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ABSTRACT
Real-Tim e systems are specialized com puter systems where a set of tasks 

need to be executed w ithin a specified deadline. The im precise com putation 

approach is a technique for robustness where the accuracy of tasks’ com pu­

tations are traded for m eeting the tim ing constraints. Under this technique, 

every task is partitioned into two subtasks, nam ely m andatory  and optional. 

In order to obtain  an acceptable result, the  m andatory  subtask of every such 

imprecise task in the task set m ust be executed. The optional subtask, if 

executed, refines and improves the result produced by the m andatory  part.

We first consider the  problem  of scheduling a set of independent tasks w ith 

identical ready times, arb itrary  execution tim es and identical deadlines, for 

lim ited tim e available and fully available m ultiprocessor real-tim e system s. 

We extend our result for imprecise tasks by providing an optim al scheduler 

th a t schedules optionals in the m axim um  possible num ber of tim e slots. We 

propose an adaptive preem ptive scheduler for scheduling external sporadic 

tasks in a m ultiprocessor real-tim e system , where th e  imprecise tasks have 

been scheduled a t pre-run-tim e. During run-tim e we optim ally schedule the 

external tasks using the proposed adaptive scheduler. The scheduler removes 

the m inim um  num ber of optionals from th e  pre-run-tim e schedule to accom­

m odate the external tasks.

We present a model for representing fault-to lerant parallel program s in 

a real-tim e shared m em ory system. We m odel parallel program s, and de­

rive the  condition under which a  program ’s deadline can be m et. We apply 

a mechanism based on im precise com putation technique and provide an al­

gorithm  for deciding when to sacrifice result accuracy in order to m eet the 

tim ing constraints of parallel programs.

Finally we address th e  problem  of achieving fault-to lerant real-tim e ser­

vice in a  network of fault-to lerant servers. We use the  prim ary : ite  approach



where every service is replicated in several sites, one of which is selected as 

the  prim ary. T he other sites on hot standby are backups. W hen a prim ary 

fails, one of the  backups takes over as prim ary while the  failed prim ary joins 

the  repair queue. Two types of repair services are considered, nam ely the 

delayed repair service and the im m ediate repair service. We analyze the  av­

erage response tim e of the system  when the repair server uses LCFS service 

discipline to  service th e  failed sites. We com pare th e  derived response tim e 

w ith the average response tim e of a system  with a  repair server th a t uses 

FCFS service discipline.
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C hapter 1 

In trod u ction

1.1 R ea l-T im e S ystem s

R eal-tim e system s are generally defined as systems tha t m ust respci 1 to 

external requests in a tim ely m anner. Raal-tim e systems are characterized 

by the  fact th a t the  acceptability  4 ou tpu t depends noi only on the logical 

correctness of th e  result, bu t also on the tim e at which it is available. Hence 

real-tim e system s are used in tim e-critical applications, such as com m and 

and control system s [1], nuclear power plants, process and flight control sys­

tem s [2], space shu ttle  and aircraft avionics [3], and robotics [4]. Real-tim e 

com puting is a wide open research area of challenging problems. Articles on 

the current s ta te  of the a rt in real-tim e com puting can be found in [5,6,7,8].

A deadline of a real-tim e task  can be defined as a tim ing constraint (spec­

ified in term s of tim e units) w ithin which the task m ust be executed. Rajku- 

m ar [9] classifies real-tim e tasks into three categories depending on its arrival 

pa tte rn  and its deadline. They are as follows:

•  a  task deadline is classified as a hard deadline if it is critical to system  

functionality  and m ust be m et a t all cost. For exam ple, an exception 

task  in a space shu ttle  or a nuclear power plant m ust be executed within 

a specified deadline, or the consequences m ight be catastrophic.
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•  In contrast a task deadbne is classified as a soft deadline if it could be 

missed occasionally w ithout leading to a catastrophic consequence. For 

exam ple, in a telecom m unication system, if a call does not go through 

the user needs to dial again. Similarly in a m ultim edia system , if video 

signals cannot be delivered within a deadline, j i t te r  results. Therefore, 

the system  does not fail bu t perform ai ce is '.egracled.

•  The last category of tasks which may be executed in a real-tim e sys­

tem  is one with no specific deadline. External and sporadic background 

tasks th a t perform  m aintenance and testing activities typically fall into 

this category. We notice th a t the arrival tim es of m aintenance tasks 

are m ost often not known in advance and they tend  to  execute a t the  

same, lower or higher priority depending on their criticality. For ex­

am ple, m aintenance tasks in telecom m unication system s to  reconfigure 

or repair rem ote system s could be as im portan t as o ther tasks th a t are 

executing, bu t the  arrival tim e of the  m aintenance tasks may not be 

known in advance.

In addition to the tim ing constraints, a task m ay also possess, among 

other.1. , resource constraints, precedence constraints, concurrency constraints 

and com m unication constraints. A task may have resource constraints if it 

requires access to certain resources other than  the CPU , such as I /O  devices, 

d a ta  structu res, files and databases. A complex task  m ay be broken into 

m ultiple subtasks related by precedence constraints. Similarly, a real-tim e 

parallel program  may be subdivided into m ultiple tasks where the  tasks are 

represented in term s of a  precedence graph. A task m ay have concurrency 

(m utual exclusion) constraints if several other tasks access the  sam e set of 

resources th a t it accesses. A task m ight be using resources from various 

nodes or m ight be obtaining a  result from another task, in which case the 

task is constrained by the com m unication delay.
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W ith  the advent of new technology and the availability of sophisticated 

processors, m ultiprocessor systems are often used to im plem ent complex real­

tim e applications. A lthough the available com putation power has increased, 

the com plexity of various problems related to real-tim e systems has not de­

creased. One of the m ajor problems in real-tim e systems is to guarantee the 

execution of tasks w ithin a specified deadline. Real-tim e schedulers play an 

im portan t role in providing such a guarantee. It is extrem ely difficult, and 

often in tractab le , to obtain  a general optim al scheduling algorithm  for tasks 

w ith several constraints. Hence research on obtaining optim al scheduling al­

gorithm s is focused on sets of tasks with lim ited constraints, in this thesis, we 

focus on the task  scheduling problem for m ultiprocessor real-tim e systems. 

In th e  following section we provide more insight into real-tim e scheduling 

problem s.

1.2 R ea l-T im e Scheduling

Research in scheduling has been well established in the areas of produc­

tion engineering, operations research and m anagem ent science [10,11,12]. 

Scheduling algorithm s in these areas typically optim ize m etrics such as the 

to ta l com pletion tim e, schedule length, and m axim um  lateness. Scheduling 

algorithm s th a t minimize the schedule length can be useful for real-tim e sys­

tem s if th e  tasks have a com mon deadline. Scheduling algorithm s from other 

disciplines, th a t optim ize m etrics such as to tal completion tim e and maxi­

m um  lateness, are in general not useful for real-tim e systems since they do 

not take  into account th e  deadlines of tasks.

An optim al scheduling algorithm  for a  real-tim e system  is one which guar­

antees a feasible schedule for any task set, if such a schedule exists. In other 

words, if an optim al scheduler fails to  m eet the deadline for any task set, then 

there cannot exist a scheduling algorithm  th a t would m eet the  deadline for
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th a t task set. Stankovic et al. [13] elaborate on some classical results in gen­

eral scheduling theory th a t hold true  for real-tim e scheduling. A selection of 

papers th a t focus on the state-of-the-art in real-tim e scheduling can be found 

in [14]. Casavant and Kuhl [15] provide a  comprehensive litera tu re  survey on 

various real-tim e scheduling algorithm s. Lavder et al. [12] provide an excel­

lent survey on the complexity of various scheduling algorithm s. We discuss 

in detail various issues pertain ing to pre-run-tim e and run-tim e scheduling 

algorithm s for m ultiprocessor real-tim e systems in the next chapter.

Three  im portan t characteristics for a  real-tim e task are its ready tim e , 

computation tim.e and deadline. Task scheduling in real-tim e systems can ei­

ther be static  or dynamic. A static  approach calculates schedules for tasks at 

pre-run-tim e (before run tim e), and therefore requires com plete prior knowl­

edge of tasks’ characteristics. Hence, algorithm s for this approach are often 

classified as pre-run-tim e scheduling algorithm s. A dynam ic  approach de­

term ines schedules for tasks at run-tim e and allows tasks to be dynam ically 

invoked. Hence a  dynam ic scheduling algorithm  has com plete knowledge of 

currently  active tasks only, and the  characteristics of tasks th a t m ay arrive in 

fu ture are known only upon their arrival. Such algorithm s are often classified 

as run-tim e scheduling algorithm s.

1.3 F ault-T olerance in R eal-T im e S ystem s

The increasing application of com puters to  real-tim e control functions has 

created situations in which a com puter failure could result in unacceptably 

high costs, e ither in term s of life or property. Such system s therefore, require 

a high degree of fault-tolerance. Fault-tolerance for real-tim e system, is 

provided either a t node level or a t task level. Node level fault-tolerance is 

provided by replicating hardw are on which the  application is im plem ented 

and defends against hardw are m alfunctions, whereas task  level fault-tolerance



is provided by replicating tasks th a t arc executed in the system  and defends 

against some task  malfunctions.

1.3.1 Architecture and Hardware

A critical design issue for any fault-tolerant system is redundancy m anage­

m ent, i.e., the control of resources for fault-tolerance. Fault-tolerance in a 

real-tim e system  is based on masking errors, either for the duration of the 

mission (static  redundancy), or until the error can be isolated and the sys­

tem  reconfigured (dynam ic redundancy). S tatic redundancy requires massive 

physical redundancy, bu t needs only simple redundancy m anagem ent. Dy­

nam ic redundancy minimizes ex tra  hardw are and allows re-scheduling and 

reallocation of tasks. It also provides graceful reconfiguration, by excluding 

nodes as they fail and readm itting  them  as they are repaired.

To increase1 th e  reliability or availability of a system  w ithout sacrificing 

response tim e, fau lt tolerance techniques are employed for real-tim e systems. 

The prim ary  site approach is a technique used for achieving fault-tolerance 

w ithout sacrificing average response tim e of the system [16]. In the prim ary 

site approach, each of the  systems to  be m ade fault-tolerant is replicated and 

called a  ’’site” . One of the  sites is elected as the prim ary and services all 

the task  requests while the others remain on hot-standby as backups. The 

prim ary periodically checkpoints its s ta te  inform ation on backups. If the 

prim ary fails, a backup takes over as the new prim ary and sta rts  executing 

from th e  latest checkpoint while the  failed prim ary joins a repair queue. 

Huang and Jalo te  [17] studied th e  availability and reliability of a  prim ary 

site system . T hey also analyzed the  average response tim e and its effect on 

checkpointing frequency in [18].

A landm ark  developm ent in the  search for extrem e reliability in real-tim e 

control system s was the Software Im plem ented Fault-Tolerance (SIFT) com­
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pu ter system [2] [19]. The SIFT project pioneered both  theoretically provable 

fault-tolerance and system  consistency. SIFT has a large system  overhead 

since the fault-tolerance and executive functions are im plem ented in software 

on the same processor which performs the application tasks [20]. Scheduling 

for all tasks in SIFT is s ta tic  [20] [21]. A contem porary alternative to  SIFT 

was the Fault-Tolerant M ultiprocessor (FTM P) architecture [22]. FT M P 

has hardw are trip le m odular redundancy (TM R), priority  based scheduling, 

exact voting and tigh t synchronization. A M ulticom puter A rchitecture for 

Fault-Tolerance (M A FT) [23] is another system  th a t provides extrem e re­

liability w ithout sacrificing perform ance, flexibility, or program m ability. In 

M A FT, resource availability to  application tasks is im proved by separating 

system  overhead from application functions.

1.3.2 Software Fault-Tolerance

R eal-tim e applications require continuity of correctly com puted ou tpu t, and 

th a t implies correct perform ance of bo th  hardware and software. Software 

fault-tolerance is achieved by incorporating redundancy in the tasks th a t 

run  in the  system. The Recovery Block Scheme pioneered by Horning et al. 

[24] a.nd Randell [25] m eets these requirem ents. In recovery block m ethod, 

tasks are replicated and an acceptance test is conducted after execution of 

a  task. If the task fails to  satisfy the acceptance test then  an a lte rna te  task 

is executed. Finally when no alternate  tasks are available, an error routine 

is executed. Hecht [26] developed a technique for reliability analysis of a 

software system , illustrating  the application of the  recovery block to  real­

tim e program s by adding a  tim er m odule to  m onitor the  execution of a  task  

w ithin its deadline. D eadline M echanism [27] is a variation of the recovery 

block scheme where every task  has two variations nam ely prim ary and alter­

nate. T he prim ary task, prone to  miss deadlines provides an accurate result,



whereas the a lternate  task  does not miss deadlines and provides an approxi­

m ate result. N-Version Program m ing (NVP) is another well known software 

fault-tolerance technique where N  versions of the tasks are executed and a 

voting is done on the results [28].

Im precise com putation technique was introduced as a part of real-tim e 

system  nam ed Concord, to provide task level fault-tolerance [29]. Two ap­

proaches namely, m ilestone approach and sieve approach were introduced in 

[30] to  im plem ent im precise com putation. The m ilestone approach periodi­

cally records in term ediate  results and accepts the la test recorded result when 

a deadline is reached. T he sieve approach skips certain  predefined sections 

of code, thereby trad ing  precision for time.

Liu, Lin and N atara jan  [31] decomposed the tasks as m andatory and 

optional subtasks to  formalize the  imprecise computation approach. In order 

to obtain  an acceptable result the  m andatory  subtask of every task has to be 

executed. O ptional subtasks m ay then be executed in full or in part if ex tra  

tim e rem ains. T he optional subtask refines and improves the result produced 

by the  m andatory  subtask. If th e  optional subtask is fully executed, then  

we obtain  an accurate result. A partia l am ount of an optional subtask can 

be executed to ob ta in  an  acceptable partially accurate result. A system  

th a t allows the im plem entation of imprecise com putation approach to a task 

set is known as imprecise computation system. The im precise com putation 

technique finds applications in telecom m unication [32], d a ta  base system  [33, 

34] and image and  speech processing [35].

1A  Fault-T olerant Scheduling

In a hard  real-tim e system , a  tim ing fault is said to occur when a real-tim e 

process delivers its  result too late. W hen redundancy is introduced into the 

software system  to  achieve fault-tolerance, the  num ber of tasks to  be executed
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increases dram atically. An efficient algorithm  is needed to  schedule tasks in 

such a  way th a t usage of additional resources is minimized. A fault-to lerant 

scheduler achieves a good balance between satisfying the  tim ing constraints 

and achieving result accuracy.

Pre-run-tim e fault-tolerant scheduling is done w ith com plete a priori 

knowledge of the task characteristics. The scheduler in M A FT follows the  

fram e work for fault-to lerant software proposed by Anderson and K night [36], 

where tasks are allocated to processors at pre-run-tim e based on the ir peri­

odicity, precedence relationships and task priorities. M ultiple versions of the  

tasks called clones were used by K rishna et al. [37] to  achieve fault-tolerance. 

There are two types ol clones, namely prim ary  and ghost. A prim ary  clone 

is executed normally, whereas the ghost clone is a backup copy which lies 

dorm ant until it is activated to take the place of a corresponding prim ary. 

A fault-to lerant scheduler based on this m ethod was introduced to  achieve 

quick recovery from  failure. Liestman and Cam pbell [38] introduced an algo­

rith m  to  schedule optim ally a set of periodic tasks in a sim ply periodic system  

where th e  periodicity of tasks with lower period is an integral m ultip le of the  

periodicity of tasks w ith larger period.

Liu, Lin and N atara jan  [31] introduced heuristics th a t m inim ized aver­

age error, to schedule a set of periodic tasks in a single processor im precise 

com putation system . Leung et al. introduced algorithm s to minim ize flow 

tim e [39] and the  num ber of late tasks [40] in a single processor im precise 

com putation system . Chung et al. [41] introduced algorithm s based on a 

ra te  m onotonic scheduler to  schedule a set of periodic tasks in a single pro­

cessor im precise com putation system and com pared the  perform ance w ith 

other knc "n algorithm s optim al for general systems. A com prehensive sur­

vey of all the  results on imprecise com putation system s were provided in 

[42]. A scheduling algorithm  for single processor im precise com putation sys­
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tem  based on earliest deadline first, algorithm  was introduced by Shih et al. 

in [43] and extended for on-line scheduling in [44], Yu and Lin [45] proposed 

a scheduler for im precise com putation multiprocessor system to increase con­

currency. Hull et al. [46] studied the problem of enhancing perform ance and 

dependability when imprecise com putation technique was used. We will pro­

vide m ore insight into various results pertaining to m ultiprocessor systems 

in the next chapter.

1.5 O b jectives and M ethods

In this thesis we address the problems of achieving optim al real-tim e schedul­

ing in im precise com putation m ultiprocessor systems. We use imprecise com­

p u ta tion  techniques to  achieve fault-tolerance. Real-tim e system s generally 

consist of tasks th a t we have apriori inform ation about, as well as tasks th a t 

may have to be invoked a t run-tim e. Of particular interest to our study is the 

problem  of scheduling sporadic external tasks th a t arrive during run-tim e.

We will a ttem p t to  extend already proven scheduling algorithm s for the 

new m odels we define, or introduce and prove new ones. We will consider 

both  pre-run-tim e as well as run-tim e scheduling problem s keeping in mind 

the p racticality  and applicability of our work.

1.6 S tru ctu re o f  th e  T hesis

The rem ainder of the thesis is organized as follows. C hapter 2 gives back­

ground on m ultiprocessor scheduling. C hapter 3 introduces our proposed 

pre-run-tim e scheduling algorithm  for general and imprecise com putation 

system s. C hapter 4 introduces the run-tim e scheduling algorithm s. C hapter 

5 deals w ith adaptive run-tim e scheduling. C hapter 6 considers the schedul­

ing problem  where tasks have precedence constraints. C hapter 7 considers
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a sim ilar problem for parallel program. C hapter 8 provides the response 

tim e analysis for a system  th a t has prim ary site approach as fauit-tolerance 

technique and in chapter 9 we conclude the thesis.



C hapter 2 

R ela ted  W ork

A real-tim e task  is specified by its ready tim e, execution tim e ai d deadline. 

F inding efficient schedulers for a set of tasks with tim ing constraints has 

been an im portan t field of research [13]. A pre-run-tim e scheduler constructs 

a schedule with com plete a priori knowledge of ready tim es, execution times 

and deadlines of all tasks th a t need to be scheduled. A run-tim e scheduler 

schedules a set of tasks whose ready times and execution times are known 

only on their arrival.

Two approaches exist to  constructing a schedule for a set of tasks in a 

m ultiprocessor real-tim e system. They are the bin packing algorithm s and 

the level algorithm !. T he bin packing approach assigns as many tasks as 

possible to processor P\ before considering processor P2, and so on. The 

level approach increm entally, tim e unit by tim e unit, builds up a schedule on 

all processors. Level algorithm s are in general better since the bin packing 

approach fails when the processor speeds are not identical [47].

In th is chapter, we describe some of the work which is closely related to 

the problem s addressed in this dissertation. We present results pertaining to 

pre-run-tim e scheduling, run-tim e scheduling and scheduling a set of tasks 

with precedence constraints. In this thesis we confine ourselves to scheduling 

algorithm s th a t allow preem ption.
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2.1 P re-R u n -T im e Scheduling

Pre-run-tim e schedulers for a  set of independent tasks in a  single processor 

real-tim e system  have been exhaustively researched [13]. In the field of op­

erations research, similar problem s have been attacked by m inim izing the 

schedule length. Jackson in his seminal work [48], now known as Jackson’s 

rule, introduced an optim al scheduler for a set of tasks w ith identical ready 

times, where the tasks are scheduled in the order of increasing deadlines. 

Horn [49] extended Jackson’s rule for tasks with arb itrary  ready tim es bu t 

with unit execution tim es by scheduling at any tim e an available job w ith 

the sm allest deadline. Horn also provided an algorithm  to  schedule a set of 

tasks w ith arb itrary  ready tim es allowing preem ptions. Liu and Layland [50] 

introduced two scheduling algorithm s, namely the rate m onotonic  scheduler 

and earliest deadline first scheduler, for tasks th a t are periodic and tasks th a t 

have arb itra ry  deadlines, respectively. Since then, efforts have been m ade to 

find efficient algorithm s w ith various com binations of deadlines, ready tim es 

and execution tim es [1 2 ].

P re-run-tim e schedulers for m ultiprocessor real-tim e system s are in gen­

eral m ore complex than schedulers for single processor real-tim e system s [13]. 

In order to schedule a set of tasks during pre-run-tim e, the  ready tim e, exe­

cution tim e and the deadline of the tasks need to be known apriori.

2.1.1 Bin-Packing Approach

The bin packing approach has been successfully used by M cN aughton [51] 

and Rothkopf [52] to construct shortest preem ptive s< hedules for a set of 

independent tasks on m ultiprocessor systems. Liu and Liu [53] and Liu and 

Yang [54] provide algorithm s to  schedule a set of independent tasks on a 

m ultiprocessor system  w ith m. — 1 processors w ith identical speed and one



13

processor with faster speed.

M cN aughton [51] provides an algorithm  for finding the shortest preem p­

tive schedule for a set of independent tasks on m  processors, where ail tasks 

have identical ready tim es, arb itrary  execution times and identical deadlines. 

M cN aughton provided a lower bound on the length of an optim al schedule 

and then  constructed a schedule th a t matched this bound. The m aximum
y - n

com pletion tim e of any schedule is said to be at least m a x { m?xCi, “ jj1- 1} 

where m  is the num ber of processors and c,- is the execution tim e of the /'th 

task.

In M cNaught.on’s rule, tasks are assigned to the processors successively by 

scheduling the tasks in any order and splitting the task whenever the above 

tim e bound is m et. Consider a three processor com puter system  consisting 

of five tasks J  — {*/i, • ■ •, «/s} w ith com putation times { c j , - - - ,c 5}, where 

C\ = S, co=7, c3= 6 , C4 =5, and c5=4. The m axim um  completion tim e, derived 

from the bound m entioned above for the tasks is at least m ax{8 , y }  which 

is 10. Figure 2.1 illustrates a schedule constructed using M cN aughton’s rule 

by allocating the  tasks into one processor a t a  tim e and preem pting a task 

if the  bound is reached.

Schm idt [55] considered the problem of scheduling a set of independent 

tasks on a  m ultiprocessor system using the bin racking approach, where the 

processors are only available in certain given tim e intervals. Figure 2.2 illus­

tra tes a m ultiprocessor system  with three processors P [, Pi and P3. Processor 

Pi is not available in the  3rd, 4th and 10th tim e units, Processor Pi is not 

available a t the 1st, 6 th , 7th and 9th tim e units and Processor P3 is not 

available a t the 1st, 5th, 6 th , 7th, 8 th  and 9th tim e units, respectively.

To solve the feasibility problem , Schmidt generated an equivalent problem 

from the  original problem  by moving all the unavailable tim e slots to the right 

hand side as shown in F igure 2.3. The equivalent problem may have fewer
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PI P2 P3

J1 J2 J3

J1 J2 J4

J1 J2 J4

J1 J2 J4

J1 J2 J4

J1 J3 J4

J1 J3 J5

J1 J3 J5

J2 J3 J5

J2 J3 J5

Figure 2.1: Scheduling using M cN aughton’s rule

PI P2 P3
1 ■ ■ T ■

2
3
4

5
6 m

7
8
9 m b w

10

Figure 2.2: Three processors with partial tim e slots available in 10 tim e units



available processors as com pared to the original problem since all the tim e 

slots of some of the processors in the right hand side could be unavailable. 

Schm idt scheduled the tasks using the following algorithm  by com paring 

the com putation tim e of the task to the remaining processing capability 

(RPC) in the processors. If there exists a processor with RPC m atching the 

com putation tim e of the task, then the ta.sk is cheduled in th a t processor. 

