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ABSTRACT

Traditional online learning literature often assumes static environments, where funda-
mental properties like data distribution or action spaces do not change over time, and the
learner competes against a single best action. This framework, however, fails to capture the
complexity of many practical scenarios, such as automated diagnostic systems or inventory
management, where the optimal course of action is non-stationary and changes sequentially.
In such settings, adaptivity is crucial as algorithms must maintain and leverage past informa-
tion to respond effectively to unforeseen changes. This thesis advances the theory of online
learning in non-stationary environments by developing adaptive algorithms with provably
strong theoretical guarantees.

Two key non-stationary learning problems are online multi-task reinforcement learning
(OMTRL) and multi-armed bandits with sleeping arms. In OMTRL, a learner interacts with
a sequence of Markov Decision Processes (MDPs). Each MDP is chosen adversarially from
a small collection of MDPs, requiring the learner to efficiently transfer knowledge between
tasks. In multi-armed bandits with sleeping arms, the set of available arms varies adver-
sarially across rounds, prompting the learner with unique exploration-exploitation tradeoff
methods. A key contribution of this thesis is a number of novel lower bounds and algorithms
with near-optimal worst-case regret upper bounds for these two problems. In addition, this
thesis applies the new techniques in these new algorithms into deriving improved sample
complexity for group distributionally robust optimization (GDRO) and novel data-dependent
best-of-both-worlds regret upper bounds for multi-armed bandits.

In summary, this thesis provides mathematically-grounded adaptive algorithms that
achieve state-of-the-art performance guarantees in learning from non-stationary and adver-
sarially changing environments in reinforcement learning and multi-armed bandits, as well
as showing new, fundamental connections between multi-armed bandits with sleeping arms

and robust optimization.
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Chapter 1
Introduction

This thesis investigates algorithms for online learning, a set of machine learning problems
that belong to the class of sequential decision-making problems. In these problems, data is
presented sequentially to a machine learning algorithm over a series of interactive rounds. In
each round, the algorithm performs an action based on the current data, receives feedback
on its performance, and then proceeds to the next round. Online learning has long been of
great interest in theoretical machine learning due to its versatility in modeling a wide range
of theoretical frameworks, such as supervised learning, non-convex optimization, and com-
binatorial optimization, as well as practical applications like weather forecasting, inventory
management, and automated diagnostic systems.

The existing literature in online learning traditionally considers learning from static en-
vironments whose fundamental properties such as data distribution or action spaces do not
change over time. In these static environments, the learner’s primary concern is to compete
with a single best action over all interactive rounds. This setting fails to cover many prac-
tical scenarios. For example, the effectiveness of an automated diagnostic system that deals
with a sequence of patients with different underlying conditions must be measured with re-
spect to not just one generic “best” treatment procedure, but with a sequence of appropriate
treatment procedures, one of each patient. Another example is in inventory management,
where the decision maker chooses which items to be stocked based on the list of available
items and their past sales data. Since a particular item may be available only for certain
periods of time, the notion of a single best item is not well-defined, and instead optimizing
with respect to the sequence of varying available items is more suitable.

In the presence of non-stationarity, adaptivity becomes an important factor in the decision
making processes. At a very high level, this involves maintaining past information that can

help make decisions upon unforseenable changes in the environment. In the automated diag-



nostic system example, this past information could be the patient records that help quickly
distinguish two different strains of a virus, leading to effective and timely treatment proce-
dures. In the inventory management example, this information could be summary statistics
of an item in the periods when it was available: how much revenue the item generates, how
better it compared to other items in the same periods, and so on. The question of how to use
this information to obtain adaptivity depends on the problem setup, the algorithm frame-
work and the optimization objective, all of which are studied in the subsequent chapters.
This PhD thesis is based on a collection of four peer-reviewed publications, all of them
in the domain of online learning algorithms and their applications. Each publication studies
different notions of non-stationarity, adaptivity and performance measure. They are unified
under a central them of developing mathematically-principled approaches for learning from
sequential data generated by interacting with non-stationary environments. In particular,
we aim to derive novel algorithms that are provably (near-) optimal, where optimality is
measured with respect to an omniscient algorithm that can see all the future changes ahead
and pick the optimal action in each round. A key focus in this thesis is ensure these new
algorithms are worst-case optimal, such that under the worst possible changes in the environ-
ment, they perform as well as an omniscient algorithm. Furthermore, in certain settings, we
obtain worst-case optimal algorithms that are simultaneously best-case optimal as they per-
form optimally in static environments. In addition to theoretical results, whenever possible,

we also provide supporting empirical results to corroborate our theoretical findings.

1.1 Non-Stationary Online Learning Problems

For an integer K, let [K] denote the set {1,2,..., K}. Throughout this thesis, we consider
two types of non-stationary online learning problems: online multi-task reinforcement learn-
ing and multi-armed bandits with adversarially varying sets of arms. We defer the formal
background of reinforcement learning and multi-armed bandits to Chapter 2. In this section,
we give a brief overview of these two online learning problems. Algorithm 1.1 illustrates the
general setup, in which the learner interacts with the environment in 7' rounds. In round ¢,
the learner first receives a space X} of available decisions, then takes a decision z; from X} and
observes a feedback £;(z;) of the chosen decision. The feedback function ¢; : X; — R¥ The
exact structure of &; and the dimensionality H of ¢; are problem-dependent and determined

by the tasks. In particular,

o In episodic reinforcement learning, A is the space of H-step policies for a finite-horizon



Algorithm 1.1 General Non-Stationary Online Learning Setup
for roundst=1,...,7T do

Learner receives a decision space X}

Learner takes a decision z; € X;

Learner observes a feedback ¢;(z;)
end

Algorithm 1.2 Online Multi-Task Reinforcement Learning Setup
Adversary has a set of MDPs M unknown to the learner
for episode k=1,...,K do

Adversary picks a task mF € M

Learner computes and runs policy 7% on m
end

k

Markov Decision Process (MDP) with horizon H > 1. The feedback ¢;(z;) is the

sequence of H reward values collected from running the chosen policy z; in episode t.

o In multi-armed bandits, X} is the finite set of available arms in round ¢. The feedback

li(x¢) is a scalar value, i.e., H = 1, indicating the loss of the learner’s chosen arm ;.

1.1.1 Online Multi-Task Reinforcement Learning

Algorithm 1.2 illustrates the online multi-task reinforcement learning (OMTRL) setting.
In this setting, the adversary has a finite set M = {M; : i = 1,2,..., M} of M MDPs
M; = (S, A, P,,r,H). The MDPs in M share the state space S, action space A, reward
function r, horizon H. They differ in the transition kernels (F;);—12. a. In episode k, the
adversary picks an element m* € M as the task for the learner. In this thesis, we assume
that the reward function r is the same for all MDPs in M and fully known to the learner,
but the identity of m* is hidden.

For a given MDP m, a policy 7 defines how the learner chooses its action given the past
states, actions and rewards while interacting with m. The policy is often represented as a
conditional probability distribution over the action space of m, where the condition is the
observed states, actions and rewards. The action in each step is drawn from this distribution.
The performance of a policy 7 is measured by its value functions (V"™ )p=12,. n (formal
definition in Chapter 2). In essence, V""" (s) specifies the expected total reward that the
learner collects over H — h steps by running policy 7 from step h on m. Let 7* be an optimal

policy for m, such that V™™ (s) > V;™™(s) for all policies m. The performance of an online



learner is measured by its regret with respect to the sequence of optimal policies over K

episodes:
K k k
MTRegret(K) = V™ (sf) — VI" ™ (s}),
k=1

where s¥ is the initial state in episode k. Intuitively, this notion of regret measures the ex-
pected loss in rewards that the learner incurs due to not knowing the identity of (m*)=1 .. x

and their transition kernels.

Remark 1.1.1. We recall the example of treating a sequence of patients in an automatic
diagnostic system. Each patient is an MDP, whose states are the conditions of the patient
and the actions are the drugs that a doctor can give the patient at a time period. There
are finite number of treatment period (H < oo), and the drug at time h can impact the
subsequent states and effectiveness (“reward”) in time h + 1,h + 2,..., H, similar to an
MDP.

Remark 1.1.2. A related problem is non-stationary reinforcement learning with a varying
budget [Mao et al., 2021], where the learner also encounters a sequence of MDPs with
different transition kernels. In this problem, the budget ) > 0 controls the maximum
value of the total differences between two consecutive episodes can be, where the differences
between two transition kernels are measured by the ¢;-norm. This varying budget problem
is fundamentally different from OMTRL. In OMTRL, because the varying budget () can be
very large (i.e. linear in K') while the number of tasks is small, it is important to transfer
knowledge between episodes in order to be robust to a worst-case adversary. As such, keeping
a memory of previous interactions in the past episodes is helpful. In contrast, the varying
budget problem generally require @) to be small (i.e. sub-linear in K') to obtain non-trivial
regret bounds. Moreover, existing work [e.g Mao et al., 2021] has shown that “forgetting”
past interactions and implementing a restart mechanism lead to near-optimal regret bounds

in the varying budget problem.

1.1.2 Multi-armed Bandits with Sleeping Arms

A conceptually simpler realization of the general non-stationary online learning setup in
Algorithm 1.1 is the multi-armed bandits with sleeping arms problem, illustrated in Algo-

rithm 1.3. In this problem, there are at most K actions (“arms”) that the learner can choose



Algorithm 1.3 Sleeping Multi-armed Bandits Setup

for round t =1,...,7 do
Adversary picks a set A; C [K] and reveals this set to the learner
Adversary picks a hidden set of losses values ¢;(a) for a € A,
Learner takes an action a; € A; and incurs ¢;(a;)

end

from in each round of interaction. After choosing an action a;, the learner observes a loss
value ¢;(ay).
In standard multi-armed bandits, all of K arms are available to the learner in every

round. The goal of the learner is to minimize the cumulative regret over T' rounds:

T

max Regret—(a) = max i(ay) — fi(a)). 1.1
i Regret(@) = mas 3 (6o — 6(2) (1)

A more detailed introduction to the standard multi-armed bandits problem is given in Chap-
ter 2. This thesis considers a variant of the standard multi-armed bandits problem, in which
an arm may become inactive in certain rounds. In each round ¢, the learner is given a set
of active arms A;, from which the learner can choose one arm a; € A;. Essentially, for an
inactive arm a ¢ S, its loss value in round ¢ is undefined. Therefore, the notion of regret in
Equation (1.1) is no longer well-defined. Instead, another notion called per-action regret is

used, which compares the cumulative loss of the learner to an arm in the rounds where the

arm is active:

max PARegretp(a) = max » 1{a € S;}(l(ar) — i (a)), (1.2)

a€[K] ac[K] P
where 1{a € §;} = 1 if a € S; and 0 otherwise.

Bandits with Sparse Signed Losses

A closely related problem is bandits with sparse signed losses, which was proposed by Kwon
and Perchet [2016]. In this problem, the losses are in the range [—1, 1]. In each round ¢, the
adversary picks a hidden subset of §; € [K] arms and chooses non-zero losses for these arms,
while other arms have 0 losses. The maximum number of non-zero losses in every round is
max; |S;| < 5. Here, S might be also hidden from the learner. Note that all K arms are
still available in each round. The main research question is: Is there an upper bound for the

regret (1.1) that grows dominantly with S instead of K ¢



While all K arms can be chosen by the learner in each round, effectively there are only at
most S arms with non-trivial losses, from which the learner should choose to obtain useful
information for minimizing the regret (1.1). From this point of view, bandits with sparse
signed losses is more challenging than sleeping bandits as the learner has no knowledge of
what the “active” arms are in each round, thus establishing a bound dependent on .S instead
of K is difficult.

1.2 Contributions and Organizations

Throughout this thesis, we use O to to hide polylogarithmic factors. The main contributions

of this thesis are organized as follows.

o Chapter 2 presents background topics on Markov Decision Processes, multi-armed

bandits and group distributionally robust optimization.

o Chapter 3 is based on the following publication [Nguyen and Mehta, 2023]:
Nguyen, Q. and Mehta, N. A. (2023). Adversarial online multi-task reinforcement

learning. In International Conference on Algorithmic Learning Theory (ALT).

This chapter considers the adversarial online multi-task RL problem, in which the
number of tasks M is known to the learner, and the MDPs in M are communicating.
The formal definition of communicating MDPs is given in Chapter 2. The learner’s
objective is to minimize MTRegret(K). Most existing works are limited by strong
assumptions such as the sequence of tasks being drawn from a fixed distribution, or that
the tasks are separated in every state-action pair. Addressing these main theoretical

challenges is important towards understanding this setting.

Contributions.

— We prove a minimax lower bound of Q(K vVDSAH ) on the regret of any learning
algorithm. We then show that for sufficiently small horizon H, running standard
single-episode RL algorithms achieves near-matching regret upper bound. This
indicates that the horizon H must be sufficiently long for knowledge transfer

between episodes.

— We introduce a new task-separability condition called A-separability and show

that this notion generalizes a large number of prior task-separability notions



from previous works. Assuming that the MDPs in M are well-separated un-
3
complexity for a class of uniformly good cluster-then-learn algorithms. This class

der A-separability, we prove an instance-specific lower bound of (4%) in sample
of algorithms includes state-of-the-art prior approaches for multi-task RL. We use
a novel construction called 2-JAO MDP for proving this instance-specific lower
bound.

— The lower bounds are complemented with a polynomial time algorithm that ob-
tains O(%) sample complexity guarantee for the clustering phase and O(vMK)
regret guarantee for the learning phase, indicating that the dependency on K and

35 is tight.
« Chapter 4 is based on the following publication [Nguyen and Mehta, 2024]:
Nguyen, Q. and Mehta, N. A. (2024). Near-Optimal Per-Action Regret Bounds for

Sleeping Bandits. In International Conference on Artificial Intelligence and Statistics
(AISTATS).

This chapter considers the fully-adversarial variant of the sleeping multi-armed ban-
dits problem, where both the set of available arms and their losses in every round are
determined by the adversary. In a setting with K total arms and at most A available
arms in each round over T rounds, the best known per-action regret upper bound is
O(K+/TAInK), obtained indirectly via minimizing the internal sleeping regret [Gail-
lard et al., 2023]. Compared to the minimax Q(v/T'A) lower bound, this upper bound

contains an extra multiplicative factor of K In K.

Contributions.

— Using generalized versions of algorithms for non-sleeping MABs with a fixed set of
arms, we directly minimize the per-action regret and obtain near-optimal bounds
of order O(VTAln K) and O(vV/TVAK). These upper bounds reduce to their

static counterparts if the set of available arms is fixed (i.e. A = K).

— We extend our results to the setting of bandits with advice from sleeping experts,
generalizing EXP4 along the way. This leads to new proofs for a number of

existing adaptive and tracking regret bounds for standard non-sleeping bandits.

— Extending our results to the bandit version of experts that report their confidences
leads to new bounds for the confidence regret that mirror the confidence regret

bounds in the full-information setting.



— We prove a strongly adaptive per-action regret lower bound, showing that for any
minimax optimal algorithm, there exists an arm whose regret is sublinear in T’

but linear in the number of its active rounds.

« Chapter 5 is based on the following publication [Nguyen et al., 2025b]:

Nguyen, Q., Mehta, N. A., and Guzman, C. (2025b). Beyond minimax rates in group
distributionally robust optimization via a novel notion of sparsity. In International

Conference on Machine Learning (ICML).

This chapter applies the near-optimal per-action regret bounds from Chapter 4 to
design new, adaptive algorithms with problem-dependent sample efficiency for the
Group Distributionally Robust Optimization (GDRO) problem. GDRO [Sagawa et al.,
2020] is an emerging paradigm for training deep neural networks, focusing on improving
robustness of neural network models on imbalanced datasets. A formal introduction
to GDRO is deferred to Chapter 2. In essence, GDRO is formulated as a stochastic

min-max optimization problem over K sample distributions (P;)i=12. k'

minmaxE, p. [((2)],

ninmax . ()
where © is a hypothesis set and ¢ : Z — R, is a loss function defined on the sample
space Z. Theoretical work on GDRO generally considers a setup in which © is a
bounded convex set and ¢ is a bounded, Lipschitz and convex function. In this setup,

the minimax sample complexity of GDRO has been determined up to a log(K) factor.

Contributions.

— We go beyond the minimax perspective via a novel notion of sparsity that we call
(A, B)-sparsity. This condition states that at any parameter 6, there is a set of at
most 3 groups whose risks at 6 are all at least A larger than the risks of the other
groups. We show that this notion of sparsity exists in a large number of important
machine learning problems in both theory (e.g. Gaussian linear regression) and

practice (e.g. fine-grained object classification).

— Given a target accuracy €, we show a novel algorithm for finding an e-optimal
6. Our analysis reveals that the e-dependent term in the sample complexity can
swap a linear dependence on K for a linear dependence on the potentially much
smaller B. This improvement leverages recent progress in sleeping bandits, show-

ing a fundamental connection between the two-player zero-sum game optimization



framework for GDRO and per-action regret bounds in sleeping bandits.

— Next, we show an adaptive algorithm which, up to logarithmic factors, obtains a
sample complexity bound that adapts to the best (A, §)-sparsity condition. We
also show how to obtain a dimension-free semi-adaptive sample complexity bound

with a computationally efficient method.

— Finally, we demonstrate the practicality of the (A, 3)-sparsity condition and the
improved sample efficiency of our algorithms on both synthetic and real-life

datasets.

« Chapter 6 is based on the following publication [Nguyen et al., 2025al:
Nguyen, Q., Ito, S., Komiyama, J., and Mehta, N. A. (2025a). Data-dependent

bounds with T-optimal best-of-both-worlds guarantees in multi-armed bandits using

stability-penalty matching. In the Conference on Learning Theory (COLT).

This chapter first considers the multi-armed bandits with sparse signed losses problem.
As mentioned earlier, this setting could be seen as a more challenging variant of sleeping
bandits in that the set of arms with informative feedback is unknown. Prior results
on this problem are either restricted to unrealistic assumptions such as the sparsity
level S being known, or sub-optimal bounds with additional In7T" dependency while
incurring expensive computational overhead. This chapter fully addresses this gap
by proposing a new algorithm that obtains T-optimal and S-agnostic regret bounds.
Moreover, this new algorithm is extended to become a general strategy for adaptively
tuning the learning rates in a much broader class of online learning problems with
bandit feedback,thereby achieving optimal adaptivity to various unknown, problem-

dependent quantities of the underlying environment.

Contributions.

— We propose real-time stability-penalty matching (SPM), a new method for obtain-
ing regret bounds that are simultaneously data-dependent, best-of-both-worlds
and T-optimal for multi-armed bandits problems. Our approach extends the SPM
method originally proposed by Ito et al. [2024] to establish regret bounds based
on real-time observed losses. The original SPM method relied on the maximum
possible value of the losses (e.g. 1) to tune the learning rates, so its adaptivity
is limited. Our method overcomes this limitation by using the observed loss of
the chosen arm to tune the learning rates. We derive a general procedure for

effectively bounding the regret in real-time SPM.
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— Next, we apply that general regret bound on bandits with sparse signed losses.
In particular, we show that real-time SPM obtains bounds with worst-case guar-
antees of order O(v/T'S) without knowing S. If the underlying environment is
stochastic (details are in Chapter 2), our algorithm simultaneously obtains an
O(SIHETIE](K)) regret bound in this regime. We extend our approach to obtaining

best-of-both-worlds adaptive regret bound for losses with small total variations

@, where the adversarial bound is O(1/Q In(K)). Our results do not require any

sophisticated doubling trick to estimate Q).

— We introduce a coordinate-wise version of real-time SPM that maintains a sepa-
rate learning rate for each arm, similar to AdaGrad [Duchi et al., 2011]. We prove
that this version of real-time SPM also obtains T-optimal adaptive bounds in the
adversarial regime and an improved, more fine-grained bound in the stochastic

regime.
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Chapter 2

Background Topics

2.1 Markov Decision Processes

One of the most important mathematical frameworks for modelling sequential decision mak-
ing problems is Markov Decision Processes (MDPs). MDPs came out of a field called opera-
tion research in the 1950s [Puterman, 1994; Sutton and Barto, 2018] and has been one of the
most active research topics since then. The popularity of MDPs is a result of its versatility
in modelling a broad range of practical applications in fields such as engineering, finance,
sciences and medical research.

A finite-horizon stationary MDP is specified by a tuple m = (S, A, P,r, H), where S is
the set of states, A is the set of actions, P : S x A x S — [0, 1] is the transition function
where P(s|s, a) specifies the probability of being in state s after taking action a at state s,
r:S x A [0,1] is the reward function specifying the numerical gain by taking an action
in a state, and H is the horizon.

Given an MDP m, a learner interacts with m by taking H actions and collecting rewards
after each action. In step h = 1,2, ..., H, the learner first observes its state s, takes an ay,
then moves to a new state s,41 and receives a reward 7, := 7(sp, ap,) as a result of its action.
The total reward of the learner is

R = Th.

M=

h=1

The objective of the learner is to maximize the expected value of the total reward E(s, a;.r)c

Details are given in Algorithm 2.1. The expectation is taken over two sources of randomness.

The first source of randomness is the state-transitions: the probability of moving to the new

—
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Algorithm 2.1 Single-Task Episodic Reinforcement Learning
for episode k =1,2,..., K do
Adversary chooses an initial state s¥
History H* = {s}}
Learner computes policy m*
for step h=1,2,...,H do
Learner takes af ~ k(- | H¥)
Learner observes state sy, and reward r} = r(a}, a)
Update H* = H* U {a}, r}, sf.1}
end
end

state sp.1 is determined by P(sp41 | sp,an). The second source of randomness is the process
of choosing the action a; in state s,. Let A = |A| be the size of the action set. A policy 7
defines how the learner chooses its action given the past states, actions and rewards. Each
policy can be represented as a conditional probability distribution over the action space A,
and the action in each step is drawn from this distribution. Let s, af denote the state and
action of the learner in episode k at time step h. The first action a¥ ~ 7%(- | s¥) is decided

based on the initial state s¥. The second action af ~ 7*(- | s¥, a¥, s%) is decided based on

the history (s¥, a¥, s%), and so on.

The performance of a policy 7 is measured by its value functions (V;7)p=12,  m, where

H
Vi(s) =E Z 7“2 | sp = Sva% ~ (- (Suai,Ti)i:Lz,...,h'—hSh/)
h'=h

In essence, V,(s) specifies the expected total reward that the learner collects over H — h + 1
steps by running policy 7 from step A on m. Let 7* be a policy such that for all policies T,
Vi (s) > Vi(s) for all s € S (such a 7* always exists). We call 7* an optimal policy for m,

and write V* for the optimal value functions.
In (single-task) episodic reinforcement learning, the learner’s goal is finding an optimal
policy 7 when the transition kernels P and/or the reward function r are unknown. The
performance of an online learner is measured by its regret with respect to the sequence of

optimal policies over K episodes:

Regret(K) = Y _[Vi — V' ](sh), (2.1)

k=1

where 7% is the policy of the learner in episode k.
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Algorithm 2.2 Multi-armed Bandits Setup
Input: Number of arms K > 1, number of rounds 7" > 1
for round t =1,...,7 do
Adversary picks a hidden loss vector ¢, € R¥
Learner takes an action [, € [K] and incurs ¢ g,
end

Remark 2.1.1. For K sufficiently large, Azar et al. [2017] showed that a computationally
efficient algorithm called UCBVI obtains a regret upper bound of order O(H VSAK ), where
O hides a logarithmic factor. Except for this logarithmic factor, this upper bound matches
the lower bound in Jaksch et al. [2010].

2.2 Multi-armed Bandits

Multi-armed bandits [Lai and Robbins, 1985; Auer et al., 2002b] is a fundamental online
learning framework that has found applications in a large number of practical sequential
decision making problems such as resource allocation, online advertising, product testing
and clinical trials. Algorithm 2.2 illustrates the interactive rounds between the learner and
the environment. In each round, there are K arms from which the learner can choose. In
rounds ¢t = 1,2,...,T, an adversary (which is part of the environment) chooses a loss value
lio for arm a = 1,2,..., K. The loss vector is ¢, € R¥. Initially, all K loss values are
hidden from the learner. The learner can choose to pull an arm I; € [K] and observe its
loss ¢, 1,, while the losses of other, non-chosen arms remain hidden. This is a special version
of the sleeping bandits problem presented in Algorithm 1.3, where the set of active arms is
A; = [K] for all rounds ¢. In other words, the standard multi-armed bandits problem is a
“static” problem, in which there are no sleeping arms. The goal of the learner is to minimize

its regret with respect to every arm, i.e., bounding

T
max Rr(a) = max Z lig, — Ui (2.2)
t=1

a€[K]

Note that (2.2) is a restatement of (1.1). More importantly, (2.2) is equal to the per-action
regret in (1.2) with A; = [K], as 1{a € A;} = 1 for all @ € [K] and t € [T] (all arms are
always active).

Stochastic and Adversarial Bandits. Depending on the statistical assumption of

the losses, multi-armed bandits problems are often divided into two types: stochastic and
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adversarial. In stochastic bandits, the losses (/;;)¢c[r] are generated from a fixed distribution

P; with finite mean yu; and variance o;. Existing work [Lai and Robbins, 1985; Ito et al., 2022]

have shown tight ©(InT' ZfiQ W‘ful) worst-case regret bounds for this setting (assuming,
without loss of generality, that arm 1 is the unique best arm).

On the other hand, in adversarial bandits, no statistical assumption is made on how the
sequences of losses ({y;).c(r) is generated. In particular, ¢;; may even depend on the learner’s
past choices. Existing work [Auer et al., 2002b; Zimmert and Seldin, 2021a] has shown tight
O(vTK) worst-case regret bound for this setting.

For stochastic bandits, the optimal worst-case guarantee grows as a logarithmic function
in 7. On the contrary, the optimal worst-case guarantee in adversarial bandits grows as
V/T. Originally, these bounds were obtained by two very different approaches, both relying
on knowing which type of environment the learner is on beforehand. An important line of
research in the last 15 years [e.g. Bubeck and Slivkins, 2012; Zimmert and Seldin, 2021a;
Dann et al., 2023; Tto, 2021] is deriving best-of-both-worlds algorithms that can simultane-
ously and automatically achieve the optimal worst-case guarantees on both stochastic and
adversarial bandits without knowing which environment the data is coming from. The most
successful best-of-both-worlds algorithms so far are based on the follow-the-regularized-leader
(FTRL) framework, which proved to be effective in obtaining adaptive O(In(T')) and O(v/T)
dependency on T [e.g. Zimmert and Seldin, 2021a].

Adapting to Easy Loss Sequences in Adversarial Bandits. Another set of impor-
tant adaptivity results is adapting to easy loss sequences in adversarial bandits. An extreme
example is if the losses in every round are the same: ¢;; = ¢ ; for all arms ¢ € K] and rounds
t € [T], in which case a straightforward algorithm that pulls each arm once for K rounds
and then keeps choosing the best arm for the remaining rounds would incur a regret of at
most O(K). Another example is if the total loss of the best arm is much smaller than that
of other arms, in which case it should also not take long to the learner to realize which arm
is the best arm. Intuitively, the sequence of losses represents easy problem instances in both
examples, and so worst-case guarantees might be too pessimistic. Constructing algorithms
that can adapt to both easy- and worst-case problem instances for adversarial bandits has
also been an important research area in the last decade, with recent results showing greater
successes in adapting to various quantities of the loss sequences such as total variation, spar-
sity and small losses [e.g. Cesa-Bianchi and Lugosi, 2006; Hazan and Kale, 2011; Tsuchiya
et al., 2023; Ito et al., 2022].



15

2.3 Group Distributionally Robust Optimization

This section presents the basic setup of the group distributionally robust optimization prob-
lem (GDRO) [Sagawa et al., 2020]. In GDRO, given a convex hypothesis set O, there are
K > 2 convex risk functions Ry, Rs, ..., Rg, where R; : © — R. The worst-case risk of a
hypothesis 0 is max;cx] R;(¢). The optimal hypothesis 6* is the one with minimal worst-case

risk:

0" = arg min max R; (). (2.3)

gco  i€[K]
In practice, it is often not possible to find 6* exactly (e.g. R; is a population risk). Instead,
a more practical goal is finding a § whose worst-case risk is close to that of 6*. For a target

accuracy €, GDRO aims to find an e-optimal @ such that err(f) < ¢, where

err(f) = max R;(0) — max R;(6*) (2.4)

i€[K) i€[K]
is the optimality gap of a § € ©.

Remark 2.3.1. A practical example of GDRO is in drug testing, where © is the space of
all testable drugs and K is the number of groups of targeted patients. These patients may
differ in various demographic factors such as age, existing conditions, gender, etc. Finding
0* corresponds to finding a drug that is safe for all patient groups, in the sense that its
maximum risk (across all groups) is minimized. Thus, GDRO can also be motivated by a

fairness measure.

Two-Player Zero-Sum Game Approach.

The two-player zero-sum game approach is the standard approach for solving GDRO prob-
lems [Sagawa et al., 2020; Zhang et al., 2023a]. The main idea is to convert the min-max
problem in (2.3) to a stochastic convex-linear minimax problem, and then model the opti-
mization process as a game between a min-player and a max-player.

Let A = {qeR¥ : ¢; >0, Zfil ¢; = 1} be the K-dimensional simplex. For any ¢ € Ak,
let ¢(0,q) = Zfil qiR:(0) be the weighted sum of the risks of 6 over K groups. Since ¢ is

linear in ¢ and the simplex Ag is convex, we have max;cx) R;(0) = maxgea, ¢(0,q). It
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Algorithm 2.3 Two-player Zero-Sum Game
for round t =1,...,7 do

Min-player plays 6;

Max-player plays ¢

Min-player incurs ¢(60y, ¢;)

Max-player incurs —¢(60y, ¢;)
end

Return: § = 7 ST 6, and § = T ST a

follows that #* is part of the solution of the following problem:

0
min max $(6, ).

Next, let

0,q) = 0 in (0, q
err(9,9) = max ¢(8,¢) — min ¢(9,)
be the duality gap of § € © and § € Ag. Since max;cx] Ri(0) > ¢(0,q) for all 0 and g, we
have err(f) < err(f, ). Therefore, to find a e-optimal , it suffices to find a 6 and g such that
err(f,q) < e. To this end, the two-player zero-sum game approach runs the game between a
min-player and a max-player, illustrated in Algorithm 2.3. The theoretical justification for

this approach is given in the following lemma.

Lemma 2.3.2. Define the regrets of the two players in Algorithm 2.3 over 7" rounds by

= maqub et, 9taQt)

Let § = % Zthl 0; and q = % Zthl ¢;. Their optimality gap is bounded by

_— 1

7 (Bag + Ra,) .



17

Proof. By Jensen’s inequality, we have

err(6, ) = max ¢(0, q Hliﬂ ¢(0,q)

qEAK

T T
) w i)
t=1

=1

f max (Z o(6;, q)) - %Igrgél (Z (0, qt)) (2.5)

1
T (qnelg?;ZCb (0:, ) 0taQt>> + = T < (0, qt) mangb 0, q )

IN

]

As a result, solving the group distributionally robust optimization reduces to solving two

adversarial online learning problems.
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Chapter 3

Adversarial Online Multi-Task

Reinforcement Learning

3.1 Introduction

The majority of theoretical works in online reinforcement learning (RL) have focused on
single-task settings in which the learner is given the same task in every episode. In practice,
an autonomous agent might face a sequence of different tasks. For example, an automatic
medical diagnosis system could be given an arbitrarily ordered sequence of patients who are
suffering from an unknown set of variants of a virus. In this example, the system needs to
classify and learn the appropriate treatment for each variant of the virus. This example is
an instance of the adversarial online multi-task episodic RL setting, an important learning
setting for which the theoretical understanding is rather limited. The framework commonly
used in existing theoretical works is an episodic setting of K episodes; in each episode an
unknown Markov decision process (MDP) from a finite set M of size M is given to the learner.
When M = 1, the setting reduces to single-task episodic RL. Most existing algorithms for
single-task episodic RL are based on aggregating samples in all episodes to obtain sub-linear
bounds on various notions of regret [Azar et al., 2017; Jin et al., 2018; Simchowitz and
Jamieson, 2019] or finite (e, d)-PAC bounds on the sample complexity of exploration [Dann
and Brunskill, 2015]. When M > 1, without any assumptions on the common structure of the
tasks, aggregating samples from different tasks could produce negative transfer [Brunskill
and Li, 2013]. To avoid negative transfer, existing works [Brunskill and Li, 2013; Hallak
et al., 2015; Kwon et al., 2021] assumed that there exists some notion of task-separability

that defines how different the tasks in M are. Based on this notion of separability, most
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existing algorithms followed a two-phase cluster-then-learn paradigm that first attempts to
figure out which MDP is being given and then uses the samples from the previous episodes
of the same MDP for learning. However, most existing works employ strong assumptions
such that the tasks are given stochastically following a fixed distribution [Azar et al., 2013;
Brunskill and Li, 2013; Steimle et al., 2021; Kwon et al., 2021] or the task-separability notion
allows the MDPs to be distinguished in a small number of exploration steps [Hallak et al.,
2015; Kwon et al., 2021]. These strong assumptions become the main theoretical challenges
towards understanding this setting.

Our goal in this work is to study the adversarial setting with a more general task-
separability notion, in which the aformentioned strong assumptions do not hold. Specifically,
the learner makes no statistical assumptions on the sequence of tasks; the task in each episode
can be either the same or different from the tasks in any other episodes. Moreover, the
difference between the tasks in two consecutive episodes can be large (linear in the length of
the episodes) so that algorithms based on a fixed budget for total variation such as RestartQ-
UCB [Mao et al., 2021] cannot be applied. The performance of the learner is measured by
its regret with respect to an omniscient agent that knows which tasks are coming in every
episode and the optimal policies for these tasks. We consider the same cluster-then-learn

paradigm of the previous works and focus on the following two questions:

o Is there a task-separability notion that generalizes the notions from previous works while
still enabling tasks to be distinguished by a cluster-then-learn algorithm with polynomial
time and sample complexity? If so, what is the optimal sample complexity of clustering

under this notion?

o [s there a polynomial time cluster-then-learn algorithm that simultaneously obtains
near-optimal sample complexity in the clustering phase and near-optimal regret guar-

antee for the learning phase in the adversarial setting?

We answer both questions positively. For the first question, we introduce the notion
of A-separability, a task-separability notion that generalizes the task-separability definitions
in previous works in the same setting [Brunskill and Li, 2013; Hallak et al., 2015; Kwon
et al., 2021]. Definition 3.3.1 formally defines A-separability. A more informal version of
A-separability has appeared in the discounted setting of Concurrent PAC RL [Guo and
Brunskill, 2015] where multiple MDPs are learned concurrently; however the implications
on the episodic sequential setting and the tightness of their results were lacking. In essence,
A-separability assumes that between every pair of MDPs in M, there exists some state-

action pair whose transition functions are well-separated in ¢;-norm. This setting is more
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challenging than the one considered by [Hallak et al., 2015] where all state-action pairs
are well-separated. In Appendix 3.A, we show that A-separability is more general than
the entropy-based separability defined in [Kwon et al., 2021] and thus requires novel ap-

proaches to exploring and clustering samples from different episodes. Under this notion of
3
plexity and regret of the clustering phase for a class of cluster-then-learn algorithms that

A-separability, we show an instance-specific lower bound' (%) on both the sample com-
includes most of the existing works.

To answer the second question, we propose a new cluster-then-learn algorithm, AO-
MultiRL, which obtains a regret upper bound of O (% +VMK ) (the O hides logarithmic
terms). This upper bound indicates that the linear dependency on K and A? in the lower
bounds are tight. The O(\/W ) upper bound in the learning phase is near-optimal be-
cause if the identity of the model is revealed to a learner at the beginning of every episode
(so that no clustering is necessary), there exists a straightforward Q(v/MK) lower bound
obtained by combining the lower bound for the single-task episodic setting of [Domingues
et al., 2021b] and Cauchy-Schwarz inequality. In the stochastic setting, the L-UCRL algo-
rithm [Kwon et al., 2021] obtains O(v/ MK) regret with respect to the optimal policy of a
partially observable MDP (POMDP) setting that does not know the identity of the MDPs

in each episode; thus their notion of regret is weaker than the one in our work.

Overview of Techniques

o In Section 3.4, we present two lower bounds. The first is a minimax lower bound
QK VSAH ) on the total regret of any algorithm. This result uses the construction
of JAO MDPs in [Jaksch et al., 2010]. The second is a 2 (45) instance-specific lower
bound on the sample complexity and regret of the clustering phase for a class of
uniformly good cluster-then-learn algorithms when both A\ and M are sufficiently large.
The instance-specific lower bound relies on the novel construction of 2-JAO MDP, a
hard instance combining two JAO MDPs in which one is the minimax lower bound
instance and the other satisfies A-separability. We show that learning 2-JAO MDPs
is fundamentally a two-dimensional extension of the problem of finding a biased coin
among a collection of fair coins [e.g. Tulsiani, 2014], for which information theoretic

techniques of the one-dimensional problem can be adapted.

o In Section 3.5, we show that AOMultiRL obtains a regret upper bound of o, (% + MK) :

'Here and throughout the introduction, we suppress factors related to the MDPs such that the number
of states and actions and the horizon length in all the bounds.
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The main idea of AOMultiRL is based on the observation that a fixed horizon of order
O(57) with a small constant factor is sufficient to obtain a A-dependent coarse estimate
of the transition functions of all state-action pairs. In turn, this coarse estimate is suf-
ficient to have high-probability guarantees for the correctness of the clustering phase.
This allows AOMultiRL to have a fixed horizon for the learning phase and be able to
apply single-task RL algorithms with theoretical guarantees such as UCBVI-CH [Azar
et al., 2017] in the learning phase.

Our paper is structured as follows: Section 3.3 formally sets up the problem. Section 3.4
presents the lower bounds. AOMultiRL and its regret upper bound are shown in Section 3.5.
Several numerical simulations are in Section 3.6. The appendix contains formal proofs of all

results.

3.2 Related Work

Stochastic Online Multi-task RL. The Finite-Model-RL algorithm [Brunskill and Li,
2013] considered the stochastic setting with infinite-horizon MDPs and focused on deriving
a sample complexity of exploration in a (¢, d)-PAC setting. As shown by [Dann et al., 2017],
even an optimal (e,)-PAC bound can only guarantee a necessarily sub-optimal O(Kfn/ %)
regret bound for each task m € [M] that appears in K, episodes, leading to an overall
O(M'/3K?/3) regret bound for the learning phase in the multi-task setting.

The Contextual MDPs algorithm by [Hallak et al., 2015] is capable of obtaining a O(v/K)
regret bound in the learning phase after the right cluster has been identified; however their
clustering phase has exponential time complexity in K. The recent L-UCRL algorithm [Kwon
et al., 2021] considered the stochastic finite-horizon setting and reduced the problem to
learning the optimal policy of a POMDP. Under a set of assumptions that allow the clusters
to be discovered in O(polylog(MSA)), L-UCRL is able to obtain an overall O(v/ M K) regret
with respect to a POMDP planning oracle which aims to learn a policy that maximizes the
expected single-task return when a task is randomly drawn from a known distribution of
tasks. In contrast, our work adopts a stronger notion of regret that encourages the learner
to maximize its expected return for a sequence of tasks chosen by an adversary. When the
models are bandits instead of MDPs, [Azar et al., 2013] use spectral learning to estimate the

mean reward of the arms in all models and obtains an upper bound linear in K.

Lifelong RL. Learning a sequence of related tasks is more well-studied in the lifelong
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learning literature. Recent works in lifelong RL [Abel et al., 2018; Lecarpentier et al., 2021]
often focus on the setting where tasks are drawn from an unknown distribution of MDPs
and there exists some similarity measure between MDPs that support transfer learning. Our
work instead focuses on learning the dissimilarity between tasks for the clustering phase and

avoiding negative transfer.

Active model estimation The exploration in AOMultiRL is modelled after the active
model estimation problem [Tarbouriech et al., 2020], which is often presented in PAC-RL
setting. Several recent works on active model estimation are PAC-Explore [Guo and Brun-
skill, 2015], FW-MODEST [Tarbouriech et al., 2020], f—curious walking [Sun and Huang,
2020], and GOSPRL [Tarbouriech et al., 2021].

The ©(D|I'*|N) bound on the horizon of clustering in Lemma 3.5.3 has the same O(S%A)
dependency on the number of states and actions as the state-of-the-art bound by GOSPRL [Tar-
bouriech et al., 2021] for the active model estimation problem. The main drawback is that
Hy depends linearly on the hitting time D and not the diameter D of the MDPs. As the
hitting time is often strictly larger than the diameter [Jaksch et al., 2010; Tarbouriech et al.,
2021], this dependency on D is sub-optimal. On the other hand, AOMultiRL is substan-
tially less computationally expensive than GOSPRL since there is no shortest-path policy

computation involved.

3.3 Problem Setup

Our learning setting consists of K episodes. In episode k = 1,2, ..., K, an adversary chooses
an unknown Markov decision process (MDP) m* from a set of finite-horizon tabular station-
ary MDP models M = {(S, A, H,P;,r) : i =1,2,..., M} where r : S x A — [0,1] is the
shared reward function, S is the set of states with size S, A is the set of actions with size
A, H is the length of each episode, and P; : S x A x § + [0, 1] is the transition function
where P;(s'|s, a) specifies the probability of being in state s” after taking action a at state s.
The state space S and action space A are known and shared between all models; however,
the transition functions are distinct and unknown. Following a common practice in single-
task RL literature [Azar et al., 2017; Jin et al., 2018|, we assume that the reward function
is known and deterministic, however our techniques and results extend to the setting of
unknown stochastic r. Furthermore, the MDPs are assumed to be communicating with a
finite diameter D [Jaksch et al., 2010]. A justification for this assumption on the diameter

is provided in Section 3.3.1.
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The adversary also chooses the initial state s¥. The policy 7, of the learner in episode k
is a collection of H functions 7% = {m ), : S — A}, which can be non-stationary and history-
dependent. The value function of 7, starting in state s at step h is the expected rewards
obtained by following 7, for H — h + 1 steps V;™(s) = E[> m_, r(sk, men(sk)) | sk = s,
where the expectation is taken with respect to the stochasticity in m* and 7*. Let Vlk’*
denote the value function of the optimal policy in episode k.

The performance of the learner is measured by its regret with respect to the optimal

policies in every episode:

Regret(K) = Y [V = V/™](s}). (3.1)
k=1

Let [M] ={1,2,..., M}. We assume that the MDPs in M are \-separable:

Definition 3.3.1 (A-separability). Let A > 0 and consider set of MDP models M =
{my,...,mp} with M models. For all (4, j) € [M] x [M] and i # j, the A-distinguishing set
for two models m; and m; is defined as the set of state-action pairs such that the ¢, distance
between P;(s,a) and P;(s,a) is larger than \: T}, = {(s,a) € S x A: ||P(s,a) — Pj(s,a)| >
A}, where ||-|| denotes the ¢;-norm and Pi(s,a) = F(- | s,a).

The set M is A-separable if for every two models m;, m; in M, the set FiA,j is non-empty:
Vi,j e [M]i#j: T} #0.

In addition, X is called a separation level of M, and we say a state-action pair (s,a) is

A-distinguishing for two models m; and m; if || P;(s,a) — P;(s, a)|| > A.

We use the following notion of a A-distinguishing set for a collection of MDP models M:

Definition 3.3.2 (A-distinguishing set). Given a A-separable set of MDPs M, a A-distinguishing
set of M is a set of state-action pairs I'* C 8§ x A such that for all i, j € [M], I‘ij NTA £ 0.
In particular, the set [' = Uivjff:j is a A-distinguishing set of M.

By definition, a state-action pair can be A-distinguishing for some pairs of models and

not A-distinguishing for other pairs of models.
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3.3.1 Assumption on the finite diameter of the MDPs

In this work, all MDPs are assumed to be communicating. We employ the following formal
definition and assumption commonly used in literature [Jaksch et al., 2010; Brunskill and
Li, 2013; Sun and Huang, 2020; Tarbouriech et al., 2021]:

Definition 3.3.3. ([Jaksch et al.,, 2010]) Given an ergodic Markov chain F, let T/, =
inf{t > 0| sy = &',s0 = s} be the first passage time for two states s,s" on F. Then the
hitting time of a unichain MDP G is Tz = max, yecs max, ]E[Tjs",], where F, is the Markov

chain induced by 7 on G. In addition, 77, = max, yeg min, ]E[T;’r,] is the diameter of G.
Assumption 3.3.1. The diameter of all MDPs in M are bounded by a constant D.

While this finite diameter assumption is common in undiscounted and discounted single-
task setting [Jaksch et al., 2010; Guo and Brunskill, 2015], it is not necessary in the episodic
single-task setting [Jin et al., 2018; Mao et al., 2021]. Therefore, it is important to justify
this assumption in the episodic multi-task setting. In the episodic single-task setting, for
any initial state s;, the average time between any pair of states reachable from s; is bounded
2H; hence, H plays the same role as D [Domingues et al., 2021b]. This allows the learner to
visit and gather state-transition samples in each state multiple times and construct accurate
estimates of the model.

However, in the multi-task setting, the same initial state s; in one episode might belong
to a different MDP than the state s; in the previous episodes. Therefore, the set of reachable
states and their state-transition distributions could change drastically. Hence, it is important
that the A-distinguishing state-action pairs be reachable from any initial state s; for the
learner to recognize which MDP it is in and use the samples appropriately. Otherwise,
combining samples from different MDPs could lead to negative transfer. Conversely, if the
MDPs are allowed to be non-communicating, the component that makes them A-separable
might be unreachable from other components. In this case, the adversary can pick the initial
states in these components and block the learner from accessing the A-distinguishing state-

actions. A construction that formalizes this argument is shown at the end of Section 3.4.

3.4 Minimax and Instance-Dependent Lower Bounds

We first show that if A is sufficiently small and M = ©(SA), then the setting is uninteresting
in the sense that one cannot do much better than learning every episode individually without

any transfer, leading to an expected regret that grows linearly in the number of episodes K.
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1/2 5

Figure 3.1: A JAO MDP (left) and a 2-JAO MDP (right). Only state 1 has reward +1. The
dashed arrows indicate the best actions.

Lemma 3.4.1 (Minimax Lower Bound). Suppose S, A > 10, D > 20log4(S) and H > DSA
are given. Let \ = @(\/%). There exists a set of A-separable MDPs M of size M = 52,
each with S states, A actions, diameter at most D and horizon H such that if the tasks
are chosen uniformly at random from M, the expected regret of any sequence of policies

(7 ) k=1, K over K episodes is

E[Regret(K)] > Q (KW) :

Proof. (Sketch) We construct M so that each MDP in M is a JAO MDP [Jaksch et al., 2010]
D

of two states {0,1}, 22 actions and diameter 2. Figure 3.1 (left) illustrates the structure
of a JAO MDP. State 0 has no reward, while state 1 has reward +1. Each model has a
unique best action a* that starts from 0 and goes to 1. The pair (0, a*) is a A-distinguishing
state-action pair.

A JAO MDP can be converted to an MDP with S states, A actions and diameter D, and
this type of MDP gives the minimax lower bound proof in the undiscounted setting [Jaksch
et al., 2010]. The adversary selects a model from M uniformly at random, and so previous
episodes provide no useful information for the current episode; hence, the regret of any
learner is equal to the sum of its K one-episode learning regrets. The one-episode learning
regret for JAO MDPs is known to be Q(v DSAH) when comparing against the optimal
infinite-horizon average reward. For JAO MDPs, the optimal infinite horizon policy is also
optimal for finite horizon; so, we can use a geometric convergence result from Markov chain
theory [Levin et al., 2008] to convert this lower bound to a lower bound of the standard

finite-horizon regret of the same order, giving the result. [

Using the same technique in the proof of Lemma 3.4.1, we can show that applying

UCRL2 [Jaksch et al., 2010] in every episode individually leads to a regret upper bound of
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O (K DSvVAHIn H ) This implies that learning every episode individually already gives a

near-optimal regret guarantee.

Remark 3.4.2. Our proof for Lemma 3.4.1 contains a simple yet rigorous proof for the
mixing-time argument used in [Mao et al., 2021; Jin et al., 2018]. This argument claims
that for JAO MDPs, when the diameter is sufficiently small compared to the horizon, the
optimal H-step value function V)" in the regret of the episodic setting can be replaced by
the optimal average reward p*H in the undiscounted setting without changing the order of
the lower bound. To the best of our knowledge, our proof is the first rigorous proof for this
argument that applies for any number of episodes including K = 1. [Domingues et al., 2021b]
provide an alternative proof; however the results therein hold in a different setting where K

is sufficiently large and the horizon H can be much smaller than D.

We emphasize that the lower bound in Lemma 3.4.1 holds for any learning algorithms.
This result motivates the more interesting setting in which X is a fixed and large constant
independent of H. In this case, we are interested in an instance-specific lower bound. For
multi-armed bandits, instance-specific lower bounds are constructed with respect to a class
of uniformly good learning algorithms [Lai and Robbins, 1985]. In our setting, we focus on
defining a class of uniformly good algorithms that include the cluster-then-learn algorithms
in the previous works for multi-task PAC RL settings such as Finite-Model-RL [Brunskill
and Li, 2013] and PAC-EXPLORE [Guo and Brunskill, 2015]. We consider a class of MDPs
and a cluster-then-learn algorithm uniformly good if they satisfy an intuitive property: for
any MDP in that class, the algorithm should be able to correctly classify whether a cluster
of samples is from that MDP or not with an arbitrarily low (but not zero) failure probability,
provided that the horizon H is sufficiently long for the algorithm to collect enough samples.

The following definition formalizes this idea.

Definition 3.4.1 (PAC identifiability of MDPs). A set of models M of size M is PAC
identifiable if there exists a function f : (0,1) — N, a sample collection policy 7 and a
classification algorithm C with the following property: for every p € (0, 1), for each model
1 <m < M in M, if 7 is run for f(p) steps and the state-transition samples are given to C,
then the algorithm C returns the correct identity of m with probability at least 1 — p, where
the probability is taken over all possible sequence of f(p) samples collected by running 7 on
m for f(p) steps. The smallest choice of function f(p) among all possible choices is called

the sample complexity of model identification of M.

The clustering algorithm in a cluster-then-learn framework solves a problem different

from classification: they only need to tell whether a cluster of samples belong to the same
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or different distribution than another cluster of samples, not the identity of the distribu-
tion. We can reduce one problem to the other by the following construction: consider the
adversary that gives all M models in the first M episodes. After the first M episodes, there
are M clusters of samples, each corresponding to one model in M. Once the learner has
constructed M different clusters, from the episode M + 1, the clustering problem is as hard as
classification since identifying the right cluster immediately implies the identity of the MDP
where the samples come from, and vice versa. Hence, we can apply the sample complexity
of classification to that of clustering.

Next, we show the lower bound on the sample complexity of model identification for the

class of A-separable communicating MDPs.

Lemma 3.4.3. For any S, A > 20,D > 16 and X € (0, 3], there exists a PAC identifiable
A-separable set of MDPs M of size ﬁ, each with at most S states, A actions and diameter D
such that for any class1ﬁcat1on algorithm C, if the number of state-transition samples given
180)\2 then for at least one MDP in M, algorithm C fails to identify that

MDP with probability at least 1 3

to C is less than

Proof. (Sketch) The set M is a set of 2-JAO MDPs, shown in Figure 3.1 (right). Each
2-JAO MDP combines two JAO MDPs with the same number of actions and with diameter

in the range [£, D]; one is A-separable and one is the hard instance for the minimax lower

2
bound of [Jaksch et al., 2010]. Rewards exist only in the part containing the hard instance.
If a learner completely ignores the A-separable part, by Lemma 3.4.1 the learner cannot do
much better than just learning every episode individually. On the other hand, with enough
samples from the \-separable part, the learner can identify the MDP and use the samples
collected in the previous episodes of the same MDP to accelerate learning the hard instance
part. However, the \-separable part is also a JAO MDP, for which no useful information
from previous episodes can help identify the MDP in the current episode.

Only the actions at state 0 are A-distinguishing and can be used to identify the MDPs.
Taking an action in state 0 can be seen as flipping a coin: heads for transitioning to another
state and tails for staying in state 0. Identifying a 2-JAO MDP reduces to the problem of
using at most H coin flips to identify, in a ) X 2 matrix of coins, a row j that has coins
that are slightly different from the others. The first column has fair coins except in row j,
where the success probability is % + A. The second column coins with success probability
of § < l except in row 7, where the coin is upwardly biased by A < A. Lemma 3.B.1 and
Corollary 3.B.2 in the appendix show a 2 ( ) lower bound on the number of coin flips on
the first column (the left part of the 2-JAO MDP), implying the desired result. O
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Lemma 3.4.3 imply that for 2-JAO MDPs, any uniformly good model identification al-
i_?
action towards state 2 is taken from state 0, the learner may end up in state 2. Once in state

gorithm needs to collect at least 2 ( ) samples from state 0 on the left part. Whenever an

2, the learner needs to get back to state 0 to obtain the next useful sample. The expected

number of actions needed to get back to state 0 from state 2 is % = % This implies the

following two lower bounds on the horizon of the clustering phase and the total regret of any

cluster-then-learn algorithms.

Corollary 3.4.4. For any S, A > 20,D > 16 and X € (0, 1], there exists a PAC identifiable

A-separable set of MDPs M of size M = %, each with S states, A actions and diameter D

such that for any uniformly good cluster-then-learn algorithm, to find the correct cluster with

probability of at least %, the expected number of exploration steps needed in the clustering

phase is Q(D/\‘S;A). Furthermore, the expected regret over K episodes of the same algorithm

1S

E[Regret (K)] > O (@) |

)\2

Proof. (Sketch) In the lower bound construction, the learner is assumed to know everything
about the set of models, including their optimal policies. Hence, after having identified the
model in the clustering phase, the learner can follow the optimal policy in the learning phase

and incur a small regret of at most D/2 in this phase. Therefore, the regret is dominated

DSA
A, O

by the regret in the clustering phase, which is of order

Remark 3.4.5. The lower bound in Corollary 3.4.4 holds for a particular class of uniformly
good cluster-then-learn algorithms under an adaptive adversary. It remains an open question

whether this lower bound holds for any algorithms, not just cluster-then-learn.

Remark 3.4.6. Corollary 3.4.4 implies that, without further assumptions, it is not possible
to improve the % dependency on \. At the first glance this seems to contradict the existing
results in bandits and online learning literature, where the regret bound depends on $ where
gap is the the difference in expected reward between the best arm and the sub-optimal arms.
However, A does not play the same role as the gaps in bandits. Observe that on the 2-JAO
MDPs, the set of arms with positive reward is only in the right JAO MDP. The lower-bound
learner knows this, but chooses to pull the arms on the left JAO MDP (with zero-reward)

to collect side information that helps learn the right part faster. In this analogy, A does not
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play the same role as the gaps in bandits, since the learner already knows the arms on the
left JAO MDP are suboptimal. The role of X is in model identification, for which similar /\1—2

lower bounds are known [e.g. Tulsiani, 2014].

Finally, we construct a non-communicating variant of the 2-JAO MDP to show that
the finite diameter assumption is necessary. Figure 3.4 in Appendix 3.B illustrates this
construction. On this variant, all the transitions from state 0 to state 2 are reversed. In
addition, no actions take state 0 to state 2, making this MDP non-communicating. A set of
these non-communicating MDPs is still A-separable due to the state-action pairs that start
at state 2. However, by setting the initial state to 0, the adversary can force the learner to

operate only on the right part, regardless of how large A is.

