INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand comer and continuing
from left to right in equal sections with smail overiaps.

Photographs inciluded in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6° x 9" black and white
photographic prints are available for any photographs or illustrations appearing
in this copy for an additional charge. Contact UMI directly to order.

Bell & Howell Information and Leaming
300 North Zeeb Road, Ann Arbor, Mi 48106-1346 USA
800-521-0600

®

UMI






Fast Algorithms to Generate Restricted Classes of Strings
Under Rotation
by

Joseph Janes Sawada
B.Sc.. University of \'ictoria. 1996

A Dissertation Submitted in Partial Fullillment of the
Requirements for the Degree of

DOCTOR OF PHILOSOPHY
in the Department of Computer Science

We accept this dissertation as conforming
to the required standard

N r T e~ - . - = o)

-

Dr. Frank Ruskev. Supervisor (Depavtment of Computer Seience)

[THIE S\ UL WA V2 V']

v t

Dr. Micacla S(\'ru. Departmental Member (Department of Computer Science)

Dr. Valerie King. Depa.cheuLal’N{*mbvr { Department of Computer Science)

o ol SR " -k "~

L— e v 4 A -

Dr. Bob Miers, Outside Member (Department of Mathematics)

Dr. (arla Savage. Externd Examiner (Department of Computer Science. North
(‘arolina State University)

© Joseph Jawmes Sawada. 2000
University of Victoria

All rights reserved. This dissertation may not be reproduced in whole or in
part. by photocopying or other means. without the permission of the author.



Supervisor: Dr. Frank Ruskey

ABSTRACT

A necklace is a representative of an equivalence class of A-aryv strings under rotation.
Efficient algorithms for generating (ie.. listing) necklaces have been known for some
time. Many applications, however. require a restricted class of necklaces for which
no etficient generation algorithm previously existed. This dissertation addresses this
problem by developing fast algorithins to generate the following restricted classes of
necklaces: (a) unlabeled necklaces. (b) fixed density necklaces. (¢) necklaces where
the number of each alphabet symbol is fixed. (d) chord diagramns. (e¢) necklaces which
avoid a particular Lyndon substring, and (f) bracelets. An analysis {or cach algorithm
{(a). (b). (e). and (f) shows that the amount of computation is proportional to the
number of strings produced. Experimental results give a strong indication that the
algorithms for (¢) and (d) also achieve this time bound. [n addition. a new derivation
of the known formula for counting chord diagraimms is presented. along with a lincar
time algorithm to generate a basis for the n-th homogeneous component of the free

Lie algebra.
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Chapter 1

Introduction

T'he rapid growth in the fields of combinatorial chemistry and computational biology
s resulting in an increased demand for efficient algorithms which produce exhaustive
lists of combinatorial objects {3]. Dan Gustield (see [, pg. xv) claims that “signifi-
cant contributions to computational biology might be made by extending or adapting
[string] algorithms from computer science. even when the original algorithm has no
clear utility in biology.” In particular. correspondences between DNA sequences and
restricted classes of circular strings are described in (7).

Within the mathematical sciences. researchers are constantly trving to find pat-
terns hidden in the structure of combinatorial objects. The growing trend of using
computers and algorithms to produce lists of such objects is allowing researchers to
obtain more information about the ohjects themselves. Often. this will lead to a more
thorough understanding of an object which may lead to new and interesting discov-
eries. [n some cases. algorithms which prodice exhanstive lists can be used to prove
the existence of a related object. For example. the fixed density necklace algorithm
outlined in Chapter 4 is used to prove the existence of a (131.13) difference cover (see
Chapter 1.3).

An important consideration for any algorithm is its running time. For generation
algorithms. the ultimate performance goal is an algorithm with computation propor-
tional to the number of objects generated (where the computation reflects the total

amount of change to the data structures. and not the time required to print out the



object). Such algorithms are said to be CAT. for Constant Amortized Time.

Strings with equivalence under rotation are one of the most fundamental tvpes
of conmbinatorial object. Such objects. more commonly known as necklaces. arise
naturally in many areas including knot theory, color printing. DN A sequencing and
the theory of free Lie algebras. Algorithms for generating necklaces and Lyndon
words (aperiodic necklaces) were first developed by Fredricksen and Kessler [10] and
Fredricksen and Maiorana {11]. These algorithms were proven to be CAT by Ruskey.
Savage and Wang [21]. \ recursive version of these algorithms is outlined in {20].

Many applications do not require all necklaces, but instead only those satisfving a
particular restriction. Previous to this dissertation. no efficient algorithm was known

to generate any of the following restricted classes of necklaces:
o unlabeled necklaces,
o fixed density necklaces.

necklaces where the number of each alphabet svmbol is tixed.

chord diagrams,

necklaces with forbidden substrings. or

o hracelets.

A brief deseription of cach object follows.

['nlabeled necklaces are necklaces with equivalence under permutation of the al-
phabet symbols. [n the binary case. they have application in the generation of irre-
ducible polynomials over GF(2) {6]. No algorithm has been previously published to
generate unlabeled necklaces. even in the binary case.

Fired density necklaces are necklaces where the number of non-zero characters. or
the density. is fixed. Previous fixed density necklace algorithms have running times of
O(n - N(n.d)) (Wang and Savage [28]) and O(.V(n)) (Fredricksen and Kessler [10]),
where .V(n.d) denotes the number of necklaces with length n and density d and
N(n) denotes the number of necklaces with length n. Wang aud Savage base their
algorithm on finding a Hamilton cycle in a graph related to a tree of necklaces. The

main feature of their algorithm is that it also generates the strings in Gray code order.



The basis of Fredricksen and Kessler’s algorithm is a mapping of lexicographically
ordered compositions to necklaces. Both algorithms consider only binary necklaces.

Another restricted class of necklaces are those where the number of each alphabet
svmbol is fixed. Such strings are prominent in cyclic arrangements [1]. and also arise
in the generation of polygons - where each alphabet symbol represents a direction:
north, east. south. and west. In the binary case. these strings are equivalent to tixed
density necklaces. [n the general case. no fast generation algorithm was previously
known.

Chord diagrams can be represented by length 2n unlabeled necklaces over an
alphabet of size n. where there are exactly two occurrences of each alphabet syinbol.
Chord diagrams have application in the context of Vassiliev invariants. which in turn
have application in knot theory [2]. A related object called a linearized chord diagram
is studied by Stoimenow in 21, and braided chord diagrams are discussed by Birman
and Trapp in [5]. Much attention has been placed on the enumeration of chord
diagrams. but no generation algorithms have been previously published.

Necklaces with forbidden substrings are another restricted class of necklaces. [f
the forbidden substring is 0. then a simple modification to the recursive necklace
algorithm will vield a fast algorithm to generate necklaces. For any other forbidden
substring. no etfictent algorithm was previously known.

The final restricted class of necklaces mentioned are bracelets. Bracelcts are neck-
laces with equivalence under string reversal. They arise in several areas including
color printing {27]. The problem of efficiently generating bracelets has been consid-
ered by several researchers. but has remained an open problem for some time. For
example. Lisonek [17] modified Savage and Wang's necklace algorithm {21] to gener-
ate bracelets. This algorithm has running time O(n - Bi(n)). where Bi(n) denotes the
number of k-ary bracelets of length n. No previously known algorithm has achieved
a lower time bound.

This dissertation presents fast generation algorithms for each of the preceding
objects. Chapter 2 provides a background on mathematical notation as well as a

background on necklaces. Lyndon words and pre-necklaces. A recursive algorithin for



generating these objects is outlined in detail.

In Chapter 3. an efficient algorithm for generating binary unlabeled necklaces is
presented. along with a proof showing the algorithm is C'AT.

In Chapter {. a modified version of the recursive necklace generation algorithm is
outlined. Then. using this modified algorithm. an etficient algorithm for generating
k-ary fixed density necklaces is presented. along with a proof showing the algorithm
is CAT. As an application. the algorithm is used to generate difference covers.

In Chapter 5. two algorithins are outlined for generating necklaces where the
number of each alphabet svmbol is tixed. The tirst algorithm is simple. but does not
appear to run in constant amortized time. The second algorithm is more complex.,
but experimental evidence indicates that it is CAT. The time bound is proved in a
special case.

In Chapter 6. simple counting techniques are used to derive the already known
formula for enumerating chord diagrams. In addition. two algorithims are developed
for generating chord diagrams. Fxperimental results indicate that the latter of the
two algorithms presented runs in constant amortized time.

Chapter 7 combines algorithms for generating strings and necklaces with a real-
time pattern matching algorithm. The combination of these algorithms results in CAT
algorithms for generating both strings and circular strings with forbidden substrings.
and necklaces with forbidden Lyndon substrings. The analyvsis proves that the number
of strings with forbidden substring f is proportional to the number of circular strings
with forbidden substring f.

In Chapter 3. an efficient algorithm for generating A-ary bracelets is presented
along with a proof showing the algorithm runs in constant amortized time. There is
also a brief discussion of strings with no 0' substring.

Lyndon words of length n can be used to form a basis for the n-th homogeneous
component of the free Lie algebra. Chapter 9 outlines a linear time algorithm for
generating a special bracketing of the Lyndon words which corresponds to this basis.

Chapter 10 summarizes the research contributions made in this dissertation. and

outlines avenues of future research.
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Chapter 2

Background

[his chaprer gives a background of necklaces. Lyndon words. and pre-necklaces along
with an overview of a recursive necklace generation algorithm. First. there is a dis-

cussion of mathematical notation and an important lemma.

2.1 Phi and mu

I'wo number theoretic functions appear frequently throughout this dissertation. The
Fuler totie nt function on a positive integer n. denoted o(n). is the number of integers

in the set {0.1[..... n — 1} that are relatively prime to n. The Mobius function p(n)

of a positive integer n is defined by the following formula:

{—=1)" if n is the product of r distinct prime nunbers.

pin) = _
0 otherwise.

The following lemma. known as the Mobius inversion principle. can be used to

enumerate many of the aperiodic objects discussed in this dissertation.

LEMMA 1 [f f and g are funclions on the positive integers then

g(n) =Y fld) o andonlyif  f(n) =Y u(d)g(5).
dln dln
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A proof for this lemma may be found in [13].

2.2 Burnside’s lemma

Oune of the most useful tools for enumerating combinatorial objects with equivalence

under some group action is Burnside’s Lemma.

BURNSIDE'S LEMMA  [f @ group (¢ acts on « set S and Fir(g) = {~ = Slg(s) = 5},

then the number of equivalence clusses 15 given by

l .
1(—,_1 Z [Fietg)l.
Sy

This lemma is used to enumerate all of the objects discussed in this dissertation
that have equivalence under some group action. In particular. this lemma is used
along with simple counting techniques to derive an enumeration formula for chord

diagrams.

2.3 Necklaces, Lyndon words, and pre-necklaces

The fundamental object behind each of the algorithms described in this dissertation
is the necklace. \ necklace is the canonical representative of an equivalence class of
k-ary strings under rotation. Unless otherwise stated. the canonical representative is
the lexicographically smallest element in the equivalence class. As an example. the
set of all binary necklaces of length 1 is {0000.0001.0011.0101.0LL.t111}. The set of
all k-ary necklaces with length n is denoted by Ni(n). The cardinality of this set is
denoted by Ni(n).

Using the lexicographically smallest element as the canonical representative. an
aperiodic necklace is called a Lyndon word. The set of all k-ary Lyndon words with
length n is denoted by Li(n) and has cardinality Li(n). The term periodic necklace

is reserved for all necklaces that are not aperiodic.



A word is called a pre-necklace if it is the pretix of some necklace. The set of all

k-ary pre-necklaces with length n is denoted by Pi(n) and has cardinality Pi(n).

THEOREM 1 The following formulae are valid for alln > 1. k> 1:

l o

4 — _ . et .

N(n) = ”;o((l)l. : (2.1)
| ,

Loin) = _Z/[(d)k“”. (2.2)
" fin

Pun) = Zm.m, (2.3)
::l

Proor: The equations for Lgin) and Niin) are veritied by Gilbert and Riordan [12].
The equation for Pein) follows trom Lemma 6 (stated later in this section. a
We now state several lemimas about necklaces. Lyndon words. and pre-necklaces.

he following two lemumas are proved in [21].
LEMMA 2 [fa s anecklace, then of is a necklace fort > 1.
LEMMA 3 [fob e Piin) s a pre-necklace, where b < b = 1. then a(b+ 1) = Li(n).

The next lemma can be proved directly from the detinitions of a necklace and
a pre-necklace. Inequalities between words are always with respect to lexicographic

order.

LEMMA 4 Lela =ay---u, be a pre-necklace. [f v is a substring of a with length k.

then v 2 ay---ag.
Reutenauer [19] gives a useful lemma about Lyndon words.
LEMMA 3 [fa and 3 are Lyndon words with « < 3. then a3 is a Lyndon word.

The following lemma from Ruskey [20] characterizes pre-necklaces. [t uses the
function [yn on strings which is the length of the longest Lyndon prefix of the string.

Formally. if ayay-- - a, is a k-aryv string then

lyn(ajaz---a,) = mar{l < p < nlaya;---a, € Li(p)}.
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procedure Necklace ( . p : integer ):
local j : integer:
begin
if t > n then Printlt( p )
else begin
a,:=a,_p,: Necklace( { + L. p }:
for je {ap +1..... k =2k -1} do begin
a, := J: Necklace( t + 1.t ):
end: end: end:

Figure 2.1: The recursive necklace algorithm

LEMMA 6 Let k-ary strmg o = «y---a, and p = lyn(a). Then a € Py(n) if and

only ifa,-, =a, for y=p+1....n.

The following. very important theorem. is proved in [20]. It leads to the reenrsive
necklace generation algorithm described in the next subsection. [t can also he used
to develop a linear time algorithm (equivalent to Duval's algorithm [9]) for factoring
a string into Lyndon words. This algorithm. in turn. vields a linear time algorithm

for finding the necklace of an arbitrary string [20].

THEOREM 2 Let o = ayuy---apoy & Poln = 1) and p = lynta). The string ob &
Pi(n) if and only of a,—, <b< k= 1. Furthermore.
poifb=a.,

lyn(ab) =
no fda, <b< k-1

2.3.1 A recursive necklace generation algorithm

The recursive necklace generatian algorithm Necklace(¢. p). shown in Figure 2.1. fol-
lows directly from Theorem 2. The general approach of this algorithm is to generate
all length n pre-necklaces. The pre-necklace being generated is stored in the array
a: one position for each character. \Ve assume that ag = 0. The initial call is Neck-

lace(1.1) and each recursive call appends a character to the pre-necklace to get a new
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pre-necklace. At the beginning of each recursive call to Necklace(t. p). the length of
the pre-necklace being generated is # — | and the length of the longest Lyndon prefix
is p. As long as the length of the current pre-necklace is less than n. each call to
Necklace(t. p) makes one recursive call for each value from «,_, to k — 1. updating the
values of both ¢ and pin the process. This algorithm can generate necklaces. Lyvndon
words or pre-necklaces of length n in lexicographic order by specifving which object
we want to generate. The function Prntlt(p) allow us to differentiate between 1hese

various objects as shown in Table 2.1,

Sequence type Printlt(p)

Pre-necklaces (Py(n)) printn{ ay---a, )

Lvndon words (Li(n)) if p = n then printing vy ---a, )
Necklaces (Ng(n)) if n mod p =0 then println( «; - -, )

Table 2.1: Ditferent objects output by ditferent versions of Printlt

The computation tree for Necklace(?. p) consists of all pre-necklaces of length less
than or equal to n. As an example. we show a computation tree for V(1) in Figure
2.2, By comparing the number of nodes in the computation tree to the number of

objects generated. it was shown that this algorithm is CAT [20].
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Chapter 3

Unlabeled Necklaces

['his chapter outlines a ("\'T algorithm for generating binary unlabeled necklaces.

3.1 Background

An unlabeled necklace is the canonical representative (lexicographically smallest ele-
ment) of an equivalence class of strings under rotation and permutation of its alphabet
symbols. From this definition. the necklaces 0001 and Q111 are in the same equiv-
alenice class since one can be transformed into the other by permuting the sviubols
0 and L. The set of all A-ary unlabeled necklaces with length n is denoted Nl
with cardinality Netn). For example. lcl;( ) = {0000.0001.0011.010L}. An unlabeled
Lyndon word is an aperiodic unlabeled necklace. The set of all A-ary length n un-
labeled Lyndon words is denoted f,k(rz) with cardinality Zk(n). A word 1s called an
unlabeled pre-necklace if it the prefix of some unlabeled necklace. The set of all k-ary
unlabeled pre-necklaces is denoted by f’k(n ). and has cardinality Pe(n).

