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ABSTRACT

Topological Data Analysis (TDA) is a branch of computational topology that provides meth-

ods to extract qualitative information from high-dimensional, noisy, and incomplete data.

TDA combines techniques from various fields, such as algebraic topology, computational

geometry, algorithms, statistics, and graph theory. Persistent Homology (PH), based on ho-

mology theory from algebraic topology, is the principal tool used in TDA; PH tracks the

evolution of topological features of the data across multiple scales through persistent homo-

logical bars, which represent the creation (birth) and disappearance (death) of these features.

These bars are graphically depicted through persistence diagrams and persistence barcodes.

The challenge in using PH for the analysis of noisy real-world data is to separate the bars

generated by noise from the bars that provide meaningful topological information of the un-

derlying geometric object from which the data is sampled; this problem remains unresolved

despite various proposed techniques. A limited number of papers analyzed the PH of noise

by considering points in Rd generated using probability distributions. This thesis introduces

persistent homology concentrating on the computational side, and it examines the birth and

death times of persistent homology bars generated by Vietoris-Rips complexes of uniformly

distributed points in three spaces: a unit interval, a unit square, and a unit cube. Through

numerical simulations, it is identified that the birth and death times of the persistent homol-

ogy bars adhere to distinct statistical distributions, whose precise nature varies according to

the space from which the points are sampled and the homological dimension of the persis-

tent homology bars; the research examines the behaviour of their parameters as the number

of points increases, providing insights into the persistent homology of noise and laying the

groundwork for further research.
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Chapter 1

Introduction

The Global Datasphere1 is increasing in size at an exponential rate. The growth of data is

due to a large number of factors that need to be taken into consideration, such as human

development, population growth, and technological advancements. More precisely, according

to the International Data Corporation (IDC), the Datasphere is estimated to be 80 ZB

(equivalent to 80 · 1021 bytes) in the year 2022, and it is forecasted to reach 175 ZB (80 · 1021

bytes) by 2025 [30].

The data growth has led to various difficulties in comprehending the collected data. This

is primarily due to the increased computing power required for analysis, storage demands, and

the need to optimize existing algorithms and software. Additionally, the complexity of the

data, including its high dimensionality, incompleteness, and the presence of noise, constitutes

an additional issue [29]. The use of mathematical and statistical methodologies in data

analytics has been proven to impact addressing the aforementioned challenges considerably.

One of the branches of mathematics that have gained significant interest in comprehending

the underlying structure of data is topology, specifically topological data analysis (TDA).

Nevertheless, TDA is frequently perceived as a field on its own as it incorporates techniques

from various domains such as algebraic topology, computational geometry, computer science,

and statistics.

1.1 Topological Data Analysis

From a mathematical point of view, algebraic topology is interested in studying the prop-

erties of topological spaces using algebraic structures; in particular, homology describes a

topological space in terms of homology groups which are properties that are invariant under

1The Global Datasphere is a measure of all new data that is captured, created, and replicated in any given
year across the globe.
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homeomorphism. Informally, the homology groups Hk(X) of a topological space X describe

the number of k-dimensional holes (i.e. connected components, cycles, and voids) in the

space X.

The primary tool used in TDA from algebraic topology is persistent homology; the interest

in this field by researchers in non-mathematical fields is due to its large number of applications

[16], the ability to understand the general idea without the necessity of solid background in

mathematics and the availability of software to compute the persistent homology of real-world

data.

Mathematical formalism will be introduced in Chapter 1, so we start with a simple ex-

ample that can provide an intuitive understanding of the scope of this thesis.

1.2 Motivation

Suppose user A transmits Figure 1.1a to user B, who is interested in studying the topological

properties of the annulus in order to detect the presence of holes, but a certain amount of

data is lost during the process, and user B receives Figure 1.1a in the form of point cloud

data (Figure 1.1b). User B can utilize persistent homology for retaining the original figure’s

topological information through the point cloud data.

More generally, the homology of a manifold M embedded in a Euclidean Space could

(a) (b)

Figure 1.1: An annulus (a) and IID random sample from an annulus (b).

be recovered from a set of independent and identically distributed random sample X =

{X1, ..., Xn} from M. The general approach involves considering the homology of

U =
n⋃
k=1

Bϵ (Xk) (1.1)
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where Bϵ (Xk) is the Euclidean ball of radius ϵ centered at Xk.

The main problem is the determination of the ϵ for which U and M could have the

same homology groups. However, the existence of such ϵ depends on n, which must be large

enough.

Persistent homology solves this problem by considering a range of values for ϵ. The general

idea behind persistent homology is to interpret ϵ as a time variable because the homology of

the union of balls changes as ϵ increases (for instance, the number of connected components

decreases over time): homological features will appear and disappear varying ϵ and their

relation to the original manifold is determined by their ’lifetimes’. These lifetimes are encoded

using persistent homology bars (or bars); more precisely, each bar is an interval (ϵi, ϵj) ∈ R2

where the coordinates represent the birth time and death time time of a homological feature.

The persistent homology bars are graphically depicted through Persistence Diagrams (Figure

1.3) and Persistence Barcodes.

The assumption is that among all the homological features that are recorded over time,

the ones that persist for a relatively long time have a higher probability of representing the

homology of M, and the remaining ones are interpreted as topological noise. Another issue

arises when X contains additional noise or points that are not sampled from the manifold

(Figure 1.2c and 1.2d).

Figure 1.2: (a): an annulus; (b): a point cloud sampled from an annulus; (c), (d): point
clouds sampled from an annulus with additional noise.

Adler, Bobroski and Weinberger have studied this phenomenon in [2], where it has been

shown that the overall behaviour of persistent homology bars depends on the type of statisti-

cal distribution from which the additional noise is sampled. More precisely, [1,2] investigate
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the homology of simplicial complexes built from a random set of vertices sampled from Gaus-

sian, exponential, and power-law distributions in Rd.

In this master’s thesis, we examine the persistent homology properties of uniform noise,

precisely, points produced by a uniform distribution within a unit interval, unit square, and

unit cube. We aim to estimate the likelihood of a persistent homology bar being born or dead

at a specific time. Precisely, we explore the distribution of persistence diagrams for uniformly

distributed points in subsets of a Euclidean space Rd and investigate the relationships between

the persistence diagrams of different numbers of points in each homological dimension. Our

experiments suggest that the birth and death times of the persistent homology bars of these

points follow probability distributions for all k < d ≤ 3, where k is the homological dimension,

and d is the ambient dimension of the Euclidean space. It is worth noting that our focus

is not on identifying the exact statistical distribution of the birth and death times but on

understanding the behaviour of the parameters of the probability distributions that fit well

with a specific dataset as the number of points in the dataset increases.

In this study, the choice of uniform distribution provides a foundation for understanding

the distribution of the persistent homology bars of noise. In its fundamental nature, the

uniform distribution is often a local approximation for more complex continuous parametric

distributions. By focusing on the effect of uniformly distributed noise on persistent homology

bars, this work lays the groundwork for more comprehensive research. Indeed, the ultimate

goal is to develop an integral transform that describes the distribution of noise bars in the

Vietoris-Rips complex from points selected from continuous parametric distributions. Thus,

focusing on uniform distribution, this work is the building block for a broader research.

1.3 Thesis Overview

Chapter 2 provides an introduction to persistent homology and a brief overview of the

computational approach.

Chapter 3 outlines the scope of the research, its methodology, data collection procedures,

and a description of the statistical techniques employed to determine the distributions

that best describe the data.

Chapter 4 presents the results of the analysis of the simulations. We present persistence

diagrams, histograms, tables containing distributions tested and the quality of their

fits, estimated parameters of the selected distributions, and regression models.

Chapter 5 provides a summary of the thesis and presents the main results and future work.
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(a) (b)

(c) (d)

(e) (f)

Figure 1.3: Persistence Diagrams in homological dimension 1 of a point cloud sampled from
an annulus at various stages as the radii of the balls around each point increase. A union
of balls with a ’very small’ radius has the same homology as n distinct points (a); a union
of balls with a ’very large’ radius has the same homology as one point (f). The union of
balls in (c), (d), and (e) have the same homology as an annulus; indeed, the presence of the
one-dimensional hole (born at radius ≈ 3, and dead at radius ≈ 9) is represented as a point
in the persistence diagram in (f) that is far away from the diagonal with respect to the other
points, more precisely, this is a topological feature that persists for a relatively longer time
than all the other features which are assumed not to provide any relevant information about
the annulus.



6

Chapter 2

An Introduction to Persistent

Homology

This chapter provides an overview of persistent homology, using consistent terminology from

Edelsbrunner and Harer [12], Hatcher [17], and Carlsson [40]. The mathematical concepts

presented in this chapter serve as the cornerstone of our research and are essential for com-

prehending the outcomes. However, to develop the theory of persistent homology, we must

first revisit certain concepts from algebraic topology.

2.1 Algebraic Topology

Let u0, u1, ..., uk ∈ Rk+1 be affinely independent, or equivalently, let u1−u0, ..., uk−u0 be lin-

early independent. Then a k-simplex is a set of the form

σ =
{
λ0u0 + ...+ λkuk

∣∣∣∑k

i=0
λi = 1 and λi ≥ 0 for i = 0, 1, ..., k

}
, (2.1)

equivalently, a k-simplex is the convex hull of k + 1 affinely independent points, σ =

conv(ui0 , ..., uik). The boundary of each simplex is composed of lower dimensional simplices:

vertices form the boundary of an edge, edges and vertices form the boundary of a triangle,

and triangles, edges, and vertices form the boundary of a tetrahedron (Figure 2.1). We refer

to these lower dimensional simplices as faces of the higher dimensional simplex. Simplices

are building blocks for more complicated algebraic structures (simplicial complexes).

Definition 2.1. A (geometric) simplicial complex is the union of a finite set K of simplices

with the property that for any two simplices, their intersection σ ∩ τ is either empty or a

common face of both (a simplex of K ).
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Figure 2.1: A 0-simplex or vertex, a 1-simplex or edge, a 2-simplex or triangle, and a 3-simplex
or tetrahedron (from left to right) [17].

By constructing a simplicial complex from a set of points in a Euclidean space, we can

conveniently establish a connection between a geometric object and these points. Never-

theless, it should be noted that simplicial complexes can also be assigned to any arbitrary

collection of sets.

Definition 2.2. An abstract simplicial complex is a set K of nonempty finite subsets of some

finite set V, with the property that for every σ ∈ K, and every nonempty τ ⊆ σ, we also

have τ ∈ K.

We can construct an abstract simplicial complex from a simplicial complex. More for-

mally, let K be a simplicial complex, then an abstract simplicial complex K∗ can be obtained

by considering K ’s set of vertices. In this scenario, K∗ is defined as a geometric realization

of K and K is a vertex scheme of K∗. More precisely,

K∗ = {σ | σ is the set of all vertices of some simplex in K}.

Given an abstract simplicial complex K∗ on the vertex set V with |V | = n, we relabel V

with affinely independent points u0, ..., uk ∈ Rk+1 and let

K =
⋃

[ui0 ,...,uik ]∈K
∗

conv(ui0 , ..., uik)

where conv(u0, ..., uk) denotes the convex hull of u0, ..., uk.

Therefore, the word simplicial complex will be used to refer interchangeably to either an

abstract simplicial complex or to its geometric realization.

2.2 Persistent Homology Theory

Data is often represented as an unordered sequence of points in a Euclidean space En. One

way to convert a set of points xα in a metric space into a global object is to use the point

cloud as the vertices of a combinatorial graph whose edges are determined by proximity. The
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graph is then completed to a simplicial complex.

The choice of how to fill in the higher dimensional simplices of the proximity graph allows for

different global representations. According to the method used to build these objects, the final

simplicial complex might be referred to as Čech, Alpha, Delaunay or Vietoris-Rips Complex

[15]. The study of these complexes is useful for developing the theory of persistent homology,

and a detailed description of these complexes can be found in the works of Edelsbrunner-

Harer [12]. However, in computational topology, the most common complex used to derive

topological features of the data is the Vietoris-Rips complex, which is closely related to the

Čech complex.

Definition 2.3. Vietoris-Rips Complex. Given a collection of points {xα} in Euclidean

space En, the Rips complex (or Vietoris-Rips complex ) Rϵ, is the abstract simplicial complex

whose k-simplices correspond to unordered (k+1)-tuples of points {xα}k0 which are pairwise

within distance ϵ (Figure 2.2).

Suppose we have a metric space X with metric d, then the Vietoris-Rips complex for X,
attached to the parameter ϵ, will be the simplicial complex whose vertex set is X, and where

{x0, x1, ..., xk} spans a k -simplex if and only if d(xi, xj) ≤ ϵ for all 0 ≤ i, j ≤ k.

(a) (b)

Figure 2.2: An illustration of simplicial complexes (Vietoris-Rips) built from point-cloud
data for two different scale parameters where the barcode is drawn as the scale parameter
increases [39].

2.2.1 Persistent Homology

In informal terms, persistent homology describes the changes in homology that occur to

an object which evolves with respect to a parameter. More precisely, suppose we have a

collection of points in a Euclidean space, and we consider all the possible associated Vietoris-

Rips complexes for all distances ϵ, then all these complexes are subcomplexes of a Vietoris
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complex for a sufficiently large distance ϵ. We can then generate a sequence of subcomplexes

and examine its topological properties.

Definition 2.4. Filtred Simplicial Complex. A filtred simplicial complex K constructed

from a set X is a family of subcomplexes (Ki|i ∈ N) of a simplicial complex L with vertex

set V such that Ki ⊆ Kj for all i ≤ j.

