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ABSTRACT

Chordal graphs and chordal bigraphs enjoy beautiful characterizations, in terms of for-

bidden subgraphs, vertex or edge orderings, and tree-like representations. A digraph

analogue of chordal graphs was introduced by Haskins and Rose. Unfortunately, a

forbidden subdigraph characterization of chordal digraphs is not known and finding

such a characterization seems to be a difficult problem. The study of chordal digraphs

has been restricted to various classes of digraphs, such as semicomplete digraphs,

quasi-transitive digraphs, extended semicomplete digraphs and locally semicomplete

digraphs.

In this dissertation, we introduce the new class of weakly quasi-transitive digraphs

as a common generalization of semicomplete digraphs, quasi-transitive digraphs and

symmetric digraphs. We show that weakly quasi-transitive digraphs can be obtained

from these three classes of digraphs by substitutions. As a consequence, weakly quasi-

transitive digraphs admit a recursive construction. This construction theorem allows

us to find a forbidden subdigraph characterization of weakly quasi-transitive chordal

digraphs. In addition, we use it to prove that the small quasi-kernel conjecture holds

for weakly quasi-transitive digraphs.

We extend the notion of chordality to signed graphs and signed bigraphs. In-

terestingly, chordal signed graphs are equivalent to strict chordal digraphs studied

by Hell and Hernandez-Cruz. The forbidden subdigraph characterization of strict

chordal digraphs can be translated to a forbidden subgraph characterization of chordal

signed graphs. We give a forbidden subgraph characterization of chordal signed bi-

graphs. The forbidden subgraphs for chordal signed bigraphs are analogous to those

for chordal signed graphs but the proofs are much more complicated and intriguing.



v

Contents

Supervisory Committee ii

Abstract iii

Table of Contents v

List of Figures vii

Acknowledgements ix

Dedication x

1 Introduction 1

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Terminology and notation . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Outline of results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Weakly Quasi-transitive Digraphs 12

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Structure theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Small quasi-kernel conjecture for weakly quasi-transitive digraphs . . 23

3 Chordal Digraphs 30

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30



vi

3.2 Weakly quasi-transitive digraphs . . . . . . . . . . . . . . . . . . . . . 32

3.3 Adjusted interval digraphs . . . . . . . . . . . . . . . . . . . . . . . . 34

4 Semi-strict Chordal Digraphs 38

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.2 Semi-strict chordal digraphs and their knotting graphs . . . . . . . . 40

4.3 Weakly quasi-transitive semi-strict chordal digraphs . . . . . . . . . . 45

5 Chordal Signed Graphs and Bigraphs 54

5.1 Chordal signed graphs . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.2 Chordal signed bigraphs . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.2.1 Complete bigraphs . . . . . . . . . . . . . . . . . . . . . . . . 57

5.2.2 Non-separable bigraphs . . . . . . . . . . . . . . . . . . . . . . 60

5.2.3 Separable bigraphs . . . . . . . . . . . . . . . . . . . . . . . . 69

6 Concluding Remarks and Future Research 101



vii

List of Figures

Figure 1.1 Chordal digraphs . . . . . . . . . . . . . . . . . . . . . . . . . 4

Figure 1.2 An extended semicomplete digraph blown up from a semicom-

plete digraph . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Figure 1.3 A graph (left) and a signed graph (right) . . . . . . . . . . . . 10

Figure 2.1 A containment hierarchy. . . . . . . . . . . . . . . . . . . . . . 14

Figure 2.2 A weakly quasi-transitive digraph W . . . . . . . . . . . . . . 27

Figure 3.1 Semicomplete digraphs which are not chordal. . . . . . . . . . 31

Figure 3.2 Induced directed cycles consisting of non-symmetric arcs . . . 31

Figure 3.3 A di-simplicial vertex v of a weakly quasi-transitive digraph D 33

Figure 3.4 A reflexive chordal digraph that is not a adjusted interval di-

graph (loops are ignored) . . . . . . . . . . . . . . . . . . . . . 36

Figure 4.1 A semi-strict chordal digraph . . . . . . . . . . . . . . . . . . 39

Figure 4.2 Digraphs which are not semi-strict chordal . . . . . . . . . . . 41

Figure 4.3 A digraph D and its knotting graph KD . . . . . . . . . . . . 43

Figure 4.4 A semi-strict chordal digraph D and its knotting graph . . . 45

Figure 5.1 The forbidden subgraphs for chordal signed graphs . . . . . . 55

Figure 5.2 The minimal non-chordal signed graphs in A1 ∪ A2 ∪ A3 . . . 56

Figure 5.3 The forbidden subgraphs for chordal signed complete bigraphs 58



viii

Figure 5.4 The minimal forbidden subgraphs for chordal signed complete

bigraphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Figure 5.5 Additional forbidden subgraphs for chordal signed non-separable

bigraphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

Figure 5.6 Z1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Figure 5.7 Z2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

Figure 5.8 Forbidden subgraphs C2k and D for chordal signed separable

bigraphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

Figure 5.9 Graphs Wi(1 ≤ i ≤ 6) . . . . . . . . . . . . . . . . . . . . . . 70

Figure 5.10 Lollipops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Figure 5.11 Sum of two lollipops . . . . . . . . . . . . . . . . . . . . . . . 88

Figure 5.12 Join of two lollipops (of type 1) . . . . . . . . . . . . . . . . . 90

Figure 5.13 Join of two lollipops (type 1 and type 2) . . . . . . . . . . . . 91

Figure 5.14 Join of two lollipops (of type 2) . . . . . . . . . . . . . . . . . 92

Figure 5.15 Join of lollipops when one of them is a W1 . . . . . . . . . . . 93

Figure 5.16 Labeled lollipops . . . . . . . . . . . . . . . . . . . . . . . . . 94

Figure 6.1 M0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

Figure 6.2 Signed complete bigraphs which are not chordal under switch-

ing operation . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Figure 6.3 Signed non-separable bigraphs which are not chordal under

switching operation . . . . . . . . . . . . . . . . . . . . . . . . 103

Figure 6.4 Signed separable bigraphs which are not chordal under switch-

ing operation . . . . . . . . . . . . . . . . . . . . . . . . . . . 104



ix

ACKNOWLEDGEMENTS

I would like to thank:

my supervisor, Dr. Jing Huang, for his encouragement, patience, and mentor-

ship. Without his guidance and persistent help this thesis would not have been

possible.

my husband, Chris Zhang; my son, Victor Zhang and my parents, for all of

the loves and mentally supports.



x

DEDICATION

To the memory of my beloved grandfather, Jing Liu.



Chapter 1

Introduction

1.1 Background

A graph G is perfect if for every induced subgraph H of G, the chromatic number of H

is equal to the size of a maximum clique in H [11, 12, 31]. Berge [11, 12] conjectured

that a graph is perfect if and only if it does not contain an odd cycle of length ≥ 5 or

its complement as an induced subgraph. This conjecture was known as strong perfect

graph conjecture and later proved by Chudnovsky, Robertson, Seymour and Thomas

[15, 16].

One of the first classes of graphs recognized as being perfect was the class of

chordal graphs. A vertex u in a graph is simplicial if its neighbours induce a complete

subgraph. A graph G is chordal if every induced subgraph of G contains a simplicial

vertex [23, 51]. Hajnal and Surányi [35] showed that every chordal graph is perfect.

Chordal graphs admit elegant characterizations, in terms of forbidden subgraphs,

vertex orderings, and tree representations [23, 29, 61]. These characterizations enable

many optimization problems to be solvable in linear time on chordal graphs [31]. A

perfect elimination ordering of a graph G is a vertex ordering v1, v2, . . . , vn such that
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vi is a simplicial vertex in the subgraph of G induced by vi, vi+1, . . . , vn. Fulkerson

[26] proved that a graph is chordal if and only if it has a perfect elimination ordering.

It is proved that a graph is chordal if and only if it does not contain a cycle of

length greater than three as an induced subgraph [61]. Chordal graphs can also be

represented by subtrees in trees [29]. Rose and Tarjan [60] obtained a simple linear

time recognition algorithm for chordal graphs.

In 1973, Haskins and Rose [38] introduced a digraph analogue of chordal graphs.

A vertex v in a digraph D is called a di-simplicial vertex if every in-neighbour of

v dominates every out-neighbour of v. A digraph D is chordal if every induced

subdigraph of D contains a di-simplicial vertex. It follows that every chordal digraph

D has a vertex ordering v1, v2, . . . , vn such that vi is a di-simplicial vertex in the

subdigraph of D induced by vi, vi+1, . . . , vn for each i ≥ 1. Such a vertex ordering

is called a perfect elimination ordering of D. Graphs can be viewed as symmetric

digraphs, and so the di-simplicial vertices of a symmetric digraph coincide with the

simplicial vertices of its underlying graph. Thus, chordal graphs are equivalent to

the symmetric chordal digraphs and hence the class of chordal graphs is a subclass of

chordal digraphs.

Chordal digraphs arise naturally from consideration of sparse matrices whose

sparseness can be preserved by Gaussian eliminations [38]. Chordal digraphs can

be recognized in polynomial time [56]. But, unlike chordal graphs, little is known

about the structure of chordal digraphs. In particular, there is no known forbidden

subdigraph characterization of chordal digraphs. According to [47], finding forbidden

subdigraph characterizations of chordal digraphs may be a difficult problem. Re-

search has been focusing on characterizing chordal digraphs with additional proper-

ties. Meister and Telle [56] characterized semicomplete chordal digraphs by forbidden

subdigraphs. Locally semicomplete digraphs, quasi-transitive digraphs and extended
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semicomplete digraphs (to be defined in section 2) are three classes of digraphs that

generalize the class of semicomplete digraphs. The forbidden subdigraph characteri-

zations for the chordal digraphs in these three digraph classes have been obtained in

[65].

In this dissertation, we introduce the class of weakly quasi-transitive digraphs.

This class of digraphs contains quasi-transitive digraphs, extended semicomplete di-

graphs and symmetric digraphs. We show that every weakly quasi-transitive digraph

can be obtained from these digraphs by a substitution operation. This allows us

to obtain a forbidden subdigraph characterization of weakly quasi-transitive chordal

digraphs (Theorem 3.5).

Although chordal digraphs are a natural digraph analogue of chordal graphs, they

seem to be too broad to recover the elegance of chordal graphs. In [41], a subclass

of chordal digraphs was introduced. A vertex v in a digraph D is called strict di-

simplicial if every pair of neighbours of v are joined by symmetric arcs. A digraph D

is called strict chordal if every induced subdigraph of D contains a strict di-simplicial

vertex. Since strict di-simplicial vertices are di-simplicial, every strict chordal digraph

is chordal. Surprisingly, a forbidden subdigraph characterization of strict chordal

digraphs has been obtained in [41]. The forbidden subdigraph characterization of

strict chordal digraphs makes use of the fact that the underlying graph of a strict

chordal digraph is a chordal graph [41]. This fact is also critical for extensions of

the minimal separators property of chordal graphs to strict chordal digraphs [41, 55].

There is a polynomial time recognition algorithm for strict chordal digraphs [41].

We propose an intermediate notion between chordal digraphs and strict chordal

digraphs. A vertex v in a digraph D is called semi-strict di-simplicial if every in-

neighbour of v adjacent to every out-neighbour of v by symmetric arcs. We call

a digraph D semi-strict chordal if every induced subdigraph of D contains a semi-
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strict di-simplicial vertex. Note that strict di-simplicial vertices are semi-strict di-

simplicial vertices which are di-simplicial vertices, and so every strict chordal digraph

is a semi-strict chordal digraph which is chordal. In Figure 1.1, the digraph on the

left is semi-strict chordal (and hence chordal) but not strict chordal, the digraph on

the right is chordal but not semi-strict chordal (and hence not strict chordal). We

obtain forbidden subdigraph characterizations of semi-strict chordal digraphs within

the classes of locally semicomplete digraphs and weakly quasi-transitive digraphs.

Figure 1.1: Chordal digraphs

Let G be a bipartite graph with bipartition (X, Y ). A subgraph H of G is called a

biclique if every vertex in V (H)∩X is adjacent to all vertices in V (H)∩ Y . An edge

uv in G is simplicial if the neighbours of u and the neighbours of v induce a biclique

in G. A perfect edge-without-vertex elimination ordering of G is an edge ordering

e1, e2, . . . , em such that each ei is a simplicial edge in G − {e1, e2, . . . , ei−1} [32]. A

bipartite graph is chordal if it has a perfect edge-without-vertex elimination ordering.

Kloks and Kratsch [48] provided an efficient algorithm of computing a perfect edge-

without-vertex elimination ordering. In fact, chordal bipartite graphs are exactly the

bipartite graphs which do not contain an induced cycle of length ≥ 6 [32]. This

implies in particular that a bipartite graph is chordal if and only if every induced

subgraph has a simplicial edge.

A signed graph Ĝ is a graph G in which each edge is signified with either a

positive sign “+” or a negative sign “−” [36, 66, 67, 68]. Edges with positive signs

are called positive and edges with negative signs are called negative. Signed graphs
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were introduced in 1953 by Harary [66] to model social balances. Signed graphs also

have applications in geometry, matroid theory, and social science [66]. We introduce

the notion of chordal signed graphs. Let Ĝ be a signed graph. A positive clique in

Ĝ is a clique in which all edges are positive. A vertex v is called signed simplicial if

the neighbours of v induce a positive clique in Ĝ. We call Ĝ chordal if every induced

subgraph of Ĝ has a signed simplicial vertex. Like chordal graphs, the vertices of a

signed graph Ĝ can be ordered v1, v2, . . . , vn such that each vi is a signed simplicial

vertex in Ĝ− {v1, v2, . . . , vi−1}.

Let D be a digraph, and G be the underlying graph of D. Define a signed graph

Ĝ where an edge uv in Ĝ is positive if both uv and vu are arcs in D, and uv is

negative if only one of uv or vu is an arc in D. Then a digraph D can be viewed as a

signed graph Ĝ. It is easy to check that if v is a strict di-simplicial vertex of D, then

it is a signed simplicial vertex of Ĝ. It turns out that chordal signed graphs are an

equivalent notion to strict chordal digraphs, and we conclude that D is strict chordal

if and only if Ĝ is chordal.

A signed bipartite graph is a signed graph Ĝ where G is bipartite. If G is a

chordal bipartite graph, then Ĝ is a signed chordal bipartite graph. We extend the

concept of chordal signed graph to chordal signed bipartite graph. An edge uv of

Ĝ is called a signed simplicial edge if the neighbours of u and the neighbours of

v induce a positive biclique in Ĝ. Note that a signed simplicial edge may have

negative edges incident with its end vertices. A signed simplicial perfect edge-without-

vertex elimination ordering of Ĝ is an edge ordering e1, e2, . . . , em of Ĝ such that each

ei is a signed simplicial edge in Ĝ − {e1, e2, . . . , ei−1}. We call Ĝ a chordal signed

bipartite graph if it has a signed simplicial perfect edge-without-vertex elimination

ordering. Note the difference between chordal signed bipartite graphs and signed

chordal bipartite graphs in which case every chordal signed bipartite graph is a signed
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chordal bipartite graph, but a signed chordal bipartite graph may not be a chordal

signed bipartite graph. For instance, a C4 with all negative edges is signed chordal

but not chordal signed. We obtain the forbidden subgraph characterization of chordal

signed bipartite graphs. Our characterization implies that a signed bipartite graph

is chordal if and only if every induced subgraph has a signed simplicial edge, in

particular, every induced subgraph is chordal.

1.2 Terminology and notation

In this section, we give definitions and notations that will be used throughout this

dissertation.

A graph G is a pair (V,E) of sets, where the elements in V are called the vertices

of G, and the elements in E are called the edges of G which are unordered pairs of

elements in V . If uv ∈ E, then we say that u and v are adjacent. The neighbourhood

of a vertex v, denoted by N(v), is the set {u ∈ V : uv ∈ E}. The closed neighbourhood

N [v] is the set {v} ∪N(v).

A path of length k in a graph G is a sequence of distinct vertices v0, v1, . . . , vk

where vi is adjacent to vi+1 for each 0 ≤ i < k. An independent set of a graph is a

set of vertices such that no two of them are adjacent. A graph is a bipartite graph

(or bigraph in short) if its vertices can be partitioned into independent sets X and Y ,

where X and Y are referred to as the partite sets of the bipartite graph. Equivalently,

a bigraph is a graph that does not contain any odd cycles.

A graph G is complete if there is an edge between any pair of vertices. A clique

of a graph G is a complete subgraph of G. A complete bigraph is a bipartite graph

where every vertex of one partite set is adjacent to every vertex of the other partite

set. If a subgraph of a bigraph is a complete bigraph, then it is called a biclique of
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the bigraph.

An intersection graph is a graph G that each vertex v of G is associated with a set

Sv such that two vertices u and v are adjacent in G if and only if Su and Sv intersect.

A digraph D = (V,A) consists of a vertex set V and an arc set A where each arc

is an ordered pair of vertices in V . Let u, v be two vertices of a digraph D. We say

that u, v are adjacent if there is an arc between u and v, otherwise we say that they

are not adjacent. If uv or vu is an arc but not both, then we say u is adjacent to v

by a non-symmetric arc. If both uv and vu are arcs, then we call them symmetric

arcs. In a drawing of a digraph, adjacency between two vertices is depicted by a solid

line, non-adjacency by dashed line, symmetric arcs by a solid line and having arrows

at both ends, and non-symmetric arc by a solid line and marked by a short bar (e.g.

see Figure 4.2). If uv is an arc, then we say that u dominates v (or v is dominated

by u), moreover, u is an in-neighbour of v and v is an out-neighbour of u. The set of

all in-neighbours of v is denoted by N−(v) and the set of all out-neighbours of v is

denoted by N+(v). We use N±(v) to denote the intersection of N−(v) and N+(v). A

digraph which does not contain symmetric arcs is called an oriented graph. A digraph

which contains only symmetric arcs is called a symmetric digraph. We use S(D) to

denote the spanning subdigraph of D whose arc set consists of the symmetric arcs in

D. Graphs may be viewed as symmetric digraphs.

An oriented path of length k in D is a sequence of distinct vertices v0, v1, . . . , vk

such that vi and vi+1 are joined by a non-symmetric arc for each i = 0, 1, . . . , k−1. If

vivi+1 is an arc for each 0 ≤ i < k, then it is called directed path (or dipath in short). A

digraph D is strongly connected (strong for short) if for every pair of distinct vertices

u and v, there exists a directed path from u to v and a directed path from v to u.

A directed cycle C of length k is a cyclic sequence of vertices v0, v1, . . . , vk−1 such

that vivi+1 is an arc for each i = 0, 1, . . . , k − 1 (mod k). If there is no arc between
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vi and vj for any i, j such that i− j ̸= ±1 (mod k), then C is called induced directed

cycle. A digraph is acyclic if it does not contain any directed cycle.

A sink is a vertex that has no out-neighbour and a source is a vertex that has no

in-neighbour. A digraph D is said to be sink-free if it has no sink. An independent

set of a digraph D is a vertex set I such that any u, v ∈ I, u and v are not adjacent.

A kernel of a digraph D is an independent set K ⊆ V such that for every vertex

v ∈ V \K, there exists an arc from v to a vertex u of K. A quasi-kernel of a digraph

D is an independent set Q ⊆ V such that for every vertex v ∈ V \ Q, there exists a

directed path of length ≤ 2 from v to a vertex u in Q.

The reversal of a digraph D is the digraph obtained from D by reversing all arcs.

The underlying graph U(D) of a digraph D is a simple graph consisting of vertex set

V (D) and edges uv where u and v are adjacent in D. The complementary digraph D

of a digraph D is a digraph such that V (D) = V (D), and uv is an arc of D if and

only if it is not an arc of D.

Let D be a digraph with vertices v1, v2, . . . , vn and let H1, H2, . . . , Hn be vertex

disjoint digraphs. A substitution of the digraph Hi for the vertex vi in D for each i

is a new digraph D∗ obtained from the disjoint union of H1, H2, . . . , Hn by adding all

possible arcs xy where x ∈ V (Hi) and y ∈ V (Hj) for each arc vivj in D.

A digraph D is semicomplete if there is at least one arc between any two vertices.

A locally semicomplete digraph is a digraph D such that for every vertex v ∈ V (D),

N−(v) and N+(v) each induces a semicomplete subdigraph in D. Locally semicom-

plete digraphs are a popular generalization of semicomplete digraphs and have been

extensively studied [4, 5, 6, 43]. An extended semicomplete digraph is a digraph ob-

tained from a semicomplete digraph by substituting each vertex with an independent

set [6]. (See Figure 1.2 for an example.) A transitive oriented graph is an oriented

graph such that for any three vertices u, v and w, both uv, vw are arcs imply uw is
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an arc. Quasi-transitive digraphs are another well-studied class of digraphs general-

izing semicomplete digraphs [7, 8, 9, 27]. A digraph D is quasi-transitive if for any

three vertices u, v and w such that u ∈ N−(v) and w ∈ N+(v), then u and w are

adjacent. The class of quasi-transitive digraphs contains all semicomplete digraphs

and transitive oriented graphs [7].

u

v w

Semicomplete

=⇒

u

v1

v2

w1

w2

Extended semicomplete

Figure 1.2: An extended semicomplete digraph blown up from a semicomplete digraph

In this dissertation, we study both graphs and digraphs all of which are assumed

to be finite and do not contain multiple edges or multiple arcs, but may contain

self-loops and symmetric arcs.

We will use edge-coloured graphs to represent signed graphs where positive edges

are coloured blue, negative edges are coloured red, and edges whose signs are not

specified are coloured black. Let Ĝ be a signed graph. A subgraph of Ĝ is a signed

graph Ĥ obtained from Ĝ by deleting vertices and/or edges. If Ĥ is obtained from Ĝ

by vertex deletions only, then it is called an induced subgraph of Ĝ or a subgraph of

Ĝ induced by the vertex set V (Ĥ) of Ĥ. We call a subgraph of Ĝ positive if its edges

are all positive. For an edge uv of Ĝ, we use N(uv) to denote (N(u)∪N(v))−{u, v}.
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Figure 1.3: A graph (left) and a signed graph (right)

Suppose that F is an edge-coloured graph whose edges are coloured with blue,

red and black. If F has no black edge, then it represents a unique signed graph. If

F has black edges, then by replacing each black edge of F with a blue or a red edge

we obtain a signed graph. In this way, F represents a set of signed graphs. We say

that a signed graph Ĝ contains a graph in F if at least one of the graphs in F is a

subgraph of Ĝ, otherwise we say that Ĝ does not contain F . The set of signed graphs

in Figure 1.3 (right) contains a positive C3 but does not contain a negative C3.

A signed graph Ĝ is called a signed complete bigraph when G is a complete bigraph.

A bigraph is separable if it contains an induced 2K2, otherwise it is non-separable. A

signed bigraph Ĝ is separable if G is separable, otherwise it is non-separable.

A separating set in a bigraph G is a set of vertices S such that G − S contains

at least two non-trivial components. Clearly, a bigraph is separable if and only if it

has a separating set. Similarly, a separating set in a signed separable bigraph Ĝ is

a set of vertices S such that Ĝ − S contains at least two non-trivial components. A

separating set is minimal if no proper subset of the set is separating.

1.3 Outline of results

This dissertation studies the structure of digraphs, signed graphs and signed bigraphs

in connection to chordality.

In Chapter 2, we introduce a new class of digraphs called weakly quasi-transitive

digraphs. We show that weakly quasi-transitive digraphs admit a recursive construc-

tion. As a by-product, we prove that the small quasi-kernel conjecture holds for
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weakly quasi-transitive digraphs.

In Chapter 3, we apply the recursive construction of weakly quasi-transitive di-

graphs to characterize weakly quasi-transitive chordal digraphs by forbidden subdi-

graphs.

We turn to semi-strict chordal digraphs in Chapter 4. The notion of semi-strict

digraphs was introduced by the author in [65] where forbidden subdigraph character-

izations were obtained for semi-strict digraphs within several classes of digraphs. We

extend the results from [65] to find a forbidden subdigraph characterization of weakly

quasi-transitive semi-strict digraphs.

