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ABSTRACT

In their paper [2] Cuntz, Deninger, and Laca introduced a C∗-algebra T[R] as-

sociated to a number ring R and showed that it was functorial for injective ring

homomorphisms and had an interesting KMS-state structure, which they computed

directly. Although isomorphic to the Toeplitz algebra of the ax+b-semigroup RoR×

of R, their C∗-algebra T[R] was defined in terms of relations on a generating set of

isometries and projections. They showed that a homomorphism ϕ : T[R] → A is

injective if and only if ϕ is injective on a certain commutative ∗-subalgebra of T[R].

In this thesis we give a direct proof of this result, and go on to show that there

is a countable collection of projections which detects injectivity, which allows us to

simplify their characterization of faithful representations of T[R].
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Chapter 1

Introduction

For nearly 20 years mathematicians have been studying various C∗-algebras arising

from algebraic number theory. The idea is that the KMS states of a conveniently

chosen C∗-dynamical system (A, σ) (a pair consisting of a C∗-algebra A together

with a one-parameter group of automorphisms σ) can give us information about a

number field K. As an example, a C∗-dynamical system which preserves enough

of the structure of a number field could shed light on Hilbert’s 12th problem (for a

precise formulation of the problem see [3]).

Obviously, in order for (A, σ) to have any hope of recovering the structure of K,

the C∗-algebra itself should be, in some way, related to K. In general a C∗-algebra can

be generated by the multiplicative structure of a group-like object via a representation

as operators on a Hilbert space. There are many groups and semigroups associated

with K which we could represent; its ring of integers R is a particularly good source.

Basic examples are the additive group (R,+), the multiplicative semigroup (R×, ·)

(R× = R \{0}), the unit group (R∗, ·), the semigroup consisting of all non-zero ideals

of R, and the ideal class group. Perhaps the simplest non-abelian semigroup we

can construct from R is the semi-direct product RoR× of (R,+) and (R×, ·). The



2

image of the left-regular representation TRoR× of RoR× on `2(RoR×) contains the

image of a unitary representation of (R,+), the image of an isometric representation

of (R×, ·), and the image of a projective representation of the semigroup of non-zero

ideals of R with the operation of intersection.

In their paper [2] Cuntz, Deninger, and Laca showed that TRoR× is functorial

for injective ring homomorphisms and has an interesting KMS-structure, which they

computed directly. Their preferred presentation of TRoR× was as a universal C∗-

algebra T[R] defined in terms of relations on a generating set of isometries. They

showed that a homomorphism ϕ : T[R] → A is injective if and only if ϕ is injective

on a certain ∗-subalgebra of T[R]. In this thesis we use elementary methods to prove

this, and go on to give a simpler characterization of injectivity.

1.1 C∗-Algebras Generated by Isometries

A bounded operator V on a Hilbert space (or an element of a C∗-algebra) is called

an isometry if V ∗V = 1, and unitary if, in addition, V V ∗ = 1. The prototype

example of a non-unitary isometry is the unilateral shift S. If ξ1, ξ2, . . . is the standard

orthonormal basis for `2(N), then the map ξn 7→ ξn+1 extends to all of `2(N) and gives

a bounded linear operator S. The Wold decomposition states that every isometry is

a direct sum of a unitary and copies of the unilateral shift.

The C∗-algebra C∗(V ) generated by a unitary V is isomorphic to the space of

continuous complex valued functions on the spectrum of V . Thus we would rightly

expect two different unitaries to generate two different C∗-algebras. Surprisingly,

the situation becomes much simpler when V is a non-unitary isometry. In 1967

Coburn [1] proved that all C∗-algebras generated by a single non-unitary isometry

are isomorphic. In fact any C∗-algebra C∗(V ) generated by a non-unitary isometry
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satisfies the following universal property. If V is an isometry in a C∗-algebra A,

then the map S 7→ V extends to a homomorphism from C∗(S) to A. Moreover this

homomorphism is injective if and only if 1− V V ∗ 6= 0.

Isometries are the natural operators to use when we want to represent semigroups.

Let Γ be a semigroup with identity e. An isometric representation of Γ on a Hilbert

space H is a map V : Γ→ B(H) such that Vx is an isometry, Ve = 1, and VxVy = Vxy

for x, y ∈ Γ (see [4]). As an example consider the collection of isometries T(m,n) :

`2(N2) → `2(N2), indexed by N2, where T(m,n) extends the map ξ(x,y) 7→ ξ(m+x,n+y)

by linearity and continuity. One can easily see that this is the image of an isometric

representation of N2. We call the map (m,n) 7→ T(m,n) the left-regular representation

of N2 on `2(N2), and the C∗-algebra TN2 generated by these isometies the left-regular

C∗-algebra of N2 on `2(N2), or its Toeplitz algebra.

The left-regular representation of a semigroup is often the prototype example of

an isometric representation. Since a C∗-algebra is an object not tied to any particular

Hilbert space we might try to find another Hilbert spaceH on which TN2 could act, i.e.

find a homomorphism from TN2 to B(H). Doing this directly can be tricky; the norm

gets in the way. One approach is to find a universal C∗-algebra that is isomorphic

to TN2 . We will define it by imposing relations on a generating set. It is important

to note that this does not always work. For example, there is a universal C∗-algebra

generated by an isometry, but not one generated by a normal element. The reason

that normal does not work as a universal property follows from the fact that all ∗-

homomorphisms must be norm-decreasing, but there is no normal element of largest

norm. A universal C∗-algebra will exist if the relations imply that the generators

are bounded in norm. In particular when the generators are unitaries, isometries,

or projections we can impose any other relations we wish. The trick is to find the

essential relations on the generators that describe the structure of TN2 .
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Since TN2 is generated by T(1,0) and T(0,1) the universal C∗-algebra will be generated

by two isometries. We will need three more relations to describe the structure of

TN2 . The first is that T(1,0) and T(0,1) commute, this is obtained from the fact that

T(1,0)T(0,1) = T(1,1) = T(0,1)T(1,0). To find the other two we need to examine the

multiplicative structure of the range projections. It is not hard to see that

T(m,n)T
∗
(m,n)(ξ(x,y)) =


ξ(x,y) if m ≤ x and n ≤ y,

0 otherwise.

It follows that T(m1,n1)T
∗
(m1,n1)

T(m2,n2)T
∗
(m2,n2)

= T(m,n)T
∗
(m,n) where m = max{m1,m2}

and n = max{n1, n2}. In particular this shows that

T(1,0)T
∗
(1,0)T(0,1)T

∗
(0,1) = T(1,0)T(0,1)T

∗
(1,0)T

∗
(0,1)

which implies that T ∗(1,0) commutes with T(0,1). Similarly we can see that T(1,0) com-

mutes with T ∗(0,1), in this situation we say T(1,0) and T(0,1) ∗-commute. The following

theorem tells us that we have found the right relations, and it is very similar to our

main theorem (Theorem 1.2.5).

Theorem 1.1.1. Let C∗(S, T ) be the universal C∗-algebra generated by two ∗-commuting

isometries S and T . If V and W are ∗-commuting isometries in a C∗-algebra A, then

the map

S 7→ V, T 7→ W

extends to a homomorphism ϕ : C∗(S, T )→ A. Moreover ϕ is injective if and only if

(1− V V ∗)(1−WW ∗) 6= 0. [6, Theorem 4.4]

Notice the similarity of the injectivity condition (1 − V V ∗)(1 − WW ∗) 6= 0 to

that of Coburn. Since T(1,0) and T(0,1) are ∗-commuting isometries that satisfy the
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injectivity condition, and since the homomorphism from C∗(S, T ) to TN2 is surjective,

the two C∗-algebras must be isomorphic. Now that we have TN2
∼= C∗(S, T ), this

theorem gives us a convenient way of finding homomorphic images of TN2 : any two

∗-commuting isometries generate a C∗-algebra which is the homomorphic image of

TN2 . Moreover checking that a homomorphism is faithful amounts to verifying that

a single expression does not vanish.

Remark 1.1.2. In TN2 , (1 − T(m+1,0)T
∗
(m+1,0))T(m,0)T

∗
(m,0) is the projection onto the

subspace of `2(N2) spanned by basis vectors with m in the first coordinate, while

(1 − T(0,n+1)T
∗
(0,n+1))T(0,n)T

∗
(0,n) is the projection onto the subspace spanned by basis

vectors with n in the second coordinate. The product of these two projections is the

rank-one projection onto the subspace spanned by ξ(m,n) and can be written as

T(m,n)(1− T(1,0)T ∗(1,0))(1− T(0,1)T ∗(0,1))T ∗(m,n).

In an arbitrary C∗-algebra containing two ∗-commuting isometries V and W , the

condition (1− V V ∗)(1−WW ∗) 6= 0 is algebraically equivalent to all products of the

form ((
1− V m+1(V m+1)∗

)
V m(V m)∗

)((
1−W n+1(W n+1)∗

)
W n(W n)∗

)
being non-zero.

1.2 Summary of Main Results

Let R be a number ring (see chapter 2 for a brief introduction to number rings and

an overview of the relevant results). The semidirect product R o R× of (R,+) and
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(R×, ·) where R× = R \ {0} is the set R×R× with the binary operation

(x, a)(y, b) = (x+ ay, ab).

This may seem like an odd way to multiply, but it makes sense when looking at other

presentations of RoR×. Here are two more:

• The set of 2× 2 matrices of the form ( a x0 1 ), where a ∈ R× and x ∈ R.

• The set of functions f : R → R of the form f(x) = ax + b with a ∈ R× and

b ∈ R with the operation of function composition. Because of this, R o R× is

sometimes called the ax+ b-semigroup of R.

Remark 1.2.1. An element (x, a) is invertible in R o R× if a has a multiplicative

inverse, in which case (x, a)−1 = (−a−1x, a−1).

The characteristic properties of RoR× are that it contains copies of the additive

group and of the multiplicative semigroup of R:

(R,+) ∼= {(x, 1) : x ∈ R}, and

(R×, ·) ∼= {(0, a) : a ∈ R×},

that every element of R o R× can be decomposed as a product of a member of each

of these sets, (x, a) = (x, 1)(0, a), and that the relation (0, a)(x, 1) = (ax, a) holds.

Let TRoR× be the left-regular C∗-algebra of RoR×, that is the C∗-algebra gener-

ated by the family of isometries T(x,a) : `2(RoR×)→ `2(RoR×) indexed by RoR×

defined to be the continuous linear extensions of the maps ξ(y,b) 7→ ξ(x,a)(y,b).

Just like TN2 , the Toeplitz algebra of RoR× comes attached to a particular

Hilbert space, but it can act on others. As in the example, to make it easier to
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identify other Hilbert spaces on which TRoR× can act, we will define a universal C∗-

algebra T[R] defined by relations on generators (which will be isomorphic to TRoR×).

Then we will show that a homomorphism ϕ : T[R] → A is injective if and only if A

satisfies a condition similar to (1− V V ∗)(1−WW ∗) 6= 0 in the TN2 example.

Since RoR× is more complicated than N2, it is understandable that both T[R]

and the injectivity condition will also be more complicated. The relations on the

generators used to define T[R] will not make sense unless we take some time to get

to know TRoR× . Our first observation is that the map (x, 1) 7→ T(x,1) is a unitary

representation of (R,+), and the map (0, a) 7→ T(0,a) is an isometric representation of

(R×, ·). Moreover the elements T(x,1) and T(0,a) generate TRoR× .