3.5 Non-Asymptotic Upper Bounds

We propose and analyze AOMultiRL, a polynomial time cluster-then-learn algorithm that
obtains a high-probability regret bound of O(% + H32\/MSAK ). In each episode,
the learner starts with the clustering phase to identify the cluster of samples generated in
previous episodes that has the same task. Once the right cluster is identified, the learner
can use the samples from previous episodes in the learning phase.

A fundamental difference between the undiscounted infinite horizon setting considered
in previous works [Guo and Brunskill, 2015; Brunskill and Li, 2013] and the episodic finite
horizon in our work is the horizon of the two phases. In previous works, different episodes
might have different horizons for the clustering phase depending on whether the learner
decides to start exploration at all [Brunskill and Li, 2015] or which state-action pairs are to
be explored [Brunskill and Li, 2013]. This poses a challenge for the episodic finite-horizon
setting, because a varying horizon for the clustering phase leads to a varying horizon for
the learning phase. Thus, standard single-task algorithms that rely on a fixed horizon such
as UCBVI [Azar et al., 2017] and StrongEuler [Simchowitz and Jamieson, 2019] cannot be
applied directly. From an algorithmic standpoint, for a fixed horizon H, a non-asymptotic
bound on the horizon of the clustering phase is necessary so that the learner knows exactly
whether H is large enough and when to stop collecting samples.

AOMultiRL alleviates this issue by setting a fixed horizon for the clustering phase, which
reduces the learning phase to standard single-task episodic RL. First, we state an assumption
on the ergodicity of the MDPs.
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Assumption 3.5.1. The hitting times of all MDPs in M are bounded by a known constant
D.

The main purpose of Assumption 3.5.1 is simplifying the computation of a non-asymptotic
upper bound for the clustering phase in order to focus the exposition on the main ideas. We
discuss a method for removing this assumption in Appendix 3.F.

Algorithm 3.3 outlines the main steps of our approach. Given a set I'* of a-distinguishing
state-action pairs, in the clustering phase the learner employs a history-dependent policy
specified by Algorithm 3.1, ExplorelID, to collect at least N samples for each state-action
pair in I'*, where N will be determined later. Once all (s, a) in I'* have been visited at least
N times, Algorithm 3.2, IdentifyCluster, computes the empirical means of the transition
function of these (s, a) and then compares them with those in each cluster to determine which
cluster contains the samples from the same task (or none do, in which case a new cluster is
created). For the rest of the episode, the learner uses the UCBVI-CH algorithm [Azar et al.,
2017] to learn the optimal policy.

The algorithms and results up to Theorem 3.5.5 are presented for a general set I'*. Since

['* is generally unknown, Corollary 3.5.6 shows the result for « = XA and I'* = § x A.

Algorithm 3.1 ExplorelD
Input: Episode k, state s, set I'* and number N

Set G(s) = { ac€A:(s,a) e Ng (s,a) < N }
if G(s) # () then

| return argmax,.g., N5, (s, a)

else
| return argmax,., 3.5_, P*(s' | s,a)1{G(s") # 0}
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Algorithm 3.2 Identify Cluster
Input: Episode k, set I'“, clusters C, and threshold

forc=1,...,|C| do
Initialize id < ¢

for (s,a) € I' do
if ‘[Pc - ﬁk](s,a)H > § then
id <0
break;

end

if id == c then
| return id;

end

return 0;

3.5.1 The Exploration Algorithm

Given a collection B of tuples (s, a, s), the empirical transition functions estimated by B are

Py(s' | s,a) = ¢ NEEO if Ni(s,a) >0

0 otherwise,

where

Ng(s,a,s') = Z Hx=sy=a,z=5"},

(z,y,2)EB

Ng(s,a) = Z Ng(s,a,s")

s'eS

are the number of instances of (s,a, s’) and (s, a) in B, respectively.

For each episode k, let P* denote the transition function of the task m* and B denote
the collection of samples (sp, ap, sp11) collected during the learning phase. The empirical
means P* estimated using samples in By are P* = ka. The value of N can be chosen so
that for all (s,a) € I'*, with high probability Pk(s,a) is close to P¥(s,a). Specifically, we
find that if V is large enough so that ]5’“(3, a) is within A/8 in ¢; norm of the true function
P*¥(s,a), then the right cluster can be identified in every episode. The exact value of N is

given in the following lemma.
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Lemma 3.5.2. Suppose the learner is given a constant p; € (0,1) and a a-distinguishing

set I'* C S x A. If each state-action pair in I'“ is visited at least

2 K|I'“
N = gmax{é’,ln( I|?1 |)}

times during the clustering phase of each episode k = 1,2,..., K, then with probability at

least 1 — pq, the event

& = {V(s,a) el

A A
P*(s,a) — Pk(s,a)H < g} holds for all k € [K].

The exploration in AOMultiRL is modelled as an instance of the active model estimation
problem [Tarbouriech et al., 2020]. Given the current state s, if there exists an action a such
that (s,a) € I'* and (s,a) has not been visited at least N times, this action will be chosen
(with ties broken by selecting the most chosen action). Otherwise, the algorithm chooses an
action that has the highest estimated probability of leading to an under-sampled state-action

pair in I'*. The following lemma computes the number of steps Hy in the clustering phase.

Lemma 3.5.3. Consider p; and N defined in Lemma 3.5.2. By setting

Hy = 12D|T%|N = %@'Flmax{& m(K'F |>},
N

with probability at least 1 — p;, Algorithm 3.1 visits each state-action pair in I'* at least N

times during the clustering phase in each of the K episodes.

3.5.2 The Clustering Algorithm

Denote by C the set of clusters, C' = |C| the number of clusters and C; the i *® cluster. Each
C; is a collection of two multisets C"*%! C7*"" S x A x S which contain the (s,a, s’)
samples collected during the clustering and learning phases, respectively. Formally, up to

episode k we have

model k—1 kKK . k'
C; = Up_i{(sh,ap , Spe1) + h < Ho,id" =i},

regret __  k—1 kKK . Ak
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where s¥ and af are the state and action at time step h of episode k, respectively and id"
is the cluster index returned by Algorithm 3.2 in episode £'.

Let P = Pcimodel denote the empirical means estimated using samples in C°?!. For each
episode k, from Lemma 3.5.3 with high probability after the first Hy steps each state-action
pair (s,a) € I'* has been visited at least N times. Algorithm 3.2 determines the right cluster
for a task by computing the ¢; distance between P* and the empirical transition function P,
for each cluster i = 1,2,...,C. If there exists an (s,a) € I'* such that the distance is larger
than a certain threshold 9, i.e., H [P, — P¥|(s,a) H > 0, then the algorithm concludes that the
task belongs to another cluster. Otherwise, the task is considered to belong to cluster i. We
set d = a — A/4. The following lemma shows that with this choice of §, the right cluster is
identified by Algorithm 3.2 in all episodes.

Lemma 3.5.4. Consider a A-separable set of MDPs M and an a-distinguishing set I'“
where o > A/2. If the events & defined in Lemma 3.5.2 hold for all k¥ € [K], then with
the distance threshold 6 = o — A\/4 Algorithm 3.2 always produces a correct output in each
episode: the trajectories of the same model in two different episodes are clustered together

and no two trajectories of two different models are in the same cluster.

Once the clustering phase finishes, the learner enters the learning phase and uses the
UCBVI-CH algorithm [Azar et al., 2017] to learn the optimal policy for this phase. In
principle, almost all standard single-task RL algorithms with a near-optimal regret guarantee
can be used for this phase. We chose UCBVI-CH to simplify the analysis and make the
exposition clear.

To simulate the standard single-task episodic learning setting, the learner only uses the
samples in C]*"" for regret minimization. The impact of combining samples in two phases
for regret minimization is addressed in Appendix 3.G. Theorem 3.5.5 states a regret bound

for Algorithm 3.3.
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Algorithm 3.3 Adversarial online multi-task RL

Input: Number of models M, number of episodes K, MDPs parameters S, A, H, D, \, prob-
ability p, separation level o and an a-distinguishing set I'“.

Compute p; = p/3, N = 2% max{S, ln(K‘Fa )} d=a— N4, Hy=12D|I'*|N

Initialize C < ()

for k=1,...,K do
Initialize By « 0

The environment chooses a task m*

Observe the initial state s; for h=1,..., Hy do
ap = ExploreID(sy, ['*)

Observe s,11 and rp4q
Add (sp, ap, Sp11) to By
end
td <— IdentifyCluster (B, ['*,C,d)

if id > 1 then
‘ C;&wdel _ ngwdel U Bk

end

else
id <+ |C| +1
C;g‘)del — Bk, Cirdegret _ @
C<+CUCy

end

71, = UCBVI-CH(C[¥"")
for h=Hy+1,...,H do
ap = T(h, sp)
Observe sp,11 and rp41
C;’de.g?“et _ C:degret U (Sn, @n, She1)

end

end

Theorem 3.5.5. For any failure probability p € (0, 1), with probability at least 1 — p the
regret of Algorithm 3.3 is bounded as

Regret(K) < 2K Hy + 6THY*LVMSAK + 15M S*AH?L?,

where Hy = 12D|T|N, N = 28 max{, 1m<3K'F ')} H, = H—Hy, and L = In(15SAK HM/p).
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For K > MS3AH, the first two terms are the most significant. The 2K Hj term accounts
for the clustering phase and the fact that the exploration policy might lead the learner to
an undesirable state after Hy steps. The O(v/K) term comes from the fact that the learning
phase is equivalent to episodic single-task learning with horizon Hy. When H > H,, the sub-
linear bound on the learning phase is a major improvement compared to the O(K \/H—SA)
bound of the strategy that learns each episode individually.

By setting I'* =8 x A and o = A\, we obtain

Corollary 3.5.6. For any failure probability p € (0,1), with probability at least 1 — p, by
setting I'* = S x A with a = A, the regret of Algorithm 3.3 is

Regret(K) < O (KDSA In <KSA> + H32Lv MSAK) . (3.2)
p

where L = In(15SAKH, M/p).

Time Complexity The clustering algorithm runs once in each episode, which leads to
time complexity of O(MSA+ H). When H > H,, the overall time complexity is dominated
by the learning phase, which is O(HSA) for UCBVI-CH.

Remark 3.5.7. Instead of clustering, a different paradigm involves actively merging sam-
ples from different MDPs to learn a model that is an averaged estimate of the MDPs
in M. The best regret guarantee in this paradigm, to the best of our knowledge, is
O(SV3AY3BY3HP3K?/3) where B is a variation budget, achieved by RestartQ-UCB [Mao
et al., 2021, Theorem 3]. In our setting, if the adversary frequently alternates between tasks
then B = Q(K H)) and therefore this bound becomes O(A\/3SY3AY3H2K), which is larger
than the trivial bound K H and worse than the bound in Corollary 3.5.6. If the adversary
selects tasks so that B is small i.e. B = o(K) then the bound offered by RestartQ-UCB is
better since it is sub-linear in K. Note that this does not contradict the lower bound result
in Section 3.4, since the lower bound is constructed with an adversary that selects tasks

uniformly at random, and hence B is linear in K.

3.5.3 Learning a distinguishing set when M is small

As pointed out by [Brunskill and Li, 2013], for all & > 0, the size of the smallest a-

distinguishing set of M is at most (]\24) If M? < SA and such a set is known to the
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learner, then the clustering phase only need collect samples from this set instead of the full
S x A set of state-action pairs. However, in general this set is not known. We show that if
the adversary is weaker so that all models are guaranteed to appear at least once early on,
the learner will be able to discover a %—distinguishing set T of size at most (A;) Specifically,

we employ the following assumption:

Assumption 3.5.8. There exists an unknown constant K; > M satisfying K1.5A < K such

that after at most K, episodes, each model in M has been given to the learner at least once.

In order to discover f‘, the learner uses Algorithm 3.4, which consists of two stages:

o Stage 1: the learner starts by running Algorithm 3.3 with the A-distinguishing set
candidate § x A until the number of clusters is M. With high probability, each cluster
corresponds to a model. At the end of stage 1, the learner uses the empirical estimates
in all clusters P; for i € [M] to construct a \/2-distinguishing set I for M.

o Stage 2: the learner runs Algorithm 3.3 with the distinguishing set [ as an input.

Extracting \/2-distinguishing pairs: After K; episodes, with high probability there

are M clusters corresponding to M models. For two clusters ¢ and 7, the set IA”” contains the

~

Pi(s,a) — Py(s, a)H > 3A/4. With high probability,
every (s,a) € T;; satisfies this condition, hence T; ; # 0.

Let ¢* € [M] denote the index of the MDP model corresponding to cluster i. For all
(s,a) € f‘m-, by the triangle inequality, we have

where (s,a) is omitted for brevity. It follows that the set I' = U, ;T'; ; is \/2-distinguishing

and |I| < (1\2/1 ). Although A/2 is smaller than the A-separation level of T', it is sufficient for
the conditions in Lemma 3.5.4 to hold. Thus, with high probability the clustering algorithm

first state-action pair (s, a) that satisfies ’

|Be = Pl 2 ||Pi = B|| = || = P+ P = By

> 30/4 — (\/8+ A/8) = A/2,

in stage 2 works correctly. The next theorem shows the regret guarantee of Algorithm 3.4.

Theorem 3.5.9. Under Assumption 3.5.8, With probability at least 1 — p, the regret of
Algorithm 3.4 is

Regret(K) = O (KQM In KM2 H3/2L\/MKSA> ,

p

AQ

where Hy yy = 302DM2 1ax (S, 1n(f"»KTM2)} and L = In(15SAK H, M /p).
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Algorithm 3.4 AOMultiRL with all models being given at least once

Input: Number of models M, number of episodes K, MDPs parameters S, A, H, D, \, prob-
ability p

Stage 1: Run Algorithm 3.3 with the distinguishing set I'* = § x A and a = A until the

number of clusters is M
for i,j € [M] x [M],i # j do

I';=0 for (s,a) e S x Ado
if || B(s,a) — Pj(s,a)H > 3\/4 then
| Ty, =T,,;U(s,a) break
end
end
end
I=u,ly,

Stage 2: Run Algorithm 3.3 with distinguishing set [and o = A/2 for Ky = K — K, episodes.

Compared to Corollary 3.5.6, Theorem 3.5.9 improves the clustering phase’s dependency
from SA to M?. This implies that if the number of models is small and all models appear
relatively early, we can discover a \/2-distinguishing set quickly without increasing the order

of the total regret bound.

3.6 Experiments

We evaluate AOMultiRL on a sequence of K = 200 episodes, where the task in each episode
is taken from a set of M = 4 MDPs. Each MDP in M is a 4 x 4 grid of S = 16 cells with
A = 4 valid actions: up, down, left, right. The state for row r and column ¢ (0-indexed)
is represented by the tuple (r,c). The reward is 0 in every state, except for the four corners
(0,0),(0,3),(3,0), and (3,3), where the reward is 1. We fix the initial state at (1, 1).

To simulate an adversarial sequence of tasks, episodes 100 to 150 and episodes 180 to
200 contain only the MDP my. Other episodes chooses my, ms and mg uniformly at random.
The hitting time is D = 7 and the failure probability is p = 0.03. We use the rlberry
framework [Domingues et al., 2021a] for our implementation.

We construct the transition functions so that each MDP has only one easy-to-reach
corner, which corresponds to a unique optimal policy. The separation level A is 1.2999. Fur-
thermore, there exists state-action pairs that are \/2-distinguishing but not A-distinguishing.
More details can be found in Appendix 3.1.

The baseline algorithms include a random agent that chooses actions uniformly at ran-
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dom, a one-episode UCBVI agent which does not group episodes and learns using only the
samples of each episode, and the optimal non-stationary agent that acts optimally in ev-
ery episode. The first and the last baselines serve as the lower bound and upper bound
performance for AOMultiRL, while the second baseline helps illustrate the effectiveness of
clustering episodes correctly. We evaluate two instances of AOMultiRL: AOMultiRL1 with a
set ' of |I'| = 3 given and AOMultiRL2 without any distinguishing set given. We follow the
approach of [Kwon et al., 2021] and evaluate all five algorithms based on their expected cu-
mulative reward when starting at state (1, 1) and following their learned policy for H; = 200
steps (averaged over 10 runs). While the horizon for the learning phase is much smaller than
the horizon for clustering phase of Hy ~ 80000, we ensure the fairness of the comparisons by
not using the samples collected in the clustering phase in the learning phase, thus simulating
the setting where Hy < H; without the need to use significantly larger MDPs. We use the
average per-episode reward as the performance metric. Figure 3.2 shows the results.

The effectiveness of the clustering on the learning phase. To measure the effec-
tiveness of aggregating samples from episodes of the same task for the learning phase, we
compare AOMultiRL1 and the one-episode UCBVI agent. Since for every pair of MDP mod-
els, the transition functions are distinct for state-action pairs adjacent to two of the corners,
AOMultiRL1 can only learn the estimated model accurately for each MDP model if the clus-
tering phase produces correct clusters in most of the episodes. We can observe in Figure 3.2
that after about thirty episodes, AOMultiRL1 starts outperforming the one-episode UCBVI
agent and approaching the performance of the optimal non-stationary agent. The model my
appears for the first time in episode 100, which accounts for the sudden drop in performance
in that episode. Afterwards, the performance of AOMultiRL1 steadily increases again. This
demonstrates that the AOMultiRL1 is able to identify the correct cluster in most of the
episodes, which enables the multi-episode UCBVT algorithm in AOMultiRL1 to estimate the
MDP models much more accurately than the non-transfer one-episode UCBVI agent. This
suggests that for larger MDPs where H; > H,, spending a number of initial steps on finding
the episodes of the same task would yield higher long-term rewards.

Performance of AOMultiRL with the discovered I'. Next, we examine the per-
formance of AOMultiRL2 when no distinguishing set is given. We run AOMultiRL2 for
204 episodes, in which stage 1 consists of the first four episodes, each containing one of the
four MDP models in M. As the identities of the models are not given, the algorithm has
to correctly construct four clusters and then compute a \/2-distinguishing set after the 4
episode even though each model is seen just once. As mentioned above, the MDPs are set
up so that if the AOMultiRL2 correctly identifies four clusters, then the discovered [ will
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contain at least one state-action pair that is \/2-distinguishing but not A-distinguishing. In
stage 2, the horizon of the learning phase is set to the same H; = 200 used for AOMultiRL1.
The performance in stage 2 of AOMultiRL2 approaches that of AOMultiRL1, indicating
that the discovered I is as effective as the set T given to AOMultiRL1.

3.7 Conclusion

In this paper, we studied the adversarial online multi-task RL setting with the tasks belong-
ing to a finite set of well-separated models. We used a general notion of task-separability,
which we call A\-separability. Under this notion, we proved a minimax regret lower bound that
applies to all algorithms and an instance-specific regret lower bound that applies to a class of
uniformly good cluster-then-learn algorithms. We further proposed AOMultiRL, a polyno-
mial time cluster-then-learn algorithm that obtains a nearly-optimal instance-specific regret
upper bound. These results addressed two fundamental aspects of online multi-task RL,
namely learning an adversarial task sequence and learning under a general task-separability
notion. Adversarial online multi-task learning remains challenging when the diameter and

the number of models are unknown; this is left for future work.

3.A The generality of \-separability notion

In this section, we show that the general separation notion in Definition 3.3.1 defines a
broader class of online multi-task RL problems that extends the entropy-based separation
assumption in the latent MDPs setting [Kwon et al., 2021]. We start by restating the

entropy-based separation condition of [Kwon et al., 2021]:

Definition 3.A.1. Let II denote the class of all history-dependent and possibly non-Markovian
policies, and let 7 ~ (m, ) be a trajectory of length H sampled from MDP m by a policy
m € II. The set M is well-separated if the following condition holds:

Vm,m' e M,m' #m,m €ll, Pr (/—

T~(m,m)

> QM) <o/ (33)
where €, € (0,1) is a target failure probability, ¢; > 4,¢y > 4 are universal constants and
Pr,, -(7) is the probability that 7 is realized when running policy 7 on model m.

The following lemma constructs a set M of just two models that satisfy the A-separability

condition but not the entropy-based separation condition.



Figure 3.3: An instance of A-separable LMDPs where Definition 3.A.1 does not apply
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Lemma 3.A.1. Given any A € (0,1),¢, € (0,1),H > 0 and any constants c;,c; > 4,
there exists a set of MDPs M = {my, my} with horizon H that is A-separable but is not

well-separated in the sense of Definition 3.A.1.

Proof. Consider the set M with M = 2,8 = {s',s?,s3}, A = {a',a?} in Figure 3.3. Both

my and my have the same transition functions in all state-action pairs except for (s!,a'):

Py(s*| st a') = A
Pi(s*| st at)=1— )\
Py(s* | s',a') = \/2
Py(s* | st a') =1 - \/2.

It follows that the ¢; distance between P;(s',a') and Py(s',a') is

HPl(sl,al) — PQ(sl,al)” = HP1(32 | st a') — Py(s? | sl,al)H
+ || Pu(s® | st a) — Pa(s® | 81 al)||
=2(A—\/2)
=\

As a result, this set M is A-separable. However, any deterministic policy that takes action
as in s; and an arbitrary action in s, and s3 will induce the same Markov chain on two MDP
models. Thus, the entropy-based separation definition does not apply. An example of such
a policy is shown below.

Consider running the following deterministic policy on model m;:

m(s') = a®
7(s?) = a'
m(s*) = a

Consider an arbitrary trajectory 7. The probability that this trajectory is realized with
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Figure 3.4: A non-communicating 2-JAO MDP. There are no rewards at states 0 and 2,

while state 1 has reward +1. We set A = O(,/ %). The dashed arrows indicate the unique
actions with highest transition probabilities on the left and right parts of the MDP. No

actions take state 0 to state 2, making this MDP non-communicating.

respect to both models is

H

Pr (7) = HP1(5t+1 | 51, a0)

my,m
t=1

H
= HP1(3t+1 | s5,7m(st))
t=1

H

= HP2(St+1 | s¢,a) since (s;, m(s)) # (s',a')
= Pr (7).

ma,m

As a result, for all 7,

which implies that

Pr (M > (ep/M)cl> = Pr (1> (e/M)") =1,

romym \ Prp, - (7)

which is larger than (e,/M)™.
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3.B Proofs of the lower bounds

Lemma 3.4.1 (Minimax Lower Bound). Suppose S, A > 10, D > 20log,(S) and H > DSA
are given. Let A = @(\/%). There exists a set of A-separable MDPs M of size M = 22,
each with S states, A actions, diameter at most D and horizon H such that if the tasks
are chosen uniformly at random from M, the expected regret of any sequence of policies

(7 ) k=1, Kk over K episodes is
E[Regret(K)] > © (KvVDSAH).

Proof. We construct M in the following way: each MDP in M is a JAO MDP [Jaksch et al.,
2010] of two states and SA actions and diameter D’ = D /4. The translation from this JAO
MDP to an MDP with S states, A actions and diameter D is straightforward [Jaksch et al.,
2010]. State 1 has reward +1 while state 0 has no reward. In state 0, for all actions the
probability of transitioning to state 1 is ¢ except for one best action where this probability
is 6 + A/2. Every MDP in M has a unique best action: for i = 1,...,SA, the i " action is
the best action in the MDP m;. The starting state is always s; = 0.

We consider a learner who knows all the parameters of models in M, except the identity
of the task m* given in episode k. We employ the following information-theoretic argument
from [Mao et al., 2021]: when the task m* in episode k is chosen uniformly at random from
M, no useful information from the previous episodes can help the learner identify the best
action in m*. This is true since all the information in the previous episodes is samples from
the MDPs in M, which provide no further information than the parameters of the models
in M. Since M = SA, all actions (from state 0) are equally probable to be the best action

k

in m*. Therefore, the learner is forced to learn m* from scratch. It follows that the total

regret of the learner is the sum of the one-episode-learning regrets in every episode:

Rk

]~

Regret(K) =
k=1

where RF = V*(s;) — V[™(s1) is the one-episode-learning regret in episode k. The one-
episode-learning is equivalent to the learning in the undiscounted setting with horizon H.
Applying the lower bound result for the undiscounted setting in [Jaksch et al., 2010, Theorem
5] obtains that for all 7y,

p*H - ]EmkNMVlek(Sl) = Q( v DSAH)?
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where p* = % is the average reward of the optimal policy [Jaksch et al., 2010]. Note since
only state 1 has reward +1, p* is also the stationary probability that the optimal learner is
at state 1.

Next, we show that for all # > 2 and m* € M, it holds that [V;* — p*H| < 2. The

optimal policy on all m* induces a Markov chain between two states with transition matrix

1—6—X/2 6+ )\/2
) 1—-6 |

Let P,x(st = 1| s1 = 0) be the probability that the Markov chain is in state 1 after ¢
time steps with the initial state s; = 0. Let Ay = Poi(sy = 1 | s = 0) — p*. Obviously,
Ay = —p*. By [Levin et al., 2008, Equation 1.8], we have A; = (1 — 2§ — A\/2)"7 1A, Tt
follows that, for the optimal policy,

H
Vi(s1) =) Pur(si=1] s =0) (3.10)
t=1
H
=D (A+p) (3.11)
t=1
H
=p H+> A (3.12)
t=1
H
=p" H+)> (1-20-)/2)""A, (3.13)
t=1
1—(1—20—A/2)H

20 + A/2
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Hence,

< ‘25—?—;/2‘ (3.16)

- #A/? (3.17)

< m (3.18)

< 2—15 (3.19)

-2, (3.20)
where the last equality follows from § = %

Forany H > DSAand S, A > 2, we have V HDSA > DSA > 4D, and hence V HDSA—
% > —VHQSA. We conclude that

E[Regret(K)|] = Y E[R"]

]

The upper bound of UCRL2 can be proved similarly: Theorem 2 in [Jaksch et al., 2010]
states that for any p € (0,1), by running UCRL2 with failure parameter p, we obtain that
for any initial state s; and any H > 1, with probability at least 1 — p,

H
pPrH = r, <O (DS AH In ﬁ) . (3.21)
\ p
h=1

Setting p = % and trivially bound the regret in the failure cases by H to obtain
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p H — E[Zrh] <O (DS\/AHIH]-P) —1—% x H (3.22)

H
h=1

~0 (DS\/M) . (3.23)

This bound holds across all episodes, hence the total regret bound with respect to p*H
is O (KDS\/ AH In H). Combining this with the fact that Vi*(s1) < p*H + £, we obtain
the upper bound.

Lemma 3.4.3. For any S, A > 20,D > 16 and X € (0, 3], there exists a PAC identifiable

A-separable set of MDPs M of size %, each with at most S states, A actions and diameter D
such that for any classification algorithm C, if the number of state-transition samples given
to C is less than 15)% then for at least one MDP in M, algorithm C fails to identify that

MDP with probability at least %

Before showing the proof of Lemma 3.4.3, we consider the following auxiliary problem:

Suppose we are given three constants &, \,e € (0, 1] and a set of 2Q) coins. The coins are

, 1)
arranged into a () x 2 table of () rows and 2 columns so that each cell contains exactly one
coin. The rows are indexed from 1 to () and the columns are indexed from 1 to 2. In the
first column, all coins are fair except for one coin at row € which is biased with probability
of heads equal to % + A. In the second column, all coins have probability of heads equal to
0 except for the coin at row # which has probability of heads § + €. In this setting, row 6
is a special row that contains the most biased coins in the two columns. The objective is to
find this special row 6 after at most H coin flips, where H > 0 is a constant representing a
fixed budget. Note that if we ignore the second column, then this problem is reduced to the
well-known problem of identifying one biased coin in a collection of Q)-coins [Tulsiani, 2014].

Let Ny, Ny be the number of flips an algorithm performs on the first and second column,
respectively. For a fixed global budget H, after 7 = Ny + Ny < H coin flips, the algorithm
recommends 6 as its prediction for §. Note that 7 is a random stopping time which can
depend on any information the algorithm observes up to time 7. Let X; be the random
variable for the outcome of ¢ flip, and X7 = (X}, Xs,..., X;) be the sequence of outcomes
after 7 flips. For j € [Q)], let P; denote the probability measure induced by Alg corresponding
to the case when 6 = j. We first show that if the algorithm fails to flip the coins sufficiently

many times in both columns, then for some 6 the probability of failure is at least %

Lemma 3.B.1. Let Q > 12,C; = 40 and Cy = 64. For any algorithm Alg, if
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Q5 +¢)

Q
N, <T; = d No<ThH =212~
L=~ an 2=72 4C5€2

T 4CN2

then there exists a set J C [Q] with |J| > % such that

~

VjieJ Plf=j]<

N —

The proof uses a reasonably well-known reverse Pinsker inequality [Sason, 2015, Equation
10]:

Let P and @ be probability measures over a common discrete set. Then

4log, e

KL(P Q)< min, O(2)

- Drv(PQ)*. (3.24)

where Dy is the total variation distance. In the particular case where P and () are Bernoulli

distributions with success probabilities p and ¢ < % respectively, we get

4log, e

KL(P | Q) < -(p—q)*. (3.25)
Proof. (of Lemma 3.B.1) As reasoned in the proof for the lower bound of multi-armed ban-
dits [Auer et al., 2002b], we can assume that Alg is deterministic®>. Our proof closely follows
the main steps in the proof of [Tulsiani, 2014] for the setting where there is only one column.
We will lower bound the probability of mistake of Alg based on its behavior on a hypothetical
instance where A = € = 0.

To account for algorithms which do not exhaust both budgets T} and 75, we introduce
two “dummy coins” by adding a zero’th row with two identical coins, solely for the analysis.
These two coins have the same mean of 1 under all () models and hence flipping either of
them provides no information. An algorithm which wishes to stop in a round 7 < H will
simply flip any dummy coin in the remaining rounds 7+ 1,7+ 2,..., H. This way, we have
the convenient option of always working with a sequence of outcomes X{’ in the analysis.

Let Py and Eq denote the probability and expectation over X{! taken on the hypothetical
instance with A = € = 0, respectively. Let a; = (ar0,a:1) € {0,1,...,Q} x {1,2} be the coin

2Deterministic conditional on the random history
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that the algorithm flips in step ¢. Let x; € {0, 1} denote the outcome of a; where 0 is tails
and 1 is heads.
The number of flips the coin in row ¢, column £ is
T
Nik = Z]l{at = (i,k)}.

t=1

By the earlier definition of Ny, for k& € {1,2}, we have

Q
Ny = Z Niq,
i—1

Q
Np =) N
i=1
We define
4T, AT:
Q Q
Clearly, at most % rows i satisfy Eo[V;i1] > % and, similarly, at most % rows ¢ satisfy

Eo[N; 2] > %. Therefore, [J;| >Q —2-9 =<

4 2
We also define

Jy = {ie Q) Po(é:z')g%}.

As at most % arms i can satisfy Py(6 = i) > %, it holds that |Jo| > ?
Consequently, defining J := J; N Jy, we have |J| > %.
For any j € J, we have

Pl = j] — Role = ]| = [B;{1{c* = j}] — Bo[1{c" = j}]] (3.26)
< SIRxE) - B, (3.27)
< V2K L(R(XE) | (X)) (3.28)

where the first inequality follows from [Auer et al., 2002b, Equation 28] since the final output
¢* is a function of the outcomes X{, and the last inequality is Pinsker inequality.

Since Alg is deterministic, the flip a; at step t is fully determined given the previous out-
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comes ¢!, Applying the chain rule for KL-divergences [Cover and Thomas, 2006, Theorem
2.5.3] we obtain

KL(Py(X{") | Pi(X{T) =D Polaraa|[KL(Polae] || Pyla] | 257).

= t—1
t=1 4t

Note that z; is the result of a single coin flip. When a;o # j, the KL-divergence is
zero since the two instances have the identical coins on both columns. When a;( = j, the
KL-divergence is either By = KL(% || 3+ A) or By = KL(é || 6 + ¢), depending on whether

a;1 =1 or a;; = 2, respectively. It follows that

KL(Py(XHY || P(XT)) Z > Polwre-a) ({ar = (4, 1)}B1 + 1{a, = (j,2)} Bs)

t=1 x1.4—1

- ]EO[Nj,l]Bl + ]E()[NjQ]BQ

4T 4T:
< 61]31 + UQBQ
B1 i ((5 + €>BQ
- 01)\2 0262
Since A < ;11 and 0 +¢€ < %, we can bound B; < 251—’\22 [Tulsiani, 2014] and By < %.
Consequently,
5 41og,(e)
KL(Py(Xy || Py(X[ 2
(PUXI) | BXE) < i + o

Plugging this into Equation 3.28 and applying ) > 12, we obtain

o . 1 5 4log,(e)
1 = 1] < = 5
P[0 = j] < Ro[0 ]]+2\/2ln2((21n2)01+ C

]

The next result shows that if € is sufficiently small, then any algorithm has to flip the
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coins in the first column sufficiently many times; otherwise the probability of failure is at

least %

Corollary 3.B.2. Let @, and (5 be the constants defined in Lemma 3.B.1. Let H > 0

1

be the budget for the number of flips on both columns. If € = o5

Alg, if

%, then for any algorithm

Q
N, <
L= 40002

then there exists a set J C [Q] with |J| > % such that

Vj €, Plf=j] <

Proof. We will show that when € = % %, the inequality Ny < T, = %;S) holds trivially
for any Ny < H (recall that H is the fixed budget for the total number of coin flips). The

result then follows directly from Lemma 3.B.1. We have

QU+e) Q9
40262 - 40262
_ @9
 256¢2
400

~ 256
> H

2N27

T, =

since Cy = 64

which implies that Ny < T3 always holds for any Ny < H.

We are now ready to prove Lemma 3.4.3.

Proof. (of Lemma 3.4.3) We construct M as the set of 22 2-JAO MDPs in Figure 3.1 (right).

Each MDP has a left part and a right part, where each part is a JAO MDP. The left part

of the MDP m, consists of two states {0,2} and % actions numbered from 1 to %, where

all actions from state 0 transition to state 2 with probability of % or stay at state 0 with

probability %, except for the i " action that transitions to state 2 with probability % + 2 and

2
stays at state 0 with probability % — % The right part of the i *® MDP consists of two states
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{0,1} and also actlons numbered from 1 to 24 12 , where all actions from state 0 transition

to state 1 with probablhty of § = 5 <1 7 or stays at state 0 with probability 1 — 4, except
for the i *™® action that transitions to state 2 with probability d + A and stays at state 0 with
probability 1 —§ — A. We set A = % <\/3§{zb>. We will show the conversion from these
2-JAO MDPs to MDPs with S states and A actions later.

Since each model in M has a distinct index for the actions on both parts that transitions
from 0 to 1 and 2 with probability higher than any other actions, identifying a model in M
is equivalent to identifying this distinct action. Each action on both parts can be seen as
a (possibly biased) coin, where the probability of getting tails is equal to the probability of
ending up in state 0 when the action is taken. Thus, the problem of identifying this distinct
action index reduces to the above auxiliary problem of identifying the row of the most biased
coins, where taking an action from state 0 is equivalent to flipping a coin, Q) = % >12,e=A
and A is replaced by A/2. Corollary 3.B.2 states that for every algorithm, if the number of
450/\2, then there exists a set of size at least SA
positions of the row with the most biased coins such that the algorithm fails to find the blased

coin flips on the first column is less than

coin with probability at least % Correspondingly, for any model classification algorithm, if
the number of state-transition samples from state 0 towards state 2 (i.e. the first column) is
480 /\2 then the algorithm fails to identify the model for at least 2 g‘ MDPs in M.
Finally, we show the conversion from the 2-JAO MDP to an MDP with S states and A
actions. The conversion is almost identical to that of [Jaksch et al., 2010], which starts with
an atomic 2-JAO MDP of three states and A" = é actions and builds an A’-ary tree from

there. Assuming A’ is an even positive number, each part of the atomic 2-JAO MDP has

4" actions. We make % copies of these atomic 2-JAO MDPs, where only one of them has

less than

2
the best action on the right part. Arranging % copies of these atomic 2-JAO MDPs and

connecting their states 0 by A — A’ connections, we obtain an A’-ary tree which represents
a composite MDP with at most S states, A actions and diameter D. The transitions of the
A — A’ actions on the tree are defined identically to that of [Jaksch et al., 2010]: self-loops
for states 1 and 2, deterministic connections to the state 0 of other nodes on the tree for
state 0. By having 6 = + in each atomic 2-JAO MDP, the diameter of this composite MDP
is at most 2 5 +logy 3 < D. This composite MDP is harder to explore and learn than the
2-JAO MDP with three states and % actions, and hence all the lower bound results apply.

]

Corollary 3.4.4. For any S, A > 20,D > 16 and A € (0, 1], there exists a PAC identifiable
A-separable set of MDPs M of size M = 12 ,

such that for any uniformly good cluster-then-learn algorithm, to find the correct cluster with

each with S states, A actions and diameter D
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probability of at least %, the expected number of exploration steps needed in the clustering

phase is Q(D/\SQA). Furthermore, the expected regret over K episodes of the same algorithm
is
KDSA
E[Regret(K)] > Q < 32 )

Proof. As argued in Section 3.4, we can apply the sample complexity of the classification
algorithm onto that of the clustering algorithm. Using the same set M of 2-JAO MDPs
constructed in the proof of Lemma 3.4.3, for any given MDP M, any PAC classification
learner has to be in state 0 and takes at least Z = Q(i—?) actions from state 0 to state 2. If
the learner stays at state 0, then it can take the next action from 0 to 2 in the next time
step. However, if the learner transitions to state 2, then it has to wait until it gets back to
state 0 to take the next action. Let Z5 denote the number of times the learner ends up in
state 2 after taking Z actions on the left part from state 0. Since every action from 0 to 2

has probability at least % of ending up in state 2, we have

Z

E[Z | Z) > 5. (3.29)

Since every action from state 2 transitions to state 0 with the same probability of § = @(%),
every time the learner is in state 2, the expected number of time steps it needs to get back
to state 0 is ©(3) = O(D). Hence, the expected number of time steps the learner needs to
get back to state 0 after Z, times being in state 2 is ©(ZyD). We conclude that for any
PAC learner, the expected number of exploration steps needed to identify the model with

probability of correct at least % is at least

(3.30)

E[Z + Z,D] > Q(ZD) = Q (DSA> .

)\2

Next, we lower bound the expected regret of the same algorithm. Let Hy be the number of
time steps the algorithm spends on the left part and H; on the right part of each model in
M. Note that Hy and H; are random variables. Recall that the right part of each MDP in
M resembles the JAO MDP in the minimax lower bound proof in Lemma 3.4.1, hence we
can apply the regret formula of the JAO MDP for 2-JAO MDP and obtain that the regret



in each episode is of the same order as

H
Regret = p*H — E| Zr S, ap)]
h=1

= p'E[Hy + Hy] - E[E[ir(sm ap)] + IE[h_zj:Hr(sh, an)| | Ho, Hi]
= p'E[Hy + Hq] - ]E[E[h_EZ:Hr(sh,ah) | Ho, Hi]]

— VE[H)) + E Gﬁﬁ—Eaélf@Mm0|HJ

> Q5 ElH]) - 3

DSA
(57,

» the second equality follows from H = Hy + Hq,

54

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

o the third equality follows from the fact that the H, time steps spent on the left part

of the MDP returns no rewards,
o the fourth equality follows from the linearity of expectation,

o the inequality follows from H; = H — Hy and (3.20),

o the last equality follows from p* = & 1 for all §, A > 0 and E[Ho) > Q (

26+A =2

We conclude that the expected regret over K episodes is at least

mmem:Q(KD&?.

)\2

3.C Proofs of the upper bounds

DSA)l

First, we state the following concentration inequality for vector-valued random variables

by [Weissman et al., 2003].
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Lemma 3.C.1 ([Weissman et al., 2003]). Let P be a probability distribution on the set
S=1{1,...,5}. Let XN be a set of N i.i.d samples drawn from P. Then, for all ¢ > 0:

Pr<HP - PXNH > e) < (25 —2)e N2,

Using Lemma 3.C.1, we can show that N = O(<%) samples are sufficient for each (s,a) € T
so that with high probability, the empirical means of the transition function 133(' | s,a) are

within A\/8 of their true values, measured in ¢; distance.

Corollary 3.C.2. Denote p; € (0,1). If a state-action pair (s, a) is visited at least

N = %égxnax{sghm1/ply} (3.37)

times, then with probability at least 1 — py,

Hm&@—ﬁwgﬂ)gAw.

Proof. We simplify the bound in Lemma 3.C.1 as follows:
([ 2 ) < -y v

Next, we substitute e = /8 into the right hand side and solve the following inequality for
N:

_ 2
eS—NA/128 »

to obtain N > 22(S+In(1/p1)). Thus N = 2% max{S,In(1/p;)} satisfies this condition. [J

Taking a union bound of the result in Corollary 3.C.2 over all state-action pairs in the
set I' of all episodes from 1 to K, we obtain Lemma 3.5.2.

Next, we show the proof of Lemma 3.5.3. The proof strategy is similar to that of [Auer
and Ortner, 2007; Sun and Huang, 2020].
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Lemma 3.5.3. Consider p; and N defined in Lemma 3.5.2. By setting

2D|T K|
%2" max{S, ln(%> s

with probability at least 1 — p;, Algorithm 3.1 visits each state-action pair in I'* at least N

Hy = 12D|T%|N =

times during the clustering phase in each of the K episodes.

Proof. The history-dependent exploration policy in Algorithm 3.1 visits an under-sampled
state-action pair in I'* whenever possible; otherwise it starts a sequence of steps that would
lead to such a state-action pair. In the latter case, denote the current state of the learner by
s and the number of steps needed to travel from s’ to an under-sampled state s by T'(s', s).

By Assumption 3.3.1 and using Markov inequality, we have
Pr(T(s’,s) > 2[)) </ 2l g ==

It follows that Pr <T(s’, s) > 2f)> < 1/2. In other words, in every interval of 2D time
steps, the probability of visiting an under-sampled state-action pair in I'“ is at least 1/2.
Over such n intervals, the expected number of such visits is lower bounded by n/2. Fix a
(s,a) € I'*. Let V,, denote number of visits to (s,a) € ['* after n intervals. Using a Chernoff

bound for Poisson trials, we have
Pr(V, > (1—en/2) >1—e <4
for any € € (0,1). Setting e = 1 — 2N/m and solving

e—(l—QN/n)2n/4 <m

for n, we obtain

n > 2(N +1n(1/p1)) +2+/2N In(1/py) + (In(1/p1))2 (3.38)
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By definition of N,

2N In(1/py) + (In(1/p1))? < (1 + %) max{S,1In(1/p;)}?

256 ?
< (T max{.9, ln(l/pl)})
< N2,
We also have N > In(1/p). Overall, n = 6N satisfies the condition in Equation 3.38.

Taking a union bound over all (s,a) € T'* and noting that each interval has length 2D steps,
the total number of identifying steps needed is Hy = 2Dn|T%| = 12D|T*|N. O

To prove Lemma 3.5.4, we state the following auxiliary proposition and its corollary.

Proposition 3.C.3. Suppose we are given a probability distribution P over § = 1,...,.9,
a constant € > 0 and two set of samples X' = (Xy,..., Xy, ) and Y = (Y,...,Yy,) drawn
from P such that HP — pX“ < e and HP — pyH < €. Then,

[~ o

<

Proof. Let Nx(s) and Ny(s) denote the number of samples of s € [S] in X and ), respec-
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tively. We have:

S

[P ] = S 1P - S ﬁ@ | (3.30)

S
NX . 223 [NxP(s) = Nx(s) + NyP(s) = Ny(s)| (3.40)

S
S Fr Ty o VeP) = Ne)l + INsP() = o)) (34)

= .

Nx + Ny (NX Z [P(s) |> (3.42)
L (Ny CE N;—ifr) (3.49
= o Nl P 2] P - A (344
<e (3.45)
]

Corollary 3.C.4. Suppose we are given a probability distribution P over § = 1,...,5, a
constant € > 0 and a finite number of set of samples X, s, ..., &; such that HP - pXi H <e
forall2=1,2,...,t. Then,

<e (3.46)

,,,,,

Proof. (Of Lemma 3.5.4) The proof is by induction. The claim is trivially true for the first
episode (k = 1). For an episode k£ > 1, assume that the outputs of the Algorithm 3.2 are

correct until the beginning of this episode. We consider two cases:

o When the task m; has never been given to the learner before episode k.

Consider an arbitrary existing cluster ¢. Denote by ¢ € [M] the identity of the model
to which the samples in ¢ belong, j € [M] the identity of the task my, and (s,a) in
[, a state-action pair that distinguishes these two models. Under the definition of

I'?;, the result in Lemma 3.5.2 and the result in Corollary 3.C.4, the following three
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inequalities hold true:

|17 = Bl(s,a)]| > o
|17 = Palis,0)]| < /s

|17 = Ps.a)]| < A/

From here, we omit the (s,a) and write P for P(s,a) when no confusion is possible.

Applying the triangle inequality twice, we obtain:

pc—plgk Pi_pc Pj_ka

> |IP - Bl -

|

)
> a— (\/8+A/8)
=4

It follows that the break condition in Algorithm 3.2 is satisfied, and the correct value
of 0 is returned. A new cluster is created containing only the samples generated by

the new task my.

o When the task m; has been given to the learner before episode k.

In this case, there exists a cluster ¢’ containing the samples generated from model j.
Using a similar argument in the previous part, we have that whenever the iteration
in Algorithm 3.2 reaches a cluster ¢ whose identity ¢ # j, the break condition is true
for at least one (s,a) € I'*, and the algorithm moves to the next cluster. When the

iteration reaches cluster ¢, for all (s,a) € I'®, we have:

~

PB _pc’ Pj—pcl

k

<[

|

< A/8+A/8=)\/4
<.

Hence, the break condition is false for all (s,a) € I', and thus the algorithm returns

id = ¢ as expected.

By induction, under event &, Algorithm 3.2 always produces correct outputs throughout
the K episodes. O

We can now state the regret bound of Algorithm 3.3 where the regret minimization

algorithm in every episode is UCBVI-CH [Azar et al., 2017]. For each state-action pair (s, a)
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in episode k, UCBVI-CH needs a bonus term defined as

1

be(s,a) = TH Ly, | ———
k( ) 1~k N£69T8t<8,a)

where L, = In(5SAK,,, Hi/p1), N.“(s,a) is the total number of visits to (s,a) in the
learning phase before episode k, and K,,x is the total number of episodes in which the model
mF is given to the learner. However, K, is unknown to the learner. We instead upper

bound K,,» by K and modify the bonus term as

1

b (s,a) = THy L, | —————
k< ) 1 N’:egret(& (l)

(3.47)

where L = In(bSAKHM /p;). Since b}, > by, this algorithm still retain the optimism principle
needed for UCBVI-CH. The total regret of each model in M is bounded by the following

result, whose proof is in Appendix 3.D.
Lemma 3.C.5. With probability at least 1 — py, applying UCBVI-CH with the bonus term
b, defined in Equation 3.47, each task m in M has a total regret of

Regret(m, Kp) < Km(Ho + D) + 6TH*L\/SAK,, + 1552 A>H>L?

Theorem 3.5.5. For any failure probability p € (0, 1), with probability at least 1 — p the
regret of Algorithm 3.3 is bounded as

Regret(K) < 2K Hy + 67TH*LVMSAK + 15M S?AH?L?,

A P

where Hy = 12D|T'*|N, N = 28 max{8, 1n<3K|Fa|>}, H, = H—Hy,and L = In(1bSAKHM /p).

Proof. Summing up the regret for all m € M and applying the Cauchy-Schwarz inequality,
Lemma 3.C.5 together with Lemma 3.5.4 and Lemma 3.5.3 imply that with probability 1—p,
the total regret is bounded by

Regret(K) < K(Hy+ D) + 67TH,L\/MSAKH, + 15MS*AH?L*. (3.48)

Note that the bound in Equation 3.48 is tighter than the bound in Theorem 3.5.5. To
obtain the bound in Theorem 3.5.5, notice that D < D < Hy and thus K(Hy+ D) <
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K(Hy + Hy) = 2K H,. u

Theorem 3.5.9. Under Assumption 3.5.8, With probability at least 1 — p, the regret of
Algorithm 3.4 is

Regret(K) = O (KL;M In KAy H3/2L\/MKSA> ,

where Hy = ?ﬂ%\#max{& ln<3KIf\42>} and L = In(156SAKHM/p).

Proof. In stage 1, as the distinguishing set has size |I'| = SA, the number of time steps

needed in the clustering phase is
Hy, = 12D|T'|N, = 12DSAN,,

where Ny = 2% max{5, ln<%)}.

In stage 2, the length of the clustering phase is
H(LQ - 12D’f|N2,
where N = 2% max{.S, ln<%m)}.

Substituting Hy; and Hp into Theorem 3.5.5, we obtain the regret bound of stage 1
and stage 2:

Regretgoger < 2K Hoy + 67(Hy1)**Li/MSAK, + 15MS*A(H, ,)*L3,
where L, = M%) and Hy, = H — Hy,.
Regretgyages < 2KaHoo + 67Hy'y Lon/ MSAK, +15M S? AH?, L2,
where Ly = 14“””‘#) and Hyy = H — Hos.

Since Hy 1 > Hp o, we have Hy; < H; . Using the assumption that K1SA < K5 and the
Cauchy-Schwarz inequality for the sum /K + /K5, we obtain

Regret(K) = Regret g, .1 + Regretg,, .o (3.49)
< 4K Hos + 6TH}; LovV2M SAK + 30M S?AHY, L3, (3.50)
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By having |f| < (1\24) < M? Hy5 < H and max{Li, Lo} < L, we obtain
Regret(K) < 4K Hy p + 67TH*?LV2MSAK + 30M S>AH? L, (3.51)

2
where Hy = % max{.9, ln(%)}.

3.D Per-model Regret analysis

First, we prove the following lemma which upper bound the per-episode regret as a function

of Hy and the regret of the clustering phase.
Lemma 3.D.1. The regret of Algorithm 3.3 in episode k is

A= Vi = V™(s)) < Ho+ D+ max[Vig", = Viik](s).

Proof. Denote by Pr(s’fL =s| 81,71') the probability of visiting state s at time h when the
learner follows a (possibly non-stationary) policy 7 in model m* starting from state s;. The

regret of task m in a single episode k € IC,,, can be written as
B = [V = V(s

H H
Zr Sh,an) | 51 = sk, ap = Zr snyan) | s1= sk, ap = mp(sy)]
h=1

Ho
( ZT (8n,an) | 51 = Slfaah = T (sn)] + ZPrm 31;—[0+1 =5 | 51a7Tk)VI—];O*+1( ))

sES

Ho
— <E[Z r(sn,an) | 51 = s an = mp(sn)] + ZPrm(s’}{ﬁl =3 | s]f,wk)VggH(s))

h=1 seS
k
< Hy + E Pr,,( SHOH s | sl,wk Ho+1 E Prp( sH =5 5177Tk)VH0+1(S)

SES sES
* k,* k,*
= Ho + (Z Pro(sfiy 1 = | o5, T Vi () = > Prin(sfy 0 = 5 | Slf’ﬂ-k>VH0+1(8)>
sES sSES
k,* iy
+ ZPrm(SIBO+1 = s | Slfv Wk)[VHOH - VH§+1]($)
seS
k,* k,x T
< Hy+ <r£1€z%x VH0+1(S) Hgg VH +1( )) "‘T&X[VHOH - VH§+1]<S)'

N J/

-~

(%)
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The first inequality follows from the assumption that r(s,a) € [0, 1] for all (s,a). The second
inequality follows the fact that

k‘, k7
> Pro(shy = | sh Vi (s) <D Prin(shy = s | s, m0) max Vi’ (2)
SES seS

_ k,x
= (ma‘XVHJrl )E Pryn 5H+1 s | s1,77)

seS

= max Vi, (),

and

k, . k,
3 Prss = 5 b VA (6) 2 3 Pralsy s = s | b, m) min Vi, (o)
seS seS

= (mm VI]; 1 )) Zpl"m(slfqoﬂ = s | sf,m)

TES
seS

= min Vg, (2).

Furthermore, since V;}(’]il(s) > Vit (s) for all s € S, we have

k,x iy
ZPrm(SZOH =S | Slfa Wk)[VHOH - VH§+1KS)

SES
k,x
< ZPrm 5H0+1 S ’ 31»7%) maég([VH +1 Vgﬁfﬂ](fﬁ)
seS
k7
= glgg[vHOL — Viggal( ZPrm 3Ho+1 s | s1,m)

seS
k,* s
= max[Vly, — Vil (@)
For each state s, the value of V,"*(s) is the expected total (H — h)-step reward of an optimal
non-stationary (H — h) step policy starting in state s on the MDP m. Thus, the term ()
represents the bounded span of the finite-step value function in MDP m. Applying equation
11 of [Jaksch et al., 2010], the span of the value function is bounded by the diameter of the
MDP. We obtain for all h

max V;"*(s) — min V;"*(s) < D.

SES SES

It follows that
Ay < Hy+ D+ TE%X[VII;EJ:l - V§§+1](8)-



64

O]

Denote IC,, the set of episodes where the model m is given to the learner. The total

regret of the learner in episodes IC,, is

Regret(m, K,,) Z Ay,
kEXm

S K H() + D Z maX H +1 VHﬂ:—‘,-l](S) ‘
kE’C

7

-~

(@)

The policy 7 from time step Hy + 1 to H is the UCBVI-CH algorithm [Azar et al.,
2017]. Therefore, the term (O) corresponds to the total regret of UCBVI-CH in an adversarial
setting in which the starting state s¥ in each episode is chosen by an adversary that maximizes
the regret in each episode. In Appendix 3.E, we given a simplified analysis for UCBVI-CH
and show that with probability at least 1 — p;/M,

Q) = I?EaSX[VH = Vi (s) < 6THYLy/SAK,, + 1552 A2 H2 L2, (3.52)
kEICTVL

The proof of Lemma 3.C.5 is completed by plugging the bound of (2) in Equation 3.52

to obtain

Regret(m, K,) Z Ay

kem

< Kn(Ho + D) + 67TH?L\/SAK,, + 1565>AH2L?.

3.E A simplified analysis for UCBVI-CH

Algorithm 3.5 UCBVI
Input: Failure probability p
Initialize an empty collection B
for episode k=1,...,K: do
Qk.n = UCB-Q-Values (B,p)
for h=1,... ,H: do
| Take action ay, = arg max, Qgi(sf,a) Add (s}, af,sf.,) to B
end
end
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Algorithm 3.6 UCB-Q-Values with Hoeffding bonus
Input: Collection B, probability p

for (s,a,5’) e Sx Ax S do

Nk(sa a, 5/) = Z(z,a’,y)eBH(x =sd =a,y= S/)
Ni(s,a) = Zs’es Ni(s,a,s')

end

for (s,a) € {(s,a) : Ni(s,a) > 0} do

Pils' | ,0) = Mgl
ben(s,a) =THL, /m where L = In(bSAK H/p)

end

Initialize Vi gi1(s) =0 forallz € S
forh=H,H—-1,...,1: do

for (s,a) € S x Ado

if Ni(s,a) > 0 then

Qun(s, @) = min{H,7(s,a) + (Syes Buls' | 5,0)Vinia(s)) + bials, )}

else
| Qurn=H
Vin(s) = max, Qpn(s,a)
end

end

In section, we construct a simplified analysis for the UCBVI-CH algorithm in [Azar
et al., 2017]. The proof largely follows the existing constructions in [Azar et al., 2017], with
two differences: the definition of “typical” episodes and the analysis are tailored specifically
for the Chernoff-type bonus of UCBVI-CH, without being complicated by handling of the
variances for the Bernstein-type bonus of UCBVI-BF in [Azar et al., 2017]. For completeness,
the full UCBVI-CH algorithm from [Azar et al., 2017] is shown in Algorithms 3.5 and 3.6.