If there does not exist such a processor, then the task is scheduled in the 

processor tha t has the largest RPC among those processors with RPC less 

than the  com putation tim e of the task. The remaining com putation tim e 

of the task is scheduled in the processor tha t has the sm allest RPC among 

those processors with RPC greater than the remaining com putation tim e of 

the task. Since the R PC  of the processor is greater than the com putation 

tim e, the task can be scheduled in some tim e interval within the available 

tim e slots. Schm idt does not address the problem of where in the available 

tim e slots of the processor should the task be scheduled.

Schm idt’s algorithm  is as follows:

1. If c; > R P C (P j) ,W j  then no feasible solution exists for the task set.

2. If Ci < P P C ( P j ) ,V j  then schedule task J, on processor P/,;, with

R P C (P k)  = m 'm {R P C  (Pj)}
i

3 If neither holds, schedule task on processor Pk with

R P C (P k)  =  max {R P C (P ,)}

and on processor Pi, if it exists, with

RPC {Pi)  = {R P C (P i)}  min
j |R P C ( P } p r c m a tm 'i j l im e o /c ,
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Original Problem 

c i = 2, c2 = 3, c3 = 3, c4 = 4, c5 = 5

Figure 2.3: Equivalent problem of original problem



Figure 2.3 illustrates the transform ation of the original problem into an 

equivalent problem  and the application of the algorithm  to a system with 

five tasks. Consider for exam ple the three processor system  shown in Fig­

ure 2.4. We illustrate  two different equivalent problems w ith one tim e slot 

interchanged. We see th a t for the first equivalent problem , scheduling bo t­

tom  first works where as the top first fails. For the second equivalent problem 

the bo ttom  first fails and the top first succeeds. Hence, in order to schedule 

the tasks in a particu lar tim e slot, all the tim e slots of other processors in 

the sam e tim e unit need to be checked to ensure th a t the same task is not 

scheduled. This is due to the fact th a t a task cannot be scheduled in a tim e 

slot, if it is already scheduled in th e  same tim e unit on a different processor. 

Thus the com plexity of th e  algorithm  increases. The second drawback with 

Schm idt’s algorithm  is th a t one m ust construct an equivalent problem from 

the original problem , then  schedule the equivalent problem and transform  it 

back. We show la ter in th is thesis th a t such a situation does not arise in our 

proposed algorithm .

In some real-tim e applications such as telecom m unication, image and 

speech processing, a partia l result of a task is acceptable if she task ’s execu­

tion could not be com pleted in its entirety  [35]. The imprecise computation 

approach has been proposed as a  means to partition the task into two sub­

tasks, nam ely m andatory  and optional [30,31]. In order to  obtain an accept­

able result the  m andatory  subtask of every task has to be executed. O ptional 

subtasks m ay then  be executed in full or in part if ex tra  tim e remains. The 

optional subtask refines and improves the result produced by the  m andatory 

subtask. If the  optional subtask is fully executed, then we obtain an accurate 

result. P artia l execution of each optional subtask can be done to obtain an 

acceptable partia lly  accurate result. A system th a t allows the application 

of im precise com putation  approach to its task set is known as an imprecise 

computation system.
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PI P2 P3 PI P2 P3
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Task Set J = {JI, J2, J3, J4, J5\ c l = 2, c2 = 3, c3 = 3, c4 = 4, c5 = 5

Figure 2.4: Conflict while ordering tasks w ithin a  processor
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Scheduling algorithm s for a  single processor imprecise com putation sys­

tem  typically minim ize the to tal [42], and the average [56] execution tim e of 

the  unexecuted portion of the optionals. Shih et al. [56] also considered the 

problem  of scheduling a  set of independent tasks to minimize average exe­

cution tim e of unexecuted portion of optionals in a m ultiprocessor system . 

C hung and Liu [57] proposed several heuristic algorithm s to schedule peri­

odic tasks and minimize the average execution tim e of unexecuted portion of 

the  optionals. Leung and Wong [40] proposed an algorithm  to schedule a set 

of tasks in a m ultiprocessor im precise com putation system  to minimize the 

to ta l num ber of tasks th a t miss the deadline. Khemka et.al. [58] introduced 

a  scheduler based on network flow technique for a  m ultiprocessor imprecise 

com putation  system s where tasks are periodic.

In this thesis, we propose pre-run-tim e and run-tim e m ultiprocessor schedul­

ing algorithm s for a set of independent tasks th a t have identical ready tim es, 

a rb itra ry  execution tim es and identical deadline. We extend our algorithm  

for im precise com putation system  by minimizing the to ta l execution tim e of 

the unexecuted portions of the optionals.

2.1.2 Level A lgorithm s

Scheduling algorithm s th a t increm entally construct a  schedule on all pro­

cessors are defined as level algorithm s. M untz and Coffman [59] provide an 

algorithm  based on the level approach to  construct an optim al preem ptive 

schedule fcr tasks w ith tree precedence constraints. If there are m identical 

processors, the  M untz-Coffman algorithm  assigns for every tim e unit, one 

processor to  each of the  m  tasks farthest from the root of tree. If there is a 

tie am ong b tasks for the  last a machines then |  of a  processor is assigned to  

each of b tasks.

T he extension of th e  M untz-Coffman algorithm  to  m  processors of dif­
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ferent speeds was considered by Horvath, Lam and Sethi in [47]. Gonzalez 

and Sahni [60] provide an algorithm  to  achieve the same result w ith a m in­

im um  num ber of preem ptions. Lam and Sethi [61] consider the extension 

of M untz-Coffman algorithm  for arb itrary  precedence constraints and prove 

th a t the ra tio  of the schedule lengths of Muntz-Coffman algorithm  and an 

optim al schedule is bounded by 2  —

2.2 R u n -T im e Scheduling

A run-tim e scheduling algorithm  is used to  schedule a set of tasks, if the  ready 

tim es of some of the tasks in the task set are available only during run-tim e. 

Such tasks are in general known as sporadic tasks or external tasks. To find 

an optim al on-line scheduler for a set of tasks is in general considered to  be 

difficult due to  unpredictable ready times.

D ertouzos and Mok [62] addressed the problem of dynam ically schedul­

ing hard-real-tim e tasks in a m ultiprocessor system  and proved th a t it is 

im practical to  design optim al run-tim e schedulers if there exist preem ption 

due to  resource sharing or general precedence cons raints between tasks. Mok 

[63] proves th a t well known optim al on-line scheduling algorithm s for single 

processors such as the earliest deadline first algorithm  [48], rate monotonic 

scheduler [50] and the least laxity first algorithm [64], do not rem ain opti­

mal when extended for m ultiprocessor systems. Dhall and Liu [65] provide 

some heuristic algorithm s for scheduling a  sei cf tasks th a t are periodic in a 

m ultiprocessor system .

Sahni and Cho [6 6 ] introduced an optim al nearly on-line scheduler where 

the ready tim e of the next task is known when the present task is scheduled. 

Sahni [67] showed th a t no optim al nearly on-line schedule.' can exist if tasks 

in the  task set have different deadlines. Hong and Lenng [6 8 ] extended Me-
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N aughton’s rule for a set of tasks with varied ready tim es but one common 

deadline. They proved th a t if the set of tasks have more than one d istinct 

deadlines then no optim al scheduling algorithm exists. In Hong-Leung al­

gorithm , tasks th a t are ready are scheduled initially using M cN aughton’s 

rule. Tasks th a t arrive during run-tim e are scheduled using a reschedule  

algorithm  th a t re-schedules the existing schedule to accom m odate run-tim e 

tasks. Hence th is algorithm  cannot be extended for tasks with precedence 

constraints since it is difficult while re-schecluling to m aintain the precedence 

relation of the tasks in existing schedule.

2.3 Scheduling  Tasks w ith  P reced en ce C on­
stra in ts

The problem  of scheduling tasks with precedence constraints on a m ulti­

processor system  is known to be NP-com plete in its general form [69,70]. 

Polynom ial tim e algorithm s exist only for a few restricted cases [12]. Hu [71] 

provided a  linear tim e algorithm  to schedule a tree structured  task graph with 

all tasks having unit execution tim es. Coffman and G raham  [72] introduced 

a polynom ial tim e algorithm  th a t provides an optim al schedule length for a 

two processor system . M untz and Coffman [59] described a polynomial tim e 

scheduling algorithm  th a t minimizes the completion tim e for a  tree struc­

tured  task  graph allowing preem ption. Gonzalez and Johnson [73] improved 

the perform ance and provided an 0 (n2) algorithm .

T he in tractab ility  of obtaining an optim al solution for the general schedul­

ing problem  has led to  th e  introduction of a large num ber of scheduling 

heuristics. One class of scheduling heuristics in which many schedulers are 

classified is list scheduling. In list scheduling, whenever a processor is avail­

able, a  task  th a t is ready w ith the  highest priority is selected from the  list of 

unscheduled tasks. Lam and Sethi [61] adapted M untz-Coffman algorithm
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for a  general task graph in identical processors and proved th a t

S L ( M C )  ^  n 2 
- 1 - 2  < 2 - -  m >  2 

b L* m

where S L ( M C )  is the  schedule length obtained due to  M untz-Coffman algo­

rithm  and SL*  is the optim al schedule length. H orvath, Lam and Sethi [47] 

ex tended th e  M untz-Coffman algorithm  for uniform processors and proved 

th a t the algorithm  guarantees the following relation:

S 'L (M C ) ^  &
SL*  “  V 2

2.4 Sum m ary

We prove th a t the largest rem aining tim e first algorithm  is optim al for a 

set of tasks w ith identical ready tim e, arb itrary  execution tim e and identical 

deadline. Level algorithm s have not been actively researched for im precise 

com putation system . We propose a level algorithm  for scheduling a set of 

tasks in a m ultiprocessor imprecise com putation system  and minim ize the 

to ta l execution tim e of unexecuted portion of optionals. We also consider 

the problem  of scheduling of a  set of tasks with precedence relation a t pre- 

run-tim e and propose a  heuristic algorithm .

O ur m ethod schedules tasks th a t arrive during run-tim e over the  existing 

pre-run-tim e schedule. Hence scheduling of tasks th a t arrive during run-tim e 

is done in the  tim e intervals th a t are no* occupied by tasks in the pre-run- 

tim e schedule. We derive the  necessary and sufficient condition for scheduling 

a set of tasks during run-tim e when the  system  is available only in a certain  

given tim e intervals. We propose a  level algorithm  for scheduling a set of 

tasks during run-tim e and prove its optim ality. We also propose an adaptive 

run -tim e scheduler th a t schedules a  set of tasks during run-tim e by removing
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Figure 2.5: Areas th a t are addressed in this dissertation

optionals from pre-run-tim e schedule, such th a t the to ta l execution tim e of 

portion of optionals th a t were removed is minim um . Wo extend our result 

to  schedule optim ally  a set of tasks during run-tim e in a m ultiprocessor 

im precise com putation system , by minimizing the to ta l execution tim e of 

unexecuted portion of optionals.

Finally, F igure 2.5 sum m arizes the previous work in this area and identi­

fies th e  specific areas th a t are addressed in this thesis.



C hapter 3 

P re-R u n -T im e Scheduling

Pre-run-tim e schedulers construct feasible schedule for a  set of tasks w ith 

com plete knowledge of their task  characteristics. Task characteristics such 

as ready tim e and deadline are known prior to s ta rt of execution of real-tim e 

system .

In this chapter, we first consider the  problem  of scheduling a  set of inde­

pendent tasks w ith sam e ready tim es on m ultiprocessor systems. We derive 

the necessary and sufficient conditions to  obtain  a feasible schedule for a 

set of tasks w ith in  a  given deadline. We then  introduce an algorithm  based 

on level approach and prove its optim ality. T he problem of scheduling a 

set of tasks th a t are im plem ented using im precise com putation technique is 

considered. We extend  M cNaughton’s rule to provide a  bin-packing based 

scheduling algorithm  th a t maximizes the to ta l com putation tim e of option­

als. We then introduce a  level based scheduling algorithm  to  m axim ize the 

to ta l com putation  tim e of optionals.

3.1 Task C haracteristics

We consider a  m ultiprocessor system  with m  identical processors of th e  sam e 

speed. We denote the  set of processors as P  =  {P i, Pi, • • •, Pm}. Let J  — 

be the  n  independent tasks w ith {c i, C2 , • • •, cn} being their
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respective com putation  tim es. Let D  be the deadline w ithin which the tasks 

in J  need to be executed. A schedule is nothing but a tim e line divided 

into tim e units, where tasks are assigned. Ready time  of a task namely 

R T (J i) ,  is defined as the  earliest tim e unit in which a  task can be scheduled. 

Similarly, deadline of a task set J  nam ely D, is defined as the la test tim e unit 

in which a task in the  task set can be executed, assuming th a t all tasks have 

the  sam e deadline. Since this chapter deals w ith pre-run-tim e scheduling, 

we assum e th a t all the  tasks are ready to  be scheduled a t the start. Hence 

R T (J i)  =  0 , Vi, 1 <  i < n. We also assume th a t two tasks cannot; be 

executed in th e  sam e tim e slot and a  task  cannot be executed by more than 

one processor in the  sam e tim e unit. We assume a task can be stopped on 

one processor and  resum ed on another.

Every task  in task  set J  th a t has been im plem ented using imprecise com­

pu ta tion  approach has been decom posed into two subtasks, namely m anda­

tory subtask and optional subtask. Let {M i, - - ,M n} be the m andatory 

subtasks and { 0 i , - - - , 0 n} be the  optional subtasks of { J j, ■ • •, */«}■ Let 

{m i, • • •, m n} and {oj, • • •, o„} be the com putation times of {M i, • • •, M „) 

and {O i, • • •, On} respectively. Hence the com putation tim e of a task ./,, 

nam ely c,-, is given by m,- +  o,. We assume th a t an optional subtask Oi 

cannot be scheduled in the  sam e tim e unit as m andatory subtask M,\ We 

also assum e th a t m andatory  subtasks have to be scheduled in their entirety  

to ob ta in  an acceptable result, where as optional subtasks can be partially 

scheduled to  ob ta in  a b e tte r quality result.

3.2 S chedu ling  In depend en t Tasks

In the previous chap ter we described in detail the work by M cNaughton [51] 

to ob ta in  a feasible schedule for J  w ith the shortest com pletion time. Mc­

N aughton used bin-packing technique for obtaining a bound for th e  shortest
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com pletion tim e for a task set J . In this section we first derive the  necessary 

and sufficient conditions for scheduling a t isk set J  w ithin a  deadline D. 

We then  introduce an algorithm  based on level approach, nam ely Largest 

Rem aining T im e F irst (LRTF) and prove its optim ality.

W e sta te  the following well known theorem s directly from [51].

T h e o re m  1  The maximum completion time fo r  a task set J , with computa­

tion times {c\, • • ■ ,cn} in a multiprocessor system with m  processors is

m a x  £ " = i cn
m a x \  . Ci,---------- j

i m

T h e o re m  2 McNaughton’s rule is optimal.

We now establish the necessary and sufficient conditions for scheduling J  

w ithin a deadline D.

L e m m a  1 Let { J x, •••,</„} be the task set with {ci, • • •, cn} being their re­

spective computation times. J  can be scheduled within D  in m  processors i f  

and only i f

d  <  D, Vt, 1 <  i < n  (3.1)

< m D  (3.2)
< = i

P ro o f .  In order to schedule J  w ithin D, the individual com putation tim e 

of all the  tasks in J  should be less th an  or equal to D. O therw ise, the 

assum ption th a t a task  cannot be scheduled in two different tim e slots in the 

sam e tim e unit, will be violated. Similarly ]Cr=i ci <  m D ,  since m D  is the  

to ta l num ber of tim e slots available and the  cum ulative execution tim es of 

all the  tasks should be less th an  or equal to m D .  Hence conditions 3.1 and 

3.2 are  necessary.



T he shortest com pletion tim e for J  w ith com putation tim e {cj, • • •, cn} by
r 'n

M cN aughton’s rule is given by m a x { nll*x c,-, If J  has to be executed

w ithin  D  then,

We can also derive condition 3.2

Hence the  conditions are sufficient.
□

We have thus proved th a t if the com putation tim es of the individual tasks 

do not exceed th e  deadline and the  to tal com putation times of all tasks do 

not exceed the  available tim e slots then a feasible schedule for the task set

Consider the  LRTF algorithm  illustrated  in Figure 3.1. In every tim e 

unit, m  tasks w ith largest rem aining com putation times are scheduled in 

m  processors. Unlike M cN aughton’s algorithm  which follow® i:iu-pacfeiny ap­

proach, LRTF algorithm  follows the level approach where tasks are scheduled 

in all th e  processors a t any given tim e. We now prove th a t LRTF algorithm  

constructs a feasible schedule for a task set J  w ithin D, if J  satisfies the 

necessary and sufficient conditions.

m a x { E;
c > ,

We can derive condition 3.1 from

m a x

exists.

T h e o r e m  3 Let J  =  { J i ,  • • •, J n} be the set o f tasks with computation times 

{ci, • • • ,c n}. I f  J  satisfies the necessary and sufficient conditions 3.1 and 3.2, 

then L R T F  algorithm feasibly schedules J  within D.
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A lg o r i th m  L R T F ;

/ / m 4— N u m b e r  o f  p ro c e sso rs ;

fo r  (e v e ry  t im e  u n i t  t | 1 < t <  D )

b e g in

S c h e d u le  m ta sk s  w ith  la rg e s t  re m a in in g  c o m p u ta t io n  tim e s ; 

D e c re m e n t t h e i r  r e s p e c t iv e  ta s k  c o m p u ta t io n  tim e s ;

en d ;

Figure 3.1; Largest Rem aining Tim e F irst algorithm

P ro o f .  Let {ci,- • • ,c n} satisfy the following necessary and sufficient condi­

tions

t'i <  D, Vi, 1 <  i <  n  (3.3)

n

Y  Cj < m D  (3-4)
t=i

We prove the theorem  using induction. Assume th a t c\ >  • • • >  cn.

Let the  first tim e unit be scheduled using the largest rem aining com putation 

tim es of {e; , • • • ,  c„}. We will show th a t the rem aining com putation tim es of 

J  satisfy the conditions for [2..D]. The first tim e unit consists of m  tim e slots, 

one slot per processor, and hence {J 1; • • •, J m] are scheduled. After schedul­

ing the  first tim e unit, the remaining com putation tim es of { J x, • • •, J n} are 

(cj — 1 ,C2 — 1, • • • ,c„, — l ,c ,n+1, • ■ • ,c n}. The rem aining com putation tim es 

need to be allocated within D — 1 . It is easy to see from  condition 3.3 th a t

c, — 1 <  D — 1, Vi, 1 <  i < m

We wish to  prove th a t

c; <  D  — 1 , Vi, m  +  1 <  i < n
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We know from  condition 3.3 th a t

Ci S  D, Vi, m  -f 1 <  i <  n

We claim th a t

Ci 7  ̂ D,  Vi, ?7?. -f 1 <  i < n

If any c,-’s, where m  -f 1 <  i < n  had been equal to D, then our assum ption 

th a t ci > C2 ■ • • > cn would require th a t c , , ■ • ■ , cr . all be equal to D. This 

violates cond 'tion  3.4. Hence our claim is valid. Therefore we have proved the 

base case, th a t the rem aining com putation times of J  satisfy the necessary 

and sufficient conditions for [2 ..D], if the first tim e slot is scheduled using 

LRTF algorithm .

Let us assum e th a t tim e units in [l..t-l]  tim e interval have been sched­

uled using LRTF algorithm . Let {c\. c^, • • ■, cln} be the rem aining com pu­

ta tio n  tim es of tasks in J  such th a t c\ > c'2 > ■ ■ ■ > cln. We assume th a t 

the rem aining com putation tim es of J  satisfies the following necessary and 

sufficient conditions for the tim e interval [t..D].

c\ < D  — (t — 1 ), Vi, 1 <  i, < n (3.5)

<  m { D  - ( ( - ! ) }  (3.6)
1 = 1

O ur goal is to  show th a t the rem aining com putation times of J  satisfies the

conditions for [t+ l..D ] after scheduling the tth  tim e unit. Before scheduling

the  t th  tim e un it, the  rem aining com putation times of J  in descending order 

are

{ C 1 ■/ c2i ' ' '  1 C m  1 C m + l  > ‘ ‘ ’ ’ C n }

After scheduling the m  tim e slots in tth  tim e unit, the rem aining com putation 

tim es are

{C1 — 1 )  c 2 ‘ > c m  ~  1 )  c m + l ’ ' '  '  J C n }
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From  condition 3.5 we can derive tha t

c\ — 1 <  D  — i, Vi, 1 < i < m

We need to show th a t

c\ <  D  — /, Vi, m -f- 1 <  i <  n

From condition 3.5 we know th a t

c\ < D  — (i — 1 ), Vi, m  +  1 <  i <  n

Hence we need to show tha t

1), Vi, m  +  1 <  i <  n

If c) =  — ( / - l )  for some i, m  +  1 <  i <  n , then {c^, cl,, • • •, c‘,.} will all be

D — (/ — 1) tim e units since c[ >  c2 >  • • • >  c^. This leads to the  following

inequality

! > ; >  -  (< ~  ! ) )
1 =  1

since more than  ?7?, tasks have D — (t — 1) as rem aining com putation tim e. 

This contradicts condition 3.6 and hence c \ ^  D — { t — 1). Therefore the first 

condition holds true  for the  task set J  w ith rem aining com putation  tim es in 

tim e interval [t+L .D ].

For proving the second condition, we know from condition 3.6 th a t

n

Y  c) < m (D  — t) -f- m
i = i

Hence it is easy to  see th a t

m n

£ ( c.( - 1) +  Y  c\ ^  m (D -  <)
1 = 1  i = r n + l



Therefore the  LRTF algorithm  feasibly schedules any task set th a t satis­

fies the  necessary condition 3.3 and sufficient condition 3.4.
□

Figure 3.2 illustrates the application of LRTF algorithm  to a three proces­

sor system . We consider a set of five tasks J  =  { J \ . • • ■, J 5} with com putation 

tim es {8 , 7 , 6 ,5 ,4 } . We note th a t the deadline D  — 10. It can be seen th a t 

while scheduling the 2nd, 4th, 6 th , 7th, 8 th and 9th tim e units tasks were 

interchanged to  order them  in descending order.

Theorem  4 The maximum completion time for  task set J  •when scheduled 

using L R T F  algorithm is n iax{  }

Proof. The to ta l tim e slots available for scheduling is m D ,  since there are

m  processors and D  tim e slots per processor. From the previous theorem ,

we know th a t c,- <  D  and hence, c, < r, .D. Therefore

y ?  c-
1 <  D  (3.7)

m

a  < D  (3.8)

Hence, if LRTF algorithm  is used, the tim e taken to com plete the task 

set J ,  will be a t least m a x { maxCi, ^ l= 1 c‘}.
’ i  1 ’ m  J

□

Theorem  5 L R T F  algorithm is optimal, i.e., L R T F  algorithm, produces a 

feasible schedule fo r  J  within D i f  such a schedule exists.

Proof. We know th a t M cN aughton’s wrap around rule is optim al. The com­

pletion tim e for a  task set J  in m processors for M cN aughton’s wrap around

rule is given by m o i { T c , ' , 2 ^ i } ,  Hence from the previous theorem we 

can note th a t if M cN aughton’s rule schedules J  so will LRTF algorithm .
□
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C , = 8

C = 7  
2

C = 6
3

C = 5  
4

C = 4  
5

1

2
3
4
5
6
7
8

9

10

PI P2 P3
JI J2 J3
JI J2 J3
JI J2 J4
JI J2 J4
JI J3 J5
JI J3 J5
J2 J4 JI
J2 J4 J3
J5 J2 J4
J5 J3 JI

T im e Before Scheduling

1

2

3
4

5
6

9

10

{8,7,6} {5,4} 
{7,6,5} {5,4}

{6,5,5} {4,4} 
{5,4,4} {4,4}

{4,4,4} {3,3} 
{3,3,3} {3,3}

{3,3,2} {2,2} 

{2, 2, 2} {2, 1}

{2 , 1, 1} {1, 1} 

{1, 1, 1} {0, 0 }

T ask  Set

{cl, c2, c3} {c4, c5} 
{cl, c2, c3} {c4, c5}

{cl,c2, c4} {c3,c5} 
{cl, c2, c4} {c3, c5}

{cl, c3, c5} {c2,c4} 
(cl,c3,c5} {c2,c4}

{c2, c4, cl} {c3, c5}

{c2, c4, c3} {c5, cl}

{c5,c2,c4} {c3, cl} 

{c5, c3, cl} {c2, c4}

Af' e r  Scheduling

{7,6,5} {5,4} 
{6,5, 4} {5,4}

{5,4,4} {4,4} 
{4,3,3} {4,4}

{3,3,3} {3,3} 
{2,2,2} {3̂ 3}

{2 , 2 , 1} {2, 2 }

{1*0, 0} {1, 1}

{0, 0, 0} {0, 0}

Figure 3.2: Illustration of LRTF algorithm



33

Therefore LRTF algorithm  optim ally schedules a set of independent tasks 

using level approach. In the next section we consider the problem of schedul­

ing a  set of tasks with imprecise com putation technique for fault-tolerance.

