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Abstract

We consider Toeplitz operators with symbol in a C*-algebra A carrying an action
a of R. We prove that when A has an R-invariant trace 7, the Toeplitz operators with
invertible symbols are Fredholm elements of an appropriate von Neumann algebra, and give
a formula for their Breuer index in terms of 7 and the infinitesimal generator of the one-
parameter automorphism group a. This theorem includes as special cases recent results of
Curto-Muhly-Xia, Ji and Lesch, as well as classical results of Gohberg-Krein and Coburn-
Douglas-Schaeffer-Singer, and provides a more direct approach to the corresponding index
theorems for systems. '



AN INDEX THEOREM FOR TOEPLITZ OPERATORS
WITH NONCOMMUTATIVE SYMBOL SPACE

John Phillips and Iain Raeburn

The To.eplitz or Wiener-Hopf operator Ty with symbol f € L>°(R) is the compression
of the multiplication operator My on L*(R) to the Hardy space H?(R). Gohberg and
Krein proved that if f is continuous, limz|—oo f() exists, and the resulting function
f : RU{c0} — C is nonvanishing, then Ty is a Fredholm operator with index equal to
minus the winding number of the curve f(R U {oo}) about 0 [12]. This beautiful index
theorem has been generalised in many directions: to wider classes of symbols, to operators
defined on the boundaries of other regions of C and C", and to operators which are only
Fredholm in some weaker sense. In particular, there are far-reaching generalisations of the
index theorem in which the operators are Fredholm relative to a IIn.-factor, and the index
is the real-valued one of Breuer [2, 3). Here we shall prove an index theorem of this kind,
starting merely with an action of R on a C*-algebra A and an invariant trace on A.

Let o be a strongly continuous action of R on a C*-algebra A. If 7 is a representation
of A on H, we define another representation 7 of A on L%(R, H) by

(0.1) (F(a)€)(s) = 7 (a7 (a)) (£());

for motivation, note that if A denotes the action of R by left translation on L?(R,H),
then (7, ) is a covariant representation of (A, R, &) whose integrated form 7 x X is the
regular representation Ind 7 of the crossed product 4 xR induced from = [16, §7.7]. The
Toeplitz operator T with symbol a is the compression of 7(a) to the Hardy space
H*(R,H) := H*R)® H. Both 7(a) and the projection P onto H%(R, H) lie in the von
Neumann algebra M = Ind7(A x4 R)", so the Toeplitz operators lie in PMP. If r is the
GNS-representation associated to an invariant trace 7, then there is an induced normal
trace 7 on M, and hence also on PM P. Our index theorem asserts that, if a is invertible

in A, then T is a Fredholm element of the semifinite von Neumann algebra PM P, and

)

When 7 is a finite trace on A, this index theorem has been proved by Lesch [14],
following earlier work in [5], [18], [11], [8] and [13]. However, his result does not strictly
include that of Gohberg and Krein, because the natural invariant trace on Cy(R) and

(0.2) indTT = -1, (

T omi

d -1
E'Z(O‘t(a)a )

C(RU {o0}) is given by Lebesgue measure, and is not finite. Our version works for densely

defined, lower semicontinuous traces, and covers both the general theorem of Lesch and
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his predecessors, and the original Gohberg-Krein Theorem. Allowing infinite traces does
pose some technical problems: both the trace and the infinitesimal generator § of the
one-parameter group a, are only densely defined, and we have to use some old-fashioned
Banach algebra methods to manipulate them simultaneously. In particular, we have to
work harder to make sense of both sides of the index formula (0.2).

First we look at the right hand side of (0.2). We denote by § the generator of «,
so that this right-hand side is (27rz')_17'(6(a)a"1). In the classical case, § is ordinary
differentiation, and this reduces to the winding number of @ about 0. In general, we can
prove that it is a homotopy-invariant homomorphism of D(6) N GL(A) into R, and hence
extend it to all of GL(A). (Here we have suppressed some problems involving the adjoining

of identities, which we shall be careful about later.) We develop the necessary properties
of the trace in an Appendix, and discuss our “winding number for C*-algebras” in §1.

To get a real-valued Breuer-Fredholm index on the left of (0.2), we want to extend
7 to a trace T on M = Indn(A4 x4 R)". The idea is that 7(Ind v(z)) should be (z(0))
for nice functions z in C.(R, A); to fill in the details we need to use the theory of Hilbert
algebras, as developed in [10]. (Lesch had already used similar arguments in the technically
easier case of finite 7.) Then we have to modify Breuer’s theory to use our trace 7 in place
of his generalised dimension function, which is only real-valued on factors; we outline
the necessary changes in Appendix B, and acknowledge that the same observations were
implicitly used in [8] and [14].

We prove the index theorem in §3. Having overcome the technical difficulties caused
by the infinite trace in §1 and Appendix A, we can follow in outline the second proof
of 8, Theorem 25.2]. We finish with a section on examples, in which we show how to
recover the Gohberg-Krein Theorem, and how to deal with systems. Both of these are
quite straightforward, although some irritating multiplicities creep in because the GNS-
representation 7, is only a multiple of the naturally-occurring representation. Indeed,
the ease with which we can handle systems is a feature of the noncommutative theory: a
system (Ta..,.) of Toeplitz operators with symbol in 4 is really a single operator T\,,;) with
symbol in M,(A), so that, even if A is commutative, we have to confront noncommutative
symbol algebras. Previously, the extensions of index theorems to systems were nontrivial
(cf. [5], where the case A = AP(R) was left open, and [18], where it was settled).

We originally obtained our index theorem for the case of a finite trace, when the second
author visited Victoria in 1990, and only learned of Lesch’s work when the first author
presented our results at the annual meeting of the Canadian Mathematical Society in May
1991. Obviously Lesch was there first, so we wanted to sort out the general case before

writing up. However, even for finite traces, our approach has some different features:
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our discussion of winding number in §1 provides a self-contained proof of its homotopy
invariance (Lesch used it, but just referred to {6]), and the simplicity of our treatment of

systems in §4 is a good advertisement for the noncommutative theory.

Acknowledgements. This research was supported by the Natural Sciences and Engi-

neering Research Council of Canada and the Australian Research Council.

1. Winding number in C*-algebras.

In this section, A is a C'*-algebra with a densely defined, lower semicontinuous trace T,
and a continuous action & : R — Aut A which leaves 7 invariant: that is, 7(a:(a)) = 7(a)
for all t € R and a € A,. While many of the details which follow are implicit in (6],
our presentation is more elementary, and more completely describes the domain of the
homomorphism a — (27ri)_1r(6(a)a"1). Recall from Proposition A4 that A" = {z € A |

7(|z|) < oo} is a Banach *-algebra in the norm ||a||, = ||a|| + |la||1-

Lemma 1.1. The automorphism group a restricts to a continuous action of R as isometric
*-automorphisms of AT.

