Multiuser Detection for DS-CDMA Systems
Using Optimization Methods
by

Xianmin Wang

M.Sc, Beijing University of Posts & Telecomm., 1999
B.Sc, Beijing University of Posts & Telecomm., 1996

A Dissertation Submitted in Partial Fulfillment of the Requirements
for the Degree of

DoCTOR OF PHILOSOPHY

in the Department of Electrical and Computer Engineering

© Xianmin Wang, 2004
University of Victoria

All rights reserved. This dissertation may not be reproduced in whole or in part by
photocopy or other means, without the permission of the author.



ii

Supervisor: Dr. A. Antoniou and Dr. W.-S. Lu

ABSTRACT

Several new multiuser detectors are developed for different direct-sequence code-
division multiple-access (DS-CDMA) application environments. The first detector
is based on a semidefinite-programming (SDP) relaxation technique. In this detector,
maximum likelihood (ML) detection is achieved by ‘relaxing’ the associated com-
binatorial problem into an SDP problem, which leads to a detector of polynomial
complexity. It is shown that the SDP-relaxation (SDPR) based detector can be ob-
tained by solving a dual SDP problem which leads to improved efficiency. Computer
simulations demonstrate that the SDPR. detector offers near-optimal performance
with much reduced computational complexity compared with that of the ML detec-
tor proposed by Verdu for both synchronous and asynchronous DS-CDMA systems.

The second detector is based on a recursive convez programming (RCP) approach.
In this detector, ML detection is carried out in two steps: first, the combinatorial
problem associated with ML detection is relaxed to a convex programming problem,
and then a recursive approach is used to obtain an approximate solution for ML
detection. Efficient unconstrained relaxation approach is proposed for the proposed
detector to reduce the involved computational complexity. Computer simulations
demonstrate that the proposed detectors offer near-optimal detection performance
which is superior to that offered by many other suboptimal detectors including the
SDPR detector. However, the computational complexity involved in the proposed
detectors is much lower relative to that involved in Verdi’s ML detector as well as
our SDPR. detector.

The third detector entails a subspace estimation-based constrained optimization
approach for channel estimation in DS-CDMA systems with multipath propagation

channels. The proposed approach offers an improved approximation for the noise



iii

subspace compared with that offered by several existing algorithms. Computer sim-
ulations show that the performance of the proposed detector offers nearly the same
performance as that of existing subspace detectors but leads to a significant reduction
in the amount of computation. Relative to some existing constrained optimization
methods, the proposed detector offers a significantly improved performance while
requiring a comparable amount of computation.

The fourth detector is proposed based on a wvector constant-modulus (VCM) ap-
proach. This detector is designed for DS-CDMA systems with multipath propagation
channels where the effective signatures observed at receiver are distorted by mul-
tipath propagation and aliasing concurrently. In this detector, detection is carried
out by solving a linear constrained optimization problem whose objective function
is formulated based on the VCM criterion. Two adaptation algorithms, namely, the
constrained stochastic gradient algorithm and the recursive vector constant-modulus
algorithm, are developed. Analysis are presented to investigate the performance of
the proposed detector. Computer simulations show that the proposed detectors are
able to suppress multiuser interference and inter-symbol interference effectively. More
importantly, they offer robust detection performance against the effective signature

distortion caused by aliasing at the receiver.
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Chapter 1

Introduction

The history of modern wireless communications can be dated back to more than one
hundred years ago when Guglie Marconi first invented radio telegraph in 1897 [1].
Since then, wireless communication technology has witnessed steady and continuous
progress. In the late 1980s, personal mobile communications began to be widely ac-
cepted by the general public. In the last twenty years, both academic and industrial
societies have contributed tremendous efforts to the development of wireless commu-
nications.

The rapid progress in wireless communications has brought about many low-cost
services to the public. In the past ten years, however, most of these services were
restricted to narrow-band communications such as voice telephony and low-speed data
transmission. Due to an increasing demand for wideband applications, wideband, or
even broadband wireless communications become the focus of next-generation wireless
communication systems.

In the development of wireless communications, radio spectrum has been consid-
ered as one of the most precious resources [1, 2, 3]. In order to improve the spec-
trum efficiency and system capacity, several multiple access (MA) schemes have been
proposed for wireless communications, which can be classified into three categories:
frequency-division multiple access (FDMA), time-division multiple access (TDMA),
and code-division multiple access (CDMA).

Three MA schemes are illustrated in Fig. 1.1. In the FDMA scheme, user sig-
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Figure 1.1. Three multiple access schemes: FDMA, TDMA, and CDMA.

2

nals are separated by non-overlapping transmission frequency bands; in the TDMA

scheme, user signals are separated by non-overlapping transmission time slots; and

in CDMA scheme, user signals are separated by different signature waveforms [1, 4].

Since the frequency bandwidth of CDMA signals is often much wider relative to

that of the transmitted signals, the CDMA scheme is also referred to as the spread

spectrum multiple access (SSMA) scheme [3, 5, 6, 7]. Compared with FDMA and

TDMA, the CDMA scheme offers many advantages to mobile communications such

as soft system capacity, soft hand-off, anti-jamming, low power consumption, and low
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narrow-band interference to other wireless systems. Therefore, the CDMA scheme
has been adopted in many air interface standards in the second and third generation
wireless communications such as 1S-95, 1S-665, CDMA2000, and IMT-2000.

One of the most popular CDMA schemes is the direct-sequence CDMA (DS-
CDMA). In this scheme, the signal of each user is first spread by multiplying the
information-bearing symbols by a specific signature waveform. Then the spread sig-
nals of all users are transmitted through communication channels by simultaneously
sharing the same frequency bandwidth. Therefore, the received signal is the super-
position of the signals of all users plus ambient channel noise. At the receiver, the
demodulation of each signal is carried out by passing the received signal through a so-
called matched filter (MF) which correlates the received signal with the corresponding
signature waveform. This process is called despreading. The transmitted information
bits are then determined as the sign of the matched-filter’s output.

If the signature waveforms of all users are orthogonal to each other, then the mul-
tiuser interference (MUT) present in the received signal can be completely removed
by the MFs. In such a case, the demodulation performance of a DS-CDMA sys-
tem is equivalent to that of a single-user communication system [9]. However, if the
signature waveforms are not orthogonal to each other or the transmission is not com-
pletely synchronized, then the MUI may not be completely removed by the matched
filters. The MUTI present at the outputs of the MFs not only significantly impairs
the demodulation performance of DS-CDMA systems, but it also causes the so-called
near-far problem [1, 17]. That is, the far-end mobile signal (with weak power) may
be largely immersed in the interference from a near-end mobile signal (with strong
power). Since the signature waveforms are largely determined by the properties of
the signature sequences, the design of signature sequences with good autocorrelation
and crosscorrelation has been an active research topic for many years [10, 11, 12].

Other forms of MUI known as co-channel interference (CCI) and inter-symbol

interference (ISI) also appear in the FDMA and TDMA schemes. Since the sources
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of interference are primarily due to spectral and temporal overlap between adjacent
transmitted signals, CCI and ISI can be easily alleviated by inserting guarding fre-
quency bands or guarding time slot between adjacent transmitted signals. Other
effective methods for CCI and ISI suppression can be found in [13, 14, 15]. Since the
transmitted signals of all users share the same frequency bandwidth and the same
time slot, MUI suppression is a non-trivial problem in DS-CDMA systems.

Multiuser detection is a technique for demodulating information-bearing symbols
from mutually interfering digital streams. Techniques for multiuser detection have
been exploited widely in many applications such as high-speed data transmission,
digital television, satellite communications, and wireless communications. In these
applications, the intrinsic structure of MUI signals is exploited by multiuser detection
algorithms to help recover the transmitted information. In the past twenty years,
multiuser detection for DS-CDMA systems has been one of the most active research
areas in digital communications [17, 18, 19].

Many existing multiuser detectors have been developed based on optimization
methods. Recent progress in this area has demonstrated that the performance and
the computational complexity of multiuser detectors can be considerably improved
by incorporating optimization concepts and efficient algorithms. In this thesis, new
optimization-based multiuser detectors for DS-CDMA systems are developed with an
objective to achieve improved performance and reduced computational complexity at

the same time.

1.1 Previous Work

An implementation of any detection method is said to be a detector and it may assume
a software or hardware form. A detector in software form would comprise one or more
algorithms. In conventional DS-CDMA systems, transmitted information symbols

are detected by using a bank of MFs, each of which is matched to the signature
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waveform assigned for a specific user. By completely neglecting the existence of MUI,
the transmitted information bits are demodulated as the sign of the MF outputs. This
detection method is often referred to as the conventional detector and has been studied
for many years. Although the conventional detector offers optimal demodulation
performance in single-user communication systems over an additive white Gaussian
noise (AWGN) channel [4], its performance is impaired by MUIL In addition, the
performance of the conventional detector is seriously degraded when the near-far
problem of DS-CDMA systems is serious.

To improve the performance, new multiuser detection methods and detectors have
been investigated. An early multiuser detection method for DS-CDMA systems is the
so-called maximum-likelihood (ML) method proposed by Verdu [20]. In this pioneer-
ing work, detection is achieved by maximizing the joint a posteriori probability, which
is done by selecting the information-bearing waveform closest to the observed wave-
form in terms of Euclidean distance. The ML detection method has been shown
by Verdu [20] to offer joint optimal demodulation performance and has been imple-
mented by a number of researchers [20, 22, 23, 24, 25]. Implementations of the ML
detection method are known collectively as ML detectors, and this family of detec-
tors is often used as a comparison baseline for ML-based suboptimal as well as other
types of suboptimal multiuser detectors. One disadvantage of ML detectors is that
except for some special applications where the crosscorrelation matrix of the user
signatures is well structured [24, 25], the detection has to be carried out by solving
a combinatorial optimization problem which involves a quadratic objective function
and binary constraints. Consequently, the worst-case computational complexity of
ML detectors increase in an exponential manner with the number of users, and the
implementation of these detectors becomes prohibitive even for DS-CDMA systems
with a moderate number of users. To deal with this problem, various suboptimal ML
detectors have been proposed, which offer reduced computational complexity relative

to Verdu’s ML detector [28, 63, 64, 84, 59, 60]. Other suboptimal detectors that are
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not directly derived from the ML detectors include the minimum mean-squared-error
(MMSE) detector, constrained minimum-output-energy (CMOE) detector, successive
interference cancellation (SIC) detector, parallel interference cancellation (PIC) de-
tector, etc. A detailed account of these and many other suboptimal detectors can be
found in [{17] and the references therein. Depending on whether linear transforma-
tions are applied to the received signal in detection, these detectors can be classified

as linear or nonlinear multiuser detectors [17, 19].

1.1.1 Linear Multiuser Detectors

A linear multiuser detector exploits a linear transformation (mapping) to the outputs
of the MF bank in order to reduce the MUI present in the transformed signal. Three
well-known linear multiuser detectors are the decorrelating [28, 29, 30], the linear
minimum mean-squared-error (LMMSE) [31, 32, 33], and the CMOE detectors [35].

In the decorrelating detector, the linear transformation is determined in order to
completely eliminate the MUI present in the transformed signals without considering
the presence of channel noise. Although the MUI can be completely cancelled by the
decorrelating detector, the channel noise is enhanced by the linear transformation.
Consequently, the decorrelating detector suffers significant performance degradation
when the channel noise level is relatively high. Studies have been presented to show
that the performance of a decorrelating detector is likely to be inferior to that of a
conventional detector in DS-CDMA systems with low SNR.

The linear transformation used in the LMMSE detector is determined in order to
minimize the mean-squared-error (MSE) between the transformed signals and trans-
mitted information symbols. It can be shown that the requirement of suppressing
MUI while not enhancing the effect of channel noise can be met by the resulting
linear transformation. In most cases, an LMMSE detector offers better performance
relative to that of a decorrelating detector especially when the channel noise is sig-

nificant. One disadvantage of the LMMSE detector is that the power of the received
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signals of all users and the level of channel noise has to be known for LMMSE detec-
tion. This requirement inevitably increases the whole system complexity. In order to
avoid the problem, adaptive implementations of linear MMSE detectors using train-
ing sequences have been proposed [36, 37, 38|. In a fast time-varying communication
channel, the repeated transmission of training sequences reduces spectrum efficiency.
Subspace methods for deriving the decorrelating and LMMSE detectors were pro-
posed in [39].

In a CMOE detector, the linear transformation is used to minimize the energy of
the transformed signal by assuming that the projection of the received signal onto
the desired user signature is fixed. It has been shown that the detection vector
obtained for CMOE detection is the same as that obtained for LMMSE detection
to within a scalar multiplier [35]. For this reason, the demodulation performance
of a CMOE detector is considered the same as that of an LMMSE detector, and is
superior relative to that of a decorrelating detector. Since the CMOE detector can be
implemented adaptively without relying on training sequences and the information
other than the signature of the desired user, it has received a great deal of attention
since been proposed. One disadvantage of the CMOE detector is that its performance
can degrade significantly when the desired user signature used at receiver is not the
same as the one specified at transmitter {35]. This is very likely happen in DS-CDMA
systems with multipath propagation channels where the signatures are distorted due
to multipath propagation. Possible remedies are to estimate the impulse responses of
multipath channels and reconstruct the effective signatures observed at the receiver for
CMOE detection. This approach has been pursued by several authors using subspace

methods [40, 41] and constrained optimization methods [42, 43, 44].

1.1.2 Nonlinear Multiuser Detectors

Nonlinear multiuser detectors are also very popular for DS-CDMA systems. Many

nonlinear multiuser detectors, such as the SIC [45, 46, 51, 52|, PIC [53, 54], multi-
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stage [55, 56], and decision-feedback detectors [57, 58] detectors, are decision-aided
multiuser detectors. The underlying principle in these detectors is that the soft or
hard decisions obtained in previous stages are utilized to help improve the decisions
in subsequent stages. Obviously, the performance of these detectors depends largely
on initial decisions. Compared with linear multiuser detectors, nonlinear detectors
are computationally less involved and are suitable for DS-CDMA systems using long
signature codes. These advantages make them particularly useful for practical DS-
CDMA systems.

Other recently proposed nonlinear multiuser detectors are suboptimal ML detec-
tors, which include the generalized MMSE (GMMSE) [59, 60], bound-constraint (BC)
[59, 60, 62], and semidefinite programming relaxation (SDPR) detectors [62, 63, 64,
84]. One common feature of these detectors is that they are developed by relaxing the
ML detection problem into various optimization problems that can be solved more
efficiently. The GMMSE and BC detectors will be briefly reviewed in chapter 2 and
the SDPR detector will be carefully studied in chapter 3.

1.1.3 MUI Suppression Using Smart Antenna

In addition to using multiuser detection methods, the suppression of MUI has also
been pursued by many researchers using smart antenna techniques [66]. In this tech-
nique, antenna arrays are equipped at receivers to exploit the spatial diversity of
mobile users. Since mobile users are often located at different places, the directions-of-
arrival (DOA) of the signals from distinct users are usually different. If the radiation
pattern of the antenna array is designed such that the peaks and nulls of the radiation
pattern are steered toward the DOA of the signal of the desired user and interferers,
respectively, then the MUT present in the received signal can be suppressed. A more
advanced approach to suppress MUI is to combine multiuser detection methods and
smart antenna techniques together, which brings about the so-called space-time mul-

tiuser detectors. In general, the MUI suppression performance offered by space-time



1. Introduction 9

multiuser detectors is superior to that achieved by using multiuser detection or smart

antenna alone.

1.2 Scope and Contributions of This Thesis

This thesis is composed of seven chapters. In Chapter 2, a preliminary study on wire-
less and mobile communication channels, DS-CDMA systems, and several important
multiuser detection methods is presented. Chapters 3-6 constitute the main part
of the thesis where four new multiuser detectors are proposed. Chapter 7 provides
concluding remarks and suggestions for future study.

In Chapter 3, new suboptimal detectors for DS-CDMA systems are proposed based
on the semidefinite-programming relaxation approach [71]. It is shown that the ML
detection can be carried out by ‘relaxing’ the associated combinatorial programming
problem into an SDP problem where both the objective function and constraint func-
tions are convex functions of continuous variables. This leads to a suboptimal ML
detector, referred to in this thesis as the primal SDP relazation-based detector, whose
computational complexity is of polynomial order with respect to the number of users.
Next, an efficient dual algorithm is proposed to solve the SDP problem in three steps.
First, the primal SDP problem is converted into a dual problem based on the duality
theory. Then the dual SDP problem is solved using the projective method [61] which
leads to improved efficiency due to the reduced number of variables. Then, the so-
lution of the primal SDP problem is expressed in terms of the solution of the dual
SDP problem based on the Karush-Kuhn-Tucker (KKT) conditions and the central
path concept. The dual algorithm obtained leads to a new detector referred to in
this thesis as the dual SDP relazation-based detector. Computer simulations are pre-
sented which demonstrate that the proposed detector offers near-optimal performance
for both synchronous and asynchronous DS-CDMA systems as well as a significantly

reduced computational complexity compared with that associated with the ML de-
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tector proposed in [20]. In addition, it is demonstrated by our simulations that the
proposed dual algorithm solves the SDP problem very efficiently without impairing
the performance.

In Chapter 4, another new suboptimal ML detector is developed by using a recur-
sive convex programming (RCP) approach. In this detector, the detection is carried
out in two steps: first, the combinatorial optimization problem involved in ML de-
tection is relaxed into a convex programming (CP) problem and then a recursive
approach is applied to the CP problem to obtain an approximate solution of the ML
detection problem. An efficient algorithm is developed for the proposed detector and
the efficiency of the algorithm is investigated through analysis. Computer simula-
tions demonstrate that the proposed detector outperforms many existing suboptimal
ML detectors such as the GMMSE, bound-constrained, and our SDPR detectors. In
particular, it offers comparable detection performance relative to that of Verdii’s ML
detector, yet it requires a significantly reduced amount of computation.

Chapter 5 is devoted to channel estimation problem in multiuser DS-CDMA sys-
tems with multipath propagation channels. A subspace estimation-based constrained
optimization method is proposed in the chapter to estimate the impulse response of
multipath propagation channels. This method entails a new algorithm that offers
improved approximation for the noise subspace in a more robust manner than several
existing methods. It is demonstrated that the proposed method can achieve nearly
the same performance as the subspace methods in {40, 41} with much reduced compu-
tational complexity. Compared with the constrained optimization methods described
in [42, 43, 44], our method offers a significantly improved performance while requiring
a comparable amount of computation.

Chapter 6 is devoted to multiuser detection for DS-CDMA systems with multi-
path propagation channels. In such a case, the demodulation performance of the
CMOE detector degrades severely if mismatched signature is used at the receiver for

detection. Although several detection methods have been proposed using subspace
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and constrained optimization approaches, their demodulation performance becomes
unsatisfactory when signature distortion occurs due to aliasing at the receiver. In this
chapter, a new multiuser detector is proposed where the detection is carried out by
solving a linear constrained optimization problem whose objective function is formu-
lated based on the vector constant-modulus (VCM) criterion. By treating the signals
in the adjacent symbol durations as that from equivalent users in the current symbol
duration, the ISI is treated as MUI in the received signal. Two adaptation algorithms
are developed for solving the optimization problem and the performance of the pro-
posed detector is investigated. Through computer simulations, it is demonstrated that
the proposed detector can effectively suppress MUI and ISI simultaneously. More im-
portantly, it is shown that when signatures are distorted by aliasing at receiver, the
proposed detector offers superior performance to existing detectors using subspace

and constrained optimization methods.
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Chapter 2

Fundamentals of DS-CDMA and

Multiuser Detection

2.1 Introduction

The objective of multiuser detection is to identify transmitted information from mutu-
ally interfering signal waveforms observed at the receiver. In DS-CDMA systems, the
design of a multiuser detector depends on many considerations such as the availability
of signal information, the system synchronization scheme used, the type of signature
codes, and the characteristics of the wireless communication channel. In this chapter,
some background knowledge, concepts, and terminology for the mobile communica-
tion channel, the DS-CDMA system, and multiuser detection are discussed. The
chapter provides a basis on which the subsequent chapters are developed in a unified

framework for various multiuser detection algorithms.

2.2 Mobile Communication Channel

In a mobile communication system, a transmission channel is referred to as a propa-
gation path over which radio signals travel from a base station to a mobile (forward
link), or from a mobile to a base station (reverse link) [26]. Typical mobile commu-

nication channels vary from simple line-of-sight (I.LOS) transmission channels to very
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complicated ones that may be blocked by vehicles, mountains, and high-rise buildings.
In addition, due to the relative motion of mobiles and other radio propagation media
with respect to the base station, the received signals often exhibit a great deal of
randomness. Consequently, mobile communication channels are often modeled using
statistical methods.

Two important parameters associated with mobile communication channels are
ttme variation and time dispersion. Time variation is due to varying radio signal
propagation environment from the transmitter to the receiver such as movement of
the transmitter, receiver, or other media that are relied on during signal propagation.
Time dispersion is due to multiple reflections during signal propagation where differ-
ent electromagnetic waves travel along different paths of varying lengths and arrive
at the receiver with different time delays. In general, mobile communication channels

can be described using a tap-delayed model presented in Fig. 2.1 [1, 26].

