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ABSTRACT

Fast and robust Newton-type adaptation algorithms are first developed and are then 

analyzed.

Chapter 1 is an introduction to the field of FIR digital adaptive filters. It gives 

an overview of some applications and how adaptive filters are used. Wiener filter­

ing is briefly introduced as a first step towards the understanding of several adap­

tation algorithms, which are presented in the order of increasing complexity. The 

first algorithm discussed is the least-mean-squares (LMS) algorithm, followed by an 

overview of transform-domain algorithms, and the LMS-Newton (LMSN) algorithm. 

The recursive-least-squares (RLS) algorithm is then presented as a special case of the 

more general LMSN algorithm, and the finite-precision effects on the performance 

of the algorithms are examined. The chapter concludes with a QR-decomposition 

implementation of the LMSN algorithm and a brief discussion on fast algorithms.

The original contributions of the thesis start in chapter 2 where twc LMSN algo­

rithms with variable convergence factor are analyzed. Convergence in the mean and 

variance are investigated, and a comprehensive study of the implications of a fixed- 

point-arithmetic implementation is carried out. In order to provide a more robust 

• alternative to these algorithms, a QR-LMSN algorithm with variable convergence fac­

tor is proposed. The performance of the algorithm is compared to that of the RLS 

algorithm in different conditions in stationary and nonstationary environments. Sim­

ulations using fixed-point arithmetic were performed and the results are compared to 

those expected from theory.

Chapter 3 covers the quasi-Newton (QN) algorithm in detail. Although developed 

in entirely different ways, the QN and the LMSN algorithms are very similar and much 

of what was discussed in chapter 2 with regards to mean-squared error can be applied 

to the QN algorithm as well. A thorough discussion of the algorithm and a series of 

lemmas and theorems are provided that demonstrate the stability of the algorithm 

and the positive definiteness of the estimated input-signal autocorrelation matrix.
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The issue of positive definiteness of the estimates of the input-signal autocorrelation 

m atrix used in the QN and RLS algorithms is also discussed. This study qualitatively 

shows that a greatly improved mechanism of self stabilization is inherent in the QN 

algorithm relative to the RLS algorithm. Simulations show stable operation of the 

QN algorithm in fixed and floating-point arithmetic for highly correlated and even 

nonpersistently exciting signals.

In chapter 4, the issue of fast implementation of Newton-type algorithms is dis­

cussed and a fast LMSN algorithm along with its initialization is proposed. Important 

relations between the fast LMSN and the fast RLS algorithms are first established, 

and the introduction of a variable convergence factor is carefully examined.

In chapter 5, the conclusions of the thesis are summarized and outstanding issues 

th a t need to be addressed in the future are discussed.
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Chapter 1 

Adaptive Filters

1.1 Introduction

An adaptive filter is a time-dependent filter that has its coefficients, and in som ' cases 

its order, automatically adjusted in real time in order to improve its performance [1]. 

Though adaptive filtering is a relatively young area in signal processing, recursively 

adjusting the parameters of a function based on observed data goes back centuries. 

The idea is to compare the solution obtained from the parameterized function with 

some reference data and to produce a new set of parameters that is closer in some 

sense to the optimal solution. Although intuitively sound, the formalization of I’ e 

method can become very involved. For instance, carefully chosen criteria must guide 

the actions of the algorithm, and interference by the designer must be kept to a 

minimum. Furthermore, adaptive filters must be reliable for in some applications 

failure can be disastrous.

A good example of an adaptation method was proposed by Gauss at the beginning 

of the 19th century for the determination of orbits of heavenly bodies satisfying as 

nearly as possible any number of observations [2]. His approach was to correct the 

available knowledge of the orbit with new data in order to satisfy all the observations 

in the most accurate manner possible. The more data gathered, the more accurate 

the parameters describing th.< orbit should be.

In the area of signal processing, the need for better predictors, equalizers, inter­
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ference cancellers, etc., requires systems that can adapt themselves to the character­

istics of a particular environment and, therefore, can yield more satisfactory results. 

Moreover, if the environment changes, the adaptive filter must adjust its parameters 

automatically to the new situation. In these applications, as in the trajectory predic­

tions by Gauss, the adaptive filter must rely on new observations to achieve the best 

solution possible.

Although adaptive filters can be analog or digital, finite-duration impulse response 

(FIR) digital-filter structures have become the most widely used because of their sim­

plicity and reliability. Adaptive infinite-duration impulse response (HR) digital filters 

are still being investigated as a possible alternative to FIR adaptive filters in appli­

cations where a high filter order is required. The recursive structure of HR adaptive 

filters, however, poses extra problems with regards to robustness and stability [3], [4]. 

For these reasons, the use of HR adaptive filters is still the subject of considerable 

research.

u(n) Adaptive
filter

d(n)

y(n) <5
Adaptation
algorithm

e(n)

Figure 1.1: General adaptive filter structure.

A typical adaptive digital filter configuration is illustrated in Fig. 1.1. The external 

data provided to the system at every iteration n  are the input signal, u(n), and the 

reference (or desired) signal, d(n). The adaptation algorithm adjusts the coefficients 

of the filter such that some norm of the error signal defined as

e(n) =  d(n) -  y(n)
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is minimized. Signal y(n) is the output of the filter for the given input u(n). The 

updating is, in general, carried out at every iteration according to the equation

w(n) =  w(n -  1) +  /i(n)c(n) (1.1)

where w(n) is the coefficient vector of the filter, y(n) is the convergence factor or 

step size, and c(n) is the correction to be applied to the coefficients. Sometimes the 

amount of computation is excessive and the coefficients are updated only every N  

iterations; this is referred to as ^iock adaptation.

u(n) u(n-l)

y(n)

e(n)Adaptation
algorithm

Figure 1.2: Transversal filter structure.

For readers familiar with optimization procedures, the format of (1,1) should come 

as no surprise. The differences among the several available adaptive-filtering schemes 

are in the way w is constructed as well as how /i and c are calculated. The most 

common structure, and the most simple, is the transversal filter (TF), sometimes 

called the tapped delay line or linear combiner, depicted in Fig. 1.2. In this structure, 

the output of the filter is the result of the inner product operation between the 

coefficient vector

W =  [w i W2 • • • Wm]T
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and an input-signal vector containing delayed versions of the input signal, i.e.,

u(n) =  [11(71) u (n — 1) • • • 74(74 — M  + 1)]T

where M  is the number of coefficients of the filter. For the TF structure, the derivation 

of algorithms and their analysis are relatively simple as compared to those of more 

complex structures. These reasons are strong enough to make the TF structure 

popular and a perfect example for introducing the subject.

Once the structure is chosen, the next step is to choose among the available 

adaptation algorithms the one that best suits the application at hand. Before we go 

on with the study of the different algorithms and their properties, we briefly discuss 

some applications where adaptive filters have proved particularly useful. This will 

help the reader to better understand how signals 74(74) and d(n) are obtained and will 

also emphasize the importance, flexibility, and usefulness of adaptive filters.

Echo cancellation — either in loudspeaker-enclosure-microphone systems (LEMS) 

or in satellite-communication systems — is one application where the nonstationarity 

of the signals involved and changes in the medium make adaptive filters especially

useful.

S a t e l l i t e
l i n k

1
Hybrid Hybrid

y(n) ^ L
Adaptive

niter
Adaptive

niter

Figure 1.3: Adaptive echo canceller.

In the telephone network, although local calls are established through two-wire
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circuits which serve for transmission in both directions, long-distance calls are made 

through four-wire circuits where separate paths are provided for each direction of 

transmission, as depicted in Fig. 1.3. The connection between the two-wire and the 

four-wire circuits is made by a hybrid circuit. Impedance mismatch at the hybrid 

circuit results in coupling of the incoming and outgoing branches of the four-wire 

circuit and, consequently, part of the signal is reflected and returned to the original 

talker. Traditional methods for echo control can degrade significantly the quality 

of the conversation, especially when both parties are talking simultaneously. High- 

quality communication systems call for alternative solutions which suppress the echo 

without compromising the quality of the transmission. The adaptive filter employed 

as echo canceller is supposed to mimic the transfer characteristics of the echo path 

and produce a copy of the echo to be subtracted from the return signal. In the case 

of acoustic cancellation in an LEMS, the adaptive filter compensates for any echo 

generated when the microphone captures tne signal generated at the loudspeaker [5].

Another application where adaptive filters are very useful is channel equalization, 

Due to a nonideal frequency response in a telephone or radio channel, e.g., if the 

amplitude response is not constant and/or the phase response is not linear with 

respect to the channel bandwidth, time dispersion can arise which causes symbols to 

overlap thereby resulting in intersymbol interference (ISI). The use of an adaptive 

filter for equalization is illustrated in Fig. 1.4 where the equalizer must correct ISI 

caused by channels with different and often time-dependent characteristics, In the 

past, equalization has been done largely with fixed linear equalizers which work well 

when tuned to a specific channel whose characteristics do not change with time. The 

underlying adaptation process essentially adjusts the transfer function of the equalizer 

such that the equalized channel has a constant amplitude response and linear phase 

response with respect to the channel bandwidth. In this application the reference 

signal is, in general, a training sequence known at the receiver. After the training 

period, decision-directed techniques are used to continuously provide a reference signal 

and, therefore, to allow for tracking slow variations of the channel [6]. Better results 

in mitigating the effects of time dispersion can be achieved with more sophisticated
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adaptive equalizers than with the simplified model shown in Fig. 1.4 [7]. However, 

the basics of the adaptation of the coefficients are the same.

y(n)u(n)

e(n) d(n)

Decision
device

Equalizer
Training-

signal
generator

Figure 1.4: Simplified adaptive channel equalizer.

Adaptive filters can be employed in numerous other applications, such as system 

identification, automatic regulation, linear prediction, etc. The need for more efficient 

and robust algorithms is, therefore, constantly increasing. Next, we shall present an 

overview of some of the known algorithms and their basic properties.

1.2 W iener Filtering

Some knowledge of linear least-squares estimation, for example, the Wiener-Hopf 

equation [8], is essential for the development and understanding of adaptation al­

gorithms. Therefore, a brief introduction of Wiener filtering is appropriate at this 

point.1

Let the objective function J{n )  denote the mean-squared error (MSE) between 

the reference signal and the output of a transversal filter with coefficient vector w, 

i.e.,

J ( n )  = E  { [d(n) -  uT(n)w]2} (1.2)

The goal of optimal filtering in this case is to find the optimal coefficient vector, 

w =  w0, that minimizes J (n ) ,  i.e., J ( n )  = J min. By differentiating (1.2) with

lFor a more complete discussion on linear estimation, the reader is referred to [9j.
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respect to the elements of w and equating the first derivative to zero, we obtain

E  {u(n) [d(n) -  uT(n)w„]} =  0 (1.3)

Since (1.2) is quadratic in w, a unique solution is guaranteed. Furthermore, it is 

easy to verify that it corresponds to a minimum as long as E  [u(n)uT(n)] is positive 

definite. Equation (1.3) is often referred to as the orthogonality principle [8], which 

means that for the optimal set of coefficients, the estimation error is orthogonal to the 

previous M  input-signal samples. The solution, w„, satisfies the Wiener-Hopf equa­

tion which can be expressed in this case in terms of the input-signal autocorrelation 

matrix

R  = E  [u(n)uT(n)j

and the crosscorrelation between the input signal and the reference signal

p  =  E  [d(n)u(n)]

as

Rw„ =  p

The minimum mean-squared error, obtained when w =  w„, is given by

Jmin =  E  [d2(n)] -  w jR w 0 (1.4)

Since R  and p  are often unknown, the task of the adaptation algorithm is to recur­

sively produce estimates of w0, i.e., w(n). For signals that are stationary, at least in 

the wide sense [10], convergence of w(n) to w„ in the mean can be expected in most 

cases. The covariance, however, depends on several different factors and is, in gen­

eral, one of the chief figures for comparing the performance of different algorithm'* A 

study of the first two moments of w(n) are key to assure convergence and to establish 

a performance criterion. In general, performance is measured in terms of the excess 

mean-squared error J KX(n), which is defined as

=  3  (n )  iJrnin ( 1 . 5 )
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This figure is closely related to the covariance of w(n), since from (1.4) and (1.5) it 

can be easily shown that

Jcx{n)  =  E  { [w(n) -  w0f  R  [w(n) -  w„] J
For Convenience, sometimes performance is measured in terms of a dimensionless 

parameter called misadjustment defined as the excess MSE divided by the minimum 

MSE, i.e.,

a a/ - \  _M ( n )  =  - - —
\J m in

Function J ( n )  can be represented by a performance surface which describes the 

MSE as a function of the M-dimensional coefficient vector. The shape of the perfor­

mance surface in the (M +  l)-dimensional hyperspace depends on the input signal; 

the more spread in the eigenvalues of R , the more asymmetric is the performance 

surface. Figure 1.5 shows an example of a performance surface for M  — 2.

When nonstationary signals are present, either R  or p  or both are time dependent 

and the algorithm is required to track the solution. In practice, nonstationarities are 

identified in various forms (e.g., fading channels, changes in the position of furniture 

and people in LEMS, etc.). Modelling the optimal coefficients as an autoregressive- 

moving average (ARMA) process [8], i.e.,
M M

w„(n) =  ^ 2  a»w«(n -  *) +  $ 3  h'u (n ~
i=l j=0

where M  is the order of the process, is a valuable tool to verify the performance 

of an algorithm under these conditions. Reconvergence testing can be performed by 

introducing abrupt changes in the coefficients. Proper operation can be observed only 

when the time constant of the algorithm is smaller than that of the nonstationarity.

1.3 LMS Algorithm

An adaptation algorithm known as the least-mean-squares (LMS) algorithm has be­

come very popular since it was proposed by Widrow and Hoff [11], [12], and its sim­

plicity and reliability have a great deal to do with its popularity. In this algorithm,
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1.0

0.8

0.6

0.4

0.2

0

Figure 1.5: Performance surface for M  = 2.

the coefficients are updated as

w(n) =  w(n -  1) +  2pe(n)u{n) (1.6)

where p  is the convergence factor and e(n) is referred to as the a priori output error 

and is defined as

e(n) =  d(n) — uT(?i)w(n — 1) (1,7)

If the computational complexity of the algorithm can be measured by the number 

of multiplications required per iteration, the LMS algorithm has a complexity which 

is proportional to the number of coefficients of the filter M,  or O(M)  in mathematical

notation. The algorithm can be further simplified by replacing the output error by
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its sign. The resulting sign-error updating can be described as

w(n) =  w (n — I ) + 2(1 sign[e(n)]u(n) (1.8)

where

sign[e(n)j

—1 for e(n) <  0

0 for e(n) — 0

+1 for e(n) > 0

In (1.6) and (1.8) the coefficients are corrected in the direction of the negative of 

the gradient of the instantaneous squared error [13], e2(n), and the magnitude of 

e(n), |e(n)|. respectively. The LMS algorithm and its variants are often referred to 

as gradient-based algorithms.

The LMS algorithm is not consistent from the statistical point of view, for mea­

surement noise and nonstationarity imply nonzero covariance of the coefficient vec­

tor [14]. For instance, (i is ; roportional to the portion of the misadjustment due 

to measurement noise and it is inversely proportional to that due to lag in tracking 

nonstationarities. In stationary environments, zero misadjustment can be attained if 

the convergence factor is gradually reduced to zero after convergence. In most of the 

cases, though, this procedure should be avoided, for the algorithm will have no power 

to track most of the changes in the environment. The convergence factor is intrinsi­

cally related to stability and a sufficient condition for convergence of the coefficient 

vector in the mean, assuming stationary signals, is

0 < i , < m  (L9)

where tr(-) denotes trace. This condition is both necessary and sufficient for the 

convergence of the variance [14].

The optimal choice for the convergence factor depends on prior knowledge of the 

statistics of the signals involved, which can be difficult or even impossible to obtain. 

For this reason, many methods to estimate fi online have been proposed in the past 

(see, for example, [15], [16], and [17]). Although most of these methods introduce
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other parameters to which the algorithm is less sensitive, there is strong indication 

that a convergence factor that is inversely proportional to the instantaneous power 

of the input-signal vector would yield a potentially faster algorithm when limited 

knowledge is available [18] [19]. Such an algorithm is called normalized LMS (NLMS) 

algorithm and the coefficients are updated as

w(n) =  w(n -  1) +  2 p - L e(n )u (n) (U 0 )

Note that a convergence factor is kept in (1.10) but as a rule of thumb p, =  0.5 can 

be used with good results in most cases.

The major problem affecting both the LMS and NLMS algorithms is their slow 

convergence when the input signal is highly correlated. For the LMS algorithm, for 

instance, the coefficient-error vector converges in the mean to zero according to the 

relation [14]

E  [v(n)] =  (I -  2/iR)E  [v(n -  1)] ( l.U )

where I denotes the identity matrix and v(n) is defined as 

v(n) =  w(n) — w„

Applying the spectral decomposition to R , i.e.,

R  =  QAQt

with Q formed by the orthonormal eigenvectors of R  and A is a diagonal matrix 

formed by its eigenvalues, (1.11) can be rewritten in terms of the modified coordinates 

v as

E[v(n)\ =  (I -  2p \ )E [v (n  -  1)] (1.12)

where v(n) =  QTv(n). The relaxation process in (1.12) is a geometric progression 

with a ratio of (1 — 2pXi) for each mode. An exponential envelop' e the type e ”/r' 

can then be fitted to each mode with a time constant approximately equal to [13]

1
r «' w  o T  2/zAj
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where /jA; <C 1. Therefore, the overall speed of convergence is dominated by the 

smallest eigenvalue, while from (1.9) the upper limit for the convergence factor is 

dominated by the largest eigenvalue. In the case where the eigenvalues of R  are widely 

spread, unacceptably slow convergence can result. Several attempts to increase the 

speed of convergence of the LMS algorithm have been reported (see, e.g., [15] [19] 

[20] [21]), invariably at the cost of increasing its computational complexity. Since 

simple real-time methods for optimizing the convergence factor still suffer from slow 

convergence when R  is ill-conditioned, more elaborate estimation schemes have to 

be employed in such situations. Transform-domain adaptive filters constitute the 

next step towards the study of algorithms which are less sensitive to input-signal 

correlation.

1.4 Transform-Domain Adaptive Filters

Transform-domain FIR adaptive filters (TDAF) are basically gradient-based algo­

rithms operating on a transformed input signal, as depicted in Fig. 1.6 [20].

Equation (1.12) suggests that maximum convergence speed can be achieved if the 

input signal is transformed to have a diagonal autocorrelation matrix, and a differ­

ent convergence factor is used for each mode. In this way the speed of convergence 

of each mode can be independently maximized. In other words, the transformation 

combined with the power normalization introduced by different convergence factors 

provide the means for changing the aspect of the performance surface associated to 

the transformed input signal [22]. Usually it can be said that the more symmetric 

the performance surface, the faster is the convergence of a gradient-based algorithm. 

It can also be shown that the use of an orthogonal transformation followed by nor­

malization does not degrade the performance of the LMS algorithm [20],

A transformation that performs a perfect decoupling of the modes of the process 

described by (1.11) is the Karhunen-Loeve t ’ansformation (KLT) [8]. Unfortunately, 

its implementation requires knowledge of the eigenvalues ana eigenvectors of R  which 

are not available in most applications. A more feasible approach is to use other
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u(n) u(n-l)

M-Point transform

y(»)

Figure 1.6: Transform-domain adaptive filter.

orthogonal transformations T  with suboptimal results. In general, transformations 

that lead to a fast implementation are preferred due tu real-time constraints. For the 

transform-domain LMS algorithm, the coefficient vector is updated according to the 

equation

w (n) = w (n -  1) -I- 2^e(n)fl~1T Tu(n) (1.13)

where w(n) =  T Tw(n) and LT1 is a diagonal matrix with an individual power nor­

malization for each coefficient. Although the coefficient vector w(n) converges in the 

mean to a transformed version of w„, it is worthwhile to note that the output of the 

TF with coefficient vector w(n) and input-signal vector T r u(n) is not affected by the 

orthogonal transformation T.

The choice of a good transformation for a particular application is by n*> means an 

easy task. Computer simulations comparing different transforms show that knowledge
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of the input-signal characteristics is key to assuring a substantial improvement [21]. 

For instance, as R  is approximately circulant for large values of M  the discrete Fourier 

transform (DFT) should be a good choice in this case, for the eigenvectors of an M  x M  

circulant matrix can be obtained from an M -point DFT. For small values of M, how­

ever, the DFT might be a bad choice as compared to other transforms. Furthermore, 

its complex coefficients impose restrictions to its applicability. A potentially more 

efficient solution is to provide means to the adaptation algorithm to estimate the 

KLT in real time. An algorithm that employs such a technique is called LMS-Newton 

algorithm [20].

