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Abstract

Coastline curvature is an important factor that causes coastal currents to sepa-
rate from the boundary. Laboratory experiments have suggested that the separation
of a reduced gravity surface current from a corner occurs when p < u/f, where p is
the local radius of curvature, u is the characteristic flow speed, and f is the Coriolis
parameter. An inviscid, reduced gravity model, in which the current is insulated
from the interior by a density front, is used to explore the hypothesis that the cen-
trifugal upwelling of the density interface is one mechanism of flow separation, and
separation criteria are derived for various coastal currents under the assumption
that the length scale of the alongstream variations is long compared to the width of
the current. Uniform potential vorticity ¢ is used for simplicity.

Two cases have been studied, one with a vertical sidewall (Klinger 1994), the
other a sloping one. Model results for the vertical case agree with Klinger’s (1994)
computations and also agree reasonably well with laboratory results. Cases with
different slopes are compared, with hg, the upstream depth at the interface intersec-
tion point y*, and Wy, the distance from y* to the offshore edge, being the same as
for the vertical case. The results are almost identical to the corresponding vertical
ones when the slope s (multipled by R/hg) is greater than 2, where R is the inter-
nal Rossby radius based on hg. As s decreases, p. decreases. Also, the current at
the separation point speeds up more. When the velocity decrease near the bottom
due to friction is taken into consideration, cross-stream flow will result. The flow
switches from offshore to inshore when, in non-dimensional form, u > (p +y)/2.

The consistency of the neglect of longshore derivatives is checked just upstream

1



of the separation point. The ratios between the neglected terms and the maximum of
the retained terms are O(1) for the vertical case, indicating that the approximation
is not valid there; the ratios in the sloping case decrease with decreasing s and are

less than 0.5 when s < 2.
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Chapter 1

Introduction

Sometimes when a coastal current encounters coastline irregularities, it separates
from the coast. Examples of major boundary currents separating at coastline ir-
regularities include: the Agulhas Current at the southern terminus of the African
continent, the Gulf Stream at Cape Hatteras, the Kuroshio at Cape Inubozaki and
the Eastern Australian Current near Sugarloaf Point.

Eddies/gyres are often generated following flow separation. One example occurs
in the Barrow Canyon near the northern coast of Alaska (Figure 1.1a). Summertime
water from the Pacific Ocean flows northward through Bering Strait, across the
Chukchi Sea into the Beaufort Sea and is concentrated into a strong current in the
Barrow Canyon. Figure 1.1b reveals a strong downcanyon flow that narrows, inten-
sifies and separates off Point Barrow. This is often associated with sub-mesoscale
vortices in the Beaufort Sea (D’Asaro 1988). Another example of flow separation is
the Mediterranean Undercurrent which flows as a wall-bounded jet along the conti-
nental boundary south of Portugal. A tendency for it to separate from the boundary
at Cape St. Vincent has been observed by Ambar and Howe (1979a,b) and Bower

et al. (1994).
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Figure 1.1: (a) Location of Barrow Canyon (from Greenbern et al. 1979 and Garrison
et al. 1976). (b) Surface currents measured August 8-16, 1976. using an air-deployed
dve-tracking technique (Hufford et al. 1977). Each arrow indicates the measured

current at the location given by its center. The 80-m depth contour is indicated.



A situation similar to a coastal boundary current flowing around a corner is the
outflow from a strait into a basin, where the outflow may separate at the mouth,
and sometimes gyres are formed. Such anticyclones have been observed in the
Alboran Sea in the western Mediterranean (Donde Va Group 1984; Lanoix 1974)
(Figure 1.2) and in the outflow of the Tsugaru Sea in Japan (Conlon 1982; Kawasaki
and Sugimoto 1984). The Alboran gyre is fed by the surface current which flows
into the Mediterranean from the Strait of Gibraltar and detaches from a bend in
the North African coast. The Tsugaru outflow is also a surface current, which has
a seasonal change between a mode that remains attached to the coast and one that
forms a gyre.

Separation of tidal currents and generation of eddies behind islands and head-
lands has been observed in a variety of coastal environments (Pingree 1978; Wolanski
et al. 1984; Black and Gay 1987; Pattiaratchi et al. 1987; Geyer and Signell 1990).

Coastline curvature, perhaps not coincidentally, is present in all the examples
given above. Thus, it seems to play an important role in flow separation. Though
intuitively, one would not expect a swift current to go around a sharp corner, the
precise physical mechanism needs to be addressed.

Previously, two main kinds of mechanisms of flow separation due to coastline cur-
vature have been proposed, namely, boundary layer separation for viscous, homoge-
neous flow and interfacial-upwelling separation for inviscid, two-layer flow (Klinger
1994). These are reviewed in the Chapter 2. In Chapter 3, I describe in some de-
tail Klinger’s work on interfacial-upwelling separation where the coast has a vertical
sidewall (vertical case). I then extend Klinger’s work to include a more realistic
sloping sidewall (sloping case) in Chapter 4. The consistency of the assumption
in both interfacial-upwelling models is checked in Chapter 5. Applications of the

results, discussion and conclusions are given in the last chapter.
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Chapter 2

Previous Work

Two main kinds of mechanisms have been proposed to explain the separation of
a coastal current from a curved coastline. One is boundary layer separation in
a viscous, homogeneous model, the other is interfacial-upwelling separation in an

inviscid, reduced gravity model.

2.1 Boundary Layer Separation

In reviewing the much observed phenomenon of flow separation and consequent
eddy formation behind headlands in some coastal waters, Signell and Geyer (1991)
discussed the mechanism of boundary layer separation.

In their model, the bottom is flat except for a shoaling region near the coast
in which the depth decreases linearly to Hy at the boundary. The bottom friction
is linearized. Thus, in the interior, there is no mechanism of vorticity generation.
Vorticity is generated only in the boundary layer through the torque of the bottom
friction in warter of variable depth. Thus, they are able to treat the flow as an
irrotational interior plus a thin boundary layer and greatly simplify the dynamics

by using the boundary layer approximation (Batchelor 1967; Schlichting 1979). A
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schematic is shown in Figure 2.1, where the curved surface represents the headlands
or other convex coastlines.

