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ABSTRACT

Chordal graphs and chordal bigraphs enjoy beautiful characterizations, in terms of for-
bidden subgraphs, vertex or edge orderings, and tree-like representations. A digraph
analogue of chordal graphs was introduced by Haskins and Rose. Unfortunately, a
forbidden subdigraph characterization of chordal digraphs is not known and finding
such a characterization seems to be a difficult problem. The study of chordal digraphs
has been restricted to various classes of digraphs, such as semicomplete digraphs,
quasi-transitive digraphs, extended semicomplete digraphs and locally semicomplete
digraphs.

In this dissertation, we introduce the new class of weakly quasi-transitive digraphs
as a common generalization of semicomplete digraphs, quasi-transitive digraphs and
symmetric digraphs. We show that weakly quasi-transitive digraphs can be obtained
from these three classes of digraphs by substitutions. As a consequence, weakly quasi-
transitive digraphs admit a recursive construction. This construction theorem allows
us to find a forbidden subdigraph characterization of weakly quasi-transitive chordal
digraphs. In addition, we use it to prove that the small quasi-kernel conjecture holds
for weakly quasi-transitive digraphs.

We extend the notion of chordality to signed graphs and signed bigraphs. In-
terestingly, chordal signed graphs are equivalent to strict chordal digraphs studied
by Hell and Hernandez-Cruz. The forbidden subdigraph characterization of strict
chordal digraphs can be translated to a forbidden subgraph characterization of chordal
signed graphs. We give a forbidden subgraph characterization of chordal signed bi-
graphs. The forbidden subgraphs for chordal signed bigraphs are analogous to those

for chordal signed graphs but the proofs are much more complicated and intriguing.
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Chapter 1

Introduction

1.1 Background

A graph G is perfect if for every induced subgraph H of GG, the chromatic number of H
is equal to the size of a maximum clique in H [11, 12, 31|. Berge [11, 12| conjectured
that a graph is perfect if and only if it does not contain an odd cycle of length > 5 or
its complement as an induced subgraph. This conjecture was known as strong perfect
graph conjecture and later proved by Chudnovsky, Robertson, Seymour and Thomas
[15, 16].

One of the first classes of graphs recognized as being perfect was the class of
chordal graphs. A vertex u in a graph is simplicial if its neighbours induce a complete
subgraph. A graph G is chordal if every induced subgraph of G contains a simplicial
vertex [23, 51]. Hajnal and Suranyi [35] showed that every chordal graph is perfect.

Chordal graphs admit elegant characterizations, in terms of forbidden subgraphs,
vertex orderings, and tree representations [23, 29, 61]. These characterizations enable
many optimization problems to be solvable in linear time on chordal graphs [31]. A

perfect elimination ordering of a graph G is a vertex ordering vy, vs, ..., v, such that



v; is a simplicial vertex in the subgraph of G induced by v;, v;11,...,v,. Fulkerson
[26] proved that a graph is chordal if and only if it has a perfect elimination ordering.
It is proved that a graph is chordal if and only if it does not contain a cycle of
length greater than three as an induced subgraph [61]. Chordal graphs can also be
represented by subtrees in trees [29]. Rose and Tarjan [60] obtained a simple linear
time recognition algorithm for chordal graphs.

In 1973, Haskins and Rose [38] introduced a digraph analogue of chordal graphs.
A vertex v in a digraph D is called a di-simplicial vertex if every in-neighbour of
v dominates every out-neighbour of v. A digraph D is chordal if every induced
subdigraph of D contains a di-simplicial vertex. It follows that every chordal digraph
D has a vertex ordering vq,vs,...,v, such that v; is a di-simplicial vertex in the
subdigraph of D induced by v;, v;y1,...,v, for each ¢ > 1. Such a vertex ordering
is called a perfect elimination ordering of D. Graphs can be viewed as symmetric
digraphs, and so the di-simplicial vertices of a symmetric digraph coincide with the
simplicial vertices of its underlying graph. Thus, chordal graphs are equivalent to
the symmetric chordal digraphs and hence the class of chordal graphs is a subclass of
chordal digraphs.

Chordal digraphs arise naturally from consideration of sparse matrices whose
sparseness can be preserved by Gaussian eliminations [38]. Chordal digraphs can
be recognized in polynomial time [56]. But, unlike chordal graphs, little is known
about the structure of chordal digraphs. In particular, there is no known forbidden
subdigraph characterization of chordal digraphs. According to [47], finding forbidden
subdigraph characterizations of chordal digraphs may be a difficult problem. Re-
search has been focusing on characterizing chordal digraphs with additional proper-
ties. Meister and Telle [56] characterized semicomplete chordal digraphs by forbidden

subdigraphs. Locally semicomplete digraphs, quasi-transitive digraphs and extended



semicomplete digraphs (to be defined in section 2) are three classes of digraphs that
generalize the class of semicomplete digraphs. The forbidden subdigraph characteri-
zations for the chordal digraphs in these three digraph classes have been obtained in
[65].

In this dissertation, we introduce the class of weakly quasi-transitive digraphs.
This class of digraphs contains quasi-transitive digraphs, extended semicomplete di-
graphs and symmetric digraphs. We show that every weakly quasi-transitive digraph
can be obtained from these digraphs by a substitution operation. This allows us
to obtain a forbidden subdigraph characterization of weakly quasi-transitive chordal
digraphs (Theorem 3.5).

Although chordal digraphs are a natural digraph analogue of chordal graphs, they
seem to be too broad to recover the elegance of chordal graphs. In [41], a subclass
of chordal digraphs was introduced. A vertex v in a digraph D is called strict di-
simplicial if every pair of neighbours of v are joined by symmetric arcs. A digraph D
is called strict chordal if every induced subdigraph of D contains a strict di-simplicial
vertex. Since strict di-simplicial vertices are di-simplicial, every strict chordal digraph
is chordal. Surprisingly, a forbidden subdigraph characterization of strict chordal
digraphs has been obtained in [41]. The forbidden subdigraph characterization of
strict chordal digraphs makes use of the fact that the underlying graph of a strict
chordal digraph is a chordal graph [41]. This fact is also critical for extensions of
the minimal separators property of chordal graphs to strict chordal digraphs [41, 55].
There is a polynomial time recognition algorithm for strict chordal digraphs [41].

We propose an intermediate notion between chordal digraphs and strict chordal
digraphs. A vertex v in a digraph D is called semi-strict di-simplicial if every in-
neighbour of v adjacent to every out-neighbour of v by symmetric arcs. We call

a digraph D semi-strict chordal if every induced subdigraph of D contains a semi-



strict di-simplicial vertex. Note that strict di-simplicial vertices are semi-strict di-
simplicial vertices which are di-simplicial vertices, and so every strict chordal digraph
is a semi-strict chordal digraph which is chordal. In Figure 1.1, the digraph on the
left is semi-strict chordal (and hence chordal) but not strict chordal, the digraph on
the right is chordal but not semi-strict chordal (and hence not strict chordal). We
obtain forbidden subdigraph characterizations of semi-strict chordal digraphs within

the classes of locally semicomplete digraphs and weakly quasi-transitive digraphs.

Figure 1.1: Chordal digraphs

Let G be a bipartite graph with bipartition (X, Y’). A subgraph H of G is called a
biclique if every vertex in V(H) N X is adjacent to all vertices in V(H)NY. An edge
uv in G is simplicial if the neighbours of u and the neighbours of v induce a biclique
in G. A perfect edge-without-vertex elimination ordering of G is an edge ordering
e1,€s,..., e, such that each e; is a simplicial edge in G — {eq,eq,...,¢;.1} [32]. A
bipartite graph is chordal if it has a perfect edge-without-vertex elimination ordering.
Kloks and Kratsch [48| provided an efficient algorithm of computing a perfect edge-
without-vertex elimination ordering. In fact, chordal bipartite graphs are exactly the
bipartite graphs which do not contain an induced cycle of length > 6 [32]. This
implies in particular that a bipartite graph is chordal if and only if every induced
subgraph has a simplicial edge.

A signed graph G is a graph G in which each edge is signified with either a
positive sign “+” or a negative sign “—” [36, 66, 67, 68]. Edges with positive signs

are called positive and edges with negative signs are called negative. Signed graphs



were introduced in 1953 by Harary [66] to model social balances. Signed graphs also
have applications in geometry, matroid theory, and social science [66]. We introduce
the notion of chordal signed graphs. Let G be a signed graph. A positive clique in
Gisa clique in which all edges are positive. A vertex v is called signed simplicial if
the neighbours of v induce a positive clique in G. We call G chordal if every induced
subgraph of G has a signed simplicial vertex. Like chordal graphs, the vertices of a
signed graph G can be ordered vy, Vs, ..., U, such that each v; is a signed simplicial
vertex in G — {v1,v9,...,v;_1}.

Let D be a digraph, and G be the underlying graph of D. Define a signed graph
G where an edge uv in G is positive if both uwv and vu are arcs in D, and wv is
negative if only one of uv or vu is an arc in D. Then a digraph D can be viewed as a
signed graph G. Tt is easy to check that if v is a strict di-simplicial vertex of D, then
it is a signed simplicial vertex of G. Tt turns out that chordal signed graphs are an
equivalent notion to strict chordal digraphs, and we conclude that D is strict chordal
if and only if G is chordal.

A signed bipartite graph is a signed graph G where G is bipartite. If G is a
chordal bipartite graph, then Gisa signed chordal bipartite graph. We extend the
concept of chordal signed graph to chordal signed bipartite graph. An edge uv of
G is called a signed simplicial edge if the neighbours of u and the neighbours of
v induce a positive biclique in G. Note that a signed simplicial edge may have
negative edges incident with its end vertices. A signed simplicial perfect edge-without-
vertex elimination ordering of G is an edge ordering ey, e, ..., e, of G such that each
e; is a signed simplicial edge in G — {e1,e9,...,6;1}. We call G a chordal signed
bipartite graph if it has a signed simplicial perfect edge-without-vertex elimination
ordering. Note the difference between chordal signed bipartite graphs and signed

chordal bipartite graphs in which case every chordal signed bipartite graph is a signed



chordal bipartite graph, but a signed chordal bipartite graph may not be a chordal
signed bipartite graph. For instance, a Cy with all negative edges is signed chordal
but not chordal signed. We obtain the forbidden subgraph characterization of chordal
signed bipartite graphs. Our characterization implies that a signed bipartite graph
is chordal if and only if every induced subgraph has a signed simplicial edge, in

particular, every induced subgraph is chordal.

1.2 Terminology and notation

In this section, we give definitions and notations that will be used throughout this
dissertation.

A graph G is a pair (V| E) of sets, where the elements in V' are called the vertices
of GG, and the elements in F are called the edges of G which are unordered pairs of
elements in V. If uv € E, then we say that u and v are adjacent. The neighbourhood
of a vertex v, denoted by N(v), is the set {u € V : uv € E}. The closed neighbourhood
NJv] is the set {v} U N(v).

A path of length k in a graph G is a sequence of distinct vertices vy, vy, ..., v
where v; is adjacent to v; 1 for each 0 < i < k. An independent set of a graph is a
set of vertices such that no two of them are adjacent. A graph is a bipartite graph
(or bigraph in short) if its vertices can be partitioned into independent sets X and Y,
where X and Y are referred to as the partite sets of the bipartite graph. Equivalently,
a bigraph is a graph that does not contain any odd cycles.

A graph G is complete if there is an edge between any pair of vertices. A clique
of a graph G is a complete subgraph of G. A complete bigraph is a bipartite graph
where every vertex of one partite set is adjacent to every vertex of the other partite

set. If a subgraph of a bigraph is a complete bigraph, then it is called a biclique of



the bigraph.

An intersection graph is a graph G that each vertex v of GG is associated with a set
S, such that two vertices u and v are adjacent in G if and only if S, and S, intersect.

A digraph D = (V, A) consists of a vertex set V and an arc set A where each arc
is an ordered pair of vertices in V. Let u,v be two vertices of a digraph D. We say
that u, v are adjacent if there is an arc between u and v, otherwise we say that they
are not adjacent. If uv or vu is an arc but not both, then we say u is adjacent to v
by a non-symmetric arc. If both uv and vu are arcs, then we call them symmetric
arcs. In a drawing of a digraph, adjacency between two vertices is depicted by a solid
line, non-adjacency by dashed line, symmetric arcs by a solid line and having arrows
at both ends, and non-symmetric arc by a solid line and marked by a short bar (e.g.
see Figure 4.2). If uwv is an arc, then we say that u dominates v (or v is dominated
by w), moreover, u is an in-neighbour of v and v is an out-neighbour of u. The set of
all in-neighbours of v is denoted by N~ (v) and the set of all out-neighbours of v is
denoted by N*(v). We use N*(v) to denote the intersection of N~ (v) and N*(v). A
digraph which does not contain symmetric arcs is called an oriented graph. A digraph
which contains only symmetric arcs is called a symmetric digraph. We use S(D) to
denote the spanning subdigraph of D whose arc set consists of the symmetric arcs in
D. Graphs may be viewed as symmetric digraphs.

An oriented path of length k in D is a sequence of distinct vertices vy, vy, ..., U
such that v; and v, are joined by a non-symmetric arc for each ¢ =0,1,... k—1. If
v;v;11 18 an arc for each 0 < i < k, then it is called directed path (or dipath in short). A
digraph D is strongly connected (strong for short) if for every pair of distinct vertices
u and v, there exists a directed path from u to v and a directed path from v to u.

A directed cycle C of length k is a cyclic sequence of vertices vy, v1, ..., v,_1 such

that v;v;41 is an arc for each ¢ = 0,1,...,k — 1 (mod k). If there is no arc between



v; and v; for any ¢, j such that i — j # £1 (mod k), then C is called induced directed
cycle. A digraph is acyclic if it does not contain any directed cycle.

A sink is a vertex that has no out-neighbour and a source is a vertex that has no
in-neighbour. A digraph D is said to be sink-free if it has no sink. An independent
set of a digraph D is a vertex set I such that any u,v € I, u and v are not adjacent.
A kernel of a digraph D is an independent set K C V such that for every vertex
v € V'\ K, there exists an arc from v to a vertex u of K. A quasi-kernel of a digraph
D is an independent set @ C V such that for every vertex v € V'\ @, there exists a
directed path of length < 2 from v to a vertex u in Q).

The reversal of a digraph D is the digraph obtained from D by reversing all arcs.
The underlying graph U(D) of a digraph D is a simple graph consisting of vertex set
V(D) and edges uv where u and v are adjacent in D. The complementary digraph D
of a digraph D is a digraph such that V(D) = V(D), and uv is an arc of D if and
only if it is not an arc of D.

Let D be a digraph with vertices vy, vs,...,v, and let Hy, Ho, ..., H, be vertex
disjoint digraphs. A substitution of the digraph H; for the vertex v; in D for each i
is a new digraph D* obtained from the disjoint union of Hy, Hs, ..., H, by adding all
possible arcs zy where z € V(H;) and y € V(H;) for each arc v;v; in D.

A digraph D is semicomplete if there is at least one arc between any two vertices.
A locally semicomplete digraph is a digraph D such that for every vertex v € V(D),
N~ (v) and N*(v) each induces a semicomplete subdigraph in D. Locally semicom-
plete digraphs are a popular generalization of semicomplete digraphs and have been
extensively studied [4, 5, 6, 43]. An eztended semicomplete digraph is a digraph ob-
tained from a semicomplete digraph by substituting each vertex with an independent
set [6]. (See Figure 1.2 for an example.) A transitive oriented graph is an oriented

graph such that for any three vertices u,v and w, both uv,vw are arcs imply uw is



an arc. Quasi-transitive digraphs are another well-studied class of digraphs general-
izing semicomplete digraphs [7, 8, 9, 27]. A digraph D is quasi-transitive if for any
three vertices u,v and w such that v € N~ (v) and w € NT(v), then u and w are
adjacent. The class of quasi-transitive digraphs contains all semicomplete digraphs

and transitive oriented graphs [7].

v < w
Semicomplete U2 wa

Extended semicomplete

Figure 1.2: An extended semicomplete digraph blown up from a semicomplete digraph

In this dissertation, we study both graphs and digraphs all of which are assumed
to be finite and do not contain multiple edges or multiple arcs, but may contain
self-loops and symmetric arcs.

We will use edge-coloured graphs to represent signed graphs where positive edges
are coloured blue, negative edges are coloured red, and edges whose signs are not
specified are coloured black. Let G be a signed graph. A subgraph of Gisa signed
graph H obtained from G by deleting vertices and /or edges. If H is obtained from G
by vertex deletions only, then it is called an induced subgraph of G or a subgraph of
G induced by the vertex set V(ﬁ[ ) of H. We call a subgraph of G positive if its edges

are all positive. For an edge uv of G, we use N(uv) to denote (N (u) UN(v)) — {u, v}
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Figure 1.3: A graph (left) and a signed graph (right)

Suppose that F' is an edge-coloured graph whose edges are coloured with blue,
red and black. If F' has no black edge, then it represents a unique signed graph. If
F' has black edges, then by replacing each black edge of F' with a blue or a red edge
we obtain a signed graph. In this way, I’ represents a set of signed graphs. We say
that a signed graph G contains a graph in F'if at least one of the graphs in F' is a
subgraph of G , otherwise we say that G does not contain F. The set of signed graphs
in Figure 1.3 (right) contains a positive C3 but does not contain a negative Cj.

A signed graph G is called a signed complete bigraph when G is a complete bigraph.
A bigraph is separable if it contains an induced 2K, otherwise it is non-separable. A
signed bigraph G is separable if GG is separable, otherwise it is non-separable.

A separating set in a bigraph G is a set of vertices S such that G — S contains
at least two non-trivial components. Clearly, a bigraph is separable if and only if it
has a separating set. Similarly, a separating set in a signed separable bigraph G is
a set of vertices S such that G — S contains at least two non-trivial components. A

separating set is minimal if no proper subset of the set is separating.

1.3 QOutline of results

This dissertation studies the structure of digraphs, signed graphs and signed bigraphs
in connection to chordality.

In Chapter 2, we introduce a new class of digraphs called weakly quasi-transitive
digraphs. We show that weakly quasi-transitive digraphs admit a recursive construc-

tion. As a by-product, we prove that the small quasi-kernel conjecture holds for
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weakly quasi-transitive digraphs.

In Chapter 3, we apply the recursive construction of weakly quasi-transitive di-
graphs to characterize weakly quasi-transitive chordal digraphs by forbidden subdi-
graphs.

We turn to semi-strict chordal digraphs in Chapter 4. The notion of semi-strict
digraphs was introduced by the author in [65] where forbidden subdigraph character-
izations were obtained for semi-strict digraphs within several classes of digraphs. We
extend the results from [65] to find a forbidden subdigraph characterization of weakly
quasi-transitive semi-strict digraphs.

In Chapter 5, we introduce the concept of chordal signed graphs and chordal signed
bigraphs. We observe that chordal signed graphs are equivalent to strict chordal di-
graphs previously studied in [41]. The forbidden subdigraph characterization of strict
chordal digraphs from [41] yields immediately a forbidden subgraph characterization
of chordal signed graphs. We obtain a forbidden subgraph characterization of chordal
signed bigraphs.

Finally, we conclude in Chapter 6 with some remarks on the results obtained in

this dissertation. We also propose several open problems for future research.
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Chapter 2

Weakly Quasi-transitive Digraphs

2.1 Introduction

The definition of transitive oriented graphs ensures that they are all acyclic. Every
vertex of a transitive oriented graph is a di-simplicial vertex. So each transitive
oriented graph is chordal.

Quasi-transitive digraphs were initially studied in [30]. Interestingly, they share
the same underlying graphs with transitive oriented graphs, which are known as com-
parability graphs [30]. In 1995, Bang-Jensen and Huang [7] provided a structure
theorem for this digraph class, which led to polynomial time solutions of many prob-
lems. The class of quasi-transitive digraphs contains all transitive oriented graphs
and all semicomplete digraphs.

Let D be a digraph with vertices vy, vo,...,v, and let Hy, Ho, ..., H, be vertex-
disjoint digraphs. Recall that the substitution of the digraph H; for the vertex v;
in D for each ¢ is a new digraph D* obtained from Hi, Hs,..., H, by adding all
possible arcs xy where x € V(H;) and y € V(H;) for each arc v;u; in D. We use

D|[H,, Hs, ..., H,| to denote the new digraph D* and also say that it is obtained from
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D by substituting H; for v; for each 1.

Theorem 2.1. ([7]) Let D be a quasi-transitive digraph. Then the following state-

ments hold:

1. If D is non-strong, then D = T[Hy, Ha, ..., H,| where T is a transitive oriented

graph and each H; is a strong quasi-transitive digraph.

2. If D is strong, then D = S[Hy, Hs, ..., H,] where S is a strong semicomplete
digraph and each H; is either a single-vertex or a mon-strong quasi-transitive

digraph. [

Theorem 2.1 implies that quasi-transitive digraphs can be obtained from transitive
oriented graphs and semicomplete digraphs recursively by substitution.

The class of extended semicomplete digraphs contains all semicomplete digraphs.
However, there is no containment relationship between quasi-transitive digraphs and
extended semicomplete digraphs. We introduce a new class of digraphs as a com-
mon generalization of several classes of digraphs including quasi-transitive digraphs,
extended semicomplete digraphs, and symmetric digraphs.

Given a digraph D and vertices u,v,w of D such that u,w € N(v), we say that
u and w are synchronous neighbours of v if they are both in N~ (v) \ N*(v), or in
N*t(v)\ N~ (v), or in N~ (v) N NT(v). Otherwise, they are asynchronous neighbours
of v. A digraph D is weakly quasi-transitive if for each vertex v in D, any two asyn-
chronous neighbours of v are adjacent. Clearly, every symmetric digraph is weakly
quasi-transitive. This is because symmetric digraphs have the property that the neigh-
bours of each vertex are synchronous and any digraph having this property is weakly
quasi-transitive. Since graphs can be viewed as symmetric digraphs, this new class
of digraphs contains all graphs. The class of weakly quasi-transitive digraphs also

contains all quasi-transitive digraphs and hence all semicomplete digraphs, and all
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transitive oriented digraphs. Indeed, suppose that D is not weakly quasi-transitive.
Then some vertex v has two non-adjacent asynchronous neighbours w,w. Since u, w
are asynchronous neighbours of v, one of u,w is in N~ (v) and the other is in N (v).
Hence D is not a quasi-transitive digraph.