In the previous section we saw that in order to find all the relations describing TN2

we needed to examine how the range projections multiplied. The relations defining

T[R] will recover the multiplicative structure of a family of projections which contains,

but in general is not limited to, the range projections of the isometries generating

TRoR× . We motivate this with the following example.

Example 1.2.2. Let R = Z. In this example we will compute what the projections

T(x,a)T
∗
(x,a) do to basis vectors and how to multiply two of these projections.

For all ξ(y,b) and ξ(z,c) in `2(Z o Z×), the adjoint T ∗(x,a) of T(x,a) satisfies

〈T ∗(x,a)(ξ(y,b)), ξ(z,c)〉 = 〈ξ(y,b), T(x,a)(ξ(z,c))〉 =


1 if (y, b) = (x, a)(z, c),

0 otherwise.

From this we can conclude that T ∗(x,a)(ξ(y,b)) is non-zero if and only if we can write

(y, b) = (x, a)(z, c) = (x+az, ac) for some (z, c) in ZoZ×, in which case T ∗(x,a)(ξ(y,b)) =

ξ(z,c). Notice that the existence of such a (z, c) is equivalent to a | y−x and a | b. We

claim that it is also equivalent to y+bZ ⊆ x+aZ. To see this observe that if a | y−x
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and a | b, then we can write y = x+az and b = ac, and y+bZ = x+az+acZ ⊆ x+aZ.

On the other hand, if the inclusion holds, we can find (z, c) ∈ Z o Z× by solving

y + b · 0 = x + az followed by x + az + b · 1 = x + a(c + z). Using the notation

e(x,aZ) := T(x,a)T
∗
(x,a), we have shown that

e(x,aZ)(ξ(y,b)) =


ξ(y,b) if y + bZ ⊆ x+ aZ,

0 otherwise,

(1.1)

moreover the following are equivalent:

1. we can find (z, c) ∈ Z o Z× such that (y, b) = (x, a)(z, c),

2. a | y − x and a | b, and

3. y + bZ ⊆ x+ aZ.

We will now make sense of the product of two of these projections. Using (1.1),

we can compute the action of e(x,aZ)e(y,bZ) on the standard orthonormal basis:

e(x,aZ)e(y,bZ)(ξ(w,d)) =


ξ(w,d) if w + dZ ⊆ (x+ aZ) ∩ (y + bZ),

0 otherwise.

We will prove that when the intersection is non-empty, any z ∈ (x + aZ) ∩ (y + bZ)

satisfies z+ (aZ∩ bZ) = (x+ aZ)∩ (y+ bZ). Since aZ∩ bZ = cZ, where c is the least

common multiple of a and b, we will have shown that set of range projections of the

isometries generating TZoZ× is closed under multiplication, and that

e(x,aZ)e(y,bZ) =


0 if (x+ aZ) ∩ (y + bZ) = ∅,

e(z,aZ∩bZ) if (x+ aZ) ∩ (y + bZ) 6= ∅, for any z ∈ (x+ aZ) ∩ (y + bZ).

(1.2)
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Assuming that the intersection is non-empty, let z ∈ (x+aZ)∩(y+bZ) be arbitrary

and write z = x+ar = y+bs. If k is in (x+aZ)∩(y+bZ), then we can find integers m

and n so that k = x+am = z+a(m−r) and k = y+bn = z+b(n−s). Since a(m−r)

and b(n−s) are then equal, k is in z+(aZ∩bZ). On the other hand, if k ∈ z+aZ∩bZ,

then we can write k = z + am = x+ a(m+ r) and k = z + bn = x+ b(m+ s), where

m and n are integers. Hence k is in both x+ aZ and y + bZ.

The example suggests that when R is a general number ring, TRoR× contains

a family of projections e(x,I), where x ∈ R and I is a non-zero ideal of R. These

projections are characterized by their action on the basis elements

e(x,I)(ξ(y,b)) =


ξ(y,b) if y + bR ⊆ x+ I,

0 otherwise.

Moreover, as we will show in Lemma 4.1.3(b), they multiply according to the rule

e(x,I)e(y,J) =


0 if (x+ I) ∩ (y + J) = ∅,

e(z,I∩J) if (x+ I) ∩ (y + J) 6= ∅, for any z ∈ (x+ I) ∩ (y + J).

For non-zero principal ideals aR, e(x,aR) = T(x,a)T
∗
(x,a). But unlike Z, a general number

ring may have ideals which are not principal, in which cases e(x,I) is not of that form.

We will see that given a non-zero ideal I we can find a, b ∈ R such that I = a
b
R ∩ R

(Proposition 2.0.14), thus we can write

e(x,I) = T(x,1)T
∗
(0,b)T(0,a)T

∗
(0,a)T(0,b)T(−x,1)

(Proposition 4.1.6(a)). We are now ready to define the universal C∗-algebra.

Definition 1.2.3. Following [2] we define the C∗-algebra T[R] as the universal C∗-
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algebra generated by elements ux, x ∈ R, sa, a ∈ R×, eI , I a non-zero ideal in R,

with the following relations

Ta: The ux are unitary and satisfy uxuy = ux+y, the sa are isometries and satisfy

sasb = sab. Moreover we require the relation sau
x = uaxsa for all x ∈ R, a ∈ R×.

Tb: The eI are projections and satisfy eI∩J = eIeJ , eR = 1.

Tc: We have saeIs
∗
a = eaI .

Td: For x ∈ I one has uxeI = eIu
x, for x 6∈ I one has eIu

xeI = 0.

Before going further, we will explain the relations. Ta simply says that T[R] is an

image of an isometric representation of RoR×. The other three relations recover the

structure of the projections described above. The relation Tc directly implies that

eaR = sas
∗
a, and assuming that I = a

b
R ∩ R, it guarantees that eI = s∗bsas

∗
asb (proof:

bI = aR ∩ bR implies that sbeIs
∗
b = ebI = eaRebR = sas

∗
asbs

∗
b). In chapter 3 we will

see that Tb together with Td imply that the projections exI := uxeIu
−x multiply in

the same way as the e(x,I) ∈ TRoR× (defined on page 9):

exIe
y
J =


0 if (x+ I) ∩ (y + J) = ∅,

ezI∩J if (x+ I) ∩ (y + J) 6= ∅, for any z ∈ (x+ I) ∩ (y + J).

The C∗-subalgebra generated by these projections will be called D.

Remark 1.2.4. When R is a principal ideal domain, Tb, Tc, and Td can be replaced

with the single condition ∑
x∈R/aR

uxsas
∗
au
−x ≤ 1.

for all a ∈ R. This is Remark 2.2 in [2].

We now present our main theorem.
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Theorem 1.2.5. Let A be a C∗-algebra that contains elements Ux, x ∈ R, Sa,

a ∈ R×, and EI , I a non-zero ideal of R, that satisfy Ta-Td. Then the map

ux 7→ Ux, sa 7→ Sa, eI 7→ EI ,

extends to a homomorphism ϕ : T[R] → A. For each prime ideal P in R and non-

negative integer t, we define the projection δ(t,P ) = (1−
∑

x∈R/P t+1 UxEP t+1U−x)EP t.

Then the homomorphism ϕ is injective if and only if all projections of the form

δ(t1,P1)δ(t2,P2) · · · δ(tn,Pn), with P1, P2 . . . , Pn distinct, are non-zero.

Once we show that the elements T(x,1), T(0,a) and e(0,I) in TRoR× satisfy Ta-Td and

the injectivity condition is satisfied, we will have that T[R] ∼= TRoR× . This makes

finding other Hilbert spaces for TRoR× to act on a matter of checking that Ta-Td

are satisfied. To show that a homomorphism from TRoR× to another C∗-algebra is

faithful, we only need to check a simple condition.

To illustrate how to apply the theorem we present the following example. Note

that

1. non-zero ideals in Z are of the form aZ, where a ∈ Z×,

2. prime ideals in Z are of the form pZ, where p is a prime, and

3. in TZoZ× ,

T(x,1)e(0,aZ)T(−x,1) = T(x,1)T(0,a)T
∗
(0,a)T(−x,1) = T(x,a)T

∗
(x,a) = e(x,aZ).

Lemma 1.2.6. The elements T(x,1), T(0,a), and e(0,bZ) in TZoZ× satisfy Ta-Td. More-

over, if p1, . . . , pn ∈ Z are distinct primes, t1, . . . , tn are non-negative integers, and
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δ(ti,piZ) = (1−
∑p

ti+1
i
x=1 e

(x,p
ti+1
i Z))e(0,ptii Z), then

δ(t1,p1Z) · · · δ(tn,pnZ) 6= 0.

Proof. Ta: Elements of the form T(x,1) and T(0,a) are isometries because TZoZ× is an

image of an isometric representation of Z, T(x,1) is unitary because, by Remark

1.2.1, (x, 1) ∈ ZoZ× is invertible. The fact that T(0,a)T(x,1) = T(ax,1)T(0,a) follows

from the definition of multiplication in Z o Z×.

Tb: This follows easily from (1.1) and (1.2).

Tc: Use the definitions of T(0,a) and e(0,bZ) to verify that T(0,a)e(0,bZ) = e(0,abZ)T(0,a),

then

T(0,a)e(0,bZ)T
∗
(0,a) = e(0,abZ)T(0,a)T

∗
(0,a) = e(0,abZ)e(0,aZ) = e(0,abZ),

where the last equality comes from Tb (or (1.2)) together with the fact that

abZ ∩ aZ = abZ.

Td: Use (1.2) to show that T(x,1)e(0,bZ)T(−x,1) = e(x,bZ) = e(0,bZ) if x ∈ bZ, and

e(0,bZ)(T(x,1)e(0,bZ)T(−x,1)) = e(0,bZ)e(x,bZ) = 0 if x 6∈ bZ. Together these are equiv-

alent to Td.

To prove the second part, will first show that

δ(ti,piZ)(ξ(y,b)) =


ξ(y,b) if ptii | y and b = ptii c where gcd(c, pi) = 1,

0 otherwise.

(1.3)

If both e
(0,p

ti
i Z)(ξ(y,b)) = ξ(y,b) and (1 −

∑p
ti+1
i
x=1 e

(x,p
ti+1
i Z))(ξ(y,b)) = ξ(y,b) hold, then

δ(ti,piZ)(ξ(y,b)) = ξ(y,b). Otherwise at least one of e
(0,p

ti
i Z)(ξ(y,b)) and (1−

∑p
ti+1
i
x=1 e

(x,p
ti+1
i Z))(ξ(y,b))

will be zero, in which case δ(ti,piZ)(ξ(y,b)) will also be zero. As we saw in Example 1.2.2,
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e
(0,p

ti
i Z)(ξ(y,b)) = ξ(y,b) if and only if ptii | y and ptii | b. Thus we only need to show that

(1−
∑p

ti+1
i
x=1 e

(x,p
ti+1
i Z))(ξ(y,b)) = ξ(y,b) if and only if pti+1

i - b. Since there is exactly one

1 ≤ x ≤ pti+1
i such that pti+1

i | y − x, there can be at most one 1 ≤ x ≤ pti+1
i for

which e
(x,p

ti+1
i Z)(ξ(y,b)) = ξ(y,b). It follows that

(
1−

p
ti+1
i∑
x=1

e
(x,p

ti+1
i Z)

)
(ξ(y,b)) =


ξ(y,b) if e

(x,p
ti+1
i Z)(ξ(y,b)) = 0 for all 1 ≤ x ≤ pti+1

i ,

0 otherwise,

and that y does not affect whether or not all the e
(x,p

ti+1
i Z)(ξ(y,b)) are zero. From this

we can conclude that (1−
∑p

ti+1
i
x=1 e

(x,p
ti+1
i Z))(ξ(y,b)) = ξ(y,b) if and only if pti+1

i - b, which

proves the claim.