1.5 LM S-Newton Algorithm

The LMS-Newton (LMSN) algorithm inherits its name from the analogy to Newton’s 

method for finding the zeros of a function. The method has also been successfully 

used for many decades; as a powerful optimization technique. The improvement in 

performance when compared to that achieved with gradient-based techniques is due 

to a more accurate description of the objective function based on second-order infor­

mation. For quadratic convex functions, the method converges to the optimal solution 

in a single step [12]. As (1.2) is quadratic in w, the Newton method would, in theory, 

give the solution to the Wiener-Hopf equation instantaneously. In practice, however, 

the objective function is not known and an iterative solution must be sought.

The LMSN algorithm updates the filter coefficients according to the equation

w(n) =  w(n — 1) -f 2//e(n)R_1(n)u(n) (1-14)

where R (n) is a positive definite estimate of the input-signal autocorrelation matrix. 

This estimate must also allow an efficient inversion, for it must be performed in real 

time. Good results can be achieved with a stochastic approximation method like the 

one proposed by Robbins and Monro in [23] in which

Il(n ) =  R(n -  1) +  a(n) ju(n)uT(n) -  R(n -  1)J (1.15)
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where a(n) is a sequence of positive scalars. For practical purposes, some of the 

conditions for consistency are, in general, relaxed so that variance is traded for the 

ability to track nonstationarities in the input signal. The most common scheme uses a 

small positive constant a(n) =  a, for which (1.15) can be viewed as an exponentially 

weighted average of the outer product of vectors u(n) and uT(n), i.e.,

n

R (n) =  a  ^ ( 1  -  a)n~in(i)uT(i) +  (1 -  a )”R(0) (1.16)
*=1

In order to facilitate the inversion of R(n) when n < M, a positive definite R(0) must 

be provided since it is assumed that u(n) =  0 for n < 0. The influence of R(0) decays 

exponentially for large values of n as can be seen from (1.16). This scheme combines 

a very good approximation for sufficiently small values of a  with the advantage that 

an inverse can be trivially obtained. The matrix inversion lemma [8] applied to (1.15) 

yields

* -* (" )  -  r 1 « ( * " ( » ■ - :‘ ) ■- ->x ))  < 1 ,7>t  — a  [ +  u2 (n)R  x(n — l)u(n) J

which is recursive in time and * computational complexity 0 ( M 2). This is consider­

ably better than the complexities of more general inversion techniques. Matrix R(n) 

is positive definite provided that the input signal is at least persistently exciting of 

order M, i.e., its spectrum is nonzero at M  or more points in the frequency —u)H/2  

to where u„ is the sampling rate [24].

A slightly more efficient implementation of the LMSN algorithm can be obtained 

if the relation [25]

, . 1 R -1( n - l ) u ( n )
R  x(n)u(n) =  -  •  ------------ * '  v 1\ t \ t fy 1—aa  —f  - -(- uT(n)R _1(n — l)u(ra) 

is observed. The algorithm can be rewritten as

t(n ) =  R -1(n — l)u(n)

z(n) = - — — 4- uT(n)t(n) 
a
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/ \ / 2u e(n)t(n)w(n) =  w(n -  1 ) +  —  • 7 toi z(n)

1 — a  [ z(n) J

where R -1(n), being symmetric, does not need to be fully calculated.

It can be easily verified that the LMSN algorithm is a transform-domain LMS 

algorithm which uses an estimate of the KLT [26]. Let T  =  Q (n) be the matrix of 

the eigenvectors of R (n) and ft =  A(n) be the diagonal matrix with the eigenvalues 

of R(n). Prom (1.13) we have

Tw (n) =  w(n) =  w (n — 1) +  2/xe(n)Tfl_1T Tu(n)

=  w(n — 1) +  2/ue(n)Q(n)A~1(n)QT(n)u(n)

= w(n — 1) +  2/ie(n)R_1(n)u(n)

Although it can be argued that the gradient direction is noisy, for it is based on 

the instantaneous squared error rather than on the MSE, the correction applied with 

a good estimate of R -1 greatly improves the convergence speed when the perfor­

mance surface is asymmetric. Furthermore, uncorrelated input signals yield symmet­

ric performance surfaces and R -1(n), being diagonal, should not modify the gradient 

direction.

Parameter a  is solely responsible for the memory in estimating R , i.e., it controls 

how previous input vectors are weighted to form R(n). Its influence on the coefficient 

adaptation is, therefore, indirect. Control over misadjustment and speed of conver­

gence can be more effectively achieved through n. It is interesting to note that for 

the specific case where 2fi =  a, the LMSN algorithm is equivalent to the recursive 

least-squares (RLS) algorithm, which will be discussed in the next section.
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1.6 Recursive Least-Squares Algorithm

The least-squares (LS) method was probably first used by Gauss in the late 18th 

century [27] and since then it has been applied in a vast number of areas. In every 

case, the motivation is the same: to estimate the set of parameters that best fits a 

model for an observed phenomenon. It comes as no surprise that the method should 

be tried in adaptive filtering as well for, except from the real-time constraints, the 

problem is basically parameter fitting. What is really a surprise is that the method 

suits the application so well and that it can be exactly and efficiently implemented in 

real time. In addition, schemes for dealing with signals with time-dependent statistics 

can be easily incorporated through the use of different weights, as was done by Gauss 

in his work [2].

Let e(i) be defined as the a posteriori output error calculated when the output 

signal of a transversal filter with coefficient vector w (n) and input-signal vector u (i) 

is compared with a reference signal d(i), i < n, i.e.,

e(i) = d(i) -  w T(n)u(i) (1-18)

A weighted sum of the a posteriori errors for i =  1, . . .  , n can be constructed as 

e(n) = j r \ - ‘e \{ )  (1.19)
i=l

which represents the objective function to be minimized. A forgetting factor A € 

(0,1] is introduced in order to exponentially reduce the effect of older samples in 

the function. Usually a constant A close to unity gives excellent results, although 

time-dependent values can be used. If we differentiate £{n) with respect to w(n) and 

equate the result to zero, the solution

R(n)w(rc) =  p(n) (1.20)

is obtained, where

R (n) =  5 3  A"~’u(i)uT(z) (1.21)
i=l

p(r.) =  £ : :  (1 .2 2 )
i=l

67
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are the sample averages of the autocorrelation matrix and the crosscorrelation vec­

tor between the input signal and the reference signal, respectively. Equation (1.20) 

is sometimes referred to as the deterministic counterpart of the Wiener-Hopf equa­

tion [8].

As A controls the amount of memory of the algorithm, A =  1 corresponds to the 

case where all the samples are equally weighted. Although in this case of “in f in i t e  

memory” the algorithm cannot track variations in the environment, it can be shown 

that the excess MSE reduces to zero asymptotically as n  goes to in f in i t y

A recursive solution of (1.20) which is based on previously obtained values of w (n) 

and R(ra), can be derived by simple algebraic manipulation of (1.21) and (1.22) [8]. 

From (1.21) it can be verified that

R (n) =  AR(n — 1) +  u(n)uT(n) (1.23)

Similarly, from (1.22)

p(n) =  Ap(n — 1) -I- d(n)u(n) (1.24)

Combining (l.20), (1.23), and (1.24), we have 

R (n)w (n) =  Ap(n — 1) +  d(n)u(n)

= AR(n — l)w (n  — 1) +  d(n)u(n)

=  R(n)w (n -  1) +  u(n) [d(n) -  uT(n)w(n -  1)] 

=  R(n)w (n — 1) +  e(n)u(n) (1.25)

where the a priori output error, e(n), is defined as in (1.7). Assuming R (n) is invert­

ible, then from (1.25) we have

w(n) =  w(n -  1) +  e(n)R  x(n)u(n)

The matrix inversion lemma [8] can now be applied to R(n) to yield

(1.26)
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where R -1(0) must be a positive definite matrix. As for the LMSN algorithm, for

A < 1 the introduction of R -1(0) has a decreasing effect on (1.19), which becomes
11

s (n ) = ^ 2  A"_le2(0 +  Anw r (n)R(0)w(n) (1.27)
1=1

The advantages of a recursive algorithm as described by the above equations are well

worth the negligible effects introduced by R -1(0).

Using the recursive relation

- , . R -1(n -  l)u(ra)R  x(n)u(n) =  / \ /
A +  u T(n)R -1(n — l)u(n) 

the RLS algorithm can be implemented as

t (n) - R -1(n — l)u(n)

z(n) = A +  uT(n)t(n)

, . . e(n)t(n)
w(n) =  w (n -  1) +

z(n)

The influence of the forgetting factor A on the misadjustment of the RLS algorithm 

is similar to that of // and a  for the LMSN algorithm. As A -> 1 the algorithm is given 

more memory, which translates in a better performance in stationary environments. 

On the other hand, better tracking of nonstationarities is observed for smaller values of 

A. Similarities between the LMSN and RLS algorithms go even further, since it can be 

easily shown that for 2/i =  a = 1 — A, the LMSN algorithm minimizes a scaled version 

of (1.27). Under these conditions, both algorithms should have similar performance, 

Another interesting parallel can be established between the RLS algorithm and the 

Kalman filter. The RLS algorithm can be viewed as a special case of the Kalman 

filter, if the correspondences given in Table 1.1 are assumed [8]. As compared to the 

LMS algorithm, the RLS algorithm presents a much better convergence rate when 

the input signal is correlated. Therefore, improvement in convergence speed is seldom 

necessary for the RLS algorithm. It is much more important to reduce the number 

of operations per iteration and assure robustness.
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T a b l e  1 .1

C o r r e s p o n d e n c e  B e t w e e n  t h e  R L S  A l g o r i t h m  a n d  t h e  K a l m a n  F i l t e r

Kalman Filter RLS Algorithm

Observation d(n)

State Transition Matrix I

Measurement Matrix u T(n)

Estimated State Vector w  (n)

Innovation e(n)

Filtered State-Error Correlation Matrix AR_1(n)

Predicted State-Error Correlation Matrix R _1(n)

Kalman Gain t(n)

Estimated Process-Noise Correlation Matrix (A"1 -  l)AR_1(n)

Estimated Measurement-Noise Correlation Matrix A

1.6.1 Finite-Precision Effects

One aspect that has been purposely ignored in the previous sections is the effect 

of finite precision in the implementation of the various algorithms on digital signal 

processors.

For the LMS algorithm, quantization effects compromise the algorithm perfor­

mance through a higher misadjustment. As machine precision decreases, the influence 

of the excess MSE due to quantization becomes more noticeable as a third source of 

error in the solution. In addition, very small values of /a can cause the adaptation of 

the coefficients to stop prior to convergence. This phenomenon is especially common 

when fixed-precision representation is used [28]. For all these reasons, the choice of 

convergence factor becomes even more difficult.

For the LMSN and RLS algorithms, quantization errors introduced by fixed or 

floating-point arithmetic can, in addition to the effects described above, lead to di­

vergence of the coefficients, which is unacceptable in many applications whether the
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algorithm is able to recover or not. Several studies have attempted to identify the 

causes of algorithm divergence and to propose solutions. Ljung and Ljung [29] have 

shown that the RLS algorithm with X <  1 is stable, since a single error introduced at 

time instant nQ will decay as time progresses. Notwithstanding this important contri­

bution, it was later verified [30] [31] that interaction and accumulation of errors can 

destroy the positive definiteness of matrix R _1(n), which can result in divergence. 

Maintaining the symmetry of R _1(n) is essential to improve robustness; however, in 

many situations this may not be sufficient. In these cases, rescue procedures, such as 

adding white noise to the input signal or reinitializing R -1(n) =  51, must be used [32].

Since divergence of the RLS algorithm is usually related to the lack of positive 

definiteness of matrix R -1(n), more robust methods for solving the system of linear 

equations described in (1.20) can be employed to achieve better results. Given the 

similarities among the equations that describe the LMSN and RLS algorithms, it is not 

difficult to find the set of linear equations which is solved by the LMSN algorithm as 

well. The methods that are applicable to the RLS algorithm can usually be extended 

to the LMSN algorithm with some effort, if desired. The QR-decomposition RLS 

algorithm is one of the most popular examples of a technique that has better numerical 

properties than the conventional RLS algorithm, and yet solves exactly the same 

set of equations. The orthogonal decomposition is also a fundamental tool in the 

development and understanding of systolic array structures [8] which are attractive 

for VLSI implementation. Combined, these properties make the study of the QR- 

decomposition-based algorithms important and enlightening.

1.7 QR-LMSN Algorithm

Given the perfect correspondence between the LMSN and RLS algorithms for 2/i =  

a  =  1 — A, this section will describe the derivation of the QR-LMSN algorithm rather 

than the QR-RLS algorithm, more commonly found in the literature.

As it was briefly mentioned before, the LMSN algorithm can also be regarded as
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a least-squares algorithm as it minimizes an objective function defined as

S(n)  =  ^ 2  “ (1 ~  a )"”‘ ~ ^ (* ) +  f l  -  uT(i)w(i -  1) -  u T(z)w(n) 
i=i a  V a  /

+  (1 — a )”w T(n)R(0)w(n)

(1.28)

by recursively solving the deterministic counterpart of the Wiener-Hopf equation. In 

this case, R(n) is as in (1.16) and

P(n ) =  12 “ (1 ~  a )”_< ~“ d(0»(*') + ( x “  u(i)uT(i)w(i -  1)

The structure of R(n) given in (1.16) allows for such an elegant and relatively 

simple method for solving (1.20) using the inverse of R(n) that it is tempting to adopt 

the LMSN algorithm in its conventional form. Despite its simplicity, the subtraction 

between the two nonnegative definite matrices that comes naturally in (1.17) is a 

potential hazard in terms of quantization errors. We must not forget, though, that 

the LMSN algorithm is just one method for solving M  simultaneous linear equations. 

If machine precision makes the inversion of an ill-conditioned R (n) matrix inaccurate, 

other methods that have already been used with good results in off-line linear-algebra 

problems might be more appropriate. One method that has been known for its 

excellent numerical properties is the QE-decomposition method, which consists of 

modifying the problem such that the solution can be obtained through the inversion 

of a triangular matrix. This is possible since every n X M  matrix U  with linearly 

independent columns can be factored into U  =  QTR, where Q € M"xn is orthogonal 

and R  € R”xAf is upper triangular [33]. No confusion should arise at this point 

between the QR nomenclature and the spectral decomposition of the autocorrelation 

matrix mentioned above. For the sake of consistency with the references, let Q (n) 

and R(n) be the QR-decomposition matrices of a data matrix U(n).
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Now let U(n) be the weighted input-data matrix defined as 

t i ( l )  0  • • •  0

j t /  \  A f  \  “ (2 ) 0U (n) =  A(n)

u(n) u(n — 1) • • • u(n — M  +  1) 

where A(n) is a weighting matrix defined as

(1 —  a ) ^  0 • • •  0

0

: (1 -  a)? 0

0 • • • 0  1

We can easily verify that U T(n)U(n) is the autocorrelation matrix defined in (1.16) 

minus the initialization matrix (1 — a )nR(9), and the requirement of linear indepen­

dence of the columns of U(n) can be translated as the necessary condition of positive 

definiteness of (1.16) for a unique solution of the least-squares problems. Furthermore, 

let the modified weighted reference-data vector be defined as

A(n) =  a  2

d(n) =  A(n) <

f

■ d( i) ■ 0

2 a  < —

•

<

uT(2)w(l)
a d{n — 1) a ) r

k 1■ uT(n)w(n - 1 )
*

If we drop the initialization matrix R(0), the objective function to be minimized,

(1.28), can be rewritten as

£(n) = ||e(n)||!

where

e(n) =  d(n) — U(n)w(n)

is the modified weighted a posteriori error vector, Since the 2-norm is invariant under 

orthogonal transformations [33],

£(n)  =  ||Q(n)£(n)||£
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can be minimized with respect to w(n) if Q(n) is orthogonal. Therefore, by factoring 

the weighted input-data matrix U(to) as

Q(to)U (to) =
R(n)

0

where R(to) is an M  x M  upper triangular matrix, the minimization problem becomes

£ , n i n ( n )  = min ||Q(n)d(n) -  Q(n)U(n)w(n)>112
w(«)

= min
w(n)

p  (to) 

q(n)

R(n)

0
w (to)

where

p(n)

q(n)
Q(n)d(n)

The solution is obtained for the vector w(n) satisfying 

p(n) =  R (to)w (to) (1.29)

for which £m,„(n) = ||q(n)||2 . For convenience, we have used R(n) and p(n) in (1.29), 

although they do not denote estimates of the autocorrelation matrix of the input signal 

and the crosscorrelation vector between the input-signal vector and the reference 

signal. Actually, R (n) being upper triangular, could never denote an autocorrelation 

matrix. The solution w(n) can be easily obtained by applying back substitution 

to (1.29) [33].

The next step towards a QR-LMSN adaptation algorithm is to find a recursive 

procedure that can produce the solution with roughly the computational complexity 

of the conventional LMSN algorithm, i.e., 0 ( M 2).

Suppose that at instant n  the solution obtained at instant n — 1 is available in 

the form ui  matrix R (n  -  1) and vector p(n  -  1). The updated weighted input-data 

matrix at instant n is constructed from the previous one as

(1 — a ) iU (n  — 1)
U (n) =

a * u T(n)
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Now let Q(rc|ra—1) be the order-updated orthogonal matrix constructed from Q (n—1)

as

n, l il Q f"-1) 0 Q(n|n -  1) = ^

By applying Q (n|n -  1) to U(n), we have

Q (n|n — l)U (n) =
( l - a ) § Q ( n - l ) U ( n - l )

a%uT(n)

(1 — a ) tR (n  — 1) 

0

a2UT(n)

(1.30)

Similarly, 

d(n) =  

which leads to

(1 — a)*d(n — 1) 

a i  [^d (n ) +  ( l -  ^ )  uT(n)w(n -  1)]

Q (n |n  — l)d (n ) = (1.31)

(1 — a ) 5 p ( n  — 1)

(1 — a)aq(n  — 1) 

a* d(n) + ( l  -  ^ ) u3'(n)w(n -  1)]

From (1.30) and (1.31) it is clear that to obtain R(n) and p(n) from their previous 

values we must find a transformation matrix G(n) that makes Q (n|n — l)U (n) upper 

triangular, which would force the elements of the last row of (1.30) to be zeros. The 

resulting upper triangular matrix is the updated matrix R(n) in the relation

G (n)Q (n |n  -  l)U (n) =  Q(n)U(n) =  

The vector p(n) is similarly updated as 

Q (n)d(n) =

R(n)

0

p(n)

q(n)

The task of finding G(n) is much simpler than that of finding Q(n) since G  (n) 

need only cancel the last line of (1.30). This can be done by M  successive Givens
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rotations [8], each of the form

G ,(n ) =

1 0  • • 0 0 • 0

0 1 • • 0 0 • 0

• • . 0 0

0 • 1 0 • 0

0 Ck 0  •• • 0 S k

0 0 1 •• • 0 0

0 0 • 1 0

0 ~ S k 0  •• • 0 c k_

k = 1, . . .  , M (1.32)

where c*. and s*. denote cosines and sines, calculated as 

Pkk
c* -

S k

i / 0 L + P L
P n k

s / P l  + K i

and /3kk is the (k, /c)-element of matrix G*._i(n) • • • G i(n)Q (n |n  — l)U (n) which has 

been modified by the previous rotations. As G*(n), k — 1, . . .  , M, is very sparse, 

only the cosines and sines must be calculated. It must be stressed here that although 

some of the matrices involved grow in size with n, onl' M  X i  vectors and M  X M  

matrices need to be stored and it is not necessary to compute q(rt).

The last step in the development of the algorithm is to provide an initialization 

method for n < M. This is necessary since R(n) is no longer initialized with R(0) 

and, therefore, the problem is underdetermined for n < M. During the initialization 

an exact procedure can be developed such that £min(n) =  0. The idea is to update 

R(n) and p(n) both in order and in time such that d(n) — U(n)w(n) is always a 

vector of zeros, starting with R(0) =  0 and p(0) =  0. Although unnecessary for the 

purposes of the algorithm, it can be easily shown that during this initialization period 

||q(n)||! =  0.

