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A B S T R A C T

A ne c k la c e  is a r ep rese n ta t iv e  o f  an ec[ n ivale  ne e  class o f  A-ary s tr ings  unde r  rotat ion.  

Efficient  a l g o r i t h m s  for g e n e r a t in g  ( ie. .  l is t ing) necklaces  have  b een kn ow n for s o m e  

t i m e .  .Many a p pl ic a t io ns ,  however ,  rec[uire a  res tr icted  class o f  nec kla ces  for which  

no eff icient  gene rat io n  a lg o r i t h m  pre vi ou s ly  e x i s t e d .  This  d is ser ta t io n  address('s t his 

p r o b le m  bv d e v e lo p in g  fast a l gor i th m s to ge n e r a te  the  fol lowing re s tr ic ted  clas.ses of  

necklaces:  (a)  un la b el ed  necklaces ,  (b)  fixed d e n s i t y  necklaces ,  (c )  necklaces  win're 

the  nund) er  o f  each a lp h a b e t  s y m b o l  is f ixed,  (d)  chord diag rams .  (<') ne cklaces  which  

av oid  a part icular  Ly ndo n substr ing ,  and ( f)  bracele ts .  ,-\n ana lys i s  for e ach  a lg or i th m  

( a ) ,  (b ) .  (e ) .  and ( f)  sh o w s that  the  a m o u n t  o f  c o m p u t a t i o n  is pr opor t iona l  to the  

n u m b e r  o f  s tr ings  pr odu ced.  Ex p er im en ta l  resul ts  g ive  a s tron g in d ic at io n  that  the  

a l g o r i t h m s  for (c) and (d)  al so  ach ieve  this  t i m e  bou nd.  In a d d i t io n ,  a new fhnivat ion  

ol the  kn ow n tormula  lor c o u n t in g  chord d ia g r a m s  is preseuti 'd.  a lo n g wi th  a l inear  

t i m e  a lg o r i t h m  to g e n e r a t e  a  basis for the  /;-th h o m o g e n e o u s  c o m p o n e n t  o f  the  free 

Lie algebra .
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Chapter 1

Introduction

riit' rapid growth in tli<' Holds o f  (•onihiiiatorial clioi i i istrv and con ip n tat ion ai  b io lo gy  

IS rt'snll ing in an inoroasod doinai id for olficdont a lgor i th ins  which produco ox ha i i s t i v o  

l ists o f  com bi na to r ia l  o b je c t s  [:5], Dan ( Inslioht ( see  [I ij. pg. x v |  c la im s  tha t  "signili-  

cant co n tr ib u t io n s  to c o m p u t a t i o n a l  b io logy  might  bo m a d e  by e x t o n d i n g  or a d a p t i n g  

[string] a lg o r i t h m s from c o m p n to r  sc ience ,  ev e n  whe n the  original a lg or i th m  has  no  

clear ut i l i ty in biology." In part icular,  co rresp on d en ces  be tw een  D . \ . \  sec |uences  and  

restr icted c lasses o f  circular stritigs are de sc r ib ed  in i7|.

W i t h i n  the  m a t h e m a t i c a l  sc iences ,  researchers  are c o n s ta n t ly  trying to  l ind p a t ­

terns h i dde n in th e  s t ru ctur e  o f  co m b in a to r ia l  ob je c t s .  T h e  gr ow in g  trend o f  using  

c o m p u t e r s  and a l g o r i t h m s  to  pr odu ce  l ists o f  such ob je c ts  is a l low ing  researchers  to  

obt a in  m ore  inf or m at ion  about  the  o b j e c t s  th e m s e l v e s .  O ften ,  this  will lead to  a  more  

rhoroitgh ut iderstat iding o f  an obj ec t  which m a \  lead to new and interest ing  d i s c o v ­

eries.  In s o m e  cases ,  a lg or i th m s which proditce e x h a u s t i v e  l ists can be used t o  prove  

the  e x i s t e n c e  o f  a related object .  For e x a m p l e ,  the  ti.xed de n s i ty  necklace  a lgor i thtu  

o u t l in e d  in C h a p t e r  4 is used to prove th e  e x i s t e n c e  o f  a (131 .13)  di fference c o \  er ( see  

C h a p t e r  4.5) .

.An im portant  cons idera t ion  for any a lg o r i t h m  is its run ning  t i m e .  For g e n e r a t i o n  

a lg o r i t h m s ,  th e  u l t i m a t e  performance  goal is an a lgori thtu w it h  c o m p u t a t i o n  pr op or ­

t ional  to  th e  n u m b e r  o f  o b je c t s  ge n erat ed  ( w h e r e  th e  c o m p u t a t i o n  reflects t h e  to ta l  

a m o u n t  o f  c h a n g e  to t h e  d a t a  s tr uc tures ,  a n d  not  the  t i m e  required to print  o u t  t h e



object ). Su ch  a lg o r i t h m s  arc said to  b e  C A T .  for C o n s t a n t  .Amortized T i m e .

Str ings  w i t h  equ ivalence  under  rotation are on e  o f  t h e  most  fu n d a m e n ta l  typ es  

of co m b in a t o r ia l  objec t .  Such obj('cts .  more c o m m o n l y  kn ow n as in rfclart arise  

natural ly in m a n v  areas including kn o t  theory,  color pr int ing .  D.\.A s e ( |u enc in g  and  

the theory o f  free Lie algebras.  .Algorithms for g e n e r a t i n g  necklaces and Ly nd on  

words (a p e r i o d i c  necklaces)  were (irst deve loped by Fredrickson and Kessler  110] arul 

Fredricksen a n d  Maioraiia [ l l j .  Tlu'se  a lgorithtns were  proven to he C.A 1 by Ruskey .  

Savage ami  W a n g  ['Jlj. recursive version ol these  a l g o r i t h m s  is outl it ied in ['iOj.

Many a p p l i c a t i o n s  do not require all necklaces,  but in s t e a d  only  those  sa t i s f y in g  a 

particular re s tr ic t ion .  Previous to th is  dissertat ion,  no ef fic ient  a lgor i thm wa s  k no w n  

to genera te  a n v  o f  th e  fol lowing res tr ic ted  classes o f  necklaces:

•  nnlabeh'd  necklaces.

•  lixeil (huisi ty necklace’s.

•  n eckl ac es  wh ere  the num ber  o f  each aljdiabet s y m b o l  is fixed.

•  chord d ia g r a m s .

•  n eckl ac es  wi th  forliiilden su bst r in gs ,  or

•  brace le ts .

.A brief d esc r i p t io n  of  each object  fol lows .

l ’i i lnbrlcd nccA/ucr.\ are necklaces  wi th  equiv alence  un d e r  pe rm u tat io n  o f  t h e  al­

phabet  s y m b o l s .  In the  binary  case ,  t h e y  have  app l i ca t io n  in the g en era t io n  o f  irre­

ducible p o l y n o m i a l s  over G F ( 2 )  [6| . N o  a lgor ithm has b e e n  previous ly  p u b l i s h e d  to 

generate  im l a b e l e d  necklaces,  ev en  in the  binary case.

Fi xnl  ( l (usi t i )  ntck-ldct '̂  are nec kla ces  where the  n u m b e r  o f  non-zero ch ar ac ters ,  or 

the d ens i ty ,  is f ixed.  Previous  f ixed d e n s i ty  necklace  a l g o r i t h m s  have  runn ing t i m e s  o f  

0 ( n  ■ . \ ( n . c l ) )  ( W a n g  and Savage [28]) and 0 ( . V ( n ) )  (Fredricksen and Ke ss l er  [10]).  

where . \ ' ( n . d )  d e n o t e s  the  n u m b e r  o f  necklaces w i t h  l e n g th  n and d e n s i t y  d  and  

.V(n) d e n o t e s  t h e  num ber  o f  n eckl ac es  wi th length  n.  W a n g  and Sava ge  b a se  the ir  

algor i thm o n  f inding  a Hamil ton c y c l e  in a graph re lated  to  a  tree o f  ne ckl ac es .  T h e  

main feature  o f  the ir  a lgor i thm is t h a t  it also g en erat es  t h e  s tr ings  in Gr ay  c o d e  order.



T h e  basis o f  Fredricksen and Kessler's  a l go r i th m  is a m a p p i n g  o f  lexicographically  

ordered c o m p o s i t io n s  to  necklaces .  Both  a l g o r i t h m s  cons ider  only  binary necklaces.

.Another n ’s tr ic led  class o f  necklaces  are th o se  wh ere  the  numlx'r  o f  each alphaliet  

s y m b o l  is ti.xed. Such s tr ings  are pro m in ent  in cyc l ic  ar rang em ent s  [ Ij. and also arisf' 

in th e  gene ra t ion  o f  p o ly g o n s  - wher e  each a lp h a b e t  s y m b o l  represents  a direction:  

north ,  east ,  so u th ,  and west .  In the  binary case,  th ese  s tr ings are equivalent  to fixed  

d e n s i ty  necklaces .  In the  general case ,  no fast gene rat io n  a lgor i thtu  was previous ly  

ktiown.

Chord di a g ra m s  can be  represented by leitgth '2ii unlabeled necklaces over an 

a lp ha bet  o f  s ize  n.  where  there are e x a c t ly  two oc cu rrences  o f  each a lphabet  sy m b ol .  

Chord dia gr am s have  applicat iot i  iti the  cot it ext  o f  X’assi l iev invariants ,  which in turn  

have  a pp l ic at io n  in knot theor \  [2j. .A related o b je c t  cal led a l inearized chord diagram  

is Stttdied bv S t o i m e n o w  iti [’J l j .  and braided chord diagrattis are d is cussed  by Birtuaii  

and 1 rapp in [oj. M uch  at tent iot i  has been placed on tin' et iutnerat ion of  chord  

diagratns .  but no getieratioti  a lgo r i th ms have  been prcvioi tsly publ i shed.

.Necklaces wi th  forbidden substr ings  are anoth er  restricted c lass  o f  necklaces.  If 

t h e  forbidden sub str ing  is O', theti a s i m p l e  modif ica t ion  to the  recursive necklace  

algori thtu will  y ield a fast algori thtu to g en erat e  necklaces.  For atiy other forbidd'-u 

sub str ing ,  no  efficient a lg o r i t h m  was previousK known.

T h e  final restricted class o f  necklaces  m e n t i o n e d  are bracelets.  Hvncf lcls are n eck ­

laces w i th  eqt t iva lence  under  s tr ing  reversal .  T h e y  arise in several  areas including  

color pr int ing  [27]. T h e  pr obl em  o f  e ff icient ly g e n e r a t in g  brace le ts  has been c ons id ­

ered by several  researchers,  btit has rem ai n ed  an o p e n  problem for so m e  t ime.  For 

e x a m p l e .  Lisonek [17] modif ied  Sava ge  and Wang's  necklace  a lg o r i t h m  [21] to ge ne r ­

a te  brace le ts  Th is  a lgor ithtu has running  t i m e  0 { n  ■ where  ) detiotes the

n u m b e r  o f  A--ary brace le ts  o f  l ength  n.  N o  prev iou s ly  known a l go r i t h m  has achieved  

a lower t i m e  bou nd.

T h i s  d i sser ta t io n  present s  ftist gen erat io n  a l gor i thm s for ea ch  o f  the preceding  

o b j e c t s .  C h a p te r  2 provides  a backg round  on m a t h e m a t i c a l  n o ta t io n  as well as a  

ba ckgr ound on  necklaces .  Lyt idon words  an d pre-necklaces.  A recursive  a lgor ithm for



g e n e r a t in g  these  o b j e c t s  is o ut l in ed in detail.

In C ha pt er  i. an eff icient  a lgor i thm For g e n e r a t in g  binary unl abeled  neckla ces  is 

pre sented,  a long wi th  a  proof  showing the a lg o r i th m  is C.AT.

In C hap ter  1. a inodi t ied version of  the recursive  necklace  generat ion  a lg o r i t h m  is 

ou t l i n ed .  TIu'u. us ing  this  m o d ih e d  algorithm, an  tdhcient a lgor ithm for g en er at in g  

A-ary fi.xed dens i ty  n eckl aces  is presented,  a l ong  with  a proof  s ho w in g the  a l gor i t hm  

is (CAT. .As an a[ )pl icat ion.  the  algor ithm is us ed  to  generate  difference covers.

In C hap ter  5. two a l gor i thm s are out l ined lor generat ing  necklaces  wh ere  the  

n u m b e r  o f  each a lp h a b e t  s y m b o l  is lixed. The lirst a lgor i thm  is s im pl e ,  but  do es  not 

a[>pear to run in con sta nt  amortixe i l  t ime.  I'he se co n d  algor ithm is m o r e  c o m p h w .  

but e x p e r im e n ta l  e v i d e n c e  indicates  that it is C.A I , T h e  t ime bou nd  is proved in a 

spec ial  case.

In Chapt er  (i. s i m p l e  co u n t in g  techniques are used to derive the  a lr ea dy  known  

formula  for e n u m e r a t i n g  chord diagrams. In a d d i t io n ,  two a lgor i thms are  devi ' loped  

for ge ne ra t ing  chord d ia gr am s .  Experimental  resul ts  indicate that th<’ la t ter  of  the  

two a lg or i thm s  pre sented runs in constant a m o r t i z e d  t ime.

C h a p te r  7 c o m b i n e s  a l gor i th m s for generat ing  s tr ings  and necklaces  w i t h  a real­

t i m e  pattern m a tc h in g  a lg or i t hm .  The c om bi na t io n  o f  these  algorit hm s resul ts  in ( '.AT 

al gor i thm s for g en erat in g  froth stritigs and c ircular  str ings  with forbidden subst r ing s ,  

and necklaces  wi th forbidden Lyndon substrings.  T h e  analys is  proves that  th e  n u m b e r  

o f  s tr ings  wi th forbidden su bs tr in g  /  is proport ional  to  the  number  o f  c ircular s tr ings  

with  forbidden s u b st r in g  / .

In C ha pt er  S. an eff icient algori thm for g e n e r a t i n g  Ar-ary bracelets  is pre sented  

al ong  with  a proof  s h o w i n g  the  a lgor ithm runs in co n s tan t  amort ized  t i m e .  T h e r e  is 

also a brief  disct ission o f  s tr ings with no O' subs tr ing .

L ynd on words o f  l eng th  ii can be used to form a basis  for the  n- th  h o m o g e n e o u s  

c o m p o n e n t  of  the  free Lie algebra.  Chapter  9 o u t l i n e s  a linear t i m e  a l g o r i t h m  for 

g en erat in g  a special  br ac ke t in g  o f  the Lyndon words  which corresponds  t o  th is  basis .

C h a p t e r  10 s u m m a r i z e s  the  research cont r ib ut io ns  m a d e  in this  d i ss er ta t io n ,  and  

o u t l i n e s  avenues  o f  fu tu re  research.



Chapter 2

Background

['his c hapter  g iv es  a baekgroiitul o f  tiec k laces.  Lyiicloii words ,  a m i  pre-necklaces a lo n g  

with an o v e r v ie w  o f  a recursive necklace  generat ion  a lgor i thnt.  First,  there is a d i s ­

cussion o f  mat  hem al  ical no ta t ion  and an im por tant  lemtna.

2.1 P hi and mu

Two mitnlier theore t ic  funct ions  ap p ea r  frecpienlly thr ou gh out  this  dissertation .  T h e  

[■'ult r  tot if  lit funct ion  on a posit  ive integer  n.  deno ted o(tt ). is t h e  nitniber o f  inte ger s

in the set ( 0 .  1......... — 1 f that are relat ive ly  pr ime to it. T h e  Mobi i i s  funct ion  / i ( / t )

of  a pos i t ive  integer  n is de l ined  by the  fol lowing formula:

/ i ( n )  =
( — I)'" if ft is the  product o f  r  d is t inct  p r i m e  nutnbers.  

0 ot he rw is e .

The  fo l low ing le m m a ,  known as the  .Mobiiis inversion pr inc ip le ,  cati be  us ed  to  

etiutnerate m a n y  of  the  aper iodic  o b j e c t s  d iscussed in this  d is sertat ion .

L e .MM.-v I I f  f  a n d  g  are f u n c t i o n s  on the pos i t i ve  ni tei jcrs t hen

</(«) =  i f  a n d  only  i f  f { n )  =  Y ^ i . i { d ) g { ' ^ ) .
d |n  g |n



A proof  for this l e m m a  m a y  be  founrl in [13].

2.2 B urnside’s lem m a

O n e  o f  t h e  most  useful too ls  for e i iut iierat ii ig eotnhinatorial  o b je c ts  wi th  ecpi ivalence  

utider sotne  group act ion  is Burnside 's  Lemtna.

B i r n s i d E ' s  Le.\1.\I.-\. [ f a  grodj)  ( i  act.s on a se t  .s' <tnd Fi .r{(j ]  =  c  .s'|f/(.s) =  .s}, 

l l irn t in ntnnbt  r o f  cquit 'ah n c f  clas.^fs is g i r t n  by

' J t O -

riiis l e m m a  is used to  e n u m e r a t e  nil  o f  the  obj ec t s  d i sc us se d in this  d i s s e r t â t iott 

that have  (xptivalence un de r  so m e  group act ion .  In [^articular, this l e m m a  is used  

along w i th  s itnple c o u n t i n g  technitptes to der ive  ati en u m e r a t io n  formula  for chord  

diagrams.

2.3 N ecklaces, Lyndon words, and pre-necklaces

T h e f u n d a m e n ta l  obj ec t  be hi nd  each o f  t h e  algor ithtns descr ibed  in this  d i sse rtat i on  

is the  necklace .  . \  inck'lacc is the cat ionica l  represeti tative  of  ati e ipt iva lence  class  of  

A-ary strit igs uiuler ro ta t ion .  I nless o t h e r w i s e  s t at ed ,  the  canonica l  repr esentat ive  is 

the  lex ic ogr aph ical ly  s m a l l e s t  e lement  in t h e  ecpiivalence class.  .As an e x a m p l e ,  the  

set o f  all binary  t iecklaces o f  length 1 is { 0 0 0 0 . 0 0 0 1 . 0 0 1 1 . 0 1 0 1 . 0 1 1 1 . 1 1 1 1 }. T h e  set of  

all A'-ary necklaces  w i th  length  n is d e n o t e d  by N t ( n ) .  T h e  cardin al i ty  o f  th is  set is 

d e n o t e d  by  . \ \ . (n) .

1 si tig the  lex ic ographical ly  smal les t  e l e m e n t  as the  canonica l  repr ese nt at i ve ,  an  

aperiodic  necklace  is ca l le d  a L y n d o n  u'ord.  T h e  set o f  all At-ary Ly nd on  words  wi th  

length  n is d eno te d by  Lfc(n) and has c a rdi na l i t y  Lk( n) .  T h e  t erm  pe r i od i c  necklace  

is reserved for all neckla ces  that are not  aper iod ic .



A word is ca l led  a j>r(-necklact  i f  it is the  prelix of  s o m e  necklace. I'he set o f  all 

A:-ary pre-necklaces  wi th le ngt h  n is d e n o t e d  by P t ( n )  a n d  has cardinal i ty

TH EO R EM  1 The folloii'inij f o n n u l a e  a r t  val id f o r  al l  n >  [. Ic >  [:

A’r-(f') =  -  o(d)k' " '  ‘. I 2 . 1 )
" „7|n

/,(..( n) = -  fi{(l)k . l-.d)
l \n

Pki ' i ] = ' ^ L k ( i ) .  i2.d)
f  =  l

P ito O E :  The ecjuations for l.k-(n) and \ are veril ied by ( l i lbert and Hiordaii  [12]. 

1 he etpial ion for l \ \ n ]  fol lows from L e m m a  (i ( s t at ed  later  in t his sect ion) .  □

We now s t a t e  several  l e m m a s  about necklaces.  Lyndon  words,  and pre-necklaces .  

I'he fo l lowing tw o  l e m m a s  are provi'd in [2 l | .

LE.M.MA 2 [ f  o  ts a i in-klart .  t h i n  o ’ is a nt cklaci  f a r t  >  1.

LkmM.A 3  If  o h  t  Pki ' i )  i-'‘ p n - n t r k l n c t . irhd'f h <  k -  1. l i nn  o( / ) - f  1) c  Li ,( / j) .

T h e  next  l e m m a  can b e  proved d irec t ly  from I he del in it ions  of  a n e ckl ac e  and  

a pre-necklace.  lne<|iialities b e t w e e n  words are a l w a \ s  w i th  respect to lex ic og rap hi c  

order.

Le.\I.\I.-\ 4  Lcl  n =  (/| • • ■ <i„ hf a pvt  - n t c k l a c t . I f  x  is a sahs t r i ng  o f  a  with It inj th k.  

t in II X > « [ • • •  Ilk-

R e n t e n a u e r  [19| g ives  a useful  l e m m a  a b o u t  Ly n d o n  words.

LE.MM.A 5 f f  n a n d  I a i r  L y n d o n  words  wi t h a  <  d .  then a J  is a Ly ndon  word.

T h e  fo l lowing le m m a  from R us ke y  [20] char ac ter i zes  pre-necklaces.  It uses  the  

fun c t ion  l y n  on  strings whi ch is the  l ength  o f  t h e  longest  Lyndon prefix o f  t h e  s tring .  

Formally,  i f  a i a  > • • • ‘in is a k - a r y  s tr in g  then

l y n ( a i a -2 • • • a„) =  m a x { l  < p <  « [ « 1 0 2  • ■ • Op €  Lfc(p)}.



p r o c e d u r e  Necklace ( /. /) ; integer  ):
l o c a l  j  : integer:
b e g i n

i f  t >  n th en  Printlt( p  ) 
e ls e  beg in

a,  : =  ( i t -p\  Necklace! / +  I. /) ):
fo r  j  t  {«(_p -r I  k  -  2.  k  -  [ }  d o  b e g i n

a,  : =  j :  Necklace! / +  1. / ):
end: end: end:

Figure J. I : [ h e  recurs ive  necklace' a lgor i thm

L e m m a  6  Lt t  k - a r y  . i lniuj  a  =  n ,  - Un «'/r/ p  =  l y n ( a ) .  Then a  t  Pt-(n)  i f  an el

only  i f  a . - p  =  a.  f o r  j  =  p + . n .

The fol lowing,  very important  t h e o r e m ,  is proved in [2t)j. It leads to the  recursive' 

lU'cklacf'geiu'ration a lgori thm descr ibe d in the  next snbsect ion .  It can also be  used  

to de'velop a l inear  time' a lgori thm leqni val ent  to Duval' s  a lgor i thm [!)]) for factor ing  

a string into Ly nd on words. This  a l g o r i t h m ,  in turn,  y ie lds a l inear t i m e  a lgor i thm  

for finding the  n eckl ac e  of  an arbi trary s tr ing [20].

Tilf.OHI'.M 2 Let  (> =  i i p i , - - - ( i n - i  *= P e l  " -  1) eind p  =  l y n i a ) .  Tin .-<triny o/i Ç 

P;.f;) )  i f  and  onl y  i f  On-p < b < k — l.  Furl ln n n o r i .

l yn{ab)  =  <
p i f h  =  an-p  

n i f  ein-p <  b <  k  —

2.3.1 A recursive necklace generation algorithm

T h e  recursive ne c k la c e  generat ion  a lg o r i t h m  NecklacefL p). s ho w n in Figure  2.1.  fol­

lows directly from T h e o r e m  2. T h e  general  approach o f  this a l g o r i th m  is to gene ra te  

all length n pre-necklaces .  T h e  pre -necklace  be ing genera ted  is s tored in the  array  

a: one  pos it ion  for ea ch  character.  W e  a s s u m e  th at  üq =  0. T h e  init ial  call  is Neck- 

l a c e ( l . l )  and ea c h  recursive call a p p e n d s  a  character to  the  pre-necklace  to get  a  n ew
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[)ro-ii('fklace. At the  b e g in n in g  of  each recursive  call to N eckl ac e f / , / i ) .  the  length  of  

th e  [ )re-necklace be ing  g e n e r a t e d  is / — 1 and t h e  length  o f  the  longest  Lyndon  prefix  

is [). As  long  as the  le n gt h  o f  the  current  pre-nec kla ce  is less than n.  each call to  

Necklace! t .  p) makes  one  recur s iv e  call for each value  front to k — I, up d a t in g  the  

values o f  l)oth t and p  in t h e  process.  This  a l go r i th m  can ge n e r a te  necklaces .  Lyndon  

words or pre-necklaces  o f  l e n g t h  i> in lex icographic  order by sp ec i fy in g  which object  

we want to generate .  I he funct ion Printlt(//) a l low us to d if ferent iate  be tw een the.se 

various o b je c ts  as shown in Lalth' J . l .

S e q u e n c e  t y p e  P r in t l t (p )
Pre-necklaces  ( P t ( t i ) )  println( ui • • • u,, )
Lyndon words (L<.(n) ) i f  p  =  n t h e n  pr int ln|  e ,  ■■■11,, )
Necklaces  i f  11 m o d  p =  0 t h e n  printlni  <t, •• •</„ )

1 able 2.1; l)iffer«uit ob jec t s  output by dilTetcnt versions  o f  Printit

TIk' cofTiputation tree for Necklace! / . / ; )  cons i s t s  o f  all pre-necklaces  o f  length less  

t han  or equal  to n. .As an  e x a m p l e ,  we  show a c o m p u t a t i o n  tree for .Vj! I) in Figure

2.2.  By  co m p a r in g  the  n u m b e r  of  nodes  in the  c o m p u t a t i o n  tree to the  nu m b er  o f  

o b j e c t s  gene ra ted ,  it was s h o w n  that this a lgo r i t hm  is ('.AT [2Ü).



[()

/

0000 0001 0010 0011 01 0 1  0 1 1 0 OUI l i l t

F igure  2.2: C o m p u t a t i o n  tree for .V2(4) from Necklace!/ . pi



Chapter 3

Unlabeled Necklaces

This r l iaptcr  outline's a C A T  al gor i thm  for ge'iu'rating b inary  unlahe'lt'cl tu'cklarcs.

3.1 Background

An unlnbrl fd ntckUirr  is I he' ranonie al re'pre'se'iitative'( le 'xirographieal ly smal lest  eh'- 

m ent  ) o f  an t'epiivalence c lass  o f  str ings under  rotation and pe r i t m ta t io n  o f  its a lphabet  

s y m b o l s .  From this def in i t ion ,  the  necklaces  0001 and 0111 are in the? s a m e  eepiiv- 

alerice- c lass  since one  can be  transforme'd inte> the  o th er  by  p e r m u t i n g  the  sy mb ols  

0 an d I. T h e  set o f  all A-ary unlabeh'el ne'cklace's wi th  h'ngth d is denott'd N ; ( ; H  

w ith  carel inal i ly .V;.(n ). Fe)r e .xample.  N>( I) =  { 0 0 0 0 . 0 0 0 1 . 0 0 1 1 .O IO I}. An iinldht h d  

Li jndon word  is an aper iodic  imlabeled  necklace.  The? set o f  all A:-ary h'ngth ii un ­

l a be le d  Lyndon words is d e n o t e d  Lfc(n) w i th  cardinal i ty  L;.(n).  word is calleel an 

t inlabf l rd p i r - r uc Ua r r  if it t h e  prefix o f  s o m e  unlabeled  neck lace .  T h e  set o f  all T-ary 

unl ab eh 'd  pre-necklace's is d e n o t e d  by P t ( n  ). and has cardina l i ty  l \ { n ) .

