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ABSTRACT

Real-Time systems are specialized computer systems where a set of tasks
need to be executed within a specified deadline. The imprecise computation
approach is a technique for robustness where the accuracy of tasks’ compu-
tations are traded for meeting the timing constraints. Under this technique,
every task is partitioned into two subtasks, namely mandatory and optional.
In order to obtain an acceptable result, the mandatory subtask of every such
imprecise task in the task set must be executed. The optional subtask, if
executed, refines and improves the result produced by the mandatory part.

We first consider the problem of scheduling a set of independent tasks with
identical ready times, arbitrary execution times and identical deadlines, for
limited time available and fully available multiprocessor real-time systems.
We extend our result for imprecise tasks by providing an optimal scheduler
that schedules optionals in the maximum possible number of time slots. We
propose an adaptive preemptive scheduler for scheduling external sporadic
tasks in a multiprocessor real-time system, where the imprecise tasks have
been scheduled at pre-run-time. During run-time we optimally schedule the
external tasks using the proposed adaptive scheduler. The scheduler removes
the minimum number of opticnals from the pre-run-time schedule to accom-

modate the external tasks.

We present a model for representing fault-tolerant parallel programs in
a real-time shared memory system. We model parallel programs, and de-
rive the condition under which a program’s deadline can be met. We apply
a mechanism based on imprecise computation technique and provide an al-
gorithm for deciding when to sacrifice result accuracy in order to meet the
timing constraints of parallel programs.

Finally we address the problem of achieving fault-tolerant real-time ser-

vice in a network of fuult-tolerant servers. We use the primary «ite approach

1




where every service is replicated in several sites, one of which is selected as
the primary. The other sites on hot standby are backups. When a primary
fails, one of the backups takes over as primary while the failed primary joins
the repair queue. Two types of repair services are considered, namely the
delayed repair service and the immediate repair service. We analyze the av-
erage response time of the system when the repair server uses LCFS service
discipline to service the failed sites. We compare the derived response time

with the average response time of a system with a repair server that uses

FCFS service discipline.
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Chapter 1

Introduction

1.1 Real-Time Systems

Real-time systems are generally defined as systems that must respc ! to

external requests in a timely manner. Rezal-time systems are characterized
by the fact that the acceptability f output depends nov only on the logical
correctness of the result, but also on the time at which it is available. Hence
real-time systems are used in time-critical applications, such as command
and control systems [1], nuclear power plants, process and flight control sys-
tems [2], space shuttle and aircraft avionics (3], and robotics [4]. Real-time
computing is a wide open research area of challenging problems. Articies on
the current state of the art in real-time computing can be found in [5,6,7,8].

A deadline of a real-time task can be defined as a timing constraint (spec-
ified in terms of time units) within which the task must be executed. Rajku-
mar [9] classifies real-time tasks into three categories depending on its arrival

pattern and its deadline. They are as follows:

e a task deadline is classified as a hard deadline if it is critical to system
functionality and must be met at all cost. For example, an exception
task in a space shuttle or a nuclear power plant must be executed within

a specified deadline, or the consequences might be catastrophic.




e In contrast a task deadlne is classified as a soft deadline if it could be
missed occasionally without leading to a catastrophic consequence. For
example, in a telecommunication system, if a call does not go through
the user needs to dial again. Similarlv in a multimedia system, if video
signals cannot be delivered within a deadline, jitter results. Therefore,

the system does not fail but performai ce is “egraded.

o The last category of tasks which may be executed in a real-tim: sys-
tem is one with no specific deadline. External and sporadic background
tasks that perform maintenanre and testing activities typically fall into
this category. We notice thai the arrival times of maintenance tasks
are me=t often not known in advance and they tend to execute at the
same, lower or higher priority depending on their criticality. For ex-
ample, maintenance tasks in telecommunication systems to reconfigure
or repair remote systems could be as important as other tasks that are
executing, but the arrival time of the maintenance tasks may not be

known in advance.

In addition to the timing constraints, a task may also possess, among
other:, resource constraints, precedence constraints, concurrency coustraints
and communication consiraints. A task may have resource constraints if it
requires access to certain resources other than the CPU, such as I/O devices,
data structures, files and databases. A complex task may be broken into
nultiple subtasks related by precedence constraints. Similarly, a real-time
parallel program may be subdivided into mu!tiple tasks where the tasks are
represented in terms of a precedence graph. A task may have concurrency
(mutual exclusion) constraints if several other tasks access the same set of
resources that it accesses. A task might be using resources from various
nodes or might be obtaining a result from another task, in which case the

task is constrained by the communication delay.



With the advent of new technology and the availability of sophisticated
processors, multiprocessor systems are often used to implement complex real-
time applications. Although the available computation power has increased,
the complexity of various problems related to real-time systems has not de-
creased. One of the major problems in real-time systems is to guarantee the
execution of tasks within a specified deadline. Real-time schedulers play an
important role in providing such a guarantee. It is extremely difficult, and
often intractable, to obtain a general optimal scheduling algorithm for tasks
with several constraints. Hence research on obtaining optimal scheduling al-
gorithms is focused on sets of tasks with limited constraints. In this thesis, we
focus on the task scheduling problem for multiprocessor real-time systems.
In the following section we provide more insight into real-time scheduling

problems.

1.2 Real-Time Scheduling

Research in scheduling has been well established in the areas of produc-
tion engineering, operations research and management science [10,11,12].
Scheduling algorithms in these areas typically optimize metrics such as the
total completion time, schedule length, and maximum lateness. Scheduling
algorithms that minimize the schedule length can be useful for real-time sys-
tems if the tasks have a common deadline. Scheduling algorithms from other
disciplines, that optimize metrics such as total completion time and maxi-
mum lateness, are in general not useful for real-time systems since they do

not take into account the deadlines of tasks.

An optimal scheduling algorithm for a real-time system is one which guar-
antees a feasible schedule for any task set, if such a schedule exists. In other
words, if an optimal scheduler fails to meet the deadline for any task set, then

there cannot exist a scheduling algorithm that would meet the deadline for




that task set. Stankovic et al. [13] elaborate on some classical results in gen-
eral scheduling theory that hold true for real-time scheduling. A selection of
papers that focus on the state of-the-art in real-time scheduling can be found
in {14]. Casavant and Kuhl [15] provide a comprehensive literature survey on
various real-time scheduling algorithms. Lawler et al. [12] provide an excel-
lent survey on the complexity of various scheduling algorithms. We discuss
in detail various issues pertaining to pre-run-time and run-time scheduling
algorithms for multiprocessor real-time systems in the next chapter.

Three important characteristics for a real-time task are its ready time,
computation time and deadline. Task scheduling in real-time systems can ei-
ther be static or dynamic. A static approach calculates schedules for tasks at
pre-run-time (before run time), and therefore requires complete prior knowl-
edge of tasks’ characteristics. Hence, algorithms for this approach are often
classified as pre-run-time scheduling algorithms. A dyramic approach de-
termines schedules for tasks at run-time and allows tasks to be dynamically
invoked. Hence a dynamic scheduling algorithm has complete knowledge of
currently active tasks only, and the characteristics of tasks that may arrive in
future are known only upon their arrival. Such algorithms are often classified

as run-time scheduling algorithms.

1.3 Fault-Tolerance in Real-Time Systems

The increasing application of computers to real-time control functions has
created situations in which a computer failure could result in unacceptably
high costs, either in terms of life or property. Such systems therefore, require
a high degree of fault-tolerance. Fault-tolerance for real-time system.. s
provided either at node level or at task level. Node level fault-tolerance is
provided by replicating hardware on which the application is implemented

aud defends against hardware malfunctions, whereas task level fault-tolerance




is provided by replicating tasks that arc executed in the system and defends

against some task malfunctions.

1i.3.2 Architecture and Hardware

A critical design issue for any fault-tolerant system is redundancy manage-
ment, i.e., the control of resources for fauli-tolerance. Fault-tolerance in a
real-time system is based on masking errors, either for the duration of the
mission (static redundancy), or until the error can be isolated and the sys-
tem reconfigured (dynamic redundancy). Static redundancy requires massive
physical redundancy. but needs only simple redundancy management. Dy-
namic redundancy minimizes extra hardware ard allows re-scheduling and
reallocation of tasks. It alsc provides graceful reconfiguration, by excluding
nodes as they fail and readmitting them as they are repaired.

To increase the reliability or availability of a system without sacrificing
response time, fault tolerance techniques ave employed for real-time systems.
The primary site approach is a technique used for achieving fault-tolerance
without sacrificing average response time of the system [16]. In the primary
site approach, each of the systems to be made 1ault-tolerant is replicated and
called a "site”. One of the sites is elected as the primary and services all
the task requests while the others remain on hot-standby as backups. The
primary periodically checkpoints its state information on backups. If the
primary fails, a backup takes over as the new primary and starts executing
from the latest checkpoint while the failed primary joins a repair queue.
Huang and Jalote [17] studied the availability and reliability of a primary
site system. They also analyzed the average response time and its effect on
checkpointing frequency in [18].

A landmark development in the search for extreme reliability in real-time

control systems was the Software Implemented Fault-Tolerance (SIFT) com-
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puter system [2] [19]. The SIFT project pioneered both theoretically provable
fault-tolerance and system consistency. SIFT has a large system overhead
since the fault-tolerance and executive functions are implemented in software
on the same processor which performs the application tasks [20]. Scheduling
for all tasks in SIFT is static [20] [21]. A contemporary alternative to SIFT
was the Fault-Tolerant Multiprocessor (FTMP) architecture [22]). FTMP
has hardware triple modular redundancy (TMR), priority based scheduling,
exact voting and tight synchronization. A Multicomputer Architecture {or
Fault-Tolerance (MAFT) [23] is another system that provides extreme re-
liability without sacrificing performance, flexibility, or programmability. In
MAFT, resource availability to application tasks is improved by separating

system overhead from application functions.

1.3.2 Software Fault-Tolerance

Real-time applications require continuity of correctly computed output, and
that implies correct performance of both hardware and software. Software
fault-tolerance is achieved by incorporating redundancy in the tasks that
run in the system. The Recovery Block Scheme pioneered by Horning et al.
[24] and Randell [25] meets these requirements. In recovery block method,
tasks are replicated and an acceptance test is conducted after execution of
a task. If the task fails to satisfy the acceptance test then an alternate task
is executed. [inally when no alternate tasks are available, an error routine
is executed. Hecht [26] developcd a technique for reliability analysis of a
software system, illustrating the application of the recovery block to real-
time programs by adding a timer module to monitor the execution of a task
within its deadline. Deadline Mechanism [27] is a variation of the recovery
block scheme where every task has two variations namely primary and alter-

nate. The primary task, prone to miss deadlines provides an accurate result,




whereas the alternate task does not miss deadlines and provides an approxi-
mate result. N-Version Programming (NVP) is another well known software
fault-tolerance technique where N versions of the tasks are executed and a
voting is done on the results [28].

Imprecise computation technique was introduced as a part of real-time
system named Concord, to provide task level fault-tolerance [29]. Two ap-
proaches namely, milestone approach and sieve approach were introduced in
[30] to implement imprecise computation. The milestone approach periodi-
callv records intermediate results and accepts the latest recorded result when
a deadline is reached. The sieve approach skips certain predefined sections
of code, thereby trading precision for time.

Liu, Lin and Natarajan [31] decomposed the tasks as mandatory and
optional subtasks to formalize the imprecise computation approach. In order
to obtain an acceptable result the mandatory subtask of every task has to be
executed. Optional subtasks may then be executed in full or in part if extra
time remains. Thc optional subtask refines and improves the result produced
by the mandatory subtask. If the optional subtask is fully executed, then
we obtain an accurate result. A partial ainount of an optional subtask can
be executed to obtain an acceptable partially accurate result. A system
that allows the implementation of imprecise computaticn approach to a tasi
set 1s known as imprecise computation system. The imprecise computation
technique finds applications in telecommunication [32], data base system (33,

34] and image and speech processing [35].

1.4 Fault-Tolerant Scheduling

In a hard real-time system, a timing fault is said to occur when a real-time
process delivers its result too late. When redundancy is introduced into the

software system to achieve fault-tolerance, the number of tasks to be executed
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increases dramatically. An efficient aigorithm is needed to schedule tasks in
such a way that usage of additional resources is minimized. A fault-tolerant
scheduler achieves a good balance between satisfying the timing constraints
and achieving result accuracy.

Pre-run-time fault-tolerant scheduling is done with complete a priori
knowledge of the task characteristics. The scheduler in MAFT follows the
frame work for fault-tolerant software proposed by Anderson and Knight [36],
where tasks are allocated to processors at pre-run-time based on their peri-
odicity, precedence relationships and task priorities. Multiple versions of the
tasks called clones were used by Krishna et al. [37] to achieve fault-tolerance.
There are two types ol clones, namely primary and ghost. A primary clone
is executed normally, whereas the ghost clone is a backup copy which lies
dormant until it is activated to take the place of a corresponding primary.
A fault-tolerant scheduler based on this method was introduced to achieve
quick recovery from failure. Liestman and Campbell [38] introduced an algo-
rithm to schedule optimally a set of periodic tasks in a simply periodic system
where the periodicity of tasks with lower period is an integral multiple of the
periodicity of tasks with larger period.

Liu, Lin and Natarajan [31] introduced heuristics that minimized aver-
age error, to schedule a set of periodic tasks in a single processor imprecise
computation systern. Leung et al. introduced algorithms to minimize flow
time [39] and the number of late tasks [40] in a single processor imprecise
computation system. Chung et al. [41] introduced algorithms based on a
rate monotonic scheduler to schedule a set of periodic tasks in a single pro-
cessor imprecise ccmputation system and compared the performance with
other kncwn algorithms optimal for general systems. A comprehensive sur-
vey of all the results on impiecise computation systems were provided in

[42]. A scheduling algorithm for single processor imprecise computation sys-
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tem based on earliest deadline first algorithm was introduced by Shih et al.
in [43] and extended for on-line scheduling in [44]. Yu and Lin [45] proposed
a scheduler for imprecise computation multiprocessor system to increase con-
currency. Hull et al. [46] studied the problem of enhancing performance and
dependability when imprecise computation technique was used. We will pro-
vide more insight into various results pertaining to multiprocessor systems

in the next chapter.

1.5 Objectives and Methods

In this thesis we address the problems of achieving opiimal real-time schedul-
ing in imprecise computation multiprocessor systems. We use imprecise com-
putation techniques to achieve fault-tolerance. Real-time systems renerally
consist of tasks that we have apriori information about, as well as tasks that
may have to be invoked at run-time. Of particular interest to our study is the
problem of scheduling sporadic externai tusks that arrive during run-time.
We will attempt to extend already proven scheduling algorithms for the
new models we define, or introduce and prove new ones. We will consider
both pre-run-time as well as run-time scheduling problems keeping in mind

the practicality and applicability of our work.

1.6 Structure of the Thesis

The remainder of the thesis is organized as follows. Chapter 2 gives back-
ground on multiprocessor scheduling. Chapter 3 introduces our proposed
pre-run-time scheduling algorithm for general and imprecise compuiation
systems. Chapter 4 introduces the run-time scheduling algorithuis. Chapter
5 deals with adaptive run-time scheduling. Chapter 6 considers the schedul-

ing problem where tasks have precedence constraints. Chapter 7 considers




a similar problem for parallel program. Chapter 8 provides the response
time analysis for a system that has primary site approach as fauit-tolerance

technique and in chapter § we conclude the thesis.
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Chapter 2

Related Work

A real-time task is specified by its ready time, execution time ard deadline.
Finding efficient schedulers for a set of tasks with timing constraints has
been an impertant field of research [13]. A pre-run-time scheduler constructs
a schedule with complete a priori knowledge of ready times, execution times
and deadlines of all tasks that need to be scheduled. A run-time scheduler
schedules a set of tasks whose ready times and execution times are known
only on their arrival.

Two approaches exist to constructing a schedule for a set of tasks in a
multiprocessor real-time system. They are the bin packing algorithms and
the level algorithm;. The bin packing approach assigns as many tasks as
possible to processor P; before considering processor P, and so on. The
level approach incrementally, time unit by time unit, builds up a schedule on
all processors. Level algorithms are in general better since the bin packing
approach fails when the processor speeds are not identical [47].

In this chapter, we describe some of the work which is closely related to
the problems addressed in this dissertation. We present results pertaining to
pre-run-time scheduling, run-time scheduling and scheduling a set of tasks
with precedence constraints. In this thesis we confine ourselves to scheduling

algorithms that all:w preemption.




2.1 Pre-Run-Time Scheduling

Pre-run-time schedulers for a set of independent tasks in a single prccessor
real-time system have been exhaustively researched [13]. In the field of op-
erations research, similar problems have been attacked by minimizing the
schedule length. Jackson in his seminal work [48], now known as Jackson’s
rule, introduced an optimal scheduler for a set of tasks with identical ready
times, where the tasks are scheduled n the order of increasing deadlines.
Horn [49] extended Jacksnn’s rule for tasks with arbitrary ready times but
with unit execution times by scheduling at any time an available job with
the smallest deadline. Horn also provided an algorithm to schedule a set of
tasks with arbitrary ready times allowing preemptions. Liu and Layland [50]
introduced two scheduling algorithms, namely the rate monotonic scheduler
and earliest deadline first scheduler, for tasks that are periodic and tasks that
have arbitrary deadlines, respectively. Since then, efforts have been made to
find efficient algorithms with various combinations of deadlines, ready times
and execution times [12].

Pre-run-time schedulers for multiprocessor real-time systems are in gen-
eral more complex than schedulers for single processor real-time systems [13].
In order to schedule a set of tasks during pre-run-time, the ready time, =xe-

cution time and the deadline of the tasks need to be known apriori.

2.1.1 Bin-Packing Approach

The bin packing approach has been successfully used by McNaughton [51]
and Rothkopf [52] to construct shortest preemptive schedules for a set of
independent tasks on rultiprocessor systems. Liu and Liu [53] and Liu and
Yang [54] provide algorithms to schedule a set of independent tasks on a

multiprocessor system with m — 1 processors with identical speed and one




processor with faster speed.

McNaughton [51] provides an algorithm for finding the shortest preemp-
tive schedule for a set of independent tasks on m processors, where ail tasks
have identical ready times, arbitrary execution times and identical deadlines.
McNaughton provided a lower bound on the length of an eptimal schedule

and then constructed a schedule that matched this bound. The maximum
n

completion time of any schedule is said to be at least max{™“¢;, Zl,-":ﬁ—'}

where m is the namber of processors and ¢; is the execution time of the ith

task.

In McNaughton’s rule, tasks are assignec to the processors successively by
scheduling the tasks in any order and splitting the task whenever the above
time bound is met. Consider a three processor computer system consiseing
of five tasks J = {Jy, -+, J5} with computation times {¢),---,¢s}, where
c1=8, ¢2=7, ¢3=6, ¢4=5, and cs=4. The maximum completion time, derived
from the bound mentioned above for the tasks is at least maa{8,3} which
is 10. Figure 2.1 illustrates a schedule constructed using McNaughton’s rule
by allocating the tasks into one processor at a time and preempting a task
if the bound is reached.

Schmidt [55] considered the problem of scheduling a set of independent
tasks on a multiprocessor system using the bin racking approach, where the
processors are only available in certain given time intervals. Figure 2.2 illus-
trates a multiprocessor system with three processors Py, 2, and P;. Processor
P, is not available in the 3rd, 4th and 10th time units, Processor P, is not
available at the 1st, 6th, 7th and 9th time units and Processor P is not
available at the 1st, 5th, 6th, 7th, 8th and 9th ‘ime units, respectively.