A summary of the QR-LMSN algorithm is given in Table I.II.
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T a b l e  l . I I

QR-LMSN A l g o r i t h m

Available at time instant n:
u(n) =  [u(n) u(n -  l )  • • • u(n — M  +  1)]T d(n)

Initialize:
K(0) =  O(MxM)] p ( 0 )  =  O(Afxi); x =  2  =  0;

n — 1 , 2 , . . .
{

if (n  < =  M) N  =  n\ /*  during exact init. */
else N  =  M ;
z _  a1/2 [%d{n) +  (1 -  2tt) uT(v )w (n -  1)] ;
x  =  a 1/2 u(n);
for (k =  1; k < N\ k +  +)
{

__ X ,

for (j  = k ] j  < N\ j  +  +)
{

Rjy(n) =  c(l -  a)x/2R kj(n - 1 )  +  sxy
x.j =  - s ( l  -  a ) ^ 2Rkj(n -  1) +  cxy

}
P b(n) =  c(l -  a)x/2p k(n -  1) +  sz\
z =  s ( l -  a)x/2p k(n -  1) +  cz\

}
for (k = N) k >— 1; k -----)
{

w *(n) =  p/b(n);
for (j =  A: + 1 ; j  < =  JV; j  -H +)

wfc(n) =  wA;(n -  1) -  R y  (n)w^(n);
Wfc(n) =  wfc(n)/Rfcfc(n)!

)
} '
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1.8 Fast Implementations of the LMSN Algorithm

Implementations of Newton-type algorithms which require only O(M)  multiplications 

per iteration also merit to be discussed here in some detail [8] [34] [35]. They yield 

computationally more efficient algorithms that can possibly be applied in situations 

where more time-consuming implementations are prohibitive with the available tech­

nology. The diversity of these implementations, individual properties, and origins are 

enough to set them ap':rt in a new class, called fast algorithms in the literature. Fast 

implementations of Newton-type algorithms are far too extensive and involved. They 

will be covered in detail in chapter 4.

1.9 Original Contributions

The LSMN and RLS algorithms presented and discussed in the previous sections have 

much in common, and their differences are often overlooked. The RLS algorithm min­

imizes an exponentially weighted sum of a posteriori output errors, and its flexibility 

is limited by A which controls how previous errors are weighted. This algorithm 

has gained popularity for its high convergence speed. However, high computational 

complexity, possible instability, and high sensitivity with respect to A have led re­

searchers and engineers to investigate alternative algorithms and implementations 

(see, e.g., [8] [32] [36]). One such alternative is the LMSN algorithm that employs 

different convergence factors for updating the coefficients, w(n), and the estimated 

autocorrelation matrix, R(n). In the previous sections, it was demonstrated that a 

condition exists for the two convergence factors that renders the LMSN and the RLS 

algorithms equivalent. Furthermore, a QR-decomposition LMSN algorithm which is 

a more robust alternative to the conventional LMSN algorithm was presented.

In chapter 2, the flexibility gained with the two separate convergence factors, 

/.t and a , used for updating w(n) and R(n), respectively, is further explored. By 

minimizing the instantaneous a posteriori output error with respect to n  at every 

iteration, we obtain a variable convergence factor, n(n) [25] [37]. The LMSN algorithm
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that employs such convergence factor is analogous to the NLMS algorithm as both 

rely on an exact line search that yields zero a posteriori output error [15]. When little 

is known of the environment and an appropriate choice of n  cannot be made, the 

variable convergence factor can be especially useful [19]. This chapter also provides 

a comprehensive study of the convergence in the mean and variance of the algorithm 

that is general in spite of the scheme used for updating the estimated autocorrelation 

matrix. Also included is a study of the MSE for fixed-point arithmetic which shows 

the effects of quantization in all variables upon the total MSE [38]. A similar approach 

has been used before for the LMS and RLS algorithms [28] [31] [39]. Furthermore, 

a QR-decomposition LMSN algorithm with variable convergence is developed as an 

alternative when the finite-precision effects may cause divergence of the conventional 

implementation [40].

Although the QR-LMSN algorithm shows good results in fixed-point arithmetic 

with regards to robustness, the algorithm itself is very involved, scaling of internal 

variables can be very difficult, and robustness cannot be guaranteed once the input 

signal is highly correlated or nonpersistently exciting. Chapter 3 presents the QN 

algorithm [41] that can safely operate in fixed-point arithmetic even when the input 

signal is nonpersistently exciting. This algorithm, developed based on off-line opti­

mization techniques, can be very easily coded and the scaling of its internal variables 

is trivial. A thorough study of the algorithm is provided, including a proof of stability 

and a detailed discussion of the behavior of the internal variables of the algorithm [42] 

[43].

In chapter 4, the subject of fast implementation of the LMSN algorithm with 

variable convergence factor is investigated. A fast LMSN algorithm with variable 

convergence factor is presented [44] following closely the approach used for develop­

ing the fast RLS algorithms [32] [34] [35]. The necessary initialization of the algorithm 

during the first iterations is detailed. This chapter provides the basis for understand­

ing fast algorithms in general, and the fast LMSN algorithm with variable convergence 

factor in particular.

The conclusions of the thesis and several suggestions for further research on
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Newton-type adaptation algorithms are summarized in chapter 5.

1.10 Conclusions

Numerous structures, algorithms, and implementations have been proposed in recent 

years for different applications of adaptive filters, each with its own qualities and 

drawbacks. The choice of the best scheme for a given application must, therefore, 

be subjected to careful scrutiny. The LMS algorithm has been the most widely used 

adaptation algorithm, despite its slow convergence in some cases, largely because of 

its simplicity and robustness. When compared to the LMS algorithm, transform- 

domain adaptive filters can show improvement in convergence speed at the expense 

of a relatively small increase in complexity. They have gained popularity especially 

for processing voice in acoustic echo cancellation. With the development of more 

robust and computationally efficient techniques and further advancements in VLSI 

technology, algorithms that employ second-order information are becoming more and 

more attractive, since they offer improved performance in terms of convergence speed 

and misadjustment. However, there is still the need to fine tune these algorithms in 

order to achieve a desired performance. For this reason, the investigation of variable- 

convergence-factor algorithms is very important. This is the subject of the next 

chapter.
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Chapter 2 

Variable-Convergence- Factor 

LMSN Algorithm

2.1 Introduction

The appropriate choice of the convergence factor in the LMS and LMSN algorithms 

and the forgetting factor in the RLS algorithm are key to assuring good performance 

for the adaptive filter. These choices are environment dependent and optimal fixed 

values for these factors are difficult to determine especially in nonstationary environ­

ments. In order to address this problem, several algorithms have been proposed in 

the past, in which a variable convergence factor is utilized [45]—[55]. The algorithm 

in [55] has some attractive properties, such as fast convergence even when the statis­

tics of the input signal are unknown. This algorithm has been successfully applied to 

adaptive subband filtering, and an improvement in convergence speed over the fixed 

step-size LMSN algorithm has been observed.

This chapter provides a detailed performance analysis of the LMSN algorithm 

proposed in [55]. Section 2 describes the use of a variable convergence factor in the 

LMSN algorithm and proposes a simplified algorithm. The algorithm in [55] as well 

as the simplified version proposed here [25] [37] [56] are analyzed in stationary and 

.nonstationary environments in section 3 and closed-form formulas for the mean-square 

error (MSE) are obtained. In section 4, a closed-form formula for the excess MSE
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caused by finite-wordlength implementation for the case of fixed-point arithmetic is 

derived [38]. Section 5 presents experimental results that demonstrate the accuracy of 

the analysis and the advantages of the algorithms compared with the RLS algorithm.

2.2 The Algorithms

A number of problems are associated with the use of fixed convergence factors, as 

follows:

1. A good choice of convergence factor that results in a  high speed of convergence 

as well as low output MSE is difficult to make and depends on a good knowledge 

of the environment characteristics.

2. In nonstationary environments, the choice of convergence factor is difficult since 

the MSE due to nonstationarities can be high if the tracking performance is poor 

or the MSE due to additive noise can be high if fast convergence is attempted.

3. Algorithms with fixed convergence factors suffer from high sensitivity with re­

spect to their parameters.

4. In certain applications different convergence factors are optimal under different 

circumstances; for example, in subband filtering a different convergence factor 

is required for each subband.

Many of the above problems can be eliminated through the use of a variable con­

vergence factor which is adjusted in every iteration according to a certain optimality 

criterion.

2.2.1 Algorithm I

The use of a variable convergence factor in the LMSN algorithm as proposed in [55] 

will now be examined. The updating formula in (1.14) can be modified to incorporate 

a time-varying convergence factor

H(n) = ba(n) (2.1)
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where 6 is a constant and a(n) is the convergence factor used to update R"'1(n). The 

choice of fi(n) must take into account all the available information. One such choice 

that leads to good results can be deduced by minimizing the square of the a posteriori 

instantaneous output error, i.e.,

min e2(n) = min [d(n) -  uT(n)w(n)]2 (2.2)
f i (n)—ba(n)  f i [n)=ba(n)

After some manipulation, the solution required is obtained as

“ <"> =  1 +  (26 — l)r(n)  (2'3>
where

r(n ) =  uT(n)R _1(n — l)u(n)

Since matrix R -1(n—1) is positive definite, at least in the case where infinite-precision 

arithmetic is used, and r(ra) is a quadratic function of the input-signal vector, the 

variable convergence factor given by (2.3) is positive and less than one provided that 

parameter 6 is chosen to be greater than 0.5.

Note that for b ^  0.5 in (2.1), the algorithm does not satisfy the condition for the 

equivalence with the RLS algorithm, 2fj, =  a =  1 — A.

It can be shown from (2.3) that 
1 — a(n) 

a(n)
Therefore,

. , . R _1(n -  l)u(rc)
'  26a(n)r(n)

The equations describing algorithm I can be deduced from those of the LMSN algo­

rithm as follows:

t(n ) =  R T ^n  — l)u(n) (2.4)

r(n ) =  uT(n)t(n) (2.5)

w(n) =  w (n -  1) +  (2.6)
r(n) '

=  (2b — l )u T(n)R  1(n — l)u(n)

R - . (n) = t+JLTihW
v } (26 — l)r(n ) ' ’ 2 br(n) (2.7)
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2.2.2 M em ory Interpretations

We will now examine the mode by which variable convergence factors in general, and 

the one examined here in particular, affect matrix R(n). When the convergence factor 

used in the evaluation of matrix R(to) is constant in all iterations, the estimate of the 

input autocorrelation matrix is an exponentially-weighted time average of the outer 

product u ( to) u t ( to) .  However, for a variable convergence factor a(n), matrix R(to) 

represents a different weighted average. In this case, the relation between a(n) and 

the weights of the past samples, A(to), can be established as

A(to) =  1 — a(n)

_  (26 — l)r(n )
1 +  (26 — 1 )r(n) 

and (1.16) can be rewritten as

a w = n  Mi)R(o) + e  n  [i -  *m ] w
*=s 1 1 j s s i - f 'l

Note that A(to) is always positive and less than unity. The above equation allows 

a rough analysis of the influence of constant 6 in the memory of the algorithm that 

estimates R(to). For example, 6 -> 0.5 results in u t (to)R_1(to)u(to) =  1. When 6 is 

large the algorithm has long memory and R(to) tends to become invariant for large 

n and stationary input signals. On the other hand, as 6 —» 0.5, we have a(n) -> 1 for 

all n. Therefore, the weights A(to) are all equal to zero. In this case, the algorithm 

has no memory to evaluate R(n) and also there is perfect correspondence between 

the LMSN and RLS algorithms. In fact, the algorithm would minimize a weighted 

sum of past a posteriori errors according to the least-squares principle and also the 

instantaneous a posteriori error due to the variable convergence factor. The result 

is a solution that does not take into account the past a posteriori errors and, as a 

consequence, matrix R(n) carries only the information contained in the last input- 

signal vector, u(n). The time-dependent characteristic of the forgetting factor A (to) 

used in the updating of R' -i(n) introduces large variations in this matrix which can 

be undesirable in cases where matrix R  has a high eigenvalue spread since R _1(n) 

becomes ill-conditioned.
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2.2.3 A lgorithm  II

An alternative algorithm to the one proposed in [55] can be derived by noting that 

the development of the variable convergence factor based on the minimization of (2.2) 

does not necessarily require (2.1) to be satisfied. Consequently, a variable convergence 

factor ji(n) can be chosen to minimize the instantaneous a posteriori error while a 

fixed a(n), i.e., a(n) =  a, can be used in the recursion that determines R _1(n). The 

resulting convergence factor is given by

^  =  2uT(n )R -1(n)u(n) ^

and yields zero a posteriori error regardless of how matrix R _1(n) is estimated. Note 

that this is also the case for the convergence factors proposed in [15] for the LMS 

algorithm and in [55] for the LMSN algorithm for any value of 6.

The updating equations for algorithm II comprise (2.4)-(2.6) together with the 

following two equations:

, . 1 — a , .
z{n) = ---------h T{n)

H - 1̂ )  = 7 ——1 -  a z(n) (2.9)

2.2.4 Comparison of Algorithms I and II

Algorithms I and II are, in fact, different versions of the orthogonalized-projection 

algorithm [24] [57] which employ different methods for the estimation of matrix R -1 . 

Algorithm II uses an exponentially weighted average to compute R (n), while algo­

rithm I uses variable weights. The advantages of the one over the other depend heavily 

on the application. Algorithm II provides better control over matrix R(n) since a 

constant convergence factor is used, while algorithm I is more attractive when little 

knowledge about the input signal is available. There is only a single free parameter 

in each algorithm, 6 for algorithm I and a  for algorithm II, These parameters do 

not influence directly the speed of convergence and the excess MSE. Their main role 

is to control the amount of memory that will be used in the evaluation of R ” l(n)
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or, in other words, how accurately R  ~'(n) approximates R  1. Algorithm I presents 

an extra cost in terms of computational complexity of two multiplications and one 

division when compared to the conventional RLS algorithm, whereas algorithm II has 

the same complexity.

In many applications, it may be desirable to control the misadjustment at the 

expense of convergence speed. This can be achieved in both algorithms by introducing 

a reduction factor q in the coefficient updating equation, as will become clear after

the analysis to be carried out in the next section. This parameter can be used to

perform fine tuning of the algorithms. Eq. (2.6) becomes

/ \ / t(n)e(ra)w(n) =  w (n -  1) +  q-~ (2.10)
T[n) '  '

where q is the reduction factor and t(n) and r(n ) are computed as before.

2.3 Analysis o f Algorithms I and II

In this section, expressions for the MSE in algorithms I and II are derived for the 

cases of stationary and nonstationary environments.

Owing to the presence of the normalization factor, r{n), the computation of 

J5'[l/r(n)] becomes necessary during the analysis. The approximation

1 1
E

j { ”) .
(2.11)E  [r(n)] M

will be made, which, for ergodic processes, corresponds to interchanging the harmonic 

and arithmetic averages of an infinitely long sequence {r(n )} ,n  >  0. For white 

Gaussian noise signals and M  >  20, the approximation introduces an error of less 

than 10%, which is reduced further as M  is increased above 20. However, for many 

practical input signals this approximation may not be valid. Similar approximations 

were used by Bottomley and Alexander [31], and Samson and Reddy [58] for slowly 

varying denominators. A more accurate approximation, based on the kurtosis of the 

signal, can be found in [19].



CHAPTER 2. VARIABLE-CONVERGENCE-FACTOR LMSN ALGORITHM  37

2.3.1 Excess M SE in Stationary Environm ents

Assuming that R (n  -  1) and w(n -  1) are independent of u(n) [13] [60], the mean 

value of the coefficient vector, for both algorithms, is obtained from (2.10) as

£[w (n )] = f [  { l  -  E  | - |L ]  |  E[w(0)]

r(»).
w„

( v y w H ^ y ; W„ (2 .12)

The speed of convergence of the algorithm can be roughly measured using (2.12). 

For an initially relaxed system, we can expect convergence of all coefficients to within 

10% of the relative error between E[w(n)] and w„ after n' iterations where 

1n =
loS (! ~  m )

For the LMSN algorithm with fixed convergence factor, 

1
n' =

log (1 -  2fi)

iterations are required.

Defining v(n) =  w(n) — w„ as the coefficient error vector, we have

v(n ) I - q
R  1(n — l)u (n )u T(n) 
uT(n)R -1(n — l)u(n)

v (n  -  1 ) +  q
R -1(n — l)u(n)e„(n) 
uT(n)R -1(n — l)u(n)

(2.13)

where e„(n) =  d(n) — uT(n)w0 is considered a zero-mean white sequence. The error 

in the coefficients v(n) results in an excess MSE that can be expressed as [12]

Jex(n)r = E  [vT(n)Rv(n)] =  tr[RK (n)] (2.14)

where K (n) is the covariance matrix of v(n).
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From (2.14), the difference equation describing the excess MSE is obtained as

l)r

R -1(n — l)u(w)uT(n)v(n — 1 )vT(n — 1)— q tr

-  q tr  | r ^

u T(n)R -1(n — l)u(n)

v(n — l)v T(n — l)u (n )u T(n)R _1(n — 1) 
uT(n)R -1(n — l)u(n)

]}
1 )

A q tv* H E R  1(n - l)u (n )u r (n )v (n - l)v T(n - l)u (n )u T(n)R~1( n - l )  

juT(n)R_:l(n —l)u(ra)j

+  g2 tr  < R E R  1(n — l)u (n )uT(n)R 1(n — 1) 

[̂ uT(n)R -1(n — l)u(n)j
* Jti

(2.15)

Evaluating each term in the above equation separately and assuming that the model 

R (n  — 1) =  R  +  A R(n — 1) holds [8], it can be easily shown by interchanging the 

trace and expected value operators that

qr tr  < R E

«  q2 E  < tr

R 1(n -  l)u(n)uT(w)v(n -  l)vT(n -  l)u(n)ur(n)R~1(n -  1) 
ûT(n)R_1(n — l)u(n)J

v(n — l)vT(n -  lMr^u^T^Rr^n — l)u(n)uT(n) 
JuT(n)R~1(n — l)u(n)j

. 2  p \ tr I"u(n)ur(n)v(n -  l)vT(n -1)11
’  \  u r ( n ) * - * ( n - I ) » ( n )  J /

■!E
u(n)uT(n)

q J«*(n -  1 )rE

ur (n)R -1(n — l)u(n) 

1

K(n

(2 .16)

where the second-order error terms in R R -1(n -  1) were discarded, independence 

between v ( n - l )  and u(n) was assumed [13] [60], and for large M, r(n ) was considered
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independent from each element of u(n)uT(n) taken separately. The fourth term can 

be similarly simplified to yield

This solution is applicable to both algorithms I and II since it is independent of the 

method used to estimate the input-signal autocorrelation matrix. In fact, it is appli­

cable to orthogonalized projection algorithms in general, as long as the assumptions 

made in the above analysis are valid.

2.3.2 Excess MSE in Nonstationary Environments

In order to study the behavior of algorithms I and II in nonstationary environments, 

the first-order ARMA model

w„(n) = w0(n -  1) +  u(n)

is assumed for the optimal coefficient vector evolution [61], where the elements of 

u(n)  are zero-mean white Gaussian noise samples with variance a2v. In this case, the

t  r 'i ^

Using (2.16) and (2.17), we can rewrite (2.15) as

Jex(n)v = J(,x{n -  1),. -  (2q - q

After convergence, we obtain

(2.18)
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coefficient error vector is of the form

R -1(n — l)u(ra)uT(ra)
v(n) = I -  q

uT(n)R -1(n — l)u(n)
v(n — 1)

R  1(n — l)u (n)e0(n)
+  Q— — /  ' —~ —  v(n)

uT(n)R-1(n — l)u(n)

where the second term represents an excess MSE due to gradient noise (see eq. (2.13))

and is also present in stationary-environment operation. The excess MSE due to

lag [6.1] can, therefore, be estimated as

J(:x(n)i = tr [RK'(n)]

where K'(n)  is the covariance matrix of vector v'(n) given by 

R'_1(n — l)u (n )u T(n)
v'(n) I - q  , _

uT(n)R "1(n — l)u(n)
v '(n  — 1) — v(n)

An analysis similar to that carried out previously for the excess MSE in stationary 

environments reveals that

=  ( 2 - 1 9 )

Therefore, the total excess MSE is given by

+  (2.20)

2.3.3 Minimization of MSE

The excess MSE has a term proportional to the parameter q and a term that is

inversely proportional to it. Therefore, an optimal value, qH, that minimizes the total

MSE can be deduced as

aMy/aPM2 + 4 -  a?M2
qo -  2

where o2 =  (72a2/J„ 11M.

Applying the same procedure to the conventional LMSN algorithm or the RLS 

algorithm with 2/t =  1 -  A yields [61]

(2.21)
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In practice, both algorithms must present similar performance if q/(2M) (the 

average value for the variable convergence factor) in the normalized algorithm is 

made equal to the value of fj, used m the conventional algorithm. It should be noted 

that the optimal value of fi, given bv (2.21), may sometimes be high. In such cases, 

the approximations used to obtain (2.21) do not hold, and the true value of the excess 

MSE would be much larger than expected.

