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ABSTRACT

In their paper [2] Cuntz, Deninger, and Laca introduced a C*-algebra T[R] as-
sociated to a number ring R and showed that it was functorial for injective ring
homomorphisms and had an interesting KMS-state structure, which they computed
directly. Although isomorphic to the Toeplitz algebra of the ax +b-semigroup R x R*
of R, their C*-algebra T[R] was defined in terms of relations on a generating set of
isometries and projections. They showed that a homomorphism ¢ : T[R] — A is
injective if and only if ¢ is injective on a certain commutative *-subalgebra of T[R].
In this thesis we give a direct proof of this result, and go on to show that there
is a countable collection of projections which detects injectivity, which allows us to

simplify their characterization of faithful representations of T[R].
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Chapter 1

Introduction

For nearly 20 years mathematicians have been studying various C*-algebras arising
from algebraic number theory. The idea is that the KMS states of a conveniently
chosen C*-dynamical system (A, o) (a pair consisting of a C*-algebra A together
with a one-parameter group of automorphisms o) can give us information about a
number field K. As an example, a C*-dynamical system which preserves enough
of the structure of a number field could shed light on Hilbert’s 12th problem (for a
precise formulation of the problem see [3]).

Obviously, in order for (A, o) to have any hope of recovering the structure of K,
the C*-algebra itself should be, in some way, related to K. In general a C*-algebra can
be generated by the multiplicative structure of a group-like object via a representation
as operators on a Hilbert space. There are many groups and semigroups associated
with K which we could represent; its ring of integers R is a particularly good source.
Basic examples are the additive group (R, +), the multiplicative semigroup (R*,-)
(R* = R\ {0}), the unit group (R*,-), the semigroup consisting of all non-zero ideals
of R, and the ideal class group. Perhaps the simplest non-abelian semigroup we

can construct from R is the semi-direct product R x R* of (R,+) and (R*,-). The



image of the left-regular representation T, px of R x R* on £2(R x R*) contains the
image of a unitary representation of (R, +), the image of an isometric representation
of (R*,-), and the image of a projective representation of the semigroup of non-zero
ideals of R with the operation of intersection.

In their paper [2] Cuntz, Deninger, and Laca showed that T, px is functorial
for injective ring homomorphisms and has an interesting KMS-structure, which they
computed directly. Their preferred presentation of T, rx was as a universal C*-
algebra ¥[R] defined in terms of relations on a generating set of isometries. They
showed that a homomorphism ¢ : T[R] — A is injective if and only if ¢ is injective
on a certain *-subalgebra of T[R]. In this thesis we use elementary methods to prove

this, and go on to give a simpler characterization of injectivity.

1.1 (C*-Algebras Generated by Isometries

A bounded operator V' on a Hilbert space (or an element of a C*-algebra) is called
an isometry if V*V = 1, and wnitary if, in addition, VV* = 1. The prototype
example of a non-unitary isometry is the unilateral shift S. If &1, &, ... is the standard
orthonormal basis for £?(N), then the map &, > &,1 extends to all of £2(N) and gives
a bounded linear operator S. The Wold decomposition states that every isometry is
a direct sum of a unitary and copies of the unilateral shift.

The C*-algebra C*(V') generated by a unitary V is isomorphic to the space of
continuous complex valued functions on the spectrum of V. Thus we would rightly
expect two different unitaries to generate two different C*-algebras. Surprisingly,
the situation becomes much simpler when V' is a non-unitary isometry. In 1967
Coburn [1] proved that all C*-algebras generated by a single non-unitary isometry

are isomorphic. In fact any C*-algebra C*(V') generated by a non-unitary isometry



satisfies the following universal property. If V' is an isometry in a C*-algebra A,
then the map S +— V extends to a homomorphism from C*(S) to A. Moreover this
homomorphism is injective if and only if 1 — VV™* # 0.

Isometries are the natural operators to use when we want to represent semigroups.
Let I" be a semigroup with identity e. An isometric representation of I' on a Hilbert
space H is a map V : I' = B(H) such that V, is an isometry, V., = 1, and V,V,, =V,
for z,y € T' (see [4]). As an example consider the collection of isometries T{p, ») :
(?(N?) — (*(N?), indexed by N? where T(,, ) extends the map £ = Emntanty)
by linearity and continuity. One can easily see that this is the image of an isometric
representation of N?. We call the map (m,n) — T, n) the left-reqular representation
of N? on (%(N?), and the C*-algebra Ty generated by these isometies the left-reqular
C*-algebra of N? on (?(N?), or its Toeplitz algebra.

The left-regular representation of a semigroup is often the prototype example of
an isometric representation. Since a C*-algebra is an object not tied to any particular
Hilbert space we might try to find another Hilbert space H on which T2 could act, i.e.
find a homomorphism from Tz to B(H). Doing this directly can be tricky; the norm
gets in the way. One approach is to find a universal C*-algebra that is isomorphic
to Tn2. We will define it by imposing relations on a generating set. It is important
to note that this does not always work. For example, there is a universal C*-algebra
generated by an isometry, but not one generated by a normal element. The reason
that normal does not work as a universal property follows from the fact that all *-
homomorphisms must be norm-decreasing, but there is no normal element of largest
norm. A universal C*-algebra will exist if the relations imply that the generators
are bounded in norm. In particular when the generators are unitaries, isometries,
or projections we can impose any other relations we wish. The trick is to find the

essential relations on the generators that describe the structure of Tyz.



Since Ty is generated by T(; gy and 1| 1) the universal C*-algebra will be generated
by two isometries. We will need three more relations to describe the structure of
Tn2. The first is that T{; o) and T{o,1) commute, this is obtained from the fact that
TaoToy = Tay = ToThe-. To find the other two we need to examine the

multiplicative structure of the range projections. It is not hard to see that

{ay fm<zandn <y,
T(mvn)T(m,n) (g(w,y)) =
0 otherwise.

*

It follows that T(mhm)T(’jm7n1)T(m27n2)T(m2’n2) = T(m,n)T(;n,n) where m = max{m;y, my}

and n = max{ny, no}. In particular this shows that

Ta0)Ti0TonTo1 = TaoTon (.00

which implies that T(*1 0) commutes with T{g ). Similarly we can see that T(; o) com-
mutes with T(’:) 1) in this situation we say (1) and T{o;) *-commute. The following
theorem tells us that we have found the right relations, and it is very similar to our

main theorem (Theorem 1.2.5).

Theorem 1.1.1. Let C*(S,T) be the universal C*-algebra generated by two x-commuting
isometries S and T'. If V and W are x-commuting isometries in a C*-algebra A, then
the map

SV, T—W

extends to a homomorphism ¢ : C*(S,T) — A. Moreover ¢ is injective if and only if

(1— VV*)(1 = WW*) £ 0. [6, Theorem 4.4]

Notice the similarity of the injectivity condition (1 — VV*)(1 — WW*) # 0 to

that of Coburn. Since T{; ) and T{p;) are *-commuting isometries that satisfy the



injectivity condition, and since the homomorphism from C*(.S,T) to Ty is surjective,
the two C*-algebras must be isomorphic. Now that we have T2 = C*(S,T), this
theorem gives us a convenient way of finding homomorphic images of Ty2: any two
x-commuting isometries generate a C*-algebra which is the homomorphic image of
Tnz. Moreover checking that a homomorphism is faithful amounts to verifying that

a single expression does not vanish.

Remark 1.1.2. In T2, (1 — T(m+170)T(*m+10))T(m,0)T(’;n o) is the projection onto the
subspace of £2(N?) spanned by basis vectors with m in the first coordinate, while

(1 = Tons)T

(0,n+1) )T(Oyn)T*

(0.n) 18 the projection onto the subspace spanned by basis

vectors with n in the second coordinate. The product of these two projections is the

rank-one projection onto the subspace spanned by &) and can be written as

Ty (1 = T,0)T(1,0) (1 = To)T(0,1) T (-

In an arbitrary C*-algebra containing two *-commuting isometries V' and W, the
condition (1 —VV*)(1 — WW™*) # 0 is algebraically equivalent to all products of the

form

(= vy v ey ) (0= west ey wemwe))

being non-zero.

1.2 Summary of Main Results

Let R be a number ring (see chapter 2 for a brief introduction to number rings and

an overview of the relevant results). The semidirect product R x R* of (R,+) and



(R*,-) where R* = R\ {0} is the set R x R* with the binary operation

(z,a)(y,b) = (x + ay, ab).

This may seem like an odd way to multiply, but it makes sense when looking at other

presentations of R x R*. Here are two more:
e The set of 2 x 2 matrices of the form (§ 1), where a« € R* and = € R.

e The set of functions f : R — R of the form f(x) = az + b with a € R* and
b € R with the operation of function composition. Because of this, R x R* is

sometimes called the az + b-semigroup of R.

Remark 1.2.1. An element (z,a) is invertible in R x R* if a has a multiplicative

inverse, in which case (z,a)™! = (—a™'z,a™).