To solve the feasibility problem, Schmidt generated an equivalent probiem
from the original problem by moving all tiie unavailable time slots to the right

hand side as shown in Figure 2.3. The equivalent probler: may have fewer
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Figure 2.1: Scheduling using McNaughton’s rule

Figure 2.2: Three processors with partial time slots available in 10 time units
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available processors as compared to the original problem since all the time
slots of some of the processors in the right hand side could be unavailable.
Schmidt scheduled the tasks using the following algorithm by comparing
the computation time of the task to the remaining processing capability
(RPC) in the processors. If there exists a processor with RPC matching the
computation time of the task, then the task is cheduled in that processor.
If there does not exist such a processor, then the task is scheduled in the
processor that has the largest RPC among those processors with RPC loss
than the computation time of the task. The remaining computation time
of the task is scheduled in the processor that has the smallest RPC among
those processors with RPC greater than the remaining computation time of
the task. Since the RPC of the processor is greater than the computation
time, the task can be scheduled in some time interval within the available
time slots. Schmidt does not address the problem of where in the available
time slots of the processor should the task be scheduled.

Schmidt’s algorithm is as follows:

1. If ¢; > RPC(P;),¥j then no feasible solution exists for the task set.

o

If ¢; < RPC(P;),Vj theu schedule task J; on processor Py, with

RPC(P;) = min{ RPC(F;)}

3 If neither holds, schedule task J; on processor Py with

RPC(P,)= max {RPC(P;)}
JIRPC(P;)<e¢i

and on processor P, if it exists, with

RPC(P) = min (RPC(P)}

j|RPC(E—)>rcma:’n;-'nytimeofc.

)
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Figure 2.3 illustrates the transformation of the original problem into an
equivalent problem and the application of the algorithm to a system with
five tasks. Consider for example the three processor system shown in Fig-
ure 2.4. We illustrate two different equivalent problems with one time slot
interchanged. We see that for the first equivalent problem, scheduling bot-
tom first works where as the top first fails. For the second equivalent problem
the bottom first fails and the top first succeeds. Hence, in order to schedule
the tasks in a particular time slot, all the time slots of other processors in

the same time unit need to be checked to ensure that the same task is not
scheduled. This is due to the fact that a task cannot be scheduled in a time

slot, if it is already scheduled in the same time unit on a different processor.
Thus the complexity of the algorithm increases. The second drawback with
Schmidt’s algorithm is that one must construct an equivalent problem from
the criginal preblem, then schedule the equivalent probiem and transform it

back. We show later in this thesis that such a situation does not arise in our

proposed algorithm.

In some real-time applications such as telecommunication, image and
speech processing, a partial result of a task is acceptable if the task’s execu-
tion could not be completed in its entirety [35]. The imprecise compulation
approach has been proposed as a means to partition the task into two sub-
tasks, namely mandatory and optional {30,31]. In order to obtain an accept-
able result the mandatory subtask of every task has to be executed. Optional
subtasks may then be executed in full or in part if extra time remains. The
optional subtask refines and improves the result produced by the mandatory
subtask. If the optional subtask is fully executed, then we obtain an accurate
result. Partial execution of each optional subtask can be done to obtain an
acceptable partially accurate result. A system that allows the application
of imprecise computation approach to its task sel is known as an imprecise

computation system.
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Scheduling algorithms for a single processor imprecise computation sys-
tem typically minimize the total [42], and the average [56] execution time of
the unexecuted portion of the optionals. Shih et al. [56] also considered the
problem of scheduling a set of independent tasks to minimize average exe-
cution time of unexecuted portion of optionals in a multiprocessor system.
Chung and Liu [57] proposed several heuristic algorithms to schedule peri-
odic tasks and minimize the average execution time of unexecuied portion of
the optionals. Leung and Wong [40] proposed an algorithm to schedule a set
of tasks in a multiprocessor imprecise computation system to minimize the
total number of tasks that miss the deadline. Khemka et.al. [58] introduced
a scheduler based on network flow technique for a multiprocessor imprecise

computation systems where tasks are periodic.

In this thesis, we propose pre-run-time and run-time multiprocessor schedul-

ing algorithms for a set of independent tasks that have identical ready times,
arbitrary execution times and identical deadline. We extend our algorithm
for imprecise computation system by minimizing the total execution time of

the unexecuted portions of the optionals.

2.1.2 Level Algorithms

Scheduling algorithms that incrementally construct a schedule on all pro-
cessors are defined as level algorithms. Muntz and Coffman [59] provide an
algerithm based on the level approach to construct an optimal preemptive
schedule fcr tasks with tree precedence constraints. If there are m identical
processors, the Muntz-Coffman algorithm assigns for every time unit, one
processor to each of the m tasks farthest from the root of tree. If there is a
tie among b tasks for the last ¢ machines then § of a processor is assigned to

each of b tasks.

The extension of the Muntz-Coffman algorithm to m processors of dif-
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ferent speeds was considered by Horvath, Lam and Sethi in [47]. Gonzalez
and Sahni [60] provide an algorithm to achieve the same result with a min-
imum number of preemptions. Lam and Sethi [61] consider the extension
of Muntz-Coffman algorithm for arbitrary precedence constraints and prove
that the ratio of the schedule lengths of Muntz-Coffman algorithm and an

optimal scliedule is bounded by 2 — £.

2.2 Run-Time Scheduling

A run-time scheduling algorithm is used to schedule a set of tasks, if the ready
times of some of the tasks in the task set are available only during run-time.
Such tasks are in general known as sporadic tasks or external tasks. To find
an optimal on-line scheduler for a set of tasks is in general considered to be
difficult due to unpredictable ready times.

Dertouzos and Mok [62] addressed the problem of dynamically schedul-
ing hard-real-time tasks in a multiprocessor system and proved that it is
impractical to design optimal run-time schedulers if there exist preemption
due to resource sharing or general precedence cons: raints between tasks. Mok
[63] proves that well known optimal on-line scheduling algorithms for singie
processors such as the earliest deadline first algorithm [48], rate monotonic
scheduler [50] and the least lazity first algoritii:s [64], do not remain opti-
mal when exten-ed for multiprocessor systen:s. Dhall and Liu [65] provide
some heuristic algorithms for scheduling a set f tasks that are periodic in a
multiprocessor system.

Sahni and Cho [66] introduced an optimal nearly on-line scheduler where
the ready time of the vext task is known when the presen: task is scheduled.
Sahni [67] showed that no optimal nearly on-line schedul - can exist if tasks

in the task set have different deadlines. Hong and Lenng [68] extended Mc-




Naughton’s rule for a set of tasks with varied ready times but one common
deadline. They proved that if the set of tasks have more than one distinct
deadlines then no optimal scheduling algorithm exists. In Hong-Leung al-
gorithm, tasks that are ready are scheduled initially using McNaughton’s
rule. Tasks that arrive during run-time are scheduled using a re-schedule
algorithm that re-schedules the existing schedule to accommodate run-time
tasks. Hence this algorithm cannot be extended for iasks with precedence
constraints since it is difficult while re-scheduling to maintain the precedence

relation of the tasks in existing schedule.

2.3 Scheduling Tasks with Precedence Con-

straints

The problem of scheduling tasks with precedence consiraints on a multi-
processor system is known to be NP-complete in its general form [69,70].
Polynomial time algorithms exist only for a few restricted cases [12]. Hu [71]
provided a linear time algorithm to schedule a tree strictured task graph with
all tasks having unit execution times. Coffman and Graham [72] introduced
a polynomial time algorithm that provides an optimal schedule length for a
two processor system. Muntz and Ce.Tman [59] described a polynomial time
scheduling algorithm that minimizes the completion: time for a tree struc-
tured task graph allowing preemption. Gonzalez and Johnson [73] improved
the performance and provided an O(n?) algorithm.

The intractability of obtaining an optimal solution for the general schedul-
ing problem has led to the introduction of a large number of scheduling
heuristics. One class of scheduiing heuristics in which many schedulers are
classified is list scheduling. In list scheduling, whenever a processor is avail-
able, a task that is ready with the highest priority is selected from the list of
unscheduled tasks. Lam and Sethi [61] adapted Muntz-Coffman algorithm




for a general task graph in identical processors and proved that

SL(MC) 2
— )= — >
SL* s? m’ m 22

where SL{MC) is the schedule length obtained due to Muntz-Coffman algo-
rithm and SL* is the optimal schedule length. Horvath, Lam and Sethi [47]
extended the Muntz-Coffman algorithm for uniform processors and proved

that the algorithm guarantees the following velation:

SLMC) _ [3m
si+ — V72

2.4 Summary

We prove that the largest remaining time first algorithm is optimal for a
set of tasks with identical ready time, arbitrary execution time and identical
deadline. Level algorithms have not been actively researched for imprecise
computation system. We propose a level algorithm for scheduling a set of
tasks in a multiprocessor imprecise computation system and minimize the
total execution time of unexecuted portion of optionals. We also consider
the problem of scheduling of a set of tasks with precedence relation at pre-
run-time and propose a heuristic algorithm.

Our method schedules tasks that arrive during run-time over the existing
pre-run-time schedule. Hence scheduling of tasks that arrive during run-time
is done in the time intervals that are not occupied by tasks in the pre-run-
time schedule. We derive the necessary and sufficient condition for scheduling
a set of tasks during run-time when the system is available only in a certain
given time intervals. We propose a level algorithm for scheduling a set of
tasks during run-time and prove its optimality. We also propose an adaptive

run-time scheduler that schedules a set of tasks during run-time by removing
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Figure 2.5: Areas that are addressed in this dissertation

optionals from pre-run-time schedule, such that the total execution time of
portion of optionals that were removed is minimum. W extend our result
to schedule optimally a set of tasks during run-time in a multiprocessor
imprecise computation system, by minimizing the total execution time of
unexecuted portion of optionals.

Finally, Figure 2.5 summarizes the previous work in this area and identi-

fies the specific areas that are addressed in this thesis.
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Chapter 3

Pre-Run-Time Scheduling

Pre-run-time schedulers construct feasible schedule for a set of tasks with

complete knowledge of their task characteristics. Task characteristics such
as ready time and deadline are known prior to start of execution of real-time
system.

In this chapter, we first consider the problem of scheduling a set of inde-
pendent tasks with same ready times on multiprocessor systems. We derive
the necessary aud sufficient conditions to obtain a feasible schedule for a
set of tasks within a given deadline. We then introduce an algorithm based
on level approach and prove its optimality. The problen: of scheduling a
set of tasks that are implemented using imprecise computation technique is
considered. We extend McNaughton'’s rule to provide a bin-packing based
scheduling algorithm that maximizes the total computation time of option-
als. We then introduce a level based scheduling algorithm to maximize the

total computation time of optionals.

3.1 Task Characteristics

We consider a multiprocessor system with m identical processors of the same
speed. We denote the set of processors as P = {P;, P,---,P,}. Let J =
{Ji,J2+++,Jn} be the n independent tasks with {c1, ¢z, -+, c,} being their




respective computation times. Let D be the deadline within which the tasks
in J need to be executed. A schedule is nothing but a time line divided
into time units, where tasks are assigned. Ready time of a task J;, namely
RT(J;), is defined as the earliest time unit in which a task can be scheduled.
Similarly, deadline of a task set J namely D, is defined as the latest time unit
in which a task in the task set can be executed, assuming that all tasks have
the same deadline. Since this chapter deals with pre-run-time scheduling,
we assume that all the tasks are ready to be scheduled at the start. Hence
RT(J;) = 0,¥i, 1 €1 < n. We also assume that two tasks cannot be
executed in the same time slot and a task cannot be executed by more than
one processor in the same time unit. We assume a task can be stopped on
one processor and resumed on another.

Every task in task set J that has been implemented using imprecise com-
putation approach has been decomposed into two subtasks, namely manda-
tory subtask and optional subtask. Let {M;, .-, M,} be the mandatory
subtasks and {O;,---,0n} be the optional subtasks of {J/;,---,J,}. Let
{mi,---,m,} and {o1,---,0n} be the computation times of {My, .-, M,}
and {Oy,---,0,} respectively. Hence the computation time of a task .J;,
namely ¢;, is given by m; + 0;. We assume that an optional subtask O;
cannot be scheduled in the same time unit as mandatory subtask M;. We
also assume that mandatory subtasks have to be scheduled in their entirety
to obtain an acceptable result, where as optional subtasks can be partially

scheduled to obtain a better quality result.

3.2 Scheduling Independeiit Tasks

In the previous chapter we described in detail the work by McNaughton [51)
to obtain a feasible schedule for J with the shortest completion time. Mc-

Naughton used bin-packing technique for obtaining a bound for the shortest
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completicn time for a task set J. In this section we first derive the necessary
and sufficient conditions for scheduling a t.sk set J within a deadline D.
We then introduce an algorithm based on level approach, namely Largest
Remaining Time First (LRTF) and prove its optimality.

We state the following well known theorems directly from [51].

Theorem 1 The mazimum completion time for a task set J, with computa-

tion times {c1,--,cn} in a multiprocessor system with m processors is
n
maz .y Ci
maz{ . ¢, ==—}
? m

Theorem 2 McNaughton’s rule is optimal.

We now estabiish the necessary and sufficient conditions for scheduling J

within a deadline D.

Lemma 1 Let {Ji,---,Jn} be the task set with {c1, -, cn} being their re-
spective computation times. J can be scheduled within D in m processors if

and only if
¢ < D, Vi, 1<i<n (3.1)

Y¢i < mD (3.2)

i=1
Proof. In order to schedule J within D, the individual computation time

of all the tasks in J should be less than or equal to D. Otherwise, the

assumption that a task cannot be scheduled in two different time slots in the

same time unit, will be violated. Similarly }7j.; ¢i £ mD, since mD is the

total number of time slots available and the curnulative execution times of

all the tasks should be less than or equal to mD. Hence conditions 3.1 and

3.2 are necessary.
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The shortest completion time for J with computation time {¢;,- -, ¢, } by

McNaughton’s rule is given by maz{™*¢;, Zﬁ*—c—'} If J has to be executed
within D then,

max Ty Gi
maz{ ; ci,;—'r‘—nl——l} <D

We can derive condition 3.1 from

max

{ ci}gD

We can also derive condition 3.2

".'L C' n
=l 7 <D = ZC.,' <mD.

m =1

Hence the conditions are sufficient.
]}

We have thus proved that if the computation times of the individual tasks
do not exceed the deadline and the total computation times of all tasks do

not exceed the available time slots then a feasible schedule for the task set
exists.

Consider the LRTF algorithm illustrated in Figure 3.1. In every time
unit, m tasks with largest remaining computation times are scheduled in
m processors. Unlike McNaughton’s algorithm which follows Lin-pecking ap-
proach, LRTF algorithm follows the level approach where tasks are scheduled
in all the processors at any given time. We now prove that LRTTF algorithm
constructs a feasible schedule for a task set J within D, if J satisfies the

necessary and sufficient conditions.

Theorem 3 Let J = {Jy,---,J.} be the set of tasks with computation times
{e1,++,cn}. If J satisfies the necessary and sufficient conditions 3.1 and 3.2,
then LRTF algorithm feasibly schedules J within D.

[ 3%}
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Algorithin LRTF;

// m « Number of processors;

for (every timeunitt | 1<t<D)

begin
Schedule m tasks with largest remaining computation times;
Decrement their respective task computation times;

end;

Figure 3.1: Largest Remaining Time First algorithm

Proof. Let {c;, -, cn} satisfy the following necessary and sufficient condi-
tions

¢ < D, Yi, 1<i<n (3.3)

e < mD (3.4)

We prove the theorem using induction. Assume that ¢ > ¢c;--- > ¢,.
Let the first time unit be scheduled using the largest remaining computation
times of {¢;,- -, c,}. We will show that the remaining computation times of
J satisfy the conditions for [2..D]. The first time unit consists of m time slots,
one slot per processor, and hence {Jy,- -, J,,} are scheduled. After schedul-
ing the first time unit, the remaining computation times of {Jy, -, J,} are
{ecy ~Leg—=1,--+,e;m — 1, ¢my1, -+, € ). The remaining computation times

need to be allocated within D — 1. It is easy to see from condition 3.3 that
¢—-1<D-1, Vi, 1<i1<m
We wish to prove that

a<D-1, Vi, m+1<:<n




We know from condition 3.3 that
<D, Vi, m+1<i<n
We claim that
a#D, Vi, m+1<i<n

If any ¢;’s, where m + 1 <1 < n had been equal to D, then our assumption
that ¢; > ¢+ > ¢, would require that ¢y, -+, ¢, all be equal to D. This
violates cond’tion 3.4. Hence our claim is valid. Therefore we have proved the
base case, that the remaining computation times of J satisfy the necessary
and sufficient conditions for [2..D], if the first time slot is scheduled using
LRTF algorithm.

Let us assume that time units in [1..t-1] time interval have bcen sched-
uled using LRTF algorithm. Let {c},c},  -,c.} be the remaining compu-
tation times of tasks in J such that ¢} > ¢} > --- > ¢}, We assume that
the remaining computation times of J satisfies the following necessary and

sufficient conditions for the time interval [t..D].

¢ < D—-(t-1), Vi, 1<i<n (3.5)

Zj:c: < m{D-(t-1)} (3.6)

Our goal is to show that the remaining computation times of J satisfies the
conditions for [t+1..D} after scheduling the tth time unit. Before scheduling
the tth time unit, the remaining computation times of J in descending order
are

t ot t ot t
{Clvcz""vcmvcm+1""’cn

After scheduling the m timeslots in {th time unit, the remaining computation

times are

t 4t t t t
{d-1L,cs=1, 0, = L, chprr o500}
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From condition 3.5 we can derive that
d—-1<D~t, Vi, 1<i<m
We need to show tlLat
c<D—t, Vi, m+i<i<n
From condition 3.5 we know that
d<D~(t-1), Vi, m+1<i<n
Hence we need to show that
cd#D—(1~-1), Vi, m+1<i<n

Ifct=D—(t--1)for somes,m+1 < i < n,then {c,ch, -, cl,} will all be
D ~ (¢ — 1) time units since ¢} > ¢, > -+ > ¢}, This leads to the following

inequality
Zcf >m{D—-(t-1)}
=1

since more than m tasks have D — (t — 1) as remaining computation time.
This contradicts condition 3.6 and hence ¢! # D — (t — 1). Therefore the first
condition holds true for the task set J with remaining computation times in
time interval [t+1..D].

For proving the second condition, we know from condition 3.6 that

Yo <m(D-t)+m

i=1
Hence it is easy to see that

m n

S(et~1)+ Y d<m(D~1)

=1 i=m+1
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Therefore the LRTF algorithm feasibly schedules any task set that satis-
fies the necessary condition 3.3 and sufficient condition 3.4.

()

Figure 3.2 illustrates the application of LRTT algorithm to a three proces-

sor system. We consider a set of five tasks J = {J;.- -, Js} with computation

times {8,7,6,5,4}. We note that the deadline D = 10. It can be seen that

while scheduling the 2nd, 4th, 6th, 7th, Sth and 9th time units tasks were

interchanged to order them in descending order.