Example 2.5. Let (X, dX) be a metric space. The Vietoris-Rips filtration is the filtered

simplicial complex Rϵ defined by: for all ϵ ∈ R, we filter the complete simplicial complex on

the set of vertices X and the filtration at parameter ϵ is the simplicial complex Rϵ, where

[x0, x1, . . . , xk] ∈ Rϵ ⇔ dX(xi, xj) ≤ ϵ for all i, j.

Figure 2.3: A filtred simplicial complex built by adding the vertices c and d to the vertex
set {a, b} [40].

A filtration over a simplicial complex K is an ordering of the simplices of K such that all

prefixes in the ordering are subcomplexes of K (Figure 2.3).

Definition 2.6. Filtration. Let K be a simplicial complex. A filtration of K is a nested

sequence of subcomplexes

∅ = K0 ⊆ K1 ⊆ ... ⊆ Kn = K.

Remark 2.7. More generally, a filtration of a topological space M is a nested family of

subspaces (Mr)r∈T , where T ⊂ R, such that for any r, r′ ∈ T , if r ≤ r′ then Mr ⊂ Mr′

and, M =
⋃
r∈T Mr. The subset T might be either finite or infinite; in practice, even if the

index set is infinite, all the considered filtrations are built on finite sets and are indeed finite

[7]. In this thesis, we only consider filtrations indexed by a totally ordered set (e.g., T = N
or T = R); however, one can consider other types of filtration, for instance, indexed by a

poset that is not totally ordered, or by a product T of n totally ordered sets (e.g., T = Rn

or T = Nop × R), and they are referred as multifiltrations [5].
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Since Ki−1 ⊆ Ki, the inclusion map f(x) = x induces homomorphisms between the

homology groups of these subcomplexes, f∗ : Hp(Ki−1) → Hp(Ki). Therefore, a filtration

corresponds to sequences (one for each dimension p) of homology groups related by homo-

morphisms

0 = Hp(K0) → Hp(K1) → ...→ Hp(Kn) = Hp(K).

Since homology groups are defined for more than one dimension, and there are often sev-

eral subcomplexes, we are going to denote the induced homomorphism f∗ as f
i,j
p : Hp(Ki) →

Hp(Kj). As we go from Ki−1 to Ki, we gain new homology classes and lose some when they

become trivial or merge. We collect the classes born at or before a given threshold and die

after another threshold in groups.

Definition 2.8. The image of the induced homomorphism f i,jp is called the p-th persistent

homology group, and it is denoted with H i,j
p for 0 ≤ i ≤ j ≤ n.

Remark 2.9. H i,i
p is simply the p-th homology group of the simplicial complex Ki, H

i,i
p =

Hp(Ki). Notice that we generally compute homology groups with Z2 coefficients for simplic-

ity; more precisely, Hp(Ki) is a free abelian group when defined over Z2.

The elements of H i,j
p are homology classes of Ki that are still alive at Kj; more formally, it

is the quotient ofKi by the intersection of the boundaries and cycles ofKj andKi respectively,

H i,j
p = Zp(Ki)/(Bp(Kj) ∩ Zp(Ki)). Notice that (Bp(Kj) ∩ Zp(Ki)) is a group (subgroup of

Zp(Ki)) since Bp(Kj) and Zp(Ki) are subgroups of the chain group Cj
p , so this definition is

well-defined [40].

Definition 2.10. The rank of the p-th persistent homology group is called p-th persistent

Betti number, and it is denoted with βi,jp .

Similarly to Betti Numbers (from an algebraic topology point of view), the p-th persistent

Betti number counts the p-dimensional holes that exist all the way from Ki to Kj.

As previously mentioned, persistent homology provides more information about a shape than

classical homology. While homology captures cycles in a shape, persistent homology allows

for the retrieval of cycles that are non-boundary elements in a particular filtration step, which

will become boundaries in subsequent steps. The persistence of a cycle during the filtration

gives quantitative information about the relevance of the cycle itself for the shape [14].

Definition 2.11. Birth and Death of a homology class. A p-th homology class γ is said

to be born atKi if γ ∈ Hp(Ki), but γ /∈ Hp(Ki−1). It dies entering Kj if it merges with a class

that is born earlier (Figure 2.4). More precisely, f i,j−1
p (γ) /∈ H i−1,j−1

p , but f i,j−1
p (γ) ∈ H i−1,j

p .
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Figure 2.4: γ is born at Ki as it does not belong to the image of Hp(Ki−1). γ dies entering
Kj+1 because this is the first time its image merges with the image of Hp(Ki−1) [17].

Definition 2.12. Persistence. The index persistence of γ is j−i + 1. We often have a

function that describes the construction of the filtration, and we call the difference between

the function values at birth and death the persistence of the class.

Let µi,jp denote the number of p-dimensional classes born at Ki and dying entering Kj,

then we have

µi,jp = (βi,j−1
p −βi,jp )−(βi−1,j−1

p −βi−1,j
p )

for all i ≤ j and all p. The term on the right-hand side of the equation represents the

homology classes that are born at or before Ki and die entering Kj, and the second term is

the number of homology classes that are born at or before Ki−1 and die entering Kj. One of

the most important results in persistent homology is the following:

Theorem 2.13. Fundamental Lemma of Persistent Homology. Let ∅ = K0 ⊆ K1 ⊆
... ⊆ Kn = K be a filtration. For every pair of indices 0 ≤ k ≤ l ≤ n and every dimension p,

the p-th persistent Betti number is βk,lp =
∑
i≤k

∑
j>l

µi,jp .

Edelbrunner and Harer [12] provides a detailed explanation and proof of this lemma.

2.2.2 Persistence Diagrams and Barcodes

The concept of persistent homology involves tracking the creation and destruction of topo-

logical features in a given sequence of spaces. For example, when analyzing the filtration

of a union of balls, there may be instances where the union contains a hole at specific radii

that persists until the balls reach a larger radius and eventually fill in the hole. Specifically,

for each hole in the filtration, it is possible to determine the exact radius at which the hole

initially emerges and at which point it ceases to exist. These distinct radii can then serve

as a set of coordinates to establish a point in the two-dimensional plane that accurately
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represents the corresponding hole. Persistent homology groups can be encoded in a graph

called persistence diagram. A point in the graph represents a homology class, where the x

and the y coordinates represent the birth and the death parameter of this class, respectively.

For real-world data, the distance of a point from the diagonal indicates the importance of

the corresponding feature, the usual interpretation being that points close to the diagonal

are likely due to noise (Figure 2.5b).

An alternative way to represent the persistence of a homology class is through barcodes : a

graph where the length of each bar represents the life of a homology class (different colours

represent different dimensions), more precisely, the beginning of the barcode is the birth time,

and the end is the death time (Figure 2.5a).

(a) (b)

Figure 2.5: A barcode (a) and a persistence diagram (b) [36].

2.2.3 Persistent Modules

In this section, we revise some basics of abstract algebra and study persistence homology from

a different perspective. We see that the persistent homology of a filtred simplicial complex

is the homology of a graded module over a polynomial ring [40].

Let R be a commutative ring; if R has no divisors of zero, and all its ideals are principal

(an ideal I ◁ R is a principal ideal if I = ⟨a⟩ for some a ∈ R), it is a principal ideal domain

(PID), e.g. R,Q,Z,Zp for p prime, and F [t] for F a field. All polynomial f(t) over R also

form a commutative ring R[t] with unity, therefore the set of the polynomial F [t] over a field

F forms a ring since every field is a ring, to be more precise F [t] is a PID. A graded ring is

a ring equipped with a direct sum decomposition of abelian groups R ∼= ⊕iRi, i ∈ Z and the

elements of each Ri are called homogenous. Similarly, a graded module M over a graded

ring R is a module equipped with a direct sum decomposition M ∼= ⊕iMi, i ∈ Z.
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Theorem 2.14. [40] Every finitely generated module over a principal ideal domain D is

isomorphic to a direct sum of cyclic modules over D. It decomposes uniquely into the form

Dβ ⊕

(
m⊕
i=1

D/diD

)

for di ∈ D, β ∈ Z, such that di|di+1.

Every graded module M over a graded PID decomposes uniquely into the form(
n⊕
i=1

αi∑
D

)
⊕

(
m⊕
j=1

γj∑
D/djD

)

where dj ∈ D, are homogeneous elements so that dj|dj+1, αi, γj ∈ Z, and
∑α denotes an

α-shift upward in grading.

Now, we bring our attention back to persistent homology.

Definition 2.15. Persistent Complex. A persistence complex is a sequence of chain

complexes C = (Ci
∗)i together with chain maps ψ : Ci

∗ → Ci+1
∗ .

Remark 2.16. A filtred simplicial complex with the inclusion homomorphisms is a persistent

complex.

Suppose we have a PID over R and C is equipped with a graded R[x ]-module structure,

where x acts as a shift map (a unit monomial xn ∈ R[x ] which sends Ci
∗ to Ci+n

∗ via n

applications of x). Additionally, we assume that all Ci
∗ are finitely generated as R[x ]-modules

and that the sequence stabilizes in i. This implies that C is free as an R[x ]-module since we

are filtering C through chain maps x. Therefore H∗(C) also has an R[x ]-module structure,

but it is not necessarily free.

Since the only graded ideals of F [x ] over a field F are of the form xn · F [x], one can classify

F [x ]-modules [40]. A direct consequence of the Structure Theorem for PID (Theorem 2.14)

is the following:

Theorem 2.17. [40] For a finite persistence complex C with coefficients over a field F,

H∗(C;F ) ∼=
⊕
i

xti · F [x]⊕

(⊕
j

xrj · (F [x]/(xsj · F [x]))

)
.

This equation’s free part (left) is in bijective correspondence with the homology genera-

tors, which appear at parameter ti and persist for all future parameter values. The torsional
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(right) correspond to the homology generators, which appear at parameter rj and disappear

at parameter rj + sj. H∗(C;F ) is often referred as a persistence module over a field F

Remark 2.18. From a computational point of view, we mostly work with F = Zp for p

a prime; indeed, the persistent homology computations presented in the following chapter

involve exclusively Z2.

More generally, let F be a field, and let Vect denote the category of F -vector spaces

and linear maps. For P a poset, a (P-indexed) persistent module, or simply a P -module,

is a functor M : P →Vect. For x ≤ y we let Mx,y denote the morphism Mx → My. If

P = T1 × · · · × Tn, where each Ti is a totally ordered set, then M , is called a multiparameter

or n-parameter persistence module, and when n = 2,M is referred to as bipersistence module.

A persistence module is said to be pointwise finite-dimensional, or p.f.d. if dim (Mx) < ∞
for all x ∈ P [5]. Therefore, the sequence of homology groups of a filtration over a field yields

a persistence module. For an interval I in a poset P , the interval module kI is defined by

(kI)x =

{
k if x ∈ I,

0 otherwise ,
(kI)x,y =

{
Idk if x ≤ y ∈ I,

0 otherwise.

In particular, the sequence of homology groups associated with the Vietoris Rips filtra-

tion introduced in Example 2.5 yields a persistence module, and the Structure Theorem of

Persistence Modules tells us that this module has a well-defined barcode, which is a is a col-

lection of intervals in a totally ordered set. Indeed, persistent homology with field coefficients

provides invariants of data called barcodes.

Theorem 2.19. Structure of Persistence Modules [5]. IfM is p.f.d. persistence module

indexed by a totally ordered set T , then there exists a unique multiset B(M) of intervals in

T , such that

M ∼=
⊕

I∈B(M)

kI .

We call B(M) the barcode of M .

The Structure Theorem of Persistent Modules was proven for Z-indexed modules, R-
indexed modules, and the case for finitely presented modules follows from Theorem 2.14

[40].

2.2.4 Stability Theorem

The Stability Theorem states that the persistence diagrams, or the persistence barcodes, are

stable under perturbations in the filtration: small changes in the filtration imply only minor
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changes in the persistence diagram. In other terms, if the input data is perturbed slightly, the

resulting diagram or barcode will only experience small changes [8]. For example, consider a

topological space being analyzed using persistent homology; suppose a small change is made

to the space, such as adding or removing a single point. The resulting persistence diagram

would only exhibit slight modifications rather than significantly restructuring its overall form.

The Stability Theorem does not play a direct role in the analysis presented in the following

chapter, but it is a significant source of motivation for the study. Specifically, the persistence

diagrams described in the next chapter are anticipated to exhibit similar shapes, as predicted

by the Stability Theorem.

A detailed description and proof of the Stability Theorem can be found in the paper by

Cohen-Harer-Edelsbrunener [12]. However, additional notations and mathematical informa-

tion related to the previously introduced filtration are necessary to understand this result.

Let X be a topological space, for a function f : X → R, let Xx = f−1(−∞, x] denote the

sublevel set for the function value x. Now, let K be a simplicial complex and f : K → R
be a real-valued function on it. We require that f is monotonic: for every σ

′ ⊆ σ, we have

f(σ
′
) ≤ f(σ). This property ensures that f−1(−∞, x] are subcomplexes of K for every x ∈ R.

Denoting Ki = f−1(−∞, xi], we obtain a a filtration:

∅ = K0 ⊆ K1 ⊆ ... ⊆ Kn = K.