The characteristic properties of R x R* are that it contains copies of the additive

group and of the multiplicative semigroup of R:

(R,+) 2 {(z,1) : x € R},and

(R*,) =2 {(0,a) : a € R*},

that every element of R x R* can be decomposed as a product of a member of each
of these sets, (x,a) = (z,1)(0,a), and that the relation (0,a)(x, 1) = (ax, a) holds.
Let T g, rx be the left-regular C*-algebra of R x R*, that is the C*-algebra gener-
ated by the family of isometries T{, q) : (R x R*) — (*(R x R*) indexed by R x R*
defined to be the continuous linear extensions of the maps {5 = §(z,a)(y.0)-
Just like T2, the Toeplitz algebra of R x R* comes attached to a particular

Hilbert space, but it can act on others. As in the example, to make it easier to



identify other Hilbert spaces on which T g, gx can act, we will define a universal C*-
algebra T[R] defined by relations on generators (which will be isomorphic to T gy rx ).
Then we will show that a homomorphism ¢ : T[R] — A is injective if and only if A
satisfies a condition similar to (1 — VV*)(1 — WIWW*) # 0 in the T2 example.

Since R x R* is more complicated than N2 it is understandable that both T[R]
and the injectivity condition will also be more complicated. The relations on the
generators used to define T[R] will not make sense unless we take some time to get
to know Tpypx. Our first observation is that the map (x,1) — T, 1) is a unitary
representation of (R, +), and the map (0,a) — T{q) is an isometric representation of
(R*,-). Moreover the elements T{, 1y and T(g q) generate T, px.

In the previous section we saw that in order to find all the relations describing Ty
we needed to examine how the range projections multiplied. The relations defining
T[R] will recover the multiplicative structure of a family of projections which contains,
but in general is not limited to, the range projections of the isometries generating

Trurx. We motivate this with the following example.

Example 1.2.2. Let R = Z. In this example we will compute what the projections
T(LQ)T& o) do to basis vectors and how to multiply two of these projections.

For all &, 5 and §(, ) in £*(Z x Z*), the adjoint T(,ay Of Tia ) satisfies

1 if (y,0) = (2,a)(z,0),
(Tle0) ) Ez0) = Cwt) Tiwa) (E(z0))) =

0 otherwise.

From this we can conclude that 17, , (§(.) is non-zero if and only if we can write
(y,0) = (z,a)(2, ¢) = (x+az, ac) for some (2, ¢) in Z ¥ Z*, in which case T(;, ,(§y.p) =
§(z,c)- Notice that the existence of such a (z, ¢) is equivalent to a | y —x and a | b. We

claim that it is also equivalent to y+bZ C x+aZ. To see this observe that if a | y —x



and a | b, then we can write y = x+az and b = ac, and y+bZ = z+az+acZ C x+aZ.
On the other hand, if the inclusion holds, we can find (z,¢) € Z x Z* by solving
y+b-0=x+az followed by x + az +b-1 =z + a(c+ z). Using the notation

€(w,az) = L(w,a)1(; 4> We have shown that

Sy Yy +0ZCa+al,
€(x.az) (b)) = (1.1)

0 otherwise,

moreover the following are equivalent:
1. we can find (z,¢) € Z x Z* such that (y,b) = (x,a)(z,c),
2. a|ly—xanda|b, and
3. y+bZ C x+ aZ.

We will now make sense of the product of two of these projections. Using (1.1),

we can compute the action of e, 4z)€(, 7y on the standard orthonormal basis:

Eway if w+dZ C (x+aZ)N (y+bZ),
€ (z,a2)€(y.b2) (§(w,d)) =
0 otherwise.

We will prove that when the intersection is non-empty, any z € (x 4+ aZ) N (y + bZ)
satisfies z + (aZNVZ) = (x +aZ) N (y + bZ). Since aZ NbZ = cZ, where c is the least
common multiple of a and b, we will have shown that set of range projections of the

isometries generating %;.zx is closed under multiplication, and that

0 if (z4aZ)N(y+bZ) =2,
€(z,a2)€(y,bz) =
(zazriz) A (x +aZ) N (y +VZ) # @, for any z € (x + aZ) N (y + bZ).

(1.2)



Assuming that the intersection is non-empty, let z € (z+aZ)N(y+bZ) be arbitrary
and write z = v +ar = y+bs. If kisin (x+aZ)N(y+bZ), then we can find integers m
and n so that k = x+am = z+a(m—r) and k = y+bn = z+b(n—s). Since a(m—r)
and b(n—s) are then equal, k is in z+ (aZNbZ). On the other hand, if k € z+aZNVZ,
then we can write k = z +am =z +a(m+r) and k = 2+ bn = x + b(m + s), where

m and n are integers. Hence k is in both x + aZ and y + 0Z. O

The example suggests that when R is a general number ring, Tg.gx contains
a family of projections e(, ), where x € R and I is a non-zero ideal of R. These

projections are characterized by their action on the basis elements

€(y,b) ify+bR§x+I,
e@,n () =
0 otherwise.

Moreover, as we will show in Lemma 4.1.3(b), they multiply according to the rule

0 if(x+D)Ny+J) =9,
€(z,0)C(y,J) =
eingy f(x+1)N(y+J)#9, forany z € (x+1) N (y + J).

For non-zero principal ideals aRR, €, or) = T(2,0) 1}, .- But unlike Z, a general number

(z,0)

ring may have ideals which are not principal, in which cases e, r) is not of that form.
We will see that given a non-zero ideal I we can find a,b € R such that I = $RN R

(Proposition 2.0.14), thus we can write

e,y = Tl ) T(0.0) T10.0) T (0,00 T(0.0) T (1)

(Proposition 4.1.6(a)). We are now ready to define the universal C*-algebra.

Definition 1.2.3. Following [2] we define the C*-algebra T[R| as the universal C*-
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algebra generated by elements u”, x € R, s,, a € R*, ey, I a non-zero ideal in R,

with the following relations

Ta: The u® are unitary and satisfy u®*u? = v, the s, are isometries and satisfy

SaSp = Sqp. Moreover we require the relation s,u* = u*s, forallz € R, a € R*.
Thb: The e; are projections and satisfy e;n; = erey, eg = 1.
Tc: We have s,ers) = eqr.
Td: For x € I one has u*e; = e;u®, for x & I one has e;u”e; = 0.

Before going further, we will explain the relations. Ta simply says that T[R] is an
image of an isometric representation of R x R*. The other three relations recover the
structure of the projections described above. The relation Tc directly implies that
€ar = SaSy, and assuming that [ = 3 RN R, it guarantees that ey = 533,55, (proof:
bl = aR N bR implies that syers; = epr = eareor = SaSispsy). In chapter 3 we will

T

see that Tb together with Td imply that the projections e} := u®eyu™" multiply in

the same way as the e, ) € Trapx (defined on page 9):

0 if(x+Ny+J)=9,
efel =
ey H@+D)Ny+J)#2, forany z € (x+1)N(y+J).

The C*-subalgebra generated by these projections will be called D.

Remark 1.2.4. When R is a principal ideal domain, Tb, Tc, and Td can be replaced

with the single condition

g u'sgsiu "t < 1.
zER/aR

for all @ € R. This is Remark 2.2 in [2].

We now present our main theorem.
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Theorem 1.2.5. Let A be a C*-algebra that contains elements U*, v € R, S,,

a € R*, and Ey, I a non-zero ideal of R, that satisfy Ta-Td. Then the map

u* = U”* s, S, er— FEy,

extends to a homomorphism ¢ : T|R| — A. For each prime ideal P in R and non-
negative integer t, we define the projection 6¢,py = (1 =3, cp/pt+1r U Epra U™") Epr.
Then the homomorphism ¢ is injective if and only if all projections of the form

O(t1,P)0(ta,P2) = = O, ) > With Py, Py ..., P, distinct, are non-zero.

Once we show that the elements T, 1), T(0,a) and e 1) in Tp.rx satisfy Ta-Td and
the injectivity condition is satisfied, we will have that T[R| = Tp,px. This makes
finding other Hilbert spaces for Tr,.rx to act on a matter of checking that Ta-Td
are satisfied. To show that a homomorphism from ¥y, zx to another C*-algebra is
faithful, we only need to check a simple condition.

To illustrate how to apply the theorem we present the following example. Note

that
1. non-zero ideals in Z are of the form aZ, where a € Z*,
2. prime ideals in Z are of the form pZ, where p is a prime, and

3. in (IZXZX7

Tiwye©,a)T(—21) = T T L 0.0 L -21) = Tan (e = €@az)-

Lemma 1.2.6. The elements T, 1y, To,a), and eopz) 0 Tzuzx satisfy Ta-Td. More-

over, if p1,...,pn € Z are distinct primes, tq,...,t, are non-negative integers, and
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t;+1
O(ty.piZ) = (1- 2?:1 €(w7p?+1z))6(0,p?z), then

5(t17plz) o 5(tn7pnz) 7£ O

Proof.  Ta: Elements of the form T(, ;) and 1| 4) are isometries because Tz,zx is an
image of an isometric representation of Z, T{, 1) is unitary because, by Remark
1.2.1, (SL’, 1) € ZXZ* is invertible. The fact that T(O’Q)T(%l) = T(am,l)T(O,a) follows

from the definition of multiplication in Z »x Z*.
Tb: This follows easily from (1.1) and (1.2).