2.4 Finite-Precision Effects

In this section, the effect of roundoff errors is examined for the case of fixed-point 

arithmetic using an approach similar to that in [31]. The following assumptions are 

made:

1. Numbers are represented using two’s-complement format.

2. Additions and subtractions do not introduce quantization errors,

3. Each internal operation is performed with enough bits in the integer part such 

that no overflow occurs.

4. Quantized versions of all external signals and constants are available,

5. Multiplication and division operations introduce white noise given by

e(ab) -  w»o)q -  ab (2.22)

and

e(a/b) =  (a/b)Q — a/b 

respectively.

The quantization error in each variable is defined as the difference between its 

quantized and nominal values, i.e.,

r)a =  aQ - a
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2.4.1 Quantization Errors

Algorithms I and II in finite precision are as follows: 

e{n )Q =  d(n)  -  [wT (n -  l)gu (n )]p 

t(ti)q  =  [R -1(n -  l)pu(n)j

T '( n )Q

9 \n ) Q

' nT ( n ) t ( n ) Q 
N

' e (n)Q '

Qj ' ( n )Q. 

r  (n)Q =  [t (n )Qg ' (n )Q]Q

a/„\ -  M * 1)#'SWQ N Q

w (n )Q =  w (n  -  1)Q +  s (n )Q (2.23)

The constant AT is a power-of-2 scaling factor that must be introduced to ensure that 

the values of t ' ( t i ) q  lie within the range of the other variables of the algorithm. It 

can be verified from (2.5) that the mean value of r(n) is M.

Matrix R -1(n)Q is updated either as

R  x(n)Q = /  1 +  [(2^ ~  l ) r (n )QlQ )
I [(26 -  l M n ) ^  j Q

[2bT(n)Q]Q J
Q

for algorithm I [55] or as

- “ 1, I  “  +  r(n )0 /
Q

for algorithm II.

Since e(n) —• e(n)<? -  r/c(n), it follows that

e(n) =  d(n) -  wT(n -  l)u(n) =  d(n) -  [wT(n -  l)#u (n )]g  -  r),.(n)
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Denning £j.(n) as the error introduced when evaluating [wT(n — l)gu(?i)]g according 

to (2.22), namely,

ei(n) =  e [wr (n -  l )Qu (n)] =  [wT(n -  l)gu (n )]g -  wT(n -  l)gu(n) 

we have

d(n) -  w T(n -  l)u(n) =  d(n) -  wT(n -  l)gu(n) -  rje(n) -  s t (n) 

which yields

T)e(n) = - r i l ( n  -  l)u(n) -  ei(n) (2.24)

An analogous procedure leads to similar equations for the errors in t(n) and r'(n),

i.e.

thin) =  TJR{n -  l)u(n) +  e2(n)

, . uT(n)»7t(n) . .
Vr’(n) = —  f t -" + g 3(»)

where

£2

and

(n) =  e [R  1{n -  l)gu(n)] 

u r (n)t (w)q '
e3(n) = e

N

If we assume that quantization is performed by rounding after the additions, then 

ei(rz), e3(n), and the elements in S2(n) can be modeled as zero-mean white Gaussian 

noise sources with variance equal to 2~2,'/12 [67].

The errors in g'(n), r(to), and s(n) can be modeled as

/ \ c(n)o 1 v €>(jh\
Vu' (n ) = "i, +  £4 (n) -  - ~r'{n)Q r '(n)

m e(n ) +  V<-(n ) [j „  v A n ) ' 
r'(n) L r'(n)

ein)
r '(n )

e(n)r}T,(n) t]K(n)
r ,2(n) r'(n)

1 _
r'(n)

+  e<(w)

+ £4(71)

rir(n) =  t(n)»^(n) +  r)t{n)g'{n) -I- eD(n)
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and

„ / x <Wr{n) , „ / v 
=  jy +  ®o(n)

where

£4(71) =  e 3(»)o

and

eG(n) = e
qr(n)Q' 

N

From (2.23), the quantization error in the coefficient vector can be expressed in 

terms of the recursive relation

riw(n) =  Vw(n  -  !)  +  % ( n )

The quantization errors in the updating of matrix R-1(n), after neglecting all 

second-order errors, can be represented by

^ ( n) ® i  ~ a (n) \?R(n 2br(n) +  rit(n)tT(n) +  en (n)]

t(n ) tT(n) r , x ei2(n) 
+  [*<n) + 2b~

-

'Vr(n) £g(n)
r(n) (2b — l) r (^y +  es(w)] - e 8( n ) |R  1(n) +  e7(n)

for algorithm I and

1= a ^ r^ T \ ------------------ «iOa(n) J +  e7a(n)
i?t(w)tr (n) +  t(n )q f(n ) +  e n (n) 

^  +  r(n)
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for algorithm II, where

Q /l

s 7(n) = s f 1 +  [(26 -  l)r(n)g]g  )
\  i ( 2 6 - l) r ( » )g ]g J

£7 a(n) =  £ t  -  a  (R 1(n _ 1,0  “

e8(n) =  £ « 1 +  [(26 -  l)r (n )Q]Q )
I 1(26 -  l ) r (n)Q\Q f

£o(n) =  e [(26 -  l)r(n)g]

®io(n) =  £<
[ [t(n)gtT(n)g]g )
I l2bT(n)Q]Q J

eio«(w) =  £ <
( [t W Q tT(n)0]0 ) 

1 = 2 + r(n )Q J

£11 (n) =  £ [t(n )g tT(n)g]

£12 (n) =  £ [26r(n)g]

Q

2.4.2 MSE

By considering the effects of quantization errors on the error signal, the excess MSE 

due to finite-precision arithmetic can be calculated as

J„(n)r = E  [riin)\ = E  {tr [u(n)uT(n)rj,„(» -  l)r |{ (n  -  1)]} +

=  t r [ R K » ]  +  <  (2.25)

where rjf,(n) is defined in (2.24) and

K"(n) =  E  [,nw(n -  1 )r£(n  -  1)]

In (2.25), it was assumed that £i(n) is a zero-mean white Gaussian noise with variance 

equal to a\x.
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The difference equation that gives r)w{n) can be expressed as a function of instan­

taneous quantization errors, infinite-precision quantities, and rjR(n — 1) as

Tl w ( n )  «

e(n) 
r(n)

4- 9R-1(n — l)u(rc)

R  1(n — l)u (n )u T(n)I _  q i------ ; ■■■  ^
(n)

j  R  r(n — l)u (n )uT(n)

nw(n ~ !)

[*7R(n -  l)«(w) +  £2(n)]r(n)

£4 (n) £i(n) e(n)e3(n)N '
+  —£5 (71) +  t .  sn) (2.26)N  r(n) r 2(n)

Considering that the error sources in (2.26) are uncorrelated uch other and

that the output error after convergence, e(n), can be modeled as a zero-mean white 

noise, (2.25)-(2.26) give

Jtix (t7 4“ l)j, — tr("I j  R. 1(n — l)u (n )uT(n)
r(n) Vw(n ~  x)

x»?w(n- 1)

4-92J(n )tr

j  u(n)ur (w)R 1( n - l )

n)

r(n)

j  R -1(n — l)u (n )uT(n)

X fuT(ra)»?R(rc-l) +  e2(rc)] 

(

I -

r(n)

u(n)uT(n)R _1(n — 1)
r(n) ))

4-q2E
£4(11) £i(n) e(n)£3(n )N K 2

)N  r(n) r 2(n)

X tr { R E  [R -1(n -  l)u (n )uT(n )R -1(n -  1)]}

+  j p ai M R ) +  < tr (R ) +  ^

The above equation can be solved by assuming independence between r(n) and each 

element of u(n)ur (n) taken separately, and by neglecting the second-order terms in
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R R  ~l (n — 1). If we also assume that

J[n)
M 2

and use the approximation in (2.11), then

t / \  M 2a2ecal  +  (M  +  g2)<r2 +  q2M 2a2j N 2 +  q2M 2<rl<T2/ N 2 /nJexWp _ _____ ( '

If, in addition, cr2. =  a2. =  a2, then

^M2^  + Af + , 2 [l + ^ ( l  + <,3'
Je.x{n)i> := <?s ■. ( 2 .28)

9(2 -  q)

Unfortunately, for both methods of evaluation of the quantized version of R " l (n), 

namely, R -1(ti)q, either with variable or constant convergence factor, positive def­

initeness is not guaranteed, as can be shown by using an analysis similar to that 

in [31]. This may result in divergence of the coefficients and a stabilization scheme 

must be incorporated, for example, the one proposed in [31]. This strategy is applica­

ble since rjR has no significant influence on Jex(n)p, as can be seen in (2.27), Another 

solution for preventing divergence of the algorithm relies on an implementation based 

on the QR decomposition. This technique was successfully applied in [40] to the 

variable-convergence-factor LMSN algorithm discussed here, and found to yield very 

good results in finite precision.

2.5 QR-LMSN Algorithm

As an attem pt to prevent divergence caused by the bad numerical properties of the 

matrix inversion lemma used in the variable-convergence-faotor algorithms presented 

in this chapter, a QR-LMSN algorithm can be derived. It is based on algorithm 

II, as it uses a constant convergence factor for the computation of matrix R(n). It 

can be readily verified that algorithm II minimizes an objective function in the form 

of (1.28), except that fj, is time-dependent. More specifically, /x(n) is calculated as 

in (2.8). Since for the QR-LMSN algorithm, the coefficient vector is obtained without 

explicitly evaluating the autocorrelation matrix or its inverse, the derivation of the
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convergence factor must be carried out in a different way. Notice that the upper 

triangular matrix R(n) in the QE-decomposition algorithms is not an estimate of the 

autocorrelation matrix, denoted as R(n) in the previous sections.

From (1.30), it is easy to verify that

G (n)Q (n|n -  l)U (n) =  G (n)

Similarly, from (1.31)

G (n)Q (n|n — l)d(n) =  G(n)

( 1  — a ) jR (n  — 1 )
R(n)

0 —
0

1--- £ % »

(2.29)

( 1  — a ) lp (n  — 1 )

(1  — a)zq(n  — 1 ) 

ctz { 7 (n)d(n) +  [1 — 7 (n)] u r (n)w(n — 1 )}

p(n)

q  '(n) 

Qn(n)

(2.30)

where q'(n) denotes the first (n — M —1) elements of q(n), q„(n) is the last element 

of q(n), and

_  2ix(n)
7  (n)

a

Therefore, from (1.29), (2.29), and (2.30) we have

G(n)

(1 — a ) jR (n  — 1) 

0

02* u T(n)

w(n) =

(1 — a)5p(n  — 1) 0
G(n) 1cr

m
Ic*

'S
'1 — q'(n)

az { 7 (n)d(n) +  [1 -  7 (71)] uT(n)w (n  -  1)} >(«)_



CHAPTER 2. VARIABLE-CONVERGENCE-FACTOR LMSN ALGORITHM  49

or, equivalently,

G

0

q'(n)

9n(n)

(1 — o)2p(77 — 1) (1 — o) = R (ti — 1)

(1 — a)^q(7i — 1) — 0 w (ti)

ah {7(7i)d(7&) +  [1 — 7 (77)] uT(n)w(n  - a 5 u r (77)

Therefore,

ah {7 (n)d(n) +  [1 -  7 (7a)] uT(n)w(n -  1) -  uT(n)w(n)} =  g^(n)

0

q'(n)

9»(w)

where g^(n) is the last row of matrix G 1(n). But from (1.32) we know that 

G ^(n) =  G T(n), since G(n) is orthogonal and, therefore, (n) is of the form

m  "
9ni(n) gn2(n) ••• g„M(n) Qn- M- i  JJc,-g n(n ) =

»=1

where c* is the cosine of the ith Givens rotation as defined in the previous chapter. 

Given the structure of g„(n) described above, we have

0

q'(n) 

_?»(«)_ 

and, consequently,

M

=
i=l

M
as {7 {n)d(n) +  [1 -  7 (71)] ut (ti)w(7i -  1) -  uT(n)w(7i)} =  Ciqn(n) (2,31)

From (2.31), we can obtain a value of 7 (71) without explicitly calculating R ”*1(ti), 

The variable convergence factor n(n) used in algorithm II is such that the a posteriori
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output error is zero, i.e.,

e(n) =  d(n) — ur (n)w(n) =  0  

Therefore, we must force the above relation on (2.31) as well, which gives

M

a$[y(n) -  1 ]e(«) =  JJ Ciqu(n) (2.32)

The difficulty in the equation above is that qu(n) itself depends on 7 (n). But from 

the definition of the Givens rotations Gfc(n) in (1.32) we can readily derive

q,i(n) =  qi(n) + q2(n)

where
M

qi(n) =  J J c ?:Q!2 [7 (n)e(n) +  u T(n)w(n -  1 )]

and

M M
q2(n) = - ( 1  -  a) 2 ^  SiPi(n -  1) J J  cj

j=i+ 1J = 1

with s.i and c; denoting the sines and cosines of the Givens rotations as in (1.32), and 

Pi(n -  1) denoting the zth element of p(n  -  1). Solving (2.32) for 7 (n), we get

, ) _  I l £ i  cM n ) +  o=^uT(n)w(n -  1) n ,^ !  cf +  a h ( n )
a h ( n ) (̂ 1 -  cfj

The introduction of the variable convergence factor in the QR-LMSN algorithm causes 

only a small increase in the computational complexity of the algorithm, although 

the equations are somehow more complex than those of the fixed-convergence-factor 

algorithm. Notice that variable q2(n) can be obtained as a byproduct during the 

computation of p(n), since

(1 — a ) 2 p ( n  — 1)

(1 — a )2 q (n  — 1)

0

Pi(n)

=  G(n)

9i(^)
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and

p 2 (ra)

q'2W
_q2(n)

where

p(n) = p i(n )  + p 2 (n)

q(n) =  qi(n) + q 2 (n)

Therefore, we can first obtain p 2(n) and g2 (n), calculate the value of 7 (n) that yields 

zero a posteriori error according to (2.5), and then use this value to calculate pi(n). 

As opposed to the QR-LMSN algorithm with constant convergence factor, the QR,- 

decomposition version of algorithm II requires that all sines and cosines be stored. 

However, the increase in computational complexity and memory-allocation space is 

only marginal. The benefits brought by the variable convergence factor are well worth 

it, as the experiments described in the next section clearly demonstrate.

As a final note on 7 (rc), from (2.8) and (2.9) it can be easily verified that

. . „ 1 — a
7 (71) =  H  r  >  1

ar(ra)

Therefore, using the result in (2.11) we can obtain

A summary of the variable-convergence-factor QR-LMSN algorithm is given in 

Table 2.1.

2.6 Simulations

In order to verify the usefulness of the algorithms examined and the accuracy of the 

formulas presented in the preceding sections, several simulations have been performed, 

In all of them the adaptive filter was used to identify an unknown system modeled as

G(n)
0

<22 {7 (n )d (n)  -I- [1 -  7 (71)] u t (ti)w(71 — 1)}
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T a b l e  2 .1

V a r i a b l e - C o n v e r g e n c e - F a c t o r  QR-LMSN A l g o r i t h m

Available at time instant n:
u (n)  =  [u(n) u ( n  — 1) • • • u ( n  — M  +  1)]T d(n)  

Initialize:
R(0) = O(m x M)’, p(0) =  0(Mx1j; x =  0(jv/xi); z  =  0; 

n ~  1 , 2 , . . .

{
if (n < =  M ) N  — ra; /*  during exact init. */ 
else N  = M]
x  = a 1/2u (n); q2 = 0; g = 1; 
for (k = 1; k < N; k +  -(-)
{

ci. =  •

Sk ~  v / ( l - a ) R * fc(«-l)+® * ’
for (j  =  k\ j  < N] j  +  +)
{

Rjy(ro) =  Ck(  1 -  a )1/2R <?y(n -  1) +  s kx,j]
=  - s * :( l  -  a ) l l 2R.k j (n  -  1) +  ckXj\

}
Pfc(n) =  cj.(l -  a j ^ p ^ n  _  1) +  Sq2; 
q2 =  - s ( l  -  a ^ p ^ n  -  1) +  cg2;
0 =  0cA,;

}
  lltft+u1/ 2(a2—l ) u r (n )w (n - l)+ « 1/ 2rf(»)

^  a 1/ 2 ( l - f /2)[</(7«)-uT (n)w(n—1)]
z =  a 1/ 2 |Vd(n) +  (1  -  7 ) ur (n)w(n -  1 )] ; 
for (k =  1; k < N\ k +  -f)
{

P k{n) = p k(n) + skz; 
z = ckz\

}
z = z + q2-
for (k =  N\ k > =  1; A:-----)
{

w/t(n) =  pt(n);
for (j = k +  1; j  < =  N] j  +  +) 

wk(n) = w*(n -  1) -  Rjy(n)wy(n); 
wjk(n) = wA:(n)/RA.A.(n);

}
}
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a moving average process, with additional noise present. Both the additive noise and 

the input signal to the unknown system were pseudo-random sequences with normal 

distribution and zero mean.

-28

-29

-30

-31

-32

-33

0 .8 2  0 .8 4  0 .8 6  0 .8 8  0 .9  0 .9 2  0 .9 4  0 .9 6  0 ,98

X

Figure 2.1: Mean-squared error in nonstationary environment (M  =  23),
RLS algorithm: -----
Best Performance of Algorithm I : ----
Worst Performance of Algorithm I: • • <

The first and second experiments compare the mean-squared error of the variable- 

convergence-factor LMSN and the RLS algorithms. The additive noise variance in 

the first experiment was —80 dB and the input-signal variance was 0 dB. Figure 2.1 

shows the ensemble average of the MSE obtained in 100 simulations. Different values 

of the forgetting factor are used for the RLS algorithm. The unknown system was 

a 22nd-order nonstationary system with coefficients modeled as a first-order ARMA 

process with a relaxation time constant of 1,0. The variance of the white noise used as
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■a

0 .8 2  0 .84  0 .8 6  0 .8 8  0 .9  0 .92  0 .9 4  0 .9 6  0 .93

X

Figure 2.2: Mean-squared error in nonstationary environment (M  — 65).
RLS algorithm: -----
Best performance of algorithm I : ----
Worst performance of algorithm I:

input sequence to the first-order ARMA process was —60 dB. The horizontal dashed 

and dotted lines represent the best and the worst performances obtained, respectively, 

with algorithm I for q -  1 and b ranging from 0.6 to 100.0. Figure 2.2 shows the 

results obtained when a 64th-order nonstationary system was to be identified. The 

additive noise and the input-signal noise variance were —30 dB. The variance of the 

sequence used as input for the first-order ARMA process was -1 0  dB. It is easy to 

note from these examples how badly the conventional RLS algorithm performs when 

the value of the forgetting factor is not close to its optimal value, and how difficult it 

is to find an optimal value when the characteristics of the environment are unknown. 

On the other hand, when a variable convergence factor was used without any tuning,



CHAPTER 2. VARIABLE-CONVERGENCE-FACTOR LMSN ALGORITHM  55

very good results were obtained especially for the high-order filter.

The results of other experiments are presented in tables, where the theoretical 

values are compared with those obtained by averaging the results of an ensemble 

consisting of 100 experiments. The performance parameter shown is the excess MSE, 

i.e., the difference between the MSE and the variance of the additive noise.

In the third experiment, an adaptive filter based on algorithm II was used to 

identify a 35th-order nonstationary system with a relaxation time constant of 0.999. 

The system’s time-varying coefficients were modeled as a first-order ARMA process 

and a white-noise sequence of variance —30 dB was used as input. The variance of the 

input signal and additional noise were —30 dB. The measured MSE is compared with 

that predicted by the derived formulas for several values of parameter q. Parameter <v 

was chosen such that time convergence of matrix R._1(n) could be achieved. Table 2.11 

illustrates the results obtained.

T a b l e  2 . I I  

Jcx in  N o n s t a t i o n a r y  E n v i r o n m e n t , dB

Q Misadjustment Lag Total

Eq. (2.18) Simulations Eq. (2.19) Simulations Eq. (2.20) Simulations

0.5 -34.8 -34.4 -27.6 -28.1 -26.9 -27.2

0.6 -33.7 -33.4 -28.1 -28.7 -27.1 -27.4

0.7 -32.7 -32,3 -28.5 -29.5 -27.1 -27.6

0.8 -31.8 -31.4 -28 .7 -29.2 -27.0 -27.2

0.9 -30.9 -30.6 -28.8 -29.8 -26 ,7 -27.1

1,0 -30.0 -29.7 -28.9 -29.8 -26,4 -26.8

1.1 -29.1 -28.8 -28.8 -30.0 -26 .0 -26.4

Table 2,111 shows the results obtained for a fixed-point implementation for differ­

ent values of wordlength and q =  1. The unknown system in this experiment was
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time-invariant of order 20. As can be noted, the simulation results agree with the 

theoretical results as long as a sufficient wordlength is provided to prevent the coef­

ficients from freezing. Table 2.IV shows the results obtained for different values of 

parameter q with a constant wordlength of 9 bits. In order to avoid overflow and 

to simplify the internal scaling, the input-signal variance was made 0 dB and 3 bits 

were used to represent the integer part in internal registers in all the finite-precision 

simulations. The variance of the additional noise used in the simulations shown in 

Tables 2.III and 2.IV is —20 dB. Using this scheme, only the register storing r(n) 

had to be treated separately; its content was shifted 3 bits to the right, i.e., N  = 8. 

