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ABSTRACT

This thesis investigates several design problems concerning two-channel conjugate

quadrature (CQ) filter banks and orthogonal wavelets, as well as orthogonal cosine-

modulated (OCM) filter banks.

It is well known that optimal design of CQ filters and wavelets and optimal design

of prototype filters (PFs) of OCM filter banks in the least squares (LS) or minimax

sense are nonconvex problems and to date only local solutions can be claimed. In this

thesis, we first make some improvements over several direct design techniques for local

design problems in terms of convergence and solution accuracy. By virtue of the recent

progress in global polynomial optimization and the improved local design methods

mentioned above, we describe an attempt at developing several design strategies that

may be viewed as our endeavors towards global solutions for LS CQ filter banks,

minimax CQ filter banks, and OCM filter banks. In brief terms, the proposed design

strategies are based on several observations made among globally optimal impulse

responses of low-order filter banks, and are essentially order-recursive algorithms in

terms of filter length combined with some techniques in identifying a desirable initial

point in each round of iteration.

This main idea is applied to three design scenarios in this thesis, namely, LS design

of orthogonal filter banks and wavelets, minimax design of orthogonal filter banks

and wavelets, and design of orthogonal cosine-modulated filter banks. Simulation

studies are presented to evaluate and compare the performance of the proposed design

methods with several well established algorithms in the literature.
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Chapter 1

Introduction

Multirate digital signal processing finds applications in speech and image compression,

digital audio industry, statistical and adaptive signal processing, and many other

fields. Digital filter banks are at the core of many multirate systems. As such,

developing effective methods for the design of filter banks with improved performance

has been an active research field over the last three decades, and it is also the focus

of the present thesis.

In this chapter, the two classes of filter banks to be studied in the thesis, namely

the two-channel orthogonal filter banks and orthogonal cosine-modulated filter banks,

are introduced in the first two sections. The main contribution of this thesis is our

endeavor to develop strategies towards globally optimal designs for these two types

of filter banks. A brief overview of the global design idea utilized throughout this

thesis is introduced in Sec. 1.3. Finally, Sec. 1.3 lists the contributions of our work

reported in the thesis, and conludes this chapter with an outline of the thesis.

1.1 Two-Channel Orthogonal Filter Banks

As illustrated in Fig. 1.1, a two-channel orthogonal filter bank is a filter structure

which consists of the analysis filter bank and synthesis filter bank. In the analysis

filter bank, an input signal is first split into its lowpass and highpass components,

each component is then downsampled by a factor of two. In the synthesis filter bank,

the subband signal is upsampled by a factor of two, followed by a filtering process

and finally the filtered signals are integrated to reconstruct the original signal. The

process of splitting and downsampling (as well as upsampling and integrating) can
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Figure 1.1: A two-channel CQ filter bank.

be repeated for the subband signal and a tree-structured filter bank is formulated in

this way, see e.g., Fig. 1.2 representing a 2-level tree structure.
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Figure 1.2: A subband system with a 2-level tree.

The class of two-channel conjugate quadrature (CQ) filter banks, also known as

power-symmetric filter banks [41], is one of the most well-known building blocks for

multirate systems and wavelet-based coding systems as it offers perfect reconstruction

(PR) and other desirable properties (such as possessing a certain number of vanishing

moments (VMs)), and has wide applications in general areas of digital signal process-

ing, especially in image/speech coding. Many algorithms for the design of CQ filters

have been proposed since 1980’s, see e.g. references [16, 33, 32, 24, 38, 39, 41] and the

work cited therein. In addition, design techniques aimed at FIR compaction filters,

which are also applicable to CQ filters, have been investigated in [40] and [6]. The

dominating design method in the literature is an indirect methodology in which the

design is accomplished in two steps: constructing a halfband filter (subject to certain

nonnegativity constraint) followed by spectrum factorization of the halfband filter.

With the astonishing growth of numerical optimization techniques, the task of
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optimal design of CQ filters becomes attainable. Generally, two design scenarios are

considered, namely,

1. The least squares (LS) design: to design a CQ filter whose stopband energy is

minimized [39].

2. The minimax design: to design a CQ filter whose maximum stopband energy is

minimized [33, 32, 38, 41].

The reason we address the LS and minimax designs in this thesis is because in digital

filters, the magnitude of the largest amplitude-response error is usually required to

be as small as possible, thus minimax solutions are preferred [2]. On the other hand,

in several applications, especially in telecommunications, digital filters are required

to have minimal stopband energy, hence LS solutions are of importance in these

applications. A recent progress in this field is the direct design technique proposed

in [16], in which halfband filter and spectrum factorization are not required. Instead,

a CQ filter is directly optimized subject to the PR and possibly other constraints

(such as possessing a certain number of VMs). By implementing the direct design

technique, the solution is approached sequentially with each update confined within

a small vicinity of the current iterate such that the problem at hand behaves like

a convex one. As a result, the update can be obtained as a solution of a convex

problem. This proposed method is found useful in designing high-order CQ filters

with improved performance.

In this thesis, several local and global methods for the LS and minimax designs

of CQ filter banks will be investigated. For local designs, we propose strategies to

improve the direct design techniques in [16] so as to make the design methods more

robust so that locally optimal filters can be obtained with a high degree of accuracy.

More importantly, we will develop methods towards global designs of LS and minimax

CQ filter banks.

1.2 Orthogonal Cosine-Modulated Filter Banks

An orthogonal cosine-modulated (OCM) filter bank is an 𝑀 -channel orthogonal filter

bank that consists of the analysis and synthesis filter bank, as illustrated in Fig. 1.3,

where each filter is a cosine-modulated version of a common prototype filter (PF).
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Figure 1.3: An 𝑀 -channel maximally decimated filter bank.

Orthogonal cosine-modulated (OCM) filter banks are among the most popular

filter banks for multirate signal processing as they admit efficient implementation

through polyphase decomposition. In addition, optimal synthesis of an 𝑀 -channel,

maximally decimated, OCM multirate system can be carried out with considerably

reduced complexity relative to that of a general 𝑀 -channel system because in the

former case one is only focused on a single PF which characterizes the 𝑀 -channel

OCM system. Besides, the PF of an OCM filter bank is a linear-phase FIR filter

whose impulse response is symmetrical, thus the design variables are reduced to the

first half of the PF’s impulse response. The perfect reconstruction (PR) property is

maintained and the reconstruction delay of an OCM filter bank is fixed to be the

PF order. These benefits, among other things, have rendered the OCM filter banks

one of the most useful classes of multirate systems [17, 48]. As a matter of fact,

OCM filter banks are widely used in audio, image and video signals coding, as well as

applied in communication systems, for instance, in transmultiplexers and multicarrier

modulations [31].

A great deal of research on optimal design of OCM filter banks has been made

[17, 10, 11, 35]. Available techniques include the quadratic-constrained least-squares

(QCLS) method that minimizes the stopband energy of the PF subject to the PR

constraints [10, 28, 29]; the factorization-based method [36, 37, 11] in which the

stopband energy of the PF is minimized in an unconstrained optimization setting; and

the sequential design method [3] that is carried out by gradually increasing the number

of channels as well as the filter length employing a technique proposed in [34]. In

[18], a convex Lagrangian relaxation method is used to obtain a near PR (NPR) filter
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bank, and a technique of alternating null-space projections is further applied as a post-

processing step which turns the NPR filter bank into a PR one. In addition, quadratic-

constrained-optimization based algorithms [30] and fast designs by optimizing window

functions [5, 21] for OCM filter banks have been proposed. In particular, two second-

order cone programming (SOCP) based algorithms for designing optimal PR and

near PR (NPR) cosine-modulated filter banks have been proposed in [17]. The design

technique employed in [17] is in spirit similar to that proposed in [16], which directly

minimizes the PF’s stopband energy subject to the PR constraints. This algorithm is

demonstrated to produce PR OCM filter banks with improved performance compared

to several establised design methods.

We in this thesis investigate local and global methods for the design of OCM filter

banks. Improvements over the direct technique in [17] are made so that locally optimal

OCM filter banks better satisfying the constraints can be designed. Specifically, an

order-recursive strategy is proposed for the global design of OCM filter banks.

1.3 Overview and Contribution of the Thesis

In the literature, only locally optimal designs are proposed for two-channel orthogonal

filter banks and OCM filter banks. A main contribution of this thesis is the develop-

ment of several design strategies for potentially globally optimal designs of these two

types of filter banks. We provide experimental evidences that are supportive of our

speculation.

As the optimization problems for designs of CQ filter banks and OCM filter banks

are nonconvex, a primary challenge facing us in finding a global solution is the exis-

tene of multiple local solutions, each representing a design of degraded performance,

to which iterates generated by a gradient-based algorithm can easily be attracted

especially when it starts in a not-so-good region. The scenario is illustrated in Fig.

1.4 where a typical gradient-based algorithm leads initial point 𝑥𝑎 to a local and

suboptimal solution 𝑥∗
𝑎. On the other hand, Fig. 1.4 is also indicative of a solution

approach to the global solution, that is to start the algorithm from an initial point

like 𝑥𝑏 in a good region. The problem is, obviously, how to identify such an initial

point.

Fig. 1.4 is only illustrative because it is about a one-variable case without con-

straints whereas problems related to designs of CQ and OCM filter banks are multi-

variable problems with nonlinear and nonconvex constraints, yet it does give us some
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Figure 1.4: A gradient-based descent algorithm starts at initial point 𝑥𝑎 and produces
a local solution 𝑥∗

𝑎; the same algorithm converges to the global solution if it starts at
𝑥𝑏 which falls into a good region (shaded in the figure).

insight about the global solution of a general nonconvex problem. A central point in

this thesis is to substantiate this notion by developing techniques to secure a good

initial point for the design problems concerned.

More specifically, the global design methods proposed in this thesis are made

possible by virtue of recent progress in global polynomial optimization [22, 23] and

direct design techniques for local designs of CQ and OCM filter banks [16, 17], in

conjuction with our observations on a common pattern shared among globally optimal

impulse responses of low-order CQ filters (or among low-order PFs of OCM filter

banks). Based on a technique proposed for identifying a desirable initial point in

each round of the iteration, a progressive design procedure in terms of filter length

is proposed for global designs of high-order CQ filter banks. In a similar spirit,

an order-recursive strategy is developed for global designs of high-order OCM filter

banks.

In addition to the main contributions to global designs of CQ and OCM filter

banks, we also make improvements over the direct design techniques in [16, 17] which

are known to obtain locally optimal solutions.

Experimental results are presented to demonstrate the performance of the im-

proved local design methods and the proposed global design strategies for LS design

of CQ filter banks, minimax design of CQ filter banks, and designs of OCM filter
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banks.

The remainder of this thesis is organized as follows.

Chapter 2 presents the preliminaries that provide background for the problems to

be studied in this thesis. We introduce basic structures and properties of a two-

channel orthogonal filter bank and an orthogonal cosine-modulated filter bank,

as well as the associated optimization problems. The Gauss-Newton method

with adaptively controlled weights is described. Then we review two classes

of convex programming, namely convex quadratic programming and second-

order cone programming. We also sketch the sequential quadratic-programming

method for general nonlinear optimization problems. At last, concepts for global

optimization of polynomial optimization problems (POPs) and software for solv-

ing POPs of small size are introduced.

Chapter 3 investigates several methods for local and global LS designs of CQ filter

banks. By improving the direct design technique in [16], we study two local

methods, i.e., the sequential convex-programming method and the sequential

quadratic-programming method. Then, global LS designs for CQ filter banks

of low order are carried out using software that can solve POPs of small size.

Based on the globally optimal impulse responses of low-order CQ filter banks, we

observe a common pattern shared among them. As a result, a design strategy

by generating an initial point for a CQ filter bank of higher order, which is

believed to be sufficiently close to the global solution point of the CQ filter bank

at that order, is proposed. Two techniques for generating an inital point are

investigated: the zero-padding technique and the interpolation technique. It is

found that the initial point produced by the zero-padding method is much closer

to the global solution point than that generated by the interpolation method.

Consequently, global LS designs of high-order CQ filter banks are implemented

by carrying out the local design methods with a good initial point. Finally,

performance of the proposed design algorithm is evaluated.

Chapter 4 is concerned with local and global minimax designs of CQ filter banks.

First, we briefly review the direct design technique in [16]. Several improvements

are made to the direct method for the local algorithm to achieve convergence

at a small specified tolerance. Afterwards, global minimax designs of low-order

and high-order CQ filters are investigated. Two methods towards globally op-

timal minimax filters of high order are proposed. Method 1 is similar to the
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strategy utilized in the global LS designs, and it is also found that the zero-

padded initial point is a more preferable choice than the linearly interpolated

initial point. Method 2 is carried out by passing the globally optimal impulse re-

sponse obtained from the LS design as the initial point for local minimax design

method. In this way, only one round of iteration of the local minimax method

is required. We have provided several design examples, and made comparisons

with other existing methods well established in the literature.

Chapter 5 is dedicated to local and global designs of OCM filter banks. We first

introduce the locally optimal design method which is in spirit similar to that

proposed in [16] and in fact an improved version of the direct method reported

in [17]. Then, with the observation among impulse responses of PFs of globally

optimal low-order OCM filter banks, an order-recursive algorithm in terms of

filter length in carrying out potentially global design of high-order OCM filter

banks is proposed. The zero-padding method and the interpolation method

are both found useful at different stages of the algorithm in generating good

initial points for filters of higher order. In addition, the Gauss-Newton method

with adaptively controlled weights is further implemented to downshift the lin-

early interpolated point so that the result becomes extremly close to the global

solution point. This chapter concludes with several design examples and per-

formance evaluations.

Chapter 6 summarizes the main ideas of this thesis and suggests several directions

for future research.
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Chapter 2

Preliminaries

In this chapter, we present preliminaries that provide background for the problems to

be studied in the subsequent chapters of the thesis. We begin with introducing basic

structures and properties of a two-channel orthogonal filter bank as well as related

design problems. Next, the design of orthgonal cosine-modulated (OCM) filter banks

is described and the associated optimization problem is formulated. The Gauss-

Newton (G-N) method with adaptively controlled weights which will be found useful

in Chapters 4 and 5 is introduced in Sec. 2.3. Two classes of convex programming,

namely convex quadratic programming (QP) and second-order cone programming

(SOCP), that facilitate the development of several design algorithms in Chapters 3,

4 and 5, are reviewed in Sec. 2.4. The sequential quadratic-programming (SQP)

method for general nonlinear optimization problems, which will be applied in Chap-

ter 3, is summarized in Sec. 2.5. In Sec. 2.6, concepts for global optimization of

polynomial optimization problems (POPs) and software for solving small-size POPs

are introduced.

2.1 Two-Channel Orthogonal Filter Banks

Two-channel conjugate quadrature (CQ) filter banks, also known as power-symmetric

filter banks, are among the most popular building blocks for multirate systems and

wavelet-based coding systems, and have wide applications in general areas of digital

signal processing, especially in image/speech coding. A two-channel CQ filter bank

offers perfect reconstruction (PR) and other desirable properties. The PR property

ensures that the output of the filter bank be an exact reconstruction of the input
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signal up to a constant delay, hence an important property in many applications.

 
0 ( )H z

 
1( )H z

2

2

2

2

 
0 ( )G z

 
1( )G z

Figure 2.1: A 2-channel CQ filter bank.