Tc: Use the definitions of Tgq) and e(uz) to verify that T(oq)e0z) = €(0,a62) 10,0
then

T10,0€062) T(0,0) = €0,02)1(0.0) L (0,0) = €(0.abZ)€(0,a2) = €(0,ab)5

where the last equality comes from Tb (or (1.2)) together with the fact that

abZ N aZ, = abZ.

Td: Use (1.2) to show that Ty ez T(—21) = €@pzy = €opz) if © € bZ, and
e0,02) (T (z1)€02) T(—21)) = €opz)@pz) = 0 if & & Z. Together these are equiv-
alent to Td.

To prove the second part, will first show that

Ewwy i pi |y and b= piic where ged(c,p;) = 1,
Ott: piz) (E(w)) = (1.3)

0 otherwise.

t;+1

If both e iz () = &y and (1= 3050 e, ey} (§um) = & bold, then

t;+1

Ot piz) (Eyb)) = Ep)- Otherwise at least one ofe(()’pziz) (&wp) and (130, e(xvpziﬂz))(f(%b))

will be zero, in which case 0, p,z)(§(y,5)) Will also be zero. As we saw in Example 1.2.2,



13

y and p;’

€0,4'i7) (Ewp)) = &) if and only if P b. Thus we only need to show that

ti+1
(1=>0, € pt_i+1Z))(§(y7b)) = {(yp) if and only if Pty b, Since there is exactly one
1 < 2 < plii*! such that p*' | y — 2, there can be at most one 1 < 2 < plt! for

1

which € (o plitiz) (b)) = Ewp)- It follows that

ti+1

p;
(1 - Z e(x,pZ“LlZ)) (f(yvb)) =
=1

1 )

0 otherwise,

and that y does not affect whether or not all the €laptitiz) (b)) are zero. From this
t;+1 !
§i=1 Clapitz)

we can conclude that (1— )(Ewn) = ) if and only if pi ™ 1 b, which
proves the claim.
Using (1.3) we can see that 6, ,,z) (5(0 pilp?-"pﬁﬁ)) = §(0 PP gl ) which shows that

5(751,1312)5@2,1?22) T 5(tn,an) Is non-zero. [

Remark 1.2.7. The condition in the first case of (1.3) can be restated in terms of
ideals: 8 pz)(§(yp) is non-zero if and only if y € p'Z and b € p'Z \ p"*'Z. This
characterization of d,7), generalizes. In Lemma 4.1.3 we will see that when P is a

non-zero prime ideal in a general number ring R, 0, p) € Tpyprx satisfies

Eyp ifyePlandbe P\ P
O(t,p) (€)=

0 otherwise.

Method of Proof of Theorem 1.2.5. The map ¢ extends to a homomorphism because
of the universal property defining ¥[R]. The method that is used to prove that ¢

is injective has been used by many authors. To help visualize the method it will be
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useful to have the following commutative diagram.

T

A
: |

(_ﬁ
=

S

T span{U"EfU~"}

The map F, defined in Lemma 3.0.23, is a norm-decreasing projection onto D that
is faithful as positive map (i.e. if F(h*h) = 0 then A = 0). In Chapter 4 we will
prove that the condition that all o, p)d(t, ) - - Otn,p) 7 0 is equivalent to the
injectivity of the restriction of ¢ to D, and that the map from A to span{U*E;U~*}
is norm-decreasing. Assuming that ¢|p is injective and that the map from A to

span{U*FE;U~"} is norm decreasing, we prove that ¢ is injective because

o(h) =0= ¢o(h*h) =0= @(E(h*h)) =0= E(h*h) =0= h=0.

The details of this argument are given in Chapter 3.
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Chapter 2

Summary of Algebraic Number

Theory

In this chapter we give a few facts from algebraic number theory, followed by the
results we will use. Most of this chapter is summarized from [5]. We will assume the
reader is familiar with the basics of elementary number theory and ring theory.

A number field K is a finite extension field of the rationals. In other words K is
a field that contains Q and has finite dimension as a vector space over Q. If a € K
then there is some n for which o, a?,...,a™ are linearly dependant, this means that

we can find rationals ag, a1, ..., a, such that
ap + aro+ aza® + -+ aa” = 0.

Thus « is the root of a polynomial with rational coefficients, and hence is an algebraic
number. If o satisfies a non-zero monic polynomial with integer coefficients, we call «
an algebraic integer. It turns out that the sum and product of two algebraic integers
is again an algebraic integer [5, p. 16], the set of all algebraic integers in a number

field is a ring R, which we call the ring of integers of K. Such a ring is called a



16

number ring.

Example 2.0.8. 1. The ring of integers in the field Q[i] is Z[i], often called the

Gaussian Integers

2. The ring of integers of Q[v/—5] is Z[v/—5].

3. Let ¢, be a primitive n'® root of unity. The field Q[¢,,] is called the n*® cyclotomic

field [5, p. 12], and its ring of integers is Z[(,]. For example, %j?’

is a primitive
cube root of unity, and since Q[v/—3] = @[%j?’] its ring of integers is Z[%j?’]

This shows that the ring of integers of Q[y/n] need not be Z[\/n]. O

Number fields and number rings are generalizations of the rationals and the in-
tegers. A good question one might ask is: how does the Unique Factorization of
Arithmetic generalize? That is, does every element of R factor as a product of primes
uniquely up to reordering and multiplication by units? It turns out that this does not

happen in general number rings. Before giving an example, we need a few definitions.

e An element u € R is called a unit if it has a multiplicative inverse in R. Exam-
ples: The units of Z[i] are {£1, 44} and the units of Z[v/2] are {+(1 + v/2)" :
n € Z}.

e An element r € R is irreducible if whenever r = ab, either a or b is a unit.

e An element p € R is prime if p | ab implies that either p | a or p | b. Here p | a

means that there is some = € R such that a = px.

In Z and some other special number rings R, the notions of prime and irreducible
are equivalent. When this is the case, the elements of R factor uniquely as a product
of primes. Although in a general number ring, all primes are irreducible, the converse
is not necessarily true. This is where unique prime factorization can fail, as the

following example illustrates.



17

Example 2.0.9. There are two distinct ways to factor 6 into irreducibles in Z[v/—5]:

6=2-3=(1++vV-5)(1—-+v-5).

We define the norm of a € Z[/=5] to be N(a) = aa, where @ is the complex con-
jugate of a. The norm is multiplicative (N (ab) = N(a)N (b)) because multiplication
is commutative, and an easy argument can be used to show that u € Z[\/-5] is a
unit if and only if N(u) = 1. Since we can always write a = x + yy/—5 with z,y € Z,
and since neither 2% + 5y* = 2 nor 2 + 5y? = 3 have integer solutions, no element
of Z[\/=5] can have norm 2 or 3. Also since the only solutions to 2 + 5y* = 1 are
r = +1 and y = 0, we can see that the only units are 1, which makes it is clear
that the two given factorization of 6 are different. We claim that 2,3, (1++/-5), and
(1 — v/=5) are irreducible.

Suppose that 2 = ab, where a,b € Z[\/—5] are not units. Since 4 = N(2) =
N(ab) = N(a)N(b), and since neither a nor b has norm one, we must have N(a) =
N (b) = 2; but this is impossible, thus we can conclude that 2 is irreducible. We can

show 3, (1 + +/—5), and (1 — v/—5) are irreducible using a similar method. O

All is not lost; we will see shortly that we can recover some form of unique fac-
torization using ideals. Recall that an ideal I of R is a subgroup of (R, +) such that
xy € I when z € [ and y € R, and that (for commutative rings) an ideal P is called
prime if ab € P implies that either a or b is in P. In general, an ideal is prime if
and only if the quotient of the ring by the ideal is an integral domain. In the case of
number rings, R/I is always finite, hence an ideal P is prime if and only if R/P is
a field. An important fact (for us) is that a number ring has countably many prime

ideals.

Example 2.0.10. e The ideals of Z are all of the form nZ, the prime ideals are
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those for which n is prime.

e In Z[\/—5] the following ideals are prime

P =27+ (1+V-5Z
P,=3Z+(14++vV-5)Z

Py =37+ (1 —/-5)Z.

The easiest way to prove this would be to use the first isomorphism theorem for
rings to show that Z[v/—5]/P, = Z /27 and Z[v/—5|/ Py = Z|\/—5]/P; = Z/3Z.
O

An ideal is principal if it is of the form aR for some a € R. If all the ideals in
R are principal, then we say that R is a principal ideal domain. Examples of PIDs
include Z and Z[i].

The product of two ideals I and J is defined to be the smallest ideal containing

all products of the form ab, where a € I and b € J. Explicitly,
IJ={) aibi:a;€1b; € J}.
i=1

Notice that unlike multiplication of integers, I.J (as a set) is smaller than both I and
J. Unsurprisingly, along with multiplication comes a notion of divisibility. We say
that I divides J, and write I | J if J C I. Notice that if J = aR, the divisibility

condition can be simplified to a € I.

