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ABSTRACT

Let X be a finite subset of Zd. A set A ⊆ [n]d is X-free if it does not contain a copy of
X, that is subset of the form b+ r ·X for any r > 0 and b ∈ Rd. Let rX(n) denote the
cardinality of the largest X-free subset of [n]d. In this thesis we explore X-free sets in
three ways. Firstly, we give an exposition of a standard multidimensional extension of
Behrend’s [7] construction that gives a lower bound on rX(n) for all |X| ≥ 3. Next, we
lower bound the number of copies of X guaranteed in subsets with cardinality larger
than rX(n). This is a supersatuation result that uses the previously demonstrated lower
bound on rX(n). Finally, using our supersaturation result, we show that for infinitely
many values of n the number of X-free subsets is 2O(rX(n)). This result is obtained using
the powerful hypergraph container method. Further, it generalizes previous work of
Balogh, Liu, and Sharifzadeh [3] and Kim [41].

This thesis includes joint work with Natalie Behague, Joseph Hyde, Natasha Mor-
rison, and Jonathan A. Noel.
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Chapter 1
Introduction

Let X ⊆ Zd, such that |X| is finite and |X| ≥ 3. We will call X ′ a copy of X if there
exists b ∈ Rd and q ≥ 0 such that

X ′ = b+ q ·X := {b+ qx : x ∈ X}.

Moreover, a copy if non-trivial if q > 0. We say that A ⊆ [n]d is X-free is it does not
contain any non-trivial copies of X. This thesis considers the following three questions:

1. How large can an X-free subset of [n]d be?

2. How many copies of X must be present in a subset of [n]d larger than the extremal
threshold?

3. How many X-free subsets of [n]d are there?

The general forms of these three questions are central to extremal combinatorics and
have been studied in a myriad of settings with varying forbidden substructures. That
is, one may consider: maximizing or minimizing the size of a combinatorial object
without some forbidden substructure, the number of copies of a forbidden substructure
guaranteed above the “extremal threshold”, and the number of combinatorial objects
without some forbidden substructure.

This introduction will serve as a motivation for our questions, with a brief history
for each in both the general setting and for X-free sets. A more in-depth history in
our specific setting is placed at the beginning of the appropriate chapter to place us in
the proper context.

1.1 Large X-free subsets

It is typical in extremal combinatorics to ask for the maximum or minimum size of
a combinatorial object without some forbidden substructure. For example, consider
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the classical result of Mantel [47] which states that the maximum number of edges
in a triangle-free graph on n vertices is

⌊
n2

4

⌋
edges. This result, often referred to as

Mantel’s Theorem [47], also states there is exactly one tight construction: the complete
bipartite graph K⌊n

2 ⌋,⌈n
2 ⌉. As it is simple to observe that this graph is triangle-free

and is dense, it is a fairly natural triangle-free graph to consider.
In Chapter 2 we will explore constructing X-free subsets of [n]d. Let rX(n) denote

the size of the largest X-free subset. For general sets X, constructing a large X-free
set is an intimidating problem as, unlike with Mantel’s Theorem [47], there does not
appear to be an immediately obvious candidate to consider. We can make some simple
observations about rX(n). If |X| ∈ {1, 2}, then rX(n) is rather trivial. Next, observe
that if X ′ ⊆ X, then any X ′-free subset is also X-free. The reverse implication however
does not hold, as a set may not contain a copy of X but have a copy of X ′. Therefore,
we have that

rX′(n) ≤ rX(n), for all X ′ ⊆ X.

Let us assume for a moment that X is a set of k numbers in arithmetic progression,
or a k-AP. Observe that forbidding k-term arithmetic progressions is equivalent to
forbidding copies of [k], as any k-term arithmetic progression is a scaled and translated
copy of [k]. We will denote r[k](n) simply by rk(n). Most natural constructions of sets
without k-APs are rather sparse, for instance the set

{2, 4, 8, 16, . . . } ⊆ [n]

has density of only ⌊log(n)⌋
n

. Determining the largest [k]-free subset has shown to be
an extremely difficult problem that remains open after over 100 years of study. It was
shown by Szemerédi [79] in 1975 that rk(n) = o(n), for all finite k ≥ 1. This result is
often referred to as Szemerédi’s Theorem. We note that the case k = 3 was handled
by Roth [62] and, consequently, is referred to as Roth’s Theorem.

The ideas in the proof of Szemerédi’s Theorem led to Szemerédi’s celebrated Reg-
ularity Lemma. Szemerédi’s Regularity lemma essentially says that sufficiently large
graphs may be partitioned into clusters such that the edges between most clusters are
“random-like”. The power of this lemma comes from the fact that random graphs are
quite “well-behaved” and as a result are often much easier to work with. We will explore
the history of rk(n) in much greater detail in Chapter 2.

Returning to general X, can we say something similar to Szemerédi’s Theorem,
i.e for a sufficiently large n, does any dense subset of [n]d contain a copy of X? The
following theorem of Furstenberg and Katznelson [29] resolves this question.

Theorem 1.1.1 (Multidimensional Szemerédi Theorem [29]; see also [35, 51, 61, 80]).
If d ≥ 1 and X is a finite subset of Nd, then rX(n) = o(nd).

Furstenberg and Katznelson’s [29] proof uses ergodic theory and so does not yield
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quantitative bounds. This sparked interest in the formulation of a combinatorial proof
of Theorem 1.1.1. This goal was accomplished independently by Gowers [35], Tao [80]
and Rödl, Nagle, Schacht, and Skokan [51, 61] whose results provided bounds, albeit
they are rather weak.

The path to obtaining combinatorial proofs of Theorem 1.1.1 was long. It was
observed by Ruzsa and Szemerédi [63] that the following consequence of Szemerédi’s
Regularity Lemma proves Szemerédi’s Theorem in the case that k = 3.

Lemma 1.1.2 (Triangle Removal Lemma, [64]). For every constant ε > 0, there exists
a constant δ > 0 such that if G is a graph with n vertices containing at most δn3

triangles, then it is possible to make G triangle-free by removing at most εn2 edges.

Solymosi [78] also showed that Lemma 1.1.2 implies Theorem 1.1.1 when X =

{0, e1, e2} ⊆ Z2, where e1, e2 are the standard basis vectors of R2. It was observed
by Frankl and Rödl [26] that a generalization of the triangle-removal lemma to the
k-uniform hypergraph setting would imply Szemerédi’s Theorem in full. It was then
observed by Solymosi [78] that modification of this argument of Frankl and Rödl would
actually prove Theorem 1.1.1.

The proof method laid out by Frankl and Rödl [26] is essentially what is employed
in [35, 51, 61, 80]. To achieve a hypergraph removal lemma, the main ingredient of the
proofs in [35,51,61,80] is a hypergraph analogue of Szemerédi’s Regularity Lemma for
k-uniform hypergraphs. We note that the cases k = 3 and k = 4 was first handled
Ruzsa and Szemerédi [63] and by Frankl and Rödl [26], respectively.

1.2 Supersaturation

As discussed in Section 1.1, in extremal combinatorics we often look to maximize or
minimize the size of a structure while avoiding some forbidden substructure. But,
what happens above this extremal threshold? Consider again Mantel’s Theorem [47].
A natural follow-up question asks: how many triangles must be present in a graph with
more than

⌊
n2

4

⌋
edges? It is easy to see a graph with

⌊
n2

4

⌋
+ x edges must contain

at least x triangles (consider selecting an edge to delete from a triangle one at a time
until the graph is of size

⌊
n2

4

⌋
). Rademacher was the first to improve on this trivial

bound; he showed in an unpublished proof that a graph with just
⌊
n2

4

⌋
+1 edges must

contain at least
⌊
n
2

⌋
triangles. Erdős [18, 19] looked at lower bounding the number

of triangles in graphs with much larger size than this, attracting much attention to
the problem, see [25, 33, 46, 54]. Exact asymptotic values for the minimum number of
triangles in supersaturated graphs with size Ω(n2) above the extremal threshold were
found by Razborov [59] in one of the first applications of his method of flag algebras [58].
Nikiforov [53] and Reiher [60] extended Razborov’s result to bounds on the minimum
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number of copies of K4 and Kk for k ≥ 5 respectively using Lagrange multipliers;
while obtaining their results, they each showed their method could be used to provide
an alternative proof to Razborov’s result. An exact solution for the minimum number
of triangles in a supersaturated graph was found by Liu, Pikhurko, and Staden [45] in
2020 for large graphs that are “not too dense”.

The question of what happens above the extremal threshold has been studied as a
variation on many classical problems; these problems are called supersaturation prob-
lems, or Erdős-Rademacher type problems. Let’s briefly look at a few examples in
different classical combinatorial results. First, we already explored an example in ex-
tremal graph theory for the minimum number of triangles in graphs with more than⌊
n2

4

⌋
edges. Next, in extremal set theory, Erdős, Ko, and Rado proved that if k ≤ n

2

and a family of subsets of [n] all of size k pairwise intersect, then the family is of cardi-
nality at most

(
n−1
k−1

)
. Therefore, if such a family is of cardinality strictly greater than(

n−1
k−1

)
, i.e is supersaturated, there must be at least one pair of sets that are disjoint.

Das, Gan, and Sudakov [15] provided lower bounds the number of disjoint pairs in
supersaturated families. Finally, we look at an example in group theory. A subset A

of a finite abelian group G is sum-free if it does not contain a triple x, y, z such that
x + y = z. The order of the largest sum-free set was established, after many years
of progress, by Green and Ruzsa [37]. Samotij and Sudakov [66] explored how many
triples of this form must exist in a subset above the threshold established by Green
and Ruzsa for various groups.

In Chapter 3 we will explore supersaturation by lower bounding the number of
copies of X in sets of cardinality larger than rX(n). These results are not only in-
teresting in their own regard, but they can be used as a key ingredient in obtaining
enumeration results. We will show the connection between supersaturation results and
enumeration results in Chapter 4.

1.3 Enumeration

Instead of considering what happens above an extremal threshold, we may instead
consider how many combinatorial objects exist that do not contain some forbidden
substructure. Chapter 4 will focus on bounding the number of X-free subsets of [n]d.
It is trivial to see that the number of X-free subsets of [n]d is at least 2rX(n) as any
subset of an X-free set must itself be X-free. In 1990, Erdős and Cameron [12] asked
whether this bound is approximately correct in the case that X is a k-term arithmetic
progression.

Question 1.3.1 (Cameron and Erdős [12, Section 4.2]). Is the number of subsets of
[n] not containing a k-term arithmetic progressions equal to 2(1+o(1))rk(n)?
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Question 1.3.1 is still open; there are historical examples that may lend one to be-
lieve the answer is “yes” or “no”. In the literature, there are many examples which assert
that, up to a (1+ o(1)) factor in the exponent, the number of combinatorial structures
satisfying a certain set of constraints is equal to the number of subsets of the largest
such structure. For example, the results of Erdős, Kleitman, and Rothschild [21] on
triangle-free graphs, Kleitman [42] on antichains, Dong, Mani, and Zhao [16] on t-error
correcting codes, and Balogh, Das, Delcourt, Liu, and Sharifzadeh [1] on intersecting
families (see also the work of Balogh, Garcia, Li, and Wagner [2]).