A two-channel causal finite-impulser-response (FIR) CQ filter bank consists of a

pair of analysis filters 𝐻0, 𝐻1 and a pair of synthesis filters 𝐺0 and 𝐺1 as shown in

Fig. 2.1, where the four filters are related by [33]

𝐻1(𝑧) = −𝑧−(𝑁−1)𝐻0(−𝑧−1)

𝐺0(𝑧) = 𝐻1(−𝑧)

𝐺1(𝑧) = −𝐻0(−𝑧)

(2.1)

where 𝐻0(𝑧) =
∑𝑁−1

𝑛=0 ℎ𝑛𝑧
−𝑛 is a lowpass FIR transfer function of length-𝑁 with 𝑁

even. With (2.1), the aliasing is eliminated and the perfect reconstruction (PR) is

achieved if 𝐻0(𝑧) satisfies

𝐻0(𝑧)𝐻0(𝑧
−1) +𝐻0(−𝑧)𝐻0(−𝑧−1) = 2 (2.2)

Eq. (2.2) is equivalent to a set of 𝑁/2 equality constraints as

𝑁−1−2𝑚∑
𝑛=0

ℎ𝑛 ⋅ ℎ𝑛+2𝑚 = 𝛿𝑚 for 𝑚 = 0, 1, ..., (𝑁 − 2)/2 (2.3)

where 𝛿𝑚 is the Dirac sequence with 𝛿0 = 1 and 𝛿𝑚 = 0 for nonzero 𝑚. Eq. (2.3)

is known as the double shift orthogonality in the wavelet literature. In addition

to the PR condition, CQ filters may be required to meet other constraints such as

possessing a certain number of vanishing moments (VMs) for constructing wavelets

[32, 24, 38, 39]. The number of VMs is related to the smoothness of the wavelet

function associated with the filter. Possessing a certain number of VMs helps reduce

the number of nonzero wavelet coefficients in the highpass subbands, hence facilitating

many signal compression tasks. It is known that the number of VMs of a CQ filter
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bank is equal to the number of zeros of 𝐻0(𝑧) at 𝜔 = 𝜋. Because

𝑑𝑙𝐻0(𝑒
𝑗𝜔)

𝑑𝜔𝑙

∣∣∣
𝜔=𝜋

= (−𝑗)𝑙
𝑁−1∑
𝑛=0

(−1)𝑛 ⋅ 𝑛𝑙 ⋅ ℎ𝑛

a CQ filter has 𝐿 vanishing moments if

𝑁−1∑
𝑛=0

(−1)𝑛 ⋅ 𝑛𝑙 ⋅ ℎ𝑛 = 0 for 𝑙 = 0, 1, ..., 𝐿− 1 (2.4)

In summary, by minimizing the stopband energy subject to the PR and VM con-

straints, a least squares (LS) design of CQ lowpass filter 𝐻0(𝑧) of length-𝑁 having 𝐿

VMs can be cast as

minimize

∫ 𝜋

𝜔𝑎

∣𝐻0(𝑒
𝑗𝜔)∣2𝑑𝜔 (2.5a)

subject to: constraints (2.3) and (2.4) (2.5b)

where 𝜔𝑎 is the normalized stopband edge of 𝐻0(𝑧). By writing

𝐻0(𝑒
𝑗𝜔) =

𝑁−1∑
𝑘=0

ℎ𝑘𝑒
−𝑗𝑘𝜔 = h𝑇p(𝜔) (2.6)

with h = [ℎ0 ℎ1 ... ℎ𝑁−1]
𝑇 and p(𝜔) = [1 𝑒−𝑗𝜔 ⋅ ⋅ ⋅ 𝑒−𝑗(𝑁−1)𝜔]𝑇 , we substitute (2.6)

into the stopband energy in (2.5a), and the stopband energy becomes h𝑇Qh where

Q is a symmetric positive-definite Toeplitz matrix determined by its first row

[𝜋 − 𝜔𝑎,− sin𝜔𝑎,− sin 2𝜔𝑎/2, ⋅ ⋅ ⋅ ,− sin(𝑁 − 1)𝜔𝑎/(𝑁 − 1)]. Thus, the design formu-

lation in (2.5) can be expressed as

minimize h𝑇Qh (2.7a)

subject to:
𝑁−1−2𝑚∑

𝑛=0

ℎ𝑛 ⋅ ℎ𝑛+2𝑚 = 𝛿𝑚 (2.7b)

𝑁−1∑
𝑛=0

(−1)𝑛 ⋅ 𝑛𝑙 ⋅ ℎ𝑛 = 0 (2.7c)

where 𝑚 = 0, 1, ..., (𝑁 − 2)/2, 𝑙 = 0, 1, ..., 𝐿 − 1 and 𝛿𝑚 is the Dirac sequence

with 𝛿0 = 1 and 𝛿𝑚 = 0 for nonzero 𝑚.
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In this thesis, we also consider the minimization of the maximum instantaneous

power of a lowpass filter 𝐻0(𝑧) of length-𝑁 over its stopband subject to PR and VM

constraints. Thus the minimax design can be formulated as

minimize maximize
𝜔𝑎≤𝜔≤𝜋

∣𝐻0(𝑒
𝑗𝜔)∣ (2.8a)

subject to: constraints (2.3) and (2.4) (2.8b)

where 𝜔𝑎 is the normalized stopband edge of 𝐻0(𝑧). By defining c(𝜔) = [1 cos𝜔 ...

cos(𝑁 − 1)𝜔]𝑇 and s(𝜔) = [0 sin𝜔 ... sin(𝑁 − 1)𝜔]𝑇 , we can write

∣𝐻0(𝑒
𝑗𝜔)∣ =

√
[h𝑇c(𝜔)]2 + [h𝑇 s(𝜔)]2 =

∥∥∥∥∥
[
c(𝜔)𝑇

s(𝜔)𝑇

]
⋅ h

∥∥∥∥∥
≡ ∣∣T(𝜔) ⋅ h∣∣

Then by introducing an upper bound 𝜂 (as an auxiliary variable) for the objective

function in (2.8) over frequency grids Ω = {𝜔𝑎 = 𝜔1, 𝜔2, ..., 𝜔𝐾 = 𝜋} in the stopband,

problem (2.8) can be formulated as

minimize 𝜂 (2.9a)

subject to: ∥T(𝜔) ⋅ h∥ ≤ 𝜂 for 𝜔 ∈ Ω (2.9b)
𝑁−1−2𝑚∑

𝑛=0

ℎ𝑛 ⋅ ℎ𝑛+2𝑚 = 𝛿𝑚 (2.9c)

𝑁−1∑
𝑛=0

(−1)𝑛 ⋅ 𝑛𝑙 ⋅ ℎ𝑛 = 0 (2.9d)

where 𝑚 = 0, 1, ..., (𝑁 − 2)/2 and 𝑙 = 0, 1, ..., 𝐿− 1.

2.2 Orthogonal Cosine-Modulated Filter Banks

An𝑀 -channel, maximally decimated orthogonal cosine-modulated (OCM) filter bank

is illustrated in Fig. 2.2. The coefficients of the analysis and synthesis filters are
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Figure 2.2: An 𝑀 -channel maximally decimated filter bank.

respectively given by

ℎ𝑘(𝑛) = 2ℎ(𝑛) cos

[
𝜋

𝑀

(
𝑘 +

1

2

)(
𝑛− 𝐷

2

)
+ (−1)𝑘

𝜋

4

]
(2.10a)

𝑓𝑘(𝑛) = 2ℎ(𝑛) cos

[
𝜋

𝑀

(
𝑘 +

1

2

)(
𝑛− 𝐷

2

)
− (−1)𝑘

𝜋

4

]
(2.10b)

for 0 ≤ 𝑘 ≤ 𝑀 − 1 and 0 ≤ 𝑛 ≤ 𝑁 − 1, where {ℎ(𝑛)} is the impulse response of the

FIR prototype filter (PF) and 𝐷 is the system delay. OCM filter banks are one of

the most useful classes of multirate systems as they offer the PR property. The PF

of an OCM filter bank has a linear-phase response, which is crucial to avoiding phase

distortion. In addition, as can be observed from Eq. (2.10), an 𝑀 -channel OCM

filter bank is uniquely characterized by its PF, hence optimal synthesis of an OCM

multirate system can be carried out with considerably reduced complexity compared

with that of a general 𝑀 -channel system [17].

There exist discrete cosine transform (DCT) modulations for OCM filter banks

with structures other than that of (2.10) [10]. In this thesis, we concentrate on the

DCT-IV OCM filter bank as defined in (2.10) and assume that

1) the channel number 𝑀 is even;

2) the filter length 𝑁 assumes the form 𝑁 = 2𝑚𝑀 for some positive integer 𝑚;

3) the system delay is 𝐷 = 𝑁 − 1 since the PF of an OCM filter bank has a linear

phase response.

For the rationale of these assumptions, see [10, 11, 35].
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The input-output relation of the system in Fig. 2.2 in the 𝑧-domain is given by

𝑌 (𝑧) = 𝑇0(𝑧)𝑋(𝑧) +
𝑀−1∑
𝑙=1

𝑇𝑙(𝑧)𝑋(𝑧𝑒−𝑗2𝜋𝑙/𝑀) (2.11)

where

𝑇0(𝑧) =
1

𝑀

𝑀−1∑
𝑘=0

𝐹𝑘(𝑧)𝐻𝑘(𝑧)

is the distortion transfer function determining the distortion caused by the system

for the unaliased component 𝑋(𝑧), and

𝑇𝑙(𝑧) =
1

𝑀

𝑀−1∑
𝑘=0

𝐹𝑘(𝑧)𝐻𝑘(𝑧𝑒
−𝑗2𝜋𝑙/𝑀) for 𝑙 = 1, 2, ⋅ ⋅ ⋅ ,𝑀 − 1

are the alias transfer functions that determine how the aliased components𝑋(𝑧𝑒−𝑗2𝜋𝑙/𝑀)

are attenuated. The OCM filter bank holds the PR property if and only if

𝑇0(𝑧) = 𝑧−𝐷, 𝑇𝑙(𝑧) = 0 for 𝑙 = 1, 2, ⋅ ⋅ ⋅ ,𝑀 − 1 (2.12)

Under this circumstance, (2.11) becomes 𝑌 (𝑧) = 𝑧−𝐷𝑋(𝑧) and in the time domain

the output is a delayed replica of the input as 𝑦(𝑛) = 𝑥(𝑛−𝐷).

Typically, the “closeness” of an OCM filter bank to the PR property is measured

in the frequency domain by means of

1) amplitude distortion

𝑒𝑚(𝜔) = 1− ∣𝑇0(𝑒
𝑗𝜔)∣, for 𝜔 ∈ [0, 𝜋] (2.13)

2) group-delay distortion

𝑒𝑔𝑑(𝜔) = 𝐷 − arg[𝑇0(𝑒
𝑗𝜔)], for 𝜔 ∈ [0, 𝜋] (2.14)

3) worst case aliasing error

𝑒𝑎(𝜔) = max
1≤𝑙≤𝑀−1

∣𝑇𝑙(𝑒
𝑗𝜔)∣, for 𝜔 ∈ [0, 𝜋] (2.15)

For an OCM filter bank which satisfies the PR condition, its 𝑒𝑚(𝜔), 𝑒𝑔𝑑(𝜔) and 𝑒𝑎(𝜔)

should be uniformly small in magnitude for 𝜔 ∈ [0, 𝜋].
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Alternatively, the PR condition can be described in the time domain by the

quadratic equations [10]

𝑎𝑙,𝑛(h) = h𝑇Q𝑙,𝑛h− 𝑐𝑛 = 0 (2.16a)

for 0 ≤ 𝑛 ≤ 𝑚− 1 and 0 ≤ 𝑙 ≤ 𝑀/2− 1

where h = [ℎ0 ℎ1 ⋅ ⋅ ⋅ ℎ𝑁−1]
𝑇 denotes the coefficients of the PF, and

Q𝑙,𝑛 = V2𝑀−1−𝑙D𝑛V
𝑇
𝑙 +V𝑀−1−𝑙D𝑛V

𝑇
𝑀+𝑙 (2.16b)

D𝑛(𝑖, 𝑗) =

{
1, if 𝑖+ 𝑗 = 𝑛

0, otherwise
(2.16c)

V𝑙(𝑖, 𝑗) =

{
1, if 𝑖 = 𝑙 + 2𝑗𝑀

0, otherwise
(2.16d)

𝑐𝑛 =
1

2𝑀
𝛿(𝑛− 𝑠) (2.16e)

for 𝑖 = 0, 1, ⋅ ⋅ ⋅ , 𝑁 − 1 and 𝑗 = 0, 1, ⋅ ⋅ ⋅ , 𝑁 − 1.

In this thesis, we consider designing a PR OCM filter bank with its PF’s stopband

energy

𝑒2(h) =

∫ 𝜋

𝜔𝑠

∣𝐻(𝑒𝑗𝜔)∣2𝑑𝜔

minimized, where 𝜔𝑠 = (1 + 𝜌)𝜋/2𝑀 is the stopband edge of the PF with 𝜌 > 0 (𝜌 is

always assumed to be 1 in our designs). As in Sec. 2.1 (see Eq. (2.6)), the stopband

energy is given by

𝑒2(h) = h𝑇Ph (2.17)

where P is a symmetric positive-definite Toeplitz matrix determined by its first row

[𝜋 − 𝜔𝑠,− sin𝜔𝑠,− sin 2𝜔𝑠/2, ⋅ ⋅ ⋅ ,− sin(𝑁 − 1)𝜔𝑠/(𝑁 − 1)]. With Eqs. (2.17) and

(2.16a), the design of the PF of an OCM filter bank can be expressed as

minimize 𝑒2(h) = h𝑇Ph (2.18a)

subject to: 𝑎𝑙,𝑛(h) = h𝑇Q𝑙,𝑛h− 𝑐𝑛 = 0 (2.18b)

for 0 ≤ 𝑛 ≤ 𝑚− 1 and 0 ≤ 𝑙 ≤ 𝑀/2− 1

Since the impulse response of the PF for an OCM filter bank is symmetrical such
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that the PF has linear phase, the design variables are reduced to only the components

in the first half of the PF’s impulse response, i.e., ĥ = [ℎ0 ℎ1 ⋅ ⋅ ⋅ ℎ𝑁/2−1]
𝑇 . In

consequence, matrices P and Q𝑙,𝑛 of size 𝑁 × 𝑁 in (2.18) need to be reduced to

matrices P̂ and Q̂𝑙,𝑛 of size 𝑁/2 × 𝑁/2. The method to generate the reduced-size

matrices is elaborated in the Appendix. Thus, problem (2.18) can be further cast as

minimize 𝑒2(ĥ) = ĥ𝑇 P̂ĥ (2.19a)

subject to: 𝑎𝑙,𝑛(ĥ) = ĥ𝑇 Q̂𝑙,𝑛ĥ− 𝑐𝑛 = 0 (2.19b)

for 0 ≤ 𝑛 ≤ 𝑚− 1 and 0 ≤ 𝑙 ≤ 𝑀/2− 1

By solving the above optimization problem, the impulse response h of the PF can

then be obtained as

h =

[
ĥ

flipud(ĥ)

]
(2.20)

where flipud(ĥ) denotes a vector generated by flipping ĥ upside down.

2.3 Gauss-Newton Method with Adaptively Con-

trolled Weights

In this section, we describe how to solve a system of nonlinear equations using

gradient-based optimization method, known as the Gauss-Newton (G-N) method [1].

This method is found useful many places in this thesis.

To begin with, consider a system of nonlinear equations that assumes the following

form

𝑓𝑝(x) = 0 for 𝑝 = 1, 2, ...,𝑚 (2.21)

where x = [𝑥1 𝑥2 ⋅ ⋅ ⋅𝑥𝑛]
𝑇 . In order to find a solution vector x of (2.21), an uncon-

strained optimization problem can be formulated as

minimize 𝐹 (x) =
𝑚∑
𝑝=1

𝑓𝑝(x)
2 (2.22)

In this way, the system of nonlinear equations in (2.21) is solved in the least-squares

sense.

A problem with the G-N method is that it cannot be utilized to numerically com-
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pute a solution satisfying the system of equations (2.21) with equal equation errors.

To seek such a solution, the G-N method with adaptively controlled weights can be

applied. By implementing this method, a weighted sum-of-squares type objective

function is minimized using the G-N algorithm with the weights adjusted according

to the absolute equation errors evaluated at the current iterate. In what follows, we

present some details for implementing this technique.

As a first step, we define a vector

f(x) =
[ √

𝑤1𝑓1(x)
√
𝑤2𝑓2(x) ⋅ ⋅ ⋅ √

𝑤𝑚𝑓𝑚(x)
]𝑇

where 𝑤𝑝 (1 ≤ 𝑝 ≤ 𝑚) are weight values which need to be adjusted in every round of

iteration. As will become transparent shortly, the value assignment for 𝑤𝑝 is critical in

obtaining the solution that will make the system of equations (2.21) equally satisfied.

Accordingly, the problem in (2.22) is modified to

minimize 𝐹 (x) = f𝑇 (x)f(x) =
𝑚∑
𝑝=1

𝑤𝑝𝑓𝑝(x)
2 (2.23)

Problem (2.23) is an unconstrained optimization problem for which many gradient-

based methods exist. A second-order method known as the Newton method is efficient

in dealing with such problem. To solve (2.23) using the Newton method, we define

the Jacobian matrix for the system of equations f(x) = 0 as

J =

⎛⎜⎜⎜⎜⎝
√
𝑤1

∂𝑓1
∂𝑥1

√
𝑤1

∂𝑓1
∂𝑥2

⋅ ⋅ ⋅ √
𝑤1

∂𝑓1
∂𝑥𝑛√

𝑤2
∂𝑓2
∂𝑥1

√
𝑤2

∂𝑓2
∂𝑥2

⋅ ⋅ ⋅ √
𝑤2

∂𝑓2
∂𝑥𝑛

...
...