Example 2.0.11. We have seen that 6 € R = Z[v/—5] has two distinct factorizations

into irreducibles. Although we can write

6R=2R-3R=(1++vV-5)R-(1—-+V-5)R,
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none of those ideals are prime. Each of those ideals can be factored uniquely as a

product of the prime ideals given in Example 2.0.10:
PP, Py = (P})(PPs) = (PLP) (P Ps). O

Theorem 2.0.12. FEwvery ideal in a number ring R, other than {0} and R, factors
uniquely as a product of finitely many prime ideals. This factorization is unique up

to re-ordering. [5, p. 60]

We observe that this theorem together with the fact that there are countably
many prime ideals imply that a number ring has countably many ideals.

Concepts that play an important role in elementary number theory are the notions
of the greatest common divisor, least common multiple, and the notion of two numbers
being relatively prime. We will now see how these generalize to ideals.

We define two other binary operations on ideals:

I+J={a+b:aeclbe J} and

INJ={b:a€landbe J}.

In words I + J is the smallest ideal containing both I and J. This operation plays
the role of the greatest common divisor. Just like the integers, if [ = P;*--- P$" and
J=P/"...P/" then I +.J = P! -.. P! where t; = min{e;, f;}. If I + J = R then
we say that I and J are relatively prime.

The operation I N J gives the largest ideal contained in both I and J, and the
resulting ideal is the least common multiple. Again, just like the integers, I N J =
Pf/l e Pfl;l where t; = max{e;, f;}. Observe that when I and J are relatively prime

INnJ=1J.

There are two more results that we will need. The first is the Chinese Remainder
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Theorem [5, p. 253] which tells us that for fixed a; € R we can always solve the
congruence

a=a; modIl;,i=12,...,n

when I, ..., I, are pairwise relatively prime ideals of R. The other is that every ideal

in R can be written in the form [ = %R N R.

Theorem 2.0.13 (Chinese Remainder Theorem). Let I, ..., I, be pairwise relatively

prime tdeals in R. Then

R/(Ii--1,) 2 R/I; X --- x R/I,.

Proposition 2.0.14. Every non-zero ideal in R can be written in the form I =

$RN R, where a,b € R*.

Proof. Suppose I is an ideal of R with prime decomposition P;'--- Pi». Fix a; €

; +1
P!\ P! and solve the congruence

i+l -
a=a; modeﬁ,z:l,Z,...,n.

Since the highest power of P; that divides aR is t;, we can write aR = [J with
I+J = R (J could be equal to R, in which case I would be principal). Let Q7' --- QI
be the prime decomposition of J. Fix b; € Q7' \ Q7' and ¢; ¢ P;, and solve the

congruence

b=0b; mod Qi i=1,...,m,

b=c¢, mod P,,i=1,...,n.

Then bR = JM where M is relatively prime to I and J. Thus we have



bl =1JM =1JNJM =aRNDR.

21
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Chapter 3

The Universal C*-Algebra ¥|R|

In this chapter and the next, we will prove Theorem 1.2.5. In this chapter, we go as far
as we can without using a specific homomorphic image of T[R] (see Definition 1.2.3).
The relations defining T[R] tell us a lot about its multiplicative structure. Thus we
will begin by deriving some multiplicative identities. The highlights will be that the
projections e} := u®eru”" recover the multiplicative structure of the e 1y € Trurx,
and that the linear span of the collection of elements of the form s}efu?s; is dense in
T[R]. Following this, we will prove a version of Theorem 1.2.5 which does not include

the injectivity condition.

Lemma 3.0.15. Let x € R and let I and J be non-zero ideals in R. Then e;ju®e; =0

ife g I+ J and eju®ey = u™ernyu™ if v = x1 + x9 with vy € I and x5 € J.

Proof. Since I = IN(I+J) and J = JN(I+J), we can write e;u”e; = erer, ju*er,je; =
0 which by Td vanishes if x € I. On the other hand, if z is in [+ J, then we can write
r = x1+x9 with 1 € I and 25 € J. By Td, u”* commutes with e; and u*?> commutes

with ey, which together with Th implies that e;u”e; = eju™u*?e; = u*tereju*? =
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urterngu”?. ]

Let D be the *-subalgebra generated by the projections ¢%. Note that the pro-
jection €% is not uniquely determined by z, in fact by Td we see that e? equals ¥’ if
x — 2’ is in I. Next we see that as promised, the generators of D multiply according

to (1.2).

Proposition 3.0.16. For every x and y in R and non-zero ideals I and J of R,

0 if (c+1)Ny+J) =2,
efey =

ry lx+D)N(y+J)#3, foranyz € (x+1)N(y+J).

Remark 3.0.17. This formula is well-defined since if z,2" € (x + 1) N (y + J), then
z — 2 € I N.J which by Td implies %, = €i;. (Reason: Since 2,2’ € (z + I),

z—2 € I. Similarly z — 2’ € J, whence z — 2" € I'N J.)

Proof. Suppose (x+1)N(y+J)=9. Thenx—y € I+ J. Since z —y € I+ J would
imply that the intersection was non-empty, we have by Lemma 3.0.15 e;u=*uYe; = 0.

On the other hand, if z € (x+ )N (y+J), then z — 2 € [ and y — z € J, thus we can

z z

write ef = €7 and €% = €3 which gives us efe’) = ves(u*u)eyu™? = uenu* =

€I 0
Lemma 3.0.18. For any x € R, a € R*, and non-zero ideal I, we have
(a) sucfs] = €55, and

) ster 0 ifaRN(x+1) =2,
stels, =
A pey FaRN (@ +1)# @, forye LaRN (z+1)).

Proof.  (a) This follows easily from Ta and Tc.
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(b) Observe that we can write
* T % * T X T
SreTSa = SiSaSi€TSa = Sa€aRE]Sq.

If aRN (x + I) = @, then by Proposition 3.0.16 the product e,ge7 is zero and
we are done. On the other hand, if the intersection is non-empty, then the
proposition tells us that e,re} = €%, for any ay € aR N (x + I). Applying

part (a) we have

*x _ay _ o* Yy _
SreotirSa = Sa(Sq€4 Si)s, =€
a

]

Lemma 3.0.19. The linear span of set of elements of the form skejuYs, is dense in

T[R).

Proof. The set contains all the generators. All we need to show is that the collection
of elements of that form is closed under multiplication by the generators, and under
taking adjoints.

Multiplying s}efuYs;, on the right by s. or on the left by s is easy. The calculations
that deal with multiplying by s. on the right and s} on the left are more difficult but

quite similar. The former is as follows:

SeSaeTuYsy = (858a)ScSn(Sise)et(shse)u? sy
= S (ScSasasa)(sce7sh)(scu?)sy

* cx\, ¢
= Sa(eacReC[)u yscby

Y

Y)u“sy, is left as an exercise.

* T, Y k ok cx ,C
the other, stefuYsyst = si (eSTe,
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If we multiply by u* on the right, we can apply Ta directly. When multiplying on

the left by u* we get

% az xr, ,—az y+az
= sp(u™efu” ) u?" s,

* x—i—azueraz

= s,e] Sp.

Using the above identities, we can deduce the ones for multiplication by e3 and taking

adjoints. For example:

srefu’(spey) = shef(u’epssp)

. x T _zZ .z

[]

We are interested in finding a necessary and sufficient condition for a homomor-
phism ¢ : T[R] — A to be injective. The theorem at the end of the chapter is the
first step. It will tell us that, with an additional assumption on A (later proved to be
unnecessary), ¢ is injective if its restriction to D is faithful. The critical component in
the proof of this theorem is the existence of a conditional expectation® E : T[R] — D

that is faithful (E/(h*h) = 0 implies that h = 0) and satisfies

T * Y2 — T T
Y - e7 if sieju®s, = ef for some ef,
E(s.eusy) =

0  otherwise.

ISee Definition A.2.1.
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Remark 3.0.20. In the first part of this chapter we saw that the relations defining
T[R] can be used to prove many identities involving multiplication. Since Ta-Td
are multiplicative in nature, useful statements about the additive structure of T[R]
are more difficult to find. Using E, we can give a necessary condition for a linear

combination of the generating set in Lemma 3.0.19 to be zero:

N M

T o JYi, 2z _
E ey’ + E NiSg,equ sy, =0,
i=1 i=1

where a; # b; or z; # 0, only if Zf\;l Aie7t = 0. This will follow from the fact, stated

in Lemma 3.0.23, that E(se%u®sy) # 0 if and only if a = b and z = 0.

The typical faithful conditional expectation arises by averaging over the orbits of a
compact group action (see Proposition A.2.2). Unfortunately E cannot be produced
in this way. Instead E will be the composition of two faithful conditional expectations,
the first will be obtained from an action of the dual K * of the multiplicative group of
the number field K associated with R, and the second from an action of the dual R
of the additive group of R on the fixed point algebra of the K* action. (see Appendix
Al).

Lemma 3.0.21. Let B =span{efu¥}. There exists a faithful conditional expectation

0, : T|R] — B that satisfies

. srefuYs, if a =0,
On(stefu?sy) =

0 otherwise.

Moreover, when sleju?s, is not zero it can be written in the from ej(aRm)uy/“
a

Proof. Suppose R is the ring of integers of the number field K. The multiplicative

group of K is a discrete abelian group (K* := K \ {0}, -) therefore, by Appendix



27

A.1, its dual K*is a compact group which we can assume to have total Haar measure
one.
In order to apply Proposition A.2.2; we will need show that KX acts continuously

on T[R] by automorphisms. That is: (i) if x € K%, the map

ut = u®, st x(a)st, e e
extends by linearity and continuity to an automorphism a,, : T[R] — T[R], and (ii)

the function x — «, is continuous.