Using (1.3) we can see that δ(ti,piZ)(ξ(0,pt11 p
t2
2 ···p

tn
n )

) = ξ
(0,p

t1
1 p

t2
2 ···p

tn
n )

, which shows that

δ(t1,p1Z)δ(t2,p2Z) · · · δ(tn,pnZ) is non-zero.

Remark 1.2.7. The condition in the first case of (1.3) can be restated in terms of

ideals: δ(t,pZ)(ξ(y,b)) is non-zero if and only if y ∈ ptZ and b ∈ ptZ \ pt+1Z. This

characterization of δ(t,pZ), generalizes. In Lemma 4.1.3 we will see that when P is a

non-zero prime ideal in a general number ring R, δ(t,P ) ∈ TRoR× satisfies

δ(t,P )(ξ(y,b)) =


ξ(y,b) if y ∈ P t and b ∈ P t \ P t+1,

0 otherwise.

Method of Proof of Theorem 1.2.5. The map ϕ extends to a homomorphism because

of the universal property defining T[R]. The method that is used to prove that ϕ

is injective has been used by many authors. To help visualize the method it will be
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useful to have the following commutative diagram.

T[R]

E
��

ϕ
// A

��

D
ϕ|D

// span{UxEIU
−x}

The map E, defined in Lemma 3.0.23, is a norm-decreasing projection onto D that

is faithful as positive map (i.e. if E(h∗h) = 0 then h = 0). In Chapter 4 we will

prove that the condition that all δ(t1,P1)δ(t2,P2) · · · δ(tn,Pn) 6= 0 is equivalent to the

injectivity of the restriction of ϕ to D, and that the map from A to span{UxEIU
−x}

is norm-decreasing. Assuming that ϕ|D is injective and that the map from A to

span{UxEIU
−x} is norm decreasing, we prove that ϕ is injective because

ϕ(h) = 0⇒ ϕ(h∗h) = 0⇒ ϕ(E(h∗h)) = 0⇒ E(h∗h) = 0⇒ h = 0.

The details of this argument are given in Chapter 3.
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Chapter 2

Summary of Algebraic Number

Theory

In this chapter we give a few facts from algebraic number theory, followed by the

results we will use. Most of this chapter is summarized from [5]. We will assume the

reader is familiar with the basics of elementary number theory and ring theory.

A number field K is a finite extension field of the rationals. In other words K is

a field that contains Q and has finite dimension as a vector space over Q. If α ∈ K

then there is some n for which α, α2, . . . , αn are linearly dependant, this means that

we can find rationals a0, a1, . . . , an such that

a0 + a1α + a2α
2 + · · ·+ anα

n = 0.

Thus α is the root of a polynomial with rational coefficients, and hence is an algebraic

number. If α satisfies a non-zero monic polynomial with integer coefficients, we call α

an algebraic integer. It turns out that the sum and product of two algebraic integers

is again an algebraic integer [5, p. 16], the set of all algebraic integers in a number

field is a ring R, which we call the ring of integers of K. Such a ring is called a
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number ring.

Example 2.0.8. 1. The ring of integers in the field Q[i] is Z[i], often called the

Gaussian Integers

2. The ring of integers of Q[
√
−5] is Z[

√
−5].

3. Let ζn be a primitive nth root of unity. The field Q[ζn] is called the nth cyclotomic

field [5, p. 12], and its ring of integers is Z[ζn]. For example, 1+
√
−3

2
is a primitive

cube root of unity, and since Q[
√
−3] = Q[1+

√
−3

2
] its ring of integers is Z[1+

√
−3

2
].

This shows that the ring of integers of Q[
√
n] need not be Z[

√
n].

Number fields and number rings are generalizations of the rationals and the in-

tegers. A good question one might ask is: how does the Unique Factorization of

Arithmetic generalize? That is, does every element of R factor as a product of primes

uniquely up to reordering and multiplication by units? It turns out that this does not

happen in general number rings. Before giving an example, we need a few definitions.

• An element u ∈ R is called a unit if it has a multiplicative inverse in R. Exam-

ples: The units of Z[i] are {±1,±i} and the units of Z[
√

2] are {±(1 +
√

2)n :

n ∈ Z}.

• An element r ∈ R is irreducible if whenever r = ab, either a or b is a unit.

• An element p ∈ R is prime if p | ab implies that either p | a or p | b. Here p | a

means that there is some x ∈ R such that a = px.

In Z and some other special number rings R, the notions of prime and irreducible

are equivalent. When this is the case, the elements of R factor uniquely as a product

of primes. Although in a general number ring, all primes are irreducible, the converse

is not necessarily true. This is where unique prime factorization can fail, as the

following example illustrates.
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Example 2.0.9. There are two distinct ways to factor 6 into irreducibles in Z[
√
−5]:

6 = 2 · 3 = (1 +
√
−5)(1−

√
−5).

We define the norm of a ∈ Z[
√
−5] to be N(a) = aa, where a is the complex con-

jugate of a. The norm is multiplicative (N(ab) = N(a)N(b)) because multiplication

is commutative, and an easy argument can be used to show that u ∈ Z[
√
−5] is a

unit if and only if N(u) = 1. Since we can always write a = x+ y
√
−5 with x, y ∈ Z,

and since neither x2 + 5y2 = 2 nor x2 + 5y2 = 3 have integer solutions, no element

of Z[
√
−5] can have norm 2 or 3. Also since the only solutions to x2 + 5y2 = 1 are

x = ±1 and y = 0, we can see that the only units are ±1, which makes it is clear

that the two given factorization of 6 are different. We claim that 2, 3, (1 +
√
−5), and

(1−
√
−5) are irreducible.

Suppose that 2 = ab, where a, b ∈ Z[
√
−5] are not units. Since 4 = N(2) =

N(ab) = N(a)N(b), and since neither a nor b has norm one, we must have N(a) =

N(b) = 2; but this is impossible, thus we can conclude that 2 is irreducible. We can

show 3, (1 +
√
−5), and (1−

√
−5) are irreducible using a similar method.

All is not lost; we will see shortly that we can recover some form of unique fac-

torization using ideals. Recall that an ideal I of R is a subgroup of (R,+) such that

xy ∈ I when x ∈ I and y ∈ R, and that (for commutative rings) an ideal P is called

prime if ab ∈ P implies that either a or b is in P . In general, an ideal is prime if

and only if the quotient of the ring by the ideal is an integral domain. In the case of

number rings, R/I is always finite, hence an ideal P is prime if and only if R/P is

a field. An important fact (for us) is that a number ring has countably many prime

ideals.

Example 2.0.10. • The ideals of Z are all of the form nZ, the prime ideals are
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those for which n is prime.

• In Z[
√
−5] the following ideals are prime

P1 = 2Z + (1 +
√
−5)Z

P2 = 3Z + (1 +
√
−5)Z

P3 = 3Z + (1−
√
−5)Z.

The easiest way to prove this would be to use the first isomorphism theorem for

rings to show that Z[
√
−5]/P1

∼= Z/2Z and Z[
√
−5]/P2

∼= Z[
√
−5]/P3

∼= Z/3Z.

An ideal is principal if it is of the form aR for some a ∈ R. If all the ideals in

R are principal, then we say that R is a principal ideal domain. Examples of PIDs

include Z and Z[i].

The product of two ideals I and J is defined to be the smallest ideal containing

all products of the form ab, where a ∈ I and b ∈ J . Explicitly,

IJ = {
n∑
i=1

aibi : ai ∈ I, bi ∈ J}.

Notice that unlike multiplication of integers, IJ (as a set) is smaller than both I and

J . Unsurprisingly, along with multiplication comes a notion of divisibility. We say

that I divides J , and write I | J if J ⊆ I. Notice that if J = aR, the divisibility

condition can be simplified to a ∈ I.

Example 2.0.11. We have seen that 6 ∈ R = Z[
√
−5] has two distinct factorizations

into irreducibles. Although we can write

6R = 2R · 3R = (1 +
√
−5)R · (1−

√
−5)R,
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none of those ideals are prime. Each of those ideals can be factored uniquely as a

product of the prime ideals given in Example 2.0.10:

P 2
1P2P3 = (P 2

1 )(P2P3) = (P1P2)(P1P3).

Theorem 2.0.12. Every ideal in a number ring R, other than {0} and R, factors

uniquely as a product of finitely many prime ideals. This factorization is unique up

to re-ordering. [5, p. 60]

We observe that this theorem together with the fact that there are countably

many prime ideals imply that a number ring has countably many ideals.

Concepts that play an important role in elementary number theory are the notions

of the greatest common divisor, least common multiple, and the notion of two numbers

being relatively prime. We will now see how these generalize to ideals.

We define two other binary operations on ideals:

I + J = {a+ b : a ∈ I, b ∈ J}, and

I ∩ J = {b : a ∈ I and b ∈ J}.

In words I + J is the smallest ideal containing both I and J . This operation plays

the role of the greatest common divisor. Just like the integers, if I = P e1
1 · · ·P en

n and

J = P f1
1 · · ·P fn

n , then I + J = P t1
1 · · ·P tn

n where ti = min{ei, fi}. If I + J = R then

we say that I and J are relatively prime.

The operation I ∩ J gives the largest ideal contained in both I and J , and the

resulting ideal is the least common multiple. Again, just like the integers, I ∩ J =

P
t′1
1 · · ·P

t′n
n where t′i = max{ei, fi}. Observe that when I and J are relatively prime

I ∩ J = IJ .

There are two more results that we will need. The first is the Chinese Remainder
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Theorem [5, p. 253] which tells us that for fixed ai ∈ R we can always solve the

congruence

a ≡ ai mod Ii, i = 1, 2, . . . , n

when I1, . . . , In are pairwise relatively prime ideals of R. The other is that every ideal

in R can be written in the form I = a
b
R ∩R.

Theorem 2.0.13 (Chinese Remainder Theorem). Let I1, . . . , In be pairwise relatively

prime ideals in R. Then

R/(I1 · · · In) ∼= R/I1 × · · · ×R/In.

Proposition 2.0.14. Every non-zero ideal in R can be written in the form I =

a
b
R ∩R, where a, b ∈ R×.

Proof. Suppose I is an ideal of R with prime decomposition P t1
1 · · ·P tn

n . Fix ai ∈

P ti
i \ P

ti+1
i and solve the congruence

a ≡ ai mod P ti+1
i , i = 1, 2, . . . , n.