Notation. In this section, we consider the standard single-task episodic RL setting in
[Azar et al., 2017] where the learner is given the same MDP (S, A, H, P,r) in K episodes.
We assume the reward function r : S x A +— [0, 1] is deterministic and known. The state
and action spaces S and A are discrete spaces with size S and A, respectively. Denote by
p the failure probability and let L = In(5SAKH/p). We assume the product SAKH is
sufficiently large that L > 1.

Let V}* denote the optimal value function and V;™ the value function of the policy 7 of
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the UCBVI-CH agent in episode k. The regret is defined as follows.
K
Regret(K) =Y 61, (3.53)
k=1

where 8y, = [V — V"] (sF).

Denote by N(s,a) the number of visits to the state-action pair (s, a) up to the beginning
of episode k.

We call an episode k “typical” if all state-action pairs visited in episode k have been
visited at least H times at the beginning of episode k. The set of typical episodes is defined

as follows.
(K] = {i € [K] : Vh € [H], Ni(s},a})) > H}. (3.54)

Equation 3.53 can be written as

Regret(K) = Z Ok, + Z Ok,1
< > H+ ) b (3.55)

kg[Kliyp ke[K]iyp
<SAH*+ > b

ke[K]typ

The first inequality follows from the trivial upper bound of the regret in an episode
0r1 < H. The second inequality comes from the fact that each state-action pair can cause at
most H episodes to be non-typical; therefore there are at most SAH non-typical episodes.

Next, we have:

> ka =) 0kal{k € [Kly}- (3.56)

ke[Kliyp k

From here we write I, = I{k € [K]y,} for brevity.
Lemma 3 in [Azar et al., 2017] implies that, for all k € [K],

H
o1 < e Z [Ek,h + 2\/Z€_k,h + C1kn + bkn + Capn| - (3.57)
h=1

4SH2L
Nk(slﬁvaﬁ) ’

where ¢y = ern and &, are martingale difference sequences which, by Lemma
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5 in [Azar et al., 2017], satisfy

Ek,h S HVKHL

[~
M=

Eonl
Il
—
>
Il
—_

(3.58)
Ern < VKH,

]~
M=

T
I
T

1

and c; 5 is a confidence interval to be defined later.

Plugging Equation 3.57 into Equation 3.56 and combining with Equation 3.58, we obtain:

H
Z Ok,1 <€Z <Z [5kh+2\/_5kh+clkh+bkh‘|‘C4kh}> I,

kE[K]typ h=1
B K H

=€ <Z ]Ik (Ekﬁ + 2\/Z5‘k h > ( ]Ik Z(bk’h + Cl,k,h + C4,k,h)>]
h=1

k=1

1=

- K H K H

<e (Z Z(gk,h + 2V L&) ) Z Z bren Lk + 15,01k + C4,k,hﬂk)>]
L \k=1 h=1 k=1 h=1
i H

S (& (H KHL + 2\/_\/ H) + ( Z bk,hI[k + Cl,k,h]Ik: + C4,k,hﬂk)>]
L =1 h=1
i K H

= e <(H + 2) V KHL> + (Z Z(bk,hﬂk + Cl7k7h]Ik: + C4,k,h1[k)>]
L k=1 h=1

Note that the second inequality follows from the fact that I, < 1, and the last inequality
follows directly from Equation 3.58.

Let I ; = I{Ni(sF,a¥) > H}. By the definition of a “typical” episode, Iy = 1 implies
that I, = 1 for all h. It follows that I, <1 ;. Thus,

K H
Y Gi<e ((H +2VEHL+Y > (b + g + c;k,h)) , (3.59)

kE[K]typ =1 j=1

where b;c,h = bk,hﬂk,h; Cll,k,h = Cl,k,h]Ik;,h and Cil,k,h = C4,k,h1[k,h-
Next, we compute ¢ . In Equation (32) in [Azar et al., 2017], ¢1 ., corresponds to the

confidence interval of

(P7 = POVia(sh) = 30 [ PG | shoah) = Puls' | s af)] Vit ().

s'eS
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Equation (9) in [Azar et al., 2017] computes a confidence interval for this term using the

Bernstein inequality. Instead, we use the Hoeffding inequality and obtain

~ L
Pﬂ- - Pﬂ— * < H —_— . .
[(Py ) Vi) < 2N, (5%, ab) Clk,h (3.60)

Combining Equations 3.60, 3.59 and 3.55, the total regret is bounded as

K H
Regret < SAH* +e | (H+2)VKHL + Z Z(bﬁah + e T i) (3.61)
k=1 h=1 )
(a)
where b, = _THLIen 4 b = —H*ﬁﬂkh nd C4kh 4SH?Lly p,

Nk (sk k)’ /2N (sE k) Nie(shyap)

We focus on the third and dominant term (a). As by > ¢1 x4, this term can be upper
bounded by

ii 8H LIy, 4SH2LI[M

/Ny (sF, af) Nk (sk,af)

:;{ H ]Ikh 2 K H ]Ikh
SBHLY Y. oS

i=1 j=1
A

(since L > 1)

(3.62)

/

v~ '

(0) (c)

We bound (b) and (c¢) separately.
First, we bound (b). We introduce the following lemma, which is an analogy to Lemma
19 in [Jaksch et al., 2010] in the finite-horizon setting.

Lemma 3.E.1. Let H > 1. For any sequence of numbers zy,...,z, with 0 < z, < H,

consider the sequence Zy, Z1, ... Z, defined as

Zo> H
Ly = L1+ 2, for k > 1.

Then, for all n > 1,

ZZk < (V2+1)/Z,.
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Using Lemma 3.E.1, we can bound (b) by Lemma 3.E.2.
Lemma 3.E.2. Denote v;(s,a) = Zle I(a;; = a,s;; = s) the number of times the state-
action pair (s, a) is visited during episode i, and let 7(s,a) = arg min; ¢, { Ni(s, a) > H} be

the first episode where the state-action pair (s, a) is visited at least H times. Then,

(b) < (V2+1)VSAKH. (3.63)

Proof. By definition, N;(s,a) = Z;;ll vk(s,a). Regrouping the sum in (b) by (s, a), we have

uils,0) I{N;(s,a) > H
sz{ )2 H)

s,a 1=1

7(s,a) K

B v;(s,a) s.a v;(s,a)
-y Z Sa]I{N )>Hy+ Y NI

s,a i=7(s,a)

—Z Z vzsa

s,a 1=7(s,a) Sa)

SZ (V2 +1)\/Nk(s,a) + vk(s,a)

< (ﬁ+ 1)VSAKH.

where the last two inequalities follow from Lemma 3.E.1, the Cauchy-Schwarz inequality and
the fact that > Nk(s,a) < KH. O

In order to bound the term (¢) in Equation 3.62, we use the following lemma, which is a

variant of Lemma 3.E.1 and was stated in [Azar et al., 2017] without proof.

Lemma 3.E.3. Let H > 1. For any sequence of numbers zy,...,2, with 0 < 2, < H,

consider the sequence Zy, Z1, ... Z, defined as

Zo > H
Zk = Zk—l + 2k for k Z 1.

Then, for all n > 1,

n(Z, — Z) + 1.

%I)—‘

2k
EDWE
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Proof. The second half follows immediately from existing results for the partial sum of the
harmonic series. We prove the first half of the inequality by induction. By definition of the
two sequences, Z, > H > 1 and z, < H < Z;,_; for all k. At n = 1, if z; = 0 then the
inequality trivially holds. If z; > 0, then Z; — Zy = z; and

P N [ I 1) P P .
Zo — H | H H |~ 2 2
| ——

since z; < H.

For n > 1, by the induction hypothesis, we have

n n—1
2 2k Zn
27 " 2T T
(5
N = Zn 1
L 1
- < j=1 3) ( Zn_l/
znterms
()( e
- = an—Zo—i-l Zn—1— 2o+ 2
Zn—20 1

N J’

=1

.

where the last inequality follows from z, < Z,. Therefore, the induction hypothesis holds
for all n > 1. O

Using Lemma 3.E.3, the term (c¢) can be bounded similarly to term (b) as follows:

Lemma 3.E.4. With v;(s,a) and 7(s,a) defined in Lemma 3.E.2, we have

(c) < SAL + SA.
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Proof. We write (c) as

]I{N s, a >H}
S LU

ZZ”’ I[{Nsa)>H}
7(s,a)—1 K (s q
< Z ;(;i >)]I{N (s,a) > H} + ;(;i((; ))

i=1

—ZZU‘

SQZTSCL

< Z ln NK(s,a) + vk (s,a) — NT(&a)(s,a)) + 1)

s,a

where the last inequality follows from Lemma 3.E.3. Trivially bounding the logarithm term
by In(K H), we obtain

(¢) < SAI(KH) + SA < SAL + SA.

Combining Lemma 3.E.2 and Lemma 3.E.4, we obtain

(a) < 8HL((V2+1)VSAKH) + 4SH?L(SAL + SA)
<20HLVSAKH + 5S*AH*L*.

Substituting this into Equation 3.61, we obtain

Regret < SAH? + e(H +2)VKHL + e20HLVSAKH + 55 AH?L?
<6THLVSAKH + 15S*AH? >,

3.F Removing the assumption on the hitting time

GOSPRL [Tarbouriech et al., 2021, Lemma 3] guaranteed that in the undiscounted infinite

horizon setting, with Hy = O(23;4 534). Lemma 3.5.3 holds with high probability. Thus, in
D84
AQ

the episodic finite horizon setting, by setting Hy, = for some appropriately large

constant ¢ > 0 and applying GOSPRL in each episode we obtain a tight bound in the
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dependency of K and A for communicating MDPs. One difficulty in this approach is both
c and D are unknown. One possible way to overcome this is to apply the doubling-trick as
following: at the beginning of episode k, we set Hy = cksj—QA, where ¢; = 1. If the learner
successfully visits every state-action pair at least IV times after Hy steps, we set cr11 = ck.
Otherwise, ¢x1 = 2¢;. There are at most log, (¢D) episodes with failed exploration until ¢y
is large enough so that with high probability, all the subsequent episodes will have successful
explorations. Moreover, the horizons of the clustering and learning phases change at most
log,(¢D) times. The full analysis of this approach is not in the scope of this paper and is

left to future work.

3.G Using samples in both phases for regret minimiza-
tion

One of the results from previous works on the stochastic infinite-horizon multi-task set-
ting [Brunskill and Li, 2013] is that in the cluster-then-learn paradigm, the samples collected
in the their first stage (before all models have been seen at least once) can be used to acceler-
ate the learning in their second stage (after all models have been seen at least once). In this
work, we study the similar effects at the phase level. Specifically, in the finite horizon setting,
the clustering phase is always followed by the learning phase; therefore it is desirable to use
the samples collected in the clustering phase to improve the regret bound of the learning
phase.

Our goal is to improve the regret of stage 1 in Algorithm 3.4. The reason that we focus

on Stage 1 is two-fold:

e In case Assumption 3.5.8 does not hold, i.e. K is close to K, the total regret is
dominated by the regret of stage 1. Given that the length of the clustering phase
H, is already of the same order O(S?A) with respect to the state-of-the-art bound of
the recently proposed GOSPRL algorithm [Tarbouriech et al., 2021], without further
assumptions we conjecture that it is difficult to improve H, substantially, and thus we

focus on improving the learning phase.

o In stage 1, every state-action pair is uniformly visited at least N times before the
learning phase. This uniformity allows us to study their impact in a systematic way

without any further assumptions.
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Algorithm 3.7 UCBVI-CH with external samples
Input: Number of episode K, horizon H, failure probability p, number of external samples
for each state-action pair N
Initialize two empty collections ‘H and B
for episode £k =1,2,..., K do
for (s,a) € S x Ado
for counter =1,2,...,N do
The oracle draws s’ from P(- | s, a)
Add (s,a,s’) to B
end

end

71, = UCBVI-CH(H U B)

Observe the starting state s;

for h=1,2,...,H do
Learner takes action aj, = mx(sy)
Observe state sp41
Add (Sh, ap, 8h+1) to H

end

end

Using samples collected in both phases for the learning phase in Algorithm 3.3 is equiv-
alent to using the policy

7y, = UCBVI-CH(Cyq)

for the learning phase, since Cjy contains both C/3°% and C[79".

The regret minimization process in the learning phase is now equivalent to learning single-
task episodic RL where at the beginning of each episode, the learner is given SAN more
(s,a,s") samples, in which the transition function P(- | s,a) of each (s,a) is sampled i.i.d.
N times. We extend the UCBVI-CH algorithm in [Azar et al., 2017] to this new setting and
obtain Algorithm 3.7. The bonus function of episode k£ in UCBVI-CH is set to

1
b =THL .64

where Ly = In(bSAK(H + N)/p).
The regret of this algorithm is bounded in the following theorem (proved in Appendix 3.H).

Theorem 3.G.1. Given a constant p € (0,1). With probability at least 1 — p, the regret of



74

Algorithm 3.7 is bounded by

Regret(K)
SAH2 [ 2H - ,
e 2 G702 SN
_N e(H+ 1)/ KLy + 60 N 2H—1H LyVSAK
2H
15— —S?AH*LA.
- 5N+2H—1S N

It can be observed that when N = 0, this bound recovers the bound of UCBVI-CH (up to
a constant factor). Intuitively, when N is small compared to H, then the regret should still
be of order O(Hv SAK H) since most of the useful information for learning still comes from

exploring the environment. As N increases, since the logarithmic term Ly increases much

slower compared to O(1/v/N), the dominant term O( Nfglj_lH 32NV SAK) converges
to 0.

Using Theorem 3.G.1 and H; < H, we can directly bound the regret of each model m

that is given in IC,,:

Lemma 3.G.2. The stage-1 regret of each model m is

SAH?
Regret g, 01 (M, Kin) < S +e(Hy + 1)K, Ly

2H 3/2 2 2 2
604/ L~ L p2r LSS AR, + 15— L 2 A2
TN T 2H1 1 N + N H1 1

where Ly = In(bSAK(H + N)/p).

Adding up the bound in Lemma 3.G.2 for all models m € M and applying the Cauchy-
Schwarz inequality, we obtain the total regret bound of Stage 1:

Theorem 3.G.3.

MSAH?
Regretgoge; <K1Ho+ ———— +e(Hy + 1)/ MKLy

N +1
2H, — 1 s 92H, 2 4 p2e
60/ ————— H*LyWMSAK + 15M ———~ _S?AH?[?,
+ 60 N +2H, — 1 N + N + H1—1S

In our setting, recall that N = O (&) and Hy = O(DSAN) = O(DS*A/A?). Since
we assumed that SA << H, we also have N <« H; = H — H,, and thus the bound in
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Theorem 3.G.3 is an improvement from the bound for stage 1 in the proof of Theorem 3.5.9,
albeit the order stays the same. Intuitively, this means that the length of the learning phase
is much larger than the length of the clustering phase, and therefore the learner spends
more time on learning the optimal policy. When the length of the learning phase is small
compared to NN, then the samples collected in the clustering phase significantly reduce the
regret bound of the learning phase. Therefore, Algorithm 3.7 also accelerates the learning
phase after the exploration phase, which is consistent with findings on the stochastic infinite-
horizon multi-task setting in [Brunskill and Li, 2013].

3.H Proofs for Appendix 3.G

We analyze the regret of the UCBVI-CH algorithm with external samples, where at the
beginning of each episode, each state-action pair receives N > 1 additional samples drawn
i.i.d from the transition function P(- | s,a).

Adapting from Equation 3.61, the regret of E-UCBVI-CH can be bounded by

SAH?
Regret(K) < +e(H+1)KHLy

N+1
t & SHILyI ASH?LyT

+ezz Nl j s NLi;j ’ (3.65)
= = | VEN + Ni(si5, ai ) + Ni(sij, i)

v~

(a)

where I, ; = I{N;(s;;,a; ;) > H} as defined in Appendix 3.E.

The first term 222> bounds the total regret of episodes where a state-action pair is visited

N+T
less than H times: in each episode where a pair (s,a) is visited at least once there are at
least N + 1 more samples of this pair, and therefore there can be at most % such episodes.

Similar to Appendix 3.E, we bound (a) by bounding its two components (b) and (c)

where

In order to bound (b), we first prove the following technical lemma, which quantifies the
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fraction of the regret that is reduced when using external samples.

Lemma 3.H.1. Suppose two constants N > 1,H > 1 are given. For any sequence of

numbers zq, ..., 2, with 0 < 2 < H, consider the sequence Zy, Z1, ... Z, defined as

oy <2H -1
Ly = Zp—1+ 2 for k>1

Then, for all k,

,/kNJer 1 \/k:N+ k+1)H —1\/Zk_1'

Proof. 1f z;, = 0, then the claim is trivially true. For z; > 0, the claim is equivalent to

(k+1)H —1 1

\/m \/k;N+ k+1)H - 17—,

SV(EN + (k+ 1DH —1)\/Z_1 </ (k+1) —1\/k:N+Zk_1
& Zyr < (k+1)H — 1,

which is true, since Zy_y = Zo+ S 2 < Zo+ S0 H<2H -1+ (k—1)H = (k+1)H —
1. O

Corollary 3.H.2. Suppose two constants N > 1, H > 1 are given. For any sequence of

numbers zq, ..., 2, with 0 < 2z, < H, consider the sequence Zy, 71, ... Z, defined as

1< Zy<2H -1
= Zp—1 + 2 for k>1

Then, for all n > 1,

Z - (k+1)H — a 2H — 1 Z 2k
/7kN+Zk1 KN+ (k+1)H —1vZ 1 =~ VN +2H 14~ \JEN + Z;_;

Proof. The first half of the claim is true, following Lemma 3.H.1. We now show that the

second half is true. Consider the following function
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(x+1)H —1
eN + (z+ )H — 1

fz) =

The derivative is f'(z) = % Since H > 1, we have f'(x) < 0 Vz, and

therefore f(x) is decreasing. It follows that for k > 1,
(k+1)H — 1 [ 2H —1
JR) MV+%+UH—1—f<) N+2H -1

Using Corollary 3.H.2, we can bound (b) as following.

Lemma 3.H.3. With v;(s,a) and 7(s, a) defined in Lemma 3.E.2, we have
2H -1
<t/ ——(vV2+1 AKH.
(M—VN+ﬂLJ“F+)S

Proof. We can write (b) as follows

By definition of 7(s,a):

Nr(sa) = Nrsay—1 + Ursay-1 < H—1+H =2H — 1.

Applying Corollary 3.H.2 and Lemma 3.E.2 we obtain

2H —1 - v;(s, a)
N+2H -1 o im1(5.0) \/NZ‘(S,CL)

oH — 1
< _ .
_VN+ﬂLJh@+U:MKH

Next, we bound (¢). Using similar techniques in Lemma 3.H.1 and Corollary 3.H.2, we

can show that the following claims are true.



Lemma 3.H.4. Given two constants N > 0, H > 1. For any sequence of numbers 21, ...

with 0 < z, < H, consider the sequence Zy, 71, ... Z, defined as

1<Zy<2H -1
ZkZZk_l—FZk fOl"kZZl
Then, for all k,

kN +Zpy — kN + (k+ 1)H —1Z4_,

And for all n > 1,

n n

Z Zk S 2H —1 Z Ze .
KN+ Zr.1 — N+2H -1 Z_1

k=1 k=1

Consequently, (¢) is bounded in the following corollary.
Corollary 3.H.5. With v;(s,a) and 7(s,a) defined in Lemma 3.E.2, we have

(0) < 2H -1

< —N+2H_1(SALN+SA)-

Combining Corollaries 3.H.2 and 3.H.5 we obtain

SH —1 oH 1
AL B OWEARH) £ aSHA Ly 2T
Noog =1 (V2+ DVSAKH) + 4SH Ly =

SH 1 OH — 1
<)l O HINWSAKH + —2 " se2ap?r2
S\ N o o ey TN teH 1 N

and the total regret is

(a) <SHL (SALy + SA)

2

SAH
<
Regret(K) < N1

78

+e(H+1)\/KLy (3.66)

2H — 1 2H — 1
+e ( N—QOHLN\/SAKH + —5S2AH2L§V> . (3.67)

+2H -1 N+2H -1
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3.1 Experimental Details

Transition functions. Figure 3.5 illustrate the 4 x 4 gridworld environment of the four
MDPs in M. The rows are numbered top to bottom from 0 to 3. The columns are numbered
left to right from 0 to 3. The starting state s; is at position (1,1). In every state, the
probability of success of all actions is 0.85. When an action is unsuccessful, the probability
of being in one of the other adjacent cells is equally divided from the remaining probability

of 0.15. There are several exceptions:

o In the four corners, if the agent takes an action in the direction of the border then
with probability of 0.7 it will stay in the same corner, and with probability 0.3 it will
end up in the cell in the opposite direction. For example, if the agent is at (0,0) and

takes action up, then with probability 0.3 it will actually goes down to the cell (1,0).

o Each of four MDPs have an easy-to-reach corner and three hard-to-reach corners. The
easy-to-reach corners in models mq, my, mg and my are (0,0),(0,3),(3,0) and (3,3),
respectively. In each of these model, the probability of success of an action that leads to
one of the hard-to-reach corners is 0.2, except for the (3, 3) corner where this probability
is 0.3. For example, in model m;, taking action right in cell (0,2) has probability of
success equal to 0.2 while taking the action down in cell (2, 3) has probability of success

equal to 0.3.

e On the four edges, any action that takes the agent out of the grid has probability of
success equal to 0, and the agent ends up in one of the three adjacent cells with equal
probability of % For each example, taking action up in position (0,1) will take the
agent to one of the three positions (0,0), (0,1) and (1,1) with probability 3.

Under this construction, the seperation level is A = 1.2999. One example of a A-
distinguishing set of optimal size is I' = {(1,0),(8,3),(2,1)}. One example of a A\/2-
distinguishing but not A-distinguishing is T2 = {(11, 3), (4,2), (13,0)}.

Performance metric. At the end of each episode, the two AOMultiRL agents and the
one-episode UCBVI agent obtain their estimated model P. The estimated optimal policy
computed based on P is run for H; = 200 steps starting from (1, 1). The average per-episode
reward (APER) in episode k = 1,2, ..., K of an agent is defined as

k H
- D i1 2j1 Tig
B k

APER(k) (3.68)
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S1

Figure 3.5: A 4 x 4 gridworld MDP with start state at (1,1) and reward of 1 in four corners
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where 7; ; = r(s;, a;'-) the reward this agent received in step j of episode 1.

Horizon settings For AOMultiRL2, the horizons of the clustering phase in two stages
are different since the distinguishing sets in the two stages are different. In order to make
a fair comparison with other algorithms, the horizon of the learning phase is set to H; =0
in stage 1 and H; = 200 in stage 2. Since we assumed that stage 2 is dominant, the goal of
the experiment is to examine whether a \/2-distinguishing set can be discovered and how
effective that set can be. We observe that AOMultiRL2 is able to discover the same \/2-
distinguishing set {(14,1),(7,2),(13,0)} in all 10 runs. Since this set also has an optimal
size of 3, in stage 2 the clustering phase’s horizon Hy of AOMultiRL2 is identical to that of

AOMultiRL1.
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Chapter 4

Near-Optimal Per-Action Regret
Bounds for Sleeping Bandits

4.1 Introduction

The multi-armed bandit (MAB) framework and its variants have been widely used for prac-
tical applications in various domains such as clinical trials, finance and recommender sys-
tems [Bouneffouf et al., 2020]. In the standard MAB framework, a learner interacts with K
arms over 1" rounds. In each round, the learner chooses to observe the loss of one of the arms.
While the losses of the arms in each round are unknown to the learner, the number of arms
K is assumed to be fixed in every round. However, this assumption does not always hold in
practice. For example, in drug testing where each arm is a drug type, certain types of drugs
can only be tested in some certain rounds, or new and more effective drugs might be available
only in later rounds. In such scenarios, it is important to have algorithms capable of learning
with time-varying sets of available arms. This is the sleeping bandits setting [Kleinberg et al.,
2010], where in each round ¢t = 1,..., T, only a subset A; C {1,..., K} of active arms are
accessible to the learner.

The sleeping experts setting (also known as the specialist setting) [Blum, 1997; Freund
and Schapire, 1997] is the full-information feedback variant of this problem, in which the
losses of the active arms are revealed at the end of each round. Prior works on sleeping
experts have mainly used two different notions of regret to measure the performance of a
learner, namely per-action regret [Blum and Mansour, 2007; Gaillard et al., 2014; Luo and
Schapire, 2015] and ordering regret [Kleinberg et al., 2010; Kanade and Steinke, 2014; Neu

and Valko, 2014]. Besides the notions of regrets, an important characteristic of the setting is
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the stochastic or adversarial nature of the sets A; and the arms’ losses. [Kanade and Steinke,
2014] indicated that obtaining a sublinear ordering regret bound is computationally hard
when both A; and losses are adversarial. As a result, subsequent works on sleeping bandits
usually assume at least one component to be stochastic [Slivkins, 2013; Neu and Valko, 2014;
Slivkins, 2014; Saha et al., 2020]. Recently, [Gaillard et al., 2023] developed a new notion of
regret for sleeping bandits called sleeping internal regret, which can be minimized efficiently
in the fully adversarial setting with adversarial A; and adversarial losses.

Our work focuses on minimizing the per-action regret in the fully adversarial setting.
This notion of regret compares the cumulative loss of the learner to that of a single best arm
in hindsight during the rounds in which that arm was active. To the best of our knowledge,
in the fully adversarial setting, no prior work has focused on directly deriving optimal per-
action regret bounds. We are interested in obtaining more fine-grained bounds that depend
on the maximum number of active arms in any round A, where A = max;— 1 |A¢ < K.
The smallest existing bound is the O(K+/TAIn K) bound by [Caillard et al., 2023], obtained
indirectly from minimizing the internal sleeping regret. This bound can be much larger than
an Q(\/ﬁ) minimax lower bound implied by suitably adapting an existing minimax lower
bound construction for standard bandits [Auer et al., 2002b]. Moreover, as we show in this
work, the factor of K outside the square root can be eliminated entirely.

Another motivation for bounding the per-action regret in sleeping bandits is its impli-
cation on the adaptive and tracking regrets in standard non-sleeping bandits. Adaptive
regret (also known as interval regret) [Hazan and Seshadhri, 2009; Luo et al., 2018] is the
regret against a fixed arm on a time interval, while tracking regret (also known as shifting or
switching regret) [Herbster and Warmuth, 1998] is the regret against a sequence of arms over
T rounds. Previous work obtained adaptive and tracking regret bounds for standard non-
sleeping experts via a reduction to regret bounds for sleeping experts [Freund et al., 1997;
Adamskiy et al., 2016]. In bandits, instead of the reduction to sleeping bandits, O(v/T)
bounds! on tracking and adaptive regret have been obtained via Fixed Share [Auer et al.,
2002b; Herbster and Warmuth, 1998; Luo et al., 2018]. Our work shows that the reduction
to sleeping bandits also leads to O(v/T) adaptive and tracking bounds.

Overview of Main Results and Techniques

We extend the EXP3 [Auer et al., 2002b], EXP3-IX [Neu, 2015], Follow-The-Regularized-
Leader (FTRL) with Tsallis entropy [Audibert and Bubeck, 2009; Abernethy et al., 2015]

10 hides terms in K, number of switches S and InT'.
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Table 4.1: A Summary of Bounds on Per-Action Regret. Hyphens indicate bounds that are
either not comparable to a per-action regret bound or unavailable.

Algorithms Adversarial? Pseudo High-Prob
AUER [Kleinberg et al., 2010] No (sto. losses) VTKInT -
Sleeping-EXP3 [Saha et al., 2020] No (sto. ;) - -

SR_ MAB [Blum and Mansour, 2007] Yes K>VTAh K -

SI-EXP3 [Gaillard et al., 2023] Yes KVvTAInK -

SB-EXP3 (this work) Yes vIAn K VTAIn(K/d)

FTARL (this work) Yes VTVAK VIVAE +[TAI (%)

and EXP4 [Auer et al., 2002b] algorithms for standard bandits to sleeping bandits, obtaining
new bounds that strictly generalize the existing bounds. Our results lead to new proofs for
O(\/T ) adaptive and tracking regret bounds for standard bandits. The generalized algo-
rithms and analyses are adapted to the bandit-feedback version of the experts that report
their confidences setting [Blum and Mansour, 2007]. A summary of our contributions in
comparison to prior works is in Table 4.1. All of our results hold for both pseudo-regret
and high probability regret bounds. Our paper is organized as follows (all proofs are in the

appendix):

« Section 4.3 introduces the O(vTAIn K) and O(\/Tv'AK) regret bounds for sleeping
bandits. These bounds improve the best existing O(K VTAIn K ) bound, as well as
recover the near-optimal O(v/TK In K) and minimax O(v/TK) bounds in non-sleeping
bandits. Section 4.3.1 shows a novel algorithm called SB-EXP3 and its O(v/T AIn G7)
regret bound guarantee for sleeping bandits, where Gy < K is the number of arms
that were active at least once after T rounds. Its analysis relies on a new technique for
bounding the growth of the potential function by decomposing the potential at round
t + 1 based on the set of active arms in round ¢. In Section 4.3.2, the O(v/TVAK)
bound is obtained by the Follow-the-Active-and-Regularized-Leader (FTARL) algo-
rithm, an adaptation of FTRL with Tsallis entropy to sleeping bandits. Section 4.3.3
considers the bandit-feedback version of the experts that report their confidences set-
ting. Applying SB-EXP3 to this setting leads to new regret bounds which replace the

dependence on T and A by the cumulative confidence over T" rounds.

o Section 4.4 studies the bandits with advice from sleeping experts setting and presents SE-
EXP4, a generalized version of EXP4 algorithm. The analysis developed for SB-EXP3
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also works for SE-EXP4, leading to the same O(v/TK In M) regret bound of EXP4 with
M experts. For standard bandits, this implies an O(y/T K In(KT')) bound on adaptive
regret. This bound is the same as the one obtained by [Luo et al., 2018], but with a
different proof based on sleeping bandits instead of Fixed Share. This also implies both
the O(S\/KTIn(KT)) and O(y/SKTIn(KT)) tracking regret bounds [Auer et al.,
2002b; Neu, 2015] for unknown and known number of arm-switches S, respectively,
where the latter is obtained via restarting SE-EXP4 after every 7'/S rounds.

o Section 4.5 defines the per-action strongly adaptive regret bound as a bound that
depends only on T, for every action a, where T, is the number of active rounds of
arm a. Extending the construction of [Daniely et al., 2015] for non-sleeping bandits
to sleeping bandits, we show a linear {2(7,) per-action strongly adaptive lower bound.
This implies that no algorithm can simultaneously guarantee an optimal per-action

regret and sublinear o(7T,) per-action regret for all arms.

4.2 Preliminaries

We consider the adversarial multi-armed bandit problem with K underlying arms, where
K might be unknown. Let [K] = {1,2,...,K}. Inround ¢t = 1,2,...,T, a (possibly non-
oblivious) adversary selects and reveals a set A; C [K| of active arms to the learner. Let
Iy =1 (resp. I;; = 0) indicates that arm ¢ is active (resp. inactive) in round ¢. Then, for
each arm ¢ € Ay, the adversary selects a (hidden) loss value ¢;; € [0,1]. The learner pulls
one active arm ¢, € A; and observes loss ¢;, ;.

The learner’s goal is to compete with the best arm in hindsight. For an arm a € [K],
the regret of the learner with respect to arm a is the difference in the cumulative loss of the

learner and that of arm a over its active rounds:

R(a) =Y Toilis — lay)- (4.1)

t=1

We prove two types of regret bounds. The first is

max E;, i, [R(a)] < e, (4.2)

where the expectation is taken over the sequence of the learner’s selected arms. In standard

non-sleeping bandits, this corresponds to the notion of pseudo-regret [Auer et al., 2002b]. If
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the adversary is oblivious, the pseudo-regret is equivalent to the expected regret. The second

type of bound is

Pr (max R(a) < e) >1-4, (4.3)
a€[K]
where the probability is taken over the sequence of the learner’s selected arms.

Notations. Let A; = |A| be the number of active arms in round ¢ and A = max;c[r) A;
A, be the set of arms that
are active at least once in the first ¢ rounds. Let Gy = |G| be the size of G;. We write
l, = l;, + for the learner’s loss in round ¢. Let A, = {p € R" | p; > 0,>_" , p; = 1} be the

n-dimensional probability simplex.

be the maximum value of A; over T rounds. Let G, = U,

.....

Remark 4.2.1. The total number of underlying arms K is fixed before learning, and the
adversary cannot change K. On the other hand, A; and G; are decided by the adversary

and vary over time. As some arms may never be active, G can be strictly smaller than K.

4.3 Near-Optimal Regret Upper Bounds

In sleeping bandits, for any constant A € {2,3,..., K}, there exists an Q(v/T'A) minimax
pseudo-regret lower bound. The construction follows that of the minimax lower bound for
standard bandits [Auer et al., 2002b] with A arms always active and K — A arms always
inactive over 7' rounds. In Section 4.3.1, we present SB-EXP3 (Algorithm 4.1) and its
near-optimal O(y/TAInGr) pseudo-regret and high probability regret bounds. Note that
SB-EXP3 does not require knowing K. In Section 4.3.2, we show that when K is known,
an FTRL-based algorithm called FTARL (Algorithm 4.2) obtains an O(v/TAln K) bound
with negative Shannon entropy and an O(v/T VAK ) bound with Tsallis entropy as the

regularization function.

4.3.1 Generalized EXP3 for Sleeping Bandits

In standard (non-sleeping) bandits, the EXP3 and EXP3-IX algorithms compute a distribu-
tion p; over arms in round ¢ based on the estimated regrets in previous rounds. Specifically,
arms for which the estimated regrets are higher have larger probability of being sampled. In
sleeping bandits, because arms can have different and even non-overlapping sets of rounds,
it is unclear what kind of statistics about the arms should be maintained in each round. In

particular, in any given round, the estimated regret for an arm might be higher than for
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Algorithm 4.1 SB-EXP3 for sleeping bandits
Input: n>0,v>0

Initialize ¢,y =1fori=1,2,... | K

for each round t=1,...,7 do

The adversary selects and reveals A,
Compute Wt = ZiEAt Ii,tq@t

Compute p;+ by (4.6)

Draw i; ~ p; and observe l@ =li, 4
Compute loss estimate ¢;; by (4.4)
Update G;+1 by (4.5).

other arms due to it being active in more previous rounds, not because its losses are small
in those rounds. Nevertheless, we will show that the estimated regret can be used effectively
for selecting arms in each round.

Algorithm 4.1 illustrates Sleeping Bandits using EXP3 (SB-EXP3), an adaptation of
EXP3 and EXP3-IX to sleeping bandits. In round ¢, SB-EXP3 computes a probability
vector p; € Ag, over G;. In the first round, p; is the uniform distribution. The learner

samples i, ~ p; and computes the loss estimates ¢; as follows:

Ziyt]l{itZZ'} .
b = pit+v1Lie for i € Ay, (44)

’ 0 for i € G, \ Ay,

where v > 0 is a parameter of the loss estimator. When v = 0, (4.4) is equivalent to the
unbiased loss estimate in EXP3. When v > 0, due to I,; = 1 for all i € A, (4.4) is the
[X-loss estimator in EXP3-IX with exploration factor v [Neu, 2015]. More generally, having
different exploration factors for different arms may be beneficial. We explore such a case in
Section 4.3.3.

The weight ¢;+1 of arm ¢ at the beginning of round ¢ 4 1 is defined as follows:

t
it+1 = €Xp <772 Lis(liys — lis — Z [j,sgj,s)> 5 (4.5)
s=1 JGAS
where 17 > 0 is the learning rate. The sampling probability of arm ¢ is proportional to its
Qi,ta i'e'7
Lixis for i € A,

=4 " (4.6)
0 for 4 S Gt \At,
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where W, = 3 ren, Tktdrt 18 the normalization factor.

Apart from setting zero sampling probability for inactive arms, similar to EXP3 and
EXP3-IX, SB-EXP3 still follows the strategy of setting the sampling probability propor-
tional to the exponential of the estimated per-action regret. The key difference is the added
—> en, L j,slﬁ j,s in the exponent, which is crucial for obtaining near-optimal high-probability
bounds (where v > 0). Intuitively, this term significantly reduces the sampling probability
of arms that were frequently active in previous rounds but not frequently chosen. Theo-
rems 4.3.1 and 4.3.2 state the regret bounds of SB-EXP3.

Theorem 4.3.1. With v = 0, for any n > 0, Algorithm 4.1 guarantees

Tuning 7 leads to an O (\/IH(GT) ST At> bound.

Theorem 4.3.2. For any v > > 0, Algorithm 4.1 guarantees

InGr In(2Gr/8) d
max R(a) < + + =+ A
ae[lg} (a) n v <2 7) ; !

with probability at least 1 —¢§. Tuning 1 and v leads to an O (\/ In(Gr/9) Zthl At) bound.

Note that ZtT:l A, <TA. Since A < Gy < K, the bounds in Theorems 4.3.1 and 4.3.2
are generally smaller than the O(v/TK In K) bounds of EXP3 and EXP3-IX. The difference
is significant whenever A < K, which holds in many practical applications where the sets
of active arms are sparse.

Analysis Sketch. The analyses of EXP3 and EXP3-IX [Auer et al., 2002b; Neu, 2015]
treat the normalization factor W; as a potential function and bound the growth of W&,—tl
This was possible in standard bandits because all K arms are always active, hence p; ;41
can always be related to p;;. However, in sleeping bandits, the sets A; and A;;; might be
non-overlapping, hence there might be no relationship between W,,; and W;. Instead, we

use

Q=" G (4.7)

1€G
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as the potential function. The following key technical lemma bounds the growth of %

Lemma 4.3.3. For any ¢t > 0,

Qé;l < Zpi,t exp (U(ét — by —~y Z Ej,t)) :
t

1€EA: JEA:

The proof of Lemma 4.3.3 is based on decomposing QtH and Qt by A; and A; = Gz \ Ay.
If arm ¢ € Ay, its weight G441 at time t 4+ 1 can be related to ¢;; via the update in (4.5). If
arm i ¢ A, by construction ¢;+41 = Gi+. These two observations control the growth of Qt+1
over Q.
Lemma 4.3.3 implies a bound on ¢, 74 for any arm a as
T -
I Gure < Qry = 3 o 2L

t=1 t

Since G, 41 grows with the estimated regret, this bound leads to an upper bound on the
estimated regret, which in turns bounds the actual regret.

Observe that the dependency on K in Algorithm 4.1 can be removed completely: the
initialization step of assigning ¢ to 1 can be done implicitly. All other explicit computations
only use the sets A; and G;. As a result, SB-EXP3 is independent of K. This property is
similar to that of the AdaNormalHedge algorithm [Luo and Schapire, 2015], which obtains a
low regret bound for sleeping experts when the total number of experts is unknown. Because
the analysis of AdaNormalHedge relies on [0, 1]-bounded loss vectors, it does not apply to
sleeping bandits with the loss estimates in (4.4).

Remark 4.3.4. Lemma 4.3.3 enables the proofs of both pseudo-regret and high-probability
bounds without significant modifications to the algorithm. This is a major advantage over

existing works in sleeping bandits, which provided only pseudo-regret bounds.

In both Theorems 4.3.1 and 4.3.2, optimally tuning the learning rate requires knowing G'r
and ZtT:l Ay, which may not be available a priori. In Appendix 4.F, we present Algorithm 4.4
which uses a two-level doubling trick to obtain a pseudo-regret bound of the same order

without knowing these quantities beforehand.
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Algorithm 4.2 FTARL for sleeping bandits
Input: n>0,v>0,K > 2
Initialize IZLO =0fori=1,2,.... K
for each round t =1,...,7T do
The adversary selects and reveals A;
Compute q; = argmin e, ¥i(q) + (¢, Li—1)
Compute W; = Zfil 1144
Compute p;; by (4.8)
Draw i; ~ p; and observe @t =li, 4
for each arm i € [K] do
If I;; = 1, compute lﬁm by (4.4)
If I, = 0, compute lz,t by (4.9)
Update Ei,t = zi,tfl + gi,t;
end

end

Theorem 4.3.5. For any T > 2, Algorithm 4.4 (in Appendix 4.F) guarantees that

max E[R(a)] <

e W\ e LA

The same technique can be used to obtain a high-probability regret bound; however, the

resulting bound is slightly larger (in the logarithmic term) due to the union bound.

4.3.2 Generalized FTRL for Sleeping Bandits

In standard non-sleeping bandits, FTRL with Tsallis entropy obtains an O(v/7TK) mini-
max pseudo-regret bound, an O(,/T K In(1/6)) high probability bound against an oblivious
adversary, and an O(y/T K In(K/¢)) high-probability bound against a non-oblivious adver-
sary [Audibert and Bubeck, 2009; Luo, 2017]. In sleeping bandits, under the assumption that
K is known, we will show that the Follow-the-Active-and-Regularized-Leader (FTARL) strat-
egy in Algorithm 4.2 with 3-Tsallis entropy obtains O(v TV AK) pseudo-regret. Against a
non-oblivious adversary, we further show that FTARL obtains an O(\/ TV AK++/T Aln(K/6))
high-probability bound. If the adversary is oblivious, this bound is reduced to O(\/T VAK +

TAln(1/6)). Thus, when A = K, the bounds of FTARL recover those of FTRL on stan-
dard bandits.
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In round ¢, Algorithm 4.2 computes the weight vectors ¢; € Ag using FTRL, i.e.,

qe = al;ge;in}(in?ﬂt(Q) + (g, Li—1),
where 1 is the regularization function and L, € R¥ is the cumulative (estimated) loss vector
of K arms. In particular, Iii’t = 22:1 lzt Note that this step is possible because K and the
simplex Ak are known.
While ¢, is a valid probability vector over K arms, it cannot be used directly for sampling
because inactive arms might have non-zero elements in ¢;. The sampling probability vector

p; is computed by taking elements in A; from ¢; and normalizing:

I itqit

Pit = —=—"—. (4.8)
ZiGAt it

Similar to Algorithm 4.1, once an arm #; ~ p, is sampled, the loss estimates of active arms
are constructed by (4.4). The key difference in Algorithm 4.2 compared to Algorithm 4.1 is

that the inactive arms have non-zero loss estimates. For an arm i ¢ Ay,

gi,t = ét -7 Z gj,t- (4.9)

JEAL

In Appendix 4.G, we show that by having non-zero loss estimates for inactive arms as in (4.9),
Algorithm 4.2 with negative Shannon entropy regularizer is equivalent to Algorithm 4.1. In
general, the motivation behind (4.9) is mostly technical: in every round, it ensures that the
loss vector L, contains only non-negative values. This facilitates using a local norm analysis
of standard FTRL [Orabona, 2023]. For an unbiased loss estimator where v = 0, using (4.9)

implies that the estimated regret is equivalent to

Z Ia,t(ét - ga,t) = Z <ét - g0L,t> )
t=1 t=1
which resembles the regret of a standard non-sleeping experts problem with input loss vector
(. A similar technique is used by [Chernov and Vovk, 2009].
K B
Using the Tsallis entropy ¢, (z) = 71] (1_%1—75”) with parameter 3, we obtain the regret

bounds of Algorithm 4.2 in Theorems 4.3.6 and 4.3.7.

Theorem 4.3.6. With v = 0, for any g € (0,1),n > 0, Algorithm 4.2 with Tsallis entropy
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guarantees

K'P "
RO < 5 25

Setting 5 = % and tuning 7n leads to an O ( 2T/ AK> bound.

Theorem 4.3.7. For any (3,7v,n € (0,1), Algorithm 4.2 with Tsallis entropy guarantees

K'“F AT n+p In(3K/6)
R(a)gn(l_m—k 6 +’7AT+<2B + >ln(3/5)+27

simultaneously for all a € [K] with probability at least 1 — d. Letting 8 = 1 and tuning 7

and v leads to an O (\/ TVAK + /TAln( K/(S)) bound.

Remark 4.3.8. If Gy < K is known, then we can replace K by Gr in Algorithm 4.2 and in

Theorems 4.3.6 and 4.3.7. Moreover, if the adversary is oblivious then the second term in the

bound can be improved to O(,/T'AIn(1/6§)) and the bound becomes O <\/ TVAK +/TA ln(1/5)> :
Analysis Sketch. Similar to the analysis of Algorithm 4.1, the regret bound of Algo-

rithm 4.2 is obtained by bounding the estimated regret Zthl 0, — ga,t' By the local norm
analysis of FTRL and properties of Tsallis entropy, we have

In both cases v = 0 and v > 0, because inactive arms have non-zero elements in both £,
and ¢;, they contribute a non-zero positive amount in the last term on the right-hand side.
Furthermore, as the computation of Zz-,t uses p; ¢, we wish to replace g;; by p;;. The following

technical lemma achieves this.

Lemma 4.3.9. For any t > 1 and § € (0,1),

Z&t%tﬂ < Zgltpzt :

1E€EA

Then, we bound ).
Finally, either taking the expectation (when v = 0) or using concentration inequalities of

the IX-loss estimator [Neu, 2015] leads to the O(v/TVAK) bound.

- tpl tﬁ < AV using standard tools such as Holder’s inequality.
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Remark 4.3.10. The technique of assigning the observed loss to sleeping arms in (4.9)
is similar to the reduction from sleeping experts to standard prediction with expert ad-
vice [Chernov and Vovk, 2009; Gaillard et al., 2014]. However, without Lemma 4.3.9, this
reduction by itself does not immediately imply Theorems 4.3.6 and 4.3.7.

Remark 4.3.11. When K is large compared to A (i.e. sparse action sets), the O <\/ TV AK)
bound of FTARL can be much larger than the O (\/TA In GT) bound of SB-EXP3. In con-
trast, when A = O(K) as in standard non-sleeping bandits, FTARL gives smaller bounds.

4.3.3 Bounds on Confidence Regret

To the adversary, selecting the set A; in round ¢ is equivalent to selecting K binary values
I, € {0,1}. We generalize the setting further by having the adversary select real-valued
I;; € [0,1]. This new setting is the bandit feedback variant of the experts that report their
confidences setting, in which I;; is the confidence of expert ¢ in round ¢ [Blum and Mansour,
2007]. In this case, R(a) is the confidence regret with respect to arm a [Gaillard et al., 2014].

More concretely, at the beginning of round ¢ the adversary selects and reveals K real-
valued I;; € [0,1]. The set of active arms becomes A, = {i € [K] : I,; > 0}. We apply
Algorithm 4.1 to this problem without any modifications: the computations of gi,t, gi+ and
pi+ are the same as in Equations (4.4), (4.5) and (4.6). The full protocol and algorithm are
given in Appendix 4.C. We state the following high probability regret bound.

Theorem 4.3.12. With optimally tuned n and ~, Algorithm 4.1 guarantees

R(a) <O | ([ > IisIn(Gr/)

t=1 i=1
simultaneously for all a € [K] with probability 1 — 4.

Observe that in this setting, because /;; can be different for different arms in A;, SB-
EXP3 uses a different implicit exploration factor v;; = ~vI;; in (4.4). We call this novel
strategy based on the arm-dependent IX-loss estimator confident implicit exploration. The
proof of Theorem 4.3.12 mostly follows that of Theorem 4.3.2 with one added key insight: the
concentration inequalities of the original IX-loss estimator also hold for the arm-dependent

IX-loss estimator.
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Algorithm 4.3 SE-EXP4 for bandits with advice from sleeping experts
Input: n>0,7>0

Initialize ¢,1 =1 form=1,2,..., M

for each round t=1,...,7 do

An adversary selects and reveals B; and E;

Compute z,,; by (4.12) and p; = 2. E;

Draw i; ~ p; and observe @t =li 4

Compute (},,; = % for arms k € [K]

for each awake expert m € B; do
Construct loss estimate Z,,,; = (Epy 4, f})
Update G141 by (4.11).

end

end

Remark 4.3.13. An O (\/ZtT_l Zfil Ii;In GT) pseudo-regret bound is obtained via a

similar analysis. When I;; are binary, since Zfil Iy = Ay < A, these bounds recover the
bounds in Theorems 4.3.1 and 4.3.2.

Remark 4.3.14. Similar to Theorem 4.3.5, the two-level doubling trick presented in Ap-
pendix 4.F can be used on Zthl Zfil I;; and In(Gr) to obtain pseudo-regret and high-

probability bounds of the same order (up to a logarithmic factor).

4.4 Bandits with Advice from Sleeping Experts

The bandits with expert advice framework [Auer et al., 2002b] considers the non-sleeping
MAB where M experts give advice to the learner in each round. We study a variant of this
problem where a time-varying set B, C [M] of awake experts gives advice to the learner in
round ¢t. The advice of expert m € B, is E,,; € Ag. The learner aims to compete with each
expert during their active rounds. More formally, let /,,; = 0 and I,,,; = 1 denote whether
expert m is sleeping or awake in round ¢, respectively. Let ¢; be the (hidden) loss vector of

K arms in round t. The regret with respect to m after T" rounds is

T

R(m) =Y Ini(lips = (Ems, 10))- (4.10)

t=1

All theorems in this section are high probability bounds. The pseudo-regret bounds are in
Appendix 4.D.
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4.4.1 Generalized EXP4

In the standard setting where all M experts are always active, EXP4 and EXP4-IX [Auer
et al., 2002b; Neu, 2015] obtain O(v/TK In M) pseudo- and O(1/T K In(M/4)) high-probability
bounds, respectively. We will show that SE-EXP4 (Algorithm 4.3) obtains these two bounds
as well in the bandits with advice from sleeping experts setting.

Let By = |B;| be the number of awake experts at round ¢. Let E; be the B, x K
matrix whose columns are (E,,+)men,. In round ¢, SE-EXP4 samples an expert m; from a
distribution z; € Ap,, then samples an arm i; ~ E,,, ;. This is equivalent to sampling i; ~ p;
directly, where p, = 2, F; [Lattimore and Szepesvari, 2020]. The main idea of SE-EXP4 is to
take the sleeping experts as “augmented” sleeping arms and apply SB-EXP3. In particular,

the weight of expert m is

t—1 K
Qm,t = exp (Z [m,s <és -7 Zgj,s - jm,s)) ) (411)
s=1 j=1

where Z,, 5 is the estimated loss of expert m and Ej’s is the estimated loss of arm j in round

s. Initially, ¢, 1 = 1. For an expert m € By, its sampling probability z,,, is proportional to

Qm,ta 1.e.,

(jm t
Zmt = — (412)
Zjerﬂ;t dj.t

Note that z,, = 0 for m ¢ B,. After i, ~ p; is sampled, the loss estimates gt of K arms
are computed as in (4.4). Then, the losses of the awake experts are estimated by the inner

product of their advice and 0
Tmyt = <Em,t7gt>- (4.13)
Using the same analysis of SB-EXP3 implies:

Theorem 4.4.1. For any 7,7 € (0,1),n < 2v, SE-EXP4 guarantees

Riu) < In M N In(2M/6)
n 2y

+ (v + g)TK +1n(2/0) (4.14)

simultaneously for all experts u € [M] with probability at least 1 — d, where the probability
is taken over the sequence of the learner’s selected arms. Tuning 7 and v leads to an
O(y/TK In(M/6)) bound.
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4.4.2 Adaptive and Tracking Bounds for Standard Adversarial
Bandits

Following [Hazan and Seshadhri, 2009], the adaptive regret of the learner on an interval

[t1,t2] with respect to arm k in standard non-sleeping bandits is

to

R[t1,t2](k> = Z (gimt - gk,t) )

t=t1

where i; is the arm chosen by the learner in round ¢. To obtain an adaptive regret bound
using SE-EXP4, we follow the “virtual experts” strategy similar to [Adamskiy et al., 2016]:
for each interval [t;,t5] and arm k, we create a virtual expert indexed by (k,t1,ty) that
is awake from round ¢; to round t, with advice E ;) = e, for any s > t, where e is
the k" vector in the standard basis of RX. There are K (g) = w such experts. For
any interval [tq, o], the regrets of experts (1,t1,%2), (2,t1,%2), ..., (K, t1,t2) are bounded by
Theorem 4.4.1. This implies the following result.

Theorem 4.4.2. For any v,n € (0,1),n < 2v, SE-EXP4 with virtual experts guarantees
that

2(KT) | In(KT/)
U gl

Rty 10 (K) < + (v + g)TK +In(2/0)

simultaneously for all intervals [t1, %3] and arms k € [K] with probability 1 — 4. Tuning 7
and v leads to an O(\/TK In(KT/6)) bound.

Next, we use Theorem 4.4.2 to bound the tracking regret. The tracking regret of algo-

rithm A with respect to a sequence of arms j1.7 = (41, ja2, - - -, jr) 18
T
R(jir) = Z(ﬁt — ).
t=1

Let S =31, 1{j; # ji_1} be the (unknown) number of switches in the sequence ji.p. Since
there are S + 1 intervals of different competing arms, Theorem 4.4.2 immediately implies

an O (S VTKIn(KT )) tracking bound. Furthermore, the following corollary shows that if

S is known, then a tracking bound of order O(1/STK In(4ZF)) is attainable as well. Thus,
techniques based on sleeping bandits recover the tracking bounds in [Auer et al., 2002b]
and [Neu, 2015].
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Corollary 4.4.3. Restarting SE-EXP4 with virtual experts after every 7'/S rounds guar-
antees that for any ji. where H(j1.7) < S, with probability at least 1 — ¢

i <0 (fsrim (571,

Remark 4.4.4. [Luo et al., 2018] obtained adaptive and tracking pseudo-regret bounds for

contextual bandits which recover the same bounds (up to constants and logarithmic factors)

in standard bandits. Our results hold for both pseudo-regret and high probability bounds.

4.5 A Per-Action Strongly Adaptive Lower Bound

Let T, = [{t € [T] : 1,4 = 1}| be the number of rounds in which arm a is active. Prior works
in sleeping experts established per-action regret bounds of order O(y/T,), independent of
T [Chernov and Vovk, 2010; Gaillard et al., 2014]. In this work, we call T-independent bounds
that guarantee R(a) = o(T,) for all action a € [K]| per-action strongly adaptive bounds. The
bounds obtained by SB-EXP3 and FTARL in Section 4.3 have O(v/T) dependency for all
arms a, thus they are not strongly adaptive. We study whether strongly adaptive bounds
are achievable in sleeping bandits. The following theorem shows a linear per-action strongly
adaptive lower bound for a large class of algorithms that contains SB-EXP3, FTARL in

Section 4.3 as well as any minimax optimal algorithm.

Theorem 4.5.1. For any (possibly randomized) algorithm with guarantee

sup E[R(a)] < O(T"AP(In(T))"), (4.15)

a€[K]

where v € (0,1), 5 > 0,1 > 0 are constants, there exists a number of arms K and sequence

of sets of active arms and their losses such that A = 2 and for at least one arm a € [K],

T, > QT "(In(T))™*) and E[R(a)] > Q(T,).