(i) The elements u”, x(a)s®, and e; clearly satisfy Ta-Td, hence the universal prop-

. . . . -1 _
erty gives a homomorphism «,. It is an automorphism because o~ = ax.

(ii) Suppose that the sequence x,, € K converges to y € K*. That is, given € > 0
and a,...,a; € K*, there exists an N such that |x,(a;) — x(a)| < € for all

n>Nandi=1,..., k.

We need to show that a,, converges point-wise to a,. Given h € T[R] and ¢ > 0

we can find by Lemma 3.0.19 z = Zle Aisy eriubisy, such that ||h — z|| < /3.

Observe that since o, (s%) = (x(a)s.)* = x(a)s; = x a)s, = x(a™')s

*

ar W€

have that
k k
a,(z) = Z ay(Nisy epubisy,) = Z Aix(bifa;)s, exiu sy,

i=1 i=1

By assumption there is an N such that for all n > N and i = 1,... k,
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Xn(bi/ai) = x(bifai)| < e/ (3K[[=]]), so

o, () = an(2)l = | (fjxnwa» R E

Il

= ‘ an(bi/fli) — x(bi/a;)

< (X2 bnlbifa) = x(bi/ai)]) 1]

£
E(—— =

and we have

[y, (h) — ay(P)|| = lloy, (b — 2+ 2) — oy (h — z + 2) ||
< fla, (h = 2)]| + llag(h = 2)l| + o, (2) — ay (2]
<e/3+¢/3+¢/3=¢.
Thus «,,, converges point-wise to a,, and the map x — a,, is continuous.

We can now conclude, by Proposition A.2.2, that the formula

() = /A oy (R)dx

KX

defines a faithful conditional expectation on T[R].

Next, by (A.1) we know that for ¢ € K*

1 ife=1,
/A x(c)dx =

KX .
0 otherwise,
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thus we can conclude that

0o (stefu?sy) = / ay (srefusy)dx

KX

X(b/a)skefu? spdy

I
\

e
= </ x(b/a) dx>s eju?sy
e

* T 1 —
srefuYs, it a=0b,

0 otherwise.

Finally, in order to prove that the range of 8, is contained in B, we will show that

o ez(aRm)uy/“ if y €aR and aRN (z+ 1) # @, for any az € aRN (x + 1),
a~1 a =

0 otherwise.

Assume that s’ejuYs, is not zero. Then
*x T * * X * * X
SrefuYs, = ShSeSaeiuYs,Snsa = Siel(eart?eqr)Sa,

and we can conclude from Td that y € aR, hence y/a € R, and that u¥s, = s,u¥/®

z

1 (arn I)uy/ ¢. It is clear from

by Ta. Now apply Lemma 3.0.18(b) to get siefu¥s, = e
the above argument that siejuYs, = 0 unless y € aR and aRN (v + ) # @. This

proves the claim. O]

Lemma 3.0.22. There is a faithful conditional expectation 0 : B — D that satisfies

e; ify=0,
Op(eju’) =

0 otherwise.
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Proof. The proof is nearly identical to that of Lemma 3.0.21. This time the dual
R of the additive group of R acts continuously on B by automorphism f3,, x € R
defined by p,u® = x(z)u” and Sy (e;) = e;. The proof that 3, is an automorphism
of B follows the same line of reasoning as the proof of (i) in Lemma 3.0.21, and uses
the fact that B is the universal C*-algebra generated by elements u*, * € R, and
er, I a non-zero ideal of R, satisfying the relevant relation of T[R] (the first part of
Ta, Th, and Td); this can be proved by a method similar to the one used in the
proof of Proposition 4.1.1. One can show that x — 3, is continuous using a similar
argument as the one in (ii) of the proof of Lemma 3.0.21. Thus by Proposition A.2.2,

the formula

05(h) = /R By(h)dx

defines a faithful conditional expectation on B. Since, by (A.1),

1 ify=0,
(/nmw:

R .
0 otherwise,

we have that

03(cju) = /ﬁﬁx(e?uy)dx
=/x@émw

([ xtwax)ejur
R
ejuy ify=0,
0 otherwise.

It follows that the range of 03 is D. O

=
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Lemma 3.0.23. The composition 05 o 0, : T[R] — D is a faithful conditional expec-

tation E that satisfies

sreis, ifa=0andy =0,
E(stefu’sy) =

0 otherwise.

Moreover s}e7s, € D.

Proof. It is not hard to see that composition 3 o, is a conditional expectation that

satisfies the formula. By Lemma 3.0.18(b), s*e¥s, € D. O

Theorem 3.0.24. Let A be a C*-algebra that contains elements U*, x € R, S,, a €
R*, and Ey, I a non-zero ideal of R, that satisfy Ta-Td, and define Ef = U*E;U™".

Then the homomorphism ¢ : T[R] — A that extends the map
u = U", s,+— S, erw— L,

18 injective if
(i) ¢ is injective on D, and

<L NET + 30 XSy B US|

.. N ;
(i) || Zi:l )‘iEIi
where a; # b; or z; # 0.
Remark 3.0.25. This is our first major step toward proving Theorem 1.2.5. In the next
chapter we will see that (i) is true if and only if A satisfies the injectivity condition

of Theorem 1.2.5 (see Proposition 4.1.7), and that (ii) is always true (see Proposition

4.2.4). Together, these three result will prove Theorem 1.2.5.

Proof. Let h in ¥[R] be positive such that ¢(h) = 0, and let € > 0. Since the span

of elements of the form siefuYs;, is dense in T[R], we may find z = Zf\il Aieq! +



SM O Nist eYiuFis,, with a; # b; or y; # 0 such that || — z|| < e. Then

=1 ""1"a; i

N
I1E(z)| = H Z Aier! by Lemma 3.0.23
i=1

N
= [ xe)
=1

< [lez)ll by (ii)
< lle(z =Ml + lle)]

<|z=hl[+0<e¢,

‘ since ¢ is injective on D

and

|EM)] = IE(h - =) + EG)]| < 1B - 2)]| + B < 2.

32

We can conclude that E(h) = 0, and because E is faithful on positive elements, h

must also be zero.

]
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Chapter 4

The *-Subalgebra D

4.1 The Condition of Being Proper

In this chapter we will prove our main theorem, which we will now restate:

Theorem 1.2.5. Let A be a C*-algebra that contains elements U*, x € R, S,

a € R*, and E7, I a non-zero ideal of R, that satisfy Ta-Td. Then the map
u* = U" sq— S e By,

extends to a homomorphism ¢ : T|R| — A. For each prime ideal P in R and non-
negative integer t, we define the projection 6 py = (1 — erR/PH‘l U*Ept+1U")Ept.
Then the homomorphism o is injective if and only if all projections of the form

O(t1,P)0(ta,P2) * * * O(tn, Po)s With Py, Py ..., B, distinct, are non-zero.
In the last chapter we saw in Theorem 3.0.24 that a homomorphism ¢ : T[R] — A
is injective if
(i) ¢ is injective on D, and

(i) [ 25 A < IS AEr + 30 NSy B US|




34

where a; # b; or z; # 0. To prove Theorem 1.2.5 we must show that the injectivity
condition implies (i) and (ii). The first implication will be the focus of this section,
while the second will be proved in the next section.

To simplify matters, we will study homomorphisms of D rather than restrictions
of homomorphisms of T[R]. Our strategy is the same as our strategy for studying
homomorphisms of Tp,rx; we will find a universal C*-algebra that is isomorphic to
D. The difference will be that rather than defining the universal C*-algebra using
relations on generators, we will prove that the concrete C*-algebra generated by the

projections e, ) on {*(R x R*) defined on the basis as

Sy Hy+ObRCx+1,
e@,n(§wy) =
0 otherwise.

satisfies the universal property in Proposition 4.1.1. This has two benefits. The first
is that some calculations will be simplified when we have a Hilbert space to act on.
The second is that once we show e, 1) € Trapx, and that Tp,px is a realization of

the relations Ta-Td, we will get an isomorphism from D to C*{e@,n} for free.

Proposition 4.1.1. Suppose B is a C*-algebra that contains projections Ef with

x € R and I a non-zero ideal of R, satisfying the following two relations
(Pa) E% =1, and

(Pb) the projections multiply according to the rule

0 if@+DN(y+J) =2,
EYEY =

@+ DN (y+J)#£ @, forany z € (x+1)N(y+ J).
(4.1)

Then the map e — Ef extends to a homomorphism ¢ : C*{en} — B. For
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each prime ideal P of R, y € R, and non-negative integer t, we define the projection
0 py = (1 = 2 .cryprer Epi)Efe. Then the homomorphism v is injective if and only
of

5:’(Jt17P1)5:(Ut2:P2) T 5?(Jtnvpn) % O (42)
whenever with Py, ..., P, are distinct prime ideals of R, y € R, and ty,...,t, are

non-negative integers.

Definition 4.1.2. Any collection { E7} of projections in a C*-algebra that satisfies the
two relations in the proposition will be called proper if it also satisfies the injectivity

condition (4.2). We will use the notation Fy =3 _p  EY.