Conversely, similar natural questions have been asked for other combinatorial ob-
jects that have in turn been answered with “no”. That is, there are historical examples
in which the number of combinatorial objects with no forbidden substructure is asymp-
totically greater than the number of subsets of the largest substructure. For example,
the results of Morris and Saxton [49] on the number of C6-free graphs, and Saxton and
Thomason [73] on the number of Sidon sets.

In Chapter 4, we will prove the following result which offers some progress towards
answering the more general form of Question 1.3.1, where we instead consider any finite
set X ⊆ Zd such that |X| ≥ 3.

Theorem 1.3.2. Let d be a positive integer and let X ⊆ Nd be a finite set such that
|X| ≥ 3. For infinitely many n ∈ N, the number of X-free subsets of [n]d is 2O(rX(n)).

Theorem 1.3.2 was previously handled in the case that X is a k-AP by Balogh, Liu,
and Sharifzadeh [3] and in the case that X is a corner by Kim [41]. A corner is a set
of the form

{0, e1, e2 . . . , ed},

where ei represents the i-th standard basis vector for Rd. It may be surmised that
Kim [41] focused on the case where X is a corner due to the importance of corners
in proving Theorem 1.1.1. It may be shown that Theorem 1.1.1 in the special case
that X is a corner implies the theorem in full. However, there does not appear to be
an obvious reduction of Theorem 1.3.2 to the result of Kim [41] due to the fact that
the function rX(n) for a generic set X may have a very different growth rate when
compared with the maximum size of a corner-free set.

1.3.1 The hypergraph container method

Our main tool in proving Theorem 1.3.2 is the hypergraph container method. This
method was developed in 2015 by Balogh, Morris, and Samotij [4] and, independently,
Saxton and Thomason [73]. This work was highly influenced by work of Kleitman and
Winston [43]. After the work of Kleitman and Winston [43] and before the development
of the hypergraph container method, other results using similar methods appeared.
Notably, Sapozhenko [68–72] first began developing a generalized container method for
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graphs and was the first to use the term “containers”. Hypergraph container-like proof
styles were also used by Conlon and Gowers [13], Friedgut, Rödl, and Schacht [27], and
Schacht [74] in their work on Ramsey-type problems in sparse random settings before
the development of the hypergraph container method. We give an overview of how the
method works in Chapter 4.

The hypergraph container method is very powerful and has been used in a wide
variety of settings in combinatorics to achieve enumeration results. For instance, the
results of Morris and Saxton [49] on the number of C6-free graphs and, Saxton and
Thomason [73] on the number of Sidon sets were proved used the hypergraph container
method directly. Further, the results of Dong, Mani and Zhao [16] on the number of
t-error correcting codes [1, 16] and Balogh, Das, Delcourt, Liu, and Sharifzadeh [1]
on intersecting families used variations on the hypergraph container method. The
hypergraph container method has also been used to reprove several classical results,
often offering a more simple proof. Relevantly, the aforementioned enumeration results
of Erdős, Kleitman, and Rothschild [21] on triangle-free graphs and Kleitman [42] on
antichains have be re-proved using the hypergraph container method [4,73].

1.4 Overview of thesis

This thesis explores three separate, though deeply related, questions. These three ideas
build on one another, with the results of each chapter using the results of the previous
chapters.

In Chapter 2, we will look at constructing large X-free sets. More specifically, we
use standard methods to generalize a lower bound of Behrend [7] for sets without 3-APs
to obtain a lower bound on the size of X-free subsets.

In Chapter 3, we will prove a supersaturation result for sets of size C · rX(n), where
C is a large, positive constant independent of n and n is an element of an infinite subset
of N. As we do not know exact asymptotics of rX(n), we will employ our lower bound
from Chapter 2 to give us some sense of rX(n).

Finally, in Chapter 4 we will show that for infinitely many values of n, the number
of X-free subsets of [n]d is 2O(rX(n)). We will achieve this bound through an application
of the seminal hypergraph container method [4, 73]. As is typical with applications of
the hypergraph container method, we will use the supersaturation result achieved in
Chapter 3.

The results of Chapter 2 and Section 4.1 are expository. The results of Chapters 3
and Section 4.2 are joint work with Natalie Behague, Joseph Hyde, Jonathan A. Noel,
and Natasha Morrison; see [6].
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Chapter 2
Behrend Type Constructions in Every
Dimension

2.1 Introduction

The study of arithmetic progressions in subsets of [n] is central to additive combina-
torics. The type of questions one can ask about arithmetic progressions is vast. For
example: what is the largest subset of [n] not containing an arithmetic progression of
length k? Recall we denote this quantity with rk(n). A deeply related question asks:
does there always exist a number w(r, k) such that for all r colourings of [w(r, k)] there
exists a monochromatic k-term arithmetic progression? The question was answered in
the affirmative by van der Waerden [81] in 1927. Finding exact values of w(r, k), also
called van der Waerden numbers, has turned out to be hard; there are only 7 known
values of w(r, k) to date. The best upper bound on w(r, k) comes from Gowers [34]
and states

w(r, k) ≤ 22
k2

2r+9

.

In 1936, Erdős and Turán [24], working towards a conjecture of Szekeres related to
van der Waerden numbers, proved the following upper bound on r3(n): for sufficiently
large n and any ε > 0, r3(n) < (4

9
+ε)n. They conjectured any sufficiently dense subset

of [n] contains arbitrarily long arithmetic progressions; that is they conjectured for all
k, rk(n) = o(n). Further, they conjectured that for all k there exists a constant ck > 0

such that rk(n) < n1−ck .
In 1942, Salem and Spencer [65] showed that r3(n) > n1− c

log logn , disproving the sec-
ond conjecture of Erdős and Turán. Modifying their method, Behrend [7] found an even
larger sub-linear lower bound on r3(n). In 1955, Roth [62] proved that r3(n) = o(n) us-
ing analytic methods, a result now called Roth’s Theorem. In 1967, Szemerédi extended
Roth’s Theorem to show r4(n) = o(n) and then in 1975 [79] proved rk(n) = o(n) for all
k. This result is typically referred to as Szemerédi’s Theorem. This theorem is much
stronger than van der Waerden’s Theorem, as it allows us to ignore the underlying
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colouring that is partitioning [n] completely. Szemerédi’s Theorem was proved using
purely combinatorial arguments and led to the discovery of Szemerédi’s celebrated
Regularity Lemma. A few years later, Furstenberg [28] found an alternative proof of
Szemerédi’s Theorem using ergodic theory. While this approach relies on the Axiom of
Choice and, therefore, does not yield effective bounds, it has the benefit of being more
amenable to generalization. For example, the first proof of the Density Hales–Jewett
Theorem, a multidimensional generalization of Szemerédi’s Theorem, was obtained via
an extension of Furstenberg’s ideas [30]. Later, another proof of Szemerédi’s Theorem
was given by Gowers [34] using Fourier analysis.

With Szemerédi’s Theorem in hand, it is natural to wonder about the exact asymp-
totics of rk(n). This problem has been shown to be extraordinarily difficult, even in
the k = 3 case. As previously mentioned, in 1946 Behrend [7] presented a construction
of large sets that do not contain 3-term arithmetic progressions, giving the following
lower bound on r3(n):

r3(n) ≥ Ω

(
n

22
√
2
√

log2 n · log1/4(n)

)
.

We say that a set A ⊆ Rd is convexly independent if no element in A may be written
as a convex combination of other elements in A. Behrend’s proof utilizes that a sphere
in any dimension is convexly independent and so cannot contain three points all on
the same line; this proof will be the focus of Section 2.2 of this chapter. In 2011,
this bound was finally improved upon by a factor of Θ(

√
log n) by Elkin [17]. In

a similar nature to Behrend’s construction, Elkin’s construction utilizes a subset of a
thin annulus that is convexly independent (Elkin considers a subset of a thin annulus as
an annulus itself may not be convexly independent). Shortly after Elkin’s paper, Green
and Wolf [38] found a simpler, less constructive proof of the same bound using similar
ideas to Elkin. In 2024, Hunter [39] found the first quasipolynomial improvement of
Behrend’s construction, proving that

r3(n) ≫ n · 2−(c+o(1))2
√

2 log2(n),

where c =

√
log2

(√
32
9

)
. We note that Hunter’s proof does not optimize over c, so a

more careful proof may obtain a smaller c. There have been many improvements on the
first upper bound of Roth [62] throughout the years, see [8–10, 40, 67, 75]. Currently,
the best known upper bound is

r3(n) ≤ n · e−O((logn)
1
11 ),
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for some absolute constant c > 0. This upper bound was proved by Bloom and
Sisask [11] by making minor simplifications to a result of Kelley and Meka [40].

The case for k > 3 has also been studied extensively. Notably, Rankin [57] in 1960
obtained a lower bound on rk(n) by generalizing Behrend’s construction in a natural
way. Currently, the best known bounds on rk(n) are:

Cn 2a
√
log n

2a2(a−1)/2 a√logn
≤ rk(n) ≤

n

(log log n)C′ ,

where a = ⌈log k⌉ and C,C ′ are positive constants depending only on k. The lower
bound was obtained by O’Bryant [55] in 2011 by incorporating into Rankin’s [57]
method the generalizations made to Behrend’s construction made by Elkin [17], and
Green and Wolf [38]. The upper bound is due to Gowers [34] and uses Fourier analysis.

Although much of the study of k-AP-free-sets focuses on the asymptotics of rk(n),
there is some work done on exact numerical values of rk(n) for small values of n. For the
k = 3 case, the exact values for 1 ≤ n ≤ 21 were found by Erdős and Turán [24], with
corrections given by Mąkowski [48] and Moser [50]. In 1967, Wagstaff [83] computed
exact values for 1 ≤ n ≤ 52. In 2010, Garsarch, Glenn, and Kruskal [32] found exact
values of r3(n) for 1 ≤ n ≤ 187. The values up to n = 150 were previously found by
Wróblewski [85] and posted to his website. For 4 ≤ k ≤ 8, exact values up to around
50 were calculated by Wagstaff [83, 84]. In 2011, further values of rk(n) for 4 ≤ k ≤ 8

and up to around n = 110 were shown by Shao, Deng, Liang, and Xu [77], with some
additional values of n found for specific k. Excluding the small values Erdős and Turán
calculated by hand, exact values are found with computer assistance. Exact values of
rk(n) are important as they have applications outside of pure mathematics such as in
the multiplication of large matrices; a short survey of applications in the k = 3 case
can be found in [32].