SO | |

Figure 2.1. A tap-delayed model for multipath propagation channels.

The effects of time variation and time dispersion in mobile communication chan-
nels are represented by using variable path gain o, and path delay 7, in the channel

model of Fig. 2.1. The impulse response of the multipath propagation channel de-
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scribed in Fig. 2.1 is given by [1]

9(t) =) amexp(=j8m)5(t — Tim) (2.1)

where 6(t), M, oy, Ty, and 6, denote the unit impulse function, the number of
resolvable propagation paths, the real path gain, the excess path delay, and the
additional phase shift of the mth propagation path, respectively.

2.2.1 Doppler Spread: Time-Selective Fading

In mobile communication systems, the power level of the received signals often ex-
hibits fluctuations and variations. This phenomenon is called fading which is due
to the relative motion of the mobile and other transmission media. Specifically, the

effect of fading can be described as follows [1], i.e.,
alt) = ay(t) - a(t) (2:2)

where a(t) represents the effect of fast fading and «;(t) represents the effect of slow
fading, respectively, and «(t) represents the total effect of channel fading.

Fast fading is caused by the scattering of transmitted radio signals by objects
surrounding transmitters or receivers. In mobile communication systems that are
operated in urban areas, radio transmission is very likely to be blocked by high-
rise buildings or other obstructive objects. As a result, LOS transmission between
transmitter and receiver is not available. In such a case, the signal observed at receiver
is the superposition of a large number of scattered electromagnetic signals travelling
along different propagation paths. Assume that a large number of signals arrive at
receiver with random amplitudes and DOAs and the phase shifts of these signals are
uniformly distributed over the range [0, 27), then a;(¢) in (2.2) can be modeled as
a Rayleigh distributed random variable whose probability density function (PDF) is

given by [26]

f(z) =z - exp(~2"/2) (2.3)
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A fading channel whose path gains have a Rayleigh PDF [26] is referred to as a
Rayleigh fading channel. When a direct LOS transmission is available between trans-
mitter and receiver, the amplitude of the channel impulse response has a so-called
Rice PDF [26], and the fading channel in this case is referred to as a Rician fading
channel. Note that Nakagami distribution [26] is also frequently used to describe the
effect of fast fading, and the fading channel in such a case is referred to as a Nakagami
fading channel.

Slow fading is primarily due to signal shadowing by buildings or natural obstacles
during radio signal propagation from transmitter to receiver. This effect is related to
the local mean of that of fast fading. In a Rayleigh fading channel, the effect of slow

fading, a,(t), is modeled as a log normally distributed random variable whose PDF

is given by
fa) = 201og;, € o < (201og; x)Q) (2.4)
B TopV 2w P 207 .

Doppler spread is a measurement often used to describe the time varying nature
of a mobile communication channel. Doppler spread is relevant to a phenomena that
when a pure tone signal is transmitted through a time variant mobile communication
channel, the received signal may spread over a finite spectral bandwidth. Specifically,
Doppler spread is defined as the range of frequencies over which the spectrum of the
received signal assumes non-zero values. In mobile communications, Doppler spread
is related to the velocity of moving objects such as mobiles and other propagation
media, and the angle between the direction of movement and the DOA of scattered
electromagnetic signals [1].

Coherence time is a measurement used to describe the frequency dispersion na-
ture of a mobile communication channel in the time domain. It represents the time
duration over which the power levels of two received signals have strong correlation.
This implies that the channel condition is essentially invariant within the coherent

time. Numerically, coherence time is inversely proportional to the Doppler spread. In
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mobile communication systems, coherence time is usually defined as the time dura-
tion over which the time correlation function is greater than 0.5,which can be roughly

computed as

9
T. =
¢ 160 fm

(2.5)

In (2.5), fm = v/A denotes the mazimum Doppler shift with v and A being the
velocity of the mobile relative to the base station and the wave length of the radio
signal, respectively. A channel is said to be slow fading if the coherence time is
much longer than the symbol duration of the transmitted signal. In such a case, the
effect of Doppler spread at the receiver is simply negligible. On the other hand, if
the coherence time is shorter than or comparable with the symbol duration of the
transmitted signal, the channel is said to be a fast fading channel in which the effect

of Doppler spread can not be ignored.

2.2.2 Delay Spread: Frequency Selective Fading

Delay spread is a measurement used to describe the time dispersion nature of a mobile
communication channel. In mobile communications, the received signal is composed
of several attenuated versions of transmitted signals, which, having been transmitted
along different paths of different lengths, arrive at the receiver at different times. The
parameters frequently used in quantifying the delay spread of a mobile communication
channel are mean ezcess delay, rms delay spread, and excess delay spread, which are
defined in [1]. In a typical mobile communication channel, the delay separation
between adjacent propagation paths increases exponentially and the path amplitudes
decay exponentially with respect to path delay [69, 70]. Delay spread often leads
to frequency selective fading, i.e., the fading effect of the received signal depends on
frequency.

Coherence bandwidth is a measurement of the range of frequencies over which

propagation channels can pass all spectral components with approximately equal
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gain and linear phase. This implies that the power levels of two signal frequencies are
potentially correlated within the coherence bandwidth. If the coherence bandwidth
is defined as the bandwidth over which the frequency correlation function is greater

than 0.9, then it can be roughly computed as

where o; denotes the rms delay spread (see [1] for definition). A channel is said to
be frequency-flat fading if the channel coherence bandwidth is greater than that of
transmitted baseband signal. In such a case, the delay spread is insignificant relative
to the symbol duration so that its effect can be neglected at the receiver. On the other
hand, if the coherence bandwidth is smaller relative to the bandwidth of transmitted
baseband signal, the channel is said to be a frequency-selective fading channel and

the effects of delay spread at the receiver are considerable.

2.2.3 Classifications of Mobile Communication Channel

Mobile communication channels can be classified as slow fading or fast fading de-
pending on the coherence time and Doppler spread, and as frequency-flat fading or
frequency-selective fading depending on the delay spread and coherence bandwidth
as shown in Fig. 2.2. In Fig. 2.2.(a), the classification is made based on coher-
ence time and delay spread and in Fig. 2.2.(b), the classification is made based on
coherence bandwidth and Doppler spread. It should be stressed that the coherence
time (or Doppler spread) and the coherence bandwidth (or delay spread) in mobile
communication channels are independent parameters.

In the study of multiuser detection in DS-CDM A systems, additive white Gaussian
noise (AWGN) channels are often assumed as a starting point. In AWGN channels,
only one propagation path is assumed whose path gain is invariant throughout the
transmission. In addition, the ambient channel noise is modeled as an independent

zero-mean Gaussian random process. Note that an AWGN channel can de regarded as
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a special case of a frequency-selective fading channel where the number of propagation

paths is reduced to one and the path gain remains constant during the transmission.

Ty Frequency—Flat Frequency—Flat
Slow Fading i Fast Fading

Frequency—Selective : Frequency—Selective
Slow Fading i Fast Fading
T, T,
T : Symbol period of transmitted signal
T, : Coherence time

G; : Delay spread

P Frequency—Flat ' Frequency—Selective
Slow Fading Slow Fading

Frequency—Selective
Fast Fading

Frequency—Flat
Fast Fading

F, Fy
F, : Bandwidth of transmitted signal

F, : Coherence bandwidth
G : Doppler spread

(b)

Figure 2.2. Classification of multipath propagation channels depending on (a) co-
herence time (or delay spread) and (b) coherence bandwidth (or Doppler spread).
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2.3 DS-CDMA System

2.3.1 Code Division Multiple Access

In a DS-CDMA system, the signal of each user is multiplexed by multiplying the
information-bearing symbols with a distinctively assigned signature waveform. This
process is called spreading. The spread signals of multiple users are then transmitted
by sharing the same bandwidth at the same time. In what follows, we present two DS-
CDMA signal models in different channels: AWGN channel and frequency-selective
fading channels.

We first consider DS-CDMA system with AWGN channel. At the transmitter,
the ith information bit of user &, denoted as b%, is multiplied by its own signature
waveform, s;(t). The signature waveform is expressed as

N

se(t) =Y _c(i)pr[t— (i— DT forte [0, Ty (2.7)

i=1
where Ty denotes the symbol duration, T, denotes the chip duration, pr. () denotes
the chip waveform which assumes a nonzero value between 0 < t < T, and is zero
elsewhere, s, = [cx(1) ¢x(2) --- ()T is the spreading sequence assigned for user £,
and N = T, /T, denotes the length of the signature sequence, which is called spreading
gain.

In the rest of this thesis, it is assumed that the transmitted information-bearing
symbols, b%, are binary antipodal signals which only assume the values of 1 and —1
with equal probability. The results obtained for antipodal signal transmission can be
extended to other cases using QPSK or other modulation schemes. Following this
assumption, the spreading sequence, s, assumes real values. In addition, normalized

signature waveforms are assumed for all users, i.e.,

Ty
Hsk(t)l|2=/ 2 dt=1 for k=1,2 ..., K
0
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The transmitted signal of user k is given by
Z AZ ksk t - in - Tk) (28)
1=—00
At the receiver, the observed signal waveform is the superposition of the signals

of all users plus ambient channel noise and can be expressed as

Z ZA’L ksk t—sz—-Tk)-l—n(t) (29)

i=—o00 k=1

where 7}, is the transmission delay, At is the signal amplitude, and &, is the information
bit of the signal of user k, n(t) is an AWGN process with zero-mean and variance 2.
In a synchronous DS-CDMA system, 71 = -+ = 7x¢ = 0 is assumed. As

a result, the detection of information bits only relies on the received signal of the

current symbol period. In this case, (2.9) can be simplified as

K
= Z Apbgsi(t) +n(t) for te€[0,Ty) (2.10)

Next we consider DS-CDMA system with frequency-selective fading channel. The

received noise-free signal for user k is given by

uk(t) = zp(t) * gi(t Z AL sy (t — iTy — 71) | * gr(t)
+00 o -
= Y Abh(t — Ty — 7) (2.11)
1=~00

where ‘¢’ denotes linear convolution, g,(t) is the impulse response of the communica-
tion channel of user &, which, according to (2.1), can be expressed as

M;,

= Z pm, €XP(—70km) 6(t — Tiem) (2.12)

m=1
hi(t) is called effective signature waveform of user k, which refers to the signature

waveform observed at receiver. Note that hi(t) is usually different from the signature
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waveform, s;(t), assigned at receiver. Following (2.11) and (2.12), h(t) is expressed
as

hi(t) = si(t) * gi(t)

N M,

=Y Y cr(§)tkm exp(—3Okm)pr (t — (i — VT = Thm) (2.13)

i=1 m=1

By taking all user signals and the channel noise into account, the signal observed at

receiver can be expressed as

y(t) =Y ult) + n(t) (2.14)
k=1

where n(t) is a complex-valued AWGN process with zero-mean and variance g2 A

signal diagram for DS-CDMA systems is presented in Fig. 2.3.

Aib, —_— ~.

) —- bll
s, (t-iL,-T,)
s,(t-ik—T,) —| Channel > Detector [
ap —X— T"(‘) 3
_ ™ be
S (t—iL—T) '
Transmitter Receiver

Figure 2.3. Signal model for DS-CDMA systems.

2.3.2 Conventional Detection

In DS-CDMA systems, conventional detection is carried out by filtering the received

signal y(t) through a matched filter (MF) bank which consists of K filters, each
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matched to a specific signature waveform. The filters’ output is sampled at the end
of each symbol period. The signals obtained represent the transmitted information
symbols and will be referred to as soft-detected signals. If antipodal signals are trans-
mitted, then binary values 1 or -1 are generated according to the signs of the soft-
detected signals. The binary signals so obtained will be referred to as hard-detected
information bits. Note that the outputs of the MF bank possess sufficient statistics
for making an optimal detection [17].

A conventional detector for an asynchronous DS-CDMA system over AWGN chan-
nel is illustrated in Fig. 2.4. As can be seen, the ith soft-detected signal of user &
that is generated by the MF bank is given by

) (i+1)Tp+7%
yi = / y({)si(t — Ty — 1) dt
Ty+Tx

Z [ALDH(RI1))e; + AL (R[O))gs + AL (R[-1]);] +ni (2.15)

where

) (i+1) T+
ny, = / n(t)sk(t —iTy — ;) dt (2.16)
1Ty 41
In (2.15), R[-1], R[0], and R[1] € C¥*K are crosscorrelation matrices for asyn-
chronous DS-CDMA systems with the (k, j)th element defined by
Ry [n] = / sp(t — 11)8;(t + nTp — ;) dt forn € {~1, 0, 1} (2.17)
From (2.17) it is easy to see that R[~1] = R*[1]. The binary value produced by a

conventional detector for the ith information symbol of user % is given by
b, = sign(y}) (2.18)
The MF outputs in (2.15) can be written in matrix form as

y' = R[-1]A[i + 1]b"™! + R[0JA[i]b’ + R[1]A[i — 1]b"' +n’ (2.19)
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where y? = [y ¢ - -- yi]T € CKXL b = K b, --- bi]T € CKX1, Al{] = diag{Ai, A,
t} € CE*K and n' = [n} n} --- n%]T € C¥*!is a zero-mean Gaussian process

“ey

characterized by the crosscorrelation matrix

o?Ri—j] for|i—j| <1

E[nin’") = (2.20)
0 otherwise
Fa
(e~ _Jr—‘— . b 1

Sy (t_in'—Tl)

(i+1)I’b+

e

__J_’_(Q__, sz(t-in—TZ )

Figure 2.4. Conventional detector for asynchronous DS-CDMA systems over
AWGN channels.

For synchronous DS-CDMA systems, the demodulation of a conventional detector
relies only on the received signal of the current symbol period. Thus, (2.19) can be

simplified to
y=RAb+n (2.21)

where Ry = pp; = fOT” si(t)s;(t) dt denotes the synchronous crosscorrelation of the

jth and kth signature waveforms, b = [b; b --- bg|T is a vector whose elements
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are the information bits of the K users, and n = [n; ny --- ngl? is the zero-mean
Gaussian process for a synchronous system whose crosscorrelation matrix is E[nn?] =
o’R.

From the above analysis, we see that a conventional detector follows the same
detection strategy as that used for a single-user communication system. That is,
each branch of the MF bank detects the desired user signal by completely ignoring
the existence of interference. In other words, the information of other user signals is
not exploited to help improve the performance. Obviously, the success of a conven-
tional detector relies heavily on the crosscorrelations between the signature waveforms
$1(t), ..., Sx(t). When the signature waveforms at the receiver are orthogonal to each
other, multiuser interference (MUI) present in the received signal can be removed
completely by using a MF bank. In such a case, the performance of a conventional
detector is the same as that of a MF demodulator for a single-user communication
system.

If the signature waveforms are not orthogonal to each other or the transmission is
not synchronous, then MUT cannot be eliminated by the MF bank completely. Thus,
the accuracy of the soft-detected signals of a conventional detector will be affected
by the interference of other users. In this case, the so-called near-far problem (i.e.,
weak power signals are immersed by strong power signals) is very likely to arise in
DS-CDMA systems, which may cause severe performance degradation. To alleviate
the near-far problem associated with conventional detectors, several effective meth-
ods have been developed that include power control methods and multiple antenna
methods.

Power control methods are widely used in current DS-CDMA systems. In these
methods, the transmission power of mobiles is adjusted such that the received signal
power of all users are approximately at the same level to avoid severe MUI. In Interim
Standard 95, two power control approaches are adopted for reverse link DS-CDMA

systems. In the first approach, the signal transmission power of mobiles is adjusted
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based on the received signal power level without involving the operation of the base
station. This power control approach is called open-loop power control approach.
The other power control approach is called closed-loop power control approach where
the base station is much more involved relative to the first approach.

In multiple antenna methods, an antenna array consisting of several antenna ele-
ments is designed with two objectives in mind, namely, to separate signals of different
users based on the DOA information and to provide spatial diversity to combat deep
channel fading.

It is known that when the elements of an antenna array are located sufficiently
close to each other (e.g., less than the wavelength of the radio signal), the beam pat-
tern of the antenna array can be controlled by adjusting the beamforming combination
parameters. In mobile communication systems, the DOAs of different user signals are
usually different when mobile users are located in different areas. Thus the beam pat-
tern of an antenna array can be adjusted such that the peaks and nulls of the beam
pattern are toward the signals of the desired user and interfering users, respectively.
By doing so, the MUI in the received signal can be effectively suppressed, which helps
improve the demodulation performance of the conventional detector. Moreover, the
variation of DOAs of mobile users can be tracked by using adaptive beamforming
algorithms and thus this method is useful when mobile users are moving.

In some cases, it is required that adjacent elements of the antenna array be suffi-
ciently separated (e.g., more than several wavelengths of radio signal). In such cases,
the propagation channels for the different antenna elements are relatively independent
of each other. Consequently, channel fading does not have the same effect on each
element of the antenna array and the probability that a mobile user will suffer deep
fading can be considerably reduced. Evidently, the demodulation performance of a
conventional detector equipped with such an antenna array can be improved. The
structure of a conventional detector for DS-CDMA systems using an antenna array

is illustrated in Fig. 2.5.
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Figure 2.5. Conventional detector for DS-CDMA system using an L-element an-

tenna array.

In frequency-selective fading channels, the received signal is composed of several
replicas of the transmitted signal traveling along with different propagation paths and
arriving at receiver with different delays. These replicas provide several essentially
independent observations of the transmitted signal at the receiver. Evidently, it is
very unlikely that all replicas suffer deep channel fading.

The RAKE receiver was designed to exploit the time diversity offered by multipath
propagation [16]. An M-branch RAKE receiver for DS-CDMA systems is depicted
in Fig. 2.6 where ¢, is given by cgm = g exXp(—jbkm). It can be seen from Fig.

2.6 that the outputs generated by the RAKE receiver are given by

Te+(n+1)T,
yk(n) = Re / y(t)v;(t)dtJ

Tk +nTb

[ M net(n4 )T,
—Re|} / Y1)t ()8t (t — Tem)dt (2.22)

| m=1 T +nTy
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where

=0 K M

y(O) = D D) bk exp(—i0km)sk(t — Tem) + n(t) (2.23)

1=—00 k=1 m=1

denotes the received signal.
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Figure 2.6. An M-branch RAKFE receiver for DS-CDMA systems over frequency-

selective fading channels.

Note that the autocorrelation and crosscorrelation of the signature waveforms
may be increased due to the uncertainty of propagation delay during transmission.
To maintain small autocorrelation and crosscorrelation of the delayed signature wave-
forms, pseudo-random signature sequences are preferred in order to generate noise-
like signature waveforms for DS-CDMA systems. Like the conventional detector, the

RAKE receiver also requires power control to combat the near-far problem [16].



2. Fundamentals of DS-CDMA and Multiuser Detection 28

2.4 Multiuser Detection

It is known that when the transmission channel is shared by a large number of equal-
power users, the MUI at the outputs of a conventional detector can be approximated
as a Gaussian random variable according to the central limit theorem. Since an
MF demodulator is known to offer optimal demodulation performance for a single-
user communication system over an AWGN channel, it has been assumed that a
conventional detector using a bank of MFs would offer near optimal demodulation
performance in a multiuser communication system. This argument, unfortunately,
is now considered to be incorrect because it implicitly assumes that the detection of
one user signal relies on the output of the associated MF only. As will be shown,
although the outputs of the MF bank in a multiuser communication system provide
sufficient information for detecting all the user signals, the output of a single MF does
not provide sufficient information for detecting the signal of the associated user [17].

The objective of multiuser detection is to identify the transmitted information
from the received signal waveform y(¢). It has been shown in [17] and many references
therein that the performance of DS-CDMA systems can be significantly improved if
the signals of all the users are utilized to identify the transmitted information bits.
This can be done by inserting immediately after the MF bank of a conventional detec-
tor a processor that implements multiuser detection algorithms. A generic multiuser
detector of this type for a synchronous DS-CDMA system is shown in Fig. 2.7.

On comparing the structure of the multiuser detector in Fig. 2.7 with that of
the conventional detector in Fig. 2.5, the sign operations in Fig. 2.5 are replaced
by multiuser detection algorithms in Fig. 2.7. In what follows, we examine several
linear and nonlinear detectors. This will help establish the necessary background
for multiuser detection and offer a basis on which several new multiuser detection

methods and detectors can be developed.
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Figure 2.7. Multiuser detector for synchronous DS-CDMA systems.

2.4.1 Maximum Likelihood Multiuser Detection

ML detection involves maximizing the joint a posteriori probability by selecting the
information-bearing waveform that is closest to the observed waveform in terms of
Euclidean distance [17]. ML detection has been shown to offer optimal performance
and is often used as a baseline for comparison of other multiuser detectors for DS-
CDMA systems [17].