The bottleneck distance provides a method for measuring the similarities between two persis-

tence diagrams. More precisely, it is the smallest distance d such that there exists a perfect

matching between the points (completed with all the points on the diagonal) of two persis-

tence diagrams such that any couple of matched points are at a distance at most d, where

the distance between points is the sup norm in R2. In the following definition and theorem,

Dp(f) and Dp(g) denote two persistence diagrams for two monotonic functions f and g on a

complex K, and the persistent diagrams are regarded as a multiset of points in R2

Definition 2.20. Bottleneck Distance. Let Ψ = {ψ} denote the set of all bijections

ψ : Dp(f) → Dp(g), possibly adding points to the diagonal in order to define bijections for

diagrams with different cardinalities. Consider the distance between two points x = (x1, x2)

and y = (y1, y2) in R2
equipped with the L∞-norm as |x−y|∞ = max{|x1−y1|, |x2−y2|}). The

bottleneck distance between the two diagrams is defined as:

W∞(Dp(f), Dp(g)) = inf
ψ∈Ψ

sup
x∈Dp(f)

|x−ψ(x)|∞

W∞ is a metric on the space of persistence diagrams. Clearly, W∞(X, Y ) = 0 iff X = Y .
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Moreover, W∞(X, Y ) = W∞(Y,X) and W∞(X, Y ) ≤ W∞(X,Z) +W∞(Z, Y ).

Theorem 2.21. Stability Theorem. Let f, g : K → R be two monotonic functions defined

on a simplicial complex K. Then, for every p ≥ 0,

W∞(Dp(f), Dp(g)) ≤ |f−g|∞.

2.3 Computational Approach

While the mathematical formalisms presented in the previous section provide the foundation

for analyzing the topological features of datasets, the actual implementation of this frame-

work requires the use of specialized computer software. Computing the persistent homology

of a dataset is a challenging task, even for moderately sized datasets, due to the computa-

tional complexity of the algorithms involved. Consequently, we rely on dedicated software

packages to perform the necessary computations. Some of the most commonly used soft-

ware packages for computing persistent homology include JavaPlex, Perseus, PHAT, DIPHA,

Ripser, Dionysus, TDAstats, and GUDHI [21]. In this thesis, we use Ripser.py [3], a Python

library, to investigate the persistent homology of uniformly distributed points. In the follow-

ing subsection, we introduce a classical persistent homology computation and an interesting

example to demonstrate the power of applying persistent homology to real-world data.

2.3.1 Ripser: PH of the Utah Teapot and a Torus

(a) (b) (c)

Figure 2.6: ripser demonstration: the triangular mesh (a), the 3D plot of the vertices of
the triangular mesh of the Utah Teapot (b), and its persistence diagram (c).
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Example 2.22. The Utah Teapot. The shape of a donut is a typical example used in

topology that resembles a torus. Similarly, in computer graphics, the Utah teapot is an

iconic object that is used as a standard reference for modelling and rendering 1. To explore

the teapot’s topological features, we retrieved its vertices from its OBJ file and computed its

persistent homology using ripser. Then, we generated a 3D rendering of the teapot and

plotted its vertices in a scatter plot, visually representing its structure. We also developed

a persistence diagram to identify its topological features, which revealed the teapot’s handle

as a 1-dimensional hole, represented by a point away from the diagonal in the persistence

diagram in Figure 2.6. Unfortunately, due to computational constraints, the persistence

diagram was limited to homological dimension one. However, these results provide insights

into the teapot’s shape, highlighting the usefulness of PH for studying topological features

in computer graphics.

(a) (b)

Figure 2.7: ripser demonstration: a point cloud sampled from a torus (a) and its persistence
diagram (b).

Example 2.23. Torus. Figure 2.7 depicts a point cloud that was sampled from the torus

and its corresponding persistence diagram. In this case, the persistence diagram has two H1

points away from the diagonal, indicating the presence of two 1-dimensional holes, and one

H2 point away from the diagonal, indicating the presence of a 2-dimensional hole. A Python

script is included in Appendix A.1.

1The teapot, complete with its handle, spout, and lid, was created in 1975 by computer scientist Martin
Newell at the University of Utah to showcase new computer graphics techniques, and it is available for
download as an OBJ file from the Stanford Computer Graphics Lab [33].
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Chapter 3

Persistent Homology of Uniform Noise

Understanding the distribution of persistence diagrams presents one of the most significant

challenges in topological data analysis, yet it still needs to be solved despite extensive research

efforts. One of the main challenges in TDA is distinguishing between significant structures

(signal) and random errors (noise) when calculating topological features for a dataset. Al-

though researchers have explored various approaches to address this issue, the distribution

of topological noise can take different shapes and forms and is highly sensitive to data gener-

ation. As a result, comprehensively understanding noise is an ongoing challenge [4]. In this

thesis, we delve into a detailed exploration of noise, focusing on the persistence diagrams of

uniformly distributed points.

3.1 Objective

The primary objective of this thesis is to comprehend the properties of the persistence dia-

grams generated by uniform noise; more precisely, we are interested in relationships between

the persistence diagrams of different numbers of points uniformly distributed in a Euclidean

Space Rd. Empirical observations derived from simulated data point to similarities between

the persistence diagrams of different numbers of points in each homological dimension. This

observation leads to the assumption that the birth and death times of the Hk persistent

homology bars of N ∈ N uniformly distributed points in Rd both follow probability distri-

butions for all k < d ≤ 3; our analysis has identified potential distributions that describe

the birth and death times across various homological dimension(s) in various dimensions of

Rd. It is worth mentioning that our work is focused on something other than identifying the

exact statistical distribution but on understanding the behaviour of the parameters of the

probability distributions that fit well a specific dataset as the number of points N increases.

Moreover, we are interested in relationships between the models that describe these param-
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eters, the ambient dimension of the Euclidean Space and the homological dimension. We

start by defining the uniform distribution, whose probability density function is given by:

f(x; a, b) =
1

b− a
for a ≤ x ≤ b, (3.1)

and the cumulative density function is given by:

F (x; a, b) =


0 if x ≤ a
x−a
b−a if a ≤ x ≤ b

1 if b ≤ x

. (3.2)

The results presented in the following chapter are derived from simulated data. Thus, in the

upcoming sections, we describe the procedures for data collection and the methods employed

for analyzing the persistence diagrams. Throughout the research, we utilized Python as the

programming language. Appendix A provides the technical details and the various Python

libraries used for the analysis. In this thesis, we will use the notations H0 PH, H1 PH, and

H2 PH to refer to the 0-dimensional persistent homology, 1-dimensional persistent homol-

ogy, and 2-dimensional persistent homology, respectively, and these notations will be used

interchangeably.

3.2 Data Collection

In order to investigate the PH bars of uniformly distributed points, we decided to take into

consideration the following three spaces:

1. The unit interval [0, 1].

2. The unit square [0, 1]2.

3. The unit interval [0, 1]3.

In each of these spaces, we distributed N points uniformly for all N ∈ [2, 1000] and collected

40 samples for each N . We omitted N = 1 for all spaces as it does not provide any meaningful

information: a 2-simplex and 3-simplex require a minimum of 2 and 3 points each, and the

number of connected components never decreases unless a threshold for the radius ϵ of the

’growing ball’ is set. Notice that, for all N , not setting a threshold for ϵ implies the existence

of one 0-dimensional persistent homology bar with death time converging to infinity as all

the persistent homology bars across all homological dimensions eventually die.



20

3.3 Persistent Homology Computation

According to [29], the best-performing library in terms of memory usage for the computation

of persistent homology with the Vietoris-Rips complex is considered to be Ripser. This

library is available in Python as Ripser.py [3,34], which was our choice to compute the PH

of the data sets described in the previous section. The data has been stored in a Python

Dictionary due to its complexity and to facilitate the analysis as we have multiple numbers

of simulations, spaces, and homological dimensions (Figure 3.1).

Figure 3.1: Tree Data Structure: hierarchical tree of the data collected for analysis.

3.4 Exploratory Analysis

3.4.1 Persistence Diagrams

In the study of Persistent Homology, two primary methods are used to visualize persistent

homology bars: persistence diagrams and persistent barcodes, the former introduced in Sec-

tion 2.2.2. Although both methods have their uses, barcodes have limited usefulness for our

research purposes. In contrast, we have noticed that noise bars tend to cluster in specific

regions on the persistence diagram. Thus, persistence diagrams enable us to analyze the

distributions of birth and death times separately. Therefore, in the upcoming chapter, we

will focus exclusively on presenting persistence diagrams to understand better the likelihood

of bars being born and dying at specific times during a filtration.

3.4.2 Histograms

Our initial step involved generating histograms to examine persistent homology bars’ birth

and death times; the Python libraries seaborn and matplotlib were utilized to generate
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the plots. Histograms are statistical tools utilized to visualize and summarize data, pro-

viding a classical nonparametric density estimator that can reliably estimate the underlying

probability density function. One can make assumptions about the potential distribution

that could describe the data, estimate their parameters, typically using maximum likelihood

estimation, and plot the density function on the histogram. Moreover, histograms can also

be used to assess the quality of a fitted density by considering additional criteria, such as

mean square error, which we introduce in the following section. However, it is important

to note that the quality of the fit is subject to the bin width or the number of bins used in

constructing the histogram; therefore, to address this issue, a common approach is to use the

Freedman-Diaconis rule, which will be introduced in Section 3.5.4.

3.5 Statistical Analysis

The following subsections present the methods used to identify the most suitable statistical

distributions for the datasets presented in Section 3.2. Initially, we evaluate various distri-

butions and estimate their parameters using Maximum Likelihood Estimation (MLE). After

fitting the model to the data, we calculate each distribution’s Sum Square Error (SSE).

Based on the SSE values, we select the distributions that best fit the data for further anal-

ysis. However, this approach has limitations, as the number of bins used in the histograms

impacts the SSE values. To mitigate the impact of the number of bins on the SSE values,

we apply appropriate rules that consider the data’s size and shape. Moreover, we utilize

two well-established criteria, the Bayesian Information Criterion (BIC) [18] and the Akaike

Information Criterion (AIC) [37], to compare the distributions with the lowest SSE values

and select the most appropriate one for further analysis.

3.5.1 Statistical Distributions used for testing

Our analysis utilizes a variety of distributions available in the scipy.stats library [35]

for testing, which are listed in Table A1 in Appendix A. It is important to note that the

presented probability density functions have been reparametrized using location and scale

parameters. The location parameter represents the shift in the center of the distribution,

where the distribution is centred around the point indicated by the parameter. Similarly, the

scale parameter represents the amount of stretch or shrink in the spread of the distribution.

Let X be a random variable with pdf g(x, θ1, θ2, . . . , θk) with parameters θi, and let µ be the

location parameter. Then, the pdf of the reparametrized distribution with location parameter
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µ is given by:

f(x;µ, θ1, θ2, . . . , θk) = g(x− µ; θ1, θ2, . . . , θk). (3.3)

Similarly, let X be a random variable with pdf g(x; θ1, θ2, . . . , θk), and let λ be the scale

parameter. Then, the pdf of the reparametrized distribution with scale parameter λ is given

by:

f(x;λ, θ1, θ2, . . . , θk) =
1

λ
g
(x
λ
; θ1, θ2, . . . , θk

)
. (3.4)

Therefore, the reparametrization of the pdf g(x) using location µ and scale λ parameters can

be written as:

f(x;µ, λ, θ1, θ2, . . . , θk) =
1

λ
g

(
x− µ

λ
; θ1, θ2, . . . , θk

)
. (3.5)

As many distributions are being considered, their probability density functions or other

characteristics are not included. Several distributions have standard forms, including one or

both of a location and scale parameter. For this study, we have denoted the scale parameter

with λ and the location parameter with µ. Chapter 4 will provide the probability density

function for the distributions that best fit our data. These functions will be presented with

their reparametrized versions, which include location and scale parameters.

3.5.2 Maximimum Likelihood Estimation

The maximum likelihood method is a statistical technique used to estimate the parameters

of a given probability distribution based on observed data. Let X1, . . . , Xn be an iid sample

from a population with pdf f(x;θ) where θ = (θ1, θ2, ..., θk) is the vector of parameters, then

the likelihood function is defined as

L(θ) =
n∏
i=1

f(xi;θ), (3.6)

where x1, x2, ..., xn are the observed data values and n is the total number of observations.

The MLEs are obtained by taking the partial derivatives of the natural logarithm of the

likelihood function (3.6) with respect to θi, setting them equal to zero and solving each of

them for θi:

∂

∂θi
ln(L(θ)) =

∂

∂θi

(
n∑
i=1

ln f(xi;θ)

)
= 0. (3.7)

Solving (3.7) primarily involves identifying the likelihood function’s critical points (maxima,

minima, or saddle points). There are instances when the likelihood function is not unimodal,

meaning it may have multiple local maxima. In such cases, the optimization process could

converge to a local maximum rather than the global maximum. However, the aim is to deter-
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mine the parameter values that maximize the likelihood function, corresponding to finding

the global maximum. In situations where the solution cannot be obtained analytically, re-

sorting to numerical optimization techniques may be necessary to determine the value of θi

that maximizes L(θ). Assuming the selected model is true, the MLE has many desirable sta-

tistical properties, including consistency and asymptotical efficiency. Consistency means that

the MLE converges in probability to the true parameter value as the sample size increases.

Asymptotical efficiency means that the MLE has the smallest possible variance among all

unbiased estimators, making it the most precise estimator in large samples. It is worth noting

that the maximum likelihood assumes the existence of an identifiable probability model, and

violating this assumption can lead to biased or inefficient estimates [24].