Outside the boundary layer, the flow accelerates upstream of the corner and
decelerates downstream because of the convergence and divergence of the stream-
lines. This causes the pressure to fall upstream and to rise downstream according
to the Bernoulli effect. Thus the flow maximum and the pressure minimum coin-
cide. Inside the boundary layer, according to boundary layer theory, the pressure is
approximately uniform across the layer, so the pressure gradient close to the solid
surface is equal to that at the edge of the boundary layer, which can be found from
the solution of the irrotational outer flow. Therefore, inside the boundary layer,
the pressure gradient is favourable upstream of the corner and adverse downstream
with a zero at the corner. The favourable pressure gradient keeps the flow moving
downstream while the adverse pressure gradient extracts momentum from the flow
and slows it down. Unless there is enough viscous flux of momentum from the inte-
rior, the flow in the boundary layer will turn back at some point. The point along
the boundary where the stress du/dy vanishes is called the point of separation.

For viscous fluid without bottom friction, the advective terms are small near the
solid boundary. Thus the momentum balance is between the pressure gradient and

the horizontal stress divergence

dp 0*u )
% = I/a—yg, (21)

where z and y are the alongstream and cross-stream coordinates, respectively, u is
the alongstream velocity, v is the horizontal eddy viscosity, and p is the pressure. An
adverse pressure gradient does not result in immediate flow reversal and separation;
it only requires that near the boundary the alongstream velocity profile has an

inflection point. Physically, this means that the flow will not separate as long as



Figure 2.1: Velocity profiles across boundary layer on a curved surface. The pressure
gradient changes from being favourable upstream from point 2 to being adverse
downstream from it. Point 3 is the separation point. The dashed line separates the
forward and backward flows. At point 4, flow reverses due to the strong adverse

pressure gradient (after Kundu 1990).



the cross-stream momentum flux is strong enough to balance the deceleration due
to the adverse pressure gradient. In most boundary layers, only a small adverse
pressure gradient can be supported, and flow separation typically occurs soon after
the pressure gradient reverses. The distance between the point of minimum pressure
and the point of separation depends on the momentum flux from the interior into
the boundary layer as well as the strength of the adverse pressure gradient.

In the coastal ocean, however, the water depth is shallow compared to the hor-
izontal scale of current variation, and bottom friction is often important. This
changes the relationship between the irrotational velocity field and the pressure gra-
dient in that the pressure minimum no longer coincides with the velocity maximum.
Rather, the point of the minimum pressure occurs downstream of the point of max-
imum velocity because the pressure gradient has to balance the bottom drag as well
as advection.

Bottom friction also changes the relationship between the pressure gradient and
the point of flow separation by altering the way momentum is extracted from the
boundary layer. This can be shown by a simple analysis of the boundary layer
equation very close to the boundary. As the depth goes to zero at the coast, the
advective terms are again negligible. If the viscous terms are also negligible, the

balance now is between the pressure gradient and the bottom drag

dp _ Cpuly|

52 T (2.2)

where Cp is the drag coefficient and & is the water depth. In the absence of trans-
verse viscous stresses, there is no momentum flux from the interior to accelerate the
flow, so flow separation occurs as soon as an adverse pressure gradient is established

(Signell and Geyer 1991).



2.2 Interfacial-Upwelling Separation

Rged (1980) and Ou and de Ruijter (1986) addressed the effect of coastline curvature
on the separation of rotating, stratified flow. They used an inviscid, reduced gravity
model with the bottom layer being motionless. Upstream of the region of curvature,
the upper layer thickness and velocity are related by geostrophy, but near the corner,
centrifugal terms, which are associated with the turning of the current, become
important and hence alter the velocity and thickness profiles across the current. The
authors found that increasing the curvature of the wall, as one travels downstream
from a region of zero curvature, decreases the layer thickness at the wall. At some
critical radius of curvature, the thickness becomes zero, which indicates that if a
rounded corner has a curvature greater than the critical one, separation from the
coast will occur.

To model the surface outflow of the Atlantic water from the Strait of Gibraltar
into the Alboran Sea and the possible gyre formation there, Whitehead and Miller
(1979) and Bormans and Garrett (1989) did some laboratory experiments on a
rotating turntable, with a two-layer current flowing through a channel into a wider
basin. Whitehead and Miller concluded that the critical radius of curvature at the
corner is the Rossby radius of deformation, whereas Bormans and Garrett concluded
that it should be the inertial radius of the current w/f (u is the current speed and f
is the Coriolis parameter) instead. Bormans and Garrett (1989) also proposed that
their separation criterion was due to a balance between the Coriolis force tending to
hold the current to the coast and the centrifugal forces allowing separation to occur.

Inspired by the above work, Klinger (1994) used the inviscid, reduced gravity
model of Rged (1980) and Ou and de Ruijter (1986) and derived the separation cri-

teria for coastal currents with uniform potential vorticity. He found that separation



10

occurs when centrifugal forces at the corner raise the density interface to surface.
For a current bounded on the offshore edge by a density front, the critical radius is

approximately that found in the laboratory by Bormans and Garrett (1989).



Chapter 3

Interfacial-Upwelling Separation

(Vertical Case)

Klinger (1994) has determined the critical radius of curvature for a coastal current to
separate when the coastal sidewall is vertical. Here, I would like to review his work,
though the arrangement is very different from Klinger’s, with many explanations
and physical interpretations of my own added. Then, in the next chapter, my work
on the case with a sloping sidewall will be presented. We can then compare the two

cases to see if the slope of the wall makes any difference.

3.1 Governing Equations

Let us consider a two-layer model which is shown schematically in Figure 3.1. The
fluid has two layers, with the bottom layer being motionless. The densities are o and
o + Ao, respectively. Confined to the upper layer and insulated from the interior
by a density front, a boundary current is flowing with the coast on its right. The
upstream point is chosen where the coastline is straight (p = co). As one travels

downstream, the coastline starts to have some curvature, with p, the local radius of

11
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qulescent layer

Figure 3.1: The curvilinear coordinates and upstream current structure in a reduced
gravity model, where & and y are alongshore and off-shore coordinates, respectively.
The current, flowing with the coast on its right, is confined to the upper layer and
insulated from the interior by a density front. p is the local radius of curvature of
‘the coastline. The upstream point is chosen where the coastline is straight (p = 00),
and the downstream innt usually refers to where p is finite. The sidewall at y =0

is vertical (from Klinger 1994).
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curvature, being finite. In this thesis, this is usually referred to as the downstream
point. The interface tilts up at the wall as the curvature increases, and, at some
critical curvature, the interface outcrops at the wall and separation occurs. The
main objective of this model is to determine the critical radius of the curvature of
the coast, beyond which the current will separate.