Tables 2.II and 2.IV also show very little sensitivity of the algorithms with respect to 

parameter q.

T a b l e  2 . I l l

JKX D u e  t o  F i n i t e  W o r d l e n g t h  f o r  q = 1 , d B

Number of Bits Eq. (2.28) Simulations

6 -20.1 -21.9

7 -26.2 -27.1

8 -32.2 -32.8

9 -38.2 -38.6

12 -56.3 -56.5

Matrix R -1(n)Q was evaluated in double-precision floating-point arithmetic and 

then quantized. This approach prevents divergence. We implicitly assumed that some 

strategy will be used in practice to guarantee the stability of R _1(n)<2 , as discussed 

previously. One such strategy is the implementation of the algorithm in its QR- 

decomposition form. The next experiment was designed to illustrate the increased 

robustness of the variable-convergence-factor QR-LMSN algorithm as compared to 

its conventional form.

In the last experiment, the variable-convergence-factor QR-LMSN algorithm was
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T a b l e  2 . I V

J ex D u e  t o  F i n i t e  W o r d l e n g t h  f o r  9  b i t s ,  d B

7 Eq. (2.28) Simulations

0.5 -37.0 -37.9

0 .6 -37.5 -38.4

0.7 -37.9 -38.6

0 .8 -38.1 -38.7

0.9 -38.2 -38.9

1 .0 -38.2 -38.9

1 ,1 -38.1 -38.8

1 .2 -38 .0 -38.5

1.3 -37 .7 -38.3

1.4 -37.3 -38.0

1.5 -36.8 -37.4

used to identify a 31st-order plant when 16-bit fixed-point arithmetic was used. The 

input-signal variance was —5 dB and the measurement noise variance was —40 dB, 

The coefficients of the plant were normalized such that the total power was equal to 

1. Parameter a  was chosen equal to 0.1 and 7 (n) was scaled down by 2, i.e., shifted 

by one bit. All other quantities were assumed smaller than 1, and eventual overflows 

were treated by saturation. Inner products were quantized after all additions were 

performed. Division by zero was detected prior to occurrence during the calculation 

of the cosines, sines, and 7 (n). In the case of the cosines and sines the denominator 

was calculated again but with and (1 — a)R j:(;(n — 1) shifted up by 8  bits. If the 

denominator was still equal to zero, then the cosine was forced equal to zero and the 

sine equal to 1. This causes 7 (n) =  1. The division by zero during the calculation 

of 7 (71) can only happen when the output error is zero, since it is expected that the 

product of the cosines will never be equal to one, specially after being quantized. In
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the case when e(n) =  0, neither the coefficients of the filter nor R(n) and p (n) were 

adapted. Figure 2.3 shows the smoothed learning-curve for the first 20000 iterations 

of this experiment. Much longer simulations were run without any signs of instability. 

0  1 1 1 1 1--------------1—

.6 0   1  1---------'  1--------------------------— 1  1—
0  3 2 0 0  6 4 0 0  9 6 0 0  1 2 8 0 0  1 6 0 0 0  1 9 2 0 0

samples

Figure 2.3: Learning curve for the variable-convergence-factor QR-LMSN algorithm 
for fixed-point arithmetic.

2.7 Conclusions

As knowledge of the environment where the adaptive filter will be operating is some­

times restricted, variable-convergence-factor algorithms are certainly an interesting 

choice. The two algorithms described and analyzed in this chapter are versions of 

the orthogonalized-projection algorithm that employ different estimates of the input- 

signal autocorrelation matrix, R(n). Algorithm I uses a variable convergence factor 

when estimating R , while algorithm II uses a constant convergence factor. Extensive 

simulations have shown that the two algorithms can perform in most situations as
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well as the RLS algorithm without requiring as much knowledge of the signal statis­

tics. The sensitivity of these algorithms with respect to their parameters is greatly 

reduced by the introduction of this particular convergence factor. The algorithms 

proved themselves especially suited for applications in nonstationary environments 

where algorithms with fixed convergence factors can very easily fail.

The analysis of the algorithms would not be complete without an in-depth inves­

tigation of the effects of quantization on the output error and stability. The formula 

for the excess MSE due to quantization suggests that even with fixed-point arith­

metic, its influence on the overall MSE is not significant. On the other hand, the 

effects of quantization on the estimate of R  for both algorithms is a threat to their 

stability, much in the same way as with the estimate of R  employed by the RLS 

algorithm. A good solution to this problem is the implementation of the algorithm 

via the QR decomposition. Since R -1(n) is not explicitly computed in this case, the 

variable convergence factor had to be incorporated into the algorithm in a different 

way, but still maintaining the robustness and zero a posteriori output error. However, 

the complexity of QR-decomposition algorithms in general and the fact that for non- 

persistently exciting signals all algorithms discussed previously are likely to diverge 

c?ll for a more definite solution. The development of the quasi-Newton algorithm 

presented in the next chapter is a step towards this direction.
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Chapter 3 

Quasi-Newton Algorithm

3.1 Introduction

Though an accredited tool for numerous applications ranging from control of processes 

to telephony, adaptive FIR filters still challenge engineering designers with regards to 

implementation. Among the different properties of the algorithms, robustness when 

short wordlength is used is certainly of the greatest importance. For this reason, 

understanding the effects of quantization on the performance of the algorithms is 

paramount for consolidating their use in practical applications. Such a study must 

take into account situations where the input signal is highly correlated or even non- 

persistently exciting. Simple algorithms, such as the LMS algorithm, are robust in 

most situations, but their convergence is often slow and, therefore, not satisfactory. 

Conversely, the lack of robustness of fast-converging algorithms, such as the RLS and 

Newton-type algorithms, have undoubtedly contributed to hinder their application 

in practice. Moreover, alternative implementations, such as those based on the QR 

decomposition, are highly complex and may require careful attention with respect to 

the scaling of internal variables in order to avoid constant overflow or division by zero 

in fixed-point arithmetic.

The theoretical finite-precision error analysis of adaptation algorithms relies on 

three basic aspects: the identification of single errors introduced by quantization, 

the propagation of the errors in time, <*nd the interaction and accumulation of these
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errors. Due to the nonlinearity and complexity of the equations involved, most of the 

analyses carried out so far focus on specific properties of the algorithms and often 

overlooked important issues regarding stability. For example, it is known that when 

the propagation of a single error is considered, the RLS algorithm is stable provided 

that symmetry is preserved when updating the estimate of the input-signal autocor­

relation matrix, R -1(n), [29] [66] [68]. However, the fundamental assumption made 

when arriving at this conclusion is that R -1(rc) remains bounded and positive defi­

nite. It was demonstrated by Bottomley and Alexander [31] through a comprehensive 

study of the behavior of the RLS algorithm in fixed-point arithmetic that this might 

not be a valid assumption after all, for interaction and accumulation of quantization 

errors can make R -1(n) indefinite. This was found to be true for the LMSN algorithm 

analyzed in the previous chapter as well. Several schemes to stabilize an algorithm 

have been proposed for both fixed-point and floating-point arithmetic, e.g., leakage 

and the QR decomposition. Notwithstanding the importance of the recent contribu­

tions in the area, much can undoubtedly be gained if the algorithm is inherently more 

robust and does not need stabilization countermeasures. It would be highly desirable 

if stability were guaranteed for this algorithm when low-precision arithmetic is used 

and highly correlated or even nonpersistently exciting signals are present.

This chapter is devoted to the development, analysis, and testing of a new quasi- 

Newton (QN) adaptive filtering algorithm [41] [43]. The results show that this al­

gorithm can be successfully applied in several situations where the RLS algorithm, 

or even the QR-RLS algorithm, can easily fail while achieving a similar convergence 

speed. The development of the algorithm is based on the standard rank-one quasi- 

Newton approach, the concept of a posteriori output error, and an exact line search. 

The result is an algorithm that requires no parameter tuning. Theorems demonstrat­

ing the robustness of the algorithm and extensive simulation res Its and comparisons 

with the RLS algorithm in different situations are provided [42].
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3.2 New QN Algorithm
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Although adaptive filtering algorithms are, in general, restricted to relatively simple 

and often rudimentary schemes that operate on-line and entail a minimum amount of 

computation per output sample, comparisons with off-line optimization methods have 

often been made. For instance, the slow convergence of the LMS algorithm has always 

been attributed to the steepest-descent direction used, whereas fast-converging algo­

rithms are associated with Newton-type algorithms. Despite the parallel established, 

it is surprising that no attempt has been made so far to port well known quasi-Newton 

optimization schemes to the adaptive filtering platform. Perhaps the reason relates to 

the widespread use of the LMS algorithm, or to the fact that Newton-type algorithms 

are computational demanding and usually not reliable. However, as applications be­

come more demanding, and speeds and throughputs are increasing due to the rapid 

progress in the design of VLSI hardware, considerable attention has recently been de­

voted to more sophisticated algorithms. One of these algorithms is the QN algorithm 

which, in its most basic form, is as follows [69]:

S tep  1 Compute the direction to update the coefficient vector w(n — 1) as

h(n) =  - R _1(n -  l)g (n  -  1)

where g (n — 1) denotes the gradient evaluated at point w(n — 1) and R (n  — 1) 

is an estimate of the input-signal autocorrelation matrix.

S tep  2 Perform a line search along h(n) and evaluate the convergence factor (or step 

size), fjL(n), and compute

w (n) =  w(n -  1) +  /i(n)h(n)

S tep  3 Update R -1(n —1) and obtain R -1(n) as a better estimate of the input-signal 

autocorrelation matrix.

Initialization of R - l (n) as a positive definite matrix is necessary to ensure that the 

change in w(n) is always a descent direction. Usually R -1(0) =  I is selected, where 

I is the identity matrix.



CHAPTER 3. QUASI-NEWTON ALGORITHM  63

Unlike the usual optimization problem where an objective function is given, in 

the case of adaptive filtering the selection of the objective function will determine the 

algorithm complexity and, therefore, its usefulness. For this reason it is customary 

to choose a function which is as simple as possible and hope that the algorithm will

average out eventual errors. A usual choice is the instantaneous a priori output error

defined as

£(n) =  e2(n)

where e(n) is the output a priori error defined as in (1.7), and the gradient is calculated 

as

g (n -  1) =  —2e(n)u(n) (3.1)

Let us examine steps 2 and 3, starting with step 3. According to [69], one way 

of updating R _1(n — 1) in step 3 such that an arbitrarily chosen R - 1(0) is changed 

into an approximation of the inverse of the exact input-signal autocorrelation matrix, 

R -1, is

<5(n) — R -1(n — l) 7 (n)j jtf(n) — R _1(n — l ^ n ) ! '  

[tf(n) -  R -1(n -  l ) 7 (n)j 7 (71)

(3.2) 

where1

S(n) =  w(n) — w(n — 1 )

and

7 (n) =  g'(n) -  g(n -  1) (3.3)

Notice that in (3.3), g '(n) was used rather than g(n) as in [69]. In the context of

adaptive filters, g(n) as defined in (3.1) is not available during iteration n, since it

^ o r  the sake of consistency with the references, 7(«) was used in (3.2) although it bears 110 

relation w ith 7 (n) =  2fi[n)/a in the variable-convergence-factor QR-LMSN algorithm discusse l in 

the previous chapter.

R _1(n) =  R - ^ n  -  1) +
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would require u (n +  1) and d(n + 1). Instead, g'(n) was used, which is the gradient 

calculated at point w(n), but using u(n) and d(n). Vector g;(n) is defined as

g '(n) = —2e(n)u(n)

where e(n) is the output a posteriori error defined in (1.18). Independently of 

how the gradients are calculated, (3.2) assures that the quasi-Newton condition, 

R 1 (n)y(n) = S(n), is satisfied. This condition distinguishes the QN algorithm 

from any other Newton-type algorithm that employs an estimate of matrix R , e.g., 

the LMS-Newton (LMSN) algorithm or the RLS algorithm.

Now let us examine step 2. As discussed in [25] and [37], an exact line search 

can be performed in the direction given by R _1(n — l)u(n). This is accomplished by 

setting the gradient of e2(n) with respect to /j,(n) to zero, which yields

^ = m  <3-4)
where

r(n ) =  ^ ( n j R - ^ n  — l)u(n)

Notice that fi(n) in (3.4) is the optimum convergence factor in the direction of R _1(n— 

l)u(n), not R -1(n)u(n) as in (2.8). However, both convergence factors are optimum 

in the sense that they yield zero a posteriori error, i.e., e(n) = 0. It is assumed 

hereafter that the input signal is never equal to zero, such that if R -1(n) is positive 

definite for all n > 0, then r(n) > 0. After some manipulation, it is easy to ’/erify 

that (3.2) simplifies to

f t-V ) = ft-(n  -  1) + M„) -  1] * 3 g  ~ y  (" > f7 (" ~ 11 (3.5)
uT(?i)R_1(n -  l)u(n)

The adaptive filtering QN algorithm is summarized as follows: Given u(n) and 

d(n) compute

e(n) =  d(n) -  wT( n -  l)u (n)

t(n) — R _1(n -  l)u(n)
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r(n) =  u T(n)t(n) 

1
H(n) =

2  r(n)

R  x(n) =  R  1(n — 1 ) +  ——] r---t(w )tT(n)
r(n)

6( 71)w(n) = w(n -1 ) + ^ yt(n ) (3.6)

An interesting point to note is that for this particular definition of S(n) and 7  (n), 

the Davidon-Fletcher-Powell (DFP) and Broyden-Fletcher-Goldfarb-Shanno (BFGS) 

formulas [69] can also be adapted to fit the adaptive filtering context, but the resulting 

update formulas for R - 1(n) degenerate in both cases to (3.5). There is no doubt that 

these updating schemes lose much in the translation from the optimization scenario 

to the adaptive filtering scenario, where the gradient used is a poor approximation 

based on instantaneous measurements. However, as will be shown in the following 

sections, the fact that these equations were initially derived to yield good estimates 

of the true autocorrelation matrix and also to keep R - 1(n) positive definite [70], ha3 

a strong effect upon the stability of the newly derived algorithm.

The algorithm outlined above is very general and obviously other choices for cal­

culating the gradient could be made; furthermore, a nonexact line search could be 

employed. For instance, one can argue that by choosing 7 (n) and S(n) differently, a 

rank- 2  formula for updating R _1(n) could be obtained. Although indisputably true, 

it is not at all clear at this point if such a scheme is necessary or even advantageous, 

In the next section the QN algorithm will be analyzed and some of its most important 

properties will be outlined.

3.3 Analysis o f QN Algorithm

As a first step towards the analysis of the algorithm, it is illustrative to derive the 

deterministic objective function minimized. From (3.5) and the matrix-inversion
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lemma [8], it is easy to verify that

R(n) =  R (n  — 1) +  2 [1 — p(n)] u(n)uT(n) (3.7)

which shows that R(n) is a weighted average of the outer product u(n)uT(n) that 

uses time-dependent weights which can assume positive as well as negative values. 

However, the discussions that will follow will show that these weights will never drive 

R(n) outside the bounded positive definite region.

Premultiplying (3.6) by R(n), a system of equations of the form of (1.20) results, 

except that here matrix R(n) and vector p(n) are defined as in (3.7) and

p(n) =  p(n  — 1) +  2 [d(n) — /z(n)uT(n)w(n — 1)] u(n)

respectively. The solution w(n) =  R -1(n)p(n), obtained recursively by the QN 

algorithm, minimizes

~d(i) — n(i)uT (i)w(i — 1)
£(n ) =  I

»=l 1 -  n(i) u T(i)w(n)

+  ^ w T(n)R(0)w(n)

Other Newton-type algorithms share similar deterministic objective functions [24] 

[40], e.g., the LMSN algorithms discussed in the previous chapter. The complicated 

objective function of the QN algorithm bears very little, if any, physical interpre­

tation, which makes it more necessary to show the conditions for convergence and 

unbiasedness of the solution. We will start by demonstrating the positive definiteness 

of matrix R -1(n), which is a key assumption for the rest of the analysis as well as 

one of the most important properties of the algorithm presented.

3.3.1 Positive Definiteness of R-1(n)

The stability of the algorithm relies on the positive definiteness of the estimate of the 

autocorrelation matrix, R -1(n). As was previously discussed, this condition can be 

violated when R -1(n) is estimated as an exponentially weighted average of u (n)uT(n) 

as, e.g., in the RLS and other Newton-type algorithms. However, the QN algorithm
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just derived utilizes an estimated R _1(n) which can remain positive definite even 

for a nonpersistently exciting input signal. The forthcoming analysis will show that 

if the initial R _1(n) is positive definite, the positive definiteness of R -1(n) will be 

maintained indefinitely. For this purpose we need two lemmas and a corollary as 

follows:

i =  1, . . .  ; M  -  1

Lem m a 1. Let

a aT
A =

a diag(oij)

have eigenvalues denoted by A,- arranged such that Ai < A2 <  • • • <  Am- The eigenval­

ues of the matrix diag(a,) separate the eigenvalues of A ,  at least, in the weak sense, 

i.e., A] < a i  <  A2 <  ct2 <  • • • < 1 ^  Ajvf.

Lem m a 2. Let C =  A +  B  with A and B symmetric, and let B be of rank unity 

with a nonzero eigenvalue equal to p. I f  the eigenvalues of A ,  say A;, are those of

A, = , i =  1, . . .  , M  -  1
a a J 

a  diag(a,)

then the eigenvalues of C, say A*, are those of

C i =

and we have

a  +  p  a  

a  diag (a.;)
, * =  1,

AJ -  Ai =  mip

with

0 <  Wj <  1

and

M

Em« = 1is 1
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The proofs of the above lemmas can be found in [73], pp. 94-98. 

A corollary can now be readily obtained from lemmas 1 and 2.

C orollary  1. I f  A and C are matrices with corresponding eigenvalues equal to A; and 

A', and if  H is a rank-one matrix with nonzero eigenvalue equal to p, then C =  A +  B 
implies

Al 5s Â  5: A2 S; Ajj 5 - • • • <  Am <  X'M f° r P > 0,

A| <1 Ai 5s Aj — A2 fs ■ • ’ <  A'M < Am for p <  0

Proof. From lemma 1

Ai 5s 5; A2 ^  0 2  ^  ■ ■ *<  om <  Am

< £*i <  Ao <  a 2 < • • • O t-M  < AM

Therefore,

Ai 5: ^2

A2 <A!,

Am-i 5= A'M

From lemma 2

A; >  A,- for p > 0

A, >  A[ for p < 0

which concludes the proof. ■

The theorem demonstrating the positive definiteness of R - 1(n) reads as follows;

Theorem 1 . Let fir* (n), the estimated inverse of the true autocorrelation matrix of 

order M , be updated according to (3.5). / / R -1(n — 1 ) is symmetric positive definite, 

then R -^ n )  will also be symmetric and positive definite for all n  > 0 .
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Proof. Let R f 1 be an auxiliary matrix defined as

Rj;1 = R_1(n -  1)
u^n^R"1̂  — l)u(n)

Since R-1(n — 1) is positive definite then the smallest eigenvalue of Rr1 is unique, 

equal to 0, and is associated with eigenvector u(n). This can be verified by posmulti- 

plying R f1 by u(n), which gives R^u(n) = 0. The uniqueness of the zero eigenvalue 

is due to the fact that if any other eigenvalue of R f 1 is also zero, according to corol­

lary 1 , matrix R_1(n -  1) would necessarily have at least one eigenvalue equal to 0, 
which contradicts the initial assumption that R”l(n — 1 ) is positive definite. Now, 

since R-1(n) is given by

R -‘M = R r1+ /.w ft' 1(” ~ 1)u-(n)u!,(K)ft~‘(" -1)uI’(n)R“1'(n — l)u(n)

by once again invoking corollary 1 it is easy to verify that the smallest eigenvalue of 

R- 4(n) must be greater than or equal to zero; the equality be’’Tig verified if and only 

if R-1(n — l)u(n) is orthogonal to the null space of RJ"1. However, if this is true, as 

u(n) belongs to the null space of Rj-1, then uT('vi)R"'l(n — l)u(n) = 0, wha.h once 

again contradicts the assumption that R r ^ n  — 1 ) is positive definite. ■

By induction theorem 1 can be extended up from n  =  1, which proves that if

R-^O) > 0, then R“1(n) > 0 for all n > 0.
From (3.7) it is not difficult to perceive that the influence of the initial state

of R_1(n) throughout time is enduring, as opposed to the more temporary effect 

observed in the RLS algorithm, for example. This is certainly part of the reason 

why the algorithm can operate safely for highly correlated input signals, Even in the 

event where the input-signal vector does not excite all the M  possible directions, the 

presence of the initial state assures that R-1(n) is not singular.