In Chapter 5, we introduce the concept of chordal signed graphs and chordal signed

bigraphs. We observe that chordal signed graphs are equivalent to strict chordal di-

graphs previously studied in [41]. The forbidden subdigraph characterization of strict

chordal digraphs from [41] yields immediately a forbidden subgraph characterization

of chordal signed graphs. We obtain a forbidden subgraph characterization of chordal

signed bigraphs.

Finally, we conclude in Chapter 6 with some remarks on the results obtained in

this dissertation. We also propose several open problems for future research.
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Chapter 2

Weakly Quasi-transitive Digraphs

2.1 Introduction

The definition of transitive oriented graphs ensures that they are all acyclic. Every

vertex of a transitive oriented graph is a di-simplicial vertex. So each transitive

oriented graph is chordal.

Quasi-transitive digraphs were initially studied in [30]. Interestingly, they share

the same underlying graphs with transitive oriented graphs, which are known as com-

parability graphs [30]. In 1995, Bang-Jensen and Huang [7] provided a structure

theorem for this digraph class, which led to polynomial time solutions of many prob-

lems. The class of quasi-transitive digraphs contains all transitive oriented graphs

and all semicomplete digraphs.

Let D be a digraph with vertices v1, v2, . . . , vn and let H1, H2, . . . , Hn be vertex-

disjoint digraphs. Recall that the substitution of the digraph Hi for the vertex vi

in D for each i is a new digraph D∗ obtained from H1, H2, . . . , Hn by adding all

possible arcs xy where x ∈ V (Hi) and y ∈ V (Hj) for each arc vivj in D. We use

D[H1, H2, . . . , Hn] to denote the new digraph D∗ and also say that it is obtained from
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D by substituting Hi for vi for each i.

Theorem 2.1. ([7]) Let D be a quasi-transitive digraph. Then the following state-

ments hold:

1. If D is non-strong, then D = T [H1, H2, . . . , Hn] where T is a transitive oriented

graph and each Hi is a strong quasi-transitive digraph.

2. If D is strong, then D = S[H1, H2, . . . , Hn] where S is a strong semicomplete

digraph and each Hi is either a single-vertex or a non-strong quasi-transitive

digraph.

Theorem 2.1 implies that quasi-transitive digraphs can be obtained from transitive

oriented graphs and semicomplete digraphs recursively by substitution.

The class of extended semicomplete digraphs contains all semicomplete digraphs.

However, there is no containment relationship between quasi-transitive digraphs and

extended semicomplete digraphs. We introduce a new class of digraphs as a com-

mon generalization of several classes of digraphs including quasi-transitive digraphs,

extended semicomplete digraphs, and symmetric digraphs.

Given a digraph D and vertices u, v, w of D such that u,w ∈ N(v), we say that

u and w are synchronous neighbours of v if they are both in N−(v) \ N+(v), or in

N+(v) \N−(v), or in N−(v) ∩N+(v). Otherwise, they are asynchronous neighbours

of v. A digraph D is weakly quasi-transitive if for each vertex v in D, any two asyn-

chronous neighbours of v are adjacent. Clearly, every symmetric digraph is weakly

quasi-transitive. This is because symmetric digraphs have the property that the neigh-

bours of each vertex are synchronous and any digraph having this property is weakly

quasi-transitive. Since graphs can be viewed as symmetric digraphs, this new class

of digraphs contains all graphs. The class of weakly quasi-transitive digraphs also

contains all quasi-transitive digraphs and hence all semicomplete digraphs, and all
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transitive oriented digraphs. Indeed, suppose that D is not weakly quasi-transitive.

Then some vertex v has two non-adjacent asynchronous neighbours u,w. Since u,w

are asynchronous neighbours of v, one of u,w is in N−(v) and the other is in N+(v).

Hence D is not a quasi-transitive digraph.

If a digraph D is weakly quasi-transitive, then any digraph obtained from D by

substituting an independent set for each vertex of D is also weakly quasi-transitive.

It follows that the class of weakly quasi-transitive digraphs also contains extended

semicomplete digraphs. Figure 2.1 depicts a containment hierarchy of the digraph

classes relevant to this chapter.

Weakly quasi-transitive digraphs

Quasi-transitive digraphs Extended semicomplete digraphs Symmetric digraphs

Transitive oriented graphs Semicomplete digraphs

Figure 2.1: A containment hierarchy.

In this chapter, we show that weakly quasi-transitive digraphs can be constructed

recursively from transitive oriented graphs, symmetric digraphs, and semicomplete

digraphs by substitutions (see Theorem 2.2). As a by-product of this recursive con-

struction, we will prove in Chapter 3 that the forbidden subdigraphs for weakly

quasi-transitive chordal digraphs are exactly those for semicomplete chordal digraphs.

The forbidden subdigraph characterization of weakly quasi-transitive chordal digraphs

generalizes not only the results of [65] on quasi-transitive chordal digraphs and ex-

tended semicomplete chordal digraphs but also the classical results on chordal graphs.
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Kernels in a digraph were first introduced by von Neumann and Morgenstern in

the context of games and they have applications in economy and logic [64]. It is proved

in [2] that the complement of a perfect digraph has a kernel. Not every digraph has

a kernel. Richardson [58] proved that every digraph with no odd directed cycle has a

kernel. Chvátal [17] proved that it is an NP-complete problem to decide if a digraph

has a kernel. Hell and Hernández-Cruz showed that this problem is polynomial time

solvable for quasi-transitive digraphs [40].

In contrast, Chvátal and Lovász [18] proved that every digraph has a quasi-kernel.

Quasi-kernels have been studied in [1, 18, 20, 27, 33, 39, 63, 46, 49, 50]. In 1976,

Erdős and Székely [24] stated the small quasi-kernel conjecture in digraphs. We will

use the structure theorem of weakly quasi-transitive digraphs to prove that the small

quasi-kernel conjecture holds for the class of digraphs in this Chapter.

2.2 Structure theorem

Transitive oriented graphs and semicomplete digraphs are basic building blocks for

quasi-transitive digraphs [7]. Using these blocks one can form a class Q of digraphs

as follows:

• Each transitive oriented graph is in Q.

• Each semicomplete digraph is in Q.

• If D, H1, H2, . . . , Hn ∈ Q, then D[H1, H2, . . . , Hn] ∈ Q, provided that Hi is

a single-vertex digraph whenever the vertex vi for which Hi is substituted is

incident with a symmetric arc for each i.

Since transitive oriented graphs and semicomplete digraphs are quasi-transitive

and the substitution operation maintains the property of being quasi-transitive, the
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digraphs in Q are all quasi-transitive. Theorem 2.1 ensures that quasi-transitive

digraphs are all in Q. Therefore we have the following:

Corollary 2.1. The class Q consists of quasi-transitive digraphs, that is, a digraph

is quasi-transitive if and only if it is in Q.

Weakly quasi-transitive digraphs can also be constructed in a similar way as quasi-

transitive digraphs.

Let W be the class of digraphs defined as follows:

• Each transitive oriented graph is in W ;

• Each semicomplete digraph is in W ;

• Each symmetric digraph is in W ;

• If D,H1, H2, . . . , Hn ∈ W , then D[H1, H2, . . . , Hn] ∈ W .

A module in a digraph D is an induced subdigraph H of D such that for any

vertex x not in H, either x is adjacent to no vertex in H or the vertices in H are

synchronous neighbours of x. A module is called trivial if it has only one vertex or is

the entire digraph D and non-trivial otherwise.

Theorem 2.2. The class W consists of weakly quasi-transitive digraphs, that is, a

digraph is weakly quasi-transitive if and only if it is in W.

Proof. Transitive oriented graphs and semicomplete digraphs are quasi-transitive, so

they are weakly quasi-transitive. Symmetric digraphs are also weakly quasi-transitive

because any vertex in a symmetric digraph has only synchronous neighbours. In

order to prove the rest of the digraphs in W are all weakly quasi-transitive, let

D∗ = D[H1, H2, . . . , Hn] where D, H1, H2, . . . , Hn are weakly quasi-transitive di-

graphs. Consider three vertices u, v, w in D∗ where u,w are asynchronous neighbours
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of v. Assume that u ∈ V (Hi), v ∈ V (Hj) and w ∈ V (Hk). If i = j = k then u,w

are adjacent as Hi is weakly quasi-transitive. Suppose that i = j ̸= k. Since v and

w are adjacent, each vertex of Hi is adjacent to all vertices of Hk and in particular,

u is adjacent to w. Similarly, if i ̸= j = k, then u and w are adjacent. Suppose

that i ̸= j ̸= k. Then i ̸= k because u and w are asynchronous neighbours of v.

Since D is weakly quasi-transitive, the two vertices of D corresponding to Hi and

Hk are adjacent and so u and w are adjacent. Hence all digraphs in W are weakly

quasi-transitive.

We prove by induction on the number of vertices that every weakly quasi-transitive

digraph is in W . Let D be a weakly quasi-transitive digraph with n vertices. Assume

that every weakly quasi-transitive digraph with fewer than n vertices is in W . If D

is quasi-transitive or symmetric then it is in W . Hence assume that D is neither

quasi-transitive nor symmetric. Since D is not quasi-transitive, there exist vertices

u, v, w in D with u ∈ N−(v) and w ∈ N+(v) such that u and w are not adjacent in D.

Thus u and w are non-adjacent neighbours of v. Since D is weakly quasi-transitive,

any two asynchronous neighbours of v are adjacent. Hence u and w are synchronous

neighbours of v, which implies u and w are both in N±(v).

Suppose that H is a non-trivial module in D. Let D′ be the digraph obtained

from D by deleting all vertices of H except one. Then D = D′[H ′
1, H

′
2, . . . , H

′
k]

where H ′
1 = H and each H ′

i with i ≥ 2 is a single-vertex digraph. The digraphs

D′, H ′
1, . . . , H

′
k each has vertices fewer than n and is weakly quasi-transitive and hence

in W . This means that D is obtained from digraphs in W by substitution and by

definition D is also in W . Thus, it suffices to show that there is a non-trivial module

in D.

Let R be the subdigraph of D induced by N±[v]. Then u and w are a pair of

non-adjacent vertices in R. Let M1 be the subdigraph of R induced by the vertices
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which are connected to u by paths in U(R). Clearly, M1 contains u and w but not

v. Suppose that x is a vertex in N+[v] ∪ N−[v] but not in M1. We claim that x is

completely adjacent to M1. Indeed, if x ∈ N+[v] ∩ N−[v], then the definition of M1

implies that x is completely adjacent to M1. On the other hand, if x ∈ N+(v)⊕N−(v)

(note that A⊕B is (A\B)∪ (B \A)), then x and any vertex of M1 are asynchronous

neighbours of v so x is also completely adjacent to M1. By definition any two vertices

of M1 are connected by a path in U(M1). In such path any two consecutive vertices

are not adjacent in D and hence are synchronous neighbours of x. It follows that the

vertices of M1 are synchronous neighbours of x.

Suppose that x /∈ N+[v]∪N−[v]. If x is adjacent to a vertex y in M1, then x and

v are non-adjacent neighbours of y and hence they must be synchronous neighbours

of y. The fact that v is joined to y by symmetric arcs implies that x is joined to y by

symmetric arcs. Thus if x is completely adjacent to M1 then the vertices of M1 are

synchronous neighbours of x. It follows that M1 is a non-trivial module if for each

x /∈ N+[v] ∪ N−[v], either x is adjacent to no vertex in M1 or completely adjacent

to M1. We may assume M1 is not a module as otherwise we are done. This means

that there exist vertices x, y, y′ with x /∈ N+[v]∪N−[v] and y, y′ ∈ M1 such that x is

adjacent to y but not to y′. These three vertices x, y, y′ along with M1 will be referred

to in the rest of proof.

Suppose that N+(v) ⊕ N−(v) ̸= ∅. Then any vertex in N+(v) ⊕ N−(v) is a

neighbour of v asynchronous to those of v in N±(v). Hence every vertex in N+(v)⊕

N−(v) is completely adjacent to the vertices in N±(v) and in particular adjacent to

M1. Suppose that the arcs between N+(v)⊕N−(v) and M1 are all symmetric. Let M2

be the subdigraph of D induced by the vertices which are connected to v by oriented

paths. Clearly, M2 contains v and all vertices in N+(v) ⊕ N−(v). We show that x

is not a vertex in M2. Suppose not; there is an oriented path connecting x and v.
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Then there must exist an oriented path connecting x and a vertex in N+(v)⊕N−(v).

Let a1, a2, . . . , , as be such an oriented path where a1 = x and as ∈ N+(v) ⊕ N−(v).

Note that as is joined to each vertex of M1 by symmetric arcs and a1 (= x) is not

adjacent to y′ (in M1). Let j be the largest subscript such that aj is not adjacent to

some vertex y′′ of M1. Then 1 ≤ j < s and aj /∈ N+[v]∪N−[v]. Since aj and aj+1 are

joined by a non-symmetric arc, aj+1 /∈ N+[v] ∩N−[v]. Either aj+1 ∈ N+(v)⊕N−(v)

or aj+1 /∈ N+[v] ∪ N−[v]. In either case aj+1 is joined to each vertex of M1 by

symmetric arcs. Thus aj and y′′ are non-adjacent asynchronous neighbours of aj+1,

contradicting the assumption that D is weakly quasi-transitive. So x is not a vertex

of M2. We show that M2 is a module. Let z be a vertex not in M2. By definition z

cannot be joined to any vertex of M2 by a non-symmetric arc. Suppose z is joined to

some vertex h of M2 by symmetric arcs. Since h can reach every other vertex of M2

by an oriented path, following such a path we see that z is joined to every vertex in

the path by symmetric arcs. Hence the vertices of M2 are synchronous neighbours of

z. Therefore M2 is a non-trivial module in D.

Suppose now that the arcs between N+(v)⊕N−(v) and M1 are not all symmetric.

Let M3 be a subdigraph of D induced by the vertices defined recursively as follows:

• u is a vertex in M3;

• if h is a vertex in N±(v) that is not adjacent to a vertex in M3, then h is a

vertex in M3;

• if h is a vertex not in N±(v) that is joined to a vertex in M3 by symmetric arcs,

then h is a vertex in M3.

It is easy to see that M3 contains u, v, w, x and all vertices of M1. Let b be a vertex in

N+(v)⊕N−(v) which is joined to a vertex in M1 by a non-symmetric arc. Assume that

b ∈ N−(v)\N+(v). From the above we know that the vertices of M1 are synchronous
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neighbours of b. In particular, y, y′ are synchronous neighbours of b. The vertex y is

joined to b by a non-symmetric arc and joined to x by symmetric arcs. Thus b and x

are asynchronous neighbours of y and hence they must be adjacent. So x and v are

neighbours of b. Since x and v are not adjacent, they are synchronous neighbours of b.

Since b ∈ N−(v)\N+(v), bv is a non-symmetric arc, so bx is also a non-symmetric arc.

Since bx is a non-symmetric arc and x, y′ are non-adjacent neighbours of b, by′ is also

a non-symmetric arc. The fact that the vertices of M1 are synchronous neighbours

of b ensures there is a non-symmetric arc from b to every vertex in M1. Similarly, if

b ∈ N+(v) \ N−(v) is joined to a vertex in M1 by a non-symmetric arc then xb is a

non-symmetric arc and there is a non-symmetric arc from every vertex of M1 to b.

We claim that b is not a vertex in M3. Suppose not; b is in M3. By the definition

of M3 there exists a sequence of vertices h0, h1, . . . , ht where h0 = y and ht = b such

that for each i > 0, hi ∈ N±(v) implies that hi is not adjacent to hi−1, and hi /∈ N±(v)

implies that hi is joined to hi−1 by symmetric arcs. We choose such a vertex b so that

the sequence is as short as possible. Assume that b ∈ N−(v)\N+(v). Then b(= ht) is

joined to ht−1 by symmetric arcs. We claim ht−1 ∈ N±(v). Indeed, since b is joined to

ht−1 by symmetric arcs, ht−1 ∈ N+(v)∪N−(v). Suppose ht−1 ∈ N−(v) \N+(v). The

choice of b implies that there can only be symmetric arcs between ht−1 and M1. Since

ht−1 and x are asynchronous neighbours of b, they are adjacent. In particular, ht−1x is

a non-symmetric arc. Thus x, y′ are non-adjacent asynchronous neighbours of ht−1, a

contradiction. So ht−1 /∈ N−(v)\N+(v). A similar proof shows ht−1 /∈ N+(v)\N−(v).

So ht−1 ∈ N±(v). Since b is joined to ht−1 by symmetric arcs and joined to each vertex

of M1 by a non-symmetric arc, ht−1 /∈ M1 and thus t > 2. Hence ht−1 is not adjacent

to ht−2 and is completely adjacent to M1. If ht−2 ∈ N+[v] ∪ N−[v], then ht−2 must

be in N±(v) and hence adjacent to b. Thus ht−1, ht−2 are neighbours of b. Since

ht−1, ht−2 are not adjacent, they are synchronous neighbours of b, which implies b



21

is joined to ht−2 by symmetric arcs. This contradicts the choice of the sequence as

h0, h1, . . . , ht−2, b is a shorter sequence. So ht−2 /∈ N+[v]∪N−[v]. Let l be the largest

integer such that ht−2, . . . , ht−l are not in N+[v] ∪ N−[v]. Then ht−i is joined to

ht−i−1 by symmetric arcs for each i = 2, . . . , l. We must have ht−l−1 ∈ N±(v). The

vertex b is not adjacent to ht−2 as otherwise ht−1, ht−2 are non-adjacent asynchronous

neighbours of b, a contradiction. For the same reason, we see that b is not adjacent

to ht−i for each i = 2, . . . , l. Since b, ht−l−1 are asynchronous neighbours of v, they

are adjacent. They must be joined by symmetric arcs, as otherwise b, ht−l are non-

adjacent asynchronous neighbours of ht−l−1, a contradiction. But this contradicts the

choice of the sequence because h0, h1, . . . , ht−l−1, b is a shorter sequence. Therefore

b is not a vertex in M3. So if b ∈ N−(v) \ N+(v) is joined to a vertex in M1 with

a non-symmetric arc then b /∈ M3 and there is a non-symmetric arc from b to every

vertex in M1. A similar proof shows that if b ∈ N+(v) \N−(v) is joined to a vertex

in M1 with a non-symmetric arc then b /∈ M3 and there is a non-symmetric arc from

each vertex of M1 to b.

We show that M3 is a module. Let z be a vertex that is not in M3. For each vertex

h ∈ M3, there is a sequence of vertices h0, h1, . . . , ht where h0 = y and ht = h such

that for each i > 0, hi ∈ N±(v) implies that hi is not adjacent to hi−1, and hi /∈ N±(v)

implies hi is joined to hi−1 by symmetric arcs. Suppose first that z ∈ N−(v) \N+(v).

We know from the above that zx is a non-symmetric arc and zh is a non-symmetric

arc for all h ∈ M1. In particular, zy (= zh0) is a non-symmetric arc. Suppose that

k > 0 and zhk−1 is a non-symmetric arc. If hk ∈ N±(v), then hk−1, hk are non-

adjacent neighbours of z so zhk is a non-symmetric arc. If hk /∈ N±(v), then z, hk are

asynchronous neighbours of hk−1 so they are adjacent. There are two cases. Either

hk ∈ N+(v) ⊕ N−(v) or hk /∈ N+(v) ∪ N−(v). If hk /∈ N+(v) ∪ N−(v), then clearly

zhk is a non-symmetric arc. Assume hk ∈ N+(v) ⊕ N−(v). Since hk /∈ M1, hk is
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joined to each vertex in M1 by symmetric arcs. In particular, hk is joined to y′ by

symmetric arcs. Since y′ is not adjacent to x, hk and x are not adjacent as otherwise

y′ and x are non-adjacent asynchronous neighbours of hk, a contradiction. Hence hk

and x are synchronous neighbours of z. Since zx is a non-symmetric arc, zhk is a

non-symmetric arc. Therefore zh is a non-symmetric arc for all h ∈ M3. A similar

proof shows that if z ∈ N+(v)\N−(v) then hz is a non-symmetric arc for all h ∈ M3.

Suppose next that z ∈ N±(v). Since z is not in M3, z is adjacent to every vertex in

M3. In particular, z is adjacent to x. Note that z and x are joined by symmetric

arcs. Since x and y′ are not adjacent, z is adjacent to y′ by symmetric arcs. This

implies z is also joined to y by symmetric arcs. Suppose that k > 0 and z is joined

to hk−1 by symmetric arcs. If hk /∈ N+(v) ∪N−(v), then clearly z is joined to hk by

symmetric arcs. If hk ∈ N±(v), then hk is not adjacent to hk−1 and thus hk, hk−1

are non-adjacent neighbours of z. Since z is joined to hk−1 by symmetric arcs, z is

joined to hk by symmetric arcs. If hk ∈ N+(v) ⊕ N−(v), then hk is joined to y′ by

symmetric arcs. Since y′ and x are not adjacent, hk and x are not adjacent. Thus hk

and x are non-adjacent neighbours of z, which implies z is joined to hk by symmetric

arcs. Suppose now that z /∈ N+[v] ∪ N−[v]. Since z is not in M3, it is not adjacent

to any vertex in M1. In particular, z is not adjacent to y. Suppose that k > 0 and z

is not adjacent to hk−1. If hk ∈ N±(v), then z is not adjacent to hk as otherwise z is

joined to hk by symmetric arcs, which implies z ∈ M3, a contradiction to assumption.

If hk /∈ N±(v), then hk is joined to hk−1 by symmetric arcs. Since z is not adjacent to

hk−1, z cannot be joined to hk by a non-symmetric arc. Since z /∈ M3 and hk ∈ M3,

z cannot be joined to hk by symmetric arcs. Hence z is not adjacent to hk.

The only case remaining is that N+(v)⊕N−(v) = ∅. Since D is not a symmetric

digraph, it has a non-symmetric arc. Suppose fg is a non-symmetric arc in D.

Let M4 be the subdigraph induced by the vertices which are connected to f by
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oriented paths. Then any two vertices in M4 are connected by an oriented path.

Since N+(v) ⊕ N−(v) = ∅, there is no oriented path connecting f and v. So v is

not a vertex in M4. Suppose z is not in M4 but is adjacent to a vertex h in M4.

Then z is joined to h by symmetric arcs. Each vertex of M4 is connected to h by an

oriented path. Following these oriented paths we see that z is joined to each vertex

of M4 by symmetric arcs and hence the vertices of M4 are synchronous neighbours of

z. Therefore M4 is a non-trivial module.

2.3 Small quasi-kernel conjecture for weakly quasi-

transitive digraphs

In 1976, Erdős and Székely [24] made the following conjecture on the size of quasi-

kernels in sink-free digraphs:

Conjecture 2.1. [24] (Small Quasi-kernel Conjecture) Every sink-free digraph D has

a quasi-kernel of size at most |V (D)|
2

.

This conjecture has been verified for several classes of digraphs. It is easy to see

that the conjecture holds for symmetric digraphs. Heard and Huang [39] showed

that every sink-free digraph D has two vertex disjoint quasi-kernels if D is semi-

complete multipartite, quasi-transitive, or locally semicomplete. This implies that

the Conjecture 2.2 holds for semicomplete multipartite, quasi-transitive, and locally

semicomplete digraphs. Kostochka [49] proved that the conjecture holds for orienta-

tions of 4-colorable graphs (in particular, for orientations of all planar graphs). Ai

et.al. [1] proved that the conjecture holds for claw-free digraphs. (Here, a claw is the

digraph obtaining from K1,3 by orienting the edges towards the center.) Moreover,
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Hulst [63] proved that the small quasi-kernel conjecture holds for the digraphs that

have kernels.

In this section, we prove that Conjecture 2.1 holds for weakly quasi-transitive

digraphs.

For convenience, call a quasi-kernel Q in a digraph D small if |Q| ≤ |V (D)|
2

.

Theorem 2.3. Every sink-free weakly quasi-transitive digraph D has a small quasi-

kernel.