Remark 4.5.2. By setting v = 8 = 3, 4 = 0, (4.15) corresponds to the O(vTA) bound of
any minimax optimal algorithms. This implies that no algorithms can simultaneously have

an optimal per-action regret bound and a sublinear per-action strongly adaptive bound.
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Our proof extends that of [Daniely et al., 2015] to sleeping bandits. Specifically, the
setup contains arm 1 that is always active with small losses, while the other K — 1 arms are
active in K — 1 non-overlapping intervals with large losses, one interval for each arm. To
guarantee small regret against arm 1, with high probability, the learner must pull only arm
1 in the interval of some arm j > 1. Consider a slightly different setup where the losses of
arm j are smaller than that of arm 1. Because the sequence of active arms and their losses
in the two setups are identical from the first round until the start of the interval of arm j,
the learner is unable to distinguish between the two setups and incurs linear regret against
arm j in the second setup.

The limitation of this construction is that K has to grow with T". In particular, we require
K of order T*=727#(In(T))~*. As a result, algorithms with bounds that are sublinear in T but
have large dependency on K, for example O(T7K), do not satisfy (4.15). Note that SB-EXP3
and FTARL always satisfy (4.15), since VTAIn K < v/TAInT and TVAK < T3/*AY4
for any K <T.

4.6 Conclusion

We derived algorithms for sleeping bandits and proved their near-optimal per-action regret
bounds. These algorithms and their regret bounds strictly generalize existing approaches and
results for standard non-sleeping bandits. We showed that sleeping bandits-based approaches
both imply new bounds and recover a number of existing order-optimal O(\/T ) bounds in
related settings with fundamentally different proofs. Furthermore, the analysis can be used
to show both pseudo-regret and high probability bounds by using either the unbiased or
[X-loss estimators.

A direction for future work is to either prove an Q(y/TAln Gr) lower bound, or show that
an O(\/ﬂ) upper bound is possible, thereby obtaining minimax optimal bounds. For the
former, such a lower bound must hold only in restricted conditions such as Aln Gy < K, so
there is no contradiction to the optimal O(\/ﬁ ) bound in non-sleeping bandits. The latter

likely requires new analysis techniques other than the potential-based analysis and FTRL.

4.A Proofs for Section 4.3.1

Recall that Q; = ZZEGT git. For any set S C Gr, let Qs’t = Y .cs Git be the projection of Q;
onto the set S. Let S = Gz \ S be the complement of S. Note that the normalization factor
Wi is equal to » 0, n Gt = Qn,.p-
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First, we prove a technical lemma which holds for any I;; € [0,1] for all i € [K] and

te[T].

Lemma 4.A.1. For any t > 1,

Einp, [gzt] = gt -7 Z [j,tgj,t-

JEA

Proof. Using lzjvt = 0 for j # i;, we obtain

zwpt Z pz tgz ,t

i€y
= pit,tgit,t
0y
- pit’tpit,t +lit
b
Pirt +VLin
= ét - 7Iit,tgit

= ét - Z [j,tgj,t-

JEAL

= ét - 7Iit,t

4.A.1 Proof of Lemma 4.3.3

We make use of the following two facts that can be proved easily:
o Fact 1: the function f(z) = e "™ is convex for any n € R.

o Fact 2: For any a,b > 0,¢ > 0, if a > b then

a—+c

> .
“b+c

Sal RS

Lemma 4.3.3. For any ¢t > 0,

1EAL JEA:

QHl < szteXp< ft—fzt—szgt ) .
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Proof. By Jensen’s inequality and Fact 1, we have

Z Dit €XP <—7757¢,t> = Eip,[exp <—ﬁgi,t>]

1EA

> exp (_nIEiNPt [@A)

— exp (—77 <5t -7 l@,t>> ,
JEA:

where the last equality is due to Lemma 4.A.1.
Multiplying by exp <77 (@t -y ZjeAt @t)) @At,t > ( on both sides, we obtain

Zpi,tQAt,t exp (77 (ét - gi,t -7 Z gj,t)) > QAt,t- (4-16)

1EDNL JEN

Git

For all « € A4, we have I;; = 1 and thus p;; =

. Equation (4.16) is equivalent to

Qny .t
Z it €XP (77 (ét —liy— Z gj,t)) > Q-
i€ny jeA,

By our update rule, ;11 = G for i ¢ By and ;141 = Gir €Xp (77 (ét — 0y — YD jea, gj7t>>
for ¢ € A,. Hence,

Z Cji,t+1 = Z q~i,t exp (77 (gt - gi,t - Z gj,t)) > QAt,t-

1E€EA: 1€EA: JEA



Applying Fact 2 for a = ZieAt Git+1,0 = QAt,t and ¢ = Q;\t’t, we obtain
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ZieAt q~i,t exXp (77 (ét - gi,t -7 ZjeAt gj,t))

> pisexp (77 (& —lis =7 %) ) = -
1EDN; jEAt QAt,t

> ien, Qit+1
Qn, ¢
> ica, Gitt1 + QAt,t
QAt,t + Qz?\t,t
Q1

Q

>

where the last equality is due to the fact that Zig—&t Gij+1 = Ziegt Git = Qgt,t.

4.A.2 Bounding the Estimated Regret

(4.17)
[]

Using Lemma 4.3.3, we bound the estimated regret as a function of the cumulative estimated

losses of all active arms over T rounds.

Lemma 4.A.2. For any v > 0, any arm a € [K],

T

T T
o tucl < I R+ (5 +9) Y e
t=1 t=1

Ui

Proof. For any arm a € G, we have

T

In QTH =1In Z GiT+1 = In Qa1 =1 Z [a,t(ét - ga,t -7 Z gj,t)-

i€GT t=1 jER;

(4.18)
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On the other hand, we have

Qt-l—l
t

<lnGT+Zln (szteXp (77 <gt—gi,t—72gj,t>>>

iEAL JEAL

T
In QT+1 =InQ: + Zln

zlnGT+Zln <exp (n (f}—vzgﬂ)>2pltexp ))
t=1 JEA: 1€EA:
T A~ ~ ~
zlnGT+Z<7] ft—fyzfj,t>+ln< p”exp —nt; )))
t=1 jen, i€A
T A ~
glnGT+Z<77 ﬁt—WZ@,t)Hn( 776 )))
t=1 JEAL 1€AL

i, &
i\ vzzﬂ) on (Hn 1 t—nzpmem»
€Ay 1€EA 1€RAL
i, & ~
gt ) +772 i 772%,1&&,1&)

1€N 1EN

Di, g?
G Y Y
t=1 i€hy

where

the first inequality is due to Lemma 4.3.3,

the second inequality is exp(—z) < 1+ % —z forall z >0,

the third inequality is In(1 + z) < z for all z > —1,

the last equality is due to Lemma 4.A.1.

Since the losses are bounded in [0, 1] we also have )., p; tﬁlt < ZZEAt ;.- This implies

In QT-H S In GT + % Z Z gi,t- (419)

t=1 i€A¢
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From (4.18) and (4.19), we obtain

T

T
ZIa,t(ét _ga,t —’YZgjﬂf) < lnGT gZZA

t=1 JEA

Adding Zthl [ayt(lza,t +y Z]-GM gjyt) to both sides yields

T

zm IHGT+zwat+"zzemwzmzeﬂ

t=1 i€Ay JEA:

< In Gy + Z Ia,tga,t + (g + ’Y> Z Z gz‘,u

N t=1 t=1 1€A¢

(4.20)

where the second inequality is due to I < 1. O

4.A.3 Proof of Theorem 4.3.1

Theorem 4.3.1. With v = 0, for any n > 0, Algorithm 4.1 guarantees

InG n d
T
anel%E[R(a)]S ; +§ E Ay

Tuning 7 leads to an O (\/IH(GT) Zthl At> bound.

Proof. 1f an arm a is not in Gr then it has never been active in any round, thus R(a) = 0.
For an arm a € G, taking the expectation of both sides of Lemma 4.A.2 and using
éz ,t

IEitN t Z =Pit—
P[ ] tpzt

= liy

we obtain
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4.A.4 Proof of Theorem 4.3.2

Before proving Theorem 4.3.2, we state the following lemma and its corollary which provide
high-probability guarantees that the sum of the loss estimators is a lower confidence bound
for the sum of the true losses of all active arms. This lemma is adapted from Lemma 1
of [Neu, 2015].

Lemma 4.A.3 (Lemma 1 of [Neu, 2015]). For all ¢ € [K|,t € [T] and I;; € [0,1], let a;,
satisfy 0 < ay ¢ < 279I;;. With probability 1 — ¢,

T K

SN w1y > 0} (G — L) < In(1/0).

t=1 =1

The proof of Lemma 4.A.3 is identical to that of Lemma 1 of [Neu, 2015] (with one
additional straightforward step of handling /;; = 0) and thus is omitted here. For any fixed
J € Gp, applying Lemma 4.A.3 with «;; = 2vI;;1{i = j} and taking a union bound over all
J € Gr leads to the following corollary.

Corollary 4.A.4. With probability at least 1 — ¢,

_ In(Gr /o)

holds simultaneously for all j € G.

Theorem 4.3.2. For any v > 7 > 0, Algorithm 4.1 guarantees

InGr In(2Gr/0) n T
max R(a) < + +(=+7 E A
GG?KX] (@ n g <2 ) t=1 t

with probability at least 1 —¢§. Tuning 1 and v leads to an O (\/ In(Gr/9) Z;‘le At) bound.

Proof. Applying Lemma 4.A.3 with o;; = (n/2 + 7)1, 0 = §/2 and Corollary 4.A.4 with
§ = 0/2 gives

<g * 7) 2 Z lie <1n(2/0) + (g + v) Z Z Ui (4.21)
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and

_ In(2Gr/8) <«
E Inilos < H(%YT/) + E I+l for any a € [K]. (4.22)
t=1 t=1

Plugging (4.21) and (4.22) into the right-hand side of Lemma 4.A.2 and taking a union
bound, we have with probability at least 1 — ¢, simultaneously for all a € [K],

T
Z]atgt_lnGT In(2Gy/6) +Zlat€at+ln(2/5 (—kv)ZZIM&t

27 t=1 i=1

Subtracting Zthl 1,0, on both sides and using I, ,£;, < 1, we obtain

Gy | In(2Gr/d) d
< .
R(a) £ =7+ =0 +In(2/0) + (3+7) Z (4.23)
with probability at least 1 — 9. ]

4.B Proofs for Section 4.3.2

1y
Let Dy, : R¥ x R® — R, be the Bregman divergence generated by 1. Let f, = | ... | be
Ui
the estimated loss vector in round t. We write Q); = Zfil gi+ for the sum of the weights
of all arms at the beginning round ¢. Note that Q; = 1. For a set S C [K]|, we write
Qs = Y ;s ¢z for the projection of @; on S. The complement of S is S = [K]\ S.

4.B.1 Proof of Lemma 4.3.9

Lemma 4.3.9. For any t > 1 and 3 € (0,1),
Zethztﬂ < Zgztpztﬂ‘
1€EA

Proof. Since lzvt =0if i € Ay and i # iy, the right-hand side can be reduced to

72 -B
Zeztpzt u tpztt .

1EN
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For the left-hand side, the estimated losses of inactive arms are equal to

ét -9 Z gj,t = gt - ’Ygit,t

JEA
/
=l —y—
plt,t + ’Y
_ pit,tgt
piut + ’7
Therefore,
Zgthzt Zgthzt/B—i_Zéthzt
1€EA 'LEAt
= pz ¢ t
— 52 q.2 B Ut b Zq
it,t it t 2
(pzt,t + ’7 ZEA

t 2—f plt,t t 2—8
= 4;,. 4q;,
(Pivt +7)2" (Pie +7)? Z !

iGAt
gz% 2—3 iyt
= —p QA + p E q since p;, 4 it
2 2t, t it,t t,t
(plt,t + 7) €A, QAt,
0 28
< —t Q + E q since pi , <1
. 2 lt’ At 1t t
(p“’t + 7) ZGAt

— zt tpzt, QAt + Z qz t

€D
2 2
= E :gtpztﬁ7

1EA
where the last two inequalities are due to applying z® < z for all z € [0,1,a > 1 on

Pi,t» @na,+ and each g;; for i € A, as well as the fact that ¢, € Ag. O

4.B.2 Bounding the Estimated Regret

Lemma 4.B.1. For any arm a € [K],
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where e, is the a-th standard basis vector of R¥.

Proof. From the regret bound of FTRL using local norms [Orabona, 2023, Lemma 7.12] we

have
T T
B — ea) < Yrialea) — min in(2) +2 3 i (4.24)
tzl< b e o/ = vT+iiFa rEAK 2 1 ! (Vth(ut))_l’ '
where u; is a point between ¢; and
Gry1 = argmin(ly, z) + Dy, (25 q,). (4.25)

zCRK

First, we examine the left-hand side in (4.24). Obviously (gt, €q) = lzayt. Furthermore,

gtvqt Zfzt%t
= Zezt%t_'_zgzt%t

1EA ZeAt
p, i i / . 5 il R
=/, v t Pistt un& (smce&’t:—pt’” for i € Ay)
pZt,t +7 plt,t +’YZEA pit,t +7
_ pit,tét Qi t i Z ¢ (4.26)
= it .
Diyt + Y Dist icA,

il . i
= Dub Z Gt + Z it (since p;; = L)

p’it,t + ’7 74€At lGAt ZjeAj qjvt
Pi, tét .
= - since q; € Ak
Pit + ( ! )
= gt - Z gj,t-
JEA

Therefore, <gt,qt —eq) = /, — 'YZjeAt lzjyt — gmt. By construction, if /,; = 0 then ga,t =
b= jen, s Hence,

T T
Z<gt7 Gt — €a) = Z]a,t (ét -7 Z gt - ga,t) :

JEAL
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Plugging this into (4.24) implies that

T

Z Ia,t(ét — ga,t) < wTﬂ(ea) - ;gg; wl + Y Z Loy Z l;

t=1

(V24 ()1
(4.27)

2

b

(V23 (ur)) !

Section 10.1.2] that for the Tsallis entropy regularizer, the solution of the optimization prob-

on the right-hand side. It can be shown [Orabona, 2023,

Next, we bound

lem (4.25) satisfies ;111 < ¢;+ whenever Zz-,t > 0 for all i € [K]. In our construction,

7 gztt
. Ez’t_Pztt“r’Y > 0if 7 = 4y,

e Uiy =0ifie A, and i # iy,

~ ~ i E
° Ei,t = éit,t — ,yszAt Ej,t — Iitt:—: > 0 if 7 g_ﬁ At-

Hence, the condition lzvt > 0 holds for all i € [K]. It follows that u;; < ¢; for all i € [K].
It is well-known [Abernethy et al., 2015] that the Hessian of Tsallis entropy is diagonal

and equal to

(Vth(x))“ = nxgﬁ .

2-p
It follows that its inverse is a diagonal matrix with entries (nxiﬂ > on the main
i=1,2,...,K

giyeney

diagonal. Hence,

EH 2 4
H (V24 (ur)) BZ i

< %Zfthzt

where the first inequality is due to u;; < i, the second inequality is due to Lemma 4.3.9

and the last inequality is due to gi,tpi,t <1 for all i € A;. Plugging this into (4.27) and using
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I,; <1 gives

T T T
Z I, t(gt - ga t) < 1/)T+1 (ea) - min 1/)1( ) +7 Z Ej,t + % Z Z Ei»tpz{t_ﬂ
t=1 K t=1 jen, t=1 ich,
T
+Pyzzgjt+ ZZ ztp;,;ﬁ>
t=1 jeh, t=1 i€hy

where, in the last inequality, where we used 17 1(€,) —mingea . ¥1(r) < L& (1 ﬁ) as a standard

property of the Tsallis entropy regularizer [Abernethy et al., 2015]. O

4.B.3 Proof of Theorem 4.3.6

Theorem 4.3.6. With v = 0, for any g € (0,1),n > 0, Algorithm 4.2 with Tsallis entropy

guarantees

K'P "
RO < 5 25

Setting 8 = % and tuning 7 leads to an O ( 2T/ AK) bound.

Proof. With v =0, Lemma 4.B.1 implies that

s K'F n d R
S Laally = loy) < +5:0> bupi,”
t=1 n(l—7p) 26 t=1 ieh,
K1=F N -
= + — gzt p;ﬂa
n(1—p) 2622 it

where the equality is due to the fact that for : € A, ¢;;, = 0 if ¢ # 4, and g,-ht = ﬁ” :

the expectation over i; ~ p; on both sides and using

1-58
Eiympe [ i, tpztt E Pis Lis
1EA

<> n’

1E€EA
< A,

where the first inequality is due to ¢;; € [0, 1] and the second inequality is Holder’s inequality,
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we obtain

4.B.4 Proof of Theorem 4.3.7

Theorem 4.3.7. For any (3,v,n € (0,1), Algorithm 4.2 with Tsallis entropy guarantees

K'=8 nAPT
AT
Ra<ia—mt 5 7 +<

n+ 3 In(3K/9)

simultaneously for all a € [K] with probability at least 1 — ¢. Letting 8 = = and tuning n
and v leads to an O (\/ TVAK + /T Aln( K/é)) bound.

Proof. We apply Lemma 4.A.3 twice:
o the first time with &' = §/3, a;+ = 27—71‘,1:]?1-1,,5_6 to obtain
_ In( 3/5 d
DpI TINS5 SHF0S (129
t=1 i€Ay t=1 i€y

with probability at least 1 — §/3,

o the second time with ¢’ = 6/3, ;s = 2v1;+ to obtain

ZT: > < Z > (4.29)

t=1 i€Ay t=1 i€Ay
with probability at least 1 — /3.
We also apply Corollary 4.A.4 once with §' = % to obtain

T

T
~ In(3Gr/o
Z Loloy < H(Q—VT/) + Z Toilay (4.30)
t=1 t=1

with probability at least 1—0/3. Plugging (4.28), (4.29), (4.30) into Lemma 4.B.1 and taking
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a union bound, we obtain with probability at least 1 — 9,

T

Z]atgt [1(1—;) * 3GT/(5 +Z]at£at+ 3/6 +7 Zz&t

t=1 1€A¢

nln 3/5 5
+— pii
w5 Z Sl

Subtracting Z;le I, 0.+ on both sides, we obtain

K-8 In(3Gr /o n(3/9) In(3/0) 1-
R < gy + g EORIIR L 2522 T

2
’)/ t=1 ZGAt t=1 leAt

K8 W(3Gr/§) [ 7
< pt % +(4B >1n(3/5 +7AT+—;ZE%
< g AT (g ) e + %
K15 , 1 In(3K/5)
S—n(1—6)+26TA + AT+(4B ) n(3/0) + o

where
« the second inequality is due to ¢;; € [0,1] and A; < A,
o the third inequality is Holder’s inequality and A; < A,

o the last inequality is due to Gr < K.

4.C Proofs for Section 4.3.3

First, we state a more general definition of the active sets of arms. An arm i is active in
round ¢ if [;; > 0 ie. B, = {i € [K]: I;; > 0}. Let 6, = U,_;A; and G; = |G;|. Let the
potential function Q; be

)i = Z q~zt

1€G
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Input: n>0,v>0,n <~
Initialize ¢;; =1fori=1,2,..., K;
for each round t =1,...,7T do
An adversary selects and reveals K values I;; € [0, 1];
Compute w;; = I;;G;y and Wy = Zfil W 5
Compute pi; = 7 ;
Draw i; ~ p; and observe ét =V, 1;
Construct loss estimate gi,t by Equation (4.31) ;
Update G;++1 by Equation (4.32).
end
Algorithm 1: SB-EXP3 for experts that report their confidences with bandit feedback

The protocol is given in Algorithm 1. In round ¢, the loss estimator is

fi,tll{itZ’i} . )
Eit = it +v1Lit if it = 0’ (431)

7 0 otherwise.

and the update rule for ¢; ;1 becomes

Git+1 = i €XP <77]zt ( WZIJ i, t)) . (4.32)

Before proving Theorem 4.3.12, we present the following lemma which bounds the growth

Qt+1
of o

Lemma 4.C.1. For any t > 1,

Q51<1+7752pw< _ézt VZ téjt ‘H?Izt Z tgjt)

t
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Proof. By the definition of Qt+1, we have

K
Qt—l—l - Qt = Z it €XP (n]i,t <€t - gz’,t -7 Z Ij,t@,t)) - Z it

i€Gp jfl i€Gy
_Zqzt<exp<7ﬂzt€t zt—’YZ tgjt)_:l)
1€Gr
< Z@t (n]i,t( Uiy — VZ tfgt +772]z2t _gzt VZ tgjt >
1€Gp
=1 Z LivGig ((gt - gi,t -7 Z Ij,tgj,t) + nIi,t(gt - gi,t -7 Z Ij,tgj,t>2>
1€Gp jfl j*l
ZnWthi,t ((gt_ ’Yzfgt@t +77[zt - zt ’YZ gjt )7
i€G Jj=1

where

o the inequality is obtained by applying exp(z) — 1 < x + 22 for any < 1 on z =
nl;, =l — Z] L, tf]t) and multiplying both sides by ¢;; > 0,

« the last equality is due to the computation of p;; = I”th”
Dividing both sides by Qt > (0, we obtain the desired expression. [

Note that in each round ¢, Lemma 4.A.1 still holds for [;; € [0,1]. This implies the

following corollary.

Corollary 4.C.2. For any t > 1,

2
Qct;l <1+ szt[zt(gt—&t—’YZ tgj,t) :

t j=1

Proof. We write the second term in the sum on the right-hand side of Lemma 4.C.1 as
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follows:

W, ;
Qt+1<1+ 52%,1& ((gt_ zt—’YZ gjt +77[zt€t zt—”YZ ejt >
t =1

Qs
W, ; 772W ;
+ Qtzpz‘,t(& Z téjt thpi,t]i,t(gt Z tf]t
[ -] 3 =1

(. J/ (.

4
4

—
S
~
—~
=
=

We bound (a) and (b) separately. By Lemma 4.A.1 we have
K

K K
sz‘,t( l; 7 Z téj t) = ét - Zpi,tgi,t - Z [j,tgj,t
i=1 j j=1

=0,

and thus the quantity (a) is equal to 0. To bound (b), we have

Z]zt(bt

.
~ L
=1

IN

1

%

I
ol

ty

where the inequality is due to I;; € [0,1] and ¢;; > 0. This implies that 0 < ngf < 1
Multiplying both sides by 7? Zfil p@tIi’t(lft y— Z]K:l l%t)? > 0, we obtain

K ) K \?
b) <’ sz’,tji,t <€t —Llig — 7 Z Ij,t@'i) ,
=1 =1

which implies the desired statement. [
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4.C.1 Proof of Theorem 4.3.12

Theorem 4.3.12. With optimally tuned n and ~, Algorithm 4.1 guarantees

R(a) <O | 4[> Ii,In(Gr/d)

t=1 i=1
simultaneously for all a € [K] with probability 1 — 4.
Proof. We still employ the standard strategy of lower and upper bounding Q)7,;. We have
T K
I Qri1 > MGarin =1 Y Las (ét Loy =7 Ij,téj,t) : (4.33)
t=1 j=1
On the other hand,

Qt+1

t

<1nGT+Zln <1+77 szt]zt zt VZ tg]t ) (434>

=1

2
<InGp+n? ZsztLt (& VZ tgg;t)

t=1 i=1

T
1HQT+1 = 111@1 + Zln

where the first inequality is due to Corollary 4.C.2 and the second inequality is due to
In(l+2z) <z forall z > —1. Let ¢, = 72?11 ]jigj,t. For any t > 1, we have:

by —cp =0, — ’y[it’t&ht ( since gj,t =0if j #4)
’y]it,tét

Pirt + Vi

_ pit,tét
Pirt + 7 1Lis

= pz’t,tgit,t-
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K
Zpi,t[i,t<£t zt_ct szt[zt gt_ct +sztjzt£7,t_22pztjzt gt_ct gzt
i=1

< (b —cr)? Zpi,t[i,t + Zpi,tji,tgit
i=1 i=1
K Ko
< sz',t]i,t + Z I 40y,
i=1 i=1

where
o the first inequality is due to b — ¢t = pit,tgit,t > 0,
o the second inequality is due to by — ¢, = pit,tlﬁit’t <1.

Combining (4.33), (4.34) and (4.35), we obtain

which implies that

T K
Zlatét < Zlatfat‘F IHGT +nzzpztlzt+zz at7+n ”f”

t=1 i=1 t=1 i=1
T K
<zfateml“GT+vzzpnm+mzzm
t=1 i=1 t=1 i=1

where the last inequality is due to I,; < 1 and picking n = 7.

(4.35)

(4.36)

(4.37)

(4.38)

Note that Lemma 4.A.3 holds for I;; € [0,1]. Applying Lemma 4.A.3 with a;; =
291;4,8" = 0/2, applying Corollary 4.A.4 with ¢’ = /2 and using Zfil pitliz < Zfil Iy,

we obtain that with probability at least 1 — ¢, simultaneously for all a € [K],

ZIat£t<ZIat‘€at 2GT/5 lnGT ZZIlt+1n 2/6 +2”YZZI]t€jt

'7 t=1 =1 t=1 j=1
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Subtracting Zthl I,+0,+ on both sides and using ¢;; < 1 and ~, 6 € (0,1), we obtain

n(2Gr/8) InG S
R(a) < n(2Gr/0) | InGr +1n(2/6) +3v> > Ly (4.39)
v v t=1 j=1
3In(Gr/o g
< 3G L3S S 0 (1.40)
v t=1 i=1
Setting vy =n = % leads to the desired bound. ]

4.D Proofs for Section 4.4

Recall that the sleeping experts are considered sleeping augmented arms. Note that B, =
{m € [M]: I, = 1} is the set of awake experts as defined in the main text. For an expert

u € [M], the actual loss of expert u in round ¢ is
LTyt = <Eu,t7€t>-

First, we prove a technical lemma showing that the z;-weighted average of these estimated
losses of the augmented arms is equivalent to 0, — v ZjK:1 le7t. This lemma is the counterpart
of Lemma 4.A.1.

Lemma 4.D.1. For any t € [K] and m € B,

K
]EmNZz [fim,t] - gt - ’Y Z gjvt'

j=1
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Proof. Let E t be the value of the element at index k in E,, ;. We have

]Emwzt [jm,t] - Z Zm,tjm,t

meB;

= Z thZEmtEkt

meB;

= E Zm,t m,t it,t

meB;

ét (i)
= 2B
pl‘ht + 7 Z ! ot

- gtpz't,t
B Diyt + 7

by
Digt + Y

= gt - ’Ygit,u

:é\t—")/

where
o the second equality is by Equation (4.13)
o the third equality is due to gk,t = 0 whenever k # i,

o the fourth equality is due to pg: = ) zmtE for all k € [K].

meB;

]

Let Q; = an]‘le Gmt- For aset S € [M], let Qs’t =Y mes Umt be the projection of Q; on
S. Let S = [M]\ S for any S C [M]. Lemma 4.D.1 leads to the following technical lemma

that resembles Lemma 4.3.3.

Lemma 4.D.2. For any ¢ > 0,

Proof. The proof makes use of the following two facts that can be proved easily:

o Fact 1: The function f(x) = e is convex for any n € R.
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e Fact 2: For any a,b > 0,¢ > 0, if a > b then

a > a—+ c.
b~ b+c
By Jensen’s inequality and Fact 1, we have
M
Z Zm,t eXP(—Tlfm,t) = IEmwzt [GXP(_TIfm,t)]
m=1

> exp (—NEmez [Tm,e])
~ K ~
= exp (—n(ft — Z%)) :

=1

where the last equality is due to Lemma 4.D.1. Since z,,; = 0 for m ¢ B, the expression

above is equivalent to

K
> Zmeexp(—nEmg) > exp (—n(@t - ’VZ%)) :
j=1

meB;

Multiplying exp (n(ét — ZjK:1 lzj’t)> QBt’t > 0 on both sides, we obtain

K
Z Zm,tQBt,t exXp (n(ét - ’ngj,t - -iimt)) > Q[Elst,t~ (4-41)
j=1

meB:

‘jm,t

By definition, z,,; = 5

. Hence, Equation (4.41) is equivalent to

Byt

K
S e (Wz . m>) > G
j=1

meB;

By our update rule, ¢u 41 = Gt €Xp (U(ét - 725-(:1 Uiy — fmt)) for m € B, and G411 =
Gm,t for m ¢ B,. Hence,

K
Z gm,t+1 = Z (jm,t €xp (U(gt - ’ngj,t - i’m,t)) > QBt,t-
j=1

meB; meB;
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Applying Fact 2 for a = Gm,t+1,0 = QBt’t and ¢ = Q@t’t, we obtain

meB;

M K K
> Zmiexp ('rz(& 7> - f’ém,t)) = > Zmgexp (n(@t 7D - fm,t)>
i=m =1 =1

meB;
Zmem;t qm,t €XP (U(ét -7 Zjil gj,t - li’mt))

N Qs 1

D mem, mpt1

Qs

o Lmep, Imt1 + Qs

B @pt + OB, ¢

_ Qr11

Q]

(4.42)

where the last equality is due to the fact that Y g Gmit1 = D ep, Gnt = QB+ O

4.D.1 Bounding the Estimated Regret

The following lemma bounds the estimated regret of each expert u € [M].

Lemma 4.D.3. For any v > 0, for any u € [M], SE-EXP4 guarantees that

S Lol — &) < m?jw + (7 + g) NN i (4.43)

=1 t=1 j=1

Proof. We have
K
In QTJrl =In Z Gm, 111
m=1

> InGuri1 (4.44)

T K
=0 Ll =D Ly — Fuy).
=1 =1
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On the other hand, we have

Qt—i—l
t

K
<InM + Zln (Z Zm,t €XP (77(& - ’ngj,t - jmﬁ))
j=1

meB:

=InM + Z In (exp <n(@t - Z gj,t)) Z Zm,t eXP(—Ufm,t)>

t=1 j=1

T
IHQTJrl =InQ; + Zln

T K
=M+ 0l =Y )+ | Yz exp(—n:%m,a))
t=1 j=1
T . K ~ 772‘%2 .
< M+Y n(&—v;&-,t) i | D a1+ 5" —ni"m)))

t=1 meBt
T = jQ
m,t m, ~
:lnM+Z n(l, — VZKN )+ In 1—1—7]22 5 t—nzzm,txm,t>>
t=1 j—l meB; meB;
T K Zmal
~ -~ m,t m
§lnM—|—Z<77(€t—fyZ€]’t)+77 Z 5 t_nzzmtl'mt>
t=1 7j=1 meB; meB;
Zm xm
Y3
t=1 mE]Bt

where

the first inequality is due to Lemma 4.D.2,

the second inequality is exp(—z) < 1+ % —x for all x > 0,

the third inequality is In(1 4 z) < z for all > —1,

the last equality is due to Lemma 4.D.1.

We obtain

T

K
Z Iu,t(ét — 'yz Ej,t — Ty ) § 77 Z Z thﬂfmt- (4.45)
j=1

t=1 t=1 meb;
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Next, we proceed in the same way as in [Neu, 2015]. We have

K 2
Z Zm,tj:iz,t = Z Zm,t (Z Eﬁf)t ~k7t> (4.46)

meB; meEB; k=1
K
< > B (Ge)? (4.47)
meB; k=1
K
= () Y zaBLY) (4.48)
k=1 meB;
K
= prallis)’ (4.49)
k=1
K
<> iy, (4.50)
k=1

Z (- (4.51)

Moving fythzl Iy ZJKZI @t to the right-hand side and using [,; € [0, 1], we obtain the

desired statement. O

4.D.2 Proof of Theorem 4.4.1

Theorem 4.4.1. For any v,n € (0,1),n < 27, SE-EXP4 guarantees

In M n In(2M/9)

R(u) <
() n 2y

+ (v + g)TK +1n(2/6) (4.14)
simultaneously for all experts u € [M] with probability at least 1 — d, where the probability

is taken over the sequence of the learner’s selected arms. Tuning 1 and < leads to an

O(y/TK In(M/J)) bound.
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Proof. Lemma 4.D.3 implies that

T

~ InM L& i
Z—Iutft +Z]ut$ut+zz<7+§

(4.52)
my K " T K -
= 7 + Z Iu,t : Eu,tgj}t + Z Z <’Y + 5) ‘gj,t-
t=1 7j=1 t=1 j=1
Next, we apply Lemma 4.A.3 twice, where
o the first time with a;; = 2’yIu7tEul%, 0" = 5% and a union bound over [M] implies
In(2M /o
Z Z L.E9) (05, — t;,) < In(2M/5) (4.53)
2y
t=1 j=1
with probability at least 1 — 6/2;
« the second time with a;; = v+ n/2,¢' = §/2 implies
- K
(v+2) DDl = b3a) < n(2/0) (4.54)
t=1 j=1
with probability at least 1 — §/2.
Plugging (4.53) and (4.54) into (4.52) yields
T T T K
~  InM In(2M/96) n
L, < Ly Y B+ =2 4 (4 ) (e +1n(2/6
2 Il <=0 tZ 5y T Hg) R bt e/
T
In M n(2M (5
Moving Zthl I, 1z, to the left-hand side, we obtain
InM  In(2M/9) n
R(u) < ==+ =22+ (74 7) TK +In(2/9). (4.55)
n Y

Letting n = 2 and tuning 7 implies the O(/T K In(M/§)) bound. O
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4.D.3 A Pseudo-Regret Bound of SE-EXP4

We bound the pseudo-regret E[R(u)] for any expert u € [M]. Note that v = 0. Taking the

expectation on both side of Lemma 4.D.3 and using
Eiiope [gj,t] =L <1,

we obtain
E(Y Lol — #uy)] < —* gTK. (4.56)
On the other hand,

K
Eitht [i‘u,t] - Zpk,tE[ju,t | 1y = k]
k=1

K

K
=S o B EVM | i = K]
k=1 j=1

We conclude that

(4.57)

By setting n = 4/ =77~ we obtain the bound

E[R(u)] < V2TK In M. (4.58)
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4.D.4 Proof of Theorem 4.4.2

Theorem 4.4.2. For any v,n € (0,1),n < 27, SE-EXP4 with virtual experts guarantees
that

2In(KT) N In(KT/0) N
n v

Ry (k) < (7+ )T +1n(2/3)
simultaneously for all intervals [t1, 5] and arms k& € [K] with probability 1 — . Tuning 7
and 7 leads to an O(y/T K In(KT/d)) bound.

Proof. For any triple (k,ti,t3) we create a virtual expert that is active from round t¢; to
round t, and give advice e;. There are M = K (g) = w such experts. Because
M < KT? < (KT)?, we have

In M <In((KT)?*) =2In(KT).
Furthermore, for all § € (0, 1),
In(2M/8) < In(4M/6%) < In((2KT/6)?*) = 2In(2KT/0).

Let gy, 1, denote the expert indexed by (k,?1,t2). By Theorem 4.4.1, with probability at
least 1 — 0,
Rty 1a)(k) = R(uky 1)

- In M N In(2M/6) n

2In(KT In(2KT/d
< KT | m@ETO) o Dyprg 4 in(a/s)
U v 2
holds simultaneously for all w4, 4. O

4.D.5 Proof of Corollary 4.4.3

Corollary 4.4.3. Restarting SE-EXP4 with virtual experts after every 7'/S rounds guar-
antees that for any ji.r where H(ji.7) < S, with probability at least 1 — §

R(jr) < O <\/STK In (%)) |

Proof. Without loss of generality, assume that 7' is divisible by S. We use the following
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algorithm called SE-EXP4-Restart, which runs in S episodes. In each episode, a new instance
of SE-EXP4 with virtual experts is run for 7'/S rounds. Let b =1,2,...,S be an index for
the episodes, and ¢ = % be the ending round of episode b. Note that each episode b starts
from round % + 1 to round %T

We examine the regret of this SE-EXP4-Restart with respect to the competing arms j;.17
in each episode b. Divide T rounds into Z = H(j;.r) + 1 non-overlapping segments, where
the competing arms are the same within each segment z =1,..., 7. Let S, E, be the first
and last rounds of segment z. For every pair (b, z) of episode b and segment z, let

b—1)T bT

B =15, 5)n [ T (1.60)

be the intersection between the rounds of episode b and segment z. Since the episodes are non-
overlapping and the segments are non-overlapping, the intervals F; .’s are non-overlapping.
In addition, their union is U, ,F}, . = [T].

Fix an episode b and a segment z. There are two cases:
o [, . =0: Obviously, the regret of SE-EXP4-Restart on this empty interval is zero.

o [}, # (: in this case, because [}, is an interval within episode b, the tracking regret
of SE-EXP4-Restart on F},, cannot exceed the adaptive regret of running (a new
instance of) SE-EXP4 with virtual experts under horizon 7'/S. By Theorem 4.4.2,
this is bounded by

2 KT
RFb,S < E In <§> + UTK/S + 1H<2S/5) (461)

with probability at least 1 — /5.

Taking a union bound over all S episodes and setting n = 2y implies that with probability
at least 1 — 9,

2 KT

simultaneously for all intervals Fj, ;. Because [}, ,’s are non-overlapping and their union is
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[T], the tracking regret of SE-EXP4-Restart is bounded by

R(ji.r) Z Rp, . (4.62)

(Z 1{F. # @}) ( (];(ST) +nTK/S + ln(2S/5)) (4.63)

b,z

Next, we show that the count C' = 3, 1{F,. # 0} is smaller than 2S. Observe that the
S episodes split the sequence of T' rounds into S intervals with S — 1 splitting points (not
counting the two ends at 0 and 7). Similarly, the S + 1 segments of ji.r have S splitting
points. In total, there are at most 25 — 1 splitting points from the episodes and the segments
of ji.7. Each non-empty interval F}, , has an ending point that is either 7" or one of the 25 —1
splitting points. Therefore, there can be at most 25 such Fp, .. We conclude that C' < 25.
As a result, with probability at least 1 — 4,

R(jir) < —n (%) + 29T K + 25 1n(25/6).
Ul

25111(

—> leads to the desired bound. O]

Letting n = T

4.E Proofs for Section 4.5

Theorem 4.5.1. For any (possibly randomized) algorithm with guarantee

sup E[R(a)] < O(T" A?(In(T))"), (4.15)
a€[K]
where v € (0,1), 8 > 0,1 > 0 are constants, there exists a number of arms K and sequence

of sets of active arms and their losses such that A = 2 and for at least one arm a € [K],
T, > QT (In(T)) ™) and E[R(a)] > Q(T},).

Proof. Let A be any algorithm with the stated worst-case guarantee and f(T, A) = O(T" A?(In(T))*)
represent the worst-case regret bound of A. We show a construction with A, = 2 for all
t =1,...,7. Our construction is adapted from the lower bound construction of [Daniely
et al., 2015] for strongly adaptive regret in the standard adversarial MAB setting. With-

out loss of generality, assume 4f(T, A) divides T. Let L = W and K = 1+4f(T,A).
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arm 1, /1, = 0.5

| |
[ |

1 T
arm 2 arm 3 arm K

| | |

{ x x P

1 62715 =1 ggyt =1 gK,t =1 T

Figure 4.1: Environment Vj. All arms have loss equal 1 when they are active

arm 1, 4, = 0.5

arm k — 1 arm k arm k

| | | |
[ [ [ |

1y =1 Uy =0 Cep1e =1

Figure 4.2: Environment V,. Except for arm k which has losses equal to 0, all arms have
losses equal to 1 when they are active.

Obviously L > Q(T*7A=#(In(T))~*). Consider an environment V; defined as follows:

o Arm 1 is always active. Its losses are ¢, ; = 0.5 for all ¢ € [T].

(k—2)T kE—1)T
4f(T,)A) +1, 4(f(T,A) . The length

of each interval is L. Their losses are {5, = 1 for the rounds ¢ in which they are active.

e Arm k =2,3,..., K are active for the rounds in Z, = [

Figure 4.1 illustrates this environment ;. We also define K — 1 competing environments Vj,
for k =2,3,..., K, defined as follows:

e The number of arms and their active rounds are identical to that of V. That is, arm
1 is always active for all rounds while each of the arms k = 2,3,..., K are active for

rounds within Zj, respectively.

o The losses of every arm are the same as in V{, except for that of arm k: all losses of

arm k are 0. Figure 4.2 illustrates environment V/ ;.

Following the standard strategy of comparing the behavior of the algorithm on V and
competing environments [Auer et al., 2002b; Daniely et al., 2015], we first consider the
neutral environment V. Let Ey and Pry indicate the expectation and probability taken in
this environment over the randomness of the algorithm A, respectively. Let U = {t : i; # 1}

be the rounds in which the arm chosen by A is not arm 1. On Vj, since arm 1 is the best arm
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and the gaps between the losses of arm 1 and that of every other arm is 0.5, the inequality
sup, Eo[R(a)] < f(T, A) implies

Eo [|U]] < 2f(T, A). (4.64)
For any k € {2,3,..., K}, let
E={UNZI, =0}

be the event that only arm 1 is chosen by A on Z;. Because the Z; are non-overlapping and

kL, = [T], we can write

=l

U= U, x(UNTI),

-----

and

1
] < 3

Next, we show that for some segment Zy« of size L = m, we have Eq [|U N Z-

Assume on the contrary that Eo [|[U NZ|] > 4 for all k =2,..., K. Then,
K
Eo[U] =) Eo[UNZy
k=2
- K—-1
2
=2f(T, A),

which contradicts (4.64). Since |U N Zy+| is a non-negative integer, the inequality Eq [|[U N Zg«|] <

% implies Prg [Ep+] > % Next, we consider the environment Vj+«. From round 1 up to (and

including) round ¢t* = %, the set of active arms and their losses on Vj and V.« are iden-

tical. As a result, the distribution over the past chosen arms and observed losses induced by
A up to round t* is the same on both environment. Moreover, once the algorithm enters Z-
at round t* + 1 and chooses only arm 1 subsequently, it also observes the same sequence of

chosen arms and losses on both V and Vi« until the end of Z,-. Hence,

(4.65)

1
Prys [Ep+] = Pro [Ex+] > >
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where the subscript £* indicates a probability measured in environment V. In other words,
on Vi, with probability at least 0.5, arm 1 is always chosen on [+ and arm k* is never
chosen. Under this event &+, the regret of A with respect to arm £* is (0.5 — 0)L = 0.5L.
When &« does not hold, the regret with respect to £* is non-negative because i+, = 0.

Overall, on Vi« the expected regret is at least

Ep- [R(E")] >

4.F Proof of Theorem 4.3.5: Doubling-Trick for Adapt-
ing to Y.,_, A, AND Gy

For SB-EXP3, computing the optimal learning rates require the fraction ;}LTA of /InGrp
t=1 41t

and the sum \/23:1 A;. Both of these quantities are monotonically non-decreasing. There-
fore, we can apply the doubling trick on these two quantities. First, we prove a simple lemma

justifying doing this.

Lemma 4.F.1. Let a,b,c,d > 0 be constants such that a < c and b < d. Let

be a function on R, . Then,

Proof. Due to a < c and b < d, for any x > 0 we have

ﬂ@§£+%.

8
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Plugging x = @/%C into the right-hand side gives

2¢ d c

i P - _

f(\/ d)‘c 2e T 5
2cd.

]

Lemma 4.F.1 implies that for any horizon T, if we set 1, = % for ¢ and ¢ such that
¢c>InGrand d > Zthl A, then we obtain a regret of bound v/2cd.

We proceed to perform the doubling trick on In Gy and Zthl A;. The full procedure
is given in Algorithm 4.4. The main idea is a two-level doubling trick which divides the

learning process into episodes as follows:

o The first level: throughout the learning process, we maintain a set V for the arms
that have been active at least once in each episode and an upper bound 2¢ for In(|V]).
Initially, V. = @ and C' = 1. At the beginning of round ¢, we check if In(|V U A,|)
exceeds 2¢. If In(|]V U A,|) < 2¢ then we continue the learning process and update
V = VUA;. Otherwise, we reset V to (), increment C' by at least one until 2¢ > In(A;)

and start a new episode from round t.

o The second level: throughout the rounds of each episode, we maintain a cumulative
sum U for the sum of A; and an upper bound 2° for U. Note that C is fixed within
these rounds. Before the first round of an episode, we initialize U = 0,b = 1. As long
as U + A, < 2°, we run SB-EXP3 with n = \/22? and update U = U + A;. Once U
exceeds 2° at some round ¢, we increment b by at least one until A, < 2° reset U = 0

and run a new instance of SB-EXP3 onwards.
The pseudo-regret of Algorithm 4.4 is shown in the following theorem.

Theorem 4.3.5. For any T > 2, Algorithm 4.4 (in Appendix 4.F) guarantees that

max E[R(a)] <

max A1 ln(GT);At.

Proof. Let Cr be the last value of C' after T rounds. Note that C7 is also the number of
episodes. Let ¢ = 1,2,...,Cr be the index of the episodes. We first bound the regret within

each episode ¢, and then sum up this bound over Cr episodes to get the total regret bound.



132

Bounding The Regret Within Each Episode

Fix an episode c¢. Let T, be the rounds in this episode, and T, = |T.|. Let V. be the set
of arms that are active at least once during this episode, and V. = |V.|. By construction,
b =1 at the beginning of this episode. Let B be the last value of b after T, rounds starting
from the first round of episode c. Divide the rounds in T, into B time intervals, where b
does not change in each interval. For b = 1,2,..., B, let F, be the time interval of b. Let
Uy = Y e, Ar be the sum of A; within Fy. Since Uy, < 20 and In(V,) < 2¢, by Lemma 4.F.1
and Theorem 4.3.1, the regret of the learner in this interval is bounded by

max E[Rp, (a)] < V2b2¢+1,

a€[K]

Let R.(a) be the regret incurred during episode ¢ with respect to arm a. We have

For b=1,...,B, let t; be the first round of Fy. Since b is increased from B — 1 to B at the
beginning of round g, we have Ug_1 + A;, > 2871 Tt follows that 28 < 2(Up_; + A;,) <

23 er, Ar. Hence,
V2
max E[R.(a)] < 2¢c+1 E A, 4.66
a€[K] [ ( )] \/5—1 teT, ! ( )
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Bounding The Total Regret

Summing up (4.66) for ¢ = 1,...,Cr, we obtain

Cr
max E|R(a)] < max E|R.(a
i E{R(0)] < 3 maxE(R(o)
V2 &
< 20+1 A
SRR ML I

T C
S \/§ ZAt ZT Q¢+l
t=1 c=1

2V/2 a
S &

where the third inequality is due to } 7, Ay < Zthl Ay and the last inequality is due to
S Ve = 2 (V20 — 1),

Assume C was increased at least once i.e. Cr > 1, otherwise we immediately have an
O (\/Zthl At) total regret bound. Let 7 be the first round of the last episode. Since
C was increased from Cr — 1 to Cr at round 7, we have 26771 < In(|V¢o,.; UA,|). On

the other hand, (Vo1 UA,) C G implies In(|Ve, -1 UA,|) < In(Gr). This implies that
207 < 21In(G7), hence the total regret is bounded by

max E[R(a)] < ——

max s\ e 2 A

]

Remark 4.F.2. While the two-level doubling trick works, for practical purposes we can
set a small constant (e.g. 16) to be an upper bound for In Gy and perform a one-level
doubling trick only on Zle A;. This is because In G increases exponentially slowly: if the
upper bound for In G is doubled in each increment starting from 2° = 1, then to have k such
increments G must be as large as G > e, For k = 5, this is approximately 8 x 10'3, which
is exceedingly large for the number of arms. Overall, this implies that the doubling level
on In G would change at most 4 times in any practical scenario, and setting In(G7) < 16

would contribute at most a multiplicative factor of +/16 = 4 on the total regret bound.



134

4.G FTARL with Negative Entropy is Equivalent to
SB-EXP3

In Algorithm 4.2 the loss estimate of non-active arms a ¢ A, is Za,t =/, — 7Zj€At Zji,
Because I, = 1 for a € A; and I,; = 0 for a ¢ Ay, it follows that in Algorithm 4.2, for all
a € [K],

T T
> <€t v L — ﬁa,t> = I, (ﬁt DN T éa,t> (4.67)
t=1 jEAt t=1 jEAt

Next, we show that in each round, the sampling probability p;, of FTARL with negative

entropy is the same as that of SB-EXP3. With ¢(z) = % S K #;In; the negative Shannon

entropy, in Algorithm 4.2 the weight vector ¢; of FTARL is the solution of the optimization

problem

Solving for ¢;, we obtain for any i € [K],

exp <_77Ei,t71>
S, exp <_nl~/k,t—1>

It follows that for an active arm ¢ € A,

_ it
Pit = <<
Zke]—\t qk.t

exp(~nLii 1)
- ZkeAt exp (_nZkal)
exp(n 0 b =7 yen, Gis — i) (4.68)
- ZkeAt exp (77 22;11 0 — Y ZjeAS gj,s — gks)
(DD Ll = Syen, G — i)
 Yren, (1005 ol =7 Xjen, b — )

Y
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where

o the second-to-last equality is by multiplying exp <77 22;11 Uy —~ > iea. gjjs> to both the

denominator and numerator.
« the last equality is due to (4.67).

Observe that (4.68) is equal to the sampling probability of arm ¢ € A; computed in (4.6) of
Algorithm 4.3.1. Moreover, p;; = 0 for ¢ ¢ A, in both Algorithms 4.1 and 4.2. This implies
that FTARL with negative Shannon entropy is equivalent to SB-EXP3.
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Algorithm 4.4 SB-EXP3-ATGT adapted to G and 3, A,

Initialize U = 0,C =1,0=1,V =10
Initialize L; =0 fori =1,2,..., K
for each round t =1,..., do

if In(|[VUA,|) > 2¢ then

C=C+1

while In(4,) > 2¢ do
| C=C+1

end

Set V=0

Set U =0,b=1

for arm i € G; do
| L;=0

end

end

if U + A, > 2° then
=b+1

while A4, > 2° do
| b=0b+1

end

Set U=0

for arm i € G; do
| L;=0

end

end
Update V =V U A,
Update U = U + A;
9C+1
20
for arm i € A, do
‘ Gt = exp(nL;)
end
Compute p; by (4.6)
Sample i; ~ py
Compute (;, by (4.4)
for arm i € A; do

Compute n =

end
end

An adversary selects and reveals A,

Li=1L;+ ét — Ly — ZjeAt gjyt
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Chapter 5

Beyond minimax rates in group
distributionally robust optimization

via a novel notion of sparsity

5.1 Introduction

Performing well across different data subpopulations and being robust to distribution-shift
in testing are two of the most important goals in building machine learning models [Ben-Tal
et al., 2013; Williamson and Menon, 2019; Sagawa et al., 2020]. These goals are especially im-
portant for models making decisions that could have societal and safety impacts. A recently
proposed framework for achieving these goals is the group distributionally robust optimiza-
tion (GDRO) framework, in which a learner aims to find a single hypothesis that minimizes
the maximum risk over a finite number of data distributions. This minimax objective is often
considered in the context of fairness [Rawls, 1971; Williamson and Menon, 2019; Abernethy
et al., 2022] when the distributions represent different demographic groups, or as a means
to promote robustness when they represent possible shifts in the data distribution [Mohri
et al., 2019; Sagawa et al., 2020].

More formally, given an n-dimensional hypothesis set © and a group of K distributions
xy Ri(0), where R;(0) is the

risk of the learner with respect to P;. Intuitively, this objective encourages the learner to

P;, the learner aims to solve the optimization mingeg max;cq,...,
find a model with good balance in performance with respect to a finite number of distribu-
tions of data, and avoid models that might perform extremely well on one distribution but

have significantly worse performance on others. The GDRO framework assumes that the
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learner has access to a sampling oracle, which returns an i.i.d sample from P; upon receiving
a request ¢ € [K]. The sample complexity of the learner is the number of samples needed
to find an e-optimal hypothesis § such that the optimality gap max; R;(f) — max; R;(6*) is
smaller than a target value €, where #* is an optimal hypothesis.

Throughout the paper, the O notation hides logarithmic factors. Existing works [Soma
et al., 2022; Zhang et al., 2023a] have shown a sample complexity lower bound of order
Q(GQ[Z#) and a near-matching O <GZ[Z#> worst-case upper bound, where D is the /5
diameter of © and G is the Lipschitz constant of the loss function. While these existing
results are useful for understanding worst-case scenarios, practical problems may have ad-
ditional structure that allows for significantly lower sample complexity. In particular, the
Q(GZIZ#) lower bound construction in [Soma et al., 2022] relies on having arbitrarily small
gaps (i.e., difference in risks) between groups for all § € ©. This property rarely holds in
practice, where most hypotheses can have significant gaps between groups. For example, in
car manufacturing, each car model often has noticeably different effects on different surfaces

and road conditions.

5.1.1 Contributions and Techniques

We transcend the established minimax bounds by considering problem instances with addi-
tional structure. We formally define such a structure called (A, 8)-sparsity in Section 5.2.1.
The main idea of (A, 8)-sparsity is that for all 8, the groups can be divided into two sets:
one contains groups with large risks and the other contains groups with small risks. The
parameter \ specifies the risk-difference between these two sets of groups, while 8 specifies
the number of groups with large risks. Let () denote the smallest 5 for which (), 5)-sparsity
holds. For problem with (), 5)-sparsity, we show that the dependence on K in the leading
term (here and throughout, the term for which 1/e€ is of the highest order) can be reduced
from O(K In K) to O(S\In K'). Table 5.1 summarizes our main results, which consist of three
high-probability upper bounds and a lower bound. The leading terms in the upper bounds
grow with O <%> instead of O <D2€#>, where 3, could be much smaller than K.!
To the best of our knowledge, these are the first bounds that go beyond the established
minimax bound in [Soma et al., 2022; Zhang et al., 2023a]. The near-matching lower bound
is of order €2 (%), generalizing the minimax lower bound in [Soma et al., 2022].
Technically, our results are based on improving the sample complexity of the two-player
zero-sum game framework for GDRO [Nemirovski et al., 2009; Zhang et al., 2023a]. In this

1See Table 5.1 for full results.
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Table 5.1: Summary of main results. A-adapt indicates if the bound is adaptive to the best
A* possible. n-free indicates whether the bound depends on the dimension of ©. ¢ is the
failure probability.

Upper and Lower Bounds A-adapt? n-free?

Knln(GDK) N (G2D2+,B,\ ln g )

(Thm 5.3.4) X X

Knln G?D? * 5
0( N +ﬁ:2> (a))ln( ))(Thm 5.4.1) v %
o <DKG\/WIH(K/6M( DG N (D2G2+6,32)1n(K/5) (Thm 5.C.1) X
o < (D2G24max(In K) ﬁx*))ln(K/‘s)) (Thm 5.4.2) v
0 <D202+5> (Thm 5.3.5) i :

framework, a game is played repeatedly as follows: in round ¢, the first player (the min-
player) plays a hypothesis 6, € © and the second player (the max-player) plays a group
index 7, € [K] and draws a sample from distribution P;,. For the max-player, choosing
one of K groups and getting an i.i.d sample from that group is similar to pulling one of K
arms and getting feedback from that arm in a multi-armed bandit problem. While existing
works [Soma et al., 2022; Zhang et al., 2023a] use a fixed set of K arms in every round
for the max-player to choose from, the (A, §)-sparsity condition allows us to use a smaller,
time-varying subset of active arms of size at most #. To handle this time-varying action set,
we use the sleeping bandits framework [Kleinberg et al., 2010] to model the learning process
of the max-player. Critically, recent progress [Nguyen and Mehta, 2024] in bounding the
per-action regret in sleeping bandits (details in Section 5.3.2) enables us to reduce the max
player’s regret bound and improve the dependency on the number of groups from K In K to
B 1n K in the leading term of the sample complexity.