The following theorem gives enumeration formulas for these objects in the binary

case. General formulas for _Qk(n) and Zk(n) also exist and can be found in [12].

THEOREM 3 The following formulae are valid for alln > 1. &k > 1:

) ’ 1 nfc .
Nan) = Ny(n) = - Z o(d)2¢, (3.1)
add d|n
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L) = — :.).“/d. (3.2
2n) 3 Z j(d) i3.2)
odd d|n
Pyn) = ZZ_,(,'). (3.3)
=1

Proor: The equations for Nty and Ly(n) are from Gilbert and Riordan (12]. The

equation for Py(n) follows from Lemma 8 (stated in the next section). C

3.2 Generating binary unlabeled necklaces

This section focuses on generating binary unlabeled necklaces. [t is an open problem
to generate unlabeled necklaces over a general alphabet of size .

Binary unlabeled necklaces can be generated by generating all binary necklaces
and then perforining a test on ecach necklace to determine whether or not it is the
nnlabeled representative. In the binary case. a necklace and its complement arve in
the same equivalence class. Therefore. this test can be performed by taking the
complement of the generated necklace and using a necklace finding algorithim to find
its corresponding necklace. Such an algorithm runs in linear time (see Chapter 2.3).
The resulting necklace is then compared to the original: if the original is not larger.
then it is an unlabeled necklace. This algorithm vields an overall running time of
O{n - N(n)). which is far from ethicient.

To improve upon this naive algorithm. the linear time test required at the end
of the necklace generation must be eliminated. The remainder of this section is
used to prove Theorem 3. This theorem for unlabeled pre-necklaces is analogous to
Theorem 2 for pre-necklaces. [t suggests the addition of another parameter ¢ to the
routine Necklace(t. p) which replaces the need for the linear time test. Several lemmas
are necded before we state and prove this theoremi. The following two lemmas are

analogous to Lemma 2 and Lemma 6 for necklaces.
LEMMA 7 [fa=a,---a, € N. then a' € ﬁfort >1.

PRrOOF: Let 3 =b;---b, be equivalent to a under permutation of its symbols. Then
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by definition of an unlabeled necklace. ;3 must be greater than or equal to a and thus
7' must be greater than or equal to o'. From Lemma 2 o' is a necklace and therefore

by definition o is an unlabeled necklace for ¢t > 1. a

LEMMA 8 Lef o = ay---a, be a string and let p equal the length of the longest

unlabeled Lyndon prefie of o, Then o & P ifand only if «,_, = «, forj =p+1..... n.

Proot: fu,_, = a, for g = p+1..... n. then o = 33 for some t > | where
S =up-uy € L and & is a prefix of 3. By Lemma 7. 3'*' is an unlabeled necklace
and thius o € P. C'onverselv, assume that o & P. If lyn(ay = ¢ and p # ¢ then
there must exist a Lyvadon prefix of o with length greater than p that is not in
L. This miplies that there exists a permutation = of the alphabet symbols such
that 7(uy...a,) < ay ..., This contradicts the assumption that a is an unlabeled
pre-necklace, since no matter what we append to the string a. it can never be an
unlabeled necklace. Now since we must have p = lyn(a). by Lemma 6. «,_, = «, for

J=p+lo.. n. a

For binary string o = aya,---«a,. let Roti(a) denote the set of all complemented

rotations @, - ana; @ of a. where | < i < k. The set N,(n) consists exactly of

those necklaces o that satisfv r > o for all r € Rot,{«a). Observe that
if |of = {y]. then o <y ifandonly if 7 2 7. (3.1)

THEOREM 4 Let @ = ay---a, € Ny(n). [f there s a k such that. for every r &

Roti(a). r> 0 and aGig; - tn = ay -+ - @n_i. then a € Ny(n).

PROOF: By the definition of an unlabeled necklace. a necklace is its unlabeled repre-
sentative il and only if it is leys than or equal to cach of its complemented rotations.

Thus. it must be shown that r > a for all + € Rot,(a). It is given that all r €

Roti(a) satisfy this condition so it must only be shown that @, a,a;---a, > «
for k<<
Since @gg - -@n = ay---an_. taking r = @,71---a, in Lemma 4 yields either

@f1- Qg > - -Qn_j. OF g1 - Ay = Q1 -n—;. In the former case the result
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is trivial. [n the latter case consider @, 71 @, and look at two subcases. |If

n—-j+1 <k othen r = @ -, 51 ana; - -a,-, & Roti(a). Thus r > a which
implies @,_, o1 @, 2 @y --a;. lfn—j+ 1>k then @57 a, is a substring of

Tre1 - - a, and is therefore a substring of the pre-necklace «y---a,-,. By Lemma 1.

Tn_y+1 -ty > wy---u,. Thusin both subcases @, 2 77 d, > ay;---a,. Now using
(3.0, we have @y—=a, > w,—,+1 -~ a, which implies that @, —aay—a, > o for
<y <. a

COROLLARY 1 Leta =ay---u, & Na(n). lIfa"a, 2 ay - ttamigy foralll <7< n

then o is an anlabeled necklace.

Proor: (7 "a, > ay-do_,oy. then @, -, ay a1 > . [f there exists a
smallest 1 such that @@, = ay - dy_yy then, by Theorem 4 o is an unlabeled

necklace. Otherwise. o is an unlabeled necklace by detinirion. a

Define comay - -+ ay,) to be the smallest positive value ¢ for which
oy -y = Ay, . 3.9

or n if no such value of ¢ exists. For example. com(000111000111) = 3. com((01)™) =
L. and com(0") = n: these last two examples represent extreme values for com. One

tinal lemuna is given before stating the main theorem.

LEMMA O A binary string a = ay---a, is an unlabeled pre-necklace if and only if o

is a pre-necklace and @@, 2 ay - Ayeiyy forall 1 <0 <n.

PRrRooOF: Assume that a is an unlabeled pre-necklace. Since l3(n) is a subset of P(n)
then a is a pre-necklace. By definition of an unlabeled pre-necklace there exists an
unlabeled necklace 5 such that 5 = ad for some string d. Thus by the definition of
an unlabeled necklace @, =@, > ay---da,_i4; forall | <7 < n.

To prove the converse. let p = lyn(a). If n mod p = 0 then «a is a neck-

lace. By Corollary 1. a is also an unlabeled necklace and thus by definition o is

an unlabeled pre-necklace. Otherwise if n mod p # 0 then we construct a string
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3 = (ay---ay)"P1of length m by extending a. By observing that a;---a, is an

unlabeled necklace (using the fact that «;---a, is a necklace and Corollary 1) we get

ay--ap < @ dpay -, og for all 1 <1 < po Thus by (3.4) we have ay—~+a, >

a, - apdy - -ty Therefore for | <7 < pln/p| we have @@ 2 ay - a,n_,qq.
Again since «ay ---a, is an unlabeled necklace. @, a, > ay---ap- 4. Thus we have
@ 2y Uy for pin/p) < X me Now since 3 is a necklace Corollary
[ shows that 7 is an nnlabeled necklace. and thus by definition o is an unlabeled

pre-necklace. 0

-~

THEOREM 3 Let o = ayuy---duoy = Paln = 1) and ¢ = comiev). The string ab =

~

P.n) of and only of tij ob = Py and (i a,_. =0 orh=u,_.. Furthermonr

nooafb=u,_ =10
com(ab) =
¢ fb=a .

PROOF: Assume that ab & 133(12). By Lemuma 9 we also have ab = Pyn). If

d,_. =bh=1then the string ay - -~ du_. > T 37 @y,. a contradiction to the definition
of an wnlabeled pre-necklace. Therefore either v, =0 or b =0. [fu,. =1 and
b=0then b =@, —-. Thus either a,,_. =0or b = @, _..

To prove the converse we need only show that @@, 2 ay---a,_,. for all
| </ < n by LemmaY. Because a & P.(n — 1) and ¢ = com(a) we observe that
T dny > ay-dp-, forall I <7 < ¢. Thus we clearly also have @@, >
dy gy for 1 <0 < e Ifa@ 20 = bthen agy - @, = day---du,-. by definition
of com{a). If a,_. = b = 0 then we have by a similar argument that @ a, >
ay - dn-e.. Now applying Lemma 1 for either case we get @, - @, > dy; - dy_q1
for c+ 1 <1 < n. Therefore @;—a, > a,- - dn_yy4y torall I < < n and thus
ab € f’;(n ).

Furthermore if @,—. = b. then clearly com(ab) = ¢. Ifb = a,_. = 0. then
com(ab) = n since there is no value of ¢ for which (3.3) holds. Note that the case

@,—. = b =1 cannot occur by the discussion in the first paragraph of the proof. O

This theorem implies that unlabeled pre-necklaces (and thus unlabeled necklaces)
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Procedure Unlabeled ( {.p.c: integer ):
begin
if t > n then Printlt( p ):
else begin
if a,_.. = 0 then begin
if «,., = 0 then begin
a, := 0: Unlabeled( ¢t + L. p. t ):
end:
i, = l:
if «,_, = | then Unlabeled( t + |. p. ¢ ):
else Unlabeled( ¢ + L. t. ¢ ):
end else begin
a, := 0: Unlabeled( t + L. p. ¢ ):
end: end: end:

Figure 3.1: Unlabeled binary necklace algorithm

can be generated by introducing the additional parameter ¢ to the pre-necklace gen-
eration algorithm Necklace(t. p). Pseudocode for this algorithm is given in Figure 3.1.
The initial call is Unlabeled(2. L. 1). tirst initializing ag = «; = 0. Unlabeled necklaces.

Lyvndon words. and pre-necklaces can all be produced by using Table 2.1 as before.

3.3 Analysis

Observe that the computation tree of Unlabeled(t. p.c) is a subtree of the computation
tree of Necklace(t.p) and that only constant computation is performed at each node
of the tree. Furthermore. the number of unlabeled binary necklaces is at least half the

number of labeled binary necklaces. These observations prove the following theorem.

THEOREM G Algorithm Unlabeled(t. p.c) for generating binary unlabeled necklaces is
CAT.

It remains an interesting challenge to extend these ideas to generate unlabeled
necklaces over non-binary alphabets: there seems to be no obvious way to extend

Theorem 3.
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Chapter 4

Fixed Density Necklaces

This chapter develops a (AT algorithm for generating tixed density necklaces. An
additional algorithm is presented for the binary case. \s an application. an algorithm

is outlined to generate ditference covers.

4.1 Background

The density of a string is defined 1o be the number of non-zero characters in the
string. Thus. a length n string with density o contains exactly = zeros. The set
of k-ary necklaces with density « and length n is represented by Ni(n.d) and has
cardinality Ny(n.d). For example N;(-1.2) = {0011.0012.0021.0022.0101.0102.0202}.
Similarly. the set of fixed density Lyndon words is represented by Li(n.d) with cardi-
nality Li(n.d). The set of fixed density pre-necklaces is denoted by P (n.d) and has
cardinality Fi(n.d). In addition to these familiar terms we introduce the set Pl (n. d)
which is the elements of Py(n.d) whose last character is non-zero. [ts cardinality is
denoted P(n.d).

Fixed density necklaces can be counted using the object discussed in the fol-
lowing chapter: necklaces where the number of each alphabet svmbol is fixed. Let
N(ng.ny..... ni-1) denote the set of necklaces composed of n; occurrences of the sym-
bol i.fori =0.1....,A—1. The cardinality of this set is denoted N(ng.n,..... Ng_y).

Similarly, the set of all Lyndon words composed of n; occurrences of the symbol i is
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denoted by L{ng.ng..... ng_y ). with cardinality L{ng.ny..... ni_y). The two enumer-

ation formulas stated in the following theorem are known from Gilbert and Riordan
(12].

THEOREM T The following formulae are valid for all n, > 1. k > 1:

. | . n/j
Ning.ng.. ... Ny o= — N ol 1) — 1) , {-h1)
n L frg )0ty /0!
Jlgeding oy ng 1)
l X 'II//_}"!
Ling.ng..... Wi = - ny) _ : _ {12
3] 1 IS l) n Z / J (”l)/_}‘!'-.(”k"ll/J)!

lgeding.nyong )

Let the density of the necklace d = ny +- -+ ng-y and ng = n =d. To get the number

of tixed density necklaces (and Lyvndon words) with length n and density d. we sum

over all possible values of ny.n,.. .. Ne-y to obtam:
NMenod) = Z Nn—=don. ... ni_y) (1.3)
ny et =
Len.d) = Z Lin—=d.n,..... Net) {-{.-1)

ny '+---+nk_,:-i
In the binary case these expressions simplify as follows

. l iy
Natd) = 2 > OU)((//D

Jlged(n.d)

| fn/q
[,3(71.(‘1)=;‘ Z Mj)((/;j)

3
Jged(n )

Currentlv. it is not known how to count fixed density pre-necklaces.

4.2 Generating fixed density necklaces

We use a two step approach to develop a fast algorithm for generating fixed deunsity
necklaces. First we create a new necklace algorithm based on the recursive necklace

generation algorithm Necklace(t. p) presented in Chapter 2.3.1. We then optimize this
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new necklace algorithm for the fixed density case by making a few key observations

about fixed density necklaces.

4.2.1 Modified necklace algorithm

For every necklace of positive density. the last character of the string must be non-
zera. Thns, if we are concerned only with generating necklaces or Lvndon words we
can reduce the size of the computation tree by compressing all of the pre-necklaces
whose last chiaracter is 0. Looking at Figure 2.20 we want to generate only the nodes
in bold. [his results in the modified computation tree shown in Figure L1. Notice
that at each successive level in this tree we are incrementing the density of the pre-
necklace rather than the length. To generate this modified tree we create a recursive
routine hased on the original necklace algorithm in Figure 2.1: however. rather than
determining the valid values for the next position in the string. we need to determine
both the valid positions and the values for the next non-zevo character,

To make this change we use the array « to hold the positions of the non-zero
characters and maintain another arrav b to indicate the values of the non-zero char-
acters. [he /-th element of the arrav « represents the position of the /-th non-zero
character. and the /-th element of the arrayv b represents the value of the i-th non-zero
character. Thus if we generate a necklace with length 7 with « = [3.4.5.7] and b =
[1.3.2.1]. the corresponding necklace is 0013201, [t is important to note that we can
also maintain the original necklace structure by performing some extra constant time
operations. Note that in the binary case. the second array b is not necessary since all
non-zero characters must be 1. We use the parameter f to indicate the current density
of the string. The length of the current string is «,. Since all Lyndon prefixes end
in a non-zero character. we let a, indicate the length of the longest Lyndon prefix.
Using these two parameters. we can compute all valid positions and values for the
next non-zero character.

To determine the valid positions and values for the next non-zero character and
to maintain the lexicographic ordering we compute the maximum position and the

minimum value for that position so that the new string still has the pre-necklace
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Figure L1: Computation tree for \V>(-H) from ModifiedNeck(t. p)

property.  The maximum position for the next character is given by ag oy + o,
[he minimal value for this position is b .y_,). By the properties of pre-necklaces all
larger values at the maximal position are also valid [21]. Also. all positions before
the maximum position and greater than the position of the last assigned non-zero
character («,) can hold all values ranging from | to & — 1. (Note that since we want
to generate all necklaces with length n.we restrict the position to be less than or equal
to n.) For each of these valid combinations of position and value. we lexicographically
assign the position to ary; and the value to be4,. followed by a recursive call updating
both ¢ and p. Finally. if the position of the last non-zero element is greater than or
equal to n. we call the Printlt(p) function to print out either the Lyndon words or
necklaces in a similar manner to the original algorithm Necklace(t. p).