Below we show that the boundedness of R”l(n) is also automatically guaranteed.

Theorem 2. The estimated inverse of the autocorrelation matrix, R '(n), riven by 

(3.5) is always bounded, provided that the input signal is bounded,
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Proof. If we premultiply (3.5) by uT(n) and posmultiply it by u(n), we haw

uT(n)R - 1(n)u(ra) =  |  (3.8)

Therefore, at least for persistently exciting input signals, (3.8) guarantees that R - 1(n) 

is bounded. For a nonpersistently exciting input signal, the only potentially hazardous 

situation would arise if R _1(n) grows large without bound in a direction which does 

not belong to the set {u(n), n — 1, 2, . . .} . However, a quick look at (3.5) shows that 

contributions to R"'1(ra) are of the form of outer products of vectors R -1(z — l)u(z), 

i 6  {1, . . .  , n}, which are never orthogonal to u(z) ^  0 because R -1(z — 1 ) is 

guaranteed to be positive definite. ■

3.3.2 Stability

Some previous analyses of adaptation algorithms have established the convergence 

of the coefficients to their optimal values in the mean [8 ]. In general, these anal­

yses concentrate on a system of equations describing the average dynamics of the 

coefficient-error vector, and proving that this system is asymptotically stable. In 

other words, for the vector v(n) defined as

v(n) =  w(n) -  w„

a difference equation of the form

2?[v(n)] & -  1)] (3.9)

can be obtained. Usually, global asymptotic convergence of the parameters is guar­

anteed if and only if F[A(n)] is time-invariant and its eigenvalues are strictly inside 

the unity circle. However, for projection algorithms strong independence assump­

tions have to be made to support a linear time-invariant description of the system 

such as in (3.9). This difficulty can be circumvented by stating the conditions for 

convergence with probability 1 of the system describing v(n), not the one describing 

E’[v(n)], Besides, this approach allows us to demonstrate the stability of the algo­

rithm even when the input signal is not persistently exciting. Similar criteria have
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been used to demonstrate the stability of other projection algorithms, such as the 

normalized LMS algorithm [74] and the orthogonalized projection algorithm [24], 

Below a number of properties of the QN algorithm that relate to stability are 

examined. First, let us assume that the optimal solution to the estimation problem 

at hand is such that the desired signal, d(n), can be exactly modeled as

d{n) =  w ju (n )

where w D is a vector whose M  elements are the optimal coefficients. For this model, 

an autonomous representation can be easily obtained for v(n) as

v(n) =
R  1(n — l)u (n )uT(n) 
u r (n)R -1(n — l)u(n)

v(n — 1 )

=  T ( n ) v ( n  -  1) (3,10)

P ro p e r ty  1 . The state at iteration n, denoted as v(n), is orthogonal to the input 

signal vector, i.e., u(n) _L v(n).

P ro p e r ty  2. / / R “1(n — 1) is a positive definite matrix, then the states remain un­

altered from iteration (n — 1 ) to iteration n, i.e.,

v(n) =  T (n)v(n  — 1 ) =  v(n -  1)

i f  and only i f \ ( n  — 1 ) and u(n) are orthogonal.

P ro p e r ty  3. I f  the state \ ( n  — 1) is proportional to the vector R _1(n — l)u (n ), then 

the Euclidean norm of the state at instant n is zero, i.e., i f \ ( n —1) ~  R “ l (n —l)ii(n) 

then, ||v(rz)||| =  0 .

The proofs of the above properties follow from (3.10).

From property 3, we can verify that matrix T(n) has (M  — 1) eigenvalues equal

to 1 , and one eigenvalue equal to 0  associated with eigenvector R ~ 1( n — l)u(n). The

eigenvectors associated with the M  — 1 eigenvalues equal to 1 lie in the (M  — 1)- 

dimensional subspace which is orthogonal to vector u(n). Although these interesting 

properties of T(n) are known, it is difficult to show that ||T (n ) | |2  < 1 ot, equivalently,
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that ||v(n) | |2  < ||v(n — l ) | j | ,  which would guarantee the stability of the linear time- 

dependent system (3.1QJ. Nonetheless, it is possible to guarantee the stability of

(3.10) and, consequently, of the QN algorithm based on the stability of an equivalent

system. For this purpose we need to extend to discrete systems a very important 

result presented by Lyapunov for linear continuous time-dependent systems [75] [76]. 

The proof is trivial and is omitted.

Lem m a 3 (L yapunov). Let the state-space realization of a linear time-dependent 

system % be described by

x(n  + 1) = A(n)x(n) + B(n)u(n)

y(n) — C (n)x(n) +  D(n)u(n) 

and le tP (n ) denote a Lyapunov transformation, i.e., P(,i) satisfies

1. P(n) and P-1(n), n  >  no, are bounded and

2. there exists a constant k such thatO < k < |det[P(ra)]|,

which relates % with an equivalent system % (in the sense of Lyapunov), i.e., 

x(n  +  1) = P "J(n + l)A(n)P(n)x(ra) + P- i(n +  l)B(n)u(n)

y(n) =  C(n)P(n)x(n) + D(n)u(n) 

where x(n) = P(n)x(n). I f  the solution of system x  is stable, asymptotically stable 

or unstable, then the solution of system x  has the same property.

In the light of this result, we can define a new system which is equivalent (in the 

sense of Lyapunov) to (3.10) as

v(n) = R1(/2(n -  l)v(n) (3.11)

where R (n  — 1) =  R T//2(n — l)R 1/2(^ _  1 ), for . hich stability can be proved more 

easily, as stated in theorem 3.

T heo rem  3. The solution of (3.10) and, consequently, the QN algorithm is stable. 

Furthermore, if  the input signal is persistently exciting, then the solution of (3.10) 

and, consequently, the QN algorithm is asymptotically stable.
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Proof. From theorems 1 and 2 it is easy to verify that R _1(n) and R(n) are Lyapunov 

transformations. We can obtain R - 1/2 (n) and R 1' 2^ )  which are also Lyapunov 

transformations through, for example, an LDLT decomposition. Using (3.10) and

(3.11), we have

|| v(77.)||| =  vT(n)R/r /2(n — lJR 1/2^  — l)v(n)

=  v T(n)R(n — l)v(ra)

=  vT(n — l)T T(n)R(n — l)T (n)v(n  — 1)

However,

T T(n)R(n -  l)T (n) =
u(n)uT(n)R  1(n — 1) 

r(n)

=  R (n — 1 ) - 

=  R (n — 1) ~

u(n)ur (n)"
r(n) _ 

u(n)uT(n)

R (n  -  l)T (n) 

T  (n)

r(n)

Therefore,

||v(n ) | |2  =  vT(n -  l)R (n  -  l)v (n  -  1) 

From (3.7) and (3.12) we have

vr (n — l)u (n )u T(n)v(n — 1) 
r(n)

(3.12)

|v (n ) ||2 =  vT(n — 1 ) | r  (n — 2 ) + 2 -

r(n  —1 )_

v T(n — l)u (n )uT(n)v(n — 1 ) 
r(n)

=  v T(n -  l)R (n  -  2)v(n -  1)

1

u(n — l)u 3 (n — l) jv (n  — 1 )

+ r ( n - l ) .

v T(n — l)u (n )uT(n)v(n — 1 ) 
r(n)

\ T{n — l)u (n  -  l)u 7’(n — l)v (n  -  1 )
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From property 1, we know that v T(n — l)u(n  — 1) =  0 and, therefore,

I I - /  MI2 T/ n\ / \ vT(n -  l)u (n )u 7’(n)v(n -  1)l|v(n)||! =  v (to -  l)R (n  -  2)v(n -  1 )  v  K > *■-! vT[n)

=  H „ - l ) | | 2 _ v > - l K ^ W v ( n - l )  (313)

Consequently,

ll?(*)lll <  ||v(n — 1 )Hi

which concludes the stability part of the proof.

As for the asymptotic stability part, from (3.13) we conclude that |Jv(n) | |2  will 

remain constant during an interval [rii, n2] if and only if v(n — 1 ) and u(ra) are 

orthogonal for all n  G [nlt n2]. However, from property 2 we know that if v(n — 1) and 

u(n) are orthogonal, then v(to) =  v ( n - l ) .  Therefore, ||v(n2) ||| =  ||v(ni)||^ if and only 

if v(ni) =  v(n i +  1) =  • ■ • =  v(n2) =  v. However, if the input signal is persistently 

exciting, we can define an infinite number of sets Si =  { u (n i,) ,... , u(n2;)} with 

M  < (n2i — nu) < M ', such that each set S{ completely spans E M for some finite 

value of M ' > 0. This makes it impossible to have v orthogonal to all u (n) G Si, and, 

as a consequence, ||v(n2j) ||| <  ||v (n i,)|||. In addition, as the number of sets is infinite, 

||v (n)||| — > 0  for n  — y 00 , which concludes the second part of the proof. ■

3.3.3 Role of r(n) and R-1(n)

In the previous sections, the behavior of the QN algorithm was studied without 

making any assumptions regarding matrix R - 1(n), except that it is initialized with a 

positive definite matrix and very little has been said about the quality of R,- 1 (n) as 

an estimator. Although for most off-line optimization problems the estimated matrix 

R - 1(n) given by the QN algorithm is very close or equal to its true value R r 1, the 

same cannot be said when porting this algorithm to the adaptive filtering platform. 

It turns out that robustness is gained at the price of having a  poorer estimate of R _1.

Unlike the estimated autocorrelation matrix used in the RLS algorithm, which is 

an exponentially weighted average of outer products of u(n)uT(n), in the case of the
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QN algorithm the weights can assume positive as well as negative values and they 

depend on R -1(n — 1). For this reason, very little information can be extracted from 

(3.7) or (3.5) for a general input signal.

Parameter r(n ) is of significant importance to the QN algorithm since it provides 

the means to automatically regulate both the estimates of w and R -1. In (3.4) the 

convergence factor, >u(rt), uses r(n) as a normalization factor to yield zero a posteriori 

error. Furthermore, r(n) is a good indicator of the positive definiteness of R “J(n) [31], 

as it is likely to assume a negative value when R - 1(n) is no longer positive definite. 

This section discusses how important this parameter is to the QN algorithm through 

a more qualitative analysis.

Although theorem 1 suffices to ascertain the positive definiteness of R r^ n )  for the 

QN algorithm, a simple comparison between (3.5) and (1.26) provides a heuristic but 

illustrative additional argument. Let us define <p as an auxiliary variable representing 

the scalar gain applied to the rank-one matrices that will be added to R ~l (n — 1 ) in 

order to form the updated R - 1(n) for both the RLS and QN algorithms. In other 

words, let

1
(pRLS =  

—

A +  r(n) 

1 — 2  r(n)
2  r 2(n) 

where

R _1(n) =  i  | R _1(n - 1 )  +  ~  l)u (n )u r (n)R/ 1(n -  I) j

and

RT^to) =  RTl (n -  1) +  (f)QNR ~ l (n -  l)u (n )uT(n)R ”1(n -  1 )

for the RLS and QN algorithms, respectively. Assuming that r(n ) is in fact a good 

indicator of the positive definiteness of R ^ n ) ,  a plot of ip x r(n ) would show how 

the two algorithms behafve as r(n)— > 0. Fig. 3.1 shows that the RLS algorithm will 

continuoudy subtract a rank-one matrix from R T ^n  -  1 ), even for arbitrarily small
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positive values of r(n ), as it attempts to estimate R -1. A similar conclusion would 

have been obtained if the estimate of R - 1  used by the LMSN algorithm were used 

instead. On the other hand, the QN algorithm will at some point detect that r(n) 

is small and will start adding rank-one matrices, which, according to corollary 1 , can 

impro\e the conditioning of R - 1(n). In other words, the QN algorithm uses r(n) as 

an indicator of the conditioning of R - 1(n) to preserve its positive definiteness.

5

4

3

2

0

-1

•2
0 0,2 0.4 0,6 0.8 1.2 1.4 1.6 1,8 2

x

Figure 3.1: Evolution of 4>QN X t ,
^ qn : —
<!)r l s  for A =  0.95 : —

In order to further study the behavior and evolution of matrix R - 1(n) and param­

eter r(n ), we propose a very simplified model to represent the input signal. A similar 

model has been employed by Kubin [77] [78] and by Slock [19] when analyzing the 

normalized LMS algorithm, and excellent results have been obtained. It provides an 

easy way to gain insight into the properties of the algorithm which would otherwise be 

hidden in complex nonlinear equations. Let us suppose that the input-signal vectors
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lie on only M  orthogonal directions, say for M  = 4, {Ui, U2, Z-/3 , M|}, out of the 

possible M  directions, where M  < M. Let us also assume that j|Zy, ||| =  1 and that 

the input-signal vector is represented as

u  (n) = ±rnUi

where i e  {1, . . .  , M}, such that ||u (n)||| =  r 2 (n). For simplicity, wc assume that 

each direction is equally likely to occur with probability p =  1/M .

Let R _1(0) =  I and u (l) =  ±?'(l)W,- be the hypothetical input-signal vector at 

instant n =  1. The estimate of the input-signal autocorrelation matrix at this instant 

is

where i £ {1 , , , .  , 4} for M  =  4, and r ( l)  =  r 2 (l) with probability p = 1 . At time 

instant n = 2 , the input signal can either lie in the direction of u (l) or be orthogonal

to it. Matrix R ~ 1(2) will, therefore, fall into one of the two possibilities

i 6  {1, . . .  , 4} 

p -  1/4

and
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At time instant n =  3, we have, for i, j, k G {1, . . .  , 4},

R  (3) =

p =  1/16

p — 3/16

- 1  )UjUT, p =  3/16

~  l )  Wy&f, p =  3/16

l )  UjUj 4- ^2,.2 (3) - i ) w hT,

**3 II CO oo

and

r( 3) =  <

r 2( 3), p =  9/16

r 2 (3)/2r2 (l), p =  3/16

r 2 (3)/2r2(2), p =  1/4

Similarly, for n >  3, a general formula for r(n) for an arbitrary number of possible 

directions can be obtained as

r2(n)< v =s
r(n)

I 0 . i r ^ l 4 \  i  C . 1 1 n _ l \  «  — __
M

r 2 (n )/2 r 2 (i), t 6  {1 , . . .  , n -  1 }, p =  £  •

where M  < M  is the number of possible directions. This formula enables a very 

good examination of the typical behavior of parameter r(n) even for general signals, 

Initially r(n) must be small, assuming u(n) -  0  for n <  0 , As the input-signal 

vector is filled, r(n ) becomes larger as either r2(n) or f a(ra)/2 r 2 (z) is large with a high 

probability. As time progresses, the highest probability will be that r(n) will be a 

ratio between norms of two input-signal vectors which are not far apart in time, the 

mean value of r(n) being roughly 1/2, The greater the order of the filter, the closer 

these norms must be, yielding smaller fluctuations around the mean.
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As the number of iterations increases, the model suggests that the effect of the ini­

tial value R _1(0) is enduring, being modified only for certain directions. This partially 

explains the selective memory sometimes attributed to this class of algorithms [78], 

and illustrates why R _1(n) can remain positive definite even for nonpersistent exci­

tations.

3.3.4 Excess Mean-Squared Error

We now examine the mean-squared output error (MSE), which in the final analysis 

dictates how well the algorithm performs after the initial convergence. In general, the 

study of MSE is concerned with the contributions made by uncorrelated measurement 

noise added to the desired response, nonstationarity in the coefficients of the unknown 

plant, and quantization of internal variables of the algorithm. Usually the effects of 

quantization can be considered sufficiently small [25] whereas additive measurement 

noise and nonstationarities can increase considerably and manifest themselves at the 

output as excess MSE. Conventionally, the excess MSE is used together with the 

speed of convergence to classify and compare algorithms.

As far as the QN algorithm is concerned, the expressions for the excess MSE due 

to additive noise or nonstationarity do not differ from those obtained for the LMSN 

algorithms with variable convergence factor discussed in the previous chapter. The 

algorithms have the same updating equation for the coefficients, for they follow an 

approximated Newton direction and they employ an exact line search. The difference 

resides in the way the inverse of the autocorrelation matrix is estimated. Therefore, 

if the coefficients of the unknown plant change according to

w 0(n) =t w„(n -  1) +  u(n) (3.14)

the total excess MSE for the QN algorithm is given by

Jex(n) =  Jimm +  a la lM 2 (3.3 5)

where </,„*„ is the nwnimum mean-sqaared error present even if the coefficient* of the

adaptive filter were set as w0(n)t a \  is the variance of the input signal, and rr* is the

variance of the elements of v(n),
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For the LMSN algorithms discussed in the previous chapter, the estimation of 

R - 1  is sufficiently accurate so that E [R R - 1(n)] =  I could be considered a reason­

able approximation. However, as was noted before, instability is a real threat for 

these algorithms. Conversely, the QN algorithm guarantees stability by employing 

an estimate of the autocorrelation matrix that can, in some cases, be a very poor 

approximation for R . As a consequence, these formulas can differ from the results 

obtained in simulations but, as will be shown in the next section, the discrepancies 

are not of great relevance.

3.4 Simulations

In the series of experiments to be described, the adaptive filters tested were used to 

identify an unknown system which, unless otherwise stated, was a 36th-order lowpass 

FIR filter with cutoff frequency equal to 0.3 <j „ and coefficients normalized such that 

the total power was equal to 1, and 32-bit floating-point arithmetic was employed. 

The code for both the RLS and QN algorithms enforced symmetry in matrix R - 1(n) 

as this is a basic assumption used throughout the analysis.

The QN algorithm has also been successfully tested in a decis on-feedbatk appli­

cation showing excellent bit-error rates and speed of convergence [7 9 ].

Example 1:

In the first example the input signal was a sinusoid of amplitude equal to 1 and 

frequency equal to l/16 th  of the sampling frequency embedded in noise. The noise had 

zero mean and variance 0 ,1 , and was correlated by an llth-order lowpass channel with 

cutoff frequency equal to 0.5 cu„, Measurement noise of zero mean and variance 1 ()~ 8 

was added to the desired response. Fig. 3,2 shows a comparison of the performance 

of the QN and RLS algorithms for the case where A =  0.9. As can be seen, the 

RLS algorithm diverged while the QN algorithm remained stable throughout the 

experiment: This example illustrates the fast convergence and excellent robustness 

of the QN algorithm.

Fig, 3.3 shows a similar scenario where all the characteristics described above are
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Figure 3.2: Learning curves for a stationary environment.
QN algorithm :-----
ELS algorithm with A =  0.9 : ----

maintained, except that the plant coefficients fluctuated around their values according 

to a first-order ARMA process. The variance of the noise was 10' °. Here again the 

QN algorithm performed favorably when compared to the RLS algorithm since the 

latter diverged.

Simulations for other values of A for the RLS algorithm were also performed for 

the stationary and nonstationary scenarios and the algorithm invariably diverged. 

Example 2:

This experiment was designed to illustrate the behavior and effect of parameter r(n) 

for different input signals. Fig. 3,4 shows a plot of r(n) for the case where the input 

signal was a sinusoid of amplitude 1 0  and frequency equal to of the sampling

frequency and the case where the input signal was a white Gaussian noise, It can be 

verified that when the signal was a sinusoid after few iterations r(n ) becomes equal

83
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Figure 3.3: Learning curves for a nonstationary environment.
QN algorithm: ——
RLS algorithm with X =  0.9 : ----

to 0.5 which causes the adaptation of R - 1 (n) to stop. For the white noise case, a 

behavior very close to what was described previously for the simplified model was 

obtained. Parameter r(n) became large at first, but assumed a mean value of 0.5 

after few iterations. This clearly shows that the model described in section 4.3 is a 

powerful analysis tool.