Proof. It is easy to see that each a; is || - || -isometric, and hence we have to establish
continuity. If a € A and b € A", then ab € A™ and

llablly = (labl) < 7(llaliop|t]) = llallopldli1,

so that ||ab||; < |lalloplld]l-- Similarly, ||bal|, < ||b]|+|lallop. Lemma A3 implies that prod-

ucts are dense in A7, and because a; is isometric, it follows that ¢ — aq(z) is || « [[+-
continuous for all z € AT.

Now, let é (respectively, §,) be the infinitesimal generator of a (respectively, a|ar). -
As usual, D(6) and D(§,) are dense *-subalgebras of A and AT. Further, if z € D(6,),
then z € D(6) and é,(z) = é(=z).

Lemma 1.2. N%,D((6-)") is a dense *-subalgebra of the Banach *-algebra A” (and
hence of A).

Proof. For z € A™ and f € C®(R), the A"-valued Bochner integral z; = [ f(t)a:(z)dt
converges in the ||| norm, and é,(zs) = z_p by the usual calculation. Thus z; belongs to
N2, D((8,)™). If we choose f > 0 to have integral 1 and support in a small neighbourhood
of 0, then ||z — ||+ is small.



Lemma 1.3. The trace T restricts to a bounded functional on the Banach *-algebra A7,
and for x € D(é,) we have 7(6(z)) = 0.

Proof. The first part is trivial:
IT(2)] < v(Iz]) = llzll1 < li=llr,

and the second follows from the first:

7(8(2)) = 7(6:(2)) = (?L‘% —-—-—-“’("’3 - ’”) = lim (T(“‘(‘”)t) - T(”’)> =0.

t—0

Notation 1.4. If A is a complex algebra without identity, then we let 4 denote the algebra
obtained by adjoining an identity to A. If A already has an identity, then we take 4 = A.
We denote by GL(A) the group of invertible elements in A.

Definition 1.5. Let A be an algebra. If z € A, we say z is quasi-invertible if and only
if there exists ' € A such that z + 2’ — 22’ = 0 = £ + 2’ — 'z, in which case we call z'
the quasi-inverse of z. Then

spa(z)\ {0} = {A € C\ {0} | z/) is not quasi-invertible},

and 0 € sp 4(z) if and only if z is not invertible. That this coincides with the usual definition

of spectrum is proved in [17]. We shall denote by GL'(A4) the group of quasi-invertible
elements of A.

Lemma 1.6. If x € A7, then sp 4(z) = sp4-(z), and v4(z) = v4-(z).

Proof. If 1 € A, then since A" is a dense ideal in A, we have A™ = A and we are done. If
A is not unital, then neither is A™ and therefore 0 is in the spec.rum in any sense of the
word. Thus it suffices to see that, if z € A" and z’ exists in A, then z’ € A™. But in this

case, z' = z'z — z € AT because A7 is an ideal.
Lemma 1.7. If r € D(6,) satisfies ||z||op < 1, then é(z)z' € A™ and 7(é(z)z’) = 0.

Proof. We have 7(§(z)) = 7(6(z?)) = 0 by Lemma 1.3. But 7(6(z?)) = 7(6(z)z+zé(z)) =
27(8(x)z), and hence 7(6(z)z) = 0. Similarly, by induction, we have 7(§(z)z") = 0 for
all n > 1. Now ||z|lop < 1 implies that v4(z) < 1, and hence that v4-(z) < 1. Thus

—~ 3 o 2" =z’ converges in the || - ||, norm, 6(z)z' € A" and
r(6(z)z') = -~ Z 7(6(z)z™) = 0.
n=1
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Theorem 1.8. Let A be a C*-algebra with a densely defined, lower semicontinuous trace
T, and a continuous action a : R — Aut A which leaves T invariant. Let 6 be the in-
finitesimal generator of @ on A, and §, the infinitesimal generator of @ on A"™. Then the
map = — 7(8(z)z’') : GL'(D(é;)) — iR is a group homomorphism which is constant on
(operator norm) connected components.

Proof. Let B = D(4,), and recall that the group operation on GL'(B)is aob := a+b—ab.
A messy computation, using the trace property of 7, the derivation property of §, and the
equation 7(6(z)) = 0 for z € B, gives

7(8(aob)-(aobd))=r(6(a)a’) + T(8(b)b").

To see that the map is constant on {operator norm) connected components, suppose a, b €
B' and |la—bljop < 1/(1+]|[a’|lop)- Then fla’0bllop < (llalop +1)|]a — bljop < 1, the lemma
gives 7(é(a' 0 b)(a’ 0 b)") = 0, and the homomorphism property implies that 7(6(a)a’) =
T(8(b)b").

To see that the range of this homomorphism lies in iR, suppose z is self-adjoint,
z € GL'(B) and z < 1. Then for all ¢ € [0,1], we have tz < 1, 1 — ¢z invertible in B, and
tz € GL'(B). Thus t ~— tz is an (operator norm continuous) path from z to 0 in GL'(B),
and 7(6(z)z') = 0. For general z in GL'(B), z* is also in GL'(B), and z* oz € GL'(B) is

self-adjoint. Moreover,
l1-z*oz=1-z"-z+z'z2=(1-2")(1-2x)

is bounded away from 0 in the operator norm because z € GL'(B) implies (1 —z) invertible
in B. Thus z*oz < 1, 7(6(z* 0 z)(z* 0 z)') = 0, and 7(§(z*)(z*)") = —7(6(z)z"). Since
one easily calculates that 7(§(z*)(z*)") = r(é(z)z’), we deduce that 7(é(z)z’) € :R.

Remark 1.8. If 1 € A, then A = A" and 7 is finite, so we mV;y as well suppose 7(1) = 1.
In this case, D(6,) = D(§), and = € GL'(D(§)) exactly when (1 —z) € GL(D(6)), in which’

case (1 —z)~! =1 —z'. Then
(61 —z)(1-2)™") = 7(6(-2)(1 = 2")) = 7(6(—12)) + 7(é(2)z") = 7(6(z)z").

Hence our homomorphism is a map of GL(D(é)) into :R taking y to '}'(6(y)y'l).

If A does not have an identity, then we adjoin an identity: the action « extends
uniquely to A4, and so does § (with §(1) = 0). Then y € GL(D($,)) exactly when y =
A(1 - z) for some A # 0 and z € GL'(D(6,)), in which case y~! = A7}(1 — z'), and

r(6(y)y ™) =M1 =-2) M1 -2z) ) =761 —2) (1 —2)7}) =... = 1(8(z)z").
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Note that 7(6(y)y~!) does not change if we multiply y by a nonzero scalar v, and we can
again view our homomorphism as a map of GL(D(é,)) into iR sending y to 7(6(y)y~?).
In either case, we can extend our homomorphism to the full group GL(A) of invertible

elements of A, since it is constant on operator norm connected components and GL(D(é,))
is dense in GL(A). With this in mind, we restate our theorem.

Theorem 1.10. Let A be a C*-algebra with a densely defined, lower semicontinuous trace
7, and a continuous action o : R — Aut A which leaves T invariant. Let § be the infinites-
imal generator of a on A and é, the infinitesimal generator of & on A”. Then the map
z = (273) " 7(6(z)z ") : GL(D(é,)) — R extends uniquely to a group homomorphism
GL(A) — R which is constant on connected components.