3.5.3 Sum Square Error

The sum squared error (SSE), also known as residual sum of squares [11], is a standard

measure of the difference between a dataset’s predicted and observed data values; more

precisely, the SSE is defined as

SSE =
n∑
i=1

(yi − ŷi)
2 (3.8)

where n is the total number of observations, yi and ŷi represent the value and the predicted

value of the i-th observation, respectively. The SSE cannot be used for model selection since

it is monotone decreasing with model size; more precisely, increasing the model size might

provide a better fit, but it could also capture noise and lead to overfitting. Additionally,

when the observed data comes from a histogram, the number of bins used can affect the SSE,

and selecting the best model can become challenging.

Various methods and rules can be used to determine the optimal number of bins, such

as Scott’s, Freedman-Diaconis, Sturges, Doane’s, Stone’s, Rice or Square Root Rules. How-

ever, we will mainly use the Freedman-Diaconis Rule, as varying the number of bins has not

significantly impacted selecting the best fits based on the SSE. Moreover, we will use two

other methods, AIC and BIC, to evaluate the best models that describe our data. We will

be focusing on distributions with the lowest amount of parameters because we are interested

in understanding how the number of points uniformly distributed in our initial spaces (Unit

Interval, Unit Square, and Unit Cube) affects the estimated parameters of the selected dis-

tribution.
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3.5.4 Freedman-Diaconis and Rice Rule

The Freedman-Diaconis rule, proposed in 1981 by David Freedman and Persi Diaconis, em-

ploys the dataset’s interquartile range (IQR) instead of the standard deviation to determine

the optimal bin size for histogram construction. The IQR, defined as the difference between

the 75th and 25th percentiles, is a robust measure of data spread that is less susceptible to

the influence of outliers than the standard deviation. The formula for the bin size calculation

according to the Freedman-Diaconis rule [13] is given by:

bin size =
2× IQR

3
√
n

(3.9)

This formula provides a reliable criterion for selecting an appropriate bin width for the

dataset’s variability and size, resulting in a visually informative histogram. However, the

Freedman-Diaconis rule only applies to approximately symmetric datasets for which the

underlying distribution is unknown [13]. Therefore, other methods, such as Scott’s or the

Sturges rule, may be more appropriate for datasets that are not symmetric or for which the

underlying distribution is known. For datasets with exponential distributions, one alternative

method that can be used is the Rice rule [32], which is based on the sample size and the

standard deviation of the data. The formula for the Rice rule is given by:

bin size =
2× σ

n
1
3

(3.10)

Choosing an appropriate bin size is crucial for distribution fitting accuracy. However, deciding

on the best distribution can be challenging when multiple distributions fit the data well. To

assist with this decision-making process, we use BIC and AIC, two techniques for evaluating

the goodness of fit of different distributions.

3.5.5 BIC and AIC

Bayesian Information Criterion (BIC) and Akaike Information Criterion (AIC) are selection

criteria used to determine the best model among a set of candidates by balancing the com-

plexity and the models’ fit to the data. The BIC is more helpful in selecting a correct model,

while the AIC is more appropriate in finding the best model for predicting future observa-

tions, and the model with the lowest BIC or AIC value is considered the best among the set

of candidate models [18].

The BIC criterion, also referred to as the Schwarz information criterion and Schwarz

Bayesian information criterion, is a large sample approximation to the Bayes Factor [18],
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and it is defined as:

BIC = k ln(n)− 2 ln(L)

where k represents the number of parameters in the model, n is the number of observations

in the dataset, and L is the likelihood of the data under the model. The BIC criterion

penalizes models with more parameters than the Akaike Information Criterion, which helps

address the problem of overfitting. The BIC balances model complexity and goodness of fit

by including the penalty term k ln(n).

The AIC criterion [37] is defined as:

AIC = 2k − 2 ln(L)

where k is the number of parameters in the model, and L is the likelihood of the data

under the model. AIC criterion is based on minimizing the Kullback-Leibler divergence1 and

penalizes models with more parameters but less heavily than BIC. More precisely, the term

2k is considered a penalty term since a higher number of estimated parameters leads to an

increase in the AIC value penalizing the model; therefore, among multiple models, the model

with providing the best fit to the data might not necessarily be the model with the lowest

AIC value due to its complexity.

It is essential to note that BIC and AIC are not always the best criteria for model selec-

tion. Evaluating the models using other criteria and visually inspecting the results is always

recommended [6].

Chapter 4 aims to identify universally suitable distributions for datasets (birth and death

times) with identical space and homological dimension. To achieve this, we employ the

Bayesian Information Criterion (BIC) as our primary criterion for model selection. BIC

balances model complexity and goodness of fit by penalizing complex models with more

parameters. By favouring simpler models, we can avoid overfitting and emphasize identifying

the distributions that best represent the birth and death times. Through our analysis, we

expect that as the sample size (or N) increases, the distributions with the lowest BIC values

will converge and become consistent across datasets with identical space and homological

dimension. In contrast, the AIC values will tend to select different distributions for each

dataset. Although we will report Akaike Information Criterion values for completeness,

AIC tends to select complex models, which may not align with our goal of finding standard

1The Kullback-Leiber divergence is a measure of the difference between two probability distributions P
and Q ; it can be interpreted as a measure of information gained or lost when using a probability distribution
Q to approximate P. It is worth mentioning that the KL divergence is not a distance metric since it does not
satisfy the triangle inequality.
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distributions. Thus, BIC is better suited to our purpose to ensure robust and reliable findings.

In summary, the convergence of the best-fitting distributions with increasing sample size

supports the effectiveness of this approach.
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Chapter 4

Experiments

In this chapter, we present the data collected and results of our experiments using the method-

ologies presented in the previous chapter; we distributed N points uniformly in Rd, computed

the persistent homology and recorded the exact birth and death time of each persistent ho-

mology bar. We are interested in estimating the chance that a given persistent homology

bar is being created (or destroyed) at a given time. We know that the number of persistent

homology bars changes according to the location of the N points in the unit interval, square

or cube, and we also know that the persistent homology bars that persist for a relatively

long time are interpreted as important features of the data, and short bars can be considered

noise. Distributing N points uniformly aims to treat all these points as noise and minimize

the presence of important features. However, we have seen from experimental results that

the persistent homology bars are more likely to be located in a particular range in the persis-

tence diagram. Therefore, we considered the union of 40 samples (persistence diagrams) for

each N, homological dimension, and space to identify probability density functions for each

birth and death parameter, providing the probability that a PH bar is created and destroyed

at certain times. Due to the low number of persistent homology bars in each computation

and to ensure a sufficient number of data points for subsequent analysis, we gathered the

birth and death times separately for each combination of space, homological dimension, and

N from the 40 simulations to form combined datasets. However, the assumption that these

times are independently and identically distributed (iid) might not hold: while the birth and

death times are likely independent across different simulations, they may not be independent

within a single simulation due to the spatial distribution of points. In our current analy-

sis, we estimated the parameters of the underlying distributions of birth and death times

by applying the Maximum Likelihood Estimation (MLE) method directly to the standard

probability functions. This approach does not explicitly account for potential dependencies

within simulations or the varying number of birth and death times across simulations. It is
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essential to consider this limitation when interpreting the presented results. In future work,

a mixed-effects model should be considered, which would allow for the inclusion of random

effects that represent simulation-specific variations and provide a more nuanced understand-

ing of the distributions. While our current approach provides a simplified view of the data

structure, it effectively captures the overall trends in birth and death times across varying

spaces and homological dimensions.

4.1 Data Visualization

In this section, we visualize the persistent homology bars of our data using persistence dia-

grams, which we described in Chapters 1 and 2. Notice that the 0-dimensional homological

features are all born at t = t0, so the use of persistence diagrams does not provide meaningful

information for this specific case.

A visual inspection of the persistence diagrams presented in Figures 4.1, 4.2, and 4.3

suggest that the PH bars (represented as two-dimensional points in the persistence diagrams)

are clustered in a particular area. This characteristic appears to be valid for a small and

large number of points. However, it is worth noticing that this cluster scales as the number of

point N in the spaces increase; more precisely, the highest death time of a sample decreases

as N increases.

The phenomena raise some questions:

1. How are the number of PH bars changing as N increases?

2. Are the number of PH bars changing similarly across various homological dimensions

in a certain space?

3. Are the PH bars of a specific homological dimension changing similarly across different

dimensions of Rd?

4. What is the likelihood that a certain PH feature is born or dead at a given time for a

given N?

5. Suppose the birth or death of a certain PH feature in a certain space follows a statistical

distribution; what is the distribution?

6. How does this distribution change as N increases?

7. Are there any interesting relationships among the distributions of the birth and death

times for a given space and homological dimension?
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(a) N = 250 (b) N = 500

(c) N = 750 (d) N = 1000

Figure 4.1: Overlapping Persistence Diagrams for homological dimension 1 of 40 samples of
N ∈ {250, 500, 750, 1000} uniformly distributed points in [0, 1]2.
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(a) N = 250 (b) N = 500

(c) N = 750 (d) N = 1000

Figure 4.2: Overlapping Persistence Diagrams for homological dimension 1 of 40 samples of
N ∈ {250, 500, 750, 1000} uniformly distributed points in [0, 1]3.
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(a) N = 250 (b) N = 500

(c) N = 750 (d) N = 1000

Figure 4.3: Overlapping Persistence Diagrams for homological dimension 2 of 40 samples of
N ∈ {250, 500, 750, 1000} uniformly distributed points in [0, 1]3.
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8. Is there any relation among the distributions of PH bars of different homological di-

mensions in a certain space?

9. Is there any relation among the distributions of PH bars of different spaces?

In order to address questions, we analyzed the various collections of PH bars.

4.2 Persistent Homology Bar Count

Hi Space Linear Model Power model
H0 All fH0(N) = N gH0(N) = N
H1 Square fH1(N) = 0.25616499 ·N − 6.81195775 gH1(N) = 0.14859689 ·N1.07659142

Cube fH1(N) = 0.4957729 ·N − 17.43039788 gH1(N) = 0.23151776 ·N1.1074826

H2 Cube fH2(N) = 0.1210337 ·N − 8.404324 gH2(N) = 0.02234173 ·N1.23980489

Table 4.1: Linear and power model fits describing the relationships between the number
of persistent homology bars for all homological dimensions and the number of uniformly
distributed points N in [0, 1], [0, 1]2, and [0, 1]3.

In this section, we investigate the relationship between the number of persistent homology

(PH) bars and the number of uniformly distributed points in the unit interval, unit square,

and unit cube. As mentioned in the previous sections, we conducted 40 simulations for each

value of N and analyzed the data for all homological dimensions in all spaces. We fitted first-

order polynomial equations and power models aN b to the scatter plots of PH bars against

N . Specifically, we used the curvefit function from the scipy library to obtain the best-fit

equations. The linear models and power models for each homological dimension and space

are summarized in Table 4.1. As we can see from the table, the best-fit linear equation for H0

is fH0(N) = N in all cases. For H1, the linear model is fH1(N) ≈ 0.26 ·N−6.81 in the square

and fH1(N) ≈ 0.49 · N − 17.43 in the cube. For H2, the linear relantionship is fH2(N) ≈
0.12 · N − 8.40 in the cube. The power models also suggest a linear relationship between

the number of PH bars and N , as the exponents are close to 1. For H0, the power model is

gH0(N) = N in all spaces. For H1, the fitted model is gH1(N) ≈ 0.15 · N1.08 in the square

and gH1(N) ≈ 0.23 ·N1.12 in the cube. For H2, the fitted equation is gH2(N) ≈ 0.02 ·N1.24 in

the cube. We observed a linear increase in the number of PH bars as N increases, which is

consistent with the power models. However, we also observed some differences in the number

of PH bars between the square and cube. For a fixed value of N , the number of PH bars

decreases on average as the homological dimension increases, as visible in Figure 4.4. For

H1, the number of PH bars in the cube is higher than in the square and roughly half the

number of H0 bars for large N , whereas, in the square, it is a quarter the number of H0 bars.
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(a) Unit Interval:

(b) Unit Square:

(c) Unit Cube:

Figure 4.4: Curve fitted on the scatter plots of the number of PH bars for 40 simulations of
N ∈ [2, 1000] uniformly distributed points in [0, 1], [0, 1]2, and [0, 1]3.
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Furthermore, the number of H2 bars in the cube is lower than the number of H1 bars in both

the square and cube. Overall, our results provide interesting insights into the behaviour of

the number of PH bars in different spaces and homological dimensions for various Ns, and

they can be used as a starting point for further research to develop models that describe the

persistence diagrams of noisy data. We now proceed to study the distributions of birth and

death times.

4.3 Exploratory Analysis

4.3.1 Kernel Density Estimation and Histograms

In this section, we explore the persistence diagrams of our datasets in further detail. We

observed in the last section that the persistence diagrams for a specific homological dimension

and space appear to be similar for different numbers of points, with the number of PH bars

increasing linearly as N increases. Additionally, the points in the persistence diagrams tend

to cluster in particular regions, indicating that the PH bars follow a statistical distribution.

To investigate the shape of these distributions, we visually analyze the persistence diagrams.

We first consider the overlapping persistence diagrams of 40 simulations for N = 1000 in

the unit interval, square, and cube. Then, by plotting the marginal histograms of birth and

death times for each homological dimension in each space, we observe that these histograms

exhibit the shapes of probability density functions, with some being roughly bell-shaped and

others exhibiting varying levels of kurtosis and ”fat” tails (Figure 4.5).