In asynchronous DS-CDMA systems, due to the interleaving of user signals, the
demodulation relies not only on the current symbol period of the received signal,
but also on the previous and subsequent symbol periods. Since this requirement has
to be satisfied for detecting each symbol, ML detection for asynchronous DS-CDMA
systems requires observation of the entire frame of the received signal. Assuming that
the signal in each frame contains P symbols and using (2.19), ML detection can be

carried out by solving the optimization problem

minimize x?Hx, + XL P (2.24a)

subject to: (x,); @ {1,—-1} fori=1,2,...,PK (2.24b)

where H = ARA, P = —2Ayp, and yp = [(y))T (¥2)7T --- (yF)T]T is the MF outputs
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of the entire frame signal, 4 = diag{ A[1],..., A[P]} is the extended amplitude matrix,
(X4); is the ith component of x,, and R denotes the extended crosscorrelation matrix

defined by

(RO RTIJ 0 --- 0 0O |
R = 3[1] 3[0] FTM 00 (2.24¢)
o 0o 0o .. R[] R

Since the constraints in (2.24b) are binary, the problem in (2.24) is a combinatorial
optimization problem whose solution requires computational complexity that grows
exponentially with the number of variables.

An algorithm or a hardware device is termed as an ML detector if it can be used to
resolve the transmitted information bits via solving the problem in (2.24). Apparently
there are many implementation algorithms available for solving the problem in (2.24),
however, all these algorithms offer the same performance regardless of their specific
implementation details. In addition, it has been shown in [17] that the computational
complexity of all algorithms used for solving the problem in (2.24) grows exponentially
with the number of variables. In other words, the computational complexity of all
ML detectors grows exponentially with the number of users.

For synchronous systems, we have 1, = 73 = - -- = 73 in (2.15). In such a case, the
demodulation relies only on the user signals received in the current symbol period.

Hence, the ML detection problem in (2.24) can be simplified to

minimize x7Hx +x’p (2.252)

subject to: z; € {1,-1} fori=1,2,...,K (2.25Db)

where z; denotes the ith entry of x, H = ARA, and p = —2Ay. This problem has
a similar structure as that of the ML detection problem in (2.24) except that the

number of variables is significantly reduced.
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The computational complexity of ML detection for asynchronous DS-CDMA sys-
tems can be considerably reduced by using the Viterbi algorithm which was originally
proposed for the decoding of convolutional codes [27]. By using this algorithm, the
problem in (2.24) can be divided into several subproblems each involving fewer vari-
ables than the original problem. This approach is called the forward dynamic pro-
gramming approach [17]. Using the Viterbi algorithm, the computational complexity
for solving the problem in (2.24) is comparable with that required for the problem
in (2.25). It is important to note that ML detection requires information about the
signature waveform and the received amplitude of all user signals. In addition, in
DS-CDMA systems over frequency-selective fading channel, complete information on

the channel impulse responses of all users is required for ML detection.

2.4.2 Linear Multiuser Detectors

In attempts to reduce the computational complexity required by ML detection, sev-
eral linear multiuser detection approaches that offer good demodulation performance
relative to conventional detector but with much reduced computational complexity
relative to ML detection have been proposed. In these schemes, a linear transforma-
tion is applied between the outputs of the MF and the decision making devices. Once
the linear transformation is determined, it can be used until the system parameters
such as signature waveforms, noise level, or the amplitudes are significantly changed.
Because the signature waveforms of all users are usually known at the base station,
linear multiuser detectors are especially useful in forward link DS-CDMA systems.
Linear multiuser detectors can be derived based on two types of signal models.
The first model is symbol-rate based and it is represented by (2.19) for asynchronous
and by (2.21) for synchronous systems. The second model is chip-rate based where
a chip-waveform MF (also called chip MF ) is used at the front end of the receiver
followed by a sampler, both operated at chip rate. In the latter case, linear detectors

can be implemented by applying linear transformations to the outputs of the chip
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MFs directly. For a synchronous DS-CDMA system over an AWGN channel, the

output of the chip-rate sampler can be written as
r =SAb+n, (2.26)

where r denotes the discrete-time signal generated by the chip-rate sampler at the
receiver, S = [s; 8o --- Sk with s, being the signature code for user K, and n.
is a vector of white Gaussian noise variables with zero-mean and covariance matrix
E(n.n?) = 0’1

It is easy to see that (2.21) and (2.26) are related by y = STr, which implies
that conventional detectors can be implemented based on the chip-rate MF followed
by the linear transformation. Following this idea, linear multiuser detectors can be

implemented in a decentralized form where the matrix S used for a conventional

detector is replaced by a specific linear transformation.

2.4.2.1 Decorrelating Detector

In a decorrelating detector, the information bits are detected based on the transformed

outputs given by [28, 30]
by = sign(R™'y) = sign(Ab + R™'n) (2.27)

Note that each component of by is composed of the decoupled user signal plus a noise
term. In other words, the MUI present in the received signal is completely removed
by the transformation R~!. In fact, it can be shown that this linear transformation
projects the received signal onto the signal space orthogonal to the signatures of
all other users. For this reason, a decorrelating detector achieves optimal near-far
resistance [28].

The performance of a decorrelating detector is much better relative to that of a
conventional detector when the noise level is not significant. In addition, since the

amplitude information of all users is not required in (2.27), the system complexity



2. Fundamentals of DS-CDMA and Multiuser Detection 33

of the decorrelating detector is reduced relative to that of an ML detector. One
disadvantage associated with the decorrelating detector is that the enhanced noise
term in (2.27) may significantly degrade the performance when the SNR. of the channel
is very low.

Next we examine the optimization aspects of the decorrelating detector. By ne-
glecting the constraints in (2.25b), the combinatorial optimization problem in (2.25)

becomes an unconstrained quadratic minimization problem given by
e . T T
minimize x Hx+x"p (2.28)

where vector x can assume real continuous values. Since matrix H is positive definite,
the objective function in (2.28) is globally convex, and the problem in (2.28) has a
closed-form solution given by

1
Xq = —§H‘1p =A"'Rly (2.29)

It is easy to show that the information bits determined based on (2.29) are exactly the
same as those in (2.27). This implies that decorrelating detector can be implemented
by solving the unconstrained optimization problem in (2.28) which is obtained from
the combinatorial problem in (2.25) by removing the constraints.

In the optimization literature, a problem obtained by removing certain constraints
from a constrained optimization problem or replacing them with less restrictive ones
is termed a relazation of the original problem. In general, the solution of a relaxation
problem can be suboptimal with respect to the solution of the original problem at
best. Depending on which constraints are removed or how they are replaced, different
relaxations lead to different suboptimal solutions.

Using the chip-rate signal model in (2.26), the decorrelating detector can be
achieved as

A

b = sign (R™'y) = sign [(STS)_lsTr]
= sign (Ab + S'n,) (2.30)
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where ST = (STS)~!ST denotes the pseudo-inverse of matrix S. From (2.30) we
see that the linear transformation used in the decentralized implementation of the

decorrelating detector is ST.

2.4.2.2 MMSE Detector

The transformation used in MMSE (LMMSE) detection is determined by minimizing
the minimum-square-error (MSE) between the known binary information bits and the

transformed outputs [32, 33, i.e.,
minimize E[||b — My||?] (2.31)

It can be shown that the matrix that solves the above minimization problem also
achieves the maximum signal-to-interference-plus-noise ratio (SINR) [33]. The closed-

form solution of this problem is given by
M= (R+o0%- A7%)"! (2.32)

Hence, the information bits determined by the LMMSE detector are given by

~

b, =sign [(R+0”- A7) y] (2.33)

In contrast to the decorrelating detector where only the effect of MUI is considered,
the LMMSE detector seeks to satisfy the requirement of MUI suppression without
significantly enhancing the noise term. In fact, when the channel noise is negligible
(62 — 0), the linear transformation M becomes asymptotically the same as that
used for decorrelating detection. When the channel noise is very strong, however,
the linear transformation degenerates to the identity matrix so that the information
bits determined by the LMMSE detector are the same as those determined by a
conventional detector.

MMSE detection can be implemented in a decentralized form with a linear trans-

formation matrix given by

My;=MS=(R+o2-A2)7'S (2.34)
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It can be shown that the kth row of M, is the solution of the following minimization

problem
minimize E[||bx — m}r||}] (2.35)

The above problem can be solved by using adaptation algorithms if a training se-
quence is available at the receiver [34]. Adaptive MMSE multiuser detector has been
studied in [36, 37, 38]. The implementation of an adaptive MMSE detector is carried
out in two time periods: the first one is called training period where the detection
vector is obtained with the help of training sequence, and the second one is called
detection period where the detection vector is kept invariant to determine transmitted
information bits. When system conditions such as signature waveforms or channel
conditions are changed, the training period is performed again to track the variations.

Since the implementation of an adaptive MMSE detector does not require any
information except training sequences, the required system complexity is lower than
that for the decorrelating and LMMSE detector. A disadvantage of the adaptive
MMSE detector is that the transmission efficiency or the system capacity is reduced
by the use of training sequences. The capacity reduction becomes more severe when
channel conditions are changing rapidly. To improve the transmission efficiency, some
fast tracking adaptation algorithms such as the recursive-least-square (RLS) algo-
rithm may be useful at the cost of more computation.

Next we compare the LMMSE detection with ML detection. Notice that the

combinatorial problem in (2.25) is equivalent to

minimize xTHx+x'p+a-K (2.36a)

subject to: z; € {1,—-1} fori=1,2,...,K (2.36b)

where « is a positive scalar. Since the constraints in (2.36b) imply that xTx = K,
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the problem in (2.36) is equivalent to

minimize xTHx+x'p+a-xTx (2.37a)

subject to: z; € {1,-1} fori=1,2,...,K (2.37b)

By removing the constraint in (2.37b), the above combinatorial problem can be re-

laxed into an unconstrained optimization given by
minimize x? (H+oa-I)x+x"p (2.38)

The closed-form solution of the problem in (2.38) is given by

1

—1(H+a-1)‘1p:A—1 R+a-A™%) 'y (2.39)

Xy = )
It is easy to show that if « is selected as the value of noise variance, i.e., a = 02, the
information bits determined based on (2.39) is the same as that determined based on

(2.33).

2.4.2.3 Blind Detection

In downlink DS-CDMA systems, the receivers at mobile stations only have infor-
mation about the signature waveform of the user of interest. Hence, the complete
crosscorrelation matrix is not available at mobile receivers. In such a case, decorre-
lating and LMMSE detectors are not useful. Blind detection is a class of approaches
that primarily attempt to provide multiuser detection at mobile receivers.

An early blind detector is constrained minimal output energy (CMOE) detector,
which was developed by Honig et al. based on the CMOE criterion [35]. The lin-
ear transformation employed in the CMOE detector is determined by minimizing the
mean energy of the transformed output under the constraint that the signal compo-

nent of the desired user after the linear transformation is fixed, i.e.,

minimize E [||w"r|?] (2.40a)

subject to: w's; =1 (2.40b)
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where r is the output of a chip-rate MF defined in (2.26) and s; denotes the signature
sequence of the interested user. A study presented in [35] shows that the performance
of the CMOE detector is the same as that of the LMMSE detector. An adaptive im-
plementation of the CMOE detector without using a training sequence was proposed
in [35]. Consequently, the transmission efficiency of the adaptive CMOE detector in
[35] is higher than that of an adaptive MMSE detector. Compared with the conven-
tional MF detector, the CMOE detector offers significantly improved performance
without requiring extra information during implementation. Therefore, this detector
has received a great deal of attention since it was proposed.

In a frequency-selective fading channel, multipath propagation often causes the
effective user signatures observed at receiver to be different from the ones assigned at
transmitters. Simulation results presented in [35] have shown that the performance of
the CMOE detector degrades significantly in frequency-selective fading channel due
to signature distortion. For this reason, the applications of the CMOE detector is
limited to DS-CDMA systems over frequency-selective fading channels. One possible
remedy to solve this problem is to first estimate the impulse responses of the unknown
multipath channels and then to estimate the effective user signatures for CMOE
detection. This idea has been pursued by several authors using subspace methods
[40, 41] and constrained optimization methods [42, 43, 44]. In what follows, we will
briefly review these two methods.

We first describe a discrete-time signal model for frequency-selective fading chan-
nels. At receiver, the demodulation begins by passing the received signal waveform
y(t) in (2.14) through a chip-rate MF which generates M samples in each chip dura-

tion. The discrete-time signal after the chip-rate MF can be expressed as

yr(n) + ne(n) (2.41)

NE

y(n) =
k=1
where y(n) = y(t)|i=nny/m, Ye(n) ()|t=n1y/M, and nc(n) = n(t)|t=nz,/m denote

the discrete-time versions of y(¢), yk(t), and n(t) in (2.14), respectively. Defining
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9k(n) = gr(t)|t=nzym a0d h(n) = hy(t)|s=nz, /M as the discrete-time counterparts of

gr(t) and hg(t) in (2.12) and (2.13), we have

he(n) = ) sp(m)ge(n — mM) (2.43)

Without loss of generality, it is assumed that (i) the impulse responses of the multi-
path channel for all users are of finite duration with lengths no greater than g; (ii)

the first user is the desired user to which the receiver is synchronized; and (iii) dy > 0

for k =2, 3, ..., K. In the special case where M = 1 (one sample per chip dura-

tion), hy(n) in (2.43) becomes the linear convolution of s;(n) and g(n). By collecting

y(IN+1), yGiN+2), ---, and y(iN + N +¢—1) into a vector y (i), it can be shown
that

y(i) = S1g ALb + HAD(i) + n,(3) (2.44a)

= hy g A 6L + HAD(:) + n,(3) (2.44b)

where S; is a Toeplitz matrix given by

81(1) 0
S, = si(1) (2.45)
SI(N) . :
| 0 s1(N) |

The first term at the right-hand side of (2.44a) represents the signal of the de-
sired user of the current symbol period with g; = [g:1(1) ¢1(2) --- @¢i(¢)]T and
h; o = S;g; being the channel impulse response and effective signature of user one,
respectively. The second term in (2.44a) represents all interference which includes
the signal of the desired user of the preceding and following symbol periods and

the signal of the interference users. H and b(i) can be written more explicitly as
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i1 by hoohoy oo hig o hr] and [B77 6771 B30 by b5 oo bR b

bir!]T ) respectively, where

hy ;=[N +1) - h(N+g—1)0 --- 0]F

hy; =[0--- 0h(1) -~ a(g—1)F

hy 1 =[m(N+1~dy) -+ (N+q—-1)0 --- 0]F
hpo=1[0--- 0he(l) -~ Ag(N+q—1-4dp)]"

0o --- 0F for dp>q—1
hy; =
[0 -+ 0 hg(1) - hi(g—dr —1)]T otherwise
fork=2, ..., K. A is a matrix of amplitudes corresponding to the information bits

in b(4). The last term in (2.44), n,(3), is a vector of zero-mean white Gaussian noise
variables with variance o2

The objective of the following two methods is to estimate the channel impulse
response g; for the first user from y(i) without the knowledge of interfering user
signals. Then the effective signature h; ¢ can be computed for the CMOE detector in
(2.40).
Subspace Methods

Several subspace methods [40, 41] have been proposed for the estimation of the
channel impulse response g; and the corresponding detection vector w; using the

eigen-decomposition (ED) of the correlation matrix R which is defined as
R = E[y()y" ()] (2.46)

The ED of matrix R can be expressed as

- A, 0| | UH ,
R = [U,U,] + 0 (2.47)
o of|UH

where [U,;U,] is a unitary matrix, the columns of U, and U, generate the signal and

noise subspaces, respectively, and A, = diag{}1, ..., A¢} with £ being the dimension
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of the signal space. Because the signature vector of the first user, h; , is in the signal

subspace which is orthogonal to the noise subspace, we have

UFlh, o =UlS,g1 =0 (2.48)
By rewriting (2.47) as
A, + 0’1 0 U¥
R=[UU,]| " : (2.49)
0 O'QIN_E UTI;I

we observe that the eigenvectors in U, are associated with the least eigenvalues which

equal the noise variance o2,
In practice, matrix R is not available but can be approximated by its moving

average estimation based on the J most recent observations as
R== Y y@y?() (2.50)

and equation (2.48) becomes
UZs,g, =0 (2.51)

where U, is the counterpart of U, obtained by the decomposition of R. Because of
the approximation error introduced in (2.50), it is very likely that a nonzero vector
g satisfying (2.51) does not exist [41]. A remedy for this problem is to compute an

approximate solution of (2.51) by solving the following optimization problem

minimize gfSEU,UHS, g, (2.52a)
subject to: ||gi|| =1 (2.52b)
The solution g} of the problem in (2.52) is the eigenvector corresponding to the least

eigenvalue of S7U,UHS, [41]. Once g} is obtained, the detection vector for the

CMOE detector can be obtained in closed-form as

wy = R™'S;(SFR'S;) Ig (2.53)
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Constrained Optimization Method

In the constrained optimization method proposed in [42], the impulse response
g1 of the multipath channel and the detection vector for the CMOE detector w; are

obtained as the solution of the constrained minimax problem

maxiréllize miglvilmize w{f Rw, (2.54a)
subject to: SHw, =g, (2.54b)
leal? =1 (2.54¢)

where R is the data correlation matrix defined in (2.46). In (2.54), the energy of
the transformed output is minimized in terms of w; and maximized in terms of
g1, respectively. The minimization problem can be solved by using the Lagrange

multiplier method to obtain
wi(g) = R7'Si(STR7'S)) 'gy (2.55)
where w! depends on g;. Using (2.55), it can be shown that the problem in (2.54) is
equivalent to
maximize g/ (STR™'S,) g, (2.56a)
subject to: ||g|* =1 (2.56b)
The solution g; of the problem in (2.56) is the eigenvector of SR ™!S; corresponding
to the least eigenvalue. Hence, the problem in (2.56) is equivalent to
minimize g/STR™'S, g (2.57b)
subject to: ||g||? =1 (2.57c)

where matrix R~! has been replaced by R~ defined in (2.50). Once the solution of
the problem in (2.57) is obtained, the detection vector for the CMOE detector can
be computed using {2.53). Adaptive implementations of the constrained optimization

method have been proposed in [44].
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2.4.3 Nonlinear Multiuser Detectors

Besides the linear multiuser detectors described above, nonlinear methods are also
very popular for multiuser detection. Early nonlinear detectors are decision-aided
methods in which final or tentative decisions on the bits of interfering users are
employed to help improve the demodulation of the information bit of interest. Popu-
lar nonlinear multiuser detectors include multistage detectors [55, 56, 85], successive
interference cancellation (SIC) detectors [45, 46, 51, 52], parallel interference cancel-
lation (PIC) detectors [53, 54], and decision-feedback detectors [57, 58]. Compared
with linear multiuser detectors, decision-aided nonlinear detectors are often computa-
tionally less involved and suitable for DS-CDMA systems using long signature codes.
However, the performance of decision-aided detectors depends largely on the accuracy
of initial decisions.

During the past five years, several nonlinear multiuser detectors have been devel-
oped by relaxing the ML detection problem into various optimization problems that
can be solved more efficiently. The detectors so obtained are referred to as suboptimal
ML detectors since they offer suboptimal performance only relative to Verdi’s ML
detection method. Well-known suboptimal ML detectors include generalized MMSE
(GMMSE) [59, 60], bound-constraint (BC) [59, 60, 62], and semidefinite programming
relaxation (SDPR) detectors [62, 63, 64, 84].

2.4.3.1 Generalized MMSE Detector

The binary constraints associated with the ML detection problem in (2.25b) imply
that x7x = K, which refers to the sphere of a K — dimensional ball centered at the
origin with radius v K. If we extend the feasible region to the entire ball, then the

problem in (2.25) is relaxed into the problem

minimize x?Hx + x’p (2.58a)

subject to: x'x < K (2.58b)
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Note that the problem in (2.58) is to minimize a convex objective function over a
convex region and, therefore, it is a convex programming problem that has a unique

global solution. The dual problem of (2.58) is given by
1
maximize — ZpT(H +A-D'p-A-K (2.59a)

subject to: A >0 (2.59b)

where A is the Lagrange multiplier associated with the constraint in (2.58b) and I
denotes the identity matrix. Since the variable of the problem in (2.59) is a scalar,
the solution of this problem can be obtained very efficiently by using gradient-based
algorithms. If we denote the solution of (2.59) as A*, then the solution of the problem
in (2.58) is given by

x5t = (H+ XNI) Ay (2.60)

A system that can resolve the information bits by solving the optimization problem
in (2.58) is referred to as a generalized MMSE (GMMSE) detector. It can be shown
that when A\* assumes the value of 62, the GMMSE detector becomes the LMMSE
detector. It has been found that the GMMSE detector offers comparable demodu-
lation performance relative to the LMMSE detector but requires a larger amount of
computation. However, since o2 is not involved in (2.60), the GMMSE detector does
not require the estimation of channel noise for detecion. On the other hand, it can
be shown that when A\* assumes the values of 0 or a sufficient large positive scalar,
the GMMSE detector becomes the decorrelating or conventional matched-filter (MF)
detector, respectively. In other words, the decorrelating detector, the LMMSE detec-
tor, and the conventional MF detector can be viewed as special cases of the GMMSE

detector.

2.4.3.2 Bound-Constrained Detector

The constraints in (2.25b) imply that —1 < z; <1fori=1, 2, ..., K. Hence the

ML detection problem in (2.25) can be relaxed into the bound-constrained optimiza-
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tion problem

minimize xTHx+x7p (2.61a)

subject to: —1<z; <1 for 1=1,2,...,K (2.61b)

The feasible region defined by (2.61b) is the unit hypercube centered at the origin.
Since the constraints in (2.61b) are linear, the problem in (2.61) is a convex quadratic
programming (CQP) problem, which can be solved by using many efficient QP algo-
rithms described in [94, 95, 96]. It has been pointed out in [59, 60] that this problem
can be solved much more efficiently by using the nonlinear Gaussian-Seidel and Jacob:
algorithms which can be implemented in an interference cancellation framework.