2.2 Classical Behrend Construction

In this section, we give an exposition of Behrend’s [7] construction. We will present
a proof of the following lemma, which relaxes the conditions of Behrend’s original
construction slightly. Consequently, we will give a construction of an X-free set, where
X is any finite subset of N such that |X| ≥ 3. This will give us a lower bound for
rX(n) analogous to Behrend’s original lower bound for r3(n).

Lemma 2.2.1. If X ⊆ N such that |X| ≥ 3, then there exists cX > 0 depending only
on X such that, for all n ∈ N,

rX(n) ≥ n · exp(−cX
√

log n).
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We note that the statement and proof are fundamentally unchanged from Behrend’s
construction after this small and standard generalization. The main idea of this con-
struction is to “project” a sphere down to a one-dimensional set in a clever way such
that we are able to guarantee that any 3-AP necessarily corresponds to three points
on a line. So, as spheres cannot contain three points on the same line, under our
projection the sphere will correspond to a 3-AP-free set. The following small example
showcases this projection:

Example 2.2.2. We will take the intersection of [7]3 with a sphere in R3 and project
it down to N to obtain a 3-AP free set. Take the sphere

S = {(x, y, z) : x2 + y2 + z2 = 54}.

Define A = S ∩ [7]3, see Figure 2.1.

Figure 2.1: A sphere centred at 0 with radius
√
54 intersecting with [7]3.

Define f : R3 → R by f(x) = x1 + 14x2 + 196x3. The key property of f is that,
because of the large difference between the coefficients of x1, x2, x3, it is injective on
the set {x − y : x, y ∈ [7]3} . See Figure 2.2. More details about the function f are
given in the proof of Theorem 2.2.1.

We have f(A) = {231, 296, 413, 467, 491, 636, 675, 1013, 1052, 1221, 1388, 1401} and
it can easily be shown this set is in fact 3-AP free.

Before proceeding with the proof of Lemma 2.2.1, we make the following observa-
tion:
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Figure 2.2: Projection of three points of A onto Z using f .

Observation 2.2.3. If X ′ is a copy of X, then S is X-free if and only if it is X ′-free.

Therefore, we may choose to work with a copy of X so that the points in X have
convenient coordinates.

We note that Lemma 2.2.1 excludes the cases where |X| ∈ {1, 2} as in these cases,
an X-free subset must be rather trivial. If |X| = 1, then clearly rX(n) = 0. If |X| = 2,
then we cannot have any two points on a line parallel to the line between the points in
X. Therefore, we again are very constricted and are not able to obtain a lower bound
as in Lemma 2.2.1.

Proof of Lemma 2.2.1. As rX(n) ≥ rX′(n) for all X ′ ⊆ X, then we may assume that
|X| = 3. Let X ′ be a copy of X of the form {0, α, β} where α, β ∈ N, 0 < α < β, and
α, β are as small as possible. Note that for any x < y < z, the set {x, y, z} is a copy of
X ′ if and only if (β−α)(y−x) = α(z−y). We will build an X ′-free set S ⊆ [n], where
n is sufficiently large, such that |S| ≥ n · e−cX

√
logn, where cX is a constant depending

on X. Our result will follow immediately by Observation 2.2.3 and definition of rX(n).
For n ≥ 1, define M :=

⌊
n1/N

(α+β)

⌋
and N :=

⌊√
log n

⌋
. Consider the points

x = (x1, x2, . . . , xN) ∈ [M ]N ,

of which there are MN . For each point x, r2 := x2
1 + x2

2 + · · ·+ x2
N is an integer in the
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range [N,N ·M2]. By the pigeonhole principle, there exists a sphere that contains at
least

⌈
MN

N ·M2−N+1

⌉
points in [M ]N ; let S ′ be the intersection of this sphere with [M ]N .

Observe, by definition of M and N ,

|S ′| ≥
⌈

MN

N ·M2 −N + 1

⌉
≥ MN−2

N
=

(⌊
n1/N

(α+β)

⌋)N
N ·M2

≥ n

N ·M2 · (2(α + β))N
.

By definition of M and N , we have for some c > 0

M2 ≤ n2/N

(α + β)2
≤ e

2 logn√
logn ≤ ec·

√
logn.

Trivially, by definition of N ,
N ≤ e

√
log(n).

Further, by definition of N , for some c′ > 0,

(2(α + β))N ≤ e(
√
logn+1)(log(2(α+β))) ≤ ec

′(
√
logn).

So, we can find a large constant cX > 0 depending only on X such that

|S ′| ≥ n · e−cX
√
logn.

Next, we will define a function f that maps S ′ injectively to an X-free subset of
[n]. As we have shown |S ′| is as desired, we will then be done. Define f : ZN → Z such
that

f(x) :=
N∑
i=1

xi((α + β)M)i−1.

The function f will act as a “projection” of S ′ onto Z. To show f(S ′) is X-free, we
will show a correspondence between copies of X ′ in f(S ′) and three points on a line in
S ′. As all points in S ′ lie on a sphere, no three points in S ′ may lie on a line. By our
correlation, this will imply f(S ′) is X ′-free.

Observe, as α, β,M are integers, f(x) is an integer for all x ∈ ZN . Therefore, Z is
the image of f(x). Further, it is easy to see that f is a linear function.

The following claim will be used to show f is injective and X ′-free:

Claim 2.2.4. The function f(x) is 0 on the domain (−(α + β)M, (α + β)M)N ∩ ZN

if and only if x = 0.

Proof. The backwards direction is immediate. Suppose that f(x) = 0. We will show
that xi = 0 for all i ∈ [N ]. First consider x1. Define s1 = − x1

(α+β)M
. As f(x) = 0, we

12



have

−x1 =
N∑
i=2

xi((α + β)M)i−1 = ((α + β)M) · s1.

As x ∈ (−(α + β)M, (α + β)M)N ∩ ZN , it follows that 0 ≤ |s1| < 1. But, it is trivial
to see that as α, β,M ∈ N and xi ∈ Z for all i ∈ [N ],

s1 =
N∑
i=2

xi((α + β)M)i−2 ∈ Z.

This implies that s1 = 0. Hence x1 = 0. We may repeat this argument for x2, x3, and
so on, observing that at step j we have that

−xj =
N∑

i=j+1

xi((α + β)M)i−1−(j−1) = ((α + β)M) · sj.

This will imply that xj = 0 using analogous observations as in the x1 case. Therefore,
x = 0 as desired.

We will now show that f(S ′) is X ′-free. If x,y, z ∈ [M ]N , then

(α− β)x+ βy − αz ∈ (−(α + β)M, (α + β)M)N ∩ ZN . (2.1)

Suppose x,y, z form a copy of X ′, where f(x) < f(y) < f(z). Then, (α − β)f(x) +

βf(y) − αf(z) = 0. By linearity of f , if (α − β)f(x) + βf(y) − αf(z) = 0 then
f ((α− β)(x) + β(y)− α(z)) = 0. By Claim 2.2.4 and (2.1), it follows that

(α− β)(x) + β(y)− α(z) = 0.

This implies that x,y, z are all on the same line. As S ′ is a sphere, at least one of
these points is not in S ′. It follows that f(S ′) is X ′-free.

We now show that |f(S ′)| = |S ′|. Suppose x,y ∈ [M ]N and f(x) = f(y). As f is
linear, this implies f(x−y) = 0. Observe that (x−y) ∈ (−(α+β)M, (α+β)M)N∩ZN .
It follows from Claim 2.2.4 that x = y. Therefore, f is injective on [M ]N and so
|f(S ′)| = |S ′|.

Finally, we show that f(S ′) ⊆ [n] to ensure our f(S ′) is as desired. For any
x ∈ [M ]N , we have f(x) ≥ 1 as the coefficients of f are positive. Next, observe that

f(x) ≤
N∑
i=1

M((α + β)M)i−1 = M · ((α + β) ·M)N − 1

(α + β) ·M − 1
≤ ((α + β) ·M)N .
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Therefore, f(S ′) ⊆ f([M ]N) ⊆ [((α + β) ·M)N ]. Define M =
⌊

n1/N

(α+β)

⌋
, so f(S ′) ⊆ [n].

Therefore, f(S ′) is as desired as it is an X-free subset of [n] with cardinality at least
n · e−cX

√
logn, where cX is a positive constant dependent only on X.

2.3 Lower-bound on X-free sets

In this section, we extend Lemma 2.2.1 for any set finite X ⊆ Zd such that |X| ≥ 3

and d ≥ 1. To do so, we will use Lemma 2.2.1 to project up a large 3-AP-free set to a
higher dimension. We give an example of this process below.

Example 2.3.1. Let X = {(0, 0), (0, 1), (1, 0)} and S ′ = {1, 2, 4, 9, 11, 12} ⊂ [24
2
]. It

can easily be shown that S ′ does not contain a 3-AP. We will use S ′ to construct an
X-free subset of [24]2. Consider

S = {(x, y) ∈ [24]2 : y − x ∈ S ′},

Figure 2.3 is a visual representation of how the set S is formed.

Figure 2.3: The black points form the set S.

Observe that S = {(1, 3), (2, 4), (3, 5), (4, 6), (5, 7), (6, 8), (7, 9), (8, 10), (9, 11),
(10, 12), (11, 13), (12, 14), (13, 15), (14, 16), (15, 17), (16, 18), (17, 19), (18, 20), (19,
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21), (20, 22), (21, 23), (22, 24), (1, 3), (2, 4), (3, 5), (4, 6), (5, 7), (6, 8), (7, 9), (8, 10),
(9, 11), (10, 12), (11, 13), (12, 14), (13, 15), (14, 16), (15, 17), (16, 18), (17, 19), (18,
20), (19, 21), (20, 22), (21, 23), (22, 24), (1, 5), (2, 6), (3, 7), (4, 8), (5, 9), (6, 10), (7,
11), (8, 12), (9, 13), (10, 14), (11, 15), (12, 16), (13, 17), (14, 18), (15, 19), (16, 20),
(17, 21), (18, 22), (19, 23), (20, 24), (1, 10), (2, 11), (3, 12), (4, 13), (5, 14), (6, 15),
(7, 16), (8, 17), (9, 18), (10, 19), (11, 20), (12, 21), (13, 22), (14, 23), (15, 24)(1, 12),
(2, 13), (3, 14), (4, 15), (5, 16), (6, 17), (7, 18), (8, 19), (9, 20), (10, 21), (11, 22), (12,
23), (13, 24), (1, 13), (2, 14), (3, 15), (4, 16), (5, 17), (6, 18), (7, 19), (8, 20), (9, 21),
(10, 22), (11, 23), (12, 24)}.

Suppose S is not X-free. Then, there exists x, y, d ∈ [24] such that {(x, y), (x +

d, y), (x, y+ d)} ⊆ S. But, then {y−x− d, y−x, y−x+ d} ⊆ S ′. This is not possible,
as S ′ does not contain a 3-AP. So, S is X-free.