Proof. We prove the theorem by induction on the number of vertices of D. It is easy

to check that it is true when D has at most 4 vertices. Let D be a sink-free weakly

quasi-transitive digraph with |V (D)| ≥ 5. Suppose that the theorem holds for sink-

free weakly quasi-transitive digraphs of order less than |V (D)|. If D is a transitive

oriented graph or semicomplete digraph or symmetric digraph, then the small quasi-

kernel conjecture holds ([63, 39]). Hence we may assume that D is not a transitive

oriented graph, or a semicomplete digraph, or a symmetric digraph. By Theorem 2.2,

D is obtained from a weakly quasi-transitive digraph W by substituting weakly-quasi

digraphs D1, D2, . . . , Dl for the vertices v1, v2, . . . , vl of W . We must have |W | < n

and |Di| < n for all i because D is not a transitive oriented graph, a symmetric

digraph or a semicomplete digraph. Since every digraph has a quasi-kernel, so does

W . Without loss of generality, let QW = {v1, . . . , vk} be a quasi-kernel of W .

Suppose that Di is sink-free for each i = 1, 2, . . . , k. Then by the inductive

hypothesis, each Di has a small quasi-kernel Qi. Let Q = Q1∪Q2∪ · · ·∪Qk. Clearly,

|Q| ≤ |V (D)|
2

. We claim that Q is a quasi-kernel of D. Indeed, each vertex v of D

is in Di for some i = 1, 2, . . . , l. If 1 ≤ i ≤ k, then v can reach Qi (and hence Q)

within two steps; if i > k, since vi can reach QW within two steps in W , v can reach

Q within two steps.

Suppose now that Di is not sink-free for some i = 1, 2, . . . , k. Note that W may
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or may not be sink-free. Consider first the case when W is not sink-free and let SW

be the set of all sinks of W . Since every sink of a digraph must in a quasi-kernel, we

have SW ⊆ QW . Without loss of generality, let SW = {v1, v2, . . . , vj}. We claim that

each of D1, D2, . . . , Dj is sink-free. Suppose to the contrary that Di has a sink v for

some i = 1, 2, . . . , j. Since vi is a sink vertex in W , v is a sink vertex in D, which

contradicts the assumption that D is sink-free. Thus, for each 1 ≤ i ≤ j, Di is sink-

free and by the induction hypothesis has a small quasi-kernel Qi. Note that for any

two vertices va, vb with va ∈ SW and every vb ̸= va, either va and vb are not adjacent

in W or vbva is a non-symmetric arc in W . Let S = V (D1) ∪ V (D2) · · · ∪ V (Dj)

and let D′ = D \N−[S]. Since every induced subdigraph of a weakly quasi-transitive

digraph is weakly quasi-transitive, D′ is weakly quasi-transitive. Clearly, no vertex

in D′ is adjacent to any vertex in S and every vertex in N−(S) \ S is adjacent to a

vertex in S by a non-symmetric arc. We claim that D′ is sink-free. Suppose not; u is

a sink of D′. Since D is sink-free, u has an out-neighbour u′ in D \D′. It is easy to

see that u′ ∈ N−[S]. Clearly, u′ /∈ S as otherwise u is in N−[S] but not in D′. Since

D is a weakly quasi-transitive digraph and no vertex in D′ is adjacent to any vertex

in S, for any u′′ ∈ S ∩N+(u′), u and u′′ must be synchronous neighbours of u′. This

contradicts the fact that u′u′′ is a non-symmetric arc. Hence D′ is sink-free. By the

induction hypothesis, D′ has a small quasi-kernel Q′. Let Q = Q′ ∪Q1 ∪Q2 · · · ∪Qj.

we show Q is a small quasi-kernel of D. Clearly, Q is an independent set in D of size

≤ |V (D)|
2

. Every vertex in S can reach Q within two steps, every vertex in N−(S) \ S

can reach Q in one step, and every vertex in D′ can reach Q within two steps. Hence

Q is a small quasi-kernel of D.

Consider now the case when W is sink-free. Then every vertex of W has an out-

neighbour. By the induction hypothesis, W has a small quasi-kernel, and we may

assume that it is QW . We use N−(QW ) to denote the set of in-neighbours of QW
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in W , and N−−(QW ) = V (W ) \ {QW ∪ N−(QW )}. Let N±(QW ) be the subset of

N−(QW ) that consists of the vertices adjacent to vertices in QW by symmetric arcs.

Let QW1 consists of the vertices v1, v2, . . . , vk in QW adjacent to a vertex in N±(QW )

by symmetric arcs and let QW2 = QW \ QW1 . Since W is weakly quasi-transitive,

none of the vertices in QW2 is adjacent to any vertex in N±(QW ). Let N−(QW2)

consists of the vertices in N−(QW ) which have out-neighbours in QW2 . Note that

the arcs between N−(QW2) and QW2 are non-symmetric from N−(QW2) to QW2 . Let

N−(QW1) = N−(QW ) \ (N±(QW )∪N−(QW2)). Every vertex in N−(QW1) must have

an out-neighbours in QW1 , and none of the vertices in QW2 is adjacent to any vertex in

N−(QW1). Since W is sink-free, every vertex in QW2 has at least one out-neighbour in

N−−(QW ). Denote the set of out-neighbours of QW2 by N+(QW2). Since none of the

vertices in QW2 is adjacent to N±(QW ), the arcs between N±(QW ) and N+(QW2) are

non-symmetric from N±(QW ) to N+(QW2). Let N−−(QW1) = N−−(QW )\N+(QW2).

By the definition of N+(QW2), there is no arc between QW2 and N−−(QW1). Therefore

the arcs between N−−(QW1) and N+(QW2) are non-symmetric from N−−(QW1) to

N+(QW2). Since QW is a quasi-kernel in W , every vertex in N−−(QW1) must have an

out-neighbour in N±(QW ) ∪N−(QW1) but not in N−(QW2) (See Figure 2.2 and the

dotted edge means not adjacent).

Let J ⊆ {1, 2, . . . , k} be maximal such that it contains no pair a, b with va and

vb having a common neighbour in N±(QW ). Let Q1 be a set of vertices in D which

consists of one vertex ui in Di for each i ∈ J . Since QW1 is an independent set, Q1

is also an independent set. It is easy to see that every vertex in Di \ {ui} for which

vi ∈ QW1 can reach ui in two steps through a vertex in N±(QW ). Let Q2 be the union

of quasi-kernels of subdigraphs Di for which vi ∈ QW2 . Let Q′
2 be a quasi-kernel of

the subdigraph of D induced by N+(QW2). Let QA = Q1 ∪Q2 and let QB consists of

all vertices in Q′
2 and vertices in Q1 not adjacent to any vertex in Q′

2. Note that if
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there exists a vertex in Q1 but not in QB, then there exists a vertex in N±(QW ) that

is adjacent to a vertex in Q′
2 by a non-symmetric arc (from the vertex in N±(QW ) to

a vertex in Q′
2). Clearly, both QA and QB are independent sets. The definition of Q1

guarantees that |Q1| ≤ |N±(QW )|. Note that N±(QW ) ∩ (QA ∪ QB) = ∅. Note also

that N±(QW ) contains a subset of size |QA∩QB|. It follows that either |QA| ≤ |V (D)|
2

or |QB| ≤ |V (D)|
2

.

QW1

QW2

Q1

Q2

N−(QW1)

N±(QW )

N−(QW2)

N−−(QW1)

N+(QW2)

QW N−(QW ) N−−(QW )

Q′
2

Figure 2.2: A weakly quasi-transitive digraph W

It suffices to show that QA and QB are both quasi-kernels of D. We show first

that QA is a quasi-kernel. Each vertex in QW1 is either in Q1 so in QA, or can reach

Q1 in two steps through a vertex in N±(QW ). Each vertex in N±(QW1) can reach

Q1 in one step. Suppose that some two vertices x1, x2 ∈ QW1 adjacent to a vertex

y1 ∈ N±(QW ) by symmetric arcs. If there exists a vertex y2 ∈ N−(QW1) such that

y2x2 is a non-symmetric arc, then either y2x1 is a non-symmetric arc, or y2 and y1

are joined by symmetric arcs in which x1 and y2 are not adjacent. In either case, y2

can reach x1 within two steps. Hence every vertex in N−(QW1) can reach QA in one

step or two steps through N±(QW ). By the definition of Q2, every vertex in QW2 is
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either in Q2, or can reach Q2 within two steps. Since W is weakly quasi-transitive,

every vertex in N−(QW2) can reach Q2 in one step (by following the oriented path

from the out-neighbour in QW2 to a vertex in Q2). Let z1 ∈ N+(QW2). If z1 has

an out-neighbour in N−(QW2) ∪ N±(QW ), then it can reach QA in two steps. If z1

has no out-neighbour in N−(QW2)∪N±(QW ), then it must have an out-neighbour in

N−(QW1). Suppose that z1 cannot reach QA in two steps. Then any out-neighbour of

z1 cannot reach Q1 in one step. Let y1 ∈ N+(z1), it has an out-neighbour x1 in QW1 .

Since z1 cannot reach QA within two steps, x1 is not in Q1. Hence there exist x2 ∈ Q1

and y2 ∈ N±(QW ) such that x1y2, x2y2 are both symmetric arcs. Since W is weakly

quasi-transitive, x1 and z1 are adjacent and in fact x1z1 is a non-symmetric arc. In

addition, y1 and x2 are not adjacent as otherwise y1x2 is a non-symmetric arc, which

contradicts the assumption that z1 cannot reach QA within two steps. So y1 and y2

are adjacent by symmetric arcs. Since z1 and y2 are asynchronous neighbours of x1,

they are adjacent, and since z1 cannot reach QA within two steps, y2z1 must be a non-

symmetric arc. Hence x2 and z1 are adjacent and x2z1 is a non-symmetric arc, which

contradicts the facts that y1 is an out-neighbour of z1 and y1, x2 are not adjacent.

Therefore, z1 can reach QA within two steps. Similarly, we can show that every vertex

in N−−(QW1) can reach QA within two steps. Therefore, QA is a quasi-kernel of D.

We show that QB is also a quasi-kernel of D. By the definition of Q′
2, every vertex

in N+(QW2) can reach Q′
2 within two steps. Since D is a weakly quasi-transitive

digraph and every vertex in QW2 has an out-neighbour in N+(QW2), each vertex

in QW2 can reach Q′
2 in one step. As a consequence, each vertex in N−(QW2) can

reach Q′
2 within two steps. If every vertex in Q1 is also in QB, then each vertex in

QW1∪N±(QW )∪N−(QW1)∪N−−(QW1) can reach Q1 within two steps. Hence assume

there exists a vertex x1 ∈ Q1 but not in QB. Then there exist vertices y1 ∈ N±(QW )

and z1 ∈ Q′
2 such that x1z1, y1z1 are non-symmetric arcs, and x1 and y1 are joined
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by symmetric arcs. Moreover, every vertex in N−(x1) should reach z1 in one step. It

is not hard to check that every vertex in QW1 can reach Q1 or Q′
2 through N±(QW )

within two steps. Every vertex in N±(QW ) can either reach Q1 in one step, or reach

z1 through x1 in two steps. Similarly, every vertex in N−(QW1) can reach QB within

two steps. Form above we know that every vertex in N−−(QW1) can reach Q1 within

two steps. Suppose that v is a vertex in N−−(QW1) that can reach x1 with two steps.

Then v can also reach z1 with two steps through one of the in-neighbour of x1. Hence,

every vertex in N−−(QW1) can reach QB within two steps and QB is a quasi-kernel

of D.

Corollary 2.2. If D is a sink-free quasi-transitive digraph or a sink-free extended

semicomplete digraph, then D has a small quasi-kernel.
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Chapter 3

Chordal Digraphs

3.1 Introduction

Recall that a digraph D is chordal if every induced subdigraph of D has a di-simplicial

vertex. Clearly, if D is chordal, then S(D) is a chordal graph. Moreover, every di-

simplicial vertex of D is a simplicial vertex of S(D). There is no known characteri-

zation of chordal digraphs by forbidden subdigraphs. In 2012, Meister and Telle [56]

found the forbidden subdigraph characterization for semicomplete chordal digraphs.

The following theorem is proved in [56].

Theorem 3.1. [56] A semicomplete digraph D is chordal if and only if S(D) is

chordal and D does not contain any of the digraphs in Figure 3.1 as an induced

subdigraph.

Quasi-transitive digraphs and extended semicomplete digraphs both generalize

semicomplete digraphs. The chordality of these two classes have been studied in [65].

It turns out they share the same forbidden subdigraphs as semicomplete digraphs for

being chordal.
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(a) (b) (c) (d)

Figure 3.1: Semicomplete digraphs which are not chordal.

Theorem 3.2. [65] A quasi-transitive digraph D is chordal if and only if S(D) is

chordal and D does not contain any of the digraphs in Fig 3.1 as an induced subdi-

graph.

Theorem 3.3. [65] An extended semicomplete digraph D is chordal if and only if

S(D) is chordal and D does not contain any of the digraphs in Fig 3.1 as an induced

subdigraph.

Locally semicomplete digraphs are another generalization of semicomplete di-

graphs. Many properties for semicomplete digraphs hold for locally semicomplete

digraphs [4]. There are locally semicomplete digraphs which are neither semicomplete

nor chordal. Any directed cycle consisting of non-symmetric arcs is locally semicom-

plete but not chordal, and it is not semicomplete if it has four or more vertices. We

have proved that chordless directed cycles with four or more vertices consisting of

non-symmetric arcs (Figure 3.2) are the only minimal locally semicomplete digraphs

which are not chordal and which are not semicomplete [65].

Figure 3.2: Induced directed cycles consisting of non-symmetric arcs
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Theorem 3.4. [65] A locally semicomplete digraph D is chordal if and only if S(D)

is chordal and D does not contain as an induced subdigraph a chordless directed cycle

consisting of non-symmetric arcs (as shown in Figure 3.2) or a digraph in Figure

3.1.

3.2 Weakly quasi-transitive digraphs

In this section, we prove that weakly quasi-transitive digraphs share the same forbid-

den subdigraphs with semicomplete digraphs for being chordal.

Theorem 3.5. A weakly quasi-transitive digraph D is chordal if and only if S(D) is

chordal and D does not contain any digraph in Figure 3.1 as an induced subdigraph.

Proof. The necessity follows from Theorem 3.1. For the other direction assume that

D is not chordal but S(D) is chordal, and D does not contain any digraph in Figure

3.1 as an induced subdigraph. We choose such a D to be minimal. By the choice of

D, any induced subdigraph of D with fewer vertices than D is chordal and hence has

a di-simplicial vertex. Since D is not chordal but S(D) is, D cannot be a transitive

oriented graph or a symmetric digraph. In view of Theorem 3.1, D cannot be a

semicomplete digraph.

Since D is weakly quasi-transitive, by Theorem 2.2, D = D′[H1, H2, . . . , Hl], that

is, D is obtained from a weakly quasi-transitive digraph D′ by substituting weakly-

quasi digraphs H1, H2, . . . , Hl for the vertices v1, v2, . . . , vl of D′. Moreover, D′ and

one of Hi’s have at least two vertices. Hence, D′ and Hi are induced subdigraphs of

D with fewer vertices than D for each i, and by the choice of D each of them has a

di-simplicial vertex.

Since S(D) is chordal, it has a simplicial vertex u. Assume that u ∈ Hj. For any

vi, i ̸= j, if vi and vj are joined by symmetric arcs in D′, then Hi is a semicomplete
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digraph with all symmetric arcs. For any vi and vk with i ̸= k, j ̸= i and j ̸= k, if

both vjvi and vjvk are symmetric arcs in D′, then the arcs between Hi and Hk are all

symmetric.

We claim that vj is a di-simplicial vertex in D′. Suppose by the contrary that

vj is not a di-simplicial vertex in D′. Then there exists two vertices vi, vk in D′

such that both vivj and vjvk are non-symmetric arcs, but vivk is not an arc. Since

vi, vk are asynchronous neighbours of vj and D′ is weakly quasi-transitive, vi, vk are

adjacent. Since vivk is not an arc, vkvi is a non-symmetric arc. But then by taking one

vertex each from Hi, Hj, Hk, they induce a digraph in Figure 3.1 (d), a contradiction.

Therefore, vj is a di-simplicial vertex in D′.

Hj

Hi

Hk

v

u

w

x

y

Figure 3.3: A di-simplicial vertex v of a weakly quasi-transitive digraph D

Let v be a di-simplicial vertex of Hj. We claim that v is a di-simplicial vertex

of D. Since vj is a di-simplicial vertex of D′, for every vi ∈ N−
D′(vj) \ N+

D′(vj) and
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vk ∈ N+
D′(vj) \ N−

D′(vj) with i ̸= k, vivk is an arc in D′. This means that for every

vertex u,w ∈ D \Hj and for every vertex v′ ∈ Hj, if u ∈ N−(v′) \ N+(v′) and w ∈

N+(v′) \N−(v′), then uw is an arc (u ̸= w). In particular, if u ∈ N−(v) \N+(v) and

w ∈ N+(v)\N−(v), then uw is an arc. Since v is a di-simplicial vertex of Hj, for every

in-neighbour x ∈ N−
Hj
(v) and every out-neighbour y ∈ N+

Hj
(v) with x ̸= y, xy is an arc

in Hj. Now suppose that x ∈ Hj, x ∈ N−(v) and w ∈ Hk(k ̸= j), w ∈ N+(v) \N−(v).

Then by the structure theorem of weakly quasi-transitive digraph, vjvk is an arc in

D′ and so xw should be an arc in D. Similarly, if u ∈ Hi(k ̸= j), u ∈ N−(v) \N+(v)

and y ∈ Hj, y ∈ N+(v), then vivj is an arc in D′ and so uy is an arc in D (see Figure

3.3) . Therefore, D has a di-simplicial vertex v, which contradicts our assumption.

This completes the proof.

The next corollary follows Theorems 2.2 and 3.5 immediately:

Corollary 3.1. [56, 65] Let D be a semicomplete digraph, a quasi-transitive digraph

or an extended semicomplete digraph. Then D is chordal if and only if S(D) is chordal

and D does not contain any digraph in Figure 3.1 as an induced subdigraph.

3.3 Adjusted interval digraphs

An interval graph [31] is a graph G whose vertices v can be associated with intervals

Iv in the real line R such that uv ∈ E(G) if Iu and Iv intersect. The class of interval

graphs is a well known subclass of chordal graphs [51].

A digraph D is called an interval digraph if its vertices can be associated with

pairs of intervals (Iv, Jv), v ∈ V (D) such that uv is an arc of D if Iu and Jv intersect.

Interval digraphs seem to be a natural digraph analogue of interval graphs but, unlike

interval graphs, not every interval digraph is chordal. For instance, the digraph (d)

in Figure 3.1 is an interval digraph but not chordal. In addition, the class of interval
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digraphs lacks forbidden structure characterizations. For these reasons, a new digraph

analogue of interval graphs called adjusted interval digraph was introduced by Feder,

Hell, Huang and Rafiey [25].

An adjusted interval digraph is an interval digraph D whose vertices are associated

with pairs of intervals (Iv, Jv), v ∈ V (D) with the additional property that Iv and

Jv have the same left endpoint for each v. Note that adjusted interval digraphs are

reflexive, i.e., there is a loop at each vertex. In contract, adjusted interval digraphs

admit a forbidden structure characterization [25]. Let P = x1, x2, . . . , xk and Q =

y1, y2, . . . , yk be two walks of the same length in a digraph D. We say that P and Q

are congruent if they follow the same pattern of arcs, i.e., xixi+1 (respectively, xi+1xi)

is an arc, if and only if yiyi+1 (respectively, yi+1yi) is an arc. We say that P avoids Q

if xiyi+1 is not an arc when xixi+1 is, and yi+1xi is not an arc when xi+1xi is for each

i. An invertible pair [25] of a digraph D is a pair of distinct vertices u, v such that

• there exist congruent walks P from u to v and Q from v to u such that P avoids

Q;

• there exist congruent walks P ′ from v to u and Q′ from u to v such that P ′

avoids Q′.

Theorem 3.6. A reflexive digraph D is an adjusted interval digraph if and only if it

has no invertible pairs.

Another nice property of adjusted interval digraph is that they are chordal di-

graphs.

Theorem 3.7. Every adjusted interval digraph is a chordal digraph.

Proof. Let D be an adjusted interval digraph whose vertices are associated with pairs

of intervals (Iv, Jv). Order the vertices of D, u1, u2, . . . , un, in such a way that i < j
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if the left end of Iui
precedes the left end of Iuj

. We claim that un, un−1, . . . , u1 is a

perfect elimination ordering of D, that is, ui is a di-simplicial vertex of the subdigraph

of D induced by u1, u2, . . . , ui−1, ui. Indeed, let uj and uk be two vertices with j < i

and k < i such that ujui and uiuk are arcs. Since ujui and uiuk are arcs, Iuj
∩Jui

̸= ∅

and Iui
∩ Juk

̸= ∅. We see that Iuj
∩ Juk

̸= ∅, and ujuk is an arc. Therefore, ui

is a di-simplicial vertex of the subdigraph of D induced by u1, u2, . . . , ui−1, ui. This

completes the proof.

Corollary 3.2. Every digraph that has no invertible pair is chordal.

A chordal digraph may contain invertible pair and hence is not an adjusted interval

digraph. For example, the reflexive digraph in Figure 3.4 is a chordal digraph but

not an adjusted interval digraph as a, d form an invertible pair.

a

b

c

d

Figure 3.4: A reflexive chordal digraph that is not a adjusted interval digraph (loops
are ignored)

A subtree graph is an intersection graph of subtrees in a tree. A well known result

asserts that chordal graphs are exactly subtree graphs [29].

Let T be a rooted tree with root r. Each subtree of T can be viewed as a rooted

tree whose root is the vertex closest to r in T . A digraph D is called an adjusted subtree

digraph if its vertices can be associated with pairs of subtrees (Rv, Sv), v ∈ V (D), of

T such that
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• Rv and Sv have the same root for all v ∈ V (D), and

• uv is an arc if Ru and Sv intersect for all u, v ∈ V (D).

Suppose that D is an adjusted subtree digraph represented by pairs of subtrees

(Rv, Sv), v ∈ V (D), of a rooted tree T . Order the vertices of D according to the non-

increasing order of the distances of the roots of their corresponding subtrees from the

root of T . A similar proof as for Theorem 3.7 shows that this is a perfect elimination

ordering of D.

Theorem 3.8. Every adjusted subtree digraph is chordal.
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Chapter 4

Semi-strict Chordal Digraphs

4.1 Introduction

In Chapter 3, we give a forbidden subdigraph characterization for weakly quasi-

transitive chordal digraphs. As a by-product, the forbidden subdigraphs for weakly

quasi-transitive digraphs are the same for semicomplete chordal digraphs, quasi-

transitive chordal digraphs and extended semicomplete chordal digraphs. Moreover,

the forbidden subdigraphs for locally semicomplete chordal digraphs was given in

[44]. However, chordal digraphs in general lack structural properties such as forbid-

den structural characterizations. In [41], strict chordal digraphs are introduced and

a forbidden subdigraph characterization of these digraphs is obtained.

In [65], an intermediate notion between chordal digraphs and strict chordal di-

graphs was proposed. A vertex v in a digraph D is semi-strict di-simplicial if for

any u ∈ N−(v) and w ∈ N+(v) with u ̸= w, both uw and wu are arcs in D. A di-

graph D is semi-strict chordal if every induced subdigraph of D contains a semi-strict

di-simplicial vertex. By definition, every strict di-simplicial vertex is a semi-strict di-

simplicial vertex which in turn is a di-simplicial vertex. Thus, semi-strict chordal



39

digraphs form a class of digraphs between the class of strict chordal digraphs and the

class of chordal digraphs. Unlike strict chordal digraphs, the underlying graphs of

semi-strict chordal digraphs are not necessarily chordal (see Figure 4.1).