Figure 3.2 shows the diagram of the cross-sections of the system at the upstream
point where the coastline is straight and at the downstream point where the coastline
has some curvature.

Following Rged (1980), we use the curvilinear coordinates as shown in Figure 3.1,
where z,y are the coordinates parallel and perpendicular to the shore, respectively.
If the fluid under study is Boussinesq, hydrostatic, inviscid and in steady state, then
by assuming that the alongshore variations occur on a scale large compared to that
of the cross-shore one, we get the simplified cross-shore momentum equation (see

the Appendix):

fu—p+y = —g'hy, (3.1)

where u is the alongshore component of velocity, h is the upper layer thickness
and p, the local radius of curvature of the coastline, is a function of the alongshore
coordinate z. The sign convention is that a convex (concave) coastline has a positive
(negative) p, f is the Coriolis parameter, ¢’ (defined by g(Ac/c)) is the reduced
gravity. Equation (3.1) states the geostrophic balance between the Coriolis force
and the pressure gradient, with an additional centrifugal term —u?/(p + y) due to
the presence of the coastline curvature.

For an inviscid fluid, potential vorticity is conserved along the streamlines and
hence is equal to its upstream value. For simplicity, the upstream potential vorticity

is assumed constant with a positive value of §. Thus the conservation law gives the
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Figure 3.2: Cross-sections of the current in a reduced gravity model (a) upstream
with p = oo and (b) downstream with a finite p. The coast has a vertical sidewall.
The current moves downstream at speed u(y) with the coast on its right, h(y) is
the depth of the upper layer, Wy and w are the upstream and downstream cur-
rent width, respectively, o is the density of the upper layer. All the variables are

non-dimensionalized.
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second equation

u
— Uy — = hé. 2
F =iy oty (3 )

Equation (3.2) states that the multiplication of the conserved potential vorticity and
the current depth (right-hand side) is equal to the total vorticity on the left-hand
side, being the sum of the absolute vorticity (the first term) and the relative vorticity
(the last two terms, with u/(p + y) being the correction term due to curvature).

The variables are non-dimensionalized in the following manner:

h = hoh'

u = /g'hot'
(z,y) = R(y)

_ fg
6—h06

where all the primed variables are dimensionless. hq is the upstream layer thickness
at the wall, and R (defined by /¢’ ho/ f) is the internal Rossby radius of deformation.

Thus the non-dimensional governing equations are

u
u— = —h 3.3
o = (33)

u
1—u, — = hd, 3.4
Uy oty (3.4)

where the primes have been dropped from the non-dimensional variables. This is a
closed system for the two dependent variables h(y) and u(y).

At the upstream point, with p = oo, the centrifugal and curvature terms in
equations (3.3) and (3.4) can be dropped. We thus have a set of linear, constant

coefficient equations
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For inviscid, steady-state flow, the Bernoulli function B, defined by
1
B = h -} §U2,

is conserved along streamlines. This supplies us with two boundary conditions for

downstream where p is finite:

B=B, a y=w (3.7)

B=B, at y=0, (3.8)

where w is the unknown current width and a function of p, By and By are the values
of the upstream Bernoulli function at the wall and the offshore edge, respectively.

Another boundary condition is
h=0 at y=uw. (3.9)
The upstream boundary conditions are

h=1 at y=0 (3.10)

h=0 at y=W,, (3.11)

where Wy is the upstream current width.

The system is governed by two upstream parameters, the potential vorticity é
and the current width Wy. As will be shown later in this chapter, the results do not
vary much with §. Guided by stability analyses (see section 6.1.1), I have chosen

Wo € (0.25,1).
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3.2 Results

3.2.1 Solutions

We need to solve the system at the upstream point first. Analytical solutions can

be found:
vy = Ly LEZ LSV =y by
6 o smh[Wo\/g]
1 (6—1 h[vé(Wy —
sty) = 8= DeoshVE(W — ) + coshlyvB] o)
NG smh[Wo\/g]
By and B can be obtained according to
L,
1
B1 = §u2(W0) (315)

Downstream with any particular p, equations (3.3) and (3.4) are integrated using
a fourth-order Runge-Kutta method with uniform step size (Press et al. 1986).
We know that the radius of curvature reaches the critical value p. when the layer
thickness at the wall becomes zero, that is, h(y = 0) = 0. For detailed numerical

procedures, see Klinger (1992).
3.2.2 Current Profiles and Critical Curvatures

Typical h(y) and u(y) profiles at both p = 0o and p = p. are seen in Figure 3.3.
Increasing the curvature of the wall, as one travels downstream from a region of
zero curvature, decreases the layer thickness at the wall. At some critical radius of
curvature p., the thickness becomes zero, which indicates that separation from the
wall occurs. While the upper layer thickness decreases, the velocity increases, but
the transport is conserved.

For every pair of (6, W), we can find one critical radius p.. Figure 3.4 shows how

p. depends on the upstream parameters 6 and Wy: (1) p. decreases as W increases;
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(2) pc is almost independent of potential vorticity 8. From the figure, we can obtain

an approximate relationship between p. and W:
pe ~0.9/Wy  for Wy < 1. (3.16)
Now, how is this related to Bormans’ and Garrett’s (1989) laboratory result
p < u/f ? (Dimensional variables are in hatted form).

Upstream with p = oo, the cross-shore momentum equation is h, = —u.

Integration with respect to y gives

Wo Wo
/ udy = —/ hy dy,
0 0

thus
uWo = h(0)—h(W) =1,

and

Wo =1/u. (3.17)
The combination of (3.17) with (3.16) yields the model’s result for critical radius

pe ~0.97, (3.18)
which, if translated into dimensional form, becomes

po ~ 0.9u/f. (3.19)

The agreement with laboratory experiment results is quite good for such a sim-
ple model. However, care must be taken in reviewing these solutions because the
governing equations (3.1) and (3.2) are derived by neglecting some terms. The
consistency of the approximation will be discussed in Chapter 5.

The survey of parameter space undertaken shows that the velocity at the wall
is always positive, eliminating flow reversal as the possible mechanism of separation
and confirming that the upwelling of the interface is the only mode of separation in

this system.
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Chapter 4

Interfacial-Upwelling Separation

(Sloping Case)

In Klinger's (1994) model, the sidewall of the coast is vertical. In the real world,
the coast usually has a sloping side. Thus I seek to improve the model by using a

sloping wall instead of a vertical one.

4.1 Governing Equations

The notations used are the same as in the vertical case unless otherwise indicated.

