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NILPOTENCY AND GENERALIZED LIE IDEALS

W.S. MARTINDALE, 3RD AND C. ROBERT MIERS!

0. INTRODUCTION

The motivation for this paper arises from two desires. The first is to generalize in a
natural way the notion of a Lie inner ideal of an associative ring originally studied by
Benkart [1]. We recall that a Lie inner ideal of a ring R is an additive subgroup V such
that [V,[V,R]] C V. The second is to find a Lie-type notion that will include not only Lie
ideals but will also include in an appropriate sense nilpotent associative subrings (since
these sometimes arise in a Lie setting, e.g., strictly triangular matrices.)

The appropriate concept we are looking for appears to be that of a generalized Lie

ideal which we proceed to define after making a few remarks concerning notation. Let V
and W be subsets of a ring R. We define V(m)( W) inductively as follows:
V(l)(W) = [V, W], V(m+1)(W) = [V, V(m)(W)] The notation V™ will mean

V(m*l)( V). V™ will have its usual associative meaning.

DEFINITION. An additive subgroup V ofa ring R is a generalized Lie ideal (GLI) of
index <n if V(”)(R)g V.

Our main goal is to characterize generalized Lie ideals in a prime ring. The proof of
this requires us to pass from a prime ring to its central closure, and so at this point we will

fix some notation. Let R be a prime ring. Then Z will denote the center of E, C will
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denote the extended centroid of R, and A = RC+ C will denote the central closure of

R. We fulfill our main goal in §3 by proving

THEOREM 3. If R is a prime ring of char. 0 and V is a GLI of index < n, then either

(a) VCZ, or(b) [JLR]CV for some nonzero ideal J of R, or (¢) VC 0+ S where SCA
and §3" 73 = 0.

The proof of Theorem 3 requires Theorem 1 and Theorem 2, both of which are of

independent interest, and these are taken up in §§ 1 and 2, respectively.

THEOREM 1. If R is a prime ring of char. 0 and V is a nonempty subset satisfying

V(n)(li):() then VCC+8, where SC4 and §" =0, m = [n+1/2].

Before stating Theorem 2 we need to establish some notation concerning derivations.
Let D be a nonempty collection of derivations of R. Then A = (51 52- . 'ﬁk’ (52. € D, will
denote a typical product of k£ derivations from D and we let |A| =k These mappings

will be written on the right in the form of superscripts.

THEOREM 2. Let R be a prime ring, let n > 0 be fized, let D be a nonempty set of
derivations of R, and suppose [xA,yQ]: 0 forall z,y€e R andall A.Q such that |A| > n
and |Q| > n. Then either R is commutative or 2 =0 forall € R and all T for which

IT'| >3n — 1.

The paper is largely self—contained, but we do assume the reader is familiar with the
notion of extended centroid. We do cite in §1 a result of ours [4] on derivations, and in §3

a result of Herstein [2] on Lie structure.



1. LIE NILPOTENCY

For a nonempty subset ¥ of a ring B we define V(]”)(Ii) inductively by
V(l)(ﬂ) = [V,R], V(k+1)(1{) = [V, pk )(Il)] We assume throughout this section that R is

prime with extended centroid ¢ and central closure 4 = RC' + (. Our aim is to prove

THEOREM 1. Let R be a prime ring of char 0 and let V be a nonempty subset of R
satisfying
*) A =0

for a fized positive integer n. Then VC C+ S, where S is a subset of 4 such that
SM=0, m=[n+1/2).

Before beginning the proof proper we will make some preparatory remarks. Without
loss of generality we may assume that # = 2m is even. It is immediately clear that (*) is
equivalent to

) KD@Ry=0 forall ¢>n

In particular (ad v)" = 0 for all v € V, and so by ([4], Corollary 1(b), p. 182)
(=\)"=0, veV, A =A(v) e (. Weremark that )} is uniquely determined by v since
v—A, v—p both nilpotent, A€ ¢, implies that (v—A)— (v—u) = g — A is nilpotent,
which forces = ). Weset S={a€d|a=v-) a" =0, veF}. Wenote that S

also satisfies

and in addition to this that a” =0 forall a € S Letting T, and z_ denote the left and

right multiplications of £ respectively determined by the element z of £ we may spell



(*) out in more detail.

(*) (31€~51T)(52£—82T) T (ng‘sqr) =0

forall s. €5 Weexpand (*) to achieve an even more detailed version.

