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ABSTRACT

The construction of Butler, Emerson, and Schultz [2] produced a certain spectral
triple, which they called the Heisenberg cycle, by way of the quantum mechanical anni-
hilation and creation operators, % + x, along with their relationships to the harmonic
oscillator, —% + x?; Where all of these operators are defined (initially) to act on
smooth functions over R. In particular, their Heisenberg cycle was over a crossed-
product generated by the natural translation action on the (commutative) C*-algebra
of uniformly continuous, bounded, functions on R.

In this thesis, we generalize the Heisenberg cycle of Butler, Emerson, and Schultz to
allow for the construction of a spectral triple over a crossed-product generated by the
natural translation action on the C*-algebra of uniformly continuous, bounded, func-
tions on a Euclidean space, V', of arbitrary finite dimension n. For such a generalization,
the annihilation and creation operators are replaced using the exterior derivative and
codifferential, exterior and interior multiplication by a certain differential 1-form, and
the relationship these four operators have to the n-dimensional harmonic oscillator act-
ing on differential forms. Similarly to [2], we will show that our generalized Heisenberg
cycle provides a new way of producing spectral triples over crossed-products of the
form C'(M) x, ', where I is a discrete subgroup of V and a: V' x M — M is a smooth
V-action on a compact manifold M.

In Chapter [1} we introduce the problem and briefly discuss some historical back-
ground behind Alain Connes program of noncommutative geometry, as well as touch
on some elementary constructions in multi-linear algebra. Chapter [2|is where we define
the classes of differential forms which appear most frequently in this thesis. Therein,
we also rigorously define the operators mentioned in the paragraph above, and use
them to produce the so-called Dirac-Heisenberg which will be associated to our gen-
eralization of the Heisenberg cycle. For the first half of Chapter [3, we discuss some
basic C*-algebra theory and introduce the crossed-product native to the Heisenberg
cycle. In the latter half of that chapter, we verify that our Heisenberg cycle satisfies
the conditions of a spectral triple, compute an integral formula for the resulting (-
functions, and show how one uses the Heisenberg cycle to produce spectral triples over

crossed-products generated by smooth actions of V' on compact manifolds.
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Chapter 1
Introduction and Preliminaries

1.1 Introduction

The connections and correspondences between geometric spaces and commutative alge-
bras is a well-studied phenomena in mathematics, and a focal point for branches such
as algebraic and differential geometry. For instance, the Gelfand-Naimark theorem
implies that the category of locally compact Hausdorff spaces is dual to the category
of commutative C*-algebras. It is therefore reasonable to say that, in some sense,
the topology of locally compact Hausdorff spaces is commutative. Such a philosophi-
cal stance allows one to view noncommutative C*-algebras as a representative for more
generalized notion of space, and has birthed the mathematical field of noncommutative
topology.

Field Medalist Alain Connes program for noncommutative geometry, initiated in
the 1980’s, rests on the aforementioned idea and seeks to extend classical tools such as
measure theory, differential calculus, and Riemannian geometry to the noncommuta-
tive situation. Such extensions require algebraic reformulations of the aforementioned
tools but, in general, this can be notoriously difficult. On one hand, new interesting
phenomena arise in the noncommutative case, such as the existence of canonical time
evolutions for noncommutative measure spaces. On the other, constraints arising from
development of these theories to the noncommutative case lead to new points of view
and tools, even in the commutative case, such as cyclic cohomology and quantized
differential calculus, which, unlike the theory of distributions, realizes products and
gives meaning to expressions like [ f(Z)|dZ|P where Z is not differential and p is not
necessarily an integer (Connes [3, Chapter I, V]).

Of particular importance to this thesis is Connes noncommutative extension of Rie-
mannian geometry, encoded through what are called spectral triples, which pertain to
exclusively operator theoretic information. The following is Connes original definition,
and were called K -cycles as opposed to spectral triples.



Definition 1.1 (Connes [3]). A K-cycle over a unital *-algebra A is a triple,
(57)7 7T7 D)7

where §) is a Hilbert space, 7 is a *-algebra representation of A on $) by bounded
operators, and D is an unbounded self-adjoint operator with compact resolvent, such
that the commutator [D, 7(a)] is bounded for any a in A. A K-cycle (9,7, D) is called
(n, 00)-summable if the eigenvalues juy, of |D| are of the order of kv as k — oc.

The motivating (commutative) example behind Connes K-cycles is that associated
to an n-dimensional compact Riemannian spin manifold M: One constructs an n-
dimensional spectral triple over the von Neumann algebra A of bounded measurable
functions on M by taking § := L*(M;S) to be the Hilbert space of L?-spinors over
M, D to be the associated Dirac operator (cf. Gilkey [7]), and 7 : A — B($) the
representation of 4 by multiplication operators. While independently one is not able to
glean very much information from the data (£, 7) or D, the cumulative triple (), 7, D)
just described encodes enough information to reconstruct the metric space (M, d), with
d the geodesic distance, the volume measure dv on M, the space of gauge potentials,
and the Yang-Mills action functional [3, Section 6.1]. Most importantly, the metric is
determined by the formula,

d(p,q) = sup {\a(p) —a(q)| : ae A|[D,a]llse < 1} for all p,q e M,

where ||[D, m(a)]||s) is the operator norm of the bounded commutator [D, 7(a)], while
a formula for integration is given by,

/ fdv=c(n)Tr,(f|D|™) forall fe A, (1.1)
M

where ¢(n) is a constant depending only on the dimension n := dim(M), and Tr, is
the Dixmier trace [3, Chapter 4.2].

A more modern definition of spectral triples, and the one which we take, is found
in Emerson [5]; Such a definition requires suitable hypotheses on the operator D and
the x-algebra A which then give rise to a noncommutative analogue of integration on
manifolds using the residue trace. In what follows, we fix the standard branch of \™*
defined for a complex number s with Re(s) > 0. If D is an unbounded self-adjoint
invertible operator with discrete spectrum and finite spectral multiplicities, then we
may apply A~° to |D| using functional calculus. If the unbounded self-adjoint operator
D is not invertible, then we let |D|~* denote the functional calculus application of A~*
to the operator |D| + prer(p), Where prer(p) is the orthogonal projection onto the kernel
of D. For the remainder of this thesis, when we say spectral triple, we will mean of the
kind given below.



Definition 1.2 ([5]). Let A be a unital C*-algebra, and A> C A a dense *-subalgebra.
For n > 1, an n-dimensional even spectral triple over A>* C A is a triple

(’67 ﬂ-? ‘D)

consisting of a Z/2-graded Hilbert space ), a representation m : A — B($)) by even
operators, and an unbounded self-adjoint operator D, which is odd with respect to the
grading and has domain invariant under 7(.A*), such that [7(a), D] is bounded for all
a in A% and furthermore,

p
2

a) (1+ D?*)~72 is trace-class for all p > n.

b) The analytic (-function,
s Tr (m(a)|D|™®), Re(s) >n,
extends to a meromorphic function on C for each a in A>.

An odd spectral triple is defined the same way, except one drops the assumptions of a
Z/2-grading. Further, pre-spectral triple is one for which condition b) above is dropped.

Remark 1.3. Definition[I.2]is similar to the original definition of Connes’, given in Def-
inition [1.1] with the differences being specification of a C*-algebra containing a dense *-
subalgebra, as well as conditions a) and b). However, the notion of (n, 0o)-summability
used in Definition is slightly stronger than condition a), with (n, co0)-summability
often holding in practice when constructing spectral triples; In the literature, condi-
tion a) is called finite summability, while condition b) is the meromorphic continuation

property.

The meromorphic continuation property above implies that spectral triples endow
the C*-algebra which they are over with a certain trace, called the residue trace. This
approach to constructing a trace is alternative to the Dixmier trace method originally
used by Connes. For a proof of the following theorem, see [5, Theorem 9.6.11].

Theorem 1.4. If (9,7, D) is an n-dimensional spectral triple over A* C A, then
Res Tr(a) := Res,—, Tr (7(a)|D| )

is a positive trace on A*, called the residue trace. In particular, ResTr extends to a
(positive) trace on A.

In the classical situation, with M an n-dimensional Riemannian spin®-manifold,
Equation (1.1) shows that the Dixmier trace method, originally used by Connes in
conjunction with his K-cycles, produces a functional on the commutative x-algebra of



bounded measurable functions over M which encodes important geometric information;
Namely the volume measure associated to M. One should anticipate then that not only
does this classical situation fit into the framework of spectral triples, as defined above,
but also that the alternative residue-trace method of Theorem [1.4] produces a linear
functional which again encodes the volume measure of M.

Indeed, the residue trace does, in the classical situation, encode the volume measure:
If M is an n-dimensional compact Riemannian spin®-manifold, and Dg a twisted Dirac
operator on M i.e. a twist of the Dirac operator by a vector bundle £ — M acting as
an odd unbounded self-adjoint operator on the Z/2-graded Hilbert space L*(M;S® F)
(cf. [5, Definition 8.6.1]), then an n-dimensional even spectral triple is given by,

(L2<M,S® E)77T7 DE) )

where 7 : C(M) — B(L?*(M; S®FE)) is the *-representation by multiplication operators.
Moreover, the following result, originally based on a theorem of Weyl, shows that this
triple admits meromorphic extension and the resulting residue-trace of Theorem
encodes the volume measure. For a proof, see Roe [15].

Theorem 1.5 (Weyl). Let M be an n-dimensional compact Riemannian spin®-manifold,
and Dg a twisted Dirac operator. If f is in C*°(M), then the analytic function,

Tr (f|ID]™*), Re(s) > n,

extends meromorphically to C, has a simple pole at s =n, and
Res Tr(f) := Ress—, Tr(f|D|™*) = ¢/(n) / fdv,
M

where dv is the volume measure on M, and /(n) is a constant depending only on the
dimension n.

Justification that the meromorphic extension property holds in this classical context
of a Riemannian spin®-manifold M relies on asymptotic expansions of the heat kernel,
a kernel for the integral operator e **, where A = Dg? and Dy is a twisted Dirac
operator. Weyl’s result points to the philosophical idea that a spectral triple over
A> C A, may endow, in a sense, the corresponding ‘noncommutative space’ with an
analogue of Riemannian geometric structure.

From a dynamical systems perspective, a rich family of noncommutative C*-algebras,
and therefore a relevant family of ‘noncommutative spaces’ one may wish to endow with
the structure of a spectral triple, is that of crossed-products. For instance, if we are
interested in the set of all orbits of points in T under the Z-action of rotation by an
irrational angle A, then the natural parametrization of this set, given by the quotient
T/Z has trivial topology, and the commutative C*-algebra C(T/hZ) is isomorphic to

4



C. On the other hand, the well-known C*-algebra crossed-product A; := C(T) % Z,
called the irrational rotation algebra, encodes a vast amount of information regarding
arithmetic properties of the irrational number A and dynamics of the associated rota-
tion action; Therefore serving, in a certain sense, as a noncommutative substitute for
the C*-algebra C(T/hZ) = C. For general reference on crossed-product C*-algebras,
see Williams [21] or [5].

In the preprint of Butler, Emerson, and Schulz ([2]), a 2-dimensional even pre-
spectral triple, called the Heisenberg cycle, was constructed and analysed. Specifically,
their Heisenberg cycle is over a certain dense kx-subalgebra of the C*-algebra crossed-
product C,(R) x R, with C,,(R) the C*-algebra of uniformly continuous and bounded
functions on R, and R, the set of real numbers equipped discrete topology and acting
by the natural translation action on C,(R).

Proposition 1.6 ([2]). Let C:°(R)[Ry] denote the twisted group *-algebra generated
by the translation action of Ry on the x-algebra C°(R) of smooth functions in C,(R)
having bounded derivatives of all orders. Then the triple,

9 9 - 0 x—%
(L (R)@L(R),W@W,D—(m_{_% >>

is a 2-dimensional even pre-spectral triple over C°(R)[Ry] € Cu(R) x Ry, where
71 Cu(R) x Ry — B(L*(R)) is the x-representation on L*(R) induced from covari-
ant pair given by representing C,,(R) by multiplication operators, and Ry by (unitary)
translations.

The reader familiar with the spectral triples and noncommutative geometry may
immediately ask whether or not the associated even Fredholm module [D] determined
by the Heisenberg cycle, obtained by applying the normalizing function y(z) = z(1 +
xQ)’% to the self-adjoint operator D via functional calculus, is nontrivial in the (even)
K-homology group KKq(C, (V) x V;, C). The answer is affirmative, following from by
the fact that, as an element of KKq(C, (V) x Vg, C), the class [D] has index +1. For a
reference on analytic K-homology, we refer the reader to [5].

Note that the self-adjoint operator associated to the Heisenberg cycle above makes
use of the annihilation and creation operators of quantum mechanics = + %, which are
closely related to the harmonic oscillator,

d2
H:=——— +1%
dz?
acting as an unbounded operator on L?*(R). The spectrum of H is well-studied; It is
a diagonalizable, positive, unbounded operator, with each eigenvalue having multiplic-
ity 1. Standard arguments show that H therefore admits a unique extension to an



unbounded self-adjoint operator on L?(V). A heat kernel for the harmonic, i.e. an
integral kernel for the compact operator e *# : L2(V) — L?(V), was constructed by
Mehler [13], and is key in analysing the (-functions coming from Proposition .

Notoriety of the Heisenberg cycle lies in the numerous interesting C*-subalgebras
contained within C,(R) x R, and the natural pull-back operation for spectral triples:
Given a C*-algebra A containing a dense x-subalgebra A> C A, any *-homomorphism
A — Cy(R) x R, which takes A* into C2°(R)[R,] induces a 2-dimensional even pre-
spectral triple over A C A.

Stating the obvious, examples of such x-homomorphism are given by the natural
maps C,(R) x I' — C,(R) x R, induced by the identity C,(R) — C,(R) and the
inclusion I' — Ry, where I' is any discrete subgroup of R. More interesting are pull-
backs determined by the data of a smooth flow on compact a manifold, a distinguished
point of the manifold, and a discrete subgroup of R,.

Proposition 1.7 (Lemma 2.3 [2]). Let M be a compact manifold, {c:}ier a smooth
flow on M, and T' a discrete subgroup of R. For fized p in M and any continuous
function f, the map,

fp i R—C:t— f(au(v)),

is is in Cy(R). The induced *-homomorphism,
C(M) — Cu(R) : f— fp,

together with the inclusion I' — Ry, form a covariant pair and corresponding *-
homomorphism
0:C(M) %o T — Cu (V) x Vg,

such that o (C*(M)[I']) C CP(R)[Ry], and which is injective if the flow {oy}ier is
minimal.
In particular, if (L*(R) @& L*(R), 7 @& m, D) is the Heisenberg cycle of Proposition
then,
(L*(R) ® L*(R), (m & ) 0 0, D) ,
is a 2-dimensional even pre-spectral triple over C*(M)[I'] C C(M) x T.

If one takes an arbitrary point p in a compact manifold M equipped with a flow
{a}ier, and lets T' be trivial subgroup of Ry, then Proposition yields a spectral
triple over C*°(M) C C(M), whose corresponding K-homology class in KKq(C'(M), C)
will be equal to the K-homology class determined by the *-homomorphism,

ev,: C(M) — C: f+— f(p),

of point evaluation at p in M (cf. Emerson, Duwenig [4] and [2, Proposition 2.13]).
Thus, the only situations in which interesting topological information could be en-

6



coded in pull-back triples of the type in Proposition are when one chooses suitable
(nontrivial) discrete subgroups of R.

On the other hand, the geometry of spectral triples arising from the Heisenberg cycle
and Proposition may still be interesting when choosing not to take into account a
discrete subgroup of R, (cf. [2 Proposition 3.4, Corollary 3.6]). One particular instance
of this interesting geometry, is obtained when « is a smooth, ergodic, Riemannian,
flow (in the sense that ay : M — M is an isometry for all ¢ in R) on a Riemannian
manifold M equipped with an a-invariant probability measure pu: If « satisfies a certain
Diophantine condition (see [2, Definition 3.7]), then for each point p in M, and function
fin C=(M),

Ress—1 Tr(f, H / fdu,

where H = —%2 + 22 is the harmonic oscillator on L?(R), and f, is the operator on

L*(R) of multiplication by f,(t) = f(a:(p)).
An extremely interesting scenario to apply Proposition[1.7]arises from the Kronecker
flow on T2,

t
at:T2—>T2:(x,y)v—>(x—kt,y—l—%), for each t € R,

along the lines of slope %, with A an irrational number in R. Taking the point (0,0) in
T2, and the discrete subgroup,

AN:={mh+k|mkeZ} CR,
known as the homoclinic subgroup, we obtain a x-homomorphism,
C(T?) xq A — Cu(R) x Ry, (1.2)

which restricts to a map of C°°(T?)[A] into C°(R)[R,]. With A; and A the irrational
rotation algebras generated from rotation by A, and 1 7, respectively, on C(T), one
notices [2, Lemma 2.4],

Ap ® Ar = C(T?) 30 A, (1.3)

In light of the *-isomorphism of Equation (1.3), we may view C*(T?)[A] as a dense
x-subalgebra of A ® .A1 and obtain a pull-back of the Heisenberg cycle by the *-
homomorphism of Equatlon (11.2)).

Definition 1.8 ([2] Definition 2.6). The Heisenberg bi-cycle is the 2-dimensional even
pre-spectral triple over C(T?)[A] C Ay ® A obtained by pulling back the Heisenberg



spectral triple of Proposition [1.6] by the *-homomorphism,
Ap® AL 2 C(T?) xa A — Cu(R) x Ry,

It is the aim of this thesis is to generalize the methods used to construct the
Heisenberg cycle of Proposition [1.6] so as to replace the use of a one-dimensional
Euclidean space R with a general n-dimensional Euclidean space V. In particular,
our generalization provides a 2n-dimensional even pre-spectral triple over a smooth
*-subalgebra of the C*-algebra crossed-product C, (V') x Vy (see Example [3.15]), where
Vy denotes the underlying abelian group of V' equipped with the discrete topology,
and the action of V; on the C*-algebra C, (V') of uniformly continuous and bounded
functions over V' (see Example is induced by translation.

This author’s original motivation behind wishing to extend the Heisenberg cycle
in such a manner was not only to provide a possibly interesting class of pre-spectral
triples, but also arose from KK-theoretic results associated to (the K-homology class
of) the Heisenberg bi-cycle of Definition In the context of Kasparov’s KK-theory,
a joint generalization of analytic K-homology and K-theory (cf. Kasparov [10], [I1],
[12]), the K-homology class [Ay] in KK, (Aﬁ ® Az, C) obtained from the Heisenberg
bi-cycle determines a KK-duality between the C*-algebra Aj; and A% ([2, Corollary
2.11]). Such a duality is an adjunction of functors and, in the aforementioned case,
reduces to the construction of a pair consisting of a class in analytic K-homology and
K-theory class for the C*-algebra A; ® A%.

Taking R™ as opposed to R, and a linear automorphism of R™ as opposed to a

real number A, a natural extension of the construction for the rotation algebras Ay :=
C(T) xp Z and A= C’(T)N% is given by,

B, = C(T") x,Z" and By1 = C(T") x,1 Z",
where the actions of Z" on C(T") are given by,

(Z+ /) (1) = f(t—g2) and (Z-g )(t) = f(t—g7'2),

respectively, for each continuous function f on T", n-tuple of integers Z in Z", and
point t in T™. We hope that this thesis will lay a good framework for answering the
question of when, if at all, are the C*-algebras B, and B,-: dual in the KK-theoretic
sense.

In the remainder of Chapter 1, we provide some rudimentary constructions, and
outline for our basic notation; Section 1.2 is dedicated to defining the tensor and
exterior algebras associated to a FEuclidean space, exhibiting a natural inner product
on such exterior algebras, as well as outlining our conventions for (complex) Hilbert
space inner products, and introducing a number of function algebras which will appear



throughout this thesis.

The goal of Chapter 2 is to rigorously construct the Dirac-Heisenberg operator,
whose completion will serve as the operator of our generalized Heisenberg spectral
triple. This process is broken into stages, with Section 2.1 and Section 2.2 focusing
on algebras of differential forms over Euclidean space, and important linear operators
associated to them such as exterior differentiation and codifferentiation; One should
note that in neither of these sections do we make reference to any kind of topology on
the algebra of forms. In Section 2.3 and 2.4, we introduce the Hilbert space structure
associated to differential forms, and use the operators given in the prior sections to
defined, and diagonalize, the Dirac-Heisenberg operator, which will initially only taken
to be an essentially self-adjoint unbounded operator acting on the Hilbert space of
forms.

Chapter 3 we be where the fruits of our labour are found. In Section 3.1 we first
properly define, for V' an n-dimensional Euclidean space, the C*-algebra C, (V) x V,
along with its smooth x-subalgebra mentioned above which will appear in our 2n-
dimensional Heisenberg cycle. Section 3.2 will be the culmination of these efforts,
and where we finally are able to argue that the triple we define is, indeed, a 2n-
dimensional pre-spectral triple, before finishing the section by analysing its (-functions
and discussing a pull-back result similar to Proposition [I.7]

1.2 Basic Preliminaries

Throughout this section, assume V' is a vector space over R. We first briefly introduce
the tensor, and subsequent exterior, algebras generated by V. Once these concepts have
been treated, we discuss the notions of inner products, Euclidean and Hilbert spaces,
and basic function algebras. In particular, we will discuss the Euclidean structure
associated to the exterior algebra generated a Euclidean space.

1.2.1 The Tensor and Exterior Algebras

Here we introduce the tensor algebra associated to a finite dimensional vector space
over R. For a more detailed discussion of tensor algebras, see Warner [20, Chapter 2].
The use of tensor algebras will be in defining the exterior algebra of the next section.

Fix a finite dimensional vector space V over R. Unless otherwise specified, we let
the dimension of V' be denoted by the natural number n := dim(V'). For each natural
number k, the k-th tensor power of V' is the tensor product vector space of V' with
itself k times; That is, the k-th tensor power of V' is the vector space

TEV) = V&*



consisting of all k-th order tensor powers of V. We also define 7°(V) := R and
T™(V) := {0} for all negative integers n

Each k-th tensor power of V' has the structure of a real vector space over R and,
under the convention that 7*(V) = {0} whenever k < 0, for each pair of integers m
and n we obtain a natural (bilinear) isomorphism,

@:T"(V)xT(V)—= T (V) (1.4)
defined for elementary tensors v; ® ... ® v, in 7"™(V) and v} ® ... ®@v), in T"(V) by
(VM®..0UL) RV R...0U) =0®.. 00V, Qu; ...V,

This serves as a product for the tensor algebra generated by V', defined below.

Definition 1.9. For each integer k, let 7%(V) denote the k-th tensor power of V', with
the convention that 7°(V) := R and T*(V) := {0} when k < 0. The tensor algebra of
V' is the (associative) R-algebra

T(V) =P TV,

keZ
with multiplication induced by the canonical isomorphism of Equation ((1.4). We denote
the natural (linear) inclusion of V' into 7 (V') by

LV =THV) = T(V). (1.5)

The tensor algebra 7 (V') is universal in the sense that any linear map from V' into
an associative R-algebra A can be extended uniquely to an algebra homomorphism
from 7(V) into A; That is, for each linear map 7' : V' — A, there exists a unique
algebra homomorphism F': 7 (V) — A such that the following diagram commutes

Ve T(V)

7
T 7
7 F
2

A

Another way of defining the tensor algebra 7T (V') is as the universal, associative,
noncommutative algebra generated by the elements of V.

Lemma 1.10. The tensor algebra T (V) is a Z-graded algebra, with component sub-
spaces given by T*(V) for each k € Z.

Proof. By Definition [1.9] the tensor algebra 7 (V) admits a decomposition into the
direct sum, over k € Z, of the subspaces T*(V). It is clear from the definition of the
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product in 7(V), as given in Equation (|1.4), that
®: TH(V) x TH(V) = THHR(V),

for all integers k; and ks, so that 7(V) is, indeed, Z-graded. O

The inclusion ¢ : V' < T(V'), together with the universal property of T (V'), allows
one to derive the following simple lemma showing that any linear operator on V' extends
uniquely to an algebra homomorphism from 7 (V) to itself.

Lemma 1.11. Let T(V) be the tensor algebra of Definition . Any linear operator
T :V =V induces a unique algebra homomorphism T : T (V) = T(V) such that the
following diagram commutes

T

TV) - 7" T(V)

In more generality, if W is another finite dimensional real vector space, with exterior
algebra 7 (W) and canonical inclusion vy : W — T (W), then it is an easy consequence
of the universal property of tensor algebras that any linear map 7' : V' — W extends
uniquely to an algebra homomorphism 7" : 7(V) — T (W) such that o T =T o 1y

It follows from Lemma that we are able to produce algebra homomorphisms
T(V) — T(V) whenever we have a linear operator on V. An important example of
this principal is the following.

Corollary 1.12. The tensor algebra T (V') is a Z/2-graded algebra, with even and odd
subspaces T (V') and T—(V), respectively, defined by

THV) = P THV) and T-(V) := P TH(V). (1.6)

k even k odd

Proof. By Lemma the linear map
V=aViv——v

induces a unique algebra homomorphism gr, : 7(V) — T (V). As is easy to verify, gr,
is an automorphism of 7 (V') such that, for each integer k,

gry(w) = (—1)Fw, for all w € TF(V).
In particular, gry o gr, =id : 7(V) — T (V) so that gr, is an automorphism.
The even and odd subspaces induced by gr, : T(V) — T(V) are exactly those
defined in Equation ({1.6]). H

11



With the tensor algebra defined, and some of its more important properties dis-
cussed, we are ready to discuss the exterior algebra generated by the finite dimensional
R-vector space V. For a more in-depth reference on exterior algebras, see Sternberg
[18, Chapter 1] and Warner [20, Chapter 2]. To this end, let V' be a finite dimensional
vector space. We let 7%(V) denote the k-th tensor power of V', defined above, for each
integer k. Recall that, by convention, we define 7%(V) to be the trivial vector space
whenever k is negative. Lastly, let T(V) = @,., T"(V) denote the tensor algebra
generated by V', of Definition [I.9]

Definition 1.13. The ezterior algebra generated by a finite dimensional vector space
V', denoted AV, is the quotient algebra

AV = T(V)/).7,

where T (V) is the tensor algebra generated by V' of Definition [L.9] and .# is the two-
sided ideal of T (V') generated by elements of the form v ® v for v in V. We denote the
induced algebra product on AV as

A AV XAV — AV

For each integer k, the k-th exterior power of V, denoted A¥V | is the vector subspace
of AV obtained as the image of 7%(V') under the canonical quotient map 7 (V) — AV.

Remark 1.14. Notice that, by convention, 7%(V) is trivial for negative integers k; In
particular, for such k, the k-th exterior power A*V is the trivial vector subspace of the
exterior algebra AV.

We may informally regard AV as the associative algebra generated by the vectors
in V', subject to the relation

vAv =0, forallveV. (1.7)

We make this statement more formal in Lemma by showing that a copy of the
linear space V', and a copy of the algebra R, sit inside AV.

By [20, 2.4], with the Z-grading on 7(V) given in [1.10} the ideal .# of T(V),
defined in Definition is a Z-graded ideal in the sense that .% = @, ., £ NT*(V).
It follows that the k-th exterior power A¥V may be equivalently defined as a vector
space quotient of 7#(V) by its vector subspace & N T*(V) i.e.

ANV =TV (FNTHV)).

Moreover, the graded ideal structure of .# induces a Z-grading on the exterior algebra
AV, highlighted in the following lemma.

12



Lemma 1.15. Under the convention that T*(V), and hence A*V, be trivial for all
negative integers k, the exterior algebra AV is a Z-graded algebra with component
subspaces A*V for k ranging over Z; That is, AV decomposes into a direct sum of
linearly independent subspaces
AV =P AtV
keZ
and for any integers two integers ky and ko, the algebra product in AV restricts to a

bilinear map
A ARY X ARY o pARTR2y

As we will be dealing with a number of graded algebras throughout this thesis,
make an important definition regarding linear operators.

Definition 1.16. Let A = @, _, Ay be a Z-graded algebra, in the sense that, for any
integers k; and ko, the algebra product of an element in Ay, with an element in Ay,
yields an element in Ay, yx,. If j is an integer and T': A — A is a linear operator, we
say that T has grading degree j, or that T' is degree j, if for any integer k,

T’Ak : Ak — Ak-Jrj.

It is clear by definition that the ideal .# of T(V'), given in Definition has
trivial intersection with the tensor powers 7°(V) and 7' (V). It follows that the
canonical quotient homomorphism 7 (V) — AV restricts to an algebra isomorphism
T°(V) — AV, and a linear isomorphism 7*(V) — A'V. By definition, R = T°(V)
and V = T1(V), and so we obtain a canonical algebra isomorphism identifying R with
the subalgebra A°V in AV, and a linear isomorphism identifying V with the subspace
AV of AV. We regard both of these canonical mappings as inclusions, so that we may
view R as a subalgebra of AV, and V' as linear subspace of AV. This result restated
in the following lemma for future reference.

Lemma 1.17. Let AV be the exterior algebra of Definition[1.13. Then the algebra R is
isomorphic to the subalgebra A°V of AV, and the vector space V is linearly isomorphic
to the subspace A'V of AV.

The condition that v A v is 0 in AV for any vector v in V implies a graded-
commutative structure to the exterior algebra AV in the following sense.

Lemma 1.18. The esterior algebra AV = @, ., ARV satisfies the following graded
commutativity law: If wy is in AMV | and wy is in A*2V | then

w1 N\ wy + (—1)k1k2+1(JJ2 Nwyp = 0. (18)
For a reference, see [20, p. 57]
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With the canonical identification of V with A'V given in Lemma , we are able
to describe the universal property satisfied by the exterior algebra AV'.

Proposition 1.19. The exterior algebra AV is universal in the sense that if A is any
associative R-algebra, and T : V — A is a linear map from V into A such that (T)? =
0 as elements of A, then there exists a unique algebra homomorphism T : AV — A
making the following diagram commute

Ve—— AV

Ve
e
i
LT

A

where the horizontal map is given by the canonical linear inclusion of V into AV

Analogously to the tensor algebra and Lemma one can apply the universal
property of AV to extend linear operators on V to algebra endomorphisms AV — AV
In particular, using the same linear map on V' appearing in the proof of Corollary [1.21]
it is possible to define a Z/2-grading on AV'.

Lemma 1.20. Let AV be the exterior algebra generated by V', and letT : V — V be a
linear map. Then there exists a unique algebra homomorphism Fr : AV — AV making
the following diagram commute

VL v

N

AV -z = AV

Proof. Let T be as in the lemma, and consider the linear map ty o T : V — AV. It
follows from Lemmal[l.1§that [(1o0T')(v)]> = 0in AV. Hence, by the universal property
given in Proposition there exists a unique algebra homomorphism Fr : AV — AV
such that Fprowy =tp0T : V — AV. O

Corollary 1.21. The exterior algebra AV of Definition is a 7/2-graded algebra,
with even and odd subspaces ATV and A~V , respectively, defined by

AV = @ AV and ATV = P AV (1.9)

k even k odd

Proof. By Lemma [1.20, the linear map V' — V : v — —v induces a unique algebra
homomorphism €5 : AV — AV. As is easy to verify, ¢, is an automorphism of 7 (V)
such that, for each integer k,

eaw = (=1)fw, for all w € A*V.
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In particular, ey oy =id : AV — AV,
The even and odd subspaces induced by the automorphism e, are exactly those
defined in Equation ([1.9)); That is,

ATV =ker(en —1) and AV =ker(ep+1),

where 1 is the identity homomorphism on AV, and ker(ex £ 1) denotes the kernel the
homomorphism e, £ 1. O]

Thus far, we have made no real use of the finite dimensionality of V' in our consid-
erations of its exterior algebra AV. With the goal of defining a Euclidean structure on
the exterior algebra, we now focus on how this finite dimensionality will come into play.
The first key observation is that if V' is finite dimensional, then the k-th exterior power
A* is not only trivial for negative integers k, but also when k is an integer greater than
the dimension of V.

Lemma 1.22. If V is a real vector space of finite dimension n, and A*V is the vector
space of k-th exterior powers (see Definition , then A*V is trivial whenever k is
an integer with 0 > k or k > n.

Proof. The case where k < n is observed in Remark

Now assume k is an integer with & > n. If wy A wy A ... A wy is an elementary
vector in the k-th exterior power AV, then there is a linear dependence among the
vectors {w;}¥_, CV, say w, = > jzi Ciw; with 1 <'s <k, for a nontrivial combination
of constants ¢; # 0 € R. Then

wl/\.../\ws/\.../\wk:Zci(wl/\.../\wi/\...wk).
i#£s

Using Lemma [1.18) we can see that each term appearing in the sum on the right-
hand side of the equality is contained in the ideal .# of Definition [I.13] Hence, every
elementary exterior k-tensor in A*V is zero, so it holds that A*V is trivial. O]

Remark 1.23. From Lemma [1.22] and Lemma [1.22] one observes

dim(

V)
AV = @ AV
k=0

To simplify our discussion of a basis for AV (and of tensor in general) we take a
moment to define some multi-index notation.