Remark 1.11. Let K denote the algebra of compact operators on a separable Hilbert
space, and let {e;;}{%.; be matrix units for K. Then for any C*-algebra A andz € AQK,
there is a unique matrix {a;;}{5=; over 4 such that 2 = limp— EZ-:I aij ® ;. If
T is a lower semicontinuous trace on A, then the formula 7oo(z) = 3 i2; 7(aii) defines a
lower semicontinuous trace on A ® K. If 7 is densely defined or faithful, then so is 7Teo;
if 7 is invariant under an action « of R on A, then 7 is invariant under the induced
action @ ® id of R on A ® K. Recalling that the K-group K;(A) can be defined as
GL(AQ® K)/GLo(A @ K), where GLy(A ® K) denotes the connected component of the

identity, we obtain a K-theoretic corollary:

Corollary 1.12. Let A be a C*-algebra with a densely defined, lower semicontinuous
trace T, and a continuous action a : R — Aut A which leaves 7 invariant. Let 6o be the
generator of a @ id. Then the map z — (271) ™17 (6o0(z)z™?) on GL(D(6,,,)) induces a
homomorphism of K1(A) into R.



2. The trace on the crossed product von Neumann algebra.

Let A be a C"-algebra with a faithful, densely defined, lower semicontinuous trace T;
we use the notation of Appendix B without comment. We let H, denote the Hilbert
space completion of AJ in the inner product (a|b) = 7(b*a), and let a — £, be the
canonical embedding of A7 in Hy, so that we have by definition (£,]£) = 7(b*a). We set
A7 = {€s]la € A7} and AT = {£,]a € A7}. Then A" C AjJ, and both are Hilbert algebras:
that is, they are associative complex *-algebras, which are also pre-Hilbert spaces, and
which satisfy

(1) (¢ln) = (n7[€*) for £, 7 in the algebra;

(2) (nl¢) = (n]€*¢) for &, 7m,¢ in the algebra;

(3) the set of products £7 is dense in the algebra;

(4) for each ¢ in the algebra, the operator 7(£) : 7 — €7 is bounded.

(See [10, §1.6).) In this case, the map a — m(£,) is a *-representation of A} on H,.

Since 7 is a lower semicontinuous weight on A4, we can use the GNS-construction to
obtain a representation 7, of A, which also acts in the space H, [16, 5.1.3], and which
satisfies 7(€,) = 7,(a) for a € AJ. Since AJ is norm-dense in 4, we have mr(A)' = n(AD)";
in other words, R = 7,(A)" is precisely the left von Neumann algebra 7(.43)" of the Hilbert
algebra AJ (or of A™). By [10, §1.6.2, Theorem 1], 7 extends to a faithful, semifinite, ultra- .
weakly lower semicontinuous trace 7 on R: by definition, z € RT. if and only if /2 = =(n)
for some bounded element 7 of H,, and then 7(z) = (n|7). We have 7.(A") C R” and
©.(A) C RE.

If a is a continuous action of R on A which leaves 7 invariant, then o restricts to
continuous actions on A" and AJ (see §1 for the case of A™; the other is similar). Thus
for each ¢ we have a unitary U, on Aj such that Uy(€s) = €4, (a) for a € A, and the
resulting homomorphism U : R — U(H,) is strong-operator continuous. The pair (7,,U)
1s a covariant representation of (A4, R, @), and hence AdU extends « to an action @ of R
on R which leaves the extended trace T invariant. |

We now define a covariant representation (F,,A Q@ U) of (4,R,a) on L} R)® H, =
L*(R,H,) by

'7?,.(a) =1 ® 71"7-((1) and (/‘\ ® U)t = /\t & D,t'

The corresponding representation 7 = 7. x (A® U) of A x4 R on L?(R, H,) is given on
the dense subalgebra C.(R, A7) by

(=(@)6)(s) = [ me(alt)Vele(s - 1)t
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If £ belongs to C¢(R, A7), which is also a dense subset of L2(R, H ), this formula becomes

((2)E)(s) = / e(D)ae(E(s — 1)) dt = (z # £)(s),

where z * £ is the usual convolution product on the subalgebra C.(R, A) of A X, R. Now
C.(R, A7) is itself a Hilbert algebra in the inner product

(aly) = [ r(u()=(0)et

and this calculation shows that the representation 7 is precisely the left regular represen-
tation of the Hilbert algebra C.(R,A") on its Hilbert space completion L2(R, H,). Thus
(A Xo R)' = w(Cc(R,AT))" = Mp, say, and there is a faithful, semifinite, ultra-weakly
lower semicontinuous trace @ on Mg [10, §1.6.2, Theorem 1]. Moreover, two elements S, T
of Mo belong to (Mj)7 if and only if there exist £,7 € L?(R, H,) such that S = =(¢),

= 7(n), and in this case we have F(T*S) = ({|n). In particular, if z,y belong to
CO(R A™YN L*(R, H,), and if n(z), m(y) are bounded operators, then m(z), 7(y) are in
(M,)3, with

7(r()"7(@)) = (ely) = | (0t

It is well-known that the representation 7 = 7, x (A®U) is one version of the regular
representation of A x4, R induced from the representation w, of A, and we have just
constructed a trace on the von Neumann algebra crossed product. However, our Toeplitz
operators are defined using a different realisation of the regular representation, and in
order to use the trace we need to carry it over to this realisation. To do this, we define a
single unitary V € U(L*(R, H,)) by (VE)(t) = U,(£(t)). We can easily check that

VE(a)V* =F.(a) and VLQUIV*=X7®1=)\,

where

(2.1) (Fr(a))(s) = 7 (a7 (@) (6(s))  and  (Af)(s) =£(s —1).

We denote the integrated form 7, x A by Indw,. By [16, 7.7.5], Ind 7, is a faithful
representation of A x4 R, and hence sois # = AdV*oIndn,. Welet M = VMV* =
Ind7,.(A x4 R)”, and define a faithful, semifinite, ultraweakly lower semicontinuous trace
Ton M by 7(T) =5(V*TV).

Now suppose that z € Co(R, A7) N LR, H,). If () is a bounded operator, then
one can easily verify, at least on C.(R, A7) C L*(R, H,), that Vr(z)V* is given by

(2.2) (Va(z)V°€)(s) = /ﬂ',(a;‘l(z(t)))ﬁ(s —t)dt,
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and of course we denote this operator by Indn.(z). Conversely, if the right-hand side
of (2.2) defines a bounded operator Ind r.(z), then #(z) = V*Indr,(z)V is bounded,
hence belongs to MJ, and we can deduce that Ind=.(z) belongs to MQ? . Thus if y is
another function in Co(R,A") N L?(R, H,) such that Ind7,(y) is a bounded operator,
then Ind 7,(z)*Ind 7,(y) € M?, and

(2.3) #(Ind m,(2)"Ind 7, (y)) = / r(=(t)*y(t)) dt.