T h e  fol lowing theorem gives  enu m e r a t io n  fortnulas for t h e s e  o b j e c t s  in t In' In nary 

case .  General  formulas for . \ T (n )  and Lk[ n)  a l so ex is t  a n d  can be  found in [12].

T h e o r e m  3  The fo l l owi ng  f o r m u l a e  are val id f o r  all  n >  1. A: >  1;

- V i ( n )  =  V  (3 .1 )
I n

odd d|/i



IJ

— ~  ^  jL(dyi'^^'^. i-5.2)
l u  ^

0(1(1 i \ n

Pi i ' i )  =  ^ Z j ( / ) .  ( j . j )
<=t

P r o o [ ' :  [ he i*quatioii.s for Aj( / / )  ami L^ i " )  art' from Cillx'rl ami Hiordan [12]. I tio

equation for P<(n] follows from Lemma S (stated  in the ne\-t sert ion). G

3.2 G enerating binary unlabeled necklaces

This s e c t i o n  foru.ses on generalinu; Linary unlabe'led necklaces .  It is an open proiih'm  

to g e n e r a t e  imlabeled  necklaces  over a general  a lph abe t  o f  s iz e  k.

[binary im labeled  necklaces  can be ge ne ra te d  by g e n e r a t in g  all binary n eck la ces  

and I hen performing a test on each m'cklace to detertnine w h e th e r  or not it is tiu'  

uidabeled  representative.  In the  binary case ,  a necklace  and its complem ent  are  in 

the s a m e  ecpnvalence  class.  I he re fore, this  test can be  performed by taki t ig  th e  

c o m p l e m e n t  o f  the  generate,I  necklace  and us ing  a necklace  l inding  a lgor i thm to l ind  

its co r r e s p o n d in g  necklace.  Such an a lg or i thm  runs in l inear t i m e  (see C h a p t e r  2 .2) .  

The re su l t i ng  necklace is th en  com pa red to the  original: i f  t h e  original is not larger,  

then it is an  imlabeled necklace .  Thi s  a l gor i th m yie lds  an overall  rntming t i m e  of  

0(11 ■ iV( / / ) ) .  which is far from elf icient.

d o  i m p r o v e  upon this na ïv e  a lgor i thm ,  the  l inear t i m e  test  required at t h e  enil  

of  the  n e c k la c e  generation mus t  be  e l i m i n a t e d .  T h e  r em a in d er  of  this se c t i o n  is 

used to prove  Theorem o. T h i s  th eorem  for unlabeled  pre-necklaces  is a n a l o g o u s  to  

Th e o r e m  2 for pre-necklaces.  It suggest s  t h e  addi t ion  o f  a n o t h e r  parameter  c to t h e  

routine  Necklace!t .p)  which replaces the  need for the  linear t i m e  t e s t . Several  l e m m a s  

are nee<led before  we s ta te  and prove this  the or em .  T h e  fo l low ing two l e m m a s  are  

analogous  t o  L e m m a  2 and L e m m a  6 for necklaces .

Le.M.M.A 7  I f  a  =  « 1  • • • G N. then  a '  G N f o r  t >  I.

P r o o f :  Let  J  =  b[ ■ ■ ■ be  equivalent  to o  und er  p e r m u t a t i o n  o f  its s y m b o l s .  T h e n
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by clofinition of  an unlahelec l  necklaco.  J  m u s t  be greater than or equal  to a  a n d  thus  

y' must  be greater t h a n  or equal to o ' .  Fr om  L e m m a  2 o '  is a nec kla ce  and therefore  

by definition n '  is an  unl abeled  necklace  for f > l .  □

LKMMA S /,f7 n =  bt a strl i i f j  m i d  I d  p upKi l  ffit Utuj th nj the loiujcst

ai i ldbf l td Lijiidott p n j i x  o f  a .  Tin n o c  P  ij  f ind oidfi ij =  i i , Jor  j  — p +  1 i t .

PltOOF: If (ij_p =  Uj for j  =  /) f  1 u.  then o  =  i ‘S for s o m e  t >  L whe re

I =  ui ■ • ■ Up t  L a n d  A is a pn'iix of  i .  B y  L e m m a  7. is an unlabeted  neck lace  

and thus o Ç P .  ( 'o m c r s e ly .  a s su m e  that o  6  P- II i =  </ and p  ^  </ th en

there must exist a Lyt idon prefix o f  n w i t h  letigth greateu' than p  that is not in 

L. This implies  t h a t  there exists a pertni i tat ion  rr of  the  a lph abe t  s y m b o l s  such  

that - ( ( i \ . . . t i . i )  <  <i[ . . . a . , .  This co n t r a d ic t s  the  assti tnption that  a  is an u nl ab e le d  

pre-necklace,  s in ce  n o  m atter  what w e  a p p e n d  to the s tr ing o .  it can never  be  an  

i tnlabeled tiecklace.  \ o w  since we mus t  ha v e  p =  h p p n  ). Iiy L e m m a  IL =  Oj for 

J =  /) +  1 n .  □

For binary s tr in g  o  =  uiu. ’ • • ■ let R o t ^ f o )  detiote the  set o f  all c o m p l e m e n t e d  

rotat ions  u, • • • t indi  ■ ■ ■ <i,-i  o f  o .  wh ere  1 <  / <  k.  1 he set N , ( n )  cons is ts  e x a c t l y  o f  

th o se  necklaces o  t h a t  sat is fy  r >  o  for all r €  Rot , , ( tv) .  O b se rv e  that

if  |.cj =  ji/|. then ,r <  ij if ami otily if T >  ÿ.  (3.  1)

THEOREM 4 Let  o  =  t  M i ( n ) -  If  there is a k such that ,  f o r  e v e r y  r t

R o t t ( n ), r >  Q m i d  u^+t • ‘ ' "n =  ui ■ • - n n - c .  t hen  o  6  N ) ( « ) .

P r o o f :  By the d e h n i t i o n  o f  an u nl ab e le d  necklace,  a necklace  is its ut i labe led repre­

s en ta t iv e  if and o n l y  i f  it is less than or eq u al  to each o f  its c o m p l e m e n t e d  rotat ion s .  

T h u s ,  it miist b e  s h o w n  that r >  n for all r  «= R o t ^ f n ) .  It is g iven that  all r t  

R o t j t ( a )  satisfy th i s  co nd i t io n  so it m u s t  o n ly  he  shown that  cij^i • • ■ (inUi • • ■ Oj >  a  

for k  <  j  <  n.

Since  flfc+i ■ ■ ■ ein =  «t  t a k i n g  x  =  Oj+i  • • • a„ in L e m m a  4 y ie lds  e i th er

eij+i ■ ■■ (In >  «I • • - ( i n - j -  or Oj+i ■ • • a„ =  ay - ■■ a„_j.  In t h e  former case  t h e  result
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is trivial .  In I tic la t ter  case cons ider  and look at two s u h c a s e s .  If

+  1 <  k.  th e n  r = • • ■ a^ai  ■ ■ ■ n„_,  t  R o t i  ( a ) .  r i ins  r >  a  which

im pl ie s  + t • «n >  ■ ■ ‘ «j- If n — J +  I >  k.  then a „ - j + i  ■ ■ • n,, is a su b st r in g  of

ai;+i ■ ■ ■ (In and is therefore  a su bs tr in g  o f  the  pre-necklace  u,  •• By  L e m m a  1.

>  (li ■ ■ ■ < 1 , .  riuis in b o th  su b cas es  ■ ■ ■ Hn >  u, • • • Hj. , \ o wt in-j+i  ■ ■ ■ (In d  “ i - ' “j- • iHis in l)otli subcases (i„-,+i ■ ■ • 'ht d  n, • • • <ij. , \o w  using 

I d.II.  we  ha \ e  ui ■ • • a.  > (t„-,  + \ ■■■(!„ which implies that 0,^1 ' ' ' " '/'i  ■ ■ ■ Uj >  n for 

k  < J < I). □

CttRO[.( . .vm I Z.c /a  =  «1 • • ■ (I,, £  N j ( n ) .  [ f a ,  ■ ■ ■ <in >  <i\ ■ ■ ■ < U - ,  + i f o r  al l  1 <  / <  a 

Ihti)  o  /.s ail ui i labi t fd ntcklact  .

P m i O P :  If (/, •••  ((„ >  f/i • ■ • . th en  a, ■ ■ ■ a„u\  • ■ • i / ._i  >  o .  If there  e x i s t s  a

sm al le s t  ; such that  a,  ■ • • a„ ~  u,  + i then,  by I 'heorem 1. n is an u nl ab e le d

necklace'.  Oth erw is e ,  o is an unla l ie led  nec kla ce  by deht i i t ion.  □

Del ine  cmn(U|  • • ■ u,,) to b,' I he sm al le s t  pos i t ive  value r for which

</ • ( I n  =  " 1  • • • . ( : { . " ) )

or a if no such value  o f  c exis ts .  For e x a m p l e ,  cm/;( ODD 111000 111)  =  re///( ( 0 1 1”' ) =

1. and rof//(0'‘ ) =  n: these  last two e x a m p l e s  represent e x t r e m e  values for c o m .  O n e  

tinal l e m m a  is g iven before stati iui  t h e  m ai n  theoretn.

LE'..\IM.\ 9  .1 b i n a r y  s t r i ny  n =  u,  ■■•//„ i> an i t nl abt hd p r f -nrcklact  ij a n d  o n l y  i f  a  

is a p r t - n t c k l a c r  a n d  a, ■ ■ • «r. >  U| • f o r  all  1 <  / <  n.

P r o o f :  .Assume tha t  o  is an u nl ab e le d  pre-necklace.  S in ce  P ( n )  is a subse t  o f  P i n )

th en  a  is a pre-necklace .  By de h n i t io n  o f  an  unlabeled  pr e -neckla ce  there  e x i s t s  an 

u n la b e le d  t iecklace such that s =  a S  for s o m e  string  S. T h u s  by t h e  de f in i t ion  o f  

an u n la be le d  nec kla ce  a, ■ ■ ■ <1 ,̂  >  ui  • • - u„_,+t  for all 1 <  / <

To prove the  converse ,  let p =  l y n ( a ) .  If n m o d  p  =  0 th en  a  is a  n e c k ­

lace .  B y  Cor ol lary  1. a  is also an  t in labeled  necklace  a n d  thus  by  def in i t i on  q  is 

an un la b e le d  pre -necklace .  O th e r w is e  i f  n m o d  p ^  0 t h e n  w e  con st ruc t  a s tr ing
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J  =  ((f, ' - o f  len g th  m  by ex ten d in g  n .  B y  o b serv in g  that « i •••<;,, is an

unlabeted  necklace  (using th e  fact that  - a,, is a n eck lace  and C orollary 1 ) we ge t  

«I ■■■cip <  (1 , • • • (/prti • • • l i ,_ i  for all 1 < f  <  /). T h u s  by  (3 .4) we have  n [ • • • dp >

a,  (ipdi • • • « ,_ ( .  Therefore for I <  / <  p [ n / p \  w e h a \ e  a, - ■ ■ >  «[ + i.

A gain  s in ce  n, •• •« , ,  is an n n la b e le d  necklace. U; • • • >  nt • T h u s  we ha\'e

( / , • • •  (/,„ >  n, ■ ■ _i for p [ i i / p\  <  I <  III. S o w  s in c e  i  is a n eck lace  C orollary  

I show s that i is an nnh d xd ed  necklace, and th u s  bv définit ion o  is an nn labeled  

p re-n eck lace . □

TtlF.ORt'.M 5 [ . ( t  o =  (/[(/J • • ■ c  P i ( "  -  I) iintl r  =  r n i n [ o ] .  T h f  stri iuj  o 6  €  

P  j( ;; ) i f  (III(I oiilii ij III o h  ^  P j (  n | ami  I ii I n,, -  U o r  h =  - h i r t l u r i i i o n

II) III ( o 6 )

•J h -

PltOOF: .Assume that o h  «2 P j ( n ) .  By L em m a  9 w e also have o h  f  P j ( n ) .  If 

n . =  /) =  1 then the string n\  ■ ■ - ( in--  >  a co n trad ic t ion  to  th e  ile f in it ion

o f  an n n la b e led  pre-neck lace. T herefore  eil her =  0 or h =  0. If r;,,_ =  I and

6  =  0  th en  6  =  n „ _ .. I'hus e i th e r  n„_,. =  Ü or 6  =

lo  prove th e  convtnse w e  n eed  only  show th a t  >  a ,  , for all

1 <  i <  II by Lem m a 9. B e c a u s e  o *2 P j ( n  -  1) a n d  r =  con r(o )  w e observe  th a t  

(I. • ■ • (i„_i >  (ii •••((„_, for a ll 1 <  / <  c. T h u s  w e clearly  a lso  h ave  ii, ■ ■ ■ (in >  

</i - - for I <  ' <  c. If i~in-c - 6  then ■ ■ ■ d„ =  rt[ ■■■iin-j by def in it ion

o f  cc iii i(o ) .  If = 6  =  0  th e n  we have by a s im ila r  argu m en t that [ • • • >

( i i - - - r in - c -  S o w  applying L e m m a  4 for either  c a se  w e get u, ■ ■ ■ r/„ >  U| - - - 

for c +  I <  I <  n.  T herefore  n, • • • >  n, •• •((„_,+! for all 1 <  / <  tt and th u s

o 6  t  P > (u ) .

Fu rth erm ore  if e„_.. =  6 . th en  clearly cui i i (ol j )  =  c. If 6  =  =  0 . th en

cui i i (Qb)  =  n s ince there is n o  va lue  o f  c for w hich  (3.Ô) holds. N o te  that  th e  c a se  

a„_.- = 6 = 1  cannot occur b y  t h e  discussion in th e  first paragraph o f  th e  proof. □

T h is  th e o r e m  implies t h a t  u n la b e le d  pre-necklaces (a n d  thus u n la b e led  n eck laces)
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P r o c e d u r e  Unlabeled ( t . j j . c :  i n t e g e r  ); 
b e g i n  

IÎ t >  n t h e n  Printlt( p  ); 
e lse  b e g in  

i f  =  0 th e n  b e g in
if  =  0 t h e n  beg in

a,  ; =  0; Unlabeled( t [. p.  t ):

end;
( I ,  : =  I :

i f  =  1 t h e n  Unlabeled( / +  1. /). c ):
e l s e  UnlabeledI t I .  t. c  ): 

e n d  e l s e  b e g i n
a ,  : =  0: Unlabeled( t +  I. p .  <■ ):

end: end; end;

Figuri'M .l; r u la b c lc d  Idnarv nccklact'a lm irii  liin

ran hr  genrratecl by in tro d u c in g  ib c  a d d it io n a l  param eter c to  th e  pre-necklace g en ­

era tion  a lgor ithm  N ecklace!F /t). P se u d o c o d e  for this a lg o r ith m  is g iven in F igure ;}.l. 

T h e in it ia l  call is Unlabeled!2. 1. 1). first in it ia liz ingr/o  =  a,  =  IT I ’ldabeled necklaces.  

Lvndon words, and [)re-uecklaces can all lie produced by u s in g  Fable d.l as liefore.

3.3 Analysis

O b se r v e  that the c o m p u ta t io n  tree o f  U nlabeled(T p . c) is a s u b tr e e  o f  the c o m p u ta t io n  

tree  o f  N ecklace!T /i)  and th a t  o n ly  c o n sta n t  c o m p u ta t io n  is perform ed at each node  

of  th e  tree. Furthermore, th e  num ber  o f  n n la b e le d  binary n eck la ces  is at least h a lf  th e  

n u m b er  o f  labeled binary necklaces.  T h e s e  observations [irove th e  following th eo rem .

T h e o r e m  G Algor i thm Unlabe led[ t .  p . c )  f o r  generat ing b i n a r y  unlabeled ntckdaces is 

C A T .

It rem ain s  an in terest in g  ch a llen ge  to  e x te n d  these  id ea s  to  generate  n n lab e led  

n eck la ces  over non-binary a lphabets;  th ere  seem s to  be  no o b v iou s  way to e x te n d  

T h e o r e m  5.



Chapter 4

Fixed Density Necklaces

T h is  chaprrr d cvr lops  a C A T  a lgor ith in  for "onorarinu, tixi’d lU'usitv iK'cklares. An 

at ld it ion a l algorilliiii is prosontcd for tho liinary case. As an a p p lica t ion ,  an ahiorith in  

is oiitliiK'd lo  u;cnciatc (litfcrcncc c o \c r s .

4.1 Background

[’he  (ff n.s/Z/y of  a s tr in g  is (iefineti to  he  th e  nnniher o f  non-zero ch aracters  in the  

str in g .  Thus, a length  n s tr in g  with d e n s i ty  «/ conta ins  e x a c t ly  n — ,/ zeros, ['he set 

o f  A'-ary necklaces w ith  d e n s i ty  </ and len gth  n is represented hy and has

c a r d in a l i ty  For e x a m p le  N d  I - ‘2) =  {0 0 1 1 .ÜÜ12.0 0 2 1 .00 ‘2'2.0 1 0 1 .Ü 102 .0202} .

S im ilar ly ,  the set o f  fixed d e n s i ty  L yndon  words is represented  by L t ( n . d )  w ith  cardi­

n a l i ty  L k i n . d ) .  T h e  set o f  fixed d e n s i ty  pre-necklaces  is d en o ted  by P i , ( n . d )  and has 

ca r d in a l i ty  In a d d it io n  to th e se  fam iliar term s w e introduce  th e  set P [ . ( n . d )

w h ich  is the e le m e n ts  o f  P ; . ( ;;.</) w h ose  last character  is non-zero. Its c a r d in a l i ty  is 

d e n o te d  / ’( ( n .d ) .

F ix e d  d ensity  n eck la ces  can be c o u n te d  using th e  ob jec t  d iscu ssed  in th e  fol­

lo w in g  chapter; n eck la ces  w here th e  n u m b e r  o f  each a lp h a b et  sy m b o l  is f ixed . Let 

N (t to .  I l l  / tt_ i ) d e n o t e  th e  set o f  neck laces  c o m p o sed  o f  ii, occu rren ces  o f  th e  s y m ­

bol i .  for / =  0. 1___ _ At— I. T h e  ca rd in a l i ty  o f  this set is den oted  A’fnu. i? i  t U - i ) -

S im ila r ly ,  the set o f  a ll L yn d on  words c o m p o s e d  o f  n, occurrences  o f  th e  s y m b o l  i is
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d e n o te d  by  L ( /? o .n [  r u - i ) .  w ith  cardinality  L { » o ~ n i  ). T h e  tw o  e n u m e r ­

ation Formulas sta ted  in th e  fo l lo w in g  theorem  are know n from ( l i lh e r t  and  R io n la n  

•d

Tl IEOltEM I The f o l l owi ng f ormi i l i i f  are rnl id f o r  nil  n,  >  1. A- >  1;

j I j l - ' / I  n r , . n  ,  /ifc _  i )

1 ( n / _/ I !
/ . I  " u -  " t  i i h - \ )  =  -  >  f ‘ U ) - - - - - - — 1- - - - - - - - :- - - - - - - - - - - — 7  I I d  I

^  ( " o / j l l - ' - l U i - i / j ) !j|:;d-i(no./ii /Ik_I )

Let th e  d e n s i ty  o f  the  n eck lace  d  =  u ,  H hUfc-i and Uq =  n - d .  To get th e  n u m ber

o f  fix('d (h 'usity  necklaces (and L yndon words) w ith  length  n and d e n s i ty  d.  we sum  

over all p o ss ib le  values o f  » i - " j ."t—i to obta in:

. \ i^(n.d)  =  ^ 2  . \ { n — d . i i i .......... ( I.S)
111 1 h f i t - i  = t l

Lk( i i . d )  -  ^  L { n - d . n i .......... i i k - \ )  (-1.1)
/ I  (  —  I  —

In the  b in ary  ca se  these  e x p r e ss io n s  sim plify  as follows

. V i o . . a  =  i  E  o U ) ( -

C urrently , it is not known how to  count hxed d e n s i ty  [) re-neck laces.

4.2 G enerating fixed density necklaces

W e use a tw o  step  approach to  d e v e lo p  a fast a lg o r ith m  for g en era t in g  f ixed  d en s ity  

n eck laces .  First w e crea te  a n e w  necklace  a lgor ith m  based  on th e  recursive  n eck lace  

gen era t io n  a lg o r ith m  N eck la ce (C p )  presented in C h a p te r  2 .3 .1. W e th e n  o p t im iz e  this
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new necklace a lg o r i th m  for th e  fixed d e n s i ty  case  by m ak in g  a few  key ob servation s  

about lixcfl d e n s i ty  necklaces.

4.2.1 Modified necklace algorithm

For every n eck la ce  o f  p o s i t i \ e  density , th e  last character  o f  th e  s tr in g  must be n o n ­

zero. rhn<. if we are concerned on ly  w ith  g en era t in g  necklaces or I.yndon words we  

can reduce tin' s ize  o f  th e  c o m p u ta t io n  tree by co m p ress in g  all o f  the  pre-necklaces  

whose last character  is II. Looking at k igu re  'J.’J. we want to g e n e r a te  otdy the lujdes  

in bold. 1 his resu lts  in the m odi lied c o m p u ta t io n  tree shown in F igure 1.1. . \ o t i c e  

that, at each s u c c e s s iv e  lev('l in th is  tree we are in crem en tin g  th e  d en s ity  o f  th e  pre­

necklace rather th an  th e  length. l o  generat*' th is  m odified tret' w e create  a recursive  

routine based on th e  original neck lace  a lg o r ith m  in F igure 2.1; how ever, rather th a n  

(h'tertninnig tin' valid \ a lues for tin' next posit ion in the  string, wt' need to deti'rmiin'  

both the \a l id  |)o s i l io n s  and tlie  values for th e  in'xt non-zero character .

To mak<' th is  ch a n g e  we use the  array n to  hold the  p o s it io n s  o f  the  non-zero  

characters ;ind m a in ta in  another array b to in d ica te  the  values o f  th e  non-zero c h a r ­

acters. f h e  f-tli e le m e n t  of the  array ti represents  th e  posit ion  o f  th e  /-th  non-zero  

character, and t he /- th  e lem ent o f  th e  array /» (('presents th e  vab.u' o f  th e  /-th  non-zero  

character, l luis i f  w e geiu'rate a necklact' w ith  length 7 with a =  Ll.-l.ô.T] and b =  

[1.3.2.1t. the co rresp o n d in g  necklace' is 0 013201 .  It is im portant to  note  that we can  

also m aintain  th e  orig inal necklace s tr u c tu r e  by perform ing s o m e  e x tr a  constant t im e  

operations. N'ote th a t  in the binary case ,  th e  secon d  array 6  is not necessary  s in ce  all  

non-zero ch aracters  m ust be 1 . W'c use th e  p a ra m eter  / to in d ica te  th e  current d e n s i ty  

o f  the S t  l  ing. T h e  len gth  o f  the  current s tr in g  is a, .  S ince  all L yndon prefixes en d  

in a non-zero ch a ra c ter ,  we let in d ica te  th e  length  o f  th e  longest  Lyndon prefix.  

I'sing these  tw o  param eters ,  we can c o m p u t e  all valid p os it ion s  and  values for th e  

next non-zero character .

To d e te r m in e  th e  valid posit ions and values for th e  next n o n -zero  character a n d  

to  m aintain  th e  lex icograph ic  ordering  w e c o m p u t e  th e  m a x im u m  position  and th e  

m inim um  value for that  posit ion  so  th a t  th e  new  str ing  sti l l  has  the  p re-n eck lace
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0101 oil0011

F igure 1.1; ( 'on iputatio ii  I rue for .V,( l) tVoiii M o d if ied N eck (/ . /))

property. I lie lua.xiimim positio ii lor th e  ne.xt character  is giv('ii lyv +</,,.

riie uiitiiniai value for this posit ion  is B y  th e  properties  o f  pre-neck laces  all

larger values at th e  ma.xinial position are a lso  valid  [21]. .Also, all pos it ions  before  

the ina.xininni posit ion  and greater than th e  p o s it io n  o f  th e  last assigned n on -zero  

character (n ,)  can hold all \a ln e s  ranging from 1 to  Â' -  1 . | X o te  that s ince  w e  want 

to generate  all necklaces w ith  length we restrict th e  posit ion  to  he less than or equal  

to I I . )  For each  o f  these  valid com b in ation s  o f  p o s it io n  and value, we le .xicographically  

assign th e  posit ion  to iq+i and the  value to  b, + i .  fo llowed by a  recursive call u p d a t in g  

both t and  p.  Finally , if th e  position o f  th e  last non-zero  e le m e n t  is greater  th a n  or 

ec|ual to n.  we call th e  Printlt(p) function to  print out e ith er  th e  Lyndon w ords or 

necklaces in a s im ilar  m an n er  to the original a lg o r ith m  N eck la ce ( / .p ) .

I’his m od it ied  a lg o r ith m . M od if ied N eck (/ . />)• for g en era t in g  necklaces is g iv e n  in 

Figure 4 .2 . Each initial branch o f  the c o m p u ta t io n  tree is a result o f  a s e p a r a te  call 

to M odifiedNeck(t. p). each call spec ify ing  a d ifferent co m b in a t io n  for the  p o s i t io n  and  

value o f  th e  first non-zero character. .Vote th a t  th e  0 string is not gen erated  b y  this  

algor ithm  and  m u st  be  g en era ted  separately. T h e  n od es  o f  th e  resu lt ing  c o m p u ta t io n



p r o c e d u r e  ModifiedNeck ( t .  p : integer );
lo ca l  i . j , i n a . r  : integer;
b e g in

i f  n, > II th e n  Printltl p  ) 
e lse  b e g in

m a x  =
if  niii.r <  II th e n  begin

(it+i := i nus :
bt4-l • — 1 _u|.
ModifiedNeck! / f  1. /) ): 

e n d  e lse  b e g in
i i Ki . r  : =  i i : i i , ^ i  : =  n :  6 , + . ,  : =  1;

ModifiedNecki / +  1. / — 1 i:

end:
for I t  -r I  A- -  2./.- -  1} d o  beg in

: =  i:
ModifiedNeck! / T 1. / t  i ):

end:
for j  € {iii(t.r -  [ . i i i ax  -  2 . . . .  r(, -  I )■ do b e g in  

1 • =  J :
for / c  {1 A- -  2. A- -  1} d o  begin

Ip t I
ModifiedNeck! / -f- I . / + 1 ):

end: end: end:
end:

Figure 1 .2 : Modified iiecklnce nlgorit Inn

tree  for M odifiedN eck!/ . n) are all prc-necklaees w ith  len g th  less than or e([ual to  n 

w h o se  last ch aracter  is non-zero.