It is easy to see that the optimization problem in (2.58) can be obtained by relaxing
the optimization problem in (2.61). Therefore, the BC detector is expected to offer
superior performance relative to that of the GMMSE detector. The dual problem

associated with the problem in (2.61) is given by
1
maximize — ZpT[H + diag(A)]"'p — e’ A (2.62a)
subject to: A >0 (2.62b)
wheree =[11 --- 1JT, A =[A; Ag -+ Ak]T with A; denoting the Lagrange multiplier
associated with the ith constraint in (2.61b), and diag(A) is the diagonal matrix with

A; being the ith diagonal component. Note that the solutions of the problems in

(2.61) and (2.62) can be related to each other by

x* = —-;—[H + diag(A")] 'p (2.63)

2.5 Conclusion

The characteristics, classification, and basic models of mobile communication channels
have been examined and several signal models for DS-CDMA systems, conventional

detectors, as well as the RAKE receiver have been described. The chapter has also
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reviewed several important multiuser detectors for DS-CDMA systems over AWGN

and frequency-selective fading channels.
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Chapter 3

New Suboptimal ML Detectors
Based on Semidefinite

Programming Relaxation

3.1 Introduction

Recent research on multiuser detection has shown that suboptimal nultiuser detection
can be achieved by converting the combinatorial problem associated with maximum
likelihood (ML) detection into other types of optimization problems. Compared with
the original ML detection problem, these new optimization problems involve continu-
ous feasible regions and can be solved by algorithms whose computational complexity
is of polynomial order with respect to the number of users. Since detectors so obtained
offer suboptimal performance relative to ML detectors, these detectors are referred to
as suboptimal ML detectors. An early suboptimal ML detector is the decorrelating de-
tector proposed in [28] where the binary constraints of the ML detection problem are
completely removed in order to convert the combinatorial optimization problem into
an unconstrained optimization problem. Other suboptimal detectors were proposed
in the past several years [59, 60].

In this chapter, a semidefinite-programming (SDP) based suboptimal ML detector

for DS-CDMA systems is proposed. It is shown that the maximization associated with
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the ML detection problem can be carried out by ‘relaxing’ the associated combina-
torial programming problem into an SDP problem where both the objective function
and constraint functions are convex functions of continuous variables. This leads to
a suboptimal ML detector whose computational complexity is of polynomial order
with respect to the number of users. This will be referred to as the primal SDP
relaxzation-based detector. Computer simulations are presented which demonstrate
that the proposed detector offers near-optimal performance for both synchronous and
asynchronous DS-CDMA systems as well as a significantly reduced computational
complexity compared with that associated with the ML detection method proposed
in [20]. Comparisons with some other known detectors, such as the conventional
matched filter (MF), decorrelating, and linear MMSE (LMMSE) detectors, are also
presented.

Next, we propose an efficient dual algorithm to solve the SDP problem in three
steps. First, the primal SDP problem is converted into a dual problem based on the
concept of duality. Then the dual SDP problem is solved using the projective method
[61] which leads to improved efficiency due to the reduced number of variables. Then,
the solution of the primal SDP problem is expressed in terms of the solution of the
dual SDP problem based on the Karush-Kuhn-Tucker (KKT) conditions and the
central path concept. The dual algorithm obtained leads to a new detector which
will be referred to as the dual SDP relaration-based detector. Computer simulations
are presented which demonstrate that the proposed dual algorithm solves the SDP
problem efficiently without impairing the demodulation performance. Note that the
signal model used can be found in Sec. 2.4.1.

The chapter is organized as follows. In Sec. 3.2, the primal SDP relaxation-
based algorithm is developed. In Sec. 3.3, the dual SDP relaxation-based algorithm
is deduced. Computer simulation results are presented in Sec. 3.4, and the main

conclusions are summarized in Sec. 3.5.
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3.2 New Multiuser Detector Based on SDP Relax-
ation

In this section, the SDP relaxation approach is first described and then applied to
multiuser detection for both synchronous and asynchronous DS-CDMA systems. The

optimality issue of the proposed detector is also addressed.

3.2.1 Semidefinite Programming

SDP is a class of mathematical methods for the solution of optimization problems
where the objective function is linear and the constraints are linear matrix inequalities.

A typical SDP problem formulation is given by

minimize c¢’x (3.1a)
n
subject to: F(x) = Fg+ leFZ =0 (3.1b)
=1
where x = [z; 73 -~ z,|T denotes the variable vector, ¢ € R"**, F; € R™™ for

0 < i < n are symmetric matrices and (3.1b) is a linear matrix inequality (LMI). The
notation F(x) > 0 denotes that matrix F(x) is positive semidefinite.

Many important analysis and design problems in engineering can be formulated as
SDP problems [71], and efficient interior-point optimization algorithms and software

for SDP have been developed in the past several years [72]-[74].

3.2.2 SDP Relaxation of MAX-CUT Problem

The MAX-CUT problem is a well-known combinatorial problem in graph theory. It
can be formulated as [75]
maximize lz sz‘j(l — ;%) (3.2a)
2 4<y
subject to: z,€ {1,-1} for1<i<n (3.2b)



3. New Suboptimal ML Detector Based on SDP Relazation 49

where w;; are the weights associated with a graph. The constraints in (3.2b) can be
expressed as z? =1for 1 <i<n. If W= {w;;} is a symmetric matrix with wy; = 0

for 1 <4 < n, then the objective function in (3.2a) can be expressed as

1 1 1
52 wa(l — .’I?i.’ITj) = ZZZUJ” — ZXTWX

1<3
= 211- DO wiy - i—tr(WX) (3.3)
where tr(-) denotes the trace of the matrix and X = xx” with x = [z; 7o --- 2,]7.
Therefore, the optimization problem in (3.2) can be converted into
minimize tr(WX) (3.4a)
subject to: X = xx” (3.4b)
=1 for1<i<n (3.4c)
where z;; denotes the ith diagonal element of X. Since the set of matrices
{X: X =xxT with z; =1 for 1 <i < n} (3.5)
can also be represented by
{X:X»0; rank(X) =1;245 =1, for 1 <i < n}, (3.6)
the problem in (3.4) is equivalent to
minimize tr(WX) (3.7a)
subject to: X >0 (3.7b)
zu =1 for1<i<n (3.7¢)
rank(X) =1 (3.7d)

In [75], Geomans and Williamson proposed a relaxation of the above problem by

removing the rank constraint in (3.7d) which leads to
minimize tr(WX) (3.8a)
subject to: X >0 (3.8b)

Tz =1 for1<i<n (3.8¢)
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Note that the objective function in (3.8a) is a linear function of X and the constraints

in (3.8b) and (3.8c) can be combined into an LMI as
Z Ziﬂz‘sz‘j +1>0 (3.9)
i>9

where, for each (3, j) with ¢ > 7, F,; is a symmetric matrix with its (¢, 7)th and (j, )th
entries being ones and all the remaining entries being zeros. Therefore, the problem
in (3.8) fits into the formulation in (3.1) and, therefore, is an SDP problem. For
this reason, the problem in (3.8) is known as an SDP relazation of the combinatorial
problem in (3.4) and, equivalently, of the problem in (3.7).

If we denote the minimum value of the objective function in problems (3.4) and
(3.8) as u* and v*, respectively, then since the feasible region of the problem in (3.4)
is a subset of the feasible region in problem in (3.8), we have v* < u*. Furthermore, it
has been shown in [76] that if the weights w;; are all nonnegative, then v* > 0.87856*.

In other words, we have
0.87856 - pu* < v* < u* (3.10)

This indicates that the solution of the SDP problem in (3.8) is, in general, a good
approximation of the solution of the problem in (3.4). It is the good quality of the
approximation in conjunction with reduced computational complexity of SDP that
makes the Geomans-Williamson SDP relaxation an attractive optimization tool for
combinatorial minimization problems. As a matter of fact, the Geomans-Williamson
SDP relaxation has found many applications in graph optimization, network man-
agement, and scheduling [71, 74] since it was proposed in [75]. In what follows, we

propose a new multiuser detector based on SDP relaxation.
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3.2.3 Primal SDP-Relaxation Based Detector

We first apply the SDPR relaxation approach in multiuser detection for synchronous

systems and then for asynchronous systems. For this purposes, we define two matrices

. XxX' X H p/2
X = and C = (3.11)
xT 1 pT/2 1

By noting that tr(AB) = tr(BA), the objective function of the ML detection problem

in (2.25a) can be expressed as
xTHx + xTp = tr(CX) (3.12)

Using an argument similar to that in Sec. 3.2.2, the constraints in (2.25b) can be
converted into
X0, #i=1 for1<i<K (3.13a)
rank (X) =1 (3.13b)

where #;; denotes the ith diagonal element of X. By removing the rank constraint in

(3.13b), we obtain an SDP relaxation of the ML detection problem in (2.25) as

minimize tr(CX) (3.14a)
subject to: X > 0 (3.14b)
Zi=1 for i=1,2,---, K+1 (3.14¢)

An algorithm or hardware system used for resolving the transmitted information bits
by solving the problem in (3.14) is a suboptimal ML detector since its performance is
suboptimal with respect to that of an ML detector based on Verdiu’s approach. Since
the problem in (3.14) is obtained by using the SDP relaxation (SDPR) approach,
the suboptimal ML detector so obtained will be referred to as an SDPR detector

hereafter.
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For asynchronous systems, we apply the SDP relaxation approach to the ML

detection problem in (2.24) in the same way, which leads to

A~

minimize tr(C,X,) (3.15a)
subject to: X, > 0 (3.15b)
Taz=1 for i1 =1,2,..., PK+1 (3.15¢)
where
. X, X1 x H P/2
Xo=1{ 7 7|, C.= / , (3.16)
xI' 1 PT/2 1

and Z,; denotes the ith diagonal element of X,. Note that although the SDP problems
in (3.14) and (3.15) have identical structure, the sizes of these problems in terms of
the number of variables involved are significantly different: the problem in (3.14) has
K(K +1)/2 variables whereas that in (3.15) has PK(PK + 1)/2 variables.

Since H in (3.16) is a band-limited matrix, the solution of the problem in (3.15)
can be approximated by using dynamic programming (DP) approaches [17]. Through
one of these approaches, the problem in (3.15) can be divided into a number of sub-
problems each of which involves a significantly reduced number of variables relative to
the problem in (3.15). By doing so, the amount of computation required for solving

the problem in (3.15) can be significantly reduced.

3.2.4 Binary Solution

The variables in the optimization problem in (2.24) and (2.25) assume only values of
1 or —1 whereas the variable X in the SDP problem (3.14) assumes continuous values.
In what follows, we describe two approaches that can be used to generate a binary
solution for the problems in (2.25) based on the solution X of the SDP problem in
(3.14). Note that the same methods can be applied to generate a binary solution for

(2.25) based on the solution of (3.15).
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Let the solution of (3.14) be denoted as X*. It follows from (3.11) that X* is a
(K 4+ 1) x (K + 1) symmetric matrix of the form

. N X* x*
X* = (3.17)
T 1
with
(Z)uy=1 for i1=1,2, ..., K. (3.18)

In view of the structure of (3.17), the first approach is simply to apply operator sgn(:)
to x* in (3.17), i.e.,

P

b = sgn [X*(1 KK +1)] (3.19)

where X*(1 : K, K + 1) denotes the vector formed by using the first K entries in the
last column of X*.
At the cost of more computations, a better binary solution can be obtained using

the eigen-decomposition of matrix X+, ie.,
X* = UsSU” (3.20)

where U is an orthogonal matrix and S is a diagonal matrix with the eigenvalues
of X* on its diagonal in decreasing order [77, 78]. It is well known that an optimal
rank-one approximation of X* in the 2-norm sense is given by Muyul, where ) is
the largest eigenvalue of X* and u; is the eigenvector associated with A [77]. If we
denote the vector formed by using the first K entries of u; as 1, and the last entry

of u; as ug41, i€,

u; = (321)
Uk+1
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then the optimal rank-one approximation of X* can be written as

&7 T
X*=~ A\jujuy

#xT %
=Mk, | L (3.22)

«T
X3 1

where X; = @ /ug,1. Since A; > 0, upon comparing (3.22) with (3.17) we see that
vector X; is a reasonable approximation of x*. Therefore, a binary solution of the

problem in (2.25) can be generated as

sgn[u;(1: K)] if uw(K+1)>0
—sgnfu;(1: K)] if w(K+1)<0

b= (3.23)
Note that many efficient and reliable algorithms are available in the literature for
computing the eigenvector associated with the largest eigenvalue of X* [77] -[80].
An algorithm based on the above approach is said to be a primal algorithm since
it solves the problem at hand directly as opposed to the algorithm proposed in Sec.
3.3 which solves the so-called dual version of the problem. A multiuser detector based
on the primal algorithm described will be referred to as the primal SDPR (PSDPR)

detector.

3.2.5 Optimality of Solution

Because of the use of relaxation, the PSDPR. detector is, in theory, suboptimal. As
mentioned in Sec. 3.2.2, the SDP relaxation of the MAX-CUT problem yields a good
suboptimal solution. However, there are two important differences between the SDP
problems in (3.8) and (3.14): the diagonal entries of W in (3.8) are all zero while
those of C in (3.14) are all strictly positive; and the off-diagonal entries in W are non-

negative whereas matrix C may assume negative off-diagonal entries. Consequently,
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the bounds in (3.8) do not hold in general for the SDP problem in (3.14). As will be
demonstrated by our simulations, however, the demodulation performance achieved

in SDPR detector is comparable with that offered by the ML detector.

3.3 Dual SDP-Relaxation Based Detector

Although interior-point algorithms [72, 74] can be applied to the SDP problem at
hand and their computational complexity increases in a non-exponential manner with
respect to the number of users, numerical difficulties may arise in solving the SDP
problem because of the large number of variables involved even for the detection of
a moderate number of users. For example, if K = 20, the dimension of vector x in
(3.14) is 20 and the number of variables in X becomes K(K +1)/2 = 210; and for an
asynchronous system with K = 20 and P = 4, the SDP problem in (3.15) involves
3240 variables.

In this section, we present a new and more efficient algorithm that can be used
to obtain a solution of the SDP problem at hand. The proposed method entails two
steps, as follows: First, the so-called dual of the SDP problem at hand is solved
[72, 79] and, second, the solution obtained for the dual problem is converted into the
solution of the primal SDP problem.

The SDP relaxation problem in (3.14) can be expressed as

minimize tr(CX) (3.24a)
subject to: X > 0 (3.24b)
tr(A;X)=1 fori=1, ..., K+1 (3.24c)

where matrix A; is a diagonal matrix whose diagonal entries are all zeros except the

ith entry which is one. It follows from [74, 81] that the dual of the problem in (3.24)



3. New Suboptimal ML Detector Based on SDP Relazation 56

is given by
minimize — b’y (3.25a)
K+1
subject to: S =C — Z YA, (3.25b)
=1
S»0 (3.25¢)

wherey = [y, --- yx1]T and b= [1 --- 1]T € CE+D*1 Note that the dual problem
in (3.25) involves only K +1 variables and it can be solved efficiently by using interior-
point algorithms such as the projective method proposed by Nemirovskii and Gahinet
[61]. This method has been implemented in the MATLAB LMI toolbox and has been
applied for the solution of a variety of SDP problems [73].

In order to obtain the solution of the primal SDP problem in (3.24), the KKT
conditions for the solutions of the problems in (3.24) and (3.25) need to be examined.
The KKT conditions state that {X*, y*} solves the problems in (3.24) and (3.25) if
and only if they satisfy the conditions

K+1

> A +8 =C (3.26a)
i=1

tr(A; X)) =1 fori=1, ... ,K+1 (3.26b)
S*X* =0 (3.26¢)
X*>0 and S* -0 (3.26d)

From (3.26a), we have

K41
S*=C-> yA; (3.27)
=1

Since the solution y* is typically obtained by using an iterative algorithm (such as
the projective algorithm proposed by Nemirovskii and Gahinet), y* can be a good
approximate solution of (3.26) at best, which means that y* is in the interior of the
feasible region. Consequently, matrix S* remains positive definite. Therefore, the set

{y*, S%, X*} can be regarded as a point in the feasible region that is sufficiently
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close to the limiting point of the central path for the problems in (3.24) and (3.25).

Recall that the central path is defined as a parameterized set {y(7), S(7), X(7) for
7 > 0} that satisfies the modified KKT conditions [74]

If %i(T)A; +S(r) = C (3.28a)
1:(1A,~X(T)) =1 fori=1, ... K+1 (3.28b)
S(r)X(r) =71 (3.28¢)
X(r) >0 and S(7)>0 (3.28d)

The relation between equations (3.27) and (3.28) becomes apparent as one realizes
that the entire central path defined by (3.28) lies in the interior of the feasible region
and as 7 — 0, the path converges to a solution set {y*, S*, X*} that satisfies (3.26).
From (3.28c¢), it follows that

X(r) =787(7) (3.29)
which suggests an approximate solution for the problem in (3.26) as
X =7(8%)7! (3.30)

In (3.30), 7 is a sufficiently small constant such that 7 > 0 and S* is given by (3.27).
In order for matrix X in (3.30) to satisfy the equality constraints in (3.24c), X needs
to be slightly modified by using a scaling matrix IT, i.e.,

X* = II(S*) "' (3.31a)
where

I = diag{§,” - &3, (3.31b)

and &; is the ¢th diagonal entry of (S*)~!. In (3.31a), we have pre- and post-multiplied

(S*)~! by IT to ensure that matrix X* remains symmetric and positive definite. Tt is
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worth noting that by imposing the equality constraints in (3.24c) on X, the parameter
7 in (3.30) is incorporated in the scaling matrix IT.

Based on above discussions, an approximate solution X of the SDP problem in

(3.24) can be computed through the following steps:

(i) Form matrix C using (3.11).

(ii) Solve the dual SDP problem in (3.25) and denote its solution as y*.
(iii) Compute S* using (3.27).

(iv) Compute X* using (3.31).

(v) Compute b using (3.19) or (3.23).

Two remarks can be made pertaining to the computational complexity of the
proposed algorithm and the accuracy of the solution obtained. To a large extent the
computational complexity of our algorithm is determined by steps (ii) and (iv) where
a (K + 1)-variable SDP problem is solved and a (K + 1) x (K + 1) positive definite
matrix is inverted, respectively. Compared to the computations required to directly
solve the K (K + 1)/2-variable SDP problem in (3.24), the new method reduces the
computational complexity by a considerable amount. Concerning the accuracy of the
solution, we note that it is the binary solution that determines the performance of
the multiuser detector. Since the binary solution is the result of the sign operation
(see (3.19) and (3.23)), the approximation introduced in (3.31) is expected to have
a negligible effect on the accuracy of the solution. An implementation of the above
algorithm will be referred to as the dual SDP relaxation (DSDPR) detector hereafter.

The use of semidefinite programming was also explored recently in [62] and [64].
In both articles, it has been shown that when the number of users or the crosscorre-
lations of signature waveforms is increased in DS-CDMA systems, the MUI present
in the received signal can be significant, which leads to observable degradation in the
performance of the detector based on the primal SDP relaxation. In such a case,
although PSDPR detectors can still offer much better demodulation performance rel-

ative to other suboptimal detectors, their performance is not as good as that of an
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ML detector.

3.4 Simulation Results

Computer simulations were carried out to evaluate the performance of the proposed
SDPR detectors in terms of bit-error rate (BER) and computational complexity, and
to compare them with the conventional MF, decorrelating, and LMMSE detectors
as well as with a detector based on Verdi’s ML detection method which will be
referred to hereafter as the ML detector. In this detector, detection is achieved by
calculating the objective function in (2.25a) 2% times and selecting the combination
of the information bits that yields the lowest value of the objective function.

The PSDPR and DSDPR detectors were implemented using the MATLAB LMI
control toolbox [73]. Since the ultimate goal of multiuser detection is to estimate
the binary-valued information vector b, a fairly large convergence tolerance ¢ = 1072
was used in order to keep the number of iterations, and hence the computational
complexity, low. In addition, an upper bound K, = 5 was imposed on the number of
iterations. In our simulations, 10° runs were performed to evaluate the average BER
performance for each of PSDPR, DSDPR, conventional MF, decorrelating, LMMSE,
and ML detectors.

In the first simulation, a six-user synchronous system with AWGN channel using
15-chip Gold sequences for signatures was considered. The received signal powers of
the six users were set to 5, 3, 1.8, 0.6, 0.3, and 0.2. The last user with power 0.2
was designated as the desired one. The average BERs versus SNR for the PSDPR,
DSDPR, decorrelating, LMMSE, and ML detectors are plotted in Fig. 3.1.