This moditied algorithim. ModifiedNeck(¢. p). for generating necklaces is given in
Figure 4.2. Each initial branch of the computation tree is a result of a separate call
to ModifiedNeck(¢. p). each call specifying a different combination for the position and
value of the first non-zero character. Note that the 0 string is not generated by this

algorithm and must be generated separately. The nodes of the resulting computation



procedure ModifiedNeck ( /. p : integer ):
local ;. j, maur : integer:
begin
if a, > n then Printlt( p )
else begin
mar = dy4y-p)-
if mar < n then begin
Ay 1= MALS
broy 1= brrsioon
ModifiedNeck(t + L. p ):
end else begin
mari=n. dy i=n by =1

ModifiedNecki t + 1. f ~ | j:

end:

for /= {byey +1..... k=24 -1} do begin
biyy := 12
ModifiedNeck(  + 1.t + 1 ):

end:

for j &€ {mar — L.mur—=2....a, -~ 1} do begin
Aoy i= J:
for /= {l..... k—2.k~1} do begin

by i= 1

ModifiedNeck( ¢ +~ 1.t + 1 ):
end: end: end:
end:

Figure 1.2: Modified necklace algorithm

tree for ModifiedNeck(f. p) are all pre-necklaces with length less than or equal to n
whose last character is non-zero.
Observe that we are not restricted to generating the necklaces in lexicographic

order. Many orders are possible by re-ordering the order of the recursive calls.

4.2.2 Fixed density necklace algorithm

We now optimize our modified algorithm for the fixed density case by making several
observations. First. we restrict the position of the first non-zero character depending
on the density. In particular. there are no necklaces with density d that can have the

ficst non-zero character in a position after n — d 4+ | or before |(n — 1)/d + 1]. Also.



if we are generating a string with length » and density d and have just placed the
i-th non-zero character then the (/ + 1)-st non-zero character must come before the
position n — (d — 1) + 2. If we place the next character at or after this position then
any resulting string with length n will have density less than d. Also. because the last
non-zero character must be in the n-th position. we stop the string generation after
placing the (d — 1)-st non-zero character. Thus. the strings generated by following
this last restriction are strings with length less than n and density  — 1. By following
this approach. we may generate up to k& — | strings for each call to Printlt(p) since
we can place up to & — | characters in the n-th position. However. it is not always
the case that we will generate all A = 1 strings or even any strings with each call 1o
Printit(py. Thus we add an additional constant time test to see which values can be
placed in the n-th position. This test is similar to the test for finding the maximal
valid position and minimum value for the next non-zero character as outlined in the
previous sub-section. Ounce a minimum value is determined (if there is one at all), we
perform the usual tests to determine if the string is a necklace or a Lyndon word. All
larger values for the n-th position will result in a string that is a Lyndon word [21].
Thus the overall work done in the Printlt(p) function to determine the valid strings
remains constant for cach string generated.

[n summary. we use our modified necklace algorithm outlined in Figure 1.2 with

the following optimizations:

. The first non-zero character must be between n —d + L and (n — 1)/d + 1

inclusive.

2. The i-th non-zero character must be placed at or before the (n — { + i)-th

position.
3. Stop generating when we have assigned ¢ — 1| non-zero characters.
1. Determine valid values for n-th position in Printlt(p) function.

The computation tree for generating N(7.3) is given in Figure 4.3. The dotted

lines indicate the initial branches we do not need to follow by modification 1. The
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Figure 4.3: Computation tree (solid edges ouly) for Ny(7.3) from FixedDensity(/. p)

arrows indicate the strings produced by adding the final character to the n-th position.
[he bold strings indicate the actual necklaces produced by the Printltip) function.
The remaining string (0011001) is rejected since it is not a necklace.

The algorithm for generating fixed density necklaces and Lyndon words in lexico-
graphic order ix given in Figure £ Binary necklaces with d > n/2 can be generated
by complementing the output from generating necklaces with density n — . In this
case. however, the strings generated are not in lexicographic order and are not nec-
essarilv the lexicoeraphic representatives for their respective equivalence classes. To
generate fixed density pre-necklaces. we generate N(n + L.d + 1) and print out only

the first n characters making sure we do not print the same string twice.

4.3 Analysis

[n this section we show that FixedDensity(t.p) is CAT. We start the analysis by
analyvzing several trivial cases. When the desired density of the string is n. the
computation tree and strings produced are equivalent to the generation of Ni_;(n)
which we already know is CAT. When the density is 0 we simply generate the 0 string,

and when d = | we generate the & — | strings where the last bit ranges from 1 to



procedure FixedDensity ( {. p : integer ):
local 1. j.mmar. tail : integer:

begin
ift > d ~ 1 then Printlt(p):
else begin
tail :=n —{d —=t) + I:
AT T= Ay p):
if mar < tail then begin
(ray 1= M0
by i= bz,

FixedDensity( t + L. p ):

for /& {by +1..... A —2.k -1} do begin
byt =1
FixedDensity( t + 1. ¢ + 1 )

end:
tarl .= mar - 1;
end:
for y = {tarl twil = 1....u, + 1} do begin
Uppy 2= J0
for = {l..... k=2 k- 1} do begin

bryy =02
FixedDensity( ¢ + 1.t + 1 ):
end: end: end:
end:

Fignre 4.k Fixed density necklace algorithm

Ak — 1 and the rest of the string is all 0's. In each case where the density is greater
than 0 the resulting strings are generated in constant amortized time.

For the non-trivial cases we examine the number of nodes in the computation tree.
noting that the amount of work to generate each node is constant. When | </ d < n.
the nodes in the computation tree consist only of pre-necklaces that end in a non-zero
bit with density ¢ ranging from | to d — | and length ranging from (n — 1)/d +{ to
n —d +i. Recall that P (n.d) is the set of pre-necklaces with length n and density
d where the last bit is non-zero. Thus. the size of the computation tree for our fixed

density algorithm (1 < d < n) is bounded by the expression
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d—=1 =i+

CompTree(n.d) < Z Z Piy.i).

n—1
4

=1 = +1

Recall that we generate binary fixed density necklaces with density greater than nj/2
by generating N(n.n —d) and complementing the ontput. Therefore in the case where
A =2 (and only in this case) we have the restriction that o is less than or equal to
n/2.

To prove that our algorithm is ethicient we will show that the ratio between the
size of the computation tree and the number of strings produced is bounded by a
'y S e - 1y . seert Foage o f Pl
constant. Since there does not appear to be a stmple explicit formula for P{(n.d) onr

approach will be to derive an upper bound in terms of Notnod) and Li(n.d).

LEMMA 10 The following mequahty ts valid for all n > 1. k> 1. and 0 < d < n:
Pin.d) < Ne(n.od) + Len.d).

Proor: We partition Py (n.d) into two categories: necklaces and non-necklaces. Let
the elements of Pl in.d) that are not necklaces be Qj(n.d).

We show that Qf(n.d) € Li(n.d) by providing an injective mapping of Qj(n.d)
to Li(n.d). By Lemma 6 each element of the set Q) (n.d) must have the form: o =
(ay -+ aplay---a,, where p=lyn(a). ; > 1 and 0 < m < p. Let n, be the number of
occurrences of the symbol 7 inwy -+ - «,, and define the string ~ = 0™ [ -+ (A= 1)1,

We define a function f on the set Q(n.d) as follows:
fla) = ytay---ap).

For example. f((002101303)00210(3) = 0001123(002101303)". This mapping pre-
serves both length and density. Since 5 and a;---a, are both Lyndon words and

v < ay--- ap. it follows from repeated use of Lemma 3 that f(a) € Li(n.d).

To show that f is injective consider two unique elements of Qj(n.d): o =
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(ay--ap)iay---a,and 3 = (by---b,)'by---b,. lf1 = jthen fla) # f(.3)sinceu, ---q,
and by -0, are both Lyndon words and ay---a, # by ---b,. Otherwise assuime that
i < J. Since ¢, and b, are both non-zero. the i-th element of f(a) is non-zero and
the j-th element of f(.3) is non-zero. Now if the i-th element of f{.3) is non-zero then
the (1 + 1)-st element must also be non-zero if f(a) = f(.3). However the (1 + 1)-st
element of f(a) = ay whichis 0. Thus f(a) # f(9) for unique a. .3 € Qi(n.d). Thus
fis an injection from QL (n.d) to Li(n.d).

Now since there exists an injective mapping trom Qi (n.d) to Lg(n.d) we have
Qi ln.d) < Lein.d). From earlier discussion we know that Pl(n.d) = Ni(n.d) +

Qi dV and thus Pin.d) < Nnod) + Li(n.d). a

We observe in the binary case that by taking ecach element from Po(n.d) and

adding a 1 to the end of the string we get the set Ph(n + 1.d + 1). Thus from the

previons Lemma we also get an upper bound on Py(n.d).

COROLLARY 2 The following inequality s valid for all n > 1 and 0 < d < n:

Pyn.dy < Vot + Lod+ 1)+ Lan+ 1od + 1),

We can now bound onr computation tree as the sum of tixed density necklaces

and lixed density Lyndon words:

d=1 n=d4:
Complreeg(n.d) < Z Z Ne(gat) + Lyt
=1 7,:"‘—7l—+l

However. by plugging the formulas for tixed density necklaces and Lyndon words into
the above expression we end up with a complicated quadruple sum. Therefore we
will prove two lemmas which give simple hounds for fixed density Lvndon words and

necklaces.



LEMMA L1 The following inequality is valid for all 0 < d < n:

Lelnd) < - (';) k= 1)

n o\«

PROOF: Fach element of Li(n.d) is a representative of an equivalence class of k-ary
strings. cach with n elements. If we add up the elements from each equivalence class
we will get nlg(n.d) unique strings each of length n and density . The expression
() (k= 1i* counts the total number of k-arv strings with length noand density o,

Theretore Liy(n.d) < %(';‘)(A' -1 0O

A similar bound for Ny(n.d) is more difficult to obtain. Here we bound Ny(n.d)

by Letn.d).

LEMMA L2 The following mequality s calid for all O < d < n:

n {

Proot: By considering case when j = | in equation (L1) and noting that the
remaining terms are all non-negative we have
'

| n
Nu(n.d -
elnod) 2 n Z (ng ) (D (miyD)

-1
ny +etngag =4

l /n !
‘5(4) ) AT T

ny +ee-png =d

1 /n
= - k=17
n ((I)( h

The tinal equality is a result of the basic multinomial expansion.

N

To show that Ni(n.d) < 2L (n.d). we provide an injective mapping of the periodic
necklaces to Lyndon words. If @ is a periodic necklace then a = (a;---a,)! where

p = lyn(a) and j > . Since d < n we know that ¢; = 0. We define a function g on
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all periodic necklaces with length n and density d as follows:

gla) =0(ay --- u,,)"*l(zg Sl
This function simply moves the bit a,,_1;+1 = @, =0 to the front of the string. This
operation preserves both length and density. Since (e -+ ap)? 'ay -+ ap is a Lyndon
word. by Lemma 5 gta)is a Lyndon word.

['o show that ¢ is an injection we consider two unique periodic necklaces: o =
(ay---ap) and 3 = (by---bV. If p = qand gla) = gt §1 then ay---a, = by b,
contradicting the fact that a # 3. If p # ¢. then assume that p < . This implies
that + > j > 1. Now comparing the characters in positions 2.3....¢+1 of g(a} and
g( 3} we observe that if g(a) = g(d) then by ---b, = {(«y - ap) ay..a, for some £ > 1
and 1 < & < po However since ap---a, is a Lyndon word then vay -~ a,)ay -y
is periodic it~ = p and is not a necklace if 5 < p. This contradicts the fact that
by ---h, is a Lyndon word. Thus g(a) = g( 3) for unique periodic necklaces o and 4.
Therefore g is an injective mapping from the periodic necklaces to Lyndon words.

Since there exists an injective mapping from the periodic strings of Ni(n.d) to

Liin.d) we get the vesult Ne(n.d) < 2L (n.d). O

Using the previous lemmas we can simplify our upper bound on the size of the

computation tree:

CompTreer(n.d) = Z Z Pij. 0

(]
SN

Neljo i) + L)1)

=1 J="_‘J_+,

d=1 n—d4e

< 3) ) L)
=1 =1

<

EE0en
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rl—ll »n—d+x )
- :}Zlf(k-—l)‘ S (f_l>

=1 =1
(/+1 .
= I}Z,( )(A’—l)‘- (-1.5)

To get the last two equalities we used some basic binomial coeflicient identities.

To <implify this hound for the compuration tree even more. we inductively prove
vet another upper hound for the remaining sum in equation (4.5). We first prove an
upper bound for the case when A& > 2 and | < d < n. We then provide a similar
prool for the case when A = 2. In the latter case we take advantage of the fact
that we can generate binary necklaces with > n/2 by generating necklaces with
density n — d and then complementing the output of each generated necklace to get
all necklaces with density . Once again. this is the only situation where the strings
are not generated in lexicographic order. Thus when A = 2. we only consider the case

when | <d < n/f2.
LEMMA 13 For2<d<nand k > 2
i=2

Lin—d+1 2 n—1 -1
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PrRooOF: We prove the lemima by induction on d. Let
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Basis: = 2 or 3. n > 3. Observe that this covers all cases for n = 3. 4:
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> =)

Assume: Si(n.d) < 25 (G2 (k=D)*tforl <d<n—1.k>2 and n > 5. Consider
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To show that the last inequality is correct we prove that (—T:l—;(i—,—_-ﬁ < %(k - 1) for
n > 5. By multiplving both sides by ﬁ we get Ffﬁ_u:i;nm < 2. The LHS of
this inequality is maximized when we maximize = n — 2 and minimize & = 3. By
substituting these values and rearranging we get:
n=2n-=-2) < Hn-=1)n-=-3
0 < Hn® —da+3)=3(n" = 1tn+ 1
0 < nin-1.
This equality is true for n > L a
LEMMA 14 For2<d<n/2and k =2:
Sl —d i 2 n—1
- . B—1) < —— k= 1y
Zl( ! \)( ) d—[(d—l)( !
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ProOOF: We prove the lemma by induction on d. Let

i-2 .
—t'/
S’“n.d):Zi—'(n j +1)(/f—l)'.

=1

Basis: o = 2 or 3. 1 > 3. Observe that this covers all cases for n =3.1.5.6.7:

d =2 Sein.2)=u0<2n - )k~ 1)
n -1 ,
( . )(A"”'

Assume: Se(n.d) < ="k =1 for | < d < n/2and n > 5. From the proof
T—t V-t / [

\

d =3 Sen.3)y ={n =21k =11

of the previous lemma we know:

3dd n—1
Soin. o A | < — k- I d=1
el 1 ((/—l)(ll—l)< m >( )

210n -1 ;
- k= 1),
¢1< d >( )

To show that the last inequality is correct we prove that ﬁ.ﬁ < f(A' -1y for

VAN

n > 8. By substituting in the value 2 for & and multiplyving both sides by d we get

(TR):T-T) < 2. The LHS of this inequality is maximized when we maximize d = 2 — [,

By substituting this value for d and rearranging the terms we get:

L R S
.3(5-1) < —(5—-)(11—1)
0 < 2As =2 —1) =35 - 1)
< -(:_;—-)(”— )-——(5— )
) < 9 n®  on oy - n*
0 < _(?——_-)'—'-}-_)—,;(T—!l-f-l)
n*
0 < —=2n+1
4
By solving this quadratic we see that the inequality holds for n > 3. a

We now use the previous lenunas to get a simple upper bound on the size ot the
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computation tree:

CompTreeg(n.d) < 3 Z l.<” B fl+ ,>Uf - 1)

!
=1
d=2

L1 /n—=d+1: 3 n -1 ,
= . - A_l‘ . . -
;le l'< ! )( ) +(I—l<([—l)(L 2

6 n—1 3 n—1
. A =1 + IIC* q=1
= (/—1(4—1)‘ 4 J—L(d-l)‘ Y

9 n—1
= — k= 1)y
([—l<(1—1)( Y

Recall that onr goal is to prove that the ratio of nodes in the computation tree to

the muunber of strings produced is bounded by a constant. From Lemuma 12 we have

a lower bound on the number of strings produced:

l /n l/n =1 .
nod)y > — -1t = = s — 1)
Netn.d) ”<‘[>( 1) 4/((/-[)“ 1)

Thus the ratio of onr computation tree to necklaces produced is:

Complreein.d) § o

< < [N,
AYIZ N {(d = Lj(h=1)~

Fxperimentally, this constant is less than 3.

-

THEOREM S Algorithm FixedDensity(t.p) for generating fired density k-ary necklaces
s CAT.