Definition 1.24. Let § be a natural number. If k£ is a natural number with k£ < £,
the well-ordered multi-indices of length k, pulling from [, is defined to be the set,

IO = {(iy,ig, . ix) C{L,... Bt i <iy<...<ig).
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By convention, we set Iéﬁ )= {0}.
The complement map is defined to be the invertible function

A D A

(B—k)
where, for a multi-index I = (i, 49, ...,0) in Z,EB), the multi-index [¢ = (i, 45, ...,i5_;)
in I,’f is defined to be the unique well-ordered multi-index of length (5 — k) such that
ij, # 15, for all combinations of iy = 1,...,k and jo = 1,...,8 — k. In other words, if

I is a multi-index in I,gﬁ ), then 7€ is defined to be the unique well-ordered multi-index

in Ién_)k obtained by removing the indices of I from the set {1,2,..., 5} and forming a
well-ordered multi-index with the remaining (8 — k) numbers.
The set of all well-ordered multi-indices, pulling from (3, is defined to be

B
=17
k=0

Definition [1.24) may be cumbersome, but we will refer back to this notation several
times throughout this thesis. The usefulness of well-ordered multi-index notation is
made clear in the following lemma, which shows that any basis for a finite dimensional
vector space V induces a finite basis for each k-th exterior power A*V which is indexed
by the set of well-ordered multi-indices.

Proposition 1.25. Let V' be an n-dimensional vector space over R, and let its exterior
algebra be denoted AV'. Further, take I,g") to denote the set of well-ordered multi-indices
of length k, pulling from n, of Definition |1.24).

For any basis {e;}_, of V, and any integer k, define

Soi={en Nen honer €NV | (11 L) €T} (1.10)

where it is understood that &, := () whenever k < 0 or k > n, and & = {1} C A°V.
Then for each integer k, the set &, is a basis for AV ; In particular, the vector space
dimension of AFV is given by

(1), ifo<k<n,

dim (A*V) = {

0, otherwise,

For proof of Proposition [1.25] see [20, 2.6] or [I8, Theorem 4.1]. An immediate
corollary to |1.25|is the following.

Corollary 1.26. Let V' have dimension n, and let {e;}?_, be a basis for V. If & is
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the induced basis for A¥V given in Proposition [1.25, then the set

& = O é(}k
1=0

is a basis for the vector space structure underlying the exterior algebra AV'. In partic-
ular, AV has dimension 2" as a real vector space.

Proof. This follows immediately from Lemma/l.15 Lemma|1.22] and Proposition [1.25]
m

1.2.2 Hilbert Spaces and Basic Function Algebras

We recall some basic definitions and constructions in real and complex Hilbert space
theory.

For a vector space X over the field IF, with either F = C or F = R, an inner product
on X is a map of X x X into F which is conjugate symmetric, linear in the second
coordinate, and positive definite in the sense that restricting the inner product to the
diagonal is positive away from the zero vector in X. Note, in particular, that our inner
products are therefore conjugate linear in the first coordinate, i.e. we are using the
physicist notation. Often, we will denote our inner products by (-,) : X x X = F, or
simply (-,-) when the vector space on which (-,-) acts is clear. The norm on a vector
space X induced by an inner product (-,-)y : X x X — F is defined as,

|- [|x: X —[0,00) : 2 — /{x,2)x.

By an inner product space (X, (-,-) i), we will mean the data of a vector space X over
F = Ror F = C such that X is equipped with both an inner product (-, )y : XxX = F
and the topology induced by the metric on X arising from (-, -) y-; Explicitly, this metric
is given by

d(z1,me) = ||x1 — 22| x = \/<x1 — T9,T1 — T9)x, for all x1,zs € X.

A Hilbert space is an inner product space (X, (-,)y) such that X is complete in
the metric induced by (-, ). Of course, any inner product space (X, (-, ) ) for which
X has finite F-vector space dimension is, in fact, a Hilbert space. Given two Hilbert
spaces (X, (-,)y) and (Y, (-,-)y-), with X and Y sharing the same ground field F, we
denote the bounded linear operators from X to Y by

B(X;Y) := {T:X—)Y

T is linear and sup ||Tw]]y < oo ;.
llvllx <1
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Similarly, the bounded linear operators from a Hilbert space (X, (-,-)y) to itself will
be denoted

B(X):= {T:X—)X

T is linear and sup ||Tv| x } :

vl x <1

Finally, we reserve the name Fuclidean space to mean a Hilbert space (X, (-,-)y) in
which X is an R-vector space of finite dimension dim(X) < oo.

Example 1.27. Although trivial, we take a moment to consider that any Euclidean
space (V,(-,-);,) induces an isometrically isomorphic Euclidean space (V*,(:,-),.),
where V* denotes the dual of V. To be precise, V* consists of all linear function-
als from V into R, with vector space structure defined by pointwise addition and scalar
multiplication. It is an elementary result that VV* is a finite dimensional vector space
of the same dimension as V.

To obtain an inner product (-,-),. on the Euclidean space (V*,(-,-),.), one uses
the linear isomorphism b : V' — V* where, for v € V, the linear functional bv : V' — R
is defined by

(bv)(z) := (v, x)y, forall z € V. (1.11)

The fact that b : V' — V* defined by Equation does, indeed, define a linear
isomorphism is a basic linear algebra fact following from the Riesz Representation
Theorem. In the situation where (V, (-,-),,) is Hilbert, as opposed to Euclidean, Equa-
tion defined a conjugate-linear isomorphism from V' to its dual V*, following again
from Riesz Representation.

Explicitly, the inner product (-,-),. : V* x V* — R is defined by the equality

(v,w)y = (dv,bw)y.., for all v,w € V. (1.12)

The resulting Euclidean space (V*, (-, +),..) is therefore isometrically isomorphic to the
Euclidean space (V, (-, ),,) via the map b : V' — V* determined by Equation (1.11)). In
particular, the dimension of Euclidean spaces (V/ (-, -),,) and (V*, (-, -),,.) are the same.

The second example of a Euclidean space we provide is that associated to the
exterior algebra generated by a Euclidean vector space.

Example 1.28. Let (V, (-, -),,) be a Euclidean space with n := dim(V'). Recall, that
for each non-negative integer k, the k-th tensor power of V' is the vector space tensor
product of V' with itself k times, i.e. it is the real vector space T*(V) := @le %4
under the convention 7°(V') := R. The tensor algebra, of Definition , is then defined
by bilinearly extending the natural R-bilinear isomorphism ® : T*(V) @ T (V) —
Tr+k2(V) to serve as an algebra product on the direct sum 7 (V) := @, T*(V).
The exterior algebra generated by V', of Definition [1.13] which we denoted AV, is
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obtained as a quotient of the tensor algebra 7 (V') by its two-sided ideal, denoted .,
generated by the 2-tensors v ® v for v ranging over V. We let - A - : AV x AV —
AV denote the algebra product in AV. Moreover, recall that k-th exterior power of
V, denoted A*V, is the vector subspace of AV defined as the vector space quotient
ARV = THWV)/ (f N Tk(V)) .

From Lemma and Lemma [1.22] the algebra AV decomposes as,

dim(V)
AV = A,

k=0

while Lemma [1.18§] shows that a graded-commutativity condition on AV holds in the
sense that
wy A wy + (—1)k1k2+1w2 Aw; =0, for all ki, ko € Z.

As A*V is the trivial vector space whenever k > dim(V') or k < 0, we verified that AV

is Z-graded in the sense that
AV = P AV,
keZ

and the algebra product in AV restricts to a surjective, bilinear map
A AT x ARV 5 ARTRY for all Ky ks € Z,

with A°V = R sitting inside AV as an algebra, and A'V = V sitting inside AV as a
linear space. Lastly, we note the result of Proposition [1.25] which shows any basis for
{e;}1, for V induces a basis for A¥V given by

gk = {eil A\ €iy N A €iy, € Akv : (7;177;27 s 7Zk) € Ilgn)}’ (113)

where I,in) denotes the set of well-ordered multi-indices of length k of Definition m,
T = {(inydg, - yix) € {1, n}F iy <dp <o <),

and subject to the convention & = {1} C A°V and &, = () when k > n or k < 0.
In particular, AV* has dimension (Z) for all integers 0 < k < n, and dimension zero
otherwise, implying AV has dimension 2".

The inner product which we introduce on AV is defined via the following lemma.

Lemma 1.29. Let (V,(-,-),,) be a Euclidean space of dimension n, and let AV =
D, AFV be its exterior algebra, with A*V the k-th exterior power, as seen in Def-
inition[1.13. Then, for each integer k, there exists an inner product on the vector space
ARV, denoted (-, )y 1 A¥V x ARV — R, such that for vecotrs vy, vs, . . . , Vg, Wy, W, . . . , Wy
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in V., the elementary exterior k-tensors vi A ... Avg and wy A ... Awy in APV satisfy,
(VI A oAU W AL A W) e = det ([(vi, wj>V]i,j> , (1.14)

where [(v;,w;)v]; ; denotes the k x k matriz over R whose (i, j)-entry is (vi, w;)v.
Moreover, there exists an inner product on the underlying vector space of the exterior
algebra AV, which we denote (-,-), : AV x AV — R, such that the restriction of (-,-),
to AFV x A*V' agrees with the inner product (-,-),, on A*V defined above, and for
which the subspaces ¥V and A"V of AV are orthogonal with respect (-, -), whenever

by # k.

Proof. Let T*(V) denote the k-th tensor power of V. For elementary k-tensors v; ®
1 ®...Qv, and w; @ Wy ® ... ®wy, in TF(V), define

(1 ® ... U, W @ ... R wg)rr = det ([(vi,wﬁ]m) :
Extending by bilinearly, we obtain a symmetric, bilinear map
() s THV) x TH(V) = R,
with kernel contained in the set
[(FNTHV)) x TF] U [THV) x (£ NTHV))],

where .# is the two sided ideal in the algebra T (V') given in Definition [1.13] It follows
that (-,+)zx : TH(V) x T*(V) — R descends to a map symmetric, bilinear map

() APV x APV 5 R

satisfying
(a,b) 7+ = {aa), q(b)) . for all a,b € THV),

with ¢ : T#(V) — A¥V the canonical quotient map.

For positive definiteness of (-, ), : A*V x A*V — R, we use produce a basis for
AV which is orthonormal with respect to (-,-),x. In particular, let {e;}?; is be any
orthonormal basis for V. Then taking I,g”) to be the set of well-ordered multi-indices
of length k, of Definition [1.24] we have from that set of vectors

&y, = {eil N...Ne;, € APV (Zl,,lk) E.,Zlin)},

is a basis for A*¥V. It is easily checked that &}, is, in fact, an orthonormal set of vectors
with respect to (-,-),x, from which it is easy to check positive definiteness. Hence,
(-, Y ar : AFV X A*V — R is an inner product on A*V.
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We now define the inner product on AV. First, recall that AV = @;_, A*V. We
define
(-, AV XAV =R

by the formula, for w in A"V and n in A*V,

(. = (W, mar, k =k = ks,
TR o, by # ko

As AV = @,_, AFV, it is clear that
(,)0 AV X AV

is a well-defined symmetric, bilinear map. Moreover, as (-, ), is an inner product on
ARV for each k, it follows that (-,-), is also positive-definite on AV, and therefore de-
termines an inner product on AV. By definition of this inner product on AV, whenever
ki # ky, AFV and A2V are orthogonal subspaces of AV. O

Remark 1.30. In the proof of Lemma [1.29, we showed that any orthonormal basis
{e;}1-, for an n-dimensional Euclidean space (V, (-,);,) induces an orthonormal basis
for the (Z)—dimensional Euclidean space (AkV, (-, Ak)> with 0 < k£ < n. In particular,
the induced orthonormal basis of A¥V is given by

éak = {eil N /\6”c € Akv : (Zlaazk‘) eIlgn)}’

where by convention & = {1} C A%V, & = 0 when k > n or k < 0, and I\" denotes
the set of well-ordered multi-indices of length &k pulling from n as defined in Definition
24

If we further set .
&= 6.
k=0

then it is clear, by definition of the inner product (-,-), : AV x AV — R on the exterior
algebra AV, and by the fact that AV is the direct sum of orthogonal subspaces A*V/,
that & is an orthonormal basis for AV.

With the Euclidean structure (AV,(:,-),) of Lemma in hand, note that the
canonical algebra isomorphism identifying R and AV, and the canonical linear iso-
morphism identifying V and A'V, both given in Lemma [1.17, are isometric. Hence,
there is no issues in continuing to identify A’V with the algebra R and A'V with the
linear space V.

The following lemma shows that algebra product in AV is a continuous bilinear
map with respect to the Euclidean topology on AV, and that one obtains families of
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bounded linear operators on (AV,(-,-);,) which are given by left-multiplication, and
the adjoints of such operators, respectively.

Lemma 1.31. Let (V,(-,-),,) be a Euclidean space of dimension n, and equip the
exterior algebra with the Euclidean structure (AV,(-,-),) of Lemma[1.29 Take the
norm induced by (-,-), to be denoted

|lwlla = V{w,w)p, for allw € AV.

Then there exists a non-negative real constant C > 0 such that,
v Awlla < Clolly [wlly, for allv € A'V and w € AV.

Proof. We proceed using coordinates. Let {e;}?_; be any orthonormal basis for (V, (-, -),).
Letting Z" = |J;_, I,S,n), where

T = { iy g, in) € {1,2, 0P iy <y <o <),
with the convention I(g") = {0}, we have from Remark |1.30 that the set
={e; €AV : 1€ I(”)} : (1.15)

is an orthonormal basis for AV'; With e; := e;, Aej, A- - -Ae;, for each I = (iy,1a, ..., ix) €
T subject to the convention ey = 1 € A°V.

Now, taking any w € AV, write w = Y 7w wrey, with wy € R for each I € AN
If I =(iy,... i) € I,E”) for some non-negative integer k < n, and if j € {1,...,n}, we
will write 7 € I to mean that j is not one of the indices 7; for any integer 1 < ¢t < k.
Under this notation, we see that for j € {1,...,n} and I € Z(",

ejNef=0 < jel.

One sees that that e; A e; is a unit vector in AV whenever j ¢ I, and that the vectors
e; N er and e; A ey and orthogonal whenever I # J € AN

Hence, taking any w = ;.7 wrer in AV with w; € R for each I € Z™M and any
v=>"_ vje; €V with v; € R for each j € {1,...,n}, we have

max |v;| <
1<j<n

n
> vl = lellv
j=1
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and

n
v Awly <7 il lles Awlly
j=1

< (o |vj|) > lley Al

< lvllv Z lej Awlly
j=1

n
= ||U||VZ Z wfej/\ef

Jj=1||1ez(™
J¢1 A

< nfollvlwla

Since v € V and w € AV were arbitrary, the result holds. ]

Lemma 1.32. Let (V, (-, -),,) be a Euclidean space with dim(V') =: n, and let (AV, (-,-),)
be the Euclidean structure of the exterior algebra given in Lemma[1.29 We let || - ||a :
AV — [0,00) denote the norm induced by the inner product on AV, and B (AV) the
bounded linear operators on (AV, (-,-),).

For each vector v in V', define a function A\, : AV — AV by

Ao(w) :==v Aw, for allw e AV. (1.16)

Then X\, : AV — AV satisfies the following conditions:
1) Ay € B(AV), with ||v]ly < || M\l < nllv|lv where || - || : B(AV) — [0, 00) is the

operator norm,

2) A\, is a grading degree 1 operator, in the sense of Deﬁm’tz’on with respect to
the Z-grading on AV of Lemma ' That is, for each integer k, A, : A¥V —
Ak+1v‘

3) A2 =0eB(AV).
Moreover, the assignment Ay : V = B(AV) : v = X, is linear.

Proof. Tt follows by linearity in the second coordinate of the algebra product in AV that
the function A\, : AV — AV defined by Equation ([1.16]) is linear, and that conditions 2)
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and 3) of the lemma are satisfied. Boundedness, and in particular that ||\, ||z < nl/v|v
follows is the result of Lemma [1.31} To see ||A\,||z > ||v||v, apply A, to the identity
element in AV.

Linearity of the assignment A¢y : V = B(AV) : v — A, follows by linearity in the

first coordinate of the algebra product in AV O]

The following corollary is a result of Lemma[1.32 and the universal property of the
exterior algebra given in Proposition |1.19]

Corollary 1.33. The operator Ay : V' — B(AV) given in Lemma extends uniquely
to an algebra homomorphism, denoted Ay : AV — B(AV'), having the following prop-
erties:

1) For any n in AV, the operator A, € B(AV') is given by the equation

Ap(w) :==nAw, forallwe AV. (1.17)

2) For any k-th exterior tensor n in AFV, we have ||n][a < [Nl < (3)|I7lla, where
|-l : B(AV) — [0, 00) is the operator norm. In particular, for n in AV of mized
degree, [|nfla < [[Aglle < 2" ||nl]a-

3) If k are integers and 1 is an exterior k-tensor in A*V, then the linear operator
Ay is degree k with respect to the Z-grading on AV; That is, for each integer k',
Ay o AFV — ARy

Proof. The fact that the linear map A¢y : V' — B(AV) extends to an algebra homo-
morphism Ay : AV — B(AV) follows by point 3) of Lemma and the universal
property of AV (see Proposition [1.19).

For each n € AV, we define a linear map 5\77 : AV — AV given by the formula of
Equation . Assuming 5\77 € B(AV), which we prove momentarily, it will follows
that the induced map 5\(.) AV = B(AV) 1 n — 5\,7 is an algebra homomorphism
whose restriction to V = A'V agrees with the linear map Ay : V' — B(AV) of Lemma
1.32] By uniqueness in the universal property of AV, it will follows that the universal

extension Ay : AV — B(AV) agrees with our defined map, A¢y : AV — B(AV). The
remaining claims in Corollary follow from this.
Let {e;}?_; be an orthonormal basis for V', and let

&={er=ey Ney Ao Ney, + 1 €I™},

be the induced orthonormal basis for AV, where

n) . ! (n)
=z
k=0

24



and
T =L, ip) € {1, n}P iy <y <<y},

subject to the convention Ién) := {0} and ey = 1 € A’V (see Remark .

Assuming 7 is in A*V, we show ||n][a < |[\llg < 27||n]la and, in particular, that
;\n € B(AV). Assume first that n = nye; for some J € Z,En) and n; € R, i.e. that
7 has only one non-zero coordinate with respect to the basis & of AV. Then for any
W= ez wrer € AV, where wy € R for each I € Z,g”), we have,

Ap(w) = UIZMGJ Ner=r Z wreg N ey,

IeT IeT
INJ=0

with the notation I N J = () meaning that the well-ordered multi-index I € Z and the
well-ordered multi-index J € Z share no common indices. Hence,

||5\77J6J (w) H?\ ::<5\77J€J (w)v 5‘7IJ€J (w)>1\

:77?]< Z w]eJ/\ej, Z WIGJ/\€[>

Iez() Tez(n)
INJ=0 nJ=0 A
2
=[lnsesll3 || D wres Aes
Iez()
INnJ=0 A
=lnsesllz | D w?
Iez()
INnJ=0
lnseslx | DY wi | = lnsesliliwli
Tez(™)

where the fourth equality follows by the fact that if I, K € T with I # K, then the

vectors ey A ey and ey A ex are normal and orthogonal in AV. Thus, [[Anses(w)|a <

Insl||w|la. Now let n € A*V be a general k-th exterior tensor, say n = > jerm i€y €
k

AV with n; € R for each J € Z". Observe that 5\,7 = EJEZ(n) S\WEJ and so, by the
k
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previous computation and the triangle inequality, we see

Pa@)lla =1 > Ay, @)

Jer™ A
< Z H)‘WEJ(W)”A
Jer(™
<| > Il | llwlla
Jer(™

n
<(}) (maxm) ol
Jez(™
< (") Inlla vl
=\ niA 1WA

Hence, | Al < [7]la. To see | Alls > |1nlla, apply A, to the identity 1 € AV

Finally, if n is a mixed exterior tensor in AV, then as (AV,(:,-),) decomposes
into orthogonal subspaces as AV = @,_, A*V we have that n = >_}'_ n; for unique
n; € MV. Moreover, A\, = Y/ A, so that

> Apes (W)
k=0

[RRIN
0

() et

“lewla-

1A (@)lla =

A

NE

k

NE

N

For the inequality [|n]la < ||A,lls, apply A, to the identity in AV

For the third claim, take k& and &’ to be integers and 1 to be an exterior k-tensor
in A¥V. Then clearly our map satisfies 5\,7 - A¥'V — AF*FV . Since the restriction of
;\(.) to the subspace V' = A'V agrees with the linear map A¢y : V' — B(AV) of Lemma
m, the unique extension of A() agree with 5\(.), and so the claims of Corollary

hold. ]

Remark 1.34. It follows form Corollary that the algebra multiplication in AV
is continuous with respect to the metric space topology induced by the Euclidean
structure (AV, (-,-),) given in Lemma [1.29]
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Finally, we consider the operation known as interior multiplication on the exterior
algebra AV, which is defined, here, to be the adjoint of the left-wedge operation of
Corollary We first define interior multiplication by vectors in V' through the
following lemma.

Lemma 1.35. Let (V,(-,-),,) be an n-dimensional Euclidean space, and (AV,(,-),)
be the Euclidean structure on the exterior algebra of V' described in Ezample [1.28
For a vector v in V, let A\, denote the bounded linear operator defined in Lemma
and v, = X}, its operator adjoint. Then, on elementary k-th exterior tensors
wy Awy A ... ANwg, a formula for the bounded linear operator v, is given by

Lp(wy A - ANwy) = Z(—l)i+1<v,wi>vw1 N AW A -+ AN wy, (1.18)
i=1

where wi A -+ - AW A -+ - Awy, € ¥V denotes the elementary (k—1)-th exterior tensor
defined by removing w; from the exterior k-tensor wy A wy A -+ - Awy, in AFV,
In particular, for each v €V,

1) v € BAV) with [[tullz = [[Aolle and [[vllv < [lwlls < nljvllv, where || - |5
B(AV) — [0,00) is the operator norm,

2) 1, is a degree —1 linear operator with respect to the grading on AV of Lemma
' That is, for each integer k, 1, : A*V — A1V and
3) 2=0eBAV).

Proof. Let v € V and A, € B(V) denote the left-wedge operation of Lemma [1.16]
For any k € Z, take an elementary k-th exterior tensor y; A --- Ay, € AV and an
elementary (k + 1)-th exterior tensor w; A -+ - Awy, € A¥1V. Using cofactor expansion,
it is easy to see

Ao(i A Ayp)swi Ao A W)y = WA YL A - Ay, Wi A=+ Whg1) 5

(v, w)y o (U, W)V
— dot <y177le>V <?J17w.k+1>v
(Y, wi)v - Yk Wet1)v

(1) v, widv {yr A Ay, wyp A AD; A+ Awggr)a

M-

=1

k
= <yl ARRE /\?JmZ(—l)iH(U,wi)le AN N A - 'wk+1>
A

=1

= (WA AYgsbp(Wr A Awpgr)) 4 -
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Points 1), 2) and 3) are then immediate from the formula in Equation (1.18]) above,
and Lemma [T.32 O

Remark 1.36. From point 3) of Lemma and the observation that the induced
mapping ¢y : V. — B(AV) is linear, it follows that ¢y : V' — B(AV) extends to an
algebra homomorphism ¢y : AV — B(AV'). Comparing this extension to the algebra
homomorphism Ay : AV — B(AV') of Corollary [1.33] we obtain the identity

= (=1)tHdee@), e B(AV), for all w € AV

w

where deg(w) = 1 if w € ATV and deg(w) = —1 if w € A7V, and ATV and A~V are
the even and odd subspaces, respectively, of the Z/2-grading on AV given in Corollary
. Moreover, if i is an exterior k-tensor in A¥V, then the induced linear operator
Ly is a degree k linear operator on AV in the sense that ¢, : AFV — APV for all
integers k, and also [|n]ja < ||¢]lp < (Z)||n||A

The last examples of this subsection are some basic function algebras, and the
Hilbert space of square-integrable C-valued functions on a Euclidean space of dimension
n = dim(V'). We begin with the case of standard Euclidean space R".

Example 1.37. Let (R”, (-, )g.) denote the standard inner product structure of R".
Following the introduction of Warner [20, Chapter 1], for each integer j with 1 < j <n,
define the functional r; : R” — R to be the j-th (canonical) coordinate function on
R™; That is, r;(t) = t; when t = (t1,%2,...,t,) is a point in R™. We call

r=(ry,...,m) : R" — R" 1t (r1(t),r2(t), ..., ru(t)),

the canonical system of coordinates on R™.
Given an integer 7 with 1 < 7 < n, and a map h : R" — C for which the limit

@ (t) := lim h((ti,...tj—1,tj+ 8, tje1,...,tn)) — h (t),
(97"j 530 s
exists in C for each point ¢ = (¢1,...,t,) in R”, the induced function
oh oh
— R*"—C:t— —(t
8rj 87,,j ( )7

is called the partial derivative of h : R™ — C with respect to r;.

For functions hi, hy : R® — C, we let their pointwise sum be denoted h; + ho :
R" — C, while letting h; - hy : R™ — C denote their pointwise product; We reserve
the notation h¥ : R* — R to mean the pointwise product of h; with itself k-times, for
some non-negative integer k. As well, for a complex number z, the pointwise product
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of z with hy will be written zh; : R® — C. To simplify the coming definitions, given

an n-tuple a = (ay, ..., ay,) of non-negative integers, also define
r¢=ritery?o e R — R (1.19)
n
ey == Zaj, and ol = olas! -yl (1.20)
j=1

o o\ a9\
g _(Z) (= 1.21
ore (87"1) <8rn) ’ ( )

subject to the convention,

o

5 = h, when o = (0,0,...,0) and h: R" — C.
T.a

Definition 1.38. Let h : R® — C be a function. We say that h is differentiable of
class C*, for k a non-negative integer, if the partial derivatives

0%h
: R™? C
ore —

exist, and are continuous, for all n-tuples of non-negative integers a satisfying ||a[; < k.
In particular, h is C? if it is continuous.

Furthermore, h is said to be smooth, or C*°, if it is C* for all non-negative integers
k. Lastly, h is Schwartz-class if it is both smooth and such that, for all n-tuples a and
[ of non-negative integers, the pointwise product

0“h
B,
" ore

0“h
S (1)

‘R — C:t—rP(t)

is a bounded with respect to the norm on C, where r® : R® — R C C is given in
Equation [1.19, We let C*°(V') denote the set of all C*°-functions, and S(V) its subset
Schwartz-class functions.

The first observation one should make is that both C*°(R") and S(R™) carry C-
algebras structures under the natural pointwise operations. In fact, C°°(R") is a unital,
commutative C-algebra, containing S(R") as a non-unital subalgebra. For the smooth
case, let hi, hy : R" — R be C'*°, and let be z complex number. Then, for any n-tuple
of non-negative integers, it is easy to see that

8a(h1 + Zhg) . 8ah1 6ah2
ore - Ore T2 ore’
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while, from Folland [6] pp. 236],

0a(h1 . hg) o! 86h1 E)Vhﬂ
—_— = . 1.22
ore a; piAt orf  or (122)
B,:EZTZLZ

where the notation a@ = 3+, for 8 = (B1,...,B,) and v = (71,...,7) in Z%,
means «; = [3; + y; for each integer j with 1 < 7 < n. As the set of continuous
functions from R" into C is a commutative C-algebra under pointwise addition, C-
scaling, and product, it follows from the identities above that C*°(R™) is a commutative
C-algebra under such pointwise defined operations. The unit in C*(R") is given by
the function which is constantly 1 on all of R™. For the case of S(R™), note that
each Schwartz-class function is smooth by definition. Moreover, trivial computations
following from the triangle inequality in C and the previous paragraph’s identities,
verify that S(R™) is closed under the pointwise algebra operations in C*°(R"). Hence,
S(R™) is a commutative C-algebra, and a subalgebra of C*°(R"). When referring to
either of S(R") or C*°(R"), as an C-algebra, or even as a C-linear space, we will mean
with operations defined pointwise.
If we set,
h:R" — C :tw ht), (1.23)

to be the pointwise complex-conjugate of an arbitrary function A : R" — C, then
equipping the algebra C°(R"™) with the assignment = : h — h determines a *-algebra
structure on C*°(R™), under which S(R") is a *-subalgebra. Indeed, if h : R" — C is
smooth, then for any n-tuple a. of non-negative integers,

Aol cayy

the continuity of which follows by continuity of complex conjugation on C, together with
the smoothness of h. The identities required for the well-defined map ~ : C*(R") —
C>°(R™) to be an algebra involution are seen immediately from the pointwise structure
of the algebra C*°(R"). Moreover, since complex conjugation is an isometry on C, it
follows from Equation (1.24) that S(R") is closed under the map = : f +— f, so that
S(R™) is a #-subalgebra of the x-algebra C'>°(R").

As shown in [0, Proposition 8.3], there are several equivalent definitions of Schwartz-
class functions. Before providing them, we introduce

|| . ||Rn R — [O, OO) A <t,t>Rn

to be the standard Euclidean norm on R". If r = (ry,...,r,) : R® — R" is the
canonical system of coordinates on R", observe that r : R — R" is an isometry in the

30



sense that
<T’(ta), T(tb)>Rn = <ta7tb>R"7 for all t,,t, € R™.

In particular, ||7(t)||gn = ||t||g~ for each vector ¢ € R™, and if we let

|7]|ge : R™ — [0,00) : t = [|r(t)||rn (1.25)
denote the composition of the norm || - ||gn : R" — [0,00) with r : R" — R", then
|7]|lge = - ||gn as functions on R™.

Proposition 1.39. Let h : R® — C be a smooth function. Then the following are
equivalent:

1. his a Schwartz-class function in the sense of Definition [1.58,
2. For all n-tuples o and B of non-negative integers, the function

0% (r* - h)

5ra (Tﬁ-h) R" — C

is bounded; Where r® - h : R* — C is the pointwise product r® : R* — R C C, as
defined in Equation , and the function h.

3. For all non-negative integers k, and all n-tuples o of non-negative integers, the
pointwise product,

0%h
: R™ C
ore —

is a bounded function on R™; Where 1 : R™ — C 1is the identity element in the
algebra C>*°(R™), and ||r||g~ : R™ — [0, 00) is defined in Equation

k
(14 [ fln)” -

Recall that a derivation on an algebra A is a linear map 7' : A — A such that
T(ab) = T(a)b + aT'(b) for each a and b in A; This identity is called the Leibniz
condition. Our next lemma introduces two families of linear operators on the algebra
C>°(R™), which also restrict to linear operators on its subalgebra S(R™), such that
these families are indexed by the set of n-tuples with non-negative integer coordinates.
In particular cases, wherein the sum of the coordinates of the n-tuple is 1, the operators
arising from one of these families are not only linear on C*°(R"™) and S(R™), but are
in fact linear derivations of these algebras.

Lemma 1.40. Let a be an n-tuple of non-negative integers, and let r* : R" - R C C
be defined as in Equation .

o The function r® is smooth in the sense of Definition[1.38 Moreover, the assign-
ment r® : h — r®-h, taking a function h : R™ — C to its pointwise product with
r, determines a well-defined linear operator on the algebra C*°(R™), and on its
subalgebra S(R™).
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e The assignment 8‘% f = gjﬁf determines a well-defined linear operator on

C>(R™), and on its subalgebra S(R™), such that

80‘(}11 . h2) . Z ol 35h1 (Whg

ore BNl arf " orr

a=f+~
BELY,

where hy - hy : R" — C 1is the pointwise product of smooth, or Schwartz-class,
functions hy and hs. In particular, for an integer j with 1 < j < n, the assign-
ment %_ ch— g—:;, determines a linear derivation on the algebra C*(R™), and
on its subalgebra S(R™).
Proof. For each integer j with 1 < j < n, observe that the coordinate function 7; :
R” — R C C is linear, and hence smooth. By definition, r* : R* — R C C is
a pointwise product of the coordinate functions r;, and since C*°(R") is an algebra
under pointwise operations, we conclude r® is a smooth function. Again applying the
pointwise algebra structure of C*°(R™), the smoothness of r* : R"™ — C then implies

re: C®(R") — C*°(R™) : h— r“ - h,

is a well-defined linear operator on C*°(R™). Observe that if § is any other n-tuple of
non-negative integers, then

PP = pPres s Co0(R™) — C°°(R™).

Hence, if h: R” — C is Schwartz-class, then for any n-tuples [ and ~ of non-negative

integers,

(«)V(rﬁ 7% h) 8’7(7~5+7 - h)

or or ’
which is bounded by the assumption that h is Schwartz-class and Proposition We

therefore conclude
r® :S(R") — S(R") : h—71-h

is a well-defined linear operator on S(R").
On the other hand, for a smooth function h : R®" — C, Clairault’s Theorem [19,
Section 14.3] states that,

o (oh o (on\ .

for any integers 7 and k with 1 < 57 < k. It follows that, for any n-tuple j3,

9% [0%h - 9P R
orB \ ore ) Qrots’
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which is continuous by the smoothness of h : R™ — C. Thus,

aa (o) n e ny . 804}1
%C (R)—>C (R>h'—>a7’a

(1.26)

is a well-defined map. To see that map given in Equation ([1.26) is linear observe, for
each integer 1 < j < n, the partial derivative with respect to r;,
0 oh

— C*[R") — C*(R") : h — —,

Grj ( ) ( ) 87”]'
is well-defined by the argument above, and is linear by linearity of the defining limit. We
may therefore regard the map in Equation (1.26]) as a composition of linear operators
on C*(R™), and so is itself a linear operator. Moreover, if h : R™ — C is Schwartz-class,
then for any n-tuples 8 and v of non-negative integers,

% [} Y+
rP 0 (ah):rﬁ-a h:R”—>(C

C9rv \ Ore orvte

is bounded by Proposition , so that g%}f : R™ — C is Schwartz-class. It follows that

the map
o n -~ 0%h
%SGR)—)S(R)hl—)aTQ

is well-defined and, in fact, a linear operator since S(R") is a subalgebra of C*(V').