The second simulation concerned an eight-user synchronous system in a frequency-
flat Rayleigh fading channel. The user signatures were the same as those in the first
simulation and the received signal power of the eight users were set to 5, 3, 1.8, 1, 0.6,

0.3, 0.2 and 0.1. The fourth user, the one with unity power, was designated as the
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desired user. The coherent time of the fading channel was set to ten times the symbol
period. The signal-to-noise ratio (SNR) was assumed to be known for the LMMSE
detector. The average BERs versus SNR for the PSDPR, DSDPR, decorrelating,
LMMSE, and ML detectors are plotted in Fig. 3.2.

The third simulation was carried out to examine the near-far resistance of PSDPR
and DSDPR detectors for a six-user synchronous system with AWGN channel using
the same user signatures as before. The SNR of the desired user signal was fixed
to 8 dB higher than channel noise. The SNR of the five interference user signals
were identical and the SNR varied from 0 to 14 dB during the transmission. The
average BERs versus SNR for the PSDPR, DSDPR, conventional MF, decorrelating,
LMMSE, and ML detectors are plotted in Fig. 3.3.

From these simulations, it is observed that in synchronous systems the demod-
ulation performance of PSDPR and DSDPR detectors is consistently very close to
that of the ML detector and is superior relative to that of decorrelating and LMMSE
detectors.

For asynchronous systems, the amount of computation required by the ML detec-
tor becomes prohibitive even for a very moderate number of users K and frame size
P. The PSDPR detector requires significantly less computation than the ML detector
but for a large number of runs, this detector would also require a prohibitive amount
of computation. For these reasons, the fourth simulation evaluated the performance
of only the DSDPR, conventional MF, decorrelating, and LMMSE detectors for a
four-user equal-power asynchronous system with AWGN channel where the frame
size is P = 3. The signal model used for the simulation of asynchronous DS-CDMA

systems follows the definition in (2.24) where the crosscorrelation matrices R[0] and
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R[1] in (2.24¢c) were set to

[ 1 02 02 02 ] [ 0.2 —02 —0.2 —02 ]
02 1 02 02 0.2 —02 —0.2 —02
R[1] = R[0] = (3.32)
02 02 1 02 0.2 —02 —0.2 —02
0.2 02 02 1 02 —02 —0.2 —02

The average BER versus SNR for the DSDPR, conventional MF, decorrelating, and
LMMSE detectors are plotted in Fig. 3.4. For comparison purpose, Fig. 3.4 also
includes the approximate bound of the error probability for the ML detector (solid
line). As is expected, the DSDPR detector outperforms all linear detectors simulated
and offers very close BER performance as that of the ML detector.

Although it can be observed in Figs. (3.1)-(3.3) that the DSDPR detector offers
slightly better performance relative to the PSDPR detector, the same conclusion
might not be extended successfully to the general case. In fact, a complete study on
the performance of the PSDPR and DSDPR algorithms is still not available at this
stage. The conjecture on the phenomena appeared in the above figures is very likely
due to more sereve numerical difficulities in solving the PSDP problem since more
number of variables is involved in the problem.

The computational complexity of the various detectors was evaluated in terms
of the CPU time® as measured by the MATLAB LMI Control toolbox used for the
optimization [72]. The logarithm of the CPU time for the PSDPR, DSDPR, and
ML detectors is plotted versus the number of active users in Fig. 3.5. The number
of active users for the ML detectors was restricted to the range 10 to 17 to avoid
the extremely high computational effort involved but, for the sake of comparison, the
curve was extrapolated as shown in Fig. 3.5 assuming that the trend established for

the range 10 to 17 users continues for larger numbers of users.

L All simulations in this thesis was conducted on Sun Blade workstations using MATLAB 6.5.
In what follows, the CPU time of each algorithm presented in the thesis was obtained by using

MATLAB commands ‘cputime’, ‘tic’, and ‘toc’.
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As can be observed in Fig. 3.5, the SDPR. detectors are obviously much more
efficient than the ML detector when the number of active users is larger, and the
DSDPR detector is much more efficient than the PSDPR detector. Specifically, the
PSDPR detector requires 8.6% and 0.05% the computational effort required by the
ML detector for 15 and 25 users, respectively. On the other hand, the DSDPR
detector requires 10.43% and 7.86% the computational effort required by the PSDPR
detector again for 15 and 25 users, respectively.

Based on the simulation results obtained, the computational complexity of three

detectors can be quantified in terms of the approximate CPU time which is given by

Crr~ 4.5 x 107* 2K (3.33a)
Cpsppr~ 4.2 x 107° K39 (3.33b)
Cpsppr~ 2.6 x 107° K33 (3.33¢)

where K is the number of active users. In effect, the computational complexity of
the ML detector increases exponentially with the number of users whereas that of
the SDPR detectors is of polynomial order. It should be mentioned here that the
computational effort pertaining to the DSDPR. detector can be further reduced by
taking the special structure of matrix A; into consideration but this possibility has

not been explored so far.

3.5 Conclusions

SDP relaxation based multiuser detectors have been proposed. It has been shown
that by neglecting the rank constraint on the positive semidefinite matrix, the combi-
natorial problem associated with ML detection can be relaxed into an SDP problem.
The solution of the primal SDP problem can also be obtained by solving its dual SDP
problem in which the number of variables involved is reduced by an order of magni-

tude. Computer simulations have demonstrated that the demodulation performance
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Figure 3.1. BER versus SNR for a siz-user synchronous DS-CDMA system over
AWGN channel.

of the SDPR detectors is near-optimal, and is significantly better than those of other
suboptimal multiuser detectors such as the decorrelating and MMSE detectors. How-
ever, the computational complexity required by the SDPR detectors is of polynomial
order with respect to the number of users by contrast with that required by the ML
detector which grows exponentially as the number of users is increased. A compar-
ison of SDPR detectors has shown that the DSDPR. detector is much more efficient
than the PSDPR detector owing to the large reduction in the variables involved. The
simulation results have shown that the improvements in efficiency are brought about

without degrading the demodulation performance relative to that achieved with the
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Chapter 4

Multiuser Detector Based on

Recursive Convex Programming

4.1 Introduction

The semidefinite programming relaxation-based (SDPR) detectors proposed in Chap-
ter 3 are obtained by relaxing the ML detection problem to other types of optimization
problems that can be solved with reduced computational complexity. Other detec-
tors of this category include the decorrelating, bound-constrained (BC), GMMSE,
and linear MMSE (LMMSE) detectors (see Sec. 2.4 for more information). In these
detectors, the ML detection or a modified ML detection problem is relaxed to an un-
constrained, a convex quadratic programming (CQP), a convex programming (CP),
or an unconstrained optimization problem, respectively [28, 59, 60]. Since it has been
shown in [62] that the optimization problems associated with decorrelating, LMMSE,
GMMSE, and BC detecotrs can be obtained by relaxing the SDP problem associated
with the SDPR detector, it is expected that the SDPR detector offers better detection
performance than these detectors.

Although the computational complexity of SDPR detectors can be reduced by us-
ing a dual algorithm, as was shown in Chapter 3, the amount of computation required
in the DSDPR detector is significantly greater than that required in the decorrelat-
ing, LMMSE, GMMSE, and BC detectors, and many other suboptimal detectors



4. Multiuser Detector Based on Recursive Convez Programming 69

[17]. It has been shown in [62, 64| that when multiuser interference (MUI) present in
DS-CDMA systems is significant, the performance of SDPR detectors degrades signif-
icantly relative to that associated with the ML detector. To overcome this problem,
other types of suboptimal ML detectors with lower computational complexity and
better performance should be explored.

In this chapter, a new suboptimal ML detector for DS-CDMA systems based
on a recursive convex programming (RCP) approach is proposed. In this detector,
the combinatorial problem associated with ML detection is relaxed into a convex
programming (CP) problem and then a recursive approach is applied to obtain an
approximate solution for the ML detection problem. Computer simulations are pre-
sented which demonstrate that this new detector offers a BER performance which
is superior relative to that in many other suboptimal ML detectors. Specifically, for
DS-CDMA system with strong MUI, the new detector offers better performance rel-
ative to SDPR detectors and, in addition, it requires significantly less computation
than SDPR and ML detectors. Our attention is focused on synchronous DS-CDMA
systems whose signal model can be found in Sec. 2.4.1.

The chapter is organized as follows. The application of CP relaxation for the
ML detection problem and the proposed detector are discussed in Secs. 4.2 and 4.3,
respectively. Implementation issues are investigated in Sec. 4.4. In Sec. 4.5, the
proposed detector is compared with other detectors with respect to BER performance

and computational complexity. Conclusions are drawn in Sec. 4.6.

4.2 Convex Relaxation of ML Detection

Recall that the relaxation for a GMMSE detector and a BC detector is carried out
by expanding the discrete feasible set defined in the ML detection problem in (2.25b)
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to the continuous and convex feasible regions

{x:x"x <K} for GMMSE detector (4.1)

{x:-1<2,<1, i=12,...,K} for BC detector (4.2)

With this in mind, we will examine the possibility of relaxing the ML detection
problem in (2.25) into

minimize x”Hx+ x”p (4.3a)

subject to: ¢(x) <0 (4.3b)

where the feasible region, denoted as R,, depends on a scalar parameter p > 0 and

is given by
e(x,p) = |z1|P + |zofP + -+ |2k P - K <0 (4.4)
In what follows, the optimization problem

minimize xTHx +xp (4.5a)

subject to: [z1P + [xofP + -+ |zx[P — K <0 (4.5b)

is referred to as Problem U),. The following two propositions describe some properities

of the feasible region defined by (4.5b).

Proposition 4.1:  The feasible region defined in R, includes all feasible points of

the ML detection problem in (2.25). In addition, R, is convex for p > 1.

Proof. By substituting in (4.5) the coordinates of each feasible point of the problem
in (2.25), it is easy to verify that ¢(x,p) = 0 holds for any scalar p > 0. Hence, all
feasible points of the problem in (2.25) are on the boundary of R,. In other words,
R, includes all feasible points of the problem in (2.25).

'To examine the convexity of the feasible region, note that the constraint in (4.5)

can be expressed as

|[xl, < K/ (4.6)
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If points x; and x5 satisfy the constraint in (4.6), then according to the well-known

Brunn-Minkowski inequality [97], we have
121 + (1= X)xal, < Afxally + (1= MlIxall, < K7 (4.7)

for 0 < A <1 and p > 1. This implies that x* = Ax; + (1 — A\)x, also satisfies (4.6).

Hence, the feasible region is convex for p > 1.

Proposition 4.1 implies that (a) for any fixed scalar p > 1, the problem in (4.5)
can be regarded as a relaxation of the problem in (2.25), and (b) that it is a convex
programming problem that has a unique global soltion. Note that if X in (4.5) is
reduced, then all feasible points of the problem in (2.25) will be located outside R,
and, therefore, K is the smallest scalar required for the validity of the proposition.

Proposition 4.2: If R,, and R, are the feasible regions defined by ¢(x,m) < 0
and ¢(x,n) < 0, respectively, and m > n > 1, then R,, C R,. See Appendix A for

the proof.

Several observations can be made based on Proposition 4.2:

Observation 1: If m > n > 1, the relaxation applied to problem ,, is tighter than
the relaxation made in problem U,. Therefore, it is expected that the performance
of a detector based on problem I/, would be superior to that of a detector based on
problem U,,.

Observation 2: The tightest CP relaxation problem that can be obtained from (4.5)

is given by

U = lim U, (4.8)

p—+oo
Hence, the performance of a detector based on problem U, is superior to that of a
detector based on any other CP relaxation problem generated by (4.5).
Observation 8:  The decorrelating detector, GMMSE detector, or BC detector can
be considered as a special case of the CP detector where p assumes the values of 0,

2, and oo, respectively. Hence, as will be supported by our computer simulations,
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the performance of the GMMSE detector is expected to be better then that of the
decorrelating detector, and worse than that of the BC detector.
To see the equivalence of the BC detector and the detector based on problem U,

we write

c(x,00) = lim c(x,p) = lim [(|[x/},)” - K] (4.9)

P00

Hence, the feasible region defined by ¢(x,00) < 0 can be expressed as
{x oo < Tim (KV?) = 1} (4.10)
p—o0
Note that the feasible region defined by (4.10) is equivalent to that defined by
{x:-1<2;<1 for i=1,2, ..., K} (4.11)

which is the same as the feasible region defined in (4.2). The feasible regions defined

by (2.25b) and R, for K =2, p=1,2,3, and 20 are illustrated in Fig. (4.1)

4.3 Recursive CP-based Multiuser Detection

Although the performance of a U,-based detector can be improved by increasing the
value of p, the improvement is limited by that of a U.-based detector, which is
considered to offer inferior performance to that of an SDPR detector. In this section,
a recursive approach is developed for the CP relaxation to improve the performance.

In the proposed approach, decisions are made only for those information bits
that can be detected with high accuracy in each iteration. These bits are fixed in
subsequent iterations, which leads to a CP problem of reduced size for the undetected
information bits. This process is continued until the detection of all information bits
is completed. In what follows, we first describe a recursive approach to ML detection
and on the basis of these principles, we then introduce the recursive approach for CP

relaxation-based detection.
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-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 4.1. Feasible regions defined by (4.1b) (labeled with small circles) and by
(4.13b) for p = 20 (denoted as I), p = 3 (I+1l), p = 2 (I+II+III) and p = 1
(I+IT+IIT+1V).

4.3.1 Recursive ML Approach for Multiuser Detection

Denote the set of indices associated with the information bits that have been detected
before the jth iteration as ; and let b; for i € Q; be the value of the ith informa-
tion bit detected. By using the recursive approach, the combinatorial optimization

problem in (2.25) can be modified into

minimize x”7Hx + x'p (4.12a)
subject to: z; € {1,-1} for ¢ Q; (4.12b)
z;=b for ie€Q (4.12¢)
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Once the solution of the minimization problem is obtained, €2; is updated to 2,4, by
including the indices of the information bits that are detected in the jth iteration,
and a similar problem can be formulated for the rest of the information bits.
Obviously, this approach attempts to get an approximate solution for ML detec-
tion with the help of information bits obtained in previous iterations. This approach
is similar to that used in decision-aided multiuser detectors such as multistage de-
tectors, interference cancellation detectors, and decision-feedback detectors ( see [17)
for more details). To see the relationship between the recursive approach and these
decision-aided detectors, the problem in (4.12) will now be expressed in a different

but equivalent form.
Proposition 4.3: The problem in (4.12) is equivalent to

subject to: z; € {1,-1} for ¢ Q, (4.13b)

where x; = {z;,7 ¢ §1;} denotes the variable vector obtained by removing the com-
ponents of x whose indices are in ;, b; = {b;,7 € Q;} denotes the vector of binary
bits that have been determined before the jth iteration, r is defined in (2.26), A; and
A are submatrices of A obtained by removing the columns and rows of A whose
indices are in £2; and not in €2, respectively, S; and S; are submatrices of S obtained

by removing the columns of S whose indices are in £2; and not in €;, respectively.

Proof. By substituting (4.12¢) into (4.12a), the objective function in (4.12a) can be

expressed as
x"Hx +x"p = x; H;x; + X, (p; + 2H,b;) + const (4.14)

where p; is obtained by removing the components of p whose indices are in §;, H;
and I:Ij denote submatrices of H where H; is obtained by removing the rows and
columns of H whose indices are in Q;, and H; is obtained by removing the rows of

H whose indices are in {1; and columns of H whose indices are not in €2;. The term
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const in (4.14) is a constant associated with (4.12a), which depends on all quantities

that are not related to x;. Note that H;, H;, and p; can be expressed as

H; = A;S7S;A; (4.15a)
H; = A;S7S,A, (4.15b)
p; = —2A,S]r (4.15¢)

Substituting (4.15) into (4.14), the objective function in (4.12a) can be expressed as
x"Hx +x"p = x] A;87S;A;x; — 2x; A;STr; + const (4.16)

where r; = r — S;A;b;. Obviously, the problem in (4.12) without the constant term
is equivalent to the problem in (4.13).

It can be seen from Proposition 4.3 that, in each iteration, the recursive ML
approach involves two steps. First, the MUI corresponding to the determined infor-
mation bits is expressed as SjAij and then subtracted from the observed signal r.
Second, an ML detection problem is formulated to facilitate the detection of the rest
of the information bits. Obviously, if the decisions in Bj are correct, then the MUI of
these bits can be represented accurately, which helps reduce the interference observed
in r; and thus improve the performance in detecting the other information bits. How-
ever, if the decisions are incorrect, then the interference in r; will be doubled and this

may lead to a significant performance degradation.

4.3.2 RCP-Based Multiuser Detection

Due to the binary constraints in (4.12b), the problem in (4.12) is also a combinatorial
problem involving fewer variables than the original ML detection problem in (2.25).
In this section, we consider relaxing this problem into a CP problem. On comparing

the problems in (2.25), (4.3), and (4.12), the problem in (4.12) can be relaxed into



4. Multiuser Detector Based on Recursive Convez Programming 76

the problem

minimize x"Hx + xTp (4.17a)
subject to: ¢;(x,p) <0 (4.17b)

According to Proposition 4.3, this problem can be expressed as

minimize x) H;x; +X, (p; + 2H;b;) (4.18a)

subject to: ¢;(x;,p) <0 (4.18b)

where x; and b; are defined in (4.14), H;, I:Ij, and p; are defined in (4.15), and
¢;j(x;,p) is defined by

¢i(x5p) = ) |zsl” — kj (4.19)
g0,

where z;; is the ith component of x; and k; is the number of variables which belong
to the complementary set of 2.

Once the problem in (4.18) is solved, some information bits can be determined
through a thresholding process as follows: if the magnitude of a solution component
is greater than a prescribed threshold, then a decision for this information bit is made
according to the sign of the component; otherwise, the information bit remains to be
detected in subsequent iterations.

The RCP detector can be implemented by the algorithm described in Table 4.1
where max(|xj|) in Step 2 denotes the greatest magnitude of the components of x}

and z7; denotes the ith component of x;.
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Table 4.1. Recursive CP Detector

Parameters: n; > j — 1 is the number of bits detected before the jth iteration.

{2, is the index set of bits detected before the jth iteration.

&; is the threshold used in the jth iteration.

p is the polynomial order used in defining the feasible region.
Initialization: j =1, 7, =0, O = null, H, =H, p; =p, b; =0, and H; = 0
Step 1: Solve the following CP problem

minimize: xTHjx; +xT(p; +2H;b;)  (4.20a)
subject to: ¢;(x;,p) <0 (4.20b)
and denote the solution as xj.

Step 2: Let &; € [0, max(|x}|)]. Fori=1, 2, ..., K —n;,
if |z;| > &;, determine sign(z};) as the binary decision for the infor-
mation bit corresponding to z7;.

Step 3: Denote £2;1; as the index set which includes all indices of £2; and those
of the information bits detected in Step 2. Update n;11. If nj31 = K,
stop and output b; as the vector of all the information bits detected.

Step 4: Update b;,; according to (4.13), H,1, Hjy1, Pjp1 according to (4.15)
and ¢;;1(Xj41,p) according to (4.19). Set j = j + 1 and repeat from

Step 1.
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The threshold §; in Step 2 is assigned a value less than max(|x}|) so that at least
one information bit is determined in each iteration. Consequently, all bits can be de-
tected in at most K iterations. In general, smaller threshold values reduce the number
of iterations but may degrade the performance and larger threshold values tend to
improve the performance but would require more iterations. As an extreme example
when & for j =1, 2, ... are all specified as zeros, the proposed detector degenerates
into the CP detector discussed in Sec. 4.2. The effect of the threshold values on the
RCP detectors will be investigated through computer simulations described in Sec.
4.5.

It has been pointed out in Sec. 4.3.1 that the recursive approach applied here
is similar to the interference cancellation approaches that have been used for other
decision-aided detectors (see [17] and the references therein). In these decision-aided
detectors, the order of cancellation and the decisions of the information bits depend
largely on the amplitudes of user signals or the outputs of the matched-filter bank.
Hence, the performance of these detectors is unsatisfactory especially for DS-CDMA
systems with equal-power users. In the proposed detector, however, the order of
cancellation and the decisions of the information bits are based on the solution of
convex programming problem. It is this property that leads to the superior perfor-
mance of the proposed detector relative to those of other detectors using interference

cancellation approaches.

4.3.3 Relationship Between RCP Detector and SDPR De-
tectors

In this section, the proposed detector is first compared with the SDPR detector. Since
the DSPDR detector proposed in Chapter 3 is essentially an efficient implementation
algorithm of the PSDPR detector, we compare the proposed detector with the PSDPR

detector.
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Recall that the SDP problem associated with the PSDPR detector is given by

minimize tr (XH)+ x"p (4.21a)
subject to: X; =1 for i=1,2,...,K (4.21b)
X>0 (4.21c)

and the problem in (4.17) can be expressed as

minimize tr (XH) + xTp (4.22a)
subject to: ¢;(x,p) <0 (4.22b)
z;=b for 1€ (4.22¢)

X =xxT (4.22d)

In (4.22), the only variable of interest is x. For comparison purposes, the ML detection

problem in (2.25) is expressed as

minimize tr (XH)+ x"p (4.23a)
subject to: X; =1 for i=1,2,...,K (4.23b)
X = xxT (4.23¢)

Comparing the above three optimization problems, it can be seen that the constraint
in (4.23c) is replaced by (4.21c), which leads to an SDP problem in (4.21), while
in (4.22) the constraint in (4.23c) is kept but the equality constraints in (4.23b) are
replaced by those in (4.22b) and (4.22c). Hence, the SDP problem in (4.21) and
the RCP problem in (4.22) represent two different ways to obtain an approximate
solution for the problem in (4.23). Specifically when p — oo, the problem in (4.22)

can be expressed as

minimize tr (XH)+ x"p (4.24a)
subject to: —1<z;<1 for i¢Q; (4.24b)
T, =b for i€ £ (4.24c)

X =xxT (4.24d)
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By comparing the problems in (4.23) and (4.24), it is obvious that some equality
constraints in (4.23b) are replaced by determined information bits and the others are

relaxed into a bounded regions.

