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Abstract

In solving unconstrained nonlinear optimization problems, the quasi-Newton (QN) meth-
ods and the conjugate gradient (CG) methods are widely used. These two methods can
be regarded as representatives of two quite different approaches: the QN methods usually
have very good convergence properties, but require O(n*) memory space: on the contrary,
the CG methods require only 3n or 4n locations of memory space, but usually have a
slower convergence rate than the QN methods. Some algorithms have been developed try-
ing to achieve some kind of trade-off between the QN and CG methods in terms of memory
requirements and convergence speed. These include the Variable Storage Conjugate Gradi-
ent method (VSCG) which runs the QN algorithm for a number of iterations (depending
on the available memory space), then switches to the preconditioned CG method until

termination.

Powell proposed a method to use a matrix Z instead of the quasi-Newton matrix H,
where Z can be updated in a similar way to updating H by the BFGS formula. The
advantage of using Z is that ZZT remains positive definite despite accumulated roundoff
errors during the iterations, which is important to keep good accuracy for those problems
that are very sensitive to roundoff errors. The disadvantage of Powell’s method is that Z

is not symmetric, so this method requires twice as much storage as the QN method.

In this thesis, we develop a so-called VS-ZZ' algorithm by applying the strategy of the

VSCG method to Powell’s method, so that we can largely maintain the good properties




iii
of Powell’s method, but with a variable storage requirement. Instead of storing the whole
matrix Z, the VS-ZZ7 algorithm consists of two parts: the QN-part runs a modified
Powell's updating formula based on the information saved at each iteration; the CG-part
runs the preconditioned CG algorithm, with a fixed preconditioner H,, = Z,.ZX obtained
from the QN-part. Numerical experiments have been made to verify that our algorithm
does keep the main advantages of Powell’s method, but the storage requirement can be

adjusted by the user depending on the available memory space.
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Chapter 1

Introduction

1.1 The Basic Problem of Nonlinear Optimization

This thesis deals with the problem of minimizing an unconstrained nonlinear function f(z)
with n variables z = (z(),2?),... &™) assuming that f(z)is smooth and 1 is large (i.e.
n > 1000). Usually, iterative methods are used for obtaining a minimizer of f(z), that
is, starting from an initial point zo, f(z) is minimized along lines of specified directions
dy, dy, ++ -, until some termination criterion is satisfied. In solving this kind of problem, we
are mainly concerned with the convergence properties and the storage requirements of an
algorithm.

Among many different approaches, the quasi-Newton (QN) methods and the conjugate
gradient (CG) methods are widely employed. These two methods can be regarded as
representatives of two quite different approaches with respect to their storage requirement

and convergence speed, In general, the quasi-Newton methods have very good convergence




properties, but they need O(n?) memory space to store a quasi-Newton matrix H for
calculating the search direction d;; = —H,g;. For convenience, sometimes we drop the
subscripts and write, for example, d = - Hg.

Here H; denotes the quasi-Newton matrix H at z; and it is a positive definite matrix
approximating the Hessian of f(z), while g; denotes the gradient of f(z) at z;. At each
iteration, H; is updated based on H;_y, the step s; = @; —xj—1, and the gradient difference
Yi = gi — ¢i—1. In this thesis, @; is used to denote the i** iteration point (i = 0,1,2,-+-);
with z; = 2,1 + Aid;, where ); is a scalar.

On the contrary, the conjugate gradient methods need only a memory storage of 3 or
4 n-dimensional vectors to get the search direction d;y; = —g; + B:d;, where j; is a scalar.
However, the CG methods need more iterations than the QN methods to obtain an equally
good approximation to a minimizer of f(z). When n is large, the difference in the memory
requirements of these two methods is quite obvious. One important variation of the CG
method is called the preconditioned CG method. It uses a preconditioning matrix H in
the calculation of the direction diy; = —Hg; + Bid;. A well-chosen preconditioner will
greatly speed up the convergence rate of the CG method.

Some algorithms have been developed, based on the above two methods, to achieve
some kind of trade-off between the storage requirement and convergence speed. Notable
among these algorithms are those which use a variable amount of storage for allowing
users to make the best use of the memory space available on a machine. Two successful
examples are Nocedal’s Product Form Variable Storage method [12], and Buckley and

LeNir’s Variable Storage Conjugate Gradient method (VSCG) [4].




The main idea of Nocedal’s method and the VSCG method is as follows: both methods
use a user-specified number m to denote the update limitation, where the value of m
depends on the available storage and is much smaller than n. In practice, the typical value
of m is chosen around 3 to 5. Instead of storing the whole quasi-Newton matrix, both
methods conduct the update based on some information stored in each iteration. During
the first m iterations, both methods use a type of updating scheme which is equivalent to
the quasi-Newton method, where Nocedal’s method uses the product form of the BFGS
formula (Broyden|[2], Fletcher[6], Goldfarb[9] and Shanno[14]) and the VSCG method uses
the sum form of the BFGS formula. After m iterations, another type of updating scheme,
based on the same formula but with no additional memory requirement, is used until the
algorithm terminates.

In Nocedal’s method, after m iterations, the quasi-Newton matrix is constructed based
on the information of the last m iterations, and the oldest information is replaced by
the newest information each time. On the other hand, in the VSCG method, after m
iterations, the preconditioned CG method is used, with the quasi-Newton matrix H,, as
a preconditioner, where H,, results from the first m iterations.

In this way, we are able to adjust the memory requirement depending on the available
memory space to get better performance than with the CG method. If there is enough
memory, we can make m large enough such that these two methods are in fact equivalent
to the QN method.

The storage requirement for Nocedal’s method is m x (2n + 1), and for the VSCG

method it is m X (2n 4 2). The key point here is that the more storage is allocated, the




more information can be saved. These two methods can be thought of as trying to reach
a compromise between the CG and the QN methods and both methods have attained a
rather good compromise.

It is because of the advantages of variable storage methods that we were inspired to
apply the strategy of the VSCG method to Powell’s factored form of BFGS updating

method for achieving better efficiency in the memory usage.

1.2 Powell’s Method

As was mentioned above, some nonlinear optimization algorithms, such as the quasi-
Newton methods, use the BFGS formula to update a positive definite matrix I for ap-
proximating the Hessian of f(z). H is then used to calculate a direction by computing
d = —Hg. Powell [13] proposed a method which uses a square matrix Z to replace H such

that

2727 = H. (1.1)

Powell updates Z in a way similar to updating H by the BFGS formula. Z satisfies the

condition

ZHZ =1, (1.2)

which means that the columns of Z are normalized, mutually conjugate directions with
respect to H ',
Obviously, if Z is available, d = —Z ZT g can also be computed in O(n?) operations and

the proposed procedure is more stable than direct use of the BFGS formula, because ZZT




will remain positive definite despite accumulated roundoff errors during the iterations.
In particular, Powell’s algorithm can maintain good accuracy even in the presence of
computer rounding errors when [ is nearly singular. In addition, an extension to this
procedure provides an automatic rescaling of the columuns of Z. [t avoids some inefficiencies
due to a poor choice of the initial second derivative approximation Hp, so that good
efficiency can be obtained for a much wider range of initial choices Zj.

The shortcomings of this method are:

e the unsymmetric matrix Z needs n’ storage locations, which is about twice as much

as most quasi-Newton algorithms for unconstrained nonlinear optimization;

e compared with the quasi-Newton method, this algorithm needs more computations

for updating Z.

1.3 Thesis Work

In this thesis, we devise an algorithm by applying the main ideas of the VSCG method
to Powell’s method in order to reduce its memory requirement of O(n?). The main idea
of our algorithm is to avoid storing the whole matrix Z. This is feasible for the following
reasons: the initial matrix Zy is usually an identity matrix and we don’t have to save
it explicitly for updating; also, we have devised an updating scheme to reconstruct the
columns 2V of Z = (z‘-l), 72, ...,z(“}) in a manner equivalent to Powell’s method based

on some necessary information saved at each previous iteration. The search direction d




can then be calculated by a summation

(z{l)T\

@7 e

d=-272Tg=—( 2V 22 ... () . g= "ZZ(JJZ(J} q. (1.3)
. i=1

\z[“)w

As long as the gradient g is available and the columns of Z can be calculated column by
column, we have no difficulty to obtain d.

Similarly to the VSCG method, in the first m + 1 iterations, the algorithm updates the
columns of Z in a way equivalent to Powell’s method; after m + 1 iterations, the algorithm
uses the preconditioned CG method with the preconditioner H,, = Z,.ZL. The storage
requirement for our algorithm is as follows. During the first m iterations, we need 5n + 3
memory locations to keep the necessary information for each iteration; after m iterations,
another 5n + 3 locations are used to store some intermediate update information, so the
total storage requirement for updating Z is (m 4 1) X (5n 4+ 3). If m is much smaller
than n, we can reduce the memory requirement by a large amount compared to the O(n?)
locations required by Powell's method.

The advantages of our method are:
e the algorithm uses a variable amount of storage;

e although the whole matrix Z is not stored, the algorithm still preserves conjugate

directions at each update and maintains the accuracy of Powell’s method;

e by applying Powell’s automatic rescaling strategy in our procedure, the algorithm

can overcome the problem caused by roundoff errors in the iterations.




We call our algorithm the VS-ZZT method. We present the detailed mathematical
derivation and give encouraging numerical results to show that our procedure has desirable
properties.

As mentioned earlier, the initial matrix used in our algorithm is an identity matrix,
which is a popular choice in practice. But we also devise a transformation scheme for
allowing the possibility of using an arbitrary matrix as the initial matrix. We intended to
be able to reproduce Powell’s results through this approach for the purpose of comparison.

Note that, to be consistent in our later discussion, we use subscripts to denote the
iteration and superscripts to denote the column or element, i.e. z}” stands for the j**
column of the matrix Z at the i*# iteration and s'(,j] stands for the j** element of the vector

s at the ith iteration.



Chapter 2

Basic Nonlinear Optimization

Methods

This chapter reviews some preliminary knowledge about solving nonlinear optimization
problems. We mainly discuss two basic methods: the quasi-Newton method and the

conjugate gradient method, as well as their variations.

2.1 Preliminary Knowledge

The most straightforward way to solve the problem of minimizing a nonlinear function
J(z), with z = (21 2() ... z(n) jg generally by iteration. From a given point zo, we
set z; = zj_1 + Ad,; (i = 1,2,---), where ); denotes a properly chosen scalar which reduces
f(zioy + Nid;). If we choose ); in such a way that f(z,_; 4+ X;d;) is the minimum along

the direction d;, then we call it an “exact line search” (ELS); otherwise it is an inexact



line search. For an exact line search, the slope g{— at A\; must be zero. That is

af B i of 8z\)

A A = Tl = o3 ds =
a)ﬁ A - i=1 az{J] aA “ml vfl dl g‘ dg 0- (2.1)

A=Ay

Equation (2.1) shows that the gradient of f at z; = 2;_, + \;d; is orthogonal to the search
direction d; for an ELS.

If one of the points zy,,,-- - is exactly equal to the minimum point of f(z) within a
finite number of steps, i.e. z; = z*, for some i, we call this occurrence “finite termination”.

The most commonly used model in nonlinear optimization is the quadratic function
1 7 T
flz)= 2% Az + bz + ¢, (2.2)

where A is a symmetric and positive definite matrix, b is a fixed n-dimensional vector
and ¢ is a scalar. This is because the quadratic function is one of the simplest smooth
functions with a well determined minimum. Also, a general smooth function f(z) can be
approximated by a quadratic function in a region about the minimum point z*, which
agrees with f(z) to a certain accuracy given by the Taylor series.

In practice, the line search is usually done by cubic or quadratic interpolation. Thus if
f(z) is quadratic, we can achieve an exact line search along any given direction. Moreover,

if the search directions d; are conjugate, that is, if they satisfy the condition
df Ad; = 0, i# 4, (2-3)

then we can find the minimizer «* of f(z) in at most n steps [7].



2.2 The Quasi-Newton Method

In the Newton method, the search direction is given by
di = ~G7igi-1, i=1,2,--, (2.4)

where G;_; is the Hessian of f(x) at z;—;. By analogy to (2.4), the search direction d; of

the quasi-Newton method is given by
dt' = _Ift.“lyl'-ls ‘ = llza“'q (2'5)

where H;_q is a positive definite matrix which is updated from iteration to iteratiomn.

Compared to the Newton method, the quasi-Newton method possesses many impor-
tant features. Mainly, it avoids having to solve a set of linear algebraic equations at
each iteration and it does not need explicit calculation of the Hessian matrix as the New-
ton method does. Also, the positive definite matrix H;_, implies the descent property
d¥g;_y < 0, while the Hessian of f(z) may be indefinite.

Given the initial point zg and an initial positive definite matrix Hp, from 7 = 1, the
Quasi-Newton Algorithm is as follows:

Algorithm 2.1

(1) set di = —H;_19i-1;

(2) perform a line search along d; and set z; = z;_; + Aid;;

(3) update H;_; to form H; (the method is discussed in the following);

(4) let i = 14+ 1 and go back to step (1).

The initial Hg can be any positive definite matrix, but usually we choose Hy = I.
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In the quasi-Newton method, the approximation H; to the inverse Hessian matrix is
obtained by updating H,;_; by a rank-two matrix. Since a stationary point z* of f(z)
is a local minimum if the Hessian matrix at =~ is positive definite, it is desirable for the
approximating matrix H; to be positive definite. Furthermore, if the Hessian matrix is
positive definite, the approximating quadratic function has a unique local minimum, and
the search direction d; computed from (2.5) is a descent direction. Thus, it is usually
required that the update formulae possess the property of giving hereditary positive defi-
niteness, i.e. if H;_, is positive definite, H; must be positive definite too. So, choosing a
proper updating method is very important for the quasi-Newton method. If the matrices
become indefinite, many properties of this algorithm cease to be true.