O b serv e  that w e are not restr ic ted  to generating  th e  necklaces in lex ico g ra p h ic  

order. M any orders are poss ib le  by re-ordering th e  o rd er  o f  the  recursive ca lls .

4.2.2 Fixed density necklace algorithm

W e now  o p t im iz e  our m odified  a lg o r ith m  for the  fixed d e n s i ty  case by m a k in g  several  

o b serv a t io n s .  F irst , we restrict th e  position o f  th e  first non-zero character  d e p e n d in g  

on  th e  d ensity .  In p articu lar , th ere  are no necklaces w i t h  density  d  th a t  c a n  h a v e  the  

first non-zero  character  in a posit ion  after n — d -f  I o r  before [(/? — L )/d  -f- I j .  .-Mso.



if  vvp are g e n e r a t in g  a str ing  w ith  len gth  n and d e n s i ty  d  and  have just p la ced  th e  

/ - th  non-zero  character  then the (/ -|- I )-st noti-zero ch a r a c te r  nuist com e b efore  th e  

posit ion  I ) .  — { d  — i) +  2.  If we place  th e  next character  at  or after  this p os it ion  th e n  

any resu lt in g  stritig w ith  length  // will have detisity less th a n  d.  A lso , because  t h e  last  

noti Z(’fo  ch aracter  nnist be in the  //-th  position, we s to p  th e  str ing  ge in n ation  a fter  

placitig th e  ( d  -  1 )-st non-zero ( haracter. riins. th e  s tr in g s  getieraled by fo l low in g  

this last restr ic t ion  are strings w ith  len g th  less than // an/1 d e n s i ty  < / -  I. By fo l lo w in g  

th is  ap |)roach . w e tnay generate  up to  A' -  1 strings for ea ch  call to Printlti//) s in c e  

we can p la ce  up to  A — 1 characters  in the //-th p o s it io n .  However, it is not a lw a y s  

the  I ase that we will generate  all Â- — 1 strings or even  any  stritigs with each ca l l  to  

Printltl//) . r iius wt' add an ad d it io n a l  coiistatit t l in e  test to  st'e which xalut's catt be  

[/laced in th e  //-th [/osition. This  test  is similar to th e  tt'st for litiding the  m axirtia l  

valid [ /osition  atid m in im utn  valut' for th e  tiext tion-zero character  as out lim'd in th e  

previous su b -se c t io n .  Otice a m in im u tn  \-alue is d t 'term ined  ( i f  there is one at a l l ) ,  we  

perform tin' usual tt'sts to i le tertn ine  if  the  string is a n e c k la c e  or a l.yinloti worrl. . \ 1 1  

larger valiu's for tin' //-th [/ositii/n will result in a s ir in g  th a t  is a Lynth/n word ['dlj. 

T h u s  th e  t/verall work (lone in th e  Printltl//) fnnctit/n ti/ d e te r m in e  tin' valid s tr in g s  

rt'inains c o n sta n t  for t'ach string generated .

In sn m m a r v .  we us/' our m odified  necklace a lg o r ith m  o u t l in e d  in Figure 1.2 w ith  

th e  fo llow ing  o p t im iza t io n s :

1. T h e  first non-zero  character  m u st  be b etw een  // — // -f I and (// — ! ) / < / +  1 

in c lu s iv e .

2. T h e  / - th  non-zero  character  m u st  he placed at or before  the  (// - ( / - ( -  / )-th  

p o s it io n .

3. S to p  g e n e r a t in g  when  we h ave  assigned d — 1 n o n -zero  characters.

4. D e te r m in e  valid values for /t-th position in Printlt(p) function .  

T h e  c o m p u ta t io n  tree  for g e n e r a t in g  /V^IT.G) is g iv e n  in F igure 4.3. T h e  d o t t e d  

lines in d ic a te  th e  in it ia l branches w e  do not need to  fo l low  bv m odifica tion  L. T h e
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000001 00001

0000 H 000 toi 00011 0 0 1 0 0 1  0 0 1 0 ! 0 0 1 1

T t
0000111 0001011 0001101 0010011 0010101 001100!

Figuff' 1 .3 : ( 'unifMilatioii lrcc  (solid edges ,)id\ ) for . \ \ ( 7 .  3) from FixedDensity(/ . / ; )

arrows iu d iea te  tlu' slr itigs produced by adding th e  hua i character to  th e  n -th  posit ion .  

The bo ld  strings in d ica te  th e  actual necklaces p ro d u ced  by the  Printlti/d  function ,  

r iie  rem a in in g  str ing  tUDllOOl) is rejected s ince  it is not a necklace.

T h e  a lgor ith m  for g en era t in g  fi.ved d en s ity  n eck la ces  and Lyndon words in lex ico­

grap h ic  order is g iven in F igure  L I. Binary n eck la ces  with d >  ii/'2 ran be generated  

by c o m p le m e n t in g  the  o u tp u t  from generating n eck la ces  w ith  d e n s i ty  n -  </. In this  

rase , how ever , th e  str ings generated  are not in lex ico g ra p h ic  order and are not nec­

essar ily  the  lex icograph ic  representatives for th e ir  re sp ect iv e  ecptivalenre c lasses .  To 

g e n e r a te  tixed d en s ity  pre-necklaces, we g en era te  X ( i i  +  i . d  4 - 1 ) and pritit out on ly  

th e  first d characters m a k in g  sure we do not print th e  sa m e  str ing  tw ice .

4.3 A nalysis

In th is  sec t io n  we show  th a t  Fixed Density! t. /t) is C . \T .  W e start the  an a lys is  by  

a n a ly z in g  several trivial cases .  When th e  d es ired  d en s ity  o f  th e  str ing  is u.  the  

c o m p u ta t io n  tree and str ings  produced are e q u iv a len t  to  th e  gen erat ion  o f  .V;._i(n)  

w h ich  w e already know is C A T . W hen the  d e n s i ty  is 0 w e s im p ly  g en era te  th e  0 string,  

an d  w h en  d  =  1 we g e n e r a te  th e  Ic -  I str ings w h e r e  th e  last bit ranges from  1 to
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procedure  FixedDensity ( /. /; ; integer ):
l o c a l  I . J .  i i K i . r .  t a i l  : integer:
begin

if / > (/ ~  I t h e n  Printlt(/j): 
else  b e g in

t a i l  : =  11 — [ d  — t ]  +  I:  

m a x  ; =

if  m a x  <  t a i l  th en  b e g in
(7,4.1 : =  m a x :  

b,+i  :=
FixedDensity! / +  I. p );
for / €  (6,+t f  I  A- -  2. A- -  1} do  b e g in

b t + i  : =  / :

FixedDensity!  ̂ +  I. / -r 1 ):
end:
t a i l  : — m a x  — 1 :

e n d :
for J  5̂ { t a i l ,  t a i l  -  I  e, 4- I )- do  b eg in

"( + i : = j :
for / €  { I  k -  2.  h -  1} do beg in

/)( + ! : =  i:

FixedDensity! t -i- I. / -e 1 ):
end: end: end:

end:

Fitture I. I: F ixed density  tu'ckiace aigorit inn

k  — 1 and the res I of I  lie s tr in g  is all O's. In each case  w here the d en s ity  is greater  

than 0  th e  resulting str ings are generated  in con stan t  am orlizc’d t im e.

For th e  non-trivial cases  we e x a m in e  the  n u m b er  o f  n od es  in the  c o m p u ta t io n  tree, 

n o t in g  th a t  the amount o f  work to  generate  each  n od e  is con stan t .  W h en  1 <  d  <  n.  

th e  n od es  in the c o m p u ta t io n  tr e e  consist on ly  o f  pre-neck laces  that end in a tion-zero  

hit w ith  d en sity  i ranging from  I t o  d  — L and len gth  ranging  from (n — 1 ) / d  -f i to  

II -  d  -h i. Recall that P [ . ( n . d )  is th e  set o f  pre-neck laces  w ith  length  n and d e n s i ty  

(7 w h ere  th e  last hit is non-zero . T hus, the s ize  o f  th e  co m p u ta t io t i  tree for o u r  hxed  

d e n s ity  a lgorithm  (I <  d  <  n)  is hounded  by  th e  e x p ress io n
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I It —'( - r  '

C ' o mp T r i f  k [ n . d )  <  ^  ^  K l j - ^ ) -
‘ = 1

Recall that  we g en era te  binary li.ved d e n s i t y  necklaces w ith  densit \-  greater  than n / 2  

by g e n e r a t in g  N { i i . n —il) and c o n ip le n ie n t in g  t he out p u t . Therefore in th e  ca se  where  

k — J (an d  onl>' in th is  case) we h a \ e  t h e  restriction that d  is less than or eipial to  

n / 2 .

To prove that our algorithm is e tf ic ien t  we will show that th e  ratio b e tw een  the  

size  o f  th e  c o m p u ta t io n  tree and th e  n u m b e r  o f  strings p ro d u ced  is b ou n d ed  by a 

co n s ta n t .  Sima' th ere  does not appear to  b e  a s im p h 'e x p l ic i t  form ula for /■’( ( / ) . ( / )  our  

approach  will b(’ to  derive an upper b o u n d  in ii'rtns o f  \ i , { n . d )  and l . k ( i i . d ) .

LEM.VI.-V 10 Tin fol loi i ' ing nntiu(diti j  i s va l i d  f o r  nil n > [ .  k  >  I . a n d  t) <  d  <  u :

P'f.[n.d) <  . \ \ ( n . d )  +  l . t , i>i.d).

PlttltM': We partit ion  P[. (n. i l ]  into tw o  categories:  n eck laces  and  nou-tieck laces.  bet 

th e  e le m e n ts  o f  P [ A n . d )  that are not n eck la ces  be Q'^dn.d).

W’e sh ow  that Q [ { n . d )  <  1.1, ( 11. d)  by  providitig an injectivt' m a p p in g  o f  Q [ . ( n . d )  

to L k ( n . i l ) .  Rv bernma 6  each e le m e n t  o f  th e  set Q [ . ( n . d )  m u st  h ave  th e  form: a  =  

(lii ■ ■ ■ U p d d i  ■ ■ ■ (i,n w here p =  l t / n ( a ) .  j  >  1 and 0 <  ni <  p.  Let i)e th e  n u m b er  of  

o ccu rren ces  o f  th e  sy m b o l  i in K| • • ■ u,,, a n d  delitie the s tr in g  '  =  Û"'’ 1 "' ■ ■ ■ ( k — l . 

W e define  a futiction  /  on the set Q ^ f i i . d )  as follows:

/ ( q )  =  ' i {ai  ■■■apY.

For e x a m p le .  / ( ( 0 0 2 I 0 1 3 Ü 3 ) 'U 0 2 l0 ld )  =  0 0 0 1 1 2 3 (0 0 2 1 0 1 3 0 3 ) ' .  T h is  m a p p in g  pre­

serves  bo th  length  atid density. S in c e  ~ and 0 , - - Up are b o th  byttdoti w ords and  

<  o i  • • • Op. it follows from repeated u se  o f  L em m a ô th a t  / ( a )  E L /t (n .d ) .

To sh ow  th a t  /  is injective c o n s id e r  tw o  unique e le m e n t s  o f  Q ^ .(n ,d):  a  =
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(r/i • • ■ (I,,)'(Il ■ ■ ■ a,  and J  =  ( 6 , - - - 6 ,. If ; =  j  th en  / ( a  ) 3 6  / (  J )  s in ce  ( / , • •■  n,,

and - h., are bo th  Lyndon words and  n, • ■ ■ ^  6 , - - 6 .̂ O th erw ise  a s s u m e  that

I <  J .  Since n, and  are botli non-zero , tl ie  /-tli e lem en t  o f  / ( n )  is n on-zero  and

th e  j'-th e le m e n t  o f  / (  O is non-zero. N’ovv if th e  z-tli e le m e n t  o f  f ( 3 )  is non-zero  then

th e  (/ -r 1 )-st e le m e n t  m ust also be n on -zero  if  / ( a )  =  / (  L). H ow ever th e  (i  -f l)-st  

e lem en t o f  / ( a )  =  n , w hich  is 0. T hus / ( a  ) ^  / ( T) for u n iq u e  a .  3  t  Q [ .(n .  d). l'hus 

/  is an inj<>ction frcjin Q[. { i i . ( l )  to L ;(n .< /) .

Now siu( e there  ex is t s  an in jec t ive  mappintr from Q[ . { i i . i l )  to L r{ / / . ( / )  we havi- 

Q[ . {n. i l )  <  Lkir i . i l ) .  From earlier d iscu ss ion  we know that Pl . in. i l )  =  . \ ^. {n. d)  +  

Q[ . {n. i l ]  and thus P l i n . d ]  <  . \ \ i n . d )  -f- L t d n . d ) .  □

W e observe  in th e  binary 1 ase that by taking each e le m e n t  from P > { n . d )  and  

■idding a 1 to th e  end  o f  the  string we gt't the  set P'^(// -f- I . d  -r I). I hus from the  

pre\ ions L em m a we also  get an upper bound on P>(n. d) .

CoHOLI.AItY 2 '['lit fol lowing i r i fqaal i lg  (s ral id  f o r  al l  n >  1 a n d  0 <  d  <  n:

P> { n . d)  ^  . \ j ( u  -|- I . d  4- 1) -(- [. 2 i n -r I . d  4- 1).

W’e can now bound  oiir c o m p u ta t io n  tree as the su m  o f  fixed d e n s i ty  neck laces  

and lix<’d d e n s i ty  L yndon words:

'/—I fl—'f-f t

Coniii'Prtt k(n.d)  < ^  ^  A’tli-O  +
- = l , =

H ow ever, by p lu gg in g  th e  form ulas for fixed density  n eck laces  and  L yndon  w ords in to  

th e  a b o v e  ex p ress io n  we end  up w ith  a  com p lica ted  q u a d ru p le  su m . T herefore  we  

will prove tw o lent tuas w hich  g ive  siirtple bounds for fixed d e n s i ty  L yndon  w ords and  

neck laces .
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L e m m a  11  Tht  f o l l owi ng  i nequal i t y  is ral id f o r  al l  0 <  d  <  n :

n . d )  <  — i , ~  U
n \ d  )

P r o q [ " ;  F.ach e lem en t  o f  Li ; { n . d )  is a rep resen ta tive  o f  an eq u iv a len ce  c lass o f  /r-ary 

s tr in gs ,  each w ith  n e le m e n ts .  If vve add up th e  e le m e n ts  from each eq u iv a len ce  class  

w e will get n L k i n . d ]  unicpie strings eacii o f  len g th  n atid d en s ity  d.  T h e  exp ress ion  

( 'j) ( A' — I cou n ts  th e  to ta l mitnher o f  A-arv stritigs w ith letigth n atid d e n s i tv  ,/. 

r iieretore l . ^ ( n . d )  <  — l ) ^  O

A sim ilar  b ound  for \ i ; ( n . d )  is m ore difficult to  ob ta in .  Here w e b ound  . \ \ ( n . d )  

by Li ; (n. d) .

L e m M  \  12 I lit Jol loi ring ini qual i t y  /s ral id j o r  al l  I) <  d  < u:

\ ( k  -  1 )' <  , \ k ( n . d )  <  '2Li;(n. i l).

PitOOE: By con s id er in g  case w hen  j  =  f in eq u a t io n  ( l . l )  and  n o t in g  that th e  

retnain ing  tertns are all t ioti-tiegative we have

' ~ n ^  (/ io!)(/ / i !) • • ■ ( / n- [ ! )
Ill 1 l-iU-_i ='l

1 /  n \  r —̂ (/!

n \ d )  ^  ( n , ! )  • • ■
fii r —r f̂e-i =a

T h e  final ecpiality  is a result o f  th e  basic tm ilt inom ia l ex p a n s io n .

To show  that . \ f ( n , d )  <  2Li , . (n.d) .  we provide an in jec t ive  m a p p in g  o f  th e  p er iod ic  

n eck laces  to  L yndon  w ords. If a  is a periodic n eck la ce  then  a  =  (a i  ■ ■ ■ CpY w h ere  

p  =  l y n i c t )  and j  >  L. S in ce  d  <  n we know th a t  o ,  =  0. W e define  a fu n ction  g  on
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all per iod ic  necklaces w ith  len gth  n and d e n s i ty  d  as follows:

y (o  I =  ()(<ii • • • ‘a ,  • • • Up.

T h is  function  s im p ly  m oves  the bit =  « 1  =  0 to th e  front o f  th e  str ing . This

o p erat ion  })reser\es b o th  length  and density .  S ince  (« i  • • • U p • • • i/p is a Lc ridon 

word, by L em m a  Ô <y( I is a Lyndon word.

lo  show  that (j is an injection  we con s id er  tw o  unicpie per iod ic  necklaces:  o  =  

(<; 1 • • • Up 1' and i =  ( 6 , - - - /c, IT If /) =  f/ and  g ( o )  =  <j{ i 1 I hen ui ■■■ a,. =  6 , - />.,

c o n tra d ic t in g  the  fact that n ^  .i.  If p  7 = q.  then  a ssu m e that p  <  </. I his im p lies  

that / >  y >  1 . X ow com p a r in g  th e  characters  in posit ions 2 . d . . . . i / + l  o f  o  ) and  

g( . i ]  we observe  that if c/(ci) =  <j{d)  then h\ • •■ 6 ., =  (U[ •• •U p L u |. .u ,  for so m e  t >  I 

and I <  ' <  p.  H owever s ince  U[ ■■■(/,, is a Lyndon word then 1 </i • • • u„)b/i • • • u,  

is per iod ic  if .> =  p  and is not a necklace if .> <  p. I his c o n tra d ic ts  th e  fact that  

6 1  • -III is a Lyndon word. 1 hus _cy(o) r  </( U tor unicjue p er iod ic  neck laces  o  and  .i. 

Theretdre g  is an in jec t ive  m a p p in g  from th e  periodic  necklaces to L yndon words.

S ince  there ex is t s  an in jec t ive  m ap p in g  from th e  per iod ic  str ings o f  N k ( i ) . d )  to  

we get th e  result . \ t ( u . d )  <  2[ . t ; {n. ( l ] .  □

I sing the  [)re\ ions lem m a s  we can s im p lify  our upper bound  on th e  s ize  ot th e  

c o m p u ta t io n  tree:

1 — 1 a —'J+i

C o mp Tr e t k i n . d )  = ^  ^  P'kiJ-')

{— 1 n —( i + i

<  ^ 2  ^ 2  ' ) T  ' 1

•=i
‘i — I n —

< iZ  Z
1 = 1 J=l

I n—j + 1  , / \

1— 1 j= i
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/-I , n —d + t  y . ,

1 = 1  j= i

' 'n -  d  +

To got tilt' la.st two o(|iialitios w e used  som e basic b in o m ia l  coellic ient id e n t it ie s .

To ^ im plifv this bound for t be co m p u ta t io n  tree  e v e n  m on o  we in d u c t iv e ly  prove  

yet a n o th e r  upper bound for th e  rem ain in g  sum  in e q u a t io n  I bô).  VVe first prove an 

u pper  b ound  for the case w hen  h > 2 and 1 <  (/ <  i i . We then |)ro\ id e  a sim ilar  

p roof for tht' case when A- =  2 . In th e  latter c a s e  we take a d v a n ta g e  o f  i he fact 

that Wt' can generate  binary n eck laces  with d >  n / 2  by generating  necklact's with  

d e n s i ty  n — d  and tht'ii c o m p le m e n t in g  the  o u tp u t  o f  each  generated  n ec k la c e  to gt'i 

all ni'cklaces w ith  density  d.  O n c e  again , this is th e  o n ly  s ituation  w h e r e  th e  strings  

are not gt'uerated in lex icographic  ordi'f. I'hus w h en  k  =  2. we on ly  c o n s id e r  the case  

w h en  1 <  d  <  n/'I.

Lk.M.MA 13 For  2 <  d <  II m i d  k  >  2;

t=i

P r o o I -  : W e prove the lem m a b\ in d u ct ion  on d.  Let

Basis: d  =  2 or .'5. u >  L O b se r v e  that this covers a ll cases  for u =  3 .4 ;

d  =  2  >';■( n . 2 ) = 0  <  2 ( n — I )( A' — I )

( / =  3 Si ; (n. ' i )  =  (n — 2 ) ( k  — [) <  ^  ̂ j  (A -  I ) '

.Assume: S k { n , d )  <  for I <  d  <  n — I. k  >  2, and  n >  -5 . C onsider



S k ( n . d  +  I):

........(/ — 1 \  (I — I )  d  — I \ (/ —

, / -  1 V</ -  1

((/ — 1 )( n — n

2 /  II -

” (/ V </

10 sh ow  lh a i  t lu“ last inequality is correct we prove th a t  <  j(A; — I) for

11 >  .'). By m u lt ip ly in g  both s ides by  ^  we get T h e  LIIS o f

th is  inetptality  is maxintized w hen we m a x im ize  d =  n ~  '1 atid m in im ize  k =  :h B y  

s u b s t i t u t in g  t hese values and rearrangitig  we get:

d| n — 2 )( n — l!) <  l (u  — I ](u — d)

0 ^  l( u ” ----- 1'/ -|- d ) — d( H~ 1/1 4- 1 I

U <  / / ( / /  -  I).

T h is  e q u a lity  is true for n >  O

L e m m a  14 For 2 <  d  <  n / 2  a n d  k  =  2:

(=1



P r o o T :  \V(' prove th e  letnnia  l>y in d u ct io n  on d.  Let

Pasis:  <1 =  2  or ■]. n >  L O i)serve  tliat tliis  covers all cases  for i> =  :L 1 . i .  (L 7:

(/ =  2  > \(  II. 2 1 — d <  2 ( n -  i |( A- -  I )

li =  d ( //. d ) =  ( f/ — 2  )( A' — 1 t -c (   ̂ ] {A’ — I )"

A ssu m e;  — 1 f' ‘ for 1 <  d  <  n / 2  and ii >  ô. From the  [)roof

o f  t ht' prev ious  lem tna we know;

Lo show  that th e  last inecpiality  is correct we p r o \c  that A- -  1 ) for

II >  S. B y su b st itu t it i^  in th e  value 2 for A: and m u lt ip ly in g  h o th  s ides  hy d  we gel

3 .1-, ,  ,,, ,, < 2 .  Lite LfLS o f  this in eq u a litv  is m a x im iz e d  w hen we m a x im iz e  ( / =  7  -  1.

B y  s u h s i i tu t in g  th is  value for d  and rearranging the  tertiis we get;

d ( ^  -  D -  <  2 ( ^  - 2 )(n -  I)

n n ,
0  <  2 ( — — 2  )( n — I ) — d( — — I )■

, i r  311 II'
0 <  2( —-------- — +  2) — d( — n +  I )

0  ^  —  — '111 I" I.
“  -1

B y  so lv in g  this rpiadratic we see  that th e  inequality  holds for /? >  S. □

W e now  use th e  p rev ious  lem m a s  to  get a s im p le  u p p er  b o u n d  on th e  s ize  ot th e
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c o m p u la t io n  troc:

' u m p T r t e <  3 ^  )
!= I 
i - 1

(/ — 1 V,(/ — I /  (/ — I \ ( /  —

(/ — 1 \  (/ — I

Recall that  our goal is to  prove that the ratio  o f  n odes  in th e  c o m p u ta t io n  tr e e  to  

the n m n h er  o f  strings p rod u ced  is Ijounded by a c o n sta n t ,  f  rom  L em m a  12 u-e h a \  e  

a lower b o u n d  ou i he n u m b er  ot strings produced:

Thus the  ratio  o f  our com  pu tat ion tree to neck laces  produced is:

t ^  i.( u.  (/) (I
 L  1--------- <  ! ) _ ----------------    <  IS.

•\ (.( II, il) ((/ — L )( A’ — I )

E xp er im en ta lly ,  this con stan t  is less than 3.

ThEORE.M S Ali jnnlhi i i  Fi xedDens i t y ( t . p)  f o r  gi nernt i ng  f i r ed  drn.-<itg k - n r y  necklaces  

,.S CA T.

4.4 A nother algorithm

This ch a p te r  has a lready d e v e lo p e d  a C . \T  a lg o r ith m  for g e n e r a t in g  hxed  d e n s i t y  

necklaces. In all cases e x c e p t  when k =  2 and  d >  n / 2 .  th e  a lgor ith m  FixedDen- 

sity(/.p) g en era te s  th e  n eck la ces  in lex icographic  order w here th e  le x ico g ra p h ica l ly  

sm allest  s tr in g  is the  rep r e se n ta t iv e  o f  each ecptivalence class.

T h is  s e c t io n  addresses  th is  e x cep t io n  by d e v e lo p in g  an a lg o r ith m  to  g e n e r a te  b i­

nary fixed d e n s i ty  n eck laces  (a n d  Lyndon w ords) for d  >  n / 2 ,  in lex icograp h ic  ord er .
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w hetv ea ch  neck lace  is th e  lex ico g ra p h ica l ly  sm allest  str ing  iti its  ecpti va lence  c lass .  

The ap p roach  taken is s im ilar  to  th e  ap p ro a ch  taken in th e  a lgor ithm  FixedDen-  

s i ty ( / , / ) | .  e x c e p t  instead  o f  g e n e r a t in g  pre-n eck laces  that end  w ith  non-zero ch a ra c ters ,  

we g e n e r a te  pre-necklaces th a t  en d  w ith  th e  zero  character.

Let </ b e  th e  desired nu m b er  o f  (I s in th e  necklaces ( t h e  d e n s i ty  is n — <j ) .  To 

generate  pre-neck laces  o f  len g th  n w ith  e x a c t ly  </ zeros, w e  m a in ta in  the  p o s i t io n s  

o f  t he O's as well as th e  difference' betwt'c'ii each  consecnt i\  e  zero. 1 he s tr in g  o  =  

,/QifI m a in ta in s  th e  p o s it io n  o f  the  O's and c/nps =  m ait ita in s  th e

gaps bc'tween c o n se c u t iv e  zeros. Form ally , th e  value </, =  tt, — n ,_ ,  for / =  I  c/

and fj.i =  n ~  [ — u,,_i. For each value t.  th e  string (/o ' - U f - i  represents a pre­

necklace. For t'xarnple. th e  s tr in g  o  =  12Ô69 represents th e  pre-neck lace  0 0 1 1 0 0 1 1 0 .