Figure 4.1 shows the cross-sections of the current when the coast has a sloping
wall (a) upstream with p = oo and (b) near the corner with a finite p. Due to the
presence of the slope, the upper layer is divided into two regions: the free region
(between the offshore edge and y = y* where the interface intersects the wall) and
the wedge region (between the shore and y = y*). Wy, the upstream width of the
free region, is a parameter, while w, the total downstream current width, is unknown
and needs to be solved. The upstream thickness at the intersection point is used

as the scale for the non-dimensionalization of layer thickness, all other scales are
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Figure 4.1: Cross-sections of the current in a reduced gravity model (a) upstream
with p = oo, (b) downstream where p is finite. The sidewall of the coast has a slope
s (s = tana). The upper layer is divided into the wedge and free region at y*, the
point where the interface intersects the sloping wall. The current moves downstream
at speed u(y) with the coast on its right, h(y) is the upper layer thickness of the
free region, w in (b) is the total current width, unknown and a function of p. The
upstream current width of the free region Wy is a parameter. All the variables are

non-dimensionalized.
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defined as in the vertical case.
The cross-shore momentum equation and the potential vorticity equation for the

free region are the same as in the vertical case, so that,

u
u— = =k 4.1
= = (1.1

u
1—wu, — = hd, 4.2
Uy oty (4.2)

where h(y) and u(y) are the depth and velocity of the upper layer, respectively,
at the point where the radius of curvature is p, and are the dependent variables
to be solved. For the wedge region, the governing equations are a little different,
because the upper layer depth is no longer some variable 2(y), but sy, where s is
the non-dimensionalized slope, derived from the physical slope so according to

So

8= ho/ R

(4.3)

The pressure gradient in the momentum equation is no longer h, and has to be

changed accordingly. Hence, the equations for the wedge region are

u
= = =z 4.4)
p+y ! (
u
1—u, — = syo, 4.5
Uy oty Y ( )

where p(y) is the non-dimensionalized pressure of the wedge region.
The governing equations are simplified upstream because p = oco. Thus, they

are

u = —h, (4.6)
l—u, = hé, (4.7)

for the free region and
u = =Py (4.8)

l—u, = syb (4.9)
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for the wedge region.

The boundary conditions for places with finite p are

h=0 at y=w (4.10)
L9 _
U =B at y=w (4.11)
1
ptzui=By at y=0, (4.12)

where w is the unknown current width and a function of p, By and B; are the up-
stream values of the Bernoulli function at the wall and the offshore edge respectively.
Notice that in the wedge region, the Bernoulli function is defined by B = p + fu’.

Upstream, the boundary conditions for the free region are

h=1 at g= (4.13)

h=0 at y=-4W,, (4.14)

where Wy is the upstream width of the free region. The pressure and velocity of the
two regions are matched at the intersection point, y = 1/s, which supplies us with

the boundary conditions for the wedge region,

p<§) = B (4.15)
u(%) = Uy (4.16)

where subscript m denotes the intersection point upstream. h,, = 1, u,, can be
obtained from the free region solution at y = 1/s.

Thus, upstream, the free region is almost identical to the vertical case, in the
sense that they have the same governing equations and the same width Wy at the
surface. They also both have h = 1 and h = 0 on the two boundaries respectively.
So the sloping case is really the vertical case with an extra wedge region attached

to it. The cross-sectional area of the wedge region at the upstream point is 1/(2s).
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Thus the smaller s is, the larger the wedge region we have to start with, the more
dominant it is over the free region, and the more difference there is between the
sloping and vertical cases. On the other hand, if s — oo, the sloping case should
relax to the vertical case.

The system is governed by three parameters: the slope s, the upstream potential

vorticity § and the upstream width W of the free region.

4.2 Results

4.2.1 Solutions

We need to solve the system at the upstream point first.
In the free region, that is, (1/s) <y < (1/s + Wpy), the analytical solutions are
almost the same as (3.12) and (3.13) in the vertical case except that y is replaced

by (y —1/s):

M) = L4 ll= 1) sinh[v/6(Wo — y +1/s)] — sinh[(y — 1/5)V/8] a1
ki 6 ¢ sinh[Wov/§] '
dif = 1 (6= 1)cosh[VE(Wo — (y — 1/s))] + cosh[(y — 1/s)V/8] (4.18)
V6 sinh[Wov/3 ] ’
In the wedge region, that is, 0 < y < (1/s), the solutions are
= Lhay— iy - 19
p = ghsy—gy-ayte (4.19)
u = —%633/2 +y+ e, (4.20)
where
60/2 -1
Ci = Um + %)' (421)
6 -3 C1
¢ = l-—a+7 (4.22)
1 (6 —1)cosh[Wov/8] + 1 (4.23)

tm = % sinh[WO\/g]
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Downstream, for a particular p, we make a guess of the current width w, and
start the integration from the outer edge y = w using a fourth-order Runge-Kutta
method. The equations are those of the free region (4.1) and (4.2); the boundary
conditions are (4.10) and (4.11). The integration goes backwards towards the wall
(y = 0) until the interface intersects the wall at y = y* (b= = sy*) (Figure 4.1),
then it switches to equations of the wedge region (4.4) and (4.5). The boundary

conditions at the intersection point y* are

where superscript * denotes value at y = y~.
Then, we need to check if the Bernoulli function B = p+ u? is conserved at the

shore y = 0, which is a streamline. That is, we check if

1
B=p+ §u2 =By at y=0 (4.26)

is satisfied, where By is the upstream value of the Bernoulli function at y = 0. If
so, the guess of w for this p is right, and the A(y),u(y) and p(y) fields have been
determined. Otherwise, depending on whether B is greater or less than By, we

decrease or increase w and repeat the above procedure.

4.2.2 Current Profiles and Critical Curvatures

Current Profiles

Typical profiles of h(y) and u(y), at both the upstream point (dashed lines) and the
critical point of separation (solid lines) are shown in Figure 4.2, with s = 0.5,6 = 1.1
and Wy = 0.25. Basically the upper layer becomes shallower and wider, while the
current becomes faster. With all these changes, the cross-sectional transport is

conserved.
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(s=0.5, §=1.1, w0=0.25)
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Figure 4.2: Depth and velocity profiles h(y),u(y) for a selected flow (s = 0.5,
6 = 1.1, Wy = 0.25), with critical radius of curvature (p = p., solid line) and zero
curvature (p = oo, dashed line). The thick line in the depth profile indicates the

sloping wall.
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The dependence of the profiles on slope s is seen in Figure 4.3, where three
cases, with the same 6, Wy, (6 = 1.1, W, = 0.35), but different s, (s = 00,1 and
0.3, respectively) are put together. With a smaller value of s, the most obvious
feature is that the current speeds up at the separation point much more than in
the vertical case, especially close to the wall. A less dramatic feature is that the
upper layer does not spread out as much compared to the vertical case. It is worth
mentioning that when s is very small, these effects are so significant that the upper
layer actually becomes narrower when it reaches the separation point as opposed to
becoming wider as in most cases. This is accompanied by a huge increase in speed
near the coast (Figure 4.4).