Finally, the fact that % ch— % is a derivation when acting on C*°(R™), or on
J J
its subalgebra S(R™), is merely an application of the identity in Equation (1.22)). O

With this modest review in hand, we equip the C-linear space S(R™) with an inner
product. To do so, let dr denote the Lebesgue measure on R™ and recall, for any
Schwartz-class function f : R® — C, that f : R® — C is the Schwartz-class function
defined by taking the pointwise complex-conjugate of f. Often referred to as the L2-
mner product, we set

(o) pany - SRY) X S(R™) — C: (f1, fo) raan) = RnﬁfQ dr. (1.27)

To verify this map is well-defined, note Holder’s Inequality [6l, Theorem 6.2] implies we
need only show that [, [f|* dr is finite for each Schwartz-class function f : R" — C.
To see this, use Proposition to deduce that for f : R" — C Schwartz-class, and
any integer k, there is a constant Cj > 0 for which the function |f|? : ¢ — |f(¢)]* is
bounded above by

C (14 |rf[gn) ™ R* — Rt — Cp (1 + ||t]|rn) 2,
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which has finite Lebesgue integral whenever k > n/2 [6, Corollary 2.52]. Verifying that
the map defined by Equation is symmetric, linear in the second coordinate, and
positive definite are clear from basic Lebesgue integral theory; For which we refer the
reader to [0, Chapter 2, 6].

The resulting inner product space (S (R™), (-, ) LZ(Rn)) is not complete with respect
to the induced inner product norm

I lz2@ny : SR™) —[0,00) : b=y [ (R, B) 2(gen)-

As such, we use the notation of a Hilbert space completion. The following theorem is
found in Roman [16, Theorem 13.6].

Theorem 1.41. Let (X, (-,-)y) be a complex inner product space. Then there exists a
complex Hilbert space (H, (-,-) ), and a C-linear map 7 : X — H, which is an isometry
i the sense that,

(a,b)x = (1(a),7(b)) g, for all a,be X,

and such that range of T : X — H is a dense subspace of H. Moreover, (H,(-,-)) is
unique up to isometric isomorphism.

Applying Theorem [1.41] to the inner product space (S (R™), (-, ) 12 (]R”))’ we obtain

the Hilbert space of square-integrable functions
(2R, () o)

The name square-integrable “functions” for L?(IR") is somewhat misleading since, tech-
nically, L*(R") no longer consists of Schwartz-class functions, or even functions at all.
Rather, a constructive version of Theorem m shows tat the linear space L*(R") iden-
tifies with equivalence classes of Cauchy sequences in S(R"), where by Cauchy we mean
with respect to the inner product norm | - [[z2(gn) : S(R") — [0, 00). In particular, two
sequences of Schwartz-class functions {h;},en and {f;};en, both Cauchy with respect
to the norm || - || 2®n) : S(R™) — [0, 00), are of the same equivalence class if and only
if
\h; = fillz2@ny = 0 as j — oo.

However, the existence of an isometric linear map 7 : S(R") — L*(R") with dense
range ensures that the inner product space S(R™) identifies isometrically with a dense
subspace of L*(R™). In particular, there is nor harm in viewing S(R") as a dense
subspace of L?(R"). We will make heavy use of this direct identification while noting
that, in the context of L?(R™) consisting of equivalence classes of Cauchy sequences in
S(R™), the map 7 sends a Schwartz-class function h : R" — C to the equivalence class
of the constant Cauchy sequence {h};ey € S(R™).
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The following extends Example to the case of a general Euclidean space. Note
that an arbitrary Euclidean space does not carry a canonical system of coordinates
r=(ry,...,r,) : R* = R". However, using the Euclidean structure of Example m,
we will see that any orthonormal basis for the dual space induces an orthonormal
coordinate system which we may use to discuss notations of regularity for functions.

Example 1.42. Fix an arbitrary Euclidean space (V/, (-, -),,) of dimension n := dim(V'),
and let (V*, (-,-),..) denote the induced n-dimensional Euclidean structure on the dual
space V* given in Example . For an orthonormal basis {x;}7_; of V*, we call the
induced isometric linear isomorphism

r=(T1,...,2,): V —R" 10 (21(v),...,2,(v)),

an orthonormal system of coordinates on V.

The definition of smooth functions on V' given below is that of [20, Definition 1.6],
while Schwartz-class functions on V' are defined in the obvious way; Both of these
definitions make heavy use of orthonormal coordinate systems.

Definition 1.43. Let f : V — C be a function. We say that f is smooth, if for each
orthonormal system of coordinates x : V' — R", the function

foz ':R*" —C,
is smooth on R". Similarly, f is called Schwartz-class if the function

fox™':R" — C,

is Schwartz-class on R", for each orthonormal system of coordinates. We let C'°(V)
denote the set of smooth functions on V', and S(R™) its subset of Schwartz-class func-
tions.

Lemma 1.44. Equipped with pointwise addition, C-scaling, and product, along with
adjoint given by pointwise complex conjugation, the set C*(V') is a unital, commutative
x-algebra containing S(V') as a non-unital x-subalgebra. Moreover, any orthonormal
system of coordinates x : V — R"™ induces a commutative diagram,

S(V) —— =),

S(R") —— C=(R")

where the horizontal maps are x-algebra inclusions, and the vertical maps are x-isomorphisms,
both of which are given by the formula xz.(f) = fox™' : R* — C for a smooth, or
respectively Schwartz-class, function f:V — C.
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Proof. It f1, fo : V. — C are smooth, or Schwartz-class, and z is a complex number,
then for any orthonormal coordinate system x : V' — R",

(fi+2f2)0a” _flow +z(f20x_1):R”—>C
(fi-fo)ox = (fioa ) (froa™"):R" —C
foxl=foa1:R"—=C.

As C*°(R™) and S(R™) are x-algebras under the natural pointwise operations, it follows
from the identities above that C*°(V') and S(V') are x-algebras under pointwise-defined
operations operations. Clearly, the algebra product in C°°(V') is commutative, and the
unit in C*°(V) is the function which takes every vector in V' to the identity in C; Note
that this unit is not Schwartz-class.

Moreover, the identities above show that, given an orthonormal system of coor-
dinates x : V — R", the assignment z, : f ~ f o2~ ! determines a x-algebra ho-
momorphism from C*°(V) into C*°(R"), and from S(V) into S(R™). To see that
these x-homomorphisms are invertible, we show hoxz : V — C is smooth whenever
h : R® — C is smooth, for if this is the case then z;' : h + h oz is an inverse for
both. Indeed, if y : V — R" is any other orthonormal system of coordinates, then
roy ! :R" = R"is a linear isometry, and pre-composing any smooth function by a
linear endomorphism of R™ produces another smooth function on R". O

In Example [1.37] wherein smooth and Schwartz-class functions on R™ were consid-
ered, we took r = (ry,...,7,) : R” — R"™ to denote canonical coordinate system on
R™, and % : R™ — C denote the partial derivative, with respect to rj, of a function

J

h :R" — C. In Lemma [1.40, we observed that the assignment - : h — 5% b deter-
mines a linear derivation on the algebra C*°(R™), and on its subalgebra S (]R") In the

content of functions on V', one must start with an arbitrary orthonormal coordinate
system © = (z1,...,2,) : V — R™ and, using Lemma [1.44] define the partial derivative
with respect to x;, denoted 8 , to be the linear derivation which acts on the algebra
C*(V), and its subalgebra S (V) defined by the following commutative diagram:

C=(V) —= C=(R") —> C=(R") —> C=(V)) (1.28)
SJV) & 8(91% i 8%”) - SJV)

From the definition of such partial derivatives, it is immediate that an analogue of

36



Clairault’s Theorem holds in the sense that, for integers 1 < j < k <mn,

o o 0 0
Ox; Ovy  Oxj Ovy’

as linear operators on C*(V), or S(V'). Moreover, if for each n-tuple a = (o, ..., )
of non-negative integers we set,

0 _(ONT(ONT (9T
ore  \ Ory 0xy Oxy, ’

to be the composition of linear operators on C*°(V') or S(V'), then Lemma implies

f1 f2 a! aﬁfl N fy
gz azﬁ; BNl Orf ot (1.29)
BWEZEO

In particular, %
S(V).
Another operator on C*(R") and S(R™) which we considered in Example was

pointwise multiplication by a canonical coordinate function r; : R" — R; We denoted

is a linear derivation when acting on either the algebra C*°(V) or

this multiplication operator by
ri-:hw—r;-h, for h € C*(V)

There is an analogous linear operator, acting on C*°(V') and S(V'), when one starts
with an orthonormal system of coordinates for V. Taking = = (z1,...,2,) : V — R"”
to be such an orthonormal system of coordinates, the j-th coordinate function is the
function z; = r;ox : V — R. Hence, if f : V — C then follows that the pointwise
product of f with z;, denoted,

zj-f:V—C:v—x;(v) f(v),

satisfies
(zj-floxzt=r; (foxr™):R* — C.

Assuming f : V — C is smooth, or Schwartz-class, then this equality of functions,
coupled with Lemma [I.40} implies x; - f : V' — C is smooth, or Schwartz-class, re-
spectively, and that the induced map z;- : f — x; - f determines a linear operator on
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C>*(V) and S(V), satisfying the following commutative diagram:

C*(V) == C*(R?) == C*(R") —= (V) (1.30)

For each n-tuple o = (ay,...,qa,) of non-negative integers, and any orthonormal
coordinate system = = (xy,...,x,) : V — R", we define the function

22V —C:v+— (21(v))" (22(0))*? - (2, (0))™, (1.31)
as well as the compositions of linear operators
O _(ONT (O (o
ox® a 8x1 (91:2 a$n '

Immediately from Lemma and the definition of 5., note that if f; and f, are

smooth functions, and o = (ozl, ..., Q) is an n-tuple of non-negative integers, then
ol 9°hy Oh
g;a f2 Z ﬁl | a$ﬁl ‘ 837’72’ <132)
a=F+vy v
B€LL
where a! := H;.lzl a;! and the notation a = 8 + v means a; = [3; + ; for each integer
1 < j < n. Moreover, it is also trivial to see that
9°hy  0°h
L 1 (1.33)
ox® ox®
SO that <~— commutes with the adjoint operation given by pointwise complex-conjugation.

As stated previously, we have many different orthonormal coordinate systems on V.
However, given another such orthonormal coordinate system y = (yy,...,yn) : V —
R", then for each integer 1 < k < n, we use the Euclidean structure (V*,(-,-),.) to

write
n

T = Z(yj,xk>v* Yj: V — R.

J=1
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From [20, Remark 1.20], this implies

n

9, 9,
a_z/k = Z<yk7$j>v* 8_xj’ (1.34)

Jj=1

as linear derivations on the algebras C>°(V') and S(V). Similarly, with y,- and xy-
denoting the operations of pointwise multiplication by the coordinate function gy :
V — R and z; : V — R, respectively, then

n

Yk = Z<yk7xk>v* Lj:

J=1

as linear operators on C*°(V') and S(V).

Given its pointwise C-linear structure, we equip S(V') with an inner product using
Example Recall that we take dr to denote the Lebesgue measure on R", and that
we defined an inner product on S(R™) by

(" Vp2@ny : SR x S(R™) — C = (fi, f2) — Rnﬁ‘fz dr.

Lemma 1.45. Let x : V — R" be an orthonormal coordinate system, and x, : S(V') —
S(R™) the induced x-isomorphism of Lemma|1.44. Define

() '>L2(V) :S(V)xS(V) — C: (fi, o) — <x*(fl)7x*(f2)>L2(R")' (1.35)

Then (-, )2y 8 a well-defined inner product on S(V'), which is independent of the
choice of orthonormal coordinate system x : V — R"™. In particular, if y : V — R" s
an orthonormal coordinate system, then

Yo :S(V) — SR™) : frs foy™!
s an isometric linear isomorphism of complex inner product spaces.

Proof. For a fixed orthonormal coordinate system x : V' — R”, it is clear from the
inner product structure of S(R"), and properties of the map z, : S(V) — S(R"), that
Equation determines a well-defined inner product on S(V'). Letting y : V' — R”
be another arbitrary orthonormal coordinate system, note z o y~! : R® — R" is an
isometric linear isomorphism. Hence, applying the change of variables formula in [6],
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Theorem 2.47] and the fact that z, and y, are *-isomorphisms,

(2 (f1), 2+ (f2)) 2 :/ (fi- fo)oax tdr

n

:/Rn ((Ef?) oy_l) . }det(x o y_l)‘ dr
=(U«(f1), y«(f2)) L2®n),

showing that the inner product of Equation is independent of the chosen or-
thonormal coordinate system. On the other hand, notice that if y, : S(V) — S(R™) is
the x-isomorphism associated to the orthonormal coordinate system y : V' — R", then
it is immediate from the aforementioned independence that y, : S(V) — S(R") is an
isometric linear isomorphism of inner product spaces. O]

Remark 1.46. An equivalent formulation of this inner product on S(V) is given by
defining an appropriately scaled Haar measure on V. In particular, the Euclidean space
V', equipped with the Borel g-algebra, is a measurable space. As any orthonormal
coordinate system x : V' — R" is a linear isomorphism, there is a well-defined Borel
measure on V defined by

du(B) :=dr(z(B)), for all Borel sets B C V,

where dr is the Lebesgue measure on R"; The Borel measure dy is a pushfoward of the
Lebesgue measure by the map 27! : R* — V.

One verifies that the Borel measure du on V is a Haar measure, in the sense that
dp is invariant under the translation action of V' on Borel sets. The inner product on

S(V) may then be defined by

<f17f2>L2(V) = /Vﬁ'f2 du, for each fi, fo € S(V).

Well-definedness, and the agreement of this definition with that given in Equation
(1.35), follows from Bogacev, [I, Section 3.6-3.7] and, in particular, by the change of
variables formula for pushforward measures

/fd,u: foaztdr
1% Rn

Though we have introduced an inner product on S(V) using Lemma [1.45] the

induced inner product space (S V), (-, 2y ) is not complete. However, Theorem

1.41| guarantees the existence of a complex Hilbert space (Lz(V), (-, ) LQ(V)> and an

isometry which takes the inner product space S(V) to a dense Hilbert subspace of
L3(V). Just as in the case of Example and L?(R™), the vectors in L?(V) are no
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longer functions. However, the isometry from S(V') into L*(V) allows us to directly
identify S(V') with a dense subspace of L?(V).

If 2, : S(V) — S(R") is the isometric linear isomorphism induced by an orthonor-
mal coordinate system z : V' — R™ and Lemma [[.45] then uniqueness of Hilbert space
completions up to isometric isomorphism implies the existence of a unitary isomor-
phism z, : L*(V) — L?(R™) making the following diagram commute:

LA(V) 2= L2(R") . (1.36)

|

S(V) ——~S(R")

That is to say, the isometric linear isomorphism z, : S(V) — S(R") extends to an
isometric linear isomorphism of L?(V') into L?(R™), and we denote the extension by
T, L2(V) — L*(R").

We finish with a note relating the inner product of Lemma [1.45| with the operators
given in the diagrams ((1.28]) and (1.30)).

Proposition 1.47. Let © = (x1,...,x,) : V. — R" be an orthonormal coordinate
system and, for each integer 1 < j < n, take a%j : Qs(V) = Qs(V) and xj- -

Qs(V) — Qs(V) be defined by the diagrams and (1.30)), respectively. Then
for any Schwartz-class functions f; : V — C and fo : V — C,

<% f2> = <f1 —%> and
a$] ’ L2(V) ’ al'] LQ(V) ’

<xj : f17f2>L2(V) = <f17xj : f2>L2(V) .

Proof. Note that, by definition of the inner product (-,-);( and the *-algebra iso-
morphism z, : S(V) = S(R") : f+ fox™}

O = %o B I ox
<a_xj7f2>L2(v) .—/Rn (8xj x 1) (faoax ) dr

O(fiox™!
:/n (flﬁrjx ) '(fZOx_l) dr,

where o
I(fiox™")

:R™ C
87”]‘ —

is the partial derivative with respect to r; of the function f o 27! in S(R"). Hence,
using integration by parts together with the fact that any Schwartz-class functions on
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R™ vanish at infinity,

of B 0 (on_l) -
<3_%"f2>m(v) /n ar, et o

_ N 0 yox !
_—/n(flox_).(f@—rj)dr

:_/nm~ (g—ﬁoxl) dr

0
(55
Lil r2v)

On the other hand, since z; oz~ =r; : R* — R, we have

(- f)ox=t) - (faox™) dr

n

rj-(frow™h) - (faox™) dr

n

W- ((1‘] . f2) o C(,’_l) dr

n

:<f1,$j : f2>L2(V)~

(w5 - f1, f2) vy =

Il
——
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Chapter 2
The Dirac-Heisenberg Operator

The differential forms over a manifold are a core construction in differential geometry:.
We give here an introduction to forms in the case for which the underlying manifold is
a Buclidean space (V, (-, -);,) with dimension n := dim(V'). From Example [1.27] there
is a canonical Euclidean structure on the dual space V*, which we denote (V*, (-, -)y.)-
Explicitly, (V*,(:,+),..) is isometrically isomorphic to (V,(-,-),,) via the linear map
b : V — V*, defined on vector v in V by,

(bv) (w) := (v,w)y, for all w € V.

Note (V*, (-, ),«) has the same dimension as (V, (-, -),,), and the inner product (-, ). :
V* x V* — R is determined by,

(v, w)y = (v, bw)y~, for all v,w € V.

We recall the construction of the exterior algebra generated by V* given in Defini-
tion [1.13] and its inner product given in Example [1.28. For each integer k, the k-th
tensor power of V* is the real vector space,

P,V k>0
TEV*) = R, k=0,
{0}, k<0,

which is to say that 7%(V*) is the direct sum of k-copies of V* when k > 0, T*(V*) is
R when k = 0, and 7*(V*) is trivial when k < 0. The tensor algebra generated by V*,
given in Definition , is the unital R-algebra with underlying vector space 7 (V*) :=
Dz T#(V*), and equipped algebra product induced by the canonical isomorphism
® @ TR(V*) x Th(V*) — Th+k(V*). Using Definition [L.13] the exterior algebra
of V*, denoted AV*, is then defined by taking an algebra quotient of 7 (V*) by its
two-sided ideal .# generated from the 2-tensors w ® w € T2 (V*) for w ranging over
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V*. We let the induced algebra product on AV* be denoted - A-: AV* x AV* — AV*.
Informally, AV* should be thought of as the unital R-algebra generated by the vectors
in VV*, subject to the condition w A w be zero in AV* for each w in V*.

From Lemmal|l.15and Lemma the exterior algebra of V* carries a Z-grading,
under which the product is graded-commutative; That is, AV* decomposes as a direct
sum, over Z, of component subspaces AV* = &, ., A*V* and the algebra product in
AV restricts to a surjective bilinear map,

A ARV ARy s ARtRey
satisfying the graded-commutativity condition,
w1 N\ wo + (—1)k1k2+1WQ Nwyp = O, for all w1 € A]“V*,wg € AkQV* (21)

The k-th component subspace A*V*, called the k-th exterior power of V*, is the vector
space obtained as the image of 7% (V*) under the canonical quotient homomorphism of
T (V*) into AV* := T (V*) /.#. However, Lemmal[l.22|showed that the only non-trivial
components in this Z-grading on AV* are given by A*V for 0 < k < n := dim(V),
which is to say that A*V* is the trivial subspace of AV* whenever k& < 0 or k > n.

Thus,
n
AV =P AV =Parve
keZ k=0

From Lemma the exterior power A°V* is and algebra isomorphic to R, and the
exterior power A'V* is linearly isomorphic to V*. We therefore regard R and V* as a
subalgebra and subspace, respectively, of AV*. The linear dimension, and construction
of bases, for the non-trivial exterior powers of VV* is discussed in Proposition [1.25] and

Corollary [1.26; A basis for A°V* is given by the identity element, while if {z;} | is a
basis for V*, k is an integer with 1 < k < n, and

Ty = { (i1 0, ..., i) € {1,2,... .0} iy <ig <o+ <iip}

is the set of well-ordered multi-indices of Definition [1.24} then a basis for A¥V* is given
by

Ep = {dm =dx;, Ndx;, N--- Ndx;, € ARV

I=(i1,...,15) €Tp}. (2.2)

In particular, A¥V* has dimension (Z) for each integer 0 < k£ < n, and dimension 0
otherwise, while the algebra AV* = @, _, A*V* has linear dimension 2", with a basis
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given by
51:U5k:{d56¢1/\"'/\d$ik eAVI0<Ek<n,andi; <iy <...<ix}. (2.3)
k=0

In Example [I.28] and particularly Lemma [I.29], we equipped AV* with an inner
product (-, )+ : AV* x AV* — R. Explicitly, if k; and k, are distinct integers, then
the exterior powers A*1V* and A*2V* are orthogonal subspaces of AV* with respect to
(-, ) av+» while the inner product of two elementary exterior k-tensors wy A - - - Awy and
Wi A+ Awj in AFV* is given by

(Wi A Awp Wl A Awl) . = det ([@i, w}>w} ' > , (2.4)

ij=1

k
where [<wi,w}>w]ijl is the k x k matrix with (i, j)-entry equal to <wi,w;>w. The
induced inner product norm on AV* is then given by

|| . ”AV* : AV* — [0, OO) . ||(,L)||Av* = <(U,LU>A‘/* (25)
For each integer k, we let
(3 Y arpe s ATVE X ARV — R

denote the inner product obtained by restricting (-,-),. to an inner product on the
subspace A*V* of AV*, with the induced inner product norm on A*V* denoted || || sry- :
A*V* — [0, 00). In terms of this notation, the norm || - || sxy~ on A¥V* agrees with that
obtained by restricting the norm | - [[ay+ : AV* — [0, 00) to A*V*.

From Remark [1.30] if {z;}?, is an orthonormal basis for V*, then the induced basis
& for AFV* given in Equation is, in fact, an orthonormal basis for A¥V*, with
& :=Up_y & an orthonormal basis for AV* = @ _, A*V*. This also allows us to see
that A°V*, and A'V*, isometrically identify with R, and V*, respectively under the
canonical identifications of R with A°V*, and of V* with A'V*, discussed above. As
such, there is no harm continuing to identify R as a subalgebra, and V* as a linear
subspace, of the exterior algebra.

Using the decomposition of AV* into a finite direct sum of orthogonal subspaces,
AV* = @, _, A*V*, one defines Z/2-grading on the Euclidean space (AV*, (-, )1+,
with even and odd subspaces defined, respectively, by

AV = @ AV and, ATV = AV

k even k odd

Indeed, it is clear that AV* = ATV* @ A~V* and, with respect to the inner product
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defined on AV*, the subspaces ATV* and A~V* are orthogonal.

Lastly, recall that, in the proof of Corollary [1.33] it was shown that algebra product
A AV X AV* — AV* is continuous with respect to the topology on AV* induced
by the inner product (-,-),,. of Lemma m In particular, for any w;, and wy in AV*,
there is a constant C' > 0 such that,

lann A wally < Cllan|aflewa][a

2.1 Differential Forms

We define the algebra of smooth differential forms, and its subalgebra of Schwartz-class
forms, as a tensor product of AV* with the algebra of smooth, respectively Schwartz-
class, C-valued functions on V.

In the notation of Definition [1.43] let C*°(V) to be the set of smooth C-valued
functions on V', and S(V') its subset of Schwartz-class C-valued functions. Equipped
with pointwise addition, C-scaling, and product, and with adjoint given by pointwise
complex-conjugation, Lemma verifies that C*°(V') is a unital, commutative C-
algebra which contains S(V') as a non-unital subalgebra. Since C*°(V') and S(V) are
algebras over C, while AV* is an algebra over R, care must be taken when defining the
tensor products C*°(V) @ AV* and S(V) @ AV*.

Definition 2.1. Let A and B be vector spaces over C, and over R, respectively. The
tensor product of A and B is a C-vector space, denoted A ®.ct B, equipped with a
map

®:AXB— AQuet B:(a,b) —> a®b,

which is C-linear in the A-coordinate, R-linear in the B-coordinate, and such that the
following universal property is satisfied:

If W is a C-vector space, and h : A x B — W is C-linear in the A-coordinate and
R-linear in the B-coordinate, then there exists a unique C-linear map
h: A®yet B— W such that h(a,b) = h(a ®b).

Assuming the existence of such a universal object, and also that A and B are
algebras over C and R, respectively, the algebraic tensor product of A and B, denoted
A®g B, is the C-algebra with underlying vector space A ®yeet B and product given by

(Soen) (Saen) - Tok o 26)
Jj=1 k gk

for all 3°.a; ® by and Y, a3, @ b, in A Qeet B.

the formula
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For the existence of such a universal vector space, take L to be the free C-vector
space with basis A x B, and define S to be the set of vector in L of either the form

(a1 + cas, b) — (ay1,b) — c(aq, b) for c € C,ay,a0 € A,b € B,

or

(a,by + kbs) — (a,b1) — k(a, bs), for ke R,a € A by, by € B.

It is easily shown that the quotient C-vector space L/Spang(S), together with the map
®: Ax B — L/Spang(95)

sending a pair (a,b) in A X B to its equivalence class in L/Span(S), is a tensor product
in the sense given above.

To see that the algebra product in A ®g B is well-defined, first fix a tuple (a,b) in
A x B. Applying the universal property to

AXB—A®B: (d,b)— ad 0,

we obtain, for each element (a,b) of A x B, a C-linear operator on A ®yect B, which
we denote M, p). With End(A ®veet B) the complex vector space of C-linear operators
on A ®yeet B, we apply the universal property to

A x B — Endc(A ®veet B) : (a,b) — Miqyp),

yielding a C-linear map M: A Rvect B — End(A Qyeey B). In particular, the formula,

Wy Wy 1= [M(wl)] (we),  for wi,wy € A Ryecet B

determines an algebra product on A ®,.; B which satisfies the identity in Equation

Z9).

Another important property of such tensor products is the following.

Lemma 2.2. Let A, A’ be complex vector spaces, and B, B’ real vector spaces. If
T: A — A is a C-linear map, and F : B — B’ an R-linear map, then there is a
unique linear map

T®F: AQet B—> A ®@qect B’

such that (T @ F)(a®b) =T(a) ® F(b) for all elementary tensors a @ b in A ® et B.

dim(B) then,

Moreover, if (B, (-, ) g) is a Euclidean space with orthonormal basis {e;};_,
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any vector w in A ® B may be written

dim(B)
w= Y [i®e€ARB,
j=1
for vectors fi, fa, ..., faimB) in A. Such decompositions are unique in the sense that if
{fj}?lzni(B) and {h; }?lzni(B) are sets of vectors in A with
dim(B) dim(B)
fj ® €j = hj ® €5,
j=1 j=1

then f; = h; for each 1 < j < dim(B).

Proof. It T : A — A’ is C-linear, and F' : B — B’ is R-linear, then the universal
property of A ® B ensures that, since

TRF:AXyet B—A ®qect B : (a,0) — T(a) @ T(b)
is C-linear in A and R-linear in B, there is a unique linear map
T X F: A ®Vect B — A/ ®vect B/,

which satisfied the identity claimed in the lemma.

For the second claim, assume (B, (-, -) 3) is a Euclidean space with basis {ej}dim(B)

j=1
If w=a®bis an elementary tensor in A ®e; B, then b = Z?:1<€j» b;)ge;j. Hence,

n

wz&@sz(ej,bj>B CL®€J'.

J=1

For arbitrary w in A ®.et B, we have by definition that there is a finite natural number
t, and elementary tensors a; ® by, as @ ba, ..., a; ® by in A ® B for which,

t

w:Zak@)bk.

k=1

It follows from the elementary tensor case, together with the identity a ® b+ a' ® b =
(a+d)®bfor all a,a’ in A and b in B, that

¢ [dim(B) dim(B) / ¢

wzz Z (ej,bi)p ay ®@e; | = Z (Z(ej,bk)B ak) R e;j.
k=1 J=1 j=1 k=1

Hence, any w in AR B may be written w = Z?Zl f;®e; for some vectors fi, fo, ..., fu
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in A.
For the uniqueness portion of this decomposition, it suffices to show that

dim(B)
Z [i®e;=06€ AR B < f;=0¢€ A, for each 1 < j < dim(B).

J=1

The “if” implication is clear by the definition of the tensor product A ®yc.; B. For the
“only if” implication, let j be an integer with 1 < j < dim(B), and define the map

AxB— A :(a,b) — (ej,b)p a,

which is C-linear in the A-coordinate, and R-linear in the B-coordinate. By the uni-
versal property of A ®.ect B, there is a unique linear map

Y}:A®VectB—>A

such that Tj(a®b) = (e;,b) p a for each elementary tensor a @b in A ®yect B. Assuming

dim(B)
w = fj & 6]' = O,
1

j=

then by linearity of T; : A® B — A we have a; = Tj(w) = 0. As this holds for each
integer j with 1 < j < dim(B), the “only if” implication is proven. O

With this notation for tensor products, we may define the algebras of smooth, and
Schwartz-class, differential forms.

Definition 2.3. The C-algebras of smooth differential forms over V and Schwartz-
class differential forms over V| respectively denoted Q(V') and Qg(V'), are given in the
notation of Definition [2.1], by

QV):=C®(V)@r AV*  and Qs(V) := S(V) @r AV*.

Moreover, for each integer k, the C-vector spaces of smooth differential k-forms over
V and Schwartz-class differential k-forms, respectively denoted Q%(V) and Q%(V), are
given by

QF(V) := C®(V) @yeet A*V* and  Q&(V) 1= S(V) @yeer AFV*.

Applying Lemma to some combination of an identity operator, the canonical
inclusion of C-algebras S(V') < C*°(V'), and the canonical inclusion of R-linear spaces
AFV* s AV* for each integer k, one sees that there is a commutative diagram of
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injective mappings, which we may consider to be inclusions, given by

QS(V);) Q(V)

J

Q(V)—— Q)

Note that the top-most horizontal map is a homomorphism of C-algebras, while the
other three are merely C-linear.

The natural Z-grading on the algebra ©(V'), which arises from the Z-grading of AV*
given in Lemma m, has component subspaces {Q*(V)}, <z Similarly, {Qk(V)}, -
are the components of a natural Z-grading on the algebra (s(V') given in Lemma
m gives rise to a natural Z-grading on the algebra Q(V), and its subalgebra Q% (V).
Before showing this rigorously, note QF(V') and Q%(V) are both trivial when k > n or
k < 0, since the R-linear space A*V* is trivial for such k.

Lemma 2.4. With component decompositions,

n

o) =@V =AV)  and (V) = AWV) = P k),

keZ kEZ k=0

both Q(V') and Qs(V') are Z-graded algebras in the sense that, for any integers ki and
k:27

QR (V) QR (V) CQR TR (V) and  QE(V) - Q2(V) CQETR(V).
In particular, the algebra inclusion of Qs(V) — Q(V) is graded in the sense that
Q&(V) CQF(V) for each integer k.

Proof. We prove the result only for Q(V), as the argument for 25(V') is the same. Take
{z;}}-, to be an orthonormal basis for the dual Euclidean space (V*, (-, ")), and let

Ey = {dry = dxyy Ndwgy N--- Ndxg, T = (i, 02, ,d) € L}

be the orthonormal basis for (AkV*, (-, ) Akv*) given in Equation 1} From Lemma

LIS, i
AV =P AV =Patve,
k=0 keZ

where the second equality follows by the triviality of A*¥V* for integers k > n or
k < 0. Clearly then, £ := U?:o &k, is an orthonormal basis for the Euclidean space
(AV*v <'7 '>AV*)'

We now show Q(V) = @,, (V). Since QF(V) is trivial for k > n or k < 0,
it suffices to prove Q(V) = @;_, Q*(V). By Lemma applied to the basis £ given
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above, any smooth differential form w may be written

n

WIZ Z fr®dxy,

k=0 dxre&

for smooth functions f; : V' — C, in exactly one way. For each integer 0 < k < n, the
summand wy, == Y ;. e fr®dzy is a smooth k-form in QF(V). The uniqueness result
of Lemma then implies that if, for each integer 0 < k < n, there exists a smooth
differential k-form n; such that

n n
W= E W = E Mk,
k=0 k=0

then it must be

Wg = Z f]®dl‘]:nk.

dxr €&}

Hence, Q(V') decomposes as QV) = @, Y (V).
To see that that, for any integers k; and ko, the algebra product in Q(V') restricts

to a C-bilinear map
QF (V) x QF2(V) — QFrth(1))

simply observe that if f; ® wy, is an elementary tensor in Q% (V) and fy ® wy, an
elementary tensor in Q*2(V), then their algebra product in Q(V) is defined to be the
elementary tensor (fi - fa) ® (wg, A wi,) in (V). Such an elementary tensor is, in
fact, a vector in the subspace Q***2(V). Indeed, wy, A wy, is contained in AF1 k2
by the Z-grading structure of AV* while f; - fo is in C°°(V') by the algebra structure
of C*(V). We have already seen above that, for each integer k, Q%(V) is a linear
subspace of QF(V), and thus the algebra inclusion Qs(V) < Q(V) respect the Z-
gradings exhibited here. O]

2.2 Operators on Differential Forms

In the notation of Definition [2.3] the C-algebra of smooth differential forms over an
n-dimensional Euclidean space (V (-, -);,) is denoted by

QV) :=C>®(V)@r AV",
and its subalgebra of Schwartz-class differential forms by,

Qs(V) = S(V) @z AV*.

o1



From Lemma [2.4] both Q(V) and Qs(V) are Z-graded algebras, with components
decompositions,

PV) =P (V) and Qs(V)=EPA%V) =@ kW),

k€EZ keZ

respectively; Where QF(V) := C®°(V) ®yeet A¥V* is the subspace of (V) consisting
of smooth differential k-forms, and Q%(V) := S(V) ®yeet A¥V* the linear subspace of
Qs(V) consisting Schwartz-class differential k-forms. The goal of this subsection is to
define a number of linear operators acting on the algebras of smooth and Schwartz-class
forms over V.