We then plot the normalized histograms of birth and death times separately for different

values of N (Figure 4.8). The resulting plots reveal distinct statistical distributions, with the

histogram for death times in the unit interval suggesting an exponential distribution may be

a good fit (Figure 4.8a)). In contrast, the histograms for 0-dimensional persistent homology

death times in the unit square and unit cube exhibit bell-shaped curves that are positively

(Figure 4.8b) and negatively skewed (Figure 4.8e), respectively. The remaining histograms

are broadly symmetric but with varying levels of kurtosis, some with ”fat” tails and others

with less.

To better understand the relationship between the theoretical distributions of birth and death

times and the persistence diagrams, we derive the kernel density estimates (KDE) of birth

and death times and create 3D plots (Figures 4.6 and 4.7). This joint KDEs estimate the

joint distributions of birth and death times. The resulting plots resemble the shape of the

persistence diagram when viewed from the top, with different colours (heat map) indicating

the most clustered points. Furthermore, the birth times can be visualized from the birth
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(a) [0, 1] (b) [0, 1]2

(c) [0, 1]3

Figure 4.5: Persistence diagrams with marginal histograms for each homological dimension
for 40 simulations of N = 1000 points uniformly distributed in [0, 1], [0, 1]2, and [0, 1]3.

axis, while the death times can be visualized from the death axis. However, for this thesis,

we focus only on the marginal distributions separately. It is worth noting that an analysis

of distributions of persistence diagrams using KDE has been presented in [23] by Mike and

Maroulas. Therefore, although our joint KDE plot provides insights into the behaviour of

the data, it will not be used in this thesis other than visualizing the fitted distribution on
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the histogram.

(a) 2D-KDE of H0 PH bars of N points from [0, 1].

(b) 2D-KDE of H0 PH bars of N points from [0, 1]2.

(c) 2D-KDE of H1 PH bars of N points from [0, 1]2.

Figure 4.6: Joint KDE plots (from different angles) of the Hi Birth and Death times of the
PH bars of N = 1000 points in [0, 1], and [0, 1]2.

4.3.2 Normality Test

Some histograms in Figure 4.8 resemble the normal distribution shape. To test normality,

we used the stats.normaltest function from the scipy library in Python; this method

relies on D’Agostino’s K-squared test, which is discussed in [9] and [10]. If the p-value of

the normality test is less than a significance level of 0.05, we reject the null hypothesis that
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(a) 2D-KDE of H0 PH bars of N points from [0, 1]3.

(b) 2D-KDE of H1 PH bars of N points from [0, 1]3.

(c) 2D-KDE of H2 PH bars of N points from [0, 1]3.

Figure 4.7: Joint KDE plots (from different angles) of the Hi Birth and Death times of the
PH bars of N = 1000 points [0, 1]3.
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(a) Death of the H0 PH bars of N points in [0, 1].

(b) Death of theH0 PH bars ofN points in [0, 1]2.

(c) Birth of the H1 PH bars of N points in [0, 1]2. (d) Death of theH1 PH bars ofN points in [0, 1]2.

(e) Death of theH0 PH bars ofN points in [0, 1]3.

(f) Birth of the H1 PH bars of N points in [0, 1]3. (g) Death of theH1 PH bars ofN points in [0, 1]3.

(h) Birth of the H2 PH bars of N points in [0, 1]3. (i) Death of the H2 PH bars of N points in [0, 1]3.

Figure 4.8: Normalized histograms of Birth and Death times of the PH bars for 300, 600, and
900 points in [0, 1], [0, 1]2, and [0, 1]3 (obtained from the union of 40 persistence diagrams).
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the data follows a normal distribution. In this case, the alternative hypothesis is that the

data deviates from the normal distribution. The test only failed to reject the null hypothesis

for the Death times of the 2-dimensional persistent homology bars, implying that this data

set might follow a Normal distribution. However, it should be outlined that the results of

statistical tests are not conclusive and consider the limitations. The results are presented

in Table 4.2, which includes the statistic score1, p-value, and whether the null hypothesis is

rejected; we note that the table’s results represent N = 1000, but we have repeated these

tests for different Ns and obtained similar results.

scipy.stats.normaltest results
Space Param. Hk Statistics p-value Null Hypothesis
[0, 1]1 Death H0 15829.392903629894 0.0 Rejected
[0, 1]2 Death H0 792.6801868860335 7.441910808378268e-173 Rejected
[0, 1]2 Birth H1 155.8778188393814 1.4176261425402775e-34 Rejected
[0, 1]2 Death H1 425.6761394557955 3.6779072948477658e-93 Rejected
[0, 1]3 Death H0 95.07096610181995 2.2677857206367554e-21 Rejected
[0, 1]3 Birth H1 839.7377997882116 4.5004262918175985e-183 Rejected
[0, 1]3 Death H1 67.03631690329354 2.774908970574887e-15 Rejected
[0, 1]3 Birth H2 33.17317121734176 6.25946761070106e-08 Rejected
[0, 1]3 Death H2 1.028448344069168 0.5979643321559095 Not Rejected

Table 4.2: Normality test performed using scipy.stats.normaltest for N = 1000.

4.4 Statistical Analysis: Distribution Fitting

In the upcoming sections, we present the analysis results for the datasets presented in the

previous chapter using the techniques described earlier in this chapter. Among the many

distributions utilized for testing, we only present the ones with the lowest SSE with their

respective SSE, BIC and AIC. We can use BIC and AIC to identify the distributions that

best fit the data; however, the central scope of this thesis is not to find the best fit but to

understand how the parameters of a distribution vary as we increase the number of points N

uniformly distributed in a specific space. Therefore, among the best fits, we favour the ones

with the least amount of parameters.

To better understand the relationship among the number of persistent homology bars for

a particular homological dimension in a specific space and N , we conducted simulations that

showed that, on average, the number of bars increases linearly as N increases.

1Refer to the scipy documentation link provided in the appendix for additional information.
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Next, we separately studied the distribution of birth and death times for each homological

dimension in each space (unit interval, unit cube, and unit square). We used histograms to

visualize the distribution and found that different distributions seem to follow. To determine

the best fit, we used the maximum likelihood function (MLE) to estimate the parameters of a

wide range of distributions and then reduced the sum square error (SSE) to find the best fit.

The SSE was further adjusted using the Freedman-Diaconis rule (except for the 0-dimensional

persistent homology for the unit interval). Our analysis showed that the distributions with

the lowest SSE are almost always the same for a high N , and we calculated the estimated

parameters of the best-fit distribution. We found that the scale and location parameters

decrease as the number of points increase, while other parameters appear to be constant or

converge asymptotically towards a constant. In this chapter, we present models describing

the relationships between the parameters of fitted distributions and the number of points N

uniformly distributed in the spaces. In order to achieve this goal, several models have been

considered and analyzed, including linear, logarithmic, and exponential models2. Among the

various models used, the overall best model appears to be the power model, which assumes

that a relationship is given by a power law (also known as the Freundlich function):

y = axb (4.1)

where y represents the value of a parameter, x will represents the number of points N , a is

a scaling factor, and b is the power law exponent. However, in some cases, this model had

to be further adjusted by adding additional constant terms. Additionally, we observed that

solving (4.1) provides similar results to the case in which we optimize a while b = −1
d
where

d ∈ N is the dimension of the space.

4.5 Unit Interval

4.5.1 Homological Dimension 0

Death Times

The analysis presented in Figure 4.10 outlines that several distributions resemble the shape

of the histograms of the Death times of the H0 PH bars of uniformly distributed points in

[0, 1]. The Exponential distribution is often a special case of these distributions, as we will

2The curvefit function in Python was mainly used to estimate the values of the model’s parameters. This
function uses a non-linear least squares optimization method to fit a model to the data. The optimization
method minimizes the difference between the observed data and the model predictions by adjusting the values
of the model parameters.
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Figure 4.9: Fitted distribution on the normalized histogram of the Death times of the H0

PH bars in [0, 1] (N = 1000; 40 simulations).

Figure 4.10: BIC and AIC for the fitted distributions with the lowest SSE on the Death times
of the H0 PH bars for N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in [0, 1].

see later in the analysis. Additionally, the Exponential Distribution has the lowest number of

parameters and is one of the most common statistical distributions. Moreover, it provides an

excellent fit to the data while avoiding overfitting (Figure 4.9). It is among the models that

provide a low BIC and AIC, which are measures of model goodness-of-fit and complexity.

A lower BIC and AIC indicate a better trade-off between model fit and complexity, and

the Exponential Distribution meets this criterion well. The probability distribution of the

Exponential distribution [38] is defined as

f(x; β, µ) =
1

β
e−

x−µ
β for x ≥ µ; β > 0 (4.2)
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where β is the scale parameter and µ is the location parameter [38]. We estimated parameters

β and µ for all N ∈ [2, 1000] where N ∈ N and denoted them by βN and µN respectively

where the subscript N is used to denote the number of points uniformly distributed in the

space (this convention will be used throughout the rest of this thesis). We created scatter

plots (Figure 4.11) to understand better the relationship between an estimated parameter

and N ; a visual inspection of these plots indicates that β decreases as N increases. This

pattern is expected since the H0 PH bars represent the number of connected components

which decrease during the filtration, and adding points to the space decreases the average

distance among all the points, which lead leads to a ’quicker’ death of the H0 features that

appear during the filtration. After conducting a thorough analysis of the data, we determined

that the model that best describes the relationship between N and β is

gβ(N) =
0.9975

N
≈ 1

N
. (4.3)

On the other hand, the values of the location parameter tend to be smaller than 0.000002

(a) (b)

Figure 4.11: Fitted models on the scatter plots of the estimated scale β (a) and location
parameter β (b) of the exponential distribution fit for the Death times of the H0 PH bars of
N ∈ [2, 1000] points uniformly distributed in [0, 1].

for N > 200, as we can see from Figure 4.11b.

Let fN(δ) = f(δ; βN , µN) denote exponential distribution fit for N points where βN and

µN are the estimated parameters using the MLE method; additionally, let δ indicate x for the

sole purpose of specifying that x represents the death parameter. Then, the following model
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approximates the probability density of the Death times of the H0 PH bars of N uniformly

distributed points in [0, 1]:

fN(δ) ≈ f̃N(δ;N) =
N

0.9975
e−

Nδ
0.9975 ≈ (N)eNδ for δ ≥ 0;N ∈ N. (4.4)

Additionally, it is worth noting that among the other distributions that fit the data well,

there is the Weibull distribution, which we will present later in this thesis. The probability

density function of the Weibull distribution is given by

f(y; c) =
c

λ

(
y − µ

λ

)c−1

e−(
y−µ
λ )

c

, (4.5)

where λ is the scale parameter, µ is the location parameter, and c is the shape parameter

[38]. In this context, we can simplify the Weibull distribution by removing the location and

scale parameters, which gives us the standard probability density function of the Weibull

distribution:

f(x; c) = cxc−1e−x
c

, (4.6)

where c is the shape parameter. When c = 1, the Weibull distribution simplifies to the

standard exponential distribution with a scale parameter equal to 1. It is worth noting that

(a) (b) (c)

Figure 4.12: Fitted models on the scatter plots of the estimated shape c (a), scale λ (b), and
location µ (c) parameters of the Weibull distribution fit for the Death times of the H0 PH
bars of N ∈ [2, 1000] points uniformly distributed in [0, 1].

the estimated parameters of the shifted/scaled Weibull distribution fit on the Death times of

the 0-dimensional persistent homology bars of uniformly distributed points in [0, 1] (Figure

4.12) suggest that the cN values lie close to 1, the location parameters µN are close to 0, and

the scale parameters λ can be described by the relationship λN = 1
N
, in a similar manner to
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the estimated scale parameters βN of the exponential distribution; these observations further

support the choice of the exponential distribution as a suitable model for the data.

4.6 Unit Square

Figure 4.13: Fitted distribution on the normalized histogram of the Death times of the H0

PH bars in [0, 1]2 (N = 1000; 40 simulations).

4.6.1 Unit Square: Homological Dimension 0

Death Times

The theoretical distribution of the Death times of the 0-dimensional persistent homology

bars in [0, 1]2 seems to differ from that of the 0-dimensional persistent homology bars in

[0, 1]. Indeed, we can see from Figure 4.13 that the Exponentiated Weibull distribution fits

well the given data. Furthermore, by comparing the sum of squared error (SSE) and the

Bayesian information criterion (BIC) across multiple distributions from Figure 4.14, it is

clear that the Exponentiated Weibull distribution has the lowest values for both measures,

which suggests that this distribution is an appropriate model for the underlying probability

distribution of the data. The probability density function for the Exponentiated Weibull

distribution [28] with shape parameters α and β, and scale parameter λ is given by:

f(x;α, β, λ) =
αβ

λ

[x
λ

]β−1 [
1− e−(x/λ)α

]β−1
e−(x/λ)β for x, α, β, λ > 0, (4.7)
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Figure 4.14: BIC and AIC for the fitted distributions with the lowest SSE on the Death
times of the H0 PH bars of N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in
a [0, 1]2.

and the probability density function for y = x−µ can be expressed in terms of x and including

the location parameter µ as

f(x;α, β, µ, λ) = α
β

λ

[
x− µ

λ

]β−1 [
1− e−(x−µ

λ
)β
]α−1

e−(x−µ
λ

)β for x ≥ µ. (4.8)

The parameters α, β, λ and µ have been estimated for all N ∈ [2, 1000] where N ∈ N and we

denote them with αN ,βN , λN and µN respectively. The values of the estimated parameters

α and β decrease and increase, respectively, as N increases (Figure 4.15). The location and

scale parameters (Figure 4.16) follow a trend similar to the location and scale parameters of

the Exponential and Weibull fits on the Death times of the H0 PH bars in a unit interval.