Theorem 4 The maximum completien time for task set J when scheduled

n

using LRTF algorithm is maz{™*¢;, &=}

m

Proof. The total time slots available for scheduling is m D, since there are
m processors and D time slots per processor. From the previous theorem,

we know that ¢; < D and hence, } 1., ¢; <. D. Therefore

Zi=l% < p (3.7)

m =

<D (3.8)
Hence, if LRTF algorithm is used, the time taken to complete the task

set J, will be at least maz{™"c;, ——E—ﬁ*—ci}

O

Theorem 5 LRTF algorithm is optimal, i.e., LRTI" algorithm produces «
feasible schedule for J within D if such a schedule exists.
Proof. We know that McNaughton’s wrap around rule is optimal. The com-

pletion time for a task set J in m processors for McNaughton’s wrap around

n
. . . [N .
rule is given by maz{™"¢c;, Z‘f;‘—'} Hence from the previous theorem we

can note that if McNaughton’s rule schedules J so will LRTI" algorithm.
]
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J1 J3 J5
J2 J4 J1
J2 J4 J3
J5 J2 J4
Js J3 J1
Task Set Afer Scheduling

{7, 6,5} {5,4}
{6,5,4} {5,4}

(

{5, 4,4} {4,4}
{4,3,3) 4,4}

;

{3,3,3} (3,3}
g, 2,2} (3,3}

;

{2,2,1} 2,2}

|

{1.1,1} (2,1}

£

{140,0} {1,1}

G

{0, 0, 0} {0, 0}

Figure 3.2: Illustration of LRTF algorithm
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Therefore LRTF algorithm optimally schedules a set of independent tasks
using level approach. In the next section we consider the problem of schedul-

ing a set of tasks with imprecise computation technique for fault-tolerance.

3.3 Fault-Tolerant Scheduling of Independent

Tasks

3.3.1 Bin-Packing Approach

We extend McNaughton’s algorithm for scheduling a set of tasks with same
ready times, arbitrary execution times and same deadlines, to systems using
imprecise computation technique. In order to get a feasible schedule we need
to schedule {M,---, M, } within deadline D. Therefore max{m,,---,m,}
should be less than or equal to D since a task cannot run in the same time
unit in two different processors. We observe that the total time slots available
in m processors is mD. Thus the total execution times of all the mandatories,
namely Y7 | m; should be less than or equal to mD in order to schedule all
the mandatory tasks. Hence 3", ™ < D. We are now in a position to state

the following Lemma.

Lemma 2 We can obtain an acceptable result in an m processor imprecise

computction system if,

n
max Y
maz{ . m;,==L-"}< D
b
i m

The algorithm to optimally schedule {J;,--+,J,} is given in Figure 3.3.
We first schedule the mandatory subtasks in any order using McNaughton’s
rule, i.e., tasks are scheduled in the first processor and then scheduled in the
second and so on. Once all the mandatory subtasks are scheduled, optional
subtasks are scheduled after the corresponding mandatories. This can be

done until either all slots are scheduled, in which case some optional subtasks
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Algorithm Bin-Packing-Fault-Tolerant-Scheduler;
begin

/* Assumption m; +0; < D */

maz
; miq,

if (maz{"*m;, 2=} < D)
begin
Schedule all mandatories using McNaughton’s rule;
Schedule optionals after corresponding Mandatories until
either (1) all the slotc are filled;

or (2) all the optionals are scheduled;
end;

else "No Optimal Schedule” ;
end.

Figure 3.3: Bin packing fault-tolerant scheduler

may remain unscheduled or all optionals are scheduled, in which case some

time slots may remain unoccupied. We claim that the algorithm is optimal.

Theorem 6 FEaxtended McNaughton’s rule is optimal for imprecise computa-

tion system.

'To prove the correctness, we construct a single time line of /D time slots
and schedule the mandatory subtasks in the time slots [1..mD] in any or-
der. The maximum number of empty slots available after scheduling all the
mandatory subtasks is given by mD — Y%, m;. We schedule the optional
subtasks of the corresponding mandatory subtasks after the mandatory sub-

tasks are finished. If M is scheduled from [t..t+m;], then we start scheduling
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P, Py Py Py Py Py
1 | M | Ms 1| M | My | O
2 | M M, 2 | M M; | Os
3 | M M, 3 | M, M, | O3
4 | M; | M, 4 | My | O, | O3
5 | My | M, 5 | My | O, | M,
6 | My | Ms 6 | O, | O, | M,
7 M, M; 7 0, 0, M,
8 | M; 8 | O, | My | O,
9 | M, 9 | O M; | Ms
10| Ms ol Mo | Mz | M

m;=>5, my=4, m3=3, my=3, ms=2 =9, =8, ¢3=T, c4=7, ¢z=5
=4, 0o=4, 03=4, 0,=3, 0;=3 =9, ;=8, =7, t;=4, ;G=2

Deadline, D = 10

Figure 3.4: Example of bin packing fault-tolerant scheduler

Oy in the time interval

n k=1
t+mi+1, t+my+min{og,mD— (D mi+ ) 0},
i=1

i=1

by moving all the niandatory subtasks scheduled after My, min{ox,mD —
(52, mi + Y571 0;)} time slots ahead. Note that mD — (X%, m; + X5 o;)
is the number of empty slots available after scheduling {Oy, -, Ok~ }. This
is continued until either all the optional subtasks are scheduled or all the
empty time slots are occupied. Then we partition the [0.m D] time slots

into m time intervals [0..D],[D+1..2D},--- ,[(m — 1)D..mD)] and use it as a




schedule for m processors. Note that any task in the task set is not scheduled
at two time slots in the same time unit since we divide the time units exactly
into intervals of length D time slots and m; + o; < D.
We see that the algorithm schedules
n n
min{mD — Y _mi, Y 0;}
i=1

=1

time slots for optional subtasks. If

n n
mbD - Zmi < Zo,-,
i=1 i=1

then the algorithm schedules the first r optional subtasks, entirely after their
corresponding mandatory subtasks and then schedules partial amount of (r+
1)st optional subtask in the empty slots available, namely mD ~ (30, m; +

'_, 0i). Therefore,

n n i—-1 n
> min{o;,;mD - (d}_m, + Y o0.)} =mD - m;
=1 r=1 r=1 i=1

If mD— %%, m; 2 3%, 0; then the algorithm schedules {Oy,---,0,},

since the number of empty slots available are more than the total execution

times of all optional subtasks. Hence we arrive at the following equation.

n n i—1 n
Y min{o;i,mD —(3_m, +3 o)} =Y o
i=1 r=1

r=1 1=1

It can be easily seen that the algorithm constructs a schedule in a time,
linear to the number of tasks. Hence we have proved the following theorem.
Figure 3.4 illustrates an example of imprecise computation system for
three processors, where the mandatories are scheduled using our extension
of McNaughton’s rule. Figure 3.5 shows the various stages of the algorithm
while scheduling the optionals. The final schedule after partitioning the time

intervals and reassigning to processors, can also be seen in Figure 3.4.
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1 (v e M1 M1 M1
M1 M1 M1 M1 M1
M1 M1 M1 M1 M1
M1 M1 M1 M1 M1
M1 M1 M1 M1 M1
M2 o1 o1 o1 o1
M2 o1 o1 o1 o1
M2 o1 o1 o1 o1
M2 o1 o1 o1 o1

10 |M3 M2 M2 M2 M2
M3 M2 M2 M2 M2
M3 M2 M2 M2 M2
M4 M2 M2 M2 M2z
M4 M3 o2 o2 02
M M3 o2 o2 o2
M5 M3 o2 02 02
M5 M4 o2 o2 02

M4 M3 M3 M3
M4 M3 M3 =
20 M5 M3 M3 M3
M5 M4 o3 03
M4| o3 03
M4 o3 o3
MS o3 03
M5 M4 |4
M4 M4
M4 M
] Ms 04
Ms M5
30 M5

Figure 3.5: Extended McNaughton'’s rule for imprecise computation systems




3.3.2 Level Approach

We introduce a level approach based algorithm for obtaining a schedule
that maximizes the number of optionals that can be scheduled. Let J =
{J1, -+, Ju} be the tasks with {M;,---, M,} as mandatory subtasks and
{Oy,---,0,} as optional subtasks. Let {m;,---,m,} be the respective com-
putation times of mandatory subtasks and {o,---,0,} be the computation
times of optional subtasks. In order to obtain an acceptable result, all the

mandatory subtasks need to be executed within deadline D. Hence the nec-

essarv condition to obtain a feasible schedule for {Jy,---,Jn} is given by
m; < DVi, 1<i<n (3.9)
Ymi < mD (3.10)
1=l

If a feasible schedule is guaranteed for J then our goal is to maximize the
total execution times of all optional subtasks that can be scheduled within D.
Note that we are allowed to schedule part of ihe optionals. Let {o1,---,0,}
be the computation times of the part of the optionals that get scheduled
along with {my,---,m,}. Our goal is to maximize Y_~., 0; satisfying the

following constraints.

m;+90; < D)Vi, 1<i<n (3.11)
Y (mi+o) < mD (3.12)
t=1

Figure 3.6 illustrates a simple algorithm that calculates {71, --,9,}. The
algorithm provides maximum possible computation time for an optional by
allocating min {available empty slots, (D-m;), o;}. The algorithm is optimal
since it fails to allocate any time slot to an uptional only if

1. emptyslots = 0. In which case there are no time slots left since

providing any more will violate condition 3.12.
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Algorithm Find-Optionals;
begin
i=1;
emptyslots = mD - ¥, my;
while ((z < n) and (emply.slots > 0)) do
begin
0; = min {empty_slots,(D —m;),0;};
empty slots = empty slots - 6;;
1=i+1;
end;

end.

Figure 3.6: Algorithm to calculate {o7, -, 9,}

2. m; = D. In which case, providing any time slot for optional will violate
condition 3.11.

Figure 3.7 illustrates an example where the algorithm is applied to obtain
{01, --,0,}. The resulting tasks with computation times {m, +or, -+, m, +

O, } is scheduled using LRTF algorithm.

3.4 Summary

In this chapter we considered the problem of scheduling a set of tasks with
task characteristics known apriori. We derived the necessary and sufficient
conditions for scheduling a set of independent tasks within a deadline D.
We also introduced an optimal scheduling algorithm based on bin-packing
approach and level approach for scheduling a set of tasks implemented using
imprecise computation technique. We note that the bin-packing approach
provides a schedule where the number of pre-emption is miuimum but ex-

tending it to run-time environment is cumbersome. On the other hand, level
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7711=57m2=4,7713=3,77'L4:3,7715:2 ,
0y=4,0,=4,03=4,04=3,05=3 1 Ji J J3
emptyslots = 30-17 = 13 2 Ji J J3
o= rin{13,5,4} = 4 S R L
emptyslots = 13-4 = 9 41 4 Jq Js
o7= min{9,6,4} = 4 51 S| J | Js
emptyslots = 9-4 = 5 6| Ji J2 J4
o= min{5,74} = 4 71 L J3 Ja
empty.slots = 1 sl A Ja Ji
o;= min{1,7,3} = 1 9| U Ji Js
empty.slots = 0 10 Js 74 T
0:= min{0,8,3} = 0

Figure 3.7: An example illustrating algorithm Find-Optionals

algorithm is more conducive for run-time scheduling since task allocation is
done time unit by time unit. We maximized the time slots in which optionals
are scheduled after scheduling all the mandatory subtasks.

It is not always possible to have the complete knowledge of task charac-

teristics to obtain a feasible schedule. Tasks such as maintenence tasks fall

into this catagory where their ready times are not known apriori and their
computation times are known only when they are ready. Such tasks need to
be scheduled during run-time, where the system is not available in certain
time intervals due to pre-run-time schedule. In the next chapter we will in-
troduce the problem of scheduling a set of tasks during run-time where the

system is available only in certain time intervals.

40




Chapter 4

Run-Time Scheduling

In this chapter we consider tasks whose characteristics are not known until
they are activated during run-time. We assume a pre-run-time scheduler has
already been invoked. Hence tasks that arvive during run-time are scheduled
on top of pre-run-time schedule, in the empty slots available. We call a system
that is available only in partial time intervals, a limited time available system.
In this chapter, we introduce a level algorithm for optimally scheduling a set
of tasks that arrive during run-time in a limited time available system. We
also propose an optimal scheduling algorithm for scheduling tasks that have

been implemented using imprecise computation technique.

4.1 Task Characteristics

We consider a multiprocessor system with m identical processors of the same
speed. We denote the set of processors as P = {P, P, -+, Pn}. Let J =
{J1,J3,-++,Jn} be the n independent tasks with {c;,cz, -+, ¢, } being their
respective computation times. Ready time of a task J;, namely RT'(.J;), is
defined as the earliest time unit a task can be scheduled. Similarly, deadline
of a task set J namely D, is defined as the latest time unit a task in the
task set can be executed assuming that all tasks have the same deadline. We

define begin time of a processor P;, namely BT(F;), as the earliest time slot




P | P2 | P3
1 RS aEe
2
3 (2
4 | R
5 -
6 NN B
7
8
9 / BER &
0

Figure 4.1: Example of a system available valy in partial time intervals

a processor is available. Similarly, an end time of a processor P;, namely
EN(P;), is defined as the latest time slot a processor is available. We define
start time of the system as min{B7'(P;)|1 < j < m} and finish lime of the
system as maxz{EN(P;)|1 < 7 <m}. Let a;j be the availability of P; in tth
time slot, which means processor P; is free to execute one time unit of a task
in the tth time slot. For example, in Figure 4.1, 9y;=1, a;,=0, and a;3=0.

Thus a,j can be represented as follows:

_J o 1f slot not available
“i= 1 if slot available

We assume that a task cannot be scheduled in more than one processor

in the same time unit. If a task set J has to be execn‘ed before the deadline
D then ¢; < D,Vi,1 < i < n. If J has to be scheduled within D, there

should be enough time slot: available to schedule all the tasks in J. The
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Figure 4.2: Virtual paths

total execution time of tasks in J should satisfy

¢ <Y ay,

1 t=1 j=

T m

1

—

since Y2y Yopw, aq; is the total time slots available.
We define a virtual path as a collection of empty slots from distinct time
units such that if {L;, -, Ly} are the k distinct virtual paths available in

P, then for some v, 1 < v <k,
L,= {(taJ)'] = léniél (a; =1A(t,w) ¢ Ly,1 Su< v)}

Figure 4.2 shows all the virtual paths present in P. Let {{,,---,l¢} be the
number of time slots in {Ly,---, Ly} where [, = cardinality(L,), 1 <v <
k.

Let p; be the number of empty slots present in the ¢th time unit. The

algorithm for finding all the virtual paths in P is given in Figure 4.3. For any




Algorithm Find-Virtual-Path;

for t = start time to finish time
begin
v =1; p, = 0; // no.of empty slots

forj=1tomdo

lf (agj = 1)
begin
pr=pc+1
L, =L, u{(t,)}
lL,=1, -1
v=v4 1
end;

end;

Figure 4.3: Algorithm to find virtual paths

time unit ¢, if p; empty slots are present, then the first p; virtual paths namely,
{Ly,--+,L,} are allocated one time slot each by the algorithm. We notice
that, in the worst case when all the processors are available, the algorithm
finds all the virtual paths in O(mD) time. We note that [; = 10,{, = 6, and

3 = 1 for the task set given in Figure 4.2.

4.2 Real-Time Scheduling

4.2.1 Scheduling Tasks with Identical Ready Times

Let {J1,..., Jn} be the tasks with {c1,...,¢,} computrtion times ordered such
that ¢; > ¢; > ... > ¢, Let {L1,..., Lx} be the virtual paths with {ly,..., 1}
time slots respectively, ordered such that [; > [,... > l;. To derive the
necessary condition, we assume that {Jy,- -, J,.} is feasibly scheduled within

D. J; with computation time ¢; can be scheduled if ¢; < I} since [} is the
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Algorithm LRTF;

// pt - Number of slots in ¢ th time unit;

for (every timeunitt | 1<t<D)
begin
Schedule p; tasks with largest remaining computation times;

Decrement their respective task computation times;

end;

Figure 4.4: Largest Remaining Time First Algorithm

largest virtual path. J; with computation time c;, has to be scheduled in
min{ey, (li — ¢1) + [} time units. Therefore, c; < (I; — ¢) + [2, and hence
¢ + ¢ <y + 1. Assuming that for some r, '_, ¢; < >o0_, [, the time

available to schedule J,4; with computation time ¢, is given by

min{c,, D o — D ci+ L1}
v=1 =1

We obtain
r+1 r41
Z C; S Z lv)
1=1 v=1

since ¢,41 < ¢ and ¢y < Y0, b — 0, ¢i+ Ly We have thus derived the
necessary conditions for scheduling task set J within deadline D. We now

state the following theorem and prove its sufficiency.

Theorem 7 J can be scheduled within D if and only if

Yoo < 3 b, Vr| 1<r<k (4.1)
=1 v=1
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and

n k
Yoo < Y b (4.2)
i=1 v

=1
Proof. We had shown that if a feasible schedule exists for a task set {J,---, J.}
then the conditions mentioned above are satisfied. For sufficiency we need
to show that the conditions are sufficient to produce a feasible schedule. Let
us assume that there exists an optimal scheduler which provides a feasible
schedule for a task set {Jy,- -, J,} with computation times {c,---,¢,} and

that the necessary conditions are not satisfied. For some g,

Yoo < Y b, Vri<r<g (4.3)
=1 v=1
q+1 q+1

ZC,‘ > Zlv
i=| v=1

The maximum contiguous time that could be available after scheduling {J;,---, J,}
is given by
q

q
l‘u - Zci + lq+l
1

v= i=1

since I} > Il > l; 2 l,41. Note that {L,42, -+, Li} can have time slots
only in time units where Ly4, has a time slot. Hence to schedule J,4; with

execution time ¢4,

q g
Cp1 S Zlu - Zci + 1.
v=1 i=1

Therefore,

q+1 q+1

Z & S Z lu
=1 v=1




which is a contradiction to our assumption in Equation 4.3. Hence a task
set can be scheduled within D if and only if the necessary and sufficient

conditions are met. 0

Consider the Largest remaining time first algorithm (LRTE algorithm)
provided in Figure 4.4. We define p, as the number of time slots that are
available for processing in P at the tth time unit. Note that p, is same as
Yivy ai;. LRTF algorithm schedules at every time unit ¢, tasks with largest
remaining computation times. Figure 4.5 shows LRTT" algorithm applied to
P. The figure illustrates the scheduling done, time unit by time unit. The
arrow in the figure represents the exchange of elements to order the remaining
computation times in descending order.

In order to prove that LRTF algorithm is optimal, we need to show that
LRTF algorithm can provide a feasible schedule for the task set that satisfies
the necessary and sufficient conditions. We use LRTF algorithm to schedule
the first time unit and show that the remaining computation times of the
tasks satisfy the necessary and sufficient conditions for the time interval
[2..D]. We then assume that the time interval [1..t-1] has been scheduled
using LRTF algorithm and the remaining computation times of the tasks
satisfy the conditions for the time interval [t..D] before scheduling the {th
time unit. By induction, we will show that the remaining computation times
of the tasks satisfy the conditious for [t+41..D] after scheduling tasks with
largest remaining times in the ¢th time unit.

It is trivial to see that if the deadline i1s one time unit, then LRTF al-
gorithm constructs a feasible schedule. This is due to the fact that there
are Y70, a1; virtual paths, namely {/y,...,1,} each of one time unit. By the
condition in Equation 4.1, {cy, ..., ¢,, } should all be of one time unit each.