Since the highest power of Pi that divides aR is ti, we can write aR = IJ with

I+J = R (J could be equal to R, in which case I would be principal). Let Qr1
1 · · ·Qrm

m

be the prime decomposition of J . Fix bi ∈ Qri
i \ Q

ri+1
i and ci 6∈ Pi, and solve the

congruence

b ≡ bi mod Qri+1
i , i = 1, . . . ,m,

b ≡ ci mod Pi, i = 1, . . . , n.

Then bR = JM where M is relatively prime to I and J . Thus we have
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bI = IJM = IJ ∩ JM = aR ∩ bR.
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Chapter 3

The Universal C∗-Algebra T[R]

In this chapter and the next, we will prove Theorem 1.2.5. In this chapter, we go as far

as we can without using a specific homomorphic image of T[R] (see Definition 1.2.3).

The relations defining T[R] tell us a lot about its multiplicative structure. Thus we

will begin by deriving some multiplicative identities. The highlights will be that the

projections exI := uxeIu
−x recover the multiplicative structure of the e(x,I) ∈ TRoR× ,

and that the linear span of the collection of elements of the form s∗ae
x
Iu

ysb is dense in

T[R]. Following this, we will prove a version of Theorem 1.2.5 which does not include

the injectivity condition.

Lemma 3.0.15. Let x ∈ R and let I and J be non-zero ideals in R. Then eIu
xeJ = 0

if x 6∈ I + J and eIu
xeJ = ux1eI∩Ju

x2 if x = x1 + x2 with x1 ∈ I and x2 ∈ J .

Proof. Since I = I∩(I+J) and J = J∩(I+J), we can write eIu
xeJ = eIeI+Ju

xeI+JeJ =

0 which by Td vanishes if x 6∈ I. On the other hand, if x is in I+J , then we can write

x = x1 +x2 with x1 ∈ I and x2 ∈ J . By Td, ux1 commutes with eI and ux2 commutes

with eJ , which together with Tb implies that eIu
xeJ = eIu

x1ux2eJ = ux1eIeJu
x2 =
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ux1eI∩Ju
x2 .

Let D be the ∗-subalgebra generated by the projections exI . Note that the pro-

jection exI is not uniquely determined by x, in fact by Td we see that exI equals ex
′
I if

x− x′ is in I. Next we see that as promised, the generators of D multiply according

to (1.2).

Proposition 3.0.16. For every x and y in R and non-zero ideals I and J of R,

exIe
y
J =


0 if (x+ I) ∩ (y + J) = ∅,

ezI∩J if (x+ I) ∩ (y + J) 6= ∅, for any z ∈ (x+ I) ∩ (y + J).

Remark 3.0.17. This formula is well-defined since if z, z′ ∈ (x + I) ∩ (y + J), then

z − z′ ∈ I ∩ J which by Td implies ezI∩J = ez
′
I∩J . (Reason: Since z, z′ ∈ (x + I),

z − z′ ∈ I. Similarly z − z′ ∈ J , whence z − z′ ∈ I ∩ J .)

Proof. Suppose (x+ I)∩ (y+J) = ∅. Then x− y 6∈ I+J . Since x− y ∈ I+J would

imply that the intersection was non-empty, we have by Lemma 3.0.15 eIu
−xuyeJ = 0.

On the other hand, if z ∈ (x+ I)∩ (y+J), then x− z ∈ I and y− z ∈ J , thus we can

write exI = ezI and eyJ = ezJ which gives us exIe
y
J = uzeI(u

−zuz)eJu
−z = uzeI∩Ju

−z =

ezI∩J .

Lemma 3.0.18. For any x ∈ R, a ∈ R×, and non-zero ideal I, we have

(a) sae
x
Is
∗
a = eaxaI , and

(b) s∗ae
x
Isa =


0 if aR ∩ (x+ I) = ∅,

ey1
a
(aR∩I) if aR ∩ (x+ I) 6= ∅, for y ∈ 1

a
(aR ∩ (x+ I)).

Proof. (a) This follows easily from Ta and Tc.
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(b) Observe that we can write

s∗ae
x
Isa = s∗asas

∗
ae
x
Isa = s∗aeaRe

x
Isa.

If aR ∩ (x + I) = ∅, then by Proposition 3.0.16 the product eaRe
x
I is zero and

we are done. On the other hand, if the intersection is non-empty, then the

proposition tells us that eaRe
x
I = eayaR∩I for any ay ∈ aR ∩ (x + I). Applying

part (a) we have

s∗ae
ay
aR∩Isa = s∗a(sae

y
1
a
(aR∩I)s

∗
a)sa = ey1

a
(aR∩I).

Lemma 3.0.19. The linear span of set of elements of the form s∗ae
x
Iu

ysb is dense in

T[R].

Proof. The set contains all the generators. All we need to show is that the collection

of elements of that form is closed under multiplication by the generators, and under

taking adjoints.

Multiplying s∗ae
x
Iu

ysb on the right by sc or on the left by s∗c is easy. The calculations

that deal with multiplying by sc on the right and s∗c on the left are more difficult but

quite similar. The former is as follows:

scs
∗
ae
x
Iu

ysb = (s∗asa)scs
∗
a(s
∗
csc)e

x
I (s
∗
csc)u

ysb

= s∗a(scsas
∗
as
∗
c)(sce

x
Is
∗
c)(scu

y)sb

= s∗a(eacRe
cx
cI )u

cyscb,

the other, s∗ae
x
Iu

ysbs
∗
c = s∗ac(e

cx
cIe

cy
bc)u

cysb, is left as an exercise.
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If we multiply by uz on the right, we can apply Ta directly. When multiplying on

the left by uz we get

uzs∗ae
x
Iu

ysb = (u−z)∗s∗ae
x
Iu

ysb

= (sau
−z)∗exIu

ysb

= (u−azsa)
∗exI (u

−azuaz)uysb

= s∗a(u
azexIu

−az)uy+azsb

= s∗ae
x+az
I uy+azsb.

Using the above identities, we can deduce the ones for multiplication by ezJ and taking

adjoints. For example:

s∗ae
x
Iu

y(sbeJ) = s∗ae
x
I (u

yebJsb)

= s∗ae
x
Ie
z
bJu

zsb.

We are interested in finding a necessary and sufficient condition for a homomor-

phism ϕ : T[R] → A to be injective. The theorem at the end of the chapter is the

first step. It will tell us that, with an additional assumption on A (later proved to be

unnecessary), ϕ is injective if its restriction to D is faithful. The critical component in

the proof of this theorem is the existence of a conditional expectation1 E : T[R]→ D

that is faithful (E(h∗h) = 0 implies that h = 0) and satisfies

E(sae
y
Ju

zsb) =


exI if s∗ae

y
Ju

zsb = exI for some exI ,

0 otherwise.

1See Definition A.2.1.
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Remark 3.0.20. In the first part of this chapter we saw that the relations defining

T[R] can be used to prove many identities involving multiplication. Since Ta-Td

are multiplicative in nature, useful statements about the additive structure of T[R]

are more difficult to find. Using E, we can give a necessary condition for a linear

combination of the generating set in Lemma 3.0.19 to be zero:

N∑
i=1

λie
xi
Ii

+
M∑
i=1

λ′is
∗
ai
eyiJiu

zisbi = 0,

where ai 6= bi or zi 6= 0, only if
∑N

i=1 λie
xi
Ii

= 0. This will follow from the fact, stated

in Lemma 3.0.23, that E(s∗ae
y
Ju

zsb) 6= 0 if and only if a = b and z = 0.

The typical faithful conditional expectation arises by averaging over the orbits of a

compact group action (see Proposition A.2.2). Unfortunately E cannot be produced

in this way. Instead E will be the composition of two faithful conditional expectations,

the first will be obtained from an action of the dual K̂× of the multiplicative group of

the number field K associated with R, and the second from an action of the dual R̂

of the additive group of R̂ on the fixed point algebra of the K̂× action. (see Appendix

A.1).

Lemma 3.0.21. Let B = span{exIuy}. There exists a faithful conditional expectation

θα : T[R]→ B that satisfies

θα(s∗ae
x
Iu

ysb) =


s∗ae

x
Iu

ysa if a = b,

0 otherwise.

Moreover, when s∗ae
x
Iu

ysa is not zero it can be written in the from ez1
a
(aR∩I)u

y/a.

Proof. Suppose R is the ring of integers of the number field K. The multiplicative

group of K is a discrete abelian group (K× := K \ {0}, · ) therefore, by Appendix
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A.1, its dual K̂× is a compact group which we can assume to have total Haar measure

one.

In order to apply Proposition A.2.2, we will need show that K̂× acts continuously

on T[R] by automorphisms. That is: (i) if χ ∈ K̂×, the map

ux 7→ ux, sa 7→ χ(a)sa, eI 7→ eI

extends by linearity and continuity to an automorphism αχ : T[R] → T[R], and (ii)

the function χ 7→ αχ is continuous.

(i) The elements ux, χ(a)sa, and eI clearly satisfy Ta-Td, hence the universal prop-

erty gives a homomorphism αχ. It is an automorphism because α−1χ = αχ.

(ii) Suppose that the sequence χn ∈ K̂× converges to χ ∈ K̂×. That is, given ε > 0

and a1, . . . , ak ∈ K×, there exists an N such that |χn(ai) − χ(a)| < ε for all

n > N and i = 1, . . . , k.

We need to show that αχn converges point-wise to αχ. Given h ∈ T[R] and ε > 0

we can find by Lemma 3.0.19 z =
∑k

i=1 λis
∗
ai
exiIi u

yisbi such that ‖h− z‖ < ε/3.

Observe that since αχ(s∗a) = (χ(a)sa)
∗ = χ(a)s∗a = χ−1(a)sa = χ(a−1)s∗a, we

have that

αχ(z) =
k∑
i=1

αχ(λis
∗
ai
exiIi u

yisbi) =
k∑
i=1

λiχ(bi/ai)s
∗
ai
exiIi u

yisbi .

By assumption there is an N such that for all n > N and i = 1, . . . , k,
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|χn(bi/ai)− χ(bi/ai)| < ε/(3k‖z‖), so

‖αχn(z)− αχ(z)‖ =
∥∥∥( k∑

i=1

χn(bi/ai)− χ(bi/ai)
)
z
∥∥∥

=
∣∣∣ k∑
i=1

χn(bi/ai)− χ(bi/ai)
∣∣∣‖z‖

≤
( k∑
i=1

|χn(bi/ai)− χ(bi/ai)|
)
‖z‖

< k
( ε

3k‖z‖

)
‖z‖ = ε/3,

and we have

‖αχn(h)− αχ(h)‖ = ‖αχn(h− z + z)− αχ(h− z + z)‖

≤ ‖αχn(h− z)‖+ ‖αχ(h− z)‖+ ‖αχn(z)− αχ(z)‖

< ε/3 + ε/3 + ε/3 = ε.

Thus αχn converges point-wise to αχ, and the map χ 7→ αχ is continuous.

We can now conclude, by Proposition A.2.2, that the formula

θα(h) =

∫
K̂×

αχ(h)dχ

defines a faithful conditional expectation on T[R].