4.4 Another algorithm

This chapter has already developed a CAT algorithm for generating fixed density
necklaces. [n all cases except when A = 2 and d > nj2. the algorithm FixedDen-
sity(t.p) generates the necklaces in lexicographic order where the lexicographically
smallest string is the representative of each equivalence class.

This section addresses this exception by developing an algorithm to generate bi-

nary fixed density necklaces (and Lyndon words) for d > n/2, in lexicographic order,



33

where each neckiace is the lexicographically smallest string in its equivalence class.
The approach taken is similar to the approach taken in the algorithm FixedDen-
sity(£. p). except instead of generating pre-necklaces that end with non-zero characters.
we generate pre-necklaces that end with the zero character.

Let ¢ be the desired number of s in the necklaces (the density is n — ¢). To
generate pre-necklaces of length nowith exactly ¢ zeros. we maintain the positions
of the 1's as well as the difference between ecach consecutive zero. The string o =
dgdy -,y Maintains the position of the 0's and gups = g1g: - - -y, maintains the
gaps between consecutive zeros. Formally, the value ¢, = «, —a,_y for ¢ = 1. ... q
and g, = n + | — a,-y. For each value t. the string ag---a,_y represents a pre-
necklace. For example. the string o = 12569 represents the pre-necklace 0011001 10.
The corresponding gaps string is 13132 where n = 10.

Using these data structures, the string a represents a pre-necklace only if the string
gaps is a pre-necklace. Thus. if we have a pre-necklace represented by ay -+ ay_p. we
can use the string gaps to determine the minimum valid position for the next 0.
The value min = a,-y + ge=p. where pis the length of the longest Lyndon prefix of
g1 gi-g. represents this minimum position.  Since we are restricting the numnber
of zeros in the string. we can also determine a maximum valid position for the next
zero. The value mar = n — ¢1(q — #) represents this maximum position unless p = 1.
in which case the value must be incremented by one. Since mar depends on g;. it
is only valid for t > 1. However. since ap must be L. the maximum value for « is
n/q + L. The case when ¢ = | must be handled separately to generate the single
necklace 01771,

Pseudocode for the algorithm (when ¢ > 1) just described is given in Figure -1.5.
The value uy is initialized to | and the function FixedZero(2.1) must be called for each
possible value for a; (g, = ay — 1). where «; ranges from 2 to n/q + L. The function
Printlt(p) is similar to before except the value n is replaced with q.

When the value g < n/2 (ie.. d > n/2). experimental evidence indicates that this

algorithm is CAT. This leads to the following conjecture.
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procedure FixedZero ( t. p : integer ):
local j.min.maux : integer:
begin
if t = ¢ then begin
gri=n+1l—a_y:
if g: > g:—, then Printlt(d):
else if g: = g,—, then Printlt(p):
end else begin
MUN = dy + Grop:

mar:=n—qglqg—t);

if p =1 then mar := mar + 1:

for y = {mm.min+1..... mar} do begin
Uy 1= _]
g =) — -y

if J = mun then FixedZero(t + 1. p:
else FixedZero(t + 1.t):
end: end: end:

Figure 1.3: Algorithm for generating necklaces with 4 zeros

CONJECTURE | Algorithm FixedZero(t. p) for yenerating necklaces where the number

of zeros is less than nf2 is CAT.

This algorithm has application in the following chapter when we look at necklaces

where the number of each alphiabet svmbol is tixed.

4.5 An application

As an application. we embed our fixed density necklace algorithm FixedDensity(t. p)
into a programn which generates difference covers. Aset D = {ay.---.a4}. | < a; <.
is called a (n.d) difference cover if for every t # 0 mod n there exists an ordered pair
(a;.a,) in D such that ¢, —a, =t mod n. For example. the set {1.2.3.6} is a (10.4)
difference cover. A (n,d) difference cover is minimal if a (n.d — 1} difference cover
does not exist. Another algorithm for generating difference covers is presented in {29].

To generate all difference covers (n.d) we generate all fixed density necklaces

Ns(n.d) where the position of each one in the necklace represents a number in the



set D. To determine whether the necklace represents a difference cover. we keep
track of information ahout each ordered pair. This additional work takes at worst
case O(d) time for every node in the computation tree. Thus the overall running time
for generating all the (n.d) difference covers is O(d - Na(n.d)).

[n practice. it is useful to know whether or not a (n.d) difference cover exists.
When n gets large the search space may become infeasible to work with: however. if
we have some intuition about what the first few numbers may be in the set D. we can
customize our algorithm to drastically reduce the search space. Using this strategy

we were able 1o prove the existence of a (131.13) difference cover. namely

{1.8.27.33. 34, 44,57, T1. 73.79. 88.91}.
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Chapter 5

Fixing the Number of each
Alphabet Symbol

This chapter discusses two algorithms for generating necklaces where the munber of
cach alphabet svmbol is fixed. The first algorithm is simple. but does not appear
to run in constant amottized time. The second algorithm uses a new canonical form
to represent each equivalence class. Experimental evidence indicates that it is CAT.

This time bound is proved in a special case.

5.1 Background

The last chapter on fixed density necklaces introduced the notion of necklaces
and Lyndon words where the number of each alphabet symbol is fixed. Recall
that N(ng.nq..... ni—1) denotes the set of necklaces composed of n; occurrences
of the symbol ¢, for 1 = 0.1..... k — 1. The cardinalitv of this set is denoted
N(ng.ny..... ni_y ). Similarly. the set of all Lvndon words composed of n; occurrences
of the svinbol 1 is denoted by L{ng.n..... N~y ). with cacdinality L(ng.ny..... Ni_y).
Enumeration formulas for these objects was given in Theorem 7.

Notice that when & = 2. the set N(ng,n,;) is equivalent to N,(n.d) where n =

ng +n, and d = ny.
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procedure SimpleFixedAlph ( f. p : integer );
local ; : integer:
begin
if n,,_, = —1 then return:
if t > n then Printit( p )
else for j € {a,_,..... k~ 2k -1} do begin
wy = e
n,=n, =l
if j = a,_, then SimpleFixedAlph( ¢ + L. p )
else SimpleFixedAlph( t + 1. t ):
n,i=n, + I
end: end: end:

Figure 5.1: A simple algorithm to generate N(ng.ny.. ... ne_y)

n where & = n/? Number of Ratio of work done to

and n;, =2 necklaces necklaces generated
1 2 3.0
6 16 10.4
] 318 115
10 11352 12.7
12 623760 141
14 18618960 15.7

Table 3.1: Experimental results for SimpleFixeAlph(t. p)

5.2 A simple algorithm

Necklaces where the number of each alphabet symbol is fixed can be generated in
lexicographic order by making two simple modifications to Necklace(f. p). First. the
value n; is decremented when the character ¢ is added to the pre-necklace being
generated. Second. if the character : is appended when n, = 0. then the recursion is
terminated at that node. Pseudocode for such an algorithm is shown in Figure 3.1.
This algorithm is very simple: however. experimental results indicate that the
algorithm in not CAT. In particular. Table 5.1 shows the increasing ratios of the work
done compared to the number of necklaces generated where each of the n; equals 2.

The work done is computed by counting the number of recursive calls made.
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fa) 3
12023103 37162458
20231031 265381347
02310312 15472836
23103120 18361725
31031202 37256814
10312023 26143738
03120231 13331627
31202310 48273516

Table 5.2: An equivalence class illustrating the .4 strings

5.3 A fast algorithm

[n the previous section. a simple algorithim was developed to generate necklaces where
the number of each alphabet syvmbol is fixed. However. because the algorithm did
not appear to run in constant amortized time. we consider another algorithm. This

algorithin uses another canonical form to represent the equivalence classes.

5.3.1 A new canonical form

Until now. it has been assumed that the representative of each equivalence class of
strings under rotation was the lexicographically smallest element. [n this subsection.
we introduce a new canonical form to represent the necklaces.

Let o = «yay---u, be a k-ary string in an equivalence class of strings under
rotation. Let pos, be the increasing sequence composed of the positions (or indexes)
for all occurrences of the value / in a. Now let the string 3 = posgpos; ---posi_.
We detine a new canonical representative of each equivalence class of strings under
rotation to be the string a that vields the lexicographically smallest string J.

As an example. consider the equivalence class containing the string a = 12023103.
Table 5.2 illustrates each rotation of a along with its corresponding .3 string. Fromn
the figure. the representative of this equivalence class is 03120231,

Before we develop a generation algorithm using this canonical form. we first outline

a linear time verification algorithm for determining whether or not a string « is in
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canonical form.

5.3.2 A verification algorithm

A naive method for determining if @ is in canonical form is to compare its .3 string
with the . string of all other strings in its equivalence class. Such an algorithm would
take worst case time (O(n?i. The following algorithm runs in linear time.

By the definition of the canonical form. we see that the positions of the minimum
value in the string a are the most critical. If ¢* is the minimum value. then we
consider the string pos,. = q1¢s -+ - ¢ where there are t occurrences of the value = in
a. In order for a to be in canonical form then ¢, must equal 1. If ¢, had any other
value. then there would exist a rotation of @ such that ¢ = L. This would vield a
smaller pos,« string. and thus a smaller 3 string. Now consider the moditied string
post. = ryryeoro where v, = gy — g for o= 120000 t—tandr,=n—-q + 1. If
the string pos!. is a necklace (using lex-minimal string as representative), then the
original string pos,. will he the lexicographically smallest string when compared to all
other pos,. strings resulting from other strings in a's equivalence class. Furthermore,
if pos’. is a Lyvndon word. then a will be the unique string in its equivalence class
to vield the string pos,.. and thus it is in canonical form. If pos|. is not a necklace.
then we can tind a rotation of the string a such that a smaller string pos.. can be
obtained. implying that o is not in canonical form. As an example to the above
strategy. consider the string a = 363546378, Since the minimum value is 3. we get
posy = 137 and pos!y = 243. Because pos) is a Lyndon word. a is in canonical form.

['sing the strategy just described. we can determine whether or not a string a is
i canonical form unless the string posi. i1s a periodic necklace. If pos!. has length
t and period p. and setting p’ = np/t, then the rotations of the string a starting
at positions p' + 1.2p" + L..... n —p + 1 will all vield the same string pos... In
this case. we must continue examining a’s corresponding -3 string. We update the
value v to the next smallest value found in a. and focus on the new string pos,.
Observe that we can no longer employ the same strategy as before, since the starting

points for the rotations of a have been restricted. Of these remaining strings, for a
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to be in canonical form. it must have the lexicographically smailest string pos,.. To
determine this. we modifv the string pos, in the following manner. First. the values
pr+L2p+ 1l .on—p +1l.n+1 are inserted into pos, so the string is still in sorted
order. Then each value j is replaced with (j — 1) mod p’. Finally. we replace all 0’5
(which were originally the values p" + 1.2p" +1..... n+ 1) with p'. As before. if the
resulting string. denoted pos! . is a Lyndon word. then o is in canonical form. [f pos!
is a periodic necklace with period p and fength ¢ . then we repeat this procedure with
the next . updating p' to npft. I pos! ix not a necklace. then o is not in canonical
form. Following this procedure. if r ever exceeds & — 1. then the the string o is in
canonical form and has period equal to the last updated value for p'.

As an example to the above verification strategy. consider the following string
with length 12: a = 021312021832, We want to determine if o is in canonical form.
First we consider posy = 17 and pos), = 66, Since pos); is a periodic necklace we must
consider posy = 39 . with p/ = 6. To modify pos,. we insert the value 7 and 13 to get
the string 3 79 13. Next. we replace each value j with () — 1) mod 6 to get 20 2 0.
Finally. we replace the 0's with 6 to get the new string pos} =2 6 2 6. Since this is a
periodic necklace. we must repeat this procedure for the string pos, updating p’ = 6.
We now consider posy = 268 120 and perform the moditications to get pos, =15
6 1 56. Again we have a periodic necklace and again p’ gets updated to 6. Now we
must consider poss3 = 1 L1, In this case posy = 3 6 4 6. Since this is a Lyndon word.
the string a is in canonical form.

[n the worst case. this verification algorithm must analyze each string pos) for
ro= 000, k — 1. We can determine if pos! is a necklace or a Lyndon word in
linear time (see Chapter 2.3). Therefore. an upper bound for the running time of the

. : . k-1
algorithm is proportional to Y _

[pos’|. Observe that length of each string pos!. is
. . k-1 e . .
at most |pos,| + |pos.—1|. Thus. since > 7, |pos.| = n. the verification algorithm

runs in time O(n).



5.3.3 A generation algorithm

["sing the observations made in the verification algorithm. we outline a new algo-
rithm for generating necklaces where the number of each alphabet symbol is fixed.
Pseudocode is not provided for this algorithm.

['he gencral approach of the algorithm is to till the string o with the value r
starting with the smallest value »* <o that the corresponding pos! i< a necklace (with
lex-minimal as representative). [f pos! is a Lyndon word. then o will be in canonical
forni. no matter how the remaining values are placed. If pos’ s a periodic necklace.
then the value v is incremented and the next string pos’ is generated. his approach
suggests three different subroutines: one to generate posl.: one to generate pos’ for
i+ > " and one to arbitrarily place the remaining values.

[he fiest problem of generating the string pos’.. where the smallest value »* = 0.
is equivalent to generating binary necklaces (fixed density for this application). In
this case. instead of printing the resulting necklace posj. we continue generation of the
string a. [f the necklace pos is a Lyndon word then we call the routine to arbitrarily
place the remaining values. Otherwise we call the routine to generate pos| for v > v

The task of generating pos!, for ¢ > 0 presents a new and intersting problem. [t is
equivalent to generating binary strings (fixed density for this application) of leugth
m with equivalence under rotations of length . Thus, the strings can be thought
of as being divided into m/r components. each of length r. An algorithin has been
developed to generate these strings. however. a formal explanation is omitted due to
the complexity of the algorithm.

Once we generate a string pos’ that is a Lyndon word. we can arbitrarily place
the remaining values into the remaining positions.  This problem is equivalent to
generating permutations of a multiset. A CAT algorithm for this task is outlined in
[22]. [t requires that all available positions are pre-assigned the largest value & — 1.
and a linked list must be used to maintain the values v such that n, > 0.

Each of the preceding sub-routines have been combined to form an algorithm

which generates necklaces where the number of each alphabet symbol is fixed. Notice



that this approach can also be used to generate unrestricted necklaces by removing
the fixed density restrictions on the first two routines. The algorithin has been imple-
mented and experimental evidence indicates that it runs in constant amortized time.
Details of the algorithm have been omitted.

[n general. no analysis has been attempted for the developed algorithm. However.
consider the special case where there exists an n, relatively prime to n. Such a
value will always exist if n is prime. [n this case. since the labeling of the syvimbols
ix arbitrarv, swap n, with ny. Now. the lrst routine to generate posy will always
generate a Lyndon word. This means that no calls to the second routine to generate
pos’ for ¢ > 0 will be required. Now since the Lyndon words posj can be generated
in constant amortized time using FixedDensity(¢. p) and because the placement of
the remaining values can also be done in constant amortized time. the result is a
CAT algorithm for generating necklaces where the number of each alphabet syimbol
is tixedd. Note. that since the algorithun FixedDensity(t. p) complements the onrput
for 1y, < n/2. the generated necklaces may not be in the canonical form described.
However. if the algorithm FixedZero(t. p) is used when ny < n/2, then the canonical
form will be preserved. The latter algorithm however. is only conjectured to run in

constant amortized time.
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Chapter 6

Chord Diagrams

This chapter outlines two algorithms for generating chord diagrams. Experimental
results indicate that the latter of the two algorithms runs in constant amortized time.
In addition. the previously known formula for enumerating chord diagrams is derived

wsing simple counting techniques.

6.1 Background

An undirected graph (7 consists of a set V((7) of vertices and a set E((/) of edges
where each edge  in E () is associated with an unordered pair (u.e) of vertices
from Vi, I (u.e) is an edge in £(). then we sav: o and e are endpoints of e
the vertices u and ¢ are adjacent: and e is incident to « and v. A chord diagramn
is an undirected graph with 2n vertices and n edges (chords) where the vertices are
embedded on an oriented (counter-clockwise) circle and cach vertex is adjacent to
exactly one other vertex (ie. each vertex is the endpoint of exactly one edge). Figure
6.1 illustrates a chord diagram with | chords. Chord diagrams are isomorphic under
rotation of the vertices embedded on the circle.