Suppose that D is a semi-strict chordal digraph. Since every induced subdigraph of

D has a semi-strict di-simplicial vertex, the vertices of D can be ordered v1, v2, . . . , vn

in such a way that vi is a semi-strict di-simplicial vertex of the subdigraph of D

induced by vi, vi+1, . . . , vn for each i ≥ 1. Such an ordering of a semi-strict chordal

digraph D is called the semi-strict elimination ordering (e.g., v1, v5, v3, v2, v4 is a semi-

strict elimination ordering of the digraph in Figure 4.1). Conversely, a digraph has a

semi-strict elimination ordering then it is a semi-strict chordal digraph. A semi-strict

elimination ordering of a semi-strict digraph can be obtained by successively finding

a semi-strict di-simplicial vertex, which can be done in polynomial time. Therefore

semi-strict chordal digraphs can be recognized in polynomial time.

v1

v2

v3v4

v5

Figure 4.1: A semi-strict chordal digraph

In this chapter, we study the structure of semi-strict chordal digraphs by consider-

ing their knotting graphs. The knotting graph of a graph is an instrumental concept

introduced by Gallai [28] for the study of comparability graphs (i.e., transitively ori-

entable graphs). Gallai [28] proved that a graph is a comparability graph if and only

if its knotting graph is bipartite. In [65], Ye introduced knotting graph of chordal di-
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graphs (the concept is similar but different from knotting graph of semi-strict chordal

digraphs). The following two results are obtained in [65].

Proposition 4.1. [65] Let D be a digraph and K̄ be the knotting graph of D. Then

D has a di-simplicial vertex if and only if K̄ has a group such that every vertex of

that group has degree at most one.

Proposition 4.2. [65] Let D be a digraph. Then for every induced subdigraph Ds of

D, the knotting graph K̄s of Ds has a group such that every vertex of that group has

degree at most one if and only if D is chordal.

In section 4.2 of this chapter, we will give the definition of knotting graphs of

digraphs and will characterize semi-strict chordal digraphs in terms of their knotting

graphs (see Theorem 4.1). Unfortunately, the characterization of semi-strict chordal

digraphs does not lead to a forbidden subdigraph characterization for semi-strict

chordal digraphs. It appears challenging to find a forbidden subdigraph characteri-

zation for semi-strict chordal digraphs in genenal. In section 4.3, we will show that

semi-strict chordal digraphs can be characterized by forbidden subdigraphs within

the class of weakly quasi-transitive digraphs (see Theorem 4.2).

4.2 Semi-strict chordal digraphs and their knotting

graphs

Let D be a semi-strict chordal digraph. Then by the definition every induced subdi-

graph of D is also semi-strict chordal. If v is a semi-strict di-simplicial vertex of D,

we claim that v is a di-simplicial vertex of S(D). Suppose by contradiction that v is

a semi-strict di-simplicial vertex of D but not a di-simplicial vertex of S(D). Then

there exist vertices u and w such that both uv and vw are symmetric arcs but uw
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is either not adjacent or adjacent by a single arc, which is a contradiction with the

assumption that v is a semi-strict di-simplicial vertex of D. It follows that S(D) is

a chordal digraph (or equivalently, the underlying graph of S(D) is a chordal graph).

Hence we have the following:

Lemma 4.1. Suppose that D is a semi-strict chordal digraph. Then S(D) is chordal.

Moreover, every semi-strict di-simplicial vertex of D is a semi-strict di-simplicial

vertex of S(D).

Lemma 4.2. If D is a semi-strict chordal digraph, then D does not contain an induced

directed cycle consisting of non-symmetric arcs.

Proof. Suppose that C is an induced directed cycle consisting of non-symmetric arcs.

Then the subdigraph of D induced by the vertices of C has no semi-strict di-simplicial

vertex, which means D is not semi-strict chordal.

(i) (ii) (iii) (iv)

Figure 4.2: Digraphs which are not semi-strict chordal

Figure 4.2 depicts four types of semicomplete digraphs. It is easy to check that

none of these digraphs has a semi-strict di-simplicial vertex. Moreover by deleting

any vertex, the digraphs in Figure 4.2 become semi-strict chordal. Therefore, they

are minimal not semi-strict chordal digraphs hence we have the following lemma:

Lemma 4.3. Suppose that D is a semi-strict chordal digraph. Then D does not

contain any of the digraphs in Figure 4.2 as an induced subdigraph.
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Indeed, Figure 4.2 (i) and (iv) together forms a super class of the digraphs in

Figure 3.1. This again shows that the class of chordal digraphs is a super class of

semi-strict chordal digraphs.

We now introduce the knotting graphs for digraphs.

Let D be a digraph and let v be a vertex of D. Denote by V (v) the set of arcs

incident with v (i.e., having v as an endvertex). If e = vu is an arc of D, then

e ∈ E(v) and is called out-going ; if e = uv is an arc of D, then e is called in-coming.

For e, f ∈ E(v), we say that e and f are related and denoted the relation by eΓf if

either e = f , or e and f are not both in-coming or out-going, and the two endvertices

of e and f distinct from v are not joined by symmetric arcs (which means they are

either not adjacent or adjacent by a non-symmetric arc).

Clearly, eΓe. If eΓf for e ̸= f , then fΓe. Hence, the relation Γ is a reflexive and

symmetric relation on E(v). Thus the transitive closure Γ∗ of Γ is an equivalence

relation on E(v), which partitions E(v) into equivalence classes. Two arcs e and f of

E(v) are knotted if they are in the same equivalence class. We denote this relation by

eΓ∗f . It follows that e and f of E(v) are knotted if and only if there exists a sequence

of arcs e1, e2, . . . , ek in E(v) such that e = e1, f = ek and e1Γ
∗e2Γ

∗ . . .Γ∗ek.

Denote by E1(v), E2(v), . . . , Elv(v) the equivalence classes of Γ∗ for each v ∈ V (D).

Note that if uv ∈ A(D), then there exist unique i and j with 1 ≤ i ≤ lu and 1 ≤ j ≤ lv

such that uv ∈ Ei(u) ∩ Ej(v).

The knotting graph KD of a digraph D is the graph having vertices v1, v2, . . . , vlv

for all v ∈ V (D) (when v is an isolated vertex, we have lv = 1) and the edges uivj

for all arcs uv ∈ A(D) with uv ∈ Ei(u) ∩ Ej(v). Figure 4.3 depicts a digraph and

its knotting graph KD where E1(a) = {ab, da}, E1(b) = {ab, bc}, E2(b) = {db},

E1(c) = {bc, cd}, E2(c) = {dc}, E1(d) = {da, cd, db} and E2(d) = {dc}.

Note that each vertex v of D gives rise to lv vertices v1, v2, . . . , vlv in KD, which
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Figure 4.3: A digraph D and its knotting graph KD

we call the split vertices of v. Each arc uv of D uniquely corresponds to an edge uivj

of KD for some i, j with 1 ≤ i ≤ lu and 1 ≤ j ≤ lj. Moreover, for each vertex v of D,

the knotting graph of the digraph D − v can be obtained from KD by deleting the

split vertices of v. Thus the knotting graph of an induced subdigraph of D can be

computed efficiently form KD.

Knotting graphs of digraphs can be used to determine whether a vertex in a

digraph is semi-strict di-simplicial.

Lemma 4.4. Let D be a digraph and KD be the knotting graph of D. Then a vertex

v of D is semi-strict di-simplicial if and only if the split vertices of v all have degrees

either zero or one in KD.

Proof. Suppose that v is a semi-strict di-simplicial vertex of a digraph D. If v is an

isolated vertex its unique split vertex v1 has degree zero. If v is not an isolated vertex,

then each arc in E(v) is knotted only to itself. Hence each split vertex of v in KD is

incident with exactly one edge and has degree one.

On the other hand, suppose that v is not a semi-strict di-simplicial vertex. Then

for some u ∈ N−(v) and w ∈ N+(v) with u ̸= w, u and w are not joined by symmetric

arcs. It follows that the two arcs uv and vw are knotted, that is, u and w are in the

same equivalence class Ej(v) for some 1 ≤ j ≤ lv. Hence the split vertex vj of v in

KD has degree at least two.
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For a subgraph S of KD, a split group in S consists of the split vertices of v in S

for some vertex v of D.

Theorem 4.1. A digraph D is semi-strict chordal if and only if every induced sub-

graph S of KD has a split group whose vertices have degrees either zero or one in

S.

Proof. Suppose that D is semi-strict chordal. Let S be an induced subgraph of KD

and let H be the subdigraph of D induced by the vertices which have at least one

split vertex in S. Let DH be the knotting graph of H, then S is a subgraph of DH .

Since D is semi-strict chordal, H has a semi-strict di-simplicial vertex v. By lemma

4.4 the split vertices of v in KH each has degree either zero or one. Hence the split

vertices of v in S have degrees zero or one in S.

Conversely, suppose that every induced subgraph of KD has a split group whose

vertices have degrees zero or one. We show that every induced subdigraph of D has

a semi-strict di-simplicial vertex. Let H be an induced subdigraph of D. Then KH is

an induced subgraph of KD. If H has isolated vertices then any isolated vertex of H

is a semi-strict di-simplicial vertex. So assume that H has no isolated vertex. Then

each vertex of KH has degree at least one in KH . Thus KH has a split group whose

vertices have degree one in KH . By lemma 4.4 the vertex of H which corresponds to

this split group is a semi-strict di-simplicial vertex of H. Since every such induced

subdigraph H of D has a semi-strict di-simplicial vertex, D is a semi-strict chordal

digraph.

For the knotting graph KD in Figure 4.3, each split group has a vertex of degree

two or more. By Theorem 4.1 the corresponding digraph D is not semi-strict chordal.

In Figure 4.4, the knotting graph KD satisfies the property that every induced sub-
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Figure 4.4: A semi-strict chordal digraph D and its knotting graph

graph has a split group whose vertices each has degree zero or one and hence by

Theorem 4.1 the digraph D in Figure 4.4 is semi-strict chordal.

4.3 Weakly quasi-transitive semi-strict chordal di-

graphs

In this section, we investigate a list of forbidden subdigraph characterizations of

weakly quasi-transitive semi-strict chordal digraphs. Recall that a digraph is weakly

quasi-transitive if for each vertex v ∈ V (D), any two asynchronous neighbours of v

are adjacent.

Lemma 4.5. Let D be a weakly quasi-transitive digraph that does not contain a

digraph in Figure 4.2 (i) or (iv) as an induced subdigraph. Then D does not contain

a directed cycle consisting of non-symmetric arcs.

Proof. Suppose to the contrary that D contains a directed cycle consisting of non-

symmetric arcs. Let C = v1v2 . . . vkv1 be such a cycle of the minimum length k.

The choice of C implies that C has no chord that is a non-symmetric arc. Clearly,

k ≥ 4 as otherwise C is the digraph in Figure 4.2 (iv), contradicting the assumption.

Since v1 and v3 are asynchronous neighbours of v2 and D is a weakly quasi-transitive
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digraph, there is an arc between v1 and v3. The choice of C implies that v1 and v3 are

joined by symmetric arcs. Similarly, v2 and v4 are joined by symmetric arcs because

they are asynchronous neighbours of v3. We see now that v1 and v4 are asynchronous

neighbours of v2 and so they must be adjacent (by symmetric arcs if k > 4, or by

single arc if k = 4). The subdigraph of D induced by v1, v2, v3, v4 is a digraph in

Figure 4.2 (i), a contradiction to our assumption.

Suppose that v is a di-simplicial vertex of S(D) but not a semi-strict di-simplicial

vertex of D. Then there exist u ∈ N−(v) and w ∈ N+(v) such that u and w are not

joined by symmetric arcs in D (u and w might not be adjacent, or be adjacent by

a non-symmetric arc). Since v is di-simplicial in S(D), uv and vw cannot both be

edges in S(D) and so at least one of them is non-symmetric. We call such an ordered

triple (u, v, w) a violating triple for v. We say that v is of type 1 (or a type 1 vertex )

if for every violating triple (u, v, w), uv and vw are both non-symmetric; otherwise,

we say that v is of type 2 (or a type 2 vertex ). Note that for any violating triple

(u, v, w), u and w are asynchronous neighbours of v and thus, when the digraph D is

weakly quasi-transitive and v is not semi-strict di-simplicial, u and w are joined by a

non-symmetric arc.

The statements in the next lemma follows directly from the definition:

Lemma 4.6. Let D be a digraph and D′ be the reversal of D. Then the following

hold:

1. v is a semi-strict di-simplicial vertex of D if and only if it is a semi-strict

di-simplicial vertex of D′;

2. D is semi-strict chordal if and only if D′ is semi-strict chordal;

3. (u, v, w) is a violating triple in D if and only if (w, v, u) is a violating triple in

D′;
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4. D is weakly quasi-transitive if and only if D′ is weakly quasi-transitive.

Lemma 4.7. Let D be a weakly quasi-transitive digraph which does not contain any

digraph in Figure 4.2 as an induced subdigraph. Suppose that S(D) is chordal. If

(u, v, w) is a violating triple, then at least one of the following holds:

1. u is a di-simplicial vertex of S(D) and uv is a non-symmetric arc;

2. w is a di-simplicial vertex of S(D) and vw is a non-symmetric arc;

Proof. In view of Lemma 4.6 and the fact that at least one of uv and vw is non-

symmetric, we can assume that uv is a non-symmetric arc. If u is a di-simplicial

vertex of S(D), then we are done. Hence assume that u is not a di-simplicial vertex

of S(D). From the above we know that the arc between u and w is non-symmetric.

Since u is not a di-simplicial vertex of S(D), u has two non-adjacent neighbours

u′ and u′′ in S(D). These two vertices u′, u′′ can not both be neighbours of v in

S(D) as otherwise {u, u′, u′′, v} induced a chordless 4-cycle in S(D), contradicting the

assumption that S(D) is chordal. By symmetry, we assume that u′ is not a neighbour

of v in S(D). However, u′ is a neighbour of v in D since u′ and v are asynchronous

neighbours of u. Thus u′ and v are joined by a non-symmetric arc. Note that u and

w are joined by a non-symmetric arc. Since u′ and w are asynchronous neighbours of

u, they are adjacent in D. If v and w are joined by symmetric arcs, then {u, v, w, u′}

induce a digraph in Figure 4.2 (i), a contradiction to the assumption. So vw is a non-

symmetric arc. This implies that uw is a non-symmetric arc as otherwise {u, v, w}

induce the digraph in Figure 4.2 (iv), a contradiction to assumption. If u′ and w

are joined by symmetric arcs, then {u, v, w, u′} induce a digraph in Figure 4.2 (ii), a

contradiction. Therefore, u′ and w are joined by a non-symmetric arc.
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If w is a di-simplicial vertex of S(D) then the statement holds. Hence suppose

that w is not a di-simplicial vertex in S(D). Then w has two non-adjacent neighbours

w′ and w′′ in S(D). At least one of w′, w′′ is not adjacent to v in S(D) as otherwise

{v, w, w′, w′′} induce a chordless 4-cycle in S(D), contradicting the assumption that

S(D) is chordal. By symmetry, assume that w′ is not adjacent to v in S(D). However

w′ and v are adjacent in D as they are asynchronous neighbours of w. Therefore w′ and

v are joined by a non-symmetric arc. Since u and w′ are asynchronous neighbours of

w, they are adjacent in D. Similarly, u′ and w′ are adjacent as they are asynchronous

neighbours of w. If u and w′ are joined by a non-symmetric arc, then {u,w, u′w′}

induce a digraph in Figure 4.2 (i), a contradiction to the assumption. So u and w′

are joined by symmetric arcs. But then {u, v, w, w′} induce a digraph in Figure 4.2

(ii), a contradiction.

The following theorem is about the forbidden subdigraph characterizations of

weakly quasi-transitive semi-strict chordal digraphs.

Theorem 4.2. A weakly quasi-transitive digraph D is semi-strict chordal if and only

if S(D) is chordal and D does not contain any digraph in Figure 4.2 as an induced

subdigraph.

Proof. The necessity follows from Lemma 4.1 and Lemma 4.3. Hence, we only prove

the sufficiency: Assume that S(D) is chordal and D does not contain any digraph

in Figure 4.2 as an induced subdigraph. It suffices to show that D has a semi-strict

di-simplicial vertex. Since S(D) is chordal, it has di-simplicial vertices. If any di-

simplicial vertex of S(D) is a semi-strict di-simplicial vertex of D, then D has a

semi-strict di-simplicial vertex and we are done. Hence assume that none of the di-

simplicial vertices of S(D) is a semi-strict di-simplicial vertex of D. Therefore each

di-simplicial vertices of S(D) is either a type 1 or a type 2 vertex.
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We claim first that if v is a type 1 vertex and (u, v, w) is a violating triple for

v, then u or w is a type 1 vertex. Suppose that v is a type 1 vertex. Then uv, vw

are both non-symmetric arcs and u,w are joined by a non-symmetric arc. Since D

does not contain the digraph in Figure 4.2 (iv) as an induced subdigraph, uw is a

non-symmetric arc. By Lemma 4.7, u or w is a di-simplicial vertex of S(D).

Consider first the case when u is a di-simplicial vertex of S(D) but w is not. If

u is a semi-strict di-simplicial vertex of D then the prove is complete. Hence assume

that u is not a semi-strict di-simplicial vertex of D and so there exist violating triple

for u. We show by contradiction that u is a type 1 vertex. Hence assume that u is

not a type 1 vertex. Then there exists a violating triple (u1, u, u2) for u such that

exactly one of u1u or uu2 is a non-symmetric arc. Moreover, u1 and u2 are joined

by a non-symmetric arc. By considering the reversal of D, we assume that u1u is

a non-symmetric arc. Since w and u2 are asynchronous neighbours of u, they are

adjacent. If w and u2 are adjacent by symmetric arcs, then v and u2 are joined by

symmetric arcs as otherwise u, v, w, u2 induces Figure 4.2 (ii), a contradiction. Since

v and u1 are asynchronous neighbours of u, they are adjacent. If v and u1 are joined

by symmetric arcs, then u1 and u2 are non-adjacent neighbours of v in S(D), which

contradicts the assumption that v is a di-simplicial vertex of S(D). Therefore v and u1

are joined by a non-symmetric arc. If vu1 is a non-symmetric arc, then u, v, u1 induce

the digraph in Figure 4.2 (iv), a contradiction. Hence u1v is a non-symmetric arc. But

then (u1, v, u2) is a violating triple where v and u2 are adjacent by symmetric arcs,

showing that v is not a type 1 vertex, a contradiction to our assumption. Therefore

u2 and w are joined by a non-symmetric arc.

Since w is not a di-simplicial vertex of S(D), w has non-adjacent neighbours w1

and w2 in S(D). Note that u is adjacent to both w1 and w2 in D as it is a neighbour

of w asynchronous form w1 and w2. Since u is a semi-strict di-simplicial vertex of
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S(D), it cannot be adjacent to both w1 and w2 in S(D). But then u, u1, w, w1 induce

a digraph in Figure 4.2 (i), a contradiction to the assumption. Therefore u is a type

1 vertex. By symmetric, if w is a semi-strict di-simplicial vertex of S(D) but u is not,

then w is a type 1 vertex.

Consider now the case when both u and w are semi-strict di-simplicial vertices of

S(D). Suppose to the contrary that u and w are both type 2 vertices. Then there

exists a violating triple (u1, u, u2) where exactly one of u1u or uu2 is non-symmetric.

Similarly, there exists a violating triple (w1, w, w2) where exactly one of w1w or ww2

is non-symmetric. Suppose that u1u and w1w are non-symmetric arcs. (The proofs

for other cases are similar.) Then uu2 and ww2 are symmetric arcs. We can see

that u2 is adjacent to both v and w, and w2 is adjacent to both v and u. If u2 and

w are joined by symmetric arcs, then a similar proof as above shows that either D

contains Figure 4.2 (ii) as an induced subdigraph or v is not a type 1 vertex, which

are contradictions. Therefore, u2 and w are joined by a non-symmetric arc. Similarly,

w2 and u are joined by a non-symmetric arc. Then u2 and w2 are adjacent as they

are asynchronous neighbours of u, but then u,w, u2, w2 induce a subdigraph in Figure

4.2 (i), a contradiction to assumption. Therefore, at least one of u or w is a type 1

vertex.

We then claim that D does not contain a type 1 vertex. Suppose to the contrary

that v is a type 1 vertex and (u, v, w) is a violating triple for v. Assume that w

is not a type 1 vertex. Then by our previous claim u is a type 1 vertex and there

exists a violating triple (u1, u, x1) for u. Since u is of type 1, both u1u and ux1

are non-symmetric arcs. Since v and u1 are asynchronous neighbours of u, they are

adjacent in D. If v and u1 are joined by symmetric arcs, then (u, v, u1) is a violating

triple for v with vu1 being symmetric arcs, certifying that v is not a type 1 vertex,

a contradiction to our assumption. Hence v and u1 are joined by a non-symmetric
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arc. If vu1 is a non-symmetric arc, then D contains Figure 4.2 (iv) as a subdigraph

induced by u, v, u1, a contradiction. Therefore, u1v is a non-symmetric arc. Moreover,

u1 and w are adjacent in D as they are asynchronous neighbours of v. If u1 and w are

joined by symmetric arcs, then D contains Figure 4.2 (iii) induced by u, v, w, u1 as a

subdigraph, a contradiction. If wu1 is a non-symmetric arc, then {u,w, u1} induce a

digraph in Figure 4.2 (iv), which is also a contradiction. Hence u1w is a non-symmetric

arc and so (u1, v, w) is a violating triple for v. Since w is not a type 1 vertex by our

assumption, u1 is a type 1 vertex by the previous claim. Thus there exists a violating

triple (u2, u1, x2) for u1 where u2u1 and u1x2 are both non-symmetric arcs. A similar

proof as above shows that (u2, v, w) is a violating triple for v. Since w is not a type 1

vertex, u2 must be a type 1 vertex. Continuing this pattern we obtain a sequence of

vertices v, u, u1, u2, . . . , where uv, u1u, u2u1, u3u2, . . . are non-symmetric arcs. Since

D is finite, this implies that D contains a directed cycle consisting for non-symmetric

arcs. By Lemma 4.5, D contains a digraph in Figure 4.2 (i) or (iv) as an induced

subdigraph, which is a contradiction. Therefore w must also be a type 1 vertex.

Let w1 be a vertex such that ww1 is a non-symmetric arc; know that such a vertex

w1 can be obtained from a violating triple of w. Then v and w1 must be adjacent as

they are asynchronous neighbours of w. If v and w1 are joined by symmetric arcs, then

(w1, v, w) is a violating triple for v of type 2, contradicting our assumption. Hence v

and w1 are joined by a non-symmetric arc, and the non-symmetric arc must be vw1

as otherwise {v, w, w1} induce the digraph in Figure 4.2 (iv), a contradiction. We see

now that u and w1 are adjacent as they are asynchronous neighbours of v. If u,w1

are joined by symmetric arcs, then u, v, w, w1 induce a digraph in Figure 4.2 (iii), a

contradiction. So u and w1 are joined by a non-symmetric arc and it must be uw1.

Thus (u, v, w1) is a violating triple. If w1 is not a type 1 vertex, then we are back to

the previous case. Hence, w1 is a type 1 vertex. Then there exists a vertex w2 such



52

that w2w1 is a non-symmetric arc. Continuing in this way, we obtain a sequence of

vertices v, w, w1, w2, w3, . . . where vw,ww1, w1w2, w2w3, . . . are non-symmetric arcs.

Since D is finite, this again implies that D contains a directed cycle consisting of

non-symmetric arcs, which end up with a contradiction. Hence D does not contain

any type 1 vertex. It follows that every di-simplicial vertex of S(D) is a type 2 vertex.