4.4 Improved RCP Detector

The computation required by the proposed detector is used largely in solving the CP
problems, and it is more intensive than that required by linear multiuser detectors. In
this section, the efficiency of the RCP detector is improved by reducing the amount
of computation required in solving the CP problems. The amount of computation is
critically dependent on the initial point and a good initial point usually leads to a
considerable reduction in computation.

If the constraint in (4.20b) is removed, the CP problem in (4.20) becomes the

following unconstrained optimization problem
minimize :  x; H;x; + X, (p; + 2H,b;) (4.25)
whose solution can be computed in closed-form as
xi = ——H;!(p; + 2H,b;) (4.26)
If the solution in (4.26) happens to satisfy the condition
cj(x3,p) <0 (4.27)

then obviously x7 is the solution for the CP problem in (4.20). Note that the amount
of computation required to obtain (4.26) is comparable to that for linear detectors,
which is significantly less than that for solving the CP problem in (4.20). Motivated
by this observation, the proposed detection algorithm in Table 4.1 can be improved

as follows.
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Table 4.2. Improved Recursive CP Detector

Parameters: n; is the number of bits detected before the jth iteration.

(1; is the index set of bits detected before the jth iteration.

&; is the threshold used in the jth iteration.

p is the polynomial order used in defining the feasible region.
Initialization: j =1, n; =0, Qy = null, H; =H, p, = p, by = 0, and H; = 0.
Step 1: Compute x;r. = —0.5H;1(pj + 2H,b;) and check the constraint in (4.27).

If the constraint in (4.27) is valid, let x} = x;r- and go to Step 2.
Otherwise, solve the CP problem
minimize: xTH;x; + x7 (p; + 2H;b;) (4.28a)
subject to: ¢;(x;,p) <0 (4.28b)
using x§ = sign(x}) as the initial solution.
Step 2: Let 0 < §; < min(1, max(|x}})). Fori=1, 2, ..., K —n;,
if |z3;| > &;, determine sign(z};) as the binary decision for the infor-
mation bit corresponding to z7;.
Step 3: Denote 2,1, as the index set which includes all indices of £2; and those
of the information bits detected in Step 2. Update njt1. i nj4 = K,

stop and output Bj as the vector of all the information bits detected.

Step 4: Compute b;y; according to (4.13), H;41, Pj+1, Hj+1 according to (4.15),
and ¢;41(X;41,p) according to (4.19). Set j = j + 1 and repeat from
Step 1.




4. Multiuser Detector Based on Recursive Convexr Programming 82

In the first step of each iteration, x* is first computed according to (4.26) and

J
then the constraint in (4.27) is checked for xj. If this constraint is satisfied for x;

then obtain x} as the solution for the CP problem in (4.28) and continue with the

j
subsequent steps; otherwise, solve the CP problem in (4.28) by using

x) = sign(x}) (4.29)

as an initial solution. Note that the components of xg assume only binary values
and thus satisfy the constraint in (4.27). The modified RCP approach is described in
Table 4.2.

The following proposition will be useful to investigate the efficiency of the im-
proved RCP detector.
Proposition 4.4: Denote the two CP problems obtained in the jth and (j + 1)th
iterations as G; and G;11 by using the improved RCP detector described in Table 4.2,

ie.,

minimize: xTHx,; + x7 (p + 2H,b; )
G : ST AT (4.30)
subject to: c¢j(x;,p) <0
minimize: x%, H, X1+ XL ( 1+ 2H,,.b; 1)
Gist : jH1H1X G+ T Xy \ Pit J+105+ (4.31)

subject to: c¢jy1(xj41,p) <0
and let the solutions of the problems G; and ;41 be x} and xj,,, respectively. If the
decisions of the ith information bit b; for i € ;, are all correct, c;(x},p) < 0, and

&; < 1, then the probability that

Xj1 = —0.5H7} (Pj1 + 2Hj41bj1) (4.32)
is bounded from below by
* _ -1 ] N 1- §j
P (x},, = —0.5H; 1, (Pja +2Hj+1bj+1)) > ] ef (4.33)
#2541 Vaop

where erf(-) denotes the error function given by

erf(z \/_ / (4.34)
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and p; is defined by

N . ~ -1
pi = \/[(Hj+1 - Hj(Hj)—l(Hj)T) - Hﬁl} . (4.35)
1,0
In (4.35), H; is a submatrix of H; obtained by removing the rows and columns of H;
whose indices are not in €,,; and H; is the submatrix of H; obtained by removing
the rows of H; whose indices are in £2,4; and the columns of H; whose indices are

not in £2,41. See Appendix B for proof.

As can be seen from (4.33) and (4.35), the lower bound of the probability for
which (4.32) is valid is related to the signature waveforms, the SNR of the received
signals, and the threshold used in each iteration of the proposed approach. By using

the Matriz Inverse Lemma [34], the quality in (4.35) can be expressed as
(Hp — HH;'HD) ™ - H), = -H G (ATH L HG + H )T HOHGY, (4.36)

Note that H,,;, H;, and H describe unnormalized crosscorrelation and autocorre-
lation properties of the signature waveforms. Hence, when near-orthogonal signature
waveforms are used for all users and the SNR of the received signal for each user is
high, it can be shown that p; for ¢ € 2,1, in (4.35) are very close to zero. In such a
case, the probability bound in (4.33) can be close to one if small thresholds ¢; is used
in each step. On the other hand, although the probability in (4.33) is obtained by
assuming that no detection errors for the binary decisions, when the SNR of the re-
ceived signal is high, the probability of error-free detection is close to one. Therefore,
the probability lower bound in (4.33) can be used to approximate the error probabil-
ity lower bound without assuming that the detected information bits b; for i € ;4
are all correct.

Based on Proposition 4.4 and the above discussion, we can draw a conclusion
that if the constraint of the CP problem in the jth iteration of the RCP approach
is inactive, then the probability that x}.; can be correctly computed using (4.32)

is close to one. Consequently, the amount of computation required for solving the
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CP problems in (4.28) can be reduced to that for computing (4.32). In other words,
the efficiency of the RCP detector can be improved by adopting the modifications
described in Table 4.2 without impairing the performance. Before ending this section,
it is stressed that the approach in Table (4.2) is proposed in order to reduce the
computational complexity of the RCP detector only. In other words, this approach

will not affect the detection performance of the RCP detectors.

4.5 Simulation Results

Computer simulations were conducted to evaluate the performance of the improved
RCP detector in terms of BER and computational complexity. Comparisons with
several other suboptimal detectors as well as the ML detector defined in Sec. 3.4 were
also carried out. Since the DSDPR detetor offers similar performance as that of the
PSDPR detector but with less computation, the RCP detector is only compared with
the DSDPR detector in our simulations. For a better comparison of the performance
of the DSDPR and RCP detectors, DS-CDMA systems subject to significant MUI
were considered. In the simulations, the thresholds used in the RCP detectors were

assumed to be
¢ =o-min (1, max(|xj])) forj=1, 2,... (4.37)

where « is a positive scalar which was assigned the values 0.95, 0.80, 0.50 in the
simulation.
In the first example, we considered a seven-user synchronous DS-CDMA system

with AWGN channel by assuming equal signal power for all users. The crosscorrela-
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tion matrix for these users is

[ 1 _024 033 —008 010 041 —0.39
024 1 -032 027 —007 —030 —0.52
033 —032 1 —007 007 029 —0.12
R=| -008 027 -007 1 0.30 -0.45 0.09 (4.38)
0.10 —0.07 007 030 1 —0.02 —0.04
0.41 —030 029 —045 —0.02 1  0.07
| 039 —052 —012 0.09 —-004 007 1

The BERs averaged for seven users (over 10° runs) with p = 2 (denoted as RCP-2),
p = 10 (denoted as RCP-10), and p — oo (denoted as RCP-c0) are plotted in Figs.
4.2-4.4. For comparison purposes, the averaged BERs of the ML, DSDPR, GMMSE,
BC, LMMSE, and SIC detectors are also plotted. As can be observed from Figs.
4.2 to 4.4, the average BERs of the RCP-2, RCP-10, and RCP-00 detectors are very
close to each other, and very close to that of the ML detector. This indicates that
the performance of the RCP detector is insensitive to the value of p. In addition,
it can be observed that the reduction of « only introduced slight degradation in the
BER performance when « is above 0.5. Figs. 4.2 to 4.4 also show that the average
BERs in the RCP detectors are superior relative to that in the DSDPR, GMMSE,
BC, LMMSE, and SIC detectors.

In the second example, we considered a fifteen-user synchronous DS-CDMA sys-
tem with AWGN channel where the received signal power of each user was assumed
to be log-normally distributed random variables with logrithmitic variance of 10. The
signature sequences were 31-chip random sequences which were normalized to unit
norm. The thresholds used for the RCP detector were determined in the same way as
those in the first example with o assuming the values 0.95, 0.8, 0.5, 0.3. The BERs
averaged for fifteen users (over 10° runs) of the RCP detector with p = 2, p = 10,
and p — oo are plotted in Figs. 4.5 to 4.8. Note that the BER of the ML detector is

not plotted in these figures since its evaluation would involve extremely large amount
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Figure 4.2. BERs of the seven-user system for o = 0.95.

of computation. As can be seen in Figs. 4.5 to 4.8, the BER performance offered by
the RCP detector is superior relative to that offered by the other suboptimal detec-
tors. In addition, the BER performance of the RCP detector is insensitive to p but
is slightly sensitive to a.

The computational complexity of the ML, the DSDPR, and the RCP detectors
by using the improved algorithms in Table 4.2 were evaluated in terms of the CPU
time for different numbers of users. The results obtained are plotted in Fig. 4.9. As
can be seen, the computational complexity of the RCP detector is significantly lower

than those of the ML and SDPR detectors when the number of users is large.
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Figure 4.3. BERs of the seven-user system for oo = 0.80.

4.6 Conclusions

A new RCP-based detector has been proposed. In this detector, the combinato-

rial problem associated with the ML detector is relaxed into a convex programming

problem which is then implemented in terms of a recursive approach. An efficient

implementation of the RCP detector has been developed and a theoretical analysis

of its efficiency has been presented. Computer simulations show that the RCP de-

tector offers near-optimal performance and is superior to many existing suboptimal

detectors. On the other hand, the computation complexity associated with the RCP

detector is significantly lower than that for the ML and SDPR detectors.
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Chapter 5

Subspace Estimation Based
Multiuser Detector for Multipath
DS-CDMA Channels

5.1 Introduction

The multiuser detectors proposed in the previous two chapters are intended for the
receivers at base stations where the required information such as signature wave-
forms, amplitudes, and transmission delays of the signals of all users is available and
the detection is performed for the signals of all users. At mobile stations, however,
information pertaining to other user signals may not be available and detection is
usually required only for the signal of a desired user. Hence, multiuser detectors that
are suitable for base stations are not suitable for mobile receivers and alternative
multiuser detectors have to be considered.

As has been shown in Chapter 2, linear detectors such as the decorrelating and
MMSE detectors can be implemented in a decentralized form by implicitely exploit-
ing the information of interference signals, and these detectors can be implemented
in adaptive form through the use of training sequences [31, 32]. A notable progress
in the development of decentralized multiuser detectors was made by Honig et al.

[35] based on the observation that multiuser interference (MUI) can to a large extent
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be suppressed if the energy of a linearly transformed output is minimized under the
constraint that the inner product of the received signal and the signature sequence
of the desired user is a constant. A detector obtained on the basis of this principle is
called the constrained minimal-output-energy (CMOE) detector and its adaptive im-
plementation can be achieved without the help of a training sequence. Compared with
other detectors, the adaptive CMOE detector is of particular importance primarily
for three reasons: first, it offers improved demodulation performance relative to the
conventional matched-filter (MF) detector, second, the detection can be carried out
without using extra information, and third, system capacity can be improved espe-
cially in fading channels where frequent training is required for tracking the variation
of channel conditions.

In typical mobile systems, the signal bandwidth is usually larger than the con-
herence bandwidth. Consequently, transmitted signals often experience multipath
propagation and, as a result, the effective signatures observed at the receiver are very
likely to be distorted and hence may not be recognized. Simulation results presented
in [35) have shown that the performance of the CMOE detector is very sensitive to
distortion of the effective signatures caused by multipath propagation (or frequency-
selective fading). One possible remedy for this problem is to first estimate the impulse
responses of the unknown multipath channels, then to reconstruct the effective sig-
nature of the desired user, and after that perform CMOE detection by using the
effective signature. This idea has been pursued by several researchers using subspace
methods [40, 41] and constrained optimization methods [42, 43, 44] to estimate the
channel impulse response for the desired user. As has been shown in Sec. 2.4.2.3,
although subspace methods provide better estimates for the impulse response of the
unknown channel than constrained optimization methods, especially in very noisy
channels, they usually require more computation which could become a burden in
some applications.

In this chapter, we propose a constrained optimization method based on subspace
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estimation for the estimation of the channel impulse response in CDMA systems. A
key difference between subspace methods and constrained optimization methods is the
way the noise subspace is approximated. In the proposed method, the approximation
of the noise subspace is improved by estimating the least eigenvalue of the data
correlation matrix. It is demonstrated that the proposed method can achieve nearly
the same performance as subspace methods [40, 41] with much reduced computational
complexity. Compared with existing constrained optimization methods [42, 43, 44],
our method offers a much improved performance while requiring a comparable amount
of computation. The signal model used in this chapter is the same as that in Sec.
2.4.2.3.

The rest of the chapter is organized as follows. In Sec. 5.2, the relationship between
subspace methods and constrained optimization methods is examined. In Sec. 5.3, a
constrained optimization method is proposed for the evaluation of the channel impulse
response based on a new subspace estimation technique which is then used to develop
a new subspace estimation based detector (SED). Computer simulations are described

in Sec. 5.4 and Sec. 5.5 summarizes the main results.

5.2 Relationship between Subspace Methods and
Constrained Optimization Methods

Recall that the optimization problems involved in subspace methods and constrained

optimization problem are

minimize gfIS{Iﬂnﬂfslgl (5.1a)
subject to: [|gi]| =1 (5.1b)

and
mingnize gfISEFR-1S, g (5.2b)

subject to: ||gi|| =1 (5.2¢)
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respectively where the first user is deemed to be the user of interest. The above two
problems have an interesting relation. To see this, note that R™! in (2.50) can be

expressed as [42]

A R R 1 ~
R = USDUf + EgUnUf (5.3)
where
1 1 1
D =di ... 5.4
la‘g{xl+ag’)\2+og’ ’)\5+ag} (5:4)
This implies that
o2R-1 = U,MO% + 0,07 (5.5)
where
2 2 2
M = oD = di %y 9 % 6
K dlag{)\1+03’/\2+03’ "N + 02 (56)
As a result,

lim 2R 1 _ lim Z A ,Z S,z +U UH

aﬁ-—bO 1} az——DO 1}

=0, 07 (5.7)

where 1;; is the eigenvector associated with );. Consequently, (5.7) indicates that
when the channel noise is insignificant (i.e., 02 is small), R~! would be a good ap-
proximation of ﬂnﬁf to within a scalar multiplier. In other words, the solutions
obtained by solving the problems in (5.1) and (5.2) would be very close to each other
when o is small. On the other hand, if 02 is large, the solution of the problem in
(5.2) can only be a degraded version of that in (5.1). For this reason, constrained
optimization methods can be viewed as modified subspace methods.

In an effort to improve the performance of constrained optimization methods,
matrix I:Tnflf was replaced by R~ — I in [43] where (3 is the reciprocal of the largest
eigenvalue of R. However, for systems with strong MAI, the value of 5 becomes very

small which leads to a limited performance improvement.
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5.3 Constrained Optimization Method Based on
Subspace Estimation

It was found out in Sec. 5.2 that the quality of estimation of the channel impulse
response is largely determined by the accuracy of the approximating matrix ﬂnﬁf
used in (5.1a). In this section, we propose a new way for obtaining an approximation
for this crucial matrix.

We start by subtracting a scaled identity matrix ol from the data correlation R,

which yields

A, 0| UH

+ (02— o)l (5.8)
Uf

R — ol = [U,U,]

If & < 02, then matrix R — oI remains positive definite and its inverse is given by

1
(R—0ol)!' = USEUf + = aU”Uf (5.9)
where
1 1 1
E=di ey ——————— 5.10
lag{/\1+03—a’/\2+03—a’ ’/\5+03—a} (5.10)

Upon multiplying both sides of (5.9) by (2 — &), we obtain

(62— a)(R—ol)™! = UNUZ + U, UH (5.11)
where N = (02 — @)E. If we use & — 02~ to denote a limiting process where «
approaches o2 from the left side of the real axis, then (5.11) implies that

Ii u
.,jrf%(aﬁ—a)(R—aI)‘l: R Cs _Q)Z,\Jr’;?s + U, UA

= U,UH (5.12)

Equation (5.12) shows that if we can estimate the variance of the channel noise, o2,

and choose a constant & which is close to but less than 2, then the matrix U, U¥
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can be well approximated by (sigma2? — o)(R — oI)~! to within a scalar multiplier.
Note that the introduction of parameter ¢ in (5.12) allows one to use (R —oI)™! to
approximate the noise subspace accurately for a wide range of noise variance values.
It is because of this property that the performance of a detector based on subspace
estimation is comparable with that of the subspace methods in [40, 41] even for very
noisy channels. Concerning computational complexity, since o2 is the least eigenvalue
of R, which can be computed efficiently by using, for example, the inverse-power
method [77], the eigenvalue decomposition of R can be avoided.
In practice, R is usually not available but can be approximated by using a moving
average estimation based on the J most recent observations as
i
R== 3 yO"G) (5.19)
j=ieJ+1
This method entails computing the least eigenvalue of matrix f{, denoted as .
Then « is chosen to be close to but less than 7, to within a certain tolerance so as
to avoid numerical difficulties in the matrix inversion. Next, matrix (R — oI)™! is

used in a constrained optimization method. The channel impulse response can then

be estimated as the solution of the optimization problem
minimize gZSH(R — al)7'Sg; (5.14a)
subject to: |lgi|> =1 (5.14b)
Obviously, the solution g; in (5.14) is the eigenvector of S¥(R — oI)~'S; associated
with its least eigenvalue. Through an approach similar to that presented in [42], it

can be shown that the channel impulse response estimate is related to the noise power

and constant « in terms of the relation

s = B ) ATALBL 4 Ol a)? |
g = Hgl“ (70 )AOA ”glll +O[(7 )] (5 15)

where  denotes the pseudo-inverse, and Ay and A, are given by
Ao = S0, UFs, (5.16)
A, = SPUA[1OS, (5.17)
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where matrices A, and U, are the counterparts of A, and U, defined in (2.47),
respectively. After g is obtained, the linear transformation vector for blind multiuser

detector can be obtained as
w, = RIS, (SPR'S,) g} (5.18)

A detector based on the above method referred to as the subspace estimation
based detector is as follows:
i) Obtain the estimated data correlation matrix R using (5.13).
ii) Compute the least eigenvalue of R denoted as 7.
iii) Choose « close to but less than v, and compute (f{ —al)™L
iv) Obtain g; by solving the optimization problem in (5.14).
v) Form detection vector w* using (5.18) and determine the transmitted information

bits of the first user as

b =sign [Re (wily)] (5.19)

5.4 Simulations

Computer simulations were performed to examine the performance of the proposed
detector with respect to the estimation of channel impulse responses, and to compare
it with that of the detector using subspace method (SM) described in [40, 41] and
the detector using constrained optimization methods (COM) described in [42, 43, 44].
Gold sequences of length 31 were used as spreading sequences. The impulse responses
of the channels for all users were randomly generated and assumed to have a maximum
order of 4. The channel estimation performance was measured in terms of the averaged
mean-squared-error (MSE) of the estimated channel impulse responses and their true
values.

In the first example, we considered a 10-user CDMA synchronous system where

each interference user was 40 dB stronger than the desired user and the signal-to-noise
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ratio varied from —20 dB to 20 dB. The constant « in (5.14a) was assumed to be
0.999v, where ~y; is the lowest eigenvalue of R. The MSE (averaged over 10° runs)
of the estimation of the channel impulse response is plotted in Fig. 5.1. As expected,
all detectors offer almost the same performance when the SNR of the channel is very
high (about 20 dB) because the noise subspace can be accurately obtained. When
the SNR of the channel is low, however, the performance of the SED is close to that
of the SM detector, which is much better than that of the COM detector.