3.3 Fault-T olerant Scheduling o f  In dependent  
Tasks

3.3.1 Bin-Packing Approach

We extend M cN aughton’s algorithm  for scheduling a set of tasks with same 

ready tim es, a rb itrary  execution tim es and same deadlines, to systems using 

im precise com putation technique. In order to get a feasible schedule we need 

to  schedule {M i, • • ■, Mn} w ithin deadline D. Therefore m ax{m i, • • •, m,,} 

should be less than  or equal to D  since a task cannot run in the same tim e 

un it in two different processors. We observe tha t the to ta l tim e slots available 

in m  processors is m D .  Thus the to ta l execution times of all the m andatories, 

nam ely E"=i m i should be less than  or equal to m D  in order to schedule all 

the m andatory  tasks. Hence E?=i 7^  <  D- We are now in a position to sta te  

the following Lemma.

L e m m a  2 We can obtain an acceptable result in an rn processor imprecise 

computation system if,

max  E"=iW»j,
max{ m i ,  i I <  D

1 m

T he algorithm  to  optim ally schedule { J i, • • •, </«} is given in Figure 3.3. 

We first schedule the m andatory  subtasks in any order using M cN aughton’s 

rule, i.e., tasks are scheduled in the  first processor and then  scheduled in the 

second and so on. Once all the m andatory  subtasks are scheduled, optional 

subtasks are scheduled after the corresponding m andatories. This can be 

done until either all slots are scheduled, in which case some optional subtasks
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A lgorithm  Bin-Packing-Fault-Tolerant-Scheduler; 
begin

/*  A ssum ption m,- + Oi < D  * /

\ i { max{ mai xmi, ^ ^ } < D )

begin
Schedule all m andatories using M cN aughton’s rule; 

Schedule optionals after corresponding M andatories until 

either (1 ) all the slotr are filled; 

or (2 ) all the optionals are scheduled;
end;

else ”No O ptim al Schedule” ;
end.

Figure 3.3: Bin packing fault-tolerant scheduler

may rem ain unscheduled or all optionals are scheduled, in which case some 

tim e slots may rem ain unoccupied. We claim  th a t the  algorithm  is optim al.

T h e o re m  6  Extended McNaughton’s rule is optimal fo r  imprecise computa­

tion system.

To prove the correctness, we construct a single tim e line of m D  tim e slots 

and schedule the  m andatory  subtasks in the  tim e slots [L.raZ?] in any or­

der. T he m axim um  num ber of em pty slots available after scheduling all the 

m andatory  subtasks is given by m D  — £ " =1 m ,. We schedule the optional 

subtasks of the  corresponding m andatory  subtasks after the m andatory  sub- 

tasks are finished. If is scheduled from [t..t+mfc], then we s ta r t scheduling
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Pi P2 Ps Fi Pz
1 Mi. m 3 1 Mi m 2 0 3
2 Mi m 3 2 Mi m 2 Oa
3 Mi m 4 3 M x m 2 0 3
4 Mi m 4 4 M x 0 2 0 3
5 Mi m 4 5 Mi 0 2 M,
6 m 2 M5 6 Oi 0 2 M,
7 m 2 Ms 7 Oi o2 M,
8 m 2 8 Oi m 3 0.,
9 m 2 9 Oi m 3 Ms

10 m 3 10 m 2 m 3 Ms

m i= 5 , ?n2= 4 , ra3= 3, m 4= S, m 5=2 c\=  9, c2= 8 , c3= 7 , c4= 7 , cs=5

oj= 4 , o2= 4 , o3= 4 , o4= 3 , o5= 3  cT=9, cj=8, c j= 7, oT=4, cg=2

D eadline, D =  10

Figure 3.4: Exam ple of bin packing fault-tolerant scheduler 

Ofc in th e  tim e interval

71 k—1
[t + m k + l ,  t + m k + m in { o k, m D  -  m,- +  o,)}],

»=i i=i

by moving all the  m andatory  subtasks scheduled after M k, minjofc, m D  —

(ZliLi m i +  HiZi °i)} tim e slots ahead. Note tha t m D  — (5Z”=l m,- -(- Yl'iZi ° i ) 

is the  num ber of em pty slots available after scheduling { 0 \ , • • •, 0*._i}. This 

is continued until either all the optional subtasks are scheduled or all the 

em pty tim e slots are occupied. Then we partition the [0..mD] tim e slots 

into m  tim e intervals [O..D],[D+1..2D],- • • ,[(m -  1 )D ..m D \  and use it as a
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schedule for m  processors. Note th a t any task in the task set is no t scheduled 

at two tim e slots in the  same tim e unit since we divide th e  tim e units exactly 

into intervals of length D  tim e slots and m, +  o; <  D.

We see th a t the algorithm  schedules

n  n

m in { m D  — e,}
i=i »=i

tim e slots for optional subtasks. If

n  n

m  D — E m >
1=1 1=1

then the algorithm  schedules the  first r  optional subtasks, entirely  after the ir 

corresponding m andatory  subtasks and then schedules partia l am ount of ( r  +  

l)s t optional subtask in the  em pty slots available, nam ely m D  — (]C"=i m *' +  

J2’i= i Oi). Therefore,

n  n  i —1 n

y ;  m in { o i ,m D  — m r +  or )} =  m D  — m,-
i = l  r = l  r = l  1=1

If m D  — X)"=i ui; >  °i ^ e n  the algorithm  schedules {O i,  • • •, 0 n},

since th e  num ber of em pty  slots available are more than  th e  to ta l execution 

tim es of all optional subtasks. Hence we arrive a t the following equation.

n  n  *—1 n

m in { o i , m D  -  m r +  £  or )} =  ^  o,
t = l  r = l  r = l  i= l

It can be easily seen tha t the  algorithm  constructs a  schedule in a  tim e, 

linear to  the num ber of tasks. Hence we have proved the  following theorem .

Figure 3.4 illustrates an exam ple of imprecise com putation system  for 

three processors, where the m andatories are scheduled using our extension 

of M cN aughton’s rule. Figure 3.5 shows the various stages of th e  algorithm  

while scheduling the  optionals. T he final schedule after partition ing  th e  tim e 

intervals and reassigning to processors, can also be seen in F igure 3.4.
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Figure 3.5: E xtended M cN aughton’s rule for imprecise com putation system s
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3.3.2 Level Approach

Wo introduce a  level approach based algorithm  for obtaining a schedule 

th a t maximizes the  num ber of optionals th a t can be scheduled. Let J  — 

{ J i ,  • •• ,./„}  be th e  tasks with {M i, - ■ ■, M n} as m andatory  subtasks and 

{O i , • • •, On} as optional subtasks. Let { m i, • • •, m n} be the respective com­

puta tion  rim es of m andatory subtasks and |o i ,  • • • ,o n} be the  com putation 

tim es of optional subtasks. In order to obtain  an acceptable result, all the 

m andatory  subtasks need to be executed w ithin deadline D. Hence the nec­

essary condition to  obtain  a  feasible schedule for { J \ , ■ • •, J„}  is given by

m,- <  D, Vi, 1 <  i <  n  (3.9)

71
^ 2 m i — m D  (3.10)
i=i

If a feasible schedule is guaranteed for J  then our goal is to  m axim ize the  

to ta l execution tim es of all optional subtasks th a t can be scheduled w ithin D. 

N ote th a t we are allowed to  schedule part of ihe optionals. Let {of, • • • ,o ^}  

be the com putation tim es of the part of th e  optionals th a t get scheduled 

along w ith { m i ,  • ■ ■ ,m „}.  Our goal is to m axim ize 5Z"_i oi satisfying the 

following constraints.

m i  +  0 ; <  D ,V i,  1 <  i <  n (3.11)

71
^(?ra ,• + of) <  m D  (3.12)
t=i

Figure 3.6 illustrates a simple algorithm  th a t calculates {of, • • •, o^}. T he 

algorithm  provides m axim um  possible com putation tim e for an optional by 

allocating m in  {available em pty slots, (D-m^), o;}. T he algorithm  is optim al 

since it fails to allocate any tim e slot to  an optional only if

1. em pty  .slots — 0. In which case there are no tim e slots left since

providing any m ore will violate condition 3.12.
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A lgorithm  Fincl-Optionals; 
begin

i= l ;
em pty .slots =  mD - Y%=i ?71<i
while ((* <  n) and (em pty s lo t s  > 0)) do
begin

ol =  m in {e m p ty s lo t s ,  (D  — m.t),o ,}; 
em pty .slots =  em pty .slots - oj;

i= i+ l ;
end;

end.

Figure 3.6: A lgorithm  to calculate {oi, • • •, on)

2. m i = D. In which case, providing any tim e slot for optional will violate 

condition 3.11.

F igure 3.7 illustrates an exam ple where the algorithm  is applied to obtain 

{of, ■ • •, T he resulting tasks w ith com putation times {mi +  oT, • • •, m n +  

o^} is scheduled using LRTF algorithm .

3.4 Sum m ary

In th is chapter we considered the problem  of scheduling a set of tasks with 

task  characteristics known apriori. We derived the necessary and sufficient 

conditions for scheduling a set of independent tasks w ithin a deadline D. 

We also introduced an optim al scheduling algorithm  based on bin-packing 

approach and level approach for scheduling a set of tasks im plem ented using 

im precise com putation technique. We note th a t the bin-packing approach 

provides a schedule where the num ber of pre-em ption is m inim um  but ex­

tending it to  run-tim e environm ent is cumbersome. On the  other hand, level
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??r1=5,m2=4,ra3=3,m,|=3,?7i5
0 1= 4 ,0 2 = 4 ,0 3 = 4 ,0 4= 3 ,0 5 = 3

=2
1

em pty .slots =  30-17 =  13 2

of=  r; in{13,5,4} =  4 3

em pty .slots =  13-4 =  9 4

oJ= min{9,6,4} =  4 5

em pty jslots =  9-4 =  5 6

oJ= min{5,7,4} =  4 7

em pty .slots =  1 8

0 7=  m in{l,7 ,3} =  1 9
empty_slots =  0 
o£"= min{0,8,3} =  0

10

h h Js

J i h Js

Ji J2 Js

Ji J2 Js

J i J i J a

Ji J2 J a

J i Js J2

Ji Js Ja

h J i Js

h J a J2

Figure 3.7: An exam ple illustrating algorithm  Find-O ptionals

algorithm  is more conducive for run-tim e scheduling since task allocation is 

done tim e un it by tim e unit. We maxim ized the  tim e slots in which optionals 

are scheduled after scheduling all the  m andatory  subtasks.

It is not always possible to  have the  com plete knowledge of task charac­

teristics to obtain  a feasible schedule. Tasks such as m aintenence tasks fall 

into this catagory where their ready tim es are not known apriori. and their 

com putation times are known only when they are ready. Such tasks need to 

be scheduled during run-tim e, where the  system  is not available in certain  

tim e intervals due to pre-run-tim e schedule. In the next chapter we will in­

troduce the problem of scheduling a set of tasks during run-tim e where the 

system  is available only in certain  tim e intervals.



C hapter 4 

R u n -T im e Scheduling

In this chapter we consider tasks whose characteristics are not known until 

they are activated during run-tim e. We assume a pre-run-tim e scheduler has 

already been invoked. Hence tasks th a t arrive during run-tim e are scheduled 

on top of pre-run-tim e schedule, in the em pty slots available. We call a system  

th a t is available only in partia l tim e intervals, a limited time available system. 

In th is chapter, we introduce a level algorithm  for optim ally scheduling a set 

of tasks th a t arrive during run-tim e in a lim ited tim e available system. We 

also propose an optim al scheduling algorithm  for scheduling tasks tha t have 

been im plem ented using im precise com putation technique.

4.1 Task C haracteristics

We consider a m ultiprocessor system  with m  identical processors of the same 

speed. We denote the set of processors as P  =  {P i, P2, • ■ •, Pm }. Let J  =  

{J i ,  J 21 • • • 5 Jn}  be the n  independent tasks with ( c j , c2, • • •, cn} being their 

respective com putation tim es. Ready time of a task Ji, namely RT ( J j ) ,  is 

defined as the  earliest tim e un it a task  can be scheduled. Similarly, deadline 

of a task set J  nam ely D , is defined as the latest tim e unit a task in the 

task set can be executed assum ing th a t all tasks have the same deadline. We 

define begin time  of a processor P j ,  nam ely B T ( P j ) ,  as the earliest tim e slot
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p i P2 P3
1 mm M S
2
3
4 —

5 MM
6 mm M B
7 MM EMH
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9 MM m

i o !H

Figure 4.1: Exam ple of a system  available only in partia l tim e intervals

a processor is available. Similarly, an end time of a processor Pj, nam ely 

E N (P j) ,  is defined as the la test tim e slot a processor is available. We define 

start time  of the system  as m in { B T ( P j )|1 <  j  <  m ]  and finish time  of the 

system  as m a x { E N ( P j ) \ l  < j  < m } .  Let a t] be the availability of Pj in 1th  

tim e slot, which m eans processor Pj is free to execute one tim e unit of a task 

in the 1th  tim e slot. For exam ple, in Figure 4.1, 3 n = l ,  a i2= 0 , and a i3= 0 . 

Thus atj can be represented as follows:

{ 0  i f  slot not available
1 i f  slot available

We assume th a t a task cannot be scheduled in m ore than  one processor 

in the  sam e tim e unit. If a task set ,J has to be executed before the deadline 

D  then c{ <  D, VI, 1 <  i <  n. If .J has to be scheduled w ithin D, there 

should be enough tim e slots available to schedule all the tasks in J .  The
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Figure 4.2: V irtual paths 

to tal execution tim e of tasks in J  should satisfy

n  D m

y i  ci — jl*i atj  ’
i=i t=i j =i

since YlfLi I2 jL i atj is fhe to ta l tim e slots available.

We define a  virtual path as a collection of em pty slots from distinct tim e 

units such th a t if {L i ,  ■ ■ •, Lk}  are the k  distinct virtual paths available in 

P , then  for some v, 1 <  v < k,

L v =  \ ( t , j ) \ j  =  m in (atj = 1 A (t, w) £ L u, 1 <  u < v) } .
I  l < u / < m  )

Figure 4.2 shows all the  v irtual paths present in P. Let { /j , • • • ,4 }  be the 

num ber of tim e slots in { L i, • • •, Lk}  where lv — card ina lity (L v), 1 <  v  <

k.

Let pt be th e  num ber of em pty  slots present in the /,th tim e unit. The

algorithm  for finding all the v irtual paths in P  is given in Figure 4.3. For any
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A lgorithm  F ind-V irtual-Path;

for t =  start iim,e to finish time 
begin

v =  1 ; pi — 0 ; / /  no.of em pty slots 

for j =  1 to m do

if (atj =  1 ) 
begin

Pt =  Pt +  1;

Lv = Lv U {(L i)};
I — I Ll-1   o v I i j

v =  v +  1 ; 
end;

end;

Figure 4.3: A lgorithm  to find virtual paths

tim e unit t, if pt em pty slots are present, then the first pt v irtual paths namely, 

{L i, • • •, L Pt} are allocated one tim e slot each by the  algorithm . We notice 

th a t, in the worst case when all the processors are available, the algorithm  

finds all the virtual paths in 0 ( m D )  tim e. We note th a t /j =  10 , 12 — 6 , and 

13 =  1 for the task  set given in Figure 4.2.

4.2 R ea l-T im e Scheduling

4.2.1 Scheduling Tasks w ith Identical Ready T im es

Let { J j , ..., J n} be the  tasks w ith {ci, ...,cn} com putation tim es ordered such 

th a t ci > c2 >  ... >  cn . Let { In , L k }  be the v irtual paths w ith {/1 , . ..,/*} 

tim e slots respectively, ordered such th a t l\ > /2... >  lk- To derive the 

necessary condition, we assume th a t { J lf • ■ •, J„} is feasibly scheduled w ithin 

D. J\ w ith com putation tim e c\ can be scheduled if cj <  li since /j is the



45

A lg o r i th m  L R T F ;

/ /  pt «— N u m b e r  o f  s lo ts  in  t t l i  t im e  u n i t ;

fo r  (e v e ry  t im e  u n i t  i | 1 <  t < D )
b e g in

S c h e d u le  pt ta s k s  w ith  la rg e s t  re m a in in g  c o m p u ta t io n  t im e s ; 

D e c re m e n t  t h e i r  r e s p e c t iv e  ta s k  c o m p u ta t io n  tim e s ;

e n d ;

Figure 4.4: Largest Rem aining Tim e First; Algorithm

largest v irtual path . J 2 w ith com putation tim e C2 , has to be scheduled in 

m in {c i ,  (li — Ci) -f /2} tim e units. Therefore, c2 <  (/1 — Ci) +  I2 , and hence 

ci +  c 2 <  h  +  1-2 - Assuming th a t for some r, ]C-=i c> — 12'u-i lv, the tim e 

available to schedule J r+1 w ith com putation tim e cr + 1 is given by

r r
m in { c r, E ' . - E  Ci +  L’-f 1}

V —  1 1=1

We obtain

r + l  r + l

£  <k < £  iv ,
i= 1 v= l

since cr+i <  cr and cr+ 1  <  lv ~  E ;= i c« +  l,-+i- We have thus derived the 

necessary conditions for scheduling task set J  w ithin deadline D. We now 

s ta te  the following theorem  and prove its sufficiency.

Theorem  7 J  can be scheduled within D i f  and only i f

^ 2  C{ < Vr| 1 <  r  < k  (4.1)
! = 1  V = l
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and

i >  < 5 2 (4-2)
i=I V — 1

P ro o f .  We had shown tha t if a feasible schedule exists for a task set {J \ , • • •, J n} 

then the conditions m entioned above are satisfied. For sufficiency we need 

to show tha t the conditions are sufficient to produce a feasible schedule. Let 

us assume th a t there exists an optim al scheduler which provides a feasible 

schedule for a task set {y1; • • • , J n} with com putation tim es {ci, • • •, cn} and 

th a t the necessary conditions are not satisfied. For some q,

52 d  < 52 V r | l < r < g  (4.3)
1=1 U=l

<7+1 7+1
52 a > J2 iv
t=i v=i

T he m axim um  contiguous tim e th a t could be available after scheduling {J lt • ■ •, Jq} 

is given by

<i ?
^  ) ly d  +  7̂+1
t;=l i=l

since >  / 2 >  lq > lq+1- Note th a t { L q+2 , ■ ■ •, L^}  can have tim e slots 

only in tim e units where L q + 1 has a tim e slot. Hence to schedule J q + 1 w ith 

execution tim e c7+1,

Cq-f  1 ^  . ly  ^  ^ Ci T  ^7+1-
V = l  1=1

Therefore,

7 +  1 7 + 1

52°i < 5 2 1«
1 = 1  U = 1
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which is a. contradiction to our assum ption in Equation 4.3. Hence a task 

set can be scheduled within D  if and only if the necessary and sufficient 

conditions are m et. □

Consider th e  Largest rem aining tim e first algorithm  (LRTF algorithm ) 

provided in Figure 4.4. We define pt as the number of tim e slots th a t are 

available for processing in P  a t the t th  tim e unit. Note th a t p, is sam e as 

jy jLi (lti- LRTF algorithm  schedules a t every tim e unit I, tasks with largest 

rem aining com putation times. Figure 4.5 shows LRTF algorithm  applied to 

P. T he figure illustrates the scheduling done, tim e unit by tim e unit. The 

arrow in the figure represents the  exchange of elements to  order the rem aining 

com putation tim es in descending order.

In order to  prove th a t LRTF algorithm  is optim al, we need to show th a t 

LRTF algorithm  can provide a feasible schedule for the task set th a t satisfies 

the  necessary and sufficient conditions. We use LRTF algorithm  to schedule 

the first tim e un it and show th a t the remaining com putation tim es of the 

tasks satisfy th e  necessary and sufficient conditions for the  tim e interval 

[2..D]. We then  assum e th a t the tim e interval [ 1..t -1 ] has been scheduled 

using LRTF algorithm  and th e  rem aining com putation tim es of the tasks 

satisfy the conditions for the tim e interval [t..D] before scheduling the Jth 

tim e unit. By induction, we will show th a t the remaining com putation times 

of th e  tasks satisfy the  conditions for [t+ l..D ] after scheduling tasks with 

largest rem aining tim es in the fth  tim e unit.

It is trivial to  see th a t if the deadline is one tim e unit, then LRTF al­

gorithm  constructs a feasible schedule. This is due to the fact th a t there 

are aij v irtual paths, nam ely {/j, . . . , /Pl} each of one tim e unit. By the 

condition in E quation 4.1, {c1; . cPl} should all be of one tim e unit each.

Consider the  case when deadline D  is greater than  1 . We define { J \ , • • •, 

as the  task  set before scheduling the t th  tim e unit. Let {cj, • • • , c ‘n) be the
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c 1 = 6 2C 2 =5 3C 3 =3 4C 4 =2 5
c 5 = i

1 j =10
8
10
1

1 2 = <» 6

w II ** 7
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PI P2 P3
JI J2 J3

■ ■ ■ JI J2
H JI J2
Ji J2 ■ i
Ji J3

m J4 J i
J4 BH ana
J3 ■ I m
J2 O H B ■ H
J5 H f l mam

Time lie fore Scheduling i th time unit After Scheduling
Unit Task Set ComputationTime Remaining time

{ cl, c2, c3, c4, c5 } {6, 5, 3, 2,1} {6, 5, 3, 2,1}
2 (cl, c2, c3} {c4, c5} {6,5,3} {2,1} {5,4,2} {2,1}
3 {cl, c2) (c3, c4, c5} {5,4} {2,2,1} {4,3} {2,2,1}
4 {cl, c2}{c3,c4,c5) {4,3} {2,2,1} {3,2} {2,2,1}
5 {cl, c2} {c3, c4, c5} {3,2} {2,2,1} {2,^{^2,1}

8 {cl, c3} {c4, c2, c5) {2,2} {2,1,1} {^1H^,1,1}

10 {c4, cl}(c3,c2,c5} {2,1} {1,1,1} {1,[>Ĥ 1,1}
1 {c4}{c3, c2,c5,cl} {1} {1,1,1,0} {flH^MjO}

6 {c3}{c2,c5,c4, cl} {1} {1,1,0,0} ^U^1,0,0}

7 {c2}{c5,c3,c4, cl} {1} {1,0,0,0} ^F^l.0,0,0}
9 {c5} {c2.c3, c4, cl} {1} {0,0,0,0} {0} {0,0,0,0}

Figure 4.5: Exam ple illustrating application of LRTF algorithm
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com putation  tim es of {J[, • • • , }  such th a t c[ >  ■ • • >  c'n. We assume tha t 

{J \ ,  J%, • • •, Jpt} is schedulabie in the i th  tim e slot. LRTF algorithm  sched­

ules {JJ , • • •, J fpt} with com putation times {<4, • • •, c*t} since pt tim e slots are 

available for scheduling in the ith  tim e unit. Let • ■ • ,/£} be the num ­

ber of tim e slots rem aining in the virtual paths {Li ,  ■ ■ ■, Lk}  respectively.