Next, by (A.1) we know that for c ∈ K×

∫
K̂×

χ(c)dχ =


1 if c = 1,

0 otherwise,
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thus we can conclude that

θα(s∗ae
x
Iu

ysb) =

∫
K̂×

αχ(s∗ae
x
Iu

ysb)dχ

=

∫
K̂×

χ(b/a)s∗ae
x
Iu

ysbdχ

=
(∫

K̂×
χ(b/a)dχ

)
s∗ae

x
Iu

ysb

=


s∗ae

x
Iu

ysa if a = b,

0 otherwise.

Finally, in order to prove that the range of θα is contained in B, we will show that

s∗ae
x
Iu

ysa =


ez1

a
(aR∩I)u

y/a if y ∈ aR and aR ∩ (x+ I) 6= ∅, for any az ∈ aR ∩ (x+ I),

0 otherwise.

Assume that s∗ae
x
Iu

ysa is not zero. Then

s∗ae
x
Iu

ysa = s∗asas
∗
ae
x
Iu

ysas
∗
asa = s∗ae

x
I (eaRu

yeaR)sa,

and we can conclude from Td that y ∈ aR, hence y/a ∈ R, and that uysa = sau
y/a

by Ta. Now apply Lemma 3.0.18(b) to get s∗ae
x
Iu

ysa = ez1
a
(aR∩I)u

y/a. It is clear from

the above argument that s∗ae
x
Iu

ysa = 0 unless y ∈ aR and aR ∩ (x + I) 6= ∅. This

proves the claim.

Lemma 3.0.22. There is a faithful conditional expectation θβ : B → D that satisfies

θβ(exIu
y) =


exI if y = 0,

0 otherwise.
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Proof. The proof is nearly identical to that of Lemma 3.0.21. This time the dual

R̂ of the additive group of R acts continuously on B by automorphism βχ, χ ∈ R̂

defined by βχu
x = χ(x)ux and βχ(eI) = eI . The proof that βχ is an automorphism

of B follows the same line of reasoning as the proof of (i) in Lemma 3.0.21, and uses

the fact that B is the universal C∗-algebra generated by elements ux, x ∈ R, and

eI , I a non-zero ideal of R, satisfying the relevant relation of T[R] (the first part of

Ta, Tb, and Td); this can be proved by a method similar to the one used in the

proof of Proposition 4.1.1. One can show that χ 7→ βχ is continuous using a similar

argument as the one in (ii) of the proof of Lemma 3.0.21. Thus by Proposition A.2.2,

the formula

θβ(h) =

∫
R̂

βχ(h)dχ

defines a faithful conditional expectation on B. Since, by (A.1),

∫
R̂

χ(y)dχ =


1 if y = 0,

0 otherwise,

we have that

θβ(exIu
y) =

∫
R̂

βχ(exIu
y)dχ

=

∫
R̂

χ(y)exIu
ydχ

=
(∫

R̂

χ(y)dχ
)
exIu

y

=


exIu

y if y = 0,

0 otherwise.

It follows that the range of θβ is D.
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Lemma 3.0.23. The composition θβ ◦ θα : T[R]→ D is a faithful conditional expec-

tation E that satisfies

E(s∗ae
x
Iu

ysb) =


s∗ae

x
Isa if a = b and y = 0,

0 otherwise.

Moreover s∗ae
x
Isa ∈ D.

Proof. It is not hard to see that composition θβ ◦ θα is a conditional expectation that

satisfies the formula. By Lemma 3.0.18(b), s∗ae
x
Isa ∈ D.

Theorem 3.0.24. Let A be a C∗-algebra that contains elements Ux, x ∈ R, Sa, a ∈

R×, and EI , I a non-zero ideal of R, that satisfy Ta-Td, and define Ex
I = UxEIU

−x.

Then the homomorphism ϕ : T[R]→ A that extends the map

ux 7→ Ux, sa 7→ Sa, eI 7→ EI ,

is injective if

(i) ϕ is injective on D, and

(ii) ‖
∑N

i=1 λiE
xi
Ii
‖ ≤ ‖

∑N
i=1 λiE

xi
Ii

+
∑M

i=1 λ
′
iS
∗
ai
Eyi
Ji
U ziSbi‖

where ai 6= bi or zi 6= 0.

Remark 3.0.25. This is our first major step toward proving Theorem 1.2.5. In the next

chapter we will see that (i) is true if and only if A satisfies the injectivity condition

of Theorem 1.2.5 (see Proposition 4.1.7), and that (ii) is always true (see Proposition

4.2.4). Together, these three result will prove Theorem 1.2.5.

Proof. Let h in T[R] be positive such that ϕ(h) = 0, and let ε > 0. Since the span

of elements of the form s∗ae
x
Iu

ysb is dense in T[R], we may find z =
∑N

i=1 λie
xi
Ii

+
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∑M
i=1 λ

′
is
∗
ai
eyiJiu

zisbi with ai 6= bi or yi 6= 0 such that ‖h− z‖ < ε. Then

‖E(z)‖ =
∥∥∥ N∑
i=1

λie
xi
Ii

∥∥∥ by Lemma 3.0.23

=
∥∥∥ϕ( N∑

i=1

λie
xi
Ii

)∥∥∥ since ϕ is injective on D

≤ ‖ϕ(z)‖ by (ii)

≤ ‖ϕ(z − h)‖+ ‖ϕ(h)‖

≤ ‖z − h‖+ 0 < ε,

and

‖E(h)‖ = ‖E(h− z) + E(z)‖ ≤ ‖E(h− z)‖+ ‖E(z)‖ < 2ε.

We can conclude that E(h) = 0, and because E is faithful on positive elements, h

must also be zero.
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Chapter 4

The ∗-Subalgebra D

4.1 The Condition of Being Proper

In this chapter we will prove our main theorem, which we will now restate:

Theorem 1.2.5. Let A be a C∗-algebra that contains elements Ux, x ∈ R, Sa,

a ∈ R×, and EI , I a non-zero ideal of R, that satisfy Ta-Td. Then the map

ux 7→ Ux, sa 7→ Sa, eI 7→ EI ,

extends to a homomorphism ϕ : T[R] → A. For each prime ideal P in R and non-

negative integer t, we define the projection δ(t,P ) = (1−
∑

x∈R/P t+1 UxEP t+1U−x)EP t.

Then the homomorphism ϕ is injective if and only if all projections of the form

δ(t1,P1)δ(t2,P2) · · · δ(tn,Pn), with P1, P2 . . . , Pn distinct, are non-zero.

In the last chapter we saw in Theorem 3.0.24 that a homomorphism ϕ : T[R]→ A

is injective if

(i) ϕ is injective on D, and

(ii) ‖
∑N

i=1 λiE
xi
Ii
‖ ≤ ‖

∑N
i=1 λiE

xi
Ii

+
∑M

i=1 λ
′
iS
∗
ai
Eyi
Ji
U ziSbi‖
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where ai 6= bi or zi 6= 0. To prove Theorem 1.2.5 we must show that the injectivity

condition implies (i) and (ii). The first implication will be the focus of this section,

while the second will be proved in the next section.

To simplify matters, we will study homomorphisms of D rather than restrictions

of homomorphisms of T[R]. Our strategy is the same as our strategy for studying

homomorphisms of TRoR× ; we will find a universal C∗-algebra that is isomorphic to

D. The difference will be that rather than defining the universal C∗-algebra using

relations on generators, we will prove that the concrete C∗-algebra generated by the

projections e(x,I) on `2(RoR×) defined on the basis as

e(x,I)(ξ(y,b)) =


ξ(y,b) if y + bR ⊆ x+ I,

0 otherwise.

satisfies the universal property in Proposition 4.1.1. This has two benefits. The first

is that some calculations will be simplified when we have a Hilbert space to act on.

The second is that once we show e(x,I) ∈ TRoR× , and that TRoR× is a realization of

the relations Ta-Td, we will get an isomorphism from D to C∗{e(x,I)} for free.

Proposition 4.1.1. Suppose B is a C∗-algebra that contains projections Ex
I with

x ∈ R and I a non-zero ideal of R, satisfying the following two relations

(Pa) E0
R = 1, and

(Pb) the projections multiply according to the rule

Ex
IE

y
J =


0 if (x+ I) ∩ (y + J) = ∅,

Ez
I∩J if (x+ I) ∩ (y + J) 6= ∅, for any z ∈ (x+ I) ∩ (y + J).

(4.1)

Then the map e(x,I) 7→ Ex
I extends to a homomorphism ψ : C∗{e(x,I)} → B. For
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each prime ideal P of R, y ∈ R, and non-negative integer t, we define the projection

δy(t,P ) = (1−
∑

z∈R/P t+1 Ez
P t)E

y
P t. Then the homomorphism ψ is injective if and only

if

δy(t1,P1)
δy(t2,P2)

· · · δy(tn,Pn)
6= 0 (4.2)

whenever with P1, . . . , Pn are distinct prime ideals of R, y ∈ R, and t1, . . . , tn are

non-negative integers.

Definition 4.1.2. Any collection {Ex
I } of projections in a C∗-algebra that satisfies the

two relations in the proposition will be called proper if it also satisfies the injectivity

condition (4.2). We will use the notation FI =
∑

x∈R/I E
x
I .

The first step toward proving Proposition 4.1.1 is to show that the collection

{e(x,I)} satisfies (Pb) (it is clear that it satisfies relation (Pa)) and that it is proper.

Lemma 4.1.3. (a) Let x, y ∈ R and let I and J be non-zero ideals in R. Then

e(x,I)e(y,J) =


0 if (x+ I) ∩ (y + J) = ∅,

e(z,I∩J) if (x+ I) ∩ (y + J) 6= ∅, for any z ∈ (x+ I) ∩ (y + J).

(b) The condition y + bR ⊆ x+ I is equivalent to (y − x), b ∈ I.

(c) Let P1, . . . , Pn be distinct prime ideals in R, x ∈ R, and t1, . . . , tn be non-

negative integers. Then

δx(t1,P1)
· · · δx(tn,Pn)(ξ(y,b)) =


ξ(y,b) if y − x ∈ P ti

i and b ∈ P ti
i \ P

ti+1
i for all i,

0 otherwise.

(d) The collection {e(x,I)} is proper.
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Proof. (a) It is clear that if ξ(w,d) is an element of the standard orthonormal basis

of `2(RoR×), then

e(x,I)e(y,J)(ξ(w,d)) =


ξ(w,d) if w + dR ⊆ (x+ I) ∩ (y + J),

0 otherwise.

Assume that (x+ I) ∩ (y + J) 6= ∅ and let z ∈ (x+ I) ∩ (y + J). To prove the

multiplication relation 2. we simply need to show that z + (I ∩ J) = (x + I) ∩

(y + J).

We can easily see that z+(I∩J) ⊆ (x+I)∩(y+J) by observing that z ∈ (x+I)

and I ∩ J ⊆ I implies that z + (I ∩ J) ⊆ (x+ I), and that z ∈ (y+ J) together

with I ∩ J ⊆ J implies that z + (I ∩ J) ⊆ (y + J).

To prove the reverse inclusion let z, z′ ∈ (x+ I) ∩ (y + J). Since z, z′ ∈ (x+ I)

implies that z − z′ ∈ I, and since z, z′ ∈ (y + J) is implies that z − z′ ∈ J , we

have z − z′ ∈ I ∩ J which is equivalent to z′ ∈ z + (I ∩ J).