In the second example, the role of parameter « in (5.14a) was investigated. The
simulation environment was the same as in the first example except that each inter-
ference user was 10 dB stronger than the desired user. The parameter o assumed the
values a;, = (1—-107%%") .y form =1, 2, ..., 7. The MSE obtained (averaged over
102 runs) is plotted in Fig. 5.2. Tt is obvious that the closer « is to 1, the lower is the
MSE in the estimation. A good value of o can be determined based on information

about the approximation accuracy of matrix R.

5.5 Conclusions

A new multiuser detector based on subspace estimation has been proposed for DS-
CDMA systems with multipath fading channels. It has been shown the proposed
detector offers robust performance with respect to channel estimation in both high
and low SNR white Gaussian noise channels. It has been demonstrated that the per-
formance of the proposed detector is comparable with that of some known detectors
using subspace methods while requiring a much reduced computational complexity.
Relative to some known detectors that use constrained optimization methods, our
detectors offer a significantly improved performance while requiring a comparable

amount of computation.
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Chapter 6

VCM Multiuser Detector for
DS-CDMA Systems with
Multipath Fading Channels

6.1 Introduction

The multiuser detector proposed in Chapter 5 was designed for DS-CDMA systems
with multipath propagation channels where both multiuser interference (MUI) and
intersymbol interference (ISI) are present in the received signal. Since the proposed
detector is a linear detector, its computational complexity depends largely on the
number of samples generated in one symbol duration. In order to reduce the compu-
tational complexity of the detector while not sacrificing the performance, the sampling
frequency at the front end of the receiver is usually of the same order as the chip rate
of the nominal signature waveform.

In a multipath propagation channel, the effective signature waveform observed at
the receiver is a linear convolution of the channel impulse response and the nominal
signature waveform assigned at the transmitter. If perfect sampling is assumed at the
front end of the receiver, the discrete-time effective signature can also be expressed
as a linear convolution of the discrete-time version of the channel impulse response

and the nominal signature waveform.
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According to the sampling theorem, for perfect sampling the sampling frequency
has to be equal to or higher than the Nyquist rate of the effective signature waveform,
i.e., twice the highest frequency in the nominal signature waveform and the channel
impulse response. In Chapter 2 we have shown that in multipath propagation chan-
nels, the received signal is composed of several attenuated versions of the transmitted
signals which arrive at the receiver at different times having been transmitted along
different paths of different lengths. When the lengths of several propagation paths
are very close to each other, which happens very often in wireless communications
for in-door communications, wireless local access networks (WLANs), and personal
access networks (PANs), the difference in the propagation time of the signals trav-
eling along different paths will be very small. In such a case, the highest frequency
in the channel impulse response is very likely to be significantly higher than the chip
rate of the nominal signature waveform, which makes it very difficult for the receiver
to achieve perfect sampling at the front end and low complexity detection simulta-
neously. If the sampling frequency is of the same order as the chip frequency of the
nominal signature waveform, aliasing could arise during the sampling process and,
as a result, the linear convolution relationship assumed in the detectors described in
Chapter 5 breaks down. In this chapter, our attention is focused on the multiuser
detection problem in DS-CDMA systems with multipath propagation channels where
the discrete-time effective signatures are affected by aliasing.

The effect of aliasing on the discrete-time effective signature has three features:
first, it is difficult to be timely and accurately estimated in a fast fading channel;
second, it does not change until the system parameters such as the sampling frequency,
channel impulse responses, or the signature sequences change; and third, it is additive.
Based on these features, the discrete-time effective signature can be expressed as a
linear convolution of the discrete-time versions of the nominal signature waveform
and the channel impulse response plus an unknown term representing the distortion

caused by aliasing. Our simulation results show that although the multiuser detectors
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described in Chapter 5 are very effective in dealing with signature distortion due to
multipath propagation, they are sensitive to the additive distortion caused by aliasing.

In this chapter, new multiuser detectors are proposed to deal with the multiuser
detection problem in multipath DS-CDMA channels when the discrete-time signa-
ture is distorted by multipath propagation and aliasing. This detection is carried
out by solving a linear constrained optimization problem whose objective function
is formulated based on the vector constant modulus (VCM) criterion. Two adap-
tation algorithms, namely, the constrained stochastic gradient (CSG) algorithm and
the recursive vector constant modulus (RVCM) algorithm, are proposed for solving
the optimization problem. Computer simulations have been conducted which demon-
strate that the proposed detectors can effectively suppress both MUI and ISI. More
importantly, the proposed detectors show very robust performance when the discrete-
time signature is distorted by aliasing at the receiver.

The chapter is organized as follows. In Sec. 6.2, a signal model for a DS-CDMA
system with multipath propagation channel is briefly described. In Sec. 6.3, a VCM
approach based multiuser detection method is proposed. Two adaptation algorithms
for solving the optimization problem are presented in Sec. 6.4 and a performance
analysis for the proposed detectors is presented in Sec. 6.5. Simulation results are

described in Sec. 6.6 and Sec. 6.7 summarizes the main results.

6.2 Signal Model

We continue the signal model description in Sec. 2.4.2.3. It follows from (2.44) that
when aliasing is not present at the receiver, the discrete-time signal can be expressed
in matrix form as

K K K
y()) = Abihio+ > Abiheo+ > Agbi e+ > Abihe o +n.(6) (6.1)
k=2 k=1 k=1
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(See (2.44) for definitions). In (6.1), the first term denotes the signal of the desired
user (i.e., the first user) in the ith symbol duration, the second term denotes the
interference signal of all other users in the ith symbol duration, the third and fourth
terms denote the interference signal in the (¢ — 1)th and (¢ + 1)th symbol duration,
respectively, and the last term denotes a vector of white Gaussian noise. When

aliasing is present during the sampling process, h; o can be expressed as
hio=5g +e (6.2)

where S; and g; are defined in (2.45), €; = [e1(1) €1(2) --- e1(N + M —1)]* denotes
the additive term to the effective signature of the first user due to aliasing distortion.
For the sake of simplicity, e1(i) fori =1, ..., N+ M —1 are modeled as independent
zero-mean (Gaussian random variables with variance «v. Note that e; does not change
within the channel coherence time. In what follows, coherent multiuser detection is

assumed, i.e., Oy, for k=1, ..., K, m=1, ..., M are assumed to be known at

receiver.

6.3 VCM-Based Blind Multiuser Detectors

The vector constant modulus (VCM) approach was first proposed as an extension of
the constant modulus (CM) approach [47, 48] for blind channel equalization when the
source data has a near-Gaussian distribution. In such a case, it is very likely that a
channel equalizer using the constant modulus (CM) approach would fail to converge
[49, 50]. It has been shown that a channel equalizer based on the VCM approach
outperforms a channel equalizer based on the CM approach [49, 50].

A VCM-based channel equalizer can be obtained by solving the minimization

problem [49, 50].

minimize: J(w)=E [||z]|* - a2]2 (6.3)
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where a = {a(n)}, ¢ = {e(n)}, x = {z(n)} = axc, w = [w; wy --- w]?, and
z = {2(n)} = w % x denote the transmitted signal, the channel impulse response,
the received signal, the equalization vector, and the equalized signal, respectively, ‘%’
denotes linear convolution and || - || denotes the 2-norm of (-), a = E(a%)/E(a?) is a
constant denoting the modulus of source data a.

Let us consider the MUT and ISI suppression problem in DS-CDMA systems using
the VCM approach. By reformulating the signals in the previous and subsequent
symbol durations as the signals of the current symbol duration of additional equivalent
users, (6.1) can be expressed as

3K
y(i) =Y Abihy +ne(i) (6.4)

k=1
In (6.4), A is the amplitude, by is the information bit, and hy, is the discrete-time

effective signature of the kth equivalent user. These parameters are defined in Table

6.1.

Table 6.1. Definitions of Ag, bt, and hy, in (6.4)

k | kell, K] ke[K+1, 2K] k€[2K +1, 3K]
Ap Ap Ar_k Ap_ok

B b bk AR

hy, h; o hy x 1 hy ok 1

Note that after reformulation, the interference in the previous and subsequent
symbol durations in (6.1) is expressed as MUI of 2K equivalent users in (6.4). As
can be seen in Table 6.1, the signal of the desired user in the current symbol duration
corresponds to the signal of the first equivalent user in (6.4). If w is a detection

vector, we have

wy(i) = w[yi(i) y2(i) - Yar(d)] (6-5)
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where y,, (i) = [y(iN +m) y(iN + m+1) --- y((i + 1)N + m — 1)]T is a N-element

column vector which, according to (6.4), can be expressed as

3K
Ym()) = > Acbyh" + nl(3) (6.6)
k=1

In (6.6), h?* = [ (iN +m) hyiN +m +1) --- h((i + )N +m—1)]7 and n™(z) =
[ne(iN +m) n.(iN + m +1) --- n.((i + 1)N + m — 1) are truncated versions of hy
and n.(z) in (6.4), respectively.

According to (6.4)-(6.6), new detectors can be obtained by solving the optimiza-

tion problem

minimize E [[|w7Y()|® ~ a2]2 (6.7a)

subject to: CHw=u (6.7b)

where Y (7) is a Toeplitz matrix defined as

[ JGN+1) yGN+2) .- yGN + M) |
Y(i) = y(iN:+ 2) y(iN:+ 3) y(iN +:M +1) 6.8)
| y(((+N) y((+ 1N +1) - y((t+1)N+M-1) |

= [y1(9) y2(3) -+ ya(d]

a? = A? denotes the modulus of the signal of the desired equivalent user, C is a

N x (2M — 1) Toeplitz matrix given by

FS1(M) 51(1) 0
s1(M) s1(1)
C= : (6.9)
Sl(N) S1(N—M)
0 e s(N) e s(N-M) |
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and u is a (2M — 1)-element column vector with its Ath component being one and
all other components being zeros.

The linear constraints in (6.7b) are introduced into the problem primarily for two
reasons: first, the projection of the discrete-time nominal signature of the desired user
on the detection vector w is fixed to unity; and second, w is forced to be orthogonal
to all other shifted and truncated versions of the discrete-time nominal signature of
the desired user. If the signature distortion due to aliasing is temporarily ignored,
the quantity w#h™ implicitly included in the objective function in (6.7a) can be

expressed as
wPh = g,(m) (6.10)

Since 3"M_ [g1(m)|? = 1, it can be shown that minimizing the objective function in

(6.7a) may lead to
wih™?2~0 fork=2, ...,3K,m=1, ..., M
k

Note that hf" is a truncated version of the discrete-time signature of the kth equivalent
user. By comparing (6.5), (6.6), and (6.10), the minimization of the objective function
in (6.7a) may lead to the suppression of the MUI of equivalent signals.

Once the solution of the optimization problem in (6.7) is obtained, the information
bit of the desired user can be determined using the mazimum ratio combination
(MRC) criterion [4]

~

by (i) = sgn [Re(w?Y - g})] (6.11)

where Re(-) denotes the real part of a complex quantity, sgn(-) denotes the sign of
a scalar, and gF = [g3(1) g}(2) --- g(M)]? is an approximation for the channel

impulse response of the first user, which can be computed as
gi(m) =E ,wHym(z’)] exp(jby,) for m=1,2, ..., M (6.12)

We conclude this section with two remarks, as follows:
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1) Channel Order Selection: Although it is assumed that the maximum channel
length for all users is M, the assumption does not imply that the channels should be
of the maximum length exactly. In fact, if the number of nonzero components in g;
is less than M and their positions are known a priori, then some constraints can be
removed from (6.7b) in order to reduce the amount of computation for solving the
problem in (6.7).

2) Group-Blind Detectors: In uplink CDMA systems, the nominal signatures of
other users may be known at the base station. In such cases, the performance of the
proposed detector can be improved by expanding the linear constraints in (6.7b) such
that w is forced to be orthogonal to the shifted and truncated versions of the nominal

signatures of the other users known at the receiver (see [98] for more details).

6.4 Adaptation Algorithms

In this section, two adaptation algorithms, namely, the constrained stochastic gradient
(CSQG) algorithm, and the recursive VCM (RVCM) algorithm, are proposed for solving
the optimization problem in (6.7).

In the CSG algorithm, the detection vector w is initialized as w(0) = C(CHC) !,
which can be shown to satisfy the equality constraint in (6.7b). In each iteration of
the CSG algorithm, we first compute the instantaneous gradient of the objective
function, which is denoted as g(¢). Then g(7) is projected onto an orthogonal matrix
to C to ensure that the updated vector still satisfies the equality constraint in (6.7b)
in the next iteration. The step size used for the adaptation algorithm is normalized to
improve the convergence of the algorithm. A step-by-step description of the algorithm
is summarized in Table 6.2.

Because the objective function in (6.7a) involves fourth-order statistics of the
received signal, the convergence rate of the stochastic gradient type algorithm can

be rather slow [34]. When communication channels experience dramatic changes, the
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Table 6.2. Constrained Stochastic Gradient Algorithm

Step 1: Compute the initial solution as w(0) = C(C#C)'u.
Step 2: Compute IT§ =1 — C(CH¥C)"ICH.
Step 3: For ¢ =0, 1, 2, ...
(1) Compute e(i) = [[w¥ (&)Y (5)]]* — Af.
(2) Compute the stochastic gradient as g(z) = e(3) - Y(&)YZ(2)w(2)
and project it onto IT§ as g(¢) = II§ g(7).
(3) Compute a step-size as u(i) = B0/ [e(5) - | &# Y ()1
(4) Update the detection vector as w(i + 1) = w(i) — p(i) - g(7)

CGS algorithm may fail to track the variation of the received signal. In what follows,
a recursive VCM (RVCM) algorithm is proposed which offers faster convergence at
the cost of increased amount of computation.

The RVCM algorithm is developed on the basis of the well-known recursive least
square (RLS) algorithm [34]. The initialization for the RVCM algorithm is the same
as that for the CGS algorithm. Two key formulas for the RVCM algorithm are given
by

1

k(i) = s rammpr—Ts PE D 56 (6.132)
P(i) = % PG~ 1) — k(&)s" ()P(i — 1)] (6.13b)

where s(i) = TIEFY (1) YZ (i)w(i), P(¢) is a matrix to approximate the inverse of the
crosscorrelation matrix of s(¢), and 0 < A < 1 is a forgetting factor. A step-by-step

description of the RVCM algorithm is presented in Table 6.3.
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Table 6.3. Recursive VCM Algorithm

Step 1: Initialize P(0) = 6I with & being a positive scalar and w(0) = C(CHC)™!
Step 2: Compute IT§ =1 — C(CHC)"1CH.
Step 3: For i =0, 1, 2, ...
(1) Compute (i) = [[w(@)TY (i){|2 — 42
2) Compute s(i) = IIEY () Y (1) w(3).
(3) Update k(s) as k(3) = P(i)s(z)/ [A + sH ()P (3)s(3)].
(4) Update the detection vector as w(i +1) = w(i) — e(z) - k(1).

)
)
)
(5) Update P(i + 1) = (1/X) - [P (i) — k(3)s" (i)P(3)].

6.5 Analysis of the Proposed Adaptation
Algorithms

In this section, we investigate the interference suppression efficiency of the proposed
adaptation algorithms. For this purpose, we first assume a noise-free channel, i.e.,

o2 ~ (. Using (6.10), the objective function in (6.7a) can be expressed as

M 2 2
m=1
Note that if the detection vector w satisfies
wihi ~ 0 (6.15)
fork=2,...,3Kand m=1, ..., M and wfe; ~ 0, then as can be seen in (6.14)

that J(w) & 0, which is the smallest value that can be assumed by J(w).
By studying the first and second derivatives of the objective function in (6.7a),
it is shown in Appendix C that a sufficiency condition for global convexity in the

optimization problem in (6.7) is given by
3K
Y APy — APy — APy =0 fork=1, ..., 3K (6.16)

=1
I#k



6. VCM MUD for DS-CDMA Systems with Multipath Fading Channels 114

where ‘> 0’ denotes the positive semidefinite and Py, = 2 Z%I:l h7*(h™)# is a pos-
itive semidefinite matrix. Therefore, if the condition in (6.16) is satisfied, then the
problem in (6.7) is a convex programming problem which has a unique and global
optimal solution. In such a case, the solution obtained by using any gradient based
algorithm will satisfy (6.15). In other words, the detection vector obtained by using
the CGS and the RVCM algorithms can effectively suppress the IST and MUI present
in the received signal.

The derivation of the condition in (6.16) is based on the assumption that o2 is
negligible, which is not true in general. In addition, when the sufficiency condition in
(6.16) is not satisfied, the above analysis cannot be applied directly.

Monte-Carlo simulations were conducted to examine the interference suppression
performance of the proposed algorithms. In the simulations, the measurement of in-
terest is the bit-error-rate (BER) which was averaged over 100 runs, each of which
entails the detection of 10° information bits. For comparison purposes, the BERs ob-
tained by using the constrained optimization method (denoted as the COM detector)
and the subspace method (denoted as the SUB detector) are also presented. Note that
the interference suppression efficiency of the proposed detector is comparable to that
of the COM and SUB detectors if the BERs obtained by the proposed detector are
sufficiently close to that obtained by the two detectors. The system parameters that
are related to the sufficiency condition in (6.16) were randomly generated in each run.
More explicitly, sy and g were vectors of zero-mean Gaussian variables of unit norm,
dr was an integer selected from {0, 1, ..., (N—1)} with equal probability, and A, for
k=1, 2, ..., K were assumed to log-normally distributed random variables whose
log-arithmitic variance is denoted as o2. These parameters remained unchanged in a
single run but were regenerated for different runs. For a fair comparison, we assumed
that e, =0, k = 1,..., K in the simulations.

The first example considered a six-user system with a reduced near-far problem by

setting 02 = 10. Parameters N and M were assumed to be 63 and 4, respectively. The
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second example involved an eight-user system with a more severe near-far problem by
setting o2 = 1000. Parameters N and M were assumed to be 127 and 5, respectively.

The BERs obtained for the two examples are plotted in Figs. 6.1 and 6.2, respectively.
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Figure 6.1. The BERs of various detectors in the first ezample.

It is observed in the figures that the BERs obtained by using the CSG and RVCM
adaptation algorithms (denoted as the CSG and RVCM detectors, respectively) are
very close to those obtained by the COM and SUB detectors. These simulations
imply that when aliasing distortion is not present at the receiver, the interference
suppression efficiency of the proposed detectors is comparable to that of the COM
and SUB detectors.
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Figure 6.2. The BERs of various detectors in the second example.

6.6 Simulation Results

Two computer simulations were conducted to investigate the performance of VCM
detectors with aliasing present at the receiver. In the simulations, v = 0.01,0.05,
and 0.08 were assumed. The other system parameter values were assumed to be the
same as those in the first and the second examples in Sec. 6.5. The BERs of various
detectors versus the magnitude of -y obtained in the two examples are plotted in Figs.
6.4 and 6.5 where the dash-dot, dot, and dash lines denote the BERs obtained for
~v = 0.01,0.05, and 0.08, respectively.

It can be observed in Figs. 6.3 and 6.4 that the VCM detectors offer significantly



6. VCM MUD for DS-CDMA Systems with Multipath Fading Channels 117

1 I 1 1 1
107 r
R om----1
————— 8- —-—~—@®-—-——— @~~~ "
?,;:é;"\”@ --------------- O ¢
:{:§;$ - @t i, - YR RCEERR RS @ vt
‘::i:::'f:\ ;\
10—2-_ \§:§:‘: ~ ]
L S "“-\N,:ﬁ ]
5 LRI - . ]
x 'Qf;\'f.g'_--._'\\\‘&-:-\__
IEg \\\ \*\ S~ T8 -
\,\\..\ \IA \\\ A\ ?
~ A\ - ~
3L TN s \\\
_ - .. ~
10 TN AL ST
—x= COM TN T
-o- SUB S
A- CSG -k'\ N~
—— RVCM NN e
NN
NN
-\'A
) ~L
10 E
i 1 1 1 I ]
4 5 6 7 8 9 10

Signal-to—noise ratio (SNR)
Figure 6.3. Demodulation BERs obtained in the first example.

improved BER performance relative to the other two detectors for nonzero values of .
In addition, although an increase of v leads to severe degradation in the performance
of the COM and SUB detectors, it causes only mild degradation in the performance
of the proposed detectors. It can also be seen that the BER performance offered by
the VCM detector using the RVCM algorithm is slightly better relative to that of the
VCM detector using the CGS algorithm.
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Figure 6.4. Demodulation BERs obtained in the second example.

Conclusions

New multiuser detectors based on the VCM criterion have been proposed for DS-

CDMA systems with multipath propagation channels. Two adaptation algorithms

have been developed and the interference suppression efficiency of the proposed de-

tectors has been investigated. Computer simulations have been conducted to evaluate

the performance of the VCM detector. It has been shown that the proposed detec-

tors can effectively suppress the MUI and ISI present in the received signal. More

importantly, these detectors have been shown to offer robust performance against the

discrete-time signature distortion caused by aliasing at the receiver.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

Four multiuser detectors have been proposed in Chapters 3 to 6 for different mobile
communications environments. They are the semidefinite programming relaxation
(SDPR) detector, the recursive convex programming (RCP) detector, the subspace-
estimation based (SED) detector, and the vector constant modulus (VCM) detector.
The SDPR and RCP detectors are designed for base stations aimed at providing joint
detection for the information bits of all users, and the SED and VCM detectors are

designed for mobiles where the information bit of only one user needs to be detected.

