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Abstract

We perform an Integrated complexity analysis on a number of combinatorial problems aris­
ing from the field of com putational biology. The classic framework of W 'P-completeness, 
algorithmic design techniques for bounded width graphs, and parameterized com putational 
complexity together provide a clear and detailed map of the intrinsic hardness of the fol­
lowing problems: I n t e r v a l i z i n g  C o l o r e d  G r a p h s  and S h o r t e s t  C o m m o n  S u p e r s e ­

q u e n c e .

The fundamental concern of parameterized complexity is the apparent qualitative difference 
in algorithmic behaviour displayed by many problems when one or more input param eters 
are bounded. For many problems, only a small range of values for these param eters capture 
most instances arising in practice. This is certainly the case in com putational biology 
in several specific arenas such as DN.A physical mapping or multiple sequence alignment. 
At its most general level, parameterized complexity partitions problems into two classes: 
fixed param eter trac tab le  {F P T) and fixed param eter intractable (hard for classes of the 
W -hierarchy.) T he former indicates that the particular parameterization may allow for 
efficient practical algorithm s whilst the latter indicates the parameterization is not effective 
(asymptotically) in alleviating the intractability.

The problem In t e r v a l i z i n g  C o l o r e d  G r a p h s  (IC G ) models in a straightforward albeit 
limited way the determ ination of contig assemblies in the mapping of DNA. We show ICG  
to be A/̂ T’-com plete (no polynomial time algorithm unless V = A fV ), not finite-state (a 
very general algorithm ic design technique for bounded width graphs fails), and hard for 
the parameterized complexity class W[l] (a specific parameterized version of ICG  does 
not adm it an efficient algorithm unless many other well-known -  and apparently hard -  
problems adm it efficient algorithms).

Both S h o r t e s t  C o m m o n  S u p e r s e q u e n c e  and its sister problem L o n g e s t  C o m m o n  

S u b s e q u e n c e  have applications in multiple sequence alignment. We show th a t S h o r t e s t  

C o m m o n  S u p e r s e q u e n c e  p a r a m e t e r i z e d  b y  t h e  n u m b e r  o f  i n p u t  s t r i n g s  a n d  

THE s i z e  o f  t h e  A LPH A B ET  is hard for complexity class W [l]. As is the case with IC G , 
this implies th a t i t  does not adm it efficient algorithms unless some unlikely com putational 
complexity collapses occur.
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C hapter 1

Introduction

The Human Genome project and other similar efforts have as their mandate the mapping 

of entire genomes for a few select organisms and the development of technologies tha t 

will allow for the expeditious and routine mapping of large numbers of diverse organisms. 

Current technologies for deducing these maps introduce several computational problems. 

We consider the S e q u e n c e  R e c o .n'STRUCTION problem which arises in the determination of 

restriction-enzyme cu tting  sites, nucleotide sequencing and the identification of polymorphic 
DN.A. markers. The ultim ate goal of this problem is to reconstruct a sequence given a set 

of overlapping subfragments from this sequence. We model this combinatorially with the 

problem

In t e r v a l i z i n g  C o l o r e d  G r a p h s  (IC G )

In s ta n c e : A graph G  =  (V, E) and a coloring c : V  {I : k}.
Q u e s tio n : Is there a supergraph O' =  (V'. E') of G  which is properly colored 

by c and which has an interval representation I ?

Intuitively, this problem seeks to find a superset of the edges with the property th a t no 

two like-colored vertices are adjacent and the graph can be “laid out” in a linear fashion: 

tha t is, the interval for each vertex can be placed along a linearly ordered set so th a t two 

intervals overlap if and only if there is an edge between the corresponding vertices in the 

graph.

We perform an integrated complexity analysis of ICG  from a number of distinct fram e­

works. The c/flsstcfl/theory of ,VT*-completeness. parameterized computational complexity 

and several general algorithmic design methodologies for bounded width graph families fit



together to give a clear and detailed perspective of the com putational difficulty of this 
problem.

The S e q i ’E.n c e  C o m p a r i s o n  problem is used by molecular biologists and biochemists to 

identify regions from a set of molecular sequences having a high degree of similarity. Sim­

ilarity may indicate shared attributes o r phylogenetic relationships between the organisms 

these sequences represent. If they represent homologous genes, it may be possible to de­

duce their structure or function from this information. .\ t  an abstract level, the S E Q U EN C E  

C o M P . \ R l s o .N  problem may be viewed as string matching problems. We consider

S h o r t e s t  C o m m o n  S u p e r s e q u e n c e  (SC S).

In s ta n c e : .\lphabet E, set of s tr in g s /? =  r ,  r .̂} ç  E". integer A/ 6  N .

Q u e s tio n : Does there exist a string «S E E" of length at most A/, th a t is a

supersequence of each string in R !

Intuitively, this problem seeks to find the shortest possible string S  such th a t a  given set of 

input strings are all subsequences of it.

The literature contains an overwhelming number of "negative" results pertaining to SCS 

(and related string matching problems). For instance. SCS is , \ 'P  and M A X SM V -h .S ird  

when restricted to  a binary alphabet. These results provide great evidence th a t neither 

fast exact algorithms nor fast approximation schemes exist for it. Given the apparent 

difficulty of these problems, biologists and biochemists are constrained to measuring the 

similarity of a small number of sequences at a time. Furthermore, the number of such 

sequences is independent of their length and are formed over a small bounded size alphabet. 

These observations provide a possible avenue for coping with the intractability: it may be 

possible to design algorithms with running times exponential only in the number of strings 

and the size of the alphabet but polynomial in the length of the strings. Param eterized 

com putational complexity allows one to  address this issue and with this tool we examine 

the problem SCS when restricted to a  small number of input sequences formed over a 

restricted alphabet size.

This thesis applies computational complexity frameworks to two problems arising from 

com putational molecular biology. These tools allow one to identify problems unlikely to 

have fast algorithms and to cope with this intractability. Defining precisely w hat is meant 

by fast is difficult. Classically, a problem is said to admit an efficient or fast solution if 

there exists an algorithm which requires a t  most a polynomial number of steps in the size of 

the input on all instances of that problem. We duly note that there are certain degenerate



behaviours allowed under this liberal definition. We will address this issue in more depth 

in subsequent chapters.

riie primary means of identifying problems unlikely to have fast algorithms is via the 

completeness framework. Certainly, the most famous such framework centers around the 

classes V  and j\ fV  of which [54] contains a  thorough examination. In some sense, this 

framework has become the classical approach to computational complexity. Showing a 

problem hard for j\ fV  implies one must look towards alternative means for solving the 

problem at hand. Dynamic programming, "branch and bound" methods and approximation 

algorithms are several such techniques [54]. The parameterized com putational complexity 

framework introduced by Downey and Fellows in [38.42] offers a markedly different approach 
to roping tcith intractability.

The fundamental concern of parameterized complexity is the apparent qualitative difference 

in algorithmic behaviour displayed by many problems when one or more input parameters 

are bounded. For many problems, only a small range of values for these parameters capture 

most instances arising in practice. This is certainly the case in com putational biology in 

several specific arenas such as DNA physical mapping or multiple sequence comparison. .A.t 

its most general level, parameterized complexity partitions problems into two classes: fixed 

param eter tractable (F P T ) and fixed param eter intractable (hard for W ). The former indi­

cates that the particular param eterization may allow for efficient practical algorithms whilst 

the latter indicates the param eterization is not effective (asymptotically) in alleviating the 

intractability.

It should be noted th a t parameterized computational complexity is not merely a refinement 

of classical complexity. As alluded to before, definitions of fast {tractable) such as the 

classical notion of polynomial time (P -tim e) allow for certain types of degenerate behaviours 

as do parameterized notions of tractability within the class F P T . .Analyses from both 

frameworks provide two different and complementary perspectives of a problem.

Sections 2.1 and 2.2 of C hapter 2 provide a detailed explanation of these frameworks. 

This chapter also contains a  section describing various general algorithmic design methods 

associated with the parameterized class F P T .

In Chapter 3, we show ICG  to be A P-com plete  (no polynomial time algorithm unless 

P = .\'V ). finite-state for the case where the number of colors, k. is 2. (a very general 

algorithmic design technique for bounded width graphs yields a fast recognition algorithm) 

and not finite-state when A: > 3 (this technique fails for these cases). Furthermore, we



show ICG is hard for the parameterized complexity class iy[l] (a sporihc parameterized 

version of IC'fi does not admit an efficient algorithm unless many other well-known and 

apparently hard problems admit efficient algorithm s).

In C h a p t e r  4 .  w e  s h o w  t h a t  SHORTEST C O M M O N  SOPERSEQUENCE PAR.WIETERIZED BY 

THE NUMBER OF  INPUT STRINGS .AND THE SIZE OF THE ALPHABET is hard fo r  t h e  c o m ­

p le x i t y  c l a s s  VC[l]. . \ s  w i t h  ICG, t h i s  i m p l i e s  t h a t  i t  d o e s  n o t  a d m i t  an e f f ic ie n t  a l g o r i t h m  

u n le s s  s o m e  u n l ik e ly  c o m p u t a t i o n a l  c o m p l e x i t y  c o l l a p s e s  o c c u r .

Chapter 5 summarizes the major contributions of this work and lists a number of open 

problems.



C hapter 2

Background and Tools

The following three sections provide the necessary tools and frameworks used in la tter 

chapters. In Sections 2.1 and 2.2. we provide a brief introduction to classical and param ­

eterized computational complexity which are used throughout Chapter 3 and C hapter 4 

in our examination of problems I.v t e r v a l i z i .v g  C o l o r e d  G r a p h s  and S h o r t e s t  C'o .m - 

.viON' S u p e r s e q u e n c e . Subsection 2.3.1 presents definitions for treewidth and pathwidth 

and Subsections 2.3.2 and 2.3.3 build upon this notion of bounded width giving overviews 

of two useful tools which, when applied to problems, act as a sort of litmus test. Passing 

either of these tests implies the existence of very fast recognition algorithms.

We assume the reader has a basic knowledge of graph theory and formal language theory. 
It would be ideal if the reader had a cursory understanding of complexity theory.

2.1 Classical C om putational Com plexity

In the interests of thoroughness, we sketch the framework surrounding the now classical 

notion of vVT^-completeness theory. Our definitions and notation follow closely th a t used 

in [.54]. Any deviations from this style will be noted.

We are concerned with the decision version of a problem fl; tha t is, a  problem which asks 

a "yes” or “no” question. Generally, it is easy to formulate a  decision version given an 

optimization problem and vice versa. decision problem IT consists of a set of instances. 

Dfi. and a subset of “yes” instances G Op.



Let
I e is any poiynomiallv related encoding scheme of ]

L[L. ej =  < z € E : ' }
/  6  Vn over the alphabet E J

where polynomially related in th is context means that, for any scheme e for FT, there exists 

two polynomials p and p' such th a t if /  € Dn and z  is a string encoding an instance I  

under e. | / |  <  p ( |i |)  and |z | < p '( |/ |) ,  where ( • | denotes the length of a string and p is a 

polynomial function.

Where no confusion may arise, we simply write L instead of f,[E. e].

A determ inistic Turing machine M  with input alphabet E accepts z  € E" if and only if M  

h a l t s  in s ta te  qy when applied to  input z . The language L \f recognized by the machine M  

i> given by L\[ =  {z € E*|iVf accepts x} .

For the remainder of this paper, complexity is measured solely in term s of time. Let the 

time complexity function Tm  '■ Z"*" —>■ be given by

, there is an z  Ç E ”. with |z | =  n. such that the com putation of 1 
F\/ ( n ) =  m ax   ̂ m : > .

iVf on input z  takes time m I

If there exists a polynomial function p such tha t, for all n £ Z+. T\f{n)  < p{n),  then M  is 

called a polynomial time determ inistic Turing machine program.

Central to the notion of tractability in classical complexity is the class

^  there is a polynomial time deterministic Turing machine

program M for which L =  L\{.

By allowing a polynomially bounded am ount of nondeterminism in a Turing machine, we 

arrive a t a  class called M V  widely conjectured to properly contain V . We begin by defining 

a new time complexity function modified to accommodate this nondeterminism. Let Tm  : 

Z^ —> Z+ be given by

|{ I } U  | m  :
, , , , there is an x £ L \i with |z | =  n such

Tx,(n) = mnz  ̂ {1}U { m :
tha t the time to accept z by .\I  is ni

^ there is a polynomial time nondeterministic Turing machine program 

.\[ for which L\[ = L



A rf'Mik showing V =  A V  would imply tha t no additional computing power is gained bv 

allowing a Turing machine to use a  polynomially bounded am ount of nondeterminism. 

The notion of reductions allows the comparison of the relative difficulty of deciding two 
languages.

D efin ition  1 (T*-tim e re d u c tio n )  A P -tim e  reduction from a language Li Ç S î to a  

language L ) Ç S] is a function /  : E j —> Sô tha t satisfies the following two conditions: (1) 

there is a polynomial time DTM program tha t computes /  and (2) for all x  6  E j. x 6  Li 

if and otdy if /(x )  E Lo-

Note that a reduction from a decidable language L to a decidable language L' indirectly 

provides an algorithm for L if we know an algorithm for L '. Furthermore, if L' € V  and 

the reduction is in fact a P -tim e  reduction, then L is also in P . It is easy to prove th a t 

these reductions are transitive: th a t is, if L P -tim e  reduces to L' and L' P -tim e  reduces 

to L". then L P -tim e  reduces to L". In order to “separate" the hard languages from the 

easy languages within this large class ATP, we must isolate the most difficult language. The 

following class is the set of AAP languages reducible from this hardest language.

D efin ition  2 (A 'P -c o m p Ie te n e ss )  A language L is A 'P-com plete if (I) £, 6 .V'P and (2) 

L is .\,'P -hard : that is. L' P -tim e  reduces to L, where L' is known to be P-com plete.

Of course, what is needed is the first A/^P-complete problem from which to reduce from. 

S. Cook in 1971 showed the following was indeed equivalent to the hardest problem in A 'P  

f;52].

S .\T lS F t.- \B lL IT Y

In s ta n c e : .A. propostional formula $  , variable set .V =  ( x , . x j  x„,}.

Q u es tio n : Does there exist a truth assignment to .V satisfying formula $?

T h e o re m  1 (C o o k ’s T h e o re m  [32]) S a t i s f i a b i l i t y  is A*P-complete. |

Since Cook's Theorem, literally hundreds of problems have been shown .\'P -com plete . See 

[7 ij for a more thorough description of this framework.



2.2 Param eterized C om putational Com plexity

f’aramcterizeci com putational complexity, introduced by Downey and Fellows [I. 39. 40, 41. 