3. The index theorem.

We consider a system (A, R, ) and an invariant trace 7 on A4, exactly as in §2, and let

: A — B(H,) be the GNS-representation associated to 7. The induced representation
Ind7r,. is given by the covariant pair (%,,A) : (4,R,a) — B(L*(R, H,)) of (2.1). We
let Pr denote the orthogonal projection of L?(R) onto H*(R), and let P = PR ® 1 :
L*(R)® H, — H*(R)Q® H,. We write T, for the Toeplitz operator T = P%.(a)P.
Recall from §2 that we have a faithful, normal, semifinite trace ¥ on the von Neumann
algebra M = Ind 7,(A x4 R)", whose restriction to N = PM P has the same properties.
As in §1, we let 6 be the infinitesimal generator of a, and use Theorem 1.10 to extend the
winding number (277)~!r(6(a)a™?) to all of GL(A). With these conventions, we can state
our index theorem.

Theorem 3.1. Let 7 be a faithful, densely defined, lower semicontinuous trace on a C*-
algebra A, which is invariant for an action o of R. Then for any a € GL(A), the Toeplitz
operator T, is Fredholm relative to the trace T on N = P(Ind (A4 x4 R)") P, and

~ -1
7-Ind T, = 27r 7(6(a)a™t).

We intend to follow the second proof of [8, §25.2]. While we do face extra difficulties
here, we have already addressed most of these in §1 and Appendix A using the Banach
*-algebra (A7, | - |l = || - llop + || - ll1), and the derivation é, which is the generator of o
on AT. Asin [8] a key observation is that Pg = (1 + Hgr)/2, where Hg is the Hilbert
transform on L2(R), given by the prmcxpal= value integral |

(Hré)(s) =lim [ —&(s—t)dt,

e=0 Jig>e it

which converges in L2(R). We let H = Hgr®1 be the corresponding operator on L*(R, H,),
so that P = (14 H)/2, and [P,T] = [H,T)/2 for any T € B(L*(R, H,)).
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Lemma 3.2. (cf. [8, 22.1}) For any a € D(é,), [H,7.(a)] belongs to /\/[f. Indeed, we
have [H,7.(a)] = Ind n.(z), where z € Co(R, A7) N L%(R, H,) is given by

aq(a) — a

=(t) = it

Proof. To complete the following formal calculation, one just has to recall that the
principal-value integrals converge in L%

(8, F(@1E)(s) = [ = (Fr(@))s = )dt = 7 (a7 @)(HE)

= L [ (@@ ets - ) - I (o @) els 1) ) o

e

= ;1; Tr (a;l (fﬁlt)-:f)) (s —t)dt.

The function z belongs to L*(R, H,) because z(t) — (mi)~é(a) as ¢t — 0, and

(03 = 7(e(2)*2(1)) < =gllellepllels.

Since we know that [H,7,(a)] is a bounded operator, the result now follows from the
discussion at the end of §2.

Corollary 3.3. For a,b € D(6,) we have T,Ty — Tay € MT NN = NT. I ab = ba, then
[TaaTb] € NT-
Proof. We calculate:

ToTy — Tay = (P%.(a)P)(P#.(b)P) — (P%.(ab)P)
= P%.(a)(P — 1) (b)P S
~(P7-(a)(1 = P))((1 ~ P)7.(b)P)
= —P[P,%.(a)] [F+(b), P] P
LP[H,7.(o)][H,7.()] P,

which is in M7 0 PMP = N7. If ab = ba, then

[Ta, Ts) = (TaTs = Tas) + (Toa = THTa) € N7
Lemma 3.4. Suppose a,b € D(é,) and ab = ba. Then
T =7.(a)H7(b) — 7, (b)HT+(a)
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belongs to ]\/Lf; indeed, it has the form Ind n,.(y), where y is the function in Co(R, A7) N
L*(R, H,) given by y(t) = (wit) " (as(b)a — as(a)b). We have

?([Ta, Tb)) = 37(PTP + (1 - P)T(1 - P)).
Proof. We know from Corollary 3.3 that [Ty, T3] is in M 7, and

:F([Ta; Tb])

P((TaTs — Tos) + (Toa — 7))
= —7(P+(a)(1 = P)F,(B)P — PF,(5)(1 ~ P)7+(a)P)
(PR, (b)(1 - P)7.(a)P — P#.(a)(1 — P)#.(b)P).

It follows from Lemma 3.2 that P%.(a)(1 — P) = $P[H,7,(a)] belongs to ]\ffz?, so by [10,
1.6.12] we also have

7([Te, Ts)) = 7((1 = P)%-(a)P7,(b)(1 — P) — (1 — P)7.(b)P%-(a)(1 — P)).
Averaging the two formulas for 7([T,,T}]) gives

P(Te, T]) = 47 (P (7. (8)(1 = PYr(a) - 7r(a)(1 ~ P)F-(5)) P
+ (1 = P)(7,(a) PF(b) — 7+ (b) PF,(a))(1 — P)).
Since P = 3(1+ H), (1-P) = (1 - H), and %(a) commutes with 7,(b), we deduce that
?(ITa, ) = 37 (P(Fo(a) HF+(8) - 7o(b) HF r(a)) P

+ (1= P)(7+(a)HF(b) = F+(0)HF1(2))(1 - P))
}?(PTP +(1-P)T(1 - P)),

i

as claimed.

Next, notice that we can also write
(3.1) T = [H,7.(b)]7(a) — [H,7F+(a)]7-(}).

From Lemma 3.2, [H,7.(b)]%-(a) = Indn.(z), where z(t) = (wit)~!(a:(b)a — ba), and
hence T = Ind 7,(y), where

agbla—ba aa)b—ab  aib)a— aia)b
2mit  2mit 2rit ‘

y(t) =
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Because y(t) — (71)71(6(b)a — 6(a)d) in the || - ||;-norm as ¢t — 0, y is a continuous A7
valued function, and because ||y(t)[|? < 4lall1]|b|lop/72t? for t # 0, we know also that
v € L}(R,H,).

If the operator T were in M ?, we could immediately deduce from Lemma 3.4 that
7([Ta, Ts]) = 7(T); however, as in [8], this is not necessarily the case, and we have to use
an approximate identity argument to compute 7(PTP + (1 — P)T(1 — P)). This is a little
harder than in [8], since operators of the form A(f) ® 1 for f € C,(R) will not be in MZ:
when 1 has infinite trace. Notice that in our notation, A(f), acting in L?(R, H,), is really
Mf)®1, acting in L*(R) ® H..

Lemma 3.5. Suppose a,b € D(é,) satisfy ab = ba, and T is as in the previous lemma.
Then for f € C.(R), we have TA(f) € M", and

) =5 [ (- 2922 s

e i t
Proof. From Equation (3.1) we have
TAf) = [H,7:(0)]7-(a)Mf) - [H, F-(a)]F(B)A(S),

and, since the commutators are in Mf, it is enough to show that 7,(a)A(f) is in A/Lf. But
for £ € L*(R, H,), we have

(Fr(@)A(£)E)(s) = /Wr(a,,'l(af(t)))f(,s ~t)dt = ((Fr x A)(af)E)(s);
in other words, 7-(a)A(f) = (Fr x A)(af). But af is in the Hilbert algebra C.(R, A7), and
hence (7, x A)(af) is in M;F, as required.

