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ABSTRACT

A linear cocycle is an object that arises naturally in the study of dynamical systems
and statistics. Oseledets’ multiplicative ergodic theorem [22] guarantees a decompo-
sition of a linear space of states into equivariant subspaces that grow logarithmically
at rates corresponding to the Lyapunov exponents. Theorem [66|is the main result of
this thesis, a semi-invertible version of this theorem: the ergodic system is invertible,
the state space is a separable Banach space and the cocycle is strongly measurable and
forward integrable, but with no invertability or injectivity assumptions. Past results
have implicitly or explicitly made extra assumptions on the underlying cocycle, but in
this work no injectivity or separability of the dual is assumed, and no prior version of
the result or other overly unconstructive machinery is used in obtaining the direct sum

decomposition of the state space.
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Chapter 1
Ergodic and linear background

1.1 Ergodic theory

1.1.1 Introduction

This work sets out to present some novel results in measurable linear dynamics and
discount the entry cost to the field in the process. An infinite dimensional notion of
linear dynamical systems is the main object of study, in a general setting applicable to
several quantitative disciplines.

The main result is the semi-invertible multiplicative ergodic theorem of Oseledets
on a separable Banach space. An overview of different versions of this theorem with
their respective conditions and conclusions is given in section [6.1.1]

As a mathematical construction, while in many cases the study may be said to be
of a random linear dynamical system, and we adopt some probablistic notation and
language throughout, there is no significant distinction between a deterministic and
stochastic process: the underlying space on which dynamics occurs may have a more
geometric or statistically motivated construction, but the results obtained are the same.
For the most part there is no smoothness required of the dynamics, but a particular
notion of "strong" measurability of a linear cocycle is sufficient and satisfyingly general.

This work has a soft mathematical analysis approach to estimate finding. When
taking limits of long term logarithmic averages though, there is little issue, and work
here isn’t optimised, as there is already enough need for precision to extract the main
results. If, for example, two quantities ¢; and ¢ that depend on the behaviour of a
system from time 0 to time n can be related by ¢; < cqa < C¢q for ¢ and C possibly
huge but independent of n, then taking log and dividing by n to get an average growth

log C

rate, the difference between the resulting quantities is less than <%= — 0 as n — oco.



1.1.2 Banach space: justifications and notation

In general we will focus on a dynamical system where the linear state space is a sepa-
rable Banach space X. This is the source of some extra hassle - where there are sharp
constructions in Hilbert space, in Banach space there may be penalties: while we can
always pick the orthogonal projection of a closed subspace of Hilbert space, in a Banach
space it is some work to show any bound. Generally, the smallest projection that can
be guaranteed for a k dimensional space is v/k as per theorem 2.1.18 of [2]. The dual
space may fail to be separable: an influential precursor to the main result of this thesis
is [I3], which assumes that the dual is separable - in this case, it is easier to study the
dual cocycle A* and the result is slightly stronger: in this case finite co-dimensional
spaces are better behaved, and so there is a stronger notion of measurability of the
resulting decomposition.

This extra effort should be worthwhile, though. Plenty of objects of perennial
interest to analysts can be dealt with if we drop the Hilbert space requirement - amongst
the most obvious candidates, we may take the state space X = C(K) or L'[0,1], for
example.

We write B(X) for the space of bounded linear operators on X. If X is finite
dimensional then B(X) may be identified with the d by d real matrices R?*? where
convenient by choosing any basis.

1.1.3 Measurable spaces

There are countless introductions to this subject, see [20, [I7], with as many points
of view as to how to introduce or think about it. Here we start with a set, and an
appropriate collection of subsets to which we wish to assign measures. It is possible
to start with an algebraic notion of measures, but these seem to still require analytic
conditions, and measurable sets are worked with throughout this work. Therefore we
are content to write down things in an algebraic way when convenient, without going
so far as to become pointless - physically, it is still important and physically intuitive
to be able to assume you can at least to some degree keep track of a quantity f(w)
at a point w € (). Being able to drop certain assumptions like commutivity of the
algebra on which probabilities are measured leads one in the direction of the C* or Von
Neumann - algebraic programmes. For us though, noncommutivity will instead arise
at the level of the linear cocycles we will introduce over the probability space.

Definition 1. Let Q) be a set.
Let F C 22 be a collection of subsets that contains ) and is closed under countable



union and complementation:

Ui € FforallieN = | JUie FandU € F = U =Q\U€E F.

i=1
Then F is called a sigma algebra and (2, F) is a measurable space.

There is a natural representation y : F — {0, 1} given by

lifw e A,

0 otherwise.

X(A)(w) = xa(w) = {

One can check that by this definition a sigma algebra must be closed under countable
intersection and difference, and form a boolean ring - sigma algebra may actually be
defined in a few different ways by exchaning definitions and lemmas. Closure under
countable basic set operations then is their important distinguishing feature. The
notion of sub-sigma algebra F C F’ is that of inclusion in 22" Under inclusion, the
smallest and largest sigma algebras on  are {(}), 2} and 2, and when (2 is infinite the
sigma algebras of interest will with an application of the axiom of choice strictly lie
between these.

Definition 2. Given a collection Fy C 2% write
X(Fo) = ﬂ{]: C2%: Fy C F and F is a sigma algebra}.

Since 2 is a sigma algebra the family over which the intersection is taken is
nonempty, and it is straightforward to check that the intersections of families of sigma
algebras over ) are themselves sigma algebras. One may say that 3 (Fp) is the smallest
collection of sets containing some starting family that itself forms a sigma algebra.

Definition 3. Let (Q,7) be a compact Hausdorff space, where 7 C 2% denotes the
collection of open sets. Then the Borel sigma algebra is that generated by the topology:
BQ == 2(7‘)

Where there is no ambiguity as to which topology a space is endowed with, we
refer to a function as measurable when it is measurable with respect to this sigma
algebra. Otherwise we must specify which notion of measurability is being employed.
Like continuous functions, the condition for a map to be measurable may be expressed
in terms of preimages:

Definition 4. Let (2, F) and (', F') be measurable spaces. A measurable map is a
function o : Q — Q' such that U € F' = f~U € F.



Given any function f, we may define f=Y 7 : F' — 2% measurability is equivalent
to the condition that the range of f=1|# is contained in F: and f~*F' is contained in

(ie, a "sub-sigma algebra of") F. We write f € M(Q2 — ).

1.1.4 Measures

The next important ingredient is the measure itself. I use LI to denote disjoint union.
Here, we work with traditional measures, which assign nonnegative numbers to the
sizes of sets in a way that commutes with countable measurable partitioning:

Definition 5. Letv: F — R. We call v
e countably additive if for disjoint countable collections U; € F,

v <|_| Ui> => u(lh),
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positive if v(U) > 0 for allU € F

and finite if v(2) < co.

Call v a measure if it 1s both additive and positive.

Call a finite measure v =P a probability measure if P(2) = 1.

The prototypical example, and it turns out the only one of importance as a base
measure space in this thesis if one discards the geometric properties, is the following;:

Theorem 6. There is a unique measure P on [0,1] such that for all 0 < a <b <1,
P(a,b) = b — a.

Defined this way, the measure P is uniform on the unit interval, but any other
measurable space that is isomorphic to [0,1] may also be endowed with a measure
called Lebesgue, defined precisely in definition [I1] in the general sense relevant to our
purposes.

One natural construction given these new concepts is

Definition 7. Let f € M((Q,F) — (', F")) and (2, v) a measure space. Then the
pushforward measure is given by f.v(U) = v(f~1U) for U € F'.

Given a measurable M C Q with P(M) > 0, we may form the conditional measure
written

P(SNM)

P(M)
It is easy to check this is a probability space. This represents the proportion of a time
when w € M that we also have w € S.

P(S|M) =



1.1.5 Null sets

Once a measure is fixed, one may check that 7y = {U € F : v(U) or v(U°) = 0} is a
sub sigma-algebra of F. On the level of the measure, throughout this thesis, when a
measurable set U C ) is discussed, we are mainly concerned with equality up to a null
set. Thus we may write U C U’ if P(U \ U’) = 0 and U = U’ if that and the opposite
condition are met. Similarly, for a measurable f : (2, F) — (€, F’), we may form the
functions that agree up to null sets.

The most relevant mode of convergence for a collection (f,)2, € M(Q — R)N in
this setting is that of pointwise almost everywhere convergence. If f : 2 — R satisfies
P(f.(w) — f(w)) =1, then f is the measurable almost everywhere pointwise limit of
fn, and in this work write f, — f. As with sets, here any limit f may be replaced by
an f’ differing on a null set.

Given a probability space (Q, F,P), call P C F a partition if the members of P
are disjoint and have full measure, that is, UP = . We will always further assume
that a partition is countable, which is a less alarming scenario, allowing us to write,
for example, 1 = >, ., P(P). Just as a measurable set M has an associated indicator
X, we can choose a labelling of a partition P — N<y for N = #P.

We will discuss the precise class of measure space we work over, after we introduce
ergodicity and some examples.

1.1.6 Measure preservation

For a huge variety of physical systems, some form of generalised volume conservation
may be found:

e [f a fluid can be approximated as incompressible and we follow the fluid initially
contained in some domain D, then at later times the region D’ occupied by the
fluid that was in D initially should have the same volume.

e Generalising the notion of a fluid to a phase space, in many circumstances volume
in phase space may be taken constant.

— The classical harmonic oscillator has this property: for initial conditions
(19, po) € R? and appropriately normalised dimensions, the solution is given

by
z(t)) Zg
(p(t)) - (]90) ’

where Ry denotes a rotation of the plane by angle #, and preserves the
volume of regions of R2.



— The example of an oscillator may be generalised to Hamiltonian systems,
where the volume conservation is referred to as Liouville’s theorem, recog-

nised first by Gibbs|L1].

In our case the notion of interest is of 0 € M((Q, F,v) — (2, F,v)) leaving the
measure invariant: if for any U € F we have P(U) = P(¢~'U) then (2, P, o) is called
a measure preserving system. This is equivalent to the algebraic equation o, P = P.

A measure preserving system may be written (2, P, ) and is the space over which
the cocycles that will be introduced later are based.

Definition 8. A morphism of measure preserving systems is a map f € M((Q,P,0) —
(Y, P’ 0")) which is measure preserving and commutes with the action of the systems,
that is to say f,P =P and foo = o o f. If f~1 is also a morphism of measure
preserving systems then call f an isomorphism.

1.1.7 Ergodicity

Ergodicity of a measure preserving system (), F,P, o) is a condition on the behaviour
of the measurable sets with respect to o.

Definition 9. Given (0, F,P, o) a measure preserving system, callU € F o—invariant,
or just invariant where clear, if U = o~ 1U.

It is a common theme in mathematics to come across a notion of decomposability. A
finite abelian group can be written as a direct sum of cyclic groups, a matrix into Jordan
blocks, a case which will arise in the discussion of cocycles. Such a decomposition is
into a collection of objects which are themselves in some sense indecomposable - in
the case of abelian finite groups, these are copies of Z/p*Z for p prime and k € N,
which have the property that they cannot be written as a direct sum of smaller groups.
Meanwhile, Jordan blocks represent a splitting of R™ that a matrix acts on into the
distinct possible growth rates of vectors.

What, then, is an appropriate notion of indecomposability for measure preserving
systems? Given (Q,[P,0) a measure preserving system, if there is an invariant mea-
surable set " with 0 < P(£) < 1, then so is ©'°, and we could instead study the
measure preserving systems generated by restricting o to each of these sets and renor-
malising P as appropriate. Ergodicity is the condition that this scenario cannot occur:
an invariant set ' cannot have P(Q)') € (0,1):

Definition 10. Call a measure preserving o € M((Q,P) — (Q2,P)) ergodic if for any
U € F that is invariant, either U has full measure or is null:

U=0"'U = PU) € {0,1}.



Given ergodic systems (2, P, o) and (©2',[P’, ¢’) one can readily construct a measure
preserving but not ergodic space Q" = QU Q,0” = o U o’ and P"(U) = L{(P(UN
0)+P(UNQ)). A’ measure formed from a nontrivial convex combination of ergodic
measures can never be ergodic, in this case €2 and €)' are invariant measure % sets.
Geometrically, the invariant measures form a convex set whose extreme points £(€2, o)
are the ergodic measures. Where there are infinitely many ergodic measures, by the
Choquet decomposition[5] we may represent a measure preserving transformation as

an integral over the ergodic measures:

1.1.8 Standard and Lebesgue probability spaces

It doesn’t seem accidental that in the last example, a huge class of possibilities may be
modelled by simply generating bits: though the above examples of ) were presented
differently, in fact we may view the space to be the same object on the level of measure.
To illustrate this, the notions of standard probability space and Lebesgue probability
space are discussed for the reader’s convenience. As mentioned, though {0,1}% may
not seem to geometrically or topologically match [0, 1], both spaces have this property.

In Rudolph’s introduction to this subject, the notion of a generating tree P =
(P;)2, is a sequence of partitions that is nested and separates the points in the under-
lying space: taking Py = {2},

UePifori>0 = IUVCVeEP_jandw#w €Q = Ji:welUecP, gU.

is used to make precise these notions: that the closure under null sets of IP of the sigma
algebra is always unique is then a theorem.