The first step toward proving Proposition 4.1.1 is to show that the collection

{e@,n} satisfies (Pb) (it is clear that it satisfies relation (Pa)) and that it is proper.

Lemma 4.1.3. (a) Let x,y € R and let I and J be non-zero ideals in R. Then

0 if(x+1)N(y+J) =0,
€(z,1)€(y,]) =
ey f(@+I)N(y+J)#@, forany z € (x+1)N(y+ J).

(b) The condition y + bR C x + I is equivalent to (y — z),b € I.
(c) Let Py,..., P, be distinct prime ideals in R, v € R, and ty,...,t, be non-
negative integers. Then

Ewp) fy—x € PP andbe P\ P for all i,

0Py " Ot Py ) =
0 otherwise.

(d) The collection {ew,n} is proper.
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Proof.  (a) It is clear that if &, q) is an element of the standard orthonormal basis

of /(R x R*), then

§way fw+dRC (x+1)N(y+J),
€,1)€(y,)) (§wa) =
0 otherwise.

Assume that (r+ )N (y+J)# @ andlet z € (x+1)N(y+ J). To prove the
multiplication relation 2. we simply need to show that 2+ (INJ) = (x +1)N
(y+J).

We can easily see that z+(INJ) C (z+1)N(y+J) by observing that z € (xz+1)
and I NJ C I implies that z+ (I'NJ) C (x+ I), and that z € (y+ J) together

with I NJ C J implies that 2+ (I N J) C (y + J).

To prove the reverse inclusion let z, 2" € (x+ 1) N (y + J). Since z,2" € (x + 1)
implies that z — 2’ € I, and since 2,2’ € (y + J) is implies that z — 2’ € J, we

have z — 2z € I N J which is equivalent to 2’ € z + (I N J).

Assume y + bR C (x4 I). Clearly y € (x4 I), and hence (y — z) € I. Using

the fact that y + bR C (z + 1) = (y + 1), it is easy to see that b € I.

Conversely, if (y —x),b € I, then y +bR C (y+ 1) = (x + I).

Let Pi,..., P, be distinct prime ideals in R, x € R, and t,...,t, be non-
negative integers, and fix i. Assume that y —x € P/ and b € P!\ PHt!
Then by part (b), e(LPizi)(f(y’b)) = &y and e(z’P;ﬁl)(&y,b)) = ( for all z € R.
It follows that &(;, p(§(y.b)) = Ewp)- On the other hand suppose that we do not

have y —x € PP and b € P/ \ P/""'. There are two cases:

1

Case 1: If y — 2 or bis not in P/, then by part (b) we have €l P;i)(g(y’b)) = 0.
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Case 2: If b is in P/ then by part (b) there is exactly one z € R/P/*! for

which e (Ewp)) = &), and it follows that

(=P

(1 — Z e(z,PfiH)> (&y,b)) = 0.

zGR/Pfi+1

Since both cases imply that 6(; p({() = 0, we have shown that

g(y,b) if Yy—x € _PtI and b € ‘Piti \Pitri-l7

5&,13@') (g(y’b) ) =
0 otherwise,

from which the result follows.

(d) Using the notation of (c), fix b; € P/*\ P/""'. The Chinese Remainder Theorem

tells us we can solve the congruence
_ Al
b=b, mod PP i=1,2,...,n

which yields a non-zero vector &, 5 that satisfies (5@1’]31) . 5&’},’1) E@p) = E@p)-
Thus the collection {e(, 1)} is proper.
]

We now turn our attention to linear combinations of the projections E7. Given a

finite subset {7’ }icex of {E7} we can write

v=TIeErt v ey = S (T1 = T )

ieX YCX i€eYe €Y
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Because the Ei,“s commute, the product

Qv:= [T i [ 27

1€Y¢ €Y

is a projection. Observe that E7'Qy equals Qy if 7 is in Y and zero otherwise, some
of the Qy’s may be zero, and the (Qy’s are mutually orthogonal.
Any linear combination of the E7"’s can be written as a linear combination of the

Qy’s in the following way

Sam=(YaE) (Y e)= Y (e

ieX 1€X YCX:Qy#0 YCX:Qy#0 €Y

Since the @)y are mutually orthogonal,

(,UY)YQX:Qy;AO'_) Z py Qy
YCX:Qy#0

is an injective *-homomorphism CV — B (possibly non-unital) where N = [{Y C
X : Qy # 0}]. Since the spectrum of (D ,.y Ai)ycx:gyz0 18 {D ey Xi 1 Y € X ¢
Qy # 0} we can conclude that the the spectrum of >y c .o, 20(D iy Mi)Q@y is also
{2 ievex Ai 0 Qv # 0} (and possibly 0). We can then use the C*-identity together

with the fact that for self-adjoint elements the spectral radius equals the norm to get

2 2

= max
YCX:Qy#£0

@)

|2oni
1€X

Tz

YCX:Qy#0 €Y

S
€Y

Using only the multiplication condition (4.1) we can identify two sufficient condi-

tions on Y C X for Qy to be zero. First, if (;,oy (z; + I;) = @, then [[,.y ET* = 0,
. . c x; L i

and second, if (N;ey (zi + I;) € (z; + I;) for some j € Y, then Ep’" [,y E7 = 0.

This motivates the following definition.
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Definition 4.1.4. Using the above notation, we call Y C X good if the following two

conditions are true:

ﬂ(xi +1,) # @ and (i)

We have nearly proved the following lemma.
Lemma 4.1.5. Let {E7} be a collection of projections in a C*-algebra that satisfy

the two relations in Proposition 4.1.1. If X is a finite index set, then

< max
YCX good

. (4.4)

| > nEr SN
i€X €Y

Moreover we have equality if {ET} is proper.

Proof. The first part summarizes the discussion preceding the lemma. By (4.3), to
prove equality in (4.4), it is enough to show that for a proper family {E7}, Qy # 0
when Y C X is good.

Let P, ..., P, be a list of distinct prime ideals that includes the prime divisors of
each I;, and suppose that Y C X is good. Part (i) of the goodness condition guar-
antees that (,oy (z; + ;) = = + P ... Pt for some non-negative integers ti, ..., t,.

Let [ = P/*--- Pi». We claim that

xjL x - T x T
@r = ( H Eyy )EPP--Pﬁ" = (HF é”“)EPflmp;n = 0epy O py: (49)
=1

jeye

The projections on the right hand side are equal because the collection {E7} com-

mutes and E¥ = z. . To prove the inequality it is
Pltl"‘Prth Pflﬁ"-ﬁpfln pin p q Yy

= E*, ---E
Pl
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enough to show that
z; L = z
Bt > ( I1 F;+) s o
i=1

for each j € Y°.

The second half of being good means that for each j € Y either (z+1)N(z;+1;) =
@ or INI; # I. In the first case Ez,j + > EY and we are done. The second case implies
that there is some i for which P/**! divides I;. Then since there can be only one
y € R/P ! for which (x; 4+ I;) N (y + P}") # @, we can conclude that Eff > F}ftﬁl,

which proves the result. O
We are now ready to prove Proposition 4.1.1.

Proof. Observe that for all finite linear combinations

< max
Y CX good

| > nEr > = || A
ieX ey 1€X

where the inequality follows from Lemma 4.1.5 and the equality from combining
Lemmas 4.1.3(d) and 4.1.5. Notice also that the inequality becomes equality if { E7}

is proper. It follows that

O(D M) = SONET

1€X 1€ X

gives a well-defined contractive linear map on span{e(, 1}, that 1 extends to C*{e(.n },
and that ¢ is isometric if {E7} is proper. If {E7} is not proper then ¢ is obvi-
ously not injective because the kernel contains a non-zero projection of the from

59

Yy
P Ot )

]

Recall that the Toeplitz algebra Tp.prx of R x R* (defined at the beginning of

Section 1.2) is the C*-algebra generated by the isometries T(, o) : (*(R % R*) —
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(>(R x R*) defined to be the continuous linear extensions of the maps §yp —
§wa)(yp) = E(a+ay,ap)- In Example 1.2.2 we showed that e, .z) = T(La)T&’a) € Truzx.
The argument can easily be generalized to show that e ,r) = T(r,a)T*x,a) € ThRurx,
where R is an arbitrary number ring. However if I is a non-zero ideal of R which is

not principal, in order to show that e 1y € Trurx, we have to be more subtle.

Proposition 4.1.6. (a) Let x € R and let I be a non-zero ideal of R. Then there

exists a,b € R* such that
C(x,1) = T(fﬂvl)T(B,b)T(Ova)T(B,a)T(O,b)T(—Ivl)'

(b) The elements U* = Tz1y, Sa = T(0,a), and eo) in Trupx, where v € R,

a € R*, and I is a non-zero ideal of R, satisfy Ta-Td.

Proof.  (a) Let x € R and I be a non-zero ideal in R. By Proposition 2.0.14 I can
be written as § RN R with a,b € R*. Lemma 4.1.3(b) tells us that e, (§(y.c)) =
() if and only if y — x,c € I, equivalently if there exists z € R and d € R*
such that

y—x:%zandc:%d@ by — bx = az and bc = ad.