For the two dimension-dependent bounds, the computation of the time-varying subsets
of arms for the max-player is based on a uniform convergence bound for © that uses O (%)
samples. The first bound is obtained by an algorithm called SB-GDRO that takes A as input
and outputs an e-optimal hypothesis using O ( M) samples. Letting \* be the A
that minimizes the sample complexity bound of SB-GDRO, a natural question is whether it is
possible to nearly obtain this minimum sample complexity without knowing \*. Surprisingly,
in Section 5.4 we show that such adaptivity is possible. A disadvantage of the fully-adaptive

approach is that it is computationally expensive due to the explicit computation of covers
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of the potentially high-dimensional set ©. In Section 5.4.2, we partially resolve this by

proposing a computationally efficient semi-adaptive algorithm with a dimension-independent
O( D2G?4+max(In(K),Bx*) )
62

bound in high-precision settings where ¢ < \*.

In Section 5.5, we present experimental results showing that not only this (A, 3)-sparsity
condition holds for high-dimensional practical setting around the optimal hypothesis 8*, but
also our algorithms can efficiently (in both sample and computational complexity) compute
an estimate of \* and leverage it to find e-optimal hypotheses with significantly fewer samples

compared to baseline methods.

5.1.2 Related Works

We consider the GDRO problem where the loss function is real-valued in [0, 1] and the
hypothesis space © is convex and compact. In this setting, [Nemirovski et al., 2009]*
converts GDRO to a stochastic saddle point problem and uses stochastic mirror descent
methods with O(w) sample complexity guarantee. [Sagawa et al., 2020] adopts

the two-player convex-concave game framework from the deterministic min-max optimiza-

G2?D?+In(K))

tion literature [Freund and Schapire, 1999; Cesa-Bianchi and Lugosi, 2006] to obtain O (KQ(

sample complexity bound, which was improved to O(W) by [Zhang et al., 2023a]

22 . . .
Gli—QJ“K) information-theoretic lower bound was shown

by refining the approach. An () (
in [Soma et al., 2022].

A related, more constrained setting is the class of multi-distribution binary classification
problems in which © has finite VC-dimension d [Haghtalab et al., 2022; Awasthi et al., 2023].
Recent works have established tight minimax sample complexity bounds of order ng—QK for
this setting [Zhang et al., 2023b; Peng, 2023]. Multi-distribution learning with multi-label
prediction with offline data was recently explored in [Jang et al., 2024]. We refer interested
readers to [Haghtalab et al., 2022; Zhang et al., 2023b] for a more comprehensive discussion

of related works in min-max fairness and federated learning settings.

5.2 Problem Setup

Let © C R™ be a compact convex set of hypotheses, Z be a sample space and ¢ : ©xZ — [0, 1]

be a loss function measuring the performance of a hypothesis on a data point. Similar to

2 [Nemirovski et al., 2009] do not impose the bounded loss assumption, although [Zhang et al., 2023a] do
adopt this assumption.

€

2

)
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previous works in GDRO [Sagawa et al., 2020; Haghtalab et al., 2022], we use the following

assumption.

Assumption 5.2.1. The diameter of © is bounded as ||6||, < D for all § € ©. The loss
function £ is convex and G-Lipschitz in the first argument, i.e., [£(0,-) — £(¢', )| < G||6 — ¢'|],
for all 6,0" € ©.

There are K groups, each associated with a distribution (P;); =1, x over Z. Let [K] =

{1,2,...,K}. Let Ri(0) = E,p,[l(0,2)] be the risk of § with respect to group i. The

worst-case risk of a hypothesis 6 is measured by its maximum risk over these distributions:
L(6) = max R;(0).

1€[K]

The objective is find a hypothesis 6* with minimum £(6):

* = argmin £(0) = arg min max R;(0). (5.1)

0€O gco  i€[K]
The optimality gap of § € © is err(f) = L£(f) — L£(#*). Similar to previous works, we assume
that the learner has access to a sampling oracle that, for every query i € [K], returns an
i.i.d sample z ~ P;. Given a target optimality e, the sample complexity of a learner is the

number of samples to find an e-optimal hypothesis § such that err(f) < .

5.2.1 (A, B)-Sparsity Structure

First, we formally define the notion of a A-dominant set.

Definition 5.2.1. For any A € [0,1] and § € ©, a non-empty set of groups S C [K] is
A-dominant at @ if for all j ¢ S,

Iiréigl R;(0) > R;(0) + A (5.2)

Note that S = [K] is a dominant set, as there is no j in the empty set [K]\ S such
that R;(0) + A > min;cx) Ri(0). Next, we introduce (), 3)-sparsity, our novel condition for
GDRO problems.

Definition 5.2.2. For A > 0 and g8 € [1, K], a GDRO problem is (A, 8)-sparse if for all
0 € O, there exists a A-dominant set whose size is at most . If A > 0 and § < K, we say
that (A, 8) is nontrivial.
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Algorithm 5.1 SB-GDRO with a known A

Input: Constants K, D, G, A, €, hypothesis set © C R”
Draw m (defined in Lemma 5.3.1) samples from each
group into set V'
Initialize #; = arg ming.q ||6]|,
for each round t =1,...,7 do
Sp, = DominantSet (6, V,0.7)) // 0.4 -dominant set at
O
¢ = MaxP(t, Sy,) // Action of max-player
Draw i; ~ q; and 2, ~ P;
0¢+1 = MinP(6;, 2;,+) // Action of min-player
Return: 6 = 1 ST 6,

Figure 5.1: (Left) SB-GDRO with known A. (Right) A (), 5)-sparse example with K =
3,0=2.

By definition, a GDRO instance can be (), 3)-sparse for multiple (), 3). For example, a
(0.2,10)-sparse problem with K = 20 is also (0.2,11) and (0.1, 10)-sparse. Similarly, there
can be multiple A\-dominant sets at each 6. Let Sy be the collection of all \-dominant
sets at 6. Since [K] is always a A-dominant set, this collection always contains [K]. Let
Bre = minges, , |S| be the size of the smallest A-dominant set at # € ©. Then, we have
B = maxgeo O is the smallest value of 8 such that (A, §)-sparsity holds. Moreover, all
GDRO instances are trivially (0, 1)-sparse, in which case the 0-dominant set contains one
of the groups with maximum expected loss. If (A, 5)-sparsity holds for nontrivial (A, ),
then for every model, there is a prominent gap in the outcome (i.e., risks) of applying that
model across different groups. Figure 5.1 (Right) illustrates the mathematical plausibility of
nontrivial (A, 3)-sparsity in the continuous domain via a simple example with © = [0, 1].

In Section 5.3, we begin by presenting an algorithm which, for any input A € (0, 1],
returns an e-optimal hypothesis with sample complexity O (% + %) For any such A,
including trivial choices for which £y = K, this algorithm (with high probability) provides a
valid sample complexity guarantee, but the guarantee is most useful for the unknown, optimal
A — call it \* — that minimizes the sample complexity. The focus of Section 5.4 is adaptive
algorithms that obtain, without any knowledge of A*, sample complexity whose order is only

larger than that of our previous algorithm (were it given A*) by a logarithmic factor.
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5.3 Two-Player Zero-Sum Game Approach

In this section, we present a new algorithm SB-GDRO that, for a given input A € (0, 1], obtains

an O (Knln(f;DK/é) 4 (GQD2+BE;)1n(K/5)

probability simplex. For any ¢ € Ak, let ¢(0,q) = Zfil ¢; R;(0) be the weighted sum of the
risks of 6 over K groups. Following [Nemirovski et al., 2009], we write the objective function
n (5.1) as

> sample complexity. Let Ax be the K-dimensional

heg A0 = i s o)

The duality gap of § € © and § € Ak is defined as

err(9,§) = max ¢(6, ¢) — min (6, 7).
Since L(#) > ¢(6,q) for all 8, we have err(f) < err(,q). To minimize err(f, q), similar to
existing works [Nemirovski et al., 2009; Soma et al., 2022, we employ the following two-
player zero-sum game approach: a game is run in 7" rounds, where in each round, there
are two players A4y and A, corresponding to the min and max operators in the objective
function (5.1). In round ¢, the min-player Ay first plays a hypothesis 6;, and then the max-
player A, plays a vector ¢; € Ag. Then, a random group i; ~ ¢; is drawn, and the sampling
oracle returns a sample z;, ; ~ P;,. The two players compute 6,41 and g1 for the next round
based on i; and z;, ;. The min-player’s goal is to minimize its regret with respect to the best

hypothesis in hindsight:

R.Ag = Z¢ 9t#]t mangb 9 C]t (5-3)

The max-player’s goal is to minimize its regret with respect to the best weight vector in
hindsight:

T
Ry, = (0 (0 5.4
Aq IggﬁZﬁﬁ t; 4 ;¢ 1 Gt)- (5.4)
The SB-GDRO algorithm is illustrated in Algorithm 5.1. Before the game starts, SB-GDRO
draws a set V; of m samples from each group ¢ € [K]|, where m is defined in Lemma 5.3.1.
Let V.= {Vi,...,Vk} be the collection of these sets. The strategies of the two players are

as follows:
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Algorithm 5.2 MaxP: the sleeping bandits max-player A,

Input: Time step ¢ > 0, a dominant set S@t
if t = 1 then Initialize ¢;; = 1 for i € [K]
else
Let hjs =1 —10(05,2;5) for s=1,2,....t—1
Compute ¢;; by Equation (5.7)
1{i€Sp, }di ¢

Return: where ¢, ; = —— 2
Qs it S0 1{i€Se, }dj 0

« The min-player Ay follows the stochastic mirror descent framework similar to [Zhang

et al., 2023a]. Specifically, given a sample z;, ; ~ P;, and an existing 6;, Ay computes

Or+1 by

. - 1
Or11 = argmin < 1y, (1,0 — 01) + =[]0 — QtHg (5.5)

9o 2
where 17, = % is a time-varying learning rate and §: = V{(6;, z;,+) is a stochastic
gradient of R;,(6;). Note that #; = argmingg ||0]|,. We refer to the strategy of the

min-player as MinP, whose formal procedure is given in Algorithm 5.4 in Appendix 5.A.

« The max-player A, uses 6; and V' to compute a set of “active” groups S@t. A group i is
active if the empirical risk of § with respect to V; is sufficiently large. Then, a sleeping
bandits algorithm called SB-EXP3 is used to compute a group-sampling probability
vector ¢, € Ak, where ¢;; > 0 for ¢ € ggt and ¢;; = 0 for ¢ ¢ ggt. We refer to the

strategy of the max-player as MaxP, whose details are given in Algorithm 5.2.

Compared to existing works [Soma et al., 2022; Zhang et al., 2023a; Haghtalab et al., 2022],
our two-player zero-sum game procedure has two additional steps: the construction of the
collection V' and the computation of the set S'gt. At the end of round T, the hypothe-
sis 0 = % tT:1
%(R 4, + R4,). The min-player Ay uses a variant of the stochastic online mirror descent al-

0, is returned. As shown in [Soma et al., 2022], err(d,q) is bounded by

gorithm in [Zhang et al., 2023a] that uses time-varying learning rates instead of fixed learning
rates, and obtains the same high-probability O(DG+/T In(1/6)) regret bound. Our focus is
to obtain an improved bound for the max-player A, with a modified strategy.

Next, in Section 5.3.1, we compute the size of V' needed to construct the A-dominant sets

in each round. Section 5.3.2 presents the strategy of using V' to improve the regret of A,.
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Algorithm 5.3 DominantSet: compute a dominant set ggt

Input: 6, € O, collection of samples V', threshold 7 > 0

Compute R;(6,) = - > iy U0, Vi) for i € [K]

Sort Ri(Gt) in decreasing order and let ord(7) be the sorted order of group i

Compute nxt(i) by ord(nxt(i)) = ord(i) + 1

Let ¢ be the first group in ord such that fii(Qt) > finxt(i) (0;) + 7, or —1 if no such groups
exist.

Return: Sy, = {i € [K] : ord(i) < ord(:)} if 7 # —1, otherwise Sy, = [K].

5.3.1 Computing the Dominant Sets

Before the game starts, a set of m samples is drawn from each of K groups. Let V;; € V; be
the j-th sample collected from group i. Let R;(0) = — > iy 40, Vi ;) be the empirical risk of 0
with respect to V;. To compute a 0.4\-dominant set at 6;, we use the algorithm DominantSet
(Algorithm 5.3) which traverses the groups in order of decreasing f{i(ﬁt) and returns a set Sgt
of groups up to (and including) the first group whose empirical risk exceeds the next group’s
empirical risk by at least 7 = 0.7\. The following lemma shows that if m is sufficiently large,
then the set S'gt returned by Algorithm 5.3 is a 0.4\-dominant set at 6; whose size does not
exceed 3. This implies that the max-player only needs to sample the groups in S@t in order

to maximize the cumulative risks over 71" rounds.

741GDK
384n In (THGDE

ITBY: . With probability at least 1 — §/2, for any t € [T,

DominantSet returns a 0.4A-dominant set S’gt at 0, satisfying ’S’gt‘ < Ba.

Lemma 5.3.1. Let m =

5.3.2 Non-Oblivious Sleeping Bandits

In this section, we discuss the sleeping bandits problem [Kleinberg et al., 2010]. Sleeping
bandits is a variant of the adversarial multi-armed bandit problem with K arms, where arms
can be non-active in each round. Formally, in round ¢t = 1,2,...,T, an adaptive adversary
gives the learner a set A; C [K] of active arms. For each arm i € A, the adversary also
selects a (hidden) loss value h;; € [0,1]. The learner pulls one active arm i; € Ay, observes
and incurs the loss h;, ;. Let I;; = 1{i € A;}. For any a € [K], the per-action regret of the
learner with respect to arm a is the difference in the cumulative loss of the learner and that

of arm a over the rounds in which a is active:

T

Regret(a) = Z Lot(hi,t — hay) (5.6)

t=1
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Modified EXP3-IX for sleeping bandits. We use an algorithm called SB-EXP3 [Nguyen

and Mehta, 2024] for sleeping bandits. SB-EXP3 uses the standard IX-loss estimate [Neu,

hiytﬂ{itZi}
Qi t+t

factor in round ¢. For each arm i, over 1" rounds SB-EXP3 maintains a weight vector ¢; € Rf

defined as

2015] as the loss estimate fLLt in round ¢, i.e., ;ziyt = , where v; > 0 is the exploration

t—1

it = exp | g, Z Li s(hig,s — iLzs — s Z iLj,s) , (5.7)

s=1 jeggs

where 7, s > 0 is the learning rate and izi,s is the loss estimate of arm ¢ in round s. Initially

gin = 1 for i € [K]. The sampling probability ¢ is computed by a filtering step, where
inactive arms have ¢;; = 0 and the weights of active arms are normalized as ¢; s = ZKI”—Iq”q
j=147,t4j,t

The following theorem bounds the per-action regret of SB-EXP3.

Theorem 5.3.2. With 7,, = 2y, = lnt(?’K'/;i)l, SB-EXP3 guarantees that with probability
s=1 1738
1—9,
T
max Regret(a) < O In(K/o A
max Regret(a) < (K9 Y A

Our Theorem 5.3.2 is a relatively straightforward but important extension of Nguyen
and Mehta [2024, Theorem 3|. While the latter requires knowing max(|A¢|), for tuning 7,
and 7;, we obtain the same bound using adaptive learning rates without knowing anything

about future active sets.

5.3.3 Sample Complexity of SB-GDRO

In SB-GDRO, the max-player uses SB-EXP3 to compute the group-sampling probability g;.
For the max-player, the set ggt in Algorithm 5.2 is similar to the set A, in sleeping bandits
as the set of “active groups” in round ¢ depends on 6;, which is decided by a non-oblivious
adversary (i.e., the min-player). Furthermore, choosing a group i; ~ ¢ and then drawing
Zipt ~ Py, is mathematically equivalent to having K samples {z;; ~ P; | i € [K]|} (one
from each group) but observing only z;, ;. The hidden stochastic loss of group ¢ in round
t is 0(6, zi1). Note that SB-EXP3 is formulated in terms of minimizing losses rather than

maximizing gains, so similar to [Zhang et al., 2023a], we set h;y = 1 — £(6, z;+) to be the
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(hidden) stochastic losses of arms ¢ for SB-EXP3. A fundamental connection between the
two-player zero-sum game approach in GDRO and sleeping bandits is shown in the following
lemma, which states that the regret of the max-player R4, is bounded by the per-action

regret with S@t being the set of active groups at round ¢.

Lemma 5.3.3. With probability at least 1 — §/2, the regret of the max-player is bounded
by

T
Ra, < 5161[%{2 1{i € get} (Ri(6;) — d(0s,q1)) -
t=1

Theorem 5.3.2 and Lemma 5.3.3 imply the following sample complexity bound for SB-
GDRO.

Theorem 5.3.4. For any € > 0,d € (0, 1), with probability 1 — 4, Algorithm 5.1 has sample

complexity

A2 + €2

(5.8)

o <Kn In(GDK/§) (D*G?+ By) ln(K/5)> ‘

In Theorem 5.3.4, because A is a fixed problem-dependent quantity while the required
optimality gap e can be arbitrarily small, the dependency on K in Theorem 5.3.4 is dominated
by O (W) The following lower bound shows that the upper bound in Theorem 5.3.4

is essentially near-optimal.

Theorem 5.3.5. For any algorithm A and any A\ > 0.5, 8 > 3, there exists a (A, )-sparse
GDRO instance with 5, = 3 so that the sample complexity of A is at least €2 (%)

5.4 A*-Adaptive Sample Complexity

Theorem 5.3.4 suggests that a desirable A must be significantly larger than € (so that % < 652)
but also small enough that 5, < K. In this section, we define the notion of an optimal \*
and present a sample-efficient approach for adapting to this unknown \*. First, we write the
sample complexity in Theorem 5.3.4 in the form

C @) | D*GIn(K/5)

In(K/§) <F + 53 , (5.9)

€2
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Knln( G2K

where C' = T/;))' By definition, 8} < () for any A’ < A, and thus A — ) is non-
decreasing. Let A* be the A that minimizes (5.9). Our goal is to develop a sample-efficient
method to find A\*.

To describe our approach for finding A*, it will be useful to frame the idea of an optimal

A more generically. Consider any C' > K > 1 (not necessarily taking the value above),
e € (0,1), and § in (0,1). Let g: [0,1] — [1, K] be a nondecreasing function which is

unknown. Now, let A, | be the minimizer, among all A € [0, 1], of

C g\

ﬁ—i_ e’

Cost ™ (A) = (5.10)

Knln GDK>
Clearly, if C' = —Em and g(A) = B, then A\, = A*. In general, g (e.g., A = f3))

is unknown. However, g can be evaluated at any A € (0, 1] at a cost of Cost Query)()\) =
O(C'In(K/0)/X?) samples. The problem OPT(C,g) is to find A, using as few samples as
possible.

Now, at a high level (our actual approach in Section 5.4.1 slightly differs), by solving
OPT(C, g) for C as above and g(\) = [, we obtain a fully adaptive algorithm for GDRO
that adapts to A* and has total (including the cost of finding A\*) sample complexity whose
rate (in big-O) is equal to the product of In(1/¢) and (5.9) with A replaced by A*; here,
In(1/e) is the price paid for adaptivity. We present this algorithm in Section 5.4.1. However,
this algorithm is computationally intractable for large n, and so Section 5.4.2 introduces
a computationally efficient semi-adaptive algorithm with total sample complexity that, in
high-precision settings where ¢ < \*, swaps the [y« in the fully adaptive algorithm’s sample

complexity with max{ln K, 5« }; moreover it entirely avoids the dimension-dependent term

C
(A*)Q )

making it dimension-free.

5.4.1 A*-Adaptive Sample Complexity for GDRO

We present an algorithm called SB-GDRO-A, shown in full in Algorithm 5.8 in Appendix 5.B.2.
The idea of this algorithm is to (3) construct a non-decreasing function g so that Cost,; GDRO) (Ag)
is sufficiently close to CostcchO (AL 5) with high probability; (ii) solve OPT(C, g) to get A g5
(i) input A, ; into SB-GDRO. Our approach uses at most O(Cost GDRO)()\C 5)In(1)) samples
for steps (i) and (77), which, together with Theorem 5.3.4, gives us the following theorem
(proved in Appendix 5.B.2).
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Theorem 5.4.1. For any € > 0,0 € (0,1), with probability at least 1 — §, SB-GDRO-A (Al-
gorithm 5.8) with 7, ¢, 7,+ and 7, defined in Theorem 5.3.4 has sample complexity

Knin(955) (0G24 (%)) (1
O(( T 2 >l(>)

Compared to Theorem 5.3.4, the sample complexity bound in Theorem 5.4.1 contains

an additional multiplicative factor of O(In(1/€)), which we consider a small price for not
knowing A\* beforehand. Next, we briefly describe the two main steps above, with the full

details in Appendix 5.B.

First Step: Constructing § We first describe a method that, given A € [0, 1], returns an

Cln(K/0) 1“/(\5/ 5)) samples. This method constructs a %\—cover

for ©, uses Algorithm 5.3 to compute a 0.4 \-dominant set at each element of the cover, and

estimate B,\ for ) using at most O(

then returns as its estimate B \» the maximum cardinality among these dominant sets. Now,
the function ¢ is defined by setting g(\) equal to 1 for A < §, setting it to B, for A in the
.+, %5, -.), and then interpolating at other A to form a non-decreasing

step function. In Appendix 5.B.2, we prove that with high probability, Sy2) < ﬁ)\ < B, and

geometric sequence (1

g 1s non-decreasing, leading to Ay ; being close to A 4.

Second Step: Solving for Ay, ; Our method for solving OPT(C, g) is called SolveQOpt. It
outputs A such that Cost(®**)(X) = O(Cost(“**(X*)) while using O(Cost ") (\*)In(1/¢))
samples; note that we drop the subscripts C' and ¢g. The main idea of SolveOpt is to
maintain two variables U and L which specify an interval [L, U] that always contains a good
estimate of A*. We iteratively evaluate g(\) for A € [L,U] and shrink this interval, i.e., U
monotonically decreases while L monotonically increases. The shrinking process is based on
comparing Cost(“*)(\) and Cost(“®*)(/): if Cost(**)(\) < Cost(®P*)([7), then U is set
to A and L is increased accordingly. The process stops when A < L, at which point the
algorithm return the last value of U as its estimate of A\*. The value of X is taken from a
geometric sequence; this ensures that at most In(1/¢) values of g(\) are evaluated, leading

to the In(1/€) multiplicative factor in the final bound.
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5.4.2 A Semi-Adaptive Bound in High-Precision Settings

While SB-GDRO-A is fully adaptive to A*, it relies on building covers for ©, which is com-
putationally intensive when n is large. We now propose a semi-adaptive, computationally
efficient algorithm called SB-GDRO-SA that avoids covers. The main idea is to merge the \*-
estimation process into the two-player zero-sum game: starting with A = 1, if the dominant
sets Syg, computed in round t of the game is bigger than a threshold (e.g. In(K)), then
similar to SolveOpt, we decrease A exponentially (e.g. A <— A/2). To avoid a too small A,
we also set a lower threshold L so that A\ stops decreasing once A\ < L. These two thresh-
olds, one for |S)4,| and one for A, determine the trade-off between adaptivity and sample
complexity. In SB-GDRO-SA, we use In(K) and L = O(ev/Kn) as the two thresholds. Let
Ain(k) be the largest A such that 8y = In(K). In high-precision settings where ¢ < A*, the
following theorem states that Algorithm 5.9 is adaptive to max()\ln( i) A%).

Theorem 5.4.2. If ¢,/ % < A*, then with probability at least 1 — ¢, SB-GDRO-SA (Algo-
rithm 5.9 in Appendix 5.B.3) has sample complexity

0 ((D2G2 + ma:;(ln(K), Br)) (£ /6) In %)

We emphasize that Theorem 5.4.2 holds without knowing A*. This bound guarantees
that in high-precision settings, Algorithm 5.9 enjoys (on average) dominant sets of small sizes
that never exceed max(fy+,In(K)). Remarkably, this bound is also dominantly dimension-
free although the algorithm still uses the dimension n. In Appendix 5.C, we present a

completely dimension-free approach that, if a (A, 5)-sparsity condition is known, obtains
= DKG+/D2G? 262
an O( o +8 4 D C:ZJFB)

sample complexity based on the stability property of the
regularized update (5.5) and the Lipschitzness of the loss function ¢.

5.5 Experimental Results

We support our theoretical findings with empirical results in two different GDRO instances:
one with the lower bound environment constructed in Theorem 5.3.5, and another with
the Adult dataset [Becker and Kohavi, 1996]. On the lower bound environment, we set
e = 0.005, K = 10, \* = 0.2 and )+ = 2 so that the maximum risks can only be attained
by the first two groups for any 6. On the Adult dataset, we use the same setup as [Soma
et al., 2022] and divide 48 842 samples into groups based on race x gender with the goal of
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Figure 5.2: (Left) Sizes of the dominant sets in the first 10000 rounds computed by SB-
GDRO-SA. (Right) The number of times a group is selected by the max-player, displayed in
natural log. The highest group (group 8) is female Amer-Indian-Eskimo people.

finding a linear classifier that determines whether the annual outcome of a person exceeds
USD 50000 based on n = 5 features: age, years of education, capital gain, capital loss, and
number of working hours. Similar to [Soma et al., 2022], P; is the empirical distribution
over samples in group i. One difference from [Soma et al., 2022] is we have K = 10 groups
from 5 races and 2 genders instead of 6 groups, so that the difference between In(K’) and
K is amplified. With ¢ = 0.001, we use hinge loss and normalize the features so that the
losses are in [0,1]. We set 7' = 10° and § = 0.01 on both GDRO instances. The results
are aggregated from five independent runs with random seeds {0, 1,2, 3,4}. To compute 6*,
we run the two-player zero-sum game with ideal players who have access to the underlying
distributions P;. More experimental details are in Appendix 5.F.

On both GDRO instances, we compare SB-GDRO-SA (Algorithm 5.9) to the Stochastic
Mirror Descent for GDRO algorithm (SMD-GDRO) proposed by [Zhang et al., 2023a]. To the
best of our knowledge, SMD-GDRO is the only suitable baseline with a near-optimal high-

probability guarantee in the minimax regime.

5.5.1 Discovering non-trivial (A, 3)-sparsity

Figure 5.2 (Left) shows the sizes ‘S@t‘ and the average %22:1 )S@h computed by SB-GDRO-
SA in the first 10000 rounds. On GDRO with Adult dataset, it indicates that SB-GDRO-
SA quickly discovers dominant sets of sizes smaller than [In(K)] within the first 3000
rounds. This shows that a non-trivial (A, In(K))-sparsity condition indeed holds for hy-
potheses around 6* in practical settings. Further inspection reveals this (A, In(K))-sparsity
is discovered early in the game without using too many samples: on the lower bound environ-
ment the final A is 0.125 &~ 0.5\* using roughly 3000 samples, while on the Adult dataset the
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final \ is 2% R €, /% using roughly 36 000 samples. Both of these values are much smaller
than T, and as T is scaled with }2, this empirically supports the insight in Theorem 5.4.2
that the sample complexity is dominated by the number of rounds needed in the two-player

Zero-sum game.

le-5
SB-GDRO-SA (ours)
— —— SMD-GDRO
LY 0.0005 1 3
5 3
1 -

% 0.0004 -
(- 0 T T T
= 0.6 0.7 0.8 0.9 1.0
I 1e6
N
o 0.0003 -
©
©)
2 0.0002 -
E
S 0.0001
o
@)

0.0000 -

0.0 0.2 0.4 0.6 0.8 1.0
Number of Samples le6

Figure 5.3: The optimality gap of SB-GDRO-SA and SMD-GDRO on GDRO with the Adult
dataset. Lower is better.

5.5.2 Convergence Properties of SB-GDRO-SA

Next, we show results indicating that SB-GDRO-SA finds a e-optimal hypothesis using fewer
samples than SMD-GDRO. Figure 5.3 shows the optimality gap err of 6, of SB-GDRO-SA and SMD-
GDRO as a function of the number of drawn samples on the Adult dataset. Initially, SB-GDRO-
SA uses more samples than SMD-GDRO because SB-GDRO-SA needs to estimate A\*. However,
as 0, gets closer to 6*, the optimality gap of SB-GDRO-SA decreases much quicker since it
only collects samples from the two groups with the largest risks. While SMD-GDRO struggles
to get an optimality gap under 4 x 107> even after nearly 7' = 10° samples, SB-GDRO-SA

manages to do so well below 4 x 10° samples. Figure 5.2 (Right) shows an interesting ob-
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servation that more than 60% of the samples drawn by SB-GDRO-SA are from the female
Amer-Indian-FEskimo group. This is in stark contrast to the fact that this group constitutes
only 0.3% of the dataset (186 out of 48 842 samples). This underlines the robustness aspect
of GDRO, which is different compared to the traditional empirical risk minimization regime

where samples from the largest groups contribute more to the optimization process.

5.6 Conclusion and Future Work

We introduced a new structure called (A, 5)-sparsity into the GDRO problem. We showed
a fundamental connection between the per-action regret in sleeping bandits and the opti-
mality gap of the two-player zero-sum game approach for the GDRO problem, and then
improved the dependency from O(K In(K)) to O(fIn(K)) in the leading term of the sample
complexity of (A, #)-sparse problems, even when the optimal A is unknown. We also showed
a near-matching lower bound, which both extends and generalizes the lower bound construc-
tion in minimax settings to the (\, §)-sparse settings. One interesting future direction is relax
the (A, 5)-sparsity to hold only within some neighborhood of #*. This seems to require last

iterate convergence of the sequence of 6,’s in stochastic games, which is still an open problem.



154

5.A Proofs for Section 5.3

For a pseudo-metric space (F, ||.||), for any v > 0, let N'(F, v, ||.||) be the v-covering number
of F; that is N(F, v, ||.]|) is the minimal number of balls of radius v needed to cover F.
First, we prove the following lemma on a uniform convergence bound that holds for a

sufficiently large value of m.

384n In (TLLGDK )

Lemma 5.A.1. Let m = 02

. With probability at least 1 — §/2, the event
£.0 = {|(6) — Ri(6)] < 0151} (5.11)

holds simultaneously for all i € [K] and 6 € ©.

5.A.1 Proof of Lemma 5.A.1

Our proof for the uniform convergence bound in Lemma 5.A.1 is based on the Rademacher

complexity bound of the class of functions Lg defined as follows:
Le ={((0,.): Z —1[0,1],0 € O}, (5.12)

which is the set of all possible functions ¢(0,.) for § € ©. First, we state the following bound
for the empirical Rademacher complexity based on the chaining argument [Dudley, 1967;
Liao, 2020].

Lemma 5.A.2. (Dudley’s Entropy Integral Bound [Dudley, 1967; Liao, 2020]) Let F = {f :
Z — R} be a class of real-valued functions, S = {z, 29,..., 2, } be a set of m random i.i.d

samples. For a function f € F, let

s = | o S () (5.13)

J=1

be an S-dependent seminorm of f. Assuming

sup [ fll,5 < ¢,
fer
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where ¢ is a positive constant, we have

Rad(F, §) < i[%f]<4e+—/ \/m (Fovllls))d ) (5.14)
€€[0,5

where Rad(F, S) = —Escfr1ym [sup feF o i1 0if (zj)} is the empirical Rademacher complex-
ity of F and N (F,v, ||||2S) is the size of a v-cover of F.

A proof of this lemma can be found in [Liao, 2020]. We now prove Lemma 5.A.1.

Proof (of Lemma 5.A.1). For i € [K], Theorem 26.5 in [Shalev-Shwartz and Ben-David,

2014] states that with probability at least 1 — -5 over the set V; of size m, for all § € O,
1 « 2In(4K /6
—Z (0,V;;) — Ri(9)| < 2Rad(Le, V;) + 32In(4K/9)
m m

Our proof is based on the fact that the covering number of the compact set © C R” is finite,
and hence the empirical Rademacher complexity Rad(Le, V;) is bounded for all i € [K].
Because the values of the loss function /¢ is in [0,1], we have | f|,,, < 1 for all f € Le.

Moreover, the diameter of Lg measured in ||. ||, is
2V

1
0,00c0 \| m

m 1 m
- ') < - 2119 — g2
max Z (6,Vig) = €8, Vig))* < maxc mz_;Gne ol

where the first inequality is due to the Lipschitzness of the loss function ¢ and the second

inequality is due to D being the diameter of © measured in f5-norm. Applying Lemma 5.A.2
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with ¢ =1 and € = 0, we have

12 (2
Rad(Le, V;) < —/ \/ln N(L@,V,H-Hgv;))clv

12G / /ln 4GD dy

_12\/5/2 . 4GD
N m 14

where the second inequality is due to a result that the size of the smallest v-cover on a
set F with diameter d is bounded by (47‘1)" [see e.g. Carl and Stephani, 1990, Equation
1.1.10]. To compute this integral, let u = \/m We then have v = 4GDe™*, and
dv =4GDd(e™"). Asv — 0,u — oo. As v — 3, u — /In(8GD). Hence,

4 (SGD)
/ In ¢D dy = 4GD ud(e™")

) v/In(8GD) )
= 4GD | ue® |YMEED) / e du)

\/In(8GD)
=4GD /
- 8GD n(83GD) )

2

VInBGD) | Vx
< n(8GD)
SAGD | i+ e )

_ 2y/In(8GD) + /7
— ; ,

where the second equality is integration by parts and the inequality is by a Chernoff-type
bound on the Gaussian error function \/%7 f:o e dt < e [Chang et al., 2011]. Overall, we
have

Rad(Le, Vi) < Y7 (2\/W+ \/_>

We conclude that the uniform convergence bound is

m

U6, Viy) - Ri(6)

m <
J=1

3/ 32 In(4K/5)
<o (2v/I(8GD) + V) + 4/

m
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Algorithm 5.4 MinP: the stochastic-OMD min-player Ay
Input: 0, € ©, sample z;,;
Compute §; = VU(6;, 2, 1)
Compute ;41 = arg mingeg{nw,¢(G:, 0 — 0:) + 310 — 0:]|2} by Equation (5.5)
Return: 6,

By setting the right-hand side to 0.15\, solving for m and simplifying, we obtain the following

sufficient condition on m:

384n In (TALGRE
"= 0.0(1>\26 ) (5.15)

so that with probability at least 1 — 2, we have ‘% >y 00, Vig) — Ri(0)| < 0.15A for all

0 € ©. Taking a union bound over all K groups leads to the desired statement. [

5.A.2 Proof of Lemma 5.3.1

Proof. From Lemma 5.A.1, we immediately have the event &; y holds simultaneously for all

i € [K] and # € © with probability at least 1 — g. Thus, it suffices to prove the desired

statement assuming that all &y hold. Let R;; = R;(0;) and fii,t = Ri(ﬁt) be the risk and
empirical risk of #; with respect to group i, respectively. We consider two cases: (), < K
and ), = K.

When ) < K:

In this case, there exists a non-empty set A-dominant set Sy, whose size is smaller than
By < K. This implies that the set [K] \ Syg, is also non-empty. For any i € Sy, and
k€ [K]\ Sxg,, due to &g, Ee, and by Definition 5.2.1, we have

Rit — Rpy > (Riy — 0.15)) — (Rys + 0.15))
- R@t — Rk,t - 03)\
>\ — 0.3\

=7>0.

Thus, at any time ¢, the sorted sequence of groups can be divided into two non-empty parts:

the first contains all groups in Syp, and the second contains the rest. Since |Syg,| < B,



158

the size of the first part is at most ). Let i* = arg maxjeswt{ord(j)} be the last group in
the first part. Since nxt(i*) € [K]\ Syg,, we have th > f%nxt(i*),t + 7. This satisfies the
condition in Algorithm 5.3, therefore the resulting set Sgt is non-empty and its size does not
exceed fy. To show that Sp, is a 0.4\-dominant set, for any 7/ € Sy, and k' € [K]\ Sp,, we
have . R
Ryt — Ryt > (Ryy — 0.15X) — (R + 0.15))
— Ryy — Ry — 0.3)
> fzi,t - Rnxt(%),t — 0.3\

> 7 — 0.3\ = 0.4,

(5.16)

where the second inequality is from the definition of ¢ and Sy, = {i € [K] : ord(i) <
ord(7)}, we have ord(i') < ord(z), ord(nxt(z)) > ord(k’) and the empirical risks are sorted in

decreasing order.

When 3y, = K:

< By holds trivially. To show that Sgt is a 0.4\-dominant

In this case, the inequality ‘ggt
set, we further consider two sub-cases: 7 # —1 and i = —1.

~

e i # —1: in this case, the set Sy, = {i € [K] : ord(i) < ord(z)} has size at most K — 1
because the group with the largest empirical risk is excluded. Therefore, by the same

argument as in (5.16), the set Sy, is a 0.4\-dominant set.

« 7 = —1: in this case, we have Sy, = [K] is trivially a 0.4\-dominant set by Defini-
tion 5.2.1.

We conclude that the set Sgt is a 0.4 -dominant set at 6, and ‘Sgt < Bi. O

5.A.3 Proof of Theorem 5.3.2

Let A; = || be the number of active arms in round ¢. Throughout this section, we

write 7, = 1, for the learning rate of the SB-EXP3 algorithm used by the max-player.
The O <\/ In(K/0) Zthl At) high-probability per-action regret bound of the SB-EXP3

algorithm in [Nguyen and Mehta, 2024] was established for a fixed learning rate n, = n and

a fixed exploration factor v, = ~. In this section, we generalize their result to algorithms
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Algorithm 5.5 FTARLShannon: Follow the regularized and active leader with Shannon
entropy regularizer and time-varying learning rates for sleeping bandits

Input: K~2 2
Initialize L;o = 0 for all arms i € [K].
for each round t =1,..., do

The non-oblivious adversary selects and reveals A,
eXP<_ntl~/i,t)
=i (L)

Compute p;; = ﬁ by Equation (5.18)
Jj= U179,

Draw arm ¢, ~ p; and observe ¢, = {;,,

for cach arm i € [K] do h
If I;; = 1, compute gz’,t = % by Equation (5.19)
If I;; = 0, compute gz’,t = ét -y gj,t by Equation (5.20)

Update Ei,t = Ei,t—l + gi,t

Compute ¢;; =

JEAL

with time-varying learning rates and exploration factors defined as follows:

In(3K/6)

—2221 A (5.17)

=27 =
Note that 1, and -, are chosen after the set of active arms A, is revealed. As pointed out
in Nguyen and Mehta [2024, Appendix G], the SB-EXP3 algorithm is equivalent to their
Follow-the-Regularized-and-Active-Leader (FTARL) algorithm with the Shannon entropy
regularizer. Therefore, a high-probability regret bound of FTARL with Shannon entropy
regularizer and 7, and 7; defined in (5.17) would imply Theorem 5.3.2. For completeness,
we provide the full procedure of FTARL with Shannon entropy regularizer in Algorithm 5.5.

For each arm i € [K] and round ¢ € [T, this algorithm maintains an estimated cumulative
loss Ei,t defined as

t
Liy = Z i,
s=1
and computes the weight of arm ¢ in round ¢ by

exp(_ntii,t—1>

z;; eXP(—Utfzj,tq)

qit =
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where 7, is the learning rate in round ¢. Initially, I’LO = 0 for all arms i € [K]|. Upon
receiving the set A, of active arms, the sampling probability p; is computed by normalizing
I; 1q; ¢ as follows:
Livqiy
Pit = = (5.18)
> i1 Linse
Note that I;; = 1{i € A;}, hence p;; is non-zero only for active arms. An arm i; ~ p; is
drawn according to p; and its loss ét = {;,, is observed. For an active arm ¢ € A, its loss
estimate is the IX-loss estimator [Neu, 2015]:
- 1{i, =i}l
Uiy = i = i3t (5.19)
Dit + Mt
where 7, is the exploration factor in round ¢. For a non-active arm i ¢ A, its loss estimate
is defined as the difference between the observed loss ¢; and the weighted sum of estimated

losses of active arms [Nguyen and Mehta, 2024]:

gi,t = ét — Nt Z gj,t- (5'20)

JEA:
The following theorem states the per-action regret bound of Algorithm 5.5.

Theorem 5.A.3. Let (m);=1,.. and (7)1, be two sequences of non-increasing learning
rates and exploration factors such that n, < 2v,. With probability at least 1—4§, FTARLShannon
(Algorithm 5.5) guarantees that

In(K In(3K /o
max Regret(a) < n(K) + n(3K/
a€[K] nr Q’YT

In(3/5)+ Y (% + ) Ar (5.21)

The proof of this theorem is in Appendix 5.D. We are now ready to prove Theorem 5.3.2
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Proof (of Theorem 5.5.2). By plugging (5.17) into the bound in Theorem 5.A.3, we obtain

a€[K] nr nr

2In(3K/6 3 4
< 2In(3K/9) +1n(5) +ZntAt

nr

_2l(38K/5) | ( >+\/3T/52

nr

T
max Regret(a) < In(£) + In(3K/9) + ln(g) + Z’?tAt
t=1

\/zs LA,
QJ (3K/9) ZAlen( )+\/3T/52

t=1

Zs lA

We bound Zthl th as follows: let C; = ZS L Ay and Cp = 0. Then,

s=1*"8

where the inequality holds because \/LE > L forall C,_; <z < C,. This implies that

Q%Regret( a) < 2J1n(3K/5)2At+1n(§) \l (3K/9) Z
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5.A.4 Proof of Lemma 5.3.3

Proof. Since A is convex, we can write

§2§§2¢ 01,q) = maXZZQz

t=1 i=1
- (2 RZ
gggigzq Z ¢
= max R;;.
i€[K] tzl ot
Thus,
T T
RAq_maX R”_Z(b 9t7Qt

zE[K]
If a group i is not included in ggt at time ¢, then by Lemma 5.3.1, for any k € S’gt we have
Ri,t < R@',t + 04)\ S Rk,t-

By construction, the probability vector ¢; contains non-zero elements only for groups in S@t,

hence for any i ¢ Sp,, we have

Ri,t_ etaQt Zth zt_Rkt)_O-
k‘GSet

We conclude that for any ¢ € [K],

T T
Z Riy— o001, q1) < Z 1{i € Sﬁt}<Ri,t — 00, 1)),
t=1 t=1

hence
T T

R4, = max Riy — Z ¢(0:, qr)
1 t=1

i€[K] -

T
< {161[%{2 1{i € get} (Ri(0;) — 00, q1)) -
t=1
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5.A.5 Proof of Theorem 5.3.4

Let Bt =

over T rounds. We first state the following bound for the regret of the max-player as a

Sgt‘ be the size of S'gt. Let By = % Zthl B¢ be the average number of active groups

function of ;, which is obtained directly by combining Theorem 5.3.2 and Lemma 5.3.3.

Lemma 5.A.4. With probability at least 1—0/4, the regret of the max-player in SB-GDRO-SA
(Algorithm 5.9) is bounded by

T
Ra, <O [ | D BiIn(K/5)
t=1

Proof. The max-player in Algorithm 5.9 uses the sleeping bandits algorithm SB-EXP3 with

the stochastic loss of arm ¢ at round ¢ is
hig = 1 —L(0y, ziy).

Let H;; = E., ,~p,[his] be the expected value of h;;. We have H;; = 1 — R;(6;). Note that
both h;, and H;, are in [0,1]. Fix a group a € [K] and let I, = 1{a € Sy,}. The per-action

regret of group a is

GroupRegret(a) = Iot(Ra(0:) — (0, q1))

Mﬂ EMH

K
[a,t Ra(9t> - Z Qi,tRi(9t>>
i=1
K
Z Qi,tHz‘,t - Ha,t)
i=1

K
Z GirHit — Nyt + hit — hot + hat — Ha,t)
i=1

H.
I
—

Il
(]~
Iy

“
I
—

I
(1~
&

t=1
T K T T

= Z I, Z Qi — hit,t) + Z Ioi(hay — Hoy) + Z Iot(hiyt — hay) -
t=1 i=1 t=1 =1

(4) (B) (©)
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The term C'is exactly the per-action regret of arm a in SB-GDRO-SA defined in Equation (5.6)
which, by Theorem 5.3.2, is bounded by O (\/ In(K/6) >, 6t> with probability at least

1— % simultaneously for all a € [K]. Next, we bound the terms A and B. Since
EitNQt [Ezit,tNPit [hit,t“ = EitNQt [Hit,t]
K
= Z q'i,tH'i,t
i=1
and

K
E Qi,tHi,t - hit,t
i=1

K
Z Git(Hiy — hiy )
i=1

K

< Z Qi Hiy — iyl
i—1

<1,

A is a sum of a martingale difference sequence in which the absolute values of its elements
5

are bounded by 1. By Azuma-Hoeffding inequality, with probability at least 1 — 1%, we
have

A < /2TIn(12K/9). (5.22)
For term B, we also have E.,,p,[het] = Hay, therefore B is also a sum of a martin-

gale difference sequence with elements’ absolute values bounded by 1. We then have B <
/2T In(12K/§) with probability at least 1 — &. By taking a union bound twice: once over

A and B for each action a and once all K actions, we obtain with probability at least 1 — %,

A+ B < 2\/2T In(12K/5)

simultaneously for all a € [K]. Furthermore, since

T T
TzZl SZ@
=1 =1
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due to 1 < 3, we obtain that with probability at least 1 — g,

T
max GroupRegret(a) < O In(K/0) Zﬂt : (5.23)

aE[ ]

By Lemma 5.3.3, when &; y holds simultaneously for all i € [K] and 0 € ©, we have

R4, < max GroupRegret(a)
a€[K]

<0 | |In(K/6) XT:

]

Corollary 5.A.5. For any 7' > 1, SB-GDRO-SA (Algorithm 5.9) guarantees that with prob-
ability at least 1 — g

er(6,q) < O ( (DG + \/;TV n(K/o) > (5.24)

Proof. By [Zhang et al., 2023a], the duality gap is bounded by the average regret of the two
players:

- 1
err(6,q) < T (RAQ + RAq) ) (5.25)

In Appendix 5.E, we prove that with probability 1 — 6/4, the regret of the min-player is
bounded by

Ra, <O <DG\/T1n(1/5)> . (5.26)

For the max-player, Lemma 5.A.4 implies that with probability 1 — §/4,

Ra, <O [|D Bn(K/5)
= (5.27)

=0 ( TBr 1n(K/5))
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where the equality is from the definition of By = @ Plugging (5.26) and (5.27)
into (5.25) and taking a union bound, we obtain that with probability at least 1 — §/2

err(,q) < O (DG\/ln(l/é)%\/ﬁT 1H(K/5)>

“0 ((DG + \/ﬁ_T%/ln(K/a))
< Vi .

]

Corollary 5.A.5 implies T'= O <(D2G2+BE E)IH(K/ 5)> is sufficient for a target optimality gap
e. This is a self-bounding condition on T since the quantity 7 is dependent on (and changes
with) T. Nevertheless, it represents a valid stopping condition because 37 is fully observable

and bounded above by a constant K. We are now ready to prove Theorem 5.3.4.

Proof (of Theorem 5.3.4). In Corollary 5.A.5, by setting the right-hand side to € and solving
for T', we obtain that with probability at least 1 — g, the number of samples collected during

the game for having err(f, q) < e is

0 ((D2G2 + fr) ln(K/é)) '

€2

By Lemma 5.A.1, we collect

o (nln(Ci\le/é))

samples from each group before the game starts so that with probability at least 1 — g, we
have B; < 3, simultaneously for all ¢ € [T]. This implies that Sr < 3y and thus the bound

can be written as

o ((D2G2 +B)) ln(K/(S)) |

€2

By taking a union bound, we obtain that with probability at least 1 — 9, the total sample

complexity is

A2 €2

o <Kn(1n(GDK/5)) L6+ m)ln(K/5>> ‘
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E.[£(0,2)]

A

4 top 8 groups with arbitrarily close risks

A

gap A

bottom K — 3 groups with small risks

0

Figure 5.4: The construction for the €2 (%) lower bound.

5.A.6 Proof of Theorem 5.3.5

Proof. Our lower bound construction directly extends that of [Soma et al., 2022]. In partic-

ular, let Z = [0, 1]® be the set of samples and © = [0, 1] be the hypothesis set. The loss of a
21

hypothesis # on a sample z = |z, | is

<3
00,2) =6(210 + 22(1 — 0)) + 23,

where 0 € (0,1) is a constant defined later.
The distributions of the first § groups are similar to that of [Soma et al., 2022], where

e The first § — 1 distributions are

21 =0 almost surely
Pi=4q2=1 almost surely

23 ~ Bernoulli(y;),

where p1; = 3 fori =1,2,..., 58— 1.
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« The B distribution is

21 =1 almost surely
Ps=4q2=0 almost surely
z3 ~ Bernoulli(ug),
where pz = 3.

The last K — (§ distributions are

21 =0 almost surely
Pi=q2=0 almost surely
23 = % - A almost surely

fori=06+1,42,...,K. Figure 5.4 illustrates this construction. The risks of the groups

are
A1 —0) + (i=1,2,...,8—1)
1= (i=p+15+2,....K).

Since A > 0,6 € (0,1) and p; = § for i = 1,..., 8, we have R;(0) — R;(6) > X for any
1<i< pfand f+1<j<K. It follows that the set [] = {1,2,...,5} is a A-dominant
set, and this GDRO instance is (A, 3)-sparse. Because the risk differences between the top
[ groups are upper bounded by

|R1(0) — Rs(0)] = [A(1 = 20)],

which is arbitrarily smaller than A, there can be no A-dominant sets of size smaller than f.
Thus, we have 8, = . Moreover, for any 6, its maximal risk is attained on a group within
the set [5] only. Therefore, the sample complexity of algorithm A is lower bounded by the

total samples drawn from the first 8 groups.

On the other hand, by setting
B
A=0 =
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where T is the expected total number of samples drawn by A, the first S groups are identical
to the groups that give rise to the minimax lower bound in [Soma et al., 2022]. It follows

that for any algorithm A, there exists a GDRO instance which requires at least
G?D?
°(S)
€

samples to find a e-optimal hypothesis. O

5.B Proofs for Section 5.4

Remark 5.B.1. For notational simplicity, we use a short-hand notation f¢ 4 for Cost(CG,gD RO).

In other words, we will write

Jeu(N) = %+ 9(?).

(5.28)

€

We will also drop C, g when it is clear from the context and simply write f(\).

Remark 5.B.2. Throughout the proofs for Section 5.4, some of our bounds contain a
In (ln(%)) factor. While we will always present this term explicitly the first time they appear
in the bounds, for ease of exposition we generally are not pedantic about this term and will

treat it as a constant. For example, we will write

o(5) () ()
o(u(3)

assuming that in practice, the number of arms K > 1 is not too small and the failure
probability ¢ < 1 is not too large so that % > 1n(%).

5.B.1 A Sample-Efficient Approach for Estimating A\¢, g

We present an algorithm called SolveOpt for solving OPT(C,¢,g). SolveOpt outputs a A
such that f(\) = O(f(A\*)) while using at most O(f(\*) In(K/6)In(1/€)) samples. The sig-
nificance of this result in the context of GDRO is as follows: by using O(f(\*)) samples
to obtain an estimate A and then using \ for GDRO, we guarantee that the total sample

complexity is of order O(f(A\*)). This implies that without knowing \*, we can achieve a
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Algorithm 5.6 SolveOpt: algorithm for solving OPT(C, g)

Input: € € (0,1), K > 3,C > K, function g
Evaluate g(1)

Tnitialize U = 1, L = | —S5—+, )\ = 1;
C+&5—
while A > L do
Evaluate g(\)
if f(A\) < f(U) then
Assign U+ )\, L+ ﬁ
A2 €2

Update A = /5
Return: A =U.

bound with only a logarithmic factor overhead than the bound obtained when A* is known.
Our results and techniques are applicable to other trade-off problems similar to (5.10), and
thus they could be of independent interest.

As mentioned in the main text, SolveOpt maintains two variables U and L which specify
an interval [L, U] that always contains a good estimate for A\*. This [L, U] shrinks over
time based on how large f()\) is in comparison to f(U): U is set to A and L is increased
accordingly if f(A) < f(U) holds. A crucial element of this process is choosing the geometric
11 1

. 5,55, --) of common ratio ¢ as the sequence of A at which g()) is evaluated.

The process stops when A < L, at which point the algorithm return the last value of U as

sequence (1

an estimate for \*. The first key technical insight of this process is that L and U can be
computed using only readily known quantities such as C, K and evaluated g(\). The second
key technical insight is after some finite number of steps, it is guaranteed that any value in
the interval [L, U] is a good estimate for \*. The full procedure is given in Algorithm 5.6.

The following lemma states the sample complexity of this approach.

Theorem 5.B.3. For any 0PT(C, g) problem defined in (5.10), SolveOpt (Algorithm 5.6)
returns a A such that f(\) < 50f(A*) while using at most O (f(A*) In(K/8) In(1/€)) samples.

Before proving Theorem 5.B.3, we note that SolveOpt (Algorithm 5.6) maintains a range
of values [L, U] that always contains at least one good estimate for A*, and evaluates g(\)

v u v i i
S B ZE 5Llog5(%)J) to compute this estimate. Note

that all elements of this series are in [L, U]. Whenever f(\) is strictly smaller than f(U) for

some A, we shrink the range [L,U] by setting U = A and L = ﬁ We first prove

22 €2

at elements of the geometric series (U.
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the following lemma which shows that L is always smaller than or equal to A\*, thus at least

one g(A) for A < A\* will be evaluated while running SolveOpt.

Lemma 5.B.4. For any U € (0,1], let
/ C
L= c 4 g)=1"
Uz + €2

Proof. Since By > 1, we have L < U. By definition of A\*, we have

Then, L < min{\*, U}.

G 1) <y = S+ 28D

Subtracting 6% and dividing C' on both sides, we obtain
C
N2 — 5
(U)—1
i + 96_2
= L%
We conclude that L < min{\*,U}. O

The next lemma shows that if A falls into the range [’\g, A*] when f(U) is much larger
than f(A*), then the inequality f(\) < f(U) holds.

Lemma 5.B.5. For any U € (0, 1], if

25C  g(\Y)
()\*)2 62 )

fU) >
then for any A € [4-, \*], we have

fA) < fU).
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Proof. For any A € [4, A*], we have {5 < 225 and g(\) < g()\*). Hence,

_C g\
A2 €2
_25C g\

- ()\*)2 + €2

< f(U).

]

We need one last lemma, showing that once U is sufficiently close to A* such that f(U) =
O(f (X)), then any values between [L, U] can be used as an estimate for \*.

Lemma 5.B.6. For any U € (0, 1], if

25C  g(\")
f(U) — (/\*)2 + e
then with L = /W, we have for any A\ € [L, U],
2t
fA) <5B50f(A7).