In a majority of the cases, we will first define a linear operator of degree k on the
Z-graded algebra (V') by way of Lemma , and then wish to verify such an operator
restricts to one of degree k on the Z-graded Qs(V'); The following proposition shows
that this is possible in the obvious case.

Proposition 2.5. Let Ty : C>°(V) — C*(V) to be a C-linear operator which restricts
to a well-defined operator Ti|sqy : S(V) = S(V). Further, take To : AV* — AV* be
R-linear, and let

Tl & Tg : Q(V) — Q(V), and T1|S(V) X T2 : QS(V) — QS(V),

be defined as in Lemma|2.4. Then Ty @ Ty restricts to a well-defined linear operator on
Qs(V), and this restriction agrees with Ty|sqvy ® Tb.

Moreover, if the linear operator Ty : AV* — AV™ is degree j with respect to the
Z-grading on AV*, then the linear operators

T ®Ts: Q(V) — Q(V) and T1|S(V) ®Ts QS<V) — Qs(v>,

are degree j with respect to the Z-grading on Q(V'), and on Qs(V'), respectively.

Proof. Let x = (x1,...,2,) : V — R" be an orthonormal coordinate system for V. In
particular, {z;}7_, is an orthonormal basis for V*, and we let &, be the orthonormal
basis for (AFV*, (-, ) s+ ) given in Equation (2.2)), with € := |J;_, & the corresponding
orthonormal basis for (AV*, (-, ) \y«)-

From Lemma [2.2] we have that any Schwartz-class differential form w in Q(V) may

be written uniquely as
n

WZZ Z f1®dl'17

k=0 dx;C&
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for Schwartz-class functions f; : V' — C. Hence,

(Th @ Ta)[q g ( Z Z T(V)(fr) @ Ta(dxy),

k=0 dxr€&

and since restricting 77 to S(V') yields a linear operator on S(V), it follows that each
elementary tensor T4|sqvy(fr) ® Ta(dxy) is in Qs(V), and

(T1 & T2)|QS(V) = T1|QS(V) ® Ty : QS(V) — QS(V)

On the other hand, for each integer k, any w in Q*(V') may be written uniquely as,

w= Z fr®dxy,

dxr €€y,

for smooth functions f; : V — C. Assuming 75 has grading degree j as a linear
operator on the algebra AV*, then

(Th ® T2)‘Qk(v) (w) = Z Ti(f1) ® Ta(dxy),

dxr€&y,

where each elementary tensor Ty(fr) ® Ty(dx;) is in Q¥ (V). Tt follows that,
(11 @ To)|gryy = T1 @ To|srye : QF(V) — QI (V),

which is to say that T3 ® T is a degree j linear operator on the Z-graded algebra Q(V).
A similar argument shows, for each integer k, that

(T1|5(V) X Tg) }Qg(v) = T1|$(V) ® T2|Akv* : Qg(V) — Q§+j(‘/).

Thus Ti|sqvy ® T3 is a degree j linear operator on the Z-graded algebra Qgs(V). O

We recall from Lemma [1.32] that there is a linear assignment
Ayt AV — B(AV*) : dr — Ay,
where, for each dr in A'V*,
Air : AV — AV i —dr A . (2.7)

In particular, we showed that for each d7 in A'V*, the bounded linear operator Ay,
is degree 1 with respect to the Z-grading of AV* = @,_,A*V*. From the graded-
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commutativity of AV* observed in Lemma [I.18] it follows that,
)\dq—1 >\d7—2 = _>\d7—2)\d717 for all dTl, dmy € A1V* (28)

Moreover, for each d7 in A'V*, Lemma shows that the formal adjoint of Ay, which
we denoted,
tar = Ayt AV — AV, (2.9)

is a degree —1 bounded linear operator on the Z-graded algebra AV™* called interior
multiplication by dr. Using Equation (2.8)) and properties of the adjoint operation in
B(AV*), we see that for any exterior 1-tensors dr and dms,

Larbdry, = —ldrlar,  for all dry, dmy € AV, (2.10)
while Equation (1.18]) can be used to show that as linear operators on AV*,
LdTl)\dTQ + )\dq—QLdT1 = <d7’1, dTg)Alv* 1:AV" — AV*, (211)

where 1 : AV* — AV™* is the identity operator.

On the other hand, if if = (x1,...,z,) is an orthonormal coordinate system and
1 < 7 < n, recall that the partial derivative with respect to z; is the linear operator
% : C(V) — C(V) given by the diagram (|1.28)), while pointwise multiplication by
a coordinate function x; is the linear operator z;- : C*(V) — C*°(V) given by the
diagram ([1.30). In particular, both a%j :C®(V) = C®(V)and zj- : C°(V) = C=(V)
restrict to linear operators on the algebra of Schwartz-class functions S(V).

2.2.1 The Hodge-de Rham Operator and Hodge-Laplacian

The goal of this subsection is to first introduce the exterior derivative and the cod-
ifferential, two introductory linear operators acting on the algebras of smooth and
Schwartz-class differential forms over V. Once this is completed, we will briefly discuss
the Hodge-de Rham operator, a sum of the exterior derivative and codifferential, along
with its square, the Hodge-Laplacian. For a more classical discussion of the Hodge-de
Rham operator and the Hodge-Laplacian, specifically its relation to the Hodge Decom-
position Theorem, see Helgason [, pp. 385] and [20].

Let x = (x1,...,2,) : V — R" be an orthonormal system of coordinates and,
for each integer 1 < j < n, let dz; denote the element of A'V* determined by the
functional z; : V' — R and the canonical identification V* 2 A'V* of Lemma . An
immediate corollary to Proposition is that the linear operator on Q(V') defined by
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an application of Lemma [2.2]

0
— ® Age, : QUV QV),
i © e V) — V)
is degree 1 with respect to the Z-grading on Q(V'), and restricts to a degree 1 linear
operator on the subalgebra Qgs(V). Similarly,

0
a_q,’j & [’dl"j : Q(V) — Q(V),

is a degree —1 linear operator on (V') which restricts to a degree —1 operator on
QsV). Hence,

"0
d= ; o, ® Az, : QV) — Q(V) (2.12)

is a degree 1 linear operator on the Z-graded algebra (V') which restricts to a degree
1 linear operator on the Z-graded algebra Qs(V'), and

s — 0 .
4= — ; oz, ® tar, : QV) — Q(V), (2.13)

is degree —1 operator on (V') which restricts to a degree —1 linear operator on Qg(V).
Ify = (y1,...,yn) : V. — R" is another system of orthonormal coordinates, then
using the Euclidean structure (V*, (-, -)y..), write

n n

Ye = Z<$J'7yk>‘/* r; and oz = Z(xk,yﬁv* Y-
i=1 =
Linearity of the maps A, : A'W* — B(AV*) and 1y ATV* = B(AV®), respectively,
yield that,

n

Ay, = Z(l‘j,yk>v* Adz; - AV* — AV*  and, (2.14)
j=1

lige = 3 AT, Yy Lan, - AV — AV, (2.15)
j=1

while, from Equation (1.34)),

O3 gz aij L C%(V) — O (V).
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Hence,

n ) n 9
7 ® )\dyk = Z <yk7 xj>V* <xi7 yk)V* ® >\d:v¢
k=1 ayk ko jiel axj
= iy g/ VH A T
Z <Q7 ZL']>V 81'] ® dz;
2,7=1

and

—Za_yk ® bdy, = — Z <ykax]>V* <xi7yk>V* al’J ® tdz;

k=1 k,ji=1
- 0
= — E (w5, 25) v ® Lda,
i1 6[17]'
7]
n
I
_ Lo,
: 0:1:1 T
=1

What we have just shown in the paragraph above is that the operators coming
from Equation and Equation ([2.13)) are independent of the initial orthonormal
coordinate system x = (z1,...,x,) : V — R". This leads us to our definition of the
exterior derivative and codifferential.

Definition 2.6. The exterior derivative is the unique linear operator d : (V') — Q(V)
such that, if x = (z1,...,2,) : V — R" is any orthonormal system of coordinates, then

"9
d= ;a—% ® Az, : UV) — Q(V).

The codifferential is the unique linear operator d* : Q(V) — Q(V) such that, if x =

(x1,...,2,) : V — R"™ is any orthonormal coordinate system, then
d = i 9 ® Mgz, » V) — Q(V).
= 833j J

We following this definition with basic first properties of the exterior derivative and
codifferential. Note the first two conditions were a corollary to Proposition [2.5]

Proposition 2.7. Let d : Q(V) — Q(V) denote the exterior derivative, and d* :
Q(V) — Q(V) the codifferential. Then the following hold:

1. Both the d and d* both restrict to linear operators on Qs(V).
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2. With respect to the Z-grading on the algebra Q(V'), the linear operators d and
d* have grading degree 1, and —1, respectively. Moreover, with respect to the
Z-grading on Qs(V'), the linear operators obtained by restricting d, and d*, to
Qs(V') have grading degree 1, and —1, respectively.

3. Squaring either d, or d*, yields the zero operator on Q(V).

4. If w is a smooth k-form for some integer k, and n is a smooth differential form
of any degree, then

d(w 1) = d(w) -7+ (=1)" w-d(n), (2.16)

where - denotes the algebra product in QV'). In particular, this holds when w
is a Schwartz-class differential k-form and n a Schwartz-class form of arbitrary

degree.

Proof. The third condition is merely an application of Clairault’s Theorem in conjunc-
tion with , for the case of d, and Equation , for the case of d*.

For the fourth claim of the proposition, take any orthonormal coordinate system x =
(z1,...,2,) : V — R™ and let & be the induced orthonormal basis for (AV*, (-, -) i)
From Lemma [2.2] any smooth differential k-form w may be written uniquely as

w = Z fr®dxy,

dxr €€}

for smooth functions f; : V' — C, and any smooth differential form 7 of arbitrary

degree may be written uniquely as

U:Z Z gr ®dxy,

k=0 dx;e€&

for smooth functions g; : V' — C. Using this decomposition, together Lemma [1.18

and the observation that each partial derivative operator ;2- : C*(V) — C*(V) is

-
a derivation on the algebra C°°(V'), one then easily computes that the identity in

Equation (2.16]) holds true. O

There are, in fact, four defining properties of the exterior derivative acting on

smooth differential forms, each of which was shown above. In particular, the exterior
derivative d : Q(V) — Q(V) defined by Equation (2.12)) is the unique linear operator
on (V) such that

1. d:Q(V) — Q(V) is a degree 1 linear operator on the Z-graded algebra Q(V).
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2. For any orthonormal coordinate system z = (z1,...,2,): V — R",

d(f®1)22%®dxjte(V), for all f®1 € Q%(V),
j=1 "

3. &(f®1) =0 for all 0-forms f®1 in Q°(V).

4. If wis in QF(V), and 7 is in Q(V), then
d(w ) = d(w) -0+ (=1)" w-d(n),
where - denote the algebra product in Q(V).

For a more classical definition of the exterior derivative using these conditions, see
[20, Theorem 2.20]. An argument showing that such an operator agrees with that of
Definition is found in Sternberg [I8, pp. 99].

With the exterior derivative and codifferential defined, we are able to define the
Hodge-de Rham operator and the Hodge-Laplacian, both of which are operators acting
on smooth, and Schwartz-class, differential forms over V.

Definition 2.8. Let d : Q(V) — Q(V) and d* : Q(V) — Q(V) denote the exterior
derivative, and codifferential, respectively, of Definition [2.6] The linear operator

d+d : QV) — Q(V)

is called the Hodge-de Rham operator, while the Hodge-Laplacian, or simply the Lapla-
ctan, on smooth forms is the linear operator,

(d+d)? =dd +dd:QV) — Q). (2.17)

Observe that the Laplacian is obtained by simply squaring the Hodge-de Rham
operator, while the equality of linear operators in Equation (2.17)) follows from Propo-
sition [2.7} Particularly since d and d* square to the zero operator on Q(V').

Proposition 2.9. In terms of an arbitrary system of orthonormal coordinates x =
(x1,...,2,) : V — R", the Laplacian satisfies,

n 2
dd* + d*d = (— Z %) @1 :QV) — Q(V), (2.18)
j=1 "7

) 2
where 1 : AV* — AV* is the identity operator, 25 = (i) :C®(V) = C=(V). In

92 Ox;

particular, Lemma implies that the Laplacian is a degree 0 linear operator on the
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Z-graded algebra (V') which restricts to a degree 0 linear operator on the Z-graded
algebra Qs(V).

Proof. The fact that Qg(V) is closed under the Hodge-de Rham operator follows from
the algebra Qs(V') being closed under exterior differentiation and the codifferential, as
argued in Proposition [2.7]

A description of Laplacian in terms of a local coordinate system through Equation
(2.18)) is found in [20, pp. 252]. For the sake of completeness, let dr and dmy be
arbitrary exterior 1-tensors. Then using Equation and Clairault’s Theorem we

see,

i 3:61(9 j

= - iHyLj )V Adz Lz
ijl<x i) 8@817] Zax] 8xz® du b,
nooag

=-> — O o1 - dd
= ox?

Since 1:AV* — AV*is adegree 0 linear operator on the Z-graded algebra AV*, and
since z— : C°(V) — C°°(V) restricts to a linear operator on S(V'), we use Proposition
and]the local coordinate description above to deduce that the Laplacian, and its
restriction to 2g(V), are both degree 0 linear operators on the Z-graded algebras (V)
and Qs(V), respectively. ]

2.2.2 The Clifford Operator and Harmonic Oscillator

We will now introduce the Clifford operator acting on Q(V') and Qs(V). Once this
operator is introduced, we discuss the Harmonic Oscillator, which is defined as a sum
of the Laplacian and the square of the Clifford operator.

Letting = (zp,...,2,) : V — R"™ be an orthonormal coordinate system and
1 < j <n, take z;- : C°(V) — C*°(V) to be the linear operator acting on smooth
functions given by the diagram (1.30). In particular, z;- : C>(V) — C*°(V) restricts
to a linear operator on the algebra S(V'), and if f : V' — C is smooth or Schwartz-class,
then

zj-f:V—C:vr—z;)f(v).

Using the operators z;- : C>*°(V) — C*>°(V), we apply Lemma and Proposition
to obtain,

pi= zn:xj ® Az, : QUV) — Q(V), (2.19)
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a degree 1 linear operator on the Z-graded algebra (V) which restricts to a linear
operator of degree 1 on the Z-graded algebra Qgs(V). A second application of these
results yields,

pri= ij ® iz, + AV) — Q(V), (2.20)
j=1

a degree —1 linear operator on (V') which restricts to a degree —1 linear operator on
Qs(V).

Ify = (y1,...,yn) : V — R" is another orthonormal coordinate system, observe
that linearity of the assignments,

Aoyt AV — B(AV®) s dr — A\gr and () : ATV — B(AVF) 1 dT — tar,

together with,

n n

Ty = Z(yj,xk>v* y; and yp = Z(azj,yk)v* xj, for each integer 1 < k < n,
=1 j=1

implies by direct computation that

S Y@ Aay, = > (@ wR)ve 1@ Aag, = Y20 ® Ay,
=1 i=1

ik=1

and

n

n n
E Yi @ Lay, = 5 (T, Tr)ve T @ Lday, = E Ti @ Ly,
j=1 i=1

ik=1

Hence, the definitions of p and p* as operators on Q(V) given in Equation (2.19),
and Equation , respectively, do not depend on the initial choice of orthonormal
coordinate system = = (z1,...,x,): V — R".

We may have equivalently defined p : Q(V) — Q(V) as the operator whose action
on Q(V) is left-multiplication by a particular smooth, exact, 1-form in Q' (V). Indeed,

let
|-[lv:V—R:v——/(v,0)y

denote the inner product norm of the Euclidean space (V,(:,-),,), and consider the

function ,
x:V—C:v+— [l
: : 5

Since any orthonormal coordinate system x = (z1,...,x,) : V — R" is an isometry

of Euclidean spaces, it is plain to see that xy : V' — C is a smooth function such that

é%_ = z; for each 1 < j < n. Hence, for x ® 1 the corresponding element of Q°(V), it

60



follows by definition of exterior differentiation that,

dix®1) = Za_xj ® dx; = ij ® dz; (2.21)
7j=1 7j=1

As Q(V) is an algebra, one obtains a well-defined linear operator on Q(V') of left-

multiplication by the smooth 1-form d(x ® 1); Namely,

Md(x®1) : Q(V) — Q(V) W d(X & 1) - W,

where - denotes the algebra product in Q(V'). From Equation (2.21)), it follows easily
that

Mae1) = Z T @ Ndz; = p-
j=1
As a corollary to the paragraph above, observe that dp+pd : Q(V) — Q(V) identifies
with the zero operator. Indeed, from the third and fourth properties in Proposition
[2.7] together with the identification of p : (V) — Q(V') and left-multiplication by the
smooth, exact, differential 1-form d(x ® 1), we see that for each smooth differential
form 7,

dp(n) =d(d(x ®1)-n) = d*(x ® 1) - — pd(n) = —pd(n).

Hence dp = —pd as operators on (V') or equivalently dp + pd = 0.
The following lemma highlights the important properties of p and p* given by

Equation (2.19) and Equation (2.20), respectively.

Lemma 2.10. There are unique linear operators p : QUV) — Q(V) and p* : Q(V) —
Q(V) such that, for any orthonormal system of coordinates x = (x1,...,x,): V — R",

p = ij ® Az, UV) — V) and,
j=1

pF = ij ® tag; : UV) — Q(V).
j=1

Squaring either of the operators p or p* yields the zero operator on QU(V'). Moreover,
with respect to the Z-grading on Q(V'), the linear operator p is degree 1, while the linear
operator p* is a degree —1. As well, p and p* restrict to linear operators, of degree 1
and —1, respectively, on the Z-graded algebra Qs(V').

If d:Q(V) — Q(V) is the exterior derivative of Definition then

dp+ pd: Q(V) — Q(V)
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1s the zero operator.

Proof. The only claim which we have yet to show is that p and p* both square to the
zero operator on (V). Indeed, from a simple computation involving commutation of
the operators ;- : Q(V) — Q(V) and z;- : C®(V) — C®°(V) for 1 < i,j < n, along
with Equation for the case of p, and Equation for the case of p*. m

The Clifford operator, defined below, is a sum of the unique operators p and p*

given in Lemma

Definition 2.11. Let p: Q(V) — Q(V), and p* : Q(V) — Q(V), be the unique linear
operators of Lemma The Clifford operator on (V') is the linear operator

p+pt i QUV) — Q(V).

We end this discussion by highlighting the important properties of the Clifford
operator, with most being simple corollaries of our previous results.

Proposition 2.12. Let p + p* : Q(V) — Q(V) be the Clifford operator of Definition
211 Then
(p+p") = pp"+p"p: UV) — QV)

is a degree O linear operator on the Z-graded algebra Q(V'), and restricts to a degree
0 linear operator on the Z-graded algebra Qs(V). If x = (xq1,...,2,) : V — R" is an
orthonormal system of coordinates, then

pp" +pp = fo R1:QV)— QV), (2.22)

J=1

where 1 : AV* — AV* is the identity operator, and x5 : C=(V) — C>(V) is the
operator obtained by squaring x;- : C>°(V) — C°(V) defined in the diagram .

Proof. The equality of linear operators (p+ p*)? = pp* + p*p is immediate from Lemma
2.10, For the coordinate description, let x = (z1,...,x,) : V — R"™ be an orthonormal
system of coordinates. Then from Equation , commutativity of the operators z; :
C®(V)—=C>®V)and z; : C®(V) = C>(V) for each 1 < i, j < n, and orthonormality
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of the coordinate system, we can directly compute

n
p*p — Z {EZ.CL’J ® del‘)\d:l?j

i,j=1
n n
= E <$z‘,$j>v* Tix; & 1 - g Tjx; & /\da;jédmi
i,j=1 h,j=1

=D Tel—p
j=1

Hence, Equation (2.22) is satisfied. As a corollary to Proposition [2.5{and the coordinate
description of pp* 4+ p*p obtained above, the Clifford operator is a degree 0 linear
operator on (V'), and restricts to a degree 0 linear operator on Qg(V). ]

With the Clifford operator and its square analysed, we define the harmonic oscil-
lator on (V') as follows.

Definition 2.13. Let d + d* : Q(V) — Q(V) be the Hodge-de Rham operator of
Definition 2.8, and p+ p* : Q(V) — Q(V), and the Clifford operator of Definition [2.11]
The harmonic oscillator on (V') is the linear operator H : Q(V) — Q(V) defined as
the sum of squares of d + d* and p + p*; That is,

H=(d+d)V+(p+p): QV)— QV).

Proposition 2.14. Ifx = (z1,...,2z,) : V — R" is an orthonormal coordinate system,
then the harmonic oscillator H : Q(V) — Q(V') of Definition[2.15 satisfies

n 2
’H:Z—%@l (V) — Q(V), (2.23)
j=1 J

2
where —88722 = (%) QV) = QV) and 1 : AV* — AV* is the identity. In
particular, "Lemma implies that the harmonic oscillator is a degree 0 linear operator
on the Z-graded algebra (V') which restricts to a degree 0 liner operator on the Z-

graded algebra Qs(V).

Proof. 1f x = (x1,...,2,) : V. — R™ is an orthonormal coordinate system, then Equa-
tion follows from the local coordinate descriptions in Proposition and Propo-
sition [2.12] Moreover, using such a local coordinate description of the harmonic os-
cillator, together with Proposition [2.5] it is plain to see that H : Q(V) — Q(V) is a
degree 0 linear operator which restricts to a degree 0 linear operator on Qgs(V). O]
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2.3 Square-integrable Differential Forms

For a Euclidean space (V,(:,-),,) of dimension n, we introduce the Hilbert space of
square-integrable differential forms over V. Take S(V) denote the x-algebra, with
operations defined pointwise, of Schwartz-class functions from V into C, as given in
Definition . Recall from Lemma that Equation determined an inner
product on S(V'), which we denoted

The resulting inner product space (S V), (-, ) 12 (V)> was, however, not complete with
respect to the indued norm,

|- lz2qy : S(V) —[0,00) = f == 1 /(f, [ 2w,

so a completion was taken, allowing us to define the Hilbert space of square-integrable
functions (LQ(V), (- ->L2(V)>; That is, <L2(V), (-, -)L2(V)> is defined up to isometric
isomorphism as a Hilbert space together with a linear isometry, with dense range,
from (S, (- ->L2(V)) into (LQ(V), (-, -)LQ(V)) We use such an isometry to isometrically
identify S(V') as a dense subspace of L*(V).

The underlying vector space of square-integrable differential forms is given in terms
of Definition , with complex vector space L?(V), and real vector space AV*.

Definition 2.15. The C-vector space of square-integrable differential forms over V is
given, in the notation of Definition 2.1 by

Qr2(V) i= L*(V) @yeet AV, (2.25)

Similarly, for each integer k, the C-vector space of square-integrable differential k-forms
over V is given by,

QE (V) i= LAH(V) @yeet AV

As with the case of smooth and Schwartz-class differential forms, QF,(V') identifies
naturally with a linear subspace of Q2(V'), and such an identification gives way to the
internal direct sum decomposition

Q2(V) = P Q= (V).
k=0

Indeed, if z = (x1,...,2,) : V — R" is a system of orthonormal coordinates and
k any integer, let &, denote the orthonormal basis for A¥V* of Equation (2.2)), and
& = Uj_o &k the corresponding orthonormal basis for AV*. Now, from Lemma ,
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each w in Q72(V) may be written uniquely as,

w=>Y_ > &@dr, (2.26)

k=0 dxj€&

with each £ a vector in the Hilbert space L?(V'). From this decomposition, it is becomes
clear that Qz2(V) is an internal direct sum of its linearly independent subspaces Q% (V),
for 0 <k <n.

To equip Qr2(V) with an inner product, let £ = {dx; : I € Z} be an orthonormal
basis for AV*, indexed by the finite set Z. Using Proposition we may write any w
and 7 in Qz2(V) uniquely as,

w = Zj}@dx], and n:Zg[(X)dxl,

IeeT Iel

such that, for every I in the index set Z, both f; and g; are vectors in L*(V'). We then
define,

(w,ma = Z(fbgﬁﬂ(\/),

IeT
where (-, ) 2y, 18 the inner product given in Equation (2.24). If & := {dy; : I € T}
is another orthonormal basis for AV*, then we may similarly decompose w and 7 as,

w=2f}®dy1, and nng}@dyI.

1€ IeZ

By basic properties of the tensor product Qr2(V) := L*(V) Qyees AV*, it follows that

Sfedyy=w=> frody=Y Y (dysdi)s-f ® dy;.

JeT IeT JeT IeT

Hence, by uniqueness of the decomposition given in Lemma [2.2]

fr= Z<d3/J,d9€1>Av* fr, foreach JeZ

Iel

Similarly, we may conclude

gy = Z(dyJ,de)AV* gr, foreach J €Z,

1€l

and from the previous two equations one sees that,

Z<f37gf]>L2(V) = Z (drr,de)ave (f1,9K)L2(v) = Z(fJ7gJ>L2(V)-

JeT I,KeT JeT
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The preceding argument shows that we have a well-defined map,
<', >Q : QLQ(V) X QLQ(V) — C, (227)
such that if &€ = {dz; : I € I} is any orthonormal basis for AV*, then

(w,ma = Z<f[7 91)L2(v);

IeT

whenever w and 7 are the unique elements of Q72(V') satisfying

w:ZfI@)de, and n:ZfI®dmI,

1€l 1€l

where f; and g; are in L*(V) for each index I in Z. The fact that (-,-), of Equation
is conjugate symmetric and linear in the second coordinate are immediate from
basic tensor product properties and (-, -) L2(v) being an inner product on L3(V). Clearly,
(,")q is also positive semidefinite, following from (-,-) ., being an inner product on
L*(V); To see it is strictly positive definite, note that if & = {dz; : I € Z} is an
orthonormal basis for AV*, then ), f; ® dxy is zero in Q72(V) if and only if each f;
is zero as an element of L*(V).

Proposition 2.16. With respect to the inner product,
<-, >Q . QLQ(V)(V) X QL2(V)(V) — (C,

defined above, Qs(V') is a Hilbert space; That is, Qr2(V') is complete with respect to
the metric induced by the inner product norm

|- lla:Q2(V) — [0,00) : w — /{w,w)q. (2.28)
Moreover, if fi @ 71 and fo @ 7o are elementary tensors in Qp2(V'), then

(i @7, f2 @ 7)o = (f1, f2)2v) (71, T2)Av~ (2.29)

In particular, for integers 0 < ky, ke < n such that ki # ko, then Q’ZE(V) and Q]Z%(V)
are orthogonal subspaces of Qr2(V) = @_, Q*(V) with respect to (-, -)q.

Proof. Let £ := {dz; : I € I} be an orthonormal basis for AV*. If {w0)},cy is a
sequence in Q2(V'), then for each natural number j, write

wj = f ®day,

Iez
where fl(j) is in L?(V) for all indices I in Z. Assuming {w; };en is Cauchy in Q72(V), it
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follows by definition of the inner product norm || - || in Equation that, for every
index I in Z, the sequence { f I(j )} jen is Cauchy with respect to the Hilbert space norm
on L*(V). In particular, as a Cauchy sequence in a Hilbert space, { fl(j ) }jen converges
to some element, say f; in L*(V), for each index I. By direct computation, it is then

easy to see that the Cauchy sequence {w;}jen in 72(V') converges, in the norm defined
in Equation ({2.28]), to the square-integrable differential form,

W:Zfl®dxl-

1€l

To see that Equation (2.29) holds, take f; ® 71 and fo ® 75 to be elementary tensors
in Q;2(V), and notice that since £ is an orthonormal basis for the Euclidean space
(AV*7 <'7 '>AV*)7

fion :Z(dﬂﬁ[,ﬁ%\v* Ji®dr;,  and,

Iel

fo® T = Z(dﬁl,h)/\v* fo®dzy.

IeT

As the inner product (-, )72y on L?(V) is certainly R-bilinear, we conclude

(i@, fa®T)a = Z ((dxr, 1) av= f1, <dfFI>T2>AV*f2>L2(V)

1€l

= (f1, f2) L2(v) Z(dSCI,T1>AV* (dxyp, T2) Ay

Iel

= <f17 f2>L2(V) <7'1, 7'2>AV*-

If ki # ko are integers, f; ® 71 is an elementary tensor in Q]ZE(V), and fo ® 7o is
an elementary tensor in QIFQ(V), then f; ® 7 and f; ® 75 are orthogonal by combining
Equation (2.29) with the orthogonality of the subspaces AF'V* and AV* of AV*
with respect to the inner product (-,-),,. . Since any vector in Q¥ (V) is a finite
sum of elementary tensors in Q%% (1), and any in Q%% (V) is a finite sum of elementary
tensors in Q4% (V), additivity in each coordinate of the inner product (-,-), implies
that, indeed, Q%% (V) and Q% (V) are orthogonal subspaces of Qr:2(V) with respect to
the inner product (-, -),. O

Since ( L2(V), () 1o (V)> was defined by taking a Hilbert space completion of the

inner product space <S V), (-, ) LZ(V)>> we have from Theorem |1.41| that there is a

canonical linear injection,
[]:S(V) — L* (V) f— [f],

which has dense range in L?*(V). Applying Lemma to this linear injection, along
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with the identity on AV*, one obtains the linear operator,
[|@1:Qs5(V) — Qp2(V), (2.30)

which takes any elementary tensor f ® 7 in Qs(V') to the elementary tensor [f] ® T
in Q72(V). It is not hard to see that the linear operator defined in Equation is
injective. Indeed, if &€ = {dz; : I € Z} is an orthonormal basis for AV*, then use
Lemma to write and arbitrary Schwartz-class differential form w uniquely as,

w:ZfI®d$17

1€l

with f; : V — C a Schwartz-class function for every index I in Z. Applying the
operator in question, we see

(e D)w) =) [f]®d,

IeT

which, again by Lemma [2.2] is zero in Q72(V) if and only if, for each index I in Z,
the vector [f;] is zero in L*(V). However, since [-] : S(V) — L?(V) is injective, it
follows fr : V' — C is the zero vector in S(V') for each index [ in Z, so that w is the
zero vector in Qg(V'). Moreover, one uses a similar argument to see that, for each
integer k, restricting the injective linear operator of Equation to the subspace
of Schwartz-class differential k-forms yields an injective linear map,

[l@1:Q%(V) — QF, (V). (2.31)

In light of the linear injections given by Equation and Equation , we
shall view Qs(V) as a linear subspace of Qrz2v)(V), and Q%(V) as a linear subspace of
Q%,(V). In particular, the following diagram, with morphisms given by linear inclu-
sions, commutes:

Qs(V)

J

QA(V) g (V)

;)Hm Qr2(V)

Moreover, if (QF,(V),(-,-)gr) is the Hilbert space structure induced by inclusion of
the subspace QF,(V) into (Qz2(V), (-, -)q), it is not hard to see that Q%(V) is a dense
subspace of (Q’Zz(V), (-, )Qk) Indeed, the result is clear when k& > n or k < 0, for in
that situation both Q%, (V) and Q%(V) are trivial. On the other hand, for 0 < k < n,
let w in Q%, (V) be arbitrary. Taking &, = {dz; : I € Z;} to be an orthonormal basis
for A¥V*, we have that the number of vectors in &, use Lemma to write w uniquely
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as,

WZZ§1®d$1-

I€T,,
where &; is a vector in L?*(V) for each index I in Z,. With S(V') — L*(V) : f > [f] the
canonical linear mapping with dense range obtained by defining L?(V') as a completion
of <S V), (-, ) LQ(V)>, we may find, for each index I in Z, a Schwartz-class function
fr : V. — C such that ||&; — [f1]||z2z < €. By definition of the inner product norm in
Equation , and since the number of vectors in the orthonormal basis & must be

(Z), it follows that,
< (n) €
k)~

Q
from which we conclude that the Schwartz-class differential k-forms identify with a

w=Y [fleds

IEIk

> (& —wr)

IEIk

Q

dense subspace of the Hilbert space of differential k-forms. By applying the observa-

tions,
n

Q(V) =P Q(V)  and  Qs(V) =D A%(V),

k=0

it is immediate that the Schwartz-class differential forms are also a dense subspace of
the Hilbert space (Qr2(V), (-, )q), of square-integrable differential forms. For future
reference, we summarize density results of this paragraph in the lemma below.