Definition 11. The largest sigma algebra which is consistent with this notion of null
sets is formed by closing the Borel sigma algebra under null sets. Precisely, the Lebesgue
sigma algebra is the collection

;C:{UQUIGB[OJ}ZU/\UQVG.Fo}.

Though on the level of measure any two Lebesgue spaces look alike, they may be
associated with, for example, quite different topological spaces - any separable complete
metric or Polish space is associated with an isomorphic Lebesgue sigma algebra.

To illustrate the generality of a standard probability space, we give a definition of
standardness involving a general topological space:

Definition 12. e [0] Say that (2, F,P) is standard if there is a metrisable topology



T on Q with F = (1) and for every € > 0 there is a compact set K with
P(K)>1—e.

o Say that (2, F,IP) is atomless if P({w}) =0 for all w € Q.

In spite of this seemingly general condition, there is a simple classification. Atom-
lessness guarantees that (2 is uncountable, since otherwise we would have 0 = >, P({w}) =
1, but in fact the space is even more familiar:

Definition 13. Call a probability space (2, F,P) a Lebesque space if (2, F,P) is stan-
dard and atomless.

This notion of Lebesgue space is more liberal in appearance than the common
characterisation as a translation-invariant measure on T, for example, but if we pay
attention only to equivalence up to isomorphism of measure spaces, then the definitions
coincide.

In this setting, though one may have imagined {0, 1}Z to be somehow distinct from
[0,1]Z as they are in topology where a notion of connectedness distinguishes the two
spaces, each of the (£2,P) described are Lebesgue:

Theorem 14 (Uniqueness of Lebesgue space). The following are equivalent:

o (Q,F,P) is isomorphic to the Lebesque measure on the unit interval together with
the Lebesgue completion of the associated Borel sigma algebra L defined above.

o There exists a tree P of partitions such that F is the closure under P of the sigma
algebra generated by P and (Cy,Cy,--+) € P = P(N;C;) = 0.

o (0, F,P) is standard and atomless.

Proof. These equivalences are established in the second chapter of Rudolph’s book
[26]. O

Since in some texts Lebesgue probability spaces are allowed to contain atoms, so
we may repeat the non-atomic condition for emphasis while stating some propositions.
Under the ergodic assumption, since the orbit of a point is invariant, any atom w must
have P(|J, 0'w) € {0,1}. As such, an ergodic map on a finite set is periodic and the
main results in this thesis become much easier, so throughout we assume that the
measure is atomless. Since we are already working with a standard probability space,
for just about all €2 considered in this thesis the reader will lose little generality in
imagining €2 to be their favourite probability space, such as the interval or sequence
spaces above.

Thus it would seem nonpathological measure spaces aren’t themselves objects to
which there is a rich and complicated classification theory, but instead a single very



general object with many useful properties. From a constructive point of view, these
spaces might be seen to describe the kinds of spaces where statisticians, physicists and
computer scientists work, where we may imagine points being described by discrete or
real values coordinates, and have some well behaved notion of size or probability.

What is absolutely not unique is the choice of transformation o. Even when im-
posing invertibility, there is a huge variety of possibilities.

1.1.9 Discretising continuous time systems

In proving the first version of the theorem of the main result of this thesis, Oseledets
started with a 1 parameter group of automorphisms of a Lebesgue probability space
(Q, F,P,{0;}1ec) for G = R or Z. These two cases correspond to a continuous and
discrete time dynamical system respectively.

Given a topological group (G, +) a measure-preserving G-action on (2, F,P) is a
measurable map

0:QxG—Q0w,t)=0w
such that 0w = 05(6,w) and P(0,Q)) = P(Y') for all Q' € F.

The discrete and continuous time cases divide as follows:

e In the discrete time case, G = Z, and just as Z is the free group on a single
generator, § is determined by the invertible measure preserving system o = ;.

e In the continuous time case, an R-action has no natural association with a single
map, but one can still study o = 6.

It is a common approach to discretise a continuous time problem, for example, a
differential equation: for example, given an a € L'(Q2 — R¥?) consider the initial
value problem of finding z : R>q — R? such that

2 (t) = a(Qw)z(t) for t > 0,2(0) = u € R".

One simple case would be where 2 = T and 6 represents constant flow around a circle
f;w = w + vt, which is the central object of study in the Floquet theory.

According to Carathéodory’s existence and uniqueness theorem this problem has
a unique operator solution Uy, : R" — R" for ¢ > 0 such that setting z(t) = Uyu
we have that z solves the initial value problem above. Setting A, = Uy, for a time
step parameter 0, in this discretised picture we are really studying the composition of
sequences of these As, since

Unéyw = Aa(n—l)éw o0 A, 0 A,.



For a fixed starting state xo = u € R?, the state from one discrete timestep to the next
is correspondingly given by z, .1 = Agn,x,. This example is actually a construction
"over" the system (€2, P, ), and will be discussed in more detail when linear cocycles, of
which U and A are continuous and discrete time examples respectively, are introduced
in chapter

The system (€2, F,P,0) is a classical object of study and the background upon
which dynamical results in this thesis will be built. Many results in this setting may
have analogous results where invertibility or ergodicity or invertibility may be dropped
- where appropriate some discussion of the differences in conclusions will be had, and
generalisations alluded to, but for most work having to hand an invertible ergodic
system on Lebesgue space is extremely convenient and general.

1.2 Stochastic or deterministic dynamics?

Common examples of the ergodic system may be rotations or shifts, or a particular
diffeomorphism over a manifold.

Each of these have quite different interpretations based on the academic field of
study: on one hand, statisticians may often work with sequences of random variables,
which in many cases are assumed to be independent and identically distributed (iid).
On the other, many ergodic systems arise from a perfectly "deterministic" setting,
for example as some diffeomorphism or homeomorphism with an associated ergodic
measure.

Beyond these views, the pseudorandom number generators ubiquitously relied upon
for in silico research, will typically be dependent upon a finite amount of history plus
a seed, and quite explicitly deterministic, though it is standard to assume they can be
used as a source of iid statistics.

We will remain somewhat agnostic as to whether our underlying system is either
deterministic or random: though hidden variable theories of physics seem unpopular or
inconsistent with certain additional assumptions when developing a theory, it remains
unclear to the author how anyone could ever prove determinism or its converse, or even
if there should be any immediate real world consequences.

Results in this area promise to hold in more general situations than iid statistics.
This common assumption throughout a huge variety of statistical methods is very
often not valid, but researchers apply these methods with successes nonetheless. It
should be seen as worthwhile to understand with greater precision when these kinds of
assumptions can be weakened, and results on general ergodic systems can achieve this.

For those considering the analysis of data, some form of this ergodicity is a weaker,
but physical assumption for processes.

Here I outline some common iid, or possibly non-iid, cases.

10



1.2.1 Generalising from shifts and iid statistics: the ergodic

assumption

Given a Lebesgue probability space (€29, Fo,Py), one may study the infinite product
Q = OF together with the product measure defined by the cylinder set condition
P{w : w; € M}) =Py(M), along with the shift map o(w); = w;41. This is the space
of bi-infinite sequences of independent identically distributed random variables. By
this process, results regarding iidrvs may be recovered as special cases of the problems
considered in this thesis: where the statistician talks of iid variables Fy, Fy, Fy, - - -
sampled according to f,IPq we may instead study the sequence

o) = flom'w), flwo), flwr) = flo(w)o), flwe) = f((0®w)o). -+

For example, the following form important statistically motivated examples:

e For 0y = {0,1},Py the Bernoulli measure Py(1) = p and f the identity, F;
represents a sequence of random coin tosses.

e For Qy = [0,1],[Py the Lebesgue measure and

f@):{lﬂx<p

0 otherwise,

F; also represents a sequence of coin tosses - but this construction may allow one
to derive results about dynamical behaviour of different parameters p at once.

e As mentioned, a computer scientist wishing to approximate a random variable
computationally, 2 might be modelled by generating random bit strings based
on a finite random seed, and treating the result as being a reasonable iid string of
bits that may be coerced to approximate whichever random variable is desired.
Excepting a computer that is connected to some external input, however, since
the state of a computer is finite, the space of possible generated sequences is finite
and the measure may not align precisely with the idealised situations considered
here.

1.2.2 Examples from topology and geometry

Aside from examples motivated by statistics and computation, we might think of much
studied cases arising from an attempt to describe dynamics on a space that had some
smooth structure, for example:

e An irrational rotation: f : S! — S! given by rotating by an irrational angle, a
perennial example

11



e As an example of a pseudorandom number generator, one may consider the mea-
sure on {0, 1}% induced by the image of

v:([0,1],£,0 : w— w+ a modl) — {0,1}, Y= Xl
2

Write X;(w) = ¢p(c'w). One should understand that this could be extremely
non-optimal. If « is very close to %, for example, then typically a sequence of
sampled bits might look like alternating 1s and Os for the most point. However,
since this entirely deterministic source of bits is generated by an ergodic system,
it will at least still have some useful statistical properties, for example, we have
P(X; =1) = i, and as a consequence P(% S X — 1) = 1. This example of
the strong law of large numbers is an intuitively obvious statement for physicsts
but needs Birkhoff’s theorem, introduced later. It is an example of why making
some form of ergodic assumption may be a natural one to make in certain physical

or experimental scenarios.

e Generalising the case of an irrational rotation, F' : M — M a volume preserving
diffeomorphism with respect to PP.

e If ) is a compact metric space and o a homeomorphism, we know that by the
Krylov-Bogolyubov theorem that measure preserving and ergodic measures exist.
For example, if o : T? — T?, (z,y) — ( + @, y) mod 1 then an ergodic measure
is just Lebesgue measure conditional on a fixed y level set.

e As a non-example by the lack of invertibility, we may model 1-dimensional bread
mixing by a collection of ingredients distributed along [0, 1] at any moment in
time. The baker’s transformation f : S' — S! is to divide [0, 1] into two halves,
roll out each half to make it length 1, then put each infinitely thin half beside
the other to create a distribution of ingredients on [0,1] at the next moment.
This simplified baker’s transformation is equivalent to multiplication by 2 mod 1
on the unit interval which may be thought of as a continuous map on the circle
T. It’s easy to check that measure is preserved in this case, as the preimage of
any set is two contracted by a factor of two and translated copies of that set, for
example P(0~ta, b)) = P([3a, 20]) + P([5 + 3a, 3 + 3b]) = 2P([a,b]). The map is
ergodic: we can see this by proving that Birkhoff’s theorem holds for indicators of
subintervals of the unit interval of the form [0.ajas - - - ax0,0.a1az - - - a;1], which
is equivalent to the statement that almost all numbers are normal in base 2.
The problem here is that the map is 2 to 1, so that only a weaker non-invertible
multiplicative ergodic theorem holds - this result that holds when invertibility of
the base space is dropped is discussed in chapter [0}

As an indication of how one may recover theorems over such a transformation, we
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observe that writing down points on the interval as the space of forward-infinite
binary strings (up to the issue of nonunique decimal representation, which is on
a set of zero measure), we may consider the measure preserving factor onto shift
space defined above:

@ {0,132 = [0,1],(--- ,b_1,b0, b1, by -+ ) = 0.bybobs - - - .

As a means of applying the results of this thesis to the case of a non-invertible
ergodic system, we construct a ¢ as above, then instead of studying a function
A: (9, F,0) — Y we can form a map from an invertible system A" : (', F',¢’) —
Ywhere A’ is given by A'(w) = A(p(w)).

13



Chapter 2
Rokhlin tower lemmas and Kingman sub-
additive ergodic theorems

2.1 Towers

2.1.1 Overview

Though there are many related concepts and directions generalising the setup, given an
invertible ergodic system (€2, F,P, o), tower type constructions divide the underlying
space 2 into a collection of sets that may be thought of as "floors", and o moves one
floor to the next.

This is really useful for certain constructions: in the work of [4] they are used as
a good starting point from which to construct perturbations showing the instability
of nonuniformly hyperbolic finite dimensional systems, and a variation on the concept
will be used to prove the main result in this thesis.

2.1.2 Representation by return time

Given a set of positive measure P(£29) > 0, we may wish to investigate the times at
which a randomly sampled point w € €) lands in €y, that is to say: for which ¢ is
olw € Qu? Tt is useful to define and think about the return time

r:Q— NU{oo},r(w) =inf{i > 0:c'w € Q}.

Since o is ergodic and P(€g) > 0, it follows that r is finite almost everywhere, so we
may decompose €2 by return time:

Q=| |r'{t}.
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We have obtained a suggestive first example of a partition forming a "tower", where
each element of the partition forms a level, and o*! shift us up or down a level, except
when we're sent all the way to the bottom or top again, depending on convention. In
this case if we imagine € to be the base and pick the convention that ¢ raises the floor
by one, actually the structure consists of a series of levels beneath )y whose measure
decreases the further down we go. Finally, upon reaching level 0, another application
of ¢ may send a point w to any selection of levels.

We may sometimes, for example, choose an €2y on which there is some particular
statistical behaviour. From this decomposition of a space and the pigeonhole principle,
we can notice that the height of a return time tower associated with M C Q) with
P(M) € (0,+) must have height at least N. We also obtain the fact that we can
always make a tower which has fixed size levels for as long as we want:

Lemma 15. Let (2,P,0) be an invertible ergodic system on a non-atomic Lebesque
probability space and let T > 0. Then there is a positive measure set ), for which the
o'Q,. for 0 <i < T are disjoint.