We note th a t

/ {  >  4  >  ' ' '  >  ffci V<| 1 < t <  D

In order to schedule {J \ ,  ■ • •, the com putation times m ust satisfy the

following conditions:

VH 1 < r < k
j = l  v —i

and

n  k

i=i n=i

We s ta te  and prove the  following lem m a and show by induction, th a t LRTF 

algorithm  can schedule

with com putation  times

f  ct+1  ct+1  • • • ct+l \  iT l  > 2 > ’ S>t+ iJ

respectively, in th e  (t +  l) s t  tim e unit and the rem aining com putation tim es 

of tasks satisfy th e  necessary and sufficient conditions for [t-fl..D ].

L e m m a  3 I f  the remaining computation times o f  tasks in a task set satisfy 

the necessary and sufficierd conditions for  [t..DJ, then the remaining compu­

tation times o f  the tasks satisfy the conditions fo r  [t+l-.D], after scheduling 

the tth  time unit using L R T F  algorithm.
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P ro o f .  Let the Zth tim e unit contain a  em pty slots and the (Z +  l) s t  tim e unit 

contain ft em pty slots. W ithout loss of generality, we assum e th a t a  > ft- 

This can be achieved by rearranging the tim e units in decreasing order of 

num ber of tim e slots available in each tim e unit, since we are dealing with 

offline scheduling. Figure 4.5 illustrates the rearrangem ent of the lim ited 

tim e available system  given in Figure 4.1.

We schedule J 1 =  {J \ , • • •, J^}  in the Zth tim e unit using LRTF algorithm . 

Let c\ > c\ >  • • • >  cxn be the com putation times of J 1 before scheduling the 

Zth tim e unit. Let L 1 =  {L \ ,  • • •, L la} be the o  virtual paths w ith {/{,•■•, lxa} 

tim e slots where l[ > l l2 > ■ • ■ > lla . F irst we schedule with

com putation tim es {c^, • • • ,c^} in the  Zth tim e unit. We s ta te  the following 

necessary conditions for scheduling J 1 in [t..D],

^  Vr I (4-4)
* =  1

n  a

Z 4  < E ll
1 =  1 v= l

We prove th a t the task set J x w ith the rem aining com putation tim es after 

scheduling Zth tim e unit namely, C t+ 1  =  {c{ — 1, • • •, cla — 1, c^+1, • • •, cxn}, 

satisfies the necessary conditions for [t+ l..D ] tim e interval after scheduling 

the  Zth tim e unit. N ote th a t we do not represent J t + 1  as yet since C t+ 1  is 

not ordered. T he v irtual paths in [t-f 1 ..D], given by L t+l =  {L*+1, • • •, L f t 1} 

have {l\ — 1, • • •, Ip — 1} tim e slots respectively. To check if the conditions 

are satisfied for [t+ l..D ], we need to order J 1 in decreasing order of the 

rem aining com putation tim es C t+1. Let 6  be the num ber of tasks th a t were 

not scheduled in the Zth tim e unit bu t are scheduled in the  (Z +  l) s t  tim e 

unit. C t+ 1  can be partitioned  according to  the tasks th a t were scheduled in
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the f th  tim e un it and the  tasks th a t were not scheduled in the t th  tim e unit 

and it can be represented as shown below.

{ C1 I 5 c0 1 * ' ‘ > Ccr l} { cc»+L> ' * ' ) Cct+!)) ' ' ” ) <-71}
v  ^  v  N .  —  v  1 .i 1

a —(3 b

A fter scheduling the  ith  tim e unit, C t+1 may not be in descending order, 

since m in{c„+1, • ■ •, cln} m ight be greater than  min{cj — 1, • • •, c‘a — 1}. Note 

th a t if c^ +1 =  • • • =  cln =  0  then, the  necessary conditions are satisfied for 

[t+ l..D ] tim e interval, since the only non zero remaining com putation times 

are c\ — 1 >  ■ • • >  c^ — 1 >  0. Hence we assume th a t c[ > c '2 > ■ ■ ■ > c'n > 0 

and consider the  following cases:

case 1: if 6  =  0, then c{ — 1 >  c\ — 1 >  • • • > cla — 1 >  c'a+l > ■ • • >  cln . It is 

triv ial to  see th a t the  following conditions are satisfied due to Equation '1.4. 

Note th a t l^ + 1  =  • • • =  lta_ l =  =  1 since a  >  [3. This situation arises in the

exam ple provided in Figure 4.5, where for the first th ree tim e units 6  =  0. 

Hence the conditions for scheduling in [t+ l..D ] are given by tire following 

equations.

E M - 1 )  <  E M - 1 ). Vr I 1 < r < ( )  (4.5)
1 = 1  v = l

( E c i ) - O f  <  ( £ 0 - 0
1 = 1  v —\

case 2 : if 6  =  1 , then 3z  such th a t z < (3, where

<i+i >  max{<*+l -  1 , • • •, cla -  1 }.

Therefore C t + 1  in decreasing order is

{ C 1 ~  1 ? ‘ ’ ' > c z  Ca + l i  Cz + 1 1 ) ’ ' ’ ) c / i  —  ' ' ' ) c a  ~  { Co r + 2 > ‘ ) E l l
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Note th a t J^+i was not scheduled in the £th tim e unit and has been 

included in the set of tasks tha t will be scheduled in the (t +  l) s t  tim e unit. 

It can also be seen th a t, if J *+1 gets inserted at the (z  +  l) s t  position, the 

com putation times of all the tasks after (z +  l) s t  position until a  should be 

equal, since 4 + i  differs from {cl+1, • • •, 4 }  by one. (If it does not differ by 

one, then it would have got scheduled in the  ith  tim e unit). Therefore

4 + i  =  4 + i =  • • • =  4 - i  =  4  (4-6)

For exam ple, 6 =  1 in Figure 4.5, after scheduling the 8 th  tim e unit where 

only one elem ent gets exchanged, i.e., J 4 gets inserted before J x. We claim  

th a t the necessary conditions given by the following equations are satisfied 

in [t-f 1..D] tim e units, where { L f 1,- ■ ■, LJ)+1} is the rem aining v irtual paths 

with {l\ — 1 , • • •, Ip — 1 } tim e slots.

E M - 1) s  E M - 1). Vr I t s r s j  (4.7)
t'=l v=\

E M - h + 4+, < E M  - 1) (4.8)
2 + 1  

E
i ~  1 U = 1

It can be easily seen from Equations 4.4 and 4.6 th a t Equation 4.7 is valid. 

We need to prove th a t Equation 4.8 is valid. We know th a t 4  — 52v=\ 

from the necessary conditions given in Equation 4.4. Equation 4.8 can be 

simplified into :

E 4  +  4+1 < E 4 - - 1=> E 4  +  4 + i  < E 4
1 =  1 t l= l  1 =  1 v=\

We need to show

5+1 5+1

i'=! t i= l
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since c*,+1 =  c‘+1.

We know from the  necessary condition in Equation 4.4 th a t for scheduling 

in [t..D],

2 + 1  2 + 1

£ 4  <
1 =  1 V=1

Therefore we need to  prove tha t 

2+1 z + i
E 4  * EC
1= 1  t > = l

Let us assum e th a t

E c< +  c«+i =  £ / '
i = l  y = l

Consider th e  necessary conditions for [l..z] in Equation 4.4. We obtain the 

following inequality:

X>! S E C
1 =  1 D = 1

A dding c^ +1 to  both sides we obtain

E c< + ca+1  ̂ EC + *4+i
i=i u=i

We su b stitu te  5Z«=i C f°r Z+=i c! +  <4+i >n previous equation and obtain 

the following inequality:

EC -  E  C + <4+i
V=1 tl=l

Therefore

/* <  c l*2+1 — ca+1 (4 .9 )
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Substitu ting  <4+1 =  c lz + 1  from Equation 4.6 into our assum ption th a t

E 4  +  ci+ i =  E 4  (4-10)

we obtain the following equation:

2 + 1  2 + 1

X>i = E 4  (4-n )
i = l  v = l

Similarly consider [1 . .Z + 2 ]  interval in Equation 4.4.

2 + 2  2 + 2

E c! < E ' i  (4-12>
i = L  v = 1

By substitu ting , Equation 4.11 into Equation 4.12 we obtain the following 

equation.

2 + 1  2 +  2

E ' t  +  'U *  <  E ' i  (4-i3>
■u=l U = 1

This can be simplified as

(4.14)

We obtain  l lz+l <  c^ +1 <  /*+2 from Equation 4.9 and E quation 4.14 

and also from the fact th a t c z + 2  = cla+x. We can see th a t l z+l =  l lz + 2  and 

c‘a+l — l lz+j  =  lz + 2  since l\ >  t2 ■ • • >  l la. Therefore from Equation 4.6 we 

arrive a t the following equality

<4+i =  4+ i =  4+2 (4-15)

In order to  generalize the  result for [z-f L .a ], we assum e th a t

Ii-H  =  V »| 2 +  1 < V <  CV -  1 (4.16)



55

and show by induction, th a t l la should a,Iso be equal to c(v+1. We know from 

E quation 4.4 tha t

a n a  

1 =  1 i ~ l  y = l

From our in itial assum ption th a t c; =  E E i  C  and from Equation 4.16,

we ob ta in  th a t c(Q < lfa. Also since <  l la_ v and ltQ_ l =  c‘a , we get /', <  c'T.

Therefore, we obtain  the following equation

CL+1 =  C  V-w[ z + l < v < a  (4.17)

This implies th a t E ”=a+i c\ — due to our initial assum ption th a t

E{=i ci — E«=i Py But E?=a+i ci <  0  is not possible since we have as­

sum ed th a t c\ >  cl2 >  • • • cln >  0. Thus we arrive at a contradiction. Hence

E quation 4.8 is valid. The argum ent can be easily extended to show the

correctness of the following equations.

E 1( ^ - i )  +  c' +1 < ’ -  1),V1 <  r <  -  1
1 = 1 1 = 2*fl t/ss I

( 'I IS )

E ( c | - 1 )  +  E  4  S  t ll (4 . 19)
i=l i = a + l  v~i

case 3: General case where there are 6 tasks tha t get inserted. We proved 

th a t Ef=u ci < E u t l  C- Assume th a t for 6 — 1 the following inequality is 

valid.

a+b—1 z+b—l
E  4 < E  ‘I (4-20)
i = l  v=l



We prove tha t

a+b z+b

E 4 < E 4
i  — I V — 1

Let us assume tha t

Cr+6 z + b

E 4  = E 4
1 =  1 u = !

then we obtain

2 + 6 2 + 6
X X  +  4+6+1 <  E ^ -  + 4 + 6 + 1
r = l  t i = l

since

2 + 6 2 + 6
Z ‘: = TJl
1 = 1  1 1 = 1

Hence

c' <  / '
2 + 6 + 1 —  2 + 6 + 1

Similarly,

2 + 6 2 + 6 - 1

E 4  < E  n + 4 +6
11=1 U=1

since

2 + 6 2+ 6—1

E  c; -  E  4 + 4+6
1=1 tl=l
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Thus l ‘,+b <  c‘+6. Therefore we arrive at the following equation

/ '  —  —  . . .  —  I 1 —  r 1 —  r '  —  . . .  —  r l  —  r 1 —  ^
l 2 + 6  —  l 2 + 6 + l  —  —  l a  —  2 + 1  ~~ c 2 + 2 " •  —  c a  —  c o + l  —  ~  La + 6

(4 .21 )



We know that

c-f 6 s+6
E cI -  E C
i - 1 y=l

o a
E  <■■! = E  *;

t=:2+6+l y=2+b-fl

and

E c! < E ' t
i  —1 u = l

Therefore

E  d < 0,
i = i a + l

which is a contradiction.

Thus if th e  rem aining com putation times of tasks in a task set satisfy the 

necessary and sufficient conditions for [t..D], then the remaining com puta­

tion times satisfy the conditions for [t+ L .D ], after scheduling the /,I,h time 

unit using LRTF algorithm . Therefore we have shown by induction tha t 

LRTF algorithm  provides a feasible schedule for a task set th a t satisfies the 

necessary and sufficient conditions. Hence LRTF algorithm  is optim al. □

4.2.2 Scheduling Tasks w ith  Non-Identical Ready T im es

Let {J i ,  • ■ •, Jn} be the set of tasks tha t are ready at the staid tim e of the 

processor, w ith ready tim es {0, • • •, 0}. Let {ci, • • •, cn} be the correspond­

ing com putation tim e of the tasks. Let D be the deadline within which 

{ J i , - - - ,  Jn} has to be executed regardless of the ready tim e of the tasks.

Let { / i , - •- , /*} be the num ber of slots in {Tj, • • • , Lk] v irtual paths. We
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know from the necessary and sufficient condition given by Theorem  4.2 th a t 

{ ./ i , ■ • •, J n } can be scheduled within D  if and only if

V rl ^ < r < k
{= L v= 1

± a < h »
t =  i v~\

Let { J ri+i, • • •, be the 2 jobs th a t arrive a t Zth tim e unit with com­

putation  tim es {cn+i, ■ • •, cn+zj .  Let {e(, • • ■, c f}  be the  rem aining com­

puta tion  tim es of {Ji ,  - • • , J n} before scheduling the Zth tim e unit. Let

{cf, • • • ,<T, c r fT  • • • >cTf7 } be the remaining com putation times of all the 

tasks in sorted order. Let { /1, • • •, 4 }  be the tim eslo ts available in {L x, • • •, Lk}.  

We now s ta te  the necessary and sufficient condition for executing {J 1 , • • ■. J n+z}

within deadline D. The proof is obvious from Lem ma 3 since this is a special 

case.

L e m m a  4 {Jfi, ■ • •, J ri+2} can be executed in [t..D] time interval i f  and only

i f

< £ 4 ,  V?’|l  < r < k (4.22)
i= \ v= i

n  k

<  £ / „
1 = 1 U=1

This result holds true for tasks tha t have non zero ready tim es and have 

arrived a t any tim e unit before the Zth tim e unit. LRTF algorithm  will sched­

ule optim ally  in [t..D] tim e interval, as long as all the  rem aining com putation 

tim es of the unfinished tasks and the com putation tim es of tasks th a t have 

ready tim e Z, satisfy the condition mentioned in E quation 4.22. Since the 

proof is obvious, we simply sta te  the following theorem .
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T h e o re m  8 L R T F  algorithm is an optimal on-line scheduling algorithm,

Figure 4.6 illustrates a task system of three tasks th a t are ready for 

processing a t the  s ta rt tim e of processor. Note th a t the remaining times 

in the  v irtual paths a t various tim e units are also provided in Figure 4.6. We 

notice in the  figure th a t the necessary and sufficient conditions are satisfied 

for J i ,  J 2 , and J 3 . Task J 4 arrives at the fourth tim e unit, and we can see 

th a t the  rem aining com putation tim es of J\ ,  J 2, and J 3 satisfy the conditions 

for [4..10], w ith the  rem aining tim e slots in the virtual paths being /, =  7, 

and I2 = 4. Similarly, J 5 is ready for execution from 5th tim e unit and the 

conditions are satisfied for [5..10]. Thus we guarantee ( ,/ i , • • •, J 5} to execute 

by the deadline 10 using LRTF algorithm .

4.3  Fault-T olerant Scheduling

4.3.1 Scheduling Tasks w ith Identical Ready Tim es

We present an algorithm  to schedule a set of tasks { J i , • • •, J n} using level 

approach tor an im precise com putation system. Individual tasks in an im­

precise com putation system can be partitioned into two subtasks, namely 

m andatory  subtask  and optional subtask. Let { M 1, • • •, M n} be the m anda­

tory subtasks w ith com putation times of {m i, • • •, m n} and { 0 \ , • • •, On} be 

the optional subtasks with com putation times of {o\, ■ ■ ■ , «„}. Let D be the 

deadline and { L 1, • • ■, Lk} be the k  virtual paths with {/ j , • • •, lk} tim e slots. 

O ur goal is to  schedule the m andatory subtasks of all the tasks in their en­

tire ty  to  ensure th a t we obtain an acceptable result w ithin D. We then, 

m axim ize the  to ta l execution tim e of the optional subtasks to increase the 

accuracy of th e  result.

To schedule {M i, • • •, M n} w ithin D, the following feasibility conditions
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RT CT DL

JI 0 5 10

J2 0 2 10

J3 0 1 10

J4 4 6 10

J5 5 3 10

l \ l 2 h
10 6 l
9 6 l
8 5 0
7 4
6 3
5 2
4 2
3 2
2 1
1 1
0 0

Time Before Scheduling i th time unit After Scheduling
Unit Task Set ComputationTime Remaining time

{ cl, c2, c3 } {5,2,1} {5,2,1}
1 {cl} {c2,c3} {5}{2,1} {4} 12,1}
2 {cl, c2, c3} {4,2,1} {3,1,0}
3 {cl,c2} {c3} {3,1} {0} {2, 0} {01
4 {c4,cl}{c2,c3} {6,2} {0,0} {5,11 {0,0}
5 {c4, c5} {cl, c2, c3} {5,3} {1,0,0} {4, 2} {1,0,0}
6 {c4} {c5, cl, c2, c3} {4} {2,1,0,0} {3} {2,1,0,0}
7 {c4} {c5, cl, c2, c3} {3} {2,1,0,0} {2} {2,1,0,0}
8 {c4, c5} {cl, c2, c3} {2,2} {1,0,0} {1,1} {1,0,0}
9 {c4} {c5, cl,c2,c3} {1} {1,1,0,0} yjUiji, 0,0}

10 {c5,cl} {c4, c2,c3} {1,1} {0,0,0} {0,0} {0,0,0}

Figure 4.6: On-line LRTF algorithm
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from Theorem  4.2 has to be satisfied.

r r
X > ‘- <  5 > ,  V?'| 1 < r < k  — 1 (4.23)
i- r l  V= l

n k

5 3  m t- <  5 3 /u
i = l  v = \

If the conditions m entioned above are not satisfied, then the task set 

cannot be scheduled within D. If the conditions are satisfied, then it is 

guaranteed th a t we will obtain  an acceptable result by deadline D, Our 

goal then, would be to  maximize the to tal execution times of the optiona's 

{ 0 1 , • • •, On} th a t can be scheduled w ithin D. Note th a t we are allowed to 

schedule partia l am ount of any optional.

Let {cj, • • •, cn} be the execution times of { J i , • • •, J n] . Therefore {<:•’,• - •, c,, } 

is sam e as {m i +  cq, • • •, ???.„ +  on} where rni > ra2 >  • ■ • >  m n. In an 

im precise com putation system , if {J\ ,  - ■ ■ , J n} cannot be scheduled within 

D  in its entirety, then an acceptable result can be obtained by schedul­

ing all { Mi ,  • ■ ■, M n] and partial am ount of {Cfi, • ■ •, On}, Let the exe­

cution tim es of the portion of optional subtasks th a t can be scheduled be 

{of, • ■ • ,o^}. Let {cf, ■ • • ,c^} be the execution times of { J i, • • •, namely 

{m i  +  of, • • • ,m n +  o^}. In this section, we present an algorithm  for calcu­

lating {of, • • •, oil} where Y17=i 1S optim al taking into consideration th a t it 

satisfies the  constraints m entioned in Equation 4.23. Once {of, • • •, oif} is ob­

ta ined , the  LRTF algorithm  could be used to schedule {cf, • • •, ck} optim ally 

in the  lim ited tim e available system  by ensuring th a t {cf, ■■■,(%} satisfies 

the following conditions.

5 3 K -  +  o.) <  5 3  ^ r l 1 - r  - k  ~~1
t =  l

(4.24)
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f ^ m i  +  o,-) < ' E  lv
1=1 U=1

Consider a lim ited tim e available system  where the to tal tim e available 

to schedule {Jh, • • •, } is given by £«= i l v  The execution tim e necessary

to  schedule all the m andatory  subtasks are given by >nt- We obtain  the

am ount of tim e th a t is available to schedule {Oj, • • ■, On} from Equation 4.23. 

Figure 4.7 illustrates the tim e occupied by m andatories and where option­

als could be added w ithout violating the feasibility conditions for schedul­

ing m andatory subtasks, given in Equation 4.23. Let Sr be the  m axim um  

tim e available for scheduling {Ch, • • •, O, } w ithout violating the conditions 

in Equation 4.23. We define {<5X, • • • ,5/.-} as follows.

Sr = 5 2  l v -  5 2  m »’ ^ r l 1 <  r  <  A; — 1 (4.25)
n=i t=i

Sk = 52  ^  ~  5 2  m »
tj=l i=l

Our goal is to m axim ize £ " =1 ol such th a t Equation 4.24 is satisfied. Let 

be the indices of <5’s such th a t SSr+1 =  Min{<JSr+i, • • •, ^ }  where 

<̂S| =  M in{5i,- • • Figure 4.8 illustrates an exam ple of a  lim ited tim e

available system  w ith l\ =  6, I2  =  2 , and I3  =  2. We can see th a t <5i =  3, 

S2 =  2 , and <53 =  3. We can also notice th a t <5S1 =Min{<5i, $2 , ^3} =  $ 2  =  

2. =  Min{<53} =  3. If a feasible schedule needs to  be obtained for the

task  set, then the conditions m entioned for {ci,C2 ,c3} in Figure 4.8 has to 

be satisfied.

Figure 4.7 illustrates the  m axim um  tim e available to  schedule optionals. 

For exam ple, iq is th e  m axim um  tim e available to  schedule 0 \ .  A lthough 6) 

tim e slots are available for O j, it could be infeasible to  allocate th a t m any 

tim e slots, since some of the  feasibility conditions m ight be violated. Con-
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/i

m i +  m 2 h  +  k

['O l . . O n]

4 , =  M m {4 • • • 4 }

4 2 =  iV/m{4 ,+1 • • • 4 }

JSI

n u n *  e : l i 4
[0 Sl+ t..0„]I

E S i  m ;

4 ‘

E L ,  m,- E t ,  h

Figure 4.7: F inding m axim um  tim e to  schedule optionals w ithout violating 
conditions

sider th e  task  set given in Figure 4.8. Note th a t 4 ( =  3} tim e slots are 

available for scheduling 0 i, bu t only 4 i ( =  2) tim e slots are provided for 

0 i  in order to  satisfy (m i +  of) +  (m 2 +  0 2 ) <  /, +  l2. Consider the s it­

uation where 4  >  4 t and 4  tim e slots are allocated to  0 | .  We obtain 

E L i ( m « +  of) >  EuLi h i  leading to infeasiblity for scheduling { J 1, • • •, J n} 

and violating the necessary and sufficient conditions m entioned in Equa­

tion 4.24. F igure 4.9 shows (m i +  07) +  (m 2 + oj) > h + t2, which is a 

violation of the necessary conditions when 4  tim e slo' s are provided for 

0 i  instead of 4 ,  tim e slots, for the example given in Figure 4.8. T here­

fore we can allocate m axim um  possible tim e slots for optional subtasks by
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Pi

CD
I I M I  I

r — i r ~ i

m i — 3  Oi =  4 l\ =  6 ( ^ i = 3  == M m { 3 , 2 , 3 }

m 2 =  3 On — 3  I2 =  2 <̂ 2 =  2 =  $2

=  1 o3 =  2 /3 =  2 53 =  3 <$S2 =  Afm{3} =  S3

Feasibility Condition for M andatory subtasks:

m i <  h

ELi m i < ELi 
E?=i m«- < ELi ^

3 <  6 

^  3 -1- 3 <  6 +  2 

3 + 3 + 1 < 6 + 2 + 2

Feasibility Condition for {cX) c2, c3}

( m i  +  0 1 )  <  11

ELi(m* +  07) <  E L i  lv 

E L i K + W ) < E " =i 4

(3 +  Oi) <  6 

(3 +  oi) +  (3 +  0 2 ) < 6  +  2 

(3 +  Oi) +  (3 +  0 2 ) +  (1 +  o3) < 6  +  2 +  2

Figure 4.8: Exam ple illustrating necessary and sufficient conditions

finding , • • ■, } as shown in Figure 4.10. Note th a t the  m axim um  possi­

ble tim e slots for {O i, - • • , 0 Sl}, { 0 1+Sl, • • • , 0 S2},- • • ,{ 0 i+ Sp_n  ■ ■ • , 0 Sp} are 

5 , , , SS3, - - - ,S3p respectively.