Proposition 2.17. Let (22(V), (-,-)q) denote the Hilbert space of square-integrable
differential forms, and (9122(‘/), (-, >Qk) the Hilbert space of square-integrable differen-
tial k-forms induced by the inclusion of Q%,(V) into Qr2(V).

Then the Schwartz-class differential forms linearly identifies with a dense subspace
of Qr2(V) wia the injection given in Equation , while the Schwartz-class differ-
ential k-forms linearly identify with a dense subspace Q’EQ(V) via the map given in

Equation .

The final observation we make of the Hilbert space of square-integrable differential
forms is that there is a natural Z/2-grading.

Proposition 2.18. With even and odd subspaces defined, respectively, by

QL) =@ (V) and QL(V):=ED (V). (2.32)

k even k odd

the Hilbert space (Qr2(V), (-, +)q) is Z/2-graded; That is, Q},(V) and Q.. (V) are or-
thogonal subspaces of Qr2(V') with respect to (-,-)q, and Q2(V) = Q5L (V) & Q.(V).
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2.4 The Dirac-Heisenberg Operator

Our goal in this section is to define the Dirac-Heisenberg operator, a densely defined,
unbounded, self-adjoint, odd linear operator acting on the Hilbert space of square-
integrable differential forms over Euclidean space. Recall that if (H, (-, -) ) is a Hilbert
space, then an unbounded operator on H is a linear operator D : Dom(D) — H, where
Dom(D) is a subspace of H, called the domain of D. One says that an unbounded
operator D : Q(V) — H is densely defined if the domain, Dom(D), is a dense subspace
of H. All of the unbounded linear operators which appear in this thesis are densely
defined, and so we will often say unbounded operator to mean one which is densely
defined. If D; : Dom(D,) — H and Dy : Dom(D;) — H are unbounded linear
operators, one says Do extends D, written Dy C Dy, if Dom(D;) € Dom(D3) and
Dyp = Dyp for all ¢ in Dom(D;); Further, one says that Dy equals D, written
Dy = D», if Dy extends D; and D; extends Ds.

The adjoint of a densely defined unbounded operator D : Dom(D) — H as follows:
Set Dom(D*) to be the subspace of H containing all vectors ¢ in H such that there
exists an 7 in H satisfying,

(DY, oYy = (,n)y, forall € H.

For each such ¢ in Dom(D*), we defined D*p = . The resulting unbounded operator
D* : Dom(D*) — H is the adjoint of D : Dom(D) — H. Note that well-definedness
of D* : Dom(D*) — H is implied by the fact that Dom(D) is dense in H, while
Dom(D*) need not be a dense subspace of H, and could even possible be non-empty.
A self-adjoint unbounded operator D : Dom(D) — H is one for which D = D*, as
unbounded linear operators on H.

A condition on unbounded operators which is strictly weaker than self-adjoint is
symmetric: One says that a densely defined unbounded operator D : Dom(D) — H is
symmetric if

(Do, V) = (p, Dy for all ¢, 9 € Dom(D).

Equivalently, D : Dom(D) — H is symmetric if and only if its adjoint D* : Dom(D*) —
H is an extension of D. Lying between self-adjoint and symmetric is the notion of es-
sentially self-adjoint; Though certainly not the formal definition, we will call a densely
defined, symmetric, unbounded operator D : Dom(D) — H essentially self-adjoint,
if both D +4 : Dom(D) — H and D — i : Dom(D) — H have dense range. We
refer the reader to [14, Chapter 8| for the classical definition of essentially self-adjoint
unbounded operators. It should be noted that self-adjoint operators are essentially
self-adjoint, essentially self-adjoint operators are symmetric, and the converse of both
those implications is false.

The importance of essentially self-adjoint operators is that they admit one and only
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one self-adjoint extension [14, pp. 256]. While the reason one cares about self-adjoint
unbounded operators is that they admit a functional calculus, as seen in [14, Theorem
8.5].

2.4.1 Basic Operators on Square-integrable Forms

Recall that (272(V), (-, )q) denotes the complex Hilbert space of square-integrable
differential forms, wherein the vector space Q2 (V), given in Deﬁnition is equipped
with the inner product (-, -), of Proposition . In particular, Proposition shows
that the square-integrable differential forms exhibits a Z/2-grading, with even and odd
subspaces,

OLV) = @ 2%(V) and QL) = P (V)

k even k odd

respectively.

From Proposition 2.17, we may identify the C-vector space of Schwartz-class dif-
ferential forms Qg(V'), of Definition as a dense subspace of Q2(V). It follows
by the identification that any linear operator on Qs(V) may be regarded as a densely
defined unbounded linear operator on the Hilbert space Q;2(V'). As we have previously
discussed a number of linear operators acting on the smooth differential forms over V'
which restrict to Qs(V'), we are left with a number of densely defined unbounded linear
operators on r2(V), which we now analyse.

Take d : Q(V) — Q(V) and d* : Q(V) — Q(V) to denote the exterior derivative,
and codifferential, respectively, of Definition 2.6, As shown in Proposition 2.7, both d
and d* restrict to linear operators on 2s(V), and in an abuse of notation we denote
these restrictions by d : Qg(V) — Qs(V) and d* : Qs(V) — Qs(V). Similarly, we take
p: V) = QV) and p* : QV) — Q(V) to be the linear operators of Lemma [2.10]
both of which restrict to linear operators on Qs(V) which we also denote, in an abuse
of notation, by p: Qs(V) — Qs(V) and p* : Qs(V) — Qs(V), respectively. It follows
that d, d*, p, and p* can be viewed as densely defined linear operators on 2(V), each
having domain Qg(V).

Lemma 2.19. For any Schwartz-class differential forms w and n,

(dw),ma = (w,d"(n))a and (p(w),Ma = (W, p*(n))a-

In particular, the Hodge-de Rham operator d + d* : Qs(V') — Qs(V) of Definition
and the Clifford operator p+p* : Qs(V) — Qs(V) of Definition|[2.11) determine densely
defined, symmetric, unbounded linear operators on Qp2(V'), both having domain Qs(V').

Proof. Let © = (z1,...,2,) : V — R” be an orthonormal system of coordinates and,
for each integer 1 < j < n, let dz; be the exterior 1-tensor induced by the functional
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z; : V. — R and the canonical isometric identification V* = A'V*. Further, take
& = {dx; : I € I;;} be the orthonormal basis for A*V* induced by x = (z1,...,x,) :
V — R™ as in Equation (2.2)).

Assume first that w = f; ® 77 and f; ® 75 are elementary tensors in Qg(V'). Then
by definition of the exterior derivative and codifferential, we have

o "9
Z fi ® Mgy (1) and  d(n) = f2®bd%<¢2)

Odx; a2
Jj=1 J=1
On the other hand, by definition of p and p*,
pw) = (25 f1) @ Aar;(n) and p*(n) = (2} f2) @ taz; (7).
Jj=1 j=1
From the identity in Equation (2.29)), it follows that
d _y (o4 A d 2.33
(dw).mo = {51 (Agy(11),72) . and, (2:33)
= Ny
(@) ma =D (x; fi. f)r2v) Ada, (1), T2)av- (2.34)
j=1

Using the fact that tg,, : AV* — AV”* is adjoint to the bounded linear operator
Adz; + AV* — AV™, together with Proposition [T.47] it is easy to see that Equation

(2.33) and Equation ([2.34)) imply, respectively,

ba =3 (A=) sy = G e
L2(V)

7=1
n

(p(w),ma = Z<f17$j : f2>L2(V) <7'1, Lda:j(72)>AV* = (w, p"(n))a

i=1

If w and 7 are general Schwartz-class differential forms over V', then one may use
Lemma to write w and 7 as finite sums of elementary tensors in s(V'). The fact
that (d(w),n)q = (w,d*(n))q and (p(w),n)q then follow by the previous paragraph’s
results, the linearity of d, d*, p, and p* as operators on Qs(V'), and additivity of the
inner product (-, ), in both coordinates.

Finally, the Hodge-de Rham operator d + d* : Qg(V) — Qs(V) and the Clifford
operator p + p* : Qs(V) — Qg(V) clearly determine densely defined unbounded linear
operators on Qr2(V). The fact that both are symmetric is then a simple application

of linearity and (d(w),n)q = (w, d*(n))q, and (p(w),n)q = (w, p*(n))a. o
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Obtained as a corollary to Lemma and Lemma [2.19] one may see quite easily
that d*p* + p*d* acts as the zero operator on Qs(V).

Corollary 2.20. As densely defined unbounded linear operators on Qp2(V') with do-
main Qs(V),
d'p"+pd=0:Qs5(V) = Qs(V) C Qp2(V).

Proof. As shown in Lemma [2.10),

as linear operators on Qg(V'). From Lemma we have, for any w and 7 in Qgs(V),

0= ((dp+ pd)(w),mq = (w, (p"d" + d"p")(n))g -

Hence, as d* and p* are linear operators on Schwartz-class differential forms, we may
take w to be the Schwartz-class differential form w = (p*d* + d*p*)(n), from which one
sees 0 = ||(d*p* + p*d*)(n)||q, where

H . HQ . QLQ(V) — [O, OO) LW (w,w>g,

is the inner product norm on Q2 (V). Since Qg(V) identifies with a subspace of Q2 (V),
and we have shown that ||(d*p* + p*d*)(n)|lq = 0 for each n in Qs(V), it follows that
d*p* + p*d* : Qs(V) — Qs(V) is the zero operator. O

2.4.2 Definition and First Properties

We are now in a position to define the Dirac-Heisenberg operator on £2;2(V), a densely
defined unbounded linear operator which we shall show to be essentially self-adjoint
and odd with respect to the Z/2-grading on Q2(V') of Proposition m

Definition 2.21. The Dirac-Heisenberg operator is the unbounded linear operator on
Q72(V) obtained by taking the sum of the Hodge-de Rham operator d + d* : Qs(V) —
Qs(V) and the Clifford operator p+p* : Qs(V) — Qs(V); That is, the Dirac-Heisenberg
operator is the unbounded linear operator

D:=d+d +p+ ,0* : QS(V) — QS(V> C QLQ(V)

Immediately from Lemma [2.19] one observes that since the Hodge-de Rham and
Clifford operators are densely defined, symmetric, unbounded linear operators on
Qr2(V) with domain Qgs(V'), so too is the Dirac-Heisenberg operator. Also easily
observed is that the Dirac-Heisenberg operator is odd with respect to the Z/2-grading
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on Qz2(V) given in Proposition [2.18] in the sense that if
Dom(D)" := Dom(D) N Q},(V) and Dom(D)~ :=Dom(D) N QL (V),

then,
D : Dom(D)* — Dom(D)7,

Indeed, from Proposition we have, for each integer k, that Q%(V) identifies with
a dense subspace of Q%,(V); In particular,

Dom(D)* = @ QE(V) and Dom(D)” = @ QE(V).
k even k odd
From Proposition and Lemma [2.10, it holds that d,d*, p, and p* restrict to lin-
ear maps from Dom(D)* into Dom(D)T. Hence, as a sum of operators with such
a property, it is plain to see that the Dirac-Heisenberg operator also takes the sub-
spaces Dom(D)* into Dom(D)T C QF,(V). We record this property in the following
proposition.

Proposition 2.22. With respect to the Z/2-grading on the Hilbert space Qp2(V) =
QL(V)eQL(V) given in Pmposz'tz’on the Dirac-Heisenberg operator is a densely-
defined, odd, unbounded linear operator on Qrz(V).

What makes the Dirac-Heisenberg operator so important is that it squares to a
sum of the harmonic oscillator on differential forms, (Definition , and the number
operator, defined below, which acts as multiplication by a certain scalar when restricted
to differential forms of a fixed degree.

Definition 2.23. The number operator, denoted N : Qs(V) — Qs(V), is the linear
operator acting on Qs(V) = @,_, Q%(V) such that, for each integer 0 < k < n :=
dim(V),

N(w) = 2k —n)w, forall we QL(V).

Theorem 2.24. Let
H = (d+ d*)2 +(p+ p*)2 :Qs(V) — Qs(V)

denote the harmonic oscillator on Schwartz-class differential forms, as given in Defi-

nition[2.13, and let N : Qs(V') — Qs(V) be the number operator of Definition[2.25 If
D : Qs(V) — Qs(V) is the Dirac-Heisenberg operator, then

D? =H+N:Qs(V) — Qs(V) C Qp2(V),
as unbounded linear operators on Qrz(V).
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Proof. Note that, by definition of the harmonic oscillator and the Dirac-Heisenberg
operator,

=H+d+d)p+p)+(p+p)d+d7) : Qs(V) — Qs(V),
so it suffices to prove,
N=(d+d)p+p)+ (p+p)d+d): Qs(V) — Qs(V).
However, from Lemma and Corollary [2.20]
O=dp+pd=dp+pd:Qs(V) — Qs(V),
so we need only show,
N = (dp" + p*d) + (d"p + pd*) : Qs(V') —> Qs(V).

Let © = (x1,...,2,) : V — R"™ be an orthonormal system of coordinates and, for
each integer 1 < j < n, let dz; denote the exterior 1-tensor induced by the functional
z; : V — R and the canonical isometric identification V* = A'V*. Using the local
coordinate descriptions of d and p*, together with the identity in Equation (2.11)), we

see
prd = Z :UZ ® ldz; Ade; = sz 8@ Q1 — Z xl ® Adz;bde;- (2.35)
i,j=1 1,j=1
On the other hand, for integers 1 <7,7 <n,

0
- I = <£L‘i,l'j>v* 1 + x;

— L S(V) — S(V), (2.36)

dz;

and so

dp = Z a Qfl & )\da:] ldz; = Z 1 & Adxlbdxz + Z .Tz ® Adx] ldz, - (237)

7,7=1 7,7=1

Combining Equation (2.35)) and Equation (2.37)), we have
0
pd + dp* _le ®]1+Z]1®)\dszd% (2.38)

To obtain a local coordinate formula for d*p + pd* : Qs(V) — Qs(V), note that
Proposition imply d*p + pd* is the unique linear operator on (2g(V') such that, for
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all Schwartz-class differential forms w and 7,

((dp” + p*d)(w), m)a = {w, (pd" + d"p)(n))a.
Using Equation (2.38]), Proposition [1.47, and the fact that A4, is adjoint to tg., as

operators on AV*, observe,

n a n
dp+pd =Y —o T@1+ D 1@ Mgyt As(V) — Qs(V) (2.39)
i=1 ¢

=1

An application of Equation (2.36)) to Equation (2.39) then yields,

n 8 n
d*p+pd*:—n]l®]l—2xi ®]1+Z]1®)‘dm’/dxi- (2.40)
i=1 i=1

8951-

Hence, using Equation ([2.38)) and Equation ({2.40f), we obtain

i=1

The result then follows by the observation that,
> Moo, (djy A Ndy,) =k dag, Ao Ada,,
i=1

for each exterior k-tensor dz;, Adxz;, A---Adx;, in A¥V*. For if this is the case, then by
taking the basis for A*V* induced by the coordinate system z = (z1,...,z,) : V — R,
and applying the decomposition in Lemma [2.2] one concludes

(—n 121+ 22 1® )\dzil’dfvi> (W) = (—n+2k) w,

i=1

for each Schwartz-class differential k-form w. O]

2.4.3 Spectral Considerations

In this subsection, we investigate the spectral theory and, in particular, the principal
values of the densely defined unbounded operator, acting on square-integrable differ-
ential forms, determined by the Dirac-Heisenberg operator. This will be accomplished
by using the identity in Theorem to construct a diagonalization for the square of
the Dirac-Heisenberg operator; That is, if D : Qg(V) — Qg(V') is the Dirac-Heisenberg
operator of Definition then we will produce an orthonormal basis for the Hilbert
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space Q72(V) such that each basis vector is a Schwartz-class differential form and
an eigenvector for the unbounded operator D?. As a corollary to the existence, and
regularity, of such a diagonalization, it will follow easily that the Dirac-Heisenberg
determines an essentially self-adjoint unbounded operator on Q2(V).

In order to construct our diagonalization, fix, for the remainder of this subsection,
an orthonormal system of coordinates z = (z1,...,2,) : V — R™ and, for each integer
1 <7 <n,let dz; be the exterior 1-tensor induced by the functional z; : V' — R and
the canonical isometric identification V* = A'V*. Further, for each integer 0 < k < n,
take

Ep = {dz; € A"V* : T €T},

be the orthonormal basis for A*V* constructed as in Equation ; Recalling that & C
A°V* contains only the identity element of AV*, and &€ := |J;_, & is an orthonormal
basis for the exterior algebra. To simplify notation, we continue to denote the Schwartz-
class functions on V' by S(V'), and we define the scalar harmonic oscillator to be,

Z—+x (V) — f%i—ﬁtx (2.42)

In terms of this notation, if H : Qs(V) — Qg(V) is the harmonic oscillator acting
on Schwartz-class differential forms, as given in Definition [2.13] then Proposition [2.14]
showed,

In particular, if N : Qg(V) — Qgs(V) is the number operator of Definition [2.23] then
the result of Theorem [2.24| may be rewritten as,

D*=H, @1+ N:Qs(V) — Qs(V).

Now for an integer 0 < k < n, if we take a basis element dz; in & C A*V* and a
Schwartz-class function f : V' — C, one easily deduces that,

D*(f @ dx;) = Hs(f) @ dxy + (2k — n) f @ dx;. (2.43)

Hence, the Schwartz-class differential form f ® dx;, with f : V — C a Schwartz-class
function and dz; in &, is an eigenvector of D? : Qgs(V) — Qg(V) whenever f is an
eigenvector of the scalar harmonic oscillator Hs : S(V) — S(V'). In order to construct a
diagonalization for D?, we will therefore turn our attention to eigenvectors of the scalar
harmonic oscillator, acting on the inner product product space (S V), (-, LQ(V)> of
Example [1.42]

To accomplish this, we restrict, for the moment, to the case wherein (V, (-,-),,) is
given by the 1-dimensional Euclidean space R. Recall that x-algebra of Schwartz-class

7



functions on R, given in Example [1.42} is denoted S(R) and, when equipped with the
inner product,

() e SR) x S(R) — C : (hy, hy) — /RW ho(t) dt, (2.44)

the resulting inner product space (S (R), (-, ) LQ(R)Q has Hilbert space completion L*(R).
For each non-negative integer k, we inductively define ¢, : R — R by,

i
dt

ot (2%)_%e_t2/2, and ¢y : t — (Qk)% ( (t) + twk_l(t)> for k € N.

(2.45)
From Roe [I5, Chapter 9], each ¢, : R — R C C is a Schwartz-class function and an
eigenvector, with eigenvalue 2k + 1, for the linear operator,

—8—2+t2 :S(R) — S(R) : h +—> —ﬂﬂ? h
ot? ‘ ' ot? '

Moreover, the same reference shows that the set of functions,
{p:V>RCC : keZs}CSR)

determines an orthonormal basis for <L2 (R), (-, ) e (R)>.

Returning to the case where (V/ (-, -),,) is a general Euclidean space with orthonor-
mal coordinate system = = (x1,...,2,) : V — R", for each n-tuple k = (k1, ko, ..., kp)
of non-negative integers, we use the functions given in Equation (2.45)) to define,

n n

v =W, 02;): V—RCCrvr— [, (;(v)) (2.46)

j=1 j=1

Proposition 2.25. For each n-tuple ko= (k1, ko, ..., kn) of non-negative integers,
define ¢z : V.— R C C as in Equation . Then each vy is a Schwartz-class
function on V', in the sense of Definition and under the identification of S(V)
with a dense linear subspace of L*(V'), the set of functions,

B — {Q/JE:VAR) EGZZZO}QS(V),

determine an orthonormal basis for the Hilbert space (L2(V), (-, ->L2(V)>.

Moreover, for each n-tuple ko= (k1, ka2, ..., ky) of non-negative integers, the Schwartz-
class function vy : V — R is an eigenvector, with eigenvalue Z;”:l 2k;+1, for the scalar
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harmonic oscillator

HS:S(V)—>S(V):fr—>Z—%+J??'f
j=1 J

given in Equation .

Proof. By orthonormality of the coordinate system z = (x,...,x,) : V — R", the
map v — x(v) is a linear isometry and thus,

n _ 2
Pg: Vi R v i e IMIV/2

where || - ||y : V = [0,00) : v = /{(v,v)y is the Euclidean norm on V and 0 is the
n-tuple in Z%, consisting of all zeros. It is therefore plain to see that ¢5:V — R CC
is a Schwartz-class function, i.e. 15 determines an element of S(V'). To see that, for
any n-tuple k := (ki,...,k,) of non-negative integers, the functions ¢z : VV—+R C C
are also in S(V'), we first define, for each integer 1 < j < n, the linear operator,
0 of
Al = —— 2 SV)—SV): fr— ——
=gt SW) V) o g by f

By construction of the functions ¢, : R — R C C given Equation ([2.45)), for each
natural number £ we have,

oy = (2k)7F AT (g o my) = (25K1) 7 (49)" (g 0 )

as functions from V into R € C. Now, for any n-tuple ko= (k1, ka2, ..., ky) of non-
negative integers, and any integer 1 < j < n, note

=4
This identity, together with the observations that A} and A} commute whenever i # j,

it follows that for any n-tuple k= (k1, ka2, ..., ky) of non-negative integers,

ve=| T @) | TT [ (oo ay)
1<5<n m=1
k70

— [ TT @5k 72 | (AD™ (Ag)= - (A2 0y
1<i<n
k;#0
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Since A% : S(V) — S(V) is a well-defined linear operator for each integer j, and since
Yg:V - R CCisin S(V), we conclude that the set of functions,

%::{¢E:V—>R§C‘E€ZTZLO}, (2.47)

is contained in the inner product space (S V), (-, LQ(V)).
We now argue that the set of Schwartz-class functions determined by & is orthonor-
mal with respect to the inner product,

(V2 1 SV) X S(V) — Cr(fi, o) — | (froa ) (r) (feoa™)(r) dr,

RTL

defined in Lemma. First, note that if k = (k1, k2, ..., ky,) and [ = (Iy,19,...,1,) are
two n-tuple of non-negative integers, and 93, ¢y : V — R C C are the corresponding
Schwartz-class functions in %, then by Fubini’s Theorem (see Hewitt and Ross [9,
Theorem 13.8]) and the fact that each Schwartz-class function in 4 is real-valued, one
observes,

(V5 00 2y = /an (Ypoa™) (r) dt
_ljl ( /R Wi (t) (1) dt) : (2.48)

where, for each integer 1 < j < n, both 9,1, : R - R C C are defined by Equation
(2.45). However, for each integer 1 < j < m, it was shown in Lemma 9.6 and Lemma
9.7 of [15] that,

k’j = lj

/R%(t)%(t) dt = {; bt (2.49)

From Equation ([2.48]), we conclude,

1, i
0, i

<w137 wf>L2(V) - {

which is to say that the set of Schwartz-class functions & defined in Equation ([2.47))
is orthonormal with respect to the inner product (-, )y on S(V).

Now take an n-tuple k := (k1, ..., kp) of non-negative integers, and let H, : S(V) —
S(V') denote the scalar harmonic oscillator. If we define, for each integer 1 < j < n,
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the linear operator,

(4) 0 2 82f 2
st :—8—%+$] S(V)—)S(V) f —8—1.32+ZE] f,
then clearly,
M=) HY:S(V)— S(V). (2.50)
j=1

Moreover, for any n-tuple k= (k1, k2, ..., k,) of non-negative integers,

HG) (vg) = [H! HU)( (g, 02~ H Y ox ) (2.51)
=11

— 2k + 1) vy, 2.52)

where the last equality follows from [I5, Lemma 9.6]. Hence, using Equation (2.50)),
one concludes that for any n-tuple ko= (k1,ka, ..., ky) of non-negative integers, and
with ¢z : V — R C C the corresponding element of &,

ZH (V) = (sz +1) bz V—RCC.

7=1

Therefore, for an n-tuple of non-negative integers k= (k1,...,k,), we have that the
corresponding element of % determined by the Schwartz-class functions ¢z : V' — R C
C is, indeed, an eigenvector for the scalar harmonic oscillator H, : S(V) — S(V') with
eigenvalue 37| 2k; + 1.

It remains to show that, viewing S(V') as a dense subspace of the Hilbert space
<L2(V), (-, ) Lg(v)>, the set of Schwartz-class functions determined by 4 is a basis for

the Hilbert space L*(V'). Indeed, from [I5, Proposition 9.8], the set of vectors,
O ={Yy : R>RCC : keZs} CSR) (2.53)

is an orthonormal basis for the Hilbert space L?(R) consisting of Schwartz-class func-
tions; Where L?(R) is the Hilbert space completion of S(R) with respect to the inner
product (-, ) 2 given in Equation . If we let ®7_,L*(R) denote the Hilbert
space tensor product of L?(R) with itself n times, as defined in [14], Section I1.4], then
it is clear that we may identify the tensor product vector space ®7_;S(R) with a dense
subspace of ®”_, L*(R). Moreover, from [14, pp. 50] the set of vectors

Os {®?:1wkj Y, € Oforalll <j<n},
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is both contained in ®7_;S(R) and is an orthonormal basis for the Hilbert space
"_ L*(R). Moreover, [14, pp, 51] shows if L*(R") is the Hilbert space constructed in
Example [[.37], then there is a unitary isomorphism of Hilbert spaces,

U: @' LA(R) — L*(R")

which maps the orthonormal basis % to an orthonormal basis for L?(R™). Recalling
the diagram , we also have the existence of a unitary isomorphism z, ! : L*(R") —
L*(V'). Precomposing z;' : L*(R") — L*(V') by the unitary U : ®"_, L*(R) — L*(R"),
we obtain a unitary mapping of Hilbert spaces,

;U @ L*(R") — L*(R) — L*(V)..

By construction of U and x; !, it is clear the basis € is mapped under x;'U to the

set of vectors & defined in Equation (2.47); Indeed, if ®7_,¢y; is in O, then,
o 'U (®;-‘:1¢k].) = € BCL* (V)

where k = (k1,kay ..., ky). Since Og and A are in bijective correspondence under the
unitary map z,'U : @7, L*(R) — L*(V), and since O is an orthonormal basis for
" L*(R), it follows that % must then be an orthonormal basis for L*(V'). O

We use the diagonalization of the scalar harmonic oscillator given in Proposition
to construct a diagonalization of the real Dirac-Heisenberg operator. To state
this result, recall that the well-ordered multi-indices of length k£, with 1 < k& < n, are
defined by

T = {(ir,d0, ... ip) €{1,2,...,n}F i) <y < -0 <ip),

and we set Zy := {0} (see Definition [L.24)). For each multi-index I in Z := (J;_, Zy, let

|I| = k mean that [ is in Z;. Given an orthonormal coordinate system = = (zy,...,x,) :
V — R"™, we may construct an orthonormal basis for the exterior k-tensors A¥V* by
setting,
& = {dx; € \*V* 1 T €T},
where,
dr; = dxy, ANdxy, A Ndrg, € APV for I € T, 1 <k <n (2.54)
drg =1¢ A°V*.

In particular,

€= 0 &,
k=0
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is an orthonormal basis for the exterior algebra AV* with respect to the inner product
given in Example [1.28]

Corollary 2.26. Let D : Qs(V) — Qg(V) be the Dirac-Heisenberg operator of Def-
1mation and © = (x1,...,2,) : V. — R™ be an orthonormal coordinate system.
Further, use © = (x1,...,x,) : V. — R" to define the orthonormal basis € = |J;_, &k
for AV* discussed above, and the orthonormal basis,

B = {wges(w )Eezgo},

constructed in Proposition for the Hilbert space L*(V).
Then the set,

B = {Vr@dr; € Qs(V) | Yp € B and duy € €}

1s an orthonormal basis for the Hilbert space of square-integrable differential forms
Qr2vy. Moreover, if k = (ki,...,ky) is an n-tuple of non-negative integers and dx;
is in &, then the corresponding element Vr @ dx; in PBq is an eigenvector of D? :

Qs(V) = Qs(V) with,

D? (¢ @ day) = 2 (k - Zkl) Ur @ dry

J=1

Proof. Since % contains only Schwartz-class functions, it is clear by Lemma that
HBq contains only Schwartz-class differential forms. Orthonormality of the set %o C
Qs(V) € Qp2(V) with respect to the inner product (-,-)o on Qz2(V) follows from the
identity in Proposition m given for (-,-), acting on elementary tensor. Indeed, if
Y, @ dxp and ¢ ® dx; are in Bq, then since H is an orthonormal basis for LA(V)
and £ is an orthonormal basis for AV*, we have

(g, @dzr, by, @ dry)a = (U, V) 2y (dzr, dzg) .
B {1, l% = /;2 and dx; = dx

0, otherwise.

To see that HBq is a basis for Q2(V), take w in Q2(V) to be arbitrary and use
the basis £ of AV*, together with the decomposition given in Lemma 2.2} to write w
uniquely as

where frisin L*(V) for each I in T := |J;_, Z). Since A is a basis for the Hilbert space
L3(V), for any € > 0 and any multi-index I, one may find a ¢; lying in the C-linear
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span of # such that

Ifr = erll2oy == \/(ff —on fi—enrw) <e.

By basic properties of tensor products, it is clear that ¢; ® dz; is in the C-linear span
of Aq, and from Equation [2.29 we conclude,

w—ZZ@ﬂX)dm[ Zzl‘ff_@luy(v) < e,

k=0 I€Zy, Q k=0 I€Zy

where,
|1l :Qr2(V) — [0,00) : w — /{w,w)q,

is the Hilbert space norm on 72(V'). Since w was arbitrary, it follows that the C-linear
span of A is dense in Q2(V), so that HBq is an orthonormal basis for the Hilbert
space Q2(V).

Lastly, we show that each vector in % is also an eigenvector of D? : Qg(V) — Qs.
Indeed, from Theorem [2.24]

D*=H,@1+ N:Qs(V) — Qs(V),

where H, : S(V) — S(V) is the scalar harmonic oscillator of Equation and N :
Qs(V) — Qs(V) is the number operator of Definition [2.23] Therefore, taking any well-
ordered multi-index I of length 0 < m < n, and any v in %, with k= (k1, ko, ..., ky)
an n-tuple of non-negative integers, we have

D* (Y @ dary) = Ho(vp) ® day + N (Y © day)

—< 2/@—1—1) Yr @ drr + (2m —n) Yp @ day
=1

J
=2 <m+2kj> Uy ® dy.
j=1

]

Corollary 2.27. The Dirac-Heisenberg operator D : Qs(V) — Qs(V) of Definition
viewed as a densely defined unbounded linear operator on Qp2(V'), is essentially
self-adjoint. Moreover, the kernel of D and D? are one dimensional, both being spanned
by the vector 5 ® 1 in Qs(V).

Proof. Let x = (x1,...,x,) : V — R"™ be an orthonormal coordinate system, and %q
the orthonormal basis for Q72(V) constructed in Corollary By [14, pp. 257], it
suffices to show that the operators D + i : Qs(V) — Qs(V) C Qr2(V) have range
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which is dense in Q;2(V'). However, since % is an orthonormal basis, it suffices to
show that % is in the range of D £i. Indeed this is the case, for if ¢; ® d; is in Hq,
with k = (k1,...,k,) and n-tuple of non-negative integers, and dx; in an orthonormal
basis element in & C A*V*, then

D*(¢p @ day) =2 (k + Zk]) Yr @ dxy,

=1
In particular, ¢ := 2 (k: +2 k:j) +1>1and

(D +4)(DFi)(c W @dry) = (D*+1) (Y ® day) = ¢p @ day.

Thus, A is in the range of D +1i: Qg(V) — Qs(V).

To see that the kernel of D : Qs(V) — Qg(V) is 1-dimensional note that, from
Corollary , the kernel of D? : Qs(V) — Qs(V) is spanned by the Schwartz-class
differential form 13® 1 in Hq. Clearly the kernel of D is contained in the kernel of D?,
so it suffices to show that 157 ® 1 is contained in the kernel of D. Indeed, let d and d*
be the exterior derivative and codifferential of Definition 2.6 and let p and p* be the
linear operators of Lemma [2.10} Recall that d* and p* both act as the zero operators
on Q%(V). Hence, by definition of the Dirac-Heisenberg operator as,

D:=d+d +p+p :Qs(V) — Qs(V),

and since 13 ® 1 is in Q%(V), it follows that,

J

D(g®1)=(d+p)(Yg1) :Z (%erj-%) ® 1. (2.55)

j=1

By definition,
Yg:V—C:vr— (QW)—%G—HUII%/?’

from which it is easy to compute that, for each integer 1 < j < n,

05
aZL‘j

Hence the Dirac-Heisenberg operator has kernel spanned by the Schwartz-class differ-
ential 0-form 5 ® 1. O

Using Corollary [2.26] one also observes that the sequence of eigenvalues of D?, and
hence the principal values of the Dirac-Heisenberg operator, are unbounded. However,
for our purposes relating to spectral triples, this is an insufficient characterization of
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the spectral information carried by D. The following lemma provides a growth rate for
the eigenvalues of D? acting on Qs(V'), and hence a growth rate for the principal values
of the Dirac-Heisenberg operator D, acting as an unbounded operator on Q2 (V).