The profiles also vary with W,. Figure 4.5 shows two cases with the same
5,6, (s = 0.5,6 = 1.1), but different Wy (0.25 and 0.5, respectively). The most
obvious feature is the large difference in the average upstream velocities, close to
4 for Wy = 0.25 but only 2 for Wy, = 0.5. The increase in speed near the coast,
accompanied by less spreading out in the h profile, is more obvious for the case with
a larger W.

Finally, the dependence of the profiles on 6 is shown in (Figure 4.6). Three
cases are compared, with the same s and Wy (s = 0.5, Wy = 0.25), but different
§ (6§ =0.3,1.1,1.9). The h profile does not change much at all, while u increases

noticeably with the increase of 6.

Critical Radius

The critical radius of curvature p. is a function of s,8 and Wy. In order to compare
results with the vertical case, I focus on how p.(Wj), the relationship between p.
and Wy, varies with the slope s. This is shown in Figure 4.7. For s > 2, the function

is almost identical to that of the vertical case (s = 0o0); for s < 2, p. decreases with
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Figure 4.3: Depth and velocity profiles h(y),u(y) for different values of s. In all

three figures, 6 = 1.1, Wy = 0.25.
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(s=0.3, §=1.1, w0=0.25)
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Figure 4.4: When s is very small, the current speeds up significantly close
to the shore and the upper layer actually becomes narrower at the upstream
point (dashed line) than at the separation point (solid line) (s = 0.3,6 = 1.1,

Wo = 0.25). Thick line in the depth profile indicates the sloping wall.
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figures, s = 0.5,6 = 1.1.
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Figure 4.6: Depth and velocity profiles h(y), u(y) for different values of 6. In all

three figures, s = 0.5, W = 0.25.
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Figure 4.7: The dependence of the critical radius of curvature for separation
pe, on Wy, for different values of s. s = oo (thick line), s = 2 (solid line and
almost identical to s = o), s = 1 (dashed line), s = 0.5 (solid line) and s = 0.3

(dash-dotted line). In all cases, § = 1.1.
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a decrease of s. The relationships between p. and upstream width Wy + 1/s do not
collapse for different s, nor do those between p. + 1/s and Wy. For a parrticular
s, the empirical relationship between p. and Wy can be found. For example, for
s = 0.5, we have

pe~0.9/Wy — 0.7. (4.27)

Since 1/Wy = Uy, and uy ~ u (uy and u are the average upstream velocities in the

free and whole regions, respectively), (4.27) gives
pe >~ 0.97 — 0.7, (4.28)
which corresponds to a dimensional relationship
pe~0.9%/f —0.7R. (4.29)

For a particular Wy, cases with different s have the same upstream free regions:
the width being Wy and the layer depth at the intersection point being 1, which
corresponds to the vertical counterpart. It is the attached wedge regions that vary
in slopes. Upstream, the wedge region has a width of 1/s and a cross-sectional area
of 1/2s. Hence, the wedge region gets larger as the slope s gets smaller. With
the model set up this way, the current generally requires a greater curvature of the
sloping coast than of its vertical counterpart in order to separate.

As in the vertical case, generally, the results do not depend greatly on 6. However,
the dependence may be magnified in cases with smaller values of s (say, less than
1), though still quite small (Figure 4.8).

Again, the survey of parameter space undertaken shows that velocity at the wall
is always positive, eliminating flow reversal as the possible mechanism of separation
and confirming that the upwelling of the interface is the only mode of separation in

this system.
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Figure 4.8: The dependence of the critical radius of curvature for separation p.,
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In all cases, s = 0.5.



Chapter 5

Consistency of the Approximation

In both the vertical and sloping cases, we have assumed that the alongshore variation
length scale is long compared to the cross-shore one. Thus, we are able to neglect
some terms and reduce the partial differential equations into ordinary differential
equations with respect to the cross-shore coordinate y only. Now that we have solved
these simplified equations, we should check if this approximation is consistent, that

is, if the neglected terms are indeed small compared to the retained terms.

5.1 Vertical Case

The non-dimensionalized cross-shore momentum equation and potential vorticity
equation before approximation (following Rped 1980) are

2
UV u
+vv,+u— = —h 5.1)
lL+y/p — p+y ! (

» U
1+ Ee il
1+y/p 7 pty

= 6h, (5.2)

with the neglected terms underlined.

To determine the magnitude of these neglected terms, we need to know v, which

36
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appears in the alongshore momentum equation (Rged 1980)

U, P ( ) u 1) hy (5.3)
Uy+—— =1 v=— , .
1+y/p Yoty 1+y/p
The h and u obtained by integrating equations (3.3) and (3.4) are used to cal-

culate v, which is derived by combining equation (3.4) and (5.3), so that,

1 [ hy+ uu,
v=E— | —— ). 5.4
oh ( L+y/p ) &4
We also need to choose a specific curvature profile p(z) so that we can convert

the fields of [u(p,y),v(p,y), h(p,y)] to [u(z,y),v(z,y), h(z,y)] and thus calculate the

x derivatives. The p(x) we choose (after Klinger (1994)) is

p(x) = pum expld(z/pnm)* /7], (5.5)

where pps is the radius of curvature at the corner, + = 0. The numerical factors
ensure that the corner is a right angle, as in Bormans and Garrett (1989), that is,
the upstream and downstream coastlines far from the corner are at right angles to
each other. Equation (5.5) is easily inverted to obtain z(p).

The approximation is based on the assumption that the alongshore variation
length scale is large compared to that of the cross-shore variations. Since the current
spreads out as the curvature increases, the place where the approximation is least
likely to be valid is where the coastline has the maximum curvature (minimum p),
which is the corner 2 = 0 for our chosen coastline. Thus we choose to carry out our
test at z = 0.