1 he co rresp o n d in g  g a p s  s tr in g  is 13132 w h e r e  n =  10.

I sing  t h ese  dat a si m et  tires, t he si ring n represents a p re -n eck la ce  only  if t he s tr in g  

ga p s  is a pre-necktaci'. I'hus. if we have a pre-necklace  rt'presented by u,) - . we

can use th e  s tr ing  g a p s  to  d e te r m in e  th e  m in im u m  valid p os it ion  for th e  n e x t  0 . 

T h e  va lue  n u n  =  (t,_i +  g t - p .  w h ere  p  is th e  length  of th e  longest Lyndon prefix  o f  

</, - . represents  this m in im u m  p o s it io n .  Since we are restr ic t ing  th e  n u m b er

of  zt'fos in till' str ing , we can also d e te r m in e  a m ax im u m  valid  posit ion  for t h e  next  

zero. T h e  va lu e  w a s  — ii — f/i(i/ — / 1 rep resen ts  this m a x im u m  posit ion  unless  p =  1 . 

in which c a se  the  va!tie m ust be  in c r e m e n te d  by one. .Since m a s  d ep en d s  on  g i .  it 

is on ly  valid  for f >  I. H ow ever, s in ce  m u st  be 1 . th e  m a x im u m  value for a i  is 

n / g  -f I. T h e  case  w hen </ =  1 m ust be h a n d led  sep ara te ly  to  gen era te  th e  s in g le  

necklace 0 1 "“ *.

P s e u d o c o d e  for the  a lg o r ith m  (w h en  i/ >  I) just descr ib ed  is g iven  in F ig u re  -1.5. 

T h e  va lue  Uo is in it ia l ized  to  I and  th e  fu n c t io n  F ixedZ ero(2 .l)  m u st  be  called  for each  

possib le  va lu e  for rii (gi  =  « i  — I), w here cii ranges from 2 to  i i / q  - f  I. T h e  fu n c t io n  

Printlt(p) is s im ilar  to before  e x c e p t  th e  v a lu e  n is replaced w ith  q.

W h e n  th e  value q <  n / 2  ( ie . .  d  >  n / 2 ) .  ex p e r im e n ta l  e v id e n c e  in d ica tes  th a t  th is  

a lgor ith m  is t'.AT. T h is  leads to  th e  fo l lo w in g  conjecture.
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p r o c e d u r e  FixedZero { t .  p : in teger  );
local J .  n i i n .  m a x  : integer;
begin

i f  t =  q  th e n  b eg in
(J, : =  II +  [ -
i f  g,  > g t - f ,  th e n  Printlt(f/): 
e ls e  i f  gt — g t - p  t h e n  Printlt(p): 

en d  e l s e  b eg in
m i n  := +  g t - p i
m a x  := n -  g i ( q  — t ) \
i f  p  =  I th e n  m a x  m a x  +  I:
for J €  { m m .  m i n  +  1 m a x }  d o  b eg in

a ,  : =  j :

g ,  : =  J  -  a , - i :

i f  j  =  m i n  t h e n  FixedZero(/ +  l./ii: 
e lse  FixedZero(/ +  I. /):

end: end: end:

Figure 1.1: .M gorillun for gen era t in g  lu'eklaees w ith ,/ xeros

Co.NJECTl'Rt: I Al g o r i t h m FixedZeroiI .  p )  f o r  g t m  ra t i ng  nrrhlart . -  i r h r n  t hf  ni imbf r  

o f  : i r o s  Ifs.-i lhan n / ' l  is ( '.A T.

T his  a lgor ithn i has a p p lica t io n  in th e  fo l low ing  c h a p te r  when wo  h)ok at necklaces  

w h e r e  th e  luiinlx'r o f  each  alphabet sy tu h o l  is lixetl.

4.5 An application

.As an app lication , w e e m b e d  our fixed d e n s i ty  neck lace  a lgor ithm  F ixed D en sity ! / .p )  

in to  a program which g en era tes  d ifference covers. A set D  =  { n , .  - ■ • . a, { } .  I <  a, <  n.  

is c a l le d  a [ n . d ]  d ifference  cover if for e v ery  I ^  0  m od  n there  ex ists  an ordered  pair 

(« , .  <ij) in D  such th a t  a,  — a,  =  t m o d  n.  For e x a m p le ,  th e  set { 1 .2 .1 .6 }  is a (1 0 .4 )  

d ifferen ce  cover. A { n . d )  difference co v e r  is m in im a l i f  a { n . d  — I) d if feren ce  cover  

d o e s  n o t  ex ist .  .Another a lg o r ith m  for g e n e r a t in g  d ifferen ce  covers is p r esen ted  in [29].

T o gen era te  all d ifference  covers { n . d )  we g e n e r a te  all fixed d e n s i ty  necklaces  

N ) ( n .  d) where th e  p o s it io n  o f  each  o n e  in th e  n eck la ce  represents a n u m b e r  in the
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set  D.  To d e te r m in e  w h eth er  th e  n eck lace  represents  a difference cover, vve keep  

track o f  in fo rm a tio n  about each  ordered  pair. T h is  add it iona l work takes at worst  

case  0 ( d )  t im e  for every  node  in th e  c o m p u ta t io n  tree. T h u s  the overall runn ing  t im e  

for g e n e r a t in g  all th e  ( n . d )  f lifference covers is 0 ( d  ■ . \ ' y(n.d) ) .

In p ract ice ,  it is useful to know  w h eth er  or not a ( n . d )  difference cover e x is t s .  

W h en  n g e t s  large th e  search sp a ce  m a y  b e c o m e  in feasib le  to work with: how ever , if  

we have s o m e  in tu it ion  about w h a t  th e  first few n u m b ers  m ay be in the  set Ü. w e can  

c u s to m iz e  our a lgor ith m  to drast ica lly  reduce th e  search space. I ’sing this s tr a te g y  

we were a b le  to prove th e  e x is te n c e  o f  a ( 131.13) d ifference cover, n a m elv

{ 1 . 8 . 27.  33. 31. -14.57. 71. 73. 7 9 .8 8 .9 1 } .



Chapter 5 

Fixing the Number of each 

Alphabet Symbol

This cha[)r.er d iscu sses  tw o a lg o r i lh in s  for gen era tin g  neck laces  where th e  n u m b e r  o f  

each a lp h a b et  sym i)o l is Hxed. T h e  first a lgor ith m  is s im p le ,  but does not a[)pear  

to run in c o n s ta n t  am ortized  rime. The secon d  a lgor ithm  uses a new can on ica l  form  

to represent ea ch  equivalence class. E x p er im en ta l  e v id e n c e  in d ica tes  th a t  it is C.-Vf. 

This t im e  b o u n d  is proved in a specia l case.

5.1 Background

T he last c h a p te r  on Hxed d e n s i ty  n eck laces  in troduced  th e  notion  o f  n eck la ces  

and L y n d o n  words where th e  n u m b er  o f  each  a lp h ab et  sy m b o l  is f ixed. R ecall

that N ( / ? o . n i  ) d en o tes  th e  se t  o f  necklaces c o m p o se d  o f  n, o c c u r r e n c es

o f  the  s y m b o l  i .  for i =  0 . 1  k — l .  T h e  card in a l i ty  o f  this set is d e n o te d

.V(mo. ; i |  nfc_i). .Similarly, th e  set  o f  all Lyndon words c o m p o sed  o f  n, o c c u r r e n c es

o f  the  s y m b o l  / is den oted  hy L( Uu- " t  >'k-i  ). w ith  card in a lity  L ( iiq. n ,  u c - i  L

E n u m e r a t io n  form ulas for th ese  o b je c t s  was g iven  in T h e o r e m  7.

N o t ic e  th a t  when k  =  2 . th e  se t  N ( u o ,  n i )  is eq u iv a len t  to N j ( n .  d) w h e r e  n =  

Mo 4- U[ a n d  d  =  Ui.
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p r o c e d u r e  SimpleFixedAlph ( /. /) ; integer ):
local J  : integer:
beg in

if  =  - 1  th en  re tu rn :  
i f  t >  n th e n  Printlti p  )
e l s e  for  j  t  {a,_p k  ~ '1. k  — 1} do  b e g in

(i, :=  j :
I I J : =  — 1 :

i f  J =  «(_p t h e n  SimpleFixedAlph( / + ! . / ;  ): 
else  SimpieFixedAlphi t +  L. t |:
iij ■= IIJ +  1 :

end: en d :  end:

Figure Ô.1: A s im ple  a lgor ith m  to  gen erate  N ( / i o . / / i ...........Hk - \ )

II w h e r e  k  =  n/ ' l  
a n d  n,  =  1

N u m b e r  o f  
n e c k l a c e s

R a t i o  o f  w o r k  d o n e  t o  
n e c k l a c e s  g e n e r a t e d

[ 2 8 . 0

6 1 0 1 0 . 1

S 5 IS 11.5
1 0 11:152 12.7
1 2 02:1700 1 1 . 1

1-1 18G1S90U 15.7

T a b le  Ô .I: E xpér im enta l re su lts  for S im pleF ixeA lph(t . / j )

5.2 A sim ple algorithm

.N'ecklaces where t h e  num ber  o f  each a lp h a b e t  sy m b o l  is fixed can be generated  in 

lexicographic  ord er  by  m aking two s im p le  m od if ica t ion s  to  N e c k la c e ( / .p ) .  First, the  

value n, is d e c r e m e n te d  when the  c h a r a c te r  i  is ad d ed  to the  p re-neck lace  being  

g en erated .  S eco n d , i f  th e  character i is a p p e n d e d  w hen  = 0 .  th e n  th e  recursion is 

term in ated  at that  n o d e .  P seu d o co d e  for su ch  an a lgor ith m  is sh o w n  in Figure 5.1.

T his  a lgor ith m  is very  simple: h ow ever ,  e x p e r im e n ta l  residts  in d ic a te  that th e  

a lgor ithm  in not (' .A T. In particular. T a b le  5.1 show s th e  increasing  ratios  o f  the  work  

d o n e  com pared to  t h e  num ber o f  n eck la ces  gen era ted  w h ere  each  o f  th e  n, equals  2 . 

T h e  work d on e  is c o m p u te d  by c o u n t in g  t h e  nu m b er  o f  recursive  ca lls  m a d e .
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Q J
12023103 3716245S
20231031 265813-17
02310312 15472836
23103120 48361725
31031202 37256814
10312023 26145738
03120231 15384627
31202310 48273516

Table à .2 : A n eq u iva len ce  c lass  i l lu stra t in g  the  i s tr ings

5.3 A fast algorithm

In the  |) fe \  ions sect ion , a s im p le  algorit hin w^us d ev e lo p ed  to geiu 'rate  necklaces where  

the  n u m b er  o f  each a lp h a b et  sy m b o l  is lixecl. However, b ecau se  th e  a lgor ithm  did  

not app ear  to  run in c o n sta n t  am ortized  t im e ,  w e  consider a n o th er  a lgor ith m . This 

algor ith m  uses another c a n o n ica l  form to  represent  the  e<|uivalence c lasses .

5.3.1 A new canonical form

I ’ntil now . it has been a s su m e d  that the  r ep resen ta t iv e  o f  each ecjuivalence class of  

stritigs un d er  rotation  was th e  lex icograp h ica lly  sm allest  e le m e n t .  In th is  su b sec t ion ,  

we in tro d u ce  a new can on ica l  form to represent th e  necklaces.

Let o  -  (1 (̂1, ■■■(In be a A-ary str ing  in an  equivalence  c lass  o f  strings under  

rotation. Let po.s, be th e  increasing  seq u en ce  c o m p o se d  o f  the  p o s it io n s  (or itulexes)  

for all o ccu rren ces  o f  th e  va lue  i in o .  N ow  let th e  string i  =  pos^)pos^

\Ve deli ne a new  canonica l rep resen tative  o f  e a c h  equivalence c la ss  o f  str ings under  

rotation  to  b e  the str ing  n  th a t  y ie lds th e  lex icograp h ica lly  sm a lles t  s tr in g  J.

.As an e x a m p le ,  consider  th e  eq u iva len ce  c la s s  con ta in in g  th e  s tr in g  n  =  1202310.L  

Table Ô.2 il lustrates  each  rotat ion  o f  o  a lo n g  w ith  its corresponding  .i s tr ing. Frotn 

the  figure, th e  representative  o f  this e q u iv a le n c e  c lass  is Û312Ü23L.

B efore  w e  deve lop  a  gen era t io n  a lg o r ith m  u s in g  th is  canonica l form , w e first o u t l in e  

a linear t im e  verification a lg o r ith m  for d e te r m in in g  whether or not a  s tr in g  q  is in
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canonical form.

5.3.2 A verification algorithm

A naïve m e th o d  for d e term in in g  if  q is in can on ica l  form is to  com pare its 3  s tr im i  

uitli th e  i s tr in g  o f  all o ther  str ings  in its ecjiiivalence c lass. .Such an a lgor ithm  w ould  

I a ke worst ca.se t im e  1 he followinii a lgor ith m  runs in linear t im e.

By t he dt'iinition o f  the  catiotiical form, we see  that th e  positiotis o f  the  tn initm itn  

value in th e  str ing  o are the  m o st  critical.  If r '  is th e  mitiimnrn valncv th e n  we  

consider th e  str ing  po.s, . =  </ir/j • • • c/,. where there  are t occu rren ces  of th e  v a lu e  r~ in 

r). In order for a  to be in catiotiical form then  (/, tmist ecptal 1. If 71  had a n y  o th e r  

value, thett I here would exist a rotation  o f  o  such that 7 , =  1. This w ould  y ie ld  a 

stnalh'f po.s ,. stritig. atid thus a sm aller  d stritig. .\’ow con sid er  the ttiodilied str in g

/le.s',. =  /’iCj • where r, =  7 ,+ ; -  7 , for 1 =  1 . 2  f -  1 and r, =  1; — 7 , -y 1. If

the stritig i>o>[. is a necklace (u s in g  lex -m in im al str ing  as rep resen ta tive),  th e n  th e  

original str ing  /w.s,,. will be the  lex icograp h ica lly  sm a lle s t  s tr in g  when c o m p a red  to  all 

other po.s,. stritigs resulting frotn o ther  strings iti o ' s  ecpiivaletice class, f u r th ertn ore .  

if pe.s',. is a Lvtidoti word, iheti o  will be th e  iitiicpie str ing  iti its ec |u ivalence  class  

to y ield  th e  str ing  p o .' , . ,  atid tints it is in canotiical form. If / lo .s ' .  is not a necklact'.  

theti we cati litid a rotatioti o f  th e  str ing  a  such that a stnaller stritig po.St.. ca n  be  

obta ined , im p ly in g  that o  is not in canonica l form. .As an e x a m p le  to  th e  a b o v e  

strategy, con sid er  the str ing  a  =  363546378. S ince  th e  m in im u m  value is 3 . w e  get 

po.s i =  137 and po.sl, =  243. B ecaitse  is a Lyndoti w ord, n  is in canon ica l  fortii.

( s ing th e  s tra teg y  just d escr ib ed ,  we can d e te r m in e  w h eth er  or not a  s tr in g  n is 

in canon ica l  form unless th e  s tr in g  pos[,. is a per iod ic  neck lace . If po.s'.. has len g th  

t and period p.  and se t t in g  / /  =  n p / t ,  th en  th e  ro ta tion s  o f  th e  string a  s ta r t in g

at p osit ion s  p'  -f 1 . 2 / /  +  1  n — p' +  I will all y ie ld  th e  sa m e  string po.s,...  In

this case ,  we m ust con tin u e  e x a m in in g  o ' s  co rresp on d in g  d  string. W e u p d a t e  th e  

value r  to  th e  next sm allest  va lue  found in o .  and focus on  th e  new s tr in g  po.a .̂. 

O bserve th a t  we can no longer e m p lo y  th e  s a m e  s tr a te g y  as before, s ince th e  s ta r t in g  

points for th e  rota tions  o f  a  h ave  b een  restr ic ted . O f  th e se  rem ain ing  s tr in g s ,  for a
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to  ht' ill canonical form , it must have th e  lex icograp h ica lly  sm a lle s t  str ing  To

cletermiiie this, we m o d ify  the string /lu.s  ̂ in th e  following m a n n er .  First, th e  values  

p' +  1 . 2 / /  n — p' +  [. II-r [ are in se r te d  into po^,, so t h e  str ing  is s t i l l  in sorted

order. Then each v a lu e  j  is replaced w ith  { j  — I) m od  / / .  F ina lly ,  we rep lace  all O’s

(which were o r ig in a lly  th e  \a lu es  p  +  1 . 2 / /  -f 1  n +  1 ) w ith  / / .  .As before, if  th e

resulting string, d e n o t e d  pu.\.. is a L yn d on  word, then o  is in canonical form. If /)o.s( 

is a periodic neck lace  w ith  period p and  len g th  I . then we repeat this p ro ced u o '  w ith  

till' next r. u p d a t in g  / /  to  i i p/ t .  ll /io.s( is not a necklact-. th en  n is not in can on ica l  

form. Following th is  procedure, if r t-ver e x c e e d s  A: — I. th e n  th e  the s tr in g  o  is in 

canonical form and has period equal to  th e  last up d ated  value for / / .

. \ s  an e x a m p le  to  th e  above verif ication  strategy, co n s id er  th e  fo llow ing  str in g  

with length 1 2 : o  — t)2 1442021442. W’e w ant to d e term in e  if  o  is in can on ica l  form.  

First we considt-r /)o-s,j =  17 ami pos[, =  (iti. S ince  po.s,', is a p er io d ic  necklace  we must 

consider /w.si =  49 . w i th  / /  =  (J. l o  m o d ify  poS[ .  we insert th e  valm- 7 and F) to  get 

th e  string 4 7 9 14. . \ e x t .  we replace ea c h  value j  w ith ( j  — 1) m o d  6  to get  2 0 2 0. 

Finally, we replace t h e  O’s with (i to get t h e  new string po s \  =  2 6  2 (). S in ce  th is  is a 

periodic necklace. \ve m u st  repeat this p roced u re  for th e  s tr in g  p a s ,  u p d a t in g  / /  =  (i. 

W’e now consider po.-> < =  2 0 S 12. and perform  the modilic at ions to get p<>.'>', =  I •') 

t) 1 ') (i. .Again we h a v e  a periodic n e ck la ce  and again / /  g e t s  u p d ated  to  6 . .\’ow  we  

must consider /;o.s, =  4 11. In this ca se  pos'^ =  4 () 4 (L S in c e  th is  is a L yndon word,  

th e  string o  is in c a n o n ic a l  form.

In the worst c a se ,  th is  verification a lg o r i th m  must a n a ly z e  each str ing  pos[, for

r — 0 . 1  k — I. W e can d e term in e  if pus[. is a n eck la ce  or a Lyndon word in

linear t im e (see  C h a p te r  2.4). Therefore, an  upper bound for th e  running t im e  o f  th e  

algorithtn is p ro p o rt io n a l  to  |po.s',|. O b serve  that le n g th  o f  each str in g  />o.s', is 

at most |/to.Si,| f  |/)0 S[._i |. Thus, s in ce  l th e  verification  a lg o r ith m

runs in t im e 0 { n ) .



4 1

5.3.3 A generation algorithm

t 's i i ig  tli(' observations m a d e  in the  verification a lg o r i th m , u e  o u t l in e  a new algo­

r ith m  for generating n eck la ces  where the numb<n- o f  each  a lp h ab et  s y m b o l  is fixed. 

P se u d o c o d e  is not p rov ided  for this a lgorithm .

1 he general approach  o f  the  a lgorithm  is to  fill th e  str ing  a  w ith  th e  value r 

s ta r t in g  with the sm a lle s t  va lue  r ‘ <o th.af th e  c o rresp o n d in g  pos' i< a n eck lace  (w ith  

It'x-minimal as rep resen ta t iv e ) .  If po.sl is a L yndon  word, then o  will be  in canonical  

form , no m atter how t he rem ain ing  values are p la ced .  If/w.s' is a p er io d ic  necklace, 

th en  th e  value c is in c r e m e n te d  and the next s tr in g  pus[. is g en era ted .  1 his approach  

su g g e s ts  three different subroutines:  one to g e n e r a te  po.s',.; one to g e n e r a te  po.s' for 

c >  and one to arb itrar ily  place the  rem a in in g  values.

The lirst problem o f  gen erat in g  th e  str ing  po.s'.. . w here the  smalh'<t value c ‘ =  0. 

is (‘(piivaient to g en era t in g  binary necklaces ( fixed d e n s i ty  for this a[)[)lication). In 

th is  case ,  instead o f  p r in t in g  th e  resulting n eck la ce  po.s^. we con t in u e  g en era t io n  o f  the  

str in g  a .  If the n eck lace  po.s[, is a Lyndon word th en  w e call th e  r o u t in e  to  arbitrarily  

p lace  th e  remaining values.  O th erw ise  we call th e  ro u t in e  to g en era te  po.s' for r >  r ‘ .

Lite task of gen era t in g  po.s', for r >  0 presents  a new  and in ters t in g  problem . It is 

e<|uivalent to generating  b in ar \  strings ( lixed d e n s i ty  for this a p p l ic a t io n )  o f  length  

in w ith  etjiiivalence u n d er  rotations of  length  r. Lhus. the  str ings  can  b e  thought 

o f  as being  divided in to  m / r  com potients .  each o f  len g th  r. . \ n  a lg o r ith m  has beeti 

d e v e lo p e d  to generate  th e s e  strings, however, a form al ex p la n a t io n  is o m i t t e d  due  to  

th e  c o m p le x ity  o f  th e  a lg o r ith m .

O n ce  we generate  a s tr in g  po.s', that is a L yn d on  word, we can arb itrarily  place  

th e  rem ain ing  values in to  th e  rem aining posit io t is .  T h is  problem  is ecptivalent to  

g e n e r a t in g  p erm u ta tion s  o f  a  m ultiset  .A C.AL a lg o r i th m  for th is  ta sk  is outl ined  in 

[22]. It requires that  all ava ilab le  posit ions  are p re-ass ign ed  th e  largest  value k — I. 

a n d  a linked list m u st  b e  u sed  to m ainta in  th e  va lu es  v such th a t  n,. >  0.

Each o f  the  p reced in g  sub-routines  have b een  co m b in ed  to  form  an a lgorithm  

w h ich  generates n eck laces  w h ere  the  n u m b er  o f  e a c h  a lp h ab et  s y m b o l  is f ixed. N o t ice
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t liat ti l ls approach can also b e  us ed  to generat e  u nr es tr ic ted  necklaces  by r e m o v in g  

the  f ixed de ns i ty  restrictions on  t h e  first two rout ines .  T h e  a l gor i thm  has bee n im p l e ­

m e n t e d  an d exper imental  e v i d e n c e  indicates  that it runs in constant  am ort iz ed  t im e .  

D etai l s  o f  the  algori thm have  b e e n  omittet l .

In general ,  no analysis  has b een  at t e m p t e d  for the  d e v e l o p e d  a lgor i thm.  However ,  

consich’r th e  special  case w h e r e  there ex ists  an n, re lat ive ly  pr im e to n.  Suc h a 

value wil l  a lways  exist if ii is pr im e.  In this case ,  s in ce  the  labe l ing  of  the  s y m b o l s  

is arbitrary.  swap ii. with u,). .\’ow.  the first r ou t in e  to g en erat e  /lo.s'j will a lways

g e n e r a t e  a Lyndon word. 1 his  m e a n s  that no calls to the  second rout ine  to  ge n e r a te  

/)os'. for r >  Ü will be re(|uired.  . \ o w  since th e  Ly nd on words  pos^ can be  g e n e r a te d  

in c o n st a n t  amort ized r ime us in g  FixedDensity(/.p) an d  b ecau se  the  p la c e m e n t  o f  

the  re m a in in g  values can a lso  be  done  in c o n s ta n t  a m o r t iz e d  t im e ,  the result is a 

( 'A 1 a l g o r i t h m  for generat ing  necklaces  where  th e  n u m b e r  ol each a lp hab et  s y m b o l  

is f ixed,  .Vote, that s ince i h e  a l gor i t hm  FixedDettsityf/ . p) I'otnplements the  lui tpul  

for ttij <  n / 2 . the  generated necklaces  m ay  not be  in the  canonica l  form des cr ibe d.  

Ho wever ,  if the  algorithm FixedZerofL p)  is used w h e n  n,) <  n / 2 .  then the  can on ica l  

form wil l  be  preserved. 1 he  l a t t er  algor ithm however ,  is only  conjectured to run in 

constant  amort ized  time.
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Chapter 6

Chord Diagrams

This chapttn' o u t l in e s  two a lgor ithms for ge n e r a t in g  chord diagr ams.  E x p e r im e n ta l  

results in di cat e  that  the  lat ter  of  the tw o  a lg o r i t h m s  runs in const ant  a m o r t iz e d  t im e .  

In addi t ion ,  the  p reviou s ly  known formula for e n u m e r a t i n g  chord diag rams is der ived  

iisinu' s im p le  c o u n t in g  lechnicpu.'s.

6.1 Background

. \ n  iiii<lirrct((l [irnph Cl consists  of  a set l ’(T/ )  o f  vert ices  and a set E[ ( l )  o f  ed ges  

where  each e d g e  ( in F.[(l )  is assoc iated  with an unordered pair [ n . v ]  o f  vert ices  

from \ l O .  If ( t / . e )  is an edge  in FaCI).  then we  say: u and r are n i d p o i n l s  o f  c  

the  vertices  u an d e are adjncf t i t :  and c is i nc i dent  to a and r.  .-V chor d  d i ayrani  

is an undirected  graph w i t h  'In vert ices a n d  n ed g es  (chords)  where  the  ver t ice s  arc  

e tn b ed d ed  on an o r ie nt ed  (counter -c lockwise )  c ircle  and each vertex  is a dj ac en t  to 

e x a c t l y  on e  ot h e r  ver te x  (ie.  each vertex  is the  e n d p o in t  of  e x a c t l y  on e  e d g e ) .  F igure  

(i.l i l lus trates a chord diag ram with 1 chords .  Chor d d ia gram s are i s o m o rp h ic  under  

rotat ion  o f  th e  ver t ice s  e m b e d d e d  on th e  circle.

Recent ly ,  there  have  been several  pa pe rs  pu bl i s he d that  discuss  chord d ia g r a m s.  