...√
𝑤𝑚

∂𝑓𝑚
∂𝑥1

√
𝑤𝑚

∂𝑓𝑚
∂𝑥2

⋅ ⋅ ⋅ √
𝑤𝑚

∂𝑓𝑚
∂𝑥𝑛

⎞⎟⎟⎟⎟⎠
Then the gradient g of 𝐹 (x) in (2.23) can be calculated as

g = 2J𝑇 f

The Hessian H of 𝐹 (x) can be deduced by neglecting the second-derivatives of 𝑓𝑝(x)

as

H ≈ 2J𝑇J (2.24)
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If H is not positive definite, it is forced to be so by letting

H :=
H+ 𝛽I𝑛
1 + 𝛽

with 𝛽 > 0 set to a sufficiently large value and I𝑛 an 𝑛 × 𝑛 identity matrix. Using

the Newton direction, the next iterate x𝑘+1 is calculated as

x𝑘+1 = x𝑘 − 𝛼𝑘H
−1g

where 𝛼𝑘 is the value of 𝛼 that minimizes 𝐹 (x𝑘 −𝛼H−1g) and can be determined by

inexact line search [1]. For the current set of 𝑤𝑝 (1 ≤ 𝑝 ≤ 𝑚), the G-N algorithm

converges to x𝑤 = x𝑘+1 when ∥x𝑘+1 − x𝑘∥ is less than a pre-specified tolerance 𝜀.

In order to identify the solution which makes the errors of the 𝑚 individual

equations in (2.21) practically equal, weights 𝑤𝑝 should be adjusted based on equa-

tion errors at the most recent solution point x𝑤. Specifically, we denote the solu-

tion of the 𝑗th round G-N optimization by x
(𝑗)
𝑤 and the current weight values by

𝑤
(𝑗)
1 , 𝑤

(𝑗)
2 , . . . , 𝑤

(𝑗)
𝑚 . In preparation for the next round of G-N optimization, the

weights are adjusted according to

𝑤(𝑗+1)
𝑝 = 𝑤(𝑗)

𝑝 + 𝜇[∣𝑓𝑝(x(𝑗)
𝑤 )∣ − 𝑓max(x

(𝑗)
𝑤 )] for 𝑝 = 1, 2, ...,𝑚

where 𝜇 > 0 is a parameter controlling the magnitude of the adjustments, and

𝑓max(x
(𝑗)
𝑤 ) = maximum{∣𝑓𝑝(x(𝑗)

𝑤 )∣} for 𝑝 = 1, 2, ...,𝑚

Then the new weights 𝑤
(𝑗+1)
𝑝 are normalized to satisfy

∑𝑚
𝑝=1 𝑤

(𝑗+1)
𝑝 = 1. A new solu-

tion to problem (2.23) is obtained with the new weight values by the G-N algorithm.

This procedure is repeated until the weights are stabilized and converge to constant

values after a prescribed 𝐾 times of G-N optimizations. In this way, a solution satis-

fying the 𝑚 constraints in (2.21) with practically identical errors is obtained. In the

simulations to be presented in this thesis, the initial values 𝑤
(0)
𝑝 for 𝑝 = 1, 2, ..., 𝑚

were set to 1/𝑚, 𝜇 was set to 10, and 𝐾 was set to 20.
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2.4 Convex Quadratic Programming and Second-

Order Cone Programming

In this section, we briefly review two important classes of convex programming prob-

lems, namely convex quadratic programming problems and second-order cone pro-

gramming problems, which will be used in subsequent chapters of the thesis.

Quadratic programming (QP) is a family of methods, techniques, and algorithms

that can be used to minimize quadratic objective functions subject to linear con-

straints [1]. QP is often used as the basis in constrained nonlinear programming.

When the objective function of a QP problem is a convex quadratic function, the

problem is called a convex QP problem.

The general form of a QP problem is to minimize a quadratic function subject to

a set of linear equality and a set of linear inequality constraints. The linear equality

constraints can be eliminated using the method of singular value decomposition (SVD)

or QR decomposition [1]. Without loss of generality, a QP problem can be expressed

as

minimize
1

2
x𝑇Hx+ x𝑇p (2.25a)

subject to: Ax ≥ b (2.25b)

where H ∈ ℛ𝑁×𝑁 , p ∈ ℛ𝑁×1, A ∈ ℛ𝑃×𝑁 and b ∈ ℛ𝑃×1. The Hessian H of the

objective function in (2.25a) is symmetric and positive semidefinite for a convex QP

problem. Many efficient algorithms and reliable software like SeDuMi [51] exist for

problem (2.25). The MATLAB optimization toolbox [50] is an efficient solver for

convex QP, and the MATLAB command to solve (2.25) with H positive semidefinite

is quadprog.

An important branch of convex programming is the second-order cone program-

ming (SOCP) where a linear function is minimized subject to a set of second-order

cone constraints and possibly a set of linear inequality constraints

minimize b𝑇x (2.26a)

subject to: ∥A𝑇
𝑖 x+ c𝑖∥ ≤ b𝑇

𝑖 x+ 𝑑𝑖 for 𝑖 = 1, 2, ..., 𝑞 (2.26b)

Fx ≥ g (2.26c)

where b ∈ ℛ𝑁×1, A𝑖 ∈ ℛ𝑁×(𝑁𝑖−1), c𝑖 ∈ ℛ(𝑁𝑖−1)×1 and b𝑖 ∈ ℛ𝑁×1. The term “second-
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order cone” reflects the fact that each constraint in (2.26b) is equivalent to a conic

constraint [
b𝑇
𝑖

A𝑇
𝑖

]
x+

[
𝑑𝑖

c𝑖

]
∈ 𝒞𝑖

where 𝒞𝑖 is the second-order cone in ℛ𝑁𝑖

𝒞𝑖 =
{[

𝑡

u

]
: u ∈ ℛ(𝑁𝑖−1)×1, 𝑡 ≥ 0, ∥u∥ ≤ 𝑡

}

x

y

z

Figure 2.3: Second-order cone in ℛ3.

The second-order cone in space ℛ3 is illustrated in Fig. 2.3. It is evident that

SOCP includes linear programming and convex QP as special cases. It is also known

that SOCP is a subclass of semidefinite programming (SDP) [25, 4, 42] because each

constraint in (2.26b) can be expressed as[
(b𝑇

𝑖 x+ 𝑑𝑖)I A𝑇
𝑖 x+ c𝑖

(Ai
𝑇x+ c𝑖)

𝑇 b𝑇
𝑖 x+ 𝑑𝑖

]
ર 0

SOCP problems can be solved by various polynomial-time interior-point optimiza-

tion algorithms [1, 26] and the MATLAB toolbox SeDuMi [51] is found efficient in

solving SOCP problems. It is also important to remark that it is often more efficient

to solve problem (2.26) using an SOCP solver rather than treating it as an equivalent
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SDP problem.

2.5 General Nonlinear Optimization Problems

The most general class of optimization problems is the class of problems where both

the objective function and the constraints are nonlinear and possibly nonconvex [1].

Consider the optimization problem

minimize 𝑓(h) (2.27a)

subject to: 𝑎𝑖(h) = 0 for 𝑖 = 1, 2, ..., 𝑝 (2.27b)

where 𝑓(h) and 𝑎𝑖(h) are continuous functions with continuous second partial deriva-

tives. We assume that (2.27b) defines a nonempty feasible region ℛ. Among a

variety of methods in dealing with problems like (2.27), the sequential quadratic-

programming (SQP) algorithms have proved highly effective. In this section, we

briefly review a SQP method for problem (2.27).

The first-order necessary conditions for h∗ to be a local minimizer of (2.27) are

that there exists a 𝝀∗ ∈ 𝑅𝑝 such that

∇ℎℒ(h∗, 𝝀∗) = 0, ∇𝜆ℒ(h∗, 𝝀∗) = 0

where the Lagrangian ℒ(h, 𝝀) is defined by

ℒ(h, 𝝀) = 𝑓(h)−
𝑝∑

𝑖=1

𝜆𝑖𝑎𝑖(h)

Suppose we are in the 𝑘th iteration with iterate {h𝑘, 𝝀𝑘}, which is assumed to be

sufficiently close to {h∗, 𝝀∗}. To find an increment {𝜹ℎ, 𝜹𝜆} such that {h𝑘+1, 𝝀𝑘+1} =

{h𝑘+𝜹ℎ, 𝝀𝑘+𝜹𝜆} is closer to {h∗, 𝝀∗}, we apply the first-order Taylor approximation

of ∇ℒ1 for {h𝑘, 𝝀𝑘}, i.e.,

∇ℒ(h𝑘+1,𝝀𝑘+1) ≈ ∇ℒ(h𝑘,𝝀𝑘) +∇2ℒ(h𝑘,𝝀𝑘)

[
𝜹ℎ

𝜹𝜆

]
1The symbol ∇ is defined as ∇ =

[ ∇𝑇
ℎ ∇𝑇

𝜆

]𝑇
.
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We see that {𝒉𝑘+1, 𝝀𝑘+1} is an approximation of {𝒉∗, 𝝀∗} if

∇2ℒ(h𝑘,𝝀𝑘)

[
𝜹ℎ

𝜹𝜆

]
= −∇ℒ(h𝑘,𝝀𝑘)

which can be reformulated in terms of the Hessian W𝑘 of the Lagrangian ℒ(𝒉𝑘, 𝝀𝑘)

and the Jacobian A𝑘 of the equality constraints (2.27b) as[
W𝑘 −A𝑇

𝑘

−A𝑘 0

][
𝜹ℎ

𝜹𝜆

]
=

[
A𝑇

𝑘𝝀𝑘 − g𝑘

a𝑘

]
(2.28)

where

W𝑘 = ∇2
ℎ𝑓(h𝑘)−

𝑝∑
𝑖=1

(𝝀𝑘)𝑖∇2
ℎ𝑎𝑖(h𝑘) (2.29a)

A𝑘 =
[
∇ℎ𝑎1(h𝑘) ∇ℎ𝑎2(h𝑘) ⋅ ⋅ ⋅ ∇ℎ𝑎𝑝(h𝑘)

]𝑇
(2.29b)

g𝑘 = ∇ℎ𝑓(h𝑘) (2.29c)

a𝑘 =
[
𝑎1(h𝑘) 𝑎2(h𝑘) ⋅ ⋅ ⋅ 𝑎𝑝(h𝑘)

]𝑇
(2.29d)

Eq. (2.28) can also be expressed as

W𝑘𝜹ℎ + g𝑘 = A𝑇
𝑘𝝀𝑘+1 (2.30a)

A𝑘𝜹ℎ = −a𝑘 (2.30b)

and they can be interpreted as the first-order necessary conditions for 𝜹ℎ to be a local

minimizer of the problem

minimize
1

2
𝜹𝑇
ℎW𝑘𝜹ℎ + 𝜹𝑇

ℎg𝑘 (2.31a)

subject to: A𝑘𝜹ℎ = −a𝑘 (2.31b)

∣∣𝜹ℎ∣∣ is small (2.31c)

Note that constraint (2.31c) is added to ensure the validity of the Taylor approxima-

tion. By removing the equality constraint (2.31b) using the singular value decompo-

sition (SVD) or QR decomposition [1], problem (2.31) assumes the form of problem

(2.25), which is a QP problem (see Sec. 2.4). Once the minimizer 𝜹∗
ℎ is found, the
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next iterate is set to

h𝑘+1 = h𝑘 + 𝜹∗
ℎ, 𝝀𝑘+1 = (A𝑘A

𝑇
𝑘 )

−1A𝑘(W𝑘𝜹
∗
ℎ + 𝒈𝑘)

in which 𝝀𝑘+1 is calculated using Eq. (2.30a). With h𝑘+1 and 𝝀𝑘+1 found, W𝑘+1,

A𝑘+1, g𝑘+1 and a𝑘+1 can be evaluated for a new round of iteration. The algorithm

continues until ∣∣𝜹∗
ℎ∣∣ becomes sufficiently small.

We see that this method consists of solving a series of QP subproblems in a

sequential manner, hence the name sequential quadratic-programming (SQP).

2.6 Global Optimization of Small-Size Polynomial

Optimization Problems

A real-valued polynomial 𝑓(x) in an 𝑛-dimensional space 𝑅𝑛 can be expressed as

𝑓(x) =
∑
𝜶∈ℱ

𝑐(𝜶)x𝜶 (2.33)

where 𝑐(𝜶) ∈ 𝑅, x = [𝑥1 𝑥2 ... 𝑥𝑛], 𝜶 = [𝛼1 𝛼2 ... 𝛼𝑛] ∈ ℱ ⊂ 𝒵𝑛
+ — the set of all

vectors in 𝑅𝑛 whose components are nonnegative integers, and x𝜶 = 𝑥𝛼1
1 𝑥𝛼2

2 ... 𝑥𝛼𝑛
𝑛 .

The order (degree) of 𝑓(x) is defined as the largest
∑

𝑖 𝛼𝑖.

A general polynomial optimization problem (POP) has the form

minimize 𝑓0(x) (2.34a)

subject to: 𝑓𝑘(x) ≥ 0 for 𝑘 = 1, ..., 𝐿 (2.34b)

𝑓𝑘(x) = 0 for 𝑘 = 𝐿+ 1, ..., 𝐾 (2.34c)

where 𝑓𝑘(x) for 𝑘 = 0, 1, ..., 𝐾 are real-valued polynomials. POPs include linear

programming (LP), convex quadratic programming (QP), semidefinite programming

(SDP), and second-order cone programming (SOCP) problems as its special cases.

More importantly, POPs stand for a substantially broader class that covers many

nonconvex optimization problems [22].

A recent breakthrough in the field is made by Lasserre [22] in which it is proved

that when the feasible region of (2.34) is compact (not necessarily convex), its global

solution can be approximated as closely as desired (and often can be obtained exactly)
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by solving a finite sequence of SDP problems. A technical difficulty with the method

of [22] is that the size of the SDP problems involved in a POP usually grows very

quickly. This may cause numerical difficulties even for POPs of moderate scales.

More recently, sparse SDP relaxation [44] is proposed for global solutions of POPs

of relatively larger scales with improved efficiency. The method is supported by

the MATLAB toolbox SparsePOP [43][45]. Another MATLAB toolbox for POPs is

GloptiPoly [9] which is intended to solve the generalized problem of moments that

can be viewed as an extension of the classical problem of moments [23].

While in theory the method in [22] is able to generate global solutions for POPs,

the size of an SDP problem it requires to solve grows so quickly with the size of the

original POP that the current versions of the software such as GloptiPoly version 3

and SparsePOP V220 can only handle POPs of very limited size. Nevertheless, the

globally optimal solutions of small-size POPs provided by the software form one of

the key ingredients in the proposed techniques in this thesis towards global designs

of several types of filter banks of high order. We shall illustrate this with details in

the following corresponding chapters.
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Chapter 3

Least Squares Design of

Orthogonal Filter Banks and

Wavelets

As studied in Sec. 2.1, a least squares (LS) design of a conjugate quadrature (CQ)

lowpass filter 𝐻0(𝑧) of length-𝑁 with 𝐿 vanishing moments (VMs) can be cast as

(𝒫𝑁
2 ) minimize h𝑇Qh (3.1a)

subject to:
𝑁−1−2𝑚∑

𝑛=0

ℎ𝑛 ⋅ ℎ𝑛+2𝑚 = 𝛿𝑚 (3.1b)

𝑁−1∑
𝑛=0

(−1)𝑛 ⋅ 𝑛𝑙 ⋅ ℎ𝑛 = 0 (3.1c)

where h = [ℎ0 ℎ1 ... ℎ𝑁−1]
𝑇 , 𝑚 = 0, 1, ..., (𝑁 − 2)/2, 𝑙 = 0, 1, ..., 𝐿 − 1, and

𝛿𝑚 is the Dirac sequence with 𝛿0 = 1 and 𝛿𝑚 = 0 for nonzero 𝑚. The matrix Q in

(3.1a) is a symmetric positive definite Toeplitz matrix characterized by its first row[
𝜋 − 𝜔𝑎 − sin𝜔𝑎 ⋅ ⋅ ⋅ − sin(𝑁 − 1)𝜔𝑎/(𝑁 − 1)

]
with 𝜔𝑎 the normalized stopband

edge of 𝐻0(𝑧).

In this chapter, several methods for local and global LS designs of CQ filter

banks are investigated. In Sec. 3.1, two local methods, i.e., the sequential convex-

programming method and the sequential quadratic-programming method are studied.

Sec. 3.2 addresses global LS design for CQ filter banks of low order. Based on obser-

vation of a common pattern among global low-order impulse responses, a strategy of
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designing potentially global LS filter banks of high order is proposed in Sec. 3.3. Fi-

nally, performance of the proposed algorithm for LS low-order and high-order designs

is evaluated and illustrated in Sec. 3.4.

3.1 Local LS Design of CQ Filter Banks

The LS design of CQ filters as formulated in (3.1) is a nonconvex problem because

of the presence of the quadratic equality constraints in (3.1b). As a result, it pos-

sesses multiple local solutions. Several (local) design techniques are available in the

literature [16, 33, 32, 24, 38, 39, 41]. In particular, a direct method is recently pro-

posed in [16] and is found to provide improved performance. Based on this direct

method, in this section a sequential convex-programming (SCP) method and a se-

quential quadratic-programming (SQP) method are developed and applied for local

designs, and are shown to produce improved results.