Suppose that v is a type 2 vertex. Then there is a violating triple (u, v, w) such

that exactly one of uv or vw is a non-symmetric arc. If uv is the non-symmetric arc,

then Lemma 4.7 implies that u is a di-simplicial vertex of S(D) and hence must be a

type 2 vertex. On the other hand, if vw is the non-symmetric arc, then Lemma 4.7

implies that w is a di-simplicial vertex of S(D) and so it is of type 2. Hence, for each

type 2 vertex v, there is a type 2 vertex v′ such that v and v′ are part of a violating

triple for v and either vv′ or v′v is a non-symmetric arc. It follows that there exist

z1, z2, z3, . . . , zl along with z′1, z
′
2z

′
3 . . . , z

′
l such that for each i = 1, 2, . . . , l:

• zi is a type 2 vertex;

• either (zi+1, zi, z
′
i) or (z′i, zi, zi+1) is a violating triple;

• zi and zi+1 are joined by a non-symmetric arc; and

• zi and z′i are joined by symmetric arcs.

where the subscripts are modulo l. Choose such sequence so that the length l is

minimum. By Lemma 4.5, the sequence z1, z2, . . . , zl cannot form a directed cycle

in either direction. Assume without loss of generality that z1z2 and z1zl are both

non-symmetric arcs. Hence (z′1, z1, z2) and (z1, zl, z
′
l) are violating triples and each

of the pairs z2, z
′
1 and z1, z

′
l is joined by a non-symmetric arc. Since z′1 and zl are

asynchronous neighbours of z1, they are adjacent in D. If z′1 and zl are adjacent

by a non-symmetric arc, then D contains Figure 4.2 (i) induced by z1, z
′
1, zl, z

′
l as a



53

subdigraph, a contradiction. Hence z′1 and zl are joined by symmetric arcs. Since z2

and zl are asynchronous neighbours of z′1, they are adjacent in D. If z2 and zl are

joined by symmetric-arcs, then D contains Figure 4.2 (i) as a subdigraph induced

by z1, z2, zl, z
′
1, a contradiction. Therefore, z2 and zl are joined by a non-symmetric

arc. If z2zl is a non-symmetric arc, then (z2, zl, z
′
1) is a violating triple and we end

up with a shorter sequence, which contradicts the minimality of l. On the other

hand, if zlz2 is a non-symmetric arc, then (z′1, zl, z2) is a violating triple which again

results in a shorter sequence, a contradiction. Therefore, D must contain a semi-strict

di-simplicial vertex. This completes the proof.

Since quasi-transitive digraphs and extended semicomplete digraphs are subclasses

of weakly quasi-transitive digraphs (see Theorem 2.2), we have the following:

Corollary 4.1. Let D be a quasi-transitive digraph or an extended semicomplete

digraph. Then D is semi-strict chordal if and only if S(D) is chordal and D does not

contain any digraph in Figure 4.2 as an induced subdigraph.

A perfect elimination ordering of a digraph, if one exists, can be obtained by

recursively finding a di-simplicial vertex, which can be recognized in O(n2m) time

[60]. In a similarly way, semi-strict chordal digraphs can also be recognized in time

O(n2m).
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Chapter 5

Chordal Signed Graphs and Bigraphs

In this chapter, we extend the concept of chordality of graphs to signed graphs and

bigraphs. We characterize by forbidden subgraphs of chordal signed graphs and bi-

graphs.

5.1 Chordal signed graphs

A vertex v in a signed graph Ĝ is signed simplicial if N(v) induces a positive clique

in Ĝ, and a signed graph Ĝ is chordal if every induced subgraph of Ĝ has a signed

simplicial vertex. In [41], an equivalent form of chordal signed graphs has been studied

by Hell and Hernández-Cruz.

Let D be a digraph. Two adjacent vertices in D are joining by either a non-

symmetric arc or symmetric arcs (but not both). By replacing each non-symmetric

arc in D as an negative edge and each pair of symmetric arcs as a positive edge, we

obtain a signed graph Ĝ. Thus, a strict di-simplicial vertex in D corresponds to a

signed simplicial vertex of Ĝ. Hence D is a strict chordal digraph if and only if Ĝ is

a chordal signed graph.

The following theorem is a direct translation of the results from [41].
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Theorem 5.1. [41] Let Ĝ be a signed graph. Then Ĝ is chordal if and only if it does

not contain any signed graph in Figure 5.1 as an induced subgraph.

A1 A2 A3

. . .

C

. . . . . .

K1

. . .

. . .

K2

Figure 5.1: The forbidden subgraphs for chordal signed graphs

Figure 5.1 depicts six sets of signed graphs. It is easy to verify that none of them

has a signed simplicial vertex and hence none of them are chordal signed graph. Not

all of these graphs are minimal non-chordal signed graphs. For instance, A2 contains

a signed graph with A1 being a proper subgraph. The signed graphs listed in Figure

5.2 are all minimal non-chordal signed graphs in A1 ∪ A2 ∪ A3.
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Figure 5.2: The minimal non-chordal signed graphs in A1 ∪ A2 ∪ A3

5.2 Chordal signed bigraphs

An edge uv of a bigraph G is simplicial if N(uv) induced a biclique. Every induced

subgraph of a chordal bigraph contains a simplicial edge [32]. An edge uv of a

signed bigraph G is signed simplicial if N(uv) induced a positive biclique. A signed

bigraph Ĝ is chordal if it has a signed perfect edge-without-vertex elimination ordering

e1, e2, . . . , em, that is, each ei is a signed simplicial edge in Ĝ− {e1, e2, . . . , ei−1}.

It follows from definition that an edge in a signed bigraph is signed simplicial if

one of its endvertices has degree one. This implies that every signed tree has a signed

simplicial edge-without-vertex ordering and therefore is a chordal signed bigraph. On

the other hand, since no signed cycle of length ≥ 6 has a signed simplicial edge, the

underlying unsigned graph of a chordal signed bigraph is a chordal bigraph. Hence

the class of chordal signed bigraphs contains all signed tree and it is a subclass of

signed chordal bigraphs. However, a signed chordal bigraph may not be chordal signed

bigraph (any graph in Figure 5.4 is a signed chordal bigraph but not a chordal signed

bigraph). (Note the difference between chordal signed bigraphs and signed chordal

bigraphs.)

Lemma 5.1. Suppose that Ĝ is a signed bigraph and e is a signed simplicial edge of

Ĝ. If Ĝ− e is chordal, then Ĝ is chordal.
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Proof. Since Ĝ− e is chordal, it has a signed simplicial edge-without-vertex ordering

e1, e1, . . . , em. Then e, e1, e1, . . . , em is a signed simplicial edge-without-vertex ordering

of Ĝ, showing that Ĝ is chordal.

We give in this chapter a forbidden subgraph characterization of chordal signed

bigraphs. It is easy to verify that every induced subgraph of a chordal signed bigraph

is chordal. Our characterization of chordal signed bigraphs implies that if every

induced subgraph of a signed bigraph Ĝ is chordal, then Ĝ is chordal.

Recall that we use edge-coloured graphs to represent signed graphs where positive

edges are coloured blue, negative edges are coloured red, and edges whose signs are

not specified are coloured black. Suppose that F is an edge-coloured graph whose

edges are coloured with blue, red, and black colours. If F has no black edge then it

represents a unique signed graph. If F has black edges then by replacing each black

edge of F with a blue or a red edge we obtain a signed graph. This way F represents

a set of signed graphs. We say that a signed graph Ĝ does not contain F (as an

induced subgraph) if none of the graphs in F is a subgraph (an induced subgraph) of

Ĝ.

5.2.1 Complete bigraphs

In this section we consider signed complete bigraphs. We will show that there are

only five minimal signed complete bigraphs which are not chordal (see Figure 5.4).

Lemma 5.2. Let Ĝ be a signed complete bigraph with bipartition (X, Y ) where X =

{x1, x2, . . . , xα} and Y = {y1, y2, . . . , yβ}. Suppose that x1y1 is a signed simplicial

edge in Ĝ. Then x1yi is a signed simplicial edge in Ĝ − {x1y1, x1y2, . . . , x1yi−1} for

each i = 1, 2, . . . , β. Moreover, if Ĝ− {x1} is chordal then Ĝ is chordal.

Proof. Denote Ĝi = Ĝ − {x1y1, x1y2, . . . , x1yi−1} for each i = 1, 2, . . . , β. Since Ĝ
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is complete, NĜi
(x1) = {yi, yi+1, . . . , yβ} and NĜi

(yi) = X. Since x1y1 is a signed

simplicial edge of Ĝ, {x2, x3, . . . , xα} ∪ {y2, y3, . . . , yβ} induces a positive biclique in

Ĝ. In particular, {x2, x3, . . . , xα} ∪ {yi+1, yi+2, . . . , yβ} induces a positive biclique in

Ĝi, which means that x1yi is a signed simplicial edge in Ĝi for each i = 1, 2, . . . , β.

If Ĝ−x1 is chordal, then Ĝ−x1 has a signed simplicial edge-without-vertex elim-

ination ordering e1, e2, . . . , em. Hence x1y1, x1y2, . . . , x1yβ, e1, e2, . . . , em is a signed

simplicial edge-without-vertex elimination ordering of Ĝ, and so Ĝ is chordal.

F1 F2 F3 F4

Figure 5.3: The forbidden subgraphs for chordal signed complete bigraphs

Figure 5.3 depicts four sets F1, . . . , F4 of signed complete bigraphs. It is easy to

verify that none of them has a signed simplicial edge and hence cannot be contained

in a chordal signed bigraph.

Proposition 5.1. Let Ĝ be a signed complete bigraph. Then Ĝ is chordal if and only

if it does not contain any bigraph in F1, . . . , F4 in Figure 5.3 as an induced subgraph.

Proof. The necessity of the statement follows from the remark above. For the suffi-

ciency suppose that there exists a signed complete bigraph which contains none graph

in F1, . . . , F4 and it is not chordal. Let Ĝ be a minimal such signed complete bigraph.

Then Lemma 5.2 implies that no edge of Ĝ is signed simplicial.

Let X = {x1, x2, . . . , xα} and Y = {y1, y2, . . . , yβ}. We claim that Ĝ contains no

negative P4. Suppose to the contrary that x1y1x2y2 is a negative P4 in Ĝ. Since x2y1

is not a signed simplicial edge, there is a negative edge xsyt in N(x2y1). If s = 1 and
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t = 2, then Ĝ contains F1 as an induced subgraph. If s = 1 and t ̸= 2, or s ̸= 1 and

t = 2, then Ĝ contains a graph in F2 as an induced subgraph. If s ̸= 1 and t ̸= 2

then Ĝ contains a graph in F4 as an induced subgraph. All of these contradict the

assumption. So Ĝ contains no negative P4.

Since no edge of Ĝ is signed simplicial, there is a negative edge in the graph

induced by N(xi, yj) for each 1 ≤ i ≤ α and 1 ≤ j ≤ β. This implies that there

are two negative edges which share no endvertex. Without loss of generality assume

that x1y1 and x2y2 are negative. Let xsyt be a negative edge in the graph induced by

N(x1y2). If s ≥ 3 and t ≥ 3, then Ĝ contains a graph in F4 as an induced subgraph, a

contradiction to the assumption. Thus s = 2 or t = 1. Since Ĝ contains no negative

P4, s ̸= 2 or t ̸= 1. Hence we have either s = 2 and t ̸= 1 or s ̸= 2 and t = 1. By

symmetry we assume that s = 2 and t ̸= 1. Let xpyq be a negative edge in the graph

induced by N(x2, y1). Since Ĝ does not contain a negative P4, q ̸= 2 and q ̸= t. If

p ̸= 1 then Ĝ contain a graph in F4 induced by x1, x2, xp, y1, y2, yq, a contradiction

to the assumption. Thus p = 1 and hence Ĝ contains a graph in F3 induced by

x1, x2, y1, y2, yt, xq, which again contradicts the assumption.

Figure 5.4: The minimal forbidden subgraphs for chordal signed complete bigraphs

Not all bigraphs in Figure 5.3 are minimal non-chordal bigraphs. For instance,

if any of the black edges in F2 is replaced by a red edge then it contains F1. On

the other hand, replacing both black edges in F2 by blue edges results in a minimal

non-chordal bigraph. All five bigraphs in Figure 5.4 are obtained in this way from the

bigraphs in Figure 5.3. By Proposition 5.1 they are not chordal. Deleting a vertex
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in any of these bigraphs results in a chordal signed bigraph. So they are all minimal

non-chordal signed bigraphs. Moreover, every signed bigraph in F1, . . . , F4 contains

a graph in Figure 5.4 as a subgraph. Hence by Proposition 5.1, if a signed complete

bigraph is not chordal then it contains one of the graphs in Figure 5.4 as a subgraph.

Therefore we have the following:

Theorem 5.2. A signed complete bigraph is chordal if and only if it does not contain

any of the signed bigraphs in Figure 5.4 as a subgraph.

5.2.2 Non-separable bigraphs

Recall that a bigraph is separable if it contains an induced 2K2, otherwise it is non-

separable. Since an induced cycle of length ≥ 6 contains an induced 2K2, it cannot

be an induced subgraph of a non-separable bigraph. So non-separable bigraphs are

all chordal. However, not all signed non-separable bigraphs are chordal (e.g., a nega-

tive C4 is not chordal). In this section we characterize chordal signed non-separable

bigraphs by their forbidden subgraphs.

We first take a look at some basic properties of non-separable bigraphs. Suppose

that a bigraph G with bipartition (X, Y ) is non-separable. Since G does not contain

an induced 2K2, the neighbourhoods of the vertices in X are comparable and the

neighbourhoods of the vertices in Y are also comparable. That is, the vertices of X

and Y can be ordered x1, x2, . . . , xα and y1, y2, . . . , yβ respectively in such a way that

N(x1) ⊇ N(x2) ⊇ · · · ⊇ N(xα) and N(y1) ⊆ N(y2) ⊆ · · · ⊆ N(yβ).

We call such a vertex ordering x1, x2, . . . , xα, y1, y2, . . . , yβ a canonical ordering of G.

Lemma 5.3. Let G be a non-separable bigraph with bipartition (X, Y ) without isolated

vertices, and let x1, x2, . . . , xα, y1, y2, . . . , yβ be a canonical ordering of G. Then the
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following statements hold:

1. x1 is adjacent to all vertices in Y ;

2. Each vertex in N(y1) is adjacent to all vertices in Y ;

3. For each xi ∈ N(y1), xiy1 is a simplicial edge; in particular x1y1 is a simplicial

edge;

4. If xiyj is a simplicial edge then G− xiyj is non-separable;

5. If xiyj is a non-simplicial edge, then there exist xk ∈ N(yj) and yl ∈ N(xi) with

k > i and l < j such that xk and yl are not adjacent.

Proof. For each yj ∈ Y , since G has no isolated vertex, yj is adjacent to some xi ∈ X.

The canonical ordering ensures that N(xi) ⊆ N(x1). Hence yj ∈ N(xi) ⊆ N(x1) and

so x1 is adjacent to yj.

For each yj ∈ Y , the canonical ordering ensures that N(y1) ⊆ N(yj). Thus each

vertex in N(y1) is adjacent to yj.

For each xi ∈ N(y1), since xi is adjacent to all vertices in Y , xiy1 is an edge and

xi is adjacent to all vertices in N(x1). So xiy1 is a simplicial edge and in particular

x1y1 is a simplicial edge.

If G − xiyj is separable then it contains an induced 2K2 consisting of edges xayb

and xcyd. Since G is non-separable, the edges xayb and xcyd do not form an induced

2K2 in G. So we must have xi = xa and yj = yd or xa = xc and yj = yb. But in either

case xiyj is not a simplicial edge, which is a contradiction to our assumption.

If xiyj is a non-simplicial edge, then there are non-adjacent vertices xk ∈ N(yj)

and yl ∈ N(xi). This implies that N(xi) ⊈ N(xk) and N(yj) ⊈ N(yl). The canonical

ordering ensures that k > i and l < j.

Due to the symmetry of non-separable bigraphs, the following statement holds:
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Corollary 5.1. Let G be a non-separable bigraph with bipartition (X, Y ) without

isolated vertices, and let x1, x2, . . . , xα, y1, y2, . . . , yβ be a canonical ordering of G.

Then:

1. yβ is adjacent to all vertices in X;

2. Each vertex in N(xα) is adjacent to all vertices in X;

3. For each yj ∈ N(xα), xαyj is a simplicial edge, in particular, xαyβ is a simplicial

edge.

Since signed complete bigraphs are non-separable, the graphs in F1, . . . , F4 in Fig-

ure 5.3 are also forbidden for chordal signed non-separable bigraphs. Two additional

sets of forbidden subgraphs F5 and F6 for chordal signed non-separable bigraphs are

depicted in Figure 5.5. Thus no chordal signed non-separable bigraph contains any

graph in F1, . . . , F6 as an induced subgraph. We will show these are all the forbidden

subgraphs for chordal signed non-separable bigraphs.

F5 F6

Figure 5.5: Additional forbidden subgraphs for chordal signed non-separable bigraphs

Proposition 5.2. Let Ĝ be a signed non-separable bigraph. Then Ĝ is chordal if and

only if it does not contain any graph in F1, . . . , F6 in Figure 5.3 and in Figure 5.5 as

an induced subgraph.

Before proving this proposition, we need two lemmas:
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Lemma 5.4. Let Ĝ be a signed non-separable bigraph with bipartition (X, Y ) without

isolated vertices and let x1, x2, . . . , xα, y1, y2, . . . , yβ be a canonical ordering of Ĝ. Sup-

pose that xi, xj, xk, yl, yr induce a graph in Z1 in Figure 5.6 where xi, xj ∈ N(y1). If

no edge in Ĝ is signed simplicial then Ĝ contains a graph in F2, . . . , F5 as an induced

subgraph.

xi xj xk

yl yr

Figure 5.6: Z1

Proof. Since xi, xj ∈ N(y1), by Lemma 5.3 (2), N(xi) = N(xj) = Y . Since xk is

adjacent to yr but not adjacent to yl, N(yr) ⊈ N(yl). The canonical ordering ensures

that l < r. Since xk is not adjacent to all vertices in Y , N(xk) ⊂ N(xi) = N(xj) = Y

and hence k > i, k > j.

Choose such a Z1 so that k is as large as possible. We claim that xkyr is a

simplicial edge in G where G is the unsigned bigraph of Ĝ. Indeed, if not then by

Lemma 5.3(5) there exists xk′ ∈ N(yr) with k′ > k and yℓ′ ∈ N(xk) with ℓ′ < r

such that xk′ and yℓ′ are not adjacent. Then xi, xj, xk′ , yl′ , yr induce a copy of Z1

with k′ > k, contradicting the choice of Z1. Hence xkyr is a simplicial edge in G.

By assumption xkyr is not a signed simplicial edge in Ĝ. Hence the subgraph of Ĝ

induced by N(xkyr) has negative edge.

Let xayb be a negative edge in the subgraph induced by N(xkyr). If xa is adjacent

to yl then Ĝ contains a graph in F5 induced by xi, xa, xk, yl, yr, yb when xa ̸= xi or

by xj, xa, xk, yl, yr, yb when xa ̸= xj. So we may assume that xa is not adjacent to yl,

which means that xa ̸= xi and xa ̸= xj. The choice of Z1 implies that a < k.
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Consider the subgraph induced by N(xayr). Since xayr is not signed simplicial,

either it is not a biclique or it is a biclique that contains a negative edge. Suppose first

that the subgraph induced by N(xayr) is not a biclique. Then there exist xc ∈ N(yr)

with c > a and yd ∈ N(xa) with d < r such that xc and yd are not adjacent. We must

have c ≤ k as otherwise xi, xj, xc, yd, yr induce a graph in Z1 with c > k, contradicting

the choice of Z1. Thus yb ∈ N(xk) ⊆ N(xc). Hence xj, xa, xc, yd, yr, yb induce a

graph in F5. Suppose now that the subgraph induced by N(xayr) is a biclique that

contains a negative edge xcyd. Note that xc is adjacent to yb as otherwise c > k and

xi, xj, xc, yb, yr induce a graph in Z1, a contradiction. If yd = yb then xi, xj, xc, xa, yr, yb

induce a graph in F3 when xc ̸= xi and xc ̸= xj, and xi, xj, xa, yr, yb induce a graph

in F2 when xc = xi or xc = xj. If yd ̸= yb then Ĝ contains a graph in F4 induced by

xi, xc, xa, yd, yr, yb when xc ̸= xi or by xj, xc, xa, yd, yr, yb when xc ̸= xj.

Lemma 5.5. Let Ĝ be a signed non-separable bigraph with bipartition (X, Y ) without

isolated vertices and let x1, x2, . . . , xα, y1, y2, . . . , yβ be a canonical ordering of Ĝ. Sup-

pose that xi, xj, xk, yl, yq, yr induce a graph in Z2 in Figure 5.7 where xi, xj ∈ N(y1).

If no edge in Ĝ is signed simplicial then Ĝ contains one of a graph in F3, . . . , F6 as

an induced subgraph.

xi xj xk

yl yq yr

Figure 5.7: Z2

Proof. Since xi, xj ∈ N(y1), by Lemma 5.3 (2), N(xi) = N(xj) = Y . Choose such a

Z2 so that k is as large as possible. We claim that the subgraph induced by N(xkyr)
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is a biclique. Suppose that it is not a biclique. Then by Lemma 5.3 (5) there exist

non-adjacent vertices xa ∈ N(yr) with a > k and yb ∈ N(xk) with b < r. Since xk is

adjacent to yb but not to yl or yq, N(yb) ⊃ N(yl) and N(yb) ⊃ N(yq). This implies

that xa is not adjacent to yl or yq as it is not adjacent to yb. Hence xi, xj, xa, yl, yq, yr

induce a graph in Z2 with a > k, a contradiction to the choice of Z2. So the subgraph

induced by N(xkyr) is a biclique and therefore contains a negative edge xayb as xkyr

is not signed simplicial.

Since xk is adjacent to yb but not adjacent to yl or yq, yb ̸= yl, yb ̸= yq. If xa = xi

then Ĝ contains a graph in F5 induced by xi, xj, xk, yℓ, yb, yr. If xa = xj then Ĝ

contains an F3 induced by xi, xj, yℓ, yq, yb, yr. So assume that xa ̸= xi or xj. If xa is

adjacent to yq then Ĝ contains a graph in F5 induced by xj, xa, xk, yq, yb, yr. If xa is

adjacent to yl then Ĝ contains a graph in F5 induced by xj, xa, xk, yl, yb, yr. Hence

we further assume that xa is not adjacent to yq or yl. Consider the subgraph induced

by N(xayr). Since xayr is not signed simplicial, it is either not a biclique or is a

biclique that containing a negative edge. If the subgraph induced by N(xayr) is not a

biclique, then by Lemma 5.3(5) there exist non-adjacent xc ∈ N(yr) and yd ∈ N(xa).

If xcyb is an edge, then Ĝ contains a graph in F5 induced by xj, xa, xc, yd, yb, yr. If xc

and yb are not adjacent, then c > k and xi, xj, xc, yl, yq, yr induce a graph in Z2, a

contradiction to the choice of Z2. So assume that the subgraph induced by N(xayr)

is a biclique and contains a negative edge xcyd. If xc = xi then Ĝ contains a graph in

F5 induced by xi, xj, xa, yℓ, yd, yr. If xc = xj then Ĝ contains a graph in F3 induced by

xi, xj, yℓ, yq, yd, yr. So assume that xc is not equal to xi or xj. If xc is adjacent to yq

then Ĝ contains a graph in F5 induced by xj, xa, xc, yq, yd, yr. If xc is not adjacent to

yq and yb ̸= yd, then Ĝ contains a graph in F4 induced by xjxa, xc, yb, yd, yr. Finally,

if xc is not adjacent to yq and yb = yd then Ĝ contains a graph in F6 induced by

xi, xj, xa, xc, yl, yq, yb, yr.
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Proof of Proposition 5.2. We only prove the if-part of the statement as the only-if

part is discussed above. So assume that Ĝ does not contain any graph in F1, . . . , F6

as an induced subgraph. Suppose to the contrary that Ĝ is not chordal. According

to Lemma 5.3 (4), deleting a signed simplicial edge from Ĝ maintains the property

of being non-separable. Also, deleting any edge from Ĝ does not results in a graph

containing any a graph in F1, . . . , F6. Thus, we can further assume that Ĝ has no

signed simplicial edge and has no isolated vertex.