Proof. Choose a measurable €y with 0 < P(£y) < % Then with r the return time as
above, since P(r~{t}) < P(Q) < 7 for all ¢ and P(Q) = 1, the set Q, = r~*(T) has
positive measure and is disjoint from ¢'Q), C r=1(T — i) for 0 <i < T. O

Closely related constructions include Kakutani, Rokhlin or Alpern towers, which
are prevelant throughout dynamically oriented mathematics and highlighted in |7 [16].

2.1.3 Partitions and processes

Let (2, F,P,0) be an invertible ergodic system and let a collection of measurable sets
P C F be a partition. There is an associated inclusion map 2 — P, and with the
addition of dynamics, there is an induced measure space by the map that simply records
where a given base point w € €2 is at each point in time:

©:(Q,0)— (PE7T)

gives a measure Pp = @, P. If P has N elements then we have a mapping into the
space of bi-infinite strings of N-digits.
One may construct the matrix (Apg)pgep describing transitions in one step, given
by
ApgP(P) =P(cP N Q).

If o'w encodes the point of a particle in a system at time ¢, Apg is the probability that
o'lw € Q given that olw € P.

The resulting process is Markov when the probability of a particular series of visits
to different elements of the partition can be calculated by taking products of the entries
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of this matrix:

Plw=PFy, - ,0"w="P,) = HP(aiw €Plo'we P = H

=1 i=1

P(U_IB_l N B)
P(P_1)

which allows transition probabilities to be calculated by exponentiating Apg. On the
other hand, an irreducible Markov chain may be associated with an ergodic system in
a natural manner:

Definition 16. Given a matriz associated with an irreducible Markov chain,

A = (Ay)N,—y satisfies Vi, j : Z Api=1and 3t >0: (A" >0,
k

we may form the ergodic system on = {1,---  N}Z of the shift and the probability
measure satisfying the cylinder set condition

P(wipr = ilwy = j) = Plwiyr = dlws = Jr, wi1 = Je1, -0+ Wik = Ji—k) = AgiP(wi = J)
for all t.
A very simple example would be the case when A;; = %, so that the state at

one moment is independent of state at the next and this measure is just uniform
on infinite strings with N symbols. There is little you need other than A then to
study the properties of A™ for large n. The Perron-Frobenius theorem guarantees, for
example, that there is a unique distribution 7 on {1,---, N} with the property that
P(w; = i) = mjand Ar = 7.

2.1.4 A Rokhlin lemma

The kind of construction originally discussed by Kakutani and Rokhlin has an elegant
theory. The most recent and miraculous statements on this subject can be found in
the work of Kalikow [16]. While it contains no Markovian free lunch - though there
exists no result to reduce an arbitrary ergodic system to a Markov chain, it for example
tells us the remarkable fact that any ergodic system on Lebesgue space may be taken
to have € isomorphic to the subset of N* such that there are functions f; : N=! — N
such that w, 1 =i = w; = fi(wi_, -+ ,wi_2) together with the shift.

Here I present a very easily obtained result, without going so far as the powerful
reduction to symbolic dynamics as Kalikow gives us. It uses a very simple fact about
numbers:

Lemma 17. Let N > n® Then there exist a,b € Ny with N = an + b(n + 1) and
0<b<n.
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Proof. We may write N = sn+t with 0 <t < n and s > n > t, which can be rewritten
N = (s —t)n+t(n + 1) as required. O

Lemma 18. Let n > 1, (Q2,0,P) an invertible ergodic system on a Lebesgue probability
space and € > 0. Then there are measurable sets €, and ). such that

n—1
Q= <|_| ang> UQ, Q. CQ and P() <e

i=0
IfP(M) > 0 then we can always guarantee that P(M N §,) > 0.

Proof. Choose Ny > max{%,nz}. Choose a positive measure set S such that the
collection {¢°S : 0 < i < Ny} is disjoint. Index S by return time to S, r(w) = inf{i >
0:0'w € S} > Ny. Denote the level set Ry = r~'N for N > N, write the union of the
first [ iterates as Ry = I_Ii;éaiRN and write N = syn + ky(n + 1) with 0 < ky < n.
We may then divide the iterations of Ry up to time N by

N-—1 SN—l kN—l
|_| O'zRN _ ( |—| UMLRnN) L] ( |_| O.SNn+b(n+1)R(n+1)N> '
=0 a=0

b=0
Then
N-1 sn—1 kn—1
Q= I_l |_| o'Ry = < |_| |_| U“mRnN) ( I_l |_| oSN n+1)R ),
N>Np i=0 N>Ny a=0 N>No b=0
so setting
any—1 kn—1 n—1
(U Temm (U [ eeny) oo oo
N>Ny a=0 N>Ny b=0 i=0
one may observe that €. is simply the ends of (n + 1)-blocks,
kn—1
|_| I—l O_SNTL+b (n+1) +nR
N>No b=0
of measure at most P(S) < € and 0, C Q. O

When invoking this form of Rokhlin’s lemma for a fixed n, it may be that ¢ doesn’t
need to be stipulated - € is necessarily small, with P(€,) < P(Q,) < L.

We may use this to demonstrate that an appropriately chosen partition can never
correspond to a Markov chain as described above: by choosing a tower of height greater
than % and error set size less than €2 one may pick a new tower of height N and error
set size € such that, for example, visiting the error set at the end of one tower ascent
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guarantees no further visits to the error set for 100 tower ascents, which is not behaviour
that occurs with a Markov chain. With this being said, while ascending the tower one
needs no knowledge of the history to know which level the next step will be contained
in, a very convenient decomposition for the dynamicist, and by Birkhoff’s theorem
there is a "stationary" distribution that describes the propotion of the time P(P) that
olw e P.

As a further example of an application of this result that serves to build intuition
about the nature of ergodic systems, we can use this result to show that any ergodic
system can be modified on an arbitrarily small set to obtain a periodic map:

Lemma 19. Let o be an invertible ergodic system. Then for any € > 0 there is an o’
which agrees with o on Q" with P(Y) > 1 — € and is periodic.

Proof. Choose a Rokhlin tower of base 2, with height N > 2 and error set P(2) < 3e.
Let
o(w) for w € 0'Q, with 0 <i < N
o'(w) = ¢ w for w € O, and

o Nw for w € oV Q.

o' is periodic, and equal to o except on €, U oV, which has measure < ¢, so the
conclusion is clear. O

While this tower result is already useful and leads us to interesting conclusions
about ergodic systems, it is just one simple example of a family of possible results.

2.1.5 The backward Vitali lemma

The backward Vitali lemma is another result providing a tower-like decomposition
of the underlying dynamical space. We make use of this result to prove the novel
Kingman theorem in the next section. In particular, this will allow us to decompose
the underlying space o acts on into orbits over an interval of time in which some
particularbehaviour is observed.

The following is a slight simplification of the result that can be found in [26]: there
there are two families 7, and j; : 2 — Nj but all we need is the case where 7 = j.

Lemma 20 (Backward Vitali). [26] Let (2,P,0) be an invertible ergodic system on a
Lebesgue probability space and € > 0. Suppose that there is a sequence of integer valued
functions ji, € M(2 — Ny) such that ji(w) — oo pointwise almost everywhere as k —
00. Then there is a measurable A C Q and a measurable j € M(A — Ny) such that for
every w € A there is a k with j, = jx(w) and writing I, = {c'w : i € {—Ju, "+, Ju}},
the I, are disjoint and

P(|JI)>1-¢

w€EA
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2.2 A balanced subadditive ergodic theorem

2.2.1 Subadditive families

In this section, we think of subintervals of 7Z as periods of discrete time over which
particular dynamical pheonomena may occur.

Definition 21. Let F = {fn}nen, € M(2 — R) satisfy
fmtn(w) < fin(0"w) + fu(w) almost everywhere.

Then F is referred to as a subadditive family of measurable functions.
The following view is useful:

Definition 22. A subadditive family { fn}nen, generates a stationary subadditive pro-
cess { famsp @ < b,a,b € Z} and vice versa via the relation

fa—>b = fb—a oo

A subadditive process is a collection {fop}acvez € M(Q — R) such that for all
a<c<belZ,

fa—)b < fa—>c + fc—>b almost everyw}berﬂ

and the stationarity condition is

fa+l—>b+l = fa—>b o UZ'

As such both notations may be interchanged as appropriate. A similar formalism is
outlined in [19].

Given a f € L'Q, the obvious first example of a subadditive family is that of
the partial sums of the translations of f: if we set g, = Z;:ol @ o', then it is easily
verified that the subadditivity condition holds, in fact this is exactly an additive family:

Im+n = 9m © o" + 9n-

2.2.2 Kingman theorems

The Kingman theorem may be seen as a generalisation of Birkhoff’s theorem to the
case of subadditive families of functions.

Theorem 23 (Kingman[18]). Let (2, 0, P) be an ergodic system and let { f,, }nen C L'
be subadditive. Then there is a constant C' € (—00,00) such that

L) 5 C=1im L [ f,

n—oo
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pointwise almost everywhere.

Considering the additive example of partial sums, one obtains the Birkhoff theorem
from this result:

Theorem 24 (Birkhoff). Let (2,0,P) be an ergodic system and let f € L'Q. Then
there is a constant C' € (—o0, 00) such that

n—1

1> feotwc= [
i=0

pointwise almost everywhere.

Proof. Set g, to be the partial sums as described above, which is a subadditive family,

so that
n—1 n—1
1 _ 1 i o1 T _
ti =23 pect s tint [ oot =tm [1= [
=0 =0
by o-invariance of integration. ]

With this stronger condition of being partial sums, all results in this section are
similarly rendered easy. This more general case will be crucial in the proof of the
multiplicative ergodic theorem.

In the case where o is invertible, one easily obtains the following useful corollary:

Corollary 25. Let (Q2,0,P) be an invertible ergodic system on a Lebesgue probability
space and let { f, }nen C L'Q be subadditive with fit € L*(Y). Then

lim 1 f,(0c7"w) = lim 1f,(w)
n—oo n—oo

pointwise almost everywhere.

Proof. One may view this as following from the invertibility of . We can then apply

Kingman’s theorem to the family g, = f, o c™". Then g, is subadditive with respect

to o~ L

PHG) < o) o+ oo™ )

=gm(07"w) + gn(w),

Imin(W) = frman(o™

—n

so that certainly there exists some L such that % fn oo™ — L pointwise almost
everywhere. It remains to check that this limit and + f,(w) — L' coincide. Let € > 0.
Since pointwise convergence almost everywhere implies convergence in measure, there

exists an N such that
Plw: tfo(w) € (L' —¢, L' +¢)) > 3,
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and
P(w: tgn(w) =2 fo(c™"w) € (L—¢€,L+¢€) > 3,

T n

so that the set
{w:Lfo(0"w) e (L—€eL+e)}N{w:2fy(w)e (L' —¢ L +¢€)}

has positive measure, whence |L — L'| < 2¢. € was arbitrary though, so that L = L'. [

We now modify Kingman’s original result in a few useful directions. One may very
rapidly obtain the following, which may be found in [§]:

Lemma 26. Let {f,}nen € L'Q be a subadditive family of functions. Then
%fn_>2n — C = lim % fn  pointwise almost everywhere.
n—oo

Proof. The lower bound is immediately clear, since
L foson(w) > E(foson — foon) = 2C = C = C as n — .

On the other hand, let € > 0, then since % [ fn — C there exists some N such that for
alln > N, %ffn < C +e¢. Given some fixed n > N and some j < N, set j = || and
break up the interval [0,n) = [n,n+j)U[n+jn+j+N),---Un+j+({t—1)N,n+
J+ [#IN)U[n+j+ [§ —1]N,2n). Applying subadditivity in this manner

t—1

fnﬁQn an%n+j + Z fn+j+iN—>n+j+(i+1)N(w> + fnJerrtN%n
=0

t—1
<Sylfil o 0"(w) + 3 i 0 6™V (w) + Syl fi] 0 0¥V (w).
1=0

The above is valid for all j € [0, N), so summing and dividing by n/N we obtain

L faoson <E(Snlfil o 0™ + Syl filo 0®" M) + LS, fy 0 0"
<2¢ + 7=n(N(C +¢))
for sufficiently large n. Since € was arbitrary, the result is proven. m

A similar result for f_,_,,, will be crucial to the main result, but it doesn’t appear
to be so easily obtained. As such, the proof here is novel, and uses the Backward Vitali
result.

Theorem 27 (Kingman’s theorem for balanced intervals). Let (2, o, P) be an invertible
ergodic system on a Lebesque probability space, and let (f,)nen be subadditive sequence
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of measurable functions from 0 to R with f;" € LY(Q). Then

%fgn(afnw) — C' = lim % I

n—oo

pointwise almost everywhere.