Recently. there have been several papers published that discuss chord diagrams.
A primary reason for this is because chord diagrams were shown to have application
in the context of Vassiliev invariants. which in turn have application in knot theory

[2]. A related object called a linearized chord diagram is studied by Stoimenow in



Figure 6.1: Chord diagram with 4 chords

[24]. and braided chord diagrams are discussed by Birman and Trapp in [5].

Three independent papers by Liand Sun [16]. Cori and Marcus [3]. and Stoimenow
[25]. have derived enumeration formulas for the number of of non-isomorphic chord
diagrams. In each of these papers. the exact formula is the main result: however.
i each case the derivation of the formula nses relatively complex methods. Cori
and Marcus nse Burnside’s lemima along with Liftings of quasi-diagrams. Li and Sun
mtroduce a new object called a generalized m-contiguration. and Stoimenow uses
Burnside's lemma along with two new objects: linerized chord diagrams and gener-
alized linearized chord diagrams. As a secondary result in this chapter. we derive an
exact formula for the nuniber of non-isomorphic chord diagrams with n chords using

simple counting techniques.

6.2 Enumerating non-isomorphic chord diagrams

The bifactorial of an integer n. denoted n!!. is defined by the following formula:

( L"—‘J

Y

H (n=25) ifn>0.

n!t = ¢
l ifn=00rn=-1.

0 ifn < =2,
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['sing this notation. it is easy to see that the number of chord diagrams with n chords
is (2n = D)

The set of all chord diagrams with n chords is partitioned into equivalence classes
by the cvclic group Cy,. Two chord diagrams are isomorphic if one can be obtained
by some rotation of the other. If we let o denote a single rotation. then the group
elements of €y, are o/ for j = 1.2..... 2n. To count the number of non-isomorphic
chord diagrams with »n chords. denoted ('(n). we apply Burnside's lemma:

2n

!
('(n) = 5 Z IFrr(al)l.

=1

The number of chord diagrams fixed by o/ depends only on the ovder of /. [n orher
words. if two group clements 7 and % have the same order. then the set of chord
diagrams fixed by each group element will be the same. The number of elements of
C,, with order p iwhere p|2n) is o(p). Thus. if we let T(2n.p) denote the number of

chord diagrams with n chords fixed by a group element of ovder p (namely #¢) then

! -
('(n) = ™ Z oAp) (20 p).

pq=1ln

We now derive a formula for T(2n.p) by deriving recurrence equations for two
cases: p odd and p even. We start by labeling the vertices on a chord diagram from |
to 2n in counter-clockwise order around the circle. With this labeling. we detine the
length of a chord starting from vertex 1 and ending at vertex j ro be (; — 1) mod 2n.
We now consider the chords starting at vertices q.2q. ... pq. where pg = 2n. If a chord
diagram is hxed by #'. then the length of the chords starting at these positions must
be the same. If pis odd then there are 2n — p possible lengths for the chords. since it
is impossible for two vertices in the list ¢.2q....pqg to be joined together (see Figure
6.2(a)). If we now ignore these chords. we are reduced to the problem of counting

T(2n — 2p.p). We arrive at the following recurrence relation if p is odd:

T(2n.p) = (2n — p)T(2n - 2p. p).



16

.® R 6
\ \q
K )
N .
.
. \/
?
2q+— *3q
/
Q
a / ‘
. /
~d A\
R Y
’q - -o-°® 4q
(a) (b)

Fignure 6.2: (a) One of the 2n — p possible lengths for the chords starting at
RTINS pq. (b} For p even. there is only one choice for the endpoint landing back
in the list g.2q.. ... Ny

[n the base case. T(0.p) = .

If ppis even. then there is the additional possibility that the chords have length n
{see Figure 6.2(b)). Thus each vertex in the list ¢.2¢g.. .. pg can be joined to exactly
one other vertex in the list or to anv of the other 2n — p vertices as before. We obtain

the following recurrence relation if pis even:

F2n.p) =2 = T2 =2p.p) + T2n = pop).

[ the base cases. T'(p.p) = [(0.p) = 1.

Solving the two recurrence equations vields the following exact formula:

(g — L)t pi/? if p odd.
T(2n.p)={ L

Z (;3) (27 =DM p if p even.

=0 T

Proof by induction on ¢ will verify the correctness of the above result.



6.3 Representing chord diagrams

There are numerous wayvs to represent chord diagrams. Several objects equivalent
to our definition of chord diagrams have been studied hy other authors. including
polygons where the sides are identified pairwise [26]. and one-vertex maps [13]. We
choose to ignore these other representations and focus on new string representations.

One of the most natural ways to represent a chord diagram 1« to Hrst assign
cach chord a unique value from | to n. and then label the vertices with the value
of their incident chord. It we arbitrarily pick a starting vertex s. then we obtain a
string representation by recording the vertex values starting at vertex s and moving
counter-clockwise (by convention) around the circle. In this manner. any string with
length 2n containing exactly rwo occurrences of the values | through n can be nsed
to represent a chord diagram. An examiple of this string representation is shown in
Figure 6.3(a). Such string representations have equivalence under string rotation and
permutation of the alphabet symbols | through n. Thus. there may be up to 2n(n!)
strings in cach equivalence class. These strings are equivalent to unlabeled necklaces
where the number of each alphabet symbol is 2. Earlier. we developed an algorithm
for generating binary unlabeled necklaces. but there is no known fast solution for
generating unlabeled necklaces i the general case.

Because no efficient generation algorithm currently exists using this first string
representation. we consider another approach. First. we assign each vertex a position
from | to 2n by starting at a vertex s and moving counter-clockwise around the circle.
We then label each vertex /7 with the length of the chord starting at vertex /. Recall
that the length of a chord starting at vertex / and ending at vertex j is (j—1) mod 2n.
[n this case. the label given to each vertex is independent of the starting vertex s:
however. there is a dependency between each pair of vertices joined by a chord; if two
vertices are adjacent then the sum of their values equals 2n. This is easily seen by
the definition of length. Again. we obtain the string representation by recording the
vertex values starting at vertex s and moving counter-clockwise around the circle. In

this second string representation. we no longer have equivalence under permutation
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(a)string = 42123143 {b) string = 62363525

Figure 6.3: Two string representations: (a) label chords then vertices (b) label vertices
by chord length

of the alphabet symbols. and the number of cach alphabet symbol is no longer fixed:
however. the size of the alphabet has increased 1o 2n — 1 from n. An example of this
string representation is given in Figure 6.3(b).

[n each of the following two sections. we present an algorithm for generating non-
isomorphic chord diagrams. Both algorithms use the second of two string representa-
tions outlined in this section: however. each algorithm uses a different representative
for cach equivalence class. Both algorithms also make use of the necklace generation

algorithm Necklacett. p).

6.4 A simple algorithm

[n this section we develop a simple algorithm to list all non-isomorphic chord diagrams
with n chords. To represent the chord diagramis. we use the string representation
that labeled the vertices according to their chord lengths as described in the previous
section. Since we wish to generate only non-isomorphic chord diagrams, we must list
exactly one string per equivalence class. Using the lexicographically smallest string
as the representative of each equivalence class, we arrive at a problem equivalent to

generating length 2n necklaces on an alphabet of size 2n—1. with the added restriction
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that each necklace corresponds to a valid chord diagram.

Recall that when generating necklaces. we build up a pre-necklace one character at
a time. Applying this to chord diagrams. we instead add one chord or two characters
at a time. Thus. if we are adding the value j to the (-th position of the string. then
we must also add the value 2n — j to the (¢ + j)-th position (due to the nature of the
string representation for chord diagrams that we are using). This adds the condition
that t + < 2n. In addition. we must ensure that we have uot already assigned values
to positions £ and £+ ) i the pre-necklace. [f we have already assigned a valne to
the f-th position. then we continne generation with position £+ 1 only if the string
dy . ..ap 15 a valid pre-necklace. \dding these simple modifications to Necklace(?. p).
we ensure that each necklace generated corresponds to a valid chord diagram. The
resulting algorithmm for generating non-isomorphic chord diagrams in lexicographic
order. SimpleChords(t. p). is shown in Figure 6.4, The initial call is SimpleChords( 1. 1)
and ay is initially set to L. Aperiodic chord diagrams can he generated by replacing

the test 2n mod p = 0 with 2n = p. as was the case with necklaces.

6.4.1 Analysis

Recall that the goal is to develop a generation algorithm which runs in constant
amortized time. To see if a mathematical analvsis is worthwhile. we tiest gather some
experimental results. To analyvze the performance of this algorithm. we compare
the amount of work done to the number of chord diagrams generated. Since each
recursive call is the result of a constant amount of work. we simply count the number
of recursive calls made. This approach is the same as counting the number of nodes in
the computation tree. The resulting ratios of work doune compared to chord diagrams
generated are shown in Table 6.1. Notice that the ratios are steadily increasing as
the number of chords increases. This is a strong indication that the algorithm is not
C'AT. For this reason. we attempt no mathematical analysis and focus on developing

a faster algorithm.



procedure SimpleChords ( ¢. p : integer }:

local j : integer:

begin

if t > 2n then
if 22 mod p = 0 then Print()

else begin

J = dp:
if ., =0 and ¢ + ) < 2n then begin

end:

else if u; = «,-, then SimpleChords( t + L. p ):
else if a, > «,_, then SimpleChords( ¢ + L.t ):

end:
end:

if u.., =0 then begin

Api= )1 ey, =20 —
SimpleChords( t + 1. p ):
oy 1= 0:
end:
for j = {a, + 1.0, 2n -t} do begin
if ¢, = 0 then begin
de 1= ) dpy, i=2n — )
SimpleChords( ¢ + L. ¢ ):
ry, = 0:
end:
end:
iy = )

a0

Figure 6.1 A simiple aleorithm for generating non-isomorphic chord diagrams with n
bl bl o ha)

chords
Number of Non-isomorphic Ratio of work done to
chords n chord diagrams chord diagrams generated
4 13 10.6
51 105 12.8
6 902 14.1
v 9719 15.3
N 127072 16.3
9 1915951 17.3
10 32743182 18.3
i1 624999093 19.2
12 13176573910 20.1

Table 6.1: Experimental results for SimpleChords(¢, p)



6.5 A fast algorithm

[n this section we develop a fast algorithm for generating non-isomorphic chord dia-
erams. [n this algorithm we use the same string representation for chord diagrams.
but this time we use the canonical form described in Section 5.3.1. Recall that the
verification described in Section 5.3.2 was used as a basis to outline an algorithm for
generating necklaces where the nmmber of each alphabet symbol is iixed. We will use
the same ideas and notation here to generate chord diagrams.

The general idea behind this new generation algorithm for chord diagrams is 1o
till the length 20 string o with the value ¢ starting with the smallest vahie ©°0 5o that
the corresponding string pos’ is a necklace (with lex-minimal as representative). If
pos' is a Lyndon word. then we fill the remaining positions of a with values greater
than r. making sure that the string represents a valid chord diagram. Otherwise. if
pos' is a periodic necklace. then we must repeat the procedure for v + 1.

Observe that the only chord diagram with minimum value nis o = n=". Since. we
can generate this string separately. we let the minimum value ¢ range from 1 to n —1.
We divide the algorithm outlined above into three separate recursive routines: the
tirst routine GenPos(s.t.p.v.last) generates the necklaces pos!.: the second routine
GenPos2(s. t.p.p'. v purt) generates the necklaces pos! for all v > ¢ and the third
routine GenRest(s.¢. ). fills the remaining positions with values that are greater than
. The algorithm FastChords(n). shown in Figure 6.5. uses these routines to generate
all non-isomorphic chord diagrams with n chords. To simplify the notation. the -
th element of pos) is denoted pos'(i). The chord diagram generated is stored in
Q =dag*--aAn-1-

Due to the dependencies of the string representation., whenever one of these rou-
tines adds the value ¢ to position s. it must also assign the value 21 — ¢ to position
(s + v) mod 2n. A global linked list is used to keep track of the available positions in
a. in increasing order. The variable head. is the value of the first available position.
and the value 2n represents the end of the list. [f the list is implemented using an

array with next and previous pointers, then the functions Add(s), Remove(s), and
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procedure FastChords (n):
local /. ¢" @ integer:

begin
InitList():
for o7 € {L.2..... n—1} do pos..(0):=0:
for = € {1.2.....n — |} do begin
g =T e =320 — et
Remove(0): Remove(~):
Gen(head. 1. 1.0°.0);
GenRest{head. head.nert. v*):
Add(c=); Add(1):
end:
for /< {0.1.2..... 2n -1} do «, := n:
Print():
end:

Fieure 6.5: A fast algorithm for generating non-isotnorphic chord diagrams with »
chords

Avail(s) can be implemented in constant time. The vontine Initlist() initializes the
list to contain every position from 0 to 2n - 1.
The various details of each recursive function are described in the following sub-

sections.

6.5.1 GenPos(s.t.p.cv.last)

We generate all necklaces pos!. using the fundamental necklace properties from the
previous necklace algorithms. [n addition to the usual parameters t and p. we also
maintain the position s (in o} and the value v we wish to insert at position s. We
also keep track of the position of the last inserted value in the variable last. Aside
from the usual necklace properties. we can insert the value v into position s as long
as the position { + s) mod 2n is available,

At each step the string pos’ = qiqy -+ q-1 is a pre-necklace. The smallest valid
position such that ¢;q; - - - q; 1s also a pre-necklace is equal to last + ¢:_, and is stored
in the variable min. However. from the discussion in the verification algorithm (see

Chapter 5.3.2). the string we desire has the value 2n — last appended to pos’,. Thus,



procedure GenPos ( s.t.p. i last: integer ):
local next.cominpl: integer:
begin
min := last + pos’(t — p);
if min = 2n and t mod p = 0 then begin
if t = n then Print():
else GenPos2(head. 1. 1.2n - p/t.ec + 1.0):

end:
else if inin < 2n and s < 2n then begin
¢ = {5+ ) mod 2n;
if =~ > min and Avail(¢) then begin
nert = s.nert:
if next = ¢ then nert := c.nert:
ay = oa, = 2n =
Remove(~1: Remove(¢):
post (t) := s = lust:
p2 =
if s # nun then p2 .=+t
GenPos(nert. .t + L. p2.v.si:
if s + pos’ (t + 1 = p2) < 2n then GenRest(heud. head.nert. vy
Add(¢): Add(s):
end:
GenPos(~.nert. t.p v lust):
end: end:

Figure 6.6: GenPos(s.t. p. e lust)

if min < 2n. then the string with the appended value is a Lyndon word. If min = 2n
and ¢ mod p = 0 then the modified string is a periodic necklace. Pseudocode for the

resulting procedure GenPos(s.t. p. e last) is shown in Figure 6.6.

6.5.2 GenPos2(s.t.p.p'.v.part)

To generate the strings pos’, for values v > ¢* we again use the basic necklace prop-
erties. This time the string being generated has a slightly different construction. In
this case. we must maintain the values p’ (as described in the verification algorithm).
v. and another value part which is used when we add the additional values to pos| (as

described in the verification algorithm). Unlike the verification algorithm. however.
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we do not place all the additional values at once. Instead. we place them incremen-
tallv as we pass the positions equal to the value that is to be inserted. Thus. the first
time the value s is greater than p’. we add the value p’ to the string pos!. The variable
min is used in a similar manner as with the previous method GenPos(s.t. p.v.last).

The one special case that must be considered. is the case when v = n. In this
case we do not allow the starting vertex s to be greater than n because the resulting
string is equivalent to placing the value in position n —s. Pseudocode for the resulting

routine GenPos2(=.t. p.p'. . part) is shown in Figure 6.7.

6.5.3 GenRest(s.c. 1)

The routine GenRest(s.¢. ) is a simple recursive procedure that fills the remaining
available positions in o with values greater than . It starts with the first available
pusition . and for cach available position «. attempts to assign the value ¢ — 5 to
position s and the value 2n = ¢ + < 1o position €. Such assignments are valid as long
as the values are greater than . Once all the positions are filled. the string is printed.

2

Pseudocode for this routine is shown in Figure 6.8.