Let’s briefly discuss the set X in Example 2.3.1, which is called a corner in Z2. An
X-free set for this particular choice of X is said to be corner-free. Using a generalized
version of the technique above, we are able to see that a dense 3-AP-free set in [n]

gives rise to a dense corner-free set in [n]2. Therefore, a lower bound on the size of the
largest corner-free subset of Z2 follows from Lemma 2.2.1. Lemma 2.3.2 demonstrates
that for any finite X ⊆ Zd where |X| ≥ 3 we can achieve an analogous lower bound
on rX(n) to Lemma 2.2.1 using Lemma 2.2.1 and a generalization of the technique in
Example 2.3.1.

Lemma 2.3.2. Let d ≥ 1 and X ⊆ Nd be fixed. If |X| ≥ 3, then there exists cX > 0

depending only on X such that

rX(n) ≥ nd · exp(−cX
√
log n).

Proof of Lemma 2.3.2. If d = 1, then we are done by Lemma 2.2.1, and so we assume
that d ≥ 2. Since rX(n) ≥ rX′(n) for any subset X ′ of X, we may assume that
X = {x,y, z}. Our goal is to construct, for each n ≥ 1, a “large” set S ⊆ [n]d which
is X-free. We may assume throughout the proof that n is divisible by 4(d − 1); this
is because for any n′ ≤ n, an X-free subset of [n′] is also an X-free subset of [n].
Therefore, we may extend to all n by picking a sufficiently large cX .

We start by making numerous (valid) assumptions about the vectors x,y and z.
Let T be the convex hull of {x,y, z} and note that T is a (possibly degenerate) triangle.
By relabelling x,y and z if necessary, we can assume that neither of the interior angles
of T at x nor y are equal to π/2; this is because any triangle can contain at most one
interior angle of π/2. Note that, in the special case that x,y and z are collinear, T
is a degenerate triangle and the interior angles at x and y are either 0 or π and so
this property holds automatically. Now, by translating X if necessary, we may assume
that z is the zero vector. Let the entries of x and y be given by x = (x1, . . . , xd) and
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y = (y1, . . . , yd). Given that z = 0, the condition that the interior angles of T at x

and y are not equal to π/2 can be expressed algebraically as follows:

⟨x,x− y⟩ =
d∑

i=1

xi(xi − yi) ̸= 0, (2.2)

⟨y,x− y⟩ =
d∑

i=1

yi(xi − yi) ̸= 0, (2.3)

where ⟨·, ·⟩ is the standard inner product on Rd. Since x ̸= y, by reordering the indices,
rescaling X, and swapping x and y if necessary, we can assume that xd − yd = 1 and
that |xi − yi| ≤ 1 for all i ∈ [d]. Note that the rescaling may put x and y in Qd. For
each i ∈ [d − 1], let xi − yi = ri/qi such that ri and qi > 0 are integers with qi as
small as possible. Note that q := maxi∈[d−1] qi is a constant depending on X. These
assumptions about x and y will be convenient later on, as they make it easier to work
with the coordinates of x− y.

Next, we define

t :=

∑d
i=1 yi(yi − xi)∑d
i=1(xi − yi)2

.

Note that t is well-defined because x ̸= y, and that t ∈ Q because x,y ∈ Qd. Moreover,
t can be regarded as a quantity which depends only on X. Also, (2.3) implies that
t ̸= 0 and (2.2) implies that t ̸= 1. So, X ′ := {0, t, 1} is a subset of Q of cardinality 3.
Using Lemma 2.2.1, we let S ′ be a subset of [n/4] which is X ′-free and satisfies

|S ′| ≥ (n/4) · e−cX′
√

log(n/4).

Note that X ′ depends on t which, in turn, depends on X, and so cX′ is a constant that
depends on X. Define S ⊆ [n]d by

S :=

{
s = (s1, . . . , sd) ∈ [n]d :

d∑
i=1

(
si −

n

2

)
(xi − yi) ∈ S ′

}
.

To complete the proof, we need to analyze the cardinality of S and show that it
is X-free. We start with its cardinality. For each i ∈ [d − 1], since |xi − yi| ≤ 1, the
number of choices for si ∈ [n] such that

− n

4(d− 1)
≤
(
si −

n

2

)
(xi − yi) ≤ 0

is at least n
4(d−1)

. Since xi− yi is a rational with denominator bounded by the constant
q for all i ∈ [d− 1], the number of such si for which

(
si − n

2

)
(xi − yi) is also an integer
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is at least
⌊

n
4q(d−1)

⌋
. Therefore, the number of choices for (s1, . . . , sd−1) ∈ [n]d−1 such

that
d−1∑
i=1

(
si −

n

2

)
(xi − yi) ∈ Z ∩

[
−n

4
, 0
]

is Ω(nd−1), where the constant factor depends only on d and q (which, in turn, depends
on X). Recalling that xd − yd = 1 and that S ′ ⊆ [n/4], we see that, for any such
(s1, . . . , sd−1) and any a ∈ S ′, there is a unique choice of sd ∈ [n] so that

d∑
i=1

(
si −

n

2

)
(xi − yi) = a.

Thus, we get that
|S| = Ω(nd−1|S ′|) = nd · e−cX

√
logn

for a sufficiently small constant cX > 0 depending on X, as desired.
Finally, we show that S is X-free. Suppose, to the contrary, that there exists a

non-trivial copy of X in S. In other words, there exists b ∈ Qd and r ∈ Q ∩ (0,∞)

such that
{b, b+ rx, b+ ry} ⊆ S.

Let b = (p1, . . . , pd) and define

a :=
d∑

i=1

(
pi −

n

2

)
(xi − yi),

b :=
d∑

i=1

(
pi + rxi −

n

2

)
(xi − yi),

c :=
d∑

i=1

(
pi + ryi −

n

2

)
(xi − yi).

The condition {b, b + rx, b + ry} ⊆ S is equivalent to a, b, c ∈ S ′. We claim that
{a, b, c} is a non-trivial copy of {0, t, 1}, which will contradict the definition of S ′ and
complete the proof. Since r ̸= 0, we have

a− c

b− c
=

r
∑d

i=1 yi(yi − xi)

r
∑d

i=1(xi − yi)2
= t.

Therefore
c+ (b− c){0, t, 1} = c+ {0, a− c, b− c} = {a, b, c}

and so {a, b, c} is a copy of {0, t, 1}. It is non-trivial because r ̸= 0 and x ̸= y implies
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b− c = r ·
∑d

i=1(xi − yi)
2 is non-zero. This contradiction completes the proof.

18



Chapter 3
Copies of X in supersaturated sets

3.1 Introduction

Recall from Section 1.2 that a supersaturation result in the context of X-free sets
lower bounds the number of copies of X in a set of size larger than rX(n). In this
chapter, we will prove three progressively stronger supersaturation results for subsets
of [n]d of cardinality greater than rX(n). As discussed at length in Chapter 2, we
do not know exact asymptotics for even r3(n). So, supersaturation results for X-free
sets are difficult as we are working without full understanding of the structure or even
cardinality of extremal X-free sets. Despite these difficulties, some work has been done
on the supersaturation problem for sets without k-APs. Varnavides [82] proved in 1959
that any subset of size Ω(n) contains at least Ω(n2) k-APs. Croot and Sisask [14], in
giving a new proof of Roth’s Theorem, used an application of a quantitative version of
Varnavides’ [82] result. With this, they were able to show that any A ⊂ [n] and every
1 ≤ M ≤ n, the number of 3-APs contained in A is at least(

|A|
n

− r3(M) + 1

M

)
· n2

M4
.

The following theorem of Balogh, Liu, and Sharifzadeh [3] gives a supersaturation
result for an infinite subset of N.

Theorem 3.1.1 (Theorem 1.6 in [3]). Given k ≥ 3, there exists a constant C ′ =

C ′(k) > 1 and an infinite set N ⊆ N such that the following holds. For any n ∈ N and
any A ⊂ [n] of size C ′ · rk(n), the number of non-trivial k-APs in A is at least

log3k−2(n) ·
(

n

rk(n)

)k−1

· n.

The main result of this chapter is a generalization of Theorem 3.1.1 in Section 3.3
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to all finite sets X ⊆ N of cardinality at least 3.

3.2 Supersaturation Lemmas

In this subsection we prove some preliminary supersaturation results that will be used
to prove our main supersaturation result in Section 3.3. For A ⊆ [n]d, let ΓX(A)

denote the number of non-trivial copies of X in A. Trivially, if |A| ⊆ [n]d such that
|A| > rX(n) then A must contain at least one copy of X. We warm-up with the
following only slightly less trivial lower bound on ΓX(A).

Lemma 3.2.1. For any A ⊆ [n]d,

ΓX(A) ≥ |A| − rX(n).

Proof. We proceed by induction on |A|. If |A| ≤ rX(n), then the right side of the
inequality is at most zero so there is nothing to prove. Now, assume |A| ≥ rX(n) + 1.
Then A must contain at least one copy of X, say X ′. For any x ∈ X ′, the set A \ {x}
contains at least |A|−1−rX(n) copies of X by the induction hypothesis. These copies,
along with X ′ which is not in A \ {x}, yield |A| − rX(n) copies of X in A.

The argument to obtain Lemma 3.2.1 is, obviously, very simple. However, as we
see in Lemma 3.2.3 below, we can obtain a seemingly stronger bound by applying
Lemma 3.2.1 within copies of [M ]d inside of [n]d, where 1 ≤ M ≤ n, and using an
“averaging argument”. The copies of [M ]d that we consider are translates of p · [M ]d

where p is a small prime; the following consequence of the prime number theorem (see,
e.g., [76]) is useful for counting the choices of p. For ℓ ≥ 2, let π(ℓ) be the number of
primes p such that 2 ≤ p ≤ ℓ.

Proposition 3.2.2. There exists ℓ0 ∈ N such that π(ℓ) ≥ ℓ
2 log(ℓ)

for all ℓ ≥ ℓ0.

Lemma 3.2.3. Let M and n be integers such that 2 ≤ M ≤ n. If A ⊆ [n]d such that

|A| > max{4ℓ0dnd−1M, rX(n)} (3.1)

where ℓ0 is as in Proposition 3.2.2, then

ΓX(A) ≥
|A|

23d log2(n)
· n

M

(
|A|
2nd

− rX(M)

Md

)
.

Proof. Recall that Observation 2.2.3 states that if X ′ is a (non-trivial) copy of X, then
a set is X-free if and only if it is X ′-free. So, by translating and scaling X if necessary,
we may assume that there does not exist any “smaller” non-trivial copy of X in Nd.
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Specifically, we can assume that there does not exist an integer t > 1 which divides
the coordinates of the vector x− y for all x,y ∈ X.