Proposition 3.6. Ifa,b € D(é,) and ab = ba, then
- 1
7([Ta,Th)) = é—ﬁr(é(b)a).

Proof. Since $ = PTP + (1~ P)T(1 — P) isin M", both PS = PTP and (1-P)S =
(1-P)T(1—P) arein M?, and each is a finite linear combination of products of elements
of L*(R, H;). Thus, if {f»} C C.(R) is sequence of nonnegative functions with integral 1
and supports shrinking to {0}, so that A(f,) — 1 strongly, then we have 7(\(f,)PTP) —
F(PTP) and F(A(fn)(1 = P)T(1 — P)) — 7((1 — P)T(1 — P)). Since both A(f.) and
P = 2(1+ H) lie in the abelian von Neumann algebra A(R)", we have

7(A(fn)PTP) = 7(PTPX(fz)) = 7(PTA(fn)P);

12



since TA(fy) is in MT by Lemma 3.5, this equals "F(PT/\(fn)). Similarly,
T(A(fa)(1 = P)T(1 = P)) = 7((1 = P)TA(fn))-
Therefore

F(A(fn)PTP) + 7(A(fa)(1 = P)T(1 — P))

=) = g [ (2R gy

e

and so by Lemma 3.4,

([T, To]) = lim 37(TA(fa)) = lim 1 T(at(b)a

n— n—c0 47 Joupp f

the integral converges to 7(8(b)a — 6(a)b) as n — occ. Finally, we use §(a)b = 6(ab) — ab(b)
and 7(6(ab)) = 0 (which holds because ab € D(§.)), to simplify

- at(a)b)

t Fult) dt.

Since
ay(bla — ay(a)b
1

— (6(b)a -

ast — 0,

A((To, T) = 77 (6(8)a~ (a)b) = 757 (5(B)a + ab(5)) = 5=7(6(E)a).

Proof of Theorem 3.1. Recall from the discussion in §1 that we may as well suppose

a € GL(D(é-)) has the form a = 1 — z for some z € GL'(D(§,)), so that a™! = 1 — 2,
and prove that

-1 =1 ,

(3.2) 7T-ind T, = 57 r(&(a)a™t) = E-N—Z-T(&(a:)x ).

We immediately have 7,(a) = 1 — 7,(z), To = P — T}, and [T,, P] = —[T,, P] € NI, by
Lemma 3.2. Since 7.(a) is invertible, this implies that 7, = P7.(a)P is invertible modulo
K n (the norm closure of N;F ), and hence, by Theorem B1, that T, is 7-Fredholm.

We want to reduce to the case where a is unitary, and, because both sides of Equation
(3.2) are homotopy invariant, it is enough to check that the homotopy t — aja|™* lies in
GL(D(é,)). Since a and a*a are in GL(AT), and o 4-(a*a) = o 4(a*a) C (0,00), we can
use the holomorphic functional calculus for a*a € GL(A") to see that |a|* = (a*a)!/? lies in
GL(AT). More explicitly, let v be a simple closed contour in the right half-plane enclosing

13



oar(a*a), and choose a branch f(z) of z!/? which is analytic in an open set containing ~
and its interior. Then

1

alt = (@%a)"? = —

[yf(z)(zl —a*a)"ldz,

‘and the integral converges in ((A7)", || - ||-). Now we can use the compactness of v and
the usual resolvent formula to see that é.(|al*) exists, and equals

1
271

/ f(z)(zl —a*a)"16(a*a)(21 — a*a) " dz.

Thus we have |a|* in GL(AT) N D(6,;) = GL(D(é,)), as required. _
It now suffices to prove the index formula for the unitary u = ala|™! in GL(D(4,)).

Relative to the decomposition 1 = P + (1 — P), we can write

= (T 5).

where b and c are in Mf by Lemma 3.2. By [4, Proposition 2.5] and the previous Propo-
sition, we therefore have

7ind(T,) = 7(c*c = bb*) = 7((1 = Tye Ta) = (1 = TuToe))
= #(ITu T) = ooor (B(u)u).

This completes the proof of Theorem 3.1.

14



4. Examples and applications.

(a) The classical case.

Here A = Co(R), A = C(R U {o0}), as(a)(t) = a(t — s), 7(a) = Jgadm, and 7. is the
representation M of A as multiplication operators on L?(R). The covariant representation
Mx)of A xoR on L?(R, L%(R)) is spatially equivalent to the representation (M x A)®1
on L2(R)®L?(R) = L3R xR): indeed, if we identify both Hilbert spaces with LZ(R x R.),
the unitary transformation W defined by Wé(s,t) = £(s — ¢, 1) satisfies

WM(Q)W* = M(a) ®1, WA @ D)W* = A, 1.

Since M x A(Co(R) x R) = K(L%*(R)), the von Neumann algebra M x A(A x4 R)' s
isomorphic to L(L?*(R))"” = B(L*(R)) (though not spatially). Now for z in C((R x R) C
C. (R, CO(R)), we have

M x M6 = [ 2(0,5)e(s = r)dr = [+t =poxwan

and since the trace of the integral operator with kernel k € C.(R x R) is [ k(s,s)ds, we
have

tr(M x A\(z)) = /z(s —s,8)ds =7(2(0))  for z € C.(R,C.(R)).

When z is the square in Co(R) x4 R of some element of C.(R,C.(R)), M x A(z) belongs
to M7, and
P(M % X(2) = 7(2(0));

since such M x A(z) are dense in M, it follows that the isomorphism of M x A(Co(R)xR) !
onto M x A(Co(R) x R)" carries 7 into the usual trace tr on B(L*R)) = M x A(Co(R) x
R) ". Since W commutes with P ® 1, and I/VI\ZI’(a)W'* = M(a) ® 1, the isomorphism also
takes )" into the usual Toeplitz operator T, on H%(R), and the index theorem says that,
for a non-vanishing function a(z) on R with limits as |z| — oo, T, is Fredholm in the usual

sense (i.e. tr-Fredholm) and

indT, = tr-indT, = 7-ind T]" = 2:11’(6(a)a_1).

we

Here the infinitesimal generator § is ordinary differentiation, the right-hand side is

-1 !
= [ Z dm = —the winding number of a about 0,
271 Jg a

and we recover the classical Gohberg-Krein Theorem.
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(b) Operators with symbols in group algebras.

As we mentioned earlier, many group algebras and twisted group algebras have natural
actions and invariant traces. For example, if I' is a subgroup of R, viewed as a discrete
group, then R = R sits naturally inside T' and hence acts on C(T) = C*(T') with Haar
measure giving an invariant trace 7. On I}(T') C C*(T') we have 7(f) = f(0), and the same
formula characterises a finite trace on each twisted group algebra C*(T',w). The dual action
of T on C*(T',w) restricts to an action a of R on C*(T,w) satisfying a,(f)(t) = e***f(t)
for s,t € R, f € {}(T"), which leaves the trace invariant. The index theorem in this case
reduces to that of [13] (at least for individual operators; we deal with systems below). .