} h
* —_— .00 LI ) - .
( ) ( 1) 52-1652-26 SZ- g Sjl 5‘7‘2 S]-h 0, SZ € S

where
z'1<z'2<---<z'g, j1<j2<-~<jh, g+ h=gq

{Zla72g7 ]17 ' )]h} = {1327' ' 'aQ}
i) Gy o) = 0

(Although superficially cumbersome this is easily shown by induction on ¢).

By use of the isomorphism 4 A pde 4°, (*) can be translated to
4

h

* —_ . s o« 0. feowd

(*) Z( 1) $1.54y Sz'g®8j1.5jg. .th 0

where e y = yz, 7,y € 4, is the multiplication in the opposite algebra 4°. Tt is

understood that if, e.g., & =0 then the corresponding summand in (*) is SS9 1 8, ® 1.
Now choose and fix Gyylg," 50, € S. We will find it useful to partition ¢ into

2m-1 sumands

g=0,+t0, 1+t Fogto Ty FTgF T



Of course many of these summands may well be 0. This will dictate the type of

substitutions we will make in (*) for s;,s5," - nS,

dm’am,ooo’am; am_l). --,am_l; olu; az,. . -’az; al’-- c,al; 02’---,a2; .--; (lm7---,am
N ~ / . ~ J/ \ /N A N e’
Om On-1 ) 01 T2 Tm

With the above substitution (*) becomes
N T ap By B, v, 7 7

* N m_~m=l_ "1 72 Fm m ml_ 1

) Z (1) €t “m-1 4 4 S ®dp ®ly ®

where

b=, + byt 6

€, = Om| |Om-1|
k™ lap| |ap

m

o) R

The important thing for us is that the e k's are always nonzero, since char £ = 0.

It is natural to focus attention on [NQ'"_ !

, the set of all (2m-1)-sequences with

components in N = {0,1,2,---}. The connection with the summands of (*) is given as

follows. For z = (am,a SENOT ﬂ2, N ﬂm) e N™ 1 we define

m-1

o a, g
—_m_m1 71 "2 U
T=a, a. 4 a4 a,

T = aamo aam—1 ® ® aal e aﬂ ° e aﬁm
m m—1 1 2



2m-1

For an element z of N (as detailed above) we also make the following definitions

f(.’ﬂ):am_i_...+a2+01+ﬂ2+...+ﬂm

Kl(z) =

ﬁz(’v):az+ﬂz 7;:2737"'7”7

lzz.(z‘) = max{crz-,ﬂz.} i =23,-,m.

1

We then define a partial ordering on N1 in the following way. For any two elements

2m-1

z,y €N we compute £, £, L, -+, L . ho, -+, h_ (in that order). At the first place
1772 m "2 m

where they disagree (if at all) (e.g., ¢ 5(:5) # /! 5(y)) we can then say accordingly whether
z>y or z<y (eg.,if €5(.1:) > 65(3/) then z>y). If £, ¢, -+, h allagrecon z
and y then 7 and y are not comparable. In this case we just say z~y (z is
equivalent to y). For example, if m =3, we have (11,2,3,4,1) < (4,7,3,1,6) whereas

(1,4,2,5,9) ~ (9,5,2,4,1).

Proof of Theorem 1. Our aim is to show that aay -+ a =0 for a, € 5. We
suppose this is not always the case, i.e., there is some product v = iy -*" 0, # 0 where
v = (0,0,---,0,1,1,--+,1) € e (m1 0's and m 1's). On the other hand there exists
2m—1

teN , eg. t=(mm---,m), forwhich =0 and z=0 forall z> {. Therefore we

choose z = (am, s g, g, Boy e, ﬂm) maximal with respect to the condition that
z+0 or z+#0. Without loss of generality z # 0, since if z# 0 by setting

2y = (ﬂm, s ﬂQ, @y, by, am) we have 75 = z +0, with 2~ % We do know (from
the element v above) that £(2) > m.

We now set



Vo= {yeW ™ e () =0.(2), i=12 ).

Writing y = (em, ety €9y €15 Py T pm) € ¥, wenote that ¢; = a;. We remark also
that £(y) = {(z) forall ye ;. Our aim is to show that for all y € J; we have § = 0.
We assume this is not the case and proceed to choose a particular y € Y1 for which § #0

according to the following process:

1. Suppose hl(z) =t (i.e., a2 52). Among all y € ¥, such that j#0 let ¥y
consist of all those for which €, is maximal. Suppose ho(2) = By (i€, fo> tg).
Among all y € Yl such that §#0 let Y2 be all those for which po 18 maximal.

2. If h3(z) = 0g (i.e. a32ﬂ3) let Y beall those y in for which e, is
maximal. If h3(z) :ﬂ3 (i.e., ﬂ3 > 013) let Y beall those y in ¥, for which pg is
maximal.