Proof. Write

c,= lirginf s fon(0"w) and C,, = limsup 5~ fon (07 "w).
n—oo n—oo

Kingman’s theorem immediately yields an upper bound: since
3 fon(07"w) < 5= (fulo7"w) + fu(w)) = 3C + 2C'  almost everywhere,

it is clear that
C., = limsup 5 fon (07 "w) < C.

n—00

If C' = —o0 then there is nothing more to show. Otherwise,

Co,, = liigg}f > famoo (0 w)

> liminf (L (fopnsn) 0 0" (W) — fo 00" (W)
n—oo
> lim inf 2 fo, 0 0~ "(w) — limsup o f, 0 0" 1 (w)

:Q — 0’

w

whence C < (' is constant. Fix € > 0. For almost every w € Q the set of j such that
f-imj < 2j(C + €) is infinite, so denote the ordered elements

{7 fjms (@) <2§(C + €)} = {k(w) - k € N}

Since f is integrable, it is uniformly integrable and so there exists a § > 0 such that if
P(A) < 0 then fA f < e. Apply Backward Vitali to the j;s and the —j;s with parameter
¢ := min{e, 0} to obtain an A C Q and a j : A — N according to Theorem [20| such
that writing B = Q\ U, 4 Lw, we have P(B) < § and so

/ i <e
Q\UwEA L,

While every j(w) = ji;(w), for some ¢ so that for every w € A,

weA

Foiy =i (@) < 25(C +e).
Write Ay = {o%@)(w) : w € A}. We denote the order-guaranteed return times for
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As by ro € M(Q — N), that is:

r_(w) =min{t € Ny : oc'w e A_},
ry(w) =min{t >r_(w) : o'w € Ay}
r_ is the earliest nonnegative time such that 0"~ “)w is the start of a period at growth
rate guaranteed close to C, r, by contrast seeks the first time after r_ which was the
end of such an interval. Each are almost surely finite since P(Ay) = P(A) > 0.
The idea of the next step is that [0,n) may be measurably broken up into intervals

of slow growth, with small gaps in-between them. Set by = 0 and recursively iterate
along the orbit for ¢ > 0:

For any m € Ny we may set t,,(w) = max{t : b(w) < m}. Since j and ri are
measurable and the t¢,,(w) — 0o as m — o0, it is possible to pick an N such that for
all n > N:

e P(j > N) < 1€,
o P(t, =0) < 3¢’ and
° P(T:I:ZN)<%1€,-

Let n > N. The orbit of w is considered over the following intervals of times:

[0,7) =[0, a1 (w)) U [ar(w), by (w))U
[b1(w), a2(w)) U las(w), ba(w)]U

(Bt (@)1 (W), @t () (W) U [, () (W), Bt ) (W)U
[bt,,(w) (W), 1)
Time a; — b; is guaranteed to have low growth:
Jasw)=biw) (@) < (biw) — a;(w))(C, + ),

and in addition there is a good chance that the gaps between the a;s and the b;s won’t
be too large:
P(ay(w) > N) =P(r_(w) > N) < €.

Since r_ corresponds to a time at the endpoint of the period of guaranteed growth, it
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holds that either 7_(0"w) = n — by, (w)(w) or t,(w) = 0. Therefore,

Set
A={ay > Norn—b,(w) > N},

so that it is immediate from above that P(A) < ¢. Given some measurable g write
Spg = ?;01 goo’. We then repeatedly apply subadditivity to fy_,:

fn(w) =fosn(w)
<(f0%a1 + fal(w —b1 (. ) <+ fat(w )bty (W) + fbtnw (w)%n)(w)

tn(w)

< Z faZ (w)—b; w) + Z fbl 1 (w)—a; w) ) + fbtn(w>—>n(w)

tn w)

<Z ) — a;(w))(C + €)+

btn (w) (UJ)

Z 1p(o'w) froo’ + iy oy @) (W)

i=a1(w)

In the case where t,(w) = 0 the first two terms are empty sums. Outside A it is
guaranteed that [0, a;(w)) C [0, M) and [by, () (w),n) € [n — M, n). Therefore

n—1 n—1

fa(w) < Z(Q +e)lpe(0'w) + Z Lp(0'w) fi(o'w)+

Z(Ifll(a"W)HCHE)fZ (Ifil(0'w) +1C| + €)+

La(w)Snl fil(w)
:<Q + E)Snch(u)) + Sn(fllg)(w)—i—
Sulfil() + Su|fr 0 " M[(w) + 1a(w) Sul fil (w).

It remains to check that each of these terms are small enough to yield the result when
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we divide through by n and integrate:

1 / (C+ 815 () + Sullpfi)(w) = / ((C+ g + filp)

:(Q+6)P(BC)+/B|JC1\

max{(C +¢€)(1 —¢),C+e€}+e¢
(C+e)+e(|Cl+e) +e

IN N

and
L[ (SulAl) + Sulfi 0 " M) + 1a(@)S i)
E [+ nn + 2 [ sl

2Me 2
< +1 / fi
w2 M

2Me
<

+ €.

Putting these together we obtain

2M
(C’—e)§%/fn§(0+e)+e(|0|+e)+e+ n€~|—6
Q
—C+ (34 |C|)e as n — 0.
Letting ¢ — 0 we obtain C' < C' as required. O

Once this Kingman type theorem is established, some extensions are almost imme-
diate. Even if a family f, isn’t subadditive, if weaker inequalities can be written down
these results can still be applied. Quantities that can be written as the differences
of subadditive families also have such quantities converge, by the convergence of the
difference of two convergent sequences. In our case, this means that we may exploit
the subadditivity up to a scalar constant of k£ dimensional volume growth for every K
to conclude that the averages of singular values also converge as required.

Lemma 28. Let sequences of measurable f, and g, with f; and g, € L*(Q) satisfy the
following weak subadditivity condition:

fm+n(w) < fm(gnw) + fn(w) + Oa gm+n(w> < gm(oﬂw) + gn(w) + D.
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Then writing h,, = f, + tgn,

%hnoa",%hgnoa_”,%hn —>nh_>120% fn+t7}i_>rf>lo%/gn‘
Proof. If t > 0 then f + tg is easily verified to be subadditive itself, we’re mainly
worried here about ¢t = —1, but it’s thankfully still easy to see. The map f, = f, —nC
can be seen to be subadditive by subbing f/ +nC' into the inequality f,, satisfies. Then
Lf tends to some L, and thus = f(n) — L+ C. Additivity and scalar multiplicity
follow as standard properties of limits. O
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Chapter 3
The Grassmannian

3.1 Definition

A first course in linear algebra is likely to cover the notion of a subspace, and those
associated with a particular operator, such as the domain, range, image, kernel or
(generalised) eigenspaces. Though definitions vary depending upon the literature, a
Grassmannian is invariably some set of subspaces of a given vector space.

A familiar object is the set of 1 dimensional subspaces, which may be identified in
our case with the real projective space RP(X) = (X \ {0}) /{z ~ —x} of lines through
the origin.

In this context we will refer to "the" Grassmannian GX as a generalisation of projec-
tive space, to include subspaces of the underlying vector space of arbitrary dimension.
Though a line may be defined with no reference to a norm or other extra structure, we
will work with the case where X is a separable Banach space.

Definition 29. We write V < X if V is a vector subspace of X. Write @& for the
(algebraic) direct sum of two vector spaces. When we write X = E @V, this means
that there is a unique linear isomorphism

X 25 Ex V,z — (llz, Px)

with inverse given by + : (u,v) — u+wv. E and V are said in the literature to be
complemented. When emphasising dependence of this projection upon E and V', we
use the notation

HEHV =P and HV||E = IL

In general the maps P and II may not be bounded, but if they are, then E and V are
said to be topologically complemented to each other.

Oseledets used the Grassmannian in [22] in order to establish measurability of a
map which takes values in the subspaces of R
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Definition 30. The Grassmannian is defined as the set of subspaces of X which have
a topological complement:

GX ={V < X : there exists a projection X L v with |ITT]] < oo}.
In addition, for N € NU {oco} and k € Ny write

G X ={FegGX:dimE =k}, GonyX =Uo<icnGiX,
GFX = {Fe€gX :codimFE =k} and GNX = Uo<i<nG'X.

Lemma 31. We can also define the set

G(X) ={V closed < X : there exists W closed < X with X =V & W},

which, is in fact another way of writing down the Grassmannian, G(X) = G(X).

Proof. To show that Q(X) D GX, suppose that V' € GX, so that there is a bounded
projection V' I X onto the subspace V' of X. Write P = 1 — II which is also bounded
and set £ = PX, we need to check F and V are closed. Suppose that w, € E has
W, — Ws in the norm topology on X. Then since II is continuous,

IM(w)]| = lim [T, | = 0.

whence w € FE, so F is closed. Applying the same to a sequence in V and P, we
conclude that V € G(X).

To show that G(X) C G(X), suppose that V € G(X), so that there is a closed
subspace W with X = V@& W, but the associated projection X I V needs to be verified
to be bounded. As closed subspaces V' and W are Banach spaces in their own rights.
V @ W can be endowned with the structure of a Banach space by letting ||(u, v)|le =
|lu|]| + [|v]|. The graph G of P x II may be viewed as a subspace then of X x V & W.
Suppose that the sequence (x,,, v, w,) € G for all n € N and (x,,, v,, W) = (T4, Vi, Wy).
We have that v, € V and w € W by closedness of V and W. x,, = v, + w, — vsx + w,,
5O (x4, v, w,) € G and G is closed. By the Closed Graph Theorem, P x Il must be
continuous, whence each component P and II is bounded and V' € G(X). O

So far, we just have a set, but we will endow it with more structure. Write Sy for
the unit ball of a normed space X.

Definition 32. Let (I',d) be a metric space. Given a point v € T' and a subset A C T,
we define

infaGA d(aa 7) Zf A 7é ®7

1  otherwise.

d(A,y) =d(v,A4) = {
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Given two subsets of a metric space A, B C I', we define the Hausdorff distance
d(A, B) = max{sup{d(A,b) : b € B} U{0},sup{d(a, B) :a € A} U{0}}.

Lemma 33. GX may be metrised by the Hausdorff distance between the unit balls of
spaces:

d(U,V) = max (sup inf ||z —y||, sup inf ||z — yH)
Sv zeSy Y<SU

€Sy ye

In particular, when X is a separable Banach space, G- X is a separable complete
metric space.

Proof. Since the Hausdorff distance is a metric on closed sets, and distinct closed sub-
spaces have distinct unit spheres, d is certainly a metric. Separability and completeness
of G- X is shown in [12] and can be seen by considering the surjective and continuous
map

span : {(x1,---x3) € X* : dimspan{z;} = k} = G, X.

O

Example 34. In R? the space may be taken to be the disjoint union of d + 1 smooth
manifolds, each connected component corresponding to subspaces of a fized dimension.
If two subspaces have different dimensions, their distance apart must be 1, by observ-
ing the nonemptiness of the intersection of the orthogonal complement of the lower
dimensional space with the higher dimensional space.

Closed finite-codimensional subspaces G<*°X will also feature, but just as the dual
of a separable Banach space may fail to be separable, this space may not be as well
behaved, and some extra care is needed to obtain results. Given 7" € B(X) define the
slowest growth of vectors in a given subspace under 7"

g(T,V) = gr(V) = inf ||Tx|.
TESYy

By taking the supremum over ¢g(7, V') for a fixed 7" and the dimension of V' fixed and
finite, we obtain a quantity that encodes the fastest possible rate of guaranteed grwoth
in k£ dimensional spaces assoiated with 7"

pr(T) = sup g(T,V).
VegGrX

The py are called Bernstein numbers in the work of Pietsch[23], which gives an overview
of similar kinds of statistics in Banach spaces.

Lemma 35. Let T € B(X,Y) and S € B(Y,Z). Then

97(X)gs(TX) < gsor(X) < min{||T|gs(TX), gr(X)[|S]}-
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Proof. Let € > 0 and choose x € X \ {0} with ||STz| < gsor(X) + €. Then

or(Ogs(r) < ST 1T

< < gsor(X) + €,
|Tz| x|

and the second inequality follows from the fact that g, (X) < ||T|| for any such T" and
X. [

Lemma 36. Define Dy, € M(B(X) — R) by

k
Dy(T)=  sup Hd(span{Tuj}jQ, Tuy;).

U1, ,upESx i=1

Then Dy, is submultiplicative, and there are constants ¢, < C}, such that

k
cx Dy < Hpi < CyDy,.

i=1

Proof. See [13]. O

3.1.1 A familiar pattern in the construction of measurable maps
in a separable setting

Here we mention a notion that seems to be a very natural means of building measurable
maps. The idea is very simple, such that its mentioning may seem barely worthwhile,
and a more elucidating statement may be possible, but we give it as a lemma whose
implicit use may be forgotten or re-explained in a sentence or so. We make use of the
following straightforward construction:

Lemma 37. Let Q) be a measurable space. Suppose that {x, }neny € X for some mea-
surable space X. Then if we can write down a measurable set S,, C Q for each n € N
such that |, S, = Q then there is an associated measurable N: 2 — N U {oo} given
by N, = inf{n : w € S,}. In fact N is almost everywhere finite and may be taken
N-valued since

]P’(U Sm) =1 as n— oo.

m<n

Further, the map w — x, ts measurable.

This principle is applied to check measurability in the context of spaces which are
separable.

30



3.2 Measurable statistics and the Grassmannian

3.2.1 A motivating example: singular value decomposition

Finite dimensional or Hilbert space dynamics confer lots of useful tools to keep track
of behaviour of elements of the space.

