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T.J. Suffridge proved a result for subordinate functions. The
object of the present paper is to prove two subordinate theorems
with the aid of the result given by Suffridge.

1. INTRODUCTION

Let f(z) and g(z) be analytic in the unit disk % = {z: |z| < 1}. Then
a function f(z) is said to be subordinate to g(z) if there exists a function
w(2) analytic in the unit disk 9 satisfying w(0) = 0 and ‘w(z)] < 1 such
that f(zg) = g(w(z)) for z € Jl. We denote by f(2). < g(2) this relation. In
particular, if g(z) is univalent in the unit disk ¥ the subordination is
equivalent to f(0) = g(0) and F(¥) < g(i).

The concept of subordination can be traced back to Lindelof [3], but
Littlewood ([4], [5]) and Rogosinski ([9], [10]) introduced the term and discovered
the basic relations. Recently, Suffridge [15] and Hallenbeck and Ruscheweyh [2]
studied the subordination between analytic functions.

Let 4 denote the class of functions of the form

oo

(1.1) flz) =2+ ) a,z

n=2

"
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which are analytic in the unit disk §. Further, let § be the subclass of
consisting of analytic and univalent functions in the unit disk #. Then a

function f(3) of § is said to be starlike of order o if and only if

217 ()

(1.2) Re{ HO) } > o (z € I
*

for some o (0 = o < 1). We denote by § (a) the class of all starlike functions

of order ao. Further a function f(2) of § is said to be convex of order «

if and only if

(1.3) Re{l . %f%%l} > o z W)

for some o (0 = a < 1). And we denote by #(a) the class of all convex
functions of order a. We note that f(2) e (o) if and only if 3zf'(2) € 5*(a),
and that S*(a) SQS'*(O) Eé’*, F@ <X =%, and ¥ Cé'* cd.

The classes 5*(a) and % (o) were first introduced by Robertson [8], and
later studied by Schild [12], MacGregor [6], and Pinchuk [7].

Some classes defined by using the extremal function for 5*(a) were recently
studied by Ruscheweyh [11], Sheil-Small, Silverman and Silvia [13], Silverman and
Silvia [14], and Ahuja and Silverman [1].

Our main tool in this paper is the following result given by Suffridge [15].

LEMMA. Let the function

n
a,z?
1

(1.4) f(a) =

n

IHe~138

.be analytic in the unit disk ¥ and the function g(z) be in the class 5*.
If f(2) < g(z), then

r4 a
(1.5) J -f%)—dt<J g—-(-g—)—dt
0 0

for z e i(r) = {z: |z| = » < 1}.



2. SUBORDINATE THEOREMS

In this section we prove the following subordinate theorems with the aid

of the lemma in the preceding section.

THEOREM 1. Let the function f(2) defined by (1.1) be in the class % (a).
Then f’(reie) (0= r < 1) is contained in the image domain of the closed disk
YU(r) under the function (1_2)2(a—1)_ Further, it lies (for r # 0) on the
boundary of the image domain if and only if
2

(2.1) fz) = J (1-et) 201 gz (2 € 1)
0

where |e| = 1.

PROOF. Since f(2) € X (o), f(8) satisfies that

(2.2) Re{%z)l} >a -1 (z e ).
We note that zf"(2)/f (g) = 2a,2 + ... 1is analytic in the unit disk I, and

2 *
that 2/(1l-z) belongs to the class % which is a subclass of § and

Re{z/(1-2)} > -1/2.

Consequently, we see that

(2.3) jﬁfw((z?; < zgl:“lz (z € 1).

Hence, by using the lemma, it follows that 1log f’(reie) is contained in the

Z(G_l), hence further,

image domain of i(r) under the function log(l-z)
) 2(a-1)

f”(reie) is con?ained in the image domain of ﬂfr) under (1l-z)

Further, f’(reie) lies (for r # 0) on the boundary of the image domain of

9(r) under (l—z)z(a—l) if and only if
af”(2) _ 2(l-a)e=z )
(2°4) fl'(z) = 1 - ez (‘€| = 1).

This shows that f(z) is a function of.the form (2.1). Thus we have the

theoren,



COROLLARY. Let the function f(z) defined by (1.1) be in the class % (o).
Then

(2.5) arg{f"(reﬁe)} = 2(1—ot)sin_1 r

for 0=vr <1, where arg{f*(0)} = 0 and sin"t 0 = 0. Further, the equality
in (2.5) is attained for r.# 0 by and only by the function [(z) given by
(2.1).

THEOREM 2. Let the function f(z) defined by (1.1) be in the class 5*(u).
Then f'(re?’e)/r‘eie (0 = r<1) is contained in the image domain of the closed
disk Jl(r) under the function (l-z)z(a"l). Further, it lies (for r # 0) on
the boundary of this image domain if and only if

(2.6) £a) = a(l-ex) 2@ 1),

where |e| = 1.
*
PROOF. Since f(2) €& (o), f(8) satisfies that

(2.7) Re{%?— - 1} >a -1 (zel).

Further, zf’(2)/f(zg) -1 = AnB * e is analytic in the unit disk . Thus

z2f’ (8)/f(2) - 1 takes on values in the image domain of the unit disk % under
the function 2(l-0)z/(1-2) € #, that is,

2" () _ 2(1-a)z
(2.8) O R (z € ).
By virtue of the lemma, we observe that log _7"(1“'67'\j)/1ﬂe7'6 (0£r<1) is
contained in the image domain of ﬁ(r) under log(l—z)zca_l), that is, that

_7"(1’37’6)/1’@7’6 is contained in the image domain of i(r) under (l-z)z(a-l),

Further, it lies (for » # 0) on the boundary of this image domain if and

only if

(2.9) %f.i(%)—- 1=3—§-1—§5"7)_:—Z—§ (lel = 13



2(a-1)

hence, further, f(2) = z(l-€2z) . This completes the proof of Theorem 2,
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