3. It is now clear how this process works and we thereby choose nonempty sets
¥ 2 YZQ Y3Q cee D Ym. Thus in Ym we choose y = (em, ey €, €9, gy Tt pm) with
€; or p, chosen maximally at each step. In view of e, +p,= Ei(y) = Ez-(z) =a,+ ﬂz-

?

it is clear that the y we have chosen in Ym is in fact unique.

In (*) we now make the substitution

w:(am+€m,"’702+62,01+61,ﬂ2+p2- "'7ﬂm+pm)-

This is an allowable substitution since {(w) = 2{(z) > 2m =n. We proceed to examine

which summands are nonzero.

Clearly z® 7 #0. Let T® & be any other nonzero summand appearing in (*), where

wewrite 2= (7, -+, 74,00, -+, 0 ) and w=1(A ) -+, Ay, fin, -+, 1t ). Clearly
m 17 72 m m 1772 m

t+u=w=z+y Thus l(z)+ ((v) = l(w) = {(2) + ((y) = 2{(z). If either



()
{(z)

> {(2) or £(u) > £(2) then z > 2, whence Z=0 or &= 0. It follows that
= {(u) = {(2).

Next we claim that for all ¢, £.(z) = £ (u) = £, (2). Ifnotlet i be the first
subscript for which this fails. We note first that ¢ Z(z) < Kz.(z). (Otherwise /¢ Z.(:v) > £.(2)
implies z > 2z and so Z =0.) Similarly Kz.(u) < ﬁz(z) (otherwise u > 2 andso @ = 0).
On the other hand we have €.(z) + £.(v) = (7,+6,) + (A, 4p;) = (7,44 ,) + (6,+p;) =
(a;+e,) + (B,+p;) = (e, +8,) + (e,+p;) = 2(e,+8,) = 2{ (2). It follows that
Ei(z) = Ez.(u) = Zz.(z), a contradiction to our present assumption.

We are now ready to embark on showing that z =2z and u = y.

Let us first suppose h2(z) =ty = fly. If 75 > a, then ho(z) > ho(2) and so
> 2, whence z=0. If Vg < Oy then from To T /\2 =y + €, We have ,\2 > €5
Since u € Y1 we then have % = 0 by the maximality of €y- Therefore in this case
Y9 = Oy (and hence /\2 = €9, 62 = ﬂ2, fo = /)2).

Let us next suppose that ho(z) = fy. If 6o > fy then ho(z) > hy(z) andso z> 2
whence z=0. If d, <f, thenfrom &y + py = f5 + po wehave p, > p,y. Since
w€ ¥, wehave @ =0 by the maximality of py. Thsu 52 = ﬂ2 (and hence ftey = Doy,

Yo = by, Ao = €5).

So far we have z = (- -, g, 4y, Py, o) and w= (-, €9, €1, P9y )

We spell out the details of the process for the next step. Suppose /1,3(2) = ag. If
73 > @3 then h3(:v) > hs(z) and so ¢ > 2z, whence T=0. If 75 <ag then from
73+ ,\3 =g+ €5 we have /\3 > €. Since u € Y2 we have the contradiction & =0 by
the maximality of €3- Therefore 73 = 03 (and hence A3 = €3, 63 = ﬂ3, fig = p3).
Suppose hg(z) = fig. 1f 83> fi; then hg(z) > hs(z) andso z > 2z, whence z =0. If
63 < ﬂ3 then from 63 + gy = ﬂg + pg wehave pig > pg. Since u € J, we have the
contradiction % = 0 by the maximality of p3- Thus 53 = 53 (and hence ftg = Pg,

g = 03, /\3 = 63).

At this point we have



r= ( T 033027013ﬂ2’ﬂ37 vt )

and

b= ( " 637627617p2’p3v ot )

By continuing the process it is clear that we areled to ¢ = 2z and « =y, and
therefore the only nonzero summand appearing in (*) is just z® § itself. Thus (*) reduces
to € 2® § =0, where € is an appropriate nonzero scalar in view of char £ =0, and we
are left with an evident contradiction. Thus we have accomplished our aforementioned aim
of showing that § =0 forall ye . In particular 2y = (ﬂm,- e ﬂz, ONCERS am),
which lies in ¥ since £.(zy) =f, + a, = {(z), is such that z;=0. But z;=72#0
which gives us our final contradiction, and we are forced to conclude that Qg =+ 0, = 0

for all a, € S. From the very definition of § we then have VC '+ § and the proof of

the theorem is now complete. g

A careful examination of the proof shows that ¢ < m(2m—1) and accordingly, in view
of the expressions for the coefficients ¢ in (*), the theorem also holds for

char B > m(2m-1).
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2. COMMUTING PRODUCTS OF DERIVATIONS