In finite dimensions, any matrix may be written A = Uy D AVAT, where Uy and Vy
are orthogonal and D, nonnegative and diagonal. U,V and D : R¥*4 — R may
be taken to be measurable maps. They may be taken smooth in a neighbourhood
of any A such that the singular values are disjoint and positive. Geometrically, D
describes the principal axes of the elipsoid AS?~!, that are dilated by a factor of
the singular value. The orthogonal matrices U and V specify two decompositions
of R" = @ | B, = ®F | E}, into a series of orthogonal spaces growing at distinct rates
g1 >+ > gp > 0 with TE, = E} if g; > 0.

One may use singular value decomposition in the course of the proof of some versions
of the multiplicative ergodic theorem, for example, that of Raghunathan[24], and even
by itself it represents a motivating result. With this being said, the multiplicative
ergodic theorem may perhaps be more directly related with the Jordan normal form
as per[1].

Here we formulate weaker statements about the rates of growth of operators on X
with the aid of the Grassmannian: even in Hilbert space, the resulting decomposition
may no longer be into orthogonal spaces, but will describe distinct growth rates.

3.2.2 Measurable statistics for linear operators

Lemma 38. Let X be a normed space. Then g: B(X) x GxX — [0,00) is continuous.

Proof. Let € > 0. Here use the following metric inducing the product topology:

First note that g is continuous at (0, V") for any V since g(0,V) = 0 and if d(V, W) +

|T — 0] < € then g(T, W) < e. Otherwise, the projection onto the sphere psT = ||T1|\T

is continuous. Let € > 0. Since ¢(7, V) = ||T]|g(psT, V') for nonzero T', it suffices to
check g is continuous on Sp(x) X G, X. Let

(57 V)> (Ta W) € SB(X) X gkX

be such that
d((S,V),(T,W)) = ||S = T|| + d(V, W) < e.

Since V and W are finite dimensional their spheres are compact and we may choose
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an x € Sy with ||Sz|| = ¢(S, V). Choose a y € Sy with || — y|| < e. Then

g(T, W) <|Tyl < IT = S| + ISl (y = 2) ]| + || S]]
<e+e+g(S,V).

By the same argument swapping (S, V') and (7, W) then, ¢g(S,V) < g(T, W) + 2¢ and
continuity (in fact, uniform continuity) on Sgxy x G X is clear. Thus g is continuous
on B(X) x Gy X as required. O

Corollary 39. The quantities py : B(X) — R are measurable functions, where mea-
surability is with respect to the Borel o—algebra on B(X) with the strong operator
topology.

Proof. The p, may now be written as the supremum of the functions {¢y : T —
g(T, V) : V € GpX}, since choosing a collection {V;};eny which is dense in Gi(X), we
may write p as the supremum of a countable family

pe(T) = sup oy, (T,

ieN
since G, X is separable. n

We make liberal use of a simple geometric fact about k& dimensional fast growing
spaces when pg.1(T) is smaller than pg (7). We will be mainly concerned with cases
where pr11(7T") is much smaller than py(7"), which forces images of any two sufficiently
fast growing spaces to be close together.

Lemma 40. Grassmannian contraction estimates: Let T € B(X) with pr1(T) <
pe(T) and © € (ppa T, prT). Suppose that VW € G X are choices of fast growing
spaces:

gr(V), gr(W) > ©.

Then
2 Pr1 T

1— Pk—élT (e

d(TV, TW) <

In particular, if © > 2pp1T then

d(TV, TW) < 42 "”“ng.

Proof. If V. = W there is nothing to prove so assume otherwise. Let a € V \ W.
Then W @ span{a} € Gr.1.X so that there is some a — b € W @ span{a} with b € W
and gr(a — b) < ppg1T. Set ¢ = a — b. By the uniformly large growth of the spaces,
Jall < 51 and 5] < L.
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| Tcll < lellpraaT < ([lall + b)) pr+1 T
Tall + ||Tb
< I Tall +] ||pk

T
= @ “+1
2||Tal + ||Tc|
< T
= @ karl 5
So that 5 T
|Te|| < 7Tl
1 — Pk+1
(S]

TW) < ITell 2__eenl Gince the choice of a

Since a isn’t in the kernel, d < ITal < "2miT 6

Tall”
was arbitrary,
2 Pr T

d(TV.TW) < — 75
S

[]

We have made precise the notion that under appropriately spaced growth statistics,
fast growing subspaces are forced close together under a linear map.

Lemma 41. Any n dimensional normed space X has a basis of unit vectors (z;)1,
with
d(span{z; : i < j},z;) = L.

Proof. Pick a basis (y;)I;, and suppose that for some 1 <[ < n,
e we have obtained x; for i < [ and
e span{z; : i <[} =span{y; : i < }.

Pick a z € {a € span{z; : i < j} which minimises ||y; — 2| - this is attained since the

minimiser must be in the compact ball of vectors of norm at most 2||y;|| = 2, and set
Xy = —yj — .
ly; — =ll

Then adding z; to the span is equivalent to adding y; to the span, and for v € span{z; :
J < i} we have

1

1
v —zf| = “lly; = (z - =0l 2 ly; — 2l = 1,
! lvs ly; — ="

whence d(span{z; : i < j},x;) = 1. Iterate to obtain all (z;)?, with the desired
property. ]
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Lemma 42. Let X bve a separable Banach space and k € N. Then there is a Borel
measurable U : Gy X — Gr_1X such that U(V) <V for allV € G X.

Proof. Let {Uy,Us,---} be dense in G,_1X. Suppose V € G, X. Let so(V) =1 and

si(V) =inf{s: sup d(v,V) < 27" and d(Us, Us, ,(v)) < 2"} for i > 0.
UESUS
In other words, Uy, (v is the first member of the dense collection to fall in the nonempty
open set

Boi—:(U,,_,) N U By—i(W).

WeGr_ 1 X:W<V

Then Uy, is pointwise Cauchy and so the pointwise limit of measurable functions Uy, v,
is convergent to some measurable U(V') € Gy_1 X. Further, SUDyes, ) d(v,V) <27 for
any i, so U(V) < V. O

Lemma 43. Let X bve a separable Banach space and k € N. Let U € M(G X —
Gr—1X) (where recall measurability is taken to be with respect to the Borel sigma alge-
bras) with U(V) <V as guaranteed by the previous lemma. Then there is a Borel to
norm-topology Borel measurable b : G, X — Sx such that U @ span{b} is the identity

on G X.

Proof. Let {xy,xs, -} be dense in Sx. We iteratively define a family of measurable
maps t; : GpX — N by to(V) =1 and

t:(V) =inf{t : d(U(V) @ span{z;},V) <37, d{U(V),z;) > 1 and ||z, — 2y, || < 27}

for @ > 0. Each ¢; is the first time when running through the countable dense set that we
fall into a desired open set, so finite. The sequence of functions V' + xy,() is pointwise
Cauchy so converges pointwise to some measurable b with the desired properties. [

Applying lemmas [43] and [44] recursively we obtain the following:

Lemma 44. Let X be a separable Banach space. Then for every k > 0 there is a
measurable map b : Gz X — S’% such that for each V € Gy X,

V = span{b;(V)}i_;.

Lemma 45. Let V € G*X with bounded projection 11 : X — V. Let T € B(X). Then
pei(T) < pi(T o ).
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Proof.

per(T) = sup gr(U) < sup gp(UNV)
UeGr X UeGr X

= sup gr(U)= sup gp,(U)
U6g5k+1721V veGVv

= sup gron(U) < p(T o ).
UeGV

]

Lemma 46. Let X = E®V = E' & V' with corresponding projections I1 : X — V €
GEX and ' : X — V' € GFX. Let T € B(X) such that I' o T = T o Il, and suppose
further that gr(E) > |T|v||. Then (T o TI) < 4TI [TV pyya(T),

Proof. Let U € G,V with gron(U) > e “p(I' o T|y) = e “pi(T|y). Let © € Syge.
Observe that ||II'T'z|| < |[II'||||7x| and similar for 1 — IT". Then

Tzl [[(1-IT)Tx| grn(@)|Hz||  gr(E)||(1-TDz|
17| = max{ S, Sy ) 2 max{ =, ismr )

>y max{grn (U) |z, gr(£)[|(1 — M|}

e=<pu(T|v) e pT|v) _ e=cpy(rom)
> max{ |||, [|(1 — Iz} > AT > TR

where on the last line we use the fact that p(7T o H) < |[IL}|p(T']y/). Since = was

> e~ “pi(ToIl)

2 ] with € > 0 arbitrary, so

arbitrary, we may then conclude that gr(U @ F)
that
pi(T o 11) < dpyyi (T o || TU][ || T

as required. N

3.2.3 Equivalence of growth statistics

The Gelfand numbers may be defined by six(7") = infycge-1x || T|v||. Throughout this
section we assume T € B(X).

Lemma 47. p;, < s;.

Proof. Let € > 0. Choose V' € G X with gr(V) > pr(T) — €. Then since any W €
G* X intersects V nontrivially, suppose x is a unit vector in the intersection. Then
pe(T) — e < ||Tz|| < ||T|w||. W was arbitrary so pg(T") < s(T). O

A better bound than that in the following lemma may be found in the work of
Pietsch on s-numbers|23|, who axiomatised and gave a few examples of these kinds
of easily written down statistics that turn out to agree up to some constant, fixing
dimension:
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1
Lemma 48. For all k, sp < 4" Y((k —1)1)2py.

Proof. For k = 1 each quantity is just the norm of 7', so equality holds. Write ¢; =

. 1
4177((i —1)1)"2. Suppose that the proposition holds for each I < k with k > 2. Choose
U € Gr1 X with gr(U) > (1 — €)pr—1(T), so that in particular

gr(U) > (1 — €)cx_15k—1(T) > (1 — €)cp_151(T).

We may by the theorem of Kadets appearing as theorem 10 in section III.B of [29]
choose a complement TU @ V = X with II = IIpyy such that ||| < (k — 1)% + €.
Since T7'V € G*'X, we may choose z € Sp-1y with ||Tz]| > sp(T)(1 — €). Set
W =U @ span{z} € G, X and let a = b+ tx € Sy. Applying T,

fITy) e

ITa]l 2 m {HHHW1—HH}
(14 VE =T 40 max{(l — Jerrse(T) bl se(T) (1 — e}
>(2vVEk -1+ 6)_1(1 — €)1 max{|||, |t|}
ZM%(T).

A4(Vk—1+4¢€)

a was arbitrary so the final line is a lower bound for gr(W). € was also arbitrary, so
that px(T) > msk(ﬂ = csi(T). 0

The operator norm on B(X) has already been exploited extensively. Another useful
piece of information about an operator is its index of compactness seminorm

|T||le =inf{||T =T : T € B(X),dim(T(X)) < co}.
Lemma 49. The Gelfand numbers satisfy
1
se(T) > k=2 ([T

Proof. Let V € GF1X. Similarly to the proof of the last lemma, we may choose a
complement V @& W = X with |y w| < vk —1+e. Then T ollyy is finite rank, so
Il < 7= T o Ty | = |0 Myl < 71 MMyl < 71 I(VE =1+ ). Taking
the inf over such V' and letting ¢ — 0 we obtain the bound. O]
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Chapter 4
Cocycles

4.1 Motivation

4.1.1 What is a cocycle?

The term cocycle is part of the vocabulary across a wide range of areas of mathematics.
In the discrete time, linear setting considered here, a cocycle corresponds to a linear
operator-valued function:

Definition 50. Let (Q,0,P) be a measure preserving system, let X be a vector space
and suppose that A : Q x X — X. FEquivalently, A may be thought of as a map
0 — XX,

o [If for fired w A, is a linear map, then call A linear cocycle. Equivalently, a
cocycle is a map Q2 X Ng x X — X written (w,t,x) — Az € X that satisfies
the cocycle condition

Almtn) — Alm) o A),

w

e Suppose in addition that X is a Banach space andV C B(X) is a Banach space of
bounded linear operators on X. The strong operator topology on V is the smallest
making the maps

O V=2>XT—Tx

continuous (with X endowed with its norm topology). If A is measurable as a
map from € to V with the strong operator topology on V, then call A strongly
measurable, writing A € SM(Q — V).

e if X is a normed space and log™ | Al| € L'Q then say A is forward integrable.

e if X is a normed space write GL(X) for the group of bounded invertible maps. If
A, € GL(X) for almost every w € Q then call A an invertible cocycle, denoting
this subset of SM(2 — B(X)) by SM(Q — GL(X)).
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o [f X is a normed space, (A,)~" exists for pointwise almost every w € Q0 and is

forward integrable then say A is backward integrable.

One may keep in mind that we may define a cocycle for continoous time as a
measurable A :  x [0, 00) — € such that AS™ = AéfZJAS) for all s, > 0 but we will
focus on discrete time.

Lemma 51. We have the following characterisation of the space of strongly measurable
functions:

SM(Q = B(X)) = {A:Q—>B(X): Jor cach € X, }

(w Ayz) € M(Q — X)

Proof. Lemma A .4 of [12] checks the equivalence of these conditions. O

In his paper [22] Oseledets points out that with the framework he develops, one
may not only study systems like those arising from differential equations, but also to
problems arising in probability theory.