If a digraph D is weakly quasi-transitive, then any digraph obtained from D by
substituting an independent set for each vertex of D is also weakly quasi-transitive.
It follows that the class of weakly quasi-transitive digraphs also contains extended
semicomplete digraphs. Figure 2.1 depicts a containment hierarchy of the digraph

classes relevant to this chapter.

’ Weakly quasi-transitive digraphs ‘

’Quasi—transitive digraphs‘ ’Extended semicomplete digraphs‘ ’ Symmetric digraphs

’Transitive oriented graphs‘ ’ Semicomplete digraphs‘

Figure 2.1: A containment hierarchy.

In this chapter, we show that weakly quasi-transitive digraphs can be constructed
recursively from transitive oriented graphs, symmetric digraphs, and semicomplete
digraphs by substitutions (see Theorem 2.2). As a by-product of this recursive con-
struction, we will prove in Chapter 3 that the forbidden subdigraphs for weakly
quasi-transitive chordal digraphs are exactly those for semicomplete chordal digraphs.
The forbidden subdigraph characterization of weakly quasi-transitive chordal digraphs
generalizes not only the results of [65] on quasi-transitive chordal digraphs and ex-

tended semicomplete chordal digraphs but also the classical results on chordal graphs.
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Kernels in a digraph were first introduced by von Neumann and Morgenstern in
the context of games and they have applications in economy and logic [64]. It is proved
in 2] that the complement of a perfect digraph has a kernel. Not every digraph has
a kernel. Richardson [58] proved that every digraph with no odd directed cycle has a
kernel. Chvatal [17] proved that it is an NP-complete problem to decide if a digraph
has a kernel. Hell and Hernandez-Cruz showed that this problem is polynomial time
solvable for quasi-transitive digraphs [40].

In contrast, Chvatal and Lovész [18] proved that every digraph has a quasi-kernel.
Quasi-kernels have been studied in [1, 18, 20, 27, 33, 39, 63, 46, 49, 50|. In 1976,
Erdés and Székely [24] stated the small quasi-kernel conjecture in digraphs. We will
use the structure theorem of weakly quasi-transitive digraphs to prove that the small

quasi-kernel conjecture holds for the class of digraphs in this Chapter.

2.2 Structure theorem

Transitive oriented graphs and semicomplete digraphs are basic building blocks for
quasi-transitive digraphs [7|. Using these blocks one can form a class Q of digraphs

as follows:
e Each transitive oriented graph is in Q.
e Each semicomplete digraph is in Q.

e If D, Hi,Hy,...,H, € Q, then D[Hy,H,,...,H,] € Q, provided that H; is
a single-vertex digraph whenever the vertex v; for which H; is substituted is

incident with a symmetric arc for each i.

Since transitive oriented graphs and semicomplete digraphs are quasi-transitive

and the substitution operation maintains the property of being quasi-transitive, the
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digraphs in Q are all quasi-transitive. Theorem 2.1 ensures that quasi-transitive

digraphs are all in Q. Therefore we have the following:

Corollary 2.1. The class Q consists of quasi-transitive digraphs, that is, a digraph

18 quasi-transitive if and only if it is in Q. O

Weakly quasi-transitive digraphs can also be constructed in a similar way as quasi-
transitive digraphs.

Let W be the class of digraphs defined as follows:

e Each transitive oriented graph is in W;
e Each semicomplete digraph is in W;
e Each symmetric digraph is in W;

o IfD,Hl,HQ,...,Hn EW, then D[H17H27...,Hn] e W.

A module in a digraph D is an induced subdigraph H of D such that for any
vertex = not in H, either x is adjacent to no vertex in H or the vertices in H are
synchronous neighbours of x. A module is called trivial if it has only one vertex or is

the entire digraph D and non-trivial otherwise.

Theorem 2.2. The class VW consists of weakly quasi-transitive digraphs, that is, a

digraph is weakly quasi-transitive if and only if it is in WW.

Proof. Transitive oriented graphs and semicomplete digraphs are quasi-transitive, so
they are weakly quasi-transitive. Symmetric digraphs are also weakly quasi-transitive
because any vertex in a symmetric digraph has only synchronous neighbours. In
order to prove the rest of the digraphs in W are all weakly quasi-transitive, let
D* = DI|Hy, Hs,...,H,] where D, Hy, Hy,...,H, are weakly quasi-transitive di-

graphs. Consider three vertices u, v, w in D* where u, w are asynchronous neighbours
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of v. Assume that v € V(H;), v € V(H;) and w € V(Hy). If i = j = k then u,w
are adjacent as H; is weakly quasi-transitive. Suppose that ¢ = 7 # k. Since v and
w are adjacent, each vertex of H; is adjacent to all vertices of Hy and in particular,
u is adjacent to w. Similarly, if ¢ # j = k, then u and w are adjacent. Suppose
that ¢ # j # k. Then ¢ # k because u and w are asynchronous neighbours of v.
Since D is weakly quasi-transitive, the two vertices of D corresponding to H; and
Hy, are adjacent and so v and w are adjacent. Hence all digraphs in W are weakly
quasi-transitive.

We prove by induction on the number of vertices that every weakly quasi-transitive
digraph is in W. Let D be a weakly quasi-transitive digraph with n vertices. Assume
that every weakly quasi-transitive digraph with fewer than n vertices is in W. If D
is quasi-transitive or symmetric then it is in V. Hence assume that D is neither
quasi-transitive nor symmetric. Since D is not quasi-transitive, there exist vertices
u,v,win D with u € N~ (v) and w € NT(v) such that u and w are not adjacent in D.
Thus u and w are non-adjacent neighbours of v. Since D is weakly quasi-transitive,
any two asynchronous neighbours of v are adjacent. Hence v and w are synchronous
neighbours of v, which implies v and w are both in N*(v).

Suppose that H is a non-trivial module in D. Let D’ be the digraph obtained
from D by deleting all vertices of H except one. Then D = D'[H{, H), ..., H}]
where H] = H and each H] with ¢ > 2 is a single-vertex digraph. The digraphs
D', Hi,..., H} each has vertices fewer than n and is weakly quasi-transitive and hence
in W. This means that D is obtained from digraphs in W by substitution and by
definition D is also in WW. Thus, it suffices to show that there is a non-trivial module
in D.

Let R be the subdigraph of D induced by N*[v]. Then u and w are a pair of

non-adjacent vertices in R. Let M; be the subdigraph of R induced by the vertices
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which are connected to w by paths in W Clearly, M; contains v and w but not
v. Suppose that z is a vertex in N*[v] U N~ [v] but not in M;. We claim that x is
completely adjacent to M;. Indeed, if x € NT[v] N N~ [v], then the definition of M;
implies that z is completely adjacent to M;. On the other hand, if z € N*(v)® N~ (v)
(note that A® B is (A\ B)U(B\ A)), then z and any vertex of M; are asynchronous
neighbours of v so x is also completely adjacent to M;. By definition any two vertices
of M, are connected by a path in U(M;). In such path any two consecutive vertices
are not adjacent in D and hence are synchronous neighbours of x. It follows that the
vertices of M, are synchronous neighbours of x.

Suppose that z ¢ N*[v] U N~ [v]. If z is adjacent to a vertex y in M, then x and
v are non-adjacent neighbours of y and hence they must be synchronous neighbours
of y. The fact that v is joined to y by symmetric arcs implies that z is joined to y by
symmetric arcs. Thus if x is completely adjacent to M; then the vertices of M; are
synchronous neighbours of x. It follows that M; is a non-trivial module if for each
x ¢ NT[v] U N~ [v], either x is adjacent to no vertex in M; or completely adjacent
to M;. We may assume M; is not a module as otherwise we are done. This means
that there exist vertices x,y,y with x ¢ N*[v]U N~ [v] and y,y" € M; such that z is
adjacent to y but not to yy’. These three vertices z, y, v’ along with M; will be referred
to in the rest of proof.

Suppose that N*(v) @ N~ (v) # 0. Then any vertex in N*(v) & N~ (v) is a
neighbour of v asynchronous to those of v in N*(v). Hence every vertex in N*(v) @
N~ (v) is completely adjacent to the vertices in N*(v) and in particular adjacent to
M. Suppose that the arcs between N*(v)® N~ (v) and M; are all symmetric. Let My
be the subdigraph of D induced by the vertices which are connected to v by oriented
paths. Clearly, M, contains v and all vertices in N*(v) & N~ (v). We show that x

is not a vertex in M,. Suppose not; there is an oriented path connecting x and v.



19

Then there must exist an oriented path connecting = and a vertex in Nt (v) & N~ (v).
Let ay,as,...,,as be such an oriented path where a; = x and a; € N*(v) & N~ (v).
Note that a, is joined to each vertex of M; by symmetric arcs and a; (= x) is not
adjacent to ' (in M;). Let j be the largest subscript such that a; is not adjacent to
some vertex y” of M;. Then 1 < j < sand a; ¢ NT[vJUN"[v]. Since a; and a4 are
joined by a non-symmetric arc, a;41 ¢ Nt[v] N N~[v]. Either a;1; € N*(v) & N~ (v)
or ajr; ¢ Nt[v] U N~ [v]. In either case a;;1 is joined to each vertex of M; by
symmetric arcs. Thus a; and y” are non-adjacent asynchronous neighbours of a1,
contradicting the assumption that D is weakly quasi-transitive. So z is not a vertex
of M,. We show that M, is a module. Let z be a vertex not in M,. By definition z
cannot be joined to any vertex of M, by a non-symmetric arc. Suppose z is joined to
some vertex h of My by symmetric arcs. Since h can reach every other vertex of M,
by an oriented path, following such a path we see that z is joined to every vertex in
the path by symmetric arcs. Hence the vertices of M, are synchronous neighbours of
z. Therefore M, is a non-trivial module in D.

Suppose now that the arcs between N*(v)@® N~ (v) and M; are not all symmetric.

Let Mj5 be a subdigraph of D induced by the vertices defined recursively as follows:
e u is a vertex in Ms;

e if h is a vertex in N*(v) that is not adjacent to a vertex in Ms, then h is a

vertex in Ms;

e if h is a vertex not in N*(v) that is joined to a vertex in M3 by symmetric arcs,

then h is a vertex in M;.

It is easy to see that M3 contains u, v, w, x and all vertices of M;. Let b be a vertex in
N*(v)®N~(v) which is joined to a vertex in M; by a non-symmetric arc. Assume that

be N~ (v)\ N*(v). From the above we know that the vertices of M; are synchronous



20

neighbours of b. In particular, y, vy’ are synchronous neighbours of b. The vertex y is
joined to b by a non-symmetric arc and joined to x by symmetric arcs. Thus b and x
are asynchronous neighbours of y and hence they must be adjacent. So x and v are
neighbours of b. Since z and v are not adjacent, they are synchronous neighbours of b.
Since b € N~ (v)\ N*(v), bv is a non-symmetric arc, so bz is also a non-symmetric arc.
Since bx is a non-symmetric arc and x, 3y’ are non-adjacent neighbours of b, by’ is also
a non-symmetric arc. The fact that the vertices of M; are synchronous neighbours
of b ensures there is a non-symmetric arc from b to every vertex in M;. Similarly, if
be N*t(v)\ N~ (v) is joined to a vertex in M; by a non-symmetric arc then zb is a
non-symmetric arc and there is a non-symmetric arc from every vertex of M; to b.
We claim that b is not a vertex in M3. Suppose not; b is in M3. By the definition
of M3 there exists a sequence of vertices hg, hy, ..., h; where hy = y and h; = b such
that for each i > 0, h; € N*(v) implies that h; is not adjacent to h;_1, and h; ¢ N*(v)
implies that h; is joined to h;_; by symmetric arcs. We choose such a vertex b so that
the sequence is as short as possible. Assume that b € N~ (v)\ N*(v). Then b(= h;) is
joined to h,_; by symmetric arcs. We claim h;_; € N*(v). Indeed, since b is joined to
hi—1 by symmetric arcs, hy—; € N*(v) UN~(v). Suppose h;—; € N~ (v)\ N*(v). The
choice of b implies that there can only be symmetric arcs between h;_; and M;. Since
h:_1 and x are asynchronous neighbours of b, they are adjacent. In particular, h;_qx is
a non-symmetric arc. Thus x, 9’ are non-adjacent asynchronous neighbours of h;_1, a
contradiction. So h;—1 ¢ N~ (v)\NT(v). A similar proof shows h;_1 ¢ NT(v)\ N~ (v).
So hy_1 € N*(v). Since b is joined to h;_; by symmetric arcs and joined to each vertex
of M; by a non-symmetric arc, h;_; ¢ M; and thus ¢t > 2. Hence h;_; is not adjacent
to hy_o and is completely adjacent to My. If hy_o € N*[v] U N~ [v], then h; 5 must
be in N*(v) and hence adjacent to b. Thus h; 1, h;_o are neighbours of b. Since

hi_1,h;_o are not adjacent, they are synchronous neighbours of b, which implies b



21

is joined to h;_o by symmetric arcs. This contradicts the choice of the sequence as
ho, b1, ..., hi—a,b is a shorter sequence. So hy_o ¢ NT[v]UN"[v]. Let [ be the largest
integer such that h;_o,...,hs; are not in N*[v] U N~ [v]. Then h,_; is joined to
hi_;_1 by symmetric arcs for each i = 2,...,l. We must have h;_;_; € N*(v). The
vertex b is not adjacent to h;_o as otherwise h;_1, h;_o are non-adjacent asynchronous
neighbours of b, a contradiction. For the same reason, we see that b is not adjacent
to hy_; for each ¢ = 2,... 1. Since b, h;_;_; are asynchronous neighbours of v, they
are adjacent. They must be joined by symmetric arcs, as otherwise b, h;_; are non-
adjacent asynchronous neighbours of h;_;_1, a contradiction. But this contradicts the
choice of the sequence because hg, hi,...,h;_;_1,b is a shorter sequence. Therefore
b is not a vertex in M3. So if b € N~ (v) \ NT(v) is joined to a vertex in M; with
a non-symmetric arc then b ¢ Mz and there is a non-symmetric arc from b to every
vertex in M. A similar proof shows that if b € N*(v) \ N~ (v) is joined to a vertex
in M; with a non-symmetric arc then b ¢ M3 and there is a non-symmetric arc from
each vertex of M, to b.

We show that M3 is a module. Let z be a vertex that is not in M3. For each vertex
h € Mj, there is a sequence of vertices hg, hq, ..., h; where hg = y and h; = h such
that for each i > 0, h; € N*(v) implies that h; is not adjacent to h;_1, and h; & N*(v)
implies h; is joined to h;_; by symmetric arcs. Suppose first that z € N~ (v)\ N*(v).
We know from the above that zz is a non-symmetric arc and zh is a non-symmetric
arc for all h € M;. In particular, zy (= zhg) is a non-symmetric arc. Suppose that
k > 0 and zhj_; is a non-symmetric arc. If h, € N*(v), then hy_y, hy are non-
adjacent neighbours of z so zhy, is a non-symmetric arc. If hy ¢ N*(v), then z, by are
asynchronous neighbours of h;_; so they are adjacent. There are two cases. Either
hry € Nt (v) ® N~ (v) or hy, ¢ Nt (v) U N~ (v). If hy ¢ NT(v) UN~(v), then clearly

zhy, is a non-symmetric arc. Assume hy € N7 (v) @ N~ (v). Since hy ¢ M, hy is
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joined to each vertex in M; by symmetric arcs. In particular, hy is joined to y’ by
symmetric arcs. Since ¥’ is not adjacent to x, hy and z are not adjacent as otherwise
y' and z are non-adjacent asynchronous neighbours of h;, a contradiction. Hence hy,
and z are synchronous neighbours of z. Since zz is a non-symmetric arc, zhy is a
non-symmetric arc. Therefore zh is a non-symmetric arc for all h € M3. A similar
proof shows that if z € N*(v)\ N~ (v) then hz is a non-symmetric arc for all h € Mj.
Suppose next that 2 € N*(v). Since z is not in Mg, z is adjacent to every vertex in
Ms. In particular, z is adjacent to . Note that z and x are joined by symmetric
arcs. Since x and y' are not adjacent, z is adjacent to 3’ by symmetric arcs. This
implies z is also joined to y by symmetric arcs. Suppose that £ > 0 and z is joined
to hi_1 by symmetric arcs. If hy ¢ N7 (v) U N~ (v), then clearly z is joined to hy by
symmetric arcs. If hy € N*(v), then hy, is not adjacent to hy_; and thus hy, by
are non-adjacent neighbours of z. Since z is joined to h;_; by symmetric arcs, z is
joined to hy by symmetric arcs. If hy, € NT(v) @ N~ (v), then hy is joined to y' by
symmetric arcs. Since ¢y’ and x are not adjacent, hy and = are not adjacent. Thus hy,
and x are non-adjacent neighbours of z, which implies z is joined to hy by symmetric
arcs. Suppose now that z ¢ N [v] U N~ [v]. Since z is not in Ms, it is not adjacent
to any vertex in M;. In particular, z is not adjacent to y. Suppose that £ > 0 and z
is not adjacent to hy_i. If by € N*(v), then z is not adjacent to hy as otherwise z is
joined to hj by symmetric arcs, which implies z € M3, a contradiction to assumption.
If hy ¢ N*(v), then hy, is joined to hj_; by symmetric arcs. Since z is not adjacent to
hi_1, z cannot be joined to hy by a non-symmetric arc. Since z ¢ M; and hy € M,
z cannot be joined to h; by symmetric arcs. Hence z is not adjacent to hy.

The only case remaining is that N*(v) @ N~ (v) = (). Since D is not a symmetric
digraph, it has a non-symmetric arc. Suppose fg is a non-symmetric arc in D.

Let M, be the subdigraph induced by the vertices which are connected to f by
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oriented paths. Then any two vertices in M, are connected by an oriented path.
Since N*(v) @ N~ (v) = 0, there is no oriented path connecting f and v. So v is
not a vertex in M. Suppose z is not in M, but is adjacent to a vertex h in My.
Then z is joined to h by symmetric arcs. Each vertex of M, is connected to h by an
oriented path. Following these oriented paths we see that z is joined to each vertex
of M, by symmetric arcs and hence the vertices of M, are synchronous neighbours of

z. Therefore M, is a non-trivial module.

2.3 Small quasi-kernel conjecture for weakly quasi-
transitive digraphs

In 1976, Erdss and Székely [24] made the following conjecture on the size of quasi-

kernels in sink-free digraphs:

Conjecture 2.1. [2/] (Small Quasi-kernel Conjecture) Every sink-free digraph D has

a quasi-kernel of size at most w

This conjecture has been verified for several classes of digraphs. It is easy to see
that the conjecture holds for symmetric digraphs. Heard and Huang [39] showed
that every sink-free digraph D has two vertex disjoint quasi-kernels if D is semi-
complete multipartite, quasi-transitive, or locally semicomplete. This implies that
the Conjecture 2.2 holds for semicomplete multipartite, quasi-transitive, and locally
semicomplete digraphs. Kostochka [49]| proved that the conjecture holds for orienta-
tions of 4-colorable graphs (in particular, for orientations of all planar graphs). Ai
et.al. [1| proved that the conjecture holds for claw-free digraphs. (Here, a claw is the

digraph obtaining from K3 by orienting the edges towards the center.) Moreover,
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Hulst [63] proved that the small quasi-kernel conjecture holds for the digraphs that
have kernels.
In this section, we prove that Conjecture 2.1 holds for weakly quasi-transitive
digraphs.
V(D)

For convenience, call a quasi-kernel @ in a digraph D small if |Q| < 557

Theorem 2.3. Fvery sink-free weakly quasi-transitive digraph D has a small quasi-

kernel.

Proof. We prove the theorem by induction on the number of vertices of D. It is easy
to check that it is true when D has at most 4 vertices. Let D be a sink-free weakly
quasi-transitive digraph with [V (D)| > 5. Suppose that the theorem holds for sink-
free weakly quasi-transitive digraphs of order less than |V(D)|. If D is a transitive
oriented graph or semicomplete digraph or symmetric digraph, then the small quasi-
kernel conjecture holds (|63, 39]). Hence we may assume that D is not a transitive
oriented graph, or a semicomplete digraph, or a symmetric digraph. By Theorem 2.2,
D is obtained from a weakly quasi-transitive digraph W by substituting weakly-quasi
digraphs D1, Ds, ..., D, for the vertices vy, va, ..., v, of W. We must have |W| < n
and |D;| < n for all i because D is not a transitive oriented graph, a symmetric
digraph or a semicomplete digraph. Since every digraph has a quasi-kernel, so does
W. Without loss of generality, let Quw = {v1,...,v;} be a quasi-kernel of W.

Suppose that D, is sink-free for each ¢ = 1,2,...,k. Then by the inductive
hypothesis, each D; has a small quasi-kernel @Q);. Let Q = Q,UQoU---UQy. Clearly,
Q] < &QD)‘. We claim that ) is a quasi-kernel of D. Indeed, each vertex v of D
is in D; for some i = 1,2,...,0. If 1 < ¢ < k, then v can reach @; (and hence Q)
within two steps; if ¢ > k, since v; can reach @)y within two steps in W, v can reach
() within two steps.