6.5.4 Analysis

As with the previous algorithm. we obtain experimental results for the amount of
work done compared to the number of chord diagrams generated. Again. since the
work done for each recursive call is constant. we count the amount of work done by
summing the nuumber of recursive calls. The resulting ratios are shown in Table 6.2.
Notice that the ratios are decreasing (after n = 3) as the number of chords increases.
This gives a very strong indication that the algorithm runs in constant amortized

time.
CONJECTURE 2 Algorithm FastChords(n) for generating non-isomorphic chord dia-
grams s CAT.

A mathematical proof for the conjecture is very difficult because there seems no easy

way to count. or bound. the number of nodes at each level of the computation tree.



procedure GenPos2 ( s.t.p.p'.v.part: integer ):
local nerxt.e.min: integer:
begin
min = pos (t = p):
if » =n and s > n then begin
if hewd = 2n then Print():
end:
else if f =1 and ~ > p' then begin
if ¢ < n then GenPos2(licad. 1. 1.p . v + 1.0
end:
else if 5 > p/(part + 1) then begin
posi(t) 1= p:
if min = p’ then GenPos2(s.t + 1.p.p' e part +1):
else GenPos2(~.t + L.t p' v part + 1):
end:
else if ~ = 2n then begin
if head =2n then Print():
else if min # ;i then GenRest(head. head.next.v):
else if { mod p = 0 then GenPos2(head. 1. 1.2n - p/t.v + 1.0):

end:
else begin
¢ := (s + ) mod 2n:
if = mod p’ > min and Avail(¢) then begin
nert := ~sneatl:
if nert = ¢ then nert := e.next:
dg = v d. =2n -t
Remove(s): Remove(c):
posi.(t) := s mod p":
if s mod p’ = min then GenPos2(ncct. t + L.p.p'.v.part);
else GenPos2(next.t + L. t.p' . v.part):
Add(¢): Add(s):
end:
GenPos2(s.next. t.p.p'.v.part):
end: end:

Figure 6.7: GenPos2(s.t.p.p', v.part)

ot

[]]



procedure GenRest ( s. €. v :

begin

if s = 2n then Print():

else if ¢ # 2n then begin

end: end:

Integer ):

ife —~>vand2n —¢+ s> ¢ then begin

g 1= € —

a,.

= 2n - uy:

Remove(s): Remove(e):
GenRest(head. heud.neat.r):

Add(e):  Add(s):

end:

if 21 — e.nevt + 5 > v then GenRest{s.c.nest.v):

Figure 6.8: GenRest(s.¢. )

Number of

Non-isomorphic

Ratio of work done to

chords n chord diagrams chord diagrams generated
4 N 13.4
3 105 14.0
6 902 12.4
T 9749 10.9
8 127072 9.8
9 1913951 9.4
10 32743182 Y
I 624999093 N
12 13176573910 3.2

Table 6.2: Experimental results for FastChords(n)

H6



Chapter 7

Forbidden Substrings

The problem of generating strings with forbidden substrings is naturally related to
the classic pattern matching problem. which takes as input a patrern P of length
m and a text T of length n. and finds all occurrences of the pattern in the text.
Several algorithms perform this task in linear time. O(n + m). including the Bover-
Moore algorithm. the Knuth-Morris-Pratt (KMP) algorithm and an antomata-based
algorithm (which requires non-lincar initialization) [14].

The Bover-Moore algorithm is not suitable for our purposes since it does not
operate in real-time. This means that if we are generating a string (piece of text)
otie character at a time, then the Bover-Moore algorithm will not perform its checks
in constant time per character. On the other hand. the automata-based algorithm
operates in real-time and the KMP algorithm can be adapted to do so {14].

Using the automata-based pattern matching algorithm. this chapter develops CAT

algorithms to generate:
(a) all A-aryv strings of length n that have no substring equal to f.
(b) all A-ary circular strings of length n that have no substring equal to f. and

(c) all k-ary necklaces of length n that have no substring equal to f. where f is a

Lyndon word.

Each algorithm generates the string from left-to-right. applying the pattern match-



ing as each character is generated. In the unrestricted case. the generation algorithm is
straight forward. however. when the pattern is taken circularly. the algorithm and its
analysis become more complicated. [n the necklace case. the algorithm Necklace(t. p)
is used.

[ the following section we provide background and definitions for these objects
along with a brief description of the automata-based pattern matching algorithm. In
Section 7.2. we outline the details of each algorithm. We analyvze the algorithms.

proving that they run in constant amortized time. in Section 7.3.

7.1 Background

We denote the set of all A-ary strings of length n with no substring equal to f by
L.(n. f1. The cardinality of this set is [i(n. f). For the remainder of this chapter
we will assume that the forbidden string f has length . Clearly if m > n. then
[e(n. fYy=h" and il m = n then L(n. f) =&" = 1. [ m < n.then an exact formula
will depend on the forbidden substring f. but can he computed using the transfer
matrix method [23]. [n Section 7.3 we derive several bounds on the value of Ii(n. f).
We denote the set of all A-ary circular strings of length n with no substring equal
to f by Ci(n. f). The cardinality of this set is ('c(n. f). In this case. we allow the
forbidden string to make multiple passes around the circular string. Thus. if a string
a is i L(n. f) and ne > n. then it is still possible for the string o to contain the
forbidden string f. For example.if a = 0110 and f = 11001100. then « is not in the
set Ci (4. f). We prove that Ci(n. f) is proportional to [i(n. f) in Section 7.3.2.
The set of all A-ary necklaces of length n with no substring equal to f is denoted
Ni(n. /) and has cardinality: Ne(n. f). The set of all A-ary Lyndon words of length
n with no substring equal to f is denoted Li(n. f) and has cardinality Ly(n. f). For
Ni(n) and Li(n) the strings are considered to be circular when avoiding f. The set
of all A-ary pre-necklaces of length n with no substring equal to f is denoted P (n. f)

and has cardinality Pi(n. f). A standard application of Burnside’s Lemma will yield
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the following formula for Ny(n. f):

o 1 ,
Ni(n. f) = ;Zo(d)('k(n/d.f). (7.1)

din

By applving Maébius inversion we obtain a formula for Li(n. f):

. 1 . : -
Lan.f) = — E pid)Congd. . .2
n
i

7.1.1 The automata-based string matching algorithm

One of the best tools tor pattern recognition problems is the finite automaton. If
[ = fify- [ is the pattern we are tryving to find in a string a. then a deterministic
finite automaton can be created to process the string o one character at a time. in
constant time per character. [n other words. we can process rhe string o in real-time.
The preprocessing steps required to set up such an automatoun can be done in rime
O(km). where k denotes the size of the alphabet (see [1]. pg. 331).

The automaton has m + 1 states, which we take to be the integers 0.1... .. m.
The state represents the length of the current match. Suppose we have processed !
characters in the string o = ayay---a, and the current state is 5. The transition
function d(s.y) is defined so that if j = a4y matches forq. then d(s.j) = s + L.
Otherwise. §(s. ) is the largest state ¢ such that fi--- f, = q@i—y42- - @ryq. If the
automaton reaches state m. the only accepting state. then the string f has been
found in a. The transition function is efficiently created using an auxiliary function
fail. The failure function is defined for 1 </ < m such that fail() is the length of
the longest proper suffix of fi--- f, equal to a prefix of f. If there is no such suffix.
then fail(t) = 0. This fail function is the same as the fail function in the classic KMP

algorithm.
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7.2 Algorithms

[n this section we develop an algorithm to generate necklaces avoiding a particular
Lyvndon substring f. We start by looking at the simpler problem of generating k-ary
strings with forbidden substrings and then consider circular strings. focusing on how
to handle the wraparound.

I rcis the length of the strings being generated and nris the length of the forbidden
substring f. then the following algorithms apply for 2 < m < n. In the cases where
m =1 or 2. trivial algorithms can be developed. For circular strings and necklaces.
if i1 > n. then the forbidden substring can be truncated to a length n string. as long

as it repeats in a circular manner after the n-th character.

7.2.1 Generating k-ary strings with forbidden substrings

A naive algorithm to generate all strings in Ie(n. f) will generate all A-ary strings
of length n. and then upon generation of each string. perform a linear time test to
determine whether or not it contains the forbidden substring. A simple and etficient
approach for generating strings is to construct a length » string by taking a string of
length n - 1 and appending each of the & characters in the alphabet to the end of
the string. This strategy suggests a simple recursive scheme. requiring one parameter
for the length of the current string. Since this recursive algorithm runs in constant
amortized time. the naive algorithm will take linear time per string generated.

A more advanced algorithm will embed a real-time automata-based string match-
ing algorithm into the string generation algorithm. Since an automata-based string
matching algorithm takes constant time to process each character. we can gener-
ate each new character in constant time. We store the string being generated in
a = aya---a, and at each step. we maintain two parameters: ¢ and s. The pa-
rameter ¢ represents the next position in the string to be filled. and the parameter
s represents the state in the finite automata produced for the string f. Recall that
each state s is an integer value that represents the length of the current match. Thus

if we begin a recursive call with parameters ¢t and s. then f,- - f; = a;—5---a,-y.
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procedure ForbString ( f. s : integer ):
local j.¢ : integer:
begin
if ¢ > n then Print()
else begin
for j < {0.1..... k- 1} do begin
(l, .= _]
q:=0(s.g)
if ¢ # m then ForbString(t + 1. ¢):
end: end: end:

Figure 7.1: An algorithm for generating A-ary strings with no substring equal to f

We continue generating the current string as long as s # m. When t > n. we print
out the string using the function Print(). Pseudocode for this algorithim is shown in
Figure 7.1. The transition function d(s. ) is used to update the state s as described
in Section 7.1.1. The initial call is ForbString(1.0).

Following this approach. each node in the computation tree will correspond to a
unique string in I(J. f) where j ranges from | to n. Since the amount of computation

at each node is constant. the total computation is proportional to

CompTreeg(n. f) = Z Ly f).
s=1
[n Section 7 3.1 we prove that this sum is proportional to f¢(n. f). which proves the
following theorem. (Recall that the preprocessing required to set up the automata
for f takes time O(km). This amount is negligible compared to the size of the

computation tree.)

THEOREM 9 Algorithm ForbString(t.s) for gencrating k-ary strings of length n with
no substring equal to f is CAT.
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7.2.2 Generating k-ary circular strings with forbidden sub-
strings

We now focus on the more complicated problem of generating circular strings with
forbidden substring f. To solve this problem we use the previous algorithm. but now
we must also check that the wraparound of the string does not yield the forbidden sub-
string. More precisely. if o = «jay-- -, is in Liin. f) then the additional subsirinegs
we must implicitly test against the forbidden string f ave ¢y _nprq, - wgay -, for
=120 m — 1. To perform these additional rests. we could continue the pattern
matching algorithm by appending the tirst m — 1 characters to the end of the string.
This will result in 1 — 1 additional checks for each generated string. vielding an algo-
rithm that runs in time O(m [(n. f)). This approach can be tweaked to vield a CAT
algorithm for circular strings. but leads to difficulties in the analysis when applied in
the necklace context.

[f we wish to use the algorithm ForbString(f. ~). we need another way to test rhe
substrings starting in the last m — 1 positions of . We accomplish this feat by
maintaining a new boolean data structure match(i.t) and dividing the work into two
separate steps. In rhe first step we compare the substring a; - - - a, against the last s
characters in f. [f they matceh. then the boolean value mateh(i.1) is set 1o TRUE:
otherwise it is set to FALSE. In the second step. we check to see if wn_peyy, - a,
matches the first m — ¢ characters in f. If they match and match(:.1) is TRUE. then
we reject the string. If there is no match for all 1 <7 < —1. then a is in Ci(n. f).

To execute the first step. we start by initializing match(:.0) to TRUE for all /
from | to m = 1. We define match(i.t)for 1 <1 <m—-1land/ <t <m -1 tobe
TRUE if match{i.t — 1} is TRUE and @, = f, -14.. Otherwise match(:.t) is FALSE.
This definition implies that match(i.1) will be TRULE if ay - --a; matches the last :
characters of f. Pseudocode for a routine that sets these values for each ¢ is shown in
Figure 7.2. The procedure SetMatch(?) is called after the t-th character in the string
a has been assigned for ¢ < m. Thus. if t < m. we must perform additional work

proportional to m — ¢ for all strings in Ic(f. f). We will prove later that this extra
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procedure SetMatch ( ¢ : integer ):
local / : integer:
begin
forie{t.t+1..... m — 1} do begin
if mateh(i.t — 1) and [, -4, = a, then maich(i.t) := TRUL:
else muatch(i.t) := FALSE:
end: end:

Figure 7.2: Procedure used to set the values of match(i. t)

function CheckSuffix i - : integer ) returns boolean:
begin
while » > 0 do begin
if match{m — s.m — ) then return(FALSE i
else s := fail(s):
end:
return(TRUE):
end:

Figure 7.3: Function used 1o test the wraparound of cireular strings

work will not atfect the asymptotic running time of the algorithm.

To execute the second step. we observe that after the n-th character has been
generated (I = n + ). the string a.,_ 4y ---u, 1s the longest suffix of a to match
a pretix of f. Using the array fai. as described in Section 7.1.1. we can tind all
other sullixes that match a prefix of f in constant time per suffix. Then. for cach
sutfix with length  found equal to a prefix of f. we check match(n — jom — ). [f
match(m — j.m — j) is TRUE. then a is not in Ci(n. f). Note that [(n — J. f) is
an upper bound on the number of strings where a,_,4 - -- a, matches a prefix of f.
Thus. for each 1 < j < m = | the extra work done is proportional to [ (n — J. f).
Pseudocode for the tests required by this second step is shown in Figure 7.3. The
function CheckSuffix(s) takes as input the parameter s which represents the length of
the longest suffix of a to match a prefix of f. [t returns TRUE if a is in Ci(n. f) and
FALSE otherwise.

Following this approach. we can generate all circular strings with forbidden sub-

strings by adding the routines SetMatch(¢) and CheckSuffix(s) to ForbString(¢.s).
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procedure ForbCircular ( ¢. s : integer ):
local j. ¢ : integer:
begin
if t > n then begin
if CheckSuffix(s) then Print():
end else begin
for j < {0.1..... k—1} do begin
dp = g
q:=9d(s.J):
if t < m then SetMatch(¢}:
if ¢ # in then ForbCircular(t + 1. ¢):
end: end: end:

Figure 7.4 An algorithm for generating A-ary circular strings with no substring equal

to _/

Pseudocode for the resulting algorithm is shown in Figure 7.4, The initial call is
ForbCircular(1.0}.

Observe that the size of the computation tree will be the same as before: however.
in this case. the computation at each node is not always constant. The extra work

performed at these nodes is bounded by

m-—1 m—1
Ertralt ork (n. f1 < Z(m -y f)+ Z l(n~ . f).
=1 =1

The tirst sum represents the work done by SetMatch(/) and the second the work done
by CheckSuffix(s). In Section 7.3.2 we show that this extra work is proportional to
[i(n. f). In addition. we also prove that C'(n. f) is proportional to [¢(n. f). These

results prove the following theoremn.

THEOREM 10 Algorithm ForbCircular(t.s) for generating k-ary circular strings of

length n with no substring equal to f s CAT.

7.2.3 Generating k-ary necklaces with forbidden substrings

Using the ideas from the previous two algorithms. we now outline an algorithm to

generate necklaces with forbidden substrings. First. we embed the real-time automata



procedure ForbNecklace { t.p. s : integer ):
local ). q : integer:
begin
if t > n then begin
if n mod p = 0 and CheckSuffix(s) then Prnt{):
end else begin
Wy = dy
= O(s oy ):
if t < m then SetMatch(t):
if ¢ # m then ForbNecklace(t + 1. p.q):

for y e {ap+1..... A — 1} do begin
W, 1= J:
q =0~ )

if t < m then SetMatch(¢):
if ¢ = m then ForbNecklace(! + 1. f.¢):
end: end: end:

Figure 7.5: \n algorithm for generating A-ary necklaces with no substring equal to f

based string matching algorithm into the necklace generation algorithin Necklace(/. p).
Then. since we must also test the wraparound for necklaces. we add the same tests as
outlined in the circular string algorithm. Applying these two simple steps will vield an
algorithm for necklace generation with no substring equal to f. Pseudocode for such
an algorithm is shown in Figure 7.5. Lyndon words can be generated by replacing
the test “n mod p = 07 with the test “n = p.” The initial call is ForbNecklace(l.1.0).