T he m ajor steps of the  algorithm  to  schedule {Oi, • • •, On} such th a t the ir 

execution tim e is maxim ized is given below. The detailed algorithm , nam ed 

as Idenl al ready tim es (IRT), is provided in Figure 4.11 

A lgorithm  M axim ize.O ptionals :

1. C om pute {J.n , • • •, $.p} recursiv iy such tha t

=  m in {S i,  ■ • •, and 

£>r+l -  m m {d i+Sr, - " , 4 }

2. D ivide [0..£Sp] into p intervals nam ely
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Violation of condition
m  i h

6

)
y

ELl m i  ELl l v

10

ELl mi ELi ^

Figure 4.9: Violation of necessary condition when o, =  3 

[0 ..^ 1][51+s,..^S2] • • •

3. For every interval [<5i+Sr_1 ..c>Sr]

Schedule {Oi+Sr_ , , • • •, 0 n} where So — 0 

such th a t m,- +  of <  l\ V*.

In step 1 of the  algorithm , {$4l, • • • ,< D  is calculated recursively. S.Hr can 

be defined as the  m axim um  tim e available to schedule { 0 i+ Sr_ ,,- • • ,0.,,.}. 

For exam ple, <SSl is th e  m axim um  tim e available to schedule { Oj , * • • ,0 .,,} . 

The cum ulative execution tim es of {Oi ,  • • ■, 0 .,,} , nam ely E';=i of, cannot 

be greater th an  <5Sl, or else E i L ( m « +  ^7) W1̂  become greater than  E L i  

leading to infeasibility by violating Equation 4.24. Note th a t {0i+.„ , ■ • •, 0,,} 

can also be scheduled in any available slots in [0..<$Sl] w ithout violating the 

feasibility conditions. Hence in step 2 we divide the interval [0..5fl((] into p 

parts  namely, [0..<SSl][<$i+Sl ..Sl2] ■ ■ ■ [£1+Sp_ ,-< U - In step 3, for every interval 

[<̂ i+3r_i we schedule { 0 i+ Sr_ ,, • • •, On} such th a t nti + oi < l\ V*, 1 <  

i < n. We claim  th a t th e  algorithm  maximizes the to tal execution tim e of
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[O i..On] can be added

Adding [ 0 \ . .0 3l]
will affect YSLi m i <  4

0 S3l

4 , =  min{Su - ■ ■ ,4 }

4 r+, =  m m { 4 r+i, ■ • • ,4 }
p =  to tal num ber of 4 ,.’s

[0 }..0 n] [0 S|+ i..0„] can be added

*•—  4 , --------- ► Adding [0 a,+ i . .0 S2]
will affect E?*i rn, < K

[Oi..O„] [Oj, + l.-O n] • • [^»P-a+l -On]

[ 0 s p_ 1+ i - - 0 n ]  can be added 
Adding [ 0 Sp_ 1+1. . 0 Sp] 

will affect E ' ’= t  m ;  <  E * = i  4

0 4 , 4 2 4sp- i  K

Figure 4.10: O ptim al execution times of optionals satisfying the  feasibility 
conditions for m andatory  subtasks

all the  optionals.

T h e o re m  9 Algorithm Maximize-Optionals is optimal.

P ro o f .  It is easy to  see th a t the algorithm  guarantees the execution of 

m andatory  subtasks since the calculation of 4 s  are based on the  conditions 

m entioned in E quation 4.23. We now prove th a t the algorithm  allocates m ax­

im um  possible execution tim es to optional subtasks in [0 ..4P]- The following

cases need to  be considered.

case 1: T here does not exist any unscheduled em pty slot in [0 ..4 P]- In

which case, the to ta l execution tim e of all optionals, nam ely E?=i o, is op­
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tim al, since it is the  m axim um  possible execution tim e achievable as all the 

em pty  tim e slots available are utilized.

case 2: There exist some unscheduled em pty slots in [0.. <!>'*], but portions 

of some of {O j, • • •, On} are not scheduled. Let us assume O , to be the  first 

optional th a t was not scheduled completely, i.e., o7 <  °z- We will show tha t 

cT is the m axim um  possible execution tim e for Oz. A lthough our proof is for 

the  case when one optional is incompletely scheduled, our argum ent holds 

true  when m ore than  one optional is not scheduled completely.

If m z +  o j =  /1 , then Oz was not scheduled com pletely because the al­

gorithm  allocates not more than  l\ for any task since l\ is the num ber of 

tim e slots available in the longest virtual path . If more than l\ is allocated 

to any task, then the basic assum ption th a t a task cannot run in more than 

one processor in th e  same tim e un it, is violated. Therefore the algorithm  

allocates th e  m axim um  possible cum ulative execution times for Oz.

If m z +  o j <  li, and there exist some unscheduled slots in then

we will show th a t o7 is the  m axim um  possible execution tim e for O ,. Let 

sx =  m ax{sr < 2  | 1 <  r  <  p}. It is easy to see tha t the partial allo­

cation of O z was provided by step 3 of the algorithm  since [0..<LJ was fully 

allocated. Therefore J2i=i(rni +  of) =  12lx= i The rem aining tasks namely, 

{ 0 5x+i, • • •, On)  were scheduled in Some slots in [(f,r -f l.af,,,]

were unscheduled because oSx +1-1 ko.,p <  S3p - S 3x. T he unscheduled slots

cannot be used to  obtain  a greater execution tim e for Oz due to the following 

reasons.

1. If the  execution tim e of Oz is increased by adding more slots to o j 

then, Y iis i (m « +  oi) > E*=i h  violating the feasibility conditions. Hence Oz 

cannot be scheduled in [<fSl+i..<Lip]-

2. M in { m i  + oi\l < i < s x} >  M a x {m i + oi\sx + l  < i <  «}. If not, 3 g ,k  

such th a t, sx +  1 <  g < n  and 1 <  h < sx , where m y 3 -oJ,>  m/, +  Wi■ Since
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{cT, • ■ ■, c ^ }  satisfies the condition, (m i +  °i) =  J2 l=i A», there cannot 

exist a m j  +  oJ th a t is greater than  m ^-f oK since it will violate the feasibility 

condition. Therefore it is futile to exchange any of { 0 Sl+i , • • •, On)  w ith any 

of {Ot, • • •, <9Sl} to obtain  a larger £ " =1 of-

Hence we have proved th a t the algorithm  provides the m axim um  possible 

execution times for the optional subtasks and guarantees the  execution of 

m andatory subtasks. □

The detailed algorithm  for calculating the m axim um  execution tim es of 

optional subtasks for identical ready tim es is given in Figure 4.11. An ex­

am ple illustrating the algorithm  for lim ited tim e available im precise com pu­

ta tion  system  is given in Figure 4.12. Note th a t C — 5 and the num ber 

of processors, m  =  4. It can be seen th a t the algorithm  schedules optim al 

num ber of optionals in the lim ited tim e available system  even though there 

are still four em pty  slots left. If more optionals are scheduled, then  the as­

sum ption th a t a  task  cannot execute in two processors in the sam e tim e unit 

is violated.

4.3.2 Scheduling Tasks w ith  Non-Identical R eady T im es

bet { J i, • • ■ , J n}  be the  tasks th a t are ready a t the s ta rt tim e of processors.

Let { Mi ,  ■ • •, M n} and { O i, • • •, On} be the m andatory  and optional subtasks 

of {J\ ,  • • •, Jn}. We can obtain an acceptable approxim ate result if,

H  ^  V r|l < r < k
l =  1 u = l

£ > • ;  <  £ / „
i = l  1

Let {cT, • > •, cif} be the  m axim um  execution tim es calculated using al­

gorithm  IRT for tasks { J i, • • •, J n}. A lgorithm  IRT is provided in Fig-
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Algorithm  IRT;

for r =  1 to k-1 do 4  =  lv -  m,- ;

4  =  Z L i  lv -  £"=i rm ;

4  — Min { 4 , 4 , • • • , 4 } ;

for i =  1 to n do cf = m; ;
i =  1 ; z  =  1 ;
while (i < n) 
begin

X  =  M in{o; , /2 -  c7};

if ( X  <  4 )
begin

Ci — Cj -f- A j
if (cf =  L) z  =  z  +  1 ;

o II 0 1 *

for r =  s  to k do 4  =  4  — A ;

i =  i +  1 ;
end else begin

C{ — C{ T  4  >
Oi — 0{ 4 ;

for r =  s + 1  to k do 4  = 4 4  5
if (i < s)  i =  s  -f 1 ;
if (s < k) 4  =  Min { 4 + i , - - • , 4 } ;
else exit();

end;
end;

Figure 4.11: A lgorithm  to  find execution tim es of optim al optionals (IRT)
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^  =  1 h =  5 mi = 4 oi = 2

82 = 3 h =  5 7772 = 3 o2 =  0

IQII h =  4 m3 = 2 03 = 0

IIt-o* I4 = 2 m 4 = 2 o4 =  0

•h - - - -
c 1 62 8 3

Pi P2 P3 Pa

1 Ji h h Ja

2 Ji J2 h Ja

3 ■h J2 H i !

4 Ji B 1
5 Ji W ■HH

Figure 4.12: Illustration of fault-tolerant LRTF scheduler

ure 4.11. Let { J n+i, • • ■, Jn+z) he 2  tasks tha t arri1 it tim e slot t. Let 

{m j, • ■ • , ?7i„} be the rem aining com putation tim es ol the m andatory  sub­

tasks of and { m n+i, ■ ■ ■ , m n+z} be the execution times of the

m andatory  subtasks th a t have the ready tim e t. For convenience, we nam e 

the execution tim es as rem aining execution times nam ely ■ •, m n+r}.

Let { /1, • • •, Ik} be the rem aining tim e slots of the v irtual paths {Ll5 ■ • •, L *}. 

T he necessary and sufficient conditions to obtain an acceptable approxim ate 

result in [t..D] is given by,

52™ * ^  5 2 |1 < r  <  & (4.26)
1 = 1  t / = i

n - f z  k

< 5 2 1«
1 =  1 U = I



Algorithm  NIRT;

for r =  1 to k-1 do Sj = E U i £  ~ Ei=i ™il

** =  E L i £ - E ? =1^ ;

= Min {^i ,52,- • • , 4} ;

for i =  1 to  n do cl — ml] oi =  remaining ex.tim e of o;; 
i =  1 ;
w hile (i < n) 
begin

if (Min ( Ss,oi) =  oi)
begin

c, — 0{ -f- Oi,

for j =  s to  k do 5j = Sj — o--,

i =  i +  1 ;
end else if (Min (5s,ol) = 5S) 

begin
C{ — C{ -f Ssj
Oi   Oi Sy J

for r =  s + l  to k do Sr — 5r — 5.,; 

i =  s +  1 ;
if (i < k) S8 = Min {<Jf, <?,■+,,• • •, Jfc};
else exit(); 

end;

Figure 4.13: On-line algorithm  to find optim al optionals (NIRT)

v
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If the conditions in Equation 4.26 are satisfied, then the  tasks can be 

scheduled in [t..D] and an approxim ate result will be guaranteed for every 

task. In order to  m axim ize the num ber of optionals th a t can be scheduled, 

so th a t the  result is enhanced, algorithm  NIRT in Figure 4.13 is used to 

calculate op tim al num ber of optionals tha t can be scheduled. Let {c\ , • • ■, c[t} 

be the portion  of com putation tim es of { J i, • • •, Jn} th a t has been executed 

in [ l . . t - l ] . T he rem aining execution times of the optionals can be given by, 

{c\ — nii,  • • • ,cj, — m„}. Some of the remaining execution tim es could be less 

than zero for those m andatories th a t are still being executed. The rem aining 

execution times of the corresponding optionals for those m andatories are 

taken to be zero.

4.4  Sum m ary

In this chapter we considered scheduling a set of tasks in a system  th a t is 

available only in certain  tim e intervals. Run-tim e scheduling is applicable in 

areas such as com m unication systems and process control where tasks are 

dynam ically invoked. Schm idt [55] considered the problem  of scheduling a 

set of tasks in a lim ited tim e available system  using bin-packing approach. 

We presented a  sim ple; algorithm  based on level approach and proved its 

optim ality.

We derived the  necessary and sufficient condition for the tasks to  be sched­

uled w ithin D. We introduced LRTF scheduling algorithm  for lim ited tim e 

available systems. We proved th a t LRTF algorithm  is optim al for scheduling 

independent tasks w ith identical ready times and deadlines. We assum ed 

th a t the tasks were im plem ented using imprecise com putation system  w ith 

each task containing a m andatory  and optional sub task. We provided an 

algorithm  for obtaining the  m axim um  execution tim e possible for optional 

subtasks after guaranteeing the execution of m andatory  subtasks. We proved
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th a t our algorithm  is optimal.

If the necessary and sufficient conditions are not satisfied, then there do 

not exist a feasible schedule for the  task set and the deadline will be missed. 

If th e  tasks in pre-run-tim e schedule had been im plem ented using imprecise 

com putation  approach then we could have scheduled the task set by removing 

the optionals in pre-run-tim e schedule. In the next chapter we assume th a t 

the tasks in pre-run-tim e schedule have been im plem ented using imprecise 

com putation  system . We propose an adaptive scheduler to schedule the set 

of ru n  tim e tasks by removing m inim um  num ber of optionals from the pre­

run-tim e scheduler.
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C hapter 5 

R u n -T im e A d ap tive  
Scheduling

In the previous chapter we had considered the problem  of scheduling a set of 

tasks whose task characteristics are known only a t the tim e of arrival. We 

had assum ed tha t the tasks th a t were scheduled in the pre-run-tim e schedule 

cannot be removed, and the  tasks th a t arrive during run-tim e can only be 

scheduled in the tim e slots not occupied by the pre-run-tim e schedule. In 

this chapter, we assum e th a t the  pre-run-ti me schedule consists of im precise 

com putation tasks th a t have m andatory subtasks and optional subtasks. We 

derive the necessary and sufficient conditions to schedule a  set of tasks w ithin 

D  th a t arrive during run-tim e by removing optim al num ber of optional sub­

tasks from the  pre-run-tim e schedule. We provide an adaptive scheduler 

th a t dynam ically removes m inim um  num ber of tim e slots occupied by op­

tional subtasks to schedule a set of tasks th a t arrive during run-tim e. We 

also prove th a t the algorithm  is optim al and provide an exam ple.

5.1 Task C haracteristics

Let {J ] , • • •, Jn}  be the  set of external tasks th a t has to  be scheduled w ithin D  

in m  processors, nam ely {P i, • • •, Pm}. Let {ci, • • •, c„} be the com putation
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Figure 5.1: V irtual paths

tim e of {</],• • ■, Jn]  respectively. We assume tha t a pre-run-tim e schedule 

exists for {P i, • • , Pm} and the tasks tha t have been scheduled during pre- 

run-tim e are fault-to lerant. Hence each task in pre-run-tim e schedule has 

two subtasks, nam ely m andatory subtask and optional subtask. During run­

tim e, w ithout skipping the deadline, a portion of optional subtasks can be 

removed if necessary to  schedule run-tim e tasks.

Let {P i, • • •, Lk} be the v irtual paths constructed using the em pty slots 

present in pre-run-tim e schedule. Let {p , •••,/*,} be the num ber of slots in 

the k  v irtual paths, nam ely {P i, • • •, P*}. Figure 5.1 provides an exam ple of 

virtual paths in {P i, P 2 , P 3} where pre-run-tim e tasks are fault-tolerant. We 

note th a t 6th and 9th tim e slots occupied by optionals in processor P2 are 

not considered for constructing virtual paths and l\ =  10, ^2 =  6, and I3  =  1.

We define an alternate path as a collection of tim e slots th a t are either
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unoccupied or occupied by an optional subtask. W hile constructing a lternate  

paths, the tim e slots occupied by optional subtasks in a pre-run-tim e schedule 

is also considered as em pty  slots. Let {Q l5 • • •, Q x} be the x  d istinct a lternate  

paths available in {P i ,  ■ ■ •, Pm} such th a t for some v, 1 <  v <  x,

Qv  — t ( L i ) l i  =  m in ((optional — in  — a tj V atj =  1) A (t , w) 4: Qu, i  <  u < v)
I l<w<m

Figure 5.2 illustrates all the alternate  paths present in a system  with 

three processors, nam ely {Pi, P2, P3}. Note in Figure 5.2 th a t 6th and 9th 

tim e unit of P2 are assumed to be occupied by optional subtasks, where 

as o ther tim e slots of all the processors are either em pty slots or occupied 

by m andatory  subtasks. Let {q\, - ■ ■ ,qx} be the num ber of tim e slots in 

{Qi> • • • > where qv — carclinalUy(Qv), 1 <  v < x. The algorithm  for



A lgorithm  Fincl-Alternate-Paths;

for t =  start time  to finish time do

begin
v =  1; V>< =  0;

for j =  1 to m  do

if ((optional scheduled in a tj ) V ( a t j = L ))
begin

=  4>t -f i ;

Qv =  Q v V { { t , j ) } ]  
qv = qv + 1; 
v =  v +  1; 

end;
end;

Figure 5.3: A lgorithm  to find alternate paths

finding all the a lternate  paths in {P i, • • • P,„) is given in Figure 5.3. We 

notice th a t tim e slots occupied by the optional subtasks are included in 

alternate  paths, if em pty slots are not available.

In the next section, we introduce an adaptive scheduler to schedule {J \ , • • •, Jn 

w ithin D. If {J j ,  • • •, J n} is not schedulable in the em pty slots within D then 

the algorithm  removes m inim um  num ber of optionals from the pre-run-tim e 

schedule to allocate {J i ,  ■ • • , Jn}.

5.2 A d ap tive  Scheduler

Let {P i, ■ • •, Lk}  and {Q i,  • • •, Qx} be the virtual paths and a lternate  paths 

w ith {fi, • • • ,4 }  and {q i,--  - ,qx} tim e slots respectively. Let {ci, • • ■ ,c n } be 

the com putation tim es of {J i ,  • • •, J n). Our goal is to schedule { J i , • • •, <Jn} 

w ithin D  by removing m inim um  num ber of optionals from. {Q i, ■ ■ ■, Qx}.
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T he necessary and sufficient conditions for obtaining a feasible schedule for 

{./i, • • ■, Jn)  within D  is given by the following equations.

E *  < 1 < r < x  (5.1)
t'=l v=l

^  e ^
t = l  v — l

If conditions 5.1 are not satisfied, then it is not possible to obtain  a feasible 

schedule since (lv *s to ta l num ber of tim e slots available (inclusive of 

all pre scheduled optional subtasks) to schedule {•/], • • •, Jn}. If { J j, • • •, J n} 

has to be scheduled w ithout removing any optionals from {Q i, ■ ■ ■, Qx }, then 

{./1, • • •, J„} has to  be scheduled w ithin the em pty slots th a t are available, 

nam ely {L i ,  • ■ •, L j ) .  Hence the following necessary and sufficient conditions 

need to be satished if { J i, • • •, Jn} has to be scheduled in {L i, • • •,

Y l ci ^  1 <  r  <  A: (5.2)
i = \  v~l

71 k
E a  < E h
i=z  1 u = l

If condition 5.2 is satisfied then there is no need to  remove any optional 

subtask from the pre-run-tim e schedule since we can use LRTF algorithm  to 

schedule {Jy, • • •, Jn} optim ally. If condition 5.1 is satisfied and condition 5.2 

is not satisfied then  our goal is to schedule { ./j, • • •, Jn} w ithin D  by removing 

m inim um  num ber of tim e slots where optionals are scheduled in pre-run-tim e 

schedule. We use all the  em pty  slots and remove only the least num ber of 

optionals since removing optionals will decrease the quality of th e  tasks th a t 

are scheduled in pre-run-tim e scheduler. Let A be the m inim um  num ber of
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tim e slots needed additional to  em pty tim e slots to obtain a feasible schedule. 

We now present an algorithm  tha t would remove exactly A optionals from 

the pre-run-tim e scheduler to schedule {Jr, • • •, J„}.

We first calculate the tim e slots necessary in addition to the em pty tim e 

slots to  schedule {J l5 • • •, J„} if condition 5.2 is not satisfied. T he ex tra  tim e 

slots th a t are required in order to obtain a feasible schedule are given by

{Cl -  lu - ' ' , ^ C i  - -  Y  U -
v — 1 i — l  V —  1

Since condition 5.2 is not satisfied, some of the entries are positive. If a 

feasible schedule has to  be obtained for { J t , • • •, ,/„} then none of the entries 

should be positive. Hence to  obtain  a feasible schedule for {J\ ,  • ■ •, Jn], A 

tim e slots of optional subtasks need to be removed from the pre-run-tim e 

schedule, where A is given by

A  =  m ax  { t { g  Ci -  E  («} , g  Ci -  E  <.}

Figure 5.4 illustrates a situation where condition 5.2 is violated. Let, for 

some z,

& = Y ci ~ Y lv
;=i ii=i

Therefore by adding A em pty slots,

Y Ci = ^  +  a
t = l  V = 1

Hence

5 3 — 5 3  A/  d* a  , z  + 1 51' / '  <  k
i—l v=l
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Eli*
E l i  lv

At. = 0
y k - i  I  
Z-,v=l lv

E l / * \
E l !  h

Eli*
A k - i  =  0

A =  A bl =  max{Ai, • • •, A/.}

Ab2 = max{Ai, • • •, Af,,_i}

Ci +  c2

h  +  ^ 2 ^ ^

A2 =  max{0, ci +  c2 — k  — /2} 

A i =  max{0, c{ — /j} =  0

Figure 5.4: Calculation of A due to violation of schedulability condition

since A is the m axim um  additional tim e slots needed. Hence {Jz , • • •, Jk} 

satisfy the necessary and sufficient conditions if A additional tim e slots are 

added. We s ta te  the following Lemma and prove th a t the {J i ,  • • •, J 2_i} also 

satisfy the necessary and sufficient conditions.

L e m m a  5 { J i, • • •, J n} can be scheduled without skipping the deadline i f

A -  S  ~ X} ̂
u = s l  V — l
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P ro o f. We define {Ai, • • •, A*,.} such that

r r
A r =  max{0,  ]>3 c< ~  53 ^

t = l  U=1

Note tha t A r denotes the amount of additional time slots needed to satisfy 

the conditions. Let {61 , be the indices of A 's such that A tr+, =

m a x { Ax, • • •, A tr- i}  where A;,, =  ?naa:{Ai, • • •, A^}. Note that the index 6 ( 

is the same as z. We will prove that the conditions are satisfied for 1 < r  < 6,.

We see tha t by adding At„ to l\ +  ■ ■ • +  4,, the following equation is 

satisfied.

6tt bu
53  °i =  £  ^
i = l  i / = l

Similarly, we can see that by adding (At„_, — A*„) to / l+t„ H (- /t„_, (and

At,, already added to / 1  +  • • ■ +  /t„) the following equation is satisfied.

bu—1 bu- 1

5 3 Ci = 53  h
1 = 1  v —l

Hence by extending our argument, adding (At, — A t2) to /i+t2 ■+■ • • • -f /t, the 

following equation is satisfied.

61 b,
53  c‘ =  53  ^
i —1 v —l

Note that the minimum number of time slots needed to satisfy the necessary

and sufficient conditions is At, — At2 -fi At2 — At3 -I +  A tu_, — At,, + At,,

which is At, which is same as A. We claim that the maximum value At, can 

have is £ “_x qv -  £ * = 1  /„. If not, then

by b\ x k
J 2  a  -  j r  iv > Z3 <iv -  53
t = l  v ~ \  v = l  t /= L



This would imply tha t

k
E  °< > E  <h + E  <h~ E
t = l  v=l-j-6i v = i - f

Since E *=1+6, 9„ -  E L i+ 6 , ly >  0» we obtain

6, 6,
5 3 Ci '> 53 ciy
t=  1 t/= l

which violates the necessary and sufficient condition 5.1.