42. 43], is founded on the observation tha t the overwhelming majority of problems take as 

input two or more param eters (see [54]). They are concerned with languages Ç S* x 

and if (x.h)  is in a parameterized language L,  we call k  the parameter. In the interests of 
readability and with no loss of generality to the theory, we will assume that the param eter 

k has domain N: th a t is. L Ç S ’ X N . For fixed k.  we call Lk = {x\{r.k)  G L} the Ar-th 

slice o[ L.

The primary intention is to study languages th a t are tractable “by the s l i < e T h i s  theory 

was motivated by the observation tha t for many problems from areas such as \  LSI design, 

only a small range of values for some input param eters capture most instances arising in 
practice.

D efin ition  3 { F P T)  For a parameterized language L. we say that L is iuniformly) fixed 

parameter tractable ( FPT )  if there exists a constant q and an algorithm such th a t $  

decides if ( x . k )  G T in time /(fc ) |i |"  where /  ; N  —>• N  is an arbitrary function.

The following problem 

V ER TEX  C o v e r

In s ta n c e : graph G  =  (V, E),  an integer k.

P aram eter: k.

Q u e s tio n : Does there exist a set V  Ç V, \V'\ =  k. such that, for each edge

( u. v) G F . u G C ' or u G V'?

is the canonical example of membership in F P T . The following is the best upper bound 

known.

T heorem  2  ( [ 9 ] .  A lso  [ 2 5 ,  4 2 ] . )  V e r t e x  C o v e r  is  d e c i d a b l e  in t i m e  0 ( A - | l  j +  ( 4 / 3 ) * ‘A:").

I

Many other languages have been shown to belong to  F P T  including CT t w i d t h . F e e d b a c k  

V e r t e x  S e t . G a t e  M . \ t r i x  L.^y o u t , M a x  L e a f  S p a .v n t x g  T r e e . S e a r c h  .Vc .v i b e r . 

T r e e w i d t h . H e r e d i t a r y  P r o p e r t y  G r a p h  M o d i f i c .a t i o x  and P a t h w i d t h  (see [3 .  3 0 .  

4 2 , 4 3 ] ) .  Slightly altering the definition of uniform F P T  above by allowing an algorithm



for each slice of the problem instead of a single algorithm $  for all k, yields the c l a s s  noii- 

uniform F P T .  G r a p h  L i n k i n g  N l m b e r  [51, 76] is an example of a problem b e l o n g i n g  to 

this class and not known to belong to  uniform F P T . See [42, 43. 59] for further examples. 

Unless stated otherwise all references to the class F P T  refer to uniform F P T .

T h e  a l g o r i t h m i c  b e h a v io u r  e x h i b i t e d  b y  V ER TEX  C o v e r  p r o v id e s  s h a r p  c o n t r a s t  to  th a t  

d i s p l a y e d  b y  t h e  p r o b le m

S h o r t  .N'on ' d e t e r .m i n i s t i c  T u r i n g  M a c h i n e  C o m p u t a t i o n  

In s ta n c e : .-V nondeterministic Turing machine M  operating on alphabet 12. a

word X 6  S ',  a positive integer k.

P a ra m e te r :  k.

Q u e s tio n : Is there a com putation of M  on x  that reaches an accept s ta te  in 

< k  steps?

Note th a t without the param eter k. this problem is undecidable and if the range of k is as 

large as the number of states of M . this problem is v\TP-complete. The best known algo­

rithm s require time with f { k )  oo and are essentially no more sophisticated than

trying all of the 0{n^)  possible com putation paths for M  where n is the number of states in 

M.  (see Figure 2.1). Intuitively, this is our notion of hardness in the parameterized setting. 

Note th a t the running time has a factor o f k  in the degree of the bounding polynomial and. 
when k  is fixed, the algorithm is polynomial but still considered intractable. The reader 

should take notice of the disparity between parameterized notions of tractability  and those 

found in the more classical approach to complexity {V  and MV) .

Behind most, if not all. completeness frameworks lie two main ingredients. The first of 

which is the reduction and the second is the identification of large classes of intractable 

languages.

2 .2 .1  P a r a m e te r iz e d  R e d u c t io n s

We use the following as our basic working definition but note that there are more general 

versions of parameterized reductions which allow for nonuniformity and nonrecursivity in 

the bounding functions (see [40. 43]).

D e fin itio n  4 (P a ra m e te r iz e d  m a n y :l  re d u c tio n s )  We say tha t L reduces to L' by a 

standard  parameterized m-reduction if there is an algorithm 4» which transform s (x. k) into
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Figure 2.1: Illustration of th e  O (n^) computation paths for S h o r t  N o n d e t e r .vii .n i s t i c  

T c r i .n g  MACHINE C o m p u t a t i o n , where n is the number o f s ta tes  in M  and qo is the 
initial state.

(x' .g{k))  in time / ( f c ) |i |“ , where ^ : N  N are arbitrary functions and a  is a constant 

independent of k, so tha t ( x , k )  G L if and only if {x' .g(k))  £ L'.

.\o te  th a t whenever a param eterized language L param etrically reduces to L', if L'  is fixed 

param eter tractable, then so too is L.  We say tha t L' is a t least as hard as L if L para­

metrically reduces to V . It is easy to see that these reductions are transitive; tha t is, if L 

parametrically reduces to L'  and L'  parametrically reduces to  L",  then L parametrically 

reduces to L".

2 .2 .2  In tr a c ta b ility  a n d  C o m p le x ity  C la sses

The second necessary ingredient for our parameterized framework is the identification of 
large classes of intractable problems. Classical complexity begins with the problem S a t i s - 

Fi.ABiLiTY and Cook’s theorem shows tha t this problem is equivalent to  the hardest problem 

in X V  (see Section 2.1). Likewise, the parameterized framework is built upon a similar yet 

more refined analogue of this basic problem from logic. It is helpful to view these logical 

problems as Boolean circuits with a single output gate. Each variable in the prepositional 

formula corresponds to an inpu t line of the circuit. .A. variable is assigned true if and only 

if the corresponding input line is assigned the value I. Before proceeding, we offer the
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Fol l o w i n g  d e f i n i t i o n s .

D efin ition  5 (D ec is io n  C ircu it)  A decision circuit t  is a circuit with exactly one output 

line. Given x Ç {0. 1}”, an input vector to the n input lines of C. C(x) is said to be true if 
the output line has the value 1. Otherwise, it is said to be false.

D efin ition  6  (C irc u i t  D efin itions) A Boolean circuit is of mixed type if it consists of 
circuits having gates of two kinds:

1. Small gates: not gates, and gates and or gates with some predetermined bound on 
the fan-in.

2. Large gates: and gates and or gates with unrestricted fan-in.

A Boolean circuit has fan-out one.

D efin ition  7 (D e p th  a n d  W eft) The depth of a circuit C is defined to be the maximum 

number of gates (small or large) on an input-output path in C. The œeft of a circuit C  is 

the maximum number of large gates on an input-output path.

D efin ition  8  (B o u n d e d  D e p th , B o u n d e d  W e ft, W eig h t) .A family of decision circuits 
F has bounded depth if there is a constant h such th a t every circuit in the family F  has 

depth at most h. F  has bounded weft if there is a  constant t such that every circuit in the 

family F  has weft a t most t. The weight of a  Boolean vector x  is the number of Is in the 

vector (the Hamming weight).

Let F = {C'l^Cy C i } be a family of decision circuits. .-Associated with F  is a param­
eterized language

Lp  =  {< C i,k  > |C, has a weight k  satisfying assignment }.

D efin ition  9 (M e m b e rsh ip  for W[f]) A parameterized problem L belongs to W[t] if L 

reduces to the parameterized problem Lp^t h) for the family F(t .h)  of mixed type circuits 

of weft at most t and depth a t most h, for some constant h.
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D efin ition  10 (M e m b e rsh ip  for W[SAT]  a n d  W[P\)  A paramoterizH problem L be­

longs to if L reduces to the parameterized problem Lp  where F  is the set of all

circuits with no restrictions on the depth or weft and every gate has fan-out I . If we remove 

the restriction on the fan-out of the gates, L belongs to W[P\.

These definitions induce the following hierarchy of parameterized classes

F P T  Ç n [ l ]  Ç H'[2] Ç . . . Ç  W[i\ Ç . . . Ç  W[SAT]  Ç . . . Ç  ir [F ]

and it is conjectured th a t the inclusions are proper. Table 2.1 lists many of the known hard 
or complete problems (see [bl. 59] for a more complete list).

It is easy to verify the following theorem by the above definitions.

T h e o re m  3 ([40, 43]) For any problem L complete for fF[l], for any t. L is fixed param 

eter tractable if and only if every problem in W\t] is fixed parameter tractable. |I

VVe are n o w  ready t o  s t a t e  the parameterized analogues of S a t i s f i a b i L(TV.

W e i g h t e d  W e f t  t D e p t h  h C i r c u i t  S a t i s f i a b i l i t y  ( t ,/ i-W C S .\T )

In s ta n c e : weft t depth h circuit C, an integer k.

P a ra m e te r :  k.

Q u estio n : Does C  have a weight k satisfying assignment?

If we remove the weight k  condition from the above definition, C . N ' F - S . a t i s F I . a b i l i t v  is 

subsumed by W e f t  2 D e p t h  2  C i r c u i t  S a t i s f i a b i l i t y . Intuitively, the level of the I I ' -  

hierarchy where a language L resides is determined by the weft of the circuit needed to check 

a candidate solution. Whereas classical complexity places all vVT^-hard. polynomial time 

checkable languages at the same degree, the parameterized framework places a language at 

the degree corresponding to its "natural logical depth” .

It is proven in [-10] th a t transforming a weft t depth h circuit into an equivalent but well 

organized circuit is fixed param eter tractable. By well organized, we mean a circuit where

•  not gates only appearing directly below input lines,

•  all small gates appear before any large gate,



•  there are t alternating rows of large and gates and large or gates in produrts-of-siirii>- 

of-products-of- . . .  form, and

•  the circuit has a single output line.

Similarly, but in the domain of logic, we define a (-normalized prepositional formula as 
follows.

D efin ition  11 ((-N orm alized) We say that a  prepositional formula $  is t-norm nli:(d  \ï 

is of the form products-of-sums-of-products...  of literals with (-alternations.

The following problem serves the practical role of providing a conceptually easy problem to 

reduce from. The theorem following the definition shows tha t it indeed captures the entire 

class W \t\.

W e i g h t e d  ( - N o r .vi. \ l i z e d  S . \ t i s f i .-\b i l i t y

Instance: A (-normalized Boolean expression a positive integer k.

P aram eter: k.
Q uestion: Does $  have a satisfying tru th  assignment of weight fc?

T h eorem  4 (T h e  N orm alization  T heorem  [40]) For all ( > 1, W e i g h t e d  (- .N’o r m a l i ' / f . d  

S.ATISFIABILITY is  Complete for  H ' [ ( ] .  I

For the remaining two classes. fr[S.AT] and W[P\,  we define the following two problems 

which are straightforward extensions of W e i g h t e d  ( - N o r m a l i z e d  S a t i s f i a b i l i t y .

W e i g h t e d  S a t i s f i a b i l i t y

Instance: .A Boolean formula an integer k.

P aram eter: k.

Q uestion: Does $  have a weight k satisfying assignment?

W e i g h t e d  C i r c u i t  S . a t i s f i a b i l i t y  

Instance: .A d e c i s io n  c ir c u i t  C.  a n  in t e g e r  k.

P aram eter: k.

Q uestion: Does C  have a weight k  satisfying assignment?

By definition, these problems are complete for ir[S .4T] and W[P] respectively (see [1. '2]).
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L i n e a r  In e q u a l i t i e s [I. 2]
i r [ P ] M i n i m u m  A x i o m  S e t [I. 44]

S h o r t  S a t i s f i a b i l i t y [1. 2]
W e i g h t e d  C i r c u i t  S a t i s f i a b i l i t y [I. 2]

•

•
•

\V[SAT] W e i g h t e d  S a t i s f i a b i l i t y [I. 2]
•
•
•

L o n g e s t  C o m m o n  S u b s e q u e n c e  { k .  | E | ) (h a r d ) [15]
C o l o r e d  C u t w i d t h  (h a r d ) [17. IS]

i r f t j . F e a s i b l e  R e g i s t e r  A s s i g n m e n t  ( h a r d ) [17. IS]
for all / T r i a n g u l a t i n g  C o l o r e d  G r a p h s  ( h a r d ) [17. IS]

B a n d w i d t h  (h a r d ) [17. 19]
P r o p e r  In t e r v a l  G r a p h  C o m p l e t i o n  (h a r d ) [17. 18]
In t e r v a l i z i n g  C o l o r e d  G r a p h s  ( h a r d ) [17. IS]
W e i g h t e d  « - N o r m a l i z e d  S a t i s f i a b i l i t y [40]

•
•
•

i r [ 2] W e i g h t e d  {0,1} In t e g e r  P r o g r a m m i n g [40]
D o m i n a t i n g  S e t [40]
S h o r t e s t  C o m m o n  S u p e r s e q u e n c e  (A r)(hard) [48]
S h o r t  P o s t  C o r r e s p o n d e n c e [28]
W e i g h t e d  g - C N F  S a t i s f i a b i l i t y [-11]

i r [ i ] V a p n i k - C h e r v o n e n k i s  D i m e n s i o n [37. 42]
L o n g e s t  C o m m o n  S u b s e q u e n c e  { k .  M ) [16]
In d e p e n d e n t  S e t [41]
C l i q u e [41]
S h o r t  N T M  C o m p u t a t i o n [28]

F e e d b a c k  V e r t e x  S e t [42]
F P T G r a p h  G e n u s [50. 51. 77]

M i n o r  O r d e r  T e s t [76]
G a t e  M a t r i x  L a y o u t [50]
T r e e w i d t h [12]
\  ERTEx C o v e r [9. 25. 42]

T a b le  2 . 1: A p a r t ia l  l i s t  o f  p r o b le m s  k n o w n  t o  be h a r d  o r  c o m p l e t e  fo r  t h e  W

The double line demarcates those problems conjectured to be inherently intractable 
ir[2], . . .)  and those known to be fixed param eter tractable {FPT).
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Classical P a r a m e t e r i z e d

V a p.XIk - C h  e  r V 0 .Ven k i s  D I m e n s 10 n COÇSjV V - complete  ' t r [ l |  c o m p l e t e

V e r t e x  C o v e r W 'P-com plete F P T
C l i q u e ,/VP-complete i r [ i ]  c o m p l e t e

.Al t e r .v .a t i .x g  H i t t i n g  S e t P S V  ACE-complete F P T

P o s t  C o r r e s p o n d e n c e U ATVECIVABCE i r [ l ] - c o m p l e t e

Table 2.2: .A. comparison of the c/assica/complexity versus the parameterized com­

plexity of several problems.

