8.1) define the computational domain D C Z"
of the algorithm. Since Eq.(4.1) has three indices ny, i, j and k, the algorithm is
defined in the 4-dimensional integer domain Z4.

The possibility to apply the systematic methodology that used in Chapter 4 for

the frustum filters would be interesting.

8.3.2 Application of Closing Speed Gap Methodology to the
Decimator and 2-D BF Filter Blocks

The new methodology proposed in Chapter 7 was applied to the interpolator block
as an example. It would be interesting to extend the application of this proposed
methodology to the other two building blocks of the NA beamformer (decimator and
2-D BF filter).

8.3.3 Implementation on SDR

The obtained efficient systolic array designs for the basic building blocks of the NA
beamforming system was targeting the SDR a cognitive radar system. From a practi-
cal point of view, the main future work is to implement a real time NA beamforming
system on SDR that can adaptively switch between different 2-D BF filter coefficients
according to the desired DOA.
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