3.1.1 Sequential Convex-Programming Method

Lu and Hinamoto proposed in [16] a direct design method for LS designs that deals

with problem (3.1) by local convex approximations in a sequential manner. As each

update is confined within a small vicinity of the current iterate, the problem at hand

behaves like a convex one. However, sometimes inaccurate solutions are obtained and

unnecessary computations are involved because the optimization problem formulated

in the method can become infeasible. In this section, such a problem is explained in

detail and techniques for improvement in this regard are proposed to achieve more

efficient designs.

Suppose we are in the 𝑘th iteration to compute 𝜹ℎ so that h𝑘+1 = h𝑘+𝜹ℎ reduces

the filter’s stopband energy (i.e. the value of the objective function in (3.1a)) and

better satisfies the constraints in (3.1b) and (3.1c). Then h𝑇Qh in (3.1a) becomes

h𝑇
𝑘+1Qh𝑘+1 = 𝜹𝑇

ℎQ𝜹ℎ + 2𝜹𝑇
ℎQh𝑘 + h𝑇

𝑘Qh𝑘 (3.2)

In the same way, (3.1c) can be written as

𝑁−1∑
𝑛=0

(−1)𝑛 ⋅ 𝑛𝑙 ⋅ (𝜹ℎ)𝑛 = −
𝑁−1∑
𝑛=0

(−1)𝑛 ⋅ 𝑛𝑙 ⋅ (h𝑘)𝑛 (3.3)
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Now if we write (3.1b) at h𝑘+1 as

𝑁−1−2𝑚∑
𝑛=0

[(h𝑘)𝑛 + (𝜹ℎ)𝑛] ⋅ [(h𝑘)𝑛+2𝑚 + (𝜹ℎ)𝑛+2𝑚] = 𝛿𝑚

with 𝜹ℎ limited to be small in magnitude so that the second-order term on the left-

hand side of the above equation can be neglected, the above equation becomes

𝑁−1−2𝑚∑
𝑛=0

(h𝑘)𝑛(𝜹ℎ)𝑛+2𝑚 +
𝑁−1−2𝑚∑

𝑛=0

(h𝑘)𝑛+2𝑚(𝜹ℎ)𝑛

≈ 𝛿𝑚 −
𝑁−1−2𝑚∑

𝑛=0

(h𝑘)𝑛(h𝑘)𝑛+2𝑚 (3.4)

By using Eqs. (3.2), (3.4) and (3.3), the objective function turns into a quadratic

function of 𝜹ℎ and the two constraints become linear equality constraints. With 𝜹ℎ

bounded to be small, the 𝑘th iteration of problem (3.1) now assumes the form

minimize 𝜹𝑇
ℎQ𝜹ℎ + 𝜹𝑇

ℎg𝑘 (3.5a)

subject to: A𝑘𝜹ℎ = −a𝑘 (3.5b)

C𝜹ℎ ≤ b (3.5c)

with g𝑘 = 2Qh𝑘, C =

[
I𝑁

−I𝑁

]
where I𝑁 is an 𝑁 by 𝑁 identity matrix, b =

𝛽 ⋅
[
1 1 ⋅ ⋅ ⋅ 1

]𝑇
which is of dimension 2𝑁 with 𝛽 a small positive number, and

A𝑘 =
[
A𝑘1 ⋅ ⋅ ⋅ A𝑘𝑁

2

A𝑘
(𝑁2 +1)

⋅ ⋅ ⋅ A𝑘
(𝑁2 +𝐿)

]𝑇
a𝑘 =

[
𝑎𝑘1 ⋅ ⋅ ⋅ 𝑎𝑘𝑁

2

𝑎𝑘
(𝑁2 +1)

⋅ ⋅ ⋅ 𝑎𝑘
(𝑁2 +𝐿)

]𝑇

where A𝑘𝑖 and 𝑎𝑘𝑖 are specified below.

(a) For 1 ≤ 𝑖 ≤ 𝑁
2
, the 𝑁 by 1 vector A𝑘𝑖 has its 𝑗th element (A𝑘𝑖)𝑗 defined as

(A𝑘𝑖)𝑗 = ℎ𝑗−2𝑖+1 + ℎ𝑗+2𝑖−3, 1 ≤ 𝑗 ≤ 𝑁

Note here that ℎ𝑝 is the (𝑝 + 1)-th element of h𝑘 and is defined as 0 if 𝑝 < 0 or
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𝑝 > 𝑁 − 1. For instances when 𝑖 = 1 and 𝑖 = 𝑁
2
, we have

A𝑘1 =
[
2ℎ0 2ℎ1 ⋅ ⋅ ⋅ 2ℎ𝑁−1

]𝑇
= 2h𝑘

A𝑘𝑁
2

=
[
ℎ𝑁−2 ℎ𝑁−1 0 ⋅ ⋅ ⋅ 0 ℎ0 ℎ1

]𝑇

The scalar 𝑎𝑘𝑖 for 1 ≤ 𝑖 ≤ 𝑁
2
assumes the form

𝑎𝑘𝑖 =
𝑁−2𝑖+1∑

𝑛=0

ℎ𝑛 ⋅ ℎ𝑛+2𝑖−2 − 𝛿𝑖−1

(b) For 𝑁
2
+ 1 ≤ 𝑖 ≤ 𝑁

2
+ 𝐿, vector A𝑘𝑖 assumes the form

A𝑘𝑖 =
[
0𝑙(𝑖) −1𝑙(𝑖) 2𝑙(𝑖) ⋅ ⋅ ⋅ −(𝑁 − 1)𝑙(𝑖)

]𝑇
where 𝑙(𝑖) = 𝑖− 𝑁

2
− 1. And 𝑎𝑘𝑖 is simply calculated as

𝑎𝑘𝑖 = A𝑇
𝑘𝑖
h𝑘

If the VM requirement in (3.1c) is not a part of the design specifications, then we

set 𝐿 = 0. In this case, A𝑘 only has the first 𝑁/2 row vectors and a𝑘 only has the

first 𝑁/2 elements.

We note that the equality constraint in (3.5𝑏) can be eliminated via the singular

value decomposition (SVD) of A𝑘 = U𝑘Σ𝑘V
𝑇
𝑘 as [1]

𝜹ℎ = V𝑘𝑟x+A†
𝑘(−a𝑘) (3.8)

where x is an (𝑁 − 𝑟)-dimensional free vector with 𝑟 being the rank of A𝑘 so 𝑟 =

𝑁/2 + 𝐿 or 𝑁/2 depending on whether or not the VM requirement is included. The

symbol † denotes the pseudo-inverse of a matrix, and V𝑘𝑟 is the matrix consisting of

the last 𝑁 − 𝑟 columns of V𝑘. With (3.8), problem (3.5) is reduced to

minimize x𝑇 Q̂x+ x𝑇 ĝ𝑘 (3.9a)

subject to: Ĉx ≤ b̂ (3.9b)
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where

Q̂ = V𝑇
𝑘𝑟
QV𝑘𝑟 , ĝ𝑘 = V𝑇

𝑘𝑟
[g𝑘 + 2QA†

𝑘(−a𝑘)]

Ĉ = CV𝑘𝑟 , b̂ = b−CA†
𝑘(−a𝑘)

Since Q̂ is positive definite, problem (3.9) is a convex QP problem (see Sec. 2.4).

The design steps described above form a basis of the direct design technique in

[16]. In practice, however, choosing an appropriate 𝛽 for the above method is fairly

challenging. If 𝛽 is too small, the solution space of (3.5b) will not intersect with that

of (3.5c), hence there is no 𝜹ℎ satisfying both constraints. In consequence, there is no

x satisfying (3.9b), making problem (3.9) infeasible. On the other hand, when 𝛽 is

made too large, the convex approximation in a local region for the original nonconvex

problem may become invalid. To deal with this problem, we modify constraint (3.9b)

so that problem (3.9) becomes

minimize x𝑇 Q̂x+ x𝑇 ĝ𝑘 (3.10a)

subject to: Fx ≤ a (3.10b)

where F =

[
I𝑀

−I𝑀

]
and a = 𝛼 ⋅

[
1 1 ⋅ ⋅ ⋅ 1

]𝑇
which is of dimension 2𝑀 with

𝛼 > 0 a small scalar. The matrix I𝑀 is an𝑀 by𝑀 identity matrix with𝑀 = 𝑁/2−𝐿

or 𝑁/2 depending on whether or not the VM requirement is included. Evidently,

(3.10b) requires that each component of x is less than 𝛼 in magnitude, which implies

that ∥x∥ is small. This modification can be justified as follows. With x small, 𝜹ℎ is

also limited within a small region since (3.8) implies

∥𝜹ℎ∥ ≤ ∥x∥+ ∥A†
𝑘(−a𝑘)∥

where A†
𝑘(−a𝑘) is known as the minimum-norm solution of (3.5b), therefore a small

∥x∥ implies a small ∥𝜹ℎ∥. An advantage of adopting problem (3.10) is that it is always

feasible and a global optimum can be obtained no matter how small 𝛼 is (as far as

our simulations are concerned, 𝛼 = 0.01 was found to work well).

As will be shown in Sec. 3.1.3, with this modification, the LS design of a CQ

lowpass filter converges to a local minimizer satisfying constraints (3.1b) and (3.1c)

more accurately than the direct method in [16]. In the rest of the chapter, we call
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this modified direct design technique as the SCP method.

3.1.2 Sequential Quadratic-Programming Method

The SQP method for solving general constrained problems has been introduced in

Sec. 2.5. In this section, we apply the SQP method to the LS design of CQ filters.

The LS problem (3.1) can be formulated in the form of (2.31) by virtue of the

SQP method. By using Eqs. (2.29b), (2.29c) and (2.29d), A𝑘, g𝑘 and a𝑘 in problem

(2.31) can be calculated for the LS problem (3.1) and they are found to be the same

as those in problem (3.5) of the SCP method. According to Eq. (2.29a), the matrix

W𝑘 for problem (3.1) assumes the form

W𝑘 = 2Q−P

where P is an 𝑁 by 𝑁 symmetric Toeplitz matrix characterized by its first row[
2(𝝀𝑘)1 0 (𝝀𝑘)2 0 ⋅ ⋅ ⋅ (𝝀𝑘)𝑁

2
0
]
. We note that matrix W𝑘 is not assured to

be positive semidefinite.

We also note that 𝜹ℎ in problem (2.31) cannot be limited to as small as we want

because constraints (2.31b) and (2.31c) may become overly stringent, making the

problem infeasible. To deal with this technical difficulty, we use the same technique

introduced in the SCP method, i.e., eliminating equality constraints with SVD and

bounding the new variables from above. In this way, problem (2.31) is reformulated

as

minimize
1

2
x𝑇W̃𝑘x+ x𝑇 g̃𝑘 (3.11a)

subject to: Fx ≤ a (3.11b)

where

W̃𝑘 = V𝑇
𝑘𝑟
W𝑘V𝑘𝑟 , g̃𝑘 = V𝑇

𝑘𝑟
[g𝑘 +W𝑘A

†
𝑘(−a𝑘)]

Here the parameters V𝑘𝑟 , F and a are the same as those that appeared in the SCP

method in Sec. 3.1.1. With 𝛼 in a set sufficiently small (𝛼 was set to 0.01 in our

experiments), the QP problem in (3.11) is always feasible. It was found in practice

that W̃𝑘 is positive definite when the iterate is in the neighbourhood of the opti-

mal solution {h∗, 𝝀∗}. In the case where W̃𝑘 becomes indefinite, i.e., some of the
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eigenvalues of W̃𝑘 are less than zero, we modify W̃𝑘 as

W̃𝑘 := W̃𝑘 + (𝜖− 𝑟)I𝑁

where 𝑟 is the minimum eigenvalue of W̃𝑘, 𝜖 is a small positive value, and I𝑁 is an

identity matrix of size 𝑁 by 𝑁 . In this way, W̃𝑘 is positive definite and problem

(3.11) becomes a convex QP problem (see Sec. 2.4).

If the SQP algorithm starts with an initial point {h0, 𝝀0} that is sufficiently close

to {h∗, 𝝀∗}, the performance of the SQP method is found to be very satisfactory.

But if the algorithm has to start with an initial point that is rather remote from

the solution, it may fail to converge [7]. In Sec. 3.3, we present a technique for the

design of potentially global LS CQ filters, where an initial point sufficiently close to

the solution point is furnished.

3.1.3 Experimenal Results of Local LS Designs

In this section, we make comparisons between the SCP method and the direct design

method in [16] for local LS designs. The performance of the SQP method for local

designs is not evaluated because the convergence of the SQP method cannot be en-

sured with an arbitrary initial point, especially when the initial point is quite distant

from the locally optimal solution.

The SCP method and the direct method were implemented to design locally opti-

mal LS CQ filters with 𝑁 = 30, 𝐿 = 2, and 𝜔𝑎 = 0.6𝜋. For all the designs, the initial

point used was the same linear-phase lowpass filter obtained by the conventional

window-based technique [2]. It was found that the smallest tolerance for the direct

method to achieve convergence is approximately 1e-7, whereas the SCP method can

achieve convergence with a tolerance as small as 1e-18. To compare the two methods

under the same design specifications, we set the convergence tolerance to 𝜀 = 1e-7.

Table 3.1 lists the performance of the two filters in terms of the stopband energy,

the largest equation error among all constraints in (3.1b) and (3.1c) and the CPU

time on a PC laptop with a 1.66 GHz dual-core processor. We observe that the

SCP method produced a filter not only satsifying constraints (3.1b) and (3.1c) with

a higher precision than the direct method, but also possessing a smaller stopband

energy. Magnitude responses for the LS CQ filters designed from these two methods

are provided in Figs. 3.1 and 3.3. It can be observed that the shape of magnitude

response exhibited in Fig. 3.1 looks better. We also note that the SCP method takes
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slightly longer CPU time to finish the design.
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Figure 3.1: Magnitude response of local LS filter with 𝑁 = 30, 𝐿 = 2 and 𝜔𝑎 = 0.6𝜋
designed from the SCP method.
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Figure 3.2: Impulse response of local LS filter with 𝑁 = 30, 𝐿 = 2 and 𝜔𝑎 = 0.6𝜋
designed from the SCP method.
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Figure 3.3: Magnitude response of local LS filter with 𝑁 = 30, 𝐿 = 2 and 𝜔𝑎 = 0.6𝜋
designed from the direct method.
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Figure 3.4: Impulse response of local LS filter with 𝑁 = 30, 𝐿 = 2 and 𝜔𝑎 = 0.6𝜋
designed from the direct method.
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SCP Direct method in [16]
Energy in stopband 1.97e-5 5.38e-5

Largest equation error 6.80e-5 9.00e-4
CPU time 4.13s 1.87s

Table 3.1: Performance of LS filters designed using different local methods

3.2 Global LS Design of Low-Order CQ Filter Banks

As argued earlier, the LS design of CQ filters as formulated in (3.1) is a nonconvex

problem. As such the problem possesses multiple local solutions. Nevertheless, prob-

lem (3.1) is a polynomial optimization problem (POP) (see Sec. 2.6) with 𝑁/2 + 𝐿

or 𝑁/2 constraints depending on whether or not the VM requirement is included,

and the maximum order of all the polynomials involved is two. Therefore, in prin-

ciple Lasserre’s approach [22] is a natural candidate technique for finding the global

solution of (3.1).

For low-order filter banks, toolbox GloptiPoly was found to work well. For exam-

ple, with 𝑁 = 6, 𝐿 = 2 and 𝜔𝑎 = 0.56𝜋, the software produces four globally optimal

impulse responses as

h
(6,2)
LS =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.33268098788629

0.80689591454849

0.45986215652386

−0.13501431772967

−0.08543638600240

0.03522516035714

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−h

(6,2)
LS , flipud(h

(6,2)
LS ) and −flipud(h

(6,2)
LS ) where flipud(h) denotes a vector gen-

erated by flipping vector h upside down. We remark that the above four impulse

responses satisfy constraints (3.1b) and (3.1c) and they yield the same minimum ob-

jective function value as h
(6,2)
LS

𝑇
Qh

(6,2)
LS = 0.173458. Also note that h

(6,2)
LS and −h

(6,2)
LS

possess minimum phase1 because no zeros of their corresponding transfer functions

are outside the unit circle. The zero-pole plane of h
(6,2)
LS or (−h

(6,2)
LS ) is shown in Fig.

3.5.