“ Believed not to  be . \  P -ha rd .

2 .2 .3  C o n n e c t io n s  an d  P h ilo so p h y

Parameterized complexity is not simply a refinement of classical complexity. The working 

hypothesis states the parameterized complexity o f  a problem bears no relation to its classical 

complexity. Several problems witness this statem ent (see Table 2.2). However, there do exist 

some connections between these two frameworks. The simplest example is the following:

T h e o re m  5 ([40]) If V —M V ,  then W[P] =  F P T . I

Thus a proof th a t S h o r t  . M o n d e t e r m i n i s t i c  T u r i n g  M.^ c h i .v e  C o .m p i  t .-v t i o .n  is not 

F P T  would imply V  ^  .VV .  The converse is unknown and there are reasons to suspect 

that it is not true: although, there is the following “quantitative" result.

T h e o r e m  6  ( [ 3 9 ] )  If W[P] =  FPT,  then C IR C U IT  SATISFIABILITY is solvable timeO(2°<‘'>p(n)) 

where n is the size of the circuit C  and v is the number of input variables to C. I

For several other more obscure relations, see [39].

Parameterized reductions tend to be technically more challenging than their more familiar 

counterparts, the Cook or Karp {many : 1) P - tim e  reductions from classical complexity. .A 

partial explanation for this difference in difficulty is found in [43] (see also [31]). W hereas 

P-tim e Karp reductions are S^-complete, indexed sets of uniform parameterized reductions 

are Ds-complete when the bounding function /  is recursive. When /  is non-recursive, they 

are E4-complete.

There are several other characterizations of the parameterized hierarchy. For instance.

[43, 45] characterize it in terms of parameterized circuit theory. In [29]. the class F P T  is
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shown equivalent to the c lass of problems running in polynomial time and using f{k]  i>its 

of advice for each slice k. Also, in [26, 27. 29], the W  classes are re-expressed in terms of a 

class called ÇC or '‘Guess and Check” and the tight relationship between the parameterized 

hierarchy and alternating Turing machines is explicated.

2.3 A lgorithm ic Design M ethodologies inside F PT

There is an interesting dialectic between complexity theory and algorithmic design. Know­

ing a problem belongs to a certain class can. in many cases, help guide the intuition of the 

algorithm designer towards a solution. The development of parameterized complexity and. 

in particular, the class F P T  has yielded some very general design principles. Downey and 

Fellows [42, 43] note that most problems known to be in F P T  have algorithms which fall 

under one of the following rubrics.

1. M ethod of bounded search trees

2. Reduction to a problem kernel

3 . Well-quasiordering and the Robertson-Seymour theorems

4. Monadic second order logic and Courcelle’s theorem

5. C utset regularity for boundaried graphs

Of central im portance to methods 3--5 is the notion of bounded width graphs. In the next 

subsection we formally define pathwidtfi and treewidth and detail how these may be used in 

conjunction with finite autom ata and logic to provide a  general method of demonstrating 

tractability to a wide class of properties for graphs.

2 .3 .1  B o u n d e d  W id th  G raph s

Originally introduced by Robertson and Seymour in their seminal papers on graph minors 

[76. 77], treewidth provides a measure of just how tree-like a graph is.
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Figure 2.2: A  graph of treewidth 3 and a corresponding decomposition.

D efin ition  12 (T reew idth) .A. tree-decomposition of a graph G  =  (I '. E) is a  pair ({.XT, | i £ 
I} . T  = (/. F)) with {X i  I t € /}  a collection of subsets of I ', and T  =  ( / .  F ) a tree, such 

that

• U,6/A', = K

•  For all (u, w) £ E ,  there exists an i 6 f with c. <c Ç .V,.

•  For all u € V, {f 6  /  I y 6 .X’i} forms a connected subtree of T.

The width of a tree-decomposition ({A', | / € 1 } .T  = ( / ,  F )) is m a,x,g/|X ,| -  1. The 

treewidth of a graph is the minimum width over all possible tree-decompositions of that 

graph.

Similarly, path-decomposition provides a measure on just how path-like a graph is. See 

Figures 2.2 and 2.3 for examples of graphs and their corresponding decompositions.

D efin ition  13 (P ath w id th ) A tree-decomposition ({.V, | i £  ! ) . T  = ( / ,  F)) is a palh- 

decomposition, if T  is a  path. The pathwidth of a graph is the minimum width over all 

possible path-decompositions of tha t graph.

D efin ition  14 (B ounded  W id th ) A family F  of graphs has bounded treewidth {bounded 

pathwidth) if there is some k such tha t for all G £ E . G  has treew idth< k  (pathwidth < k).
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Figure 2M: A graph of pathwidth 3 and a  corresponding decomposition.

Folklore says mo.s/ graph problems are M V -hard  but most parameterized cariants become 

easy for bounded width. The following well-known problems are all examples of this phe­

nomenon: F e e d b . \ c k  \ ' e r t e x  S e t , S e a r c h  M u m b e r . G .-v te  M . a t r i x  L a v o i  t  and 
C l t w i d t h  [-13. 5 9 ] .

For a graph family known to have a natural treewidth (pathw idth) bound, the general 

procedure is as follows. L'sing the algorithm of Bodlaender [12]. in linear time we are given 

a tree decomposition (path decomposition) of width b{k) or told th a t none exists. In the 

la tter case, we stop answering “no” . Otherwise, there are several ways in which to exploit 

this tree or path decomposition. One may simply create an ad hoc algorithm of which there 
are many examples (see [6 , 8, 11, 13, 14, 68, 78, 81] and references found therein). The 

second is to show tha t the bounded width graph family is finite state: that is. recognizable 

by a finite s ta te  autom aton. There are a t least two m ethods of achieving this. It is sufficient 
to show tha t T  is expressible in the second order monadic logic of graphs by a result due 

to Courcelle. .Alternatively, we can show th a t the graph family is what .Abrahamson and 

Fellows term cutset regular [3].

2 .3 .2  S e c o n d -o r d e r  m o n a d ic  lo g ic  o f  g r a p h s  an d  C o u r c e lle ’s th e o r e m  

VVe begin by defining the second order monadic logic of graphs.

D e f i n i t i o n  1 5  ( S e c o n d - o r d e r  m o n a d i c  l o g i c  o f  g r a p h s )  T h e  s y n t a x  o f  s e c o n d - o r d e r  

m o n a d i c  lo g ic  o f  g r a p h s  in c l u d e s  t h e  f o l lo w in g  lo g i c a l  c o n n e c t i v e s :  A. V .  - i .  - a . v a r ia b le s  fo r  

v e r t i c e s ,  e d g e s ,  s e t s  o f  v e r t i c e s  a n d  s e t s  o f  e d g e s ,  t h e  q u a n t i f i e r s  V. 3  t h a t  ca t i  be  a p p l i e d  t o  

t h e s e  v a r ia b l e s ,  a n d  t h e  f ive  b in a r y  r e la t io n s :
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•  u E L' where u is a vertex variable and U is a vertex set variable.

•  d € D where d is an edge variable and D is an edge set variable.

•  inc{d. u) where d is an edge variable, u is a vertex variable, and the interpretation is 
th a t the edge d is incident on the vertex u,

•  adj{u. v) where u and c are vertex variables and the interpretation is tha t u and c are 

adjacent vertices, and

•  equality for vertices, edges, sets of vertices and sets of edges.

In t h e  i n t e r e s t s  o f  r e a d a b i l i t y ,  w e  d e n o t e  v e r t e x  a n d  e d g e  v a r ia b le s  w i t h  lo w e r  c a s e  l e t t er s  

a n d  r e s e r v e  u p p e r  c a s e  le t t e r s  for  r e p r e s e n t i n g  s e t s  o f  v e r t i c e s  o r  s e t s  o f  e d g e s .

T h eorem  7 (C ourcelie’s T heorem  [34]) Let t be the width bound on a graph family

!F. If 7- is a family of graphs described by a sentence in second-order monadic logic, then

T  is finite-state. |

Showing a  graph family is expressible in second-order monadic logic implies the graph 

family is finite-state; that is. recognizable by a  finite-state autom aton. Courcelle s theorem 

does provide a constructive means of deducing the autom aton. T he main issue in this 

construction is efficiency since current methods require time exponential in t. the tree or 

path width bound. There is some hope th a t a fully autom ated software system will soon 

be available which will produce the appropriate finite autom aton for a  family T  given only 

a description of T  in the second-order monadic logic of graphs [46].

In [24], Borie, Parker and Tovie independently prove a similar result on the automatic 

generation of algorithms from predicate calculus.

2 .3 .3  C u ts e t  R eg u la r ity

In .“Vbrahamson and Fellows [3]. a graph-theoretic analog of the M yhill-Nerode theorem from 

formal language theory is introduced providing a useful characterization of graph families
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easy to recognize for input restrirterl to graphs of bounded width. Cutset regularity gives a 

direct necessary and sufficient condition for the applicability of some standard algorithmic 

design techniques for bounded width graphs based on “finite-state” dynamic programming 
and related ideas.

The basic idea is as follows. If a graph family T  is known to be cutset regular, then there 

exists a leaf-to-root finite-state tree automaton (linear autom aton in the case of pathwidth) 

that recognizes !F restricted to some treewidth (or pathwidth) bound t. Each graph can be 

structurally parsed: tha t is. we can represent the graph as a rooted tree (or rooted path) 

consisting of symbols taken from a finite alphabet. The symbols correspond to operations 

for building this graph. In turn, the structural parse is given as input to the appropriate 

finite-state autom aton and. in linear time, membership in .F is determined. Of course, a s  

is the case with Courcelle's theorem (see Section 2.3.2), finding the appropriate automaton 

is entirely another m atter. Fortunately, like the Myhill-Nerode theorem, cutset regularity 

provides an implicit description which can be deduced using dynamic programming and 
related techniques.

.A. proof of non-cutset regularity for T  excludes the possible adaptation of this technique.

Cutset regularity can be considered a measure of the information flow across a bounded 

size cutset needed to recognize a family. The principle agents in this study are boundaried 

graphs, “gluing” operators, a  universe called the notion of equivalence between

pairs of graphs.

D efinition  16 (B oundaried  Graph) .A. t-boundaried graph G  =  (V, E, B, f )  is an ordi­

nary graph G  =  (V, E) equipped with a distinguished subset 3  Ç V  o( t vertices, termed 

the boundary of G, together with a 1:1 map /  : B {1,..., (} th a t labels the boundary.

D efinition  17 (T h e © O perator) The binary operator © on two t-boundaried graphs is 

defined: G @ H  is the t-boundaried graph obtained by identifying the boundary node of 

G with the i ‘̂  boundary node of f f .  for i = 1____  t.

D efinition  18 (T h e © O perator) .An n-ary t-boundaried composition operator © is  d e ­

f ined  b y  t h e  d a t a  ( I )  a  t - b o u n d a r i e d  g r a p h  T q  =  ( V q .  E ® ,  B ® , / g ) ,  ( 2 )  in j e c t iv e  m a p s

/, : { I , . . . , t }  — Fg for i =  I  n. For the binary case, if G, for i — 1.2 is a pair of

t-boundaried graphs G, =  (V,. E,. B ,./,) then G\ 0  G j is defined to be the t-boundaried 

graph for which the ordinary underlying graph is formed from the disjoint union of G 'l.G j
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Figure 2.4: O perators for parsing treewidth 2 graphs. The first argument boundary of an 

operator graph is labelled { ! ',2'}, the second argument boundary is labelled { I " ,2"}. and 

the boundary of the resulting graph is labelled {1. 2}.
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Figure 2.5: P art (a) of the diagram contains an example of the 0  operator, part (b) shows 

an example of the 0 and (g)a operators and (c) shows an example of the (85 operator.

and r® by identifying each vertex u of B, (for i =  1.2) with its image /,(u ) in V®. The 

boundary set and the labeling for Gi S G2 is given by 8 3  and /g .

D efin ition  19 (S m all U n iv e rse )  The small universe C the set of all t-boundaried

graphs th a t arise in the parsing of graphs of treewidth (pathwidth) a t most t.

Graphs of pathw idth a t most t can be parsed using a small number of t-ary operators of 

boundary size t; they can also be parsed with binary operators of size t + \.

Figures 2.4, 2.5 and 2.6 provide concrete examples of structural parses of graphs.

D efin ition  20 (E q u iv a len ce ) Two/-boundaried graphs X  and Y  are F-equivalent (.V
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Figure 2.6: A graph with treewidth 2 and one parsing of this graph.

y )  if and only if for every (-boundaried graph Z, .Y ® Z 6  F  y  © Z  €  F .

The following captures the notion of “information flow” across a  bounded size cutset.

D efin itio n  21 ( C u ts e t  R e g u la r ity )  Let f be a positive integer. A graph family F  is t- 

cutset regular iî and only if ~ f  has finite index on Ulrnaii- ^  graph family F  is t-finite-state 

if and only if there is a finite-state tree au tom ata (linear autom ata in the case of pathwidth) 

tha t accepts a  parse T  (of a graph G of treewidth a t most () if and only if G Ç. T .

T h e o re m  8  ([3]) .A graph family F  is (-finite s ta te  if and only if F  is (-cutset regular. |

To show a family is not cutset regular, we need only exhibit an infinite set of boundaried 

graphs S and for each pair of boundaried graphs .Y,. X j  6  S, a witness Z,,j such that 

-Y, © Z,,j 6 F  and X j  © Z,.j .
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Chapter 3

Intervalizing Colored Graphs 
(D N A  P hysical M apping)

This is joint work with M. R. Fellows and H. T. VVareharn. The results presented here 

appeared in [49].

The human genome consists of 46 strands of D.X.A. molecules each composed of approxi­

mately 130 million base pairs linearly arranged between two sugar-phosphate backbones. 

Each of these 46 contiguous sequences, stretching on the order of a  few centimeters, wind 

around proteins to form a  chromosome. The densely packed chromosome itself is extremely 

small measuring on order o f only a few micrometers (during metaphase). In order to study 

genes and other interesting regions of the genome at the molecular level, it is necessary 

to unwind and decoat the DNA (called denaturing) and fragment it into much smaller 

and more manageable pieces. Once fragmented, we may copy (clone) the fragments many 

times over and use them for many different goals. For example, we may wish to determine 

restriction-enzyme cutting sites, the sequence of nucleotide bases in a particular fragment, 

or identify polymorphic DNA markers. Of course in the process of fragmentation, the po­

sition of each fragment in the genome is lost. We are left with the following fundamental 

goal of the PHYSICAL M A P P I N G  problem

S e q u e n c e  R e c o n s t r u c t i o n

G iven a  set o f  fragm en ts from  a sequence .V and a m easure o f  overlap  

b etw een  pairs o f  seq u en ce fragm ents from this set, reconstru ct the  

order o f  th ese  fragm ents in .V.