We can tell from (5.5) that p is an even function of z. Hence, as long as par > p.
(separation does not occur anywhere), then, h(p) and u(p) are both symmetrical
about = 0, and their derivatives h,,u, are zero. Thus according to (5.4), v is zero
for all y's at the corner, hence v, is zero as well. So, we only need to calculate the

v, terms in order to evaluate the neglected terms in (5.1) and (5.2).
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By taking the = derivative of (5.4), and using the property of symmetry, v, at

z=01s

1 [ hee + uum>
Vp=— | —— | . 5.6
( 1+y/p (56)

All derivatives are calculated using a finite-difference approximation (centered-difference

method). Thus, the second derivatives are

h=1 — 2RO 4 ! 2(h~! — 1)

R = (Br)? = (A2 (5.7)
e e L .
Uy = (Do) = —(Am)2 , (5.8)

where, superscript 0 denotes the corner @ = 0, superscripts (-1) and 1 denote Az
upstream and downstream of the corner, respectively. The property of symmetry,

h~' = A',u~! = u! has been used. Thus, v, at z =0 is

2 (' — hY) + uO(ul — u?)

Vg = == 5.9
1 L+ 9% pw) (B >

[ set
PM = TmpPc (510)
Az = PP, (5.11)
where r,, can be any number greater than 1. I choose r,, = 1.1 in my test so

that the corner has a radius of curvature slightly larger than the critical radius for
separation.
The v, terms are then compared to the reference terms b, and ¢,, which are the

maximum of the terms in (5.1) and (5.2) respectively:

2
b, = max| |k,|,u, 5.12
(11 2) -
u
T = ,6],1, . 5.13
c max( e ! |uy|) (5.13)
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The ratios of b3 = (uv;)/(1 4+ y/p) compared to b,, ¢y = vz/(1 +y/p) to ¢, for
the case with § = 1.1,W, = 0.25 are shown in Figure 5.1. In a large part of the
region across the stream, the ratios are O(1), which means that, close to the critical
point, the neglected terms are as important as the retained terms. Figure 5.2 shows
that the situation does not improve for other values of § and Wj. Therefore, overall,
for the vertical case, the assumption that the terms involving alongshore derivatives
are negligible i1s not valid close to the separation point.

It is recommended that in future studies, the neglected terms be included and
the partial differential equations be solved. However, we can make some qualitative
anticipation as to what difference this might bring. The above calculations show
that v, < 0 at the corner. Hence, from (5.1), we know b3 strengthens the centrifugal
term which allows separation to occur. Thus, we would expect separation to occur
earlier if the neglected terms are included. In (5.2), the effect of including the
neglected v, term will not be as significant, because even if u, changes by 100%, the

velocity u itself will not change very much.

5.2 Sloping Case

Unlike in the vertical case, the layer thickness can no longer be represented by h(y)
for all y's at a certain x, because in the wedge region, it is sy instead. A new variable

d(y) is defined to represent the layer thickness in both the free and wedge regions:

g h  in the free region

sy in the wedge region.
This way, we can put the governing equations of both regions together. Hence, the

equations before approximation are

UV,

1+y/p

togtu- = = - (5.14)
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(vertical, §=1.1, w0=0.25, x=0.2, rm=1.1)
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Figure 5.1: The neglected term b3 = (uv,)/(1 + y/p), is compared to b,
cs = v/(1 +y/p) to ¢, where b, and ¢, are the maximum of the retained

terms in (5.1) and (5.2), respectively. (vertical, § = 1.1, Wy = 0.25).
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Figure 5.2: The contours of the maximum ratios between bs = uv /(1 4+ y/p)
and the reference b,, at the corner, where the radius is pm = 1.1p, for different

values of 6 and Wy. The sidewall at y = 0 is vertical.
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u

Y
l+ylp * p+y

14 = &d, (5.15)

with the neglected terms underlined. p represents the pressure for the whole region
and is equal to A in the free region.
Again, we choose to test the consistency of the approximation at the corner,

x = 0, where the radius of curvature is ppr = rmpe (rm > 1). At this point, we have

L (pr +uug
=— [Z—= 1
’ 5d(1+yM)’ A
and
W b o 1
’ M( L+y/p ) el

The numerical approximation for v, is

2 (=) (e — )
5 T+ v e Ba? B8

where the superscripts have the same meaning as in the vertical case.

Figure 5.3 shows the result for the case with s = 0.5 (6 = 1.1,W, = 0.25,
rm = 1.1). Compared to its vertical counterpart in Figure 5.1, the ratios are much
smaller — less than 0.2 as opposed to close to 1. The reason might lie in the fact that
the current speeds up siggificantly in sloping cases, especially with small values of s,
so the maximum terms, which, according to calculation, usually are the centrifugal
term u?/(p + y) in (5.14) and u/(p 4+ y) in (5.15), are much magnified, resulting in
smaller ratios.

The ratio b3/b, for different slopes and different Wy is shown in Figure 5.4. The
errors decrease with the decrease of s, whereas they do not vary as much with W.
When s < 2, the ratios are less than 0.5, and the assumption can be considered
reasonably valid.

Unlike in the vertical case where the current becomes shallower as one travels

downstream, the thickness of the current in the wedge region is constant in the
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(s=0.5, & =1.1, w0=0.25, rx=0.17, rm=1.1)
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Figure 5.3: The neglected term b3 = (uv;)/(1 + y/p), is compared to b,,
¢4 = vz/(1 +y/p) to ¢, where b, and ¢, are the maximum of the retained
terms in (5.14) and (5.15) respectively. The star signs in the plots indicate the

intersection point. (s = 0.5,6 = 1.1, W, = 0.25)
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Figure 5.4: Ratios between b3 = (uv;)/(1 + y/p) and b,, the maximum of the
retained terms in (5.1), for s = 0o, 2, 1 and 0.5. Wy = 0.25 for the left column
and 0.50 for the right. In all three cases, é = 1.1. The star signs in the plots

indicate the intersection points.
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sloping case. According to continuity, v < 0 is required upstream of the corner to
supply the water necessary for the speeding up of the current. After the corner,
v > 0. Thus we have v, > 0 at the corner. If we are to include the v, term in the
momentum equation, it will weaken the centrifugal term and delay the occurrence

of separation.



Chapter 6

Discussion, Applications and

Conclusions

6.1 Discussion

6.1.1 Stability of the current

Now, we need to consider the stability of the currents we have studied, because if
they are inherently unstable, they may break into a meandering state before flow
separation occurs due to the upwelling of the interface.