Unfortunately, the software fails to work if the filter length 𝑁 is greater than or

1A linear, time-invariant system is said to be minimum-phase if the system and its inverse are
causal and stable [13].
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equal to 10. On the other hand, toolbox SparsePOP was found to work for the global

design of filter banks up to 𝑁 = 16. A technical problem with SparsePOP is that,

unlike GloptiPoly being able to produce multiple global solutions, it requires to set

a lower bound and an upper bound for the impulse response and only one global

solution that falls within the bounds will be generated. Our design experiences have

indicated that the following bounds work well:

hd − 0.5e ≤ h ≤ hd + 0.5e (3.12)

where hd is the impulse response of the length-𝑁 Daubechies filter [41] and e is an

𝑁 × 1 all-one vector. SparsePOP fails to work properly whenever 𝑁 > 16.
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Figure 3.5: Zero-pole plot of h
(6,2)
LS .
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3.3 Potentially Global LS Design of High-Order

CQ Filter Banks

We now address the LS design of CQ filter banks and wavelets with length 𝑁 too

high for the above-mentioned software to handle. A key step in the design strategy

is the construction of a good initial point for problem 𝒫𝑁w+2
2 (see problem (3.1)) and

this is done by appropriately zero-padding the global solution of problem 𝒫𝑁w
2 . In

what follows, we first examine a common pattern that impulse responses of globally

optimal CQ filter banks of low-order appear to share.

3.3.1 Pattern of Impulse Responses of Globally Optimal Low-

Order Filter Banks

Shown in Fig. 3.6 are the impulse responses of globally optimal minimum-phase

lowpass CQ filters of lengths 𝑁 = 6, 8 and 10 (all with 𝐿 = 2) obtained using

SparsePOP where the impulse responses are plotted over normalized interval [0, 1]

for better comparison. From this figure, it is clear that these impulse responses are

distinctly different from each other. Nevertheless, it is equally clear that they exhibit

a similar pattern: each impulse response starts with a short uphill to peak, then goes

down to components of small values. In addition, viewing each impulse response as

a curve (function), we see that the nearest neighbor to a given curve associated with

filter length 𝑁 is the curve associated with length 𝑁 + 2.

Furthermore, for a fixed filter length 𝑁 the impulse responses of globally optimal

CQ filters with various VMs are clustered and exhibit a pattern similar to that in

Fig. 3.6. As an example, Fig. 3.7 shows the impulse responses of lowpass CQ filters

with 𝑁 = 8 and 𝐿 = 0, 1, 2, 3, 4 obtained using GloptiPoly or SparsePOP.

In what follows, it will become transparent that the observations made on the

pattern of the impulse responses of globally optimal low-order designs provide useful

clues for tackling the design of potentially globally optimal high-order CQ filters.
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Figure 3.6: Pattern of LS impulse responses with different length 𝑁 .
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Figure 3.7: Pattern of LS impulse responses with various VM 𝐿.
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3.3.2 A Design Strategy

The situation facing the designer may be summarized as follows:

(i) Global designs of CQ filters are possible by using the methods of [22, 44], but

only for short filter lengths;

(ii) A common pattern exists among the impulse responses of globally optimal low-

pass minimum-phase CQ filters of short lengths and, the optimal impulse re-

sponse of length 𝑁 + 2 falls within a small vicinity of the optimal impulse

response of length 𝑁 ;

(iii) A local design method that requires a reasonable initial impulse response for

producing a locally optimal design is within our reach.

Let h𝑁w be the impulse response of the global solution of problem 𝒫𝑁w
2 (see Prob-

lem (3.1)) and 𝐻
(𝑁w)
0 (𝑒𝑗𝜔) be the frequency response of the CQ filter with h𝑁w as

impulse response. We construct an impulse response of length 𝑁w+2 by padding two

zeros at the end of h𝑁w , and denote it by hzp
𝑁w+2. We argue that hzp

𝑁w+2 is an appro-

priate initial point for problem 𝒫𝑁w+2
2 . As a matter of fact, from Fig. 3.6 we see that

dilating h𝑁w to get an (𝑁w+2)-dimensional initial point by zero-padding is intuitively

reasonable because the tail of every global impulse response in the figure consists of

small-value components. A graphical illustration of the effect of zero-padding is given

in Fig. 3.8 where hzp
8 obtained by zero-padding the globally optimal impulse response

h6 (with 𝐿 = 2) is shown to be close to the globally optimal impulse response h8 (with

𝐿 = 2). In an early attempt [46], an (𝑁w + 2)-dimensional initial point, denoted by

hinterp
𝑁w+2, was constructed by linearly interpolating h𝑁w . As evidenced in Fig. 3.8, hzp

8

gets closer to h8 than hinterp
8 does.

Fig. 3.9 depicts the ℓ2 distance ∥hzp
𝑁 − h𝑁∥ between the zero-padded initial point

and the global solution point, and the ℓ2 distance ∥hinterp
𝑁 −h𝑁∥ between the linearly

interpolated initial point and the global solution point for even 𝑁 from 12 to 96

(the computation of global solution h𝑁 is reported in Sec. 3.4). It is observed that

∥hzp
𝑁 − h𝑁∥ is consistently less than ∥hinterp

𝑁 − h𝑁∥ for the same 𝑁 .
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Figure 3.8: Zero-padded and linearly interpolated initial impulse responses with re-
spect to the globally optimal impulse response of that order.
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The use of hzp
𝑁w+2 can be further justified by several desirable properties it offers:

(i) hzp
𝑁w+2 is a feasible point for problem 𝒫𝑁w+2

2 (i.e. it is in the feasible region char-

acterized by constraints (3.1b) and (3.1c)) because it satisfies both constraints

where 𝑁 is taken to be 𝑁w + 2. Verification of this property is straightforward

as soon as one realizes that hzp
𝑁w+2 is merely a zero-padded h𝑁w , and h𝑁w is a

solution of 𝒫𝑁w
2 hence satisfies (3.1b) and (3.1c) (where 𝑁 is taken to be 𝑁w).

(ii) If we denote the frequency response of the initial CQ filter corresponding to

hzp
𝑁w+2 by 𝐻

(𝑁w+2,zp)
0 (𝑒𝑗𝜔), it is immediately clear that∫ 𝜋

𝜔𝑎

∣𝐻(𝑁w+2,zp)
0 (𝑒𝑗𝜔)∣2𝑑𝜔 =

∫ 𝜋

𝜔𝑎

∣𝐻(𝑁w)
0 (𝑒𝑗𝜔)∣2𝑑𝜔

That is, the stopband energy of the initial CQ filter (whose length is 𝑁w + 2)

is the smallest amongst all LS CQ filters of length 𝑁w.

(iii) If 𝐻
(𝑁w)
0 (𝑧) is a minimum-phase filter, so is 𝐻

(𝑁w+2,zp)
0 (𝑧), because the two zero

components padding to h𝑁w simply means that the roots of 𝐻
(𝑁w+2,zp)
0 (𝑧) = 0

are the union of the roots of 𝐻
(𝑁w)
0 (𝑧) = 0 and two additional roots at the

origin.

We remark that these properties do not hold if an interpolated initial impulse

response hinterp
𝑁w+2 is used. Thus, the construction of a suitable initial point described

above leads to Algorithm 1 below. In the algorithm, it is implicitly assumed that the

filter length 𝑁 (always an even integer) is too high for the method of [22] to handle.

Algorithm 3.1 (for global LS design of CQ filter banks and wavelets)

Input Data:

Filter length 𝑁 and stopband edge 𝜔𝑎.

Step 1

Set an initial working filter length 𝑁w = 4. Design a globally optimal, minimum-

phase, LS CQ filter of length 𝑁w using the method of [22]. Denote the impulse

response obtained by h𝑁w .

Step 2

Construct an initial point hzp
𝑁w+2 for problem 𝒫𝑁w+2

2 by padding two zeros at the end

of h𝑁w .
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Step 3

Solve problem 𝒫𝑁w+2
2 using a local design method reported in Sec. 3.1. Denote the

impulse response of the CQ filter obtained by h𝑁w+2.

Step 4

If 𝑁 = 𝑁w + 2, output h𝑁w+2 as the optimal design and stop; otherwise set 𝑁w :=

𝑁w + 2 and repeat from Step 2.

Although no theoretical claim about the global optimality of the above design

methodology can be made for large 𝑁 , we speculate that the designs obtained by

this approach are quite likely to be globally optimal. This is because in each round

of iteration the initial point is sufficiently close to the global minimizer and the local

algorithm in Sec. 3.1 is known to converge to a nearby minimizer. In the next section,

we provide experimental evidence that supports this speculation.

3.4 Design Examples and Performance Evaluation

3.4.1 Performance of the Proposed Method for Globally Op-

timal Low-order Designs

The method described in Sec. 3.3.2 was applied to design lowpass minimum-phase

LS CQ filters of length 𝑁 = 6, 8, ..., 16. For all designs, the normalized stopband

edge was set to 𝜔𝑎 = 0.56𝜋 and the number of VMs was set to 𝐿 = 1. In each design,

toolbox GloptiPoly was applied only once to (3.1) to generate a globally optimal

minimum-phase impulse response with 𝑁 = 4 and 𝐿 = 1, denoted by h(4,1). In the

case of 𝑁 = 6, h(4,1) was zero-padded to length 6 and then used as the initial point to

run the SCP (or SQP) method (note that for the SQP method, the initial 𝝀0 is always

chosen as an all-zero vector for all our designs), and the impulse response obtained

is denoted by ĥ(6,1). In the case of 𝑁 = 8, we first obtained impulse response ĥ(6,1)

as above; then ĥ(6,1) was zero-padded to length 8 and used as the initial point to

run the SCP (or SQP) method to generate impulse response ĥ(8,1). The designs for

𝑁 = 10, 12, 14, 16 were carried out in a similar manner to produce impulse responses

ĥ(𝑁,1).

For comparison purposes, globally optimal impulse responses h(𝑁,1) for 𝑁 =

6, 8, ..., 16 were obtained using GloptiPoly or SparsePOP. It was found that ĥ(𝑁,1)

and h(𝑁,1) are practically identical for all even 𝑁 from 6 to 16. We also remark that
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with the starting impulse response h(4,1) having minimum phase, the LS CQ filters

so designed all have minimum phase, a desirable property for digital filters to be of

practical use.

3.4.2 Performance of the Proposed Method for Potentially

Globally Optimal High-order Designs

Supported by the verification of our design concept in Sec. 3.4.1, we now proceed to

apply the proposed method to design high-order LS lowpass CQ filters with length 𝑁

up to 96. As an example, a filter with 𝑁 = 96, 𝐿 = 3, and 𝜔𝑎 = 0.56𝜋 was designed.

The convergence tolerance was set to 𝜀 = 1e-15. Two local methods, i.e., the SCP

and SQP methods with zero-padded initial impulse responses were applied in Step

3 of Algorithm 3.1. The energy in stopband (h𝑇Qh in (3.1a)), the largest equation

error among all constraints in (3.1b) and (3.1c), and the CPU time on a PC laptop

with a 1.66 GHz dual-core processor for the two methods are listed in Table 3.2.

We observe that the two methods work quite effectively because globally optimal

impulse responses satisfying constraints (3.1b) and (3.1c) with high precision were

calculated in a relatively short period of time. We also note that the SQP method

achieved a slightly better performance than the SCP method, demonstrating the ex-

cellent performance of the SQP method when the initial point is close enough to

the optimal solution point. The ℓ2-norm distance between the two impulse-response

vectors was found to be 6.8772e-5, meaning that the global design with SCP method

and the global design with SQP method practically converged to the same solution.

The magnitude response and the impulse response of the globally optimal LS filter

designed by the proposed method are depicted in Figs. 3.10 and 3.11, respectively.

SCP SQP
Energy in stopband 1.18103e-9 1.18101e-9

Largest equation error 1e-14 4e-15
CPU time 46s 42s

Table 3.2: Performance of globally optimal LS filters of length 96
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Figure 3.10: Magnitude response of globally optimal LS filter with 𝑁 = 96, 𝐿 = 3
and 𝜔𝑎 = 0.56𝜋.
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Figure 3.11: Impulse response of globally optimal LS filter with 𝑁 = 96, 𝐿 = 3 and
𝜔𝑎 = 0.56𝜋.
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For comparison, a locally optimal LS CQ filter with 𝑁 = 96, 𝐿 = 3, and 𝜔𝑎 =

0.56𝜋 was also designed under convergence tolerance 𝜀 = 1e-15 by directly applying

the SCP method (see 3.1.1). The initial point used was a linear-phase lowpass filter

obtained by the conventional window-based technique [2]. The performance of the

local filter designed is listed in Table 3.3. Comparing Table 3.2 with Table 3.3, it is

observed that the performance of the LS CQ filters from the global designs indeed

excels that from the local design in terms of energy in stopband and largest equation

error. The magnitude response and impulse response of the locally optimal filter are

shown in Figs. 3.12 and 3.13, respectively. We observe that the stopband attenuation

of the globally optimal filter is larger than that of the locally optimal filter. All

the observations made above support our belief that the proposed method produces

globally optimal CQ filters.

The zero-pole plots of the LS lowpass CQ filters of length 96 obtained using the

global and local methods are shown in Figs. 3.14 and 3.15, respectively. It follows

that the CQ filter designed from the local method does not possess minimum phase

because there are zeros outside the unit circle of the complex plane, whereas the

globally optimal CQ filter possesses minimum phase because no zeros are outside the

unit circle of the complex plane.

Local design based on SCP
Energy in stopband 3.15564e-9

Largest equation error 1e-14
CPU time 27s

Table 3.3: Performance of a locally optimal LS filter of length 96
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Figure 3.12: Magnitude response of locally optimal LS filter with 𝑁 = 96, 𝐿 = 3
and 𝜔𝑎 = 0.56𝜋.
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Figure 3.13: Impulse response of locally optimal LS filter with 𝑁 = 96, 𝐿 = 3 and
𝜔𝑎 = 0.56𝜋.
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Figure 3.14: Zero-pole plot of globally optimal LS filter with 𝑁 = 96, 𝐿 = 3 and
𝜔𝑎 = 0.56𝜋.

−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

3 95

Real Part

Im
ag

in
ar

y 
P

ar
t

Figure 3.15: Zero-pole plot of locally optimal LS filter with 𝑁 = 96, 𝐿 = 3 and
𝜔𝑎 = 0.56𝜋.
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Chapter 4

Minimax Design of Orthogonal

Filter Banks and Wavelets

This chapter is focused on the minimax design of orthogonal filter banks and wavelets.

It follows from Sec. 2.1 that the design problem under consideration can be formulated

as

minimize 𝜂 (4.1a)

subject to: ∥T(𝜔) ⋅ h∥ ≤ 𝜂 for 𝜔 ∈ Ω (4.1b)
𝑁−1−2𝑚∑

𝑛=0

ℎ𝑛 ⋅ ℎ𝑛+2𝑚 = 𝛿𝑚 (4.1c)

𝑁−1∑
𝑛=0

(−1)𝑛 ⋅ 𝑛𝑙 ⋅ ℎ𝑛 = 0 (4.1d)

where 𝑚 = 0, 1, ..., (𝑁 − 2)/2 and 𝑙 = 0, 1, ..., 𝐿− 1.

The remainder of this chapter is organized in the following way. Sec. 4.1 studies

the local method for the minimax design of conjugate quadrature (CQ) filter banks.

The related convergence issue has also been addressed therein. Next, global minimax

design of low-order CQ filter banks is studied in Sec. 4.2. In Sec. 4.3, we propose two

methods for global minimax design of high-order CQ filter banks. To conclude this

chapter, performance of the proposed methods for high-order designs is illustrated

in Sec. 4.4, and comparisons with other existing methods well established in the

literature are evaluated in Sec. 4.5, separately.
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4.1 Local Minimax Design of CQ Filter Banks

Like the least squares (LS) design problem studied in Chapter 3, the minimax de-

sign of CQ filters in (4.1) is also a nonconvex problem, hence the problem possesses

multiple local solutions. A direct design technique for locally optimal minimax CQ

filters is proposed in [16]. In this section we propose several improvements over the

design method in [16]. First, the direct method in [16] is modified such that the

optimization problem involved is always feasible. This modification is similar to that

done for the sequential convex-programming (SCP) method, see Sec. 3.1. Next, a

convergence issue encountered in the design is investigated and a technique by lo-

cating magnitude-response peaks in conjunction with a Gauss-Newton method with

adaptively controlled weights is applied for the minimax design to achieve a solution

with a high degree of accuracy. By implementing these improvments, the modified

method is found to provide excellent performance in designing locally optimal min-

imax CQ filter banks. Simulations are presented in Sec. 4.1.3 to demonstrate the

effectiveness of the improved method.

4.1.1 Direct Design Method with Feasible Optimization Prob-

lems

We begin by a brief review of the method in [16]. Using the analysis described in Sec.