24

I liis chapter discusses DNA physical mapping using restriction rnzijme based techniques 

which we model by a problem called I n t e r v a l i z i n c  C o l o r e d  G r a p h s . VVe discuss the 

computational realism of this model and perform an integrated com putational complexity 

analysis from several frameworks in order to elucidate the inherent hardness of this problem. 

Furthermore, we discuss known results and possible new directions.

3.1 The M odel

S e o i  ENf E RECONSTRUCTION is typically b r o k e n  i n t o  fo u r  s t e p s  ( s e e  [o.  10. 3 3 .  4 7 .  6 4 ] ) .

Step 1. Fragment the sequence A'. (This step may be performed on several identical copies 
of .V.)

Step 2. Determine a set of characteristics for each fragment.

Step 3. Determine overlaps between pairs of fragments.

Step 4. L’sing the overlap information, order the fragments into islands of contiguous 

fragments, termed contigs.

How each of the four steps is actually carried out in practice is largely a function of the 

type of sequence under investigation [47].

VVe call the fragmentation of a copy of X  in Step I a digest. Where .V is a piece of DNA, 

the fragments of X  can be replicated in large quantities and the resulting copies of each 

fragment are termed clones. Typically, Step I is performed some number of times, say k. 

This value is chosen in order to ensure that, with high probability. Step 4 concludes with 

one contiguous fragment (contig) stretching the entire length of .V. During sequencing of 

the yeast genome, the redundancy factor k  was 8 (p. 119, [33]). Our model is predicated 

upon the following simple fact.

O b se rv a tio n  1: If two clones from Step 1 originate from the same copy of .V. then they

do not overlap.

Our combinatorial model is built as follows.

For each of the k iterations of Step 1. we create one vertex for each clone. If the clone was 

created during the i-th  iteration, we color the corresponding vertex i. . \ t  the end of this 

phase all vertices will be assigned a color from { I ..  .k}  with the property that all vertices 

corresponding to clones from the same copy of .V have the same color. Two vertices are



adjacent if the corresponding clones are determined to overlap in Stops 2 and 1 he goal of 

the S e q u e n c e  R e c o n s t r u c t i o n  problem is to predict additional overlap between clones 

from different copies of .V and ultimately reconstruct the sequence .V. In terms of our 

model, this translates to adding additional edges (between differently colored vertices) to 

the graph until it can be "laid out" in a linear fashion. Such a graph is termed an intfn-al 

graph. (See [.56] for related definitions and results.)

D efin itiou  22 (In terval G raphs) An undirected graph G  = {V. E)  is called an interval 

graph if there exists an injection ^  : V  X : u where Z is a set of intervals of a

linearly ordered set (such as the real number line) such tha t

( n .  c )  €  E c  <=> | / u  n  fy]  7^ 0  f u . / y G l

The set X is called an interval representation of G.

D efinition  23 (V ertex  C olored G ra p h s)  A graph G =  (T, E) with a coloring c : I ' —r 

C  is properly colored, if there is no edge between vertices with the same color.

At- I n t e r v a l i z i n c  C o l o r e d  G r a p h s  (ICG)

Instance: .\  graph G =  (V. E) and a coloring c : V —)• {1 : k}.

Param eter: k.

Q uestion: Is there a supergraph G' =  {V, £") of G which is properly colored by 

c and which has an interval representation Z? We call G ' a c-intervalization 

of G.

We write simply [n t e r v a l i z i .n c  C o l o r e d  G r a p h s  when referring to  the non-parameterized 

variant of this problem.

We duly note that our model has some serious shortcomings; in particular, it is not robust 

in the (inevitable) presence of errors. The SEQUENCE R e c o n s t r u c t i o n  problem is prone 

to four sorts of incorrect da ta  (see [71]).

Error type I. False negatives. These occur when the overlapping of two fragments is not 

detected and correspond to omissions from the edge set E  of the constructed graph G. The 

number of such errors is largely a function of which methods are used in Steps and 1 

above. Detecting overlap via restriction-fragment fingerprinting is inherently probabilistic. 

Consider two clones C\ and C'2 and let {c[, c^ ,. . . ,  and { c p c |,  c^} be the sub­

fragments obtained from the application of a restriction enzyme to each. (A restriction
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(a)

(b)

Figure 3.1: (a) .4. vertex colored graph G. (b) .A c-intervalization of G.

cnrÿme separates a  nucleotide sequence at well-defined sites along the strand. For example, 

the restriction enzyme called E coR Icuts at every occurrence of the six base pair sequence 

G.-V.A.TTC.) Through gel electrophoresis, the length of the resulting subfragments can be 
determined providing a  fingerprint for and C>. The underlying assumption is that, with 

high probability, two subfragments of the same length originate from the same fragment 

of X . These two clones are determined to overlap if there is a sufficiently large number 

of subfragments from C i with the same length as subfragments from Cg. Sufficiently large 

in this context means th a t the statistical likelihood th a t these two clones overlap in vivo 

has been exceeded. This likelihood calculation takes into consideration a number of factors 

including the distribution of cleavage sites in the genome, the errors in measuring sub­

fragment lengths, and the different ways in which clones may overlap (page 117. [33] and 

[-17]). Besides restriction-fragment fingerprinting there are more reliable methods of detect­

ing overlap such as hybridization techniques (page 112. [33]. [47]). O ur modelling with ICG  

is sufficiently robust as it allows the addition of edges to G  for these types of errors.

Error type 2. False positives. Of course, knowing tha t the fragments of two clones share 

one or more restriction-fragm ent lengths does not provide unambiguous evidence that these 

fragments actually are copies from the exact same region from fragment X .  It is possible 

that clones, which in actual fact arise from separate sections of .V. are predicted to overlap.



Furlherniorp. if llie underlying nucleotide sequence of A' is highly repetitive then many false 

positives may occur [47]. These correspond to edges erroneously included in the edge set E  

of G. Our model provides no manner in which to deal with such errors.

Error type S. Chimeras. Large scale clone creation (amplification of the subfragm ents), 

may be accomplished by a t least two techniques: molecular cloning and the polymerase 
chain reaction (PCR). We note tha t PCR techniques can only be applied to relatively short 

segments (usually a few hundred base pairs long). With either technique, the possibility of 

the creation of clones existing which contain two segments of a genome that are noncon­

tiguous in vivo is introduced. These recombinant clones are termed chim eras.  Molecular 

cloning uses the mechanisms of a host organism (such as E. Cali) to replicate the D.V.A. In 

order for the host organism to replicate this sequence, the D .\.\ must be combined with a 

cloning vector, a f).\.-V molecule th a t the host will replicate. Chimeras are created when, 

for example, more than one fragment is inserted into the cell of the host and correspond to 

erroneous vertices in the vertex set V  of the graph G. Our model is not sufficiently robust 

to deal with such errors.

Error type .{. Lost clones. For several reasons during this four step process, fragments (and 

clones) may be lost. Small fragments tend to disappear during the different phases and. if a 

technique such as gel electrophoresis is used in Step 3, very large fragments may not behave 

as desired. Both pathologies result in lost clones corresponding to erroneously forgotten 
vertices in the vertex set V  of the graph G.  Our model provides no means of dealing with 

such errors.

.Although our model provides no direct means of compensating for error types 2 through

4 . it is possible to reduce the number of such errors by increasing the amount of "wet lab” 

(biological experimentation) effort. Repeating the mapping procedure several times for the 

same fragment allows the da ta  to be cross-referenced and the number of false positives to 

be reduced. Error type 4 does not typically cause serious problems in mapping efforts since, 

as long as the redundancy factor k  is sufficiently large, there will be clones of sufficiently 

large length arising from the same physical region of the D .\.\ as the small lost clones.

3.2 ICG has bounded pathw idth

We begin our analysis with the following simple lemma. It provides a promising s ta r t as 

many problems with bounded pathwidth are easy.



■>S

L em m a 1 : Let C! = (\ \ t )  he a graph with a vertex coloring c : V' —>■ {1 : k}. litat i.s a

subgraph of a properly colorcrl interval graph G'. Then the pathwidth of G  is at most k -  I.

P ro o f: The pathwidth of an interval graph is one less than its maximum clique size, which 

equals its chromatic number since interval graphs are perfect, see [56]. Hence the pathwidth 

of G' is a t most k -  I implying the pathwidth of G  is a t most k — I. |

For instance, for bounded k. a proof tha t ICG is expressible in second order monadic logic 

or a proof th a t ICG is cutset regular would imply the existence of linear time algorithms to 

recognize the family of "yes" instances. See Section 2.3 for descriptions of these techniques. 

Unfortunately, the next section shows that neither of these methods are applicable except 

for a very limited case.

3.3 ICG  is not finite state

Let t be the size of the boundary. We remind the reader tha t the method of argument is 

much the same as any standard application of the Myhill-Nerode theorem to show non­
regularity for a formal language. It is sufficient to exhibit an infinite set of boundaried 

graphs S  and for each pair x,.i-j t  .S', a witness Zt,j such th a t x ,© z,,j 6  5  and Xj © ^ 5 .

See Section 2.3.3 for a more complete explanation of the theory.

D efin itio n  24 (P ro p e r ly  Less In te rv a ls )  We say th a t an interval /„ < i  (/„ is properly 

less than z) if and only if for all y in /f. t/ < z. Furthermore /„ < lu,. {ly ts properly less 

than /„,) if and only if for all x in [y and all y  in Iy,,x < y. If an interval /„ is a proper 

subinterval of ly., then we say that lands on ly,.

T h e o re m  9: k-lCG  is not /-finite-state for all k > 3 and t > 1.

P ro o f: We argue using 3 colored graphs and t =  1. For i > 1, let .V, =  {V. E. B. f )  be 

constructed as follows:

V  =  {cq, 01.02, «3. fl4}u { b o . b i  h>,}:

E  =  {(oo. Oi).  (oq. 02). (o,.«2)- (0 )-0.|). (ho.oi). (ho, 02). (62,, 03), (h2„ 04)} U {(hjt.ht+i )|0 < 

k < 21}:

B = {ho}; /(ho) =  I.

Let c : V  {1,2,3} be the coloring of .V,: c(oo) =  1. c(oi) =  0(03) =  2. 0(02) =  c(o., ) =  3. 

c(hfc) =  {k mod  2) -f I, for 0 < A < 21.
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[o r j  > I.  let =  { V . E ' , B ' , f )  be constructed as Follows:
\ ' = { f l u . h i ........

E' = {(/u-/ifc+,)|0 < k<  4j}; S '  =  {/to}: /'(/to) =  I.

Let c' : V  {1,2,3} be the coloring of Yji c'(/to) = I. c'(hk) =  3 if A- =  1 {mod 2).
c '(/tt) =  I if A: =  2 {mod 4), d{hk) =  2 if A =  0 {mod 4).

C la im  1 . 1 : A', 0  V; is c-intervalizable.

It is easy to verify tha t the following is indeed a c-intervalization of G  (See Figure 3.2). For

convenience, we use the real number line. Let c =  A.

Map /,(, to the interval [—e..O].

Map and to [-c..e].

.Map Ao=/io to (0..2 +  f].
\ la p  / to {2A — 6..2A 2 4- c], 0 ^  A: ^  2 t.

Map / t ,  and to [4i 4- 2..4t +  2 +  c].

Map to [A 4- 1 -  C..A 4- 1 +  e], for even A > 0.

Map to [A 4- |..A  4- 2 -  |] ,  for odd A.

C la im  1.2: For t < / ,  .V, ® Yj is not c-intervalizable.

W.l.o.g. assume /a, <

Let a =  max({jr|x € fag n /g , n /a^}), =  m az({x|x 6 / , ,  FI H fb^}) and =  min{{x\x €
/-ii FI n  Ibj, }). Clearly, a  < < a», for 0 < A < 2t. since every color is present a t both

points and each bk is on a path from cq to 03.

Clearly, o  < < w, for 1 < A < 4 /, since every color is present a t both of these points

and there exists a path from each hk to oq and 0 3 .

In fact J  < A/n for A > 0. Suppose otherwise; that is. o < fh^ < 3. Then it is must be the

case th a t or < //^ < 3  for all A > 0. But colors 2 and 3 are present at every point in this

interval. This contradicts the proper coloring.

In any c-intervalization, there exists an interval strictly between and where the 

color I is not present. We call this interval iq. The two colored path 6o6[ .. . 62,«2 creates i 

intervals strictly between h^-i  and for odd A. 1 < A < 2/ -  L. where the color 1 is not 

present. We refer to these intervals as 1 1 . 12 ,  i f

There are j  vertices in the subgraph Y] with color I: h ,. hu lUj^ y- In any c-intervalization.

the intervals corresponding to these vertices must land in ik for some A. 0 < A < i. Note.
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a 0

E'igure 3.2: An example '‘yes” instance: X i ^  Y^.

however, tha t iq < i  implying there exists in fact only i intervals for these j  vertices. 

Therefore, there exists an ir such that fh^ C tr and Ik^, C Lr, m  ^  m '.

W.l.o.g. assume < Ih^,- Consider the path hmhm+ihjn+2 - ■ in \'j.

Now c'(/im+i) =  c 'ihm '-i)  = 3. Let 7 =  max{{x\x  € C ir}) and 6 =  rnin({x\s e
Ih^, riip}). Since ir C for some k, every color is present a t both points implying

the intervals of all vertices in the subpath hm+2 hm+ 3  . . .  Am'-z must lie strictly between 7 

and S. It is easy to verify from the construction th a t any such subpath necessarily has a 

vertex colored 2. .As [7 ..6] C ir- color 2 is present a t every point in this interval and the 

placement of the intervals for such vertices contradicts the proper coloring. |

For the remaining cases, we have the following “positive” theorem.

T heorem  10: For all t and for k < 2, k-lCG  is f-finite-state.

Proof: This proceeds in two stops. Firstly, we provide an alternate  characterization of the 

family of 2-colored caterpillars and secondly, express this characterization in the second 

order monadic logic of graphs.

D efin ition  25 (C a te rp il la r  G ra p h s )  A graph G  =  (V, E) is a  caterpillar if there exists 

a path P  in (7 such tha t for all c £ I b  -  Vp, there exists a  unique vertex ti £ I ’p such that 

(u, v) £ E g -
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C la im  1.3: A 2-colorccl “ rapii G  is c-intervalizable if and only if G  is a properly colored
caterpillar.