Consider the case when deadline D is greater than 1. We define {J{, - -, J.

n

as the task set before scheduling the tth time unit. Let {c},---,c,} be the

}




Time
Unit

n & W N

10

Nefore Scheduling i th time unit
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3 | )1 J2
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10 [EWaE| J4 J1
1 Ja | e
6 J3 | | NE
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After Scheduling

Task Set ComputationTime

{cl,¢2,c3,c4,c5})

{cl, ¢2, c3} {c4, c5} \

{c1, ¢2} {c3, c4, c5}
{cl1, c2} {c3, c4, c5}
{c1, ¢2} {c3, cd, c5}

{c1, c3} {c4, c2, c5}

{c4, c1} (3, 2, c5}

{c4} {c3, c2, c5, c1}

{c3} {c2, c5, c4, c1}

{c2} {5, c3, ¢4, c1}

{c8} {c2.¢3, c4, c1}

{6, 5, 3, 2,1}
{6,5,3} {2,1}
{5,4} {2,2,1}
{4,3} {2,2,1}
{3,2} {2,2,1}

{2,2} {2,1,1}

{2,1} {191’1}

{1} {1,1,1,0}

{1} {1,1,0,0}

{1} {1,0,0,0}

{1} {0,0,0,0}

Kemaining time
{6,5,3, 2,1}
{5,4,2} 12,1}
{4,3} {2,2,1}
{3,2} {2,2,1}
{2,1} {2,2,1}

{2,1} {2,1,1}

{1,2} {1,1,1!

{0} (1,1,1,0}
w,&(}}
Q&I,O,o,o}

{0} {6,0,0,0}

Figure 4.5: Example illustrating application of LRTF algorithm
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computation times of {J},---,J!} such that ¢} > .- > ¢!. We assume that
{J1,J3,---,J.} is schedulabie in the ith time slot. LRTF algorithm sched-
ules {J},---,J},} with computation times {c{,---, ¢!} since p; time slots are
available for scheduling in the ¢th time unit. Let {/{,,---,{}} be the num-
ber of time slots remaining in the virtual paths {L,,---, Ly} respectively.
We note that

B>l 210, V] 1<t<D

In order to schedule {Jf,---,J%}, the computation times must satisfy the

following conditions:

i:cfSZli, Vrl 1<r<k
i=1 v=1

and

We state and prove the following lemma and show by induction, that LRTF

algorithm can schedule

{Jlt+1’J2t+l . JH—I

"1 Y
with computation times

AR AN

P41

respectively, in the (¢ + 1)st time unit and the remaining computation times

of tasks satisfy the necessary and sufficient conditions for [t+1..D].

Lemma 3 If the remaining computation times of tasks in a lask set satisfy
the necessary and sufficient conditions for [t..D], then the remaining compu-
tation times of the tasks satisfy the conditions for [t+1..D], after scheduling
the tth time unit using LRTF algorithm.




Proof. Let the tth time unit contain o empty slots and the (£41)st time unit
contain 3 empty slots. Without loss of generality, we assume that a > .
This can be achieved by rearranging the time units in decreasing order of
number of time slots available in each time unit, since we are dealing with
offline scheduling. Figure 4.5 illustrates the rearrangement of the limited
time available system given in Figure 4.1.

We schedule Jt = {J},---,J.} in the tth time unit using LRTF algorithm.
Let ¢t > ¢t > -+ > ¢! be the computation times of J* before scheduling the
tth time unit. Let L' = {L%,---, L'} be the o virtual paths with {l},---,[}}
time slots where /! > l5 > ... > [}, First we schedule {J{,---,J.} with
computation times {c},--,c.} in the tth time unit. We state the following

necessary conditions for scheduling J* in {t..D].

Yok < X, Ve | 1<r<a-1 (4.4)
i=1 v=1

IN
g
e o~

k13
t
Z ¢i
i=1

We prove that the task set J* with the remaining computation times after
scheduling tth time unit namely, C**' = {¢{ - 1,---,¢}, — 1,c\,,, -+, ¢4},
satisfies the necessary conditions for [t+1..D] time interval after scheduling
the tth time unit. Note that we do not represent J'*! as yet since C*t! is
not ordered. The virtual paths in [t+1..D], given by L**! = {L{*,... L5}
have {l} —1,---,l; — 1} time slots respectively. To check if the conditions

are satisfied for [t+1..D}], we need to order J* in decreasing order of the

remaining computation times C**!. Let b be the number of tasks that were

not scheduled in the tth time unit but are scheduled in the (¢ + 1)st time

unit. C**! can be partitioned according to the tasks that were scheduled in
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the tth time unit and the tasks that were not scheduled in the tth time unit

and it can be represented as shown below.

t t t ! K ¢
{Cl “1’-.-,‘-‘,Cﬂ—1’Cﬁ+1—1»;.,6‘:‘-—l}{ca+l’xat,(’a+‘bl’-.q,"’“

a—-f b

After scheduling the tth time unit, C**! may not be in descending order,
since min{ct, 4, -+, ¢} might be greater than min{c} —1,---,¢, —1}. Note
that if ¢, = -+ = ¢}, = 0 then, the necessary conditions are satisfied for
[t+1..D] time interval, since the only non zero remaining computation times
arect —1>-.->¢c —1>0. Hence we assume that ¢} > ¢4 > - > ¢! >0
and consider the following cases:

case 1: ifb=0,thenci—-1>ck—1>--->c—1>c > > Itis
trivial to see that the following conditions are satisfied due to Equation 4.4.
Note that lb,, = --- = [ _, = I}, = 1 since @ > p. This situation arises in the
example provided in Figure 4.5, where for the first three time units 6 = 0.

Hence the conditions for scheduling in [t+1..D] are given by the following

equations.
d(ck—-1) < Y (h-1), ¥ | 1<r<p (4.5)
i=1 v=1

n B
()—a < > -n)-8

v=1
case 2: if b = 1, then 3z such that z < 3, where
Chpr > maz{ci,, —1,--+, ¢, —1}.
Therefore C**! in decreasing order is

t ¢ t ‘ t LY P .
{Cl "1,"'1Cz“laca+1acz+1 —1a"',cﬁ_la"'1ca - l}{(’a-ﬂ’ 1 Cp




Note that J.,; was not scheduled in the tth time unit and has been
included in the set of tasks that will be scheduled in the (¢ + 1)st time unit.
[t can also be seen that, if J/,, gets inserted at the (z + 1)st position, the
computation times of all the tasks after (z 4+ 1)st position urtil a should be
equal, since ¢, differs from {c.,,---,c.} by one. (If it does not differ by

one, then it would have got scheduled in the {th time unit). Therefore

t = ot _
Cotl = Cop1 =

- = cg_l =c (4.6)

For example, 6 = 1 in Figure 4.5, after scheduling the 8th time unit where
only one element gets exchanged, i.e., Jy gets inserted before J;. We claim
that the necessary conditions given by the following equations are satisfied
in [t+1..D] time units, where {L{*!)- - ,Ltﬁ“} is the remaining virtual paths

with {lj —1,---,1} — 1} time slots.

s y

def—1) < DL-1), Vr | 1<r<z (4.7)
=1 v=1
z z+1
Z(C: - 1)+ Czy+1 < Z(li -1) (4.8)
i=1 v=1

It can be easily seen from Equations 4.4 and 4.6 that Equation 4.7 is valid.
We need to prove that Equation 4.8 is valid. We know that Y74 ¢f < Y271 1F)
from the necessary conditions given in Equation 4.4. Equation 4.8 can be
simplified into :

z z+1 z z+1
t 1 . ¢ t 1 t
E:Ci+ca+] B E:lv" 1= 5__,‘4; + Cayr < Zlv
i=1 v=1 i=1 v=1

We need to show
z41 z+41

< dl
=1

v=1



since ¢/, = ¢l ;.
We know from the necessary condition in Equation 4.4 that for scheduling

in [t..D],

241 z+1
2 < X2k
=1 v=1

Therefore we need to prove that
z+1 z+1

DN
=1 v=1

Let us assume that

z41

Y tcy = DU
i=1 y=1

Consider the necessary conditions for [1..z] in Equation 4.4. We obtain the

following inequality:
S < 3
1=1 v=1

Adding ¢!, to both sides we obtain
Zc:! + C:t:+1 < Z lzt; + Cg+1
i=1 v=1

We substitute 3711 I8 for Y7, ¢t + ¢!, in the previous equation and obtain

the following inequality:
z+1 z
Db Y bt
v=1 v=1
Therefore

Ly S conr (4.9)




Substituting ¢, ,; = ¢}, from Equation 4.6 into our assumption that

z z+1
S+, = XL (4.10)
=1 v=]
we obtain the following equation:
z4+1 z41
Yoo = i (4.11)
i=l 1

v=

Similarly consider [1..z+2] interval in Equation 4.4.

z+2 z42
Sd o< S (412
p=1 v=1

By substituting, Equation 4.11 into Equation 4.12 we obtain the following

equation.
241 242
Db+, < 3L (4.13)
v=1 v=1

This can be simplified as

|4 < lt

Cotoz S lipo (4.14)

We obtain /£, < ¢\, < U4, from Equation 4.9 and Equation 4.14
and also from the fact that ¢/, = ¢/ ;. We can see that I, , = {{ , and
chyy = Uy =1, since lf > 4)--- > I!. Therefore from Equation 4.6 we

acrive at the following equality

Copr = Loy = Ui (4.15)
In order to generalize the result for [z+1..a], we assume that
iy = £, V| z4+1<v<a—-1 (4.16)




o
(@]

and show by induction, that [ should also be equal to ¢ ,. We know from

Equation 4.4 that

a4 n o4
D<)y <y,

i=1 i=1 v=1

From our initial assumption that }37_, ¢t = Y7 _, I}, and from Equation 4.16,

v=

we obtain that ¢, < {!. Also since [}, < (' _, and l!_, = ¢!

)

we get [! < ¢l

Therefore, we obtain the following equation
¢ty = U, Yo z+41<v<a (4.17)

This implies that 37, ¢ < 0, due to our initial assumption that
z t z t n t . A QI a e oo
Sim 6 = ool But YL, ¢ < 0 is not possible since we have as
sumed that ¢} > ¢, > --- ¢!, > 0. Thus we arrive at a contradiction. Hence

Equation 4.8 is valid. The argument can be easily extended to show the

correctness of the following equations.

z zr41 r424+1
dDet—1+ D (d-1+cy < Y U-D)VI<r<p—1
i=1 i=z+41 v=1l

(4.18)
(a4 n 19
Seb-=1+ S < S (4.19)
i=1 i=a41 v=1

case 3: General case where there are b tasks that get inserted. We proved
that 0t et < 741 1L. Assume that for b — 1 the following inequality is

v=1

valid.

a+b~—1 zbe-1

Yo o< XU (4.20)
i=1 v=l




We prove that

a4-b z4b
doC<
i=1 =1
Let us assume that
a4b z+b
— i _ ¢
L Ci — Z lU

=] y=1!

then we obtain

z4+b z+b
i A t t
Z [u + Catbt1 S Z lv + lz+b+1
v=1 =
since
z+b z4b

d_ci=2_1
v=1

=1

Hence
1 "
Copppr S lz+b+l
Similarly,
z+b z4-b—1
! ! t
Z [v < Z lv + Catb
v=21 v=1
since
z4-b z4+b—1

Zcf- < Z l,f,+c'z'+b

=1 v=1
Thus £, < ¢iyy. Therefore we arrive at the following equation

t ot — =t bbbt _
lz+b”‘l:+b+l' _la—cz+l—(’z+2 - =Ch=Chp1 =0T Cog

(4.21)




We know that

246 z4-b

[ t
Z ¢ = Z [U’
i1 v=1

o o

t 1
Z G = Z lv
i=z+4b41 v=z+4b41
and
n (e 4
¢ t
Yo < 4
g=:1 v=1
Therefore

n

> ¢ <0,

i=a+1

which is a contradiction.

Thus 1f the remaining computation times of tasks in a task set satisfy the
necessary and sufficient conditions for [t..D], then the remaining computa-
tion times satisfy the conditions for [t+1..D}, after scheduling the {th time
unit using LRTT algorithm. Therefore we have shown by induction that
LRTF algorithm provides a feasible schedule for a task set that satisfies the

necessary and sufficient conditions. Hence LRTT algorithm is optimal. O

o

4.2.2 Scheduling Tasks with Non-Identical Ready Times

Let {Jy, -+, Jn} be the sct of tasks that are ready at the start time of the
processor, with ready times {0,---,0}. Let {c;, -+, ¢.} be the correspond-
ing computation time of the tasks. Let D be the deadline within which
{Ji,---,Jn} has to be executed regardless of the ready time of the tasks.

Let {ly,--+,lk} be the number of slots in {Ly,---, L} virtual paths. We

-1




know from the necessary and sufficient condition given by Theorem 4.2 that

{Jy, ++,Jn} can be scheduled within D if and only if

r r
Eci < Zlv, Vr| 1<r<k
i=1 v=1

n I
Zci S 2 lv
i=1 v=l

Let {Jugp1, ) Jnyz} be the z jobs that arrive at tth time unit with com-
putation times {cp41, " ,Cn4zp. Let {c},---,c} be the remaining com-
putation times of {Jy, -, J,} before scheduling the t{th tirue unit. Let
{61, Gy Catly **»Cnga} be the remaining computation times of all the
tasks in sorted order. Let {Ii,---, Iz} be the time slots availablein {L,, -+, Li}.
We now state the necessary and sufficient condition for executing {Jy, -, Jutz }

within deadline D. The proof is obvious from Lemma 3 since this is a special

case.

Lemma 4 {Ji, -, -} can be executed in [t..D] time interval if and only

if
ZE‘ < ZT Vel <r <k (4.22)
=1 v=1
Te k —
Youm < X,
i=1 v=1

This result holds true for tasks that have non zero ready times and have
arrived at any time unit before the tth time unit. LRTF algorithm will sched-
ule optimally in [t..D] time interval, as long as all the remaining computation
times of the unfinished tasks and the computation times of tasks that have
ready time t, satisfy the condition mentioned in Equation 4.22. Since the

proof is obvious, we simply state the following theorem.

(W]
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Theorem 8 LRTF algorithm is an optimal on-line scheduling algorithm,

Figure 4.6 illustrates a task system of three tasks that are ready for
processing at the start time of processor. Note that the remaining times
in the virtual paths at various time units are also provided in Figure 4.6. We
notice in the figure that the necessary and sufficient conditions are satisfied
for Ji,Js, and J3. Task Jy arrives at the fourth time unit, and we can see
that the remaining computation times of Jy, J2, and Jy satisfy the conditions
for [4..10], with the remaining time slots in the virtual paths being {, = 7,
and [, = 4. Similarly, Js is ready for execution from 5th time unit and the
conditions are satisfied for [5..10]. Thus we guarantee {Jy,---, J5} to execute

by the deadline 10 using LRTF &lgorithm.

4.3 Fault-Tolerant Scheduling

4.3.1 Scheduling Tasks with Identical Ready Times

We przsent an algorithm to schedule a set of tasks {J,---,J,} using level
approach for az imprecise computation system. Individaal tasks in an im-
precise computation system can be partitioned into two subtasks, namely
mandatory subtask and optional subtask. Let {M,,---, M,} be the manda-
tory subtasks with computation times of {my,---,m,} and {Oy,---,0,} be
the optional subtasks with computation times of {0y, -+, 0,}. Let D be the
deadline and {L;,---, Ly} be the k virtual paths with {/;, -, {x} time slots.
Our goal is to schedule the mandatory subtasks of all tlie tasks in their en-
tirety to ensure that we obtain an acceptable result within D. We then,
maximize the total execution time of the optiounal subtasks to increase the
accuracy of the result.

To schedule {Mj,---, M,} within D, the following feasibility conditions




Iy 11 |15
1 10 6 1
RT| CT| DL 2 9 6 1
Juio|s!10 3 |85 |0
4 7 4
J210] 2]10 5 6 3
B|o 10 6 |5 |2
7 4 2
Jal 4] 6 |10 8 3 2
55310 9 12 |1
10 1 1
0 0
Time Befcre Scheduling i th time unit
Unit Task Set ComputationTime
{el,c2,c3} {5, 2,1}
1 {c1} {c2,c3} {5} {2,1}
2 {c1, ¢2, 3} {4,2,1}
3 {cl, c2} {c3} {3,1} {0}
4 {c4, c1} {c2, c3} {6, 2} {0, 0}
5 {c4, c5) {c1,¢c2,c3} {5,3){1,0,0)
6 {c4} {cS,cl,c2,c3} {4} {2,1,0,0)}
7 {cd} {c5,cl,c2,c3} {3} {2,1,0,0}
8 {ed4,c5) {c1,c2,c3} {2,2}(1,0,0)
9 {ed) {c5,cl,¢2,¢3}  {1}{1,1,0,0}
10 {c5,c1} {cd,c2,c3} ({1,1}{0,0,0}
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{5,2,1)
42,1}
{3,1,0}
{2, 0} {0}
{5,1}-{0, 0}
{4,2}{1,0,0}
{c1(2,1,0,0}
{2} {2,1,0,0}
{1,1} {1, 0,0}

{0,0} {0, 0, 0}

Figure 4.6: On-line LRTF algorithm
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fromn Theorem 4.2 has to be satisfied.

imi < zr:l‘,,, Vel <r<k-1 (4.23)
=1 y=1

n k

omi < >

=1 v=1

If the conditions mentioned above are not satisfied, then the task set
cannot be scheduled within D. If the condistions ave satisfied, then it is
guaranteed that we will obtain an acceptable result by deadline D. Our
goal then, would be to maximize the total execution times of the optiona's
{Oy,-++,0,} that can be scheduled within I'. Note that we are allowed to

schedule partial amount of any optional.

Let {ci, -, ca} be the execution times of {J,- -+, J.}. Therefore {c+, -+, ¢, }

is same as {my + o1, --,m, + 0,} where my > my > -+ > m,. In an
imprecise computation system, if {Ji,--,J,} cannot be scheduled within
D in its entirety, then an acceptable result can be obtained by schedul-
ing all {M,,---,M,} and partial amount of {Oy,---,0,}. Let the cxe-
cution times of the portion of optional subtasks that can be scheduled be
{61, - -,0n}. Let {¢1, --,C} be the execution times of {Jy,- -+, J,}, namely
{m; + o1, - ,m, + 0,}. In this section, we present an algorithm for calcu-
lating {or,---,0,} where 3., o7 is optimal taking into consideration that it
satisfies the constraints mentioned in Equation 4.23. Once {o7,---,0,} is ob-
tained, the LRTT algorithm could be used to schedule {c1, -+, .} optimally
in the limited time available system by ensuring that {¢7,---,¢;} satisfies

the following conditions.

Smi+) < b, W] 1<r<k-l (4.24)

i=1 v=1
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n k

Y (mi+w) < YL

=1 v=]

Consider a limited time available system where the total time available
to schedule {J;, -+, Jn} is given by Sk _ l,. The execution time necessary
to schedule all the mandatory subtasks are given by -7 m;. We obtain the
amount of time that is available to schedule {Oy, - - -, 0,} from Equation 4.23.
Figure 4.7 illustrates the time occupied by mandatories and where option-
als could be added without violating the feasibility conditions for schedul-
ing mandatory subtasks, given in Equation 4.23. Let 4, be the maximum
time available for scheduling {0y, -, 0,} without violating the conditions

in Equation 4.23. We define {4,,--+,d;} as follows.

5, = Zlv—Zm;, Vr] 1<r<k-1 (4.25)
v=1 1==1
k n
(Sk = lu - E??Zi
y=1 1=1

Our goal is to maximize 3_;_, 0; such that Equation 4.24 is satisfied. Let
{s1,--+,8p} be the indices of &’s such that &, = Min{ds,41,--,d} where
ds, = Min{d,, -+, d8;}. Figure 4.8 illustrates an example of a limited time
available system with [y = 6, [; = 2, and {3 = 2. We can see that §; = 3,
82 = 2, and &3 = 3. We can also notice that &, =Min{d;, 2,03} = &, =
2. &, =Min{d3} = 3. If a feasible schedule needs to be obtained for the
task set, then the conditions mentioned for {¢;, c2,¢3} in Figure 4.8 has to

be satisfied.
Figure 4.7 illustrates the maximum time available to schedule optionals.