Hence we have proved that the minimum number of time slots that option­

als occupy that need to be removed is A. We also showed that {Jj, • • • , Jn} 

satisfy the conditions to obtain a feasible schedule if A additional slots are 

available.

Figure 5.5 provides an adaptive scheduling algorithm  th a t schedules the 

ex ternal tasks by removing A  optionals. The following cases are considered 

by the  algorithm .

case A =  0: Thi 'm plies th a t there is no need to remove any optionals 

to schedule {«/x, • • •, J„} w ithin D. Hence the em pty slots are enough to 

schedule the task set, in which case the necessary and sufficient condition 5.2 

should be satisfied. If the conditions are satisfied then LRTF algorithm  can 

be used to schedule {./i, • • •, J n} w ithin D  optimally.

case A >  0: A feasible schedule exists as long as condition 5.1 is satisfied. 

We schedule {J-L, - - - , J n} using LRTF algorithm  such th a t for every tim e 

unit, we schedule the largest remaining com putation times of {J j ,  • • •, J n] in 

the em pty  tim e slots and tim e slots occupied by optionals. If an optional 

is removed then we decrem ent A. This is continued until we provide the 

necessary additional tim e slots, namely A to { J i, • • •, J n}. If A  optionals

□



are removed from the pre-run-tim e schedule then the remaining com putation 

tim es of { J j, • • •, J n} are scheduled using LRTF algorithm , only in the em pty 

tim e slots w ithout removing any more optionals. As we are only removing 

A optionals and the rem aining com putation times of { J i, • • •, J n)  can be 

op tin 1 ally scheduled in the rem aining tim e slots of { L[, ■ • •, L*,}, algorithm  

adaptive-scheduler is optim al.

We are now in a position to s ta te  the following theorem.

T h e o re m  10 The Adaptive-Scheduler algorithm schedules {./i, • • ■ ,/„} opti­

mally within D  by removing m inim um  number o f pre-scheduled optionals.

Figure 5.6 illustrates adaptive-scheduler algorithm  with an example. Three 

tasks, { J i, J 2 , ^3 } are considered w ith com putation times {10,7,1} respec­

tively. It can be easily seen th a t the conditions for obtaining a feasible 

schedule is satisfied if all the  em pty tim e slots and all the tim e slots where 

optionals are scheduled are considered. It can also be seen tha t the con­

ditions to ob ta in  a  schedule w ithout removing optional subtasks from the 

pre-run-tim e scheduler is not satisfied. The calculation shows th a t A =  I . 

We schedule { J 1? J 2 1 J 3 } using LRTF algorithm  by considering optionals as 

em pty  tim e slots in [1..6] until A =  0. We schedule the rem aining com putar 

tion tim es of { J i ,  J 2, ^ 3} using LRTF algorithm  in [7..10] considering only the 

em pty  tim e slots and w ithout removing any pre scheduled optional subtasks.

5.3 Sum m ary

In this chapter, we assumed th a t the pre-run-tim e schedule consists of a task 

set th a t is fau lt-to leran t. We derived the necessary and sufficient conditions 

for scheduling a  set of tasks th a t arrive during run-tim e with same deadline. 

We introduced an adaptive scheduler tha t schedules a set of tasks th a t arrive 

during run-tim e. The scheduler dynam ically removes, if necessary, optim al



Algorithm  Adaptive-Scheduler;

begin

/ *  Assume c \  >  c n  > ■ ■ ■ > _  c n * /

/ *  Check if optionals need to be removed * /

i f  ( ( E E i  ° i  <  1 r  <  k  -  1 )  a n d  ( £ " = 1  c f <  Y l t =  1 M )

begin

Consider Optionals as not available and

schedule { J i , • • •, J n )  in ( L i , • • •, L k )  using LRTF algorithm;

end;

else begin / *  som e optionals need to be removed * /

i f  ( ( E E i  <  E « = i  ' A ,  1 <  r  <  x  -  1 )  and ( T l ” = l  e ;  <  £ * =1 <1 v ) )

begin

A  =  m a x {  { E L l  *  -  E U ,  / v > . E I = i  «  ~  E L M ;

while (A  >  0)
begin

Schedule remaining com putation times of { , / j , ■ ■ •, }
in {Q i, • • -,QX} using LRTF algorithm.
Oecrement A  if optionals are removed;

end;

/ *  A  =  0  * /

Schedule remaining com putation tim es of { J i ,  • • •, J n )  h eiiipty slots

using LRTF algorithm without removing any optionals;

end;

end;

end.

Figure 5.5: Run-time adaptive scheduler
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1 {5,3,0} Jx,  J l } {4,2,0}

0 {4,2,0} J x , J i } {3,2,0}
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0 {2,1,0} J x , J i } {1 ,1 ,0 }
0 {1 ,1 ,0 } Jx,  J l } {0,0,0}

Figure 5.6: Illustration of adaptive scheduler
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num ber of optional subtasks th a t have been scheduled in pre-run-tim e sched­

ule. We proved th a t the adaptive scheduler is optim al. A daptive run-tim e 

scheduler finds application in areas such as robotics and com m unication sys­

tems, where pre-scheduled optionals can be removed to accom odate tasks 

arriving a t run-tim e. In the  next chapter we consider scheduling a set of 

tasks th a t have precedence constraints.
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C hapter 6 

Scheduling Tasks w ith  
P reced en ce C onstraints

In this chapter, we first describe the structure of tasks w ith precedence con­

strain ts using a precedence graph. We then provide an algorithm  to  de­

compose the precedence graph in to  processes, and find the num ber of tasks 

tha t can be executed in parallel and their corresponding execution tim es. 

We will in troduce a fault-to lerant technique based on imprecise com putation 

approach for tasks with precedence constraints. We will consider the case 

where tasks w ith precedence constraints are scheduled during pre-run-tim e. 

We then  apply the  adaptive run-tim e scheduler to obtain  a schedule by re­

moving optim al num ber of optionals during run-tim e to accom odate external 

run-tim e tasks.

6.1 Task C haracteristics

6.1.1 General Precedence Graph

We represent a set of tasks T  =  {7 \, • • • ,T„} by (T, < ) where <  is a partia l 

order on T  specifying precedence constraints. For exam ple if Tu < Tv then  

execution of task Tu m ust be finished before Tv can be started . Tu is called 

a  predecessor of Tv and Tv a  successor of Tu. If there exists no task Tw such
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Figure 6.1: Prscedence graph and its simplified version

th a t Tu < Tw < Tv then Tu is called an immediate predecessor of rf'v and Tv 

an immediate successor of T u. Exam ples of such constraints are shown in 

Figure 6.1. Note th a t we use T  for a set of tasks with precedence constraints 

where as we used J  to  represent a set of independent tasks in earlier chapters.

6.1.2 Sim plification of Precedence Graph

Precedence graph is form ed by introducing edges between nodes to repre­

sent various precedence constraints such as control dependency and d a ta  

dependency. We assum e th a t the resu ltan t precedence graph is acyclic. The
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redundant edges in the resu ltan t precedence graph can be removed to obtain  

a  simplified task graph th a t is represented as a Hesse diagram  [74]. For ex­

am ple, in Figure 6.1 there is an edge from T3 to T4 and T4 to  T6. Hence the  

edge from T3 to Tq is redundant since TG cannot be executed before T3 and 

T4 . This can be done in polynom ial tim e since redundant paths can be identi­

fied in polynomial tim e using D ijkstra’s shortest path  algorithm  by assum ing 

negative weights for edges [75]. Figure 6.1(b) illustrates the simplified task  

graph of Figure 6.1(a).

6.1.3 D ecom position o f Precedence Graph

T he tasks in the precedence graph are decomposed and grouped into subsets 

of tasks such th a t t ^  subsets can be executed in parallel. In this section, 

we develop an algorithm  to  do this decom position. The precedence relations 

between the tasks are taken care of while decomposing th e  precedence graph. 

Consider the exam ple illustrated  in Figure 6.2. We notice th a t the  task  set 

consists of four tasks { T i ,- - - ,T 4} with execution tim es {5 ,2 ,3 ,4}  respec­

tively. We note th a t T\ has to get executed first. Once Ti is executed, then  

T 2 and T3 can be executed in parallel for 2 tim e units each, after which T3 is 

continued for 1 more tim e unit. T4 is finally executed after T 2 and T3 have 

com pleted.

A process change sequence (PCS) is defined as the sequence of the  num ber 

of processes th a t can be executed in parallel. PCS for the  exam ple provided 

in Figure 6.2 equals (1,2,1,1). Similarly, a process time requirement sequence 

(PT R S) is defined as the  sequence of com putation tim e required to  execute 

the corresponding processes in the  process change sequence. For th e  exam ple 

given in Figure 6.2, PTR S is (5,2,1,4). Since the  precedence relations between 

various tasks are known apriori, PCS and PTR S can be calculated pre-run- 

tim e.
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1 process for 
5 tim e units

2 processes for 
2 tim e units

1 process for 
1 tim e unit

1 process for 
4 tim e units

F igure 6.2: Decomposition of a precedence graph

Figure 6.3 illustrates the  algorithm  Find-PCS-PTRS to com pute PCS 

and PT R S  of a general precedence graph. The algorithm  in Figure 6.3 does 

the decom position. Let T  be the set of tasks w ith precedence constraints 

represented by a  precedence graph. A set of tasks th a t do not have any pre­

decessors is defined as s ta r t nodes. A set of tasks is defined as a successor 

nodes to  a subset of T  if the  tasks in the set are im m ediate successors of 

the subset of T. We begin from the  s ta rt nodes of the precedence graph. 

It can be easily seen th a t the s ta rt nodes can be executed in parallel as 

they do not have any predecessors. Once a task in the s ta r t nodes com­

plete its  execution, all the  successor nodes to th a t task can be executed in 

parallel as long as they do not have any precedence constraints w ith the  un­

finished tasks in  s ta rt nodes. In general, we denote F I N  to  be the set of 

tasks th a t  have already been considered, and S U C C  to  be the  set of tasks 

th a t are successor nodes to  the nodes in F I N .  We calculate the  m axim um  

tim e for which tasks in S U C C  can be executed in parallel. T he num ber of
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A lg o r i th m  F in d -P C S -P T R S ;

S U C C  =  { };

F IN  =  S e t o f  s t a r t  n o d e s ;

W h ile  (F IN  !=  T )

b e g in  f  1 
• i J im m e d ia te  su c c e sso r  J- 

S U C C  =  S U C C  U  I  to  ta sk s  in  F IN  J

X J5 U C C  -  R e m a in in g  e x e c u tio n  t im e s  o f  ta s k s  in  S U C C ;

M IN _X _S U C C  =  M in  {X _5U C C };

A p p e n d  n u m b e r  o f  ta sk s  in  S U C C  to  P C S ;

A p p e n d  M IN _ X _ S U C C  to  P T R S ;

, , /  ta s k s  in  S U C C  w ith  M IN _ X _ S U C C  
F IN  =  F IN  U  I  r e m a in in g  e x e c u t io n  t im e s J

R e m o v e  f ro m  S U C C  ta s k s  w ith  r e m a in in g  e x e c u t io n  t im e  M IN _ X _ S U C C  ;

e n d ;

Figure 6.3: A lgorithm  Find-PCS-PTRS

tasks in S U C C  is appended to  P C S  and the  m inim um  execution tim e is 

appended to  P T R S .  Figure 6.4 illustrates the steps of the  algorithm  Find- 

PC S-PT R S to find PCS and PTR S of the  precedence graph given in Fig­

ure 6.1. We assumed th a t the  execution tim es of the m andatory  subtasks are 

(4 ,1 2 ,4 ,8 ,1 6 ,1 2 ,8 ,8 ,1 4 ,4 ,3 ,8 ,4 ,4 ,4 ,2 ,8 ,2 ,3 )  and the  execution tim es of 

the optional subtasks are (1 ,3 ,1 ,2 ,4 ,3 ,2 ,2 ,1 ,1 ,0 ,2 ,1 ,1 ,1 ,0 ,2 ,0 ,0 )  respec­

tively. We note th a t the P C S  is given by (1 ,3 ,3 ,3 ,2 ,1 ., 1 ,2 ,2 ,2 ,1 ,1 ,1 ,1 ,1 ,1 ,1 )  

and the P T R S  is given by (4 ,4 ,8 ,4 ,4 ,4 ,8 ,4 ,4 ,4 ,1 0 ,4 ,3 ,2 ,8 ,2 ,3 ) .
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SU C C x _ s u c c MIN PC T S PCS P T R S FIN

{ } { } - m } {1} {4} {Ti}

{T3,T 2,T 5} {4,12,16} 4 {T3,T 2,T 5} {3} {4} F I N  U {73}

m , r 5, r 4} {8,12,8} 8 { r 2, r 5, r 4} {3} {8} F 7 W U {T 2,T.,}

{Tsi T1 2 , Tq} {4,8,12} 4 m , T 12, r 6} {3} {4} F I N  U {775}

{T12,T 6} {4,8} 4 {T12,T6} {2} {4} F I N  U {Ti2}

{Te} {4} 4 {Te} {1} {4} F I N  U {Te}

m {»} 8 {Tr} {1} {8} F I N  U {T7}

{ r 13, r 8} {4,8} 4 { T ^ T s } {2} {4} F I N  U {7}3}

{Tu ,T8} {4,4} 4 {Tm ,T8} {2} {4} F I N U { T ^ r 8}

{ r 15, r 9} {4,14} 4 {t 15, t 9} {2} {4} F I N  U {T,b}

m {10} 10 m {1} {10} F I N  U {7k}

{Tio} {4} 4 {Tio} {1} {4} F I  N  U {7'io}

{ Tu} {3} 3 {Tu} {1} {3} F I N  U {7}(}

{Tie} {2} 2 {Tie} {1} {2} F I N  U {T)6}

{ Tu} {8} 8 {Tit} {1} {8} F I N  U {T17}

{^ls} {2} 2 {Tie} {1} {2} F I N  U {7’,8}

{ ^ 9} {3} 3 {Tie} {1} {3} F I N  U {7\9}

Figure 6.4: PCS, PTRS for tasks in a precedence graph
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6.2 P re-R u n -T im e Scheduling

In this section, we introduce a heuristic algorithm  based on M cN aughton’s 

rule [51] for scheduling a set of tasks with precedence constraints. We assume 

th a t each task has been im plem ented using imprecise com putation technique. 

Hence each task has been decomposed into two subtasks, nam ely: m andatory  

subtasks and optional subtasks. Let {M i, • • •, M n} be the set of m andatory  

subtasks and {Oi ,  ■ ■ ■ ,O n} be the set of optional subtasks of the task set 

{Tj, • • • ,T „). Let {m i, • • • , m n} be the execution times of the m andatory  

subtasks and { o i , - - - ,o n} be the execi; mn times of the optional subtasks 

of { 7 \,-  • •, 7',,}. We define P C S acc and P T R S acj to be the PCS and PTR S 

of {T'}, • • •, Tn} w ith execution tim e {mi +  ol5 • • ■ ,m n + on}. Similarly, we 

define P C S app and P T R S apP to  be the PCS and PTR S of {T ,,-- ■ ,T n} w ith 

execution tim e {m i, • • • ,m „} . O ur goal is to  schedule T  w ith com putation 

tim e {mi +  oj, • • •, m n +  on} to obtain an accurate result. If it is not feasible, 

then we will try  to  schedule T  w ith com putation tim e {m i, • • •, m n} to  obtain  

an acceptable approxim ate result.

We calculate P C S acc and P T R S acc using the algorithm  provided in Fig­

ure 6.3 by considering both  m andatory and optional for every task  in the 

precedence graph. Similarly, we calculate P C S app and P T R S app by con­

sidering m andatories alone for every task in the precedence graph. Let 

{ P i, • • •, Pa} and { B \ , • • •, B a} be the P C S acc and P T R S acc respectively. 

Similarly, {/?i, • • •, Rp)  and {Ci, • • •, Cp] be the P C S app and P T  R Sapp re­

spectively. Hence by executing P C S aCc we obtain an accurate result for the 

set of tasks with, precedence constraints where as, by executing P C S app we 

obtain an  approxim ate result.

For obtain ing an accurate result for every i, we schedule P, processes with 

execution tim e fi,-. Let { Z j , • • •, Z p } be the P; processes w ith execution tim e



Bi. We note th a t { Z / , • • • ,  Z f ' } has to be scheduled before {Z/+ ,, • • •, Z/+~j'}.

We use M cN aughton’s rule [51] to schedule {Z j , • • •, Z f’1} for B; tim e units 

each in m  processors. According tc  M cN aughton’s rule tasks are scheduled by 

bin packing approach filling processor by processor. It can be easily seen tha t 

the schedule length for {Z /, • • •, Z p }  is m a x { B u ^pp}- Hence the schedule 

length for {7 \, • • •, Tn}, denoted as S L acc is given by

«  R .  P.
S L acc =  Y P m a x {B i ,  L}

Similarly for obtaining an approxim ate result, we use M cNaughton’s rule to 

schedule R; processes of Ct tim e units each in m  processors. The schedule 

length S L app for scheduling {Tf, • • •, Tn} is given by

n C R
S L app = Y ^ m ax{Ci, ——-}

If SLacc <  D, then we schedule both m andatory and optional subtasks for 

every task in T  using the heuristic algorithm  given in Figure 6.5. Similarly, 

If S L app < D  < S L acc, then we schedule only the m andatory  subtasks using 

the bin-packing algorithm  given in Figure 6.5. If S L app > D, then it is not 

possible to  schedule P  w ithin D.

To analyze the  heuristic, we compare the schedule length obtained for 

any task  set using our algorithm  to tha t of the sm allest schedule length tha t 

is possible. We present the  analysis for a task set with tasks containing both 

m andatory  and optional parts. We define a critical path  of the precedence 

graph as the p a th  from the  s ta rt node to end node with the largest cum ulative 

execution tim e. The sm allest schedule length th a t is possible for a set of tasks 

with precedence con.: ,-aints is given by the total execution tim e of all nodes 

in its critical p a th  [76]. Figure 6.6 dem onstrates the critical path for the 

exam ple given in Figure 6.1.
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Algorithm Fre-Run-Time Heuristic; 
begin

( R u R2, - - - , Ri s)  = P C S app 
( P l , P 2r - - , P a ) =  P C S acc 
(8 ,, B2, •••,£«) -  P T R S a<x 

( C i i C2, - - - !Cl3) =  P T R S app

if (SLacc <  D) then 
for i =  1 to q  do 
begin

Zi =  max  { 8,-,
Schedule P, processes in z; time units using McNaughton Rule; 

end;
else if (S L app < D ' then

for i =  1 to j3 do 
begin

Zi = max{Ci ,  q±~ ±}]
Schedule P; processes in z, time units using McNaughton Rule; 

end;
end.

Figure 6.5: Pre-run-time scheduler

Note that for larger values of m, the minimum schedule length poesib±e 

is XwL-i Pi since every task that is ready can be scheduled completely in a 

processor without being preempted. In this case, the heuristic performs close 

to optimality since the minimum schedule length for the heuristic is given by

or DD. a
i t ,  m a x {B i, - — } = b ' s

Note that the schedule length is ]l"=1 B{ since it cannot be less than the 

execution times of all tasks in the longest path from start node to end node. 

For smaller values of m  we notice that for any B, and P,, the schedule length
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L O

lO

Figure 6.6: Critical Path

is given by If B t is the  m inim um  schedule length possible then the ratio 

of schedule length of heuristic to the schedule length of optim al schedule 

length is given by Pi/m .

6.3 A d ap tive  Scheduling o f R un-T im e Tasks

In the previous section, we had used M cN aughton’s rule for scheduling a 

set of tasks w ithin D. If m andatory  subtasks are scheduled, and none of the 

optional subtasks are scheduled then  optim al run-tim e scheduling algorithm s
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presented in C hapter 4 can be used to schedule tasks th a t arrive during run­

tim e. On tire contrary, if both m andatory and optic al subtasks of every task 

in the task set are scheduled during pre-run-tim e then optim al adaptive run­

tim e scheduling algorithm s presented in C hapter 5 can be used to schedule 

tasks th a t arrive during run-tim e. In this section, we first apply the pre-run- 

tim e scheduling algorithm  for an application in robotic systems. We then 

use the adaptive run-tim e scheduling algorithm  described in C hapter 5 to 

remove m inim um  num ber of optionals th a t have been scheduled in pre-run- 

tim e schedule.

Parallel architectures and scheduling cJgorithms for m ultiprocessors are 

used expensively in real-tim e control of robotic systems [4,77,78]. W ith  the 

advancem ent of robot control theory, the. has been increased dem and for 

m are sophisticated control of a robot arm  facilitating precise motion along a 

prescribed trajecto ry  for a varying or unknown load. In most cases, advanced 

control schemes involve the com putation of the appropriate input-generalized 

forces based on m easured d a ta  of the displacement, velocities of all the jo in ts 

and the values of the accelerations. There are a num ber of ways to com pute 

the input-generalized forces among which the Newton-Euler form ulation has 

been shown to  be the m ost efficient [79],

T he dynam ic coupling of the Newton-Euler equation creates precedence 

relationships am ong the com putational tasks. Figure fi.l illustrates the prece­

dence graph for ohe Newuon-Euler equations of m otion. T he notations fol­

lowed in the decom position of the precedence graph is same as the one fol­

lowed by Yoshikawa in [80]. We introduce fault-tclerance to the tasks w ith 

precedence constraints, by incorporating the imprecise com putation m echa­

nism for the Newton-Euler form ulation.

T he assumed execution tim es for the m andatory and optionals are given 

in pre-run-tim e schedule of Figure 6.7. The P C S  for the task graph is:

(1,3,3,3,2,1,1,2,2,2,1,1,1,1,1,1,1)
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Ti = (Mi,Oi) 
T1 = (4,1)
T2 = (12,3) 
T3 = (4,1)
T4 = (8,2)
T5 = (16,4) 
T6 = (12,3) 
T7 = (8,2)
T8 = (8,2)
T9 = (14,1) 
TIO = (4,1) 
T i l  = (3,0) 
T12 = (8,2) 
T13 = (4,1) 
T14 = (4,1) 
T15 = (4,1) 
T! 6 = (2,0) 
T17 = (8,2) 
T18 = (2,0) 
T19 = (3,0)

Figure 6.7: Pre-run-tim e schedule for task graph

and the  corresponding P T R S  is given by: 

(5,5,10,5,5,5,10,5,5,5,10,5,3,2,10,2,3).

Note th a t the  do tted  patches in the schedule denotes em pty slots and black 

patches denote the  optionals. Figure 6.8 decomposes every task in the pre­

run-tim e schedule into m andator}' and optional subtasks.

F igure 6.9 elaborates the slot wise assignment and illustrates the alternate  

paths. To avoid confusion we haven’t illustrated all possible virtual paths. 

The em pty  slots ar® represented by dotted squares and the optionals are 

represented by black circles. We note th a t /i,/? , and I3  are 75, 55 and 0

0 PI P2 P3

5 Tl hh mm
10 T3 T2 T5

21) T4 T2 t;
25 T6 T12 T5

30 T6 T12 H
35 T6 n H
45 T7 Hi
50 T13 T8 H
55 T14 T8 mm
60 T9 T15 mm
70 T9 warn DHK
75 T10 H i
78 T il ■H HB

80 T16 i h Hi
90 T17 HH mm
92 T18 HH mm
95 T19 H mm
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Figure 6.8: Schedule showing mandatory and optional tasks
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respectively. Similarly r;i, r/2 , and f/3 are 83, 63 and 11 respectively.

Consider the  external task set {J\,  ■ ■ ■, J 12} with the  execution times

(20 ,20 ,15 ,15 ,14 ,13 ,13 , .10,10,10,5,5). The cum ulative execution tim e of all

the external tasks exceeds th a t of the available em pty slots. Therefore some

optionals need to  be removed to accom m odate all the external tasks in the

final schedule. This is accomplished by calculating A which is 20 Thus we

need to  remove 20 optionals and schedule J ts apart from using the 130 em pty

slots. Figure 6 .1 0  illustrates the application of algorithm  Adaptive-Scheduler

provided in Figure 5.5.