7.1.1 SDPR Detector

In Chapter 3, we have proposed a multiuser detector to approximate the maximum
likelihood (ML) detection by using a semidefinite programming relaxation method.
In this detector, the combinatorial optimization problem associated with the ML
detection is reformulated by expressing the binary constraints as a number of linear
equality constraints and a rank constraint on a positive semidefinite matrix. It has
been shown that by neglecting the rank constraint on the positive semidefinite matrix,
the combinatorial problem can be relaxed into a semidefinite programming (SDP)
problem whose solution can be obtained with much reduced computational complexity

relative to that involved in the combinatorial problem.
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In order to further reduce the amount of computation involved, an efficient algo-
rithm has been proposed based on duality theory. This algorithm is composed of three
steps: first, the primal SDP problem is reformulated to a dual SDP problem; second,
the dual problem is solved by using the projective method; and third, the solution of
the primal SDP problem is expressed in terms of the solution of the dual SDP prob-
lem based on the KKT conditions and the central path concept. Since the number
of variables involved in the dual SDP problem is reduced by an order of magnitude
relative to that involved in the primal SDP problem, the implementation efficiency
of the SDPR detector can be considerably improved by using such an algorithm.

Computer simulations have been presented to demonstrate that the demodulation
performance of the SDPR detectors is comparable to that of the ML detector, and is
significantly better relative to those of other suboptimal detectors such as the decor-
relating detector and the MMSE detector. However, the computational complexity
involved in the SDPR detectors is of polynomial order with respect to the number of
users by contrast with that involved in the ML detector which grows exponentially. A
comparison of the SDPR detectors has shown that the dual SDPR detector is much
more efficient than the primal SDPR detector owing to the significant reduction in
the number of variables involved. Furthermore, it has also been shown that these
improvements in efficiency are brought about without degrading the performance

relative to that achieved by the ML detector.

7.1.2 RCP Detector

Our attention in Chapter 4 was focused on the design of a multiuser detector using a
recursive convex programming (RCP) approach. In the proposed detectors, the com-
binatorial problem associated with ML detection is relaxed to a convex programming
problem and then a recursive approach is exploited to approximate the solution of
ML detection. It has been shown that the recursive approach used in the proposed

detectors is analogous to the interference cancellation approaches that have been ap-
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plied in many other multiuser detectors. However, since the order of cancellation and
the decisions of the information bits in the RCP detector are based on the solutions
of CP problems, the RCP detector outperforms those of other detectors using inter-
ference cancellation approaches. A comparison of the RCP detector with the SDPR
detector has been presented to demonstrate that the RCP detector and the SDPR
detector belong to two distinct ways in approximating the ML detector. In order to
further reduce the computational complexity involved in the RCP detector, an effi-
cient unconstrained relaxation (UR) approach has been proposed, and its effect on
the implementation efficiency of the RCP detector has been investigated.

Computer simulations have been presented to demonstrate that the demodulation
performance of the RCP detector is superior relative to many other suboptimal de-
tectors such as the successive interference cancellation (SIC) detector, the GMMSE
detector, and the BC detector. In DS-CDMA systems suffering strong MUI, the
demodulation performance of the RCP detector has been shown still comparable to
that of the ML detector, and slightly better relative to that of the SDPR detector.
Comparisons of the computational complexity involved in the ML, the SDPR, and
the RCP detector have indicated that the RCP detector entails a significantly lower

computation burden relative to that of the other two detectors.

7.1.3 SED Detector

In Chapter 5, we focused on the design of multiuser detectors for DS-CDMA systems
with frequency-selective channels. In such a channel environment, the effective signa-
ture waveform can be distorted during multipath propagation and can thus become
unknown to the receiver. It has been shown that a mismatched signature used at
receiver may lead to significant degradation in the performance of the constrained
minimum output energy (CMOE) detector. Multiuser detectors based on subspace
and constrained optimization methods have been proposed to alleviate the problem

effectively by several researchers. However, both types of detectors have some disad-
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ventages: i) the detector based on constrained optimization methods offers worse per-
formance than the detector based on subspace methods, and ii) the detector based on
subspace methods require more computation than the detector based on constrained
optimization methods.

In Chapter 5, we have also shown that the existing subspace and constrained
optimization methods can be related to each other via the bridge of estimation of
the noise subspace. Based on this observation, a new approach has been proposed
for a more accurate estimation of the noise subspace. The estimation of the noise
subspace offered by the new approach is comparable to that offered by the existing
subspace methods despite the channel noise level. Based on the new approach, a
subspace estimation based detector has been proposed for DS-CDMA systems. The
performance of the proposed detector can approach that of the existing subspace
methods while requiring a much reduced computational complexity. Relative to ex-
isting detectors based on constrained optimization methods, the proposed detector
offers a significantly improved performance while requiring a comparable amount of

computation.

7.1.4 VCM Detector

In Chapter 6, our attention was focused on the design of multiuser detectors for DS-
CDMA systems with frequency-selective channels where the discrete-time effective
signature is distorted not only by multipath propagation but also by aliasing at the
receiver. In the presence of aliasing, the discrete-time effective signature is a linear
convolution of the discrete-time versions of the nominal signature and the channel
impulse response plus a additive term representing aliasing distortion. Our simulation
results have shown that the detectors described in Chapter 5 are very sensitive to
aliasing.

In Chapter 6, new multiuser detectors have been proposed. In the proposed detec-

tors, the detection is carried out by solving a linear-constrained optimization problem
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whose objective function is formulated based on the vector constant modulus (VCM)
criterion. It has been shown by analysis and simulation results that minimization of
the objective function of the optimization problem leads to effective suppression of
multiuser interference (MUI) and intersymbol interference (ISI). Two adaptation al-
gorithms, namely, the constrained stochastic gradient (CSG) algorithm and the recur-
sive vector constant modulus (RVCM) algorithm, have been developed for solving the
optimization problem. The effective maximum ratio combination (MRC) approach
has been applied to make binary decisions for the information bits transmitted.
Computer simulations have been presented to demonstrate that the performance
of the VCM detector is comparable to that of the detectors described in Chapter
5 when aliasing is not present at the receiver. When aliasing distortion is present,
however, the VCM detector has been shown to offer significantly better demodulation
performance relative to that of the detectors described in Chapter 5. In addition,
it has also been shown that the VCM detector based on the RVCM algorithm offers
slightly better performance relative to the VCM detector based on the CSG algorithm.

7.2 Future Work

In what follows, three research topics are suggested that can extend the work pre-

sented.

7.2.1 RCP Detectors

Although the RCP detectors described offer near-optimal demodulation performance,
the computational complexity involved in both detectors is still rather high relative to
that required by linear multiuser detectors. Since the recursive approach utilized in
the RCP detector is very similar to the interference cancellation approaches used for

other detectors which involve considerably lower computational complexity relative
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to that of the RCP detector, it would be natural to ask whether the RCP detectors
can be implemented with linearly increased computational complexity with respect
to the number of users? In addition, a thorough study on the error probability of the

RCP detector is required.

7.2.2 RCP Detectors for Asynchronous DS-CDMA Systems

In asynchronous DS-CDMA systems, the number of variables involved in the CP prob-
lem can be increased significantly, which leads to a dramatic increase in the compu-
tational complexity. Therefore, it is of particular importance to design asynchronous
versions of RCP detectors without dramatically increasing the computational com-
plexity. In fact, the design of the ML detector for asynchronous DS-CDMA systems
has been considered and an efficient Viterbi algorithm has been proposed. However,
the Viterbi algorithm was developed based on a trellis structure, which cannot be
applied directly to the SDPR and the RCP detectors. Once the design of the RCP
detector for asynchronous DS-CDMA detectors has been achieved, it would be natural

to consider extensions for multipath propagation channels.

7.2.3 SED Detector

Recall that although improved performance has been achieved for both low and high
SNR AWGN channels by using the method proposed in Chapter 6, the improvement
is limited when the approximation of the data correlation matrices is imperfect or the
background noise is not white Gaussian. In this regard, it is worthwhile to extend the
current work to overcome the above mentioned limitations. These extensions could
include (a) develop more robust detectors based on the proposed method for DS-
CDMA systems where the data crosscorrelation matrices are imperfect; (b) develop
approaches for DS-CDMA systems where more realistic noise models are considered;

and (c) develop adaptive algorithms for the above systems to improve the imple-
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mentation efficiency. Together with the current work, the proposed extensions will

constitute a feasible solution for multiuser detection in wideband DS-CDMA systems.
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Appendix A

Proof of Propostion 4.2

We prove this proposition by induction with respect to K.

(i) It is easy to see that for any scalar = that satisfies the inequality |z|™ — 1 < 0 for
m > 1, we have z € [—1,1]. Hence, |z|® — 1 < 0 for n > 1 and the proposition holds
for K = 1.

(ii) Assume that the proposition holds for K = k. That is, for any k-component

vector X € Ry, if

k
Y lmm—k <0 form>1, (A.1)
=1
k
then Zm;”—kgo form>n>1 (A.2)
i=1

We can now show that the proposition also holds for K = k+1. That is,ifm >n >1

and

|z1|™ + |22 ™ + -+ |z | — (B +1) <O (A.3a)
for any vector x € Ry, then

|21 |™ + |za|™ + -+ - + |z | — (B +1) <0 (A.3b)

Denoting z; as the component of x in (A.3a) that has the least absolute value, it

is easy to see that |z;] < 1. Then (A.3a) can be expressed as

k+1
Sl <k 41—z (A.4)

=1
ki
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By introducing a positive scalar
t=[k/(k+1—|z;[™)]/"

the inequality in (A.4) is equivalent to

k41
D ltam <k (A.5)
=1
ki
Since there are only k variables involved on the left-hand side of (A.5), according to

the assumption, we have

E+1
> ltat -k <0 (A.6)
7
which can be expressed as

k+1

Dol <ETME AT - ™) (A.7)

i=1

i

Next we define a function

f@)=(k+1—2") — [E™ (& + 1 — g™)"/™]
whose first derivative is given by

f(@) = —nz" 4 KOVm(g 41— gm)/m-lpm-l (A.8)
For z € [0,1] and m > 1, it can be verified that

1 g™\
<z<|[|[l1++-—-—— A9
0<z< ( + i ) (A.9)
If we take the (m — n)th power for both sides of (A.9), then for m > n > 1 the above

inequality becomes

M= (k41— xm)(m—n)/m

S 2D ST pmewm (A-10)




Appendiz A 136

which leads to

k(m—-n)/m(k +1— xm)—(m—n)/m . x(m—-l) < x(n_l) (All)

Using (A.11), f (z) in (A.8) can be shown to be non-positive for 0 < z < 1. That is,
f(z) is monotonically decreasing on interval [0, 1]. Since f(1) = 0, we have f(z) > 0

for z € [0, 1]. Hence,
ECmm (k41 — |z ™)™ < (k+1—|z;") for 0< |z <1 (A.12)
From (A.7) and (A.12), we have
(1™ + |z + -+ 21" <k + 1 (A.13)

which implies that the inequality in (A.3) is satisfied.
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Appendix B

Proof of Proposition 4.4

The following lemma will be used in the proof.

Lemma B.1: If A is an n X n matrix composed of four block matrices as

A, A
A — 11 Al (B.1)

Ay Ay

where Ay € CF*F Ay, € CFXv=k) A, € COBxE and Agy € Cv=F)%(n=k) then the

inverse of A is given by

B —B-ApAj

1 (B.2)
—C-AyAj; C

Al =

where

B=(A; - A12A2_21A21)—1
C = (Agy — Ay ATA )

This lemma can be easily verified by showing that A= - A = 1.
To simplify the notation, the solution of the problem in (4.36), x7, is expressed as

Xj = [ }j{ :l (B.3)

where X7 is composed of the variables corresponding to the information bits that are

* LR

<

detected in the jth iteration and X} is composed of the variables corresponding to the
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other information bits. According to the RCP algorithm in Table 4.2, we have
%5(@)] <& and [X()| =& (B-4)

where x(¢) denotes the ith component of x. Note that according to the assumption

in (B.3), H; in (4.36) can be decomposed into submatrices as

H, = g;“ ;Ij (B.5)
j y
where H;; is defined in (4.22) and H; and H, are defined in (4.40).
Note that the constraint c;(x},p) <0 implies that the constant of this problem is
inactive; hence, the solution of the problem in (4.34) can be obtained as

-1

x* 1| Hiyw H; L
xt= | 9 | =2 | T (pj+2Hjbj) (B.6)

X 21 B H;

J

According to Lemma B.1, X} in (B.6) can be expressed as
Xj
where A is defined by
Y ) T T IT-1A &T
A= (B - FHH]) - (A48T, - BH;A,87) (B.8)

S;, Aj, S;y1, and Aj,; are defined in (4.22), S; denotes the signature matrix ob-
tained by removing the columns of S; whose indices are not in Q;,;, A; denotes the
amplitude matrix obtained by removing the rows and columns of A; whose indices
are not in {;,1, and Jp; denotes the vector composed of the decision errors of the
information bits that are detected before the jth iteration.

Next we define vector x} 41 @S

1. . B o
Xl = *‘Q‘Hjil(PjH +2H,1bj1) = H7 Aj1 ST, (r — Sj11A11bjg)

= bj1 + Hj [ Aj11S541 (S;A 0, + SjA 6 + nc) (B.9)
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where &y, ; denotes the vector composed by the decision errors of the information bits

that are detected in the jth iteration. It is easy to verify that

¥
5x’j — XJ

— x;+1 — Ej ‘N, + Ej . Sj Ajé_'b, j H_;—-&l HJ’ 5b, j (BlO)
where X is defined as

3 =A; - Hj A ST, (B.11)

When the decisions of the ith information bits for ¢ € §2;,; are determined correctly,

&b, j and &y, ; become zero vectors, and (B.10) can be simplified to

ey =%} —x',, =%;-n, (B.12)
Hence
P [ X741 = xm] [P (|xJ+1 0)] < 1) (B.13)
€04
> J] Plns;0)l <1-¢) (B.14)
€4

where ny ; = 3;n. and ny ;(i) denotes the ith component of ny ;. Note that the
inequality in (B.13) is obtained by letting p — oo and thus is satisfied for any scalar
p > 1. Since ny ;(i) is a zero-mean Gaussian variable whose variance is 0?p? with p;

being defined in (4.37), we obtain

. 1 1-¢; t2 :
P(nx(d)| <1-¢&) = Tonon /(1 ) exp (~§-;—2E2—> dt = erf (\/_apz) (B.15)

Substituting (B.15) into (B.14), we have

* 1 — r n
P [xj+1 2Ha+1(Pj+1 +2H,,b;p, ] H erf (\/_apz) (B.16)

Z¢Q +1
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A Sufficient Condition for Global
Convexity of the Problem in (6.19)

Based on the assumption ||g; [|> = 1, the objective function in (6.19a) can be expressed

as
2

E > (wyml* — Atgi(m))

m=1

J(w)

=2 Y Tnalw) (C.1)

where 1, = A2gX(m) and Jpna(w) = E ([wyn|? — ) ([WwHys2 — ). In (C1),
Ym(4) is replaced by y,, to simplify the notation. By defining H™ = [h® h* --- hT}],
A =diag{A; A, --- A3} and b= [b; by --- bsx|T, (6.18) can be expressed as

Vm = HpAb + v, (C.2)

where v, (7) is replaced by v,, for the same reason. When m = n, 7, (W) can be

simplified as
Tnm(W) = B(Iwy,[!) — 2rB(lwym|?) + 1, (C.3)

Note that each component of b can assume +1 and -1 with equal probability and v,

is a vector of complex-valued zero-mean white Gaussian variables. It can be shown
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that

E(bbf) =1 Elwfv,|? = o}(wiw Elwfv,,|* = 30} (wiw)?
v v

E(vipvE) =0 E(vnvl) =0 form#n (C.4)
By using (C.4), we compute

E (Iwyal?) = w¥(Qu + 02w = W' Ry,w (€9
Elw!yn| = B [wHnAB|' +E [w¥ (v,b” AT} + H,pAbvi)w]’
+E[W v " + 2w Quw)Blw v, |

=E {wHI:ImAl_)|4 + 30t (wHw)? + 4o2(wHQ,w) - wHw  (C.6)

where Q,, = H,AA¥HT and R,, = Q,, + 02I. The first term in (C.6) can be

written as
3K 3K
ElwiH A"l_ H 2 A2 A2 Hiym 2|9 HRpm|2
|w'H,Ab|" = (W'Q,w) +ZZ P A7 [[why *[wHhp|
k=1 f;]lc
+(wh)*[(w?hy*) 7)) (C.7)

Substituting (C.5), (C.6), and (C.7) into (C.3), Jmm(W) in (C.3) can be expressed

as

TImm(W) = (WIR,wW — 1,)% + 200 (wiw)? + 202 wHQ,,w - wiw
3K 3K
+> > A4 W B Plw R + (wihE Y [(wHR) ] (C.8)
=
When m # n, Jmn(W) can be derived in a similar way as

3K 3K

TImn(W) = (WHRnW — rm)(wHRnW —Ty) + E E fliﬁf [(WHI—I;?)(WHI_IZ)-
k=1 =1
I#k

(wh)H (wihi)H + (whhi) (wHhp)™ (wh")" (w'h})] (C.9)



Appendiz C 142

Substituting (C.8) and (C.9) into (C.1), the objective function in (C.1) becomes

3K 3K
J(w) = 202(wHQw)(wHw) + 20 M(wHw) ZZA2A2 (WHP,w)?
2ioo
13K
+ (WwIRw — A2)? - 3 ;Ak(wHPkkw)Q

= Fi(w) (C.10)

where Q = Znﬂle Q., R = Znﬂle R, are positive semidefinite matrices, Py, is a
Hermitian matrix which is defined as Py, = M [h(hy)# + h*(h*)¥]. Note
that J;(w) is defined as the ith term in (C.10).

Next, we compute the Hessian of the objective function, which is given by J" (w) =
32 | J'(w). In what follows, x denotes an arbitrary nonzero vector.

i) The Hessian of J;(w) is given by

1z

Ji (w) = [202(wH Qw)(wiw)] (C.11)
= 80" [(Ww)Q + ww Q + (WHQw)I + Qww?]

According to the Cauchy-Schwarz inequality, we obtain

x27'x > 802'\/WHW\/XHQX—\/xHxx/wHQwi2 >0 (C.12)

ii) The Hessian of Jy(w) is given by

"

Tz (W) = [2Mo*(wHw)?] = 16Mo*(wiw - I+ wwh) (C.13)

It is easy to see that xZ .7, x = 16Mo* (||w|]?||x||? + [xZw|?) > 0
iii) The Hessian of J5(w) is given by

1 3K 3K o
Ty (W) =5 ) RA(WIPuw)’
k=1 I=1
3K 3K
=4 Y A& [Puww P+ (wiPyw)Py] (C.14)
k=1 I=1
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iv) The Hessian of J;(w) is given by

Jp (w) = [(wiRw — A?)?] = SRww?R + §(wiRw — A2)R  (C.15)

v) The Hessian matrix of Js5(w) is given by

3K "
Z /_1% (WHPkkW)2:|
k=1

3K
= —4 Z /_12 [:PkaVVVH].:)gC + (WHPkkW)Pkk} (016)
k=1

1" 1
Js (W) = ~3

Since J; (w) and J, (w) are positive semidefinite matrices, we have to find the con-
dition so that 3>_, J;'(w) is positive semidefinite as well. After some manipulations,

it can be shown that

3K 3K 3K
x [4 Z Z A A (PrwwiPE) — 4 Z AL (Prww P | x
k=1 I=1 k=1
3K 3K
=4 > RAxIPLw|* >0 (C.17)

k=1 =1
i#k

3K 3K
XH (4ZZAEA?(WHPMW)PM) X
k=1 I=1
M M _ _ _
=163 1> A (w"hy)(x"hY)
m=1n=1 | k=1

x” (SRww”R) x = 8|x"Rw]|* > 0 (C.19)

2

>0 (C.18)

3K

Then based on the constraint (6.19b), we have

wiRw > A2 + o*wlw > A7 (C.20)
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which leads to

3K
xH? I:S(WHRW - AR -4 Z Ap(WHPw) Py | x (C.21)

k=1

3K
> XH |:8(WHQW - A%)Q —4 ZA% (WHPkkW)Pkk X

k=1

3K 3K
=2 Z AiXHPka Z AIQWHP”W - A—.%WHPHW — AiWHPkkW (022)
k=1 =1

Ik
3K _ 3K
=2 Z A%XHPka . WH Z AIQPH - A%PH d A,%Pkk W (023)
k=1 =1

£k
Note that the equality in (C.22) is based on the observation w#P;,w = 2-|g;|* = 2.
In addition, since Py in (C.23) is a positive semidefinite matrix, we have xHPyx > 0.
Hence, if

f:]ll?P“ — APy — AP =0 for k=1,2, ..., 3K (C.24)
i=1
1k
then the quantity in (C.23) is non-negative.
Therefore, if the condition in (C.24) is satisfied, then the Hessian of the objective
function is globally convex and thus the problem in (6.19) has a unique global optimal

solution.