Let p be a prime chosen uniformly at random from all primes p ≤ |A|
4dnd−1M

. Next,
choose a “base point” b uniformly at random from the set {0, . . . , n−Mp− 1}d (which
is non-empty because Mp ≤ |A|

4dnd−1 < n) and define

Gb = b+ p · [M ]d.

Let Ab := A ∩ Gb. Our goal is to bound E[ΓX(Ab)] from below in terms of |A| and
from above in terms of ΓX(A); combining these inequalities will give us the desired
lower bound on ΓX(A). Note, we choose to scale [M ]d by a prime as it allows us
to have a sub-linear upper bound on the number of possible scalars to consider via
Proposition 3.2.2.

Note that Gb is a non-trivial copy of [M ]d, so we can apply Lemma 3.2.1 within Gb

to yield
E[ΓX(Ab)] ≥ E[|Ab| − rX(M)] = E[|Ab|]− rX(M) (3.2)

by linearity of expectation. So, to get a lower bound on E[ΓX(Ab)], it suffices to bound
E[|Ab|]. Define Ip := {Mp+1, . . . , n−Mp− 1}d ∩ [n]d; that is Ip is obtained from [n]d

by removing all points that are “too close” to the boundary in some coordinate. As
there are fewer than 2dnd−1Mp such points and p ≤ |A|

4dnd−1M
, we have that

|A ∩ Ip| > |A| − 2dnd−1Mp ≥ |A| − 2dnd−1M

(
|A|

4dnd−1M

)
=

|A|
2

for every possible choice of p. Given the choice of p, for any v ∈ Ip there are exactly
Md choices of base point b ∈ {0, . . . , n − Mp − 1}d with the property that v ∈ Gb.
Thus, conditioned on the choice of p, the probability that any given v ∈ Ip is in Gb is
at least Md

(n−Mp)d
≥ Md

nd . Therefore, E[|Ab|] ≥ E[|A ∩ Ip ∩ Gb|] ≥ |A|
2
· Md

nd . Substituting
this lower bound into (3.2) gives

E[ΓX(Ab)] ≥
|A|
2

· M
d

nd
− rX(M). (3.3)

Next, we will obtain an upper bound on E[ΓX(Ab)] in terms of ΓX(A). To do this,
we let Y be an arbitrary fixed non-trivial copy of X in A and bound the probability
that Y ⊆ Gb from above. Let a ∈ Rd and r > 0 so that Y = a+ r ·X and note that,
since |X| ≥ 2, the choice of a and r is unique. Then, clearly, Y is a subset of Gb if and
only if (a− b)+ r ·X is a subset of p · [M ]d. Thus, if Y is a subset of Gb, then, for any
x,y ∈ X, every coordinate of

(a− b+ rx)− (a− b+ ry) = r(x− y)
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is a multiple of p. By our assumption that X is the smallest copy of itself in Nd, this
implies that r is an integer and p divides r. Thus, for any non-trivial copy Y = a+ rX

of X in A, the probability that Y is a subset of Gb is at most the probability that p

is a divisor of r, multiplied by the probability that, for an arbitrary y0 ∈ Y , the base
point b is chosen to be one of the at most Md base points for which y0 ∈ Gb. Let us
now bound these two probabilities individually. Since, for any such Y , the integer r

has at most log2(r) ≤ log2(n) divisors, the probability that p divides r is at most

log2(n)

π(|A|/4dnd−1M)
≤ log2(n)8dn

d−1M log(|A|/4dnd−1M)

|A|
≤ 8 log22(n) ·Mdnd−1

|A|

where the first inequality uses Proposition 3.2.2 and the fact that |A| > 4ℓ0dn
d−1M .

After fixing the choice of p, for any y0 ∈ Y , the probability that y0 ∈ Gb is at most

Md

(n−Mp)d
≤ Md(

n− |A|
4dnd−1

)d .
Observe that(

M

n− |A|
4dnd−1

)d

=

(
M

n

)d(
1− |A|

4dnd

)−d

≤
(
M

n

)d(
1− 1

4d

)−d

≤
(
M

n

)d

· 4
3
.

Therefore, for any non-trivial copy Y of X in A, we have

P[Y ⊆ Ab] ≤
8 log22(n) ·Mdnd−1

|A|
·
(
M

n

)d

· 4
3
≤ 11 · log22(n)Md+1d

|A|n
.

Using this, we get the following upper bound on E[ΓX(Ab)] by linearity of expectation:

E[ΓX(Ab)] ≤ ΓX(A) ·
11 · log22(n)Md+1d

|A|n
. (3.4)

Putting together (3.3) and (3.4) and solving for ΓX(A) gives,

ΓX(A) ≥
n|A|

11 log22(n)M
d+1d

(
|A|Md

2nd
− rX(M)

)
≥ |A|

23d log2(n)
· n

M

(
|A|
2nd

− rX(M)

Md

)
,

as desired.

Let’s pause for a second to make sense of the statement given in Lemma 3.2.3.
Observe that to obtain a non-trivial lower bound on ΓX(A), we require that

|A|
nd

≥ 2 · rX(M)

Md
.
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So, for Lemma 3.2.3 to give a non-trivial lower bound on ΓX(A) we require that A has
at least twice the density in [n]d that rX(M) has in [M ]d. If we wish to be able to
apply Lemma 3.2.3 in the case that |A| = C · rX(n), for some constant C ≥ 1 then
we require that the density of rX(M) is at most a constant times rX(n). While it is
conceivable that this is true for many choices of n and M , without exact asymptotics
of rX(n) we cannot make such a statement in generality. We know from Lemma 2.3.2
that the density of rX(n) does not decrease too rapidly asymptotically, but we cannot
say the decrease in density is “smooth”. In the next section, we will look to find an
infinite set of values of n and M such that we have the desired relation between the
densities of rX(n) and rX(M).

A careful reader will observe that Lemma 3.2.3 does not require that |A| > rX(n).
As it is not completely obvious why such a relaxation should be true, let’s briefly
consider why Lemma 3.2.3 holds if we remove the condition |A| > rX(n). First, observe
that if M ≥ rX(n)

4ℓ0dnd−1 it is trivial to remove the condition |A| > rX(n) as this is implied by
the condition |A| > 4ℓ0dn

d−1M . Therefore, we only need to consider why Lemma 3.2.3
should hold when M < rX(n)

4ℓ0dnd−1 .
Consider a set A such that |A| ≤ rX(n); from the cardinality of A, it does not need

to contain copies of X. As we may have ΓX(A) = 0, for Lemma 3.2.3 to hold it is
sufficient to have

|A|
2nd

≤ rX(n)

2nd
≤ rX(M)

Md
. (3.5)

The left inequality in (3.5) is true by definition of A. For the right inequality, we use
Proposition 3.2.4.

Proposition 3.2.4. Let M and n be integers such that 2 ≤ M ≤ n then,

(rX(n)− 2dnd−1M)

nd
≤ rX(M)

Md
.

Before proceeding with the proof, let us demonstrate why Proposition 3.2.4 implies
the right-hand side of (3.5) when M < rX(n)

4ℓ0dnd−1 . Substituting this upper bound for M

in the inequality given by Proposition 3.2.4 implies

(
rX(n)− 2dℓ0n

d−1 · rX(n)
4ℓ0dnd−1

)
nd

=
rX(n)

2nd
≤ (rX(n)− 2dnd−1M)

nd
≤ rX(M)

Md
,

as desired. We now prove Proposition 3.2.4.

Proof of Proposition 3.2.4. Let A ⊆ [n]d such that |A| = rX(n) and ΓX(A) = 0, where
such a set A must exist by definition of rX(n). Choose a “base point” b uniformly at
random from the set {0, . . . , n − M − 1}d, noting that this is non-empty as M ≤ n.
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Define
Gb = b+ [M ]d.

Define I = {M +1, . . . n−M − 1}; that is, let I is obtained by removing all points
in [n]d “too close” to the boundary. As there are fewer than 2dnd−1M such points, we
have that

|A ∩ I| > |A| − 2dnd−1M = rX(n)− 2dnd−1M.

For each point v ∈ I, there are exactly Md choices of b such that v ∈ Gb, as such a
point v may play any “role” in Gb. So, each point v ∈ I ∩ A is contained in Gb with
probability Md

(n−M)d
≥ Md

nd . So,

E[A ∩Gb] ≥ E[A ∩ I ∩Gb] ≥ (rX(n)− 2dnd−1M) · M
d

nd
. (3.6)

As A is X-free the set A ∩ Gb must also be X-free. Therefore, as A ∩ Gb is an
X-free subset of a translated copy of [M ]d, it contains at most rX(M) points. So,

E[A ∩Gb] ≤ rX(M). (3.7)

Putting together (3.6) and (3.7) and rearranging gives the result.

3.3 Stronger Supersaturation on an Infinite Set

The goal of this section is to find an infinite set N ⊆ N such that for each n ∈ N

we may carefully choose m(n) such that the density of rX(n) is at least the density of
rX(m(n)) multiplied by a small constant α > 0. This will allow us to apply Lemma 3.2.3
to the elements of N and achieve a supersaturation result for subsets A with cardinality
at least C · rX(n).

We first prove the following more general relationship between sequences of a certain
form. More specifically, we show that for sequences with a specific lower bound there
exists an infinite sequence N ⊆ N where the function is relatively “smooth”. We note
that the lower bound on r(n) in Lemma 3.3.1 is motivated by the lower bound on rX(n)

obtained by Lemma 2.3.2.

Lemma 3.3.1. For βr, βm > 0, let 0 < α < exp(−βrβm/2). For d ≥ 1, suppose that
r : N → N and m : N → N are such that

r(n) ≥ nd

exp(βr

√
log(n))
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and
n ≥ m(n) ≥ n

exp(βm

√
log(n))

for all n ≥ 1. Then there exists an infinite subset N of N such that

r(n)

nd
≥ α · r(m(n))

m(n)d

for all n ∈ N .

Proof. Take ε > 0 so that α =
exp(−βrβm

2 )
(1+ε)3

. By definition of m(n),

√
log(m(n))−

√
log(n) ≥

√√√√log

(
n

exp(βm

√
log(n))

)
−
√

log(n)

=

√
log(n)− βm

√
log(n)−

√
log(n). (3.8)

Observe that the expression in (3.8) converges to −βm

2
as n → ∞. Therefore, there

exists some n0 ∈ N such that, for all n ≥ n0,√
log(m(n))−

√
log(n) ≥ −βm

2
− log(1 + ε)

βr

.

This implies that for all n ≥ n0,

exp
(
βr

(√
log(m(n))−

√
log(n)

))
≥

exp (−βrβm

2
)

(1 + ε)
. (3.9)

Define

Y :=

{
r(n) exp(βr

√
log(n))

nd
: n ∈ N

}
.