Suppose now that D; is not sink-free for some ¢+ = 1,2,... k. Note that W may
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or may not be sink-free. Consider first the case when W is not sink-free and let Sy,
be the set of all sinks of W. Since every sink of a digraph must in a quasi-kernel, we
have Sy C Q. Without loss of generality, let Sy = {v1,v2,...,v;}. We claim that
each of Dy, Ds, ..., D; is sink-free. Suppose to the contrary that D; has a sink v for
some ¢ = 1,2,...,7. Since v; is a sink vertex in W, v is a sink vertex in D, which
contradicts the assumption that D is sink-free. Thus, for each 1 < ¢ < j, D; is sink-
free and by the induction hypothesis has a small quasi-kernel ();. Note that for any
two vertices v,, v, With v, € Sy and every vy, # v,, either v, and v, are not adjacent
in W or v, is a non-symmetric arc in W. Let S = V(D;) UV (Dy)--- U V(D;)
and let D" = D\ N~[S]. Since every induced subdigraph of a weakly quasi-transitive
digraph is weakly quasi-transitive, D’ is weakly quasi-transitive. Clearly, no vertex
in D’ is adjacent to any vertex in S and every vertex in N~(5) \ S is adjacent to a
vertex in S by a non-symmetric arc. We claim that D’ is sink-free. Suppose not; u is
a sink of D’. Since D is sink-free, u has an out-neighbour «' in D\ D’. Tt is easy to
see that v’ € N~[S]. Clearly, v’ ¢ S as otherwise w is in N~[S] but not in D’. Since
D is a weakly quasi-transitive digraph and no vertex in D’ is adjacent to any vertex
in S, for any v’ € SN N*(v), u and u” must be synchronous neighbours of «’. This
contradicts the fact that w'u” is a non-symmetric arc. Hence D’ is sink-free. By the
induction hypothesis, D’ has a small quasi-kernel Q). Let Q = Q' UQ1 U Q- --UQ);.
we show () is a small quasi-kernel of D. Clearly, () is an independent set in D of size
< @. Every vertex in S can reach @) within two steps, every vertex in N~=(S5)\ S
can reach () in one step, and every vertex in D’ can reach () within two steps. Hence
@ is a small quasi-kernel of D.

Consider now the case when W is sink-free. Then every vertex of W has an out-
neighbour. By the induction hypothesis, W has a small quasi-kernel, and we may

assume that it is Qw. We use N~ (Qw) to denote the set of in-neighbours of Qw
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in W, and N==(Qw) = VW) \ {Qw UN~(Qw)}. Let N*(Qw) be the subset of
N~ (Qw) that consists of the vertices adjacent to vertices in Qw by symmetric arcs.
Let Qw, consists of the vertices v1, vy, ..., v in Qy adjacent to a vertex in N*(Qw)
by symmetric arcs and let Quw, = Qw \ Qw,. Since W is weakly quasi-transitive,
none of the vertices in Qy, is adjacent to any vertex in N*(Qw). Let N~ (Qw,)
consists of the vertices in N~ (Qyw) which have out-neighbours in Qy,. Note that
the arcs between N~ (Qw,) and Qw, are non-symmetric from N~ (Qw,) to Quw,. Let
N=(Qw,) = N~ (Qw) \ (N*(Qw) U N~ (Qw,)). Every vertex in N~ (Qw,) must have
an out-neighbours in Qy,, and none of the vertices in Qy, is adjacent to any vertex in
N~ (Qw,). Since W is sink-free, every vertex in Qyy, has at least one out-neighbour in
N~7(Qw). Denote the set of out-neighbours of Qw, by N*(Qw,). Since none of the
vertices in Qyy, is adjacent to N*(Qw ), the arcs between N*(Qy) and NT(Qyy,) are
non-symmetric from N*(Qw) to N*(Qw,). Let N~ (Qw,) = N~ (Qw) \ N (Qw,)-
By the definition of NT(Qw,), there is no arc between Qy, and N~ (Qyw, ). Therefore
the arcs between N~ (Qw,) and NT(Qyw,) are non-symmetric from N~~(Qw,) to
NT(Qw,). Since Qy is a quasi-kernel in W, every vertex in N~ (Qy, ) must have an
out-neighbour in N*(Qw) U N~ (Qw,) but not in N~ (Qw,) (See Figure 2.2 and the
dotted edge means not adjacent).

Let J C {1,2,...,k} be maximal such that it contains no pair a,b with v, and
v, having a common neighbour in N*(Qw). Let Q) be a set of vertices in D which
consists of one vertex u; in D; for each ¢ € J. Since @y, is an independent set, (),
is also an independent set. It is easy to see that every vertex in D; \ {u;} for which
v; € Qwy, can reach u; in two steps through a vertex in N*(Qy ). Let Q2 be the union
of quasi-kernels of subdigraphs D; for which v; € Quw,. Let @) be a quasi-kernel of
the subdigraph of D induced by N (Qw,). Let Q4 = Q1 U Q5 and let Qp consists of

all vertices in @)}, and vertices in )1 not adjacent to any vertex in @)5. Note that if
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there exists a vertex in Q; but not in Q g, then there exists a vertex in N*(Qy) that
is adjacent to a vertex in Q% by a non-symmetric arc (from the vertex in N*(Qy) to
a vertex in @)}). Clearly, both Q4 and Qg are independent sets. The definition of ¢y
guarantees that |Q1| < |[N*(Qw)|. Note that N*(Qw) N (Q4 U Qp) = 0. Note also
that N*(Qw) contains a subset of size |Q4 N Qp|. It follows that either |Q 4] < W(Z—D)'

or |Qp| < ML

Qw N-(Qw) N (Qw)

Figure 2.2: A weakly quasi-transitive digraph W

It suffices to show that Q4 and )p are both quasi-kernels of D. We show first
that ()4 is a quasi-kernel. Each vertex in Qyy, is either in Q; so in @4, or can reach
Q; in two steps through a vertex in N*(Qw). Each vertex in N*(Qy,) can reach
(21 in one step. Suppose that some two vertices x1,x2 € Qw, adjacent to a vertex
y1 € N*¥(Qw) by symmetric arcs. If there exists a vertex yo € N~ (Qyw,) such that
Yoo IS a non-symmetric arc, then either y,x; is a non-symmetric arc, or ys and y;
are joined by symmetric arcs in which x; and ¥y, are not adjacent. In either case, ys
can reach x; within two steps. Hence every vertex in N~ (Qw,) can reach ()4 in one

step or two steps through N*(Qw ). By the definition of Q,, every vertex in Qyy, is
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either in ()9, or can reach () within two steps. Since W is weakly quasi-transitive,
every vertex in N~ (Qw,) can reach ()3 in one step (by following the oriented path
from the out-neighbour in Qy, to a vertex in Qs). Let 23 € N1T(Qu,). If z; has
an out-neighbour in N~ (Qw,) U N*(Qw), then it can reach Q4 in two steps. If 2
has no out-neighbour in N~ (Qyw,) U N*¥(Qyw ), then it must have an out-neighbour in
N~ (Qw,). Suppose that z; cannot reach @) 4 in two steps. Then any out-neighbour of
21 cannot reach Q1 in one step. Let y; € NT(z1), it has an out-neighbour 1 in Q.
Since z; cannot reach ()4 within two steps, x; is not in (1. Hence there exist x5 € ()4
and y, € N¥(Qw) such that z19,, 2oy- are both symmetric arcs. Since W is weakly
quasi-transitive, r; and z; are adjacent and in fact x1z; is a non-symmetric arc. In
addition, y; and z, are not adjacent as otherwise y; 25 is a non-symmetric arc, which
contradicts the assumption that z; cannot reach ()4 within two steps. So y; and s
are adjacent by symmetric arcs. Since z; and y, are asynchronous neighbours of zy,
they are adjacent, and since z; cannot reach )4 within two steps, y22; must be a non-
symmetric arc. Hence zo and z; are adjacent and x52; is a non-symmetric arc, which
contradicts the facts that y; is an out-neighbour of z; and y;, x5 are not adjacent.
Therefore, z; can reach () 4 within two steps. Similarly, we can show that every vertex
in N=7(Qw,) can reach @4 within two steps. Therefore, @ 4 is a quasi-kernel of D.
We show that @) is also a quasi-kernel of D. By the definition of @)}, every vertex
in N*(Qw,) can reach Q) within two steps. Since D is a weakly quasi-transitive
digraph and every vertex in Qu, has an out-neighbour in N*(Qy,), each vertex
in Qw, can reach @)}, in one step. As a consequence, each vertex in N~ (Qw,) can
reach @), within two steps. If every vertex in @); is also in g, then each vertex in
Qw,UNE(Qw)UN~(Qw,)UN~"(Qw,) can reach @, within two steps. Hence assume
there exists a vertex x; € Q; but not in Q. Then there exist vertices y; € N*(Qw)

and z; € @)}, such that x;2;, y;2; are non-symmetric arcs, and z; and y; are joined
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by symmetric arcs. Moreover, every vertex in N~ (x;) should reach z; in one step. It
is not hard to check that every vertex in Q, can reach Q; or Q) through N*(Qw)
within two steps. Every vertex in N*(Qw ) can either reach Q; in one step, or reach
z1 through z; in two steps. Similarly, every vertex in N~ (Qw,) can reach )p within
two steps. Form above we know that every vertex in N~ (Qw, ) can reach () within
two steps. Suppose that v is a vertex in N~ (Qw, ) that can reach z; with two steps.
Then v can also reach z; with two steps through one of the in-neighbour of x;. Hence,
every vertex in N~ (Qw,) can reach () within two steps and Q)p is a quasi-kernel
of D.

O

Corollary 2.2. If D is a sink-free quasi-transitive digraph or a sink-free extended

semicomplete digraph, then D has a small quasi-kernel. O
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Chapter 3

Chordal Digraphs

3.1 Introduction

Recall that a digraph D is chordal if every induced subdigraph of D has a di-simplicial
vertex. Clearly, if D is chordal, then S(D) is a chordal graph. Moreover, every di-
simplicial vertex of D is a simplicial vertex of S(D). There is no known characteri-
zation of chordal digraphs by forbidden subdigraphs. In 2012, Meister and Telle [56]
found the forbidden subdigraph characterization for semicomplete chordal digraphs.

The following theorem is proved in [56].

Theorem 3.1. [56]/ A semicomplete digraph D is chordal if and only if S(D) is
chordal and D does not contain any of the digraphs in Figure 3.1 as an induced

subdigraph. O

Quasi-transitive digraphs and extended semicomplete digraphs both generalize
semicomplete digraphs. The chordality of these two classes have been studied in [65].
It turns out they share the same forbidden subdigraphs as semicomplete digraphs for

being chordal.
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> B A

(a) (b) () (d)

Figure 3.1: Semicomplete digraphs which are not chordal.

Theorem 3.2. [65] A quasi-transitive digraph D is chordal if and only if S(D) is
chordal and D does not contain any of the digraphs in Fig 3.1 as an induced subdi-

graph. [

Theorem 3.3. [65] An extended semicomplete digraph D is chordal if and only if
S(D) is chordal and D does not contain any of the digraphs in Fig 3.1 as an induced

subdigraph. [

Locally semicomplete digraphs are another generalization of semicomplete di-
graphs. Many properties for semicomplete digraphs hold for locally semicomplete
digraphs [4]. There are locally semicomplete digraphs which are neither semicomplete
nor chordal. Any directed cycle consisting of non-symmetric arcs is locally semicom-
plete but not chordal, and it is not semicomplete if it has four or more vertices. We
have proved that chordless directed cycles with four or more vertices consisting of
non-symmetric arcs (Figure 3.2) are the only minimal locally semicomplete digraphs

which are not chordal and which are not semicomplete [65].

Figure 3.2: Induced directed cycles consisting of non-symmetric arcs
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Theorem 3.4. [65] A locally semicomplete digraph D is chordal if and only if S(D)
15 chordal and D does not contain as an induced subdigraph a chordless directed cycle

consisting of non-symmetric arcs (as shown in Figure 3.2) or a digraph in Figure

3.1. [l

3.2 Weakly quasi-transitive digraphs

In this section, we prove that weakly quasi-transitive digraphs share the same forbid-

den subdigraphs with semicomplete digraphs for being chordal.

Theorem 3.5. A weakly quasi-transitive digraph D is chordal if and only if S(D) is

chordal and D does not contain any digraph in Figure 3.1 as an induced subdigraph.

Proof. The necessity follows from Theorem 3.1. For the other direction assume that
D is not chordal but S(D) is chordal, and D does not contain any digraph in Figure
3.1 as an induced subdigraph. We choose such a D to be minimal. By the choice of
D, any induced subdigraph of D with fewer vertices than D is chordal and hence has
a di-simplicial vertex. Since D is not chordal but S(D) is, D cannot be a transitive
oriented graph or a symmetric digraph. In view of Theorem 3.1, D cannot be a
semicomplete digraph.

Since D is weakly quasi-transitive, by Theorem 2.2, D = D'[H, Ho, ..., Hy], that
is, D is obtained from a weakly quasi-transitive digraph D’ by substituting weakly-
quasi digraphs Hy, Hs, ..., H; for the vertices vy, vy, ...,v; of D’. Moreover, D’ and
one of H;’s have at least two vertices. Hence, D’ and H; are induced subdigraphs of
D with fewer vertices than D for each i, and by the choice of D each of them has a
di-simplicial vertex.

Since S(D) is chordal, it has a simplicial vertex u. Assume that v € H;. For any

v;, i # j, if v; and v; are joined by symmetric arcs in D', then H; is a semicomplete
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digraph with all symmetric arcs. For any v; and v, with @ # k,j # ¢ and j # k, if
both v;v; and v;v;, are symmetric arcs in D', then the arcs between H; and H, are all
symmetric.

We claim that v; is a di-simplicial vertex in D’. Suppose by the contrary that
v; is not a di-simplicial vertex in D’. Then there exists two vertices v;, v in D’
such that both v;v; and v;v; are non-symmetric arcs, but v;vy, is not an arc. Since
v;, v are asynchronous neighbours of v; and D’ is weakly quasi-transitive, v;, vy are
adjacent. Since v;vy is not an arc, vgv; is a non-symmetric arc. But then by taking one
vertex each from H;, H;, Hy, they induce a digraph in Figure 3.1 (d), a contradiction.

Therefore, v; is a di-simplicial vertex in D'

H;,

Figure 3.3: A di-simplicial vertex v of a weakly quasi-transitive digraph D

Let v be a di-simplicial vertex of H;. We claim that v is a di-simplicial vertex

of D. Since v; is a di-simplicial vertex of D', for every v; € N, (vj) \ N}, (v;) and
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v € N (v;) \ Np(vj) with ¢ # k, vvy is an arc in D’. This means that for every
vertex u,w € D\ H; and for every vertex v' € H;, if u € N~(v') \ N*(¢v') and w €
NT @)\ N~ ('), then uw is an arc (u # w). In particular, if u € N~ (v) \ N*(v) and
w € NT(v)\N~(v), then uw is an arc. Since v is a di-simplicial vertex of H;, for every
in-neighbour = € Ny (v) and every out-neighbour y € NEJ, (v) with x # y, xy is an arc
in H;. Now suppose that z € H;,x € N~ (v) and w € H(k # j),w € NT(v) \N~(v).
Then by the structure theorem of weakly quasi-transitive digraph, v;v; is an arc in
D’ and so zw should be an arc in D. Similarly, if u € H;(k # j),u € N~ (v) \ N*(v)
and y € H;,y € N*(v), then v;v; is an arc in D’ and so uy is an arc in D (see Figure
3.3) . Therefore, D has a di-simplicial vertex v, which contradicts our assumption.

This completes the proof. O
The next corollary follows Theorems 2.2 and 3.5 immediately:

Corollary 3.1. [56, 65] Let D be a semicomplete digraph, a quasi-transitive digraph
or an extended semicomplete digraph. Then D is chordal if and only if S(D) is chordal

and D does not contain any digraph in Figure 3.1 as an induced subdigraph. [

3.3 Adjusted interval digraphs

An interval graph [31] is a graph G whose vertices v can be associated with intervals
I, in the real line R such that wv € E(G) if I, and I, intersect. The class of interval
graphs is a well known subclass of chordal graphs [51].

A digraph D is called an interval digraph if its vertices can be associated with
pairs of intervals (1, J,), v € V(D) such that uv is an arc of D if I, and J, intersect.
Interval digraphs seem to be a natural digraph analogue of interval graphs but, unlike
interval graphs, not every interval digraph is chordal. For instance, the digraph (d)

in Figure 3.1 is an interval digraph but not chordal. In addition, the class of interval
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digraphs lacks forbidden structure characterizations. For these reasons, a new digraph
analogue of interval graphs called adjusted interval digraph was introduced by Feder,
Hell, Huang and Rafiey [25].

An adjusted interval digraph is an interval digraph D whose vertices are associated
with pairs of intervals (1, J,), v € V(D) with the additional property that I, and
J» have the same left endpoint for each v. Note that adjusted interval digraphs are
reflexive, i.e., there is a loop at each vertex. In contract, adjusted interval digraphs
admit a forbidden structure characterization [25]. Let P = xq,29,..., 2, and Q =
Y1,Y2, - - -, Y be two walks of the same length in a digraph D. We say that P and @)
are congruent if they follow the same pattern of arcs, i.e., z;x,,1 (respectively, z;12;)
is an arc, if and only if y;;11 (respectively, y;11y;) is an arc. We say that P avoids Q)
if z;y;,1 is not an arc when z;x; 1 is, and y;12; is not an arc when x;;x; is for each

i. An invertible pair |25] of a digraph D is a pair of distinct vertices u,v such that

e there exist congruent walks P from u to v and @ from v to u such that P avoids

Q;

e there exist congruent walks P’ from v to u and Q" from u to v such that P’

avoids Q.

Theorem 3.6. A reflexive digraph D is an adjusted interval digraph if and only if it

has no invertible pairs. [

Another nice property of adjusted interval digraph is that they are chordal di-

graphs.
Theorem 3.7. Every adjusted interval digraph is a chordal digraph.

Proof. Let D be an adjusted interval digraph whose vertices are associated with pairs

of intervals (1, J,). Order the vertices of D, uy,us,...,u,, in such a way that i < j
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if the left end of I,, precedes the left end of I,,. We claim that u,, u,_1,...,u; is a
perfect elimination ordering of D, that is, u; is a di-simplicial vertex of the subdigraph
of D induced by g, us, ..., u;—1,u;. Indeed, let u; and u; be two vertices with j < i
and k < ¢ such that u;u; and w;uy are arcs. Since uju; and uguy are arcs, I, N Jy, # 0
and I,, N J,, # 0. We see that I,, N .J,, # 0, and u;uy is an arc. Therefore, u;
is a di-simplicial vertex of the subdigraph of D induced by uq,us, ..., u;_1,u;. This

completes the proof.

Corollary 3.2. Every digraph that has no invertible pair is chordal.

A chordal digraph may contain invertible pair and hence is not an adjusted interval
digraph. For example, the reflexive digraph in Figure 3.4 is a chordal digraph but

not an adjusted interval digraph as a,d form an invertible pair.

c

Figure 3.4: A reflexive chordal digraph that is not a adjusted interval digraph (loops
are ignored)

A subtree graph is an intersection graph of subtrees in a tree. A well known result
asserts that chordal graphs are exactly subtree graphs [29].

Let T be a rooted tree with root r. Each subtree of T' can be viewed as a rooted
tree whose root is the vertex closest to rin T'. A digraph D is called an adjusted subtree
digraph if its vertices can be associated with pairs of subtrees (R,,S,), v € V(D), of
T such that
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e R, and S, have the same root for all v € V(D), and
e v is an arc if R, and S, intersect for all u,v € V(D).

Suppose that D is an adjusted subtree digraph represented by pairs of subtrees
(Ry, Sy), v € V(D), of arooted tree T'. Order the vertices of D according to the non-
increasing order of the distances of the roots of their corresponding subtrees from the

root of T'. A similar proof as for Theorem 3.7 shows that this is a perfect elimination

ordering of D.

Theorem 3.8. Every adjusted subtree digraph is chordal. [
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Chapter 4

Semi-strict Chordal Digraphs

4.1 Introduction

In Chapter 3, we give a forbidden subdigraph characterization for weakly quasi-
transitive chordal digraphs. As a by-product, the forbidden subdigraphs for weakly
quasi-transitive digraphs are the same for semicomplete chordal digraphs, quasi-
transitive chordal digraphs and extended semicomplete chordal digraphs. Moreover,
the forbidden subdigraphs for locally semicomplete chordal digraphs was given in
[44]. However, chordal digraphs in general lack structural properties such as forbid-
den structural characterizations. In [41], strict chordal digraphs are introduced and
a forbidden subdigraph characterization of these digraphs is obtained.

In [65], an intermediate notion between chordal digraphs and strict chordal di-
graphs was proposed. A vertex v in a digraph D is semi-strict di-simplicial if for
any v € N~ (v) and w € N*(v) with u # w, both uw and wu are arcs in D. A di-
graph D is semi-strict chordal if every induced subdigraph of D contains a semi-strict
di-simplicial vertex. By definition, every strict di-simplicial vertex is a semi-strict di-

simplicial vertex which in turn is a di-simplicial vertex. Thus, semi-strict chordal
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digraphs form a class of digraphs between the class of strict chordal digraphs and the
class of chordal digraphs. Unlike strict chordal digraphs, the underlying graphs of
semi-strict chordal digraphs are not necessarily chordal (see Figure 4.1).

Suppose that D is a semi-strict chordal digraph. Since every induced subdigraph of
D has a semi-strict di-simplicial vertex, the vertices of D can be ordered vy, vq, ..., v,
in such a way that v; is a semi-strict di-simplicial vertex of the subdigraph of D
induced by v;, v;41, ..., v, for each ¢ > 1. Such an ordering of a semi-strict chordal
digraph D is called the semi-strict elimination ordering (e.g., v1, vs, U3, V2, V4 is a semi-
strict elimination ordering of the digraph in Figure 4.1). Conversely, a digraph has a
semi-strict elimination ordering then it is a semi-strict chordal digraph. A semi-strict
elimination ordering of a semi-strict digraph can be obtained by successively finding
a semi-strict di-simplicial vertex, which can be done in polynomial time. Therefore

semi-strict chordal digraphs can be recognized in polynomial time.

U1

Us V2

(1 U3

Figure 4.1: A semi-strict chordal digraph

In this chapter, we study the structure of semi-strict chordal digraphs by consider-
ing their knotting graphs. The knotting graph of a graph is an instrumental concept
introduced by Gallai [28| for the study of comparability graphs (i.e., transitively ori-
entable graphs). Gallai [28] proved that a graph is a comparability graph if and only

if its knotting graph is bipartite. In [65], Ye introduced knotting graph of chordal di-
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graphs (the concept is similar but different from knotting graph of semi-strict chordal

digraphs). The following two results are obtained in [65].