Considerable research has been done in order to determine a better choice for the
updating formula. However, much of the work is of purely theoretical interest. It is now
generally accepted that the most effective update formula is the BFGS formula, which
was independently suggested by Broyden[2], Fletcher[6], Goldfarb[9], and Shanno[14] in
1970. It must be mentioned here that the BFGS formula still may not guarantee positive
definiteness at every iteration, although in theory it does. This is entirely due to roundoff
error. However, compared to other updating formulae, the BFGS formula is still the most
commonly used method in QN updating,.

The sum form of the BFGS update formula computes

yl Hiayi sisT

(siyF Hi_y + Hi_1yist)
T T o
Si¥% S WU

H;=H; 1 -
: 5}113)'1'

(14

(2.6)

An easy way to guarantee the positive definiteness of H; is by ensuring .s;r'y.- >0;: From

now on we assume that s¥y; > 0 for all 1.
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Another important property for the QN method is the “quasi-Newton condition” which

states

HH-Iyi = Sj. (27)

The quasi-Newton condition forces the Hessian approximation to produce a specified cur-
vature along the search direction at a particular iteration. However, subsequent modifi-
cation may destroy this property, and hence it is desirable that the curvature information

from previous iterations should be retained, i.e. for j <1
Hiy1y; = s;. (2.8)

If this holds for n linearly independent vectors {s;}, the QN method will terminate in a

finite number of iterations when f(z) is quadratic.

In [7], Fletcher stated several important properties of the QN algorithm when using

the BFGS formula:

I. for a quadratic function with ELS
(a) Algorithm 2.1 terminates in at most n iterations, with H, = A~1;
(b) previous quasi-Newton conditions H;i1y; = s; are preserved for j < ¢;
(c) it generates conjugate directions and conjugate gradients when Hy = I.

IL. for a general function
(a) it preserves positive definite matrices H;, so the descent property holds;
(b) it requires only 3n? + O(n) multiplications per iteration;
(c) it has a superlinear order of convergence;

(d) global convergence is obtained for a strictly convex function with ELS.
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Much research has shown that the quasi-Newton method is very successful for min-
imizing nonlinear functions. The main disadvantage of this method is that it requires
0(n®) storage for the updating matrix H;. For large problems, the storage requirement is

very large and it may not be possible to retain the matrices in the high speed storage of

a computer.

2.3 The Conjugate Gradient Method

Another commonly used method in nonlinear optimization is the conjugate gradient
method. This method forms a class of algorithms which generate the search directions
without storing any matrix H;, in contrast to the quasi-Newton method described above.
it is essential in the situation where the quasi-Newton method is not suitable because the
relevant matrix is too large.

The basic Conjugate Gradient Algorithm can be described as follows:

Algorithm 2.2

(1) select an initial point zg and define d; = —gg ;

(2) find z; = z;—1 + A\;id; by a line search;

(3) determine the next direction d;41 = —g; + G:d;:

(4) let 2 = i 4+ 1 and go back to (2).

Here 3; is a scalar. One choice is

Bi= gl

= (2.9)
9?.13:‘-1 '

which is known as the Fletcher-Reeves formula. Another variation is the Polak-Ribiére



formula which defines

@-g)Te
B‘I ‘B T — T .
9,-19i—1 gi-19i—1

(2.10)

For a quadratic function and exact line search, (2.9) and (2.10) are equivalent, but for
general functions or inexact line searches, each choice leads to a distinct algorithm.

The following are some properties of the CG algorithm for quadratic functions with

exact line searches:
(1) finite termination occurs in at most n steps;
(2) the algorithm generates conjugate directions;

(3) orthogonality of gradients is obtained, i.e.

9 9;=0 Ve di (2.11)
(4) descent search directions are obtained, with

dfy0: = —glg: <0 i=0,1,. (2.12)

The most important property of the conjugate gradient method is that it does not
require any matrix operations to form d;. In fact, Algorithm 2.2 requires only 3 vectors of
storage to implement using formula (2.9), and requires 4 vectors of storage using formula
(2.10). This enables the conjugate gradient method to be applied to some very large
problems.

However, compared to the quasi-Newton method, the conjugate gradient method needs
more iterations to achieve an equally good approximation to the minimum of f(z). Also,

it is less robust. Therefore, it would not be preferred in many circumstances.
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2.4 The Preconditioned CG Method

An important variation for accelerating the CG method is the use of preconditioning.
The idea originated in partial differential equation research [8], but is applicable more
generally now in other areas based on the CG method. Theoretically speaking, to minimize
a quadratic function of (2.2) with exact arithmetic, the number of iterations required is
at most equal to the number of distinct eigenvalues of A. If the original function can be
transformed to an equivalent function in which the transformed matrix A has many equal
eigenvalues, the rate of convergence could be significantly improved.

Define a transformation of variables y = "%:c, where H is a positive definite matrix.
Apply the CG Algorithm in the transformed coordinates to obtain a sequence of points
and directions. Then transforming back, we can get these same points and directions in
the original coordinates. This leads to the Preconditioned CG Algorithm:

Algorithm 2.3

(1) select an initial point zp and define dy = — H gp;

(2) find the point 2; = z;—; + A;d; by a line search;

T A
3 9 H(gi — gi—1)
3) let 8; = H
(®) 95, H gi

(4) determine the next direction d;4y = —Hg; + ﬁ;d,-;

(5) let i = i+ 1 and go back step (2).
Note, in the preconditioned CG algorithm, that the initial d, is not the steepest descent
direction. When H = I, it reduces to the normal CG algorithm. The properties of the

preconditioned CG method are largely the same as the normal CG method.




2.5 The VSCG Method

2.5.1 The Motivation of the VSCG Method

To motivate the VSCG method, we first recall the advantages and disadvantages of the
QN and the CG methods. In particular, the QN method has a faster convergence rate than
the CG method, but the CG algorithms require much less storage. The VSCG method
tries to reach a compromise between these two methods by using a variable amount of
storage, with the performance of the algorithm depending on the availability of memory
space.

Before we describe the VSCG algorithm, it is necessary to give an explanation about
the connection between the BFGS quasi-Newton update formula and the preconditioned
conjugate gradient method.

First, we rewrite the BFGS update formula (2.6) as

.sgy;-rH - Hy".s;r
3?1&'

y;‘-r Hy;

H*=H+U(H,i)= H -
1Y

+(1+

. T
e

3 Jt
This can be most easily read as “H* is H plus an Update of H at the it* step”. The

search direction for the QN method at the (i + 1)™ step is then

o i I T T

siv: Hiv + Hi_qyis; y; Hio1yi 8is;
forase Wiate =l o 20N T B B i & LS L8 PR 214
itl i9 (Hi—1 3?% ( 3?% )3?yi]g‘ ( )

If f is quadratic and an exact line search is performed, by equation (2.1) we have
sfg; = 0. (2.15)

Thus several terms in (2.14) containing s? g; will disappear and d;;; can now be written



dig1 = —Hi19;

i Y :

Two points must be mentioned here:

(1)  For a quadratic function with exact line search, equation (2.16) has the same
form as the preconditioned CG Algorithm 2.3, since
yld; = (¢ — T )di = —gF 1di = —g] ((—~Hi—19i-1) = g1 Hi-19i-1-

(2)  The basic difference in these two methods is that the quasi-Newton matrix H
in the preconditioned CG method doesn’t change, but in the QN method,

it changes at every step.

Thus, the preconditioned conjugate gradient algorithm can be regarded as the quasi-

Newton algorithm with a constant matrix H.

2.5.2 The VSCG Algorithm

Based on the similarity between the QN method and the preconditioned CG method, the
VSCG method was devised, without storing the matrix H. It uses a limited amount of
memory space to update H in the same way as the QN method for the first m steps; then
it switches to the preconditioned CG method using the fixed matrix H,,. The expectation
is that the more memory space is available, the closer H,, is to the inverse Hessian, and
better convergence can be obtained.

Starting from the initial point zg, and going along the descent direction such that

sT'y; > 0, the VSCG Algorithm consists of the following two parts:
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Algorithm 2.4
QN-part: Choose a positive definite matrix Hy. Iterate for i = 1,2,---,m

di = —H;_19i-1;

T = Zij-y + Md;.

Hi= H; 1+ U(H;—1,3);
CG-part: From the point z,, reached by the QN-part, use H,, as

preconditioner. Iterate fori=m+4 1, m+42,.-.:
di = —Hi_19i1;
Ti = Zi—1 + Nid;.

Hi = Hy, + U(Hyp 1)

Thus the VSCG algorithm simply combines the QN method and the preconditioned
CG method. The QN-part can be viewed as constructing an appropriate preconditioner
H,, and the CG-part is the implementation of a preconditioned CG algorithm.

The algorithm has some important properties:

e For a quadratic function and an exact line search, all directions are descent directions,

as each I; is positive definite, provided that sTy; > 0.

o By changing the order of equation (2.14), the computation of the direction d =
—H g can be expressed in a vector form and hence the total storage required for

constructing H,, is m X (2n + 2).

The following is the detailed explanation of the second property, which is necessary to

understand our work in Chapter 4.
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According to (2.14), at each iteration the search direction is calculated as d;yq = —H;g;,

where
T T T
u; g V. 8 g 5 g
Higi = Hiagi— :?—" -1+ é} ‘ﬂit 8i — ‘TI:' g
= Hi_19i — 0isi — piti, (2.17)

in which ¥; = y?H.-_ly,-, = s,Ty; and u; = Hi—yyi, for i = 1,2, ---,m in the QN-part.
From i = m 4+ 1,:-- in the CG-part, to calculate v;, u; and H;_yg; in (2.17), we use H,,
to replace H,_,. With regard to equation (2.17), we only need to calculate the product of

H,_; and a vector v, where v = g; or v = ¥;.

Let flg be an identity matrix. We can construct H;_; from Hg by arecursive procedure:
H = Ho+U(Hy,1)
Hy, = Hi+U(H,2) = Ho+ U(Ho,1)+ U(Hy,2)
i—1

Ho+ Y U(Hj1.5). (2.18)

i=1

Hi

Il

Using (2.18), we obtain H; y» by

=1 Ty v; 8T st =1
Hiqw = Hov — 3 ([-— = (14 =2)-L)s; + L—u;) = Hov — 3 (o555 + pyuy). (2.19)
el i s UR Fay

To avoid unnecessary repetition in constructing H;_jv, we store two vectors s;, u; and

two scalars v, 7; at each iteration.



Then, according to the following order, we calculate H;g; by:

(1) Hi-19
(2) w = Hi—1yi, v; = yFv; and ; = s¥y;

(3) ulgi, sTg:, 0is; and piu;.

It needs (i — 1) x (4n) operations for calculating H;_,v, ignoring Hpv. So, the total
operation count is (8m + 6) X »n for ¢ > m. Usually m € n, so this is only a moderate
multiple of n. The variables saved in each iteration require 2n + 2 locations, so the total
storage needed for Hy, Ha,«++, H,, is then m x (2n + 2) locations.

The VSCG method is an efficient method, which can use whatever storage is available.
In practice, the common situation we meet is that the available memory is sometimes
larger than the 4n required by the CG algorithm, but smaller than the %n’ required by
the QN algorithm. The VSCG algorithm provides a more flexible choice for the user
to use the storage efficiently. Also, many tests have verified that for small values of m,
the numerical results are better than the normal CG method. Additional space aiding

performance is what is expected.




Chapter 3

Powell’s Method

In this chapter, we will describe Powell’s method [13] of “updating conjugate directions
by the BFGS formula®. This method, together with the VSCG method described in
Chapter 2, is the main source of our thesis work. In addition to the basic algorithm, we
also describe an automatic rescaling technique in detail. Some numerical examples are

used to justify our interest.

3.1 The Main Idea of Powell’s Method

In addition to the “sum form” of BFGS formula (2.6), there is another so called “product
form™ of the BFGS formula given by Brodlie, Gourlay and Greenstadt (1], which can be
expressed as

H* = (1-sp")H(I - psT), (3.1)

21
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where p is the vector

H-l
perae b g (3.2)
(sTy)(sTH's) &V

The step in (3.2) can be written as
8= Md = =2Hy, (3.3)

or

Hls=—Ag. (3.4)

Substituting (3.4) into (3.2), we are able to calculate the vector p without knowing H~!
explicitly.
Based on (3.1), Powell [13] recommended using a factored updating method which uses

a square matrix Z instead of H, where Z satisfies
zzT = H. (3.5)

One advantage of using Z is that ZZT will remain positive definite despite accumulated
roundoff errors. Moreover, we can rewrite the equation (3.5) in the form of (1.2), so that
the columns of Z still satisfy the conjugacy condition (2.3), that is, they are normalized
and mutually conjugate with respect to H~*.

Using Z in place of H in (3.1), the updating formula for Z* can be expressed as
Z* = (I1-sp¥)Z, (3.6)

where Z* satisfies Z*Z*T = H*. The search direction is then calculated by d = —ZZ27g,

rather than using H directly.