When G is locally compact and unimodular, the formula 7(f) = f(e) extends from
A(G\ =I%2%L%toa densely defined lower semicontinuous trace on C* (f"\ and also on

- W - - va &L Vaa )1 Teela G Sraa

any twisted group algebra C*(G,w). (To see this last point, suppose w € Z2(G,T) is
a (Borel) multiplier, G, = T x, G is the locally compact central extension in which
(w,s)(z,t) = (wzw(s,t),st), and 7, is the trace on C*(G,). Then

‘I)({fn})(zvs) = Z fa(s)z™

extends to an isomorphism of ®nezC*(G,w™) onto C*(G.,), such that 7,(®({f.})) =
> fn(e). Thus C*(G,w) is naturally embedded as an ideal in C*(G.), and restricting 7,
to this ideal gives a trace T with the required property.) Many such groups carry actions

of R leaving 7 invariant: for example, the Heisenberg group

l =z y
0 1 2z }lr,y,z€R
0 0 1 )

has G/Z(G) R2, lots of multipliers w (cf. [15, §1.4(4)]),.and lots of embeddings of R
in R? = /Z giving actions of R on C*(G,w) which leave 7 invariant. Other examples
include the affine actions of R on R™ x R™ given by ¢ - (u,v) = (u;v + tAu) for some
n X m-matrix A, for which the corresponding actions on Co(R™ x R*) =2 C*(R™ x R")

leave Lebesgue measure invariant; however, adding in a multiplier does not seem to give

anything particularly interesting, since C*(R™ x R",w) is isomorphic to K(L%(R")) if
m =n and w is totally skew, and Co(R?,K) in general [1].

- S22 - - i asa A

Again 7 will be a faithful, densely defined, lower semicontinuous trace on A which is

invariant for the action @ : R — Aut A. Suppose now that (Ta ) is an n X n sys-

i,7=1
tem of Toeplitz operators associated to the GNS-representation n, of A. The trace T on
Ind7.(A x4 R)" extends naturally to a trace 7, = T® tr on Indn,.(A X, R)' @ M, =

Mp(Ind7r(A xo R)") such that 7, ((T;;)) = ¥ 7(Tii).-

16



Theorem 4.1. Suppose (ai;)?;., is invertible in the algebra M, (A). Then the operator
(Tai;): =1 € M, (Ind 7, (A x4 R)") is Fredholm relative to 7,, and

Focind ((T,,)) = -21?7,, ((6 (i) (aiz) ™).

Proof. The matrix (Ty,;), viewed as a single operator on the space H%(R,H,)® C" =
H%*(R, H,®Cn™), is the Toeplitz operator with symbol (ai;) € Mp(A) = AQ M, associated
to the system (A ® Mo, R,a® 1d) and the representation 7, ® id of A @ M, on H, ® C™.
Since 7 ® tr is an R-invariant trace on A ® M,, we can apply our index theorem to the
triple (4 ® Mp,a ® id,7 @ tr). Unfortunately, it is not true that 7, ® id = mrgy, so
Theorem 3.1 does not immediately give information about (Ta.-,-) = T(a;;)-

The problem is that the GNS-representation m, is not the identity representation id
of Mn(C) on C", but rather id®1 actingin C*®C™: forif S = (s;;), T = (t:;) € Mn(C),

we have
tr(S*T) = tr((Z?ﬁtU) > = thkj,
i,j ik

k
and U((ti;)) = 3 tij(ei ® e;) defines a unitary transformation of (Mn, (-]-)er) onto C*®C™
which, by straightforward computation, satisfies Um,(S)U* = S ® 1. Since 7, @ my, is
equivalent to 7,gq, it follows that the map

60@(!;,‘) —* ga ® (Z tij(ei ® 6]))
iJj

induces a unitary intertwining the representation-s Trgu ald T ®id® 1 of A @ M,,. Next,
we observe that Ind (7 ® id ® 1) is naturally equivalent to (Ind 7) @ id ® 1. Putting these
equivalences together gives a unitary W which satisfies

(4.1) W(rreu) (@@ T)W* =#a)@T @1 forac A, T € M,

and which commutes with the various projections P onto H%(R, ). Thus T"’G"r is unitarily
equivalent to (Ta,;) ®1 acting in (H*(R, H,)") ® C™. Formulas (4.1) and (2 3) imply that
AdW carries (r @ tr) " into T tr® 1 = 7, ® 1. We can therefore deduce from Theorem
- 3.1 that if (a;;) is invertible in M,(A4), then (T,,;) € M.(B(H*(R, H,))) is 7,-Fredholm,
with

Ta-ind (Ty;;) = (F® tr ® 1)-ind (( Ta;) ® 1)

= (T ® tr)"-ind T(TQ)H
-1 -
= 5—7 @ tr ((§(ai;)) (aij)™").
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Remark 4.2. In case A is a non-commutative torus, this reduces to [13, Theorem 7]. To
recover (8, §32.5] for A = C(X), we need to show also that

(4.2) r @ tr ((6(aij)) (i)™ =7 (5(det(a,-_,~))(det(aij))—l) .

To see this, we note that, since A ® M, = C(X, M,,), we can use the formula

(a;)~! = (a_ét(ia,-?)'AjO :j=1 ;

where A;; is the cofactor of the (i, j)th entry in (a;;). Thus the left-hand side of (4.2) is

(4.3) Z T (Z 5(a,'j)(A,'j)\) det(a;;)! = Z T (5(a.-j)A,-J- det(a,'j)’l).

4y

On the other hand, the derivation property of § gives
6(det(a,-j)) = Zdet(alj az; --- 6(aij) --- a,,j),

where the i th summand is the determinant of the matrix (a;;) with just the ith column

differentiated. But now we can expand this determinant by the 7 th column to see that
5(det(a,-j)) = Z 5(a,-j)A,-_,-,

and the right-hand side of (4.2) is also equal to (4.3).
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APPENDICES

A. Unbounded traces on C*-algebras.

While these elementary results about traces on C*-algebras do not appear in the standard
references [16, 9], they are probably known to experts. In particular, we realise that some
can be proved using the GNS-representation associated to the trace 7, and the extension
of this trace to an ultraweakly lower semicontinuous trace on the enveloping von Neumann
algebra, but we prefer to give self-contained proofs avoiding this machinery. We do use the
following observation: if A is a C*-algebra on a Hilbert space H, z € A and z = v|z| is the
polar decomposition of z on H, then v|z|" = z|z|*~! € A for alln > 1, so that vp(|z|) € A

for any polynomial with

LV I Al W I Toeatn o

p(0) = 0, and v f(]z|) € A for any continuous function f on [0, o)

with f(0) = 0. Of course, this conclusion is independent of the choice of representation of
A on Hilbert space. In general, we follow [16] for notation and definitions.