Proposition 4.1. [65] Let D be a digraph and K be the knotting graph of D. Then
D has a di-simplicial vertez if and only if K has a group such that every vertex of

that group has degree at most one. ]

Proposition 4.2. [65] Let D be a digraph. Then for every induced subdigraph Dy of
D, the knotting graph K, of Dy has a group such that every vertex of that group has

degree at most one if and only if D is chordal. O

In section 4.2 of this chapter, we will give the definition of knotting graphs of
digraphs and will characterize semi-strict chordal digraphs in terms of their knotting
graphs (see Theorem 4.1). Unfortunately, the characterization of semi-strict chordal
digraphs does not lead to a forbidden subdigraph characterization for semi-strict
chordal digraphs. It appears challenging to find a forbidden subdigraph characteri-
zation for semi-strict chordal digraphs in genenal. In section 4.3, we will show that
semi-strict chordal digraphs can be characterized by forbidden subdigraphs within

the class of weakly quasi-transitive digraphs (see Theorem 4.2).

4.2 Semi-strict chordal digraphs and their knotting
graphs

Let D be a semi-strict chordal digraph. Then by the definition every induced subdi-
graph of D is also semi-strict chordal. If v is a semi-strict di-simplicial vertex of D,
we claim that v is a di-simplicial vertex of S(D). Suppose by contradiction that v is
a semi-strict di-simplicial vertex of D but not a di-simplicial vertex of S(D). Then

there exist vertices u and w such that both uv and vw are symmetric arcs but uw
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is either not adjacent or adjacent by a single arc, which is a contradiction with the
assumption that v is a semi-strict di-simplicial vertex of D. It follows that S(D) is
a chordal digraph (or equivalently, the underlying graph of S(D) is a chordal graph).

Hence we have the following:

Lemma 4.1. Suppose that D is a semi-strict chordal digraph. Then S(D) is chordal.
Moreover, every semi-strict di-simplicial vertex of D is a semi-strict di-simplicial

vertex of S(D). O

Lemma 4.2. If D is a semi-strict chordal digraph, then D does not contain an induced

directed cycle consisting of non-symmetric arcs. [

Proof. Suppose that C' is an induced directed cycle consisting of non-symmetric arcs.
Then the subdigraph of D induced by the vertices of C' has no semi-strict di-simplicial

vertex, which means D is not semi-strict chordal. O

LV A

(i) (i) (ii) (iv)

Figure 4.2: Digraphs which are not semi-strict chordal

Figure 4.2 depicts four types of semicomplete digraphs. It is easy to check that
none of these digraphs has a semi-strict di-simplicial vertex. Moreover by deleting
any vertex, the digraphs in Figure 4.2 become semi-strict chordal. Therefore, they

are minimal not semi-strict chordal digraphs hence we have the following lemma:

Lemma 4.3. Suppose that D is a semi-strict chordal digraph. Then D does not

contain any of the digraphs in Figure 4.2 as an induced subdigraph. O
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Indeed, Figure 4.2 (i) and (iv) together forms a super class of the digraphs in
Figure 3.1. This again shows that the class of chordal digraphs is a super class of
semi-strict chordal digraphs.

We now introduce the knotting graphs for digraphs.

Let D be a digraph and let v be a vertex of D. Denote by V(v) the set of arcs
incident with v (i.e., having v as an endvertex). If e = vu is an arc of D, then
e € E(v) and is called out-going; if e = wv is an arc of D, then e is called in-coming.
For e, f € E(v), we say that e and f are related and denoted the relation by el'f if
either e = f, or e and f are not both in-coming or out-going, and the two endvertices
of e and f distinct from v are not joined by symmetric arcs (which means they are
either not adjacent or adjacent by a non-symmetric arc).

Clearly, el'e. If el'f for e # f, then fI'e. Hence, the relation I' is a reflexive and
symmetric relation on E(v). Thus the transitive closure I'* of I' is an equivalence
relation on F(v), which partitions E(v) into equivalence classes. Two arcs e and f of
E(v) are knotted if they are in the same equivalence class. We denote this relation by
el f. Tt follows that e and f of E(v) are knotted if and only if there exists a sequence
of arcs ey, ey, ..., e, in E(v) such that e = ey, f = e and e; eI ... ey,

Denote by F1(v), Ex(v),. .., E, (v) the equivalence classes of I'* for each v € V(D).
Note that if uv € A(D), then there exist unique ¢ and j with 1 <i <[, and 1 < j </,
such that uwv € E;(u) N E;(v).

The knotting graph Kp of a digraph D is the graph having vertices vy, v, ..., vy,
for all v € V(D) (when v is an isolated vertex, we have [, = 1) and the edges w;v;
for all arcs uwv € A(D) with wv € E;(u) N Ej(v). Figure 4.3 depicts a digraph and
its knotting graph Kp where Fi(a) = {ab,da}, Ei(b) = {ab,bc}, Ey(b) = {db},
Ei(c) = {bc, cd}, Es(c) = {dc}, E1(d) = {da,cd,db} and Ey(d) = {dc}.

Note that each vertex v of D gives rise to [, vertices vy, vs,..., v, in Kp, which
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d c d! ct

A digraph D d*® ® 2
Kp

Figure 4.3: A digraph D and its knotting graph Kp

we call the split vertices of v. Each arc uv of D uniquely corresponds to an edge u,v;
of Kp for some ¢, 7 with 1 <7 <[, and 1 < j <[;. Moreover, for each vertex v of D,
the knotting graph of the digraph D — v can be obtained from Kp by deleting the
split vertices of v. Thus the knotting graph of an induced subdigraph of D can be
computed efficiently form Kp.

Knotting graphs of digraphs can be used to determine whether a vertex in a

digraph is semi-strict di-simplicial.

Lemma 4.4. Let D be a digraph and Kp be the knotting graph of D. Then a vertex
v of D 1s semi-strict di-simplicial if and only if the split vertices of v all have degrees

etther zero or one in Kp. OJ

Proof. Suppose that v is a semi-strict di-simplicial vertex of a digraph D. If v is an
isolated vertex its unique split vertex v, has degree zero. If v is not an isolated vertex,
then each arc in F(v) is knotted only to itself. Hence each split vertex of v in Kp is
incident with exactly one edge and has degree one.

On the other hand, suppose that v is not a semi-strict di-simplicial vertex. Then
for some u € N~ (v) and w € N (v) with v # w, v and w are not joined by symmetric
arcs. It follows that the two arcs uv and vw are knotted, that is, u and w are in the
same equivalence class £ (v) for some 1 < j < [,. Hence the split vertex vj of v in

Kp has degree at least two. O
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For a subgraph S of Kp, a split group in S consists of the split vertices of v in S

for some vertex v of D.

Theorem 4.1. A digraph D is semi-strict chordal if and only if every induced sub-
graph S of Kp has a split group whose vertices have degrees either zero or one in

S.

Proof. Suppose that D is semi-strict chordal. Let S be an induced subgraph of Kp
and let H be the subdigraph of D induced by the vertices which have at least one
split vertex in S. Let Dy be the knotting graph of H, then S is a subgraph of Dy.
Since D is semi-strict chordal, H has a semi-strict di-simplicial vertex v. By lemma
4.4 the split vertices of v in Ky each has degree either zero or one. Hence the split
vertices of v in S have degrees zero or one in S.

Conversely, suppose that every induced subgraph of Kp has a split group whose
vertices have degrees zero or one. We show that every induced subdigraph of D has
a semi-strict di-simplicial vertex. Let H be an induced subdigraph of D. Then Ky is
an induced subgraph of Kp. If H has isolated vertices then any isolated vertex of H
is a semi-strict di-simplicial vertex. So assume that H has no isolated vertex. Then
each vertex of Ky has degree at least one in K. Thus Ky has a split group whose
vertices have degree one in K. By lemma 4.4 the vertex of H which corresponds to
this split group is a semi-strict di-simplicial vertex of H. Since every such induced
subdigraph H of D has a semi-strict di-simplicial vertex, D is a semi-strict chordal

digraph. O

For the knotting graph Kp in Figure 4.3, each split group has a vertex of degree
two or more. By Theorem 4.1 the corresponding digraph D is not semi-strict chordal.

In Figure 4.4, the knotting graph Kp satisfies the property that every induced sub-
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A digraph D

& Kp

Figure 4.4: A semi-strict chordal digraph D and its knotting graph

graph has a split group whose vertices each has degree zero or one and hence by

Theorem 4.1 the digraph D in Figure 4.4 is semi-strict chordal.

4.3 Weakly quasi-transitive semi-strict chordal di-
graphs

In this section, we investigate a list of forbidden subdigraph characterizations of
weakly quasi-transitive semi-strict chordal digraphs. Recall that a digraph is weakly
quasi-transitive if for each vertex v € V(D), any two asynchronous neighbours of v

are adjacent.

Lemma 4.5. Let D be a weakly quasi-transitive digraph that does not contain a
digraph in Figure 4.2 (i) or (iv) as an induced subdigraph. Then D does not contain

a directed cycle consisting of non-symmetric arcs. [

Proof. Suppose to the contrary that D contains a directed cycle consisting of non-
symmetric arcs. Let C' = vjvs...vv; be such a cycle of the minimum length k.
The choice of C implies that C' has no chord that is a non-symmetric arc. Clearly,
k > 4 as otherwise C' is the digraph in Figure 4.2 (iv), contradicting the assumption.

Since v; and v are asynchronous neighbours of vy and D is a weakly quasi-transitive
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digraph, there is an arc between v, and v3. The choice of C' implies that v; and v3 are
joined by symmetric arcs. Similarly, vy and v, are joined by symmetric arcs because
they are asynchronous neighbours of v3. We see now that v; and v, are asynchronous
neighbours of v, and so they must be adjacent (by symmetric arcs if & > 4, or by
single arc if k = 4). The subdigraph of D induced by vy, v, v3,v4 is a digraph in

Figure 4.2 (i), a contradiction to our assumption. O

Suppose that v is a di-simplicial vertex of S(D) but not a semi-strict di-simplicial
vertex of D. Then there exist u € N~ (v) and w € N*(v) such that u and w are not
joined by symmetric arcs in D (u and w might not be adjacent, or be adjacent by
a non-symmetric arc). Since v is di-simplicial in S(D), uv and vw cannot both be
edges in S(D) and so at least one of them is non-symmetric. We call such an ordered
triple (u, v, w) a wviolating triple for v. We say that v is of type 1 (or a type 1 vertez)
if for every violating triple (u,v,w), uv and vw are both non-symmetric; otherwise,
we say that v is of type 2 (or a type 2 vertex). Note that for any violating triple
(u,v,w), u and w are asynchronous neighbours of v and thus, when the digraph D is
weakly quasi-transitive and v is not semi-strict di-simplicial, u and w are joined by a
non-symmetric arc.

The statements in the next lemma follows directly from the definition:

Lemma 4.6. Let D be a digraph and D' be the reversal of D. Then the following
hold:

1. v is a semi-strict di-simplicial vertex of D if and only if it is a semi-strict

di-simplicial vertex of D';
2. D is semi-strict chordal if and only if D' is semi-strict chordal;

3. (u,v,w) is a violating triple in D if and only if (w,v,u) is a violating triple in

D;
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. D is weakly quasi-transitive if and only if D' is weakly quasi-transitive.
Y Y Y

Lemma 4.7. Let D be a weakly quasi-transitive digraph which does not contain any
digraph in Figure 4.2 as an induced subdigraph. Suppose that S(D) is chordal. If

(u,v,w) is a violating triple, then at least one of the following holds:
1. w is a di-simplicial vertex of S(D) and uv is a non-symmetric arc;

2. w is a di-simplicial vertex of S(D) and vw is a non-symmetric arc;
O]

Proof. In view of Lemma 4.6 and the fact that at least one of uv and vw is non-
symmetric, we can assume that wv is a non-symmetric arc. If u is a di-simplicial
vertex of S(D), then we are done. Hence assume that u is not a di-simplicial vertex
of S(D). From the above we know that the arc between u and w is non-symmetric.
Since u is not a di-simplicial vertex of S(D), u has two non-adjacent neighbours
v and v” in S(D). These two vertices u',u” can not both be neighbours of v in
S(D) as otherwise {u, v, v, v} induced a chordless 4-cycle in S(D), contradicting the
assumption that S(D) is chordal. By symmetry, we assume that «’ is not a neighbour
of v in S(D). However, v’ is a neighbour of v in D since v’ and v are asynchronous
neighbours of u. Thus v’ and v are joined by a non-symmetric arc. Note that u and
w are joined by a non-symmetric arc. Since u’ and w are asynchronous neighbours of
u, they are adjacent in D. If v and w are joined by symmetric arcs, then {u, v, w, v’}
induce a digraph in Figure 4.2 (i), a contradiction to the assumption. So vw is a non-
symmetric arc. This implies that uw is a non-symmetric arc as otherwise {u, v, w}
induce the digraph in Figure 4.2 (iv), a contradiction to assumption. If u' and w
are joined by symmetric arcs, then {u,v,w, v’} induce a digraph in Figure 4.2 (ii), a

contradiction. Therefore, v’ and w are joined by a non-symmetric arc.
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If w is a di-simplicial vertex of S(D) then the statement holds. Hence suppose
that w is not a di-simplicial vertex in S(D). Then w has two non-adjacent neighbours
w' and w” in S(D). At least one of w',w” is not adjacent to v in S(D) as otherwise
{v,w,w’,w"} induce a chordless 4-cycle in S(D), contradicting the assumption that
S(D) is chordal. By symmetry, assume that w’ is not adjacent to v in S(D). However
w’ and v are adjacent in D as they are asynchronous neighbours of w. Therefore w’ and
v are joined by a non-symmetric arc. Since u and w’ are asynchronous neighbours of
w, they are adjacent in D. Similarly, ' and w’ are adjacent as they are asynchronous
neighbours of w. If u and w’ are joined by a non-symmetric arc, then {u,w,v'w'}
induce a digraph in Figure 4.2 (i), a contradiction to the assumption. So u and w’
are joined by symmetric arcs. But then {u,v,w,w’} induce a digraph in Figure 4.2

(ii), a contradiction. O

The following theorem is about the forbidden subdigraph characterizations of

weakly quasi-transitive semi-strict chordal digraphs.

Theorem 4.2. A weakly quasi-transitive digraph D is semi-strict chordal if and only
if S(D) is chordal and D does not contain any digraph in Figure 4.2 as an induced

subdigraph.

Proof. The necessity follows from Lemma 4.1 and Lemma 4.3. Hence, we only prove
the sufficiency: Assume that S(D) is chordal and D does not contain any digraph
in Figure 4.2 as an induced subdigraph. It suffices to show that D has a semi-strict
di-simplicial vertex. Since S(D) is chordal, it has di-simplicial vertices. If any di-
simplicial vertex of S(D) is a semi-strict di-simplicial vertex of D, then D has a
semi-strict di-simplicial vertex and we are done. Hence assume that none of the di-
simplicial vertices of S(D) is a semi-strict di-simplicial vertex of D. Therefore each

di-simplicial vertices of S(D) is either a type 1 or a type 2 vertex.
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We claim first that if v is a type 1 vertex and (u,v,w) is a violating triple for
v, then u or w is a type 1 vertex. Suppose that v is a type 1 vertex. Then uv,vw
are both non-symmetric arcs and u,w are joined by a non-symmetric arc. Since D
does not contain the digraph in Figure 4.2 (iv) as an induced subdigraph, uw is a
non-symmetric arc. By Lemma 4.7, u or w is a di-simplicial vertex of S(D).

Consider first the case when u is a di-simplicial vertex of S(D) but w is not. If
u is a semi-strict di-simplicial vertex of D then the prove is complete. Hence assume
that u is not a semi-strict di-simplicial vertex of D and so there exist violating triple
for u. We show by contradiction that u is a type 1 vertex. Hence assume that u is
not a type 1 vertex. Then there exists a violating triple (uq,u,us) for u such that
exactly one of uju or uus is a non-symmetric arc. Moreover, u; and us are joined
by a non-symmetric arc. By considering the reversal of D, we assume that uju is
a non-symmetric arc. Since w and uy are asynchronous neighbours of u, they are
adjacent. If w and wuy are adjacent by symmetric arcs, then v and us are joined by
symmetric arcs as otherwise u, v, w, us induces Figure 4.2 (ii), a contradiction. Since
v and wu; are asynchronous neighbours of u, they are adjacent. If v and u; are joined
by symmetric arcs, then u; and uy are non-adjacent neighbours of v in S(D), which
contradicts the assumption that v is a di-simplicial vertex of S(D). Therefore v and u,
are joined by a non-symmetric arc. If vuy is a non-symmetric arc, then u, v, u; induce
the digraph in Figure 4.2 (iv), a contradiction. Hence u;v is a non-symmetric arc. But
then (u1,v,us) is a violating triple where v and uy are adjacent by symmetric arcs,
showing that v is not a type 1 vertex, a contradiction to our assumption. Therefore
us and w are joined by a non-symmetric arc.

Since w is not a di-simplicial vertex of S(D), w has non-adjacent neighbours w;,
and wy in S(D). Note that u is adjacent to both w; and wy in D as it is a neighbour

of w asynchronous form w; and w,. Since u is a semi-strict di-simplicial vertex of
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S(D), it cannot be adjacent to both w; and ws in S(D). But then u, u;, w,w; induce
a digraph in Figure 4.2 (i), a contradiction to the assumption. Therefore u is a type
1 vertex. By symmetric, if w is a semi-strict di-simplicial vertex of S(D) but w is not,
then w is a type 1 vertex.

Consider now the case when both v and w are semi-strict di-simplicial vertices of
S(D). Suppose to the contrary that w and w are both type 2 vertices. Then there
exists a violating triple (u1,u,us) where exactly one of uju or uus is non-symmetric.
Similarly, there exists a violating triple (wy,w, ws) where exactly one of ww or wws
is non-symmetric. Suppose that u;u and wjw are non-symmetric arcs. (The proofs
for other cases are similar.) Then uus and ww, are symmetric arcs. We can see
that us is adjacent to both v and w, and wy is adjacent to both v and u. If us and
w are joined by symmetric arcs, then a similar proof as above shows that either D
contains Figure 4.2 (ii) as an induced subdigraph or v is not a type 1 vertex, which
are contradictions. Therefore, uy and w are joined by a non-symmetric arc. Similarly,
wy and u are joined by a non-symmetric arc. Then uy and ws are adjacent as they
are asynchronous neighbours of u, but then u, w, us, wy induce a subdigraph in Figure
4.2 (i), a contradiction to assumption. Therefore, at least one of u or w is a type 1
vertex.

We then claim that D does not contain a type 1 vertex. Suppose to the contrary
that v is a type 1 vertex and (u,v,w) is a violating triple for v. Assume that w
is not a type 1 vertex. Then by our previous claim u is a type 1 vertex and there
exists a violating triple (uy,u,z;) for u. Since u is of type 1, both uju and w4
are non-symmetric arcs. Since v and u; are asynchronous neighbours of u, they are
adjacent in D. If v and u; are joined by symmetric arcs, then (u,v,u;) is a violating
triple for v with vu; being symmetric arcs, certifying that v is not a type 1 vertex,

a contradiction to our assumption. Hence v and u; are joined by a non-symmetric
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arc. If vuy is a non-symmetric arc, then D contains Figure 4.2 (iv) as a subdigraph
induced by u, v, uy, a contradiction. Therefore, u1v is a non-symmetric arc. Moreover,
uy and w are adjacent in D as they are asynchronous neighbours of v. If u; and w are
joined by symmetric arcs, then D contains Figure 4.2 (iii) induced by u,v,w,u; as a
subdigraph, a contradiction. If wu, is a non-symmetric arc, then {u,w,u;} induce a
digraph in Figure 4.2 (iv), which is also a contradiction. Hence u;w is a non-symmetric
arc and so (uq,v,w) is a violating triple for v. Since w is not a type 1 vertex by our
assumption, u; is a type 1 vertex by the previous claim. Thus there exists a violating
triple (ug, uy,x9) for u; where ugu; and uyz5 are both non-symmetric arcs. A similar
proof as above shows that (ug, v, w) is a violating triple for v. Since w is not a type 1
vertex, uy must be a type 1 vertex. Continuing this pattern we obtain a sequence of
vertices v, u, uq, Us, . . ., Where uv, uqu, usty, usls, . .. are non-symmetric arcs. Since
D is finite, this implies that D contains a directed cycle consisting for non-symmetric
arcs. By Lemma 4.5, D contains a digraph in Figure 4.2 (i) or (iv) as an induced
subdigraph, which is a contradiction. Therefore w must also be a type 1 vertex.

Let wy be a vertex such that ww, is a non-symmetric arc; know that such a vertex
w; can be obtained from a violating triple of w. Then v and w; must be adjacent as
they are asynchronous neighbours of w. If v and w; are joined by symmetric arcs, then
(wq,v,w) is a violating triple for v of type 2, contradicting our assumption. Hence v
and w; are joined by a non-symmetric arc, and the non-symmetric arc must be vw,
as otherwise {v, w,w } induce the digraph in Figure 4.2 (iv), a contradiction. We see
now that v and w; are adjacent as they are asynchronous neighbours of v. If u,w,
are joined by symmetric arcs, then u,v,w,w; induce a digraph in Figure 4.2 (iii), a
contradiction. So w and w; are joined by a non-symmetric arc and it must be uw.
Thus (u,v,w) is a violating triple. If w; is not a type 1 vertex, then we are back to

the previous case. Hence, w; is a type 1 vertex. Then there exists a vertex wy such
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that wow; is a non-symmetric arc. Continuing in this way, we obtain a sequence of
vertices v, w, wy, wa, w3, . .. where vw, wws, wws, Wews, ... are non-symmetric arcs.
Since D is finite, this again implies that D contains a directed cycle consisting of
non-symmetric arcs, which end up with a contradiction. Hence D does not contain
any type 1 vertex. It follows that every di-simplicial vertex of S(D) is a type 2 vertex.