.-V pr imary reason for this  is because  chord d ia g r a m s  were  s h o w n  to have  a p p l i c a t io n  

in th e  c o n t e x t  o f  V'a^ssiliev invariants,  w hi ch  in turn ha ve  app l ic at io n  in kn ot  t h eor y  

[‘2], .A. related o b j e c t  cal led a l inearized chord d ia g r a m  is s t u d ied  by S t o i m e n o w  in
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F'igluv (i.l: Chord di agram u’ith I chords

[■J lj. and l)raid(‘d chord dia gr am s  arc d iscussed l)v Birman and lrap | )  in

T h r e e  in d ep en d en t  papers By I.i and Sun [16], Cori and Marcus  [S|. an d S to im e n o w  

I'J')]. have  der ived en u m e r a t io n  fornudas  for the  n u m b e r  o f  o f  n o n - i s o m o r p h i c  chord 

di ag ram s.  In each o f  t h ese  p apm s.  the  exact  formula  is the  tttaiti result:  however,  

ill each ca>e the  der ivat ion  of  the  formula  uses relat ively coti ip lex  m e t h o d s .  Cori 

and .Marcus use Burns ide 's  l e m m a alotig wi th  l i f t ings o f  (juasi-diagrattis .  I.i atid Sun 

in t ro d u ce  a new  ob jec t  calletl  a general ized t / /-contiguratioti .  a n d  S to im e t i o w  uses 

Bu rn sid e 's  l em tna  alotig wi th  tw o new objects :  litierized chord d i a g r a m s  and gener­

a l ized l inear ized chord d iag rams .  .As a s econ d ar y  result iti this c h a p t e r ,  we  der ive  an 

exact  formula for the  nuttiber o f  no n- i somorphi c  chord di agr am s w i th  n ( hords using  

sim[>le co u n t in g  techni fpies .

6.2 Enum erating non-isom orphic chord diagrams

T h e  bifactor ial  o f  an integer  n.  d e n o t e d  ni l .  is def ined by the  fo l lowing  fortitula:

nil  =

L ^ J
(;i -  2J)  i f  ri >  0.

j=0

I if  n =  0 or u =  — I.

0 i f  n <  - 2 .
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I s ing ll i is n o t a l i o u .  it is easy  to see  that  t h e  iiuiulter o f  chord d i a g r a m s  witli  ii chords  

is ( 2 /i -  I)!!.

T h e  set o f  all chord di a g ra m s w i th  // chords is p a r t i t io ne d into e q u iv a le n c e  c lasses  

by the  cyc l ic  group Cj„.  T w o  chord d iag rams are i som orph ic  if  o n e  ca n be  o b t a in e d  

i)v soiiu' rotation o f  the  other .  If we  let rr d en o te  a s ingle  rota t ion ,  then the  group

I'lemeiits o f  Cj„ are rr̂  for j  =  1 . 2  'In. lo  count the  nutnber o f  t ion- i somorphic

chord di a g ra m s with n chords ,  d e n o te d  f ' ( t / ) .  we  a[ )p l\ ’ Bu rns ide 's  l e m m a ;

f ’(")  =  —  y  i /•’/./•(
•>ni n

J= 1

r iie  numlier  o f  chord d ia gr am s fixed by d e p e n d s  on ly  on the  orde r  o f  - tv In other  

words ,  i f  tw o  group e l e m e n t s  n-' ami  <r̂ ' have  t h e  s a m e  order,  th e n  th e  set o f  chord  

di a g r a m s l ixed  by each group e lem en t  will be the  sa m e .  1 he n u m b e r  of elermntts of  

with  order // ( w h e n * / ) | 2 r / ) is o ( / / ) .  1 hits, if we  let T i ' l n . p )  d e n o t e  the  n u m b e r  o f  

chord di a g ra m s with  n  chords  fixed by a group «'leimuit o f  order p ( n a m e l y  -r') then

r ( ; / )  =  - i -  o ( p ) 7 ' ( 2 / / . p ) .
'in P7 = 2n

We now der ive  a formula for T i ' l n . p )  by d e r iv in g  recurrence  e q u a t i o n s  for two  

cases:  p  od d  and p  e \c i t .  We start by label ing  th e  vert ices  on a cho rd  di agr am  from 1 

to  'In in cou nter- idockwise  order  around the  circle.  W it h  this l a b e l in g ,  we  def ine the  

Unijtli  o f  a chord s tar t ing  from ve rtex  i  and e n d in g  at vertex  j  to b e  { j  -  i)  m o d  'In. 

We now cons ider  the  chords s t a r t in g  at vertices  q.  I q . . .  . pq .  wher e  p q  =  I n .  If a chord  

d ia g r a m  is f ixed by rr'. th en  t h e  le ngt h  o f  the chords  s tar t ing  at t h e s e  pos i t ions  m us t  

be the  s a m e .  If p is od d th en  there  are 'In — p  po ss ib le  lengths  for t h e  chords ,  s ince  it 

is im p o s s ib le  for two vert ices in the  list q . ' l q . . .  . pr/ to be jo ined t o g e t h e r  ( see Figure

b. 2 (a ) ) .  If w e  now ignore t h e s e  chords ,  we  are redu ced to the  p r o b le m  of  c o u n t in g  

T[' In  — 2 p . p ) .  W e  arrive at the  fo l lowing recurrence  relat ion if  p  is odd;

T( ' 2 n , p )  =  {'In — p ) T{ ' l n  — 2 p .p ) .
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(a)

\

•5q

(b)

Figun'  ti.'J: (a) Oiu* o f  tlu* 'lu — p  p os s ib le  lengl l i s  for t h e  c h o r d s  starting at
i j . ' l t j  pq.  (b) For p  ev en ,  there is on ly  o n e  cho ice  for the  e n d p o i n t  landing liack
in t he list r/. 'J(/........./a/

In the  base case .  /'(O./y) =  1 .

If p  is e \ e n .  th en  t h ere  is the add i t i ona l  po ss ib i l i ty  that  the  c h o r d s  have  length n 

I see Figure ( ) .2lb) ) .  I'hns each vertex in th e  list q . ' l q . .  . . p(i can  be  j o in e d  tu ex ac t ly  

o n e  other vertex in t h e  list or to any o f  the  o t h e r  'In -  p v<’rtices as  Itefore We ob ta in  

I  he following recurrence  relation if p  is e \ e n :

l ' i ' l n . p )  =  ['In — p]T{ '2n -  'Ip. p)  f  T{'In -  p . p ) .

In the  base cases ,  l ' ( p . p )  =  F (Ü .p) — 1 .

Solving the  tw o  recurrence ecpiations y ie ld s  th e  fol lowing ex a c t  formula;

(q -  I)!! • p?/- if p o d d .

T C 2 „ . p } ^ {  ^  /  \
e v e n .

j = 0

Proo f  by indu ct ion  on </ will verify th e  co rrectn ess  o f  the ab ov e  resul t .



6.3 R epresenting chord diagram s

I hrro arc nu merou s  ways  to represent cliord d ia g r a m s .  Several o b j e c t s  equivalent  

to our  definit ion o f  chord dia gr am s  have been s t u d i e d  by other  autho rs ,  inc lud ing  

po ly go ns  where  th e  s ides  are ident ihed pairwise [26]. a n d  one-vertex  m a p s  [15]. We  

ch o o se  to ignore t h e s e  o th er  representat ions and focus on  new string represen tat ions .

Oiu' o f  the most  natural  ways to represent a chord diagrani i< to first assign  

each chord a unicpte va lue  from 1 lo n.  anil th en  label  the  vertices wi th  the  value  

o f  the ir inc ident  chord.  If we  arbitrarily pick a s t a r t in g  vertex s. th en  we o bt a in  a 

s tr ing representat ion  by recording the vertex \ a lues  s t ar t ing  at \ e r t e x  .< and m o v i n g  

co un ter-c lo ckw ise  ( b y  conv( 'nt ion)  around the  c ircle.  In this  nianni'r. any  s tr ing  w ith  

length  2n c on ta i n i ng  e x a c t l y  two occurrences  o f  t h e  values I through n can  be  used  

to represent a chord d iagram .  . \n  example  o f  th is  s tr ing  représentât ion is sh ow n  in 

Figure  (i .dfal.  Such s tring  representat ions  have  eqttixalettce under s ir ing  rotat ion  and  

p e r m u ta t io n  o f  the  al [)habet  syrnitols I through n.  Thus,  there m ay  be  up to 2 n (n ! )  

s tr ings  in each eq u iv a le n c e  class.  The se  strings are equiva lent  to un lab ele d  ne cklaces  

where  the  num ber  o f  each al ()habet symbol is 2. Ivarlier. we  develo[ )ed an a lg o r i t h m  

for ge ne ra t ing  b inary  unl abeled  necklaces,  but t h ere  is no known fast so lut ion  for 

general ittg unla bel ed  necklaces  in the general  cast'.

B e c a u s e  no e lhc ient  gene ra t io n  algor ithm cu rren t ly  ex is ts  using this  first s tr ing  

representat ion ,  we  co ns id er  an ot he r  approach.  First ,  we  assign each v e r te x  a pos i t ion  

from I to 2n by s ta r t i n g  at a vertex  .s and m o v i n g  coun te r -c lo ckw ise  arou nd  t h e  circle.  

We then label each ver tex  i wi th the length o f  t h e  chord starting at v er tex  /. Recal l  

that the  length o f  a chord s tar t ing  at vertex / and e n d i n g  at vertex j  is ( j  — i)  mo i l  2 n. 

In th is  case ,  the  labe l  g iven to each vertex is i n d e p e n d e n t  of  the  s t ar t in g  v er tex  .s; 

however ,  there  is a d e p e n d e n c y  between each pair o f  vert ices  jo ined by a  chord; if two  

vert ices are adjacent  then the  s u m  of  their values  e q u a ls  2n.  This  is eas i ly  s een  by  

the  def ini t ion o f  len gth .  .Again, we  obtain the  s t r in g  representat ion by  recording  the  

ver tex  values s t a r t in g  at ver te x  .< and m ovi ng  coun te r -c lo ck wi se  around t h e  c ircle.  In 

this  se co n d  s tr ing  representa t ion ,  we no longer  ha v e  ecptivalence un de r  p e r m u t a t i o n
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4

3

(a) strine = 42123143 (b) smne = 62363525

F igu re  ().;{: T w o  s tr ing representations:  (a) lal)el chords  then vert ices  (b)  labe l vert ices  

by chord length

ol' th e  . i lphabel  sy mbt ds .  atid the  num ber  o f  each a lphabet  s y m b o l  is no longer lixi'cl: 

how(>\<-r. I  lie s ize o f  the  a lp ha be t  has im teased to 'In — 1 from //. A n  e x a m p l e  o f  this  

stritig representat ion  is g iven in Figure 6 . 8 (b) .

In each o f  the fo l lowing tw o sect ions ,  we  present  an a lgor i thm  for ge n e r a t i n g  non-  

i s om or ph ic  chord diag rams .  Both  a lgor i th ms use  the  second of  tw o  s tr ing rep resent a­

t ions  o ut l in ed in this  sect ion:  however ,  each a lg or i thm  uses a di i fereni  repr ese nt at iv e  

for each e ip i iva lence  class.  Bot h  a l gor i thm s a lso m a k e  use of  the  neckla ce  ge inuat  ion 

alg o r i t h m  N eck lace tT p ) .

6.4 A sim ple algorithm

In this sec t ion  we d eve lo p  a s i m p l e  algori thtn to list all t ion- i somorphic  chord di a g ra m s  

w it h  n chords.  To represent  the  chord d ia g r a m s ,  we  use the  s t r in g  repr ese nta t io n  

that  labe led  th e  vert ices ac cord in g  to  their chord length s  as d escr ib ed  in th e  pre vious  

sect io n .  S i n ce  we  wish  to  g ene ra te  o n ly  no n - i s o m o rp h ic  chord d ia g r a m s ,  we  m u s t  list 

e x a c t l y  o n e  s tr ing  per equ iv a le n c e  class.  U s i n g  t h e  lex ic ogr aph ica l ly  s m a l le s t  s tr ing  

as the  representa t iv e  o f  e ach  eq ui va le nc e  c lass ,  we  arrive at a p r o b l e m  equi va len t  to 

ge n e r a t in g  length  2n  necklaces  on  an a lp h a b e t  o f  s ize  2 /t — I. wi th  t h e  a d d e d  restric t ion
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I liât oach necklace' corresponds to a valid chord diagrani .

Recal l  that  wh en  gene ra t ing  necklaces,  we bui ld up a pre-necklace  on e  cliaracte'r at 

a t i m e .  .Applying  this  to chord diag ram s,  we instead add o n e  chord or two characters  

at a t im e .  T h u s ,  i f  we  are ad di ng  the  value j  to the  / - th  pos i t ion  o f  the  s tring,  th en  

w e must  also add the  value 2ti — j  to the (t +  j ) - t h  po s i t ion  I du e  to  the  nature  o f  the  

s tr ing  representat ion  for chord dia gram s that we  are us ing) .  Th is  adds  tlu' condi t ion  

that  t +  j  <  I n .  In addi t ion ,  we  m us t  ensure that  we  ha ve  not a lready assigned values  

lo  pos i t ions  / and t -r j  in the  pre-necklace.  If we  have' a lready assigiii'd a value  to  

t h e  /-rh po s i t io n ,  then we c o nt in ue  generation with pos i t ion  / -f L only  if the  s tring  

Ol . . . d ,  is a val id pre-necklace.  .Adding these  s in iph'  m odi f ic at io ns  to Necklace!/ . /)). 

w e ensur e  tha t  each necklace  generated  corresponds  to a valid chord diag ram.  The  

resul t ing  a lg o r i th m  for gen erat in g  non-i somorphic  chord di agrams in lex i cograph ic  

order .  SimpleChords(/./)). is sh ow n in Figure Ii. I. 1 he ini tial  call  is SimpleChordsI I. 1 ) 

and (1,) is ini t ia l ly  set to 1. .Aperiodic chord d ia gr am s can he geiu'rated by rc'placiiig 

th e  test  'In m o d  /) =  0  with 'In =  /i. as was the case  wi th  necklaces.

6.4.1 Analysis

Recal l  that tiu' goal  is to d eve lo p  a generat lot i a lg o r i t h m  which runs iti constant  

amort  izi’d t im e .  To see if a m a t h e m a t ic a l  analys is  is wo r th whi le ,  we  lirst ga ther  soti ie  

e x p e r i m e n t a l  results .  To analyz i'  the perfortnatice o f  this  a lgor i th m,  we  c o m p a r e  

t h e  atnount  o f  work do ne  to the  number  of  chord d ia g r a m s  ge ne ra ted .  Sitice each  

recursive  call  is t h e  result o f  a con s tan t  amount  o f  work,  we  s i m p l y  count the  n u m b e r  

o f  ri'cursive ca lls  tuade.  This  approa ch is the s a m e  as count i t ig  the  nu m b er  o f  nod es  in 

th e  c o m p u t a t i o n  tr«’e. T h e  re sul t ing  ratios of  work d o n e  c o m p a r e d  to chord d ia gr am s  

g en erat ed  are s ho w n in Table  b . l .  .Notice that  the  ratios  are s t ead i ly  increas ing as  

th e  n u m b e r  o f  chords  increases .  T h i s  is a s trong in d ic at io n  that  t h e  a lgor i th m is not  

( ’.AT. For th is  reason,  we  a t t e m p t  no m a t h e m a t ic a l  an aly s i s  and focus  on d e v e lo p in g  

a faster a l g o r i t h m .



p r o c e d u r e  SimpleChords { t .  p  : integer ):
local j  : integer;
begin

i f  / >  1 1 1  th e n
if  '111 mod j) =  I) t h e n  Print! ) 

e ls e  b e g in
J  ■ =  " , - p :

i f  (It = 0  and  t +  j  <  'In th e n  beg in  
if = 0 t h e n  b e g in

rt, : = j :  a , + j  : = -In -  j :
SimpleChords! / + 1. /> );
n t - u j  • — (3.

end:
for J c  -r 1........... '2n -  / } d o  b e g in

if a , +j  =  Ü t h e n  begin
Ilf : =  j :  iit+j := 'In -  j :
SimpleChords! t +  [.  t ):
(i ,+j  := Ü:

end:
end:
II, 0:

end:
e l s e  i f  a,  =  a . . p  t h e n  SimpleChords! / +  ! . / )  ): 
e ls e  if  a,  >  a , . p  t h e n  SimpleChords! t +  I.  t ):

end:
end:

Figure  Ii. 1: 
chords

A s i m p le  a l g o r i l h m  for g e n e r a t in g  non-i somorphic  chord diagra ms  ui i j

N u m b e r  o f  
chords 11

N o n - is o m o r p h ic  
ch ord  d ia g r a m s

R atio  o f  w o r k  d o n e  to  
chord  d ia g r a m s  g e n e r a te d

A IS 10.6
Ô 105 12.S
6 902 14.1
1 9749 15.3
S 127072 16.3
!) 1915951 17.3
LO 32743182 1S.3
11 624999093 19.2
12 13176573910 20.1

Table 6.1: Experimental results for SimpleChords!f,p)
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6.5 A fast algorithm

[n this  s e c t io n  we  deve lop a fast a lgor i thm for generat ing  n on - i s om or ph ic  cho rd  d ia ­

grams.  In this  a lgor ithm we use  the s a m e  s tr ing  representation for chord d ia g r a m s .  

l ) U t  th i s  t i m e  we use th e  canon ica l  form desc r ib ed in Sec t ion  o .d . l .  Recal l  that  the  

veri f icat ion  described in S e c t io n  ô.d.2 was used as a basis to o u t l i n e  ati algorit  b in  for 

g e n e r a t in g  necklaces w h ere  t h e  n u m b e r  o f  each alphabet sy m b ol  is hxed.  V\e wil l  use  

the  s a m e  ideas and no ta t io n  here  to g en era te  chord diagrams.

T h e  general  idea be h in d  this  new gene ra t io n  a lgor ithm for chord d ia g r a m s is to  

fill t h e  l e n g th  'In string n wi th  the  value r s t ar t in g  with the  smal les t  value e". so that  

t he correspondit ig  s tr ing  /lo.s'. is a necklace  (w i t h  lex-tninitnal as represiuitat i \ e | .  If 

/ici.s' is a Lyndon word, then  we  fill the  re m a in in g  posi t ions  of  a  with  values  greater  

than r .  m a k in g  sure that  the  s tr ing represents  a valid chord di ag ram .  O t h e r w i s e ,  if 

is a  periorlic necklace,  then we must repeat  the procedure  for r -f 1 .

O b s e r v e  that the on ly  chord <liagram with  m i n i m u m  value n is n =  ir" .  S in c e ,  we  

can g e n e r a t e  this string senarate ly .  we let the  m i n i m u m  value  r '  range  from I to  // — 1 . 

We d i v i d e  the  a lgor i thm o u t l i n e d  abo ve  into three separate  recursive  rout ines:  the  

first r o u t i n e  GenPos(.-i./ . p .  r . /n . s / )  gener ates  th e  necklaces  pos[, . :  the  second rout ine  

G enPos2(. ‘̂ . f. p . / / .  c . / x / r t )  gene ra te s  the  ne cklaces  po.s'. for all c >  r ';  and t h e  third  

rout ine  G en R es t ( . s . ( . c l .  fills t h e  remainin g  pos i t ions  wi th values that  arc' greater  than

c. T h e  a lgo r i th m FastChords( / / )• shown in Figure  ()..'i. u.ses t h ese  rout ines  to ge n e r a te  

all n o n - i s om orph ic  chord d iagram s with  n chords.  To s im pl i f y  the  no ta t io n ,  t h e  i- 

th e l e m e n t  of  pus[. is d e n o t e d  po.s'.(/). T h e  chord diagra m ge ne rat ed  is s t o r e d  in

O — Aq * * ' ^  2 n —i ‘

D u e  to  the  de pe nd enc ie s  o f  the  string  representat ion,  w h en ever  on e  o f  t h e s e  rou­

t ines a d d s  the value c to  pos i t ion  .s. it m u s t  al so assign th e  value  'In — c to pos i t ion  

(.s -(- r )  m o d  'In. . \  gloi ial  l inked list is used to keep track o f  the  avai lable p o s i t io n s  in 

a .  in inc reas in g  order. T h e  var iable  h e a d ,  is the  value o f  th e  first available po s i t io n ,  

and t h e  value  '2n represents  t h e  end o f  t h e  l ist .  If the  list is i m p l e m e n t e d  u s i n g  an 

array w i t h  next  and pr evi ous  pointers,  t h e n  the  functions Acld(s), Remove(s), and



p r o c e d u r e  FastChords (n):  
l o c a l  /. r ‘ ; integer:  
b e g i n

lnitList( ):
for r* G { 1 .2  n — 1} d o  (0) := Q:
for r' G { 1 .2 ..........r? — I } d o  b e g in

(i() := r ' :  <i,- :=  2n — r ‘ :
R em ove!0): Remove! c' ) :
G e n ( h t ( i ( l .  L. I. e". 11):
GenRest ( / i 6 (£(/. h t a d . i u  x t . r ‘ j:
A d d !e ‘ ): Add!0):

e n d :
for I G {0. 1 . 2 ............'2 / 1  -  1} d o  a, :— ir.
Print! ):

e n d :

Figure  (i . i:  A last alguritl i i i i  for generat ing  nun-isuti iorphie chord diagratti.s w i th  n 
cliord.s

Avail!.s) can he im p l e m e n t e d  in constant  t im e .  T h e  rout ine  InitList! ) initializ('s the  

list to conta in  every  posit ion frotn 0  to 2 /t — I.

1 he  various detai ls  o f  each recursive funct ion  are descriht'd in th e  fo l lowing suh-  

se ct ions .

6 .5 .1  GenPos(.s. t . p .  r j a s f )

W’e ge n e r a te  all necklaces  using the  fu n d a m e n ta l  n eckl ac e  propert ies  from th e

pr ev iou s  nec klace  a lg or i thm s.  In addi t ion  to th e  usual pa ram ete rs  t and p. we  a lso  

m a in t a in  the  pos i t ion  s !in o )  and the value v we wish  to insert at pos i t ion  s .  W’e  

ahso keep track o f  the  posi t ion  o f  the  last inserted  value in t h e  variable l a s t .  .Aside 

from the  usual  necklace  properties ,  we  can insert th e  value  v  into pos i t ion  s as long  

as th e  pos i t ion  !/• +  s )  m o d  2n  is available,

.At each s tep  the  s tr ing  pos\.  =  q \ q i - - - q t - \  is a pre-necklace .  T h e  sm a l l e s t  valid 

p os i t io n  such that  q^q-i ■ ■ ■ qt is a lso a pre-necklace  is equal  to  l a s t  -f  qt -p  and is s t ored  

in t h e  variable m i n .  However ,  from the  d iscus s ion  in th e  ver i f icat ion  a lg o r i t h m  (s ee  

C h a p t e r  5 .3 .2 ) .  t h e  s tr ing  we desire  has the  va lue  'In — l a s t  a p p e n d e d  to pos[, .  T h u s .
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p r o c e d u r e  GenPos ( s .  t.  p.  r .  integer  ):
l o c a l  in x t .( . mi l l  .p'2 : integer:
b e g in

mi l l  :=  Ui6t  +  po.s[.(t — p);  
i f  mi l l  =  '111 an d  I m o d  p =  Q t h e n  b e g in  

if t — n t h e n  Print( ): 
else Ge nPo s H h t  a d .  1. 1.2;; ■ p i t .  r  +  1.0):

end:
e lse  i f  mi l l  <  'In an d  .•< <  'In t h e n  b eg in  

I ;=  ( s r I m od  'In: 
i f  .' > n u n  and  Avai l(e)  t h e n  b eg in

n t x t  s . n ;  xt :
if  i i f x l  =  t t h e n  n e x t  := t . i n x t :
((, : =  (•: a.  : =  'In — r:
Remove) .s I: Remove) e):
pus\ . (t  ) s  — lii. t̂:

p i  '■'= /':
if  s -f- mi l l  t h e n  p'l : =  t:
GenPos);;t  r / .  / -I- 1 . /;2 . r. .s i;
if  .S +  p o s [ { t  -r 1 -  p'l) <  In  th e n  Ger\Rest ( ln ad.  In l u l . i n  x t . r]  

Add(e):  Add).-;):
end:

GenPos).s.;;e.rL t . p .  r .  Ia.-<t ): 
en d ;  end:

Figure  (i.ti: GenPos(.s.  /. /;. r.ln.-^t )

\[' mi l l  <  'In.  then the  s t r ing  with  th e  a p p e n d e d  value is a Lyndon word. If n u n  =  'In 

and t m o d  p — 0  then the modif ied  s t r in g  is a periodic neckla ce .  P s e u d o c o d e  for th e  

resu l t ing  procedure  GenPosf . s . / . /».  c . /«. s<) is shown in Fi gu re  li.ti.

6.5 .2  GenPos2( s. t . p . p ' . v . par t )

To g e n e r a t e  th e  strings pos[.  for values  v  >  v '  we again u se  the basic ne ckl ac e  pr op ­

erties.  T h i s  t im e  the s tr ing be ing  g e n e r a t e d  has a s l i gh t ly  different c o n s t r u c t io n .  In 

this  c ase ,  we  must  m ai n ta in  the  va lues  p' (as descr ibed in t h e  verification a l g o r i t h m ) .  

V. a n d  a n o t h e r  value p a r t  which is used w h e n  we a dd t h e  addi t iona l  values to  pos[ ,  (as  

de sc r ib e d  in th e  verif icat ion a lg o r i t h m ) .  Unl ike  the  ver if icat ion a lgor i thm,  h o w e v e r .
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wc  flo not  p l ac e  ail tlie a d d i t io n a l  values at once .  Instead,  w e  p l ac e  them incrernen-  

ta lk as we  pa.ss the pos i t ions  eq u al  to  the value  that  is to be  inser ted .  Thus, t h e  first 

t ime the  va lue  s is greater th a n  p' . we  add the  value  p' to the  s t r in g  po.-<[,. T h e  var iable  

n u n  is used  in a similar m a n n e r  as w i th  the  previous  m e t h o d  G en P o sf s .  t .p .  e .  / o s f  ).

T h e  o n e  spec ia l  case  that m u s t  be  cons idered,  is the  c a s e  w h e n  e =  n. In th is  

case we  do  not al low the  s t a r t in g  vertex  .s to be  greater  than n b e c a u s e  the  re su l t i ng  

string is <'quivaleiit to p lacing t h e  value  in posi t ion n — s. P s e u d o c o d e  for i he re su l t i ng  

rout ine  G e n P o s 2 ( s . / . / ) . / / .  r .  p u ;-M is shown in Figure (i.7.

6.5.3 GenRest(.y. e. r)

riie rout ine  GenRestf s .  ( .  c ) is a s i m p le  recursive procedure  tha t  fills the  r e m a i n i n g  

avai lable po s i t io n s  in o w i th  values greater  than  c. It s tarts  w i t h  the first av a i la bl e  

posit ion .s. an d for each av ai lab le  pusi l ion t .  a t t e m p t s  to assii>ii the  \ a l i n ‘ ( — .s to  

|)Osition .s a n d  the  value 'In -   ̂ -t- s to posi t ion c. Such a s s i g n m e n t s  are valid as long  

as the  values  are greater than  c.  O n c e  all the pos i t ions  are fi l led,  t h e  s tring is pr inte d .  

