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ABSTRACT

The object of the present paper is to derive an interesting property of certain analytic
functions belonging to the class .4 (p) introduced below. Several useful corollaries of the

main theorem are also deduced.



1. INTRODUCTION

Let £(p) be the class of functions of the form (cf [1] and [4]):

E +Az (pelN=1{123,)), (1.1)

which are analytic in the open unit disk % = {z: |z] < 1}. Recently, Saitoh [5] proved the

following result.

THEOREM 1. If f(2) € £ (p) satisfies

Re{Aﬁ%ﬂ}>a’ {0<af<(—p—y 1<]<]),~€?JJ (1.2)
then
MG 1 e (pgnt «
Re\ 5ol [~ et~ 2(pg) + 3 (ze %) (L3)

where 1 <7< p.

In the present paper we shall first derive a similar property for functions f(z) € £(p)
which satisfy the condition (1.2). In order to establish our main assertion (given by
Theorem 3 below), we require the following result due essentially to Miller [2] (see also

Miller and Mocanu [3]).



THEOREM 2. Let ¢(u,v) be a complex—valued function such that

p: Z—C DcCxC (C being the complex plane),

and let

U= Uy + Uy and V=0 F 0l

4 -

Suppose that the function ¢(u,v) satisfies each of the following conditions :

(i) o(u,v) is continuous in D;

(i) (1,0) € & and Re{p(1,0)} > 0;

(ili) For all (i uy, v) € D such that v < —%— (1+ug), Re{p(i ug, v)} < 0.

Also let the function ¢(2) given by
g2)=1+ Q=+ qu2+ .
be regular in the open unit disk % such that
(p(2), 2p7(2)) €D forall z¢ %.
If

Re{w(p(z), 2p(2))} >0 (2€ %),

then

Re{p(2)} >0 (z€ %).



2. MAIN RESULT
By applying Theorem 2, we shall now establish our main result contained in

THEOREM 3. If f(2) € 4 (p) satisfies the condition (1.2), then

- |
Re{ l—i,_—jélﬁl} >{B(pg)} * v (z€ %), (2.1)

where, for convenience,

1+ [T+ 4(p-j+2)a B(p;j)
7= (2.2)
2(p-1+2)

and

(I<ji< ). (2.3)

Proof. We begin by defining the function ¢(2) by

SRIP
Br) Lot = g (1) o) (24)
Z

where v is given by (2.2). It follows from (2.4) that the function ¢(z) is of the form

given by (1.4) and is regular in %, and that

W
B 52 = T (1) (25)



Therefore, we have

(7)
B(p;J) j—p_gﬁl: (p—+1) [+ (1=9) q(,z)]2
Z

+2(1=9) [v + (1=7) q(2)] 2q" (%) -

Using the condition (1.2), we see that

Py}

= {(B(m)} " Re{(p=4+1) [7 + (1-9) ()]

+2(1=7) [7+ (1=9) ¢(2)] zq/<z>} ~a

> 0.
Next we define the function ¢(u,v) by
o(u0) = {B(p)} {(p—j+1) [7+ (1=
+2(1=y) [vy + (1-7)1&]1}} - .
Then we readily observe that

(i) @(u,v) is continuousin F=C x (;

(ii) (1,0) € @ and

(2.6)



Re(p(10)} = = a>0  (1<j<0)

and

(iii) For all (3 Uy, V) € & such that v < —%(1+ug), we have
Re{ (i U, 7)1)}

= {(B(rj)} " {(Hﬂ) [72 - (1-7)” “ﬂ + 27(1~7)’v1} -a

< (B} {(rp)) [ - (1297 3] = 1) 1+4d)} -

A

0, (2.9)

for v given by (2.2), because 0 < 7y < 1.

Since the function ¢(u,v) satisfies the hypothesis of Theorem 2, it follows from

Theorem 2 that

Nf—

1
Re{ %—F@} >{Bpj} > v (re%),

which is precisely the assertion (2.1) of Theorem 3. This evidently completes the proof of

Theorem 3.

3. SOME INTERESTING COROLLARIES

Taking p =7 in Theorem 3, we have



CoroLLARY 1. If f(2) € £(p) satisfies

Re{f(p)(z)}>a 0<a<pl; ze %),

then

Z

Re{-llgj;ﬁﬁ} > L sar ) (zew).

For p=1, Corollary 1 immediately yields the inequality:

Re{ } >

(1+{Sa+71)

] =

for functions f(2) € £(1) such that [¢f Equation (3.1) with p=1]

Re{f'(9)}>a (0<a<l; ze).

(3.1)

(3.3)

(3.4)

A slightly improved version of the assertion (3.3) is provided by an earlier result [6, p. 3,

Corollary 3.

Setting p=j and a =0, Theorem 3 yields
CorOLLARY 2. If f(2) € 4(p) satisfies
R%fw%@}>0 (€ %),

then

(3.5)



Re{ M} > A ew).

Finally, taking j=1 in Theorem 3, we have

CorOLLARY 3. If f(2) € #(p) satisfies

Re{%} >a (0<a<p; ze¥),

then

(ze%).

1 + {1+ 4da(p+])
Re _.ﬁ__zl >
2P 2(p+l)

p=1 and a= —%— , this last inequality (3.8) assumes the elegant form:

which follows also from (3.3) (with a=37) for functions f(z) € £(1) such that

D] b

Re{f"(2)} > 5 (€ ).

(3.6)

(3.7)

(3.8)
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