Suppose that v is a type 2 vertex. Then there is a violating triple (u, v, w) such
that exactly one of uv or vw is a non-symmetric arc. If uv is the non-symmetric arc,
then Lemma 4.7 implies that u is a di-simplicial vertex of S(D) and hence must be a
type 2 vertex. On the other hand, if vw is the non-symmetric arc, then Lemma 4.7
implies that w is a di-simplicial vertex of S(D) and so it is of type 2. Hence, for each
type 2 vertex v, there is a type 2 vertex v’ such that v and v’ are part of a violating
triple for v and either vv’ or v'v is a non-symmetric arc. It follows that there exist

21,22, 23, ..., 2 along with 2], 2525 ..., 2] such that for each i =1,2,...,[:

e 2; is a type 2 vertex;
e cither (z;41, 2, 2}) or (2], z;, zi+1) is a violating triple;
e 2; and z;,1 are joined by a non-symmetric arc; and

e 2; and 2] are joined by symmetric arcs.

where the subscripts are modulo [. Choose such sequence so that the length [ is
minimum. By Lemma 4.5, the sequence zq, zs, ...,z cannot form a directed cycle
in either direction. Assume without loss of generality that z;z5 and 2,2, are both
non-symmetric arcs. Hence (z1, z1, 22) and (21, 2, 2]) are violating triples and each
of the pairs 2z, 2] and 21, z; is joined by a non-symmetric arc. Since 2] and z; are
asynchronous neighbours of z;, they are adjacent in D. If 2] and z are adjacent

by a non-symmetric arc, then D contains Figure 4.2 (i) induced by 21, 21, 2, 2, as a
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subdigraph, a contradiction. Hence z] and z; are joined by symmetric arcs. Since 2o
and z; are asynchronous neighbours of z{, they are adjacent in D. If 2o and z; are
joined by symmetric-arcs, then D contains Figure 4.2 (i) as a subdigraph induced
by 21, 22, 21, 21, a contradiction. Therefore, 29 and z; are joined by a non-symmetric
arc. If z92; is a non-symmetric arc, then (2, z;, 21) is a violating triple and we end
up with a shorter sequence, which contradicts the minimality of . On the other
hand, if zz5 is a non-symmetric arc, then (21, z;, 22) is a violating triple which again
results in a shorter sequence, a contradiction. Therefore, D must contain a semi-strict

di-simplicial vertex. This completes the proof. O

Since quasi-transitive digraphs and extended semicomplete digraphs are subclasses

of weakly quasi-transitive digraphs (see Theorem 2.2), we have the following:

Corollary 4.1. Let D be a quasi-transitive digraph or an extended semicomplete
digraph. Then D is semi-strict chordal if and only if S(D) is chordal and D does not

contain any digraph in Figure 4.2 as an induced subdigraph. 0

A perfect elimination ordering of a digraph, if one exists, can be obtained by
recursively finding a di-simplicial vertex, which can be recognized in O(n?m) time

[60]. In a similarly way, semi-strict chordal digraphs can also be recognized in time

O(n?m).
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Chapter 5

Chordal Signed Graphs and Bigraphs

In this chapter, we extend the concept of chordality of graphs to signed graphs and
bigraphs. We characterize by forbidden subgraphs of chordal signed graphs and bi-

graphs.

5.1 Chordal signed graphs

A vertex v in a signed graph G is signed simplicial if N(v) induces a positive clique
in é, and a signed graph G is chordal if every induced subgraph of G has a signed
simplicial vertex. In [41], an equivalent form of chordal signed graphs has been studied
by Hell and Hernandez-Cruz.

Let D be a digraph. Two adjacent vertices in D are joining by either a non-
symmetric arc or symmetric arcs (but not both). By replacing each non-symmetric
arc in D as an negative edge and each pair of symmetric arcs as a positive edge, we
obtain a signed graph G. Thus, a strict di-simplicial vertex in D corresponds to a
signed simplicial vertex of G. Hence D is a strict chordal digraph if and only if G is
a chordal signed graph.

The following theorem is a direct translation of the results from [41].
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Theorem 5.1. [41] Let G be a signed graph. Then G is chordal if and only if it does

not contain any signed graph in Figure 5.1 as an induced subgraph. [

K

FasShv ey

Ky

Figure 5.1: The forbidden subgraphs for chordal signed graphs

Figure 5.1 depicts six sets of signed graphs. It is easy to verify that none of them
has a signed simplicial vertex and hence none of them are chordal signed graph. Not
all of these graphs are minimal non-chordal signed graphs. For instance, A, contains
a signed graph with A; being a proper subgraph. The signed graphs listed in Figure

5.2 are all minimal non-chordal signed graphs in A; U Ay U As.
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Figure 5.2: The minimal non-chordal signed graphs in A; U Ay U Aj
5.2 Chordal signed bigraphs

An edge uv of a bigraph G is simplicial if N(uv) induced a biclique. Every induced
subgraph of a chordal bigraph contains a simplicial edge [32]. An edge wv of a
signed bigraph G is signed simplicial if N(uv) induced a positive biclique. A signed
bigraph G is chordal if it has a signed perfect edge-without-vertex elimination ordering
€1,€2,...,6n, that is, each e; is a signed simplicial edge in G— {e1,€9,...,€;1}.

It follows from definition that an edge in a signed bigraph is signed simplicial if
one of its endvertices has degree one. This implies that every signed tree has a signed
simplicial edge-without-vertex ordering and therefore is a chordal signed bigraph. On
the other hand, since no signed cycle of length > 6 has a signed simplicial edge, the
underlying unsigned graph of a chordal signed bigraph is a chordal bigraph. Hence
the class of chordal signed bigraphs contains all signed tree and it is a subclass of
signed chordal bigraphs. However, a signed chordal bigraph may not be chordal signed
bigraph (any graph in Figure 5.4 is a signed chordal bigraph but not a chordal signed
bigraph). (Note the difference between chordal signed bigraphs and signed chordal

bigraphs.)

Lemma 5.1. Suppose that G is a signed bigraph and e is a signed simplicial edge of
G. ]f@ — e s chordal, then G is chordal.
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Proof. Since G—eis chordal, it has a signed simplicial edge-without-vertex ordering
€1,€e1,...,em. Thene, ey, eq,...,e,isasigned simplicial edge-without-vertex ordering

of é, showing that G is chordal. O

We give in this chapter a forbidden subgraph characterization of chordal signed
bigraphs. It is easy to verify that every induced subgraph of a chordal signed bigraph
is chordal. Our characterization of chordal signed bigraphs implies that if every
induced subgraph of a signed bigraph G is chordal, then G is chordal.

Recall that we use edge-coloured graphs to represent signed graphs where positive
edges are coloured blue, negative edges are coloured red, and edges whose signs are
not specified are coloured black. Suppose that F' is an edge-coloured graph whose
edges are coloured with blue, red, and black colours. If F' has no black edge then it
represents a unique signed graph. If F' has black edges then by replacing each black
edge of F' with a blue or a red edge we obtain a signed graph. This way F' represents
a set of signed graphs. We say that a signed graph G does not contain F (as an

induced subgraph) if none of the graphs in F' is a subgraph (an induced subgraph) of
G.

5.2.1 Complete bigraphs

In this section we consider signed complete bigraphs. We will show that there are

only five minimal signed complete bigraphs which are not chordal (see Figure 5.4).

Lemma 5.2. Let G be a signed complete bigraph with bipartition (X,Y') where X =
{z1,29,...,20} and Y = {y1,y2,...,ys}. Suppose that x1y; is a signed simplicial
edge in G. Then x1Y; 18 a signed simplicial edge in G- {z191, 2190, . . ., 1Yi—1} for
eachi=1,2,...,5. Moreover, if@ — {a1} is chordal then G is chordal.

Proof. Denote G, =G - {z191, 2192, ..., 21y;—1} for each i = 1,2,...,5. Since G
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is complete, Ng (1) = {¥i,Yit1,.--,yp} and Nz (y:) = X. Since z1y; is a signed

simplicial edge of G, {2, z3,..., 20} U{y2,vs,...,ys} induces a positive biclique in

G. In particular, {za, 23, ..., 20} U {yit1, Yita, ..., yp} induces a positive biclique in
é\i, which means that z;y; is a signed simplicial edge in é\z foreachi=1,2,...,0.

IfG— 21 is chordal, then G- x1 has a signed simplicial edge-without-vertex elim-

ination ordering ey, e, ..., e,. Hence ziy1, x1y2, ..., 21ys,€1,€2, ..., 6y is a signed
simplicial edge-without-vertex elimination ordering of G , and so G is chordal. O]

Figure 5.3: The forbidden subgraphs for chordal signed complete bigraphs

Figure 5.3 depicts four sets Fi, ..., Fy of signed complete bigraphs. It is easy to
verify that none of them has a signed simplicial edge and hence cannot be contained

in a chordal signed bigraph.

Proposition 5.1. Let G be a signed complete bigraph. Then G is chordal if and only

if 1t does mot contain any bigraph in F, ..., Fy in Figure 5.3 as an induced subgraph.

Proof. The necessity of the statement follows from the remark above. For the suffi-
ciency suppose that there exists a signed complete bigraph which contains none graph
in £, ..., Fy and it is not chordal. Let G be a minimal such signed complete bigraph.
Then Lemma 5.2 implies that no edge of G is signed simplicial.

Let X = {x1,29,..., 24} and Y = {y1,¥2,...,ys}. We claim that G contains no
negative P,. Suppose to the contrary that xy;x2y- is a negative Py in G. Since Tol1

is not a signed simplicial edge, there is a negative edge x5y, in N(zoy;). If s = 1 and
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t = 2, then G contains Fi as an induced subgraph. If s =1 and ¢t # 2, or s # 1 and
t = 2, then G contains a graph in F5 as an induced subgraph. If s # 1 and t # 2
then G contains a graph in F) as an induced subgraph. All of these contradict the
assumption. So G contains no negative Fj.

Since no edge of G is signed simplicial, there is a negative edge in the graph
induced by N(z;,y;) for each 1 < i < a and 1 < j < . This implies that there
are two negative edges which share no endvertex. Without loss of generality assume
that 1y, and x,ys are negative. Let z,y; be a negative edge in the graph induced by
N(z1ys). If s > 3 and ¢t > 3, then G contains a graph in F} as an induced subgraph, a
contradiction to the assumption. Thus s =2 or ¢t = 1. Since G contains no negative
Py, s #2ort# 1. Hence we have either s =2 and ¢t # 1 or s # 2 and t = 1. By
symmetry we assume that s = 2 and ¢ # 1. Let z,y, be a negative edge in the graph
induced by N(z2,y1). Since G does not contain a negative Py, ¢ # 2 and q # t. If
p # 1 then G contain a graph in Fy induced by z1, 2, Zp, Y1, Y2, Yq, & contradiction
to the assumption. Thus p = 1 and hence G contains a graph in Fj induced by

T1, T2, Y1, Y2, Yt, Tq, Which again contradicts the assumption. O

AV N e D

Figure 5.4: The minimal forbidden subgraphs for chordal signed complete bigraphs

Not all bigraphs in Figure 5.3 are minimal non-chordal bigraphs. For instance,
if any of the black edges in F5 is replaced by a red edge then it contains Fj. On
the other hand, replacing both black edges in F5 by blue edges results in a minimal
non-chordal bigraph. All five bigraphs in Figure 5.4 are obtained in this way from the

bigraphs in Figure 5.3. By Proposition 5.1 they are not chordal. Deleting a vertex
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in any of these bigraphs results in a chordal signed bigraph. So they are all minimal
non-chordal signed bigraphs. Moreover, every signed bigraph in Fi, ..., F contains
a graph in Figure 5.4 as a subgraph. Hence by Proposition 5.1, if a signed complete
bigraph is not chordal then it contains one of the graphs in Figure 5.4 as a subgraph.

Therefore we have the following:

Theorem 5.2. A signed complete bigraph is chordal if and only if it does not contain

any of the signed bigraphs in Figure 5.4 as a subgraph. 0

5.2.2 Non-separable bigraphs

Recall that a bigraph is separable if it contains an induced 2K5, otherwise it is non-
separable. Since an induced cycle of length > 6 contains an induced 2K, it cannot
be an induced subgraph of a non-separable bigraph. So non-separable bigraphs are
all chordal. However, not all signed non-separable bigraphs are chordal (e.g., a nega-
tive Cy is not chordal). In this section we characterize chordal signed non-separable
bigraphs by their forbidden subgraphs.

We first take a look at some basic properties of non-separable bigraphs. Suppose
that a bigraph G with bipartition (X,Y") is non-separable. Since G' does not contain
an induced 2K, the neighbourhoods of the vertices in X are comparable and the
neighbourhoods of the vertices in Y are also comparable. That is, the vertices of X

and Y can be ordered x;, x9, ..., 7, and y1,¥2, ..., ys respectively in such a way that

N(w1) 2 N(2) 2 -+ 2 N(za) and N(y1) € N(y2) € --- € N(yp).

We call such a vertex ordering xy, x2, ..., T, Y1, Y2, - .., Yz & canonical ordering of G.

Lemma 5.3. Let G be a non-separable bigraph with bipartition (X,Y") without isolated

vertices, and let x1,%2,...,%q,Y1,Y2,-..,Ys be a canonical ordering of G. Then the
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following statements hold:
1. 1 s adjacent to all vertices in Y,
2. Fach vertez in N(y1) is adjacent to all vertices in'Y;

3. For each x; € N(y1), x;y1 is a simplicial edge; in particular x1y, is a simplicial

edge;
4. If z;y; is a simplicial edge then G — x;y; is non-separable;

5. If z;y; is a non-simplicial edge, then there exist x, € N(y;) and y, € N(z;) with

k> andl < j such that x;, and y; are not adjacent.

Proof. For each y; € Y, since G has no isolated vertex, y; is adjacent to some z; € X.
The canonical ordering ensures that N(z;) C N(x1). Hence y; € N(z;) C N(z1) and
so 1 is adjacent to y;.

For each y; € Y, the canonical ordering ensures that N(y;) € N(y;). Thus each
vertex in N(y;) is adjacent to y;.

For each x; € N(y;), since z; is adjacent to all vertices in Y, x;4; is an edge and
x; is adjacent to all vertices in N(x1). So z;y; is a simplicial edge and in particular
1y, is a simplicial edge.

If G — x;y; is separable then it contains an induced 2K, consisting of edges z,ys
and z.yq. Since G is non-separable, the edges x,y, and z.y4 do not form an induced
2K, in G. So we must have z; = z, and y; = y4 or x, = x. and y; = y,. But in either
case x;¥; is not a simplicial edge, which is a contradiction to our assumption.

If x;y; is a non-simplicial edge, then there are non-adjacent vertices z; € N(y;)
and y, € N(x;). This implies that N(z;) € N(z) and N(y;) € N(y;). The canonical

ordering ensures that £ > 7 and [ < j. O]

Due to the symmetry of non-separable bigraphs, the following statement holds:
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Corollary 5.1. Let G be a non-separable bigraph with bipartition (X,Y) without
isolated vertices, and let x1,%a,...,Ta,Y1,Y2,...,Ys be a canonical ordering of G.

Then:
1. yg 1is adjacent to all vertices in X;
2. Each vertex in N(x) is adjacent to all vertices in X ;

3. Foreachy; € N(z,), xoy; is a simplicial edge, in particular, x,yg is a simplicial

edge.
O

Since signed complete bigraphs are non-separable, the graphs in F}, ..., F} in Fig-
ure 5.3 are also forbidden for chordal signed non-separable bigraphs. Two additional
sets of forbidden subgraphs F5 and Fj for chordal signed non-separable bigraphs are
depicted in Figure 5.5. Thus no chordal signed non-separable bigraph contains any
graph in Fi, ..., Fs as an induced subgraph. We will show these are all the forbidden

subgraphs for chordal signed non-separable bigraphs.

Fy F

Figure 5.5: Additional forbidden subgraphs for chordal signed non-separable bigraphs

Proposition 5.2. Let G be a signed non-separable bigraph. Then G is chordal if and
only if it does not contain any graph in Fy, ..., Fg in Figure 5.3 and in Figure 5.5 as

an induced subgraph.

Before proving this proposition, we need two lemmas:
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Lemma 5.4. Let G be a signed non-separable bigraph with bipartition (X,Y') without
isolated vertices and let x1, 2, ..., T, Y1,Y2,- .., Ys be a canonical ordering of@. Sup-
pose that x;,x;, T, yi, Y induce a graph in Zy in Figure 5.6 where x;,x; € N(y1). If
no edge in G is signed simplicial then G contains a graph in Fy, ..., F5 as an induced

subgraph.

Yi Yr

Figure 5.6: Z;

Proof. Since z;,x; € N(y;), by Lemma 5.3 (2), N(z;) = N(z;) =Y. Since xy is
adjacent to y, but not adjacent to y;, N(y,) € N(y;). The canonical ordering ensures
that | < r. Since x, is not adjacent to all vertices in Y, N(zy) C N(x;) = N(z;) =Y
and hence k > 17, k > j.

Choose such a Z; so that k is as large as possible. We claim that xy, is a
simplicial edge in G where G is the unsigned bigraph of G. Indeed, if not then by
Lemma 5.3(5) there exists )y € N(y,) with ¥ > k and yy € N(xp) with ¢/ < r
such that zj and y, are not adjacent. Then x;, x;, zw,yr,y, induce a copy of Z;
with &' > k, contradicting the choice of Z;. Hence z,y, is a simplicial edge in G.
By assumption z.y, is not a signed simplicial edge in G. Hence the subgraph of G
induced by N(zxy,) has negative edge.

Let z,y, be a negative edge in the subgraph induced by N (zxy,). If z, is adjacent
to 1; then G contains a graph in Fj induced by x;, x4, Tr, Y1, Yr, y» When x, # x; or
by xj, Za, Tk, Y1, Yr, Y» When x, # ;. So we may assume that z, is not adjacent to y;,

which means that =, # x; and z, # z;. The choice of Z; implies that a < k.
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Consider the subgraph induced by N(z,y,). Since x,y, is not signed simplicial,
either it is not a biclique or it is a biclique that contains a negative edge. Suppose first
that the subgraph induced by N(x,y,) is not a biclique. Then there exist z. € N(y,)
with ¢ > a and y4 € N(z,) with d < r such that z. and y, are not adjacent. We must
have ¢ < k as otherwise w;, ;, z., Y4, ¥ induce a graph in Z; with ¢ > £, contradicting
the choice of Z;. Thus y, € N(x,) € N(z.). Hence z;,x,,2c,ya, Yr, y» induce a
graph in Fj. Suppose now that the subgraph induced by N(z,y,) is a biclique that
contains a negative edge z.y4. Note that x. is adjacent to y;, as otherwise ¢ > k and
Ti, Tj, Te, Yp, Yr induce a graph in Z;, a contradiction. If yq = y, then x;, x5, x¢, 2o, Yr, Y
induce a graph in F3 when . # z; and z. # x;, and x;, 2}, 4, y,, y» induce a graph
in F, when . = z; or x. = ;. If yq # vy then G contains a graph in Fj induced by

Ti, Tey Loy Yd, Yr, Yo When x, # ; or by x;, ¢, g, Ya, Yr, Yo When z, # ;. O

Lemma 5.5. Let G be a signed non-separable bigraph with bipartition (X,Y") without
isolated vertices and let x1, 2, ..., T, Y1,Y2, - .., Ys be a canonical ordering of@. Sup-
pose that x;, xj, Tk, Yy, Yq, Yr induce a graph in Zy in Figure 5.7 where x;,x; € N(y1).
If no edge in G is signed simplicial then G contains one of a graph in F3, ..., Fs as

an induced subgraph.

Z; Tj Tk

Ui yq Yr

Figure 5.7: Z,

Proof. Since z;,z; € N(y1), by Lemma 5.3 (2), N(z;) = N(z;) =Y. Choose such a

Zy so that k is as large as possible. We claim that the subgraph induced by N(xy;)
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is a biclique. Suppose that it is not a biclique. Then by Lemma 5.3 (5) there exist
non-adjacent vertices z, € N(y,) with a > k and y, € N(x) with b < r. Since xy, is
adjacent to y;, but not to y; or y,, N(yp) O N(yi) and N(yp) DO N(y,). This implies
that x, is not adjacent to y; or y, as it is not adjacent to y,. Hence x;, x;, zq, 1, Yq, Yr
induce a graph in Z, with a > k, a contradiction to the choice of Z5. So the subgraph
induced by N(zxy,) is a biclique and therefore contains a negative edge z,y;, as Txy,
is not signed simplicial.

Since x, is adjacent to y, but not adjacent to y; or vy, yp 7# v, Yp» 7# yq- I z, =
then G contains a graph in Fy induced by x;,2;, xk, Yo, yp, yr. If 2, = x; then G
contains an Fj induced by x;, 2, ye, Yq, Ys, Yr. So assume that z, # x; or x;. If z, is
adjacent to y, then G contains a graph in F3 induced by x;, 24, T, Yq, Ys, Yr. If 24 is
adjacent to y; then G contains a graph in Fy induced by x;, x4, T, Y1, ¥, yr. Hence
we further assume that z, is not adjacent to y, or y;. Consider the subgraph induced
by N(z,y.). Since z,y. is not signed simplicial, it is either not a biclique or is a
biclique that containing a negative edge. If the subgraph induced by N (z,y,) is not a
biclique, then by Lemma 5.3(5) there exist non-adjacent x. € N(y,) and y; € N(x,).
If .y, is an edge, then G contains a graph in Fy induced by z;, 24, T, Yd, Ys, Yr- If 2.
and y, are not adjacent, then ¢ > £k and x;, x;, x., Y1, yq, y» induce a graph in Zs, a
contradiction to the choice of Z,. So assume that the subgraph induced by N(z,y,)
is a biclique and contains a negative edge x.yq. If x. = z; then G contains a graph in
Fy5 induced by ;, 2, o, Yo, Ya, yr- If x. = x; then G contains a graph in F3 induced by
Ti, Tj,Ye, Yq, Yd, Yr- S0 assume that z. is not equal to z; or ;. If . is adjacent to y,
then G contains a graph in Fy induced by x;, 24, Z¢, Yg, Ya, Yr- If 2. is not adjacent to
Y and yp, # yq, then G contains a graph in Fy induced by x;x,, Z¢, Yp, Ya, ¥». Finally,

if . is not adjacent to y, and y, = y4 then G contains a graph in Fy induced by

-I'i?zjaxa;xmylayqayb?yr' [l
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Proof of Proposition 5.2. We only prove the if-part of the statement as the only-if
part is discussed above. So assume that G does not contain any graph in Fy, ..., Fg
as an induced subgraph. Suppose to the contrary that G is not chordal. According
to Lemma 5.3 (4), deleting a signed simplicial edge from G maintains the property
of being non-separable. Also, deleting any edge from G does not results in a graph
containing any a graph in Fi,..., Fgs. Thus, we can further assume that G has no
signed simplicial edge and has no isolated vertex.