23

In the next section, we show a new algorithm Powell used to compute Z* based on a
special case that s is a multiple of the first column of Z. However, to deal with the general

case that s is not a multiple of (), Powell used Z to replace Z in (3.6), with
Z=12ZR, (3.7)

when 2 is a lower Hessenberg orthogonal matrix. The aim of this replacement is to make
the step s a multiple of the first column of new matrix Z. Since
727 = 50(20)F = 20072 = 277,
the condition (3.5) is still satisfied. In that case, (3.6) is modified by substituting Z in
place of Z, that is,
Z"=(I-sp")Z. (3.8)
Powell showed that the use of Z instead of H is important to maintain good accuracy
when computer roundoff errors have significant effects. For example, if [l has n—1 eigenval-
ues of magnitude one and one very big eigenvalue whose eigenvector is v = (1,1,:-+,1)7,
then H would become a nearly singular matrix whose elements are a large multiple of
one. However, if we use ZZ7 to replace H, the large elements may be confined to the
first columm of Z, and Z is a nonsingular matrix, so the algorithm may still keep good
accuracy.
Consider the following example. Suppose A\; = 10 is the largest eigenvalue of H with
the eigenvector v] = (1,1,---,1), and all other eigenvalues are negligible compared to A;.

Then H can be approximated by

k3
H = EA;v;ﬂ?mf\lvrlﬂf

=1
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1 il
1 11 ... 1

= 1% . |@1---1)=10%]| . . - (3.9)
1 | 1

So, H is nearly a singular matrix. But if we use Z instead of H, we can get a nonsingular

maltrix Z, with
102 % ... =
1 T

0% = o %

where * denotes a small element. Then

10* % oo % 1 102 o0 108 ; D ) |

102 % ... % * ¥ ... # 1 S TR |
F2T =l . e ~ 10°

102 % ... # * ¥ LN F ;L R |

Thus the nonsingular matrix Z is used in place of the nearly singular matrix H.

3.2 The Basic Algorithm

In this section, we describe a method to compute Z* given by Powell. Let 2()), () and
z(1)" be the jt* column of Z, Z and Z*, respectively, for j = 1,2,.--,n. Let e;,¢; and
¢ be constants and assume for the moment that the step s is a multiple of 2(1), that is,

s = 2. From equation (3.6) we get
(ztl)' 2B . 2y = (1 - clzilipT}(zil) 22 ... z(ﬂ))_ (3.10)
The first column of Z* can be expressed as

AU = (I - c;z{”pT}z[” = (z(” - clzmpTz{”) =(1~- epl 21z = ¢,z = =
Cy

(3.11)
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Using equations(1.2) and (3.11) and the quasi-Newton equation s = Hy from (2.8), we
have
ol . -
ZV° =10 o o TH  Yes = 32sTH s =1,

50

1 1

c= = : (3.12)
ViTH*s Jsly

Thus we obtain the first column of Z*,
O (3.13)

vey
Note that z{"" is independent of p in this expression.
Moreover, the conditions ZTH*Z = I and® 8|z imply (H's)T:00) =0, j =

2,3,-+-,n. Thus, we have

! =) T T T_.'_'{Jl
(H™'s) : ﬂa)=“’=‘“}‘ yT s. (3.14)
\/(sry}(sTH"s] &y =y

So, the update formula for Z* can be expressed as follows:

29" = (1 - spT)el) = sU) _ S(

]

) =1,
) = VsTy 3.15
z . (3.15)
() y'zV) ‘
V) - v 8, — 37 A0 BEUG

Two advantages of this updating method are:

(1) H7'isnot present;
(2) if |||} « ||zV)]|, the reduction is achieved by a suitable multiplication

rather than by cancellation.

There, || means that s is a multiple of 2!
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However, when s is not a multiple of z{!), the update formula (3.15) does not follow.
Powell then suggested using an orthogonal matrix {) to make a transformation as in
equation (3.7) so that the first column of Z = ZQ becomes a multiple of s. If this
condition is satisfied, then we can apply the same procedure to derive an update formula
for Z similar to (3.15):

S

Sr = ) e (3.16)
s() _ Y

where 209) in (3.15) is replaced by z(9).

In order to make 2(!) a multiple of s, that is
V) = Zey = ZQey = as,

where « is a scalar, the following two equations must hold:

{ley = as, (3.17)
8= Z4. (3.18)
Here § = —ZT g is an auxiliary vector and a is chosen to normalize 3, i.e. a = :I:"lé". Then

2(1) becomes the multiple of s as desired,

R PR T, T S ity 3.19
1= 206 = 22050 = 3| (3:19)

The only thing unknown here is £). There are several ways to choose an orthogonal

matrix Q to satisfy Qe;||$, and Powell recommended a lower Hessenberg matrix

Q= Qi 01, (3.20)
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where Q; is a rotation matrix, k = n=1,-++,1. Rewrite the condition (3.17) as Q7'§||e;,
or QF --- QI §|le;. We define 9] in such a way that when left-multiplied into vector
QE_H QT 3 it can make the (k 4+ 1) component of the vector zero, and the k"
component positive, while all other components are untouched. Thus from k = n —1 to
k = 1, each Q] has the effect of making one component of Q;‘:ﬂ - QT 5 zero, and this
component will not be altered in the later processing. Finally, the vector 27§ has only one
non-zero component at the top; thus it is a multiple of e;. In case the last » components of
& are already zero, we can simply set @ = [ and z0k+1) = >(-+D for k= n—1,-cc . n—r.
The following describes how Q}: is calculated.

Suppose vector v = QF - -Qz_,lé, and its last n — k components have already become
zero, or let v = § for k = n. The task of ﬂ:{_l is to make the k" component of v zero. A

simple rotation matrix is sufficient to do this:

(1 0 \
1
alk)  pk)
ﬂz:—l = _b(k} a(”} ] (3‘21)
O 1
\ 1)
where
k—1)? £)?
a®) = i and b = i
VA o Vo-1F 1 oh7

are in the k** and (k — 1) column and row. Thus, if § is given, theoretically, the
computation of Z = ZQ should consist of two steps: the first step is to calculate £ which
satisfies QT §||e;; the second step is to calculate Z = ZQ. This seems not very efficient.

Goldfarb [10] gave a good algorithm to directly calculate the last n— 1 columns of Z. The
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idea is to iteratively calculate the columns of Z directly from Z and 3, instead of explicitly
computing . Here is how it works.

Since Z = ZQ = 29, 1Qy—2 -+, the product of the first two matrices can be

written as
1
0
ZRay = (z(I} vee (22 _(n-1) :(ﬂ)) 1
0 o™ —pin)
pn)  g(m)
= (zm coe 2(0=2) (@) Hn=1) 4 p(n) 4(n) _g,(njz(n—l)ﬂtn)zm)),
(3.22)
where
g(n—1) 5(n)
al®) = S and b = :

T Va7 4 512 T VAR s

Defining two variables h = 5n)2(m) and ¢ = 5[“}2, then

5(0) = _pn),(n=1) L gln) () — ) (=3t tmt) 4. 5(n=1) )

V=12 4 g(np?

3 3(n=1) g(n) 5()
_ g e Al il RGN AR
= *Vg{n—1}2+§{n)2( A A )
- [ ¢ iy, Y
= * i +¢(—z + 3 h),

a(®) 5(n=1) | p(n) (n) — ;(giﬂ-l}z(ﬂ—ll + 5{ng(n1), (3.23)

V=12 4 5(r)?

Note that after (") is done, it will not be altered in the later processing, but o™ z("=1) 4

b(") 27 is only intermediate. Adding 3(*~1)2(*~1) to h and §0=1? 15 6. immediately from
(3.23) we have

az(=1) 4 p(m) ) = y=1/2p,,




20y = () ... s0-2) g1y, 3}, (3.24)

Note that the vector § is computed accordingly

i= (0 ... §n=2) G172 T

In the next iteration, 2,,_, is multiplied into ZQ,,_,:

.. 0
ZQp Qg = (;m cee 2in=2) g-1/2p E{nl) 1
i % aln=1) _pln-1)
0 pin=1)  4in-1)
1
= (2(” P z(““’al a(n"llzin—zl+b{h-”¢—3;2h
—p{n=1) ;(n—2) i a"‘"hp"/’h 2-:-['!])’
(3.25)
where
al™l) = HEH pim=1) _ 4’”2

V-2 4 g i a2 4o

In the same way, we get
28, g = (,Ul con z(n=3) ¢'”2a‘l #n-1) E‘")),

where h = 70 _, §920) and ¢ = 2 panag FHE
Repeating the above procedure iteratively by multiplying Q. k=n - 1,---,1 into Z,
we get the transformed vectors (") z(n-1) ... 2, Each time, the variables h and ¢ are

updated by adding 5(¥)2(%) and (%) respectively.
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This gives us Goldfarb’s Transformation Algorithm for calculating the last n — 1

columns of Z used in the formula (3.16).

Algorithm 3.1

step 0:  Set k to be the greatest integer in (1,---,n), such that §*) # 0.
Set an auxiliary vector h = §%)2(*) and a scalar ¢ = §(*)7.
Ifk < n,set 30) = 20) for j = k+ 1,k + 2,---,n;

step 1:  Terminate if k = 1

cal b (k) @ (k=1) g(k-l)h
step 2: Calculate the vector z\¥) = m (-z W Z )

Then add 5= 2(k=1) to h and add §+F-1)7 to ¢

step 3: Let k= k— 1 and go back to step 1.
Since § = —Z7Tg, h is in fact the required search direction, i.e.
d=-272%g=2Z3=h.

Powell used Algorithm 3.1 to obtain the search direction d before conducting the update
procedure. The calculation of both Z = ZQ and the search direction —ZZ%Tg can be
done with 4n? + O(n) multiplications. Another 2n* + O(n) multiplications are needed for

updating equation (3.16). Thus the total number of operations is roughly 6n2.

3.3 Automatic Rescaling and Numerical Results

When studying the convergence speed of the updating algorithm described in the last
section, Powell found that the relative values between the norm of the initial matrix Z,

and the norm of the Hessian matrix A have great impact on the algorithm termination.
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From the last section we know that, at each iteration, the following condition must

hold,
z;zF = u; =019 (3.26)

In theory, for a quadratic function with an exact line search, finite termination should be

realized in at most n steps, that is,
Z.2T = H, = A7, (3.27)

However in practice, due to roundoff error, sometimes finite termination may not occur
for a given Z,. Consider the case that the Hessian matrix A4 is the product of a constant

@ and a positive definite matrix B whose elements are of order of unity, that is
A=6B=0(0(1)). (3.28)
With this, A~! is proportional to the product of #~! and some fixed matrix B~!, that is

A== -B-1, (3.29)

.
6
-1 1 -1 1 -1

1471 = ligB~1l = 151 1B, (3.30)
1
where ||B~1|| is a constant, clearly, ||A™}|| ~ 7 Because both A and B are fixed during
our computations, and because the following discussion could be modified to take account
of ||B7Y||, for convenience, we will assume that ||[B~1|| = 1, which is the case with the
example we have chosen.

For a given Zo with either || Zo|| < ||A=2|| or || Zo|| > ||A=Y/2||, during the iterations,

||Zi|| should increase or decrease to approach ||JA~/?||, for i = 1,2,---. From (3.27), at



termination, we should have

1Za]1 2 || A7 2)| ~ 67272, (3.31)

In his experiments, Powell observed that, when ||Zo|| > 8712, good accuracy was
achieved and the algorithm terminated in = iterations. This is because of scaling of z(1),
according to equation (3.16) . However, when ||Zg|| < '/, more than n steps were often
needed to reach (3.31). The number of iterations needed to achieve the same accuracy
increased with the decrease of §. The following example given by Powell illustrates this
problem.

Assume a quadratic function f(z) = %mTA:c,m € R*, with z* = 0, where

1
f , and z0= (1 11 I)T.
1

—_— e e
—_— Lo e
B = =
— e
e e
—_— = N
NN NN

Powell evaluated the accuracy of his algorithm by measuring the value

p= , (3.32)

-T -
T cidnizicn | (7 AZT —1);;

which should be close to zero at termination.

In the tests, good accuracy was observed for all 8 > 1, for which ||Zo|| > ||A~1/2||.
Even for an example with § = 10%°, with which the ordinary QN method had failed
to terminate, Powell found that, after 4 iterations, good accuracy was achieved, with
||z]| = 3 x 10~7 and 5 = 4.2 x 10~°. The reason for achieving good accuracy by Powell’s
method is that the norms of the columns of Z* are made very small only by the first part

of equation (3.16).



¢ Iterations 7

1 4 1T %1077
0.1 5 36x 1077
0.01 6 2.6 x 10~7
104 i 5.2 10~
107 7 11x 10~
105 10 48 x 10~7

Table 3.1: The relationship between @ and the number of iterations

But when 6 < 1, for which ||Zo|| < ||A~Y/2|| the accuracy observed deteriorated seri-
ously. Powell pointed out that this was because an error of magnitude ¢ in z can induce
an error of magnitude ¢/6 in 2 + Ad [13]; thus the error accumulated from iteration to
iteration and became a considerable factor. Table 3.1 shows that the number of iterations

required to achieve the same accuracy of ||z|| < 107° increases as § decreases.
Therefore, Powell suggested that the norm of the initial Zy should be larger than

|[A=Y/2|| ~ |0=1/2|, and recommended the following “rescaling” extension to magnify the
columnus of Z; automatically at each iteration if necessary.
At each iteration, the Rescaling Algorithm includes the following two steps:

Algorithm 3.2

(1) Set o
o= ||=M, i=1,

o = min[a, ||2”|]], §=2,3



(2) Scale

calculate z}j) by equation (3.16), for j = 2,3,---,n

if |12 < o, rescale by setting 2 = 27

STEar

Because this extension only alters the Euclidean lengths of the columns of Z, it pre-
serves all the conjugacy properties for the quadratic function with ELS, and the normal-
ized search directions remain the same. Therefore it does not affect the theoretical finite
termination of the algorithm.

When the extended algorithm is applied to the above problems with 8 < 1, only 5
iterations are needed to reach termination, the value of 7 remains small, and there is no
deterioration in efficiency as 6 is decreased.

Powell also made some other tests. One test showed that the rescaling technique is
useful to deal even with the case where the initial Zg is singular as the rescaling technique

provides a way of using rounding errors to correct the singularity. Let

, and zg=-e;.