For example, 8, is the maximum time available to schedule O;. Although §;
time slots are available for O,, it could be infeasible to allocate that many

time slots, since some of the feasibility conditions might be violated. Con-




0 my l] 531 = 1\/[‘1,'71{51 s (S;\,}

..Jk}

0 o ?il m; 237:1 by
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Figure 4.7: Finding maximum time to schedule optionals without violating
conditions

sider the task set given in Figure 4.8. Note that §,(= 3) time slots are
available for scheduling O,, but only §,,(= 2) time slots are provided for
O, in order to satisfy (m; + &7) + (m2 + 37) < [ + [2. Consider the sit-
uation where §; > §,, and &, time slots are allocated to O;. We obtain
o (mi +97) > Tk by, leading to infeasiblity for scheduling {Jy, -, Jn}
and violating the necessary and sufficient conditions mentioned in Equa-
tion 4.24. Figure 4.9 shows (m; + o7) + (m2 + 03) > i + l2, which ig a
violation of the necessary conditions when 4, time slovs are provided for
O, instead of &,, time slots, for the example given in Figure 4.8. There-

fore we can allocate maximum possible time slots for optional subtasks by
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Feasibility Condition for {c;, ¢z, 3}

(mi+57) < 1y (3+51) <6
Lmit+o) <TI0 g (3+o1)+(3+0z) <6+2
Sl (mit+o) < Y3 L (3+01)+(3+3) + (1 +33) <6+2+2

Pk |5 mi=3 op=41,=6 & =3 4, =Min{3,2,3}
_— W -3 0,=305=2 §,=2 &, =0
m3=1 03=21l3=2 & =3 §,=Min{3} =4
Feasibility Condition for Mandatory subtasks:
C_ m < b 356
v | e Lami <Y1, 3+3<6+2
e <50 343+1<6+2+2

Figure 4.8: Example illustrating necessary and sufhicient conditions

finding {d,,,"--,d,,} as shown in Figure 4.10. Note that the maximum possi-
ble time slots for {0y, +,04,}, {01455, 05, }5+ -, {O145,_,, -+, 05, } are
85,055, +, 0y, respectively.

The major steps of the algorithm to schedule {Oy, - -, 0,} such that their
execution time is maximized is given below. The detailed algorithm, named
as Iden! al ready times (IRT), is provided in Figure 4.11

Algorithm Maximize_Optionals :

1. Compute {d,,,--,d.,} recursiv .y such that
8, = min{dy, -, 0} and

(531'+l = nlin{61+3r’ e ’(Sk}

2. Divide [0..4,,] into p intervals namely




3 6
-E ‘ Violation of condition '
0 my ll
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0 it mi ey by
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I
0 Z?:l m; ?}::1 [1'

Figure 4.9: Violation of necessary condition when oy = 3
[0"681][614-51 --532] e [5l+sp—-1 -'5.9,,]

3. For every interval [0144,_,..05,]
Schedule {O;44,_,,*+,0n} where sp =0
such that m; 4 9; <[, Ve.

In step 1 of the algorithm, {d,,,--,d,,} is calculated recursively. 4,, can
be defined as the maximum time available to schedule {Oyys,_,, -+, 0, }.
For example, &,, is the maximum time available to schedule {O,,---,0,,}.
The cumulative execution times of {O),--,0,,}, namely 3L, 6;, cannot
be greater than §;,, or else Y iL,(m; + 0;) will become greater than 3L, 7,
leading to infeasibility by violating Equation 4.24. Note that {O4,,,- -+, 0.}
can also be scheduled in any available slots in [0..d,,] without violating the
feasibility conditions. Hence in step 2 we divide the interval [0..4,,] into p
parts namely, [0..8,,][6145,-0a;] =+ - [014s,_,.-05,]. In step 3, for every interval

[014s,_,--05,], we schedule {O14s,_,,- -+, On} such that m;+9; <[, V1,1 <

i < n. We claim that the algorithm maximizes the total execution time of




[0,..0,] can be added 85, = main{dy, -+, 0}
Adding [0,..0;,} bsrpr = man{ds 41, -+, 8}
will affect 3571, m; < 3504, 1, p = total number of 4,,’s
0 Js,
[0:..0,] [Os,+1.-0,] can be added
- 4, —e ! Adding [0y, 41..0s,]
will affect 3°72, m; < Y02, 1,

0 Js‘ 5.90

(Os,— 41.-On] can be added
(01..0,]](0s,41-05] |®® (0,,_,41.0.] | Adding [O,_,41..0s,)]
will affect 377, m; < 02, L,

)

ds, )

Sp—1 sp

Figure 4.10: Optimal execution times of optionals satisfying the feasibility
conditions for mandatory subtasks

all the optionals.

Theorem 9 Algorithm Mazimize_Optionals is optimal.

Proof. It is easy to see that the algorithm guarantees the execution of
mandatory subtasks since the calculation of §’s are based on the conditions
mentioned in Equation 4.23. We now prove that the algorithm allocates max-

imum possible execution times to optional subtasks in [0..d,,]. The following

cases need to be considered.

case 1: There does not exist any unscheduled empty slot in [0..4,,]. In

which case, the total execution time of all optionals, namely 3 i, o; is op-
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timal, since it is the maximum possible execution time achievable as all the
empty time slots available are utilized.

case 2: There exist some unscheduled empty slots in [0..d,,], but portions

of some of {Oy,--+,0,} are not scheduled. Let us assume O, to be the first
optional that was not scheduled completely, i.e., 3; < o.. We will show that
7, is the maximum possible execution time for O,. Although our proof is for
the case when one opticnal is incompletely scheduled, our argument holds
true when more than one optional is not scheduled completely.

If m, +o; = [, then O, was not scheduled completely because the al-
gorithm allocates not more than [, for any task since [, is the number of
time slots available in the longest virtual path. If more than [, is allocated
to any task, then the basic assumption that a task cannot run in more than
one processor in the same time unit, is violated. Therefore the algorithm
allocates the maximum possible cumulative execution times for O,.

If m, + 9; < li, and there exist some unscheduled slots in [0..4, ] then
we will show that o, is the maximum possible execution time for O,. Let
s = max{s, <z | 1< r < p}l Itiseasy to see that the partial allo-
cation of O, was provided by step 3 of the algorithm since [0..d,,] was fully
allocated. Therefore Y i%,(m; + @;) = Yo%, l,. The remaining tasks namely,
{Os,41,++,0,} were scheduled in [6,, + 1..4,,]. Some slots in [,, + 1..6,,]
were unscheduled because 0,, 414+ +0,, < 85, —6,,. The unscheduled slots

cannot be used to obtain a greater execution time for O, due to the following
reasons.

1. If the execution time of O, is increased by adding more slots to o7
then, Y32, (m; +07) > Lix, L, violating the feasibility conditions. Hence O,
cannot be scheduled in [4,,4..4,,).

2. Min{m;+57|1 <1< s,} > Maz{m;+0i|s;+1 <1 <n}. lfnot, 3g,h

such that, s, + 1 < g <nand 1< h < s,, whete m;, + 3, > my + ;. Since




{7, - -, Gy} satisfies the condition, Y;2,(m; + 0;) = X;%, L., there cannot
exist a m, + 0, that is greater than my, 4 o5 since it will violate the feasibility
condition. Therefore it is futile to exchange any of {O,, 41, -, O, } with any
of {Oy,---,0,,} to obtain a larger 3., 0;.

Hence we have proved that the algorithm provides the maximum possible
execution times for the optional subtasks and guarantees the execution of

mandatory subtasks. a

The detailed algorithm for calculating the maximum execution times of
optional subtasks for identical ready times is given in Figure 4.11. An ex-
ample illustrating the algorithm for limited time available imprecis2 compu-
tation system is given in Figure 4.12. Note that C' = 5 and the number
of processors, m = 4. It can be seen that the algorithm schedules optimal
number of optionals in the limited tiine available system even though there
are still four empty slots left. If more optionals are scheduled, then the as-
sumption that a task cannot execute in two processors in the same time unit

is violated.
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4.3.2 Scheduling Tasks with Non-Identical Ready Times

Let {Ji, -+, Jn} be the tasks that are ready at the start time of processors.
Let {My,---,M,} and {Oy,---,0,} be the mandatory and optional subtasks

of {Ji, -+, Jn}. We can obtaiu an acceptable approximate result if,

im.’ < il,,, Vel <r <k
i=1

va=1

? k
XI: my _<__ Z l‘,
i=1 v==1

Let {e1,---,%;} be the maximum execution times calculated using al-

gorithm IRT for tasks {Ji,:-,Jn}. Algorithm IRT is provided in Fig-




Algorithm IRT;

forr=1tok-1do d, =% [, -3 mi;
O = by by — X0 m

8, = Min {6,082, ,dk};

fori=1tondog=m;

i=1z=1;
while (i < n)
begin
X = Min{o;,l; - T};
if (X <465)
begin
¢ =¢+ X;
if(g=10)z=12+1;
0; = 0; — X
forr =s to k do 4, =4, — X;
i=1+4+1;
end else begin
=G+ s
0; = 0; — by
for r = s+1 to k do 4, = 6, — d;
if(i<s)i=s+1;
if (s<k) & = Min {6,421, +,8};
else exit();
end;
end;

Figure 4.11: Algorithm to find execution times of optimal optionals (IRT)
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Figure 4.12: Tllustration of fault-tolerant LRTF scheduler

ure 4.11. Let {Jo41, -+, Jntz} be z tasks that arri* 1 time slot ¢. Let
{m1,- -, } be the remaining computation times ot the mandatory sub-
tasks of {J1,--+,Jn} and {mu41, -, Mmu4,} be the execution times of the
mandatory subtasks that have the ready time ¢. For cenvenience, we name
the execution times as remaining execution times namely {m,11." -, Mnir }-
Let {l\,---,lx} be the remaining time slots of the virtual paths {L,,---, L;}.
The necessary and sufficient conditions to obtain an acceptable approximate

result in [t..D] is given by,

S < YL, Vr |1Lr<k (4.26)
v=1

k
Yo < YL
v=1




Algorithm NIRT;

forr=1tok-1do d;=%"_,1, - i, my;
Sk = Loy by — Ties T35

8s = Min {6;,82, -+, };

for i = 1 to n do ¢ = 7%;; 5; = remaining ex.time of o;;
i=1;
while (i < n)
begin
if (Min ( 6,,5) =)
begin
¢ = ¢ + 0
for j = s to k do §; = §; — 7;;
i=1i+4+1;
end else if (Min (4,,3;) = ;)
begin
€ =T + 45
0; =Ci — 4y
for r = s+1 to k do 4, =4, — 6,;
i=s+1;
if (i < k) d; = Min {é;,8:41, -, };
else exit();

end;

Figure 4.13: On-line algorithm to find optimal optionals (NIRT)
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If the conditions in Equation 4.26 are satisfied, then the tasks can be
scheduled in [t..D] and an approximate result will be guaranteed for every
task. In order to maximize the number of optionals that can be scheduled,
so that the result is enhanced, algorithm NIRT in Figure 4.13 is used to
calculate optimal number of optionals that can be scheduled. Let {¢},---,c},
be the portion of computation times of {Jy,---,J,} that has been executed
in [1..t-1]. The remaining execution times of the optionals can be given by,
{ct —my,---,c; —m,}. Some of the remaining execution times could be less
than zero for those mandatories that are still being executed. The remaining

execution times of the corresponding optionals for those mandatories are

taken to be zero.

4.4 Summary

In this chapter we considered scheduling a set of tasks in a system that is
available only in certain time intervals. Ruun-time scheduling is applicable in
areas such as communication systems and process control where tasks are
dynamically invoked. Schmidt [55] considered the problem of scheduling a
set of tasks in a limited time available system using bin-packing approach.
We presented a simp.2: algorithm based cn level approach and proved its
optimality.

We deriveu the necessary and sufficient condition for the tasks to be sched-
uied within D. We introduced LRTT scheduling algorithm for limited time
aveiluble systems. We proved that LRTF algorithm is optimal for scheduling
independent tasks with identical ready times and deadlines. We assumed
that the tasks were implemented using imprecise computation system with
each task containing a mandatory and optional subtask. We provided an
algorithm for obtaining the maximum execution time possible for nptional

subtasks after guarasteeing the execution of mandatory subtasks. We proved
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that our algorithm is uptimal.
If the necessary and sufficient condiiions are not satisfied, then there do

not exist a feasible schedule for the task set and the deadline will be missed.

If the tasks in pre-run-time schedule had been implemented using imprecise
computation approach then we could have scheduled the task set by removing
the optionals in pre-run-time schedule. In the next chapter we assume that
the tasks in pre-run-time schedule have been implemented using imprecise
computation system. We propose an adaptive scheduler to schedule the set
of run time tasks by removing minimum number of optionals from the pre-

run-time scheduler.
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Chapter 5

Run-Time Adaptive
Scheduling

In the previous chapter we had considered the problem of scheduling a set of
tasks whose task characteristics are known only at the time of arrival. We
had assumed that the tasks that were scheduled in the pre-run-time schedule
cannot be removed, and the tasks that arrive during run-time can only be
scheduled in the time slots not occupied by the pre-run-time schedule. In
this chapter, we assume that the pre-run-time schedule consists of imprecise
computation tasks that have mandatory subtasks and optional subtasks. We
derive the necessary and sufficient conditions to schedule a set of tasks within
D that arrive during run-time by removing optimal number of optional sub-
tasks from the pre-run-time schedule. We provide an adaptive scheduler
that dynamically removes minimum number of time slots occupied by op-
tional subtasks to schedule a set of tasks that arrive during run-time. We

also prove that the algorithm is optimal and provide an example.

5.1 Task Characteristics

Let {J1,: -, J,} be the set of external tasks that has to be scheduled within D

in m processors, namely {Py,---, P,}. Let {c1,---,c.} be the computation
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Figure 5.1: Virtual paths

time of {Jy,---,Jn} respectively. We assume that a pre-run-time schedule
exists for {Py, -+, Pn} and the tasks that have been scheduled during pre-
run-time are fault-tolerant. Hence each task in pre-run-time schedule has
two subtasks, namely mandatory subtask and optional subtask. During run-
time, without skipping the deadline, a portion of optional subtasks can be
removed if necessary to schedule run-time tasks.

Let {Li,---, Ly} be the virtual paths constructed using the empty slots
present in pre-run-time schedule. Let {{;,---,[;} be the number of slots in
the & virtual paths, namely {L,,--, L;}. Figure 5.1 provides an example of
virbual paths in { P, P, Ps} where pre-run-time tasks are fault-tolerant. We
note that 6th and 9th time slots occupied by optionals in processor P, are
not considered for constructing virtual paths and [, = 10,{; = 6, and [ = 1.

We define an alternate path as a collection of time slots that are either
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Figure 5.2: A_iernate paths

unoccupied or accupied by an optional subtask. While constructing alternate
paths, the time slots occupied by optional subtasks in a pre-run-time schedule
is also considered as empty slots. Let {Q, -, Q.} be the = distinct alternate

patbs available in { Py, -, Pn} such that for some v, 1 < v <,
Q. = {(t,j)lj = léniél ((optional —in —ay; Vay; =1) A (t,w) ¢ Q1 Su< u)}
<wsm

Figure 5.2 illustrates all the aiternate paths present in a system with
three processors, namely {P;, P2, P;}. Note in Figure 5.2 that 6th and 9th
time unit of P, are assumed to be occupied by optional subtasks, where
as otner time slots of all the processors are either empty slots or occupied
by mandatory subtasks. Let {q, --,q.} be the number of time slots in

(@1, ,Q.} where ¢, = cardinality(Q,), 1 < v < 2. The algorithm for




Algorithm Find-Alternate-Paths;
for t = start time to finish lime do
begin

v=11 =0

forj =1 to m do

if ((optional scheduled in a;; ) V ((@y; = 1))

begin
Yo =P+ 1
Q.= QU {(['v])})
(I’U = q'U + 1;
v=v+1;

end;

end;

Figure 5.3: Algorithm to find alternate paths

finding all the alternate paths in {P, .- Pn} is given in Figure 5.3. We
notice that time slots occupied by the optional subtasks are included in

alternate paths, if empty slots are not available,

-~

~3

In the next section, we introduce an adaptive scheduler to schedule {J,, -+, J,,}

within D. If {Jy,---,J.} is not schedulable in the empty slots within D thei.
the algorithm removes minimum number of optionals from the pre-run-time

schedule to allocate {Jy, -, J,.}.

5.2 Adaptive Scheduler

Let {Ly, -+, L} and {Q1, -, @} be the virtual paths and alternate paths
with {l;,---,l} and {q, -, ¢} time slots respectively. Let {ci, -, c.} he
the computation times of {J;,---,J,}. Our goal is to schedule {J,, -, Jn}

within D by removing minimum number of optionals from {G;,---,Q.}.




The necessary and sufficient conditions for obtaining a feasible schedule for

{Ji,--,Jn} within D is given by the following equations.

Yoo, € 3 g, 1<r<a (5.1)

=1 v=1

Yo < Y g
i=1 v=}

If conditions 5.1 are not satisfied, then it is not possible to obtain a feasible
schedule since }7_, ¢, is the total number of time slots available (inclusive of
all pre scheduled optional subtasks) to schedule {Jy,---,J.}. If {Jy, -+, Jn}
has to be scheduled without removing any optionals from {Qy,- -, @}, then
{Ji,---,J,} has to be scuieduled within the empty slots that are available,
namely {Ly, -+, L;}. Hence the following necessary and sufficient conditions

need to be satisfed if {J1,---,J,} has to be scheduled in {L;, -, L;}.

r

o
[N
e

‘C.,' < Zlv, 1<r<k (
vl

=1

n
D¢
t=1

IN
g

If condition 5.2 is satisfied then there is no need to r=move any optional
subtask from the pre-run-time schedule since we can use LRTF algorithm to
schedule {Jy, -+, J,} optimally. If condition 5.1 is satisfied and condition 5.2
is not satisfied then our goal is to schedule {Jy,- -, J,} within D by removing
minimum number of time slots where optionals are scheduled in pre-run-time
schedule. We use all the empty slots and remove only the least number of
optionals since removing optionals will decrease the quality of the tasks that

are scheduled in pre-run-time scheduler. Let A be the minimum number of
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time slots needed additional to empty time slots to obtain a feasible schedule.
We now present an algorithm that would remove exactly A optionals from
the pre-run-time scheduler to schedule {J,,---,J,}.

We first calculate the time slots necessary in addition to the empty time
slots to schedule {J,- -, J.} if condition 5.2 is not satisfied. The extra time

slots that are required in order to obtain a feasible schedule are given by

r r n k
{cl —119' ”5ZCi - Zlvs' v 3Zci - Zlu}
i=1 v=1 i=1 v=1

Since condition 5.2 is not satisfied, some of the entries are positive. Il a
feasible schedule has to be obtained for {Jy,---,J,} then none of the entries
should be positive. Hence to obtain a feasible schedule for {J;, -+, J,}, A
time slots of optional subtasks need to be removed from the pre-run-time

schedule, where A is given by

smman{, 7 (S e S0} Fa £

Figure 5.4 illustrates a situation where condition 5.2 is violated. Let, for

some z,
A= Z Cc; — Z lv.
i=1 y=1
Therefore by adding A empty slots,
Z c = Z L+ A
i=1 v=1
Hence

tcigily—%A, z+1 <9<k




A2 = max{O, ¢+ e — ll — 12}

0 Cl\

Figure 5.4: Calculation of A due to violation of schedulability condition

Al = max{O,cl - l]} =0

since A is the maximum additional time slots needed. Hence {J., - -, Ji}
satisfy the necessary and sufficient conditions if A additional time slots are
added. We state the following Lemma and prove that the {Jy,- -, J._1} also

satisfy the necessary and sufficier:t conditions.