(<=) Assume G  is connected. If it is not, repeat the following argument for each connected 

component. If G  is a caterpillar, then by definition, there exists a path P  in G such that 

for all V 6  Vq -  Vp. there exists a unique vertex u E Vp such th a t (u .c ) € A>,. Let 

I  be a c-intervalization of P . Let P  be w ritten as ViV^.-.Vm where c, + , I € Pp  for

1 < i < m < n. Consider some c £ Vq -  Vp and let u be the unique vertex in I p such 

tha t (u, v) £ E g - If = c; or c = Vm it is easy to  see how the c-intervalizatiou can be 

extended. Otherwise, if v =  t\. then there exists an interval between and since

c(u,_i) =  c(f,+ i). Place [̂  in this interval.

(=>) .\gain assume G  is connected. Let G' be a c-intervalization of G. a 2-colored graph. Let 

P  be the graph induced by the following set of vertices: Vp =  {u|/y (f. Vu- £ Vr,- «' c}.

[t is easy to see th a t P  must in fact be a path since G  is connected and properly 2 colored. 

Now consider a vertex ii £ \ 'r, -  1 p. Since C Iw for some w £ Vg . u is adjacent to only 

w in O'. Otherwise, suppose u is adjacent to some vertex x, x ^  w. Then x  is adjacent to 

w implying the existence of a :1 cycle in a properly 2-colored graph. This contradicts the 

proper 2 coloring. Hence, there exists a  path in G  such tha t every vertex is either oti this 

path or adjacent to a unique vertex of the path and, by definition. G  is a caterpillar.

We express the family of caterpillar graphs in the language of second monadic logic for 

graphs (see Section 2.3.2). We may assume the G  is connected since we can identify the 

connected components of G  in linear time.

colored-caterpillar(C') <-> 3L'i Ç V : 3 ^ 2  Q V  : 3Vs Ç V : 3 V4  Ç V' : partition(l j .  1 2 ) ^

partition (1 3 . L!,) A proper-coloring(Lj, 1 2 ) A cater-legs( 1 3 . I j )  A

cater-body(l 4 )

partition (L'% V") ^  Ve 6  V : (u 6  K' V u £  V")  A -i(u 6  V" A r e  V")

proper-coloring(V''. I '") <->■ Vu € 1 : Vu £ V  : adj{u, v) ((u £ V' A u £ V") V

(u € r " A  u 6 V')) 

cater-legs(V '. I'") (Vu £ T ' : degree-one(u, V  V V"))

A (Vu £ V' : u £ V  —> 3u £ V" : adj(u. v)) 

cater-body(V'") ((3u £ V" : 3v £ V" : u v A degree-one(u. I ’") A degree-otie(u, I
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(V?f Ç I "  : -'degree-one(«. V") degree-two(u. V"))) V

(3u € V" : V«’ € V"  ; w = v) 

degree-one(u. V)  3ir 6  V  : f) A (Vw e  V  : [w v /\ w ^  u) -^adj(u. a-))

degree-two(u, (/') f+ 3u Ç I ' : 3a’ 6 I ' i c j ^ w A ut^ v A U ĵ w A adj[u, a) A adj{u. u-]

(Vz € I ' ■. z ^  a A. z ^  V A z ^  w -<adj[u^ z))

By the results of [34] the problem is finite-state for all t. |

See also [22] for an alternative proof that ICG restricted to 2 colors has a linear time 

algorithm.

3.4 Hardness for ICG

Although the preceding section provides some "bad news" for Ar-ICG, it still may be the case 

th a t it is F P T  via some other algorithmic route. L nfortunately. the next result blackens the 

picture considerably showing no such method will work unless very unlikely com putational 

complexity collapses occur. By a  rather complicated parameterized reduction from the 

problem fc-lNDEPENDENT S e t ,  we show the following.

T h e o re m  1 1 : k - lC G  is kF[l]-hard.

The theorem follows from the fact the t-I.\DEPEN'DEiNT Set is complete for 1T'[1] (see [41]) 

and Claim 1.10.

1—Independent  Set

In s ta n c e : A graph G  =  (V*. E ). an integer k.

P a ra m e te r :  k.

Q u es tio n : Does there exist a set I ' Ç I '. | l ’'| > k. such that, for all u, v 6  V'.

(u, v) ^  E?

Let G IS =  iY iE )  be a graph with the vertices labeled from l . . . |L ' |  =  n. Let m =  n(.]) 

and m' =  n(g) — n -f- 1 . From G i s  " e  create a graph G ic a  =  (C . E') th a t has coloring 

c : V  —y { 1 , . .  . ,Zk.  block, floor, queen, slide). G tcG has four sets of components.



C o m p o n e n t 1: V e r te x  S e le c tio n  C o m p o n e n ts  (B ’s a n d  Q u een  B ’s) We create 

k- decision components each of which consists of ni' B components where: V{8)  = 

{fn 65} and E{B) = {{bj,bj+i) | 1 < ;  < 5}.

Let B' = B i l l  BoD ..  .U Bjn’- W ithin S ' ,  identify vertex 65 € Bj  with vertex 6; € Bj+\ for 
I < 7 < m'.

Let B, = B 'u  {6[. 62------ {&i, ^ } .  We add the following edges to B,: {(6j. 6)|1 < j  <
(]). E } and (62,65) | E Bi  of 6 ,. 6-, E Bm' of B ,}.

Let Q B  = U E Bi,  I < i < k. I < J < (])} (the Queen B ’s).

We color each B, as follows: c(6i) =  0(65) =  3(t -  1) +  I: c(6>) =  c(6 ,| = .}(/ -  1) +  2; 
c(6, ) =  c(6 ,) = ; } ( / -  1)4- 3: 0(63) =  floor; c(bj) =  queen for all j .

C o m p o n e n t 2: F lo w ers  a n d  F lo w er P o ts  Our second component IF consists of m 

F components (flowers) where V{F)  = Q U R u  S  U T  where Q = {<ŷ | 1 < j  <  6 -|- 1}, 

B = {r J  1 < j  < k}.  S  =  { 5 j|l < J < Ar-f- 1}, and T  =  {ti-Q}-

C { F )  contains all the edges necessary so that (I) the vertices of Q form a clique. (2) the 

vertices of R form a clique, (3) the vertices of S form a clique. ( I) ty is adjacent to every 

vertex in Q and R. and (.5) Q is adjacent to every vertex in R  and S.

Each vertex of Q -  {çjt+i} and S  — {st+i} 's assigned a unique color from {37 -f 2 | 0 < 
j  < k -  1} and each vertex of R  is assigned a unique color from {37 -t- 1 ! 0 < 7 < A: -  1}. 

Additionally, let c((%) =  0(^2) =  f loor,  c{qk+i) = c(st+ i) =  block.

Let F =  F1UF2U.. .uFm  identifying all the vertices in the set S  of Fj with their like-colored 

vertices in the set Q of Fj+i, 1 < 7 < m.

For each decision component B,, we add edges between 6̂  and every vertex of Q  in Fi and 

edges between and every vertex of S  in Fm of F .

Lastly, let F  = {f i ,  fo, ■ ■ We add edges from /, to every vertex in the set S  and

Q of F„,. and from /, to of Fni+i- Let c(/,) =  slide.

.Vote that the number of flowers in this component is equal to the total possible number of 

edges in graph G is  multipled by n. Establish a bijection between groups of n contiguous 

F  components (flower pots) and all possible edges in Gis- For instance, let us use the

bijection in which the pair {1, 2} corresponds to {F%. F„} Ç JF. {1. 3} corresponds to

{F,:_n Fin} and {n — I, ra} corresponds to (F „ ^ n j„ ......... F„,}. This bijection will be

used in component 4 described below.
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C o m p o n e n t 3 : R o ck s  Let T'l and C'2 be two cliques of size '.ik + A. Every vertex in C, 

(and C'2) is assigned a unique color. VVe identify the vertices of C'l which have been assigned 

colors from the set +  2 | 0 < / < A: -  1} U {block} with their like-colored vertices in tiie 

set Q of Fi- Similarly, we identify the vertices of C2 with their like-colored vertices in the 

set F  of Fn-

C o m p o n e n t 4: E d g e -C o n s tra in t C o m p o n e n ts  (E n fo rc e rs )  Use the bijection de­

scribed above for the F  component, and let F p+ i,. . . ,  Fp+„ be the corresponding F  compo­

nents for a pair of vertices {«. c}. If («, c) € E{G[s) then, we create a component .V where 

U(.V) =  ........-5} and F(.V) =  {( . z J  | 1 < t #  J < 4}U { ( z „ z j  \2 < i ^  j  < -5}.

.Additionally, we place edges between Z[ and every vertex of R  in F„ and we place ed«es 

between Z5 and every vertex of R in F^. For each Fi, i ^  u or u. add a vertex d, s.i. d, 

is adjacent to and /> of If (u. c) ^  E{G[s) then we add such a vertex cl to every /• 
component (in the flower pot).

We color these components as follows: c(zi) =  c(zs) =  slide; c(z2) =  queen: r | :;)  =  floor:  

c(z4) =  c[di) =  block for all i.

Figure 3.3 contains a sample construction of a graph G i c c  for a  given graph G is- 

Let a  =  max{[x  | x e  flyeCi 4 }) and uj =  m m ({i | x  6 flygCj 4 })-

C la im  1.4 : If I  is a  c-intervalization of G ic c  =  (U, E)  using a t most 3& -f 4 colors, then

for all V e  U — (Cl U C ,) either a  < F  < a; or a  > F  > w.

P ro o f: Let Z be a  c-intervalization of G icc-  Clearly a  ^ u j .  Consider the first case where 

a < u  and let v be any vertex in V -  (Ci U C2). Let P  =  voV\ . . . u;_i u,- =  v Ui+i . . .  f/ such

tha t Vq € C i, vi G C i and Vi  .I' l-i C V -  (C1U C2). Suppose Bar G F  s .t. a- < n (or

suppose X > w). The intervals corresponding to vertices {vq........ v,) form a non-

disjoint chain and üs G F, (o E F„)- Therefore a  G F  (w G F )  for some z G F  -  {to. c/} 
and since |C || =  3Ar-f 4 (IC2I = 3A'-f 4). 3Ar-l-5 intervals intersect a t a  (at . -̂). Hence ^.r < a 

(>3x > -;).

A similar argum ent establishes the second inequality. |

For the remainder of this section, we assume without loss of generality tha t o < Let I, =

m i n { { x \ x  G flygt.uQ F})- '< = mca({ar|ar G Dygi.uftF})^ =  m in{{x  | a- G HygauA 4 }l-
£, =  max{{x  1 X G Oyet^uS F ) )  "bere F -F -Q . R , S  € F,.



C la im  1.5: In any c-intervalization of the grapii induced by uC'i LI C'2  the follow ing
holds for the m F  components of F:

P ro o f: We show this by induction on the size of T . Let T  consist of one F  com ponent. 

T hat o  < < w follows from Claim 1.4. Suppose 71 < /3i; th a t is, m ax({x | x 6

4 } )  < m in({x  ( i  € D^etiuQ 4 })- Clearly, it must be the case th a t 71 < (z|Vz Ç 
Hvet? ^tit Q Ç Cl.  which implies that 71 < o . This contradicts Claim 1.4. .A. symmetric 
argum ent can be given to show th a t d'l ^  ei.

Clearly <>i ^  71, so suppose < 7%. Since c(7 [) =  c ( f <), can not be in the interval

( J i  7i) so 7i < 3 i and < 3 i implying ti < .)i. Note however tha t the vertices of

Q and S  are colored identically. Therefore ei < flyec? hut Q Ç Ci implies th a t Ci < a . 

again contradicting Claim 1.4 .

.Assume th a t the above property holds for F  consisting of 1- < m components. Let F '  consist 

of m  components. The induction hypothesis holds for the graph induced by removing the m- 

th flower Fm appropriately. We are required to show tha t t ^ - i  < 3m ^  7m < ^

in any c-intervalization.

Clearly 3m ^  (m - i  so suppose 3m < fm -i- Because /i 6 Fm is adjacent to all s  € Sm -i =

Qm it is easy to see th a t 3m > 3m-i-  In fact, the only interval where 3m may be placed is

(7m -i . . .^ m - i) -  If this were the case, then But ti 6 Fm is adjacent to all

r  6 F  of Fm implying tha t flreHm-i has non-empty intersection with flreflm’ These two 
sets are colored identically contradicting the proper coloring.

Suppose 7m < 3m; th a t is, m ax({x | x e  4 !) < min({x  | x 6 Hvgt.^uQm 4 ))-
This implies th a t m ax({x 11 € Dre/îm fr}) < m /n({x | x 6 4 })- Hence /t.ePm
spans the interval (7m • - -3m)- But Cm-i < dm and t i  € Fm_i is adjacent to all vertices in 

the set 5  (=  Q) of Fm_i(=m)- Therefore there exists a point x such th a t x 6 hi&Fm and 

X 6 li2eFm-i contradicting the proper coloring.

Clearly dm 9̂  7m  so suppose Sm <  7m-  Xow >  d'm-i since the colors present a t  dm-i are 

identical to the colors present a t Sm and f, € F„, is adjacent to all vertices of Fm- In fact, the 

only valid interval for Sm is (fm -i - - - dm)- If this were the case, then £m-i < h^ç^Fm < dm 
implying th a t fm -i < £m < 3m- But this contradicts the proper coloring since the vertices



of .S’,r, am  colored identically to the vertices of Sm-i =  Qm-

Suppose f,„ < 6^ .  Then m ax({x  \ x  6 flsgSm < min({x | j- € flrç/ï^^/r} )• Since 

S'm Ç C>. w < m in({x  | x € DreRm ^r}) which contradicts Claim 1.1. |

We say tha t a B component lands in the p-th F  component if < 6p.

C la im  1.6 : Consider some Ô, in one of the decision components. It must be the rase that

7p < A .€6. < àp in any c-intervalization o ï G i c c  for 1 < p < m.

P ro o f: By Claim 1.4. n < Since 0(63) =  c{ti) = c{t-,) it ran not be the rase that

either ip < li,, < -p or Sp < A, < Cp, 1 < p < m.

Suppose (p < < ip+t. Since 63 is adjacent to 63 and by the definitiou of < and i.

3x G n  such that x € flqgjÿp.tsQp fg- This contradicts the proper coloring, sitice for 
some such r/. c(r/) =  c(6,). This same argument can be used to show that it cannot be the 

case tha t a < ft,, < Jy nor < h z  <  w.