Let (X, Y ) be the bipartition and x1, x2, . . . , xα, y1, y2, . . . , yβ be a canonical or-

dering of Ĝ. Since no edge in Ĝ is signed simplicial, for any edge xiyj the subgraph

induced by N(xiyj) is not a positive biclique, that is, either it is not a biclique or is

a biclique but contains a negative edge. By Lemma 5.3 (3), the subgraph induced by

N(x1y1) is a biclique so it contains a negative edge xayb. Choose such an edge xayb so

that b is as large as possible. By Lemma 5.3 (2), we know that the vertices in N(y1)

have the same neighbourhood. Thus by re-ordering the vertices of N(y1) if necessary

we can assume that xa is the vertex with the largest subscript which is incident with

a negative edge in the subgraph induced by N(x1y1). Hence the subgraph induced

by N(x1y1) contains no negative edge xa′yb′ with a′ > a or b′ > b.

Consider the subgraph induced by N(xay1). It is a biclique according to Lemma

5.3(3) and thus contains a negative edge xcyd. Note that N(x1) = Y by Lemma 5.3

(1). So xcyd is a negative edge in the subgraph induced by N(x1y1). The choice of

xayb implies that 1 ≤ c < a and 1 < d ≤ b. Moreover, N(xc) = Y .

Case 1. d < b.

If some vertex x is adjacent to yd (and hence to yb as N(yd) ⊆ N(yb)) but not to

a vertex y ∈ Y , then Ĝ contains F5 induced by xc, xa, x, y, yd, yb, contradicting the

assumption. So any vertex adjacent to yd is adjacent to all vertices in Y . This implies

that the subgraph induced by N(xayd) is a biclique and hence contains a negative
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edge xeyf . Since xe is adjacent to xd, it is adjacent all vertices in Y and in particular

to y1. So the edge xeyf is a negative edge in the subgraph induced by N(x1y1). The

choice of xayb implies e < a and f ≤ b. If xe ̸= xc and yf ̸= yb then xe, xc, xa, yf , yd, yb

induce an F4, contradicting the assumption. Hence xe = xc or yf = yb.

Subcase 1.1. xe = xc.

If some vertex x is adjacent to yb but not to yd (and hence not to y1 as N(y1) ⊆

N(yd)) then xc, xa, x, y1, yd, yb induce a graph in Z2. By Lemma 5.5 Ĝ contains one

of F3, . . . , F6 as an induced subgraph, a contradiction to the assumption. So every

vertex adjacent to yb is adjacent to yd and hence to all vertices in Y . This implies

that the subgraph induced by N(xcyb) is a biclique and thus contains a negative edge

xgyh. Since xg is adjacent to yb, it is adjacent to all vertices in Y . Thus xgyh is in

the subgraph induced by N(x1y1). If xg ̸= xa and yh ̸= yd, then xc, xa, xg, yd, yb, yh

induce a graph in F4, a contradiction. If xg = xa and yh ̸= yd, then xc, xa, yd, yb, yh

induce a graph in F2 when yf = yb and xc, xa, xg, yf , yh induce a graph in F3 when

yf ̸= yb, contradicting the assumption. If xg = xa and yh = yd, then xc, xa, yd, yb

induce an F1 when yf = yb and xc, xa, yd, yf , yb induce a graph in F2 when yf ̸= yb,

contradicting the assumption. If xg ̸= xa and yh = yd, then xc, xa, xg, yd, yb induce

an F2 when yf = yb and xc, xa, xg, yd, yf , yb induce a graph in F4 when yf ̸= yb, again

contradicting the assumption.

Subcase 1.2. xe ̸= xc.

We must have yf = yb. As in Subcase 1.1 we have that every vertex adjacent

to yb is adjacent to yd and hence to all vertices in Y . This together with Lemma

5.3(3) imply that the subgraph induced by N(xcyb) is a biclique and thus contains a

negative edge xiyj. Since xi is adjacent to xb it is adjacent to all vertices in Y . Thus

xiyj is in the subgraph induced by N(x1y1). If yj ̸= yd then xc, xe, xi, yd, yj, yb induce

a graph in F4 when xi ̸= xe and xc, xi, xa, yd, yj, yb induce a graph in F4 when xi ̸= xa,
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contradicting the assumption. If yj = yd, then xc, xe, xi, xa, yd, yb induce a graph in

F3 when xi ̸= xe and xi ̸= xa and xc, xe, xa, yd, yb induce a graph in F2 when xi = xe

or xa, contradicting the assumption.

Case 2. d = b.

If some vertex x is adjacent to yb but not to a vertex y ∈ Y then xc, xa, x, y, yb

induce a Z1 and by Lemma 5.4 Ĝ contains one of F2, . . . , F5 as an induced subgraph,

a contradiction to the assumption. So any vertex adjacent to yb is adjacent to all

vertices of Y . This together with Lemma 5.3(3) imply that the subgraph induced by

N(xayb) is a biclique and hence contains a negative edge xeyf . Note that xeyf is an

edge in the subgraph induced by N(x1y1). The choice of xayb implies that e < a and

f < b.

Subcase 2.1. xe = xc.

Consider the subgraph induced by N(xcyb). By Lemma 5.3(3) and the fact that

every vertex adjacent to yb is adjacent to all vertices in Y , it is a biclique and hence

contains a negative edge xgyh. Again xgyh is in the subgraph induced by N(x1y1). If

xg = xa and yh = yf then xc, xa, yf , yb induce an F1. If xg ̸= xa and yh ̸= yf then

xc, xg, xa, yf , yh, yb induce a graph in F4. If xg = xa and yh ̸= yf then xc, xa, yf , yh, yb

induce a graph in F2. If xg ̸= xa and xh = yf then xc, xg, xa, yf , yd induce a graph in

F2. All these contradict the assumption.

Subcase 2.2. xe ̸= xc.

Consider the subgraph induced by N(xeyb). A similar argument as in Subcase 2.1

shows that it is a biclique and hence contains a negative edge xgyh which is in the

subgraph induced by N(x1y1). If yh ̸= yf then Ĝ contains a graph in F4 induced by

xe, xg, xa, yf , yh, yb when xg ̸= xa, and by xc, xg, xe, yf , yb, yb when xg ̸= xc. If yh = yf

and xg ̸= xc or xa then xc, xe, xg, xa, yf , yb induce a graph in F3. If yh = yf and

xg = xc and xg ̸= xa then Ĝ contains a graph in F2 induced by xc, xe, xa, yf , yb.
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5.2.3 Separable bigraphs

Recall that a separating set in a bigraph G is a set of vertices S such that G − S

contains at least two non-trivial components. Clearly, a bigraph has a separating set

if and only if it is separable. A separating set is minimal if no proper subset of the

set is separating. It follows from the definitions that a set S is a minimal separating

set if and only if there exist two non-trivial components H and H ′ in G−S such that

every vertex of S has a neighbour in H and in H ′. In this case we also say that the

minimal separating set S separates H and H ′.

Our goal in this section is to find all minimal signed separable bigraphs which are

not chordal. As we know signed cycles in C2k with k ≥ 3 (see Figure 5.8) are separable

but not chordal, and deleting any vertex results in a chordal signed bigraph. So they

are minimal signed separable bigraphs which are not chordal. The signed bigraphs in

D as depicted in Figure 5.8 are another collection of such bigraphs.

. . .

. . .

C2k(k ≥ 3) D

Figure 5.8: Forbidden subgraphs C2k and D for chordal signed separable bigraphs

Denote C = ∪k≥3C2k, that is, C consists of signed cycles of length ≥ 6.

Lemma 5.6. Let Ĝ be a signed separable bigraph which does not contain a signed

graph in C ∪ D in Figure 5.8 as an induced subgraph. Suppose that S is a minimal

separating set which separates H and H ′. Then

• S induces a positive biclique in Ĝ, and
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• any two vertices in S from the same partite set of Ĝ have a common neighbour

in H and a common neighbour in H ′.

Proof. Let u, u′ be two vertices in S. Since S is a minimal separating set that sep-

arates H and H ′, each of u, u′ has a neighbour in H and a neighbour in H ′. Let P

(respectively, Q) be a shortest path in H (respectively, H ′) from a vertex in N(u)

(respectively, N(u′)) to a vertex in N(u′) (respectively, N(u)). If u, u′ are from dif-

ferent partite sets of Ĝ, then u, u′ must be adjacent and the lengths of P,Q are both

equal to one, as otherwise uPu′Qu, uPu′u, or u′Quu′ is an induced cycle of length

≥ 6 in Ĝ, contradicting the assumption. Since Ĝ does not contain a graph in D as an

induced subgraph, the edge uu′ must be positive. Hence S induces a positive biclique

in Ĝ. Similarly, if u, u′ are from the same partite set of Ĝ, then uPu′Qu is an induced

cycle of length ≥ 6, unless P and Q each has length 0, that is, u, u′ have a common

neighbour in H and a common neighbour in H ′.

x

W1

x

W2

x

W3

x

W4

x

x′

W5

x

x′

W6

Figure 5.9: Graphs Wi(1 ≤ i ≤ 6)

Lemma 5.7. Let Ĝ be a chordal signed non-separable bigraph with bipartition (X, Y ).

Suppose that S is a set of vertices such that

• S induces a positive biclique in Ĝ,
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• every vertex of S has a neighbour in Ĝ− S, and

• Ĝ− S is connected and contains at least one edge but none of them is a signed

simplicial edge of Ĝ.

Then Ĝ contains one of the graphs in W1, . . . ,W6 in Figure 5.9 as an induced subgraph

where vertices x, x′ are the only ones in S (and rest are in Ĝ−S). In particular, when

Ĝ is a complete bigraph, it contains one of the graphs in W1,W3,W5 as an induced

subgraph.

Proof. Consider first the case when G is complete. Since there are edges which are

not signed simplicial in Ĝ, there is at least one negative edge. We claim that there

is a negative edge between S and Ĝ − S. Indeed, there is no negative edge has its

both endvertices in S as S induces a positive biclique in Ĝ. Since Ĝ is chordal it has

a signed simplicial edge. Any signed simplicial edge must be adjacent to all negative

edges. Since Ĝ − S contains no signed simplicial edge of Ĝ, every signed simplicial

edge has an endvertex in S. If there is no negative edge between S and Ĝ − S then

any signed simplicial edge must have an endvertex in Ĝ−S incident with all negative

edges. It follows that any negative edge is a signed simplicial edge in Ĝ and lies in

Ĝ − S, which contradicts the assumption. Hence Ĝ has a negative edge between S

and Ĝ− S.

We know from above that some vertex x ∈ S is incident with a negative edge.

Suppose that x is incident with two negative edges, that is, there are vertices y′, y′′

in Ĝ − S such that xy′, xy′′ are both negative. Since Ĝ − S is connected it contains

a vertex x′ is the opposite partite set of y′, y′′. Then x, x′, y′, y′′ induce a copy of W1

in Ĝ with x being the only vertex in S. So assume that no vertex in S incident with

two negative edges. If some vertex y ∈ S in the opposite partite set of x which is

adjacent to a negative edge, then the two negative edges incident with x and y must
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be adjacent to any signed simplicial edge of Ĝ. Thus xy is signed simplicial. Together

with the fact each of x, y is incident with exactly one negative edge we conclude that

the negative edges incident with x, y are the only negative edges in Ĝ. This means

that the edge in Ĝ− S adjacent to the two negative edges is a signed simplicial edge

in Ĝ, contradicting the assumption. Hence no vertex of S in the opposite partite set

of x is incident with a negative edge. Suppose that x is the only vertex in S that is

incident with a negative edge. Denote this edge by xy. Let x′ be any vertex in Ĝ−S

and in the same partite set as x. Since x′y is not a signed simplicial edge there is a

negative edge x′′y′′ in the graph induced by N(x′y). Then xy′′ is a signed simplicial

edge and thus all negative edges other than xy are incident with y′′. Since x′′y lies in

Ĝ−S, it is not a signed simplicial edge in Ĝ. There must be a vertex x′′′ (which may

be x′ but not x′′) such that x′′′y′′ is negative. We see that x, x′′, x′′′, y, y′′ induce a

copy of W3 in Ĝ with x being the only vertex in S. Finally suppose that x is not the

only vertex in S that is incident with a negative edge. If all negative edges between

S and Ĝ − S are incident with the same vertex y then y must be incident with any

signed simplicial edge. It follows that y is incident with all negative edges. But then

any edge of Ĝ − S incident with y is a signed simplicial edge in Ĝ, a contradiction.

Hence there exist vertices x, x′ ∈ S incident with negative edges xy, x′y′ where y ̸= y′.

Therefore x, y, x′, y′ together with any vertex of Ĝ − S in the same partite set as x

induce a copy of W5 in Ĝ with x, x′ being the only vertices in S.

Consider next the case when G is non-separable but not complete. Let

≺: x1, x2, . . . , xα, y1, y2, . . . , yβ

be a canonical ordering of G. Since G is not complete, xα and y1 are not adjacent

and hence they are not both in S. By renaming the vertices if necessary we assume

that y1 is in Ĝ− S. Since Ĝ− S is connected and has at least one edge, it contains
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edge xky1 for some k. Choose such an edge with k as small as possible. The canonical

ordering ≺ ensures that N(xi) ⊇ N(xk) for all i < k. Thus xiy1 is an edge for all

i < k. The choice of k implies that xi ∈ S for all i < k. According to Lemma 5.3(3)

xky1 is a simplicial edge in G but by assumption is not a signed simplicial edge in Ĝ.

So the subgraph of Ĝ induced by N(xky1) contains a negative edge xayb.

Case 1. xa ∈ S and yb /∈ S.

The edge xkyb is an edge in Ĝ − S and by assumption is not signed simplicial.

That is, the subgraph of Ĝ induced by N(xkyb) is either not a biclique or is a biclique

and contains a negative edge.

Subcase 1.1. The subgraph induced by N(xkyb) is a biclique.

Let xcyd be a negative edge where xc ∈ N(yb) and yd ∈ N(xk). Since the subgraph

induced by N(xkyb) is a biclique and xa ∈ N(yb), N(xk) ⊆ N(xa) which implies that

xayd is an edge. Suppose that xc ∈ S. Since S induces a positive biclique and xcyd

is a negative edge, yd /∈ S. When xc = xa, Ĝ contains a graph in W1 induced by

xa, xk, yb, yd with xa being the only vertex in S; when xc ̸= xa, Ĝ contains a graph in

W5 induced by xa, xc, xk, yb, yd with xa, xc being the only vertices in S.

Suppose now that xc /∈ S. Since the subgraph induced by N(xkyb) is a biclique,

xc ∈ N(yb) and y1 ∈ N(xk), we have N(xk) ⊆ N(xc) and xcy1 is an edge. The

choice of xk thus implies that k < c. Moreover, the canonical ordering ≺ implies

that N(xc) ⊆ N(xk). The edge xcyb is in Ĝ − S and by assumption is not signed

simplicial. So the subgraph graph induced by N(xcyb) is either not a biclique or a

biclique and contains a negative edge. That is, there exist xe ∈ N(yb) and yf ∈ N(xc)

such that xeyf is either not an edge or is a negative edge. We claim that xeyf is an

edge (and hence a negative edge). Indeed, using the fact N(xkyb) is a biclique, we

have yf ∈ N(xc) ⊆ N(xk) ⊆ N(xe), which xeyf is an edge and hence a negative edge.

Note that xayf is also an edge as yf ∈ N(xk) ⊆ N(xa).
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If xe = xa then yf /∈ S and Ĝ contains a graph in W1 induced by xa, xk, yb, yf

with xa being the only vertex in S. So assume that xe ̸= xa. Suppose that xe = xk.

If yf ̸= yd then Ĝ contains a graph in F4 in Figure 5.3 induced by xa, xc, xe, yb, yd, yf .

This means that Ĝ is not chordal signed, a contradiction to assumption. So yf = yd.

If yd ∈ S then Ĝ contains a graph in W1 induced by xc, xe, yd, yb with yd being the

only vertex in S; if yd /∈ S then Ĝ contains a graph in W3 induced by xa, xc, xe, yb, yd

with xa being the only vertex in S.

Suppose that xe ̸= xk. If yf ̸= yd, Ĝ contains a graph in F4 in Figure 5.3 induced

by xa, xc, xe, yb, yd, yf , a contradiction to the assumption that Ĝ is chordal. So yf = yd.

If yd ∈ S then Ĝ contains a graph in W1 induced by xc, xe, y1, yd with yd being the

only vertex in S; if yd /∈ S and xe /∈ S then Ĝ contains a graph in W3 induced by

xa, xc, xe, yb, yd with xa being the only vertex in S; if yd /∈ S and xe ∈ S then Ĝ

contains a graph in W5 induced by xa, xk, xe, yb, yd with xa, xe being the only vertices

in S.

Subcase 1.2. The subgraph induced by N(xkyb) is not a biclique.

Let xc ∈ N(yb) and yd ∈ N(xk) be chosen so that xc, yd are not adjacent and c is

as large as possible. By Lemma 5.3(5), c > k and d < b. Since yd ∈ N(xk) ⊆ N(xa),

xayd is an edge. The canonical ordering ≺ ensures that c > a.

If xc ∈ S then Ĝ contains a graph in W6 induced by xa, xk, xc, y1, yb with xa, xc

being the only vertices in S. So assume that xc /∈ S. Then the edge xcyb is in Ĝ− S

and by assumption is not signed simplicial. If there exist xe ∈ N(yb) and yf ∈ N(xc)

such that xe, yf are not adjacent then e > c and f < b by Lemma 5.3 (5). Since

yf ∈ N(xc) ⊆ N(xk), xkyf is an edge. Thus xe, yf is a pair of non-adjacent vertices

with xe ∈ N(yb), yf ∈ N(xk) and e > c, which contradicts to the choice of the pair

xc, yd. Hence the subgraph induced by N(xcyb) is a biclique and contains a negative

edge.
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Let xeyf be a negative edge where xe ∈ N(yb) and yf ∈ N(xc). Suppose that xeyd

is an edge. If xe = xa then Ĝ contains a graph in W1 induced by xa, xk, yb, yf with

xa being the only vertex in S; if xe ̸= xa then Ĝ contains a graph in F5 in Figure 5.3

induced by xa, xc, xe, yb, yd, yf , a contradiction to the assumption that Ĝ is chordal.

So assume now that xeyd is not an edge. We must have e < c by the choice of the

pair xc, yd. If xe ∈ S then Ĝ contains a graph in W6 induced by xa, xk, xe, y1, yb with

xa, xe being the only vertices in S. So assume that xe /∈ S. Then the edge xeyb is in

Ĝ − S and by assumption is not signed simplicial. Then there exist xg ∈ N(yb) and

yh ∈ N(xe) such that xgyh is either not an edge or a negative edge.

Suppose that xgyh is not an edge. Note that xkyh is an edge as yh ∈ N(xe) ⊆

N(xk). By the choice of xc, yd, g ≤ c. Note also that xgyf is an edge (as N(xcyb)

is a biclique). So yf ̸= yh. Then Ĝ contains a graph in F5 in Figure 5.3 induced by

xa.xg, xe, yb, yf , yh, a contradiction to the assumption that Ĝ is chordal.

Suppose that xgyh is a negative edge. Note that xgyf is an edge (as N(xcyb) is

a biclique). If xg = xa then Ĝ contains a graph in W1 induced by xa, xk, yb, yh with

xa being the only vertex in S. So assume that xg ̸= xa. If yh ̸= yf then Ĝ contains

a graph in F4 in Figure 5.3 induced by xa, xe, xg, yb, yf , yh, a contradiction. Thus

yh = yf . If yf ∈ S then Ĝ contains a graph in W1 induced by xg, xe, yb, yf with yf

being the only vertex in S; if yf /∈ S and xg /∈ S then Ĝ contains a graph in W3

induced by xa, xe, xg, yb, yf with xa being the only vertex in S; if yf /∈ S and xg ∈ S,

then Ĝ contains a graph in W5 induced by xa, xc, xg, yb, yf with xa, xg being the only

vertices in S.

Case 2. xa /∈ S and yb ∈ S.

Then xay1 is an edge in Ĝ− S and thus not a signed simplicial edge. By Lemma

5.3(3), N(xay1) is a biclique in G. Hence there is a negative edge xcyd with xc ∈ N(y1)

and yd ∈ N(xa). If yb = yd then Ĝ contains a graph in W1 induced by xa, xc, y1, yb
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with yb being the only vertex in S. So assume that yb ̸= yd. If yd ∈ S then xc /∈ S

and Ĝ contains a graph in W5 induced by xa, xc, y1, yb, yd with yb, yd being the only

vertices in S. Hence we can assume from now on that yd /∈ S. This means that

xayd is in Ĝ− S and by assumption is not a signed simplicial edge. Then there exist

xe ∈ N(yd) and yf ∈ N(xa) such that either xeyf is not an edge or a negative edge

when the subgraph induced by N(xayd) is a biclique.

Suppose that xeyf is a negative edge in it. If yf = yb then xe /∈ S as xeyb is a

negative edge. We see that Ĝ contains a graph in W1 induced by xa, xe, y1, yb with

yb being the only vertex in S. So assume that yf ̸= yb. If xc ̸= xe then Ĝ contains

a graph in F4 in Figure 5.3 induced by xa, xc, xe, yb, yd, yf , a contradiction to the

assumption that Ĝ is chordal. Hence xc = xe. If xc ∈ S then Ĝ contains a graph in

W1 induced by xa, xc, yd, yf with xc being the only vertex in S; if xc /∈ S and yf /∈ S

then Ĝ contains a graph in W3 induced by xa, xc, yb, yd, yf with yb being the only

vertex in S; if xc /∈ S and yf ∈ S (note yf ̸= y1) then Ĝ contains a graph in W5

induced by xa, xc, y1, yb, yf with yb, yf being the only vertices in S.

Suppose now xeyf is not an edge. We may assume such a pair of non-adjacent

vertices xe, yf in N(xayd) is chosen so that e is the largest. Note that xeyb cannot be

an edge as otherwise Ĝ contains a graph in F5 induced by xa, xc, xe, yb, yd, yf , which

is a contradiction. Since xe, yb are not adjacent and yb ∈ S, xe /∈ S. Then xeyd is in

Ĝ−S and not a signed simplicial edge. We claim that N(xeyd) is a biclique. Indeed,

for any xg ∈ N(yd), we must have g < e as otherwise xg, yf would be a pair in N(xayd)

with g > e, contradicting the choice of xe, yf . Combining this with Lemma 5.3(5) we

conclude that N(xeyd) is a biclique containing a negative edge xgyh.

Suppose that xgyb is an edge. If xg ̸= xc then Ĝ contains a graph in F5 induced by

xc, xe, xg, yb, yd, yh, a contradiction. So xg = xc. If xc ∈ S then Ĝ contains a graph in

W1 induced by xa, xc, yd, yh. Hence assume that xc /∈ S. If yh /∈ S then Ĝ contains a
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graph in W2 induced by xc, xe, yb, yd, yh with yb being the only vertex in S; if yh ∈ S

then Ĝ contains a graph in W5 induced by xa, xc, y1, yb, yh with yb, yh being the only

vertices in S.

Suppose xg, yb are not adjacent. Then xg /∈ S (as yb ∈ S). Thus xgyd is in Ĝ− S

and is not a signed simplicial edge. Let xi, yj be a pair of vertices in N(xgyd) such

that either they are not adjacent or forming a negative edge. Note that yj ̸= yb as

xgyb is not an edge but xgyj is an edge. Suppose that xi = xa. Then xayj is a negative

edge and Ĝ contains a graph in F5 induced by xa, xc, xg, yb, yd, yj, a contradiction. So

xi ̸= xa.

Suppose that xi = xc. If xc ∈ S then Ĝ contains a graph in W1 induced by

xa, xc, yd, yj with xc being the only vertex in S; if xc /∈ S and yj /∈ S then Ĝ contains

a graph in W2 induced by xg, xc, yb, yd, yj with yb being the only vertex in S; if xc /∈ S

and yj ∈ S then Ĝ contains a graph in W5 induced by xa, xc, yb, y1, yj with yb, yj being

the only vertices in S. Hence we can assume that xi ̸= xc.