Using the same argument as the one in Example 1.2.2, we can show that
T(B,a)T(O,b)T(fx,l)(5(y,c)) = T(B’a) (S(byfbx,bc)) 7é 0 if and only if there exists (Z, d) S
R x R* such that (by — bx,bc) = (0,a)(z,d). Since the same argument shows

that Tt s (Eby—ba,be)) = E(y—u,c), We can conclude that

Ty T0.0) 0.0 T0.0) L0 T(—2.1) (§w.e) =€)

if and only if there exists (z,d) € R x R* such that (by — bz, bc) = (0,a)(z,d).
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This shows that

e.n) = L) T(0.0)T0.0) (0,0 T100) T (1)

(b) Ta: These follow easily from the definitions of the left-regular representation.
Tb: This just Lemma 4.1.3(a).

Tc: Because y,b € [ if and only if ay, ab € al, we can use Lemma 4.1.3(b) to

conclude that Sq,e( .1y = €(0,a1)5- Since al NaR = al,

Sa€0,1)5g = €(0,a1)5aS; = €(0,a1)€(0,aR) = €(0,al)

which shows that Tc holds.

Td: The first part of Td requires that for x € I we have U%¢( ) = eo,nU".
This follows from the fact that if z € I, then y € [ if and only if y+x € .
The second part demands that for z ¢ I we have e )U%e, = 0. This
follows from the fact that e e,y =0 (i.e. IN(x+1) = &) when x & I.

]

Proposition 4.1.7. Let A be a C*-algebra that contains elements U*, x € R, S,
a € R*, and E;, I a non-zero ideal of R, that satisfy Ta-Td. Let Ef = UE,U™",
and for each prime ideal P in R and non-negative integer t define the projection
ow.p) = (L= Xserpr+r Epeer)Epr. Then the homomorphism ¢ : TIR| — A that
extends the map

u* = U* s, S, er— FEy,

is injective on D if and only if all projections of the form O(t1,P1)0(ta,Ps) * * * O(tn,P)» With

P, P. .., P, distinct, are non-zero.
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Proof. Proposition 4.1.6 gives us a homomorphism from D C T[R] onto C*{e(n}
which extends the map e} — e(, 1. This shows that the homomorphism in Proposition
4.1.1 from C*{e(, 1} onto D which extends the map e — e} has an inverse,
from which we can conclude D is isomorphic to C*{e(,. )}, and that D satisfies the
universal property of Proposition 4.1.1. If we show that o, p) - - d,,p,) # 0 implies
that 5%1’]31) . '5?tn,Pn) # 0 for all y in R, we can apply Proposition 4.1.1 to prove the
result.
If ] is a non-zero ideal of R, then for all y in R the sets { Ef } ,ep/r and {UYEFU Y }yenyr

are equal, thus F; = UYF;U7Y, and we have

P

7

U4, py U™ = UY(1-F _ti“)EP,tiUiy
=(1- UyFPiti+lU7y)UyEPiti v

7

= 5&’&).

Then
Uy(s(tl,ﬂ) T §(tn7Pn)U7y = (Uy(s(tl,PﬂUiy)Uy e Uﬁy(Uyé(tn,Pn)Uiy)
= 5%17131) .. 6?%71%)’
which proves the result. O

4.2 The Second Assumption

Our final task in proving Theorem 1.2.5 is to show that if A is a C*-algebra that

contains elements U”, S,, and F;, with x € R, a € R*, and [ is a non-zero ideal of
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R, that satisfy Ta-Td, then the inequality

N M
< | nEr + Y NsLELUS,
i=1 i=1

N
|
=1

where a; # b; or y; # 0 and A\;, A, € C, holds when { E7} is proper. Given such a linear

combination, our strategy is to find a projection ¢ = 5@1’ Py 5“&”’ ) that satisfies

N M N
lo( nmg + > visi U5, )o| = | Yo nEs
i=1 i=1 i=1

Lemma 4.2.1. Let A be a C*-algebra that contains elements U, x € R, S,, a € R*,
and Er, I a non-zero ideal of R, that satisfy Ta-Td, and define Ef = U*E;U~". Let
2z € R and suppose a,b € R* satisfy aR # bR. Let P be a prime ideal in R whose
exponent in the prime power decomposition of aR differs from its exponent in the

prime power decomposition of bR. Then for any non-negative integer t and x € R

5%, pySiU*Sy8% p) = 0.

Proof. By Lemma 3.0.18(a), E%,S: = S:E%, and S,E%, = E'%, Sy, thus we can write

. SIU*S, EY, = STE%, U B, S,

== SZUamEapt szaz+beth Uﬁbxsb.

If E,p: U~ By by £ 0, then by Lemma 3.0.15 we can find ax; € aP' and bxy € bP!

such that z — ax + bx = axy — bxy and

SEU Eype U~ [y p UGy = STU U By iyt U 072U 07 S,

- S;UG(I+I1)EaPtmth U_b(xz+x)5b.
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Write aR = P™I and bR = P"J where [ and J are relatively prime to P, and
assume without loss of generality that m > n. Then aP' NbP! = [P N JPH" =

IP™™ N JP™™ and

S: Ua(as—i-:m)EaptmthU—b(mz—l—x)sb _ S; Ua(:r+m1)EIPH_m Eptim U—b(x2+x) Sb
= S; Ua(x+m1)E'IPt+m U—b(m—i—m)Ub(m+m2)EJPt+7nU—b(zg—i-gc)Sb

= SyUH) By pn U gD g

Since t + m —n >t + 1, we can write JP"™™ = hP"*™ " and apply Lemma 3.0.18(a)

to get
SrU et By puy U2 Ifizj'r: Sy = SrUT) B by Uﬁb(Hm)SbE}%%ii—n :

We have shown

5 SiU S0 = (1= D Eben )RS SEp (1= > Eb)

yER/PtH1 yER/ Pt+1
D E%HI)S;‘U““””EIWWUb<M2>Sb(E£%m DY E%))
yER/Pt+1 yER/Pt+1

Butt+m—-—n>t+1, so
E;Qtji n< Z Ept+1> =
yeER/ Pt

and it follows that (5@7P)S;Uz$b52”t,f,) = 0. =

Lemma 4.2.2. Let A be a C*-algebra that contains elements U*, v € R, S,, a € R*,
and Er, I a non-zero ideal of R, that satisfy Ta-Td, and define EY = U*E;U™*. Let

x,z € R, a,b € R*, and P be a prime ideal of R. Suppose that aR = bR, P is
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relatively prime to aR, and z + x(b—a) ¢ P. Then for allt > 1
5tP S*UZSb tP) 0

Proof. 1t is enough to show that E%,S:U*S,E%, = 0. By Lemma 3.0.18(a) and
the fact that aR = bR is relatively prime to P we have E},S, = S;ESREE and

SyE%, = E% EX%S,, thus we can write

E5.SiU*S B = S B B U EY EiES)y
= SIES U Ep U™ U U Ep U E}%.S),

_ S;Eg]w%Ua.I (Ept Uz-i—w(b—a) Ept> U_b$Eg}a§,{Sb-

Since, by assumption, z—z(b—a) € P* C P, Lemma 3.0.15 tells us that Ep:U*+*(=%) Ep; |

and hence 0(; p) S;U*5,0(; py equals zero. O

Lemma 4.2.3. Let A be a C*-algebra that contains elements U, x € R, S,, a € R*,
and Er, I a non-zero ideal of R, that satisfy Ta-Td, and define Ef = U*E;U™".

Given a linear combination of the form

Z NEF + Z XSz BYU*S,
with a; # b; or z; # 0, we can find § = 5&7131) e (5&’%) such that

(i) 16C25 AET)SI = | 223 ABT

, and
(1) 6(S;iEfjjUZiSbi)5 =0, fori=1,2,... M.

Proof. Since {E7} is proper, we know from Lemma 4.1.5 that

= Imax j
YCX good
JjeY

|2
i€X
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Let Yy be a good subset of X that maximizes | ) ... A;|, and recall that Qy, =

J€EYD
HjeYOC EZ]' [Liey, Ez7 satisfies
N N
( Z )‘iEii>QYo = ( Z )\i)QYO-
=1 i=1

In order to meet the first requirement, ¢ will be a non-zero projection such that

QYD > (57 then

max

- B,
J YCX good L
JjEY

N
s nEze)o] = (2 0)9] =
i= JjE€YD

By (4.5) and since {Ef} is proper, we can find a non-zero projection of the from

!

(5@1? P Z”t P that bounds @y, from below. Although it satisfies (i), the projection
5@’1, Py 5@’)@7 p,) Projection might not satisfy (ii), in which case we can refine it to

obtain 9.

1. First, since either b; —a; # 0 or z; # 0, we can find an x € 2/ + P}* - - - P,z’“ such

that z; + z(b; — a;) #0 for 1 <i < M.

2. Next, let Pyi1,...,P,_1 be the distinct prime divisors of the a;R’s and b;R’s

that do not appear among P, ..., P, and let tj 1 =---=1t,1 = 1.

3. Finally choose any prime P,, distinct from Py, ---, P, 1, that does not divide
any (z;+x(b; —a;)) R; such a prime will not contain z; +x(b; —a;) for 1 <7 < M.