3.1.1, in the 𝑘th iteration of the direct design method [16], problem (4.1) assumes the

form

minimize 𝜂 (4.2a)

subject to: ∥T(𝜔)(h𝑘 + 𝜹ℎ)∥ ≤ 𝜂 for 𝜔 ∈ Ω (4.2b)

A𝑘𝜹ℎ = −a𝑘 (4.2c)

C𝜹ℎ ≤ b (4.2d)

where A𝑘, a𝑘, C and b are the same as given in (3.5). By utilizing SVD of matrix

A𝑘 as in (3.8) to remove the equality constraints, the problem can be reduced to

minimize 𝜂 (4.3a)

subject to: ∥T𝑘(𝜔)x+ e𝑘(𝜔)∥ ≤ 𝜂 for 𝜔 ∈ Ω (4.3b)

Ĉx ≤ b̂ (4.3c)
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where

Ĉ = CV𝑘𝑟 , b̂ = b−CA†
𝑘(−a𝑘)

T𝑘(𝜔) = T(𝜔)V𝑘𝑟 , e𝑘(𝜔) = T(𝜔)[h𝑘 +A†
𝑘(−a𝑘)]

As explained in Sec. 3.1.1, this technique may encounter difficulties as problem

(4.3) may become infeasible. As a technical remedy, we propose to directly bound x

so that problem (4.3) becomes

minimize 𝜂 (4.4a)

subject to: ∥T𝑘(𝜔)x+ e𝑘(𝜔)∥ ≤ 𝜂 for 𝜔 ∈ Ω (4.4b)

Fx ≤ a (4.4c)

where F and a are defined in the same way as those in Eq. (3.10b). Compared

with (4.3), (4.4) is always feasible no matter how small 𝛼 is. With regard to variable

{𝜂, x}, (4.4) is a second-order cone programming (SOCP) problem [1] for which

efficient solvers such as SeDuMi [51] exist. After the unique and global solution x𝑘 of

(4.4) is obtained, we set h𝑘+1 = h𝑘 + [V𝑘𝑟x𝑘 +A†
𝑘(−a𝑘)] for the next iteration. The

algorithm continues until ∥h𝑘+1 − h𝑘∥ is less than a prescribed tolerance 𝜀, and h𝑘+1

is claimed to be the locally optimal impulse response.

4.1.2 A Convergence Issue for Local Minimax Designs

In our experimental studies, the choice of the set of frequency grids of Ω in (4.4) is

found to be of critical importance for the algorithm to achieve convergence. Occa-

sionally, even if we uniformly partition the interval [𝜔𝑎, 𝜋] with a high density, the

local minimax method may remain unconvergent with respect to a certain tolerance.

We speculate that this problem is due to the use of an evenly spaced frequency grid

set Ω at which a large number of the inequality constraints in (4.4b) remain inactive.

A. Constructing Ω by locating magnitude-response peaks

To deal with the above problem, we first use a set of evenly spaced dense frequency

grids as Ω so that the frequencies achieving all magnitude-response peaks in stopband

are practically captured. After a few iterations, although the solution is still not accu-
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rate, the locations of the peaks of magnitude response in stopband [𝜔𝑎, 𝜋] tend to be

stable and it is possible to locate them all. At this point of the algorithm, we construct

Ω with only those frequencies corresponding to the peaks and continue the iterations

for problem (4.4). As a result, the number of frequency grids in Ω is considerably

reduced that helps accelerate the iterations. More importantly, as iteration continues

the peaks become increasingly equalized, hence an increasing number of inequality

constraints in (4.4b) become active that facilitates the algorithm’s convergence to a

highly accurate solution.

B. A Gauss-Newton method with adaptively controlled weights

There are instances when the method described above still does not converge. In

these cases, it was found that the equality constraint (4.1c) is not satisfied accurately.

Under this circumstance, a post-processing method is applied to further improve the

solution accuracy in satisfying the equality constraints in (4.1c).

To be specific, let h𝑟 be the current iterate. It is certain that there exists an

accurate solution h∗ in a neighborhood of h𝑟. Our objective is to identify such a

solution h∗, which satisfies the system of nonlinear equations

𝑓𝑚(h) = 0 for 𝑚 = 0, 1, ..., 𝑁/2− 1 (4.5)

with practically equal equation errors, where 𝑓𝑚(h) =
𝑁−1−2𝑚∑

𝑛=0

ℎ𝑛 ⋅ ℎ𝑛+2𝑚 − 𝛿𝑚. The

problem here can be resolved by using the Gauss-Newton (G-N) method with adap-

tively controlled weights introduced in Sec. 2.3. Here the iterate h𝑟 is utilized as an

initial point for the algorithm so that the solution h∗ sufficiently close to h𝑟 can be

obtained.

Together, the two techniques described above facilitate a satisfactory solution for

the convergence issue and lead to a locally optimal solution to problem (4.1) with

a high degree of accuracy. For convenience, we refer to the local minimax design

method investigated in this section as the SCP-GN method.

4.1.3 Experimental Results of Local Minimax Designs

In what follows, we make comparisons between the SCP-GN method and the direct

design method [16] for local minimax designs.
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The SCP-GN method was applied to design a locally optimal minimax CQ filter

with 𝑁 = 20, 𝐿 = 2 and 𝜔𝑎 = 0.6𝜋. The initial point was a linear-phase lowpass filter

obtained by the conventional window-based technique [2]. The performance of the

filter designed in terms of maximum instantaneous stopband energy, largest equation

error among all constraints in (4.1c) and (4.1d) and CPU time is listed in Table 4.1.

For comparison, Table 4.1 also lists the performance of the filter of the same pa-

rameters (i.e., 𝑁 = 20, 𝐿 = 2 and 𝜔𝑎 = 0.6𝜋) obtained using the minimax method

in [16]. The initial point was the same as that used in the SCP-GN method. It

can be observed that the SCP-GN method produces a filter which has less maximum

stopband energy and satisfies the constraints with reduced equation error. The mag-

nitude responses and the impulse responses associated with the local mimimax filter

designed by the SCP-GN method and the direct method respectively are plotted in

Figs. 4.1-4.4. It is observed from the figures that the two methods converge to two dif-

ferent local solutions, whereas the minimax filter from the SCP-GN method achieves

a better magnitude response. It is important to note that magnitude response of a

minimax filter is equiripple over stopband.

SCP-GN method in [16]
Maximum instantaneous

energy in stopband 1.497e-3 1.537e-3
Largest equation error 2.1e-9 2.0e-4

CPU time 19.3s 25.1s

Table 4.1: Performance of minimax filters designed using different local methods
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Figure 4.1: Magnitude response of local minimax filter with 𝑁 = 20, 𝐿 = 2 and
𝜔𝑎 = 0.6𝜋 designed from the SCP-GN method.
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Figure 4.2: Impulse response of local minimax filter with 𝑁 = 20, 𝐿 = 2 and 𝜔𝑎 =
0.6𝜋 designed from the SCP-GN method.
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Figure 4.3: Magnitude response of local minimax filter with 𝑁 = 20, 𝐿 = 2 and
𝜔𝑎 = 0.6𝜋 designed from the direct method.
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Figure 4.4: Impulse response of local minimax filter with 𝑁 = 20, 𝐿 = 2 and 𝜔𝑎 =
0.6𝜋 designed from the direct method.
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4.2 Global Minimax Design of Low-Order CQ Fil-

ter Banks

Like the LS problem in (3.1), the minimax problem formulated in (4.1) is also a poly-

nomial optimization problem (POP) with 𝐾+𝑁/2+𝐿 constraints and the maximum

order of all the polynomials involved is two. In our experiments, toolbox GloptiPoly

was found to work only for filters of order 4. For example, with 𝑁 = 4, 𝐿 = 1,

𝜔𝑎 = 0.56𝜋, and Ω = {𝜔𝑎, 𝜔𝑎 + 0.025𝜋, 𝜔𝑎 + 0.05𝜋, ..., 𝜋} (which gives 𝐾 = 18),

the toolbox was able to produce four globally optimal impulse responses as

h
(4,1)
minimax =

⎡⎢⎢⎢⎢⎣
0.48296282173531

0.83651623138234

0.22414405492402

−0.12940935473280

⎤⎥⎥⎥⎥⎦
−h

(4,1)
minimax, flipud(h

(4,1)
minimax) and −flipud(h

(4,1)
minimax) where flipud(h) denotes a vec-

tor generated by flipping h upside down. The maximum instantaneous energy in

stopband for the above four impulse responses was found to be the same value 𝜂2 =

0.722218. We also observed that h
(4,1)
minimax and −h

(4,1)
minimax possess minimum phase, as

the magnitude of the three zeros of the filter was calculated to be 0.999999953175731,

0.999999953175731 and 0.267948920761278 separately. This can also be observed

from the zero-pole plot in Fig. 4.5. However, GloptiPoly failed to work for 𝑁 even as

small as 6 because of the relatively large number of constraints in minimax designs.

On the other hand, with the same bounds set for h as in (3.12), SparsePOP was able

to produce global minimax designs for 𝑁 = 4 and 6.

4.3 Potentially Global Minimax Design of High-

Order CQ Filter Banks

In this section, we propose two methods for the global minimax design of high-order

CQ filter banks.
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Figure 4.5: Zero-pole plot of h
(4,1)
minimax.

Method 1

Similar to the observations made for the LS designs (see Sec. 3.3.1), globally optimal

(in minimax sense) impulse responses obtained in Sec. 4.2 appear to exhibit a pattern

similar to that in the LS case, as can be seen from Fig. 4.6. With the method of

local minimax designs presented in Sec. 4.1 available, it is therefore natural to follow

the same strategy as described in Sec. 3.3.2 for minimax designs of high-order filter

banks. The zero-padding method is applied to generate an initial point for a higher

order design. To justify our choice of the zero-padded initial point instead of an

interpolated one, we plot in Fig. 4.7 the ℓ2 distance ∣∣hzp
𝑁 − h𝑁 ∣∣ between the zero-

padded initial point and the global solution point, and the ℓ2 distance ∣∣hinterp
𝑁 −h𝑁 ∣∣

between the linearly interpolated initial point and the global solution point for filter

length 𝑁 from 6 to 96. It can be observed that ∣∣hzp
𝑁 − h𝑁 ∣∣ is consistently less than

∣∣hinterp
𝑁 − h𝑁 ∣∣. Thus, the zero-padded initial point is deemed as a better choice for

producing global minimax designs of high order with satisfactory performance.
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Figure 4.6: Pattern of minimax impulse responses with different length 𝑁 .
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point in terms of their ℓ2 distances to globally optimal point for minimax designs.
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Method 2

In Chapter 3, we have presented a technique to obtain globally optimal impulse

response for an LS lowpass CQ filter. With the global LS filter designed, we propose

another design method by simply passing the impulse response of the designed global

LS filter as an initial point for the local minimax method to design an optimal minimax

filter with the same design specifications 𝑁 , 𝐿 and 𝜔𝑎. The validity of this method

is based on the fact that with the same design specifications the globally optimal

impulse response of an LS filter is sufficiently close to the globally optimal impulse

response of a minimax filter.

An advantage this method offers is an improved design efficiency relative to the

first method. By using a good initial point obtained from the global LS design of

the same filter length, the order recursion required by the first method is no longer

needed. This efficiency improvement is especially pronounced for filter banks of very

high order.

4.4 Design Examples and Performance Evaluations

4.4.1 Performance of the Proposed Method for a Low-order

Design

The design strategy in Sec. 3.3.2 was applied to design a lowpass minimax CQ filter

with 𝑁 = 6, 𝜔𝑎 = 0.56𝜋 and 𝐿 = 1. Impulse response h
(4,1)
minimax obtained from

GloptiPoly was zero-padded to length 6 and used as the initial point to run the

local minimax design algorithm. The choice of Ω follows the technique from Sec.

4.1.2: Initially, we used 80 and 110 frequencies (𝐾 = 190) to uniformly partition

the intervals [0.56𝜋, 0.65𝜋] and [0.65𝜋, 𝜋] respectively (the reason we used a set of

denser grids on [0.56𝜋, 0.65𝜋] is that the magnitude response tends to have more

peaks in this interval as filter length 𝑁 goes higher). After a number of iterations

(30 iterations were performed in all the simulations reported here) and if the problem

has not converged yet, we reconstruct Ω with only those frequencies corresponding

to the peaks of the magnitude response in stopband and continue the iterations until

convergence is achieved. If there is still no convergence after a prescribed number of

iterations (e.g., 100), the Gauss-Newton method with adaptively controlled weights

is applied. The impulse response obtained is denoted by ĥ
(6,1)
minimax.
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For comparison, SparsePOP was applied to problem (4.1) to generate the globally

optimal impulse response h
(6,1)
minimax. The two impulse responses, ĥ

(6,1)
minimax and h

(6,1)
minimax

were found to be practically identical. We also note that with the starting impulse

response h
(4,1)
minimax having minimum phase, the CQ filter ĥ

(6,1)
minimax possesses minimum

phase as well.

4.4.2 Performance of the Proposed Methods for High-order

Designs

As an example in this section, we demonstrate the performance of the design methods

in Sec. 4.3 by applying them to design a minimax filter bank with 𝑁 = 96, 𝐿 = 3

and 𝜔𝑎 = 0.56𝜋. By implementing Method 1, ĥ
(6,1)
minimax was zero-padded to length

8 and used as an initial point for the local minimax algorithm to generate ĥ
(8,1)
minimax.

Such process was repeated until a minimax lowpass CQ filter of length 𝑁 = 96 was

designed. In addition, we applied Method 2 to design a minimax filter of length 96

in that a good initial point was supplied to carry out a local minimax design of the

same length. This initial point was obtained from the design of a global LS filter with

𝑁 = 96, 𝐿 = 3 and 𝜔𝑎 = 0.56𝜋 (see Sec. 3.4.2). The convergence tolerance was set

to 𝜀 = 1e-15 for both methods.

Table 4.2 lists the design results in terms of maximum instantaneous energy in

stopband, largest magnitude error of equality constraints in (4.1c) and (4.1d), and

CPU time on a PC laptop with a 1.66 GHz dual-core processor. The total time

required by Method 2 is the sum of the time for the design of a global LS filter

and the time for one round of local minimax design. It was observed from Table

4.2 that the minimax filters designed using the two methods have comparable and

satisfying performance. The ℓ2-norm distance between the two impulse responses was

2.8e-3, indicating that the impulse responses obtained using the two methods were

practically the same. Whereas for this example, Method 2 was able to produce a filter

with less maximum instantaneous stopband energy in a much reduced computational

complexity. Figs. 4.8 and 4.9 depict the magnitude response and impulse response of

the globally optimal minimax filter designed from Method 2, respectively. It can be

observed that the magnitude response is equiripple in stopband. We note that for a

minimax filter, the magnitude response is also equiripple in passband, as illustrated

in Fig. 4.10.
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Figure 4.8: Magnitude response of globally optimal minimax filter with 𝑁 = 96,
𝐿 = 3 and 𝜔𝑎 = 0.56𝜋.
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Figure 4.9: Impulse response of globally optimal minimax filter with 𝑁 = 96, 𝐿 = 3
and 𝜔𝑎 = 0.56𝜋.
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Figure 4.10: Magnitude response in passband of globally optimal minimax filter with
𝑁 = 96, 𝐿 = 3 and 𝜔𝑎 = 0.56𝜋.

Method 1 Method 2
Maximum instantaneous

energy in stopband 6.75750e-9 6.02383e-9
Largest equation error <1e-15 <1e-15

CPU time 1511s (42+30)s

Table 4.2: Performance of the minimax filters from global designs

For comparison, we applied the SCP-GN method (see Sec. 4.1) to design a lo-

cally optimal minimax CQ filter with the same parameters, i.e., 𝑁 = 96, 𝐿 = 3 and

𝜔𝑎 = 0.56𝜋. The initial point passed was a linear-phase lowpass filter obtained by

the conventional window-based technique [2]. The convergence tolerance was set to

𝜀 = 1e-15. Table 4.3 lists the performance of the designed filter. By comparing Table

4.2 with Table 4.3, it is found that the the global design method indeed produces

minimax filters with improved performance. The zero-pole plots of the global and

local minimax filters are illustrated in Figs. 4.11 and 4.12, respectively. It was ob-

served that unlike the globally optimal minimax filter, the filter obtained from local

method does not possess minimum phase.

Local design based on SCP-GN
Maximum instantaneous

energy in stopband 1.81165e-8
Largest equation error 2.9e-14

CPU time 42s

Table 4.3: Performance of the length-96 minimax filter from local design
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Figure 4.11: Zero-pole plot of globally optimal minimax filter with 𝑁 = 96, 𝐿 = 3
and 𝜔𝑎 = 0.56𝜋.
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Figure 4.12: Zero-pole plot of locally optimal minimax filter with 𝑁 = 96, 𝐿 = 3
and 𝜔𝑎 = 0.56𝜋.
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4.5 Comparisons with Other Existing Methods

In this section, we compare the global minimax design of filter banks with two existing

methods that are well established in the literature.

4.5.1 Comparison with a Half-Band Filter Based on the Method

in [41]

A simple and effective method for two-channel CQ filter banks is described in Sec.