Proposition 2.28. Let {:“j}jeN be a non-decreasing enumeration of the eigenvalues
(repeated with multiplicity) of the linear operator D* : Qgs(V) — Qs(V), where D is
the Dirac-Heisenberg operator Definition . If n .= dim(V), then for any natural
number k with k > 8e,

(%) k< pgn < (2n) k.

Proof. Define the function
H . Hl : ZTZLD —>Z20 : (2’1,22,...,2’”) —> sz’
j=1

and, for each non-negative integer 7, define the set,
B = {zez2y| |2 <5} (2.56)
Denote the set of well-ordered multi-indices of length k, with 1 < j <n, by
Iy, = {(ir,ia, ..., i5) € {1,2,...,n}* iy <iy <o <5},

where, by convention, Zy := {0}. Letting

we analogously define the function || - ||s : S — Zx¢ by
(1, 2)||g .=k + ||Z]], for each I € Z and Z' € Z%,
and, for each j in Zsg, the set
BS = {(1,7) €S| (1,2 <. (2.57)

By definition, the set %o C Qs(V') given in Corollary , consisting of orthogonal
eigenvectors for the operator D? acting on Qs(V), is in bijection with the set S; In
particular, each element (I, Z2) in S corresponds to an eigenvector ¥z ® dx; in By,
which in turn corresponds to a unique term u, = Ko (1) of the enumeration {y;}jen

such that p, = 2||(Z, ?)||4. Using this bijection between the set S and the enumeration
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+en, it is easy to see that, for any r in Zxg
Hijsj <

#BY = #{p; :p; < 2r},

where B? is defined as in Equation (2.57)), and #A denotes the number of elements in
an arbitrary set A. It follows immediately that,

2r = fiyps. (2.58)
Now, let k£ be a natural number and define the set,
Ap:={0} x{0,1,....,k—1}" C S.
Since A;, C B2, it follows that Ay satisfies k" = #A;, < #B5,. Hence,
[hn < flyps, = 2nk.

For the other inequality, we must be more careful. First, observe that, for arbitrary
J in Zxg, the set Bf may be written as a disjoint union,

BY=| |[{I.5)eS| IeT,zeB" } = |_|I x B,

where B?_j C Z% is defined as in Equation 1) It follows that,

n

#BS = Z# (Z;x BE,) =) (J) (#B~,) < 2" (#B7), (2.59)

7=0

where the last inequality holds since Bz_j C BZ for any j = 0,1,...,n. Counting the
number of elements in BZ is an application of the “Stars and Bars” theorem, which

=577 ()

J=0

shows,

Well-known bounds on the binomial coefficient, together with Equation (2.59), then
imply,

n n

#BS < 2" (#BF) <2" (M)n = (§)n (n+7)" (2.60)

If we assume that r > n, then Equation (2.60) implies the bound,

#BS < (ﬁ)n (2.61)
n
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n

Letting ¢ = & and k be an integer with k£ > 8e, we have ck > n > 1, and hence

8e
[ck] > n > 1. Therefore, by our choice of ¢ and Equation (2.61)),

#quck] < <4e[clﬂ>n < (w)n < (8eck>n:kn.
n n n

Finally, by Equation (2.58)) and Equation ({2.62]), we see

nk
P 2ck < 2[ck]| = HuBs, < pign.
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Chapter 3
C*-algebras and Heisenberg Cycles

3.1 C*-Algebras: Definition and Examples
We begin with some basic definitions in C*-algebra theory, taken mainly from Emerson
[5].

Definition 3.1. An associative algebra over C is a C-vector space A equipped with
an associative, bilinear multiplication operation A x A — A; (a,b) — ab. An algebra
is unital if it contains an element 1 € A such that la = al = a for all a € A. An
associative algebra over R is defined similarly.

All of the algebras which will, and have, appeared in this thesis are associative, and
so we generally drop the word associative and refer to them simply as algebras.

Definition 3.2. A complex C*-algebra A is an (associative) algebra over the complex
numbers equipped with a map * : A — A (which we call the adjoint) and a norm
|-l : A — [0, 00) satisfying

a) The map * is a conjugate-linear, involutive anti-homomorphism, i.e. satisfies

o Ma+b)*=Xa*+b forall A€ C, a,bc A,
o (ab)* =b*a* for all a,b € A, and

e (a*)* =aforall a € A.

b) With the metric induced by the norm || - || : A — [0,00), A is complete, i.e.
(A, || -]|) is a Banach space.

c) |lab|| < |lall||b|| for all a,b € A.
d) ||a*al| = ||a||? for all a € A.

One says that a C*-algebra A is unital if there exists an element 1 € A acting as identity
under multiplication, and that A is commutative if its algebra product is commutative.
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Condition d) is often called the C*-condition, and it is from this C*-condition that
much of the rich structure of C*-algebras arises.

Briefly, we remind the reader that a x-homomorphism ¢ : A — B between two
C*-algebras is an algebra homomorphism such that ¢ (a*) = ¢(a)* for all a € A. The
notion of isomorphisms, and automorphisms, of C*-algebras are then the obvious one:
the existence of a pair of x-homomorphisms which compose to the identity. We do not
prove it here (see [5]), but any *-homomorphism is automatically continuous.

Example 3.3. [The Real and Complex Numbers|

The prototypical example of a commutative complex C*-algebra is that of C. In-
deed, equipping C with its natural commutative Banach algebra structure, one may
take the adjoint * : C — C to be defined by complex conjugation. In this setting,
conditions a) through d) are easily seen to hold.

On the other hand, the prototypical example of a commutative real C*-algebra is
that of the real numbers R. Indeed, equipping the algebra R with the absolute value
norm, and with adjoint * : R — R given by the identity map, one not only sees that R
forms a C*-algebra, but also a real C*-subalgebra of C.

The next example of a C*-algebra is that of bounded C-valued functions on a Eu-
clidean space. While not of vital importance to this thesis, a number of the interesting
C*-algebras we discuss will be contained in the C*-algebra of bounded functions.

Example 3.4. [Bounded Functions on Euclidean Space] Let (V,(:,)y) be a finite
dimensional Euclidean space, and equip C with its natural norm || : C — [0, 00). The
supremum norm of a function f:V — C is defined by,

I f]l = itelglf(w)l (3.1)

and we say that the function f: V — C is bounded if || f|| < co. Denoting the set of
bounded functions from V' to C by,

BV;C):={f:V—=C : |fll <oc}, (3.2)

we aim to prescribe B(V; C) with the structure of a complex C*-algebra.

To this end, we define an (associative, unital) C-algebra structure on B(V';C), by
taking the pointwise operations of addition, scalar multiplication, and product. The
adjoint * : B(V;C) — B(V;C) is defined by taking the pointwise complex conjugate;
That is, for any f € B(V;C), we define f* € B(V;C),

(f) () = f(v), foral wvev, (3.3)

One easily verifies that condition a) of Definition holds, so that B(V;C) is a x-
algebra. Endowing B(V;C) with the supremum norm || - || : B(V;C) — [0,00) of
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Equation , a routine verification shows conditions ¢) and d) of Definition hold
under this choice of norm and *-algebra structure for B(V;C). For condition b), i.e.
the completeness of B(V;C) with respect to the supremum norm, we refer to Folland
[6l, Proposition 4.13].

In conclusion, the set of bounded, complex-valued, functions on a Euclidean space,
denoted B(V;C), forms a unital commutative C*-algebra over the complex numbers
under the natural pointwise operations and supremum norm.

The next example of a C*-algebra we provide is one of particular importance to
this thesis: that of the bounded, uniformly continuous functions on a finite dimensional
Fuclidean space. Such a C*-algebra will be used in the definition of our Heisenberg
spectral triple.

Example 3.5 (Bounded, Uniformly Continuous Functions on Euclidean Space).
Let (V,(:,-)) be a Euclidean space, with inner product norm

|-llv:V —10,00):v+—— y/{v,0)y

and let B(V; C) denote the C*-algebra of bounded functions on V', described in Example
3.4 We denote the norm on B(V; C) by

|71 =swplf@),  forall £ € B(V:C)

Recall that, in the context complex valued functions on Euclidean spaces, a function
f:V — C is said to be uniformly continuous if,

lim <sup f(z +v) — f(x)|) = 0. (3.4)

lvllv—=0 \zev

If we define, for each vector v in V' and function f : V — C, a new function f, : V — C
by
folz) = f(x —wv), forall z € V,

then by definition, uniform continuity of f : V' — Y is equivalent to

lim |[f, = f|| =0.

llvllv—0

We will now provide a C*-subalgebra of B(V'; C) consisting of bounded functions on
V' which are also uniformly continuous. First, we let the set of all bounded, uniformly
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continuous functions from V to IF be denoted

cuv) ={reswe) | m (s~ 1) =0} (35)

—{f:V—)(C ‘HfH<oo and HlHHn Il fo — fH—O}

By definition, each function in C, (V') is bounded, and hence C, (V) is a subset of the
C*-algebra B(V). In fact, C,(V) is also a x-subalgebra of B(V;C): For all f and h in
Cy(V), and all complex numbers z, we have that for all vectors v in V' that

I(f + 1)y = (F D) = lfo + ho = f + I < [ fo = fII + 1o = RIl,  (3.6)
I(ef)o = (NIl = lel - Il fo = £II, (3.7)

1Cf-h)o = (F - R < A fo = FIF 1ol + LFI 1720 = R (3.8)

1) = M =1 = )1 = 11fo = flle- (3.9)

Taking a limit as [[v]|y — 0 in the above four inequalities yields the desired closure of
Cy(V) under pointwise addition, multiplication, C-scaling, and adjoint operations in
B(V;C). Thus, C,(V) is a #-subalgebra of the C*-algebra B(V;C).

Restricting the norm on B(V; C) to the %-subalgebra C,(V), conditions c¢) and d) of
Definition follow immediately from the previous paragraph. Thus, all we must do
to verify C, (V) is a C*-algebra is show that it is complete in the metric determined by
restricting the norm on B(V;C) to the x-subalgebra C, (V). This simply amounts to
checking that C, (V') is a closed subset of the complete metric space B(V;C). Taking
fand hin C,(V'), and any vector v in V|, we compute,

1o = S < (1o = holl + [|Po = Rl + [ = []]
= 2|[f = hll +[[hs = A,

from which it follows that if a sequence of elements in C, (V') converges, in supremum
norm, to a bounded function in B(V;C), then that bounded function must also be
uniformly continuous.

Hence, C, (V) is a C*-subalgebra of B(V;C) and, in particular, a C*-algebra in its
own right.

Before moving on from Example we consider a dense kx-subalgebra of the C*-
algebra C,(V'), consisting of smooth functions which have bounded partial derivatives
of all orders; This will serve as the smooth subalgebra for our Heisenberg spectral
triple. For the definition of smooth functions from V" into C, see Definition [1.43} Recall
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that the set of all such smooth functions is denoted C*°(V'). As was shown in Lemma
1.44] C>=(V) is a *-algebra with operations given by pointwise addition, C-scaling,
product, and complex conjugation. Moreover, given an orthonormal coordinate system
x=(x1,...,2,) : V= R" which is simply a unitary isomorphism of Euclidean spaces,
we defined the linear operator of partial differentiation by xz;,
0 of

— . C°(V) —C®V): fr— —,

5t O (V) = CF(V): s 5o
using the diagram (|1.28)). Further, for each n-tuple a = (o, @, . . . , v, ) of non-negative
integers, we introduced the notation for a composition of such operators,

0% 0 \™" 0\ o\
ore (8:51) (8:1:2) (axn) (3.10)

In terms of the notation in Equation (3.10), we introduce the class of smooth
functions with bounded partial derivatives of all orders.

Definition 3.6. Let f : V — C be a smooth function. We say that f has bounded
partial derivatives of all orders, or simply that f is smooth with bounded derivatives, if
for every orthonormal coordinate system = = (x1,...,2,) : V — R™ and any n-tuple
a of non-negative integers, there exists a non-negative real constant C, such that,

The set of all smooth C-valued functions with bounded partial derivatives of all orders
is denoted C°(V).

o« f
oz

o~ f
o (v)

< C,.

= sup
veV

The following lemma shows that not only is every smooth function with bounded
partial derivatives of all orders automatically bounded and uniformly continuous, but
also that C2°(V) is closed under the x-algebra operations in C,(V); In particular,
C(V) is a *-subalgebra of the C*-algebra C, (V).

Lemma 3.7. Let C,(V) denote the C*-algebra uniformly continuous functions, as
defined in Example and let C°(V') denote the set of smooth functions with bounded
derivatives given in Definition[3.6. Then C2°(V;F) is a subset of C,(V') which closed
under the C*-algebra operations in C,(V). In particular, C(V') is a x-subalgebra of
Cu(V).

Proof. It follows immediately from Definition that each function in C2°(V) is
bounded. To see that functions in C5°(V') are also uniformly continuous, and therefore
that C°(V) is a subset of C,,(V), let © = (x1,...,2,) : V — R" be an orthonormal sys-
tem of coordinates. Note that, since this coordinate system if orthonormal, if {e;}7_,
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the standard orthonormal basis for R”, then {z7'(e;)}/_, is an orthonormal basis for

V. If f is a function in C°(V), and v, w are two vectors in V, then define,
So:=0€V, and §; =0;_1+ (' (e;),v)y 7 (e;) for integers 1 < j < n.

Using a telescoping series, we may write,
flw=+v) = f(w) Zif(w+5j)—f(w+5j1),
=1
which implies
|f(w+v) = f(w)| < Zn: |f(w+65) = f(w+d;-1)].
st

For each integer 1 < 7 < n, define
Xi i R—C:r— f(w+d;_1+tr'(e)),

and observe that ¢; is continuously differentiable on all of R, with

X;(t) = g—f(w + 6,1 +tz ' (e;)) forall teR,

J

and satisfies

X5 (7 (eq), v)v) — x;(0) = flw +6;) — f(w+ d;-1).

Identifying C isometrically with the Euclidean space R? in the usual way, it follows
from Rudin [I7, Theorem 5.19] that,

af

w0 = fl < 3l e |22

J=1

Since [{(z7(e;),v)y| < |lv|]lv and f has bounded partial derivatives of all orders, it
follows that there is a constant C' > 0, which is independent of v and w, such that
|f(w+v) = f(w)|] < C|lv||y. Taking a supremum in w, it follows that || f, — f|| <
Clv||v, allowing us to conclude lim,|, —o || fo — f|| = 0; That is, f is uniformly contin-
uous.

The above paragraph shows that C°(V) is a subset of C,,(V'), and so it remains to
show that C2°(V) is closed under the pointwise #-algebra operations in C, (V). To see
this, take f and h to be two functions in C°(V), z to be a complex number, and «
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to be an n-tuple of non-negative integers. By definition, there are constants C) and

O™ such that, for any orthonormal coordinate system x = (zy,...,2,) : V — R"
0°f <c¥  and oh <ch,
Ox“ Ox®

We have already shown in Lemma that since f and h are smooth, so too are the

four pointwise defined functions,

f+h:V—=>C:v— f(v)+h(v), 2f:V—=>C:oe zf(v),

f-h:V—=C:v— f(v) h(v), ff:V—=C:uo— f(v).
Hence, if x = (24, .. ) V' — R" is any orthonormal coordinate system, then by
linearity of the operator — acting on smooth functions,
o(f+h) 0°f O« 0°zf o f
Oé d —
gro 0w ont M a7 Gae

as functions from V' to C; In particular,

O+ h) < atl + 0°h <OV oM and
dx> dx> Jze|| — “ ’
aa
= = (f)
2D = | 5] = e e

from which we conclude that C2°(V) is closed pointwise addition and C-scalar multi-

plication. On the other hand, Equation ((1.32)) and Equation ([1.33]), respectively, show

that if z = (xq1,...,2,) : V — R" is an arbitrary system of orthonormal coordinates,
then o f o 9
@ h) al "h
. Vv C d
o azﬁ; B 028 o e
W,B'Ezgo
aa(f*) aaf *
= Vv C.
ox® ox® -
Hence, for an arbitrary orthonormal coordinate system x = (z1,...,z,): V — R",
o*(f-h L ||o? d"h
) g;a )H <2 5?7! (991:]‘; ' dx Z ﬁ'v' G5 G and,
a=p+y a=p+vy
v.BEZY TBELS
aaf* _ aozf < C(f)
oz Ox>|| — ¢
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from which it follows that C2°(V) is closed under the x-algebra product and adjoint in
Cu (V). O

Verifying that C°(V) is, in fact, a dense x-subalgebra of C, (V') will require the use
of convolution, which we briefly define here in the case of continuous functions. For a
more thorough analysis of convolutions, see [0}, §8.2]

Definition 3.8. Let ;1 denote Haar measure on the Euclidean space (V, (-, -),), and let
Cu(V) be the C*-algebra of bounded, uniformly continuous functions from V' to C, as
given in Example . If fis a function in C,(V) and ¢ : V — C is a smooth function
on V with compact support, then the convolution of f and ¢ is the function

f*¢:V—>C:vr—>/Vf(w)¢)(v—w) du(w).

Of course, one should verify that the convolution of a function in C, (V') with a
compactly supported smooth function determines a well-defined C-valued function on
V. The next lemma ensure this is the case, and moreover that such convolutions are
uniformly continuous and bounded. For the proof, see [0, Proposition 8.8].

Lemma 3.9. Let pu denote Haar measure on (V, (-,-),,). If f isin C,(V) and ¢ : V —
C is a smooth function with compact support, then the convolution fx¢:V — C is in
Cu (V') with,

1 ol < £ 1ol 1 (supp(9)),

where supp(¢) is the support of ¢ : V — C.

Convoluting sufficiently regular functions produces ones which are not only bounded
and uniformly continuous, as Lemma shows, but also, under appropriate conditions,
the resulting convolution is a smooth function with bounded partial derivatives of all
orders in the sense of Definition 3.6l

Lemma 3.10. If f is a function in C,,(V'), and ¢ : V' — C is smooth, real valued, non-
negative, and compactly supported, then the convolution fx¢ :V — Cisin C°(V). In
particular, if « is an n-tuple of non-negative integers and x = (x1,...,x,) : V. — R”
an orthonormal coordinate system of coordinates, then

OUd)_, (9%) Voo [ 1w S0 w) dutw)

Proof. Let supp(¢) denote the (compact) support of ¢, and take € > 0 such that,

supp(¢) € B(0) :={v eV : |v|y <e}.

96



Fix an arbitrary orthonormal system of coordinates = = (z1,...,2,) : V — R". If a'is
any n-tuple of non-negative integers, then

0%¢
oz

:V—RCC,

is a smooth function with compact support contained in B.(0). In particular, from
Lemma (3.9} it holds that the convolution,

0% .

f*8 'V —C,
IO&

is continuous and bounded.
To see f*¢: V — C is smooth, it suffices to show that, for each integer 1 < j < n,
0 0
—(f*gb) :f*—¢:V—>(C.
8az’j &cj
Indeed, if this identity holds then, by induction, it will follow that for any n-tuple a of
non-negative integers,

0%(f * ) ¢
— = —:V—C
Oz U Oxe ’
which is continuous and bounded by the observations made in the previous paragraph.
To this end, let {e;}}_, be the canonical orthonormal basis for R”. From the

definition of a%j and linearity of Lebesgue integration,

0 ([ 2120 17 e)) = 00 —w)

813]' =0 Jy t

dp(w). (3.11)

With the aim of applying the Dominated Convergence Theorem, denote the difference
quotient in the integrand on the right-hand side by

¢ (v—y+te(e) — d(v—y)
t )

A V—>RCC:y+—
so that the integrand is,
hi: V— C:wvr— f(w)Ay(w).
For each real number ¢, the support of A; : V — R C C lies in
B.(v)UB: (v+ta~(e5)) .

However, since the orthonormal coordinate system z : V' — R™ is an isometric linear
isomorphism, we have [|z7'(e;)||,, and thus, whenever 0 < |¢t| < 1, the support of

97



Ay V — R C C, and therefore also the support of x; : V — C, lies in the bounded
set By.(v). Therefore, for each 0 < |t| < 1, the integrand h, : V' — C is continuous
with compact support lying in Bs.(v) which, in particular, implies that it is a Lebesgue
integrable function over V. Also clear is that h; : V' — C converges pointwise to the
function V' — C : w — f(w)a%(v —w) as t tends to 0. Lastly, let xp, (v : V — {0, 1}
denote the indicator function for the set Ba.(v), and note that if 0 < [t| < 1 and w is
in V, then the fact that h; : V' — C is supported in Bs.(v), together with the Mean
Value Theorem, implies,

0
)] = () o) < 11 || 52

X B (v) (W)

This shows that for 0 < |¢| < 1, the integrand h; : V' — C is dominated by the Lebesgue
integrable function

0
V—C:w+—||f] H%
j

XBZE (w) °
Applying the Dominated Convergence Theorem [0, Theorem 2.25], we conclude that

ofx¢ _ . 09
o, _f*axj.V—HC.

Continuity of the function %:qu) : V' — C is then a result of Lemma and the above
identity. ‘
As noted, induction then implies that the convolution f *x ¢ : V' — C is smooth,

([ x9) . 0%
ore ] Oxe’

for each n-tuple of non-negative integers. To see that the smooth function f * ¢ :

and

V' — C has bounded derivatives of all orders in the sense of Definition 3.6 simply
note 22¢ .V — C is smooth with compact support for each n-tuple o of non-negative

oz
integers. Hence, by Lemma there exists existence of a constant C, such that,
*(f x ¢) ¢
‘ o || e =

O
Finally, we are in a position to verify that not only is C;° a *-subalgebra of the
C*-algebra C,(V'), but that this x-subalgebra is also dense in C, (V).

Theorem 3.11. Let C, (V') denote the C*-algebra of bounded, uniformly continuous,
C-valued functions on the Euclidean space (V,(-,-),,), as defined in Ezample and

let C2(V) denote the smooth functions with bounded derivatives of all orders from
Definition[3.6. Then C°(V;F) is a dense x-subalgebra of Cy(V).
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Proof. We have shown in Lemma that C2°(V) is a x-subalgebra of C,(V), so we
need only show C2°(V) is dense in C,, (V') with respect to the supremum norm,

-1 CulV) — {0, 00) = f = sup | f(v)].

To this end, let u denote Haar measure on (V/ (-, -),,), and let ¢ : V' — I be a smooth
function with compact support such that the range of ¢ lies in the non-negative real
numbers and [, ¢(z) du(z) = 1. Take a positive real number  such that the support
of  : V. — R C C lies in the open ball B,(0) := {v eV :|jv|ly <r}, and denote
n := dim(V'). For each natural number k, define,

¢V —RCC:v+— kE"p(kx).

It is clear that, for each natural number k, the function ¢, : V' — C is smooth and
compactly supported, with support lying in the open ball B (0) € V, and hence that
the function

Vi—RCC:wr— ¢gp(v—w)

is supported in B%(v) for each v in V. Moreover, by a routine substitution,

[ ontw) dute) = [ k() dutw) = [ otw) dut

For arbitrary f € Cy(V'), we have from Lemma that, for each natural number £,
the convolution f ¢ : V — Cis in C°(V).

We claim that the limit, as & tends to infinity, of || f * ¢, — f|| is 0, from which it
will follow that C5°(V) is dense in C, (V). Indeed, let € > 0 and, by uniform continuity
of f:V — C, find § > 0 such that |f(v1) — f(ve)| < € whenever ||v; — va||y < §. For
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any natural number £ with k& > %, we see that for each v in V,

(f * 0 (0) ‘(/f Joutw = ) ) = 1(0) [ outo — ) dut)

/ (F(w) = F(0)) 600 — w) dia(aw >\
/ Fw) = )] bulv — w) da(w)
—/B F(w) — F(0)] Sulo — w) dyu(aw)

(v)

Eahl

S( sup \f(m)—f(w)\)/ ()(iﬁk(v—w) dp(w)

lv1—va2llv <8

= ( sup  |f(v) —f(U2)|)

[lvr—v2|lyv <6

< E.

Taking a supremum, we conclude || f * ¢, — f|| tends to 0 as k tends to infinity, proving
C(V) is dense in C, (V). O

Our next example is that of a crossed-product C*-algebra. In general, crossed-
products arise whenever one a C*-algebra equipped with (sufficiently continuous) group
action by s-automorphisms. For our purposes however, we will only concern ourselves
with the action discrete groups on C*-algebras by automorphisms, and the reduced
crossed-product generated by such actions. For a general reference on crossed-products,
see [5, Chapter 1].

Prior to giving this example, we recall the definition of a group action on a C*-
algebra

Definition 3.12. Let G be a discrete topological group. A G-x-algebra is a x-algebra
A together with a group homomorphism

0:G— Aut(A): g — 0,

where Aut(A) is the group of *-automorphisms on A. The notion of a G-C*-algebra is
defined in the obvious fashion. To simplify notation, we will sometimes write g(a), as
opposed to 8,(a), to denote the image of @ in A under the automorphism determined
by g in G.

Definition 3.13 (Definition 1.12.2 [5]). Let G be a discrete group, and A a G-*-
algebra, with the action denoted G — Aut(A) : g — 6,. The twisted group algebra
A[G] is the x-algebra defined as follows.
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Take the underlying set of A[G] to be C.(G, A), the compactly supported continuous
functions from G into A. As G is discrete, we may write any element of A[G] in the
form 3 . a4lg], with a4 in A being the value of the function at g in G, and where it is
understood that a, = 0 for all but finitely many g in G. In terms of this notation, we
equip A[G] with vector space operations of pointwise addition and scalar multiplication
are given, respectively, by the formulae,

(Z&g[g]) (Zb ) = (ag +by)[g], (3.12)

geG geG geG

z (Z %[g]) =) (za,)]g), (3.13)

geqG geqG

for any z in C and Y a4lgl, D ,cqbglgl in A[G]. The (associative) algebra product

and involution on A[G| are given, respectively, by,

(Z ag[g]) * (Z bg[Q]) = Z ag, + g, (bgy ) [9192], (3.14)

geVy geVy 91,92€G

<Z %[g]> =0, (a;)lg ), (3.15)

geVy geVy

for dec ay[g] and deG belg] in A[G].
While we will not prove the following properties, as most are well-known and easily
verifiable facts, the reader should be aware of the following.

Lemma 3.14. Let G be a discrete topological group, A a G-x-algebra, and A[G] the
induced twisted group algebra.

1. If e is the identity of the group G, then the map A — A[G]| : a — ale], is a
x-homomorphism. Hence, A can be viewed as a *-subalgebra of A|G], consisting
of functions supported at the identity in G.

2. If A is unital, say with identity 14 in A, then for each g in G the elements [g] :=
1alg] are unitary in the sense that [g]* = [g7'] = [g]™*. Moreover, the resulting
copy of the group G as unitaries in A[G]| satisfies [gla[g*] = 0,(a) = 0,(a)le], for
each a in A and g in G.

3. Let G' be a discrete group, A" a G'-x-algebra with action ' : G' — Aut(B), and
A'[G'] the resulting twisted group algebra. If v : A — B is a x-homomorphism,
¢ : G — G is a group homomorphism and,

o(g9)(v(a)) =v(b,(a)), forallgeG, acA,

101



1s satisfied, then the map

AlG] — BIG]: ) aglgl — Y vlag)[p(9)];

geG geG
1S a *-homomorphism.

4. Let B be a unital x-algebra, and denote the group of unitary elements in B by U.
If v: A — B ax-homomorphism, ¢ : G — U(B) a group homomorphism, and
the covariance condition,

p(g)v(a)p(g)” =v(g(a)), forall geG,acA, (3.16)

18 satisfied, then the map,

AlG] — B Y aglgl — Y v(a)e(g),

geG geqG
is a x-algebra homomorphism. The pair (v, ) is called a covariant pair.

Example 3.15. Let (V,(:,-),,) be a Euclidean space, and let V; denote the discrete,
abelian, topological group generated by the underlying group of the vector space V.
As constructed in Example and Definition , respectively, let C, (V') denote the
C*-algebra of bounded, uniformly continuous, C-valued functions on V', and let C2°(V)
denote its dense *-subalgebra of smooth functions with bounded partial derivatives of
all orders, cf Theorem [3.11] The goal of this section is to define the reduced crossed-
product C*-algebra generated by the natural translation action of V; on C,(V'), and
to consider a dense x-subalgebra of this crossed product arising from the inclusion of
C>(V) into C, (V). As is often the case when constructing C*-algebras, this crossed-
product will be defined by completing a x-algebra under an appropriate choice of norm.

We begin by observing that if ¢ is a group element in V, and f : V' — C is bounded
and uniformly continuous, then the function

g(f) V. —Crur— flv—yg),

is also in Cy (V). A routine verification shows that g : C,(V) — C(V) : f — g(f)
is a well-defined *-automorphism, and the induced map G — Aut(C,(V)) is a group
homomorphism. We may therefore consider C, (V') to be a V;-C*-algebra in the sense
of Definition [3.12] and form the twisted group algebra C,(V)[Vy] of Definition [3.13]
Equipping C,(V)[V;] with an appropriate norm will require us to define an injective
s-homomorphism from C, (V') into a Hilbert space, which we choose to be the square-

integrable functions ( L2(V), () o (V)> of Example|1.42| Recall that the inner product
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norm on L*(V) is given by,

|- N2y« L2(V) — [0,00) 0 € — 1/ {€,€, ) 21y,

and that S(V'), the Schwartz-class functions of Definition are to be viewed as
a dense linear subspace of L*(V); In fact, we defined L?*(V') as the Hilbert space
completion of S(V') with respect to the inner product

() gy S(V) x S(V) — C,

of Lemma [1.45]
If fisin C°(V) and h: V — Cis in S(V), then it follows by the definition of
C>(V) that,
7(f)§:V — C:v+— f(v)&(v),

is a Schwartz-class function in V. Routine computations then verify that,
m(f): (V) —SV):n— 7 (f)n,

is a well-defined linear map which, by Holder’s Inequality [6, Theorem 6.2], satisfies
|7(f)nlle2evy < (IfIlIm]|2vy for each i in S(V'). If fact, using a standard smooth bump
function argument, one can show,

sup |l w(f)nllz2vy = (£ (3.17)

||77||L2(V):1
nes(v)
From basic properties of Hilbert space completions, it follows that 7(f) : S(V) — S(V)
extends uniquely to a bounded linear operator on L*(V), also denoted 7(f) : L*(V) —
L*(V'). From Equation and the density of S(V') in L*(V), this induced bounded
linear operator on L?(V) has norm || f|| in the sense that,

I (Newzoy = swp (7 (el = IF]-

Hf”LQ(v):l
¢eL?(v)
As the algebra operations in C, (V') and C2°(V) are defined pointwise, it is plain to see
that,
T OR(V) — B(L*(V)) « f — @(f),

is a unital *-homomorphism which is isometric with respect to the supremum norm on
C>(V) and the operator norm on B(L?*(V')). By the density of C°(V) in C,(V), it
follows that this x-homomorphism 7 : C°°(V) — B(L?*(V)) canonically extends to an
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isometric, unital, *-homomorphism,
7:Cu(V) — B(LA(V)) : f — w(f).
We record the observations made in the previous paragraph through the following

proposition.

Proposition 3.16. For each f in C°(V) and n in S(V'), the function,
fon:V—C:vr f(v)n(v),
is Schwartz-class, and the map
w(f): SV) — S(V):inr— [,

is well-defined, linear, and extends canonically to a bounded linear operator on L*(V)
whose operator norm agrees with || f||, the supremum norm of f. Moreover, the induced
mapping,
T O (V) — B(LA(V)) « f +— w(f),
1s a unital, 1sometric, x-homomorphism which canonically extends to a unital, isomet-
ric, x-homomorphism
m: Cu(V) — B(L*(V))

representing the C*-algebra C,,(V) as bounded operators on L*(V).

We use the representation 7 : C,, (V) — B(L?*(V)), as constructed in Proposition
, to define the left-reqular representation of the twisted group algebra C,(V)[Vy].
Let (?(Vy; L?(V)) denote the Hilbert space of square-integrable functions from the
discrete group Vj into the Hilbert space L?(V'); That is, £*(Vy; L?(V)) is the Hilbert
space completion of C.(Vy; L*(V)), the compactly supported functions from Vj into
L2(V), with respect to the inner product,

() CeVas LP(V) X Co(Vas LAV)) — C = (11,7) = ) (11(9), 72(9)) 220v)-

9€Va

We define a covariant pair, in the sense of Lemma[3.14] and induced *-homomorphism
which we denote by

Ind(7) : C,(V)[Va] — B(£2(Vy; L*(V))), (3.18)

by defining a *-representation of C,,(V') on ¢?(Vy; L*(V')), and a unitary representation
of V on £3(Vy; L*(V)), respectively, via the formulae,

(f - )(go) == [m(g5"(f)) - T](go0), for all gg € Vu, f € Cu(V),
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(9-1)(g0) = Y(g0 — g), forall g,g0€ Vy, YT Vg L*(V)).