Definition. A weight on a C*-algebra A is a function ¢ : A4 — [0, 00 such that
(2) #(Az) = A¢(z) for z € A4 and ) € [0, 0), with the convention 0 oo = 0, and
(b) é(z +y) = ¢(z) + ¢(y) for z,y € A,.
A weight 7 is called a trace if T(u*zu) = 7(z) for all z € A and all unitaries v € A. This
differs from Dixmier’s definition [9, 6.1.1], but by [16, 5.2.2] agrees if the weight is lower
semicontinuous on A;, in the sense that the set {z € A+|q5(z) < A} is norm closed in
Ay for each A € Ry. (It is easy to see that a weight ¢ is lower semicontinuous if and only
if ¢(z) < liminf ¢(z,) whenever z,, — r in A,.)

Notation. If ¢ is a weight on A, then we let Af. ={z € A+|¢(:r) < o0}, and say that ¢ is
densely defined if Ai isdensein A;. Welet A® =sp A% and note that A%isa hereditary
*-subalgebra of A with (4%®), = A% (16, 5.1.2). We let A? = {z € A|z*z € A%}, and
observe that by [16, 5.1.2], A is a left ideal of A containing A®, and (Ag’)*Ag’ = A®
Moreover, if ¢ is a trace on A, then both A% and Ag’ are ideals in A (see the discussion
preceding 5.2.2 in [16]), and A% = (A43)2.

Proposition Al. Let 7 be a trace on a C*-algebra A, and suppose either that r is lower
semicontinuous, or that A is closed under polar decomposition. Then

(a) A" ={z € A| r(|z]) < o0};

(b) I7(z)] < 7(|z]) for z € AT;

(c) |lz]l1 := 7(|z|) defines a seminorm on A".

Proof. (We suppose 7 is lower semicontinuous, since the other case is easier.) If 7(|z|) <

oo, let z = v|z| be the polar decomposition of z. Then z = (v|z|*/?)|z|*/? with both
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v|z|'/? and [z]|'/? in A — indeed, both v|z|'/? and |2]}/2 are in AI. Since 7 is a lower
2

semicontinuous trace, AJ is a *-ideal [16, 5.2.2], and
z = (v|z/?)|2|'? € (AF)(A]) = (4])*(A]) C A"

by [16, 5.1.2]. Thus {z € 4 | 7(|z]) < 0} C 4.

Before proving the other containment, we show that 7(|z]) < co implies |7(z)| < 7(|z]).
By the first paragraph, z € A" and v|z|'/2, |z|*/2 are both in the *-ideal A3. Thus from
(16, 5.1.2] we get:

(@) = Ir(ulal a2 < r(J2] 2ol (o221 2) = #(]a))?,

as required. (This is half of (b)).

We now show that if z,y € A then 7(|z + y|) < 7(|z|) + 7(Jy|); this and a trivial
induction argument will show that A™ := span A} C {z € A|7(|z]) < o}, which will
complete the proof of (a), and then also finish off parts (b) and (c). To this end, let z,y € 4
and suppose without loss of generality that r(|z]) < oo, (|y|) < 0 and ||z + yllop < 1.

Let z +y = w|z + y| be the polar decomposition of z + y. Then for each € > 0 we have
lz + y|'*¢ = |z + y|*'w*(z + y) = z(z + y), where z* = w|z + y|* € 4 and llz]lop £ 1, and

T([:r +y|'*) = |r(2z) + 7(2y)| (because zz and zy are in AT)
< |r(zz)] + Ir(2y)|
< 7(lzz|) + 7(|zy|]) (by the second paragraph)
< 7(llzlloplel) + 7(llzlloplyl)  (since |ad] < |lallopld])
< r(lzh) + r(lyh.

We now let e — 0, and the semicontinuity of r gives r(|z+y|) < 7(|z|)+7(]y]), as required.

Notation. For y € A] we define ||y||» = 7(y*y)/?%. By [16, 5.1.2], this is a pre-Hilbert

space semi-norm.

Lemma A2. Ifr is a lower semicontinuous trace on A, then ||zy||; < |lz||2]|yll2 for every
T,y € AJ.

Proof. Since zy € A7, we have 7(|zy|) < co. Without loss of generality we may suppose
that ||zyllop = 1. If 2y = w|zy| is the polar decomposition of zy, then for every € > 0 we
have |zy|'*¢ = |zy|‘w*(zy) = z(zy), where z* = w|zy|* € A and ||z|jop < 1. Thus
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T(ley['*) = [r(zzy)|
< 7(zzz*z*) 2 (yty)/? ([16,5.1.2])
= 7(z"z"z2) 7 (y*y) /2 ([16,5.2.2])
< 2zl ofPr(2*2) e (y*y) /2
< ll=ll2liyll2-

Finally, we have

lzylls = 7(lzy]) < liminf r(lzy[**¢) < [|zll2llyll2.

Lemma A3. Let T be a lower semicontinuous trace on A. If {z4} is a bounded approxi-
mate identity for A lying in AT, then {z,} is an approximate identity for (A7, || - ||1).

Proof. By [16, 5.1.3], the GNS-representation (7., H,) is nondegenerate, so {7-(zqa)}
converges strongly to 1, and ||zoc—c||; — Ofor any ¢ € A]. Thusfory = cd € (4])? = AT,
we have

2oy = ¥ll1 = l(@ac = c)dlls < l|lzac — cll2lld]|2 — 0.

Proposition A4. If 7 is a lower semicontinuous trace on the C*-algebra A, then A" is a
Banach *-algebra in the norm || - ||r = || - lop + || - |11-

Proof. Without loss of generality we can assume that 7 is densely defined. It is trivial
to verify that (A",|| - ||+) is a normed algebra. To see that the involution is isometric, let

z € A7, and z = v|z| be the polar decomposition of z. Then zz* = v|z|?v*, so that
2*] = (z2*)V? = v|z|o™ = v|z|/?|z]/ 2"
and vlz|'/2,|z|}/%v* are in AJ. By [16, 5.2.2], we have
l=*ll = r(lz*]) = r(v]2]* |z 20*) = 7(j2| *o™v]z(?) = 7(J2]) = [|z]1,

and ||z||r = ||z*||-. To see that (AT, ||-||) is complete, suppose {z,} is a Cauchy sequence.
Then it is also Cauchy in the operator norm, and hence there exists z € A such that
lzn — z]lop — 0. Moreover, ||za|ly = 7(|znl) is bounded, and the lower semicontinuity of
7 and the continuity of the square root imply that ||z||; = 7(|z|) < liminf 7(|z,|) < co.
Thus z € A™. To complete the proof we need the following lemma:
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Lemma A5. If 7 is a lower semicontinuous trace on A, then for z € AT, z(y) := 1(yz)

defines a bounded linear functional ¥ on A with ||Z|| = ||z]|;.

Proof. As A7 is an ideal in 4, 7 is certainly a linear functional on A. For y € A, we have

Z(v)] = I7(y2)| < r(lyzl) < llylir(Iz]) = llyll lI=]ls,

so that T € A* and ||Z|[ < ||z]|;. To see the other inequality, we can assume that lz]lop = 1.
As usual, we let z = vz|, so that for every € > 0, |z|*v* € A and || |z|*v*|lop = 1. Then
Z(|lz[v*) = 7(|z]v*v]z|) = 7(|z]'*¢), so that ||Z|| > 7(|z|'*¢) for every € > 0, and the
semicontinuity gives ||z||; = 7(|z|) < liminf 7(|z|**¢) < ||Z]|.