Let Z be the set of all cluster points of Y in the extended reals, R ∪ {−∞,∞}. Note
that, by the lower bound on r(n), we have Z ⊆ [1,∞]. Let z = sup(Z). We now
proceed by cases depending on the value of z.

Suppose z = ∞. Define

N :=

{
n ∈ N : n ≥ n0 and

r(n) exp(βr

√
log(n))

nd
≥

r(m) exp(βr

√
log(m))

md
, ∀m ≤ n

}
.

As z = ∞, it follows that N is an infinite set. As m(n) ≤ n, for all n ∈ N we have,

r(n)

nd
≥

r(m(n)) · exp(βr

√
log(m(n)))

m(n)d · exp(βr

√
log(n))

≥ r(m(n))

m(n)d
·
exp(−βmβr

2
)

(1 + ε)
≥ α · r(m(n))

m(n)d
,
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where the second inequality follows from (3.9). Therefore, N is as desired.
We may now assume that z < ∞. Choose n′

0 large enough such that for all n ≥ n′
0,

r(m(n)) ·
exp(βr

√
log(m(n)))

m(n)d
≤ (1 + ε)z. (3.10)

Note that such an n′
0 exists as m(n) → ∞ as n → ∞. Define

N :=

{
n ∈ N : n ≥ max{n0, n

′
0} and

r(n) · exp(βr

√
log(n))

nd
≥ z

(1 + ε)

}
.

By definition of z, the set N is infinite. By definition of N , for all n ∈ N ,

r(n)

nd
≥ z

(1 + ε) · exp(βr

√
log(n))

(3.10)
≥ r(m(n))

m(n)d
·

exp(βr

√
log(m(n)))

exp(βr

√
log(n)) · (1 + ε)2

(3.9)
≥

exp(−βrβm

2
)

(1 + ε)3
· r(m(n))

m(n)d
= α · r(m(n))

m(n)d
.

Therefore, N is as desired.

In proving the main result of this chapter, we will apply Lemma 3.3.1 with r(n) =

rX(n). Recall the following result that we proved in Chapter 2:

Lemma 2.3.2. Let d ≥ 1 and X ⊆ Nd be fixed. If |X| ≥ 3, then there exists cX > 0

depending only on X such that

rX(n) ≥ nd · exp(−cX
√
log n).

In order to apply Lemma 3.3.1, we require another function m(n). Define, for the
rest of this chapter,

m(n) :=

⌊
n

log3|X|(n)
·
(
rX(n)

nd

)|X|+2
⌋
.

Observe, as m(n) → ∞ as n → ∞, for sufficiently large n we have

m(n) ≥ 1

2
· n

log3|X|(n)
·
(
rX(n)

nd

)|X|+2

(3.11)
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Using Lemma 2.3.2 and (3.11), observe that, for sufficiently large n,

m(n) =

⌊
n

log3|X|(n)
·
(
rX(n)

nd

)|X|+2
⌋
≥ n

exp
(
−2cX |X|

√
log(n)

) ·
(
exp(−cX

√
log n

)|X|+2

> n ·
(
exp

(
−(5cX |X|)

√
log n)

))
. (3.12)

Let α be chosen such that 0 < α < exp
(
−5c2X |X|

2

)
. This choice of α is fixed for the

remainder of this chapter.
It is interesting to note how perfectly the bound in Lemma 2.3.2 works in our

context. Analyzing the proof of Lemma 3.3.1, one can observe that much of the proof
relies on the well-known fact that the sequence (n+ nβ)β − nβ converges if and only if
β ≤ 1/2. So, if the lower bound in Lemma 2.3.2 was even slightly weaker (i.e. if we only
had rX(n)

nd ≥ exp(−βr(log(n))
2/3) instead), we could not apply this sort of argument.

In fact, it is not clear if such a statement should hold in that case. As this bound
was derived from the analogous result for 3-APs from Behrend [7] proved in 1946, it is
somewhat surprising something stronger is not needed.

We now prove our final lower bound for ΓX(A) for large sets A ⊆ [n]d, where n ∈ N

for some infinite subset N ⊆ N.

Lemma 3.3.2. There exists an infinite subset N of N such that, if n ∈ N and A ⊆ [n]d

where |A| ≥ 4
α
· rX(n), then

ΓX(A) ≥
log3|X|−2(n)

6d
·
(

nd

rX(n)

)|X|

· nd.

Proof. Let ℓ0 be as defined in Proposition 3.2.2. By Lemma 2.3.2 and (3.12), we may
apply Lemma 3.3.1 with m(n), rX(n), and α to obtain an infinite subset N ′ of N, such
that for all n ∈ N ′,

rX(n)

α · nd
≥ rX(m(n))

m(n)d
. (3.13)

Note that α < 1 and so the condition |A| ≥ 4
α
· rX(n) implies that |A| ≥ rX(n). For

large enough n ∈ N ′, we have

4ℓ0dn
d−1m(n) = 4ℓ0dn

d−1 · n

log3|X|(n)
·
(
rX(n)

nd

)|X|+2

≤ 4ℓ0dn
d

(
rX(n)

nd

)2

= 4ℓ0d

(
rX(n)

nd

)
· rX(n) <

4

α
· rX(n) ≤ |A|,

where the penultimate inequality holds for sufficiently large n as rX(n) = o(nd). There-

27



fore A satisfies the conditions of Lemma 3.2.3 with M = m(n). Applying this we obtain

ΓX(A) ≥
1

23d log2(n)
· |A| · n

m(n)
·
(
|A|
2nd

− rX(m(n))

m(n)d

)
.

Using |A| ≥ 4
α
· rX(n) and using (3.13) to bound the final term, we get

ΓX(A) ≥
1

23d log2(n)
· |A| · n

m(n)
·
(
2rX(n)

α · nd
− rX(n)

α · nd

)
=

1

23d log2(n)
· |A| · n

m(n)
·
(
rX(n)

α · nd

)
.

Further, we may apply the definition of m(n) and the lower bound on |A| to get

ΓX(A) ≥
1

23d log2(n)
· |A| · n · log

3|X|(n)

n
·
(

nd

rX(n)

)|X|+2

·
(
rX(n)

α · nd

)
≥ 1

23d log2(n)
· 4
α
· rX(n) · log3|X|(n) ·

(
nd

rX(n)

)|X|+2

·
(
rX(n)

α · nd

)
≥ log3|X|−2(n)

6dα2
·
(

nd

rX(n)

)|X|

· nd.

Hence, as α < 1, we have for large enough n ∈ N ′

ΓX(A) ≥
log3|X|−2(n)

6d
·
(

nd

rX(n)

)|X|

· nd. (3.14)

Define N to be the set of all n ∈ N ′ which are large enough that (3.14) holds.
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Chapter 4
Approximate Counting Version of the
Multidimensional Szemerédi Theorem

In this chapter, we prove Theorem 1.3.2, an approximate counting version of the mul-
tidimensional Szemerédi theorem. We begin with a discussion on the hypergraph con-
tainer method in Section 4.1 which we then apply, in conjunction with results from the
previous chapters, to prove Theorem 1.3.2 in Section 4.2.

4.1 A Short Discussion on Hypergraph Containers

Many problems in combinatorics may be viewed as the study of independent sets. An
independent set in a graph or hypergraph is a collection of vertices that does not contain
any edges. Consider the 3-uniform hypergraph H with vertex-set V (H) = E(Kn)

and edge-set E(H) = {{ei, ej, ek} : ei, ej, ek form a triangle in Kn}. Observe that an
independent set in H corresponds to the edge set of a triangle-free subgraph of Kn.
Therefore, the classical Mantel’s Theorem [47] may be equivalently stated by saying
the largest independent set in a 3-uniform hypergraph that encodes copies of K3 in Kn

has order
⌊
n2

4

⌋
.

The hypergraph container method upper bounds the number of independent sets
in a hypergraph. This method was developed by Balogh, Morris, and Samotij [4] and,
independently, Saxton and Thomason [73]. A more in-depth history of this method
was discussed in Section 1.3.1.

Broadly speaking, the hypergraph container method [4,73] works by finding a “rel-
atively small” collection of “relatively small” subsets of the vertex set that are chosen
to be “close” to independent, called containers. The collection of containers is formed
such that every independent set is a subset of at least one container. We may then
upper bound the number of independent sets by counting the total number of subsets
of the containers and applying a union bound. We can, of course, consider our set of
containers to be all maximal independent sets and simply count all subsets to achieve
an upper bound on the number of independent sets. However, hypergraphs can con-
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tain many maximal independent sets meaning the upper bound obtained through this
method may be essentially trivial. So, we instead allow containers to have edges such
that a container may cover multiple maximal independent sets. We must be careful
though as if we allow the containers to have too many edges, then many of the subsets
of our containers will not be independent sets. This would result in a poor upper
bound as we will count many non-independent sets in our estimation. The hypergraph
container method finds a small set of nearly independent containers that covers all
independent sets. This is possible as in hypergraphs with relatively even edge distribu-
tion, independent sets tend to “cluster” together allowing the containers to align with
these clusters.

We now give an exposition of the original Kleitman and Winston [43] algorithm that
bounds the number of independent sets in a graph. This algorithm was implicit in the
work of Kleitman and Winston. The formulation offered in this thesis was presented
by Kohayakawa, Lee, Rödl, and Samotij [44].

This algorithm of Kleitman and Winston is a predecessor to the hypergraph con-
tainer method of Balogh, Morris, and Samotij [4] and Saxton and Thomason [73]. It
is included here to build intuition as to how the hypergraph container method works.
We have chosen to include the graph container algorithm rather than the hypergraph
container algorithm as the added complexity of working in the hypergraph setting does
not yield much of a deeper understanding. The algorithm will use a max-degree or-
dering on a graph G. This is an ordering {v1, v2, . . . , v|V (G)|} of V (G) such that vi is
a maximum degree vertex in the graph G \ {v1, . . . , vi−1}. Further, if A ⊆ V (G) then
G[A] denotes the induced subgraph of G with vertex set A. Finally, for a set A ⊆ V (G)

we will use NG(A) to represent the set of vertices in G adjacent to at least one vertex
in A.

Theorem 4.1.1 ([43], see also [44]). Let G be a graph on N vertices. Take R, q ∈ N
and 0 < β < 1. Suppose that

e−βqN ≤ R

and for every subset S ⊆ V (G) where |S| ≥ R, we have

|E(G[S])| ≥ β

(
|S|
2

)
.

Then, the number of independent sets of size m ≥ q is at most(
N

q

)(
R

m− q

)
.