The remaining case is to place so th a t it is properly greater than -p and properly less

than Sp.  It is easy to verify that the intervals corresponding to {6,.........65} are able to find

a color-respecting c-intervalization. |

C la im  1 .7 : For each decision component, By, 82 . .  Bm> must land in m'  contiguous

flowers Fp. Fp+y and furthermore, p < n.

P ro o f: It is easy to show by induction on the length of the chain of 8  components that if 

7p < /(,' < Sp. then --p+y < /{,» < <Jp+i, 63 € B,, 63 € B,+i, and 1 < t < m ' -  I. Since these 

m ' =  n(") -  n 1 B components land in contiguous flowers and there are m =  n(") such F 

components, it follows tha t the first By of each of the k decision components Bj must land 

in one of the first n flowers. I

C la im  1.8: .\‘o two distinct elements of QB may land in the same flower Fp.

P ro o f: Recall tha t Q B  is the set of “queen” B ’s and that there exists a vertex b. c{b) = 

queen,  such that b is adjacent to every vertex in the B component. Let B G QB.  By 

Claim l.b. i-p < hz < Sp. Note tha t c(6i) =  c(6s) and that this color is present at every 

point in the interval ( - / p . . . S p ) .  Hence <  7p and Sp <  U , .  Since n F, 7̂  0 and 

n 7̂  0 and n li,, 76 0, the color queen is present at every point between *p and Sp. 

Therefore only one member of Q B  may land in a particular flower. |



Lei Fp.Fp+i......... />+„-! Le the n contiguous flowers associated with an edge (u.c) ç

E{G[s)- Let .V be the enforcer associated with this edge. W ithout loss of gerieraiitv 

we assume that n < c. Let Ç = m in{{x  | z E n  n  }).

C la im  1.9: in a c-intervalization. it must be the case that either 7p+u_i < C < '^V+u-i
or 7p+t—i < C < Furthermore, if a member of Q B  lands in F„. then -.p+,,_, < (  <

^ p + v — l  ■

P ro o f: It is easy to verify that the only intervals where C could possibly reside and yet 

still respect the proper coloring is between 7, and Si for 1 < t <  m. VVe first argue that 

Jp < C < fp+n-i (enforcers stay within their flower pots). But this is clearly the case because 
of the placement of the F  vertices where c(F) =  slide. This guarantees tha t > ip and 

F 5  ^  f p + n  •

Now recall that for every Fj. where z u or u, a vertex d was created and made adjacent 

to ti and ti. Therefore, in any c-intervalization, 3z  E s.t. x <  7x and 3z E [4 such that 

z  > Sx. Therefore at every point between ~(x and Sx-, c{d) =  block is present implying that 

C can not lie in this interval.

To show the second statem ent in our claim, suppose a  member of Q B  lands in F„. By a 

similar argument to tha t in the proof of Claim 1.8, it is true th a t at every point in the 

interval (7u...<>u) the color queen is present. Since c(z2) =  queen, Ç can not lie in this 

interval. I

See Figure 3.4 for a high-level description of the reduction.

C la im  1.10: G is  has an independent set of size k  if and only i ^ G ic c  has a c-intervalization

using at most Sk 4- 4 colors.

Proof: Suppose G [cg  has a c-intervalization X with Zk + A colors. Let I S  = { j  | 8 , 

of Bi lands in Fj. i < i < k}.  By Claims 1.7 and 1.8, | / 5 |  =  k  and for all j  E IS.  
 ̂ S  j  S  u. VVe claim tha t I S  constitutes an independent set for G is- Consider z E IS.

By Claim 1.7. Fr. F r+ i F ^ '+ r - t  have Bi, B i , . . . ,  Bm> land in them respectively and

Fr, Fji+r- Sin+r Sm'-i-r-i have members of Q B  land in them. By Claim 1.9. the enforcer

iV corresponding to any edge of the form {x.y)  E E(G is)  must land in the F  component

corresponding to y. Therefore F  =  Fp-n+y, for some p E {0 ,---- (j) — 1} must not have a

member o ï Q B  land in it. since if it does N  is not able to land anywhere. This implies that 

Fy does not have a member of Q 8  land in it. Hence y ^  IS.
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Suppose G is  has a Ar element independent set and let f S  be such a set. For each x  6 IS .

we let Bi of some unique 5 ,. land in F'r- By Claim 1 .7 ,  flowers  f 'n '+r-i

have Bi, 8 2 , ■ ■ Bm' land in them respectively. Bi, Bn+i, B 2n+ i,  Bm' are members of

Q B  and therefore the flowers Fr. F^^r- F .^ + r- - ,  F'm '+r-i have members of Q B  land in 
them. Since I S  constitutes an independent set. if (x ,y ) G E{G[s), then y ^  I S  and by

a similar chain of reasoning to the above the flowers Fy, F„+j,, F2„+y,___ F ^ '+ y -, do not

have members of Q B  land in them. By Claim 1.9. the enforcer yV for edge (x.y) can land 
in the F  component corresponding to y. |

In fact, our reduction also shows the following about the non-parameterized version of 

I.VTERVALIZI.VG COLORED G r .APHS.

T h e o re m  12  (A lso  see  [57]) ICG is .VP-complete.

P ro o f: To see this, simply note that in our reduction the function f{ k )  is polynomial. We 

can verify th a t a  c-intervalization G' of G  is an interval graph [69] and properly colored in 

polynomial tim e. |

Note th a t Golumbic, Kaplan and Shamir [-57] proved independently the ;VF-completeness 

for this problem. However, their reduction does not constitute a parameterized reduction.

.Vs noted in Section 2.2.3, parameterized reductions tend to be quite technically intricate. 

Heuristics for designing combinatoric mechanisms {gadgets) are of great use and provide 

good starting  points in the early design stages of a  reduction. The analysis of ICG  has 

yielded the following

T h e  ★ H e u r i s t i c

T h e  c o m b in a to r ic  m ech an ism s {gadgets) u n d e r ly in g  proofs  o f  n o n -fin ite  

s ta te n e s s  a re  fu n c tio n a lly  e q u iv a len t to  th o s e  m ech an ism s u sed  in  

p ro o fs  o f  ( i '- h a rd n e s s .

.V c l o s e l y  r e l a t e d  p r o b l e m  t o  In t e r v . \ l i z i n g  C o l o r e d  G r .a p h s -  T r i a n g u l . \t i n g  C o l ­

o r e d  G r a p h s  [ 2 0 ] -  a l s o  e x h i b i t s  th i s  b e h a v io u r  ( s e e  [17] fo r  o t h e r  e x a m p l e s ) .

3.5 Further R esults

The problem In t e r v '.a l i z i n g  C o l o r e d  G r a p h s  has received considerable attention o v e r  

the past few years. . \ t  roughly the same time. Fellows, Hallett and Ware ham [49] and
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Figure 3.3: Example Construction of G  ic a  from Gis-
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Figure 3.4: High-level description of the ICG reduction. The large bees represent elements 

of the set Q B  whilst small bees represent elements of set B —Q B .  There are n flowers 

(elements of set F) in each of the (^) “flower pots” . Each flower can have at most one 

queen bee land on it but any number of small bees. Each of the |E | research assistants 

{enforcer gadgets) are assigned to watch for queen bees landing in two specific flowers (the 

end points of that edge) in their unique flower pot. If two queen bees arrive landing in both 

flowers (two vertices are chosen th a t have an edge between them ), the research assistant 

becomes confused (this choice does not constitute an independent set for G’/s).
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Golumbic, Kaplan and Shamir [57] proved A P-com pleteness. Noticing that the redundancy 

factor in clone creation (corresponding to the size of the coloring A:) was typically a small 

constant (typically between 5 and 10). Fellows. Hallett and Wareham began a parameterized 

analysis of ICG . Reported in the preceding two sections are proofs tha t ICG parameterized 

by the number o f colors k is finite-stale for the very restricted case of k =  2 but not F P 7 ’ 

as k  approaches infinity (hardness for fF[l]).

Goldberg, Golumbic. Kaplan and Shamir [55, 57] consider a  restricted variant of ICC! 

(called U n i t  IC G ) where the resulting graph is required to  be a  unit interval graph: th a t 

is, an interval graph where every interval has the same length. Their model is based on the 

observation th a t while some cloning techniques generate clones of variable length, others 

produce clones of roughly the same length. It was hoped tha t this restricted version would 

allow for fast (P -tim e  or F P T )  algorithms. Unfortunately, they found this problem to be 

.VP-com plete and the parameterized (by k) version to be fU [l]-hard. They did however 

present an 0 ( |l '|^ '“ ‘ ) algorithm to find a layout.

Later work by Bodlaender. Fellows and Hallett [17] raised the parameterized (by k) variant 

of ICG from being kF'[I]-hard to ir[/]-hard . for all t. The combinatorics of the reduction 

in Section 3.4 were generalized and a large system  of proofs was developed establishing 

fU[t]-hardness. for all t, for a number of problems sharing the common trait of bounded 

width. See also [18].

Bodlaender and de Fluiter [21. 22] provide an alternative algorithm for ICG when k  =  2 

with a running tim e tha t is linear in the size of the graph G  and a considerably more 

complicated (heroic) algorithm for k = 3 with running time 0{\V\'^). They also show that 

ICG is, in fact, A 'P -com plete for fixed k > 4 .  Their reduction is from T h r e e  P a r t i t i o n . 

a problem not known to be hard for any level of the TU-hierarchy, and hence it does not 

constitute a parameterized reduction.

The problem In t e r v a l  G r a p h  C o m p l e t i o n  ( I G )  which takes as input a graph G  and 

asks whether there exists a set of at most p edges such th a t this supergraph is an interval 

graph is A 'P -com plete [54. 82]. Kaplan. Shamir and Tarjan [66] showed that this problem 

restricted to unit interval graphs is F P T  when parameterized by the number of edges, p. 

(Table 3.1 refers to  this problem as U n i t  IG.) In term s of S e q u e n c e  R e c o n s t r u c t i o n . 

this result shows there exists a tractable algorithm when the number of additional ovorla[) 

predictions necessary to reconstruct the sequence is a small number independent of the 

number of clones.
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Tlio first two authors, Kaplan and Shamir [67]. proceeded to show tha t ICG parameterized 

by the number of colors k  and the degree of the graph d is solvable in time 

time. They also show a 0 ( | t i m e  algorithm for the parameterization of ICG 

by both number of colors k  and the degree d of the resulting graph G'. .Although both 

algorithms have polynomial running times when k  and d are fi.ved, the algorithms are not 

practical since the degree of the bounding would be very large. Hardness for any level of 

the It-h ie ra rch y  remains open for these problems. This parameterization is motivated by 

the observation tha t the graphs arising in practice tend to be sparse; tha t is, the number 

of clones any particular clone overlaps is between S and 10. (Bounding the pathwidth of a 

graph still allows for arbitrarily high degree vertices. Their model restricts all vertices to 

a constant degree.) Hardness for some level of the 11 -hierarchy remains open for both of 

these formulations. See Table 3.1 for a brief historv of all of the above results.
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ICG Not finite s ta te  for k > Z [-19]

ICG 0 (|G |) algorithm  for k  =  2 [22. 49]

ICG A/’P-com pIete [49. .57]

ICG I f  [l]-h ard  (param eter A:)“ [49]

L n i t  ICG jA/'P-compIete [55. 57]

C n i t  ICG algorithm [65. 66]

L n i t  ICG LF[l]-hard (param eter A:)“ [65]

L n i t  IG F P T  (param eter p)* [66]

ICG LL'[f]-hard, Vf, param eter k [17. 18]

ICG 0 ( | f  |2) for t  =  3 [21]

ICG .V'P-compIete for fixed A: > 4 [22]

ICG (9 (H/|<i(t—1)) (param eter: k, d y [67]

ICG (9 (H/|^<i-i)) (param eter: k, d)'^ [67]

T a b l e  3.1: h i s t o r y  o f  I.n t e r v a l i z i n g  C o l o r e d  G r a p h s  a n d  r e l a t e d  p r o b l e m s .

“W here k is the number of colors.

'"Where p is the maximum number of edge cujditions allowed. 

“D egree o f graph G  is bounded by d.
"'Degree o f  resulting graph G'  is bounded by d.
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C hapter 4

Shortest C om m on Supersequence

Sec|iience comparison is used by biologists and biochemists for several reasons. Similarity 

between a set of molecular sequences may indicate significant shared attributes between or­

ganisms the sequences represent. Or, from the similarity and disparity of these sequences, 

it may be possible to infer phylogenetic relationships amongst the organisms. If the se­

quences represent homologous genes, the comparison may be used to obtain information on 

molecular structure or function (see the survey paper [36] and references therein).

.\t the most abstract level, we may view a  nucleic or amino acid sequence as a string formed 

over an alphabet of size 4 or 20, respectively. Computationally, multiple sequence com par­

ison problems are viewed as string matching problems and have received much attention 
over the past twenty years (see [36, 52, 80] for excellent surveys of these results).

Historically, the following computational problem 

L o n g e s t  C o m m o n  S u b s e q u e n c e

In s ta n c e : .A. set of k  strings { z t ,z g , . . . ,  i t }  over an alphabet Ü. a positive

integer m.
Q u e s tio n : Is there a string A' 6 S “ of length a t least m that is a subsequence 

of X,  for i  =  I  , k 1

has played an im portant role in the design of algorithms modelling many multiple sequence 

comparison applications.

MULTIPLE S e q u e n c e  A l i g n m e n t  (M SA )

In s ta n c e : .A. set of molecular (nucleic or amino acid) sequences .V =  {zi.X 2 , z&}.
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O u tp u t :  All iili^tiineiil A ' = (x ',, jj*  • • • > of Iht* set A vvlierf' (Ij for Mitiic

n. |x '| =  n for I < / < k. (2) x ' contains the sequence x, and ;i-(lens,tli of 

X ,) copies of a  special dummy base called an indel (denoted by A).

An alignment can be visualized as a A: x re m atrix in which row i corresponds to sec|uencc / 

and column j  corresponds to base j  or to a special dummy "base” called an indel (denoted 

by A). A gap is a maximal string of indels within a  row of an alignment. The rnsi  of an 

alignment is usually computed relative to some function /  which penalizes the alignment 

for various types of gaps and mismatches. Typically, biologists look for an alignment which 

minimizes the cost futirtion / .

In fa c t .  L C S  is a  r e s t r i c t i o n  o f  t h e  . \ICLTIPLE SE QU EN C E  ALIGNMENT p ro b le m  for  t l i e  c a s e  

w h e r e  /  i s  an a r b i t r a r y  fu n c t io n  p r o v id i n g  a lower bound o n  t h e  c o m p l e x i t y  for  t h i s  v e r s i o n

[16].