Lemma 5 {J, -, Jn} car be scheduled without skipping the deadline if

where A = maw {205, {6 = Thay b}, Tlky 6 — Sy )}
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Proof. We define {A,,---, A} such that

A, = mam{O,Z ci — ‘: l,}
i=1 v=1

Note that A, denotes the amount of additional time slots needed to satis{y
the conditions. Let {b;,---b,} be the indices of A's such that A, ,, =
maz{Ay, -, A, -1} where Ay, = maa{A,, -+, Ar}. Note that the index b,
is the same as z. We will prove that the conditions are satisfied for 1 < » < b;.

We see that by adding Ap, to [} + -+ + [, the following equation is

satisfied.
bll b“
Z C; = Z lv + Abu
=1 v=1

Similarly, we can see that by adding (A,,_, — Ay,) to ligs, + -+, (and

Ay, already added to ly + -+ + {;,) the following equation is satisfied.

bu—l bu-—l
Y= Ly + Ay, _,
i=1 1

=

Hence by extending our argument, adding (Ap, — Ap,) to Li4s, + -+ + 1y, the

following equation is setisfied.

by by

i=1 v=1
Note that the minimum number of time slots needed to satisfy the necessary
and sufficient conditions is Ay, — Ny, + Apy — Ay, + -+ + Do, — Dy, + Ay,
which is A, which is same us A. We claim that the maximum value Ay, can
have is 3°°_, ¢, — Sor_, L. If not, then

bl bl x k
PILEDIUED DI
i=1 v=1 v=l

v=1




This would imply that

by by z k
>t X = D b
i=1 v=1

v=1+by v=1+by

Since Yoo 4y, Qv — Zﬁ=1+b, [, > 0, we obtain

by by
26> a0
i=x1 v=1

which violates the necessary and sufficient condition 5.1.

Hence we have proved that the minimum number of tinie slots that option-
als occupy that need to be reinoved is A, We also showed that {Jy,---,J,}
satisfy the conditions to obtain a feasible schedule if A additional slots are

availahle,
a

Figure 5.5 provides an adaptive scheduling algorithm that schedules the
external tasks by removing A optionals. The following cases are considered
by the algorithm.

case A = 0: Thi ‘mplies that there is no need to remove any optionals
to schedule {J1,-+-,J,} within D. Hence the empty slots are enough to
schedule the task set, in which case the necessary and sufficient condition 5.2
should be satisfied. If the conditions are satisfied then LRTTF algorithm can
be used to schedule {.J);,---,J,} within ;) optimally.

case A > 0: A feasille schedule exists as long as condition 5.1 is satisfied.
We schedule {Ji,---,J,} using LRTF algorithm such that for every time
unit, we schedule the largest remaining computation times of {J;,---,J,} in
the empty time slots and time slots occupied by optionals. If an optional
is removed then we decrement A. This is continued until we provide the

necessary additional time slots, namely A to {J1,---,J,}. If A optionals




are removed from the pre-run-time schedule then the remaining computation
times of {Jy, - - -, J,,} are scheduled using LRTF algorithm, only in the empty
time slots without removing any more optionals. As we are only removing
A optionals and the remaining computation times of {Jy,--,J,} can be
optinrally scheduled in the remaining time slots of {L,---, L}, algorithm
adaptive-scheduler is optimal.

We are now in a position to state the following theorem.

Theorem 10 The Adaptive-Scheduler algorithm schedules {J\,--- J,} opti-

mally within D by removing minimum number of pre-scheduled optionals,

Figure 5.6 illustrates adaptive-scheduler algerithm with an example. Three
tasks, {J1, J2, J3} are considered with computation times {10,7,1} respec-
tively. It can be easily seen that the conditions for obtaining a feasible
schedule is satisfied if all the empty time slots and all the time slots where
optionals are scheduled are considered. It can also be seen that the con-
ditions to obtain a schedule without removing optional subtasks from the
pre-run-time scheduler is not satisfied. The calculation shows that A = 1.
We schedule {J,, J3, J3} using LRTF algorithm by considering optionals as
empty time slots in [1..6] until A = 0. We schedule the rernaining computa~
tion times of {Jy, J2, J3} using LRTT algorithm in [7..10] considering only the

einpty time slots and without removing any pre scheduled optional subtasks.

5.3 Summary

In this chapter, we assumed that the pre-run-time schedule consists of a task
set that is fault-tolerant. We derived the necessary and sufficient conditions
for scheduling a set of tasks that arrive during run-time with same deadline.
We introduced an adaptive scheduler that schedules a set of tasks that arrive

during run-time. The scheduler dynamically removes, if necessary, optimal
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Algorithm Adaptive-Scheduler;

begin

/* Assume cq > €2 > - > ¥/
/¥ Check if optionals need to be removed */

(Y e <o, 1S <k=1)and (T e € Yos, 1))
begin

Consider Optionals as not available and
schedule {Jy, -+, Jn} in {L1,---, Lx} using LRTF algorithm;

end;

else begin /* some optionals need to be removed */

(e < i i< r<ae—Dand (X7, 6 <00, )
begin
A = maz{, 85 AT e ci = Yomy boh Yiey € = Tomi )i
while (A > 0)
begin
Schedule remaining computation times of {J;,---,J,}
in {@Q1,--,Q.} using LRTF algorithm.
Necrement A if optionals are removed;

end;
fFa=a
Schedule remaining computation times of {J),- -+, Jn} in empty slots

using LRTF algorithm without removing any optionals;
end;
end;

end.

Figure 5.5: Run-time adaptive scheduler
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number of optional subtasks that have been scheduled in pre-run-time sched-
ule. We proved that the adaptive scheduler is optimal. Adaptive run-time
scheduler finds application in areas such as robotics and communication sys-
tems, where pre-scheduled optionals can be removed to accomodate tasks
arriving at run-time. In the next chapter we consider scheduling a set of

tasks that have precedence constraints.

86




Chapter 6

Scheduling Tasks with
Precedence Constraints

In this chapter, we first describe the structure of tasks with precedence con-
straints using a precedence graph. We then provide an algorithm to de-
compose the precedence graph into processes, and find the number of tasks
that can be executed in parallel and their corresponding execution times.
We will introduce a fault-tolerant technique based on imprecise computation
approach for tasks with precedence constraints. We will consider the case
where tasks with precedence constraints are scheduled during pre-run-time.
We then apply the adaptive run-time scheduler to obtain a schedule by re-
moving optimal number of optionals during run-time to accomodate external

run-time tasks.

6.1 Task Characteristics

6.1.1 General Precedence Graph

We represent a set of tasks T' = {Ty,---,T,} by (T, <) where < is a partial
order on T specifying precedence constraints. For example if T,, < T, then
execution of task T, must be finished before T, can be started. T, is called

a predecessor of T, and T, a successor of T,. If there exists no task T, such




Figure 6.1: Przcedence graph and its simplified version

that T, < T,, < T, then T, is called an immediate predecessor of T, and T,
an immediate successor of T,. Examples of such constraints are shown in
Figure 6.1. Note that we use T for a set of tasks with precedence constraints

where as we used J to represent a set of independent tasks in earlier chapters.

6.1.2 Simplification of Precedence Graph

Precedence graph is formed by introducing edges between nodes to repre-
sent various precedence constraints such as control dependency and data

dependency. We assume that the resultant precedence graph is acyclic. The
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redundant edges in the resultant precedence graph can be removed to obtain
a simplified task graph that is represented as a Hesse diagram [74]. For ex-
ample, in Figure 6.1 there is an edge from 75 to Ty and Ty to Ts. Hence the
edge from T3 to T§ is redundant since Ty cannot be executed before T5 and
T;. This can be done in polynomial time since redundant paths can be identi-
fied in polynomial time using Dijkstra’s shortest path algorithm by assuming
negative weights for edges [75]. Figure 6.1(b) illustrates the simplified task
graph of Figure 6.1(a).

6.1.3 Decomposition of Precedence Graph

The tasks in the precedence graph are decomposed and grouped into subsets
of tasks such that tre subsets can be executed in parallel. In this section,
we develop an algorithm to do this decomposition. The precedence relations
between the tasks are taken care of while decomposing the precedence graph.
Consider the example illustrated in Figure 6.2. We notice that the task set
consists of four tasks {7y, --,Ty} with execution times {5,2,3,4} respec-
tively. We note that T) has to get executed first. Cnce T; is executed, then
T, and T3 can be executed in parallel for 2 time units each, after which T3 is
continued for 1 more time unit. T} is finally executed after T3 and T3 have
completed.

A process change sequence (PCS) is defined as the sequence of the number
of processes that can be executed in parallel. PCS for the example provided
in Figure 6.2 equals (1,2,1,1). Similarly, a process iime requirement sequence
(PTRS) is defined as the sequence of computation time required to execute
the corresponding processes in the process change sequence. For the example
given in Figure 6.2, PTRS is (5,2,1,4). Since the precedence relations between
various tasks are known apriori, PCS and PTRS can be calculated pre-run-

time.
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Figure 6.2: Decomposition of a precedence graph

Figure 6.3 illustrates the algorithm Find-PCS-PTRS to compute PCS
and PTRS of a general precedence graph. The algorithm in Figure 6.3 does
the decomposition. Let T be the set of tasks with precedence constraints
represented by a precedence graph. A set of tasks that do not have any pre-

decessors is defined as start nodes. A set of tasks is defined as a successor
nodes to a subset of T if the tasks in the set are irnmediate successors of

the subset of T We begin from the start nodes of the precedence graph.
It can be easily seen that the start nodes can be executed in parallel as
they do not have any predecessors. Once a task in the start nodes com-
plete its execution, all the successor nodes to that task can be executed in
parallel as long as they do not have any precedence constraints with the un-
finished tasks in start nodes. In general, we denote FIN to be the set of
tasks that have already been considered, and SUCC to be the set of tasks

that are successor nodes to the nodes in FIN. We calculate the maximum

time for which tasks in SUCC can be executed in parallel. The number of
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Algorithm Find-PCS-PTRS;

sSUCC =1{ };
FIN = Set of start nodes;
While (FIN !'=T)

begin
{ immediate successor
succ = succ U to tasks in FIN

X.SUCC = Remaining execution times of tasks in SUCC;
MIN_X_SUCC = Min {X_SUCC};

Append number of tasks in SUCC to PCS;

Append MIN_X_SUCC to PTRS;

{ tasks in SUCC with MIN X.SUCC L
FIN = FIN U remaining execution times J

Remove from SUCC tasks with remaining execution time MIN_X_SUCC

end;

Figure 6.3: Algorithm Find-PCS-PTRS

tasks in SUCC is appended to PCS and the minimum execution time is
appended to PTRS. Figure 6.4 illustrates the steps of the algorithm Find-
PCS-PTRS to find PCS and PTRS of the precedence graph given in Fig-

ure 6.1. We assumed that the execution times of the mandatory subtasks are
(4,12,4,8,16,12,8,8,14,4,3,8,4,4,4,2.8,2,3) and the execution times of
the optional subtasks are {1,3,1,2,4,3,2,2,1,1,0,2,1,1,1,0,2,0,0) vespec-
tively. We note that the PCS is given by (1,3,3,3,2,1,1,2,2,2,1,1,1,1,1,1,1)
and the PT RS is given by (4,4,8,4,4,4,8,4,4,4,10,4,3,2,8,2,3).




X.SUCC MIN PCTS

SUCC
{1} {1}

{T5, T2, Ts}  {4,12,16} 4
{I,,Ts, Ty} {8,12,8} 8
(Ts, T12, Ts} {4,8,12} 4
{Ty3, Ts} {4,8} 4
{T6} {4} 4
{T7} {8} 8
(Tis, Ts} {48} 4
{14, T3} {4,4} 4
{Ths, To} {4,14} 4
{To} {10} 10
{To} {4} 4
{Tu} {3} 3
{T16} {2} 2
1D} {8} 8
{T1s} {2} 2
{To} {3} 3
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FIN U {Ty}
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FIN U {T7}

FIN U {T\s}
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Figure 6.4: PCS, PTRS for tasks in a precedence graph




6.2 Pre-Run-Time Scheduling

In this section, we introduce a heuristic algorithm based on McNaughton’s
rule [51] for scheduling « set of tasks with precedence constraints. We assume
that each task has been implemented using imprecise computation techniqgue.
Hence each task has been decomposed into two subtasks, namely: mandatory
subtasks and optional subtasks. Let {Mj,---, M, } be the set of mandatory
subtasks and {Oy,-++,0,} be the set of optional subtasks of the task set
{Ty,---,T,}. Let {my,---,m,} be the execution times of the mandatory
subtasks and {o1,--,0,} be the execu .on times of the optional subtasks
of {1y,---,T,}. We define PCS,.. and PTRS,.. to be the PCS and PTRS
of {T},---,T,} with execution time {m; + 0y,---,m, + 0,}. Similarly, we
define PCS,,, and PT RS, to be the PCS and PTRS of {Ty, -+, T} with
execution time {my, -+, m,}. Our goal is to schedule T with computation
time {m; + o0y, +,m, +0,} to obtain an accurate result. If it is not feasible,
then we will try to schedule T with computation time {my, -, m,} to obtain
an acceptable approximate result.

We calculate PC'S,.. and PTRS,.. using the algorithm provided in Fig-
ure 6.3 by considering both mandatory and optional for every task in the
precedence graph. Similarly, we cal-ulate PCS,,, and PTRS,,, by con-
sidering mandatories alone for every task in the precedence sraph. Let
{P\,-++,P,} and {By,---, By} be the PCS,.. and PTRS,.. respectively.
Similarly, {Ry, -, Rs} and {Cy,--+,Cg} be the PCS,,, and PT RS,,, re-
spectively. Hence by executing P('S,.. we obtain an accurate result for the
set of tasks with precedence constraints whete as, by executing PC S, we
obtain an approximate result.

For obtaining an accurate result for every 7, we schedule P; processes with

execution time B;. Let {Z},---,ZF*} be the P, processes with execution time
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B;. We note that {Z},---, Z"} has to be scheduled before {ZL Z,-':L"{‘ :
We use McNaughton’s rule [51] to schedule {Z!,---,Z"} for B; time units
each in m processors. According tc McNaughton’s rule tasks are scheduled by
bin packing approach filling processor by processor. It can be easily seen that
the schedule length for {Z!,---, ZF'} is maa{B;, BB} Hence the schedule
length for {7y, -, T,}, denoted as S L, is given by

B;P;

m

SLaec =Y _ maz{B;,

i=1

}

Similarly for obtaining an approximate result, we use McNaughton’s rule to
schedule R; processes of C; time units each in m processors. The schecule

length S Ly, for scheduling {74, -, 7.} is given by

C,'R.;

m

A
SLopp = Z maz{C;,

=1

}

If SLsec < D, then we schedule both mandatory and optiona! subtasks for
every task in T using the heuristic algorithm given in Figure 6.5. Similarly,
If SLapp < D < SLec, then we schedule only the mandatory subtasks using
the bin-packing algorithm given in Figure 6.5. If SL,,, > D, then it is not
possible to schedule P within D.

To analyze the heuristic, we compare the schedule length obtained for
any task set using our algorithm tc that of the smallest schedule length that
is possible. We present the analysis for a task set with tasks containing both
mandatory and optioual parts. We define a critical path of the precedence
graph as the path from the start node to end node with the largest cumui.ative
executicn time. The smallest schedule length that is possible for a set of tasks
with precedence cor.: aints is given by the total execution time of all nodes
in its critical path [76]. Figure 6.6 demonstrates the critical path for the

example given in Figure 6.1.




Algorithm Fre-Run-Time Heuristic;
begin
(Rl, R?a T Rﬁ) = PC. app
(P, Py, -, Py) = PCS,..
(B1, By, -y Ba) = PTRSucc
(4, Ca.--+,Cg) = PTRS,,,
if (SLeee < D) then
fori=1toado
begin
% = max{B;, B=b},
Schedule P; processes in z; time units using McNaughton Rule;
end;

else if (SLypp < D then
fori=1to A do
begin
z; = maz{C;, g%ﬂi};
Schedule R; processes in z; time units using McNaughton Rule;

end;
end.

igure 6.5: Pre-run-time scheduler

Note that for larger values of m, the minimum schedule length pozsib.e
is iy Bi since every task that is ready can be scheduled completely in a
processor without being preempted. In this case, the heuristic performs close

to optimality since the minimum schedule length for the heuristic is given by
o B.P. o

max{B;,——} =Y B;

TR

Note that the schedule length is %, B; since it cannot be less than the
execution times of all tasks in the longest path from start node %o end node.

For smailer values of m we notice that ior any B; and P;, the schedule length
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Figure 6.6: Critical Path

is given by %1&' If B; is the minimum schedule length possible then the ratio
of schedule length of heuristic to the schedule length of optimal schedule

lengti is given by P;/m.

6.3 Adaptive Scheduling of Run-Time Tasks

In the previous section, we had used McNaughton’s rule for scheduling a
set of tasks within D. If mandatory subtasks are scheduled, and none of the

optional subtasks are scheduled then optimal run-time scheduling algorithms
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presented in Chapt~r 4 can be used to schedule tasks that arrive during run-
time. On the contrary, if both mandatory and optic. .l subtasks of every task
in the task set are scheduled during pre-run-time then optimal adaptive run-
time scheduling algorithms presented in Chapter 5 can be used to schedule
tasks that arrive during run-time. In this section, we first apply the pre-run-
time scheduling algorithm for an application ir robotic systems. We then
use the adaptive run-time scheduling algorithm described in Chapter 5 to
remove minimum number of optionals that have been scheduled in pre-run-

time schedule.

Parallel architecvires and scheduling algorithms for multiprocessors are
used ex*ensivelv in real-time control of robotic systems [4,77,78]. With the
advancement of robot control theory, the. has been increased demand for
more sophisticated control of a robot arm faciiitating precise motion along a
prescribed trajectory for a varying or unknown load. In most cases, advanced
control schemes involve the computation of the ajppropriate input-generalized
forces based on measured data of the displacement, velocities of all the joints
and the values of the accelerations. There ace a number of ways to compute
the input-generz!ized forces among which the Newton-Euler formulation has
been shown to be the most efficient [79)].

The dynamic coupling of the Newton-Euler equation creates precedence
relationships among the coniputational tasks. Figure 6.1 illustrates the prece-
dence graph for che Newwui-Euler equations of motion. The notations fol-
lowed in the decomposition of the precedence graph is same as the one fol-
Jowed by Yoshikawa in [80]. We introduce fault-tclerance to the tasks with
precedence censtraints, by incorporating the imprecise computation mecha-

nism for the Newton-Euler formuiation,

The assumed execution times for the mandatoiy and optionals are given
in pre-run-time schedule of Figure 6.7. The PCS for the task graph is:
(1,3,3,3,2,1,1,2,2,2,1,1,1,1,1,1,1)
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Figure 6.7: Pre-run-time schedule for task graph

and the corresponding PT RS is given by:
(5,5,10,5,5,5,10,5,5,5,10,5,3,2,10,2,3).
Note that the dotted patches in the schedule denotes empty slots and black
patches denote the optionals. Figure 6.8 decomposes every task in the pre-
run-time schedule into mandatory and optional subtasks.