Proof. If no independent set of order at least q exists, then the bound is trivially true
as the number of independent sets of size m ≥ q is 0. Therefore, we may assume such
an independent set exists. We will show there exists a collection of sets C1, . . . , C(Nq )
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such that |Ci| ≤ R + q for all 1 ≤ i ≤
(
N
q

)
, where for each independent set I ⊆ V (G)

such that |I| ≥ q there exists some i such that I ⊆ Ci.
Define I to be an arbitrary choice of independent set such that |I| ≥ q. We run the

following algorithm q times. We initialize by setting A0 = V (G) and S0 = ∅. At the
i-th step where 1 ≤ i ≤ q we do the following:

Step 1. Label the vertices in Ai−1 = {vi−1
1 , vi−1

2 , . . . vi−1
|Ai−1|} such that the labelling

corresponds to a maximum-degree ordering on G[Ai−1]. Define ti = min{j : 1 ≤ j ≤
|Ai−1|, vi−1

j ∈ I}. Therefore, vti is the lowest index vertex in Ai−1 that is also in I.
Define Si = Si−1 ∪ {vi−1

ti }. By definition, Si ⊆ I.

Step 2. Define Ai = Ai−1\({vi−1
1 , . . . , vi−1

ti }∪NG[Ai−1](v
i−1
ti )). That is, Ai is obtained

from Ai−1 by removing all vertices earlier in the max-degree ordering than vti as well
as all neighbours of vti . So, as vti ∈ I and I is an independent set, all vertices of Ai−1

removed to form Ai−1 are not contained in I. So, I ⊆ Ai ∪ Si. So, we either have that
Si = I and so we have iterated q times and are done, or there are vertices in I still
remaining in Ai.

For simplicity at the end of this sequence of q steps, we define A = Aq and S = Sq.

We will now show that |A| ≤ R. Suppose for a contradiction that |A| > R. Then,
as at each step i we remove vertices from Ai−1 to form Ai, it must follow that |Ai| > R

for all 0 ≤ i ≤ q. Consider an arbitrary choice of i such that 0 < i ≤ q. Take the
maximum-degree ordering on Ai−1 where Ai−1 = {vi−1

1 , vi−1
2 , . . . vi−1

|Ai−1|}, and recall that
vi−1
ti is the minimum-indexed vertex in this ordering such that vi−1

ti ∈ I. Now, recall
that to form Ai we will remove from Ai−1 all vertices of lower index than vi−1

ti and all
neighbours of vi−1

ti . We will lower-bound the number of vertices removed from Ai−1 to
obtain our contradiction.

Define A′ = Ai−1 \ {vi−1
1 , . . . , vi−1

ti−1}. Then, V (A′) contains vi−1
ti and the set of all

vertices with a higher index than ti under the maximum-degree ordering. Notice that
vi−1
ti is, by definition, the vertex of maximum degree in G[A′]. As vi−1

ti is of maximum
degree, its degree must be at least the average degree in G[A′]. As |A′| > R, it then
follows by supposition that

degG[A′](v
i−1
ti

) ≥ 2|E(G[A′])|
|A′|

≥
2β
(|A′|

2

)
|A′|

= β(|A′| − 1).

Therefore, to form Ai we remove from Ai−1 at least

ti + β(|A′| − 1) = ti + β(|Ai−1| − 1− ti + 1) = ti + β(|Ai−1| − ti) > β(|Ai−1|),
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vertices, where the last inequality holds as 0 < β < 1. Therefore,

|Ai| ≤ |Ai−1| − β(|Ai−1|) = (1− β)|Ai−1|.

This implies that that at each step i, |Ai| is smaller than |Ai−1| by a factor of at least
(1− β). Hence, recalling (1− x) ≤ e−x for all x ≥ 0, we have

|A| ≤ (1− β)qN < e−βqN ≤ R,

a contradiction. Therefore, we know that |A| ≤ R.
We now make two important observations to conclude our proof. Firstly, recall

S ⊆ I and I \ S ⊆ A. Therefore, setting C = S ∪ A we have that I ⊆ C. Next, we
notice that the final set A depends only on S. Therefore, if we know S we can recover
A by running the algorithm. That is, we know the ordering to remove vertices from
A given that we know S. Further, each independent set I is associated to some set S

by our algorithm. By considering all possible sets Si and their associated Ai, where
Si ⊆ V (G), |Si| = q, and 1 ≤ i ≤

(
N
q

)
, we can form containers Ci = Si ∪ Ai. As

we showed |Ai| ≤ R and |Si| = q by definition, we have that |Ci| ≤ R + q. Further,
we are guaranteed that each independent set is contained in at least one Ci by our
observations. Therefore, we need at most

(
N
q

)
containers to cover all independent sets.

We are now able to obtain an upper bound on the number of independent sets
of cardinality m for any m ≥ q. Associate each independent set I of cardinality m

with the container Ci that was obtained via the pair of sets Si, Ai outputted by the
algorithm when I is the input, recalling that Si ⊆ I ⊆ Si ∪ Ai = Ci. Therefore,
the number of independent sets associated with Ci of cardinality at m is at most the
number of possible subsets of Ai of cardinality m − q. As |Ai| ≤ R, we have that the
number of independent sets within Ci is at most

(
R

m−q

)
. As the number of containers

is
(
N
q

)
, we have that the number of independent sets of cardinality m is at most(

N

q

)(
R

m− q

)
.

We now give some definitions in order to state a hypergraph container lemma of Sax-
ton and Thomason [73]. Consider an r-uniform hypergraph H = (V (H), E(H)), where
V (H) is the set of vertices and E(H) is the set of hyperedges. We use d̄(H) to denote the
average degree of a vertex in H; by a handshaking argument, d̄(H) = r|E(H)|/|V (H)|.
For a set A ⊆ V (H), we use eH(A) to denote the number of hyperedges contained in
A. The co-degree of a set A ⊆ V (H) is the number of hyperedges of H that contain A.
We use dH(A), or simply d(A) when the subscript is obvious from context, to denote
the co-degree of a set A. We denote the maximum co-degree of all sets of size k in H
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as ∆k(H); explicitly
∆k(H) := max{dH(A) : |A| = k}.

Further, we define ∆(H, τ) for any τ > 0 as

∆(H, τ) := 2(
r
2)−1

r∑
j=2

2−(
j−1
2 ) ∆j(H)

τ j−1d̄(H)
.

The function ∆(H, τ) is often referred to as the co-degree function. Notice that the
co-degree function depends on all maximum co-degrees in H, except for ∆1(H). In
the context of the hypergraph container method, the co-degree function will act as a
parameter which depends on the way the edges of H overlap.

Theorem 4.1.2 (Hypergraph Container Lemma [73]). Let H be an r-uniform hyper-
graph. Suppose that 0 < ε, τ < 1/2 satisfy:

• τ < 1/(200 · r · r!2), and

• ∆(H, τ) ≤ ε/(12r!).

Then there exists c = c(r) ≤ 1000 · r · r!3 and a collection C of subsets of V (H) such
that the following hold:

• for every independent set I in H, there exists A ∈ C such that I ⊆ A,

• log |C| ≤ c · |V (H)| · τ · log(1/ε) · log(1/τ), and

• eH(A) ≤ ε · |E(H)| for every A ∈ C.

Recall in the proof of Theorem 4.1.1, the set S is called the fingerprint of the corre-
sponding independent set I. In applications of (hyper)graph containers, a fingerprint is
a carefully chosen, small subset of the independent set that corresponds to a container,
C. The container C is guaranteed to contain all independent set with fingerprint S.
As |S| is small, there is a small number of possible fingerprints S to consider and so,
a small number of containers to consider. A similar method is used to prove Theo-
rem 4.1.2. The algorithm described by Saxton and Thomason is derived from similar
ideas to those of Sapozhenko [68–72] for regular graphs (i.e. regular 2-uniform hyper-
graphs) but generalized to work in the r-uniform hypergraph setting for any r. Broadly
speaking, the algorithm has two “modes”: prune mode, which takes an independent set
as an input and outputs its fingerprint; and build mode, which takes a fingerprint as
an input and outputs a container. This prune and build mode are in essence the same
as the algorithm presented in the proof of Theorem 4.1.1. As in the proof of Theo-
rem 4.1.1, Saxton and Thomason [73] show a vertex is always a subset of the container
associated with its fingerprint. Furthermore, they show that each fingerprint (and so
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the number of containers) is small, the order of each container is bounded away from
the order of the hypergraph, and the number of edges in each container is bounded.

Since the development of the hypergraph container method, it has been used to
prove a myriad of results in various areas of combinatorics and other fields of math-
ematics, see the survey [5]. As expected, an application of the hypergraph container
method usually requires viewing the object to be enumerated as independent sets in
a hypergraph. For example, consider again the hypergraph H that encodes copies of
K3 as edges. This embedding of triangle-free subgraphs of Kn was used by Balogh,
Morris, and Samotij [4] and, independently, Saxton and Thomason [73] to apply the
hypergraph container method and re-prove that the number triangle-free graphs on n

vertices is 2(1+o(1))n
2

4 . The number of triangle-free graphs was first obtained by Erdős,
Kleitman, and Rothschild [22].

In applications of Theorem 4.1.2, the choice of ε and τ largely impact the strength
of the result. First, consider the parameter ε which gives an upper bound on the
number of edges in each container. In order to relate the number of edges to the order
of each container, one typically wishes to apply a supersaturation result, see Chapter 3.
In order to make our estimation accurate, we want to choose ε as small as possible
to ensure most of the subsets of a container are independent. Therefore, a stronger
supersaturation result leads to a better estimation. In this way, our ability to choose
ε is often determined completely by the related supersaturation problem. Returning
to the problem of enumerating the number of triangle-free graphs, the choice of ε was
dictated by the following supersaturation lemma of Erdős and Simonovits [23]:

Lemma 4.1.3 ([23]). For every δ > 0, there exists ε(δ) > 0 such that if G is a graph
on n vertices with at least (1

4
+ δ) · n2 edges, then it has at least εn3 triangles.

As Theorem 4.1.2 bounds the number of edges in each container, in this setting it tells
us the maximum number of triangles in each subgraph corresponding to a container.
If the number of triangles in each container is at most εn3, we may apply the contra-
positive of Lemma 4.1.3 to obtain the maximum number of edges in the subgraph of
Kn corresponding to each container. Knowing the maximum number of edges in a sub-
graph HC corresponding to a container C tells us the maximum number of subgraphs
of HC . Therefore, by a simple union bound we may obtain an upper bound on the
number of triangle-free graphs.

We next consider the parameter τ in Theorem 4.1.2. The necessary conditions
give an upper and lower bound on τ . The number of containers largely depends on τ .
So, the lower bound implies that the more the edges overlap, the more containers we
require. That is, τ is chosen large enough to ensure that ∆(H, τ) is small. Intuitively, it
makes sense that the more edges overlap the more containers we require as then adding
a vertex to a container may force many edges to the container. So, our containers must
be “smaller” to be close to independent, which implies we require more of them.
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4.2 Proof of an Approximate Multidimensional Sze-
merédi’s Theorem

We will adapt Theorem 4.1.2 to prove Theorem 1.3.2. In order to do so, we restate our
problem in terms of independent sets in a hypergraph. Let us consider the |X|-uniform
hypergraph G with V (G) = [n]d and hyperedge set consisting of all copies of X in
[n]d. Clearly independent sets in G are precisely X-free subsets of [n]d. Therefore, an
approximation on the number of independent sets in G would give us an approximation
on the number of X-free subsets of [n]d. Applying Theorem 4.1.2 to this hypergraph
G, we immediately get the following corollary.