P s e u d o c o d e  for this rout ine  is s ho w n in Figure fi.S.

6.5.4 A nalysis

.As wi th  t h e  previoits a lg o r i t h m ,  we  obta in  e x p e r im e n ta l  resul ts  for the  a m o u n t  o f  

work d o n e  c o m p a r e d  to t h e  n u m b e r  of  chord diagra ms  g e n e r a t e d .  .Again, s in c e  t h e  

work d o n e  for each recursive  call  is cons tant ,  we  count th e  a m o u n t  of  work d o n e  by  

s u m m i n g  t h e  nutnber of  recurs ive  calls.  T h e  resul t ing rat ios  are shown  in T ab le  6 .2.  

Not ice  that th e  ratios are d ecreas in g  (after n =  5) as the  n u m b e r  o f  chords increases .  

This  g iv es  a very  strong in d ic at io n  that  the  a lgor i thm runs in const ant  a m o r t i z e d  

t ime.

CONJECTURE 2 Al gor i t hm F a s t C h o r d s ( n ) f o r  genera t i ng  n o n - i s o m o r p h i c  c h o r d  d i a ­

g r a ms  is C A T .

.A m a t h e m a t i c a l  proof  for t h e  co nj ec tu re  is very  difficult b e c a u s e  there  se e m s  no  e a s y  

way to c o u n t ,  or  bound,  t h e  n u m b e r  o f  nodes at  each level  o f  t h e  c o m p u t a t i o n  tree .
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p r o c e d u r e  GenPos2 ( s .  I. p.  p ' . r .  pur l :  integer  ):
lo ca l  Ilf . r t . e . inin:  integer:
b e g in

niiri  p o .\  (t — p):  
i f  r =  I) and s > n t h e n  begin  

i f  l i t t id =  I n  t h e n  Printl ):
end:
e l s e  if  / = 1 and > > / /  th e n  begin

if  r < n th e n  GenPos 2{  In ml .  1. 1 ./ / .  r + l.Üi:
end:
e l s e  if s > p ' i p a r t  +  I) th e n  begin

/)os'.(/) : =  / /:
i f  mil )  =  p' t h e n  GenPos2(s./ -i- \ . p.  p ' . r .  pi i r t  +  11: 
e lse  GenPos2(.'>. / +  Ï . I . p ' . r .  p ur l  +  11:

end:
e l s e  if  \ = ’l n  th e n  b e g in

if  In ml  -  'In t h e n  Print) );
e lse  if n u n  ^  ;/ t h e n  G e n R e s t ( h t a ( L l u  n d . i n  x t . r ) :
e lse  if / mod p =  0 th en  GenPos2(/n on/. I. [ , '2n ■ p / t .  r  +  1.0):

end:
e ls e  begin

I := (.-s -)- (•) mod '2n:
if.- mod / /  >  n u n  and  Avail) f)  t h e n  b e g in

in ,rl : =  .rl:
i f  l u x t  =  ( t h e n  m x l  : =  f . n t x t :
</j := r: a, := 2ii -  r:
Remove).'i): Remove) r):
po.<i[.(t] := .s mod p':
if  .s mod p' =  iiiiii th en  GenPos2)nc.c/. / +  I . p .  p ' . r .  pa r i ) :  
e lse  GenPos2)m x t . t  +  I. /. / / .  c. p a r t ) :
A d d ) ( ) :  Add) . s ) :

end:
GenPos2).s./n.r/. t . p .  p'. r .  par t ) :

en d : end:

Figure 6.7: G e n P o s 2 ( s , t .  p,  p ' , v . p a r t )



.')Ci

p r o c e d u r e  Gen Rest ( .s. t .  c : integer ): 
b e g in

if  .< =  2ii t h e n  Print(); 
e lse  if  e #  'In th e n  beg in

if  f -  .s > r and 'In — - i -  .s >  c then b e g in
t — s\ a.. := 'In — u,;

Remove!.s): Remove! e ): 
GenRestilitad.hf (ul.nf.rt .r):
A d d ( (  ); Add(.s) ;

end:
if  'In -  t . i u x l  +  . - > ( •  t h e n  GenRest(.s.(

end; end:

Fig ure  fi.S: Gen Rest  (.s. f . r

N u m b e r  o f  
c h o r d s  n

N o n - is o m o r p h ic  
ch o r d  d ia g ra m s

R a t io  o f  work d o n e  to  
c h o r d  d ia g ra m s  g e n e r a t e d

4 IS 13.4
5 10.5 14.0
6 0 0 2 12.4

9749 10.9
S 127072 9.8
!) 191.5951 9.4
1 0 ;127431S2 S.9
1 1 624999093 S.5
1 2 13176573910 S.2

Table  6.2: E x p er im en ta l  results  for FastChords(n]



Chapter 7

Forbidden Substrings

T h e  proli letn o f  ge ne rat in g  str ings with forbidden subs tr ing s  is natn ra l ly  re lated  to 

th e  c lassic  pat tern  m a t c h i n g  [)roblem. which takes  as input a [)attern P  o f  length  

m  and a text  T  o f  l ength  ii. and tinds all o c c u r r e n c es  of  the pat tern  in th e  text.  

Several  a lg o r i t h m s perform lhis  task in linear t i m e .  ( ) ( n  -f in),  inc lu di ng  t h e  Boyer-  

Moure a lg o r i t h m ,  the  Ixnuth-.Morris-Pratt ( K M P )  a lg o r i t h m  and an a u t o m a t a - b a s e d  

a lg o r i t h m  (whi ch  requires non- l inear  ini t ia l izat ion)  [14].

T h e  B o y er -M o o re  a lgor i th m is not su i table  for ou r  purposes s in ce  it d o e s  not  

o p e r a t e  in n x d - t im e .  This  m e a n s  that if we  are g e n e r a t i n g  a string ( p i e c e  o f  text)  

o n e  charac ter  at a t i m e ,  then the  Boyer-.Moore a l g o r i t h m  will not per form its checks  

in const ant  r ime per character.  On I he other  h an d ,  t h e  autonia la  ba sed a lg or i thm  

o p e r a t e s  in rea l - t im e and th e  K M P  algor ithm can b e  ad a p ted  to do so [14].

f ' s in g  th e  a u t o m a t a - b a s e d  pattern mat ch in g  a l g o r i t h m ,  this chapter  d e v e l o p s  C.AT 

a lg o r i t h m s  to generate:

(a)  all A-ary s trings  o f  l ength  n that  have no  s u b s t r i n g  equal to / .

(b)  all A--ary c ircular  s tr ings o f  length n that ha v e  n o  substr ing equal  t o  / .  an d

(c)  all  A'-ary neck lac es  o f  l ength  n that have  no  s u b s t r in g  equal to / .  w h e r e  / i s  a

L yn do n  word.

Each a lg o r i t h m  gene rat es  th e  string from le f t - to- r ig ht .  apply ing th e  p a t t e r n  m a t c h ­
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ing as e ac h c l iaracter is g en era te d .  In the u nrestr ic ted  case ,  the  ge ne ra t ion  a l g o r i t h m  is 

s tra igh t  forward,  however ,  whe n the  pattern is ta ke n circularly,  t h e  a lg or i th m  a n d  its  

a na lys i s  b e c o m e  mor e  c o m p l i c a t e d .  In the n eckl ac e  case ,  the  a lg or i thm  Necklace(hp) 

is used.

In t h e  fol lowing sect ion  we [)rovide background and defini t ions  for these  o b j e c t s  

along wi th  a brief descr ipt ion  o f  the  au toni ata-ba sed pattern m a t c h in g  a lg o r i t h m .  In 

Se c t io n  7.2.  we  o u t l i n e  the  deta i l s  of  each a l g o r i th m .  VVe an a ly ze  the  a lg o r i t h m s ,  

proving  that  th ey  run in con stan t  amort ized t i m e ,  in Sect ion  7.2.

7.1 Background

We d e n o t e  th e  set o f  all A-ary strings of  l ength  ii w i th  no sul )string equal  to  /  by 

I k i n . f ) .  T h e  cardinal!t \ -  o f  this set is /<. . (». /) .  For t h e  remainder  o f  this  c h a p t e r  

we will  a s s u m e  that the  forbidden string /  has length in.  Clear ly  it in >  n.  then  

[;. (n.  f ]  =  A'", and if in =  n th en  [ k ( n - f )  =  A-" -  I. If in <  n.  then an exact formula  

will d e p e n d  on the  lorbidden substring / .  I)ut can l)e c o m p u t e d  using  the  transfer  

m a t r i x  m e t h o d  [22]. In Se c t io n  7.2 we derive several  bound s  on the value of /<,■(/?. / ).

W e  d e n o t e  t lu’ set o f  all A’-ary circular s tr ings o f  l ength  n wi th  no s ub s tr in g  e q u a l  

to /  by C ; . ( / ) . / ) .  T h e  cardinal i ty  of  this set is C . \ ( i i . f ) .  In this  case ,  we  a l low the  

forbidden s tr ing to m a k e  m u l t ip le  passes around t h e  circular string.  1 hits, if a s tr in g  

o  is in l ( , . (n. f ]  and in >  n.  then it is still p oss ib le  for the s tr ing  n to  c o n ta in  the  

forbidden s tr ing  / .  For e x a m p l e ,  if a  =  0110 and /  =  1 1001100.  then a  is not  in the  

set  C;-( 1 . / ) .  We prove  that C k ( n . f )  is proport ional  to I k ( n . f )  in Sec t ion  7 .2.2.

T h e  set o f  all A--ary necklaces  o f  length n w i t h  no substr ing  equal  to /  is d e n o t e d  

N k { n . f )  an d has ca rdi nal i ty  . \ \ . ( n . / ) .  T h e  set  o f  all A--ary Lyndon words o f  l e n gth  

II w i t h  no sub str in g  equal  to /  is denoted L ; - ( n . / )  and has cardinal i ty  L k ( n . f ) .  For 

. \ ’t ( n )  an d  Lk( n)  the  s tr ings  are considered to b e  c ircular  whe n avo idi ng  / .  T h e  set  

o f  all Ar-ary pre-necklaces o f  l e ng th  n wi th no  s u b s tr in g  equal  to /  is d e n o t e d  Pr . ( n .  / )  

a nd has card ina l i t y  P k { n . f ) .  A. s tandard a p p l i c a t io n  o f  Burns ide 's  L e m m a  wil l  y ie ld
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I tic f o l i o u in g  formula for

o { d ) C \ [ n j d . J ) .  (7 .1)
u “

■/|n

By a p p l y i n g  Môl)ius inversion \ve o l i ta in a formula for Z.t(u. / ):

[.^{11. f ]  =  — ' y '  f . i [ d ) ( \ . \ n / d . J  ].
"  il-

7.1.1 The auto mat a-based string matching algorithm

ü n c  o f  t lie !)cst tools  for pattern recogni t ion  problems is the  iinite a u t o m a t o n .  If 

/  =  f\ f ,  ■ ■ ■ / ,„ is the  pat tern we are t ry i n g  to iincl in a stritig n .  then a ( le terni iu is t ic  

finite a u t o m a t o n  can be created to process  the s tring  n  on e  character  at  a t i m e ,  in 

constant  t i m e  per character.  Iti o ther  words ,  we can process  the  s tr ing  o  in r ful - t i i tu.  

T h e  pre process ing  s t eps  required to set up such an a u t o m a t o n  can be  d o n e  in t i m e  

0 { k n ) ) .  whe re  k  d en o te s  the size o f  t h e  a lphabet  ( see [I],  pg. :ITI).

T h e  a u t o m a t o n  has i d  +  I s tates ,  whic h  we take to  be the  integers 0.  I  i d .

T h e  s t a t e  represents I lit' length o f  the  current mat ch.  S u p p o s e  we  have  pr oce ss ed  / 

characti 'rs in the  s tr ing o  =  u p n  - «n and the current s ta te  is s .  T h e  tran s i t i on  

funct ion  b ' ( s . j )  is def ined so that if j  =  (/,+i m a tc h e s  . then <)(s. j )  =  s  -I- I. 

O th e r w is e ,  t i f s . j )  is the  largest s t a t e  </ such that  =  a , _ , , + 2  • ■ ■ « ,+ [ .  If the

a u t o m a t o n  reaches s ta te  tu.  the on ly  accept in g  s tat e ,  then the s tr ing /  ha s  been  

found in a .  T h e  transi t ion function is eff iciently crea ted  using an auxi l iary  func t io n  

fai l .  T h e  failure functioti  is defined for I <  / <  nt such that  fai l ( i ]  is the  l e n g t h  o f  

the  longest  proper suffix of  / i  • • • / ,  equa l  to a prefix o f  / .  If there is no  su ch  suffix,  

then fa i l ( i )  =  0.  This  fail function is t h e  s a m e  as the  fail function  in the  c la ss i c  K M P  

a lg o r i th m .
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7.2 A lgorithm s

In this  s ec t ion  we de v e lo p  an a lgori thm to g ene rat e  ne cklaces  avo iding  a part icu lar  

Lyndon su bs tr in g  / .  We start by looking at  t h e  s impler  p ro b le m  o f  g e n e r a t i n g  Ar-ary 

s tr ings  w i th  forbidden substrings and then cons i der  circular  s tr ings,  foc us i ng  on how  

to ha nd le  the  wrapar oun d.

If II i.l I he length  o f  t he strings Ixdng gtmerated atid iti is I  lie length o f  t h e  forbidden  

sul , s tr ing  / .  th en  the  fol lowing a lgori thms a p p l y  for 2  <  ni <  n.  In the  cas e s  wh ere  

III =  1 or 2.  trivial algoritht iis  can be d e v e l o p e d .  For c ircular  strings and ne ckl ac es ,  

if III >  II. then the  forbidden siibstritig can be  truncated to a length ii s t r ing ,  as long  

as it repeats  in a circular  tnanner after the  n - th  character.

7.2.1 Generating A-ary strings with forbidden substrings

A naïve  a lg or i thm  to generate  all strings in l k( >i . f )  will g en era te  all A-ary strings  

of  length  n.  and then  upo n generatioti o f  each string,  perfortn a litiear t i m e  te s t  to  

detert i i ine  w h e th e r  or tiot it contains the  forbidden substr ing .  s im ple  an d ef licient  

approac h for generat  ing strings is to construct  a length ii s tr ing  by taki ng  a strit ig of  

l ength  II — 1 and a p p e n d i n g  each of  the  A characters in t h e  a lph abe t  to  t h e  e n d  o f  

th e  s tring .  Th is  s t ra teg y  suggests a s i m p le  recurs ive  s c h e m e ,  requiring o n e  [ larameter  

for the  length  o f  t h e  current string. S i nc e  this  recursive a lg or i th m  runs in con stan t  

at i iort ized t im e ,  the  na ïv e  algorithm will ta ke  linear t i m e  per str ing g e n e r a t e d .

A m o r e  advat iced algori thtn will e tnbed a real - t ime a u t o m a t a - b a s e d  s t r in g  m a t c h ­

ing  a lg o r i t h m  into t h e  s tr ing generat ion a l g o r i th m .  S ince  an  a u t o m a t a - b a s e d  s tr ing  

m a t c h i n g  a lg or i th m  takes  constant t i m e  to process  each character ,  we  c a n  g e n e r ­

at e  each n ew  character  in constant t im e.  W e  store th e  s tr ing  be ing  g e n e r a t e d  in 

n =  and at each step,  we  m a i n t a i n  two par ameters:  t and .s. T h e  pa­

ra m e te r  t represents  the  next  posit ion in t h e  s tr ing to be  filled, and t h e  p a r a m e t e r  

•s represents  the  s t a t e  in the  finite a u t o m a t a  produced for t h e  string  / .  R eca l l  that  

ea ch  s t a t e  s  is an  integ er  value that represents t h e  length  o f  the  current  m a t c h .  T h u s  

i f  we  b egi n  a  recurs ive  call  with p ara meters  t and s .  t h e n  =  a t s  ■ • ■ ai^y.
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p r o c e d u r e  ForbString ( t ,  s  : ititeger ):
lo c a l  j . q  : integer:
b e g in

if  1 >  n th en  Print( ) 
e ls e  begin

for J €  {0. 1..........A.- -  I } do b e g in
(I, : =  j :

<l ■-
i f  <1 ^  in t h e n  ForbStringil + [ . 7 ):

en d :  end: end:

'igure 7.1: _\.n algorit l ini  for g e n e r a t i n g  A-ary strings witfi  no suljstring >M|iial to /

W’e co nt in ue  gen era t in g  the current  s tr ing  as long as .s ^  m .  W h e n  / > n.  we  print  

out the  s tr ing  us ing  tiie funct ion Print(). Pse'udocorle for th is  algorit l ini  is s h o w n  in 

Figure 7,1.  [ 'he transi tion funct ion  S(.-^.j) is used to u p d a t e  th e  s t at e  > as descr i ixul  

ill Sect ion 7 .1 . 1 .  T h e  initial call is ForbString! 1.0).

Following th is  approach,  each n o d e  in the c o m p u t a t i o n  tree will ( orrespon d t o  a 

unique s tr ing  in I k ( j . f )  where j  ranges  from 1 to n.  S ince  the  am oun t  o f  c o m p i t t a t i o n  

at each no<h' is con st an t ,  the tota l  c o m p u t a t i o n  is proport ional  to

[ i Tr t  t k(n.  f ]  =  ^  h i j - f ) -( 'uni

In Section 7 3.1 we  prove that th i s  s u m  is proportional  to f k ( n . f ) .  which  proves t h e  

fol lowing t h e o r e m .  (Recal l  tha t  t h e  preprocessing  required to set up the  a u t o m a t a  

for /  takes  t i m e  0 ( k n i } .  T h is  a m o u n t  is negl igible  c o m p a r e d  to the  s ize  o f  t h e  

co m p u ta t io n  tree. )

THEOREM 9  Al gor i t hm Fo r b S t r i ng ( t . s )  f o r  gent  rat ing k - a r g  s t r i ngs  o f  l ength n wi th  

no subs t r i ng  equal  to f  is C A T .
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7.2.2 Generating k-ary circular strings with forbidden sub­

strings

W e now focus on  the  more  compl icated  pr ob le m  of  gene ra t ing  circular  str ings wi th  

forbidden sub str ing  / .  To solve  this proble m we use the  previous  a lgor i th m,  but now  

W(' must  a lso check that the  wraparound o f  t h e  s tr ing  does  not y ie ld  the  forbidden su b ­

string.  More  precisely,  if a  — i< in I ; ( n . j )  then the  addit ional  substr ings

we mus t  i m p l i c i t b  test against  the forlsidden string  / are (/„_,„ + !+, ■ • - , - - u, for

I — 1 . 2  ni — 1 . To perform these ad di t iona l  tests ,  we  could  c o nt in ue  the  pat tern

m a t c h i n g  a lg or i thm  by a[ )pending the lirst ni  — I characters to th e  end o f  the  string.  

Th is  will result in iii — 1 addit ional  checks for each generated  s tr ing,  y ie ld in g  an a lg o ­

r i thm  that  runs in t i m e  /; . ( /( . / I ). This  approach can be  tweaked  to y ie ld a ('.AT 

a lg or i thm  for circular  s tr ings,  but leatls to diff iculties in I he an aly s i s  when app l ie d  in 

the  neck lace  c o n t i w t .

If we  wish  to use the algori thm ForbString(/ .  •>). we need a n o th e r  way to test the  

su bs tr in gs  s tar t in g  in the  last m  -  1 p os i t io ns  of  o .  We a cco m p l i sh  this  feat by  

tnain ta in i ng  a new boolean data  s tructure i nnt f hi i . l )  and di v i d in g  the  work into  two  

sep ar ate  s teps .  In the  first step we c o m p a r e  the  substring  u, ■■■a,  against  the  last i 

characters  in / .  If they  match,  then the  bool ean \a l u e  ii i(i lcli(i . i)  is set to I lU hi: 

o t h e r w is e  it is set to h'.ALSE. In the se con d s t ep ,  we check to see if ■ -u,,

m a t c h e s  the  first ri) — i characters in / .  If t h e y  match and m n t c h ( i . i )  is T R l ’E. then  

we reject t h e  s tr ing .  If there  is no match  for all \ <  i <  ni — I. th en  o  is in C f c f n . / ) .

To e x e c u t e  the  first s tep ,  we start by ini t ial iz ing  ni al ch( i . O)  to T R E E  for all / 

from I to HI — I. We def ine i i ialcl i { i . t )  for i <  i <  m — [ and / <  f <  /// — I to  be  

T R E E  i f  ni a t c h [ i . t  -  I) is T R E E  and a,  =  f m- t +t -  O th erw is e  n i a t c h ( / . l )  is F.ALSE.  

Thi s  de f in i t ion  imp l ies  tha t  niat ch( i . i )  wil l  be  T R E E  if m a tch es  the  last i

charac ters  o f  / .  P s e u d o c o d e  for a rout ine  t h a t  sets  these  values for each t is s h o w n  in 

Figure  7.2.  T h e  procedure  SetMatchf / )  is ca l led  after the  E t h  ch aracter  in the  s tring  

CÏ has b e e n  ass igned for t <  ni.  Thu s ,  i f  t <  nt.  we tnust perform add i t ional  work  

propor t io na l  to m  — I for all strings in I t ( / . / ) .  We will prove  later  that this  ex tr a
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p r o c e d u r e  SetMatch ( / : integer  );
lo ca l  / : integer:
b e g in

for / fc { / . /  +  1......... /;/ — 1} d o  b e g in
if  n m U h ( i J  -  1) a n d  =  ‘h th e n  r»(t tcl i(i . I ) : =  T R l 'K :
e ls e  niiLlrh(i . t ) : =  FA LSE :

end: end:

Figure  7.'2: Procedure used to  se t t h e  values of  rnntciH i . t)

fu n c t io n  CheckSuffix i : integer ) r e tu r n s  boo lean:  
b eg in

w h ile  > Ü do b eg in
if  m(i tch{ni  -  .>.ni — s )  t h e n  return( FALSE ): 
e lse  .s := f(iil(s):

end:
return! TREE):

end:

Figure  7.3: Funct ion used to test t l ie w rapar oun d of  circular st rings

work will  tiot affect th e  a sym pt o t i c  rtttining t i m e  of  the  a lgor ithm.

To e x e c u t e  the  secon d step,  we obs erve  tha t  after the  n-tii  ( harac ter  has been  

ge n erat ed  (I =  ft +  1). th e  string is the longest  sulfix o f  o  to  match

a prefix of  / .  t ’s ing  th e  array /a/7, as d es cr ib ed  in Sect ion  7.1.1.  w/' c a n  find all 

ot h e r  sul t ixes that m a tc h  a j/r/'lix of  /  in const a tit t im e  per sulfix.  I h e n .  for each  

suffix wi th  length  j  foutid equal to a prefix o f  / .  we  check rnatcli(in -  j . n i  — j ) .  If 

mat c h( i n  -  j . m  — j )  is T R E E ,  then a  is not  in C t ( n , / ) .  Not e  that  4 ( n  — j . f )  is 

an up pe r  b o u n d  on th e  numb er  of  strings  w h e r e  «t i -j+i  ’ •■(in mat ch es  a  prefix o f  / .  

T h u s ,  for each 1 <  j  <  "t — I the ex tr a  work d o n e  is proport ional to / t ( / /  — ] • / ) ■  

P s e u d o c o d e  for th e  tes ts  recptired by this  secottd s tep  is shown in F ig ur e  7.3.  T h e  

funct ion  CheckSuffix(s)  takes as input th e  p a r a m e t e r  .s which represents  t h e  leng th  of  

t h e  longest  suffix o f  a  to match a prefix o f  / .  It returns T R U E  if a  is in C k ( n .  f )  and  

F A L S E  ot he rw is e .

Fol l ow ing  this  approa ch,  we can g e n e r a te  all  circular strings wi th  fo r b id d e n  sub ­

s tr ing s  by  a d d in g  the  routines Se tM a tch ( / )  a n d  CheckSuffix(s)  to  F or bS tr in g( f . s ) .
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p r o c e d u r e  ForbCircular { L s : intege r  );
lo ca l  j . q  : integer;
b e g in

if  ( >  ;; t h e n  b e g in
if  CheckSuffix(.s) th e n  Print( ): 

e n d  e ls e  b e g in
for J t  {0.  1 A- — I } d o  b e g in

a,  : =  j :  
q : =  ()(.s.j):
i f  t <  ni t h e n  SetMatchi A):
i f  q 7 = >n th e n  ForbCircular(/ i- [.(/):

end; end; end;

Figure  7.1; An a lg or i thm  for gene rat in g  A.--ary c ircular  s trings u i t h  no substr ing  e q u a l  
t o /

P s e u d o c o d e  for the  resul t ing  a l gor i th m is s h o w n  in Figure 7.4. 1 he  initial cal l  is

ForbCircular( 1 .0 ).

Üi tserve  that the  size o f  the  c o m p u l a t i o n  tree  will be  the  s a m e  as before; ho wever ,  

in this case ,  the  c o m p u t a t i o n  at each nodi' is not a lways  cons tant .  I'he extra work  

p m f o r m e d  at th ese  nodes  is bo u n d ed  by

rti -  I m — I

Ext r a \ Vur k ' i ; { n .  f ]  <  ^  ~  J - / )■
j = i  j = i

T h e  Hrst s u m  represents th e  work d o n e  by S e t M a t c h ) / )  an d the  second  the  work d o n e  

by CheckSuffix(.s).  In S ec t io n  7.4.2 we  sho w that  this  ex t r a  work is proport ional  to  

I k ( n . f ) .  In a d di t io n ,  we  also prove  that is proport ional  to f ; . ( n . / ) .  T h e s e

resul ts  prove the  fo l lowing the orem .

T H E OR E M 1 0  Al gor i t hm ForbCircuiar( t .  ̂) f o r  gt  in rat ing k - a n j  c i r cul ar  s t r i ngs  o f  

l ength n with no s ub s t r i ng  (quat  to f  is C A T .

7.2.3 Generating A-ary necklaces with forbidden substrings

U s in g  t h e  ideas from the  previous  two a lg o r i t h m s ,  we  now ou t l i n e  an a lg o r i t h m  t o  

g e n e r a t e  nec kla ces  w i t h  forbidden substr ings .  F irs t ,  we  e m b e d  th e  rea l - t im e  a u t o m a t a
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p r o c e d u r e  ForbNecklace ( : integer ):
l o c a l  J . q  : integer;
begin

if  f >  n t h e n  b eg in
i f  II m o d  p  =  0 and  CheckSuffix(.s) th en  Print( ): 

e n d  e l s e  b eg in  
n,  : =

(/ : =  d(.s . II, j:
i f  / <  ni th e n  SetMatch(/):
i f  q  ^  III th e n  ForbNecklace(/ +  1. /-»•(/);
for J €  {fi t^p +  1.......... A,- -  1} do  begin

a,  :=  j \  
q
i f  / < 111 th e n  SetMatch(/);
if  q 7= III th e n  ForbNecklacel/ -f- I./.(/I:

end: end: end:

Figure  7.1: An a lg o r i t h m  for generat ing  A-ary necklaces  wi th no s u b st r in g  equal  to /

based string m a t c h in g  a lg o r i t h m  into the  necklace  generat ion  a l gor i th m Necklace; / ,  /q.  