5.3.6 of reference [41]. The method first designs a zero-phase lowpass FIR half-band

filter𝑊 (𝑧) of order 2(𝑁−1) by, e.g., the Parks-McClellan algorithm. One then defines

𝑌 (𝑧) = 𝑊 (𝑧) + 𝛿 with 𝛿 the peak stopband ripple of 𝑊 (𝑧) to ensure 𝑌 (𝑒𝑗𝜔) ≥ 0 for

all 𝜔. With the same design specifications as in Example 5.3.2 of [41], namely filter

length 𝑁 = 20, stopband edge 𝜔𝑎 = 0.6𝜋, and number of VMs 𝐿 = 0, Method 1

proposed in Sec. 4.3 was applied. The coefficients of the optimized lowpass CQ filter

as well as the CQ filter obtained in Example 5.3.2 of [41] are listed in Table 4.4, and

the maximum instantaneous energy 𝜂2 in stopband and the largest magnitude error

among all 𝑁/2 + 𝐿 equations in (4.1c) and (4.1d) for the two designs are given in

Table 4.5. The magnitude responses of the two filters are depicted in Fig. 4.13. It

is apparent that the proposed design technique is able to produce CQ filters with

reduced instantaneous stopband energy and more accurate satisfaction of the PR

conditions.

4.5.2 Comparison with the Method of Smith-Barnwell

The design technique under consideration is developed in [33] for tree-structured anal-

ysis/reconstruction systems and has since been a popular benchmark for performance

evaluation and comparison as it also provides accurate numerical results of CQ filters

of high quality. For comparison, method 1 proposed in Sec. 4.3 was applied to design

minimax lowpass CQ filters of length 8, 16 and 32 to meet the requirement of 40 dB

minimum stopband attenuation. The numbers of frequency grids for 𝑁 = 8, 16 and

32 were set to 𝐾 = 25, 28 and 50 respectively, and the number of vanishing moments

was set to zero in all three designs. Minimax designs of CQ filters with the same

filter lengths and stopband attenuation are also reported in [33]. The design results

in terms of maximum instantaneous stopband energy 𝜂2 and largest equation error in

magnitude are shown in Tables 4.6, 4.7 and 4.8 for the CQ filters of length 𝑁 = 8, 16
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and 32 respectively. It is observed that in all three instances the proposed method

produces designs with improved performance.

𝐻0(𝑧) of [41] 𝐻0(𝑧) from global design
0.1605476 0.151132584528507
0.4156381 0.406751138104326
0.4591917 0.465073716955923
0.1487153 0.164100745264147

−0.1642893 −0.159230874305372
−0.1245206 −0.132446162371893
0.08252419 0.077632712518187
0.08875733 0.092962310257929

−0.05080163 −0.047219604152222
−0.06084593 −0.062990546331313
0.03518087 0.032739512761500
0.03989182 0.040781157734971

−0.02561513 −0.023979520144301
−0.02440664 −0.024517125714218
0.01860065 0.017475746917452
0.01354778 0.013173547986633

−0.01308061 −0.012191078582176
−0.007449561 −0.006651596447548

0.01293440 0.011254662805676
−0.004995356 −0.004181786154910

Table 4.4: Coefficients of 𝐻0(𝑧) of [41] and from global design

𝐻0(𝑧) of [41] 𝐻0(𝑧) from global design
𝜂2 0.954568e-3 0.709881e-3

Largest equation error 5.591345e-7 <1e-15

Table 4.5: Filters performance comparison
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Figure 4.13: Magnitude response of minimax 𝐻0(𝑧) with 𝑁 = 20 from the global
design (solid line) versus that of 𝐻0(𝑧) in [41] (dashed line).

𝐻0(𝑧) of [33] 𝐻0(𝑧) from global design
𝜂2 0.101105e-3 0.100221e-3

Largest equation error 8.316794e-8 <1e-15

Table 4.6: Filter length 𝑁 = 8

𝐻0(𝑧) of [33] 𝐻0(𝑧) from global design
𝜂2 0.101276e-3 0.099122e-3

Largest equation error 2.635550e-6 <1e-15

Table 4.7: Filter length 𝑁 = 16

𝐻0(𝑧) of [33] 𝐻0(𝑧) from global design
𝜂2 0.101805-3 0.098748-3

Largest equation error 2.162285-6 <1e-15

Table 4.8: Filter length 𝑁 = 32
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Chapter 5

Design of Orthogonal

Cosine-Modulated Filter Banks

In Chapter 2, we have formulated the design of the prototype filter (PF) of an or-

thogonal cosine-modulated (OCM) filter bank as a constrained optimization problem

minimize 𝑒2(ĥ) = ĥ𝑇 P̂ĥ (5.1a)

subject to: 𝑎𝑙,𝑛(ĥ) = ĥ𝑇 Q̂𝑙,𝑛ĥ− 𝑐𝑛 = 0 (5.1b)

for 0 ≤ 𝑛 ≤ 𝑚− 1 and 0 ≤ 𝑙 ≤ 𝑀/2− 1

where P̂, Q̂𝑙,𝑛 and 𝑐𝑛 are calculated in Sec. 2.2. The impulse response h of the PF

can then be obtained as

h =

[
ĥ

flipud(ĥ)

]
(5.2)

This chapter is structured as follows. Sec. 5.1 introduces the method in finding

a locally optimal solution to problem (5.1). Then, global design of low-order OCM

filter banks using software for polynomial optimization problems (POPs) is studied

in Sec. 5.2. In Sec. 5.3, we have made some observations among globally optimal

low-order impulse responses of PFs, and have proposed an algorithm in carrying out

potentially global design of high-order OCM filter banks. We conclude this chapter

with several design examples and performance evaluation in Sec. 5.4.
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5.1 Local Design of OCM Filter Banks

The minimization problem in (5.1) is a nonconvex problem with a quadratic objective

function and a set of quadratic equality constraints. In this chapter, we describe a

design technique similar in spirit to that proposed in [16], however here it is for

PFs in OCM filter banks while [16] concerns two-channel orthogonal filter banks and

wavelets.

Suppose that we are in the 𝑘th iteration to compute 𝜹 so that ĥ𝑘+1 = ĥ𝑘 + 𝜹

reduces the PF’s stopband energy in (5.1a) and better satisfies the PR conditions in

(5.1b). The objective function in (5.1a) then becomes

ĥ𝑇
𝑘+1P̂ĥ𝑘+1 = 𝜹𝑇 P̂𝜹 + 2𝜹𝑇 P̂ĥ𝑘 + ĥ𝑇

𝑘 P̂ĥ𝑘 (5.3)

For a 𝜹 with ∥𝜹∥ small, (5.1b) can be linearly approximated as

𝑎𝑙,𝑛(ĥ𝑘 + 𝜹) ≈ 𝑎𝑙,𝑛(ĥ𝑘) + g𝑇
𝑙,𝑛(ĥ𝑘)𝜹 = 0 (5.4)

for 0 ≤ 𝑛 ≤ 𝑚− 1 and 0 ≤ 𝑙 ≤ 𝑀/2− 1

where g𝑙,𝑛(ĥ𝑘) = 2Q̂𝑙,𝑛ĥ𝑘 is the gradient of 𝑎𝑙,𝑛(ĥ) at ĥ𝑘. Using (5.3) and (5.4), the

𝑘th iteration of (5.1) assumes the form

minimize 𝜹𝑇 P̂𝜹 + 𝜹𝑇b𝑘 (5.5a)

subject to: G𝑘𝜹 = −a𝑘 (5.5b)

∥𝜹∥ is small (5.5c)

where b𝑘 = 2P̂ĥ𝑘, G𝑘 ∈ 𝑅𝑁/4×𝑁/2 collects the 𝑁/4 rows g𝑇
𝑙,𝑛(ĥ𝑘) and a𝑘 ∈ 𝑅𝑁/4

consists of 𝑁/4 components 𝑎𝑙,𝑛(ĥ𝑘). The equality constraint (5.5b) can be eliminated

via the singular value decomposition of G𝑘 = UΣV𝑇 as [1]

𝜹 = V𝑒𝝓+ 𝜹𝑠 (5.6)

If G𝑘 has full row-rank that is 𝑁/4, then 𝝓 is an 𝑁/4-dimensional free vector, V𝑒 is

a matrix consisting of the last 𝑁/4 columns of V, and 𝜹𝑠 = −G†
𝑘a𝑘 where † denotes
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the pseudo-inverse of a matrix. Thus, (5.5) can be cast as

minimize 𝝓𝑇 P̃𝑘𝝓+ 𝝓𝑇 b̃𝑘 (5.7a)

subject to: ∣∣𝝓∣∣ is small (5.7b)

where P̃𝑘 = V𝑇
𝑒 P̂V𝑒, b̃𝑘 = 2V𝑇

𝑒 P̂(ĥ𝑘+𝜹𝑠). Note that the constraint on the smallness

of ∥𝜹∥ is replaced by a constraint on the smallness of ∥𝝓∥. This change is justified

by noticing that (5.6) implies that ∥𝜹∥ ≤ ∥𝝓∥ + ∥𝜹𝑠∥ where 𝜹𝑠 is a minimum-norm

solution of (5.5b), hence a sufficiently small ∥𝝓∥ implies a small ∥𝜹∥.
Since (5.7) is a convex QP problem (see Sec. 2.4), its unique and global minimizer

can be calculated efficiently using e.g. MATLAB command quadprog. Using the

solution of (5.7) in Eq. (5.6), an optimal 𝜹𝑘 is obtained and point ĥ𝑘 is updated to

point ĥ𝑘+1. This iterative procedure continues until ∥𝜹𝑘∥ is less than a prescribed

tolerance and the local design is then complete.

It was found that occasionally the algorithm does not converge to a highly accurate

solution because of numerical difficulties. In such a case, the filter coefficients obtained

need to be slightly adjusted using a Gauss-Newton technique [1] with adaptively

controlled weights in order for the final solution to satisfy the PR conditions in (5.1b)

with a high degree of accuracy. The Gauss-Newton method with adaptively controlled

weights was reviewed in Sec. 2.3.

5.2 Global Design of Low-Order OCM Filter Banks

It is not hard to see that problem (5.1) is a polynomial optimization problem (POP)

since the objective function and constraints are all polynomials of degree two. Earlier,

we have observed that (5.1) is a nonconvex problem. As a result, it admits local min-

imizers whose performance may be less than satisfactory. As introduced in previous

chapters for the global design of CQ filter banks, GloptiPoly [9] and SparsePOP [43]

are two popular solvers in finding global solutions of POPs of small sizes. For problem

(5.1), GloptiPoly was found to work well. As an example, with 𝑀 = 2, 𝑚 = 1 and
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𝜌 = 1, the toolbox produces two globally optimal impulse responses as

h(2,1) =

[
ĥ(2,1)

flipud(ĥ(2,1))

]
=

⎡⎢⎢⎢⎢⎣
0.235923416966353

0.440840267366581

0.440840267366581

0.235923416966353

⎤⎥⎥⎥⎥⎦
and −h(2,1). Unfortunately, the usefulness of the software is limited only to OCM

filter banks of low order. In our simulations, the software was found to work only for

the following cases: a) 𝑀 = 2, 1 ≤ 𝑚 ≤ 5; b) 𝑀 = 4, 1 ≤ 𝑚 ≤ 3; c) 𝑀 = 6, 𝑚 = 1;

d) 𝑀 = 8, 𝑚 = 1.

5.3 Potentially Global Design of High-Order OCM

Filter Banks

Similar to the global design of high-order CQ filter banks, the principal idea we

follow in this paper is to conduct a local search in a region that is sufficiently close

to the global solution. To secure such a good starting (i.e., initial) point, we propose

an order-recursive strategy based on the observation that the profile of the global

solution of order 𝑁 = 2𝑀𝑚 is quite close to that of the global solution of order

𝑁 ′ = 2𝑀 ′𝑚′ as long as the Euclidean distance between (𝑚,𝑀) and (𝑚′,𝑀 ′) remains

small. The design is accomplished by

(i) obtaining a low-order global design;

(ii) using linear interpolation/zero-padding of the impulse response obtained to pro-

duce a desirable initial point for PF of slightly increased order and carrying out

the design by a locally optimal method;

(iii) repeating step (ii) until the filter order reaches the targeted value.

In what follows, we describe the technical details that implement this design strat-

egy.
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Figure 5.1: Pattern of impulse responses of globally optimal PFs.

First, we observe a common pattern among globally optimal impulse responses of

low-order PFs obtained using GloptiPoly, as shown in Fig. 5.1, where the impulse

responses are plotted over normalized interval [0, 1]. We note that

1. For a fixed 𝑀 , the impulse responses with different 𝑚 exhibit a similar pattern

and are close to each other.

2. For 𝑚 = 1, the impulse responses with different 𝑀 also exhibit a similar shape.

These observations allow us to follow the design strategy described earlier. The

main design steps can now be summarized as an algorithm below.

Algorithm 5.1

Input Data: Target filter order 𝑁̃ = 2𝑚̃𝑀̃ .

Step 1

Design a globally optimal PF with 𝑚 = 1 and 𝑀 = 2 using GloptiPoly. Denote the

solution by h =
[
ĥ𝑇 flipud(ĥ)𝑇

]𝑇
.

Step 2

Design a globally optimal PF with 𝑚 = 1 and 𝑀 = 𝑀̃ by the following steps:

Step 2.1

Set 𝑀 := 𝑀 +2. Generate a vector ĥint
0 of length-(𝑚𝑀) by linearly interpolating
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ĥ.

Step 2.2

Obtain a locally optimal design h̆ with ĥint
0 as initial point, using the local

design method described in Sec. 5.1. Set ĥ := h̆. Denote the solution by

h =
[
ĥ𝑇 flipud(ĥ)𝑇

]𝑇
.

Step 2.3

If 𝑀 = 𝑀̃ , go to Step 3; otherwise, repeat from Step 2.1.

Step 3

Design a globally optimal PF with 𝑚 = 𝑚̃ and 𝑀 = 𝑀̃ by the following steps:

Step 3.1

Set 𝑚 := 𝑚 + 1. Generate a vector ĥzp
0 of length 𝑚𝑀̃ by padding zeros at the

front of ĥ.

Step 3.2

Obtain a locally optimal design h̆ with ĥzp
0 as initial point (see Sec. 5.1). Set

ĥ := h̆. Denote the solution by h =
[
ĥ𝑇 flipud(ĥ)𝑇

]𝑇
.

Step 3.3

If 𝑚 = 𝑚̃, output h as the optimal design and terminate; otherwise, repeat from

Step 3.1.

As an example, Fig. 5.2 illustrates Step 2.1 of the algorithm, where the impulse

response of the globally optimal PF with 𝑚 = 1 and 𝑀 = 2 is linearly interpolated to

yield a vector hint
0 (obtained by symmetrical extension of ĥint

0 ) whose profile is similar

to that of the globally optimal impulse response with 𝑚 = 1 and 𝑀 = 4. Another

instance is shown in Fig. 5.3 to illustrate Step 3.1 of the algorithm where vector

hzp
0 (obtained by symmetrical extension of ĥzp

0 ) is produced by padding zeros to the

globally optimal impulse response with 𝑚 = 1 and 𝑀 = 4. We see that hzp
0 is quite

close to the globally optimal impulse response with 𝑚 = 2 and 𝑀 = 4.
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Figure 5.2: Effect of linear interpolation when 𝑚 = 1.
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Figure 5.3: Effect of zero-padding when 𝑀 = 4.
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5.3.1 An improvement in initial point when 𝑚 = 1

In Step 2.1 of Algorithm 5.1, an initial point is generated by linear interpolation for the

design of an OCM filter bank with 𝑚 = 1 and 𝑀 increased by 2. Fig 5.2 illustrates

the effect of linear interpolation as an example. Although the interpolated initial

point appears close enough to the global solution point, we propose an improvement

so that the initial point generated can be even closer to the global impulse response.

We observe from Fig. 5.2 that hint
0 exhibits a similar shape to the global impulse

response with 𝑚 = 1 and 𝑀 = 4. Moreover, it appears that if all the values in hint
0

are downshifted by an appropriate constant value, hint
0 would become much closer to

the global solution. Specifically, assume we have already obtained hint
0 from Step 2.1

of Algorithm 5.1, and we want to calculate a value 𝑑 so that the vector h0 = hint
0 +𝑑e

is sufficiently close to the global impulse resposne h of the same 𝑚 and 𝑀 (e is an

all-one vector).