Specifically, the estimation of the location parameter assigns relatively small values close to

0, and a power model also describes the scale parameter well. The fitted power models and

their approximations for α, β, and λ are:

pα(N) = 1.2454849 ·N−0.09641111 ≈ 1.24 ·N−0.097, (4.9)

pβ(N) = 1.68228249 ·N0.08239274 ≈ 1.68 ·N0.082, (4.10)

pλ(N) = 0.75371809 ·N−0.47960528 ≈ 0.75 ·N−0.480, (4.11)

or alternatively

gλ(N) =
0.85279701√

N
≈ 0.853√

N
. (4.12)
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A linear model is more appropriate for the location parameter:

lµ(N) = −0.00000001 ·N + 0.00007864, (4.13)

or a constant function of the form

hµ(N) = 0.00000099 ·N. (4.14)

However, it should be noted that while the estimated shape parameters α and β appear to

converge towards asymptotic limits of 0.6 and 3, respectively, it is difficult to predict with

certainty since the data collected is limited to N = 1000. Additionally, while power models

were used to determine the trends of these parameters, other asymptotic models may provide

a better fit. Therefore, the results obtained are inconclusive. Further investigation may be

necessary to determine the behaviour of the parameters for larger values of N and to select

the most appropriate model for the data.

(a) (b)

Figure 4.15: Fitted models on the scatter plots of the estimated shape parameters α (a) and
β (b) of the Exponentiated Weibull distribution fit for the Death times of the H0 PH bars
of N ∈ [2, 1000] points uniformly distributed in [0, 1]2.
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(a) (b)

Figure 4.16: Fitted models on the scatter plots of the estimated scale λ (a) and location µ
(b) parameters of the Exponentiated Weibull distribution fit for the Death times of the H0

PH bars of N ∈ [2, 1000] points uniformly distributed in [0, 1]2.

Figure 4.17: Fitted distribution on the normalized histogram of the Birth times of the H1

PH bars in [0, 1]2 (N = 1000; 40 simulations).

4.6.2 Unit Square: Homological Dimension 1

Birth Times

Upon analysis, we found that the Fisk and Mielke distributions have the smallest Sum of

Squared Errors (SSE) and the Bayesian Information Criterion (BIC) values (Figure 4.18).
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Figure 4.18: BIC and AIC for the fitted distributions with the lowest SSE on the Birth times
of the H1 PH bars of N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in [0, 1]2.

These results indicate that both distributions are good candidates for describing the underly-

ing distribution of our data. However, the focus is placed on the Fisk distribution due to its

simplicity and flexibility (Figure 4.17). The Fisk distribution is a well-known distribution in

economics and is commonly used to model income and lifetime data; in most mathematical

textbooks, it is referred to as the log-logistic distribution [22]. It has several parametriza-

tions, and we present it in the form given by (4.15), where the shape parameter is denoted

by c and the scale parameter by λ:

f(x; c, λ) =
c

λ

(
x
λ

)c−1(
1 +

(
x
λ

)c)2 for x ≥ 0, c > 0, λ > 0. (4.15)

To include a location parameter µ, we reparametrize (4.15) as:

f(x;α, λ, µ) =
c
(
x−µ
λ

)c−1

λ
(
1 +

(
x−µ
λ

)c)2 for x > µ. (4.16)

The parameters of the Fisk distribution are estimated on 999 datasets, each labelled by the

number of points N uniformly distributed in the unit square (Figure 4.19). The analysis

reveals that the shape parameter cN converges to a limit of approximately 15, while the

scale parameter λN and location parameter µN converge to 0 as N increases. More precisely,

linear and power models are fit to the estimated parameters, and it is found that the shape

parameter can be described by the linear function

lc(N) = 0.000000915 ·N + 14.9961 ≈ 15. (4.17)
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The scale parameter and location parameters are described by the power functions

pλ(N) = 0.7079 ·N−0.2781 or gλ(N) =
2.8071√

N
≈ 2.81√

N
, (4.18)

and

gµ(N) =
−1.30146902√

N
≈ gµ(N) =

−1.3√
N
, (4.19)

respectively. The analysis reveals that asN increases, the pdf of the Fisk distribution becomes

more concentrated around its mode λ( c−1
c+1

)1/c, which converges to 0. This is reflected in the

decreasing values of the scale and location parameters as N increases. Additionally, the

shape parameter converges to a limit of approximately 15, indicating that the theoretical

distribution of the birth times of the 1-dimensional persistent homology bars maintains a

constant shape as additional points are uniformly sampled from the unit square [0, 1]2.

(a) (b) (c)

Figure 4.19: Fitted models on the scatter plots of the estimated shape c (a), scale λ (b), and
location µ (c) parameters of the Fisk distribution fit for the Birth times of the H1 PH bars
of N ∈ [2, 1000] points uniformly distributed in [0, 1]2.

Death Times

Figure 4.21 presents a few distributions that provide similar values for the SSEs; in particular,

the Generalized Gamma distribution has the lowest SSEs and BICs values and provides a good

fit to the data (Figure 4.20). The Generalized Gamma distribution is a flexible distribution

that is often used in the statistical literature. It has three subfamilies: the exponential,

gamma, and Weibull distributions, and it can also be used to model lognormal distributions

[31]. The probability density is given by

f(x;α, β, λ) =
β

λΓ(α)

(x
λ

)αβ−1

e−(
x
λ)

β

for x ≥ 0, α > 0, β > 0, λ > 0, (4.20)
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Figure 4.20: Fitted distribution on the normalized histogram of the Death times of the H1

PH bars in [0, 1]2 (N = 1000; 40 simulations).

Figure 4.21: BIC and AIC for the fitted distributions with the lowest SSE on the Death times
of the H1 PH bars of N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in [0, 1]2.

where Γ is the gamma function, α and τ are shape parameters, and λ is the scale parameter

[25]. The pdf of y = x− µ can be defined by including the location parameter µ into (4.20):

f(x;α, β, λ, µ) =
β

λΓ(α)

(
x− µ

λ

)αβ−1

e−(
x−µ
λ )

β

x ≥ 0, β, α, λ > 0. (4.21)

We estimated power and linear models for the four parameters α, β, λ, and µ. The equations

for each parameter are plotted in Figures 4.22 and 4.23. For α, we estimated both a power
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and a linear model:

pα(N) = 2.30231411 ·N0.04190071, (4.22)

and

lα(N) = 0.00027045 ·N + 2.83212750. (4.23)

For β, we also estimated both a power and a linear model:

pβ(N) = 2.07031731 ·N−0.00899737, (4.24)

and

lβ(N) = −0.00003429 ·N + 1.97767324. (4.25)

Additionally, we tried fitting a constant model for β of the form cβ(N) = 1.9574068. For λ,

we estimated a power model:

pλ(N) = 1.94959425 ·N−0.62019282. (4.26)

We also tried fitting a model of the form gλ(N) = 0.93589394√
N

for pλ. For µ, we estimated both

a power and a linear model, as well as a constant fit:

pµ(N) = 0.0137425 ·N−0.46149296, (4.27)

lµ(N) = −0.000001267 ·N + 0.00151769, (4.28)

and

qµ(N) =
0.01718616√

N
. (4.29)

Note that the power models have the form a · N b, while the linear models have the form

a · N + b. The constant fit approach sets the slope coefficient to zero. It estimates the

intercept coefficient, representing the best-fit constant relationship. This approach is not a

traditional linear or power model but can help estimate the best-fit constant relationship

between the predictor and dependent variables. Particular attention was paid to constant

fitting lines for α and β since we observed that the best-fit lines approximated constants: 3

for α and 2 for β, which is an interesting case since the generalized gamma function reduces

to the general normal for β = 2. However, this distribution is not among the ones that

provide a low SSE. In Section 4.7.3, we will introduce the generalized normal distribution,

which includes other subfamilies. One is the Chi distribution, where the generalized gamma

distribution with α = k/2 for integer k and β = 2 reduces to the chi distribution with k

degrees of freedom (in our case, k = 6). The chi distribution is indeed one of the distributions
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that provide a good fit and one of the lowest SSE.

(a) (b)

Figure 4.22: Fitted models on the scatter plots of the estimated shape α (a) and β (b)
parameters of the Generalized Gamma distribution fit for the Death times of the H1 PH bars
of N ∈ [2, 1000] points uniformly distributed in [0, 1]2.

4.7 Unit Cube

4.7.1 Unit Cube: Homological Dimension 0

Death Times

Figure 4.25 presents two distributions providing the lowest SSEs scores: the Burr (Type III)

and the Mielke distribution; however, the Mielke (or Dagum) distribution is simply another

reparameterization of the Burr distribution (Figure 4.24). The pdf of the Burr III [19, 26]

distribution is

f(x;α, β) = αβx−β−1

(
1 +

(x
λ

)−β)−α−1

for x > 0, α > 0, β > 0 (4.30)
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(a) (b)

Figure 4.23: Fitted models on the scatter plots of the estimated scale λ (a) and location µ
(b) parameters of the Generalized Gamma distribution fit for the Death times of the H1 PH
bars of N ∈ [2, 1000] points uniformly distributed in [0, 1]2.

Figure 4.24: Fitted distribution on the normalized histogram of the Death times of the H0

PH bars in a [0, 1]3 (N = 1000; 40 simulations).

where α and β are the shapes parameters We can additionally include scale λ and location

µ parameters:

f(x;α, β, λ, µ) =
αβ
(
x−µ
λ

)−β−1

λ
(
1 +

(
x−µ
λ

)−β)α+1 for x > 0, α > 0, β > 0, λ > 0. (4.31)
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Figure 4.25: BIC and AIC for the fitted distributions with the lowest SSE on the Death times
of the H0 PH bars of N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in [0, 1]3.

A power model provides the following fits: (4.32) for α, (4.33) for β, (4.34) for λ, and (4.35)

for µ.

pα(N) = 6.709447176 ·N0.07087991 ≈ 6.709 ·N0.071. (4.32)

pβ(N) = 0.25664305 ·N−0.01289085 ≈ 0.257 ·N−0.013. (4.33)

pλ(N) = 0.97274449 ·N−0.34760558 ≈ 0.97 ·N−0.348 or qλ(N) =
0.9
3
√
N
. (4.34)

hµ(N) = 0.11660005 ·N−0.63004483 ≈ 0.117 ·N−0.63. (4.35)

These results indicate that as N increases, the shape parameter α increases, the scale param-

eter λ decreases, and the shape parameter β decreases slightly, revealing that the distribution

becomes less skewed as N increases. The location parameter µ also decreases, meaning that

the distribution shifts towards 0 as N increases (Figures 4.26 and 4.27). Taken together,

these results suggest that as N increases, the probability density function becomes more

concentrated around 0, with smaller scale and location parameters, and a shape parameter

that becomes more peaked and less skewed. The decreasing values of the scale and location

parameters suggest that the Birth times tend to be smaller as N increases. Additionally,

the increasing value of the shape parameter α suggests that the distribution becomes more

peaked and concentrated around the mode.

4.7.2 Unit Cube: Homological Dimension 1

Birth Times

The Generalized Logistic distribution is one of the densities that overall provides the lowest

SSE values for the Birth times of the 1-dimensional persistent homology bars (Figure 4.29).
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(a) (b)

Figure 4.26: Fitted models on the scatter plots of the estimated shape α (a) and β (b)
parameters of the Burr distribution fit for the Death times of the H0 PH bars of N ∈ [2, 1000]
points uniformly distributed in [0, 1]3.

(a) (b)

Figure 4.27: Fitted models on the scatter plots of the estimated scale λ (a) and location µ (b)
parameters of the Burr distribution fit for the Death times of the H0 PH bars of N ∈ [2, 1000]
points uniformly distributed in [0, 1]3.
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Figure 4.28: Fitted distribution on the normalized histogram of the Birth times of the H1

PH bars in [0, 1]3. (N = 1000; 40 simulations).

The standardized pdf of the Generalized Logistic Distribution (Type I) [20] with shape pa-

rameter c is

f(x, c) = c
e−x

(1 + e−x)c+1
for x ∈ R, c > 0. (4.36)

This expression can be reparameterized in terms of location and scale parameters as:

f(x; c, λ, µ) =
ce−
(

x−µ
λ

)
λ

(
1 + e−

(
x−µ
λ

))c+1 x ∈ R, c > 0, µ ∈ R, λ > 0 (4.37)

where c, µ, and λ represent the shape, location, and scale parameters, respectively. The

parameters for the Generalized Logistic distribution that are used to model the death times

of H1 PH bars (Figure 4.30) can be described as follows:

lc(N) = 0.00002704 ·N + 2.07751305 or cc(N) = 2.1, (4.38)

gµ(N) =
0.98940653

3
√
N

≈ 1
3
√
N
, (4.39)

and

gλ(N) =
0.14398159

3
√
N

≈ 0.14
3
√
N
. (4.40)
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Figure 4.29: BIC and AIC for the fitted distributions with the lowest SSE on the Birth times
of the H1 PH bars of N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in [0, 1]3.