T h e n ,  since we m u s t  a l so  test the  wraparound for necklaces ,  we add th e  s a m e  tests  as 

outline<l in the c ircular  s t r in g  a lgor i thm,  . \ p p l y i n g  t hese  two s im pl e  s te p s  wil l  yield an 

algor i thm for necklace  gene ra t ion  with no s ub st r in g  equal  to / .  P s e u d o c o d e  for such

an algori thm is sh ow n in Figure  7.1. Lyndon words  can be ge ne ra te d  by  replacing

th e  t(’st "II mod p =  0 " wi th  the  test “// =  p." T h e  initial  call is ForbNecklacel  1 . 1 .t)).

To analyze the  runn in g t i m e  o f  this a lg or i t hm ,  we  again must sh ow  tha t  the n u m ­

ber of  necklaces g e n e r a t e d .  is proportional  to the  am oun t  o f  co m p u t a t io n

do ne .  In this case  t h e  s ize  of  the c o m p u t a t i o n  tree  is

. \ t - c k C ü i i i p T r t  et , {n.  f )  =  ^  P k i j . f ) .
i= i

However,  as wi th  t h e  c ircular  string case,  not all nodes  perform a c o n s t a n t  amoun t  

o f  work. The  e x t r a  work perforttted by these  nodes  is bounded by

m  — I tn — I

. \ e c f c E x t r a \ V o r k k { n .  f )  <  ^  Pk{n -  j , f ) .
j = i  j = i
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X o l c  t l ial  ih i s  express ion  is the  s a m e  as the  extra work in the  circular string; case ,  

e x c e p t  we  have  replaced I k i ' i - f ]  udth Pk{ t i . f ) .

In S ec t io n  7.3.d we  s h o w  that  when /  is a Lyndon word.  . \ p . c k C u n i p T r f  t . f  ) 

an d X( c L- Es t r f i \ \ ' o r k - k ( n .  f ] are bo th  proportional to ^ / t ( n , / ) .  In addi t ion ,  we  a lso  

prove  tha t  .V; . (; / , / )  is proport ional  to ^ / t ( n . / j .  Lliese results  prove the  lul luwiu^  

theore iu .

TllEORE.M 11 Algaritl i iri  ForbNeckl ace( t .  f or  i j mi  n i t h i g  k - a r y  t i fcklar t s  o f h u g t h  

II irilli no  sub.-<lrnig t giitil t o f  /s (  '. I so  long as J is a L y n d o n  word.

7.3 A nalysis o f the Algorithm s

riiis s ec t ion  pro\ ides an a s y m p t o t i c  analysi s  for each o f  the  three  generat ion  a l go­

r i t h m s d e v e lo p e d  in this chapter.

7.3 .1  S trin g s

In t h e  s tr ing  generat ion a l g o r i th m ,  the total c o m p u t a t i o n  is proportional to  

( ' o m p T r t t k i n .  f  ] which is g iven by the  (dllowing expression:

C u m p T r (  Ci,(n. f )  =  ^  l k[ J- f ) -

7 =  1

To s h o w  that this  sum  is proport ional  to the number  o f  s trings  gene ra ted .  4 ( / / ,  /'). 

we first prove three l e m m a s .  Recal l  th at  we assume k  >  I.

Le.\I. \1. \  15  f f  s t r i ng  f  has  Itngtl i  rn >  I and n >  m . then

Lk{ • /  ) 2  h'[k;{n —  I .  / )  -  lk{ n —  ni.  / ) .

P r o o f :  Let q  =  a i - - - a n ~ i  be  a s tr ing  in the set l k { n  — 1 , / ) .  If w e  a p p e n d  a  

cha rac te r  a„ to a .  then t h e  s tr ing  « i  • ■ • a„ is in ! * ( « .  / )  as long  as /  ^  «n-m+u • • • «n-
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Th e mini!)ef o f  s tr ings  where  /  -  is at most  [h{n — n i . f ) .

L e m m a  16  I f  s t r i n g  f  has length ni  >  2 then

lk-{ j  I 2  / t (" — L T  lk( ’̂  ~ /)•

P r o o f :  VW prove this lemma by iiuluetion on n using the previous lemma.  In tbe  

base eases, where n < in.  the result is trivial.

l ki >> • j  ) 2  n  — 1 . /  ) — / ; . (  f) — / / J . /  i

>  2 / a. ( u  -  1 . / )  -  / ; . ( n  - ; L / )

>  li;(n -  \ . J ) +  l ;̂(n — 2. J ) -r /i.(u — •{._/) — I;■(n — ■]. ])

>  L- 1 " -  1 ■ j  ' +  I kill — 2.  J ).

L e .MM A 1 7  If  s t r i n g  f  has h iigtli in >  2 t hen

Iki II- j )  ^  " — i - j ) -

P r o o f :  If n <  m .  the  proof  is trivial.  O th e r w is e ,  we use L e i m i i a  15 followeil  lyv 

Lemma Hi to prove  the inecpiality:

Iki l l - J)  ^  2/ ; . ( u — 1. /  ) — — 3.  /  )

I
>  -  L. / )  +  -  1-./) -  -  3 . / )

— -  1. . n  T  - (  — 2.  J )  +  l k(n -  3. / )  ) — — 3. / )

— :^h-(ii -  i - J )  +  lk(ii — 3. / )  — /;•(" “  3. j  )

>  -  L / ) •

□
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r i ie  fo l lowing l e m m a  proves  that the  to ta l  work don e  by the  a l gor i th m is propor­

tional to  the  tota l  n u m b e r  o f  strings gcuierated.  thus proving  T h e o r e m  9.

LkmMA i s  I f  ■•string f  luis length rn >  2 then

^  I k i j - f )  <  - Uk i n . f ) .

P l t o O l ’ : I sitig L em ma 17 atid ituluetion.  we  pr o\ ( ’ the result.  In the  base e a se  when  

II <  III. the  proof  is trivial .  Otherwise .

.'I n — I

^ <  / (  ( " . . / )  -r T-IJ-./ )
; = l

<  /<■! ;/. _/ ) T d/ -̂( // — I . ./  )

S  1 (̂11. f ]  +  2U- ( i i . f ]

<  ' Mk( i i . f ) .

; = l

7.3.2 Circular strings

In t h e  c ircular  stritig a lg or i t hm ,  t he size o f  t h e  c o m p u t a t i o n  tree is the  s a m e  as the  

previous  a lgor ithtn.  wh ere  it was show n to  be  proportional  to I k ( n . f ) .  In th is  case,  

however ,  there  is s o m e  ex tra  work rerptired to  tes t  the  wrap-around o f  t h e  string.  

Recal l  that  this  extra work is proport ional  to E. v l r a \ \ ' ur kk ( i i .  f )  which  is botmded  

as fol lows:

m — I ui — 1

Ext ra \ \ ' ork i . . { i i .  f )  <  ^ ( m - h  ^ j . / )
,< =  1 J =  I

n J a

j=l  f = l  ; = t
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VW nuw use L em m a IS to  s im p lify  the  a b ove  b o u n d .

n fi

l i . r l r ( i \ [ ' or kk( i i .  f )  <  h - i j .  f ) +  'Y^ l k ( j - f )
j = i  j=i

We havt' now sh o w n  th a t  th e  total work d o n e  by the circular s tr in g  a lgor it lm i is 

proportional to I k ( n . f ] .  S in ce  th e  total n u m b e r  o f  strings generated is we

must show that is proportional to

THKOrtt'.M 12 / / / /? (  f o r b n l d t t i  sab.itri iuj f  Ixis I tngth in >  2. t l i tn

C'ki"-J)  2  )•

P l io o l - ;  \  s tr ing in th e  set is not  in th e  set C ; - ( ; / . / )  if it is o f  the  form

(iiuJ • • • (/„ where u, - - =  /  for s o m e  i > n -  in -r \ . For each Itxtul

I. the number o f  su ch  e le m e n ts  is at m ost [k(n — » i . f ) .  Since there are in — I choices  

for I .  we deduce;

( k( I' • j  ) c! ( n • ./ i ~  ( Ot — I ) /;.( /( — t/t. y ). ( <. 1 )

.Notice that L em m a  17 i tup lies that the e x p r e s s io n  ( in -  [ ) {k[n — r n . f )  is m a x im iz e d  

w hen III =  3. T h u s ,  we hud an upper b o u n d  for th is  expression w h e n  in =  3 using  

b oth  Lem m a 16 an d  L e m m a  17.

[ in — [) l k (n  — I I I . f ]  <  2 /c.( // — 3. y )

5  fk(fT — f )  +  l k{n — i .  f ]

< f t ( n - l . / )

S u b st itu t in g  th is  b o u n d  back in to  (7.3) g iv e s  t h e  desired result. □

T h e  previous w ork in th is  su b sect ion  a lo n g  w ith  T heorem  12 proves T h e o r e m  10.



7.3.3 Necklaces

To [)fov(' T h e o r e m  11. we m ust show  that th e  c o m p u ta t io n  tree along w ith  th e  e x tr a  

work (tone by th e  necklace g en era t ion  a lgor ithm  is p roportiona l to . \ t l / / . / ) .  Recall  

that the  c o m p u ta t io n  tree is g iven  by:

\  t c k C o m p T r r c ; : [ n . f ]  — ^  Pk- i j . f ) -
j=i

lb s im p lify  th is  expression  we lu'ed three  ad d it ion a l lem m a s:  the bound o f  th e  first 

lem m a d oes  not hold if /  is not a hyndon  word.

L l M M A  1 9  [ f  I. tj iidon word  f  ha^ h lujth ni >  2.  t h t n

/ / ( « • / )  5  Y ^ L r d j . f ) -  (~-d)

PltOOl-: Let o  =  i/| ••■(/, be a Lyndon word and let /’ a lso  be a Lyndon w ord . S in ce  

n and / are b o th  Lyndon words, it is im p oss ib le  for /  to  "wrap around" o  w h en  o  

is considered  to  be circular. T h is  obsc'ivatioii a long w ith  ecpiatioti (2 .2 ) .  proves  the  

lem m a. O

LkM.MA 21) I f  - t n o i j  f  /ms hnt j th iii >  2 l i nn

l-ki " . d I <  —f  /  )•
II

P r o o f : Each str ing  co u n ted  by Lk{n.  f )  is a  r ep resen ta t iv e  o f  an e q u iv a le n c e  class  

of c ircidar s tr in gs ,  each  class h av in g  n e lem en ts .  S u m m in g  th e  .strings from  all eq u iv -  

alence c la sse s ,  we get n / )  un ique A'-ary c ircular str ings  of  length  n w i th  no 

substr ing  ecpial to / .  S ince  th e  express ion  C \ . { n . f )  c o u n ts  all A-ary c ircu lar  str ings  

with length  n and  no su b str in g  equal to / .  we get L k ( n . J )  <   ̂ C ' k { n . j ) .  □

L e .VJM.a 2 1  I f  s t r i n g  f  hns  length ni  >  2 then

I  n
j= i



P r o o f  : This proof uses I.emrna 17 and L em m a 18;

< 2 ^  - W . / )
y = i  ̂ J = \n!i\ J

I ^  

n
j=r'i/-i

<  ---
li

A p p ly in g  t l ie  [)revioiis tliree lem m a s ,  we show  I hat rli<' c o m p u ta t  ion tree  is pro­

portional to ^ l(;(ll. J ).

. \ \ ck( 'o inpTr t f , . ( i i . f )  = y / T ( j . / )  < ^  ÿ  / . / )
J=1 V-t '=1

i Ê E Ï  ÈÉ
J  =  1 f  =  I  /  =  I  f  =  I

<  y  -— / k U - / )  <  —
U  J

I'his inecpiality  is now  used to show that th e  extra  work d o n e  hy th e  neck lace  a lgo­

rithm is also p roportional to f ) .  R ecall  that th e  e x tr a  work is g iven  Inn

rn — I rn — [

\ < = c k E x t r a \ \ ' o r k \ ( n .  f ]  <  y  (rn -  j ) P k { j . f )  +  y  Pk('i ~  J - f )
J=l ; = l

n J ri

<  y  y  P t - ( T / ) + y  a i j . / ) .
j = i  (=t j=i

Further s im p lif ic a t io n  o f  this bound fo llow s from the  h o u n d  oti \  t c k (  ' o t upTi - f  t r_( ii. f )  

along w ith  Lettim a 21.

"  ̂ I 1-14
\ e c k E x t r a \ \ ' o r k k ( n .  f )  <  1-14 y   l k ( n , f )



W e h ave  now shown th a t  th e  to ta l  c o m p u la t io n  perform ed  by th e  necklace  gen ­

era tion  a lgor ith m  is p roportional to From  eq u a t io n  (7 .1 ) .  >

/ ) .  and s ince C ' k ( n . f )  >  T h eo rem  1 1 is proved.

This an a lys is  shows th a t  necklaces w ith  forb idden  Lyndon su b str in g s  can be g en ­

erated  in constant a m ort ized  t im e .  \ \  hen the forb id d en  su b str in g  is not restricted to  

be a L yn d on  word, no a n a ly s is  is perform ed. S o m e  s tr in g s ,  such as 7 =  I DO. will not 

exh ib it  th is  t im e  bound: h o w e \e r .  it nunains an o p e n  problem  to  d e te r m in e  ex a c t ly  

which set  o f  subst ritigs will not y ie ld  a C.-VT a lg o r ith m .



Chapter 8

Bracelets

This chapter rievelups an al^urifluii to generate' k- ar y  hrace le ts .  An ana lys is  ()ro\'es 

that tlie algoril lini runs in co n sta n t  am ortized  t im e .

8.1 Background

.A brucel t t  is th e  lex ico g ra p h ica l ly  sm allest  e le m e n t  of  an e q u iv a le n c e  class o f  A'-ary 

strings under str ing  rotation  atul reversal (or a necklace  that is a lso  lex icograp h ica lly  

minitnal a m o n g  th e  circular ro ta t io n s  o f  its reversal).  I’he set o f  all A-ary brace le ts  is 

denoted  B c ( n )  and has card in a l i ty  In each  eq u iva len ce  c la ss  a sso c ia ted  w ith  a

given bracelet, there  ex is ts  at m ost  tw o necklaces: the  bracelet  i t s e l f  and the  neck lace  

corresponding to I In' reversal o f  th e  bracelet (in s o m e  cases th e  tw o  m a y  be th e  s a m e ) .  

For exam p le ,  th e  ec|uivaletice c lass  that con ta in s  th e  bracelet 0 0 1 1 2 0 1 2  also co n ta in s  

th e  necklace 0 0 2 1 0 2 1 1 (see  F igu re  S. 1 ).

T he fo llowing th eorem  for e n u m e r a t in g  b race le ts  is proved by  G ilbert and R iordan  

using Burnside's  le m m a  [12].

T h e o r e m  13 Tlu fol lot r ing f n n n u l a  is val id f o r  al l  n >  I .  A >  I ;

/
I

Bk{ n)  =  <

j( .V t( /t )  +  ^ A ' ‘f'-) n even.

(8. 1)

n odd.



Necklace:

Equivalence class of strings 
00210211 (Necklace)

02102110

21021100

10211002

02110021

2 1 1 0 0 2 1 0

11002102

10021021

Bracelet:

Equivalence class of strings
00210211
0 2 1 0 2 1 1 0
21021100
10211002
02110021
21100210
11002102
10021021

01120120 
11201200 
12012001 
20120011 
01200112 
12001120 
20011201
00112012 (Bracelet)

=  ?

F igure 8 . 1 : N eck la ces  and bracelets



t  0

Xotict' from tl ie  formula th a t  th e  th e  n u m b er  o f  b race le ts  is proportional to th e  

number of n eck la ces  since Bk( i i )  >

In the a n a ly s is  o f  our a lg o r ith m , it is useful to  look at a n o th e r  w ay to count pre­

necklaces. Let count all k - a r y  pre-necklaces o f  len g th  n th a t  begin w ith  0.

Notice that th e  numbin' o f  A'-ary pre-necklaces o f  length  u b e g in n in g  w ith  1 is e ip iiv -  

alent to , I n I. S im ilarly  the  n u m b er  o f  A-ary pre-neck laces  o f  len g th  n i ieg inning  

with 1 is eciuivalent to 1 his o l iservation  leads to  th e  fo l low in g  eijuation:

Pk(i i )  -  ' ^ P j ( ’̂ )- (S . 2 )
j = i

8.2 G enerating Bracelets

In this sec t ion  we ou t l in e  a fast a lgor ith m  to g en era te  b race le ts .  S in ce  when A =  I. 

the only bracelet  is U". we a ssu m e  A > A n a ïv e  a lgor ith m  for gen era t in g  bracelets  

is to generate  all k - a r y  necklaces o f  length  n and  then test ea ch  neck lace  against all 

rotations o f  its  reversal. If no reversed  rotat ion  is less than  th e  generated  necklace ,  

then the n e ck la ce  is a bracelet. S in ce  there are n ro tations and ea ch  test takes 0 { u )  

tim e. I his n a ïv e  approach will g iv e  us an overall running t im e  o f  0 ( t r  • lh-\i>)) to  

generate all A-ary bracelets at len g th  n.

\  more so p h is t ic a te d  approach will use a n eck lace  t inding  a lg o r ith m , which d e ­

termines th e  n eck la ce  of  a len gth  n s tr ing  in 0 ( n )  t im e  ( se e  C h a p te r  2.3). U s in g  

this lechniipte .  w e need on ly  c o m p a re  the  g en era ted  n eck lace  w ith  th e  necklace o f  its  

reversal. This approach  yields a  m uch better  running  t im e  o f  0 ( u  ■ Bi ; (n) )  to  g en era te  

bracelets; h ow ever ,  it is still far from efficient.

To d ev e lo p  an  efficient bracelet  gen era tion  a lg o r ith m , w e m o d ify  Necklace)f. p) by  

making two im p o r ta n t  observations .  T h e  ob servation s  are b a sed  on  th e  original id ea  

of  com paring  a n eck lace  to every  rotat ion  o f  its  reversal.

O b sE R \’.\TIO.\ 1 I f  a necklace  o  is o f  the f o r m  a ‘a,^i  ■■■(1  ̂ } o r  s o m e  charac t er  a 

« ,+ [.  then ice ne e d  only test  the rever sed  r o t a t i ons  that  al so begin wi th a ‘.



T a k in g  th is  observation  into  acco u n t ,  w e are m ak in g  a large im p ro v em en t  on i lu' 

n u m b er  o f  reverser! ro ta t ions  we m ust check . For ex a m p le ,  for th e  neck lace  DO 10U210(1:1 

we n eed  o n ly  check the  three  reversed ro ta t ion s  that begin  w ith  00: OOdlKFFJOO 1. 

00 1 0 030032  and 0032001003 . To test  each  reversal we cou ld  wait until th e  en tire  

n eck lace  has been  g en era ted ,  but th is w ill take  0 ( n )  t im e  per reversal and we will 

see no im p rovem en t  over th e  naïve a lg o r ith m s. Instead, if a ch aracter  is g e iu n a ied  

in p o s i t io n  j  that sa t is l ies  th e  co n d it io n  s ta te d  in O b servation  1. we im m ed ia te ly  

c o m p a r e  th e  pre-necklace  a, • • • ( / ,  w ith  its rt'versal T h is  com p ar ison  will

y ie ld  o n e  o f  three o u tc o m e s .  If u \ -  ■ - - u, then we te r m in a te  th e  generation

from th is  node, s ince  ap p en d in g  characters  to  th e  end o f  th e se  s tr in gs  will not alfect 

their  r e la t iv e  ordering. If u, •••</, <  - n , .  then no a d d it io n a l  te s t in g  is required

for th is  reversal, l l o w e w r .  if u , - - ■ • ■ (/[. then m ore  t e s t in g  m ust  be don<’ on

tlu' ta il o f  th e  strings which has yet to be  gtmerated.

F o llow in g  the  ab ove  approach , we still  neeil to perform a ild it iona l te s t in g  tor th e  

reversals s tar t in g  at posit ion  j  w here u, ■■■d.  =  This leads to th e  second

key ob serv a t io n  w hich  we s ta te  as a th eo rem .

TUb'.Ottt'.M 14 /.■' (I ntcL- lacf  t r h f r i  u t - - u., =  a,, ■ ■ ■ H\ t i n d  t h t n  i mi

r  in { i j - h l .  . . . n }  ••nirh iht i i  a \ ■■■ ti,. — m i d  a ■ ■ >i „ <  u, . fhi  n

ll.j+l • ■ ■ (In 2 :  "  r, ' ' "  (4.1 ■

P r o o f :  Let p , =  u, ■ • • u,,. [ \  =  a\  ■ • • a^. X — ■ ■ ■ «r and  ij =  Ur+i • • • Hn- Let

.!• and ,1/ d e n o te  the  reversals o f  .r and // respectively . S in ce  and P., are palin­

d ro m es  Pr : P^x -  .i-P.j. T h u s, o  =  P.,xij =  XP,jij. But sii ice  o  is a necklace,  

o =  r P , / /  <  P,//.r. r i m s ,  s ince  tj <  tj. xi j  <  tjx <  i/.r as recpiired. □

T h is  ob servation  im p lies  that  w e need  o n ly  perform e x tr a  te s t in g  on  th e  reversal 

s ta r t in g  at th e  largest posit ion  r such  that. =  »r - Oi- T h is  e x tr a  te s t in g

is th e  com p ar ison  o f  « r + i - - - a „  to  a „ - - - a r + i -  If a,.+t - - - >  « n - - - « r + i  then the

g e n e r a te d  str ing  is not  a bracelet . T h is  te s t  can be perform ed in co n sta n t  t im e  per  

ch a ra c ter  for each ch aracter  g en era ted  a fter  posit ion  (n — r ) / 2  -f  r.



Filia lly , w e n o te  that if e ,  =  th en  th e  only  s tr in gs  that are b r a ce le ts  must he  

o f  th e  form  for so m e  character a.

T h e  fo llow ing  is a sum m ary o f  th e  m o d ih ca t io n s  rec[uired to  tran sform  Neck­

la c e ! / , / ; )  in to  an a lgor ithm  which g en era te s  bracelets:

A dd th e  p a ra m eter  a to m ainta in  th e  ta lu e  o f  i from O bservation  I: th e  num ber  

o f  c o n s e c n t i i e  eipnvalent ch aracters  at the  start  <;f the p re -n eck la ce  ( ie. the  

| ;re -neck lace  starts  with « “ ).

•  .Add th e  p aram eter  r to m ainta in  th e  num ber o f  c o i i s e c u t i \ e  u's at en d  the  end of

t he p re-n eck lace , where (( =  (([.

•  .Add th e  fu n ct io n  CheckRev)/. ;) to  co m p a re  th e  pre-necklace  to  its  re\ ersal (when

II =  r ) .  [f th e  [)re-necklac(' is greater  than its  reversal It re turns —1 : if thi'

p re-neck lace  is less than its reversal it returns 0 : o therw ise ,  th e  pre-neck lace  is 

th e  sa tn e  as its reversal and 1 is returned.

•  .Add the  p a ra m eter  r  to m ain ta in  th e  length o f  th e  longest p re -n eck la ce  equal to

its reversal (ie . the largest value  r for which « i  • • • a,- =  a,- - - - u ,

•  .Add a test, to  each character in a p osit ion  greatI'r than [ti -  r ) / 2  -f r  which will

d e te r m in e  w h eth er  or not u,. • • • n„ is greater th an  its reversal. I'his will involve  

th e  a d d it io n a l  parameter R S  to  hold  in te r m e d ia te  boolean va lues  ind icating  

w h e th e r  or not the /Reversal is .Smaller.

•  Reject th e  s tr in g  if ut =  and th e  s tr ing  is not equal to u" (ie. / =  n and  n ^  n).

.An a lg o r ith m  that is the result o f  th e  ab ove  m o d if ica t ion s  is sh o w n  in Figure S.2 . 

T h e  in it ia l call is Bracelet! 1 . 1 .O.Ü.O.F.-ALSE). To i l lu s tra te  this a lg o r ith m  we trace the  

[ )aram eters as th e  str ing  0 0 1 0 0 2 d0 0 d g e t s  generated:
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f u n c t i o n  CheckRev( t . i :  in teg er  ) r e t u r n s  integer:
l o c a l  j :  integer;
b e g i n

f o r  j  f r o m  / +  I t o  (t +  1 ) / 2  d o  b e g i n
i f  (Cj <  ( t t - j + i  t h e n  r e t u r n  Ü: 
i f  Uj >  ( t t - j  + i t h e n  r e t u r n  -I:

e n d ;
r e t u r n  1;

e n d ;

p r o c e d u r e  Bracelet! I. p.  r.  ti. r:  i n t e g e r ;  / ? > ' :  boolean I ;

l o c a l  I'f r .  r. integer;
b e g i n

i f  f -  1 > [ n  -  ; ) / 2  +  r  t h e n  b e g i n
i f  ( h - i  >  t h e n  /i’>' ; =  FALSE;
e l s e  i f  a ,_ i  <  t h e n  R S  ; =  T R E E ;

e n d ;
i f  / > n  t h e n  b e g i n

i f  /I’S =  F A L S E  a n d  u  mod p  — I) t h e n  Printltl );
e n d
e l s e  b e g i n

a ,  ; =

i f  (/, =  ((i t h e n  e ; =  r +  1; 
e l s e  V 0;
i f  n =  / -  I a n d  t h e n  tt : =  u  -r

i f  t -  n  a n d  n  ^  ii a n d  =  n, t h e n  b e g i n  e n d ;
e l s e  i f  II =  r  t h e n  b e g i n

r t  f  ;= CheckRevt t . i i  );
i f  rt c =  0 t h e n  Bracelet! I +  i . p . r .  u.  r .  R S  );
i f  re t ’ =  1 t h e n  Bracelet! / +  [ . p . t . u . v .  FA LS E

en d ;
e l s e  Bracelet!  ̂ +  L  p. u.  r .  R S  );
i f  n =  / t h e n  tt ; =  i/ -  1;
for  J  €  {</(-;. +  1...............-  1} d o  b e g i n

a,  ;=  j :
i f  i =  L t h e n  Bracelet! / +  1. / .  r. I. L. R S  j 
e l s e  Bracelet!  t  -r [ . t . r . n . d .  R S  );

e n d ;  e n d ;  e n d ;

Figure S.2; B race le t  generation a lg or i th m



a - 0 0 1 0 0 2 3 0 0 3

t I 2 3 4 ô 6 ( S !) 1 0 1 1

P 1 1 1 3 3 3 6 1 t 1 0

r 0 1 •) •) •) 0 0 •) •1 o • )

a 0 1 2 •) •) ■) ■} •) 1 •> •)

r 0 1 •) 0 1 2 0 0 1 •) 0

R S F F F F F F F F F F

lu tlu' fullowitiif suction we give severa l co u n t in g  results for s t r i n g s  w ith  no O' 

su h str in g .  These results  will then lie a p p lied  in th e  analysis  o f  th is  a lg o r ith m .