Corollary 4.2.1. For a finite set X ⊆ Nd, let G be the |X|-uniform hypergraph on
nd vertices encoding the set of all copies of X in [n]d. Suppose that there exist 0 < ε,
τ < 1/2 such that

• τ < 1/(200 · |X| · |X|!2)

• ∆(G, τ) ≤ ε/(12|X|!).

Then there exists c = c(|X|) ≤ 1000 · |X| · |X|!3 and a collection C of subsets of V (G)
such that the following holds:

• for every X-free subset I ⊆ [n]d, there exists A ∈ C such that I ⊆ A,

• log |C| ≤ c · nd · τ · log(1/ε) · log(1/τ),

• eG(A) ≤ ε · |E(G)| for every A ∈ C.

We now use Corollary 4.2.1 to prove Theorem 1.3.2, restated below for convenience.
We previously noted that in an application of the hypergraph container method, our
choice of ε is often dictated by a supersaturation result. We will choose our ε based on
Lemma 3.3.2, which will subsequently allow us to obtain an upper bound on the order
of each container. We will choose τ such that it satisfies the conditions. As we are not
concerned with exact constants, we do not necessarily pick τ to be optimal.

Theorem 1.3.2. Let d be a positive integer and let X ⊆ Nd be a finite set such that
|X| ≥ 3. For infinitely many n ∈ N, the number of X-free subsets of [n]d is 2O(rX(n)).

Proof. Define N to be the infinite subset of N guaranteed by Lemma 3.3.2. Consider
the |X|-uniform hypergraph G encoding copies of X in [n]d and choose γ > 0 so that
d̄(G) = |X||E(G)|

nd ≥ γn for all n sufficiently large. For n ∈ N , define

ε(n) :=
1

6d
· log

3|X|−2(n)

n
·
(

nd

rX(n)

)|X|

,
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and

τ(n) :=

(
12|X|! · 2|X|2 · |X|3

γn · ε(n)

) 1
|X|−1

.

We wish to apply Corollary 4.2.1, so we will verify the conditions for G with ε(n), and
τ(n). Clearly, ε(n), τ(n) > 0 for all n. Using Lemma 2.3.2, observe for sufficiently
large n,

ε(n) =
1

6d
· log

3|X|−2(n)

n
·
(

nd

rX(n)

)|X|

≤ 1

6d
· log

3|X|−2(n)

n
·

(
nd

nd · exp(−cX
√
log(n))

)|X|

=
1

n1−o(1)
<

1

2
. (4.1)

Also, we clearly have 1
ε(n)

= o(n) and so τ(n) = o(1). Thus, for n sufficiently large, we
have

τ(n) < 1/(200 · |X| · |X|!2) < 1

2
. (4.2)

Next, we wish to bound ∆(G, τ(n)). By definition,

∆(G, τ(n)) = 2(
|X|
2 )−1

|X|∑
j=2

2−(
j−1
2 ) ∆j(G)

τ(n)j−1d̄(G)
.

For any 2 ≤ j ≤ |X|, we have ∆j(G) ≤ ∆2(G) ≤
(|X|

2

)
. So, every term in the above

summation is at most
∆2(G)

τ(n)|X|−1d̄(G)
≤ |X|2

τ(n)|X|−1γn

and

∆(G, τ(n)) ≤ 2|X|2 · |X|3

τ(n)|X|−1γn
=

ε(n)

12|X|!
(4.3)

where the equality is by definition of τ(n).
From (4.1), (4.2) and (4.3), we may apply Corollary 4.2.1 with ε = ε(n) and τ =

τ(n) to get a constant c = c(X) ≤ 1000 · |X| · |X|!3 and a collection C of subsets of
V (G) with the following properties:

• for every X-free subset I ⊆ [n]d, there exists S ∈ C such that I ⊆ S,

• log |C| ≤ c · nd · τ(n) · log(1/ε(n)) · log(1/τ(n)),

• for every A ∈ C, eG(A) ≤ ε(n) · |E(G)|.

By definition, log(1/ε(n)) = O(log(n)) and log(1/τ(n)) = O(log(n)). We also have
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nd log3(n)
rX(n)

= o
(
(n · ε(n))

1
|X|−1

)
which implies that τ(n) = o

(
rX(n)

nd log3(n)

)
. Therefore,

log |C| = O
(
ndτ(n) log2(n)

)
= o(rX(n)). (4.4)

Note that for every container A ∈ C, the number of copies of X in A is at most
ε(n) · |E(G)| < ε(n) · nd+1. That is,

ΓX(A) ≤ ε(n) · nd+1 =
log3|X|−2(n)

6d
·
(

nd

rX(n)

)|X|

· nd.

So, by Lemma 3.3.2, every container A ∈ C must satisfy

|A| < 4

α
· rX(n) (4.5)

where α is a constant depending only on X. Since every X-free subset of [n]d is
contained in some container in C, we can use (4.4) and (4.5) to conclude that the
number of X-free subsets of [n]d is at most

∑
A∈C

2|A| ≤ |C| ·max
A∈C

2|A| (4.4),(4.5)
< 2o(rX(n)) · 2

4
α
·rX(n) = 2O(rX(n)),

as desired.
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Chapter 5
Conclusion

In this chapter we will discuss some natural questions regarding the results of this
thesis and offer some open problems to the interested reader. Recall the main result
of Chapter 4, restated below for convenience.

Theorem 1.3.2. Let d be a positive integer and let X ⊆ Nd be a finite set such that
|X| ≥ 3. For infinitely many n ∈ N, the number of X-free subsets of [n]d is 2O(rX(n)).

The most obvious question following Theorem 1.3.2 is: can this result be ex-
tended for all n? The most obvious obstacle in extending Theorem 1.3.2 is extending
Lemma 3.3.2, restated below.

Lemma 3.3.2. There exists an infinite subset N of N such that, if n ∈ N and A ⊆ [n]d

where |A| ≥ 4
α
· rX(n), then

ΓX(A) ≥
log3|X|−2(n)

6d
·
(

nd

rX(n)

)|X|

· nd.

As discussed in Chapter 3, the reason we must consider only an infinite subset of
N rather than all of N is because of the unknown behaviour of rX(n). It does not seem
as though there would be an obvious way to extend Lemma 3.3.2 or Theorem 1.3.2
without either a major breakthrough in the understanding of rX(n), or a different
approach entirely.

It’s also worth noting that the asymptotics of rX(n) should depend on the structure
of X itself, so finding asymptotics for rX(n) for general X appears to be a complex and
extremely difficult problem. It does not seem inconceivable, though perhaps unlikely,
that a stronger understanding of rk(n), or even r3(n), could be enough to extend these
results using something similar to Lemma 2.3.2 to obtain a lower bound that implies
the rate in which the density of rX(n) decreases is limited. So, research improving
upon rX(n), for any X, is of interest.

We also note that there is no guarantee that an answer to Question 1.3.1 should
guarantee that the number of X-free sets for general X behaves the same. Consider
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the similar question in the graph setting: how many graphs of order n exist that do
not contain some forbidden subgraph? Let ex(n,H) be the maximum size of an H-free
graph with order n. It was shown by Erdős, Frankl, and Rödl [20] that if the forbidden
subgraph H is non-bipartite, then the number of H-free graphs is 2(1+o(1))ex(n,H). But
the number of C6-free graphs is was shown by Morris and Saxton [49] to be at least
2(1+c)ex(n,C6) for some c > 0. Therefore, it is possible that there are some choices of X
such that the number of X-free subsets is 2(1+o(1))rX(n) and other choices of X where
the number of X-free subsets is asymptotically greater than this.

5.1 Density Hales-Jewett Theorem

Theorem 1.3.2 is a generalization of a result of Balogh, Liu, and Sharifzadeh [3] in
the same way that the multidimensional Szemerédi’s Theorem is a generalization of
Szemerédi’s Theorem. In this way, a logical follow-up to Theorem 1.3.2 would be
counting versions of other generalizations of Szemerédi’s Theorem.

We will consider the density Hales-Jewett theorem, a generalization of Szemerédi’s
Theorem. The density Hales-Jewett theorem implies both Szemerédi’s Therorem and
the multidimensional Szemerédi’s Theorem. The density Hales-Jewett Theorem was
first proved by Furstenberg and Katznelson [31] in 1991 using ergodic theory. A combi-
natorial version was first proved by Polymath [56] in 2012. Interestingly, the Polymath
proof was birthed in an unusual way; it was a collaborative effort of several researchers
who communicated via comments on a blog post of Timothy Gowers. The name “Poly-
math” is a pseudonym as the work was “open source”. For more details about the
Polymath project, see the discussions in [36,52,56].

Before stating the density Hales-Jewett theorem, we require a definition. A set
L ⊆ [n]k is a combinatorial line if there exists a non-empty set W ⊆ [n] and integers
xi ∈ [n] for all i ̸∈ W such that

L = {(y1, y2, . . . , yk) : yi = yj for all i, j ∈ W, yi = xi for all i ̸∈ W}.

In other words, the points of L have the same entry in all coordinates not in W and a
point in L has the same value in every coordinate in W . For example, the following is
a combinatorial line where n = 4, k = 5, and W = {4, 5}

{(1, 2, 3, 1, 1), (1, 2, 3, 2, 2), (1, 2, 3, 3, 3), (1, 2, 3, 4, 4)}.

Similar to how Szemerédi’s Theorem may be thought of as a density version of
van der Waerden’s theorem, the density Hales-Jewett theorem is, unsurprisingly, a
density version of Hales-Jewett theorem. For completeness, the Hales-Jewett theorem
is included below.
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Theorem 5.1.1. For all positive integers r and n, there exists an integer m(r, n) such
that for all k ≥ m(r, n) any r-colouring of [n]k contains a monochromatic line.

We now state the density Hales-Jewett theorem.

Theorem 5.1.2. For every positive integer n and every real number δ > 0, there exists
a positive integer M(n, δ) such that if k ≥ M(k, δ) and A is a subset of [n]k such that
|A|
nk ≥ δ, then A contains a combinatorial line.

So, similar to the focus of this thesis, we may ask:

1. How large can a subset of [n]k not containing a combinatorial line be?

2. How many combinatorial lines must exist in a dense subset of [n]k?

3. How many subsets of [n]k exist without a combinatorial line?

In particular, one may look to answer Question 3 above by generalizing Theorem 1.3.2
to this broader setting using answers to Question 1 and Question 2, as we did in this
thesis.
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