Example 3:

The third example illustrates the performance of the QN and RLS algorithms when 

16-bit fixed-point arithmetic with 2’s-complement representation is employed. Here 

the input signal was a zero-mean white Gaussian noise with variance 0.1 correlated by 

a llth-order lowpass FIR filter with cutoff frequency equal to 0 . 5  w*. Measurement 

noise in this case was a zero-mean noise signal with variance 10“3, No scaling or res­

cuing procedures were used and overflow was treated by saturating the register. The
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Figure 3.4; Evolution of r(n).
Sinusoidal input signal; — ~
White Gaussian nois'":

only modification introduced in the rode of the QN algorithm was the initialization 

of R -  1(n) as 0.51 and the detection of a zero value for r(vr). This could arise when 

r(n) was smaller than the precision used, and in this case r(n ) was .nade equal to 

the smallest machine representable number. It can be seen in Fig. 3.5 that the RL.S 

algorithm diverged, as expected, while the QN algorithm remained stable. Longer 

simulations employing the QN algorithm were also carried out without any sign of 

instability. As for the RLS algorithm divergence occurred for all values of X used. 

Example 4>

The fourth example used the same scenario as in example 3, except that the QN algo­

rithm was tested in fixed-point arithmetic with different number of bits, ranging from 

1 2  to 20, and there was no additive noise. To further stress the excellent robustness 

properties of the QN algorithm, Fig. 3.6 shows smoothed learning curves for the first
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Figure 3.5: Learning curves for fixed-point arithmetic.
QN algorithm :-----
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100,000 iterations. No signs of instability were detected.

Example 5:

The fifth and last example was designed to verify the formulas provided for the excess 

MSE for the QN algorithm against different system orders. The input signal was 

white Gaussian noise with zero mean and variance 0.1. In order to test the formula 

for stationary systems, measurement noise of variance 1 0 ” 4 was added to the desired 

response. For nonstationary systems, no additive noise was used, but the coefficients 

of the plant were modified according to (3.14) with noise variance equal to 10“3. The 

results are presented in Table 3.1 which shows the outcome of an ensemble of 50 runs.
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3.5 Conclusions

The demand for adaptive filters that can perform reliably and converge fast even for 

highly correlated signals is increasing rapidly. As an attempt to provide adaptation 

algorithms with such qualities, several solutions have been proposed in the past which 

either improve the convergence speed of gradient-type algorithms or the robustness of 

Newton-type algorithms, most notably the RLS algorithm. However, these schemes 

are, in general, designed for a particular application or are cumbersome to imple­

ment. For instance, QR-decomposition-based algorithms present reasonably good 

performance with respect to robustness even for fixed-point arithmetic, but at the 

expense of complex and recursive equations that may require careful scaling. In this 

chapter, a new QN adaptive filtering algorithm was introduced as a possible alterna-
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T a b l e  3 .1

E x c e s s  MSE f o r  t h e  QN A l g o r i t h m , d B

Stationary Nonstationary

Order, M  Simulation Eq. (3.15) Simulation Eq. (3.15) 

31 -39.52 -40.00 -8 .42 -10.17

63 -39.80 -40.00 -2.31 -4.01

tive to RLS and LMS-Newton algorithms when fast convergence is necessary. The 

algorithm is based on fairly known classical optimization techniques, but resembles 

the LMS-Newton algorithm with variable convergence factor discussed in the previous 

chapter. An essential feature of the algorithm is that it employs an estimate of the 

inverse autocorrelation matrix R _1(n) which remains positive definite and bounded 

for a bounded input signal; in addition, the requirement of persistent excitation can 

be relaxed. Since the positive definiteness of R - 1(n) is a necessary condition for 

stability of adaptation algorithms, the QN algorithm presented can operate in appli­

cations where other Newton-type algorithms as well as the RLS algorithm are likely 

to diverge.

The behavior and effect of important internal variables has been studied through 

a simplified model for the input signal, and simulations have shown that most of the 

conclusions can be extended to more general and practical signals. The algorithm does 

not require special rescuing procedures and a proof of internal stability was provided. 

The algorithm requires very little interference from the designer since no parameters 

need to be adjusted, and stability is guaranteed without bias. Furthermore, the 

algorithm was found to perform reliably with no scaling at all, provided that the 

desired and input signals are scaled to fit the processor’s dynamic range.

Simulations for different and highly correlated input signals were carried out where 

floating as well as fixed-point arithmetic was employed, and in all of them the QN 

algorithm remained stable.
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Chapter 4 

Fast LMSN Algorithm

4.1 Introduction

The issues of computational complexity and robustness of adaptation algorithms are 

of great importance and have received, as a consequence, considerable attention in 

the recent past. In the previous chapters, algorithms were developed, analyzed, and 

tested, and their robustness was verified in several situations. In this chapter, more 

efficient implementations of these algorithms will be discussed.

4.2 Fast LMSN Algorithm

The family of fast algorithms rely on an efficient method for the solution of (1.20), 

namely,

R(n)w (n) =  p(n)

The conventional LMSN and RLS algorithms exploit the recursive nature of the up­

dating formula for R (n) and p(n) in order to obtain a solution with complexity 

0 (M 2). However, the number of multiplications can be further reduced by updating 

the gain vector, which is defined as

k ( n )  =  R _1(n)u(n)
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instead of updating R  1(n) [34]. The approach used here is algebraic as opposed to

the geometric approach used in [32], [80].

The algorithm referred to as fast LMSN algorithm hereafter is, in fact, an im­

plementation of the algorithm II discussed in chapter 2 which has a computational 

complexity of O (M ) [44].

Before we go deeper into the algebraic details, we discuss the principle behind 

the equations. Let us define an cxtended-in-order autocorrelation matrix analogous 

to (1.16) as

«

i=l

where fhe extended-in-order input vector is defined as

u M+1(n) =  [«(n) u(n  — 1) • • • u(n  — M))

and the initial value R m+i (0) has been dropped. It is easy to verify that R m-i-i (^) 

can be partitioned either as

(4.1)

or

(4.2)

and its inverse can be obtained either as

f t - 1  (to) 0  8,(n)sLT(n)

0T 0  +
(4.3)

or
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where

a (n) =

c(n) =

-R  1(n)9b(n) 

1

—R  1(n — 1 )Of(n — 1 )

n

V b{n) =  ^  a ( l  -  a)n~lu2{i -  M)
i-i

v A n) =  5 3  a (! ”  a )”_,u2(*)
issl
7i

#fc(n) =  ^ 3  ~  a )n~%u(i' ~  ^ )u ( i )
i = i

9 f(n  — 1 ) =  5 3  a ( l  — a )n xu(i)u(i — 1 )

(4.5)

(4.6;

(4.7)

(4.8)

(4.9) 

(4.10)
7 =  1

The possibility of partitioning the extended-in-order autocorrelation matrix either 

as (4.1) or (4.2) and, consequently, its inverse either as (4.3) or (4.4) is key to the 

development of the fast algorithms. As it will soon become clear, by calculating the 

extended-in-order Kalman-gain vector

k(n) =  R _1(n)u(n)

using (4.3) and (4.4), a recursive formula for updating k(n) is obtained. But before 

we discuss the details involved in updating k(n), let us clarify the meaning of the 

variables in (4.5)-(4.10).

The subscripts 6 and /  in(4.5)-(4.10) denote backward and forward, respectively, 

as these quantities have a meaningful interpretation in the backward and forward 

linear predictors. By comparing (4.5)-(4.10) with (1.20)-(1.22), it is easy to verify 

that a(n) and c(n) are backward and forward prediction-error vectors, while 9b(n) 

and 9 f(n —1) are the crosscorrelation vectors for the backward and forward predictors. 

Notice that at instant i the desired signal and input-signal vector for the backward 

predictor are u ( i - M )  and u(i), respectively. Similarly, for the forward predictor the
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desired signal and input-signal vector are u(i) and u (i — 1 ), respectively. By analogy 

with (1.19), we realize that the objective functions minimized by these predictors are 

«
£b(n) = ^ 2  “ (1 “  a )"_' N * “  M ) ~  uT(i)w,,(n) ] 2 (4.11)

1 = 1

and

£ f ( n ) = J 2 a (1 ~  a )n-i [«(*) -  uT(* -  1 )w /(n)]2 (4.12)
1 =  1

respectively. The vectors w b(n) and wy(n) that yield minimum £i,(n) and £/(n) 

are the negatives of the upper and lower partitions of vectors a(n) and c(n) defined 

in (4.5) and (4.6), i.e.,

wh(n) = R ~ 1(n)0b(n) (4.13)

W /(n ) =  R _1(n  -  1)0f(n -  1) (4.14)

The minimum values achieved by £b(n) and £f(n) are, therefore,

£b,mi,i(n) = Vh(n) -  0jf( n ) (4.15)

and

£,f,min{n) =  ?>/(«) -  0 /(n  -  l )R _1(n -  l)0 /(n  -  1 ) (4.16)

It is interesting to notice that W/,(n) and w f(n) are ELS-like solutions, since (4,11) 

and (4.12) are scaled versions of the classical weighted RLS-algorithm objective func­

tion. More specifically, (4.11) and (4.12) are of the form of (1.28) with 2/i =  a, which 

is the condition for equivalence between the ELS and LMSN algorithms.
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4.2.1 The Algorithm

Since W/,(n) and w /( n )  minimize the backward and forward objective functions, we 

can define the a priori and a posteriori output errors related to the predictors as

efc(w) =  u ( n  — M ) — u T(n)w f,(n  — 1 )

=  u(n — M ) — uT (n)wb(n)

e /(n )  =  u(n )  — u  T (n — l ) w / ( n  — 1)

€ /(n ) =  u(n )  — u  T {n — l ) w / ( n )  

and obtain the updating expressions from (1.14) with 2p =  a , as 

w,,(ra) =  W/,(n -  1 ) +  aei , (n)k(n)

Wf ( n )  =  W /(n  -  1 ) +  a e f ( n ) k ( n  -  1 )

The backward and forward predictors are important tools for deriving an efficient 

scheme for updating the Kalman-gain vector. 3y  premultiplying the extended input 

vector Ujif-fi(n ) by R jj/+1(n) as in (4.3), we have

k (n )

0

Equivalently, by premultiplying u M+i(n) by R ^ +1(n) as in (4.4), we get

0

k(ra — 1 )

The relation between k (n  -  1) and k (n ) is obtained by comparing (4.23) and (4.24), 

which can be rewritten in terms of the backward and forward predictors as

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

kM+i(n) - + u(n~M)-0I(n)& Hn)n(n) 
Vb{n)-e${n)R-i{n)eb{n) [ 1

(4.23)

k M + i ( n )
«(>»)-0 ? (n -l)R -‘(> .-l)u (n -l)

- ! ) * . - > ( « - I  ) # / « - ! )  '  '

kji/+i(n)
k(n)

0
+ etjn)

£b,min(n )

-Wfc(n)

1
(4.25)

and

0

k(n — 1 )
+

1

-w  f(n) (4.26)
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In order to obtain recursive relations for all the variables, we can express £/,lW,„ (n) 

and £/,m,„(n) as functions of £b,,nin(n ~  1) and £/,mm(n — 1 ), respectively. Prom (4 .7 ), 

(4.9), and (4.15), we have

£b,min(n) =  ^ 2  ~  tt)" “  M) -  V ]  a (̂ - ~  a )U M 7’ ~  M )uT(i)w(,(?l)
»=l i=i

= (1 -  a)T>h(n -  1) +  au2(n -  M ) -  (1 -  a )0 l(n -  l)w fc(n)

— au(n — M )uT(n)Wfc(n)

By combining (4.13), (4.21), and (4.27), we obtain

£b,min(n) =  (1 -  a)£/v„j„(n -  1) +  au2(n -  M) -  a (l -  a)e/,(n)0jf(n -  l)k(n)

— au(n — M ) ut (n)Wfr(n)

=  (1 -  a)£b,mm(n -  1) +  at»(n -  M)et,(n)

— a ( l  — a)eb(n)0l(n — l)k(n)

Now from (4.13) and (1.15), we have

a (l -  a)eh(n)0f (n -  l)k(n) =  a ( l -  a)eh(n)wjf(n -  l)R (n -  l)k(n)

n

(4.27)

=  aeb(n) [l — a u T(n)k(n)] w%(n — l)u (n)

Furthermore, from (4.18) and (4.21) we can obtain the relation 

ef,(n) =  u(n — M ) — uT(n) [wj,(n — 1) +  o.ei,(n)k(n)]

= eb(n)>p(n)

where

tf>(n) =  1 — cmT(n)k(n)
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Therefore,

£ b ,in in (P 1') =  (1  o fy £ b ,m ir i( j l  1 ) 4" Oe^(?l)£7, ( 72) (4.28)

Similarly, for the forward predictor

£f,miu(jA) — (1 ct)£fpnin(n  1)4" OL&f (71)e/ (n) (4.29)

where

€/(n) -- ij>(n — l)e/(n)

The bridge between ij>(n — 1) and tf}{n) is also based on the extended vectors. If 

we let

V'M-n(n) =  1 -  o:u^+1(n)kM+i(n) 

we can show, by using (4.25) and (4.28), that

V'm+iO'O =  1 — anT(n)k(n) -  | ^ n _  ^  _  uT(n)wf,(w)]

V>(n) -

£ b,rniii ( j l )

a e b ( n )

£ b ,m in

=  V»(n) 1 _  aefr(wK (rc)'
£ b ,iilin  (w )

_  ( 1  -  oi)ip(n)£b<mi„(n -  1 )
   (4-30>

Similarly, by using (4.26) and (4.29), we can show that

* , « ( » )  =  .t 1  -  - 1) ( 4  31)
Z,f,mhiyb)

Furthermore, ei,(n) does not need to be explicitly calculated once the last element 

of kM+i(n) is available from (4.25). Therefore,

/ \  __ k M + l ,M - i* l ( n ) £ b  ,m in  f o )

V '  (4.32)

= : ( l  — ot)£h,m iu  ( n  ~  l ) ^ A /+ l ,A f+ l(w )
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where

=  k M + i ( n ) / i j j M + i { n )

with &Af+i,M-i i(n) and &m+i,a/+i(w) denoting the (M + l)th  element of lcAr-i-r(n) and 

kjir+i in ), respectively. Jn the light, of the definition of the normalized Kalman-gain 

vector, kM+i,M+i(rr)i the following updating relations can be derived for all variables, 

completing the set of equations for the fast LMSN algorithm.

From (4.22), (4.26), (4.29), and (4.31), we have

kjw+i (n)
0

k ( n  — 1)
+ 2/ ( n )

(l l) -w f(n  — 1 )
(4.33)

Similarly, from (4.21), (4.25), (4.30), and (4.28), we get

---
---

1

IT
i

=  kjw+i(™) — kM+i,M+i(n)
—wu(n -  1 )

i
O

 
__

I 1

Parameter ip(n) can also be more efficiently updated by using kM+t(n). From (4.28) 

and (4.32), we can obtain

^(n) = ------- =------ _________________
1 -  akM.LiM+1(n)ipM+i(n)e,,(n)

The equations comprising the fast transversal LMSN algorithm are summarized 

in Table 4.1. Note that a rescue procedure [32] whereby the algorithm is reinitialized 

but the previous solution for w is maintained is also included.

An interesting point to notice is that in updating the fast LMSN algorithm, 

we must implement four filters: the backward prediction-error filter, the forward 

prediction-error filter, the Kalman-gain vector, and the original transversal filter, 

The Kalman gain vector is a filter on its own, for it can be easily shown that it is a 

least-squares estimator of a hypothetical desired signal described as

dk(i)
1 /a ,  i = n 

0 , otherwise
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T a b l e  4 .1  

F a s t  T r a n s v e r s a l  LMSN A l g o r i t h m

ef ( n ) =  u ( n ) -  w J ( n  — l ) u ( n  — 1 ) 

e,(ra) =  ijj(n -  l)e/(n)

£f(n) =  (1 — a)£ f(n  — 1) +  a e /( n ) e / (n )

-  1)

0

k (n — 1)
kjw+i(w) + «/(«)

( l - a ) . 5 / ( n - l )

W/(n) = wy(n — 1) +  a e f ( n ) k ( n  — 1) 

et (n) =  (1 -  a ) £ b(n  -  l)k M+i,M+i(n )

l j j ( n )  =  ____ . — ....._____________________
'  l-«fcjl/+ i,A /+i(n)et(n)V 'A /+x(n)

if [1 -  afeAf+i iiW-+i(n)e6(n)V'Af+i(n)] > 0.0:

—w f(n  — 1)

€b(n) =  ijj(n)eh(n) 

£b{n) =  (1 -  a)£b(n -  1) +  aeb(n)eb(n)

k(n)
=  kji/+i(n) — kM+i,M+i(n)

- w b(n -  1)

0 1

wb(n) = wb(n -  1) + ae6(n)k(n) 

e(n) = ifi(n)[d(n) — wT(n -  l)u(n)] 

w(n) = w(n -  1) + j^ijk(n) 

else: (Rescue) 

w(n) = w(n — i) 

w b(n) = w/(n) = k(n) = 0 

V»(n) =  1.0 

£/(n) = (1 — a)Mrj 
£i,(n) = rj
Note: i) is a positive factor that swves as a weight for w (n  -  1) in the objective 

function after the rescue.
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that takes u (n) as the input-signal vector. The estimates of the .input-signal auio- 

correla'Uon matrix and the crosscorrelation vector between the desired s'gnal and the 

input-signal vector are R(n) and

n

u (n ) =  a ( i "  ""‘'n ■ 0 U(?)
i=\

Accordingly, ip(v) is the estimation error of the process. Other interesting interpre­

tations of ip(n) have been established for the RLS algorithm [8] and can be easily 

extended for the LMSN algorithm.

As for the adaptation of the coefficients of w (n), the convergence factor n(n) can 

be calculated once the Kalman-gain vector is available. From (2.8) we have 

1
li(n) =

2ur (n)k(n)

1
2^(n)uT(n)k(n)

A more efficient formula for fj,(n) can be derived if we notice that

T,  m ( \ 1 - V '( n )u (n)k(n) = ------- —
a

Therefore,

a
V(n ) = 2 [1 -  ifj(n)]

which avoids the unnecessary calculation of the inner product u7’(n)k(n). Vector 

w(n) is updated as

w(n) = w ( n - l )  + tr^ A j j k ( I.)

4.2.2 Initialization

As with the QR-LMSN algorithm described previously, the fast LMSN algorithm also 

requires a special initialization procedure. Unfortunately, though, the initialization 

for the latter poses difficulticj that must be discussed in detail, The main problem, as 

reported for the fast transversal filter (FTF) algorithm [8] [32], is that the equations
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that update the backward prediction-error filter and the Kalman-gain vector become 

ambiguous for n = M  + 1, and the algorithm cannot proceed.

Let us assume aero initial conditions for all states of the filter, except for 

which is required to be 1, as will be soon explained. In the first iteration, n =  1, the 

variables of the filter assume the following values. From (4.19),

e /( l)  =  u (1)

Since w/(0) =  0 and k(0) — 0, from (4.22) we have 

w /( l)  =  0 

and, therefore,

e ,(l)  =  e /(i) =  u(l) 

which is in accordance with our assumption that ^(0) =  1. From (4.29),

1) =  (1) 

and from (4.26), we have

kiw+i(l) =  ^ 0 • • •  0cra(l)

Furthermore, from (4.21) and (4.25), we obtain

w,,(l) = 0

and

k(l)
1

au(l) 0 • • •  0

From the definition of ip(n) or we realize that

'0(1) =  0a/+ i (1) =  0

and, finally, the output error and the coefficients of the filter can be calculated as

e(l) = d(l)
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and

w (l) =  ae (l)k (l) =
T

(4.34)
.“ (1)

The reason why the variable convergence factor was not used in the updating 

of w (l) is that for n < M  the system of equations to be recursively solved by the 

LMSN algorithm is underdetermined or exactly determined (in case n — M ), and the 

a posteriori output error can be made equal to zero even with a constant convergence 

factor [8] [32]. In (4.34) the condition for equivalence with the RLS algorithm was 

observed, i.e., 2fi = a. Another point we need to stress is that k(n) was used instead 

of k(n), since the latter cannot be determii.jd once i/j( 1) and ?/;m-i-i(-1) are equal to 

zero.