To analvze the running time of this algorithm. we again must show that the num-

ber of necklaces generated. Ny(n. f). is proportional to the amount of computation

done. In this case the size of the computation tree is
n
VeckC CEL = A
NeckCompTree(n. f) Z Py f).
_r:[

However. as with the circular string case. not all nodes perform a constant amount

of work. The extra work performed by these nodes is bounded by

m=—1 m-~1

NeckErtraWorky(n. f) < Z(m - NPy f) + Z Pi(n - j, f).
=1 =1
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Note that this expression is the same as the extra work in the circular string case.
except we have replaced [.(n. f) with Pe(n. f).

[n Section 7.3.3 we show that when f is a Lyndon word. NeckCompTreei(n. f)
and NeckErtrall orky(n. f) are both proportional to %[k(n.f). In addition. we also
prove that Ni(n. f) is proportional to [i(n. f). These results prove the following

theoren.

THEOREM 11 Algorithm ForbNecklace(t. p. s) for yenerating k-ary necklaces of length

nowith no substring equal to | is CAT, solong as f 15« Lyndon word.

7.3 Analysis of the Algorithms

This section provides an asymptoric analysis for cach of the three generation algo-

rithis developed in this chapter.

7.3.1 Strings

[u the string generation algorithm. the total computation is proportional to
CompTreeg(n. f1 which is given by the following expression:
n
Complreeg(n. f) = Z [y f).
=1
To show that this sum is proportional to the number of strings generated. [ (n. ).

we first prove three lemmas. Recall that we assume & > 1.

LEMMA 15 [f string f has length m > 1 and n > m. then

[i(n.f) > kl(n=1.f) = [iin—-m_f).

PROOF: Let a = a;---a,-) be a string in the set Ix(n — 1, f). [f we append a

character a, to a. then the string ¢y ---a, isin Ix(n. f) as long as f # an_my1 - - @n-
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The number of strings where f = a,_ 41 - «, 18 at most [k (n —m. f). C

LEMMA 16 [f string f has length m > 2 then

in. fY > Lin = L. f) + [ (n = 2. f).

ProoOF: We prove this lemma by induction on n using the previous lemma. In the

hase cases. where n < n. the result is trivial.

letn. [y > klLiin=1.7)=l(n —m.f)
> 2iin =1 f) = l(n=3. /)
> Lin =1 fy+ln =2 )+ Lin=3.f) = [ (n=3.f)

I

lein = 1.V + Lin =2, f).

LENNA LT [f string f has length o > 2 then
o3 .
[iin. f) > _-)-1,;.{11 - 1. f)

PrROOF: If # < . the proof is trivial. Otherwise. we use Lemma 15 followed by

Lemma 16 to prove the inequality:

Lin. fy > 20(n=1.f) = L{n-=3.f)

2 g[k(” -LA+ ;E[k(n —1.f) = [(n—=3.f)

2 glk(” - LA+ é( [(n =2 f)Y+ [e(n = 3. f)) = [i(n = 3. f)
> gh-(n ~ LAY+ In =3, f) = Li{n = 3. f)

> Jin- L)),
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The following lemma proves that the total work done by the algorithm is propor-

tional 1o the total number of strings generated. thus proving Theorem Y.

LeEsMA 18 [f string f has length m > 2 then
PIRAVNIEEIAUNAE
J=1

Proor: Using Lemma 17 and induction. we prove the result. [n the base case when

n < m. the proof is trivial. Otherwise.

ant
STl ) < L fi+ Y L)
a < ldn )+ :ls;:-(u - LJ)
< Ln )+ 20 f)
< 3l(n.f).

7.3.2 Circular strings

[n the circular string algorithm. the size of the computation tree is the same as the
previous algorithm. where it was shown to be proportional to [i(n. f). In this case.
however. there is some extra work required to test the wrap-around of the string.
Recall that this extra work is proportional to Extralt’orki(n. f) which is bounded

as follows:

m-1 m-—1
Extra\WWorky(n. f) < Z(m DG+ Il = f)
s=1 =1

n

i Y L)+ LS.

=1 =1 1=l

IN
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We now nse Lemma 18 to simplify the above bound.

ErtraWorkiln. fY < 3> Lij. fi+ Y L. f)
1=t

=1

< 12(n. f).

We have now shown that the total work done by the circular string algorithm is
proportional to Ie(n. f). Since the total number of strings generated is Ceqn. ). we

must <show that Cein. f1 s proportional to fe(n. ).

THEOREM L2 [f the forbidden substring f has length m > 2. then
. : ! .
Celn. f) 2 E[k(”"f)'

Proot: \ string in the set In. ) 15 nof in the set Ce(n. f) if it is of rhe form
ayay - ay where ag s andy sy = f for some r > —m+ 1. For each tixed
1. the number of such elements is at most [i(n — m. f). Since there are m — | choices
for 1. we deduce:

Cen [y > Lo fiy=(m = Uiln = m. f). (7.3)

Notice that Lemma 17 implies that the expression (m ~ D/ (n —m. f) is maximized
when m = 3. Thus. we find an upper bound for this expression when m = 3 using

both Lemma 16 and Lemma L7,

(m =D le(n—=m. i < 2h(n-=3.f)
< fi(n =2.f)+ [i{n = 3. f)
< L(n =1, f)
2
< %h-(”-f)»
Substituting this bound back into (7.3) gives the desired result. a

The previous work in this subsection along with Theorem 12 proves Theorem 10.



7.3.3 Necklaces

To prove Theorem Ll. we must show that the computation tree along with the extra
work doune by the necklace generation algorithm is proportional to Ne(n. f). Recall

that the computation tree is given by:
n
NeckCompTreegn. f) = Z P.(g. f).
=1

[o simplify this expression we need three additional lemmas: the hound of the fiest

lenuma does not hold if f is not a Lyndon word.

Lesmya 19 If Lyndon word | has length i > 2, then
Peni ) <Y Lelif). (T.4)
=1

ProoF: Let o =ay---a, be a Lyndon word and let [ also be a Lyndon word. Since
a and [ are both Lyndon words. it is impossible for f to “wrap around™ a when o
is considered to be circular. This observation along with equation (2.3). proves the

lemma. g

LEvMMA 20 [/f string f has length m > 2 then

l .
Li(n. fr < =Ci(n. f).

n

PrROOF: Fach string counted by Li(n. f) is a representative of an equivalence class
of circular strings. each class having n elements. Summing the strings from all equiv-
alence classes. we get nlLg(n. f) unique k-ary circular strings of length n with no
substring equal to f. Since the expression Ci(n. f) counts all k-ary circular strings

with length n and no substring equal to f. we get Lg(n. f) < % Ce(n. f). =}

LEMMA 21 [f string f has length m > 2 then

L 12
Z =0(). f) < —I(n. f).
= _] 11



Proof: This proof uses Lemma 17 and Lemma 18:

n l . [ '
>SS < 2 ) Sl )
=1

1=[r/2]
RN
= ;; [k(J../)
1=[n/2]
12
< —Ln. f)
n

Applyving the previous three lemmas. we show that the compuration tree is pro-

portional to Llx(n. f).

n

NeckComplreedn. f) = Z Py f) < Z Z Lict. f)
=1 =1 r=1

I/
P
—~
-
~
~
1N
i
——
o~
=
-

(VAN
g."‘
™
"~
P
L
~
A
~
o
.

[his ineguality is now used to show that the extra work done by the necklace algo-

vithm is also proportional to Lli(n. f). Recall that the extra work is given by:

m—1| m—1
NeckErxtralVorkyn. f) < Z(m - NPy )+ Z Pin — 4. f)
1=l =1
n J n
< DY BN+ PG
J=1 =1 =1

Further simplification of this bound follows from the bound on NeckCompTrec(n. f)

along with Lemma 21.

144
NeckExtrali orki(n.f) < 1442 —l.-[k(j. [+ —I(n,f)
—~J n
123 2?
< +1 [i(n. f).



We have now shown that the total computation performed by the necklace gen-
eration algorithm is proportional to X/i(n.f). From equation (7.1). Ni(n.f) >
%('L.(n. ). and since Ci(n. f) > %lk(n.f). Theorem 1 is proved.

This analysis shows that necklaces with forbidden Lyndon substrings can be gen-
erated in constant amortized time. \When the forbidden substring is not restricted to
be a Lyndon word. no analysis is performed. Some strings. such as f = 100, will not
exhibit this time bound: however. it remains an open problem to determine exactly

which set of substrings will not vield a CAT algorithm.



Chapter 8

Bracelets

Uhis chapter develops an algorithim to generate h-arv bracelets. An analysis proves

that the algorithm runs in constant amortized time.

8.1 Background

A brucelet is the lexicographically smallest element of an equivalence class of A-ary
strings under string rotation and reversal (or a necklace that is also lexicographically
minimal among the circular rotations of its reversal). The set of all k-ary bracelets is
denoted By(n) and has cardinality Hein). In each equivalence class associated with a
given bracelet. there exists at most two necklaces: the bracelet itself and the necklace
corresponding to the reversal of the bracelet (in some cases the two may be the same).
For example. the equivalence class that contains the bracelet 00112012 also contains
the necklace 00210211 (see Figure S.1).

The following theorem for enumerating bracelets is proved by Gilbert and Riordan

using Burnside’s lemma [12].

THEOREM 13 The following formula is valid for alln > 1. k > 1:

Vo)

(-\rk(’l) + %k“/z) T ELEN,

L{Nk(n) + £Y72) n odd.



Necklace:

Bracelet:

00210211
02102110
21021100
10211002
02110021
21100210
11002102
10021021

00210211

Equivalence class of strings

{Necklace)

Equivalence class of strings

{Bracelet)

Figure 3.1: Necklaces and bracelets
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Notice from the formula that the the number of bracelets is proportional to the
number of necklaces since Bi(n) > %.\'L.(n).

[n the analysis of our algorithm. it is useful to look at another way to count pre-
necklaces. Let PZ(n) count all k-arv pre-necklaces of length n that begin with 0.
Notice that the number of A-ary pre-necklaces of length n beginning with 1 is equiv-
alent to PZ_ tn). Similarly the number of Ak-ary pre-necklaces of length n beginning

with 2 is equivalent to F7_,tn). 'his observarion leads to the following equation:

P = Y Pln). (8.2)
=1
8.2 Generating Bracelets
[n this section we outline a fast algorithin to generate bracelets. Since when A = 1,

the only bracelet is 0", we assume & > 2.\ naive algorithm for generating bracelets
is to generate all A-arv necklaces of length n and then test cach necklace against all
rotations of its reversal. If no reversed rotation is less than the generated necklace,
then the necklace is a bracelet. Since there are n rotations and cach test takes O(n)
time. this naive approach will give us an overall nimning time of O(n? - Bin)) to
aenerate all A-ary bracelets of length n.

A\ more sophisticated approach will use a necklace tinding algorithm. which de-
termines the necklace of a length n string in O(n) time (see Chapter 2.3). Using
this technique. we need only compare the generated necklace with the necklace of its
reversal. [his approach vields a much better running time of O(n- By (n)) to generate
bracelets: however. it is still far from efficient.

To develop an efficient bracelet generation algorithm. we modify Necklace(¢. p) by
making two iniportant observations. The observations are based on the original idea

of comparing a necklace to everv rotation of its reversal.

OBSERVATION 1 If a necklace a is of the form d'a;yy -~ a, for some character a #

isr. then we need only test the reversed rotations that also begin with a'.
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Taking this observarion into account. we are making a large improvement on the
number of reversed rotations we must check. For example. for the necklace 0010023003
we need only check the three reversed rotations that begin with 00: 0030032001.
0010030032 and 0032001003. To rest each reversal we could wait until the entire
necklace has been generated. but this will take O(n) time per reversal and we will
see no improvement over the naive algorithms. Instead. if a character is generated
in position j that satisties the condition stated in Observation 1. we immediately
compare the pre-necklace ay---a, with its reversal a,---«ay. This comparison will
vield one of three outcomes. f ay---«, > «, -y then we terminate the generation
from this node. since appending characters to the end of these strings will not atfect
their relative ordering. If «,---«, < a,---«a,. then no additional testing is required
for this reversal. However. if ay--+a, = a, -~ «p. then more testing must be done on
the tail of the strings which has vet 1o be generated,

Following the above approach. we still need to perform additional testing for the
reversals starting at position j where ay---a, = a,---a;. [his leads to the second

key observation which we state as a theorem.

THEOREM L4 [fay - a, s a necklace where ay---a, = a,---ay and there crists an
rom {q+loooon} such that ay---ap = dpay and degy o dn S i, g then

Wy =y S gty

PROOF: Let Py =ay - -uy. P =ay - ap. v = dgyy -+ @ and y = dargy - - an. Let
I and y denote the reversals of r and y respectively. Since P. and P, are palin-
dromes P, = P = iP,. Thus. a = Pury = iPy. But since a is a necklace.

a=1P,y <Pyt Thus since y < g, ry <yt < g as required. m

This observation implies that we need only perform extra testing on the reversal
starting at the largest position r such that a;---a, = a.---a,. This extra testing
is the comparison of arpy---ay to ap---arpy. W arpy---ay > an---a.4 then the
generated string is not a bracelet. This test can be performed in constant time per

character for each character generated after position (n —r)/2 + r.



Finally. we note that if a; = «, then the only strings that are bracelets must he
of the form «" for some character a.
The following is a summary of the modifications required to transform Neck-

face(f. p) into an algorithim which generates bracelets:

o Add the parameter « to maintain the value of ¢ from Observation 1: the number
of consecutive equivalent characters at the start of the pre-necklace (ie. the

pre-niecklace starts with «*).

o Add the parameter ¢ to maintain the number of consecntive s at end the end of

the pre-necklace. where « = ;.

o Add the function CheckRev(t./) to compare the pre-necklace to its reversal {when
w = ). If the pre-necklace is greater than its reversal it returns —1: if the
pre-uecklace is less than its reversal it returns 0 otherwise. the pre-necklace is

the same as its reversal and | s returned.

o \dd the parameter r to maintain the length of the longesr pre-necklace equal to

its reversal (ie. the largest value r for which ay - u, = u. - ay).

o Add a test to cach character in a position greater than (v — r)/2 + r which will
determine whether or not a, - - - «a,, is greater than its reversal. his will involve
the additional parameter RS to hold intermediate boolean values indicating

whether or not the Reversal is Smaller.
o Reject the string if @y = @, and the string is not equal to «™ (ie. f = n and u = n).

An algorithm that is the result of the above modifications s shown in Figure 8.2.
The initial call is Bracelet(1.1.0.0.0.FALSE). To illustrate this algorithm we trace the

paranieters as the string 0010023003 gets generated:



function CheckRev( ¢.7: integer ) returns integer:
local : integer:
begin
for j from ./ + 1 to (¢ +1)/2 do begin
if «, < «,—,4, then return U:
if a, > «¢,—,4+, then return -1:
end:
return |:
end:

procedure Bracelet( /. p. r.u. r: integer: RS: boolean ):
local rev.i: integer:
begin
ift =1 >(n-r)/2+r then begin
if oy > dy_rg24- then RS := FALSE:
else if u,_y < ¢p_ri24, then RS := TRUE:
end:
if t > n then begin
if 5 = FALSE and » mod p =0 then Printit():
end
else begin
dy 1= g
if ¢, =« then v := v + 1:
else v := (:
ifu=t-1and «,_, =u, then u:= u+1:
ift=nand u # n and «, = «, then begin end;
else if « = r then begin
rev := CheckRev( f.u ):
if rer = 0 then Bracelet( t + L.p.rou.v. RS ):
if rev = | then Bracelet( ¢ + 1. p.t.u.v. FALSE ):
end:
else Bracelet(! + L. p.r.u.v. RS ):
ifu=t¢tthen u:=u-1:
for j < {ae_p +1..... k — 1} do begin
dy 1= J:
ift =1 then Bracelet( t + 1.t.r. 1. 1. RS )
else Bracelet( t + L.f.r.u.0. RS ):
end: end: end:

Figure 3.2: Bracelet generation algorithm
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[n the following section we give several counting results for strings with no

substring. These results will then be applied in the analysis of this algorithm,

8.3 Forbidden substrings

Recall from the previous chapter that Ie(n. f) denotes the set of all A-ary strings of
length n with no substring equal to [ In this section we investigate a special case
of these strings where f =0 In this special case we can derive a new recurrence to

enumerate these strings:

A if0<n<i.