Let £ be any ring and let Der R be the set of all derivations of £. We let

A= 5152"'672 denote the product of ¢ 52,---,6nEDer1€ and let |A| =n. For z,y€R

1’
we have the Leibnitz Formula

where

{],1’]-27. . .’jz" kl,k2,~ o kn~z‘} ={1,2,-+-,n}

It is understood that A, (product of no derivations) is just the identity map, i.e., Ao

=T
We omit the proof but suggest that if the reader verifies the details for » = 1,2,3 he will
readily see why this formula holds.

We now let ) be a given nonempty subset of Der £, we fix a positive integer » and
we let ¥ denote the associative subring of R generated by all elements of the form .TA,

A= (5152 6m’ |A| > n, where z varies over £ and 51,62,- . -,5,” vary in . We first

prove a lemma of a technical nature.

Q

n—2{ A
&z Y

2n+0-1

Lemma A. For [ =1,2,-+-,n € ¥ where z,y € R and Qn-é and

A‘>n+€—1 are products of elements of D oflengths n — { and 2n + { — 1 respectively.
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Proof. The proof is by induction on £. For |A| = we write the Leibnitz formula

(*) as

|Ai| >0
: i) T . 3 B ,
Replacing z by z= and y by y in (*), where |®| =n—1 and |T'| = n, we obtain

@AZ. FAn—z’
+ ) T if .
|A1|>0

A
() @ =y

It follows that ¢% yFA €W, |®| =n-1, |TA| =(22+1) -1 and so the lemma has been

proved for ¢ = 1.
We now replace z by 2 and y by yP in (*), where |®| =n—-{ and

IT| =n+ £ -1, and obtain

() (<I>I‘)A__ o TA

Ty =z ¥y +
oA, TA,
Yy o« ty T (a)
O<i</t
oA, TA
z T y (b)
>/

Each summand in (a) lies in ¥ by the induction hypothesis since |<I>AZ.| =n—-0+1=
n—({-3) and |TA _[=n+L-14+n-1i=2n+ ((<)-1 and 0 < (-3¢ < (. Each

summand of (b) liesin ¥ since
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I‘I’AiI:n—€+i2n and |FAn_z‘|:”+'€_1+ﬂ—iZn
It follows that 2 g/me ¥ which, in viewof |®|=2-(¢ and |[PA| =2+ {-1+1n=

2n + £ — 1, completes the proof of the lemma. g

It is now an easy matter to prove the main result of this section (which we may remark

is a generalization of [4], Theorem 3).

THEOREM 2. Let R be a prime ring, let n >0 be fized, let D be a nonempty subset of
Der R, and suppose [xA,yQ]: 0 forall z,yc R and all A, Q such that |A| > n and
|Q| > n. Then either R is commutative or 2 =0 forall xe€R and all T for which
IT'| >3n — 1.

Proof. Letting ¥ denote the subring generated by all xA

, TER, |A] =n, wesee
from our hypothesis that ¥ is a commutative subring of R. Setting { = n in Lemma A
we have R yQ CH forall yeR and |Q] =3n—-1. If yQ #0 for some y € B and some
|| =3n—1 then & yQ is a commutative left ideal of £. This forces £ to be

commutative, and the proof is now complete. g
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3. GENERALIZED LIE IDEALS

Welet R be a ring and recall that a generalized Lie ideal of index < n is an additive

subgroup ¥ of R such that V(n)(ﬁ) CV. For n =1 we simply have the notion of an
ordinary Lie ideal and for n = 2 we see that V is a Lie inner ideal in the sense of Benkart
[1].

Following Benkart, for any additive subgroup V of R we define

(N ={tek|[V[th]CT}

LemMA B. 7(V) is (a) an associative subring and (b) a Lie inner ideal of R.

Proof. For tue T, reR, veV wehave [v,[tu,r]] = [v,[t,ur]] + [v,[u,rt]] €V

which establishes (a). To prove (b), for t,u€ T, z,r € R, ve ¥, we commute v with the

equation
(2w r]],2] = [[4,2][ur]] + [2,[[w,7],2]]
to obtain
(v, [42]),[n,r]] + [[252 o, [wr]]] + [0 [t [[w ]l € V. m
If ry,ry, -+, rp € & the notation [rl,rg, e, rk] will designate any one of the

various k—fold Lie products of 1o Top = T An obvious induction combined with the

Jacobi identity yields the following result.