We in troduce the adaptability  factor as a m etric for measuring the adapt-

Y 3 mi Y* mability, nam ely 1 — , • Note th a t as ot- —> 0 0 , 1 — > 1-
L ,=i(mi+0d L ,=i(m.+«.)

Therefore adap tab ility  of the run-tim e scheduler is a function of the cum u­

lative execution tim e of the optionals. If the tasks are w ithout any fault-

tolerance then o,- is 0 and 1 — ) is 0- Figure 6.11 illustrates

the adap tab ility  of the run-tim e scheduler due to incorporation of impre­

cise com putation  technique for the exam ple we had considered. We plot

1 — —A t  against th e  cum ulative execution tim e of external tasks at

run-tim e. The dark region dem onstrates the am ount of ex tra  external tasks 

the proposed scheduler can schedule after utilizing all em pty slots w ithout 

skipping the deadline.

6.4 Sum m ary

In this chapter we represented the set of tasks with precedence constraints 

as a general precedence graph. We modelled by decomposing the set of tasks 

into processes and derived the process control sequence and process tim e 

requirem ent sequence. We introduced imprecise com putation technique for
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Figure 6.9: Detailed schedule showing alternate paths



1.02

1

2
3
4

5

6
7

8
9

10 
11 

12

13

14

15

16

17

18

19

20 
21 

22
23

24

M l J1 32

M l J1 32

M i J1 32

M l J1 32

31 32 J3
M 3 M2 M5

M3 M2 M5

M 3 M2 M5

M3 M2 M5

J1 M2 M5

M 4 M2 M5

M 4 M2 M5

M 4 M2 M5

M 4 M2
MS

M 4 M2
MS

M 4 M2 M5

M 4 M2 M5

M 4 32 M5

34 32 M5

34 31 M5

M 6 M 12 M5

M 6 M 12 J3
M 6 m i : J3
M 6 M12l J5 ___ 1_

A &
M l: M8 36

M l : M8 35

M l : M8 34

J1 32 33

J8 39 J10
M 7 36 37

M 7 34 35

M 7 32 33

M7 J10 J1
M 7 J8 39

M 7 36 37

M 7 34 35

M 7 32 33

J5 36 J1
J7 33 J4
J7 J1 32

M 6 J5 36

M 6 J3 34

M 6 J1 32

M 6 36 37

M 6 m i : 34

M 6 m i : 32

M 6 m i : 31

M 6 m i : 35
25

4 a
Ml. i M8 J7
J8 M8 39

M 14 M8 J10
M 14 M8 J1
M 14 M8 32

M 14 .T3 J4
• • J5
M9 M 15 36

M9 M 15 37

M9 M 15 J8
M9 M15 J9
M9 • J10
M9 J1 32

M9 J3 J4
M9 J5 36

M9 37 J8
M9 39 J10
M9 .11 .12
M9 J3 34

M9 J5 36

M9 J7 J8
• 39 J10
M 10 Jll J12
M 10 J1 J2

9 5
MIS Jll .112
MIS J9 .110
M 18 37 J8
MIS J5 .16
M 18 J3 .14
• .11 J2
• Jll .112
M 17 .19 J.10
M 17 J7 .18
M 17 J5 36

M 17 .13 34

M 17 .11 32

M 17 Jll 312

M 17 .19 .110
M 17 37 J8
M 16 35 J6
M 16 J3 .14
M i l J1 .12
Ml 1 Jll .112
M i l J9 .110
• J7 J8
MIO J5 .16
MIO J3 .14

72 73

Figure 6.10: Final schedule
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Figure 6 .U : Perform ance of adaptive run-tim e scheduler for the  robotic ex­
am ple

the set of tasks by representing it as an accurate precedence graph and an 

approxim ate precedence graph.

We considered the problem  of scheduling a set of tasks w ith precedence 

constraints at pre-run-tim e w ithin its deadline. A heuristic based on Mc­

N aughton’s rule was used to  schedule the  set of tasks w ithin D. The al­

gorithm  schedules all the  m andatory  and optional subtasks if an accurate 

result can be obtained within D. If not then  the schedrlab ility  of m anda­

tory subtasks alone is checked to  obtain  an acceptable approxim ate result. 

We considered the  problem  of scheduling a  set of independent tasks th a t 

arrive during run-tim e using our proposed adaptive scheduler once all the 

m andatory  and optional subtasks of tasks in task set has been scheduled 

a t pre-run-tim e. An exam ple based on an application in robotics was also 

provided.



C hapter 7 

R u n -T im e Scheduling o f  
P arallel Program

In the previous chapter, we introduced a pre-run-tim e fault-tolerant schedul­

ing algorithm  to schedule a set of tasks th a t have arb itrary  precedence con­

strain ts. We scheduled the external tasks tha t arrive during run-tim e on 

top of th e  pre-run-tim e schedule. In this chapter we address a sim ilar prob­

lem bu t consider run-tim e scheduling in the presence of external tasks. We 

consider a  parallel program  represented as a set of tasks w ith precedence 

constraints using a control-flow graph. For fault-tolerance the parallel pro­

gram  is decom posed into an accurate parallel program and an approxim ate 

parallel program . We assum e th a t the external tasks are queued and a deci­

sion of w hether to  schedule an accurate parallel program  or an approxim ate 

parallel program  is taken dynam ically depending on the num ber of external 

tasks. Once the execution starts, only the external tasks in the  queue are 

executed along w ith the  tasks w ith the parallel program  and the  tasks th a t 

arrive during th e  execution are queued in an external queue. We propose the  

fau lt-to leran t scheduling algorithm  and derive the schedulabibty conditions.



7.1 S tructure o f Parallel Program

Let {T i, ■ • •, 7k} be the set o f  tasks tha t parallel program  contain with vari­

ous control-flow and data-flow constraints. Let { ti, • • • , t n)  be the execution 

times of {7'i, • • •, Tn}. We assume tha t the parallel program  is represented 

using a task control-flow graph [81]. A task control-flow graph represents the 

control flow of the execution of various tasks of a program. A task control- 

flow graph is a collection of subgraphs which can be of three different types. 

Figure 7.1 shows three different subgraphs tha t are generally used in a task 

control graph namely: and-fork to  and-join subgraph, sequential subgraph, 

and loop subgraph. The and-fork to and-join subgraph enables several exe­

cution paths. Tasks in all the execution paths need to be com puted before 

they join a t an and-join node. A collection of tasks are represented as a se­

quential subgraph when they need to be executed in series. A loop subgraph 

represents a collection of tasks th a t need to  be executed w ithin a loop on the 

affirm ation of a decision node.

7.2 Task and S ystem  C haracteristics

We consider a system  w ith m  processors th a t have a shared m em ory archi­

tecture. Let P  be the parallel program  under consideration w ith n  tasks. 

Let {Tj, • • •, T'n} be the  n  tasks of P  w ith { M 1} - • ■, M n} and {O i, • • •, On} 

being the ir respective m andatory  and optional subtasks. We assum e th a t N  

independent tasks com pete w ith P  for m  processors in th e  system . We also 

assume a  homogeneous set of processors executing a t th e  sam e speed. Any 

available processor serves the next task in the  ready queue for A t tim e units. 

The task  being served leaves the  system  if its execution is com pleted before 

the A t tim e units. If th e  task is unfinished by th e  end of A t tim e units, 

then it  is pu t back in th e  queue. O ur goal is to  schedule P  w ithin D  in the



Figure 7.1: Control subgraphs of a parallel program

presence of N  external tasks. We consider tha t N  external tasks are ready 

for execution a t th e  same tim e as P  is ready.

7.3 S ch edu lab ility  A nalysis

Let us consider the  schedulability of a single task 7',- with execution tim e 

ti. The tim e taken to  execute a task Ti scheduled in the presence of N  

external tasks is given by ■■-‘i It can be observed tha t when the num berTTltn\\.y ^  )

of processors exceed the  num ber of tasks in the system, the tim e taken is 

ti since there exists a t least one processor th a t is free to  execute 7',-. On 

the  contrary, if th e  num ber of tasks exceed the num ber of processors in the
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and
fork

and
jo in

end

s ta rt

F igure 7.2: Exam ple of a parallel program

system , then th e  tim e taken by the  system to  execute T,- is given by This 

situation  occurs when Ti gets queued for execution a t some point. We notice 

th a t as A t  —> 0, the tim e taken by the system  tends to ^ .

Now we consider the  schedulability of P  in presence of N  external tasks. 

Consider a sim ple task  graph of a  parallel program , given in Figure 7.2. Let 

ti and <2 represent th e  execution tim e for the  tasks T\ and  T2 respectively. 

Let t 3, t aj ,  and t aj be the  execution tim es for the control nodes start, and-fork 

and and-join respectively. Initially one process is needed for th e  start and 

and-fork control nodes. Fork operation spawns a  child process to  execute 

T 2  concurrently. Assuming t 2 > t \ ,  two tasks are present for t 2 — <i tim e 

units. Finally, th e  paren t process continues to  execute and-join and end
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nodes for the com pletion of the program. Thus the process tim e requirem ent 

sequence for th e  exam ple is (t s -f taj , t i , t 2 — t i  + t aj),  assuming th a t the 

execution tim e for the end control node is zero, Since the precedence relations 

between various tasks of a  program  are known apriori, PCS and PTRS can 

be calculated pre-run-tim e using the algorithm  given in Figure 6.4.

As stated  in earlier chapters, a task im plem ented using the imprecise 

com putation technique typically has two subtasks nam ely: m andatory and 

optional. We define an accurate parallel program, to  be one th a t contains b o th  

m andatory  and optional subtasks of all the fault-tolerant tasks. Similarly, an 

approximate parallel program is one where all the fault-tolerant tasks contain 

only th e  m andatory  subtasks. If an accurate parallel program  is executed, 

both m andatory  and optional subtasks of all the tasks in the program are 

scheduled. Figures 7.3(a) and 7.3(b) show the task control flow graph for an 

approxim ate parallel program  and an accurate parallel program. For the  ex­

am ple shown in Figure 7.3, the process change sequence for the accurate par­

allel program  denoted as P C S acc, and approxim ate parallel program  denoted 

as PCSapp, is (1 ,2 ,1 ). Let fyi/, and tM2 be the execution times of Mi and M 2 

respectively. Let to , and to 2 be the  execution times of 0 \  and O 2 respectively. 

T he process tim e requirem ent sequence for the accurate parallel program  de­

noted as P T R S acc is given by (t s +  t aJ, t^ ,  +  to , , Im2 +  to 2 ~  tw, -  to, T  taj) 

and for the  approxim ate parallel program denoted as P T R S (ipp is given by

( ls -)- t af , tfrf,, tfrf2 t;ifl -f- t aj).

Let Pacc and Papp be the accurate and approxim ate parallel program s 

of P  respectively. Let S L acc and S L app denote the  schedule length of Pacc 

and Papp respectively. Let D  be the deadline of the parallel program P. 

Let (Pi,  • • •, Pa) and ( R u  • • •, Rp) be P C S acc and P C S a9p respectively. Let 

(B i ,  • • • , B a) and ( C i ,  • • •, Cp) be the  P T R S acc and P T R S app respectively.
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Figure 7.3: Task control flow graph for approxim ate and accurate parallel 
program s

Therefore S L acc and S L app are given by

=  g m  (1A)

S L ”  "  (7'2)

T he decision to schedule an accurate parallel program  Pacc or an approxi­

m ate parallel prograi’n. Parp depends 011 the  num ber of tasks th a t com pete for 

the processors along w ith P  during run-tim e. Hence depending on the tim ­

ing constraints and the num ber of external tasks, a decision is m ade whether 

to  execute Papp or Pacc. T he decision is taken dynam ically considering the 

num ber of other tasks in the  system  and the  tim e available for the system  to 

execute the  program . We now derive the condition under which an accurate
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result can be obtained.

In order to  know whether to execute Pacc or Pavp, the schedule length for

Pacc and Papp in the presence of N  external tasks needs to be calculated. The

schedule lengths are given by

SLacc =  £  - . > (7.3)
t_J ??rz?i(l, N+p .)

0 Q.
S L app =  E    v . - w -l  (7 -4 )f ^ m i n i  1 , ^ )

M inim um  schedule length, denoted as MSL, for a parallel program occurs 

when no process corresponding to tne program P waits in the queue for a. 

processor at any tim e i.e., the denom inator fj^pr) is 1. Let M S L avv

be the  m inim um  schedule length of the  approxim ate parallel program  and 

M S L acc be ^he m inim um  schedule length of the accurate parallel program. 

Therefore

a
M S L acc =  £ Bi (7.5)

t=i

0
M S L a_p =  (7.6)

i=l

The sequential execution schedule length, denoted as SESL for a parallel 

program  is the  schedule length if th e  program is executed sequentially. Let 

S E S L app be the  sequential execution schedule length of the approxim ate 

parallel program  and S E S L acc be the sequential execution schedule length 

of th e  accurate parallel program . Therefore SESL is given by

S E S L acc =
i - l

(7.7)
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p

S E S L a p p  =  J ^ R i C i  ( 7 . 8 )
t=i

If we assum e th a t m is less than  the m inim um  num ber of tasks th a t can 

be executed in parallel, then m m ( l ,  N^ p, ) is N™p . This case arises when no

process in the system  gets a  unity processing power. Thus the tasks need to 

be queued a t some stage while getting processed. The schedule length for 

this case is given by

-  i  (« )

(, 10)
1=1

This can be simplified as

N * M S L acc + S E S L acc
‘3 Liacc — I ‘ 1 1 )

777.

N * M S L app + S E S L app / 7 i o ,
‘Jl->app — m

In order to receive an accurate result, S L acc should be less than  the 

deadline. Therefore,

D  >  N  * M S L  acc +  S E S L acc

~  777.

A fter rearranging E quation 7.13 we get

« i  ^ ^ S - -  < " «

In order to receive an approxim ate result, S £ app should be less than  the 

deadline. Therefore,

D  >  Af * M S L app -f S E S L apP
~  777.
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After rearranging E quation 7.15 we obtain

z  D * m  — SESLapp
N -   MSL^   (' 16>

In order to  execute Pacc and obtain an accurate result, the following 

bound in term s of th e  num ber of tasks in the system  should be satisfied. 

E quation 7.14 can be w ritten  as :

If the  num ber of tasks in the system  does not satisfy the above inequality, 

then an accurate result cannot be guaranteed for P.  To obtain an approx­

im ate result, Papp is executed if the  bound in term s of the num ber of tasks 

satisfies the following inequalities.

D * m  S E S L acc ^  .y <. D  * m  S E S L app .
M S L ~  ~  -  M S L app 1 " }

D * m -  £?„i BiPi „ D»m -Xr?=1C,F«
— S E i f t  s  N -  e L E  (719)

If th e  num ber of tasks exceeds the following inequality, the deadline of 

the program  would be m isled.

>  (7.20)
Ef=1 Q

7.4 Perform ance

Consider th e  task control flow graph of Pacc and Papp provided in Fig­

ure 7.4. The execution tim es for the control nodes are assum ed to  be one 

tim e un it each. To achieve fault-tolerance, 7 \ has two subtasks: m andatory 

Mi and optional Oj w ith com putation tim es 10 and 5 tim e units respectively.
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Figure 7.4: Exam ple of control graphs of accurate and approxim ate parallel 
programs

Similarly for Ti,  M 2 and 0 2 need com putation times of 15 tim e units and 7 

tim e units respectively.

PCi^acc and P C S app equal (1 ,2 , 1). P T R S acc is (t s -j- t aj , tjv/, T  to, , f A/2 T  

to? to, T  taj') and P T R S app is ( ts -f- t aj,  tMi > t^? t^j, d~ taj*). Therefore

P T R S acc and P T R S app are (2,15, S) and (2 ,10,6) respectively. M S L acc, 

M S  Lapp, SESLacc  and S E S L app are 25, IS, 40 and 28 tim e units respectively. 

By assuming m  < N  + m in (P i ,  ...Pa), we get the  following conditions. If 

N  <  P* 25~ 1 then  Pacc can be executed, otherwise if D*™<L40 < N  < p *”1~28 

is satisfied, Papp can be executed. The program  will skip the deadline if

N > D+m—28
18

We define the efficiency, E  as the ratio between the  schedule lengths of 

approxim ate parallel program  and accurate parallel program.

L e m m a  6 lim E  = MSLacc
N->oe M S  L a p p



f  v  p  y  N  *  M S L a c c  +  S E b L accProot. lim  b  =  am  —— —— --------- --- ---—
JV -+ 00  N - ¥  CO N  *  M S  L a p p  +  S E S L a p p

Since, se-s Lq!^ o and SESL'urr -» 0 as iV -» oo, Z? —>■ as /V —> oo’ AT /V ’ M b  Lapp

□

7.5 Sum m ary

In this chapter we considered a parallel program P  and represented P  as 

a task control graph. We then modelled P  by breaking the program into 

tasks and derived the process control sequence and process tim e requirem ent 

sequence. We introduced imprecise com putation technique for P  by repre­

senting it as an accurate parallel program  Pacc and an approxim ate parallel 

program  Papp. W e considered the problem  of scheduling P  during run-tim e 

along w ith o ther external tasks th a t arrive during run-tim e. We derived 

schedulability conditions for Pacc and Papp within a deadline D  in the pres­

ence of N  ex ternal tasks.

We have until now considered the problem  of scheduling tasks with fault- 

tolerance in a m ultiprocessor system. Task level fault-tolerance is an effective 

technique to ob ta in  an acceptable result w ithin a deadline by replicating or 

partition ing  a task . In the next chapter we consider node level fault-tolerance 

where a single processor system  or a m ultiprocessor system  is replicated. We 

analyze the  average response tim e of the system in the presence of node 

failures.
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C hapter 8 

R esp on se  T im e A nalysis

In th e  earlier chapters, we concentrated on scheduling a  set of tasks w ithin 

a deadline in a m ultiprocessing system. We first considered pre-run-tim e 

scheduling of a set of tasks whose characteristics were known before run­

tim e. We then  considered the  problem  of scheduling a set of external tasks 

during run-tim e when a pre-run-tim e schedule is already present. We also 

considered the  situation where the task  set may not m eet the  deadline and 

incorporated im precise com putation technique for achieving fault-tolerance 

a t task  level. Hence, if  a task cannct m eet the  deadline, then we scheduled 

a portion of th a t task and obtained an acceptable approxim ate result.

So far in our analysis we have not considered th e  situation  when a  site 

fails. To com plete our analysis of fault-tolerant real-tim e system s, we now 

address the problem  of hardw are fault-tolerance where the system  is repli­

cated. A real-tim e system  can be conceptually m odelled as a  black box called 

’’site” , as illustrated  in Figure 8.1. In this chapter, we consider site level fault- 

tolerance where if a  site fails then a  backup site takes over to  continue the  

processing.

R edundancy has generally been used for achieving fault-tolerance in com­

p u te r system s [82]. Redundancy is simply the  addition of inform ation, re­

sources, or tim e beyond w hat is needed for norm al system  operation. Triple
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Figure 8.1: Model of a site

m odular redundancy, N -m odular redundancy, and standby sparing are some 

of the  m eans to  achieve fault-tolerance in com puter systems [83]. A well 

known approach for supporting fault-tolerance against site failures in a sys­

tem  is the p rim ary  site approach [16].

In the  p rim ary  site approach the service to be m ade fault-tolerant is 

replicated  on m any sites. The site which is executing the requests is denoted 

as prim ary, and the others which are on hot standby are called backups. The 

prim ary  periodically checkpoints its sta te  inform ation on the backups. If the 

p rim ary  fails, a  backup takes over as the primary. The failed prim ary joins 

the queue for the  repair server which repairs the failed sites. The prim ary 

site approach has been used for supporting fault-tolerant d a ta  objects [84,85]. 

F igure 8.2 illustrates a m ulti com puter system  with prim ary site approach.

An analytic model was developed by Huang and Jalo te [17] to study the 

issues related  to  a  system  employing the prim ary site approach for fault- 

tolerance. T he effect of th e  degree of replication and the  periodicity of the 

checkpoints on the  reliability and availability of the system  were studied. 

Using th e  analy tic m odel, the average response tim e of a system  employing 

the  p rim ary  site  approach was determ ined under the condition in which the
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Figure 8.2: A m ulti com puter system  w ith prim ary site approach

repair server services the  failed sites in a  FCFS (F irst Come F irst Served) 

service discipline. The optim al checkpoint interval and the optim al degree 

of replication th a t minimizes the  average response tim e of the  system  were 

determ ined [18].

T he objective of this chapter is to  develop an analytic model to  determ ine 

th e  average response tim e of a  system  em ploying the  prim ary site approach 

in which the repair server services the  failed sites in LCFS (Last Come F irst 

Served) service discipline. We propose tha t a  LCFS service discipline is be tte r 

suited for servicing th e  failed sites. We show th a t the  average response tim e 

of the  sys' \ when the  repair server services using LCFS discipline is lower 

than  th e  average response tim e of the system  when the  repair server services 

using FCFS discipline.



8.1 S ystem  M od el

8.1.1 List o f Terms

K Total num ber of com puting sites
A* Service ra te  of the sites
f Failure ra te  of the  sites
g Checkpointing ra te  of the prim ary on backups
h Cost of checkpointing on a single site
u Recovery ra te  of the sites
vN Sojourn tim e (tim e the system  is in normal state)
U>n Average response tim e for requests during Vn
a Availability of th e  system  during norm al sta te
A Transaction arrival ra te  during norm al sta te
E(Vn ) Expected value of Vjv
Fn Fraction of requests arriving in E(V/v)
Vi Sojourn tim e of th e  system  in the idle sta te
u>i Average response tim e for requests during V[
E{Vi) Expected value of V/
Fi Fraction of requests arriving in E(Vi)
Vr Sojourn tim e of th e  system  in the recovery state
Ur Average response tim e for requests during Vr
E(Vr ) Expected value of Vr

Fr Fraction of requests arriving in E(Vr )
X' Transaction arrival ra te  during Idle or Recovery sta te
u; Average response tim e of the system
c Repair ra te  of the  repair server

8.1.2 A ssum ptions

We consider a network of K  homogeneous com puting sites on which the ser­

vice or data, is replicated. The com puting sites use the prim ary site approach 

for the ir services. A repair queue is m aintained for the service of failed pri­

maries. The service tim e and the lifetim e of the sites are assumed to  be 

exponentially d istribu ted . We consider the inputs to the site as ” transac­

tions” and assum e th a t the  transaction arrival process follows Poisson dis­

tribu tion . The sites are linearly ordered and, a t the s ta rt, the first site  is
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Figure 8.3: Tim ing diagram  of the system

chosen as the p rim ary  site; all the  other sites are specified as th e  backups. If 

the  cost of single checkpointing is l j x ,  then  the cost of checkpointing on a 

single site is equal to  l / x ( K  — 1). The network com m unication system  uses 

a point-to-point com m unication protocol.

T he user is assum ed to  know whenever a prim ary site fails. All requests 

after the  last checkpoint are sent to  the new prim ary. As the  la test results 

are lost due to failure of the previous prim ary, the request since the  last 

checkpoint is redone by the  new prim ary site. The average num ber of tran s­

actions needed to be redone by the  new prim ary site when a failure occurs 

is given by Xj(2g).  T he m ean recovery tim e (1 / u)  is equal to  A/(2(j,g). The 

requests th a t arrive during the  recovery period of th e  system  are queued and 

are serviced by the new' prim ary (the first site to  recover). It is assum ed 

th a t th e  m ean lifetim e is much larger than  the repair cost and  checkpointing 

overhead. F igure 8.3 illustrates how a  system m ight behave from  the s ta rt 

until it fails.

A to ta l failure occurs when a  prim ary fails and no backup is operational.
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The sites th a t are failing are assumed to join a queue to be serviced by the 

repair server. We assume th a t sites satisfy the fail-stop assum ption [86]. 

The backups and  the repair server are notified of the failure of a  primary. 