We now return to the proof that (A7, || - ||;) is complete. The given sequence {z,}
is also a Cauchy sequence in the || - ||; norm, and hence by the lemma {Z,} converges to
some w € A*. For each y € A™ we have

2(y) = Zn(¥)| = I7(y(z — z4))]
= |r((z — za)y)|
< 7(|(z - zn)yl)
< 7(ll(z = zn)lloplul)
= ||z = Zallop(ly])

— 0.

Hence Z(y) = w(y) for all y in the dense subspace A of A. Thus % = w, ||z, — z||; =
|IZ» = Z|| = ||Zn — |l = 0, and ||z, — z||» — 0. This completes the proof of Proposition
A4, '

v
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B. Fredholm theory relative to a trace on a von Neumann algebra.

Let N be a von Neumann algebra, and 7 : N — [0, 00] a faithful, normal, semifinite trace.
We aim to show that, if we use T as a dimension function, minor modifications of Breuer’s
arguments in [2, 3] give a Fredholm theory involving a real-valued index, which has the
usual algebraic and topological stability properties, and in which the role of the compact
operators is played by the ideal K generated by the projections of finite trace. When
N = B(H) and 7 is the usual trace, we recover the classical Fredholm theory; when N is
a Il .-factor, our theory coincides with Breuer’s. When N is not a factor Breuer’s index is
not real-valued; however, his is canonically associated with the von Neumann algebra N,
whereas ours depends on the choice of 7. ‘

A projection E in N will be called r-finite if 7(E) < co. Since the projections which
are Murray-von Neumann equivalent to E all have the same trace, every r-finite projection
is finite in the usual algebraic sense. An operator T € N is Fredholm relative to 7, or
7-Fredholm, if the projection N7 on ker T is r-finite and there is a 7-finite projection
E € N with the range of 1 — F contained in the range of T. Since -finite projections are
finite, every 7-Fredholm operator is Fredholm in Breuer’s sense. If T is r-Fredholm, the
T-index of T is by definition 7(Nt) — 7(N7-); we shall see below that T* must also be
T-Fredholm, so this is always a well-defined real number.

We observe that the ideal Ky can also be described as the closure of any of: the
span of the 7-finite projections in N; the span of the r-finite positive elements in N; the
algebra of elements T' € N whose range projection Ry is 7-finite. Of course, the ideal K
is contained in Breuer’s ideal K, which is generated by all the finite projections in N.

We now look in detail at how Breuer’s arguments carry over. Lemmas 1 through
8 of [2] remain true with “finite” repl.ac_ed by “r-finite”: the only tricky one is Lemma
5, where we must use the equivalence of sup(E,F) — E and F — inf(E, F) to see that
sup(E, F') is T-finite if both E and F are -finite. Lemma 9 is merely a tool in the proof
of Lemma 10, which is trivially true with “finite” replaced by “r-finite”. Lemmas 11 and
12 are not germane to our discussion; Lemma 13 involves no finite projections and so
escapes unaltered. The Corbllary to Lemma 13 remains true with “Fredholm” and “finite”
replaced by “r-Fredholm” and “r-finite”, respectively, in both the statement and its proof.
Lemma 1 of 3] trivially remains true if we assume S and T are 7-Fredholm and not merely

Fredholm. We now formally state our analogue of Theorem 1 of [2] and Theorems 1 and

20f 3. -

Theorem B1l. Let r be a faithful, normal, semifinite trace on a von Neumann algebra
N, and let Ky be the ideal in N generated by the T-finite projections.

23



(2) (The Fredholm alternative.) If T € K, then 1 — T is r-Fredholm, and
7-Ind(1-T) = 0.

(b) (Atkinson’s Theorem.) An operator T € N is 7-Fredholm if and only if T + Ky
is invertible in N/K n.
(c) If S and T are t-Fredholm, then so are S* and ST, and

7-Ind §* = —(7-Ind S), 7-Ind ST = 7-Ind S + 7-Ind T.

Proof. (a) We begin as in the proof of [2, Theorem 1), by first supposing that 7(Rr) < oo,
so that E = sup(Rr, R7-) is also 7-finite. We follow Breuer down to (4.7), where we find
that 7(Ni—1) = 7(Ny-7-). As in [2], we then drop the assumption 7(Ry) < oo, and

imatand alhaaan

instead choose Ty with Ry, 7-finite and ||T — Tp}| smell, so that § = 1 — (T — Tp) is
invertible. We then follow Breuer exactly (noting that equation (4.14) is a misprint, and
should read: Ng- Ty ~ Nl_(s-)—ng ), until equation (4.15), where we conclude that
7(N1-1) = 7(Ni-7+) in the general case T € Kn. Part (iii) of Breuer’s proof gives a
-finite projection F such that the range of 1 — T contains the range of 1 — F. Thus 1T
is 7-Fredholm and 7-Ind (1 - T) = 7(Ny—7) — 7(Ny~7.) = 0.

(b) If T is invertible modulo K, then we proceed as in the proof of |3, Theorem 1]
through equations (1.9) to (1.13), replacing Breuer’s reference to [2, Theorem 1] with part
(a) of this theorem, and making the usual change of nomenclature, to conclude that T is
T-Fredholm. The converse also follows Breuer’s argument closely, with his implicit use of
[2, Theorem 1] in equation (1.14) again replaced by part (a) of this theorem. (As usual,
this characterization implies that T is 7-Fredholm if and cgnly if T* is 7-Fredholm, and
hence that 7-Ind T = r(N7) — 7(N7.) is a well-defined real number.)

(c) The first equality is immediate. Since 7-Fredholm operators are also Fredholm
operators, we can use the proof of (3, Theorem 2] without change down to equation (2.7).
At this point we observe that each of the finite projections is, in fact, -finite, so that an

application of the trace 7 yields
T(NS) -_ T(NST _ NT) = T(.[VT-) -_— T(N(ST)' —_ ,[VS-),
which implies the second equality of part (c).

Corollary B2. The set F,(N) of r-Fredholm operators is open in the norm topology of
N, and the index map T ~ 7-Ind T is locally constant on F(N).

Proof. Any T € GL(N) is trivially r-Fredholm with 7-IndT = 0. Thusif S € Fr(N)and
T € GL(N) C F;(N), then ST € F,(N) and

7-Ind ST = 7-Ind S + 7-Ind T = 7-Ind S.
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Thus 7-Ind is constant on the open neighbourhood 5 - GL(N) of S.

Remark. If 7 is a normal trace on N which is not necessarily faithful or semifinite, then
N decomposes as a direct sum N = Ny & N1 @ N, where 7 is identically 0 on (No)y, T
1s identically +o0 on (N )4, and 7 is faithful and semifinite on (N1)4+. Thus, with some
minor modifications to the definitions, one can get a r-Fredholm theory for any normal
trace T.
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