Apparently, the global solution h perfectly satisfies the set of constraints (5.1b). If

an appropriate 𝑑 is calculated so that h0 is sufficiently close to h, then h0 is supposed

to satisfy (5.1) at least approximately. Based on this, the following unconstrained

optimization problem is formualted in order to obtain a good value of 𝑑:

minimize
∑
𝑙,𝑛

𝑎2𝑙,𝑛(ĥ
int
0 + 𝑑ê) (5.8)

for 0 ≤ 𝑛 ≤ 𝑚− 1 and 0 ≤ 𝑙 ≤ 𝑀/2− 1

where ĥint
0 and ê are related to hint

0 and e similarly as (5.2). In the case when ĥint
0 +𝑑ê

is sufficiently close to ĥ, the minimum objective function value of (5.8) should be

approximatly equal to zero. By comparing (5.8) with (2.22), it is not hard to see

that the scalar variable 𝑑 in problem (5.8) can be computed using the Gauss-Newton

method with adaptively controlled weights.

To demonstrate the effectiveness of the above technique, we present an example

for global design of a PF with 𝑚 = 1 and 𝑀 = 4. Fig. 5.4 illustrates the effect of

downshifting the linearly interpolated impulse response hint
0 by a value 𝑑 obtained by

solving problem (5.8), where the downshifted impulse response is denoted as h0 and

the global impulse response is denoted as h. It is observed that after downshifting

hint
0 , the new impulse response h0 nearly overlaps with the global impulse response

h. In the following, as far as our simulations are concerned, the above technique was

employed to calculate h0, and ĥ0 was used as the initial point instead of ĥint
0 in Step
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2.2 of Algorithm 5.1 for global design of PFs of OCM filter banks (ĥ0 is related to h0

similarly as (5.2)).
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Figure 5.4: Effect of downshifting the linearly interpolated point when 𝑚 = 1.

5.4 Design Examples and Performance Evaluation

5.4.1 Performance of the Proposed Method for Low-Order

Designs

Algorithm 5.1 was applied to design low-order PFs for the following cases:

a) 𝑀 = 2, 2 ≤ 𝑚 ≤ 5;

b) 𝑀 = 4, 1 ≤ 𝑚 ≤ 3;

c) 𝑀 = 6, 𝑚 = 1;

d) 𝑀 = 8, 𝑚 = 1.

The impulse responses obtained were found to be practically identical to those gener-

ated from GloptiPoly in Sec. 5.2, which gives a convincing support to our speculation

that Algorithm 5.1 produces globally optimal solution for problem (5.1).
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5.4.2 Performance of the Proposed Method for High-Order

Designs

Example 1:

The proposed method was also applied to design PFs of OCM filter banks with high

order. As an example, an OCM filter bank with 𝑚 = 20 and 𝑀 = 4 was designed

using Algorithm 5.1. The design was performed on a PC laptop with a 1.66 GHz dual-

core processor. The magnitude response of the optimized PF is shown in Fig. 5.5

and the impulse response is shown in Fig. 5.6 where the coefficients are plotted over

interval [0,1]. For comparison, an OCM filter bank with the same design specifications

was designed by the local method described in Sec. 5.1 (the initial point for local

design was calculated according to Eq. (35) of [17]). The convergence tolerance

for both methods were set to 𝜀 = 1e-12. The magnitude response and the impulse

resposne of the locally optimal PF are shown in Figs. 5.7 and 5.8, respectively. It

can be observed that the magnitude response of the locally optimal PF is not as good

as that of the globally optimal PF because the oscillation in passband and stopband

degrades the performance.

Table 5.1 lists the performance of the two filter banks in terms of stopband energy

(see (5.1a)) of the optimized PFs and the largest equation error amongst all quadratic

equality constraints in (5.1b). From the table, the superior performance of the filter

bank produced by the proposed design technique is observed. We remark however

that the performance gain was achieved at the cost of increased computational com-

plexity: the proposed design required 35.6 seconds of CPU time versus 11.6 seconds

required by the local method.

Table 5.1: Performance comparison for OCM filter banks with 𝑚 = 20, 𝑀 = 4 and
𝜌 = 1.

Global design Local design
Energy in stopband 8.226e-13 6.585e-10

Largest equation error 1.839e-15 2.297e-10
CPU time 35.6s 11.6s
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Figure 5.5: Magnitude response of globally optimal PF of an OCM filter bank with
𝑚 = 20, 𝑀 = 4 and 𝜌 = 1.
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Figure 5.6: Impulse response of globally optimal PF of an OCM filter bank with
𝑚 = 20, 𝑀 = 4 and 𝜌 = 1.
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Figure 5.7: Magnitude response of locally optimal PF of an OCM filter bank with
𝑚 = 20, 𝑀 = 4 and 𝜌 = 1.
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Figure 5.8: Impulse response of locally optimal PF of an OCM filter bank with
𝑚 = 20, 𝑀 = 4 and 𝜌 = 1.



77

In addition, Fig. 5.9 illustrates magnitude responses of the 𝑀 = 4 analysis fil-

ters (see Eq. (2.10a) ) designed by the proposed method. The amplitude distortion,

group-delay distortion and worst case aliasing error for the globally optimal OCM

filter bank are calculated according to Eqs. (2.13)-(2.15) and plotted over the nor-

malized frequency in Figs. 5.10-5.12. It is observed that the distortion and aliasing

errors are sufficiently small, demonstrating that the OCM filter bank designed by the

proposed method holds the PR property with a high degree of accuracy.
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Figure 5.9: Magnitude responses of analysis filters of an OCM filter bank with𝑚 = 20,
𝑀 = 4 and 𝜌 = 1.
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Figure 5.10: Amplitude distortion of an OCM filter bank with 𝑚 = 20, 𝑀 = 4 and
𝜌 = 1.
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Figure 5.11: Group-delay distortion of an OCM filter bank with 𝑚 = 20, 𝑀 = 4 and
𝜌 = 1.
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Figure 5.12: Worst case aliasing error of an OCM filter bank with 𝑚 = 20, 𝑀 = 4
and 𝜌 = 1.

Example 2:

This example is concerned with the global design of an OCM filter bank with 𝑚 = 12

and 𝑀 = 16. Algorithm 5.1 was applied to design the PF, whose magnitude and

impulse responses are depicted in Figs. 5.13 and 5.14, respectively. The convergence

tolerance was set to 𝜀 = 1e-12. For comparison, another OCM filter bank with the

same specifications was designed using the local method described in Sec. 5.1. Table

5.2 compares the PF obtained from global design with that obtained by the local

design in terms of stopband energy and largest PR equation error. It is observed

that the proposed method yields a PF with smaller energy in stopband, at the cost

of increased CPU time.

Table 5.2: Performance comparison for OCM filter banks with 𝑚 = 12, 𝑀 = 16 and
𝜌 = 1.

Global design Local design
Energy in stopband 5.538e-10 8.269e-9

Largest equation error 2.806e-13 7.000e-15
CPU time 206.2s 68.7s



80

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−160

−140

−120

−100

−80

−60

−40

−20

0

20

Normalized frequency

Figure 5.13: Magnitude response of globally optimal PF of an OCM filter bank with
𝑚 = 12, 𝑀 = 16 and 𝜌 = 1.
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Figure 5.14: Impulse response of globally optimal PF of an OCM filter bank with
𝑚 = 12, 𝑀 = 16 and 𝜌 = 1.
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The magnitude responses of the 𝑀 = 16 analysis filters are illustrated in Fig.

5.15. The performance of the globally optimal OCM filter bank designed from the

proposed method was also evaluated in terms of the amplitude distortion (see Fig.

5.16), group-delay distortion (see Fig. 5.17), and worst case aliasing error (see Fig.

5.18). It can be seen from Fig. 5.18 that all amplitude responses of 𝑇𝑙(𝑒
𝑗𝜔) are below

4.876e-12 (i.e., -226.24 dB), which is compared favorably with -144.61 dB achieved by

the locally optimal OCM filter bank with the same design specifications as reported

in [17].
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Figure 5.15: Magnitude responses of analysis filters of an OCM filter bank with
𝑚 = 12, 𝑀 = 16 and 𝜌 = 1.
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Figure 5.16: Amplitude distortion of an OCM filter bank with 𝑚 = 12, 𝑀 = 16 and
𝜌 = 1.
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Figure 5.17: Group-delay distortion of an OCM filter bank with 𝑚 = 12, 𝑀 = 16
and 𝜌 = 1.
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Figure 5.18: Worst case aliasing error of an OCM filter bank with 𝑚 = 12, 𝑀 = 16
and 𝜌 = 1.

Example 3:

As the last set of example, global and local designs of OCM filter bank with 𝑚 = 7

and 𝑀 = 32 were implemented using Algorithm 5.1 and the local method reported in

Sec. 5.1, respectively. Figs. 5.19-5.22 plot the magnitude and impulse responses for

the globally and locally optimal PFs. Similarly, Table 5.3 compares the performance

between the two designs. It was found that all these simulation results support the

belief that the proposed method produces globally optimal OCM filter banks.

Besides, the magnitude responses of all the analysis filters are illustrated in Fig.

5.23. The amplitude distortion 𝑒𝑚(𝜔), group-delay distortion 𝑒𝑔𝑑(𝜔) and worst case

aliasing error 𝑒𝑎(𝜔) are also computed (the plots are omitted for this example) and

were found sufficiently small. Specifically, the maximum values of ∣𝑒𝑚(𝜔)∣ and ∣𝑒𝑎(𝜔)∣
were calculated to be 8.59e-8 and 5.06e-8 respectively. By comparing the corre-

sponding values of the near PR (NPR) locally optimal OCM filter bank of the same

parameters, i.e., 𝑚 = 7, 𝑀 = 32 and 𝜌 = 1 designed in [17], which are 1.09e-3 and

1.40e-7 respectively, it is apparent that the proposed global method offers designs

with improved performance.
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Figure 5.19: Magnitude response of globally optimal PF of an OCM filter bank with
𝑚 = 7, 𝑀 = 32 and 𝜌 = 1.
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Figure 5.20: Impulse response of globally optimal PF of an OCM filter bank with
𝑚 = 7, 𝑀 = 32 and 𝜌 = 1.
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Figure 5.21: Magnitude response of locally optimal PF of an OCM filter bank with
𝑚 = 7, 𝑀 = 32 and 𝜌 = 1.
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Figure 5.22: Impulse response of locally optimal PF of an OCM filter bank with
𝑚 = 7, 𝑀 = 32 and 𝜌 = 1.
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Table 5.3: Performance comparison for OCM filter banks with 𝑚 = 7, 𝑀 = 32 and
𝜌 = 1.

Global design Local design
Energy in stopband 7.911e-7 9.676e-3

Largest equation error 2.232e-9 <1e-15
CPU time 180.1s 64.1s

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−80

−70

−60

−50

−40

−30

−20

−10

0

10

20

Normalized frequency

Figure 5.23: Magnitude responses of analysis filters of an OCM filter bank with
𝑚 = 7, 𝑀 = 32 and 𝜌 = 1.
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Chapter 6

Conclusions and Future Research

6.1 Conclusions

In this thesis, we have studied several design problems, namely, least squares (LS)

design of orthogonal filter banks and wavelets, minimax design of orthogonal filter

banks and wavelets, and design of orthogonal cosine-modulated (OCM) filter banks.

In particular, we have proposed new methods for global designs of LS conjugate

quadrature (CQ) filter banks, minimax CQ filter banks and OCM filter banks. The

proposed methods are built on some recent progress in global optimization for poly-

nommial optimization problems, the improved locally optimal design techniques for

CQ filters and OCM filter banks, in conjunction with several critical observations on

the globally optimal impulse responses of low-order CQ filter banks (as well as on

the globally optimal impulse responses of low-order prototype filters of OCM filter

banks). By using a zero-padding technique to generate the initial point, a progres-

sive design procedure in terms of filter length has been implemented towards global

designs of LS and minimax CQ filters. In addition, a similar order-recursive strategy

combined with some techniques for identifying a desirable initial point in each round

of the recursion has been proposed as an attempt towards global design of OCM filter

banks. The work reported in this thesis can be summarized as follows.

For local design of LS CQ filter banks, the sequential convex-programming method

and the sequential quadratic-programming method have been studied as an improve-

ment of the direct design technique [16]. Experimental results have demonstrated that

the improved methods produce a filter not only satisfying constraints with a higher

precision, but also possessing a smaller stopband energy than the direct method.
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Then, a method of global design of LS CQ filter banks has been investigated in de-

tail. The zero-padding technique in generating an initial point to carry out a new

round of local design has been shown to be superior relative to the interpolation

technique reported in our earlier work [46]. Performance of the global LS CQ filters

has been evaluated and compared with the local designs. All simulation studies con-

ducted so far have supported our speculation that the proposed method does produce

globally optimal CQ filters. Furthermore, it is found that the filters obtained from

global designs possess minimum phase, which is a desirable property for filters to be

of practical use.

In addition, we have made several improvements over the direct method for lo-

cal minimax design of CQ filter banks for the algorithm to achieve convergence to

solutions with high degree of accuracy. Simulation results are provided to demon-

strate and compare the performance of the improved method with the original direct

method. Subsequently, we have presented global minimax design of low-order and

high-order CQ filter banks. In particular, two methods have been proposed to design

globally optimal high-order minimax CQ filter banks. Performance of the proposed

methods for global low-order and high-order designs of minimax CQ filters has been

evaluated. We have also compared our methods with several existing methods that

are well established in the literature. It is found that the proposed method produces

minimax CQ filters with satisfactory performance. Like the LS designs, all minimax

filters produced by the global method possess minimum phase.

We have also applied our design concept to the design of OCM filter banks. The

local design method studied in this thesis is in spirit similar to that proposed in [16],

and is in fact an improved version of the direct method presented in [17]. The global

design method based on an order-recursive strategy has been made available with

some techniques for generating a desirable initial point, wherein the zero-padding

method and the interpolation method in conjuction with a downshifting technique

based on the Gauss-Newton method with adaptively controlled weights have been

utilized. The initial point produced in this way is found to be sufficiently close to

the global solution point. Comparisons between performance of the OCM filter banks

from global and local designs have been made. It is observed that the proposed global

method offers designs with improved performance than the designs reported in [17].
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6.2 Future Research

There are several problems that are pertinent to the work described in this thesis and

appear to be worthwhile to pursue. As a matter of fact, our design idea for local and

global designs of LS CQ filter banks, minimax CQ filter banks and OCM filter banks

is quite general, and is also applicable to several other design scenarios. For instance,

we can also minimize the maximum stopband energy of the prototype filter of an

OCM filter bank such that local and global minimax designs of OCM filter banks

can be implemented. We have also attempted to extend our design concept towards

globally optimal biorthogonal cosine-modulated (BCM) filter banks. Unfortunately, a

common pattern seems to not exist among impulse responses of globally optimal PFs

of low-order BCM filter banks, which impedes us from following a similar strategy

described in Algorithm 5.1. Consequently, global design of BCM filter banks remains

to be an ongoing research problem. Besides, it is important to note that although our

proposed methods towards global designs of serval types of filter banks considered

in this thesis yield satisfactory filter banks that are compared favorably with several

existing methods and are believed to be globally optimal, at the moment no rigorous

analytical arguments are available to theoretically prove the global optimality of the

designs obtained. The theoretical proof in question remains to be an interesting and

challenging problem for future research.
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Appendix A

Generating matrices P̂ and Q̂𝑙,𝑛 for

problem (2.19)

As was mentioned in Sec. 2, the matrices P and Q𝑙,𝑛 need to be reduced from size

𝑁 × 𝑁 to 𝑁/2 × 𝑁/2 so that problem (2.19) is formulated where the number of

variables is reduced in half. In what follows, we present the derivations of P̂. Matrix

Q̂𝑙,𝑛 can be obtained in a similar way.

Matrix P̂ is required to satisfy the following equation

h𝑇Ph = ĥ𝑇 P̂ĥ (A.1)

We partition P into 4 blocks, each with size 𝑁/2×𝑁/2, as

P =

[
P𝐴 P𝐵

P𝐶 P𝐷

]
(A.2)

and use Eq. (2.20) to write

h𝑇Ph =
[
ĥ𝑇 flipud(ĥ)𝑇

] [ P𝐴 P𝐵

P𝐶 P𝐷

][
ĥ

flipud(ĥ)

]
= ĥ𝑇P𝐴ĥ+ ĥ𝑇P𝐵flipud(ĥ) + flipud(ĥ)𝑇P𝐶ĥ+ flipud(ĥ)𝑇P𝐷flipud(ĥ)

= ĥ𝑇 [P𝐴 + fliplr(P𝐵) + flipud(P𝐶) + fliplr(flipud(P𝐷))]ĥ

where fliplr denotes flipping a vector or a matrix left to right, and flipud denotes
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flipping a vector or a matrix up to down. Thus, matrix P̂ can be obtained as

P̂ = P𝐴 + fliplr(P𝐵) + flipud(P𝐶) + fliplr(flipud(P𝐷))

Finally, P̂ can be made symmetric by

P̂ :=
1

2
(P̂+ P̂𝑇 )

It can easily be verified that matrix P̂ obtained in this way is a positive-definite

matrix.

In a similar manner, matrix Q̂𝑙,𝑛 can be generated and made symmetric.
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