Definition 3.17. Let C,(V)[V,] denote the twisted group algebra generated by the
translation action of V; on C,(V), and let Ind(7) : C(V)[Vy] — B(£2(Vy; LA2(V)))
denote the *-homomorphism of Equation (3.18), where B(¢*(Vy; L2(V))) is the C*-
algebra of bounded linear operators on the Hiblert space £2(Vy; L2(V)).

The (reduced) crossed-product C*-algebra C, (V') x Vj is the completion of the
twisted group algebra C,(V)[V,] in the norm,

-1 CuV)[Ve] — [0,00) = Y folg] —

9geVy

, (3.19)

Ind(m) (Z fg[9]>

g€V

where || - ||z denotes operator norm on B(¢2(Vy; L*(V))).

It is easy to see that the *-algebra C2°(V') of Definition [3.6] which is a *-subalgebra
of C,(V) by Lemma [3.9] is closed under the group action of V; on C,,(V). We there-
fore also regard C°(V') as a Vy-x-algebra, allowing us to construct the twisted group
algebra C°(V)[Vy]. Applying the third point of Lemma to the canonical in-
clusion C°(V) — C,(V) and the identity homomorphism V; — V;, we obtain a
x-homomorphism of twisted group algebras,

C(WV)Va] — CuW)Val = D folgl — D fylal,

geVy geVy

which is easily verified to be injective. Hence, we may view C°(V')[Vy] as a x-subalgebra
of Cy(V)[Vy], and therefore also as a x-subalgebra of the crossed-product C, (V') x
Vy. This x-subalgebra C2°(V)[V,] is, in fact, dense in the C*-algebra crossed-product
Cu(V) x Vg Indeed, by the density of C°(V) in C,(V), shown in Theorem [3.11]
it follows that with respect to the norm of Equation (3.19), C2°(V)[V,] is a dense
x-subalgebra of C,(V)[V,], and therefore must also be a dense x-subalgebra of the
completion C, (V) x V.

3.2 The Heisenberg Cycle

Fixing an n-dimensional Euclidean space (V (-, ),,), and letting V; denote the discrete,
abelian, topological group generated by the underlying group structure of V', we con-
structed the crossed-product C*-algebra C,(V) x V; in Example 3.15} In particular,
this crossed product is generated by the group action of V; on C, (V') in which a group
element g in V; acts by the s-automorphism C, (V) — C,(V) : £ — g(§), and

(9§)(v) =&(z—v), forall e Cu(V),veV.
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In that same example, we argued that the twisted group algebra C2°[V;] determines a
dense *-subalgebra of the crossed product C, (V) x V.

The aim of this section is to define the Heisenberg spectral triple, a 2n-dimensional
even spectral triple over C°(V)[Vy4] C C (V) x Vy in the sense of Definition The
Hilbert space associated to this spectral triple will be that of square-integrable dif-
ferential forms Qy2(V) := L*(V) ® AV* of Definition equipped with the inner
product,

<-, >Q : QLz(V) X QLz(V) — C,

of Proposition and the Z/2-grading Q2(V) = Q},(V) ® Q,,(V) of Proposition
2.18] We denote the corresponding inner product norm on 2(V') by,

|- lla:Q2(V) — [0,00) : w — v/ {w,w)q.

In the following subsection, we construct a s-homomorphism o : C (V) x Vy; —
B(Q2(V)) representing C, (V) x V; as even bounded linear operators on the Z/2-
graded Hilbert space Q72(V). Once such a representation is defined, the subsection
after will concern itself with defining a densely defined, self-adjoint, unbounded linear
operator D : Dom(D) — Qz2(V) which is odd (grading reversing) with respect to the
7 /2-grading, i.e.

D : Dom(D) N Q5 (V) — Q5L (V).

One such an operator is obtained, we will argue that (1 + 32) 2, a bounded linear
operator on Q2(V') defined via functional calculus, is Schatten p-class for each p >
2n. From that point, all one will need to verify in order to conclude that the data
(Qz2(V), 0, D) determines a 2n-dimensional even spectral triple over C2°[V,] C C,,(V)x

Vy is check that, for each 6 in C°(V)[Vy], the domain Dom(D) is invariant under the
linear operator ¢(6), and the resulting commutator,

[D,o(6)] : Dom(D) — Q2(V),

extends uniquely to a bounded linear operator on all of Q2(V).

3.2.1 The Hilbert Space and Representation

As stated above, the Z/2-graded Hilbert space of our Heisenberg spectral triple is that
of the square-integrable differential forms over V', denoted (2,2(V), (-,)q), where the
even and odd subspaces of Q;2(V') are defined by

QL) =@ 2.(V) and QL(V) =D Q.(V),

k even k odd
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where Q%,(V) is the closed subspace of Q72(V) consisting of square-integrable differ-
ential k-forms of Definition 2.15l

As is usually often the case with crossed-product C*-algebras, we construct a rep-
resentation of C, (V) x V; by Lemma and, in particular, covariant pairs; That
is, we will first construct a representation of C, (V') by bounded linear operators on
Q72(V), and a representation of V; by unitary operators on Q2(V'), such that these
representations combine to satisfy the covariance condition of Equation . Any
such covariant pair will induced a *-homomorphism of C,,(V')[V4] into B(€2,2(V")), which
extends uniquely to a x-homomorphism of C, (V') x V; into B(Q2(V)).

To construct this covariant pair, we will need to use some basic notation, which we
now recall. First let,

AV, () and (Z2V), 6 ) peqr)

denote, respectively, the Hilbert space of square-integrable functions constructed in
Example|[1.42] and the Euclidean space determined by the exterior algebra constructed
in Example [1.28} Their respective inner products are denoted,

(o) ey s V)X LA(V) — € and (). AV X AV — R,

while the respective inner product norms are,
I llz2qvy : L2H(V) — [0,00) : € — 1/ (€,€) L2

H : ”AV* AV — [O>OO> ST <Ta 7—>AV*-

Moreover, by definition of L?(V) as the Hilbert space completion of the Schwartz-
class functions on V, denoted S(V'), with respect to the inner product defined in
Lemma we may view S(V) as a dense subspace of the Hilbert space L*(V). In
terms of these inner product spaces, the square-integrable differential forms are given
by Qp2(V) := L*(V) ® AV*, while the Schwartz-class differential forms are given by
Qs(V) :=S(V) ® AV*; Both of these tensor product are of the type seen in Definition
. In particular, we argued in Proposition that Qs(V) may be viewed as a dense
subspace of the Hilbert space Q2(V).

For the representation of C, (V') as bounded linear operators on 2(V), recall from
[3.16]that there exists a representation 7 : C,, (V) — B(L?(V)). Hence, for each function
fin C,(V), we may apply Lemmal[2.2]to the bounded operator 7(f) : L*(V) — L*(V),
and the identity on AV*, in order to obtain a linear map,

mo(f) =7(f) @1 : Q2(V) — Qr2(V). (3.20)
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Such a linear map is determined by the formula,

mo(f)E@T) = (x(f)§) ©,
for each elementary tensor £ @ 7 in Qz2(V) := L*(V) @ AV*.

Proposition 3.18. For each function f in C,(V'), the linear operator o (f) : Q2(V) —
Q2(V) defined in Equation is bounded. The induced map,

Co(V) — B(Qr2(V)) : f— malf),

is a unital, isometric, x-homomorphism. Moreover, if f is in C°(V'), then the dense
subspace Qs(V') in Qp2(V) is closed under the operator mo(f), i.e.

ma(f) 1 Qs(V) — Qs(V).

Proof. Let € := {dxy : I € I} be an orthonormal basis for the Euclidean space
(AV*, (-, ) ay~)- By Lemma any w in Q72(V) may be written uniquely as,

WZZ&@d%h

Iel

with & in L?(V) for each index [ in Z. If f in C,(V), then we have already shown
that the operator norm of w(f) : L*(V) — L*(V) is |7 (f)|lez2ovyy = | fIl, with || - || :
Cu(V) — [0,00) the supremum norm. By definition of the linear operator mq(f) :
Qr2(V) — Q2(V), orthonormality of the basis &€ C AV*, and Equation (2.29), it
follows that,

Ima(Nwld, = (D (x(£)E) ®d$1 => 7 (Nl
Tez Tez
S [¥ils ZHfIHL?(V)
ez
= [I£1? [«

We therefore conclude, |[ma(f)wllo < [|f|| |lw]lo for arbitrary w in ©2(V), and hence
ma(f) : Qp2(V) — Qr2(V) is a bounded linear operator.
Seeing that the induced map

mq: Cu(V) = B(Qr2(V)) : f = malf)

determines a unital, isometric, *-homomorphism is a simple consequence of the map
7 Cy(V) — B(L?*(V)) being a unital, isometric, *-homomorphism.
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For the final claim, take f in C2°(V'), and recall from Proposition that, if
¢§:V = Cisin S(V), then

m(f)E:V - C:v— f(v) £(v)

is also a Schwartz-class function. Hence, if £ ® 7 is an elementary tensor in Qg(V) :=
S(V) ® AV*, then it follows by definition that ¢ is in S and 7 is in AV*. Hence, by
the definition of mq(f),

mo(f)E®7) = (x(f)E) @,

which is again an elementary tensor in Qs(V) as 7(f)€ is in S(V). Therefore, the map
mao(f) takes elementary tensors in {25(V') to elementary tensors in Qs(V'). As a general
element of Q5(V) is a finite sum of elementary tensors, it follows that Qg(V') is closed
under mqo(f) when f is a function in C2°(V). O

We will similarly turn to a unitary group representation of V; on L?(V') to obtain
a unitary representation of V; on Q2 (V) by way of the identity operator on AV* and
Lemma [2.2] For a group element g in V; and a Schwartz-class function £ : V' — C, it
is easily shown that,
u(g)§:V—Cror—{(v—yg),

determines a Schwartz-class function on V', and the induced map u(g) : S(V) — S(V)
is linear, invertible, and satisfies,

u(g)u(ge) =u(gr +¢92) : S(V) — S(V), forall g1,g90 € Vy. (3.21)

Moreover, by a simple change-of-variables argument,

(u(g)é1, &) 2(vy = (51&(971)52)1:2(1/)7 for all &, € S(V), (3.22)

where (-, )2, denotes the inner product on S(V) of Lemma m In particular,
u(g) : S(V) — S(V) satisfies,

[u(g)lle == sup [[u(g)¢llL2v) = 1. (3.23)
H&”[ﬂ(v)gl
geS(V)

As L*(V) is defined as the Hilbert space completion of S(V') under the inner product
(") 120y, we are able to conclude that u(g) : S(V) — S(V) extends uniquely to a
bounded linear operator on L?(V'). In fact, if U(L*(V)) denotes the group of unitary
operators on L*(V), then from Equation this extension u(g) : L*(V) — L*(V)
is an element of U(L?*(V)). Seeing that the induced map,

u: Vg — U(LA(V)) : g — ul(yg), (3.24)
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is a group homomorphism is a simple consequence of Equation (3.21). We state the
result of this paragraph in a lemma for future reference.

Lemma 3.19. Let U(L*(V)) denote the group of unitary linear operators on the Hilbert
space L*(V). Then there is a group homomorphism,

u: Vg — U(LA(V)) : g — ulyg),
which 1s uniquely determined by the formula,

(u(9)§) (v) :=E&(v—yg), forall geVy,&eS(V),veV

With the group representation of V; on L?(V) given in Lemma one may then
apply Lemma to obtain, for each group element ¢ in Vj, a linear operator on
Qr2(V) = L*(V) @ AV*,

ua(g) = u(g) @1 : Qr2(V) — Qr2(V). (3.25)
In particular, for each elementary tensor £ ® 7 in Q2(V),

ua(9)(€®7) = (u(g)§) ® .

The proof of the following proposition is extremely similar to that of Proposition [3.18]
and so we omit the argument.

Proposition 3.20. For each g in Vy, the linear map uq(g) : Q2(V) — Qr2(V) given
in Equation is a unitary Hilbert space operator on Qr2(V). IfU(Qr2(V)) denotes
the group of unitary operators on Qr2(V'), then the induced map,

ug : Vg — U(Qr2(V)) : g — ualg),

15 an injective group homomorphism. Moreover, for each group element g in Vg, the
dense subspace Qs(V) of Qp2(V) is closed under the unitary operator ug(g), i.e.

Finally, we show that the representation mq : C,,(V) — B(Q2(V)) of Proposition
and the representation ug : Vy — U(Q2(V)) of Proposition form a covariant
pair.

Theorem 3.21. Equip C, (V') with the Vg-action of Example where the x-automorphism
determined by a group element g in Vy is defined by the formula,

9(N](w) = flv—g), forall [feCV), geVyveV.
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The C*-algebra representation mq : C,(V) — B(Qr2(V)) of Proposition and the
unitary group representation ug : Vg — U(Qp2(V')) of Proposition are a covariant
pair in the sense that, for all f in Cy(V') and group elements g in Vy,

ua(g) ma(f) ualg™") = malg(f)) € B(Q2(V)). (3.26)
It follows that there is a unique x-algebra homomorphism,
o:C,(V)x Vg — B(Qr2(V)),

such that, for each & =3 \. fylg] in the twisted group algebra C,(V)[Vy] C Cu(V) V4,

o (0) = malfy) ualy) € B(Q(V)). (3.27)

geVa

Proof. Take any ¢ in V; and any function f in C, (V). By definition of the representa-
tions g and wuq, it follows that,

ua(g) ma(f) ualg™) = (u(g) 7(f) u(g™)) @1 : Qu2(V) — Qp2(V) and,

ma(g(f)) = m(g(f)) @1 : Qp(V) — Qp2(V),

where 7 : C,,(V) — B(L*(V)) is the representation of Proposition [3.16, and w : Vy; —
U(L*(V)) is the unitary representation of Proposition [3.19, Tt therefore suffices to
prove that the representations,

7:Cu (V) — B(LA(V)) and wu:Vy;— U(L*(V))
satisfy the covariance condition,
u(g) w(f) ulg™) =m(g(f)) : L*(V) — L*(V), (3.28)

for any g in V; and f in C, (V).
To this end, fix g in Vg, f in C,(V), and € in S(V'). Then for each v in V,

Since S(V) is dense in the Hilbert space L?(V'), we can conclude that Equation ((3.28)
is satisfied for each ¢ in V; and f in C, (V). As noted above, this implies that the pair
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o Cu(V) = B(Qp2(V)) and ug : Vg — U(Qp2(V)) is covariant.
From Lemma [3.14] there exists an induced x-homomorphism o : C,(V)[Vy] —
B(272(V)) such that,

o (Z fg[g]> =Y ma(flualy) forall Y fylg] € Cu(V)[Val.
geVy geVy 9g€Vy

By the density of C,,(V)[Vy] in C,(V) x Vy, it follows that o : C,(V)[Vy] — B(Qr2(V))

extends uniquely to a unital *-homomorphism o : C (V) x Vz — B(Q2(V)) which

satisfies Equation (3.27)) by definition. O

We discuss two final important properties of the C*-algebra representation o :
Cu(V) x Vi — B(Q2(V)) defined in Theorem [3.21] First, recall from Proposition
that Q2(V) is a Z/2-graded algebra, with orthogonal even and odd subspaces
denoted, respectively, by QF,(V) and Qp.(V). By definition of the representation
o Cu(V) 1 Vg — B(Qrz(V)), for each element i fy[g] in the twisted group
algebra C,(V)[V4],

(D" £l =D w(Pule) @1 : Qpa(V) — Qpa(V),

9geVy geVy

where 7 : C,,(V) — B(L*(V)) and u : V; — U(L*(V)) are the representations given in
Proposition and Equation (3.24)). Using similar arguments to those of Proposition
2.5| it is easy to see that for any integer 0 < k < n and any 0 in C,(V)[V4],

a(0) : Q5 (V) — Qb (V).

Since Cy, (V') x Vy is the completion of C,,(V')[V;] with respect to the norm of Example
3.15| one then easily verifies, using the fact that Q¥,(V) is a closed subspace of 72(V),
that for arbitrary 6 in C, (V) x Vg,

(0) : Qp(V) — Qpa(V).
In particular, this implies the following proposition.

Proposition 3.22. The representation o : C,(V) x Vg — B(Qr2(V)) given in Theorem
is even with respect to the Z/2-grading on Qp2(V) = QF,(V) & Q.(V) discussed
in Proposition ' That is, for any 6 in C,(V') x Vg,

o(0): QL(V) — QL(V)  and  o(0) : QL(V) — QL(V).

For the second important property of the representation o : Cy, (V) xVy — B(Q2(V))
we wish to discuss, recall that we ended Example by arguing that C°(V)[Vy] is
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a dense x-subalgebra of C°(V) x Vj, where C°(V)[Vy] is the twisted group algebra
generated by the translation action of V; on C°(V).

Lemma 3.23. Let 0 : C,(V) x Vg — B(Qr2(V)) be the representation of Theorem
and C(V)[Vy] the dense x-subalgebra of C, (V') x Vy discussed above. If 0 is in
C(V)[V4], then the dense subspace QLs(V') in Qp2(V') is closed under m(w) : Qp2(V) —
Qr2(V), ie.

a(8): Qs(V) — Qs(V).

Proof. Every element of C3°[Vy] is of the form 3 . fy[g], where this sum is understood
to be finite, and by definition of o,

- (Z fg[g]> =S w1 (Hulg) @1 Qua(V) — Qua(V),

geVy geVy

where 7 : C, (V) — B(L*(V)) and u : V; — U(L?*(V)) are the representations given
in Proposition [3.18 and Lemma [3.19, respectively. It therefore suffices to show that
Qs(V) is closed under the linear operator

o(flgl) == m(flu(g) @1 : Qp2(V) — Qp2(V)

, for any function f in C2°(V') and any group element ¢ in Vj.

With the above in mind, fix f in C°(V) and g in V. Recall that any vector in
Qs(V) := S(V) ® AV* is, by definition, a finite sum of elementary tensors in Qg(V).
Hence, we need only show that 7(f)u(g) @ 1 : Qp2(V) — Qp2(V) takes elementary
tensors in Qs(V) to elementary tensors in s(V). Indeed, this is the case, for if
¢V — Cis a Schwartz-class function and 7 is in the exterior algebra AV*, then we
see

(m(flulg) @ )(E @ 7) = (7(f)ulg)§) @ 7.

However, by definition of u : V; — U(L*(V)) and 7 : C,(V) — B(L*(V)), we have
that u(g) : S(V) — S(V) and, since f is in C°(V), also that n(f) : S(V) — S(V).
Hence, 7(f)u(g)§ is in S(V), and we are bale to conclude that (7(f)u(g)§) ® 7 is an
elementary tensor in Qg(V) :=S(V) @ AV*. O

3.2.2 The Operator

Thus far, we have discussed the Z/2-graded Hilbert space Q72(V'), and the even rep-
resentation o : C,, (V) x Vy; — B(Q72(V)) given in Theorem [3.21] which will determine
two thirds of our Heisenberg (pre-)spectral triple. It remains to introduce the densely
defined, self-adjoint, odd, unbounded linear operator on €2;2(V"). This subsection de-
fines such an operator, and verifies that it satisfies the required properties given in
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Definition to form a pre-spectral triple when combined with the aforementioned
Hilbert space and representation of C°(V)[Vy] C C (V) x Vy

Take D : Qg(V) — Qgs(V) to denote the Dirac-Heisenberg operator of Definition
2.21] viewed initially as an unbounded operator on the Hilbert space Qr2(V) with
dense domain Dom(D) := Qs(V). We showed in Corollary that D is essentially
self-adjoint, and therefore admits a unique maximal extension to a densely defined
self-adjoint unbounded operator on ;2(V'). The operator of our Heisenberg spectral
triple will be the unique maximal self-adjoint extension of D, which we denote by
D : Dom(D) — Q2(V).

From basic unbounded operator theory, the domain Dom(D) of the extension D
is a dense subspace of Qr2(V) which identifies with the Hilbert space completion of
Dom(D) := Qg(V') under the inner product,

(-,)p : Qs(V) x Qs(V) — C: (w1, w2) — (w1, w2)a + (Dwq, Dwa)q, (3.29)
where (-, ), is the inner product on Q2(V'). Since,
|lwllao < ||w|lp forall w e Qgs(V),

it follows that the canonical inclusion Qg(V) < Q2(V) extends to a continuous linear

map from Dom(D) into Q2(V') which is easily seen to be injective. With this consider-

ation in mind, we view Dom(D) as a subspace of Q2(V'). Note the induced hierarchy
of vector space inclusions,

Qs(V) < Dom(D) — Qg(V).

As Qs(V') is dense in Q72¢1)(V), so too is the subspace Dom(D).
The following lemma gives a more concrete description of Dom(D) and the corre-

sponding unbounded linear operator D : Dom(D) — Q2(V).

Lemma 3.24. Take any w in Q2(V), and let || - ||o denote the inner product norm
associated to Qp2(V). Then w is in Dom(D) if and only if there a sequence {w;}jen C
Qs(V) such that {Dw,};en € Qs(V) converges to an element of Qr2(V') with respect
to the inner product norm || - ||q, and

0 = lim jw; — wlo.
Moreover, D : Dom(D) — Q2(V) is defined, for each n in Dom(D), by the formula,
Dw := lim Dw; € Q2(V),
7—0

where {w;}jen C Qs(V) is any sequence of Schwartz-class differential forms such that
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lim; o [|Jwj —wllo = 0 and {Dw; }jen converges to an element of Qr2(V') with respect

to || - lla-

Remark 3.25. To see that the map D : Dom(D) — Q;2(V) given above is well-
defined, we use the fact that D is essentially self-adjoint and, in particular, symmetric

as an unbounded operator on Dom(D) := Qg(V'). Indeed, let w be in Dom(D), and
assume {w; }jen, {1 }jen are any two sequences of Schwartz-class differential forms with

0= limlw; —wlio = [In; — wlla
and such that there are x; and xy in Q72(V) for which,
0= lim |[Dw; —xalle = lim [ Dy — x2e-

Fixing 8 in Qg(V), it follows by continuity of the inner product and from the Dirac-
Heisenberg operator being symmetric on Qg(V') that,

(X1 — X2, B)al = Jli_{go [(D(wj —n;), B)al
= lim [{w; —n;, DB)al
< lim [Jw; — 5l [DB]la
J—)OO

= 0.
As Qs(V) is dense in Q2(V), we are able to conclude ||x1 — x2||a = 0, which is to say,

lim Dw; = x1 = x2 = lim Dn.
j—o00

j—o00
Hence, D : Dom(D) — Qz2(V) is well-defined.

The densely defined, self-adjoint, unbounded linear operator D : Dom(D) —
Q72(V) described in Lemma will be the operator associated to the Heisenberg
spectral triple. As such, the remainder of this subsection is dedicated to exhibiting
that this operator, in conjunction with C*-algebra C, (V') x Vj, the dense x-subalgebra
C(V)[V4], and the representation o : C, (V) x Vy — B(Q2(V)), satisfy the properties
of a 2n-dimensional even spectral triple without the meromorphic extension property.

We first tackle verifying that D determines an odd linear operator, and that the
finite summability condition in Definition holds true.

Proposition 3.26. The densely defined self-adjoint unbounded linear operator D :
Dom(D) — Q2(V) of Lemma is odd with respect to the Z/2-grading on Q2(V)
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given in Proposition |2.18; That is,
D : Dom(D) N Q5 (V) — Q5L(V),

where Q5 (V) and Q7,(V) are the even and odd subspaces of Qp2(V'), respectively.

Moreover, with n = dim(V') and {p;}jen @ non-decreasing enumeration of the
principal values (repeated with multiplicity) of D, there are non-negative real constants
C1 and Cs such that, for all but finitely many natural numbers j,

1 1
Cikan < p; < 02%-

In particular, the bounded linear operator (1 +Ez)_% : Q2 (V) = Qr2(V), defined via
functional calculus, is Schatten p-class for all p > 2n.

Proof. For notational convenience, define the two orthogonal subspaces of Qs(V),

QF(V) == @5 (V) and Q5(V) == @5 Q&(V).
k even k odd
Note that Qs(V) = QE(V) @ Qg(V), while Q% (V) is a dense subspace of Qf,(V) and
Q5(V) a dense subspace of Q, (V).
Let w be in Dom(D) NQ;, (V). Then, by definition of Dom(D), there is a sequence
{w;}ijen € Qs(V) such that,

lim [l — w;flo = 0 = lim [ Dw — Dy lo.
j—00 j—o00

Fix an arbitrary 8 in Q&(V) and observe that Proposition implies D is in
Q5(V) € Q,(V). Since w is, in particular, a vector in Q7,(V'), we have from the
orthogonality of Q7,(V) and Q,(V) that,

(Dw, B)q = jlgglo(%D@Q = (w, DB)a =0,

As this holds for every 8 in Q&(V), and since Q& (V) is dense in the closed subspace
QF,(V) of Qr2(V), we conclude that Dw lies in the orthogonal complement of Q, (V).
As this orthogonal complement is exactly ©,,(V), it must be that Dw is in Q,(V)
whenever w is in Dom(D) N Q},(V). By a similar reasoning, one shows that if w is in
Dom(D) N Q,(V), then Dw is in Q,(V). Thus, D : Dom(D) — Q2(V) is an odd
operator with respect to the Z/2-grading on Q2 (V).

For the second claim, observe that Proposition [2.28| implies the existence of non-
negative real constants Cy and Cy such that, if {1 },en is a non-decreasing enumeration
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(repeated with multiplicity) of the principal values for D : Qg(V) — Qs(V), then,
4 ji < <0y jﬁ, for all but finitely many j.

Since the principal values of D : Qg(V) — Qs(V) C Q2(V) are exactly the principal
values of its extension D : Dom(D) — €;2(V), it is clear that principal values of D
are also on the order of j 2 for sufficiently large j. As a consequence of the observa-
tions made in Remark we may therefore conclude that bounded linear operator
(1+ DQ)_% on Qz2(V) is Schatten p-class for all p > 2n. O

We recall that o : C,(V) x Vg — B(Q2(V)) denotes C*-algebra representation of
Theorem [3.21], and C2°(V)[V,] the dense *-subalgebra in C, (V') x V,; which is generated
by the action V; acting by translation operators. With the goal of showing that the
triple, (Qz2(V), 0, D) is spectral, it remains to show that, for each 6 in C°[V], the sub-
space Dom(D) C Q;2(V) is invariant under linear operator o (6) : Qp2(V) — Qp2(V),
and the commutator,

[D,0(0)] = Do(0) — o(0)D : Dom(D) — Q2(V),

extends to a bounded linear operator on all of Q2(V).
We first show that such results hold when one replaces D with the the Dirac-
Heisenberg operator D.

Lemma 3.27. Let D : Qs(V') — Qs(V') be the Dirac-Heisenberg operator of Definition
[2.21; Where Qs(V) the subspace of Qr2(V) determined by Schwartz-class differential
forms. If o+ C,(V)) x Vg — B(Q12(V)) is the representation of Theorem[3.21], then for
any 0 in C°(V)[V4], the commutator

[D,0(0)] : Qs(V) — Qs(V),
is well-defined and extends uniquely to a bounded linear operator on all of Qr2(V).
Proof. The Dirac-Heisenberg operator, with domain Qg(V'), is defined by,
D=d+d +p+p" :Qs(V) — Qs(V),

where d and d* are the linear operators on s(V') of Proposition , while p and p*
are the linear operators on Qg(V) of Lemma [2.10f If 6 is an arbitrary element in
C>(V)[V4], then we have already shown in Lemma that Qs(V) is invariant under
the operator a(0) : Qr2(V) — Qp2(V). Hence, the commutators [D, o(8)], [d+d*, o(6)],
and [p + p*, 0(0)] are well-defined linear operators on {2s(V) satisfying,

[D,o@)] =[d+d,00)]+[p+p,000)]: Qs(V)— Qs(V). (3.30)
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In order to provide a formula for [d + d*,0(0)] and [p + p*, ()], recall that, if

x=(x1,...,2,) : V — R" is an orthonormal system of coordinates, then the operators
Aaz; © AV* — AV* and tg,; : AV* — AV* are defined by Lemma and Lemma
1.35 respectively, both being bounded linear operators such that,

[Adz; lBave) <nand NG, = tag; : AVT — AV

Moreover, recall the linear operators a%j :S(V) = S(V) and zj- : S(V) = S(V) given

by the diagrams (|1.28)) and ({1.30]), respectively. In terms of this notation,

* . a
d+d :Za—xj®()\dxj _[’dl'j) QS<V) —>QS(V)’ and
j=1

P =Y 0@ (Nawy + tar;) : Qs (V) — Qs(V).
j=1

We check that, for an element f[g] in C2°(V)[Vy], the operator [D, o(f[g])] : Qs(V) —
Qs(V) extends uniquely to a bounded linear operator on all of 72(V). By the defini-
tion of o : Cy (V') x Vy — B(Q2(V)), observe

a(flg]) = 7(flu(g) @1 : Qs(V) — Qs(V),

where 7(f) : S(V) — S(V) and u(g) : S(V) — S(V) are well-defined and given in
Proposition [3.16] and Lemma [3.19] respectively. We therefore have,

wwwmm=ZLQWM@hwmﬂwwmw—mmm<ww

o+ 07 o (flgD] = D [, 7(N)u(9)] @ Naw; + ta,) = Qs(V) — Qs(V). (3.32)

j=1

However, for each integer 1 < j < n it is easy to compute that,

[a (m]:0=hmﬂﬂkSW3—+&V%

a—mj,u
while,
0 B of \
L}—%,W(f)} =7 (a—m]) :S(V) — S(V),

and
[z5,u(g)] = z;(9)L : S(V) — S(V),

where z;(g) is the evaluation of z; : V' — R at g in V4, and 1 : Qg(V) = Qgs(V) is the
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identity. Therefore, from Equation (3.31)) we obtain,
« - of
[d+d,o(flah)] =D 7 (== ) ulg) ® (Aaw, — taa,) - (3.33)
while Equation (3.32)) yields,
lo+ %0 (flaD)] =D i(9) 7(f) @ Nda, + taa, ). (3.34)
j=1

As constructed in Equation ([2.2)), let
& = {d.ﬁl?[ = dl’il /\"'/\diL‘ik I = (il,...,ij) E.’Zk}

be the orthonormal basis for A¥V* induced by the orthonormal coordinate system

r = (z1,...,2,) : V= R" and £ := |J,_, the corresponding orthonormal basis for
AV*; Where,

Ik = U{(il,ig,...,’ik) ~ {1,2,...,n}k : le <7;2 < .- <ik},
k=0

subject to the conventions Zy = () and dzy = 1 in A°V*. In particular, & is the set
containing only the identity in AV* and, if Z := U?:o Tk, then €& = {dx; : I € T}.
With respect to this notation, given two indices I, J in Z, along with any integer
1 < j < n, one observes,

1, I=1J

0 12y (3.35)

(taw, (dp), tag, (dzg)) o = (Nao, (dp), Aagy (dg)) o = {

where (-, ),y is the inner product on the Euclidean space AV* of Example m
Now, from Lemma [2.2] any Schwartz-class differential form 7 may be written
uniquely as,
n=>Y hr@dr; €Qs(V),

1€l

with h; : V' — C a Schwartz-class function for each index I in Z. Hence, for a fixed

119



integer 1 < 7 < n, we have from Equation (2.29) and Equation (3.35]) that,

2
[(25(9) 7(£) @ Aas, ) 1llg, = || D 25 ()7 (F)hr @ A, ey
1T Q
= Z 25 (g hIHLZ(V
ez
<l (9)* (N2 Z Al z20v)
Iez

= |z;(9)* I (N)lz 20y Il

and similarly,

1(25(9) 7(f) ® taw,) nllgy < 125 (DP T () Bizeqvy Il

Since || 7(f)lls,.v)) = If]l, these two equations allow us to conclude,

25 (9)7(f) @ Nao; + ta, )l < 2lz;(a)] IFI] Imlle,

for each 1 in Qp2(V). Hence, by Equation (i3.34]),

I+ p*, o (flaD] €llg < 2[I.f1] (Z |ij(9)|> 1]l (3.36)

j=1

It follows by the density of Qg(V') in the Hilbert space 2;2(V') that the linear operator
o+ p*,0(flg])] : Qs(V) — Qs(V) extends uniquely to a bounded linear operator on
all of Q2(V).

By analogous reasoning to that used in the previous paragraph one shows easily
that, for each integer 1 < j < n and any Schwartz-class differential form 7,

(ﬂ- <(§_£) u(g) ® (Adl‘j - Ldmj)> n <2 H
Thus, from Equation (3.33]),

Ild+d*,o(flgDInllg < 2 (Z

J=1

of
8xj

) 1]l

for each n in Qg(V), and we may conclude that [d + d*,o(f[g])] : Qs(V) — Qs(V)
extends uniquely to a bounded linear operator on Q2 (V).
From the two paragraphs above, together with Equation (3.30]), we conclude that
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the commutator,
[D,o(flg)] : 2s(V) — Qs(V),

extends uniquely to a bounded linear operator on Qp2(V') for each flg] in C°(V)[Vy].
A simple linearity argument shows that, since every element of C°(V)[V,] is a finite
sum of elements of the type f[g], it must be that, for each 6 in C°(V)[Vy],

[D, 0'(9)] : QS(V> — Qs(V)

extends uniquely to a bounded linear operator on all of Q2(V). O

As a corollary to Lemma [3.27] we arrive at our desired result regarding the domain
of Dom(D) and the boundedness of the commutator [D, o(6)] for each 6 in C°(V)[Vy].