(R Vo TR e T =1
e =
— e =
e
L= =
e ™
—_— D e
[ TSR - < o |

Table 3.2 shows the results of calculations with scaling and without scaling. We can
see from the table that the algorithm terminates much faster with rescaling than without
rescaling.

Another test shows that the rescaling technique is also useful to deal with the case

where the initial Zg is ill-conditioned, but not singular, which is more likely in practice.



Without Scaling With Scaling
f [terations 7 [terations 7
1 8 55 % 1Y 5 32 %161
0.1 11 2.5 %1077 5 27 % 10"
0.01 31 8.3 x 1077 6 4.8 x 1077
0.001 18 3.9 %1077 5 94 w1077
{1 58 4.4 x 1077 5 4.5 x 1077

Table 3.2: The results with a singular Zp

Let Zy be a Hilbert matrix, so

[ = 1

1
2
1
1

e V=

- e o

) (Zo)i; = 1/(i+] + p),

and z9 = ey,

where i is a parameter used to alter the condition number of Zj.

The results shown in Table 3.3 again demonstrate that the rescaling technique is useful

in this case.

These numerical results verified that, by using a rescaling technique, good accuracy

could be obtained for a much wider range of initial choice of Zy. It makes the procedure

more stable than direct use of the product form of the BFGS formula. But the two major

shortcomings for this method are that, first, the symmetry is lost when using ZZ7 to

replace H, so it requires O(n?) elements of storage, which is about twice as much as

most quasi-Newton algorithms; and second, compared with the quasi-Newton method,



Without Scaling With Scaling

7 [terations 7 Iterations ]

0 8 12x 1077 4 6.9 x 1077
1 7 72x 1077 1 1.1 x 1077
2 9 6.6 x 10°7 5 2:3% 107"
5 11 51 %107 5 5.0 x 10°7
10 46 12x 1077 5 4.8 x 1077
108 . - 5 3.6 x 10~7

Table 3.3: The results with Zp being a Hilbert matrix

Powell’s method needs more computations to postmultiply by an orthogonal matrix Q

and to calculate 3 = — ZTg for updating Z* at each iteration.



Chapter 4

The VS-ZZT Method

This chapter describes the major work of our thesis. We have developed an algorithm
which combines Powell’s method and the VSCG method, in order to maintain the prop-
erties of Powell’s method, but with the memory requirement adjustable according to the
available memory space. We will give the details of our algorithm as well as the update

scheme.

4.1 The Objective

In the last chapter, we mentioned that Powell’s method has the advantages of maintaining
good accuracy in the presence of serious roundofl errors, and preserving normalized and
mutually conjugate directions. But just like many other algorithms, it achieves these good
features at the expense of memory space.

The objective of our thesis is to use a variable storage strategy to overcome the weak-

uess of Powell’s method for requiring O(n?) memory space. At the same time, we hope our

37
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algorithm still preserves conjugate directions at each iteration and maintains the accuracy
properties of Powell’s methaod.

The critical point of our method lies in updating Z and computing the search direc-
tion d at each iteration without storing the whole matrix Z.

From the basic update formula (3.16) of Powell’s method, we know that the update
of zl2) can be done column by column, and it does not include any matrix operations.
Furthermore, since the commonly used initial matrix Zp is an identity matrix /, we don’t
have to store Zg explicitly. Thus, if we know s and y, as well as some other necessary
information for updating and transformation, we should be able to update Z column by
column, without storing the whole matrix.

Also, from (1.3), the computation of the search direction d can be expressed as

d=-22Tg=-3 20009 =3 50);0), (4.1)
=1 =1
where the scalar §0) = —z0)"g, With this formula, we can obtain d without knowing

the whole matrix, so long as we can get 20) column by column. Once a column has been
used, it can be discarded to leave the space for the next column.

However, in order to update the columns of Z and compute the search direction d
at the next iteration, we still need to reconstruct the current Z column by column from
the very first iteration. This is done by an update scheme called “Column-by-column
and Up-row Update Scheme”, with a set of minimal information saved at each iteration,
consisting of vectors s, y, §, h as well as ||z}ﬂ|| for 7 =1,---,n and scalars ¢, k and 7.

In order to achieve our goal of using variable memory storage, we apply the VSCG

strategy to our algorithm: in the first m + 1 iterations, we use Powell’s factored BFGS
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quasi-Newton formula to update Z; from the (m + 2)** iteration, we switch to the precon-
ditioned conjugate gradient method using the constructed preconditioner H,, = Z, ZL.
Usually, m is provided by the user and depends on the available memory space. In prac-
tice, the value of m is usually chosen around 3 to 5. With m < n, the memory requirement
for our algorithm would be much less than the n? required by Powell’s method.

Since the initial matrix Zp used in our algorithm is always the identity matrix, and we
apply Powell’s rescaling technique in the first m iterations, our algorithm can avoid the
problem caused by accumulated roundoff errors. In the next chapter, we will give some

examples to show this advantage.

4.2 The Transformation and Update Algorithm

In Powell’s method, the update of Z* from Z needs two separate steps: Transformation
and Updating. That is,

ARG e

In our new algorithm, we combine these two steps into one formula which is described as

follows.

According to Goldfarb’s Transformation Algorithm 3.1, we can iteratively compute

) ' : 3(3-1)
E[J)=1/ﬁﬂ(—ztf“l)+s¢ B)y | 4 =i (4.2)

Substituting () into Powell’s factored form of the update equation (3.16) and defining a

T
new variable U = (I — f%{_), for j = n,---,2 we compute:
s




y
ST (I -7
! : s(i-1)
) = g | — @ (1) g 8
Uzl —I11/§(j_]}?+¢( o Mg )
T iy o 370
= s k). :
.a(j-:;z+¢( U2 + —— ) (4.3)

This equation allows us to update the columuns of Z directly, instead of using two separate

steps. In addition, the multiplication of the matrix U and a vector v does not require any

matrix operations, because

T T
Uv=(1I- i.f,—)v =9 - yT_vs = v —as, (4.4)
sty sty

where a is a scalar.

Thus with Geldfarb’s Transformation Algorithm 3.1 and Powell's updating for-
mula, we devised our new transformation and updating algorithm to calculate the last
(n — 1) columns of Z in one step. Comparing (4.3) with Algorithm 3.1, we see that the
only difference is that U appears in (4.3). In the following explanation, we show that U
in (4.3) doesn’t interfere with the update of Z.

From (3.21) to (3.25), we know that h in (4.3) can be expressed as

k
h=3 500,
=

where j denotes the 7** column to be transformed and k is the greatest integer in (1,---,n)

such that §*) £ 0. Let ' = Uh. Since U is a linear operator, A can be expressed as

k &
K =Uh=UY 000 = 3" sy.0, (4.5)

3=y =y
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If we use h' to replace Uh in (4.3) and each time we update A’ by adding §0)U20) to it,
the result is the same as multiplying U into (4.2) to obtain z0)°, So, we use the following

equation in our algorithm to do the transformation and update in one step,

. sli-1)
{2)* — - S ra -1 3 8 4 4.
2 ‘/é{j“1]2+é( 2 = h). (4.6)

Note that the product Uz0~1 in (4.6) is also used to update k' directly.

The following is our modified Transformation and Update Algorithm:

Algorithm 4.1

step 0:  Set k to be the greatest integer in (1,-+-,n) such that () #£ 0.
Set an auxiliary vector k' = 3K 7 (%) and a scalar P a6
If k <n,set 20) =UZV) forj =k+1,k+2,-+,n;

step 1:  Terminate if k = 1;

Qb k é[k—l) 1
step 2: Calculate the vector z(F) = m (—Uz( =% 4 3 h )

Then add =Dy 241 to p' and add $¢-1° 1o ¢

step 3:  Let k=& — 1 and go back to step 1.

4.3 The Column-by-column and Up-row Updating Scheme

Since we don’t save the matrix Z in our algorithm, when we conduct the transformation
and the update, we have to do it column by column. In Algorithm 4.1, when one column
of a matrix Z; is updated and used, it is no longer needed, so zfj_l) may be overwritten by
L)

2,,- However, in the next iteration, we still need to reproduce each column of Z;, because

the update of Z;4; depends on Z;,-- -, Zp. So, at each iteration, we have to reproduce the
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Figure 4.1: A simple example of the updating procedure

intermediate columns of each Z; from the very beginning.

In order to avoid unnecessary repetition in reproducing Zi,-:-,Z;, we need to save
some basic information at each iteration. In the algorithm described below, for each
iteration ¢ = 1,--+,l, we need to save vectors s;,y; and their dot product »; = S,Ty; for
updating; we need to save §; and k; for the transformation, where k; < n is the greatest
integer at each iteration such that ‘;Ek;] # 0; and we need to save the norm of each
zf”, j = 1,-+-,n for scaling. In addition, we need two intermediate variables to record
h; and ¢; for the transformation. In total, 5 vectors and 3 scalars are needed at each
iteration for reproduction of the matrix Z;.

There could be alot of repeated computation in the reconstruction of Z;; therefore, it

is very important to use a proper scheme to make it efficient.
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Figure 4.2: “Column-by-column and Up-row Update Scheme”

Figure 4.1 is a simple example, which shows the dependency of each column z,(j ) with
respect to the columns of the previous matrix Z;_,. For simplicity, Figure 4.1 only shows

(

the relationship between z'gﬂ and its two previous columns z,-i)l and 27", But in fact,

i1
the column z,-u ) j=2,3,:++,n, depends directly on z}‘_"__{lj and indirectly on z,{f_ }1, ses ,z}f‘f.
However, these indirect dependencies are “contained” in h: according to (4.5).

Figure 4.2 shows the “Column-by-column and Up-row Update Scheme”, which we
devised for our algorithm. The dashed arrow lines in the figure represent the order of the
columns to be calculated for computing z(“), which begins from the right most column.

Some notes should be given here with respect to this update scheme:

(1) The initial matrix Z, is an identity matrix, so we don’t need to save it explicitly.

(2) The first column z‘m,i = 1,2, -+,lis calculated directly from s; and y; according

to equation (3.16), instead of depending on the previous iteration.

(3) Once 29 has been used for updating z}j ), it is no longer needed and can be

-1
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discarded. Therefore in the implementation, we use a single intermediate vector z to hold
z;{i)1 during the update. Also, one other extra intermediate vector w is required to hold
U-H]z}{;]) for the update of h;. But both z and w will be overwritten when the next
column is updated.

(7)

(4) After computing each column z;°’, we test the condition a; > ||z}j]||.

If true, Pow-
ell’s rescaling technique is automatically applied. Then we save llz}j ]|| for reconstructing
Z, at later iterations.

(5) From Figure 4.2, we can easily determine that the number of columns to be recon-
structed at iteration [ is [(n—1). From Algorithm 4.1, we can show that 6n multiplications

are required to calculate the transformation and update for each column z}”,j — e

So, the total number of multiplications required is 6ln(n — 1) + O(n) for computing Z,.
(6) The search direction dy, is calculated by (4.1). After each 2\ is formed, we add

S}i)lz}jj to djy1, where the scalar Bfi}l = —z'-(j)rg;. Thus, when all zl.(j),j = 1,:-+.mn have

been calculated, d;;, is done at the same time.

4.4 The VS-ZZ" Algorithm

Using Algorithm 4.1 and the “Column-by-column and Up-row Updating Scheme”, we are
able to use Powell’s method without storing the whole matrix Z. What we need to save
are only 5 vectors and 3 scalars at each iteration. With this information, we can reproduce
the columns of 7;,1 = 1,2, -+, when necessary. But if we have to iterate many times, say
more than g, in the computation, we actually use the same amount of memory space as

Powell’s, and we have a larger computational burden. In such a case, this idea would not
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be attractive.

Qur strategy to solve this problem is to combine Powell’s method and the VSCG
method to use variable memory. That is, the algorithm runs in two parts, a QN-part and
a preconditioned CG-part. In the first m + 1 iterations, it runs Powell’s column by column
factored QN update method; from the (m 4 2)%* iteration, it runs the preconditioned CG
algorithm with a fixed preconditioner H,, = Z,ZL. However, if the memory is sufficient.
we can let m > n to run the QN-part all the time.

Note here, in the preconditioned CG-part from i = m+2, we use the sum form of BFGS
formula (2.14) to calculate the search direction d;4;, but with a fixed preconditioner, i.e.

siyf Hy + Hpyis? T Hoviosis?
Ll iy; m my1 1 +(1 + yl Tﬂi:y! )S}?;']g“ (4-7)

sy, sty

1 v T W

diy1 = —Higi = —[Hn

where H,, = Z, ZT .

For « < m, 5n + 3 storage locations are required at each iteration for the information
of transformation, update and scaling, and for i > m another 5n + 3 locations are used
to record some intermediate information, so the total storage requirement of the VS-ZZ7
Algorithm is (m + 1)(5n + 3) + 2n, where m is given by the user; the 2n is for auxiliary
vectors w and z. In practice, m < n, so it is only a moderate multiple of n, much smaller
than the n? originally required by Powell’s method.

Note here, compared to Algorithm 2.4, the following Algorithm 4.2 takes one more
step in the QN-part, But in fact the last 5n + 3 memory locations used in the QN-part
are only for some intermediate updating information, which is equivalent to the VSCG
algorithm that uses the last 2n + 2 locations for intermediate information in the CG-part.

We do this because the VS-ZZ algorithm shifts its updating formula from factored form
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to sum form, while the VSCG algorithm uses the sum form all the time.