(b) Assume y + bR ⊆ (x + I). Clearly y ∈ (x + I), and hence (y − x) ∈ I. Using

the fact that y + bR ⊆ (x+ I) = (y + I), it is easy to see that b ∈ I.

Conversely, if (y − x), b ∈ I, then y + bR ⊆ (y + I) = (x+ I).

(c) Let P1, . . . , Pn be distinct prime ideals in R, x ∈ R, and t1, . . . , tn be non-

negative integers, and fix i. Assume that y − x ∈ P ti
i and b ∈ P ti

i \ P
ti+1
i .

Then by part (b), e
(x,P

ti
i )

(ξ(y,b)) = ξ(y,b) and e
(z,P

ti+1
i )

(ξ(y,b)) = 0 for all z ∈ R.

It follows that δx(ti,Pi)
(ξ(y,b)) = ξ(y,b). On the other hand suppose that we do not

have y − x ∈ P ti
i and b ∈ P ti

i \ P
ti+1
i . There are two cases:

Case 1: If y − x or b is not in P ti
i , then by part (b) we have e

(x,P
ti
i )

(ξ(y,b)) = 0.
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Case 2: If b is in P ti+1
i , then by part (b) there is exactly one z ∈ R/P ti+1

i for

which e
(z,P

ti+1
i )

(ξ(y,b)) = ξ(y,b), and it follows that

(
1−

∑
z∈R/P ti+1

i

e
(z,P

ti+1
i )

)
(ξ(y,b)) = 0.

Since both cases imply that δx(ti,Pi)
(ξ(y,b)) = 0, we have shown that

δx(ti,Pi)
(ξ(y,b)) =


ξ(y,b) if y − x ∈ P ti

i and b ∈ P ti
i \ P

ti+1
i ,

0 otherwise,

from which the result follows.

(d) Using the notation of (c), fix bi ∈ P ti
i \P

ti+1
i . The Chinese Remainder Theorem

tells us we can solve the congruence

b ≡ bi mod P ti+1
i , i = 1, 2, . . . , n

which yields a non-zero vector ξ(x,b) that satisfies δx(t1,P1)
· · · δx(tn,Pn)

(ξ(x,b)) = ξ(x,b).

Thus the collection {e(x,I)} is proper.

We now turn our attention to linear combinations of the projections Ex
I . Given a

finite subset {Exi
Ii
}i∈X of {Ex

I } we can write

1 =
∏
i∈X

(Exi
Ii

⊥ + Exi
Ii

) =
∑
Y⊆X

( ∏
i∈Y c

Exi
Ii

⊥
∏
i∈Y

Exi
Ii

)
.



38

Because the Exi
Ii

’s commute, the product

QY :=
∏
i∈Y c

Exi
Ii

⊥
∏
i∈Y

Exi
Ii

is a projection. Observe that Exi
Ii
QY equals QY if i is in Y and zero otherwise, some

of the QY ’s may be zero, and the QY ’s are mutually orthogonal.

Any linear combination of the Exi
Ii

’s can be written as a linear combination of the

QY ’s in the following way

∑
i∈X

λiE
xi
Ii

=
(∑
i∈X

λiE
xi
Ii

)( ∑
Y⊆X:QY 6=0

QY

)
=

∑
Y⊆X:QY 6=0

(∑
i∈Y

λi

)
QY .

Since the QY are mutually orthogonal,

(µY )Y⊆X:QY 6=0 7→
∑

Y⊆X:QY 6=0

µYQY

is an injective ∗-homomorphism CN → B (possibly non-unital) where N = |{Y ⊆

X : QY 6= 0}|. Since the spectrum of (
∑

i∈Y λi)Y⊆X:QY 6=0 is {
∑

i∈Y λi : Y ⊆ X :

QY 6= 0} we can conclude that the the spectrum of
∑

Y⊆X:QY 6=0(
∑

i∈Y λi)QY is also

{
∑

i∈Y⊆X λi : QY 6= 0} (and possibly 0). We can then use the C∗-identity together

with the fact that for self-adjoint elements the spectral radius equals the norm to get

∥∥∥∑
i∈X

λiE
xi
Ii

∥∥∥2 =
∥∥∥ ∑
Y⊆X:QY 6=0

(∑
i∈Y

λi

)
QY

∥∥∥2 = max
Y⊆X:QY 6=0

∣∣∣∑
i∈Y

λi

∣∣∣2. (4.3)

Using only the multiplication condition (4.1) we can identify two sufficient condi-

tions on Y ⊆ X for QY to be zero. First, if
⋂
i∈Y (xi + Ii) = ∅, then

∏
i∈Y E

xi
Ii

= 0,

and second, if
⋂
i∈Y (xi + Ii) ⊆ (xj + Ij) for some j ∈ Y c, then E

xj
Ij

⊥∏
i∈Y E

xi
Ii

= 0.

This motivates the following definition.
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Definition 4.1.4. Using the above notation, we call Y ⊆ X good if the following two

conditions are true:

⋂
i∈Y

(xi + Ii) 6= ∅ and (i)

⋂
i∈Y

(xi + Ii) * (xj + Ij), ∀j ∈ Y c. (ii)

We have nearly proved the following lemma.

Lemma 4.1.5. Let {Ex
I } be a collection of projections in a C∗-algebra that satisfy

the two relations in Proposition 4.1.1. If X is a finite index set, then

∥∥∥∑
i∈X

λiE
xi
Ii

∥∥∥ ≤ max
Y⊆X good

∣∣∣∑
i∈Y

λi

∣∣∣. (4.4)

Moreover we have equality if {Ex
I } is proper.

Proof. The first part summarizes the discussion preceding the lemma. By (4.3), to

prove equality in (4.4), it is enough to show that for a proper family {Ex
I }, QY 6= 0

when Y ⊆ X is good.

Let P1, . . . , Pn be a list of distinct prime ideals that includes the prime divisors of

each Ii, and suppose that Y ⊆ X is good. Part (i) of the goodness condition guar-

antees that
⋂
i∈Y (xi + Ii) = x + P t1

1 · · ·P tn
n for some non-negative integers t1, . . . , tn.

Let I = P t1
1 · · ·P tn

n . We claim that

QY =
( ∏
j∈Y c

E
xj
Ij

⊥
)
Ex

P
t1
1 ···P

tn
n
≥
( n∏
i=1

F⊥
P

ti+1
i

)
Ex

P
t1
1 ···P

tn
n

= δx(t1,P1)
· · · δx(tn,Pn). (4.5)

The projections on the right hand side are equal because the collection {Ex
I } com-

mutes and Ex

P
t1
1 ···P

tn
n

= Ex

P
t1
1 ∩···∩P

tn
n

= Ex

P
t1
1

· · ·Ex
P tn
n

. To prove the inequality it is
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enough to show that

E
xj
Ij

⊥ ≥
( n∏
i=1

F⊥
P

ti+1
i

)
Ex

P
t1
1 ···P

tn
n

for each j ∈ Y c.

The second half of being good means that for each j ∈ Y c either (x+I)∩(xj+Ij) =

∅ or I∩Ij 6= I. In the first case E
xj
Ij

⊥ ≥ Ex
I and we are done. The second case implies

that there is some i for which P ti+1
i divides Ij. Then since there can be only one

y ∈ R/P ti+1
i for which (xj + Ij)∩ (y+P ti

i ) 6= ∅, we can conclude that E
xj
Ij

⊥ ≥ F⊥
P

ti+1
i

,

which proves the result.

We are now ready to prove Proposition 4.1.1.

Proof. Observe that for all finite linear combinations

∥∥∥∑
i∈X

λiE
xi
Ii

∥∥∥ ≤ max
Y⊆X good

∣∣∣∑
i∈Y

λi

∣∣∣ =
∥∥∥∑
i∈X

λie(xi,Ii)

∥∥∥
where the inequality follows from Lemma 4.1.5 and the equality from combining

Lemmas 4.1.3(d) and 4.1.5. Notice also that the inequality becomes equality if {Ex
I }

is proper. It follows that

ψ
(∑
i∈X

λie(xi,Ii)

)
=
∑
i∈X

λiE
xi
Ii

gives a well-defined contractive linear map on span{e(x,I)}, that ψ extends to C∗{e(x,I)},

and that ψ is isometric if {Ex
I } is proper. If {Ex

I } is not proper then ψ is obvi-

ously not injective because the kernel contains a non-zero projection of the from

δy(t1,P1)
· · · δy(tn,Pn)

.

Recall that the Toeplitz algebra TRoR× of RoR× (defined at the beginning of

Section 1.2) is the C∗-algebra generated by the isometries T(x,a) : `2(RoR×) →
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`2(RoR×) defined to be the continuous linear extensions of the maps ξ(y,b) 7→

ξ(x,a)(y,b) = ξ(x+ay,ab). In Example 1.2.2 we showed that e(x,aZ) = T(x,a)T
∗
(x,a) ∈ TZoZ× .

The argument can easily be generalized to show that e(x,aR) = T(x,a)T
∗
(x,a) ∈ TRoR× ,

where R is an arbitrary number ring. However if I is a non-zero ideal of R which is

not principal, in order to show that e(x,I) ∈ TRoR× , we have to be more subtle.

Proposition 4.1.6. (a) Let x ∈ R and let I be a non-zero ideal of R. Then there

exists a, b ∈ R× such that

e(x,I) = T(x,1)T
∗
(0,b)T(0,a)T

∗
(0,a)T(0,b)T(−x,1).

(b) The elements Ux = T(x,1), Sa = T(0,a), and e(0,I) in TRoR×, where x ∈ R,

a ∈ R×, and I is a non-zero ideal of R, satisfy Ta-Td.

Proof. (a) Let x ∈ R and I be a non-zero ideal in R. By Proposition 2.0.14 I can

be written as a
b
R∩R with a, b ∈ R×. Lemma 4.1.3(b) tells us that e(x,I)(ξ(y,c)) =

ξ(y,c) if and only if y − x, c ∈ I, equivalently if there exists z ∈ R and d ∈ R×

such that

y − x =
a

b
z and c =

a

b
d ⇐⇒ by − bx = az and bc = ad.

Using the same argument as the one in Example 1.2.2, we can show that

T ∗(0,a)T(0,b)T(−x,1)(ξ(y,c)) = T ∗(0,a)(ξ(by−bx,bc)) 6= 0 if and only if there exists (z, d) ∈

RoR× such that (by − bx, bc) = (0, a)(z, d). Since the same argument shows

that T ∗(0,b)(ξ(by−bx,bc)) = ξ(y−x,c), we can conclude that

T(x,1)T
∗
(0,b)T(0,a)T

∗
(0,a)T(0,b)T(−x,1)(ξ(y,c)) = ξ(y,c)

if and only if there exists (z, d) ∈ RoR× such that (by − bx, bc) = (0, a)(z, d).
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This shows that

e(x,I) = T(x,1)T
∗
(0,b)T(0,a)T

∗
(0,a)T(0,b)T(−x,1).

(b) Ta: These follow easily from the definitions of the left-regular representation.

Tb: This just Lemma 4.1.3(a).