Suppose that xiyb is an edge. If yj ̸= yb then Ĝ contains a graph in F4 or in

F5 induced by xa, xc, xi, yb, yd, yj (depending whether or not xi, yj are adjacent), a

contradiction. So yj = yb and Ĝ contains a graph in W1 induced by xa, xi, yb, yd with

yb being the only vertex in S. So we can assume that xi, yb are not adjacent.

Suppose that xi ̸= xe. The choice of xe, yf implies that i < e (as otherwise xi, yf

would have been chosen). Note that xiyh is an edge as yh ∈ N(xe) ⊆ N(xi). Hence

Ĝ contains a graph in F4 or in F5 induced by xc, xg, xi, yd, yh, yj (depending whether

or not xi, yj are adjacent), a contradiction.

Suppose that xi = xe. If yj ̸= yh then Ĝ contains a graph in F4 or in F5 induced

by xc, xi, xg, yd, yj, yh (depending whether or not xi, yj are adjacent), a contradiction.

So yj = yh and Ĝ contains a graph in W4 induced by xc, xg, xi, yb, yd, yh with yb being

the only vertex in S.
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Case 3. xa /∈ S and yb /∈ S.

By Lemma 5.3(3), the subgraph induced by N(xk′y1) is a biclique in G for any k′

(including the case when k′ = k). In view of Cases 1 and 2, we can assume that no

negative edge in this biclique has an endvertex in S.

Since xay1 is in Ĝ − S, it is not signed simplicial. Since the subgraph induced

by N(xay1) is a biclique in G, it contains a negative edge xcyd. By our assumption

neither xc nor yd is in S.

Subcase 3.1 xc = xk.

Since xkyb is not signed simplicial, there exist xe ∈ N(yb) and yf ∈ N(xk) such

that either xeyf is not an edge or a negative edge when the subgraph induced by

N(xkyb) is a biclique.

Suppose that the subgraph induced by N(xkyb) is a biclique and thus xeyf is a

negative edge. Since xe ∈ N(y1), by Lemma 5.3(2), xe is adjacent to every vertex in

Y . By our assumption above, xe is not in S. Assume first that xe ̸= xa and yb = yd.

Since xeyb is an edge in Ĝ − S and hence not signed simplicial, there exist xg ∈

N(yb) and yh ∈ N(xe) such that either xgyh is not an edge or a negative edge in

the biclique induced by N(xeyb). We claim that the subgraph induced by N(xeyb) is

not a biclique; otherwise, Ĝ contains a graph in F2 induced by xa, xc, xe, yf , yb when

yh = yf and xg ∈ {xa, xk}, or in F3 induced by xa, xc, xe, xg, yb, yf when yh = yf and

xg /∈ {xa, xk}, or in F4 induced by xa, xc, xe, yb, yf , yh when yh ̸= yf and xg ∈ {xa, xk},

or in F4 induced by xa, xe, xg, yb, yf , yh when yh ̸= yf and xg /∈ {xa, xk}. So xg, yh are

not adjacent.

Denote A = N(yd) \N(yh). Then A ̸= ∅ as xg ∈ A. If S contains a vertex xt ∈ A

then Ĝ contains W2 induced by xk, xa, xt, y1, yd with xt being the only vertex in S.

Otherwise S contains no vertex of A. That is, for any xt ∈ A, xtyd is not a signed

simplicial edge. Then Ĝ contains a graph in Z1 induced by xk, xa, xt, y1, yd. Applying
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Lemma 5.4 to the subgraph of Ĝ induced by A ∪ {xk, xa, y1, yd} we conclude that Ĝ

contains one of the graphs in F2, . . . , F5, a contradiction.

Assume now that xe ̸= xa and yb ̸= yd. Then yf = yd as otherwise Ĝ contains a

graph in F4 induced by xa, xe, xk, yb, yd, yf , a contradiction. Since xayd is in Ĝ − S

it is not signed simplicial. We claim that the subgraph induced by N(xayd) is not a

biclique. Indeed, if it is then it contains a negative edge xgyh. If yh ̸= yb and xk = xg

then Ĝ contains a graph in F4 induced by xa, xe, xg, yb, yf , yh; if yh ̸= yb and xk ̸= xg

then Ĝ contains a graph in F4 induced by xa, xk, xg, yb, yd, yh; if yh = yb, and xg = xk

(or xg = xe), then Ĝ contains a graph in F2 induced by xa, xk, xe, yb, yd; if yh = yb, and

xg ̸= xk (and xg ̸= xe) then Ĝ contains a graph in F3 induced by xa, xk, xe, xg, yb, yd,

contradictions. So there are non-adjacent vertices xg ∈ N(yd) and yh ∈ N(xa).

If S contains a vertex xt ∈ A then Ĝ contains a graph in W2 induced by xk, xe, xt, y1, yd

with xt being the only vertex in S. Otherwise S contains no vertex of A. That is,

for any xt ∈ A, xtyd is not a signed simplicial edge. Then Ĝ contains a graph in Z1

induced by xk, xe, xt, y1, yd. Applying Lemma 5.4 to the subgraph of Ĝ induced by

A ∪ {xk, xe, y1, yd} we conclude that Ĝ contains one of the graphs in F2, . . . , F5, a

contradiction.

Assume now that xe = xa. Note that xayd is not signed simplicial. We claim that

the subgraph induced by N(xayd) is not a biclique. Indeed, if it is then it contains a

negative edge xgyh. If yb = yd, xg = xk and yf = yh, then Ĝ contains F1 induced by

xa, xk, yb, yh; if yb = yd, xg = xk and yf ̸= yh, then Ĝ contains a graph in F2 induced

by xa, xk, yb, yf , yh; if yb = yd, xg ̸= xk and yh = yf , then Ĝ contains a graph in F2

induced xa, xg, xk, yb, yf ; if yb = yd, xg ̸= xk and yh ̸= yf , then Ĝ contains a graph in

F4 induced by xa, xk, xg, yb, yf , yh; if yb ̸= yd and xg ̸= xk, then Ĝ contains a graph

in F4 induced by xa, xk, xg, yb, yd, yh; if yb ̸= yd, xg = xk and yh = yb (or yh = yf ),

then Ĝ contains a graph in F2 induced by xa, xk, yb, yd, yf ; if yb ̸= yd, xg = xk and
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yh ̸= yb (and yh ̸= yf ), then Ĝ contains a graph in F3 induced by xa, xk, yb, yd, yf , yh,

contradictions. So there exist non-adjacent vertices xg ∈ N(yd) and yh ∈ N(xa).

Suppose that yb = yd. A similar proof as above (with the same definition of the set

A) shows that Ĝ contains a graph in W2 induced by xa, xc, xt, y1, yd when S contains

a vertex xt ∈ A with xt being the only vertex in S; otherwise, Ĝ contains one of the

graphs in F2, . . . , F5 as an induced subgraph, a contradiction.

Suppose that yb ̸= yd. Then xg is adjacent to neither of yb, yf as otherwise Ĝ would

contain a graph in F5 induced by xa, xk, xg, yb, yd, yh or by xa, xk, xg, yd, yf , yh. If there

exists a vertex xt ∈ N(yd)\N(yh) that is adjacent to yf or yb then Ĝ contains a graph

in F5 induced by xa, xk, xt, yd, yf , yh or by xa, xk, xt, yd, yb, yh. So assume that none

of vertices in N(yd) \ N(yh) is adjacent to yf or yb. Again, a similar proof as above

(with the same definition of the set A but using Lemma 5.5) shows that Ĝ contains

W4 induced by xa, xk, xt, yb, yd, yf when S contains xt ∈ A with xt being the only

vertex in S; otherwise, Ĝ contains one of the graphs in F3, . . . , F6, a contradiction.

Here we apply Lemma 5.5 (instead of Lemma 5.4) to the subgraph of Ĝ induced by

A ∪ {xa, xk, yb, yd, yf} and verify that it contains a graph in Z2.

Suppose now that xeyf is not an edge. Since xay1 is an edge the canonical ordering

implies that xayf is an edge. It follows that xe ̸= xa.

Suppose that yb = yd. We must have xe ∈ S as otherwise a similar proof as

above with the set A = N(yd) \N(yf ) shows that Ĝ contains a graph in Z1 induced

by xa, xc, xe, yf , yb. By Lemma 5.4 Ĝ contains one of the graphs in F2, . . . , F5 as

an induced subgraph, a contradiction. Hence Ĝ contains a graph in W2 induced by

xa, xk, xe, y1, yb with xe being the only vertex in S.

Suppose now that yb ̸= yd. Then xeyd is not an edge as otherwise Ĝ contains a

graph in F5 induced by xa, xk, xe, yb, yd, yf , a contradiction. Since xayd is an edge in

Ĝ− S, it is not signed simplicial, Then there exist xg ∈ N(yd) and yh ∈ N(xa) such
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that either xgyh is not an edge or a negative edge when the subgraph induced by

N(xayd) is a biclique. Suppose that xgyh is not an edge. Note that xgyd is an edge

but xeyd is not so, by the canonical ordering, g < e and hence that xgyb is an edge

but xeyh is not an edge. Clearly, xg ̸= xa or xk. We see that Ĝ contains a graph

in F5 induced by xa, xk, xg, yb, yd, yh, a contradiction. Hence the subgraph induced

by N(xayd) is a biclique (and thus xgyh is a negative edge). Since xg ∈ N(yd) and

y1 ∈ N(xa), xgy1 is an edge. The canonical ordering then implies xg is adjacent

to every vertex in Y . In the case when xg = xk, we must have that xe, yh are not

adjacent as otherwise Ĝ contains a graph in F5 induced by xa, xk, xe, yb, yd, yh, a

contradiction. Moreover, we must also have xe ∈ S, as otherwise Ĝ contains a graph

in Z2 induced by xa, xk, xe, yb, yd, yh. (Here we use a similar proof as above with

A = N(yb) \ N(yf ).) By Lemma 5.5 Ĝ contains one of the graphs in F3, . . . , F6 as

an induced subgraph, again a contradiction. We see now that Ĝ contains a graph

in W4 induced by xa, xe, xk, yb, yd, yh with xe being the only vertex in S. In the case

when xg ̸= xk, we must have yh = yb as otherwise Ĝ contains a graph in F4 induced

by xa, xk, xg, yb, yd, yh, a contradiction. Further, we must have xe ∈ S as otherwise Ĝ

contains a graph in Z1 induced by xa, xg, xe, yf , yb, and by Lemma 5.4 Ĝ contains one

of the graphs in F2, . . . , F5 as an induced subgraph, again a contradiction. Therefore

Ĝ contains a graph in W2 induced by xa, xe, xg, y1, yb with xe being the only vertex

in S.

Subcase 3.2. xc ̸= xk.

We know from above that xayd is not signed simplicial. Thus there exist xe ∈

N(yd) and yf ∈ N(xa) such that either xeyf is not an edge or is a negative edge in

the case when the subgraph induced by N(xayd) is a biclique.

Suppose that the latter case occurs and thus xeyf is a negative edge. So xe, yf /∈ S

according to the assumption at the beginning of Case 3. Since the subgraph induced
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by N(xayd) is a biclique and xe ∈ N(yd), N(xa) ⊆ N(xe) which implies that xe is

adjacent to every vertex in Y .

Note that xeyb is not a signed simplicial edge as it is in Ĝ − S. There exist

xg ∈ N(yb) and yh ∈ N(xe) such that either xgyh is not an edge or a negative edge in

the biclique induced by N(xeyb).

Assume that yb = yd. We show by contradiction that the subgraph induced by

N(xeyb) is not a biclique. So assume that the subgraph induced by N(xeyb) is a

biclique and xgyh is a negative edge. Clearly, xg is adjacent to every vertex in Y . If

yh ̸= yf and xe ̸= xc then Ĝ contains a graph in F4 induced by xa, xe, xg, yb, yf , yh

when xg = xc or by xc, xe, xg, yb, yf , yh when xg ̸= xc; if yh ̸= yf and xe = xc then Ĝ

contains a graph in F2 induced by xa, xc, yf , yb, yh when xg = xa or contains a graph

in F4 induced by xa, xe, xg, yb, yf , yh when xg ̸= xa; if yh = yf and xe = xc then Ĝ

contains F1 induced by xa, xc, yb, yf when xg = xa or contains a graph in F2 induced

by xa, xc, xg, yb, yf when xg ̸= xa; if yh = yf and xe ̸= xc then Ĝ contains a graph

in F2 induced by xa, xc, xe, yb, yf when xg = xa or xg = xc, or contains a graph in

F3 induced by xa, xc, xe, xg, yb, yf when xg ̸= xa and xg ̸= xc. Hence xgyh is not an

edge. Clearly, xg /∈ {xa, xc, xk}. Therefore Ĝ contains a graph in W2 induced by

xa, xc, xt, y1, yb with xt being the only vertex in S.

Assume now that yb ̸= yd. We separate this in two cases. First we consider the

case when xc = xe. Since xeyb is not signed simplicial, there exist xg ∈ N(yb) and

yh ∈ N(xe) such that either xgyh is not an edge or is a negative edge in the biclique

induced by N(xeyb). We claim that the subgraph induced by N(xeyb) is not a biclique.

Suppose not. Then xgyh is a negative edge. If yf = yb and yh = yd then Ĝ contains

F1 induced by xa, xc, yb, yd when xg = xa or a graph in F2 induced by xa, xe, xg, yb, yd

when xg ̸= xa; if yf = yb and yh ̸= yd then Ĝ contains a graph in F2 induced by

xa, xc, yb, yd, yh when xg = xa or in F4 induced by xa, xc, xg, yb, yd, yh when xg ̸= xa;
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if yf ̸= yb and yh = yd then Ĝ contains a graph in F2 induced by xa, xc, yb, yf , yh

when xg = xa or inF4 induced by xa, xe, xg, yb, yf , yh when xg ̸= xa; if yf ̸= yb and

yh ̸= yd then Ĝ contains a graph in F4 induced by xa, xc, xg, yb, yd, yh when xg ̸= xa

or in F3 induced by xa, xc, yb, yd, yf , yh when xg = xa and yf ̸= yh or in F2 induced by

xa, xc, yb, yd, yf when xg = xa and yf = yh. Hence the subgraph induced by N(xeyb)

is not a biclique, that is, xg, yh are not adjacent.

We claim that xg is in S and adjacent to neither of yd, yf . Indeed, Ĝ contains a

graph in F5 induced by xa, xc, xg, yb, yd, yh when xg is adjacent to yd or induced by

xa, xc, xg, yb, yf , yh when xg is adjacent to yf , contradicting the assumption. If xg /∈ S

then a similar proof as above (with A = N(yb) \ (N(yd) ∪ N(yf ))) shows that Ĝ

contains a graph in Z2 and hence by Lemma 5.5 one of the graphs in F3, . . . , F6 as an

induced subgraph, a contradiction. Therefore Ĝ contains a graph in W4 induced by

xa, xc, xg, yb, yd, yf with xg being the only vertex in S.

We consider now the case when xc ̸= xe. We must have yf = yb as otherwise

Ĝ contains a graph in F4 induced by xa, xc, xe, yb, yd, yf , a contradiction. Note that

xcyb is not a signed simplicial edge as it is in Ĝ − S. There exist xg ∈ N(yb) and

yh ∈ N(xc) such that either xgyh is not an edge or a negative edge in the biclique

induced by N(xcyb).

We claim that the subgraph induced by N(xcyb) is not a biclique. Suppose that

it is. Then xgyh is a negative edge. If yh = yd then Ĝ contains a graph in F2 induced

by xa, xc, xe, yb, yd when xg = xa or xg = xe or in F3 induced by xa, xc, xe, xg, yb, yd

when xg ̸= xa and xg ̸= xe; if yh ̸= yd then Ĝ contains a graph in F4 induced by

xc, xe, xg, yb, yd, yh when xg = xa or induced by xa, xc, xg, yb, yd, yh when xg ̸= xa.

Hence the subgraph induced by N(xcyb) is not a biclique and xg, yh are not adjacent.

We must have xg ∈ S, otherwise Ĝ contains a graph in Z1 and hence one of the

graphs in F2, . . . , F5 as an induced subgraph, a contradiction. Therefore Ĝ contains
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a graph in W2 induced by xa, xe, xg, y1, yb with xg being the only vertex in S.

Suppose now that xe, yf are not adjacent. We separate this in two cases. First

assume that yb = yd. Then xe ∈ S as otherwise Ĝ contains a graph in Z1 and hence

one of the graphs in F2, . . . , F5 as an induced subgraph, a contradiction. (Here again

we use a similar proof with A = N(yd) \ N(yf ).) Therefore Ĝ contains a graph

in W2 induced by xa, xc, xe, y1, yb with xe being the only vertex in S. Assume now

that yb ̸= yd. We must have that xe, yb are not adjacent as otherwise Ĝ contains

a graph in F5 induced by xa, xc, xe, yb, yd, yf , a contradiction. Since xcyb is not a

signed simplicial edge, there exist xg ∈ N(yb) and yh ∈ N(xc) such that either xgyh

is not an edge or a negative edge in the biclique induced by N(xcyb). We claim that

N(xcyb) induces a biclique. Suppose not; xg, yh are not adjacent. Note g < e because

yb ∈ N(xg) \ N(xe), which implies xgyd is an edge. But then Ĝ contains a graph in

F5 induced by xa, xc, xg, yb, yd, yh, a contradiction. Therefore xgyh is a negative edge.

Note that xg is adjacent to every vertex in Y .

If yh = yd then xe ∈ S as otherwise Ĝ contains a graph in Z1 and hence one of

the graphs in F2, . . . , F5 as an induced subgraph, a contradiction. Hence Ĝ contains

a graph in W2 induced by xc, xe, xg, y1, yd with xe being the only vertex in S. So

assume yh ̸= yd. If xeyh is an edge then Ĝ contains a graph in F5 induced by

xc, xe, xg, yb, yd, yh, a contradiction. So xe, yh are not adjacent. Then we must have

xe ∈ S as otherwise Ĝ contains a graph in Z2 and hence one of the graphs in F3, . . . , F6

as an induced subgraph, a contradiction. Therefore Ĝ contains a graph in W4 induced

by xa, xc, xe, yb, yd, yh with xe being the only vertex in S. This completes the proof.

Lemma 5.8. Let Ĝ be a chordal signed separable bigraph. Suppose that S is a minimal

separating set which separates Ĥ1 and Ĥ2. Then Ĥ1 or Ĥ2 must contain a signed

simplicial edge of Ĝ.

Proof. Since Ĝ is chordal, the subgraph Ĝ′ of Ĝ induced by S ∪ V (Ĥ1) ∪ V (Ĥ2) is
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also chordal and hence contains a signed simplicial edge e. As each vertex of S has a

neighbour in Ĥ1 and a neighbour in Ĥ2, neither of the endvertices of e is in S. Since

no edge has one endvertex in Ĥ1 and the other in Ĥ2, e is an edge of Ĥ1 or of Ĥ2.

Hence the neighbourhood of e in Ĝ′ is equal to the neighbourhood of e in Ĝ, which

means that e is a signed simplicial edge of Ĝ.

. . .
x

. . .
x

Figure 5.10: Lollipops

We shall call the graphs in Figure 5.10 lollipops, and refer to each graph on the

left as a lollipop of type 1 and each graph on the right as a lollipop of type 2. We

call the vertex x the end of the lollipop (see Figure 5.10). Note that the graphs in

W1∪W2∪W3∪W4 in Figure 5.9 are lollipops. A graph in W5 is a lollipop only when

it is in W3 and a graph in W6 is a lollipop only when it is in W2.

Lemma 5.9. Let Ĝ be a connected chordal signed separable bigraph. Suppose that no

two signed simplicial edges of Ĝ induce a 2K2. Then, for any signed simplicial edge

e of Ĝ, there is an induced lollipop whose end is incident with e.

Proof. We prove the lemma by induction on the number of vertices of Ĝ. Note that Ĝ

contains at least six vertices and one can verify easily that the lemma is true when Ĝ

has exactly six vertices. So assume that Ĝ has at least seven vertices and the lemma

is true for all connected chordal signed separable bigraphs with fewer vertices than

Ĝ.

Let S be a minimal separating set of Ĝ that separates Ĥ1 and Ĥ2. By Lemma

5.8, a signed simplicial edge e of Ĝ is contained in Ĥ1 or in Ĥ2. We assume without
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loss of generality that e is in Ĥ1. Let Ĝ1 (respectively, Ĝ2) be the subgraph of Ĝ

induced by V (Ĥ1) ∪ S (respectively, V (Ĥ2) ∪ S). Note that every signed simplicial

edge of Ĝ2 must have an endvertex in S, as otherwise it is a signed simplicial edge of

Ĝ which forms an induced 2K2 with e, contradicting the assumption. Since Ĥ1 has

at least two vertices, Ĝ2 has at most |V (Ĝ)| − 2 vertices. We prove that it is possible

to choose such a set S so that Ĝ2 is non-separable or has at most |V (Ĝ)|− 3 vertices.

For the sake of proof we assume that Ĝ2 is separable and has |V (Ĝ)| − 2 vertices.

Then Ĥ1 consists of e only and e is the only signed simplicial edge of Ĝ. Since Ĝ2 is

separable, it contains two edges e′1, e
′
2 forming an induced 2K2. Let S ′ be a minimal

separating set of Ĝ that separates Ĥ ′
1 and Ĥ ′

2 which contain e′1 and e′2 respectively.

By Lemma 5.8 we can assume that Ĥ ′
1 contains e. Thus Ĥ ′

1 contains both e and e′1,

which means it has at least four vertices and hence the subgraph of Ĝ induced by

V (Ĥ ′
2) ∪ S ′ has at most |V (Ĝ)| − 4 vertices. Therefore we can assume that Ĝ2 is

non-separable or has at most |V (Ĝ)| − 3 vertices.

Suppose that Ĝ2 is non-separable. Then by Lemma 5.7, Ĝ2 contains a graph

W ∈ W1 ∪W2 ∪ · · · ∪W6 (see Figure 5.9) as an induced subgraph with the vertices

x, x′ being the only vertices in S. We claim that W /∈ W5 ∪W6. Indeed, suppose to

the contrary that W ∈ W5∪W6 with x, x′ being the only vertices in S. Then x, x′ are

the only vertices in W and by Lemma 5.6 they have a common neighbour y in Ĥ1.

Hence the subgraph of Ĝ induced by V (W ) ∪ {y} is a graph in D if W ∈ W5, and a

graph in F5 if W ∈ W6, contradicting the assumption that Ĝ is chordal. Therefore

W ∈ W1 ∪W2 ∪W3 ∪W4. If W ∈ W1 ∪W2, then W together with a shortest path

connecting x and e in Ĝ1 induce a lollipop of type 1. If W ∈ W3 ∪ W4, then W

together with a shortest path connecting x and e in Ĝ1 induce a lollipop of type 2.

In either case the end of the lollipop is incident with the signed simplicial edge e.

Suppose now that Ĝ2 is separable. Our assumption above ensures that it has at
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most |V (Ĝ)| − 3 vertices. Since S is a minimal separating set that separates Ĥ1 and

Ĥ2, every vertex of S has a neighbour in Ĥ1 and a neighbour in Ĥ2. Consider two

vertices s, s′ of S from the same partite set. By Lemma 5.6, s, s′ have a common

neighbour in Ĥ2 and hence their neighbourhood in Ĥ1 are comparable, as otherwise

Ĝ contains an induced cycle of length ≥ 6, a contradiction to the assumption that Ĝ

is chordal. This implies that the vertices of S of the same partite set have a common

neighbour in Ĥ1. Let u, v be a pair of vertices in Ĥ1 where u is a common neighbour

of the vertices of S in one partite set and v is a common neighbour of the vertices of

S in the other partite set. (If all vertices of S are in one partite set then let v be any

vertex in Ĥ1 adjacent to u). Let Ĝ∗ be the graph obtained from the subgraph of Ĝ

induced by V (Ĝ2)∪ {u, v} by adding an edge uv (either positive or negative) if uv is

not an edge of Ĝ. Since the neighbourhood of uv is S which forms a positive biclique,

uv is a signed simplicial edge of Ĝ∗. The graph graph Ĝ∗ is chordal. Indeed, if uv is

an edge of Ĝ, then Ĝ∗ is an induced subgraph of Ĝ; if uv is not an edge of Ĝ then

Ĝ∗ − uv is an induced subgraph of Ĝ. Since Ĝ2 has at most |V (Ĝ)| − 3 vertices, Ĝ∗

has fewer vertices than Ĝ. Since no two signed simplicial edges of Ĝ induce a 2K2, no

two signed simplicial edges of Ĝ∗ induce a 2K2. Hence, by the inductive hypothesis,

Ĝ∗ contains an induced lollipop L with its end incident with uv. It is easy to verify

that L− {u, v} is an induced lollipop in Ĝ2 with its end being the only vertex in S.