In the following VS-ZZT Algorithm, we use U(z{J ]1, i) to denote updating zf’ ]1 us-
ing the Transformation and Update Algorithm 4.1 and “Column-by-column and Up-row
Updating Scheme”. In the CG-part, two intermediate vectors hg and hy are used for

representing H,,g9; and H,,y; in (4.7) and two scalars t1 and {2 are used for z,(,{)Tg,» and

AT
Ay
Algorithm 4.2

Choosing an initial Zp and starting from the initial point z¢, the initial descent search

direction is dy = ——ZOZggo. Then:

QN-part: From the point zq, iterate with : = 1,2,---,m + 1:
save 8;,¥;,3;,n; and k; for updating and the transformation;
set djry = 0;
iterate for j = n,n—1,:-+,1 to get diyy:
tﬂ U(zm,,i
if i < m, save |[z1{j}|[ and do rescaling, if necessary;
Sit1 = "Z.!ﬁT.fﬁ;
diy1 = dig1 + Sff,_)lz("}
Tit1 = Ti + Aidig1;
CG-part: From the point z,,42 reached by the QN-part, use H,, = Z,, ZF

as preconditioner and iterate fori = m +2,m + 3, -«

replace Sy41,Ym+1 and Ty by 8i,yi and 7
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set hg=0; hy=0;

iterate for j =n,n —1,---,1 toget Hy,g; and Hy,y;:
zm[:{} - ff{z}i)-vm);
il = z},{)rg.-; hg = hg+t1 x z,{ﬁ):
2 =2y hy=hy+e2x,

diy1 = —H,;g; using equation (4.7);

ZTiga =i + Nidigi.

As we can see, in the QN-part, we use Powell’s factored form of BFGS formula, and in
the CG-part, we use the sum form of BFGS formula. In the CG-part, the computation
of vectors H,,g; and H,,y; can be done by using the same procedure which is used to
(1) )7

= n,n— 1,---,1 and calculate the sum of z;"'2"" v, where v = g; for

construct z}j}, j=
the QN-part and v = g; or v = y; for the CG-part but with a fixed z!,{}. In some sense,
the VS-ZZT Algorithm is equivalent to the VSCG method, that is, the QN-part can be
viewed as constructing an appropriate preconditioner H,, = Z,ZL, and the CG-part is
the implementation of a preconditioned conjugate gradient algorithm which we described
in Chapter 2. So, for the quadratic function with exact line search, the VS-ZZT Algorithm
can keep descent directions by ensuring that each H; = Z‘-Z;r is positive definite, provided
that s7'y; > 0, and finite termination is expected in n steps, which follows from a theorem

given in Buckley [3].

In our algorithm implementation, we also studied the possibility of using a factored
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form of BFGS formula to update each column of Z; in the CG-part. Although in theory
the justification is still incomplete, the results we offer show it does indeed work. We put

these results in our Appendix B. An interested reader can access it for comparison.




Chapter 5

Numerical Experiments and

Conclusions

In the previous chapter, we discussed the main idea of our VS-ZZT algorithm and its
details. In this chapter, we present the results of our numerical experiments to verify that
we have met our main objective as desired, that is, with variable memory space, we can
obtain equivalent results to Powell’s method. At the end of this chapter, we give some

concluding remarks on our thesis work.

5.1 Purpose of Experiments and Methodology

As we mentioned in the previous chapter, the VS-ZZT algorithm is developed based on
Powell’s algorithm. The main difference between the two is that the V$-2Z7 algorithm

allows us to use variable storage space. Therefore, in our experiments, we want to in-

49
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vestigate how different memory allocations affect the termination and the accuracy of
the VS-ZZT algorithm. The parameter m in the following experiments specifies how much
memory space is used in the computation, as we have explained in Section 4.4. For m = 0,
we take Zg as the preconditioner to calculate the search direction d in the CG-part. For
m > 0, (m + 1)(57 + 3) + 2n memory locations are used in the computation. The larger
the value of m, the more iterations are run in the QN-part, and the more memory space
that is used. For m = —1, we use the normal quasi-Newton method for comparison.

Another important thing to observe is how the relative value f between ||Zp|| and
||A~1/?|| affects the convergence rate and the accuracy. As in (3.28), we let A be the
product of # and a matrix of order 1. According to the explanation of Powell’s method in
Chapter 3, the roundoff error in z is inversely proportional to #, and the termination is also
related to @, even if Zg is well conditioned. Thus by adjusting 6, we can change the relative
values of || Zo|| and || A=1/2|| to investigate how this affects the algorithm termination. We
then conduct tests, with and without scaling, to study how Powell's rescaling technique
works in our algorithm.

To obtain the results of Powell’s algorithm for comparison, we run our program by
letting m be large enough such that the algorithm terminates while still in the QN-part.
Since this part of the algorithm is in fact the same as Powell’s algorithm, we should get
the same results as directly running Powell’s algorithm. In the following experiments, we
get Powell’s results in this way and we compare the results of these two methods by their
iteration steps, as well as the accuracy of ||z||, when the algorithm terminated. According

to Algorithm 4.2, by adjusting m, if a group of tests terminate still in the QN-part with k




5l

steps, those results from m > k — | are all the same as Powell’s, as we use m + 1 steps in
the QN-part. For simplicity, we only show the results with m < k, because the algorithm
should still terminate in k steps even if we increase m.

In all experiments, the objective function to minimize has the following form:
. "
f(z)= 5% Az, z € R".

All the experiments are conducted using an Exact Line Search (ELS). The termination
criterion is chosen as ||z|| € ACC, as Powell did. We use ACC = 10~'° and double
precision in the computations. In the following numerical results, (*) denotes that the
algorithm generates a non-descent direction and terminates prematurely and (x#) denotes

the function evaluations exceeded the limitation.

5.1.1 Experiments with Z, = [

Our first experiment investigates cases with the identity matrix as the initial matrix Z.
This is the default initial matrix of the VS-ZZT algorithm, so that we do not have to
save it explicitly. Furthermore, in practice, an identity matrix is often used as the initial

matrix in quasi-Newton algorithms.
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| [ m= [ step=] [gll= [ IIxll= [ f= ]

QN method =1 11 .85E-24 1.086D-25 | 3.025D-50
10 10 24E-15 3.020D-17 | 3.517D-33

9 10 24E-15 3.020D-17 | 3.517D-33

8 10 24E-15 3.020D-17 | 3.517D-33

with or 7 10 24E-15 3.010D-17 | 3.512D-33
without 6 10 24E-15 3.323D-17 | 3.636D-33
scaling 5 10 23E-15 5.203D-17 | 3.530D-33

4 10 24E-15 3.724D-17 | 3.847D-33

3 10 28E-15 3.290D-17 | 4.157D-33

2 10 A9E-15 1.532D-16 | 5.005D-33

| 10 J0E-15 1.603D-16 | 4.994D-33

0 10 05E-11 3.560D-13 | 9.702D-25

Table 5.1: Zg=1,0=1

For ecomparison with Powell’s method, we choose the following function as our example:
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Table 5.1 shows that, with # = 1 and m = 0,:-+,10, tests terminate in 10 steps as

expected. The normal QN method (m = —1) takes 11 steps to reach the minimum, which

is acceptable. In this case, because Zp is an identity matrix and = 1, scaling has no

effect on the results. Notice in Table 5.1, from m > 9 the algorithm terminates while still

B O L




I | m= step=_ | lgll= [ Iixll= [ f=
QN method = 11 36E-26 3.598D-25 | 4.429D-52
11 11 30E-24 2.020D-23 | 2.967D-48
10 11 30E-24 2.020D-23 | 2.967D-48
9 11 49E-25 3.290D-24 | 7.861D-50
8 11 .19E-18 6.866D-17 | 5.317D-36
with 7 11 JA9E-17 4.104D-16 | 3.339D-34
scaling 6 11 90E-17 8.454D-15 | 2.198D-32
5 11 33E-16 2.517D-14 | 1.858D-31
4 11 T79E-16 1.898D-13 | 5.113D-30
3 11 25E-15 2.874D-13 | 1.429D-29
2 11 15E-15 2.444D-13 | 1.076D-29
1 10 27E-13 1.980D-12 | 2.344D-26
0 22 13E-12 6.629D-11 | 1.874D-24
10 16 H6E-15 1.457D-13 | 3.361D-29
9 17 B4E-15 8.984D-14 | 1.246D-29
8 17 35E-13 1.828D-11 | 1.548D-25
without T 19 J2E-14 1.174D-12 | 4.084D-28
scaling 6 20 25E-13 6.296D-12 | 4.720D-26
5 23 B84E-14 9.297D-12 | 1.767D-26
4 23 R6E-14 1.277D-11 | 2.320D-26
3 31 86E-13 9.235D-11 | 1.680D-24
2 39 32E-12 6.963D-11 | 9.467D-24
1 27 40E-13 6.905D-11 | 6.565D-25
0 22 JA3E-12 6.629D-11 | 1.874D-24

Table 5.2: Zg = 1,0 =107




| [ m= step= lell= [ Ixl= [ f= |
QN method -1 11 A7E-35 2.779D-25 1.364D-61
11 11 .7T4E-33 5.029D-23 1.820D-56
10 11 .T4E-33 5.029D-23 1.820D-56
9 11 12E-33 8.331D-24 4.980D-58
8 11 A6E-27 1.489D-16 3.101D-44
with 7 11 S1E-27 2.780D-16 6.943D-44
scaling 6 11 H3E-26 3.598D-15 | 4.787D-42
3 11 19E-25 4.783D-15 3.721D-41
4 11 34E-25 5.648D-14 5.590D-40
3 11 S5E-24 6.041D-13 5.238D-38
2 11 .18E-24 1.686D-13 6.127D-39
1 10 35E-22 2.428D-12 3.980D-35
0* 4 - 8.791D-01 -

in the QN-part, so we can take these results as Powell’s.

Now we let # = 0.001 and conduct the computation with and without scaling. The
advantage of applying scaling is shown in Table 5.2, in which the algorithm terminates
properly in about 11 steps when scaling is applied. The case m = 0 takes 22 steps to reach
the minimum; this is because the algorithm uses Hy = ZOZ[T as the preconditioner in the
CG-part and there is no scaling in effect. If we update Z; without scaling, more steps

are required to satisfy the the same termination criterion, where m = 2 has the highest

iteration count of 39.

Now we decrease 6 again to 10~ '2. In this situation the difference between ||Zg|| and
||A=Y2|| become very large and the algorithm can’t work at all without scaling. However,

except for m = 0, by using the rescaling technique we can still get satisfactory results

Table 5.3: Zo = 1,60 = 107'*

compared with Powell’s which are shown in Table 5.3 from m > 10.
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From the above results, as well as other experiments we have conducted, the following

conclusions can be made for the cases with Z, = I:

With scaling, our algorithm can terminate normally when m > 0, even if 8 is very

small.

e However, for m = 0, as it uses the initial matrix Hg = Z;{Zu as the preconditioner
in the CG-part and there is no scaling in effect, the effect of accumulated errors is

great, especially in the case of || Zo|| < [|A~1/?]|.

o For those tests without scaling, more steps are needed to satisfy the same termination

criterion than that with scaling.

¢ By using a small value of m (m # 0), we can still achieve satisfactory results.
Increasing m (using a larger memory space) has little impact on the results. That
is what we expected: using relatively small memory space, we can get equivalent

results to Powell’s method.

5.1.2 Experiments with Z; # |

To make a direct comparison between Powell’s results and the VS-ZZ7 results, we tested
some examples with an ill-conditioned initial matrix Zy. This was carried out by using an
option in our program to store the whole matrix Zp for updating.

The following three tests are given by Powell, as shown in Chapter 3. Although in
practice the identity matrix is popularly accepted as the initial matrix and these examples

are created artificially, only for the purpose of experimenting, we intend to use these




examples for comparison.

Example (1)

1 T T | 01 4 9

AN=Sh 1211 . Zo = 1014 , and zg=e;.
1 1 3 1 4 1 0 1
101" 1 4 90 & 1 .l

Note, in Table 5.4 we only show the results for k > m > 3, because for m < 3 the
algorithm generates a non-descent direction and terminates prematurely, where k denotes
the steps required by Powell’s algorithm. One explanation is that the initial matrix Z; is
singular and too few updating steps are not enough tolet Z,, become a nonsingular matrix.
Also, after m steps, there is no scaling in effect, and the preconditioned CG algorithm
cannot generate descent directions with such a singular preconditioner Hp, = ZnZX. In
the tests, we found that the algorithm does not work well if we choose no scaling option.
However, with scaling, the results are not affected very much hy decreasing 6.

Our Example (2), shown by Table 5.5, presents the results with the same matrix A

and zg, but using a Hilbert matrix as Zp, i.e.