Tc: Because y, b ∈ I if and only if ay, ab ∈ aI, we can use Lemma 4.1.3(b) to

conclude that Sae(0,I) = e(0,aI)Sa. Since aI ∩ aR = aI,

Sae(0,I)S
∗
a = e(0,aI)SaS

∗
a = e(0,aI)e(0,aR) = e(0,aI),

which shows that Tc holds.

Td: The first part of Td requires that for x ∈ I we have Uxe(0,I) = e(0,I)U
x.

This follows from the fact that if x ∈ I, then y ∈ I if and only if y+x ∈ I.

The second part demands that for x 6∈ I we have e(0,I)U
xe(0,I) = 0. This

follows from the fact that e(0,I)e(x,I) = 0 (i.e. I ∩ (x+ I) = ∅) when x 6∈ I.

Proposition 4.1.7. Let A be a C∗-algebra that contains elements Ux, x ∈ R, Sa,

a ∈ R×, and EI , I a non-zero ideal of R, that satisfy Ta-Td. Let Ex
I = UxEIU

−x,

and for each prime ideal P in R and non-negative integer t define the projection

δ(t,P ) = (1 −
∑

x∈R/P t+1 Ex
P t+1)EP t. Then the homomorphism ϕ : T[R] → A that

extends the map

ux 7→ Ux, sa 7→ Sa, eI 7→ EI ,

is injective on D if and only if all projections of the form δ(t1,P1)δ(t2,P2) · · · δ(tn,Pn), with

P1, P2 . . . , Pn distinct, are non-zero.
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Proof. Proposition 4.1.6 gives us a homomorphism from D ⊂ T[R] onto C∗{e(x,I)}

which extends the map exI 7→ e(x,I). This shows that the homomorphism in Proposition

4.1.1 from C∗{e(x,I)} onto D which extends the map e(x,I) 7→ exI has an inverse,

from which we can conclude D is isomorphic to C∗{e(x,I)}, and that D satisfies the

universal property of Proposition 4.1.1. If we show that δ(t1,P1) · · · δ(tn,Pn) 6= 0 implies

that δy(t1,P1)
· · · δy(tn,Pn)

6= 0 for all y in R, we can apply Proposition 4.1.1 to prove the

result.

If I is a non-zero ideal ofR, then for all y inR the sets {Ex
I }x∈R/I and {UyEx

IU
−y}x∈R/I

are equal, thus FI = UyFIU
−y, and we have

Uyδ(ti,Pi)U
−y = Uy(1− F

P
ti+1
i

)E
P

ti
i
U−y

= (1− UyF
P

ti+1
i

U−y)UyE
P

ti
i
U−y

= (1− F
P

ti+1
i

)Ey

P
ti
i

= δy(ti,Pi)
.

Then

Uyδ(t1,P1) · · · δ(tn,Pn)U
−y = (Uyδ(t1,P1)U

−y)Uy · · ·U−y(Uyδ(tn,Pn)U
−y)

= δy(t1,P1)
· · · δy(tn,Pn)

,

which proves the result.

4.2 The Second Assumption

Our final task in proving Theorem 1.2.5 is to show that if A is a C∗-algebra that

contains elements Ux, Sa, and EI , with x ∈ R, a ∈ R×, and I is a non-zero ideal of
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R, that satisfy Ta-Td, then the inequality

∥∥∥ N∑
i=1

λiE
xi
Ii

∥∥∥ ≤ ∥∥∥ N∑
i=1

λiE
xi
Ii

+
M∑
i=1

λ′iS
∗
ai
Eyi
Ji
U ziSbi

∥∥∥
where ai 6= bi or yi 6= 0 and λi, λ

′
i ∈ C, holds when {Ex

I } is proper. Given such a linear

combination, our strategy is to find a projection δ = δx(t1,P1)
· · · δx(tn,Pn)

that satisfies

∥∥∥δ( N∑
i=1

λiE
xi
Ii

+
M∑
i=1

λ′iS
∗
ai
Eyi
Ji
U ziSbi

)
δ
∥∥∥ =

∥∥∥ N∑
i=1

λiE
xi
Ii

∥∥∥.
Lemma 4.2.1. Let A be a C∗-algebra that contains elements Ux, x ∈ R, Sa, a ∈ R×,

and EI , I a non-zero ideal of R, that satisfy Ta-Td, and define Ex
I = UxEIU

−x. Let

z ∈ R and suppose a, b ∈ R× satisfy aR 6= bR. Let P be a prime ideal in R whose

exponent in the prime power decomposition of aR differs from its exponent in the

prime power decomposition of bR. Then for any non-negative integer t and x ∈ R

δx(t,P )S
∗
aU

zSbδ
x
(t,P ) = 0.

Proof. By Lemma 3.0.18(a), Ex
P tS∗a = S∗aE

ax
aP t and SbE

x
P t = Ebx

bP tSb, thus we can write

Ex
P tS∗aU

zSbE
x
P t = S∗aE

ax
aP tU zEbx

bP tSb

= S∗aU
axEaP tU z−ax+bxEbP tU−bxSb.

If EaP tU z−ax+bxEbP t 6= 0, then by Lemma 3.0.15 we can find ax1 ∈ aP t and bx2 ∈ bP t

such that z − ax+ bx = ax1 − bx2 and

S∗aU
axEaP tU z−ax+bxEbP tU−bxSb = S∗aU

axUax1EaP t∩bP tU−bx2U−bxSb

= S∗aU
a(x+x1)EaP t∩bP tU−b(x2+x)Sb.
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Write aR = PmI and bR = P nJ where I and J are relatively prime to P , and

assume without loss of generality that m > n. Then aP t ∩ bP t = IP t+m ∩ JP t+n =

IP t+m ∩ JP t+m and

S∗aU
a(x+x1)EaP t∩bP tU−b(x2+x)Sb = S∗aU

a(x+x1)EIP t+mEJP t+mU−b(x2+x)Sb

= S∗aU
a(x+x1)EIP t+mU−b(x+x2)U b(x+x2)EJP t+mU−b(x2+x)Sb

= S∗aU
a(x+x1)EIP t+mU−b(x+x2)E

b(x2+x)

JP t+m Sb.

Since t+m− n ≥ t+ 1, we can write JP t+m = bP t+m−n and apply Lemma 3.0.18(a)

to get

S∗aU
a(x+x1)EIP t+mU−b(x+x2)E

b(x2+x)

JP t+m Sb = S∗aU
a(x+x1)EIP t+mU−b(x+x2)SbE

x2+x
P t+m−n .

We have shown

δx(t,P )S
∗
aU

zSbδ
x
(t,P ) =

(
1−

∑
y∈R/P t+1

Ey
P t+1

)
Ex
P tS∗aU

zSbE
x
P t

(
1−

∑
y∈R/P t+1

Ey
P t+1

)

=
(

1−
∑

y∈R/P t+1

Ey
P t+1

)
S∗aU

a(x+x1)EIP t+mU−b(x+x2)Sb

(
Ex2+x
P t+m−n

(
1−

∑
y∈R/P t+1

Ey
P t+1

))
.

But t+m− n ≥ t+ 1, so

Ex2+x
P t+m−n

(
1−

∑
y∈R/P t+1

Ey
P t+1

)
= 0

and it follows that δx(t,P )S
∗
aU

zSbδ
x
(t,P ) = 0.

Lemma 4.2.2. Let A be a C∗-algebra that contains elements Ux, x ∈ R, Sa, a ∈ R×,

and EI , I a non-zero ideal of R, that satisfy Ta-Td, and define Ex
I = UxEIU

−x. Let

x, z ∈ R, a, b ∈ R×, and P be a prime ideal of R. Suppose that aR = bR, P is
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relatively prime to aR, and z + x(b− a) 6∈ P . Then for all t ≥ 1

δx(t,P )S
∗
aU

zSbδ
x
(t,P ) = 0.

Proof. It is enough to show that Ex
P tS∗aU

zSbE
x
P t = 0. By Lemma 3.0.18(a) and

the fact that aR = bR is relatively prime to P we have Ex
P tS∗a = S∗aE

ax
aRE

ax
P t and

SbE
x
P t = Ebx

P tEbx
bRSb, thus we can write

Ex
P tS∗aU

zSbE
x
P t = S∗aE

ax
aRE

ax
P tU zEbx

P tEbx
bRSb

= S∗aE
ax
aRU

axEP tU−axU zU bxEP tU−bxEbx
bRSb

= S∗aE
ax
aRU

ax
(
EP tU z+x(b−a)EP t

)
U−bxEbx

bRSb.

Since, by assumption, z−x(b−a) 6∈ P t ⊆ P , Lemma 3.0.15 tells us that EP tU z+x(b−a)EP t ,

and hence δx(t,P )S
∗
aU

zSbδ
x
(t,P ) equals zero.

Lemma 4.2.3. Let A be a C∗-algebra that contains elements Ux, x ∈ R, Sa, a ∈ R×,

and EI , I a non-zero ideal of R, that satisfy Ta-Td, and define Ex
I = UxEIU

−x.

Given a linear combination of the form

N∑
i=1

λiE
xi
Ii

+
M∑
i=1

λ′iS
∗
ai
Eyi
Ji
U ziSbi

with ai 6= bi or zi 6= 0, we can find δ = δx(t1,P1)
· · · δx(tn,Pn)

such that

(i) ‖δ(
∑N

i=1 λiE
xi
Ii

)δ‖ = ‖
∑N

i=1 λiE
xi
Ii
‖, and

(ii) δ(S∗aiE
yi
Ji
U ziSbi)δ = 0, for i = 1, 2, . . .M .

Proof. Since {Ex
I } is proper, we know from Lemma 4.1.5 that

∥∥∥∑
i∈X

λiE
xi
Ii

∥∥∥ = max
Y⊆X good

∣∣∣∑
j∈Y

λj

∣∣∣,
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Let Y0 be a good subset of X that maximizes |
∑

j∈Y0 λj|, and recall that QY0 =∏
j∈Y c

0
E
xj
Ij

⊥∏
j∈Yo E

xj
Ij

satisfies

( N∑
i=1

λiE
xi
Ii

)
QY0 =

( N∑
i=1

λi

)
QY0 .

In order to meet the first requirement, δ will be a non-zero projection such that

QY0 ≥ δ, then

∥∥∥δ( N∑
i=1

λiE
xi
Ii

)
δ
∥∥∥ =

∥∥∥(∑
j∈Y0

λj

)
δ
∥∥∥ =

∣∣∣∑
j∈Y0

λj

∣∣∣ = max
Y⊆X good

∣∣∣∑
j∈Y

λj

∣∣∣ =
∥∥∥ N∑
i=1

λiE
xi
Ii

∥∥∥.
By (4.5) and since {Ex

I } is proper, we can find a non-zero projection of the from

δx
′

(t1,P1)
· · · δx′(tk,Pk)

that bounds QY0 from below. Although it satisfies (i), the projection

δx
′

(t1,P1)
· · · δx′(tk,Pk)

projection might not satisfy (ii), in which case we can refine it to

obtain δ.

1. First, since either bi − ai 6= 0 or zi 6= 0, we can find an x ∈ x′ + P t1
1 · · ·P

tk
k such

that zi + x(bi − ai) 6= 0 for 1 ≤ i ≤M .

2. Next, let Pk+1, . . . , Pn−1 be the distinct prime divisors of the aiR’s and biR’s

that do not appear among P1, . . . , Pk, and let tk+1 = · · · = tn−1 = 1.