Griffiths and Linden (1981) investigated the stability of boundary currents. They
generated boundary currents in a two-layer rotating system by continuously supply-
ing buoyant fluid from a source adjacent to the boundary. The currents increased in
width and depth to a size at which they became unstable to wave-like disturbances.

This observed instability was successfully described by a simple model for baro-
clinic instability of a two-layer channel flow, with dissipation at the density interface

and arbitrary ratio of layer depths but no horizontal velocity shear. They found that
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for a certain depth ratio v = hy/hs, all wavenumbers are stable until

272
szL
g'hy

F,, (6.1)

where L is the current width, F' is the Froude number and F, is a critical value.

F. is a function of 7, and increases as 4 decreases, as shown in Figure 6.1. In
our model, the bottom layer is quiescent and infinitely deep, thus v — 0 and the
corresponding F is >~ 36, where Jones’ (1977) result is used because it assumes an
inviscid, wedge-shaped boundary current.

Since

2.2 2 2
Pl L (5) ,
ghi g/ f? R

where R is the internal Rossby radius, the Froude number corresponds to the square

(6.2)

of w in our model, where w is the non-dimensionalized current width. Thus, (6.1)

is equivalent to w? > 36. Therefore,
w > 6 (6.3)

is required for any baroclinic instability to occur. So the baroclinic instability anal-
ysis imposes an upper limit for Wy for the current to be stable. For the parameter
space we have chosen to study, the currents are indeed stable.

Note in our model, we have horizontal shear, whose kinetic energy could be the
energy source for barotropic instability. But because it is very weak and there is no
inflection point within the flow, barotropic instability should not be important.

We examine next the possibility of shear instability of the reduced gravity flow.
When the interface is of zero thickness, the flow is always unstable (to short waves).
The disturbances will smear out the sharp density and velocity profiles so that the

differences now occur over a finite difference Ah. The Richardson number is

i = —sah _ gAR
(u/AR)*  u?
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Figure 6.1: The critical Froude number F, as a function of the depth ratio y = hy/ha,
below which all wavenumbers are stable at any vertical shear. The solid line is given
by Griffiths’ and Linden’s (1981) model where the interface intersects both walls
of the channel, and the broken line by a model for a wedge-shaped current with a

uniform velocity and a free front (Jones 1977) (after Griffiths and Linden 1981).



where hg is the upstream layer thickness at the wall, and W, is the dimensionless
current width. Thus,

Ah Ra

ho WP

Since Ah should not exceed ho, we require

W > i (6.4)
2
For the flow to be stable, Rt > 1/4, so that
Wo > 0.3, (6.5)

for a two-layer model to be meaningful.
6.1.2 Effects of Viscosity

In the chapters discussing the interface upwelling mechanisms, the fluid is assumed
inviscid. This is done to simplify the problem and highlight the effect of coastline
curvature. One might ask: What if the fluid were viscous? Will flow reversal occur
as in the boundary layer separation mechanism? While a friction term could be
included in the equations and solved numerically, a simple, qualitative discussion
will shed some light.

If the fluid is viscous, then upstream, close to the wall, the velocity should be
zero according to the no-slip condition. This can be simulated by manipulating
(s,0, W) so that u at the coast is just above zero, though the governing equations
are still inviscid (Figure 6.2).

In our model, the flow speeds up greatly as it approaches the corner, especially for

slopes of small values, indicating a large favourable pressure gradient upstream of the
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Figure 6.2: Simulation of the viscous case by choosing appropriate (s, §, W) so that
upstream (dashed lines) velocity at the wall is just above zero. The current speeds
up greatly at the corner, indicating a large favourable pressure gradient upstream

from the corner. The thick line in the depth profile indicates the sloping wall.
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corner. Hence there must be an equally large adverse pressure gradient downstream
where the coastline straightens out as opposed to the increase of curvature upstream.
In that case, if friction is added, velocity around the corner will be greatly reduced,
thus the chance for the flow to reverse downstream under the great adverse pressure

gradient is great.

6.1.3 Effects of Three-Dimensionality

So far the model is only two-dimensional in the sense that velocity is considered
constant with depth. In reality, especially in coastal waters, the water is shallow
and bottom drag is important. Hence the velocity decreases near the bottom. What
we have done so far can be considered as the depth average of a depth-dependent
situation. Here we want to explore what effect the decrease of the velocity with
depth has.

Generally, there are three forces in play: the pressure gradient, the Coriolis force
and the centrifugal force. When averaged with depth, they are in balance. However,
if the depth dependence is considered, that is, the velocity decreases with depth due
to bottom drag, the balance breaks down. This is because the Coriolis force and
the centrifugal force, being proportional to the velocity, change with depth, whereas
the pressure gradient, according to the hydrostatic approximation, does not change
with depth. It is shown in the following that this imbalance will cause cross-shore
flow both at the upstream point and near the corner (Figure 6.3).

Upstream, with p = oo, the forces in play are F}, the pressure gradient offshore
and F;, the Coriolis force toward the shore. Averaged with depth, they are in
balance. But as the bottom is approached and the velocity decreases, the Coriolis
force decreases whereas the pressure gradient remains the same. As a result, there is

a cross-stream current going away from the shore. Similarly, an inshore flow results



(@) upstream (p =)

(b)  downstream (finite p)

Figure 6.3: Schematic of the cross-sections with (a) p = co and (b) finite p of a
three-dimensional model with velocity decreasing with depth. Thin arrows represent
the depth average of the forces: the pressure gradient F), = —p,, the Coriolis force
F.= —u,and F.. = u?/(p+y) — u, the sum of the centrifugal force and the Coriolis
force. Thick arrows represent the transports at corresponding depths. The slope is

s = tan a.
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close to the surface. These two are in balance and there is no overall transport
across the stream.
As one travels downstream, the curvature increases and the centrifugal force

becomes important. The cross-stream momentum equation is

Dv u? dp
i S g 6.
Dt v p+y Oy L

If we expand the depth-dependent variables according to
m(z) =m+em/(z), (6.7)

where, m can be either of the variables u,v, and ¢ is a small number, then (6.6)

becomes
D(@+ev'(2)) ; u? 4 e2uu'(z) + e2/(2)*  Ip
Ds =-—u—cu(z)+ oty n (6.8)
where dp/0dy is depth-independent.
To the lowest order, the forces are in balance and
Do u? dp
Dt e p+y 0Oy 65}
To the first order, we have
Dv'(2) " 2u
Y —u(z)+p+yu(z)
2u
= du(2)|-1+ ) : 6.10
() -1+ 2 (6.0

which indicates that @ = (p + y)/2 is the point where the cross-stream transport

switches signs. Close to the bottom, u/(z) < 0. So when

i ﬁTy’ (6.11)

the flow switches from offshore to inshore because Dv'/Dt < 0. This indicates
that the transport becomes toward the shore even before the interface becomes flat

(dp/0y = 0) at the intersection point, which requires @ = p + y according to (6.9).