Figure 6.9 elaborates the slot wise assignment and illustrates the alternate
paths. To avoid confusion we haven’t illustrated all possible virtual paths.
The empty slots are represented by dotted squares and the optionals are

represented by black circles. We note that {,l,, and [3 are 75, 55 and 0
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Figure 6.8: Schedule showing mandatory and optional tasks
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respectively. Similarly ¢, ¢z, and g3 are 83, 63 and 11 respectively.
Consider the external task set {Ji,---,Ji2} with the execution times

(20,20,15,15,14,13,13,10,10,10,5,5). The cumulative execution time of all
the external tasks exceeds that of the available empty slots. Therefore some
optionals need to be removed to accommodate all the external tasks in the
final schedule. This is accomplished by calculating A which is 2 Thus we
need to remove 20 optionals and schedule J;s apart from using the 130 empty
slots. Figure 6.10 illustrates the application of algorithm Adaptive-Scheduler
provided in Figure 5.5.

We introduce the adaptability factor as a metric for measuring the adapt-

ability, namely 1 — %ﬁ% Note that as o; = 0o, | — EZ( 71' — 1.
i=1 t 1 m f’t

Therefore adaptability of the run-time scheduler is a function of the cumu-

lative execution time of the optionals. If the tasks are without any fault-

tolerance then 377, 0; is 0 and 1 — E’Z-‘(E;‘I‘TT,%-O_). is 0. Figure 6.11 illustrates
i=1 ' '

the adaptability of the run-time scheduler due to incorporation of impre-

cise computation technique for the example we had considered. We plot
1 - Z‘Z;J—-L—O— against the cumulative execution time of external tasks at

run-time. The dark region demonstrates the amount of extra external tasks
the proposed scheduler can schedule after utilizing all empty slots without

skipping the deadline.

6.4 Summary

In this chapter we represented the set of tasks with precedence constraints
as a general precedence graph. We modelled by decomposing the set of tasks
into processes and derived the process control sequence and process time

requirernent sequence. We introduced imprecise computation technique for
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Figure 6.9: Detailed schedule showing alternate paths
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[igure 6.11: Performance of adaptive run-time scheduler for the robotic ex-
ample

the set of tasks by representing it as an accurate precedence graph and an
approximate precedence graph.

We considered the problem of scheduling a set of tasks with preceaence
constraints at pre-run-time within its deadline. A heuristic based on Mc-
Naughton’s rule was used to schedule the set of tasks within D. The al-
gorithm schedules all the mandatory and optional subtasks if an accurate
result can be obtained within D. If not then the schedvlability of manda-
tory subtasks alone is checkcd to obtain anu acceptable approximate result.
We considered the problem of scheduling a set of independent tasks that
arrive during run-time using our proposed adaptive scheduler once all the
mandatory and opiional subtasks of tasks in task sei has been scheduled
at pre-run-time. An example based on an application in robotics was also

provided.
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Chapter 7

Run-Time Scheduling of
Parallel Program

In the previous chapter, we introduced a pre-run-time fault-tolerant schedul-
ing algorithm to schedule a set of tasks that have arbitrary precedence con-
strainis. We scheduled the external tasks that arrive during run-time on
top of the pre-run-time schedule. In this chapter we address a similar prob-
lem but consider run-time scheduling in the presence of external tasks. We
consider a parallel program represented as a set of tasks with precedence
constraints using a control-flow graph. For fault-tolerance the parallel pro-
gram is decomposed into an accurate parallel program and an approximate
parallel program. We assume that the external tasks are queued and a deci-
sion of whether to schedule an accurate parallel program or an approximate
parallel program is taken dynamically depending on the number of external
tasks. Once the execution starts, only the external tasks in the queue are
executed along with the tasks with the parallel program and the tasks that
arrive durine the execution are queued in an external queue. We propose the

fault-tolerant scheduling algorithm and derive the schedulability conditions.
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7.1 Structure of Parallel Program

Let {7},---,T,} be the set of tasks that parallel program contain with vari-
ous control-flow and data-flow constraints. Let {t;,---,¢,} be the execution
times of {T},---,1n}. We assume that the parallel program is represented
using a task control-flow graph [81]. A task control-flow graph represents the
control flow of the execution of various tasks of a program. A task control-
flow graph is a collection of subgraphs which can be of three different types.
Figure 7.1 shows three different subgraphs that are generally used in a task
control graph namely: and-fork to and-join subgraph, sequential subgraph,
and loop subgraph. The and-fork to and-join subgraph enables several exe-
cution paths. Tasks in all the execution paths need to be computed before
they join at an and-join node. A collection of tasks are represented as a se-
qrential subgraph when they need to be executed in series. A loop subgraph
represents a collection of tasks that need to be executed within a loop on the

affirmation of a decision node.

7.2 Task and System Characteristics

We consider a system with m processors that have a shared memory archi-
tecture. Let P be the parallel program under consideration with n tasks.
Let {T),---,T,} be the n tasks of P with {My,---,M,} and {Oy,---,0,}
being their respective mandatory and optional subtasks. We assume that NV
independent tasks compete with P for m processors in the system. We also
assume a homogeneous set of processors executing at the same speed. Any
available processor serves the next task in the ready queue for At time units.
The task being served leaves the system if its execution is completed before
the At time units. If the task is unfinished by the end of At time units,
then it is put back in the queue. Our goal is to schedule P within D in the




106

=~ 1
=

T

Figure 7.1: Control subgraphs of a parallel program

presence of N external tasks. We consider that NV external tasks are ready

for execution at the same time as P is ready.

7.3 Schedulability Analysis

Let us consider the schedulability of a single task T; with executinon time
t;. The time taken to execute a task T; scheduled in the presence of N

external tasks is given by it can be observed that when the number

min1,5)"
of processors exceed the number of tasks in the system, the time taken is
t; since there exists at least one processor that is free to execute 7;. On

the contrary, if the number of tasks exceed the number of processors in the




Ty T;
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Figure 7.2: Example of a parallel program

system, then the time taken by the system to execute T; is given by hmﬂ This

situation occurs when T gets queued for execution at some point. We notice

min(l, 5

that as At — 0, the time taken by the system tends to

Now we consider the schedulability of P in presence of N external tasks.
Consider a simple task graph of a parallel program, given in Figure 7.2. Let
t; and t; represent the execution time for the tasks 7y and T3 respectively.
Let t,, 14y, and t,; be the execution times for the control nodes start, and-fork
and and-join respectively. Initially one process is needed for the start and
and-fork control nodes. Fork operation spawns a child process to execute

T, concurrently. Assuming ¢, > t;, two tasks are present for t; — ¢; time

units. Finally, the parent process continues to execute and-join and end

107




nodes for the completion of the program. Thus the process time requirement
sequence for the example is (¢, + tos,t1,t2 — t1 + t4;), assuming that the
execution time for the end control node is zero. Since the precedence relations
between various tasks of a program are known apriori, PCS and PTRS can
be calculated pre-run-time using the algorithm given in Figure 6.4.

As stated in earlier chapters, a task implemented using the imprecise
computation technique typically has two subtasks namely: mandatory and
optional. We define an accurate parallel program to be one that contains both
mandatory and optional subtasks of all the fault-tolerant tasks. Similarly, an
approzimate parallel program is one where all the fault-tolerant tasks contain
only the mandatory subtasks. If an accurate parallel program is executed,
both mandatory and optional subtasks of all the tasks in the program are
scheduled. Figures 7.3(a) and 7.3(b) show the task control flow graph for an
approximate parallel program and an accurate parallel program. For the ex-
ample shown in Figure 7.3, the process change sequence for the accurate par-
allel program denoted as PC S,., and approximate parallel program denoted
as PCSapp, 18 (1,2,1). Let tar, and tar, be the execution times of M| and M,
respectively. Let to, and o, be the execution times of O, and O, respectively.
The process time requirement sequence for the accurate parallel program de-
noted as PT RS, is given by (s + tas,tm, +t0,, 1M, + 10, —tm, —to, + tu;)
and for the approximate parallel program denoted as PT RS,,, is given by
(ts +taps tis tag, — tay + taj)-

Let P,. and F,,, be the accurate and approximate parallel programs
of P respectively. Let SL,. and SL,,, denote the schedule length of Py
and P,,, respectively. Let D be the deadline of the parallel program P.
Let (Py,---,Py) and (Ry,---, Rg) be PCSyc. and PCS,,, respectively. Let
(By,"++,Bg) and (Cy,---,C3) be the PTRS,.. and PTRS,,, respectively.
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(a) (b)

Figure 7.3: Task control flow graph for approximate and accurate parallel
programs

Therefore SLqae. and SLgp, are given by

, v B;

ASLGCC - ; m,zn(l’ %) (7.1)
B C;

SLappy = ), (7.2)

i=1 mzn(l? 7722;)

The decision to schedule an accurate parallel program P,.. or an approxi-
mate parallel prograria. £,,, depends on the number of tasks that compete ior
the processors along with P during run-time. Hence depending on the tim-
ing ccnstraints and the number of external tusks, a decision is made whether
to execute P,,, or Py... The decision is taken dynamically considering the
number of other tasks in the system and the time available for the system to

execute the program. We now derive the condition under which an accurate

109




result can be obtained.

In order to know whether to execute P, or P,,,, the schedule length for
P,.c and P,,, in the presence of N external tasks needs to be calculated. The

schedule lengths are given by

s = - = «

FLace ; min(l, 75g) (7.3)
8 C;

SLepp = 3, (7.4)

N m
“~ min(1, -—N+R¢)

Minimum schedule length, denoted as MSL, for a parallel program occurs
wher, no process corresponding to tne program P waits in the queue for a

processor at any time i.e., the denominator man(] ’7\’%’?) is J. Let MSL,,,

be the minimum schedule length ot the approximate parallel program and
MS L. be the minimum schedule length of the accurate parallel program.
Therefore

MSLeee = Y. B (7.5)
i=1
B

MSL, , = Y. C; (7.6)
i=1

The sequential execution schedule length, denoted as SESL for a parallel
program is the schedule length if the prograr is executed sequentially. Let
SES L., be the sequential execution schedule length of the approximate
parallel program and SESL,. be the sequential execution schedule length

of the accurate parallel program. Therefore SESL is given by

SESLe. = Y. PB; (7.7)

i=1
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B
SESLey = Y RiC; (7.8)

=1
If we assume that m is less than the minimum number of tasks that can
be executed in parallel, then min(1, g5 ) is gy This case arises when no
process in the system gets a unity processing power. Thus the tasks need to
be queued at some stage while getting processed. The schedule length for

this case is given by

Lo = 3, AR (7.9)
i=1
SLapy = ‘fj (N + Ry (7.10)
This can be simplified as
SL.. = N+xMSLye + SES L. (7.11)
m
SLay = N * MSL.L;T;,—}- SESLqy, (712)

In order to receive an accurate result, SL,. should be less than the

deadline. Therefore,

D > N*MSLaee + SESLocc (7.13)

- m

After rearranging Equation 7.13 we get

N < D « 17;/{;5ESLMC (7.14)

In order to receive an approximate result, SL,,, should be less than the
deadline. Therefore,

N % MSLapp + SESLay,

2 (7.15)

D
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After rearranging Equation 7.15 we obtain

Dxm—SESL,p,
- MSL,p,

N (7.16)
In order to execute P,.. and obtain an accurate result, the following
bound in turms of the number of tasks in the system should be satisfied.

Fquation 7.14 can be written as :

Dxm—¥2, BiP,
< =5

=

N

(7.17)

If the number of tasks in the system does not satisfy the above inequality,
then an accurate result cannot be guaranteed for P. To obtain an approx-
imate result, P,p, is executed if the bound in terms of the number of tasks

satisfies the following inequalities.

Dsxm—SESL Dxm—SESL,,
acc N < app 18
MSL... R V7 (7.18)
- B.P -8 C.E.
D xm a21=1 B; P, < N< Dsxm ﬁ}:,:l CiE; (7.19)
i=1 B; ist C;

If the number of tasks eyceeds the following inequality, the deadline of

the program would be mis.ed.

D+m—Y0, CiR:
Z?:l Ci

N (7.20)

7.4 Performance

Consider the task control flow graph of P, and F,,, provided in Fig-

ure 7.4. The execution times for the control nodes are assumed to be one

time unit each. To achieve fault-tolerance, Ty has two subtasks: mandatory

M, and optional O; with computation times 10 and 5 time units respectively.




ll;‘;%gl;glg;] Example of control graphs of accurate and approximate parallel
Similarly for T5, M; and O; need computation times of 15 time units and 7
time units respectively.

PC Sy and PCS,yp, equal (1,2,1). PTRS,ec is (s + tay, tar, + Loy, I, +
lo, —tam, —to, +taj) and PTRSupp is (ts+tag, tar s tr, — tar, +ta;). Therefore
PTRS,. and PTRS,,, are (2,15,8) and (2,10,6) respectively. MSL,,
MSL,,,, SES Ly and SES Ly, are 25, 18, 40 and 28 time units respectively.
By assuming m < N 4+ mun(FP,...P,), we get the following conditions. If
N < %9, then P,.. can be executed, otherwise if —[-’—*%@ <N<K W
is satisfied, P,p, can be executed. The program will skip the deadline if
N > Dem-28,

We define the efficiency, E as the ratio between the schedule lengths of

approximate parallel program and accurate parallel program.

| MSLau:
Lemma 6 Nim E = MSL,,,
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, N % MSLaw + SES Lues
Proof.  lim B = M0 N+ A7SL.,, + SESL.,

. SL e SESL ISL
Smce,SEbAf’ ——)Oand—ﬁ—“ﬂa—-)OasN—)oo,E—-)%{'—g%’“‘asN-)oo
“2app

]

7.5 Summary

In this chapter we considered a parallel program P and represented P as
a task control graph. We then modelled P by breaking the program into
tasks and derived the process control sequence and process time requirement
sequence. We introduced imprecise computation technique for P by repre-
senting it as an accurate parallel program F,. and an approximate parallel
program P,,,. We considered the problem of scheduling P during run-time
along with other external tasks that arrive during run-time. We derived
schedulability conditions for P, and F,p, within a deadline D in the pres-
ence of N external tasks.

We have until now considered the problem of scheduling tasks with fault-
tolerance in a multiprocessor system. Task level fault-tolerance is an effective
technique to obtain an acceptable result within a deadline by replicating or
partitioning a task. In the next chapter we consider node level fault-tolerance
where a single processor system or a multiprocessor system is replicated. We
analyze the average response time of the system in the presence of node

failures.




Chapter 8

Response Time Analysis

In the earlier chapters, we concentrated on scheduling a set of tasks within
a deadline in a multiprocessing system. We first considered pre-run-time
scheduling of a set of tasks whose characteristics were known before run-
time. We then considered the problem of scheduling a set of external tasks
during run-time when a pre-run-time schedule is already present. We also
considered the situation where the task set may not meet the deadline and
incorporated imprecise computation technique for achieving fault-tolerance
at task level. Hence, if a task cannct meet the deadline, then we scheduled
a portion of that task and obtained an acceptable approximate result.

So far in our analysis we have not considered the situation when a site
fails. To complete our analysis of fault-tolerant real-time systems, we now
address the problem of hardware fault-tolerance where the system is repli-
cated. A real-time system can be conceptually modelled as a black box called
"site”, as illustrated in Figure 8.1. In this chapter, we consider site level fault-
tolerince where if a site fails then a backup site takes over to continue the
processing.

Redundancy has generally been used for achieving fault-tolerance in com-
puter systems [82]. Redundancy is simply the addition of information, re-

sources, or time beyond what is needed for normal system operation. Triple
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Figure 8.1: Model of a site

modular redundancy, N-modular redundancy, and standby sparing are some
of the means to achieve fault-tolerance in computer systems [83]. A well
known approach for supporting fault-tolerance against site failures in a sys-
tem is the primary site approach [16].

In the primary site approach the service to be made fault-tolerant is
replicated on many sites. The site which is executing the requests is denoted
as primary, and the others which are on hot standby are called backups. The
primary periodically checkpoints its state information on the backups. If the
primary fails, a backup takes over as the primary. The failed primary joins
the queue for the repair server which repairs the failed sites. The primary
site approach has been used for supporting fault-tolerant data objects [84,85].
Figure 8.2 illustrates a multi computer system with primary site approach.

An analytic model was developed by Huang and Jalote [17] to study the
issues related to a system employing the primary site approach for fault-
tolerance. The effect of the degree of replication and the periodicity of the
checkpoints on the reliability and availability of the system were studied.
Using the analytic model, the average response time of a system employing

the primary site approach was determined under the condition in which the
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Figure 8.2: A multi computer system with primary site approach

repair server services the failed sites in a FCFS (First Come First Served)
service discipline. The optimal checkpoint interval and the optimal degree
of replication that minimizes the average responsc time of the system were
determin=d [18].

The objective of this chapter is to develop an analytic model to determine
the average response time of a system empioying the primary site approach
in which the _epair server services the failed sites in LCFS (Last Come First
Served) service ciscipline. We propose that a LCFS service discipline is better
suited for servicing the failed sites. We show that the average response time
of the sys’ '+ when the repair server services using LCFS discipline is lower
than the sverage response time of the system when the repair server services

using FCFS discipline.
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8.1

8.1.1

K

I
f
g
h
u

8.1.2

System Model

List of Terms

Total number of computing zites

Service rate of the sites

Failure rate of the sites

Checkpointing rate o. the primary on backups
Cost of checkpointing on a single site

Recovery rate of the sites

Sojourn time (tiime the system is in normal state)
Average response time for requests during Vy
Availability of the system during normal state
Transaction arrival rate during normal state
Expected value of Vi

Fraction of requests arriving in E(Vy)

Sojourn timc of the system in the idle state
Average response time for requests during V;
Expected value of V;

Fraction of requests arriving in E(V})

Sojourn time of the system in the recovery state
Average response time for requests during Vg
Expected value of Vg

Fraction of requests arriving in E(Vg)
Transaction arrival rate during Idle or Recovery state
Average response time of the system

Repair rate of the repair server

Assumptions

We consider a network of K homogeneous computing sites on which the ser-

vice or data is replicated. The computing sites use the primary site approach

for their services. A repair queue is maintained for the service of failed pri-

maries.

The service time and the lifetime of the sit:s are assumed to be

exponentially distributed. We consider the inputs to the site as "transac-

tions” and assume that the transaction arrival process follows Poisson dis-

tribution. The sites are linearly ordered and, at the start, the first site is




Whole system
Site 1 fail Site 2 fail fails
v v
— PR
ut u2 u li( ‘
K-2 -1
N Yi VR
System Start

Figure 8.3: Timing diagram of the system

chosen as the primary site; all the other sites are specified as the backups. If
the cost of single checkpointing is 1/, then the cost of checkpointing on a
single site is equal to 1/z(K — 1). The network communication system uses
a point-to-point communication protocol.

The user is assumed to know whenever a primary site fails. All requests
after the last checkpoint are sent to the new primary. As the latest results
are lost due to failure of the previous primary, the request since the last
checkpoint is redone by the new primary site. The average number of trans-
actions needed to be redone by the new primary site when a failure occurs
is given by A/(2g). The mean recovery time (1/u) is equal to A/(2ug). The
requests that arrive during the recovery period of the system are queued and
are serviced by the new primary (the first site to recover). It is assumed
that the mean lifetime is much larger than the repair cost and checkpointing
overhead. Figure 8.3 illustrates how a system might behave from the start

until it fails.

A total failure occurs when a primary fails and no backup is operational.
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The sites that are failing are assumed to join a queue to be serviced by the
repair server. We assume that sites satisfy the fail-stop assumption (86].
The backups and the repair server are notified of the failure of a primary.
The repair server keeps log of order of site failures. The state information
is obtained from stable storage of the failed site. Two types of services are
considered for repairing failed sites, namely, FCFS and LCI'S. In FCF'S [18],
the site that fails last would recover last. In LCFS, the site that fails last
would recover first. Since only the final failed site has the correct state of
the data, service can be restarted only after the final failed site recovers. In
other words, only the final failed site can assume the role of the primary;
other sites, on recovery, can only be considered as backups. Therefore, the
system is idle until the final failed site recovers. The main difference in FCFS
and LCFS becomes apparent when considering situations where all sites have
failed or delayed repair service is used.