3. Finally choose any prime Pn, distinct from P1, · · · , Pn−1, that does not divide

any (zi+x(bi−ai))R; such a prime will not contain zi+x(bi−ai) for 1 ≤ i ≤M .

Let tn = 1.

Let δ = δx(t1,P1)
· · · δx(tn,Pn)

. Since P1, . . . , Pn are distinct, and since x ∈ x′+P t1
1 · · ·P

tk
k ,

QY0 ≥ δx
′

(t1,P1)
· · · δx′(tk,Pk)

≥ δ 6= 0,

thus δ meets the first requirement.
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To prove that δ satisfies the second requirement it will be enough to show that

for each 1 ≤ i ≤M the projections SaiδS
∗
ai

and U ziSbiδS
∗
bi
U−zi are orthogonal. Fix i.

There are two cases:

case 1: If aiR 6= biR, then by 2., there is a prime Pj among P1, . . . Pn−1 whose ex-

ponent in the prime factorization of aiR is different from its exponent in the

prime factorization of biR. By Lemma 4.2.1, the projection Saiδ
x
(tj ,Pj)

S∗ai is or-

thogonal to U ziSbiδ
x
(tj ,Pj)

S∗biU
−zi , and it follows that the projections SaiδS

∗
ai

and

U ziSbiδS
∗
bi
U−zi are orthogonal.

case 2: If aiR = biR, then by Lemma 4.2.2, the projection Saiδ
x
(tn,Pn)

S∗ai is orthog-

onal to U ziSbiδ
x
(tn,Pn)

S∗biU
−zi , and it follows that the projections SaiδS

∗
ai

and

U ziSbiδS
∗
bi
U−zi are orthogonal.

Proposition 4.2.4. Let A be a C∗-algebra that contains elements Ux, x ∈ R, Sa,

a ∈ R×, and EI , I a non-zero ideal of R, that satisfy Ta-Td, and define Ex
I =

UxEIU
−x. If {Ex

I } is proper, then the inequality ‖
∑N

i=1 λiE
xi
Ii
‖ ≤ ‖

∑N
i=1 λiE

xi
Ii

+∑M
i=1 λ

′
iS
∗
ai
Eyi
Ji
U ziSbi‖ where ai 6= bi or zi 6= 0, holds.

Proof. By Lemma 4.2.3 we can find a δ ∈ A such that

∥∥∥δ( N∑
i=1

λiE
xi
Ii

+
M∑
i=1

λ′iS
∗
ai
Eyi
Ji
U ziSbi

)
δ
∥∥∥ =

∥∥∥ N∑
i=1

λiE
xi
Ii

∥∥∥.

This completes the proof of Theorem 1.2.5, which we will now apply to TRoR× .

Proposition 4.2.5. The Toeplitz algebra TRoR× of RoR× is isomorphic to T[R].
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Proof. By Proposition 4.1.6, there is a homomorphism ϕ : T[R] → TRoR× that ex-

tends the map

ux 7→ T(x,1), sa 7→ T(0,a), eI 7→ e(0,I),

where x ∈ R, a ∈ R×, and I is non-zero ideal in R. This homomorphism is surjective

because T(x,1) and T(0,a) generate TRoR× . By Lemma 4.1.3(d) the collection {e(x,I)}

is proper, and we can conclude from Theorem 1.2.5 that ϕ is injective. Thus TRoR×

and T[R] are isomorphic.
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Chapter 5

Conclusion

Our goal was to find homomorphisms from the Toeplitz algebra of RoR× to other

C∗-algebras, and characterize the faithful ones. To that end we defined the universal

C∗-algebra T[R] generated by isometries and projections satisfying the relations of

Ta-Td. The majority of these relations were needed to ensure that the exI ∈ T[R]

recovered the multiplicative structure and decomposition of the projections e(x,I) ∈

TRoR× . Theorem 1.2.5 stated that a homomorphism ϕ from T[R] to a C∗-algebra A is

faithful if and only if the image of the set {exI} was proper. To prove this we first did

as much as we could using only T[R], and were able to prove Theorem 3.0.24, which

was a weaker version of Theorem 1.2.5 that told us that if we assumed that ϕ was

faithful on D and that A satisfied a condition on the norms of certain elements, then

ϕ was faithful on all of T[R]. Next we used TRoR× to show that the first assumption

was equivalent to the image of {exI} being proper. We then completing the proof of

Theorem 1.2.5 by showing that the norm condition on A was implied if the image of

{exI} was proper. After showing that T[R] ∼= TRoR× , our theorem gave us a convenient

way of identifying representations of TRoR× , and a straightforward way to check when

they are faithful.
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Appendix A

Faithful Conditional Expectations

A.1 The Dual of a Group

Let G be an abelian group (written multiplicatively) with the discrete topology. For

our purposes, we will be concerned with two specific cases: the multiplicative group of

a number field (K×, · ) and the additive group of a number ring (R,+). A character

of G is a group homomorphism (automatically continuous) χ from G to the circle

group T. The set of all characters of G is a group Ĝ under the operation of point-

wise multiplication. The topology on Ĝ is that of uniform convergence on compact

sets. Since G was assumed to be discrete, Ĝ is a compact Hausdorff space. We use

Haar measure µ to make Ĝ into a measure space, normalized to have µ(Ĝ) = 1. The

defining property of Haar measure is that it is translation invariant, that is if E is a

measurable subset of G, then µ(gE) = µ(E).

Lemma A.1.1. Let A and B be subgroups of a discrete abelian group G. Suppose

α ∈ Â and β ∈ B̂ agree on A ∩ B. Then χ(ab) := α(a)β(b) defines a character on

the subgroup A ·B = {ab : a ∈ A, b ∈ B} of G.

Remark A.1.2. Since G is abelian, A ·B defines a subgroup.
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Proof. First, to see that χ is well-defined suppose a1b1 = a2b2 where a1, a2 ∈ A and

b1, b2 ∈ B. Then a1a
−1
2 = b2b

−1
1 ∈ A ∩ B, and by assumption we have α(a1a

−1
2 ) =

β(b2b
−1
1 ). Thus

χ(a1b1) = α(a1)β(b1) = α(a2)β(b2) = χ(a2b2),

and χ is well-defined. Next, χ is a (continuous) homomorphism because

χ(a1b1a2b2) = χ(a1a2b1b2) = α(a1a2)β(b1b2) = α(a1)α(a2)β(b1)β(b2)

= α(a1)β(b1)α(a2)β(b2) = χ(a1b1)χ(a2b2).

Lemma A.1.3. Let A and B be subgroups of a discrete abelian group G and let β be

a character on B. If A is cyclic, then β can be extended to a character on A ·B.

Proof. By the preceding lemma, we need to show there is a character α on A which

agrees with β on A ∩ B. We will extend β|A∩B from a character on A ∩ B to a

character α on A.

If A ∩ B = {1}, then any character α on A extends β|A∩B, and we are done.

Otherwise write A = 〈a〉, and suppose n is the least positive integer for which an ∈ B.

Then α(ak) = β|A∩B(an)
k
n is a character on A which extends β|A∩B and we are

done.

Lemma A.1.4. Let H be a subgroup of a discrete abelian group G. Then any char-

acter on H can be extended to a character on G.

Proof. Let G be an abelian group and let χ be a character defined on H. By a simple

Zorn’s lemma argument, there is a maximal extension χ of χ defined on a subgroup

H of G. If H 6= G, then there is an a ∈ G \H. But, by the preceding lemma, we can

extend χ to 〈a〉 ·H, contradicting maximality.
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Proposition A.1.5. Let g be an element of a discrete abelian group G. Then there

exists χ̂ ∈ Ĝ such that χ̂(g) 6= 1.

Proof. If |〈g〉| = n, let z ∈ T be a primitive nth rood of unity, otherwise if 〈g〉 is

infinite, let z ∈ T be anything but 1. Then χ(gk) = zk defines a character on 〈g〉

for which χ(g) 6= 1, which by the above lemma can be extended to a character χ̂ on

G.

To each element g of G we can associate a continuous function ĝ : Ĝ → T which

evaluates characters at g, ĝ(χ) = χ(g). Consider the integral

∫
Ĝ

χ(g)dχ =

∫
Ĝ

ĝ(χ)dχ.

If g is the identity, then since µ(Ĝ) = 1,

∫
Ĝ

χ(g)dχ =

∫
Ĝ

1dχ = 1.

On the other hand, suppose that g is not the identity. Let χ0 be some character for

which χ0(g) 6= 1. Then using the fact that Haar measure is left-translation invariant

we see that

χ0(g)

∫
Ĝ

χ(g)dχ =

∫
Ĝ

χ0(g)χ(g)dχ =

∫
Ĝ

χ0χ(g)dχ =

∫
Ĝ

χ(g)dχ,

which shows that
∫
Ĝ
χ(g)dχ = 0. Summarizing we get

∫
Ĝ

χ(g)dχ =


1 if g is the identity,

0 otherwise.

(A.1)
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A.2 Averaging Over a Compact Group

Definition A.2.1. Let A be a C∗-algebra, and suppose B is a ∗-subalgebra of A. A

conditional expectation E : A→ B is a projection (a linear map such that E(E(a)) =

E(a)) of norm one from A into B. When E(a∗a) = 0 only if a = 0, we call E faithful.

Proposition A.2.2. Let G be a compact group with Haar measure normalized so

that G has measure 1, and let A be a C∗-algebra. Suppose G acts continuously by

automorphisms αχ, χ ∈ G. Then the formula θα(h) =
∫
G
αχ(h)dχ defines a faithful

conditional expectation.

Before proving this, we will first make sense of the integral itself. Let φ : A→ C

be a continuous linear functional. The composition φ(αχ(h)) : G→ C is a continuous

complex-valued function and thus can be integrated. It turns out that there is a

unique element of A, we will call
∫
G
αχ(h)dχ, such that

φ
(∫

G

αχ(h)dχ
)

=

∫
G

φ(αχ(h))dχ,

holds for every continuous linear functional. (This integral is called the Pettis integral,

or the weak integral.)

Proof. By using a standard fact about integration, and that αχ is isometric, one can

easily see that θα is norm decreasing, indeed

∥∥∥∫
G

αχ(h)dχ
∥∥∥ ≤ ∫

G

‖αχ(h)‖dχ = ‖x‖.

The fact that θ maps elements of A to Aα follows from the left-translation invariance

of Haar measure and linearity of integration,

αχ′
(∫

G

αχ(h)dχ
)

=

∫
G

αχ′(αχ(h))dχ =

∫
G

αχ′χ(h)dχ = θα(h).
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If h is already in Aα, then

∫
G

αχ(h)dχ =

∫
G

h dχ = h.

Finally we will prove that θ is faithful. Suppose that θ(h∗h) = 0. Then every positive

linear functional φ on A gives

0 = φ
(∫

G

αχ(h∗h)dχ
)

=

∫
G

φ
(
αχ(h)∗αχ(h)

)
dχ.

Since φ
(
αχ(h)∗αχ(h)

)
: G→ C is a continuous function taking positive values whose

integral is zero, we can conclude that φ
(
αχ(h∗h)

)
is zero for every positive linear

functional on A, hence h∗h must also be zero.
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