(Zo)ij = 1/(2 +J + ),

where p is used to adjust the value of condition number of Zg. The results are similar to
the first example; that is, the algorithm doesn’t work well if m is very small (m < 2 in
this case) or if no scaling is applied. But for the tests with scaling, the results are rather

consistent even if the value of u is changed.




| 6=] m= [ step= [ Jlell= [ Ixll= [ f= ]
1 7 7 31E-10 1.720D-11 | 2.024D-22
6 7 31E-10 1.720D-11 | 2.024D-22
5 7 31E-10 1.720D-11 | 2.024D-22
4 7 .T4E-11 1.065D-11 | 2.780D-23
3> 6 - 1.017D-04 -
1071 6 6 39E-11 3.479D-11 3.736D-23
5 6 39E-11 3.479D-11 | 3.736D-23
4 6 39E-11 3.479D-11 | 3.736D-23
3t 6 - 3.823D-10 -
1072 5 5 J94E-14 7.120D-13 | 2.422D-27
with 4 5 J94E-14 7.120D-13 | 2.422D-27
scaling 3 5 94E-14 7.120D-13 | 2.422D-27
1072 6 6 B0E-17 5.231D-15 | 8.998D-33
5 6 60E-17 5.231D-15 | 8.998D-33
4 6 60E-17 5.231D-15 | 8.998D-33
3 5 28E-15 4.504D-13 | 4.018D-29
1074 7 7 12E-15 4.023D-13 | 2.208D-29
6 7 A2E-15 4.023D-13 | 2.208D-29
5 7. J12E-15 4.023D-13 | 2.208D-29
4 6 64E-14 2.071D-11 | 5.858D-26
i 6 - 3.629D-07 -
10~ F 7 .82E-20 3.157D-15 [ 1.137D-35
6 7 82E-20 3.157D-15 | 1.137D-35
5 7 82E-20 3.157D-15 | 1.137D-35
4 6 59E-18 6.274D-13 | 1.233D-31
e 6 - 2.610D-10 -

Table 5.4: Zy # I, Example (1)
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| p= ] m= | step= | lgll= [ xll= | f= |
0 4 4 D9E-12 1.168D-13 3.121D-26
3 4 H9E-12 1.168D-13 3.121D-26
Z3 5 4.584D-07
1 * 5 - 5.688D-02 -
1 4 4 22E-11 4.033D-13 4.192D-25
3 1 22E-11 4.033D-13 | 4.192D-25
2 5 - 8.011D-06 -
25 - 2.742D-05 -

2 4 4 .89E-11 1.674D-12 7.061D-24
with 3 4 B89E-11 1.674D-12 | 7.061D-24
scaling £ i 5 - 4.768D-04 .

&0 25 - 1.663D-08 -

] 4 4 12E-09 2.179D-11 1.236D-21
3 4 A2E-09 2.179D-11 1.236D-21
2F 5 - 1.078D-04 E
1 4 - 1.797D-01 -

10 5 5 J6E-20 9.927D-22 6.356D-43
4 5 J6E-20 9.927D-22 | 6.356D-43
3 5 A45E-25 8.573D-26 | 1.336D-51
2* 5 - 4.085D-02 -
12 4 - 1.626D-01 -

Table 5.5: Zy # I, Example (2)
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6=| m= step= llgll = [|1x]] = f=

1055 4 4 J10E-14 2.040D-13 | 9.648D-29
3 4 10E-14 2.040D-13 | 9.648D-29
2 1 J10E-14 2.040D-13 | 9.648D-29
1 4 J10E-14 2.603D-13 | 9.661D-29

0** 25 - 3.610D-04 .
10~° 4 4 95E-18 2.283D-13 | 8.974D-32
with 3 4 95E-18 2.283D-13 | 8.974D-32
scaling 2 4 94E-18 2.546D-13 | 8.788D-32
1 4 97E-18 2.265D-13 | 9.183D-32

0* 3 = 3.400D-01 <
10~12 4 4 51E-24 1.528D-13 | 2.576D-38
3 4 51E-24 1.528D-13 | 2.576D-38
2 4 51E-24 1.528D-13 | 2.576D-38
1 4 ATE-24 1.769D-13 | 2.323D-38

0* 3 - 4.029D-01 -
1073 4 6 20E-16 1.681D-14 | 1.313D-31
3 7 .13E-12 6.239D-11 | 3.829D-24

k% 25 = 1.267D-05 -

without by 25 - 1.456D-04

scaling g 25 - 3.610D-04 -
10-% 4 6 76E-18 1.505D-12 | 4.169D-31

3% 8 - 1.620D-03 -

2% 14 - 5.638D-05 -

I* 5 5 3.026D-01 .

0* 3 3 3.400D-01 -

Table 5.6: Zg # I, Example (3)

Example (3) is with the same matrix A, but Zy and z( are as chosen

12 2 2

T

ol (5 R and zo=(1111) .
111 2
1111

The results in Table 5.6 show that with scaling and m > 0, the algorithm works very well
for different 8. However, the tests without scaling need more steps to satisfy the same

termination criterion, but these results are much better than those of the previous two
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examples.

Some points can be made based on these three tests.

e By using the VS-ZZT algorithm, we can get equivalent results to those of Powell’s
for Zg # I. Through the tests we can see that scaling can overcome the effect of

accumulation of errors caused by poor initial scaling.

e When Zj is a singular or ill-conditioned matrix, too few update steps ( that is, if
m is too small) affect the performance of our algorithm. Because in these cases,
matrix Z,, may still be singular or ill-conditioned, the CG method cannot generate

the descent search direction for terminating properly.

5.1.3 Transforming f(z)

In the previous section, we compared our results with those of Powell’s by conducting
the same tests with the whole matrix Zg saved, where Zy # I. However, this is inconsis-
tent with our algorithm because our algorithm is designed not to save the whole matrix
explicitly.

It is instructive to consider the effect of a transformation of variables, so that the
transformed function can be minimized by using an identity matrix as the initial matrix.

Considering a change of variable # = Tz and defining f(2) = f(T~'%), by using the
chain rule we have

Vif(#) =TV f(z 2. (5.1)




Because V; f(z) = Az and V2f(z) = A, we get

A=Vif(s)=TTAT™ . (5.2)

In Chapters 2 and 3 we have indicated that the matrix H; in a quasi-Newton algorithm
is designed to approximate the inverse Hessian matrix A='. That is, starting from an initial
matrix Hy, with each iteration, H; is getting closer to A~'. If we make a transformation

as described above, the transformed Hg and H; should have the form
H;'=TTH;'1" and B =T"TH'T™. (5.3)

Since the purpose of the transformation is to make a problem with a nonidentity initial
matrix applicable in our algorithm, that is to make Ho = 1, the transformation matrix

T~ must satisfy the following condition
B = T B T =T 372, T ' = I. (5.4)
This equation holds if
=7t (5.5)
Thus, (5.2) becomes
A= 27T AZ,. (5.6)
This equation tells us that minimizing the transformed function f(&) with A using
initial Ho = I, is equivalent to using Hg = ZQZ{T to minimize the original f(z). So, with

this transformation method, we are able to use the VS-ZZ” algorithm to indirectly solve

problems with Hy # I, but the limitation is that Hy must be nonsingular.
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In the first test, we choose the following function as a simple example of the transfor-

mation:

3 and zp = €.

e i
e i - ]
— 0 =
e
[ = B = Tl = ]
oo NS

w o o
- o o o

Making the following transformation of variables, we compute:

12 3 4

A=ZIAZy=9 = ALS , do=IF end #=2Z5'ap=2¢:
3 6 27 12
4 8 12 64

With § =1 and 8 = 0.1, Table 5.7 shows that the results are equivalent with and without

transformation, However, for § = 0.01, the algorithm fails to terminate for the transformed

problem, unless we change the termination criterion to a larger value. To investigate the
reason, we found that the ratio of the greatest to the least eigenvalue of the Hessian matrix
is enlarged by the transformation. For the above example we found that al
the eigenvalues of A are 1.3922, 0.2961, 2.5077 and 5.8039;
the eigenvalues of A are 0.3403, 6.0330, 24.2689 and 69.3578.

The change of eigenvalues also affects the condition number of the matrix, because the

condition number can be defined as

cond(A) = Iﬁl. (5.7)

Amin

In this example, the condition numbers of A and A are 19.6018 and 203.7971 respectively.
This might affect the termination of the algorithm and attainable accuracy.
In order to obtain general results by using an arbitrary initial Zy, we tested Example

(3) of the previous subsection by using a transformation, as our second example of trans-



| 6= m=| step= | [lell= | Jidl= | .  £= .|

T -1 5 B6E-24 1.332D-26 | 1.336D-51
4 4 .35E-14 1.231D-15 | 6.332D-31
3 4 35E-14 1.231D-15 | 6.332D-31
2 4 35E-14 1.231D-15 | 6.332D-31
] 4 A8F-13 | 3.610D-15 | 4.916D-29
0 4 J4E-11 2.054D-14 | 1.336D-26
0.1 -1 5 35E-25 9.139D-27 | 1.399D-52
4 4 27E-12 7.029D-12 | 8.518D-25
with 3 4 27E-12 7.029D-12 | 8.518D-25
transformation 2 ! 27TE-12 7.029D-12 | 8.518D-25
1 4 39E-13 1.020D-12 | 1.790D-26
0 4 A2E-12 | 6.546D-12 | 7.476D-25
0.01 -1 5 44E-25 1.685D-25 | 2.441D-51

4* 5 - 5.408D-10 -

s 5 5.408D-10 -

2% 5 - 5.265D-10 -

1* 5 - 1.970D-09

0* 5 - 1.169D-08 -
1 4 4 25E-14 7.234D-15 | 7.907D-30
3 4 25F-14 7.234D-15 | 7.907D-30
2 4 25FE-14 7.234D-15 | 7.907D-30
1 4 .46E-14 6.280D-15 | 8.582D-30
0 4 .28E-12 5.353D-14 | 7.004D-27
0.1 4 4 A48E-13 1.530D-12 | 3.518D-26
without 3 4 48E-13 1.530D-12 | 3.518D-26
transformation 2 4 A8E-13 1.530D-12 | 3.518D-26
1 4 15E-13 4.872D-13 | 3.549D-27
0 4 .39E-12 R.463D-12 | 1.142D-24
0.01 4 4 A1E-13 4.901D-13 | 2.247D-27
3 4 A1E-13 4.901D-13 | 2.247D-27
2 4 11E-13 4.901D-13 | 2.247D-27
1 4 43E-14 | 1.154D-13 | 1.966D-28
0 5 .66E-11 2.093D-09 | 6.549D-21

Table 5.7: An transformation example
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s = ==




[ =] m= [ step= [ [lell= [ Ixl[= [ f= ]

1 -1 6 .55E-19 1.128D-19 | 2.456D-39
4 4 .88E-12 2.996D-12 | 9.054D-25
3 4 88E-12 2.996D-12 | 9.054D-25
2 4 88E-12 2.996D-12 | 9.054D-25
with 1 4 95E-12 | 2.022D-12 | 8.040D-25
transformation 0 4 .61E-09 | 8.266D-12 | 1.147D-21
0.1 -1 6 ATE-22 4.449D-22 | 3.792D-45
4 3 R2E-22 1.273D-21 | 3.728D-44
25 5 10E-21 1.271D-21 | 3.727D-44
2 10 94E-12 9.171D-11 | 4.115D-23
1* i - 4.531D-09 -
0 11 J1E-12 5.472D-11 | 1.583D-23
1 4 4 61E-13 2.159D-14 | 3.817D-28
3 4 .61E-13 2.159D-14 | 3.817D-28
2 4 H1E-13 | 2.159D-14 | 3.819D-28
without 1 q 59E-13 1.240D-14 | 3.258D-28
transformation 0 5 97E-14 2.794D-14 | 1.201D-28
0.1 4 4 .59E-13 1.237D-13 | 3.217D-27
3 4 H9E-13 1.237D-13 | 3.217D-27
2 4 H9E-13 1.237D-13 | 3.217D-27
1 4 A7E-13 2.209D-13 | 3.456D-27
0 5 T6E-11 9.375D-11 | 2.549D-22

Table 5.8: The transformation for Example (2) with n = 4

formation tests. The results are shown in Table 5.8. We also enlarged n to 10 to see the
results for a larger dimensional problem. The results are shown in Tables 5.9 and 5.10.
Again, from these tests with 8 = 1, we can get the equivalent results with or without
transformation. However, for # = (.1, the tests after transformation need more iterations
to terminate than that without transformation. Also, from Table 5.8 to 5.10, we can see
that the normal QN method needs more than n steps for termination. We compared the
matrix condition numbers for both A and A, which are shown in Table 5.11.

From the above results, as well as some other experiments we have conducted, com-
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| 6=] m= | step= | Jlgl= [ Ix[[= [ f= |
1 -1 17 27E-17 | 2.746D-18 | 1.011D-36
10 10 4E-13 1.489D-14 | 1.874D-28
9 10 .34E-13 1.489D-14 | 1.874D-28
8 10 34E-13 1.489D-14 | 1.874D-28
with s 10 44E-13 | 6.684D-14 | 6.356D-28
transformation 6 10 19E-12 6.423D-13 | 2.985D-26
5 10 A0E-12 1.011D-12 | 8.529D-26
4 10 .20E-12 | 4.150D-13 | 1.719D-26
3 11 29E-12 | 6.694D-13 | 4.144D-26
2 11 13E-12 1.270D-13 | 3.599D-27
1 12 J14E-12 | 4.755D-13 | 1.576D-26
0 13 B3E-09 | 8.224D-11 | 3.406D-20
1 10 10 29E-14 | 2.431D-16 | 2.939D-31
9 10 29E-14 | 2.431D-16 | 2.939D-31
8 10 29E-14 | 2.431D-16 | 2.939D-31
i 10 .34E-14 1.802D-15 | 9.737D-31
without 6 10 B1E-14 | 9.619D-16 | 4.761D-31
transformation 5 10 29E-14 | 6.892D-16 | 3.639D-31
4 10 32E-14 1.247D-15 | 6.446D-31
3 10 A5E-11 4.540D-13 | 3.066D-25
2 10 .76E-10 1.721D-11 | 5.251D-22
1 1 B0E-10 | 6.202D-12 | 7.348D-23
0 13 HOE-10 1.159D-11 | 2.847D-22

Table 5.9: The transformation for Example (2) with n = 10 and 6 = 1
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| #=] m= [ step= [ Jlgll= [ [ixll= f=_ |
0.1 -1 17 .75E-18 1.259D-17 | 1.690D-36
10 11 B59E-18 | 6.563D-20 | 6.693D-40
9 11 61E-20 | 6.573D-20 | 9.168D-41
8 13 94E-13 6.939D-13 | 2.270D-26
with 7 14 G3E-12 4.611D-12 | 1.009D-24
transformation 6 15 J3E-11 | 4.711D-11 | 1.343D-22
9 16 B0E-12 | 4.787D-12 | 6.762D-25
4 18 .T4E-13 | 2.783D-13 | 7.859D-27
3 19 31E-11 4.984D-12 | 6.002D-24
2 18 14E-10 6.136D-11 | 1.411D-22
1 20 J13E-11 1.916D-11 | 8.876D-24
0 23 89E-11 9.183D-11 | 3.828D-22
0.1 10 10 95E-12 3.432D-12 | 1.002D-24
9 10 95E-12 | 3.432D-12 | 1.002D-24
8 10 95E-12 | 3.435D-12 | 1.001D-24
i 10 95E-12 3.354D-12 | 9.901D-25
without 6 10 J6E-11 5.163D-12 | 2.523D-24
transformation 5 10 27E-11 8.674D-12 | 7.239D-24
4 10 28E-11 2.869D-12 | 2.937D-24
3 10 B6E-11 1.263D-11 | 3.327D-23
2 10 .22E-10 2.175D-11 | 2.109D-22
1 10 25E-10 | 2.203D-11 | 2.105D-22
0 13 A7E-10 | 3.034D-11 | 2.225D-22

Table 5.10: The transformation for Example (2) with n = 10 and 8 = 0.1

n=4 = 10
A A A A
the least eigenvalue 0.2961 0.0961 0.2340 0.0896
the largest eigenvalue | 5.8039 | 160.6399 | 15.3100 | 2963.5135
condition number 19.6011 | 1671.5911 | 65.4274 | 33074.9275

Table 5.11: The condition numbers of A and A
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paring the tests with and without transformation, some conclusions can be made for the

transformation method:

¢ In our experiments, especially for these cases with # = 1, the comparable results can

be expected.