8.3 Forbidden substrings

Recall front th e  prev ious chapter that l k { n . f )  d en otes  the  set o f  all A-ary str ings o f  

len gth  n w ith no substr ing  etpial to / .  lit th is  section  we in v e s t ig a te  a spec ia l  ca se  

o f  th ese  s tr ings w here /  =  O'. In this sp e c ia l  c a se  we can d er iv e  a n ew  recurrence  to  

e n u m e r a te  th ese  strings;

I
A'" if 0  <  n <  /.

(A' -  l i  ^  Iki n — j .  O' I if tt >  /.

It is ea sy  to verify th e  correctness o f  th is  form ula . If tt <  / th e n  th e  set It(rt.O ')  

wilt co n ta in  all At-ary strings. O therw ise , vve ca tegor ize  the s tr in gs  in Ir.(n.O') by th e  

n u m b er  o f  c o n se c u t iv e  O’s found at the  ta il o f  ea ch  string. S in ce  th e r e  are A- — 1 ch o ices  

for th e  character  app ear in g  before this s tr in g  o f  O's. we arrive at th e  g iv en  recurrence  

relation .

W e o b ta in  a n o th er  recurrence eq u a t io n  b y  considering a s tr in g  a  =  Ui ■■■(1 ^ - 1  in 

th e  se t  I t (n  — I. O'). If vve append a c h a r a c te r  to a .  then th e  s tr in g  ai  ■■■an is in 

l i t (n .O ')  as long as a n - , + i  ■ • • an O'. T h e  n u m b e r  o f  strings w h e r e  • ••  =  0 '
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is exactly  eq u a l to  l k{n  -  /.O')- T h u s w e  arrive at a second recu rren ce  equation:

ik" if  Û <  // <  /.

II — \ . 0'  ) — (k~ — [ — 1. Ü' ) i t  ; î  >  / .

L e m m a  2 2  [ f k - . l  >  2 Ibai

n —2

Iki n. i V)  >  /rdj.U 'j .
j=i

P h o o E :  T h e  h a s » '  c a s e s  w h e n  n  <  i i s  t r i v i a l .  I f  n  >  i t h e n  w e  i n d u c t  o n  n:

lk(nAV] > [i;(n ~ l .O') -{- lf;{ii — --0 )

>  l k[ j A) ‘ ) T  fk('i  -  2 . Ü ' )

I = 1

=  Y .
J = 1

L e m m a  2 3  If  n >  1 a n d  k . i  >  2 t hn i

//.I n. Ü' ) lk(n  — 1.0']

n — 1 

P R O O F :

( —  1 ) / ; • ( / / .  0 ' ) =  k{n —  I ) / ; • ( n  —  1 , 0 ') —  ( k  —  1 ) ( / i  —  1 ) / ; ■ (  / )  —  / —  1 , 0 '

=  /i /i-( ft — I , O' ) +  ( kn  — II — k)  I k-(ii — 1 , 0 ')

— ( k  — l ) (n  -  l)/fc(/t — / — I,O')  

^  II[k[ii — 1. O') -|- '2(kn — n — k )/ .̂( n — 3, O' )

— {ki i  — n — k  1 ) n — 3 ,0 ' )

^  n Ik{n — I , O' ) +  ( A:n — ii — k  — 1 ) / t ( /! — 3 , 0  )

□
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2  I I  ~  1 .  Ü ‘ )■

□

V\’e  now prove a ih co re in  that will be used in t h e  analysis  o f  our b ra ce le t  generation  

a lg o r ith m . T h e  p roof  o f  the theorem uses th e  prev ious  two lem m a s.

THEOREM 1 5  If  n >  2 and  k . i  >  2 thfi i

^  I 8

/  - / t U - O '  1 5  — O')-
f Z l J

P r o o E:

.c— 1 1 < I

2 2 ^  1
<  — f ; . ( / ! .  O' I +  - - - - - - -   f t  ( tt ~  1 ' 0  ) - r  2  \  ~  f t ( 2  - b

I I
<  — f f l t t .  O' I +  — ^  '  / t ( j . O ' )

II II r - ^  ,
.’ =  1 ' 0 - 1

8
<  — f t (  t t . O' I -

II

8.4 A nalysis

In th is  se c t io n  we sh o w  that the a lg o r ith m  Bracelet( / .  p. r. tz. c . /Î.8 ') for generating  

brace le ts  is C.-\T. W e an a lyze  the a lg o r ith m  by looking at th e  c o m p u t a t io n  tree and  

d e te r m in in g  th e  a m o u n t  o f  work done at each  n od e . To get a b ou n d  on  th e  s ize  o f  the  

brace le t  c o m p u ta t io n  tree, we observe th e  fo l lo w in g  bou n d s o b ta in e d  from  eq u ation s  

( 2 .2 ) an d  ( 2 . 1 ):

Lk{n)  <  —  <  -:Vfc(n) <  2 -— . 
n  n
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Xou- using eq u at ion  (8.1 ) vve get th e  fo llow ing  b ounds on th e  n u m b er  o f  bracelets:

—  ^  B k ( n )  <  2  — . (8 .3)
In n

S in ce  the  n eck lace  a lg o r ith m  N e c k l a c e ( / , /;) is C.Al'. th e  s ize  o f  its c o m p u la t io n  tree  is 

less than eA for so m e  constant c. I his bound is also tru e  for BraceietH.  p. r. u. c. R S )  

sin ce  its c o m p u ta t io n  tree !■= sm aller  than that o f  Neck la ce ) t. p). H ow ever, unlike  

th e  n e c k la c f 'c o m p u ta t io n  tree, ih e  bracelet  c o m p u ta t io n  tree  has nodes that recjuire 

m ore than a con stan t  am o u n t  o f  work. I'rom our a lg o r ith m , th ese  nodes are th e  ones  

that m ake a call to  C heckR ev(/. / ). T h u s ,  to  prove th e  bracelet  gen erat ion  algorithtn  

B race le t l / .  p. r. u. c . /? . 8 ) is C . \T .  we m ust slnav that th e  work perform ed by all calls  

to CheckRev( / .  ; | is b o u n d ed  by so tn e  con stan t  t im es  th e  tota l n u m b er  o f  Ivracelets 

gen erated .

From I he a lg o r ith m . <'ach node th a t  m akes a call to CheckRev( / .  / ) is a pre-nerklace  

o f  th e  form a ‘ or a ' ' a '  w here  I <  / <  n/ ' l  and th e  n o n -e m p ty  str ing  * beg ins am i ends  

w ith  a character  lex icographica lly  greater  than a.  1 he len gth  o f  such pre-necklac(’s 

is s tr ic t ly  les.s than n.  Kach call to  CheckRev( / .  /)  resu lts  in work proportiona l to 

i t  -  2 / ) / 2 .  w here I is th e  length  o f  th e  pre-necklace. S in c e  any pre-neck lace  o f  the  

form u' requires no ex tra  work, we co n cen trâ t» 'on find ing  a bound for th e  n u m b er  o f  

pre-necklaces  o f  th e  form

To s im p lify  th is  task we consider  on ly  th»' p re-n eck laces  b eg in n in g  w ith  Ü. using  

eq u a t io n  (8 .2 )  to account for th e  rem a in in g  pre-necklaces.  VVe also ignore th e  fact 

that so m e  o f  th ese  pre-necklaces  are never gen erated  by  th e  a lg o r ith m . N ow  observe  

that th e  n u m b er  o f  pre-necklaces o f  th e  form 0 ‘q 0 ‘ is less th a n  or equal to  th e  n u m b er  

o f  pre-necklaces  o f  th e  form O' - . W e define th e  set o f  all At-ary pre-neck laces  o f  length  

n b eg in n in g  w ith  0. e n d in g  with a  non-zero  character, and w ith  no O' su b str in g ,  to  

be P ^ (n .  O' ). Equivalent 1\\ the s«‘t P (( .(n .0‘ ) con ta in s  a ll pre-necklact's w ith  len g th  ii 

o f  th e  form  O-'q for 1 <  j  <  i.  T h e  card in a lity  o f  th is  set  is d e n o te d  P ( . (n .0 ‘ ).

If we let Ek { n )  denote the extra work that results from all calls made to Check- 

Rev(f. /) by pre-necklaces beginning with 0 (while generating B t (n ) ) .  then we obtain
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tlie  fo llow ing  bound:

f l —  t

^  ^  Ü'). 1 8 . - 1  )

[ here is no know n fo n u u la  to count n. Ü' ) so we d er ive  an upper b o u n d .  B e ­

c a u se  ev ery  pre-neck lace  is obtained as a preH.v o f  a 3 '  w here  3  is so m e  L yn d on  word, 

we arrive at th e  fornuda g iven in equation  i 2 .d):

Pk[n I =  ^  L a j ) .
j=i

Recall that L k i j A Y )  d en o tes  the num ber o f  Lyndon words o f  length  j  w ith  no D' 

su b str in g .  T h e  fo llow ing upper bound is o b ta in e d  for P / . ( n .0 ‘ ):

Pl i i i AY )  <  I . k i j A Y ] ,  i 8 . 1 )
I ~ I

N ow  recall that th e  n u m ber  o f  A-ary st rings o f  len g th  n w ith  no Ü' su b str in g  is d e n o te d  

bv / ; ( n . ( ) ' l .  1 s ing th ese  strings we obta in  an upper iioiind for /.(.( /t. O' I .

LKMM.\ 2 4  Phi fol lotri i i i j  infqiial ihi  is rnlii l  f o r  // > i . A- >  1 uml  i >  1

Lk{  u . O' ) <  — lk{ II . O' 1.
II

PllOOK: Tach st ring co u n ted  by Lt(n .G ')  is a  rep resen ta t ive  o f  an e q u iv a le n c e  c lass  o f  

str ings each  w ith  n e le m e n ts .  If we add up th e  e letnents  from each e q u iv a le n c e  class  

we gel e  n. O' ) u n iq u e  strings each o f  le n g th  n w ith no O' substritig . T h e  e x p r e s ­

sion p . ( " - 0 ‘ ) co u n ts  th e  tota l number o f  s tr in g s  w ith len gth  ii and no O' su b str in g .  

T h erefore  L;.(n. 0')  <  ^ p .(n .  O'). □

N ow  u sing  th e  prev ious lem m a and T h e o r e m  15 (a s su m in g  n >  k)  w e c a n  s im p lify
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t l ie  upper  b ou n d  in (8 .5);

"  I

J = 1

<  —l k { n . 0 ‘ ).
n

W'e now su b s t i tu te  th is  result into (8 .4) and  simplify:

fl  —  I

/Ù4" ) ::i b' )

f l —  1

<  t 4 ( "  - 1. 0 ')■
1=2

( ) b s e r \ e  that we can insert t)' 1 at th e  front o f  each str in g  in t n -  /.O '), crea t in g  

a set o f  str ings o f  huigtli n 1. .Notice th a t  each new str in g  is a uni<|ue p re-neck lace  

regardless o f  the  paratm'ter i. fh u s  th e  n u m b er  of str ings in th e  union o f  th e  se ts

I t (u  -  n l ) ‘ ) for I = 2  n -  1 is less th a n  F;.(// +  1). W’e  can  d iv id e  th is  to ta l  by

h — I. s in c e  we cou ld  h a \ e  arbitrarilv ch o sen  an\' o f  k — 1 characters  to insert after  

0 ‘ . Thus:

F d "  ) <  1-----
k  — I

I

J= 1

< — E -

<  2 4 T ,
II

T h e  s im p lif ica t io n  found in equation  ( 8 .6 ) is valid for k  >  2 and  can ea s i ly  be  proved  

by in d u c t io n .  B eca u se  the  bound o n  Ek { n )  is only  for pre -n eck laces  b eg in n in g  w ith

0 . vve use eq u a t io n  ( 8 .2 ) to get an u p p er  bou n d  on th e  e x tr a  work perform ed by all
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pre-necklaces. N o te  that E i { n )  = 0 .

E x l r a W u r k  <  E, { i i )  <  — j ” <  IS —
' II II

24 X  .... .

II
j= i j=-

Ffoiii (S .S ) .  th e  total n u m ber  o f  bracelets gen erated  is b o u n d ed  below by A-'‘/ 2 n .  

Thus, th e  ru n n in g  t im e  o f  th e  a lgorithm  Bracelet! L p . r. n. r. R S )  is proportional to  

the n u m b er  o f  bracelets  g en era ted ,  which proves  the  to llow m g th eo rem .

TiIKOKKM LG .Mijontliiii  B r a c e l e t l t . j ) . r . i i . r . R S )  f o r  Ij tm ra t i luj k - a n i  brunht.-^ N 

C. \ T .

[ex p ér im en ta it} . the  constant is less than S (w here we cou n t th e  num ber o f  ca lls  

to B race le t! / .  p. f.  n. c . /î.^’) plus the  num ber  o f  iterations o f  th e  fo r  loop in Check-  

Rev! /. / )).



Chapter 9

Lyndon Brackets

In th is  chapti-f  an a lgor ith m  is d ev e lo p ed  to  genoratc  a specia l h rack ct in g  o f  len g th  

II L yn d on  words. T h ese  str ings are known to form a basis for th e  e -rh  h o m o g e n e o n s  

c o m p o n e n t  of  th e  free Lie algebra.

9.1 Background

Recall th a t  Lrd"l d en o tes  th e  set o f  all length  ii L yndon words over  an a lp h a b et  o f  

size  k.  Let L( l ie n o le  the  .set o f  all Lyndon words over  an a lp h ab et  o f  s ize  k\  T h e  

.■itnndaril f iu I n n z a t i o n  o f  a L yndon word tr { |/c| >  1). d en o ted  rr(/r). is th e  pair [I. in I.

I. Ill €  Lc 'iicli that ir =  I in w here  in has m a x im a l length  and I is n o n -em p ty .  Ry 

P ro p o s it io n  ô . l .d  in Lothaire [18] such a factor ization  ex is ts .  1 s in g  th is  s tan d ard  

facto r iza t io n ,  th e  Lyndon words can be recursively  m a p p e d  into  a sp ec ia l  b rack etin g  

using  th e  fo llowing function:

((• if  |(c| =  1 .
(c) =  <

[-;.(/).';(m )| o th erw ise ,  w here  a ( tc )  =  \ l . i n \ .

If LL' is a  L yndon word, then  -,(tc) is ca lled  th e  L y n d o n  brackt t  o f  tc. T h e  set  o f  all 

len g th  n Lyndon brackets is d e m o n str a te d  to  be a basis for th e  n - th  h o m o g e n e o u s  

c o m p o n e n t  o f  th e  free Lie a lgebra  in [18). The bracketing  that resu lts  w h e n  is 

a p p lied  to  L>(6) is i l lu strated  in F igure 9 .1 .
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[ 0 . [ 0 . [ u . [ 0 . [ 0 . I ] ] 11 1

[ 0  . [ 0 . [ 0 . [ [ û . L 1 . I ] ] ] ]

[ 0 . [ [ 0 . [ Ü . I ] l . [ 0 . l | l l  

[ 0  . [ 0 . [ [ [ ü . 1 ] . I ] , I ] 1 ]

[ 0  . [ [ 0 .  L 1 . [ [ 0  . I ] . L ] 1 ]

[ [ 0  . [ [ 0 . 1  ! .  1 1 ! .  [ 0 . 1 1 1

[ 0  . [ [ [ [ 0  . L 1 . 1 i . 1 1 . 1 1 !

[ [ 0  . I 1 . i [ [ 0  . 1 1 .  1 1 . 1 1 1

[ [ [ [ [ û . t ] . l ] . l l . 1 1 . 1 1

I’ ig u iv  9.1: T he Lyndon b rackets  o f  L j ( 6 ]

9.2 G enerating Lyndon brackets

T h is  sec t io n  addresses t h e  probieni o f  g e n e r a t in g  th e  brackets for L ^ (n ) .  T h e  Lyndon  

words can be generated in con stan t  am ortized  t i m e  using th e  a lg or it lm i Neckiace(^./)) .  

but th e  [uoldetn of g e n e r a t in g  these words wit h t heir respective  b ra ck et in g  prev iou sly  

had no fast solution.

n a ïve  approach to  generating  these  s tr in g s  is to g en era te  a L yndon  word of  

len g th  II and then test ea c h  proper right fac tor  (s tart ing  w ith  m a x im a l  len g th )  until  

a L yndon word is found. T h is  process is r e p e a te d  recursively  for each  o f  th e  two  

factors . Verifying w h e th e r  or not each factor is a Lyndon word tak es  linear t im e  (see  

C h a p te r  2 .3) . In th e  worst case , this test w ill  have to be perform ed  for each proper  

right factor. Since th is  m u st  be done recursively ,  th e  total ru n n in g  t im e  to g e n m a te  

each  basis element will b e  O (n^).

.V significant im p r o v e m e n t  can be m ad e  to  th is  naïve a lg o r ith m  from  th e  fo llow ing  

ob servat ion .  If the lon gest  proper right factor  is known for each  L yn d on  factor, then  

th e  bracketing  for each  L yndon word can b e  d eterm in ed  in linear t im e  u sing  the  

recursive  function PrintBracket(.sb irCtnr/) d isp la y e d  in F igure 9 .2 .  In th is  futiction .  

th e  L yndon word b e in g  g en era ted  u t . . .  is stored  in th e  array u.  If a, . . . < / ,  is a 

L y n d o n  word then th e  v a lu e  o f  spb7(i._/') is t h e  s tar t in g  posit ion  o f  its  longest  proper  

right factor. O bserve t h a t  s p H t ( i . j )  is d e f in ed  o n ly  for i <  j .  . \ s  an  e x a m p le  th e  

s p l i t { i . j )  values for th e  L yn d on  word OOlOOlOll are d isp layed  in F ig u re  9 .3 .  In this  

figure th e  value i r e p resen ts  the  row n u m b er  a n d  th e  value j  r ep resen ts  th e  c o lu m n



p r o c e d u r e  PrintBracket ( :>tarL e n d  : integer ): 
b e g in

if  =  e n d  th en  print(nst,jrf): 
e lse  b e g in

[ )r in t(-  [ ■■):
PrintBracket( s t a r t .  s p l i t ( s t a r t . t  ml )  — 
print ( " . "
PrintBracket{ s [ ) l i l { s t ( i r / . ctnl ) .  t ml  ): 

print(
end: end:

Figure  !J.'2: A fu n ction  to print t l ie  brackets  of  a L yndon word

d -J i 5 t 7 I I
-  1 5 -t 7 1 I
-  -  I 1 7  1 1

-  — — ■') Ô ( ( • )
-  -  -  -  b 7 7 7
-  — — — — I t I
- - - - - - S Î )
_ _ _ _ _ _ _  1)

F igure  9.d: T h e  values s p l i t ( i . j )  for t h e  Lyndon word 0Ü100L0LI

n u m b er , w lier t 'eac li  value ranges from 1 to  n.  1 he entry s p l i l ( [ . n ]  d e term in es  the  

s ta r t in g  point o f  the longest proper right factor  in the original Lyndon word, and thus  

the  s ta n d a r d  factorization  o f  OOlOOlOll is (0 0 1 .0 0 1 0 1 1 ) .

O b se r v e  that the value s p l i t ( i . j ) .  w here  i <  j .  can be defined  recursive ly  b y  th e  

following:

s p l i t { i . j )  =
I + if • • • a,  is a L yndon  word.

•s/;///(  i +  l . j )  o th e r w ise .

T h u s ,  th e  key to  o b ta in in g  each  value s p l i t ( i , j )  is to  d e term in e  all th e  L yndon  factors  

e m b e d d e d  in th e  L yndon word at • • ■ a„. T h is  c a n  be done by  m o d ify in g  th e  a lg o r ith m
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p r o c e d u r e  LyndonBracket ( I ; in teger  ); 
local L . j  : integer: q : a rra y  o f  integer:
begin

if / >  /; t h e n  beg in
if  n =  Pi  th e n  b e g in  Print Brae ket( I. n ): p r in t ln () :  end:

end:
e lse  b e g in

'/ :=
for j  from  n,_p, to  k  -  1 do  b e g in

"t :=  J:
for / from  I t o t - I  do  b e g in  

if  a,  <  th e n  /j , := U:
if  «t > th e n  /), ; 4- 1:

end:
for / from  t -  1 d o w n to  I d o  b e g in

if  p,+\  =  t -  i th en  s p l i H i . t ]  :=  / -f 1 : 
e lse  sj t l i l {  i. / ) := .'/;///( / -f- I . / ):

end:
LyndonBracketl t 4- 1 ):

:=
end: end: end:

Figure 9.1: .An algoritlm i for generating  Lyndon Ijraekets

N e c k l a c e ( / . /d to g e n e r a te  Lyndon words. In this a lgor ith m , th e  p a ra m eter  p  m a in ta in s  

th e  len g th  o f  the  lon gest  Lyndon prefix o f  the  pre-necklace  ui • • c p - i .  H ow ever , to  

o b ta in  all the L yndon factors, the longest Lyndon prefix m ust he m a in ta in e d  for all 

s tr in g s  n, ■■u,_i  w h e r e  [ <  i <  t. If this value is stored in /),. th e n  effectively ,  

th e  p a ra m eter  p  is rep laced  with th e  g lobal str ing  o f  values p, • ••/>„. If th e  string  

s ta r t in g  at a, is not a pre-necklace, th en  p,  is assigned  th e  va lue  0 : o th e r w ise ,  it 

m a in ta in s  the  length  o f  th e  longest L yn d on  prefix star lit ig  at a, .  N o te  th a t  th e  value  

Pi  rep laces  the  old p a ra m eter  p.  ( s ing  th e  values pi  ■■■p, .  th e  va lues  for s p l i t ( i . t )  

can  b e  d e term in ed  u s in g  its a ssoc ia ted  recurrence: th e  str ing  ti,+i ■■ ■a, is a Lyndon  

w ord  w h en  — t — I. T h e  function L y n d o n B rack e tf / )  show n in F ig u r e  9.4 is the  

result o f  app ly in g  th e s e  m odif ica t ions  to  th e  a lgor ithm  N e c k la c e ( f .p ) .  T h e  in it ia l call 

is L y n donB racke tf  I ) a n d  th e  values p, are  in it ia lized  to  1.
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9.3 A nalysis

C pclating  th e  values for pi ■ ■ ■ p,  a n d  .■iplit(i. t) w here 1 <  ( <  f takes linear t im e .  T h e  

fu n ction  PrintBracket(.s/ur/. end) a lso  takes linear t im e .  T h u s ,  s in ce  th e  th e  a lg o r ith m  

N eck la ce ( / . / ; )  for generating L yn d on  words is C A T .  th e  a lgor ith m  LyndonBracket( 1 ) 

for g e n e r a t in g  Lyndon brackets w ill take linear a m o r t iz e d  t im e  per str ing  g en era ted .
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Chapter 10

Conclusion

Tills ch a p ter  sutn inar izes  the  prim ary e o a tr ih u t io n s  o f  th is  d isserta t ion , and d e ta i l s  

avenues for fu tu re  research.

10.1 C ontributions

['his d is se r ta t io n  has considered  th e  p ro b lem  o f  generating  res tr ic ted  classi.'s o f  s tr in g s  

under r o ta t io n .  In particular, fast new  a lg o r ith m s have been  develo[)ed to g e n era te ;

•  b inary u n la b e led  necklaces.

•  Hxecl d e n s i t y  necklaces.

•  n e ck la ces  w here  the  num ber  o f  ea c h  a lp h ab et  sy m b o l  is fixed.

•  chord d ia g r a m s .

•  n eck la ces  and strings w ith  forb idden  substr ings.

•  b r a c e le ts ,  and

•  L y n d o n  brackets.

.Tn a n a ly s is  proves the  gen eration  a lg o r ith m s  for binar\' un labeled  n eck la ces ,  fixed  

density  n e c k la c e s ,  necklaces and s tr in gs  w ith  forbidden su b s tr in g s ,  and b r a c e le ts  are
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C A T. E x p e r im e n ta l  resu lts  ind icate  th e  s a m e  t im e  bound for th e  a lg o r ith m s  to  gener­

ate neck laces  w here  th e  n u m b er  o f  each a lp h a b e t  sy m b o l  is fixed and chord d iagram s.  

T h e a lg o r ith m  for g e n e r a t in g  the  Lyndon b rackets  (a  basis for th e  n-th  h o m o g e n e o u s  

com [)onent o f  th e  free Lie algebra) runs in 0 ( n )  am ortized  t im e  per basis e le m e n t .

The tw o  m ost  s ign if icant  results are th e  a lgor ith m s for g en erat in g  hxecl d en s ity  

necklaces and brace le ts  th a t  run in c o n sta n t  a m o rt ized  t im e .  P rev iou s  work on th ese  

[)roblems failed to  a t ta in  th is  t im e  bound: for e x a m p le  see [lUj, [ l7 j .  and |28j. T h e  re­

sult for fixt'd (tensity  n eck laces  has been p u b lish ed  in the S /am  Ja i i nut l  on ( 'omputi i i / j .  

\'ol. 29 . \o .  2.

10.2 Future work

This d isser ta t io n  leaves several opcui p ro b lem s relating to th e  gen era tion  o f  restr icted  

classes o f  necklaces.

•  D ev e lo p  an eff ic ient algorithtn to  g e n e r a te  un labeled  neck laces  over  any s ized  

a lp h a b et .

•  Prove or d isp rove  th a t  the a lgor ithm  F ix e d Z e ro l /./>) presented  in C h a p ter  i. 1 is

( ' . \  r w hen  th e  n u m b e r  o f  zeros is less than  i)/'2.

•  Develo[) a C.AT a lgor ith m  to g e n e r a te  necklaces w here th e  n u m b er  o f  a lphabet

sy m b o ls  is fixed u s in g  the ou tl in e  p resen ted  in C hapter  5.3.

•  P rove  or d isp rove  th a t  the  a lgor ith m  F a s tC h o rd s fn ) presented  in C h a p te r  (i.5 is

C.AT.

•  D e te r m in e  th e  set  o f  substrings for w h ich  th e  a lgor ith m  ForbNecklacefC p. s ) is 

not C A T . an d  d e v e lo p  an efficient a lg o r ith m  for th ese  substr ings .
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