The shape parameter c is a function of the number of data points N and is defined by the

above equation. Alternatively, a fixed value of c = 2.1 can be used. This equation shows that

c increases rapidly with N initially but eventually approaches a constant value of 2.1 beyond

a certain value of N . This suggests that the system being modelled by the Generalized

Logistic distribution reaches a steady state as the amount of data increases, with a certain

level of variability that does not change significantly as more data points are added. The

scale parameter λ represents the spread of the distribution, and as the number of uniformly

distributed points N in the cube increases, the variance of the distribution decreases. The

location parameter µ represents the center of the distribution, and as the number of uniformly

distributed points N in the cube increases, the expected value of the distribution decreases.

These equations show that the location parameter µ shifts to the left, and the scale parameter

λ decreases as more data points are added. From a persistent homological point of view, as

more uniformly distributed points are added to the cube, the Birth times of the 1-dimensional

persistent homology bars decrease and become more tightly clustered around a smaller value

of µ (Figure 4.28).

Death Times

Several distributions can be used to fit the histograms of the Death times of the 1-dimensional

persistent homology bars of N points in a unit square (Figure 4.31). Figure 4.32 displays that

the Generalized Gamma, Weibull, and Power Log-Normal distributions exhibit the lowest

SSE values. However, while the estimated parameters of the Generalized Gamma and Power

Log-Normal distributions for various N do not seem to follow any particular trend, the
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(a) (b) (c)

Figure 4.30: Fitted models on the scatter plots of the estimated shape c (a), scale λ (b), and
location µ (c) parameters of the Generalized Logistic distribution fit for the Birth times of
the H1 PH bars of N ∈ [2, 1000] points uniformly distributed in [0, 1]3.

Figure 4.31: Fitted distribution on the normalized histogram of the Death times of the H1

PH bars in [0, 1]3 (N = 1000; 40 simulations).

Weibull distribution’s parameters do exhibit a discernible trend. As a result, we will focus

on this distribution since the Death times of H0 bars in the unit interval and the Death

times of the H0 bars in the unit square can be described by the Weibull distribution and

the exponentiated Weibull distribution, respectively. The Weibull distribution’s probability

density function (4.5) is described in Section 4.5.1. We estimated the parameters c, λ, and

µ and fitted linear and power models to describe their relationship to N with power models

(Figure 4.33).
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Figure 4.32: BIC and AIC for the fitted distributions with the lowest SSE on the Death times
of the H1 PH bars of N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in [0, 1]3.

The power model that fits the estimated shape parameters is:

pc(N) = 3.18812302 ·N0.0400306 ≈ gc(N) = 3.2 ·N0.04. (4.41)

For the location parameters, we have:

pµ(N) = 0.51076164 ·N−0.37219507 ≈ 0.51 ·N−0.37, (4.42)

or

gµ(N) =
0.41599798

3
√
N

≈ 0.42
3
√
N
. (4.43)

Similarly, the curves that fit the location parameters are:

pλ(N) = 0.80755477 ·N−0.29144539 ≈ pλ(N) = 0.8 ·N−0.29, (4.44)

or

gλ(N) =
1.04668695

3
√
N

≈ 1
3
√
N
. (4.45)
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(a) (b) (c)

Figure 4.33: Fitted models on the scatter plots of the estimated shape c (a), scale λ (b), and
location µ (c) parameters of the Weibull distribution fit for the Death times of the H1 PH
bars of N ∈ [2, 1000] points uniformly distributed in [0, 1]3.

4.7.3 Unit Cube: Homological Dimension 2

The pdf of a Normal distribution with scale parameter λ (generally denoted with σ) and

location parameter µ is given by

f(x;λ, µ) =
1√
2πλ

exp

{
−(x− µ)2

2λ2

}
(4.46)

for −∞ < x < ∞,−∞ < µ < ∞ and λ > 0. A generalization of this pdf involves replacing

2 with an arbitrary power c > 0. This generalization is known as the General Normal

distribution [27], and the pdf takes the form

f(x; c, λ, µ) = K exp

{
−
∣∣∣∣x− µ

λ

∣∣∣∣c} (4.47)

where

K =
c

2λΓ(1/c)
. (4.48)

Figures 4.34 and 4.37, and the histograms in Figures 4.35 and 4.38 indicate that the Gener-

alized Normal distribution describes the Birth and Death times of H2 PH bars.

Birth Times

The relationships between the estimated parameters of the Generalized Normal distribution

(Figure 4.36) and N can be described with the following linear and power models:

lc(N) = −0.00001211 ·N + 1.78917136 ≈ 1.8, (4.49)
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Figure 4.34: BIC and AIC for the fitted distributions with the lowest SSE on the Birth times
of the H2 PH bars of N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in [0, 1]3.

Figure 4.35: Fitted distribution on the normalized histogram of the Birth times of the H2

PH bars in [0, 1]3 (N = 1000; 40 simulations).

pλ(N) = 0.34132954 ·N−0.34502598 ≈ 0.3
3
√
N
, (4.50)

and

pµ(N) =
1.72439074

3
√
N

≈ 1.7
3
√
N
. (4.51)
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(a) (b) (c)

Figure 4.36: Fitted models on the scatter plots of the estimated shape c (a), scale λ (b), and
location µ (c) parameters of the Generalized Normal distribution fit for the Birth times of
the H2 PH bars of N ∈ [2, 1000] points uniformly distributed in [0, 1]3.

Death Times

Figure 4.37: BIC and AIC for the fitted distributions with the lowest SSE on the Death times
of the H2 PH bars of N ∈ {100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} points in [0, 1]3.

The parameters of the Generalized Normal distribution for the Death times (Figure 4.39)

can be described in a similar way to the ones of the Birth times:

lc(N) = 0.00001387 ·N + 2.02891051 ≈ 2, (4.52)

pλ(N) = 0.37358781 ·N−0.32546314 ≈ 1.84
3
√
N
, (4.53)
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Figure 4.38: Fitted distribution on the normalized histogram of the Death times of the H2

PH bars in [0, 1]3. (N = 1000; 40 simulations).

and

fλ(N) =
0.39211085

3
√
N

≈ 0.4
3
√
N
. (4.54)

(a) (b) (c)

Figure 4.39: Fitted models on the scatter plots of the estimated shape c (a), scale λ (b), and
location µ (c) parameters of the Generalized Normal distribution fit for the Death times of
the H2 PH bars of N ∈ [2, 1000] points uniformly distributed in [0, 1]3.

It is worth paying attention to (4.52): the linear model lc could be approximated to

cc(N) = 2 since the slope of this function is relatively low. However, a Generalized Normal

distribution with shape parameter c = 2 is identical to the Normal distribution where the

mean is the location parameter µ and the variance is λ2

2
where λ is the location parameter of
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the Generalized Normal Distribution. This assumption is additionally supported by the nor-

mality test presented in Section 4.3.2, and the Normal distribution is among the distributions

providing the lowest SSE values.

4.8 Discussion

(a) (b) (c)

Figure 4.40: 1000 points uniformly distributed in a rectangle (width w=2, height h=0.5) (a),
a small annulus (inner radius r=0.2, outer radius R=0.6) (b), and a large annulus (inner
radius r=0.6, outer radius R≈0.82)(c).

(a) (b) (c)

Figure 4.41: Persistence diagrams of noise bars with marginal histograms for each homological
dimension for 40 simulations of N = 1000 points uniformly distributed in a rectangle (a), a
small annulus (b), and a large annulus (c).

In this master’s thesis, we investigated the distributions of birth and death times of the

PH bars of uniformly distributed points within three different regions: a unit interval, a unit

square, and a unit cube. A key question is to understand whether the identified distributions
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change when we sample points uniformly from regions different from the ones mentioned

above while keeping the regions’ areas fixed.

(a) (b)

Figure 4.42: Persistence diagrams of the H1 PH bars for 40 simulations of N = 1000 points
uniformly distributed in a small annulus (a), and a large annulus (b).

To explore this idea, we consider regions in a two-dimensional space. Intuitively, the

distributions of the PH bars of points sampled from a rectangle (i.e., obtained by shrinking

and stretching opposite sides of a unit square while maintaining its area) should not differ

substantially from those of the PH bars of points sampled from a unit square. However,

suppose we deform the square into a narrow rectangle with an infinitesimally small height; in

that case, we suspect the distributions to be more related to that of points uniformly sampled

from an interval. Similarly, when we select a region, such as an annulus with a relatively small

radius and area 1, and consider only the noise bars, we predict that its persistent homology

will be similar to that of points uniformly distributed in the unit square. Conversely, if we

choose an annulus with an infinitesimally large interior radius and area fixed, we anticipate

that the persistent homology will exhibit notable changes. The fundamental notion is that

minor alterations to the shape of a region should yield relatively minor discrepancies in the

results obtained from persistent homology.

In this section, we aim to compare birth and death times distributions by simulating

N = 1000 points uniformly sampled from two-dimensional regions with a surface area of 1.

Specifically, we deform the unit square by stretching and shrinking its opposite sides into a

rectangle (width w = 2, height h = 0.5), and we investigate two different annuli, one with
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an interior radius of r = 0.2 and the other with an interior radius of r = 0.6 (Figures 4.40a,

4.40b, and 4.40c).

(a) (b) (c)

Figure 4.43: Fitted Exponentiated Weibull distribution on the normalized histograms (40
simulations) of the Death times of the H0 PH bars of 1000 points uniformly distributed in a
rectangle (a), a small annulus (b), and a large annulus (c).

(a) (b) (c)

Figure 4.44: Fitted Fisk distribution on the normalized histograms (40 simulations) of the
Birth times of the H1 PH bars of 1000 points uniformly distributed in a rectangle (a), a small
annulus (b), and a large annulus (c).

(a) (b) (c)

Figure 4.45: Fitted Generalized Gamma distribution on the normalized histograms (40 sim-
ulations) of the Death times of the H1 PH bars of 1000 points uniformly distributed in a
rectangle (a), a small annulus (b), and a large annulus (c).

Following the methodologies described in Chapter 3, we collected 40 samples for each re-

gion, computed their persistent homology, and created persistence diagrams. The persistence
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diagrams are presented in Figure 4.41 alongside the marginal distributions (H0 Death, H1

Birth, and H1 Death). However, it is essential to note that the graphs of the two annuli only

depict the noise bars and not the signal since the bars associated with the one-dimensional

hole are far away from the diagonal, leading to difficulties in visual inspection (Figure 4.42).

In persistent homology, separating noise from the signal is a significant challenge. The heuris-

tic method identifies the furthest points from the diagonal as the signal. For the two annuli,

this separation was relatively more straightforward due to specific characteristics: each an-

nulus contains a single one-dimensional hole, and all persistence diagrams showed one H0 bar

away from the diagonal. Additionally, overlapping 40 persistence diagrams revealed that the

signal clustered consistently in the same region for each simulation. Furthermore, the PH

bars associated with the one-dimensional holes of the 40 samples of small and large annuli

displayed a notable difference: Figure 4.42b’s signal persists longer than 4.42a’s signal; this

difference is attributed to the size of the inner radii of the two annuli.

A first visual analysis suggests that the H1 PH bars are clustered similarly to the H1 PH

bars for the unit square, as depicted in Figure 4.1. More precisely, the marginal histograms

of all three regions show similarities to the marginal histograms of the unit square (Figure

4.5b). We aim not to identify the exact statistical distribution for each case as we did for

the unit square. However, we want to verify whether the distributions identified in Section

4.6 are suitable for the birth and death times of the PH bars of points sampled from the

rectangle and the annuli.

More precisely, we fitted the Exponentiated Weibull, Fisk, and Generalized Gamma dis-

tributions using the MLE method to the normalized histograms of the H0’s Death, H1’s

Birth, and H1’s Death times PH bars, respectively (Figures 4.43, 4.44, and 4.45). These

distributions provide a good fit for these datasets; more precisely, using p-values of the

Kolmogorov-Smirnov test performed for each dataset, we fail to reject the null hypothesis,

indicating that the distributions used to describe the birth and death times of the PH bars

of a unit square can also be used to describe the PH bars of these spaces. To conclude, our

additional findings suggest that the distributions of the persistent homology bars of a unit

square remain relatively consistent for certain deformations of the region while keeping the

area fixed.

4.9 Summary

This chapter built upon the experimental methodologies outlined in Chapter 3 to present

results and provide an analysis. We distributed a variable number of points N (ranging from

2 to 1000) uniformly across a unit interval, a unit square, and a unit cube. These simulations
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were repeated 40 times, and the persistent homology was then computed in Python using the

ripser library. This process resulted in 40 samples of persistent homology bars in various

homological dimensions depending on the space. The birth and death times were accounted

for separately, except for the H0 homological bars in all spaces, where birth times are always

zero.

For our statistical analysis, we considered the union of the 40 samples for each value

of N , homological dimension, and space for birth and death parameters. However, our

research recognized its limitations concerning the independent and identically distributed

(iid) nature of the PH bars; although the independence of the birth and death times across

different simulations is apparent, dependencies could arise within a single simulation due to

the spatial distribution of the points.

A preliminary data visualization of the birth and death times was performed using per-

sistence diagrams (Figures 4.1, 4.2, and 4.3). This analysis indicated differing trends across

homological dimensions and spaces. The PH bars appeared to cluster along the persistence

diagrams’ diagonals, a pattern amplified as N increased. This phenomenon led us to question

the effect of N on the number of persistent homology bars and their statistical distribution.