The repair server keeps log of order of site failures. The s ta te  inform ation 

is obtained from  stable storage of the failed site. Two types of services are 

considered for repairing failed sites, namely, FCFS and LCFS. In FCFS [18], 

the site th a t fails last would recover last. In LCFS, the site tha t fails last 

would recover first Since only the final failed site has the correct s ta te  of 

the d a ta , service can be restarted  only after the final failed site recovers. In 

o ther words, only the final failed site can assume the role of the primary; 

o ther sites, on recovery, can only be considered as backups. Therefore, the 

system  is idle un til the final failed site recovers. The m ain difference in FCFS 

and LCFS becomes apparent when considering situations where all sites have 

failed or delayed repair service is used.

Since the system  waits for the  final site to recover, using a FCFS service 

results in considerable idle time. The paper uses a LCFS discipline so tha t 

the prim ary th a t  fails last gets recovered first. This leads to the minim al 

idle tim e. All th e  requests th a t arrive during the idle period are queued 

outside the  system  until the system  is repaired. After repair, the prim ary 

site processes all queued requests before providing norm al services. Since 

the final failed site  contains the latest system  status, this site would be the 

prim ary after recovery. T he other sites th a t are recovered become backups.

8.2 R ep air Server

W hen a  site fails, it joins the repair queue. This queue is assum ed to be ser­

viced on the  average, in 1/e tim e units. Two types of repairs are considered, 

namely, Delayed repair and Im m ediate repair.
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8 2.1 Delayed Repair

T he repair queue is not serviced until the final site fails. Once the  final site 

joins the repair queue, all the sites in the queue are recovered a t a stretch . 

This procedure is used when the system  cannot be repaired as soon as they 

join th e  repair queue due to reasons such as cost and distance. Since the 

last site to fail contains the la test com putation, the system  cannot s ta rt 

functioning until the last site is recovered. If the repair server uses the FCFS 

service discipline, then the last site to  fail will be the last site to  recover. This 

leads to  a situation where the sites th a t have been repaired earlier th an  the 

last failed site are idle. If the repair server uses the LCFS service discipline, 

then the  last site to fail will be the first one to  recover.

8.2.2 Im m ediate Repair

The repair server m onitors continuously, and services the repair queue if it is 

nonem pty. Thus the sites dynam ically leave the system  when they fail and 

rejoin the  system  when they are repaired. Since the  failed sites are repaired 

im mediately, the sites ioin the system  as soon as they are serviced. W hen a 

to tal failure occurs, the  situation  is quite sim ilar to the delayed repair case. 

If the  repair server uses the  FCFS service discipline during a  to ta l failure, 

then the  sites th a t get recovered earlier than  the last site to  fail rem ain idle. 

If the repair server uses the  LCFS service discipline, then the  last site to  fail 

will be the  first one to  recover. Thus the system  is operational while the 

repair server is serving the  backups.

8.3 S ystem  S ta te

T he system  is considered to  be in one of the  th ree states : N orm al sta te , 

Idle s ta te  and Recovery state. For the system  to  be in the  norm al s ta te  a t 

least one prim ary should be functional. W hen no prim aries are functional,



the system  is term ed to  have totally  failed. The system  is said to be in an 

idle s ta te  until a  prim ary becomes functional after lo tal failure. After being 

in idle sta te , the  system  recovers by serving all the queued requests th a t had 

come during th e  idle period. During this period of tim e the system  is term ed 

to be in th f  recovery state.

8.3.1 Norm al state

The system  is in norm al sta te  during the tim e period between the s ta rt of the 

system  and its to tal failure. There is a t least one prim ary th a t is functional 

in a norm al state. This prim ary services the requests to the system  and 

checkpoints th e  status on the backups. If there is a backup, then it assumes 

the role of the  prim ary on the failure of the presently functional prim ary, else 

a to ta l failure results. A failed prim ary joins the repair queue of the repair 

server to  be serviced either im m ediately or after to tal failure. Let Vn  be the 

random  variable representing the sojourn tim e of the system  in the normal 

s ta te  and u>n  be the expected response tim e during Vn .

8.3.2 Idle state

The transition  from norm al s ta te  to idle s ta te  occurs after to ta l failure. Dur­

ing th e  idle s ta te , the  system  does not have any site functional to service the 

requests. The arrival ra te  of the requests decreases during the idle s ta te  since 

the users refrain from subm itting  transactions to a failed system. Therefore 

we assum e the  arrival ra te  during the idle sta te  to be A' which is less than  A. 

T he requests are queued outside the system  to facilitate the  execution once 

the  system  is out of th e  idle s ta te . The repair server services the failed sites 

during the  idle state. T he system  is in idle sta te  until, a t least one prim ary 

becomes functional after being repaired by the repair server. Let V[ be the 

random  variable representing the  sojourn tim e of the system  in the idle s ta te  

and u j  be the expected response tim e during Vj.
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Figure 8.4: The tim ing diagram  for failure-repair period

8.3.3 Recovery state

T he system  is in recovery sta te  once the repair server services th e  last site to 

fail. T he system  in this s ta te  is recovering from a to ta l failure by processing 

all th e  queued requests, which include the  requests th a t arrive during th e  idle 

s ta te  and the unserved requests th a t had arrived during the norm al s ta te . 

We assume the arrival ra te  of requests during the recovery s ta te  to be A'. 

Let Vr  be the random  variable denoting the  sojourn tim e of th e  system  in 

the recovery sta te  and u>r  be the  expected response tim e during Vr .

8 .4  A verage R esp on se  T im e A nalysis

A failure-repair period is th e  interval between two adjacent to ta l failures. 

T he system  is cyclic w ith this period. The tim ing diagram  for a failure-repair 

period is shown in F igure 8.4. Since and u>r are the average response

tim e of the  system  during Normal, Idle and Recovery states respectively, the  

average response tim e of the system  is given by

ix> =  F /v^ /v  +  F /w /  +  F rlor (8 .1)



where Ft\ , F i , and F r  are the fraction of requests th a t arrive during V/v, V/, 

and V r  of a failure-repair period, respectively. F ;v, T/, and F r  are calculated 

as follows :

A E(V N )
N \E (V „ )  +  A '[£(V,) +  E (V r )}

F i =
A 'E (V f )

A E (V n ) +  A'[E(V,) +  E (V r )}
(S.3)

R XE(Vn ) +  A'[£(V,) +  E(Vr )} 1

where \E ( V n ) , \ 'E ( V i ) , \ 'E ( V r ) are the average num ber of requests ar­

riving during various states of a. failure-repair period.

T he average response tim e of the  system  during the norm al sta te  can be 

described by th e  Checkpoint-Rollback-Recovery model [87]. Therefore, w/v 

is approxim ated by

_ 1 +  Ct2p(;£ +  Jr) ,0 r,
CO p f  <*■*> " (o»oJ

afi — A

If u > >  /  and x  >> g then

UN «  ---- -—T (8-6)ag, — A

where the  availability of the  system , a, is given by [87]

1
a =

a =

1 +  3- + LX  1 U

i

1 +  g ( K  -  l )h  +  £
(8.7)

The average response tim e of the system for a request th a t arrives during 

the idle s ta te  is affected by the tim e in which the system is in the idle s ta te  and
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the tim e which the system  takes to service the queued requests. The average 

waiting tim e for transition  to  occur from idle s ta te  is given by E (V j)/2 . 

Once the system  recovers, the request queued during the idle s ta te  will wait 

X G ( V [ ) / ( 2fi) tim e units to be served after the prim ary site starts  processing 

the queued requests. Therefore, the expected response tim e as derived in [18] 

is given by:

E (V ,)  , X E (V ,)
=  ~ 2 ~  +  ~ ^ T  ( 1

It is assumed th a t the requests arriving in recovery s ta te  will be executed 

during the next norm al state. Therefore, the expected waiting tim e for a 

request arriving during the  recovery sta te  will be E ( V r ) /2. Since th e  arrival 

rate during the  recovery sta te  is X  the  expected response tim e again as 

derived in [18] for a request arriving during recovery sta te  is given by:

E (V r ) A ’E (V r )
UR = ~ T ~  +  ( '

8.5 A verage R esp on se  T im e using LC FS

In order to com pute J?(Vyv), E(V[), and E (V r ) both the repair cases need to 

be considered.

8.5.1 Delayed Repair Case

In the delayed repair case the failed sites are repaired only when no prim ary 

site is available i.e., when to tal failure occurs. The repair server s ta rts  repair­

ing only when all K  sites have failed. The site th a t failed last contains the 

la test inform ation regarding the job  service. The system  cannot be functional 

until th is site is restored. Since H uang and ’ dote assum e FCFS  service in

[18] th e  system  is functional only when the last site is repaired. In order
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to repair the last site all the other sites in the repair queue needed to be 

repaired. Bu'. we assume a LCFS service, where we need only to repair the 

last site for the system  to be functional. After the last site to fail has become 

functional again other sites could be repaired and added as backups. Since 

the repair ra te  for the repair server is 1/e, the to tal tim e for the system  to 

be functional is given by

serviced by the system  during recovery state, the expected value of Vn is 

given by

Vn , the expected tim e to a  to ta l failure can be modeled as shown in 

Figure 8.5. T he s ta te  of the system  is the to tal num ber of working sites. 

Thus, th e  expected tim e the  system  spends in norm al s ta te  is equal to the

8.5 ,1.1 Response T im e of the System

Since E (V n ), E (V i), and E (V n ) are known, the average response tim e of the 

system  is given by

u> =  FpjuiN +  Fiuij +  FftUjfi

E (V ,)  =  i (8.10)

Since the requests th a t arrived during the idle s ta te  (i.e., \ 'E (V [ )) are

( 8 . 11 )

tim e taken by th e  system  to transit from sta te  K  to s ta te  0. The expected 

sojourn tim e ot th e  system  a.t the  s ta te  i is 1 /(i./V , where / i s  the failure rate 

of a site. Therefore, th e  expected value of Vn  as derived in [18]

(8 .12)
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Figure 8.5: S tate diagram  of the deiayed-repair system  

where Fa/, Fr, and F r  are given as:

r  7 ^  7)Fv = ----------------

F r  =

F r  —

t c d u t ) +
V
£ +

A £
At

V
c

A < *-^A'
7 ( z - , = i »  +

■V
£ + A f .

At

A '2
HI

) ( £ £ , } ) +
V
£ + AIL

At

(8.13)

(8.14)

(8.15)

Therefore the average response tim e of the system is given by

IV _ I7(E,'Li 7 ) ^  +  T -UI +  ^F-UR

/ ( £ ; = i 7 / +  t +  /l£
(8.16)

where

Wjv =
1

( 8 .1 7 )
a f i  — A

U l  =
1 A' 

2 e  2 ^ e
( 8 .1 8 )

V*'R =
A' A'2

2^te 2 / t 2 e
( 8 .1 9 )
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8.5.2 Im m ediate Repair Case

The repair server monitors continuously, and services th e  repair queue vf it 

is non em pty. Huang and Jalo te [IS] assumed FCFS where the last site to

the sites are repaired. In our proposed LCFS discipline, the last site to fail 

on its  arrival will have to  wait on an average 1 /2e for the failed site which is 

currently  being repaired. Since preem ption is not assumed, the last site to 

fail has to  wait for the  repair server to com plete the service. In addition 1/e 

tim e units are spent on repairing the last site to fail which would be serviced 

next. Therefore, the exp jcted value of V/ is given by

Sinre the  expected value of Vn is ( V / fj,)E(Vi), we substitu te  for E (V i). 

Therefore, '

F igure 8.6 shows the  system  sta te  using the m achine-repairm an model 

[88]. T he s ta te  of the system  is the  num ber of sites th a t are working. W hen

sta te  on its left (one m ore working site). The system basically moves from

case, th e  system  in the  im m ediate repair case could visit an interm ediate 

s ta te  i, (0 <  i <  K )  m ore than  once.

Since the  calculation of E (V n ) is independent of the service discipline th a t 

is ured by th e  repair server to  service the  failed sites, we refer the  readers to

fail has the  la test inform ation and the system cannot be functional until all

(8 .20 )

(8 .21)

a failure occurs (failure ra te  =  f)  the system  moves to the neighboring s ta te  

on its right (one less working site). This failed site is queued for repair. W hen 

a site is repaired  (repair ra te  =  e), the  system  transits to  the neighboring

sta te  K  to  s ta te  0 in order to  fail completely. B ut unlike the delayed repair
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K-1
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Figure 8.6: S tate  diagram  of the im m ediate-repair system

the expression and the recurrence equations derived in [18].

The expected value of 1 ]v is given by

r i / i / « m N{K )  , ^
E (v "> = — k T  + k i T T <

(8 .22)

where mj\r(i) is the expected num ber of visits to s ta te  i before visiting sta te

0. m iv(i) is calculated using a set of recurrence equations.

8.5.2.1 R esponse Tim e of the System

The average response tim e of the  system  is given by: 

W =  F ^U ltf +  F[0Jl +  F r !jJR 

where,

A E(VN)
Fn  = 

F i  =  

F n  =

m v N) +  f  + I S

3V
2t

\ E { v N ) + %  +  f S

3A*2
2 / i t

A E(VN) + f  + |S

(8.23)

(8.24)

(8.25)
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Therefore,

m  . it * ' i^t "  /£ 0/*\
10 =  r^Ti; rrav 'Tax̂   (b-26'

\E ( V n )-Wn  +  ^-.W j +  l^-W R

a w o T ¥ T - “

where,

"» = t8'27>

w / =  r  +  ? ~  (8 -28)4e 4pe

« »  -  ^  +  (8-29)4/xe 4 /^e

8.5.3 Exam ple

For com parison, we consider the same exam ple as used in [18]. A prim ary 

site system  is assum ed w ith three sites where the m ean life of each site is 

700000 seconds (approxim ately 8 days). The arrival ra te  during the normal 

s ta te  is 6 requests per second (A =  6). The request arrival ra te  during other 

states is 0.1 (A' =  0.1). The service rate  of a site is 8 (/./ =  8). The :ost 

of checkpointing to a  backup is 0.5 seconds (h =  0.5) and the checkpointing 

interval is 1000 seconds (approxim ately 16 m inutes). Let the average repair 

tim e be 4000 seconds.

8.5.3.1 D elayed Repair Case using FCFS

Failed sites are repaired only after all sites have failed. The expected tim es 

are, E (V n ) =  1283333s, E (V j)  =  12000s, (-.pproximately 3.3 hours); E (V n) — 

150.0s (approxim ately 2.5 min). The expected response times of u>jv,w/, and 

uir are 0.50309, 6075, and  75.9 seconds, respectively, and the probabilities
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of FN,F h  and FR are 0.99984, 1.5X 10"4, and 1.95X 10-6, respectively. The 

average response tim e is 1.44975 seconds.

8.5.3.2 Delayed Repair Case using LCFS

Failed sites are repaired only after all sites have failed. T he expected tim es 

are, E (V n ) =  1283333 seconds, E (V i) =  4000 seconds, (approxim ately 1.3 

hours); E (V r ) ~  50.0 seconds. The expected response tim es of and

u n  are 0.50309, 2025, and 25.35 seconds, respectively, and the probabilities of 

F at,// ,  and F r  are 0.99984, 5.192A10-5 , and 6 .49^fl0-7 , respectively. The 

average response tim e is 0.6082692 seconds as com pared to  1.44975 seconds 

for FCFS.

8.5.3.3 Im m ediate Repair Case using FCFS

Failed sites are repaired as and when they  arrive to  queue. T he expected 

tim es are, E {V n) — 3655866666s, E (V j) == 12000s, (approxim ately 3.3 

hours); E (V r) =  150.0s (approxim ately 2.5 m in). The expected response 

tim es of w n , u ;j , and u >r  are 0.50309, 6075, and 75.9 seconds, respectively, 

and th e  probabilities of F/v,F/, and Fr are 1, 5.47X10-8 , and 7X 10-10, 

respectively. T he average response tim e is 0.50341 seconds.

8.5 .3 .4  Im m ediate Repair Case using LCFS

Failed sites are repaired as and when they arrive to queue. T he expected 

tim es are, E (V n )  =  3655866666 seconds, E (V i)  =  6000 seconds, (approx­

im ately 1.85 hours); E (V r ) =  75.0 seconds (approxim ately 1.25 m inutes). 

T he expected response tim es of w/v,u;/, and w r are 0.50309, 3037.5, and 37.95 

seconds, respectively, and the probabilities of F/v, F /, and F r  are 1, 2.7JY10-8 , 

and 3.5X 10-10, respectively. T he average response tim e is 0.503172 seconds 

as com pared to  0.50341 seconds for FCFS.
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Figure 8.7: Delayed repair case

8.6 P erform ance A nalysis

Let WpCFS and w FCFS be the  average response tim e of the system  th a t uses 

FCFS and LCFS discipline to  repair the failed sites respectively.

T h e o re m  11 wFCFS > w FCf s  fo r  delayed repair case as K  —» oc.

P ro o f .  Since a decreases as K  increases, we can deduce th a t increases 

as K  increases. D enoting wjv as f { K )  for convenience, the average response 

tim e can be w ritten  as

A' _  A Z?=i \ f { K )  + B K *  + CI<* 
Wf c f s  A Z - L , 7  +  DI< +  EI<

(8.30)
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where A = ) , £  =  &  +  ^ , C  =  $ £  +  f  and E  = % .

A + M ^  + M ^
w f c f s  — a i P i y  ~ (8.31)

k  ' x ^ f< r r
^ L /l= l I Z ^ d i —  1 l

since A'3 >  K 2 >  K  > logK  >  j  >  1 is true for K  >  1 and
2^i= 1 i

diverges for increasing K, in equation 8.31 the denom inator decreases and 

the num erator increases as K  increases. Therefore, wFCFS diverges as K  

increases. Similarly, w FCFS is given by

A B , c* v  r /(-v R' r
» £ c f S =  ,  , t " ,  e  17 (8-32)

*■+ +

The response tim e given in equation 8.32, converges as K  increases. Therefore 

w f c f s  > w l c f s  f°r delayed repair case as I\ —> oo.
□

A sim ilar analysis can be done for im m ediate repair case.

F igure 8.7 illustrates the response tim e of the system  w ith delayed repair 

for increasing degree of replication (ICj. Figure 8.8 illustrates th e  response 

tim e of the  system  w ith  im m ediate repair for increasing K. T he failure tim e 

of the  system  is assumed to be 70000 seconds. The other d a ta  are sim ilar to 

the one provided in th e  exam ple earlier. W hen a FCFS service is considered 

for delayed repair, as th e  degree of replication (A) increases, th e  tim e spent 

by the system  in the idle s ta te  (A(V/)), and the  recovery s ta te  (E (V r )) 

increases. B ut when a  LCFS service is considered for delayed repair, the  

tim e spent by the  system  in the  idle s ta te  and the  recovery s ta te  decreases 

as K  increases. Thus th e  system  is functional for a  longer tim e when LCFS 

service is used and therefore the  availability of the system  is g reater in th e  

proposed scheme. It can also be noticed th a t for the  sam e assum ption on
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various rates and degree of replication, the response tim e of the system  for 

the proposed m ethod using LCFS discipline is less than the response tim e of 

the system  using FCFS discipline.

8.7 Sum m ary

In th is chapter, we considered node level fault-tolerance using prim ary site 

approach where sites were replicated to tolerate site failures. One of the 

sites was designated as prim ary site to execute the arriving tasks while the 

others rem ained as backup sites. The prim ary site periodically checkpointed 

its resu lt to  o ther backup sites. W hen a  prim ary site failed, a  predeterm ined 

backup becam e the new prim ary and the failed site entered a  repair queue. 

T he repair queue serviced the sites using either delayed repair service or im ­

m ediate  repair service. Two different queuing disciplines to  service the repair

J uoC
£  MX) 
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queue were considered, nam ely LCFS and FCFS. We derived the  average re­

sponse tim e for the  system  when the  repair server used the LCFS and FCFS 

queuing disciplines. We showed th a t the average response tim e of the system  

for LCFS queuing discipline was lower than the average response tim e for 

FCFS queuing discipline.



C hapter 9 

C onclusions

The m ain  objective of th is thesis has been to explore the problem s of achiev­

ing fau lt-to le ran t real-tim e scheduling using imprecise com putation m ethods 

in m ultiprocessor systems. The m ain contributions of this thesis are as fol­

lows:

•  We introduced a bin packing algorithm  based on M cN aughton’s rule 

for m ultiprocessor systems for tasks with real-tim e constraints. The 

problem  of scheduling a set of imprecise com putation tasks within a 

deadline has not been well researched. We extended our algorithm  

based on M cN aughton’s rule for tasks form ulated using imprecise com­

pu ta tion  technique.

•  We proposed a level algorithm  for scheduling a set of tasks a t pre-run- 

tim e and proved its optim ality. Also the algorithm  was extended to 

include tasks form ulated using imprecise com putation technique.

•  We introduced a  new approach, using virtual paths to describe the run­

tim e sta tu s  of a m ultiprocessor systems. We also derived the necessary 

and  sufficient conditions for scheduling a set of tasks th a t arrive during 

run-tim e w ithin a  given deadline.
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•  A lthough algorithm s using bin-packing approach had been introduced 

to schedule tasks a t run-tim e, level algorithm s for the same problem  

had not been presented before. We considered a level algorithm  for 

optim ally scheduling tasks with identical and non identical ready times 

th a t arrive during run-tim e.

•  The problem  of scheduling a set of imprecise com putation tasks dur­

ing run-tim e had  not been researched before. In this dissertation, we 

proposed a level algorithm  to schedule a set of im precise com putation 

tasks w ith identical and non-identical ready tim es. We derived th e  nec­

essary and sufficient conditions for scheduling the m andatory  subtasks 

of all the  tasks. We then provided an algorithm  th a t maxim ized the 

to tal num ber of tim e slots in which optionals could be scheduled, after 

scheduling all th e  m andatory subtasks.

•  We proposed an adaptive run-tim e scheduling algorithm  for scheduling 

optim ally  a set of tasks on top of pre-run-tim e schedule, by removing 

m inim um  num ber of optional parts of the tasks th a t are present in 

the pre-run-tim e schedule. We dem onstrated the applicability of this 

algorithm  in some practical areas such as robotics.

•  Im precise com putation technique was extended to  include tasks with 

precedence constraints. A heuristic algorithm  based on M cN aughton’s 

rule for deciding when to schedule tasks in accurate precedence graph 

and when to schedule tasks in approxim ate precedence graph was devel­

oped. A m etric to  calculate the adaptability  of the run-tim e scheduler 

was also introduced.

•  We introduced fault-tolerance based on im precise com putation tech­

nique for the tasks in parallel program  and analyzed it using a round- 

robin scheduler to  schedule the tasks in parallel program  along w ith the



external tasks. We provided the schedulability conditions under which 

an accurate parallel program should be scheduled and the conditions 

under which an approxim ate parallel should be scheduled in order to 

m eet the deadline.

•  Average response tim e of the system w ith node level fault-tolerance 

using prim ary site approach was derived assuming LCFS queuing dis­

cipline for the repair server queue. We compared the average response 

tim e obtained using LCFS repair queue with tha t of FCFS repair queue 

and proved tha t LCFS is a be tte r queuing discipline for repair server.

We can conclude th a t level algorithm s are more conducive for run-tim e 

scheduling th an  bin-packing algorithm s. Level algorithm  for imprecise com­

pu ta tion  had not been explored previously and our work opens a new field 

of research in the areas of fault-tolerant scheduling.

9.1 Future W ork

The nex t logical step is to extend this work to d istributed systems. Hence ac­

tive research is needed to obtain approxim ate algorithm s for situations where 

tasks have com m unication constraints and resource constraints. Tasks in dis­

tribu ted  system s typically have these constraints and heuristic algorithm s are 

needed to schedule tasks under such conditions.

In this thesis we assumed th a t the tasks have identical deadlines. Schedul­

ing algorithm s for a set of tasks with non-identical deadlines can be explored. 

Similarly, the  thesis assumes th a t the processors are identical. It will be in ter­

esting to  explore the fault-tolerant run-tim e scheduling problem for uniform 

processors and unrelated processors. T he work can also be extended for tasks 

th a t are periodic.
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