In the subsequent iterations up to n = M , the algorithm proceeds such that 

ip(n) = ipM+i(n) =  0, i.e., the a priori output errors ej,(n), e/(n), and e(n) are all 

equal to zero. Furthermore, from (4.26), we have

k.(n) =
T

° ••• ° — t-r  0 ••• 0, (4.35)au{l) ] ’

with t' e nonzero entry being the nth element of the vector. However, for n — M  -f-1, 

the ambiguity for updating the backward prediction-error filter and the Kalman-gain 

vector arises. At this iteration, the desired response for the backward prediction-error 

filter is nonzero for the first time and, as a consequence, the least-squares problem of 

both filters become the same as both operate on the same input signal vector and on 

desired signals that differ by a scalar. For th< backward prediction-error filter, the 

desired response is

u (l), i — n

0, otherwise

and, for the Kalman-gain vector, the desired response is

{1 /a , i =  n

0, otherwise
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It is easier to verify the consequences of this fact by examining the equations. By 

substituting (4.21) in (4.25), we have

k(n)

0
=  k M + l (n) €b(n) 

Pb,mi7i (jl')

—w b(n -  1) 

1
+

aeb(n)eh(n)
£ b ,ln in  (^0

k(n)

0

or, equivalently,

aeb{n)eb(n)
1 -

k(n)

0S b, r i i n { n )

However, from (4.28) we know that

— kM+i(n) — €b ( n )

£b,min{n )
-wb(n -  1) 

1

oteb(n)eh(n)
£ b ,m in  ( w)

0, for n  =  M  +  1
£ h ,m in  ( ^ )

and, therefore, k(n) cannot be calculated. In order to overcome this problem, an 

order and time updating can be used during the initialization period, as originally 

proposed by Cioffi and Kailath for the RLS algorithm [32].

The trick for the successful initialization is to start the updating of the backward 

and forward prediction-error filters only at the second iteration. At the first iteration, 

these filters are of zero dimension, denoted as w>,,o(l) and W/,o(l). We will use 

subscripts to denote the order of the vector hereafter. The order and time updating 

proceeds as follows.

For n  =  1, the a priori and a posteriori forward prediction errors are calculated 

based on the zero-dimensional predictor, i.e.,

e/,o(l) =  u(l)

and

e/,o(l) =  «(1) 

Therefore,

£ /tm.«,o(l) =  ctu2( 1)
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A zero-dimensional Kalman-gain vector can also be used to calculate V'o(l) as

ipo(l) =  1 -  aug (l)k0(l) = 1

Vector w(n), on the other hand, is updated at this iteration based on k i(l) obtained 

from (4.26) as

k i( i)  = cm(l) 

and the output error,

ei(l) = d(l) -  u[(l)wi(0) = d( 1)

Therefore,

Wi(l) = aci(l)ki(l)
d(l)
ti(l)

For n  =  2, . . .  , M  +  1, if we let

w/,n_2(n - 1 )

0

then

e /,„ -i(n ) =  u(n) -  vrTfn _x(n -  l)u „ _ 1(n -  1)

=  u(n) -  w J r,_2(n -  l)u „ _ 2(n -  1)

=  e/f„_2(n)

From (4.22),

e/,n-2(n) = «(n) -  w £„_2(n)u„_2(n -  1) 

= «(n) -  w j n_2(n -  l)u „ _ 2(n -  1) 

-  ae/,„_2(n)k^_2(n -  l)u „ _ 2(n -  1) 
=  e /,„ -2(n) [ l  -  a u l_ 2(n -  l)k „ _ 2(n -  1)]
= -  l)e /)Tl_2(n) (4.36)
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where

if>n- 2(n -  1) =  1 -  a u l_ 2(n -  l)k„_2(n -  1)

The coefficients of the forward prediction-error filter are updated according to

(4.37)

By using (4.35), (4.37) can be rewritten as

+ a e f,n - l{n )
0

c f , n  — 1 (**)
L «<i)

One important point to notice here is that although 6/}71_2(n) ^  0, we have 

e/iT1_i(n) =  0 for 2 <  n  < M . This can be easily verified as

e/,»-i(n) =  u(n) -  wj')n_1(n)ur(_1(n -  1)

=  u(n) -  w J„_l (n -  l)u„_i(n  -  1) -  e/in_!(n)

=  0

The fact tha t e/„_i(n) =  0 for 2 <  n  <  M  is the reason why we have, from (4.26),

and

1 1
k„(n) =  0 • • • 0— t- t  , n = 2, , Mau (l) ’ (4.38)

On the other hand

(4.39)
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which is different from the first n -  1 elements of k„(n). Accordingly, 

=  1 -  au^_1(n)kn_i(n)

aeln-2(n )=  1 -  otnft_2(n -  l)k„_2(n -  1) -
£/,»-2(n)

=  $n-2{n ~  1) 1 _  a € / .» ~ 2 (n ) e / ,» - 2  (n ) 

Sf,n-2 (n)

_  ipn-2(n -  1)(1 -  a)£f ,u- 2(n -  1)
£f,u-2(n)

The updating of £ /irt_2(n) follows from (4.16) as

(4.40)

€f ,n - 2 (n)  =  a ( l  -  a)" lu2(i) -  ^  a ( l  -  a)n ’u(i)u£_2(* -  l)w /in_2(?i) 
i - 1 »=1

n -1

= ^  a ( l  — a)n~%u2(i) + au2(n)
■ /= l  

n—1

a )M"iu(*)un-2 (* -  l)w /,„-2(n)
a=l

-  au(n)u^_2(n -  l)w /,„_2(n) 

=  (1 -  a)V f (n -  1) +  au2(n) -  (1 -  a ) 0 jn_2(n -  2)w/in_2(n) 

-  au(n)u l_2(n -  l)w /|B_2(n)

However,

w/,„_2(n) =  w/,„_2(n -  1) +  ae/iM_2(n)k„_2(n -  1)

Therefore,

€f ,n -2 (n)  = (1 -  a)£/(„_2(rc -  1) +  a«(n) [u(n) -  u l_ 2(n -  l)w /lW_2(n)]

-  a ( l  -  a)e/i„_2(n)05’„_2(n -  2)k„_2(n -  1) (4.41)
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By using (4.10) and (4.14) on (4.41), we obtain

£/,n-i(») =  (1 ~  a)£fl„-2(n -  1) +  au(n)e/,B_2(n)

-  atefiU..2(n) [0TftH_2{n -  1) -  au(n)u^_2(n -  1)] k„_2(n -  1)

=  (1 -  a)SftU- 2(n -  1) +  cm(n)e/t„_2(n)

-  ac/jrt_2(n) [w /,n-2(n )u»-2(n ~  1)

-cm (n)u2’_2(n “  1)k»-2(« ~  1)] (4.42)

If we substitute (4.36) in (4.42), we finally obtain

£/,»_2(n) =  (1 -  a)£/,n_2(n -  1) +  au(n)e/lB_2(n)

-  a 2u(n)e/iH_2(n)u^_2(« -  l)k„_2(n -  1)

-  ae /tM_2(n) [wj>n_2(n)u„-2(n -  I)

-au (n )u ^ _ 2(n -  l)k„_2(n -  i)]

=  (1 -  a)£/,„_2(n -  1) +  ae/i„_2(n)€/lt,_2(n)

On the other hand, we have

£f,u-i(n) =  a ( l  -  a )”~ V (i)  -  ^  a ( l  -  «)"“*«(*)
i=i >=i

-  l)w /,„_j(n)

?i—i
=  ^  <*(1 — a )n“‘«2(i) +  au2(n)

i=l

~  a (l ~  «)n"^ (* )u«-i(* -  l)w/,„_i(n)
*=i

•

-  att(n)u£_1(n -  l)w/,„_i(n)
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or, equivalently,

€f,n-i(n) =  (1 -  a)V f {n -  1) -  (1 -  a)9TfiH_x{n -  2)w/,„_i(n) 

+  au(n) [«(n) -  u l_ x(n -  l)w ,,n_i(n)]

=  (1 -  a )V f (n -  1) -  (1 -  a)0'f n_1(n -  2)w/>„_1(n) 

+ au(n)eftn-i(n )

However, since e/i„_1(n) =  0 and

n—1

6f,n-i(n ~  2) =  5 3  “ ( i  “  a ) ’,_1_,u(z)u„_1(i -  1)
i=l 

«—1

i= 1

u„_2(i -  1) 

0

we have

£f,n-i(n ) = (1 -  a )V f (n -  1) -  (1 -  a) [ ^ „ _ 2(n — 2) 0]J 

=  (1 -  a)£ftH- 2(n -  1)

w/,„_2(n -  1)
<■/,»—1( » )

« ( i )

In order to make the initialization consistent with the algorithm itself, k,,„i(n) 

must be updated instead of k„_i(n). Therefore, from (4.39) and (4.40), we have

k„_i(n) = £ / ,„ - 3 (rc)
(1 -  a)£/,ri_2(n -  1) k„_2(n -  1)

+ €/,»-a(n)
(1 -  a)i>n- 2(n -  1 )£f ,„-2(n -  1) -w/,„-a(n)

(4.43)
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If we substitute (4.37) in (4.43), we obtain

k„_i(n)

105

£f,n-2{n)
(1 -  a)efi„-2{n -  1)

. ________ €/ ,„_2(n)

0

k„_2(n -  1)

(1 -  a)i/'„_2(n -  l)£ /in_2(n -  1) - w /in_2(n -  1)

Q!e/irt- 2(n)e/i„_2(n) 
(! -  a)Sfin-2(n -  1) k„_2(n -  1)

0 . e/,„_2(n) 1

k„_2(n -  1) (1 -  a)£/in_2(n -  1) -w /,„_ 2(n -  1)

w„(n -  1)

Finally, if we let

w„_i(n -  1) 

0

then from (4.38), we have

w„_i(n -  1)
w„(n) =

11(1)
n = 2, . . .  , M

and, for n =  M  +  1, we get

w„_i(n) =  w„_i(n -  1) +  ae„_i(n)Vv,-i(n)k„_i(n)

As the forward prediction-error filter and the Kalman-gain vector were order- 

updated starting at iteration n =  2, they need to be initialized until n = M  + 1. The 

backward prediction-error filter is only updated at iteration n = M  + 1, since for all 

n  <  M  -f-1 the desired response of the backward predictor is zero. From (4.21), we 

have

wM_i(n) =  au(l)i/j„ _i(n)k„_!(n), n = M  + l

Since for n =  M  +  1 we have Eh,n-i{n  -  1) =  0 and eb<n_i(n) =  «(1), from (4.28) the 

value of £h,„-i(n) can be obtained as

£b,n-i(n) = a^M_i(n)u2(l)

A summary of the initialization procedure is presented in Table (4.II).
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T a b l e  4 . I I

I n i t i a l i z a t i o n  o f  t h e  F a s t  T r a n s v e r s a l  LMSN A l g o r i t h m

effi( 1 ) = cm2(l)

V’o ( l)  =  1

eo(l) = d(l)  

wi(l) = d (l) /u (l)  

n  =  2, 3, . . .  , M  +  1:

e/,n_2(n) = u(n) -  wj„_2(n -  l)u„_2(ra -  1) = e/,n_i(n) 

e/,„-2(w) = i>n-2(n - 1 )e/in_2(n)

£f,n-2(n) = (1 -  a)£f,„-2(n -  1) + a6/lM_2(n)e/iM_.2(n)

£ f ,n - i ( r i )  =  ( 1  -  a ) ^ / , » - 2 ( «  -  1 )

77, =  1:

W/to(l) =  ko(l) zero dimensional

1

-w/,„_2(n -  1)

e„_i(n) =: d(n) -  -  l)u„_i(n)

e„_i(n) =  V'n-i (n)e„_x(n) 

if (w < (M  +  1))

else
w„_i(n) = w*_i(n -1 )  + 

wfc,„_x(n) = an(l)V'„-i(n)k„_i(n)
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4.3 Simulations

107

In order to test the algorithm, the results of a simulation example are provided in 

Fig. 4.1 where the adaptive filter was used to identify a 15th-order lowpass filter with 

cutoff frequency equal to 0.5or,. The input sequence was a white Gaussian noise of 

zero mean and unit variance. Noncorrelated noise with variance equal to xE-6 was 

added to the desired response. Parameter a  was chosen to be 0.05. In this example 

and in most other simulations, the rescue procedure was not necessary. Although 

this fact is not sufficient to assure stability, it most certainly accounts for the better 

tracking performance of the algorithm.

£

0  100 2 0 0  3 0 0  4 0 0  5 0 0  6 0 0  7 0 0  8 0 0  9 0 0  1000samples
Figure 4.1; Learning curve for the fast LMSN algorithm.
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4.4 Conclusions

The LMSN algorithm with variable convergence factor discussed in chapter 2 has 

been reported to perform very satisfactorily in several applications. In this chapter, 

we have shown that a fast implementation of this algorithm, i.e., one with order of 

complexity O(M ), can be obtained based on the derivation of the FTF algorithm [32]. 

An exact initialization routine which updates the variables both in order and in time 

was also derived. We have shown that the variable convergence factor a.ets only upon 

the coefficients of the filter w (n). The backward and forward prediction-error filters 

and the Kalman gain vector minimize RLS-like objective functions and are updated 

using a constant convergence factor, as in the FTF algorithm. The close relationship 

between the LMSN and FTF algorithms facilitates the understanding, analysis, and 

stabilization of the proposed algorithm. For instance, the extension of stabilization 

schemes originally proposed for the fast RLS algorithm (see, e.g., [32], [68], [81],

[82], and [83]) can be trivially expended for the variable-convergence-factor LMSN 

algorithm.
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Chapter 5 

Conclusions and Suggestions for 

Future Research

This chapter summarizes the conclusions of the thesis and highlights a number of 

outstanding problems and possible future research.

5.1 Conclusions

The demand for adaptive filters that can converge rapidly has certainly increased as 

they became a necessity in many state-of-the-art designs in communications, radar, 

and speech processing, to name just a few areas. Despite its high computational 

complexity, the LMSN algorithm has benefited from recent advancements in VLSI 

technology to become a powerful alternative to more rudimentary adaptation algo­

rithms. However, as knowledge of the environment where the adaptive filter will be 

operating is sometimes restricted, variable-convergence-factor algorithms are certainly 

an interesting choice. Two variable-convergence-factor LMSN algorithms, which are 

versions of the orthogonalized-projection algorithm that employ different estimates of 

the input* signal autocorrelation matrix, R(n), have been described and analyzed in 

chapter 2. Algorithm I uses a variable convergence factor when estimating R  while 

algorithm II uses a constant convergence factor. Extensive simulations have shown 

that the two algorithms can perform in most situations as well as the RLS algorithm
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without requiring as much knowledge of the signal statistics. The sensitivity of these 

algorithms with respect to their parameters is greatly reduced by the introduction of 

the variable convergence factor. The algorithms proved themselves especially suited 

for applications in nonstationary environments where algorithms with fixed conver­

gence factors can very easily fail. The closed-form formulas obtained for the excess 

MSE due to measurement noise and nonstationarity have proved to be very accurate 

when compared to simulation results. These formulas can also accurately predict 

the excess MSE for other Newton-type algorithms that employ a similar convergence 

factor, independently of the estimate of the input-signal autocorrelation matrix used. 

A formula for the excess MSE due to quantization has been provided which suggests 

that even with fixed-point arithmetic the influence of quantization on the overall MSE 

is not significant. On the other hand, the effects of quantization on the estimate of 

R  for both algorithms is a threat to their stability much in the same way as with the 

estimate of R  employed by the RLS algorithm. A good solution to this problem is the 

implementation of the algorithm via the QR decomposition. Since R -1(n) is not ex­

plicitly computed in this case, the variable convergence factor had to be incorporated 

into the algorithm for achieving zero a posteriori output error while maintaining the 

characteristic robustness of QR-decomposition algorithms,

The RLS algorithm has been reported unstable for A =  1 and stable for A < 1, as 

long as accumulation and interaction of quantization errors are not considered [29]

[68]. However, for fixed-point arithmetic, the RLS algorithm is known to be unsta­

ble even for A <  1 [31]. For floating-point arithmetic, at least for highly correlated 

signals, simulations have shown that the RLS and LMSN algorithms can diverge. 

QR-decomposition-based algorithms present reasonably good performance with re­

spect to robustness even for fixed-point arithmetic, but at the expense of complex 

and recursive equations that may require careful scaling. Furthermore, since the QR- 

LMSN and QR-RI.S algorithms implement exactly the LMSN and RLS algorithms, 

respectively, problems must be expected when the input signal lacks persistent ex­

citation. In chapter 3, a new QN adaptive filtering algorithm was introduced as a 

possible alternative to RLS and LMS-Newton algorithms when fast convergence is
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necessary. The algorithm is based on fairly known classical optimization techniques, 

but resembles the LMS-Newton algorithm with variable convergence factor discussed 

in chapter 2. An essential feature of the algorithm is that it employs an estimate of 

the inverse of the autocorrelation matrix R -1(n) which remains positive definite and 

bounded for a bounded input signal; in addition, the requirement of persistent excita­

tion can be relaxed. Since the positive definiteness of R _1(n) is a necessary condition 

for the stability of adaptation algorithms, the QN algorithm presented can operate in 

applications where other Newton-type algorithms as well as the RLS algorithm are 

likely to diverge. The issue of positive definiteness of the estimated input-signal auto­

correlation matrix has been discussed from a qualitative point of view. We could show 

that the RLS algorithm cannot automatically reverse a situation when quantization 

errors are driving R -1(ra) to become nonpositive definite. On the other hand, the 

study shows that the QN algorithm can reverse such a situation by adding rank-one 

matrices to the previous estimate of the inverse of the input-signal autocorrelation 

matrix.

The behavior and effect of important internal variables has been studied through 

a simplified model for the input signal, and simulations have shown that most of the 

conclusions can be extended to more general and practical signals. The QN algorithm 

does not require special rescuing procedures and a proof of internal stability has been 

provided that does not require averaging of the transition matrix [68]. The algorithm 

requires very little interference from the designer since no parameters need to be 

adjusted, and stability is guaranteed without bias. Furthermore, the algorithm was 

found to perform reliably with no scaling at all, provided that the desired and input 

signals are scaled to fit the processor’s dynamic range.

Simulations for different and highly correlated input signals were carried out where 

floating as well as fixed-point arithmetic was employed, and in all of them the QN 

algorithm remained stable. It must be emphasized that several applications for adap­

tive filters require FIR filters with a small order where the utilization of a 0 ( M 2) 

algorithm does not represent a significant increase in terms of computational complex­

ity when compared to O (M ) algorithms. This is especially true for 0 (M )  algorithms
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that employ stabilization routines requiring many divisions per iteration, as divisions 

are, in general, more costly than multiplications. In these situations, a robust 0 ( M 2) 

algorithm, such as the QN algorithm, should undoubtedly be considered.

In chapter 4, we have shown that a fast implementation of the LMSN algorithm 

with variable convergence factor, i.e., one with order of complexity O (M ), can be 

obtained based on the derivation of the FTF algorithm [32]. An exact initialization 

routine which updates the variables both in order and in time was derived. We have 

shown that the variable convergence factor acts only upon the coefficients of the filter 

w(n). The backward and forward prediction-error filters and the Kalman gain vector 

minimize RLS-like objective functions and are updated using a constant convergence 

factor, as in the FTF algorithm. The close relationship between the LMSN and FTF 

algorithms facilitates the understanding, analysis, and stabilization of the proposed 

algorithm. For instance, the extension of stabilization schemes originally proposed 

for the fast RLS algorithm (see, e.g., [32], [68], [81], [82], and [83]) can be trivially 

extended to the variable-convergence-factor LMSN algorithm.

5.2 Suggestions for Future Research

Although chapter 2 presents an extensive analysis of the LMSN algorithm with vari­

able convergence factor, the coverage of the fast implementation of this algorithm 

in chapter 4 is far from complete. The redundancies in the equations that were so 

astutely studied by Slock and Kailath for the FTF algorithm (see [68]) open numer­

ous possibilities for modifying and stabilizing the LMSN algorithm as well. In [68], 

these authors report a successful implementation of the stabilized FTF algorithm 

using 16-bit fixed-point arithmetic. It is expected from the conclusions of chapter 4 

that similar results could be achieved with the fast LMSN algorithm with variable 

convergence factor, This possibility should be explored.

Chapters 1 and 2 have shown that any Newton-type algorithm that employs an es­

timate of the input-signal autocorrelation matrix that possesses some regularity prop­

erties can be associated with an objective function and can be implemented using the
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QR decomposition. Therefore, the extension of the work to fast QR-decomposition 

LMSN algorithms seems an interesting means to achieve low computational complex­

ity while maintaining the robustness of QR-decomposition algorithms and the good 

performance of the variable-convergence-factor LMSN algorithm in nonstationary en­

vironments. This should be pursued.

The derivation of a fast QN algorithm would be an important contribution -ince 

the results obtained with this algorithm have shown excellent performance in low- 

precision arithmetic. Although the estimated input-signal autocorrelation matrix 

used by the QN algorithm does not satisfy the regularity requirements necessary for a 

straightforward implementation with mathematical complexity O (M ), modifications 

can certainly be introduced in the algorithm such that a 0 {M )  version becomes 

possible.

In order to complete the analysis of the QN algorithm, an implementation-specific 

and arithmetic-specific analysis of quantization errors must be carried out to establish 

lower limits for the wordlength required for all the variables of the algorithm. Such 

a study would provide a basis for designing economical dedicated hardware in VLSI 

for implementing the QN algorithm.
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