Let ¢, = 1.

Leté-&x )

T . . . . / tl tk
(11.P1) (i P Since P, ..., P, are distinct, and since x € 2’ + P* - - - P.*,

Q > 5 t1 Pl (xtk,Pk) 2 5 # 07

thus 0 meets the first requirement.
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To prove that ¢ satisfies the second requirement it will be enough to show that
for each 1 <4 < M the projections S,,0S;, and U*'Sy,0.5; U~* are orthogonal. Fix i.

There are two cases:

case 1: If a;R # b;R, then by 2., there is a prime P; among P,... P,_; whose ex-
ponent in the prime factorization of a; R is different from its exponent in the
prime factorization of b; R. By Lemma 4.2.1, the projection Saidftj, Pj)Sj;_ is or-
thogonal to U* 5,0, p)S; U™*, and it follows that the projections Sq,057, and

U% 5,05, U™* are orthogonal.

case 2: If a;R = b;R, then by Lemma 4.2.2, the projection Sai(S“émPn)S;i is orthog-
onal to U*5y,07, p S5 U™, and it follows that the projections S,,05; and

U+ SbiéSg‘iU_zi are orthogonal.
O

Proposition 4.2.4. Let A be a C*-algebra that contains elements U*, x € R, S,
a € R*, and Er, I a non-zero ideal of R, that satisfy Ta-Td, and define Ef =
U*EU—*. If {ET} is proper, then the inequality || Zfil NETH < Zf\il NET +

S NSE BV UAS,,

where a; # b; or z; # 0, holds.

Proof. By Lemma 4.2.3 we can find a 6 € A such that

N M N
|s( nEg + Y xsiEU=s, )o| = | Sk
i=1 i=1 i=1

O
This completes the proof of Theorem 1.2.5, which we will now apply to T, gx.

Proposition 4.2.5. The Toeplitz algebra Trypx of R x R* is isomorphic to T[R)].
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Proof. By Proposition 4.1.6, there is a homomorphism ¢ : T[R] — Tr.px that ex-
tends the map

u’ = Ty, o= Tloa), €1+ €0,

where x € R, a € R*, and [ is non-zero ideal in R. This homomorphism is surjective
because 1,1y and T{pq) generate Tp.px. By Lemma 4.1.3(d) the collection {e( 1)}
is proper, and we can conclude from Theorem 1.2.5 that ¢ is injective. Thus T g, gx

and ¥[R] are isomorphic. O
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Chapter 5

Conclusion

Our goal was to find homomorphisms from the Toeplitz algebra of R x R* to other
C*-algebras, and characterize the faithful ones. To that end we defined the universal
C*-algebra T[R] generated by isometries and projections satisfying the relations of
Ta-Td. The majority of these relations were needed to ensure that the e¥ € T[R]
recovered the multiplicative structure and decomposition of the projections ew. ) €
Trupx- Theorem 1.2.5 stated that a homomorphism ¢ from ¥[R] to a C*-algebra A is
faithful if and only if the image of the set {e} was proper. To prove this we first did
as much as we could using only T[R], and were able to prove Theorem 3.0.24, which
was a weaker version of Theorem 1.2.5 that told us that if we assumed that ¢ was
faithful on D and that A satisfied a condition on the norms of certain elements, then
¢ was faithful on all of T[R]. Next we used Tr.rx to show that the first assumption
was equivalent to the image of {e7} being proper. We then completing the proof of
Theorem 1.2.5 by showing that the norm condition on A was implied if the image of
{e7} was proper. After showing that T[R] = Tr,gx, our theorem gave us a convenient
way of identifying representations of ¥, rx, and a straightforward way to check when

they are faithful.
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Appendix A

Faithful Conditional Expectations

A.1 The Dual of a Group

Let G be an abelian group (written multiplicatively) with the discrete topology. For
our purposes, we will be concerned with two specific cases: the multiplicative group of
a number field (K*,-) and the additive group of a number ring (R, +). A character
of G is a group homomorphism (automatically continuous) y from G to the circle
group T. The set of all characters of G is a group G under the operation of point-
wise multiplication. The topology on G is that of uniform convergence on compact
sets. Since G was assumed to be discrete, Gis a compact Hausdorff space. We use
Haar measure 1 to make G into a measure space, normalized to have ,u(CA;) = 1. The
defining property of Haar measure is that it is translation invariant, that is if £ is a

measurable subset of G, then u(gFE) = u(E).

Lemma A.1.1. Let A and B be subgroups of a discrete abelian group G. Suppose
a € A and B € B agree on AN B. Then y(ab) := a(a)B(b) defines a character on
the subgroup A-B ={ab:a € A;b € B} of G.

Remark A.1.2. Since G is abelian, A - B defines a subgroup.
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Proof. First, to see that x is well-defined suppose a1b; = asby where a1,a; € A and
bi,by € B. Then ajay* = byb;' € AN B, and by assumption we have a(aja;’) =
B(bebyt). Thus

x(a1by) = a(a1)B(b1) = alaz)B(ba) = x(azbs),

and y is well-defined. Next, x is a (continuous) homomorphism because

X(a1b1a252) = X(a1a2b152) = Oé(ala2)ﬁ(blb2) = Oé(al)Oé(CQ)ﬁ(bl)ﬁ(bz)

= a(a1)B(br)a(az)B(b2) = x(aibi)x(azbs).

]

Lemma A.1.3. Let A and B be subgroups of a discrete abelian group G and let 5 be

a character on B. If A is cyclic, then 8 can be extended to a character on A- B.

Proof. By the preceding lemma, we need to show there is a character & on A which
agrees with 5 on AN B. We will extend |4np from a character on AN B to a
character o on A.

If An B = {1}, then any character a on A extends 5|anp, and we are done.
Otherwise write A = (a), and suppose n is the least positive integer for which a™ € B.
Then a(af) = Blans(a™)n is a character on A which extends B|4np and we are

done. 0

Lemma A.1.4. Let H be a subgroup of a discrete abelian group G. Then any char-

acter on H can be extended to a character on G.

Proof. Let G be an abelian group and let y be a character defined on H. By a simple
Zorn’s lemma argument, there is a maximal extension ¥ of y defined on a subgroup
H of G. If H # G, then there is an a € G'\ H. But, by the preceding lemma, we can

extend X to (a) - H, contradicting maximality. O
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Proposition A.1.5. Let g be an element of a discrete abelian group G. Then there

ezists ¥ € G such that X(g) # 1.

Proof. 1f [{(g)| = n, let z € T be a primitive nth rood of unity, otherwise if (g) is
infinite, let z € T be anything but 1. Then x(g*) = 2* defines a character on (g)
for which x(g) # 1, which by the above lemma can be extended to a character X on

G. O

To each element g of G we can associate a continuous function g : G — T which

evaluates characters at g, g(x) = x(g). Consider the integral

/@ x(g)dx = /G G(x)dx.

If g is the identity, then since ,u(@) =1,

/@x(g)dx Z/aldXZ L.

On the other hand, suppose that g is not the identity. Let yo be some character for
which xo(g) # 1. Then using the fact that Haar measure is left-translation invariant

we see that

Xo(g)/éX(g)dX:/@XO(Q)X(Q)dX:/aXOX(g)dX:/AX(g)an

G

which shows that [ x(¢)dx = 0. Summarizing we get

x(g)dx = (A1)

/ 1 if g is the identity,
0 otherwise.

G
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A.2 Averaging Over a Compact Group

Definition A.2.1. Let A be a C*-algebra, and suppose B is a *-subalgebra of A. A
conditional expectation E : A — B is a projection (a linear map such that F(FE(a)) =

E(a)) of norm one from A into B. When E(a*a) = 0 only if a = 0, we call E faithful.

Proposition A.2.2. Let G be a compact group with Haar measure normalized so
that G has measure 1, and let A be a C*-algebra. Suppose G acts continuously by
automorphisms o, x € G. Then the formula 0,(h) = [, o, (h)dx defines a faithful

conditional expectation.

Before proving this, we will first make sense of the integral itself. Let ¢ : A — C
be a continuous linear functional. The composition ¢(a, (h)) : G — C is a continuous
complex-valued function and thus can be integrated. It turns out that there is a

unique element of A, we will call [, o, (h)dx, such that

o( [ autmix) = [ olarar,

holds for every continuous linear functional. (This integral is called the Pettis integral,

or the weak integral.)

Proof. By using a standard fact about integration, and that o, is isometric, one can

easily see that 6, is norm decreasing, indeed

| [ ot < [ onmix =i,

The fact that # maps elements of A to A follows from the left-translation invariance

of Haar measure and linearity of integration,

v ([ ontmi) = [ avloiax = [ ax(mix = .0
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If h is already in A%, then

/Gax(h)dx _ /Ghdx _h

Finally we will prove that 6 is faithful. Suppose that §(h*h) = 0. Then every positive

linear functional ¢ on A gives

Ong(/Gax(h*h)dX) :/qu(ax(h)*ax(h))dx.

Since ¢(ay(h)*ay(h)) : G — C is a continuous function taking positive values whose
integral is zero, we can conclude that gb(ax(h*h)) is zero for every positive linear

functional on A, hence h*h must also be zero. O
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