Proof. For any A € [L,U], we have & < & and g(\) < g(U). Hence,

C g\
fN) 2t

c  g(U)

=12 + €2
C gU)-1 ¢g(U) C
e 2 + 2 since L = o SO

U? €

C . 29(U)

= U2 €2

<2f(U)

C g(\*)
<
=0 ((A*)? e )



173

O]

Proof (of Theorem 5.B.3). First, we prove that SolveOpt (Algorithm 5.6) always terminates
after a finite number of steps. Observe that during the while loop, the sequence of values of
Ais (1,1, 5, - .. ), which is monotonically decreasing. On the other hand, L is non-decreasing

from the initial value of , | —%5—. This is because whenever f(\) > f(U), the value of L is
C+5g—

L= ¢ _ ¢

S+ T\ - F

Once the inequality f(\) < f(U) holds, U is assigned to A and L is assigned to a new value

L', where

It follows that the condition A > L of the while loop must be false after a finite number of
steps.
Next, we consider two cases: f(1) < 29 + g(j;) and f(1) > 2 4 949

Case 1: f(1) < &S + 44

In this case, by Lemma 5.B.6, any value in the range [L, 1] where L = /c+gc(1>;1 is a good

1
L
ations, the maximum number of samples needed for testing all values of A in the sequence

estimate for A\*. Because these values are at least L and there are at most logs ( ) evalu-
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(1, %, 5%, - m) is bounded by
CIn(K/6)log (1) o) —1 1
@) ( 72 L21=0 <ln(K/5) C+ 2 log;, (E))

where the first inequality is from logs(y/z) = Ql?rfg) < In(x), the second inequality is due

to g(1) — 1 < K < C, and the third inequality is from C + % = f(1) < 25f(\*) and
n (14 %) <In(2) =2In ().

Case 2: f(1) > (2/\5% + ¢40)

€
In this case, since f(1) > % + f(N*) > f(X), initially, we have U = 1 > A*. By
Lemma 5.B.4, we have A* belongs to the range [L, 1], where L = /C++1>{1. As A repeatedly

shrinks by £ from 1, after at most logs(s>) iterations of the while loop, it must fall into the
range [3-, \*]. Each of these iterations makes one evaluation g(\) for some A > A*/5. Hence,

the total number of samples to evaluate g(A) for A from 1 to (i.e., the first element

-1
5llogs (%))

of the geometric series that lies inside the range [A\*/5, \*]), is at most

o (Cln(K/5) log5(%)) . (5.29)

(A*)?

Let U, be the largest value of A being tested for which f(\) < 2:(’—0 + @. By Lemma 5.B.5,
U. > X/5. Note that U, might be larger than A*. Because the algorithm starts with
f(1) > %< 4 g(%;), the inequality f(\) < f(U) must be true at A = U,. It follows that U is
set to a Uy, and f(U,) < 50f(A\*) by Lemma 5.B.6.

Let L, = % be the corresponding value of L after U is assigned to U*. In each
N

of the subsequent iterations, since L is non-decreasing and U is non-increasing, the returned

value A must be in this range [L,,U,]. The number of iterations needed until termination
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starting from U, is at most

U* U* UQE _|_ g(U(;)*l
log;, (L_) = logs \/5
U/ & + 452
S 10g5 \*/6
g(U)U?
1

1
<In (1 + —2>
€
2
S ln(E_Q)’

where the second inequality is from g(U,) < K < C and U, < 1, the third inequality is due

to logs(v/x) = L logs(z) = %Eg; < In(z) for > 1 and the last inequality is 1 + 5 < 3 for

e < 1. In each of these iterations, SolveOpt evaluates g(A) once for A > L,. In total, the

number of samples in these iterations is at most

1) a5 1)

(In(K/8) f(U.) In(1/¢%))
(In(EK/8) f(A*) In(1/e))

@)

(5.31)

where the first inequality is due to (5.30) and the second inequality is due to f(\*) < f(U,) <
50f(A*) and In(1/€*) = 2In(1/¢). The total number of samples used by Algorithm 5.6 is the
bounded by the sum of the number of samples for testing A from 1 to U,, and then from
U. to L.. Combining (5.29) and (5.31), we have the total number of samples needed until
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1

Algorithm 5.7 EstG: estimating g()\) for A in the geometric sequence of common ratio

Input: ) € (0,1)
Compute a %2 —cover O of © with centers M 4@ . . 4
Let N =1In (%)

741GDKN
384n In (THCDEN )
0.01x2

Compute S = DominantSet(é(i), Vy, 0.7X) for i = 1,2, ..., ‘(:)‘ by Algorithm 5.3
) ‘S(i)‘

@])

Draw my = samples from each of the K groups into a set V),

Return: 38, = max, ,, . ((f)

Algorithm 5.6 terminates is at most

C'In(K/8)logs () . C'In(K/d) logs (5—)
()\*)2 L2

*

<O (f(N)In(K/6)In(1/€)),

where the inequality is from f(\*) = (/\%2 + £ (?:) > (/\9)2. [

5.B.2 Proofs for Section 5.4.1

Let B(0,r) = {0/ € © : |8 —€¢|, < r} be a ly-ball of radius r centered at § € ©. In this
section, we prove Theorem 5.4.1 which specifies the sample complexity of SB-GDRO-A (Algo-
rithm 5.8) for the setting where no A is known beforehand. The most important component
of SB-GDRO-A is computing an estimate A for the optimal A* using the algorithm SolveOpt
(Algorithm 5.6). This computation uses the algorithm EstG (Algorithm 5.7) to compute an
estimate of f for A in the geometric sequence (1, %, %, ... ) of common ratio %

First, we prove the following lemma which bounds the number of A\ tested in Algo-
rithm 5.6.

Lemma 5.B.7. For any OPT(C,g) problem, in SolveOpt (Algorithm 5.6), the number of

values A whose g(\) need to be evaluated is at most

N=In (2) . (5.32)

€

Proof. In SolveOpt, the values of A belong to a geometric sequence of common ratio %
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Algorithm 5.8 SB-GRDRO-A: SB-GDRO without knowing any A

Input: Constants T, K, D,G > 0,6 > 0,e > 0
Compute A = SolveOpt(e, K, C, §) by Algorithm 5.6 where g is defined in Equation (5.37).

Let © = {6’(%‘)}1,:1 ..... ‘@‘ be the %—cover of © constructed when querying A in EstG

Initialize ¢, = arg mingq |6/,
for each round t =1,...,7T do

Let ¢; = arg minielé‘ Hé(i) — 0,|| be the index of the center in O closest to 0,

Let S‘gt be the pre-computed 0.4\-dominant set at 6(t)

Compute ¢; = MaxP(t, ggt) by Algorithm 5.2

Draw a group ¢; ~ ¢; and a sample z;,; ~ P;,

Compute 6;11 = MinP(6;, 2;, ;) by Algorithm 5.4
Return: 4

starting at 1 and terminating at a value no smaller than , /—S-—, where C' > K > g(1).
c+2-t

Therefore, the number of values in this sequence is at most

1 ! logs | 1/ Cr
0 — | =1lo —_—
g5 C g5 C
1 g(1)
~o8s W“@*@)

1
<10g5< 1—1-9(;,(—62))

1
< logg ( 1+ e_2> since ¢g(1) < C

1 4 i 1 4
§510g5 = smcel—i—€—2§—2

€
2
€

where the last inequality is due to % = }Eg

< In(z) for any = > 0. O

Next, we show that any 0.4\-dominant set Sp4x¢ at a 0 € O is also a 0.2A\-dominant set
at any #" within the Euclidean ball B (9, %)
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Lemma 5.B.8. Let # € © and X € [0,1]. For any ¢ € B (0, %), any 0.4\-dominant set

So.ane at 0 is also a 0.2A-dominant set at ¢'.

Proof. The statement holds trivially if Sp.axe = [K]. If Soarg # [K], for any 6’ € B(6, 212)
and any group k € [K], we have

|Re(0") — Ri(0)| < G|6" =0,
< 01N,

where the first inequality is due to the Lipschitzness of the loss function, and the second
inequality is due to [|¢' — ]|, < %. It follows that for any k € Sp4xg and &' € [K]\ So.axre,

we have

Ru(0') — Ry (0') > Ry(6) — 0.1\ — (Ryu(6) + 0.1))
> 0.2)\,

where the second inequality is due to Ry () — Ri/(6) > 0.4X. This implies that Sp.4y ¢ is also
a 0.2\-dominant set at 6. O

Using Lemma 5.B.8, we prove the following guarantee of EstG, which is obtained directly
from Lemma 5.A.1 and Lemma 5.3.1 by re-scaling 6 to §/N.

Lemma 5.B.9. For any input A € [0, 1], EstG (Algorithm 5.7) outputs a 3y such that with

)

1% the following condition hold:

probability at least 1 —

Boax < Br < Ba. (5.33)

Moreover, the number of samples needed to compute B,\ is

384Kn 1n(
0.01A2

Proof. In EstG, for each g()\) being evaluated, the number of samples drawn from each of

741GDK 1n(§)>
s

KmN =
(5.34)
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the K groups is

38410 1n(74lGD§{ In(2) )
= 5.35
T 0.01\2 (5:35)
By Lemma 5.A.1 and Lemma 5.3.1, this value of my is sufficiently large so that with prob-
ability at least 1 — %, for all i = 1,2,..., ’(:) . the set S@ is a 0.4\-dominant set at 6.

Since |S(i)| < 3\ by Lemma 5.3.1, we have

By = max |S(i)| < Ba.
i=12,.., ‘(:)‘

Moreover, by Lemma 5.B.8, at any 6 € B(@A("), %), S is also a 0.2\-dominant set at 6. It
follows that

1SD| > Bozne (5.36)

where we recall the definition of 325 ¢ being the size of the smallest 0.2A-dominant set at 6.

Taking the maximum over ¢ on both sides, we obtain

BA/\ = max |S(i)|
ie{1,2,..., ‘é‘}

>  max max {ﬁo.g)\ﬁ 0ekB (é(i), %)}

ie{1,2,..., ‘é‘}
= rgleeg( Bo.2xe
= /80.2/\7
where the second equality (third line) is due to S) being a cover of © and the last equality is
due to the definition of Byor. We conclude that Byax < By < Ba.

Finally, since my samples are drawn from each of K groups, the total number of samples

needed to compute B/\ is Kmy. [
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Next, we define a function g : [0, 1] — [K] as follows.

1 if N < —1

5llogs(2)]
5 — : 11 1
g(>\) = EStG()\) if A e (1,3,%,...,m> (537)
g(z) for = argmax{t < X:te (1,1 5, ..., m)} otherwise

In other words, we define g(\) = 1 for any sufficiently small A\ that will never be called
during SolveOpt, which consists of values smaller than . For any A >

1 1 :
g5 ()] o @y A

, ), then g(A) is the output of EstG with

that belongs to the geometric sequence (1, %, %, e

input A. Otherwise, g(\) is equal to the output Bw of EstG with input z = m, which
51785LX
is the first value in the geometric sequence that is smaller than . Let
 Knln <GDK5ln(%)>
C= 5.38
In(K/6) ’ (5.38)
and
i a0
FN=5+"5" (5.39)

We have g(\) € [1, K] due to the fact that DominantSet always returns a non-empty subset
of [K]. Moreover, C > K. The following lemma shows that with high probability, this

function g(.) is non-decreasing.

Lemma 5.B.10. With probability at least 1 — %, the function ¢ defined in (5.37) is non-

decreasing.

Proof. Since § < m, within the range [0, 5] we have g(A) = 1 which is never larger

than any possible returned value by EstG. Therefore, we only need show that g(\) is non-

decreasing for A > £. To this end, we will prove that §(2) < §(A) for any value A in the

truncated geometric sequence (1, %, %, ey m) This trivially holds for the last value
Nast = m in this sequence, since by definition g(%) = 1 and the returned value

of EstG is always greater than or equal to 1. For other X in this sequence, let \' = % = 0.2\

Observe that the number of values in this truncated geometric sequence is at most

2 2
logs (—) <In (—) =N,
€ €

hence we can apply Lemma 5.B.9 and take a union bound (over at most N values of the
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truncated geometric sequence) to obtain that with probability at least 1 — g, we have g(\') =
BX < By = Boax and Fpay < B \ simultaneously for any A > M. We conclude that
G(N') < Boax < By = g(A) forany N = A/5 and A < 1 in the geometric sequence (1, %, %, c).
Furthermore, this implies that for any pair (A, \) where A’ < A from this geometric sequence,
we have g(\') < g(\).

More generally, for any 0 < x < y < 1, we have three possibilities:

o if y <5, then g(z) = g(y) =1
o if 2 < § <y, then g(z) =1 < g(y)

o if { <, then

In all cases, g(z) < g(y). We conclude that the function g is piecewise-constant and non-

decreasing. [

Lemma 5.B.10 indicates that with high probability, the function ¢ defined in (5.37)
satisfies the conditions of the optimization problem (5.10), thus enabling the use of SolveOpt
(Algorithm 5.6) and Theorem 5.B.3. From Lemma 5.B.9, taking a union bound over all
queried A throughout SolveOpt and note that there are at most /N such A by Lemma 5.B.7,

we immediately obtain the following result.

Corollary 5.B.11. Running SolveOpt (Algorithm 5.6) with §(\) defined in (5.37) guaran-
tees that with probability at least 1—9/2, simultaneously for all A queried in SolveOpt, EstG (Al-
gorithm 5.7) returns a value B,\ such that Byoy < B/\ < Bi.

We are now ready to prove Theorem 5.4.1.

Proof (of Theorem 5.4.1). Let

Knln (—GDKIHWE)) 2,72
3 , 5 (D*G* + By\) In(K/6)
= argmin 5 + 3
A€[0,1] A €

(5.40)
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We run Solve0Opt for solving OPT(C’ , §) and obtain X as an estimate for A& o Theorem 5.B.3
and Corollary 5.B.11 implies that with probability at least 1 — %, the returned value \ is
an element of the geometric sequence (1, %, %, ... ) and satisfies f (5\) <50f ()\gﬁ), which is

equivalent to

2o 2 e
¢ 90)
<50 |t
o) 6 (5.41)
< 50 ¢ + IN) |
(A%)2 2
C B
<50
= (A%)2 + 2 > ’
where the second inequality is from the definition of )\gg, and the last inequality is due to
g(N*) = g(x.) < Be, < B+, where z, = m < A*. Moreover, the number of samples
5 £, F

needed for running SolveOpt is at most
0 (Fre 5.0 (K /6) In(1/€)) < O (F(N) In(K /) In(1/e))

0 <<(§>2 + g(;*)> In(K/5) 1n(1/e)> (5.42)

C | B
0 ((W + ?2) In(K/6)In(1 /e)) .

In each round ¢ of the two-player zero-sum game in SB-GDRO-A, the dominant set used

IA

by the max-player is taken to be the pre-computed 0.4\-dominant set of the center ¢; closest
to 0y, where ¢; € {1,2,..., ‘@‘}

0, —0©

¢ = argmin
=12, ‘@(

As a result, the sizes of the dominant sets used by the max-player never exceeds B 5. Together

with Corollary 5.A.5, this implies that with probability at least 1—¢/2, the number of samples
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used by the two-player zero-sum game in SB-GDRO-A is

(5.43)

o ((D2G2 + B5) ln(2K/5)>

2
Finally, combining (5.42) and (5.43) and taking a union bound, we obtain that with prob-
ability at least 1 — §, SB-GDRO-A returns an e-optimal hypothesis 8 with sample complexity

o ( (Kn 1n(G£f§21n(§) /6) | (6 /@:2*) ln(K/5)> In(1 /6)) _ (5.44)

0 (( : ;;2 ;2 QGij 5**) In(K/5) 1n(1/e)> , (5.45)

Knln GI(SJK

In(K/9)
exposition. n

where C' = and we dropped the In(In(1/€)) term in the final bound for ease of

5.B.3 Proofs for Section 5.4.2

The detailed procedure of the computationally efficient approach SB-GDRO-SA is given in
Algorithm 5.9. Similar to SB-GDRO (Algorithm 5.1), SB-GDRO-SA uses the two-player zero-
sum game framework. The main difference is that SB-GDRO-SA does not assume any input
A. Instead, it uses A from the geometric sequence (1, %, %, e ) A new value of Ay in
this sequence is used for computing the dominant set in round t 4 1 if both of the following

conditions hold:

o The size |S;| of the dominant set in round ¢ is larger than In(K)

c

e The value of \; used in round ¢ is not smaller than L = ¢ ()

If at least one of the two conditions does not hold, we set A\, 1 = A;.
Whenever a new value of )\; is used, i.e., either t = 1 or \; # \;_1, a new set of samples

of size m is drawn from each of K groups. The value of m is set by Lemma 5.A.1 and
384n In (TLEDK )
t
0.01A7

sequence of the form (recall that ¢ is the global failure probability of the algorithm)

Lemma 5.3.1, that is m; = . Here, the failure probability ¢, is set by a geometric

30
515 - 7

, (5.46)
T2(Q g H{As # Asm1})?
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Algorithm 5.9 SB-GDRO-SA: adaptive and computationally efficient approach without
knowing any A
Input: Constants K > 2, D,G > 0,0 >0,e >0

Knln(G?K>
- In(K/5)

Initialize \; = 1,1 = €, /-0

Initialize #; = arg ming.g(]|0||5)
Initialize 6; = g, counter ¢; = 1

Compute constant C' =

384n 1%%)

Draw a new set of samples V; of size K'm,, where m; = o
. 1

for each round t =1,..., do
Min-player plays 6;
Compute a 0.4\;-dominant set S; = DominantSet(6;, V;,0.7\;) at 0, using Algorithm 5.3

if |S;| > In(K) and A\, > L then
Increase counter ¢; 11 = ¢ + 1

Reduce Ap1q %
Reduce ;41 < 5o

s Ct+1

384n 1n(w)
Ot 41

0.01AZ,

Draw a new set of samples V;, of size K'm;, where m; =

else
Set A1 4= Ap, Vigr <= Vi and b1 4= 0p, ¢iq1 < ¢
Compute ¢ = MaxP(t, S;)
Draw i; ~ q; and z;, ¢+ ~ P;,
Compute 611 = MinP(6;, 2;, +)
, T
Return: 0 = 7>, 0,

so that the total failure probability of computing the dominant sets is bounded by

S

= =1 6
;(ssms # A} < 5 ; S<5 (5.47)

Note that we define \y = —1 by convention, so that A\; # A,_; holds for s = 1.

We will prove the following theorem, which is more general than Theorem 5.4.2

Knln( G2K
Theorem 5.B.12. Let C = T/;)) and L = ¢, /%. For any ¢ > 0,0 € (0,1), with

probability at least 1 —d, SB-GDRO-SA (Algorithm 5.9) returns an e-optimal hypothesis with

sample complexity

0 <(D2G2 + max(In(K), 51))

€2

In(K/3) In %) (5.48)
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Obviously, Theorem 5.B.12 immediately implies Theorem 5.4.2 since 5, < [y« for all
L <\

Before proving Theorem 5.B.12, we first prove a lemma showing that the sets S; in all
t=1,2,...,T rounds are indeed 0.4\;-dominant sets with probability 1 — §/2.

Lemma 5.B.13. With probability at least 1 — g, SB-GDRO-SA (Algorithm 5.9) guarantees
that for all t > 1, the set S; is a 0.4)\;-dominant set at 6.

Proof. Fix a A in the geometric sequence (1, %, }1, ...). Let t and # be the first and last
rounds in which A is used for computing the dominant sets, respectively. By Lemma 5.A.1
and Lemma 5.3.1, m, is sufficiently large so that with probability at least 1 — %, for all

the rounds from ¢ to t', the set Sj, for h = t,t +1,...,t is a 0.4 \-dominant set of #,. By

construction, & = — 5 ﬂfis S Taking a union bound over all A in the geometric
sequence (1, %, i, ...) and using

>3 6

we obtain with probability at least 1 — Y o0, 0,1{\s # As_1} > 1 — g, the set S, is a 0.4\~
dominant set at 6, for all ¢ > 1. O

The next technical lemma helps bounding the sum Zstl ms1{ s # As_1}.

Knln(Gng

. For any @ € (0, 1),

Lemma 5.B.14. Let 6 > 0,G >1,D > 1,K > 1 and C = BRI

we have

[—logy(z)] 2
,s’GDK 1 1 1
< — — — X
Kn ;1 In (7r %5 ) 2C' In(K/§) In (w + O | Knln . In (In .
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Proof. Without loss of generality, assume 1/z is a power of e. We have

[—logy(z)] 2 9 —In(x) 9
T°s*GDK GDK ™ 9
;:1 In (T) < ;:1 (ln< 5 > + In (?) + In (s ))

—In(z)

< zln(G'%K) In (i) +in| I (5.49)

s=1

s (1) o ) n(o(2)

where the inequalities are from log,(1/x) < In(1/z) and In(n!) = O(nln(n)). Multiplying
Kn to both sides leads to the desired statement. OJ

We are now ready to prove Theorem 5.B.12.

Proof (of Theorem 5.B.12). Let A, i be the largest A such that 8, = In(K). If no such A
exists, we set Ax = 0. Let A = max(L, Ain(x)). Note that N> L =c¢ ln(c) > € since
C > K > 1In(K).

In the worst case, Algorithm 5.9 draw a new set of samples until % < M\ < A\. Without
loss of generality, we can assume A < %. Otherwise, Algorithm 5.9 draws only three sets of

samples and stops doing so immediately after some \; > }L, which trivially leads to a sample

complexity of O (% :
1

With A < 3, the total number of samples of used for computing the dominant sets in

Algorithm 5.9 are

T —logy(X)
384K In (T41GDK/6,) 2GDK
; {A\ # A1} 0.0102 <0 )\2 Z In ( )
C < 5.90
§O<§1D(K/5)ln(1/)\)) (5.50)

<0 <%ID(K/5) ln(l/E)) ;

where the second inequality is from Lemma 5.B.14 and the last inequality is from A > e.
Note that we dropped the In (ln(%)) for ease of exposition.

Next, we bound the regret bound of the max-player. Let 3 = max(In(K), f1). We show
the average fr = 1 S°7 ., |Si| is not much larger than A.
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=305 = 2 3 (14180 > ) + (]S < 3}) 154

T
< 2318 > BK + {8 < )5

T
1 1 -

< 7 (287 108 1/3)

N

<2BIn(1/e),

where the first inequality is from |S;| < K for all ¢, the second inequality is because there

(5.51)

are at most logQ(i) rounds where |S;| > B, the third inequality is from K < BT as 3 > 1,
and the last inequality is from log,(1/A) < In(1/X) as A > e. Combining this with (5.27),
the regret of the max-player is bounded by

R4, <O ( Thr ln(K/5)>

(5.52)
_0 (\/TB In(K/6) In(1 /e)> .

Plugging (5.52) into (5.25) and combining with (5.50), we have the total amount of samples
to get an e-optimal hypothesis is

0 (anu/e)?) +0 ((G2D2 + B)In(K/8) ln(l/e)) < (553

(A) e
2,2 1
€ >\ln(K) € €
where the inequality is from \ = max (Ain(k), L) and % = lni—f), thus

i < min g —C = min —IH(K) —C
(A2~ L2 A x) € M)

Since min {hlg(), )\20 } < hff) < max(lng(QK)’ﬁ L) the final bound can be simplified to O ((D 2G2+ma:2(ln(K L.BL)) |
O

In(K)
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5.C A Completely Dimension-Independent Approach

In this section, we present SB-GDRO-DF, a modified version of Algorithm 5.1 that uses
0 <KDG (D2G2+6)1n(K/6)>
A3e

samples for computing the dominant sets over 7' rounds of the
two-player zero-sum game. This bound avoids the dependency on n, the dimension of ©,
which might be preferable in high-dimensional settings. The trade-off for getting rid of n
is an additional i multiplicative factor in the non-leading term of the sample complexity
bound.

We assume that a pair (A, §) is known such that the problem instance is (), 5)-sparse.
Unlike SB-GDRO, SB-GDRO-DF does not use a fixed set of samples V for computing the
dominant sets of all § € ©. Instead, SB-GDRO-DF computes the dominant sets only for the
hypotheses 0, that the learner encounters during the game. In particular, the 7" rounds are
divided into % episodes, in which each episode has o consecutive rounds that use the same
dominant set. By the stability property of the regularized update (5.5) and the Lipschitzness
of the loss function ¢, if ¢ is sufficiently small then the differences between the risks of the
hypotheses within each episode is small. This implies that a dominant set for 6, will remain
a dominant set (possibly with smaller gaps) and therefore can be reused for the hypotheses
0i41,0110,...,0i .. The full procedure is given in Algorithm 5.10 in Appendix 5.C, and its

sample complexity is stated in the following theorem.

Theorem 5.C.1. For any € > 0,0 € (0, 1), with probability 1 — §, SB-GDRO-DF with 7,,; =
%, Ngt and 7y, defined in Theorem 5.3.4 returns an e-optimal hypothesis with sample

complexity

Ae €2

o (DKG\/(DQGQ AWK m("FE) | (D*G2 + ) 1n(K/6)) |

Next, we give a detailed description of SB-GDRO-DF (Algorithm 5.10) and prove its sample
complexity bound in Theorem 5.C.1. Essentially, SB-GDRO-DF also uses the two-player zero-
sum game framework similar to SB-GDRO. Note that since S is known, we can compute
the number of rounds 7" = O(w) before the game starts. Unlike the previous

algorithms, knowing T" before the game starts allows us to use a fixed learning rate

o 2D
Nw,it = Mt G\/T

for the min-player in Algorithm 5.10. Another difference is that SB-GDRO-DF proceeds in

(5.55)
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Algorithm 5.10 SB-GDRO-DF: Dimension-free SB-GDRQ Algorithm with known (A, )
Input: Constants K, D, G,n,, A, 5,€ > 0, hypothesis set © C R"
Compute T = O(W)

. . _ | 0ax
Compute the maximum length of each episode o = an GQJ

Initialize an episode counter p =1

241n(4ET)
o

Compute m' = ——5—=
Draw m’ samples from each K groups into set V!
Initialize #; = arg ming.q ||6]|,
Compute a dominant set S = DominantSet(6;, V!, \) at 6; by Algorithm 5.3
Let ggl = Sl
Compute ¢; = MaxP(6,, 5'91) by Algorithm 5.2
for each round t =1,...,7 do
Draw a group ¢, ~ ¢, and a sample z;, ; ~ P;,
Compute 6;y1 = MinP(0;, z;, ;) by Algorithm 5.4
if ¢ is divisible by o then
Increase episode counter p < p+1
Draw new m’ samples from each of K groups into V*.
Compute a dominant set S = DominantSet (6,1, V?, A) at 6,41 by Algorithm 5.3
Let S@t+1 = S°
Compute g1 = MaxP(0;1, Sp, .,) by Algorithm 5.2 using the last computed S”
Return: § = 7 S 6, and § = = ST

episodes, each consists of multiple consecutive rounds, and the max-player uses the same
dominant set for the rounds within each episode. More concretely, in SB-GDRO-DF, the T’
rounds of the game are divided into [%1 episodes, each is of length o, except for the last

episode which may have fewer than ¢ rounds if T" is not divisible by . The value ¢ is defined

as follows:
0.1\
o= : 5.56
Lwa?J (5:56)
By this construction, the first episode contains rounds (1,2,...,0), the second episode
contains rounds (o + 1,...,20) and so on, until the last episode which contains rounds

(1£Jo+1,...,T). Let p=1,2,...,[Z] be the running index of the episodes. Within an
episode p,

o Before the first round of this episode, a set V? of K'm' samples are drawn from the

K groups, where m’ i.i.d samples are drawn from each group. The value of m’ is
241n (45T
A2
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e Let t” be the index of the first round in episode p and 6” = 6, be either the ini-
tial hypothesis (if p = 1) or the hypothesis played by the min-player using the algo-
rithm MinP (Algorithm 5.4) (if p > 1) in round . A 0.4\-dominant set S” is computed
using DominantSet (Algorithm 5.3) with input #” and V*.

e Inrounds t € (t*,t* + 1,...,min{t” 4+ 0,T}) of this episode, the max-player plays ¢
using the algorithm MaxP (Algorithm 5.2) with the same input S?. Then, a group
it ~ q; is drawn and a sample z;, ; ~ P;, is drawn from group %;. The min-player then

follows the MinP strategy (Algorithm 5.4) with input 6, and z;, to compute ;.

The algorithm returns 6 = %Zthl 0, after T rounds. The following lemma shows that for

any episode p, with high probability, S” is a 0.4\-dominant set at 6.

Lemrna 5.C.2. At the beginning of episode p in SB-GDRO-DF, with probability at least
1 — 22, the set S” is a 0.4\-dominant set at 67”.

2T’
241n(4K5T>
o

)\2

/

Proof. In each episode p, we draw m’ = samples from each group. By Hoeffding’s

inequality, for each group k, we have

1
Pr (—
veym

DU V) — Ru(8”)
j=1

> 0.15/\> < 2exp (—0.0450*m/)

= 2exp <—1.08 In (4KT))
o)
4KT
< 2exp <—1n ( ))
ol

)
-~ 2KT
By taking a union bound over K groups, we have
1 m
~ > U6, ViE;) — Ri(6°)] < 0.15) (5.57)
7=1

holds simultaneously for all k& € [K] with probability at least 1 — 22. The condition (5.57)
of V* is the same as the event &g, in (5.11) of V in Lemma 5.A.1. Hence, we can apply
Lemma 5.3.1 and conclude that with probability at least 1— g;, the set S” is a 0.4\-dominant
set at 6°. O]

The next lemma shows that the set S” is a dominant set not only at 6” but also at the

hypotheses within the episode p.
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Lemma 5.C.3. SB-GDRO-DF guarantees that if S is a 0.4\-dominant set at 6; for some

t € [T], then for any non-negative integer o’ < min{b?};lé\QJ T — t}, S is also a 0.2\-

dominant set at 6;,,.

Proof. SB-GDRO-DF uses the update rule (5.5) to compute 6;,;. This update rule can be

written as follows:
Ori1 = ar§rgin{2<77w§t7 0 — 0,) + 110 — 0.l + 02 113 ]1”}
(S

= arg min{|6; — n,g: — 0)°}
00

which is equivalent to projecting 6; —n,,g: onto the convex set ©. By properties of projection

onto convex sets [see e.g. Orabona, 2023, Proposition 2.11], for any 1 <t < T, we have

10:11 — 0cl] < [[(0 — 1wGe) — 0Ol
= i (5.58)
< NG,

where the last inequality is ||g;|| < G by the Lipschitzness of the loss function ¢. Combin-
ing (5.58) and triangle inequality, we obtain

10110 — Ocll < [|0r40r — Orgor—1l| + [|O4or—1 — O]
< ﬂ9t+a/ — Orior—1|| + |0tr0r—1 — Oryor—a|| + -+ + [|0r41 — 9t|l

Vv
o’ elements

< o'n,G

0.1\
< _7
- G

where the last inequality is due to o’ < [no'lé\zj < 770.1&\2' This implies that 6, € B(6;, 222).

By Lemma 5.B.8, it follows that if a set is 0.4\-dominant at 6, then it is also a 0.2A\-dominant

set at the hypotheses 0;,1,0;.9,...,0:1, played in o subsequent rounds of the game. O
Finally, we show the proof of Theorem 5.C.1.

Proof (of Theorem 5.C.1). Since the maximum number of rounds in each episode is o <

0.1\

Pwezk there are at most % episodes. Combining Lemma 5.C.2, Lemma 5.C.3 and taking a
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union bound over % episodes, in total we draw

0 ("“’KTG2 ol (%)> (5.59)

)\3

samples over % episodes to guarantee that with probability at least 1—4/2, all the computed

sets over I episodes are dominant sets at (6;):—1 2.7 with sizes no larger than £y 45. Plugging

Mo = & f and o = 0'1(;‘2 = % into (5.59), we obtain a sample complexity of order

O<nwKTG21n(%)> iy DKGVTn( 5261 ) .

A3 A3

From Corollary 5.A.5, we have T' = O(WM) is sufficient for obtaining an e-optimal
hypothesis with probability at least 1 — %. By plugging T' = O(WM) into (5.60),
we obtain the number of samples collected for computing the dominant sets over % episodes

is

(5.61)

<DKG\/ (D?G2 + B) In(K/3) ln(KDG)>
0 e :

In addition, each of the T" rounds uses exactly one sample to compute the outputs of the two
players in the next round. Hence, with probability at least 1—4, the total sample complexity

of the two-player zero-sum game needed to return an e-optimal hypothesis is of order

o (DKG\/ (D2G2 + ) In(K /8) In (KDG) SRR 1n<K/5))

A€ €2

5.D FTARL with Time-Varying Learning Rates

We consider a variant of the FTARL algorithm in [Nguyen and Mehta, 2024] with time-
varying learning rates. The procedure is given in Algorithm 5.11. The only difference between
this algorithm and the FTARLShannon algorithm (Algorithm 5.5) is that Algorithm 5.11 uses
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Algorithm 5.11 FTARL: Follow the regularized and active leader with a-Tsallis entropy
regularizer and time-varying learning rates for sleeping bandits

K
— 1721’:1 x?

Input: K > 2, o-Tsallis entropy function 9 (z) = —5*=
Initialize L;o = 0 for all arms i € [K].
for each round t =1,..., do
The non-oblivious adversary selects and reveals A,
Compute q; = argmin e, ¥i(q) + (¢, Li—1)
Compute p;; = =% — by Equation (5.18)

S Lot
Draw arm 7; ~ p, and observe ¢, = {;, ,

for each arm i € [K] do A
If I;; = 1, compute gi,t = % by Equation (5.19)
If I;; = 0, compute gi,t =0~y > l@;t by Equation (5.20)

Update f/l"t = Ei,tfl + gi,t

JEA:

the a-Tsallis entropy regularizer to compute the weight ¢; as follows:

q: = arg min 1 (q) + (g, f/t_l), (5.62)

gEAK

—min v K o
where ¥;(q) = ¥ n”fAK 20 for W(q) = 1§+§qz and a € (0,1) is a constant. The

computation of the sampling probability p, and the loss estimates of active and non-active

arms ENM are identical to that of FTARLShannon. Since the a-Tsallis entropy tends to Shannon
entropy when a — 1 [see e.g. Nielsen and Nock, 2011], we will prove the following high-
probability per-action regret bound of Algorithm 5.11 and then take the limit o — 1 to
obtain Theorem 5.A.3.

Theorem 5.D.1. Let (n);=1_. and (7:)i=1,.. be two sequences of non-increasing learning
rates and exploration factors such that n, < 2+,. With probability at least 1 — J, FTARL
(Algorithm 5.11) guarantees that

K'"*—1 In(3K/5) 11 U
< — 4 )1 3o (i A

Before proving Theorem 5.D.1, similar to [Nguyen and Mehta, 2024], we state the follow-
ing results on the concentration bound of the IX-loss estimator. These results are adapted

from Neu [2015, Lemma 1 and Corollary 1] in the non-sleeping bandits setting to the sleeping
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bandits setting with nearly identical proofs.

Lemma 5.D.2 (Lemma 1 of [Neu, 2015]). Let (v;;) be non-negative random variables sat-
isfying v;; < 27, for all i € [K] and t > 1. With probability at least 1 — &',

T K

SN vid{Li > 0}l — L) < In(1/5).

t=1 =1

Since the sequence (7¢):=1,... is non-increasing, we have v < ~, for all ¢ < T'. Hence, for
any fixed arm a € [K], we can apply Lemma 5.D.2 with v;; = 2y71{i = a} < 27, and take

a union bound over K arms to obtain the following corollary.

Corollary 5.D.3. With probability at least 1 — §’, simultaneously for all a € [K],

T
_ In(K/5')
[a ga _ga S—
5 aallas — far) < 2L

t=1

We turn to the proof of Theorem 5.D.1.

Proof (of Theorem 5.D.1). Fix an arm a € [K] and let e, be the a-th standard basis vector
(1

g2,t

of RX. Let th = be the vector of estimated losses of K arms in round ¢. Since the

as
sequence of learning rates is non-increasing and positive, we have 1;(x) > 0 and 41 (z) >
() for all x € Ag. Hence, we can invoke the standard local-norm analysis of FTRL with
Tsallis entropy regularizer [e.g. Orabona, 2023, Lemma 7.14] on non-negative loss estimates

(Et)tzl to obtain

.....

T

T K
- ' 1 o 9
2l qe = ea) < Yrialea) — min vn(w) + o Z m ;éitqit (5.63)

t=1
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Following the proof of Nguyen and Mehta [2024, Lemma 26] and by definition of {,, we obtain

gtaqt ZgthZt_Fzgthzt

1€AL ’L%At
= g’it,tqit,t + Z gi,tqi,t
igA,
= Uiy oGips + (gt — Z gj,t) Z Qi
jeAt iéAt
= gu,tpu,t Z Qi+ + (gt — Y Z gj,t) Z Qi
1€A: JERA: 1:3: %%
() S
]GAt
=b=n) b
]EAt

where the second equality is due to lzﬁt = (0 for ¢ € Ay, 7 # iy, the third equality is due to

lz,t = Et -y jen, @t for all non-active arms i ¢ Ay, the second-to-last equality is due to

lg p’it,tét Vel
iwtDigt — ———— — b — ——————
Pi.t + Yt Pist + Yt

&

= ét — ’}/tgit,t - ét -Vt Z gj,h

JEAL

and the last equality is due to ¢ € Ag. Plugging this into (5.63) and using (/;, e,) = loy
implies that

T
Z (ft Vi Z Cie — at) < Yria(es) — mln Y1z Zmz 2tqzt
t=1 i=

jeAt

By the definition of the loss estimate for non-active arms in (5.20), in the rounds where
I, =0, we have i, — Vi EjeAt Ej’t — gmt = 0. It follows that

T T
Z [a,t (ét - N Z gj,t - ga,t) Z (gt Vi Z gjt - )

t=1 JEA: JEA:

(5.64)
LT K .
< ¢ryi(eq) — min ¥y (z) + 2% ;nt z;gi,tqi,t_a

TEAK
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By the non-negativity of the regularizer function, we have

Yri1(eq) — xfggll( Y1(x) = Yria(ea)

1 .
= €,) — min (v
(vt - min v(0))
_ Kl—a -1
nrei(l —a)’
where the third equality is from v¥(e,) = 0 and min,ea, ¥(v) = = 1 p ° by properties of
Tsallis entropy function [Abernethy et al., 2015]. Since the round 7"+ 1 does not contribute
to the total regret, we can set ny11 = nr and obtain ¥ry1(e,) — mingea, ¥1(x) < f;@:j
Furthermore, by Lemma 10 in [Nguyen and Mehta, 2024], for all ¢ > 1,
Zgth“fa < Z g]tp]t :
]GAt
It follows that the right-hand side in (5.64) can be further bounded by
T Kl o
> (zt WS ) - —Zm S 2
nr(l—a) —
JEA: JEA:
Kie-1 1 d
(=) a0 2 2 bt
~nr(l — ) 2 = =
Kl— a .
1
where the second inequality is due to Zj,tpjﬁt = lali=iip, < 1 for all j € A; and the last

Pj e+t -
inequality is due to p;;* <1 for p;; € [0,1] and o € (0,1). Moving S Ly > jen, bis to

the right-hand side and using I,; < 1, we obtain

S Kl-a _ T _
N Lol = log) € ——— + 3 ( + %> S (5.65)

(1—a)
1 ( =1 JER

We then apply Lemma 5.D.2 twice and Corollary 5.D.3 once, each of them with §' = g. The
first application of Lemma 5.D.2 uses v;; = 1, < 27, and obtains with probability at least
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1-6/3,
ZntZz@tqn( >+ZmZ@t (5.66)
t=1 JER: = JEA:

The second application of Lemma 5.D.2 uses v;; = 27; and obtains with probability at least
1-46/3,

T
S 20 3 < m( ) +Zz%zgﬂ (5.67)
t=1 jen, jER:

An application of Corollary 5.D.3 leads to

T

D Lalay < 3K/ %) Z Il (5.68)

with probability at least 1 — 6/3. Plugging (5.66), (5.67) and (5.68) into (5.65) and taking
a union bound, we obtain that with probability at least 1 — ¢,

T T
A K" —1 In(3K/5) < 1 )

Loa(ly = o) < + + B/0)+> (3 +7) Db
tzz; t\tt t nT(l _ a) 2’>/T tzz; t ]GZA;t st
K" —1  In@3K/5) | ( 1 ) d

< + In(3/6) + -+ %) A,

nr(l—a) 297 (3/9) ; ( %> !
holds for simultaneously for all a € [K], where the last inequality is > ;cn, €0 < >-icp, 1=
Ay ]

Finally, we prove Theorem 5.A.3.

Proof (of Theorem 5.A.3). Since Theorem 5.D.1 holds for any « arbitrarily close to 1, we
can take the limit of a to 1 on the right-hand side of its bound and obtain the desired bound
in Theorem 5.A.3:

In(K) | n(BK/3) a
Regret(a) < + n(3/9) + + 5.69
irel[a% egret(a) < 0 7y /0) tz:; ( %) (5.69)

]
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5.E Stochastic OMD with non-increasing, time-varying

learning rate

[Zhang et al., 2023a] lamented that they could not find an analysis of stochastic mirror
descent for non-oblivious online convex optimization with stochastic gradients, and they
therefore proved their own high probability result. Their result uses a fixed learning rate,
whereas we would like to avoid needing knowledge of the time horizon T and therefore will
describe how one can trivially (in light of known results) extend their derivation to the
case of a non-increasing learning rate. All that is needed is to extend their upper bounds in
equations (40) and (44) in their work to the case of a non-increasing learning rate 7,,; (so that
Nwt+1 < Nt for t € [T]). Such an extension is for free using, e.g., Theorem 6.10 of [Orabona,
2023]. All other steps of the proof of Theorem 2 of [Zhang et al., 2023a] can proceed without
any important modifications, including the application of the Hoeffding-Azuma inequality.
Here, we just highlight a few keyframes of the proof.

Using our notation and with non-increasing learning rate sequence (1,,):>1 and applying
Theorem 6.10 of [Orabona, 2023], the bound in equation (40) of [Zhang et al., 2023a] becomes,
for any 0 € ©,

Fastforwarding to our analogue of equation (42) of [Zhang et al., 2023a], we now get

T

max [6(0:, q:) — d(0, 1)) < — + — ant +max {Z<V¢9¢ O, qi) — Gi, 0 — 9>}

Setting

~ . e 7] 1 j
0,,1 = arg min {nw7t<v(9¢(9t, @) — G, 0 — 9t> + 3 H@ — 0,
6cO

}
we now again apply Theorem 6.10 of [Orabona, 2023] to get the following analogue of equa-
tion (44) of [Zhang et al., 2023a:

T

D?
S (Vob(00 @) — 51 by — 0) <~ + 2G22nwt
t=1

an
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All of the remaining steps of the analysis of [Zhang et al., 2023a] go through without any
interesting modification, giving the result that with probability at least 1 — 9,
T T T T
D? G? D? / 1
0 0 < — 4+ — wi + —— + 2G* w DGy T 1In =
Z¢( t7Qt) I@Iélélqu( ’Qt)_n T+ 9 n,t—i_nw’T_}_ G ;n,t+8 G 1'157

t=1 t—1 W, t=1

where the last term is from applying the Hoeffding-Azuma inequality in precisely the same
way as in [Zhang et al., 2023a]. Using a learning rate schedule of 7, = o - % gives the
upper bound

1 1 1
DG\/_< +n°+n+4"°ﬂ/ 5) DG\/_( +5770+\/1n5>,

which, letting ny = 1, gives

DGVT (7 + \/%) =0 (DG\/TIT%> /

as desired.

5.F Details of the Experiments

In this section, we provide the full setup details of the experiments presented in Section 5.5.

5.F.1 The Lower Bound Environment

For the GDRO problem instance constructed based on the lower bound construction in the
proof of Theorem 5.3.5, we scale the loss by % to ensure that the losses are in [0,1]. This

implies that for a hypothesis 6 € [0, 1], its maximum risk over K groups is
£(0) = S max (A0 + = A(1 - 6) + >
= 5 max 5 5

We set A = 0.1. The optimal hypothesis is §* = 0.5 with £(*) = & = 0.275. The

optimality gap of a hypothesis 6 is

err(6) = L(6) — £(0%) = %A‘% - 9' _ 0.05'% - 9‘.
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With the desired optimality gap of € = 0.005, the acceptable range of the risk of 0 is
[0.27,0.28]. The set of e-optimal hypotheses is obtained by solving 0.05‘% — 9‘ < 0.005,
which implies that 6 € [0.4,0.6] is the set of e-optimal hypotheses.

5.F.2 The Adult Dataset

Loss function and data normalization. Similar to [Soma et al., 2022], we train a linear

classifier with hinge loss
(0, z,y) = max(0,1 —y(0, 2)),

where z € R is a feature vector of a sample and y € {—1,1} is the label.

On the Adult dataset, the default value of the features could be much larger than 1,
leading to loss values larger than 1. To avoid exceedingly large losses, we compute the
maximum norm of all feature vectors in the dataset and then divide all features by this
maximum norm. Note that the same maximum norm value is used for all 10 groups.

UCI Adult Dataset As mentioned in the main text, we construction K = 10 groups
from five races White, Black, Asian-Pac-Islander, Amer-Indian-Eskimo, Other and
two genders male, female. The dataset of 48842 samples is heavily imbalanced. The
largest group is (White, male) having 28 736 samples while the smallest group is (Other,
female) having 156 samples.

No batch processing. Our results in Section 5.5 are generated by the exact algorithms
described in Sections 5.3 and 5.4 without adding any batch processing. This is different
from [Soma et al., 2022], who used a batch of 10 samples to stabilize the gradients. We
find that as the dominant sets quickly converge to just one or two groups, especially the
groups with small amount of samples such as (Amer-Indian-Eskimo, female), the gradi-
ents computed from just one random sample are sufficiently stable with the long horizon of
T = 106.

Computing (an estimate of) #*. In order to obtain the optimality gap of SB-GDRO-
SA and SMD-GDRO, we compute an estimate of £(6*) using the following algorithm: we run
a deterministic two-player zero-sum game in which both players have full knowledge of
(Pi)iz12,. k- In each round ¢, the max-player is able to compute a dominant set consisting
of just one group — that is, the group with maximum risk on 6;. Similarly, the min-player is
given the expected value of the gradient E[g,] instead of the stochastic gradients. We run the
game for T = 107 rounds and record the final maximum risk of 67 to be £(#*) ~ 0.49945.

This final maximum risk of is observed to be on group 8 (i.e., female Amer-Indian-Eskimo).
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5.G Discussion of the Competing Approach in Stochas-

tically Constrained Adversarial Regime

Our approach to going beyond minimax bounds in GDRO is based on the (A, 3)-sparsity
condition and, algorithmically, based on the sleeping bandits framework. The expert bandit
reader may wonder about the viability of the following competing approach: suppose that
after some unknown time horizon 7, all 6,’s fall within a radius-p ball of 8*, and within
such a ball, further suppose for simplicity that a unique group obtains the maximum risk
in all subsequent rounds by a margin of at least \. This setup generalizes the previously
studied stochastically constrained adversarial (SCA) regime [Wei and Luo, 2018a; Zimmert
and Seldin, 2021b] wherein the best arm’s mean is separated with a gap from the other
arms’ means for all rounds. In this generalized SCA regime, one might hope for better
regret bounds for the max player than we achieve using our sleeping bandits-based approach.
However, there are at least three major challenges: first, to our knowledge, it is not known
how to get high probability regret bounds in the SCA regime even when 7 = 1; second, we
are not aware of results that provide last iterate convergence so that, eventually, all iterates
0, are within distance p of 8* (SCA requires such convergence); third, there could well be
multiple best arms or multiple nearly best arms, which recently has been addressed in some
different regimes but adds another layer of complexity for the generalized SCA regime.

As mentioned in Section 5.6, if we had last iterate convergence, then our (A, 3)-sparsity
condition could be relaxed to hold only within some proximity of 8*. However, our condition
is more flexible as compared to SCA since it is not known how the latter can be analyzed
when the best arm (or set of best arms) changes throughout the game, whereas such a

changing set of approximate (within gap A) maximizers fits naturally with sleeping bandits.
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Chapter 6

Data-dependent bounds with
T-optimal best-of-both-worlds
guarantees in multi-armed bandits

using stability-penalty matching

6.1 Introduction

The multi-armed bandits problem [Lai and Robbins, 1985; Auer et al., 2002a] is one of
the most fundamental frameworks for modeling sequential decision making problems under
limited feedback. In this problem, a learner sequentially interacts with the environment in
T rounds. In round £ = 1,2, ..., the learner chooses an action I; from a set of K available
actions and observes a numerical feedback ¢; ;, € R. This ¢, j, is an element of a hidden vector
¢, € R chosen at the beginning of round ¢ by an oblivious adversary. The performance of

the learner is its pseudo-regret

a€[K] a€[K)]

T
Ry = max Ry, = max E [Z br, — Et,a] , (6.1)
t=1

where E denote the expectation taken over all randomness from all 7" rounds. Existing works
have constructed algorithms with worst-case regret bounds that hold under the assumption
on whether the adversary is adversarial (i.e., (¢;); are arbitrary) or stochastic (i.e., ({;); are
drawn i.i.d. from some distribution) [Lai and Robbins, 1985; Auer et al., 2002a,b], best-of-

both-worlds (BOBW) bounds that have worst-case guarantees simultaneously for adversarial
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and stochastic adversaries [e.g. Bubeck and Slivkins, 2012; Zimmert and Seldin, 2021a; Dann
et al., 2023; Ito et al., 2024], or data-dependent bounds that are adaptive to the sequence
(4¢)¢ [e.g. Wei and Luo, 2018b; Bubeck et al., 2018; Ito, 2021; Ito et al., 2022; Tsuchiya et al.,
2023]. Despite this vast amount of literature on different types of worst-case and adaptive
bounds for multi-armed bandits, we are not aware of any works that establish bounds that are
simultaneously data-dependent, best-of-both-worlds and have optimal dependency on T'. In
particular, existing works suffer from at least one of three limitations: being data-dependent
but not BOBW [Hazan and Kale, 2011; Bubeck et al., 2018; Wei and Luo, 2018b], being
BOBW but not data-dependent [Zimmert and Seldin, 2021a; Dann et al., 2023] or having
sub-optimal dependency on 7' [Hazan and Kale, 2011; Wei and Luo, 2018b; Tsuchiya et al.,
2023; Tto et al., 2024]. In this work, we close this gap in the literature by introducing
novel algorithms with regret bounds that are simultaneously BOBW, data-dependent and
T-optimal.

All of our algorithms are established in the Follow-the-Regularized-Leader (FTRL) frame-
work [see e.g. Lattimore and Szepesvari, 2020], in which the time-varying learning rates are
tuned by the Stability-Penalty Matching (SPM) method. SPM was originally proposed
by [Ito et al., 2024] as a principled method for tuning learning rates in FTRL using both
the penalty and stability terms. More specifically, in round ¢, our algorithms compute a

probability vector

¢ = argmin(L;_1,x) + ¢(x), (6.2)

TEAK
where Ag = {z € R : S K #; = 1} denotes the K-dimensional simplex, L, ; € R¥ is the
estimated cumulative loss vector up to round ¢t — 1 and ¢;(x) : Ax — R is the regularization

function. We use the following specific form for ¢;:

Ge(x) = Buf (x) + yu(z), (6.3)

where f(z) : Ax — R_ju(z) : Ax — Ry are convex, §; > 0 is the learning rate in
round t and «y is a constant. Then, the learner draws an arm I; ~ ¢ according to ¢; (or
some p; € Ay derived from ¢;) and computes an estimated loss vector l,. Let Dy(z,y) =
or(x) — dr(y) — (Vor(y),x — y) denote the Bregman divergence associated with ¢;. The
standard analysis of FTRL [e.g. Lattimore and Szepesvari, 2020, Exercise 28.12] implies
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that

Rro S ¢rii(ea) — o1(q) +E

T T
Z Gi(Ge+1) — Pr1(qes1)) + Z (Ce; @ — qer1) — Di(Ger1, ar))
t=1 =1

t=

T
< E 2t
< yuled) — (Bir1 — Bi)hiyr | +E ﬁ
t

t=1

~
penalty term stablhty term

where e, is the a-th vector in the standard basis of R, h, satisfies (—f(qiy1)) < heyt and
2z satisfies @IE[([Z,qt — Gi+1) — Di(qe41,q1)] S E[ze]. SPM carefully chooses (i, z; and hy so
that hyy1 < O(hy) and sets the learning rate of the next round to be

ﬁtJrl ﬁt 5tht (64)

This makes (11— f;)hi1 match with % and implies Ry, < yu(eq) —B1f(q1) +E [Zthl %] )

An important insight in SPM is that by picking f(z) and u(x) appropriately, E [Zle %]
is naturally adaptive to the adversarial or stochastic nature of the environment [Ito et al.,
2024]. In our work, we will show that SPM can be made adaptive not only to the nature
of the environment but also to the underlying structure of the sequence of losses such as

sparsity and total variation.

6.1.1 Main Contributions and Techniques

Throughout the paper, we will write O(01n(7"), dvV/T) to denote a BOBW bound that holds
for stochastic and adversarial regimes, respectively, where [J contains problem-dependent
terms. The original SPM method [Ito et al., 2024] used z = Q(BEL[(lr, ¢ — q1) —
Di(qi41,q:)]), where Ej, denotes an expectation taken over I;. Because only one out of
K arms is observable in each round ¢, this in-expectation form of z; inevitably requires tak-
ing the trivial bounds (e.g. 1) of the losses into its computation, thus limiting its adaptivity

to (¢;)¢. Our work overcomes this limitation by setting

= Q(ﬁt(@t, q — C]t+1> - Dt(Qt—i—la Qt)))- (6-5)

We call this real-time SPM, since z; depends on the observed arm I;. The main technical
challenge is now z; can be very large since it grows with poly(ﬁ). At the same time, we
s It

need to limit the amount of explicit exploration to obtain a BOBW bound for stochastic
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bandits. Table 6.1 summarizes our main results, showing that real-time SPM can be con-
trolled effectively to give BOBW and data-dependent bounds with optimal dependency on
T. Our results also hold for the more general adversarial regime with self-bounding con-
straint setting [Zimmert and Seldin, 2021a]. Appendix 6.A gives a more detailed discussion

on related works. Our paper is organized as follows:

e Section 6.2 introduces the real-time SPM method and states Lemma 6.2.1, a key tech-
nical lemma for bounding E [Zle %] While the original analysis of SPM [Ito et al.,
2024] relies on having a small max;cr] 2 and thus cannot be applied to real-time SPM,
our Lemma 6.2.1 instead shows that real-time SPM incurs an additional regret of at
most O (maXtE[T] % In Zthl Z—i) Moreover, both % and 7+ can be effectively controlled

by appropriate choices of ¢;(z).

« Section 6.3 considers the bandits problems with signed sparse losses, where ¢;; € [—1, 1]
and ||4;]|, < S. We show that using a-Tsallis entropy and log-barrier functions in place
of f and g in (6.3) leads to an O <(K:(j:613i11£(n,< (Kl;?l__tz)saT)) This bound
is T-optimal and improves upon the best known bound for this setting established
by Tsuchiya et al. [2023]. When S is known, we show that the adversarial bound

is improved to O(y/ST In(K/S)), resolving an open question in Kwon and Perchet

[2016]. Furthermore, we prove a near-matching lower bound for problems in which the

sparsity constraint holds in expectation.