Let (X,Y) be the bipartition and 1, s, ..., %0, Y1, Y2, ..,Yys be a canonical or-
dering of G. Since no edge in G is signed simplicial, for any edge z;y; the subgraph
induced by N(z;y;) is not a positive biclique, that is, either it is not a biclique or is
a biclique but contains a negative edge. By Lemma 5.3 (3), the subgraph induced by
N(z1y1) is a biclique so it contains a negative edge x,1,. Choose such an edge z,y, so
that b is as large as possible. By Lemma 5.3 (2), we know that the vertices in N (y;)
have the same neighbourhood. Thus by re-ordering the vertices of N(y;) if necessary
we can assume that x, is the vertex with the largest subscript which is incident with
a negative edge in the subgraph induced by N(x;y;). Hence the subgraph induced
by N(x1y;) contains no negative edge z,yy with @’ > a or &/ > b.

Consider the subgraph induced by N(z,y;). It is a biclique according to Lemma
5.3(3) and thus contains a negative edge x.ys. Note that N(z;) =Y by Lemma 5.3
(1). So z.y, is a negative edge in the subgraph induced by N(z1y;). The choice of
xqYyp implies that 1 < ¢ < a and 1 < d < b. Moreover, N(z.) =Y.

Case 1. d < b.

If some vertex x is adjacent to y, (and hence to y, as N(yq) € N(yp)) but not to
a vertex y € Y, then G contains F5 induced by z., x4, x,y, yq, yp, contradicting the
assumption. So any vertex adjacent to y, is adjacent to all vertices in Y. This implies

that the subgraph induced by N(z,y4) is a biclique and hence contains a negative
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edge z.ys. Since z. is adjacent to x4, it is adjacent all vertices in Y and in particular
to y1. So the edge z.y; is a negative edge in the subgraph induced by N(z1y;). The
choice of z,y, implies e < a and f < b. If z. # x. and y; # y, then z., x¢, Ta, Vs, Ya, Yo
induce an Fj, contradicting the assumption. Hence z, = x. or y5 = y.

Subcase 1.1. z, = z..

If some vertex z is adjacent to y, but not to y; (and hence not to y; as N(y;) C
N(yq)) then x., x,, 2, y1,ya, yp induce a graph in Zy. By Lemma 5.5 G contains one
of F3,..., Fs as an induced subgraph, a contradiction to the assumption. So every
vertex adjacent to y, is adjacent to y; and hence to all vertices in Y. This implies
that the subgraph induced by N(z.ys) is a biclique and thus contains a negative edge
Tgayp. Since x, is adjacent to yp, it is adjacent to all vertices in Y. Thus x4y is in
the subgraph induced by N(ziy1). If z, # z, and y, # ya, then z., 4, Ty, Ya, Yo, Yn
induce a graph in Fy, a contradiction. If z, = x, and vy, # yq, then ¢, za, Ya, Ys, Yn
induce a graph in F5 when y; = v, and @, x4, T4, Y, yp, induce a graph in F3 when
Ys # Y, contradicting the assumption. If z, = z, and y, = yq4, then x., 24, ya, v
induce an Fy when y; = vy, and z, %4, Y4, Yy, Yo induce a graph in F» when y; # yp,
contradicting the assumption. If z, # z, and y, = yq, then z.,z,, x4, ya, yp induce
an Fy when yy = vy, and x., T4, T4, Ya, Y5, Y» induce a graph in F; when y # v, again
contradicting the assumption.

Subcase 1.2. z. # z..

We must have y; = y,. As in Subcase 1.1 we have that every vertex adjacent
to yp is adjacent to yy and hence to all vertices in Y. This together with Lemma
5.3(3) imply that the subgraph induced by N(z.ys) is a biclique and thus contains a
negative edge z;y;. Since z; is adjacent to x; it is adjacent to all vertices in Y. Thus
x;y; is in the subgraph induced by N(z1y1). If y; # yq then z., zc, z;, ya, y;, y» induce

a graph in F; when z; # z. and x., z;, %4, Y4, Y;, Y» induce a graph in Fy when x; # z,,
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contradicting the assumption. If y; = yq4, then ., x¢, x;, 4, ya, y» induce a graph in
F3 when z; # . and z; # x, and x., ., T4, Yg, Yp induce a graph in Fy when z; = .
or x,, contradicting the assumption.

Case 2. d =0.

If some vertex x is adjacent to g, but not to a vertex y € Y then z.,x,, x,y, ys
induce a Z; and by Lemma 5.4 G contains one of Fy, ..., F5 as an induced subgraph,
a contradiction to the assumption. So any vertex adjacent to y, is adjacent to all
vertices of Y. This together with Lemma 5.3(3) imply that the subgraph induced by
N(z,yp) is a biclique and hence contains a negative edge z.y;. Note that z.yy is an
edge in the subgraph induced by N(z1y;). The choice of z,y, implies that e < a and
f<b.

Subcase 2.1. z, = z..

Consider the subgraph induced by N(z.y,). By Lemma 5.3(3) and the fact that
every vertex adjacent to y, is adjacent to all vertices in Y, it is a biclique and hence
contains a negative edge x,y,. Again x4y, is in the subgraph induced by N(z1y,). If
g = T, and y, = yy then x., x4, yys, yp induce an Fy. If z, # x, and y, # y; then
Ty Ty, Tay Yf, Yn, Yo induce a graph in Fy. If z, = x, and y, # y; then ., xq, Y5, Yn, Yo
induce a graph in Fy. If x4 # x, and x, = y; then x., x4, T4, Yy, ya induce a graph in
F5. All these contradict the assumption.

Subcase 2.2. x. # z..

Consider the subgraph induced by N (z.yp). A similar argument as in Subcase 2.1
shows that it is a biclique and hence contains a negative edge x4y, which is in the
subgraph induced by N(z1y1). If y, # yy then G contains a graph in Fj induced by
Tey Tg, Tay Yf, Yn, Yo When x, # x4, and by x., x4, Te, Yr, Yp, Yp When x4 # x.. If yp, = yy
and x4 # . or x, then z., x., 2y, 24, ys,ys induce a graph in F3. If y, = y; and

g = z. and x4 # x, then G contains a graph in F induced by ¢, xc, o, Y5, yp. O
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5.2.3 Separable bigraphs

Recall that a separating set in a bigraph G is a set of vertices S such that G — S
contains at least two non-trivial components. Clearly, a bigraph has a separating set
if and only if it is separable. A separating set is minimal if no proper subset of the
set is separating. It follows from the definitions that a set S is a minimal separating
set if and only if there exist two non-trivial components H and H' in G — S such that
every vertex of S has a neighbour in H and in H’. In this case we also say that the
minimal separating set S separates H and H'.

Our goal in this section is to find all minimal signed separable bigraphs which are
not chordal. As we know signed cycles in Cyy, with k& > 3 (see Figure 5.8) are separable
but not chordal, and deleting any vertex results in a chordal signed bigraph. So they
are minimal signed separable bigraphs which are not chordal. The signed bigraphs in

D as depicted in Figure 5.8 are another collection of such bigraphs.

Cor(k > 3) D

Figure 5.8: Forbidden subgraphs C5; and D for chordal signed separable bigraphs

Denote C = Ug>3CYy,, that is, C consists of signed cycles of length > 6.

Lemma 5.6. Let G be a signed separable bigraph which does not contain a signed
graph in C U D in Figure 5.8 as an induced subgraph. Suppose that S is a minimal

separating set which separates H and H'. Then

e S induces a positive biclique in @, and
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e any two vertices in S from the same partite set of@ have a common neighbour

in H and a common neighbour in H'.

Proof. Let u,u’ be two vertices in S. Since S is a minimal separating set that sep-
arates H and H’, each of u,u' has a neighbour in H and a neighbour in H'. Let P
(respectively, Q) be a shortest path in H (respectively, H') from a vertex in N(u)
(respectively, N(u')) to a vertex in N(u') (respectively, N(u)). If u,u' are from dif-
ferent partite sets of G , then u, v’ must be adjacent and the lengths of P, Q) are both
equal to one, as otherwise uPu'Qu, uPu'u, or v'Quu’ is an induced cycle of length
>6in G , contradicting the assumption. Since G does not contain a graph in D as an
induced subgraph, the edge uu’ must be positive. Hence S induces a positive biclique
in G. Similarly, if u, v’ are from the same partite set of G , then uPu/Qu is an induced
cycle of length > 6, unless P and @ each has length 0, that is, u, v’ have a common

neighbour in H and a common neighbour in H’. O
o« o é Ax é Ax
W1 W3 WB
x/
o« *—eox 4 l—oz o« *—ex
W2 W4 Wﬁ
Figure 5.9: Graphs W;(1 <14 <6)

Lemma 5.7. Let G be a chordal signed non-separable bigraph with bipartition (X,Y).

Suppose that S is a set of vertices such that

e S induces a positive biclique in @,



71

o cvery verter of S has a neighbour in G— S, and

~

o G — S is connected and contains at least one edge but none of them is a signed

simplicial edge of G.

Then G contains one of the graphs in Wy, ..., Wg in Figure 5.9 as an induced subgraph
where vertices x,x’" are the only ones in S (and rest are in @—S). In particular, when
Gisa complete bigraph, it contains one of the graphs in Wy, W3, Wy as an induced

subgraph.

Proof. Consider first the case when G is complete. Since there are edges which are
not signed simplicial in @, there is at least one negative edge. We claim that there
is a negative edge between S and G- 5. Indeed, there is no negative edge has its
both endvertices in S as S induces a positive biclique in G. Since G is chordal it has
a signed simplicial edge. Any signed simplicial edge must be adjacent to all negative
edges. Since G — S contains no signed simplicial edge of @, every signed simplicial
edge has an endvertex in S. If there is no negative edge between S and G — S then
any signed simplicial edge must have an endvertex in G — S incident with all negative
edges. It follows that any negative edge is a signed simplicial edge in G and lies in
G-8S , which contradicts the assumption. Hence G has a negative edge between S
and G — S.

We know from above that some vertex = € S is incident with a negative edge.
Suppose that z is incident with two negative edges, that is, there are vertices v/, y”
in G — S such that xy', xy” are both negative. Since G — S is connected it contains
a vertex x’ is the opposite partite set of 4/, y”. Then x, 2, v, y” induce a copy of W;
in G with being the only vertex in S. So assume that no vertex in S incident with
two negative edges. If some vertex y € S in the opposite partite set of x which is

adjacent to a negative edge, then the two negative edges incident with x and y must
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be adjacent to any signed simplicial edge of G. Thus xy is signed simplicial. Together
with the fact each of z,y is incident with exactly one negative edge we conclude that
the negative edges incident with x,y are the only negative edges in G. This means
that the edge in G-S adjacent to the two negative edges is a signed simplicial edge
in G , contradicting the assumption. Hence no vertex of S in the opposite partite set
of x is incident with a negative edge. Suppose that x is the only vertex in S that is
incident with a negative edge. Denote this edge by xy. Let 2’ be any vertex in G-8
and in the same partite set as z. Since 2’y is not a signed simplicial edge there is a
negative edge x”y” in the graph induced by N(z'y). Then zy” is a signed simplicial
edge and thus all negative edges other than xy are incident with y”. Since "y lies in

G-8 , it is not a signed simplicial edge in G. There must be a vertex 2"

(which may
be z/ but not z”) such that 2”y” is negative. We see that =, 2" 2" y,y" induce a
copy of Wj in G with = being the only vertex in S. Finally suppose that x is not the
only vertex in S that is incident with a negative edge. If all negative edges between
S and G — S are incident with the same vertex y then y must be incident with any
signed simplicial edge. It follows that y is incident with all negative edges. But then
any edge of G — S incident with y is a signed simplicial edge in @, a contradiction.
Hence there exist vertices x, 2’ € S incident with negative edges xy, 'y’ where y # 3.
Therefore x,y, 2,y together with any vertex of G — S in the same partite set as x

induce a copy of W5 in G with x, 2’ being the only vertices in S.

Consider next the case when G is non-separable but not complete. Let

<: T1,T2,.- -, Lo, Y1,Y2,---,Yp

be a canonical ordering of (G. Since G is not complete, z, and y; are not adjacent
and hence they are not both in S. By renaming the vertices if necessary we assume

that y; is in G — S. Since G — S is connected and has at least one edge, it contains
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edge xxy; for some k. Choose such an edge with k as small as possible. The canonical
ordering < ensures that N(x;) O N(xzy) for all i < k. Thus x;7, is an edge for all
i < k. The choice of k implies that x; € S for all i < k. According to Lemma 5.3(3)
Yy is a simplicial edge in G but by assumption is not a signed simplicial edge in G.
So the subgraph of G induced by N(xpy;) contains a negative edge ,¥p.

Case 1. z, € Sand y, ¢ S.

The edge zry, is an edge in G — S and by assumption is not signed simplicial.
That is, the subgraph of G induced by N(zxys) is either not a biclique or is a biclique
and contains a negative edge.

Subcase 1.1. The subgraph induced by N(zxy,) is a biclique.

Let z.yq be a negative edge where x. € N(y,) and y4 € N(z). Since the subgraph
induced by N(xy,) is a biclique and z, € N(y), N(zx) € N(x,) which implies that
ToYq is an edge. Suppose that x. € S. Since S induces a positive biclique and z.yq
is a negative edge, y; ¢ S. When z, = z,, G contains a graph in W induced by
Ta, Tk, Y, Ya With x, being the only vertex in S; when z. # x,, G contains a graph in
W5 induced by z,, x., Tk, Yp, yg With x4, x. being the only vertices in S.

Suppose now that x. ¢ S. Since the subgraph induced by N(zys) is a biclique,
x. € N(y) and y; € N(zy), we have N(zp) € N(z.) and x.y; is an edge. The
choice of z; thus implies that & < c¢. Moreover, the canonical ordering < implies
that N(z.) € N(xx). The edge zcy, is in G — S and by assumption is not signed
simplicial. So the subgraph graph induced by N(z.ys) is either not a biclique or a
biclique and contains a negative edge. That is, there exist z. € N(y,) and y; € N(x,)
such that z.y; is either not an edge or is a negative edge. We claim that z.yy is an
edge (and hence a negative edge). Indeed, using the fact N(zyys) is a biclique, we
have y; € N(z.) C N(zx) € N(x.), which z.ys is an edge and hence a negative edge.

Note that z,ys is also an edge as y; € N(x,) C N(z,).
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If x. = x, then y; ¢ S and G contains a graph in W, induced by x,, zk, yp, Yy
with x, being the only vertex in S. So assume that x. # x,. Suppose that z. = x;.
If y; # yq then G contains a graph in F} in Figure 5.3 induced by x,, ¢, e, Yb, Yd, Yf-
This means that G is not chordal signed, a contradiction to assumption. So y; = ya.
If y; € S then G contains a graph in W; induced by =z, x., ¥4, y» With y4 being the
only vertex in S if y4 ¢ S then G contains a graph in Wj induced by z,, x., e, Yp, Yg
with z, being the only vertex in S.

Suppose that x. # zi. If y5 # ya, G contains a graph in F}j in Figure 5.3 induced
by Ta, e, Te, Ys, Yd, Yf, @ contradiction to the assumption that G is chordal. So Y = Yd-
If y; € S then G contains a graph in W; induced by x., x, y1, yq with y; being the
only vertex in S; if y; ¢ S and z. ¢ S then G contains a graph in W3 induced by
Tay Te, Te, Yo, Ya With x, being the only vertex in S; if y; ¢ S and z, € S then G
contains a graph in Wy induced by x,, xk, T., yp, yq With z,, x. being the only vertices
in S.

Subcase 1.2. The subgraph induced by N(zxy,) is not a biclique.

Let x. € N(yp) and yq € N(zx) be chosen so that x.,ys are not adjacent and c is
as large as possible. By Lemma 5.3(5), ¢ > k and d < b. Since y; € N(x) C N(z,),
T.Yq is an edge. The canonical ordering < ensures that ¢ > a.

If x, € S then G contains a graph in Wy induced by x,, xk, e, y1, yp With x,, 2,
being the only vertices in S. So assume that z, ¢ S. Then the edge x.y, is in G-58
and by assumption is not signed simplicial. If there exist x. € N(y,) and yr € N(z,)
such that z.,ys are not adjacent then e > ¢ and f < b by Lemma 5.3 (5). Since
yr € N(xz.) € N(zg), zxyy is an edge. Thus x.,y; is a pair of non-adjacent vertices
with z. € N(y), yr € N(x) and e > ¢, which contradicts to the choice of the pair
Ze,Yq- Hence the subgraph induced by N(z.yp) is a biclique and contains a negative

edge.
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Let z.ys be a negative edge where z. € N(y) and yy € N(z.). Suppose that z.y,
is an edge. If . = z, then G contains a graph in W) induced by ., zk, yp, y5 with
x, being the only vertex in S if z, # z, then G contains a graph in Fj in Figure 5.3
induced by x4, Zc, T, Yb, Yd, Yf, @ contradiction to the assumption that G is chordal.
So assume now that z.yg is not an edge. We must have e < ¢ by the choice of the
pair x.,yq. If x. € S then G contains a graph in Wy induced by x,, Tk, Te, Y1, yp With
T4, T being the only vertices in S. So assume that z. ¢ S. Then the edge z.y, is in
G — S and by assumption is not signed simplicial. Then there exist z, € N(y;,) and
yn € N(z.) such that x,y, is either not an edge or a negative edge.

Suppose that z,y;, is not an edge. Note that xy;, is an edge as y, € N(z.) C
N(z). By the choice of z.,y4, g < c¢. Note also that z,y is an edge (as N(z.ys)
is a biclique). So y; # yp. Then G contains a graph in Fj in Figure 5.3 induced by
Za-Tg, Te, Y, Yf, Yn, & contradiction to the assumption that G is chordal.

Suppose that x,y, is a negative edge. Note that z,y; is an edge (as N(z.yp) is
a biclique). If z, = z, then G contains a graph in Wy induced by x, xk, ys, yp With
x, being the only vertex in S. So assume that z, # x,. If y, # y; then G contains
a graph in Fj in Figure 5.3 induced by z,, ., %4, Ys, Yf, Yn, a contradiction. Thus
yn = yy. If yp € S then G contains a graph in W, induced by x4, z, ys, y; with y;
being the only vertex in S; if y; ¢ S and z, ¢ S then G contains a graph in Wj
induced by x4, T, T4, Yp, Yy With z, being the only vertex in S; if y; ¢ S and z, € S,
then G contains a graph in W5 induced by x4, ., 24, Yp, y¢ With z,, x, being the only
vertices in S.

Case 2. z, ¢ S and y, € S.

Then z,y; is an edge in G — S and thus not a signed simplicial edge. By Lemma
5.3(3), N(z4y1) is a biclique in G. Hence there is a negative edge z.y; with z. € N(y;)

and yq € N(z,). If yp = yq then G contains a graph in W; induced by x., Z, y1, ¥s
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with g, being the only vertex in S. So assume that y, # yq. If yg € S then z. ¢ S
and G contains a graph in Wj induced by z., T¢, Y1, Yp, Yya With ys, y4 being the only
vertices in S. Hence we can assume from now on that y; ¢ S. This means that
TqYq 18 1n G — S and by assumption is not a signed simplicial edge. Then there exist
ze € N(yq) and y; € N(z,) such that either x.y; is not an edge or a negative edge
when the subgraph induced by N(z,yq) is a biclique.

Suppose that x.y; is a negative edge in it. If y; = y, then z. ¢ S as z.y, is a
negative edge. We see that G contains a graph in W; induced by x,, z., y1, y» with
yp being the only vertex in S. So assume that yy # y,. If . # 2z, then G contains
a graph in Fy in Figure 5.3 induced by ., x¢, ¢, Y, Y4, yr, @ contradiction to the
assumption that G is chordal. Hence T, = x.. If z, € S then G contains a graph in
Wi induced by x4, ¢, ya, Y With z. being the only vertex in S; if z. ¢ S and yy ¢ S
then G contains a graph in W3 induced by x,, z¢, y, Y4, yr with y, being the only
vertex in S; if . ¢ S and y; € S (note ys # y;) then G contains a graph in Wi
induced by x4, Z¢, Y1, Y», ¥y With yp, yy being the only vertices in S.

Suppose now .y is not an edge. We may assume such a pair of non-adjacent
vertices x.,ys in N(x,yq) is chosen so that e is the largest. Note that .y, cannot be
an edge as otherwise G contains a graph in F3 induced by ., x¢, Te, Y, Ya, Yy, Which
is a contradiction. Since x.,y, are not adjacent and y, € S, x. ¢ S. Then z.y, is in
G — S and not a signed simplicial edge. We claim that N (xeyq) is a biclique. Indeed,
for any x, € N(yq), we must have g < e as otherwise 4, y; would be a pair in N (z,yq4)
with g > e, contradicting the choice of x.,ys. Combining this with Lemma 5.3(5) we
conclude that N(z.y,) is a biclique containing a negative edge z,ys.

Suppose that x4y, is an edge. If z;, # x. then G contains a graph in Fj induced by
Ty Tey Ty, Yo, Ya, Y, & contradiction. So z, = z.. If 2, € S then G contains a graph in

Wy induced by x4, Z¢, Y4, yn. Hence assume that x. ¢ S. If y, ¢ S then G contains a



7

graph in W5 induced by z., Z¢, Yp, Y4, yn With y, being the only vertex in S; if y, € S
then G contains a graph in Wjs induced by ., x, y1, Y, yn With y,, yp being the only
vertices in S.