¢ The transformation itself could introduce roundoff errors, especially for those Zg that
are not well conditioned. For some tests with ill-conditioned Zy, the termination

needs more steps to reach the same accuracy.

¢ Even for a well conditioned matrix Zp, with transformation we still might need more
iterations. In these cases, we found the condition numbers of the matrix A have been

enlarged and scaling has less effect in these cases.

5.2 Concluding Remarks

According to the above described experiments, the following remarks can be made about
our VS-2Z7 algorithm:

(1) The algorithm works very well for some tests with initial Zy being an identity
matrix. By using variable memory space, we can obtain the equivalent results to Powell's
method. In particular, the rescaling technique can effectively overcome the accumulated
errors in our computation. Even for small values of m, satisfactory results can still be
achieved.

(2) For those problems with || Zo|| < ||A~*/?|| (that is, 8 is very small in our case), very

small m (m = 0 in our tests) might result in more iterations to reach the same termination
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criterion. This is mainly because too few updates in the QN-part cannot make ||Z,, || close
enough to ||A~1/2||, so that the preconditioned CG is not very efficient.

(3) Since we use the sum form of BFGS formula in the CG-part, the rescaling technique
cannot be used in this part. As in (2), if m is too small, the rescaling is only applied to
the beginning few steps, so this might not be enough to suppress the accumulated errors
for those problems which are very sensitive to the effect of roundoff errors.

(4) The transformation method allows us to solve some problems with an arbitrary
initial matrix. However, if the initial Z; is an ill-conditioned matrix, transformation itself
would bring in roundoff errors, which deteriorates the performance. Even if Zj is a well
conditioned matrix, compared to Powell’s results, we might still need a few more iterations

to reach the same criterion, especially when ||Zq]| < ||A=1/2|].

Some future research can be done relating to the VS-ZZT algorithm. For example,
one could study the possibility of using a restart technique to overcome the problem of
using very small m, that is, find a proper restart procedure with corresponding Z,essart for
minimizing f(z) efficiently. Another possibility is to confirm its applicability by using this
algorithm to solve large dimensional problems, as our algorithm is designed for the purpose
of solving these problems with large variables. Moreover, it could be also instructive to see
the possibility of applying it to general nonlinear functions, by studying their termination

properties, as well as the memory requirements.
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Appendix A

The Implementation of the

VS-ZZ! Algorithm

The VS-ZZT algorithm was written as a model integrated into the published Algorithm
630 “BBVSCG”, due to Buckley and Lenir [4]. So the line search, termination and some
other testing are done by the main part.

The VS-ZZT model mainly includes three procedures, (1)BBPOWL, (2) BBFACT and
(3) zzousD. The first procedure is used as a convenience to organize the memory lo-
cations for the information saved at each iteration and the second one is used to shorten
the calling procedure to ZZOUSD by setting some initial flags for different testing.

The procedure ZZ0OUSD is the main part of our VS-ZZT algorithm. The name is given by
the first letter of the major functions performed, i.e. Orthogonalizing, Updating, Scaling
and Direction. It is based on the Transformation and Updating Algorithm 4.1, as well as

the “Column-by-column and Up-row Updating Scheme”, but we have to add two more

71
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functions: scaling and calculating the sum for the direction d, which is given by Algorithm
3.2 and equation (4.1). Actually, the procedure is used to compute 3, zE")zjﬁTv, where
v = g; for the QN-part and v = g; or y; for the CG-part, but with a fixed 29,

ZZ0USD Procedure

The variable explanation of ZZOUSD Procedure:

k — a scalar for saving the largest index which &%) # 0;

d — a vector for the search direction, i.e. d = — Ezmzmrg;

S

o — a vector for the first column of Z, ie. 0 =

3

h — an intermediate vector for the sum of §0)z() for j = k,---,1
& — an intermediate scalar for the sum of 37)°, for 3. =k - L
w — an auxiliary vector for temporarily saving U201 at each step;
z — an auxiliary vector for temporarily saving zU) at each step.

ol
For simplicity, in the following procedure we use U hy to denote by — { h )¢, and Upw

3: Y
T
to denote w — (y—}sg, according to our explanation in the section 4.2.
3: U
ZZOUSD Procedure:

Initialization: Set: kgot=false; & =—go; dig1=0; h=2z";
Compute z( ) forl=n—-1;n—%2;—1

if (1 > 0) then w = zg};

J = max(l,0);

for t = max(l,-{+ 1),n =1
Case 1. (7+1) >k
z = Uihy; he = w;
Case 2. (j+1)=keand j#0
& = §F+l)§ hy = -§£J+”U:h:;
w = Uyw;

(J)
&
z= |——-wt -t

. gg.r)? + (f’t( @ )
if (.Ei"“) < 0) then z = —z;

-




Scaling

Calculate sfi)l

Find k,‘.f. 1

Calculate d;4;

Calculate z,,---

if ( > 1) then
he=hy+ 8 *“} w;

O = ¢’z+3t ;
end if

Case 3. (J+1)<kyand 7 #0
w=U¢w;

i (—w+ ﬂh )

{le iy oS
if (7 > 1) then
he = by + 5 w;
th ¢t iR 3 j] 3
end if
Case 4. 2=
Z = 0y
if (¢ = 1) then save ||2];
call do-scaling procedure;
if (j #n—1)then w= z;
i=j+1
end for (¢ loop)

)

hn-t41 = 2;
end for (! loop)
s = —27g;
if (kgot = false) then

if (abs(s ,[i]l) > 0) then
kiy1 = n;  kgot=ture;
end if
end if
a(n)

dit1 = diy1 + 8, 2;

, 21 forll=n-1,1,-1

I=1U-1;
if (1 > 0) then w = 20,
J = max(l, 0);

for t = max(1,—-l+ 1),2
Case 1. G+1)> ke
z':Ufht; hg:’w;
Case 2. (j+1)=kiand 7 #0

# = 8PP =8 Uiy

w = Utw;




5\‘:!“1];._’_

Calculate 3, ]
Find k;iq

Calculate d;

| ' f .‘\II
| ~ —{ w 4+ —1/
\. \ ] 1 \
\ 5¢
if (327" < 0) then 2 z?
if (7 > 1) then
hy = hy l u
Dy M T \1._’. Z
end if
Case 3. (7 l)< ksand 7 #0
w = U1
[ _, R 542}
. R\ SR (RO s S A
\ln 8 e ) .
L |
f(j > 1) then
h My + .\'I, W
Oy = t T '-;
!'u]
Case 4, 7 =)
if (1t = 1) then save
call do-5s« .|i|1|-_: i’” ce ii'. e
if (7¥n-1) then w
7 1+ 1;
end for (1 loop)
(1)
"‘..LI _:‘r_u::
if (kgot = false) then
if !;;i,_.l_.‘:ll ) > 0) then
".I_] - ”\ ]'.\,’_u'l true,

end if
end if

y y { 1)
r!I'i ';.‘vi'l \fll::

end for (Il !()0]}

(end of the algorithm)




Appendix B

Another Updating Approach for

the CG-part

In our algorithm implementation, we also studied the possibility of continuing Powell’s
updating method in the CG-part. That is, after m steps, we still use the factored form
of BFGS update formula to do the update for Z;, which is based on Z,, at each time.

However, in the CG-part, we have to assume
3 = —271 g; = 7 B
Si = —LnGi—1, t=m+1,-:-. (B.1)

This is because in the CG-part, the matrix Z; is updated based on Z,, at each iteration,
instead of from Z;_, directly. According to the definition of Powell’s method, which we

described in Chapter 3, we have

Zi= (I - 8} ) 2om, (B.2)
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where Z,, = Z,,Q;. From the derivation of Chapter 3, we know in order to let the first

column of Z,. become the multiple of s;, the following equation must be satisfied
Znlliey = a;s; = ——a;Z;_lzg‘_lg;_h (B.3)
where a; is a scalar. It is equivalent to
8 = ey = 23 Gi1 B s g1 (B.4)

where ¢ is a scalar. The computation of the matrix inverse is not efficient. This could be
a very big problem, because it requires 1;—2 memory space which is contradictory to our
method, and it also adds more computational burden on our algorithm. Moreover, since
our algorithm does not save Z explicitly, it could be very difficult to design (if possible)
a method to compute the inverse Z,,. Also, we can not guarantee that the results will be
improved greatly, as inverse matrix operation itself could bring in more roundoff errors
(especially for ill-conditioned case). So, in our implementation, we have tolet Z;_; = Z,,
and use (B.1) to approximate §.

Although in theory, the justification for this assumption is still doubted and it has
some influences on the effect of scaling for ¢ > m, the algorithm does indeed work and we
can chieve satisfactory results comparable to the results given in Chapter 5.

In the following Algorithm, we still use [:'(z‘@l, t) to stand for updating 3;@1 using the

Transformation and Update Algorithm 4.1 and “Column-by-column and Up-row Updating

; AT
Scheme”. As in the CG-part 35:1'_)1 = —z,(;I) g; is only used for the transformation, we use

()

5
a scalar t = —z;") g; for computing the sum of search direction d;4;.
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Algorithm B.1
Choosing an initial Zp and starting from the initial point zg, the initial search direction

goes along d; = —Znggo. Then:

QN-part: From the point 2, iterate with 2 =1,2,---,m:
save $i,¥i,8;,n; and k; for updating and the transformation;
d:‘+1 = 0;
iterate for j = n,n—1,:--,1 to get d;4;:
z'{_j-] _ {’}(z}ill!i);
save ||z§j]]| and do rescaling, if necessary;

) _ )T

Si41 Gij

don + 400

diy1 =
Zit1 = i + Aidigr; !
CG-part: From the point z,,41, iteratefori=m+1,m + 2,--:
if i = m + 1, save s;,¥;, 8,7 and k;; otherwise, replace
Smt1y Ym41s Sm415Mm41 and Kpyq by 8i, 95, 8,7 and kj;
di+1 = 0;
iterate for g = n,n—1,---,1 to get d;y:

A = U8, 9);

T

A = -zi,{] gi (for transformaiton);
AT

t=-2"" g;

dig1 =diq + !z,-[j);

Tiv1 = T + Aidiyr.




I [ m= T step=] [lgll= [ [xll= | f= ]

QNmethod [ -1 | 11 .85E-24 | 1.086D-25 | 3.025D-50
10 10 24E-15 | 3.020D-17 | 3.517D-33

9 10 24E-15 | 3.020D-17 | 3.517D-33

8 10 24E-15 | 3.020D-17 | 3.517D-33

with or 7 10 24E-15 | 3.014D-17 | 3.510D-33
without 6 10 24E-15 | 3.348D-17 | 3.500D-33
scaling 5 10 23E-15 | 3.472D-17 | 3.175D-33
4 10 26E-15 | 4.554D-17 | 3.960D-33

3 10 .30E-15 | 3.760D-17 | 4.441D-33

2 10 A8E-15 | 5.864D-17 | 2.258D-33

1 10 28E-15 | 2.928D-17 | 3.803D-33

0 10 A48E-12 | 3.152D-14 | 7.604D-27

Table B.1: Zg=1,0=1
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For comparison, we present the results under the same tests as given in the Chapter 5.