Theorem 3.28. Let D : Dom(D) — Q2(V) be the unique self-adjoint extension of
the Dirac-Heisenberg operator, as discussed in Lemma and let o : C, (V) x Vg —
B(Q2(V)) be the representation of Theorem[3.21, Then for any 6 in C2°(V)[Vy], the
subspace Dom(D) of Q;2(V) is closed under the bounded linear operator o(0), and the
commautator,

[D,c(6)] : Dom(D) — Q2(V),
extends uniquely to a bounded linear operator on all of Qp2(V).

Proof. Let 1 be in Dom(D). From Proposition m, there is a sequence of Schwartz-
class differential forms {n;};en € Qs(V') such that {Dn;};ep C Qs(V) is a convergent
sequence with respect to the inner product norm || - ||o on Q2(V), and

0 = lim[|n; —no-
Take any 0 in C2°(V)[V,], and note that

lim [lo(@)n; — o(@)nllq < lim llo@)ls@,0n lIn; = nlle =0,

]*)

so that o(#)n; converges to o(f)n with respect to the norm || - ||o. To prove o(#)n is in
Dom(D), it suffices to show that {Do(0)n;}jen C Qs(V) is convergent with respect to
the norm || -||q. As we showed in Lemma that ||[D, 7(0)]|| B, v)) < o0, it follows
that,

1Da(0)n; — Dr(0)nmll, = 1D7(0)(1; — 1) llg,
<|I[D,a(0)](n; — n) | + [|l0(0) D(n; — 1) [l

< (1D, 0(O)] 10,20y + lo Oz ) 15 = 1l
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Since the sequence {n;}jen C Qs(V) is Cauchy with respect to the norm || - ||q, the
above inequality implies that the sequence {Dm(0)n;} en is also Cauchy with respect
to || - |lo, and therefore convergent to an element of Q2(V). Hence, if 5 is in Dom(D),
then so too is a(0)n for any 6 in C2°(V)[Vy].

The fact that, for each 6 in C°(V)[V,], the commutator [D, o ()] : Dom(D) —
Q72(V) extends uniquely to a bounded linear operator on €;2(V) is an immediate

corollary to Lemma [3.27] Indeed, observe that,

1D, (0)]lasv) = [D,0(0)] : Qs(V) — Qs(V),

where [D, 0(6)]|ag(v) is the restriction of [D, o(6)] to Qs(V) € Dom(D). As we showed
[D,o(0)] : Qs(V) — Qs(V) extends uniquely to a bounded linear operator on all of

Qr2(V), it follows that so too does [D, o(0)], and that these extensions to 272(V') must
agree. [

We conclude this subsection with a culminating theorem.

Theorem 3.29. With Q2(V) = Q. (V) @ Q,(V) the Z/2-graded Hilbert space of
square-integrable differential forms, o : C,(V)) x Vg — B(Q2(V)) the representation of
Theorem|3.21, and D : Dom(D) — Q2(V) the densely defined, self-adjoint, unbounded
linear operator of Lemma the triple

(QL(V)®QL(V), 0:Cu(V)xVy— B(Qr2(V)), D:Dom(D) — Qr2(V) )

is a 2n-dimensional even pre-spectral triple over C°(V)[Vy] € Cu(V) x Vg, where
n := dim(V'); We call this the Heisenberg spectral triple, or simply the Heisenberg
cycle.

3.2.3 Analysis of the Heisenberg Cycle

We analyse the (-functions associated to the Heisenberg spectral triple (;2(V), o, D)
outlined in Theorem [3.29} A 2n-dimensional even pre-spectral triple over C2°(V)[V,] C
Cy(V) x V4. Our method of analysis is via the theory of heat kernels, and as such
we begin with a lemma concerning the heat kernel of the scalar harmonic oscil-
lator. For the remainder of this subsection, fix an orthonormal coordinate system
r=(z1,...,2,) : V > R™

Recall that the scalar harmonic oscillator, denoted 773, is a linear operator acting
on the vector space of Schwartz-class functions S(V') defined by,

9
M=) o7 +a?: S(V) — S(V).
j=1
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Identifying S(V') with a dense subspace of the Hilbert space L?(V') of square-integrable
functions, we view H, as a densely defined unbounded linear operator on L?(V'). Recall,
from Proposition that for each n-tuple k= (k1,...,ky) of non-negative integers,
we constructed a function ¢ in S(V') which was an eigenvector of H,; Where,

Hop = vy,

and v the (positive) eigenvalue v, = n + Z?:l 2k; of H,. Further, we argued that the
set of Schwartz-class functions,

#={uzeSWV) : kezi,} CS(V)CIAV),

was an orthonormal basis for L?(V'), thus exhibiting a diagonalization for the densely
defined unbounded operator H.

What we did not state explicitly in Subsection 2.4.3 was that, using this diagonal-
ization %, one may verify H, : S(V) — S(V) C L*(V) is an essentially self-adjoint
unbounded operator on L?(V): Tt is clear from our diagonalization and positivity of the
eigenvalues v; that Hs : S(V) — L*(V) is symmetric with range containing the basis
%. Hence, the scalar harmonic oscillaotr H, admits a unique, maximal, self-adjoint
extension,

H, : Dom(H,) — L*(V).

Applying functional calculus for self-adjoint unbounded operators (see [14, Chapter
8]), we define, for each positive real number ¢, the compact operator,

e L2(V) — LA(V).
Since £ is an orthonormal basis for L*(V) and,
% C S(V) C Dom(H,) C L*(V),
it follows that this self-adjoint extension H, is also diagonalized by 2, satisfying,
E%; = vy = Hspp  for each ¢ € £.

If we take a non-decreasing enumeration {x; }jen of the (positive) eigenvalues {v} }7;n
>0

for #H,, then by an argument analogous to the proof of Proposition there are
positive real constants ¢; and ¢y such that, for all sufficiently large natural numbers 7,

C1]

3=
3=

<xj; <.

In turn, for each positive real number ¢, we conclude may that the compact operator
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e s . [2(V) — L*(V) is in the (ideal) of trace class operators. In particular, 7 :
C.(V) x B(L*(V)) to be the C*-algebra representation of Proposition [3.18] and u :
Vy — U(L*(V)) the unitary group representation of Lemma , then for any f in
C(V) and g in Vg, the operator,

m(flulg)e ™ o LX(V) — LX(V),

is also trace class. As the next lemma shows, the trace of this operator has a relatively
simple integral formula.

Lemma 3.30. Let 7 : C,,(V) — B(L*(V)) be the C*-algebra representation of Proposi-

tion[3.18, and u: Vg — U(L*(V)) be the unitary group representation of Lemmal3.19,
For any positive real number t, any f in C,(V'), and any g in Vy,

Tr (m(ulg)e™)
ligll3

— (27) "% csch”(1)e— 0 / eI £ (cothi (1o + 9/2) du(v)  (3.37)
Vv

where dy 15 a Haar measure on V', normalized so that, with respect to Lebesque measure
on R™, any orthonormal coordinate system is a measure preserving map from V to R".

Proof. We define the function, & : Ryg x R x R — C for each (f,y1,y2) in Rug x Rx R
by

K (g1, 92) = (2 sinh(28))2 exp (— cane) U2 oy = 1) ‘492)2) .

The formula for k£ : Ryy x R x R — C given above is the (one dimensional) Mehler’s
formula [13], and is the heat kernel for scalar harmonic oscillator on L?(R). In partic-
ular, if k; is a non-negative integer, and 1, : R — R is the eigenfunction of the one
dimensional harmonic oscillator on R defined in Equation , then for each positive
real number ¢,

/ k& (Y1, y2) Uk, (yo) dys = e "Ry (y)  for all y; € R, (3.38)

R

where the integration is with respect Lebesgue integral over R. In particular, since
{j € S(R) : j € Zxo}

is an orthonormal basis for L?(IR), this heat kernel satisfies,

lim [ k5 (g1, 2)€(y) dys = E(ya), for all € € S(R).

t—0 R
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We use this 1-dimensional Mehler’s formula to construct the heat kernel for H,, the

self-adjoint extension of the n-dimensional scalar harmonic oscillator on V.
Define the function & : Ryg x V x V — C by,

(v1,v9) 1= HkR (t,2;(v1),2;(v2)), for all (t,v1,v2) € Rog x V x V,
J=1

where x; : V' — R is the j-th coordinate function of the orthonormal coordinate system
x=(x1,...,2,): V= R" and kSR) is the one-dimensional heat kernel discussed above.
In particular,

2 . 2
ki (v1, v9) = (27 sinh(2¢)) % exp (— tanh(p) 1t 22l coth(t)M) ,

4 4
where || - ||y : V' — [0,00) denotes the Euclidean norm in V. If one takes an n-tuple
k = (ki,...,k,) of non-negative integers, then recall that the corresponding basis

element ¢ in B C S(V)) C L*(V) satisfies,
-(v) = H@ij (zj(v)), foral wveV,

where 1y, : R — R is defined by Equation (2.45). If we let dr denote the Lebesgue
measure on R, then since z = (z1,...,x,) : V — R" is measure preserving, it follows
that for each w in V,

/v ke(w, v)p(v) dp(v) = [ ] 5 (25(w), 2;(0) i, (@;(v)) du(v)

—

As this holds for each ¢y in the orthonormal basis 2 C S(V) C L*(V'), we conclude
e~ [2(V) — L*(V) satisfies,

(7€) (w) = [ haw,0)e(o) duto)
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for every ¢ in S(V) and w in V, and so e~™Ms is a compact integral operator on LA(V)
with kernel k; : V' x V' — C defined above.

Taking f to be in the C*-algebra C,(V'), and g a group element in Vj, it follows
that 7(f)u(g)e "= is also a compact integral operator with kernel,

VxV — C: (v1,v9) —> f(v1)ke(vy — g,09).

As the trace of an integral operator is obtained by integrating its kernel along the
diagonal we obtain,

T ((Pulo)e ™) = [ Flale - g.0) dute)
v
n 2 — all2 2
= (27sinh(2t)) "2 /V F(v) exp (tanh(t)% - coth(t)@) dp(v).
Applying the change of variables v — \/coth(t)v + g/2, it follows that,

T (w(fulg)e ™)

g 2
= (2msinh(2t))" 2 (coth(t))2 e coth (1) 41 /

; eI ( coth(t)v + 9/2) du(v),

coth(t)
sinh(2t)

from which the identity = csch?(t) yields Equation (3.37)). O

Having discussed the heat kernel for the scalar harmonic oscillator, and the resulting
trace formula, we advance to considering the {-functions associated to the Heisenberg
spectral triple. As the unbounded operator D acts on Qz2(V) := L3(V) @ AV*, we will
first recall Corollary[2.26)and the construction of an orthonormal basis of eigenfunctions
for D? : Qs(V) — Q2(V) induced by the coordinate system z = (z1,...,2,) : V —
R™.

For each integer 1 < j < n, let dz; denote the exterior 1-tensor in AV C AV
induced by the coordinate functional x; : V' — R and the isometric identification of
Euclidean spaces V* = A'V*. Moreover, for each integer 0 < m < n, let,

- {(i1, . yim) €{1,...n} iy <ig < - <ip}, ifl1<m<n,
" o, if m=0 ’

be the set of well-ordered multi-indices of length j, as seen in Definition [1.24] while
T =} _oZm is the set of all well-ordered multi-indices of length less than or equal to
n. As constructed in Equation (2.2)), the set,

Em = {dry :=dx;, Ndxiy N+ Ndz;,, = = (i1,1,...,0n) € Z;} T A"V,
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subject to the convention that dxy is the identity in AV*, is an orthonormal basis for
A™V*. Since AV* admits an internal orthogonal direct sum decomposition AV* =
D _, A"V*, the set,

£ = |_|5k:{dx1 1 e},
m=0

is an orthonormal basis for the exterior algebra AV*. In Corollary [2.26] we used €&,
together with the orthonormal basis Z C S(V)) C L*(V), to construct an orthonormal
basis for Qz2(V) := L*(V) ® AV*: For each ¢ in Z and dz; in & with 0 < j < n, we
defined the elementary tensor,

’17/)(,;71) = Zb]; & d[E[ - QS(V) = S(V) (029 AV*,
and argued that the set,
Bl = {%1) . (K, 1) € Zso x Ij} C QL(V) C (V) (3.39)

is an orthonormal basis for the Hilbert space Q,(V) = L*(V) ® AIV* of square-
integrable differential j-forms. As we may decompose Q2(V) into an internal direct
sum Q2 (V) = D, QJ,(V), it is obvious that,

By = | | B, = {w(];’l) . (B, 1) € 7 % I} C Qs(V) € Qpa(V)
j=0

is an orthonormal basis for the Hilbert space Q2(V'). Moreover, we verified that if
D : Qs(V) — Qs(V) is the Dirac-Heisenberg operator of Definition [2.21], then for each
n-tuple k= (k1,...,ky) of non-negative integers and each I € Z;, with 0 < j < n, the
orthonormal basis element %z, n € %fl C A, satisfies,

2
D 7/’(12,1) = K& 2/’(12,1)7

where,
M = 2 (j + Z kj) € Rxo. (3.40)
j=1

As noticed in Corollary the kernel of D : Qg(V) — Qg(V) agrees with the
kernel of D? : Qs(V) — Qs(V); The kernel of both is spanned by the basis vector )
in B C PBq. Of course, it follows that the kernel of D : Dom(D) — Q2(V), which is
defined in Lemma as the maximal self-adjoint extension of the Dirac-Heisenberg
operator D, certainly contains the span of 7?(6,@)- However, as the following lemma
shows, the kernel of D is one dimensional, and so agrees with the kernel of D and D?.
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Lemma 3.31. The kernel of D : Dom(D) — Q;2(V) is one dimensional, being
spanned by the basis vector 1/’(6,@) in $B%. In particular, the unbounded operators

D,D?*:Qs(V) = Qr2(V) and D : Dom(D) — Q;2(V) share the same kernel.

Proof. Let 1 be in Dom(D), and assume D7 = 0. Denote the Hilbert space inner prod-
uct on Q2(V) by (-, -)q, and the corresponding Hilbert space norm by ||-||q : Q2(V) —
[0, 00). From Lemma there exists a sequence of Schwartz-class differential forms
M, such that,

}.13% Im —njlla =0,

and the sequence {Dn;}jen C Qs(V) converges to an element in Q;2(V) with respect
to the norm || - ||o. By continuity of the inner product, and since the Dirac-Heisenberg
operator is essentially self-adjoint, it follows that for any Schwartz-class differential
form w,

0= (D, wyq = lim {n;, Dw)o = (n, Dw)a.

In particular, for any basis element ¢(E pin HBq, it holds that D@/)(,; pisa Schwartz-class
differential form, and we may set w = Dw(,; p to observe,

0= <777 DW>Q = K1) <77a ¢(/§)> .

Since p i = 0 if and only if (k,I) = (0,0), it follows that 7 is orthogonal to all but one
basis element in %y, namely ¢, the single O-eigenvector for D% : Qs(V) — Qs(V).
Hence, the kernel of D is spanned by the basis vector @ZJ(G’@) in 2.

In Corollary [2.27} we showed that kernel of D : Qgs(V) — Qs(V) is also spanned
by 1/1(5,@). Hence, D and its extension D share the same kernel. O]

Since the unbounded operator D : Dom(D) — Q;2(V) is densely defined and self-
adjoint, it has a unique polar decomposition. In particular, there is a unique densely
defined, self-adjoint, unbounded linear operator,

ID| : Dom(D) —» Q2(V), (3.41)

known as the modulus of D, which satisfies,

1D = /P Yoy forall g,y € %, (3.42)

where firy = 01s given in Equation (3.40). In particular, |D| has the same kernel as
D.
As per the conventions made prior to Definition (1.2} fix the standard branch of A7%,

defined for complex numbers s with Re(s) > 0 and A a real number. Denoting the
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rank one orthogonal projection onto the kernel of D : Dom(D) — Q;2(V) by,

p: QLQ(V> — QL2<V) W <1/}(67@)7W>Q w(d,ﬂ )s

5.0
it is plain to see that,
|D| +p : Dom(D) — Q2(V) : g+ |D|n + pn, (3.43)

has no kernel, is self-adjoint, and has spectrum lying in (1,00). Hence, for a fixed
complex number s with Re(s) > 0, we may use the Borel functional calculus of [14]
Chapter 8] to apply the function R — C : ¢ + ¢~ to the operator |D| + p. The result
is a compact linear operator,

(|E| +p)78 : QLz(V> — QLQ(V>,

such that, if ¢; | is a basis element in %q C Qs(V) € Qr2(V), then

L ) S e, if (k1) # (0,0) € 72, x T,
(|D|—|—p) ¢(E71) — ( (k:,[)> (k,I) ( ) ( ) >0 (3‘44)

V.0 otherwise.

We similarly use functional calculus to define, for each non-negative real number ¢,
the compact operator,
—2
e Qe (V) — Qr2(V),

by applying the bounded Borel function R — C : m e ™ to |D|, as well as,
€7tp : QL2(V) — QLQ(V),
by applying R — C : m — e ™ to the orthogonal projection p = p? : Qr2(V) —

—2
Q2(V). It is clear that e7*P" and e~ commute as linear operators, as is easily verified
on all basis vectors in %q, and so we introduce a special notation for their product:

e_t(52+p> — eitpe*t52 = €7t52€7tp : QLQ (V) — QL2<V) (345)
Note that,
e~tD" ) — =D 4 (o7t 1)p: Qpa(V) — Qpa(V), (3.46)

which is also seen by verification on basis vectors in A.

Lemma 3.32. Let V have dimension n := dim(V'), and assume s is a complex number
with Re(s) > 2n. If a: Qp2(V) — Qp2(V) is any bounded linear operator on Qp2(V),
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then the compact operator,
a(]ﬁ\ +p)7s : QLQ(V) — QL2<V),

18 trace class, and

r(3)m(a(Dl+p) ") = /Oootil Tr <ae_t<D2+p)) dt

Proof. It is a simple consequence of Proposition [3.26| that the operator (|E| + p) s

trace-class for each complex number s with Re(s) > 2n. As the trace class operators
form an ideal in the C*-algebra of all bounded operators on ;:(V), we conclude
a (|D] + p) % is trace-class.

For the identity satisfied by Tr <a (|E| + p) 78), recall that the complex gamma
function satisfies, by definition,

r (f> ::/ t27le™t dt,
2 0

for each s in C such that Re(s) > 2n. Performing the substitution ¢ — ct, for ¢ a
positive real number, it follows that,

r (f> 2 :/ tz=tete gt
2 0

In particular, this applies when ¢ is any eigenvalue of [D| + p, from which we have by
properties of functional calculus that,

S — —5 * s 1 (D
r(3) (Dl +9) :/0 e (P ) gy,

where the right-hand side is a limit of operator valued (definite) integrals which con-
verges, in operator norm, to I' () (|D| + p) ~. As such, if a is a bounded linear oper-
ator acting on Q72(V),

r(3) a(|5|+p)_5=/0

and taking traces yields the desired result.

[e.o]

t%’lae_t(ﬁﬂ)) dt

Y

With Lemma [3.32[in hand, we argue that,
S — —g 1 s D2
r <§> Tr (a (D] + p) ) —/ t2 1 Tr <aet< +p>) dt, Re(s) > 2n, (3.47)
0
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is analytic on C. The following lemma provides an asymptotic estimate for,
=2
Ryg = C:tr—Tr (ae_t(D +p>) ,

which ensures that the difference in Equation (3.47) is well-defined and analytic for all
sin C

Lemma 3.33. For any natural number d and any bounded operator a on Qp2(V'), there
exist positive real constants ty and C' such that,

—=2
Tr (ae_t(D +p)> <Cct™ forall t>t,.

Proof. Let {ux}32, be a non-decreasing enumeration of the eigenvalues for D? and
let {wy}rez., C B denote the corresponding orthonormal basis of eigenvectors %; So
that, D?wy, = rwy for each non-negative integer k. Recall, pp = 0 and py > 1 for each
k > 1. Moreover, by Proposition there exists a natural number N, along with a
constant ¢, such that,

oy = ck:%, for all k> n.

With ||a|lg denote the operator norm of the bounded operator a, and (-,-)q the
inner product on Qz2(V), it follows by the orthonormality of the vectors {wy}rez.,
that, for any positive number ¢,

o0

Tr (aet(D2+p>) _ <wk’ ae%(ﬁ%p) C%>
k=0 Q

< HG'HB <et + Zetuk>
k=1
> 1
< ||a||B (Ne_t + Ze—tckn>

i=N

o0 1
< |la||s (Net—l—/ etk dk),
N

where the integration in the last line is with respect to the Lebesgue measure on R.
From the above string of inequalities, and since lim;_,ot%e~* = 0 for each natural
number d, it suffices to exhibit positive constants ¢, and C' such that,

/ e dk < Ct™% forall > t.
N
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To this end, note that a simple substitution yields,

/ e k" dk = n(ct)™"T (n; ctN%> : (3.48)
N

for all t > 0, where,

o0

r <n;ctN%> ::/ ) ke dk,
tN ™

is the upper incomplete I'-function.
For d a natural number with d < n, we have from Equation (3.48) and the non-
increasing nature of the map ¢t — I’ (v, ctN %> that,

0 1
/ et dk < [ne T (mieNF) | 60 forall t>1,
N

where

0<nc"I' <n; CN%> < Q.

Hence the result holds when d < n.
In the case where d > n, take to > 1 and C' > 0 such that e™* < Ct~? for all t > t,.

Then, for all
t
t >t = max{l, —01} )
cN~w

n—d
1 (CtN%) n N
r (n;ctNﬁ> <o 1 _ oS ynd

we have,

d—n d—n ’
and hence Equation (3.48]) yields,
00 1 N
/ e ' dk = n(ct)™"T (n; ctN%) <C " =
N d —n

whenever t > t{,.
From the sufficiency observations made earlier in the proof, this proves that the
claim made in the lemma is true. O

Corollary 3.34. For any bounded operator a on Qp2(V'), the analytic function
s .—>/ 271 Tr (ae—t(D2+P)) dt,  for Re(s) > 2n,
1

extends to an entire function on C, with the extension given allowing s to be any
complex number in the formula above; In particular, the derivative at s in C of this
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entire extension is given by,

0 1 s %
S —> / nét)tfl Tr (ae_t(D2+p)> dt.
1

From Corollary [3.34] it follows that for each bounded operator a on Q2(V) and
each complex number s with Re(s) > 2n,

r(%) Tr <a(ﬁ2+p)—8) ~ /0 iy (ae_t(D2+p)) dt (3.49)

where ~ means up to addition by an entire function in the complex variable s. We
further dissect the right-hand side of this up-to-entire equivalence by way of Equa-
tion , and requiring the linear operator a to be induced by an element f[g] in
C>(V)[V4] € Cu(V) x Vy acting via the x-representation of Theorem Recall that,

o(flg]) = m(flulg) @ 1 : Qp2(V) — Qp2(V),

where 7 : C(V) — B(L?(V)) is the xrepresentation by multiplication operators of
Proposition and u : Vz — U(L*(V)) is the unitary group representation of Lemma
0. 191

Proposition 3.35. Let o : C,(V) x Vg — B(Q2(V)) be the x-representation of The-
orem|3.21], and dp a scaled Haar measure on V' such that any orthonormal coordinate
system x = (x1,...,x,) : V — R" is measure preserving with respect to the Lebesque
measure on R™. For each function f in C°(V'), group element g in Vy, and complex
number s with Re(s) > 2n,

1 . — 92 1 s —2
/ t2 1 Tr <aet<D +p)) dt =n(s) + / t2 Ty (ae_tD ) dt,
0 0

where n : C — C is a meromorphic function with simple pole at s = 0 and residue

there,
i}

Res(n) = —c(nye 4 [ 10 f(0) duo),
5= 1
where c(n) := 277" and || - ||y : V — [0,00) is the Euclidean norm on'V.

Proof. For s a complex number with Re(s) > 2n and a an arbitrary bounded linear
operator, Equation (3.46)) and linearity of the trace imply,

1 _
/ tz2= Ty (ae_t<D2+p>> dt
0

1 .
= / t27 1T (ae’“f) +t727 et — 1) Tr (ap) dt. (3.50)
0
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Moreover, since Re(s) > 2n, it is easily verified that the integral,
1 .,
/ t2~ Ty <ae_tD> dt
0

Denote the lower incomplete I'-function by,

is convergent.

1
7(-;1):C—>C:s»—>/ tie™" dt,
0

and recall that this function admits an analytic extension to all of C. Assuming
Re(s) > 2n, a direct computation shows,

1 _
/ plgr—o > 2
0 s]2 s

Thus, for s in C with Re(s) > 2n, the function,

n(s) ::/0 t27 e — 1) Tr (ap) dt

1 1
:Tr(ap)/ t27le™ — Ty (ap)/ 21 dt
0 0

s 1) ~ 2Tr(ap)

=Tr(ap)y (5, p

I

extends meromorphically to C with a simple pole at s = 0, and the residue there is
given by,
Rf()s(n) = —2Tr(ap). (3.51)

It remains to compute Tr(ap), with p : Qr2(V) — Qp2(V) the orthogonal projection
onto the kernel of D and a = o(f[g]) for flg] in C=[V,]. From Lemma m, the
range of p is spanned by the normalized Schwartz-class differential 0-form @Z’(G,@) which
is contained in the set %Y given in Equation (3.39). In particular, o(f[g]) acts on

V@) = Vg @1 by,
a(flaD(Wz,) = (@(Nulg)dp) @ 1 € Qg(V),

where the Schwartz-class functions ¢z and 7(f)u(g)ys are given by,

R i [
gV —R:v— (2m) 3¢ 2 and,

2
lv—gl?

m(Hulg)g: V — C:or— 21) 2 f(v)e” 2,
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with ||v]|v := 1/(v, v)y is the Euclidean norm on V. Hence, if (-, -) denotes the Hilbert
space inner product on Q2(V') then,

T (o(Fl9) = (5 1, (r(Fu(g)) 1)
= (Vg W(f)U(g)¢6>L2(V)
—em [ e ) dut)

el

~my e [ e ) duto)

with the second equality following from Equation (2.29) and the last from the paral-
lelogram law. Our desired residue result is then obtained by combining,

lal?

Tr (o(fg)p) = (27) "% /V e I=9/21% £ (0) dpa(w),

with Equation (3.51)). O]

Proposition and the equality (up to an entire function) given in Equation ({3.49)

reduces the problem of extending the function,

0(5) T (o(floD@D +p))  Re(s) > 2n,

meromorphically to finding a meromorphic extension of,

/0 a1 <a( f[g])e*tﬁ) Re(s) > 2n.

-2
This is where Lemma comes into play, as we are able to write e=*? as a direct
sum of a number of copies of the scalar harmonic oscillator up to addition by a scalar
multiple of the identity.

Lemma 3.36. Let o : C,,(V) x Vg = Qr2(V) be the representation of Theorem[3.21]
Fiz a function f in C,(V'), and a group element g in Vy, and recall,

o(flg]) = m(fHu(g) @ L : Qp2(V) — Qp2(V),

where  : C,(V) — B(L2(V)) is the C*-algebra representation of Proposition[3.16 and
u: Vg — U(LX(V)) is the unitary group representation of Lemma|3.19. Then, for any
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complex number s with Re(s) > 2n,

T (o(flg)e ™)

g3

_ (g) 2 COthn(t>ei coth(t) 1 / e*”””%/f (COth% (t)U + g/2> dlu(v)
\%4

™

Proof. For each integer 0 < m < n we have,
-—2
e QR(V) — QE(V)  and  o(flg]) s Q7E(V) — QR(V),

and thus o( f [g])e‘m2 is also an endomorphism of the square-integrable m-forms. Since
Q2(V) decomposes as a direct sum of orthogonal subspaces Q.2(V) = @ _, Q7L (V),
it follows that,

Tr (a e‘tﬁz) = Tr (a 6_1@2 ) : 3.52
Slae ™) = e (otriahe ™, (352
Now, for each integer 0 < m < n, each n-tuple k= (k1,...,ky) of non-negative

integers, and any basis element ¢, in Zg C Qs(V)™ C Q7:(V), we have by basic
functional calculus properties that,

D’ —tux —t(2m—n) —t(n s i
o—tD w(E,[) e tu(k,m/,(l_e,’[) — ot@m-n), t(n+7, k])rl/}(]z’[)’

where,
i =2 <m+ij) = (2m —n) + <n+22kj+1> .
j=1 j=1
Moreover, as

o(flg]) =7(flu(g) @ 1 : Q72(V) = Q=(V),

it follows from Equation (2.29)) that, for each n-tuple k= (ki1,...,k,) and each ¢(E,1)
in the orthonormal basis Z7 of Q74 (V),

<w(/§,1)7 U(f[h])e_tﬁz

—t(2m—n)

2,2(0) w(E’I)>Q
ot (n+ 305 k) (Vg ® dar, 7(f)u(g)vy ® dar),

ot (i k) (V. 7 (H)u(9) V) 21
_ e—t(Zm—”) <¢Ev W(f)u(g)e_t}Tsd}E>

=€

_ eft(men)

L2(v)’
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As there are exactly (:L) multi-indices in the set Z,,, and since,
By = {bgn = vp@der (1) € 2y X Ty b C QR(V) C (V).

is an orthonormal basis for Q7% (V) while 4 = {¢; ke Z%,} is an orthonormal
basis for L*(V'), one easily computes,

29’;2<v>): > (Yenolla)e™),

(k.1)ELL X Tin

— o—t2m—n) Z <¢E> w(f)u(g)e_tm¢,;>

)EZ>0><I

(k.1
= (1) 5 (v ntDulae )

kezz,

= (M) T ((uto)e ),

where H, : Dom(H,) — L*(V) is the self-adjoint extension of the scalar harmonic
oscillator H, : S(V') — S(V') discussed previously in this subsection, and a formula for

Tr (ﬂ(f)u(g)e*mT) is given in Lemma |3.30]
Combining the above with Equation ((3.52), we obtain,

T (o(flghe™) = > (Z)e‘“gm"“ Tr (n(f)ulg)e ™)

= (¢ + )" T (m(ulg)e ™) |
= 2" cosh"(t) Tr (W(f)u(g)e’mi) :

Lemma then yields the desired result. O

T (a(f[gne-“’
12(v)

L2(V)

Finally, we obtain a criteria for when one is able to meromorphically extend
s T (g) Tr (o(flg))(D +p)~*)  Re(s) > 2n
to all of C.

Theorem 3.37. If flg] is in C°(V)[V4] and o : C,(V) x Vg — B(Qr2(V)) is the
representation of Theorem then the analytic function,

s— T <§> Tr (o(flg])(D+p)~%), Re(s) > 2n,
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extends meromorphically to C if and only if the analytic function,

= (3)

extends meromorphically to C where,

0|3

1
/ 27  coth™(t) ¢y () du(t), Re(s) > 2n,
0

bpaft) = om0 [l (corbd ()0 +.9/2) duto).
14
3.2.4 Concluding Remarks on the Heisenberg Cycle

As pointed out in the introduction, our original goal in extending the Heisenberg cycle
of Proposition [1.6| was with a focus on KK-duality. In particular, we are motived by
the following extension of when applied to ‘higher dimensional’ rotation algebras
of the form C(T") x, Z" and C(T") x4-1 Z" with g an automorphism of V' and where
the actions on C'(T™) are those induced by the translation actions of the lattices gZ"
and g~'Z" on T™. We continue to let (V, (-,-),,) be a Euclidean space of dimension n.

Theorem 3.38. Let M be a compact manifold, o : V x M — M a smooth action of
Von M, and I' a discretely topologized subgroup of V. For a fized point m in M and
any continuous function f on M, the map,

fn:V—C:vr— f(a,(m))
is contained in the C*-algebra C, (V) of Example . The induced x-homomorphism,
C(M) — Cu(V) - f = fm,
together with the inclusion I' < V', form a covariant pair and corresponding x-homomorphism,
Ind,, : C(M) x, T — C,(V) x Vg,

such that Ind,, (C(M)[I']) C C>=(V)[V4].
In particular, if (Qp2(V), 0, D) is the Heisenberg cycle of Theorem then,

(Q2(V), 0 0lInd,,, D)

is a 2n-dimensional even pre-spectral triple over C°(M)[I'] C C(M) %, T.

Proof. Boundedness and uniform continuity of f,, : V' — C, for each continuous func-
tion f in C'(M), follows from the compactness of the manifold M and regularity of the
action «, while smoothness of f,, : V' — C for each f in C*°(M) is plain to see by the
smoothness of the action a.
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The covariance condition follow from the following simple computation: Let f be
in C(M) and g be in I' C Vj;. Then, for each v € V|

[9(P)]m (0) = [9(H)(aw(m)) = fla—g 0 an(m)) = fm(v = g) = [9(fm)](v).

If Ind,, : C(M) xo A — C,(V) x Vg is the induced *-homomorphism, then clearly
Ind,, (C>(M)[I']) € C(V)[Vd] O
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