Suppose 4, Yy, are not adjacent. Then z, ¢ S (as y, € §). Thus z,y, is in G-8
and is not a signed simplicial edge. Let z;,y; be a pair of vertices in N(x,y,4) such
that either they are not adjacent or forming a negative edge. Note that y; # y, as
x4yp is not an edge but z,y; is an edge. Suppose that x; = z,. Then z,y; is a negative
edge and G contains a graph in Fy induced by x,, z¢, 4, Ys, Y4, Y;, & contradiction. So
T # T

Suppose that z; = z.. If x. € S then G contains a graph in W induced by
Tq, Tey Yd, Y; With . being the only vertex in S; if . ¢ S and y; ¢ S then G contains
a graph in W5 induced by 4, z, yp, Ya, y; With y, being the only vertex in S; if z. ¢ S
and y; € S then G contains a graph in W5 induced by z,, z¢, Y, Y1, y; With y,, y; being
the only vertices in S. Hence we can assume that x; # z..

Suppose that z;y, is an edge. If y; # v then G contains a graph in Fj or in
F5 induced by x,, ., i, b, Ya, y; (depending whether or not x;,y; are adjacent), a
contradiction. So y; = v, and G contains a graph in Wj induced by z,, x;, ys, yq with
yp being the only vertex in S. So we can assume that xz;, y, are not adjacent.

Suppose that x; # z.. The choice of z.,y; implies that i < e (as otherwise z;, ys
would have been chosen). Note that x;y;, is an edge as y, € N(z.) C N(x;). Hence
G contains a graph in Fy or in Fj induced by z., x4, i, Ya, Yn, y; (depending whether
or not x;,y; are adjacent), a contradiction.

Suppose that z; = x.. If y; # y;, then G contains a graph in Fj or in Fy5 induced
by ., i, €4, Ya, Y;, Yn (depending whether or not z;, y; are adjacent), a contradiction.
So y; = yn and G contains a graph in Wy induced by z., x4, T;, Ys, Y4, yn With y, being

the only vertex in S.
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Case 3. z, ¢ Sand y, ¢ S.

By Lemma 5.3(3), the subgraph induced by N(zyy;) is a biclique in G for any £’
(including the case when k' = k). In view of Cases 1 and 2, we can assume that no
negative edge in this biclique has an endvertex in S.

Since z,y; is in G- S, it is not signed simplicial. Since the subgraph induced
by N(xay1) is a biclique in G, it contains a negative edge z.ys. By our assumption
neither z. nor y, is in S.

Subcase 3.1 z. = ;.

Since wy, is not signed simplicial, there exist z. € N(y,) and y; € N(x) such
that either z.y; is not an edge or a negative edge when the subgraph induced by
N (zryp) is a biclique.

Suppose that the subgraph induced by N(zy,) is a biclique and thus z.y; is a
negative edge. Since z. € N(y;), by Lemma 5.3(2), z. is adjacent to every vertex in
Y. By our assumption above, z. is not in S. Assume first that =, # z, and vy, = y4.

Since x.yp is an edge in G — S and hence not signed simplicial, there exist z, €
N(yy) and y, € N(z.) such that either x,y;, is not an edge or a negative edge in
the biclique induced by N(z.y,). We claim that the subgraph induced by N(z.y,) is
not a biclique; otherwise, G contains a graph in F5 induced by x4, ., Te, Yr, yp» When
yn = yr and x, € {x,, x;}, or in F3 induced by x,, ., Te, T4, Yo, ys When y, = yy and
xy & {xq, zx}, or in Fy induced by x4, Z¢, Te, Up, Y, yn, Wwhen y, # yr and x4 € {z,, x4},
or in Fy induced by x,, Tc, T4, Ys, yr, yn When y, # yp and x, ¢ {x,, 1} So x4, y, are
not adjacent.

Denote A = N(y4) \ N(yn). Then A # 0 as x, € A. If S contains a vertex z; € A
then G contains Wy induced by xy, x4, ¢, y1, yq with x; being the only vertex in S.
Otherwise S contains no vertex of A. That is, for any z; € A, x;y4 is not a signed

simplicial edge. Then G contains a graph in Z; induced by zy, x4, T¢, Y1, yq. Applying
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Lemma 5.4 to the subgraph of G induced by AU {xk, x4, Y1, ya} we conclude that G
contains one of the graphs in Fy, ..., Fs, a contradiction.

Assume now that z. # x, and y, # y4. Then y; = y, as otherwise G contains a
graph in Fy induced by z,, z., Tk, Y, Ya, Y5, & contradiction. Since z,yq is in G-8S
it is not signed simplicial. We claim that the subgraph induced by N(z,yq) is not a
biclique. Indeed, if it is then it contains a negative edge x,yp. If y, # yp and x, = 24
then G contains a graph in Fy induced by x,, Zc, g, Yo, V¢, Yn; if yn # y» and x, #
then G contains a graph in Fy induced by z,, Tk, T4, Yb, Yd, Yn; if yn = v, and x4 = x4,
(or z, = x.), then G contains a graph in Fy induced by z,, 2k, Te, Yp, Ya; if yn = ys, and
xy # xp, (and x4 # z.) then G contains a graph in F3 induced by x4, 2k, Te, Tg, Yp, Y,
contradictions. So there are non-adjacent vertices x, € N(yq) and y, € N(x,).

If S contains a vertex x; € A then G contains a graph in Wy induced by x, e, T¢, Y1, Yg
with z; being the only vertex in S. Otherwise S contains no vertex of A. That is,
for any x; € A, xyy4 is not a signed simplicial edge. Then G contains a graph in Z;
induced by g, Te, ¢, Y1, ys- Applying Lemma 5.4 to the subgraph of G induced by
AU {xg, e, y1,ya} we conclude that G contains one of the graphs in F,,...,F5, a
contradiction.

Assume now that x, = z,. Note that x,y, is not signed simplicial. We claim that
the subgraph induced by N(x,yq) is not a biclique. Indeed, if it is then it contains a
negative edge z,yn. If y» = y4, x4 = 5 and yy = ys, then G contains Fy induced by
Ta, Thy Yo, Yn; if Yo = Y4, x4 = x5 and yy # yp, then G contains a graph in F, induced
by o, Tk, Y, Ys, Yn; if Y» = Y4, T4 # v and y, = yy, then G contains a graph in F,
induced x4, x4, i, Yo, g3 if Yo = ya, T4 # v and yp, # yy, then G contains a graph in
F, induced by z,, Tk, Ty, Yb, Y5, Yn; if yp # ya and x4 # 5, then G contains a graph
in Fy induced by xa, Tk, Zg, Yo, Ya, Yn; if Yo # ya, T4 = 11 and yp, = yp (Or y» = yy),

then G contains a graph in F5 induced by x., Tk, yp, Ya, Y5; if y» # ya, v4 = x and
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yn # yp (and y,, # ys), then G contains a graph in Fy induced by x,, Tk, Y, Ya, Y5, Y,
contradictions. So there exist non-adjacent vertices z, € N(yq) and y, € N(z,).

Suppose that y, = yg4. A similar proof as above (with the same definition of the set
A) shows that G contains a graph in W5 induced by z,, z., 4, y1, yg when S contains
a vertex x; € A with x; being the only vertex in S; otherwise, G contains one of the
graphs in Fy, ..., F5 as an induced subgraph, a contradiction.

Suppose that y, # ys. Then z, is adjacent to neither of y,, y; as otherwise G would
contain a graph in F5 induced by ., Tk, T4, Y, Ya, Y Or DY X4, Tk, Ty, Ya, Yy, Yn- 1f there
exists a vertex z; € N(yq)\ N(yx) that is adjacent to ys or y;, then G contains a graph
in Fy induced by 4, Tk, T¢, Ya, Yf, Yn OF DY Zq, Tk, Tt, Ya, Yo, Yo SO assume that none
of vertices in N(yq) \ N(yp) is adjacent to y; or y,. Again, a similar proof as above
(with the same definition of the set A but using Lemma 5.5) shows that G contains
Wy induced by x4, Tk, ¢, Ys, Y4, ys When S contains x; € A with z; being the only
vertex in S; otherwise, G contains one of the graphs in Fj, ..., Fg, a contradiction.
Here we apply Lemma 5.5 (instead of Lemma 5.4) to the subgraph of G induced by
AUA{zq, Tk, yb, ya, yr} and verify that it contains a graph in Z,.

Suppose now that z.y; is not an edge. Since z,y; is an edge the canonical ordering
implies that x,ys is an edge. It follows that x. # x,.

Suppose that y, = ys. We must have z. € S as otherwise a similar proof as
above with the set A = N(yq) \ N(ys) shows that G contains a graph in Z; induced
by %4, Zc, Te, Y, Yp. By Lemma 5.4 G contains one of the graphs in Fj, ..., Fs as
an induced subgraph, a contradiction. Hence G contains a graph in W5 induced by
Ta, Tk, Te, Y1, Yp With z. being the only vertex in S.

Suppose now that y, # y4;. Then z.y, is not an edge as otherwise G contains a
graph in Fj induced by z,, Tk, e, Y, Ya, Y5, a contradiction. Since z,y,4 is an edge in

G-S , it is not signed simplicial, Then there exist z, € N(yq4) and y, € N(z,) such
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that either z,y, is not an edge or a negative edge when the subgraph induced by
N(zqyaq) is a biclique. Suppose that x,y, is not an edge. Note that z,4y4 is an edge
but z.yq is not so, by the canonical ordering, g < e and hence that z,y;, is an edge
but z.ys, is not an edge. Clearly, z, # z, or x;. We see that G contains a graph
in F5 induced by x,,xk, g, Ys, Y4, Yn, a contradiction. Hence the subgraph induced
by N(x,yq) is a biclique (and thus x4y, is a negative edge). Since z, € N(y4) and
y1 € N(z,), z4y1 is an edge. The canonical ordering then implies x, is adjacent
to every vertex in Y. In the case when z, = z;, we must have that z.,y;, are not
adjacent as otherwise G contains a graph in Fj induced by x., Tk, Te, Yb, Yd, Yn, &
contradiction. Moreover, we must also have x, € S, as otherwise G contains a graph
in 75 induced by x4, Tk, Te, Yo, Ya, Yn- (Here we use a similar proof as above with
A = N(y) \ N(ys).) By Lemma 5.5 G contains one of the graphs in Fy, ..., Fy as
an induced subgraph, again a contradiction. We see now that G contains a graph
in Wy induced by z,, Te, Tk, Y», Y4, yn With z, being the only vertex in S. In the case
when x4 # x;, we must have y;, = y; as otherwise G contains a graph in Fj induced
by 24, Tk, Zg, Ys, Yd, Yn, & contradiction. Further, we must have z. € S as otherwise G
contains a graph in Z; induced by x,, x4, Zc, Y5, ¥, and by Lemma 5.4 G contains one
of the graphs in F5, ..., F5 as an induced subgraph, again a contradiction. Therefore
G contains a graph in W5 induced by x,, x., x4, y1, y» With x. being the only vertex
in S.

Subcase 3.2. z. # xi.

We know from above that x,y; is not signed simplicial. Thus there exist z, €
N(yq) and y; € N(z,) such that either z.y, is not an edge or is a negative edge in
the case when the subgraph induced by N(z,y,) is a biclique.

Suppose that the latter case occurs and thus z.yy is a negative edge. So z.,ys ¢ S

according to the assumption at the beginning of Case 3. Since the subgraph induced
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by N(z,yq) is a biclique and z. € N(yq), N(x,) € N(x.) which implies that z. is
adjacent to every vertex in Y.

Note that z.y, is not a signed simplicial edge as it is in G — S. There exist
zy € N(yp) and yp, € N(x.) such that either z,y;, is not an edge or a negative edge in
the biclique induced by N(z.ys).

Assume that y, = y4. We show by contradiction that the subgraph induced by
N(z.yp) is not a biclique. So assume that the subgraph induced by N(z.y) is a
biclique and z,y; is a negative edge. Clearly, z, is adjacent to every vertex in Y. If
yn # Yy and z, # x. then G contains a graph in Fj induced by x4, 2, Zg, Ys, Y£, Un
when zy = . or by x., Z¢, Ty, Yp, Yr, Y When x, # x.; if yp # y5 and x, = z. then G
contains a graph in I, induced by x,, ¢, Y, Y», y» When z, = x, or contains a graph
in Fy induced by x4, xc, 24, Ys, Yf, Yn When z, # z,; if v, = yy and . = z. then G
contains Fy induced by x,, x., yp, yy when z, = z, or contains a graph in F, induced
by %4, %c, g, Ys, yr When x, # x,; if y, = yy and z. # z. then G contains a graph
in F5 induced by x,, ., Te, Y, yy when x, = x, or x4, = x., or contains a graph in
Fy induced by z,, %¢, e, 24, Y, yy When x, # z, and x, # z.. Hence z,y;, is not an
edge. Clearly, z, ¢ {x,,x., v;}. Therefore G contains a graph in W, induced by
Tq, Tey Ty, Y1, Yy With x; being the only vertex in S.

Assume now that y, # y4. We separate this in two cases. First we consider the
case when x, = x.. Since z.y, is not signed simplicial, there exist z, € N(y;) and
yn € N(zx.) such that either x,y;, is not an edge or is a negative edge in the biclique
induced by N (z.y). We claim that the subgraph induced by N (x.y,) is not a biclique.
Suppose not. Then z,y;, is a negative edge. If y; = y, and y, = y4 then G contains
Fy induced by x4, x., yp, ya Wwhen x4, = x, or a graph in F5 induced by z,, ., 4, Y, Yd
when z, # z,; if yy = y, and y, # yq then G contains a graph in F, induced by

LasLey Yo Yds Yn when Lg = Tq OT n F4 induced by LasLey Lgy Ybs Yds Yn when Lg 7é La;
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if yr # y» and y, = yq4 then G contains a graph in F5 induced by x4, ¢, Ys, Y5, Un
when z, = z, or inF}, induced by x4, x¢, x4, Yp, yr, yn When x, # x4; if yr # yp and
Yn # Yq then G contains a graph in F induced by z,, xc, 24, Yb, Ya, y» When z, # z,
or in F3 induced by x,, Z¢, Ys, Y4, Yr, Yy When z, = x, and yy # y;, or in F induced by
Tq, Te, Yo, Yd, Yy When z, = x, and yy = y,. Hence the subgraph induced by N (z.ys)
is not a biclique, that is, x4,y are not adjacent.

We claim that z, is in S and adjacent to neither of y4,ys. Indeed, G contains a
graph in F3 induced by x,, Z¢, 4, Ys, Y4, yn When z, is adjacent to y, or induced by
Ta, Te, Ty, Yoy Yf, Yn, When x4 is adjacent to yr, contradicting the assumption. If 2, ¢ S
then a similar proof as above (with A = N(y) \ (N(vq) U N(yy))) shows that G
contains a graph in Z; and hence by Lemma 5.5 one of the graphs in F3, ..., Fs as an
induced subgraph, a contradiction. Therefore G contains a graph in W, induced by
Ta, Te, Tgy Yy Yd, Y With x4, being the only vertex in S.

We consider now the case when z. # z.. We must have y; = y, as otherwise
G contains a graph in F, induced by ., ¥, Te, Yp, Ya, Y, a contradiction. Note that
.Yy is not a signed simplicial edge as it is in G — S. There exist zr, € N(y) and
yn € N(x.) such that either z,y, is not an edge or a negative edge in the biclique
induced by N(z.yp).

We claim that the subgraph induced by N(z.y;) is not a biclique. Suppose that
it is. Then x4y, is a negative edge. If y5 = yq then G contains a graph in F3 induced
by x4, T¢, Te, Yp, ya When x, = x, or x, = x. or in Fj induced by z,, T, Te, Ty, Ys, Ya
when z, # z, and z, # z.; if y, # yq then G contains a graph in F) induced by
Ty Tey Ty, Yo, Ya, Yo When x4 = x4, or induced by 4,2, T4, Ys, Ya, Yy When z, # z,.
Hence the subgraph induced by N(z.ys) is not a biclique and x4, y), are not adjacent.

We must have z, € S, otherwise G contains a graph in Z; and hence one of the

graphs in Fy, ..., F5 as an induced subgraph, a contradiction. Therefore G contains
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a graph in Wj induced by x4, ., 24, y1, y» With 2, being the only vertex in S.

Suppose now that z.,y; are not adjacent. We separate this in two cases. First
assume that y, = y4. Then z, € S as otherwise G contains a graph in Z; and hence
one of the graphs in Fy, ..., Fy as an induced subgraph, a contradiction. (Here again
we use a similar proof with A = N(yq) \ N(ys).) Therefore G contains a graph
in Wy induced by x4, z¢, Te, y1, yp with . being the only vertex in S. Assume now
that vy, # ys. We must have that z.,y, are not adjacent as otherwise G contains
a graph in Fj induced by w4, z¢, Te, Y, Ya, Y¢, a contradiction. Since z.y, is not a
signed simplicial edge, there exist z, € N(y,) and y, € N(z.) such that either z,y,
is not an edge or a negative edge in the biclique induced by N(z.y,). We claim that
N(z.yp) induces a biclique. Suppose not; x,, y, are not adjacent. Note g < e because
yp € N(z,) \ N(z.), which implies z,4y4 is an edge. But then G contains a graph in
F5 induced by x,, zc, 24, Ys, Yd, Yn, & contradiction. Therefore x4y, is a negative edge.
Note that z, is adjacent to every vertex in Y.

If y, = yq then x. € S as otherwise G contains a graph in Z; and hence one of
the graphs in F5, ..., F;5 as an induced subgraph, a contradiction. Hence G contains
a graph in Wy induced by z., x., x4, y1,yq With z. being the only vertex in S. So
assume y, # yq. If z.y, is an edge then G contains a graph in Fj5 induced by
Tey Te, Tgy Y, Yd, Yn, @ contradiction. So z.,y;, are not adjacent. Then we must have
z. € S as otherwise G contains a graph in Z5 and hence one of the graphsin F3, ..., Fj
as an induced subgraph, a contradiction. Therefore G contains a graph in W, induced

by T, Tey Te, Yo, Ya, yn With x. being the only vertex in S. This completes the proof. [

Lemma 5.8. Let G be a chordal signed separable bigraph. Suppose that S is a minimal
separating set which separates ]-/I\l and ]/-1\2 Then 1{-1\1 or I-/I; must contain a signed

simplicial edge of G.

Proof. Since G is chordal, the subgraph G’ of G induced by S U V(}/I\l) U V(f/l\g) is
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also chordal and hence contains a signed simplicial edge e. As each vertex of S has a
neighbour in [{-[\1 and a neighbour in [{-[\2, neither of the endvertices of e is in S. Since
no edge has one endvertex in I/J\l and the other in I/{\z, e is an edge of I/J\l or of P/I\Q
Hence the neighbourhood of e in G is equal to the neighbourhood of e in CAJ, which

means that e is a signed simplicial edge of G. O]

Figure 5.10: Lollipops

We shall call the graphs in Figure 5.10 lollipops, and refer to each graph on the
left as a lollipop of type 1 and each graph on the right as a lollipop of type 2. We
call the vertex x the end of the lollipop (see Figure 5.10). Note that the graphs in
Wi UWoUW3U Wy in Figure 5.9 are lollipops. A graph in Wj is a lollipop only when

it is in W3 and a graph in Wy is a lollipop only when it is in Wj.

Lemma 5.9. Let G be a connected chordal signed separable bigraph. Suppose that no
two signed simplicial edges of@ induce a 2K5. Then, for any signed simplicial edge

e of @, there is an induced lollipop whose end is incident with e.

Proof. We prove the lemma by induction on the number of vertices of G. Note that G
contains at least six vertices and one can verify easily that the lemma is true when G
has exactly six vertices. So assume that G has at least seven vertices and the lemma
is true for all connected chordal signed separable bigraphs with fewer vertices than
G.

Let S be a minimal separating set of G that separates [/{\1 and PAIZ. By Lemma

5.8, a signed simplicial edge e of G is contained in ]/1?1 or in ﬁg. We assume without
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loss of generality that e is in [-/I\l Let é\l (respectively, é\g) be the subgraph of G
induced by V(EI\I) U S (respectively, V(P/I\g) U S). Note that every signed simplicial
edge of (/}’\2 must have an endvertex in S, as otherwise it is a signed simplicial edge of
G which forms an induced 2K5 with e, contradicting the assumption. Since ]/-I\l has
at least two vertices, G has at most IV(G)| — 2 vertices. We prove that it is possible
to choose such a set S so that G is non-separable or has at most IV(G)| — 3 vertices.

For the sake of proof we assume that G is separable and has IV(G)| — 2 vertices.
Then f/f\l consists of e only and e is the only signed simplicial edge of G. Since (/}\2 is
separable, it contains two edges €], e, forming an induced 2K5. Let S’ be a minimal
separating set of G that separates I/-[\{ and }/I\é which contain €| and €, respectively.
By Lemma 5.8 we can assume that fl\{ contains e. Thus f{\{ contains both e and €,
which means it has at least four vertices and hence the subgraph of G induced by
V([/f\é) U S’ has at most |V (G)| — 4 vertices. Therefore we can assume that G is
non-separable or has at most |V(@)| — 3 vertices.

Suppose that é\g is non-separable. Then by Lemma 5.7, 6\2 contains a graph
WeW,UWyU---UWjs (see Figure 5.9) as an induced subgraph with the vertices
x, 2" being the only vertices in S. We claim that W ¢ W5 U Wg. Indeed, suppose to
the contrary that W € W5 U W with x, 2’ being the only vertices in S. Then x, 2’ are
the only vertices in W and by Lemma 5.6 they have a common neighbour y in fl\l
Hence the subgraph of G induced by V(W) U {y} is a graph in D if W € W5, and a
graph in Fy if W € Wy, contradicting the assumption that G is chordal. Therefore
WeW, uUWo UWsU W, If W e W, UWs,, then W together with a shortest path
connecting = and e in él induce a lollipop of type 1. If W € W3 U Wy, then W
together with a shortest path connecting z and e in @1 induce a lollipop of type 2.
In either case the end of the lollipop is incident with the signed simplicial edge e.