Some examples include

e In the case of a constant map A,, = A we obtain a constant cocycle corresponding
to the application of the same linear map at each time step.

e Extensively studied is the case where the base system o : Q@ — €0 is also a
diffeomorphism of a compact manifold with P some invariant or ergodic measure.
One may consider the derivative of ¢ to be a map on R™ up to a choice of atlas:
fix a finite covering of patches ¢ : R* — U, open in M and let V; = U; \;<; U;.
The derivative Aly,n,-1v, = d(g;09; ") is a linear cocycle where A™ = do™.

e A simple function A : Q@ — B(X) is one defined piecewise constant on the ele-
ments of a partition: that is, there exists some countable family of measurable sets
P and with UP = ) P and an associated family of bounded operators (Ap)pep
such that A, = Ap for w € P € P. These are simple to understand, but one can
easily be designed to demonstrate various forms of problematic behaviour.

e A cocycle on R” of iid or stationary stochastic operators is the case considered
by Furstenberg and Kesten|10].

Lemma 52. Suppose that X is a Banach space and €2 a measurable space. If E €
M(Q — G X) and A € SM(Q — B(X)) then the pointwise pushforward w
A(w)E(w) is measurable.

Proof. The pushforward result is established in corollary B.13 of [12]. O

The emphasis here will be on establishing the long term behaviour of elements of
X. These techniques may be used to study continuous time systems, and since they
are another huge source of examples, I elucidate a little here:
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4.1.2 Differential examples

Recall the initial value problem discussed in the introduction:
(t) = a(Gw)z(t), x(0) = zo,
wihch has a unique solution given by the operator
Al e R,

In this cocycle formulation, for example, the Euler scheme for numerical integration
can be seen to hinge on the assumption that in the right circumstances, for small 6,
we can make the approximation A, ~ 1+ da(w).

The first differential equation is finite dimensional and well studied, but an infinite
dimensional state space may also arise naturally in the continuous time space: with A
as above and b € SM(Q — R¥?) such that w — fol b6, ||dt € L'(2), consider the

initial value delay differential equation:
t(t) = a(fw)x(t) + b(Ow)x(t — 1) for t > 1 and x| = v € X = C([0,1] = R").

Whereas Ag,, = A&) :R? = R depended on the finite dimensional datum z, € R?, the
solution operator here A € SM(Q2 — B(X)) depends on the infinite dimensional datum
u € X - even a Hilbert space result such as that of Ruelle may be insufficient here.
This evolution of a unit timestep is entirely determined by the last unit of time, and
can be written in terms of Ay, a and b. Writing A, : C[0, 1] — C|0, 1] for the unit time
evolution operator composed with the shift by one unit time step is computationally
convenient. In fact, in [I5] it is shown that regardless of whether one focuses on the
problem in a continuous or L? setting, the evolution operator over a duration greater
than 1 or 2 is compact. As such, when studying long term behaviour one may focus on
a compact discrete time system acting on X and apply results proved in that context.

4.2 Defining the Lyapunov exponents

4.2.1 Applying statistics from the Grassmannian to cocycles

We shall see that the growth statistics of a given cocycle can then be checked to
converge.

Given a cocycle A : Q — B(X), for fixed w and each b > a € Z we may define
the map A, _p(w) := Agba;“), which may be thought of as the evolution rule for X from

time a to time b. Under this notation it is easy to see that for any a < ¢ < b € Z,
Ay 0 Aassp = Ay The inequality [|Aq—p|| < || Aasell||Aems|| holds. Taking log of
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each side, one obtains the following triangle inequality-like bound on the growth of
points in X from time a to b:

fa%b(w) = IOg ||Aa—>b” < log ||Aa—>c|| + 1Og ||Ac—>b” = fa—w(w) + fc—>b(w)'

This is an example of a subadditive cocycle, exactly the object that we can apply
Kingman theorems to:

Definition 53. Given a forward-integrable linear dynamical system R = (Q,P, 0, X, A)
with (Q,P,0) an invertible ergodic transformation over an atom-free Lebesque proba-
bility space, write p; for the constant pointwise almost everywhere limait

;= lim < log pi(A™)  for almost every w € Q
n—oo

where it exists, as shall be shown below. The numbers (u;):°, are nonincreasing. We
may write \; for these numbers counted without repeats, and m; for the multiplicity of
i, that is, if A\i11 is defined then m; is defined as the largest m € N such that

Hmi+4mi_1+m = /\2
Call the \;s the Lyapunov exponents, Ay being the top Lyapunov exponent. Let

Ao(z) = limsup = log |AM™ 2| € [—o00, 00)

for the Lyapunov exponent associated with v € X.

Finally, define the limit v = lim;_,o, p; € [—00,00): we shall demonstrate in lemma
below that this corresponds to the more standard notion of the index of compactness
of a cocycle.

Lemma 54. Let R be as above. The quantities \;, u; and v are almost everywhere
constants. Further, Ay exists if and only if A\ > v.

Proof. Consider the following choices of sequences:

f5(w) = log pp(A™),
gn(w) = log | AL

In [13] px is defined (written there as Fy) and it is shown that there exist numbers Cj
such that for any operators T, S € B(X),

k K
sz‘(s oT) < Cy HPi(S)Pz‘(F%
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whence the existence of the desired limits is guaranteed by noting that

k k—1
fiw) =log [ [ pi(ASY) = log [ [ i(AL))
=1

i=1

converges with an application of 28] The second statement is a consequence of the
definitions v = lim, o ftr, and Ao = fmin{e:pe<pu}- O

There is a large degree of choice in the definitions of the Lyapunov exponent, that
used here happens to be convenient for our purposes, and can be checked to agree
with other notions. As an example which arises in this Banach setting, the quantity
k measures a notion of compactness of the system. Earlier versions of the main result
assume, for example, that A acts on a finite dimensional space or more generally
is compact after iterating forward in time enough - these would just correspond to
K = —00.

Lemma 55. The index of compactness defined here is just the usual index of compact-

ness
lim p, =v =k = lim +log |A™ || for pointwise almost every w € Q.
n—oo

Proof. Since p dominates the compactness seminorm up to a multiplicative constant,
k < u; for every ¢ € N, so certainly x < v. It remains to verify that x > v. Suppose
that k& € N. There exists a § > 0 such that for all P(A) <9, [, log||A| < §. Choose
N sufficiently large that

P (AN > Nty < L,

Choose r sufficiently large that

1
P(G)="P (AL(UN)BX may be covered by at most e eN(”+5€)—balls> >1-4.

Set fn(w) =loginf{t > 0: AlBy is covered by e™ t-balls}. In this case

w o"w

=fn(W) + fin(0"w)

Frngn(w) <loginf{ab: A™By is covered by ™ a-balls, and A B by €™ b-balls}

so that the family is subadditive, [, fi < [, log||A| < oo and

b resnsterd [ gl <nt et de
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Thus we may apply Kingman again to obtain that % fn(w) = C < k+e€ pointwise almost
everywhere. Almost surely, for sufficiently large n we may guarantee the following:

o AL < et

o Thereisa V' € G, X with g, (V) > enlie=e),
o A" By is covered by at most e e+ _halls
o " > (2k)*.

By Lemma 41| we may choose a basis of unit vectors z; for V' with d(z;, span{z;};<;) =
1. Write

k
) n(k+e) 4 n(rk+e)
A:{Zaixi:aié{o,:t e(n) ,:l: e(n) ?"'}7|ai|<% Q]EX
im1 [ AL ]| || Aw” i

If two members a = ) . a,x; and b = ), b;z; are distinct then there is a maximal j < k
with a; # b;. Then

la = bll > a; — bjld(AS 2, ALY span{z; « i < j}) > ") > ALY]..

The points in AJA are then of distance at least 2¢"*+9) > | A{|. apart, and there
are at least

k k
|A| — H 1 LHASL)QCZIQJ > (2]{3)7’6 H en(,ukfe)fn(/ﬁ%) _ enk(,ukfnffie)

2 e"(“+€)
i=1 =1

of them. Each member of a cover of A™B x by e™"+9_balls contains at most one
element of A, so the cover has cardinality at least e"*(#=%=3¢) On the other hand, this

quantity is bounded by e"":
e > 6nk(,uk—n—4e)‘

Taking log and rearranging we obtain

k< "

pp — Kk — 4de

In the case that up > K + 5¢, it must hold that £ < . This bound on k shows the
number of us greater than s + 5e¢ is finite, whence py | kK = v as k — oo. O

4.2.2 Properties for functions on (2

Here we define useful properties that will help characterise the splitting. Let (2, P, o)
be an ergodic invertible system on Lebesgue probability space throughout.
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Definition 56. Say that a function f € M(Q — R) is Lyapunov if
Lf(o"w) — 0.

asmn — oo.

Definition 57. Let A € SM(Q2 — B(X)) and E € M(Q2 — GX).

o If ||A||l is Lyapunov then call A tempered.

o [fALE(w) C E(ow) then call E equivariant with respect to A. If the same holds
with equality instead of mere containment then call the equivariance strict.

4.2.3 Other approaches?

There is some freedom of choice in the approach to a proof of Oseledets’ theorem.
Raghunathan in [24], for example, uses exterior algebra applied to R, studying the
growth rate of m-dimensional volumes being relatable to A" X. A single cocycle will
also act on the tensor product by letting z; ® -+ ® x,, = (Apz1) ® -+ ® (Ayxy,) for
some basis {z;} and extending linearly, which can be shown to uniquely define ®"X.
Raghunathan uses the norm on the exterior algebra - not all the details of how this
would be generalised to a separable Banach space have materialised: in the overview of
[25] it is pointed out that there is no single settled definition of the tensor or exterior
product.
As such, we stick to working on the Grassmannian.
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Chapter 5
Constructing fast and slow spaces

5.1 Decomposing a cocycle

5.1.1 Searching for a decomposition

Having introduced the necessary background material, we now seek out the Oseledets
decomposition. The first part of the proof will be in obtaining the top fast space
E; : Q — G(X), which is finite dimensional and seemingly presents less of a challenge
than obtaining the slow space - as evidenced by the problems with the possible bad
behaviour in the case where X* is not separable.

5.1.2 Quasicompactness: does an interesting Oseledets decom-
position exist?

In finite dimensions, every operator is compact, but there is no reason to expect a
nontrivial Oseledets decomposition - the constant cocycle consisting of the identity on
R™ is an example: there is still a well defined F; : w — R"™.

If X is infinite dimensional there is no reason to expect a finite dimensional unique
E, - if, for example, the cocycle takes values in the isometries of X, then there is no
unique finite dimensional fast space. With the convention that in the finite dimensional
case we have Vy = {0} we can write down a straightforward condition for nontriviality
of an Oseledets decomposition by stipulating that the norm ||A£,")|| and compactness
seminorm || AS”||. grow at different asymptotic exponential rates. The crucial condition
for a cocycle to have any nontrivial decomposition into fast and slow spaces is that of
quasicompactness. One may investigate the growth of each of ||AJ”| and ||AS|.: as
a consequence of Lemma [55] these quantities growing at different exponential rates is
equivalent to the main condition we develop for quasicompactness of a cocycle.

Definition 58. Say A is quasicompact if it satisfies v(A) < A\ (A).

If v(A) = A\ (A) then we can find a space of arbitrarily large finite dimension of
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growth rate A\;, and there’s no hope of finding an F; which is finite dimensional. It
remains, then, to check that something intersting happens otherwise.

Lemma 59. Let R = (Q,P,0, X, A) be a strongly measurable linear dynamical system
with invertible ergodic base on a separable Banach space, with (Q,P) an atom-free
Lebesgue probability space. Suppose that A is quasicompact. Then there is a unique
measurable choice of fast space E : Q — G,,, X (where the multiplicity of the top space
my was introduced in definition for which the following hold almost surely:

o cquivariance: A,E(w) = E(ow)
o \(z) =\ for every x € E(w) \ {0}
o lim, o Llog g(AT, E(w)) = A1

Proof. Since X is separable, by lemma Gm, X is separable: choose some dense
{Ei}ien € Gm, X. Let € € (0, 3(A1 — A2)). The sets

r; = {w €eQ: g(A(Qn) E;) > e_epk(A(Qn) )}

o "w? o "w

are measurable and cover (), since for fixed w, density of the F;s and continuity of

14(2n) 2n)

g,ev means that we may find an i with g(A;~., E;) as close to pk(Ag_nw) as we

plérasg. Then lemma [37] above provides measurable functions

! (w) = inf{i e N: g(A(Qn) E;) > e—ﬁpk(A(%) ),

o "w? o "w

EM(w) i= B,

and the pushforward

is also then measurable by lemma |33|
First, we establish that this sequence is Cauchy, and therefore convergent, to a

family of spaces £ € M(Q2 — G,,,, X).
For almost every w € 2 the fastest m; dimensional growth rate
Llog py, (AL(U”)) — A1 by Kingman’s theorem [23]
%log Pk (A(n) ) — A again by theorem 23] applied to 071,

o "w

o "w

% log pi <A(2n) ) — A1 by the balanced version, theorem
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and

Pk (A((jn_)nw) > gA(n) (E(") (w)) > e “pg <A((7n_)nw> .

Thus for each w in this full measure set we may choose M,, such that for n > M, we
can usefully estimate growth under A in a few cases:

JAZ L A € (enim9, enhita),
g(A( n) E(n)( )) c (6 (>\1—e)762n()\1+5))’

o "w’

||AO'_(n+1)UJ|| <e™

and for convenience
e > 4.