Since the system waits for the final site tc recover, using a 'CFS service
results in considerable idle time. The paper uses a LCFS discipline so that
the primary that fails last gets recovered first. This leads to the minimal
idle time. All the requests that arrive during the idle period are queued
outside the system until the sysvem is repaired. After repair, the primary
site processes all queued requests before providing normal services. Since
the final failed site contains the latest system status, this site would be the

primary after recovery. The other sites that are recovered become backups.

8.2 Repair Server

When a site fails, it joins the repair queue. This queue is assumed to be ser-
viced on the average, in 1/¢ time units. Two types of repairs are considered,

namely, Delayed repair and Immediate repair.
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8.2.1 Delayed Repair

The repair queue is not serviced until the final site fails. Once the final site
joins the repair queue, all the sites in the queue are recovered at a stretch.
This procedure is used when the system cannot be repaired as soon as they
join the repair queue due to reasons such as cost and distance. Since the
last site to fail contains the latest computation, the system cannot start
functioning until the last site is recovered. If the repair server uses the FCFS
service discipline, then the last site to fail will be the last site to recover. This
leads to a situation where the sites that have been repaired earlier than the
last failed site are idle. If the repair server uses the LCFS service discipline,

then the last site to fail will be the first one to recover.

8.2.2 Immediate Repair

The repair server monitors continuously, and services the repair queue if it is
nonempty. Thus the sites dynamically leave the system when they fail and
rejoin the system when they are repaired. Since the failed sites are repaired
immediately, the sites join the system as soon as they are serviced. When a
total failure occurs, the situation is quite sin.ilar to the delayed repair case.
If the repair server uses the FCFS service discipline during a total failure,
then the sites that get recovered earlier than the last site to fail remain idle.
If the repair server uses the LCFS service discipline, then the last site to fail
will be the first one to recover. Thus the system is operational while the

repair server is serving the backups.

8.3 System State

The system is considered to be in one of the three states : Normal state,
Idle state and Recovery state. For the system to be in the normal state at

least one primary should be functional. When no primaries are functional,
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the system is termed to have totally failed. The system is said to be in an
idle state until a primary becomes functional after votal failure. After beiug
in idle state, the system recovers by serving all the queued requests that had
come during the idle period. During this period of time the system is termed

to be in the recovery state.

8.3.1 Normal state

The system is in normal state during the time period hetween the start of the
system and its total failure. There is at least one primary that is functional
in a normal state. This primary services the requests to the system and
checkpoints the status on the backups. If there is a backup, then it assumes
the role of the primary on the failure of the presently functional primary, else
a total failure results. A failed primary joins the repair queue of the repair
server to be serviced either immediately or after total failure. Let Vy be the
random variable representing the sojourn time of the system in the normal

state and wy be the expected response time during Vy.

8.3.2 1Idle state

The transition from normal state to idle state occurs after total failure. Dur-

ing the idle state, the system does not have any site functional to service the
requests. The arrival rate of the requests decreases during the idle state since
the users refrain from submitting transactions to a failed system. Therefore
we assume the arrival rate during the idle state to be A’ which is less than A.
The requests are queued outside the system to facilitate the execution once
the system is out of the idle state. The repair server services the failed sites
during the idle state. The system is in idle state until, at least one primary
becomes functional after being repaired by the repair server. Let V; be the
random variable representing the sojourn time of the system in the idle state

and wy be the expected response time during V.
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Figure 8.4: The timing diagram for failure-repair period

8.3.3 Recouvery state

The system is in recovery state once the repair server services the last site to
fail. The system in this state is recovering from a total failure by processing
all the queued requests, which include the requests that arrive during the idle
state and the unserved requests that had arrived during the normal state.
We assume the arrival rate of requests during the recovery state to be A.
Let Vi be the random variable denoting the sojourn time of the system in

the recovery state and wgr be the expected response time during Vp.

8.4 Average Response Time Analysis

A failure-repair period is the interval between two adjacent total failures.
The system is cyclic with this period. The timing diagram for a failure-repair
period is shown in Figure 8.4. Since wy,w;, and wy are the average response
time of the system during Normal, Idle and Recovery states respectively, the

average response time of the system is given by

w = Fywy + Frwr + Frwgr (8.1)




where Fiy,Fr, and Fg are the fraction of requests that arrive during Vv, Vi,
and Vg of a failure-repair period, respectively. Fy, Fy, and Fgr are calculated

as follows :

_ AE(Vy) .
IV = SEV ¥ MEV) + (Vi) (8:2)

. NE(VY) N
1= BV T NEV) + E(VR)] (8:3)

_ NE(Va) "
Fr= AE(Vy) + NE(VI) + E(VR)) 84)

where AE(Vn ), NE(Vi), N E(VR) are the average number of requests ar-
riving during various states of a failure-repair period.

The average response time of the system during the normal state can be
described by the Checkpoint-Rollback-Recovery model [87]. Therefore, wy
is approximated by

L+a’u(E+5)

~ (8.5
wN a— A (8.5)

If w>> f and  >> ¢ then

1
~ (8.6
wN Py (8.6)
where the availability of the system, «, is given by [87]
_ 1
EEEEE Y
1
= (8.7)
- A
1+ g(K-1h+ £

The average response time of the system for a request that arrives during

the idle state is affected by the time in which the system is in the idle state and




the time which the system takes to service the queued requests. The average
waiting time for transition to occur from idle state is given by E(Vj)/2.
Once the system recovers, the request queued during the idle state will wait
N E(Vr)/(24) time units to be served after the primary site starts processing
the queued requests. Therefore, the expected response time as derived in [18]
is given by:

T B L YE(W)

5 o (8.8)

wr

It is assumed that the requests arriving in recovery state will be executed
during the next normal state. Therefore, the expected waiting time for a
request arriving during the recovery state will be £(Vz)/2. Since the arrival
rate during the recovery state is )\’ the expected response time again as

derived in {18] for a request arriving during recovery state is given by:

E(V, NE(V,
wp = ZVR) | NE(VR)

> % (8.9)

o

8.5 Average Response Time using LCFS

In order tc compute E(Vn), E(V;), and E(VR) both the repair cases need to

be considered.

8.5.1 Delayed Repair Case

In the delayed repair case the failed sites are repaired only when no primary
site is available i.e., when total failure occurs. The repair sc:ver starts repair-
ing only when all K sites have failed. The site that failed last contains the
latest information regarding the job service. The system cannot be functional
until this site is restored. Since Huang and 7 .lote assume FCFS service in

[18] the system is functional only when the last site is repaired. In order




to repair the last site all the other sites in the repuir queue needed to be
repaired. Bu' we assume a LCFS service, where we need only to repair the
last site for the system to be functional. After the last site to fail has become
functional again other sites could be repaired and added as backups. Since
the repair rate for the repair server is 1/e, the total time for the system to

be functional is given by

E(V;) = (8.10)

1
€
Since the requests that arrived during the idle state (i.e., N E(V})) are
serviced by the system during recovery state, the expected value of Vj is
given by
AI
Vr) = 8.11
E(Vr) = e (8.11)
Vi, the expected time to a total failure can be modeled as shown in
Figure 8.5. The state of the system is the total nwnber of working sites.
Thus, the expected time the system spends in normal state is equal to the
time taken by the system to transit from state K to state 0. The expected
sojourn time ot the system at the state iis 1/(:.f), where fis the failure rvate

of a site. Therefore, the expected value of Vi as derived in [18]

L1
E(Vn) = ;

!IM>~

iy
f

8.5.1.1 Response Time of the System

Since E(Vy), £(Vr), and E(Vg) are known, the average response time of the

system is given by

w = Fywny + Frwr + Frwg

1:
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Figure 8.5: State diagram of the delayed-repair system
where Fy, Iy, and Fg are given as:
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Therefore the average response time of the system is given by

> [ ?2
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8.5.2 Immediate Repair Case

The repair server monitors continuously, and services the repair queue if it
is non empty. Huang and Jalote [18] assumed FCFS where the last site to
fail has the latest information and the system cannot be functional until all
the sites are repaired. In our proposed LCFS discipline, the last site to fail
on its arrival will have to wait on an average 1/2¢ for the failed site which is
currently being repaired. Since preemption is not assumed, the last site to
fail has to wait for the repair server to complete the service. In addition 1/¢
time units are spent on repairing the last site to fail which would be serviced

next. iherefore, the exp :cted value of V; is given by

E(V;) = % (8.20)

Sinc= the expected value of Vg is (X' /u)E(Vr), we substitute for E(V}).

Therefore, '

3N

E(VR) B -Q'E

(8.21)

Figure 8.6 shows the system state using the machine-repairman model
[88]. The state of the system is the number of sites that are working. When
a failure occurs (failure rate = f) the system moves to the neighboring state
on its right (one less working site). This failed site is queued for repair. When
a site is repaired (repair rate = ¢), the system transits to the neighboring
state on its left (one more working site). The system basically moves from
state K to state 0 in order to fail completely. But unlike the delayed repair
case, the system in the immediate repair case could visit an intermediate
state 7, (0 < ¢ < K') more than once.

Since the calculation of E(Vy) is independenty of the service discipline that

is 1:ved by the repair server to service the failed sites, we refer the readers to

o
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Figure 8.6: State diagram of the immediate-repair system

the expression and the recurrence equations derived in [18].

The expected value of Vy is given by

. K K-1 . .
E(Vn) = mN(—f‘—) + 3 n}Nfl (8.22)
=1

K 1
where mp (%) is the expected number of visits to state i before visiting state

0. my(z) is calculated using a set of recurrence equations.

8.5.2.1 Response Time of the System
The average response time of the system is given by:

w = Fywy + Frwr + Frwp

where,
AE(Vy)
Fy = ( W L 3% (8.23)
AE(WN) + 5 + 5

3N
Py = e _ 8.24
B T 20

3\2
Fp 2ue (8.25)

OAE(W) + 2+ 32
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Therefore,

/\E(VN).wN + %’.w; + 3A7 WR

2ue a0
w = - : 8.26
AE(Vw) + 50+ 5 (3.26)
where,
wN = ! (8.27)
NOT = "
3 3N
= L2 2
wr e 4[,&6 (8 8)
3N 32
= 42T 3.2
wR dpe  4pe (8.29)

8.5.3 Example

For comparison, we consider the same example as used in {18]. A primary
site system is assumed with three sites where the mean life of each site is
700000 seconds (approximately 8 days). The arrival rate during the normal
state is 6 requests per second (A = 6). Tlie request arrival rate during other
states is 0.1 (A’ = 0.1). The service rate of a site is 8 (¢ = 8). The :ost
of checkpointing to a backup is 0.5 seconds (A = 0.5) and the checkpointing
interval is 1000 seconds (approximately 16 minutes). Let the average repair

time be 4000 seconds.

8.5.3.1 Delayed Repair Case using FCFS

Failed sites are repaired only after all sites have failed. The expected times
are, E(Vy) = 1283333s, E(Vi) = 12000s, ( pproximately 3.3 hours); E(Vg) =
150.0s (approximately 2.5 min). The expected response times of wy,w;, and

wr are 0.50309, 6075, and 75.9 seconds, respectively, and the probabilities
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of Fy, Fy, and Fp are 0.99984, 1.5X 104, and 1.95X107%, respectively. The

average response time is 1.44975 seconds.

8.5.3.2 Delayed Repair Case using LCFS

Failed sites are repaired only after all sites have failed. The expected times
are, E(Vx) = 1283333 seconds, E(V;) = 4000 seconds, (approximately 1.3
hours); E(Vg) = 50.0 seconds. The expected response times of wy,wy, and
wp are 0.50309, 2025, and 25.35 seconds, respectively, and the probabilities cf
Fy, {1, and Fr are 0.99984, 5.192X107%, and 6.49X1077, respectively. The
average response time is 0.6082692 seconds as compared to 1.44975 seconds

for FCFS.

8.5.3.3 Immediate Repair Case using FCFS

Failed sites are repaired as and when they arrive to queue. The expected
times are, E(Vy) = 3655866666s, E(V;) = 12000s, (approximately 3.3
hours); E(VRr) = 150.0s (approximately 2.5 min). The expected response
times of wy,wr, and wg are 0.50309, 6075, and 75.9 seconds, respectively,
and the probabilities of Fy, Fr, and Fgr are 1, 547X1078, and 7X1071°,

respectively. The average response time is 0.50341 seconds.

8.5.3.4 Immediate Repair Case using LCFS

Failed sites are repaired as and when they arrive to queue. The expected
times are, F(Vy) = 3655866666 seconds, E(V;) = 6000 seconds, (approx-
imately 1.85 hours); E(Vg) = 75.0 seconds (approximately 1.25 minutes).
The expected response times of wy,wy, and wg are 0.50309, 3037.5, and 37.95
seconds, respectively, and the probabilities of Fi, Fr, and Frare 1,2.7.X1078,
and 3.5X107!°, respectively. The average response time is 0.503172 seconds
as compared to 0.50341 seconds for FCFS.
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Figure 8.7: Delayed repair case

8.6 Performance Analysis

time can be written as

AYE, Lf(K) + BK* + CK?

i=1

AYK 1+ DK+ EK

10.00

Let wl, g and wi; g be the average response time of the system that uses

FCFS and LCFS discipline to repair the failed sites respectively.

Theorem 11 wi;ps > wi. oo for delayed repair case as K — oo,

Proof. Since a decreases as K increases, we can deduce that wy increases

as K increases. Denoting wy as f(K) for convenience, the average response




where A=3,B=25+ 22, C=25 + 300 D=2 and E= X2,

2#52 ] 2#2(2 2M352 ?

A-I- B[il() + C‘](I\)
Zu—l [ Z.:l : (831)
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K; + ZK L 27 1
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since K® > K? > K > logK > YK, 1 > 1 is true for K > 1 and zf-@—
=1t

diverges for increasing K, in equation 8.31 the denominator decreases and

the numerator increases as K increases. Therefore, wh, ps diverges as K

increases. Similarly, wispg is given by

A+ + =
Wiors = T z“" z'"" (8.32)
Z\—l T I z--l T

The response time given in equation 8.32, converges as K increases. Therefore

whops > whops for delayed repair case as K — oco.

A similar anaiysis can be done for immediate repair case.

Figure 8.7 illustrates the response time of the system with delayed repair
for increasing degree of replication (K). Figure 8.8 illustrates the response
time of the system with immediate repair for increasing K. The failure time
of the system is assumed to be 70000 seconds. The other data are similar to
the one provided in the example earlier. When a FCFS service is considered
for delayed repair, as the degree of replication (K) increases, the time spent
by the system in the idle state (E(V;)), and the recovery state (E(Vgr))
increases. But when a LCFS service is considered for delayed repair, the
time spent by the system in the idle state and the recovery state decreases
as K increases. Thus the system is functional for a longer time when LCFS
service is used and therefore the availability of the system is greater in the

proposed scheme. It can also be noticed that for the same assumption on
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various rates and degree of replication, the response time of the system for

the proposed method using LCFS discipline is less than the response time of

the system using FCFS discipline.

8.7 Summary

In this chapter, we considered node level fault-tolerance using primary site
approach where sites were replicated to tolerate site failures. One of the
sites was designated as primary site to execute the arriving tasks while the
others remained as backup sites. The primary site periodically checkpointed
its result to other backup sites. When a primary site failed, a predetermined
backup became the new primary and the failed site entered a repair queue.
The repair queue serviced the sites using either delay..d repair service or im-

mediate repair service. Two different queuing disciplines to service the repair
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queue were considered, namely LCFS and FCFS. We derived the average re-
sponse time for the system when the repair server used the LCFS and FCFS
queuing disciplines. We showed that the average response time of the system
for LCFS queuing discipline was lower than the average response time for

FCFS queuing discipline.
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Chapter 9

Conclusions

The main objective of this thesis has been to explore the problems of achiev-
ing fault-tolerant real-time scheduling using imprecise computation methods
in multiprocessor systems. The main contributions of this thesis are as fol-

lows:

e We introduced a bin packing algorithm based on McNaughton’s rule
for multiprocessor systems for tasks with real-time constraints. The
problem of scheduling a set of imprecise computation tasks within a
deadline has not been well researched. We extended our algorithm
based on McNaughton’s rule for tasks formulated using imprecise com-

putation technique.

e We proposed a level algorithm for scheduling a set of tasks at pre-run-
time and proved its optimality. Also the algorithm was extended to

include tasks formulated using imprecise computation technique.

e We introduced a new approach, using virtual paths to describe the run-
time status of a multiprocessor systems. We also derived the necessary
and sufficient conditions for scheduling a set of tasks that arrive during

run-time within a given deadline.
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e Although algorithms using bin-packing approach had been introduced
to schedule tasks at run-time, level algorithms for the same problem
had not been presented before. We considered a level algorithm for
optimally scheduling tasks with identical and non identical ready times

that arrive during run-time.

e The problem of scheduling a set of imprecise computation tasks dur-
ing run-time had not been researched before. In this dissertation, we
proposed a level algorithm to schedule a set of imprecise computation
tasks with identical and non-identical ready times. We derived the nec-
essary and sufficient conditions for scheduling the mandatory subtasks
of all the tasks. We then provided an algorithm that maximized the
total number of time slots in which optionals could be scheduled, after

scheduling all the mandatory subtasks.

e We proposed an adaptive run-time scheduling algorithm for scheduling
optimally a set of tasks on top of pre-run-time schedule, by removing
minimum number of optional parts of the tasks that are present in
the pre-run-time schedule. We demonstrated the applicability of this

algorithm in some practical areas such as robotics.

e [mprecise computation technique was extended to include tasks with
precedence constraints. A heuristic algorithm based on McNaughton’s
rule for deciding when to schedule tasks in accurate precedence graph
and when to schedule tasks in approximate precedence graph was devel-
oped. A metric to calculate the adaptability of the run-time scheduler

was also introduced.

e We introduced fault-tolerance based on imprecise computation tech-
nique for the tasks in parallel program and analyzed it using a round-

robin scheduler to schedule the tasks in parallel program along with the




external tasks. We provided the schedulability conditions under which
an accurate parallel program should be scheduled and the conditions
under which an approximate parallel should be scheduled in order to

meet the deadline.

e Average response time of the system with node level fault-tolerance
using primary site approach was derived assuming LCFS queuing dis-
cipline for the repair server quene. We compared the average response
time obtained using LCFS repair queue with that of FCFS repair queue

and proved that LCFS is a better queuing discipline for repair server.

We can conclude that level algorithms are more conducive for run-time
scheduling than bin-packing algorithms. Level algorithm for imprecise com-
putation had not been explored previously and our work opens a new field

of research in the areas of fault-tolerant scheduling.

9.1 Future Work

The next logical step is to extend this work to distributed systems. Hence ac-
tive research is needed to obtain approximate algorithms for situations where
tasks have communication constraints and resource constraints. Tasks in dis-
tributed systems typically have these constraints and heuristic algorithms are

needed to schedule tasks under such conditions.
In this thesis we assumed that the tasks have identical deadlines. Schedul-

ing algorithms for a set of tasks with non-identical deadlines can be explored.
Similarly, the thesis assumes that the processors are identical. It will be inter-
esting to explore the fault-tolerant run-time scheduling problem for uniform
processors and unrelated processors. The work can also be extended for tasks

that are periodic.
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