The shortest path between the end of L−{u, v} and e together with L−{u, v} is an

induced lollipop of Ĝ with its end incident with e. This completes the proof.

Corollary 5.2. Let Ĝ be a signed separable bigraph and S be a minimal separating

set that separates Ĥ1 and Ĥ2. Let Ĝ1 (respectively, Ĝ2) be the subgraph of Ĝ induced

by V (Ĥ1) ∪ S (respectively, V (Ĥ2) ∪ S). If either of Ĝ1 or Ĝ2 contains a graph in

W5∪W6 as an induced subgraph with x, x′ being the only vertices in S then Ĝ contains

a graph in F5 ∪D as an induced subgraph.
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x = x′
. . .. . .

x = x′
. . .. . .

x = x′
. . .. . .

Figure 5.11: Sum of two lollipops

For a lollipop L and a vertex u not in L, we say that u and L are completely

adjacent (or u is completely adjacent to L) if u is adjacent to all vertices of L in the

partite set opposite to u.

Let L and L′ be two lollipops with ends x and x′ respectively. The sum of L

and L′ is the signed bigraph obtained from L and L′ by identifying x and x′. Figure

5.11 depicts all possible sums of lollipops. The join of L and L′ is the signed bigraph

obtained from L and L′ by

• adding a complete adjacency between x and L′ with positive edges, except when

L′ is W1 in which case xx′ is an added edge and the other edge between x and

the vertex at distance 2 from x′ in L′ may be either positive or negative, and

• adding a complete adjacency between x′ and L with positive edges, except when

L is W1 in which case xx′ is an added edge and the other edge between x′ and

the vertex at distance 2 from x in L may be either positive or negative.

Figure 5.12 depicts all joins of lollipops L,L′ of type 1 and there is a complete

adjacency with positive edges between x and L′ and between x′ and L. Figure 5.13

depicts all joins of lollipops L of type 1 and L′ of type 2 and there is a complete
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adjacency with positive edges between x and L′ and between x′ and L. Figure 5.14

depicts all joins of lollipops L,L′ of type 2 and there is a complete adjacency with

positive edges between x and L′ and between x′ and L. Figure 5.15 depicts all joins

of L = W1 and L′ of type 1 (which may also be W1) where the edge between x′ and

the vertex at distance 2 from x in L is negative (in the case when L = W1 = L′ the

edge between x and the vertex at distance 2 from x′ in L′ may also be negative as

shown in the last one).

For convenience we label the vertices of lollipops as shown in Figure 5.16. Call

the vertices w, y, z in a lollipop the heads of the lollipop.

Denote by S (respectively, J ) the set of sums (respectively, joins) of lollipops,

and F = F1 ∪ F2 ∪ · · · ∪ F6 ∪ C ∪D ∪ S ∪ J .

Lemma 5.10. Let Ĝ be a signed bigraph which does not contain any of the bigraphs

in F as an induced subgraph. Let L be an induced lollipop in Ĝ whose vertices are

labeled as in Figure 5.16 (with x1 = x being its end). Let x′ be a vertex not on L such

that

• either xx′ is an edge, or

• x, x′ have a common neighbour adjacent to no vertex of L other than x.

If x′ is adjacent to a head of L then x′ is completely adjacent to L by positive edges,

except when x′x or x′w is an edge in which case either one can be positive or negative.

Proof. Suppose first that xx′ is an edge. Consider first the case when k is odd. Since

x′ is adjacent to a head of L, x′w is an edge. Thus the statement holds when k = 1. So



90

x′

. . .

x

. . .

x′

. . .

x

. . .

x′

. . .

x

. . .

x′

. . .

x

. . .

x′

. . .

x

. . .

x′

. . .

x

. . .

Figure 5.12: Join of two lollipops (of type 1)
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Figure 5.13: Join of two lollipops (type 1 and type 2)
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Figure 5.14: Join of two lollipops (of type 2)
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. . .

. . .

. . .

. . .

Figure 5.15: Join of lollipops when one of them is a W1

assume that k ≥ 3. Let x′xt be an edge with t being the largest. We claim that t = k.

Suppose not; t < k. When L is of type 1, x′xtxt+1 . . . xkywx
′ is an induced cycle of

length ≥ 6, a contradiction to the assumption. When L′ is of type 2, if t = k−2, then

x′, xk−2, xk−1, xk, y, w induce a graph in D, otherwise t < k−2, x′xtxt+1 . . . xk−1wx
′ is

an induced cycle of length ≥ 6, contradictions. Hence x′xk is an edge. We must have

that x′ is completely adjacent to L as otherwise there is a cycle of length ≥ 6. We

show that x′xi is positive for all i ≥ 2. Suppose not; x′xi is negative for any i with

i ≥ 2. If i < k then Ĝ contains a graph in D induced by x′, xi−2, xi−1, xi, xi+1, xi+2. If
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. . .
x = x1xk−1xk

y

w

z

. . .
x = x1xk−1xk

y

w

z

Figure 5.16: Labeled lollipops

i = k then the subgraph of Ĝ induced by x′, xk−2, xk−1, xk, y, w is a graph in D when

L is of type 1, or a graph in F5 when L is of type 2.

Consider then the case when k is even. By assumption and the symmetry between

y and z we assume that x′ is adjacent to y. Let x′xr be an edge with r being the

largest. We claim that r = k − 1 as otherwise x′xrxr+1 . . . xkyx
′ is an induced cycle

of length ≥ 6, a contradiction. The edge x′z must be present in Ĝ as otherwise

x′, xk−1, xk, z, w, y induce a graph in D if L is of type 1, or a graph in F5 if L is of type

2. In fact, both x′y, x′z must be positive or else the same six vertices x′, xk−1, xk, z, w, y

induce a graph in F5 when L is of type 1, or a graph in F4 when L is of type 2. It is

now easy to see that x′ is completely adjacent to L by positive edges except possibly

x′x.

Suppose now that u is a common neighbour of x, x′ which is adjacent to no vertex

of L other than x. As above we consider two cases depending on the parity of k.

Assume first that k is odd. By the symmetry between y and z we assume that x′

is adjacent to y. In the case when k = 1, x′z must be present and both x′y, x′z are

positive, as otherwise u, x′, x, y, z, w induce a graph in D or in F5. So k ≥ 3. There

must be a complete adjacency between x′ and L by positive edges. Indeed, if x′ is not

completely adjacent to L by positive edges among the vertices xi then Ĝ contains an

induced cycle of length ≥ 6 or an induced graph in D; if x′ is not adjacent to z or

either of x′y, x′z is negative then Ĝ contains an induced graph in F5 ∪D when L is

of type 1 and an induced graph in F4 ∪ F5 when L is of type 2.
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Finally, assume that k is even. Then the only head of L adjacent to x′ is w. A

similar argument as above shows that x′ is completely adjacent to L by positive edges

except possibly x′w or else Ĝ contains a graph in C ∪D∪F5 as an induced subgraph.

This completes the proof.

We are now ready to prove the main theorem of this chapter. Recall that

F = F1 ∪ F2 ∪ · · · ∪ F6 ∪ C ∪D ∪ S ∪ J .

We say that a signed graph is F-free if it does not contain any graph in F as an

induced subgraph. We make two remarks on the graphs in F . First, since none of

the graphs in F has a signed simplicial edge, none of them is chordal and hence can

be an induced subgraph of a chordal signed bigraph. Second, if a signed bigraph Ĝ

is a F -free signed bigraph and e is a signed simplicial edge in Ĝ then Ĝ− e is again

F -free.

Theorem 5.3. Let Ĝ be a signed bigraph. Then Ĝ is chordal if and only if it is

F-free.

Proof. The necessity has been discussed above so we only prove the sufficiency. Sup-

pose to the contrary that there exists an F -free signed bigraph which is not chordal.

Let Ĝ be such a graph that is minimal with respect to vertex deletion, that is, deleting

a vertex from Ĝ results in a chordal signed bigraph. In view of the remarks above we

can assume that Ĝ contains no signed simplicial edge. Proposition 5.2 implies that

Ĝ is separable.

Let S be a minimal separating set in Ĝ that separates Ĥ1 and Ĥ2. Let Ĝ1 (respec-

tively, Ĝ2) be the subgraph of Ĝ induced by V (Ĥ1)∪S (respectively, by V (Ĥ2)∪S).

The minimality of Ĝ ensures that both Ĝ1 and Ĝ2 are chordal (and hence each has
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a signed simplicial edge). Since Ĝ does not have a signed simplicial edge, any signed

simplicial edge of Ĝ1 or Ĝ2 must have an endvertex in S.

We show that Ĝ1 and Ĝ2 each contains an induced lollipop with its end being the

only vertex in S. By symmetry we only prove it for Ĝ1. If Ĝ1 is non-separable, then,

by Lemma 5.7 and Corollary 5.2, Ĝ1 contains an induced lollipop in W1∪W2∪W3∪W4

with its end being the only vertex in S. Suppose that Ĝ1 is separable. Since Ĥ2 has

an edge, it has at least two vertices. If Ĥ2 has exactly two vertices then the (only)

edge in Ĥ2 is a signed simplicial edge of Ĝ, a contradiction to the choice of Ĝ. Thus

Ĥ2 has at least three vertices, which means that Ĝ1 has at most |V (Ĝ)| − 3 vertices.

Let u, v be a pair of vertices in Ĥ2 where u is a common neighbour of the vertices of

S in one partite set and v is a common neighbour of the vertices of S in the other

partite set. (If all vertices of S are in one partite set then let v be any vertex in Ĥ1

adjacent to u). Let Ĝ∗ be the graph obtained from the subgraph of Ĝ induced by

V (Ĝ1)∪{u, v} by adding an edge uv (either positive or negative) if uv is not an edge

of Ĝ. Since the neighbourhood of uv is S which forms a positive biclique, uv is a

signed simplicial edge of Ĝ∗. Either Ĝ∗ or Ĝ∗ − uv is an induced subgraph of Ĝ with

fewer vertices than Ĝ, Ĝ∗ is chordal and uv is the only signed simplicial edge of Ĝ∗.

By Lemma 5.9, Ĝ∗ contains an induced lollipop whose end is incident with uv. By

deleting u, v from the lollipop we obtain a lollipop L in Ĝ1 with its end being the

only vertex in S. Similarly, Ĝ2 contains an induced lollipop L′ with its end being the

only vertex in S.

Let x1, x2, . . . , xk, w, y, z be the vertices of L as depicted in Figure 5.16. In a

similar way, let x′
1, x

′
2, . . . , x

′
ℓ, w

′, y′, z′ be the vertices of L′. Note that x1 and x′
1 are

the ends of L and L′ respectively. We know from above that they are the only vertices

in S.

We will show that Ĝ contains a graph in F as an induced subgraph which con-
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tradicts the assumption that Ĝ is F -free. Note that any edge between L and L′ is

incident with at least one of x1 and x′
1. If x1 = x′

1, then L and L′ together induce a

graph in S, contradicting the assumption that Ĝ is F -free. So x1 ̸= x′
1.

If x′
1 is not adjacent to any of w, y, z and is adjacent to xj(j > 1), choose such j

to be the largest, then L− {x1, x2, . . . , xj−1} and L′ together induce a graph in S, a

contradiction. So we may assume that x′
1 must be adjacent to one of w, y, z if it is

adjacent to xj for some j > 1. Similarly, x1 must be adjacent to one of w′, y′, z′ if it

is adjacent to x′
j for some j > 1.

Suppose first that x1 and x′
1 are in different partite set of Ĝ. Then they are joint

by a positive edge as S induces a positive biclique in Ĝ. If x1x
′
1 is the only edge

between L and L′ then again L and L′ induce a graph in S, a contradiction. So there

is at least one edge between L and L′ other than x1x
′
1.

Consider the case when the edges between L and L′ are all incident with x′
1. From

above we know that x′
1 is adjacent to one of w, y, z. By Lemma 5.10, x′

1 is completely

adjacent to L by positive edges, except possibly x′
1w (which may or may not be an

edge). If x′
1w is a negative edge, then L − {x1, x2, . . . , xk−1} and L′ induce a graph

in S, a contradiction. So x′
1 is completely adjacent to L by positive edges.

Since S is a minimal separating set that separates Ĥ1 and Ĥ2, x1 has a neighbour

in Ĥ2. Let u be a neighbour of x1 in Ĥ2. Suppose that u is adjacent to a vertex

in L′. Then we know from above that u must be adjacent to one of w′, y′, z′. By

Lemma 5.10, u is completely adjacent to L′ by positive edges except possibly uw′.

If uw′ is a negative edge, then L, u, and L′ − {x′
1, x

′
2, . . . , x

′
ℓ−1} form an induced a

graph in S. On the other hand if u is completely adjacent to L′ by positive edges,

then L, u, and L′ form an induced graph in J . Hence no neighbour of x1 in Ĥ2

is adjacent to any vertex in L′. Let u1u2 . . . ut be a shortest path in Ĥ2 from a

neighbour of x1 to L′−x′
1. Then t ≥ 3. If ut−1 is not adjacent to any of w′, y′, z′, then
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ut = x′
j for some j. Choose such a j to be the largest. Then L, u1, u2, . . . , ut−1, and

L′ −{x′
1, x

′
2, . . . , x

′
j−1} induce a graph in S, a contradiction. Thus ut−1 is adjacent to

at least one of w′, y′, z′. Let u′
t be the vertex in L′ closest to x′

1 which is a neighbour

of ut−1. Then x1x
′
1x

′
2 . . . u

′
tut−1ut−2 . . . u1x1 is a cycle of length ≥ 6. This cycle cannot

be induced as Ĝ is C-free. Since any chord in the cycle is incident with x′
1, x′

1 is

completely adjacent to u1u2 . . . ut−1u
′
t. In particular, the distance between x′

1 and u′
t

in L′ is at most 2. Since Ĝ does not contain any graph in D as a induced subgraph,

all chords in the cycle are positive. Applying Lemma 5.10 to L′ and ut−1 we conclude

that ut−1 is completely adjacent to L′ by positive edges except possibly ut−1w
′. If

ut−1w
′ is a negative edge then L, u1, u2, . . . , ut−1, and L′ − {x′

1, x
′
2, . . . , x

′
ℓ−1} form an

induced graph in S. If ut−1 is completely adjacent to L′ by positive edges then L,

u1, u2, . . . , ut−1, and L′ form an induced graph in J .

Suppose that there is an edge between x1 and L′ (other than x1x
′
1) and an edge

between x′
1 and L (other than x1x

′
1). Again from above we know that x1 is adjacent

to at least one of w′, y′, z′ and that x′
1 is adjacent to at least one of w, y, z. By

Lemma 5.10, x1 is completely adjacent to L′ by positive edges except possibly x1w
′,

and x′
1 is completely adjacent to L by positive edges except possibly x′

1w. If x1 is

completely adjacent to L′ by positive edges and x′
1 is completely adjacent to L by

positive edges, or L = W1 and L′ = W1 then L and L form a graph in J as an

induced subgraph. Suppose that L = W1 and L′ ̸= W1. If x1w
′ is positive and

x′
1w is negative then L and L′ induce a graph in J . If x1w

′ is negative then L and

L′ − {x′
1, x

′
2, . . . , x

′
ℓ−1} induce a graph in S. A similar discussion applies to the case

when L ̸= W1 and L′ = W1. Suppose that L ̸= W1 and L′ ̸= W1. If x1w
′ is negative,

then L and L′ − {x′
1, x

′
2, . . . , x

′
ℓ−1} induce a graph in S. Similarly, if x′

1w is negative,

then L− {x1, x2, . . . , xk−1} and L′ induce a graph in S.

Suppose now that x1 and x′
1 are in the same partite set of Ĝ. Assume first that
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x1 is adjacent to a vertex in L′ and x′
1 is adjacent to a vertex in L. We know from

above that x1 is adjacent to one of w′, y′, z′ and x′
1 is adjacent to one of w, y, z. By

Lemma 5.10, x1 is completely adjacent to L′ by positive edges except possibly x1w
′,

and x′
1 is completely adjacent to L by positive edges except possibly x′

1w. If x1 is

completely adjacent to L′ by positive edges and x′
1 is completely adjacent to L by

positive edges then L and L′ induce a graph in J . If x1w
′ is a negative edge then

L and L′ − {x′
1, x

′
2, . . . , x

′
ℓ−1} induce a graph in S. Similarly, if x′

1w is negative then

L− {x1, x2, . . . , xk−1} and L′ induce a graph in S.

Assume next that x1 is adjacent to a vertex in L′ but x′
1 is adjacent to no vertex

in L. As above, we know that x1 is completely adjacent to L′ by positive edges except

possibly x1w
′. If x1w

′ is a negative edge then L and L′ − {x′
1, x

′
2, . . . , x

′
ℓ−1} induce a

graph in S. So x1 completely adjacent to L′ by positive edges.

Let u be a neighbour of x′
1 in Ĥ1. Suppose that u is adjacent to a vertex in

L − x1. A similar proof as above shows that u must be adjacent to one of w, y, z.

Observe that L and x′
1, x

′
2 form an induced lollipop with x′

1 being the end. Applying

Lemma 5.10 to this lollipop and u we conclude that u is completely adjacent to this

lollipop by positive edges except possibly uw and ux′
1. If uw is a negative edge then

L − {x1, x2, . . . , xk−1}, u, and L′ form an induced graph in S. So u is completely

adjacent to L by positive edges. Hence L, u, and L′ form an induced graph in J .

Hence no neighbour of x′
1 in Ĥ1 is adjacent to any vertex in L− x1.

Let u1, u2, . . . , ut be a shortest path in Ĥ1 from a neighbour of x′
1 in Ĥ1 to L−x1.

Then t ≥ 3. A similar proof as above shows that x1 is completely adjacent to

u1u2 . . . ut−1u
′
t where u′

t is the neighbour of ut−1 in L closest to x1 by positive edges.

Moreover, ut−1 is completely adjacent to L by positive edges except possibly ut−1w

and ut−1x1. Since Ĝ contains no induced graph in D, ut−1x1 is a positive edge. If

ut−1w is a negative edge, then L − {x1, x2, . . . , xk−1}, u1, u2, . . . , ut−1, L′ form an
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induced graph in S. So ut−1 is completely adjacent to L by positive edges. Then

L, u1, u2, . . . , ut−1, and L′ form an induced graph in J . A similar discussion applies

when x1 is adjacent to no vertex in L′ but x′
1 is adjacent to a vertex in L.

It remains to consider the case when x1 is adjacent to no vertex in L′ and x′
1 is

adjacent to no vertex in L. By Lemma 5.6, x1 and x′
1 have a common neighbour u in

Ĥ1 and a common neighbour u′ in Ĥ2. If u is not adjacent to any vertex of L−x1 then

L, L′ and u induce a graph in S. Similarly, if u′ is not adjacent to any vertex of L′−x′
1

then L, L′ and u′ induce a graph in S. So u is adjacent to some vertex in L−x1 and u′

is adjacent to some vertex in L′ − x′
1. We know from above that u must be adjacent

to one of w, y, z. By Lemma 5.10 u is completely adjacent to L by positive edges

except possibly uw and ux1. If uw is a negative edge then L − {x1, x2, . . . , xk−1}, u

and L′ induce a graph in S. If ux1 is a negative edge then Ĝ contains a graph in D

induced by x1, u
′, x′

1, u, x3, x2 when k ≥ 3, or by x1, u
′, x′

1, u, y, x2 when k = 2, or by

x1, u
′, x′

1, u, w, y when k = 1. Hence u is completely adjacent to L by positive edges.

A similar argument shows that u′ is completely adjacent to L′ by positive edges.

Therefore L and L′ together with u and u′ induce a graph in J . This completes the

proof.
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Chapter 6

Concluding Remarks and Future

Research

This dissertation focuses on the chordality of various classes of digraphs. One of the

digraph classes is the class of weakly quasi-transitive digraphs. We gave a structure

theorem for this class of digraphs. We applied this structure theorem to derive for-

bidden subdigraph characterizations of weakly quasi-transitive chordal digraphs and

the semi-strict chordal digraphs. In addition, we showed that the small quasi-kernel

conjecture holds for the weakly quasi-transitive digraphs.

Unfortunately, forbidden subdigraph characterizations are not known for either of

chordal digraphs or semi-strict chordal digraphs. It remains an open problem to find

such a characterization.

In this dissertation, we also introduced the notion of chordal signed graph and

chordal signed bigraph. Chordal signed bigraph can be recognized in O(m2) time.

This can be done by recursively finding a signed simplicial edge if one exists. It

would be interesting to find a linear time recognition algorithm for these classes

of graphs. Chordal signed graphs coincide with strict chordal digraphs pervioursly
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studied by Hell and Hernández-Cruz. The forbidden subdigraph characterization of

strict chordal digraphs obtained in [45] translates directly to a forbidden subgraph

characterization of chordal signed graphs. We characterize chordal signed bigraphs

by forbidden subgraphs.

Switching is an operation that can be applied to any vertex of a signed graph.

More precisely, given a signed graph Ĝ and a vertex v, switching at v negates the signs

of all edges incident with v in Ĝ [13]. We say that two signed graphs are switching

equivalent if one can be obtained from the other by a sequence of switchings. Switching

operation can be applied in various areas such as social psychology, data clustering,

neuroscience and complex systems [3, 21, 57].

A signed graph Ĝ is chordally switchable if it is switching equivalent to a chordal

signed graph. Chordally switchable signed bigraphs can be defined similarly. It is easy

to see that none of signed cycles of length at least 4 are chordally switchable signed

graphs. Every signed graph in A1 ∪ A2 ∪ A3 ∪ K1 ∪ K2 (in Figure 5.1) is chordally

switchable signed graph. Similarly, none of signed even cycles of length at least 6 are

chordally switchable signed bigraphs. All signed bigraphs in F1 ∪F2 ∪F3 ∪F4 ∪F5 ∪

F6 ∪D ∪ S ∪ J in chapter 5 are chordally switchable signed bigraphs.

The following proposition can be easily verified.

Figure 6.1: M0

Proposition 6.1. Let Ĝ be a signed bigraph and xy be an edge of Ĝ. Then Ĝ can be

switched to a graph in which xy is a signed simplicial edge if and only if the subgraph
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of Ĝ induced by N(xy) is a biclique and does not contain a subgraph that is switching

equivalent to M0 in Figure 6.1.

One can apply the proposition above to verify that none of the graphs in the

Figures 6.2, 6.3 and 6.4 can be switch to a chordal signed bigraph.

S1 S2

S3

S4

Figure 6.2: Signed complete bigraphs which are not chordal under switching operation

V1 V2

V3 V4

Figure 6.3: Signed non-separable bigraphs which are not chordal under switching
operation

Another class of signed bigraphs which are not switching equivalent to chordal

signed bigraphs can be obtained as follows. Let Ĥ be either a sum or a join of
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D1

Figure 6.4: Signed separable bigraphs which are not chordal under switching operation

lollipops. Let U be the signed bigraph obtained from Ĥ by adding a positive edge

uv completely adjacent to Ĥ with positive edges connecting to the endvertices of the

negative edges shown in the drawings of Figures 5.11, 5.12, 5.13, 5.14 and 5.15.

We suspect the signed bigraphs described above are the only minimal obstructions

to chordally switchable signed bigraphs. It remains a challenging problem to show

this is the case.
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