The second problem. C o n s e n s u s  S u b s e q u e n c e  D i s c o v e r y , arises from t h e  need to find 

short distinct characterizations of a set of molecular sequences. It is easy to s e e  the equiv­

alence of this problem with LCS.

C o n s e n s u s  S u b s e q u e n c e  D i s c o v e r y  (CSD)

In s ta n c e : .A set of molecular (nucleic or amino acid) sequences .V = (x ,. x_, xjt}.

O u tp u t :  The longest sequence A'' such th a t the base sequence of .V' is a sub­

sequence of each x, 6  .V.

The L o n g e s t  C o m .m o n  S u b s e q u e n c e  problem has been well-studied. There are many 

algorithms for the case where k  =  2 (see the survey in [79]) and it is known to be .V P -  

complete over a binary alphabet and an arbitrary number of input strings [70]. In [73]. they 

show LCS is ,V(y4/T&\'P-hard for an arbitrary alphabet and [23] strengthens this result to 

alphabet size 2. This means that it does not have a fully polynomial time approximation 

scheme unless P = .V P .  The best asymptotic algorithm s all have G(re^) running times [58. 

60].

In [16]. Lo n g e s t  C o m m o n  S u b s e q u e n c e  is parameterized in a number of meaningful 

ways. For all parameterizations with an unbounded alphabet. LCS is hard for various 

levels of the 11 -hierarchy. For fixed alphabet and parameterized by the length of the 

common subsequence, rei. LCS is FP T.  This is certainly "good news" for the C o n s e n s u s  

S u b s e q u e n c e  D i s c o \  e r y  problem if a small subsequence independent of the length of the 

input sequences suffices as a description for the k  sequences. Otherwise, in the case tha t
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larger subsequences are required. t,he variant of LCS with fixed alphabet and parameterized 

by the number of sequences k remains open.

Since the overwhelming majority of results concerning LONGEST C OM MO N  SU BSEQUENCE  

indicate th a t tractable algorithms are unlikely, it seems reasonable to begin searching for 

alternative measures on multiple sequence similarity and disparity. The remaining portion 

of this chapter looks a t a problem called S h o r t e s t  C o m m o n  S u p e r s e q u e n c e  (SC S). 

a closely related problem to Lo n g e s t  C o m m o n  S u b s e q u e n c e . Intuitively, this problem 

seeks to find the shortest sequence having each input string as a subsequence. Since, in 

some sense, SCS and LCS provide roniplernentnry perspectives on the set of input strings, 

it should provide meaningful information to biologists. In the remainder of the chapter, we 

review known results and investigate the parameterized complexity of this problem.

4.1 H istory o f  SCS

.A.S discussed in the previous section. LCS arose from molecular biology in the 1960s. Subse­

quently, related problems appeared having applications to text compression, d a ta  processing 

and mechanical engineering. S h o r t e s t  C o .m .m o n  S u p e r s e q u e n c e  was one of these re­

lated problems (see [52, 62, 70, 79]). We define several parameterized variants below.

S h o r t e s t  C o m m o n  S u p e r s e q u e n c e  (SC S).
In s ta n c e : Alphabet S. set of strings R = ( r , .  cg,. . . ,  rjt} € S*, integer M  6 N . 

P a ra m e te r :  k. (SC S-1)

P a r a m e te r :  M .  (SCS-2)

P a r a m e te r :  k, |E |. (SCS-3)

Q u e s tio n : Does there exist a string 6  S '  of length a t most M , th a t is a

supersequence of each string in /??

Like LCS, the overwhelming majority of results pertaining to SCS are “negative" and the 

general picture for this problem is bleak. For fixed alphabet size 2, SCS is W P-com plete 

[70, 75. 79], The best asymptotic algorithms are based upon dynamic programming and 

have running times of O(kn^) (this can be found in [79] and [4]). In [83], SCS is shown 

M A X S M V -h z-v d  meaning it does not have a fully polynomial approximation scheme unless 

P =  M V .  This was later improved upon by [23] who show that it remains M .A X S j \  V-h?Lvd 

for a fixed alphabet size of 2 . The best approximation algorithm for SCS guarantees a 

solution within a factor of 4 of optimal [63]. Table 4.1 lists the above results.



A T"-complete m  = Ô [70. 7Ô]

A 'P-com plete |S | =  2 [79]

A’P-com plete largest string length 2 

orbit “ is 3

[79]

0 (n‘) n =length of longest string 

I =num ber of given strings

[79]

M A X S M V -h z . td arbitrary alphabet [83]

-\4MA'5A/'P-hard fixed alphabet [23]

T a b l e  4 .1 :  A  h i s t o r y  o f  S h o r t e s t  C o m .m o n  S t  p e r s e q i  e n c e .

'Orbit is defined to be the maximum number of tim es a sym bol appears in all o f th e  

ir»put strings.

(liven the difficulty of these problems, biologists and biochemist;, are constrained to mea­

suring the commonality of a small number of sequences at a time. In practice, the number 

o f  sequences (strings) is independent o f the length o f the s tr in g s  a n d  nil other parameters o f  

the problem .  This observation motivated the parameterized complexity analysis by Fellows, 

Hallett and Kirby in [48]. Here they proved two results specific to S h o r t e s t  C o m m o n  

S l p e r s e q l e n c e  and a number of other results pertaining to a set of related M i n i m a l  R u n  

S l  p e r s e q l e . n c e  problems.

The first param eterization captures this notion of a bounded number of strings (SC S-1) and 

the theorem below strongly suggests th a t it is not F P T .  In other words, param eterization 

by the number of strings does not reduce the overall asymptotic behaviour.

T h e o r e m  1 3  ( [ 4 8 ] )  SHORTEST C o m m o n  S u p e r s e q u e n c e  p a r a . m e t e r i z e d  b y  t h e  n u m ­

b e r  OF i n p u t  s t r i n g s ,  k  (SCS-1) is hard for lT'[l]. |

It is also noted in Fellows, Hallett, and Kirby [48] tha t SCS parameterized by the length of 

the overall supersequences (SCS-2) is tractable. However, this param eterization does not 

seem biologically relevant.

T h e o r e m  1 4  ( [ 4 8 ] )  S h o r t e s t  C o m m o n  S u p e r s e q u e n c e  p a r a . m e t e r i z e d  b y  t h e  l e n g t h  

OF t h e  o v e r a l l  s u p e r s e q u e n c e ,  M  (S C S -2) is fixed param eter tractable (F P T ) .
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P ro o f: The algoritiun is straightforward but we include it here for the sake of completeness. 

Define E ' =  {cr|(7 Ç IZ and a  appears in r  for some r  6  /?}. It must be tiie case that

|D'| < M . Otherwise, answer SO . Now exhaustively check if one of the ) possible

strings for .1/  is a supersequence of all r  E A simultaneously. |

Note th a t Theorem l:f allows for an arb itrary  size alphabet when, in actual fact, the in­

stances which are derived from biological applications will be formed from alphabets of a 

fixed size (either approximately 4 or 20 depending on the type of sequence). This observa­

tion provides another possible avenue for escaping the spectre of intractability. Section 4.2 
is devoted to proving

T h e o re m  1 5 :  S C ’S  p a r a .m e t e r i z e d  b y  t h e  . \ u .m b e r  o f  s t r i .x g s  a n d  t h e  <IZE o f

THE ALPHABET (SC S-2) is hard for the

Of course, this does not rule out the possibility for tractable algorithms for a fixed size 

alphabet: it implies that as the number of strings and the size of the alphabet approaches 

infinity, SCS seems intractable.

4.2 N otation

.A.n alphabet S is a finite set of symbols. A string over S  is a finite sequence of symbols. 

Let |5 | denote the length of S € S '.  Let R - S  (or R S  when no ambiguity can arise) denote 

the concatenation of string S to the end of string R. .A subsequence A of a string 5  (write 
RÇjS)  is any string that can be obtained from S  by deleting zero or more symbols from

5 . A string R  is a supersequence of a string S  if 5  is a  subsequence of R. We call a string 

5  a substring (or contiguous subsequence) of a string R if R  = S1SS2 for some strings 5i

and 52 . A string 5  is a supersequence of a set of strings R = { ri,r>  r;.} if each r, is a

subsequence o f .?.

Let R = r%r2 . .  f't be a subsequence of S  =  S1S2 . . .S / .  .An embedding of R  in 5  is a 

monotonically increasing function /  from to [1../] such that r, and , are the same 

symbol for all i E We say that r, is mapped onto sypj by / .  For a set /? =

( r ,.  To r^} of strings and a string 5  an embedding of A in 5  is a A,--tuple ( / ,  . f t  fk)

where / ,  is an embedding of r, in S.

For a string 5  and / E N , define (5 ) ' =  (5) • ( 5 ) '" \  (5)° =  e. the empty string. .Note that 

the occurrence of symbol r  E S in string 5  is the element xE*5 such that 5  =  S^xS-i
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a n d  ( x ) ‘ ‘ G s 5 i  b u t  { x ) ‘^ , S i .  for  « >  1.

4.3 Hardness for SCS-3

VVe r e d u c e  f r o m  t h e  p r o b le m  C l i q l  e w h ic h  is  p r o v e n  I ] - c o m p l e t e  in [41] .

k - C U Q U E

I n s t a n c e :  A  f in ite  g r a p h  G  =  ( V.  E )  w i t h  n o  s e l f - l o o p s ,  a n  in t e g e r  k.

P a r a m e t e r :  k .

Q u e s t i o n :  D o e s  t h e r e  e x i s t  a  se t  T '  Ç  W  | l ' ' |  >  k .  s u c h  t h a t ,  for  a ll  u.  v  E ^

{ u , v )  6  £■?

T h e o r e m  1 5 :  S h o r t e s t  CcM.vtox S c P E R S E Q t  E x c E  p . \ r a . v i e t e r i z e d  b y  t h e  . n e m b e r  

OF STRINGS k  .AND THE SIZE OF THE SIZE OF THE ALPH.ABET | S |  ( S C S - 3 )  is  h a r d  fo r

n -[ i |.

Let G  =  [V ,E)  and k  be an instance of the A;-Cliqle problem. W.l.o.g. assume the 

vertices are labeled by integers from {I : |l ' |} .  For edges (x .y) and {x',y') in E, we say 

th a t (x .y) < {x',y'), if either x < x' or j: =  x ' and y < y'. Let cr : E  { i  : |E |}  be 

the bijection defined as follows: (x.y) < (x '.y ')  if and only if cr((x,y)) < cr((i', y ')). .As a 

notational convenience we simply write or(x.y) to denote cr((x,y)).

W e  c r e a t e  a n  i n s t a n c e  o f  t h e  S h o r t e s t  C o .m .v io n  S l  p e r s e q u e n c e  p r o b le m  a s  fo l lo w s .  F o r  

i . j ,  i < i < j  < k, l e t  E b e  t h e  f o l lo w in g  s e t  o f  ( a r b i t r a r y )  s y m b o l s  : {L \ j ,  L \ ^  Pl j, PE,  }u

Zup =  ( ( b ) - ( 0 ) ' ^ l - ‘ • ( b ) - L - p S e l e c t o r . ( f ) - ( ( b ) - ( f ) ) ' ^ ' - ‘
k

U p S e l e c t o r  =  S e le c t  ( ;)
1=1

S e l e c t ( i )  =  L a tc h ( f )  • (Posit ion(t))^^^'*’ * • L a t c h ( t )
1-1 k

L a t c h ( i )  =  ( n c . i >  ( n
J = l  J = t + l

F o s i t i o n ( i )  =  ( n p ; , )  ( n
J = l  J = ‘ + i

Zdown =  ( ( b )  • • (b> • D o w n S e l e c t o r  • ( f)  • ( ( b )  •
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k
DovvnSeiector = J][(Latch(/) • [nterT\vinc(/j ■ Latch[/)) 

1 = 1
t - l  Jt

InterTwine(0 =  ( ( H  ' ( H  A'.;))'
j = l  j = i + l

[.(•t .V =  {A',.j|l < i < j  < k}  where

\E\
Xi,j =  J J ( (b )  • EdgeEnforcer(o-~‘(/;). ( / .7 )) • (f))

p = i

EflgoEnforrer((u. v). (i . j)) = L\ ■ ■ E ndP t(/. «. {i . j )] - L[ . ■ U  ̂  ■ EndPt(). t’. { i . j ) ) -  L\  ̂

y |i ’l
E n d P t(x .y .( / .j) )  =  ( H a T ; )  A" ( n o

9 = 1  7 =  9

Xoto tha t \R\ = (2) + 2  and |S | =  6 (2)+ 2 .  Let .V/. the length of the common supersequence, 

e q u a l  4 | £ - |  +  | E | ( * ) ( 2 | K |  +  1 0 ) - 2 .

Figures 4 . 1 and 4.2 give an example construction of an instance of SCS-3 and several of the 

combinatorial gadgets described above. We interpret "L“ symbols from E as representing 

lalchf.-i. P  symbols as representing posixon, and f  symbols as representing intertwine. Strings 

Z„p and Zdoxvn zict as selection components and provide a backbone structure for the X ( j  
strings to latch on to. We typically use i . j  to index the set A' and u. c to represent elements 

of l ' ( 6 ’).

L em m a 2: G  has a clique of size k if and only if R  has a common supersequence of length

< Af.

Proof: (=>) Let G  have a clique of size k  labelled {ui. u ,  Uk}. Since («,, Uj) E E,  there

exists a contiguous subsequence ((b) • EdgeEnforcer((u,. Uj ) .  {i. j)) - (f)) in each .X ,j .  Let 

nii.j = <y{Uf U;) for all i . j ,  I < i < j  < k.  Let S  be the common supersequence of R  and 

construct S  as follows:

0 . —  £

for p : l..|E | -  I do

1 s  ^  5  ■ ( b >  - ( n t , ' n X . + ,  1  '  _  ^ ^  )  ( 0
EdgeEnforcer(<7 (p ) .( '-7)) otherwise
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Figure 4.1: Example Construction of an instance of SCS-3 from Gc 'Uqt ie  •



se iec i ( i )  = L(i) < (1 )  .L(1) = l : ^  l ; , g ; g ; . g ; . g ; , g ; , g ; ,g : , g : . , g ; . ,  g : . . l  l

EdgeEnforc8r((M).(1^)) = L ' ^ G ;  , G: ,1 I . G; ,G ;  , G L  L: , L ' . .  G - . 0 ' :  , ' 1 , ' " :  ,G  ,G L

------------- EndPt(1.2,(1.2))  - j - ---------------- EndPt(2,3.(1,2))--------------------^

lnterTv*lne<1) = l : J  ; ,1 - J  : , lnlerTwlne<2) = I f J  ‘ ,I f 1̂ '  ,

Figure 4.2: Combinatorial Gadgets used in the SCS-3 reduction

end for

2. 5  f -  5  • (b) 

for p : I.-A: do

3. S  S  • Latch (/>)

for r : l..Up do

4. «S <— 5  • Position(p)
end for

•5. S  ^  S  ■ InterTvvine(p)

for r : Up..\V\ do

6 . S  S  ■ Position(p)

end for

7. <S <— 5  • Latch(p)

end for
5. S i — S  ■ (f)

for p : 2..\E\ do

9. 5  < - s  • <b> ■ ( n t , ' n ; = , „  (  ‘ ^ )  (f)
EdgeEnforcer((T (p), (L j))  otherwise

end for

C la im  2.1: (i) |«S| =  M  and (ii) for all r Ç. R.