Applying the inequalities in lemma [35] then,

50 > Iz BV @)

> en(A1—3E)
|ASY |

g(A(n)

o "w?

and

led "w’

AT

(2n) n
> g(A E( )( )) > en()\l—?)e).

o "w”

In addition, A, -1, B (w) is also guaranteed to have fast growth under A"

_nw

g(A(n—H) E(n+1)(w))

o—(n+1)y,

A A EO () 2
9 (A7 A B (w) ) 22—

>6(n+1)()\1—36)e—ne > en(/\1—4e).

E™(w) consists then of the image of vectors that were fast from time —n to 0, and
will grow fast from time 0 to n. Then by lemma 40| with © = ¢™*1749) we have

A(E® (@), B (@) =d (AL, B (@), AL, (Ag-n , E D ()))

—w o "w
en()\g +6) n()\
— 1—A2—6€)
<4—6n(>\1_46) <e .

Thus E™(w) is Cauchy and convergent since G,,, X is complete, say to E(w).
To prove equivariance, observe that for n > max{M,,, M,,}, we find E"V(ow) is

uniformly fast growing under AU gt

g(A(nj‘l) Fon+1 (aw))

o "w’

A | B

(n+1)()\1—e)6—ne > 6”0\1—26).

g(A( E 1) (ow)) >

o "w?
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Then, once again, by closeness of images of fast spaces,

d(A(”) E~'(n+1)<0w),E(n)(w)) < efn()\lf/\zf?)é),

o "w

whence

d(E("+1)(0w), A E™ (W) :d(A(n+1) E(n+1)(aw), A,E™ (w))

U—(n+1)w
< (AL, B (0w), B(w))

—n(A1—Aa—4e
<e M ),

so that A, E(w) = lim,, e A, E™ (W) = E(ow).

To check that F(w) is uniformly fast growing, choose x € Sg(,). Then since for
n > M, we have d(E™(w), E(w)) < e ™"1~*279 for each such n we may choose an
Tn € Spm(yy With [z — z,[| < e7"M7279 Since z,, € EM™(w) and g(AEJ"), EM (W) >
e"M1=39) it then follows that,

A x| >[|AS || = |AS (& — )|
Zeﬂ(>\1-3e) N e_n(Al_Az_g)”A((Un)H
s AP ] > g0,

Thus we may conclude that as well as being equivariant, F(w) is fast growing for all
sufficiently large n; since the choice of x was arbitrary the growth is uniform:

g(A™ B(w)) > e,

w

On the other hand, for n sufficiently large we also have

g(AD), E(w)) < pr(AZY) < et

w

whence = log g(AEJ"),E(w)) — A;. Finally, we check uniqueness: Suppose that F(w)
and E'(w) are both equivariant and fast, so that for every w there is some N such that
forn > N,

gAﬁ,") (E(w))7 gAﬁ,") (El ((.U)) > e"(AI*G) :
Define p € M(Q — [0,1]) by ¢(w) = d(E(w), E'(w)). Applying lemma {40} for almost

every w we have

p(0"w) =d(E(0"w), E'(0"w)) = d(AJ) B(w), AL E'(w))

(n)
pk+1Aw

¢ tends to zero along all orbits. Therefore the sets {¢(w) > €} all have measure zero,
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whence ¢ vanishes almost everywhere and £ = E’. O]

We have found the top fast space.

5.1.3 Finding a slow space: a splitting lemma

This order of events seems natural in this setting, where working with finite dimensional
spaces is easier than finite codimensional spaces. We need invertibility of o to guarantee
such a space in general, whereas the space constructed in the next subsection will exist
even if o fails to be invertible, but nonetheless this slow space seems harder to construct.

The space G¥X may fail to be separable, so finding approximants to the actual
true space in the manner of the previous systems seems challenging. Instead, we can
exploit separability of X to write down a nonlinear but measurable map 2 x X — X
which decomposes any element of the state space as an element of the fast space, plus
an element that grows at a lower asymptotic rate than anything in the fast space. The
limit of this map may then be verified to be linear, and in particular the projection
onto the fast space along the slow space.

Lemma 60. Let R = (Q,0, X, A) be a quasicompact, semi-invertible linear dynamical
system. Then there exists a forward-equivariant decomposition X = E(w) & V(w) ,
where V1 Q — GFX and the corresponding projection is a strongly measurable I1 :
Q — B(X). V is a slow growing space: lim,_,« + log HAEUH)W(“;)H — Ay almost surely.
Finally, 11, is tempered.

Proof. By lemma [44] we may choose a measurable family of bases
(b)E G X — Sk

Write v;(w) = b;(E(w)) which is itself then measurable. Let {(q;;)%_;};en be dense in
R*. Let T; € M(Q x X — X) be defined by

k
Tj(w,z) =2 =Y givi(w),
i=1

so that for each w € 2, the collection {T'(w, -)} is dense in translations of X by elements
of E(w). Let € < £(A; — A2). Define ¢, € M(X \ E(w) — N) for n € N by

(w0, 2) = nf{j € N: [AD Ty < ¢ pra (AD) | Tyl .
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A sequence of nonlinear maps I1™ € M(X — X) may then be defined piecewise by

0,if x € F(w),
1" (z) = (@) and
T, (wx)T otherwise,

P (z) =z — 1M (x).

w

To see that ¢ is finite on X \ F(w), first note that the set
{Tz : j e N}
is dense in the set S = F(w) + x. The set

lE n
U={y € B(w) @span{z} : [ALy] < 2 prsa (AT |1y}

is nonempty by the definition of py.1, open and scale invariant - for every 6 # 0 we
have OU = U. Write
U'=(Ew)+z)NU,

which is open in S, and nonempty, since any direction in F(w)®span{z} with a nonzero
x component can be found in E(w) + z. Since {Tjz}; is dense in this fibre, an ¢, (w, )
may be found in finite time. To see that ¢, is measurable, note that

L my = {w2) [ AD Tie)| < € pran (AL | AL Ty}
i=1

Let z € Sx. Immediately from the definition, P"z € E(w). By convergence of the
%log pis, for all n greater than or equal to some IV,

JAGII ()] < V0 I
[AS VTSV () || < eIt I,
| Agny || < €™ and
ga0 (B(w)) 2 e"179.

In addition there is an easy bound independent of x € Sx on i,

Y| <[|]| + || PSY |
<14 e NI AW PO g
<1+ eI (||AD 2| + (| ADI TG )
Sl _'_efn()\lfe) (en()\lJre) +€n(/\2+6)HH£,n)l'H),
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which rearranged yields

1 e?ne
+ <e
— e*’n()\lf)\QfQE) -

3ne

(n)
I < -
Consider differences between successive approximate slow components:

ITI0H () = T8 ()| = PO+ (2) = POV ()|
_NASTI P — PP ()|
- gaom (E(w))
_ASTI @S e — 118 ()|
a gy (E(w))
<e NI (AT ()| + [ AGHITISD (@)]))

w

<em VO (| A [ ADT ()] + €O+ [T ()]

<6—(n+1)()\1—)\2—3e) (e3ne + 63(TL+1)€)

<e—(n+1)(>\1—)\2—76)

Y

whence gaps between subsequent points decay exponentially, so that (HL(U") (2))nen forms
a Cauchy and thus convergent sequence. Set

I, (z) = lim 0™ () and P,=1-Tl,.

n—oo

Note that II,Sx is then bounded, since

M) = lim TS|
m—0o0

<[]+ lim Yz — T (2)]
m—0o0

e~ NOa—X2=Te)

< 3Ne
=€ + 1 _ e—()\1—>\2—76)’

the final line being independent of choice of x. Not only then is IR convergent, but
we have the estimate
00 ‘ . —n(AM1—A2—¢)
I — Muaf) < Y7 IS0 — 0+ Da]| <

1 _ ef/\lf)\gfe :
=1

The map II,, is linear: to see this let b,c € X and t € R, and set

d =TI (b + te) — TWb — tTTMe,
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Certainly d € E(w), since

d =TI (b+tc) — (b+te) +b— T + te — tTTIMe
= — P(b+te) + PMo+tPMe € BE(w).

Then applying the estimate for e

ldl} <e™" M9 AP
e " TI(ADTIY (b + to) || + |ASVTIEY (B) | + [EASTIE )
<e "2 (Y (b + te) | + | TLE7B]| + [[T1SVe]])
<e "N (1, (b + te) || + [|TLb]| + [|tTucl|+

—n(A1—A2—¢€)

e
(1o + te|| + [|b]] + [|tc]|) N — 0 asn— oo.

o)

Thus d = 0 and II,, € B(X). By construction I, F(w) = 0 and P,X = F(w) since for
any x € X and n € N we have x — s e E(w). The map II,, is then idempotent,
since for any z € X

122z — I,z = I, o P,z € II,E(w) = {0},

and is thus a projection. Set V(w) = II,X so that X = V(w) @ E(w). For all n > N,
and any z € V,,(z), because of the exponential rate of convergence there is a sequence
of approximants

|z, — x| < C, e M—A2=Te)
with
1AS 2, | € [0, e"P249),
Therefore,
[AS 2|l < [| ALl = aall + [|ASV @ ]| < €725,
whence

A [y )| < P28

for n > N,. By the definition of Ay, it is possible to choose Y,, € G,,,+1(X) with
%g A (Y,) — Ag, which means by dimension counting that there is always some se-

quence of vectors x, € Sy ()ny, With %HAS,n)an — A2 and so
Hog AL v [l = Ae.

Further, the map w +— II, is strongly measurable, since for each x € X the map
w +— I x is the limit of a sequence of measurable functions.
To see that V(w) is equivariant it is sufficient to show that P,, o A,z = 0 for all
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x € V(w). If this were not the case, then A,z would have a nonzero component in
E(ow). From this is would follow that A,(z) = A; which would contradict the fact
that ||A£Jn)|v(w)|| < e"2F89) for sufficiently large n.

We next check temperedness of the projections. Since Il is bounded pointwise we
may choose an A C Q of positive measure on which ||II,]| is at most some M > 0.
Then define a new cocycle A" by

A,_{AwoﬂuﬁweA,

A otherwise.

Then A, is forward-integrable since

Jrost A < [ tog" )+ [ tog® 0 < oc.
Q Q A

Write X' for the asymptotic growth rates associated with A’. Since A has positive
measure, the hitting time of a point w where A/, = A, o Il,, is almost surely finite,
say n. At time n one may apply the equivariance condition for the projection Il to
conclude there is almost surely an n such that A" E(w) = {0}, and so

AMX C V(o).

We may then conclude that for each x € X, X (z) < Ay and \| < A2. Applying lemma
to the subadditive families g, = log [|[A%”|| and ¢/, = log || A’"™|| there is an N; such
that for n > Ny,

147 |l < €24 and || Ay || > €7,

Clearly Al _.,, # An_9, since the latter has a greater norm. Therefore there must be
some j such that
A/

n—2n

n—j

o Hajw o A;—)QTL = An—)?n @) Ho—nw.
In addition, there exists an Ny such that for n > Ns,
g,m (B(c"w)) € (enhi=e) enate)),

As a final condition, because of the asymptotic growth of E, there exists some N3 € N
such that for all n > Nj, g, (E(w)) € (™79, en™F9)) Let € Sx. Putting these
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together, for all n > max{Ny, Na, N3, £},

| Prvgar]| <& 0179 AL Pync|
<M= (| AG x| + | AT, gn 2]
<e M9 (Ot | 1| AL,z )

Se—n()q—e) (en()\1+e) + HA,n—>2nl|) ||l‘”
§62n6 _'_6—TL()\1—>\2—26) S e3ne'

€ was arbitrary and the norms of IT and P differ by at most 1 so % log || Pyno || % log || Tgny, || —
0 as required. O

Corollary 61. V(w) = V(w) = {z € X : \y(2) < X2} almost everywhere.

Proof. That +log ||A£J") lv(w)|| = A2 establishes the fact that V' (w) C V(w). Conversely,
any = € V(w) \ V(w) would have P,(z) # 0 so that \,(x) = ), contradicting the
definition of V. O

The decomposition @V is referred to as a splitting, since any = in X can now be
decomposed into a part that grows at least at some exponential rate, and a part that
grows at most another exponential rate.

Growth of F(w) can be bounded independently of = € Sg(., but the same cannot
be said for V(w) since the unit ball isn’t compact.
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Chapter 6
Oseledets’ theorem

6.1 History and overview

6.1.1 The fully invertible result

Oseledets, motivated by the exponential divergence of nearby points in the study of
dynamical systems, proved the following remarkable result in 1965 [22]. We will include
the discrete time case for this result, but henceforth consider discrete time results for
simplicity.