=11y Lt = j.00 b

1=l

[(n. Q) =

(AV

It is easy to verify the correctness of this formula. If n </ then the set Ii(n.0")
will contain all k-ary strings. Otherwise. we categorize the strings in I(n.0') by the
number of consecutive 0's found at the tail of each string. Since there are A —1 choices
for the character appearing before this string of 0's. we arrive at the given recurrence
relation.

We obtain another recurrence equation by counsidering a string a =« ---a,-; in
the set I(n — 1.0'). If we append a character a, to a. then the string a; ---a, is in

[(n.0") as long as ap—4y -+ a, # 0'. The number of strings where a,,_ 4 ---a, = 0



is exactly equal to [x(n —1.0'). Thus we arrive at a second recurrence equation:

At if0<n<i.
[.{(n.0") = ‘
Mlogn = 1.0 = (k=) [(n~—7 =100 itn >

LEMMA 22 [fhkor > 2 then
Lm0 2> Lk().0').
J=1

ProoE: The base cases when v < 7 is trivial. If 0 > 7 then we induct on n:

[in 09 > [(n = 1.0°) + [e(n —2.0%)

1=3
Z [0+ [e(n = 2.0°)
=1

Y fetjoon.
=1

AV

LEMMA 23 [f'n > 2 and k.t > 2 then

[e(n. 09 S Liin — l.O‘)-

n - n -1

PROOF:

{n— Dile(n.0") kin — Ule(n = 1.0") = (k= U)}n = D le(n -1~ 1.0

]

= nlin = 1.0+ (kn —n =K i(n —1.0")

—(h—=1)(n—-U)e(n—1—1.0"

v

nl(n =10y +2(kn —n —Fk)lx(n —3.0")
—(kn—n—=k+ Dl(n —3.0Y

v

nly(n = 1.0°) + (kn — n — k= ) [i(n = 3.0")



> nli(n—=1.0%).

We now prove a theorem thar will be used in the analysis of our bracelet generation

algorithin. The proof of the theorem uses the previous two lemmas.

THEOREM 13 [fn > 2 and k.1 2 2 then

Proor:

r n

1 . L
Y‘[L-(J-Ol’ < 2 z -[(J. 0

;‘IJ J=[n/2}
2 n-2
< = ln 0 4 - -
< - e 0% + — [L(n 1.0 Z [AJU
=[n/
1 _ (R L
< L0+ =Y L)
) nooL—
, 1=ln/2]
N
< =l 0Y.
n

8.4 Analysis

[n this section we show that the algorithm Bracelet(t. p.r.u.v. RY) for generating
bracelets is CAT. We analyze the algorithm by looking at the computation tree and
determining the amount of work done at each node. To get a bound on the size of the
bracelet computation tree. we ohserve the following bounds obtained from equations
(2.2) and (2.1):

Li(n) < E— < Ni(n) S?.é—-
n



Now using equation {8.1) we get the following bounds on the number of bracelets:

A.fl W

5= < Biln) < 2—. (8.3)

2n n
Since the necklace algorithm Necklace(t. p) 1s CAT. the size of its computation tree is
less than A" /u for some constant ¢. This bound is also true for Bracelet(t. p.rou. v RS)
since its computation tree is smaller than that of Necklace(t.p). However. unlike
the necklace computation tree. the bracelet computation tree has nodes that require
more than a coustant amount of work. From our algorithm. these nodes are the ones
that make a call to CheckRev(t.7). Thus. to prove the bracelet generation algorithm
Bracelet(/. p.r.u. . RS) is CAT. we must show that the work performed by all calls
to CheckRev(f./) is bounded by some constaut times the toral number of bracelets
generated.

From the algorithm. cach node that makes a call to CheckRev(t. 1) is a pre-necklace
of the form «* or a'va' where 1 <7 < n/2 and the non-empty string = begins and ends
with a character lexicographically greater than a. The length of such pre-necklaces
is strictly less than n. Fach call to CheckRev({./) results in work proportional to
(¢t —201/2. where t is the length of the pre-necklace. Since any pre-necklace of the
form «' requires no extra work. we concentrate on finding a bound for the number of
pre-necklaces of the form a'sa'.

To stmplify this task we consider only the pre-necklaces heginning with 0. using
equation (8.2} to account for the remaining pre-necklaces. We also ignore the fact
that some of these pre-necklaces are never generated by the algorithm. Now observe
that the number of pre-necklaces of the form 040 is less than or equal to the number
of pre-necklaces of the form 0'~. We detine the set of all k-ary pre-necklaces of length
n beginning with 0. ending with a non-zero character. and with no 0' substring. to
be Pi(n.0"). Equivalently. the set P{(n.0%) contains all pre-necklaces with length n
of the form 0/4 for [ < j < i. The cardinality of this set is denoted P (n.0").

[f we let Ex(n) denote the extra work that results from all calls made to Check-

Rev(t. i) by pre-necklaces beginning with 0 (while generating Bi(n)). then we obtain



the following bound:

n—-1

L n—i1 . ,
Ei(n) <Y ——Plin —i.0. (8.1)

There is no known formula to count FP(n.0') so we derive an upper bound. Be-
cause every pre-necklace is obtained as a prefix of a 37 where .3 is some Lyndon word.

we arrive at the tormula given in equation (2.3):
1
Py =Y Liij).
ed

=1

Recall that Li(j.0¢) denotes the number of Lyndon words of length ; with no o'

substring. The following upper bound is obtained for Pl(n.0"):

Pin.0ty < Y[,A.(J,n’\. (N.9)

=1

Now recall that the number of A-ary strings of length n with no 0 substring is denoted

by [i(n.0%). Using these strings we obtain an upper hound for Litn. 0.

LEMMA 24 The following equality is valid forn > 1. k> 1 and 1 > 1:
i l 1
Lt 0 < = Lqn 0.
n

Proot: Fach string counted by Li(n.0') is a representative of an equivalence class of
strings each with n elements. If we add up the elements from each equivalence class
we get 1 Lg(n.0) unique strings each of length n with no 0* substring. The expres-
sion (2. 0) counts the total number of strings with length n and uo (' substring.

Therefore Li(n.0') < ;‘;[L.(n.l)‘). O

Now using the previous lemma and Theorem 15 (assuming n > k) we can simplify
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the upper bound in (3.3):

Pln.0) < Z}/ku.ow

=1

3

]
"[k(ll. 0 ).
n

IA

We now substitute this result into (3.4) and simplify:

n—1

. . n—i_, .
Fion)y < Z—-:—ﬂ_(n—z.[))

4

-1

} Z [(n - 1.0,

IN

Observe that we can insert U1 at the frout of cach string in Ir(n —.0"), creating
a set of strings of length n + 1. Notice that each new string is a unique pre-necklace
regardless of the parameter 1. Thus the number of strings in the nnion of the sets
Ie(n —i.0) fore =2,.... i~ Lis less than Pt + 1). We can divide this total by
k — 1. since we could have arbitrarily chosen any of & — | characters to insert after

0. Thus:

|
Fen) < ——F(n+1)

k-1
l n+1
= [.—__—121““)
) =1
. 4 n+1l A’J
- k-1 = J
12 fot
< 3.0
T hk—=1In+1 (8.6)
A.n
< M
n

The simplification found in equation (8.6) is valid for & > 2 and can easily be proved
by induction. Because the bound on Ei(n) is only for pre-necklaces beginning with

0. we use equation (8.2) to get an upper bound on the extra work performed by all
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pre-necklaces. Note that E\(n) = 0.

: W~k
ErtratVork < E E,in)< — E Jh < RB—.
n

=2 =2

n/

From (8.3). the total number of bracelets generated is bounded below by &"*/2n.
Thus. the running time of the algorithm Bracelet(t.p.r.u.v. RS) is proportional to

the nnmber of bracelets generated. which proves the tollowing theorem.
TUEOREN LG Algorithn Bracelet(t. p.r.w.v. RS for gencrating k-ary bracelets is
CAT.

Fxperimentally. the constant is less than ¥ (where we count the number of calls
to Bracelet(f. p.r.u. . RS) plus the number of iterations of the for loop in Check-

Rev(t.1)).



Chapter 9

Lyndon Brackets

[n this chapter an algorithm is developed to generate a special bracketing of length
n Lyndon words. These strings are known to form a basis for the v-th homogeneous

component of the free Lie algebra.

9.1 Background

Recall that Li(n) denotes the set of all length n Lyndon words over an alphabet of
size k. Let L; denote the set of all Lyndon words over an alphabet of size k. The
standard fuctorization of a Lyudon word w (] > 1). denoted a(er). 15 the pair (1. ).
l.m € L; such that w = Im where i has maximal length and / ix non-empty, By
Proposition 3.1.3 in Lothaire [L8] such a factorization exists. [sing this standard
factorization. the Lyndon words can be recursively mapped into a special bracketing
using the following function:

w if Jie} = 1.

“(w) =

[+().5(m})] otherwise. where o(w) = {.m).
If w is a Lyndon word. then +(w) is called the Lyndon bracket of w. The set of all
length n Lyndon brackets is demonstrated to be a basis for the n-th homogeneous
component of the free Lie algebra in [18]. The bracketing that results when ~ is

applied to L,(6) is illustrated in Figure 9.1.



[0.00.[0.[0.[0.1]]]]]
[0.{0.[0.[{0.L].L]]]]
(0.{[0.[0.1]].[0.L]]]
[0.[0.[[[o.1].1].L]]]
(o.[(o.1].[fo. 1] 1]]]
([0.[[0.1].1]].[0.1]]
[0.[[{fo.1].1].1].1]]
(0. L] {(1o.1].1].1]]
((({fo.t].t].1}.1].1]

Figure 9.1: The Lyndon brackets of L,(6)

9.2 Generating Lyndon brackets

This section addresses the problem of generating the brackets for Li(n). The Lyudon
words can be generated in constant amortized time using the algorithm Necklace(t. p).
but the problem of gencerating these words with their respective bracketing previously
had no fast solution.

A naive approach to generating these strings is to generate a Lyndon word of
length n and then test each proper right factor (starting with maximal length) until
a Lyndon word is found. This process is repeated recursively for each of the two
factors. Verifving whether or not each factor is a Lyndon word takes linear time (see
Chapter 2.3). In the worst case. this test will have to be performed for cach proper
right factor. Since this must be done recursively. the total running time to generate
cach basis element will be O(n?).

A significant improvemnent can be made to this naive algorithm from the following
observation. If the longest proper right factor is known for each Lyndon factor. then
the bracketing for each Lyndon word can be determined in linear time using the
recursive function PrintBracket(start.end) displaved in Figure 9.2. [n this function.
the Lyndon word being generated ay...u, is stored in the array a. If ¢,...q, is a
Lvndon word then the value of split(i. ) is the starting position of its longest proper
right factor. Observe that split(:.)) is defined only for 1 < j. As an example the
split(i. j) values for the Lyndon word 001001011 are displayed in Figure 9.3. In this

figure the value i represents the row number and the value j represents the column
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procedure PrintBracket ( start. end : integer ):
begin

if start = end then print{dag.,,+):

else begin

print(~ [ 7):

PrintBracket( start. split{start.endy =1 ):
print(=. ")

PrintBracket( split(start.end). end ):
print(~ ] 7):

end: end;

Figure 9.2: A function to print the brackets of a Lyndon word

1
]

- 22 b5 4+ 7 b
- - 3 b5 4 7 b
- - - L5 bt T 4t
- = — = 3 5 T T 5
- - - - = &6 T 77
-~ - - - - - 7 77
- - -~ = - - = 8 4
— - - - — - - -y

Figure 9.3: The values split(1. j) for the Lyvndon word 001001011

nmimber. where cach value ranges from 1 to n. The entry split(l.n) determines the
starting point of the longest proper right factor in the original Lyndon word. and thus
the standard factorization of 001001011 is (0OL.001011).

Observe that the value split(i. ). where : < j. can be defined recursively by the
following:

o i+ 1 if @4y ---a, 1s a Lyndon word.
split(i.g) =
split(e + 1. ) otherwise.

Thus. the key to obtaining each value split(:. ;) is to determine all the Lyndon factors

embedded in the Lyndon word a, - - a,. This can be done by modifving the algorithm



procedure LyndonBracket ( ¢ : integer ):
local ¢. s : integer: ¢ : array of integer:
begin
if t > n then begin
if n = p; then begin PrintBracket( L. n ): println(): end:
end:
else begin
(=
for j from «,_,, to k — | do begin
t, 1= J'
for : from | to t — 1 do begin
if ¢, < a,_,, then p, ;== U
ifap > u,—,, then p,:=t -1+ 1:
end:
for / from ¢t — | downto | do begin
if pooy = ¢ = then split(r t)y:= 1+ 1:
else split(i ) ;= split(s + 1.ty
end:
LyndonBracket( { + 1 )
P = f[:
end: end: end:

Figure 9.6 An algorithim for generating Lyundon brackets

Necklace(. p) to generate Lyvudon words. In this algorithm. the parameter p maintains
the length of the longest Lyndon prefix of the pre-necklace «y---a,-;. However, to
obtain all the Lyvndon factors. the longest Lyndon prefix must be maintained for all
strings «, - a,op where 1 <0 < 0 If this value is stored in p. then effectively.
the parameter p is replaced with the global string of values py---p,. If the string
starting at a, is not a pre-necklace. then p, is assigned the value 0: otherwise. it
maintains the length of the longest Lvndon prefix starting at «,. Note that the value
p replaces the old parameter p. Using the values p; --- pr. the values for split(i.t)
can be determined using its associated recurrence: the string o,y -+« is a Lyndon
word when pigy = ¢ — . The function LyndonBracket(f) shown in Figure 9.4 is the
result of applving these modifications to the algorithm Necklace(t. p). The initial call

is LyndonBracket(1) and the values p; are initialized to 1.
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9.3 Analysis

("pdating the values for py--- p; and split(i.t) where | <t <t takes linear time. The
function PrintBracket(start. end) also takes linear time. Thus. since the the algorithm
Necklace(!. p) for generating Lyndon words is CAT. the algorithm LyndonBracket(!)

for generating Lyudon brackets will take linear amortized time per string generated.
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Chapter 10

Conclusion

This chapter summarizes the primary contributions of this dissertation. and details

avenues for future research.

10.1 Contributions

This dissertation has considered the problem of generating restricted classes of strings

under rotation. [n particular. fast new algorithms have been developed to generate:
o binary unlabeled necklaces.
o fixed density necklaces.
o necklaces where the number of each alphabet svinbol is fixed.
o chord diagrams.
o necklaces and strings with forbidden substrings.

e bracelets. and

Lyndon brackets.

An analysis proves the generation algorithms for binary unlabeled necklaces. fixed

density necklaces. necklaces and strings with forbidden substrings. and bracelets are
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CAT. Experimental results indicate the same time bound for the algorithins to gener-
ate necklaces where the number of each alphabet symbol is fixed and chord diagrams.
The algorithm for generating the Lyndon brackets (a basis for the n-th homogencous
component of the free Lie algebra) runs in O(n) amortized time per basis element.
The 1wo most significant results are the algorithms for generating fixed density
necklaces and bracelets that run in constant amortized time. Previous work on these
problems failed to attain this time bound: for example see [LU]. [17]. and [28]. The re-
sult for fixed density necklaces has been published in the Siam Journal on Computing.

Vol 29 No. 2.

10.2 Future work

This dissertation leaves several open problems relating to the generation of restricted

classes of necklaces,

o Develop an efficient algorithm to generate unlabeled necklaces over any sized

alphabet.

e Prove or disprove that the algorithm FixedZero(¢. p) presented in Chapter -1 1 is

C'AT when the nuber of zevos is less than n/2.

e Develop a CAT algorithm to generate necklaces where the number of alphabet

sytubols is fixed using the outline presented in Chapter 5.3.

e Prove or disprove that the algorithm FastChords(n) presented in Chapter 6.5 is

CAT.

o Determine the set of substrings for which the algorithm ForbNecklace(t. p.~) is

not CAT. and develop an efficient algorithm for these substrings.
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