6.2 Applications

The surface current in the Barrow Canyon can be considered to have two layers,
with the reduced gravity ¢’ being about 0.02 ms™2, and the upper layer thickness hq
about 30 m (D’Asaro 1988). The latitude is about 70° N, giving f ~ 1.3 x 107*s™".
Thus, the Rossby radius R = /¢’ ho/f is about 5.6 km. From Figure 6.4, the real
slope s near Point Barrow is about 0.9 x 1072, which corresponds to s ~ 1.7 in our
model according to s = sg/(ho/R). Thus, from the model, p. ~ u/f. The 20 m
isobath has a radius of curvature of about 20 km at Point Barrow (Figure 6.4), which
requires a minimum velocity of 2.6 ms™' for the current to separate. However, the
maximum currents observed were 1.5 ms™!, thus the interfacial upwelling mechanism
cannot account for flow separation in this case. One possible mechanism is viscous
boundary layer separation as suggested by D’Asaro (1988).

In the Strait of Gibraltar, where the current can also be considered to have two
layers, the reduced gravity ¢’ is about 0.02 ms™2, the upper layer thickness is about
150 m. With f ~ 10~%s~!, the Rossby radius R is about 17.3 km. The real slope sq
is about 0.02 (Perkins et al. 1990), yielding s ~ 2.3 in our model. Recall that the
errors due to the simplification of the governing equations become considerable after
s > 2, but here s is only slightly greater than 2, so if we were to apply the model
result, the critical radius p. would be about u/f. The 100 m isobath has a radius
of curvature of 5 km (Figure 6.5), which requires u > 0.5 ms™' for the current to
separate. In practice, the surface flow has two possible basic states: the supercritical
(at least 1 ms™!) and the subcritical (can be less than 0.4 ms™!). There can also
be opposing barotropic flow (can be 0.5 Sverdrup) from Mediterranean to Atlantic.
Thus supercritical flow will always lead to separation, whereas subcritical flow does

not always separate (Bormans and Garrett 1989).
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Figure 6.4: Topography of Barrow Canyon. Contours deeper than 1000 m are not

shown. From Greenbern et al. (1979) and Garrison (1976).
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Figure 6.5: Bathymetry of the Strait of Gibraltar (Instituto Geografico Nacional y
SECEG, 1988). Depth contours are in meters. The 290 m isobath has been chosen

to show the location of the major sill to the west of Tarifa.
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6.3 Conclusions

Coastline curvature can cause a stratified boundary current to separate from the
coast through the mechanism of interfacial upwelling, that is, with the increase of
coastline curvature, the centrifugal forces raise the density interface at the wall until
it surfaces and separation occurs.

This mechanism has been studied using an inviscid, reduced gravity model in
which the current is confined to the upper layer and insulated from the interior by a
density front. The upstream potential vorticity is constant for simplicity. Klinger’s
(1994) work in which the coast has a vertical side is reproduced, and it agrees
reasonably well with laboratory results that the critical radius of curvature p. is
approximately equal to the inertial radius of the current, @/ f.

A more realistic model in which the coast has a sloping side is developed, where
the current is divided into a free region (where the slope effect is not felt) and a
wedge region. With the upstream width of the free region and the upstream depth
at the intersection point being kept equal to their vertical counterparts, cases with
different slope s are compared in order to study the effect of the slope. The current
is generally faster than its vertical counterpart, especially close to the wall. The
critical radius of curvature p. is almost identical to the vertical case for s > 2; for
s < 2, p. decreases with the decrease of s.

In both cases, it has been assumed that the alongshore variations have a larger
length scale than the cross-shore ones, and hence the terms associated with cross-
stream velocity and alongstream derivatives can be neglected. Whether this approx-
imation is valid or not is checked at points just upstream of the separation points by
comparing the neglected terms to the retained terms, using the depth and velocity

fields obtained from the simplified governing equations.
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In the vertical case, the ratios are generally O(1), indicating that the approx-
imation is not valid and it is recommended that the neglected terms be included
in future studies. In the sloping case, the ratios decrease as s gets smaller. When
s < 2, they are less than 0.5, thus the assumption can be considered valid.

The survey of parameter space undertaken confirms that, in both cases, no flow
reversal occurs and upwelling of the interface is the only mode of separation available
for this system.

This greatly simplified model gives some quantitative agreements with observed
flows. Thus the hypothesis that, in a rotating system, centrifugal upwelling of a
surface current’s density interface can control the separation of the current from a

curved coastline is strengthened.



Appendix A

Simplification of the Governing

Equations

The governing equations are derived under the assumption that the alongshore vari-
ation length scale is long compared to the cross-shore one.

The original equations in dimensional form (following Rged 1980) are

2

Uv u
— = —g'h A.l
1+ / +U’Uy+f’u, p+y g Yy ( )
u
f+ — Uy, — = hé, A2
1+ /p Yopty (A-2)

where (z,y) are the coordinates parallel and perpendicular to the shore, respectively
and (u,v) are the alongshore and cross-shore components of the velocity.

If the scales we use for non-dimensionalization are
D for h, pforz, W fory,

U for u, V for v,

then, according to the continuity equation

7] 0 hv
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we have

If we assume W < p, then a small number € can be defined as

e = W/p,

and from (A.4), we know

V = el

Thus, the non-dimensional version of (A.1) and (A.2) is

W

Ul s v u B
W{61+sy_€(uy+l+ey)]+f = Dhé.
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l+ey 1+¢€y %4

2 2 '
U—[e:?( . +vvy)—5 e l-{—fUu _gb

hy

(A.4)

(A.5)

(A.7)

(A.8)

Inside the square brackets on the left-hand side, the ¢* terms can hence be

neglected compared to the ¢ terms. In doing so, we have eliminated all the x

derivatives, and are left with ordinary differential equations with respect to y only:

fu— = —g'h,

=ity = = hé.

(A.9)

(A.10)
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