Suppose now that é\z is separable. Our assumption above ensures that it has at
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most |V(@)| — 3 vertices. Since S is a minimal separating set that separates H; and
I-/I\Q, every vertex of S has a neighbour in ]/-1\1 and a neighbour in ]/-I\Q Consider two
vertices s, s’ of S from the same partite set. By Lemma 5.6, s, s’ have a common
neighbour in ./H-\Q and hence their neighbourhood in ]-/I\l are comparable, as otherwise
G contains an induced cycle of length > 6, a contradiction to the assumption that G
is chordal. This implies that the vertices of S of the same partite set have a common
neighbour in f{\l Let u,v be a pair of vertices in I/fl where v is a common neighbour
of the vertices of S in one partite set and v is a common neighbour of the vertices of
S in the other partite set. (If all vertices of S are in one partite set then let v be any
vertex in I/-[\l adjacent to u). Let G* be the graph obtained from the subgraph of G
induced by V(é\g) U{u,v} by adding an edge uv (either positive or negative) if uv is
not an edge of G. Since the neighbourhood of uv is S which forms a positive biclique,
uv is a signed simplicial edge of G*. The graph graph G~ is chordal. Indeed, if uv is
an edge of @, then G* is an induced subgraph of @; if uv is not an edge of G then
G* — wv is an induced subgraph of G. Since G5 has at most IV(G)| — 3 vertices, G+
has fewer vertices than G. Since no two signed simplicial edges of G induce a 2K. 2, NO
two signed simplicial edges of G induce a 2K5. Hence, by the inductive hypothesis,
G* contains an induced lollipop L with its end incident with uv. It is easy to verify
that L — {u,v} is an induced lollipop in 6\’2 with its end being the only vertex in S.
The shortest path between the end of L — {u, v} and e together with L — {u, v} is an

induced lollipop of G with its end incident with e. This completes the proof. O]

Corollary 5.2. Let G be a signed separable bigraph and S be a minimal separating
set that separates H\1 and f{-\g Let é\l (respectively, é\g) be the subgraph ofCAJ induced
by V(f/[\l) U S (respectively, V(I/{\g) US). If either of G1 or Go contains a graph in
WsUWs as an induced subgraph with x,x’ being the only vertices in S then G contains

a graph in F5 U D as an induced subgraph. [
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Figure 5.11: Sum of two lollipops

For a lollipop L and a vertex w not in L, we say that v and L are completely
adjacent (or u is completely adjacent to L) if u is adjacent to all vertices of L in the
partite set opposite to u.

Let L and L' be two lollipops with ends x and z’ respectively. The sum of L
and L’ is the signed bigraph obtained from L and L’ by identifying x and z’. Figure
5.11 depicts all possible sums of lollipops. The join of L and L' is the signed bigraph

obtained from L and L’ by

e adding a complete adjacency between x and L’ with positive edges, except when
L' is W7 in which case zz' is an added edge and the other edge between x and

the vertex at distance 2 from z’ in I’ may be either positive or negative, and

e adding a complete adjacency between ' and L with positive edges, except when
L is W in which case x2’ is an added edge and the other edge between 2’ and

the vertex at distance 2 from x in L may be either positive or negative.

Figure 5.12 depicts all joins of lollipops L, L’ of type 1 and there is a complete
adjacency with positive edges between x and L’ and between 2’ and L. Figure 5.13

depicts all joins of lollipops L of type 1 and L’ of type 2 and there is a complete
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adjacency with positive edges between x and L’ and between z’ and L. Figure 5.14
depicts all joins of lollipops L, L’ of type 2 and there is a complete adjacency with
positive edges between x and L’ and between 2z’ and L. Figure 5.15 depicts all joins
of L =Wj and L' of type 1 (which may also be ;) where the edge between 2z’ and
the vertex at distance 2 from z in L is negative (in the case when L = W, = L’ the
edge between z and the vertex at distance 2 from 2’ in L' may also be negative as

shown in the last one).

For convenience we label the vertices of lollipops as shown in Figure 5.16. Call

the vertices w, y, z in a lollipop the heads of the lollipop.

Denote by S (respectively, J) the set of sums (respectively, joins) of lollipops,
and F=FLURKU---UFgUCUDUSUJ.

Lemma 5.10. Let G be a signed bigraph which does not contain any of the bigraphs
m F as an induced subgraph. Let L be an induced lollipop in G whose vertices are
labeled as in Figure 5.16 (with x1 = x being its end). Let x' be a vertex not on L such

that
e cither xx’ is an edge, or
e 1,2’ have a common neighbour adjacent to no vertex of L other than x.

If ' is adjacent to a head of L then x' is completely adjacent to L by positive edges,

except when x'x or x'w is an edge in which case either one can be positive or negative.

Proof. Suppose first that xa’ is an edge. Consider first the case when k is odd. Since

2’ is adjacent to a head of L, 2’w is an edge. Thus the statement holds when & = 1. So



S

Figure 5.12: Join of two lollipops (of type 1)
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Figure 5.13: Join of two lollipops (type 1 and type 2)
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Figure 5.14: Join of two lollipops (of type 2)
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AT A

Figure 5.15: Join of lollipops when one of them is a W)

assume that & > 3. Let 2'x; be an edge with t being the largest. We claim that t = k.
Suppose not; t < k. When L is of type 1, 2’x;x4y1 ... zpywa’ is an induced cycle of
length > 6, a contradiction to the assumption. When L’ is of type 2, if t = k—2, then
' T 9, Tp_1, Tk, y, w induce a graph in D, otherwise t < k—2, 2'xxy11 . .. v _qwa’ is
an induced cycle of length > 6, contradictions. Hence x'zy, is an edge. We must have
that 2’ is completely adjacent to L as otherwise there is a cycle of length > 6. We
show that x'x; is positive for all 7 > 2. Suppose not; x'x; is negative for any ¢ with

1> 2. If 1 < k then G contains a graph in D induced by 2/, z; 9, x; 1, %, Tiv1, Tiyo. If
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Figure 5.16: Labeled lollipops

1 = k then the subgraph of G induced by @', xy_9, Tx_1, Tk, y, w is a graph in D when
L is of type 1, or a graph in F5 when L is of type 2.

Consider then the case when k is even. By assumption and the symmetry between
y and z we assume that z’ is adjacent to y. Let 2z, be an edge with r being the
largest. We claim that » = k — 1 as otherwise 'z, z,,1...xxyx’ is an induced cycle
of length > 6, a contradiction. The edge z’z must be present in G as otherwise
', Tp_1, 2, z,w,y induce a graph in D if L is of type 1, or a graph in Fj if L is of type
2. In fact, both z’y, 2’z must be positive or else the same six vertices ', _1, T, 2, w, y
induce a graph in F; when L is of type 1, or a graph in Fy when L is of type 2. It is
now easy to see that a2’ is completely adjacent to L by positive edges except possibly
'z,

Suppose now that u is a common neighbour of x, 2’ which is adjacent to no vertex
of L other than x. As above we consider two cases depending on the parity of k.
Assume first that & is odd. By the symmetry between y and z we assume that z’
is adjacent to y. In the case when k = 1, 2’z must be present and both z'y, 'z are
positive, as otherwise u, 2, x,y, z, w induce a graph in D or in F5. So k > 3. There
must be a complete adjacency between x’ and L by positive edges. Indeed, if x’ is not
completely adjacent to L by positive edges among the vertices x; then G contains an
induced cycle of length > 6 or an induced graph in D; if 2’ is not adjacent to z or
cither of 2y, 2’z is negative then G contains an induced graph in F5 U D when L is

of type 1 and an induced graph in F; U F5 when L is of type 2.
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Finally, assume that k is even. Then the only head of L adjacent to z’ is w. A
similar argument as above shows that 2’ is completely adjacent to L by positive edges
except possibly 2w or else G contains a graph in CU D U Fj as an induced subgraph.

This completes the proof. O

We are now ready to prove the main theorem of this chapter. Recall that
F=FRUFKU---UF;,UCUDUSU/J.

We say that a signed graph is F-free if it does not contain any graph in F as an
induced subgraph. We make two remarks on the graphs in F. First, since none of
the graphs in F has a signed simplicial edge, none of them is chordal and hence can
be an induced subgraph of a chordal signed bigraph. Second, if a signed bigraph G
is a F-free signed bigraph and e is a signed simplicial edge in G then G — e is again

F-free.

Theorem 5.3. Let G be a signed bigraph. Then G is chordal if and only if it s
F-free.

Proof. The necessity has been discussed above so we only prove the sufficiency. Sup-
pose to the contrary that there exists an F-free signed bigraph which is not chordal.
Let G be such a graph that is minimal with respect to vertex deletion, that is, deleting
a vertex from G results in a chordal signed bigraph. In view of the remarks above we
can assume that G contains no signed simplicial edge. Proposition 5.2 implies that
G is separable.

Let S be a minimal separating set in G that separates I/{\l and f/[\g Let é\l (respec-
tively, é\g) be the subgraph of G induced by V([/{\l) U S (respectively, by V(}/I\Q) us).

The minimality of G ensures that both é\l and é\Q are chordal (and hence each has
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a signed simplicial edge). Since G does not have a signed simplicial edge, any signed
simplicial edge of é\l or é\g must have an endvertex in S.

We show that é\l and 6\’2 each contains an induced lollipop with its end being the
only vertex in .S. By symmetry we only prove it for é\l It é\l is non-separable, then,
by Lemma 5.7 and Corollary 5.2, é\l contains an induced lollipop in Wy UW,UW3UW,
with its end being the only vertex in S. Suppose that é\l is separable. Since ]-/1\2 has
an edge, it has at least two vertices. If I/-]\Q has exactly two vertices then the (only)
edge in P/I\Q is a signed simplicial edge of G , a contradiction to the choice of G. Thus
H, has at least three vertices, which means that Gy has at most IV(G)| — 3 vertices.
Let u, v be a pair of vertices in I/J\g where u is a common neighbour of the vertices of
S in one partite set and v is a common neighbour of the vertices of S in the other
partite set. (If all vertices of S are in one partite set then let v be any vertex in E
adjacent to u). Let G* be the graph obtained from the subgraph of G induced by
V(é\l) U{u,v} by adding an edge uv (either positive or negative) if uv is not an edge
of G. Since the neighbourhood of uwv is S which forms a positive biclique, uv is a
signed simplicial edge of G*. Either G* or G* — uw is an induced subgraph of G with
fewer vertices than CAJ, G~ is chordal and wv is the only signed simplicial edge of G*.
By Lemma 5.9, G* contains an induced lollipop whose end is incident with uv. By
deleting u,v from the lollipop we obtain a lollipop L in é\l with its end being the
only vertex in S. Similarly, é\z contains an induced lollipop L’ with its end being the
only vertex in S.

Let xq,x9,...,25,w,y, z be the vertices of L as depicted in Figure 5.16. In a
similar way, let 2, 2),..., 2, w',y, 2 be the vertices of L'. Note that x; and z) are
the ends of L and L' respectively. We know from above that they are the only vertices
in S.

We will show that G contains a graph in F as an induced subgraph which con-
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tradicts the assumption that G is F-free. Note that any edge between L and L’ is
incident with at least one of z; and x). If 1 = 2/, then L and L’ together induce a
graph in S, contradicting the assumption that G is F-free. So 1 # o).

If 2 is not adjacent to any of w,y, z and is adjacent to x;(j > 1), choose such j
to be the largest, then L — {z1,2s,...,2;_1} and L’ together induce a graph in S, a
contradiction. So we may assume that z{ must be adjacent to one of w,y, z if it is
adjacent to z; for some j > 1. Similarly, 2y must be adjacent to one of w',y/, 2’ if it
is adjacent to z; for some j > 1.

Suppose first that x; and 2/ are in different partite set of G. Then they are joint
by a positive edge as S induces a positive biclique in G. 1If x1x] is the only edge
between L and L’ then again L and L’ induce a graph in S, a contradiction. So there
is at least one edge between L and L’ other than 2.

Consider the case when the edges between L and L’ are all incident with . From
above we know that z/ is adjacent to one of w,y, z. By Lemma 5.10, 2] is completely
adjacent to L by positive edges, except possibly zjw (which may or may not be an
edge). If 2w is a negative edge, then L — {xy,x9,..., 251} and L’ induce a graph
in S, a contradiction. So 7/ is completely adjacent to L by positive edges.

Since S is a minimal separating set that separates f[\l and I/J\Q, x1 has a neighbour
in ]/-I\g Let u be a neighbour of z; in _/H\Q Suppose that u is adjacent to a vertex
in L'. Then we know from above that u must be adjacent to one of w',y’, 2. By
Lemma 5.10, u is completely adjacent to L’ by positive edges except possibly uw’.
If uw' is a negative edge, then L, w, and L' — {2, z},... 2, ;} form an induced a
graph in §. On the other hand if u is completely adjacent to L' by positive edges,
then L, u, and L' form an induced graph in J. Hence no neighbour of z; in I-/I\z
is adjacent to any vertex in L'. Let wjus...u; be a shortest path in I/J; from a

neighbour of z; to L' — ). Then ¢t > 3. If u;_; is not adjacent to any of w’,y’, 2/, then
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U = x; for some j. Choose such a j to be the largest. Then L, uy,us,...,u;—1, and
L' —{a,x5,...,2;_,} induce a graph in §, a contradiction. Thus u;; is adjacent to
at least one of w',y’, z’. Let u} be the vertex in L’ closest to z which is a neighbour
of ug_y. Then x x| xh .. ujus_qus_o ... uixy is a cycle of length > 6. This cycle cannot
be induced as G is C-free. Since any chord in the cycle is incident with 2/, 2 is
completely adjacent to ujus ... us—qu;. In particular, the distance between 2/ and u;}
in L' is at most 2. Since G does not contain any graph in D as a induced subgraph,
all chords in the cycle are positive. Applying Lemma 5.10 to L’ and u;_; we conclude
that u;_; is completely adjacent to L’ by positive edges except possibly w;_jw’. If
u—w' is a negative edge then L, uy, ug, ..., u—q, and L' — {&}, 2}, ..., 2}_;} form an
induced graph in S. If u;_; is completely adjacent to L' by positive edges then L,
Uy, Us, . .., U1, and L' form an induced graph in 7.

Suppose that there is an edge between x; and L’ (other than z,2/) and an edge
between x] and L (other than x1x}). Again from above we know that x; is adjacent
to at least one of w',y/, 2" and that z is adjacent to at least one of w,y,z. By
Lemma 5.10, z; is completely adjacent to L’ by positive edges except possibly zjw’,
and 7/ is completely adjacent to L by positive edges except possibly zjw. If zy is
completely adjacent to L' by positive edges and ) is completely adjacent to L by
positive edges, or L = Wy and L' = W; then L and L form a graph in J as an
induced subgraph. Suppose that L = W; and L' # W;. If x;w’ is positive and
xjw is negative then L and L’ induce a graph in J. If zyw’ is negative then L and
L' — {a, 2}, ... 2, |} induce a graph in S. A similar discussion applies to the case
when L # W7 and L' = W;. Suppose that L # Wi and L' # W, If 1w’ is negative,
then L and L' — {2, 2},..., 2, ;} induce a graph in S. Similarly, if 2}w is negative,
then L — {1, xs,..., 251} and L’ induce a graph in S.

Suppose now that z; and 2/ are in the same partite set of G. Assume first that
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x1 is adjacent to a vertex in L’ and z/ is adjacent to a vertex in L. We know from
above that z; is adjacent to one of w',y/, 2" and 2/ is adjacent to one of w,y,z. By
Lemma 5.10, z; is completely adjacent to L’ by positive edges except possibly zjw’,
and 7 is completely adjacent to L by positive edges except possibly zjw. If zy is
completely adjacent to L’ by positive edges and z is completely adjacent to L by
positive edges then L and L' induce a graph in J. If z;w’ is a negative edge then
L and L' — {a},2},...,2,_;} induce a graph in S. Similarly, if 2{w is negative then
L —A{zy,29,...,2,_1} and L’ induce a graph in S.

Assume next that z; is adjacent to a vertex in L' but x) is adjacent to no vertex
in L. As above, we know that x; is completely adjacent to L’ by positive edges except
possibly zjw'. If 1w is a negative edge then L and L' — {2, },..., 2, ;} induce a
graph in S§. So x; completely adjacent to L’ by positive edges.

Let u be a neighbour of z/ in f[\l Suppose that v is adjacent to a vertex in
L — x1. A similar proof as above shows that u must be adjacent to one of w,y, z.
Observe that L and ), z}, form an induced lollipop with 2 being the end. Applying
Lemma 5.10 to this lollipop and u we conclude that u is completely adjacent to this
lollipop by positive edges except possibly uw and ux). If uw is a negative edge then
L —{x1,29,...,25_1}, u, and L’ form an induced graph in S. So u is completely
adjacent to L by positive edges. Hence L, u, and L’ form an induced graph in 7.
Hence no neighbour of z/ in }/I\I is adjacent to any vertex in L — z7.

Let uy,us, ..., u; be a shortest path in ﬁ\l from a neighbour of z in f/l\l to L —xy.
Then t > 3. A similar proof as above shows that z; is completely adjacent to
Uiy ... up—juy where uj is the neighbour of u;—; in L closest to z; by positive edges.
Moreover, u;_; is completely adjacent to L by positive edges except possibly u; jw
and w;_1x,. Since G contains no induced graph in D, u; 12, is a positive edge. If

w—w is a negative edge, then L — {xy,xq,..., 251}, w1, us, ..., u—1, L' form an
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induced graph in §. So u;_; is completely adjacent to L by positive edges. Then
L, uj,ug,...,u;_1, and L' form an induced graph in J. A similar discussion applies
when 7 is adjacent to no vertex in L’ but x) is adjacent to a vertex in L.

It remains to consider the case when x; is adjacent to no vertex in L’ and z} is
adjacent to no vertex in L. By Lemma 5.6, x; and x} have a common neighbour u in
I/J\l and a common neighbour ' in I/{\Q If u is not adjacent to any vertex of L —x; then
L, I and v induce a graph in S. Similarly, if «’ is not adjacent to any vertex of L' —z
then L, L' and «/ induce a graph in S. So u is adjacent to some vertex in L —x; and o/
is adjacent to some vertex in L' — x. We know from above that u must be adjacent
to one of w,y,z. By Lemma 5.10 u is completely adjacent to L by positive edges
except possibly uw and uzy. If vw is a negative edge then L — {xy,z9,..., 251}, u
and L’ induce a graph in S. If ux; is a negative edge then G contains a graph in D
induced by zq, v/, 2, u, x3, 29 when k > 3, or by xy,u, 2}, u,y, v5 when k = 2, or by
x1, v, 2, u,w,y when k = 1. Hence u is completely adjacent to L by positive edges.
A similar argument shows that v’ is completely adjacent to L’ by positive edges.
Therefore L and L’ together with u and ' induce a graph in 7. This completes the

proof. O
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Chapter 6

Concluding Remarks and Future

Research

This dissertation focuses on the chordality of various classes of digraphs. One of the
digraph classes is the class of weakly quasi-transitive digraphs. We gave a structure
theorem for this class of digraphs. We applied this structure theorem to derive for-
bidden subdigraph characterizations of weakly quasi-transitive chordal digraphs and
the semi-strict chordal digraphs. In addition, we showed that the small quasi-kernel
conjecture holds for the weakly quasi-transitive digraphs.

Unfortunately, forbidden subdigraph characterizations are not known for either of
chordal digraphs or semi-strict chordal digraphs. It remains an open problem to find
such a characterization.

In this dissertation, we also introduced the notion of chordal signed graph and
chordal signed bigraph. Chordal signed bigraph can be recognized in O(m?) time.
This can be done by recursively finding a signed simplicial edge if one exists. It
would be interesting to find a linear time recognition algorithm for these classes

of graphs. Chordal signed graphs coincide with strict chordal digraphs pervioursly
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studied by Hell and Hernadndez-Cruz. The forbidden subdigraph characterization of
strict chordal digraphs obtained in [45] translates directly to a forbidden subgraph
characterization of chordal signed graphs. We characterize chordal signed bigraphs
by forbidden subgraphs.

Switching is an operation that can be applied to any vertex of a signed graph.
More precisely, given a signed graph G and a vertex v, switching at v negates the signs
of all edges incident with v in G [13]. We say that two signed graphs are switching
equivalent if one can be obtained from the other by a sequence of switchings. Switching
operation can be applied in various areas such as social psychology, data clustering,
neuroscience and complex systems [3, 21, 57].

A signed graph G is chordally switchable if it is switching equivalent to a chordal
signed graph. Chordally switchable signed bigraphs can be defined similarly. It is easy
to see that none of signed cycles of length at least 4 are chordally switchable signed
graphs. Every signed graph in A; U Ay U A3 U K7 U K, (in Figure 5.1) is chordally
switchable signed graph. Similarly, none of signed even cycles of length at least 6 are
chordally switchable signed bigraphs. All signed bigraphs in F} U Fo U F3U Fy U F5 U
Fs UDUSUJ in chapter 5 are chordally switchable signed bigraphs.

The following proposition can be easily verified.

Figure 6.1: M,

Proposition 6.1. Let G be a signed bigraph and xy be an edge of G. Then G can be

switched to a graph in which xy is a signed simplicial edge if and only if the subgraph
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of@ induced by N (zy) is a biclique and does not contain a subgraph that is switching

equivalent to My in Figure 6.1.

One can apply the proposition above to verify that none of the graphs in the

Figures 6.2, 6.3 and 6.4 can be switch to a chordal signed bigraph.

5 2R

Figure 6.2: Signed complete bigraphs which are not chordal under switching operation

=R

Figure 6.3: Signed non-separable bigraphs which are not chordal under switching
operation

Another class of signed bigraphs which are not switching equivalent to chordal

signed bigraphs can be obtained as follows. Let H be either a sum or a join of
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D,

Figure 6.4: Signed separable bigraphs which are not chordal under switching operation

lollipops. Let U be the signed bigraph obtained from H by adding a positive edge
uv completely adjacent to H with positive edges connecting to the endvertices of the
negative edges shown in the drawings of Figures 5.11, 5.12, 5.13, 5.14 and 5.15.

We suspect the signed bigraphs described above are the only minimal obstructions
to chordally switchable signed bigraphs. It remains a challenging problem to show

this is the case.
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