Theorem 62 (Fully invertible Oseledets’ theorem on R?). Let Q be a Lebesque prob-
ability space and o : 2 x G — Q be an invertible ergodic action for G = R or Z. Let
the measurable map into the invertible matrices

AeM(QxG— GLy(R))
satisfy the cocycle condition

AT — A AD - for gll st € G

w orw* w

and
wi— sup log"™ ||AY| € L'Q.
_1<t<1

Then there are measurable numbers \;(w),i € {1,--- ,r,} and a direct sum decompo-
sition of equivariant measurable subspaces RY = @, E;(w) such that the space E;(w)
grows asymptotically uniformly at rate \; as n — *oo, that is,

Hlogg o (Eiw) and 4 log AL 5] — £

In

pointwise almost everywhere as n — £oo. Finally, the projections I1; , onto &, E;(w)
parallel to @<, E;(w) are tempered.
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Note that the uniform growth limits mean that
z € Bi(w)\ {0} = 2Zlog A z|| — ..

In the discrete case that t € G = Z we focus on where A is generated by A®), demanding
that sup_; <, log™ ||Aff) | € L'Q just reduces to the conditions of A being both forward
and backward integrable when ¢ € Z. This fully invertible result is so-called because
of the assumptions: o is invertible, and A is not only forward integrable, but it has
to be backward integrable (which naturally implies pointwise invertiblity). At at the
time of his proof, the Kingman theorem had not been proven. From the work of
Furstenberg and Kesten [10] it was known that A; existed, but this theorem is an
imprtant cornerstone of the study of hyperbolic dynamical systems.

6.1.2 The non-invertible case: weaker premises and conclusions

At the other extreme, dropping these invertibility assumptions leads to much weaker
information about the space necessarily being available. The following flag decompo-
sition is proven in the 1978 work of Raghunathan [24]:

Theorem 63. Let Q be a Lebesque probability space and o : @ — Q be a (not neces-
sarily invertible) measure preserving transformation. Let A € M (Q — RdXd) satisfy
log™ || Al € LY(2). Then there are measurable numbers \;(w),i € {1,--- ,r,} and a
flag of equivariant measurable subspaces R = Vi(w) > Va(w) > -+ > V,_(w) such that
for almost every w, we have that for x € Vi(w) \ Vii1(w),

lim L log [|AlV || = Ai(w).
n—oo

The moniker flag for a descending chain of vector spaces is based upon the observa-
tion that a flag is, as we all know, a 2 dimensional surface, containing a 1 dimensional
flagpole, containing a 0 dimensional base. Raghunathan [24] uses singular value de-
composition as a black box, with approximants to spaces being made up of appropriate
spans of singular vectors. He describes a strengthening of Oseledets’ result with both
these assumptions dropped - he does obtain an orthogonal splitting of the space, which
can always be obtained from a flag, but such a splitting isn’t the unique equivariant
spaces we may have hoped for. This can be realised by bearing in mind that in general
certainly F and Fs needn’t be orthogonal. The result is an extention to non-invertible
systems of some, but not all, of Oseledets’ original conclusions.
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6.1.3 Continuous cases and generalisations to infinite dimen-

sions

These results were subsequently adapted to various settings. The work of Ruelle [27]
is an example of a smooth result, where (€, o) is a C'*¢ diffeomorphism on a compact
manifold. He proves a non-invertible flag result and uses it to deduce the fully invertible
result to find stable manifolds of points that asymptotically coalesce.

The most general separable Banach result before the semi-invertible theorems in
the next section is the work of Lian and Lu [20]. Their monograph obtains the decom-
position result that weakens pointwise invertibility of A, to pointwise injectivity of a
strongly measurable cocycle in a separable Banach space, with invertible ergodic base.

Another condition that one may drop is separability of the state space. However,
the notion of measurability of the cocycle which is demanded is much stronger. Mané
[21] proves the invertible version of the theorem with ¢ a homeomorphism, with the
invertibility of A, being weakened to injectivity, for compact operators that satisfy a
notion of p-continuity. Thieullen generalises the work of Mané in [28] to quasicompact
operators with the same p-continuity condition. A recent proof in the non-separable
setting with an emphasis on volume growth is the non-invertible result of Blumenthal
in 3], where a flag is obtained for uniformly measurable cocycles. Each of these non-
separable results relies on a much stronger Lusin type regularity of the system, insisting
that the cocycle either be continuous or constant piecewise on a countable partition: a
condition that in finite dimensions again becomes equivalent to measurability.

All of the results stated thus far have either required invertibility of the base and in-
jectivity of the cocycle to obtain a direct sum decomposition, or are fully non-invertible
results. It turns out, however, that an injectivity condition isn’t necessary to obtain a
decomposition.

6.1.4 A further refinement: semi-invertibility

Froyland, Lloyd and Quas [9] demonstrated that as long as o is invertible the space
may still be written as a sum of fast and slow spaces with no injectivity requirements:

Theorem 64 (Semi-invertible Oseledets’ theorem on R?). Let 2 be a Lebesgue proba-
bility space and o : 2 — € be an invertible ergodic system. Let the measurable matriz
cocycle

A€M (Q— R™Y

be forward integrable. Then there are measurable numbers \;(w),i € {1,--- ,r,} and a
direct sum decomposition of invariant measurable subspaces R = @, E;(w) such that
for x € Sg, ),

lim Llog [|AJz]| = Ai(w).
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This limit converges uniformly in x. Finally, the projections 11, onto @;s;E;(w)
parallel to @<, E;(w) are tempered.

Nearly all the conclusions hold comparing to the fully invertible result! The only
loss is the backward estimate, since A needn’t even exist almost everywhere. The
associated paper dealt with the finite dimensional case, but in [12] Gonzalez-Tokman
and Quas presented a generalisation of this semi-invertible result to a separable Banach
space.

6.1.5 A slow space measurability disaster

Actually the claim that the slow space is measurable was made in that paper, but
after Horan [I4], the infinite-codimensional slow spaces may fail to be measurable,
which we demonstrate in this section. Gonzalez-Tokman and Quas give a subsequent
shorter proof of the semi-invertible decomposition explicitly in the separable dual case,
using intuitive notions of volume growth that this work partially builds upon [13]. The
argument to obtain spaces for n > 1 relies on a notion of fibres over a measurable
base space, examining cocycles whose domain varies depending on w, a geometrically
compelling argument for which not all details are supplied. For X with a separable
dual, the appendix of [12] explains that it follows that G¥X must be separable, whence
problems such as in the following lemma won’t arise, and a separable dual is a sufficient
condition for measurability of slow spaces.

The following shows that generally the slow space can fail to be measurable as
a map from {2 to the Grassmannian of finite-codimensional spaces. Our main result
instead establishes measurability of the associated projections.

Lemma 65. Let Q = {+1}Z together with the shift o(w), = wny1 with the product
measure of fair coin tosses as described previously.
Let X = (*(Ny) and consider the cocycle given by A,(z) = (32, wiz;, 0,0,---).
Then

o A is strongly measurable and forward integrable.

e there is an equivariant decomposition with a constant fast space
Ey(w) =span{(1,0,---)} forall weQ

and a slow space

Vg(w):{xeX:Zwixi:O

=0

corresponding to exponents Ay = 0 and Ay = —o0.

o V5(w) s not measurable with respect to the Lebesgue sigma algebra on Q.
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Proof. Write p; : (x;);er — ; for the projection onto the ith coordinate in a product
space. To check strong measurability, fix an x € X. We need to verify that the map

@:QawrﬁAwm:(Zwimi,O,---)GX

=0

is measurable. This function can be written as a single sum times a constant vector,
it’s sufficient to notice that py o p(w) = > ooy z;w; is measurable, as a pointwise limit
of the maps w — >""_ x;w;. The equivariant top fast space is straightforward:

E, =span{(1,0,0,---)} forall we®Q

is the equivariant top space corresponding to A\; = 0, since for every w we have
A,(1,0,0,--+) = (£1,0,0,---). We can see that

Vo(w) ={zx e X : Zwlwl =0}

is the kernel of the functional py o A, so it is an equivariant space of codimension 1
corresponding to Ao = —00. Let w,w’ €  so that w # +w’. Then there are i # j with
w; = w'; and w; = —w’;. Then the 2 € ¢*(Ny) which has 2; = 1,2; = —1 and 2; = 0
otherwise will be in exactly one of V, or V,, but has distance at least 1 from the other.
The family {V,, : w € Q} C G'X is then a discrete uncountable set. Taking open balls
around each V,,, any subset S C 2 with S = —§ is a preimage of some measurable
subset of G!X. any sigma algebra on ) making V5, measurable would contain the
collection

{£S ={tw:weS}: S CQ},

whence V' isn’t measurable, since choosing a non-measurable set S C {w € Q : wy = 1},
the set £S5 is also not measurable, but would have to be were V5 measurable. O

6.1.6 Statement of main result

The main result, an extension of the semi-invertible result to separable Banach spaces,
may now be stated:

Theorem 66. Let (2,0, X, A) be a strongly measurable forward-integrable linear dy-
namical system with (2, 0) an ergodic invertible map on a Lebesgue probability space
and having Lyapunov exponents (1;)52, and (\)E,, where 1 < L < oo. Then for

each 0 < | < L there is a direct sum decomposition into equivariant spaces X =
(@igz El(w)) ® Vi1 (w) with the E; : Q@ — G, X measurable, m; € N and having

Llog [[ A o, L log inf ([ AP ]| & € S} = A

o8



and
Viw) ={z € X : lim Llog |AM™z|| < N}
n—oo

The projection 11 : X — ®j<i E; parallel to V; 1s strongly measurable and tempered.
There is a nontrivial decomposition, L > 2, exactly when v = lim, o ftn < A1.

In this Banach space setting, the main theorem yields in a trichotomous classifica-
tion of forward-integrable cocycles on separable Banach spaces: one of

e A fails to be quasicompact, with u; = v for all ¢ € N - no fast spaces may be
detected

e A is quasicompact, with finitely many finite dimensional fast spaces growing at
rates Ay > - > A\p > Ay =v

e A is quasicompact, with a countable sequence of finite dimensional fast spaces
growing at rates \;y > Ay > --- — .

These three possibilities just correspond to situations where there are no, finitely many
or countably many fast spaces. The number v is an alternative choice to the typical

n

index of compactness k = lim,, %HASJ || that proves simpler to work with in this

proof: we have seen they are equal by lemma [55]

6.2 Proof of main result

Finally, we may conclude with the main result, a well behaved decomposition of the
space acted on by a linear dynamical system:

Proof of theorem [66. The decomposition is obtained inductively. At each stage it is
shown that if \;;; exists, there exists an equivariant decomposition

X = E<i(w) ® Vi1 (w)
with E<; € SM(w — Gy, X) and bounded projections
HH—LW X — ‘/H_l((,L)) and Pi,w =1- H@w X — ESi(W)

such that there is an equivariance type condition for the projections A,IL,; ,, = II; ;. As
pointwise almost everywhere. The existence of the top fast space has already been
established - here denote this F.o(w) @ V2(w) with measurable projections I, and
P,

Suppose that the statement is true up to i = [ — 1. If \; = v then we are done,
so suppose otherwise - that there exists ;1 > v. The projection II;,, is pointwise

29



bounded, so that there exists some M > 0 such that A = {||II,,|| < M} has positive
measure.

w

v {Awol'[lw,w €A,

A, otherwise.

As before A" is forward integrable. Write X, u;, A, v/ By & V' m!l, P' and II' for the
asymptotic growth rates, Lyapunov exponents, decomposition, fast space multiplicities,
fast projection and slow projection with A’. There almost surely exists an N € N such
that for each n > N, the following hold:

o A = ASJn)OHl,w = I} yn,y0 AU by the equivariance condition for the projections.
[ ] ||H0-nw|| < en€
o 9,00 (EW)) > 1A iyl

Therefore applying lemma and to A/ EJ") =AM o IL,,, for each k the following
holds:

Pran (AD) < pr(A'T) < AT ||| T || rsaa, (ALY < 4T | ppes as (ALY,

whence pipg, 1 = ) and v = v/, Further then, m) = m;;; and A}, = Ay, Set Vi (w) =
Vi(w) NV (w) and I, = I, o IT,. Write E<j(w) = Eo(w) + Ej(w). The equality
A, = Al holds on Vj(w), whence A\, = X\, on V;(w). Since A has positive measure, there
is almost surely an N such that for all n > N, A™E_(w) = 0, A/g",)an C Vi(w),
and A’ X C Vj(0"w). We may then conclude that for each z € X, N,(z) < A, and
A1 < Ao As such, for each i < [, have F;(w) C V'(w). As for Ej(w), by equivariance
E(w) = A%, E(o™"w) C Vi(w). Thus X = E4(w) ® E(w) ® (Vi(w) N V(W) =

Eq(w) @ Ei(w) & Vi (w).
The map II;;; is then also tempered:

0 < Hog [Tiapnall < Hlog [Ty + 2log [T, | = 0.

Let € > 0. There exists an N such that for n > N, ||[PlL.|, [T .|| < €™ and so
for all x € X we have max{||Pé%A£)n)x||, ||H;nwA£,n)x||} < |AS z[leme. Suppose now
x € Eq(w) so that II'z € E(w). Rearranging the last inequality we obtain

JAD 2| e masc{ || Py, AL, [T, A ]|}
—e " max{[| AQ PLa ||, | AL}
>e " max{e" | PLa), " 1Tz}

>e ™" e" ™) max{|[ILa |, | Poal|} > 529,

60



For n > max{N,  log 2} it follows that g ,m (E</(w)) > €"*~39_ The characterisation
Vioa(©) = {# € X - Tamsup & log 4D 2] < A}
n—oo

holds.
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