Lemma C. For Uplgy "5 Upy T € R

o095 s gl = Y # oy [y wgrl) -
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where Wy g, * 5 Wy, is a suitable permutation of V1V %5 Vg
In particular [[V,V,B] CV if V is a Lie inner ideal of R and pn-1) CI(V) if Visa
GLI ofindex < n.

For completeness we now reprove a result of Benkart.

LemMA D. ([1], Theorem 3.7). Let R be a prime ring of char # 2 and lel P be both a

subring and a Lie inner ideal of R. Then either P contains a nonzero ideal of R or

[7,7] = 0.

Proof. Welet z€[P,P], ye P, and re€R. From [z,yr] = [z,y]r + y[z,r] we see
that [z,y]R C P. Using this fact we conclude next from expanding [[TO,[fv,y] 7“1] [2,9] 7“2] €P,
rg:T:T € K, that rolzy] r,[,y]rg € P. In other words for all r, € R we have
I'=Rlz,y]r [z,y]k C P. If for some ry, I#0 weare finished, and so we may now assume
[z,9]R[z,y] = 0 whence [z,5] =0 for all z € [P,P] and y € P. In particular for
y = [z,7] € P we see that [z[z,r]] =0 for all z € [P,P] and 7€ R. It is then well known
that z € Z, the center of R, thus we now have [P,P] C Z. Now suppose = = [z,0] # 0 for
some u,v € P. Then ulu,v] = [z,uv] € Z (since wv € P) which forces the contradiction

that « € 7. B

We come now to the main result of this section. For a prime ring £ we remind the
reader that 7 denotes the center, (' denotes the extended centroid and 4 = R(' + (

denotes the central closure.

THEOREM 3. Let B be a prime ring of char. 0 and let V be a generalized Lie ideal of
inder < n. Then one of the following must occur:

(a) VCZ
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(b) [JB]CV for some nonzero ideal J of R.
(¢) VCC+ S, where § isa subset of 4 such that 5'37&"3 = 0.

Proof. We form T = T(V) which by Lemma B is a subring and a Lie inner ideal. By
Lemma D we know that either (i) T contains a nonzero ideal I of R or (ii) [I,1] = 0.

In case (i) we have [V,I] C V where U= [IR] is a Lie ideal of R. By ([2], Theorem
5), either [V,0] =0 or [J,R] C V for some nonzero ideal J of R. This latter possibility is
just conclusion (b) of the theorem. If [V,0] =0 then in particular [v,[v,I]] = 0 for all
v € V. In this case it is well known that ¥ C Z which is just conclusion (a).

In case (ii) we see from Lemma C that V(n—1> C T and hence [V(n—l), V”Zl] =0. We
let D be the set of all derivations of the form ad v, v € V, and welet A and T be
arbitrary products of elements of J such that |A| = |T'| = 2n —2. Using the fact that
V(n)(li) C V we see that e D) ang yF e K1) for anl z,y € B. Therefore we have
[mA,yP] =0 for all z,y € B and so by Theorem 2 we conclude that V(6”“7)(1£) = 0. By

Theorem 1 we then have ¥V C ¢ + 5, where S is a subset of 4 such that .53”_3 = 0. This

is just conclusion (c¢) and our proof is complete. g

Our remark at the end of §1 indicating that Theorem 1 holds for suitably high
characteristic carries the obvious implication that Theorem 3 also holds for char. £
greater than a suitable function of » which can readily be determined.

Another remark we can make at this point is that without loss of generality the subset
S appearing in conclusion (c) of Theorem 3 may be assumed to be a nilpotent subring of
index <3n-3.

We close this paper with several corollaries.
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COROLLARY 3a. If R is simple of char. 0 and V is a GLI of index < n then one of

the following holds:
(a) VCZ
() [RAICY

(¢) VCC+ S, where C is the centroid of R and S is a nilpotent subring of R +

of inder < 3n—3.

CoROLLARY 3b. If R = Mn(F), F a field of char. 0, and if V isa GLI of R, then
either

(i) [RRCYV, or

(11) there is an invertible matriz T such that 7 Lyr C F1 + N, where N is a strictly

upper triangular subring.

Proof. If (c) of Corollary 3a occurs then by a well known theorem of Levitzki [3] the
subring § is strictly upper triangularizable. Conclusion (a) of Corollary 3a is also

included under (ii).

COROLLARY 3c. If R is a division 7ing of char. 0 and V isa GLI of R, then either

[RR)CV or VC2Z.
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