I m = step= lgll= | lixll= | f= ]
QN method -1 11 .36E-26 3.598D-25 | 4.429D-52
11 11 30E-24 2.020D-23 | 2.967D-48
10 11 30E-24 2.020D-23 | 2.967D-48
9 11 A49E-25 3.290D-24 | 7.861D-50
8 11 19E-18 5.651D-17 | 4.177D-36
with 7 11 B4E-17 1.767D-15 | 1.889D-33
scaling 6 1 90E-17 2.078D-15 | 8.144D-33
5 11 65E-16 6.974D-14 | 1.036D-30
4 11 .78E-16 1.734D-13 | 4.323D-30
3 11 .35E-15 5.977D-14 | 8.353D-30
2 11 .66E-15 5.534D-13 | 6.127D-29
1 11 35E-15 4.023D-13 | 3.236D-29
0 26 26E-12 3.610D-11 | 3.324D-24
10 16 A42E-15 1.078D-13 | 1.838D-29
9 17 31E-15 7.980D-14 | 1.031D-29
8 17 21E-13 1.113D-11 | 5.437D-26
without 7 19 28E-14 1.275D-12 | 8.898D-28
scaling 6 20 ATE-13 7.365D-11 | 1.142D-24
5 23 34E-14 6.132D-12 | 6.821D-27
4 23 22E-12 6.673D-11 | 3.642D-24
3 32 31E-13 9.665D-11 | 1.167D-24
2 28 21E-12 9.701D-11 | 7.555D-24
1 31 J0E-12 1.712D-11 | 7.321D-25
0 26 26E-12 3.610D-11 | 3.324D-24

Table B.2: Zy = 1,0 = 1073
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I

[ m= step= llgl= [ Iixll= | f= |
QN method -1 11 ATE-35 2.779D-25 | 1.364D-61
11 11 .7T4E-33 5.029D-23 1.820D-56
10 11 .T4E-33 5.029D-23 1.820D-56
9 11 J12E-33 8.331D-24 4.980D-58
8 11 A6E-27 4.785D-17 2.996D-45
with (i 11 ATE-26 8.410D-16 4.474D-43
scaling 6 11 28E-26 2.304D-15 | 1.672D-42
5 11 39E-25 3.700D-14 | 3.209D-40
4 11 BL0E-25 9.676D-14 1.506D-39 |
3 11 56E-24 6.787D-13 7.253D-38
2 11 10E-23 1.693D-12 3.937D-37
1 10 S4E-22 2.632D-12 3.950D-35 |
0* 10 : 8.813D-01 - |

Table B.3: Zy = 1,6 = 10712



I F 9=] m= [ step= ] [lgll= | Ixli= | ¢t=
1 7 7 31E-10 1.720D-11 | 2.024D-22
6 7 .31E-10 1.720D-11 | 2.024D-22
5 7 31E-10 1.720D-11 | 2.024D-22
4 11 .26E-10 1.609D-11 | 1.441D-22
3 6 12E-10 2.558D-12 | 1.341D-23
1077 6 6 .39E-11 3.479D-11 | 3.736D-23
5 6 39E-11 3.479D-11 | 3.736D-23
4 6 .39E-11 3.479D-11 | 3.736D-23
3 6 .36E-12 1.715D-12 | 1.979D-25
1072 5 5 .94E-14 7.120D-13 | 2.422D-27
with 4 5 .94E-14 7.120D-13 | 2.422D-27
scaling 3 5 .94E-14 7.120D-13 | 2.422D-27
7] 6 6 .60E-17 5.231D-15 | 8.998D-33
5 6 .60E-17 5.231D-15 | 8.998D-33
4 6 .60E-17 5.231D-15 | 8.998D-33
3 5 28E-15 4.504D-13 | 4.018D-29
T 7 7 .12E-15 4.023D-13 | 2.208D-29
7 7 12E-15 4.023D-13 | 2.208D-29
7 7 J12E-15 4.023D-13 | 2.208D-29
4 6 .64E-14 2.071D-11 | 5.858D-26
3 6 98E-15 2.524D-12 | 1.022D-27
10=" 7 7 .82E-20 3.157D-15 | 1.137D-35
6 Fy .82E-20 3.157D-15 | 1.137D-35
5 7 .82E-20 3.157D-15 | 1.137D-35
4 6 .59E-18 6.274D-13 | 1.233D-31
3 6 .65E-19 1.508D-14 | 4.083D-34

Table B.4: Z, # I, Example (1)
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| p= | m= | step= llell= | lxll= [ f£=
0 4 4 59E-12 1.168D-13 | 3.121D-26
3 4 59E-12 1.168D-13 | 3.121D-26
2 5 15E-10 1.969D-11 | 9.131D-23
1 13 16E-10 2.102D-11 | 1.020D-22
1 4 4 22E-11 4.033D-13 | 4.192D-25
3 4 22E-11 4.033D-13 | 4.192D-25
2 6 60E-13 1.115D-14 | 3.201D-28
e 25 - 1.160D-01 -

2 4 4 89E-11 1.674D-12 | 7.061D-24
with 3 4 89E-11 1.674D-12 | 7.061D-24
scaling 2 6 J4E-13 | 3.040D-15 | 1.894D-29

gy 25 - 9.680D-02 - |
5 1 4 12E-09 2.179D-11 | 1.236D-21 |
3 1 12E-09 2.179D-11 | 1.236D-21
2 5 13E-10 1.617D-11 | 6.423D-23
e 25 - 4.731D-03 -

10 5 5 16E-20 9.927D-22 | 6.356D-43
4 5 16E-20 9.927D-22 | 6.356D-43
3 5 A5E-25 8.573D-26 | 1.336D-51
2 6 36E-11 | 6.466D-13 | 1.110D-24

L 1 18 93E-10 9.545D-11 | 2.824D-21 |

Table B.5: Zg # I, Example (2)
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[ =T m= [ step= [ Tgll= [ [xll= | f£=
10-3 4 4 10E-14 2.040D-13 | 9.648D-29
3 4 10E-14 2.040D-13 | 9.648D-29
2 4 10E-14 2.040D-13 | 9.648D-29
1 4 .10E-14 2.421D-13 | 9.984D-29
0** 25 : 1.179D-03 -
10°° 4 4 .O5E-18 2.283D-13 | 8.974D-32
with 3 4 .95E-18 2.283D-13 R.974D-32
scaling 2 4 94E-18 2.546D-13 | 8.788D-32
1 4 92E-18 2.762D-13 | 8.661D-32
0* 18 ; 2.293D-01 -
1074 4 4 S1E-24 1.528D-13 | 2.576D-38
3 4 51E-24 1.528D-13 | 2.576D-38
2 4 S51E-24 1.528D-13 | 2.576D-38
I 4 A9E-24 9.184D-14 | 2.168D-38
0* 14 - 2.269D-01 -
10~° 4 6 .20E-16 1.681D-14 | 1.313D-31
3 6 .20E- 14 9.377D-13 | 8.830D-28
2 23 .86E-13 5.163D-11 | 1.619D-24
without ey 25 1.458D-06 -
scaling g 25 : 1.179D-03 2
"10°° 4 6 .T6E-18 1.505D-12 | 4.169D-31
3* 21 . 1.968D-04 -
2% 22 4.305D-03
1* 292 2.355D-01
0* 18 2.293D-01

Table B.6: Zg # I, Example (3)
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[ 6=] m= | step= | Jlgll= | Ixll= | f=
1 -1 ‘ 5 .36E-24 1.332D-26 | 1.336D-51
4 4 .35E-14 1.231D-15 | 6.332D-31
3 4 .35E-14 1.231D-15 | 6.332D-31
2 4 35E-14 1.231D-15 | 6.332D-31
1 4 J8E-14 | 7.279D-16 | 2.002D-30
0 4 ATE-11 2.511D-14 | 2.121D-26
0.1 -1 5 35E-25 | 9.139D-27 | 1.399D-52
4 4 27E-12 7.029D-12 | 8.518D-25
with 3 4 27E-12 | 7.029D-12 | 8.518D-25
transformation 2 4 27E-12 7.029D-12 | 8.518D-25
1 4 27E-12 | 7.029D-12 | 8.518D-25
0 4 .35E-12 4.296D-12 | 3.257D-25
0.01 -1 5 J44E-25 1.685D-25 | 2.441D-51 |
4* 5 - 5.408D-10 -
3r 2 - 5.408D-10 -
2 5 25E-11 3.584D-11 | 3.776D-23
1 9 23E-11 3.805D-11 | 3.791D-23
0 6 14E-10 5.972D-11 | 2.134D-22
1 4 4 25E-14 7.234D-15 | 7.907D-30
3 4 .25E-14 7.234D-15 | 7.907D-30
2 4 25E-14 | 7.234D-15 | 7.907D-30 |
1 4 10E-13 | 4.654D-15 | 2.003D-29
0 4 48E-12 | 9.433D-14 | 2.137D-26
0.1 4 4 48E-13 1.530D-12 | 3.518D-26
without 3 4 48E-13 1.530D-12 | 3.518D-26
transformation 2 4 A48E-13 | 1.530D-12 | 3.518D-26
1 4 61E-14 1.786D-13 | 4.883D-28
0 4 32E-12 1.970D-12 | 1.441D-25
0.01 | 4 4 JA1E-13 | 4.901D-13 | 2.247D-27
3 4 11E-13 | 4.901D-13 | 2.247D-27 |
2 4 JA1E-13 | 4.901D-13 | 2.247D-27
1 4 40E-14 | 8.268D-14 | 1.503D-28
0 6 .20E-11 5.346D-11 | 4.449D-23

Table B.7: An transformation example
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| 0= m= | step= | lgll= | Ixll= | f= |
1 -1 6 .55E-19 1.128D-19 | 2.456D-39
4 4 .88E-12 | 2.996D-12 | 9.054D-25
3 4 88E-12 | 2.996D-12 | 9.054D-25
2 4 .88E-12 | 2.996D-12 | 9.054D-25
with 1 4 T4E-12 1.788D-12 | 5.012D-25
transformation 0 4 .53E-09 4.315D-12 | 8.844D-22
0.1 -1 6 ATE-22 4.449D-22 | 3.792D-45
4 5 .82E-22 1.273D-21 | 3.728D-44
3 5 .10E-21 1.271D-21 | 3.727D-44
5 8 24E-12 | 3.698D-12 | 4.250D-25
1 23 T0E-11 6.893D-11 | 5.546D-23
0 11 92E-11 3.940D-11 | 1.073D-23
1 4 4 61E-13 2.159D-14 | 3.817D-28
3 4 .61E-13 | 2.159D-14 | 3.817D-28
2 4 .61E-13 | 2.159D-14 | 3.819D-28
without 1 4 .60E-13 1.227D-14 | 3.242D-28
transformation 0 5 .74E-14 | 8.321D-15 | 2.298D-29
0.1 4 4 H9E-13 1.237D-13 | 3.217D-27
3 4 .59E-13 1.237D-13 | 3.217D-27
2 4 S9E-13 1.237D-13 | 3.217D-27
1 4 .H9E-13 1.239D-13 | 3.309D-27
0 5 .13E-10 9.405D-11 | 5.284D-22

Table B.8: The transformation for Example (2) with n = 4
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| 6=] m= [ step= [ Jlgll= [ [xl[= [ f= |
1 -1 17 27E-17 | 2.746D-18 | 1.011D-36
10 10 34E-13 1.489D-14 | 1.874D-28
9 10 .34E-13 1.489D-14 | 1.874D-28
8 10 34E-13 1.489D-14 | 1.874D-28
with 7 10 J9E-13 1.448D-14 | 1.715D-28
transformation 6 10 A1E-12 3.930D-14 | 1.942D-27
] 10 A2E-12 4.461D-14 | 2.414D-27
4 10 .T6E-13 1.047D-13 | 1.057D-27
3 10 H5E-09 | 8.595D-11 | 1.927D-20
2 10 ATE-09 4.630D-11 | 1.095D-20
1 12 .H5E-13 4.484D-14 | 7.734D-28
0 14 J1E-10 | 3.639D-13 | 5.680D-26
1 10 10 29E-14 | 2.432D-16 | 2.939D-31
9 10 29E-14 2.431D-16 | 2.939D-31
8 10 29E-14 | 2.431D-16 | 2.939D-31
7 10 29E-14 | 2.511D-16 | 2.951D-31
without 6 10 J0E-14 | 2.250D-16 | 3.043D-31
transformation 5 10 30E-14 | 2.280D-16 | 3.003D-31
4 10 J0E-14 | 2.313D-16 | 3.036D-31
3 10 24E-11 7.277D-13 | 7.880D-25
2 10 .66E-11 1.499D-12 | 3.985D-24
1 11 30E-10 | 6.063D-12 | 7.147D-23
0 13 53E-10 1.005D-11 | 2.164D-22

Table B.9: The transformation for Example (2) with n = 10 and 8 = 1



3
[ 6=] m= T step= [ [lgl= [ lixl[= [ f= ]
0.1 -1 17 .T5E-18 1.259D-17 | 1.690D-36
10 11 HIE-18 6.563D-20 | 6.693D-40
9 11 G61E-20 6.573D-20 | 9.168D-41
8 13 J1E-13 2.295D-13 | 2.462D-27
with 7 14 19E-12 1.352D-12 | 8.713D-26
transformation 6 16 S53E-14 1.831D-14 | 4.691D-29
b i Uy 91E-14 3.036D-14 | 1.384D-28
4 18 28E-14 9.335D-15 | 1.307D-29
3 19 93E-11 9.468D-11 | 3.662D-22
2 18 J0E-10 2.710D-11 | 5.200D-23
1 20 A3E-10 9.698D-11 | 2.035D-22 |
0 27 10E-14 8.928D-16 | 4.440D-31
0.1 10 10 95E-12 3.432D-12 | 1.002D-24
9 10 95E-12 3.432D-12 | 1.002D-24
8 10 95E-12 3.435D-12 | 1.001D-24
7 10 96E-12 3.293D-12 | 9.832D-25
without 6 10 J16E-11 4.960D-12 | 2.534D-24
transformation i} 10 27E-11 9.451D-12 | 7.408D-24
4 10 28E-11 3.658D-12 | 3.150D-24
3 10 A2E-10 2.059D-11 | 1.010D-22
2 10 21E-10 2.359D-11 | 1.857D-22
1 10 35E-10 4.642D-11 | 6.560D-22
0 13 24E-10 3.966D-11 | 4.404D-22 |

Table B.10: The transformation for Example (2) with » = 10 and # = 0.1
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