 Section 6.4 considers problems with small total variation @ (defined in Section 6.1.2)
and presents a new algorithm obtaining a O <(K_1)17QKQ ln(T), \/an(K)) BOBW

Ot(l—Oé)Amin
bound. In the adversarial regime, the O(y/Q In(K)) bound matches the best known

bound in Bubeck et al. [2018] while having the advantage of not requiring knowledge
of Q).

 Section 6.5 introduces a new SPM method called coordinate-wise SPM (CoWSPM),
which maintain arm-dependent learning rates [3;; and performs real-time SPM on
each arm separately. We show that CoWSPM achieves a BOBW bound with or-

der O (ﬁ D inic hlg—?) in stochastic bandits. In adversarial bandits, CoWSPM

achieves O (min {\/K In(T) min(Qoo, L*, T — L*), K2/ KT}) regret bound. where

(> and L* are {,-norm total variation and total loss of the best arm, respectively

(see Section 6.1.2 for their formal definitions).
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Table 6.1: Summary of data-dependent results in existing and ours works. The three blocks
of rows show bounds dependent on sparsity .S, total variation ) and a combination of ()., and
L*, respectively (formal definitions are in Section 6.1.2). We use HY, = min(Qu, L*, T — L*).
“T-opt BOBW?” denote whether a bound is BOBW and T-optimal. “Param-free” denote
whether a bound requires knowledge of the data-dependent quantities.

Algorithms Stochastic Adversarial T-opt BOBW? Param-free?
Bubeck et al. [2018] — VSTIn K X X
Tsuchiya et al. [2023] SRORED /ST InTIn K X v
Theorem 6.3.1 SIZT# VvVSTIn K v v
Hazan and Kale [2011] — VQInTIn K X v
Bubeck et al. [2018] — VQIn K X X
Theorem 6.4.1 IZ“‘T VQIn K v v
Wei and Luo [2018b] ~£dnL VKL*InT v
Tto [2021] > L VEmin(Qu, L*) In T X v
Tto et al. [2022] ;*(Z—i +1)InT /KH: InT X v
Theorem 6.5.1 T min(\/KH: InT, VK*eT) v v

i
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6.1.2 Problem Setup

For an integer N, let [N] = {1,2,..., N} denote the set of integers from 1 to N. We study
the multi-armed bandits problem [Lai and Robbins, 1985; Auer et al., 2002a] in which a
learner is given K arms and interacts with the environment in 7" rounds. In each round ¢,
an adversary selects a hidden vector ¢, = ({1,012, ..., 4 k). The learner chooses one arm
I; € [K] and observes its loss ¢;,. We assume |(;;| <1 for all t € [T],i € [K]. The learner
aims to minimize its regret Ry over T rounds, defined by Equation (6.1).

We are interested in developing learning algorithms with provable upper bounds on Ry
that hold simultaneously for two regimes: adversarial [Auer et al., 2002a] and adversarial
with a (A, C,T) self-bounding constraint [Zimmert and Seldin, 2021a]. In the adversarial
regime, no assumption is made on how the adversary generates ({;)icpr]. The adversarial

regime with a (A, C, T') self-bounding constraint [Zimmert and Seldin, 2021a] is given below.

Definition 6.1.1. (Adversarial regime with a self-bounding constraint) For T > 1,A €
[0,1]% and C' > 0, the problem is in adversarial regime with a (A,C,T) self-bounding
constraint if the regret of any algorithm at time 7" satisfies Ry > Zthl Zfil A;Pr(ly =i)—-C.

As noted in Zimmert and Seldin [2021a], the stochastic bandits setting [Lai and Robbins,
1985] satisfies Definition 6.1.1. We also use the common assumption that there exists an
optimal arm ¢* such that A; > 0 for all ¢ # ¢*, that is, the optimal arm is unique. Let
Apin = mingeg{A; : A; > 0}.

We focus on obtaining bounds that are adaptive not only to the adversary’s regime but
also to the data-dependent properties of the loss sequence (¢;);ci7. The following data-

dependent quantities are considered in our work.

» Sparsity of losses [Kwon and Perchet, 2016]. All loss vectors have at most 1 < S < K

non-zero elements, i.e., [[{;]|, < S, where S is unknown.

« Variation of losses [Hazan and Kale, 2011; Ito et al., 2022] The total variation of
the sequence (£;), is @ = Y21, ||f; — %Zle 0

Qoo = minée[o,uK thzl Hgt - ZHio

2
. The f.-norm total variation is
2

o Best-arm loss. For non-negative losses, we consider the cumulative loss of the best

. T
arm L, = mineg) Y, q lei-
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6.2 Stability-Penalty Matching with Real-Time Stabil-
ity Term

Let p = min(1 — p,p) for p € [0,1]. We use the notation f < g to denote f = O(g).
To obtain data-dependent bounds using SPM, we use SPM where the stability term is a

function of the observed loss, i.e., z satisfies Equation (6.5). Note that z grows with (7

L The benefit of this real-time z is that data-dependent quantities such as sparsity

t, 1y
and total variation naturally come out of E[z]. For example, in Algorithm 6.1 for bandits

and

with sparse losses |[{]|, < S, we use z, = O(fh"‘ﬁéx) for some a € (0,1). It follows
that Elz] = O(3 .4, .20 P “03;) < O(S%), leading to the O(V/STIn K) bound. The main
challenge in using the real-time z; is the value of z; can be unbounded whenever p, ;, is very
small. It follows that z,.c = max,c7] 2 can be unbounded, which makes it difficult to apply
existing techniques in Ito et al. [2024, Lemma 10] that bounds ]E[Zz;l %] by a quantity that

grows with E[z.x]. We resolve this challenge by using the following technical lemma.

Lemma 6.2.1. For any T' > 1,z1.0 > 0,h.r > 0 and a sequence (.7 defined by Equa-
tion (6.4), let F'(z1.7, hq. 2 and G(z1.1, hy. We have
( ) (lT IT) Ztl (lT 1T> Ztlm

F(Zl;T, hl:T) 5 G(ZLT, hl:T) + (Itlel%ﬂ)]( E) ln (Z ) . (66)

Proof. (Sketch) Our proof extends from the proof of Ito et al. [2024, Lemma 10]. Similar to
the proof of Ito et al. [2024, Lemma 10], we define a new sequence J; = \/ﬁf + 222;11 2
and consider the set of rounds £ = {t € [T] : Bi,; > v2B;}. The complement of E is
E¢=[T]\ E. We have

Z1T,h1T Z Z

tEEC tEE
S—— =
() (%)

where (a) is bounded by G(z1.7, hi.7) as in Ito et al. [2024, Lemma 10], and (b) is bounded

by
o (i) 11 ) e () = (e (350
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Algorithm 6.1 Real-time SPM with hybrid regularization for losses in [—1, 1].
Input: K >3, 7T >4K,a € (0,1),5, = a,v max (6,48, /1%-),d =
Initialize Ly; = 0 for i € [K]

for each round t =1,...,7T do

Compute ¢; = argmin,ca, (Le—1,p) + 5y (%(1 — Zfiﬂf)) VZK In(p;)
Compute p; = (1 — %) q: + %1

Draw I, ~ p, and observe ¢, p,

Zt 1]1{[75 7,}
Pt

Compute loss estimate @tz = and update L;; = L1, + Etz

. d)2—« 2
Compute Z¢ = Inin <(26(1) ) mll’l(pt,[“ 1- tht)Q aé?l,ﬂ Bi1sd g?l{»)

S
Compute h; = <—(El 1ptZ 1))

ComPUte Bt-i—l - Bt ,Btht

end

where the second inequality is from the fact that g; is multiplied by at least V2 after every

5T+1

round in F; thus there can be at most log\f such multiplications. [

Lemma 6.2.1 implies that if (T) the sum E[Y,_, 7] grows with poly(7') and (II) max; 2
is small, then E[F (2.7, hi.r)] grows dominantly with E[G(z1.7, h1.7)] plus an O(In(T")) term.
Hence, we can safely ignore other terms and focus only on bounding G(z1.7, h1.7). The proof
of Tto et al. [2024, Lemma 10] already showed that

T T T
1
G(ZLT, hl:T) S min IH(T) E htZt + ?hmax § Zts hmax E 2t (- (67>
t=1 t=1 t=1

In the rest of the paper, we will show that different choices of the (hybrid) regularization
function lead to specific forms of z; and h; such that not only do both conditions (I) and
(IT) hold but also they imply BOBW data-dependent bounds with optimal dependency on
T from (6.7).

6.3 Application I: BOBW Bounds for Bandits with

Sparse Losses

We consider the multi-armed bandits setting with sparse losses [Kwon and Perchet, 2016], in
which the loss vector ¢, € [—1,1]" has at most S non-zero elements, i.e., maxerr ||¢]|, < S.
Note that S is unknown to the learner. Let ¢rp(p) = +(1 — SF . p%) be the a-Tsallis
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entropy with some a € (0,1) and ¢¥.g5(p) = — Zfil In(p;) be the log-barrier function. Our
approach for this setting is in Algorithm 6.1, in which we use the hybrid regularizer ¢,(p) =

Bitvre(p) + vre(p) to obtain

qQ = ar%gﬂﬂ{@t—hw + Bebre(p) + vbre(p)}

Then, we mix ¢; with %—uniform exploration to obtain the sampling probability p,, i.e.,
pe= (1—£)q + £1. The learning rates (53;); are set by the SPM rule by [Ito et al., 2024]

as

8K Zt
B = 1T- 4 Bry1 = Be + Mu (6.8)
where
. (6d)*~ 2—a j2 18d° ,
~¢ = min m min(pr,, 1 = per)” b, 5tT£t,It , he = (=¢re(p)), (6.9)

and v = max(6,48,/7%-),d = 2. Note that 3, > (w—1)(41—liwafl) for w = 2. The following

theorem states the BOBW bounds of Algorithm 6.1.

Theorem 6.3.1. For any K > 4,7 > 4k, Algorithm 6.1 guarantees the following bounds

simultaneously

o In the adversarial regime:

Rr <O <\/ (Klazl__lci;gaT> (6.10)

o In the adversarial regime with a self-bounding constraint:

RT S 0) <(K — 1)1*6“5@ IH(T) + \/C(K — 1)1—0‘,5'0‘ IH(T) n \/M)

a(l — @)Apin a(l — a)Apin a(l —a)
(6.11)
In Appendix 6.G, we show that by setting a = 1 — #(K), we obtain U(Z;—:;gy* <
S*In(K) and % < S%In(K). In the adversarial regime, Theorem 6.3.1 recovers the

O(/STIn(K)) bound in [Bubeck et al., 2018] and [Tsuchiya et al., 2023] while still being
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S-agnostic. In the adversarial regime with a self-bounding constraint, the bound becomes
O( Sln(AK) In(T) )

min

which has an optimal dependency on T'. To the best of our knowledge, The-
orem 6.3.1 is the first result for bandits with sparse signed losses that is simultaneously
S-agnostic, T-optimal and BOBW. Also, our approach is more computationally efficient
than that of [Tsuchiya et al., 2023] as we do not need to solve any additional optimization

problems to compute the learning rates (3;);.

Remark 6.3.2. When S is known, then (K::(T—__i))y can be further bounded by 65 ln(%).
Consider only the case where S is sufficiently small so that ¢S < K (the other direction
trivially leads to O(Q(I—Swl)) Letting o« = 1 — =, then (574)17 < (£)17® = ¢. Since

m(K/S)’ 5
In(K/S) > 2, we have a > £. Therefore,

(Ko —1)§*  K'"o8* (K)l—a In(K/S) eSIn(K/S)

o) Sai-a-Sl3 = S < 6SIn(K/S).

This result shows that an O(/ST In(K/S)) upper bound is attainable even for signed losses,

which resolves an open question posed in [Kwon and Perchet, 2016, Remark 12].

Remark 6.3.3. In Appendix 6.F, we also show that Algorithm 6.1 can be applied in the
related setting of adversarial sleeping bandits and obtain a regret bound that matches the

best known bound in Nguyen and Mehta [2024] despite using fewer assumptions.

6.3.1 Proof Sketch for Theorem 6.3.1

As mentioned in Section 6.2, we first show that z; and h; in (6.9) satisfy the two conditions (I)
E[>] 2] = O(poly(T)) and (II) max; 2 is small. The second condition is straightforward

t=1 hy Bt
from the definition of z;,v and d, since % < % < 6d? = 24 which is a constant. To see

that (I) is true, note that h; is fixed with respect to I;. Hence,

] e

t=1 t

< TE [maXtE[T] E, [zt]l .

minge 7y iy

Then, the condition (I) follows from Lemma 6.B.1, which shows that h; > 1=2T-% and

EpLlz] < (Zﬁ(dl):? Se. Jensen’s inequality implies that E [ln < thl Z—i)] < In <]E [12?:1 Z_ﬂ )

Combining this with Lemma 6.B.1, we conclude that E[F(z1.7, h1.1)] grows dominantly with

E[G(z1.1, h1.7)]. The last part of the proof is showing that plugging z; and h; from (6.9)
into (6.7) yields the desired bounds. In the adversarial regime, the bound (6.10) follows
directly from (6.7), Lemma 6.B.1, h, < "= and Jensen’s inequality E[v'X] < y/E[X]. In

a




212

the adversarial regime with a self-bounding constraint, we can prove (6.11) by first showing
that

(6d)2

K
< N7 _ 1\ 1l-aqaoa A
Elfez] < a(l — a)Apin (B —1)7"57E [;ptﬂAl

and then following the same argument as in Ito et al. [2024].

6.3.2 A Lower Bound for Problems with Soft Sparsity Constraint

It remains an open question whether the BOBW bounds in Theorem 6.3.1 are tight under
the hard constraint [|¢;]|, < S. This hard-constraint problem belongs to a broader class of

settings with a more relaxed constraint, in which there exists an @ € (0,1) and 1 < U < K°

such that for all t € [T,
K e
E [(Z |€t,i|2/a>
i=1

In other words, the sparsity constraint holds in expectation. Obviously, the hard-constraint
setting with ||¢;]|, < S satisfies (6.12) for any a € (0,1) and U = S®. Moreover, by using
the same Algorithm 6.1 and straightforward modifications in its proof, we can obtain the
corresponding O(% InT) and O(, /%U T) BOBW bounds for stochastic and ad-

versarial regimes, respectively. The following theorem, whose proof is in Section 6.C, shows

<U. (6.12)

near-matching lower bounds for problems with soft sparsity constraint defined in (6.12).

Theorem 6.3.4. (Instance-Dependent Lower Bound) For any consistent algorithm, for any
A€ (0,1),K >4,a € (0,1) and 1 < U < £2 there exists a K-armed stochastic bandit
instance with A, = A and loss distribution satisfying (6.12) such that

i o (KT
T—oo In(T) A )

(Minimax Lower Bound) For any algorithm, for any K > 4,a € (0,1) and U < K?, there
exists an adversarial bandit instance with K arms and loss distribution satisfying (6.12) such
that

Ry = Q(\/ KI_O‘UT).
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6.4 Application II: /QIn(K) Upper Bound with Un-
known () using Optimistic FTRL

In this section, we propose a new approach for obtaining a BOBW O(K T " /QTn K)-bound
with unknown @. For ease of exposition, we assume losses are in |0, 1] and note that the
analysis can be easily extended for losses in [—1,1]. The new approach is based on applying
real-time SPM on the Optimistic FTRL framework [Rakhlin and Sridharan, 2013], and then
combining with the Reservoir Sampling algorithm [Hazan and Kale, 2011]. In principle, our
algorithm follows the same framework as Hazan and Kale [2011]; Bubeck et al. [2018] where
the learner maintains a reservoir $; of observed losses for each arm i € [K] and then uses
the estimated mean m;; = fi;; of these reservoirs as the optimistic vector m; in Optimistic
FTRL. In each round t, the learner chooses to perform either a reservoir sampling step for
updating the reservoir $;, or a FTRL learning step for minimizing the regret. When the
FTRL learning step is performed in round ¢, the vector ¢; is computed by

K
q; = argmin(m; + L;_1,z) + (1 (1-— Z > — 72111 ;). (6.13)

JJGAK i=1
Similar to Algorithm 6.1, the sampling probability vector p, is obtained by mixing with
+.oie, pp = (1-5)q + #1. After an arm [, ~ p, is drawn, the loss estimates are
Coi =My, + W‘ The learning rates (3;); are computed by real-time SPM, with
z; and h; defined as

[ (6d) 1842 1 (&
z; = min (%P?ha(@,n —my )’ L S (o1, — mt,lt)Q) =< (; Pl — 1) :

The full procedure is given in Algorithm 6.4 in Appendix 6.D. The following theorem states
the BOBW bound for this approach.

Theorem 6.4.1. Algorithm 6.4 (in Appendix 6.D) guarantees the following bounds simul-

taneously

e In the adversarial regime:

RT§O< Qﬁilﬁg). (6.14)
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o In the adversarial regime with a self-bounding constraint:

Rr <O <(K — )R In(T) | \/C(K — 'K In(T) | \/(K - 1)1—aKa>

a(l — a)Anin a(l — a)Apn a(l — a)
(6.15)

Proof. (Sketch) Our analysis follows from the analysis of Algorithm 6.1 and the observation
by Hazan and Kale [2011] that the reservoir sampling steps only add an O(In(7')*) amount to
the regret bound. As a result, the bound (6.15) for adversarial regime with a self-bounding
constraint follows almost identically to that of Algorithm 6.1. For the bound (6.14) in the
adversarial regime, the total variation () naturally comes out of Zthl z; as follows:

T 1 K 1 T
|3a| 5 e [ | = e[S ] -

t=1 t=1 i=1 t=1

T

] T
S <E > e — prll; Z||ﬂt_ﬂt“g]>
t=1 t=1
1 - Q Q
= 1—« <Q+;tln(T)> SO(l—a)’

where the second inequality follows from triangle inequality and Lemma 10 in [Hazan and
Kale, 2011], the third inequality is by Lemma 11 in [Hazan and Kale, 2011], and the last
inequality is due to 3, 7 < O(1). Together with (6.7) and hpax < %, this im-
plies (6.14). O

+E

Remark 6.4.2. While existing works [Hazan and Kale, 2011; Bubeck et al., 2018] require
either the knowledge of () or sophisticated doubling tricks to estimate (), our Algorithm 6.4
does not require such knowledge or any tricks. When @ — 1, the bound in (6.14) becomes
O(y/Q1In(K)). This bound matches the best known upper bound in Bubeck et al. [2018] and
never exceeds O(y/TK In(K)) in the worst case, all while simultaneously having a T-optimal

best-of-both-worlds guarantee.

6.5 Coordinate-Wise Stability-Penalty Matching

We further generalize the SPM framework by introducing a new technique called coordinate-

wise SPM (CoWSPM). As the name suggests, CoWSPM maintains separate learning rate [,
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Algorithm 6.2 Coordinate-wise SPM with hybrid regularization for losses in [0, 1].
Input: K >3, 7T >4K,a € (0,1),5, = 8K -1, = max(6,48, /7%

Initialize Ly; = 0 for i € [K]

for each round t =1,...,7T do

Compute m; € [0,1]% where m,; = m ( + Z ]l{]s = i}ﬁm)
Compute ¢; by Equation (6.13)

Compute p; = (1 — %)qt + %1

Draw I; ~ p; and observe £, r,

—“t’i_m;f),]l{lt:i} and update Ly; = L1, + ft,i

. . d)2— . 1 i18d?
Compute z; = 1{i = I, } ({1, — myr,)? min <(26(1)_a) min {p“o: ptpt o } , B = )

Compute loss estimate l?m- =Mmy; +

Compute h;; = 1])?1
Compute ﬁt+1 i 5“ + ﬁtZtith
end

stability term z;; and penalty term h;; for each arm ¢ € [K]. In each round ¢, CoWSPM
updates the learning rates for each arm using the SPM update formula (6.4), i.e

5t+1 A Bt 7

6.16
ﬂt zht K ( )
Obviously, if (2:,:)icix] and (R, )ic(k) take the same values across all arms, then this approach
recovers Algorithm 6.1. Instead, we adopt a different approach where z,; = 0 for all ¢ # I,
so that only the learning rate (3, ;, of the observed arm I; is updated in round ¢. The full
procedure of CoWSPM is given in Algorithm 6.2, which uses the Optimistic FTRL framework
with

Zﬂm(

This regularization function contains not only the a-Tsallis entropy, but also a part of the

(1—2;)In(1 —x;) + x,) — 72111 x;). (6.17)

Shannon entropy and a linear term. The addition of these terms into the regularizer has
been done in Ito et al. [2022] in order to have a regret bound containing the quantity
Dr; = min(pg;, 1 — pr;) for the stochastic setting. This technique has a similar impact in
our work, where it allows us to bound z;; by a quantity containing p; ;. However, while we
use the same technique to introduce p; ; into our bounds, our analysis develops fundamentally

different technical lemmas from that of [Ito et al., 2022] in order to use this new regularizer
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in the real-time SPM framework. Next, to ensure that only 3, ;, is updated, we set z;; by

i . 6d)2_a . _ 1— Pt.T, ﬁt 18d2
i =Wi=L}(ly — ? G 7 = ! 6.18
<t {l t}< i1t mt,ft) min (2(1 — CY) min {pt,h: p%[t ’ ~ ) ( )

so that z,;, > 0 and 2z,; = 0 for ¢ # I;. The following theorem states the BOBW data-
dependent bound of Algorithm 6.2, whose full proof is given in Appendix 6.E. The proof

sketch outlines the main technical challenges in the analysis of Algorithm 6.2.

Theorem 6.5.1. For any K > 4, T > 4k, CoWSPM (Algorithm 6.2) with o € (0, 1) guarantees

the following bounds simultaneously

e In the adversarial regime:

Ry < min {\/K In(7) min(Quo, L*, T — L), K%\/KT} .

o In the stochastic regime:

1 In(7T)
<
RTNoz(l—oz); A;

Proof. (Sketch) Intuitively, coordinate-wise SPM consists of K separate real-time SPM pro-
cesses, one for each arm. Similar to Ito et al. [2022], we find that this more refined approach
enables deriving a bound (for the adversarial regime) that is adaptive to simultaneously
different data-dependent quantities such as (), and L*. However, having separate learning
rates introduces several new technical challenges. First, the analysis developed for Algo-
rithm 6.1 that bounds ¢+1,; = O(g;) for all i € [K] no longer applies because in each round
t, the learning rates (5 ;)ic(x] can be arbitrarily different from each other. The CoWSPM al-
gorithm resolves this by using f;11, = B, for i # Ir so that it only need g1, = O(g:) to

hold for ¢ = I since

K

Ge(Grv1) — D1 (qr1) = Z(ﬂtﬂ,i = Bei)(=f(@e+14)) = (Besrre — Ber) f(qer1,1)-

=1

The second and also more important challenge is that even if ¢;11; = O(g:;), the naive
1 K

decomposition of the a-Tsallis entropy into its coordinate-wise form —¢rp(x) = - > ;0 (2§ —

x;) and then assigning h;; = é(x? — x;) does not guarantee that hyy1; = O(hy;). This is
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because the function xz +— x® — x gets arbitrarily close to 0 when x gets close to 1. This
prompts a different choice for h;; rather than — f(p;;). Algorithm 6.2 uses hy; = épffi, which
is monotonically increasing and ensures that heyq 5, = O(hyeg,) for ¢ey1; = O(ge;). This choice
of hy; is justified by the technical Lemma 6.E.5, which states that (z —1)In(1 — z) < z* for
any x,a € [0, 1].

Finally, we prove that with z;; defined in (6.18), the product E[h; ;2. ;] is upper bounded by

a quantity containing p;; and thus an O(_, ;. mA—?) regret bound holds for stochastic bandits.
This is handled by Lemma 6.E.9, which shows that Ej, [z:;] < 2min(ps;, 1 — pes). O

Remark 6.5.2. Theorem 6.5.1 holds for all @ € (0,1). In particular, for o # %, we do not
require any additional assumptions such as the A; being known in order to get the T-optimal
BOBW bound. This is a major difference compared to the Tsallis-INF algorithm [Zimmert
and Seldin, 2021a]. On the other hand, the adversarial bound in Theorem 6.5.1 has an
extra factor VK@, Tt is unclear to us whether this extra factor is a fundamental limitation

of CoWSPM or an artifact of our analysis.

6.6 Conclusion and Future Works

We developed real-time SPM, an extension of the SPM method originally developed for ob-
taining best-of-both-worlds bounds in bandits problems. We showed that real-time SPM al-
gorithms achieve novel bounds that are simultaneously best-of-both-worlds, data-dependent
and have optimal dependency on 7" in both stochastic and adversarial regimes. Our bounds
also have optimal dependency on the data-dependent quantities such as sparsity or total
variation of the loss sequence without knowing them nor using sophisticated estimation
tricks. Future work includes applying real-time SPM on other bandits problems, such as
contextual linear bandits, and making real-time SPM adaptive towards other challenging

data-dependent quantities like /; and fo-norm path-length bounds.

6.A Related Works

Due to the vast literature on BOBW and data-dependent bounds in various bandits learning
settings, this sections presents only the most relevant works in multi-armed bandits. A more
comprehensive list of related works can be found in Ito et al. [2024]; Tsuchiya et al. [2023]

and references therein.
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Best-of-both-worlds bounds. The BOBW bounds in our paper are derived using the
SPM method for tuning learning rates in the FTRL framework, originally proposed in Ito
et al. [2024]. For stochastic bandits, our O(%)bound in Sections 6.3 and 6.4 matches
that of Wei and Luo [2018b]; Ito et al. [2024], and our O(}_, ;. IZ—T) bound in Section 6.5
matches that of Zimmert and Seldin [2021a]; Ito [2021]. Both of these bounds are looser
than the O(D_, i ot Ah:T) in Ito et al. [2022] obtained by a more specialized approach, where
o? is the variance of the losses of a sub-optimal arm i. However, except for Ito et al. [2024],
these existing works have an O(v/T InT) worst-case bound for adversarial bandits, which

contains an extra InT' factor compared to our work. Our BOBW bound also have data-

dependent guarantees, which is an advantage over Ito et al. [2024]. For bandits with sparse
losses, Tsuchiya et al. [2023] similarly obtained bounds that are both BOBW and dependent
on the sparsity constraint; however their bounds contain extra factors of In(KT') in stochastic
bandits and v/In7T in adversarial bandits compared to our results.

Data-dependent bounds. We study the following data-dependent quantities: sparsity
of losses, total variations and small losses. For bandits with sparse negative losses where

|1¢:]] < S and S is unknown, our O(i::, V/STIn(K)) BOBW bound is the first S-agnostic
and T-optimal BOBW bound for this setting, which improves upon on the bound of Tsuchiya
et al. [2023] and matches the best known bound for adversarial bandits in Bubeck et al. [2018].
When the total variations @), Q and/or the loss of the best arm L* (defined in Section 6.1.2)
are small, our algorithms are based on the optimistic FTRL (OFTRL) framework similar
to Hazan and Kale [2011]; Bubeck et al. [2018]; Ito et al. [2022]. The dependency on @, Qw

and L* in our results match the best known bounds in these works, while our BOBW bounds

have an optimal O(CO1InT,dv/T) dependency on T. Particularly, our coordinate-wise real-
time SPM algorithm in Section 6.5 can be seen as a T-optimal variant of the algorithm in Ito

et al. [2022], which share the idea of using separate learning rates for each arm.

6.B Proofs for Section 6.3

6.B.1 Proof for Theorem 6.3.1

Let Drg(p,q) and Dpg(p,q) denote the Bregman divergences induced by the a-Tsallis en-
tropy and the log-barrier function, respectively. Let Dy(p,q) = 8:Dre(p,q) + vDrs(p, q) de-
note the Bregman divergence induced by the hybrid regularizer ¢,(p) = 5, (i (1-— Zfil pf‘)) —
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Ui

~

lio

0l Zfil In(p;). Let f, = be the estimated loss vector at time ¢. We state the following

lxc
three stability lemmas, whose proofs are in Section 6.B.2 and Section 6.B.3.

Lemma 6.B.1. For any ¢ € [T], Algorithm 6.1 guarantees

1-— 6d)>~“
AT and Eplz) < )

(
> - 5%
M= 2(1 — a)S

Lemma 6.B.2. For any ¢ € [T], Algorithm 6.1 guarantees

. ) 6d)?~ ) Cam 1842
(e @ — qrr1) — Di(qe11, ¢;) < min (% min(py,z,, 1 — pt,It)2 af?,],g T@h) .
(6.19)
Note that in Lemma 6.B.2, the right-hand side is exactly %
Lemma 6.B.3. For any ¢ € [T], Algorithm 6.1 guarantees that for all ¢ € [K],
Qi1 < 3dqp; < 6dpy;. (6.20)
Moreover, this implies that (—¢re(¢41)) < 3d(—vre(q)) < 6d(—Yre(pt)).
Proof. (Of Theorem 6.3.1) Next, let
®(p) = Brdre(p) +1Ls(p) (6.21)

be the time-varying regularizer in Algorithm 6.1. For any a € [K], define

1 K +11
Uy = — — e, + =1.
T T
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The pseudo-regret with respect to arm a is

M*ﬂ

RT,a: [ <£tapt >]

T T
(e, gt — uq)] + E[thpt — )] Z Ue, U — €4)
t=1 t=1

(Cr, gt — ua)] + 4K

1

o+
I

Me

= E|

-
Il

1

Mﬂ

<E|

t=1

Mﬂ

=E[> (b, ¢ — ua)] + 4K,

o~
Il
—

where the inequality is from (¢y, p; — ;) = 7 ZZ i(1—=Kq) < % and ({y,u, —e,) < %,
and the last equality is from E[{;] = ¢,. By the standard analysis of FTRL with time-varying

regularizer [Lattimore and Szepesvari, 2020], we have
T

T
Z gta @ — Uq) < Priq(ue) — min (p) + Z Dy (qeg1) — Pog1(qes)
=1

pEAK —1
T
+ Z%, @ — qe+1) — DG, @)

t=1

T
= Driq(u,) — mln D1(p) + Z Biv1 — B)(—¥re(gis1))
t=1

T
+ Z éu G — q+1) — Di(qes1, @)
=1

T T
. z
< Opya(ua) = mn ®1(p) + 6d (E (Ber1 — Be)he + E é)
t=1 t=1 It

PEAK

. Z.
= ©ry1 () = min &y (p) + 242 3
t=1

T
< Wrp(ue) — B pfggl{ Yre(p) + 24 Z %
=1 It

A

T
_ Zt
<AKIn(T)+—=(K'"*—-1)+24) =,
() + AR

where the second inequality is from Lemma 6.B.2 and Lemma 6.B.3, the second equality
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is from the update rule (811 — 5i)hy = %, the third inequality is due to Yre(p) < 0 and
Yrp(p) > 0 for all p € Ak, and the last inequality is due to (uq); > 7.

Bounding E [Zthl i

Note that we should not directly apply the SPM bound based on zy.x = maxer) 2 in
Lemma 3 of [Ito et al., 2024], because zmay is of order max; p, 7', which can be very large.
Instead, let

2t
G = E —
t Zs

hmax = max ht7
te[T)

zlE,max = Imax ]Eft [Zt] .
te[T)

Kl-o_1
(e}

By definitions of h; and z;, we have h; < and

6d)2~

(
IEIt [Zt] < m

S,

from Lemma 6.B.1. It follows that

K -1

hmax = )
o

(6d)*~°

ZE,max > m

«

Next, let

(6.22)

Let E={t€[T]: B, >V28}and E°=[T]\ E. Also, let N = |E| and j = 1,2,...,N
be the index running over the rounds in E. Similar to the proof of Lemma 2 in Ito et al.

[2024], squaring both sides of 3, = ;1 + 6:37;1 implies that

-1
2211 zf_l 9 221 9 . Zs
B2 =B+ + > B+ >07+2) =
t t—1 h;tfl 5152_1}7;?_1 t—1 htfl 1 821 hs
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which shows that 3, < ;. Furthermore, ), p. % < G from the proof of Lemma 2 in Ito
et al. [2024]. Therefore,

tEEC tEE
2
<G+ Z -
tcE P
2
<G+ ﬁN
Y
18> !

where the second inequality is from the definition of z; and the third inequality is from the

fact that ﬁt is multiplied by at least v/2 after every round in E, thus there can be at most

N <log 3 T“ such multiplications.
Taking the expectation over 1.7 on both sides and using E[ln(X)] < In(E[X]), we obtain

E [Z%‘ SIE[GH%;F <1+2IE Z% )

=1 "t

— E[G] %j ( 1+221E,tzt]>

e )

e 20 1 )
[G]+o(71n (ff_j)»

where the first equality is because h; is F;_j-measurable and the last inequality is due to
Lemma 6.B.1.

Next, Equation 45 in [Ito et al., 2024] shows that G < 24/ hpax 2th1 2. Moreover,
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Equation 46 in [Ito et al., 2024] shows that for any fixed J > 1,

T T
G<.|8 Z Beze + 241 277 B Z %
t=1 t=1

As a result, we obtain the following bound:

T T T
z . .
c[52] <om e[y s e
t=1 t=1 t=1
1 aSeT
“ln|—"_1).
o (n(7aR))

Adversarial Regime:

(6.23)

Using Jensen’s inequality E[v/X] < /E[X] and Equation (6.23), we obtain

] [ZF] ., <<K—1§a—1>imzt]+o(§m (355

<o [T ”Ttm[zﬂ.;,maxl ro(Gm(ain)
o)

Adversarial Regime with a Self-Bounding Constraint:

Let Ry = maxX,c[x) Rr,q. In this regime, we have Ry +C' > E[Zthl Zfil q:A;]. Let i € [K]

be the unique optimal arm.

Observe that given the sequence of randomly drawn arms until the beginning of round
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t, the quantity h; is fixed. Therefore, we can write E[h;z;] = E[hE}, [2]] and obtain

E[huz] = E[MEs =]
6d)> | o
< ﬁE _ht (Z(pm- )&,z)]
- %E _ (Z P — 1) (Z(ﬁg,;a%)] (6.24)

1
@ i=1 i=1
K
(6d)2—° N
E s —1 o
_205(1_06) Zpt,z Zptl )
=1 Zt,ﬁéO

where the second inequality is from ¢7; < 1.
Using pfy — 1 < 0 and 35 . pfy < (K — 1)17%(30, - pra)™ by Holder’s inequality, we

obtain

o1 (K=" pu)°

1€[K] i1F£i*
(K — 1)1—a a
~ Aa (Z pt,zAz)
min i€[K]

Next, from pg; < ZZ# pr; we have
11—«
ﬁtll_*a < (Z ﬁtz)
i

l—«
< ﬁ (meﬁz) .

min i#i*



225

Therefore, by Holder’s inequality,

Z pl o< Z p —a _i_ﬁi’;ka

Ly ;70 Ly i 7#0,5740*
l—a
_1l-a
< Z <Az’ ° ) (ptzAz)l “+ Al a <Zp“ l)
Ly ;70,iF£0* min iAi*
l1—o 1—a

S Z AiT ptz i Al o (Zptz 7,>

Ly 170, iF£* Ly, 1750 1F£i* min 1£i*

Sa -« 1—a
S m ptz Al a Zptz z)

0y Z750 1F£L* min 1F£i*
11—«

< % Z DeilNi

Overall, we have

(6d)2—a K
E <—rt (K —1)""S°E A 6.25
[hez] < a(l— Oé)Amin( ) S [; Dii ( )
Furthermore, by Jensen’s inequality,
T T
(K — 1)t= (6d)?—2S>
E Ponax E |27/ hpax < [277T : 2
| < \Ermen ] < G o

By plugging J = [log,(T")], (6.25) and (6.26) into (6.23), we obtain

\/m(T)(Kl “ DSBS, S v | \/ (K1~ —1)5°
a(l — a)Anin a(l —a)

In(T)(K'* — 1)S*(Re + C)  [(Ki-a—1)Se
=0 (\/ (1= ) D + \/ a(l—a) ) '

In summary, keeping only the dominant /7' terms, we have the following BOBW bounds

r Z.
o “t
poE

that hold simultaneously:
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e In adversarial regime,

(Kl=a —1)5°T
fr <0 (\/ a(l — a) >

o In adversarial regime with a self-bounding constraint:

Ry <O ((K — 18 In(T) 4 \/C(K — 1)1=eSaIn(7) N \/w)

a(l — a)Apn a(l — a)Apn a(l —a)

Note that we can set « sufficiently close 1 so that % = O(In(K)), (12(—11_);;0‘ =

O(In(K)) and while v = O(,/1%) grows with K instead of 7. For example, in Ap-

pendix 6.G, we show that a = 1 — 51— satisfies & < 4In(K), Ui(—ll_);a < 4In(K)

21In(K) a(l—a)

while v < /In(K). This ensures that

170471

VK In(T) + @ = K In(T) + 4K§i1:aa_> 2
= O (KIn(K)In(T)),
and
1 i ~ — O(In(K)

everywhere, so we can safely ignore the terms that do not contain /7T (in the adversarial
setting) and IAH(TTiZ (in the stochastic setting).
O

6.B.2 Stability Proofs

In this section, we prove Lemma 6.B.2 and Lemma 6.B.3. First, we state and prove a number

of supporting lemmas. In the following, we let

9o (1) = B + (6.27)

~ |2

be a function defined on (0,1) — R,. Note that because § > 0,a € (0,1) and v > 0,
this function gg.(¢) is monotonically decreasing in ¢. We will drop the subscripts 8 and ~y

whenever they are clear from the context.
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The first lemma shows that ;11 — ; is sufficiently small for stabilizing the FTRL update
in Algorithm 6.1.

Lemma 6.B.4. For any ¢ > 1, Algorithm 6.1 guarantees

I, -
Brr — B < (1 - 3)7%*(17 (6.28)
where g, = min(max;e(x] ¢ri, 1 — max;e[x) i)

Proof. Lemma 6.B.13 shows that h, > =%p. By Lemma 6.B.14, we have pf, > 2.
This implies that hit < ﬁ—aOCQO‘q;O‘. By the definitions of (.1, 2; and h;, we have

_ A
Bt—i—l 61& - /Btht

< dozy ., _q
— (1 o Oé)/Bt Qt*

4o 18d% , . .
S (1 _a>T t,[t2 Qt*

1 -
<(1- E)Wt*

where the last inequality uses

72ad? o T2ad? 1
T

—2< (1 — = 6.29
for d = 2 and v > 48, et

Lemma 6.B.5. For any L € R¥ 8> 0,7 > 0and h € [—1,1], let
] K K
o= sgmintt) 5 ( L0 30 ) <03t
PEAK o i=1 i=1

1

K K
, h 1 i
y =argmin(L + —ey,p) + 8| —(1= D pf) | =7 In(p:).
PEAK v @ i=1 i=1

Here, e, is the first vector in the standard basis of R¥. If 42} > z; and v > 6, then y; < 3z;.

Proof. Using the Lagrange multiplier method, we have the following equalities that hold for
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some Z € R,
1 1 h
a=1 _ a1y | <___) =74+ = 6.30
B (yl ! ) 7 Y1 1 Ty ( )
and for all i # 1,
Bl — a4y (Lo L) =2 (6.31)
’ ’ Yi . '

First, we show that Z and y; — x; has the opposite sign to h. We consider two cases:

o If Z > 0 then from (6.31), we have g(y;) — g(x;) = Z > 0. This implies y; < z; and
leads to y; > 7. From (6.30), we have Z + xﬁ, g(y1) — g(x1) < 0. Since Z > 0, this
implies h < 0.

o If Z < 0 then by the same argument, we have y; > z; and y; < x;. Therefore,
Z—l—zi,z(). Due to Z < 0, we must have h > 0.
1

In both cases, we have Zh < 0 and Z(y; — x1) > 0. It follows that if A > 0 then we have
y1 < oy <2z, If h <0 then y; > x1, and by rearranging (6.30), we obtain

4 h 1 1
C b oA D)
T Ty 7 T Y Sl > P
> —_——
>0 B
()
>y — = —
1 W
)
Z 6(——— )
1 Y
where the last inequality is due to v > 6. This implies that y% > %, thus y; < 3x;. [

Lemma 6.B.6. For any L € RX, 3 >0, > 0,7 > 0, define

xr =argmin(L,p) + <£(1 — pr‘)) — WZln(piL

pEAK

K K
y = argmin(L, p) + ' (é(l - Zzﬁ")) — 7Y In(p).
i=1 i=1

PEAK



Let z, = min(maxX;c(x] %;, 1 — max;c(x) x;). For any constant d > 2, if

1
o

then y; < dx; for all i € [K].

Proof. Using the Lagrange multiplier method, we have for all i € [K],

=Y

Li— By =L =\
Yi

Subtracting both sides of the two equations, we obtain

A =N+ gs(xi) = g5 (y1)
= ga(y:) + (8" — Bys .

229

(6.32)

(6.33)

(6.34)

If A — X < 0, then because 8 < 8/, we have gg(z;) > gs(vi) + (8 — B)y>~ " > gs(v;). This

implies ; < y; for all i € [K], a contradiction to S_% z; = S°F 4, = 1. Hence, we have

A — X >0, and thus gg(x;) < gp (v:)-

For any i € [K], if x; > x, then x; > % and hence y; < 1 < 2z; < dx;. From the condition

B —B< (1= )y, for z; < ., we have

95 (yi) > gs(z;)

=Bt + .

> (5 (1- ger)ag + 1

- d * ! Z;
1

=B —(1— E)fyx;“x?*I + :z:ll
1

> fap™ = (1= ghaat™ 4

_ gt

=[x + dr,

> B(dw)* + -

= gp (dz;),

where the last inequality is due to (d)*~! < 1. This implies y; < dz; for all z; < ..
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Let ||z]| , = V2T Az be the norm of a vector € R¥ induced by a positive definite matrix

A. The following lemma proves Lemma 6.B.2 when the chosen arm [, satisfies ¢;;, <1—¢qp,.

Lemma 6.B.7. For any ¢ € [T], Algorithm 6.1 guarantees

(6d)*™ o op 1847

E,q—q — Di(q+1, g Smin<—p 14 t,—€2 t) 6.35
(s, g t+1) (Qes1, Gr) 251 —a) v I 5 I ( )

Proof. Using standard local-norm analysis techniques for FTRL (for example, see Section
7.4 in [Orabona, 2023]), we have

2

(6.36)

l@

R 1
/ — - D <5
( ts Q¢ Qt+1> t(qt+1’%> -9 (V2¢4(2))~1

where z; is a point between ¢; and ¢;,1. The Hessian matrix of ¢, is a diagonal matrix with

entries

V2¢i(2) = diag ((ﬁt(l - a)ZEfZQ + Z%) ) : (6.37)
i=12,.., K

ti

Hence, its inverse is the following diagonal matrix

1
§ L . 6.38
(V?9(z)) " = diag (@a—av&2+§>-u K o

It follows that

(Voz) S B(L - a)z

1 K 1 &
<min| ——— E ZQIQEQi,— E ZQiEQi (6.39)
B (@U—a) Oy T

i=1 i=1

2 2
: 1 2—a )2 ztaltétvlt
— min 1) 2, ﬁut, ,
Bi(1 — ) Y

y
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where the last equality is due to £;; = 0 for i # I,. Combining (6.36) and (6.39), we obtain

- . 1 m ZLG
Cey @ = Gr1) — Di(@rr, @) < min | o270, =5 ] 6.40
< ty Yt t+1> t( t+1 t) 2/615(1 o OZ) t, Iy “t,1; 27 ( )

Since z; is between ¢ and g1, we have z 5, < max(qir,,@+11,). The loss estimate in
Algorithm 6.1 uses p; ;, where 2p; 1, > ¢ 1, by Lemma 6.B.14, therefore we can combine the
results of Lemma 6.B.4, Lemma 6.B.6 and Lemma 6.B.5 and obtain g1, < 3dgr,. It
follows that 2,5, < 3dq: 1, < 6dp;1,, and as a result,

- . 6d)*™* , . n 36d* , -
(e, ¢t — @r+1) — De(Ge41, ) < min (%Iﬁ,h g?,m Wp?,lt@,lt) (6.41)
. (6d)*> , . 1847
< min (mpig G T@,zt : (6.42)
where the last equality is due to p} Iji L =4 ]

The next lemma proves Lemma 6.B.2 whenever the chosen arm [; has the maximum
sampling probability. The proof is largely based on Lemma 9 in [Ito et al., 2024] and
Equation 22 in [Tsuchiya et al., 2023].

Lemma 6.B.8. For any ¢ € [T], if I, € arg maX;e (k] Pri, Algorithm 6.1 guarantees

4 A,
(1= pri,)* 0y, “). (6.43)

(s = desa) = Delgirn, ) < min (ﬁt(l —a) Y

Proof. When I; € argmax;c k) pr;, we have I; € argmaxX;cx) ¢, and thus g, > prr, > %

Therefore,

/ ¢ 1 K 1-— 1—
t, It _ t, It S S o S o S a(l . tht)afl’ (644)
By PerBe  penBe T B 4 4

where the third inequality is due to 5, > B > % by initialization, and the last inequality
is from (1 — ¢ 7,)* "' > 1 for @ € (0,1). Furthermore, for any ¢« € [K]\ {[;}, we have
bi = g > —1a ffi_l. Therefore, by using Lemma 9 in [Ito et al., 2024] and noting that

Bt 4
¢, ; =0 for ¢ # I, we obtain

4

Uty g = Ges1) — Dre(gen, @) < m(l — 1)

1 o
<E 2 efyh. (6.45)
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Furthermore, Equation 22 in [Tsuchiya et al., 2023] states that if % > —land {; =0
for ¢ # I, then

02
qtvlt gt,ft

. (6.46)

(9 — qi41, ét) —vDrp(G+1, ) <

Indeed, we have anlon | _ qtz;?ft,vft < % < % since ¢t 5, < 2p;, by Lemma 6.B.14 and
v > 4 by definition. Therefore, (6.45) and (6.46) together implies that

@t, qy — Qt+1> - Dt(Qt+1, Qt)
= <€t7 qt — Qt+1> - ﬂtDTE(Qt+1> Qt) - ”YDLB(QtH, C]t)

. 1, ;
< min (5t (<E€t’ qt — Qt+1> - DTE(QtJrl’ Qt)> ) <€t7 qt — Qt+1> - ’YDLB(QtH, Qt)>
t

. (6.47)
< min 4 (1—gq )2*0‘!?2 q?’Itg?’It
< U = ;
Bi(1 —a) ' bl vy
4 A0
< mi 1 — 27(162 L1t
< min (5t(1—05)( per,) ““_7 )
where the first inequality is because Bregman divergences are non-negative. [

Next, we prove Lemma 6.B.2.
Proof. (Of Lemma 6.B.2) We consider two cases:

o If [, ¢ arg MaX;e(x] Pri OF pri, < 1—pyg,0 in this case, we have p; j, = min(py r,, 1 —pr1,)-

By Lemma 6.B.7, we have

~ . (6d)*>> , . 18d*
ey ¢t — Gr41) — Di(Gr41, ) < min (mpih g?,]t? T@,It
, (6d)*>> . 18d%
i (gt eyt )

e If prs, > 1 —p. g, in this case, we have I; € arg MAaX;e (k) Gt,i- By Lemma 6.B.8,

) . + L AG
(e, @t — Ge1) — De(qe41, ;) < min <m(1 —pir)’ €t2,ft7 —;’I )

) 4 . —aj 4@1
= min (m mln(p“t, 1 — pt’]t)Q gii’ ’ t) .
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Lemma 6.B.2 follows by noting that max <(6d)22*a ’ 4) _ (Gd);,a' -

Lemma 6.B.9. For any L € R¥ 8> 0,7 > 0and h € [-1,1], let

K K
r = argmin(L, p) + <$(1 — ZP?)) - vzln(pi),
i—1 i—1

PEAK
L 1 K K
y=argmin(L + ey, p)+ 8 =(1=>_pf) | =7 In(p),
PEAK ! a i=1 i=1

where 42} > x;. Fix an arbitrary w € (1,2]. If § > W and v > 6, then y; < 3z;
for all i € [K].

Proof. If h < 0, then we have x1 < y; < 3z and y; < x; < 3z; for all i # 1 from the proof
of Lemma 6.B.5. Thus, we focus on the case h > 0. In this case, we have y; < z; < 3x; and
x; <y, for i # 1. From (6.30) and (6.31), we have

g(x;) —g(y;) = -2 >0

for all 7 # 1, and

h
g(y1) —g(z) = Z + 0 > 0.
1

The latter implies that —Z < % Let € = m < “i—}l < &. Similar to the proof of

Lemma 13 in [Ito et al., 2024], we consider two cases:

o If 2} > € then —Z < % For all i # 1,

1
> ) — =
2 g(xs) — -
= Ba™ = B w4 L
T
> By~ — g (1w + L
wx;

where the last inequality is due to &' > 1 and w > 1. This implies that for all 4 # 1,
Y < wr; < 3z; (since w < 2).
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o If ) < ¢, then we have x; < 4] < % For any ¢* € arg max;¢ (k) 1, we have ix # 1.
Similar to the proof of Lemma 13 in [Ito et al., 2024], we have i* # 1 and 1 < e <w.
It follows that

—Z = g(zi) — 9(Yix)
22 Ly )

Tix Yix
< Bt 4+ L — (B tag 4+ L)

= g($z*) - g(wxi*).

As the function g(t) — g(wt) is decreasing for w > 1, we conclude that —Z < g(z;) —
g(wz;) for all i € [K]. Therefore, g(y;) = g(x;) + Z > g(wx;) for all ¢ # 1, which
implies y; < wz; < 3z;.

In both cases, we have y; < 3x; for all ¢ # 1. Combining this with y; < x;, we conclude that
y; < 3z; for all i € [K]. 0

The following corollary is obtained by combining Lemma 6.B.6 and Lemma 6.B.9.

Corollary 6.B.10. For any L € RX, 3> 0,7 > 0 and h € [-1,1], let

] K K
x =argmin(L,p) + (a(l — Z]Df)) — vzln(pi),

PEAK
h 1 - -
y =argmin(L + —-e1,p) + 5 | —(1 —pr‘) —VZIH(pi).
PEAK 1 @ i=1 i=1

Let x, = min(max;cx) i, 1 — max;ex) ;). For any w € (1,2] and d = 2, if 22} > a4,
¥=>6,8=> W and

0<f —B<(l- Cll)m;a, (6.48)

then y; < 3dx; for all i € [K].

Proof. Let

pEAK

1 K K
T = argmin(L,p) + (' (a(l — pr‘)) — fyZln(pi).
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Here, 7 differs from z only by the learning rates 5’ > 3. Applying Lemma 6.B.6 with d = 2,

we obtain z; < dz; for all i € [K]. In particular, ; < 2x;. Since 27 < 2], we have z; < 4x].

Next, since z differs from y only by %el in the dot product, we apply Lemma 6.B.9 and
obtain y; < 3%; for all i € [K]. Overall, we obtain y; < 3z; < 3dz; for all i € [K]. O

Finally, we are now ready to prove Lemma 6.B.3.

Proof. (Of Lemma 6.B.3) Let w = 2, we have 3, = 2£& > L@—l) due to 2 <1+ «

l-a = (w—1)(1-w
for a € [0,1]. Since z;, hy > 0, the sequence of learning rates (/3;); is increasing and hence,
By > [ > W for all t > 1. Together with Lemma 6.B.4, we have 8,1 — 5, <
(1—23)vg.* and B, > W for all ¢ > 1. In addition, we have p,;, > 2¢;;, by

Lemma 6.B.14. Applying Corollary 6.B.10 for

1 K K
q¢ = argmin(L, 1, ) + 5 (a(l — fo‘)) - WZIH(%),
i=1

TEAK i=1

K K
b 1
= in(L, | + 2t (11— oy | — In(z;),
Gror = argmin(Ly_y + ey, @) + By <&< §:m) 'y;:l: n(z;)

TEAK pt,[t i—1

we obtain ¢4, < 3dg; for all i € [K].
For the second statement, we apply Lemma 11 in [Ito et al., 2024]. 0

6.B.3 Technical Lemmas

Lemma 6.B.11. For any a > 0,0 > 0 and x > 0, we have

a® +b" > (a+b)* if z € [0,1] (6.49)
a® +b* < (a+0b)* ifx>1. (6.50)

Proof. Consider the following function defined on R :

f(z) =In(a® + ") — x1n(a + b). (6.51)
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Its derivative is

a®In(a) + b* In(b)

f(x) = e —In(a + b) (6.52)
B a”® ln(#b) + 0" ln(a%b) (6.53)
N a® + b* ‘ ’

Since %3 < 1 and a%b < 1, we have f'(x) < 0. Therefore,

o If x € [0,1]: we have f(z) > f(1) = 0. This implies In(a” 4+ b*) > zIn(a + b) for all
x € [0,1]. Equivalently, a® + b" > e®™+) = (g + b)?.

o If x > 1: we have f(x) < f(1) = 0. This implies In(a” + b*) < xIn(a + b), which leads
to a® + b" < ) = (g + b)* for x > 1.