Firstly, we investigated the persistent homology bars, focusing on their relationship with

the number N of uniformly distributed points. A linear increase was noted in the number of

bars with N , and we identified specific models for different homological dimensions and spaces

(Table 4.4). Notable variations were observed between square and cube spaces. Interestingly,

the number of H0 PH bars exhibited a similar linear increase across all spaces. For example,

the number of PH bars in the unit square and cube generally decreased as the homological

dimension of the bars increased for a fixed N . However, the number of PH bars in the cube

was higher than in the square and approximately half the number of H0 bars in the cube for

large N . We documented these relationships in Table 4.1.

We further performed a visual analysis of the underlying distributions that described each

death and birth time. The birth and death time histograms (Figure 4.8) displayed unique

statistical distributions across the three spaces and homological dimensions. For example,

the histogram of the H0 death bars in the unit interval suggested an Exponential distribution,

whereas others demonstrated bell-shaped curves with varying skewness and kurtosis.

To gain a more comprehensive understanding of the theoretical distributions of the birth

and death times and their relationship with the persistence diagrams, we derived the joint

kernel density estimates plots (Figures 4.6 and 4.7), facilitating a deeper grasp of the joint

distributions of the birth and death times. Although the joint KDE plots were primarily

used for visual inspection, they offered valuable insights.

We also conducted a normality test using the D’Agostino’s K-squared test (Table 4.2)
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since specific histograms resembled the shape of a Normal distribution. More precisely, a p-

value less than 0.05 indicated a deviation from the Normal distribution. The null hypothesis

was not rejected only for the death times of the H2 PH bars, suggesting a potential normal

distribution. However, we acknowledged the inconclusiveness of such statistical tests. These

tests were repeated for different N values, yielding similar results.

In the subsequent sections, we presented a statistical analysis. First, using the Maximum

Likelihood Estimation method, we fitted many distributions (Table A.2) to each dataset.

Then, only the distributions with the lowest Sum Square Error were reported, complete

with their respective values for the Bayesian Information Criterion and Akaike Information

Criterion. Consequently, for each best distribution (primarily focusing on the AIC values), we

provided its probability density function, general properties, relations to other distributions,

and a fit on the normalized histogram of the respective dataset alongside the KDE.

Specifically, the death times of the H0 PH bars in the unit interval were accurately de-

scribed by both Exponential and Weibull distributions. The Weibull distribution also best

fitted the death times of the H1 PH bars in the unit cube. An Exponentiated Weibull distri-

bution best suited the death times of H0 PH bars in the unit square. The death times of the

H1 PH bars followed a Generalized Gamma distribution (which encompasses Weibull and Ex-

ponential distributions as subfamilies). The birth times of the H1 PH bars in the unit square

conformed to either a Fisk or a Mielke distribution. For the H1 PH bars in the unit cube, a

Burr (Type III) distribution proved to be the best fit, effectively a reparametrization of the

Mielke distribution. For the H2 PH bars, we found that a Generalized Normal distribution

described them, but we recommended caution due to the relatively small number of PH bars

collected in this homological dimension. We provided a summary of these distributions in

Table 4.3.

Distribution Fitting Results
Space Parameter Hk Distribution
[0, 1]1 Death H0 Exponential
[0, 1]2 Death H0 Exponentiated Weibull
[0, 1]2 Birth H1 Fisk
[0, 1]2 Death H1 Generalized Gamma
[0, 1]3 Death H0 Burr (Type III)
[0, 1]3 Birth H1 Generalized Logistic
[0, 1]3 Death H1 Weibull
[0, 1]3 Birth H2 Generalized Normal
[0, 1]3 Death H2 Generalized Normal

Table 4.3: A summary of the distributions that best fit each dataset.

While the primary goal of the thesis was not necessarily to find the best fits, we were
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interested in how the parameters of a distribution changed as the number of uniformly dis-

tributed pointsN increased in a given space. We found that the scale and location parameters

decreased as N increased, while other parameters appeared constant or asymptotically con-

verged towards a constant. We modelled these relationships using linear, logarithmic, and

exponential models, finding the power model (or Freundlich function) to be the most consis-

tent. Specifically, the distributions’ estimated location and scale parameters were described

by a power model of the form c
d√N

, where c ∈ R, N is the number of uniformly distributed

points and d is the dimension of the space.

We conclude this chapter with a proposal for future research using mixed-effects models

to account for simulation-specific variations, allowing for a more nuanced understanding

of the distributions. Our approach effectively captured trends across different spaces and

homological dimensions, serving as a foundation for future, more complex investigations.
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Chapter 5

Conclusion

This thesis has introduced topological data analysis focusing on persistent homology. Our

discussion covered the mathematical foundations of persistent homology, including simplicial

complexes, abstract simplicial complexes, and the Vietoris-Rips complex, commonly used in

computational topology. We also examined the mathematical formalisms underlying persis-

tent homology, including the structure theorem for PID, the definition of persistence modules,

and the stability theorem. Furthermore, we provided an overview of the computational ap-

proaches to perform persistent homology computations and introduced a Python library,

Ripser.py. Our primary objective was to investigate the persistent homology of noise. We

conducted various simulations to explore the behaviour of persistent homology bars in differ-

ent spaces and homological dimensions for various numbers of uniformly distributed points.

Our analysis revealed valuable insights into the behaviour of persistent homology bars in

different spaces and homological dimensions. Specifically, we observed a linear increase in

the number of persistent homology bars as the number of data points increased, with differ-

ences observed between the square and cube. We also found that, on average, the number of

persistent homology bars decreased as the homological dimension increased for a fixed value

of N . The histograms of birth and death times for each homological dimension and space

exhibited the shapes of probability density functions, with some being roughly bell-shaped.

We derived the kernel density estimates (KDE) of birth and death times and created 3D plots

to visualize the joint distributions of birth and death times. We found a few distributions

that fit the data by evaluating the goodness of fit for each model using various statistical

metrics, such as the SSE. This comparison allowed us to determine the best-fitting models

for different scenarios and understand the limitations of our approximations. Then, we esti-

mated their parameters using linear and power models that describe their relationship with

the number of data points in the space and homological dimensions.

Despite the progress made in this thesis, there are still several areas for future research.
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The computation of persistent homology in this thesis was limited to 1000 points. Increas-

ing the number of points would likely yield more accurate results; however, doing so is

computationally expensive, necessitating algorithmic optimizations to maintain efficiency.

Additionally, it would be intriguing to investigate how the persistent homology bars change

when points are distributed in different spaces. In this study, we employed a uniform dis-

tribution for the point cloud; exploring how the bars behave with alternative distributions

would further enhance our understanding of the impact of various distributions on persistent

homology.

In conclusion, this thesis has provided a solid foundation for understanding the persistent

homology of noise. Through the analysis of the simulated data, we have gained valuable

insights into the behaviour of persistent homology bars in different spaces and homological

dimensions. These findings can serve as a starting point for further research and contribute

to developing more advanced tools and techniques in topological data analysis.
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Appendix A

Python Information

We conducted experiments using Python version 3.9.0 on a Windows 11 machine with 16GB

of memory and 64-bit architecture. The necessary packages were installed using the pipenv

package manager, and the codes were developed using Visual Studio Code. These details

are provided for the sake of reproducibility and to facilitate the understanding of our ex-

perimental results. We present two tables with information on our experiment’s Python

packages. The first table lists the packages employed, their version numbers, and a brief

description of their purpose. The second table lists the statistical distributions and their

corresponding names in the scipy library. Moreover, we provide an example script that

uses the ripser package to compute the persistent homology of a point cloud. This script

is a useful starting point for those seeking to utilize ripser for their projects. For more

detailed information on ripser, we refer the reader to the article Ripser: efficient com-

putation of Vietoris-Rips persistence barcodes by Ulrich Bauer [3] and to the GitHub page

https://ripser.scikit-tda.org/en/latest.

Distribution name scipy.stats function name

Alpha alpha

Anglit anglit

Arcsine arcsine

Beta beta

Gibrat gilbrat

Laplace (Double Exponential, Bilateral Exponential) laplace

Log-Normal (Cobb-Douglass) lognorm

Continued on next page
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Distribution name scipy.stats function name

Pearson Type III pearson3

Rice rice

Tukey-Lambda tukeylambda

Wrapped Cauchy wrapcauchy

Generalized Exponential genexpon

Gamma gamma

Log-Gamma loggamma

Reciprocal reciprocal

Beta Prime betaprime

Bradford bradford

Burr burr

Cauchy cauchy

Chi chi

Gompertz (Truncated Gumbel) gompertz

Hyperbolic Secant hypsecant

Lévy levy

Pareto Second Kind (Lomax) lomax

Power-function powerlaw

Reciprocal Inverse Gaussian recipinvgauss

Uniform uniform

Generalized Gamma gengamma

Generalized Extreme Value genextreme

Generalized Half-Logistic genhalflogistic

Log-Laplace loglaplace

Truncated Exponential truncexpon

Chi-Squared chi2

Cosine cosine

Double Gamma dgamma

Double Weibull dweibull

Erlang erlang

Gumbel gumbel r

Inverted Gamma invgamma

Maxwell maxwell

Power Log-Normal powerlognorm

Continued on next page
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Distribution name scipy.stats function name

Semicircular semicircular

Von Mises vonmises

Generalized Logistic genlogistic

Generalized Normal gennorm

Half-Logistic halflogistic

Normal norm

Truncated Normal truncnorm

Exponential expon

Exponentially Modified Normal exponnorm

Exponentiated Weibull exponweib

Exponential Power exponpow

Fratio (or F) f

Gumbel Left-Skewed gumbel l

Inverse Normal (Inverse Gaussian) invgauss

Mielke’s Beta-Kappa mielke

Power Normal powernorm

Student’s t t

Gauss Hypergeometric gausshyper

Johnson SB johnsonsb

Pareto pareto

Weibull Minimum Extreme Value weibull min

Fatigue Life (Birnbaum-Saunders) fatiguelife

Fisk (Log Logistic) fisk

Folded Cauchy foldcauchy

Folded Normal foldnorm

Half-Cauchy halfcauchy

Inverted Weibull invweibull

Logistic (Sech-squared) logistic

Nakagami nakagami

Wald wald

Half-Normal halfnorm

Generalized Pareto genpareto

Johnson SU johnsonsu

Rayleigh rayleigh

Continued on next page
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Distribution name scipy.stats function name

Weibull Maximum Extreme Value weibull max

Table A.1: List of distribution names used for testing and their function name in scipy.stats

Package Name Version Purpose
NumPy 1.24.1 Numerical operations and array manipulation
Pandas 1.5.3 Data manipulation and analysis
SciPy 1.10.0 Scientific computing and statistics
Matplotlib 3.7.0 Creating visualizations and plots
mpl.toolkits 1.3.0 Additional tools and utilities for Matplotlib
Seaborn 0.12.2 Advanced data visualization and plotting
Scikit-learn 1.2.1 Machine learning and predictive modelling
Statsmodels 0.10.2 Statistical modelling and analysis
ripser 0.6.4 Computing persistent homology on data
persim 0.3.1 Plotting persistence diagrams
pickle 0.0.1 Serializing and de-serializing Python objects
distfit 1.6.4 Fitting probability distributions to data
math N/A Mathematical operations and functions
enum N/A Creating and working with enumerated types
operator N/A Performing various operations on Python objects
cprofile N/A Profiling and analyzing the performance of Python code

Table A.2: Name, version and usage of the python packages used for experiments.

A.1 Risper demonstration

The following code generates a point cloud sampled from a torus, computes its persistent ho-

mology, and plots the point cloud and the persistence diagram. The point cloud is generated

by uniformly sampling n = 1000 points from the surface of the torus, using the meshgrid

method from numpy to create a grid of theta and phi values. Each point’s x, y, and z co-

ordinates are computed using the standard equations for a torus in three dimensions. After

generating the point cloud, the code uses the ripser package to compute the persistent

homology of the point cloud. Finally, the code creates a plot of the point cloud and the

persistence diagram using the persim package. The point cloud is displayed as a 3D scatter

plot, with the x, y, and z coordinates of each point determining its position in space. The

persistence diagram is displayed in a separate subplot, with the x -axis representing the birth

time of topological features and the y-axis representing the death time of those features.
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1 import numpy as np

2 from ripser import ripser

3 from persim import plot_diagrams

4 import matplotlib.pyplot as plt

5 from mpl_toolkits.mplot3d import Axes3D

6

7 # Set the parameters of the torus

8 R = 1 # Major radius

9 r = 0.5 # Minor radius

10 n = 1000 # Number of samples

11

12 # Generate the point cloud sampled from the torus

13 theta = 2 * np.pi * np.random.rand(n)

14 phi = 2 * np.pi * np.random.rand(n)

15 x = (R + r * np.cos(phi)) * np.cos(theta)

16 y = (R + r * np.cos(phi)) * np.sin(theta)

17 z = 1 * np.sin(phi)

18 data = np.stack([x, y, z], axis =1)

19

20 # Compute the persistence diagram using Ripser

21 diagrams = ripser(data , maxdim =2)[’dgms’]

22

23 # Plot the point cloud and persistence diagram

24 fig = plt.figure(figsize =(10, 5))

25 ax1 = fig.add_subplot (121, projection=’3d’)

26 ax1.scatter(x, y, z, c=’blue’, s=1)

27 ax1.set_xlabel(’X’)

28 ax1.set_ylabel(’Y’)

29 ax1.set_zlabel(’Z’)

30 ax2 = fig.add_subplot (122)

31 plot_diagrams(diagrams , ax=ax2)

32 plt.tight_layout ()

33 plt.show()
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Figure A.1: Ripser demonstration: a point cloud sampled from a torus and its persistence
diagram.
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