P ro o f: (i) To see tha t |S | =  M . note that lines I. 2. S. 9 contribute 4 |E | - 2  (b) and (f) sym ­

bols. Lines 1,9 contribute ( |E | -  l)(^)(2n + 10) symbols from the EdgeEnforcer gadgets. 

Lines 3. 7 contribute a total of k{k  -  1)2 "L" symbols whilst lines 4.6  provide k[k  -  I)(n  4- I) 

"P” symbols. Line 5 provides k(k  -  1)2 "I" symbols. It is straightforward to verify this 

summation equals M .
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(ii) I licre are 3 cases.

Case I: ZupÇisS.  It is easy to verify th a t lines 1. 2 .X.9  supply the correct order of (b) 

and (f) symbols. Lines 3 ,4 ,6 ,7  provide the correct order of symbols to  construct the 
Select f 1 ) —  Select(Ar) gadgets.

Case 2: Z-iownEsS. Again, it is easy to verify that lines 1 .2 .8 .9  supply the correct order 

of (b) and (f) symbols. Lines 3,7 supply the correct order of symbols to construct the 

Latch gadgets and line 5 supplies the InterTwine gadgets.

Case ■}: X , , j £ s S .  for all i , j ,  I <  i <  j  <  k.  Line I places EdgeEiiforcer(o'~^(p), (i. j ) )  

between the /^ th  occurrence of (b) in S  and the p-th  occurrence of if) in ,5 for p < m, j .  To 

see that EdgeEnforcer(o-“ ^(m ,j), (L j)) is a subsequence of 2>. note that lines 4 ,5 .6  place 

InterTw inef/) between the m ,-th  occurrence of Position(/) and the ( m, -y I ) th occurrence of 

Position(/ -y 11. for (m,, m^) =  (T"*(m,j). Also. InterTwine(y ) is placed between the m^-th 

occurrence of Position (j) and the (mj +  l) - th  occurrence of Posit ion |. Lines 3 .7  supply 

the appropriate sequences for the Latch gadgets. Line 9 placed EdgeEnForcer(cr~*(p), (/,y)) 

between the ( |E | +  p )-th  occurrence of (b) and the ( I f l  + p) -th occurrence of (f).

This establishes the claim and the forward direction of Lemma 2 . |

(<=) Let R have a  common supersequence S  of length < .\[. VVe begin by showing a simple 

lower bound on the length of S .  Note th a t there are > 4 |E | -  2 (b) and (f) symbols in 

since ((b) ■ Define to be the subsequence of .V,  ̂ by deleting all

occurrences of the (b) and (f) symbols. For two distinct strings and A'-/j/, there is 

no symbol from S  tha t appears in both of these strings simultaneously. This implies any 

common supersequence of Ui<,<j<jfeA',-y (and therefore .\') has length > (2) |£ '1(2 |V"| +  10). 

In total, any common supersequence for X  and the (b) and (f) symbols from Zup has length 

> 4 |£ - | - 2 - y  (^•)|E|(2|K| +  10) =  M.

The next two statem ents follow directly from the preceding argument.

C o ro lla ry  3: Every (b) or (f) symbols in any or Z.i^wn must be mapped to the same

element of 5  as a  (b) or (I) symbol from Z^p. I

C o ro lla ry  4: For every symbol in the UpSelector or DownSclector gadgets of Z^p and

Z.i„,,n- there is a symbol in some such that both are mapped to the same element of

I
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[t is easy to see that the ;>-th (b) symbol (p-th  (f) symbol) from ami the />-th (b) 

symbol (p-th (f) symbol) from Zdown must be mapped to the same element of 5 .

Fix i and j .  I < t < j  < k. Let Select'(i) be the subsequence of Select!/) obtained by- 

deleting all symbols of the form L ‘, y  and Pj, y ,  where i' ^  i or j '  ^  j .  Now consider 

By Corollary 4, every symbol of Select'(f) must be mapped to the same element of 5  as 
some subsequence \ of

C la im  4.1: \  is a contiguous subsequence of Xi j .

P ro o f: Suppose otherwise. Write \  =  Yt, %2, - - , Xr so that each \ ,  is a contiguous subse­

quence in X,.j. It follows that there exists a q such tha t \ ,  is a contiguous subsequence in 

EdgeEnforcer(cr~‘(s). [i . j \ )  and t is a contiguous subsequence in Edge E n forcer ( " '(  t ). {i.J] 

for I < s < t < jE' .  In the common supersequence S,  there exists [I -  ■>) I(f) • (b)) se­
quences of symbols from .V,.j not mapped to the same elements of 5  as (/ -  si subsequences 

of ((f) • (b)) symbols from Z^p- This contradicts Corollary 3. I

Now X is a contiguous subsequence of X i j  and note that \  must be equal to one of the |E |

L‘- j ■ EndPt(/. u. ( /.)))  • L\ j gadgets from The next claim follows directly from this

observation and how the X,,j were constructed.

C la im  4.2: The subsequence l\ j ■ I\^ of E ndP t(i, u, {i . j ))  is between the //-th occurrence

of P' j  and the (« -1- l) - th  occurrence of from Z„p, for some 1 < u < |C |.

We call the subsequence defined by these gadgets to be the signature for vertex n.

Define Select'(J) in the satne manner as Select'(i) but deleting symbols of the form L(, y  and 

Pft y  By the same argument as in Claim 4.1, we can show there exists a \ '  corresponding 

to a contiguous subsequence of the form L\^ • E ndP t(j, v. {i , j )) ■ L \ y

C la im  4.3: \  • is a contiguous subsequence of

P ro o f: Suppose otherwise. Then \  is acontiguoussubsequenceofEdgeEnforcer(cr“ ^(p), ( /.)))  

whilst \ '  is a contiguous subsequence of EdgeEnforcer(o"^(g), (t.y)) for p < q. Therefore, 

there exists [q -  p) (f) • (b) sequences of symbols not mapped to the same elements of 5  as 

(? -  P) (0 3.nd (q -  p) (b) symbols from Z„p. Again, this contradicts Corollary 3. |

Observe that the contiguous subsequence \  ’ x'  must be exactly EdgeEnforcer(( u. c). {i. j)) 

for some («, v) £ E. We say tha t X,,j enforces (u, v) € E.
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C la im  4 .4: If X i j  enforces edge {u. c) £ E  tlieri.

(i) A't.j/, y  J , enforces some edge of the form (u. c') £ E  for u < v' < |K |, and

(il) i' #  i, enforces some edge of the form (« '. r) £ E  for I < u' < v.

Proof: Let X i j  enforce edge (u,u) € E.

(i) Suppose this were not true and X, j> enforces some edge {u',v') £ E , u' y  u. W.l.o.g.

assume u' > u. Then, by Claim 4.2. the subsequence - f - j  of is between the u -th  

occurrence of P fj  and the (u + l) - th  occurrence of P fy  .-Vgain, by Claim 4.2, the subsequence

■ I\j ,  of  Xi j t  is between the u '-th  occurrence of PI y  and the [u' +  l) - th  occurrence of

P l y

.Vow [[J ■ [ \y  • • I l y  is a subsequence of InterTwine(/). But I\^ ■ f - j  appears before the

( u + I )-th  occurrence of P- j implying they appear before the u '-th  occurrence of P^j>- Since 

Pi.j' ■ Pi.j' appears after the u '-th  occurrence of PI y  at least one symbol of the InterTwine (/) 
gadget is not mapped to the same element of 5  as any element appearing in any of the  strings 

of .V. This contradicts Corollary 4.

(ii) .\n  argum ent symmetric to that of part (i) establishes this case as well. |

C la im  4 .5: The set X  enforces (g) distinct edges.

Proof: Suppose X { j  and AVj' both enforce edge (up, u,) £ E, i ^  i' or j  j ' .  W .l.o g., 

assume j  ^  f .  Consider Xj^y.  By Claim 4.4, it must enforce an edge of the form 

(ug. Ug). But G  is a  graph without self-loops, (ug, Ug) ^  E, and hence there is no (b) • 

EdgeEnforcer((ug, u ,), ■ (f) in Xjj>.  Contradiction. I

C la im  4 .6 : The contiguous subsequences Select(t)GaZup and InterTwine(i) £ Zdoxvn- 1 < 
i < k. define k  distinct signatures (u i. i/ > ut}.

Proof: Suppose there are < k  distinct signatures defined by S .  Then there exists i and 

i'. i ^  i', such th a t both Select(i), InterTwine(i) and Select( / ) ,  InterTwine(i') define the 

signatures for vertex u, =  u,#. Now consider string It must enforce an edge of the

form (u,. u,). but G  is a graph without self-loops, (u,. u,) ^  E. hence there is not gadget of 

the form (b) • EdgeEnforcer((u,, u,). (i. /')) • (f) in X^y-  Contradiction. |

The {ui, U2,...,U fc}  correspond to k distinct mutually adjacent vertices in G  and now the 

backwards direction of Lemma 2 follows. |
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Chapter 5

Open Problem s and Conclusions

W e  feel th a t  t h e  m a j o r  c o n t r i b u t i o n s  o f  t h e  w o r k  p r e s e n t e d  here in are:

•  A thorough complexity analysis from the vista of various computational complexity 

frameworks of the problem In t e r v a l i z i n g  C o l o r e d  G r a p h s . Our combinatorial 

problem models in a straightforward way the determination ofcontig assemblies in the 

mapping of D.N’A via restriction enzyme based approaches. This conceptual simplicity 

allows for ease of study from theoretical perspectives. .A mapped of the inherent 

hardness of this problem is presented and several shortcomings and weaknesses are 

discussed.

•  W e  rule out the possibility of fixed param eter tractable algorithms for S h o r t e s t  

C o m .m o n  S u p e r s e q u e n c e  unless unlikely collapses occur. This can be seen as a 

failed attem pt to circumvent the intractability one faces when attem pting  to align 

multiple molecular sequences, a problem arising often in biology and biochemistry.

•  Via the *—heuristic, we find an interesting relationship between the combinatoric 

mechanics of non finite-stateness proofs and parameterized reductions. This gives 

a useful tool for the initial phases of parameterized reduction design.

•  In t h e  c a s e  o f  At- I n t e r v a l i z i n g  COLORED G r .a p h s . w e  p r o v id e  a p r o o f  t e c h n i q u e  for  

s h o w i n g  h a r d n e s s  f or  t h e  k F - h i e r a r c h y  w h i c h  is t e c h n i c a l l y  d e m a n d i n g  b u t  c o n c e p t u ­

a l l y  s i m p le .

For  In t e r v a l i z i n g  C o l o r e d  G r a p h s  a n d  S h o r t e s t  C o m m o n  Sl p e r s e q ü e n c e  i t  re­

m a i n s  o p e n  w h e t h e r  t h e s e  p r o b l e m s  b e l o n g  t o  s o m e  level  o f  th e  h i erarchy.  C u r r e n t l y ,  i t



is known I key are hard for for all <, and hard for respectively. In the former

case, membership in l l ’[P] implies V  = jV V  and; therefore, it seems unlikely this problem 

belongs to even this top-most region. Furthermore, it would seem reasonable tha t IC’Ci is 

hard for W[P\ but no proof has been forthcoming.

.A. p r o o f  o f  m e m b e r s h i p  for  S h o r t e s t  C o m m o n  S u p e r s e q u e n c e  d o e s  n o t  c a r r y  w i t h  

i t  s u c h  d r a s t i c  c o m p l e x i t y  c o l l a p s e s :  a l t h o u g h ,  o n c e  a g a i n ,  n o  p r o o f  o f  m e m b e r s h i p  nor  

h a r d n e s s  for  \V[P] h a s  b e e n  f o u n d .

Besides In t e r v a l i z i n g  C o l o r e d  G r a p h s  and S h o r t e s t  C o .m .m o n  S i p e r s e o i  e n c e s .  

many other problems such as B a n d w i d t h , P r e c e d e n c e  C o n s t r a i n e d  k- P r o c e s s o r  

S c h e d u l i n g , and T r i a n g i  l .a t i n g  C o l o r e d  G r a p h s  have been show hard for s o m e  

level of the II-hierarchy yet their membership a t any level remains open. This hint> at  

interesting classes above ICfP] which have been for the most part still unexplored.

O f course, all the variations of ICG presented thus far have unacceptably bad asymptotic 

running times. Possibly a more refined model of the SEQUENCE R e c o n s t r u c t i o n  probletii 

will lead to more tractable problems. There is some hope for this and a more thorough 

examination of actual data arising from experimental biology may be the key to such a 

breakthrough. For example, it may be feasible to characterize better the family of graphs 

induced by the biological data or possibly to understand better where and in what form 
errors manifest themselves in the data .

O ur results show that the com putational complexity of In t e r v .a l i 2I.n g  C o l o r e d  G r a p h s  

varies dramatically with the redundancy factor k. It seems natural to consider models of the 

S e q u e n c e  R e c o n s t r u c t i o n  problem which do not require tha t the assembled sequence 
to  be one single contig but. instead, a small set of contigs which could be joined together 

later using separate biological experiments. Lowering the redundancy factor to say 3 would 

allow the use of known polynomial time algorithms for IC G  and still provide relatively few 

disconnected contigs (see [74] for a preliminary discussion of this issue).

Two interesting open problems which seem very biologically relevant are determining the 

complexity of Lo n g e s t  C o m .m o n  S u b s e q u e n c e  and S h o r t e s t  C o m m o n  S u p e r s e q u e n c e  

when the size of the alphabet S  is fixed and the number of input strings is a param eter. 

The cases where the size of ^  is approximately 4 to 6 (for nucleic acid sequences) ami lb 

to 20 (for amino acid sequences) are of particular interest.
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