Lemma 6.B.12. Let 0 < a,b <1 and a+ b= 1. Then, for any = € [0, 1], we have

(max(a, b))” + (min(a, b))* 2" > 1. (6.54)

Proof. Without loss of generality, assume a > b. It follows that 20 < 1. Consider the

following function defined on [0, 1]:

b*2"
flz) = 5 T a”. (6.55)
Its derivative is
1
f'(z) = 5 [b° In(b)2” 4+ 672" In(2)] + a” In(a) (6.56)
= 5"2"" ' In(2b) + a” In(a). (6.57)

Since 2b < 1 and a < 1, we have f'(x) < 0. Therefore, for all z € [0, 1], we have

flx)>f(1)=a+b=1. (6.58)
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Lemma 6.B.13. For any ¢ € Ak, we have
1 (& qe
— =— “_ 1] > &1 -2 6.59
(~Yrs(@) = ~ (} i ) > 81 gy, (659

where ¢, = min(max;c (k] ¢;, 1 — max;ex) ¢;). This implies (—¢rg(q)) > %(1 —a).
Proof. Let gmax = max;ec(x] ¢i- We consider two cases: ¢max < 0.5 and gax > 0.5.

e When gnax < 0.5: we have ¢, = @quax. For any i,. € arg mMax;e(x] Gi, the inequal-

ity (6.59) is equivalent to

e Y e, (6.60)

l;'éimax
Using
=) @) (6.61)
i#imax i#imax
from Lemma 6.B.11 and combining with Lemma 6.B.12 leads to the desired claim.

o When ¢nax > 0.5: in this case, we have ¢, = 1 — Gumax = >, Liva & The desired

inequality is equivalent to

(@, + a2 )+ D @ =1+ () @) (6.62)

1#imax 17 imax

Again, this follows directly from

=) @) (6.63)

i#imax i#imax
and Lemma 6.B.12.
The implication statement follows by 2*7! < (a + 3)/4 for a € [0, 1]. O

Lemma 6.B.14. Let ¢ € Ag and p = (1 — %)q + %1 where T" > 4K. The following
properties hold:

e ¢; < 2p; for any i € [K].
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e ¢ < 2p, where ¢, = min(max;c[x) ¢, 1 — max;ex)¢;) and p, = min(max;c(x) pi, 1 —

maxX;e|[K] pz‘)-

Ni=

'p*Z

Proof. By the definition of p, we have

K 2 2K
2pi =2(1 - Z)ai+ w2+l — —) =2 q.
pi=2(1—- )i+ m2at+al-—) 24
Thus, the first statement holds.
Next, let k € argmaxcg)¢i- Obviously, we have k € argmax;c ) p; due to p; > p;
it ¢ > ¢ . If ¢ < 0.5, then we have ¢, = ¢,. We also have ¢, > % and therefore

Pk = qr + # < qr < 0.5. Moreover,

2D = 2Pk = Q= G,

where the inequality is from the first statement. On the other hand, if ¢; > 0.5 then we have
¢ =1—q, and

i ((1 )t 1 - <<1 ~ Dt %))

. 1 — Kqy Kg. —1
= —1- — .
mln(qk—i- T , qr + T
Sinceqkz%,Wehavel—qk—l—Kq,_’;_lzl—qkzl_zq’“.Inaddition,
1—qu - 1 1 1_Qk
—>05—--=-> )
Gt 2%t 47 1° 2

Hence, we conclude that p, > % = % Thus, the second statement holds. The last

statement follows from p, > min;ex) p; > % O

Proof. (Of Lemma 6.B.1) Lemma 6.B.13 implies that for all ¢, we have

(pe)y T
h, > >/ >
"= 40 T 4a’
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(6d>2—a ~ Cw
Eplz] < 201 — )]Elt [(pt,lt)Q @Lz}
_ (6a)* (Pri)* 0,
2(1 - ) = D
(6d)*~ = 1
; affa )
>~ 2(1—0[) ;(pt ) ( tz)
(60 S~ Jiapy 2o
< N i o g . o
= 2(1 _a) (Zzlpt,> (ZZI t,i )
(6d)°™ o
“2(l—a)
where the last inequality uses S0, prs < Son pri =1L and S > [|6]],. O

6.C Proof of the Lower Bounds in Theorem 6.3.4

6.C.1 Stochastic Lower Bound

Let ¢* € [K] be fixed. Recall that 0 < Ay, < i and 1 < U < %. We pick b = % SO

that bK* + A = U. We then have an <b< }1. Our construction is as follows:

-1 with probability b,
by =X —e;n with probability Ain,
0 with probability 1 — 2A .y,

where e;« is the i*-th vector in the standard basis of R¥. The expected loss vector is
E[;] = —b1 — Apin€ir.

It follows that A; = A, for all @ € [K] \ {i*}. In addition, the losses of arm i* follow a

Bernoulli distribution Ber(b+ A,;,) while the losses of sub-optimal arms follow a Bernoulli
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distribution Ber(b). We verify that the constraint in (6.12) holds:

K (03
’ [(Z wt’i‘wa) ] = 0K + Apin = U.

i=1

For any consistent algorithm such that Ry = o(T*) for any = > 0, by [Lai and Robbins,
1985], we have

K
. Ry Ai
1 f >
Thoe In(T) = ; KL || b+ Amin)
> KAmin
= 2KL® || b+ Amin)
N Kb
~ Amin
11—«
S KU
~ Amin ’

where the second inequality is from K — 1 > % for all K > 4, the third inequality is by

U

Lemma 6.C.1, and the last inequality is b > 5.

Lemma 6.C.1. For any b, A € (0, 1], we have

42
KL(b | b+4) < —-.

Proof.

KL(b | b+ A) :bln(bfA> +(1—=p)hn (%)
:—bln<1+%) —(1=b)h (1_%)
o(3-8) (e i)

> 2
= A2 (%Jrlib) :b(1A—b) = 4?6 ’

where the first inequality is due to In(1 + z) > z — 2% for all z > 0 and In(1 — z) > —z — z?
forall 0 < x < %, and the second inequality is 1 — b > % for all b < %. O
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6.C.2 Adversarial Lower Bound

For the adversarial lower bound, we construct a neutral environment V; and K competing

environments Vi, Vs, ..., Vi, where:

e On Vj, the loss function is chosen by

-1 with probability 7,
0 with probability 1 — 7.

It follows that the losses of all arms follow a Bernoulli distribution Ber(n) on V4.

e On V; for i € [K], the loss function is chosen by

-1 with probability 7,
by =14 —e; with probability e,
0 with probability 1 —n — €.

It follows that except for arm ¢, the losses of all other arms follow a Bernoulli distri-

bution Ber(n) on V;. The loss of arm ¢ follows Ber(n + ¢).
Here, n and € are constants chosen to be the solution of the following system of (in)equalities:
e nt+e<i.
e NK*+e="U.

IS

8 1,
n
a U

Note that for all K > 4,T > 4K and U < %, the solution
—\/ 5+ 4/ o +AKU
Vi = 2K ’
_ K
“TVsr

(6.64)
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satisfies the system of inequalities since

i S S AU (g

1
2K« - 2Ke 8’

nk 1
e:\/—<\/—<—.
87 = \Ve6ar =3
,/ ,/— AKe
= 4K2a( st T \Vsr T )

16K2*U?

_ 40°

Moreover, we have

- U 1U

~ 4KeU 4 Ko
K172a

> )

— 8T

where the second equality is v/a — Vb= \F+ \/E’ the first inequality is = < K Y and the last
inequality is ﬁ > K;TQQ, both hold for all T'> 4K and U > 1. This 1mphes that

K172a 77K
2 1 2c 2 2 2
K =n(nK**) > n——K** = — = €.
n n(nK™) 2 n—= o7 =€
As a result, nK* > e = U —nK*. Hence, nK“ > %

With the choice of n and € in (6.64), we verify that (6.12) holds:

K (0%
E [(Z ]6,5,212/“) ] =nK*+e="U.
i=1

Let A denote the algorithm of a learner. Let N; = Zthl 1{I; =i} denote the number of
times arm ¢ is pulled by A. Let Fy and P; denote the distribution of the observed losses on
Vo and V;, respectively. Similarly, let Eq and E; denote the expectation taken on V) and V;,

respectively.
We first run A on V. Let a = argmin () Eo[V;] be the arm that is pulled the least in
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expectation. Since 3.5 N; = T, we have Eg[N,] < L.
By the standard arguments in establishing lower bounds for adversarial bandits [e.g. Auer
et al., 2002a, Equation 28-30], we have

T
Ea[Na] < IEO[NCL] + §HPG - POHI

T
[N,] + —\/2 In(2)KL(Py || P,)

<E
< Eo[No] + 5 \/2111 NJJKL(n || 1+ e)
T T T
<= 4oy [2m@) =KL
_K+2¢ ) LKL [ 1+

T T T 4log,(e)e?
< — 4= o) toele)C
_K+2\/ "R —,

T T [Tse
:—+_ —_—,

K 2\ Kn

where
o the second inequality is Pinsker’s inequality,

o the third inequality is due to the chain rule for KL-divergence [Cover and Thomas,
2006] and the fact that V and V, differ only by the loss distribution of arm a,
« the fourth inequality is because Eo[N,] < &,

o the last inequality is the reverse Pinsker’s inequality [Sason, 2015].

This further implies that E,[N,] < % + % < % for K > 4. Hence,

where the last equality is due to nK* > %
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Algorithm 6.3 Optimistic FTRL using Tsallis entropy plus log-barrier regularization for
losses in [0, 1]

Input: K > 1,7 >4K,a € (0,1),5, = %,7 = max(3,48,/7%-),d = 2.

Initialize Ly; = 0 for i € [K]

for each round t =1,...,7T do

Compute m; € [0,1]%

Compute ¢ = argmin,ca, (my + Li—1, ) + 5 (%(1 — Zfil x?)) — Zfil In(z;)
Compute p; = (1 — %) q: + %1

Draw I ~ p; and observe ¢, r,

Compute loss estimate lﬁm =my,; + Crimme)1{h=i} Lij= L1, + l?m

Dt,i
o (6d)%2~ ~2—a () 2 B:18d? 2
Compute z; = min ( 50 —ay Prl, (Cr1, — myg,)?, 2 (le.r, — me1,)

v
Compute h; = (l(zlf; Dii — 1))

Compute S = b + 557
end

6.D Proofs for Section 6.4

Before proving Theorem 6.4.1, in Appendix 6.D.1, we first establish the BOBW regret bound
for an algorithm that combines real-time SPM and Optimistic FTRL without any reservoir
samplings. The full procedure is given in Algorithm 6.3. Later on, in Appendix 6.D.3, we
will use this regret bound in the analysis of Algorithm 6.4.

6.D.1 A General SPM-based Regret Bound for Optimistic FTRL

We consider the adversarial multi-armed bandits with losses in [0, 1]. Note that the analysis
can be trivially extended to the [—1, 1] case by increasing f; and 7 by a multiplicative factor
of 2.

In round ¢, the learner computes m; € [0, 1] before drawing arm I; and uses Optimistic
FTRL with the hybrid regularizer

t—1
q; = argmin(m; + Z@s, x) + ¢y(x)
TEAK s=1
= arggﬂn(mt + Li-1,2) + Bre(z) + vbr(x)
TEAK

K K
= argmin(m; + L,—1, ) + S (1 - Z xf) - Z In(p;).
i=1 i=1

TEAK
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Let p; = (1 — %) qr + %1. The learner draws I; ~ p; and use the unbiased loss estimator

E mm

Zt,i = my; + I, =i}.

pt,z

SPM learning rates: the learning rates are set according to SPM rule [Ito et al., 2024],

where

= (—¢re) () <ZPM >,

2 = min <%ﬁif(&,h —mqep,)? ﬁtlde (o1, — mt,h)Q) .
Details are given in Algorithm 6.3.
6.D.2 Analysis for Algorithm 6.3
Similar to [Ito et al., 2022], the analysis uses
. oy By -
Tip1 = afc%in,(m@t_l + Uy, ) + o (1-— ;xf‘) — 'y;ln(:vi)

K K

. l « — M

= argmin(L,_; +my + ———e, 2 + frr (1-— E ) — E In(z;),
TEAK D1, «Q i=1 ;

where 2p; 7, > qi1,. Observe that (¢, ;, — my ) € [—1,1] and

Bt—l—l - ﬂt 6tht

1842
<
hyy

1 —a
S 1-— E Vs >

similar to the proof of Lemma 6.B.4. Therefore, we can invoke Corollary 6.B.10 with w = 2

and obtain r.1,; < 3¢q; < 6py; for all ¢ € [K]. Combining this with Lemma 1 in [Ito et al.,
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2022] and our Lemma 6.B.2, we obtain

T T

Z@h G —u) < ¢rya(u) — () + Z(@(ﬁﬂ) — Gr1(T141))

t=1 t=1

+ Z<ét — My, Gt — Tt+1> - Dt(rt—i-la C]t)
T T
< o (u) — ¢1(r1) + Z(ﬁtﬂ — Be)(=vre(ris1)) Z B,
— bt
T

Z(ﬁt-s-l = B)(=YrE(pe1)) Z )

1 —

T
Z(ﬁtﬂ — Bi)he + Z %)
t=1 "t

T
= ¢py1(u) — ¢1(7’1)+1QZ;
—1 Mt

Ko -1
<K+ 22D 1252

< ¢ria(u) — ¢1(r1) +6 (
= ¢T+1(U) - ¢1(7’1) + 6 (

It follows that
T A
RT S E [Z(Et,qt—w +3K
t=1

/B(Kl a_1

SAKIn(T) +

el

Applying (6.23) with S = K, we obtain the following bounds on 3/ | 3 in each environment.
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In adversarial regime with a self-bounding constraint:

With J = log,(T"), we have

F [; %] < \ In(T) ;E[htzt]
< \ In(7) Z E[hEr [2]]

- Q(?fl)—Z)IE (é pgi o ) (Z(ﬁiz“)(&,i - mt,z’)2>]

i=1

- %E _h (;(pm )i — mt,i)Z)]
1

6d)* N o
< mE (Zpt,i - 1) Z Py )

i= 01,70

where the last inequality is from (¢;; — mm)2 < 1. Observe that the last bound is exactly
the bound in (6.24), hence

T 2 (K — 1)'=*K*In(T) (K — 1)'-oKe1n(T) (K — )oK
: [; E] 5 “ ( Oé(l - a)Amin * \/C a(l — Oé)Amin T \/ Oé(l _ a) )

(6.65)

holds for Optimistic FTRL as well.

In adversarial bandits:

! Ko -1 [&
—a - 9
[ [h‘maX ;:1 Zt] S Oé(l — Oé) X ;:1 pt,ft (gtJt mt,[t) ]

= W]E Z Zp Em mt,i)2] (666)

Lt=1 i=1

t=1 i=1

\e
\Wla—l £[2 3 )

where the inequality is due to p
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6.D.3 Proof for Theorem 6.4.1

Let p; = %22:1 /, and

T
Q=Y It — nrls;.
t=1

Using the reservoir sampling technique in [Hazan and Kale, 2011}, we can use a prediction
vector my satisfying E[m;| = p; and Var[m| < %
Regret Analysis

Without loss of generality, assume In(7") € N (otherwise, this increases at most a constant

factor in the regret bound). For any fixed u € Ak, we have,

T K In(T)
Z ey pr — ) = Z (Cr,pr — u) + Z (le, pr — u) (6.67)
t=1 t=K In(T)+1 t=1
< Y (lup—u)+ KIn(T) (6.68)
t=K In(T)+1
T
t=K In(T)+1 t=1 )

—~

(4) )

(6.69)

Recall that b, = 1 indicates a reservoir sampling round where, for ¢ > K In(7'), the sampling
probability is the uniform distribution p; = %1, and b; = 0 indicates an FTRL round. Next,

we bound the expectation of A and B in the equation above. First, we have

BA<E] Y ai=1|= Y Pr[btzugi“;”)go<K<1n<T>>2>.
t=K In(T)+1 t=K In(T)+1 t=1

(6.70)
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Next, the set of rounds with b, = 0 are the Optimistic FTRL rounds; hence, we can ap-
ply (6.65) and (6.66). In the adversarial regime with a self-bounding constraint, we have

E[B] < /In(T)E[1{b, = 0} hy2/]

() _ | & N
S \ ﬁﬂﬂ _]l{bt =0} (;pﬁz - 1) (;pm >]
<\ Zoat (Zp;; - 1) (Zﬁ;z“)],

where the last inequality is from (Zfil Phi — 1) <Zfi1 @};“) > 0 in the rounds where b, = 1
(in such rounds, p; is either a one-hot vector if t < KInT or =1 if t > KInT). By (6.65),

we obtain

(K — 1)'"2K~In(T) (K — 1)=eK~In(T) (K — 1)K«
E[B] S0 ( a(l — a)Anin * \/C a(l — a)Anin + \/ a(l —a) ) )

In the adversarial regime, we have

T T K
E 1{by =0}z SE [ 1{by =0} (41— mm)Ql
t=1 | t=1 i=1
T K
— IE'. Z ]l{bt — O} Z(&;i - ﬁtﬂ;)Q]
L t=1 =1
T
=E > 1{b = 0}|t, - mHi]
Lt=1
A T
< (&[S 100 = 0y — wle] <[5 20— 03 —ut||§]>
Lt=1 t=1
r T T
< B S 1{be =0}t — prlls| +E | D 1{b = 0}|jac —mll%])
L t=1 t=1
Q
< <
s|e+ ; tln(T)) < 3@,

where the first inequality is triangle inequality, the second inequality is E [Zthl 16; — Mt“ﬂ <
E ZtT:l 1¢: — ILLTHS] by Lemma 10 in [Hazan and Kale, 2011], the third inequality is by



Lemma 11 in [Hazan and Kale, 2011], and the last inequality is due to

Overall, the regret for adversarial bandits is

(K19
a(l—a)

6.E Proofs for Section 6.5

We have

T
Z gtapt
t=1

Furthermore, let

ri1 = argmin(L;, 1 + 0z
TEAK

+Z/6’m<—

u] = B[S (b g — ut 22y

T

~
—_

T

]EZEMQt_U”"‘K

o+
Il
—

EY (fq —u)] + K.

Mﬂ

o~
Il
—

+(1— ) In(l —2) +:1c>

1
tltSln

=1

250

(T) + 1.

—72111 (x;).



251

Then,
T
Z €t> q — u)
t=1
'K Py, T
< ¢rya(u) — d1(r1) + (Brs1i — Bra) ( gy (Pea1; — D) In(1 — pra1si) — Dra l)
T 5 T
(03 ,It
< ¢ (u) — d1(r) + Z a(ﬁtﬂ,h — Ben )Pt + Z 5t I
t=1 t,It
T 1o .
7It
< ¢ria(u) — i) + Z E(ﬁt—i—l 1, — Bun)pir, + Z 5t ;
t=1 t,It
- z
= ¢r41(u) = 1(r1) + Z 12(Bes1,r, — Bor) w1, + Z 5t_1t
t=1 t=1 i1
Tz
= Ori1(u) = di(r) +13_ =
25,0,
KT
— ¢T+1(U> - ¢1<T1) +13 Z Z ﬁt,z.’
i=1 t=1 b

where the first inequality is from p;;1; > 0 and Lemma 6.E.5, the second inequality is from
(6pe,r,)* < 6pfy, and the last equality is z;; = 0 for all i # I3.

From the previous section, we have for all i € [K],

(07
Py, <

T T T
2t . ].
2 < mind B [1n(0) S huseas| + | B [hz] i [hz]
t=1 Bri t=1 T t=1 t=1
(6.71)
First, we have hjmax = max;hy; = +max,pf; < =. In addition, Ej[z,] < Ep[1{], =

iype i (i — me;)?] = pi;o‘(ét,i — my;)® < 1. Therefore, the sum %IE [hhmax Zle zm} is
bounded by é We can simplify (6.71) by

T ~ T
> = E | iz (6.72)
=1 B =1

2,1,

tIt



252

A Bound for Stochastic Bandits from \/ln(T)IE [ZtT—1 ht,ﬂt,z}

We have

2
pt,ft

- : 6d)2— o 1=pus,
ht,z‘Zt,z’ S ]l{]t = Z}(Et,i - mt,i)ngi min (ﬁ min {pt,ft7 DPt,1 }) ‘

Therefore, by Lemma 6.F.9,

1

Er,[heizii] S mﬁt,i(&,i —myi)?

Denote P, = E[3._, 1{I, = i}]. Bounding (£;; — my,)* < 1 for any m, € [0, 1]%, we

obtain

Regr <

T
E 111(T) Z htﬂ-zt’i]
i=1 t=1

Vil (S vE+ [r) )+ k)
ii* ii*
o

<
< 2D (S B SR+ K
“Vat-a\&V TR Y
< @ _ Z\/E)Han(T).

a(l — a) =

H'Mx

Similar to [Ito et al., 2022], by using Reg; = 2Reg, — Regy and 2y/ar — br < ¢ for

= al(nl(_Tc)y),b = A; and z = P,, we obtain (note that we set a = 1)
1 In(T)
Reg; < :
CeT S 05(1 _ a) e Az

Bounds for Adversarial Bandits

Fix i € [K]. Since py; < pri, we have hy;z; S 1{I; = i}(¢;; — my;)?. Therefore, by setting

my; to be the output of an online learning algorithm with fully-observable squared loss as
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in [Ito et al., 2022, i.e.,

1 1 t—1
EERES VT (2 2.1 “)

and then applying their Lemma 3, we obtain for any fixed m* € [0, 1]¥,

T

11, = i} (i — mes)® S Y11 = i} (b — mi)? +1In (1 +Y 1{1, = z’}> .

t=1 t=1

] =

As already shown in [Ito et al., 2022], for each appropriately chosen m*, we would recover
the data-dependent bounds of order /K Qo In(T) (with m* € arg mingegs 3., ¢ — Z”;),
KL*In(T) (with m* = 0) and /K (T — L*)In(T) (with m* = 1).

On the other hand, from the quantity 4/E [ZtT:l Zt,i] and Jensen’s inequality, we obtain

[ T

K
Reg, S \ KE Zz,z”]

| t=1 =1

[ T

K
S \ KE Z Zptl;a(ft,i - mt,i)2]

| t=1 =1

N

T K
KE ZZp%;“]

| t=1 =1

T
<.|KE Z Ka]

| t=1

_ VEWT = K*VET  (a=1/2),

which grows with v/7 in the worst-case.

6.E.1 Stability Proofs

In this section, we define the following function

g(x) =22 +1In(1 — 2). (6.73)
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Note that ¢ is decreasing. In addition, let d¢(y,z) = f(y) — f(z) — f'(z)(y — =) denote the
Bregman divergence associated with a one-dimensional strictly convex function f : R — R.

Note that ds(y,z) > 0 for all z,y € R.

Lemma 6.E.1. For any L € R*, 3 € RX v > 0 and d > 2, let

K N K
x = argmin(L, p) + Zﬁi (_i)i + (1 —p;) In(1 — p;) —{—pi) - fyZln(pi)

PEAK i=1 i=1

K o K
y = argmin(L,p) + > _ 5 (_gi + (1= pi)In(1 = py) +pi) —7 ) In(p).
=1

PEAK i=1
fFo<pg —p < (1 — é) vy and B = f; for i > 1, then y; < dx;.

Proof. If dvy > 1 then y; < 1 < dx; trivially. Hence, we assume dz; < 1. By the Lagrange

multiplier method, we have for i = 2, ..., K and some \, N € R,

Li — ﬁi(l’?_l + 11’1(1 — ZEz)) - l = /\7
T
Li= i(ag™ + (1 —y) = - =X

Similary, for i« = 1, we have

Li— By +In(l— ) — L = X,
1

Li — Bi(z%  +1n(1 — y)) — yl — V.
1

Taking Z = X — X over all K pairs of equations, we obtain

Big(x:) — g(vi)) + (% — yl) =7 (6.74)
Brg(z1) = Brg(y) + (Iil - i) =7 (6.75)

If Z >0, then since 3; > 0 and both g(z) and I are decreasing, we have y; > z; for all
1 # 1. This straightforwardly implies that y; < z;. Thus, we focus on the case Z < 0. In

this case, we have y; < x; for all i # 1 and y; > 1. We consider two cases:

o If g(z1) <0: from y; > x1, we have g(y1) < g(z1) < 0. Hence, from 0 < 5 < ], we
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obtain

Br9(y1) < Big(y) < Prg(ar).

This implies that 0 > Z = f1g(x1) — Big(y1) + (— — —> > 0, a contradiction.

x1 Y1

o If g(xy) > 0: in this case, (6.75) and Z < 0 implies 1g(y1) = Big(x1) + (— - i) -

z1 Y1
Z > 0. Furthermore, by re-arranging, we obtain

” v
Brg(yn) + — > Big(xr) + —
Y1 T1

> (8- (1- 7)) e e ma—a) + 2

=B (2 P+ In(1 —xy)) — (1 _ é) yzL

= A1 (27 7+ In(1 —21)) + d (1 — é) vy In(1 — ;)
> B (23 +In(1 —2y)) + dlxl
> f1((da1)*™ +1n(1 — dan)) +

= Big(dxy) +

=

0
dl‘l ’
where the second inequality is from f; > ] — (1 )fyml , the third inequality is

due to In(1 — z1) < 0 and the last inequality is from d > 2 > 1. Since [g(x) + 2 is

T

decreasing for all § > 0,7 > 0, we conclude that y; < dz;.

Lemma 6.E.2. For any L € R*,3 € RX v > 0and h € [-1,1], let

x = argmin(L, p) +Zﬁl(_£i + (1 —=p) In(1 —p;) —|—pZ> yzmp,

PEAK =1

y = argmin(L —1—2@(

PEAK

K

+ (1= p;)In(1 —pz)+pz) 7> In(p),

=1

where 42 > xy. If v > 6 then y; < 3z;.
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Proof. Using the Lagrange multiplier method, we have the following equalities that hold for
some Z € R,

Bi(g(y) — g(@1)) + (yil - %) =7+ % (6.76)
and for all 7 # 1,
B al) ~ aa) 47 (5= ) =2 (677

First, we show that Z and y; — x; has the opposite sign to h. We consider two cases:

o If Z > 0 then from (6.77) and the monotonic decreasing property of Sg(x)+2, we have
y; < z; and this leads to y; > x;. Combining y; > x; and (6.76), we have Z + xi, < 0.
Since Z > 0, this implies A < 0.

o If Z < 0 then by the same argument, we have y; > z; and y; < x;. Therefore,
Z+£,20. Due to Z < 0, we must have h > 0.
1

In both cases, we have Zh < 0 and Z(y; — x1) > 0. It follows that if A > 0 then we have
y1 < x1 < 3zy. If h <0 then y; > 1, and by rearranging (6.76), we obtain

> —— = 7 + —— — |+ —
oz = () et )
> —_— >0
>0 a
(&)
>y ———
T Y1
(&)
2 6 — — )
X Y1
where the last inequality is due to v > 6. This implies that y_31 > %, thus y; < 3x;. O

By combining Lemma 6.E.1 and Lemma 6.E.2, we obtain the following corollary. The

proof of this corollary is nearly identical to that of Corollary 6.B.10.

Corollary 6.E.3. For any ¢ € [T], Algorithm 6.2 guarantees that

Tev1,r, < 3dqyr,-



Lemma 6.E.4. For all t € [T], Algorithm 6.2 guarantees that

N z
(U —my, g — 1e51) — Di(re1, @) < Ll ;
Be.1,
where
6d)27(1 . 1 — pt T Bt I 18d2
= (¢ . 2 ( —a g At '
zer, = (ber, — Ma,) mlﬂ{—2(1 ~a) min {Pt,m oh —
Proof. Let
_xa
fl (.T) - o y

foz)=(1—2)In(l —2) + =z,
fs(z) = —1In(x).

Since ¢y () = S0, (Ba(fr(w:) + folw:)) + 7 fa(x:)), we have

Dy(ri41,q) = (Bri(dp, (Tes1,i5 @ei) + dpy (Pes1,i, @ri)) + vl gy (Pig1,is Q1))

-

=1

> @th(dﬁ (r t4+1,1; Clt,ft) +dy, (Tt+1,1“ qt,h)) +dy, (Tt+1,1“ q7f71t>‘

Furthermore, as ém- —my,; = 0 for all © # I, we have

Et,ft - mt,ft

<gt — My, Gy — 7”t+1> - Dt(Tt+17 Qt) = (Tt+1,1t - Qt,lt) - Dt<rt+17 Qt)

Dt1,
< min(4, B,C),
where
€t7It - mt,lt
A= —(TH—LR - qt,]t) - Bt,ftdfl (TH—LIH Qt,lz);
yune
gt I, — My
B — bl L (revr, — Gen) — Bendp, (Tev1n, Gen)s
yune
gt I, — My
C==2 tp (P, — Q1) — vdyg, (Tes1.0,5 Gor,)-
t,It

Here, we used z — (a + b+ ¢) < min(z — a,z — b,x — ¢) for a,b,c > 0.
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Note that ¢;;, — my g, € [—1,1] for 0 < 4, 4,,mey, < 1. By Corollary 6.E.3 and the fact
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that 7,11 € Ak, we have 0 < i1y 1, < 3dgy;,. Combining this with Lemma 6.E.7, we have

3d)2= (0, 4, — 2 o
min(A, B) < (3d)"*(be,r, — mu.r,) min{ .1 1-— Qt,It}

BtJtpi[t 2(1 . CY)7
(6d)2—a(gt L=y It)2 ' p?ia
- 7 mpniRiC 6.78
a Bt,[tp?,lt o (1—a) (1 =per) (6.78)
< (6d)>*(Cy1, — mup,)” . o (L=pur)
< 21— ) min § p g, = b
bl 1

where the second inequality is due to g s, < 2p: g, and 1 —¢q; 1, < 2(1 —py,) by Lemma 6.E.8

and the last inequality is 1 —a < 1.

The second-order derivative of v f3(z) is 5. Therefore, by Lemma 6.E.6, we have

(et,lt - mt,lt)zvz < (gt,lt - mt,]t)218d2

C < < , 6.79
29074, Y (6.79)
where v < 3dg: , < 6dp 1, is a point between 744 7, and gy r,.
Combining (6.78) and (6.79) implies the desired bound. O
6.E.2 Technical Lemmas
Lemma 6.E.5. For any o € [0,1] and = € [0, 1],
z* > (x —1)In(1 — x). (6.80)
Proof. For a € [0, 1], we have ® > z. Let
hz) =2+ (1 —2z)In(l —z). (6.81)
Its derivative is A'(z) = 1 —In(l —2) —1 = —In(l —2) > 0 for all € [0,1]. Therefore,
h(z) > h(0) = 0 for all = € [0, 1]. We conclude that
= (z—1)In(l—2z) >z —(z—1)In(l —2) = h(xz) > 0. (6.82)

]
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Recall that d¢(y,x) = f(y) — f(x) — f'(z)(y — x) denote the Bregman divergence asso-
ciated with a one-dimensional strictly convex function f : R — R. The following lemma
is essentially a one-dimensional local-norm analysis of FTRL, whose proof can be found in

standard literature. We provide a proof here for completeness.

Lemma 6.E.6. For any a € R, z,y € (0,1) and strictly convex function f : (0,1) — R, we

have

CL2

L
2f"(2)

a(r —y) —dg(y,z) <

for some 2z between z and y.

Proof. The inequality trivally holds when x = y, hence we assume x # y. By Taylor’s
theorem, we have df(y,z) = @(z — y)? for some z between x and y. Note that the strict

convexity of f implies f”(z) > 0. We have

e — 1)~ dg(ry) = ale — )~ T2 0 -y
1 a ’ a? a?
- 5 - <(CL’ - y)\/f—(z)— f”(Z)) + f”(z) < 2f”(2).

]

Next, the following two lemma establish the foundation for choosing z;; in Algorithm 6.2.

Lemma 6.E.7. Let a € (0,1), 3 > 2= be fixed and

At = (=)

fo(z) = ((1 —2)In(1 — z) + z).

For any d > 1,h € [~1,1],q € (0,1] and p > Z, we have

mm{nmx(ﬁw—u%ﬁMﬁWﬂo mw<g@—U%ﬁﬂhWﬂ0}

0<u<dq \ p " "ueR
d27ah2
<

< 5 min{ ¢ ,1—q}.
Bp 2(1 - o)
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Proof. First, we bound maxo<y<dg (%(q —u) — fdy, (u, q)> For any u > 0, by Lemma 6.E.6,

we have for some v between ¢ and wu:

1 h2 ,U2—a

h
(E(Q —u) — Bdy, (u, Q)) < 2P B1—a) (6.83)
h2 dQ—aq2—a
< Bl a) (6.84)

where we used the fact that the second-order derivative of Sfi(v) is (1 — a)v*™? and
v < max(q,u) < dg. It follows that

h2d2a2a

2 —2(1 o) (6.85)

max (% —u) — Bdp, (u, q))

0<u<dg \ p

Next, using Lemma 5 in [Ito et al., 2022], we have

max (%(q — u) — Bdy, (u, q)> B max (%@ —u) — dp, (u, q))

u€R uER

()4 )
|

o If Bp > 1: in this case, we have &= < 1 for any h € [—1,1]. From the inequality

We consider two cases:

Bp
exp(a) —a—1 < a? for a < 1, we have exp (52—;2> - ,B_p —-1< h . Therefore,
h pd < (1 h*
max (5@ —w) = Hdp(w.g) | < (a5

This implies that

min {Or&zgflq (Z(q —u) — Bdy, (u q)) ,max (%(q —u) — Bdy,(u, CI)) }
d)2-?
S()ﬁzﬁ mm{ 2(1—a)’ }

o If Bp < 1: in this case, we have ¢ < 2p < % . This implies that

— < % and also
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q < % Combining this with ¢!~ < 1, we obtain

It follows that by (6.85),

max <E(q —u) — fBdy, (u, Q)) <

0<u<dq \ p ~ Bp? 2(1-q)
(d)2—ah2 ) q2—a
GRS T 4l
g 2 —a) !

In both cases, we have

min {02}% (% —w) — Bdy, (u, q)> ‘max (% — u) — By, (u, q)) }

p ueR p

(d)QfahQ ) q27a
<SG {1t

Lemma 6.E.8. For any K > 3,7 > 4K and ¢ € [0, 1], let

Then, we have 1 — ¢ < 2(1 — p).

Proof. The desired inequality is equivalent to 2p — ¢ < 1. By the definition of p, we have

]

Lemma 6.E.9. Fix an index ¢ € [K] and let p € Ak be an arbitrary vector in Ag. Let
a € (0,1) be a constant and I ~ p be a random variable distributed according to p. We
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have

1—p; )
Erp {]l{[ = 1}p{ min (pio‘, 2p )] < 2min(p;, 1 — p;).
p;

Proof. By the definition of I, the left-hand side is equal to

1 —p; . o LD
Erp {]1{[ = i}p{ min <pi°‘, 2p >] = pZHa min (pi e _p)
p

2
i p;

1—p
= min (pz-, ( 1_5 )> .
p.

(2

: : 1 1
We consider two cases: p; < 5 and p; > 5.

o Ifp; < %: since p;~* < 1, we have ;;p; > 1—p; > p;. Hence, min (pi, g;”ﬁ) =p; <
2p; = 2min(p;, 1 — p;).

o If p; > we then have (;1_—}’;') < 2 < 2(1 — p;). Therefore, min <pi, (1_”)) <

1.
2 i - pi p%fa
min(p;, 2(1 — p;)) < 2min(p;, 1 — p;).

6.F SPM for Adversarial Sleeping Bandits

Intuitively, the sparsity constraint |[¢;]|, < S indicates that there are at most S arms con-
taining non-trivial information in each round, however the learner does not know the arms
with non-trivial information. In this sense, sparse bandits is conceptually more difficult than
adversarial sleeping bandits [Kleinberg et al., 2010], where in each round ¢ the learner is
given, by an adversary, a set A; C [K] of active arms to choose from. Note that the learner
is not allowed to choose an arm in [K]\ A;. The performance of the learner is measured by

its per-action regret

T
RT,a = Z ]].{CL S At}(gt,lt — Et,a)'

t=1

A natural question is whether Algorithm 6.1 can be extended to this adversarial sleeping

bandits setting. The following theorem answers this question in the positive.
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Theorem 6.F.1. For any K > 4,T > 4k, Algorithm 6.5 (in Appendix 6.F) guarantees that
for all a € [K],

(K1 — 1) (maxyery |Ay])®
E[Rr,.) < O <\/ (0 —o) T) :

Our Algorithm 6.5 is a combination of Algorithm 6.1 and the SB-EXP3 algorithm
in [Nguyen and Mehta, 2024]. More specifically, Algorithm 6.5 uses the estimated cumu-
lative regret (instead of losses) to compute ¢ in the FTRL update. Then, the sampling
probability vector p; is obtained by a filtering step p;; = %. While the bound
in Theorem 6.F.1 is of the same order as in Nguyen and Mehta [2024, Theorem 2|, it has
the advantage of not requiring the knowledge of max; |A;| in advance nor any complicated
two-level doubling trick.

Algorithm: We use the same regularization function in Algorithm 6.1,
i(p) = Bibre(p) — vbLe(p)
3 K K
t
(1300 -3

Instead of running FTRL on the sequence of losses, we run FTRL on the sequence of estimated
regret Ry; = Zizl 1{i € A} (ls 1, — lfsﬂ-), ie.,

q; = argmin Fy(z) := arg min{—R;_1, ) + ()

TEAK TEAK

=argmin{—R;_1,z) + (é(l — Zm?)) — ’yZln(mi).

rEAK i=1 i=1

1{ieA;}
S {ienYar;
I; ~ p; is drawn. The learning rates are set by SPM rules [Ito et al., 2024]: 8,1 = B + 2= Bt -,

Given the set of active arms A, the sampling probability p, is p;; = An arm

where

. 4d) 18>
Zt:m1n<( Zmlnptza ptz)l “, B vy ZPH)a

zEAt 1EN

= (—¢re(a)) &(qu )

=1
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6.F.1 Regret Analysis

In this section, we prove Theorem 6.F.1.

Proof. Let I,; = 1{a € A;}. By the definition of {, and the fact that pe; = 0 for i ¢ A, for

any a € Ay, we have

K

/ liol{a =1 liol{a =i
Ep[lia) = ZPMM = Zpt,iL} =l 4. (6.86)

i=1 DPta iehy pt,a

Therefore, the per-action regret with respect to a € [K] is
[T
RT,a =Lk Z Ia,t(et,lt - Et,a)]
L t=1
- A
=k Zla,t(<€ta qt> - <€t7 6a>)]
L t=1
C T
=E Zfa,t(wta qr — €a>)]
L t=1

T
= IE, Z[a’t(<£t - gt,lt]ﬂ qt — €a>>]

t=1

M=

<_Tt7 qt — €a>] )

t

1

where
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o the second equality uses

gt, (]t Z Et A4t
= Z ﬁtﬂ;qt,i —+ Z ét,iQt,i

€A, i¢R,
=Ll 1,qe1, + L, E Gt

i¢h,

1+l thz

’LgAt

= gt,lt Z qt,j + gt,lt Z Qt,i

JEA: 1¢R

pt I,

- &57[15.

« the fourth equality uses (¢;1,1,q: — €q) = gt,lt(z:ilil Qi — €qi) = 0.

o the last equality uses

gt,lt — gt,i 1 E At
Tt =
0 i ¢ By
Let u, = (1 — £)e, + 1. We have
T T

|
3
é
M .

—T, 4 — ua + <_Tt7 Uq — ea)'
t=1 t:l t=1



The expectation of the second term is bounded by

Therefore, we only need to focus on the first term ZtT:1<—7’t, q; —
of Ft (l’) =

[ (et — )] = S (B )

=3 S Bl — e
=SS Bl — fon (s — )
S S e Euop ) s )

L v 2) 4 ¢y(x) and ¢, = arg min e, Fi(x), we have

]~

<_7”t;(]t - Ua>

<Z<_7“t> Qt>> — (Fr41(ua) — ¢741(ta))

t=1

~~
Il

1

T

— <Z(—7~t,qt)> Fi(q1) (Z Fi(q) — Fi Qt+1)>

t=1

+ ¢ori1(ua) + Fro1(gre1) — Frya(u,)

< <Z<_7"t>%>> Fi(q) (Z Fi(q) — Fim Qt+1)> + ¢ri1(ua)

t=1

= ¢T+1(Ua F1 Q1 (Z Ft C]t —Fiy Qt+1) + <—7“t, C]t>)

<K In(T) + 2

J/

M

+ El(Kl_O‘ - (Z Fi(qr) — Frya(qeer) + <_Tt’qt>) '

266

ug). Next, by the definition
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We bound each term in © as follows:

Fi(q) — Frva(qeer) + (7o, q1)
= (—Ri—1,q) + (Ri, @r1) + &e(@r) — Ge1(qe1) + (7o, @)
= (—Ri-1, @& — @r41) + 9e(@) — Se(@r41) + Ge(@e1) — Pera(@re1) + (=76, @ — Gr41)
= (Bes1 — Bi)higr + ((—Ri-1, @ — qe1) + dul@r) — de(qus1))
+ (=7t @ — Ges1)
< (Ber1 = Bohusr + (=7, &t — @+1) — Di(Ge1, @1,

where the inequality is from (—R; 1 + Vo (q:), g1 — @) > 0 by the optimality of ¢; and
hence,

_Dt(Qt—l—la Qt) = ¢t(Qt) - ¢t(CIt+1) + (Vﬁbt(%), qit+1 — Qt>
> ou(q) — Ge(qre1) + (—Ric1, @t — Qesa)-

We have ¢41,; < 4dgy; for all i € [K] from the combination of the results of Lemma 6.F.2,
Lemma 6.B.6 and Lemma 6.F.3. It follows that

T

S (g )

t=1

T T
<K In(T) + %(Kl_a -1+ Z(ﬁtﬂ — B)hus1 + Z(-T‘t, @ — qe1) — Di(qer1, qr)
=1 t=1

T T
<K In(T) + %(Kl_a —1)+4d Z(ﬂtﬂ — Bi)he + Z<_Tt7 G — qr+1) — DielGer1, a)
t=1 t=1

A

=K 1In(T) + ™ (=7t ¢t — @r1) — Di(Gre1, @),

T T
(K" = 1) +4d > 2+
t=1 B t=1

where the second inequality is from Lemma 6.B.3.
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Using Lemma 6.F.5 and noting that f; is fixed before round ¢, we have

. (4d)*= 5 s 18d° 5 4
Er, (=760t — qer1) — Di(@41, ¢ S]Et{mm<—p S, — Db,
I [< ty Yt t+l> t( t+1 t)] 1 5t(1_04) t, I t,1I, f}/ t, 1"t 1

' ady2-e 18d% _
< min (IEIt {5&(1)— ) flt @24 7]Eft|: ~ P?Jf?lt})

[ (4d)* . 1842
<min| —— , T J
B (@f(l — ) Zp“ Y zeAtpt

1€EA

It follows that

Let

Zmax = maX 2t

te[T]
hmax = max hy
te(T)
A = max |A|
te[T)]
The quantity zy.x is bounded by
K
(4d)* -
< Sa
Zmax > 1— ?Gl[ai“}]( pt,z
<
<0 e 27
2—a pfa
< (4d)*=~A .
T 1«

Hence, we can bound E [Ethl %ﬂ using the same analysis for SPM learning rates in [Ito
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et al., 2024] and obtain

T
<O |min{ inf E 8T " hizy + 2v/27 Thinax Zmax E[m] +E [Zm]

JEN — ot

<O | min< inf E

JEN \

where the second inequality is due to == < O (L) = O(1). Here, we used

B1 (lfa)%

T
SJZ htzt + V 27JTh'mameaX 7]E |:\/ Thmaxzmax] )
t=1

(6.87)

RApmax = max hy

te[T)
1 K

= — a1
a(; Qt,z )
Ki=e -1

p— a .

In the adversarial regime, we have

E li ﬁ] < O((ElY Thuaczm]))

l-a __ «
<0 T(K 1)A .
a(l —a)
Hence, the regret bound is of order

(K=o — 1)Ae
s <0 (|0,




6.F.2 Stability Proofs

Recall from Section 6.B.2 that the function ¢ : [0, 1] — R defined by

_ poa-1
g(z) = P 1+x

is decreasing in z € [0,1] for 8,y > 0.

Lemma 6.F.2. For any ¢t > 1, Algorithm 6.5 guarantees

1 -
Bir1 — B < (1 - E)’Y%* )

where g, = mln(maxiem Gt,i» 1 — max;en, Qt,i).

Proof. Equation (6.59) shows that h; > t—aaqt‘i. This implies that hit <

definitions of 11, z; and h;, we have

_ A
Bt+1 - Bt - ﬁtht

< dozy
= (1 _ O[)/Bt qt*
4o 18d%

“—a) 4 ™

1 —
<(1- E)Wt*

where the last inequality uses

for d =2 and v > 48, /2.
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(6.88)

%" By the

l—«

(6.89)

]

Lemma 6.F.3. Forany K > 3,a € (0,1),3> 0,7y >0,Re Rf and h € [-1,1], let S C [K]
be a subset of [K] where 1 € S. Let eg € {0,1}* be a vector such that eg; = 1{i € S}.

Define

' 6 K . K
v =argmin(—R,p) + —(1=> pf) =7 In(p)
=1 i=1

PEAK
K K

, h s a
y = argmin(—R + I_’lel — heg,p) + =(1 — Zpi ) — ’yZln(pi),

(0%
pPEAK i=1 =1
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where 1 > 2] > 1. Fixanw € (1,2]. If y > 6 and > ﬁ, then y; < 4x; for all
i€ [K].

Proof. Using the Lagrange multiplier methods, we have the following three equalities that
hold for some Z € R:

g(z1) —gly) = Z + h — 9% (6.90)
g(x;)) —gyi) =Z+h for i € S\ {1}, (6.91)
g(x;) —gy;) = Z for i ¢ S. (6.92)

When h < 0:

First, we prove that Z + h < 0. Assume the contrary that Z + h > 0. Since h € [—1,0], this
implies that Z > 0 and Z + h + (;—,h) > 0. Hence, g(z;) > g(y;) for all i € [K], which is a
contradiction since both x and y arelz in Ag. Thus, we must have Z 4+ h < 0.

For any i € S\ {1}, we have g(z;) — g(v;) = Z + h < 0 and therefore y; < z;. Next, we

consider two cases of Z: Z > 0 and Z < 0.
e If Z>0: wehave 0 < Z < —h < 1. For all i ¢ S, we have g(y;) = g(x;) — Z >
g(x;) — 1 > g(2x;) by Lemma 6.F.6, which implies y; < 2z;. Thus, we only need to
show that y; < 2x. If y; < 21 then this is trivially true. If y; > 1,

22 =y -y (- )

/
1 T3 1 N

which leads to y; < 2z;.

o If Z < 0: in this case, for all i ¢ S, we have g(z;) < g(y;) which implies z; > y;. As
x; > y; for all 4 # 1, we must have x; < y;. Therefore, we have y; < 2x; by the same

argument in the previous case.

When h > 0:

First, we prove that Z 4+ h > 0. Assume the contrary that Z + h < 0. Since h € [0, 1],

this implies Z < 0 and Z + h — x—}ﬁl < 0. Hence, g(z;) < g(y;) for all ¢ € [K], which is a
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contradiction since both x and y are in Ag. Thus, we must have Z + h > 0.
For any i € S\ {1}, we have g(x;) — g(v;) = Z + h > 0 and therefore x; < y;. Next, we
consider two cases of Z: Z > 0 and Z < 0.

o If Z > 0: in this case, due to the monotonicity of the function g, we have x; < y; for
i # 1 and therefore, x1 > y;. This implies Z + h — xi,l < 0. Let

1 w—1 1
< < —
Bl—we 1)~ 4K K

€ =

as in the proof of Lemma 6.B.9. We further consider two cases of /.

— Ifz} > e wehave Z < Z+h < zi, < % Therefore, for all 7 # 1,
1

9(yi) = g(x;) — Z — h1{i € S}

2 g(xz) —Z—=h

1
> g(x;) — —

€
— Bt - Bl —w Y+ L

Z;
> Bt — Br (1 —w ) +
wWx;

= Blwz)* t + WZUZ‘ = g(wx;),

where the last inequality is due to %7 > 1 and w > 1. This implies that for all
1# 1, y; <wz; < 3x; since w < 2.

— If 2} < e we have z; < eﬁ and Zfil(yi —x;) =x1 — Y < 6“7’1. Let 4% =
arg maxc (g ;- We have x;, > % > ﬁ, hence 7% # 1. Furthermore,
L [ Yis Yix
— 1) <au|— -1
K <l‘z* ) B (xz* )
<> (yi— )
i#1
w—1
< —7
- K

which implies that y;. < wz;. Therefore, using the fact that g(x) — g(wx) is also
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decreasing in x, for all ¢ # 1, we have

9(yi) = g(x;) — (Z + h1{i € S})
>g(x)— 272 -1 since h € [0, 1]
> g(xi) = (9(xi) — 9(yix)) — 1
> g(x;) — (9(zix) — g(wzin)) — 1
> g(w;) — (9(x:) — glwz;)) — 1
= g(wz;) — 1
> g(2wz;),

where the second inequality is from Z < Z+h1{i* € S} = g(2:)—g(yix), the third
inequality is from g(y;x) > g(wz;s), and the last inequality is g(z) — 1 > g(2z) by
Lemma 6.F.6. From ¢(y;) > ¢(2wx;), we conclude that y; < 2wz; < 4z; for all

i # 1.

e If Z < 0: since 2f < 1 and h € [0,1], we have Z + h — xi,l < 0. It follows that
g(x1) — g(y1) < 0, hence x; > y;. Moreover, for i ¢ S, we also have x; > y; due to
0> 7 = g(x;) — g(y;). Thus, we only need to show y; < 3z; for i € S\ {1}. For such

7, we have

9(i) = g(x;) = (h+ Z) > g(w;) — h > g(x;) — 1 > g(22,),

where the last inequality is from Lemma 6.F.6. This implies y; < 2x;.

Lemma 6.F.4. For any ¢ € [T] and constant ¢ € [0, 1], Algorithm 6.5 guarantees

K
Z (Qt,i)Q_cTtQ,i < 2(pPr.1, )Z_CE?,It :

=1
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Proof. Since ry; = 0 for i ¢ Ay, ry; = Ly, for i € Ay \ {I;} and ét,lt = p?? ,
4t

Zq202_zq202

’LGAt
1 2
2— c 2
t[t Z Qtl +Qt[t tIt (1_ )
i€ng AT Pr1,
o gt pe 2
pt Iy Z qt'L +Qt v (pt I — 1)
pt’ft i€R AT
8, :
— 2 ptft Z ptz +ptIt (ptlt 1)
ptv[ﬁ 1€EALIF£TL

~

2—c
e .
< Tt pi[t ( Z pm) + pijtc (pt,It - 1)2

ptv]ﬁ 1€ER: iF£T;

= g?,lt (et (1 = per,))* (Pf,ft + (1= pur,)°)
<203 (per, (1 — prp,))*™
< 217? Itcgt I

where the first inequality is due to ¢;; < p;; for ¢« € A, the second inequality is from
repeatedly applying a® + b < (a + b)* for x = 2 — ¢ > 1 by Lemma 6.B.11, the third
inequality is pf ;, <1 and (1 —p.7,)° <1, and the last inequality is (1 — ) < min(z,1 — )
for x € [0, 1]. O

Lemma 6.F.5. For any ¢ € [T], Algorithm 6.5 guarantees
) 4d)* 7, L 18d% L,
(=7rt, ¢ — qe41) — Di(qe41,¢) < min (hpig g?,lta ~ P?Itgfzt) (6.93)
Proof. Using standard local-norm analysis techniques for FTRL (for example, see Section
7.4 in [Orabona, 2023]), we have

1
(=1t @ = Q1) — De(@ra1, @) < §||Tt|’?V2¢t(zt))*17 (6.94)

where z; is a point between ¢; and ¢;.1. The Hessian matrix of ¢, is a diagonal matrix with
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entries

t,4

V2¢i(2) = diag ((Bt(l — )z + Z%) ) : (6.95)
i=1,2,.., K

Hence, its inverse is the following diagonal matrix

20(2,)) 7" = dia 1
(Vp(2)) diag (@(1 —E T g ) ) . (6.96)

i/ =12, K

It follows that

K
1
9 2
r = Ty
Il = 2 gyt 3

2
2t

T 1 o
< m 2-a,2 = 2.2
< min <—Bt<1 >y ;_1 Zei T p” ;_1 Zmrm>

(6.97)

where the last equality is due to lfm = 0 for ¢ # [;. Combining (6.94) and (6.97), we obtain

K K
. 1 . 1
(=76, @ — q1) — Di(qr41, ;) < min (m Z Zt21 7"1:2,1'7 § Z 2152@7}2@> . (6.98)
i=1 =1

Since z is between ¢; and ¢;41, we have 2z, ;, < max(q:r,, ¢i+1,1,). The loss estimate in Algo-
rithm 6.5 uses p;;, where p; 1, > ¢ ,, therefore we can combine the results of Lemma 6.F.2,

Lemma 6.B.6 and Lemma 6.F.3 and obtain ¢.1; < 4dg;; for all i € [K]. It follows that

2 < 4dgq; ;, and as a result,

(0 ) — Dy( ) < mi (4d)* ZK: 202 94 - 2 2 (6.99)
— — min | ——— SOy — oy .
ty gt di+1 t\qt+1,qt) > 251:(1 _ OZ) o qt,z t,1) 27 pa Qt,z t,

: (4d)2_a ~2—q )2 18d* =2 72
< min ;7 » p tﬁ ) 6.100
(ﬁt(l ) t, Iy “t,1, v t, 11,1, ( )

where the last inequality is from applying Lemma 6.F.4 twice: once with ¢ = « and once
with ¢ = 0. n
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6.F.3 Technical Lemmas

Lemma 6.F.6. For any x € [0, 1], if v > 2 then g(z) — 1 > g(2z).

Proof. We have

g(x)—lzﬁa:a’lJrz—l
x
> 2(171 a—1 g l -
P e T o
v —2x
=g(2
9(22) + —-
> g(2x)
O
6.G Setting a appropriately close to 1
Recall that we assume K > 3 in our algorithms. Let b =1 — a. We will set « =1 — %,
which is equivalent to setting b = %. Note that a > 1 — % > (.5. Taking exponent on
both sides of
In(1+2bIn(K)) =1n(2) > 0.5 =bIn(K), (6.101)
we obtain 1 + 2bIn(K) > K®. This implies
K- —1 2(K’-1
<A ) < 41n(K). (6.102)
a(l —a)
Furthermore,
K-t  2(K—1)t« . .
(a(l _)a) <A . _02 = In(K)(K — 1)ink <In(K)Kwk <2InK, (6.103)
0.5 0.5
where the last inequality is due to K™K = (e K)mE) = %5 < 2. In addition,
¢ < L o (6.104)
l—a-1-a o M8/ '

This implies that v = max (6, 48, /ﬁ) < VIn(K).
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Algorithm 6.4 SPM with Optimistic FTRL and Reservoir Sampling for losses in [0, 1]
Input: K > 1,7 > 4K, € (0,1), 6, = 2£ v = max(6,48,/7%;),d = 2.
Initialize $; = 0, fip; = 0, Ly; = 0 for i € [K]
for each round t =1,...,7T do
Sample by ~ Ber(min(%@), 1))
if b, = 1 then
if t < KIn(T) then
Draw I; =t mod K + 1 and observe ¢, j,
Add ¢, ;, to the reservoir 5;, of arm I,
nd
Ise
Draw I, ~ Unif([K]) and observe ¢,
Draw a random element by Unif($;,) and replace it by ¢, p,
end
Update the mean estimate fi; j, in the reservoir $;, [Hazan and Kale, 2011]
Compute m; = ji
nd
Ise
Compute m; = my_q

Compute ¢, = argmin, ., (my + L1, ) + 53 <§(1 — Zfil :L‘?)) — Zfil In(x;)

Compute p; = (1 — %) q: + %1
Draw I; ~ p; and observe ¢, p,

® O

o O

(Zt,i —mm)]l{ft =’L}

Compute loss estimate ¢;; = my; + o
t,i

Update Ly; = Ly—1; + ét,i

. 6d 2—a _o_ ~ d2
Compute z, = min <(2(1)—a) Bert Cer, = mu ) 20 (b g, — mt,lt)2>

S
Compute h; = (i(Zfil Pii — 1)>

Compute fi11 = b + 57

end

end
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Algorithm 6.5 SPM Approach for Fully-Adversarial Sleeping Bandits

Input: K > 1,7 > 4K, € (0,1), f; = £, 7 = max (6,48, /_ﬁ> d=2.
Initialize Ry; = 0 for i € [K]

for each round t=1,...,7 do

The adversary reveals the set of active arms A,

Compute ¢, = argmin,cx, (—Ri—1,7) + 5 (é(l — Zfil xf‘)) — Zfil In(x;)
for arm i € [K] do
‘ Compute p;; =

S ans1{jEA}
end

Draw I, ~ p; and observe ¢, j,
for active arm i € [K] do

if i € A; then

‘ Compute loss estimate ft,i = etﬂp{t#
end |
else

‘ Set ft,i =l
end

Compute r; = 41, — ét,z‘
Update Ry; = Ry—1,; + 1y
end

. 2—a . -« D
Compute z; = min <(?fza) D ien, MN(pri, 1 —pri)! ’6t187dz Lien pt’i)
Compute h; = i(Zfil G — 1)

Compute S = b + 557

end
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